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Zusammenfassung 

 

Das Ausströmen eines Gases aus einem unter Druck stehenden Behälter gehört zu den klassischen strö-

mungsmechanischen Grundlagenproblemen. Gerade der kompressible und unterkritische Fall ist hierbei 

komplexer als sich zunächst vermuten lässt und es gibt keine allgemeine analytische Lösung. Dieser 

Fall soll hier näher untersucht werden. So wird zunächst eine allgemeine selbstähnliche Lösung herge-

leitet sowie eine dimensionslose Kennzahl identifiziert, mit der die Ausströmung ohne aufwändige nu-

merische Berechnungen charakterisiert werden kann. Dieses selbstähnliche Modell wird anhand von 

numerischen Simulationen und experimentellen Untersuchungen validiert. 

 

Weiter bildet sich bei der Ausströmung aus dem Kessel in eine freie Umgebung ohne begrenzende 

Wände ein Freistrahl aus, welcher ebenfalls näher untersucht wird. Hierzu wird das transiente Ge-

schwindigkeitsfeld von Luft-, Kohlenstoffdioxid- und Helium-Freistrahlen nach der schlagartigen Öff-

nung eines Kessels experimentell erstmalig mittels Laser Doppler Anemometrie und Phasen Doppler 

Anemometrie vermessen. Hierbei steht neben der Fragestellung nach der Selbstähnlichkeit des Ge-

schwindigkeitsfeldes der Einfluss der Reynolds-Zahl und der Dichte des ausströmenden Gases im Fo-

kus. Weiterführend werden die experimentellen Ergebnisse der transienten Freistrahlen mit numerischen 

Simulationen verglichen. Hierzu werden sowohl das etablierte 𝑘𝑘-𝜀𝜀 Turbulenzmodell als auch das relativ 

neue verallgemeinerte 𝑘𝑘-𝜔𝜔 (GEKO) Turbulenzmodell verwendet. Hierbei sollen potentielle Fehlerquel-

len wie Auftriebseffekte und schwankende Umgebungsbedingungen, wie sie in den experimentellen 

Untersuchungen auftauchen können, gezielt ausgeschaltet werden. Weiter wird untersucht, ob das 

GEKO Modell möglicherweise Vorteile gegenüber dem 𝑘𝑘-𝜀𝜀 Turbulenzmodell bei der Berechnung von 

Freistrahlen aufweist.  
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Abstract 
 

The outflow of a gas from a pressurised vessel is one of the classical fundamental problems in fluid 

mechanics. However, the compressible and subcritical case is more complex than one might think and 

there is no general analytical solution. This case will be examined in more detail in this dissertation. A 

general self-similar solution is first derived and a dimensionless number is identified with which the 

outflow can be characterised without time-consuming numerical simulations. This self-similar model is 

validated by means of numerical simulations and experimental investigations. 

Furthermore, a free jet is formed during the outflow from the vessel into a free environment without 

bounding walls, which is also investigated in more detail. For this purpose, the transient velocity field 

of air, carbon dioxide and helium free jets after the sudden opening of a vessel is measured experimen-

tally for the first-time using laser Doppler anemometry and phase Doppler anemometry. In addition to 

the question of the self-similarity of the velocity field, the influence of the Reynolds number and of the 

density of the outflowing gas will be examined. The experimental results of the transient free jets are 

then compared with numerical simulations. For this purpose, both the established 𝑘𝑘-𝜀𝜀 turbulence model 

and the relatively-new generalised 𝑘𝑘-𝜔𝜔 (GEKO) turbulence model are used. Here, potential sources of 

error such as buoyancy effects and fluctuating ambient conditions, which can occur in the experimental 

investigations, are to be specifically eliminated. Finally, the question of whether or not the GEKO model 

possibly has advantages over the 𝑘𝑘-𝜀𝜀 turbulence model in the simulation of free jets is investigated. 
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Nomenclature 
 

Latin symbols 

Symbol Meaning Unit 

𝑎𝑎 fitting parameter - 

𝑎𝑎𝑠𝑠 speed of sound m s-1 

𝐴𝐴 area, cross section m2 

𝐴𝐴∗ constricted cross section m2 

𝐴𝐴𝑢𝑢 spreading constant  - 

𝐴𝐴𝑉𝑉   vessel surface m2 

𝑏𝑏 fitting parameter - 

𝑐𝑐 area averaged velocity m s-1 

𝑐𝑐𝑝𝑝 specific heat capacity at constant pressure  m2 s-2 K-1 

𝑐𝑐𝑉𝑉 specific heat capacity at constant volume  m2 s-2 K-1 

𝑐𝑐1,𝑎𝑎 coefficient to model 𝐾𝐾1,𝑢𝑢(Re) - 

𝑐𝑐1,𝑏𝑏 coefficient to model 𝐾𝐾1,𝑢𝑢(Re) - 

𝑐𝑐2,𝑎𝑎 coefficient to model 𝐾𝐾2,𝑢𝑢(Re) - 

𝑐𝑐2,𝑏𝑏 coefficient to model 𝐾𝐾2,𝑢𝑢(Re) - 

𝑑𝑑 diameter m 

𝑑𝑑𝑒𝑒 effective diameter m 

𝑑𝑑𝑝𝑝 particle diameter m 

𝑑𝑑𝑝𝑝𝑝𝑝   diameter of particle class centre m 

𝑑𝑑𝑝𝑝,max maximum measurable particle diameter  m 

𝑑𝑑𝑉𝑉   vessel diameter m 

𝐷𝐷𝑆𝑆 diffusion coefficient of species 𝑆𝑆 m2 s-1 

𝑓𝑓𝑖𝑖± auxiliary function for the determination of the phase factor - 

𝐹𝐹1 GEKO model function - 

𝐹𝐹2 GEKO model function - 

𝐹𝐹3 GEKO model function - 

ℎ specific enthalpy m2 s-2 

ℎtot  specific total enthalpy m2 s-2 

𝑗𝑗𝑆𝑆,𝑖𝑖 diffusion flux density of species 𝑆𝑆 in spatial direction 𝑖𝑖 mol m-2 s-1 

𝑘𝑘  turbulent kinetic energy per unit mass m2 s-2 

𝐾𝐾 absolute roughness of a surface  m 

𝐾𝐾1,𝑢𝑢 velocity decay constant - 

𝐾𝐾2,𝑢𝑢 spreading rate  - 

𝐿𝐿 length m 

𝐿𝐿𝑉𝑉  length of the vessel m 

𝑚𝑚 gas mass kg 

�̇�𝑚dis discharging gas mass flow kg s-1 

𝑀𝑀 molar mass kg mol-1 
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𝑛𝑛 refraction index - 

𝑛𝑛rel relative refraction index - 

𝑁𝑁 number of discrete points in time used to determine the discharge average values - 

𝑝𝑝 pressure kg m-1 s-2 

𝑝𝑝-value significance value - 

𝑝𝑝mod modified pressure kg m-1 s-2 

𝑝𝑝∗ critical pressure  kg m-1 s-2 

𝑃𝑃𝑘𝑘 turbulent production due to viscous forces kg m-1 s-3 

𝑃𝑃𝑘𝑘𝑏𝑏  turbulent production due to buoyancy kg m-1 s-3 

𝑃𝑃𝜀𝜀𝑏𝑏  turbulence dissipation due to buoyancy kg m-1 s-3 

𝑞𝑞𝑗𝑗 heat flux density in direction 𝑗𝑗  kg s-3 

𝑄𝑄0 cumulative number distribution - 

𝑟𝑟 radius m 

R2 coefficient of determination - 

𝑠𝑠 spatial coordinate along the streamline m 

𝑆𝑆 strain s-1 

𝑆𝑆𝐸𝐸 energy sources or sinks kg m-1 s-3 

𝑆𝑆𝑀𝑀,𝑖𝑖 momentum sources or sinks in the direction 𝑖𝑖 kg m-2 s-2 

𝑡𝑡 time s 

𝑡𝑡dis discharge duration s 

𝑡𝑡inertia discharge duration that is inertia dominated   s 

𝑇𝑇 absolute temperature  K 

𝑢𝑢 axial velocity component in 𝑥𝑥 direction m s-1 

𝑢𝑢0,𝑝𝑝 velocity of the tracer particles at the pipe outlet m s-1 

𝑉𝑉 vessel volume m3 

𝑉𝑉∗ characteristic volume m3 

𝑥𝑥  spatial coordinate m 

𝑥𝑥0  virtual jet origin m 

�⃗�𝑥  spatial vector m 

𝑥𝑥𝑝𝑝   core length  m 

𝑦𝑦  spatial coordinate m 

𝑌𝑌𝑆𝑆 mass fraction of component 𝑆𝑆 kg kg-1 

𝑧𝑧  spatial coordinate m 

𝑧𝑧0.5𝑢𝑢 half width m 
 

Greek symbols 

Symbol Meaning Unit 

𝛼𝛼 significance level - 

𝛼𝛼ℎ heat transfer coefficient W m-2 K-1 

𝛽𝛽𝑔𝑔 phase factors - 

Γ𝑡𝑡 eddy diffusion kg m-1 s-1 
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𝛿𝛿𝑖𝑖𝑗𝑗  Kronecker delta - 

Δ𝑓𝑓 frequency of the scattered laser light s-1 

Δ𝑝𝑝fritction frictional pressure losses Pa 

Δ𝑝𝑝inertia inertial pressure losses Pa 

Δ𝑝𝑝loss pressure losses Pa 

Δ𝑡𝑡 time step size s 

Δ�̂�𝑡 averaging interval to determine the current mean velocity s 

Δ𝑥𝑥 mesh spacing m 

Δ𝑥𝑥𝑓𝑓 fringe spacing m 

Δ𝜙𝜙𝑔𝑔ℎ phase shift rad 

𝜀𝜀  turbulent dissipation rate  m2 s-3 

𝜖𝜖𝐻𝐻 discretisation error [Φ] 

𝜁𝜁 pressure loss coefficient - 

𝜗𝜗  angle of intersection between the two incident laser beams ° 

𝜆𝜆  thermal conductivity W m-1 K-1 

𝜆𝜆𝑓𝑓 drag coefficient - 

𝜆𝜆𝑤𝑤  wavelength m 

𝜇𝜇  dynamic viscosity Pa s 

𝜇𝜇eff effective viscosity Pa s 

𝜇𝜇𝑝𝑝 contraction coefficient - 

𝜇𝜇𝑡𝑡 turbulent viscosity Pa s 

𝜚𝜚 density  kg m-3 

𝜎𝜎 standard deviation [𝜎𝜎] 

𝜎𝜎rel relative standard deviation - 

𝜏𝜏𝑖𝑖𝑗𝑗  shear stress tensor  kg m-1 s-2 

𝜑𝜑 angle between transmitting and receiving head ° 

𝜙𝜙 scalar quantity [𝜙𝜙] 

Φ exact solution  [Φ] 

𝜓𝜓 angle between transmitting and receiving head ° 

𝜔𝜔 turbulent frequency s-1 

Ω vorticity s-1 
 

Mathematical symbols 

Symbol Meaning Unit 

�̅�𝑥 time averaged value of 𝑥𝑥 [𝑥𝑥] 

𝑥𝑥′ turbulent fluctuation of 𝑥𝑥 [𝑥𝑥] 

𝑥𝑥� current mean value of 𝑥𝑥 [𝑥𝑥] 

𝑥𝑥�̅ discharge average current mean value of 𝑥𝑥 [𝑥𝑥] 
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Dimensionless numbers 

Symbol Definition Meaning 

CFL =
𝑢𝑢 Δ𝑡𝑡
Δ𝑥𝑥

 Courant–Friedrichs–Lewy number 

Fr =
𝜚𝜚𝑖𝑖𝑖𝑖𝑢𝑢02

𝑔𝑔 𝑑𝑑 |𝜚𝜚𝑎𝑎 − 𝜚𝜚𝑖𝑖𝑖𝑖| 
Froude number  

Ma =
𝑢𝑢0
𝑎𝑎𝑠𝑠

 Mach number 

Prt =
𝑐𝑐𝑝𝑝,𝑡𝑡  𝜇𝜇𝑡𝑡
𝜆𝜆𝑡𝑡

 turbulent Prandtl number 

Re =
𝑢𝑢0𝑑𝑑𝜚𝜚𝑖𝑖𝑖𝑖
𝜇𝜇𝑖𝑖𝑖𝑖

 Reynolds number 

𝑅𝑅𝜚𝜚 =
𝜚𝜚𝑖𝑖𝑖𝑖
𝜚𝜚𝑎𝑎

 density ratio  

St0 =
𝜚𝜚𝑝𝑝𝑑𝑑𝑝𝑝2�𝑢𝑢�0 − 𝑢𝑢�0,𝑝𝑝�

18𝜇𝜇𝑖𝑖𝑖𝑖𝑑𝑑
 exit Stokes number  

XF = Fr−
1
2 �
𝜚𝜚𝑑𝑑
𝜚𝜚∞
�
−14 𝑥𝑥
𝑑𝑑𝑅𝑅

 buoyancy parameter 

Π1 =
𝑉𝑉∗

𝑉𝑉
=

(𝑝𝑝0 − 𝑝𝑝∞)1/2𝑑𝑑22 𝑡𝑡dis 𝜅𝜅

𝑉𝑉 �𝑝𝑝0𝑀𝑀𝑅𝑅 𝑇𝑇0
�
1/2  similarity discharge number  

𝜅𝜅  =
𝑐𝑐𝑝𝑝
𝑐𝑐𝑣𝑣

 heat capacity ratio 

 

Constants 

Symbol Meaning Value 

𝐶𝐶CORNER corner parameter of the GEKO model 0 

𝐶𝐶JET jet parameter of the GEKO model 0.9 

𝐶𝐶MIX mixing parameter of the GEKO model 0.30 

𝐶𝐶NW  Near wall parameter of the GEKO model 0.5 

𝐶𝐶Realize GEKO model constant 0.577 

𝐶𝐶SEP  separation parameter of the GEKO model 2.2 

𝐶𝐶𝜀𝜀1  𝑘𝑘-𝜀𝜀 model constant 1.44 

𝐶𝐶𝜀𝜀2  𝑘𝑘-𝜀𝜀 model constant 1.92 

𝐶𝐶𝜇𝜇  𝑘𝑘-𝜀𝜀 model constant  0.09 

𝐶𝐶𝜔𝜔1 auxiliary coefficients for GEKO model 1.7 

𝐶𝐶𝜔𝜔2 auxiliary coefficients for GEKO model 1.4 

𝑔𝑔 gravitational acceleration 9.81 m s-2 

𝑅𝑅 ideal gas constant 8.3145 J mol-1 K-1 

𝜎𝜎𝑘𝑘  𝑘𝑘-𝜀𝜀 model constant 1 

𝜎𝜎𝜀𝜀  𝑘𝑘-𝜀𝜀 model constant 1.3 

𝜎𝜎𝜔𝜔  GEKO model constant 2 
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XI 

𝜋𝜋 mathematical constant 3.1415 
 

Indices 

Index Meaning 

𝑎𝑎 ambient gas 

𝑐𝑐𝑐𝑐 condition on the centre line 

dis  condition at the end of the discharge  

𝑔𝑔 index for sensor number 

𝑖𝑖  index for coordinate direction 

𝑖𝑖𝑛𝑛 injected gas  

𝑗𝑗  index for coordinate direction 

ℎ index for sensor number 

𝐻𝐻 mesh spacing reference mesh 

2𝐻𝐻 double mesh spacing relative to the reference mesh 

4𝐻𝐻 quadruple mesh spacing relative to the reference mesh 

𝑘𝑘 index for coordinate direction 

𝑃𝑃 particle 

𝑠𝑠 spreading domain 

𝑡𝑡 turbulent 

𝑣𝑣 vessel 

0 outlet, initial  

1 point inside the vessel 

2 point at the vessel outlet 

∞ infinite point in the non-affected ambient atmosphere 
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Abbreviations 

Abbreviation Meaning 

BSA burst spectrum analyser 

CFD computational fluid dynamics 

C. & R. Chen and Rodi 

exp. experimental 

FILM frictional and inertial loss model 

GEKO generalised 𝑘𝑘-𝜔𝜔 turbulence 

ILM inertial loss model 

LDA laser Doppler anemometry 

LES large-eddy simulations 

num.  numerical 

PDA phase Doppler anemometry 

PIV particle image velocimetry 

W. & F. Wygnanski and Fiedler 
 

  

 

 



Introduction and motivation 

1 

1. Introduction and motivation 
 

In the period from 1960 to 2003, there were 242 documented accidents involving storage vessels in 

industrial facilities. The 10 worst accidents alone caused a financial damage of 1.204 billion US dollars 

(Chang and Lin, 2006). 

Therefore, the unplanned release of pressurised gases is a relevant safety scenario in process engineering 

(Loerbroks and Mitropetros, 2017). In addition, controlled pressure relief to avoid safety-critical condi-

tions is another scenario that has to be considered in process engineering. Hydrogen is one of the most 

important energy sources of the future (Rosen and Koohi-Fayegh, 2016). During the production, 

transport, storage and use of hydrogen, situations can arise where it has to be vented into the environment 

in a controlled manner (Najjar, 2013). It is especially important in these cases of flammable or toxic 

gases to be able to predict the process of gas discharge. 

 

In the present work, a compressible, transient, subcritical gas release is considered. For this purpose, the 

pressure relief is divided into two basic fluid mechanical problems: first, the outflow from a vessel, 

where predictions of the conditions inside the vessel and the outflow duration are particularly important; 

and second, the consideration of a transient free jet, which is formed during the outflow into the envi-

ronment. Even though these are basic problems of fluid mechanics, there are still some open points. For 

example, until this work, there has been no universal model for predicting the discharge duration of 

subcritical vessel discharges. Furthermore, there are still no experimental studies on the velocity field 

of free jets, which are formed during transient vessel discharges. In addition, it is unclear whether and 

what influence the Reynolds number has on the propagation of a free jet. For example, according to 

Pope (2015), there is no dependence of the Reynolds number on the propagation of a free jet and the 

observed influences of the Reynolds number are due to measurement inaccuracies. However, Rushton 

(1980), for example, gives a specific correlation between the Reynolds number and the velocity field of 

a free jet. 

 

 

 

  



Introduction and motivation 

2 

1.1. Objective 
 

Within the scope of this work, the following research questions are to be answered: 

1. What is a self-similar approach to describe a subcritical vessel outflow? 

2. How can the outflow duration be determined by simple means? 

3. What influence does the Reynolds number have on the propagation of subcritical free jets? 

4. What influence does the density ratio have on the propagation of subcritical free jets? 

5. Can a self-similar propagation also be observed for transient free jets? 

6. Are the experimental results of the free jets replicable with numerical simulations? 

7. Is the new generalised 𝑘𝑘-𝜔𝜔 turbulence (GEKO) model superior to the standard 𝑘𝑘-𝜀𝜀 turbulence 

model for the simulation of round free jets? 

 

1.2. Outline  
 

The research questions will be worked through and answered using the following outline. In chapter 2, 

the theoretical principles for describing a gas free jet are presented and the state of the art is discussed. 

The methods in the form of the test facility for the experimental investigations, the measurement prin-

ciples and some basics of computational fluid dynamics are then explained in chapter 3. The complete 

test facility is specifically designed and optimised for the requirements. Among other things, a special 

mechanism was developed for the sudden and reproducible opening of the custom-designed vessel.  

 

Since the propagation of a free jet depends to a decisive degree on the conditions at the nozzle outlet, 

and thus in the vessel, the temporal behaviour within the vessel is considered in chapter 4. Here, an 

attempt will be made to derive the first self-similar outflow model to describe the temporal conditions 

in the vessel. The ideal target would be to identify a dimensionless number that can be used to describe 

any subcritical discharge based on the Π-theorem according to Buckingham (1914). The model is then 

validated using numerical simulations and experimental investigations. 

 

After the conditions inside the vessel have been considered, the velocity field, which is formed when 

the gas flows out into the free environment, is investigated further in chapter 5. Here, the pressure reliefs 

of density-neutral air, less-denser helium and denser carbon dioxide free jets will be investigated exper-

imentally. In addition to the conditions inside the vessel, such as pressure and temperature, the velocity 

field of the transient vessel discharges is measured for the first-time using laser Doppler anemometry 

(LDA) and phase Doppler anemometry (PDA). Here, the universal self-similar behaviour of a free jet 

and the influence of the density ratio of the injected gas to the ambient gas is investigated.  
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In chapter 6, the experimental findings are reproduced and verified using computational fluid dynamics 

(CFD) simulations. In this way, for example, disturbance effects such as buoyancy can be specifically 

eliminated. The validation of the numerical simulations based on experimental data provides the basis 

for transferring the results to other systems that are very difficult to investigate in reality due to toxicity 

or explosion hazards. The data of chapter 5 and 6 have been analysed in cooperation with the Statistical 

Consulting and Analysis Centre for Higher Education TU Dortmund University to ensure a sound sta-

tistical evaluation. 

 

Finally, chapter 7 summarises the thesis and gives an outlook about future research areas that should be 

further explored based on this work. The procedure of the work is summarised in Figure 1.1. 

 

 

Figure 1.1.: Graphical abstract of the procedure of this dissertation. Modified from PA2 and PPA1. 
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2. Fundamentals 
 

This chapter will give an overview of the theoretical background important for this work. In particular, 

the physical fundamentals for the description of a free jet are presented. This includes the introduction 

of characteristic quantities and dimensionless numbers. A literature review will then be carried out and 

the controversially discussed questions will be highlighted in more detail. 

 

2.1. Free jet theory 
 

According to Schlichting and Gersten (2006), a free jet describes an outflow into an environment with-

out boundary walls. Figure 2.1 shows a sketch of an axisymmetric free jet, including some characteristic 

regions and parameters in the propagation area. A Cartesian coordinate system is used, with the 𝑥𝑥-di-

rection aligned with the nozzle axis, the positive 𝑧𝑧-direction is going upwards and the positive 𝑦𝑦-direc-

tion is orthogonal on the view plane. The origin with 𝑥𝑥 = 0, 𝑦𝑦 = 0, 𝑧𝑧 = 0 is at the nozzle outlet. The 

velocity components in the 𝑥𝑥, 𝑦𝑦 and 𝑧𝑧 direction are denoted by 𝑢𝑢, 𝑣𝑣 and 𝑤𝑤, respectively. The centre line 

defines the course of the maximum axial velocity 𝑢𝑢𝑝𝑝𝑐𝑐(𝑥𝑥). For the case of an axisymmetric round jet with 

the coordinate origin in the centre of the nozzle outlet, the centre line is defined as �⃗�𝑥 = (𝑥𝑥, 0, 0). To 

delimit the free jet from the environment, the free jet boundary is defined. According to Schlichting and 

Gersten (2006), the free jet boundaries are defined by the region in which the free jet entrains the prac-

tically stationary ambient gas due to viscosity, thus leading to a widening of the free jet. Quantitatively, 

the free jet boundaries are defined by those radial distances at which 𝑢𝑢(𝑥𝑥, 𝑧𝑧)/𝑢𝑢𝑝𝑝𝑐𝑐(𝑥𝑥) = 0.01 applies. Here 

𝑢𝑢𝑝𝑝𝑐𝑐 is the centre-line velocity in axial direction. By extending the free jet boundaries from the self-

similar region in the direction of the nozzle exit, the virtual jet origin is determined at the intersection 

of the lines. The virtual jet origin 𝑥𝑥0 represents the location where the free jet would originate if it came 

from a point source. 

 

Outlet geometries such as convergent nozzles, orifices and pipes have been studied in the literature (Mi 

et al., 2000). Hereby, the velocity fields of these outlet geometries should differ somewhat according to 

George (1989). In this dissertation, a pipe is deliberately examined, because this corresponds to the 

standardised geometry of an exhaust opening for emergency pressure relief according to Ernst et al. 

(2015). In the present case, a 𝐿𝐿 = 400 mm long pipe with a diameter 𝑑𝑑 = 25 mm is used. 

 

 
PPA1 Parts of this chapter are based on the article: Measurement of the Reynolds number dependence 
of a transient air jet from a pressure vessel by M.-D. Fischer, F. Ryll and K. Boettcher; it was first 
published as preprint article on Research Square, 2022 and is licensed under a Creative Commons 
Attribution 4.0 International License (http://creativecommons.org/licence/by/4.0/). 
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Figure 2.1.: Defining sketch of an axisymmetric free jet. Reproduced from PPA1. 

 

A distinction is made between three regions. In the core region, which converges conically from the 

nozzle edge, the same flow conditions prevail as at the nozzle outlet. In this region, there is almost no 

mixing with the surrounding gas. According to Rajaratnam (1976), this region is defined by the core 

length 𝑥𝑥𝑝𝑝 ≈ 6 𝑑𝑑. According to Grandchamp and van Hirtum (2013) the core length 𝑥𝑥𝑝𝑝 depends on the 

nozzle geometry, the turbulence intensity and density ratio. Hrycak et al. (1974) showed that the core 

length 𝑥𝑥𝑝𝑝 is independent of the Reynolds number for turbulent free jets and is directly proportional for 

laminar free jets. According to Milanovic and Hammad (2010), the fully-developed flow region from 

25 ≤ 𝑥𝑥/𝑑𝑑 is self-similar and a self-preserved flow exists, in which the radial profile of the axial velocity 

component 𝑢𝑢(𝑧𝑧) is modelled with a Gaussian distribution according to Chen and Rodi (1980). Accord-

ing to Chen and Rodi (1980), a velocity field is considered self-similar if one velocity and one length 

scale are sufficient to describe the entire velocity field as a function of only one geometrical variable. 

Between the core region and the self-similar region, 6 ≤ 𝑥𝑥/𝑑𝑑 ≤ 25 is the transition region in which a 

continuous transition of the flow properties takes place.  

 

According to Schlichting and Gersten (2006), the velocity profile on the centre line 𝑢𝑢𝑝𝑝𝑐𝑐(𝑥𝑥) can be mod-

elled with a hyperbola 

𝑢𝑢𝑝𝑝𝑐𝑐(𝑥𝑥)
𝑢𝑢0

=
𝐾𝐾1,𝑢𝑢𝑑𝑑𝑒𝑒
𝑥𝑥 − 𝑥𝑥0

,  (2.1) 

where 𝑢𝑢0 is the velocity at the outlet and 𝐾𝐾1,𝑢𝑢 is the velocity decay constant, which is the characteristic 

parameter to describe the decrease of the maximal velocity along the jet axis 𝑥𝑥. A greater decay constant 

corresponds to a smaller velocity decrease and vice versa. Furthermore, 𝑑𝑑𝑒𝑒 is the effective diameter 

according to Thring and Newby (1953) 

𝑑𝑑𝑒𝑒 = 𝑑𝑑 �
𝜚𝜚𝑖𝑖𝑖𝑖
𝜚𝜚𝑎𝑎
�
1/2

= 𝑑𝑑 𝑅𝑅𝜚𝜚
1/2 , (2.2) 
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which takes the density ratio 𝑅𝑅𝜚𝜚 of the injected gas at the pipe exit 𝜚𝜚𝑖𝑖𝑖𝑖 to the ambient gas density 𝜚𝜚𝑎𝑎 into 

account. The density of the injected gas at the pipe exit 𝜚𝜚𝑖𝑖𝑖𝑖 corresponds to the density of the gas in the 

vessel with ambient pressure and the temperature present at the vessel outlet. This results from the basic 

fluid mechanical assumption that the ambient pressure always prevails at the outlet for subcritical flows. 

To make this hyperbolic character more visible, the inverted equation is often used because this results 

in a linear function: 

𝑢𝑢0
𝑢𝑢𝑝𝑝𝑐𝑐(𝑥𝑥)

=
1
𝐾𝐾1,𝑢𝑢

𝑥𝑥
𝑑𝑑𝑒𝑒

−
𝑥𝑥0

𝐾𝐾1,𝑢𝑢 𝑑𝑑𝑒𝑒
 (2.3) 

The velocity decay constant 𝐾𝐾1,𝑢𝑢 can be determined from the gradient and the virtual jet origin 𝑥𝑥0 from 

the intercept of the linear function (2.3). These diagrams make deviations from a linear behaviour more 

visible, especially for jet positions that are further away. The radial velocity profile of the axial velocity 

in the self-similar region can be approximated with a Gaussian profile according to Chen and Rodi 

(1980): 

𝑢𝑢(𝑥𝑥, 𝑧𝑧)
𝑢𝑢𝑝𝑝𝑐𝑐(𝑥𝑥)

= exp �−𝐴𝐴𝑢𝑢 �
𝑧𝑧

𝑥𝑥 − 𝑥𝑥0
�
2
� . (2.4) 

Here, 𝐴𝐴𝑢𝑢 is a spreading constant, which is less common in literature. More commonly, the half width 

𝑧𝑧0.5𝑢𝑢 is used to describe the spreading behaviour of a free jet. According to Squire and Trouncer (1944), 

the jet half width 𝑧𝑧0.5𝑢𝑢 is the location where the velocity is just half as great as on the centre line 

𝑢𝑢(𝑥𝑥, 𝑧𝑧0.5𝑢𝑢) = 0.5 𝑢𝑢𝑝𝑝𝑐𝑐, which behaves linearly in a good approximation  

𝑧𝑧0.5𝑢𝑢 = 𝐾𝐾2,𝑢𝑢(𝑥𝑥 − 𝑥𝑥0). (2.5) 

Here, 𝐾𝐾2,𝑢𝑢 is the spreading rate, which is the characteristic parameter to describe the propagation in 

radial direction and the increase of the jet width with increasing jet length 𝑥𝑥. A greater spreading rate 

𝐾𝐾2,𝑢𝑢 corresponds to a greater spreading angle of the free jet. Since a point-like measurement method is 

used, it is unlikely to measure at the half width 𝑧𝑧0.5𝑢𝑢 exactly. Therefore, the spreading rate is determined 

from the fit of the velocity profile according to equation (2.4): 

𝐾𝐾2,𝑢𝑢 = �
ln(0.5)
−𝐴𝐴𝑢𝑢

. (2.6) 

For a self-similar flow, there appears to be a constant relation between the decay constant and the spread-

ing rate 𝐾𝐾1,𝑢𝑢 ⋅ 𝐾𝐾2,𝑢𝑢 = 0.55 according to Pope (2015). As can be seen in section 2.1.1, some authors ob-

served a dependency of the decay constant 𝐾𝐾1,𝑢𝑢 and spreading rate 𝐾𝐾2,𝑢𝑢 from the Reynolds number: 

Re =
𝑢𝑢0𝑑𝑑𝜚𝜚𝑖𝑖𝑖𝑖
𝜇𝜇𝑖𝑖𝑖𝑖

. (2.7) 

Here, 𝜇𝜇𝑖𝑖𝑖𝑖 is the dynamic viscosity of the injected gas. The Reynolds number is used to estimate the ratio 

of the inertial and frictional forces, and further determine whether a flow is laminar or turbulent. For the 

case of a free jet, however, no clear limit value has yet been defined above which a free jet is defined as 
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turbulent. Thus, the transition to a transient free jet depends on the exact jet exit conditions. Values from 

Re = 300 according to Reynolds (1962) to Re = 15 000 according to Spalding (1979) can be found in 

the literature, above which a free jet is said to be fully turbulent. However, the experiments carried out 

here are all clearly in the turbulent range with a Reynolds number of 30 000 ≤ Re ≤ 600 000, which is 

why the deviating behaviour of a laminar free jet is not discussed. Another dimensionless number is the 

Mach number 

Ma =
𝑢𝑢0
𝑎𝑎𝑠𝑠

, (2.8) 

which describes the ratio of the outlet velocity 𝑢𝑢0 to the speed of sound 𝑎𝑎𝑠𝑠 

𝑎𝑎𝑠𝑠 = �𝜅𝜅
𝑅𝑅𝑇𝑇
𝑀𝑀

 . (2.9) 

Here, 𝜅𝜅 is the heat capacity ratio, 𝑅𝑅 is the ideal gas constant, 𝑇𝑇 is the absolute gas temperature and 𝑀𝑀 is 

the molar mass of the gas (Zierep, 2018). According to Lau (1981), the Mach number is supposed to 

have an influence on the velocity decay constant 𝐾𝐾1,𝑢𝑢, spreading rate 𝐾𝐾2,𝑢𝑢 and the core length 𝑥𝑥𝑝𝑝.  

 

Since free jets with a density ratio 𝑅𝑅𝜚𝜚 ≠ 1 are also investigated, an estimate must be made as to when 

buoyancy should be taken into account. The influence of buoyancy is especially relevant for horizontal 

free jets because they are investigated here. Thus, buoyancy effects lead to a shift of the centre line 

relative to the 𝑥𝑥-axis. Chen and Rodi (1980) introduced a dimensionless buoyancy number  

X𝐹𝐹 = Fr−
1
2𝑅𝑅𝜚𝜚

−14 𝑥𝑥
𝑑𝑑

, (2.10) 

where Fr is the Froude number, which is used to estimate the ratio of inertial and buoyant forces, and is 

defined as follows 

Fr =
𝜚𝜚𝑖𝑖𝑖𝑖𝑢𝑢02

𝑔𝑔 𝑑𝑑 |𝜚𝜚𝑎𝑎 − 𝜚𝜚𝑖𝑖𝑖𝑖|. 
(2.11) 

Here, 𝑔𝑔 = 9.81 m/s² is the gravitational acceleration. According to Chen and Rodi (1980) a free jet is 

no longer dominated by inertial forces for X𝐹𝐹 > 0.5 and is in transition to a buoyancy jet. This limit is 

used in the later investigations for the classification into buoyancy-influenced free jets. 

 

This work is limited to subcritical outflows. Subcritical conditions are present if the critical pressure 

ratio is smaller than the ratio of the ambient pressure 𝑝𝑝∞ to the initial pressure inside the vessel 𝑝𝑝0 

𝑝𝑝∗

𝑝𝑝0
= �

2
𝜅𝜅 + 1

�
𝜅𝜅

𝜅𝜅−1 
<
𝑝𝑝∞
𝑝𝑝0

. (2.12) 

The critical pressure ratio is determined with the heat capacity ratio 𝜅𝜅. The case where the pressure ratios 

are just equal is called the critical pressure ratio. This indicates the transition from supercritical to sub-

critical pressure conditions (Zierep, 2018). 
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 Density-neutral free jets  
 

The following section focuses on studies that have dealt with density-neutral free jets. In particular, the 

dependence of the propagation on the Reynolds number will be examined. Abramovich (1963) stated 

that turbulent jets are not dependent on the Reynolds number in a wide range 2⋅104 ≤ Re ≤ 4⋅106. How-

ever, the spreading rate 𝐾𝐾2,𝑢𝑢 depends on the turbulence intensity and there would be a linear relationship 

between these two. On the basis of the literature published to that date, Rushton (1980) established an 

approach for determining the axial velocity component 𝑢𝑢𝑝𝑝𝑐𝑐(𝑥𝑥) for rotationally symmetrical free jets as 

a function of the Reynolds number. 

 

Chen and Rodi (1980) reviewed many experimental data on vertical turbulent buoyant jets in addition 

to their own experimental investigations. They gave a universal self-similarity for turbulent jets inde-

pendent of the Reynolds number as long as the Reynolds number is great enough. Consequently, the 

Reynolds number is only important for deciding whether a turbulent or laminar flow is present. Although 

in eq. (2.1) the axial velocity decay 𝑢𝑢(𝑥𝑥) depends on the density ratio 𝑅𝑅𝜚𝜚, which is taken into account 

by the effective diameter 𝑑𝑑𝑒𝑒, the spreading rate 𝐾𝐾2,𝑢𝑢 is independent of the density ratio 𝑅𝑅𝜚𝜚. George 

(1989) questions the self-similar behaviour of a free jet based on an analytical asymptotical solution of 

the conservation equations. Accordingly, the common constants such as the decay constant 𝐾𝐾1,𝑢𝑢 and the 

spreading rate 𝐾𝐾2,𝑢𝑢 would have to be reconsidered and further constants would have to be introduced to 

capture the different outflow conditions.  

 

Panchapakesan and Lumley (1993a) observed deviations from the decay constant 𝐾𝐾1,𝑢𝑢 and turbulence 

intensities of Wygnanski and Fiedler (1969), which have long been considered to be a standard. In par-

ticular, they could not confirm if the deviations were due to the different Reynolds numbers Re. In flows 

investigated by Panchapakesan and Lumley (1993a) the Reynolds number was Re = 11 000, i.e., one 

order of magnitude smaller than the Reynolds number of Wygnanski and Fiedler (1969). However, Capp 

(1983) re-examined the data of Wygnanski and Fiedler (1969) and found a shortfall in the momentum 

flux across the jet. This was probably due to wall influences in the propagation area of the free jet that 

may have initiated a backflow. 

 

Hussein et al. (1994) states that the questions of the nature of dissipation and Reynolds number depend-

ence of a jet remain open and require further investigation. Olsson and Fuchs (1996) performed 

large-eddy simulations (LESs) of round jets in the range 10 000 ≤ Re ≤ 500 000 and found no notable 

influence of the Reynolds number Re in the self-similar region. Borée et al. (1996) performed experi-

mental investigations of sudden velocity decreases in free jets and observed a smaller decay constant 

𝐾𝐾1,𝑢𝑢 and virtual origin 𝑥𝑥0 for the jet with smaller Reynolds number Re. Kwon and Seo (2005) have 

carried out experimental studies on the Reynolds number dependence of water jets in the range  
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177 ≤ Re ≤ 5 142. According to these authors, a greater Reynolds number causes a slightly smaller 

decay constant 𝐾𝐾1,𝑢𝑢 and a smaller spreading rate 𝐾𝐾2,𝑢𝑢. Bogey and Bailly (2006) performed LES of tran-

sitional round jets to investigate the Reynolds number influence on the flow development. They ob-

served that as the Reynolds number Re increases, the decay constant 𝐾𝐾1,𝑢𝑢 increases, which corresponds 

to a slower velocity decay, and simultaneously the spreading rate 𝐾𝐾2,𝑢𝑢 decreases.  

 

Pope (2015) supports the statement that in an ideal experiment the Reynolds number Re is the only non-

dimensional parameter, but he clearly states that the propagation of a round free jet does not depend on 

the Reynolds number Re. The small deviations that exist in literature are due to experimental inaccura-

cies. For example, Romano (2020) performed experimental investigations of turbulent orifice round 

water jets based on particle image velocimetry (PIV) measurements in the range 2 000 ≤ Re ≤ 70 000. 

Thus, the Reynolds number Re can be observed to have an influence up to 15 outlet diameters down-

stream and disappears almost completely thereafter. Bonelli et al. (2021) have performed LES in the 

range Re ≤ 20 000 and observed that the decay constant 𝐾𝐾1,𝑢𝑢 increases with increasing Reynolds num-

ber Re, corresponding to a slower velocity decay, and simultaneously the spreading rate 𝐾𝐾2,𝑢𝑢 decreases. 

This agrees with the observations of Bogey and Bailly (2006), who had studied this behaviour at greater 

Reynolds numbers. Table 2.1 summarises the literature reviewed, which indicates whether it is a theo-

retical (theo.), numerical (num.), experimental (exp.) or review work. Here, 𝑓𝑓(Re) indicates, that the 

authors have qualitatively observed a dependence on the Reynolds number but it was not defined quan-

titatively. The type of fluid in the last column indicates that the work covers both gases and liquids. The 

product of the mean decay constant 𝐾𝐾1,𝑢𝑢 and the spreading rate 𝐾𝐾2𝑢𝑢, averaged over all of the results in 

literature, is 𝐾𝐾1,𝑢𝑢 ⋅ 𝐾𝐾2,𝑢𝑢 = 0.58. This value is, therefore, an indication of momentum conservation. 

  



Fundamentals 

10 

Table 2.1.: Decay constants 𝐾𝐾1,𝑢𝑢 and spreading rates 𝐾𝐾2,𝑢𝑢 for density neutral free jets, published by 

several authors. Modified from PPA1. 
Authors Based on Re 𝑥𝑥/𝑑𝑑 𝐾𝐾1,𝑢𝑢 𝐾𝐾2,𝑢𝑢 Type 
Abraham (1996) num. - - 6 0.085 gas 
Abramovich (1963) review 2⋅104 - 4⋅106 - 6.32-7.27 0.096 fluid 
Bogey and Bailly (2006) num. 1 700 - 400 000 - 𝑓𝑓(Re) 𝑓𝑓(Re) fluid 
Bonelli et al. (2021) num. 10 000 - 20 000 - 𝑓𝑓(Re) 𝑓𝑓(Re) gas 

Borée et al. (1996) exp. 
6 000 0 - 60 5.75 0.092 air 
12 500 0 - 60 5.99 0.091 air 

Chen and Rodi (1980) review > 10 000 - 6.2 0.086 gas 
Craske (2016) num. 6 810 28 - 55 6.06 0.096 gas 
Ferdman et al. (2000) exp. 2.4⋅104 0 - 80 6.7 0.088 air 
Hinze and van der Hegge Zijnen (1949) exp. 20 100 - 83 750 0 - 20 6.39 0.083 air 
Hussein et al. (1994) exp. 95 500 30 - 120 5.8 0.094 air 

Kwon and Seo (2005) exp. 

1 305 

2.5 - 80 

5.5 0.140 

water 
2 163 5.5 0.114 
3 208 5.5 0.113 
5 142 5.5 0.106 

Panchapakesan and Lumley (1993a) exp. 11 000 30 - 160 6.06 0.096 air 
Rajaratnam (1976) theo. - - 6.3 0.100 fluid 
Romano (2020) exp. 2 000 - 70 000 < 20 6.67 0.100 water 
Rushton (1980) review - - 1.41 Re0.135 - fluid 
Spalding (1979) theo. > 15 000 - 6.57 0.085 fluid 
Tollmien (1926) theo. - - 6.44 0.082 fluid 
Witze (1974) review - - 𝑓𝑓(Ma,𝑅𝑅𝜚𝜚) - gas 
Weisgraber and Liepmann (1998) exp. 5 500 - 16 000 15 - 30 6.7 𝑓𝑓(Re) water 
Wygnanski and Fiedler (1969) exp. 105 5 - 100 5.4 0.086 air 
mean    6.05 0.096  
standard deviation    0.50 0.014  

 

 Non-density-neutral free jets 
 

According to Mi et al. (2001), it is easier to prove the self-similarity of a free jet based on scalar quan-

tities such as concentration or mass fraction. According to Sreenivasan (1996), a self-similarity of a 

scalar quantity in an inhomogeneous shear flow can only exist if not only one but all velocity compo-

nents are self-similar. A great number of studies have, therefore, dealt with the propagation of scalar 

quantities in free jets (Gerold, 2015; Mi et al., 2001; Pitts, 1991b, 1991a; Richards and Pitts, 1993).  

 

However, Fischer (1979) found that there are differences in the propagation of the concentration and 

velocity in free jets of almost 20%. The reason for these differences in the propagation of concentration 

and velocity has led to unresolved speculation. Since the propagation of a scalar quantity does not allow 

for an exact conclusion about the velocity field, this literature review is limited to work that considers 

the velocity field (as studied in the present work). Furthermore, this literature review does not consider 

work dealing with variable density jets into an air co-flow, such as Amielh et al. (1996) and Sautet and 

Stepowski (1995). For example, the decay constants 𝐾𝐾1,𝑢𝑢 in a co-flow were up to 40 % greater and thus, 

the flow conditions are not comparable with a free jet into a quiescent environment. 
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Keagy and Weller (1949) investigated the velocity and concentration fields of stationary nitrogen, car-

bon dioxide and helium jets. It was also observed that the non-density-neutral free jets of helium and 

carbon dioxide show a self-similar behaviour for a certain axial distance 𝑥𝑥 > 10 𝑑𝑑. Furthermore, the 

spreading rate 𝐾𝐾2,𝑢𝑢 showed a dependence on the density ratio 𝑅𝑅𝜚𝜚. Thus, the spreading rate 𝐾𝐾2,𝑢𝑢 becomes 

smaller as the density ratio 𝑅𝑅𝜚𝜚 increases. 

 

Thring and Newby (1953) studied the combustion of turbulent jet flames. They found that all free jets 

are self-similar if the Reynolds number Re is above a certain minimum. Furthermore, the spreading rate 

𝐾𝐾2,𝑢𝑢 of a free jet is only a function of the Reynolds number Re. However, the dependence of the spread-

ing rate 𝐾𝐾2,𝑢𝑢 on the Reynolds number Re is so weak that the self-similarity is still valid. As far as the 

axial velocity profile is concerned, Thring and Newby (1953) introduced the concept of an effective 

diameter 𝑑𝑑𝑒𝑒 as a characteristic length scale, which led to the existence of a universal decay constant 𝐾𝐾1,𝑢𝑢 

independent of the density ratio 𝑅𝑅𝜚𝜚. 

 

Birch et al. (1978) studied the velocity field of a methane jet using LDA, in addition to the concentration 

field using Raman spectroscopy. They used a pipe with a diameter of 𝑑𝑑 = 12.65 mm and a length-to-

diameter ratio of 𝐿𝐿/𝑑𝑑 = 50. This resulted in a fully-developed pipe flow at a Reynolds number of 

Re = 16 000. They observed that the density influence for the axial velocity decay can be captured by 

the effective diameter 𝑑𝑑𝑒𝑒 according to Thring and Newby (1953), and thus the decay constant 𝐾𝐾1,𝑢𝑢 is 

independent of the density ratio 𝑅𝑅𝜚𝜚. 

Chen and Rodi (1980) investigated the influence of the density ratio 𝑅𝑅𝜚𝜚 on the decay constant 𝐾𝐾1,𝑢𝑢 and 

spreading rate 𝐾𝐾2,𝑢𝑢 based on a review of the experimental data. Experimental data from stationary air, 

helium and carbon dioxide jets were used. As a result, there can be no self-similarity within the transition 

jet region because the density ratio 𝑅𝑅𝜚𝜚 is still changing there. However, this is always followed by a 

region where the density ratio is 𝑅𝑅𝜚𝜚 ≈ 1 and self-similarity is present. According to Chen and Rodi 

(1980), the axial velocity decay is influenced by the density ratio 𝑅𝑅𝜚𝜚, but this can be captured by the 

effective diameter 𝑑𝑑𝑒𝑒 (cf. eq. (2.2)) according to Thring and Newby (1953). Thus, the decay constant 

𝐾𝐾1,𝑢𝑢 remains independent of the density ratio. Contrary to the axial velocity decay, the spreading rate 

𝐾𝐾2,𝑢𝑢 is independent of the density ratio 𝑅𝑅𝜚𝜚 according to Chen and Rodi (1980). 

 

So et al. (1990) carried out experimental investigations on helium-air binary gas jets into an air environ-

ment. The density ratio was 𝑅𝑅𝜚𝜚 = 0.64 at a Reynolds number of Re = 4 300. A self-similar velocity pro-

file could be observed for 𝑥𝑥/𝑑𝑑 > 24. Furthermore, So et al. (1990) compared their data with experimental 

investigations by Wygnanski and Fiedler (1969), among others, and suggested that the flow is independ-

ent of the Reynolds number Re and the density ratio 𝑅𝑅𝜚𝜚 if a self-similar state is reached in the self-

similar region. So et al. (1990) determined a decay constant of 𝐾𝐾1,𝑢𝑢 = 5.45 and a spreading rate of 
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𝐾𝐾2,𝑢𝑢 = 0.103. However, according to So et al. (1990), the self-similarity in non-density-neutral free jets 

𝑅𝑅𝜚𝜚 ≠ 1 cannot persist beyond a certain axial distance because density influences become noticeable. 

 

Panchapakesan and Lumley (1993b) performed experimental investigations on vertical helium jets. At 

the nozzle outlet the Reynolds number was Re = 3 650 and the Froude number was Fr = 14 000. For the 

investigated range 50 ≤ 𝑥𝑥/𝑑𝑑 ≤ 120 values of the buoyancy parameter in the range 0.69 ≤ X𝐹𝐹 ≤ 1.66 

were found according to equation (2.10). Thus, the measurements were carried out in the buoyancy-

affected regime. The buoyancy effect could be the reason for the slightly higher decay constant 𝐾𝐾1,𝑢𝑢 = 

6.50 compared to other values in the literature. For vertical free jets with a density ratio 𝑅𝑅𝜚𝜚 < 1, the 

buoyancy effect leads to slower axial velocity decay. 

 

Wang and Andreopoulos (2010) investigated the density effects in stationary, horizontal helium, nitro-

gen and krypton jets using PIV and high-frequency-response pressure transducers. The jets were formed 

at the exit of a 𝐿𝐿 = 170 mm long pipe with a diameter of 𝑑𝑑 = 7 mm. It was found that the spreading rate 

decreases from 𝐾𝐾2,𝑢𝑢 = 0.103 to 𝐾𝐾2,𝑢𝑢 = 0.048 with increasing density ratio 𝑅𝑅𝜚𝜚. Furthermore, the spreading 

rate 𝐾𝐾2,𝑢𝑢 decreases with increasing Mach number Ma. It is noticeable that the axial velocity initially 

increases after emergence and then decreases. This suggests that the tracer particles that were used were 

too great for an ideal following behaviour. This could also be the reason for the considerably greater 

decay constants 𝐾𝐾1,𝑢𝑢 and smaller spreading rates 𝐾𝐾2,𝑢𝑢 compared to the rest of the literature. 

Chernyavsky et al. (2014) performed LES of a vertical hydrogen jet at a Mach number of Ma = 0.3. The 

results were compared with experimental data from PIV measurements of air and helium jets, as well as 

LES data from a helium jet from Chernyavsky et al. (2011). It was observed that the spreading rate of a 

hydrogen jet with 𝐾𝐾2,𝑢𝑢 = 0.18 was greater than the previously observed spreading rates for air of 

𝐾𝐾2,𝑢𝑢 = 0.095 and helium jets of 𝐾𝐾2,𝑢𝑢 = 0.105. In summary, despite the great number of studies on non-

density-neutral free jets, there is no consensus in the literature.  
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Table 2.2.: Published decay constants 𝐾𝐾1,𝑢𝑢 and spreading rates 𝐾𝐾2,𝑢𝑢 for non-density-neutral free jets. 
Authors Based on 𝑅𝑅𝜚𝜚 Re 𝑥𝑥/𝑑𝑑 𝐾𝐾1,𝑢𝑢 𝐾𝐾2,𝑢𝑢 Type Direction 
Aihara (1974) exp. 0.14 2 950 30-100 - 0.12 He vertical 
Birch et al. (1978) exp. 0.55 16 000 0-70 5.01 - CH4 unclear 

Chernyavsky et al. (2011) 

exp. 1 10 600 0-30 6.93 0.095 air vertical 
exp. 1 31 000 0-30 6.35 0.095 air vertical 
exp. 0.14 4 100 0-30 5.48 0.105 He vertical 
exp. 0.14 11 900 0-30 5.53 0.105 He vertical 
num. 0.14 11 900 0-30 4.92 0.105 He vertical 

Chernyavsky et al. (2014) num. 0.07 14 000 0-38 5.21 0.18 H2 vertical 

Chen and Rodi (1980) review 0.14-
1.51 >10 000 - 6.2 0.093 gas vertical 

Keagy and Weller (1949) exp. 
0.14 3 300 

8-50 
6.77 0.11 He vertical 

0.96 25 300 7.02 0.089 N2 vertical 
1.52 47 800 7.41 0.083 CO2 vertical 

Panchapakesan and Lumley 
(1993a) exp. 1 11 000 30-160 6.06 0.096 air vertical 

Panchapakesan and Lumley 
(1993b) exp. 0.14 3 650 50-120 6.50 0.110 He vertical 

So et al. (1990) exp. 0.64 4 300 1-30 5.45 0.103 He/Air vertical 

Wang and Andreopoulos (2010) exp. 

0.09 11 000 0-45 16.67 0.113 He horizontal 
0.09 25 000 0-45 24.39 0.076 He horizontal 
0.09 40 000 0-45 25.00 0.081 He horizontal 
0.72 34 000 0-45 7.52 0.086 N2 horizontal 
0.80 74 000 0-45 9.17 0.067 N2 horizontal 
0.84 122 000 0-45 10.99 0.055 N2 horizontal 
2.44 45 000 0-45 7.14 0.051 Kr horizontal 
2.37 91 000 0-45 7.69 0.048 Kr horizontal 
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3. Methods 
 

In this chapter, the experimental and numerical methods are addressed. This includes a short introduc-

tion to the measurement principles of LDA and PDA. After that, the experimental setup is presented. 

Finally, the methods of the CFD simulations are presented. These include the governing equations and 

turbulence models that were used. 

 

3.1. Measurement principles  
 

In this section, the fundamental principles of the LDA and PDA are described. The focus is on the PDA 

because this is not very common due to its complexity. 

 

 Laser Doppler anemometry  
 

LDA is an optical, non-contact velocity measurement method that is characterised by its very high tem-

poral and spatial resolution. The measurement volume is only a few mm³, which is why it can be con-

sidered to be a point-like measurement method. Here, two coherent laser beams meet at an angle of 𝜗𝜗/2 

to the axis. The angle depends on the focal length and the beam distance. A defined interference fringe 

pattern is formed, where the fringe spacing Δ𝑥𝑥𝑓𝑓 depends on the wavelength 𝜆𝜆𝑤𝑤 of the laser light and the 

incident angle 𝜗𝜗/2 . A sketch of this interference fringe pattern is shown in Figure 3.1. 

 

 

 

 

 

 

 

 

PA1 Parts of this chapter are based on the article: A fast method to predict the transient, subcritical gas 
discharge from a pressure vessel by M.-D. Fischer and K. Boettcher; it was first published in Chem. 
Eng. Sci. 2022 
PA2 Parts of this chapter are based on the article: Similarity solution of subcritical pressure discharges 
from vessels for arbitrary gases by M.-D. Fischer, S. Baier and K. Boettcher; it was first published in 
Chem. Eng. Sci. 2023 

PPA1 Parts of this chapter are based on the article: Measurement of the Reynolds number dependence 
of a transient air jet from a pressure vessel by M.-D. Fischer, F. Ryll and K. Boettcher; it was first 
published as preprint article on Research Square, 2022 and is licensed under a Creative Commons 
Attribution 4.0 International License (http://creativecommons.org/licence/by/4.0/). 
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Figure 3.1.: Schematic representation of the LDA principle (Nitsche and Brunn, 2006). 

 

If a particle passes through this interference fringe pattern, the laser light is scattered and detected by an 

optical sensor. The frequency  

Δ𝑓𝑓 =
 𝑢𝑢𝑝𝑝
Δ𝑥𝑥𝑓𝑓

=
𝑢𝑢𝑝𝑝 2 sin(𝜗𝜗/2)

𝜆𝜆𝑤𝑤
 (3.1) 

of the scattered light depends on the one hand on the fringe spacing Δ𝑥𝑥𝑓𝑓 and on the other hand on the 𝑥𝑥-

component of the velocity of the particle 𝑢𝑢𝑝𝑝. The fringe spacing Δ𝑥𝑥𝑓𝑓 is a constant system parameter, 

which leads to a direct linear correlation between the particle velocity 𝑢𝑢𝑝𝑝 and the frequency Δ𝑓𝑓 of the 

scattered light. This accounts for the high accuracy of the measurement procedure of well below 1 % 

according to Albrecht et al. (2003). Further information on the LDA technique can be found in Albrecht 

et al. (2003) and Nitsche and Brunn (2006).  

 

 Phase Doppler anemometry  
 

PDA is an extension of the LDA technique and is used to measure the particle velocity 𝑢𝑢𝑝𝑝 in 𝑥𝑥-direction 

(cf. Figure 3.1) as well as the particle diameter 𝑑𝑑𝑝𝑝. This is a unique measurement principle because there 

is no other method to perform this on discrete particles with such high temporal and spatial resolution 

(Albrecht et al., 2003). The PDA technique is based on the fact that the incident spatially and temporally 

coherent laser light undergoes a phase shift depending on the particle diameter 𝑑𝑑𝑝𝑝. How the phase shift 

is initiated due to the particle is shown schematically in Figure 3.2. The velocity at which light travels 

in a medium depends on the refraction index. When light passes through an optically denser particle, it 

is slowed down. Since the incident light rays hit the particle at different locations, the distance that the 

light has to travel through the particle varies. Consequently, although the light rays in the particle have 

the same velocity, they have to cover a different distance. As a result, the light rays have a phase differ-

ence when they emerge from the particle. 
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Figure 3.2.: Principle of phase shift due to refraction of incident light. 

 

The phase shift  

Δϕ𝑔𝑔ℎ = ϕℎ − ϕ𝑔𝑔 =
𝜋𝜋
𝜆𝜆𝑤𝑤

𝑑𝑑𝑝𝑝 ⋅ (𝛽𝛽ℎ − 𝛽𝛽𝑔𝑔) (3.2) 

depends on the particle diameter 𝑑𝑑𝑝𝑝 and various constant system parameters, which are captured by the 

phase factors 𝛽𝛽𝑔𝑔 of the detector system. The phase factors depend on the type of light scattering mech-

anism. It is, therefore, essential to choose an angle between the transmitter and receiver head at which a 

single light scattering mode dominates almost exclusively. Figure 3.3 shows a scheme of the three most 

important light scattering modes for transparent particles. A distinction is made between reflection, re-

fraction and second-order refraction. Of course, higher-order refraction mechanisms are also possible, 

but these are not of major relevance, and are therefore not considered here. 

 

 
Figure 3.3.: Schematic illustration of three different light scattering modes for transparent particles ac-

cording to Dantec Dynamics A/S (2011). 
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The optimal angle between the transmitter and receiver head 𝜑𝜑 depends on the relative refractive index 

between the particle and fluid phase 𝑛𝑛rel and the polarisation of the laser light. Using a tool from Dantec 

Dynamics, an angle of 𝜑𝜑 = 56° was selected between the transmitting and receiving head. This results 

in 97.9 % confidence for first-order refraction as the predominant scattering mode for the ethylene glycol 

tracers with 𝑛𝑛rel = 1.357 used. The phase factors 𝛽𝛽𝑔𝑔 for first-order refraction are calculated as follows: 

𝛽𝛽𝑔𝑔 = 2 ��1 + 𝑛𝑛rel2 − √2 ⋅ 𝑛𝑛rel ⋅ �𝑓𝑓𝑔𝑔+ − �1 + 𝑛𝑛rel2 − √2 ⋅ 𝑛𝑛rel ⋅ �𝑓𝑓𝑔𝑔−�, (3.3) 

with 

𝑓𝑓𝑔𝑔± = 1 + cos
𝜗𝜗
2
⋅ cos𝜑𝜑 ⋅ cos𝜓𝜓𝑔𝑔 ± sin

𝜗𝜗
2
⋅ sin𝜓𝜓𝑔𝑔. (3.4) 

Here 𝜑𝜑 and 𝜓𝜓𝑔𝑔 are angles between the transmitting head and the sensors. The Figure 3.4 shows how 

these angles are defined. Here, 𝜓𝜓𝑔𝑔 is the azimuth angle that defines the rotational position about the 

𝑧𝑧-axis and 𝜑𝜑 is the scattering angle measured from the axis of the transmitting optics to the bisector of 

the two incident beams. For the present case the angle of the incident laser beams is 𝜗𝜗 = 5.44° and the 

scattering angle is 𝜑𝜑 = 56°. The azimuth angle 𝜓𝜓𝑔𝑔 depends on the aperture mask and the sensor pair.  

 

 
Figure 3.4.: Coordinate system used with the PDA system. 
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In the 112 mm Fiber PDA system (Dantec Dynamics) that was used, two sensors are used to detect one 

phase shift and three sensors are used to measure two phase shifts because with the 2𝜋𝜋-clarity of the 

phase shift there is an increase in accuracy and additional validation. The arrangement of the sensors is 

explained in Figure 3.4. The aperture mask of the receiver head has three slits. Behind the slit in negative 

𝑥𝑥-direction is sensor 1, in the middle at 𝑥𝑥 = 0 is sensor 3 and in positive 𝑥𝑥-direction is sensor 2. 

 

In Figure 3.5, the correlation between the phase shift ΔΦ𝑔𝑔ℎ and the particle diameter 𝑑𝑑𝑝𝑝 from equation 

(3.2) is shown in an idealised way. The characteristics of the sensor pairs 1-2 and 1-3 are given by the 

thick solid lines and dashed lines. For the sensor pair 1-2, the 2𝜋𝜋-clarity is shown by the fact that there 

are several intersections with the characteristic line for a phase difference, and thus potentially several 

possible particle diameters. This means that it is not possible to distinguish between a phase shift of 2 𝜋𝜋 

or 4 𝜋𝜋, for example, because the maximum phase shift is 2 𝜋𝜋. A second pair 1-3 is used to overcome 

this problem. The maximum measurable particle diameter 𝑑𝑑𝑝𝑝,max is predefined by the sensor pair 1-3 

because this has the smaller gradient. For particle diameters greater than 𝑑𝑑𝑝𝑝 > 𝑑𝑑𝑝𝑝,max, the sensor pair 

1-3 also has a problem with the 2𝜋𝜋-clarity and it is no longer possible to clearly determine the particle’s 

diameter. If even greater particle diameters are to be measured, various aperture masks can be used, 

which influence the characteristic lines for the sensor pairs. 

 

 
Figure 3.5.: Idealised scheme of phase shift Δϕ𝑔𝑔ℎ against particle diameter 𝑑𝑑𝑝𝑝.  

 

3.2. Experimental setup 
 

The used individual apparatuses and instruments are shown in a piping and instrumentation diagram in 

Figure 3.6 and are listed in Table 3.1. At the centre of the facility is a custom-designed stainless steel 

pressure vessel (Walter Ludwig, Behälter- und Anlagenbau e.K.) (E-1) with a volume of 𝑉𝑉 = 2.085 m³, 

which was manufactured specifically for the experiments. The vessel’s volume was determined by fill-

ing with water and measuring the result with an interconnected water meter for cold water (Zenner 
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International GmBH & Co. KG, accuracy better 1 %). The vessel is designed for a maximal positive 

operating pressure of 3 bar. The vessel is filled either via a compressed air network or via compressed 

gas cylinders (E-2) with helium or carbon dioxide. Helium 4.6 with a purity of 99.996 % and carbon 

dioxide 2.5 with a purity of 99.5 % are used here. The gas supply is opened or closed with valve (V-1).  

 

 
Figure 3.6.: Piping and instrumentation diagram of the experimental setup. Modified from PPA1. 

 

Since the pressure of the gas supply is considerably greater than the positive pressure of 0.5 bar to be 

investigated, a pressure reducer Kendall Model 10 (Fairchild) for air or Constant 2000 (Messer SE & 

Co. KGaA) (V-2) for carbon dioxide and helium is used. The supply pipe (Festo SE & Co. KG) (P-1) is 

an 8 m long polyurethane hose with an inner diameter of 8 mm. The connection to the vessel is made 

via an extension of a push-in fitting (Festo SE & Co. KG) to a 1" ball valve (Nieruf GmbH) (V-3). The 

upper part of the vessel contains the access points for the measuring equipment, which are screwed into 

three DN100 blind flanges. An analogue 0–2.5 bar pressure display RF100 D101 (I-1) (AFRISO-EURO-

INDEX GmbH, accuracy better than ± 1.6 %) and a 0–0.6 bar pressure sensor A-10 (I-2) (WIKA Alex-

ander Wiegand SE & Co. KG, accuracy better than ± 0.18 %, settling time < 4 ms) are installed. For 

temperature measurement, a PT100 (I-3) (RS PRO, class b) and a NiCr fine-wire thermocouple (I-5) 

(mawi-therm Temperatur-Prozesstechnik GmbH, 𝑡𝑡99 = 0.5 s) are installed in a flange. The sensor heads 

reach into the centre of the vessel. The PT100 is used to validate the measurement results. The deviation 

between the PT100 and the NiCr fine-wire thermocouple for a steady-state temperature of 

𝑇𝑇𝑃𝑃𝑡𝑡100 = 288.55 K is +0.14 %. Due to the large extensive heat capacity of the vessel’s, the vessel tem-

perature is taken as the differential reference temperature. The reference temperature is measured with 

a temperature probe (I-4) (Driesen + Kern GmbH, accuracy better than ± 0.5 %). Its deviation from a 

stationary temperature is 𝑇𝑇𝑃𝑃𝑡𝑡100 = 288.55 K is + 0.20 %.  
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A fog machine N-19 (eurolite) is placed inside the vessel to generate the flow tracers. The fog liquid is 

an ethylene glycol-water solution with a refraction index of 𝑛𝑛 = 1.357 and a density of 

𝜚𝜚𝑃𝑃 = 1 030 kg/m³. The median particle size at the nozzle outlet is 𝑑𝑑𝑃𝑃50,0 = 6.07 µm. Further information 

on the particle size distribution and the following behaviour of the particles will be given in Figure 5.2. 

 

Table 3.1.: Apparatus and instrument list. 

Number PCE-Category Description Manufacturer 

E-1   Pressure vessel 2.085 m³, 3 bar Walter Ludwig, Behälter- 
und Anlagenbau e.K. 

E-2   Compressed gas cylinder, He 4.5, 300 bar, 50 L 
or CO2 2.5, 57.25 bar, 37.5 kg  Messer SE & Co. KGaA 

V-1 H Valve Messer SE & Co. KGaA 
V-2 H Pressure reducer  Messer SE & Co. KGaA 
V-3 H 1" ball valve Nieruf GmbH 
V-4 H 1" ball valve Nieruf GmbH 
V-5 H 1" ball valve Nieruf GmbH 

V-6 N Quick valve workshop TU Dort-
mund/Fischer 

V-7 Y Safety valve SF01, response pressure 2 bar Nieruf GmbH 
P-1   Supply line, 8 mm, 8 m, PUR Festo SE & Co. KG 
P-2  Outlet 1 " fabric hose Festo SE & Co. KG 

P-3   Discharge pipe, 𝑑𝑑 = 25 mm, 𝐿𝐿 = 400 mm workshop TU Dort-
mund/Fischer 

I-1 PDI Pressure indicator 0-2.5 bar, ½ " AFRISO-EURO-INDEX 
GmbH 

I-2 PDR Pressure sensor A-10, 0-600 mbar or 0-1600 
mbar 

WIKA Alexander Wie-
gand SE & Co. KG 

I-3 TR PT100 RS PRO 
I-4 TR cold junction reference, DKRF300S Driesen + Kern GmbH 

I-5 TR NiCr fine-wire thermocouple mawi-therm Temperatur-
Prozesstechnik GmbH 

I-6 BR Camera C270 Logitech international S.A. 
I-7 SR 60X FiberFlow LDA, 112 mm Fiber PDA Dantec Dynamics 
I-8 QI Gas concentration sensor SOLO Divesoft 

 

To check the amount of fog added, a camera and a lamp (I-6) were installed inside the vessel. The free 

jet to be examined is released via the outlet pipe (P-3), which is a stainless-steel pipe with a diameter of 

𝑑𝑑 = 25 mm and a length of 𝐿𝐿 = 400 mm. A ball valve (V-5) is installed at the beginning of the pipe 

section to close the vessel for a longer period of time. For the sudden opening of the vessel during the 

experiment, valve (V-6) is used. Since all of the usual valves available on the market have opening times 

that are too great to guarantee a sudden opening of the vessel, a "quick valve" was specially designed. 

The opening mechanism is able to open the vessel reproducibly in 34±1 ms.  

 

The valve (V-6) is opened remotely by means of a linear actuator LEZ 1 (isel Germany AG). An IMC1-

10 (isel Germany AG) is used as the controller. The controller is connected to a computer that in addition 

to controlling the opening of the valve (V-6), also records the data from the pressure sensor (I-2) and 

the temperature sensors (I-3, I-4 and I-5) at a sampling rate of 4.5 Hz or 16 Hz. Digital multimeters 

34144A (Agilent Technologies, Inc.) are used to convert the sensors’ signals. 
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A DN50/DN50 SF01 safety valve (Nieruf GmbH) (V-7) is used to prevent safety-critical conditions in 

which the permissible vessel pressure is exceeded. The instrument (I-7) is representative of the entire 

technology of the PDA. Information about the measurement principle of a PDA can be found in section 

3.1.2. A PDA system from Dantec Dynamics is used here. Despite the greater effort measuring particle 

size alongside particle velocity using the PDA, it has proven to be very useful—large particles that may 

not have the gas velocity could be cut off. For more information, see Figure 5.3. A water-cooled 8W 

argon ion laser 95 (Lexel Laser INC) with two dominant wavelengths of 𝜆𝜆𝑤𝑤 = 488 nm and 𝜆𝜆𝑤𝑤 = 514.5 

nm. Here, the green 𝜆𝜆𝑤𝑤 = 514.5 nm wavelength is used because it has a higher intensity, and should 

therefore provide a better signal. 

 

The transmitting head is a 60X FiberFlow (Dantec Dynamics). The transmitting head has a focal length 

of 400 mm and the beam spacing is 38 mm. This leads to an angle of intersection between the two 

incident laser beams of 𝜗𝜗/2 = 2.72°. A 112 mm Fiber PDA (Dantec Dynamics) is used as the receiving 

head. The focal points of the transmitting and receiving heads must be aligned in the three spatial direc-

tions 𝑥𝑥,𝑦𝑦, 𝑧𝑧 with an accuracy better than 100 µm and the three spatial angles 𝜑𝜑𝑥𝑥𝑥𝑥,𝜑𝜑𝑥𝑥𝑥𝑥,𝜑𝜑𝑥𝑥𝑥𝑥 must also be 

adjusted as accurately as possible (cf. Figure 3.7).  

 

 
Figure 3.7.: Definition of the coordinate system used to measure the velocity field of the transient gas 

jets. The transmitting head and the receiving head are arranged in forward scattering mode to maximise 

the scattered light intensity. The receiving head is mounted on a three-axis traverse for optimum adjust-

ment. Modified from PPA1. 
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A manual adjustment is almost impossible because the tightening of the adjustment screws alone had a 

great effect on the quality of the receiver’s signal. Therefore, the receiving head is bolted to a three-axis 

traverse system. In 𝑥𝑥- and 𝑧𝑧-directions a traverse LES 6 (isel Germany) and in 𝑦𝑦-direction a traverse 

86.8.18 M (Zebotronics Schrittmotoren GmbH) is used. These are connected to a controller IMC-P1-4 

(isel Germany), which is controlled via a computer with the BSA Flow Software v6.01 (Dantec Dynam-

ics). This makes it possible to control the three spatial directions with an accuracy of 10 µm. To avoid 

a completely new adjustment for each position, the transmitter and receiver head are interconnected in 

𝑥𝑥-direction by a frame made of torsion-resistant 95x95 mm aluminium profiles (Spindler and Hoyer). 

This frame was in turn bolted to four linear runners LFV 6-48 (isel Germany), which run on linear guide 

rails LSV 6-48 (isel Germany) with a length of 2998 mm. The linear runners are adjustable without play 

due to eccentric rollers. Overall, when setting up the rails, it is essential that they run parallel to the jet 

axis. To ensure this, the alignment was carried out with a GCL 2-15 (Bosch Professional) cross-line 

laser with automatic levelling. The two angles are set to 𝜑𝜑𝑥𝑥𝑥𝑥 = 𝜑𝜑𝑥𝑥𝑥𝑥 = 0° ± 0.02°. The angle 𝜑𝜑𝑥𝑥𝑥𝑥 be-

tween the emitting and receiving heads depends on the refractive index, the polarisation and the desired 

refraction mechanism. Using a calculation tool (Dantec Dynamics), the angle was set at 𝜑𝜑𝑥𝑥𝑥𝑥 = 56°. The 

angle is selected depending on the relative refractive index of the particles and the type of polarisation 

so that one light scattering mechanism dominates (Albrecht et al., 2003). The dominant scatter order for 

the present PDA set up in forward scatter mode is chosen to first-order refraction. Therefore, the confi-

dence of linearity to determine the particle diameter is 97.9 %.  

 

The signal from the 112 mm Fiber PDA receiver head is evaluated with a three channel BSA P600-1D 

(Dantec Dynamics) burst spectrum analyser. The system is able to process velocities of up to 433 m/s 

and a data rate of up to 200 kHz. The particle size is determined based on three sensors that measure 

two phase differences Δ𝜙𝜙𝑔𝑔ℎ. The particles are assumed to hava a spherical shape because the particle 

size is only determined in one dimension. This assumption seems suitable given that as the particles are 

droplets of a few µm in size and are unlikely to be deformed by the surrounding gas flow if they have 

no relative velocity (cf. Table 5.2). The measured values are assigned a time stamp with a resolution of 

1 µs. A black laser-protection curtain was hung to separate the control area from the measuring area, so 

that no person has to be in the hazardous area during the measurements. The laser-protection curtain is 

so heavy that it practically does not move during the discharge experiment. The arrangement of the 

vessel and the PDA measurement equipment is shown in Figure 3.8. For a better overview, the laser-

protection curtain separating the measuring area and the control area shown in Figure 3.7 was removed 

for the photo. The left-hand side of the picture shows the pressure vessel with all the pressure and tem-

perature sensors connected to it and the computers for data recording. The PDA system can be seen on 

the traverse system on the right-hand side of the picture, which in turn can be moved on linear axes. 
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Figure 3.8.: Experimental setup to measure transient vessel outflows and form a horizontal gas jet. The 

PDA system is mounted on linear rails to measure different axial positions without adjustment. Modified 

from PPA1. 

 

3.3. Numerical principles  
 

The general workflow of numerical simulations is shown in Figure 3.9. The physical principles and 

numerical methods must be clarified in advance and all required material data must be determined. Then, 

the geometry in which the computational mesh is generated is defined. After that, the boundary and 

initial conditions are defined and the numerical simulations are performed. In the subsequent graphical 

evaluation, loops are run through in which an optimisation of the geometry, the mesh and the solver is 

worked out. For the purpose of clarity, a detailed presentation of the individual iteration steps of the 

workflow is not provided in the simulation chapters that follow. 
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Figure 3.9.: Scheme of the workflow of a numerical calculation according to Oertel and Laurien (1995). 

 

In the following sections, the physics are presented in the form of the governing conservation and state 

equations. Furthermore, the general mesh requirements are described and the principle of a Richardson 

extrapolation for the validation of a mesh independence is explained. The specific geometries, compu-

tational meshes, boundary and initial conditions are discussed in the simulation chapters 4 and 6.  

 

 Governing equations 
 

The conservation equations of mass, momentum and energy are used for the basic description of the free 

jets, as well as the equations of state for the coupling of the state variables. Based on these equations, 

solution algorithms for numerical calculations are described. In this work, the CFD simulations are per-

formed with the software Ansys CFX 2021 R2.  

The conservation of mass is described by the continuity equation 

𝜕𝜕𝜚𝜚
𝜕𝜕𝑡𝑡

+
∂
𝜕𝜕𝑥𝑥𝑗𝑗

�𝜚𝜚𝑢𝑢𝑗𝑗� = 0. (3.5) 

Here, 𝜚𝜚 is the density of the fluid, 𝑡𝑡 is the time, 𝑥𝑥𝑗𝑗 is the 𝑗𝑗-component of the spatial vector �⃗�𝑥 = (𝑥𝑥,𝑦𝑦, 𝑧𝑧) 

and 𝑢𝑢𝑗𝑗 is the 𝑗𝑗-component of the velocity vector 𝑢𝑢�⃗ = (𝑢𝑢, 𝑣𝑣,𝑤𝑤). Thus, the first summand represents the 

accumulation of mass and the further summands represent the spatial change of the mass flux.  

 

The conservation of momentum for flows is described by the Navier–Stokes equation 

𝜕𝜕
𝜕𝜕𝑡𝑡

(𝜚𝜚 𝑢𝑢𝑖𝑖) +
∂
𝜕𝜕𝑥𝑥𝑗𝑗

�𝜚𝜚 𝑢𝑢𝑖𝑖 𝑢𝑢𝑗𝑗� = −
𝜕𝜕𝑝𝑝
𝜕𝜕𝑥𝑥𝑖𝑖

+
𝜕𝜕𝜏𝜏𝑖𝑖𝑗𝑗
𝜕𝜕𝑥𝑥𝑗𝑗

+ 𝑆𝑆𝑀𝑀,𝑖𝑖. (3.6) 
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Here, 𝑝𝑝 is the pressure and 𝜏𝜏𝑖𝑖𝑗𝑗 is the shear stress tensor. On the left-hand side of the Navier–Stokes 

equation (3.6), the inertia terms are listed in the form of the local and convective volume-based acceler-

ation. On the right-hand side of equation (3.6) are the mass-related surface and volume forces. The 

surface forces include pressure and friction forces. The volume forces, such as gravity, are summarised 

in the source/sink term 𝑆𝑆𝑀𝑀,𝑖𝑖. 

 

The shear stress tensor 

𝜏𝜏𝑖𝑖𝑗𝑗 = 𝜇𝜇 �
𝜕𝜕𝑢𝑢𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

+
𝜕𝜕𝑢𝑢𝑗𝑗
𝜕𝜕𝑥𝑥𝑖𝑖

� −
2
3

 𝜇𝜇 
𝜕𝜕𝑢𝑢𝑘𝑘
𝜕𝜕𝑥𝑥𝑘𝑘

 𝛿𝛿𝑖𝑖𝑗𝑗 (3.7) 

describes the friction of the fluid. Here, 𝜇𝜇 is the dynamic viscosity and 𝛿𝛿𝑖𝑖𝑗𝑗 is the Kronecker delta. The 

second term of the shear stress tensor in equation (3.7) describes the volume viscosity according to 

Stokes (2009), which (to date) has not been universally proven (Wendt, 2009).  

 

The conservation of energy is described by 

𝜕𝜕
𝜕𝜕𝑡𝑡

(𝜚𝜚ℎtot) −
𝜕𝜕𝑝𝑝
𝜕𝜕𝑡𝑡

+
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

�𝜚𝜚 𝑢𝑢𝑗𝑗 ℎtot� =
𝜕𝜕𝑞𝑞𝑗𝑗
𝜕𝜕𝑥𝑥𝑗𝑗

+
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

�𝑢𝑢𝑖𝑖 𝜏𝜏𝑖𝑖𝑗𝑗� + 𝑆𝑆𝐸𝐸 (3.8) 

with the specific total enthalpy ℎtot 

ℎtot = ℎ(𝑇𝑇) +
𝑢𝑢𝑖𝑖  𝑢𝑢𝑖𝑖

2
. (3.9) 

Here, ℎ(𝑇𝑇) is the temperature dependend enthalpy without kinetic energy. On the left-hand side of the 

energy conservation equation are the accumulation term and the convective heat fluxes. On the 

right-hand side the term 𝜕𝜕𝑞𝑞𝑗𝑗/𝜕𝜕𝑥𝑥𝑗𝑗 is for diffusive energy transport in the form of heat conduction and is 

described according to Fourier's law 

𝑞𝑞𝑗𝑗 = 𝜆𝜆
𝜕𝜕𝑇𝑇
𝜕𝜕𝑥𝑥𝑗𝑗

. (3.10) 

Here, 𝜆𝜆 is the thermal conductivity and 𝑇𝑇 is temperature. The term 𝜕𝜕(𝑢𝑢𝑖𝑖𝜏𝜏𝑖𝑖𝑗𝑗)/𝜕𝜕𝑥𝑥𝑗𝑗 in equation (3.8) rep-

resents the work of viscous stresses dissipated into heat due to shearing of the fluid and is called viscous 

dissipation. Energy sources and sinks are summarised in the term 𝑆𝑆𝐸𝐸. (Schlichting and Gersten, 2006) 

To close the system of equations (3.5), (3.6) and (3.8), the dependencies of the state variables such as 

the density 𝜚𝜚(𝑝𝑝,𝑇𝑇) must be described as a function of pressure and temperature. Assuming a calorically 

ideal gas, the thermal equation of state of ideal gases 

𝜚𝜚 =
𝑝𝑝𝑀𝑀
𝑅𝑅𝑇𝑇

 (3.11) 

is used according to Rist (1996). Here, 𝑅𝑅 is the ideal gas constant and 𝑀𝑀 is the mean molar mass. To 

describe the temperature dependent enthalpy ℎ(𝑇𝑇), the caloric equation of state is used 
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𝑑𝑑ℎ = 𝑐𝑐𝑝𝑝(𝑇𝑇)𝑑𝑑𝑇𝑇. (3.12) 

Here, 𝑐𝑐𝑝𝑝(𝑇𝑇) is the specific heat capacity at constant pressure 𝑝𝑝. Since multicomponent systems are in-

vestigated, an equation for the transport of the mass fraction 𝑌𝑌𝑆𝑆 of species 𝑆𝑆 is needed (Gerold, 2015). 

This reads as 

𝜕𝜕
𝜕𝜕𝑡𝑡

(𝜚𝜚𝑌𝑌𝑆𝑆) +
𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜚𝜚𝑢𝑢𝑖𝑖𝑌𝑌𝑆𝑆) =
𝜕𝜕𝑗𝑗𝑆𝑆,𝑖𝑖

𝜕𝜕𝑥𝑥𝑖𝑖
. (3.13) 

Here, 𝑗𝑗𝑆𝑆,𝑖𝑖 is the diffusion flux per unit area of species 𝑆𝑆 in the spatial direction 𝑖𝑖 = 𝑥𝑥,𝑦𝑦, 𝑧𝑧; which is 

described by the law of Fick (1855) 

𝑗𝑗𝑆𝑆,𝑖𝑖 = −𝜚𝜚𝐷𝐷𝑆𝑆
𝜕𝜕𝑌𝑌𝑆𝑆
𝜕𝜕𝑥𝑥𝑖𝑖

,  (3.14) 

where 𝐷𝐷𝑆𝑆 is the diffusion coefficient of species 𝑆𝑆. 

 

Theoretically, these equations with the corresponding models for the viscous stress tensor and the heat 

flux density as well as the thermodynamic state equations are sufficient to describe almost all fluid 

mechanical problems. However, in turbulent flows the local and temporal fluctuations are in such a wide 

range of scales that it is impossible to solve practical fluid mechanical problems by direct numerical 

simulation with today's computing power (Spalart and Venkatakrishnan, 2016). 

 

To solve this problem, all flow variables 𝜙𝜙(�⃗�𝑥, 𝑡𝑡) are divided into time averages 𝜙𝜙�(�⃗�𝑥) and turbulent fluc-

tuations 𝜙𝜙′(�⃗�𝑥, 𝑡𝑡) according to Reynolds (1895) 

𝜙𝜙(�⃗�𝑥, 𝑡𝑡) = 𝜙𝜙�(�⃗�𝑥) + 𝜙𝜙′(�⃗�𝑥, 𝑡𝑡), (3.15) 

with 

𝜙𝜙� =
1
Δ𝑡𝑡

 � 𝜙𝜙 𝑑𝑑𝑡𝑡
𝑡𝑡+Δ𝑡𝑡

𝑡𝑡
. (3.16) 

Therefore, the exact equations are time averaged. Here, Δ𝑡𝑡 is a time scale, which is large compared to 

the turbulent fluctuation time scale but small relative to the physical time scale of the fluid mechanical 

problem. Using the time-averaging rules of Wilcox (1988), the following conservation equations are 

obtained. 

𝜕𝜕𝜚𝜚
𝜕𝜕𝑡𝑡

+
∂
𝜕𝜕𝑥𝑥𝑗𝑗

�𝜚𝜚𝑢𝑢�𝑗𝑗� = 0, (3.17) 

𝜕𝜕
𝜕𝜕𝑡𝑡

(𝜚𝜚 𝑢𝑢�𝑖𝑖 ) +
∂
𝜕𝜕𝑥𝑥𝑗𝑗

�𝜚𝜚 𝑢𝑢�𝑖𝑖 𝑢𝑢�𝑗𝑗� = −
𝜕𝜕�̅�𝑝
𝜕𝜕𝑥𝑥𝑖𝑖

+
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��̅�𝜏𝑖𝑖𝑗𝑗 − 𝜚𝜚𝑢𝑢𝑖𝑖′𝑢𝑢𝑗𝑗′�+ 𝑆𝑆𝑀𝑀,𝑖𝑖, (3.18) 

with  
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�̅�𝜏𝑖𝑖𝑗𝑗 = 𝜇𝜇 �
𝜕𝜕𝑢𝑢�𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

+
𝜕𝜕𝑢𝑢�𝑗𝑗
𝜕𝜕𝑥𝑥𝑖𝑖

� −
2
3

 𝜇𝜇 
𝜕𝜕𝑢𝑢�𝑘𝑘
𝜕𝜕𝑥𝑥𝑘𝑘

 𝛿𝛿𝑖𝑖𝑗𝑗; (3.19) 

𝜕𝜕𝜚𝜚ℎ�tot
𝜕𝜕𝑡𝑡

−
𝜕𝜕�̅�𝑝
𝜕𝜕𝑡𝑡

+
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

�𝜚𝜚𝑢𝑢�𝑗𝑗 ℎ�tot� =
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

�𝜆𝜆
𝜕𝜕 𝑇𝑇�
𝜕𝜕𝑥𝑥𝑗𝑗

− 𝜚𝜚𝑢𝑢𝑗𝑗′ℎ′ �+
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

�𝑢𝑢�𝑖𝑖 ��̅�𝜏𝑖𝑖𝑗𝑗 − 𝜚𝜚 𝑢𝑢𝑖𝑖′𝑢𝑢𝑗𝑗′��+ 𝑆𝑆𝐸𝐸 , (3.20) 

with 

ℎ�tot = ℎ� +
1
2
𝑢𝑢�𝑖𝑖 𝑢𝑢�𝑖𝑖 +  

1
2
𝑢𝑢𝑖𝑖′𝑢𝑢𝑖𝑖′���
𝑘𝑘

. (3.21) 

Here, the term 𝜚𝜚 𝑢𝑢𝑖𝑖′𝑢𝑢𝑗𝑗′ is the Reynolds stress and 1
2
𝑢𝑢𝚤𝚤′𝑢𝑢𝚤𝚤′������ is the turbulent kinetic energy 𝑘𝑘. A closure prob-

lem of the differential equations system arises because it is unterdetermined due to the unknown Reyn-

olds stresses 𝜚𝜚 𝑢𝑢𝑖𝑖′𝑢𝑢𝑗𝑗′ and no unique solution exists. To solve the problem, the Reynolds stresses 𝜚𝜚 𝑢𝑢𝑖𝑖′𝑢𝑢𝑗𝑗′ 

are approximated through models. 

 

According to the hypothesis of  Boussinesq (1877), turbulence can be described in terms of small vorti-

ces that are constantly forming and dissipating. Accordingly, turbulent fluctuation causes an increase in 

viscosity. The so-called eddy viscosity 𝜇𝜇𝑡𝑡 has to be added to the molecular viscosity 𝜇𝜇, i.e., 

𝜇𝜇eff = 𝜇𝜇 + 𝜇𝜇𝑡𝑡 , (3.22) 

and taken into account in the conservation equations in the form of the effective viscosity 𝜇𝜇eff. This 

model approximation is called eddy-viscosity model. According to this approximation, the Reynolds 

stresses are proportional to the mean velocity gradients because there is an analogy to the friction law 

of Stokes for laminar flows (Oertel and Laurien, 1995), hence  

−𝜚𝜚 𝑢𝑢𝑖𝑖′𝑢𝑢𝑗𝑗′ = 𝜇𝜇𝑡𝑡 �
𝜕𝜕𝑢𝑢�𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

+
𝜕𝜕𝑢𝑢�𝑗𝑗
𝜕𝜕𝑥𝑥𝑖𝑖

� −
2
3
𝛿𝛿𝑖𝑖𝑗𝑗 �𝜚𝜚𝑘𝑘 + 𝜇𝜇𝑡𝑡

𝜕𝜕𝑢𝑢�𝑘𝑘
𝜕𝜕𝑥𝑥𝑘𝑘

�. (3.23) 

The eddy viscosity 𝜇𝜇𝑡𝑡 must also be approximated by models, which will be presented in the next sec-

tions. Analogous to the eddy-viscosity hypothesis, there is the eddy-diffusion hypothesis, which states 

that the time-averaged fluxes of a scalar are linearly related to the mean gradient of the scalar, i.e.; 

−𝜚𝜚𝑢𝑢𝑖𝑖′𝜙𝜙′ = Γ𝑡𝑡
𝜕𝜕𝜙𝜙
𝜕𝜕𝑥𝑥𝑖𝑖

. (3.24) 

Here, Γ𝑡𝑡 is the eddy diffusion 

Γ𝑡𝑡 =
𝜇𝜇𝑡𝑡
𝑃𝑃𝑟𝑟𝑡𝑡

, (3.25) 

which is described with the turbulent viscosity 𝜇𝜇𝑡𝑡 and the turbulent Prandtl number Pr𝑡𝑡. Furthermore, a 

modified pressure  

𝑝𝑝mod = 𝑝𝑝 +
2
3
𝜚𝜚𝑘𝑘 (3.26) 
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is implemented in ANSYS CFX. Rigorously, the right-hand side of equation (3.26) also contain the term 

+2/3 𝜇𝜇eff 𝜕𝜕𝑢𝑢�𝑘𝑘/𝜕𝜕𝑥𝑥𝑘𝑘 and it is correct in this form only for incompressible fluids. The additional term is 

neglected in ANSYS CFX and is not implemented. Considered strictly, the eddy-viscosity model is only 

valid for isotropic turbulence. For flows where anisotropic turbulence is present, second-order closure 

would have to be performed, according to Oertel and Laurien (1995). These more complex models, 

which take into account the anisotropy of the turbulence, include (for example) the Reynolds stress 

models. However, the model parameters required for this are still the subject of current research and a 

much greater computational effort is required. The two turbulence models used are presented in the 

following sections. 

 

3.3.1.1. 𝒌𝒌-𝜺𝜺 turbulence model 
 

The first turbulence model used in this work is the standard 𝑘𝑘-𝜀𝜀 turbulence model according to Jones 

and Launder (1972). It is validated for the simulation of free shear layers and is the established model 

for such problems. According to Launder and Spalding (1974), it is based on the following approach 

𝜇𝜇𝑡𝑡 = 𝜚𝜚 𝐶𝐶𝜇𝜇
𝑘𝑘2

𝜀𝜀
. (3.27) 

Here, 𝜀𝜀 is the isotropic dissipation rate of the turbulent kinetic energy 𝑘𝑘 and 𝐶𝐶𝜇𝜇 is a model constant. This 

leads to the following equation for the conservation of momentum  

𝜕𝜕𝜚𝜚𝑢𝑢�𝑖𝑖
𝜕𝜕𝑡𝑡

+
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

�𝜚𝜚𝑢𝑢�𝑖𝑖  𝑢𝑢�𝑗𝑗� = −
𝜕𝜕𝑝𝑝mod
𝜕𝜕𝑥𝑥𝑖𝑖

+
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

�(𝜇𝜇 + 𝜇𝜇𝑡𝑡)�
𝜕𝜕𝑢𝑢�𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

+
𝜕𝜕𝑢𝑢�𝑗𝑗
𝜕𝜕𝑥𝑥𝑖𝑖

�� + 𝑆𝑆𝑀𝑀,𝑖𝑖. (3.28) 

The following equation applies to the conservation of energy 

𝜕𝜕𝜚𝜚ℎ�tot
𝜕𝜕𝑡𝑡

−
𝜕𝜕�̅�𝑝
𝜕𝜕𝑡𝑡

+
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

�𝜚𝜚𝑢𝑢�𝑗𝑗 ℎ�tot� =
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

�𝜆𝜆
𝜕𝜕 𝑇𝑇�
𝜕𝜕𝑥𝑥𝑗𝑗

−
𝜇𝜇𝑡𝑡
𝑃𝑃𝑟𝑟𝑡𝑡

𝜕𝜕ℎ�
𝜕𝜕𝑥𝑥𝑗𝑗

� +
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

�𝑢𝑢�𝑖𝑖 ��̅�𝜏𝑖𝑖𝑗𝑗 − 𝜚𝜚 𝑢𝑢𝑖𝑖′𝑢𝑢𝑗𝑗′��. (3.29) 

To close the differential equation system, two further equations are introduced according to Launder 

and Spalding (1974). On the one hand, the equation for the transport of turbulent kinetic energy 𝑘𝑘 

𝜕𝜕𝜚𝜚𝑘𝑘
𝜕𝜕𝑡𝑡

+
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

�𝜚𝜚𝑢𝑢�𝑗𝑗𝑘𝑘� =
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 +
𝜇𝜇𝑡𝑡
𝜎𝜎𝑘𝑘
�
𝜕𝜕𝑘𝑘
𝜕𝜕𝑥𝑥𝑗𝑗

� + 𝑃𝑃𝑘𝑘 − 𝜚𝜚𝜀𝜀 + 𝑃𝑃𝑘𝑘𝑏𝑏 , (3.30) 

and on the other hand the equation for the transport of the isotropic dissipation rate 𝜀𝜀 

𝜕𝜕𝜚𝜚𝜀𝜀
𝜕𝜕𝑡𝑡

+
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

�𝜚𝜚𝑢𝑢�𝑗𝑗 𝜀𝜀� =
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 +
𝜇𝜇𝑡𝑡
𝜎𝜎𝜀𝜀
�
𝜕𝜕𝜀𝜀
𝜕𝜕𝑥𝑥𝑗𝑗

� +
𝜀𝜀
𝑘𝑘

(𝐶𝐶𝜀𝜀1𝑃𝑃𝑘𝑘 − 𝐶𝐶𝜀𝜀2𝜚𝜚𝜀𝜀 + 𝐶𝐶𝜀𝜀1𝑃𝑃𝜀𝜀𝑏𝑏).  (3.31) 

Here, 𝑃𝑃𝑘𝑘 is the turbulence production due to viscous forces, which is modelled as 

𝑃𝑃𝑘𝑘 = 𝜇𝜇𝑡𝑡 �
𝜕𝜕𝑢𝑢�𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

+
𝜕𝜕𝑢𝑢�𝑗𝑗
𝜕𝜕𝑥𝑥𝑖𝑖

�
𝜕𝜕𝑢𝑢�𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

−
2
3
𝜕𝜕𝑢𝑢�𝑘𝑘
𝜕𝜕𝑥𝑥𝑘𝑘

�3𝜇𝜇𝑡𝑡
𝜕𝜕𝑢𝑢�𝑘𝑘
𝜕𝜕𝑥𝑥𝑘𝑘

+ 𝜚𝜚𝑘𝑘�.  (3.32) 

The term 𝑃𝑃𝑘𝑘𝑏𝑏 is the turbulence production  
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𝑃𝑃𝑘𝑘𝑏𝑏 = −
𝜇𝜇𝑡𝑡
𝜚𝜚
𝑔𝑔𝑖𝑖 

𝜕𝜕𝜚𝜚
𝜕𝜕𝑥𝑥𝑖𝑖

 , (3.33) 

where 𝑖𝑖 is the component of the gravitational acceleration vector and 𝑃𝑃𝜀𝜀𝑏𝑏 is the turbulence dissipation  

𝑃𝑃𝜀𝜀𝑏𝑏 = max(0,𝑃𝑃𝑘𝑘𝑏𝑏) (3.34) 

due to buoyancy. The constants  𝐶𝐶𝜇𝜇 = 0.09, 𝜎𝜎𝑘𝑘 = 1, 𝜎𝜎𝜀𝜀 = 1.3, 𝐶𝐶𝜀𝜀1 = 1.44 and 𝐶𝐶𝜀𝜀2 = 1.92 have been cali-

brated in the literature by comparing experimental and numerical studies and there are several proposed 

sets. Here, the constants of Launder and Spalding (1974) are used because they are carefully studied and 

capture most problems well. The constants were adapted for the calculation of free turbulent flows, such 

as plane free jets and shear flows. Further details on the equations used can be found in ANSYS (2019). 

 

3.3.1.2. Generalised 𝒌𝒌-𝝎𝝎 (GEKO) turbulence model  
 

The second turbulence model is the generalised 𝑘𝑘-𝜔𝜔 (GEKO) turbulence model. The GEKO model is a 

relatively new two-equation turbulence model by Menter et al. (2019), which is based on the 𝑘𝑘-𝜔𝜔 model 

according to Wilcox (1998). However, it can be adapted to a wide variety of fluid mechanical problems. 

The advantage of this is that problems are not adapted by using different turbulence models, as is usually 

the case, but rather by using different parameter sets for one turbulence model. Of course, the parameters 

of the 𝑘𝑘-𝜀𝜀 turbulence model can also be adjusted, but a slight change of one parameter may have a direct 

and major impact on the overall result of the model, so this is generally not recommended. 

 

In the following, the governing equations of the GEKO model and the six free parameters are presented.  

The equations for the conservation of mass (3.17), momentum (3.28) and energy (3.29) of the GEKO 

model do not differ from the 𝑘𝑘-𝜀𝜀 turbulence model. The difference is the calculation of turbulent vis-

cosity by 

𝜇𝜇𝑡𝑡 = 𝜚𝜚
𝑘𝑘

max (𝜔𝜔, 𝑆𝑆/𝐶𝐶Realize)
 , (3.35) 

which ensures that the Reynolds stresses do not become negative and that the eddy viscosity 𝜇𝜇𝑡𝑡 cannot 

grow arbitrarily in the case where the turbulent frequency tends to zero, i.e., 𝜔𝜔 → 0. Here, 𝑆𝑆 is the strain  

𝑆𝑆 = �2 𝑆𝑆𝑖𝑖𝑗𝑗𝑆𝑆𝑖𝑖𝑗𝑗 ,  (3.36) 

with  

𝑆𝑆𝑖𝑖𝑗𝑗 =
1
2�

𝜕𝜕𝑢𝑢�𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

+
𝜕𝜕𝑢𝑢�𝑗𝑗
𝜕𝜕𝑥𝑥𝑗𝑗

�. (3.37) 
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Furthermore, 𝐶𝐶Realize = 0.577 is the realisation coefficient, which is an additional limit of turbulence 

production beside the production limiter 𝑃𝑃𝑘𝑘, which reads as  

𝑃𝑃𝑘𝑘 = −�̅�𝜏𝑖𝑖𝑗𝑗
𝜕𝜕𝑢𝑢�𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

. (3.38) 

The shear stress tensor �̅�𝜏𝑖𝑖𝑗𝑗 of the GEKO model has a third non-linear stress-strain term to account for 

secondary flows in corners Mani et al. (2013), i.e. 

�̅�𝜏𝑖𝑖𝑗𝑗 = 𝜇𝜇𝑡𝑡 �
𝜕𝜕𝑢𝑢�𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

+
𝜕𝜕𝑢𝑢�𝑗𝑗
𝜕𝜕𝑥𝑥𝑖𝑖

� −
2
3

 𝜚𝜚𝑘𝑘 𝛿𝛿𝑖𝑖𝑗𝑗

− 𝐶𝐶CORNER
1.2 𝜇𝜇𝑡𝑡

max �0.3 𝜔𝜔,�0.5(𝑆𝑆2 + 𝛺𝛺2)�
�𝑆𝑆𝑖𝑖𝑘𝑘Ω𝑘𝑘𝑗𝑗 − Ω𝑖𝑖𝑘𝑘𝑆𝑆𝑘𝑘𝑗𝑗�. 

(3.39) 

Furthermore, Ω is the vorticity given by 

Ω = �2Ω𝑖𝑖𝑗𝑗Ω𝑖𝑖𝑗𝑗 ,  (3.40) 

with  

Ω𝑖𝑖𝑗𝑗 =
1
2�

𝜕𝜕𝑢𝑢�𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

−
𝜕𝜕𝑢𝑢�𝑗𝑗
𝜕𝜕𝑥𝑥𝑖𝑖

�.  (3.41) 

 The transport equation for the turbulent kinetic energy 𝑘𝑘 in the GEKO model is 

𝜕𝜕(𝜚𝜚𝑘𝑘)
𝜕𝜕𝑡𝑡

+
𝜕𝜕(𝜚𝜚𝑢𝑢�𝑗𝑗𝑘𝑘)
𝜕𝜕𝑥𝑥𝑗𝑗

= 𝑃𝑃𝑘𝑘 − 𝐶𝐶𝜇𝜇𝜚𝜚𝑘𝑘𝜔𝜔 +
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 +
𝜇𝜇𝑡𝑡
𝜎𝜎𝑘𝑘
�
𝜕𝜕𝑘𝑘
𝜕𝜕𝑥𝑥𝑗𝑗

 �. (3.42) 

Here, 𝐶𝐶𝜇𝜇 = 0.09 and 𝜎𝜎𝑘𝑘 = 1.0 are the common 𝑘𝑘-𝜀𝜀 model constants according to Launder and Spalding 

(1974) and 𝜔𝜔 is the turbulent frequency, which is captured in a separate transport equation, namely 

𝜕𝜕(𝜚𝜚𝜔𝜔)
𝜕𝜕𝑡𝑡

+
𝜕𝜕(𝜚𝜚𝑢𝑢�𝑗𝑗𝜔𝜔)
𝜕𝜕𝑥𝑥𝑗𝑗

= 𝐶𝐶𝜔𝜔1𝐹𝐹1
𝜔𝜔
𝑘𝑘
𝑃𝑃𝑘𝑘 − 𝐶𝐶𝜔𝜔2𝐹𝐹2𝜚𝜚𝜔𝜔2 + 𝜚𝜚𝐹𝐹3𝐶𝐶𝐷𝐷 +

𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 +
𝜇𝜇𝑡𝑡
𝜎𝜎𝜔𝜔
�
𝜕𝜕𝜔𝜔
𝜕𝜕𝑥𝑥𝑗𝑗

 �.  (3.43) 

Here, 𝐶𝐶𝜔𝜔1 = 1.7 and 𝐶𝐶𝜔𝜔2 = 1.4 are auxiliary model coefficients and 𝐶𝐶𝐷𝐷 is defined as  

𝐶𝐶𝐷𝐷 =
2
𝜎𝜎𝜔𝜔

1
𝜔𝜔
𝜕𝜕𝑘𝑘
𝜕𝜕𝑥𝑥𝑗𝑗

𝜕𝜕𝜔𝜔
𝜕𝜕𝑥𝑥𝑗𝑗

 ,  (3.44) 

with the 𝑘𝑘-𝜔𝜔 turbulence model constant 𝜎𝜎𝜔𝜔 = 2. Furthermore, 𝐹𝐹1, 𝐹𝐹2 and 𝐹𝐹3 are functions, which are 

tuned by six parameters {𝐶𝐶SEP,𝐶𝐶NW,𝐶𝐶MIX,𝐶𝐶JET,𝐶𝐶CORNER,𝐶𝐶CURV} in such a way that the physics in the 

various fluid mechanical regions are correctly captured. The details of these functions are not published. 

Since these six parameters are mainly used to capture boundary layer and free shear flows, it makes the 

GEKO model interesting for free jets. The main parameter to influence the spreading behaviour of free 

shear flows is the separation coefficient 𝐶𝐶SEP. An increase of the separation parameter 𝐶𝐶SEP reduces the 

eddy viscosity and spreading rate 𝐾𝐾2,𝑢𝑢. Based on some test simulations and comparison with experi-

mental data in chapter 4, the separation coefficient is set to 𝐶𝐶SEP = 2.2. The near wall parameter 

𝐶𝐶NW = 0.5 influences the velocity profile close to the wall and, therefore, mainly influences the heat flux 
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at the wall. The mixing parameter 𝐶𝐶MIX = 0.35sign(𝐶𝐶SEP − 1)�|𝐶𝐶SEP − 1| only influences free shear 

flows and an increase of the mixing parameter 𝐶𝐶MIX increases the eddy viscosity and spreading rate 𝐾𝐾2,𝑢𝑢. 

Here, the default formula was not used and a mixing parameter 𝐶𝐶MIX = 0.3 is set. The jet parameter 

𝐶𝐶𝐽𝐽𝐸𝐸𝐽𝐽 = 0.9 adjusts the spreading rate 𝐾𝐾2,𝑢𝑢 of jet flows, while retaining the spreading of the mixing layer. 

The jet parameter is intended to prevent an overestimation of the spreading rate and an underestimation 

of the decay constant, which is one of the main problems of the 𝑘𝑘-𝜀𝜀 model (Pope, 1978). The corner 

parameter 𝐶𝐶CORNER is used to capture secondary flows in corners, and is therefore not relevant for the 

present problem of a free jet. The curvature correction parameter 𝐶𝐶CURV is an already existing model for 

all eddy-viscosity models that suppresses or enhances turbulence based on the flow curvature (Smirnov 

and Menter, 2009). (Menter et al., 2019) 

 

 Mesh requirements 
 

In computational fluid mechanics, the balance equations given in the previous sections are solved at 

discrete points. The entirety of these discretisation points of a numerical method is called a numerical 

mesh or computational grid (Oertel and Laurien, 1995). Figure 3.10 is used as an example to explain 

how the control volumes are generated. A control volume (grey area) is generated around each mesh 

node using the “median dual”, which is defined by lines joining the element centres and the centres of 

the edges surrounding the node (ANSYS, 2019). 

 

 
Figure 3.10.: Control volume definition according to ANSYS (2019). 

 

According to Paschedag (2006), the solution of a simulation is considerably influenced by the quality 

of the mesh. A distinction is made between geometric, physical and numerical mesh requirements. In 

geometric requirements the domain should be meshed, if possible, in such a way that each cell belongs 

completely to the domain and the cell edges coincide with the edges of the domain (Paschedag, 2006). 
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One of the physical requirements is that the mesh density is oriented to the solution of the partial differ-

ential equations. This means that a denser mesh is needed in areas of steep gradients. Furthermore, the 

main flow direction should flow orthogonally through the cells to minimise numerical diffusion. How-

ever, this requires that the approximate behaviour of the simulation result is known. For this purpose, a 

so-called mesh adaptation simulation with an unstructured mesh was also carried out. The simulation 

runs through several iteration loops, in which the mesh was refined independently in areas of higher 

shear gradients. The mesh created by this method was a reference point for the structured meshes that 

will be used later. 

 

Numerical requirements include low skewness, orthogonality, an aspect ratio close to one and a moder-

ate growth rate of the cells (Paschedag, 2006). It is not always possible to fulfil all criteria equally. In 

particular, the point of an aspect ratio close to one is only fulfilled to a limited extend to reduce the 

number of cells and the computing power. 

 

In general, computational grids are divided into structured and unstructured meshes, as shown in Figure 

3.11. Unstructured meshes have the advantage that they can even be automatically generated for com-

plex 3D geometries and that there is no preferred direction in which the numerical error becomes mini-

mal (Oertel and Laurien, 1995). Since there are no well-defined neighbourhood relationships of nodes 

in an unstructured grid, the relationship between nodes and elements is established by an allocation 

matrix (Oertel and Laurien, 1995). This increases the computational effort and memory requirements 

by a factor of 3 to 4 compared to a structured grid (ANSYS, 2019). For this reason, a structured compu-

tational grid is aimed at in the following. 

 

 
Figure 3.11.: Example of a structured mesh (a) and an unstructured mesh (b). 

 

 Richardson extrapolation  
 

The systems of equations presented in the section 3.3.1.1 and 3.3.1.2 are discretised using an element-

based finite volume method. The equations are approximated by means of a Taylor series. In Ansys 
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CFX, the Taylor series is usually terminated after the second element, which corresponds to a second-

order accuracy. This is a compromise between accuracy, robustness and computing power. The equa-

tions discretised in space and time are approximations to the differential equations describing the prob-

lem (ANSYS, 2019). Therefore, the discretisation generates an error, which can be estimated with a 

mesh-independence study. The discretised solution Φ𝐻𝐻, where the index 𝐻𝐻 is the mesh spacing of the 

reference mesh, deviates from the exact solution Φ by the discretisation error 𝜖𝜖𝐻𝐻, i.e., 

Φ = Φ𝐻𝐻 + 𝜖𝜖𝐻𝐻 . (3.45) 

To determine the discretisation error, Richardson (1911) has developed a method where the exact solu-

tion of the differential equations is extrapolated. The extrapolation is based on mesh resolutions of var-

ying fineness. This proves the convergence of the solution and the independence towards a refinement 

of the mesh. The exact solution Φ, i.e. 

Φ ≈ Φ𝐻𝐻 +
(Φ𝐻𝐻 −Φ2𝐻𝐻)2

2Φ2𝐻𝐻 − Φ4𝐻𝐻 − Φ𝐻𝐻
, (3.46) 

is directly approximated from the solution of the single Φ𝐻𝐻, double Φ2𝐻𝐻 and quadruple Φ4𝐻𝐻 mesh dis-

tance. (Ferziger et al., 2020)  

 

However, such an extrapolation of the exact solution Φ is only possible if the solutions with different 

mesh resolutions are strictly-monotonic in relation to each other. The deviations of the solutions with 

different mesh resolution from the approximated exact solution Φ is considered as a quality criterion of 

convergence. Therefore, this procedure is carried out as a validation step in the subsequent simulations. 
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4. Similarity solution for subcritical pressure relief 
 

Based on the Bernoulli’s equation, a fast and accurate model for the prediction of transient gas outflow 

from vessels is to be derived in this chapter. The system is considered adiabatic, isentropic, and subcrit-

ical and the gas is considered ideal and compressible. Two cases are considered. In the first case, a thin-

wall vessel is considered in which frictional pressure losses are negligible. In the second case, a thick-

wall vessel is considered in which frictional pressure losses inside the outlet must be taken into account. 

For the first case, a dimensionless number is to be identified based on the Π-theorem according to Buck-

ingham (1914), which is to be used to describe any subcritical, adiabatic discharge. The model and the 

dimensionless number will be validated by numerical simulations and experiments. 

 

4.1. Introduction 
 

Although the efflux of a compressible gas from a vessel is a basic problem, the derivation of a solution 

is quite complex because there is no general analytical solution, and is therefore error-prone (Batchelor, 

2010). Motivated by the acute case of safety problems at a nuclear power plant, Schmidt (1965) derived 

a model for calculating supercritical and subcritical vessel discharges. The model by Schmidt (1965) is 

fundamentally based on the energy conservation equation for adiabatic gas systems without work and 

friction. The energy conservation was combined with equations of state of ideal gases, isentropic equa-

tions, and a mass balance. A closed-form solution for a heat capacity ratio of 𝜅𝜅 = 1.4 was determined. 

The subcritical solution is only for the case that the discharge just starts at the critical pressure ratio. 

Furthermore, pressure losses are not taken into account. 

 

Rist (1996) derived a model using a similar approach to Schmidt (1965). The assumptions of an adiabatic 

vessel wall and ideally isentropic system are also made in the model according to Rist (1996). In contrast 

to the model according to Schmidt (1965), pressure losses can be taken into account by a loss coefficient. 

Therefore, it should be closer to the real case scenario. If pressure losses are neglected, the model of 

Rist (1996) returns the same discharge durations as the model of Schmidt (1965). The model of Rist 

(1996) is able to capture arbitrary subcritical pressure ratios and is not limited to the critical pressure 

ratio as initial condition. Closed-form solutions for the heat capacity ratios 𝜅𝜅 = 1.33 and 𝜅𝜅 = 1.4 are 

available. 

 
PA1 Parts of this chapter are based on the article: A fast method to predict the transient, subcritical gas 
discharge from a pressure vessel by M.-D. Fischer and K. Boettcher; it was first published in Chem. 
Eng. Sci. 2022 
PA2 Parts of this chapter are based on the article: Similarity solution of subcritical pressure discharges 
from vessel for arbitrary gases by M.-D. Fischer, S. Baier and K. Boettcher; it was first published in 
Chem. Eng. Sci. 2023 
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John and Keith (2006) derived a model using a similar approach to Schmidt (1965) and Rist (1996). An 

adiabatic, isentropic system with an ideal gas is also assumed. As with the work of Schmidt (1965), no 

pressure losses are taken into account, but it is not limited to the critical pressure ratio as an initial 

condition for the discharge. A closed-form solution for a heat capacity ratio of 𝜅𝜅 = 1.4 was determined. 

In the case where the critical pressure ratio is an initial condition, the models of John and Keith (2006) 

and Schmidt (1965) give the same results.  

 

Kümmel (2007) modified the model of Schmidt (1965) and Rist (1996) and was able to calculate closed-

form solutions for the heat capacity ratios 𝜅𝜅 = 1.25; 1.33; 1.4; 1.5. The model according to Kümmel 

(2007) can also calculate subcritical discharges that do not have the critical pressure ratio as an initial 

condition. For this, however, the initial condition must be calculated back to a fictitious critical condi-

tion. The time from the critical condition to the actual initial condition must then be subtracted from the 

total discharge duration. These models had only solutions for very specific heat capacity ratios and need 

a longer training period to understand them. Since these models are quite complex and are not generally 

applicable, they were not very practical for quick estimates. Up to this point, no attempts had been made 

to find a self-similar solution that would suggest a more straightforward calculation. 

 

4.2. Model and dimensionless number 
 

The Bernoulli equation is one of the basic tools for describing one-dimensional, frictionless flows 

(Zierep, 2018). It can also be extended to take pressure losses due to friction and inertia into account, 

thus enabling the calculation of technical pipe flows. The discharge from a pressure vessel is regarded 

as a discontinuous narrowing and widening of a pipe flow. These flows through orifices have already 

been discussed extensively in the literature. The focus was often on stationary flows and the characteri-

sation of the flow conditions in and behind the orifice (Liepmann, 1961; Renn and Hsiao, 2004; Shah et 

al., 2012; Yan and Thorpe, 1990). However, a transient discharge from a vessel, where the focus is on 

the time-dependent flow variables in front of the orifice, has rarely been investigated. In general, the 

compressible Bernoulli equation from a point 1 inside the vessel (cf. Figure 4.1), via the point 2 at the 

vessel outlet, to an infinite point ∞ in the non-affected ambient atmosphere is given by 

1
2
𝑐𝑐12 + 𝑔𝑔𝑧𝑧1 =

1
2
𝑐𝑐∞2 + 𝑔𝑔𝑧𝑧∞ + �

1
𝜚𝜚

𝑝𝑝∞

𝑝𝑝1
𝑑𝑑𝑝𝑝 + �

𝜕𝜕𝑐𝑐
𝜕𝜕𝑡𝑡
𝑑𝑑𝑠𝑠

𝑠𝑠∞

𝑠𝑠1
+
Δ𝑝𝑝loss
𝜚𝜚2

,  (4.1)  

where 𝑐𝑐1 is the average absolute velocity in the vessel, 𝑔𝑔 is the gravitational acceleration, 𝑧𝑧1 = 𝑧𝑧∞ is the 

height, 𝑐𝑐∞ = 0 is the average velocity at an infinite point, 𝑝𝑝1 is the pressure in the vessel, 𝑝𝑝∞ is the 

ambient pressure, 𝜚𝜚 is the density of the gas, 𝑑𝑑𝑠𝑠 is the differential path element of the streamline and 

Δ𝑝𝑝loss are additional pressure losses. According to Rist (1996) the acceleration of the gas inside the 
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vessel is negligibly small and quasi-stationarity can be assumed. This assumption will also be tested in 

the numerical simulations that follow.  

 

 
Figure 4.1.: Illustration of the streamline set-up. Modified from PA2. 

 

The pressure loss Δ𝑝𝑝loss is composed of inertial pressure losses Δ𝑝𝑝inertia and frictional pressure 

losses Δ𝑝𝑝friction 

Δ𝑝𝑝loss = Δ𝑝𝑝inertia + Δ𝑝𝑝friction.  (4.2) 

The inertial pressure losses Δ𝑝𝑝inertia 

Δ𝑝𝑝inertia = �
𝜚𝜚2
2
𝑐𝑐22𝜁𝜁,  (4.3) 

depend on the cross-sectional average velocity at the vessel outlet 𝑐𝑐2, the density 𝜚𝜚2 at the outlet and the 

pressure loss coefficient 𝜁𝜁, which is related to the flow geometry. 

The frictional pressure losses Δ𝑝𝑝friction 

Δ𝑝𝑝friction =
𝜚𝜚2
2
𝐿𝐿2
𝑑𝑑2
𝜆𝜆𝑓𝑓 ,  (4.4) 

depend on the drag coefficient 𝜆𝜆𝑓𝑓, the density 𝜚𝜚2 and the length-to-diameter ratio of the outlet 𝐿𝐿2/𝑑𝑑2. 

Two cases are considered here. The first case is the more common case of thin-wall vessels, where the 

frictional pressure inside the outlet loss is considerably smaller than the inertial pressure loss due to the 

cross-sectional changes at the outlet. The frictional pressure loss is neglected in this case Δ𝑝𝑝friction = 0. 

The inertial pressure loss in a discontinuous narrowing of the cross-sectional area arises by a constriction 

of the streamlines after passing the narrower cross section. This effect is shown in Figure 4.2 and can 

be described by the so-called contraction coefficient 𝜇𝜇𝑝𝑝. This is defined as the ratio of the constricted 

flow cross section 𝐴𝐴2∗  to the opening cross section 𝐴𝐴2, i.e. 
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𝜇𝜇𝑝𝑝 =
𝐴𝐴2∗

𝐴𝐴2
. (4.5) 

Consequently, the values of the contraction coefficient are constrained to 𝜇𝜇𝑝𝑝 ≤ 1. Since in this case a 

thin-wall vessel is considered, it is assumed that the opening of the vessel behaves like a thin orifice. 

According to Truckenbrodt (2008), the contraction coefficient is 𝜇𝜇𝑝𝑝 ≈ 0.61 for a blended cross-sectional 

change where the vessel cross section 𝐴𝐴1 is considerably larger than the opening cross section 𝐴𝐴2. This 

is supported by Batchelor (2010) and Oertel (2012), who observed a contraction coefficient of 𝜇𝜇𝑝𝑝 ≈ 0.6 

for a hole in a plane wall.  

 

 
Figure 4.2.: Schematic illustration of the constriction of a flow through a hole in a plane wall according 

to Truckenbrodt (2008). Modified from PA2. 

 

The sum of the pressure loss coefficients 𝜁𝜁 is calculated using the contraction coefficient 𝜇𝜇𝑝𝑝 according 

to Truckenbrodt (2008), i.e., 

∑𝜁𝜁 ≈ 1.5 �
1 − 𝜇𝜇𝑝𝑝
𝜇𝜇𝑝𝑝

�
2

+ 1. (4.6) 

The discharge into an infinite resting environment is taken into account with the term +1 at the end of 

the equation. Thus, the sum of the pressure loss coefficients for the first case of thin-wall vessels is 

∑𝜁𝜁 = 1.61.  

 

The second case is a thick-wall vessel or a vessel with a pipe outlet, as will be investigated experimen-

tally later in section 4.5. From a length-to-diameter ratio of 𝐿𝐿/𝑑𝑑2 > 5, the frictional pressure loss ac-

counts for about 10 % of the total pressure loss and should no longer be neglected. For this case the 

pressure loss coefficient is ∑𝜁𝜁 = 0.5+1 = 1.5 according to Idel'Chik (2008). The drag coefficient 𝜆𝜆𝑓𝑓 for 

the frictional pressure loss Δ𝑝𝑝friction is determined by the equation of Colebrook and White (1937) 

1

�𝜆𝜆𝑓𝑓
= −2 log�

2.51
Re �𝜆𝜆𝑓𝑓

+
𝐾𝐾

3.71 𝑑𝑑2
� . (4.7) 

Here, 𝐾𝐾 is the absolut roughness of the surface.  
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According to John and Keith (2006), the change of state during gas discharge from a pressure vessel can 

be approximated as ideal isentropic with no heat transfer between the vessel walls and the gas. Together 

with the assumption of an ideal gas, the following relationship results for an isentropic change of state 

𝑝𝑝
𝜚𝜚𝜅𝜅

= const.  . (4.8) 

By using the isentropic equation (4.8) and the assumption according to Zierep (2018) that the outlet 

pressure is equal to the ambient pressure 𝑝𝑝2 = 𝑝𝑝∞, the integral of the static pressure term from equation 

(4.1) can be solved as follows: 

�
1
𝜚𝜚

𝑝𝑝∞

𝑝𝑝1
𝑑𝑑𝑝𝑝 = −

𝜅𝜅
𝜅𝜅 − 1

𝑝𝑝1
𝜚𝜚1
�1 − �

𝑝𝑝∞
𝑝𝑝1 
�
𝜅𝜅−1
𝜅𝜅
� = −

𝜅𝜅
1 − 𝜅𝜅

𝑝𝑝∞
𝜚𝜚2

�1− �
𝑝𝑝1(𝑡𝑡)
𝑝𝑝∞

�

𝜅𝜅−1
𝜅𝜅
�. (4.9) 

By substituting equations (4.3) and (4.9) into equation (4.1) and rearranging, the following correlation 

results for the cross-sectional average flow velocity at the vessel outlet 𝑐𝑐2, namely 

𝑐𝑐2(𝑝𝑝1(𝑡𝑡)) = �
2

∑𝜁𝜁 + 𝐿𝐿2
𝑑𝑑2
𝜆𝜆𝑓𝑓

𝜅𝜅
1 − 𝜅𝜅

𝑝𝑝∞
𝜚𝜚2

�1− �
𝑝𝑝1(𝑡𝑡)
𝑝𝑝∞

�

𝜅𝜅−1
𝜅𝜅
�  . (4.10) 

The temporal development of the internal pressure inside the vessel 𝑝𝑝1 is determined with a balance for 

the mass of the gas in the vessel, i.e., by 

𝑚𝑚(𝑡𝑡) = 𝑚𝑚0 −� �̇�𝑚dis(𝑐𝑐2(𝑝𝑝1(𝑡𝑡))) 𝑑𝑑𝑡𝑡
𝑡𝑡

𝑡𝑡0
. (4.11) 

The gas mass in the vessel 𝑚𝑚(𝑡𝑡) corresponds to the initial gas mass 𝑚𝑚0 subtracted by the gas mass that 

has been discharged up to time 𝑡𝑡, which is calculated via the gas mass flow �̇�𝑚dis. According to the ideal 

gas equation, the following results for the gas masses 𝑚𝑚0 and m(𝑡𝑡) : 

𝑚𝑚0 =
𝑉𝑉𝑀𝑀𝑝𝑝0
𝑅𝑅𝑇𝑇0

, (4.12) 

𝑚𝑚(𝑡𝑡) =
𝑉𝑉𝑀𝑀𝑝𝑝1(𝑡𝑡)
𝑅𝑅𝑇𝑇1(𝑡𝑡)

, 
(4.13) 

where 𝑉𝑉 is the vessel volume, 𝑀𝑀 is the molar mass of the gas, 𝑝𝑝0 is the absolute pressure at the time 

𝑡𝑡 = 0, 𝑅𝑅 is the ideal gas constant and 𝑇𝑇0 is the absolute temperature in K at the time 𝑡𝑡 = 0. The gas mass 

flow  

�̇�𝑚dis(𝑡𝑡) = 𝜚𝜚2𝐴𝐴2𝑐𝑐2�𝑝𝑝1(𝑡𝑡)� = 𝜚𝜚2
𝜋𝜋
4
𝑑𝑑22𝑐𝑐2�𝑝𝑝1(𝑡𝑡)� (4.14) 

is determined via the gas density 𝜚𝜚2, the cross-sectional area of the vessel opening 𝐴𝐴2 and the area 

averaged flow velocity at the outlet 𝑐𝑐2. The circular cross section 𝐴𝐴2 is determined with the outlet di-

ameter 𝑑𝑑2. By substituting equations (4.12), (4.13) and (4.14) into (4.11) and applying the isentropic 

equation (4.8) the following differential equation for the internal pressure of the vessel 𝑝𝑝1(𝑡𝑡) is obtained: 
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𝑑𝑑𝑝𝑝1
𝑑𝑑𝑡𝑡

= −�
2𝑝𝑝∞𝜚𝜚2

∑𝜁𝜁 + 𝐿𝐿2
𝑑𝑑2
𝜆𝜆𝑓𝑓

𝑅𝑅𝑇𝑇0𝑝𝑝0
1−𝜅𝜅
𝜅𝜅

𝑉𝑉𝑀𝑀
𝜅𝜅
𝜋𝜋
4
𝑑𝑑22�

𝜅𝜅
1− 𝜅𝜅 �

𝑝𝑝1(𝑡𝑡)
2𝜅𝜅−2
𝜅𝜅 − 𝑝𝑝∞

1−𝜅𝜅
𝜅𝜅 𝑝𝑝1(𝑡𝑡)

3𝜅𝜅−3
𝜅𝜅 �.  (4.15)  

This differential equation is solved numerically using the 4th-order Runge–Kutta method according to 

Runge (1895) and Kutta (1901). A time step size of Δ𝑡𝑡 = 10-5 s is used.  

 

In addition to the model based on the Bernoulli equation, a dimensionless number for the characterisa-

tion of thin-wall vessel discharges is to be identified. The dimensionless number should, therefore, only 

cover the first case without frictional pressure losses, i.e., Δ𝑝𝑝friction = 0. The Π-theorem according to 

Buckingham (1914) is used for this purpose. The first step is to collect all of the input variables that can 

affect the outflow. The variables of the Bernoulli model are used as the basis for the input variables. 

Subsequently, all influencing variables are converted into their SI base units and sorted by mass, length, 

time and temperature. The input variables and their corresponding SI base units are used to generate a 

dimension matrix. By determining the rank of the dimension matrix and the number of input variables, 

the number of independent dimensionless numbers can be determined. The dimensionless numbers are 

then determined by a coefficient comparison. The following dimensionless number has been found to 

be the most promising for characterising the vessel discharge 

Π1 =
𝑉𝑉∗

𝑉𝑉
=

(𝑝𝑝0 − 𝑝𝑝∞)1/2𝑑𝑑22 𝑡𝑡dis 𝜅𝜅

𝑉𝑉 �𝑝𝑝0𝑀𝑀𝑅𝑅 𝑇𝑇0
�
1/2 . (4.16) 

The dimensionless number Π1 describes the ratio of a characteristic, discharged volume 𝑉𝑉∗ to the total 

vessel volume 𝑉𝑉. The characteristic volume 𝑉𝑉∗ results from the product of the cross-sectional area 𝑑𝑑22, 

the characteristic discharge time 𝑡𝑡dis, the heat capacity ratio 𝜅𝜅 and a characteristic frictionless velocity 

for the gas �Δ𝑝𝑝/𝜚𝜚.  

 

To clarify when the model with frictional pressure losses is used and when the model without frictional 

pressure losses is used, two abbreviations are introduced. The general model with frictional and inertial 

pressure losses is called the frictional inertial loss model (FILM). The model without frictional losses 

and with inertial losses is called the inertial loss model (ILM). The validity of the ILM and the dimen-

sionless number Π1 will be proven by a comparison with numerical simulations. The FILM will be 

proven with experimental investigations.  

 

4.3. CFD simulation and validation 
 

To validate the inertial loss model and the dimensionless number Π1, numerical simulations are carried 

out with different parameters. The ANSYS CFX software is used for the simulations. The geometry is 

presented in Figure 4.3, which corresponds to the case of a thin-wall vessel without frictional pressure 
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losses. The computational domain consists of the vessel (grey) and the spreading region (green). It is 

necessary to include the spreading region to correctly determine the pressure loss due to the constriction 

of the flow and the influence of air as ambient gas. The vessel with a volume 𝑉𝑉 = 2 m³ has a length-to-

diameter ratio of 𝑑𝑑𝑉𝑉/𝐿𝐿𝑉𝑉 = 1. For the simulations with a different vessel volume, the volume variation is 

adjusted to the length of the vessel 𝐿𝐿𝑉𝑉 while keeping the diameter 𝑑𝑑𝑉𝑉 constant. The ratio of the vessel 

thickness to the outlet diameter is 𝐿𝐿2/𝑑𝑑2 = 1. Since the problem appears to be rotationally symmetric, 

the geometry is reduced to a 4° wedge, i.e., two-dimensional (2D) simulations are performed. Thus, only 

one cell is present in the azimuthal direction. Due to the points listed in section 3.3.2, a structured mesh 

is used. For better identification of the mesh structure, a coarse mesh with 6 871 cells is shown in Figure 

4.3. The mesh fulfils different requirements from Paschedag (2006), as listed in section 3.3.2. The region 

is meshed in such a way that each cell belongs completely to the computational domain and the cell 

edges coincide with the edges of the geometry. The mesh resolution is oriented to the solution of the 

differential equation system. The mesh is structured and refined according to Oertel and Laurien (1995) 

in regions of great gradients. Therefore, the mesh in the region around the outlet has a finer resolution, 

which can be seen in the darker areas due to the higher number of mesh lines. The refinement of the 

mesh on the complete vessel wall on the outlet side does not appear to be necessary at this point, but is 

not possible in any other way due to the structured mesh. Furthermore, the cells should be oriented 

orthogonally to the main flow direction to minimise numerical diffusion.  

 

 
Figure 4.3.: Used geometry and coarse mesh with 6 871 elements for a vessel with 𝑉𝑉 = 2 m³ and a vessel 

length-to-diameter ratio of 𝐿𝐿𝑉𝑉/𝐷𝐷𝑉𝑉 = 1.  

 

The conservation equations for mass, momentum and energy in combination with the 𝑘𝑘-𝜀𝜀 turbulence 

model according section 3.3.1.1 are used for the simulation. The following boundary conditions are used 

for the simulation. The vessel wall is defined as a no slip wall. This requires a no slip condition 

𝑢𝑢𝑗𝑗,wall = 0 m/s on the vessel wall and, in the case of an adiabatic wall, no heat flow through the wall, 
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i.e., 𝑞𝑞wall = 0 J/(m²∙s). The assumption of an adiabatic wall is based on the work of Cumber (2001), 

according to which the influence of the heat flow from the vessel wall into the internal fluid during the 

discharge period is negligible. The cutting planes of the wedge have to fulfil a symmetry condition. 

Thus, that the velocity normal to the plane of symmetry is 𝑢𝑢𝑖𝑖 = 0 m/s and the gradient of a scalar quan-

tity normal to the plane is ∂𝜙𝜙/ ∂n = 0. The edges of the spreading region are considered as opening, 

allowing for entrainment, with a static pressure of 𝑝𝑝opening = 0 Pa and 𝑇𝑇opening = 298 °C. Due to this 

boundary condition, gas can be drawn in by the entrainment effect and at the same time the gas flow can 

leave the computational domain. As an initial condition, the vessel has a defined pressure. Furthermore, 

a relative pressure of 0 Pa prevails in the spreading region and the initial temperature in the entire com-

putational domain is at 𝑇𝑇0 = 298 °C.  

 

The maximum value of the residuals of 10-4 and an error of mass conservation of 0.01 were selected as 

convergence criteria. An important point that influences the convergence and robustness of the simula-

tion is the choice of a reasonable time scale. The time step size Δ𝑡𝑡 of the simulations is controlled by 

the maximum Courant–Friedrichs–Lewy number of the computational domain, i.e. 

CFL =
𝑢𝑢Δ𝑡𝑡
Δ𝑥𝑥

, (4.17) 

defined according to Courant et al. (1928). To obtain a numerically stable solution, a maximum CFL 

number of CFL < 5 - 50 is specified for most of the simulations. To clarify, the maximum CFL number 

means that the CFL number may not be greater than this value at any point in the entire computational 

domain. This follows the requirement CFL < [1, 100] to ensure a stable solution according to Ferziger 

et al. (2020). Therefore, the initial time step size has to be very small with Δ𝑡𝑡 ≈ 10-7 to 10-8 to achieve 

convergence at the high flow velocity of several hundred m/s. However, it is important to reduce the 

“increasing relaxation factor” for the time step to ≈ 10-5 to 10-7. Otherwise, the phenomenon occurs 

where the time step size is increased by several orders of magnitude after the first time step and the 

simulation is aborted. This has to do with the fact that no notable velocity has been established in the 

first time steps and the CFL number is close to 0.  

 

A grid-independence study is performed, according to section 3.3.3, to prove the convergence of the 

solution and the independence towards a mesh refinement. The mesh with 27 165 elements shown in 

Figure 4.3 corresponds to the mesh with a medium resolution. A coarser mesh with 6 871 elements and 

a finer mesh with 108 050 elements were also used in the grid independence study.  

 

The results of the grid study are shown in the Figure 4.4. The pressure difference 𝑝𝑝1 − 𝑝𝑝∞ is plotted 

against the time 𝑡𝑡. The curves for all resolutions overlap almost perfectly and there is hardly any devia-

tion to be seen. Only the curve of the simulation with the fine mesh and 𝑝𝑝0 − 𝑝𝑝∞ = 50 000 Pa is slightly 

above the simulations with coarser resolution, which corresponds to a slower pressure decrease. 
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Figure 4.4.: Pressure difference 𝑝𝑝1 − 𝑝𝑝∞ against time 𝑡𝑡 for different mesh resolutions. Modified from 

PA2. 

 

To better compare the simulations, the discharge duration 𝑡𝑡dis is defined from the initial pressure differ-

ence 𝑝𝑝0 − 𝑝𝑝∞ at the beginning of the discharge, i.e. 

Δ𝑝𝑝(𝑡𝑡dis) = 0.01(𝑝𝑝0 − 𝑝𝑝∞). (4.18) 

This definition is useful because the duration until the pressure difference of Δ𝑝𝑝 = 0 is reached tends to 

infinity, 𝑡𝑡 → ∞. Table 4.1 shows the discharge durations 𝑡𝑡dis of the mesh independency study. Since the 

simulation with the fine mesh and 𝑝𝑝0 − 𝑝𝑝∞ = 50 000 Pa would have taken almost 100 days with a max-

imum CFL number of 5, the maximum CFL number was gradually increased from 5 to 100. 

 

Table 4.1.: Overview of the results from the grid independence study with air and 𝑝𝑝∞ = 101 300 Pa. 

Reproduced from PA2. 

Mesh CFL No. elements 𝑝𝑝0 − 𝑝𝑝∞ / Pa 𝑡𝑡dis / s Mean 𝑡𝑡dis / s Deviation / % 
coarse 5 6 871 10 000 5.264 

5.277 
-0.25 

medium 5 27 165 10 000 5.257 -0.38 
fine 5 108 050 10 000 5.297 0.38 

coarse 5 6 871 50 000 11.997 
12.021 

-0.20 
medium 5 27 165 50 000 11.990 -0.26 

fine 5-100 108 050 50 000 12.075 0.45 
 

Since the discharge durations 𝑡𝑡dis do not have a clear trend, an extrapolation of the exact solution ac-

cording to Ferziger et al. (2020) is not feasible in a logical way. The greater CFL number with the fine 

mesh for 𝑝𝑝0 − 𝑝𝑝∞ = 50 000 Pa does not seem to have had a mentionable effect on the solution. The 

deviation is similar to the simulation with a fine mesh for 𝑝𝑝0 − 𝑝𝑝∞ = 10 000 Pa where the CFL number 
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was left at CFL = 5. However, it can be shown that there is no grid dependency due to the small devia-

tions of the discharge durations relative to the mean discharge duration of less than < 0.5 %. The devi-

ations are thus smaller than the specified “conservation target” of 1 %. In most of the later simulations, 

the medium mesh is used. However, in a few simulations extremely long simulations times occurred, 

which is why the coarse mesh was used in such cases. 

 

In the derivation of the Bernoulli discharge model, the assumption was used that the flow velocity in the 

vessel is almost zero, 𝑐𝑐1 ≈ 0, at all points with the exception of the outlet surroundings. This assumption 

is examined based on the numerical simulations. Figure 4.5 shows the flow velocity in the vessel and in 

the spreading region for a transient air outflow with an initial pressure of 𝑝𝑝0 = 50 000 Pa. Here, two 

points in time are considered—at the beginning with 𝑡𝑡 = 0.5 s and at the end of the discharge 𝑡𝑡 = 12 s. 

The representation is reduced to the regions where the velocity is greater than 1 % of the maximum 

velocity on the plane. This region inside the vessel has a radial extension of less than five outlet diame-

ters 𝑑𝑑2. Over the entire duration, the region within the vessel at which a mentionable velocity occurs 

changes only slightly. Therefore, a distance of the outlet to other walls or edges of more than five 𝑑𝑑2 

outlet diameters can be considered as a geometric requirement for the model. 

 

 
Figure 4.5.: Illustration of the regions where the velocity is greater than 1% of the maximum velocity of 

the free jet. Modified from PA1. 
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4.4. Parameter study 
 

In this section, the results of the parameter studies with the ILM and the CFD simulations for the case 

of thin-wall vessels are presented. The aim is to determine a correlation for the dimensionless number 

Π1 from equation (4.16) depending on several different parameters and to identify the dependencies. 

Therefore, the vessel volume 𝑉𝑉, the initial pressure inside the vessel 𝑝𝑝0, the ambient pressure 𝑝𝑝∞, the 

initial temperature 𝑇𝑇0, the outlet diameter of the vessel 𝑑𝑑2, the molar mass 𝑀𝑀 and the heat capacity ratio 

𝜅𝜅 of the discharged gas are varied. The outflow duration 𝑡𝑡dis is then determined with either the inertial 

loss model from section 4.2 or numerical simulations (cf. section 4.3). The first parameter study is car-

ried out with the inertial loss model. It was ensured that subcritical pressure conditions according to 

equation (2.12) were always present. Therefore, for example, no discharge duration 𝑡𝑡dis was investigated 

for a propane outflow at 𝑝𝑝0 = 180 000 Pa in an ambient pressure of 𝑝𝑝∞ = 101 300 Pa. An overview of 

the different parameter sets can be found in Table 4.2, where the gas properties are taken from Linstrom 

(1997). 

 

Table 4.2.: Overview of the varied parameters of the similarity model. Modified from PA2. 

Gas 
/ - 

𝑀𝑀 
/ kg⋅mol-1 

𝜅𝜅 
/ - 

𝑝𝑝0 − 𝑝𝑝∞ 
/ Pa 

𝑝𝑝∞ 
/ Pa 

𝑑𝑑2 
/ m 

𝑉𝑉 
/ m³ 

𝑇𝑇0 
/ K 

air 0.0289 1.40 {1 000, 
2 500, 
5 000, 
7 500, 

10 000, 
20 000, 
30 000, 
40 000, 
50 000, 
60 000, 
70 000, 
80 000} 

{60 000, 
80 000, 

101 300, 
201 300, 
301 300, 
401 300} 

{0.025, 
0.05, 

0.075} 
{1, 2, 4} 

{298, 
323, 
373} 

helium 0.0040 1.67 

hydrogen 0.0020 1.41 

methane 0.0160 1.31 

nitrogen 0.0280 1.40 

propane 0.0441 1.13 

sulphur dioxide 0.0640 1.28 

 

The evaluation of the parameter study showed that the dimensionless number Π1 yields almost identical 

values for all gases at constant pressure differences if scaled with the ambient pressure (𝑝𝑝0 − 𝑝𝑝∞)/𝑝𝑝∞. 

Thus, in Figure 4.6 the dimensionless number Π1 is plotted against the dimensionless pressure difference 

(𝑝𝑝0 − 𝑝𝑝∞)/𝑝𝑝∞. The individual values are linked with dotted regression curves. Since the numerator of 

the dimensionless number Π1 contains the pressure difference 𝑝𝑝0 − 𝑝𝑝∞, the curves must pass through 

the origin, and are therefore placed into the origin. The curves of the dimensionless number Π1 increase 

with increasing pressure difference 𝑝𝑝0 − 𝑝𝑝∞, whereby the gradient is decreasing for higher pressure 

differences. All in all, the curves overlap almost perfectly and no noticeable deviations can be detected. 
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Figure 4.6.: Dimensionless number Π1 plotted against the pressure ratio (𝑝𝑝0 − 𝑝𝑝∞)/𝑝𝑝∞. Modified from 

PA2. 

 

Thus, a universal correlation for describing the discharge behaviour for all gases at subcritical pressure 

conditions is developed. The function of Π1 can be approximated with the quadratic function 

Π1 = 𝑎𝑎 �
𝑝𝑝0 − 𝑝𝑝∞
𝑝𝑝∞

 �
2

+ 𝑏𝑏 �
𝑝𝑝0 − 𝑝𝑝∞
𝑝𝑝∞

 � =
(𝑝𝑝0 − 𝑝𝑝∞)1/2𝑑𝑑22 𝑡𝑡dis 𝜅𝜅

𝑉𝑉 �𝑝𝑝0𝑀𝑀𝑅𝑅 𝑇𝑇0
�
1/2 . (4.19) 

The coefficients 𝑎𝑎 = -0.4569 and 𝑏𝑏 = 1.9899 result from a least-square fit of the curves from Figure 4.6. 

An overview of the individual regression curves is compiled in Table 4.3. The universal correlation of 

the new dimensionless number Π1 is confirmed by small standard deviations and high coefficients of 

determination.  
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Table 4.3.: Quadratic functions of the dimensionless number Π1. Reproduced from PA2. 

Gas 𝑎𝑎 𝑏𝑏 Coefficient of determination R2 
propane -0.47770 1.9990 0.99997 

sulphur dioxide -0.46614 1.9926 0.99995 
methane -0.45155 1.9935 0.99993 

air -0.43818 1.9748 0.99993 
nitrogen -0.45251 1.9879 0.99994 
hydrogen -0.45672 1.9937 0.99995 

helium -0.45552 1.9881 0.99994 
mean value -0.4569 1.9899 0.99994 

standard deviation 0.01145 0.0071 1.29∙ 10−5 
 

This knowledge can now be used to determine the discharge duration 𝑡𝑡dis for any subcritical, isentropic 

gas outflow from a thin-wall vessel. By rearranging the dimensionless number Π1 from equation (4.16), 

the discharge duration can be determined as 

𝑡𝑡dis =
Π1𝑉𝑉 �

𝑝𝑝0𝑀𝑀
𝑅𝑅𝑇𝑇0

�
0.5

(𝑝𝑝0 − 𝑝𝑝∞)0.5𝑑𝑑22𝜅𝜅
 . (4.20) 

The dimensionless number Π1 is determined by equation (4.19) using the averaged coefficients 

𝑎𝑎 = -0.4569 and 𝑏𝑏 = 1.9899 from Table 4.3. All other variables, such as the vessel volume 𝑉𝑉 in m³, the 

initial pressure 𝑝𝑝0 in Pa, the ambient pressure 𝑝𝑝∞ in Pa, the molar mass 𝑀𝑀 in kg/mol, the ideal gas 

constant 𝑅𝑅 = 8.3145 kJ/(kmol∙K), the initial temperature 𝑇𝑇0 in K, the outlet diameter 𝑑𝑑2 in m and the 

heat capacity ratio 𝜅𝜅, should be known for the calculation. In addition to the parameter study with the 

inertial loss model, a parameter study based on numerical simulations is carried out for validation. An 

overview of the varied setups can be found in Table 4.4. The table also lists the outflow durations 𝑡𝑡dis 

of the simulations and the inertial loss model, which were defined according to equation (4.18). To be 

able to determine the influence of the variables of the dimensionless number Π1, only one variable was 

varied per simulation. Thus, the vessel volume 𝑉𝑉, the initial temperature 𝑇𝑇0, the outlet diameter 𝑑𝑑2 and 

the molar mass 𝑀𝑀 were varied. Subsequently, three initial pressures 𝑝𝑝0 were considered for each gas, 

which also resulted in a variation of the heat capacity ratio 𝜅𝜅. Overall, the differences of the discharge 

durations 𝑡𝑡dis between the simulations, the ILM and the correlation based on the dimensionless number 

Π1 are small. The largest deviations are found between the Π1-correlation and the simulations at the 

smallest examined pressure difference of 𝑝𝑝0 − 𝑝𝑝∞ = 10 000 Pa. However, for the helium discharge with 

the largest relative deviation of 4.844 % and -6.632 %, this only means an absolute error of 77 ms and 

111 ms. The reason for this is probably that the curves of the ILM are not perfectly fitted and the Π1-

correlation based on them takes over these deviations. This theory is supported by the fact that the de-

viations from the ILM are smaller overall. Another reason for the deviations between the ILM and the 

simulations could be that the pressure loss coefficient 𝜁𝜁 could be a function of the Reynolds number 

(Idel'Chik, 2008). This theory seems plausible because the constriction of the flow after passing through 

the orifice may well have a dependence on the flow velocity. Thus, different inlet pressures, and thus 

velocities and Reynolds numbers, do not cause a uniform deviation.  
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Figure 4.7 shows a comparison between the numerical simulations and the ILM. For this purpose, the 

pressure difference Δ𝑝𝑝 = 𝑝𝑝1 − 𝑝𝑝∞ is plotted against time. Here, the discharge of a 𝑉𝑉 = 2 m³ vessel, filled 

with air, is considered. Only at the largest examined pressure difference of 𝑝𝑝1 − 𝑝𝑝∞ = 80 000 Pa does 

the curve of the ILM lie slightly above the curve of the simulation, and thus corresponds to a slower 

pressure reduction. In addition, not only does the outflow duration, as compared in Table 4.4, have a 

small deviation but the pressure curves over time also have a small deviation overall. 

 

 
Figure 4.7.: Pressure difference 𝑝𝑝1 − 𝑝𝑝∞ against time 𝑡𝑡 for CFD simulations and the ILM. Modified 

from PA2.  

 

4.5. Experimental validation 
 

In this section, the FILM for the thick-wall vessel will be validated by means of experimental investi-

gations. A pressure loss coefficient of 𝜁𝜁 = 1.5 and a roughness of 𝐾𝐾 = 4⋅10-5 m are used, which corre-

sponds to the roughness of new steel pipes according to Kast and Nirschl (2013). The experimental setup 

used for this purpose is described in section 3.2. The setup deviates at only one point. A 0-1.6 bar pres-

sure sensor A-10 (I-2) (WIKA Alexander Wiegand SE & Co. KG, accuracy better than ± 0.17 %, set-

tling time < 4 ms) is installed to measure the greater pressure differences. The vessel with a volume of 

𝑉𝑉 = 2.085 m³ is pressurised with various positive pressures and opened instantaneously. The gases used 

are air, carbon dioxide and helium, which are discharged into the air atmosphere. The results from these 

investigations are shown Table 4.5. To detect random measurement errors, a triple determination was 

carried out for each gas at each pressure. A comparison of the experimental data with the FILM shows 

that the discharge durations 𝑡𝑡dis determined with the FILM are on average -1.75 % smaller. The devia-

tions to the experimental data are greatest with -9.63 % for the helium discharge with an initial pressure 



Similarity solution for subcritical pressure relief 

49 

difference of 𝑝𝑝0 − 𝑝𝑝∞ = 60 000 Pa. The discharge durations of carbon dioxide at an initial pressure dif-

ference of 𝑝𝑝0 − 𝑝𝑝∞ = 10000 Pa and 𝑝𝑝0 − 𝑝𝑝∞ = 20000 Pa deviate considerably more from the FILM than 

those of the higher initial pressure differences. This is probably because the vessel was not perfectly 

charged with carbon dioxide at the beginning of the test series but still contained some remaining air, 

which was diluted with the number of tests. 

 

Table 4.5.: Overview and results of the experiments to validate the FILM. 
Gas 𝑝𝑝0 − 𝑝𝑝∞ 𝑇𝑇0 𝜎𝜎(𝑇𝑇0) exp. 𝑡𝑡dis exp. 𝜎𝜎(𝑡𝑡dis) exp. 𝑡𝑡dis FILM Deviation FILM / exp. 

 Pa ° C s s s s % 
air 10 000 26.04 0.17 6.11 0.03 5.81 -4.86 
air 20 000 26.29 0.27 8.00 0.16 8.15 1.82 
air 30 000 26.41 0.28 10.04 0.15 10.1 0.57 
air 40 000 26.30 0.03 11.84 0.08 11.69 -1.23 
air 50 000 28.60 0.96 13.02 0.20 13.15 1.00 
air 60 000 29.57 0.94 14.47 0.07 14.43 -0.25 
air 70 000 31.59 0.63 15.64 0.08 15.67 0.19 
air 80 000 30.69 1.29 17.18 0.27 16.87 -1.80 

CO2 10 000 22.35 0.16 7.04 0.22 7.66 8.74 
CO2 20 000 23.70 0.22 10.44 0.03 11.29 8.19 
CO2 30 000 24.76 2.06 13.21 0.08 13.37 1.17 
CO2 40 000 24.91 1.57 15.61 0.16 15.57 -0.23 
CO2 50 000 24.65 1.33 17.52 0.19 17.51 -0.06 
CO2 60 000 24.48 0.21 19.38 0.03 19.3 -0.39 
CO2 70 000 26.28 1.12 21.24 0.08 20.92 -1.50 
CO2 80 000 29.26 1.34 22.33 0.41 22.38 0.22 

helium 10 000 23.84 0.32 1.92 0.02 1.84 -4.27 
helium 20 000 23.27 0.37 2.76 0.37 2.62 -5.14 
helium 30 000 23.47 0.24 3.39 0.03 3.21 -5.25 
helium 40 000 23.63 0.27 3.95 0.05 3.73 -5.56 
helium 50 000 23.36 0.75 4.45 0.02 4.19 -5.86 
helium 60 000 24.57 0.43 5.11 0.10 4.62 -9.63 
helium 70 000 26.39 0.44 5.46 0.02 4.98 -8.81 
helium 80 000 26.06 0.30 5.90 0.02 5.37 -9.00 

mean deviation in %       -1.75 
max deviation in %       -9.63 

 

For further qualitative analysis, Figure 4.8 shows the pressure difference 𝑝𝑝1 − 𝑝𝑝∞ against time 𝑡𝑡 for the 

different gases and different initial pressures 𝑝𝑝0 for the FILM and the experiments. The error bars, which 

show the standard deviation of the experiments, are so small that they are hardly visible. Especially for 

the smaller initial pressure differences 𝑝𝑝0 − 𝑝𝑝∞, the profiles of the FILM and the experiments are almost 

congruent. For the larger initial pressure differences 𝑝𝑝1 − 𝑝𝑝∞, deviations occur in the intermediate times 

of the outflow. These deviations disappear towards the end of the outflow period. This is probably due 

to the fact that the 0–1600 mbar sensor used here had problems with the temporal resolution of the 

greater pressure gradients. These deviations are not visible with the 0–600 mbar sensor used for the 

latter PDA tests (cf. Figure 5.4). The idea that it is more of a problem of the measurement system is 

supported by the fact that all of the sample simulations of thick-wall vessels have shown practically 

identical pressure curves to the FILM. There is a great correspondence between the experimental profiles 

and the profiles of the FILM.  
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Figure 4.8.: Pressure difference 𝑝𝑝1 − 𝑝𝑝∞ against time 𝑡𝑡 based on experimental data (exp.) and the FILM 

for (a) air, (b) carbon dioxide and (c) helium. Error bars indicate the standard deviation. 
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One assumption in the derivation of the model was an adiabatic system. To check this assumption, the 

heat flux from the vessel wall to the internal gas during the discharge is to be estimated. Thus, the gas 

cools down during the discharge due to its expansion. The temperature difference between the cold gas 

and the warmer vessel wall is the driving force for a heat flow. An estimation is carried out based on an 

energy balance of the gas phase, namely 

𝑚𝑚𝑐𝑐𝑝𝑝
𝑑𝑑𝑇𝑇
𝑑𝑑𝑡𝑡

= 𝛼𝛼ℎ𝐴𝐴𝑉𝑉(𝑇𝑇𝑤𝑤 − 𝑇𝑇1). (4.21) 

Here, 𝑚𝑚 is the gas mass inside the vessel, 𝑐𝑐𝑝𝑝 is the specific heat capacity at constant pressure of the gas, 

𝛼𝛼ℎ is the heat transfer coefficient, 𝐴𝐴𝑉𝑉 is the vessel surface, 𝑇𝑇𝑤𝑤 is the temperature of the vessel wall and 

𝑇𝑇1 is the temperature inside the vessel. For a worst-case estimate, the gas mass is not considered as a 

function of time but the smallest gas mass at the end of the discharge is used. Although the specific heat 

capacity of steel is smaller than that of the most gases 𝑐𝑐𝑝𝑝,steel < 𝑐𝑐𝑝𝑝,gas, see Linstrom (1997), the tem-

perature change of the vessel wall is negligible, and is therefore considered constant 𝑇𝑇𝑤𝑤 =const. The 

reason for this is that the mass of the vessel is considerably greater than the mass of the gas, and thus 

the extensive heat capacity of the vessel is so great that the cooling of the vessel wall by the colder gas 

inside is negligible. The heat transfer coefficient 𝛼𝛼ℎ is determined experimentally for the test setup de-

scribed in section 3.2. For this purpose, discharge experiments are carried out in which the subsequent 

heating of the internal gas is measured. By solving equation (4.21), the following equation to determine 

the internal gas temperature 𝑇𝑇1(𝑡𝑡) is derived  

𝑇𝑇1 = 𝑇𝑇𝑤𝑤 − (𝑇𝑇𝑤𝑤 − 𝑇𝑇𝑑𝑑𝑖𝑖𝑠𝑠) ⋅ exp�−
𝛼𝛼ℎ𝐴𝐴𝑉𝑉
𝑚𝑚𝑐𝑐𝑝𝑝

𝑡𝑡�. (4.22) 

Here, 𝑇𝑇𝑑𝑑𝑖𝑖𝑠𝑠 is the gas temperature after the discharge, which represents the start of the heating. The heat-

ing is modelled with equation (4.22) at a mean deviation of 0.27 %. A fitted heat transfer coefficient of 

𝛼𝛼ℎ = 4.99 W/(m²⋅K) is used. The knowledge about the heat transfer coefficient 𝛼𝛼ℎ is now used to cal-

culate the heat flow during the discharge process. The result is that the temperature inside the vessel is 

only increased by 1.02 % on average by the vessel wall during the discharge duration. According to the 

ideal gas law (cf. equation (3.11)), this is equivalent to a pressure change of 1.02 %, which should be 

negligible. This justifies the assumption of an adiabatic vessel wall and fits with the results of Cumber 

(2001) and Rist (1996). 

 

4.6. Findings on the prediction of vessel discharges 
 

Based on a parameter study of the ILM, it was shown that the dimensionless number Π1 is able to 

describe transient, subcritical, adiabatic pressure reliefs of thin-wall vessels for arbitrary ideal gases. 

The influence of the ambient pressure 𝑝𝑝∞ is captured by scaling the pressure difference 𝑝𝑝0 − 𝑝𝑝∞. Thus, 

a plot of the dimensionless number Π1 against the dimensionless pressure difference (𝑝𝑝0 − 𝑝𝑝∞)/𝑝𝑝∞ 
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results in a single curve that obtains all parameter settings. This means that it is possible to determine 

all isentropic, subcritical discharges from thin-wall, adiabatic pressure vessels with equations (4.19) and 

(4.20) within a few seconds. The mean deviation of the inertial loss model to the simulations is only 

1.939 % and of the Π1-correlation to the simulations only -2.343 %. The Π1-correlation is characterised 

by its generality, fast and accurate solution, and is therefore a practical tool for calculating the discharge 

duration of any isentropic, adiabatic, subcritical pressure discharge. In particular, because it does not 

require complex numerical simulations or calculations of differential equations, it is a practical tool in 

daily engineering life.  

 

The mean deviation between the FILM for thick-wall vessels and the experiments is -1.75 %. This shows 

that it is possible to determine the outflow duration, even for more complex problems with frictional 

pressure losses, quickly and accurately. 
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5. Experimental investigation of transient free jets  
 

In this chapter, transient, horizontal air, carbon dioxide and helium jets formed during sudden pressure 

reliefs of a vessel are experimentally investigated. The velocity field of the transient free jets formed at 

the vessel outlet is measured with a LDA and PDA system. A statistical analysis of these data provides 

information as to whether and in what form a statistically significant relationship exists between the 

Reynolds number and gas density on the propagation. Furthermore, whether a self-similarity of the ve-

locity field can also be observed for transient free jets is investigated. 

 

5.1. Introduction into experimental investigation of transient free jets 
 

Most of the studies presented in chapter 2 have in common that they have investigated stationary free 

jets. The self-similarity of stationary free jets has thus been extensively investigated and is considered 

valid (Chen and Rodi, 1980). The situation is different for transient free jets because there is much less 

experimental data in this case. In addition, the studies to date are theoretical or numerical (Abraham, 

1996) or focus on sudden decreases of the outlet velocity (Borée et al., 1996). A transient free jet, which 

occurs when a pressure vessel is opened suddenly, has hardly been investigated to date. Since transient 

jets are examined, a continuous temporal variation of the Reynolds number is directly connected to this. 

Thus, the question of the self-similarity of transient free jets will be investigated as well as the Reynolds 

number dependence of free jets. 

 

5.2. Measuring procedure 
 

The experimental setup used is described in detail in section 3.2. For the experiments with carbon diox-

ide and helium, it is important that these gases are present in the pressure vessel as an initial condition 

at the highest possible concentration to minimise measurement errors. This process was monitored by 

means of the gas concentration meter (I-8) and only ended when the concentration exceeded > 99 %. 

The filling with carbon dioxide was carried out accordingly from below via line (P-2), so that the less 

dense air is displaced upwards. 

 

PPA1 Parts of this chapter are based on the article: Measurement of the Reynolds number dependence 
of a transient air jet from a pressure vessel by M.-D. Fischer, F. Ryll and K. Boettcher; it was first 
published as preprint article on Research Square, 2022 and is licensed under a Creative Commons 
Attribution 4.0 International License (http://creativecommons.org/licence/by/4.0/). 
The following advisory/analysis services of the Statistical Consulting and Analysis Centre for Higher 
Education TU Dortmund University were used for this chapter: statistical methodology, selection of 
statistical software and statistical programming using R Core Team (2022), data analysis and statisti-
cal formulation of text passages. 
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This procedure does not need to be repeated for the subsequent tests because the vessel is closed again 

after each discharge experiment. After the first filling with a gas, the following measuring procedure 

can be carried out. The valves (V-3) and (V-1) are opened and by means of the pressure reducer (V-2) 

a pressure of about 700 mbar is set for filling the vessel. During filling, an aerosol of liquid ethylene 

glycol particles is generated inside the vessel by a fog machine. As soon as the internal vessel pressure 

is 𝑝𝑝0 = 510 mbar, the filling process is stopped and the valves (V-3) and (V-1) are closed. At 

𝑝𝑝0 = 510 mbar, the internal vessel pressure is slightly above the desired pressure of 𝑝𝑝0 = 500 mbar be-

cause the gas is heated by the compression and thus expands. Therefore, after the filling process is 

completed, waiting is required until the temperature has dropped and a pressure of 𝑝𝑝0 = 500 mbar has 

been reached. The data recording of the temperature (I-3, I-4; I-5), pressure sensors (I-2) and the PDA 

system (I-7) is then started. The ball valve (V-5) must be opened and the quick valve (V-6) will be 

opened via a controller. After the outflow has stopped, the vessel is closed again by means of the ball 

valve (V-5). This prevents air from flowing into the vessel and thus contaminating the gas inside. 

 

5.3. Evaluation methods 
 

Since turbulent free jets are investigated, temporal fluctuations are present, which complicate an evalu-

ation of the flow behaviour. To determine the decay constant 𝐾𝐾1,𝑢𝑢 and the spreading rate 𝐾𝐾2,𝑢𝑢, it is 

necessary to determine the mean velocity. To solve this problem, the velocity can be divided into a time 

averaged 𝑢𝑢�(�⃗�𝑥) and a turbulent fluctuation 𝑢𝑢′(�⃗�𝑥, 𝑡𝑡) according to Reynolds (1895), i.e. 

𝑢𝑢(�⃗�𝑥, 𝑡𝑡) = 𝑢𝑢�(�⃗�𝑥) + 𝑢𝑢′(�⃗�𝑥, 𝑡𝑡). (5.1) 

For stationary flows, the time average velocity 𝑢𝑢�(�⃗�𝑥) can be easily determined via 

𝑢𝑢�(�⃗�𝑥) = lim
Δ𝑡𝑡→∞

1
Δ�̂�𝑡

� 𝑢𝑢(�⃗�𝑥, 𝑡𝑡) 𝑑𝑑𝑡𝑡
𝑡𝑡+Δ�̂�𝑡

𝑡𝑡

. (5.2) 

However, since transient flows are being investigated here, the mean flow velocity is dependent on time.  

Assuming an ergodic process, averaging over time intervalls can be used instead of averaging several 

different tests. Thus, the challenge is to define an averaging interval Δ�̂�𝑡 that is large enough to filter the 

turbulent fluctuations and small enough not to misrepresent the transient flow character. The time-de-

pendent mean velocity, which is calculated by averaging over a smaller finite time step, is defined as 

the current mean velocity 𝑢𝑢�(�⃗�𝑥, 𝑡𝑡). Since it is further investigated if the assumption of a perfect following 

behaviour is valid, and thus whether the tracer particles have adopted the gas velocity, the velocity is 

first related to the particles. Generally, the average process is based on all particle sizes. To determine 

an appropriate time step size, the temporal velocity behaviour at the pipe outlet �⃗�𝑥 = (1𝑑𝑑, 0, 0) is consid-

ered in Figure 5.1 for the transient (a) air jet, (b) carbon dioxide jet and (c) helium jet. Therefore, the 

velocity of the tracer particles at the pipe outlet 𝑢𝑢0,𝑝𝑝 is plotted against time 𝑡𝑡. The black circles are the 
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raw data including all particles 𝑑𝑑𝑝𝑝 < 14 µm, which seem to have a linear temporal behaviour. This means 

that the averaging interval Δ�̂�𝑡 can be chosen to be relatively large, thereby the earlier (𝑡𝑡 − Δ�̂�𝑡/2), faster 

and later (𝑡𝑡 + Δ�̂�𝑡/2), slower data points are balanced out. An averaging interval of Δ�̂�𝑡 = 0.5 s is used to 

calculate the current mean velocity 

𝑢𝑢�(�⃗�𝑥, 𝑡𝑡) =
1
Δ�̂�𝑡

� 𝑢𝑢(�⃗�𝑥, 𝑡𝑡) 𝑑𝑑𝑡𝑡

𝑡𝑡+Δ�̂�𝑡2

𝑡𝑡−Δ�̂�𝑡2

. (5.3) 

In addition to the raw data (black circles), the current mean particle velocity 𝑢𝑢�𝑝𝑝𝑐𝑐,𝑝𝑝(𝑥𝑥 = 1𝑑𝑑, 𝑡𝑡) of the 

particle class 𝑑𝑑𝑝𝑝𝑝𝑝 = 0.5 µm (blue cirlces), 𝑑𝑑𝑝𝑝𝑝𝑝 = 2.5 µm (orange circles), 𝑑𝑑𝑝𝑝𝑝𝑝 = 6.5 µm (turquoise cir-

cles) and 𝑑𝑑𝑝𝑝𝑝𝑝 = 11.5 µm (violet circles) are shown. The current mean particle velocity 𝑢𝑢�𝑝𝑝𝑐𝑐,𝑝𝑝 starts after 

𝑡𝑡 = 0.25 s because this is the midpoint of the averaging interval. The deviating points of the raw data are 

measurement errors. These amount to less than 0.1 % of the raw data, and are therefore negligible. The 

fact that the velocity does not drop to zero at the end of the outflow is not an error. The gas in the vessel 

has cooled down due to the pressure drop and is then heated up again by the heat flow from the vessel 

wall. This temperature increase in turn causes a pressure increase in the vessel and generates a flow. In 

the case of the helium jet, the maximum measurable velocity of the PDA system of 433 m/s was ex-

ceeded for the two axial positions measured closest to the outlet �⃗�𝑥 = (25, 0, 0) mm and 

�⃗�𝑥 = (105, 0, 0) mm for 𝑡𝑡 < 2 s. This was not the case for the air and carbon dioxide jet because the 

maximum velocity was much lower at around 𝑢𝑢 = 200 - 250 m/s. However, the position 

�⃗�𝑥 = (25, 0, 0) mm is particularly important for the scaling of the subsequent axial velocity profiles. The 

almost perfect linear temporal behaviour of the velocity at a specific position was used for the determi-

nation. Thus, the velocity could be determined for times 𝑡𝑡 < 2 s based on a linear extrapolation.  
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Figure 5.1.: Particle velocity 𝑢𝑢𝑝𝑝 plotted against the time 𝑡𝑡 for different particle classes 𝑑𝑑𝑝𝑝𝑝𝑝 at the pipe 

outlet 𝑥𝑥 = 1 𝑑𝑑: (a) air jet, (b) carbon dioxide jet and (c) helium jet including extrapolations (ext.) for 

𝑡𝑡 < 2 s. Modified from PPA1. 
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The functions of the linear regression are summarised in Table 5.1. The assumption of a linear temporal 

behaviour of the velocity at a constant position is supported by the high coefficient of determination for 

the linear regression. The linear regressions are based on the averaging intervals 0 < 𝑡𝑡 < 14 s for air, 

0 < 𝑡𝑡 < 18 s for carbon dioxide and 2 < 𝑡𝑡 < 5 s for helium.  

 

Table 5.1.: Linear regression of the particle velocity 𝑢𝑢�𝑝𝑝 at the pipe outlet for the different particle classes.  
  Air Carbon dioxide Helium 
𝑑𝑑𝑝𝑝 𝑑𝑑𝑝𝑝𝑝𝑝 𝜕𝜕𝑢𝑢�/𝜕𝜕𝑡𝑡 𝑢𝑢�(𝑡𝑡=0) R2 𝜕𝜕𝑢𝑢�/𝜕𝜕𝑡𝑡 𝑢𝑢�(𝑡𝑡=0) R2 𝜕𝜕𝑢𝑢�/𝜕𝜕𝑡𝑡 𝑢𝑢�(𝑡𝑡=0) R2 
µm µm m/s² m/s - m/s² m/s - m/s² m/s - 
0           
1 0.5 -17.05 252.79 0.9988 -10.48 202.69 0.9988 -111.00 618.93 0.9988 
4 2.5 -16.91 251.49 0.9992 -10.45 202.99 0.9993 -111.49 620.53 0.9989 
9 6.5 -16.97 252.04 0.9994 -10.40 202.28 0.9995 -111.12 618.99 0.9990 

14 11.5 -16.87 251.66 0.9990 -10.29 201.51 0.9982 -110.81 618.33 0.9989 
 mean -16.95 252.00 0.9991 -10.41 202.37 0.9990 -111.11 619.20 0.9989 

 standard 
deviation 0.07 0.50 2.24⋅10-4 0.07 0.56 5.02⋅10-4 0.25 0.81 7.07⋅10-5 

 

Since the ability of particles to follow the gas flow is considerably dependent on their size, the particles 

are divided into size classes during the evaluation. The aim is to determine the actual gas velocity as 

accurately as possible. If the velocities are the same for different particle classes, then it can be assumed 

that the actual gas velocity has been detected and the relative velocity between particle and gas phase is 

negligible. For the classification into particle classes, the cumulative number distribution 𝑄𝑄0 for the 

centre-line positions 𝑥𝑥 = 1 𝑑𝑑 and 𝑥𝑥 = 60.2 𝑑𝑑 is considered in Figure 5.2. Here, 34 917 - 66 963 particles 

were measure at the position 𝑥𝑥 = 1 𝑑𝑑 and 942 - 3338 particles at the position 𝑥𝑥 = 60.2 𝑑𝑑. More than 90 % 

of the particles are of a size 𝑑𝑑𝑝𝑝 < 15 µm. Furthermore, the distribution shifts towards smaller particle 

diameters with increasing axial distance 𝑥𝑥. This is probably due to the evaporation of the liquid tracer 

particles, and thus the particles become smaller downstream. According to Walzel and Tropea (2004), 

an aerodynamic breakup is not to be expected because both the particle size 𝑑𝑑𝑝𝑝 and the relative velocity 

between particle and gas phase are too small in the present case. 
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Figure 5.2.: Particle-size distribution 𝑄𝑄0 against the tracer particle diameter 𝑑𝑑𝑝𝑝 for the nearest and fur-

thest position on the centre line. Modified from PPA1. 

 

Based on this knowledge, the limits for the particle classes 𝑑𝑑𝑝𝑝 and class centres 𝑑𝑑𝑝𝑝𝑝𝑝 are defined in Table 

5.2. The class widths increase as the particle diameter increases because the number density decreases. 

The exit Stokes number 𝑆𝑆𝑡𝑡0 according to Stieß (1997) is introduced, to evaluate the following behaviour 

of the particles. It puts the relaxation length in relation to the characteristic flow length, in this case the 

pipe diameter 𝑑𝑑. The definition is 

𝑆𝑆𝑡𝑡0 =
𝜚𝜚𝑝𝑝𝑑𝑑𝑝𝑝2�𝑢𝑢�0 − 𝑢𝑢�0,𝑝𝑝�

18𝜇𝜇𝑖𝑖𝑖𝑖𝑑𝑑
, (5.4) 

where 𝑢𝑢�0,𝑝𝑝 is the current mean particle velocity and 𝑢𝑢�0 the current mean gas velocity at the pipe exit. 

The current mean gas velocity at the pipe exit 𝑢𝑢�0 is determined on the assumption that the particle classes 

with 𝑑𝑑𝑝𝑝𝑝𝑝 ≤ 16.5 µm have adopted the gas velocity. This assumption is based on the idea that these 

classes have almost the same velocity, and therefore must have the gas velocity. According to Stieß 

(1997), an outlet Stokes number 𝑆𝑆𝑡𝑡0 ≪ 1 corresponds to a perfect following behaviour and it can be 

assumed that particles with a diameter smaller 𝑑𝑑𝑝𝑝𝑝𝑝 ≤ 11.5 µm will have the gas velocity (cf. Table 5.2). 

It must be mentioned that the PDA system is limited by the wavelength to a minimum measurable par-

ticle diameter. Therefore, the later results for the particle class 𝑑𝑑𝑝𝑝𝑝𝑝 = 0.5 µm are to be excluded if they 

appear unphysical. 
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Table 5.2.: Overview of the defined particle classes and their corresponding outlet Stokes number 𝑆𝑆𝑡𝑡0. 

Modified from PPA1. 

  Air (𝑡𝑡 ≈ 0.25 𝑠𝑠) Carbon dioxide(𝑡𝑡 ≈ 0.25 𝑠𝑠) Helium(𝑡𝑡 ≈ 2 𝑠𝑠) 

𝑑𝑑𝑝𝑝  𝑑𝑑𝑝𝑝𝑝𝑝  𝑢𝑢�0,𝑝𝑝  𝑢𝑢�0,𝑝𝑝 − 𝑢𝑢�0  𝑆𝑆𝑡𝑡0 𝑢𝑢�0,𝑝𝑝  𝑢𝑢�0,𝑝𝑝 − 𝑢𝑢�0  𝑆𝑆𝑡𝑡0 𝑢𝑢�0,𝑝𝑝  𝑢𝑢�0,𝑝𝑝 − 𝑢𝑢�0  𝑆𝑆𝑡𝑡0 
µm µm m⋅s-1 m⋅s-1 - m⋅s-1 m⋅s-1 - m⋅s-1 m⋅s-1 - 
0           
1 0.5 247.04 -1.68 5.74⋅10-5 198.63 0.81 6.03⋅10-5 393.30 -0.69 3.88⋅10-5 
4 2.5 249.63 0.91 7.24⋅10-4 198.78 0.96 1.79⋅10-3 394.28 0.29 4.10⋅10-4 
9 6.5 248.77 0.04 2.42⋅10-4 197.90 0.07 9.27⋅10-4 394.64 0.65 6.13⋅10-3 

14 11.5 249.45 0.73 0.01 195.98 -1.85 0.07 393.74 -0.25 7.33⋅10-3 
19 16.5 249.32 0.60 0.02 194.99 -2.83 0.23 394.19 0.20 0.01 
26 22.5 255.74 7.02 0.45 195.17 -2.65 0.40 393.58 -0.41 0.05 
35 30.5 255.46 6.73 0.80 192.14 -5.68 1.57 394.30 0.31 0.06 
48 41.5 274.96 26.24 5.75 201.01 3.19 1.64 393.33 -0.66 0.25 
71 59.5 334.11 85.38 38.44 190.29 -7.53 7.94 313.36 -80.63 63.84 

114 92.5 322.61 73.88 80.39 198.60 0.78 1.98 371.05 -22.94 43.89 
mean < 16.5 248.72 -5.42⋅10-14 0.01 197.82 1.42⋅10-14 0.02 393.99 4.26⋅10-14 3.48⋅10-3 
𝜎𝜎 < 16.5 1.18 1.18 7.5⋅10-3 1.12 1.12 0.03 0.51 0.51 3.28⋅10-3 

 

It is noticeable that the particle velocity appears to increase for the larger-particle classes. The reason 

for this is explained by Figure 5.3 for the example of the transient air jet. In Figure 5.3, the current mean 

particle velocity 𝑢𝑢�𝑝𝑝𝑐𝑐,𝑝𝑝(𝑥𝑥 = 1𝑑𝑑, 𝑡𝑡) is plotted against the time 𝑡𝑡 for different particle classes. To illustrate 

which and how the particle classes are affected by measurement errors, Figure 5.3 is divided into two 

charts. Chart (a) shows all particle classes 𝑑𝑑𝑝𝑝𝑝𝑝 < 16.5 µm and chart (b) shows all particle classes 

𝑑𝑑𝑝𝑝𝑝𝑝 ≥ 16.5 µm. The measuring points for the particle classes 𝑑𝑑𝑝𝑝 < 16.5 µm lie almost perfectly on top 

of each other and have a mean relative standard deviation of 0.76 % during the discharge. For greater 

particle diameters, the measured particle velocities shift to the upper measuring range. This behaviour 

cannot be explained physically, especially for the particles that seem to be faster than the speed of sound 

(cf. eq. (2.9)), and can only be explained by measurement errors. One of the most common measurement 

errors is caused by multiple particles in the measurement volume in very dense sprays, where superim-

posed refraction and diffraction phenomena occur (Dantec Dynamics A/S, 2011). This leads to noise in 

the measurement signal, which, if the validation limits are not sufficiently hard, can result in apparently 

large particles with apparently high velocities. 
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Figure 5.3.: Current mean particle velocity 𝑢𝑢�𝑝𝑝 against time 𝑡𝑡 for different particle classes 

𝑢𝑢�𝑝𝑝𝑐𝑐,𝑝𝑝(𝑥𝑥 = 1𝑑𝑑, 𝑡𝑡) at the pipe outlet for the transient air jet. (a) 𝑑𝑑𝑝𝑝𝑝𝑝 < 16.5 µm, (b) 𝑑𝑑𝑝𝑝𝑝𝑝 ≥ 16.5 µm. Mod-

ified from PPA1. 

 

Furthermore, positions with negative 𝑧𝑧-coordinate below the 𝑥𝑥-axis are increasingly affected by signal 

noise because the light that is collected by the receiver must pass through the free jet for this purpose, 

resulting in (unwanted) interactions of the light with other tracers. The idea that the deviations in particle 

velocity are due to additional refraction and diffraction phenomena in very dense sprays is supported by 

the fact that the deviations become less frequent at positions that are farther away from the outlet, where 

the tracer load is less dense. It would have been possible to further limit these measurement errors by 

specifying harder validation criteria, such as by using a higher signal-to-noise ratio and a longer record-

ing length, but this always leads to a great drop of the overall data rate. A drop of the overall data rate 

also means that many valid particles are not detected, for example, because a longer record length of the 

burst signals is used. Therefore, it makes sense to choose a trade-off with a first somewhat lower vali-

dation level to generate a larger amount of raw data and then to filter out the measurement errors in a 

second step, especially because the measurement errors can be clearly identified. This shows that it is 

useful to perform a particle-size-specific evaluation because it adds an additional method to the data 

evaluation. Furthermore, the axial velocity profile depending on the particle size was modelled with a 

linear regression according to Fahrmeir et al. (2016). This analysis shows no significant influence (𝑝𝑝-

value = 0.225) of the particle size for 𝑑𝑑𝑝𝑝𝑝𝑝 < 16.5 µm on the velocity field. Based on this analysis, the 

velocity of the particle classes 𝑑𝑑𝑝𝑝𝑝𝑝 < 16.5 µm will no longer be referred to as particle velocity but as 

gas velocity.  
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5.4. Reproducibility 
 

Since the LDA technique used to measure the velocity is a point-like measurement method, the velocity 

field in space must be assembled from several individual experiments. Reproducibility is assumed in the 

form that the velocity field from a discharge experiment corresponds to the velocity field, which has 

been assembled by other individual experiments. Since the discharge velocity is largely related to the 

vessel pressure and temperature, the variances of the pressure and temperature curves against time are 

considered first. For this purpose, Figure 5.4 plots the internal vessel pressure 𝑝𝑝1 (I-2) and internal vessel 

temperature 𝑇𝑇1 (I-5), as well as the ambient temperature 𝑇𝑇∞ (I-4) against time 𝑡𝑡. The curves result from 

an average over all discharge experiments. The time 𝑡𝑡 = 0 was defined based on the sudden change in 

the internal vessel pressure. The pressure curves have the greatest gradient at the beginning of the dis-

charge and decrease strictly monotonously. For air and carbon dioxide, the pressure curves from the 

experiment and the FILM can hardly be distinguished because they have such a small deviation. This 

supports the idea that the deviations between the FILM and the experiments previously observed in 

section 4.5 could be related to the other 0–1.6 bar pressure sensor, which is an A-10 (I-2) (WIKA Alex-

ander Wiegand SE & Co. KG). 
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Figure 5.4.: Internal vessel pressure 𝑝𝑝1, internal vessel temperature 𝑇𝑇1 and ambient temperature 𝑇𝑇∞ 

against time 𝑡𝑡 average of all experiments for each gas compared with the FILM. Error bars indicate the 

standard deviation. Modified from PPA1. 
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An overview of the outflow durations determined experimentally and with the FILM can be found in 

Table 5.3.  

 

Table 5.3.: Overview of the discharge durations determined experimentally (exp.) and with the frictional 

and inertial loss model (FILM)  

 Air Carbon dioxide Helium 
 exp. FILM exp. FILM exp. FILM 

𝑡𝑡dis / s 13.66 13.17 17.55 17.52 5.33 4.19 
 

The discharge durations of the FILM are -3.59 %, -0.17 % and -21.39 %, which are smaller than the 

discharge durations determined experimentally for air, carbon dioxide and helium. The experimental 

profiles and discharge durations 𝑡𝑡dis of helium differ here from those in section 4.5. This is because in 

the time sequence the PDA tests with helium were done first and the individual segments of the outlet 

pipe were not perfectly aligned, which led to offsets relative to the pipe. This led to an increase of the 

pressure loss Δ𝑝𝑝loss in the pipe, and thus to a slowing down of the outflow. This was only discovered 

and corrected after the PDA tests with helium, so that this error was no longer present in the PDA tests 

with air and carbon dioxide and in the validation tests of the FILM in section 4.5. 

 

The mean standard deviation for air decreases from 𝜎𝜎(𝑝𝑝1(𝑡𝑡 = 0)) = 2.14 mbar at the beginning of the 

discharge to 𝜎𝜎(𝑝𝑝1(𝑡𝑡dis)) = 0.63 mbar at the end of the discharge. According to the FILM, the influence 

of the standard deviation of the pressure on the air outflow velocity is thus ± 0.17 % at 𝑡𝑡 = 0 s and 

± 6.11 % at 𝑡𝑡 = 𝑡𝑡dis.  

 

The mean standard deviation for carbon dioxide increases from 𝜎𝜎(𝑝𝑝1(𝑡𝑡 = 0)) = 0.30 mbar at the begin-

ning of the discharge to 𝜎𝜎(𝑝𝑝1(𝑡𝑡dis)) = 0.69 mbar at the end of the discharge. According to the FILM, the 

influence of the standard deviation of the pressure on the carbon dioxide outflow velocity is thus 

± 0.02 % at 𝑡𝑡 = 0 s and ± 6.23 % at 𝑡𝑡 = 𝑡𝑡dis.  

 

The mean standard deviation for helium increases from 𝜎𝜎(𝑝𝑝1(𝑡𝑡 = 0)) = 2.81 mbar at the beginning of the 

discharge to 𝜎𝜎(𝑝𝑝1(𝑡𝑡dis)) = 3.94 mbar at the end of the discharge. According to the FILM, the influence 

of the standard deviation of the pressure on the helium outflow velocity is thus ± 0.21 % at 𝑡𝑡 = 0 s and 

± 33.54 % at 𝑡𝑡 = 𝑡𝑡dis. This deviation seems relatively large at first. However, if the helium discharge is 

limited to the inertia-dominated regime according to equation (2.10), then the influence drops to 

± 6.37 % at 𝑡𝑡 = 3.5 s. The reason for the greater deviations with helium is probably a greater variation 

in the environmental conditions. The helium tests had to be carried out over several months due to a 

helium shortage, which led to greater variations in the environmental conditions. 

The internal vessel temperature 𝑇𝑇1 is supposedly constant at first. It then monotonously drops, featuring 

an increasing temperature gradient that flattens out towards the end of the discharge for all three gases. 
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The temperature gradient is not the greatest at the beginning because the temperature sensor is not ca-

pable of correctly measuring steep temperature gradients. Although the temperature sensor (I-5) is not 

even the size of a pinhead, the response is delayed by the sensor’s own thermal inertia. The measurement 

of steep temperature gradients is a general problem of the measurement technology that was used and 

could only be solved with a much greater experimental and financial effort. However, this was not pur-

sued because the measurement of the vessel temperature is only subordinate.  

 

The mean standard deviation of the internal vessel temperature at the beginning of the air discharge is 

𝜎𝜎�𝑇𝑇1(𝑡𝑡 = 0)� = 1.12 K and 𝜎𝜎�𝑇𝑇1(𝑡𝑡dis)� = 1.00 K at the end of the discharge. According to the FILM, 

the influence of the standard deviation of the internal vessel temperature on the outflow velocity is thus 

± 0.19 % at 𝑡𝑡 = 0 s and ± 0.14 % at 𝑡𝑡 = 𝑡𝑡dis. The mean standard deviation of the internal vessel temper-

ature at the beginning of the carbon dioxide discharge is 𝜎𝜎�𝑇𝑇1(𝑡𝑡 = 0)� = 1.34 K and 𝜎𝜎�𝑇𝑇1(𝑡𝑡dis)� 

= 1.19 K at the end of the discharge. According to the FILM, the influence of the standard deviation of 

the internal vessel temperature on the outflow velocity is thus ± 0.22 % at 𝑡𝑡 = 0 s and ± 0.22 % at 

𝑡𝑡 = 𝑡𝑡𝑑𝑑𝑖𝑖𝑠𝑠. The mean standard deviation of the internal vessel temperature at the beginning of the helium 

discharge is 𝜎𝜎�𝑇𝑇1(𝑡𝑡 = 0)� = 2.12 K and 𝜎𝜎�𝑇𝑇1(𝑡𝑡dis)� = 2.62 K at the end of the discharge. According 

to the FILM, the influence of the standard deviation of the internal vessel temperature on the outflow 

velocity is thus ± 0.34 % at 𝑡𝑡 = 0 s and ± 0.49 % at 𝑡𝑡 = 𝑡𝑡𝑑𝑑𝑖𝑖𝑠𝑠. Therefore, the influence of temperature 

differences on the discharge velocity is negligible. An overview of the effect of all of the above standard 

deviations is given in Table 5.4. 

 

Table 5.4.: Overview of the impact of the standard deviation of the internal vessel pressure 𝑝𝑝1 and tem-

perature 𝑇𝑇1 at the outflow velocity. 

 Air Carbon dioxide Helium 
𝜎𝜎(𝑝𝑝1(𝑡𝑡 = 0)) / mbar 2.14 0.30 2.81 
𝜎𝜎(𝑢𝑢0(𝑡𝑡 = 0))/𝑢𝑢�0 / % ± 0.17 % ± 0.02 % ± 0.21 % 
𝜎𝜎(𝑝𝑝1(𝑡𝑡dis)) / mbar 0.63 0.69 3.94 
𝜎𝜎(𝑢𝑢0(𝑡𝑡dis))/𝑢𝑢�0 / % ± 6.11 % ± 6.23 % ± 33.54 % 
𝜎𝜎�𝑇𝑇1(𝑡𝑡 = 0)� / K 1.12 1.34 2.12 
𝜎𝜎(𝑢𝑢0(𝑡𝑡 = 0))/𝑢𝑢�0 / % ± 0.19 % ± 0.22 % ± 0.34 % 
𝜎𝜎�𝑇𝑇1(𝑡𝑡dis)� / K 1.00 1.19 2.62 
𝜎𝜎(𝑢𝑢0(𝑡𝑡dis))/𝑢𝑢�0 / % ± 0.14 % ± 0.22 % ± 0.49 % 

 

The ambient temperature 𝑇𝑇∞ remains almonst constant during the discharge. The large standard devia-

tions are caused by the ambient temperature increase during the course of an experimental day, which 

happened because the laboratory does not have a temperature control system. However, this influence 

is negligible during a single discharge experiment because the ambient temperature fluctuates less than 

0.04 °C during the discharge. The actual temperature change should be even smaller because 0.04 °C 
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corresponds to the resolution of the complete temperature sensing system. When comparing the internal 

vessel temperature 𝑇𝑇1 with the ambient temperature 𝑇𝑇∞, it can be observed that the initial internal vessel 

temperature 𝑇𝑇1(𝑡𝑡 = 0) is greater and becomes smaller than the ambient temperature during the discharge. 

The reason for this is that the gas in the vessel heats up during filling due to compression. Cooling down 

to almost ambient temperature takes about 15 min per discharge, which was not waited for because the 

difference quotient Δ𝑇𝑇/Δ𝑡𝑡 ≈ 5 ⋅ 10-3 K/s is three orders of magnitude smaller than the difference quo-

tient during the discharge Δ𝑇𝑇/Δ𝑡𝑡 ≈ 1 K/s. Overall, this shows that the influence of temperature and 

pressure deviations is relatively small over the great number of experiments and there is a high degree 

of reproducibility.  

 

5.5. Results of the velocity field 
 

In this section, the results from the experimental investigations on transient free jet propagation are 

presented and explained. The profile of the current mean axial velocity 𝑢𝑢�𝑝𝑝𝑐𝑐(𝑥𝑥, 𝑡𝑡) on the centre line is 

first considered. Here, both different times during the outflow and averaged profiles are considered. 

Furthermore, a statistical analysis of the influence of the Reynolds number on the decay constant is 

performed. The radial profiles of the current mean axial velocity 𝑢𝑢�(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) at different axial distances 𝑥𝑥 

are then considered. Potential sources of error due to buoyancy effects and their effect on measurements 

are also discussed. Finally, a statistical analysis of the Reynolds number influence on the spreading rate 

is performed. 

 

 Axial velocity decay  
 

Starting with the evaluation of the axial velocity profile. In Figure 5.5 the current mean velocity 𝑢𝑢�𝑝𝑝𝑐𝑐(𝑥𝑥, 𝑡𝑡) 

is scaled with the current mean exit velocity 𝑢𝑢�0(𝑡𝑡) and plotted against the axial distance 𝑥𝑥 scaled with 

the effective diameter 𝑑𝑑𝑒𝑒 for the particle class 𝑑𝑑𝑝𝑝𝑝𝑝 = 6.5 µm. The density ratios of 𝑅𝑅𝜚𝜚 ≈ 1 for the air jet, 

𝑅𝑅𝜚𝜚 ≈ 1.52 for the carbon dioxide jet and 𝑅𝑅𝜚𝜚 ≈ 0.14 for the helium jet are determined for 𝑡𝑡 = 0 s. The 

material data used are from Linstrom (1997). The cooling due to the isentropic expansion and conse-

quently time-dependent densities and viscosities at the outlet are considered. Table 5.5 summarises the 

values at the pipe exit at the beginning 𝑡𝑡 = 0 s and at the end of the discharge for the three gases. For 

further evaluation, the values at the pipe exit were recalculated for each time step evaluated. Several 

discrete points in time during the discharge process are considered to analyse the transient flow charac-

ter.  
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Table 5.5.: Overview of the injection densities 𝜚𝜚𝑖𝑖𝑖𝑖, effective pipe diameters 𝑑𝑑𝑒𝑒, Froude numbers Fr and 

buoyancy numbers XF at the beginning 𝑡𝑡 = 0, at the end of the inertia-dominant regime 𝑡𝑡inertia and the 

end of the discharge 𝑡𝑡dis. 
 Air Carbon dioxide Helium 

𝑡𝑡 / s 0  𝑡𝑡dis = 13.66 0  𝑡𝑡dis = 17.55 𝑡𝑡inertia = 16 s 0 𝑡𝑡dis = 5.33 𝑡𝑡inertia= 3.5 
𝜚𝜚𝑖𝑖𝑖𝑖 /kg m-3 1.167 1.226 1.808 1.881 1.879 0.163 0.177 0.173 
𝜇𝜇𝑖𝑖𝑖𝑖 / µPa⋅s 18.55 17.84 14.92 14.37 14.39 19.87 18.73 19.02 
𝑑𝑑𝑒𝑒 / mm 24.8 25.4 30.9 31.5 31.5 9.2 9.7 9.6 
Fr / - 1.79⋅107 6.62⋅104 4.82⋅105 4.85⋅104 1.28⋅104 2.49⋅105 1.39⋅103 3.60⋅104 
X𝐹𝐹 / - 0.014 0.23 0.078 0.767 0.473 0.197 2.588 0.511 

 

Beside the experimental data (blue and orange symbols), the model according to Chen and Rodi (1980) 

(red line) is shown. For air and carbon dioxide a virtual jet origin of 𝑥𝑥0 = 0 was used in the model of 

Chen and Rodi (1980), and 𝑥𝑥0 = 3.8 𝑑𝑑 was used for helium. The orange symbols mark the area in which 

the free jets lie in the buoyancy-affected regime according to equation (2.10). For carbon dioxide, the 

buoyancy-affected regime was defined from an exit velocity less than 𝑢𝑢�0 < 33 m/s and for helium from 

an exit velocity of less than 𝑢𝑢�0 < 226 m/s. This point was reached after 𝑡𝑡 > 16 s for the carbon dioxide 

discharge and after 𝑡𝑡 > 3.75 s for the helium discharge. For air, the buoyancy-affected regime would 

start at an exit velocity of less than 𝑢𝑢�0 < 9 m/s. This is below the velocity 𝑢𝑢�0 < 25 m/s at the defined 

discharge duration of 𝑡𝑡dis = 13.65 s. Therefore, buoyancy effects on the air jet are negligible and are not 

considered further in the evaluation.  

 

In accordance with the theory, the velocity is initially almost constant in a core region 𝑥𝑥𝑝𝑝 = 5 𝑑𝑑 for air, 

𝑥𝑥𝑝𝑝 = 6.2 𝑑𝑑 for carbon dioxide and 𝑥𝑥𝑝𝑝 = 4.2 𝑑𝑑 for helium and then decreases hyperbolically. This fits with 

the results of Rajaratnam (1976) for steady free jets. For all gases, there is a good agreement with the 

model of Chen and Rodi (1980) using a decay constant 𝐾𝐾1,𝑢𝑢 = 6.2, especially in the self-similar jet re-

gion. The mean deviation from the model according to Chen and Rodi (1980) in the self-similar region 

is 1.32 % for air, -3.16 % for carbon dioxide and 1.13 % for helium. For the air jet, greater deviations 

are observed in some cases towards the end of the discharge at 𝑡𝑡 = 13 s and 𝑡𝑡 = 14 s. One reason for this 

is the decrease of the data rate towards the end of the discharge, which weakens the statistical reliability 

for the determination of the current mean velocity. This problem certainly also occurs with steady-state 

flows, but can be solved simply by extending the measurement period. However, this is not possible 

within a transient vessel discharge. Assuming an ergodic process, this problem could be solved by gen-

erating the measured values of a location by multiple outflow tests. However, this was not carried out 

due to the very time-consuming process. The single data point at 𝑡𝑡 = 14 s at the position 𝑥𝑥/𝑑𝑑𝑒𝑒 = 16.2 in 

Figure 5.5 (a) is explained by the fact that the vessel was closed too early in this test. Therefore, this 

value is not considered for further evaluation.  
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Figure 5.5.: Scaled current mean axial velocity 𝑢𝑢�𝑝𝑝𝑐𝑐/𝑢𝑢�0 along the jet axis against scaled axial distance 

𝑥𝑥/𝑑𝑑𝑒𝑒 for the particle class 𝑑𝑑𝑝𝑝𝑝𝑝 = 6.5 µm: (a) air jet, (b) carbon dioxide jet, and (c) helium jet. Subdivided 

into the inertia-dominated regime (blue) and buoyancy-affected regime (orange). Modified from PPA1. 
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The influence of buoyancy is shown in particular on the carbon dioxide jet because the velocity curves 

drop clearly for later discharge times. This can be referred to the apparent-centre-line effect, which will 

be explained in the context of Figure 5.9. Thus, the centre line shifts due to the sinking of the denser 

carbon dioxide. However, the measurement continues to be taken on the 𝑥𝑥-axis (apparent centre line); a 

smaller axial velocity is measured. In the case of helium, the buoyancy influence on the axial velocity 

profile cannot be recognised well in Figure 5.5 (c). 

 

Overall, the axial velocity profiles 𝑢𝑢�(𝑥𝑥, 𝑡𝑡) for the different points in time do not show major deviations. 

Thus, it appears possible to scale a transient free jet with the time-dependent current mean exit velocity 

𝑢𝑢�0(𝑡𝑡) in a similar way as a stationary jet leading to a self-similar representation. This idea is to be 

investigated in more detail by averaging over the outflow duration for different particle sizes. As men-

tioned before, the additional measurement of the particle size with the PDA leads to a further validation. 

To assess this, the scaled velocity 𝑢𝑢�𝑝𝑝𝑐𝑐(𝑥𝑥, 𝑡𝑡)/𝑢𝑢�0(𝑡𝑡) averaged over several discrete points in time during 

the discharge is plotted against the scaled axial distance 𝑥𝑥/𝑑𝑑𝑒𝑒 for different particle classes in Figure 5.6. 

For simplification, the averaging over the scaled current mean velocity 𝑢𝑢�𝑝𝑝𝑐𝑐/𝑢𝑢�0 during the discharge is 

referred to as discharge average velocity 𝑢𝑢�𝑝𝑝𝑐𝑐/𝑢𝑢�0���������, i.e. 

𝑢𝑢�𝑝𝑝𝑐𝑐(𝑥𝑥)/𝑢𝑢�0������������� =
1
𝑁𝑁

� 𝑢𝑢�𝑝𝑝𝑐𝑐(𝑥𝑥, 𝑡𝑡)/𝑢𝑢�0(𝑡𝑡)
𝑡𝑡inertia

𝑡𝑡=0.5 𝑠𝑠

. (5.5) 

The inertia-dominated discharge duration 𝑡𝑡inertia was divided into 𝑁𝑁 equally-distributed discrete points 

in time, with 𝑁𝑁 = 15 for air, 𝑁𝑁 = 17 for carbon dioxide and 𝑁𝑁 = 13 for helium. However, the average is 

not taken over the entire outflow duration for carbon dioxide and helium but only for the duration that 

is inertia-dominated 𝑡𝑡inertia, according to equation (2.10). For carbon dioxide this is the range 𝑡𝑡 ≤ 16 s 

and for helium 𝑡𝑡 ≤ 3.5 s. The discharge average velocities are plotted in Figure 5.6 for the four smallest 

particle classes 𝑑𝑑𝑝𝑝𝑝𝑝 = 0.5 µm (blue squares), 𝑑𝑑𝑝𝑝𝑝𝑝 = 2.5 µm (orange diamonds), 𝑑𝑑𝑝𝑝𝑝𝑝 = 6.5 µm (turquoise 

traingles) and 𝑑𝑑𝑝𝑝𝑝𝑝 = 11.5 µm (purple crosses). 

 

For all gases, there is a good agreement between the four different particle classes. Quantitatively, this 

is confirmed by the small mean relative standard deviations of the discharge average velocity profiles 

𝜎𝜎rel = 0.95 % for air, 𝜎𝜎rel = 0.74 % for carbon dioxide and 𝜎𝜎rel = 0.65 % for helium among the four 

different particle classes. The standard deviations for the individual particle classes tend to be greater 

for positions close to the pipe exit. This is because the velocity gradient is greatest after the core region 

and variations become more visible there. The experimental data of air are compared with data from 

transient numerical simulations of Abraham (1996) (grey pluses), the theoretical model according to 

Chen and Rodi (1980) (C. & R. 1980 red line) and the experimental data of Wygnanski and Fiedler 

(1969) (W. & F. 1969 green circles) for a stationary air jet. The model by Chen and Rodi (1980) is 

actually only valid in the similarity region 𝑥𝑥/𝑑𝑑 > 25 and the velocity has the asymptote 𝑢𝑢�𝑝𝑝𝑐𝑐(𝑥𝑥)/𝑢𝑢�0������������� → ∞ 

for the axial distance 𝑥𝑥/𝑑𝑑 → 0. In particular, in the self-similar region the differences between the axial 
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velocity profile 𝑢𝑢�𝑝𝑝𝑐𝑐(𝑥𝑥)/𝑢𝑢�0������������� according to the model of Chen and Rodi (1980) and our experimental data 

are small with a mean relative deviation of 1.31 % for air, 3.05 % for carbon dioxide and 2.35 % for 

helium. Compared to a stationary free jet, the core region is not sharply defined. Thus, the axial veloc-

ity 𝑢𝑢�𝑝𝑝𝑐𝑐(𝑥𝑥)/𝑢𝑢�0������������� gradually decreases with the axial distance 𝑥𝑥, which can also be observed in the data of 

Abraham (1996). So the core length 𝑥𝑥𝑝𝑝 of Abraham (1996) is similarly long but the velocity decay 

appears faster, especially in the transition region of the free jet. This is not surprising because according 

to Pope (1978) the 𝑘𝑘-𝜀𝜀 turbulence model which was used by Abraham (1996) is known to have problems 

in the calculation of round free jets. Pope (1978) explains that the 𝑘𝑘-𝜀𝜀 turbulence model is not capable 

of accurately representing recirculation flows because they occur on the basis of eddies in free jets. This 

leads to a greater velocity decay, corresponding to a smaller decay constant 𝐾𝐾1,𝑢𝑢. There is a great agree-

ment between the present experimental data for air and those of Wygnanski and Fiedler (1969) for a 

stationary air jet. This supports the idea that a transient free jet can be considered as a stationary free jet 

by scaling it with the current mean outlet velocity 𝑢𝑢�0(𝑡𝑡). This leads to a self-similar behaviour of the 

transient free jet. The quantitative comparison is further made based on the determination of the decay 

constant 𝐾𝐾1,𝑢𝑢. 
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Figure 5.6.: Self-similar behaviour for the axial discharge average velocity 𝑢𝑢�𝑝𝑝𝑐𝑐/𝑢𝑢�0��������� against scaled axial 

distance for several particle classes: (a) air jet, (b) carbon dioxide jet, and (c) helium jet. Error bars 

indicate the standard deviation. Modified from PPA1. 
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To determine the decay constant 𝐾𝐾1,𝑢𝑢 and illustrate the hyperbolic character of the axial velocity profile 

𝑢𝑢�𝑝𝑝𝑐𝑐(𝑥𝑥)/𝑢𝑢�0������������� , the axial velocity profile is plotted in the inverse form 𝑢𝑢�𝑜𝑜/𝑢𝑢�𝑝𝑝𝑐𝑐(𝑥𝑥)������������� against the scaled axial 

distance 𝑥𝑥/𝑑𝑑𝑒𝑒 according to equation (2.3) in Figure 5.7. As before, the four smallest particle classes 

𝑑𝑑𝑝𝑝𝑝𝑝 = 0.5 µm (blue squares), 𝑑𝑑𝑝𝑝𝑝𝑝 = 2.5 µm (orange diamonds), 𝑑𝑑𝑝𝑝𝑝𝑝 = 6.5 µm (turquoise traingles) and 

𝑑𝑑𝑝𝑝𝑝𝑝 = 11.5 µm (purple crosses) are considered. Furthermore, the experimental data are again compared 

with the data of Abraham (1996) (grey pluses), the theoretical model according to Chen and Rodi (1980) 

(C. & R. 1980 red line) and experimental data of Wygnanski and Fiedler (1969) (W. & F. 1969 green 

circles). The profiles of the particle classes 𝑑𝑑𝑝𝑝𝑝𝑝 = 0.5 µm and 𝑑𝑑𝑝𝑝𝑝𝑝 = 2.5 µm overlap almost perfectly and 

have a great agreement with the model of Chen and Rodi (1980). Apart from the measuring point for air 

at 𝑥𝑥/𝑑𝑑𝑒𝑒 = 60.2 and carbon dioxide at 𝑥𝑥/𝑑𝑑𝑒𝑒 = 48.58 for the particle class 𝑑𝑑𝑝𝑝𝑝𝑝 = 11.5 µm, there is a high 

degree of agreement between the particle classes.  
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Figure 5.7.: Inverse discharge average velocity 𝑢𝑢�0/𝑢𝑢�𝑝𝑝𝑐𝑐��������� against scaled axial distance 𝑥𝑥/𝑑𝑑𝑒𝑒 for several 

particle classes 𝑑𝑑𝑝𝑝𝑝𝑝: (a) air jet, (b) carbon dioxide jet and (c) helium jet. Error bars indicate the standard 

deviation. Modified from PPA1. 
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The decay constant 𝐾𝐾1,𝑢𝑢 is determined within the self-similar range 𝑥𝑥/𝑑𝑑 > 25 using equation (2.3). The 

furthest position at 𝑥𝑥/𝑑𝑑 = 60.2 is not included in the determination of the decay constant 𝐾𝐾1,𝑢𝑢 due to the 

great standard deviation, which is attributed to a small data rate. The mean measured particle number 

for the three gases at the position 𝑥𝑥/𝑑𝑑 = 60.2 is 2 500. This means that about four times less particles 

were measured there than (for example) at the location 𝑥𝑥/𝑑𝑑 = 48.2 and almost 20 times less particles 

than at 𝑥𝑥/𝑑𝑑 = 1. The mean decay constant for the transient air jet is 𝐾𝐾1,𝑢𝑢 = 5.87, for the carbon dioxide 

jet 𝐾𝐾1,𝑢𝑢 = 5.80 and for the helium jet 𝐾𝐾1,𝑢𝑢 = 5.98. The decay constant of the carbon dioxide jet is there-

fore -1.19 % smaller and that of the helium jet +1.87 % greater than the decay constant of the air jet. 

Furthermore, the “null hypothesis” is defined as the gas has no effect on the decay constant 𝐾𝐾1,𝑢𝑢. Since 

the 𝑝𝑝-value > 0.61 is greater than the significance level of 𝛼𝛼 = 0.05, the “null hypothesis” cannot be 

rejected. This means that no significant correlation between the decay constant and the gas can be de-

tected. This does not directly mean that the gas cannot have an influence on the decay constant, it may 

also be that the available data are not sufficient for a statement. This may be the case with a variation of 

three gases only. However, the number of non-toxic and non-flammable gases is limited, so further 

variation is difficult from a safety point of view. An overview on all decay constants is given in Table 

5.6. 

 

The approach of an effective diameter according to Thring and Newby (1953) to capture the density 

effect on axial velocity decay seems to also be validated for transient free jets. Furthermore, the defini-

tion of a universal decay constant 𝐾𝐾1,𝑢𝑢 = 5.90 seems suitable.  

 

Table 5.6.: Overview of the decay constant 𝐾𝐾1,𝑢𝑢, virtual origin 𝑥𝑥0 and coefficients of determination R2 

for transient air, carbon dioxide and helium jet based on the regression lines for different particle classes. 

Modified from PPA1. 
 Air Carbon dioxide Helium 

𝑑𝑑𝑝𝑝𝑝𝑝 in µm 𝐾𝐾1,𝑢𝑢 𝑥𝑥0/𝑑𝑑𝑒𝑒 R2 𝐾𝐾1,𝑢𝑢 𝑥𝑥0/𝑑𝑑𝑒𝑒 R2 𝐾𝐾1,𝑢𝑢 𝑥𝑥0/𝑑𝑑𝑒𝑒 R2 
0.5 6.109 1.446 0.9978 5.787 1.731 0.9720 5.887 11.574 0.9967 
2.5 5.777 2.558 0.9996 5.801 1.655 0.9853 6.035 10.981 0.9982 
6.5 5.921 2.247 0.9998 5.817 1.815 0.9871 6.007 11.112 0.9978 

11.5 5.659 2.844 0.9997 6.003 1.508 0.9145 5.894 11.842 0.9950 
mean 5.866 2.274 0.9992 5.802 1.734 0.9815 5.977 11.222 0.9976 

standard deviation 0.194 0.603 0.0010 0.015 0.080 0.0083 0.079 0.312 0.0007 
 

Another way to check the reproducibility is to consider the so-called random vessel effect. Therefore, 

the inverse velocity profile, as shown in Figure 5.7, was modelled with a mixed linear regression model 

according to Fahrmeir et al. (2016). The influence of the test identification number on the axial velocity 

profile is to be investigated, with the result that the variance contribution of the random vessel effect is 

only 0.0016 % for air, 1.35 % for carbon dioxide and 0.76 % for helium. The remaining part of the 

variance is due to fixed effects such as temperature and pressure variations, which also occur within a 

discharge experiment. Furthermore, the contribution of the random vessel effect on the residual variance 
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is 1.19 % for air, 1.90 % for carbon dioxide and 0.35 % for helium. Therefore, no statistically significant 

effect (𝑝𝑝-value = 1) of random effects is found. This ensures an overall high level of reproducibility.  

 

 Reynolds number dependency of decay constant 
 

One of the open questions in the literature is the influence of the Reynolds number on the decay constant 

𝐾𝐾1,𝑢𝑢. To investigate this question further, Figure 5.8 plots the decay constant 𝐾𝐾1,𝑢𝑢 for different points in 

time, which results in a variation of the Reynolds number Re due to different current mean outlet veloc-

ities 𝑢𝑢�0(𝑡𝑡). The decay constants 𝐾𝐾1,𝑢𝑢 of the four smallest particle classes 𝑑𝑑𝑝𝑝𝑝𝑝 = 0.5 µm (blue squares), 

𝑑𝑑𝑝𝑝𝑝𝑝 = 2.5 µm (orange diamonds), 𝑑𝑑𝑝𝑝𝑝𝑝 = 6.5 µm (turquoise traingles) and 𝑑𝑑𝑝𝑝𝑝𝑝 = 11.5 µm (purple crosses) 

are shown. Since buoyancy effects lead to apparent correlations between the decay constant and Reyn-

olds number, only the inertia-dominated regime X𝐹𝐹 < 0.5 is initially considered. According to equation 

(2.11), the inertia-dominated regime for air extends over the entire outflow duration. For the helium 

chart in Figure 5.8 (c), the region from which the outlet velocity was extrapolated is marked due to 

exceeding the maximum measurable velocity, and is thus scaled with this extrapolated velocity, as 

shown in Figure 5.1. 

 

The decay constant 𝐾𝐾1,𝑢𝑢 depending on the Reynolds number Re is modelled with a linear regression (red 

line), i.e., by 

𝐾𝐾1,𝑢𝑢 = 𝑐𝑐1,𝑎𝑎 ⋅ Re + 𝑐𝑐1,𝑏𝑏 . (5.6) 

Thus, a coefficient of the Reynolds number of 𝑐𝑐1,𝑎𝑎 = 0 is defined as the null hypothesis, which corre-

sponds to the case where the Reynolds number has no influence on the decay constant. As the alternative 

hypothesis, tests whether coefficient 𝑐𝑐1,𝑎𝑎 is significantly different from 0. If the calculated significance 

𝑝𝑝-value for the coefficient is smaller than the selected significance level of 𝛼𝛼 = 0.05, then the null hy-

pothesis is rejected in favour of the alternative hypothesis. (Fahrmeir et al., 2016) 
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Figure 5.8.: Decay constant 𝐾𝐾1,𝑢𝑢 against Reynolds number Re: (a) air jet, (b) carbon dioxide jet and (c) 

helium jet. Modified from PPA1. 
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In Table 5.7, the coefficients 𝑐𝑐1,𝑎𝑎 and 𝑐𝑐1,𝑏𝑏 are summarised as well as the significance 𝑝𝑝-values. Due to 

the small significance 𝑝𝑝-values < 1.703⋅10-4 for the coefficient 𝑐𝑐1,𝑎𝑎, a statistically significant dependence 

of the decay constant 𝐾𝐾1,𝑢𝑢 on the Reynolds number Re is confirmed in the range 4⋅104 ≤ Re ≤ 6⋅106. It 

could be mistakenly understood at this point that a slope of 𝑐𝑐1,𝑎𝑎 ≈10-6 is quasi-zero, thus confirming the 

null hypothesis. However, a slope of 𝑐𝑐1,𝑎𝑎 = 10-6 at a Reynolds number of Re ≈ 105 means that the influ-

ence of the Reynolds number Re is again of a similar magnitude as the decay constant 𝐾𝐾1,𝑢𝑢.  

 

Table 5.7.: Summary of the coefficients 𝑐𝑐1,𝑎𝑎 and 𝑐𝑐1,𝑏𝑏 and the corresponding significance 𝑝𝑝-values. Mod-

ified from PPA1. 

 Air Carbon dioxide Helium 
𝑐𝑐1,𝑎𝑎 1.51⋅10-6 2.03⋅10-6 1.07⋅10-6 

𝑝𝑝-value(𝑐𝑐1,𝑎𝑎) 1.703⋅10-4 2.358⋅10-4 1.937⋅10-8 
𝑐𝑐1,𝑏𝑏 5.54 5.18 5.04 

𝑝𝑝-value(𝑐𝑐1,𝑏𝑏) < 10-16 < 10-16 < 10-16 
 

For all three gases, the decay constant 𝐾𝐾1,𝑢𝑢 increases slightly in the inertia-dominated regime with in-

creasing Reynolds number. Since the Reynolds number describes the ratio of inertial and frictional 

forces, it seems plausible that a free jet with a greater Reynolds number, and thus greater inertia, expe-

riences a slower velocity decay. This correlation fits the observations from large-eddy simulation by 

Bogey and Bailly (2006), and Bonelli et al. (2021), as well as experimental results by Borée et al. (1996). 

Pope (2015) assumed that there was no significant influence of the Reynolds number on the decay con-

stant and attributed the deviations to measurement inaccuracies. This statement can be rejected at this 

point. However, it must be admitted that the influence of the Reynolds number is small in the investi-

gated range of Reynolds numbers. This makes it understandable that some authors attribute the devia-

tions of the decay constant to measurement inaccuracies. However, based on the statistical evaluation, 

this assumption can be rejected because the deviations are not random but statistically significant. Since 

the influence of the Reynolds number Re on the decay constant 𝐾𝐾1,𝑢𝑢 is small, and probably of no rele-

vance, for most technical applications the previously defined quasi-self-similarity with a mean decay 

constant of 𝐾𝐾1,𝑢𝑢 = 5.90 seems to be acceptable. 

 

The carbon dioxide and helium jet differ in the buoyancy-affected regime. Thus, the decay constant 

decreases with decreasing Reynolds number for the carbon dioxide jet and increases with decreasing 

Reynolds number for the helium jet. To understand the different behaviour of carbon dioxide and he-

lium, the propagation of buoyancy-affected free jets will be considered in more detail in Figure 5.9 for 

free jets with a density ratio of 𝑅𝑅𝜚𝜚 < 1 like helium and for a density ratio 𝑅𝑅𝜚𝜚 > 1 like carbon dioxide. The 

jet’s axis is bent in the case of non-density-neutral horizontal free jets in the buoyancy-affected regime, 

so that the maximum velocity is no longer on the 𝑥𝑥-axis with 𝑦𝑦, 𝑧𝑧 = 0. If, as in this case, the velocity 

continues to be measured on the 𝑥𝑥-axis, then a faster velocity drop is detected, which results in a smaller 
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decay constant 𝐾𝐾1,𝑢𝑢. This effect will be called the apparent-centre-line effect. Thus, the behaviour of the 

buoyancy-affected helium jet does not correspond to expectations of the apparent centre line.  

 

To understand different behaviour, there must be a second effect besides the apparent-centre-line effect 

that affects the velocity field. Certainly, the buoyancy of the less dense helium compared to the ambient 

air shifts the jet axis in the positive 𝑧𝑧-direction, which is why the maximum velocity is no longer present 

on the 𝑥𝑥-axis. However, according to the approach of Thring and Newby (1953), the density ratio is 

decisive for the velocity decay in a free jet. Thus, in the case of the helium jet, a relatively denser ambient 

gas (air) is sucked into the free jet, and in the case of carbon dioxide jet a relatively less dense ambient 

gas (air) is sucked into the free jet. Therefore, in the case of the helium jet, if jet regions with a higher 

density are shifted to the 𝑥𝑥-axis due to buoyancy, then these regions reduce velocity more slowly because 

they have a higher inertia due to the higher density. This effect will be further called the density-entrain-

ment effect. 
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Figure 5.9.: Buoyancy effects on the propagation behaviour of horizontal free jets. (a) free jet with a 

density ratio 𝑅𝑅𝜚𝜚 < 1 and (b) free jet with a density ratio 𝑅𝑅𝜚𝜚 > 1.  

 

A slower velocity decay results in a larger decay constant 𝐾𝐾1,𝑢𝑢, this behaviour can be observed in Figure 

5.8. The influence of a different density in the free jet and the resulting different rate of velocity decay 

is also present in the carbon dioxide jet. The carbon dioxide jet mixes with the less dense ambient air. 

When these regions are shifted to the 𝑥𝑥-axis due to buoyancy, a faster velocity decay is detected. Since 

the apparent-centre-line effect with the shift of the velocity profile and the density-entrainment effect in 

the carbon dioxide jet have the same influence on the free jet, these effects cannot be observed separately 

from each other. The situation is different with the helium free jet, where the apparent-centre-line effect 

leads to a faster decrease of the velocity on the 𝑥𝑥-axis and the density-entrainment effect to a slower 

decrease of the velocity. However, according to Figure 5.8 the density-entrainment effect predominates 

for the helium jet, and thus causes an increase of the decay constant for smaller Reynolds numbers. In 

summary, the decay constant increases again in the buoyancy-affected regime for decreasing Reynolds 

number for horizontal free jets with a density ratio of 𝑅𝑅𝜚𝜚 < 1. Conversely, the decay constant for free 
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jets with a density ratio 𝑅𝑅𝜚𝜚 > 1 in the buoyancy-affected regime decreases as the Reynolds number de-

creases.  

 

 Radial spreading behaviour 
 

The radial velocity profiles will now be investigated. The radial velocity profiles of the axial velocity 

component 𝑢𝑢�(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) are shown in  Figure 5.10, Figure 5.11 and Figure 5.12 for different axial distances 

𝑥𝑥. The current mean velocity 𝑢𝑢�(𝑥𝑥, 𝑦𝑦 = 0, 𝑧𝑧, 𝑡𝑡) is scaled with the current mean centre-line velocity 

𝑢𝑢�𝑝𝑝𝑐𝑐(𝑥𝑥, 𝑡𝑡) and averaged over the discharge duration that is inertia dominated. This leads to a period of 

time of 𝑡𝑡 ≤ 16 s for the carbon dioxide jet and for the helium jet to 𝑡𝑡 ≤ 3.5 s (cf. Table 5.5). The radial 

distances 𝑧𝑧 are scaled with the corresponding axial distances 𝑥𝑥 of the measuring plane. To determine 

the spreading rate 𝐾𝐾2,𝑢𝑢, five points are considered sufficient for each axial distance 𝑥𝑥 to determine the 

profile because it has been confirmed in a large number of investigations that the radial velocity profile 

of a free jet can be approximated with a Gaussian profile (cf. equation (2.4)) (Ball et al., 2012). There-

fore, the Gaussian profile no longer needs to be confirmed at this point. There is a transition from a 

turbulent pipe flow velocity profile at the pipe exit 𝑥𝑥 = 0.025 m to a Gaussian profile for further axial 

distances. The velocity profiles at the pipe exit ((a) in Figure 5.10, Figure 5.11 and Figure 5.12) are 

modelled with a power-law approximation using an exponent of 1/7, i.e. 

𝑢𝑢�(𝑧𝑧)/𝑢𝑢�𝑝𝑝𝑐𝑐����������� = �1 −
2𝑧𝑧
𝑑𝑑
�
1/7

, (5.7) 

according to Zierep (2018) and Oertel (2012). This corresponds to the assumption that the same flow 

conditions exist in the core region of a free jet as at the pipe outlet. It must be mentioned here that the 

power law approach is not valid on the wall because it leads to infinite gradients. Furthermore, the 

power-law approach does not have a gradient of zero on the centre line and is not valid there. Neverthe-

less, this approach provides a great deal of agreement with the experimental data for most parts of the 

pipe cross section. 

 

Especially for the positions 𝑥𝑥 = 0.630 m and 𝑥𝑥 = 0.905 m, a great correspondence to the model is pre-

sent. Overall, there is a good agreement between the velocities in the positive and negative 𝑧𝑧-directions. 

This indicates that the free jet in the previously defined inertia-dominated regime behaves not only ax-

isymmetrically but is also rotationally symmetric. This can be understood as a validation of the meas-

urement results and shows that no noticeable buoyancy effects occur. Thus, buoyancy effects hardly 

bias the results on the dependence of the propagation. 

 

Since the scaling of the velocity is always carried out with the centre-line velocity, the scaled velocity 

on the centre line must always be 𝑢𝑢�(𝑧𝑧 = 0)/𝑢𝑢�𝑝𝑝𝑐𝑐����������������� = 1, and therefore has a standard deviation of 𝜎𝜎 = 0. 
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Hence, the scaled velocities on the centre line do not have an error indicator. The standard deviations 𝜎𝜎 

increase with increasing axial distance. Due to the jet’s expansion, the tracer density is reduced, and 

thus the data rate is also reduced. As a result, it was not possible to measure further outwards in a radial 

direction. Due to the great standard deviations at the most distant axial measurement position 

𝑥𝑥 = 1.505 m, these data are not taken into account when determining the spreading rate 𝐾𝐾2,𝑢𝑢 for all three 

gases.  
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Figure 5.10.: Discharge average radial velocity profile 𝑢𝑢�(𝑧𝑧,𝑦𝑦 = 0)/𝑢𝑢�𝑝𝑝𝑐𝑐�������������������� against the radial distance 𝑧𝑧, 

scaled with the axial distance 𝑥𝑥 for an air jet. Error bars indicate the standard deviation: (a) power-law 

model, (b) to (h) Gauss model. Modified from PPA1. 
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Figure 5.11.: Discharge average radial velocity profile 𝑢𝑢�(𝑧𝑧,𝑦𝑦 = 0)/𝑢𝑢�𝑝𝑝𝑐𝑐�������������������� against the radial distance 𝑧𝑧, 

scaled with the axial distance 𝑥𝑥 for a carbon dioxide jet. Error bars indicate the standard deviation: (a) 

power-law model, (b) to (h) Gauss model. 
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Figure 5.12.: Discharge average radial velocity profile 𝑢𝑢�(𝑧𝑧,𝑦𝑦 = 0)/𝑢𝑢�𝑝𝑝𝑐𝑐�������������������� against the radial distance 𝑧𝑧, 

scaled with the axial distance 𝑥𝑥 for a helium jet. Error bars indicate the standard deviation: (a) power-law 

model, (b) to (h) Gauss model. 
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The experimental data are fitted with a Gaussian distribution according to equation (2.4) and the spread-

ing rates 𝐾𝐾2,𝑢𝑢 are determined according to equation (2.6). The spreading rates 𝐾𝐾2,𝑢𝑢 obtained in this way 

are summarised in Table 5.8 for the three gases and for different axial distances  

0.025 m < 𝑥𝑥/𝑑𝑑 ≤ 1.505 m. Initially, the spreading rate drops due to the change from a turbulent pipe 

flow velocity profile to a Gaussian profile and then remains approximately constant in the self-similar 

region 25 > 𝑥𝑥/𝑑𝑑. The mean spreading rate for the transient air jet is 𝐾𝐾2,𝑢𝑢 = 0.099, for the carbon dioxide 

jet 𝐾𝐾2,𝑢𝑢 = 0.098 and for the helium jet 𝐾𝐾2,𝑢𝑢 = 0.104.  

 

Based on the measurement data, no significant correlation (p > 0.31) between the spreading rate 𝐾𝐾2,𝑢𝑢 

and the gas can be determined. This does not mean that there is no dependence of the spreading rate on 

density, but the available data may not be sufficient for a conclusion. This corresponds to the statement 

by Chen and Rodi (1980) that the spreading rate 𝐾𝐾2,𝑢𝑢 is independent of the density ratio 𝑅𝑅𝜚𝜚. However, 

it contradicts the experimental results of Wang and Andreopoulos (2010). It is interesting to note that 

the values for the decay constant 𝐾𝐾1,𝑢𝑢 that were determined by Wang and Andreopoulos (2010) are in 

some cases considerably greater than those determined by other authors. A reason for this cannot be 

readily identified, because (for example) the data from helium were not entered into the charts in their 

work. 

 

Table 5.8.: Discharge average spreading rates 𝐾𝐾2,𝑢𝑢 for different axial distances 𝑥𝑥 for air, carbon dioxide 

𝑡𝑡 ≤ 16 s and helium 𝑡𝑡 ≤ 3.5 s. Modified from PPA1. 

  Air Carbon dioxide Helium 
𝑥𝑥 in m 𝑥𝑥/𝑑𝑑 𝐾𝐾2,𝑢𝑢 𝐾𝐾2,𝑢𝑢 𝐾𝐾2,𝑢𝑢 
0.025 1 - - - 
0.105 4.2 0.128 0.150 0.126 
0.255 10.2 0.091 0.090 0.091 
0.405 16.2 0.087 0.081 0.097 
0.630 25.2 0.095 0.088 0.100 
0.905 36.2 0.098 0.094 0.099 
1.205 48.2 0.101 0.113 0.111 
1.505 60.2 0.100 0.100 0.122 
mean  (25.2 𝑑𝑑 ≤ 𝑥𝑥 ≤ 48.2 𝑑𝑑) 0.099 0.098 0.104 

standard deviation (25.2 𝑑𝑑 ≤ 𝑥𝑥 ≤ 48.2 𝑑𝑑) 0.002 0.015 0.014 
 

 Reynolds number dependency of spreading rate 
 

In this section, the influence of the Reynolds number Re on the spreading rate 𝐾𝐾2,𝑢𝑢 is analysed statisti-

cally. For this purpose, the spreading rate 𝐾𝐾2,𝑢𝑢 determined for the individual points in time in the self-

similar region 0.630 m ≤ 𝑥𝑥 ≤ 1.205 m are plotted against the corresponding Reynolds number Re in 

Figure 5.13 for the three gases. The spreading rates 𝐾𝐾2,𝑢𝑢 of the four smallest particle classes 𝑑𝑑𝑝𝑝𝑝𝑝 = 

0.5 µm (blue squares), 𝑑𝑑𝑝𝑝𝑝𝑝 = 2.5 µm (orange diamonds), 𝑑𝑑𝑝𝑝𝑝𝑝 = 6.5 µm (turquoise traingles) and 
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𝑑𝑑𝑝𝑝𝑝𝑝 = 11.5 µm (purple crosses) are shown. Furthermore, the charts in Figure 5.13 show the transition 

from the inertia-dominated to the buoyancy-affected free jet (dashed-black line).  
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Figure 5.13.: Spreading rate 𝐾𝐾2,𝑢𝑢 against Reynolds number Re. 𝐾𝐾2,𝑢𝑢 is given for different particle classes 

𝑑𝑑𝑝𝑝𝑝𝑝 and cumulative regressions are derived for (a) air jet, (b) carbon dioxide jet and (c) helium jet. 

Modified from PPA1. 
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For all three gases, the spreading rate 𝐾𝐾2,𝑢𝑢 decreases with increasing Reynolds number Re in the iner-

tia-dominated regime. This corresponds to a smaller opening angle, and thus to a narrower free jet with 

increasing Reynolds number Re. This correlation fits with the dependence of the decay constant 𝐾𝐾1,𝑢𝑢 on 

the Reynolds number Re observed earlier in section 5.5.2. There, a slower velocity decrease on the cen-

tre line with increasing Reynolds number Re was observed. To avoid a break in the conservation of 

momentum, the spreading rate 𝐾𝐾2,𝑢𝑢 must decrease if the decay constant 𝐾𝐾1,𝑢𝑢 increases. Exactly this 

behaviour can be observed here, which is why the dependence of the decay constant 𝐾𝐾1,𝑢𝑢 and spreading 

rate 𝐾𝐾2,𝑢𝑢 on the Reynolds number Re appears to be physically reasonable. Furthermore, this agrees with 

the theory of Pope (2015) according to which the correlation 𝐾𝐾1,𝑢𝑢 ⋅ 𝐾𝐾2,𝑢𝑢 = 0.55 between the decay con-

stant 𝐾𝐾1,𝑢𝑢 and the spreading rate 𝐾𝐾2,𝑢𝑢 must hold. For the quantitative evaluation of the Reynolds number 

dependence of the spreading rate 𝐾𝐾2,𝑢𝑢, the spreading rate 𝐾𝐾2,𝑢𝑢 is modelled with a linear regression in the 

inertia-dominated regime (red line), i.e. 

𝐾𝐾2,𝑢𝑢 = 𝑐𝑐2,𝑎𝑎 ⋅ Re + 𝑐𝑐2,𝑏𝑏 . (5.8) 

Thus, a coefficient of the Reynolds number of 𝑐𝑐2,𝑎𝑎 = 0 is defined as the null hypothesis, which corre-

sponds to the case where the Reynolds number has no influence on the spreading rate 𝐾𝐾2,𝑢𝑢. The alterna-

tive hypothesis, tests whether the coefficient 𝑐𝑐2,𝑎𝑎 is significantly different from zero. In Table 5.9 the 

coefficients 𝑐𝑐2,𝑎𝑎 and 𝑐𝑐2,𝑏𝑏 are summarised, as well as the significance 𝑝𝑝-values. Due to the small signifi-

cance 𝑝𝑝-values for the coefficient 𝑐𝑐2,𝑎𝑎, a statistically significant dependence of the spreading rate 𝐾𝐾2,𝑢𝑢 

on the Reynolds number Re is confirmed for all three gases. This fits with the observations from LES 

by Bogey and Bailly (2006), and Bonelli et al. (2021), as well as with experimental results by Borée et 

al. (1996). Since the influence of the Reynolds number Re on the spreading rate 𝐾𝐾2,𝑢𝑢 is very small, 

similar to the decay constant, the influence of the Reynolds number Re on the propagation behaviour is 

probably negligible for most technical problems (Thring and Newby, 1953). Consequently, the defini-

tion of a universal spreading rate 𝐾𝐾2,𝑢𝑢 = 0.10 appears to be suitable.  

 

Table 5.9.: Summary of the coefficients 𝑐𝑐2,𝑎𝑎 and 𝑐𝑐2,𝑏𝑏 and the corresponding significance values p. Mod-

ified from PPA1. 

 Air Carbon dioxide Helium 
𝑐𝑐2,𝑎𝑎 -5.80⋅10-8 -4.10⋅10-8 -1.62⋅10-7 

𝑝𝑝-value(𝑐𝑐2,𝑎𝑎) 1.453⋅10-6 7.521⋅10-4 1.62⋅10-7 
𝑐𝑐2,𝑏𝑏 0.11 0.11 0.12 

𝑝𝑝-value(𝑐𝑐2,𝑏𝑏) < 10-16 < 10-16 < 10-16 
 

In the buoyancy-affected regime, carbon dioxide and helium behave somewhat differently. For example, 

the spreading rate 𝐾𝐾2,𝑢𝑢 of carbon dioxide has a greater gradient with increasing Reynolds number Re in 

the buoyancy-affected regime than in the inertia-dominated regime. For the helium jet, the spreading 
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rate even decreases with decreasing Reynolds number in the buoyancy-affected regime. This behaviour 

does not necessarily mean a violation of the momentum conservation because only the velocity field 

was considered here. Since the momentum is also dependent on the density, and according to the den-

sity-entrainment effect, a shift of the density field occurs. Therefore, the assumption of a constant prod-

uct of decay constant and spreading rate no longer holds for the buoyancy-affected regime. 

 

5.6. Findings for transient free jets 
 

Experimental investigations were carried out on the propagation of transient vessel discharge. For this 

purpose, a specially designed test facility was set up to measure the velocity field of the escaping gas 

free jet from the vessel. The measurement of the velocity field of a transient vessel discharge was carried 

out for the first time using an LDA and PDA. Compared to an LDA, PDA provides decisive information 

by measuring both the particle’s size and velocity. This ensured that the evaluated ethylene glycol-water 

tracers had the same velocity as the gas. In the evaluation, the free jets were divided into an inertia-

dominated and a buoyancy-affected regime to avoid apparent deviations due to buoyancy effects.  

 

Based on a static analysis of the measurement data, the following conclusions could be drawn for tran-

sient free jets in the inertia-dominated regime: 

• A statistically significant correlation between the decay constant and Reynolds number, as well 

as the spreading rate and Reynolds number, was clearly identified. However, the influence of 

the Reynolds number is so small that it should be negligible for most technical problems. 

• The question of the dependence of a free jet on the Reynolds number, which has been discussed 

controversially in the literature, could thus be clarified. 

• No statistically significant correlation could be observed between the density ratio 𝑅𝑅𝜚𝜚 and the 

decay constant 𝐾𝐾1,𝑢𝑢, as well as the spreading rate 𝐾𝐾2,𝑢𝑢. 

• A transient free jet also exhibits a self-similar velocity field. However, given that the time-de-

pendent mean outlet velocity and not the single velocity is used for scaling, this behaviour can 

only be described as quasi-self-similar. 

• Therefore, the definition of a universal decay constant 𝐾𝐾1,𝑢𝑢 = 5.90 and spreading rate 

𝐾𝐾2,𝑢𝑢 = 0.10 appears suitable. This leads to a product of 𝐾𝐾1,𝑢𝑢 ⋅ 𝐾𝐾2,𝑢𝑢 = 0.59, which is almost ex-

actly the mean value from the literature data 𝐾𝐾1,𝑢𝑢 ⋅ 𝐾𝐾2,𝑢𝑢 = 0.58 in Table 2.1. 

 

These conclusions fit with the observations from LES by Bogey and Bailly (2006), and Bonelli et al. 

(2021), as well as with experimental results by Borée et al. (1996) for stationary free jets. These findings 

refute the theory of Pope (2015), according to which the influence of the Reynolds number on the prop-

agation can only be explained by measurement inaccuracies. At this point, however, a question opens 
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up: Is the influence of the Reynolds number on the transient free jets investigated here only an apparent 

effect due to the transient flow character or buoyancy effects? This will be examined in the next chapter 

using steady-state numerical simulations. 
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6. Numerical investigation of stationary free jets 
 

In this chapter, the experimental results from chapter 5 are reproduced based on numerical simulations 

of the spreading region. The experimental results are to be validated by specifically eliminating sources 

of error. Thus, in numerical simulations, in contrast to experimental tests, buoyancy can be eliminated. 

Furthermore, the velocity field in numerical simulations does not have to be assembled by individual 

experiments at different points but can be determined within a single numerical simulation. This elimi-

nates the influence of variations in ambient conditions and the same conditions are always present.  

 

The simulations are intended to eliminate two uncertainties in the evaluation of the experimental data. 

First, it will be shown that the experimentally investigated transient free jet behaves like a stationary 

free jet for the individual points in time and that the observed influence of the Reynolds number on the 

propagation cannot be attributed to the transient flow character. Second, it will be shown that the influ-

ence of the Reynolds number on the propagation is not an apparent effect of buoyancy. 

 

6.1. Numerical setup 
 

The numerical simulations are performed with ANSYS CFX©. The standard 𝑘𝑘-𝜀𝜀 turbulence model ac-

cording to Launder and Spalding (1974) is used, as well as the generalised 𝑘𝑘-𝜔𝜔 turbulence (GEKO) 

model according to Menter et al. (2019). Both models were already discussed in section 3.3.1. Since the 

simulations are deliberately made without buoyancy, the rotational symmetry around the 𝑥𝑥-axis can be 

exploited and the geometry can be reduced to a 4° wedge with only one cell in the azimuthal direction. 

This corresponds to a 2D simulation. Since only stationary free jets are investigated, the geometry can 

be reduced to the outlet pipe and the spreading region. The dimensions of the pipe in the computational 

domain corresponds to the dimensions of the experimental investigations in chapter 5. The pipe has a 

length of 𝐿𝐿 = 0.4 m and an inner radius of 𝑟𝑟 = 0.025 m. The spreading region has a length of 𝐿𝐿𝑆𝑆 = 5 m 

and a radius of 𝑟𝑟𝑠𝑠 = 2 m. The dimensions of the spreading region are selected based on equation (2.1) in 

such a way that the free jet has decayed at least 95 % of its velocity in this region. The pipe section is 

considered to determine the velocity profile that forms along the pipe. The geometry is depicted in Fig-

ure 6.1.  

 

 

 

The following advisory/analysis services of the Statistical Consulting and Analysis Centre for Higher 
Education TU Dortmund University were used for this chapter: statistical methodology, selection of 
statistical software and statistical programming using R Core Team (2022), data analysis. 
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Figure 6.1.: Sketch of the geometry under investigation, which is rotationally-symmetric (2D) around 

the 𝑥𝑥-axis. All dimensions are in mm. 

 

For the geometry, a mesh is generated that fulfils the mesh requirements already listed in section 4.3. 

An example of a coarse mesh with 19 600 cells is shown in Figure 6.2. The actual resolution used in the 

numerical simulations is considerably greater with 77 600 cells, but the mesh is then so fine that it is 

difficult to identify the structure in the illustration. The mesh essentially corresponds to that of the sim-

ulations in section 4.3 and the mesh requirements formulated there. Hereby, the spreading region is 

considerably greater because the focus here is on the free jet propagation. 
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Figure 6.2.: Example of a structured computational mesh with 19 600 cells. (a) Angled view of the 

complete computational domain, (b) close up of the pipe to the spreading region. 

 

In the following section, the boundary conditions and start values are explained. These basically corre-

spond to the boundary conditions from section 4.3. Stationary simulations are to be compared with the 

transient experimental investigations. For this purpose, several different points in time from the experi-

mental discharge are considered and the corresponding pressure within the vessel is used as a boundary 

condition at the inlet in the numerical simulations. However, the inlet temperature is deliberately left 

constant at 𝑇𝑇0 = 298 K to exclude effects due to a change in density. The pipe wall is defined as a no 

slip adiabatic wall. Hence, on the one hand the velocity normal and tangential to the wall is zero 

𝑢𝑢wall = 0 m/s, and on the other hand no heat flow is allowed through the wall 𝑞𝑞wall = 0. At the cutting 

planes, a symmetry condition is appeared. This leads to a Dirichlet boundary condition 𝑢𝑢𝑖𝑖 = 0 m/s and  

to a Neumann boundary condition 𝜕𝜕𝜙𝜙/𝜕𝜕𝑛𝑛�⃗  = 0. The further boundaries of the spreading region are con-

sidered as openings allowing for entrainment. Here, both an inflow and an outflow may occur. This is 

particularly important for the entrainment into a free jet, in which (for example) surrounding gas is 

sucked in. Two Dirichlet boundary conditions are specified at the opening: first, a static relative pressure 

of 𝑝𝑝opening = 0 Pa, and second an ambient temperature of 𝑇𝑇opening = 298 K. This temperature is also 

used as the start value for the entire spreading region. The boundary conditions are visualised in Figure 

6.3.  
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Figure 6.3.: Schematic representation of the boundary conditions used. (a) Angled view of the complete 

domain, (b) close up of pipe inlet and (c) close up of the transition from the pipe to the spreading region. 

 

6.2. Results and discussion non-buoyant stationary free jets  
 

In this section, the results from the numerical simulations of free jet propagation are presented. The 

results from the non-buoyant, stationary simulations for the various turbulence models are examined 

and compared with the experimental data. This should clearly exclude the possibility that the influences 

observed in chapter 5 are due to transient flow behaviour and buoyancy effects. An overview of the 

simulations carried out can be found in Table A.1, Table A.2 and Table A.3 in the appendix. 

 

At the beginning of the evaluation, a qualitative plausibility check of the numerical simulations should 

be carried out. Therefore, the streamlines in the spreading region for an air jet at an inlet pressure of 

𝑝𝑝0 - 𝑝𝑝∞ = 474 mbar are considered as an example in Figure 6.4. This corresponds to the transient dis-

charge experimentally investigated in chapter 5 at a time of 𝑡𝑡 = 0.5 s after opening. The streamlines are 

coloured according to the velocity field, whereby a logarithmic scaling was chosen. The velocity of the 

free jet after the pipe outlet initially remains constant and then drops rapidly. This corresponds to the 

freejet theory from chapter 3, according to which the velocity remains almost constant in the core region 

and then a hyperbolic velocity decay takes place. Furthermore, the entrainment of the free jet can be 

observed by the curved streamlines as the free jet draws in the surrounding gas. 
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A vortex can be identified at the end of the computational domains. For the 𝑘𝑘-𝜀𝜀 turbulence model the 

vortex centre is inside the domain and for the GEKO model the vortex centre is outside the computa-

tional domain. Differently sized computational domains were investigated, whereby the vortex always 

appeared at the end of the computational domain. Therefore, the vortex seems to be an artefact. The 

reason for the formation of the artefact could be the relatively low flow velocity prevailing in this area 

in combination with the boundary condition opening to entrainment, which allows both inflow and out-

flow. The simulations with differently sized computational domains also showed that the problem is 

independent of the size of the computational domain because the velocity fields differed by less than 

1%. This also shows that it makes sense to select a computational domain that is somewhat greater than 

the range to be evaluated to avoid skewing the solution due to boundary effects. 

 

 
Figure 6.4.: Streamlines in the spreading region of a stationary air jet at an inlet pressure difference of 

𝑝𝑝0 − 𝑝𝑝∞ = 474 mbar, computed with (a) the 𝑘𝑘-𝜀𝜀 turbulence model and (b) the GEKO turbulence model.  
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The velocity profile on the centre line is then evaluated. For this purpose, the velocity on the centre line 

is scaled with the outlet velocity 𝑢𝑢�0/𝑢𝑢�𝑝𝑝𝑐𝑐��������� and plotted in inverse form against the axial distance, scaled 

with the effective diameter, 𝑥𝑥/𝑑𝑑𝑒𝑒, in Figure 6.5. For each gas, all simulations (cf. Table A.1, Table A.2 

and Table A.3.) are averaged, which means that the results correspond to the discharge-averaged data 

from the experiments (cf. Figure 5.6). The averaged axial velocity profiles in non-inverse form 𝑢𝑢�𝑝𝑝𝑐𝑐/𝑢𝑢�0��������� 

can be found in Figure A.1 in the appendix. 

 

For all three gases, there is a good agreement between the experimental and numerical results with the 

𝑘𝑘-𝜀𝜀 and the GEKO turbulence model. The greatest differences are first in the near field, where the ex-

perimental velocities are somewhat greater than the numerical velocities and there is a smooth transition 

to the transient region. The error bars of the numerical simulations result from the averaging over the 

simulations for the respective gas with the different initial pressures. Therefore the error bars are an 

indicator of the deviation for different inlet pressures. Based on the error bars, which are so small that 

they are practically undetectable, there is a high level of agreement, which indicates a self-similar ve-

locity field. The profiles of the 𝑘𝑘-𝜀𝜀 model and GEKO model are similar, with the GEKO model having 

a slower velocity decay and being closer to the experimental data. Furthermore, the core lengths 𝑥𝑥𝑝𝑝 of 

the stationary simulations and the transient experiments are summarised in Table 6.1. A good agreement 

is observed for the length of the core region for the different numerical simulations and experimental 

data. Here, the GEKO model tends to deliver an about 30 % greater core lengths 𝑥𝑥𝑝𝑝. 

 

Table 6.1.: Core length 𝑥𝑥𝑝𝑝 of the non-buoyant free jets of the stationary simulations and the transient 

experiments. 

𝑥𝑥𝑝𝑝/𝑑𝑑 Air Carbon dioxide Helium 
exp. 5 6.2 4.2 
𝑘𝑘-𝜀𝜀 6 6.4 4.8 

GEKO 6.4 8 5.6 
 

A quantitative analysis of whether the 𝑘𝑘-𝜀𝜀 model or the GEKO model is closer to the experimental data 

is difficult at this point. For this purpose, the decay constant will be examined in more detail in 

Figure 6.7. 
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Figure 6.5.: Results of the inverse averaged axial velocity profile 𝑢𝑢�0/𝑢𝑢�𝑝𝑝𝑐𝑐��������� against the scaled axial distance 

𝑥𝑥/𝑑𝑑𝑒𝑒 of the numerical simulations with the 𝑘𝑘-𝜀𝜀 and GEKO model, compared to the experimental data 

(exp.). (a) Air jet, (b) carbon dioxide jet and (c) helium jet. Error bars indicate the standard deviation. 
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The radial profile of the axial velocities at different axial distances is now considered. For this purpose, 

the scaled discharge-averaged current mean velocity 𝑢𝑢�/𝑢𝑢�𝑝𝑝𝑐𝑐������� is plotted against the radial distance 𝑧𝑧, which 

is scaled by the axial distance 𝑥𝑥 to exploit the self-similarity. The results from the numerical simulations 

with the 𝑘𝑘-𝜀𝜀 model and the GEKO model are compared with the experimental results from section 5.5.3. 

Here, the profiles of the numerical simulations are created by averaging the simulations with the differ-

ent inlet pressures. Thus, they correspond to the discharge-averaged profiles from the experimental in-

vestigations. Therefore, the error bars of the numerical simulations are an indicator of how great the 

deviations between the different injection pressures are. The error bars for the numerical simulations in 

Figure 6.6 are so small that they are practically undetectable. Accordingly, the radial velocity profiles 

of the numerical simulations are, almost independent of the injection pressure. Furthermore, the numer-

ical profiles for all axial distances are almost ideally on top of each other for charts (a) to (f). This 

suggests that there is spatial self-similarity because the propagation through the scaling is independent 

of the axial distance. Due to the low average relative standard deviation of the simulations with the 𝑘𝑘-𝜀𝜀 

model of 0.86% and the GEKO simulations of 1.45%, a self-similarity independent of the pressure can 

be observed. For the air and carbon dioxide jets, the experimental data are slightly below the 𝑘𝑘-𝜀𝜀 model 

but almost congruent on the profiles of the GEKO model. For helium, the experimental data are above 

the GEKO model, which corresponds to a broader velocity profile. In contrast, there is a good agreement 

between the experimental helium data and the 𝑘𝑘-𝜀𝜀 model. Accordingly, the GEKO model tends to pro-

duce a smaller spreading rate 𝐾𝐾2,𝑢𝑢 for the helium jet.  
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Figure 6.6.: Discharge average radial velocity profile 𝑢𝑢�/𝑢𝑢�𝑝𝑝𝑐𝑐������� against the radial distance 𝑧𝑧 scaled with the 

axial distance 𝑥𝑥. Error bars indicate the standard deviation of the experimental data. (a) Air jet with 𝑘𝑘-𝜀𝜀 

model, (b) carbon dioxide jet with 𝑘𝑘-𝜀𝜀 model, (c) helium jet with 𝑘𝑘-𝜀𝜀 model, (d) air jet with GEKO 

model, (e) carbon dioxide with GEKO model and (f) helium jet with GEKO model. 
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In the following, the decay constant 𝐾𝐾1,𝑢𝑢 and spreading rate 𝐾𝐾2,𝑢𝑢 from the stationary numerical simula-

tions will be compared with the transient experimental results from section 5.5.2 and 5.5.4. Figure 6.7 

shows the decay constant 𝐾𝐾1,𝑢𝑢 and spreading rate 𝐾𝐾2,𝑢𝑢 plotted against the Reynolds number Re. There 

is a reasonable agreement between the experimental data and the GEKO simulations. The mean relative 

deviations of the decay constant and spreading rate for the two turbulence models from the experimental 

data are summarised in Table 6.2. Here, the decay constants of the GEKO model with a deviation of 

less than 1 % are considerably more accurate than the 𝑘𝑘-𝜀𝜀 model, which deviates by almost 20 %. This 

fits with the observations of Pope (1978) that the 𝑘𝑘-𝜀𝜀 turbulence model leads to a faster velocity decay 

when calculating round free jets, which corresponds to a smaller decay constant 𝐾𝐾1,𝑢𝑢. For the spreading 

rate 𝐾𝐾2,𝑢𝑢, the situation is somewhat different. For air and carbon dioxide, the GEKO model is also closer 

to the experimental data, but not for helium. 

 

Table 6.2.: Mean relative deviations of the 𝑘𝑘-𝜀𝜀 and GEKO turbulence models, compared to the experi-

mental data for the decay constant 𝐾𝐾1,𝑢𝑢 and spreading rate 𝐾𝐾2,𝑢𝑢. 

mean relative deviation / % 
Air Carbon dioxide Helium 

𝐾𝐾1,𝑢𝑢 𝐾𝐾2,𝑢𝑢 𝐾𝐾1,𝑢𝑢 𝐾𝐾2,𝑢𝑢 𝐾𝐾1,𝑢𝑢 𝐾𝐾2,𝑢𝑢 
𝑘𝑘-𝜀𝜀 / exp.  -18.60 +9.45 -16.22 +9.98 -16.28 -1.6 

GEKO / exp.  -0.60 -4.65 0.75 -3.98 +0.74 -17.65 
 

A pattern can be seen here for both the numerical simulations and the experimental data, irrespective of 

the gas. The decay constant increases and the spreading rate decreases with increasing Reynolds number.  

For the quantitative analysis of the influence of the Reynolds number on the decay constant and spread-

ing rate, these are approximated with linear regressions (cf. equation (5.6) and (5.8)) analogous to the 

experimental data. Thus, a coefficient of the Reynolds number of 𝑐𝑐1,𝑎𝑎 = 0 and 𝑐𝑐2,𝑎𝑎 = 0 is defined as the 

null hypothesis, which corresponds to the case where the Reynolds number has no influence on the 

decay constant 𝐾𝐾1,𝑢𝑢 and spreading rate 𝐾𝐾2,𝑢𝑢. The alternative hypothesis, tests whether coefficients 𝑐𝑐1,𝑎𝑎 

and 𝑐𝑐2,𝑎𝑎 are significantly different from 0. 
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Figure 6.7.: (a) Decay constant 𝐾𝐾1,𝑢𝑢 against Reynolds number Re. (b) Spreading rate 𝐾𝐾2,𝑢𝑢 against Reyn-

olds number Re. Comparison of the numerical simulations with the 𝑘𝑘-𝜀𝜀 (k-eps.) and GEKO models with 

the experimental (exp.) results of section 5.5.2 and 5.5.4. 

 

In Table 6.3, the coefficients 𝑐𝑐1,𝑎𝑎 and 𝑐𝑐2,𝑎𝑎 are summarised, as well as the significance 𝑝𝑝-values. Due to 

the small significance 𝑝𝑝-values for the coefficients 𝑐𝑐1,𝑎𝑎 and 𝑐𝑐2,𝑎𝑎, a statistically significant dependence 

of the decay constant 𝐾𝐾1,𝑢𝑢 and spreading rate 𝐾𝐾2,𝑢𝑢 on the Reynolds number Re is confirmed for all three 

gases and for both turbulence models. Since this behaviour is also observed in the stationary simulations, 

it can be assumed that the behaviour of the experimental investigations is not due to the transient flow 

character. It also shows that the influence of the Reynolds number on the decay constant and spreading 

rate is not only an apparent influence due to buoyancy effects because these were deliberately switched 

off in the present CFD simulations. 
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Table 6.3.: Summary of the coefficients 𝑐𝑐1,𝑎𝑎, 𝑐𝑐2,𝑎𝑎 and the corresponding significance 𝑝𝑝-values for the 

non-buoyant stationary CFD simulations. 

 𝑘𝑘-𝜀𝜀 GEKO 
 air CO2 helium air CO2 helium 

𝑐𝑐1,𝑎𝑎 1.172⋅10-6 7.041⋅10-7 3.858⋅10-6 9.987⋅10-7 4.990⋅10-7 4.158⋅10-6 
𝑝𝑝-value(𝑐𝑐1,𝑎𝑎) < 10-16 < 10-16 < 10-16 < 10-16 < 10-16 9.32⋅10-8 

𝑐𝑐2,𝑎𝑎 -6.866⋅10-9 -3.559⋅10-9 -1.962⋅10-8 -4.974⋅10-9 -2.607⋅10-9 -1.530⋅10-8 
𝑝𝑝-value(𝑐𝑐2,𝑎𝑎) < 10-16 6.649⋅10-15 < 10-16 6.823⋅10-14 < 10-16 < 10-16 

 

The mean decay constant for the 𝑘𝑘-𝜀𝜀 model is 𝐾𝐾1,𝑢𝑢 = 4.82 and for the GEKO model 𝐾𝐾1,𝑢𝑢 = 5.90. Thus, 

the decay constant of the GEKO model, corresponds exactly to the experimentally determined decay 

constant 𝐾𝐾1,𝑢𝑢 defined in section 5.5. The mean spreading rate 𝐾𝐾2,𝑢𝑢 for the 𝑘𝑘-𝜀𝜀 model is 𝐾𝐾2,𝑢𝑢 = 0.104 and 

for the GEKO model 𝐾𝐾2,𝑢𝑢 = 0.090. Thus, the experimentally determined spreading rate 𝐾𝐾2,𝑢𝑢 = 0,100, is 

between the spreading rates 𝐾𝐾2,𝑢𝑢 determined with the two turbulence models. 

 

To validate the results, a grid-independence study is performed according to section 3.3.3. The results 

are summarised in Table 6.4 and plotted in Figure 6.8. There is no extrapolated value for the decay 

constant 𝐾𝐾1,𝑢𝑢 of the GEKO model because there is no monotonous slope of the different mesh resolu-

tions. For both the 𝑘𝑘-𝜀𝜀 and GEKO models, the decay constant 𝐾𝐾1,𝑢𝑢 monotonously decreases for finer 

mesh resolution. Meanwhile, the spreading rate 𝐾𝐾2,𝑢𝑢 monotonously increases for the 𝑘𝑘-𝜀𝜀 model and 

decreases for the GEKO model for a finer mesh resolution. The mean deviation from the extrapolation 

is 5.02 % for the coarse mesh, 2.07 % for the medium mesh and 0.94 % for the fine mesh. However, 

since the computation time increases sixfold with each refinement, the medium mesh is used as a 

trade-off between accuracy and computational effort. 

 

Table 6.4.: Overview of the results from the grid-independence study with air and 𝑝𝑝0 − 𝑝𝑝∞ = 47 411 Pa. 

  𝑘𝑘-𝜀𝜀 GEKO 
mesh no elements 𝐾𝐾1,𝑢𝑢 𝐾𝐾2,𝑢𝑢 𝐾𝐾1,𝑢𝑢 𝐾𝐾2,𝑢𝑢 
coarse 19 600 4.905 0.1055 6.100 0.0975 

medium 77 600 4.774 0.1061 6.000 0.0915 
fine 308 000 4.699 0.1063 6.016 0.0899 

extrapolation - 4.603 0.1063 - 0.0892 
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Figure 6.8.: Results of the grid independence study. (a) Decay constant 𝐾𝐾1,𝑢𝑢, (b) spreading rate 𝐾𝐾2,𝑢𝑢. 

 

6.3. Findings on the simulation of stationary free jets 
 

In this chapter, the experiments were reproduced in an idealized form by numerical simulations. For this 

purpose, different points in time of the experimental tests were used as boundary conditions for steady-

state simulations. Here, two potential questions of the experimental evaluation could be clearly an-

swered.  

 

It was also shown that stationary non-buoyant free jets have a significant dependence on the Reynolds 

number, which is very similar to that of the experimentally-investigated transient free jets. Thus, the 

Reynolds number dependence of the decay constant 𝐾𝐾1,𝑢𝑢 (𝑝𝑝-value < 9.32⋅10-8) and of the spreading rate 

𝐾𝐾2,𝑢𝑢 (𝑝𝑝-value < 6.82⋅10-14) of free jets is not just an apparent effect due to a transient flow character or 

due to buoyancy effects.  
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Even though a significant dependence of the Reynolds number on the decay constant and spreading rate 

was found in the numerical simulations, the relevance of this dependence is probably negligible for most 

technical applications. Thus, it seems justified to speak of a self-similar velocity field for free jets, which 

is independent of the injection pressure of the outlet velocity.  

 

It was further shown that the GEKO model with a separation coefficient of 𝐶𝐶𝑠𝑠𝑒𝑒𝑝𝑝= 2.2 and a mixing 

coefficient of 𝐶𝐶𝑚𝑚𝑖𝑖𝑥𝑥 = 0.3 is closer to the experimental data of air and carbon dioxide free jets than the 

standard 𝑘𝑘-𝜀𝜀 model. For the helium free jet, the situation is different and the GEKO model gives greater 

deviations from the experimental data than the standard 𝑘𝑘-𝜀𝜀 model. How far the GEKO model can be 

optimised in this respect by other turbulence parameters has to be shown in future investigations. Con-

sequently, this optimisation has to be considered with caution because the goal of numerical simulations 

should not be to fit to experimental data by introducing more and more parameters. 
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7. Summary and outlook 
  

In the context of this work, the compressible, transient and subcritical outflow of a gas from a vessel 

was considered. The focus was on both the condition inside the vessel during the discharge and the 

velocity field of the free jet when the gas flows out of the vessel. The research questions formulated at 

the beginning of chapter 1 are answered below: 

 

1. What is a self-similar approach to describe a subcritical vessel outflow? 

A model was derived to characterise arbitrary subcritical outflows from round openings of ideal 

gases from arbitrary adiabatic vessels. The Bernoulli equation was used as the starting point for 

this model. 

2. How can the outflow duration be determined by simple means? 

A distinction is made between two cases. For the first case of a thin-wall vessel, where frictional 

pressure losses Δ𝑝𝑝friction ≈ 0 inside the outlet are negligible, an inertial loss model (ILM) and 

a dimensionless number Π1 were derived. The ILM and the dimensionless number Π1 showed 

constant values for a variation of the molar mass 𝑀𝑀, heat capacity ratio 𝜅𝜅, temperature 𝑇𝑇0, vessel 

volume 𝑉𝑉 and opening diameter 𝑑𝑑2. The ILM was validated based on numerical simulations. 

The mean deviation between the numerical simulations and the ILM is 1.94 %. The second case 

of a thick-wall vessel can be calculated with the model considering frictional and inertial pres-

sure losses (FILM). The FILM was validated based on experimental investigations. The mean 

deviation between the FILM and the experiments is -1.75 %. 

3. What influence does the Reynolds number have on the propagation of transient, subcritical free 

jets? 

A significant influence of the Reynolds number Re on the decay constant 𝐾𝐾1,𝑢𝑢 

(𝑝𝑝-value < 2.36⋅10-4) and spreading rate 𝐾𝐾2,𝑢𝑢 (𝑝𝑝-value < 7.52⋅10-4) is determined based on a sta-

tistical analysis of the experimental data. The influence of the Reynolds number on the decay 

constant 𝐾𝐾1,𝑢𝑢 and spreading rate 𝐾𝐾2,𝑢𝑢 is so weak that it is not relevant for the most technical 

applications.  

4. What influence does the density ratio have on the propagation of subcritical free jets? 

No significant influence (𝑝𝑝-value > 0.31) of the density ratio 𝑅𝑅𝜚𝜚 on the decay constant 𝐾𝐾1,𝑢𝑢 and 

spreading rate 𝐾𝐾2,𝑢𝑢 could be observed. This supports the assumption of Chen and Rodi (1980) 

as well as Thring and Newby (1953) for stationary free jets. Therefore, the definition of a uni-

versal decay constant 𝐾𝐾1,𝑢𝑢 = 5.90 and spreading rate 𝐾𝐾2,𝑢𝑢 = 0.10 appears to be suitable. 

5. Can a self-similar propagation also be observed for transient free jets? 

A transient free jet shows quasi-self-similar behaviour because the influence of the Reynolds 

number is small. If scaled with the time-dependent outlet velocity 𝑢𝑢0(𝑡𝑡), then the entire velocity 

field can be described as a function of only one geometric variable.  
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6. Are the experimental results of the free jets replicable with numerical simulations? 

The stationary numerical simulations of the free jets have also shown a significant influence of 

the Reynolds number on the decay constant 𝐾𝐾1,𝑢𝑢 (𝑝𝑝-value < 9.32⋅10-9) and spreading rate 𝐾𝐾2,𝑢𝑢 

(p-value < 6.82⋅10-14). Therefore, the influence of the Reynolds number on the propagation that 

was previously observed in the experimental investigations is not due to buoyancy effects. 

7. Is the new generalised 𝑘𝑘-𝜔𝜔 turbulence (GEKO) model superior to the standard 𝑘𝑘-𝜀𝜀 turbulence 

model for the simulation of round free jets? 

The GEKO model showed more accurate values for the decay constant 𝐾𝐾1,𝑢𝑢 and the spreading 

rate 𝐾𝐾2,𝑢𝑢 compared to the standard 𝑘𝑘-𝜀𝜀 model during the simulations of air and carbon dioxide 

jets. For the simulations of helium free jets, the GEKO model had disadvantages compared to 

the 𝑘𝑘-𝜀𝜀 model in determining the spreading rate 𝐾𝐾2,𝑢𝑢. A separation parameter of 𝐶𝐶SEP = 2.2 and 

a mixing parameter of 𝐶𝐶MIX = 0.3 were used for the GEKO model. 

 

The results of this work are of relevance for a wide range of research fields. In particular, the findings 

can be used to derive a model for the propagation of hydrogen jets in the future. To date, there is a wide 

range of data on the dispersion behaviour of natural gas, but hardly any data on hydrogen. However, 

given that hydrogen is expected to be one of the main energy sources of the future, it appears necessary 

to conduct further research in this field. For this purpose, experimental investigations on the propagation 

of the hydrogen concentration could be carried out. The long-term target would be a universal model 

for determining the explosion protection zones of hydrogen in a wide variety of release scenarios and 

weather conditions.  

 

Another interesting field in which the findings obtained here could be used is cryogenic energy storage. 

In this process, nitrogen is liquified and the energy is released through the expansion of the nitrogen 

during the phase change from liquid to gas. Currently, work is already being done on modelling these 

processes based on the ILM developed here. Moreover, it is desirable to extend the present investigations 

to outflows above the critical pressure ratio. 

 

The GEKO model gave more accurate results than the 𝑘𝑘-𝜀𝜀 model for the simulation of air and carbon-

dioxide free jets, but this was not the case for the helium free jet. Future studies should try to find a 

correlation between the gas properties and the GEKO turbulence model parameters. 

The hyperbolic approach of Chen and Rodi (1980) for the axial velocity profile of a free jet is only valid 

in the self-similar region. Currently, new functional approaches are being investigated to describe the 

axial velocity profile over all free jet regions. 

 

In addition to the pure gas jets considered here, there is another field of free jets. Free jets can also be 

loaded with solid or liquid particles, leading to a multiphase problem. Due to the versatile technical 
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applications of particle-laden free jets, they offer an interesting field of research, which still has open 

questions due to complexity. These include (for example) the influence of particle size, particle density, 

particle loading and the interaction with the gas properties. Therefore, the transient propagation of par-

ticle-laden free jets should be investigated using the methods presented here. A first idealised model for 

predicting the discharge behavior of particles from a gas vessel has already been derived (Fischer et al., 

2023).
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Appendix 
 

Table A.1.: Overview of stationary simulations for the propagation of an air jet without buoyancy. 
Air  𝑘𝑘 − 𝜀𝜀 GEKO Exp. 
𝑡𝑡 / s 𝑝𝑝0-𝑝𝑝∞ Re 𝐾𝐾1,𝑢𝑢 𝐾𝐾2,𝑢𝑢 Re  𝐾𝐾1,𝑢𝑢 𝐾𝐾2,𝑢𝑢 Re  𝐾𝐾1,𝑢𝑢 𝐾𝐾2,𝑢𝑢 

 / Pa / - / - / - / - / - / - / - / - / - 
0.5 47411 382244 4.94 0.105 386651 6.00 0.092 396620 6.05 0.088 
1 44185 369664 4.92 0.105 373994 5.99 0.092 380677 6.45 0.091 
2 36771 342881 4.90 0.105 342895 5.96 0.092 354068 5.84 0.096 
3 31453 314509 4.93 0.105 318421 5.94 0.092 323771 6.09 0.091 
4 25549 284697 4.89 0.105 288370 5.92 0.092 296041 5.98 0.091 
5 21355 261118 4.86 0.106 264614 5.90 0.092 271042 5.91 0.093 
6 16709 231807 4.82 0.106 234953 5.87 0.092 239867 5.81 0.089 
7 12716 202768 4.80 0.106 205588 5.83 0.092 213451 6.29 0.094 
8 9955 179637 4.78 0.106 182215 5.77 0.092 185475 5.80 0.096 
9 7025 150967 4.74 0.106 153229 5.76 0.093 157866 5.61 0.095 

10 5083 128313 4.71 0.107 130313 5.74 0.093 130515 5.43 0.102 
11 3185 101298 4.67 0.107 102941 5.74 0.093 102743 5.88 0.103 
12 1979 79517 4.63 0.107 80856 5.74 0.093 77495 5.43 0.122 
13 952 54693 4.57 0.107 55647 5.70 0.093 54428 5.72 0.116 
14 356 32990 4.49 0.107 33567 5.62 0.094 33731 5.85 0.097 

mean   4.78 0.106  5.83 0.092  5.88 0.096 
𝜎𝜎   0.136 0.001  0.11 0.001  0.27 0.010 

 

Table A.2.: Overview of stationary simulations for the propagation of a carbon dioxide jet without buoy-

ancy. 
CO2  𝑘𝑘 − 𝜀𝜀 GEKO Exp. 
𝑡𝑡 / s 𝑝𝑝0-𝑝𝑝∞ Re 𝐾𝐾1,𝑢𝑢 𝐾𝐾2,𝑢𝑢 Re  𝐾𝐾1,𝑢𝑢 𝐾𝐾2,𝑢𝑢 Re  𝐾𝐾1,𝑢𝑢 𝐾𝐾2,𝑢𝑢 

 / Pa / - / - / - / - / - / - / - / - / - 
0.5 48025 580574 5.01 0.106 587244 5.99 0.093 594595 6.18 0.090 
1 45620 566793 4.98 0.106 573389 5.98 0.093 581669 6.10 0.083 
2 39925 532495 4.94 0.107 538902 5.96 0.093 555888 5.51 0.085 
3 35689 505213 4.92 0.106 511429 5.94 0.093 523291 5.96 0.091 
4 30777 471187 4.90 0.107 477150 5.94 0.093 494459 6.31 0.105 
5 27147 444016 4.88 0.107 449743 5.92 0.093 466145 6.37 0.109 
6 22972 410087 4.86 0.107 415486 5.91 0.093 442859 5.87 0.093 
7 19169 421412 4.84 0.107 381027 5.91 0.093 407739 5.74 0.098 
8 16402 348685 4.82 0.107 353438 5.85 0.094 369039 6.41 0.092 
9 13266 314457 4.81 0.107 318857 5.76 0.094 345177 6.14 0.098 

10 11022 287120 4.79 0.107 279257 5.78 0.094 319770 6.56 0.102 
11 8531 252985 4.76 0.107 256687 5.76 0.094 281569 5.26 0.093 
12 6786 225758 4.75 0.107 229146 5.75 0.094 247259 5.93 0.097 
13 4893 191653 4.72 0.107 194625 5.78 0.094 213459 4.74 0.091 
14 3349 158313 4.70 0.108 160860 5.79 0.094 179231 5.63 0.120 
15 2348 132269 4.67 0.108 134463 5.78 0.094 149737 4.73 0.114 
16 1383 101029 4.64 0.108 102775 5.75 0.094 113156 5.26 0.109 

mean   4.82 0.107  5.86 0.093  5.80 0.098 
𝜎𝜎   0.101 0.0006  0.09 0.0004  0.54 0.010 
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Table A.3.: Overview of stationary simulations for the propagation of a helium jet without buoyancy. 
Helium  𝑘𝑘 − 𝜀𝜀 GEKO Exp. 
𝑡𝑡 / s 𝑝𝑝0-𝑝𝑝∞ Re 𝐾𝐾1,𝑢𝑢 𝐾𝐾2,𝑢𝑢 Re  𝐾𝐾1,𝑢𝑢 𝐾𝐾2,𝑢𝑢 Re  𝐾𝐾1,𝑢𝑢 𝐾𝐾2,𝑢𝑢 

 / Pa / - / - / - / - / - / - / - / - / - 
0.5 42772 133572 5.08 0.099 142948.4 6.16 0.084 116770 6.30 0.098 

0.75 38828 127406 5.07 0.099 128917.4 6.26 0.084 111650 6.36 0.100 
1 35195 121437 5.05 0.100 122895.2 6.13 0.084 106535 6.29 0.103 

1.25 31812 115588 5.02 0.100 117002.8 6.12 0.084 101513 6.06 0.105 
1.5 28664 109847 5.00 0.100 111219.9 6.10 0.084 96348 5.76 0.112 

1.75 23043 98704 4.96 0.100 99947.7 6.02 0.084 91845 6.13 0.101 
2 20456 93091 4.94 0.100 94274.73 5.98 0.085 85786 6.06 0.099 

2.25 18084 87601 4.92 0.100 88749.93 6.01 0.085 80692 5.72 0.095 
2.5 15836 82031 4.90 0.100 83128.72 5.93 0.085 75391 5.91 0.097 

2.75 13755 76489 4.88 0.100 77531.67 5.96 0.085 70311 5.79 0.096 
3 11829 70951 4.86 0.100 71932.78 5.93 0.085 64895 5.63 0.108 

3.25 10066 65445 4.84 0.101 66345.3 5.92 0.085 58313 5.65 0.113 
3.5 7006 54536 4.80 0.101 55518.6 5.88 0.085 52073 5.75 0.120 

mean   4.95 0.100  6.03 0.085  5.96 0.104 
𝜎𝜎   0.09 4.36⋅10-4  0.11 3.61⋅10-4  0.25 0.007 
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Figure A.1.: Results of the averaged axial velocity profile of the numerical simulations with the 𝑘𝑘-𝜀𝜀 and 

GEKO model compared to the experimental (exp.) results. (a) air jet, (b) carbon dioxide jet and (c) 

helium jet. Error bars indicate the standard deviation. 
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