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1. Introduction

Excitons determine the optical properties of semiconductors and
insulators,[1] offeringmany interesting aspects for fundamental phys-
ics as well as technological applications. As such, they have been sub-
ject of countless manuscripts published during the 60 years of
physica status solidi. It is hopeless to give a comprehensive overview
of these studies. Instead, we give an example of the current state of

the art of exciton spectroscopy: by resolving
deviations of the exciton level spectrum in a
Cu2O bulk crystal from the hydrogen-like
model, we show that detailed insight into
the electronic band structure can be taken
from such investigations.

Excitons have recently regained
enhanced interest due to the emergence
of materials with enhanced exciton binding
energies so large, that they are even stable
under ambient conditions. Examples of
such material systems are transition metal
dichalkogenides,[2] organic and inorganic
perovskites,[3] and the various classes of
colloidal nanocrystals.[4] However, also
established model systems for excitons in
optical spectra can provide essential contri-
butions to the understanding of exciton
physics as many features are universal, at
least on a qualitative level, despite quantita-
tive differences due to their varying binding

energies. Bulk cuprous oxide (Cu2O) as the material in which exci-
tons were discovered has a prominent role in this respect because
of the rich exciton spectrum to which multiple states contribute.

During recent years, high-resolution spectroscopy on Cu2O
has revealed detailed fine structure splittings of the yellow exci-
ton states associated with a particular principal quantum number
n. These findings have demonstrated that the standard hydrogen-
like model description of a bulk exciton is not sufficient for an
in-depth understanding of exciton levels, in case that the data-
providing experiment gives sufficient insight. The reason is,
coarsely spoken, the deviation of the crystal structure hosting the
exciton from the isotropic vacuum due to its discrete symmetries.

Several factors contribute to the extraordinary position of
cuprous oxide in exciton physics. First, natural, but also artificial
crystals show a remarkable quality in terms of low defect concen-
tration on the order of 1010cm�3.[5] Second, the Rydberg energy
of the exciton series is rather high with about Ryd ¼ 90meV.
Third, the dipole-forbidden interband optical transitions result
in a rather small oscillator strength, leading to narrow line-
widths.[6] All these factors have enabled unprecedented insight
into exciton fine structure splittings. Probably the first report
on this fine structure was in the study by Fröhlich et al.,[7] in
which two different experimental techniques, one-photon and
two-photon absorption (OPA and TPA), gave access to different
states in the exciton multiplet associated with a fixed n, but dif-
ferent orbital angular momenta L of the envelope wavefunction.
Although mostly the states with P-type envelope show up in one-
photon absorption, S and D excitons dominate the two-photon
absorption spectra.
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The exciton states in cuprous oxide show a pronounced fine structure splitting
associated with the crystal environment and the resulting electronic band struc-
ture. High-resolution spectroscopy reveals an especially pronounced splitting of
the yellow D excitons with one state pushed above any other state with the same
principal quantum number. This large splitting offset is related to a strong mixing
of these D states with the 1S exciton of the green series, as suggested by previously
published calculations. Here, a detailed comparison of this theory with experi-
mental data is given, which leads to a complete reassignment of the experimentally
observed D exciton lines. The origin of different amounts of green admixture to D-
envelope states is deduced by analyzing the different terms of the Hamiltonian. The
yellow–green mixing leads to level repulsion and induces an exchange interaction
splitting to D-envelope states, from which one of them becomes the highest state
within each multiplet. Furthermore, the assignment of D exciton states according
to their total angular momentum F is given and corrects an earlier description given
in a former study.
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In the study mentioned earlier, for each principal quantum
number up to n¼ 5, a splitting between states with different
L was observed, unexpected from the hydrogen model. The split-
ting energies decrease with increasing n. A detailed theoretical
analysis by Uihlein et al.[8] related this splitting to the particular
electronic band structure, namely of the valence band. The lowest
conduction band has a parabolic dispersion to a very good
approximation. For the holes, the dispersion is largely deter-
mined by the interaction of the two topmost valence bands which
show a pronounced anticrossing for finite wavenumbers. As a
consequence, both valence bands have strong deviations from
parabolicity and isotropy. The two exciton series associated with
the two valence bands, called the yellow and the green series,
respectively, become intermixed.

Furthermore, the orbital angular momentum of the envelope,
requiring rotational symmetry, is not fully appropriate to charac-
terize exciton states. Indeed, a thorough analysis showed that the
exciton Hamiltonian of cubic symmetry leads to a mixing of
angular momentum eigenstates of either even or odd symmetry.
That is, the excitons observed by TPA in the studies by Fröhlich
et al. and Uihlein et al.[7,8] are not pure S or D states, but rather
mixed S�D states with different relative contents. For simplicity,
we will, however, retain the simple one-letter notation
according to the most prominent angular momentum quantum
number in an exciton state.

In addition to the deviation from parabolicity in the valence
band structure also the short-range electron–hole exchange
interaction contributes to the exciton splitting.[7,8] As a contact
interaction, the exchange affects the S-component of an exciton.
Both factors result in the splitting pattern observed in experi-
ment. Another origin for the observed splittings might be given
by a polaritonic LT splitting.[9] However, as shown in the study by
Stolz et al.,[6] these splittings are expected to occur for states at
principal quantum numbers higher than n ¼ 28. At lower n, they
can be neglected due to the phonon-dominated broadening of
lines and the weak light–matter coupling.

In the study by Fröhlich et al.,[7] however, no further splitting
of each exciton shell defined by the quantum number tupel
ðn, LÞ could be resolved.

More than three decades after this first study, high-resolution
OPA allowed not only for a significant extension of the exciton
series to higher principal quantum numbers up to n ¼ 25 and
30,[10,11] but revealed also further details of their fine structure.
Namely, for n > 3, on the high energy flank of the P excitons, the
nominal F exciton multiplet could be observed for the same
band structure reasons, as mentioned earlier.[12] The crystal
Hamiltonian leads to a mixing of P and F states, shuffling oscil-
lator strength to the latter. Therefore, also here, it would be more
correct to refer to these excitons as mixed P � F states.

The Fmultiplet shows a threefold, almost equidistant splitting
as small as 10 μeV for n ¼ 4 and 5. The linewidth of each feature
is a few times smaller, because the oscillator strength remains
more than two orders of magnitude below that of the P excitons.
Still, there is large interest in high angular momentum states,
because they potentially provide long exciton lifetimes, making
them attractive for applications that require intermediate storage
times.

With increasing n, the splitting strongly drops, so that signa-
tures of F excitons could be found only up to n ¼ 12. As the odd

exciton states are not affected by exchange, the splitting can be
purely assigned to band mixing effects determined in leading
order by quadratic combinations of hole momentum operator
components along different directions. The corresponding
interaction matrix elements scale as n�3, in agreement with
the experiment.[12]

The fine structure of other exciton shells ðn, LÞ has not been
discussed in detail so far, even though experiments clearly
demonstrated such splittings, facilitated also by application of
external electric or magnetic fields.[13–15] Most prominent is
the case of the D excitons.

Since even parity D excitons are optically activated by electric
fields, the details of their fine structure are of importance for the
analysis of the high-n regime close to the bandgap, where OPA
spectra are influenced by the presence of inherent electric fields
induced by charged impurities.[5,16] Moreover, D excitons show
characteristic absorption features in OPA on synthetic samples
with a certain amount of disorder.[17]

2. Fine Structure of D Excitons

2.1. Assignment of Experimental Lines

The fine structure splitting of the D excitons could be accurately
accessed in OPA studies by applying an additional external elec-
tric field to the sample in the study by Heckötter et al.[14] Here,
we use that data and analyze the observed D exciton fine struc-
ture. For low fields, the D states become mixed dominantly with
the lower energy P excitons of the same n, acquiring thereby
oscillator strength so that they emerge in one-photon absorption
spectra. At low field strengths their energies show almost no
dependence on the electric field in this regime, because the
Stark shift to lower energies and the high energy shift due to
repulsion from the P-level mixing approximately compensate
each other. This enables a rather precise determination of the
state energies within the ðn,DÞ multiplet at zero field. Figure 1
shows contourplots of the second derivative of transmission
spectra in electric fields for the n ¼ 3 and n ¼ 4 multiplets.
We first discuss the multiplet of n ¼ 3, see Figure 1a, the prin-
cipal quantum number from which on the D excitons appear in
the spectra, but higher angular momentum excitons, for exam-
ple, like F excitons, do not yet contribute. For details on the exper-
iment, we refer to the study by Heckötter et al.[14]

Without electric field, the transmission spectrum is
dominated by the P exciton with some weak indication for the
quadrupole-allowed S exciton on the low energy side. With
increasing electric field three features show up on the high
energy side of the P line that can be assigned to the D multiplet:
a closely spaced doublet with a splitting of 0.2 meV and another
feature on the high energy side split from the center of the dou-
blet by more than 1meV. This splitting is comparable with the
splitting of the n ¼ 3 S ortho and para states, which amounts to
about 1.2meV.

In total, the Dmultiplet consists of five states according to the
possible angular momentum projections. Here, we observe three
lines in OPA, at least in low electric fields, where field-induced
state mixing remains rather weak. A first assignment of these
lines was given by Schweiner et al.,[18] where detailed calculations
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showed that the three lowest-in-energy states in the D quintet are
basically quasidegenerate with a splitting of about 20 μeV, which
is below the spectral linewidth. These three lines are of (Γþ

3 ,Γ
þ
4 ),

Γþ
5 and (Γþ

1 ,Γ
þ
4 ) symmetry. The two other lines have (Γþ

3 ,Γ
þ
4 ) and

Γþ
5 symmetry, and are split into two well-separated lines. For a

comparison with experimental data, we expanded the model
given in the study by Schweiner et al.[18] using a larger basis
to obtain a higher accuracy for the resonance energies. This
allows us not only to extend the calculations given in the study
by Schweiner et al.[18] up to n ¼ 6, but also to giveD exciton ener-
gies up to n ¼ 9, which are corroborated by a comparison with
experimental data as discussed further below. By the extension
up to n ¼ 9, we enter the regime of Rydberg excitons which was
not done so far in the study by Schweiner et al.[18] The calculated
resonance energies of D excitons of the n ¼ 3 multiplet are indi-
cated in Figure 1a by the cyan lines. The values are shown in
Table 1. They are calculated using the Haken potential (see
below) and are shifted here by a global offset of �237 μeV for
better overall agreement. However, despite this offset, the rela-
tive splitting of the calculated D states agrees very well with the
three lines observed in experiment.

According to symmetry considerations, all of the five D states
can be accessed in OPA by electric field application. However, the

discrimination of the lowest three is not possible due to their
small energy separation. Note that this direct comparison allows
us to correct the assignment of D states given in the study by
Schweiner et al.[18]

2.2. Details of the Hamiltonian

Although we find pairs of same symmetry among the five D,
namely two states of Γþ

5 , two of ðΓþ
3 ,Γ

þ
4 Þ symmetry, these show

very different binding energies. Hence, they are affected differ-
ently by the individual terms of the Hamiltonian. The influence
of each term of the Hamiltonian to this level ordering and the
corresponding state labeling was not discussed in detail so far
and is deduced here based on the Hamiltonian given in the
studies by Schweiner and co-workers[18,19] The resulting exci-
ton-level scheme is shown in Figure 2 for the n ¼ 3 and n ¼
4 multiplets, showing the evolution of the exciton fine structure
from the Hamiltonian in spherical symmetry to the full cubic
Hamiltonian and further including the exchange interaction
from left to right. In addition, the exchange splitting of the green
1S exciton is shown in the lower panel. The scheme is drawn
according to numerical values calculated with the Hamiltonian
shown in Table 1 and the comparison with the experiment from

Figure 1. a,b) Comparison of contour plots of second derivatives of transmission spectra in the energy range around the n ¼ 3 (a) and n ¼ 4 (b) excitons
versus applied bias. The left panels show for reference the zero-bias spectrum with the labels of the different envelope states. The blue lines indicate even
excitons, the red lines odd excitons. In the right panels, calculated energies and corresponding symmetries for D-envelope states are indicated in cyan.
a) For n ¼ 3, the splitting of calculatedD states agrees quite well with the three lines emerging with increasing electric field on the high energy flank of the
P state in experiment: Of 5 D states in total, three are found to be almost degenerate and match with the lowest one of the three lines observed in the
spectra. The remaining two agree with the two separated lines at higher energies. The calculated values are shifted by �237 μV for better overall agree-
ment. b) For n ¼ 4, the F excitons contribute to the multiplet. Still, the five calculated D states can be identified with three D lines observed in the spectra:
two D lines emerge with increasing electric field in between the P and F states, from which the lowest one matches with the three lowest states of the
calculation and the higher one matches with the calculated energy of the ðΓþ

3 ,Γ
þ
4 Þ D exciton. The highest line observed in experiment agrees well with the

calculated energy of the Γþ
5 D exciton. Remarkably, it lays above the F states. The calculated energies are shifted by�218 μeV for better overall agreement.

a,b) Adapted with permission.[14] Copyright 2017, American Physical Society.
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Figure 1. Note that, the scale of splittings between lines does not
correspond to the actual energy splittings, but is chosen schemat-
ically for best visualization.

The Hamiltonian as presented in the studies by Schweiner
et al.[18,19] is given by

H ¼ Eg þ
γ01p

2

2m0
� e2

4πϵ0ϵr
þHSO þHd þHCCC (1)

with the relative momentum p of electron and hole. The para-
meter γ01 determines the reduced mass of the system m0=γ

0
1,

where m0 is the electron mass in vacuum. The bandgap energy
Eg is needed to lift the electron from the Γþ

7 valence band to the
Γþ
6 conduction band. The parabolic kinetic energy term together

with the screened Coulomb interaction with dielectric constant ϵ
and the spin–orbit interaction term HSO form the hydrogen-like
part of the Hamiltonian

HHyd ¼ Eg þ
γ01p

2

2m0
� e2

4πϵ0ϵr
þHSO (2)

The resulting spectrum consists of two independent
hydrogen-like exciton series, i.e., the yellow and green series,
which are characterized by the effective hole spin J ¼ 1=2 and
J ¼ 3=2, respectively.

This simple picture is modified by the influence of the Hd

terms originating from the nonparabolicity of the valence bands
and the central-cell correctionsHCCC, which describe corrections
for small electron–hole separations. The Hd terms can be sepa-
rated into a spherical and a cubic part,Hd ¼ Hs

d þHc
d. Similarly,

the central-cell corrections consist of two parts, namely correc-
tions to the dielectric constant for small excitons, that is primarily
the Haken or Pollman–Büttner potential, and the exchange

Table 1. Numerically calculated exciton state energies divided into three contributions of the Hamiltonian (1). As dielectric correction Hϵ, the Haken
potential is used. The states are labeled by their quantum numbers nL, their symmetry Γ�

i and the main contribution of angular momentum F. Moreover,
the green admixture of every state and the division into different admixtures of total angular momentum F are given. For some states, the sum of all
admixtures might deviate from 100%. These deviations are below 1% and are mainly rounding errors. In addition, they might stem from higher F, e.g.,
F ¼ 9=2, which are not considered here. Note that F is the half integer quantum number of F ¼ Lþ J except in the first column, where S,P,D, F denote
the orbital angular quantum numbers L ¼ 0� 3.

State Energy [eV] Green F [%]

nL Γ�
i F HHyd þHs

d þHϵ þHc
d þHexch Adm. [%] 1/2 3/2 5/2 7/2

1Sg Γþ
3 ,Γ

þ
4 3/2 2.187237 2.118795 2.118795

1Sg Γþ
5 3/2 2.187237 2.118795 2.154169

3S Γþ
2 1/2 2.161730 2.159587 2.159587 0.5 99.5 0.0 0.0 0.5

3S Γþ
5 1/2 2.161730 2.159587 2.160714 4.2 71.7 5.1 22.5 0.6

3D Γþ
3 ,Γ

þ
4 3/2 2.162462 2.162121 2.162121 0.3 0.0 96.6 3.1 0.1

3D Γþ
5 3/2 2.162462 2.162121 2.162150 0.3 0.2 96.1 3.5 0.0

3D Γþ
1 ,Γ

þ
4 5/2 2.162485 2.162170 2.162170 0.3 0.0 0.0 99.8 0.1

3D Γþ
3 ,Γ

þ
4 5/2 2.162485 2.162332 2.162332 0.4 0.0 3.4 96.5 0.0

3D Γþ
5 5/2 2.162485 2.162332 2.163286 7.0 19.1 8.4 72.0 0.4

3P Γ�
8 3/2 2.162361 2.161156 2.161156 1.0 0.0 98.9 0.7 0.1

3P Γ�
7 1/2 2.162353 2.161388 2.161388 0.7 99.3 0.0 0.0 0.1

4S Γþ
2 1/2 2.166379 2.165461 2.165461 0.2 99.8 0.0 0.0 0.2

4S Γþ
5 1/2 2.166379 2.165461 2.165834 1.4 80.1 2.5 17.0 0.3

4D Γþ
3 ,Γ

þ
4 3/2 2.166668 2.166460 2.166460 0.2 0.0 96.0 3.8 0.0

4D Γþ
5 3/2 2.166668 2.166460 2.166478 0.2 0.3 96.7 2.8 0.0

4D Γþ
1 ,Γ

þ
4 5/2 2.166684 2.168491 2.166490 0.2 0.0 0.0 99.9 0.1

4D Γþ
3 ,Γ

þ
4 5/2 2.166684 2.166584 2.166584 0.2 0.0 4.0 96.0 0.0

4D Γþ
5 5/2 2.166684 2.166584 2.166991 3.0 17.4 4.3 78.0 0.2

4P Γ�
8 3/2 2.166633 2.166046 2.166046 0.5 0.0 99.4 0.4 0.1

4P Γ�
7 1/2 2.166630 2.166154 2.166154 0.3 99.5 0.0 0.0 0.2

4F Γ�
7 7/2 2.166696 2.166560 2.166560 0.1 0.2 0.0 0.0 99.8

4F Γ�
8 7/2 2.166696 2.166570 2.166570 0.1 0.0 0.1 45.9 54.0

4F Γ�
8 5/2 2.166696 2.166594 2.166594 0.1 0.0 0.0 54.0 45.9

4F Γ�
6 7/2 2.166696 2.166598 2.166598 0.1 0.0 0.0 48.1 51.9

4F Γ�
6 5/2 2.166696 2.166628 2.166628 0.1 0.0 0.0 51.9 48.1
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interaction, which leads to a characteristic splitting between ortho
and para states, HCCC ¼ Hϵ þHexch.

The spherically symmetric description of the excitons is
obtained by supplementing Equation (2) with the spherical band
structure term and the modifications to the dielectric constant

H ¼ HHyd þHs
d þHϵ (3)

For this Hamiltonian, the sum of angular momenta F ¼ Lþ J
remains a good quantum number. Accordingly, the states are
labeled by LF in this approximation. Note that the quantum num-
ber F for this angular momentum is not to be confused with the
notation for states with L ¼ 3 envelope, which we call F states.
Which of these is meant follows from the context.

The nonparabolicity of the band structure leads to a splitting of
states with different L, whereby states with different ML and MJ

belonging to the same L are almost degenerate, as shown in the
left column of Figure 2a. Using a quantum defect model, the
binding energies can then be described by �Ryd=ðn� δLÞ2,
where δL is the L-dependent quantum defect that decreases with
increasing L, see the study by Schöne et al.[20] for details.

Next, we consider the cubic Hc
d term, that reduces the spheri-

cal symmetry of the Hamiltonian to the cubic symmetry Oh and

only the irreducible representations Γ�
i remain as exact labels of

the states, leading to a further splitting. The resulting level struc-
ture is shown in the middle column of Figure 2a. Due to the
cubic contribution, the order of P states is flipped according
to their total angular momenta F. The optically inactive P1=2 state
is shifted above the optically active P3=2. In contrast, the order of
even parity states by increasing F from lower to higher energies is
conserved. Note, the description given in Uihlein et al.[8] resulted
in a reversed order of D5=2 and D3=2 excitons with the D3=2 being
the highest state. In their model, the parameter controlling the
strength of the spherical valance band term has the value
μ ¼ 0.47, whereas the cubic terms are neglected, δ ¼ 0. As dis-
cussed in the study by Schweiner et al.,[19] a fit of the material
parameters to band structure calculations[20,21] instead leads to
the values μ ¼ 0.0586 and δ ¼ �0.404. The discussion in this
article is based on the latter values. We thus find that the contri-
bution of the cubic terms to the splitting of states is much more
pronounced than indicated in the study by Uihlein et al.,[8]

whereas the spherical Hs
d term is less important. Accordingly,

the assignment of the angular quantum number F has to be
changed in the case of the D states, compared to the study by
Uihlein et al.[8] We will discuss this in greater detail below.

(a) (b)

Figure 2. Schemes of the evolution of exciton fine structures of the a) n ¼ 3 and b) n ¼ 4 multiplets for the individual terms of the Hamiltonian (1), drawn
according to numerical values shown in Table 1 and a comparison with experiment, as shown in Figure 1. The scale of splittings between the lines does
not correspond to the actual energy splittings, but is chosen schematically for best visualization. Red colors denote odd parity P and F states, blue colors
denote even parity S and D states of the yellow excitons. In addition, the green 1S states are shown by green bars in the lowest panel of the middle and
right columns each, where the influence of the coupling between yellow and green states on the multiplet splitting becomes important. The left columns in
both panels show the levels when the details of the band structure are accounted for, but in a spherical approximation so that the sum of angular momenta F
is a good quantum number. Levels with the same L are almost degenerate and can be described by a single quantumdefect δL (see text). The middle columns
describe the level splitting when the cubicHc

d term is added, which stronglymixes the yellow and green series. The states within amultiplet are shifted to lower
energies and split into subgroups, now labeled by irreducible representations Γ�

i . The right columns show the level splitting when the exchange interaction is
included which splits the S and D excitons into ortho and para excitons. Correspondingly, yellow S states split into ortho (Γþ

5 )and para (Γþ
2 ) excitons. The D

excitons are affected by exchange as well due to their S admixture. A large ortho–para splitting between Γþ
5 and (Γþ

3 ,Γ
þ
4 ) can be observed for excitons

stemming from the D5=2 state, whereas the splitting is small for D3=2 states. For the n ¼ 3 multiplet, which comprises S, P, and D excitons, the states
belonging to the different shells ðn, LÞ remain in well-defined order. However, for the n ¼ 4 multiplet, the exchange splitting of the D5=2 is so large that the F
excitonmultiplet is fully embedded in between it and theD5=2ðΓþ

5 Þ ortho exciton becomes the highest state of the multiplet. F states are not labeled for clarity.
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Finally, the exchange interaction is added. It requires the addi-
tional consideration of the electron spin. Therefore, the magnetic
quantum number of the electron MSe ceases to be a good
quantum number. The total angular momentum of the exciton
Ft ¼ Fþ Se now characterizes the states. Affecting only excitons
with an L ¼ 0 (S-like) component, the exchange leads to the well-
known splitting into S ortho and para excitons,[22,23] correspond-
ing to their electron– and hole–spin configurations. The para
exciton of the yellow 1S has Γþ

2 symmetry and the para exciton
of the green 1S has (Γþ

3 , Γ
þ
4 ) symmetry. Both are pure spin-triplet

states. Therefore, they are not affected by the exchange interac-
tion. The ortho excitons have Γþ

5 symmetry and contain both spin-
triplet and spin-singlet states. Due to exchange, they are shifted
to higher energies, as shown in the right column of Figure 2a.

Since even parity states become mixed by the Hd terms of the
Hamiltonian, also D states contain an L ¼ 0 part. As can be seen
in the right column of Figure 2a, the two upper D states stem-
ming from theD5=2 and the lower lyingD3=2 states are split by the
exchange interaction into an Γþ

5 and (Γþ
3 , Γ

þ
4 ) component in the

same way as the S excitons, in particular, the green 1S.
Correspondingly, we refer to these states as D-envelope ortho
and para excitons throughout this text. This denomination refers
to the spin configuration of their L ¼ 0 admixture, which defines
their response to exchange interaction. We justify this approach
by the fundamental, to some extent dominant changes intro-
duced by exchange.

Another example of spectra in electric field is shown in
Figure 1b for the principal quantum number n ¼ 4, where also
the F excitons start to contribute. Without electric field, one
observes the dipole-allowed P exciton and on its high-energy
flank, the F exciton triplet, whereas on the low energy flank,
the weak quadrupole-allowed signature of the S exciton is seen,
as indicated in the left panel. In an electric field additional
features appear, which carry the same signatures as described
earlier for the D excitons: the low energy doublet, here between
P and F, and another feature at higher energies, beyond the range
of the F states. Similar to Figure 1a, we indicate the calculated
energies and corresponding symmetries of the D excitons as
given in Table 1 by cyan lines in the right panel for comparison,
shifted by an overall offset of �218 μeV to lower energies. Again,
the intrashell splitting agrees well with the observed lines in
experiment: the three lower, almost degenerate, states match
with the lowest one of the D lines observed in experiment,
whereas the largely split D5=2 states match with the upper line
of the doublet and the highest line, beyond the F states.

Remarkably, the fine structure splitting of theD5=2 excitons, in
this case about 400 μeV, is so large that the F exciton multiplet is
enclosed in the split Dmultiplet. The splitting is even larger than
the ortho–para splitting for the 4S states, which amounts to about
370 μeV, see Table 1.

The level ordering of the n ¼ 4 multiplet is depicted in
Figure 2b, again showing the evolution of the exciton fine struc-
ture from the spherical to the cubic Hamiltonian and further to
the full model including exchange. As can be seen in the right
column, the level ordering of angular momenta L as known from
spherical symmetry, namely S, P, D, and F, is lifted for the n ¼ 4
multiplet: The highest state of this multiplet is theD5=2ðΓþ

5 Þ ortho
exciton.

2.3. Coupling to the Green Series

The observation of the large fine structure splitting of the D exci-
tons is the most important finding to be discussed in this article,
as it is much larger than that of the P or F excitons. Therefore, it
cannot be simply explained by the angular momentum depen-
dence of the interaction matrix elements for the quadratic mixing
of hole momenta (see aforementioned text), which would result
in a monotonic scaling as ðLþ 1Þ�1.

More advanced insight can be obtained from the analysis of
the green content in yellow D excitons, as shown in Table 1.
These values are calculated using the eigenvectors obtained from
the diagonalization of the Hamiltonian (1), i.e., by calculating the
expectation value of the projector into the J ¼ 3=2 space. It can be
seen, that the amount of admixture of green 1S varies strongly
among the different states within a multiplet and that the highest
D exciton contains by far the highest content. In the following,
we deduce the origin of the varying amounts of green admixture
and its impact to the individual states.

The yellow–green mixing is highly relevant, because
the 1S (ortho) exciton of the green series is located between the
n ¼ 2 and n ¼ 3 excitons of the yellow series. As such, it
is also important for the higher lying yellow excitons, located
within a 10meV range above the n ¼ 3 state. In contrast, the
higher green excitons are not relevant for the mixing, as they
are located at much higher energies, in the yellow exciton
continuum.[24]

For becoming mixed, states need to have the same symmetry.
As discussed earlier, the green 1S ortho exciton has symmetry Γþ

5
(see also the schemes in Figure 2). Indeed, the yellow 2S and 3S
ortho excitons have the same symmetry, as do generally all nS
excitons. Due to the interaction with the green 1S, the 2S is
pushed to lower energies, whereas the 3S one is moved to higher
energies.[23]

Among the 3D states, we find also two states with Γþ
5 symme-

try, one stemming from D3=2 and one from D5=2 (see Figure 2),
which can therefore undergo mixing with the green 1S ortho exci-
ton, even without external electric field applied. However, they
show very different degrees of mixing. The first one has only
0.3% green content, whereas the latter one has a green content
of 7.0%, see Table 1.

This difference in green content can be understood now by
analyzing the total angular momentum F of the involved states.
As mentioned above, an earlier analysis was given in the study by
Uihlein et al.,[8] where the strong mixing of the energetically
highestD exciton with the green 1S exciton compared to all other
states within a multiplet was related to the spherical band struc-
ture terms. For excitons of the green series, one finds J ¼ 3=2,
and in particular, F ¼ 3=2 for the green 1S3=2 exciton. As the
spherical terms preserve F, the D3=2 excitons are the only candi-
dates that are mixed with the green 1S3=2 exciton already by the
spherical part of the Hamiltonian (Equation (3)) explaining their
large amount of green content in the description given in the
study by Uihlein et al.[8] Accordingly, the D5=2 excitons have a
lower content of green 1S3=2 in that model and the level repulsion
between the green 1S3=2 state and the D3=2 states then lifts the
latter above the D5=2 states.
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However, as indicated in the aforementioned discussion of the
Hamiltonian, the actual material parameters of Cu2O lead to a
much weaker spherical Hs

d term
[19] and a much more important

cubic Hc
d term, compared to the assumptions by Uihlein et al.[8]

We can understand how this changes the picture as explained in
the following. Let Π0

denote the quantum numbers of the green
1S3=2 state, such as L

0 ¼ 0, J
0 ¼ 3=2, and F

0 ¼ 3=2, and Π denote
the quantum numbers of a state from the yellow series such as L,
J¼ 1/2, and F. The matrix elements belonging to the dominant
cubicHd term were presented in the study by Schweiner et al.[19]

The derived expression depends upon a certainWigner 9j symbol
as follows

Π0 �
�
�

Pð2Þ � Ið2Þ
�ð4Þ
q

�
�Π

D E

¼ AΠ0
,Π, q

L
0

L 2
J
0

J 2
F

0
F 4

8

<

:

9

=

;
(4)

where AΠ0
,Π, q is an abbreviation for the part of the formula we are

not interested in for our discussion. The parameter q controls the
behavior under rotations, and is not important here. The angular
momenta and spins appearing in the 9j symbols must fulfill cer-
tain selection rules, otherwise the matrix element vanishes. One
of the conditions is that the angular momenta in each row satisfy
the triangular inequalities of angular momentum coupling.
From the second row, we can thus deduce that the matrix ele-
ment vanishes for J

0 ¼ J¼ 1=2. The effect of the cubic terms
on the yellow series thus crucially depends upon the coupling
to the green series. The green 1S state has L

0 ¼ 0 and
F

0 ¼ 3=2. From the first and third rows, we can then conclude
that it can only directly be coupled to states with L ¼ 2 and
F ≥ 5=2, i.e., to the D5=2 excitons. For any other yellow state,
and in particular, for the D3=2 states, the matrix element van-
ishes. As a consequence, the level repulsion from the green
1S caused by the cubic terms most strongly affects the D5=2 lines,
lifting them above the D3=2 lines. This is also consistent with the
D5=2
�

Γþ
1

�

,Γþ
4 ÞÞ exciton staying energetically very close to the D3=2

lines, as it cannot be repelled by the green states of different irre-
ducible representation. This understanding of the energetic
order of the states with different F values is corroborated by
the numerically calculated F admixtures shown in Table 1, which
are calculated analogously to the green admixtures.

Moreover, due to the mixing between yellow D states and the
green 1S exciton by the Hamiltonian, the former also gain L ¼ 0
character and become, therefore, sensitive to exchange interac-
tion that splits S-like states into ortho and para excitons. Its effect
on D states is important, in particular, as the green exchange
energy is large, causing, for example, a more than 30meV split-
ting between the green 1S ortho and para excitons in comparison
with only 12meV for the corresponding yellow states. Hence, in
addition to level repulsion from the green 1S, the difference of
green admixture finally results in a different exchange splitting of
theD3=2 andD5=2 states. While the first one is only barely affected
by exchange due to its small green fraction, the latter shows a
pronounced exchange splitting caused by its larger green admix-
ture, as discussed earlier.

These considerations are substantiated by the analysis for
n ¼ 4, where the D5=2ðΓþ

5 Þ ortho exciton has again the largest

green content of 3.0% compared to about 0.2% for all other
D-envelope states, see Table 1. Consequently, this state is shifted
even above the F exciton multiplet.

2.4. Extrapolation to n ≥ 6

As discussed earlier, the strong shift of theD5=2ðΓþ
5 Þ ortho exciton

to higher energies renders it the highest state of a multiplet, as it
was shown for n ¼ 3 and 4 before. Here, we confirm this for the
multiplet of n ¼ 6, where in addition, H excitons can be
observed, the highest angular momentum states observed so
far: In Figure 3, the position of 6H states is indicated, which
is well known from high-resolution laser spectroscopy.[12]

Indeed, the D3=2ðΓþ
5 Þ appears at an even higher energy, as indi-

cated by the dashed blue arrow in the left panel of Figure 3.
This observation is corroborated by extending the calculations

made in the study by Schweiner et al. [18] up to the n ¼ 6 multi-
plet. The obtained fine structure of n ¼ 6 states is shown in
Figure 4. The states are spread over an energy range of about
400 μeV beginning from the S1=2ðΓþ

2 Þ para exciton at the lowest
energy up to the D5=2ðΓþ

5 Þ ortho exciton at highest energy. The
color coding from white to green indicates the admixture of
green 1S3=2 state to each state in the multiplet. As shown, the
yellow S1=2 and D5=2 ortho states contain the largest green frac-
tion. Although the green content is below 1%, it still induces a
splitting onto the D5=2 exciton, shifting its ortho component to
higher energies and even above the G and H states of this multi-
plet. The large green content of the yellow S1=2 ortho state is
explained by the mixing between the green and yellow S ortho
excitons caused by the exchange interaction.

Now, we compare the observed D exciton splittings in experi-
ment to the calculated values using the full Hamiltonian (1) as a

Figure 3. Contour plot of the second derivative of transmission spectra of
n ¼ 6 multiplet as a function of applied bias. The left panel shows a ref-
erence spectrum for zero bias and labels of different exciton states. Blue
lines indicate even excitons, red lines odd excitons. For n ¼ 6 also H exci-
tons with L ¼ 5 contribute to the multiplet, as indicated in the left panel.
Under the application of an electric field, another line appears on the high
energy side of the H exciton, that can be identified as the D5=2ðΓþ

5 Þ ortho
exciton. Adapted with permission.[14] Copyright 2017, American Physical
Society.
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function of principal quantum number n. The amount of green
admixture depends on the form of the dielectric correctionHϵ, as
it was shown in the study by Schweiner et al.,[18] namely the
Haken– or the Pollman–Büttner potential. Both models lead
to slightly different values for the resonance energies of exciton
states andD5=2 intrashell splitting, as the amount of green admix-
ture differs in each case. Compared with the Haken potential, the
green admixture to yellow states is about a factor of two less using
the Pollmann–Büttner potential, as can be seen in the study by
Schweiner et al.[18] However, also for the Pollmann–Büttner
potential, these admixtures are still much larger than for any
other angular momentum state in the exciton multiplet belong-
ing to a particular n and the D5=2 becomes the highest state of a
multiplet for the Pollmann–Büttner potential as well.

The measured D5=2 ortho–para splittings are shown by red
crosses in Figure 5a as a function of the principal quantum num-
ber. Unfortunately, the range of accessible n is limited in our
studies, as the experimental resolution is not good enough to
determine the splittings beyond n ¼ 5. For higher n, the lower
twoD lines cannot be clearly identified within the Stark–fan in an
electric field due to their spectral proximity to the prominent P
and F states and their small oscillator strength (see Figure 3,
showing n ¼ 6).

The splitting of the D5=2 states is found to agree even quanti-
tatively with the predictions by the Haken potential (squares),
whereas the Pollmann–Büttner potential (circles) slightly under-
estimates the splitting.

In contrast to the low-energy D lines, the strongly shifted
D5=2ðΓþ

5 Þ ortho exciton can be identified in experimental spectra
up to n ¼ 9. The obtained splitting between this state and the
dipole-allowed P3=2 exciton of each multiplet is shown in
Figure 5b, again in comparison with the predictions by the full
Hamiltonian using Haken (squares) and Pollmann–Büttner
potentials (circles). In this case, the Pollmann–Büttner potential
gives a better agreement than the Haken potential. The latter one
slightly overestimates the shown splitting.

Despite the differences on a quantitative level, both approxi-
mations show a consistent trend of a strong decrease in the
strength of the splitting energy with increasing principal quan-
tum number. As discussed earlier, two factors are relevant for the
energy splitting: the complex valence band dispersion that mixes

the yellow and green series, in total, described by the terms
HHyd þHs

d þHc
d þHϵ, as well as the exchange interaction

Hexch. The matrix elements describing the first part can be shown
to scale as n�3[13] and also the exchange interaction shows a char-
acteristic scaling with n: In a simplified model using hydrogen
wavefunctions, it is expected to scale as n�3 as well.[22] Indeed,
the data can be well described by a corresponding fit with n�3,
shown by the yellow line in Figure 5a.

As all interaction mechanisms included in the full
Hamiltonian (1) that are defining the fine structure of a multiplet
scale in a good approximation as n�3 (see earlier text), the level
ordering found for n ¼ 3� 6 can be extrapolated to higher n and
theD5=2ðΓþ

5 Þ ortho exciton is expected to be the highest state of all
multiplets even in the high-n regime.

3. Conclusion

We have discussed the origin of the large fine structure splittings
of the yellow D exciton multiplets in cuprous oxide and assigned
it to the strong mixing of the D5=2 state of Γþ

5 symmetry with the
green 1S3=2 exciton of the same symmetry, in agreement with
theoretical calculations. Extended calculations up to the multiplet
of n ¼ 9 showed that this state is the energetically highest state of
each exciton multiplet. Hence, the ordering of states by increas-
ing angular momentum L is lifted in Cu2O.

Recent studies discussed the sensitivity of highly excited
Rydberg excitons with quantum numbers n > 10 to electric fields
induced by charged impurities.[5,16] As even parity D states are

Figure 4. Calculated exciton energies for the multiplet of principle quan-
tum number n ¼ 6 using the Haken potential. The color coding indicates
the content of the green 1S exciton. The S and D ortho excitons of Γþ

5
symmetry show the largest admixture and are moved to higher energies.
As a result, the D5=2ðΓþ

5 Þ exciton is shifted to an energy higher than the H
excitons which renders it the highest state of the multiplet.

(a)

(b)

Figure 5. a) Exchange splitting between the D5=2 ortho and para excitons
versus principal quantum number. For definition of D ortho and para
excitons, see text. b) Splitting between D5=2ðΓþ

5 Þ ortho exciton, the highest
one in the multiplet, and the dipole-allowed P3=2 exciton versus principal
quantum number. In both panels, the red crosses show the experimental
data. Black symbols give calculated results using the Haken (squares) and
Pollmann–Büttner (circles) potentials. The yellow lines give a fit to the
experimental data, following n�3.
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optically activated by electric fields, the results of this article play
an important role for future investigations concerning exciton–
impurity interactions. Due to its scaling according to n�3, the
even-exciton multiplet structure obtained here at low n can be
extrapolated to the high-n regime and can be helpful for the
analysis and interpretation of impurity-dominated spectra, in
particular close to the bandgap.

Furthermore, the detailed insight into theD exciton fine struc-
ture, corroborated by the deduction of the total angular momenta
F contributing to the D exciton wavefunctions, is highly relevant
for the investigation of plasmon scattering rates between excitons
of different angular momenta[25] or possible microwave-driven
intraband transitions.[26]
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