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Abstract

In this work, a Fokker-Planck equation (FPE) is used to approximate the orienta-
tion distribution of fibers. FPEs combined with the Navier-Stokes equations (NSE)
are widely used to predict the motion of the fibers in fiber suspension flows with
low Reynolds numbers. The fibers align in response to the flow and randomize in
response to fiber-fiber interactions. A precise formulation takes into account that
the flow-fiber interaction is bilateral, so that the suspension rheology also depends
on the fiber orientation.

Various approaches to model fiber suspensions, including the well-known Folgar-
Tucker equation, which relies on orientation tensors, are reviewed. We aim to solve
the FPE using the continuous Galerkin method. For each point in the 3d physical
space, an equation on the surface of a unit sphere representing the orientation states
is solved, while for each point on the sphere an advection equation in the 3d physical
space has to be solved. We handle this in the framework of an alternating direction
approach including subtime stepping. Algebraic flux correction is performed for each
equation to ensure positivity preservation as well as the normalization property of
the distribution function.

Numerical tests are performed for the individual subproblems. Finally, the velocity
field is calculated by the incompressible Navier-Stokes equations (NSE), and bench-
mark problems for the coupled FPE-NSE system are solved. Thus, the relevance of
this two-way coupling across the scales can be validated, and the effect of a different
number of fibers is examined.



1 Introduction and motivation

1.1 Application: Fiber suspensions

Multiphase flows play a central role both in nature and in industrial applications.
Such flows consist of different ingredients, referred to as phases, that interact with
each other within the mixture. They occur in many chemical processes, in physics,
in engineering and more. Even in the year 2024 multiphase flows pose an enormous
challenge.

The simplest example of a multiphase flow is a two-phase flow. Among the first two-
phase flows that were observed from a scientific point of view we find geophysical
flows like dust in the air or clouds [Dre83]. The two-phase flow studied in this thesis
is a fiber suspension, where solid fibers are dispersed in a fluid. Such flows laden with
particles arise in the process of paper production [LU07, KOM09, [HLHN11, L.oh16b],
or can be used for polymer turbulent drag reduction |ZMLD*12].

This work is motivated by the injection molding of fiber-reinforced plastics, see,
e.g., [Ver98]. Fibers are added to the melt used within the process of injection
molding to improve the properties of the resulting material. The reinforcement with
fibers can offer both mechanical and economic advantages [Fol82, [LDHBS8S|. So
engineers need reliable simulation tools to predict the properties of the plastics. In
fact, the fibers significantly influence the microstructure of the composite, which in
turn controls mechanical properties like stiffness and strength, or the electrical and
thermal conductivity of the finished product |[GGOS20].

The microstructural change investigated in this work is the orientational structure
of the fibers. Our material is stronger and stiffer in the direction in which more
fibers are oriented [FT84|. Imagine many straws parallel to each other. They are
most stable along the orientation direction, which is perpendicular to the orientation
direction of the straws. Whether a high fiber alignment or a uniform fiber orientation
is preferred depends on the application [OFCHO4].

An important insight, which has been established for fiber suspension rheology over
the last few decades, is that not only the flow influences the fibers (‘one-way cou-
pling’), but that vice versa the flow field depends on the orientation state of the
suspension (‘two-way coupling’) [Bat70, [LDHBS8S, [VT02) [Lin08].

1.2 General modeling approaches

The main objective of this thesis is to describe the behavior of fiber suspension
flows and in particular the orientation of these fibers. If we detach a little from our
specific application, there are related applications that can be modeled in a similar



way. In addition to fibers, particles of different nature such as polymers can be
considered. The unifying point is that we have both a fluid phase and a particle
phase. Therefore our problem can be embedded in a broader context of formulations
and solution strategies. From a mathematical perspective the distinction between
fully macroscopic approaches and so-called multiscale methods is of interest. For
a detailed review, the survey article [Keu04] is recommended. Even though it was
written two decades ago, it still represents an informative summary. Following that
article, three basic approaches can be identified, namely

1.) fully macroscopic approaches,
2.) stochastic approaches for multiscale methods,
3.) fully deterministic approaches for multiscale methods.

Fully macroscopic approaches. Fully macroscopic approaches take a macroscopic
perspective for both phases, that is, for the fluid as well as for the particle ensembles.
They are also known as continuum approaches, since they assume that a composite
can be considered as a continuum |[OP02|. This description is the oldest one as it
requires comparatively little computing power. However, even this system represents
a highly complex mathematical problem.

Two competing derivations are distinguished: postulation and averaging [Dre83,
DP99]. In the first case the equation is postulated without any references to the
microscopic scale. The procedure is purely phenomenological. The alternative are
averaging processes, where we may gain an insight into the relationship between
micro- and macroscopic variables [DP99]. Both derivations should ultimately yield
the same result.

Multiscale approaches. Multiscale approaches emerged increasingly around the
turn of the millennium. A coupling across the scales is inherent to fluid dynamics of
particles [Kne06]. On the one hand, there is an equation for the particles suspended
in the fluid. On the other hand, there are the governing equations for the carrier
fluid. The coupled equations form a multiscale problem. Hence, we have a micro-
macro coupling, that is, in our application a fiber-flow modeling.

Regarding the scale to describe the particle phase there are very different potential
levels of consideration. Overall, there is a tension between the degree of sophis-
tication of the model and its computational tractability [OP02|. Starting at the
bottom level, atomistic models might be developed. Even though they are hypo-
thetically interesting to gain an in-depth insight of some phenomena, the idea to use
such models has to be discarded because of the computational resources this would
consume [Keu04]. In addition, too many details may hide the main result [DP99).
The next level is a coarse-grained description of molecular configurations. Such a
macroscopic description stays computationally intensive, but it is within the realm
of possibility. Furthermore, we work with statistical quantities, that do not mask
the main information. These quantities range from averaged particle velocity to a



particle orientation distribution |ZMLD™12|. Sometimes they are more accurately
referred to as mesoscopic part.

The governing equations, which model the surrounding fluid, on the macroscopic
level are shared by all the three basic approaches listed above. By default, these
equations are the conservation laws for mass and momentum, combined within the
framework of (Navier-)Stokes equations, and supplemented by a constitutive law for
the stress. While the carrier fluid considered on its own is a Newtonian fluid, it
becomes a non-Newtonian fluid in the mixture.

Stochastic vs. deterministic approaches. The focus of this work is on the mi-
croscopic ingredients of the system. For the corresponding equations, we distinguish
between stochastic and deterministic approaches. A natural starting point to com-
pare the two approaches is the Brownian motion. Considering a single particle in a
fluid, Brownian motion is caused by collisions of this particle with the molecules of
the fluid. The effect of the resulting rapid fluctuations, which occur on extremely
short length scales, is usually taken into account through random forces on a coarser
level [Ott12]. Such phenomena can be modeled by stochastic differential equations
(SDEs), where a so-called noise term represents the fluctuating random forces. Since
in each SDE at least one of the terms and, hence, the solution are of stochastic na-
ture, this calls for stochastic numerical methods.

An alternative to the stochastic simulations are Fokker-Planck equations (FPEs),
which are deterministic PDEs. A whole book was dedicated to these equations by
Risken |Ris96]. The book contains an extensive discussion of the derivation of the
FPE, some of its applications, and methods to solve the equation. In particular,
exact solutions and expressions for some special cases are derived. In this thesis, the
possibility of deriving such a solution is seen in the example of the extended Jeffery
equation. However, analytical solutions are an exception.

We can draw a link between the stochastic and the deterministic approach. For
instance, the theses [Loz03, [Kne(8| contain derivations of a deterministic FPE from
a stochastic approach. Under certain conditions [OP02, Th.11.1], there is a formal
equivalence between an FPE and its associated SDE [LC03, [Ott12]. Nevertheless,
there is no one-to-one correspondence between SDEs and FPEs. An SDE, on the
one hand, specifies actual trajectories. In our case of fiber suspensions, the fibers
themselves can only be directly visualized using a stochastic approach. The FPE, on
the other hand, describes the corresponding probability distribution of the stochastic
process [Ott12]. Once the distribution function is known, the relevant macroscopic
variables, given by so-called orientation tensors in this thesis, can be calculated as
statistical averages [Ris96, [(OP02].

Stochastic methods. The idea of using a stochastic approach for quantitative
prediction purposes may appear odd at first. In fact, however, an exact solution
can be approximated by examining a representative sample of states, and the more
states are added, the smaller the error becomes [Ott12]. In the context of our micro-
macro approaches, a well-known methodology bears the acronym CONNFFESSIT
(‘Calculation of non-Newtonian Flow: Finite Elements and Stochastic Simulation



Technique’). The method can be described in three steps, which are repeated until
convergence is reached [LC03, [Keu04]. First, the conservation laws are solved with
a finite element approach to obtain velocity and pressure fields. Then, the paths of
the model particles are calculated using the corresponding SDE. Finally, the stress
field, needed for the momentum equation in the first step, is obtained based on these
numerous configurations. In [NKA20] another stochastic approach for the FPE with
fiber suspensions as application is given.

Although SDEs might be numerically more tractable than the associated FPE, there
are several shortcomings |[Loz03, [Keu04]. Due to a large number of necessary trajec-
tories the computational effort and the memory requirement are huge. In addition,
the stress field is typically not smooth. Last but not least, averaging introduces a
statistical error, so that there is statistical noise in the computed extra stress.

Eulerian and Lagrangian approaches. Another well-established distinction for
the disperse phase is between Lagrangian and Eulerian methods [OFCHO04, KOMOQ9].

In the Lagrangian perspective the individual particles are tracked. For each parti-
cle of the suspension an equation of motion is solved for a given velocity field. In
the case of a parallelized code, up to ten million particles or particle ensembles can
be considered and the results can be expected to be quite accurate. However, the
Lagrangian approach always requires an update of the particle position and there-
fore is not appropriate for steady-state computations. Moreover, the computational
effort is proportional to the number of particles. A Lagrangian treatment of a fiber
suspension can be found in [NKA20|. There, a relatively simple model is used by
assuming that the particles move with the velocity field, and ignoring other forces.
The fiber-fiber interactions are modeled by adding suitable random perturbations
to the orientation angles.

Using the Eulerian perspective, we focus on a fixed location in space through which
the mixture flows [Ranl7c|. We determine the orientation distribution of the par-
ticles by solving a Fokker-Planck equation. Since the computational cost does not
directly depend on the number of particles, in particular for non-dilute suspensions
in complex geometries, the Eulerian approach is computationally more efficient than
the Lagrangian approach.

1.3 Approaches for Fokker-Planck equation

We present different approaches from the literature for solving a Fokker-Planck
equation in the context of fiber suspension. Our FPE models the development of
an orientation distribution function, which in turn specifies the local orientation of
the fibers suspended in the fluid [KOMAO09].

The beginning. At the turn of the millennium, there was a number of stochas-
tic methods to simulate different mixtures numerically, whereas deterministic ap-
proaches based on the FPE were rare in the literature. Warner’s work from 1972
[WJ72| is an exception. It considers an FPE without a spatial convection term,



but in the three-dimensional space. The pioneering work of Warner was followed
by different works of Fan |[Fan85l [Fan89|, who adopted and expanded the idea. In
[Fan85|, Warner’s original idea was improved under the assumption that the proba-
bility density function is smooth, because otherwise the Galerkin method produces
incorrect results in the case of a singularity. Presumably the first attempt to solve
the FPE in a complex geometry was published in [Fan89).

Basic deterministic methods. First, the orientation distribution function de-
scribes the probability of the fibers to be present at a particular location in a given
domain, the physical space. In addition, each fiber has a specific orientation. The
space of all possible orientations is called configuration space [Loz03, [KS09b] or
orientation space [PT09|. In our case, it is simply the surface of the unit sphere.

In what follows, we compare deterministic approaches to solve the FPE. We cate-
gorize them into finite element, finite volume and spectral methods.

Let us start with the finite element method (FEM). To some extent for the FPE
finite elements might be considered as a brute force method. However, e.g., in
[EVDC92, [Kne08| [KS09a| and |[ADS*24] the FPE or at least parts of the FPE are
solved using this method. All in all, FEM is a very general approach, that can
be adapted and extended to specific requirements and is flexible with respect to
different domains covered by the FPE. Therefore physics-conforming finite element
discretizations are considered in this thesis.

The alternative finite volume method (FVM) is particularly well suited for convec-
tion dominated problems. It is well known to preserve local conservation properties.
Hence, it has been widely used in the literature for the FPE, for example, in [HO06].
In [FHHT0§|, a large spectrum of Péclet numbers, which characterize the ratio be-
tween the convective and the diffusive transport rate, is examined. The finite volume
approach in |[ZMLD"12| provides the opportunity to adapt the spherical mesh in
regions of steep gradients.

Spectral methods are widely used to solve the part of the Fokker-Planck equation in
the configuration space [Loz03, [KS09b|. Spherical harmonics, which are the eigen-
functions of the Laplace operator on the sphere, are expected to be the optimal
choice for the basis functions [Keu04]. In fact, that is true for the diffusion dom-
inated case corresponding to a small Péclet number [HOO06]. If this changes, the
spherical harmonics deviate from being eigenfunctions [Keu04, ZMLD*12|, so that
a high number of basis functions is required to obtain reliable results. The work
[Loh16b| uses a spectral method and considers the FPE without diffusion. In [DH22|
the FPE including diffusivity is solved and therefore relatively few spherical harmon-
ics are needed. Another downside of conventional spectral methods is that the basis
functions often have a global support and therefore yield dense instead of sparse
matrices. A counter-example is given by [Loh16b|, where Fourier basis functions are
applied and their orthogonality property is employed. An alternative are spectral



element methods, where approximations are developed separately on subdomains
and subsequently patched together [OP02].

The Folgar-Tucker equation (FTE) can be understood as a low-order spectral method
for the FPE |[Kuzl18|, exploiting an approximation with only a few spherical harmon-
ics. It has already been stated in [AT87| that the orientation tensors within the FTE
are related to the Fourier series expansion coefficients of the distribution function.
Further sources, which describe how to simulate fiber suspensions by solving the
FTE, are [Tuc9l) ICT95]. A more recent work, which solves the FTE by means
of finite elements and additionally takes into account the preservation of physical
properties, is [Loh19].

Further literature. In a series of papers published by Chauviére and Lozinski
shortly after the turn of the millennium, both stochastic and deterministic ap-
proaches to solve the FPE were examined [LCO03, [Loz03, |CL04a, |CLO4b]. The
authors significantly advanced the state of art for deterministic approaches. They
introduced an operator splitting approach, applied a Galerkin spectral method in
configuration space and a streamline upwind Petrov-Galerkin (SUPG) spectral el-
ement method in physical space. It was shown that deterministic approaches can
outperform traditional stochastic simulations in the case of a low dimensional con-
figuration space, i.e., if the dimension is not greater than three. Consequently, for
our orientation space the deterministic approach is competitive. However, the ques-
tion remains whether it can be recommended for more configurational degrees of
freedom.

The contributions of Knezevic and Siili [Kne06, [Kne08, [KS09a, [KS09b| are of par-
ticular importance to us as well. Several theoretical results about stability or con-
vergence are found in [Kne(8|. In all these works the specific formulation of the FPE
differs from our model. Nevertheless, there are essential parallels to our approach,
namely the splitting into configuration and physical space, and the coupling to the
Navier-Stokes equations.

In the review article [LOP11]|, different approaches for the Fokker-Planck equation
are contrasted. In [FMAA20], fiber suspension flows through different axisymmet-
ric geometries are examined. Setups with and without coupling of flow and fiber
orientation are compared. Another current approach can be found in [ADS*24].

1.4 Outline

We started with a detailed literature review. Different possibilities to model mixtures
like fiber suspensions, reaching from stochastic to deterministic and from Lagrangian
to Eulerian approaches, were introduced. The focus of this work is on the treatment
of the Fokker-Planck equation (FPE) as a deterministic Eulerian description.

The mathematical modeling of the chosen approach is discussed in Chapter [2l Our
FPE describes the orientation distribution function (ODF) for fibers suspended in
a fluid. Its definition is based on Jeffery’s equation. The classical Jeffery equation
describes the translational movement of a single fiber. A phenomenological diffusion



term must be added to take into account fiber-fiber interactions. Apart from this,
the classical Jeffery equation can be extended to a conservation law. The resulting
generalization can be interpreted as a simplified FPE. An attractive feature of this
model is the existence of an analytical solution.

A simplification to the FPE and a traditional approach to simulate fiber suspensions
is the Folgar-Tucker equation (FTE). The FTE can be derived from the FPE but it
describes the orientation with tensors instead of an ODF. This leads to a significantly
reduced computational time but also to a loss of accuracy.

An introduction to the Navier-Stokes equations (NSE) is included in Chapter ,
because only the coupled NSE-FPE system takes into account the fluid-fiber inter-
action. For this purpose, the NSE for Newtonian fluids needs to be replaced by a
mixture model.

In Chapter 3| we deal with the finite element method (FEM), as it is the basis
for all numerical approaches of this thesis, no matter which PDE is considered.
The chapter summarizes existing knowledge with special emphasis on the aspects
that are needed in the further course of the thesis. We apply the baseline FEM
to a convection-diffusion equation that represents a prototype of the FPE. We also
consider the properties of the finite element matrices, since these are important
for the construction of property-preserving FEM studied in the following chapter.
Finally, time stepping methods are addressed.

We continue with the introduction of physics-compatible FEM in Chapter |4, The
use of bound-preserving approximations is mandatory if steep gradients arise in
the calculation of numerical solutions. Otherwise, convective terms tend to produce
inaccurate and unphysical results. This manifests itself in spurious oscillations up to
completely wrong results. Moreover, the method may fail to preserve basic physical
properties.

The Fokker-Planck equation has two convective terms, one with respect to the cho-
sen geometry in space and one with respect to the unit sphere. Therefore ‘limiting’,
which seeks to resolve the afore mentioned issues, is a central aspect of this work.
An overview of the historical development and of some modern limiting techniques
is given. Milestones in the development were, for instance, total variation diminish-
ing (TVD) and flux corrected transport (FCT) schemes. Although these concepts
provide central ideas, they have different disadvantages. While TVD schemes are
primarily designed for 1d problems, FCT schemes inhibit convergence to steady-state
solutions.

Thus, we focus on the class of algebraic flux correction (AFC) schemes, which do
not have any of the aforementioned drawbacks. No heuristic parameters are needed.
The modifications happen on the level of the FE matrices and guarantee the valid-
ity of discrete maximum principles. Last but not least, AFC schemes are basically
applicable to any meshes. This is beneficial for our FPE solver, since we can consis-
tently apply the same limiting method for the different subproblems. As a concrete
realization of AFC, we chose the monolithic convex limiting (MCL) strategy. A
virtue of this method are the built-in corrections for space discretization. Numerical
studies complete the chapter. There selected limiting schemes are investigated for
different time stepping schemes.



The space-independent part of our FPE is a PDE on a manifold, namely a convection-
diffusion equation on the sphere. In the context of finite elements, the structure of
the bilinear form for the corresponding PDE deserves a detailed discussion. There-
fore, Chapter [5| addresses basic concepts of differential geometry ranging from
differential operators defined on manifolds to generalized integration formulas. A
comprehensive overview of the mathematical background is combined with practi-
cally applicable formulas. In Section [5.6, numerical tests for different types of PDEs
on the sphere are performed, incorporating limiting strategies whenever necessary.

Chapter [6]is dedicated to techniques for the fully coupled FPE-NSE system. Sec-
tion considers the operator splitting that is used to decompose the FPE-NSE
system into simpler subproblems, which can be solved in parallel in a reasonable
time. Already the previous chapters of the thesis build on the splitting of the FPE
in a purely space-dependent and a space-independent part. This section explains
in detail how to solve these subproblems in an alternating manner to obtain an
approximate solution for the full FPE.

When the subproblems of the FPE are combined, new issues arise, even if the
individual subproblems are suitably treated. Namely, the normalization property
of the ODF may be lost. To prevent this, Section extends the methodology
of Chapter (4| to a new tailor-made limiting algorithm for the full FPE. In more
advanced applications, the velocity field of the fiber suspension is no longer specified
analytically, but it is calculated using the NSE. This means that the Jacobians of
the velocity fields have to be reconstructed. An algorithm for that is given in Section
6.3 Last but not least, we present paradigms and summarize strategies to solve the
NSE numerically in Section

Chapter (7| finally brings together all the previous considerations and techniques.
In Section [7.1] the ‘Analytical Jeffery Benchmark’ is examined. This benchmark
still contains some simplifications and omits the NSE. At the same time, it allows
to solve the full FPE and to compare it with an analytical reference solution.
Section considers the ‘Axisymmetric Contraction Benchmark’, which is well es-
tablished in the literature. The axisymmetric contraction geometry is well suited for
validating rheological models since experimental data and numerical reference solu-
tions are available. We use this example to demonstrate that fiber-induced stresses
have a significant impact on the steady-state flow behavior of fiber suspensions. A
comparison with results from the literature is used for validation purposes.

Summing up, several aspects have to be considered and different tools have to be
combined to construct a numerical solver for the coupled system. All in all, a numer-
ical simulation tool for the direct computation of a space- and time-dependent ODF
was developed as a promising but costly alternative to empirical reconstructions.
Parts of this thesis were published in [WKT24].



1.5 Abbreviations,

symbols, notations

abbreviation ‘ meaning

AFC algebraic flux correction

CFD computational fluid dynamics
DMP discrete maximum principle
DOF degrees of freedom

EOC experimental order of convergence
FCT flux corrected transport

FD(M) finite difference (method)
FE(M) finite element (method)

FPE Fokker-Planck equation

FTE Folgar-Tucker equation

FV(M) finite volume (method)

IDP invariant domain preserving
LED local extremum diminishing
MCL monolithic convex limiting

NSE Navier-Stokes equations

ODE ordinary differential equation
ODF orientation distribution function
PDE partial differential equation
PDF probability density function
PSC pressure Schur complement

RK Runge-Kutta (scheme)

SDE stochastic differential equation
SSP strong stability preserving
SUPG streamline upwind Petrov-Galerkin
TVD total variation diminishing

b.c. boundary condition

e.g. for example (Latin: ‘exempli gratia’)
ie. that is (Latin: ‘id est’)

1d (2d, 3d) | one- (two-, three-)dimensional
err error

min minimum

max maximum

inf infimum

sup supremum




meaning

N natural numbers
R real numbers
N.yo positive natural numbers
Ry non-negative real numbers
d space dimension d € {1,2,3}, usually d =3
e; ™M unit vector
I, d x d identity matrix
tr A trace of square matrix A
o() big O notation for terms depending on small parameters
Q spatial domain in R?
o5} boundary of (2
p Dirichlet boundary part
00y Neumann boundary part
Sd-1 surface of the unit sphere, i.c., {x € R? | x|, =1}
M manifold (in the context of surfaces; see also below)
T parametrization, 7 : Q — M
u,v velocity fields u, v : Q — R?
p orientation vector, p € S
t time instant
T end of a time interval
Th triangulation
N number of nodes in spatial meshes
M number of nodes in the spherical mesh (see also above)
i grid point index for a spatial mesh
k grid points index for a spherical mesh
U solution of a general PDE
P solution of the FPE (probability density function)
© trial function (in the context of FEM)
Y test function (in the context of FEM)
Cc™(Q) continuously differentiable functions v : @ — R such that
all partial derivatives of degree up to m are continuous in €2
C.(92) continuous functions v : 2 — R with compact support
LP(Q2) Lebesgue space, p € [1,00)
WP (Q) Sobolev space, p € [1,00), k € Ny
|- 12 Euclidean norm
|- e (@) norm on the space L?(2)
|- [lwrogg) | norm on the space W*?(Q)
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|- e norm on the space H'(Q2) = W1%(Q)
|- |lF Frobenius norm
P, polynomial finite element space, see
9, polynomial finite element space, see
Py space of linear (quadratic) Lagrangian functions
Qi) space of multilinear (multiquadratic) Lagrangian functions
0 partial derivative
Op partial derivative on the sphere
4 material /substantial /convective derivative
u temporal derivative of u, & = du/dt
V,V-, A (standard) gradient, divergence, and Laplace operator
Vi, Vi, Ay | spatial differential operators
Vp: Ve, Ap | spherical differential operators
Vur, V-, Ay | differential operators on manifold M
fij internodal flux (in the context of limiting)
X; nodal point with index ¢
€; element patch containing x;
N; nodal stencil
Ne element stencil
a aspect ratio
Cy interaction coefficient
D, rotational diffusion coefficient
Ae shape parameter
T stress tensor, 7 € R%*¢
N, particle number
N, shear number
) volume fraction
Re Reynolds number

11



2 Mathematical modeling

In this thesis, we model and simulate the orientation of fibers in a suspension.
Two models of orientation dynamics are the Fokker-Planck and the Folgar-Tucker
equation. We use the former one to evolve the space- and time-dependent orientation
distribution function (ODF). The computational effort is extremely high, but at the
same time the ODF contains a large amount of information and yields accurate
results.

In this chapter, we address derivation, different versions, physical meaning and math-
ematical properties of our four equations, that is, the Fokker-Planck equation itself,
the Jeffery equation, the Folgar-Tucker equation and the Navier-Stokes equations.
The Jeffery equation acts as a complementary equation for the Fokker-Planck equa-
tion in our application. To take into account that the fibers within the suspension
align with the streamlines of the flow field and that, conversely, fiber-induced stresses
influence the fluid flow, the coupled FPE-NSE system has to be considered.

2.1 Fokker-Planck equation

A Fokker-Planck equation can be set up whenever a phenomenon is described by a
probability density. Hence, this partial differential equation has numerous applica-
tions in natural science. The wide range of its applicability is is not only reflected
in its various versions but also in a variety of names. Our terminology dates back
to the works of Fokker [Fok14] and Planck [Plal7]. In stochastics, the PDE is called
Kolmogorov forward equation [MBO05]. It is known as a diffusion equation in poly-
meric kinetic theory [LC03, [HO06]. In the theory of Brownian motion, the names
used are Klein-Kramers equation when the particles are exposed to an external field,
or Smoluchowski equation when only position variables but no momentum variables
are involved |[Ott12]. Sometimes the FPE is also called drift-diffusion equation. This
is explained by its generic formulation [Ris96, (OP02, [Keu04|

0 0 10 0

5 V(X t) + o IAX V(X )} = 555 5% 1 IDX 19X, 1)} (2.1)
where (X, t) is a probability distribution function (PDF) at time ¢. The vector
X consists of N macroscopic variables, whose meaning ranges from space and
velocity to orientation. The drift term A(X,t) € RM¢ is deterministic, whereas
the symmetric positive definite diffusion tensor D(X,t) € RNe*Ne ig the stochastic
contribution to the model. The colon operator ‘:” indicates the divergence of the
divergence of a twice differentiable tensor [LOP11].

For our application to fiber suspensions, we have X = (x, p), so that ¢ = ¢(x, p, ?)
is the main quantity of interest. The spatial variable x € R?, usually with d = 3,
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and the time variable ¢t € [0, 7] C R{ are the independent variables of many PDEs.
Additionally, the configuration variable p is defined on the unit sphere

s i={a e R’ | |lqll2 = 1}.

A vector p € S%! is a radially directed unit vector in the Euclidean space. It can
also be uniquely identified by two orientation angles in the spherical coordinate sys-
tem. Each point on the sphere represents a specific orientation. Thus, the function
(X, p, t) describes the probability to find a fiber parallel to the orientation vector p
at position x and time ¢. The specific Fokker-Planck equation reads

o N : 2
wn + Vi () + V- (DY) = Ap(Dyyp) inQxS*x(0,7T]. (2.2)
It has the structure of a time-dependent convection-diffusion equation. There are
two convective terms, one with respect to space, the other with respect to orienta-
tion. The generic drift term from equation can be found in equation in
the form of the velocity fields u and p. The fibers are assumed to be convected by
the macroscopic velocity field u, which can be specified analytically or calculated
using the Navier-Stokes equations. Velocity field p will be defined by the Jeffery
equation as presented in Section [2.2.1.
The general formulation of the Fokker-Planck equation contains not only
the configurational but also a spatial diffusion term. This spatial term plays a
role for the analysis, but in the computational framework its effect is negligible,
since the associated coefficient is typically in the order of 107® [Kne08|. This is the
reason why we ignore it for the time being. If we assume that diffusion is isotropic,
the remaining diffusion tensor D(x,t) reduces to a positive scalar rotary diffusion
coefficient D, multiplied by the identity tensor. The resulting spherical Laplacian
Ap(D,1p) models the fiber-fiber interactions in non-dilute suspensions. Section [2.2.3
is devoted to this topic in detail. However, the influence of this diffusive term is
comparatively small as well due to D, < 1.

Since the PDF 1 describes the orientation dynamics of fibers, it is also called ODF
here. As such it has to meet the following three requirements:

Y(x,p,t) >0 Vx,p,t (non-negativity) (2.3a)

Y(x,p,t)dp =1 Vx,t (normalization) (2.3b)
gd—1

U(x,p,t) =1(x,—p,t) Vx,pt (symmetry) (2.3¢)

Non-negativity and normalization directly follow from @ being a PDF, whereas
symmetry is characteristic for our model, where we do not distinguish between front
and back of the fibers. It might be worth mentioning that even though ¢ describes
a probability density, ¥ (x, p,t) < 1 is not required.

When defining the orientation tensors or when introducing concepts of differential
geometry later, we will stick to a general d. For the sake of brevity, however, and
because the orientation is always defined as a point on the unit sphere S* C R3,
the following considerations are restricted to d = 3. In the three-dimensional space
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the probability density ¥ = 9(x,p,t) : 2 x §? x [0,7] — R{ is a function with
respect to six dimensions, because 2 C R?® and dim(S?) = 2. The number of
unknowns demonstrates the sheer computational effort we face when we solve the
Fokker-Planck equation numerically. To handle the problem, we apply an alternating
direction approach, which realizes a ‘divide and conquer’ strategy, see Section [6.1]
The main point is that the full space-dependent Fokker-Planck equation is
replaced by two subproblems,

the spatial advection equation 86_1? + Vi (uy) =0 (2.4a)
and the space-independent FPE %—Tf + Vp - (PY) = Ap (D, ). (2.4b)

The studies of these two equations are the main topics of this thesis. The linear
advection/convection /transport equation (2.4al) is a first-order hyperbolic equation
in the physical space, whereas is a convection-diffusion equation on the sphere.
Both can be interpreted as unsteady conservation laws of the form

ou
— + V. -f(u) =0
where v is the scalar quantity to be conserved and f = (f,..., fq) is a given flux

function. For a linear advection equation the flux is specified as f = vu for a velocity
field v. Extended by a diffusive term with a coefficient ¢, the flux reads f = vu—eVu.
In the absence of reactive terms (sources and/or sinks), a conservation law states
that no mass is produced or destroyed in the interior of the domain.

2.2 Jeffery equation

2.2.1 Classical Jeffery equation

The so-called Jeffery equation is a complementary equation to the Fokker-Planck
equation and defines the rotation velocity p. Specifically, the quantity p describes
the change in orientation for a single fiber under the influence of the velocity gradi-
ents from the carrier fluid. Jeffery was the first author, who developed an expression
for the motion of an ellipsoidal particle immersed in a fluid in the absence of external
torque [Jef22]. Following [LDHB88|, we formulate Jeffery’s equation as

P =Wp+ A [Dp—(D: (p®p))p] (2.5a)
:= Wp + A, [Dp — Dppp] (2.5b)
‘= Kp — kppp, Wwhere kK :=W + \.D (2.5¢)

The strain-rate/deformation tensor

1
D= (dij)?,jzl = §<Vu + VUT) € RBXS (26)
and the spin/vorticity tensor
1
W = (wij)? g = §(Vu —vVu’) € R (2.7)
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split the Jacobian Vu into a symmetric and a skew-symmetric part, that is,
Vu=D+W, where D=D" and W' = -W.

It remains to define the multiplication operators that are used in (2.5a)). For two
vectors a, b € R” the dyadic product is defined by

a®b:=ab’ ¢ R™" thatis, (a®b); :=ab;,

whereas the tensor contraction/double-dot product for two tensors A, B € R™*" is
defined by the sum of the corresponding components, that is,

A:B:=t(A"B) = a;by.
ij

The Jeffery equation given by and uses a compressed notation, which
can also be found in [DAS84, [LDHBSS, [PT09|. The final formulation requires
that —Wppp = 0, which will follow immediately from Lemma below and the
properties of tensor W.
A fiber is modeled by an ellipsoidal rigid particle with length [ and diameter d.
Using the aspect ratio a :=[/d € [1,00), the shape parameter A, is defined by
a? -1

Ae = 211 € [0, 1).
For | = d, which is the limit of a sphere, we obtain A\, = 0, whereas for [ > d the
shape factor . converges to 1. A typical choice for our application is a = 10, so
that A\, = 99/101. For an infinite aspect ratio, the tensor kK := W + A.D would be
equal to Vu.

The following relationship is a helpful tool, which can be applied to D and W:

Lemma 2.1 (Calculation rule). For a tensor T € R™" and p,q € R", we have

T:(p®q)=(p,Tq).

Proof. T:(p®@aq) = tiypig; = >_; i >_;tijq; = (P, Ta). [
Consequently, the symmetric strain-rate tensor D satisfies
D: (p®q) = (p,Dq) = (q,Dp), (2.8a)
D:(p®p) = (p,Dp). (2.8b)
For the skew-symmetric vorticity tensor W, on the other hand, we obtain
W: (p®q)=(p, Wq) = —(q, Wp), (2.8¢)
W: (p®p)=(p,Wp) =0 (2.8d)

The last relation holds since (p, Wp) = (Wp, p) = (p, Wip) = —(p, Wp) due to
the skew-symmetry of W.

Now we can also show that p is perpendicular to p, i.e., (p, p) = 0. This property is
important later, when p is used as a velocity field for the convection on the sphere
and therefore has to be normal to it.
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Lemma 2.2 (Orthogonality). The vector p given by the Jeffery equation ({2.5) is
perpendicular to p, that is, (p,p) = 0.

Proof. Considering

p=Wp + A [Dp— (D:(p®p))p]
*) (%) ’

the orthogonality even holds for each summand. The validity of (p, (x)) = 0 is
implied by (2.8d). To check that (p, (%)) = 0, we use ||p|| = 1 and consequently

(p,p) = |Ip||* = 1. Applying equation (2.8b]) as well, this yields

(P, (**)) = (p,Dp) — (p, (D: (P®DP)) P)
€R

:<p,Dp>—(Dr(p®p))@ = 0,

which is the desired result. O

Finally, let us address a solution formula for Jeffery’s equation.

Lemma 2.3 (Solution of Jeffery’s equation). An analytical solution of Jeffery’s
equation ([2.5)) is given by

p= ﬁ, where q s a solution of the ODFE system { = kq.
q

Proof. Using the results of our preliminary work, the formula can be proven by
simple substitution:

b — g( q ) _dlall — aglal 4= ad

dt \ [|all all? dt all?
q q q-q
lall  llal* [lall

_KqQ g < q q > _q

- - y K P=1
lall  llall \lall” " llall all

= Kp — Kppp

Thus, we obtain (2.5c), which finishes the proof. O

2.2.2 Extended Jeffery equation

In the previous section, we examined the Jeffery equation as an equation that de-
scribes the temporal change of the orientation vector p. Another equation that is
often called Jeffery equation in the literature reads

dy

3 H Ve (pY) =0, (2.9)
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It can be considered as an extension of the original Jeffery equation ({2.5)) to a con-
servation law for ¢. We interpret the temporal derivative as the so-called material,
substantial or convective derivative, that is,

dt) _ 90)

dt ot
Then, the extended Jeffery equation equals the full space-dependent FPE with
D, = 0. Setting u = 0, we obtain the space-independent FPE. The formulation
with the material derivative is also referred to as Eulerian form, whereas the version
with the partial derivative is called Lagrangian form. Overall, the usefulness of the
extended Jeffery equation in the Lagrangian form lies in the possibility of obtaining
an analytical solution for fixed tensors D and W. It is used as a reference solution
several times in this thesis.

+ (U Vi) (). (2.10)

In the following Theorem[2.4], an analytical solution is given for the space-independent
FPE with D, = 0. The theorem is proven afterwards and certain properties of the
solution are explored.

Theorem 2.4 (Analytical solution of the extended Jeffery equation). For the initial
value problem

W T, ) =0 on S x (0,T], (2.11a)

ot
Ylimo =0 on ST, (2.11Db)
and d € {2,3}, an exact solution is given by [DA84, IMSHJIS11, [ Kuz18/

Cp 1
W(p) = o ( ) , 2.12a
N ATeE (2126)
oC
E =-C- (W + AeD>a C|t:0 = Id7 (2]‘2b>

where 14 is the identity tensor.
With additional assumptions the exact solution can be simplified.

Corollary 2.5 (Special cases of Theorem . In the case of an isotropic/random
watial orientation distribution, that is, for

1

to(p) = -’

d e {2,3}, (2.13)

the analytical solution (2.12a)) can be rewritten as

1 1

YP) = 3@ Dr el

(2.14)

If the velocity field Vu, the key ingredient to define the tensors W and D, is constant,
formula (2.12b)) simplifies to

C(t) = exp(—t(W + A.D)) = exp(—t k). (2.15)
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In the important 3d case with an isotropic initial distribution 1y =
solution reads

47r , the analytical
1

VP = TG

We give a proof of Theorem [2.4] for the special case of the isotropic initial distribution
in 3d. The basic idea follows a very similar proof given in |[DA84|, although we
modify it and add details. An alternative approach can be found in [MSHJS11].
Let us insert a helpful lemma in advance.

Lemma 2.6. For the basis vectors

sin 6 cos —sinp cos f cos
e, = |sinfsinp |, e,=| cosp |, ey=|costsing |,
cos 6 0 —sinf

see also Appendix and for the tensors D and W it holds true that
a) e, Qe +e, e, +e ey =1Is,
b) (er ® er)De, = De,ere, and (er ® e,)We, = —We,erer, k€ {r,¢,0}.

Proof.  a) The relationship can be verified by using concrete spherical coordinates
and applying the Pythagorean trigonometric identity sin® a+cos? o = 1. Com-
bined within a sum the three individual dyadic products give the unit matrix.

b) We define M := e, ® e, k€ {r,¢,0}, and G :=MT, T € {D,W}. Then

((er ® ex)Te,); ng € ); Zmlltl] e); = Z( k)i(er)itii(e,);
= Ztlj e, j(ek)l(ek:)i = ((T": (e, ® ex))er):

gl

Since DT = D and WT = —W, this yields the desired result.
O

Proof. (of Theorem Starting with a suitable expression for p, we derive an
expression for V, - (py) with unspecified 1. Finally, substituting the analytical
solution 1, we show that it satisfies the extended Jeffery equation % +Vp- (py) = 0.
In what follows, we often use the fact that p = e,, i.e., that the orientation vector
p € S? and the radially directed unit vector e, are equivalent.

We start with Jeffery’s equation (2.5¢) and insert the identity tensor I3 as defined
in Lemma [2.6p). Directly afterwards, Lemma [2.6b) is used. Finally, we exploit the
fact that We,e,e, = 0 by Lemma [2.1] All in all, we find that

P = Kp — KPPP = Ke, — Ke;e,€,
=le,®e +e,Re, +e X eyl ke, — Ke,ee,

= —We,e.e, — We,e e, — We,epey — We,e,e,
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+ AcDe,e,e, + A.De,e e, + A\.De,egey — \.De,e,e,
= Ke,eze, + Ke,epeg, where K := —W + A\.D. (2.16)

The use of the product rule reveals that
Vp - (PY) = Vot - P+ (Vp - D). (2.17)

The formula for the spherical differential operator V,, can be found in the literature,
but we also derive it below, see (5.14). The spherical coordinates representation

of Vp reads

v 0 1 0

p .—89% + ewﬁ%.
Applying this operator to the different terms in , some of them are considerably
simplified, when we take into account that e,, e, and ey are orthonormal. On the
one hand, applying V}, to ¢ and forming the dot product with p as given by ,
we deduce that

. o 1 oy - _
Vo) - P = (eg 50 + e, ey &p) (K :erepe, + K :eepep)
(= op 1 N
= (F& . ereg)% -+ Sine(n . erew) agp

On the other hand, the divergence V,, - p can be calculated by computing the dot
product of the gradient operator V, and p. For this purpose, the basis vectors have
to be differentiated with respect to ¢ and 6. A collocation of the basis vectors and
their derivatives can be found in Appendix [10.1] The individual terms of the dot
product are

8 B 8 _ - ae
ey l%(n tere.€,)| = € %(K, reey)e, + (K :ee,) 8_0@} = 0,
- - =0
o 7 r o0 _ . e d
ey [%(m terep€9)| = € %(m e.eg)ep + (K : e,ep) 8_90 ] = %(KJ L €e,€p),
- - =—e
. a N - 1 a _ . 3e
sin 969" [%(R : e"ewes&)_ - sin QG‘P [%(R : ere@)e¢ & erew) 8_9; ]
~—
=—sinfe,—cosfey
1 0
— Sme%(n L e€ey,),
) a N 1 a N . (9eg
me@ {%(& : eregeg)} = ﬁew {%(n ce.e9)ep + (K :e.ep) % 1
—~—
=cosf e,
cosf
= s (I{ : ereg)
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Using Lemma [2.1] the product rule with respect to the dot product and the dif-
ferentiation rules for the basis vectors one more time, see Appendix [10.1] we find
that

0 0

OQ(R e€ey) = 50 —(e,, Key) = < de, Eeg> + <er, K 9eq > =K:€eey)—K:e.e,

89

_eg =—e,

and analogously

1 0 1 - 1 de, _ de,
sm@&,p(nere‘p) sinf (er, Key) = sin 6 << dp ,ne@> + <er,r<e % >)
-

=sinfe, =—sin Her cos fey

cos@ _
K :e.eg.

=K:e,e, — K:€e, — —
e sin 6

Combining the previous results, and taking into account that two terms cancel out,
we obtain

0 1 . 0
Vo (b0) = (% even) g + (R ere,) 5

—2(Kk:ee. )+ (K :egeg) + (K : ese,).

The second line of the above expression can be further simplified to
—3(k:ee )+ (K:I3) Y =-3(K:ee)y,
=0

where we used Lemma ) as well as the assumption that the fluid is incompress-
ible, that is, V - u = 0, and consequently tr(Vu) = 0. Moreover,

K:I3=tr(—=W) + A\ tr(D) = 0.
Summing up,

0 I )
b (PY) = —3(k:ee)+ (K :enep) ;g + siné’(K’ : e@@%_

(2.18)

With all this preliminary work, we can finally show that %—f + Vp - (PY) = 0 holds

for 1 defined by (12.12)). For this purpose we calculate g—?, g—iﬁ, and %—lf. As announced

we stick to the 3d case with isotropic initial distribution. Thus,

@12a 1 1 _3
e ————_—T X )
v(p) 47||Cp||? 47r< P, Cp)

As ‘inner derivatives’, we obtain

9 (Cp,cp) = <cae“ Ce, ) + <CeT,Cae> 2(Cp, c%r L) = 2(C"Cpe),

09 00’ 09 o0
-(Cp.Cp) = 2(Cp.CTT) = 26n0(CCpe,).
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0 0
5;(CP.Cp) = 2<Cp7 ECP> = 2(Cp,—Ckp) = —2(C"C,kp).
In particular, for the temporal derivative, the equation (2.12b)) for C was used. Since
the partial temporal derivative is applied, we do not obtain p, but %—5’, which equals
zero. Combined with the ‘exterior derivative’

/ -3 -5 _3¢
we end up with
9y —3(C"Cp,ey) ¢ 1 9y  —3(C'Cp,e,) 9
09 ICp2 7 sinfdp ICpl*
T
i 00 _3(CTCorp)
ot ICp]
Substitution of ‘Z—Ig and g—iﬁ into (2.18)) yields
. —3v T
V. = ——((k:ee.)(C" Cp,Ce,
B0) = g (1 ere )

+ (K : e,e)(CTCp, ep) + (K : e,e,)(C"Cp, e@>>.
On the other hand,
o _ 3

= C”Cp, kp).
o = opp | )
Finally, it must be verified that
o :
AR VA
= (C"Cp, kp) = Z (k : e,e,){C"Cp,ey).
ke{r,0,p}

We complete the proof in the same way we started it, that is, we insert the unit
matrix from Lemma [2.6h) in the above left hand side. Then

(C"Cp,kp) = (C'Cp, e, ® e, + e, R e, + ey ey kp)
= <CTCp, Z (K : eTek)ek> = Z (K : eqex) <CTCp, ek>

ke{r,0,0} ke{r,0,0}

This is equal to the right hand side, which finishes the proof. m
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We conclude this section with some remarks regarding the exact solution.
Remarks 2.7.

a) (Matrix exponential.) In formula (2.15]) ‘exp’ is not the common scalar exponen-
tial function but a matrix valued generalization. Like its scalar counterpart, the
exponential of a matrix can be defined by a power series:

2 A3

exp(A Z?_I+A+_+?+
k=0

A suggestion how to approximate this matrix numerically can be found in [Hig05].

b) (Normalization property.) The analytical solution of the extended Jeffery equa-
tion possesses the basic properties (22.3]) of the ODF ¢, including the normalization
property. For example, for 3d the analytical solution ([2.14)) satisfies

o / 1
,0)dp = d ldp=—-4n=1.
Spr ) dp L TpE P Yo P=

As shown in [MSHJS11],

Y(p,t) dp:/ Yo(p) dp
SQ S2

Hence, the result for t = 0 transfers to ¢t > 0 and satisfies the equality constraint
U(p,t)dp = 1.
§2

2.2.3 Diffusion term

Depending on whether we have a dilute, a semi-dilute or a concentrated suspension,
different suspension behaviors are observed in experiments |[F'T84]. In fact, the
particle volume fraction ¢ is a characteristic property of a mixture. Let a = é be
the aspect ratio of the fibers as introduced in Section @ Following [FT84) [Tuc91],
suspensions are then characterized as

dilute if ¢ < =,
semi-dilute/semi-concentrated if ¢ € [GQ, a} ,

concentrated if o > E'

While interactions between the fibers are rare in the dilute regime, they are common
for higher concentrated regimes [FT84]. The intensity of interactions diminishes with
(lower) number density and (shorter) length of fibers. The classical Jeffery equa-
tion ([2.5)) is only valid for dilute suspensions [CK02], since it only takes into account
the translation of the fibers, but not their rotary motion caused by the fiber-fiber
interactions. However, all the commercially relevant composites are concentrated
[FT84! Tuc9l].
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To broaden the scope of the model, a phenomenological term was added to the
classical Jeffery equation in |[F'T84]. An extended version of the formula for p reads

. D,

p = Wp + A [Dp — Dppp| — L (2.19)
With this enhancement, also semi-concentrated suspensions can be described and
concentrated ones can at least be approximated [Tuc22]. Substituting (2.19) into
the conservation law (2.9)), we obtain the space-independent Fokker-Planck equation
including an isotropic rotary diffusion term [Tuc91].

Traditionally, the diffusive term describes Brownian motion [ADS*24|. For suspen-
sions of industrial interest and for our application, however, Brownian motion is
neglected due to the particle size [LDHB88, [FMAA20|. Nevertheless, the effect of
fiber-fiber interactions can be modeled in the same way as Brownian motion. In
both cases, particle collisions induce a diffusion-type mixing process [KOMO09].

Finally, we discuss some alternatives to using a constant rotary diffusion coefficient
D, in equation . Folgar and Tucker [FT84] used D, = C;vD : D, where C;
is a dimensionless interaction coefficient. Being part of an empirical model, the
values of both D, and C} are unknown a priori. Consequently, they have to be
determined by fitting them to experimental data. For the application of injection
molding, values between 1072 and 102 have proven to be suitable choices for Cj.
The expression C7v'D : D is still scalar, but with D = D(Vu) it introduces a space
dependency. However, this does not cause any restrictions, since Vj represents a
differential operator with respect to orientation and therefore even D, = C;vD : D
satisfies

Vp - (DrVipth) = Ap (D)) = Dy Ap).

In |[PT09], it is suggested to replace the constant C7 by a tensor C = C(D, A).
Instead of isotropic diffusion, which is the same in every direction, this model of
fiber interactions uses anisotropic diffusion, which varies with the direction. The
additional term in prevents the fibers from fully aligning [Tuc91], which agrees
with experimental observations, whereas experimental data show that the fibers in
concentrated suspensions align more slowly than predicted by [IPT09, Tuc22]|.
This can be improved by the anisotropic approach. Within this thesis, however, we
stick to the isotropic rotary diffusion, since we assume short-fiber composites, while
anisotropy is of major interest for long-fiber composites [PT09].
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2.3 Folgar-Tucker equation

Solving the Fokker-Planck equation numerically is a difficult and computationally
intensive task. A frequently used alternative is the Folgar-Tucker equation. The
orientation is no longer described by the ODF v (x,p,t). The main quantity of
interest is the second-order orientation tensor A(x,t). The Folgar-Tucker equation
reads [Tuc22|

DA
Dr =W-A-A W+ )\ (D-A+A-D-2A:D)+2D,.(I—-dA). (2.20a)
It is a hyperbolic evolution equation. The tensors A = (a;)i<ij<qa and A =

(@ijki)1<ijri<a ave defined below as moments of the function . A particular chal-
lenge is the fact that A is unknown and requires further modeling. All the quantities
occurring in apart from A and A were already introduced in the context of
the Fokker-Planck or the Jeffery equation. To clarify the meaning of A : D, we write
the equation in the equivalent componentwise form

Daij
Dr = ;wikakj — QW + A (; dikayj + aipdy; — 2 ; aijkldkl) (2.20b)

+ 2 Dr<5ij — daij).

2.3.1 Orientation tensors
Let us consider the definition of the orientation tensors and their properties.

Definition 2.8 (Orientation tensor). A general n''-order orientation tensor in d di-
mensions is defined by

A, :=/ pP®---®p Y(p)dp.
Sd_l\ﬁ/—/

n times

Writing out the dyadic product explicitly results in

A, = (ail...in)lgil,...,in§d> where a;, ., = /d DPiy - - -Pinw(p) dp.
S —1

A tensor A, consists of d” elements, d,n € Nyy. The number of subscripts n
describes the order of the tensor, whereas d is the space dimension. A second-order
tensor can be interpreted as a matrix.

With regard to the Folgar-Tucker equation , the second- and the fourth-order
orientation tensors are most relevant. They are given by

Ay = A = (ai)1<ij<d; aij 1= /d pip; ¥ (x, p,t) dp, (2.21a)
gd—1

Ay = A = (ayu)i<igri<a, Qijkl = /d i P Pe P (X, P, t) dp. (2.21b)
Sd—1

The definition of the orientation tensors also establishes a relationship between the
tensors and the function . The attempt to reconstruct v from a finite number of
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orientation tensors is a challenging task without a unique solution. The computation
of A and A from ¢ is unique by definition. Fortunately, this is exactly what we need
when solving the FPE-NSE system later.

Because an orientation tensor is defined in terms of p and ¢ (x, p, t), it should possess
additional basic properties. We summarize them in the following lemma.

Lemma 2.9 (Properties of orientation tensors).

a) Odd-order tensors vanish, that is, Ag, 1 = 0.

b) Orientation tensors are fully symmetric. For example, the tensors A and A in
three dimensions satisfy

i) ai; = aj;
i) Qijkl = Qjikl = Qijik = Qukij
c) The tensors possess the normalization property:
i) > =1
i) Dk Qijkk = Qij
d) The tensors are positive semi-definite:
i) viAv >0 Vv e R¢
i) V:(A:V)>0 VYV eR>

Proof. a) We use S‘fl and S?! to denote two halves of the sphere S%!, i.e., S*! =
S‘i‘l U S, Consider an orientation tensor of order 2n 4 1. For an arbitrary
entry, we have

ail...i2n+1 - / Diq - - 'pi2n+1 ¢(p) dp
Sd—l

= /Sd_1 DPiy -+ - Pisyia Q/J(I)) dp + / Diy - - - Dignys @/}(p) dp
i

Sd—l

=/d Piy - - - Digns V(P) AP +/ (=1)*"*'piy . Digyy ¥(—p) dp
sa-t

d—1
Sy

= /Sdl Diy -+ - Pigni ¢(p) dp — /d ) Diy - - Pionia w(p) dp =0,
+

sd-

where the integral over the sphere S%~! was decomposed into those over two
arbitrary semispheres and the symmetry property (2.3c) of 1(p) was exploited.

b) This statement follows directly from the definition.

c¢) Using the definition of the orientation tensors, the fact that ||p|| = 1 and ([2.3b)),
the normalization property of A and A is valid due to

p S2 p S2
— 2 — 2 —
Zaijkk = / Dip; Zpk U(x,p,t)dp = / pip; [IP[I” ¥ (x,p,t) dp = aj;.
A s2 A s2
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d) Writing out the matrix-vector multiplication for i) and the tensor contraction for
ii), applying the definition of the orientation tensors, rearranging the components
properly, and using the non-negativity of v, we find that

vIiAv = Z (vi Z aijvj> = Z (Ui Z /s2 pip; Y(x,p,t) dp Uj)

i

2
= /2 ZUiPiZ’Ujpj ¢(Xap>t> dp>: /2 (Z UZpl) w<X7p7t> dp Z O,
V:(A:V)= Zvij Z QijkiVki = /2 Zpipj Pr P vij U (X, p, t) dp
i §

kl ijkl

2
= /2 <Zpipj0ij> v(x,p,t)dp > 0.
s2 \ 5
0

These mathematical properties are of major importance. The fact that odd-order
tensors are zero explains their absence in the Folgar-Tucker equation. Because of
the symmetry effectively less entries have to be stored during practical calculations.
For d = 3 only six entries of A have to be stored instead of nine entries, namely
ai1, 29, A33, A12, 13, Go3. Similarly instead of 81 entries only 15 entries are needed
for a complete description of the tensor A, namely aj111, 2992, @3333, A1112, G1113,
(2221, 2223, (3331, 43332, A1122, (2233, A3311, A1123, Q2213 and assia.

Normalization and positive semi-definiteness provide useful tools to verify that the
numerical results are physically meaningful. A second-order tensor A has the nor-
malization property if its trace is equal to one. It is positive semi-definite if and
only if all eigenvalues are non-negative.

Meaning of the orientation tensors. The second-order orientation tensors allow
a physical interpretation. In a conventional reference coordinate system, the first,
second and third axis correspond to the direction of inflow, cross-flow and thickness.
The diagonal entries of the orientation tensor describe the degree of orientation
with respect to theses axes, while the off-diagonal entries express the tilt from the
coordinate axes |[GGOS20).

A random /isotropic distribution is characterized
by a1 = as = azxz = %, whereas a biaxial — —

. N
random-in-plane orientation is, for instance, given [ — /
by a1 = a9 = % and as3 = 0. If the fibers are 7 .- ‘
perfectly aligned in the direction of the i*’-axis, [——

we find that a; = 1, while all other entries are Figure 2.1: i) fully aligned and
zero. Both extreme cases, full alignment and ran-  ii) random /isotropic distribution
dom distribution, are sketched in Figure

It is not always possible to determine uniquely, which distribution function ¢) belongs
to a given orientation tensor. Let us imagine a cube inside a sphere, whose faces
are parallel to the coordinate axes. If the number of fibers pointing into the eight
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vertices of the cube are equal, we obtain exactly the same orientation tensor as if
the fibers were evenly distributed over the entire sphere.

Furthermore, the eigenvalues and eigenvectors are useful to characterize the ori-
entation distribution. The eigenvectors of A determine the principal directions of
the fiber alignment, while the corresponding eigenvalues describe the extent of fiber
alignment in that direction |[AT87, [KOMO09].

2.3.2 Comparison of Folgar-Tucker and Fokker-Planck
equation

The Folgar-Tucker and Fokker-Planck equations can be used to simulate fiber orien-
tation especially in the framework of deterministic numerical approaches, see [FT84]
and |AT87|. The FTE is derived from the FPE and can be understood as an ap-
proximation of the FPE. In [LDHBSS|, the derivation of the FTE is performed by
multiplying the original Jeffery equation from left and right with p and averaging
the result. We summarize the connection between the two PDEs in the next lemma
and prove it following Lohmann |[Loh19].

Lemma 2.10 (Relationship between FTE and FPE). The Folgar-Tucker equa-
tion (2.20)) for the fiber orientation tensor A(x,t) is a moment of the Fokker-Planck
equation (2.2)) for the orientation distribution function ¥(x,p,t).

Proof. The basic steps to derive the Folgar-Tucker equation read
da;; (1) / dvy
— = [ pipj—dp
dt G 7 dt
2 .
= — / Pipj V- (p¥) dp + D, / _PipiApt dp
S S

® / Vo(pip;) - DY dp + Dr/ Ap(pip;) dp
S2 s

4) . )
Y [ swwan+ [ piypdp20, [ (6, - o) vap

S S2

(i) Z(wikakj — aikwkj) + A
k

Z(dz‘kakj + aipdi;) — 2 Z ijri i
kl

k
+ QDT((SZ] — daij).

We justify the validity of each equality in detail. For an evolution equation in terms
of A it makes sense to consider the time derivative of this tensor. For identity (1),
only the definition of A given in is applied. In step (2), the Fokker-Planck
equation is inserted. For the material derivative defined by we obtain

v _ %

T +u- Vi = =V, (pY) + D Api.

Equality (3) results from integration by parts. The expression stays relatively simple
because S? has no boundaries and, consequently, no boundary integral arises. The
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greatest effort is hidden behind step (4). The essential formula is 0, ;pr = 6 — prp1, k, 1 €
{1,...,d}, see Corollary The first summand can be rewritten as

/S Volpp) Do

= /S2 Z(ap,kpi)pjpk + pi(Opkpj)P ] ¥ dp

k

= /S2 > (0 — pipk)pipr + pi(Sjx — pipi)D ] v dp

k

:/ [pipj + pip;] ¥ dp.

SZ

We have

Appi = Y Bupi = Y OO —pipe) = — Y (6 — pipi)p + pi(1 — p})
k k

A
= —Z5ikpk + QZPiPi - Zpi = —pi+2p;,—dp; = (1—d)pi.
% % %

Together with another application of Corollary [5.14] this leads to

Ap (pip;) = (Ap pi) pj + pi(Appj) + 2Vppi - Vpp;

=2(1 = d)pip; + 2 Z (6ir. — pipr) (O — PjPx)
!
=2(1—d)pip; + 2 Y (0ubik — ki — SjkpiDk + PipiDh)
i
2(1 = d)pip; + 2(ij — pivj — PiDj + Pi;)
2(1 — d)pipj + 26;; — 2pip;
2(0:; — dpip;)

In the final step (5), we use Jeffery’s equation (22.5al) in the elementwise form

Pi=Y wikpe+A|Y dipe— Y du Pkpzpi]
K K K

and the definition (2.21) of the orientation tensors to show that

/2 (Pipj + pip;) v dp

S

= Zwikakj + Adigar; — diagn) + ijkaki + ANdjrar; — diiagj)
k k

Z(dikakj + aipdyj) — 2 Z aijkldkl] -

= E (Wik@k; — Qikwij) + A
i k il
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Advantages of the Folgar-Tucker equation over the Fokker-Planck equation.
The FPE was and is replaced by the FTE quite often. The FTE is used in commercial
applications as well as in existing publications, including recent ones. This involves
both solving the FTE itself [Loh19| and using results from the FTE as a reference
solution for the FPE [FMAA20].

The main reason to employ the FTE instead of the FPE is that the orientation
tensors allow a much more compact representation than the ODF. Let us assume a
fixed point (x;,t) in space and time. Using the ODF v (x;, p,t), on the one hand,
the orientation distribution is described by a few hundred points on the sphere S?,
see Sections [5.5.2 and [7.2.2.3. For the FTE in 3d, on the other hand, each tensor
A(x;,t) consists of nine elements, which can even be reduced to five elements taking
advantage of the symmetry and the normalization property.

Furthermore, already orientation tensors are useful to predict the effect of fibers on
material properties [CT95|. Last but not least, the coupling to the NSE makes parts
of the FTE relevant for us. Even if we do not consider the FTE, but the FPE in
what follows, the NSE do require the orientation tensors A and A as input rather
than the probability density ¢, see . Thus, the tensors have to be calculated
anyway.

Simplified solution for the Folgar-Tucker equation. If the fibers can be assumed
to be parallel to the streamlines of the flow, to be infinitely small, i.e., A, = 1, and
not to interact, the so-called aligned fiber approximation reads [LDHB88, [Tuc91]

A=(vav)lvly™

Using this expression, the velocity field is responsible not only for the fluid motion
but also for the fiber orientation. On the one hand, no property of the orientation
can be violated and the computational costs are very low. On the other hand, this
approximation has a very limited applicability. It is only justified for simple flow
fields. It is unable to predict orientation states, where fibers are not perfectly aligned
and it does not suffice for technologically important flows as they arise, e.g., in the
process of injection molding [Tuc91]. To obtain a solution in more general cases,
the FTE can be solved using numerical methods such as the flux-corrected finite
element schemes designed in [Loh19].

2.3.2.1 Closures

So far, no special attention was paid to the unknown fourth-order orientation tensor,
which arises in the FTE. It is possible to set up an evolution equation for A = Ay
but this equation contains Ag, see [AT87]. Accordingly, any equation for a tensor
A,,, includes the tensor A, .2, so that the problem is only shifted. Instead, we
try to reconstruct higher order information to approximate the unknown tensor in
terms of lower order orientation tensors. Since these approaches ‘close’ the evolution
equation in some sense, they are referred to as closures.

In the literature, plenty of different closures can be found. First, there are relatively
simple long-standing approaches like the linear, the quadratic and the hybrid closure.
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The reconstruction corresponding to the linear closure reads [Han62]

(aijkl) linear
= a(ay0m + aiwdji + andjp + ajrdu + ajdi + awdi;) + B(0i0m + ddj + 6udjr)
= 6 S(a;j0r) + 35 S(0;;0),

where S is the so-called symmetrization operator. The quadratic closure, whose
origin is traced back to [HL76, [LDHBS8S|, satisfies

(aijkl) quadratic = QijQkl-

Finally, the hybrid closure presented in [AT87, [AT90| is defined by

(aijkl)hybrid = A (aijkl)linear + (1 o )\) ) (aijkl)quadratic'

While the linear closure is exact when the fibers are in a random state, the quadratic
closure is exact for perfectly aligned fibers |[CT95|. The hybrid closure takes a
linear combination of the linear and the quadratic closure to combine their favorable
properties. For randomly oriented fibers, A\ = 1 is the right choice, whereas A = 0 is
appropriate for perfectly aligned fibers. In the literature, we find, for instance, the
suggestion to set A = d?det(a;;) [DV99].

Another problem of the given closures is that they violate some basic properties
of orientation tensors given in Lemma Using the parameters o = (d + 4)7!
and 8 = ((d+2)(d+4))~" the linear closure is normalized. However, it does not
preserve the positive definiteness. The quadratic closure has the ‘symmetry of an
elasticity tensor’ since ajm = Qjir, Qijir = Qijie and a;jp = agyj, but is not fully
symmetric. We look for methods that produce physics-compatible results.

More advanced closures are the natural closures. They are based on the insight
that in the absence of fiber-fiber interaction, i.e., for D, = 0, and for specific initial
distributions, there is a one-to-one correspondence between the second- and the
fourth-order orientation tensor [LDHBS8S8,[DV99]. However, in 3d no exact solution is
available anymore, so that a numerical solution becomes necessary [VCD94, [DV99].

Another family of closures are the orthotropic closures. Their construction is based
on the requirement that a closure approximation be orthotropic in the sense that
second- and fourth-order orientation tensors have the same principal axes [CT95].
In [CT95] the ‘orthotropic smooth closure’ (ORS) and an ‘orthotropic fitted clo-
sure’ (ORF) were developed. The former approach is based on linear interpolation
between uni-, bi- and triaxial orientation states. For the latter approach, the distri-
bution function ¢ was calculated with the FPE for a wide variety of orientation states
and data fitting was applied. The ideas of the natural closure and the orthotropic
fitted closure are combined by the ‘invariant-based optimal fitting approach’ (IBOF)
[CKO02].

The ‘exact closures’ developed in [MSHJS11] are based on the exact solution of the
extended Jeffery equation as presented in Theorem An alternative is offered
by the interpolatoric closures in [Kuzl§|, where ideas from natural and orthotropic
closures are combined. Technically, the reconstruction is performed for a few charac-
teristic orientation states and the obtained parameters are interpolated to determine
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A for arbitrary states. Finally, the Bingham closure, which is based on the calcula-
tion of a Bingham distribution, leads to admissible orientation tensors [FCL9S].

Advantages of the Fokker-Planck equation over the Folgar-Tucker equation.
Despite significant progress in constructing good closure approximations, closures
are always designed for specific flow configurations. Moreover, the closures proposed
in [CT95, ICK02] are fitted to specific experimental or numerical data of ¢ [KOMO9).
Hence, an advantage of using the FPE is that we are no longer dependent on the
closures associated to the FTE.

In addition, a density distribution v contains significantly more information than
any number of orientation tensors. For example, 1) might be of special interest in
boundary layers, where a tensorial description becomes inaccurate. Moreover, stiff-
ness tensors [Tuc22| and other quantities, which are relevant in engineering, require
the knowledge of 1. Several approaches to reconstruct the probability distribu-
tion from orientation tensors exist. A first one, which does not ensure that the
reconstruction has the desired physical properties, can be found in |[AT87]. More
recent positivity-preserving approaches, [Loh16b, BSK19|, take advantage of the
equivalence between the orientation tensors and the first coefficients of the Fourier/
spherical harmonics series expansion of 1. However, such reconstructions require a
large number of moments to be realistic, so that the effort increases.

Even today, solving the Fokker-Planck equation involves a lot of effort and it is
debatable to what extent this is justified. However, when we argue for the FPE,
the development of computers must be taken into account. Back in the 1960s, the
observation was made that the CPU speed doubles about every 18 month and this
empirical relationship became known as Moore’s law. Even if this law no longer
applies today, the trend is clear. This makes the FPE a promising modeling tool
not only for derivation of fitted closures but also for direct numerical simulation of
evolving orientation states/PDEs.

2.4 Navier-Stokes equations

2.4.1 Newtonian fluids

The Navier-Stokes equations (NSE) were set up in the first half of the 19® century.
Since then, they are used to model a wide range of phenomena where the flow
behavior of a fluid, i.e., a gas or a liquid, has to be described. Until this day, the
NSE are an area of active mathematical research. The standard NSE consist of two
conservation laws, one for momentum and one for mass. Following [Ran17c,[ESW14],
these PDEs are presented below. The conservation of mass is expressed by the
continuity equation

Jdp B
% + V- (pu) =0, (2.22)

where p > 0 is the density and u is the velocity field of the fluid. For an incom-
pressible fluid the equation simplifies to

V-u=0. (2.23)
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We outline the derivation of the momentum equation. In fluid mechanics, the mo-
mentum can be described by the integral over a volume V = V(t) as

p:/pu dx. (2.24)
1%

Combining the basic definition of the momentum, p = mu, with Newton’s second
law, F = ma, where m is the mass of a body, a its acceleration and F the force
acting on the body, we obtain F = p, and therefore

d

— dx =F. 2.25
a J, (2.25)

Applying Reynolds transport theorem and the divergence theorem, we find that

/V {%(pu) +V-(pu® u)} dx =F. (2.26)

This force can be split into the sum of a body and a surface force. Thus,

F=F +F, :/ pgdx+/ ondo, (2.27)
v av

where g represents a gravitational force density, n is the outer normal of 9V, and
o € R?™? denotes the Cauchy stress tensor. Separation of the total stress into a
hydrostatic component associated with pressure p and the additional viscous shear
stress tensor 7 € R%*? yields & = —pl + 7. Making use of this expression and the
divergence theorem, we end up with

F = /v (pg —Vp+V-71)dx. (2.28)

Since the divergence operator applied to tensor rather than a vector, it produces a
vector rather than a scalar. In particular,

OTex asz OTzz

Tox Toy Taz ox + oy + 0z

. . o OTyz OTyy 0Ty
T= | Tye Tyy Tyz = VT = | &+ oy T 8-
0 2T aTZ [} 22z

Tzx Tzy Tzz (’79—93 + 6yy + gz

According to the two expressions ([2.26]) and (2.28)) for the force F and the assumption
that V - u = 0 is constant, a general formulation of the momentum equation reads

,0<aa—ltl+(u~V)u> =pg—Vp+V-T. (2.29)

For Newtonian fluids, it is usually assumed that

T=ANV-u)l+2uD 2uD, (2.30)

where A is the volume viscosity, i is the dynamic viscosity, and D is the deformation
tensor defined by ([2.6). The viscosity variables may also depend on pressure or
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temperature [BT92al [Tuc22]. Within this thesis, however, isothermal fluids are
assumed. The divergence of our shear stress tensor is given by

V.71 =pAu. (2.31)

Finally, we set P = p/p and v = u/p. Based on the kinematic viscosity v, we define
the dimensionless Reynolds number Re := UL/v, where U is the characteristic
velocity and L the characteristic length. The value of ‘Re’ characterizes different
types of flows ranging from turbulent to laminar ones.

Summing up, the incompressible NSE for a Newtonian fluid can be written as

8—11 +(u-V)u = vAu—- VP +g, (2.32a)

ot
V.u = 0, (2.32b)
that is, as a system for the unknown velocity u and pressure P.

The momentum equation is nonlinear since the velocity u is convected by itself [KH15].
In fact, the left hand side of ([2.32a)) exactly represents the convective derivative,
see (12.10). The nonlinear term is often denoted by u- Vu in the literature, see, e.g.,
[ESW14]. In 3d, the corresponding scalar product is defined by
u-Vu=(u-Vu,,u- Vu,u- Vu,)".
Remark 2.11 (Stokes equations). Considering a stationary problem and assuming
a zero Reynolds number limit, the Navier-Stokes equations simplify to the Stokes
equations

VP = vAu+g,
V-u = 0.

While the incompressibility constraint remains, in contrast to the Navier-Stokes
equations we do not have to take the nonlinearity into account.

To simulate flows of mixtures, the FPE is sometimes coupled with the Stokes equa-
tions [LC03, Loz03, ICL04a, [CL04a, [HOOG]. In other cases it is coupled to the NSE
[Kne06), Kne08, [KS09b|, or even both options are used [KS09a].

2.4.2 Non-Newtonian fluids

Macroscopically, a fiber suspension behaves as a single fluid, whose nonlinear rhe-
ology depends on the local orientation state. Because of the fibers within the fluid,
we use a non-Newtonian flow model in this case. The NSE given by are
valid only in the regions between the fibers. Thus, generalized incompressible NSE
are needed to take the impact of fiber-induced stresses into account. In principle,
the conservation equations remain the same, but we have to formulate an adapted
constitutive law for the stress. The result can then be inserted into the momentum
equation in the form of the tensor 7.

An expression for 7 taking into account the fibers located in the fluid reads [Tuc91)
Tuc22|

7 =2u;(D + N,A : D + N,(DA + AD)). (2.33a)
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The constant p; is an isotropic viscosity [Tuc22|. The dimensionless ‘particle num-
ber’ N, and the ‘shear number’ Ny represent the anisotropic contributions to the
viscosity introduced by the fibers. As calculations for specific cases demonstrate,
both N, and N, depend on the aspect ratio [/d and on the volume fraction ¢, but
not on the orientation state of the fibers [Tuc91l]. For N, = N, = 0, equation
breaks down to , that is, to the Newtonian case. For aspect ratios like
[/d = 10 and even more for larger aspect ratios, we find that N, > 1 but N, < N,
[Tuc9ll [Tuc22|. Consequently, in the case of slender fibers the particle number N,
dominates and it is acceptable to neglect the term with Ny. The constitutive law
then simplifies to

T =2u;(D+ N,A : D), (2.33b)

so that 7 = 7(A,A) is reduced to 7 = 7(A). Overall, the particle orientation
distribution has an effect on the flow and this effect is represented by the non-
Newtonian component of the stress tensor.

Clearly, the hydrodynamic behavior of a fiber suspension depends on the volume
fraction ¢ of fibers (see Section [2.2.3). In [Tuc22, Sec.6.3.3|, the particle number N,
is approximated as a function of ¢. In our model, we assume that ¢ is constant and
specify N, directly.

In [Tuc9l1l, Fig.1], the parameter N, is plotted as the ratio of a and ¢. The values
N, = 0.1,1,10, 100, 1000 represent the spectrum from dilute to semi-concentrated
and concentrated suspensions. Using N, = 6 later in this work, we perform numer-
ical studies for a semi-concentrated suspension.
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3 Finite element method

3.1 Numerical methods for PDEs

Partial differential equations (PDEs) are omnipresent in mathematically oriented
scientific fields. They model phenomena ranging from the natural sciences to the
financial world. Popular numerical approaches to solve a PDE are the finite differ-
ence (FD), the finite volume (FV), and the finite element (FE) methods.

Starting point for all these methods is the discretization of the computational do-
main. An FD method approximates the derivatives of the PDE using Taylor series.
The FD methods are the oldest technique to discretize PDEs. Their strengths are
simplicity and efficiency, but their applicability is limited to structured grids.

FV and FE schemes support the use of unstructured grids. The traditional strengths
of these methods are complementary. The FE methods emerged in the context
of elliptic PDEs, whereas FV methods are particularly well suited for hyperbolic
transport problems. Since FV schemes are based on the integral conservation laws,
they are both globally and locally conservative by construction [KH15|. First- and
second-order approximations on structured meshes are particularly straightforward,
whereas difficulties arise for higher-order schemes or when numerical differentiation
is required for diffusive terms [KH15]. Then FE methods may be preferred, even for
convection-dominated transport problems.

The FE methodology is powerful due to its great flexibility and its wide applicabil-
ity. It can be used both on unstructured meshes and for multidimensional problems.
Moreover, in contrast to FD and FV schemes the FE method is backed by rigorous
mathematical theory. It is noteworthy that with a suitably chosen notation more
similarities than differences can be detected between FV and low-order FE [GS98].
Therefore certain findings, for instance in the framework of limiting, can be trans-
ferred from one method to another. Throughout this work, we focus on the FE
method. Its procedure can roughly be divided into the three steps:

1.) derive a weak formulation of the PDE,
2.) discretize it using suitable basis functions,
3.) assemble an algebraic system for the discrete unknowns.

These aspects are considered in detail in the following sections and the method is
illustrated for the convection-diffusion equation. Moreover, the matrices of the linear
system are analyzed and time stepping schemes are presented.

The presentation of the FE method in this chapter, is mainly based on |[KHI15,
Ranl7b|. Further standard texts are, e.g., [Eval(, Bral3|. Theoretical aspects are
covered in [LT05], while the books [KA13l [ESW14| are more application-oriented.
Two books including further aspects of this thesis as well are |[Loh19, [Kuz10].
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3.2 Weak formulation

A classical solution of an at"-order PDE, o € N, belongs to the class C®, that is, it
has to be continuously differentiable a times. For the most PDEs arising in practical
applications, we cannot expect a solution with such a high degree of smoothness.
Instead we introduce the Sobolev spaces, which are fundamental for the method of
finite elements and represent a cornerstone for the solution theory of PDEs. They
impose only weak requirements on the regularity of the solution and thereby broaden
the space of admissible functions considerably. In order to define them, we need the
functional analytic concepts of Lebesgue spaces and weak derivatives.

Definition 3.1 (Lebesgue space LP(Q)). Letp € [1,00), Q C R4, Then the Lebesgue
space LP(Q)) is defined by

1/p
LP(Q) = {u Q=R ‘ |w|| ey == (/ |ul? dx) < oo} )
Q

Equipped with the norm || - ||»(q) the Lebesgue space LP(£2) is a Banach space. The
space of square-integrable functions L?(€2) equipped with the scalar product [Bral3]

(U V) 2 1= / uv dx
0

is a Hilbert space. The next definition is motivated by integration by parts. We use

a multiindex notation with a € N¢, where 9% := 9 ... 95 and |a| = 3%, a;.

Definition 3.2 (Weak derivative). [KA13, Def. 2.9]. Let u € L*(Q)). A function
v € L*(Q) is called weak derivative 9%u if

/vgo dx = (—1)a|/u8°‘gp dx Ve e CX(Q).
Q Q

With these preliminaries the Sobolev space can now be defined.

Definition 3.3 (Sobolev space W*?(Q)). [LT05], [Schl3, Def. 3.16]. Letp € [1,00),
k € Ny. The Sobolev space W*P(Q) is defined by

WEP(Q) :={u: Q= R| 9% € LP(Q) Vo € Nj with |o| < k}
and the corresponding norm reads

1/p

lullweny = | D 10l

|a| <k

Obviously, W%P(Q2) = LP(2). While every Sobolev space is a Banach space, only
H*(Q) := W*2(Q) is a Hilbert space as well. For p =2 and k = 1 we obtain

H(Q):={u: Q> R|guec L*(Q)Vie{l,... ,d}}
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and the H'-norm is

1/2

1/2
[l 7o) = (HUH%Q(Q) + ”VUH%Q(Q)> = (/Q Jul? + [V dX) ; (3.1a)

where |Vul? := (Vu)"(Vu). Considering only the second part of ||u|| y1(q), we obtain
the H'-seminorm

1/2
il = [Vl = [ 190 ax) (3.1b)
Q

It is only a seminorm, since |u|x1(q) = 0 does not guarantee that u = 0. However,
in the case of zero boundary values it becomes a norm. In fact, H*() is often
restricted to zero boundary values, that is, to [KA13| Eq. (2.19)]

Hy(Q) == {u € H' (Q)|u = 0 on 90Q}.

In a more abstract setting, the weak formulation of a general PDE reads
Find u € V such that a(u,v) =b(v) Vv eV, (3.2)

where V' is a vector space, a(-,-) is a bilinear form and b(-) is a bilinear form. A
typical space for V is the Sobolev space H'(f2) as it contains the weak derivatives
which are required for the weak formulation of second-order PDEs.

3.3 Discretization

3.3.1 Triangulation

In order to obtain a finite dimensional problem, discretization is necessary. We
decompose the domain €2 into polygonal elements K. This decomposition is called
triangulation 7;, and the union of the elements is called the mesh/grid. Let us
consider a formal definition of a triangulation.

Definition 3.4 (Triangulation). [KA13]. An admissible triangulation of Q C R? is
a finite set T, = {K,..., K.} of closed polygons/polyhedrons and

1. Q=Uger, K.
2. The elements K, K' have the property that int(K) Nint(K') = 0, where int(K)

denotes the interior of the element K.
3. If KN K'+# 0, then the intersection K N K’ is a face, an edge, or a node.

The first property states that the elements have to cover 2 completely, while the
second one implies that the elements have to be disjoint. The third criterion makes
the triangulation admissible. For instance, it prohibits hanging nodes, see Figure

We call the vertices of the elements nodes. The mesh size can be defined by
h = {diam(K) | K € T}, where diam(K) := sup{[[x — y|| | x,y € K} [KA13].
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In 1d, the domain is subdivided into intervals, while in 2d

triangles or rectangles and in 3d tetrahedra or hexahedra

are used. In order to avoid problems in numerical calcu-

lations, shape regularity has to be guaranteed. In case of

triangles, it can be ensured by a minimum angle condition,

whereas an aspect ratio condition is suitable for rectan-

gles [ESW14|. For time-dependent problems, choosing the Figure 3.1: Example of
grid as uniform as possible has a positive effect on the per-  ; hanging node
missible time step size.

Notation. We denote the nodes of the triangulation by x1,...,xy. Let ¢; be the
set of indices of the elements containing the node x;. The nodal stencil N; then
is the set of indices of the nodes belonging to these elements, and N} := N;\{i}.
Additionally, the element stencil V¢ defines the set of indices containing all the
nodes, which belong to an element K€ see Figure Let us remark that in
Figure a mixed mesh is applied even though not every FE software is able to
handle meshes consisting of both simplices and hypercubes.

p 0

) 512{1,2,3,4,5}

. M:{Z’j’k’l7m’n’07p}

A

2 n q '/\/’i*:{j7k7l7m7n707p}
kel 3| 4 | T NP = {i,n,0,p}.
r
l m

Figure 3.2: Example of element patch ¢;, nodal stencil N; and element stencil N©.

In an abstract setting, a finite element is a triple (K, Px, Xk ), where [Bral3, [KA13]

1.) K € Ty is the basic geometric area,
2.) P C C(K) is a local (polynomial) space,
3.) Xk is the set of degrees of freedom.

These components are examined in the next section.

3.3.2 Basis functions

Now that we have chosen a mesh for a finite element discretization in space, the
continuous weak formulation (3.2)) can be approximated by its discrete counterpart

Find uy, € V), such that  a(up, w) =b(w) Yw € W, (3.3)

The trial space V}, and the test space W), are finite dimensional vector spaces. Their
exact definition will be given below in the equations (3.7) and . Throughout
this work, we use a Ritz-Galerkin method, that is, V}, = W),. Moreover, we stick
to a conforming approximation, that is, V;, C V. Since dimV,, =: N < oo, a basis
{@;}L, exists and Vi, = span{¢1, ..., ¢n}. The basis function are also called shape
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or trial functions here. A finite element function u;, € V} that approximates the
solution u € V, can be expressed as

N
up = Zujgpj, (3.4a)
j=1

where the coefficients u; uniquely determine the finite element function. We assume
that the {uq,...,uy} are not given in advance by boundary values, which are deter-
mined, e.g., by Vj, C Hj(Q); see [ESW14, Sec. 1.3]. For a space- and time-dependent
function u(x, t), approximation can be written more precisely as

un(ox, 1) = D 5 {t) (). (3.4D)

J=1

This approach involves a separation of variables, where the coefficients u; are time-
dependent. The coefficients u; are also called degrees of freedom. In the most
common case, they are simply function values at nodal points. However, the co-
efficients of a general FE approximation may also represent, e.g., higher-order and
normal derivatives or even integral averages over the edge of an element [Bral3].

Substituting the approximate solution u; defined in (3.4al) into the discrete weak
formulation (3.3 and setting w = ¢;, we find

N
a (Zujgpj, gpi) = b(p;) Vi=1,...,N. (3.5a)
j=1

The concrete bilinear form a(-,-) depends on the given PDE. Using the properties
of a bilinear form, we can transform expression ({3.5a)) into

> ales i) u; = bles)
j:l\TT \’;
="a;; — b,

Vi=1,...,N. (3.5b)

The transition from a(y;, ¢;) to a;; and from b(p;) to b; in (3.5b) requires a complex
assembly process in practice. Some aspects are roughly outlined in Appendix [10.3]
The new notation reveals the structure of a matrix-vector multiplication. Hence,
the coefficients of uy, satisfy an algebraic system of the form

Au =b. (3.5¢)

Note that the name u is used twice in different contexts. Within the PDE,
u:R?* = R is a function, whereas in the corresponding linear system the vector
of coefficients u € RY is a discrete quantity.

Example: Convection-diffusion equation. As a model problem for the Fokker-
Planck equation we consider a scalar time-dependent convection-diffusion equation,
see [Kuzl0, Sec. 2.1.1]. On the one hand, it is a generalization the spatial advection
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equation ([2.4al). On the other hand, it has the structure of the space-independent
FPE (2.4b). Our convection-diffusion equation reads

Ju .

N + V- (vu) —eAu=0 inQ x (0,7, (3.6a)
where u : R* — R is a scalar conserved quantity, v € R? a constant velocity, and
e > 0 a diffusion coefficient. As a first weak formulation, we consider

/[Z_? +V (v )—5Au]wdx:0 Yuwe V. (3.6b)

The requirements for the differentiability of the weak solution are reduced by trans-

ferring derivatives onto the test functions. Here, we apply the integration by parts
only to the diffusive term and not to the convective term, so that

/ [%w + V- (vu)w + 6VU'deX}
(3.6¢)

—5/ wVu-nds = 0 YwelV.
a0

We choose V' = H}(Q). Because of the zero boundary values, the boundary integral
can be omitted. Remark [3.8p) lists further situations, where this simplification is
justified. More general approaches are given, for instance, in [KH23|.

For a proper discretization of 2, an approximation to reads

%wh + V- (Vuh) wy, + eVu, -Vwp,dx = 0 Yw, € W, (36d)

In a next step, approximation (3.4)) is employed for u;, and wy, := ;. Arranging the
components in a suitable way leads to

Z[(/n%pjdx)d_jL </V (Vo)) dx) U

j (3.6e)
+5(/Vg0i-Vg0jdx)u]}:0 Vie{l,...,N}
Q

This can finally be interpreted as the linear system
Mcu + Ku + € Lu = 0, (3.6f)

where M is the consistent mass matrix, K is the convection matrix, and L is the
stiffness matrix. They are investigated in more detail in Section [3.4]

Differential operator FE matrix and its entries
du/ot  (time derivative) | Mo = (mq;))_;, mij = [, pip; dx
—Au  (diffusive part) L = (lij)—1, i = Jo ViV, dx,
V- (vu) (convective part) | K = (ki;)Y_,, = [, V- (vp))p; dx

Table 3.3: FE matrices for the different terms of the convection-diffusion equation.
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Finite element spaces. The properties of the FE discretization and of the result-
ing algebraic system ({3.5¢c) are ultimately determined by the choice of the space V},.
The conformity requirement V;, C V already leads to conditions for the smoothness
of the shape function in V}, and the choice of boundary conditions. Under these
restrictions, there are still several options for the choice of the shape functions. If
the elements K are simplices, we define a general finite element space by

Vi = {p e C*(Q) | ¢lk € P(K) VK € Ti}. (3.7)

The parameter « indicates how many times the shape functions are continuously
differentiable. For our purposes, it is sufficient to have continuous functions (a = 0).
The parameter r indicates that the shape functions are piecewise polynomials of
degree at most r. For example, Vh(o’l) consists of continuous and piecewise linear

shape functions and satisfies Vh(o’l) C H'(Q) [KA13, Lemma 3.20].

In d space dimensions the space of the polynomials ¢ : K — R has the form

d
P, := span {Z x}"
i=1

that is, Py = span{l, z,y} for triangles (d = 2) and P, = span{1,z,y, z} for tetra-
hedra (d = 3). If T, consists of hypercubes, an appropriate polynomial space is

d
0<> a; <, aiENo}, (3.8)
i=1

d

Q, := span {Z x)"

i=1

0<aq,...,aq <r, aiENU} (3.9)

Concretely, the spaces for the multilinear polynomials are Q; = span{1, x,y, xy} for
rectangles (d = 2) and Q; = span{l,z,vy, z, zy, xz,yz,xyz} for hexahedra (d = 3).
In the case of polynomials from O, we define the element space by

Ve i={peC*(Q) | ¢lk ok € Qu(K) VK €Ta}, (310)

where 7 : K — K is a transformation from a reference element K to a physical
element K [QV08, [Loh19].

Design principles. We are not restricted to (multi-)linear shape functions. In
particular, for smooth data the order of convergence improves with increasing poly-
nomial degree r. However, the choice of higher-order basis functions also has dis-
advantages. A downside is that the overall effort increases. Assembling the FE
matrices and solving the system becomes more expensive because the matrices con-
sist of more entries, which must be both calculated and stored.

A general requirement for the basis functions is their simplicity. A finite element
matrix has to have as few non-zero entries as possible. A sparse system matrix
is not only advantageous but even necessary to solve large systems in a realistic
time. This is ensured by choosing shape functions with a compact support. Such
functions disappear for the vast majority of grid points. For r > 1 we obtain a
stronger coupling, the stencil of each shape function becomes larger, so that the
sparsity pattern of the FE matrix changes in an unfavorable way.
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Lagrange basis functions. Within every polynomial space there are various ways
for the specification of basis functions |[Bral3, [ESW14]. The nodal basis represents
a particularly simple choice for which the degrees of freedom are function values on
certain points in K, in the most basic case even function values in the physical nodes,
see Figure [3.5h) and b). Moreover, the basis functions are non-zero for exactly one
degree of freedom [Bral3]. We call such functions Lagrange elements since they
result from the piecewise application of Lagrange interpolation. The basis functions
are uniquely defined by the Kronecker delta, that is, by the requirement

L
= Vi, je{l,...,N}.

(x;) =0, =
?i(xi) ! {O, otherwise

The piecewise-linear shape functions in 1d are visualized in Figure [3.4]

Pi—1 i Pitl

/\

Xi—1 X Xip1
Figure 3.4: Lagrange basis functions in 1d.

All in all, Lagrange functions are widely used, since they represent a simple con-
forming approach and their shape functions have a compact support. We denote
them by P, and Q,. In Figure [3.5] they are visualized for r = 1 and r = 2.

AL

a) Py and P, for triangles. b) P; and Py for tetrahedra.
.

I I E ° }

c) Qi and Qg for rectangles. d) Q; and Qg for hexahedra.

Figure 3.5: Visualization of the degrees of freedom for different (bi-, tri-)linear and (bi-,
tri-)quadratic Lagrange basis functions.

Properties of (multi-)linear Lagrange basis functions. The methods that we
present in Chapter [4] exploit some essential properties of well-known (multi-)linear
nodal basis functions and corresponding FE approximations uy,. Following [Loh19],
we summarize those properties as follows:
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i)  supp(p;) = {UK; | i € g} (compact support)

i) wup(x;)=w; Vie{l,...,N} (nodal values)

i) ¢; >0 Vie{l,...,N} (positivity)

iv) SN pi=1 (partition of unity)

v) SN Ve, =0 (vanishing gradient sum)

vi) minjepne u; < up(x) < maxjeneu; Vx € K¢ (discrete maximum principle)

The implications of i)-vi) will be explained below when it comes to proving a par-
ticular result.

3.4 Finite element matrices

Mass and stiffness matrix

The FE method is usually introduced with the Laplace or Poisson equation. The
resulting stiffness matrix is denoted by L like Laplacian. In our application, the
impact of the diffusive term is quite small due to the accompanying coefficient.
Moreover, unlike the convective part, on regular meshes the diffusive part causes no
trouble and therefore does not require any special treatment.

Extending the Poisson equation to the heat equation, the discretization of the tem-
poral derivative leads to the mass matrix M. This matrix also appears in other
contexts, e.g. when discretizing a reactive term w. Stiffness matrix and mass ma-
trix, whose definition can already be found in Table share some basic properties
that are collected in the following lemma.

Lemma 3.5 (Basic properties of M and L).

a) Both the mass matriz M and the stiffness matriz L are symmetric. Moreover,
M is positive definite and L is positive semi-definite.

b) Considering the spectral norm ks := Apaz/Amin, the condition numbers of the FE
matrices with respect to the mesh size h are

ko(M) = O(1) and k(L) = O(h™?).

Proof. See [KA13, Ran17h]. O

We recognize that the condition numbers depend on the differential operator but
not on the polynomial degree of the basis functions or the space dimension. For
the stiffness matrix, the condition also depends on the mesh size h. It behaves like
O(h™2). Consequently, a decreasing mesh size h — 0 improves the accuracy but
worsens the condition number.

As recorded before, the consistent, i.e., unmodified, mass matrix is defined by

Me = (mij)%’:l, mij = / ©ip; dx. (3.11a)
Q
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From several points of view, it is reasonable or even necessary to use a diagonal
mass matrix M, instead [Han94]. Such a lumped matrix is given by [Kuzl0)]

N
My = diag(m;)Y.,, m; = Zmij' (3.11b)
j=1

In this definition, each row sum of Mg is used as a diagonal entry for the cor-
responding row of the diagonal matrix M. The advantages of M over M are
multifaceted. When we apply an explicit time stepping scheme, solving the linear
system is simplified immensely. Furthermore, the use of M instead of My can
increase the stability of the system.

Several properties of the mass matrix, and in particular of My, are collected in the
following lemma, which owes a lot of content to [Loh19, Sec. 4.3.1.2].

Lemma 3.6 (Properties of My). The lumped mass matriz defined by (3.11b) satis-
fies

a) m; >0 b) >, mi = 1Q] ¢) [qun = >, mau;.

Proof. To prove a) the partition of unity property of the basis functions is central,

thus
miZZmFE:/w% dX:/%E ©; dX=/¢idx>0 (3.12)
J j 7 Q j Q

1

The fact that m; = fQ @; dx is also used to prove b):

Zmij:Zmi:Z/Qapidx:/QZgoi dX:‘Q’ (3.13)
i i ; i

1

Reusing the proof for a) one more time yields c):

/Q up, dx = /Q ;uiapi(x) dx = Zu /Q ©i(x)dx = Zmu (3.14)

]

Convection matrix

Let us take a look at the convection matrix. While there is just one typical approach
to define the entries of the stiffness matrix, different (quadrature-based) approxima-
tion may be used for the convection matrix. Following the approach in Section[3.3.2,
the individual entries of the convection matrix K are defined by

Q
This formulation uses the consistent Galerkin approximation to the convective term

V- (vu). No further modifications are applied within the weak formulation, and the
velocity field v is not discretized here.
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Lemma 3.7 (Basic properties of K). Let the velocity field v be solenoidal, that is,
V-v=0. Then

a) zj‘vdkijzo Vie{l,...,N} (zero row sum).

In addition, assume that the boundary integral resulting from the integration by parts
of ki; vanishes, see Remark[3.8 Then

b) kij=—k;j Vi, je{l,...,N} (skew-symmetry).

Remark. The skew-symmetry implies that the diagonal elements of K are zero.

Proof. (of Lemma [3.7)). We use formulation (3.15)) to prove both the zero row sum
property and the skew-symmetry of a convection matrix.

a)

To show the zero row sum property, we change the order of summation and
differentiation. This is allowed because of the linearity of the integral and of
the divergence operator. Since the basis functions form a partition-of-unity and
v is solenoidal, we have

N

N
E:k’ij:/%v'(v E ,_lSOj)dXZ/SOi(V'V) dx = 0.
j=1 (9] J= Q \:6—/

=1

Next the skew-symmetry has to be proven. First we apply elementwise inte-
gration by parts to k;;, and use the assumption that the boundary integral
disappears. Then we make use of the product rule. The resulting expression
simplifies since v is solenoidal. In this way, we obtain

kij = /QV'(V%')%' dx

z—/(V-V%)%dX + / (v-m)pip;dS
Q o0

s

—— [V (ve) = (V:¥) 0] ¢, dx
Q R:/O_/

Z—/QV-(chi)gojdx
— K 0

Remarks 3.8 (Further properties of K).

a) (Boundary integrals/skew-symmetry.) Boundary integrals such as in the proof
of Lemma ) arise due to integration by parts. For the internal nodes the
integrals cancel out due to continuity. Consequently, the skew-symmetry always
holds true for these nodes.

Furthermore, the assumption of vanishing boundary integrals is justified if peri-
odic boundary conditions are prescribed, if the solution values at the boundary
are zero (homogeneous Dirichlet boundaries), or if there are no boundaries such
as in the case of a PDE to be solved on the sphere.
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b) (Spectral condition.) We did not find any statements about the condition number
for the convection matrix in the literature. In any case, a convection matrix is
not symmetric, so that no real eigenvalues can be assumed and the calculation
of the spectral norm becomes difficult.

c) (Different formulations.) Using integration by parts, as in the proof of
Lemma [3.7] the formula for an entry of the matrix K reads

kij == —/(V Vi) p; dx + / (v-n)pip; ds. (3.16a)
Q Jog

An alternative transformation using the product rule V- (vu) = (V-v)u+v-Vu
yields We find that

b= (Ve + [ (v Vo)eide (3.16b)
JQ Q

Omitting the boundary integral in (3.16a) might introduce an error for the
boundary nodes. Omitting the first term in (3.16b)) is only permitted if v is
solenoidal. Otherwise, the mass is not conserved anymore.

Since the sum of the gradients of the basis functions vanishes, see page |43,
and since the dot product is linear, the matrix K has zero column sums, i.e.,

> ki; =0, 1in (3.16a) and zero row sums, i.e., Zj ki; = 0 in (3.16b).

3.5 Temporal discretization

For stationary problems, the spatial discretization of the PDE yields a fully discrete
system. For time-dependent problems, spatial discretization leads only to a semi-
discrete formulation and an additional temporal discretization is required to obtain
a fully discrete system.

One possibility for the temporal discretization are space-time Galerkin methods,
where time is treated as an additional space dimension [DHO03, Haj22]. Another
concept is the method of lines, where space and time are discretized one after an-
other. We distinguish between horizontal and vertical method of lines [KA13|. The
former, also known as Rothe-method, first discretizes in time and then in space,
whereas the frequently used vertical method of lines does it the other way around.
Applying a finite element discretization in space to a general initial value problem,
we obtain

Miu(t) = f(u(t),t), t € (0,7] and u(0) = u’, (3.17)

where M is the mass matrix, 4(t) the temporal derivative of the time-dependent
solution vector u(t), and the right hand side f summarizes all the remaining compo-
nents. The solution u(t) is approximated by discrete vectors u(t°), u(t'), ... u(t"),
where 0 =: t° < t! < ... < t" := T is the discretization in time. For equidis-
tant time steps At := /1 — ¢/, j € {0,...,n — 1}, the discrete time instants are
th:=1At, 1 €{0,...,n}.

A variety of methods have been developed to handle time-dependent equations nu-
merically. We consider the class of -methods as well as different Runge-Kutta
schemes, including strong stability preserving ones.
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Theta-schemes. A set of basic methods approximate % using finite differences.
The forward difference leads to the explicit forward Euler method

n+l _ ,n
M% = fu") =  Mu" = Mu" + Atf(u"), (3.18a)
The backward difference yields the implicit backward Euler method
un+1 —ur
MT = f(u") = Mu"" = Mu"+ Atf(u"h), (3.18b)

Finally, the central difference results in the Crank-Nicolson method

M——— =

>
~
N | —

(f(@)+f (")
A (3.18c¢)

= Mu"t = Mu" + T(f(u”) + f(u™h).
While the forward and backward finite differences are first order accurate in time,
the central difference is of second order. This transfers directly to the time stepping
methods. The three above approaches can be combined within the #-scheme

Mu™ = Mu™+ At[(1—0)f(u™) + 0f ()], 6€][0,1]. (3.19)

Obviously, # = 0 corresponds to the forward Euler, # = 1 to the backward Euler and
6 = 0.5 to the Crank-Nicolson method which can be understood as an averaging of
the forward and backward Euler scheme. The degree of implicitness is determined
by the choice of #. The fully discrete scheme is explicit if § = 0 and M is a diag-
onal matrix. Practical examples for the different time stepping methods including
observations on stability can be found in Section [4.4.2.

Runge-Kutta schemes. Like the #-schemes, the Runge-Kutta schemes are a fam-
ily of single-step methods, i.e., they use only information from the last time step
to determine the value for the new time step. Moreover, most of the Runge-Kutta
routines are defined for different stages, i.e., they use intermediate steps to reach
higher order. Applied to (3.17)), the family of explicit R-stage Runge-Kutta methods
can be written as [Ranl7al

R
Mu™™ = Mu" + ALY ek,

r=1
kl = f(tnaun)a
]CQ = f(tn + agAt, u" + At bglk’l),
ks = f(tn + asAt,u" + At (bs1ky + bsaks)), ...,
r—1
k. = f(tan + a,At,u™ + At Z bysks).

s=1

Implicit methods would run the sum over s not only up to r — 1, but up to r.
After choosing R, the number of stages, the coefficients ¢,, a, and b.; must be de-
termined. Usually, there is more than one meaningful option. Requirements for the
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scheme to be consistent and of a certain order provide equations for the coefficients.
Specifically, a Taylor expansion is performed and used to compare it with the coef-
ficients [Ranl7al. For R = 1, the Runge-Kutta scheme reduces to the forward Euler
method. For R = 2, we obtain ¢; + ¢o = 1 and ceas = c9boy = 0.5, which is, for
example, fulfilled by ¢; = ¢o = 0.5 and ay = by; = 1. The resulting scheme is called
Heun’s method and reads

Mu™ = Mu™ + %(f(tm u") + f(tnpr, u” 4+ At f(tn, u))). (3.20a)

In the case of an autonomous differential equation, which does not explicitly depend
on time ¢, it reduces to

At
Mu™ = Mu™ + T(f(u”) + f(u" + Atf(u”))). (3.20Db)
The case R = 4 has a special significance because no explicit RK scheme can achieve
order R with R stages if R > 4. The classical 4" -order scheme is

At
Mu™ = Mu™ + 6 (K1 + 2Ky + 2k5 + k),

At
ki :f<tn7un)7 k2:f(tn+%,un+7k1),

At
k3 = f(tn—i-%?un + 71{:2)7 k:4 = f(tn+1,un + Atkg)

Conditions for stability and other desirable properties of the above schemes are
investigated in |[Kuzl0]. We now turn to the method that will be used for large
parts of the numerical examples in this work, the so-called SSP-RK2 method.

Strong stability preserving Runge-Kutta methods. The strong stability
preserving Runge-Kutta (SSP-RK) methods were developed over the past
decades [GKS11]. A beginning is marked by [SO88|, where the approaches are still
called total variation diminishing (TVD) schemes. The development was mainly
motivated by the discontinuous solutions of hyperbolic PDEs and the corresponding
ODEs resulting from the vertical method of lines.

The forward Euler time stepping method preserves stability if it is combined with
a suitable spatial discretization. Using the semi-discrete formulation and a certain
norm | - ||, for all numerical solutions u we assume that

| Mu™ || = [|Mu"™ + Atf(u™)]| < ||Mu"|| if At € [0, Atpgl. (3.21)

The drawback of the forward Euler scheme is that it is only first-order accurate.
Therefore SSP methods use convex combinations of Euler steps to construct higher
order discretizations, which maintain stability. We call a method strong stability
preserving with SSP-coefficient C if ||u™™!|| < ||u"| is satisfied and the time step
restriction At < CAtpg holds [GKS11].

A wide variety of such methods has been constructed. Let us consider the combi-
nation of two forward Euler steps for the general formulation (3.17):
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1. Forward Euler for u™ — u"*1!:

n+l _ ,n
MTu:f(u") =  Mu"" = Mu" + At f(u").

2. Forward Euler for u"t! — gt2:

ﬂn+2 _ an—l—l
M= = f@) = MT = MT 4 AL @),

3. Averaging:

Mu" = % (Mu™ + Mu™t?) = %M(u” + ") + % f@™h
— Mu" + %(f(u”) + F” + Atf(um)). (3.22)

We recognize the basic procedure here: Each intermediate step of an explicit SSP-RK
scheme is a forward Euler step. Finally, a convex combination of the intermediate
results is formed, which remains in the convex set. During the development of SSP-
RK methods, it was realized that certain standard Runge-Kutta methods can be
written as convex combination of Euler steps, and therefore automatically have the
desired stability properties.

To obtain , we inserted the expression for #"*!. For practical calculations, this
has no benefits, since u""! is stored as interim value anyway. However, with this
reformulation we recognize exactly Heun’s method . In fact, Heun’s method
represents a SSP-RK2 scheme. This also implies that it is second order. Since we
are only going to have second-order discretizations in space in this thesis, this is
sufficient for our purposes. It can be proved that C = 1 is the optimal constant for
Heun’s method |[GKS11].

Summing up, our SSP-RK2 scheme combines three advantages: It is explicit, so that
no nonlinear system has to be solved, it is of second order, and it is stable under
the time step restriction of the forward Euler method.

1. 2.
u® an—&—l an+2
} } }
un—&—l

Figure 3.6: Visualization of the SSP-RK2 method.
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4 Limiting

4.1 Motivation and state of art

Motivation. The previous chapter discussed the baseline Galerkin method. Unfor-
tunately, practical experience has taught that this approach often leads to poor and
unphysical results like spurious oscillations and false negative values. In particular,
the problems arise for hyperbolic PDEs with nonsmooth solutions.

To obtain good results, we need stabilization/limiting techniques with respect to
the space discretization and, in the case of a time-dependent problem, a suitable
time stepping method. The two words stabilization and limiting describe a similar
goal but take different perspectives. Stabilization is the more general term. It aims
to achieve a stable and robust algorithm. Limiting emphasizes more the intention
to keep the numerical results within a certain domain, i.e., to preserve physical
bounds. For example, any volume fraction and any concentration must stay within
the interval [0, 1] [KH15]. The probability density function ), which is the central
quantity in this work, is not limited upwards since it might, for example, be a
delta distribution. Its invariant domain is the set of non-negative states over which
integration yields the value one, see .

Stabilization requires at least L2-stability, while limiting ensures L*°-stability, i.e.,
existing minimums and maximums are not exceeded. Further considerations can be
found in [KH23| Sec. 7.3]. If only bounds had to be preserved, clipping unphysical
values would be enough, while conservation of mass is already ensured by the baseline
Galerkin method. Designing a methodology that guarantees boundedness in a mass-
conservative manner is the challenge.

State of art. In recent decades, the beginnings go back to the 1980s, a wide
variety of stabilization methods have been developed. The traditional approach
are variational stabilization techniques, where modifications such as the addition of
further terms, are already carried out on the level of the variational formulation.
The streamline upwind /Petrov-Galerkin (SUPG) algorithm, [BH82| [Don18|, and its
numerous extensions, like the Galerkin/Least-Squares (GLS) stabilization methods,
are prototypical. A disadvantage of this class of methods is the presence of a free
parameter. Furthermore, non-physical oscillations are damped, but strict criteria
such as the maximum principles are not guaranteed [LKSM17].

Two important families of high-resolution schemes are the flux corrected trans-
port (FCT) and the total variation diminishing (TVD) schemes. The FCT method-
ology was introduced in the early 1970s [BB73]. A further development was given
by Zalesak’s limiter |[Zal79| that applies finite volume and finite different schemes
on structured meshes. Using FCT, we first compute a low-order solution, which is
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then corrected by adding a limited antidiffusive flux in order to satisfy local maxi-
mum principles. Thus, an FCT scheme is a fractional step method consisting of a
low-order predictor and a bound-preserving high-order corrector.

An advantage of FCT is the high flexibility in the choice of the numerical methods.
A disadvantage is the splitting error depending on At. In addition, At generally
has to be very small for accuracy [KH23|. Another problem becomes apparent
when solving steady-state problems with FCT-like limiters. It is then a common
approach to introduce pseudo time steps that serve as relaxation parameters for the
iterative solver. This might cause severe convergence problems, since the supposedly
stationary solution does not remain unchanged by the additional pseudo-time step
[KH23|. This problem is a strong motivation to favor monolithic approaches, as we
do in this thesis.

Another classical approach is the family of TVD schemes. Their origin can be
traced back to [Har84]. TVD schemes are monolithic and work in an algebraic
way. While FCT schemes are always nonlinear, TVD schemes such as the first-order
upwind scheme can be linear. Examples of second-order TVD limiters that can
be applied to nonlinear problems are the so-called minmod, van Leer or superbee
limiter [KH23|. While FCT-like predictor-corrector approaches can suffer from a lack
of monotonicity and therefore are not necessarily non-oscillatory [Kuz20], each TVD
method is monotonicity preserving [KH23]. The TVD approaches are restricted to
one dimension first of all. A simple extension of existing schemes to more dimensions
runs the risk to show unexpected behavior [Kuz10].

By combining the best features of the FCT and the TVD methods, a unified alge-
braic flux correction (AFC) paradigm has been developed. The AFC framework is
presented in Section Before that, we introduce some basic terms and concepts.

4.1.1 Basic properties

In what follows, we define a number of features for a good limiting algorithm. A
scheme is local extremum preserving if no new extrema arise.

Definition 4.1 (LED). [Kuzl(, Def. 3.17] A semi-discrete scheme is called local
extremum diminishing (LED) if a mazimum u; = max; u; cannot increase, i.e.,

and, in the same way, a minimum u; = min; u; cannot decrease, i.e.,

dU,i
A weaker requirement is given by the next definition.

Definition 4.2 (Positivity preservation). [Kuzl1(, Def. 3.18] We call a semi-discrete
scheme positive or positivity preserving if

w(0)>0 Vi = w(t)>0 Vi Vi>0.
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Closely related to positivity preservation is the notion of invariant domain preser-
vation (IDP).

Definition 4.3 (IDP). [KH23] Let G be a convex invariant set such that for the
initial value it holds u(x,0) = up(x) € G Vx € G. If the numerical approzimation uy,
stays in G, 1i.e.,

up(x,t) €G VxeQ, t>0,
the respective scheme is called invariant domain preserving.

If IDP schemes are combined with non-negativity constraints, the terms positivity
preserving and invariant domain preserving are equivalent. A whole family of meth-
ods introduced in the previous paragraph is named after its feature of being total
variation diminishing (TVD). The definition reads:

Definition 4.4 (TVD). [KH23] A semi-discrete scheme is called total variation
diminishing if the total variation of the numerical solution uy, i.e.,

TV (un(t) =Y Juisa(t) — us(?)

)

remains the same or decreases, i.e.,

d

aTV(uh(t)) >0 Vt>0.

Any TVD method is monotonicity preserving [LeV92, Th. 15.3], i.e., if u(0) is mono-
tone, u(-,t) is monotone. All of these requirements for a discrete solution only make
sense if they are also met for the analytical solution.

4.1.2 Maximum principles

Maximum principles both characterize the analytical solution of a PDE and establish
a theoretical background to realize desired properties of the numerical solution. We
start on the continuous level.

Definition 4.5 (Continuous maximum principle). Let ¥ be the set of points, where
initial and boundary conditions of a PDE with solution u are prescribed. Then a
general mazimum principle states that

minu <y < maxu.
bl )

This weak maximum principle says that the extremum of a solution u is reached
on X, while a strong maximum principle implies that the extremum can only be
reached at points beyond ¥ if the function w is constant. Maximum principles are a
powerful tool. Even if the exact solution is unknown, far-reaching statements can be
made about its properties, such as uniqueness. Moreover, a priori bounds obtained
by maximum principles provide physical constraints [KH15|.

We now switch to a discrete maximum principle that gives useful design criteria for
the development of numerical methods.
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Theorem 4.6 (Discrete maximum principle (DMP)). Consider a semi-discrete
scheme of the form M((il—? = Qu. Suppose that

i) my > 0 i) mij = 0Vi#j i) qi; > 0Vi # j z’v)Zqzj:O-
J

Then the scheme is LED.
Proof. Since ), g;j = 0 with the same reasoning as in (4.8c), we can write

du;
mid_tl = Z Gij (uj — u;)
JENL*

and with the assumptions i)-iii) it follows that

du; 1 Z ( ) >0 if u; is a local minimum,
= — Gij (uj — u; . .
dt mi e, NG ' <0 if u; is a local maximum.
N~ i >0

>0

O]
Remark (Numerous variants of maximum principles). The setting in Theorem
is perfect for the linear advection equation in the next section. However, there exists
a wide range of maximum principles. A variety of continuous maximum principles
for elliptic and parabolic equations can be found in [Eval(|. In [Kuz10] and [Loh19],
maximum principles are extended to first-order hyperbolic PDEs. Other more spe-
cific discrete maximum principles are given in [Kuz12, [Loh19, [KH23|. For example,
[Kuz10, Th. 3.24] adds a reactive term to the semi-discrete equation given in The-
orem [4.6l A further distinction is made between local and global DMPs. A local
DMP, on the one hand, gives a range for the numerical solution at single node and
this range depends on the locally neighboring nodes. A global DMP, on the other
hand, gives global lower and upper bounds for all nodes and these bounds depend
on the PDE’s boundary values.

4.2 Algebraic flux correction

Using algebraic flux correction (AFC), first the spatial discretization is modified
to a low-order physics-compatible low-order approximation. Then limited fluxes are
added to recover a higher-order discretization without loosing the desired properties.

While traditional stabilization approaches modify or extend the bilinear form, the
AFC methodology derives all necessary information directly from the finite element
matrices. All modifications are made at this level, that is, AFC works in a ‘black-
box manner’ [KH23|. This is a great strength, since it simplifies the implementation
in existing code. Furthermore, because of its algebraic nature, AFC can be applied
regardless of the mesh and, hence, regardless of the dimension of the problem.

The term ‘algebraic flux correction’” was first introduced in [KLT05]. Continua-
tions, also dedicated to the analysis of AFC, can be found, e.g., in [Kuzl2, BJK16,
BJKR18, [Loh19, [Haj22! [KH23].

At least for the baseline AFC methodology, the restriction to (multi-)linear Lagrange
basis functions is necessary. The associated properties are collected in Section [3.3.2.
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According to Theorem [4.6f), it is essential that m; > 0. While this is true for
(multi-)linear Lagrange functions, it might already be violated for quadratic basis
functions, which no longer satisfy the positivity property [Haj22, Rem. 3.9].

Furthermore, the degrees of freedom of the (multi-)linear basis functions are their
nodal values. The DMP in Section [3.3.2 states that the continuous FE interpolant uy,
is bounded by these nodal values. Consequently, limiting the nodal values transfers

to the whole solution, so that overshoots and undershoots do not emerge at all
[LKSM17, [Loh19].

In what follows, we introduce the individual components of AFC one after the other.

4.2.1 Low-order method

We consider a linear homogeneous scalar advection equation as a simple and proto-
typical hyperbolic PDE. Its continuous form reads

%—I—V-(vu) =0 inQx (0,77

Discretizing with the standard Galerkin approach leads to the semi-discrete equation
Mcu+ Ku=0 <= Mcu=—Ku, (4.1)

where My is the consistent mass matrix and K is the convection matrix, see Sec-
tion [3.3.2. Solving equation ([4.1)) numerically raises stability problems. To prevent
this, we make sure that the discrete maximum principle given by Theorem [4.6]applies
by using the LED and positive low-order approach

Mpi = (D — K)u. (4.2)

The consistent mass matrix Mo is replaced by the lumped matrix My and K is
supplemented by the artificial diffusion matrix D that is defined by

max(kija 07 k]l)v Z 7é ja
~Ssidi, =

The first two requirements of Theorem , i.e., m; > 0 and my;; = 0, are fulfilled
for the lumped mass matrix My, by definition (3.11b) and due to Lemma )

The other two requirements are satisfied by adding D to the matrix K. We first
consider the non-diagonal elements. For k;; < 0, i # j, Theorem ii) is satisfied
in advance, so that the corresponding d;; are simply set to zero. For k;; > 0 we
only change as much as necessary by setting d;; to k;;. Hence, d;; = max(0, k;;).
In the same way, we find that d;; = max(kj;,0). Combining these demands to
d;; = max(k;;, 0, k;;) = dj;, matrix D is symmetric.

The last requirement is that the row sums of the matrix D — K are zero. For
matrix K this is always true, so that we can simply define the diagonal elements of
matrix D as the negative sum of the other elements in the respective row.

D= (dy)jy,  dij = { (4.3)

Remarks 4.7 (Artificial diffusion operator).
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a) (Sparsity pattern.) Matrix D adopts the sparsity pattern of the FE matrices
M¢ and K, since its elements satisfy that d;; =0 Vj ¢ N;.

b) (Alternative definition.) The non-diagonal elements of D can also be defined
by d;; = max(|k;;|, |k;i|) [KH23| Sec. 3.1.6]. This is equivalent to definition(4.3)

if matrix K is skew-symmetric.

¢) (Optimality.) We change only as much of the convection matrix K as neces-
sary by adding the matrix D. In fact, the matrix D has the smallest possible
Frobenius norm || - || for the desired properties [Loh19].

d) (Symmetry not obligatory.) Our artificial diffusion matrix D is a diffusion op-
erator due to its symmetry and the zero row sum. However, a non-symmetric
matrix D can produce less diffusive bound-preserving schemes and it is admis-
sible as well [Loh19].

4.2.2 High-order schemes

The low-order method offers a remedy for unphysical numerical results but at
the same time it is extremely diffusive, that is, strong smearing effects are observed.
We illustrate this with some numerical studies in Section[4.4l The diffusive behavior
can be cured and the order of convergence can be increased again by adding the
antidiffusive term

to the right hand side, so that the approach reads
Mpi = (D — K)u+ f(u). (4.5)

From a purely algebraic point of view, the baseline Galerkin method and
the unlimited high-order method are equivalent. Differences between the two
schemes arise because an approximation to @ is needed to calculate f(u). A high-
order approximation for the time derivative  is defined by

Moo = —Ku.

Inverting M¢ to calculate " numerically may cause instabilities. Therefore, in this
thesis we prefer the low-order approximation

Mpi" = (D — K)u.

It has been proven to be sufficiently accurate |[Loh19].

Overall, the high-order method is appropriate in regions where the solution is
smooth, while the low-order scheme is required for other data. The challenge is
to switch between these two approaches in an adequate way. This can be achieved by
modifying , so that only an adapted amount f*(u) of compensating antidiffusion
is added. The resulting limited high-order method

Myi = (D — K)u+ f*(u), (4.6)
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combines the advantages of a high-order method with these of a stable bound pre-
serving scheme. Table gives an overview of the basic schemes presented so far.

baseline Galerkin | Mou = — K u
low-order | Mpiu= (D — K)u (4.2)

unlimited high-order | Myu = (D — K)u + f(u) A~
limited high-order | M4 = (D — K)u + f*(u) | (4.6)

Table 4.1: There are differently advanced levels of limiting. We distinguish between three
basic stages, where the limited high-order method is the most sophisticated one.

The crucial point is how to choose f*(u). While the low-order method and the
unlimited high-order method arise in a relatively obvious way, there are numerous
ways to realize a limited high-order scheme. Several schemes are designed based
on a high-order discretization, which is constrained when necessary, and where the
constraints can be reversed when they are no longer needed. In Section we will
present the monolithic convex limiting (MCL) that was introduced in [Kuz20| as
one option to pursue AFC.

4.2.3 Flux decomposition and antidiffusive fluxes

Sparsity pattern and notation. In Section [3.3.2, we discussed the choice of dif-
ferent basis functions, which determine the adjacency of the mesh nodes and conse-
quently the sparsity pattern of the FE matrices. Since the chosen Lagrangian basis
functions have a compact support, our FE matrices are sparse. Specifically, an FE
matrix A = (a;;);;_, satisfies

In what follows, we write the i'! equation, i € {1,..., N}, of the each algebraic
system in a componentwise manner. Using (4.7a)), the sums in a (semi-)discrete
equation associated with a node 7 reduce to

N
Z Q5 = Z Qjj. (47b)
j=1

JEN;

The sparsity pattern is essential both from a theoretical point of view and for the
performance of the code. In practice, we take advantage of the sparse structure by
using suitable data structures and storage techniques, see Appendix [10.3]

Matrix-vector multiplication for sparse FE matrices. For the convection ma-
trix K, for instance, we have

(Ku)i = kiju;
JEN;

= Z kijuj + Kiiui
JENT
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JEN JEN
JENT JEN;

Once we have a solenoidal velocity field, by the Lemma ) we find that
ZjeM ki; = 0. Then, (4.8a) reduces to

(Ku)i = > ki —ug). (4.8b)
JEN}

Since the artificial diffusion matrix D has zero row sum by construction, in analogy

to (4.8b)) it applies that

JENY

Flux decomposition. The mass conservation property can be reflected in a con-
servative flux decomposition [Kuzl0]. The exchange of mass between the individual
nodes then can be expressed in terms of internodal fluxes f;;, where

Jii=—fy and fi= Z Jij-
JENF
Rewriting the antidiffusive term f(u) given in (4.4)), employing that
(MLU — Mc’lL),L = m;u; — Z mijuj = Z mw(ul — Uj>
JEN; JEN}
and applying (4.8c), one obtains the raw antidiffusive flux

d
fi = (mz’j& + dz’j) (u; — uy).

At this point the importance of a compact support of the basis functions is worth
mentioning again. Without a compact support the numerical results would become
non-physical due to fluxes between nodes that are no direct neighbors.

Limited antidiffusive fluxes. The typical approach for the limited flux f;; reads

[ = aijfij, (4.9)
where the correction factors have to be chosen as a;; € [0,1]. Setting o;; = 0 we
find that f; = 0, so that the low-order method is reproduced, whereas o;; = 1
satisfies f = f;;, which corresponds to the unlimited high-order method . To
obtain the best compromise the coefficients should be as large as possible as long as
the solution is bound-preserving.

For reasons of mass conservation, that is, to keep f; = — 7, the symmetry a;; = a;
is always postulated. This symmetry requirement is also necessary for existence
proofs and a priori estimates given in [BJK16, Loh19|. The choice of an appropriate
correction factor o;; determines the method. The algorithm to calculate the ay;
is called flux limiter. In what follows, we derive a possible set of «;; using the

framework of MCL.
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4.3 Monolithic convex limiting

Many modern AFC schemes are realized as MCL schemes. These schemes express
the discrete solution as convex combinations of intermediate states and constrain
the states to be admissible [Haj22]. The methodology was designed for nonlinear
hyperbolic problems and can also be applied to systems, see [Haj22|. Basic ideas of
the convex limiting methodology were introduced in |[GP16| in the context of FCT
algorithms. We chose the MCL approach designed in [Kuz20]. A summary can be
found in [KH23| Sec. 3.2.7].

One reason why the design of property-preserving schemes is still an active field of
research today is Godunov’s order barrier theorem. It states that a linear, mono-
tonicity preserving method can be at most first-order accurate [LeV92, Th. 16.1].
As a consequence, our MCL scheme is always nonlinear, even though we only apply
it to linear advection equations.

The approach is designed to be invariant domain preserving and thus it is bound-
preserving. For a scalar conservation laws, the invariant domain with respect to the
global bounds ™" and u™ is defined by the interval

g — [umin’ umax]‘

In practice, it is not sufficient to require that the numerical solution stays in G,
because spurious oscillations can still arise. Instead, we consider the intervals

gi — [ulr_nin’ u;nax]’

where the local bounds are defined by

= minu, and "™ = maxu,. (4.10)

uZ N KA N
JEN; JEN;

In what follows, we first consider the low-order scheme and introduce low-order bar
states 4;;. These auxiliary states are used to argue via convexity that the scheme is
IDP, assuming that a CFL-like condition holds true. In a second step, the concept
is transferred to high-order schemes.

Bar states. We use the semi-discrete low-order scheme (4.2)) as starting point.

Applying (4.8b) and (4.8c), we obtain
dui
e T D (diy—kiuy = Y (diy = kig) (u; — wi). (4.11)

JEN; JEN
It is possible to write the equation in the bar state form already at this point, see
|Haj22]. We, however, derive the expression for the low-order bar states again.

The MCL approach is combined with SSP-RK2 as time stepping scheme throughout
this thesis. If its two forward Euler steps are bound preserving, then the entire
method is, as discussed in Section . By applying a forward Euler step to ,
we switch to a fully discrete formulation. Then, we gradually rewrite this generic
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forward Euler step into the bar state form. An intermediate step u$5" for the low-
order method reads [Kuz20]

At
uf’sp = u; + — Z [dij (uj —ui) — ki (uj — u;) ]

m; jE/\/;-*
2At At
bojeN L jENT
2At 2At wi +u; o kii(uy; — uyg)
= 1-— Zdw)uz%— Zdij|:J — I
( m; jEM* m; jEM* 2 2dU
2At 2At
i Ny i jens

where the expression

_ Uj -+ u; kij (Uj — 'LLZ)

is called low-order bar state. The low-order bar state is symmetric, that is, u;; = u;;,
if and only if the convection matrix K is skew-symmetric. This is the case under
the conditions listed in Remark [3.8p). Furthermore, using the definition of the
non-diagonal elements of D, see (4.3)), for the low-order bar state we find that

_ u; i diy = kg,
Ui =
J Uj lf dij = kji;

which implies that u;; € G if v;,u; € G. The next question is what can be said about
the intermediate step u?°F. The linear combination ([4.12)) is a convex combination
if the sum of the coefficients equals one, which is given, and if additionally

2A
't » dyel0,1]  Viefl,... N} (4.14a)

m
tojeNy

The components are all non-negative. So is their sum. Thus, the key requirement is

2At
 dy<1  Vie{l,...,N} (4.14b)

m.
b ojENT

Because of the convexity we can then conclude that uissp € G if u;, u;; € G. We em-
phasize that the second sum over j € N} in refers to both d;; and ;;, so that
the convex combination in general consists of more than two terms. Consequently,
the result can be be formulated as

w3 € [u;, 6] considering all ;. (4.15)

We express (4.14b) as an implementable CFL-like condition for At:
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Corollary 4.8 (CFL-condition). Applying an explicit SSP-RK method to (4.11)),
the time step restriction
At = min i

o 416
(1N} 2D e g o

guarantees a correct functionality of the scheme. Specifically, this means that
u?t € G ifu; € G VjeN.

Proof. Formula (4.16)) follows immediately from the requirement (4.14b). The sum-
marizing statement on the IDP property combines the two above results for u;, u;
and 1;;, on the one hand, and (4.15) for u;, 4;; and u$°F, on the other hand. ]

Choice of correction factor. To transfer the convexity property to the limited
high-order method, we consider the semi-discrete formulation (4.6)), that is,

dui .
mi = ) digluy = wi) = ki — ) + f5]. (4.17)
JENF

In analogy to the forward Euler step (4.12]) for the low-order scheme, the bar state
form derived from (4.17)) reads

2At 2At _ fij
WP = |1 - — S dy | w+ =—> dy (uij + Qdij>’ (4.18)

7 ]G.A/’: ml ]E-/\[z*
so that the high-order bar state is defined by

fij
2d;;

ij

_w
Uy o= Uij +

(4.19)

The forward Euler step described by provably provides the IDP property if the
corresponding high-order bar states u;; stay in a convex invariant set G. Therefore,
our task is to ensure that uj; € G ifu; €G Vj € N;. Specifically, the validity of the
local maximum principle must be assured, that is,

u?lin S ?j;} S u;nax. (420)
Taking into account that f;; = —f;;, four inequality constraints are available:
. a) f ) b)
umm S Uii + v Y S umaX’
1 () 1) 2d1j 1
. c) f ) d)
min — vj max
u; < Uy — Oéij% <y
Case-by-case analysis leads to
2d;; (U™ — ;) .
: Qi > — 2 if f;; >0
a) = yfy > 2w —ay) = Y fi . fy >0
Q5 S % R lffij < 07 (*)
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2d;; (uPa*—7; ) .
o < = ——2 0 iqf fo >0, (x
b) — aijfij < 2dij(u;nax _ ﬂij) — J = fij ' f] ( )
Qi > % , if fi; <0,

2d; '(Q_Li]' —u'.“i“) .
i o < 12 if f;; >0, (%
¢) <= ayfy <2dy(uy —uit) = Y= fij C fij >0, (+)
Q5 Z % ) lff’Lj < 07

2d; '(ﬁi ‘7urAnax) .
]Jifjj’ lffij > O,
% ) lfflj < 0. (*)

d) <= fi; > 2d((wy; —uj™)) = {

IN IV

For f;; = 0, the correction factor «; is arbitrary. Otherwise, the «;; are always
assumed to be positive. We choose them as close as possible to one without vio-
lating the DMP constraints. The four non-trivial inequalities, marked with (x), are
combined to

2dij (uinax —;; ) 2dij (ﬁji _qmin

_ min , — , iffi; >0,
s = flJ fm
A o 2diy (utit—ayy) 2 (@) .
min 4 2% = ”), ” ]fz Z , if fi; <O.
ij ij

The notation ;; indicates that a further requirement is necessary to ensure the
upper limit for o;; as well, that is,

Q5 = min{l, 62”}
Summing up, for the limited antidiffusive flux f; = ay;fi; we end up with

i max{fij, maX{ZdU(umin — ﬂij)a QdU (ﬂji — u}na")}}, lffl] < 0,

7

o= {miﬂ{fij> min {2d;; (u™™ — @), 2di; (a5 —wi™)}}, o if fi; >0,

. min{fij, min {QdijU?aX - (jdl'j, wji — QdijU;-nm}}, lff” > O, (4 21)
max{fij, maX{Zdiju?ﬁ“ — C‘Dija a}ji — Qdij’d;nax}}, lfflj < O, '
where the original bar state is reformulated with the scaled bar state

Since the local bounds and the correction factors depend on the discrete solution,
the MCL scheme is obviously nonlinear.

Practical implementation. The limited antidiffusive fluxes f}; are implemented
using . The correction factors a; are just a tool to derive the formula. Making
use of the scaled bar states @;;, the division by d;,; is avoided, so that a possible source
of numerical instabilities is eliminated.

The quantities [, fi;, wi; and wj; have the same sparsity pattern as the FE matrices,
that is, the ratio of non-zero elements is quite small. Hence, we determine only
the non-zero values as individual scalars. Finally, the sums JEN f7; have to be

calculated, see (4.17)).
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4.3.1 Extension to convection-diffusion equations

The MCL approach presented above was originally designed for purely hyperbolic
problems. The question arises how to handle convection-diffusion equations such as
the space-independent Fokker-Planck equation. We examine whether and to which
extent MCL can be transferred[!

Straightforward extension. Let us consider a linear scalar convection-diffusion
equation with isotropic diffusion, that is,

%+V-(VU)—5AU=O in Q x (0,7].

For the semi-discrete equation, the low-order approximation is
Mpi+ (K — D)u+¢eLu =0,

where D = (dy;)};_, represents the artificial diffusion and L = (I;;);¥;_, the physical

diffusion. We combine the artificial and the physical diffusion in one expression

comb
dz('j ) = di]’ — 6[1']',

since the resulting matrix still satisfies
(comb)  ;(comb)
4" = d3; (symmetry)

)
and Z d§§°mb) =0 (zero row sum).
JEN;

The low-order bar state then reads

(comb) _ Uj + Ui kij(u; — w;)
i - 9 2d((?,omb)
ij

Sl

If we assume that matrix L is a Z-matrix, that is,
li; <0 Vie{l,...,N}, jeN/,
see [Loh19, Def. 4.1], then

/{71' j
(comb)

and the extended bar state agj.‘)mb) is a convex combination of u; and wu;. The Z-

matrix property could be confirmed for our stiffness matrix on the sphere. It is a
feasible condition.

However, the adapted CFL-condition similar to (4.14b) reads

2Nt
St <1 vie{l,... N}

)
m.:
(] ]e-/\/l*

!Thank you to Dr. Hennes Hajduk and Paul Moujaes for discussing this issue with me.
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Since this condition does not only depend on the artificial diffusion introduced for
limiting purposes but also on the physical diffusion, which is part of the original
PDE, the adapted CFL-condition becomes extremely restrictive and leads to pro-
hibitively small time steps At if the diffusion coefficient becomes larger. Since in
our application the diffusion coefficient is small, however, we stick to this approach
for this thesis.

Strang splitting. An alternative is to split the equation into its hyperbolic and its
parabolic part, for example, with Strang splitting, see . Using Strang splitting,
we first solve the advection equation for £; = V - (vu), then the heat equation with
Lo = —eAu and finally the advection equation with operator £, again.

Further suggestions for maximum principle preserving discretizations of scalar
convection-diffusion equations can be found, e.g., in [JA21, |QdLK22].

4.4 Numerical studies

4.4.1 Setting

We compare numerical results for various time stepping and limiting schemes for
the case of pure advection, that is,

%+V-(vu):0 on Q x (0,T).

The square two-dimensional domain Q = [0,1]? is used as computational area and
discretized with 2! x 2! squares on level {.

Choice of velocity field. For the homogeneous advection equation we specify a
velocity field v to construct a test case, where an exact reference solution u is avail-
able. A simple constant velocity field v, = (¢, ¢2)T describes a translation. Since it
is easy to follow the movement, an exact solution can be found easily at any time.
This still applies for the solenoidal space-dependent field v, = (0.5 —y,z — 0.5)7,
which we choose in what follows. The field v, describes a counterclockwise rotation
around the center of the square, so that the initial state is expected to be restored
after one complete revolution.

Rotational velocity fields describing e

a circular convection might be writ- i) ii)E e

ten in a more systematic way as ) B
v, = w(yo — ¥,z — x0)T, where (xq|yo) is @ A }
the axis of rotation, and w is the (con-

stant) angular velocity in rad/sec [Zal79). Figure 4.2: i) Translation and ii) rota-

Consequently, for w = 1 a full rotation tion, where the shaded areas mark the
cycle is completed at T = 27, so that inflow boundaries.

u(t) = wu(t + 2m) if the velocity at the
inflow boundary is zero, see Figure [4.2]

The v, describes a so-called solid body rotation as it was introduced in [Zal79]
and extended in [LeV96|. Solid body movements do not change the shape of the
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transported geometry. Consequently, with our setup not only the general quality
of the simulation results can be quantified, but additionally the methods ability to
preserve the shape of the moved geometry is checked.

Time-dependent flow fields, which deform the geometry during the transport are
considered in Section [5.6.3. For such fields it has to be ensured that the initial
configuration is restored after a certain period of time.

Initial configuration. As configuration to be rotated we consider a smooth as well
as a discontinuous configuration. The smooth configuration we choose is a ‘cosine
bell’; see, e.g., [LSPT12|. It is defined by

hamax (7 s ifr <R
o(r) = {2 ( +COS(R)), if r < .,
0, otherwise,

where

r=r(z,y) = (& —m)?+ (y —my)?.

Parameter h,,., describes the maximal height of the cosine bell reached in its mid-
point (my,ms), so that uy € [0, hpax]. The geometry has radius R.

For our overall discontinuous initial condition we select a configuration consisting
of three solid bodies representing different degrees of smoothness: a smooth hump
constructed as a cosine bell as well, a sharp cone and finally a slotted cylinder, see,
e.g., [Kuzl0]. Within the square domain €2, these three geometries are each defined
in a circle of radius R = 0.15. For i € {SICy, cone, hump} we obtain

1, if rsicy < R; ||z — m§"¢|| > 0.025 or y > 0.85,
1 — Teone if reone < R,

uo(ri) = % (1 + cos(m%)) i Phump < R,
0, otherwise.

The values r; are not constant but space-dependent, that is,

ri =ri(x,y) = \/(x —mi)?+ (y —ms)?, i € {SICy, cone, hump},
where the individual midpoints are defined by

(0.5,0.75) ifi = SIC,
(mi,mb) = < (0.5,0.25) if i = cone,
(0.25,0.5) if i = hump.

The remaining parameter Ay is set to 0.5. Thus, overall the initial values lie in the
interval [0, 1]. With an adequate choice of the parameters we have to ensure that the
distance of the configuration to the boundary of €2 stays big enough, so that neither
a geometry collides with a boundary during the movement nor a diffusive behavior
causes any trouble. Actually, for hyperbolic problems, boundary conditions have
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to be specified at the inflow [KH15, p.13]. We handle this implicitly by setting all
boundary values to zero.

I 04 I 0.4 I 1.0 I 1.0
— 075 — 075

02 (02 05 105
025 025

I 0.0 I 0.0 I 0.0 I 0.0

Figure 4.3: Smooth initial configuration (left) and mixed initial configuration (right).

Experimental order of convergence. Here and subsequently, the experimental

order of convergence (EOC) for the level with mesh size % is calculated by

1 (7Y > ( €p )
EOC = —=log( — | =log, | — |,
log(2) & <eh/2 52 €h/2

where e, = ||up, — ul|r2) and ep/o = ||unj2 — ul|r2(q) are errors for two consecutive
levels measuring the L2-error between the reference solution u and the numerical
solutions wy, and w2, respectively.

4.4.2 Numerical results

For the spatial discretization bilinear Lagrange basis functions are used. We ap-
ply seven test cases to both initial configurations. First, the baseline Galerkin
method (4.1)) is combined with four different time stepping schemes, namely

i) forward Euler (3.18al),
ii) backward Euler (3.18b),

)
iii) Crank-Nicolson (3.18c)),
) SSP-RK2 (3.22).

Then, we fix SSP-RK2 as time stepping scheme and use it in combination with

v) low-order method (4.2)),
vi) unlimited high-order method (4.5)),
vii) limited high-order method (4.6|) realized as MCL-approach.

1v

For the first four test cases linear system have to be solved. We apply the SPAI
(‘sparse approximate inverse’) preconditioner, and use BiCGStab (‘stabilized bicon-
jugate gradients method’), an extension of the CG-method, as solver. A detailed
description of these solvers can be found in [Meil5].

Smooth configuration. Our results for the pure cosine bell configuration are sum-
marized in Table Using the parameters (mq, ma, hyax, R) = (0.3,0.3,0.4,0.15)
it should apply that u(z,t) € [0,0.4]. In fact, however, overshoots and undershoots
arise for the baseline Galerkin approach and the unlimited high-order method, even
though we consider a smooth geometry. This vividly illustrates the need for a lim-
iting strategy. Compared to an unsteady configuration, see Table [4.5 the violation
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of the boundaries is relatively small. In some sense, there are different ‘degrees of
smoothness’. Replacing the parameters (mq, ma, hpax, R) = (0.3,0.3,0.4,0.15) by
(mq, ma, hmax, R) = (0.25,0.25,1,0.1) the overshoots were, on average, one power of
ten higher.

It is worth mentioning that the numerical results deteriorate as the simulation pro-
gresses. On the one hand, this is reflected in the fact that the lower boundary of the
final data range is quite similar to the global minimum, i.e., to the minimum across
all space and time points at the corresponding level. On the other hand, the EOC
of the low-order method, for example, reads 0.24, 0.39 and 0.56 after half a rotation
(t = ), which is better than the results we observe for the final time in Table [1.4).

The EOCs for the backward Euler in Table are relatively low, but they converge
towards one. All in all, the order of convergence seems to be limited by the time
stepping scheme, which is of lower order than the space discretization.

Discontinuous configuration. The configuration comprises three geometries. The
convergence results and the overshoots and undershoots of this ‘mixed configuration’
reflect the worst case. The results are presented in Table and Figure Again,
we see the effects of different time stepping schemes. The problems of the forward
Euler method are striking. For diffusion equations it is known that the Crank-
Nicolson method is unconditionally stable but may exhibit oscillations, whereas the
lower-order backward FEuler method is both stable and immune to oscillations. This
tendency can be observed in Figure as well.

It is worth mentioning that for the backward Euler and the Crank-Nicolson method,
already starting with 150 steps on level 5 leads to reasonable results. The choice of
the time steps for our SSP-RK2 scheme in combination with MCL is based on the
CFL-condition (4.16). Combining the baseline Galerkin approach with SSP-RK2 is
not very fruitful. If we start with 500 steps on level 5, that is even with more steps
than used in combination with MCL, the solution values explode on level 7 and 8.
At the same time, starting with more than 1000 steps does not significantly improve
anything.

With respect to the different stages of limiting, both the diffusivity of the low-order
method and the violation of boundaries in the case of the unlimited high-order
method are illustrated. The results of the limited high-order method carried out
using MCL and SSP-RK2, however, are satisfactory in every way. As the most
sophisticated method, it is the standard approach for the later benchmarks in this
thesis.
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level | steps | global minimum | final data range | L?-err | EOC
i) Galerkin (Q;), forward Euler
5 20000 -1.92e-2 [-1.6e-2, 0.404] | 3.52¢-3 | -
6 40000 -6.08e-3 [-5.5e-3, 0.404] | 7.53e-4 | 2.23
7 80000 -2.20e-3 [-2.0e-3, 0.400] | 2.48e-4 | 1.60
8 | 160000 -6.16e-3 [-5.8e-3, 0.401] | 2.46e-4 | 0.01
ii) Galerkin (Q;), backward Euler
5 500 -4.06e-3 [-1.83e-3, 0.243] | 1.84e-2 | -
6 1000 -1.14e-3 [-5.72e-4, 0.298] | 1.22e-2 | 0.60
7 2000 -3.15e-4 [-1.75e-4, 0.341] | 7.34e-3 | 0.73
8 4000 -9.29¢-5 [-5.39e-5, 0.368| | 4.13e-3 | 0.83
iii) Galerkin (Q;), Crank-Nicolson
5 500 -1.79e-2 [-1.61e-2, 0.398] | 3.87e-3 | -
6 1000 -5.31e-3 [-5.13e-3, 0.399] | 8.22e-4 | 2.24
7 2000 -1.77e-3 [-1.74e-3, 0.399] | 2.00e-4 | 2.04
8 4000 -6.15e-4 [-6.03e-4, 0.400] | 5.09e-5 | 1.97
v) Low-order method, SSP-RK2
5 400 0 [0, 0.032] 3.98e-2 | -
6 800 0 [0, 0.062] 3.59%-2 | 0.15
7 1600 0 [0, 0.109] 3.03e-2 | 0.24
8 3200 0 [0, 0.175] 2.32e-2 | 0.39
vi) Unlimited high-order method, SSP-RK?2
5 400 -1.20e-2 [-1.19e-2, 0.229] | 1.84e-2 | -
6 800 -6.86e-3 [ -6.84e-3, 0.357] | 5.61e-3 | 1.71
7 1600 -3.19e-3 [ -3.19e-3, 0.394] | 1.21e-3 | 2.22
8 3200 -1.39e-3 [ -1.38e-3, 0.399] | 2.72e-4 | 2.15
vii) MCL, SSP-RK2
5 400 -3.82e-19 [-1.62e-19, 0.176] | 2.14e-2 -
6 800 -3.75e-19 [-3.34e-19, 0.316] | 6.08e-3 | 1.81
7 1600 -2.40e-19 [-2.29¢e-19, 0.375] | 1.03e-3 | 2.56
8 3200 -1.39e-19 [-1.30e-19, 0.392] | 1.81e-4 | 2.51

Table 4.4: Quantitative results for the smooth cosine bell configuration with the param-

eters (my, ma, hmax, R) = (0.3,0.3,0.4,0.15) at the final time T' = 2.
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level | steps | global minimum | final data range | L*-err | EOC
i) Galerkin (Q;), forward Euler
5 | 25000 0.67 047, 1.49] | 1381 ]| -
6 50000 -0.56 [-0.47, 1.58| 1.03e-1 | 0.42
7 100000 -0.63 [-0.56, 1.56] 9.03e-2 | 0.18
8 200000 -1.84 [-1.47, 1.81] 1.27e-1 | -0.49
ii) Galerkin (Q;), backward Euler
5 | 500 0.4 -0.19, 0.85] | 1.52e-1 | -
6 1000 -0.42 [-0.09, 0.90] 1.21e-1 | 0.33
7 2000 -0.43 [-0.07, 1.00] 9.96e-2 | 0.28
8 4000 -0.45 [-0.07, 1.06] 8.22¢-2 | 0.30
iii) Galerkin (Q;), Crank-Nicolson
5 | 500 20.66 047, 1.43] | 1.31e1| -
6 1000 -0.49 [-0.44, 1.54] 9.84e-2 | 0.47
7 2000 -0.53 [-0.40, 1.40| 7.64e-2 | 0.37
8 | 4000 10.49 :0.34, 1.41] | 5.660-2 | 0.43
iv) Galerkin (Q;), SSP-RK2
5 | 1000 20.65 045, 1.46] | L.3de-1| -
6 2000 -0.49 [-0.39, 1.46| 9.89¢-2 | 0.50
7 | 4000 0.5 :0.39, 1.46] | 7.60e-2 | 0.32
8 8000 -0.49 [-0.34, 1.43] 5.55e-2 | 0.45
v) Low-order method, SSP-RK?2
5 | 400 0 [0, 0.26] 2.25¢-1| -
6 800 0 [0, 0.40] 2.06e-1 | 0.13
7 1600 0 [0, 0.55] 1.85e-1 | 0.16
8 3200 0 [0, 0.67] 1.63e-1 | 0.19
vi) Unlimited high-order method, SSP-RK?2
5 | 400 0.14 :0.07, 0.99] | 1.5%-1 | -
6 | 800 0.18 :0.06, 1.00] | 1.1de-1 | 0.48
7 1600 -0.20 [-0.06, 1.12] 8.501e-2 | 0.42
8 3200 -0.20 [-0.11, 1.11] 6.25e-2 | 0.45
vii) MCL, SSP-RK2
D 400 -3.93e-18 [-4.67e-25, 0.79] | 1.58e-1 -
6 | 800 5.47c-18 -2.78¢-19, 0.82] | 1.23¢-1 | 0.37
7 1600 -5.84e-18 [-5.60e-19, 1.00] | 8.87e-1 | 0.47
8 3200 -7.42e-18 [-2.59¢-18, 1.00] | 6.29¢-2 | 0.50

Table 4.5: Quantitative results for the discontinuous slotted cylinder - smooth cone -

sharp hump - configuration at the final time T = 2.
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Figure 4.6: Visual results for the discontinuous configuration after one full rotation at
T = 2w. As a reference, the initial configuration is provided. The outer columns contain
our 2d and 3d results plotted in the interval [0, 1], while the middle column is scaled to
the actual values. The results are documented for forward Euler (on level 7), backward
Euler, Crank-Nicolson, low-order method, high-order method and MCL (all on level 8).
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5 PDEs on surfaces

5.1 Introduction

Applications. Numerous applications, whether in fluid dynamics, engineering or
biology, require PDEs on surfaces. These surfaces and their geometry vary in com-
plexity. They also range from those that are stationary to those that are evolv-
ing [DE13]. Atmospheric flows over the topology of the earth can be modeled with
appropriate PDEs [PBR13|. In medical imagining, the human brain [Hinl6] is con-
sidered. In physiology, the surfactants in the lung are considered. Chemotaxis is
a biochemical phenomenon, which describes the movement of an organism due to
a chemical stimulus |Alil6]. Convection and diffusion on biomembranes, which are
often modeled as interfaces in multiphase flows [ES10], are of further interest.

Solution strategies. A first attempt to solve the Laplace equation on a surface
was made in |[Dzi88]. This was later extended to parabolic equations [DEQ7]. In
[DEOS|, parabolic problems are solved using an implicit representation of the surface.

Overall, it has to be distinguished between parametric and indirect representations
of curved surfaces [Kam13|. In this thesis, we use a parametric representation as
direct approach [LV10] by applying a geometric mapping from a reference domain
to segments of the surface. An advantage is that the surface can be interpreted as
a lower dimensional manifold embedded in the surrounding space R

Indirect methods describe the surface implicitly, i.e., all the geometry is encoded
in a level set function ¢(x) |[OF01, [SS03, [DE13|. The level set function defines an
interface, and makes it easy to determine whether a point x lies inside (¢(z) < 0) or
outside (¢(x) > 0) that interface. Methods based on level set functions are suitable
for complex morphology, for example when the geometry splits into more than one
object or has holes. They are efficient when topology changes or surfaces intersect
[Kam13]. Another advantage is that special quantities such as the mean curvature
can simply be calculated by taking derivatives of ¢(z) [Alil6]. Conservation of
topology and volume is not automatically guaranteed, however, e.g., [Kuzl4| deals
with solutions for this.

A disadvantage of level set methods in contrast to a parametric approach is that the
implicit function is defined in a space which is one dimension higher than it has to
be to describe the surface [Kam13|. This is worthwhile if we benefit from advantages
listed above but wasted otherwise. In this thesis, we investigate a Fokker-Planck
equation, where the geometric object of interest is the surface of the unit sphere in
three-dimensional space. Thus, we have a stationary and simple geometry, which
justifies our choice to apply parametric representation. Furthermore, that approach
allows us to reuse a lot of the standard finite element code.
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Structure of this chapter. Surfaces can be embedded in the larger concept of
manifolds. Thus, we introduce the necessary mathematical fundamentals in this
general framework. We consider manifolds of arbitrary dimension. However, we do
not consider manifolds with boundaries, since the unit sphere does not have any. To
apply the FE method to PDEs on surfaces, the respective differential operators as
well as the integration on manifolds are discussed.

The theoretical part of this chapter is based on |Gri09, [Bar10, [For12] and |Forl3].
Moreover, [DE13] offers a more in-depth analysis of PDEs on surfaces. Numerical
tests for different types of PDEs and continuous as well as discontinuous setups for
PDEs on the unit sphere form the second part of this chapter.

5.2 Basics of differential geometry

Notation and setting. We consider an open subset ) C R¥, a subset M C R
with & < n, and a mapping 7 : Q — M, see Figure [5.1]

T
The clou is that, although M is a sub- /—\
set of R™, it can be considered locally

as an object in R*. L

Functions living in € such as ,2

f:Q — R are called local functions ]

and will be denoted by lower-case

letters.  So-called global functions f F
living in M, such as F': M — R, will R

be denoted by capital letters [Hinl6]. Figure 5.1: Formal geometric sctting

Let x € Q, p € M, and 7(z) = p. The relationship between f and F' is given by
f(z) = F(r(x)) or,inshort, f=For.

Submanifold. To define a submanifold we first provide the definitions of a home-
omorphism and an immersion.

Definition 5.1 (Homeomorphism). [Forl3, Ch. 2]. Let X and Y be topological
spaces. A bijective function f: X — Y is called homeomorphism if it is continuous
and the inverse function f~':Y — X is continuous as well.

Definition 5.2 (Immersion). [Fori3, Ch. 9]. Let Q C RF be an open subset. We
call a C*- function

7: Q=R (2q,...,28) = 7(21,...,2%)

an tmmersion if the rank of the Jacobian matrix

0 0 T
fn .0 (V)

Dr = (g_;_) = | : =1 ¢ | erm (5.1)
O0Tn OTn T

is mazimal, that is, we have rank k, in every point x € Q.
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Definition 5.3 (Submanifold I). [Forl3, Ch. 9]. A subset M C R" is called k-
dimensional submanifold of R™ if for every point p € M there are an open neighbor-
hood U C R™, an open subset 2 C R¥ and a mapping 7 :  — R", where

i) T is an immersion,
it) T is a homeomorphism for T(Q) = M NU.

We call T parametrization or local coordinate chart.

T

R* U

n
Figure 5.2: Illustration of Deﬁnition for a submanifold M [Forl3, Ch. 9].

Remarks 5.4.

i) A curve, i.e., a continuous function v : I C R — R” can be parameterized as
a whole. In contrast to this, for £ > 1 only a certain neighborhood of a point
p € M can be parameterized. This clarifies why 7 is called local coordinate
chart.

ii) Strictly speaking, unlike a submanifold, a manifold has not to be part of R".

However, even if M is simply called manifold in this thesis, we always assume
that M C R".

iii) To do calculus, differentiable manifolds are necessary. We usually assume C'-
manifolds [For12]. However, it is no problem to define a C*-manifold with o > 1.
E.g, when defining the Gram matrix later, the parametrization 7 has to be twice
differentiable. We always assume that the manifold is sufficiently smooth.

Often it is no trivial task to find a parameterization. We present another useful
option to define a submanifold.

Definition 5.5 (Submanifold II). [Forl3, [Fori2]. A subset M C R™ is called
k-dimensional submanifold of R™ if for every point p € M there are an open neigh-
borhood U C R™ and n — k continuously differentiable functions

fla"'afn—k::U_)Ra
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so that

MNU={fi(x) == far(z) =0}

and for f = (fi...., fa-t)

of1 of
oxr1 " Oxn
mnk(Df(a:)) = rank : : =n—k VYeeMnU.
afnfk 6fn7k:
o1 Oz

The Definitions[5.3|and 5.5 are equivalent, see [Forl3]. In Appendix we present

various parameterizations of the sphere S? to illustrate that it is a submanifold.

Tangent plane. For a continuously differentiable scalar function f : I — R, I C R
an interval, the idea of a tangent is well-known. The tangent in a given point p € [
is the straight line that touches the function in p and has the slope f’(p). With the
concept of a tangent plane the idea can be generalized.

Definition 5.6 (Tangent plane). [Barl0, Def. 3.2.1]. Given a submanifold M C R
and a point p € M. The tangent plane of M in p is defined by

T,M = {v € R" | 3¢ > 0 and a continuously differentiable curve vy : (—¢,e) — M,
where ¥(0) = p and ~'(0) = v}.

The elements v € T,M are called tangent vectors.

Figure 5.3: Illustration of i) a tangent plane on the sphere and ii) a tangent vector v.

To work with T),M, it is necessary to describe it with a basis.

Lemma 5.7 (Basis of T,M). Let 7 be a parametrization for M as introduced in
Definition[5.3. Then a basis of T,M reads

or or
B=<— I
@i},
Consequently, a vector v € T,M can be written as

k

or
v = Z vZ%(x)
i=1 v
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Proof. (following [Forl3|). We prove that B C T,M by checking the characteristics
of a tangent plane T, M given in Definition [5.6] Consider a curve

v (=) = M,s— vy(x1 + svy, ..., x5 + svg) = 7(x + sv).

Obviously, 7(0) = 7(z) = p. Furthermore, with the chain rule we obtain

0 0
7’(5)—018T(x+sv)+ 4 vk T(!L‘—i—SU).

1 oxy,

Hence, 7/(0) = Zf L Vi 8‘9; (x) = v, and thus B C T,,M.

The tangent plane 7, M has dimension k. Moreover, the vectors %(m), i=1,...,k,
correspond to the columns of Dr, which are linearly independent since D7 has
rank k, see Definition [5.2] Therefore, B is indeed a basis. O

Gram matrix. We upgrade our differentiable manifold to a Riemannian manifold
by equipping it with a metric. A metric is a mapping that allows us to describe
properties such as length, area, angle or curvature. In what follows, it is necessary
to define differential operators as well as the integration over a manifold. A metric
in R” is typically induced by the canonical dot product

T hn n
=1

Tn Yn

The metric on the Riemannian manifold should be consistent with that of the sur-
rounding Cartesian space R™. This is ensured by restricting the canonical dot prod-
uct to the tangent plane in order to define a metric on a manifold [Bar10]:

(-, '>g = (, '>\TprT,,M — R,

(U.V), = <Z Ui (a) Zng—;<m>>

g

= Ek: UiV; <axl g;( )> = > UVgy (5.2)

3,j=1 N > 3,j=1

g

=9ij

Especially, for a two-dimensional submanifold in R? this mapping is known as first
fundamental form [Barl0]. The matrix G := (g;;)ij=1,  is called metric tensor or

75



Gram matrix. It can be rewritten as

G = (gij)i7j:17...k

T
ot
<8J:1>

or | or or  or

oxr1 Ox1 Tt Oxp Oz
= = kel . or
: : oz : Oy

or | or or | or

Oxr, Ox1 " Oz Oxzg

= (DT)TDT c RFXF

Unlike D7, the Gram matrix GG is quadratic. Obviously, GG is symmetric. Its positive
definiteness follows by

(X,X),=X"GX = X"Dr"DrX = (DrX)"(D7X) := [|DTX|* > 0 VX #0.

As a symmetric positive definite matrix, G is invertible. We indicate that the
elements from the inverse matrix are used by shifting the indices, that is,

To shorten notation, let
g = det(G).

Being positive definite, G' has a positive determinant. Thus, taking /g does not
pose a problem. Finally, it is worth mentioning that G and g are not constant.
Hence, to be formally correct, we had to write G(z) and g(z).

5.3 Differential operators

Gradient, divergence and Laplacian are well-known as differential operators in the
Cartesian space.

Definition 5.8 (Cartesian operators). [Forl3]. Let U C R™ be an open set.

a) For a C'-function f : U — R the gradient is the vector field

af 8f)T

oxy ' Ox,

Vf:U—R", (:El,...,a:n)»—>( (5.3a)

The gradient expands to a Jacobian matriz if the operator V is applied to a
vector field instead of a scalar field, see (5.1)).

b) The divergence of a C'-vector field v : U — R" is defined by

n
8%

V-v:U—=>R ce, Tp) )
v 7(’I17 ,{E) :181’7;

)

(5.3b)
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c) Let f : U — R be a C*- function. Then, the Laplace operator, which combines
divergence and gradient, is defined by

—5.
— Ox;

Af =V -Vf:U—=R, (x1,...,2,) — (5.3¢)

While these explicit formulas are suitable for concrete calculations, their extension to
manifolds is not straightforward. Thus, we introduce an alternative representation
of the gradient.

Lemma 5.9 (Relationship between the directional derivative and the gradient).
[For13, Ch. 6]. Let Df(x)v be the directional derivative of a function f in the
direction v, where v € R™ is a normed vector, i.e., |v|s = 1. Then, the gradient

V f(z) is uniquely defined by
Df(z)v = (Vf(x),v) VveR" (5.4)

Formulation (5.4)) offers a geometric interpretation of the gradient. Let 6 be the
angle between the vectors V f(z) # 0 and v. Since ||v|| = 1, the dot product can be
rewritten as

(Vf(x),v) = IV ()] cos(0).

The expression becomes maximal if § = 0, that is, if V f(x) and v are oriented in the
same direction. Consequently, V f(x) points in the direction of the steepest ascent
and ||V f(x)| describes the magnitude of this ascent.

Surface gradient

A gradient with respect to a Riemannian submanifold is often called surface gradient.
Its geometric interpretation is the same as in the Cartesian space: the gradient
Vi F(p) points to the direction of the steepest ascent of manifold M in point p.
Hence, Vj,F' must not have any component orthogonal to M, but Vy F(p) € T,M.
This is why another name for it is tangential gradient.

We present several definitions of the surface gradient, which are ultimately equiv-
alent, but take different perspectives. Using the scalar product restricted to T,M,
the surface gradient can be defined in full analogy to ([5.4)).

Definition 5.10 (Surface gradient I). [Gri09]. Let DF(p)v be the directional deriva-
twe of a function F' in the direction v, where v € T,M is a normed vector. Then,
the gradient Vi F(p) is uniquely defined by

DF(p)v = (VyF(p),v), YveT,M. (5.5)

Remark (Notation). Numerous notations exist for differential operators on mani-
folds. By writing V,;, we express that we are on a manifold M. If the manifold is
the unit sphere, Vg2 is more precise. This can be shortened to V,,, where p € S2.

For practical purposes, we need an explicit formula for the gradient.
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Lemma 5.11 (Surface gradient II). [Gri09]. Let F: M — R, M C R™ open, be a
C*-function. An expression for its gradient Vy F(p) : M — T, M is given by

or .. Of
\Vi § ij
wl' = by ox; g oz (5.6)

Proof. |Gri09]. Since Vy F(p) € T,M, it can be expressed as linear combination of
the basic vectors of T, M. Following Lemma [5.7], this means

VMF Zﬁz 67—

The task is to find the coefficients ;. Using the chain rule, the partial derivatives
of f can be expressed as

of I(For) or
B, () = 8—%(@ =DF <5$i (x)) . (5.7)

We proceed by employing formulation (5.5 for the surface gradient. As left hand
side we obtain

DF(p)v = DF(p) (;vig—; ) Zv, DF (83&1 )) & Zvig—i(x),

i=1

where we used in the first step that the directional vector v is an element of 7}, M.
Furthermore, with the first fundamental form as defined by (5.2)) the right hand side
of (b.5)) can be written as

VMF U Z Vi Gij 6]

i,7=1
Combining the results for the right and left hand side, we obtain

k k

szg—z(ﬁ) = sz‘gz’jﬁj Vv,

i=1 ij=1

and thus,

aml Z 9i;8; Vi

By taking the inverse of (g;;);; this matrix-vector multiplication can finally be re-
formulated to

k
0
5= oL (5.8)
j=1 ’

which is the desired conclusion. O
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Corollary 5.12. Expressed with matrices the surface gradient reads

VuF = (D7)G'VY. (5.9)
Proof. This follows immediately from the elementwise formulation (5.6)). m

Formulation ([5.9)) is suitable to define and assemble the finite element matrices on the
sphere later on. Another formulation for the surface gradient is worth mentioning

if only because it provides a tool to derive the Folgar-Tucker equation from the
Fokker-Planck equation, see the proof of Lemma [2.10]

Lemma 5.13 (Surface Gradient III). [DE13, Def. 2.3]. Let n € R™ be a unit
normal vector with respect to M, that is, nLT,M and ||n|j; = 1. An expression for
the surface gradient then reads

VuF =VF —(VF -nn=PVF, where Py = 0d;; —nn,.

Here, P is the orthogonal projection of the Fuclidean gradient VF' to the tangent
plane. Function F is defined in a neighborhood of M. Its gradient YV F only
depends on the values of F' restricted to M.

Proof. The surface gradient V), F' is always tangential to the manifold M. Since
n 1T, M, this can be expressed by the orthogonality relation

VMFIIZO

To obtain a meaningful surface gradient, we remove the normal component from VF
and keep only its tangential part. Given that

VuF =VF — pn,

the parameter © € R has to be determined. Substituting the second into the first
equation, we end up with (VF — un) -n =0, so that y = VF - n. O

Corollary 5.14. Let p € R? be an orientation vector as it was already introduced
at the very beginning of this work. Then the single entries of the Jacobian matrix
Vup are given by

ap,jpi = 6ij — DDy, Z,j I~ {1,,d} (510)

Proof. A single entry of the Jacobian Vyp € R%*? is denoted by (Varp)ij = 0,.pi-
On the sphere we have n = p and therefore the projection operator can be rewritten
as Pij = 5ij — PiPj- O

Example 5.15 (Application of Corollary for d = 3). A concrete expression for
p € R? is given by the spherical coordinates, which are defined in Appendix by

p = (p1, p2, p3)T = (sinfcos, sinfsinyp, cosh)’.
Applying Corollary[5.14, on the one hand, we find that
1 —pf —D1pP2 —D1ps

Vup = | —pip2 1—p3  —pops
—P1P3 —P2p3 1- pg
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1 —sin?fcos®>p —sin®fsinpcosy —sinf cosbcosp
= * 1 —sin?@sin®p  —sinfcosfsin @
* * 1 — cos?0

On the other hand, the formula for the gradient in spherical coordinates, see ((10.1)),
can be applied to py, ps and ps to obtain the rows of the symmetric Jacobian as

Oip1 Obhpr Ospy
Vup = | Oip2 Oapz Osp2
Oi1ps  Oaps  O3p3
cos?fcos? o +sin? ¢ (cos?f — 1)sinpcos — sinf cosf cos
= * cos?fsin® p 4+ cos? ¢ —sinf cosfsin @
* sin? @

Comparing the sixz different entries, and using the Pythagorean trigonometric iden-
tity if necessary, shows that both approaches give the same result.

Surface divergence

Physically, the divergence defines the amount of change in a flow. A positive diver-
gence describes a source, a negative divergence a sink. For a vanishing divergence,
the corresponding velocity field is called solenoidal.

To describe the convection on a surface, the divergence has to be applied to a
velocity field which is tangential to the surface. As in the Euclidean space, the
surface divergence applied to a vector field V satisfies Vy, - V' = tr(Vy V). An
explicit formula for the surface divergence is given by the following definition:

Definition 5.16 (Surface divergence). Let V = Zle Vi %(w) be a function living
in the tangent plane T,M. Then, its surface divergence is defined by [Alil6]

k

VM.VZLZ a‘(\/gvi). (5.11)

Remark (Different definition of the tangential field). Let us consider the case of
spherical coordinates. On the one hand, the field based on the basis of the tangent
plane, see Lemma reads

or or

= Vhep + V,sinfe,.
On the other hand, the usual convention with normed basis vectors is
V = Vyey + V,e,.

We must be aware that different formulas for the surface divergence result from this,
see equation (10.2) in the Appendix.
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Laplace-Beltrami operator

The generalization of the Laplace operator to a Riemannian manifold is known as
Laplace-Beltrami operator. Like its Cartesian analog, the Laplace-Beltrami operator
takes the divergence of the gradient. This leads to the following definition:

Definition 5.17 (Laplace-Beltrami operator). [DE13, Eq. (2.2)]. For a twice dif-
ferentiable function F, the Laplace-Beltrami operator is defined by
1k
Ay F =V - VyF = Kl 5.12
M M VM \/_Z; o, (\/_9 &E]) ( )

This definition is consistent with the previous considerations: The surface diver-
gence can be applied to functions living in the tangent plane, in particular to Vj, F'.
Replacing the coefficients V; from the general definition of the surface divergence,

see (5.11)), with the specific coefficients from Vj, F', see (5.8, we obtain

Apo L0 S AN ;
M _ﬁ;(%i ﬂ;ga_xj __Zaazz(\/—g 833])

Lemma 5.18 (Relationship between spherical and Euclidean Laplace operator).
The Laplace-Beltrami operator for M = S? is related to the Laplacian in R3 by

(As2f)(p) = (Asf)(p) for p €S, (5.13)
where function f is living on the sphere and

7R\ R T0) = £ (2)

Ipll

is its extension to the Euclidean space R3.

Proof. The Laplace operator written in spherical coordinates reads [Qua93, A.4.3]

A 10 /(,0 +i 1 0 06 N 1 0
BT 2o 87’ sin 6 90 sin 00 sin? § D2

20 @ 1w # 1 o
ror  Or? sinf 90 002  sin® ) Op?

The function f is independent of the radius r, i.e., f(r,0,¢) = f(0,¢). Consequently,
%f = 0, i.e., the radial part of the Laplacian can be omitted. In the remaining
spherical part, considering the unit sphere, we set » = 1 and obtain

COSG of af 0*f 1 0*f
A

(Bgs f)lse sinf 00 ' 9202 sin2 6 02

Since the last equality will be shown in Example [5.20}ii), this finishes the proof. [J

= Agf.

Lemma [5.18|states that applying the spherical Laplace-Beltrami operator to a func-
tion is equivalent to employing the Cartesian Laplace operator to that function with
normalized arguments. Two examples in Appendix illustrate this.

A statement related to that in Lemma can be found in [Sch13, Lemma 8.17].

!Thanks to Dr. Giinter Skoruppa, who gave the idea for this proof.

81



Application of differential operators. In what follows, the formulas for the sur-

face gradient, the surface divergence and the Laplace-Beltrami operator are evalu-
ated for M = R" and for M = S%.

Lemma 5.19 (Differential operators for M = R™). In the Cartesian space, the
formulas (5.6)), (5.11) and (5.12)) for the gradient, the divergence and the Laplacian
on a manifold reduce to the basic formulas (5.3a))-(5.3c).

Proof. For M = R", we find that 7 : R® — R", id : x — x and consequently
Dt =G = G7! =1,. Moreover, we have I’ = f. For the example of the gradient
we write it down in detail:

k n
(EX6)
Vil Z 8$Z 833] Z 8@ % 835

4,Jj=1 t,j=1
& or of & _[of f\" &3
N ; Ox; Ox; Z 8951 N <8x1’”"8xn) = VI

For the divergence and the Laplace operator the relationship follows in a similar
way. O

When assembling finite element matrices, the matrix formulation of the surface
gradient given by Corollary is necessary. Spherical coordinates are not needed.
This changes when test problems are constructed.

For a given reference solution, the corresponding right hand side of the PDE has
to be calculated. Furthermore, the surface divergence is necessary to check whether
a given velocity field is solenoidal. Thus, determining the differential operators in
spherical coordinates is not only a natural application of the previous formulas, but
it is also of practical use for this work.

Example 5.20 (Differential operators in spherical coordinates). In contrast to the
Cartesian space, the coefficients of the derivatives expressed in spherical coordinates
are no longer constant. In the appendix, the spherical coordinates are given by

7(0,) = (sinfcosp, sinfsinp, cosd)’.
Consequently,
cosfcosp —sinfsinp
. . 1 0 L, (1 o0
D1 = | cosfsing sinflcosp |, G= ., G = I E
s 0 0 sin*6 0 1/sin“0
and g = det(G) = sin® . We obtain
i) for the tangential gradient
v, @ (pryev
cosfcosp —sinfsinp (1 0 > P

= | cosfsinp sinfcosy . o
" wind 0 0 1/sin“0
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cos f cos 9 —sinp

cos 0 si + coS L 9
= inp | o o | — =
_sind 00 0 sinf Oy
0 1 0
= €y — 14
Y * e Sing Do’ (5.14)
ii) for the surface divergence, where V.=V, 55 or 1 Vo g;
1 0 o ,. 1 0 oV,
. = 0 0 = — 0 —.
VoV sin @ (89(8111 Vo) + &o(sm V) sin 6 00 (sin6Vp) + dp

ii1) and for the Laplace-Beltrami operator

2
@10 (0
Bp = \/_Zaa:z <\/_g ox;

4,7=1

1 (0 9 9 10
_ 1. “snp. —— . <
Sind (ae (Sme ae) FO+0+ 5, (Sme .y 8g0)>

_ 1 2 1n92 +;8_2
T simf 00 \"" 90) T sin20 0y?

B 0? +COS€8 n 1 0?
00?2 sinf0h  sin®0 0p?’

(5.15)

All three expressions correspond to the formulas, which can be found in the literature,
e.g., [Qua93, A.4.2+3], and which are listed in the appendiz as well.

5.4 Integration on a manifold

Finally, we cover the aspect of integration for submanifolds. In particular, given a
mapping 7 : R” — R", T" — T, the substitution rule is

/Tf(y) /f ) |det Dr(z)] dz. (5.16)

Obviously, this formula cannot be applied to a mapping 7: RF — R" Q — M,
where k # n, because D7(x) € R™* but the determinant is only defined for
quadratic matrices. Fortunately, a generalized substitution rule can be used.

Definition 5.21 (Integration on manifolds). [Bdr10/,[For12, Ch. 14]. Given the
known setting, the integral over a manifold M is defined by

| Pwyan= [ PV as (5.17)

This definition is consistent with formulas we already know. We check this for the
cases k=1 and k = n.
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e k= 1. Considering 7 : R D (a,b) — R", we obtain

T
Dt = <% %L;)
— G = (Dr)'Dr = i om\" _, 17 (2)|1?
B - =1 8x B
— g=detG =G, sinceGeR

D [ rpyap = [ FeE) el

To indicate that for £ = 1 the manifold is a curve, we write I' instead of M. The
volume or rather the length of I' = 7((a, b)) is computed by

/1dp /HT )| da,

which is a well-known formula for the length of a curve [Birl0, Def. 2.1.15].

e k =n. The mapping 7 describes a reparametrization. For 7 : R” — R" we have
D71 € R™"™ that is, the matrix D7 is quadratic. This is why

g = det G = det(D7" D7) = det(D7") det(D7) = [det(D7)]*.
Applying this to (5.17)), we obtain
/Uﬂmwzfﬂmmmwmumm
7(Q Q

which is exactly the basic formula (5.16]) for integration by substitution.

Having seen that Definition leads to meaningful results, it remains to prove
that the definition of the integral is unambiguous, i.e., it depends only on M and F,
but not on 7.

Lemma 5.22 (Well-definedness of the integral). [Forl2, Ch. 14]. The definition of
the integral fM F given by (5.17)) is independent of the parametrization T.

Proof. The proof is straightforward. We assume that there are two parametrizations
7:Q— Mand7:Q — M. Let T : Q — € describe the transition map. Then we
have 7 := 70T and

DT =D(roT)=Dr DT
— G = (DT") (Dr)"D7 DT

G

—  det(G) = [det(DT)]? det(G), since DT is quadratic
— VG = | det(DT)|\/g.
Applying the formula for integration by substitution, we end up with

/VFOT\/E/dﬁ:/NFOTOT|detDT|\/§dﬁ:/FoT\/§dp7
Q Q Q@

which is the desired conclusion. O
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Remark 5.23 (Integration for spherical coordinates). [Forl12, Ch. 14]. For spherical
coordinates with » = 1 integration is realized by

27 ™
/ / ... sinfdfdep.
o Jo

5.5 Transition from theory to practice

5.5.1 Bilinear forms

In this section, we apply the finite element method to manifolds. In Section [3.3.2,
a weak formulation was derived for a convection-diffusion equation in space, i.e.,
ou :

N + Vi - (vu) = eAxu in Q x (0,77. (13-6al)
This section is dedicated to a specific convection-diffusion equation, the space-
independent Fokker-Planck equation on the unit sphere, i.e.,

% ) = DA S? T 2.4b
5 T Vo (B¥) = Drlpy on§°x (0,T]. (2.4b)
The velocity field is given by v = p, and the diffusion coefficient is set to € = D,..
In particular, the Euclidean space 2 C R? is replaced by the unit sphere S? C R3.
The fact that S?* has no boundaries simplifies the problem. The changed differential
operators for the diffusive and the convective term introduce new challenges |[LV10].

Parametric finite elements. For the implementation of parametric finite elements
we apply a transformation 7 : K — K from a reference element K to a physical
element K, see, e.g., [Johl6, Ran17b]. While the physical elements result from the
discretization of the computational area and their appearance may vary, a reference
element has a fixed size and a regular shape. In the case of rectangles and hexahedra
it could read K = [0,1] or K = [-1,1]¢,d € {2, 3}.

A huge benefit of the parametric approach is that data such as basis functions and
quadrature rules only have to be calculated and implemented once on the reference
element. Moreover, quadrature rules are usually defined for these standardized
geometries. By and large, only for 1d toy code it is realistic to work without a
transformation.

Different dimensions. When the computational area is a submanifold, a transfor-
mation is needed as well. In Section[5.2] the transformation was already introduced
as mapping 7 : 2 — M, even though it was called parametrization or local coordi-
nate chart there. Usually physical and reference element have the same dimension,
namely K, K C R? This changes for the sphere S?, where a segment of the 3d
space can be described by a segment of the 2d space, that is, K’ C M C R? and
K C Q C R2. For this reason, the known calculus cannot be transferred one-to-one
to this task. We have reached the point, where all the preparatory work of this
chapter comes together. The following two bilinear forms are most important for
practical implementation.
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Theorem 5.24 (Bilinear forms). The bilinear forms in the planar domain Q that
arise from a PDE formulated for a manifold in the three-dimensional space are

i) agg(p, V) = fQ(ch)T Gt V@D\/ﬁ dx for the diffusive term —Apu and
i) Geono(P, ) = — [ V G7'VY) ¢ /g dx for the convective term V- (vu),

where 7 : R2 — R3,Q — M, is the mapping from the planar domain to the manifold,
and G is the Gram matriz with determinant g as introduced in Section [5.5,

Proof. First, we write down the basic procedure in formulas to explain it afterwards.
For the diffusive operator —Apu we obtain

/—Apcb\pdpQ/ V,® - V, U dp
M M

© [ (or)6 9o (D)6 V) Vs dx

= /(V@)TG_T (DT)'DT GV (/g dx
Q S———r

=G

— [V 6 Ve Vg i,
Q
and analogously for the convective operator Vj, - (vu) it holds that
/ V, - (v®) U dp 2 —/ (v®) - V, T dp
M M
= —/ (v VpU)odp
M

o —/Q v ((DT)G'V) o g dx.

Here ® and ¥ are the trial and test functions on the manifold M, whereas ¢ and ¢
are trial and test functions in the domain 2. We first derive the weak formulation on
the manifold. As usual we obtain it by multiplying the terms of the PDE by a test
function, and then integrating this expression over the whole domain M. Afterwards
integration by parts might be performed, see the equations labeled with (i). The
capital letters for trial and test functions point out that until now the functions are
living on the manifold.

Now the approach has to be reformulated as an integral over a 2d domain. At the
descriptive level a piece of the sphere can locally be considered as an object in the
2d space. From the technical perspective we apply the transformations labeled with
(ii). First, integration on manifolds as presented in Definition is used; that is,
the standard substitution rule is replaced by the generalized one which yields the
term ,/g. Moreover, we need formula to substitute the surface gradient. The
diffusive term can be further simplified by rewriting the integrand and applying the
definition of the Gram matrix. O]
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Remarks. i) (Avoidance of coordinate charts.) It is worth mentioning that the
Jacobian D7 arises in the formulas, but the parametrization 7 : 2 — M is not
explicitly required for the assembly of the finite element matrices. The geometry
is only needed through the knowledge of the vertices of the triangulation [DE13].

ii) (Number of transformations.) The question might arise if there are not actu-
ally two transformations, first the transformation between the 3d and the 2d
space, and secondly the common transformation between the reference and the
physical element. The answer is that within the finite element software these
two transformations are merged into one.

iii) (Generalized integration by parts.) In Theorem integration by parts, and
thus the weak formulation, apparently transfer one-to-one from Euclidean space.
This is due to the special situation on the sphere, where, among other things,
no boundary terms arise. In general, the corresponding formulas for manifolds

are to be adapted [DE13, Th. 2.10+11+18].

Linear vs. quadratic transformations. Another aspect is the general choice of
the transformation. Both the linear and the quadratic transformation are visualized
in Figure 5.4, A quadratic transformation in the Euclidean space calculates the
midpoints of the edges/faces from the coordinates of the vertices. For the unit
sphere this has to be supplemented by a normalization of the midpoints to ensure
that these new points are located on the sphere as well.

In the context of our limiting strategy we are restricted to (multi-)linear elements, so
that usually a linear standard transformation is enough. Furthermore, a quadratic
transformation requires more effort than a quadratic one.

However, in Section there are also the numerical examples, which use quadratic
elements, so that a quadratic transformation is necessary to obtain the optimal order
of convergence. Moreover, even in the case of (multi-)linear elements, a quadratic
transformation increases the accuracy.

When transforming between geometric objects of the same dimension, with a suit-
ably chosen transformation, any point is mapped exactly from one domain to the
other. This is no longer true when a curvilinear area, in our case the surface of a
sphere, is involved. Consequently, the transformation introduces an error and this
error can even lead to the violation of the maximum principles. The usage of a
quadratic transformation reduces this error as much as possible.

o o
SR

Figure 5.4: i) Linear and ii) quadratic transformation from the reference to a physical
element on the unit sphere, visualized for a triangle as well as for a rectangle.
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5.5.2 Meshing

We need a discretization of the sphere to employ the finite element method. For
example, when the sphere models the globe to simulate the weather on earth, the
geographic coordinate system with latitude and longitude comes to mind. However,
the quadrilaterals, which arise in the pole regions, are contrary to every desired
property of a mesh described in Section An improved mesh is the cubed
sphere grid [PBR13|. It is based on six cube faces. A so-called gnomic/central
transformation is applied and different positions are described by trigonometric re-
lations [NTLO05]. In practice, however, this did not prove to be the best option.
Instead, we take 3d geometries, consisting of either quadrilateral or triangular ar-
eas, and define them as initial meshes on level 0. A cube or an icosahedron are
suitable. The vertices are chosen as the points on the unit sphere that has its center
in the origin. The eight vertices of the cubes then are described by

1
\/37

while the twelve vertices of the icosahedron are given by

2 1++5
(0,£b,+c), (£b,£c,0), (£c,0,£b), where b= (= ————
5+V5 V10 +2v/5

: To obtain the coordinates of suitable grid
i points, in every refinement step a square is

————— - - - - divided into four small squares and a trian-
3 gle is divided into four small triangles, see
: Figure 5.5

(+a,+a,+a), wherea =

Figure 5.5: Refinement rules.

Then every new node is normalized. This results in a regular mesh depicted in
Figure 5.6,

m,.»
SO
LS

:
%
%

AVaY

Figure 5.6: Spherical meshes on level 1 and 4, for both quadrilateral elements (left) and
triangular elements (right).
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number of nodes

level | quadrilateral mesh ‘ triangular mesh
In order to estimate the cost 0 3 o
of simulation, on the one hand, 1 % 49
and accuracy of the simulation, 9 98 162
on the other hand, it is relevant 3 386 649
of how many nodes the spher- 4 1 538 92 562
ical grid consists. Table R Glae [~ 0243
summarizes the specific num- 6 94 578 40 962
ber of mesh nodes. This num- 7 98 306 163 849
ber can be dgscrlbed with some N 393 918 655 362
small recursive formulas, see 9 1 579 866 9 691 449

Lemma [5.25
Table 5.7: Number of spherical mesh points starting

from a cube or an icosahedron as geometry.
Lemma 5.25 (Number of nodes). Let v, describe the number of vertices on level [.

a) For the quadrilateral mesh we have

vo:=8 and v =v_;+18-4"71 for 1> 1.

b) For the triangular mesh we have

vo:=12 and v =wv_4+ 30471 for 1 > 1.

Proof. The above formulas follow from geometric considerations. We start with the
quadrilateral mesh. At level 0, i.e., for the cube, the number of vertices, edges and
faces is given by vy = 8,eq = 12, fy = 6. For the next higher level we obtain

v =v-1+ e_1+ fii1,
e = 2e;1 +4fi-1,
fi = Afi_.

It holds true that eq = 2f; and combining the second and the third equation it can
be shown inductively that e; = 2f; for [ > 0 as well. Moreover, the third equation
can be reformulated as f; = 4'f; = 6 - 4!. Inserting these two formulas in the first
equation leads to the desired conclusion.

The procedure for the icosahedron is similar. For the original geometry vy = 12,
eo = 30, fo = 20, whereas for [ > 1 the relationship reads

vy =v-1+ €-_1,

€ = 211+ 3 fi1,

fi= 4fiq.
Combining the two equations 2¢; = 3f; and f; = 4'f; = 20-4' with the first equation
establishes our formula. O
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5.6 Numerical studies on sphere

In this section we consider different subproblems of the space-independent FPE and
solve them numerically. We start with elliptic PDEs on the sphere, extend this to the
spherical heat equation, and finally examine different settings for hyperbolic equa-
tions. By combining these components, an implementation for the space-dependent
FPE can be assembled as it is done in Chapter

5.6.1 Elliptic equations

For the elliptic PDEs on the sphere we verify our numerical results using an an-
alytical reference solution. Stating a relatively arbitrary solution wu, its spherical
Laplacian Apu is calculated to obtain the right hand side f, which is then given in
the code. To obtain the H'-error, the gradient V,u has to be known as well. The
concrete calculations for the following two examples can be found in Appendix[10.3]

5.6.1.1 Spherical Poisson equation

The Poisson equation as the most basic elliptic PDE reads

—~Apu=f on S%

As analytical solution we give u = 2z, see Figure [5.8

The corresponding right hand side is f = —4z. Figure 5.8: 12z

Without an additional requirement the solution of the Poisson equation is not unique
since any constant can be added to it. One remedy is to prescribe the integral value
fSQ u = ¢, where the constant c is adjusted to the chosen function u, here ¢ = 0. A
wrong constant can crystallize in a wrong EOC for the L*-norm but an expected
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EOC for the H'-norm. Below we compare the L2- and the H!-errors, and the
associated EOCs for both a quadrilateral and a triangular mesh.

i) Q; (with linear transformation) Q. (with quadratic transformation)
level | L?*-err  EOC | H'-eer EOC || L*err EOC | H'-e;r EOC
3 5.06e-2 - 3.25e-1 - 2.84e-05 - 1.35e-4 -

4 1.29e-2  1.9694 | 1.64e-1 0.9827 || 1.79e-06 3.9865 | 8.62e-6  3.9668
> 3.25e-3  1.9923 | 8.24e-2 0.9957 || 1.12e-07 3.9966 | 5.42e-7  3.9909
6 8.12e-4 1.9981 | 4.12e-2  0.9989 || 7.02e-09 3.9985 | 3.40e-8 3.9941
7 2.08e-4 1.9995 | 2.06e-2 0.9997 || 4.55e-10 3.9477 | 2.64e-9 3.6897

ii) P, (with linear transformation) P, (with quadratic transformation)
level | L%err EOC | H-err EOC | L%err EOC | H-err EOC
3 2.34e-2 - 1.79e-1 - 2.66e-5 - 4.21e-4 -

4 5.90e-3  1.9881 | 8.99e-2 0.9920 || 1.67e-6 3.9922 | 5.26e-5  3.0009
5 1.48e-3  1.9970 | 4.50e-2  0.9979 || 1.05e-7 3.9957 | 6.57e-6  3.0003
6 3.70e-4 1.9992 | 2.25e-2 0.9995 || 6.83e-9 3.9412 | 8.22¢-7  3.0001
7 9.25e-5 1.9998 | 1.13e-2 0.9999 || 1.77e-9 1.9488 | 1.03e-7  2.9988

Table 5.9: Convergence results for the spherical Poisson equation with u = 2z.

Since our domain is uniformly discretized and solution u is sufficiently smooth, for
shape functions from P, the following basic estimates hold for the Poisson equation:

hr—f—l

| —un| 2@ < e and lu —up|lar) < coh”.

Thus, for (multi-)linear shape functions (r = 1), the error in the L*norm ideally
behaves like O(h?), i.e., it reduces to a quarter if h is halved, whereas in the H'-
norm a behavior like O(h) can be expected, i.e., the error is halved if h is halved.
In fact, for P;/Q; we observe the EOC 2 for the L%-error and the EOC 1 for the
H'-error in Table[5.9]

For quadratic elements we expect the EOC 3 in the L?-norm and the EOC 2 in
the H'-norm. These expectations are exceeded in all cases, although there are
differences between the meshes. This superconvergence effect seems to be related
to the analytical solution. Replacing v = 2z with u = zy, the EOC reduces to the
expected value. Finally, note that for P,/Qs the EOC stagnates or is even getting
worse on level 7, because the solver can no longer improve for errors in the order of
e-9 or e-10.

Transformation. Typically, for P;/Q; a linear transformation between reference
and physical element is sufficient, whereas we use a quadratic transformation for
P,/Q,. If quadratic elements are combined only with a linear transformation, we
expect the order of convergence to be reduced to that of (multi-)linear elements.
However, in some cases the higher order remains, especially in the H'-norm. Con-
versely, joining (multi-)linear elements with a quadratic transformation, for the Pois-
son equation no improvement was detectable, whereas in the hyperbolic case, de-
scribed in Section [5.6.3, a significantly increased order, not that far away from the
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order expected for quadratic elements, was observed. Combining P;/Q; with a
quadratic instead of a linear transformation has another advantage. While for the
standard transformation quantities like tr(A) or the mass of the solution u seem to
be only approximately one, they become exact with the quadratic transformation.

In what follows, we restrict ourselves to the quadrilateral mesh, because usually

switching to a triangular mesh causes no relevant changes.

5.6.1.2 Spherical diffusion-reaction equation

Another possibility to ensure uniqueness of the elliptic PDE
is to extend the Poisson equation to a diffusion-reaction
equation, that is,

~Apu+u=f on S

We choose u = zy as reference solution, see Figure [5.10,  Figure 5.10: u=xy
Again, relevant calculations can be found in Appendix Especially, the right
hand side reads f = 7Txy. Once more we obtain the optimal order of convergence.

Q; (with linear transformation)  Q (with quadratic transformation)
level | L?*-err  EOC | H'-err EOC | L%err EOC | H-eer  EOC
3 5.91e-3 - 2.14e-1 - 3.16e-4 - 1.13e-2 -
4 1.50e-3  1.9783 | 2.14e-1 1.0015 || 4.03e-5 2.9735 | 2.84e-3  1.9882
D 3.77e-4  1.9944 | 5.33e-2 1.0004 || 5.06e-6 2.9934 | 7.12e-4  1.9970
6 9.43e-5 1.9986 | 2.67e-2 1.0001 || 6.33e-7 2.9984 | 1.78e-4  1.9992
7 | 2.36e-5 1.9996 | 1.33e-2 1.0000 || 7.91e-8 2.9996 | 4.45e-5  1.9998

Table 5.11: Results for the diffusion-reaction equation on the sphere with u = xy.

Solver. For the linear systems resulting from the previous elliptic PDEs or the fol-
lowing parabolic PDE, the SSOR (‘symmetric successive overrelaxation’) method
was used as preconditioner and the PCG (‘preconditioned conjugate gradient’)
method as main solver. The PCG method requires a symmetric positive definite
system matrix [Meil5|. Consequently, due to Lemma it is suitable for both the
stiffness matrix from the Poisson equation, and for the mass matrix resulting the
reactive term or the temporal term.

5.6.2 Parabolic equations
Adding a time derivative to the Poisson equation we obtain the heat equation

Qu —Apu=f on S*x (0,7].

ot

We choose T' = 1. In contrast to the Poisson equation, the solution of this time-
dependent problem is already uniquely determined by the initial condition u(0) = uy.
Choosing a suitable time stepping scheme and an appropriate time step size At, we
can expect the same optimal order as for the Poisson equation.
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We use Crank-Nicolson as time stepping scheme for both (multi-)linear and
quadratic elements. As second-order method Crank-Nicolson is certainly suitable
for Q;. In combination with Qs it could be replaced by a third-order time stepping
scheme. Alternatively, the refinement factor for the time has to be V8 ~~ 2.828:

For cubic convergence in space, halving mesh size yields an error smaller by a factor
of 22 = 8. For quadratic convergence in space, mesh size divided by A leads to an
error divided by A%2. We need that A? = 8, that is, A = /8. In practice, Crank-
Nicolson can be used as a third-order time stepping scheme by not just doubling,
but tripling the number of time steps when switching to a finer spatial level.

Inhomogeneous heat equation. First, we consider an inhomogeneous heat equa-
tion. As an exact solution we use an extension of the function, which we have
already used for the diffusion-reaction equation, namely

u(z,y,t) = vy exp(—t).

Accordingly, the initial condition is ug(x,y) = zy, see also Figure [5.10, The right
hand side reads f(z,y) = —u + 6u = bxy exp(—t). Starting from level 3, we use 10,
20, 40, 80 and 160 steps for Q; and 20, 60, 180, 540 and 1620 steps for Qs.

Q; (with linear transformation)  Q, (with quadratic transformation)
level | L%err EOC | H'-err EOC | L%err EOC | H'-err EOC
3 6.71le-3 - 7.66e-2 - 1.19e-4 - 4.15e-3 -
4 1.72e-3  1.9599 | 3.90e-2 0.9744 | 1.50e-5 2.9916 | 1.05e-3  1.9901
D 4.34e-4  1.9898 | 1.96e-2 0.9935 || 1.87e-6 3.0002 | 2.62e-4 1.9974
6 1.09¢-4  1.9974 | 9.81e-3 0.9935 || 2.34e-7 3.0017 | 6.55e-5  1.9993
7 2.72e-5 1.9994 | 4.91e-3 0.9996 || 2.92e-8 3.0015 | 1.64e-5  1.9998

Table 5.12: Convergence results for the spherical heat equation with u = zy exp(—t).

The convergence results documented in Table are optimal. The calculations for
Q; are finished within several seconds. Makmg use of Qs, however, the computa-
tional time increases to more than half an hour. This is not only due to the changed
space, but in particular due to the large number of steps.

Homogeneous heat equation. Secondly, we consider the homogeneous heat equa-
tion, where f = 0. A general solution of the spherical Laplace equation is given by a
linear combination of the so-called spherical harmonics, see, e.g., [Nol13|]. Consider-
ing only parts of this linear combination and extending them by a suitable temporal
term, an exact solution of the homogeneous heat equation reads [TP01]

- 4i i 2n + 1) P,(cos 6) exp(—n(n + 1)t). (5.18)

Here, the P, are the Legendre polynomials and 6 € [0, 7] is the polar angle, see
Section [10.1l
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In principle, u(6,0) describes the d-distribution at the north pole of the sphere.
However, an unrealistically large number of terms is necessary to approximate the
0-distribution for t = 0. In practice, formula is not suitable to describe the
transition from the Dirac distribution to a Gaussian distribution [TP01]. For slightly
larger ¢, the infinite series can be well approximated by only very few terms because
the temporal term is of the form exp(—n(n + 1)t).

Each individual summand of the series in ([5.18) fulfills the homogeneous heat equa-
tion. For our simulation, we use the partial sum consisting of the first four summands
of the infinite series. Substituting cosf := ¢ we obtain

1
4z
1
T 4r
1
T 4r

i M)«

w(f,t) = (2n + 1) P,(cos ) exp(—n(n + 1)t) (5.19)

O

(Po +3P(E)e 2 + 5Py (E)e " + 7P3(§)e_12t>
(

14 3¢ + (352 ~1)e ;(553 _ 3€>€—12t>‘

-3.2e-01 0.5 1.3e+00 1.0e-02 0.1 1.9e-01 4.8e-02 0.08 1.1e-0]1
-—— -— W -— W

Figure 5.13: Solution (5.19) of the homogeneous heat equation at the times 0, 0.5
and 1.

Using 25, 50, 100, 200 and 400 time steps on the interval [0, 1] for Q; and 100, 300,
900, 2700 and 8100 steps for Qs, we obtain the optimal order of convergence, see
Table [5.14]

Q; (with linear transformation)  Q, (with quadratic transformation)
level | L?-err  EOC | H'-err EOC | L%err EOC | H'-err EOC
3 3.09e-3 - 7.04e-3 - 3.15e-06 - 1.60e-5 -
4 8.0le-4 1.9493 | 2.94e-3 1.2594 || 4.15e-07 2.9249 | 3.53e-6 2.1761
bt 2.02e-4 1.9873 | 1.37e-3  1.0963 || 5.35e-08 2.9566 | 8.59e-7 2.0381
6 5.06e-5 1.9968 | 6.74e-4 1.0282 || 6.49e-09 3.0427 | 2.14e-7 2.0084
7 1.27e-5 1.9992 | 3.35e-4 1.0076 | 7.59e-10 3.0968 | 5.33e-8  2.0018

Table 5.14: Convergence results for the homogeneous spherical heat equation at time
T=1.
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5.6.3 Hyperbolic equations

Last but not least, we solve transport equations on the sphere, that is,

Ju
ot

+Vp - (vu) =0 on $*x (0,T].

A suitable bilinear form for the convective term was determined in Section [5.5l For
the different test cases, the velocity must be tangential to the sphere. This reflects
that the surface divergence has to be applied to a function, which lives in the tangent
plane of the surface, see Definition [5.16

5.6.3.1 Extended Jeffery equation

First, we consider the extended Jeffery equation . The corresponding veloc-
ity field v = p = p(D(Vu), W(Vu)) is an element of the tangent plane 7,S?, see
Lemma As initial configuration we assume the isotropic distribution, so that
the exact solution is given by Corollary [2.5]

Vu and flow field name

A and [umina umax]

visualization of u

0.02
—0.01

—0.01
uniaxial elongation

0.349
0.325
0.325
u € [7.5,9.0] x 1072

0.01
0.01

—0.02
biaxial elongation

0.341
0.341
0.318
w e [7.1,8.4] x 102

0 0.05 0
0 0 O
0 0 0

simple shear

0.334 0.020
0.020 0.332

0.333
u € [6.9,9.2] x 102

—0.005  0.05
—0.005

0.01
shear stretch

0.330 0.019
0.019 0.329

0.341
u € [6.7,9.0] x 1072

Table 5.15: Solution of extended Jeffery equations at time T' = 2 for different Vu. The
solution wu is described by its interval, the orientation tensor A and a visualization of u.
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In Table four different flow fields defined by a Jaco- .

bian Vu are compared. The results of the corresponding Jef-

fery equations at T" = 2 are described by the quantities A and )\
[Umin, Umax)- Moreover, the solutions are visualized. We look &z Y
at the spheres in Table from the midpoint between the Figure 5'_16"
positive z-, y- and z-direction, see Figure [5.16] Perspective.

Since the exact solution is known for each point in time, in principle the final time T’
can be chosen arbitrarily. However, all four flow fields form peaks over time. The
transition from a problem with smooth data to a problem with discontinuous data
would at least require the usage of a limiting algorithm.

We choose T' = 2. The convergence results for the four fields are very similar. We
consider the shear stretch case as it seems to be the most interesting one. The
results are summarized in Table [5.17.

Q: Qo
level | L?-error EOC | L%-error EOC
3 5.64e-3 - 1.13e-5 -

4 1.42e-3  1.9942 | 2.14e-6  2.3980
) 3.54e-4  1.9985 | 4.87e-7 2.1313
6 8.86e-5 1.9995 | 1.19e-7 2.0362
7 2.22e-5  1.9997 | 2.94e-8 2.0137

Table 5.17: Convergence results for the extended
Jeffery equation with shear stretch velocity field.

In combination with Q;, we applied both Crank-Nicolson and BDF2 as time stepping
schemes, while the spatial discretization Qs was combined with both Crank-Nicolson
(tripling the number of time steps from level to level) and with BDF3. In each case,
the errors were identical.

For the advection equation as order of convergence with respect to the L2-norm only
O(h) can be proven in the general case and only O(h?) if a suitable stabilization is
used, see, e.g., [LT05, [Donl§|. Using Q;, however, we even obtain the order 2, see
Table . This fits, for instance, with observations in [Loh19, Tab. 3.1|, where un-
der optimal conditions (smooth data, uniform mesh), also order 2 could be observed
when solving the advection equation with linear elements.

An order reduced by one compared to the optimal order for elliptic equations is
observed, when we use quadratic elements. For the remaining test cases we therefore
restrict ourselves to Q.

Solver. The previous combination of SSOR and PCG fails, when we switch to
convective equations because the system matrix is no longer symmetric positive
definite. Instead, we use the SPAI preconditioner and BiCGStab as the solver, as
we did in Section [4.4.2.
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5.6.3.2 Self-reproducing configurations

Next, we use velocity fields, whose initial configuration is reproduced after orbiting
around the sphere for a time interval of size 1. Consequently, the exact solution
is known at that point of time. We consider both a temporally constant and a
deformational flow field, and combine both of these fields with two different initial
configurations, so that four different test cases are examined.

Initial configurations. In contrast to the previous setup we do not start with an
isotropic distribution anymore, but the initial configurations describe a continuous
and a discontinuous geometry. so-called Gaussian Hill defined by

uo(x,y,2) = exp (=5 ((z —20)” + (y —w)* + (2 — 20)°) )

as continuous configuration, see, e.g., [LSPT12|. Even though an exponential func-
tion is often unfavorable because no zero boundary conditions can be prescribed,
this is not a disadvantage on the sphere without boundary.

The triple (zg, Yo, 20) defines position and magni-
tude of the center of the Gaussian Hill. For xg, vy
or 2y > 1 the exponential function ug converges to
zero. We choose (g, 0, z0) = (1,0,0), that is,

up(z,y,z) =exp (=5 ((x — 1) + y* + 27)).

Then, max uy = 1 and the hill is oriented in posi-

tive x-direction, see Figure [5.18 Figure 5.18: The Gaussian

Hill configuration on a sphere.

Slotted Cylinders. As discontinuous configuration we choose two slotted cylin-
ders. This geometry is already known from the numerical studies in Section [4.4]
However, the manifold complicates the definition. It now reads [LSPT12]

fori=1,2,
ifry <rand|p— ] < and 0—91<—%7‘,

1 ifr; <rand|p— ¢ >

1

1 ifry <rand|p— @ < and 9—02>%7“,
0

D3 I3

UO(G’ 90) =

otherwise,

where

5T T
T 0 57 1 2 O? Sol 6 ) 902 6 )
r1 = arccos ( cos(6) cos(6) + sin(6;) sin(0) cos(p — ¢1))

1y = arccos ( cos(f) cos(6) + sin(6s) sin(f) cos(¢ — ¥2)).
Figure 5.19: Two slotted
cylinders on a sphere.
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Radius 7; refers to the left circle/cylinder, while radius ry refers to the right one.
The first condition for uy defines the four circular segments. The second and third
condition are responsible for the area behind the slots, see Figure

Flow fields. Both velocity fields are of the form
V = 11€, — U2€y.

The basis vectors e, and ey are given in Appendix This representation ensures
that v is tangential to the sphere since e,, ey_Le,. The zonal component v; and the
meridional component vy are specified in the following two examples.

Temporally constant flow field. This test case, called solid body rotation in
what follows, can be found in [PBR13| or, historically older but with the correct
sign of vg, in [WDH™92|. It reads

v1(p,0) = 27m(sinf cos a + cos ¢ cos O sin ), (5.20)
ve(p,0) = —27 sin @ sin a. '

The velocity field is solenoidal, since

1 0 1 Oui(p,0)

V.. .v = 0 0
PV Sln009(sm vl 0)) + sinff  dy
0 0
= 27 sin ¢ sin « SR 27 sin ¢ sin « C_OS = 0.
sin sin 6

The rotation angle a provides the orientation of the flow, see Figure For
a = 0 the configuration moves around the sphere in the zy-plane, that is, across
the equator. As the angle « is increased, the circle gets smaller until there is no
movement anymore for « = 7. For a > 7 we observe a change of direction until
for a = 7 the configuration follows the same path as for a = 0 but in the opposite
direction. The same pattern of circles becoming smaller until there is a change of

direction can be observed for a € (7, 27).

2080 e@®

a = 0.257 a=0.4r a = 0.6 a=127

Figure 5.26: Motion described by the velocity field v(«). Observing the orange area,
we look in the positive x-direction; the y-axis points to the left and the z-axis upwards.

Deformational flow field. The velocity field can also be time-dependent. With
minor variations such a deformational flow field can be found in [LSPT12, [PBR13].
The coefficients v, and v, read

v1(p,0,t) = 2Bsin*(¢’) cos(#) sin(#) cos(mt) + 27 sin(h),

va(ip, 0,t) = Bsin(2¢) sin(6) cos(mt), (5.21)
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where ¢’ = ¢ — 2wt. The velocity field has also been constructed to be solenoidal,
so that

1 0 0 , :
Vp: v = = «980<Sm 0) Bsin(2¢’) cos(mt) + 500, ——(sin?(¢’)) 28 cos f sin 6 cos(7t)

= 2 cos(mt) cos(0) [sin(2¢’) — 2 cos(¢’) sin(¢)] = 0.
The coefficient 3 describes the degree of deformation, see Figure [5.31] below.

=0.5 =10
F1gure 5.31: Deformation of the Slotted Cyhnders for different 8 at time t = 0.1.

The time-dependence increases the computational effort, since parameter ¢ is passed
in each time step and the convection matrix has to be reassembled every time.

Remark 5.26. In the underlying sources, [WDH*92, [LSPT12| and [PBR13|, an
‘American convention’ for the spherical coordinates is used. To ensure consistency
within this work, however, we modify and adapt those expressions to use the common
physical convention. Technical details are described in Section

Numerical results

Temporally constant velocity field. We start with a solid body rotation de-
fined by the temporally constant velocity field (5.20) with @ = 0. The usage of other
a did not lead to new findings.

First, we apply the baseline Galerkin approach and use Crank-Nicolson as time
stepping scheme. We switch from the levels 3-7 to the levels 5-9, because especially
for the discontinuous configuration visual improvements can still be observed on the
higher levels. On the time interval [0, 1] and starting from level 5, we use 200, 400,
800, 1600 and 3200 steps. The results for both he Gaussian Hill and the Slotted
Cylinder Conﬁguration can be found in Table [5

The EOCs in Table [5.32| could be expected. For the smooth configuration the EOC
with respect to the L2 norm is 2 as in the case of the extended Jeffery equation, see
Table For the discontinuous configuration, the EOC is naturally significantly
reduced. Moreover, we documented the range [tmin, Umax| at the final time 7" = 1.
For the discontinuous configuration there are strong overshoots and undershoots,
see Figure below.

For the Gaussian Hill here we refrain from visualization, since the final configura-
tion throughout looks similar to the initial configuration illustrated in Figure [5.18]|
However, there are undershoots even for this smooth configuration.

Therefore, all the following simulations are performed using MCL combined with
SSP-RK2. The number of time steps is chosen in a way that the CFL-condition
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Gaussian Hill Slotted Cylinders

level | L?-err EOC [Umin, Umax] L?-err  EOC [Umin, Umax]
5 | 1.09e-2 - [-1.51e-3, 0.9980] | 6.13e-1 - [-7.76e-1, 1.5897|
6 |270e-3 2.01 [-3.65e-4,0.9999] | 4.86e-1 0.34 [-6.01le-1, 1.8009]
7 | 6.75e-4  2.00 [-9.49e-5, 1.0000] | 3.58e-1 0.44 [-6.49e-1, 1.5461]
8 | 1.69e-4 2.00 [-2.52e-5, 1.0000] | 3.05e-1 0.23 [-5.46e-1, 1.5235]
9 | 4225 2.00 [-6.30e-6,1.0000] | 2.38e-1 0.35 [-5.38e-1, 1.5127]

Table 5.32: Results for the baseline Galerkin scheme in combination with Crank-
Nicolson when the temporally constant flow field (o = 0) is used.

Figure 5.33: (cf. Table Visual results for the Slotted Cylinder configuration at the
levels 5 to 9 after a full cycle. The data range is adapted to the extremal values.

is met. Employing the same temporally constant flow field as before, we use
540, 1080, 2160, 4320 and 8640 steps for the levels 5 to 9.

The absolute errors in the L?-norm, the corresponding EOCs and the minimal and
maximal value at the final time of each level are documented in Table [5.34]

Gaussian Hill Slotted Cylinders
level | L?-err EOC [Umins Umax] L?-err  EOC [Umin; Umax]
5 | 2.53e-2 - [2.24€-9, 0.8830] | 5.60e-1 - [-2.16e-09, 0.8474]

6 |4.83e-3 239 [2.13¢9,0.9608] | 4.07e-1 0.46 [-8.10e-11, 0.9952]
7 19594 233 [2.09e-9, 0.9870] | 2.93e-1 0.48 [-7.32e-14, 1.0000]
8 | 1.96e-4 229 [2.07e-9,0.9957] | 2.22e-1 0.40 [-2.80e-15, 1.0000]
9 | 4.05e-5 227 [2.06e-9, 0.9986] | 1.69e-1 0.40 [-4.09e-17, 1.0000]

Table 5.34: Results for MCL in combination with SSP-RK2 when the temporally con-
stant flow field (o = 0) is used.

For the Gaussian Hill the correct physical bounds are kept, while there are still
undershoots for the Slotted Cylinders. However, the undershoots are extremely
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small. At the higher levels they are even in the range of machine accuracy. Moreover
the overshoots can no longer be identified in the visualization, see Figure [5.35]

Figure 5.35: (cf. Tableu Visual results for the Slotted Cylinder configuration at the
levels 5 to 9 after a full cycle. The data range is adapted to the extremal values.

Deformational flow field. Finally, we use the time-dependent velocity field
given by . Using # = 10 this is a relatively demanding test case with strong
deformation. The MCL algorithm is applied in combination with SSP-RK2 as time
stepping scheme. Again, the number of time steps is determined by the CFL-
condition (4.16)). The CFL-condition is influenced by the velocity field. Starting
from level 5 we even use 2000, 4000, 8000, 16000 and 32000 steps for the interval
[0,1]. The Tables and Figures and show the results.

Gaussian Hill. For the smooth Gaussian Hill initial configuration we obtain:

linear transformation quadratic transformation
level | L?*-err EOC Umin Umax

(global)  (T'=1) | (global) (T'=1)

5 | 3.05e-1 - -4.68e-8 1.25e-8 2.06e-9 1.35e-8 0.39

6 | 1.62e-1 0091 2.06e-9  2.44e-9 2.06e-9 2.45¢-9 0.62

7 | 591le-2 2.46 2.06e-9  2.26e-9 2.06e-9 2.25e-9 0.82

8 1.31e-2  2.28 2.06e-9 2.14e-9 2.06e-9 2.14e-9 0.93

9 |224e-3 2.53 2.06e-9  2.09e-9 2.06e-9 2.09e-9 0.98

00000

Table and Figure 5.36: Quantitative and qualitative results for the Gaussian Hill after
a full cycle at levels 5-9 for a deformational flow field if MCL is applied.
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Slotted Cylinders. For the discontinuous configuration the results read:

linear transformation quadratic transformation
level | L?-err EOC Unnin Umax
(global)  (T'=1) | (global) (T=1)
5 0.74 - -1.29e-06  -1.70e-07 | -3.59e-07 -9.19e-09 0.72
6 0.58  0.35 | -1.03e-07 -4.08e-09 | -3.11e-08 -3.15e-10 0.97
7 0.45  0.38 | -1.42e-08 -2.51e-11 | -4.56e-09 -5.41e-12 1.00
8 0.33  0.45 | -1.78e-09 -2.16e-13 | -5.72e-10 -2.39%-14 1.00
9 0.24  0.42 | -2.23e-10 -3.24e-16 | -7.17e-11 -1.35e-16 1.00

VOO

Table and Figure 5.37: Quantitative and qualitative results for the Slotted Cylinders
after a full cycle at levels 5-9 for a deformational flow field if MCL is applied.

Despite limiting, we observe undershoots for the Slotted Cylinder configuration.
This can be explained by the fact that the surface elements are not given exactly,
but that they are mapped to 2d elements. For this reason, we compare the linear
and the quadratic transformation although only the space Q; is used.

With respect to the two different transformations no difference can be found for the
L?-errors, for the maximal values uyay at the final time and for the visualization.
However, slight differences are identified for the minimal values u;,. For both
transformations the global minimum, that is, the minimal value over all time steps
and the minimal value at the final time 7" = 1 are compared. Throughout the
magnitude of the negative values at the end of the simulation is significantly smaller
than the global minimum. In addition, the quadratic transformation is on average
one decimal place more accurate than the linear transformation.

While the improvement of the L2-error does not seem that impressive for the dis-
continuous configuration, the visualization demonstrates that the shape is restored
significantly better from level to level. Furthermore, we recognize that in case of the
deformational flow fields it is even more challenging to restore the original shape.
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6 Techniques for the coupled
system

This chapter covers technique for the full Fokker-Planck equation as well as theory
for the Navier-Stokes equations. The focus of the thesis is on the Fokker-Planck
equation for ) = ¢(x, p,t), concretely
W v Ve (DY) = Ap(D in Q2 xS*x (0,
E—f— X'<u¢)+ P'(p¢)_ P( T¢> mas X ><(, }7
where p=Wp+ A [Dp—(D: (p®p))p],
=1 inQxS*x {0},
and 1 = ¥ on 9N x S* x (0, 7).

Considering this system, the Fokker-Planck equation is complemented by the
Jeffery equation and by generic initial and boundary conditions. We introduced
a splitting of the full Fokker-Planck equation into an advection equation in the
physical space and a convection equation in the configuration space already at the
beginning of this thesis, see the equations and (2.4D). This splitting is not
only highly recommended, but even necessary to solve the equation numerically
within a tolerable time. Therefore, the basic principles of operator splitting are
presented in Section[6.1} While Section[6.1.1 covers the topic in general, Section[6.1.2
is dedicated more specifically to the Fokker-Planck equation, including aspects of
implementation.

For more advanced problems the velocity field u is not given analytically anymore,
but it is measured in experiments or calculated numerically by the Navier-Stokes
equations. For fiber suspensions a suitable formulation of them reads

0
p(a_ltlJr(u.v)u) =pg—Vp+V-7T, Vou=0 inQx(0,T]

where 7 =2u;(D+ N,A : D+ N, (DA + AD)),

see (2.23)), (2.29) and (2.33). When we couple the Fokker-Planck equation to the

Navier-Stokes equations, limiting the individual subproblems of the former is not
enough anymore. To obtain a conservative scheme, additionally the equation as a
whole has to be modified. An algorithm for this is given in Section [6.2]

The Jeffery equation determines vector p based on the tensors D = D(Vu) and
W = W(Vu). Consequently, the Jacobians Vu have to be reconstructed from
the velocity field u. Section addresses a possible gradient recovery. Finally,
Section[6.4]describes requirements and methods to solve the Navier-Stokes equations.
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6.1 Operator splitting

6.1.1 Basic idea of operator splitting

Classification. Operator splitting is a technique to solve ODEs and PDEs by
breaking them down into smaller and simpler subproblems. It can be interpreted as
a time stepping method. Let us consider the generic equation

du

— 4 Lu= 6.1

& +Lu=f (6.1)
and a two-term splitting

L=L+ L. (6.2)

On the one hand, we distinguish between dimension and physical splitting [HV03].
Dimension splitting separates the operator £ with respect to the space dimensions.
Instead of solving one huge problem in d dimensions, we solve d one-dimensional
problems. This methodology is also known as alternating direction approach [HV03].
Its origins go back to the 1950s, when ‘alternating direction implicit’ (ADI) was
developed for parabolic and elliptic equations using finite differences [PR55].
Physical splitting means that we split between the terms associated with different
physical phenomena such as convection, diffusion and reaction.

On the other hand, we distinguish between differential and algebraic splitting
[QVO08|. Using differential splitting, the decomposition is realized on the contin-
uous level, that is, £; and L, represent different differential operators of a PDE.
The splitting of the boundary conditions has to be kept in mind as well.

Algebraic splitting is applied on the (semi-)discrete level. In this case, the opera-
tor £ from corresponds to the matrix £ = M~ A, where mass matrix M and
matrix A result from the space discretization. Since we are on the algebraic stage,
the matrices already include the boundary conditions [KH15].

Another name for the operator splitting is fractional-step algorithm. It is often used
synonymously in the literature. Following [QV08|, however, call the decomposi-
tion itself operator splitting but the concrete schemes fractional-step methods.
Three of them are listed below.

Specific schemes. A basic method is the Marchuk-Yanenko splitting [QV0§|

1

n+§ n

u — U
At
un+1 - un—‘r%

At

where n > 0. We have two implicit problems. They are similar to backward Euler
steps, but it is not intuitive that the time step size At is used twice even though
only the interval (u", u"™!) is considered. However, adding (6.3a)) and (6.3D) yields

+ Ltz = 0, (6.3a)

+ £2un+1 = fn7 (63b)

n+1 n

— U 1

u +£un+1 — fn +£1(un+1 _ un+§)' (64)

At
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Equation (6.3b) can be reformulated to

Wt = A — Lou™h). (6.5)
Substituting (6.5)) into (6.4), we then find that [QVO0S|
un+1 —un
+ Eu"+1 = fn + Atﬁl(fn - EQU”+1>. (66)

At

Expression demonstrates that the Marchuk-Yanenko splitting is well-posed and
first-order accurate, in the sense that the splitting error is O(At). It is straightfor-
ward to extend to a splitting with more than two operators. However, the
intermediate results are no consistent approximations to the exact solution [HV03].

This is the other way round for the Peaceman-Rachford scheme [PR55,G1o03, |QV08|

“ Azt/—Qu + Lot = e Lo (6.7a)
n+l n—i—; N L
4 N /Z F Loumtt = Y Lot (6.7b)

We recognize that there is a symmetry between the operators £, and £,. The scheme

is consistent also at the intermediate levels, since both operators are incorporated
1

in both steps. Eliminating "2 we find that [QV08]

un+2 —ut

1 n n+1 n+1 2 un—l—l —u"

At

Consequently, the Peaceman-Rachford scheme is second-order accurate.
Another second-order method is the three-step Strang splitting [KH15]

(u"ti —un |
—_— Liu"T1 = 0 6.9
At/Q + 1u ) ( a)
nt+3 _ nt3i
“ 4At“ L4 Loumti = 0, (6.9h)
un—i—l _ un—l—i
B Loyt = 7. 6.9
| At/Q —+ 11U f ( C)
A fourth well-known algorithm is Glowinski’s -method [Glo03|, which reads
un+9 —um
e (6.100)
JUTTE W0 o0 2 e e (6.10b)
Uu et — u .
(1—20)At ? N
un+1 _ un—i—l—@ i +1-0 10
L OAL + Elu = f — ,Cgu s (6100)

where 6 € (0, %) In each time step one operator is treated explicitly and one
operator is treated implicitly [KH15|. This three-stage splitting scheme is second-

order accurate for 6 = 1 — \/75 A detailed analysis can be found in [Glo03].
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Advantages and difficulties. Operator splitting gives a division into subproblems.
This has several advantages. Dimension splitting can simplify the matrix structure.
For instance, a pentadiagonal matrix might be reduced to a tridiagonal matrix,
which then allows to employ particularly efficient strategies such as the Thomas
algorithm instead of an LU decomposition.

Applying physical splitting the resulting subproblems can be solved individually
and customized discretizations can be choosen. For example, the convective term
can be treated explicitly, while the diffusive and reactive terms are treated implic-
itly [KH15]. Another helpful tool is the subtime stepping, where the number of time
steps may vary between the subproblems and can be adapted individually, so that
effort can be saved for less restrictive requirements to At.

Thanks to smaller subproblems nonlinear systems too large to handle due to inherent
couplings are avoided from the start [HV03]. Nonlinear terms, as they arise in the
Navier-Stokes equations, are isolated.

A further aspect is the modularity of the corresponding code. Existing code for
basic equations can be reused. The overview during programming and debugging is
facilitated. Last but not least, the possibility for parallel computing is given.

Despite the overwhelming advantages of the operator splitting, we should keep in
mind that it can also have an adverse effect on accuracy and robustness [KH15|.
Furthermore, by the subtime stepping some level of coupling is given up. For the
coupled FPE-NSE system we discuss this in Section [7.2.2.2.

6.1.2 Application to Fokker-Planck equation

Without operator splitting the full time-dependent FPE with its six dimensions
would be computationally intractable. This is due to the ‘curse of dimensionality’,
which means that the computational effort grows exponentially with each additional
dimension [KS09a, [LOP11]. Splitting the FPE into two subproblems improves the
situation. With the natural choice to separate the components of space and orien-
tation, the splitted FPE reads

o o

T + Ly = Y + Lyt + Ly =0,

where L9 = Vy - (uy) and Ly =V, - (DY) — Ap(Dy1)).

This alternating direction approach results in a homogeneous spatial advection equa-
tion, on the one hand, and a space-independent FPE, on the other hand, see equa-
tions and in the modeling chapter. We interpret this decomposition
as dimensional splitting, since both the x- and the p-component describe points in
space |[GT13].

For simplicity, we use each of the two operators Ly and L, exactly once per time
step. This is similar to the Marchuk-Yanenko method, even if no implicit treatment
is required in our case. For instance, in [HO06] the FPE is solved using the second-
order accurate Strang splitting. However, here it is acceptable if we are only first-
order accurate, i.e., if we have a splitting error of O(At). On the one hand, this
is reasonable compared to the modeling error, and since the changes over time are
relatively small. On the other hand, the spatial error always dominates, since for
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our space discretization including the limiting only O(v/h) can be expected [Loh19).
Nevertheless, in practical computations a higher-order time-discretization is applied
in each splitting step and better convergence results can be observed, see Section[7.1]

In analogy to the standard finite element approach (3.4]), we choose the tensor
product approximation

¢(X,p,t) ~ Yﬁh(X,p,t) = Zzwz,k(t) Soi(x) @(p)a

i=1 k=1

where ¢(x) and @ (p) are continuous Lagrange basis functions, so that

Vn(Xi, Py t) = Yin(t).

The coefficient 1; () describes the probability that a fiber located at the node
x; € Q has orientation py € S? at time ¢. Using the notations ¢y (x;, p,t) = ;. (¢)
and (X, Pr,t) = Yux(t), the two subproblems to be solved in each time step
(t", "1 are

1.) For each orientation py solve the homogeneous spatial advection equation

aw*,k

W + Vx : (u¢*7k) =0 in Q, (6].1)

where 9., (") = V7, @Df:l = Yy (t"1).

2.) In each grid point x; solve the space-independent FPE

awi,*
ot

+ Vo - (Dithis) = Ap(Drhi.) on S% (6.12)

where ;. (") = ¢t i =L ().

In the literature, authors often use a heterogeneous alternating direction approach,
that is, their approaches for the physical space and the configuration space dif-
fer [KS09a, [Loh16b|. In this thesis, however, we apply the same methodology for
both subproblems. This is an indicator for the strength and the wide applicability
of the MCL method.
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Implementation. For practical pur- M
poses, we store the intermediate results, —
i.e., the coefficients, in the huge N x M- 48 _ s o T
matrix ® o000 o !
Q |. el Bl g .| store new
U = {¢ir}i=1...v. (6.13) ® o 0|00 \1% %
k=1,..,M N< o 00|00 Zie
o:®
. . o o000 ZE
Updating the i*® row corresponds to [ .00
. . e o000 o g
solving the space-independent FPE for c olole o w3
grid point x;, updating the £** column to | — ] YO
solving a homogeneous advection equa-
tion for orientation p. sotation < >s§2ff£?§v
Each row‘of the matrix is part of the FPE solver
configuration space, each column part of G
the physical space, see Figure The PRy p
updates are realized sequentially. Figure 6.1: Schematic illustration of the

operator splitting for the FPE [Kne06].

Considering the two subproblems and again, there are the velocity
fields u without index and p; with index. This corresponds to practical experiences
during assembly. For the term Vy - (uy)) we obtain one N x N-matrix, while an
M x M-convection matrix has to be assembled for each grid point .

Last but not least, it has to be weighed up how to choose the number M of spherical
grid points in relation to the number N of spatial grid points. In 3d, typically
N > M. Then, in each time step, we have to solve many space-independent FPEs
with relatively small M x M-FE matrices. At the same time, only M advection
equations have to be solved, but they produce large linear systems consisting of
N x N-FE matrices.

Outlook: Application to the Navier-Stokes equations. To take into account
the mutual influence between the fluid and the fibers, finally the FPE and the NSE
are coupled. Various types of splitting are also widely used for the NSE.

Since the treatment of the nonlinearity and the incompressibility is particularly
challenging, these components should be treated individually. By doing so, also the
velocity and the pressure can be handled in a segregated manner. A further option
might be to decouple the convective term and the diffusive term. For example,
one option is to use Glowinski’s 6-scheme as an operator splitting approach.
Choosing the operators £; and Ly appropriately, see, e.g., [KH15|, we have to solve
two Stokes problems and a nonlinear convection-diffusion equation.

Section [6.4.2 presents some basic techniques to solve the NSE numerically.
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6.2 Limiting for systems

In Chapter 4l we introduced the MCL methodology, which is designed to ensure
bound-preserving and conservative numerical results. Switching to the full FPE,
however, the basic approach does not ensure conservation of mass anymore.

The basic approach for limited fluxes reads f;; = a;;fi;. Application of MCL
to the advection equations ((6.11)) produces vectors of limited fluxes [, = aujr fijk,
which include the orientation angle k as well.

For this reason, we split up the limiting into two steps. We do not throw away the
benefits of the previous limiting but still use MCL to obtain f7,. In the second
step, [y 18 used as auxiliary flux and enhanced to [ = 0ijr /. We derive a
requlrement for f77, and a formula for the associated [;j .

In our framework, the conservation of mass is equivalent to the normalization con-
dition (2.3b)). In particular, the additional requirement for the discrete ODF is

wnJrl( d mz ¢n+1 i (614)

gd—1

where my;, = de,l ©or(p) dp describes an entry of the lumped mass matrix with
respect to the sphere. Using the flux corrected approach, in analogy to (4.17]) within
a forward Euler time we obtain

n n At n n Kk
T =l ™y D [(dig = ki) (7 — o) + 5] - (6.15)
JEN}
Since each explicit SSP-RK method consists of forward Euler steps, the following
results can be transferred. Substituting (6.15)) into (6.14]), the mass on a sphere is

n 1 n+1
- w + Zm w +
M M M
= kal/’zk + Z ((dij - kij)(zmk%rfk - kaiﬁzk) + kaf;;*k>
M jen k=1 k=1 k=1
> N 5
= 1+—Zka e (6.16)

]GN* k=1

where it was assumed that the normalization property is given at time ‘n’. Our goal
is that the mass of each sphere remains one at time ‘n+1’. With respect to (6.16))
this is satisfied if

M
S mf = 0. (6.17)
k=1

For the low-order method, where «;;, = 0 and hence [ = 0, this is automatically
fulfilled. For the general case we adapt the scaling strategy from |[LKSMI17] to
determine the coefficients f;;, in a way, that is satisfied. This might be
summarized in the following algorithm:
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Algorithm 6.1 (Mass limiting).
1.) Prelimiting: Tk = Yjkfijr

2.) Additional limiting: fi, = Bijxfi;x, where

~ S min{0,mif, ) .
Zmax{O,mkf;j];} Zf kafij,k > 0 and mkf;;’k > O’
o S max{0,mf b i .
Bijk = _Zmin{07mkfi*]j,:} if Yomef, <0 andmygfl, <0,
1 otherwise.

The B« satisty (6.17)). For each entry of the coefficient matrix ¥ the product my, ik
is calculated and then it is checked row by row whether the sum of these products
is positive or negative. If the sum equals zero, condition (6.17) is already met by

*

fiix and Bij . is set to one. If the sum is positive, the positive entries have to be
reduced by weighting them appropriately. This is done by choosing the weight as
the quotient of the sum of the negative and the sum of the positive entries in the
row, combined with the correct sign for f3;;;. In case of a negative row sums the

procedure is analogous.

Algebraic example. A small example may illustrate how the additional limiting
works. Let

mk:<1 2 4 0.5> and f;;yk:(z 30 —1),
so that

mifie=(2 ~6 0 —05) and > myfy,=—-45<0.
k

Thus, the weighting factor for the negative entries of [, reads

sum of positive entries of my f7 | 4

Bijk = — = —

—sum of negative entries of my. f, 13’

so that [ = Bijk Sl = (2 -2 0 —%). Hence,

which is the desired result.

Additional coupling. A key change due to the second limiting step is that the
single equations cannot be solved independently from each other anymore as already
the notation with the three indices 7,7 and k£ demonstrates. Originally, solving an
advection equation in space corresponded to updating the respective column of the
coefficient matrix ¥. Now we need to know «;;, for all indices k£ to calculate 3;;
for a given 7. All in all, the additional limiting step requires more exchange of
information.
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6.3 Gradient Recovery

Solving the NSE we obtain a numerical solution w,. To calculate the tensors D
and W, the gradient Vuy, has to be reconstructed. Gradient recovery is a common
task in computational mathematics. Different options are, for example, presented
in [Donl8|. We use an approach based on an L?-projection, see [Kuz10].

Definition 6.2 (L2-projection, [Lohl9]). An L*-projection projects an arbitrary
function v € L*(Q) into an FE space Vi, C L*(). The L*-projection operator
Py, is defined by Py, : L*(Q) — Vi, u > Pru := uy,, where

(Pru, on) 2 = (U, n) 2,  that is, /(Uh —u)op =0 Vo, €V
Q

Remarks 6.3 (L2-projection).

i) (Applications.) An L%projection can be used to project a given function, e.g., a
discontinuous initial solution of a time-dependent problem, to an FE space V},.

ii) (Properties.) With the admissible test function ¢, = 1 we obtain [, us, = [, u,
i.e., mass conservation. Moreover, the L?-projection satisfies the best approxi-
mation property ||u — Prul|r2(q) = ming, cv, [|[u — ¢nl| 12, see [Loh19)].

Using linear or bilinear basis functions, the gradient

Vu, =Y u;Ve; € (Vi)
j

is piecewise constant and discontinuous at the interelement boundaries, so that no
direct evaluation at the nodes is possible. A continuous approximation for the
gradient can be defined by |[Kuzl0]

B4
g, &2 > e € (Vi)
J
Our approach applies the L2-projection

/gh i = / Vuy, ¢; Vi € V. (6.18)
Q Q

Choosing the ¢; from the same space as in the overall problem is not mandatory,
but natural.
We introduce the discrete gradient operator C, where

C= (Cij%?;‘:l) Cij = /S;(,OZVQO] dx.

The boldface notation symbolizes that the single entries are not scalar-, but vector-
valued. The size of the vectors equals the space dimension d. Since our application
is set in the three-dimensional space, we assume that d = 3. A transfer to lower
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dimensional spaces is no problem. In 3d, the gradient operator C can be split into
the matrices C = (C*,C¥, C?), where

r _ (.x \N T
¢ = (Ci,j)i,j:h Cj = | Pi Oupj dx,
Q

y — (Y \N Y o_
CY = (Ci,j)i,jzla Cij = wi Oyp; dx,
Q

z z \N z
C* = (Ci,j)i,j:17 ¢ = [ wi0.p5 dx.
Q

Substituting the expressions for g and Vuy, into (6.18)), rearranging the terms and
identifying the formulas for the consistent mass matrix and the discrete gradient
operator, we find that

/Zgj%‘ Y = /Z%‘V@j ;i Vo eV,
S S

— Z/%% g = Z/%V% uj Ve €Vi
J &,_/ J QH,_/
=mi; =cij
Here we approximate My by Mj because the inversion of the mass matrix is ex-

tremely cheap and for (multi-)linear basis functions the result is accurate enough.
The equation to determine the coefficients of g;, then reads

g = M;'Cu. (6.19)

For the implementation the question arises how the dimensions in (6.19) fit together,
since the entries of both g and C are vector-valued. Obviously, the size of g is related
to the size of u. If u is scalar, we obtain a gradient in the classical sense, that is,

arui gi,z

_ N _ .
g = (8i)iz1, 8 = | Oyui | =1 | Giy
azui 9.z

However, u usually is a vector-valued quantity. Considering the FPE, u is a velocity
field in each grid point. Strictly speaking, the ‘gradients’ are Jacobian matrices
then. Therefore, we replace the notation g by G, where

amui,x ayui,m azui,x 9ixx gi,my Gixz

N .
G = (Gi)i:h GZ = a:vui,y 8yui,y 8zui,y =\ Giyz Giyy UGiyz
aa:ui,z 8yui,z azui,z Gizx Gizy Gizz

Using the splitting of C, in the case of a scalar function u the individual components
of g = (¢%, ¢¥, g%) can be written as

g" = M;'C%, ¢ = M;'C%, g¢° = M;'C*u.
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The elementwise formula then reads

1 VN 1 N, Ry
Gix = — E L Clgy Giy = —— E Gy, Gix = —— E Gy
m; j=1 1y ) Y m; j=1 1y )0 m; j=1 ()

The extension to a vector-valued u = (u®, u¥, v*) € RY*3 is quite natural. We
only have to substitute u”, u¥ or u* for u to obtain the final result. Configurations
for different sizes are illustrated in Table [6.2 The usage of row or column vector

depends on the given structures in the software. Therefore, we do not care whether
G e RN><3><3’ G e R3><3><N or G e R3><N><3‘

u scalar g* = M;! c* u
considering only one component € RY € RVXN  RNxN - RN
u scalar g = M;? C u
considering all components € RN € RVXN  RNxNx3 RN
u vector-valued G = M;? C u
considering all components € R3X3xN € RVXN  RNxNx3  RNx3

Table 6.2: Overview of different setting with respect to the involved dimensions.

Remark 6.4 (Testing the gradient recovery). To check the implementation, we
specify an exact velocity field, e.g., u(z,y,2) = (—y,r,2?). We require the scheme
to be linearity preserving, i.e., if the solution consists of linear functions such as the
Jacobian

1 0
0
2z

Vu =

Y

o = O

0
0
it has to be exact.

6.3.1 Trace correction

We assume an incompressible fluid, i.e., V-u = 0. For an analytical flow field u this
is equivalent to tr(Vu) = 0. The gradient recovery approach presented above does
not guarantee that this property transfers to the discretized function. Instead, for
some points in space, the scalar tr(Vu) even takes values with two or three digits.
Therefore, we solve the constrained optimization problem

min ||G — Vu||%
sk, tr(Vu) =0,

Let G be a Jacobian already approximated with the gradient recovery, while

Vu = (Zij)g

i,j=1
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is unknown. We use the Frobenius norm, which is easier to apply than the L?-norm.
For a matrix A € R™*™ the squared Frobenius norm is defined by

IAIE = > layl (6.20)

i=1 j=1

To find the minimum of f(Vu) := |G — Vul||% := Zijzl(gij — zij)? subject to the
equality constraint g(Vu) := tr(Vu) = 211 + 222 + 233 = 0, we apply the Lagrange

formalism, see |[Forl3]. We first have to form the Lagrange function
L(Vu,\) = f(Vu) + Ag(Vu),

where A is the so-called Lagrange multiplier. The next step is to determine the
stationary point of £(Vu, \). Differentiating with respect to z;;, i # j, with respect
to zi, 1 € {1,2,3}, and with respect to A\, we find that

oL !

D25 = —2(gi; — 2ij) =0 = Zij = Gij, (6.21)
oL
= —2(gii — 2i) + A =0 = Zi = g — N2, (6.22)
Zii
oL |
o = tmtam = 0. (6.23)

While (6.21)) gives no new results, substituting (6.22) into (6.23), we obtain

3 2
gu +922+g33—§>\20 = >\:§tr(G).

Inserting A into ((6.22), we end up with

1

that is, the deviatoric part of tensor G is determined. In summary, using this
pleasantly simple formula (6.24)), it holds true that

(V) B3 g, 5. %tr(G) — (@) — tr(G) = 0.

6.4 Numerical methods for Navier-Stokes
equations

Modeling. The incompressible Navier-Stokes equations, consisting of the conser-
vation laws for mass and momentum, were derived in Section[2.4] The stress tensor T
determines whether a Newtonian or a non-Newtonian fluid is modeled. Leaving ten-
sor T unspecified for the time being, the Navier-Stokes equations read [KH15, [Loh19]

ou

pE +pu-Vu—-V-7+Vp=pg inQx(0,7] (momentum equation),
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V-u=0 inQx(0,7] (incompressibility),
uy inQ (initial condition),
u=up ondpx (0,7] (Dirichlet boundary),
Tn—pn =ph ondQy x (0,7] (Neumann boundary),

where ug is the initial velocity field, up the Dirichlet boundary data and h the force
acting on the fluid in the outward normal direction n [Loh19].

Initial and boundary conditions. For the instationary Navier-Stokes equations an
initial velocity uy must be specified. It has to satisfy the incompressibility constraint.
This is the case if it is determined as the solution of the stationary Navier-Stokes
equations, or the corresponding Stokes equations. Note that uy also has to be
compatible with the boundary conditions.

On Dirichlet boundaries, the velocity is given as a function. Typically, such bound-
ary conditions, also known as essential boundary conditions, are set at the inflow
boundary and at the fixed walls. In the case of pure Dirichlet boundaries we obtain

O—/V'udx—/ u~nds—/ up -nds
Q 0 a0

as a compatibility condition |[Joh16]. When using pure Dirichlet boundary conditions
the pressure solution is only defined up to an additive constant. An option to get
a unique solution is to force the mean value over the pressure to be zero [Bral3].
Furthermore, the pressure becomes uniquely defined, when Dirichlet and Neumann
conditions are combined. Neumann conditions are typically chosen at the outflow
boundary. The exact form of a Neumann boundary condition depends on the given
PDE. Neumann conditions are also called natural boundary conditions [Joh16], since
they are defined in a way that the integrands of the corresponding boundary integrals
reduce to a given function. If they even reduce to zero, we have a so-called do-nothing
boundary condition [Joh16].

Numerical methods. We apply numerical methods to approximate a solution of
the Navier-Stokes equations, since in the vast majority of cases no analytical solution
is known. A space and a time discretization as well as a solver have to be chosen.

The usual methods are applicable for the spatial discretization. However, finite
differences are usually only found in ancient publications [Cho68|. In the 1990s
finite volumes and finite elements had proven to provide the most accurate and
efficient solutions |[Tur99]. The trend was more and more towards finite element
methods |GS98, [Tur99|, which we also use below.

6.4.1 Weak formulation, discretization, Stokes elements

Weak formulation. To derive a weak formulation for the continuous conservation
laws, as usual the equations are multiplied by a test function and the resulting
expression is integrated. However, the test function w has to be vector-valued, since
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the velocity u is [Loh19]. For the viscous term V - 7 and for the pressure Vp it
applies that

—/(V~T)~de: /T:VW dx—/ n - wds,
Q Q o0

and Vp-wdx = —/p(V-W)dx+/ pn - wds.
Q o9

Hence, the weak formulation for the whole system reads:
Find u € W and p € Q, so that

p/a—u-de+p/(u-Vu)~de—|—/T:dex
o Ot Q

“ (6.25a)
—/p(V-w)dx—/(Tn—pn)wds:p/g-wdx Vw € W,
Q ) Q
and /(V ‘u)g = 0 VYgeQ. (6.25Db)
Q

With respect to the highest occurring derivative for the velocity, we choose

W ={uc H(Q)?|u=upondQp},
and Wy ={we H(Q)?|w=00n0p}

as solution and test space for the velocity. For the pressure Q = L?((2) is appropriate
both as solution and test space, since no derivatives of the pressure appear.

In what follows, the boundary integrals in simplify due to w € W; and
the Neumann condition. Additionally, a minus is inserted into the homogeneous
equation ([6.25b), so that the expressions for the pressure gradient Vp and the in-
compressibility constraint V - u mirror each other. We obtain:

Find u € W and p € @, so that

p aa—ltl-wdx—l—p/(u-Vu)-de—i—/‘r:dex
@ @ @ (6.26a)
—/p(V-W)dx—p/ hds:p/g-wdx Yw € Wy,
Q o0 Q
and —/(V-u)q =0 Vgeq. (6.26D)
0

Discretization. Next, we spatially discretize the weak formulation. We use a con-
forming approach, that is, for the finite-dimensional spaces we have that W; C W
and @), C Q. The task reads:

Find u, € W, and p;, € @}, so that

0
p/%'thx—l-p/(uh-Vuh)-wth—i-/T(uh):thdX
o Ot 0 0
(6.27a)
—/ph(V-wh)dx—p/ hhds:p/gh-whdx Yw, € Wi
0 oy Q
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and — /(V ‘up) g = 0 Vg € Qp. (6.27D)
Q
The discrete velocity and the discrete pressure are interpolated by [ESW14]

u, = i:uj(t)goj(x) and pp = Xp:pz(t)z/fl(x),

where ; and 1, are the basis functions. While the vector-valued basis functions
for the velocity uy is helpful for analytical purposes, scalar functions are preferred
for practical implementation. The numbers n, and n, are the degrees of freedom
for which the coeflicients u;(t) and p;(¢) are to be determined and have not already
been specified by Dirichlet boundary values. Substituting the given approaches for
uy, and py into the weak formulation , and setting p = 1, we obtain the semi-
discrete formulation
ou

M— + K(u)u+ Au+ Bp=g,

ot (6.28)

BTu = 0.

Here u and p refer to discrete variables, even if we omit the index h. The vector g
involves both contributions from the right hand side and possible contributions from
boundary nodes. The finite element matrices we obtain are the mass matrix

M = (mij%‘:ll 77777 ne, Wwhere my; = /ngi(x) - (%) dx,
the nonlinear convection matrix
K(0) = (hi)imton,, where by = /Q (n - Vep; () - () dx,
the diffusion matrix

A = (aij)i=1,...n., Where a;; = / Ve, : 2ur(D(p;) + NyA : D(yp;)) dx,
Q

7j=1,...,nqy

and the matrix

B = (bir)i=1,..n., Where by, := — / Ye(x)V -, (x) dx.
Q

k=1,...,np

The matrices B and BT are the discrete analogs of the gradient and the divergence
operators.
If the standard #-scheme is applied to (6.28)) as time-discretization, we obtain

éM +O(Ku") + A) | 0" + Bt =g" + [éM —(1-60)(K(u")+4)|u",

J/

-~ -~

S f

BTu" = 0.
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Handling the pressure implicitly as p™ ™! ensures that the incompressibility constraint
BTu™! = 0 can be satisfied. The three matrices M, K and A acting on the velocity
vector u™*! are combined to form the so-called velocity matrix S. Then, finally, the
fully discrete system can be written as the saddle point problem

[fi” ﬂ [;] - m ’ (6.29)

where S € R™*™ B € R™*™ and [u, p| =: [u"™!, p"T!]. Different options to solve
this nonlinear saddle point problem are discussed in Section [6.4.2. Before that, we
think about the solvability of the system and about stable finite element pairs
for the velocity and the pressure.

Dimensional consideration. A necessary condition for the saddle point problem
to be solvable, is that the number of degrees of freedom for the velocity is greater
than or equal to that for the pressure, i.e., n, > n,. Otherwise, the columns of B are
linearly dependent, and the saddle point matrix has no full rank. Moreover, even
strict inequality should apply, i.e., n, > n, |[KH15]. Otherwise, velocity u would
already be completely determined by the incompressibility constraint BTu = 0.
Consequently, it is a good rule of thumb to choose the polynomials for the approxi-
mation of the velocity one degree higher than those for the pressure. However, pure
dimensional considerations are not at all sufficient to guarantee stability [Bral3].
We need a further condition.

Inf-sup condition. Many analytical investigations are restricted to the linear
Stokes problem given in Remark [2.11} Fortunately, some of the results transfer
to the Navier-Stokes equations, see, e.g., [Ess22]. One such tool is the inf-sup con-
dition, also known as LBB condition. On the discrete level, it requires that there is
a positive mesh-independent constant -, such that [ESW14, [Loh19]

|(q]l7 % Vh>|

inf sup > >0.
a€Qh v, e W), ||QhHL2(Q)HVh||H1(Q)
Qh?éo Vh¢0

The condition is sufficient for the solvability of the saddle point problem to the
Stokes equations, and it ensures the stability of the pressure [ESW14].

Stokes elements. We present finite element pairs for the velocity and the pressure.
Analytical investigations are only available for the Stokes and not for the nonlinear
Navier-Stokes equations. However, a finite element pair, which is unstable for the
Stokes equations is also unstable for the related Navier-Stokes equations. Conversely,
numerical experiments have shown that the stability transfers from the Stokes to
the Navier-Stokes equations.

As already the inf-sup condition, which combines W, and @, in one expression,
indicates, the discrete spaces cannot be chosen independently of each other [ESW14].
Sinceu € W = H} ()% and p € Q = L*(Q) live in different spaces, it is reasonable to
choose different discrete spaces W), and (),, that is, to use a mixed approximation.
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The usage of discrete spaces of equal order might also work, but circumventing
the basic inf-sup condition requires stabilization terms in the discrete continuity
equation [BN83| [Ste84, [ESW14, [KH15, [Joh16].

The incompressibility constraint V - u = 0 provides the additional equation, which
is necessary to determine the pressure. Conversely, an appropriate approximation
for the pressure is essential to ensure discrete freedom of divergence for the velocity.

In what follows, we take a closer look at the capability of different combinations of
quadrilateral elements. We refer to the literature for similar considerations about
triangular elements, e.g., [Bral3, [ESW14, [Joh16]. The simplest and seemingly natu-
ral choices for (W, ;) are inappropriate. For instance, the pairs QP and Q;Qj,
visualized in Figure[6.3p) and b), are unstable. Since, in particular, QP is ‘slightly
unstable but highly usable’ [GS98|, stabilization is an option. Alternatively, the di-
mension of the approximation for the velocity has to be enhanced in relation to the
pressure. Some options for this are Q,Q1, QP{*¢ and Q,Py, see Fi 1gure 6

EIEEEEHI

a) Q1Po b) Qi1 Qu ) Q2Qu d) QP e) Q2P

Figure 6.3: Different element pairs, shown here for 2d. Without further stabilization
the pairs a) Q;Po and b) Q;Q; are unstable, while ¢) Q2Q1, d) QaP{*¢ and e) Q2P
are stable from the start. The symbol ® denotes the (two) velocity components, O] the
pressure, and < the combination of pressure and pressure gradient.

The so-called Taylor-Hood pair Q2Q; is quite common. It is the simplest second-
order quadrilateral element pair, which has a C°-pressure [GS98]. The pair Q,P is a
simplification of QuP{*¢. However, this is false economy, because the low accuracy
of the pressure approximation also influences the velocity approximation [GS98,

ESW14].

For this work, the pair QP3¢ was used [Ess22]. The choice of the discon-
tinuous pressure approximation P$¢ is permissible, since we only require that
Qn C Q:=L*(). The pair QP is more efficient than Q,Q;, since we have
one degree of freedom less for the pressure. In [ESW14, Sec. 3.3.1] it is established
that Q,P{¢ is stable. In general, a discontinuous pressure approximation has some
attractive features. Practical experience has shown that the accuracy of the velocity
solution increases in the case of a discontinuous pressure approximation [ESW14].
Furthermore, we even obtain local mass conservation, since for every element K the
test function g, can be set as characteristic function, that is, ¢5(x) = 1 if x € K
and ¢, (x) = 0 otherwise. Consequently,

O:/th-uhdx:/V-uhdx:/ uy, - nds.
Q K 0K
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Last but not least, a discontinuous space for the pressure is particularly suitable
for multiphase flows, where the pressure has a discontinuous jump at the boundary
anyway.

Finally, there are also non-conforming approaches, where W;, € W and @, € Q.
An example for such an approach is the Rannacher-Turek element Q;Q consisting
of rotated bilinear shape functions for the velocity and a piecewise constant pressure
approximation [Tur99]. The pair is cheap, inf-sup stable [KH15| and well suited for
the design of multigrid solvers [Tur99|. However, the analysis for non-conforming
approaches is associated with increased difficulties.

When switching from 2d to 3d, the transition from rectangles to hexahedra is
straightforward. Changing from triangles to tetraeders is non-trivial [ESW14,
Sec. 3.3.4].

6.4.2 Solution process

Literature. There is a zoo of methods to solve the Navier-Stokes equations, see,
e.g., |[Quad3, [ESW14, [Ranl7c|. We applied multigrid to the (linearized) NSE and
used the Vanka smoother [Van86|. Before giving a rough overview of the components
of this solver, we briefly introduce the overall framework of PSC solvers.

Pressure Schur complement (PSC). The PSC is a basic approach to solve saddle
point problems. To derive the PSC approach for our saddle point problem ,
we first multiply the momentum equation Su + Bp = f from left by BTS~! and
make use of the mass equation BTu = 0, so that

BTS™'Bp = BTS'f. (6.30a)

The matrix BT S~ B is referred to as pressure Schur complement matrix. Moreover,
we rewrite the momentum equation as

u=S"'(f - Bp). (6.30b)

Summing up, we have a mechanism to update pressure and velocity one after an-

other, first p via ([6.30a)) and then u via (6.30b).

Classical projection schemes. A well-known option to solve the NSE are the clas-
sical continuous projection schemes. Following [Tur99|, these schemes can be inter-
preted as global PSC schemes. This means that preconditioners C—! ~ (BT S~1B)~!
refer to the global PSC matrix.

A first-order representative is the Chorin-Temam scheme [Cho68|. It consists of
two steps. In the first step the intermediate velocity field v**! is calculated, while
the second step gives the new result (u"™! p"™!). The second step contains the
eponymous projection, which is based on the Helmholtz decomposition theorem.
This states that every 3d velocity field can be decomposed in a divergence-free and
in a curl-free part [Qua93, Sec. 7.2, |[Joh16, Th. 3.168].

Shortcomings of the Chorin-Temam scheme, besides its order, are an artificial de-
pendence of a stationary solution on At [KH15| and that the previous value of the
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pressure is never taken into account. An alternative is, for example, the second-order
van Kan projection scheme [Kan86).

These classical projection schemes are in particular preferred for high Reynolds
numbers, when small time steps are used anyway. For a small Reynolds number, as
it is given in our application, we prefer a monolithic local solver. Compared to the
projection schemes, each step is more expensive, but fewer steps are required. The

time step size only has to be adjusted for accuracy but not for robustness reasons
|Ess22), p. 26], [Tur99, e.g. p. 20].

Local Multilevel Pressure Schur complement solver. Therefore, instead of a
classical projection scheme, in this thesis we use a local multilevel pressure Schur
complement (MPSC) solver [Tur99, [Ess22|. The scheme is called local because it
applies preconditioners C; locally on certain patches €; [Tur99, p. 44; p. 67|. In
what follows, we roughly consider the different building block, that is, the Newton
scheme as outer solver and the multigrid method as inner solver.

Newton. As nonlinear outer solver Newton’s method is used. It is well-known
that for a nonsingular Jacobian and a suitable initial value uy, Newton’s method
converges quadratically. A drawback of Newton’s method is that for larger Reynolds
numbers the radius of convergence shrinks, so that better initial guesses ugy are
needed [Ess22].

The first initial value can be calculated using either the Stokes or the steady Navier-
Stokes equations. Considering the unsteady NSE, we can later use the result from
the previous time step as new initial value. All in all, in our application with its small
Reynolds number no problems related to the initial values were observed [Ess22].
As stopping criterion the residual of the nonlinear equation is determined. Specif-
ically, the tolerance was set to le-11 [Ess22|. Even if this tends to be overkill, it
does not harm since we are still finished after 1 to 3 steps due to the quadratic
convergence.

The Newton method is also used for linearization purposes. Specifically, we obtain
Oseen problems, which correspond to the Stokes equations extended by a convective
term, see, e.g., [Johl6]. We solve these problems using a multigrid algorithm.

Multigrid methods. Multigrid methods [TOS00, [Hac13| are a class of advanced
solvers. A key advantage is that their order of convergence is independent of the
mesh size. However, there is not one multigrid algorithm for all applications.

Classical iteration schemes converge the better, the smaller the spectral radius of
their iteration matrix is. As Fourier analysis shows, an iteration error has both
smooth and oscillatory parts. The oscillating error components, on the one hand,
correspond to the small eigenvalues. They can be damped very quickly [Qua93,
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Sec. 2.7]. The smooth components, on the other hand, are associated with the large
eigenvalues and hold back convergence.

The idea of multigrid is that an error that is smooth on a
fine mesh becomes generally more oscillatory on a coarser
mesh. Hence, both fine mesh and coarser mesh problems
are solved. In the simplest case, this can be done very
efficiently with the V-cycle, see Figure [6.4]

Transferring information from the coarse to the fine mesh
is called interpolation or prolongation, while the transfer
from the fine to a coarse grid is called restriction. For Figure 6.4: 3-grid
technical details we refer, e.g., to [Tur99, BHMO00, [TOS00]. V-cycle [ESW14].

fine

coarse

more coarse

The multigrid scheme used to solve the NSE in this thesis is preconditioned with
a so-called Vanka smoother. Originally introduced in [Van86|, the Vanka smoother
is a block Jacobi (as in our case) or a block Gauf-Seidel iteration scheme, see
IDRO6]. Our Vanka smoother works very locally in the sense that the patches ;
are determined by the triangulation of the mesh resulting in tiny non-overlapping
patches. Following [Ess22|, the FEAT3 software used has an efficient implementation
for this case.

Modified diffusion term. Finally, we think about the practical consequences that
in the NSE the conventional diffusive term Au is replaced by the term V - 7 for
non-Newtonian fluids. In principle, this can lead to a less well-conditioned system,
i.e., more multigrid steps. However, the system remains stable for the parameters
N, and N; under consideration [Ess22|. Therefore, the main effort compared to the
NSE for Newtonian fluids is the more complex assembly of the corresponding FE
matrix.
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7 Numerical studies for the
coupled system

In this chapter, we finally address the fully coupled FPE-NSE system. One chal-
lenge is to find meaningful benchmarks. A first benchmark for the Fokker-Planck
equation, including all of its terms, is presented in Section This benchmark
still contains some simplifications, but provides an analytical solution. Operator
splitting is the only technique from Chapter [6] which is needed. This changes in
Section where we move to the second benchmark problem, a three-dimensional
axisymmetric contraction. There we obtain the velocity field from the Navier-Stokes
equations. To verify our results, at least qualitatively, we compare them with results
from the literature.

7.1 Analytical Jeffery Benchmark

7.1.1 Setting

We consider numerical results for the full Fokker-Planck equation. For ¢» = ¢ (x, p, t)
the equation reads
oY . . 2
e + Vi (uy) + V- (DY) = Ap(Dyy) in Q x S* x (0,7,
where p=Wp+ A [Dp— (D: (p®p))pl,

¢('7'70) :¢07 and 77D(X,',') :wbc fOI‘XE 89
We choose the geometry €2 and the velocity field u in such a way that we have an

analytical reference solution. Specifically, we make use of the temporal equivalence
between the solution ¢, of the space-independent FPE

0 X
% + Vp - (P¥r) = Ap(Dr¥r)
and the solution 9 of the space-dependent FPE
0 .
O | Yy (bve) + V- (ws) = Ay(Dyp).

While the equation for vy, describes the Lagrangian perspective, the full problem in-
cluding the spatial convection term takes the Eulerian perspective, see Section [2.2.2.
We also find the idea of a solid body rotation here. If we start from the same initial
condition, that is, ¥ g (ty) = ¥ (ty) and use a rotational velocity field in space with
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the angular velocity w = 1, after one complete revolution there is an equivalence
again, that is,

Yp(to + 21) = (e + 2m).

Hence, the solution of the space-independent problem can be used as reference so-
lution for the full Fokker-Planck equation. The fact that the PDE for 4 is the
extended Jeffery equation gives rise to the name ‘Analytical Jeffery Benchmark’.

General setting. As computational area in space we choose the unit circle, i.e.,
Q={(z,y) e R?|2* +y* < 1}.

Accordingly, let the spatial velocity field describe a counter-clockwise rotation
around the center of the circle, i.e.,

u=(—y,z)?".

Considering Q C R? instead of Q C R? is a simplification. However, a two-
dimensional domain is suitable for the time being, not least because it keeps the
computational time within limits. Another advantage of the circle as geometry is
that the boundary conditions cannot only be neglected on S?, but also for 2, because
no mass crosses the boundary, since u(s) -n(s) =0 Vs € 0S.

As Jacobian matrix necessary to calculate the deformation and spin tensor, which
are needed in turn to calculate the rotation velocity p, we employ

Vv = diag(0.02, —0.01, —0.01).

This corresponds to an uniaxial elongation. That Vv € R3*3 is chosen indepen-
dently of u € R? is another simplification. It ignores the connection between u and
Vv, but for our purposes this modified equation works fine. In particular, this way
the sphere S? does not need to be replaced by the circle S! as computational domain
for the space-independent FPE.

Initial conditions. The next challenge is to find a reasonable initial condition both
with respect to space and orientation. One constraint is that the normalization
condition is satisfied for each sphere. We use the analytical solution of the extended
Jeffery equation given in Corollary This way, not only can the solution 7, be
used as reference solution for ¥ g, but in the case D, = 0 we even know the analytical
solution.

For practical purposes we switch to the discrete level, i.e., to the coefficient matrix
¥ € RV*M introduced by (6.13). For each spatial point ¢ € {1,..., N} an initial
condition for the corresponding spherical grid point k € {1,..., M} is given by

_ Yo
= G e 71)
where C(t(i)) = exp(—t(i)(W + A.D)).

Wik = (pr, (1))
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The exact solution v does not only depend on the orientation p, but also on the
time ¢. This ¢(i) is used as parameter to specify different smooth configurations
on the spheres. Furthermore, it also defines the configuration in space as already
the notation ¢(i) indicates. With a coupling between ¢(i) and the spatial points x;
a meaningful initial configuration in space can be ensured as well. We define two
different versions of our benchmark.

a) Smooth initial configuration. Within this test case we simply set ¢(i) to the
x-coordinate of x;, that is,

t(i) == ;.

This approach results in a smooth configuration both in space and orientation.

b) Discontinuous initial configuration. The second initial condition is more
complex. It is based on the slotted cylinder/sharp cone/smooth hump setting
known from Section [4.4 The parameter ¢(i) more precisely reads t(r(x;)) here
and 7 := 7(x;) := [|x; — x}'|| defines the distance from the respective point x; to the
midpoints x;* of the three geometries. The midpoints are set to

( 0; 0.5) ifg=SICy,
x, =49 ( 0;,-0.5) ifg= cone,
(—0.5;  0) if g = hump.

The radius R := 0.3 and the claim r(x;) < R determine the circles B, for the partic-
ular geometries. For the cylinder to be slotted at least one of the two requirements
|z| > 0.05 and y > 0.6 has to be satisfied. Finally, we define

1 if X; € BSle7
t(r(x;)) == ¢ (1 —w(r)) ta, where w(r) =r/r if x; € Beone,
(1 —w(r))ts, where w(r) =1/2(1 —cos (7 7/R)) if X; € Bpump-

The expressions w(r) define the concrete shape of cone and hump. They are con-
structed in a way that w(0) = 1 and w(R) = 1, so that ¢(0) = to3 and t(R) = 0.
In particular, ¢ = 0 on the boundary of the circles Beone and Bpymp indicates an
isotropic distribution there. Consequently, setting the values outside the geometries
to 1/4= as well, guarantees a smooth transition between the areas of cone and hump
and their surrounding.

In Figure[7.1], we see two discontinuous configurations as examples. They obviously
cover quite different value ranges. Moreover, the two configurations cannot be de-
picted completely analog, since in the first case, with respect to the values, the
geometries actually point ‘downwards’.
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Figure 7.1: Visualization of the discontinuous initial configuration in space for two dif-
ferent spherical mesh points; k = 6 on the left side and k = 24 on the right side.

Remark 7.1 (Choice of Vv). We choose Vv independently of u. The Jacobian
matrix corresponding to the extended velocity field u = (—y, z,0)T would read

0 -1
Va=|(1 0
0 0

o O O

However, compared to Vv = diag(0.0Q, —0.01, —0.01), the choice of Vu would
significantly shift the magnitudes of the convective terms relative to each other. In
particular, multiplicating the values in the matrix Vv is equivalent to multiplicating
the final time 7" strong discontinuities would arise, see Section [5.6.3.1, and lead to
numerical problems.

Moreover, the basic initial condition ([7.1)) would reduce to a constant. Since the
above Vu is skew-symmetric, it applies that D = 0, W = Vu and consequently
C(t) = exp(—tW). Let V be the matrix, whose columns consist of the eigenvalues of
W, and let the diagonal matrix E contain the corresponding eigenvalues. Applying
the diagonalization W = VEV ™! the formula for the matrix exponential reads
exp(—tW) = Vexp(—Et) V1. In our case this means that

Cp = exp(—tW)p = Vexp(— tE)V p

0 i —i\ /& 0 N\ /p
=101 1 0 e — /2 1/2 D2
10 0 0 0 e i/ 1/2 D3
cos(t) sin(t) 0 COS p1 + sin(t)po
= | —sin(¢) cos(t) 0 —sin(t)p1 + cos(t)ps
0 0 1 D3

Hence,

ICp|I> = cos®(t)p] + 2 cos(t) sin(t)p1ps + sin®(t)p3
+sin?(¢)p] — 2sin(t) cos(t)pipz + cos*(t)p3 + p3
= p1+p2+P3—HPH:1

and therefore ¥, , =y Vi,k.
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7.1.2 Numerical results

a) Smooth initial configuration.

i) Space-independent FPE for ¢.

L2-error EOC

level | min max average | min max average
2 2.42e-2  2.59e-3  2.50e-2 - - -
3 | 6.35e-3 6.92e-3 6.6le-3 | 1.929 1.906 1.918
4 1.62e-3 1.77e-3  1.69e-3 | 1.972 1.964 1.968
5 | 4.07e-4 4.47e-4  4.25e-4 | 1.990 1.989 1.990
6 1.02e-4 1.12e-4 1.07e-4 | 1.996 1.996 1.996

ii) Full FPE for ¢p.

L2-error EOC

level min max average | min max average
2 2.273-2 2.66e-2  2.50e-2 - - -

6.06e-3 7.43e-3  6.61le-3 | 1.966 1.842 1.918

1.50e-3  2.13e-3  1.69e-3 | 2.017 1.804 1.968

3.75e-4  6.98e-4  4.26e-4 | 1.997 1.608 1.988

9.41e-5 2.86e-4 1.07e-4 | 1.995 1.287 1.992

S U= W

b) Discontinuous initial configuration.

i) Space-independent FPE for 1.

L2-error EOC

level | min max average | min max average
2 2.50e-2  2.58e-2  2.50e-2 - - -
3 6.6le-3 6.88e-3  6.63e-3 | 1.919 1.907 1.917
4 1.69e-3 1.76e-3  1.69e-3 | 1.968 1.964 1.968
D 4.25e-4  4.44e-4  4.26e-4 | 1.990 1.989 1.990
6 1.07e-4 1.11e-4 1.07e-4 | 1.996 1.996 1.999

ii) Full FPE for ¢p.

L?-error EOC

levels | min max average | min max average
2 2.44e-2 2.85e-2  2.5le-2 - - -

5.98e-3 9.42e-3  6.67e-3 | 2.031 1.595 1.910

1.52e-3 3.14e-3 1.75e-3 | 1.979 1.584  1.934

3.8le-4 2.38e-3 4.90e-4 | 1.992 0.399  1.832

9.55e-5 2.11e-3  1.60e-4 | 1.998 0.179  1.612

O Ol = W

Table 7.2: Numerical results for both the space-independent and the space-dependent
Fokker-Planck equation. The L?-error with respect to the spheres and the correspond-
ing EOC are calculated at the time T = 2m.

Let D, = 0 and T = 2n. For the above tests, MCL was applied with Q; as
polynomial space and we decided to always use the same mesh refinement level for
the spatial and the spherical mesh.
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For D, = 0 and the chosen initial conditions, we know the exact solution for v;, on
each sphere at every time. In particular, however, after one revolution, that is, at
time T = 27, we also know the exact solution for .

Section [5.6.3.1 already discussed numerical results for the extended Jeffery equation
on a single sphere. Considering the Fokker-Planck equation we solve the Jeffery
equation on NN spheres, i.e., once for each spatial mesh point.

We calculate the L2-error for each sphere. The smallest, the largest, and the averaged
error are documented. Most of the time all the three EOCs and, in particular,
the EOCs corresponding to the averaged L2-errors are very close to two. Hence,
regardless of the spatial initial condition the optimal order of convergence is reached.
This makes sense because we primarily calculate the EOC with respect to the
spheres, whose initial configurations are always smooth. However, the additional
spatial convection term from the full FPE does not only change the configuration
in space, but also influences the directly coupled configuration on the sphere. This
explains why the averaged EOC for the full FPE deteriorates in the case of the
discontinuous spatial initial configuration, see Table [7.2b)ii).

This effect becomes even more apparent when we consider the EOCs for the full
FPE with respect to the largest L?-error, both for the continuous and the discon-
tinuous configuration in space. Overall, compared to the space-independent FPE,
the minimal absolute L?-errors for the full FPE become a little smaller again, while
the maximal absolute L?-errors increase significantly, see Table

In Figure the Lagrangian and the Eulerian perspective are compared by visual-
izing a spatial configuration of them during a time interval of length 27.

Lagrangian perspective, FEulerian perspective,
space-independent FPE for 1y : full FPE for ¢g:
7.958e-02 1 [ 7.958e-02
initial
| configu- I
ration
7.953e-02 J L 7.953e-02
7.958e-02 7.958e-02
1 I
| |
7.935e-02 J L 7.936e-02
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7.863e-02 7.864e-02
7.895e-02 7.894e-02
| |
J ) gﬂ \
7.80%9e-02 7.811e-02
7.849e-02 ( 7.847e-02
7.743e-02 - — 7.746e-02

Figure 7.3: Development of the continuous initial configuration for 11, and ¢ g. The
visualization is for the spherical grid point k = 6. Level 5 was used for both meshes.

Considering Figure[7.3] first and foremost, for ¢ 5 the effect of the spatial convection
term, which describes a rotation, is remarkable. For both the Lagrangian and the
Eulerian framework, for the specific spherical grid point &, the values become smaller
over time. The final states at T" = 27 only show minor deviations in their extreme
values and cannot be distinguished visually.
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7.2 Axisymmetric Contraction Benchmark

7.2.1 Setting

FPE-NSE system. Now we are able to implement what was already introduced
at the beginning of this thesis: the fiber-flow coupling. The Fokker-Planck equation,
which governs the behavior of the fibers on the microscopic scale, is coupled to the
Navier-Stokes equations, which model the macroscopic flow. The FPE-NSE system
and the corresponding data exchange are visualized in Figure

FPE: %—lf + V- (u) + V- (DY) = Ap(D,1));
p=Wp+ A [Dp—(D:(p®p))p;

D =D(Vu), W =W(Vu)

u (& Vu) ﬂ U A) & A())

NSE: p(aa—;l—l—(u-V)u):pg—Vp—i-V-T;

V.-u= 0
T =2u;(D+ N,A: D+ N,(DA + AD))

Figure 7.4: Coupling between the full FPE and the generalized NSE.

The upper orange block involves the Fokker-Planck equation combined with Jeffery’s
equation. The lower reddish block consists of the generalized incompressible Navier-
Stokes equations, that is, the conservation laws for mass and momentum. Because
of the extended stress tensor a non-Newtonian fluid is described.

All the threads of the thesis come together. Operator splitting is the prerequisite for
everything else. We split between the FPE and the NSE and, in particular, we split
within the FPE and within the NSE. In contrast to the previous benchmark, limiting
for the FPE as a whole becomes necessary to ensure the normalization property of
the PDF 1), see Section

Moreover, instead of using an exact velocity field, a discrete velocity field u is com-
puted with the NSE. To solve the FPE, not only the velocity u, but also the cor-
responding Jacobians Vu are required, since p = p(D(Vu), W(Vu)). The Vu are
reconstructed from u to take into account the relationship between u and Vu. A
possible procedure is described in Section [6.3]

A striking enhancement from the Jeffery to the current benchmark is the compu-
tational area. We have 3d geometry instead of a 2d geometry. This increases the
computational effort enormously, but the benchmark comes closer to real applica-
tions. The new domain gave our ‘Axisymmetric Contraction Benchmark’ its name.

Remark (Data transfer from the NSE to the FPE). Following Figure [7.4] we only
had to pass the velocity field u to transfer the data from the NSE to the FPE.
In practical implementation, however, we pass the data bundled in two structs,
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which contain all the data necessary to solve the FPE in both the physical and the
configuration space. Thus, all the velocity dependent data such as the convection
matrices are calculated only once for each step and not multiple times if, for instance,
subtime stepping is used.

One- and Two-way coupling. We distinguish between one- and two-way coupling,
also named decoupled and coupled approach. One-way coupling means that the
flow kinematics influence the fiber orientation, whereas the flow kinematics remain
unaffected by the fiber orientation. This changes in the framework of two-way
coupling, where both phases influence each other.

Restricting the simulations to a one-way coupling is a good starting point [FVDC92,
ZMLD*12|. Furthermore, some setups justify to compute the fluid motion without
reference to the fiber orientation. In [Tuc91|, it is stated that a one-way coupling
is often in good agreement with experimental results, although such an approach is
not consistent with theory.

Ultimately, however, the goal is a two-way coupling between the Fokker-Planck equa-
tion and the Navier-Stokes equations, since not only the flow influences the fibers,
but vice versa also the fibers have an effect on the fluid. To transfer information
about the fiber orientation from the FPE to the NSE we use the orientation tensors
A and A, which are calculated from the PDF ¢ by formula . The orientation
tensors are needed to determine the stress tensor for the generalized NSE. In fact,
the fibers influence the stress, which in turn influences the kinematics.

Research papers, which show that a two-term coupling is important to faithfully
model the complicated rheological properties of a suspension are, for example,
[Ver98, VT02, [Kne06, KOMO09| or [FMAA20]. In [LDHBSS| it is stated that the
assumption of streamlines unaffected by the presence of fibers is even incorrect at
fiber concentrations below 0.1%. In [FHH'08| the difference between the coupled
and uncoupled approach was not found to be significant for the orientation but for
the velocity field.

Axisymmetric Conctraction. The contraction is a common benchmark geometry
in both 2d and 3d [OP02, Ch.8]. We consider a 3d contraction. As depicted in
Figure the geometry is composed of a long wide pipe, where the fluid flows in
and a smaller narrow pipe, where the fluid flows out. The fluid passes a circular
entry and then moves from a tube of radius R into another tube of smaller radius r.
Specifically, we use diameter D = 0.045 and length L = 0.09 at the upstream
side and d = 0.01 combined with [ = 0.02 on the downstream side. Consequently,
L/l = 4.5 and, in particular, D/d = 4.5, which defines the contraction ratio 4.5:1.
Different contraction ratios are used in the literature, and sometimes the results for
various ratios are contrasted [OP02, Ch.8|, [OFCHO04]. For our simulations we make
use of a 4.5:1 contraction since in this case different reference solutions are available
in [LDHBSS, Ver98, VT02| and [Loh19]. All these works have in common that they
use the Folgar-Tucker instead of the Fokker-Planck equation. They differ in the
simplifications they make and the closures they apply.
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Figure 7.5: The axisymmetric 4.5:1 contraction. At the top: Schematic representation
of the cross-section through the geometry. At the bottom: Discretization with a coarse
mesh (level 1; 6969 nodes) and with a finer mesh (level 2; 53393 nodes).

Further geometries like a plate [BT92al, an axisymmetric expansion or a center-gated
disk [Ver98, VT02] are conceivable. Within the plate different layers are observed.
The expansion can be considered as an inversion of the contraction geometry. A
corresponding flow can be found in many injection molding processes. Using the
center-gated disk a radially diverging flow results. However, a huge advantage of
our contraction benchmark is that despite the simple geometry Newtonian and non-
Newtonian fluids exhibit a significantly different behavior.

Boundary conditions for the NSE. To define a benchmark apart from the compu-
tational area, initial and boundary conditions are necessary. We specify the velocity
for wall, inflow and outflow boundaries. For the former two we apply Dirichlet
boundaries, while for the outflow Neumann boundaries are used. We set uy.; = 0,
which is referred to as no-slip condition and reflects that the velocity of the solid
wall is adopted. At the inflow we assume a parabolic velocity profile, namely

2?2+ 22 1

R 45

Hence, radial symmetry is given. The velocity reaches its maximum u,., at the
center of the cylinder (z; = x2 = 0), whereas the velocity disappears at the edge

Uin = Umax (1 - > €3, where Umax =
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(z? + 22 = R?). This way even pointwise compatibility between uy, and .y is
obtained. On the outflow boundary we apply homogeneous Neumann conditions,
that is, 7n — pn = 0. This reflects that no forces act there. The initial velocity is
obtained solving the Stokes problem corresponding to our Navier-Stokes problem.

Initial and boundary conditions for the FPE. The initial condition for the
Fokker-Planck equation describes the orientation of the fibers at the beginning of
the simulation. The two basic configurations are the isotropic/random state and the
fully aligned state.

In the isotropic case, the fibers are uniformly distributed in space, which can be
approximated by the orientation tensor A = diag(%, %, %) The corresponding orien-
tation distribution reads ¥(p) = =, see (2.13). Each row of the coefficient matrix ¥
has to reflect this random-in-space distribution. We accomplish this by choosing

1

w*,k = E

Positivity and symmetry of the FE function v, are obvious. In addition, the nor-
malization property is satisfied, since

M
LBk LiBep) 1 4
Yndp > it = =T =1
s k=1

Full alignment means that the fibers are aligned along the main flow direction. If
this, for example, is the z1-direction, the orientation tensor reads A = diag(1,0,0).
For arbitrary directions, which do not correspond to the orientation of a coordinate
axis, the tensors become more complex. However, all tensors have the eigenvalues 0,
0 and 1; and the eigenvector to eigenvalue 1 is oriented in the main flow direction. On
the continuous level, the fully aligned state is described by a delta distribution d(pg).
To fill the coefficient matrix ¥, for each point in space two opposite points on the
sphere, which fit the direction of the velocity the best, are determined. Let us denote
the corresponding indices by k and k. We set the entries of ¥ to

e

0, otherwise.

The positivity of the my guarantees the non-negativity of ¢, symmetry is ensured

. . . . . 1 mﬁ m .
by construction, and the mass for every point in space is given by 3 (@ + m—;) =1,
so that the normalization property is satisfied here as well. Since the orientation
tends to be only partially aligned in practice, the corresponding initial condition

might also be approximated by experimental results [KOM09, Fig. 3].

In our axisymmetric contraction benchmark we simulate until the steady state is
reached. However, especially at the beginning of the simulation the initial condition
influences the overall result. Both fully aligned and isotropic condition are reason-
able, whereby the latter is usually assumed in the literature. We also impose an
isotropic initial condition in order to compare with the results in [Loh19].
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Furthermore, it is of utmost importance to specify a boundary condition as well.
For the previous Jeffery benchmark we could only avoid this because of the circular
geometry. Consistent with the initial condition, we choose an isotropic boundary
condition. If the boundary condition is omitted completely, an aligned state is un-
intentionally created in the inflow region. In [KOMO09] it is reported that depending
on how the fluid enters the geometry the influence of the one- vs. two-way coupling
varies. While an aligned orientation orientation state only marginally changes when
mutual coupling is activated, starting from an isotropic state there is a significant
difference between the coupled and the uncoupled approach. In particular, the fibers
were observed to align more quickly in the case of two-way coupling.

Implementation aspects. To solve the Fokker-Planck equation we use an operator
splitting approach and update the coefficient matrix as outlined in Figure [6.1] Let
us first consider the advection equations in the physical space ). For the Jeffery
benchmark, a global analytical velocity field u was given, whereas now we have an
individual velocity field for each grid point of the spatial mesh. Therefore, technically
the assembly of the spatial convection matrix deviates. In both cases, however, a
single convection matrix Ky € RV*¥ results, and only one system matrix has to be
assembled per time step.

To solve the convection-diffusion equations on the sphere we change the ‘direction
of solving’, that is, the rows of coefficient matrix are updated instead of its columns.
For each row, that is, for each of the N points in physical space, an individual
convection matrix K, € RM*M has to be assembled. This makes the updates in
the configuration space expensive. For the practical implementation, it has to be
weighed up, whether to assemble the respective convection matrix again every time
it is needed or whether to assemble all the matrices one time at the beginning and
save them in a suitable data structure. While the former approach is computational
intensive, the latter requires a huge amount of memory. We chose the second method,
since our compute servers provided enough memory.

To obtain the orientation tensors A and A it is neither feasible nor desirable to
compute the integrals given in (2.21) analytically. Instead, we apply Lemma [3.6f)

to approximate the entries of the tensors numerically. The formulas read

;5 = Z Mk (1) e (J) U, (7.2a)
Qijlm = Z mkpk(i)pk(j)pk(l)Pk(ka- (7-2b)
k=1

The my, are the entries of the lumped mass matrix with respect to the sphere, py(7)
is the i'" entry of the orientation vector in k' direction of the sphere, the 1), are
the entries of the discrete FE solution vector of ¥ (x, p,t) and M is the number of
mesh points on the discretized sphere.
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Parameters. Finally, the different parameters have to be set in order to define the
concrete problem. For the Fokker-Planck equation, involving Jeffery’s equation, we
choose

- A = 99/101 (shape parameter)
- D, =C;vD :D = 2e-3vD : D (diffusion coefficient).

For the Navier-Stokes equations, involving tensor 7, we set
- p = 1 (density),
- pr = 0.1 (viscosity parameter),
- N; = 0 (shear-rate number),
- N, = 6 (particle number).

The choice Ny = 0 reduces the extended tensor to 7 = 2u;(D + N,A : D), since
equation ([2.33a)) simplifies to . Consequently, only the fourth-order orienta-
tion tensors A have to be transferred from the FPE to the NSE. With the given
parameters, the Reynolds number can be defined by

Ro .= a8 0

Hr
Since the pipe with the larger radius R dominates the contraction geometry, the
radius R is used instead of r. The given Reynolds number indicates an extremely
laminar flow, so that the Stokes equations might be applied, see Remark [2.11] How-
ever, solving the NSE in our coupled system does not require the lion’s share of the
computational time. Therefore, we stick to the more general NSE.

The reference simulation is performed using
level 1 in space, i.e., 6969 nodes,

level 4 on the sphere, i.e., 1538 nodes,
final time T' = 25,
- 2500 FPE-NSE steps.

We vary the number of FPE-NSE steps in Section [7.2.2.2. Subsequently, in Section
[7.2.2.3 the consequences of different spherical levels are examined, while we com-
pare the results for level 1 and level 2 in space in Section [7.2.2.4. The effect of a
varied particle number N, which involves the difference between one- and two-way

coupling, is addressed in Section [7.2.2.5.

Chosen discretizations. For the Navier-Stokes equations we employ Q,P (¢, that
is, we use triquadratic functions for the velocity and discontinuous linear functions

for the pressure, see Section [6.4]

Since Q; is used to solve the Fokker-Planck equation numerically, the orientation
tensors A and A are described by linear elements as well. The tensors from the
space of linear functions are projected to the space of quadratic functions to adapt
them to the velocity space Qa [Ess22].

There is not much difference between solving the steady or the unsteady Navier-
Stokes equations because of our very small Reynolds number. We consider the
unsteady equation and use BDF(2) as a time stepping scheme matching to Qs.
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Algorithm. The basic procedure to solve the FPE-NSE system reads [Kne06]

1.) Initialize the system.

2.) Update the velocity field u using the NSE solver.

3.) Update the coefficient matrix ¥ in by iterating over the mesh points in S?
and by solving a homogeneous advection equation.

4.) Update the coefficient matrix ¥ in S? by iterating over the spatial mesh points
and by solving the space-independent FPEs.

5.) Update the stress tensor 7. Return to step 2.), and repeat until the final time
is reached or a termination condition is met.

7.2.2 Numerical results

We perform the numerical studies for the 3d axisymmetric 4.5:1 contraction. In
doing so, we are interested in the flow and the orientation state. The results are
visualized in the xox3-plane; no differences were found due to a changed cross-section.

7.2.2.1 Results for the reference simulation

Flow state. The behavior of the flow involves the velocity. This, of course, in-
creases in the smaller pipe and especially in the center of this pipe. More interesting
are the streamlines and, in particular, the vortices that arise in the angles at the
end of the large pipe.

The results related to the flow state are visualized in Figure[7.6] The initial flow field
is obtained by solving the NSE for N, = Ny = 0. Already in this starting solution
small recirculating corner vortices have formed and their size can be estimated to
0.36R.

0.36R

veloc_magnitude veloc_magnitude
0.00 0.12 0.24 0.36 0.48 0.00 0.12 0.24 0.36 0.48

Figure 7.6: Streamlines, vortices and the magnitude of the velocity at a) t = 0 (one-
way coupled) and at b) T' = 25 (two-way coupled).

The size of the vortices increases when we set N, = 6 in the further course of
the simulation. There is some freedom in specifying where the vortices end. Both
a lower limit of 0.022, i.e., 0.98R and an upper limit of 0.0255, i.e., 1.08R are
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justified. Choosing the mean value 1.03R. our vortex detachment point is in excellent
agreement with results from the literature.

In [VT02|, where the FTE was solved with an ORF closure, a vortex size of 1.06R
was obtained. This is very similar to the results measured for experimental data in
[ILDHBSS, Fig.10a]. In [Lohl9] the value 1.04R was obtained as vortex size, when
the FTE was solved in combination with a so-called natural B closure, while 0.96R
was observed in combination with a less advanced ORS-closure.

Summing up, the streamlines presented in Figure demonstrate that the flow
behavior is captured correctly by our method.

Orientation state. To explore the orientation of the fibers, we consider the largest
eigenvalues of the second-order orientation tensors. An isotropic distribution is
described when all eigenvalues, and thus the maximum eigenvalue, are one-third,
while an aligned distribution is approximated when the maximum eigenvalue is close
to one.

3.3e-01 05606 0.7 9.3e-01 3.3e-01 0.50.60.7 0.8 9.8e-01

3.3e-01 0.50.60.7 0.8 9.8e-01 3.3e-01 0.50.60.7 0.8 9.8e-01
e e R e I

3.3e-01 0.50.60.7 0.8 9.8e-01 3.3e-01 0.50.60.7 0.8 9.8e-01
e — |

Figure 7.7: Largest eigenvalues in the xoxs-plane at t = 1.25; 2.5; 3.75 (left column)
and t = 5; 12.5 and 25 (right column).

The development of the maximum eigenvalues is depicted in Figure At the
beginning the fibers that are nearly perfectly aligned are found at the end of the
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larger pipe, in the transition between the two pipes and in the smaller pipe. The
largest eigenvalue is 0.93.

The area where the fibers are nearly perfectly aligned slightly spreads to the bound-
aries when the the simulation progresses and the largest eigenvalue grows to 0.98.
The value of about 0.98 demonstrates that a perfect alignment is achieved nowhere.
This can be explained by the diffusive component.

Convergence to steady state. Let a < al < a} be the eigenvalues of A at the
current time step. A measure of how stationary the largest eigenvalue a} already is
can be defined, for example, by the following two errors:

llag —ay e VI(as)} — (as);

RTTNAE T NAt ’ (7.32)
ey — a5 Ml |(a3)f — (a3); ™|

oo - At T el At ' (7.3b)

For both the Euclidean and the maximum norm the error is divided by At. This
scaling makes the value larger, but it is reasonable because it allows comparability
of the errors for different At. The Euclidean norm is additionally averaged over the
number of spatial grid points. Checking for ‘erry < TOLy’ or ‘err,, < TOL,’ could
be used as stopping criterion.

We chose [0,25] as a fixed time interval, since the ‘eyeball norm’ indicates that we
converge to a stationary limit and that at the latest after this period of time not
only the velocity field but also the orientation state has reached its stationary limit.
From the development of the largest eigenvalues in Figure [7.7] it can be concluded
that the major changes of orientation take place at the beginning of the simulation.
The same observation is made by studying the quantitative results below in Tabld7.§|
or Table The distance between the maximum eigenvalues decreases faster at
the beginning, this change slows down over time until the reached state is said to
be stationary.

Trace correction. In the previous chapter we addressed the gradient recovery
of the Jacobian Vu from u, including a simple trace correction with respect to
the Frobenius norm to ensure that tr(Vu) = 0, see Section [6.3.1. When we per-
formed the gradient reconstruction for our Axisymmetric Contraction Benchmark
without any correction of trace as worst cases we saw min(tr(Vu)) = —34.50 and
max(tr(Vu)) = 28.54. Consequently, trace correction seems to be reasonable or
even necessary.

It is all the more surprising that adding a trace correction has no significant effects.
Hardly any differences can be detected in the visualization. In the documentation
of erry and err,, no difference is observed at all. At the same time, simulation times
for the trace-corrected case and the uncorrected case are extremely similar. For the
remaining test cases, we therefore always include our trace correction.

‘Quality management’. Finally, we review the overall quality of the simulation
with respect to the property preservation. First, we check whether on a single sphere
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the mass of one, representing the normalization property, is maintained. In fact, the
largest deviation at 7' = 25 downward with respect to all spatial points is -2.1e-12,
whereas the largest deviation upward is 1.3e-12. The average deviation is 6.3e-14,
which is close to the machine accuracy. All in all, this is perfectly acceptable,
especially since we already discussed in Chapter |5 that the transformation from a
Cartesian to a curved element can introduce a slight error.

A further aspect to check is that for the eigenvalues it always holds that 0 < a; <
as < az < 1. Figure indicates the largest eigenvalue is always smaller than one.
Analogously we checked that the smallest eigenvalue is always greater than zero, so
that no ad hoc correction for our orientation tensors A is necessary.

7.2.2.2 Number of basic steps

When coupling the FPE and the NSE, the question arises how often to switch
between the PDEs, that is, how to choose the basic time step size At. This is a
heuristic choice. So far we have used 2500 steps to solve the NSE on the time interval
[0,25], i.e., At = 0.01.

To evaluate the effect of different numbers of basic time steps, we compare the results
for 1000, 2500 and 5000 FPE-NSE steps. The other parameters remain unchanged
compared to the reference setting. The number of substeps for the space-dependent
and -independent part of the FPE is determined individually via the CFL-condition.

Pros and Cons. An argument for fewer basic steps is a reduced computational
time. In fact, our local MPSC solver for the NSE can handle significantly larger
time steps than At = 0.01. However, the savings are not passed on one-to-one to
the total computational time because more substeps are required for the FPE.

An argument that justifies more basic steps, despite of the increased numerical
effort, is the stronger coupling between FPE and NSE. However, especially in our
benchmark with an extremely small Reynolds number, we have to check if there is
still a change in the velocity field that is worth to be calculated at all.

basic time steps 1000 2500 5000

Table 7.8: For a different number of basic steps: Distance of the largest eigenvalues
comparing the given step and its predecessor in the norms defined by (7.3)).

In Table |7.8 we observe overall quite similar results for a different number of time
steps -as it is desirable. However, as it might be expected, errs and err,, become
slightly smaller when more basic steps are used.
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Computational time. The number of basic steps primarily affects the time needed
to solve the NSE. This time is proportional to the number of basic time steps.
The time spent on the FPE increases with more basic steps as well, but only to a
limited extend. This is because the larger number of basic steps in relevant parts is
compensated by a smaller number of substeps. In general, the computational time
is influenced by the tolerance required by the solver for the NSE.

7.2.2.3 Different levels on the sphere.

The level of the spherical mesh also has a significant impact on the duration of the
simulation. In Section we did different numerical studies on a single sphere.
Meanwhile, however, we consider a sphere for each spatial grid point, that is, a
few thousand spheres. Consequently, refining the mesh increases the computational
effort drastically. In this context, the question arises whether a large number of
orientation points is necessary at all, since not the PDF 1 but the orientation
tensors A couple the FPE to the NSE. In fact, it is assumed that the accuracy
of 1 is not that critical, see also [Kne06l [KS09a].

As before, the largest eigenvalues of the orientation tensors are used as metric. In
analogy to Table[7.8] Table[7.9] quantifies to what extent the orientation has become
stationary at different times.

sphere 9 3 A 5
level o | .

time eIry eITs erTy eIT erTy eIT 5 erry €ITs
0.05 || 1.26e-2 1296 | 1.59e-2 14.81 | 1.70e-2 14.85 | 1.73e-2 14.65
0.10 || 5.92e-3 4.50 | 7.18e-3 5.07 | 8.03e-3 5.30 | 894e-3 5.45
0.15 || 4.07e-3 127 | 4.69e-3 140 | 4.94e-3 140 | 5.09e-3 1.39
0.20 || 3.35e-3 0.959 | 3.78¢-3 1.02 | 3.97e-3 1.06 | 4.03e-3 1.07
0.25 || 2.91e-3  0.787 | 3.29e-3  0.902 | 3.42e-4  0.941 | 3.46e-3  0.947
2.50 || 3.31e-4  0.091 | 3.80e-4  0.083 | 3.91e-4 0.075 | 3.99¢-4  0.079

25.00 || 7.23e-6  0.008 | 8.82e-6  0.008 | 1.16e-5  0.010 | 1.27e-5  0.011

Table 7.9: For different spherical meshes: Distance of the largest eigenvalues comparing
the given step and its predecessor in the norms defined by (7.3)).

First, we expect that the errors are getting smaller when the mesh is refined. In
fact, however, even a trend in the opposite direction is observed for both errs and
err.. The distance measured in the maximum norm and in the Euclidean norm on
average is smaller for the coarser mesh.

In Figure the orientation states at time 7" = 25 are visualized. Taking a look
at the plots the results obtained with sphere level 2 can be questioned, whereas the
other meshes lead to plots, which can be hardly distinguished by the eye. Thus, the
grid for level 2 is probably so coarse that reliable convergence to the correct result
cannot be expected everywhere.
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Figure 7.10: Largest eigenvalues for T = 25 when the levels 2, 3 (left), 4 and 5 (right)
are used for the spherical mesh.

In Paragraph [7.2.2.2, where the number of basic steps was varied, the simulation
time for the NSE was influenced, while that for the FPE remained fixed. Varying
the number of spherical mesh points, it is the other way round. The simulation time
for the NSE remains unaffected, whereas there is a direct correspondence between
the number of spherical vertices and the time needed to solve the FPE.

The quadrilateral mesh is designed in a way that the number of vertices quadruples
from level to level, see Section [5.5.2. This is reflected in the computational time for
the FPEs, which quadruples or nearly quintuples in some cases. Summing up, it is
reasonable to choose the spherical mesh of level 3 with its 386 vertices.

7.2.2.4 Different levels in space.

For this paragraph we used the spherical mesh on level 3 to compare the results for
the spatial meshes on level 1 and 2. No differences were identified with respect to
the vortex detachment point.

The only noticeable differ-
ence compared to our pre-
vious simulation results,
see, e.g., Figure is
that the small isotropic
area in the vortex region

3.3¢:01 050607 0‘-8 9.7e-01 is preserved better over
— J—
time.

Figure 7.11: Final orientation state at T = 25
for N, = 6 if level 2 is used for the spatial mesh.
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7.2.2.5 Different particle numbers N,

Previously, N, = 6 was used as a typical value. To get a feeling for the practical
implications of different N,, we also look at N, = 0 and N, = 20. The shear
parameter N, = 0 will not be changed.

Choosing N, = 0 reduces the generalized NSE back to a Newtonian NSE. This
breaks the flow/orientation coupling. The velocity field has to be calculated only
once at the beginning and can then be used throughout the whole simulation, that
is, it is not affected by the orientation. Accordingly, the streamlines and vortices
are always the same as in Figure [7.6h).

Conversely, N, = 20 represents an increased fiber volume. We expect the suspension
to exhibit a stronger non-Newtonian behavior. In fact, in Figure we observe a
further enlarged vortex, which can be estimated to be approximately 1.34R.

1.34R

veloc_magnitude
0.0e+00 0.2 03 4.8e-01
_ ‘ 1 i

Figure 7.12: Final flow state at T' = 25 for N, = 20.

In Figure [7.13| we contrast the fiber orientation for N, = 0 and N, = 20. We
observe that the geometry of the area, where we have an isotropic distribution, is
different. The plot of the largest eigenvalue for N, = 20 is similar to the last plot

in Figure and Figure where N, = 6 was used.

3.3e-01 0.50.60.7 0.8 9.8e-01 3. Se 01 O 506070 8 9 8e-01
[ T [ |

Figure 7.13: Largest eigenvalues at T = 25 for N, = 0 (left) and N, = 20 (right).
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8 Conclusions

8.1 Summary

Each Fokker-Planck equation models a probability distribution function that does
live in both a physical and a configuration space. The result is a high-dimensional
problem, which makes the Fokker-Planck equation a numerically challenging prob-
lem. Applying an operator splitting approach the high-dimensional problem can be
divided into smaller subproblems, i.e., in a linear advection equations in the physical
space and in a convection-diffusion equations in the configuration space.

Various numerical approaches from the literature to solve Fokker-Planck equations
are summarized in Chapter [1] In this thesis, we used a deterministic approach and
applied property-preserving finite element discretizations for the subproblems.

In Chapter [2| our specific Fokker-Planck equation was introduced. It models the
orientation of fibers in a suspension, so that the configurational space is chosen as the
unit sphere S?. If we restrict the Fokker-Planck equation to its space-independent
terms and ignore the diffusive term, an analytical solution is known. We use this
several times as a reference solution.

Other PDEs relevant to this thesis were presented and their relationship was worked
out. Jeffery’s equation provides an expression for the velocity of the fibers, whereas
the velocity field of the fluid is simulated by the Navier-Stokes equations. However,
in the first part of the thesis we do not consider the fully coupled FPE-NSE system
but the FPE as a single building block.

We derived the Folgar-Tucker equation from the Fokker-Planck equation as an al-
ternative and a low-order approximation of it. While the Fokker-Planck equation
directly computes the orientation distribution function and provides an extremely
precise description of the orientation, the Folgar-Tucker equation uses tensors to
characterize the orientation, which significantly reduce the numerical effort. The
orientation tensors require empirical reconstructions, but if these are well chosen,
good results are possible. To define the stress tensor, that is responsible for the
coupling to the Navier-Stokes equations, the orientation tensors are needed anyway.

Chapter (3| covered the finite element method. We discussed the choice of differ-
ent function spaces and basis functions. With regard to the necessary property-
preserving procedure we decided to use the continuous Galerkin approach, where
the numerical solution is expressed in terms of (bi-)linear Lagrange basis functions.
Considering the resulting finite element matrices, the consistent mass matrix is often
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replaced by a lumped mass matrix for reasons of efficiency and stability or because
it is necessary for our limiting strategy.

Chapter 4] explained the AFC methodology, which works on the level of finite
element matrices. We first contrasted low- and high-order schemes for a scalar
advection equation. Via an additional artificial diffusion matrix and a lumped mass
matrix, the low-order scheme ensures that no physical boundaries are violated. Since
this happens at the expense of the order of convergence, we must find a mechanism
that replaces the high-order method by a low-order method only where necessary.
The result is a limited high-order method.

In this thesis we implemented an MCL approach. Considering a scalar advection
equation, each solution value at a new time can be written as a linear combination of
previous solution values. Restricting this linear combination via a CFL-condition it
even becomes a convex combination, and thus ensures that the new value stays in a
given invariant domain. Using a straightforward extension of the MCL methodology
to convection-diffusion equations, the adapted CFL-condition is the more restrictive
the larger the magnitude of the diffusion coefficient becomes.

To design a numerical test problem for the advection equation, a suitable velocity
field is needed. We chose a so-called solid body rotation. As configurations to be
rotated both continuous and discontinuous geometries were used. By considering
not only the results of the MCL algorithm but also from the low-order and unlimited
high-order scheme, the need for limiting is well illustrated. For instance, we observe
how much the solution smears when the low-order scheme is applied. In addition,
the influence of the chosen time stepping is demonstrated. While the backward Euler
method performs well, we obtain strong oscillations when the forward Euler method
is combined with the baseline Galerkin approach. However, in combination with
MCL the second-order SSP-RK scheme, which is based on a convex combination of
forward Euler steps, is an excellently suited time stepping scheme.

In Chapter |5| we paid special attention to the part of the FPE living on the sphere.
We embedded the sphere in the larger context of manifolds. This included the insight
that each small piece of the unit sphere S? C R? can locally be identified with
an element in 2d, so that one dimension is saved in numerical computations. The
numerical tests demonstrate that there arises a small error due to the transformation
between 2d and 3d space. However, this error can be minimized by increasing the
order of the transformation and by refining the mesh.

In order to define differential operators and integration on manifolds, we need the
Gram matrix, which acts as metric tensor. Moreover, the concept of tangent planes
is relevant, not least because the surface divergence can only be applied to fields
that are tangential to the manifold.

Overall, we can conclude that despite some additional mathematical requirements,
essential software components can be reused for PDEs on surfaces.

With Chapter [6] we did the last steps towards the coupled FPE-NSE system. First,
we focused on the concrete implementation of the operator splitting approach for
the FPE. The PDEs in physical and configuration space are solved alternately. For
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the practical realization the coefficients of the FE solution are stored in the rows and
columns of a large matrix. We benefit from the modularity of the code and from the
subtime stepping, which avoids that the smallest time step must be chosen globally.
Another potential advantage, especially in the context of our high-dimensional FPE,
is the option to parallelize the computations for all PDEs in physical space and,
analogously, for all PDEs in configuration space. This possibility is reduced by
the normalization limiter, which introduces a coupling between both subproblems.
However, this additional limiter is essential to ensure that the normalization property
of the ODF is preserved, i.e., that the mass on each sphere stays one. Concretely,
our MCL-limiter has to be supplemented by further algebraic corrections.

To calculate the rotational velocity of the FPE, the Jacobian of the suspension
velocity is needed. In simpler test cases, we provided it analytically. Once the
velocity of the suspension is obtained from the NSE, the associated Jacobians must
be reconstructed numerically. We do this with a standard L2-projection. Without
further modification, the trace of these Jacobians is not zero, although it should be
in the case of solenoidal velocity fields. Therefore, we performed a trace correction
with respect to the Frobenius norm, even though the effect on the overall result of
the simulation turned out to be almost negligible.

Finally, in Section we derived how the NSE can be written as a saddle point
problem. We explained why Q,P{* is a suitable FE pair for velocity and pressure,
and why a local multilevel pressure Schur complement solver was used for the NSE
in our application.

Chapter |7| covers two benchmarks, one for the full FPE and one for the coupled
FPE-NSE system. The former takes up and develops the basic idea of solid body
rotation. For a suitably chosen spatial velocity field, there is a temporal equivalence
between the solution of the full FPE and the solution of the space-independent FPE.
In the case of vanishing diffusion, an analytical solution for the space-independent
FPE is known an can be used as a reference solution for the full FPE.

The coupled FPE-NSE system was studied in the framework of the axisymmetric
contraction benchmark. This geometry has some appeal to the rheological commu-
nity, since Newtonian and non-Newtonian fluids behave significantly different. For
non-Newtonian fluids the coupling, which takes into account the mutual influence of
fibers and fluid, is achieved by using an effective stress tensor. This tensor depends
on the second- and fourth-order moments of the orientation distribution function.

In the numerical results we could observe the development of the largest eigenvalues
of the orientation tensors over time. These provide information about the primary
orientation direction of the fibers. Moreover, we could verify that with increasing
particle number, corresponding to an increasing fiber volume, the size of the vortices
at the end of the larger pipe of the contraction increases as well. The effect of
different sizes of the meshes and the time steps on the accuracy of the numerical
results was investigated.
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8.2 Outlook

This thesis provides the various building blocks to solve the Fokker-Planck equation
and also the coupled FPE-NSE system numerically. The focus was on a theoretically
validated approach and, in particular, on preserving physical properties. However,
for multiphase flows and Fokker-Planck equations a reduction of the inherently huge
computational time is highly relevant as well.

This goes beyond the application of an operator splitting approach. Depending on
the application it might be justified to give up some generality. If an in-plane ori-
entation can be expected, it is possible to assume a 2d instead of a 3d distribution.
If the configuration is modeled on the surface of a sphere and the orientation dis-
tribution is symmetric because we do not distinguish between the beginning and
the end of the fibers, the sphere can be reduced to a hemisphere. Then one has
to think about the implementation of suitable periodic boundary conditions for the
hemisphere, but ideally up to half of the computational time would be saved. Last
but not least, the numerous possibilities of code optimization and parallelization on
both the software and hardware level open up a wide range of options.

If the problem should be extended, geometries beyond the axisymmetric contraction
benchmark are worth to be examined. Moreover, among the open questions is the
numerical treatment of free surfaces in injection molding simulations.
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10 Appendix

10.1 Spherical Coordinates

Basics. The need for spherical coordinates comes from the fact that we are working
with the sphere S?. Since the S? is a unit sphere, its radius is 7 = 1. We set

a) the polar angle 6 € [0, 7] and
b) the azimuthal angle ¢ € [0, 27).

Figure visualizes the arrangement of those angles. For the relationship between
the Cartesian and the spherical coordinates it holds true that

z
sin(f) = a (%), z = cos(h),
sinfp) =2 L%y =sin(9) sin(p),
a
cos(p) = L = sin(6) cos(p), 0
a T
i S Yy
and summing up o
x sin 6 cos x
y | = | sinfsingp | . Figure 10.1: Convention for
z cos 0 the spherical coordinates

In the context of manifolds, the above description for points on the sphere can also
be written as parametrization 7 : R? — R?, where

7(0,p) = ( sinfcosyp, sinfsinp, cosh)’ =:e,,

0

a—;(@,gp) = ( cosfcosyp, cosfsingp, —sinf )T =: ey,

0

é(@,gp) = (—sinfsinp, sinfcosp, 0 )T =:sind e,.

Typically these three expressions in terms of 7 are known as the orthonormal basis
vectors e,, ey and e, where it has to be ensured that e, is normalized as well.

Different conventions. The version of the spherical coordinates presented so far
comes from physics and is by far the most commonly used convention. However,
especially in American mathematics, the polar angle 6 € [0, 7] often does not start at

the north pole anymore but is replaced by § € [-Z, Z

-7, 5], which is zero in the xy-plane.
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The new situation is shown in Figure[10.2 We obtain # =
A 2

sinf = z and cosf = a. Everything else remains h .
unchanged, so that F Y i z
T cos 0 cos @ -3 a
= 0
Y o8 . my Figure 10.2: Amercian con-
z sin

vention with 0.

For a uniform setting in our numerical studies we sometimes had to convert from the
American convention used in the corresponding literature to the physical convention.
We compare the basis vectors as well as two flow fields used in Section [5.6.3.

Physical convention American convention
sin 6 cos cos f cos
e, = | sinfsiny e, = | cosfsiny
cos 0 sin 0
cos f cos —sinfcos o
ey = | cosfsinp e; = —sinésincp
—sind cos 6
—siny
e, = | cosp
0
Solid Bodgf Rotation
u = 27 (sin 0 cos a + cos ) cos p sin @) ‘ u = 2m(cos ) cos o + sin 0 cos @ sin )
v = —27wsinpsina
Deformation;ﬂ Flow Field
o =@ —2nt
u = Bsin’(¢)sin(260) cos(mt) + 2msin(f) | u = Bsin®(¢)sin(26) cos(mt) + 2mcos(F)
v = [Bsin(2¢') sin(0) cos(rt) v = Bsin(2¢') cos(f) cos(mt)

Table 10.3: Comparison of physical an American convention for selected quantities.

The term sin# becomes cosf and vice versa cos becomes sin é, since 6 = 5 —0.
Furthermore, sin(26) = sin(r — 26) = sin(20) = 2sin(8) cos(d).

The relationship between ey and e; deserves special attention. We calculate both
vectors by deriving the respective e, with respect to 6 or 6. Then, however, we have
that ey = —e;. While on the sphere the single components of e; are oriented from
the South Pole to North Pole, for ey it is the other way round. As a consequence,
the velocity field that is described in American papers by v = ue, + ve; needs to
be changed to v = ue, — vey (!).

Some more formulas. In what follows, we stick to the physical convention used
throughout this work.

With the definitions above, the Cartesian coordinates x,y and z are easily obtained
from the angles # and . Sometimes, however, the opposite direction is needed as
well; for example, when the mesh nodes are given in Cartesian coordinates, but the

159



flow field is described by spherical coordinates, see Table[10.3] Then the expressions
to convert read

0 = arccos(z),

arctan(¥) ifr>0
s £

Y= atan2(y, x) — QSgn(y) 1 €T
arctan(Y) + 7 ifx <0Ay >0
arctan(¥) — 7 if 2 <0Ay <0,

po=p+2m, ifp<O0.

Within the proof of Theorem [2.4] derivatives of the basis functions are needed. They
can be easily calculated as [Qua93, A.4.1]

de, deg _ de,
o0 T R
?;Z:sinQeW; ?9_(;9:6089%; %—sz—sinﬁer—cosﬁeg.

Finally, we list the spherical gradient, divergence and Laplacian as they can be found
in the literature [Qua93, A.4.2+3]:

0 1 0
= F 10.1
Ve = €055 e G005 (10.1)
v, v = maon(tin0Ve) + B V=V + Vi (102)
’ 31r1198g(81n9‘/9) sirllgaa% if vV = ‘/Gee + V. 0€p- '
1 0 0 1 0?
Ap = og \ sl =2 | + ————— 10.
P sinf 00 (sm 60) T sin? § 02 (10.3)

Remark 10.1 (Derivation of the divergence). Taking formula ((10.1)) as given, the
divergence can be calculated as the dot product of V, and a vector field V. Also
using the above definitions of the basis functions we obtain

0 1 0 :
Vp -V = (eG% + %M %> - (Voeg + V,sinfe,)

B 0Vp deg  O(V,sin 9) de,,
=00 | g TV gg T g e T Ve sing ae
~
—e, =0
1 OVy deg  O(V,sind) . Oe
B Al g Y
€ 7 9 ey + Vo 0 + a7 e, + V,sin P
~— ~—
cosfe, =ci1er+coeg
oVy  cosb ov, 1 0 oV,
00 * sin 6 Vot Oy sin 6 90 (sin6V5) + Oy
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Concrete calculations. To perform the numerical tests in the Sections [5.6.1 and
[5.6.2, the spherical Laplacian, the surface gradient and where necessary the integral
value for our two functions are needed. To calculate the gradient and the Laplacian,
the formulas and can be used after a conversion from Cartesian to
spherical coordinates. For the Laplacian, we can alternatively use the relationship
between the Laplacian for R” and for S"~! as described by Lemma .

u=2z. Reformulating the function u(z) = 2z to u(f) = 2 cosf, we have

2
Apu = % (2cosf) + Z?ﬁg% (2cos @)
= —2cosf —2cosf
= —4cosf
= —4z.

We obtain the same result by applying the Cartesian Laplace operator, normalizing
each argument of the function u(z,y,z) by ||x|ls = /22 + y? + 22. The normal-
ization is necessary to obtain the right coefficients even though we omit ||x||, after
deriving since it is equal to one. Hence,

A 2 _ O (), 022 O (2
2+ 2+ 22)  0x?\ Iy \ /- 022 \ /-
= — 22+ 6272 — 22+ 6y°2  — 62(2® +97)

= —4z.

Applying the formula for the surface gradient to u(f), we find that

9 cos f cos —2zy
Vot = ey 2 (2cosf) = —2 | cosfsing | sinf = —2yz
—sin @ 2 (2% + %)

Finally, applying the integration formula given in Remark verifies that the
integral over the sphere is zero:

2 s s
/ udp = 2/ / cosfsinf df dp = 47T/ cosf sinf df = 0.
s? o Jo 0

u=xy. Laplacian and gradient on the sphere have to be calculated for the second
function u = zy = sin® @ cos @ sin ¢ as well. For the Laplacian we obtain either

0? n cosf 0 n 1 02

—u —Uu + ————u

002 sinf 00 sin? 6 Op?

= 2(cos® @ — sin* @) cos psinp + 2cos? fcos psing — 4cospsin g

Apu =

= —65sin? f cos @ sin ¢

= —bxy
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or

A Ll = = bzy = —6x
2rp+2) T T @+

For the gradient we have

Vou = sin?@ cos p sing) + e sin? @ cos ¢ sin )

e —_— R —
" 55 ¢ ?sinf dp (
= 2epsinfcosfsinpcosp — e, sinf (cos® ¢ — sin? ).
For the z-component this means that

2 cos? @ sin f cos® psing — sinfsin g (cos? ¢ — sin )
=(2cos®f cos* ¢ — cos®p + sin®¢) sind sinp
=y
((2cos?0 — 24 1) cos* ¢ +sin? @) y
(—2sin*fcos® ¢ + 1)y
(2 +y* +2%)y.

In a similar vein the y-component can be written as

2 cos® 0 sin 6 cos psin® ¢ + sinf cos o (cos® p — sin® )
= (2cos? fsin? ¢ + cos? p — sin? @) sinf cos ¢
—_———

=T

((2cos?0 — 2+ 1) sin? p 4 cos® @) =
(—2sin*fsinp + 1) =
(* —y* + 2%) z.

The last equations are valid because

—2? 4 y* + 2* = —sin® 0 cos® ¢ + sin”® fsin®  + cos® §
= sin?6 (1 — 2cos? ) + cos®
= —25sin?f cos®’ p + 1.
and
22 —y? 4 2% = sin? 0 cos® ¢ — sin® 0 sin? ¢ + cos? 6
= sin® @ (1 — 2sin® ) + cos® 0
= —2sinf sin® ¢ + 1.
Finally, the z-component of the gradient can be rewritten as
—2cosfsin®fcospsinp +0 = —2xyz.
Consequently, the spherical gradient expressed in Cartesian coordinates reads
y(—2* + y* + 2%)

Vou = | x( 2% —y*+2%)
—2xyz
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Remark 10.2 (Reusing code). During implementation, it was possible to reuse
code for the error calculation or to obtain (parts of) the right hand side. Note,
however, that this only works if the relevant derivatives are explicitly provided in
the background, not if we let the code automatically derive the functions as if we
were in the Cartesian space.

10.2 The sphere as submanifold

A prime example of a submanifold is the S?, the surface of the unit sphere in R3. First
of all, with k£ = 2 and n = 3 it provides an illustrative example for a submanifold.
It is intuitive that small pieces of S? can be identified with areas in R?. Moreover,
the sphere is of interest because of its applications such as our earth. Last but not
least, within this work the Fokker-Planck equation is partially defined on S?.

To get used to the definitions of a submanifold in Section [5.2], we consider them for
the S?, which can be described as

M=8= {(X,Y,Z)T € R®

X24Y24 22 = 1}. (10.4)

The variables for S C R? are denoted by capital letters, the variables for  C R?
by lowercase letters. First, we illustrate Definition Let U = R?. With regard to
expression we choose f1(X,Y,Z) = X?+Y?+ Z%—1. As Jacobian we obtain
Dfy =2(X Y Z), where the rank is n — k = 1. This already proves that the S? is a
submanifold.

The focus of Definition is on the parametrization. Since the parametrization 7
we are looking for is not unique, we introduce different possibilities to verify that S?
is a submanifold.

Hemisphere. As first example, [Birl0], let us consider

Q:{(x,y)TER2 x2—|—y2<1}, U:{(X,Y,Z)TG]R?’ Z>0},
x X
and 7:Q—= MnNU, (x>l—> Yy =Y,
Y 1 — (224 y?) Z

where the third component of 7 results from the formula X2 + Y2 + Z2? = 1 for
S?. As required by the definition, € and U are open sets of correct dimension. It
holds true that 7(2) = M NU. Parametrization 7 maps the interior of a unit circle
onto a hemisphere, see Figure It is intuitively clear that the geometries are
homeomorphic, which includes that

X X T
L MNU=-Q: | Y r—)()z()
Z Y y
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as the inverse function to 7 is continuous.

The Jacobian reads

on O

Oz Jy 1 0
Dr=|% &|=|0 1].

ox y

dr3 O3 Ot Om3

ox dy Oz Jy

Figure 10.4: Mapping to the hemisphere

Because of the number of columns, rank(D7) < 2. Since the first two rows are

linearly independent, in total rank(D7) = 2, which proves that 7 is an immersion.

By defining a set U for the cases Z < 0, X < 0,X >0,Y <0 and Y > 0 as well,
every point on the sphere is covered at least one time, and with these six charts it
is shown that S? is a submanifold. It is possible to reduce the number of charts to

two, as shown in the following example.

Stereographic projection. Our second parametrization is based on the stereo-
graphic projection [Barl0]. With this projection each point P = (X,Y, Z)T of the
sphere, except the north pole N = (0,0,1)7, is projected to a point p = (x,y)7 in

the R2-plane as visualized in Figure [10.5) where g(t) symbolizes the projection.

The line g(¢) can be described mathematically as g(t) Z

linear combination of N and P, that is,

N

0 X P
gt)=tN+(1—-t)P=t |0 +(1—-t)| Y |. p

1 Z KJ
Since the third component disappears in the pro-

jection plane, we find that

1

t+(1-t)~Z 20 = 1—t=-—. Figure 10.5: Stercographic pro-
jection through N from P to p.

1-Z7

N

T,y

Applying this to the first and the second component of g(t), the projection to p

reads
X
1
o $2\(0,0,) = R*} (Y] —» —— X
7 1-2Z\Y
The inverse function corresponding to 7! is given by
x 1 2
71 R*—S%(0,0,1)" <)'—>— 2y
Y ? Y 2 2
as it can be verified through
Ly < 1 <X>) ( 1
T|T =7 ——= =T
— 224y2—1 .2
Z 1=Z\¥ l-Znm ™
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and similarly

2z =
1 1 b
T <7’ (x>) =71 el 2y =771 S NS 12_YZ
2 2
y 2? +y? v +y? — —zr 1 o1
2X(1— 2)
=7 2Y (1 —
X2+ Y2 2y Y2 >—Z)2
o 1 X(1- Z) X .
) .| -1
o <1 200 =\ Y] = ( ) ’
20=2) \oz(1 - 2) Z y

where X? + Y2 + 7% = 1 was used for (x). Both Q = R? and U = R3\(0,0,1)7 are
open sets; and as composition of continuous functions, 7 and 7! are continuous.
Let us finally consider

2(—z2+y2+1) N 4y
(22 +y2+22)2 (@2 +y2+1)2
Dr = —4xy 2(x2—y%+1)
(z2+y2+1)2 (w2+y2+1)2
Ot3 Ot3
ox y

It is easily verified that the first two rows are linearly independent, that is,
a(Vm)+p(Vr) =0 = a=p=0.

The quadratic terms cannot be canceled out by the (bi)linear terms. Setting = =y
or even x = y = 0 does not change the situation. Consequently, V7 has rank 2 and
7 is an immersion. A second chart is needed to cover the north pole. An obvious
choice is the stereographic projection from the south pole.

Spherical coordinates. Spherical coordinates are the most common way to pa-
rameterize the S2. They were used repeatedly in the thesis. Relevant formulas are
summarized in Appendix [10.1] Here we consider

Q= {(0,9) eR* [ € (0,7),9 € (0,2m)};
U = R*\{(0,0,1)",(0,0,-1)", longitude described by ¢ = 0};

0 sin 6 cos
7T: Q—=>MnNU, ()r—> sinfsing | ;
? cos 6
or  or cosfcosp —sinfsinp
Dt = (— —) = | cosfsinp sin @ cos ¢
00 Oy —sinf 0
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We choose open intervals for 2. By removing the interval boundaries, north pole,
south pole and prime meridian are not covered. However, () has to be an open
set by definition. The restriction to the respective intervals is important for 7 to be
bijective, which is a prerequisite for 7 to be a homeomorphism. With this restriction
to the intervals the inverse function 77! is also continuous. To prove that 7 is an
immersion, we show that rank(D7) = 2, where rank(D7) < 2 is clear because of the
number of columns. Since 6 € (0, 7), it is always true that sin(d) = 0. Furthermore,
sin(p) and cos(p) never become zero at the same time. In consequence, always
either the second and the third or the first and the third line of D7 are linearly
independent, which finishes the proof.

10.3 Aspects of implementation

The key to make finite element theory fruitful is implementation. In Chapter [3|about
FEM, we did not cover the implementation. On the one hand, much literature can
be found on the subject, see, e.g., [KA13]. On the other hand, a suitable finite
element software package was already available. However, a basic understanding is
important in any case.

solver meshopt

FEAT3. There is a wide variety of commercial or
open source FE software. For this work, LS3’s own [ giopal
software package FEAT3 written in C+-+11 was used.
The development of its predecessors started in the
1980s, the origin of FEAT3 itself goes back to 2010. lafem trafo
It provides different components, see Figure [10.6]
which can be combined according to the modular de-
sign principle to solve several PDEs for varying ap-
plications. In particular, FEAT3 features hardware- | util
related fast solvers, multigrid and different possibili-
ties for parallelization.

space

H
1

I

geometry

| adjacency ” analytic ”cubature

Figure 10.6: kernel struc-
ture (by Peter Zajac)

Mesh. During the phase of pre-processing, mesh generation has to be faced. In
the case of more complex geometries, external software might be used for this task.
The main computational issue is the keeping track of the local and global indices
of the nodes and the elements [ESW14|. The numbering does not only describe the
adjacency of the mesh but it is also necessary to place the respective contributions
correctly in the FE matrices and the right hand side vector for the algebraic system.

Assembly. In Section [3.4, mathematical properties of the FE matrices were in-
vestigated. The structure of the matrix plays an important role. The specific FE
matrix is defined by the bilinear form, the chosen space, e.g., Py or Qq, and the
formula for numerical integration. This formula must be of sufficiently high order
to guarantee the optimal order of convergence.
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CSR format. The structure and the sparsity pattern of an FE matrix have a
huge impact on the functionality of the applied numerical methods. FEATS3 uses
the compressed sparse row (CSR) format, which is a common and beneficial way
to store sparse matrices. It is based on three vectors. In the first vector ‘val’
the non-zero entries of the matrix are stored row by row, while the second vector
‘col _ind’ contains the corresponding column indices. Accordingly, the length of both
vectors is equal to the number of the non-zero entries. Finally, the vector ‘row ptr’
determines, which value belongs to which row by indicating after how many non-
zero entries a new row begins. This counting includes all the elements from previous
rows. For technical reasons the third vector always starts with a zero, so that its
length is one more than the number of rows. Every matrix can be unambiguously
described by these vectors. As an example consider

0000
5 8 0 0
A:oo307
06 00

where val = (58 36), col_ind = (012 1) and row_ptr = (00 2 3 4).

Sometimes we have to loop through for (Index i=0; i<n; ++i)

the elements of a matrix. In the case {

of a sparse n x m-matrix the simple const Index start = row_ptr[i];
approach ‘for i = 1m { for j = 1:m const Index end = row_ ptr[i-+1];
pp , ) _‘] L for (Index k=start; k<end; ++k)
{...}}’ that loops over each individual {
element is utterly inefficient and leads Index j=col ind[k];
to a prohibitively large execution time. (--4)

Instead, using the CSR format we only 1

loop over the non-zero entries, as de- }
scribed in Figure [10.7] Figure 10.7: Loop over a CSR matrix.

Node-based vs. element-based implementation. In the context of finite ele-
ments we distinguish between node- and element-based implementations. Each row
of an FE matrix belongs to a node identified by an index. When using the node-
based implementation, the associated elements must be determined for each node.
While this approach is often used for model problems to get familiar with FEM, in
practice it consumes unnecessary computational time |[Bral3].

Software packages usually employ the element-based approach, where we sequen-
tially pass through the elements. For each element the nodal data is ‘gathered’,
processed and saved in local matrices, that are finally inserted in the global matrix,
when the results are ‘scattered’ back to the nodes [Kuzl10].

Last but not least, to avoid confusion, we mention that in the context of limiting
there is also a distinction between ‘edge-based’ and ‘element-based’ algorithms. In
this thesis, we stuck to so-called edge-based methods throughout, since they have the
advantage to work in a black box manner. Element-based methods promise several
advantages but also require a deeper knowledge of the underlying data structures
since they need access to the element matrices, see [KH23].
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