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1. Introduction

Two of the most important operative parameters of the steel pro-
duction process via electric arc furnaces (EAFs) are the set-points

of voltage and impedance for the electric
arc. During the process, the control system
of the electrodes manipulates the length of
the electric arc—by moving the electrodes
up and down—in such a way that predeter-
mined set-points are achieved. In the
industry, it is known that the length of the
arc can be manipulated by changing
the voltage or impedance of the arc. On
the other hand, the influence of these two
variables on the temperature of the arc has
not yet been addressed in detail in the litera-
ture. Understanding the effects of the electri-
cal set-points on the physical properties of
the arc is fundamental to any optimization
of the process because the heat exchange
mechanisms from the arc to the metal
mostly depend on the power, the tempera-
ture, and the geometry of the electric arc.

Traditionally, the behavior of alternating
current (AC) steelmaking arcs has been
studied using models that couple the electri-
cal model of the high-voltage circuit of the

EAF with a) complex magnetohydrodynamic (MHD) models[1,2]

or b) simplified direct current channel arc models (DC-
CAMs).[3] The main advantage of the latter group of models is that
they can provide satisfactory approximations to the most relevant
properties of the arc at very low computational costs and therefore,
they can be integrated in more elaborated EAF models for online
simulations or optimization purposes.

Existing AC-CAMs rely on the assumption that at each point in
time an AC arc can be approximated by the steady state of a DC
counterpart carrying the same electrical current.[4–6] In these
models, the external AC circuit is used to compute the electrical
current and then, at each instant in time, all the properties of the
DC plasma column are computed. Arguably, two of the weakest
points of these models are that, on the one hand, they require an
a priori knowledge of the length of the arc to compute the radius
and the radiation losses of the arc. On the other hand, they
assume a constant arc temperature that is independent on the
electrical set-points.[7] This assumption is problematic because
it decouples the radiative and conductive properties of the plasma
column from the very phenomena that govern them: the current
and the voltage of the arc.

In this work, concepts of plasma physics are utilized
to develop a model that can predict the effect of the electrical
set-points on the geometry, the temperature, and the conductive
and radiative properties of the AC electric arc. Our goal is to
derive an accurate model of the electric arc in steelmaking that
is appropriate for process simulation and optimization.
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A channel arc model (CAM) that predicts the temperature and the geometry of an
electric arc from its voltage and impedance set-points is presented. The core of
the model is a nonlinear programming (NLP) formulation that minimizes the
entropy production of a plasma column, the physical and electrical properties of
which satisfy the Elenbaas–Heller equation and Ohm’s law. The radiative
properties of the plasma are approximated utilizing the net emission coefficient
(NEC), and the NLP is solved using a global numerical solver. The effects of the
voltage and impedance set-points on the length of the electric arc are studied, and
a linear formula that estimates the length of the arc in terms of its electrical set-
points is deducted. The length of various electric arcs is measured in a fully
operative electric arc furnace (EAF), and the results are used to validate the
proposed models. The errors in the predictions of the models are 0.5 and 0.4 cm.
In comparison, the existing empirical and Bowman formulae estimate the length
of the experimental arcs with errors of 2.1 and 2.6 cm. A simplified formula to
estimate the temperature of an electric arc in terms of its electrical set-points
is also presented.
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The rest of this article is structured as follows. Section 2
introduces the theoretical foundations needed to build the arc
model, which is later derived in Section 3. Section 4 presents
the experimental procedures and the results of the measurements
of the length of various electric arcs in a fully operative EAF.
Section 5 is devoted to present and discuss the results of the numer-
ical simulations, and simplified formulas to estimate the length and
the temperature of the electric arc from its electrical set-point are
derived. In Section 6, the errors in the predictions of the models
presented here are quantified and their performance is compared
with that of state-of-the-art arc models. This manuscript is
wrapped up in Section 7 with conclusions and final remarks.

2. Theoretical Background

Since the 1950s, the behavior of DC arcs has been studied using
the plasma steady-state energy equation, known as the Elenbaas–
Heller equation.[8] Historically, this equation has been solved for
low-power arcs with no radiation losses by making approxima-
tions of the nonlinear plasma properties.[9] Later in the early
1970s, Lowke classified electrical discharges according to their
electrical and radiative properties, and the characteristics of
radiation-dominated arcs were stated.[10,11] In these studies, the
relationships between the electrical field and the current, as well
as between the temperature and the radius for electric arcs with
currents of up to 2000 A at a pressure of 30 atm, were studied.
At around the same time, the properties of steelmaking arcs
were also analyzed experimentally, and approximations of the
velocities, geometries, and temperatures of the arc, at voltages
from 70 to 140 V and currents from 4 to 8 kA, were
provided.[12,13] More recently, scientists have used iterative
methods to calculate the temperatures profiles of electric arcs
by solving Ohm’s law and the full radiative Elenbaas–Heller
equation for arcs of predetermined geometries and wall
temperatures.[14] In all the previous cases, finding a solution
to the problem was possible because the geometry of the electric
arc was known: the length of the arc was the distance between the
electrodes (fixed) and the radius of the arc was measured from
experimental observations.

On the other hand, obtaining a solution of the integrated system
of Ohm’s law and the Elenbaas–Heller equation is not possible for
steelmaking arcs because for a given voltage and impedance set-
point, the geometry of the arc is not known. Thus, the system of
equations is underspecified (two equations, three calculated vari-
ables). In many studies, the Steenbeck’s minimum energy princi-
ple (minimum voltage) was used to obtain an additional equation
to obtain a unique solution.[15,16] Although a theoretical derivation
from first principles is still outstanding, this approximation has for
long been accepted as it reproduces experimental observations
well.[17] Traditionally, Steenbeck’s principle has been associated
with the principles of minimum and maximum entropy produc-
tion (MinEPP, MaxEPP). Using either the MinEPP or the MaxEPP
to obtain an additional equation requires a careful consideration
because as it is recognized in the literature, the use of one or
another is contradictory and to a certain extent, case dependent.[18,19]

In his work, Di Vita[18] argues that “depending on the prob-
lem, equilibrium is described either through maximization or
minimization of some macroscopic quantity” and that “no

universal criterion of stability for steady states of systems with
dissipation exist but the second principle of thermodynamics.”
Ten cases, each with a given quantity to be minimized or maxi-
mized, and a set of constraints to be satisfied are postulated.

This work utilizes the most general case of those exposed by
Di Vita[18] to demonstrate that the geometry and temperature of a
steelmaking arc can be calculated using the MinEPP and uses
nonlinear programming (NLP) to solve the minimization
problem of the entropy production of the arc. The problem is
constrained to Ohm’s law, the Elenbaas–Heller equation, and
the conductive and radiative properties of the plasma.
Boundaries of the temperature domain were set to ensure that
the assumption of a thin isothermal radiation-dominated plasma
holds, and the boundaries of the arc length domain were chosen
to satisfy the operative practices of the steelmaking process.
Finally, the bounds for the radius are selected based on experi-
mental data.

3. The Electric Arc Model

3.1. Assumptions

The following set of assumptions are made.
1) Geometrical: The arc can be modeled as a wall stabilized

plasma column due to the stabilizing effect of the flow of air cre-
ated by Meacker’s effect.[20] The instabilities created by the
inversion of the arc polarity during an AC cycle are neglected;
2) Physical: A uniform constant pressure in the plasma and a
weak convection both inside and outside of the plasma are
assumed. Therefore, the effect of the external flow on the external
heat loss is negligible. The energy spent on accelerating the air
flow at the external cathode end of the plasma (Maecker’s effect)
is neglected as it is many orders of magnitude smaller than the
losses by radiation. The same applies to any Lorentz force in the
plasma; 3) Electrical: The electrical current flows perpendicular
to the cross section of the arc and is uniformly distributed. The
electric field only has an axial component which is independent
of the radius. Magnetization due to internal and external current
flows is neglected; 4) Other: Local thermodynamic equilibrium
(LTE) and a thin plasma condition.

3.2. The AC Arc as a Static Inductive Load

In the phasor domain, the electric AC arc is commonly modeled
as an inductive impedance (Za) composed of a resistor (Ra) and
an inductance (La) connected in series.[20] The static root mean
squared (RMS) quantities for the voltage, the current, and the
real power of the AC arc can be computed in terms of the original
AC quantities, as in Equation (1)–(4).

Ra ¼ Za cosϕ (1)

Va,R ¼ Va cosϕ (2)

Ia ¼
Va

Za
(3)

Pa ¼
Va

2

Za
cosϕ (4)
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Above, Va and Za are the AC voltage and impedance set-point
of the electric arc. cosϕ is the measured power factor of the arc,
which in normal operations varies between 0.76 and 0.90.

3.3. Governing Equations

The physical and electrical phenomena of a wall stabilized DC
plasma column in LTE with negligible Lorentz forces are gov-
erned by the Elenbaas–Heller energy Equation (5) and Ohm’s
law (Equation (6)).[8,14,21]

∇ ⋅ ð�κ∇TÞ þ ∇ ⋅~qrad ¼~j ⋅~E (5)

~j ¼ σðTÞ ⋅~E (6)

Equation (5) contains from left to right a conductive term, a
radiation term, and the Joule heating term. Here,~qrad,~j, and ~E
represent the volumetric radiative flux, the current density, and
the electric field. In Equation (6), σðTÞ is the electrical conduc-
tivity of the plasma.

In his works, Lowke[10,11] proved that optically thin plasmas
are radiation dominated and can be considered as isothermal.
For this type of arc, the radiative term in Equation (5) can be
approximated by means of the net emission coefficient (NEC), as

∇ ⋅~qrad ¼ 4 π εNðT , rÞ (7)

The NEC parameter εNðT , rÞ is an experimentally measured
quantity that determines the amount of radiation energy that
escapes from a cylindrical plasma volume of radius r at tempera-
ture T. A plasma is said to be optically thin if its γ parameter,
defined as the ratio between εNðT , rÞ and σðTÞ, increases with
temperature.

γ ¼ εNðT , rÞ
σðTÞ (8)

Lowke’s considerations for thin plasmas allow to reduce
Equation (5) and (6) to

j E ¼ 4 π εNðT , rÞ (9)

j ¼ σðTÞE (10)

The volumetric current density ( j) is defined as the infinitesimal
flow of charge (I) perpendicular to the cross section of the infini-
tesimal volume that it traverses (a⊥), and the electric field (E) is
estimated as the negative gradient of the electric potential (V ).[22]

j ¼ dI
da⊥

(11)

dV ¼ �E dl (12)

Integrating Equations (11) and (12) over the cylindrical volume
of the arc and replacing these results in Equation (9), the energy
equation reads

V I ¼ 4 π2 εNðTa, raÞ ra2 la (13)

In AC, the complex power of the inductive arc load is com-
posed of an active and the reactive component. The first is the

power consumed by the resistive component of the arc, and
the latter is the power that is stored in the magnetic fields of
the arc. Considering that only the active power can be trans-
formed from electrical to nonelectrical power,[23] one can assume
that the DC equation can be used to study the effect of the real
component of the AC current in the physics of the plasma col-
umn. In terms of the resistive component of the AC arc, it follows
from Equation (13) that

Va,R Ia,R ¼ 4 π2 εNðTa, raÞ ra2 la ¼
Va

2

Za
cosϕ (14)

In a similar fashion, Equation (10) (Ohm’s law) can be rewritten
in terms of the quantities of the resistive component of the AC arc
because in the serial inductive branch, the current flowing through
the arc and its resistive component is the same. Integrating
Equations (11) and (12) and replacing in Equation (10), one obtains

Va,R

Ia,R
¼ la

π ra2 σðT aÞ
¼ Za cosϕ (15)

Equation (14) and (15) constitute the main set of equations
that describe the behavior of an AC electric arc. There are two
specified variables (Za and Va) and three unknown variables
(T a, ra, and la).

According to the most general of the cases discussed by Di
Vita,[18] the steady state of a dissipative medium occurs at the
state where ∫ dvT�1Ph is minimum and the quantities V (voltage)
and ∫ dvPh are both constant. Here, dv represents the differential
volume element and Ph is the dissipated power per unit of
volume. The constraints of this variational equations match the
boundary conditions of the steelmaking arcs because the operative
set-points (voltage and impedance) implicitly set a constant power
level of operation. If the εNðTa, raÞ parameter is used in the
objective function of the variational equation, one obtains

Z
dvT�1 Ph ¼ 1

Ta

Z
dv4 π εNðTa, raÞ ¼

Va
2

Za Ta
cosϕ (16)

The RHS term in Equation (16) is the rate of entropy produc-
tion (Sgen) of a DC electric arc.[24] Therefore, one can conclude
that the steady state of an AC arc occurs at the point where
the entropy production of its resistive component is minimized.

3.4. Plasma Parameters: Electrical Conductivity and NECs

Equation (14) and (15) depend on the electrical conductivity
σðTaÞ and the NEC εNðTa, raÞ parameter of the plasma column.
Depending on the plasma composition, the values of these prop-
erties can be obtained from the literature or computed using the
mixing rule

θmix ¼
Xn
i¼1

xiθi (17)

In Equation (17), θmix stands for either σðT aÞ or εNðTa, raÞ, and
x for the molar fraction of the component i in the plasma
mixture.[25]
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It has been theorized that an industrial steelmaking arc should
be composed mainly of air with minor additions of iron and
carbon in similar quantities.[7] In practice, the precise molar frac-
tions of these components are difficult to estimate. As it was
demonstrated in various studies, the radiative and conductive
properties of air plasmas change dramatically with the addition
of metallic and graphite vapors.[25–27] Therefore, we use a param-
eter estimation technique to compute the composition of the
plasma using experimental data. This procedure is described
in detail in Section 4.

The electrical conductivities of pure iron, carbon, and air plas-
mas were obtained from Gleizes et al.[25] and Pousse et al.[28] For
the NEC parameters, Bartlova et al.[26] and Menart et al.[27] were
consulted. In these sources, εNðTa, raÞ is reported in the form of
continuous profiles at specific plasma radii of 0.1, 1, and 10 cm.
Considering that the radii of steelmaking arcs vary between 5 and
10 cm,[20] the NEC of the mixture at both 1 and 10 cm is first
estimated using Equation (17), and then an appropriate value
of the NEC of the mixture for any radius between 1 and
10 cm is computed using a convex combination of these two
values, in terms of the arc radius as in Equation (18) and (19).

α ¼ 1
9
ðra � 1Þ (18)

εNðTa, raÞ ¼ ð1� αÞ εNmix
ðTa, 1 cmÞ þ α εNmix

ðTa, 10 cmÞ (19)

The computed polynomial approximation of σðTaÞ and
εNðTa, raÞ is provided in Annex A.

3.5. LTE and Plasma Thickness Conditions

The LTE condition and the thin plasma assumption have to hold
true for Lowke’s approximations to be valid. On the one hand, a
plasma is assumed to be in LTE if a sufficiently large ion density
exists. For electric arcs, this condition is satisfied for plasma tem-
peratures larger than 10 000 K.[29] On the other hand, a plasma is
said to be optically thin if its γ parameter (Equation (7)) increases
with the temperature (dγdT > 0).[10] The γ parameter and its

derivative with respect to the temperature, in the range from
10 000 to 19 000 K, for three different plasma mixtures at various
arc radii, are shown in Figure 1a,b. The studied plasma compo-
sitions are as follows.

1) Rich-iron plasma: P1 (9% C–9% Fe–82% air); 2) Moderate-
iron plasma: P2 (9.3% C–6.5% Fe–84.2% air); 3) No-iron plasma:
P3 (10% C–90% air).

The results in Figure 1a show that as iron is added to the mix-
ture, the radiative properties of the plasma increase faster than
the electrical conductivity of the plasma. For this reason, the γ
parameter increases with both the temperature and the iron con-
tent in the plasma. Figure 1b shows that for the presented mix-
tures, the thin plasma assumption holds for the temperature
range from 10 000 to 17 500 K, for all plasma radii from 3 to
9 cm. Finally, if one considers that a minimum temperature
of 12 000 K is required for Equation (17) to be valid,[25] one
can argue that a reasonable temperature range of operation of
the arc at which both the LTE and the thin plasma assumptions
are satisfied is

12 000 ≤ Ta ≤ 17 500K (20)

3.6. The Implicit NLP Arc Model

The entropy production minimization problem of the electric
arc, in terms of the arc voltage (V a in V), the impedance
(Za in Ω), and the power factor (cosϕ), constitutes an NLP prob-
lem. It is presented in Equation (21a)–(21k).

min
la, ra , Ta

Va
2

Za Ta
cosϕ (21a)

s. t. σmixðTaÞ � xC σCðTaÞ � xFe σFeðTaÞ � xair σairðTaÞ ¼ 0

(21b)

εNmix
ð1 cm,T aÞ � xð0.9 air�0.1CÞ εNð0.9 air�0.1 CÞ ð1 cm,T aÞ

� xFe εNFe
ð1 cm,T aÞ ¼ 0

(21c)

Temperature [K] 104

0

0.5

1

1.5

2

2.5

3

3.5

4

N
E

C
 / 

S
ig

m
a 

[W
.O

hm
 / 

m
2 ]

105

P1 @ ra = 3 cm
P1 @ ra = 6 cm
P1 @ ra = 9 cm
P2 @ ra = 3 cm
P2 @ ra = 6 cm
P2 @ ra = 9 cm
P3 @ ra = 3 cm
P3 @ ra = 6 cm
P3 @ ra = 9 cm

(a)

1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9

Temperature [K] 104

-10

0

10

20

30

40

50

60

70

d/
dT

 (
N

E
C

 / 
S

ig
m

a)
 [W

.O
hm

 / 
m

2  K
]

P1 @ ra = 3 cm
P1 @ ra = 6 cm
P1 @ ra = 9 cm
P2 @ ra = 3 cm
P2 @ ra = 6 cm
P2 @ ra = 9 cm
P3 @ ra = 3 cm
P3 @ ra = 6 cm
P3 @ ra = 9 cm

(b)

Figure 1. a) γ versus temperature and b) dγ
dT versus temperature.
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εNmix
ð10 cm,TaÞ � xð0.9 air�0.1 CÞ εNð0.9 air�0.1CÞ ð10 cm,T aÞ

� xFe εNFe
ð10 cm,T aÞ ¼ 0

(21d)

α� 1
9
ðra � 1Þ ¼ 0 (21e)

εNmix
ðra,TaÞ � ð1� αÞ εNmix

ð1 cm,T aÞ � α εNmix
ð10 cm,TaÞ ¼ 0

(21f)

4 π2 εNmix
ðTa, raÞ ra2 la �

Va
2

Za
cosϕ ¼ 0 (21g)

la
π ra2 σmixðTÞ

� Za cosϕ ¼ 0 (21h)

12 000 ≤ Ta ≤ 17 500K (21i)

22.6 ≤ la ≤ 57.4 cm (21j)

ramin
≤ ra ≤ ramax

(21k)

The origin of the equations is as follows. Equation (21a) is
Equation (16), Equation (21b) results from using Equation (17)
to estimate the electrical conductivity of the plasma. Equation (21c)
and (21d) compute the radiation coefficient of the mixture εNmix

at
1 and 10 cm from Equation (17), and Equation (21e)–(21i) are
Equation (18), (19), (14), (15), and (20). Boundaries to the radius
and length domains were also introduced in Equation (21j)
and (21k) to help the solver in search for a global optimum.
The bounds to the arc length domain are shown in
Equation (21j). They were established using the empirical formula
(Equation (37)) provided in Annex B and considering that steel-
making arcs operate at voltages between 330 and 700 V. As the
value of the arc radius is quite uncertain, varying from 2 to
10 cm,[7,12,20,30] the bounds of the radius domain were not speci-
fied in Equation (21k). Instead, they are treated as parameters
which are estimated from the experimental data (see Section 5.1).

4. Experimental Measurements of the Length of
Steelmaking Arcs

4.1. General Description

Measuring the length of the electric arc in an operative EAF
presents operational and technical challenges. Not only it is dif-
ficult to overcome uncontrollable factors like the bending of the
arc or the uncertain depth of the depression created by the jet in
the liquid metal, but more importantly, the experimental proce-
dures have to be adapted to the state of the melt shop as a fully
operative EAF cannot be slowed down or halted.

Two sets of experiments were run in an industrial ultra-
highpower EAF (UHP-EAF). In the first set of experiments, the
length of the electric arc for a single operative set-point was
measured. In the second, the variations of the arc length for var-
ious operative set-points were measured. The reasons for having
two different experimental procedures are discussed in
Section 4.5.

Measurements of the length of the electric arc have been
traditionally made raising the electrodes manually from short

circuit (electrode in direct contact with the bath) to arc extinc-
tion.[31] With this dynamic approach, the results for the length
of the arc are characterized by considerable variations.[20,32]

In this work, the length of the electric arc is measured in a
static fashion considering the depths of the slag layer and the
depression created by the plasma jet. This methodology helps
to reduce the arc instabilities that occur in dynamic approaches
due to the constant movement of the electrodes. During the
computations, the following assumptions are made: 1) the arc
behaves as a stabilized column; 2) there is no current flow
through the slag; 3) the jet of the arc is sufficiently strong to cre-
ate a cavity both in the slag layer and in the bath of liquid metal;
and 4) the electrodes maintain a fixed position during the experi-
ments. On the basis of these assumptions, the length of the
electric arc is estimated as in Equation (22).

la ¼ la,meas þ dsl þ no (22)

where la,meas is the measured length of the gap between the elec-
trodes and the slag layer, dsl is the height of the slag layer, and no
is the depth of the jet depression in the liquid bath.

4.2. Estimation of the Depth of the Slag Layer

The depth of the slag layer is computed as follows: first, the mass
of the slag is calculated from the material balance among the ini-
tial mass, the mass charged into the EAF, the weight of liquid
steel poured out from the furnace at the end of the batch, and
the mass that remains in the furnace. The mass loss due to
combustion of solid fuels and liquid metal splashing is
neglected. Second, the volume occupied by the slag is estimated
from the previously calculated mass using a slag density of
(2.7� 0.1 t m�3).[33] Then the depth of the slag layer can be com-
puted from the area of the flat bath.

4.3. Bath Depression Due to the Jet of the Arc

4.3.1. Shape of the Cavity

In this study, it is assumed that the cavity created by the arc is
cylindrical in the slag layer and elliptical in the liquid metal bath.
For the case of a thin slag layer, the traditionally assumed half-of-
the-cone angle β ¼ 20° is used to estimate the radius of the
cylindrical cavity in the slag,[20] see Figure 2a. This angle repre-
sents the maximum radial deflection that the arc can have due to
bending and movements, at any height.

4.3.2. The Force Balance Equation

One way of estimating the depth of the cavity that is created by
the electric arc in the pool of liquid metal is to equate the thrust
generated by the arc to the gravitational force of the evacuated
volume of fluid.[34,35] For the case of a removed volume
composed of slag and liquid metal, the force balance equation
reads

μo
8 π

I2 log
�
ra
rk

�
cosϕ ¼ g dc2

π

4
dsl ρsl þ g dc2

π

6
no ρmm (23)
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Here, the left-hand side of the equation represents the cor-
rected thrust generated by an AC arc using Maecker’s DC approx-
imation.[36] While in DC furnaces the electrode operates always
as the cathode end of the arc, in an AC furnace, both the electro-
des and the metal pool act as cathode ends as the current changes
its polarity. Considering that the cavity in the metal pool is cre-
ated by the downward force of the arc when the electrode acts as
the cathode, we approximated the thrust of the AC arc as half of
its DC equivalent. The inclusion of the term cosϕ on the left-
hand side of Equation (23) is justified by the fact that only the
real component of a complex current performs work in the phys-
ical realm.[23] Equation (23) can be rewritten in the form of the
nondimensional diameter-to-depth ratio parameter.[37,38]

Ψ ¼ dc
no

¼ A

ffiffiffiffiffiffiffiffiffiffi
M̂

λ no3

s
(24)

Here, M̂ is the thrust responsible for creating the elliptical cav-
ity in the molten metal. Equation (24) establishes a relationship
between the magnitude of the force and the geometry of the cav-
ity that it creates in the bath. Based on this parameter, the prin-
ciple of geometric similarity can be invoked to scale up or down
the size of the cavity as the current of the arc is changed. During
the experiments, the depth of the cavity created by the jet on the
liquid metal was estimated as the following.

1) For shallow slag layers. From Equation (23) and assuming a
half-of-the-cone angle of the arc of 20�. See Figure 2a; 2) For deep
slag layers. By invoking the principle of geometric similarity and
solving Equation (24), assuming the same diameter-to-depth
ratio parameter (Ψ) as in the experiments with thin slag layers.
See Figure 2b.

Figure 3 shows the values of the diameter (dc), the depth of the
cavity (no), and the nondimensional parameter Ψ for the two

Figure 2. Assumed cavity geometries for a) shallow slag layers and b) deep slag layers.

Sweep Angle [Deg]

0

0.2

0.4

0.6

0.8

1

1.2

1.4

dc
, n

o 
[m

]

0

5

10

15

20

25

30

D
ia

m
et

er
 to

 d
ep

th
 r

at
io

 (
P

si
)

Cavity Depth (no)
Cavity Diameter (dc)
Diameter to depth ratio (Psi)

(a)

5 10 15 20 25 5 6 7 8 9 10 11

Sweep Angle [Deg]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

dc
 ,n

o 
[m

]

0

0.5

1

1.5

2

2.5

3

3.5

4
D

ia
m

et
er

 to
 d

ep
th

 r
at

io
 (

P
si

)
Cavity Depth (no)
Cavity diameter (dc)
Diameter to depth ratio (Psi)

(b)
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estimated slag layers during our experiments (dsl ¼ 6.0 cm and
dsl ¼ 31.0 cm) at various half-of-the-cone angles.

4.4. Arc Length Measurements

4.4.1. Experimental Procedure

For these experiments, a centrally located set-point in the opera-
tive domain of the tested EAF that produced a stable electric arc
was selected (451 V of 8.45mΩ). The stability of the arc was eval-
uated using the empirical criterion that regards an arc as stable if
the standard deviation of the current readings remains under
10% of the average value for few seconds.

After selecting an operative set-point, the length of the arc was
measured according to the following procedure.

1) Under flat bath conditions and before any deslagging
operation, an electric arc with the chosen electrical set-point
was discharged. After the electric arc stabilized—�30 s after
initial discharge—the electrodes were locked in their position,
and the electrical current was interrupted; 2) A marking
line was drawn on one of the external support columns of
the electrodes at the locked position. See Figure 4a. Then, the
marked electrode was slowly lowered until it touched the
flat bath, and a new line was drawn on the support column.
The lowering process was controlled visually from the slag door
using a video camera. Due to the location of the camera, only one
electrode could be controlled; 3) The distance between the two
markings (la,meas) was measured and used to estimate the length
of the electric arc as in Equation (22). See Figure 4b. The preci-
sion of this measurement method, in absolute terms, was esti-
mated as �2.0 cm because the electrodes couldn’t be stopped
exactly at the surface of the slag; 4) After measuring the
length of the arc, the batch was terminated, the furnace
emptied, the mass balances computed, and the depth of the
slag layer (dsl) and the depth of the jet depression (no) were
estimated; 5) The experiment was repeated three times, and
the average result was considered as the experimental length
of the arc.

4.4.2. Results

Due to production constraints, the experiments were executed in
the first and the last batch of a single campaign. Only one exper-
iment was conducted in the first batch. The other two experi-
ments were conducted during the final batch of the campaign.
The results of the measurements, along with the computations
of the depth of the slag layer and the jet depression, are shown in
Table 1.

In Table 1, the statistic bounds correspond to the standard
uncertainty of the reported quantity. The errors in the mathemat-
ically computed quantities (dsl and no) result from the error
propagation from the uncertainty in the estimated mass that
remains in the furnace and in the uncertainty of the measure-
ments of all: the metal masses, the density of the slag and the
electrical current.

For the computation of the arc length according to
Equation (22), only the uncertainty associated with the electrical
current measurements was Gaussian. The uncertainties
associated with the measurement instruments of weight and
length as well as that of the approximation of the amount of
liquid metal that remains in the EAF after tapping were assumed
to have a box distribution.

The depth of the cavity in the molten metal (no) for
Experiment 1 was estimated as described in Section 4.3.2 proce-
dure 1. For this experiment, the diameter-to-depth parameter
was computed with Equation (24) as Ψ1 ¼ 5.55. For experiments
2 and 3, procedure 2 was used. First, the principle of geometrical
symmetry was invoked, making Ψ1 ¼ Ψ2 ¼ Ψ3, and no for
Experiments 2 and 3 was computed solving Equation (24).

(a) (b)

Figure 4. Experimental procedure to measure the arc length. a) Arc discharge and reference line. b) Electrode lowered and measured distance.

Table 1. Experimental results for the reference arc (451 V and 8.45mΩ).

Arc la,meas [cm] dsl [cm] no [cm] la [cm] from Equation (32)

Experiment 1 24.0� 1.2 5.9� 0.2 4.0� 0.5 33.9� 1.3

Experiment 2 3.0� 1.2 31.0� 1.0 2.4� 0.4 36.4� 1.6

Experiment 3 2.0� 1.2 31.0� 1.0 2.4� 0.4 35.4� 1.6
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The estimated Ψ is in agreement with the experimental values
reported in earlier studies.[39,40] The previous computations sug-
gest that the depth of the depression in the liquid metal bath cre-
ated by the jet of the arc decreases as the slag layer increases.
More precisely, the depth of the cavity is reduced by �35% as
the arc coverture by the slag increases from 30% to 92%.

The length of the electric arc at the test conditions of 451 V
of 8.45mΩ is computed as the average of the arc lengths in
Experiments 1–3:

la ¼
la,1 þ la,2 þ la,3

3
¼ 35.2� 0.9 cm (25)

4.5. Experiments with Different Electrical Settings

4.5.1. Experimental Procedure

The experimental procedure in the previous section had to be
changed as it extended the processing time of a single batch
by over 15min, which is unacceptable during normal operations.
One way to overcome this problem is to carry out the measure-
ments of the length of the arc in a differential fashion with respect
to a reference arc and on the three electrodes simultaneously.

The idea behind the differential arc length experiments is to
analyze how the length of the arc varies with the voltage at two
different impedance levels: 6.0 and 8.45mΩ. These two imped-
ance levels were chosen because in the studied EAF, they also
lead to stable arcs. At these two impedance levels, two points with
significantly different voltages were chosen. In practice, it is not
possible to operate at any desired voltage or impedance level.
From the range of available set-points, those that enabled large-
voltage excursions with minimal deviations from the selected
impedance levels were [500 V, 8.55mΩ], [400 V, 8.20mΩ],
[451 V, 6.25mΩ], [400 V, 6.00mΩ].

The arc length variations were measured according to the
following procedure.

1) During flat bath conditions and before any deslagging, the
reference electric arc with the voltage and impedance set-point of
451 V and 8.45mΩ was discharged; 2) Following the stabilization
of the arc, the electrodes were locked in their position, the
electrical current was interrupted, and a marking line was drawn
on the three external support columns of the electrodes; 3) After
marking, the electrodes were released, and a second arc with one
of the earlier-mentioned set-points was discharged; 4) After the
stabilization of the second arc, the electrodes were locked in their
new position, the electrical current was interrupted, and a second
marking was made on the three support columns; 5) For all three
phases, the distances between the two markings were measured
(la,meas1,2,3) and taken as the change of the arc length with respect
to the reference arc.

It follows from Equation (22) that the differential arc length
between the second and the first discharged arcs is

Δla ¼ ðla,meas2 � la,meas1Þ þ ðdsl2 � dsl1Þ þ ðno2 � no1Þ
¼ lΔ,1,2,3 þ Δdsl þ Δno

(26)

Here, lΔ,i is the measured distance in each phase of the EAF
(1, 2, 3) and Δdsl ¼ 0 because the slag depth for both arcs is the

same. As these experiments were conducted in the early batches
of various productions campaigns (as Experiment 1), we
assumed no1 ¼ 4.0� 0.5 cm. no2 was estimated using
Equation (24), and invoking the principle of geometrical symme-
try for the same diameter-to-depth ratio as before, Ψ ¼ 5.55.
The length of the second discharged arc can be computed as

la,i ¼ la,ref þ Δla,i ¼ la,ref þ lΔ,i þ Δno (27)

In Equation (27), la,ref is the average length of the arc of
Experiments 1–3 computed in Equation (25), and Δno is the
same for the three phases because the variation of the mean
of the current readings among the three phases is small.
Finally, the length of the arc for the differential experiment is
estimated as the average arc length of the three phases.

4.5.2. Results

The readings of each measured delta lΔ,i as well as the compu-
tations of each depth of the cavity (Δno) and the length of the arc
are shown in Table 2, where all the statistic bounds correspond to
the standard uncertainty of the reported quantity.

Figure 5a shows the trends for the arc length versus the volt-
age at the selected impedance levels. Figure 5b shows the arc
length versus the impedance, at the two studied voltage levels
(400 and 450 V). The error bars represent the 95% confidence
interval of the measurement (standard uncertainty multiplied
by a coverage factor k¼ 2).

The line of best fit (LOBF) in Figure 5a,b suggests that the
length of the arc can be increased either by raising its voltage,
its impedance, or both. At the same voltage level, arcs with a larger
impedance set-point are also longer. In a similar fashion, higher-
voltage levels promote longer arcs at the same impedance level.

5. Numerical Results and Discussions

5.1. Determination of the Bounds and of the Radius of the Arc

Due to the nonconvex nature of the NLP (Equation (21a)–(21k)),
the problem was implemented in GAMS and solved using the

Table 2. Experimental results for the different settings.

Arc Electrode la,ref [cm] lΔ,i [cm] Δno [cm] la,i [cm] la [cm]

Experiment 4 1 �1.5� 1.7 0.3� 0.8 34.0� 2.1 36.3� 1.2

2 3.0� 1.7 38.5� 2.1

3 1.0� 1.7 36.5� 2.1

Experiment 5 1 35.2� 0.9 �5.0� 1.7 �0.3� 0.7 29.9� 2.0 31.6� 1.2

2 �2.0� 1.7 32.9� 2.0

3 �3.0� 1.7 31.9� 2.0

Experiment 6 1 �6.5� 1.7 1.0� 0.9 29.7� 2.1 30.1� 1.2

2 �6.3� 1.7 29.9� 2.1

3 �5.5� 1.7 30.7� 2.1

Experiment 7 1 �10.0� 1.7 0.7� 0.9 25.9� 2.1 27.4� 1.2

2 �8.5� 1.7 27.4� 2.1

3 �7.0� 1.7 28.9� 2.1
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BARON global solver.[41,42] For the electrical set-point of the ref-
erence arc described in our experimental section (V a ¼ 451 V and
Za ¼ 8.45mΩ.), the model was solved, reducing the value of ramin

from 8 to 2.5 cm, for the plasma compositions P1, P2, and P3. In
all the cases, the value of the upper bound ramax

was set to the
maximum value reported in the literature, 10 cm. The results
of these computations are shown in Figure 6.

As ramin is reduced from 8 to 2.5 cm, there are three possible
solution scenarios to the NLP problem. In the first, for values of
ramin that are between 8.0 and 5.5 cm for P1, between 8.0 and
6.0 cm for P2, and between 8.0 and 7.0 cm for P3, the physical
relations of the plasma are not satisfied, and the solver reports
infeasibility. In Figure 6a–c, the nonfeasibility situation is
presented as 0 in the curves for P1, P2, and P3. As ramin

is fur-
ther reduced and the problem has a solution, a second region
where the radius of the arc is always equal to ramin

, for all the
plasmas, appears. This second region ranges from �6.0 to
4.0 cm (see Figure 6b). Finally, two cases can occur as ramin

is
further decreased below 4.0 cm. Either the temperature reaches
the upper bound of the temperature domain (see Figure 6c
from 3.5 to 2.5 cm for P3) or the problem becomes constrained

by the lower bound of the arc length domain (see Figure 6a from
3.5 to 2.5 cm for P1 and P2). Interestingly, once the arc becomes
bounded by its temperature or by its length, further reductions
in ramin

have no impact on its geometry.
The effect of ramin

on the solution reported by the solver can be
better understood in Figure 7, where a 3D representation of the
solution space of the NLP for the plasma P3 is shown. As ramin

is
changed (moved), the solution point reported by the solver also
changes because its location is determined by the intersection of
the hyperplanes created by the entropy, ramin

, and the Elenbaas–
Heller and Ohm’s law equations.

Considering that the solver will terminate at a point
that depends on the chosen value of ramin

, and that the
composition of the plasma plays also a key role in its final
geometry and temperature (see from Figure 6a–c), a parameter
estimation technique is utilized to compute their optimal
values. To this aim, the root mean squared error (RMSE)
[Equation (28)] between the average value of the length of
the experimental arcs in Section 4 and the values predicted
by the NLP is minimized using a univariate sensitivity analysis
methodology.
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Figure 5. Results of the Experiments 4 to 7. a) Arc Length vs Voltage at two impedance levels. b) Arc length vs impedance at two voltage levels.
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RMSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

XN
k¼1

�
la,measðVk,ZkÞ � la,NLPðVk,Zk, ramin

Þ
�
2

vuut
for P1, P2, and P3

(28)

Because the value predicted by the NLP will depend on both the
assumed value of ramin

and the plasma composition, Equation (28)
is solved for various values of ramin

from 3.8 to 5.5 cm, in steps of
1mm, for the three plasma compositions P1, P2, and P3. The
results of these computations are shown in Figure 8.

Figure 8 shows that the optimal values of ramin
for P3, P2, and

P1 are 4.5, 5.0, and 5.2 cm. Also, the minimum value of the
RMSE is approximately the same (0.5 cm) for the three plasmas.
The optimal value of ramin

depends on the iron content of the mix-
ture. As iron is added to the plasma, the radius of the arc also
increases.

A series of additional computations for plasmas with iron
compositions of 12% and 15% were performed and it was found
out that for these cases the NLP solver reported infeasibility. This
occurs because as more iron is added to the plasma, the

temperature at which the radiation mechanisms equate the heat-
ing mechanisms decreases and eventually drops below the feasi-
ble region. The equilibrium temperature at the optimal ramin

for
each plasma composition and for each of the experimental arcs is
shown in Figure 9.

The results in Figure 9 show that the addition of iron leads
to colder arcs, regardless of the electrical set-points. On the
other hand, arcs at higher impedance levels also produce colder
arcs at the same voltage level, and arcs at higher voltage levels
are hotter at the same impedance level, independent of the
composition of the plasma. These findings suggest that in
the operational domain of an EAF, for a desired power level,
the coldest arc will occur for the electrical set-point with the
largest impedance and the lowest voltage. This observation
serves as a decision criterion to select the most likely plasma
composition for the NLP model: the selected plasma composi-
tion must provide feasible solutions for all possible combina-
tions of voltage and impedance set-points in the operative
domain (infeasibilities are most likely to occur due to violations

Figure 7. Solution space of the NLP. a) Hyperplanes for the reference arc (V¼ 451 V and Z¼ 8.45 mΩ). b) Top view of (a).
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of the lower bound of the temperature domain at 12 000 K). As
the temperature of the arc decreases as its iron content increases,
the appropriate plasma composition is that with the largest
amount of iron and for which the NLP reports a feasible solution
at the electrical set-point, producing the coldest arc
(lowest power level and the highest impedance level).

In Figure 10, the feasible operational domain of an UHP–EAF
is presented. From this, one can conclude that the extreme point
at which the analysis of the plasma composition must be
conducted is 450 V and 11.5mΩ.

At this electrical set-point, the NLP reported feasible solutions
only for P3 and P2. Considering that P3 represents an arc with no
added iron, one can conclude that P2 is a suitable plasma com-
position to model the electric arc in the tested EAF. For P2,
ramin

¼ 5.0 cm provides the best fit to the experimental data
(Figure 8).

5.2. Voltage and Impedance Effects on the Length of the Arc

In this subsection, the influence of the voltage and impedance
set-points on the length of the electric arc is investigated numeri-
cally. Assuming a plasma composition as in P2, ramin

¼ 5.0 cm
and cosϕ ¼ 0.8; the NLP was solved varying the voltage set-point
of the arc from 330 to 630 V, in 20 V steps, at fixed impedance
levels of 11.5, 10.5, 9.5, 8.5, 7.5, 6.5, and 5.5 mΩ. The results of
these computations are shown in Figure 11. The analysis is
limited to the operational domain shown in Figure 10.

Figure 11a,b show that a) the length of the arc increases as the
voltage and impedance set-points are raised. At a single imped-
ance level, larger voltages lead to longer arcs, and at the same volt-
age level, impedance increments lead to also longer arcs.
b) Despite the highly nonlinear nature of the physics of the
arc, the correlation between the length of the arc and its voltage
and impedance set-points is nearly linear in the analyzed domain.

As a result, we propose to compute the length of the arc (la) as
a linear combination of two linear terms, one depending on the
voltage and the other on the impedance:

la ¼ mV Va þmZ Za (29)

Here, mV and mZ are the numerically estimated coefficients
that represent the gradients with respect to voltage and imped-
ance. They are given in cm/V and cm/mΩ. The operative set-
points of the arc Va and Za are given in V and mΩ and the
arc length la in cm.

5.3. The Proposed Linear Approximation

The coefficients mV and mZ in Equation (29) were computed by
linear regression using the 63 points shown in Figure 11.
The result of this computation isFigure 10. Operative domain of the arc in an UHP–EAF.
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Figure 11. Predicted influence of the voltage and impedance set-points on the length of the arc. a) Arc length vs. arc voltage. b) Arc length vs. arc
impedance.

www.advancedsciencenews.com
l

www.steel-research.de

steel research int. 2021, 92, 2000386 2000386 (11 of 17) © 2020 The Authors. Steel Research International published by Wiley-VCH GmbH

http://www.advancedsciencenews.com
http://www.steel-research.de


la ¼ 0.037Va þ 2.112Za (30)

With the aim of providing a simplified formula that is easy to
memorize and that can help operators to quickly compute the
length of the arc during operations, Equation (30) was rearranged
and its coefficients were rounded up to the nearest integer. One
obtains a simple formula.

la ¼
Va þ Za a

b
, with a ¼ 57 and b ¼ 27 (31)

In Figure 12, the resulting surfaces from interpolating the
results of the NLP throughout the operative domain as well as
that of the plane created by Equation (31) are presented. The
experimental measurements of the length of the experimental
arcs are also added. The three diamonds in each group represent
the mean and the 95% confidence intervals of the measurements
of the arcs in the Experimental Section.

These results clearly show that the developed models predict
remarkably well the length of the experimental arcs. For all the
experimental arcs, the predictions obtained from the NLP and
the linear formula almost intersect the mean value of the meas-
urements. Figure 12b shows that the surface that is created by the
highly nonlinear NLP is approximated well by the linear plane
(Equation (31)) in the analyzed domain.

5.4. Effects of the Voltage and Impedance Set-Point on the
Temperature of the Arc

Under the assumption that the arcs have a radius equal to 5.0 cm,
for a given pair of voltage and impedance set-points, the tempera-
ture of the arc can be estimated directly fromOhm’s lawwithout the
need of solving the NLP. Assuming cosϕ ¼ 0.8, and substituting
Equation (31) into Equation (15), one obtains the following implicit
formula for the estimation of the temperature of the electric arc.

σðTaÞ b ¼ aþ Va

Za
, with a ¼ 57 and b ¼ 54 π

10000
. (32)

Here, Va, Za, and Ta are given in V, mΩ, and K. The temper-
ature of the five experimental arcs was computed using the NLP
and by solving numerically Equation (32). The results are shown
in Table 3.

The results in Table 3 demonstrate that Equation (32) predicts
the temperature of the arc well and with a maximum error of
1.2%. The results of these temperature computations align well
with the temperatures reported in the MHD studies of electric
arcs carrying similar levels of electrical current.[30,43,44]

6. Comparison of the Results with Other Models

In this section, the performance of the models presented here is
compared with those of the empirical formula (Equation (37))[45]

and the implicit formula (Equation (36)) proposed by Bowman.[7]

An overview of these two models is provided in Annex B. Using
the experimental data in Section 4 as a benchmark for compari-
son, the RMSE between the predictions made by various models
and themeasured arc lengths in Table 2 is estimated. Considering
that both the empirical and Bowman’s model rely on assumed or
estimated parameters, for the sake of a fair comparison, the free
parameters of these models are also estimated using the available
experimental data. All RMSEs are computed with respect to the
mean value of the experimental measurements.

Figure 12. NLP surface, linear formula plane, and experimental measurements.a) Isometric view of the surfaces. b) Rotated view of (a).

Table 3. Estimated arc temperatures and errors, NLP versus the result
from Equation (32).

Experiment Arc temperature
NLP [K]

Arc temperature
(Equation (42)) [K]

Abs. error [%]

Reference 13 213 13 235 0.2

Test 4 13 569 13 607 0.3

Test 5 12 876 12 908 0.2

Test 6 14 408 14 580 1.2

Test 7 14 079 14 185 0.8
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6.1. Empirical Formula

In the industry, the length of the electric arc has traditionally
been estimated using the empirical formula (Equation (37)) pro-
vided in Annex B. This arc model depends on two parameters:
the voltage drop at the anode and cathode ends of the plasma
Van ca and the magnitude of the electric field in the column.
Although the value of these parameters can vary largely from
melt shop to melt shop, normally accepted values are
Van ca ¼ 40.0 V and Earc ¼ 11.5 V cm�1.[45] The performance
of this formula can be evaluated in terms of the RMSE either
by using these values or by estimating them from our experimen-
tal data, making use of Equation (28). For the second approach,
the obtained vector of the estimated parameters is
Van ca ¼ �38.7 V and Earc ¼ 14.9 V cm�1. The RMSE for both
cases is shown in Table 4.

6.2. Bowman’s Formula

In the same fashion as for the empirical formula, the perfor-
mance of the adjusted and the nonadjusted Bowman’s formula
is measured with the RMSE of the predictions of the models with
respect to the experimental data. In his work, Bowman used a
linear approximation of the electrical conductivity of a plasma
containing 25% carbon, 10% iron, and 65% air and assumed
a current density at the cathode spot and an arc temperature
of 3500 A cm�1 and 15 000 K.[7] Here, these two parameters were
adjusted using a nonlinear parameter estimation technique
which aimed at minimizing the RMSE between the prediction
of the adjusted model and the experimental data. In these
computations, the same polynomial approximation of the plasma
conductivity as in the NLP model for P2 was used. Furthermore,
the current in the formula was also corrected by the cosϕ ¼ 0.8
factor, linking the physical phenomena to the real component of
the AC current. The solution domain of the temperature was con-
strained as in the NLP model (12000 ≤ Ta ≤ 17500 K) and the
current density between values reported in the literature
(2500 ≤ Jk ≤ 4500 A cm�1). The error for the nonadjusted
model was computed using the original values of the parameters
and the original linear approximation for the conductivity of
the plasma. The results of the error calculations are shown in
Table 5.

The results in Table 5 demonstrate that also for the widely
accepted Bowman model, the error of the predictions can be
quite large if the model is not adjusted to the specific operative
conditions of the EAF.

6.3. NLP and Linear Formula

In Table 6 and Figure 13, the arc length predicted by
each method of computation of the length of the electric arc
is compared. Here, the statistic bounds in the value of the
experimental arcs correspond to the expanded uncertainty
multiplied by a coverage factor k¼ 2, providing a level of confi-
dence of �95%. For these comparisons, only the adjusted
models of the empirical formula and Bowman’s formula are
considered.

For each model prediction lamodel, the relative absolute error
with respect to the mean value of the measurement la in
Table 2 was computed as

errabs ¼
����
���� la � lamodel

la

����
����� 100% (33)

The results of these computations are shown in Figure 14.
The results in Table 6 show that for the tested arcs, the models

presented here outperform other state-of-the-art methods for the
estimation of the length of the arc, in terms of both the overall
RMSE and for most of the individual cases. In Figure 14, the
relative absolute errors in the predictions of the different models,
according to Equation (33), are shown.While the maximum error
of the predictions of the NLP and the proposed linear formula is
�3%, the errors of the empirical formula and of Bowman’s
model are 9% and 12%. While the predictions of our models
are characterized by a constant error over the whole domain,
the error of the other models varies considerably from one point
to another. For example, Bowman’s model predicts the length of
the electric arc best in the middle of the operative range of the
voltage, around 450 V. For higher- or lower-voltage values, the the
error in Bowman’s predictions grows considerably and can reach
values of �12%, which is the largest among all the models.

The results in Table 6, Figure 13, and 14 suggest that the
fitted empirical formula performs better than the fitted
Bowman’s formula in terms of the RMSE. Interestingly, this
occurs even though the empirical formula falls short at
describing the effect of the impedance set-point on the length
of the electric arc. For all the experimental arcs, the predictions
of the NLP and the linear formula lie almost at the center of the
confidence interval of the measurement, and those obtained
using the empirical formula and Bowman’s formula lie for
most of the cases at the limit or just outside the confidence
interval.

The results in Table 6 also suggest that the linear formula
predicts the length of the experimental arcs slightly better
than the NLP. This result was explored in more depth by
computing the zeta score (Z ) between the predictions of the
two models with respect to the standard uncertainty in the
measurement uðlaÞ.

Table 4. RMSE for the empirical formula for standard values[45] and for
estimated values of Van ca and Earc.

Method Van ca [V] Earc [V cm�1] RMSE [cm]

Nonadjusted 40 11.5 5.6

Adjusted �38.7 14.9 2.1

Table 5. RMSE for the various cases of the Bowman’s formula.

Method Ta [K] Jk [A cm�1] σðTÞ RMSE [cm]

Nonadjusted 15 000 3500 Original linear 15.4

Adjusted 17 500 3295 Polynomial for P2 (Annex A.) 2.6
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Z ¼
����
���� laNLP � lalinearformula

uðlaÞ
����
���� (34)

For all the cases, a maximum zeta score of 0.5 was obtained.
Because Z is always lower than 2, one can conclude that the dif-
ference between the predictions of the two models is insignifi-
cant, implying that, from a statistical point of view, the
predictions of the linear formula are as good as those of the NLP.

7. Conclusion

In this article, an implicit electric arc model that predicts the
length and the temperature of a steelmaking electric arc was pre-
sented and successfully validated. The implicit NLP model uses
the principle MinEPP, the Elenbass–Heller equation, and Ohm’s
law to predict the steady state of a steelmaking arc. The result
depends on the constraint on the radius and the assumed com-
position of the plasma. It was found that the NLP provides the
best prediction of the geometry of various steelmaking arcs if the
lower bound of the radius was set to 5.0 cm. Furthermore, it was
estimated that the composition of a steelmaking arc is �9.3%
carbon, 6.5% iron, and 84.2% air. The results of these simula-
tions also suggest that it is very unlikely for an electric arc in
steelmaking to have a radius above 7.0 cm at power levels from
15 to 30MW.

The influence of the voltage and impedance set-points of the
arc on its length was studied extensively. The results of the sim-
ulations conducted here suggest that despite the highly nonlinear
nature of the problem, the relationship between the voltage, the
impedance, and the length of the electric arc can be assumed as
linear. Based on these results, a simplified linear formula that
predicts the length of the arc in terms of its voltage and imped-
ance set-points was proposed, and the rate of change of the
length of the arc with respect to its impedance set-point was cal-
culated (which is �2 cmmΩ�1). Furthermore, it was demon-
strated that the temperature of the steelmaking arc can also
be estimated by solving a relatively simple implicit equation,
yielding a maximum error of 1.2% with respect to the tempera-
ture computed by the NLP.

The length of various electric arcs under real operative condi-
tions was successfully measured in a fully operative UHP–EAF.
The estimations relied on the computations of the depth of the
slag layer and the depth of the cavity created by the arc in the
liquid bath. While the first was estimated quite accurately from
process data, the second required a set of assumptions regarding
the geometry of the cavity and the physically possible value of the
sweep angle of the arc.

The results of this study can serve as a starting point in the
development of more elaborated MHD models where the defini-
tion of appropriate boundary and initial conditions is critical to
the convergence of the solver. An advantage of using the simpli-
fied model presented here is that it predicts arc geometries that
implicitly satisfy the steady-state condition of MinEPP and the
conditions for the LTE assumption to hold. Furthermore, the

Table 6. Predictions of the different arc length computation methods.

Experiment la [cm] NLP
(Equation (21)) [cm]

Linear formula
(Equation (31)) [cm]

Empirical adjusted
(Equation (37)) [cm]

Bowman adjusted
(Equation (36)) [cm]

Reference 35.2� 1.8 34.4 34.5 32.8 34.8

Experiment 4 36.3� 2.4 36.4 36.6 36.1 40.5

Experiment 5 31.6� 2.4 32.0 32.1 29.4 28.8

Experiment 6 30.1� 2.4 29.3 29.9 32.8 30.1

Experiment 7 27.4� 2.4 27.2 27.5 29.4 24.5

RMSE [cm] – 0.5 0.4 2.1 2.6
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Figure 13. Numerical versus experimental results. 1-Reference, 2-Test 4,
3-Test 5, 4-Test 6, 5-Test 7.
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Figure 14. Errors in the predictions of the models according to Equation
(33). 1-Reference, 2-Test 4, 3-Test 5, 4-Test 6, 5-Test 7.
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proposed formulae for the estimation of the length and the tem-
perature of the arc can help to better describe the melting process
of the EAF, as they can easily be integrated in EAF process mod-
els. This can help researchers to understand how a given voltage
and impedance set-point influences the temperature and the
geometry of the arc, which, until now, are core assumptions
in many EAF process models.[46–51]

It was demonstrated that for various operative conditions, the
models proposed here predict the length of the arc better than the
widely accepted empirical formula (Equation (37)) and the well-
known Bowman’s formula (Equation (36)). The errors in the esti-
mation of the length of the arc using the proposed models were
smaller than 0.5 cm.

Considering that the core of the arc model is an energy bal-
ance between the electrical power input to the arc and the heat
loss via radiation mechanisms only, our results can also serve as
supporting evidence to the hypothesis that radiation is the

predominant mechanism of energy transfer in a steelmaking
arc. This implies that in the EAF process model, the heat
exchange from the arc to the other surfaces in the EAF enclosure
can be modeled by considering radiation only. In other works, we
have developed such a model and will use it to optimize the oper-
ation of the EAF with respect to the consumption of electric
power.

Annex

Annex A. Polynomial Approximations to the Plasma Properties

The polynomial approximations of the electrical conductivity of
air, iron, and carbon plasmas are shown in Table 7.

The polynomial approximations of the NEC coefficient of iron
and air–carbon plasmas are shown in Table 8.

Table 7. Electrical conductivity of air, iron, and carbon plasmas σðTÞ.

σairðTÞ σFeðTÞ σCðTÞ
a8 8.0612316E-02 4.3591651E-01 �1.1105338Eþ00

a7 �4.5494997Eþ00 4.8854437E-02 1.8643252Eþ01

a6 9.0656657Eþ00 7.9932799Eþ00 1.7006116Eþ01

a5 4.1157708Eþ01 5.0707513Eþ00 �1.7872892eþ02

a4 �8.1652586Eþ01 6.0500562Eþ01 3.0746339eþ02

a3 �1.1878766Eþ02 2.0535827Eþ01 1.9076191eþ02

a2 �2.6006224Eþ01 �4.9227842Eþ02 �8.6371959eþ02

a1 2.3591301Eþ03 7.9550125Eþ02 2.8164225eþ03

a0 7.6300402Eþ03 8.2093344Eþ03 4.4714539eþ03

am 1.4500000Eþ04 1.4500000Eþ04 1.1123623eþ04

as 2.6413380Eþ03 2.6413380Eþ03 4.2280000eþ03

x ¼ T �am
as

, T in K

σx ðTÞ ¼ a8 x8 þ a7 x7 þ a6 x6 þ a5 x5 þ a4 x4 þ a3 x3 þ a2 x2 þ a1 x þ a0, σx ðTÞ inΩ�1 m �1

Table 8. NEC of iron and carbon–air plasmas εNðTÞ.

ϵNFe
ðra ¼ 1Þ cm, T ϵNFe

ðra ¼ 10 cm, TÞ ϵNair-C
ðra ¼ 1 cm, TÞ ϵNair-C

ðra ¼ 10 cm, TÞ
e8 1.93175025346655Eþ07 1.93175025346655Eþ07 �7.7215070428136Eþ06 1.4979755989820Eþ06

e7 1.05744744269744Eþ07 1.05744744269744Eþ07 1.21673385504994Eþ07 �4.5275893600650Eþ06

e6 1.76185683603940Eþ07 1.76185683603940Eþ08 7.12156143865781Eþ07 �9.4952021034798Eþ06

e5 �2.82291919379242Eþ07 �2.82291919379242Eþ08 �6.09199599100066Eþ07 2.29875331739013Eþ07

e4 �6.559402371252570Eþ08 �6.55940237125257Eþ08 �2.899492296329290Eþ08 1.31346032664877Eþ07

e3 �2.86316893523397Eþ07 �2.86316893523397Eþ08 �1.02444324585236Eþ07 �3.04726895363733Eþ07

e2 2.4682719876971300Eþ09 2.4682719876971300Eþ08 6.168294704590720Eþ08 1.058178447148170Eþ08

e1 6.1142071770641700Eþ09 6.1142071770641700Eþ09 7.580636393041320Eþ08 2.511653301216220Eþ08

e0 1.01625212197173000Eþ10 1.016252121971730Eþ09 3.224937271577620Eþ08 1.387875465974260Eþ08

em 1.42863323807 Eþ04 1.38837087603Eþ04 1.29782913165Eþ04 1.35589551213Eþ04

es 2.4905863447 Eþ03 2.5421012442Eþ03 3.3863339111 Eþ03 3.4380556550Eþ03

y ¼ T � em
es

, T in K

ϵNx
ðra, TÞ ¼ e8 y8 þ e7 y7 þ e6 y6 þ e5 y5 þ e4 y4 þ e3 y3 þ e2 y2 þ e1 y þ e0, ϵNx

ðra, TÞ in W sr�1 m�3
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Annex B. Arc Length Formulas

In 1994, Bowman proposed the well-known formulas for the esti-
mation of the radius and the voltage of a DC arc, as shown in
Equation (35) and (36), respectively.[7]

raðzÞ
rk

¼ 3.2� 2.2e
�
� z

5 rk

	
(35)

Va ¼
2
σo

ffiffiffiffiffiffiffi
I Jk
π

r
1
rk

Z
la

0

�
rk

raðzÞ
�

2
dz (36)

Due to the complex mathematical nature of Equation (36), in
industry, the length of the electric arc, both AC and DC, is tra-
ditionally estimated using a simplified empirical formula[20,45]

la ¼
Va � V an�ac

Ea
(37)

Equation (37) is derived from the assumption that the total arc
voltage is the sum of the voltage drop in the cathode, anode, and
column regions of the arc. The last was approximated as the mul-
tiplication of the electric field in the plasma column by its
length.[52] For the case of AC arcs, and neglecting any voltage
drop at the high-current circuit of the EAF transformer (cables
and electrodes), the RMS of the phase to neutral voltage (VRMS) of
the secondary side of the transformer is used as the arc voltage
(Va). For both AC and DC arcs, the literature reports that accept-
able values for Van�ac and Ea vary from 30 to 50 V and from 6 to
12 V cm�1, respectively.[20,45,52]
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