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Summary

In this contribution, the optimization potential of the seal geometry in Stirling

machines is explored both numerically and analytically, leading to a signifi-

cant reduction of the related losses which are often referred to as appendix gap

losses. These are induced by the narrow gap between the displacer and the cyl-

inder and have mostly been underestimated so far. A recent experimental

investigation revealed large optimization potentials by reduction of the seal

and cylinder wall diameter near the seal, resulting in reduced appendix gap

losses and further indirect positive effects. In this work, these experimental

findings could be reproduced by a one-dimensional differential simulation

model at a fully satisfyingaccuracy. Furthermore, these investigations reveal

that the optimum geometry is largely machine-dependent. To provide an easily

applicable design rule for this optimum geometry, a refined analytical model

for the mass flow at the top of the gap is derived, which is based on a phasor

analysis and a linearized mass balance that also accounts for changes in the

spatial mean gas temperature in the gap. The optimum design predicted by

this model is very close to numerical optimization results and sufficiently accu-

rate under practical aspects. Furthermore, this model contributes to a better

theoretical understanding of the loss mechanisms in the gap.
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1 | INTRODUCTION

Regenerative cycles, such as the well-known Stirling
cycle, may utilize and transform virtually any heat flow,
particularly including heat from various renewable
sources, and may thus contribute to the global energy
transformation. Therefore, they are increasingly under
consideration for micro-cogeneration applications1-4 and
particularly for utilizing various forms of biomass5-11 as
well as solar energy.12-15 However, the performance of

the idealized, theoretically reversible cycles is in practice
degraded by a variety of loss mechanisms. Therefore, the
design of a sufficiently efficient machine is a complex
optimization problem requiring accurate models for
these. One of these losses is the appendix gap loss. It is
caused inside the gap around the insulating, thin-walled
piston or displacer, as this gap is open to a cylinder vol-
ume at either hot or cryogenic temperature level. In kine-
matic Stirling engines or coolers, this gap is typically
closed by a sliding seal at the end where the near-
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ambient temperature prevails. Particularly in the so-
called β- and γ-types featuring a double-acting displacer,
gas leakage across the seal is usually negligible since the
pressure difference is only induced by flow pressure
losses and therefore marginal. In free-piston Stirling
machines, the gap instead features a close-tolerance seal
only or is even intentionally left open to serve as a regen-
erative annulus.16,17 However, this case will be excluded
here. Instead, the following considerations refer to a
closed gap in a kinematic machine, ignoring any seal
leakage. In this case, the appendix gap loss is usually con-
sidered to be a superposition of two different mecha-
nisms, which are commonly referred to as the shuttle
loss and the enthalpy loss.18-25 The former was qualita-
tively known from cryocoolers as “motional heat trans-
fer” before26 and later also referred to as “bucket brigade
loss,”27 the latter is also known as “pumping loss.”28

In general, any accurate modelling of regenerative
cycles requires consideration of the various loss mecha-
nisms including their multiple interactions, which is only
possible by a differential approach. In recent years, even
two- and three-dimensional CFD models of whole
engines have therefore been developed.29-35 However, the
computational expense for a multi-parameter optimiza-
tion on this basis is considerable. So, there are still good
reasons to apply spatially one-dimensional differential
models (the so-called “third-order models”), which may
also account for interdependencies between the loss
mechanisms, but require far less computing time. Such
models have been developed repeatedly since the 1970s,
applying various discretization and integration tech-
niques and more or less rigorous handling of the momen-
tum equation in particular. Remarkably, the
comparatively recent and very rigorous model by Ander-
sen36 was the very first to include the appendix gap in the
differential simulation, whereas in the earlier models, the
associated loss was either neglected or estimated sepa-
rately based on simplified analytical models and finally
superimposed upon the differential simulation results -
presumably because it was generally considered to be of
minor importance only.

However, Andersen et al37 observed that according to
their differential simulation, this loss was higher than
anticipated. Experimental results performed by Geue
et al38 using a well-instrumented convertible, experimen-
tal machine38-41 qualitatively supported this finding. So, a
critical review of the available analytical models was per-
formed by Pfeiffer and Kühl42 and subsequently, a
refined analytical model which accounts for the
unsteady, oscillatory laminar flow in the gap was devel-
oped and applied to further optimize the gap geometry
and particularly the seal design.43-45 It should be men-
tioned here, that in this analytical model as well as in the

numerical models discussed, temporally constant wall
temperature profiles are implicitly assumed. This is
essentially correct in the case of metallic wall materials,
which are typically found in Stirling engines as well as in
the aforementioned machine since in this case, the
amplitude of the wall surface temperature oscillations is
in the range of a few tenths of a Kelvin only. Any effects
caused by low-conductivity coatings46,47 or by the use of
polymer materials in cryogenic applications23,48 are
therefore neglected within this contribution.

Recently, the unsteady gas temperature profiles
predicted by this model have essentially been confirmed
experimentally by Sauer and Kühl,49 once again using
the aforementioned experimental machine.50 Since the
design of this machine is the result of a similarity-based
scaling procedure39 and therefore features an extremely
large gap width of h = 1.4 mm, this was possible by
inserting radially adjustable fine wire thermocouple pro-
bes in the gap and thus directly measuring the fluctuating
gas temperatures at a high spatial and temporal
resolution.

According to the analytical model, which can be con-
sidered experimentally validated by these investigations,
the appendix gap loss is actually higher than predicted by
the previously available models, particularly if the gap
width h is optimized according to the latter. The new
model generally yields a smaller optimum gap width than
these, and furthermore, it indicates that the loss may be
substantially reduced by a reduction of the effective seal
diameter below the diameter of the cylinder wall in the
range of the open gap above, almost down to the lower
limit imposed by the diameter of the displacer (or piston,
respectively). This design modification results in a
reduced gap width h0 in the bottom section of the gap
designating the remaining clearance between the liner
and the displacer in the vicinity of the seal, as illustrated
in Figure 1. It may be specified by the dimensionless
ratio

rh ¼ h0
h
, ð1Þ

which will be referred to as the gap width ratio in the
following.

In a recent experimental investigation reported by
Sauer and Kühl,49 such a modification was realized in
the experimental machine by mounting a seal with an
outer diameter marginally above that of the displacer and
by inserting a cylinder liner with an accordingly reduced
inner diameter. Due to constructional limitations, a mini-
mum bottom gap width h0 = 0.3 mm could thus be real-
ized, which will be referred to as “new” seal design in
distinction to the “old” seal design. This corresponds to a
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value rh = 0.21, which is very close to the analytically
predicted optima in Vuilleumier mode and Stirling mode,
which are rh = 0.2 and rh = 0.1. The new and old seal
design is shown in Figure 1.

The effects of this modification were carefully studied
using the available instrumentation and compared to the
previously obtained experimental results.49 Thus, a
decrease of the appendix gap loss could be confirmed,
and furthermore, it was found that there was virtually no
reduction of the pressure amplitude, which had initially
been expected due to the reduced volumetric displace-
ment. Both the mechanical net power in Stirling mode
and the refrigeration capacity in Vuilleumier mode of the
convertible experimental machine consequently
remained constant or were even slightly increased,
whereas the hot end heat input was noticeably reduced.
So, the observed improvements of the overall cycle per-
formance substantially exceeded the initial expectations,
which were based on the loss reduction as predicted by
the analytical model. According to Sauer and Kühl,49

these can presumably be attributed to the following
effects:

• A detailed analysis of the thermal compression effects
caused by the moving displacer reveals that the actual
temperature change of the gas quantity additionally
displaced at large values of rh is marginal because this
quantity - or rather two corresponding quantities of
the same size - are either located below the seal, i. e. in
the cylinder volume maintained at the lower, “cold”
temperature Tc, or directly above the seal, i. e. in the
bottom section of the gap, where a similar temperature
is imposed by the adjacent cylinder wall.

• In the case of rh ! 1, the additionally displaced gas
quantity causes an additional flow through the heat
exchangers and the regenerator as well as along the
length of the gap, which can be avoided for rh ! 0.
The corresponding reduction of the pressure drop by
flow losses could be experimentally confirmed.

• In addition to this, the reduced gas flow through the
regenerator in the case of rh ! 0 will also result in cor-
respondingly smaller thermal regenerator losses, con-
tributing to a further reduction of the net heat

exchange via the heater and the cooler in addition to
the lower appendix gap loss and the smaller pV works
of the corresponding cylinder volumes.

• The lower loads at the heat transfer result in a
corresponding decrease of the required temperature
differences for the heat transfer and thus in an
enhancement of the thermal compression.

• The dead volume of the gap is decreased in the case of
rh ! 0, which helps to maintain the pressure
amplitude.

These indirect effects can of course not be predicted by
any separate analytical model for the appendix gap loss,
and so, there is an obvious need to directly include the
gap in a differential simulation of the entire cycle, as first
realized by Andersen.36

It is the objective of this contribution to reproduce the
aforementioned experimental findings by such a model,
to perform further optimizations on this basis beyond the
limitations of the available experimental facilities, to
improve the theoretical understanding of the underlying
mechanisms by means such as phasor analysis, and to
finally derive an analytical tool to predict the optimum
gap geometry, particularly regarding the seal diameter.

However, this simulation model is not publicly avail-
able, and furthermore, it requires considerable computa-
tion times due to the rigorous handling of the
momentum equation. Consequently, it was decided to
extend the modularly structured, one-dimensional simu-
lation code kpsim developed at TU Dortmund University
by a component of the cylinder comprising a differen-
tially modelled gap.51 This code is based on a simplified
handling of the momentum equation and a compara-
tively coarse spatial resolution of the pressure field,
which is assumed to be close to equilibrium. Thus, it is
possible to integrate the resulting equation system at
comparatively large time step widths, and in combination
with an efficient convergence acceleration technique,
computing times of a few seconds only on a modern per-
sonal computer can be realized.

The differential model for the gap was realized in a
similar way as reported by Andersen et al,37 i. e. by dis-
cretizing the gas volume in the gap as well as the cylinder

FIGURE 1 Schematic illustration of

the old and the new seal design
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and the displacer wall by an adjustable number of finite
volume elements. However, when performing simula-
tions including the differential model for the gap, a prob-
lem already reported by Andersen et al was encountered,
namely that the results were found to be severely depen-
dent on the chosen modelling approach for the radial
heat exchange between the gas and the walls.

Basically, any spatially one-dimensional differential
approach requires separate modelling of any transport
phenomena perpendicular to the discretization direction.
Whereas a variety of experimentally validated approaches
exist for the flow conditions in typical heat exchangers
and regenerators, Andersen et al37 as well as Sauer and
Kühl51 only had a choice between a few empirical
approaches lacking a sufficient experimental and theoret-
ical basis. In common one-dimensional differential
models, the assumption of an ideal plug flow is implicitly
made. However, the question arises whether this assump-
tion is justified in the description of the axial energy
transport by the unsteady, laminar gas flow in the gap
featuring a both temporally and radially variable temper-
ature profile according to the analytical model by Pfeiffer
and Kühl.43 To resolve these issues, Sauer and Kühl52

derived a new approach for the radial heat exchange
between the gas and the walls as well as for the energy
transport by the axial gas flow based on the aforemen-
tioned analytical model and the supporting experimental
findings.50 Due to its theoretical and experimental basis,
this approach was subsequently used as a reference
model for comparison purposes, and it was found that in
the exemplary cases investigated so far, a less complex,
semi-empirical approach by Andersen et al,37 which is
based on the assumption of parabolic temperature pro-
files in the radial direction and a plain plug flow assump-
tion, is sufficiently accurate. As a result, a tool is
available now that allows more detailed numerical inves-
tigations in the gap section. It yields a good agreement
between experimental and simulated data for the experi-
mental machine on the basis of a revised and validated
input data set.52

2 | NUMERICAL SIMULATION
AND OPTIMIZATION

For the simulation of different seal geometries, such as a
decreased diameter of the cylinder liner in the range of
the seal, the cylinder component described in Reference
51 was modified marginally. The size of the cylinder vol-
ume, which so far underwent all volumetric changes of
the cylinder component, is further on evaluated with the
cylinder diameter at the top. Therefore, the finite gas vol-
umes in the gap, which were constant and equal in size

so far, may now undergo volumetric changes as well. If a
finite volume reaches the edge of the liner, where the gap
width is reduced from h to h0, its size changes, and conse-
quently, the p,V-work done by this volume change is con-
sidered in the energy balance. The discretization of the
cylinder system including the gap is illustrated in
Figure 2, where bx and la denote the stroke amplitude and
the appendix gap length.

2.1 | Comparison of experimental and
simulated results

The simulation accuracy of the program kpsim has been
demonstrated repeatedly, inter alia for the considered
experimental machine.38,40,52 However, the modification
of the simulation code must also be validated. The gener-
ally most sensitive criterion for this purpose is the repro-
duction accuracy of experimental p,V-plots. Figure 3
shows a comparison for the p,V-loops in Stirling mode for
both seal designs at the nominal conditions summarized
in Table 1, which also applies to Vuilleumier mode opera-
tion. Further details concerning the design of the experi-
mental machine and the toggling between these modes
are reported in Reference 49.

Evidently, the simulation accuracy is good in either
case, and in particular, it is unaffected by the modifica-
tion, which is barely visible at first sight but can be
detected as a small change in the amplitudes of the hot
and the warm cylinder volume. However, it is not the
purpose of these plots to visualize the modification of the
effective seal diameter, but to prove that the simulation
code is able to reproduce the experimental performance
satisfactorily in either case, i. e. that the modification of
the code described in the previous chapter does not affect
its accuracy. In the Vuilleumier mode, the simulation
accuracy is even better in general. Based on this, the
corresponding heat flows can be reliably compared,
which is shown in Figure 4 for both seal designs in Vuil-
leumier mode. The experimental data correspond to the
data shown in Reference 49, but without error bars for
reasons of clarity. Additionally, Figure 4 presents the
sum of simulated appendix gap losses and axial heat con-
duction along the walls.

Apparently, the simulation reveals a strong decrease
of the heat input for the new design that even exceeds
the reduction of the losses directly associated with the
gap and the surrounding walls, although it is smaller
than the experimentally observed decrease and at gener-
ally lower values. In contrast to the experimental results,
the simulation furthermore indicates a small decrease in
the refrigeration power. However, this decrease is in the
range of the measurement uncertainty for the
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refrigeration power. So, the agreement between the simu-
lations and the experiments is generally satisfactory, all-
owing a closer look at the simulated appendix gap losses.
For these, a large decrease is indicated by the simulation,
confirming that a reduction of the diameter of the cylin-
der liner at the seal may significantly reduce the appen-
dix gap loss.

Figure 5 shows the same comparison for Stirling
mode operation. In this case, the simulation also con-
firms the experimental results concerning a reduced heat
input, but once again, the reduction is lower for the

simulated values. However, it is striking that despite the
reduced displacement by the hot displacer, the simulated
indicated power is also raised by the modified design,
underlining the positive effect of the seal modification on
the entire cycle and once again confirming the experi-
mental results.

Additionally, it appears that in Stirling mode, the
appendix gap loss is reduced by approximately the same
amount as in Vuilleumier mode. However, the reduc-
tion of the heat input in Vuilleumier mode as well as in
Stirling mode is larger than this, presumably due to the

FIGURE 2 Discretization

of the cylinder system

including the appendix gap

FIGURE 3 Simulated and measured p,V loops in Stirling mode with old52 (A) and new (B) seal design

TABLE 1 Nominal operating conditions and geometric dimensions of the experimental machine

Parameter Value Parameter Value

Heater temperature Th 500�C Cylinder internal bore 80 mm

Intermediate temperature Tw 30�C Displacer stroke amplitude 21.75 mm

Working fluid Helium Gap width h 1.4 mm

Rotational speed n 383 minutes�1 Bottom gap width h0 0.3 mm

Mean pressure p 38.3 bar Gap width ratio (new seal design) rh 0.21
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aforementioned further positive effects, such as reduced
thermal regenerator losses due to a decreased
mass flow.

Furthermore, it should be considered that the appen-
dix gap loss is an internal loss, i. e. any compensating
heat flow imposes an additional load on both the heater
and the cooler. A slightly increased heater gas tempera-
ture (+2 K) was observed in the simulation with the new
seal design, thus confirming the anticipated positive
effect on the pressure amplitude.52

2.2 | Numerical optimization of the seal
design

Finally, the validated simulation model is applied to
determine the optimum seal geometry, i. e. the optimum

values for the width h and the gap width ratio rh. In
Figure 6, the simulated efficiency (a), i. e. the ratio of
indicated power to heat input, and the simulated appen-
dix gap loss plus heat conduction in Stirling mode (b) are
plotted on the z-axis as a function of the gap width and
the gap width ratio. The simulated values were addition-
ally colored for better readability by mapping the mini-
mum and maximum results on a color scale from red to
blue. Values between simulations were linearly interpo-
lated. Please note that the z-axis of the latter figure was
reversed for reasons of better comparability.

The old seal design, which was obtained by minimiza-
tion of the losses according to the analytical models by
Rios19 and Berchowitz,28 and the new seal design are
indicated by a black and a red arrow, respectively. In con-
trast to the previous results, these variations were per-
formed under the constraint of a constant volumetric

FIGURE 4 Simulated and

measured heat input and refrigeration

power in Vuilleumier mode for both seal

designs

FIGURE 5 Simulated and

measured heat input and indicated

power in Stirling mode for both seal

designs
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displacement rather than a constant cylinder bore above
the liner.

A comparison of both figures reveals that maximum
efficiency almost coincides with the minimum appendix
gap loss. Although the shapes of both planes are not
completely identical, it is sufficient to consider only the
efficiency in the following. Figure 6A clearly demon-
strates that the design of the gap section has a very high
impact on machine efficiency. However, the optimum is
rather flat, particularly regarding rh, and the optimum
gap width is almost independent of the latter. Addition-
ally, it is striking that the gap width of the old seal design
(black arrow) is far away from the optimum, indicating
that the analytical models by Rios19 and Berchowitz28 are
not sufficiently detailed to predict the appendix gap loss
satisfactorily.

In Vuilleumier mode, the machine parameter of
interest to be optimized is the coefficient of performance
(COP), i. e. the ratio of refrigeration power to heat input.
The COP as a function of the gap width and the gap
width ratio in Vuilleumier mode is visualized in Figure 7,
again with both seal designs indicated by arrows.

It is obvious that the COP is largely affected by the
gap design as well. However, the optimum width in Vuil-
leumier mode is far larger than in Stirling mode, whereas
the optimum values for rh are similar. Besides, it is inter-
esting to compare the predicted optimum gap widths at a
fixed rh. In Stirling mode, the optimum gap width is
always close to h = 0.6 mm for a given rh, i. e. it is almost
independent of rh. In contrast, a strong dependency on rh
is found in Vuilleumier mode. In particular, the optimum
gap width increases at smaller values for rh. Conversely,
the optimum values of rh are always in the same range
for any given gap width, i. e. the former is largely inde-
pendent of the latter.

Lastly, the extensively tested GPU-3 Stirling engine
shall serve as a reference case, since detailed

experimental results and constructional information for
this machine are available.21,53-56 Sauer and Kühl51

reported the corresponding simulation setup for the pro-
gram kpsim and obtained a good agreement between
experimental and simulated results. Figure 8 visualizes
the efficiency of this engine as a function of the gap
width and the gap width ratio. The real gap design is
marked by a red arrow. Remarkably, the simulated opti-
mum design of the gap is very close to the real design.
Since no model for the appendix gap loss had been publi-
shed at the time when the GPU-3 engine was developed,
the gap and seal design was presumably optimized exper-
imentally. Therefore, this good agreement may corrobo-
rate the accuracy of the simulation. Compared to the
experimental machine, the optimum value for rh is larger,
underlining that its value - as well as the optimum gap
width - is substantially dependent on the particular
machine design. Just alike the experimental machine in
Stirling mode, the optimum gap width appears to be
almost independent of rh.

3 | ANALYTICAL
DETERMINATION OF THE
OPTIMUM GAP GEOMETRY

3.1 | Phasor description of the spatial
mean flow velocity

Obviously, the simulation provides a very useful tool for
the optimization of the gap in regenerative cycles and
illustrates the dependency of the optimum gap geometry
on the specific machine design. However, demand for
analytical calculation rules exists due to insufficient
availability of such one-dimensional simulation tools, but
so far, the analytical model by Pfeiffer and Kühl44 pro-
vides a solution for the optimum gap width only. Sauer

FIGURE 6 Simulated efficiency η (A) and appendix gap loss plus heat conduction (B) as a function of the appendix gap width and the

gap width ratio in Stirling mode (old and new seal design indicated by black and red arrows, respectively)
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and Kühl49 were able to demonstrate that an optimized
seal geometry particularly reduces the enthalpy loss due
to reduced mass flows and flow velocities in the gap.
Hence, these will be analyzed analytically in the
following.

Based on the assumption of an ideal gas, the mass
flow at the top of the gap may generally be derived by a
linearized mass balance

_m¼�dm
dt

¼�m
p

dp
dt

þ�m

Va

dVa

dt
þ m

Tm

dTm

dt
: ð2Þ

In this equation, p, m, Va and Tm denote the pressure,
the mass, the volume and the spatial mean temperature
of the gas in the gap, and horizontal bars indicate tempo-
ral mean values. The individual components of the mass
flow on the right-hand side of the equation may be illus-
trated vividly by a phasor description in the complex

plane, based on the general assumption of sinusoidal
motions and pressure fluctuations. In the following, this
phasor system will be specified and illustrated.

Figure 9A presents the phasors for the displacer and
the piston motion, xD and xP, for a γ-type Stirling engine
(in black). Designating the cross-sectional areas of the
displacer and its rod by AD and AR, respectively, the
phasor of the hot volume amplitude is obtained as
V
!

h ¼�AD � xD�!. So, Vh is decreased by a positive displace-
ment xD, whilst the warm volume is contrarily increased
since we have V

!
w ¼ AD�ARð Þ � xD�!. Just alike, the piston

volume is reduced by a positive displacement xP, since
the corresponding phasor is V

!
P ¼�AP � xP!, with the

cross-sectional area of the piston AP (green phasors). By
the convention of Pfeiffer and Kühl,43 the displacer veloc-
ity, which is the first derivative of the displacer position
with respect to time dxD=dt¼bxω � ei ωtð Þ, is defined to
have a zero phase angle. Generally, the first derivative of

FIGURE 8 Simulated efficiency as a

function of the appendix gap width and

the gap width ratio in the GPU-3 engine

(seal design indicated by red arrow)

FIGURE 7 Simulated COP as a

function of the appendix gap width and

the gap width ratio in Vuilleumier mode

(old and new seal design indicated by

black and red arrow)
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a phasor leads the original phasor by 90�, thus, by defini-
tion, xD lags the zero phase by 90�. In phasor notation,
the pressure phasor p

!
may be obtained by superposition

of the thermal and mechanical compression effects of the
displacer and the piston:

p
!¼ ∂p

∂xp
x
!

pþ ∂p
∂xD

x
!

D: ð3Þ

The partial derivative ∂p=∂xp quantifies the pressure
change caused by a differential deflection of the piston
while the displacer is considered to be at standstill in its
mean position. Accordingly, the pressure change caused
by the displacer is expressed by ∂p=∂xD. The pressure is
defined as p¼ pþbp � ei ωt�Θð Þ. Thus, the pressure phasor
lags the displacer velocity by the pressure phase angle θp.
In the case shown in Figure 9A, where the pressure leads
the displacer velocity, θp is therefore negative. Based on
these specifications, the phasor �m

p
dp
dt lags the pressure by

90�, as indicated in Figure 9B. Since Equation (2) pre-
sents the mass flow across a boundary fixed to the cylin-
der wall, the volume in the gap Va is decreased by a
positive displacement xD and thus, it is in phase with the
hot volume. Thus, �m

Va

dVa
dt is graphically represented by a

phasor lagging the hot volume by 90� as illustrated, i. e.
its phase angle is zero. Obviously, the phase angle of this
phasor is unaffected by the gap width ratio. In turn, the
length of this phasor approaches zero for rh! 0. First of
all, we examine the case for the maximum possible volu-
metric displacement at rh = 1, denoted by dVa

dt

��
rh¼1.

Finally, it is assumed that the gas temperature at a fixed

axial position in the gap is equal to the average of the
adjacent wall temperatures. Hence, the average gas tem-
perature Tm is decreased for a positive displacer deflec-
tion xD, since the hot end of the displacer leaves the
considered gap volume. However, the magnitude of this
effect is decreased for rh! 1 due to the reduction of Va at
its cold end. Thus, the variation of Tm is in phase with
the hot volume, and the phasor m

Tm

dTm
dt leads the hot vol-

ume by 90� according to Figure 9B.
Vectorial addition of these three phasors yields the

mass flow at the top of the gap as illustrated in
Figure 10A. Now, assuming a temporally constant den-
sity ρ at the top of the gap, the spatial average flow veloc-
ity um is

um ¼ _m
π �dC �h �ρ , ð4Þ

where dC denotes the diameter of the cylinder bore. In
dimensionless complex notation, the flow velocity is
expressed as

umbxω¼Γ � ei ωt�θuð ÞwithΓ¼ bumbxω , ð5Þ

in accordance with the nomenclature by Pfeiffer and
Kühl43. In this equation, Γ and θu denote the dimension-
less flow velocity amplitude and the phase angle of the
flow velocity relative to the displacer motion. Evidently,
the spatial mean flow velocity is in phase with the mass
flow, as also depicted in Figure 10A. Finally, the flow
velocity in the system fixed to the cylinder wall may be

FIGURE 9 A, Phase relationships of volumes and pressure and B, phase relationships of derivatives
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transformed into the spatial mean flow velocity u0
m in

the system moving with the displacer wall by.

Γ0 � e�iθ0u ¼Γ � e�iθu�1: ð6Þ

Here, Γ0 ¼u0
m=bxω and θ0u denote the dimensionless

flow velocity amplitude and the phase angle of the flow
velocity in the moving system. The corresponding phasor
for u0

m, as obtained by subtraction of dxD=dt from um, is
also shown in Figure 10A. If the volumetric displacement
by the seal is reduced by rh<1, the second addend in
Equation (2) expands to rh � �m

Va

dVa
dt

��
rh¼1. The resulting new

flow velocity is shown in Figure 10B for an arbitrarily
chosen, rh = 0.5. Obviously, rh affects the amplitude as
well as the phase angle of the flow velocity at the top of
the gap, which is consistent with the presumptions
derived from the experimental gas temperature results
shown by Sauer and Kühl.12

However, this phasor description does not reveal the
optimum gap width ratio or seal geometry. Therefore,
Figure 11 shows the numerically simulated velocity
(blue) and pressure phasors (red) at the optimum geome-
try (solid lines) as well as for rh = 1 (dashed lines) in the
experimental machine (a) Vuilleumier mode, (b) Stirling
mode and (c) the GPU-3 Stirling engine. Please note the
different scales of the figures, as indicated by the magni-
tude of the displacer velocity phasor, dxD=dt.

Evidently, the flow velocity in the moving system in
Vuilleumier mode is very small in contrast to those in Stir-
ling mode and in the GPU-3 at the respective optimum
design points. This induces a very small enthalpy loss and
may explain the dependency of the optimum gap width on
rh. In simple terms, the shuttle loss features a reciprocal
dependency, whereas, for the enthalpy loss, this depen-
dency is linear, yielding an optimum gap width as a com-
promise between both loss mechanisms. However, by
largely decreasing the flow velocity, the enthalpy loss
almost vanishes, and the gap width may be enlarged

considerably to reduce the shuttle loss. Contrarily, for con-
siderably large velocity amplitudes, i. e. for non-ideal gap
width ratios in Vuilleumier mode or generally in Stirling
mode, the gap width cannot be increased to a large extent
without substantially raising the enthalpy loss, and thus,
medium values are obtained for the optimum gap widths
in these cases. Apparently, it is not possible to reduce the
flow velocity in Stirling mode to the same extent. This
may be mainly attributed to the substantial mechanical
compression by the piston inducing a velocity component
perpendicular to the displacer velocity in case of a 90� shift
between displacer and piston motion. Obviously, this com-
ponent is unaffected by the choice of rh. Consequently,
simulated flow velocities in the moving system in
Figure 11B,C are approximately 90� phase-shifted to the
displacer velocity at the optimum design, whereas in Vuil-
leumier mode, the result is slightly different due to gener-
ally negligible flow velocities. As a rule of thumb,
optimization of the gap width ratio rh may therefore be
reduced to a minimization of the flow velocity component
that is in phase with the displacer motion. For this pur-
pose, the velocity at the top of the gap must be evaluated
analytically. This was done by Pfeiffer and Kühl,44 who
considered the influence of temporal temperature fluctua-
tions to be negligible. However, Figure 10 illustrates that
the influence of temperature fluctuations and the volumet-
ric displacement by the seal feature diametrical effects can-
celing out to some extent. Thus, neglection of temperature
fluctuations would yield too small gap width ratios, and
temperature fluctuations should therefore be considered.

3.2 | Analytical determination of the
flow velocity in the appendix gap

The determination of the flow velocities is based on a
refinement of the mass balance in Equation (2) by three
different sections featuring different temperature

FIGURE 10 Phase relationships of mass flow and velocity at the top of the appendix gap A, normal seal design and B, reduced gap

width ratio
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distributions and partially undergoing volumetric
changes. This segmentation is based on the idea that the
gas locally has the average temperature of the surround-
ing walls and therefore, the gas may be notionally split
into one half that is at the cylinder wall temperature and
one half that is at the displacer wall temperature.
Figure 12 shows these sections and the temperature pro-
files in the walls for the displacer mid-stroke position.

It is assumed that the gas in Sections (2) and (3) has
the local displacer wall temperature TD xð Þ or the local
cylinder wall temperature TCw xð Þ, respectively. Further-
more, constant temperature gradients in the displacer
and the cylinder wall with an axial offset bx at mid-stroke
position are assumed, as indicated in Figure 12. Such an
offset was observed in the numerical simulation particu-
larly for small gap widths, when the isothermal bottom
section (right-hand side), which is maintained at the cold
temperature Tc, imposes its temperature on the facing
displacer wall near the bottom dead center position of
the displacer (ie, when the displacer is near the right end
of stroke in this illustration). In contrast, the upper end
of the cylinder is assumed to be at the hot temperature

Th. The gas in Section (1) is therefore assumed to be iso-
thermal at Tc, and the length of this section is 2 �bx and
therefore constant. Its lower boundary is bound to the
seal, and thus its volume Vbot xð Þ undergoes volumetric
changes for rh ≠ 0:5. Section (2) also undergoes volumet-
ric changes, as its lower end is defined by the upper end
of Section (1) and its upper boundary is fixed to the cylin-
der wall. Additionally, the gas in this section undergoes
fluctuations of its spatial mean temperature. Finally,
Section (3) is entirely bound to the cylinder wall and does
not undergo any volumetric changes or fluctuations of
the spatial mean temperature. The total mass in the gap
below an arbitrarily chosen position x ≥bx is therefore
m x, tð Þ¼ p tð Þ �Vbot tð Þ

R �Tc
þp tð Þ �VD x, tð Þ

R �TD,m x, tð Þ þ
p tð Þ �VCw xð Þ
R �TCw,m xð Þ , ð7Þ

where VD, VCw, TD,m and TCw,m denote the volumes and
the spatial mean temperatures of Sections (2) and (3),
respectively, and R designates the specific gas constant.
Based on this, and by linearization around mid-stroke
position, the mass flow at the top is

FIGURE 11 Simulated flow

velocity at the top of the gap (moving

system) for the optimum seal design

compared to rh = 1: A, Vuilleumier

mode; B, Stirling mode; and C, GPU-3

Stirling engine

FIGURE 12 Sections and

dimensions in the gap for derivation of

flow velocity with the displacer at the

mid-stroke position

_m¼�p �Va

R �Tc

Vbot

Va
þVCw

Va

Tc

TCw,m
þVD

Va

Tc

TD,m

� �
� 1
p
dp
dt

þ 1

Va

dVbot

dt
þ Tc

Va
� d
dt

VD

TD,m

� �� 	
, ð8Þ
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with Va ¼ π �dc �h � lad, where lad denotes the length of the
adiabatic section in the cylinder wall, which is assumed
to be thermally insulated to the surrounding. The deriva-
tion of the individual terms is generally based on com-
plex quantities and the assumption of sinusoidal
fluctuations with respect to time. For example, the pres-
sure is described by the complex function

p¼ p � 1þ rp � ei ωt�θpð Þ
 �
; rp ¼

bp
p
: ð9Þ

Additionally, it is assumed that the axial variations of
the wall temperatures are linear. However, the analytical
derivation of the mass flow is yet lengthy and therefore
further elaborated in the Appendix.

Finally, the mass flow at the dimensionless axial posi-
tion x* ¼ x=lad is obtained as

_m x*ð Þ¼�p �Va �ω � ei ωt
R �Tc

J x*ð Þ � i � rp � e�iθp � rxrhþ rT x*
� � �

,

ð10Þ

with rx ¼bx=lad and

rT x*ð Þ¼ 1
2
rx 1� 1

Th=Tc
�1

� 
: x*� rx½ �þ1

 !
: ð11Þ

The compressibility of the gas in the gap J x*ð Þ is given
as

J x*ð Þ¼ rx
1
2
þ rh

� �
þ1
2

ln Th=Tc
�1

� 
x*þ1

� 
Th=Tc

�1

þ1
2

ln Th=Tc
�1

� 
x*� rx½ �þ1

� 
Th=Tc

�1
�  :: ð12Þ

Generalizing Equations (4) and (5) for an arbitrary
dimensionless position x*, assuming an ideal gas with a
temporally constant local density

ρ x*ð Þ¼ p
R �TCw x*ð Þ , ð13Þ

as a minor simplification and solving for the mass flow
yields

_m x*ð Þ¼ p �Va �ω
R �TCw x*ð Þ � rx �Γ x*ð Þ � ei ωt�θu x*ð Þð Þ: ð14Þ

Equating Equations (10) and (14), the dimensionless
flow velocity Γ(x*) at a given position x* and its phase
angle θu(x*) relative to the displacer velocity are then
found to be

and

cot �θu x*ð Þð Þ¼ rh� rT x*ð Þ
rx

� rp
rx
� sin θp

�  � J x*ð Þ
rp
rx
� cos θp

�  � J x*ð Þ : ð16Þ

Finally converting these functions into the moving
system according to Equation (6) yields

Γ x*ð Þ¼TCw x*ð Þ
Tc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rh� rT x*ð Þ

rx
� rp
rx

� sin θp
�  � J x*ð Þ

� �2

þ rp
rx

� cos θp
�  � J x*ð Þ

� �2
s

, ð15Þ

Γ0 x*ð Þ¼TCw x*ð Þ
Tc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rh� rT x*ð Þ

rx
� rp
rx

� sin θp
�  � J x*ð Þ� Tc

TCw x*ð Þ
� �2

þ rp
rx

� cos θp
�  � J x*ð Þ

� �2
s

, ð17Þ
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and

cot �θ0u x*ð Þ� ¼ rh� rT x*ð Þ
rx

� rp
rx
� sin θp

�  � J x*ð Þ� Tc
TCw x*ð Þ

rp
rx
� cos θp

�  � J x*ð Þ :

ð18Þ

3.3 | Calculation method for optimum
design

According to the considerations in Chapter 4.1 above, the
optimum gap width ratio is obtained, if in the moving

system, the component of the flow velocity that is in
phase with the displacer velocity, i. e. the expression in
the denominator of Equation (18), is minimized at the
top of the gap, i. e. by equating this expression to zero
for x* = 1:

rh,opt� rT x*¼ 1ð Þ
rx

� rp
rx
:sin θp
�  � J x*¼ 1,rh,opt

� � Tc

Th
¼ 0:

ð19Þ

Inserting Equations (11) and (12) and solving for rh,opt
yields the conditional equation for the optimum gap
width ratio

Interestingly, for a piston lagging the displacer by
exactly 90�, the term rp � sin(θp) reduces to the pressure
influence of the displacer ∂p=∂xD � x!D. Since thermal
compression by the displacer is almost the same in the

Stirling and Vuilleumier mode of the experimental
machine, this explains why the optimum value of rh is
also almost the same for both modes. Knowing rh, which
is apparently independent of the gap width, the opti-
mum gap width may easily be calculated in the last
step, applying the formulas by Pfeiffer and Kühl,44

which are reported here for reasons of completeness.
The optimum gap width is obtained by determination
of the optimum Péclet number for the axial center of
the gap according to

with

f ¼ rp
ThþTcð Þ � lad

2 �bx � Th�Tcð Þ
R
cp
, ð22Þ

where cp denotes the isobaric heat capacity. The relative
flow velocity amplitude Γ and its phase angle θu should be
evaluated for x* = 0.5 and TCw x* ¼ 0:5ð Þ¼ ThþTcð Þ=2
according to Equations (15) and (16), thus once again
including the refined consideration of temperature effects
in these equations as a further enhancement of the afore-
mentioned model. Having determined the thermal diffusiv-
ity of the gas at this temperature, the optimum gap width is
finally obtained as

hopt ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Peω,opt �a ThþTc

2

� 
ω

s
: ð23Þ

rh,opt ¼
1
2� 1

2
1

Th=Tc
�1ð Þ 1�rxð Þþ1

þ 1
2þ

ln Th=Tcð Þ � Th=Tc
�1ðð Þ 1�rxð Þþ1ð Þ

2 � rx � Th=Tc
�1ð Þ

� �
� rp � sin θp

� þ Tc
Th

1� rp � sin θp
�  : ð20Þ

Peω,opt ¼ 16

51
35

1�4Γ 0:5ð Þ � cos θu 0:5ð Þð Þþ4Γ 0:5ð Þ2� �þ
12
5

2Γ 0:5ð Þ � sin θu 0:5ð Þ�θp
� þ sin θp

� � �
f þ f 2cos2 θp

� 
264

375
1
2

� f cos θp
�  , ð21Þ
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Thus, the gap geometry may be optimized on an ana-
lytical basis with regard to both rh and the gap width for
the first time. A comparison of the optimum values
obtained by this method and by numerical simulation is
given in Table 2. The optimum gap width values for a
conventional design without a step, i. e. for rh = 1, are
also included.

Evidently, the analytical model yields gap designs
very similar to the numerical optimization with the only
exception of the Vuilleumier mode, where a slightly
larger gap width ratio rh is obtained analytically, which
directly entails a smaller gap width. However, Figure 7
shows that the analytical solution is in the range of the
plateau for efficiency and does not yield significantly
higher losses. If in turn, the gap width ratio is fixed to
rh = 1, the results for the gap width are very similar
again. Obviously, the new method is generally able to
predict the optimum gap design at a good accuracy and
may therefore be profitably applied in the design of
regenerative machines.

4 | CONCLUSION

The experimentally proven decrease of losses in the
appendix gap by a modified seal with a step in the cylin-
der wall was studied numerically and analytically for dif-
ferent modes of an experimental machine and for the
well-known GPU-3 engine. The numerical reproduction
required a modification of the simulation code, which
proved to be sufficiently accurate. Using this code, the
maximum deviations between experiments and simula-
tions were up to 12% in the case of hot heat input and up
to 3% and 8% in the case of refrigeration power and indi-
cated power, respectively. However, it was possible to sat-
isfactorily reproduce the experimentally observed effects
and improvements in Vuilleumier mode as well as in
Stirling mode. Subsequent optimizations revealed, that
the optimum step size depends on the particular machine
design and may in turn largely affect the optimum gap
width, since the enthalpy loss may be minimized by an
appropriate choice of the step width. As a consequence,

the gap width may be increased, thus also reducing the
shuttle loss. For the actual gap size of the experimental
machine, the simulation predicts that the efficiency in
Stirling mode can be increased from 23.2% to 25.9%.

The phasor analysis performed in this contribution
revealed that it is essential to consider the amplitude and
phase angle of the cycle pressure as well as the operating
temperatures to determine the optimum gap width ratio
correctly. This was finally achieved by minimization of the
flow velocity relative to the displacer velocity at the top of
the gap applying an extended, though of course partially
simplified and linearized analytical model for this flow
velocity including temperature fluctuations, pressure fluc-
tuations and the volumetric displacement by the seal. Sub-
sequently, the optimum gap width may be evaluated based
on an existing analytical model, although using the refined
model for the flow velocities. Thus, a rather simple, fully
analytical optimization method for the major parameters
yielding a minimized appendix gap loss could be derived.
Despite its inevitable simplifications, the predicted opti-
mum gap design is found to be in good accordance with
numerical results and to be sufficiently accurate under
practical aspects. Furthermore, the model contributes to a
better theoretical understanding of the essential mecha-
nisms generating the appendix gap loss.
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NOMENCLATURE
A area, m2

a thermal diffusivity, m2/s
cp isobaric heat capacity, J/kgK
d diameter, m

TABLE 2 Analytically calculated and simulated optimum gap design

Experimental machine

GPU-3Vuilleumier mode Stirling mode

Simulation rh = 0.25; h = 1.5 mm rh = 0.3; h = 0.6 mm rh = 0.55; h = 0.25 mm

Analytical evaluation rh = 0.36; h = 1.12 mm rh = 0.36; h = 0.67 mm rh = 0.7; h = 0.25 mm

Simulation for rh = 1 h = 0.6 mm h = 0.5 mm h = 0.23 mm

Analytical evaluation for rh = 1 h = 0.64 mm h = 0.54 mm h = 0.23 mm
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f constant (Equation [22])
h appendix gap width, m
i imaginary unit
J compressibility factor
l length, m
m mass, kg
Peω kinetic Péclet number (Peω = 4h2ω/a)
p pressure, bar
R specific gas constant, J/kgK
rh gap width ratio
rp dimensionless pressure amplitude
rT dimensionless temperature amplitude
rx dimensionless stroke amplitude
T temperature,�C
t time, s
u velocity, m/s
V volume, m3bx stroke amplitude, m
x axial coordinate, m

GREEK LETTERS
Γ dimensionless flow velocity amplitude
θp pressure phase angle relative to displacer velocity
θu velocity phase angle relative to displacer velocity
λ thermal conductivity, W/mK
ν kinematic viscosity
ρ density, kg/m3

ω angular velocity, min�1

SUBSCRIPTS
a appendix gap
ad adiabatic
bot bottom end of the cylinder wall
C cylinder
c cold
D displacer
h hot
m spatial mean
opt optimum
P piston
R rod

SUPERSCRIPTS
_ temporal average
^ amplitude
0 relative system bound to the displacer

̇ time derivative
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APPENDIX: ANALYTICAL DERIVATION OF
THE MASS FLOWS IN THE GAP

Assuming a sinusoidal displacer motion and introducing
x* ¼ x=lad and rx ¼bx=lad, the volumes of the three sec-
tions may be expressed as complex quantities:

VCw x*ð Þ¼ 1
2
Va �x*; ðA1Þ

VD x*, tð Þ¼ 1
2
Va x*� rx 1� i eiωt

� � �
; ðA2Þ

Vbot tð Þ¼Va � rx 1
2

1� i ei ωt
� þ rh 1þ i ei ωt

� � �
: ðA3Þ

Hence, the temporal mean values and the time deriv-
atives are obtained as

VD x*ð Þ
Va

¼ 1
2
x*� rx
� �

,

Vbot

Va
¼ rx

1
2
þ rh

� �
,

ðA4Þ

1

Va

dVD

dt
¼�ω � rx

2
ei ωt and

1

Va

dVbot

dt
¼ω � rx 1

2
� rh

� �
eiωt:

ðA5Þ

The temperatures in the displacer and the cylinder wall
are assumed to be linear functions of the axial position:

TD x*, tð Þ¼Tcþ Th�Tcð Þ � x*� rx 1� i ei ωt
� � 

;

TCw x*ð Þ¼Tcþ Th�Tcð Þ �x*: ðA6Þ

The spatial mean temperatures in the displacer wall
and the cylinder wall should be evaluated as logarithmic
mean temperatures, and hence, one obtains

TD,m x*
� ¼ x*� rx 1� i ei ωt

� �� �� Th�Tcð Þ
ln Th=Tc

�1
� 

x*� rx 1� i ei ωtð Þ½ �þ1
�  and

TCw,m x*ð Þ¼ x* Th�Tcð Þ
ln Th=Tc

�1
� 

x*þ1
�  :

ðA7Þ

Now, we can write

VCw

Va

Tc

TCw,m
¼ 1
2
J1 x*ð Þ and VD

Va

Tc

TD,m
¼ 1
2
J2 x*ð Þ, ðA8Þ

with

J1 x*ð Þ¼ ln Th=Tc
�1

� 
x*þ1

� 
Th=Tc

�1
and J2 x*ð Þ

¼ ln Th=Tc
�1

� 
x*� rx½ �þ1

� 
Th=Tc

�1
�  : ðA9Þ

Inserting all these expressions in Equation (8) finally
yields

_m¼�p �Va �ω � ei ωt
R �Tc

:(
rx

1
2
þ rh

� �
þ1
2
J1 x*ð Þþ J2 x*ð Þð Þ

� �
�

i � rp � e�i θp � rx � rhþ rx
2
� rx

2
1

Th=Tx
�1

�  � x*� rx½ �þ1

)
:

ðA10Þ

From Equation (2), it is obvious that the mass flow is
generally induced by three effects, namely by the pres-
sure change, the change of the spatial mean temperature
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and the volumetric change. Knowing that the former is
the term including rp and the latter includes
1
Va

dVa
dt ¼�ω � rx � rhei ωt, we can condense the influence of

the temperature fluctuations to

rT x*ð Þ¼ 1
2
rx 1� 1

Th=Tc
�1

�  � x*� rx½ �þ1

 !
: ðA11Þ

Moreover, the compressibility of the gas can be abbre-
viated as J x*ð Þ¼ rx 1

2þ rh
� �þ 1

2J1 x*ð Þþ 1
2J2 x*ð Þ and the

mass flow is finally obtained as

_m¼�p �Va �ω � ei ωt
R �Tc

J x*ð Þ � i � rp � e�i θp � rxrhþ rT x*ð Þ� �
:

ðA12Þ
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