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Abstract

We derive the limiting null distribution of the robust CUSUM-M

test and the recursive CUSUM-M test for structural change of the

coe�cients of a linear regression model with long-memory distur-

bances. It turns out that the asymptotic null distribution of the

CUSUM-M statistic is a fractional Brownian Bridge and the asym-

ptotic null distribution of the recursive CUSUM-M statistic is frac-

tional Brownian motion.

KEY WORDS: CUSUM test; robust regression; long range depen-

dence

1 Introduction

Consider the linear regression model

yi = �>xi + "i; i = 1 ; : : : T; (1)

where yi is the dependent variable, xi is a p - dimensional vector of �xed

regressors, � is the p - dimensional parameter vector and "i is an error process.

Here we consider the case where "i is a long-memory stationary process.
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This paper considers tests of the null hypothesis that the parameter vector �

is constant over time:

H0 : �
(1) = : : : = �(T ) = �; (2)

� unknown, versus

H1 : �
(1) = : : : = �(m) 6= �(m+1) = : : : = �(T ) (3)

for some m, where m (1 � m � T ) is unknown.

The most important tests dealing with this problem are the standard CUSUM

test introduced by Brown, Durbin, Evans(1975) based on recursive OLS-

residuals and the OLS-based CUSUM test by McCabe, Harrison(1980) based

on standard OLS-residuals. The respective asymptotic null distributions are

known for the case of independent disturbances (Brown, Durbin, Evans(1975),

Sen(1982), Kr�amer, Ploberger, Alt(1988) or Ploberger, Kr�amer(1992)). These

null distributions are no longer valid in the case of long-memory error terms.

Neglecting long range dependencies in the disturbances leads to a rejection of

the null hypothesis with probability one (see for example Wright(1998)).

De�ning R(k) := Cov(Xi; Xi+k) long-memory time series can be modeled as

stationary processes satisfying

R(k)

L(k)jkj2H�2 ! 1; k !1 ;

where 1
2
< H < 1, L(k) is a slowly varying function. In the special case of a

fractional Gaussian noise introduced by Mandelbrot and van Ness(1968) R(k)

has the form

R(k) =
�2
X(jk + 1 j2H � 2jkj2H + jk � 1j2H)

2
:

The equation Var( �Xn) = �2
Xn

2H�2 also holds so that we have the convergence

n2�2HL�1Var(n)Var(
�Xn) to 1, where LVar(n) = L(n)=(H(2H � 1)).
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So the main property of long-memory processes is the slow decay of the correla-

tions. For a more detailed discussion of long range dependence see Beran(1994)

or Sibbertsen(1999a).

Hidalgo, Robinson(1996) determine the asymptotic null distribution for tests

for structural change with long-memory errors when the breakpoint is known.

Wright(1998) derives the asymptotic null distribution of the OLS-based

CUSUM test for a polynomial design.

The standard CUSUM test and the OLS-based CUSUM test are based on

ordinary or recursive least squares residuals. Since the least squares estimator is

not robust against outliers, the standard CUSUM and the OLS-based CUSUM

test are not robust against outliers either. Both tests reject the null hypotheses

of no structural break if there is only one outlier with probability one even if

there is no structural break in the data. Sen(1984) therefore introduced the

robust CUSUM-M test and the recursive CUSUM-M test by replacing the

OLS-residuals and recursive residuals by M-residuals and recursive M-residuals

respectively.

The aim of this paper is to determine the asymptotic null distribution of the

CUSUM-M test and the recursive CUSUM-M test in the case of long-memory

disturbances.

There is an extensive literature about the behaviour of robust estimates in

the context of long-memory processes. For example Beran(1991) considers M-

estimates for location and Sibbertsen(1999a,b,c) considers S-estimates for the

linear and nonlinear regression model with long-memory disturbances.

The outline of the paper is as follows. In the next chapter we consider the

CUSUM-M test and in chapter 3 we derive the asymptotic limit distribution

of the recursive CUSUM-M test in the presence of long-memory.
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2 The CUSUM-M Test

The M-estimator of the regression parameter � in model (1) is given as the

solution of

TX
i=1

 (yi � xTi �) = 0 ; (4)

where the function  meets the following restrictions:

�  is skew-symmetric, that is  (x) +  (�x) = 0

�  is nondecreasing

�  is almost everywhere di�erentiable

� E[ 0] 6= 0

� g"(y) := sup��" j 0(y + �) �  0(y)j � c almost sure for some " > 0 and

c > 0.

Here and in the rest of the paper the expectation is taken with respect to the

standard normal distribution.

One example for such a  function is Huber's  given by

 H(x) = min( c;max(x;�c)):

The test statistic of the CUSUM-M test is

sup
0���1

j 1

�̂
p
T
W

(T )
CM(�)j; (5)

where

W
(T )
CM(�) =

[T� ]X
i=1

 (yi � x>i �̂);
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and �̂ is a M-estimator derived from (4).

In what follows the regressor matrix X(T ) ( T� p with columns xi(T )) is

assumed to be �xed, with

TX
i=1

xi(T )xi(T )
T = TIp; (6)

where Ip is the p-dimensional identity matrix. This implies that

TX
i=1

kxi(T )k2 = Tp: (7)

This involves no loss in generality as such a regressor matrix can always be

obtained by an appropriate transformation of the xi(T ). In addition, the fol-

lowing conditions are assumed to hold:

A1 There are positive numbers �1, �2 and T0 such that

PT
i=1 xi(T )xi(T )

T1fkxi(T )k<�1g � T�2Ip is positiv de�nite for all T � n0.

A2 limT!1 1
T

PT
i=1 kxi(T )k21fkxi(T )k>�pTg = 0 8� > 0.

From this condition we have a sequence [�(T )]1T=1 with limT!1 �(T ) = 0 and

lim
T!1

1

�(T )2T

TX
i=1

kxi(T )k21fkxi(T )k��(T )pTg = 0 ; (8)

consequently

lim
T!1

X

fkxi(T )k>�(T )
p
Tg
1 = 0 : (9)

These are quite mild regularity conditions for the regressors allowing in particu-

lar for trends. The dependence on the observation size T will not be mentioned

in the following any more.

The proof of the asymptotic properties of the CUSUM-M test statistic requires

the Hermite Rank of a function.
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De�nition (Hermite rank)

Let Z be a standard normal random variable. A function G : IR ! IR

with E[G(Z)] = 0 and E[G2(Z)] < 1, is said to have Hermite rank m,

if E[G(Z)Pq(Z)] = 0 for all Hermite polynomials Pq; q = 1 ; : : : ; m� 1 and

E[G(Z)Pm(Z)] := JG(m) 6= 0 .

The function JG(l) is de�ned by

JG(l) := E[G(Z)Pl(Z)]; l 2 IN: (10)

Theorem 1 Under the above assumptions we have

T�1=2�dW (T )
CM(�)

d�! Bd(�)� �; (11)

where Bd(�) is a fractional Brownian motion with self-similarity parameter d

and � is a normal random vector with zero mean and variance E 2Ip and Ip

is the p-dimensional identity matrix.

Proof: From (4) we have

[T� ]X
i=1

 (yi � x>i �̂) = 0 :

A Taylor expansion around the true parameter vector �0 gives

[T� ]X
i=1

 (yi�x>i �̂) =
[T� ]X
i=1

 (yi�x>i �0)�
[T� ]X
i=1

(�̂��0)> 0(yi�x>i �0)xi+o(1):(12)

Denote by LVar(T ) a slowly varying function and remember that  is skew-

symmetric and therefore has Hermite Rank one. So theorem 5.1 in Taqqu(1975)

in conjunction with Marmol(1995) gives

T�1=2�dL�1=2Var (T )J (1)
�1

[T� ]X
i=1

 (yi � x>i �0)
d�! Bd(�): (13)
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Sibbertsen(1999a, b) shows that

T 1=2�dL�1=2Var(T )J (1)
�1(�̂ � �0)

d�! N(0;
E 2

(E 0)2
Ip): (14)

To see this, keep in mind that the asymptotic distribution of S-estimators is

equivalent to that of M-estimators.

We also have

1

T

[T� ]X
i=1

 0(yi � x>i �0)xi
d�! E[ 0]Ip: (15)

Remember that assumption (A1) gives 1
T

P[T� ]
i=1 xix

>
i = Ip.

Equation (12) to (15) gives the assertion. }

Remark 1: For d = 0 and  (x) = x the limit distribution is the standard

Brownian Bridge as in the case of independent errors. B0(�) is standard Brown-

ian motion.

We can also obtain the limiting distribution of the non-recursive CUSUM-M

test in the case of short-memory disturbances, that is �1=2 < d < 0. The

correlations R(k) of a short-memory process are summable.

Theorem 2 In the case �1=2 < d < 0 we have

T�1=2�dW (T )
CM(�)

d�! Bd(�)� �; (16)

where Bd(�) is a standard Brownian motion and � is a Gaussian random vector

with mean zero and variance E 2Ip.

Proof: The proof of this theorem is similar to the proof of Theorem 1. We

have (see also Breuer and Major(1983)) that

T�1=2�dL�1=2Var (T )
[T� ]X
i=1

 (yi � x>i �0)
d�! B(�): (17)
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From Sibbertsen(1999b)

T 1=2�dL�1=2Var(T )(�̂ � �0)
d�! N(0;

E 2

(E 0)2
Ip): (18)

Again we have

1

T

[T� ]X
i=1

 0(yi � x>i �0)xi
d�! E[ 0]Ip: (19)

Equations (17) to (19) prove the theorem. }

Remark 2:

a) A generalization of fractional Brownian motion to short-memory proces-

ses can be found in Taqqu(1977).

b) For d = 0 we obtain the classical ARMA processes and the well known

rate of convergence of T 1=2.

3 Recursive CUSUM-M Test

This section considers the asymptotic behaviour of the recursive CUSUM-M

test in the case of long-memory disturbances. The idea of the recursive

CUSUM-M test is to replace the M-residuals in the non-recursive version by

recursive M-residuals. The k-th recursive M-residual is thereby given as

rk = yk � x>k �̂k�1;

where �̂k�1 is the M-estimator based on the �rst k � 1 observations. The test

statistic of the recursive CUSUM-M test is de�ned by

sup
0���1

j 1

�̂
p
T
W

(T )
RCM (�)j;
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with

W
(T )
RCM(�) =

[T� ]X
i=1

 (yi � x>i �̂(i�1)):

and �̂(i�1) is the M-estimator based on the �rst i� 1 observations.

Theorem 3 Under the above assumptions we have

T�1=2�dW (T )
RCM (�)

d�! Bd(�); (20)

where Bd(�) is a fractional Brownian motion with self-similarity parameter d.

Proof: Using Taylor expansion around the true parameter vector �0 we have

[T� ]X
i=1

 (yi � x>i �̂(i�1)) =
[T� ]X
i=1

 (yi � x>i �0)

�
[T� ]X
i=1

(�̂(i�1) � �0)
> 0(yi � x>i �0)xi + o(1): (21)

First we show that

max
1�i�T

k(�̂i��0)� 1

E 0

iX
j=1

( (yj�x>j �0)xj)Q�1j k = oP (T
(d+1=2)(log logT )1=2);(22)

where

1

T

jX
i=1

xix
>
i =: Cj:

We have CT = Ip because of assumption (A1).

Denote

iX
j=1

( (yj � x>j �0)xj) =: Si:
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The law of the iterated logarithm for sums of non-linear functions of Gaussian

random variables with long-memory gives us for Si (see Taqqu(1977))

max
1�i�T

[
Si

(
2J (1)2

(d+1=2)(2(d+1=2)�1)T
2(d+1=2)LVar(T ) log logT )

1=2
] = oP (1): (23)

Using (23) equation (22) follows from Lemma 3.1 in Jureckova, Sen(1984).

Combining (21) with (22) gives

[T� ]X
i=1

 (yi � x>i �̂(i�1)) =
[T� ]X
i=1

 (yi � x>i �0)

� 1

E 0

[T� ]X
i=1

0
@
i�1X
j=1

 (yj � x>j �0)x
>
j Q

�1
j

1
A

 0(yi � x>i �0)xi + o(T (d+1=2)(log logT )1=2)

=
[T� ]X
i=1

0
@

iX
j=1

cij (yj � x>j �0) + o(T (d+1=2)(log logT )1=2

1
A ;

(24)

where cij = �x>j Q�1i�1xi for j < i ,cii = 1 and cij = 0 for j > i .

Now from Sen(1984) we obtain

X
j�i

c2ij = 1 + o(i�1): (25)

Applying theorem 5.1 of Taqqu(1975) and Marmol(1995) to the last equation

of (24) gives the assertion. }

As for the non-recursive CUSUM-M test a slight modi�cations of the above

proof gives the null distribution in the short-memory case also for the recursive

test.
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Theorem 4 Under the above assumptions and for �1=2 < d < 0 we have

T�1=2�dW (T )
RCM (�)

d�! Bd(�); (26)

where Bd(�) is a fractional Brownian motion with self-similarity parameter d.

Proof: The proof of this theorem is again similar to the proof of theorem 3, but

instead of using the law of the iterated logarithm for long-memory Gaussian

processes we need in (23) the similar law for short-memory Gaussian processes

(see Taqqu(1977)). Applying the limit theorem of Breuer and Major(1983) to

(24) gives the assertion. }
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