Star Products and Geometric Algebra

Dissertation zur Erlangung des akademischen Grades eines Doctor rerum naturalium

vorgelegt von Dipl.-Phys. Peter Henselder

Universität Dortmund September 2007

For my parents

Thought and science are raising problems which their terms of study can never answer, many of which are doubtless problems only for thought. The trisection of an angle is similarly an insoluble problem only for compass and straight-edge construction, and Achilles cannot overtake the tortoise so long as their progress is considered piecemeal, endlessly halving the distance between them. However, as it is not Achilles but the method of measurement which fails to catch up with the tortoise, so it is not man but his method of thought which fails to find fulfillment in experience. This is by no means to say that science and analytic thought are useless and destructive tools, but rather that the people who use them must be greater than their tools. To be an effective scientist one must be more than a scientist, and a philosopher must be more than a thinker. For the analytic measurement of nature tells us nothing if we cannot see nature in any other way.

Alan W. Watts

Contents

Introduction 3

1 The Star Product Formalism 5 1.1 Quantization and its Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.2 Star Products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.3 Quantum Mechanics in the Star Product Formalism . . . . . . . . . . . . . . . . . . . . . . . 12 1.4 The Harmonic Oscillator in the Star Product Formalism . . . . . . . . . . . . . . . . . . . . . 18 1.5 Systems in Higher Dimensions and Angular Momentum . . . . . . . . . . . . . . . . . . . . . 22

2 Fermionic Star Products 25 2.1 Grassmannian Mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 2.2 The Grassmannian Oscillator in the Star Product Formalism . . . . . . . . . . . . . . . . . . 27 2.3 The Supersymmetric Star Product . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 2.4 Supersymmetric Quantum Mechanics with Star Products . . . . . . . . . . . . . . . . . . . . 33 2.5 Spin and Star Products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 2.6 The Dirac Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 2.7 Fermionic Star Products and Chevalley Cliffordization . . . . . . . . . . . . . . . . . . . . . . 49

3 Star Products in Quantum Field Theory 55 3.1 The Forced Harmonic Oscillator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 3.2 The Wick Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 3.3 Quantum Groups and Twisted Products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 3.4 The Fermionic Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4 Star Products and Geometric Algebra 68 4.1 Geometric Algebra and the Clifford Star Product . . . . . . . . . . . . . . . . . . . . . . . . . 68 4.2 Vector Manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 4.3 Exterior Calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 4.4 Tensor Calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85 4.5 Curvature and Torsion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87 4.6 Rotor Groups and Bivector Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 4.7 Spinors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 4.8 Symplectic Vector Manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 4.9 Poisson Vector Manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

5 Physical Applications for Superanalytic Geometric Algebra 110 5.1 The Rigid Body . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110 5.2 Geometric Algebra and the Kepler Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 5.3 Active and Passive Rotations on Space and the Theoretical Prediction of Spin . . . . . . . . . 117 5.4 Space-Time Algebra and Relativistic Quantum Mechanics . . . . . . . . . . . . . . . . . . . . 120 5.5 Deformed Geometric Algebra on the Phase Space and Supersymmetric Quantum Mechanics . 125 5.6 Active and Passive Transformations on the Phase Space . . . . . . . . . . . . . . . . . . . . . 127

Conclusions 131

Appendix A 133

Appendix B 134

Bibliography 136

Acknowledgment 142

Introduction

Considering physics as it is done today one notices that physics separates into two formally and conceptually different parts. There is on the one hand classical physics that deals with macroscopic phenomena and there is on the other hand quantum physics that deals with microscopic phenomena. Penrose [96] described this situation as a disturbing analogy to ancient Greece, where two different sets of laws for earth and heaven were applied. So immediately the question arises if one really has to use different formalisms on different scales or if it is possible to describe physics in a unified way. In order to investigate this question one first has to consider how classical and quantum physics are related. Quantum mechanics results from classical physics by a procedure called quantization and classical physics is reobtained by taking the classical limit. Both procedures are heavily plagued by problems [61, 100]. In the first chapter the mathematical problems of quantization will be addressed and it will be described how the star product formalism circumvents these problems. The star product formalism has the advantage that there is no formal break if one goes from classical physics to quantum physics. This formal advantage and the resulting beauty is then used as a guiding principle for the further development.

The first question that arises is if the spin can be described in the star product formalism. That this is indeed possible is shown in the second chapter. As a starting point the spin description with pseudoclassical mechanics as it was developed by Berezin is used. One can then construct a fermionic star product and apply it for deformation quantization of pseudoclassical mechanics. In analogy to the bosonic star product formalism one obtains spin Wigner functions that act as spin projectors. Besides the nonrelativistic case it is also possible to formulate Dirac theory with star products. The Clifford algebra of the gamma matrices is hereby described as a deformed version of a four dimensional Grassmann algebra. The fermionic star product in combination with the bosonic Moyal product leads to a supersymmetric star product formalism that can be used to describe supersymmetric quantum mechanics and in the relativistic case to describe the supersymmetric structure of Dirac theory. The other direction of generalization of the star product formalism is the application of star products in quantum field theory that is described in chapter three. After constructing a suitable normal product it is shown that the algebraic structures of perturbative quantum field theory appear also in the star product formalism, which is an expression of the algebra morphism of the operator and the star product formalism. But moreover the quantum group structure that was recently found in perturbative quantum field theory is shown to be a natural algebraic structure of the star product.

The essential advantage of deformation quantization is that the classical limit has a well defined meaning. In the context of the spin description with star products this leads to the question of the classical limit of spin, or equivalently to the question of the physical status of pseudoclassical mechanics. In chapter four it is shown that this question is solved if one realizes that the fermionic sector together with the fermionic star product describe the underlying geometric structure. The deformation of a Grassmann algebra leads to a Clifford calculus that is equivalent to geometric algebra. The formulation of geometric algebra in the star product formalism is given in chapter four. One sees there that geometric algebra as the most fundamental geometric formalism that unifies all geometric structures that appear in physics can be described in a supersymmetric manner that parallels the bosonic star product structures.

Having obtained a formulation of geometry with fermionic star products this formalism is then applied in the fifth chapter to physical problems. As examples for the application of geometric algebra in classical physics the rigid body and the Kepler problem are considered. In both cases the formalism of geometric algebra gives the most elegant formulation of the problem. In the quantum case one can then combine the fermionic star product formalism that describes the underlying geometric structure with the bosonic star product that describes the noncommuative structure of quantum mechanics. The result is a noncommutative version of geometric algebra that leads to a natural appearance of spin terms. The same idea applied on the phase space leads to the split in supersymmetric partner systems. Geometric algebra gives in this way a natural geometric foundation of supersymmetric quantum mechanics. Similarly one can interpret the hidden BRST-structure of classical mechanics that was found by E. Gozzi and M. Reuter in the path integral formalism from a star product point of view.

Chapter 1

The Star Product Formalism

The first chapter should give a short introduction to the star product formalism which allows a formulation of quantum mechanics on the phase space. After giving the motivation for doing quantum theory on the phase space the star product will be constructed with the help of the operator formalism. With the star product it is then possible to formulate an autonomous approach to quantum theory. As examples the harmonic oscillator and angular momentum are then discussed.

1.1 Quantization and its Problems

The standard approach to quantum theory relies on a procedure called canonical quantization, which was first formulated by Dirac in [28]. Starting point is a classical Hamiltonian system with d degrees of freedom, which can be described on a 2d-dimensional phase space. Scalar functions on the phase space can be multiplied pointwise, i.e. (fg)(x) = f(x)g(x), where the multiplication fulfills for f, g, h ∈ C^∞(P ) and λ ∈ R the following conditions:

fg = gf commutativity, f(g + λh) = fg + λfh linearity, f(gh) = (fg)h associativity,

so that the functions together with the addition and the pointwise multiplication form a commutative and associative algebra. Moreover there exists a differential-geometric structure on the phase space, called the Poisson bracket, which fulfills for f, g, h ∈ C^∞(P ) and λ ∈ R the following conditions:

{f, g}_{P B} = −{g, f}_{P B} antisymmetry, {f, g + λh}_{P B} = {f, g}_{P B} + λ{f, h}_{P B} linearity, {f, {g, h}_{P B}}_{P B} + {g, {h, f}_{P B}}_{P B} + {h, {f, g}_{P B}}_{P B} = 0 Jacobi identity,

so that the functions together with the addition and the Poisson bracket form a Lie algebra. For the special coordinates (q_i, p_i) the Poisson bracket can be written explicitly as

{f, g}_{P B} = d� n=1 � ∂f ∂q_n ∂g ∂p_n − ∂f ∂p_n ∂g ∂q_n � . (1.1)

The pointwise multiplication and the Poisson bracket are intertwined by the following relation

{f, gh}_{P B} = {f, g}_{P B}h + g{f, h}_{P B}, (1.2)

so that both structures together with the addition constitute a Poisson algebra.

The new mathematical feature that enters physics in quantum theory is non-commutativity. The noncommutativity can be described if one notices that the above mentioned classical structures have analogs in the space Op(H, D) of formally self adjoint operators on a Hilbert space H, and common invariant dense domain D ⊂ H. It is then possible to multiply the operators of Op(H, D), so that a associative, but not commutative algebra of operators is created, and taking the Lie product as^1_{iℏ} [·, ·] one obtains a Lie-algebra. These two structures are intertwined for Â, B̂, Ĉ ∈ Op(H, D) by � Â, B̂Ĉ � = � Â, B̂ � Ĉ + B̂ � Â, Ĉ � . (1.3)

In order to go over from classical theory to quantum theory one needs then a map Q that maps the set P ol(P ) of phase space polynomials in (q_i, p_i) to Op(H, D):

Q : P ol(P ) → Op(H, D), f → Q(f) = f̂. (1.4)

This map should fulfill the following conditions:

1) The constant function 1 should be mapped on the unit operator:

Q(1) = ^1. (1.5)

2) Q should be linear:

Q(f + λg) = Q(f) + λQ(g). (1.6)

3) The Lie structures on P ol(P ) and on Op(H, D) should be compatible:

Q({f, g}_{P B}) = 1 iℏ [Q(f), Q(g)] . (1.7)

4) Q should be consistent with Schrödinger quantization (which means that Q(q_i) and Q(p_i) act irreducibly up to at most finite multiplicity of internal quantum numbers):

(Q(q_i)ψ)(q) = q_iψ(q) and (Q(p_i)ψ)(q) = −iℏ∂_{qi} ψ(q). (1.8)

Groenewold and van Hove showed in [71] and [108] that such a map Q does not exist. The proof of this no-go-theorem will be sketched for a two dimensional phase space in the following steps (for more detailed proofs that include internal quantum numbers or curved phase spaces see [61], [62], [63], [64]):

In the first step one proves the following identities:

^q^n = q̂^n, ^p^n = p̂^n and ^qp = 1 2 (q̂p̂ + p̂q̂). (1.9)

The first equation can be proved if one considers (1.7) for f = q^n and g = q. (1.7) gives then 0 =^1_{iℏ} � ^q^n, q̂ � , so that ^q^n has to be a polynomial h_n in q̂ = q. Setting then in (1.7) f = q^n and g = p gives with {q^n, p}_{P B} = nq^{n−1} and (1.8):

n^q^{n−1} = 1 iℏ � ^q^n, p̂ � ⇒ nh_{n−1}(q) = ∂_q h_n(q), (1.10)

so that ^q^n = q̂^n follows (an integration constant can be calculated as zero [61]). The second equation of (1.9) follows analogously. The third equation of (1.9) can be proved by setting in (1.7) f = q^2 and g = p^2. With {q^2, p^2}_{P B} = 4qp this gives

^qp = 1 4iℏ � ^q2, ^p2 � = 1 4iℏ � q̂^2, p̂^2 � = 1 4iℏ � q̂^2, p̂^2 � = 1 2 (q̂p̂ + p̂q̂), (1.11) where in the last step (1.3) was used.

In the second step one proves the following identities:

^q2p = 1 2 � ^q2p̂ + p̂ ^q2 � and ^p^2q = 1 2 � ^p2q̂ + q̂ ^p2 � . (1.12)

The proof is analogous to the ones in the last step. The first equation of (1.12) is for example obtained by setting f = q^3 and g = p^2 and using then (1.3). The third step is now to take the classical identity 1 9 {q^3, p^3} = 1 3 {q^2p, p^2q} (1.13)

and to quantize with (1.7) both sides of this equality. Using (1.9) and applying (1.3) leads for the left hand side of (1.13) to 1 9iℏ � q̂^3, p̂^3 � = q̂^2p̂^2 − 2iℏq̂p̂ − 2 3 ℏ^2^1, (1.14)

while quantizing the right hand side of (1.13) gives with (1.12) 1 3iℏ � ^q2p, ^p2q � = q̂^2p̂^2 − 2iℏq̂p̂ − 1 3 ℏ^2^1, (1.15)

which differs from the left hand side by −^1_3 ℏ^2^1. This contradiction finishes the proof. �

The Groenewold-van Hove theorem showed that a map Q fulfilling the requirements 1) to 4) does in general not exist, it only exists if one restricts to polynomials of second order

{1, q, p, q^2, p^2, qp}^Q−−−−→ {^1, q̂, p̂, q̂^2, p̂^2, 1 2 (q̂p̂ + p̂q̂)} (1.16)

or the classes

{f(q)p + g(q)}^Q−−−−→ { 1 2 (f(q̂)p̂ + p̂f(q̂)) + g(q̂)} (1.17)

and {f(p)q + g(p)}^Q−−−−→ { 1 2 (f(p̂)q̂ + q̂f(p̂)) + g(p̂)}, (1.18)

where f and g are arbitrary functions.

In order to quantize more general expressions one could then try to relax one of the conditions 1) to 4). For example quantization without the irreducibility postulate 4) is the so called prequantization. A prequantization exists for all C^∞-functions on R^{2n}, but it leads to physical problems if one wants to calculate spectra (see for example [61]). If one on the other hand abandons condition 3), there is no mathematical constraint that specifies the operator ordering anymore. Which operator ordering one chooses is then a physical question. The rule of operator ordering is called a quantization scheme. The most common quantization schemes are the standard ordering Q_S (q^mp^n) = q̂^mp̂^n, the antistandard ordering Q_{AS} (q^mp^n) = p̂^nq̂^m and the Weyl ordering Q_W (q^mp^n) = (q̂^mp̂^n)_W , where (q̂^mp̂^n)_W means that one has to sum over all possible products of m operators q̂ and n operators p̂ and then divide by the number of these products, for example one has (q̂p̂^2)_W =^1_3 (p̂^2q̂ + p̂q̂p̂ + q̂p̂^2).

In [110] Weyl showed that Q_W (f(q, p)) can be represented by taking the Fourier transform f̃(u, v) = 1 (2π)^2 � dqdp f(q, p) exp(−i(uq+vp)) of f(q, p) and forming an operator valued back-transformation according to Q_W (f(q, p)) = � dudv f̃(u, v) exp(i(uq̂ + vp̂)). (1.19)

In order to see that (1.19) leads to Weyl-ordering of operators one considers the case f(q, p) = q^mp^n. The Fourier transform is then given by

f̃(u, v) = 1

(2π)^2 � dqdp q^mp^ne^{−i(uq+vp)} =

∂^{m+n} ∂u^m∂v^n i^{m+n} (2π)^2 � dqdp e^{−i(uq+vp)} = i^{m+n}δ^{(m)}(u)δ^{(n)}(v), (1.20)

so that (1.19) gives

Q_W (q^mp^n) = i^{m+n} � dudv δ^{(m)}(u)δ^{(n)}(v)e^{i(uq̂+vp̂)} = ∞� r=0 i^{m+n+r} r! � dudv δ^{(m)}(u)δ^{(n)}(v)(uq̂ + vp̂)^r. (1.21)

With � du f(u)δ^{(m)}(u) = (−1)^mf^{(m)}(0) one sees that in the sum only terms with r = m + n contribute and that the result is the sum over all possible products of m operators q̂ and n operators p̂ divided by the number^{(m+n)!}_{m!n!} of such products.

Cohen generalized in [21] the integral representation of the Weyl scheme by introducing a filter function

ϕ_{μ,ν,λ}(u, v) = exp � ℏ 4 � μu^2 + νv^2 + 2iλuv � � . (1.22)

Different quantization schemes can then be parametrized by the parameters μ, ν and λ and represented as

Q_ϕ(f(q, p)) = � dudv f̃(u, v)ϕ_{μ,ν,λ}(u, v) exp(i(uq̂ + vp̂)). (1.23)

The standard ordering is for example given if one chooses μ = ν = 0 and λ = −1. The effect of the filter function is that it generates under the integral additional terms in u and v. Proceeding then as described in (1.21) the filter function terms left over after integration turn out to be just the correction terms needed to go over from the Weyl ordering to another scheme. Just as it is possible to order with (1.23) the canonical operators q̂ and p̂, it is also possible to order creation and annihilation operators â^† and â [1]. Which values of parameters one has to choose therefore in (1.22) is summarized in the following table.^1

Canonical coordinates Standard ordering Q_S (q^mp^n) = q̂^mp̂^n μ = 0, ν = 0, λ = −1 Antistandard ordering Q_{AS} (q^mp^n) = p̂^nq̂^m μ = 0, ν = 0, λ = 1 Weyl ordering Q_W (q^mp^n) = (q̂^mp̂^n)_W μ = 0, ν = 0, λ = 0 Holomorphic coordinates Normal ordering Q_N (a^mā^n) = â^†â μ = 1, ν = −1, λ = 0 Antinormal ordering Q_{AN} (a^mā^n) = ââ^† μ = −1, ν = 1, λ = 0 Weyl ordering Q_W (a^mā^n) = (ââ^†)_W μ = 0, ν = 0, λ = 0

The integral representation of operator ordering described above works in the following way: One first notices that (q̂ + p̂)^r is the sum of all possible operator products of order r, i.e. Q_W ((q + p)^r) = (q̂ + p̂)^r. More generally one has for all orders Q_W (exp(q + p)) = exp(q̂ + p̂). The problem is then to pick out the right terms of the desired order and ordering. This is done by introducing additional variables u and v, so that one has exp(uq̂ + vp̂). These variables carry the information of the order of q̂ and p̂. Picking out the terms of the desired order is then done in the integral representation with δ-functions as described in (1.21).

1Note that this parametrization is not unique. The parametrization above is a parametrization with respect to the canonical coordinates, i.e. one acts with the Fourier transformations on the canonical coordinates and the ordering schemes for the holomorphic coordinates follow in a second step. But it is also possible to consider the holomorphic coordinates as primary and do the Fourier transformation in holomorphic coordinates, so that the canonical ordering schemes follow in a second step. Then the normal ordering would be parametrized for example with and μ = ν = 0, λ = 1 and the standard ordering would be parametrized with μ = 1, ν = −1 and λ = 0. Such a parametrization will be used in section 3.3.

This leads to the Weyl ordering and the other schemes can be obtained by introducing an filter function. Picking out the terms of a given order can not only be done with δ-functions but in a much easier way also with differential operators. One uses therefore that the Taylor expansion of f(q, p) around (q, p) = (0, 0) can be written as f(q, p) = f(∂_u, ∂_v)e^{uq+vp}|_{u,v=0} = e^{q∂u +p∂v} f(u, v)|_{u,v=0}. (1.24)

With Q_W (exp(uq + vp)) = exp(uq̂ + vp̂) one can then write the Weyl quantization as

Q_W (f(q, p)) = f(∂_u, ∂_v)e^{uq̂+vp̂}|_{u,v=0} = e^{q̂∂u +p̂∂v} f(u, v)|_{u,v=0}. (1.25)

Other quantization schemes can here be obtained analogously to the integral representation with the help of a filter function.

So one sees that the quantization map Q is in several ways problematic. If one requires that Q should fulfill the conditions 1) to 4) one sees that only polynomials up to second order can be quantized and relaxing the conditions leads to operator ordering problems. Moreover quantizing with a map Q induces an conceptual and formal break in physics when one goes over to quantum mechanics. So one could wonder if it is possible to quantize without the problematic quantization map Q. This is indeed possible if one describes the non-commutativity that enters quantum theory not by non-commuting objects like operators, but by a non-commutative product. How such a product can be constructed will be discussed in the next section.

1.2 Star Products

If one wants to circumvent the quantization map Q by introducing a non-commuting product, called star product, this product should emulate the non-commutativity of the operators. So the star product, denoted by “∗”, should fulfill Q(f)Q(g) = Q(f ∗ g), (1.26)

where different quantization schemes would lead to different star products. Equation (1.26) states that the quantum mechanical algebra of observables is a representation of the star product algebra.

Since as shown above the Weyl scheme seems to be the most fundamental quantization scheme in the sense that all other schemes can be constructed out of this scheme with a filter function, one first calculates with (1.26) an explicit expression for the star product in the Weyl scheme. This case was first considered by Moyal [92], so that the star product that corresponds to the Weyl scheme is called Moyal product. With the integral representation (1.19) equation (1.26) can be written as:

Q_W (f)Q_W (g) = � du_1dv_1du_2dv_2 f̃(u_1, v_1)g̃(u_2, v_2)e^{−i(u1q̂+v1p̂)}e^{−i(u2q̂+v2p̂)} = � du_1dv_1du_2dv_2 f̃(u_1, v_1)g̃(u_2, v_2)e^{−i((u1+u2 )q̂+(v1 +v2 )p̂)}e^{− iℏ2 (u1v2 −v1 u2)}, (1.27)

where the truncated Campbell-Baker-Hausdorff formula was used:

e^Âe^{B̂} = e^{(Â+B̂)}e^{12} [^{Â,B̂}]. (1.28)

Expanding now the last exponential in (1.27) and making the substitution u = u_1 + u_2 and v = v_1 + v_2 gives:

Q_W (f)Q_W (g) = � dudv e^{−i(uq̂+vp̂)} × � du_1dv_1 ∞� m,n=0

(−1)^m m!n! � iℏ 2 �_{m+n}

u^m_1 v^n_1 f̃(u_1, v_1)(u − u_1)^n(v − v_1)^mg̃(u − u_1, v − v_1). (1.29)

The expression in the second line of (1.29) is by the Fourier convolution theorem just the Fourier transform of the expression for the Moyal product:

Q_W (f)Q_W (g) = � dudv e^{−i(uq̂+vp̂)} ~f ∗_M g = Q_W (f ∗_M g). (1.30)

The Moyal star product can then be read off as:

(f ∗_M g)(q, p) = ∞� m,n=0

(−1)^m m!n! � iℏ 2 �_{m+n} (∂^m_p ∂^n_q f)(∂^n_p ∂^m_q g)

= f(q, p) exp � iℏ 2 �

⃗

∂_q ⃗∂_p −

⃗

∂_p ⃗∂_q � g(q, p), (1.31)

where the vector arrows indicate in which direction the differentiation acts.

This expression for the Moyal product can be derived even more simply in the differential representation (1.25) for the Weyl scheme:

Q_W (f)Q_W (g) = f(u_1, v_1) exp �

⃗

∂_{u1}q̂ +

⃗

∂_{v1}p̂ � exp � q̂⃗∂_{u2} + p̂⃗∂_{v2} � g(u_2, v_2) � � �_{ui,vi =0}

= exp � q̂(∂_{u1} + ∂_{u2} ) + p̂(∂_{v1} + ∂_{v2} ) � f(u_1, v_1) exp � iℏ 2 (

⃗

∂_{u1} ⃗∂_{v2} −

⃗

∂_{v1} ⃗∂_{u1} ) � g(u_2, v_2) � � � �_{ui ,vi=0}

= exp � q̂∂_u + p̂∂_v � f(u, v) exp � iℏ 2 (

⃗

∂_u ⃗∂_v −

⃗

∂_v ⃗∂_u) � g(u, v) � � � �_{u,v=0}, (1.32)

where again (1.28) was used. With (1.24) for the Taylor expansion it is then easy to see that the Moyal product can also be written by a shift formula:

(f ∗_M g)(q, p) = f � q + iℏ 2 ⃗∂_p, p − iℏ 2 ⃗∂_q � g(q, p). (1.33)

Besides the differential representation (1.31) there is also a integral representation for the Moyal product; this can be derived by applying the Fourier convolution theorem backwards, which gives

f ∗_M g = ∞� m,n=0

(−1)^m m!n! � iℏ 2 �_{m+n}

(∂^m_p ∂^n_q f)(∂^n_p ∂^m_q g) = 1 (2π)^2 � du_1dv_1du_2dv_2dq_1dp_1dq_2dp_2 e^{iu2q} e^{iv2p}e^{iℏ2 (v1 (u2−u1 )−u1(v2 −v1))}

×e^{−iu1q1−iv1 p1} f(q_1, p_1)e^{−i(u2−u1)q2 −i(v2−v1 )p2} g(q_2, p_2) = 1 (2π)^2 � du_1dv_1du_2dv_2dq_1dp_1dq_2dp_2 f(q_1, p_1)g(q_2, p_2)

× exp � iu_2 � q + ℏ 2 v_1 − q_2 � + iv_2 � p − ℏ 2 u_1 − p_2 � − i(u_1q_1 + v_1p_1 − u_1q_2 − v_1p_2) � . Rescaling the δ-functions according to δ(−q − (ℏ/2)v_1 + q_2) = (2/ℏ)δ(v_1 + (2/ℏ)q − (2/ℏ)q_2) gives:

f ∗_M g = 1 ℏ^2π^2 � dq_1dq_2dp_1dp_2f(q_1, p_1)g(q_2, p_2) exp � 2 iℏ � p(q_1 − q_2) + q(p_2 − p_1) + (q_2p_1 − q_1p_2) � � , The exponent in the above expression has an interesting geometric interpretation. Denote points in the two dimensional phase space by vectors: ⃗x = (q, p)^T , ⃗x_1 = (q_1, p_1)^T and ⃗x_2 = (q_2, p_2)^T , the area of the triangle in phase space spanned by ⃗x − ⃗x_1 and ⃗x − ⃗x_2 is then given by

A_△(⃗x, ⃗x_1, ⃗x_2) = 1 2 (⃗x − ⃗x_1) ∧ (⃗x − ⃗x_2) = 1 2 [p(q_2 − q_1) + q(p_1 − p_2) + (q_1p_2 − q_2p_1)] , (1.34)

so that the integral representation of the Moyal product is eventually given by

(f ∗_M g)(⃗x) = 1 ℏ^2π^2 � d⃗x_1d⃗x_2 f(⃗x_1)g(⃗x_2) exp � 4i ℏ A_△(⃗x, ⃗x_1, ⃗x_2) � . (1.35)

The integral representation can now be used to prove some basic properties of the Moyal product, for example that the Moyal product is associative:

(f ∗_M g) ∗_M h = f ∗_M (g ∗_M h). (1.36)

Therefore one writes the left hand side with (1.35) as � (f ∗_M g) ∗_M h � (⃗x) = 1 ℏ^2π^2 � d⃗x_0d⃗x_3 (f ∗_M g)(⃗x_0)h(⃗x_3) exp � 4i ℏ A_△(⃗x, ⃗x_0, ⃗x_3) �

= 1 ℏ^4π^4 � d⃗x_0d⃗x_1d⃗x_2d⃗x_3 f(⃗x_1)g(⃗x_2)h(⃗x_3)

× exp � 4i ℏ � A_△(⃗x_0, ⃗x_1, ⃗x_2) + A_△(⃗x, ⃗x_0, ⃗x_3) � � . (1.37)

With (1.34) one obtains for the exponent 2 � A_△(⃗x_0, ⃗x_1, ⃗x_2) + A_△(⃗x, ⃗x_0, ⃗x_3) � = q_0(−p + p_1 − p_2 + p_3) + p_0(q − q_1 + q_2 − q_3) + p_1q_2 + p_2q_1 + pq_3 − p_3q. (1.38)

The first two terms give together with the q_0- and p_0-integration the δ-functions δ(p − p_1 + p_2 − p_3) and δ(q − q_1 + q_2 − q_3). The conditions p = p_1 − p_2 + p_3 and q = q_1 − q_2 + q_3, that the δ-functions impose, allow to write the other terms of (1.38) as: p_1q_2 + p_2q_1 + pq_3 − p_3q = p_1(q_2 − q_3) + p_2(q_1 − q_3) + p_3(q_2 − q_1) = 2A_△(⃗x_1, ⃗x_2, ⃗x_3). (1.37) can then be written as � (f ∗_M g) ∗_M h � (⃗x) = 1 ℏ^2π^2 � d⃗x_1d⃗x_2d⃗x_3 f(⃗x_1)g(⃗x_2)h(⃗x_3)

× δ(p − p_1 + p_2 − p_3)δ(q − q_1 + q_2 − q_3) exp � 4i ℏ A_△(⃗x_1, ⃗x_2, ⃗x_3) � . (1.39)

Since the expression on the right hand side contains no information about the brackets on the left hand side the Moyal product is associative.

Another important property of the Moyal product that can be seen in the integral representation is � dqdp f ∗_M g = � dqdp fg = � dqdp g ∗_M f. (1.40)

For the proof one considers the phase space integral of (1.35), which gives � dqdp f ∗_M g = � dq_1dp_1dq_2dp_2 f(q_1, p_1)g(q_2, p_2) exp � 2 iℏ (p_1q_2 − p_2q_2) �

× 1 ℏ^2π^2 � dqdp exp � 2 iℏ � q(p_2 − p_1) + p(q_1 − q_2) � � , where the second line is the product of the δ-functions δ(p_2 − p_1) and δ(q_1 − q_2), so that (1.40) follows.

The discussion carried out so far for the star product that corresponds to Weyl ordering can in the same way be repeated for another ordering. For example the star product that corresponds to standard ordering is called the standard product and has the form

(f ∗_S g)(q, p) = f(q, p) exp � iℏ

⃗

∂_q ⃗∂_p � g(q, p). (1.41)

Similarly one can discuss the different orderings in the case of holomorphic coordinates. The star product that describes Weyl ordering in holomorphic coordinates is also called Moyal product and results from (1.31) by transformation of variables:

(f ∗_M g)(a, ā) = f(a, ā) exp � ℏ 2 (

⃗

∂_a ⃗∂_ā −

⃗

∂_ā ⃗∂_a) � g(a, ā) (1.42)

and for the normal ordering one gets the normal star product as:

(f ∗_N g)(a, ā) = f(a, ā) exp � ℏ

⃗

∂_a ⃗∂_ā � g(a, ā). (1.43)

Just as it was possible to relate different orderings in the integral representation by a filter function (1.22), it is also possible to relate different star products. This is done by the concept of c-equivalence. Two star products ∗ and ∗^′ are said to be c-equivalent, if there exists an invertible transition operator T =

�_∞ n=0 ℏ^nT_n, where the T_n are differential operators, so that

f ∗^′ g = T^{−1} � (T f) ∗ (T g) � . (1.44)

It is known that for flat phase spaces all admissible star products are c-equivalent to the Moyal product. For example the standard product is related to the Moyal product by

T (f ∗_S g) = (T f) ∗_M (T g) with T = exp � − iℏ 2 ⃗∂_q ⃗∂_p � . (1.45)

One should note that the T -operators are just the filter functions, where one substitutes u by ∂_q and v by ∂_p.

1.3 Quantum Mechanics in the Star Product Formalism

So far one has succeded in describing the operator algebra of observables as a star product algebra of the corresponding phase space functions. But in order to do quantum mechanics with star products on the phase space one also needs phase space functions that correspond to quantum mechanical states. States on the phase space can be constructed with the inverse of the quantization map. The inverse of (1.23) is given by [1]:

Q^{−1}_ϕ (f̂(q̂, p̂)) = 2πℏTr � f̂(q̂, p̂) 1 (2π)^2 � dudv ϕ^{−1}_{μ,ν,λ}(−u, −v) e^{i[u(q̂−q)+v(p̂−p)]} � . (1.46)

In the case of Weyl ordering this can easily be calculated as:

Q^{−1}_W (f̂(q̂, p̂)) = ℏ 2π � dudv e^{−i(uq+vp)}Tr � f̂(q̂, p̂)e^{i(uq̂+vp̂)} � (1.47) = ℏ 2π � dudv e^{−i(uq+vp)}e^{−i ℏ2 uv} Tr � dq^′|q^′⟩⟨q^′|f̂(q̂, p̂) e^{ivp̂}e^{iuq̂} � (1.48) = ℏ 2π � dudv e^{−i(uq+vp)}e^{−i ℏ2 uv} � dq^′⟨q^′|f̂(q̂, p̂)e^{ivp̂}|q^′⟩e^{iuq′} (1.49) = ℏ 2π � dudvdq^′ e^{−iu(q−q′ − ℏ2 v)}⟨q^′|f̂(q̂, p̂)|q − ℏv⟩e^{−ivp} (1.50) = ℏ � dv ⟨q + ℏ 2 v|f̂(q̂, p̂)|q − ℏ 2 v⟩e^{−ivp}. (1.51)

The same calculation can be redone for other operator orderings, for example standard ordering leads to:

Q^{−1}_S (f̂(q̂, p̂)) = ℏ � dv ⟨q|f̂(q̂, p̂)|q − ℏv⟩e^{−ivp}. (1.52)

If one then applies Q^{−1} to the product of two operators one gets with (1.26) in the case of Weyl ordering:

Q^{−1}_W (f̂ĝ) = f ∗_M g (1.53)

and the integrated version of this equation is with (1.40) and (1.51) � dqdp Q^{−1}_W (f̂ĝ) = � dqdp f ∗_M g = � dqdp fg = 2πℏTr � f̂ĝ � . (1.54)

With the map Q^{−1} one can construct the phase space analogue of a pure state |ψ⟩, simply by calculating the phase space function corresponding to the density matrix ρ̂ = |ψ⟩⟨ψ|. This calculation leads to the well known phase space distribution functions (see for example [111] and [87]). For example in the case of Weyl ordering equation (1.51) gives for f̂ = |ψ⟩⟨ψ| the Wigner function

π(q, p) = ℏ � dv ψ̄(q + ℏv 2 )ψ(q − ℏv 2 )e^{−ipv}. (1.55)

In contrast to the wave functions the Wigner functions describe a quantum mechanical state on the whole phase space, but the wave functions can be reobtained by integration over one of the phase space coordinates: � dp π(q, p) = 2πℏ|ψ(q)|^2 and � dq π(q, p) = 2πℏ|ψ̃(p)|^2. (1.56)

The phase space integral gives then the normalization condition for the Wigner functions � dqdp π(q, p) = 2πℏ. (1.57)

The phase space integral of two Wigner functions π_1(q, p) and π_2(q, p) is given with (1.54) by � dqdp π_1(q, p)π_2(q, p) = 2πℏTr � |ψ_1⟩⟨ψ_1|ψ_2⟩⟨ψ_2| � = 2πℏ � � � � dq ψ̄_1(q)ψ_2(q) � � � 2 . (1.58)

For ψ_1(q) = ψ_2(q) this leads to � dqdp [π(q, p)]^2 = � dqdp π(q, p), (1.59) while for orthogonal ψ_1(q) and ψ_2(q) one has � dqdp π_1(q, p)π_2(q, p) = 0. Then at least one of the Wigner functions must be negative somewhere. This means that although the Wigner functions have the right marginal probabilities (1.56) they can not be interpreted as probability distributions.

Nevertheless it is possible to do quantum mechanics with the Wigner functions. For example the expectation value of an operator can be obtained with (1.54) as � dqdp f(q, p)π(q, p) = 2πℏTr � f̂ρ̂ � = 2πℏ⟨f̂⟩. (1.60)

Similarly the eigenvalue equation of quantum mechanics can be reproduced on the phase space. For example for the Hamilton operator Ĥ one can calculate Q^{−1}_W (Ĥρ̂) = H ∗_M π(q, p), which gives for H =^1_{2m} p^2 + V (q) with the shift formula (1.33):

H ∗_M π_E = � 1 2m � p − i ℏ 2 ⃗∂_q

�_2

+ V (q) � ℏ � dv e^{−iv(p+i ℏ2}

⃗

∂_q )ψ∗(q − ℏ 2 v)ψ(q + ℏ 2 v) (1.61) = ℏ � dv � 1 2m � p − i ℏ 2 ⃗∂_q

�_2 + V � q + ℏ 2 v �^2

e^{−ivp}ψ^∗(q − ℏ 2 v)ψ(q + ℏ 2 v) (1.62) = ℏ � dv e^{−ivp} � 1 2m � i⃗∂_v − i ℏ 2 ⃗∂_q

�_2 + V � q + ℏ 2 v � �_2 ψ^∗(q − ℏ 2 v)ψ(q + ℏ 2 v) (1.63) = ℏ � dv e^{−ivp}ψ^∗(q − ℏ 2 v)Eψ(q + ℏ 2 v) (1.64)

= E ∗_M π_E . (1.65)

This equation is the phase space analogue of Ĥρ̂ = Eρ̂. In the same way one can calculate the time development of the Wigner function by applying Q^{−1}_W to the von Neumann equation iℏ^∂_{∂t} ρ̂ = � Ĥ, ρ̂ � , which gives iℏ ∂ ∂t π(q, p; t) = [H(q, p; t), π(q, p; t)]_{∗M} . (1.66)

The time development of the density matrix can also be calculated with the time development operator, which acts as |ψ, t⟩ = Û(t)|ψ, 0⟩ = Û(t)|ψ⟩_H , where the index H indicates that |ψ⟩_H is the time independent state in the Heisenberg picture. The time development of the density matrix is then ρ̂(t) = Û(t)|ψ⟩_H ⟨ψ|_HÛ^†(t), which translates into the phase space language as

π(q, p; t) = U(t) ∗_M π_H (q, p) ∗_M U(t), (1.67)

where π(q, p; t) is the Wigner function in the Schrödinger picture, π_H (q, p) = π(q, p; t = 0) the Wigner function in the Heisenberg picture and Ū(t) the complex conjugate of U(t). The next task is then to find the phase space analogue U(t) of the time development operator Û(t). The equation that Û(t) fulfills can be translated directly to the phase space: iℏ d dt Û(t) = Ĥ(t)Û(t) ⇒ iℏ d dt U(t) = H(t) ∗_M U(t). (1.68)

Û(t) has then the form Û(t) = T exp � −^i_h

�_t 0 dt^′ Ĥ(t^′) � , where T is the time ordering operator. In the case of a time independent Hamilton operator one has Û(t) = e^{−iĤt/ℏ}, what is expressed on the phase space by the star exponential

U(t) = e^{−iHt/ℏ}

∗_M = ∞� n=0 1 n! � −it ℏ �_n

H^{n∗M} ≡ Exp_M (Ht), (1.69) where H^{n∗M} = H ∗_M H ∗_M · · · ∗_M H � � �

n times

. (1.70)

The time development of the observables in the Heisenberg picture can then also be given as

f̂_H (t) = Û^†(t)f̂Û(t) ⇒ f_H (t) = U(t) ∗_M f ∗_M U(t) (1.71)

and time-differentiation of these equations gives with (1.68) the von Neumann equation: d dt f̂_H = 1 iℏ � f̂_H , Ĥ � + ∂f̂_H ∂t ⇒ d dt f_H = 1 iℏ [f_H , H]_{∗M} +

∂f_H ∂t . (1.72)

Since in the following only the Heisenberg picture is used the index H will be dropped. One should note that for the observables q and p the von Neumann equation leads to the classical equations of motion dq dt = 1 iℏ (q ∗_M H − H ∗_M q) = ∂_pH and dp dt = 1 iℏ (p ∗_M H − H ∗_M p) = −∂_q H. (1.73)

All the translation done above for the case of Weyl ordering can also be done for other orderings. So the star product formalism circumvents the use of the problematic quantization map Q, but one is still plagued by the ordering problem. Choosing different orderings leads to different star products and different phase space distribution functions [87]. The question is then which ordering has to be chosen. This question can be investigated by imposing reasonable requirements a phase space functions has to fulfill, for example it should transform as a scalar function under the transformations of the Galilei group. Such requirements were considered in [85] and it was shown that the Wigner function is the only phase space distribution function that could meet theses requirements. So it seems that at least for nonrelativistic quantum mechanics the Wigner function and the corresponding Moyal product are the canonical structures for doing quantum physics on the phase space.

Having translated quantum mechanics from a version that works on a Hilbert space into a version that works on the phase space suggests to forget about the operator formalism and to describe quantum mechanics directly on the phase space. Starting point is then a classical system that is described in the Hamilton formalism. A state of the system is described as a point of the phase space and the observables of the systems are functions on the phase space. Physical quantities of the system at some time are calculated by evaluating the observables at the corresponding phase space point x = (q_0, p_0) that characterizes the state of the system at this time. The evaluation of the energy can for example be mathematically expressed as E = � dqdp δ(q − q_0, p − p_0)H(q, p). (1.74)

So the observables of the dynamical system are functions on the phase space and the states of the system are positive functionals on the observables (here the Dirac δ-function) and one obtains the value of the observable in a definite state by the above mentioned operation. As described in the beginning of the chapter there are two additional structures. First there is the pointwise product of functions on the phases space, so that a commutative classical algebra of observables is constituted and second there is the Poisson bracket that is used to describe the time development of the system.

Going over to quantum theory means now to implement Heisenberg’s uncertainty relation, which implies that the states can no longer be represented as points on the phase space. Moreover the uncertainty is intimately connected to the non-commutativity of the algebra of observables. So uncertainty is realized by describing physical states by phase space distribution functions that are not sharply localized, in contrast to the δ-function that appears in the classical case. If one then evaluates an observable in some definite state according to the quantum analogue of Eq. (1.74), values of the observabels in a whole region contribute to the number that one obtains, which is thus an average value of the observable in the given state. On the other hand non-commutativity is incorporated by introducing a non-commutative product for functions on phase space, so that one gets a non-commutative quantum algebra of observables. One can now make an ansatz for this non-commutative product one is looking for:

f ∗ g = fg + (iℏ)C_1(f, g) + O(ℏ^2) = ∞� n=0 (iℏ)^nC_n(f, g). (1.75)

In mathematics such a modified product was first considered by Gerstenhaber in [60], where the modification was called deformation. The deformation of the pointwise product is here done in a continuous way, which is described by the deformation parameter (iℏ). If ℏ is identified with Planck’s constant, then what varies is really the magnitude of the action of the dynamical system considered in units of ℏ: the classical limit holds for systems with large action. In this limit, which is expressed by ℏ → 0, the star product reduces to the usual pointwise product. The expressions C_n(f, g) denote functions made up of the derivatives of the functions f and g and they should be chosen in a way that the new product in non-commutative. But without further restriction of these coefficients, the star product is too arbitrary to be of any use. Gerstenhaber’s discovery was that the simple requirement that the new product be associative imposes such strong requirements on the coefficients C_n that they are essentially unique (up to an equivalence relation that is just the c-equivalence). Formally Gerstenhaber required that the coefficients satisfy the following properties: (i) � j+k=n

C_j (C_k (f, g), h) = � j+k=n

C_j (f, C_k(g, h)),

(ii) C_0(f, g) = fg,

(iii) C_1(f, g) − C_1(g, f) = {f, g}_{P B}.

Property (i) guarantees that the star product is associative. Property (ii) means that in the limit ℏ → 0 the star product agrees with the pointwise product. Property (iii) has at least two aspects. Mathematically, it anchors the new product to the given structure of the Poisson manifold. Physically, it provides the connection between the classical and quantum behavior of the dynamical system. Property (iii) can be written with the star commutator as lim_{ℏ→0} 1 iℏ [f, g]_∗ = {f, g}_{P B}, (1.76)

which is the correct form of the correspondence principle. In general, the quantity on the left hand side reduces to the Poisson bracket only in the classical limit. The source of the mathematical difficulties formulating the correspondence principle that the operator formalism encounters is related to trying to enforce equality between the Poisson bracket and the corresponding expressions involving the quantum mechanical commutator. Eq. (1.76) shows that such a relation in general only holds up to corrections of higher order in ℏ. For physical applications one usually also requires the star product to be hermitian:

f ∗ g = g ∗ f, (1.77)

where f denotes the complex conjugate of f. The star products that were constructed from the operator formalism above have this property.

For a given Poisson manifold it is not clear a priori if a star product for the smooth functions on the manifold actually exist, that is, whether it is at all possible to find coefficients C_n that satisfy the above list of properties. Even if one finds such coefficients, it is still not clear that the series they define through (1.75) yields a smooth function. For flat euclidian space such a star product exists. In this case the components of the Poisson tensor Ω^{ij} can be taken to be constants. The coefficients C_1 can then be chosen antisymmetric, so that C_1(f, g) = 1 2 Ω^{ij} (∂_if)(∂_j g) = 1 2 {f, g}_{P B}, (1.78) by property (iii) above. The higher order coefficients may be obtained by exponentiation of C_1. This procedure yields then the Moyal star product

f ∗_M g = f exp � iℏ 2 � Ω^{ij}

⃗

∂_i ⃗∂_j � g, (1.79)

which is in canonical coordinates given by (1.31). If one does not demand according to property (iii) that the coefficients C_1 are antisymmetric one obtains more general products that will be called circle products, denoted by “∘”.

Having established the star product on the phase space it is then possible to do quantum physics on the phase space. Starting with the classical system that is described by the Hamiltonian H one proceeds as follows. First one can for example calculate the star exponential Exp(Ht). For a time independent Hamiltonian this can be done either by direct calculation according to

Exp(Ht) = ∞� n=0 1 n! � −it ℏ �_n

H^{n∗} (1.80)

or by solving the defining time dependent Schrödinger equation iℏ d dt Exp(Ht) = H ∗ Exp(Ht). (1.81)

Since each state of definite energy E has a time-evolution e^{−iEt/ℏ}, the star exponential as the complete time-evolution function can be written as: Exp(Ht) = � E π_E e^{−iEt/ℏ}. (1.82)

This expansion is called the Fourier-Dirichlet expansion for the time-evolution function. Putting now (1.82) into (1.81) leads to the ∗-eigenvalue equation (H ∗ π_E )(q, p) = Eπ_E (q, p), (1.83) which corresponds to the time independent Schrödinger equation. Eq. (1.82) and (1.81) give for t = 0 the spectral decomposition of the Hamiltonian: H = � E Eπ_E . (1.84)

Substituting this expression for H in (1.83) gives

H ∗ π_E = � E^′

E^′π_E′ ∗ π_E = Eπ_E , (1.85)

so that the phase space distribution functions fulfill π_E ∗ π_E′ = δ_{E,E}′ π_E . (1.86) Together with the completeness relation � E π_E = 1, (1.87)

which follows from (1.82) for t = 0, one sees that the phase space distribution functions are projectors. This reflects the fact that the π_E are the phase space analogues of the density matrices |ψ_E ⟩⟨ψ_E |. With the phase space distribution functions one can calculate the energy expectation value as

⟨H⟩ = 1 2πℏ � dqdp (H ∗ π_E )(q, p) = 1 2πℏ � dqdp H(q, p)π_E (q, p) = E, (1.88)

which is the quantum mechanical generalization of (1.74).

1.4 The Harmonic Oscillator in the Star Product Formalism

The formalism discussed in the last section will now be used to consider the example of the one dimensional harmonic oscillator. The Hamiltonian is given by

H(q, p) = p^2 2m + mω^2 2 q^2. (1.89)

While the oscillator was treated in [10] with canonical coordinates, one can alternatively also use holomorphic coordinates a = � mω 2 � q + i p mω � and ā = � mω 2 � q − i p mω � . (1.90)

In holomorphic coordinates the Hamiltonian can be written as

H = ωaā. (1.91)

In order to consider the physical consequence of different orderings first the quantization scheme characterized by the normal star product will be used. For the normal star product (1.43) one has

a ∗_N a = a^2, ā ∗_N ā = ā^2, ā ∗_N a = āa and a ∗_N ā = aā + ℏ, (1.92)

so that [a, a]_{∗N} = [ā, ā]_{∗N} = 0 and [a, ā]_{∗N} = ℏ. (1.93) The defining equation for the starexponential (1.81) is given in the case of normal ordering by iℏ d dt Exp_N (Ht) = (H + ℏωā∂_ā) Exp_N (Ht) (1.94)

with the solution Exp_N (Ht) = e^{−aā/ℏ} exp � e^{−iωt}aā/ℏ � . (1.95) Expanding the last exponential one directly obtains the Fourier-Dirichlet expansion:

Exp_N (Ht) = e^{−aā/ℏ} ∞� n=0 1 ℏ^nn!

a^nā^ne^{−inωt}. (1.96)

Comparing coefficients in (1.95) and (1.82) gives for the phase space distribution functions

π^{(N)}_n = 1 ℏ^nn!

a^nā^ne^{−aā/ℏ} = 1 n! H^n (ℏω)^n e^{−H/ℏω} (1.97)

and for the spectrum E_n = ℏωn. Note that the spectrum does not include the zero-point energy. With (1.97) and the energy levels one directly verifies the ∗-eigenvalue equation

H ∗_N π^{(N)}_n = E_nπ^{(N)}_n (1.98)

and the spectral decomposition (1.84) of the Hamilton function H = ∞� n=0 ℏωn � 1 ℏ^nn!

a^nā^ne^{−aā/ℏ} � = ωaā. (1.99)

Moreover one sees in (1.97) that the holomorphic coordinates work as creation and annihilation functions, i.e.

π^{(N)}_{n+1} = 1 ℏ(n + 1) ā ∗_N π^{(N)}_n ∗_N a and π^{(N)}_{n−1} = 1 ℏn a ∗_N π^{(N)}_n ∗_N ā (1.100) and especially for the ground state one has a ∗_N π^{(N)}_0 ∗_N ā = a ∗_N π^{(N)}_0 = 0. This allows one to write π^{(N)}n as

π^{(N)}_n = 1 ℏ^nn!

ā^n ∗_N π^{(N)}_0 ∗_N a^n with π^{(N)}_0 = e^{−aā/ℏ}. (1.101)

In contrast to the operator formalism one must act in the star product formalism from both sides with the creation and annihilation function ā and a in order to raise or lower phase space distribution functions, because they contain the wave function and its complex conjugate and both wave functions have to be lowered or raised.

It is easy to show that the π^{(N)}_n are projectors. They are normalized according to 1 2πℏ � dadā π^{(N)}_n = 1 (1.102)

and with expression (1.97) one can immediately see the completeness relation � n π^{(N)}n = 1. The idempotency (1.86) of the phase space distribution functions can be proved as follows. First show with (1.97) that π^{(N)}_0 ∗_N π^{(N)}_0 = π^{(N)}_0 . Then π^{(N)}_m ∗_N π^{(N)}_n can be calculated with [a, ā^n]_{∗N} = ℏnā^{n−1} and the idempotency of π^{(N)}_0 , which gives π^{(N)}_m ∗_N π^{(N)}_n = δ_{mn}π^{(N)}_n . (1.103)

The projectors π^{(N)}n can also be obtained from the density matrix. In holomorphic coordinates it is convenient to work with the coherent states â|a⟩ = a|a⟩ and ⟨ā|â^† = ⟨ā|ā, which are related to the energy eigenstates of the harmonic oscillator |n⟩ =^{1√}_{n!} â^{†n}|0⟩ by

|a⟩ = e^{−(1/2)aā/ℏ} ∞� n=0 a^n √ n! |n⟩ and ⟨ā| = e^{−(1/2)aā/ℏ} ∞� n=0 ā^n √ n! ⟨n|. (1.104)

In normal ordering one obtains the phase space function f(a, ā) corresponding to the operator f̂ by just taking the matrix element between coherent states:

f(a, ā) = ⟨ā|f̂(â, â^†)|a⟩, (1.105)

so that the phase space function corresponding to |n⟩⟨n| is

π^{(N)}_n = 1 ℏ^n

⟨ā|n⟩⟨n|a⟩ = 1 ℏ^nn!

a^nā^ne^{−aā/ℏ}. (1.106)

For the off diagonal Wigner functions π^{(N)}_{mn} that correspond to the density matrices |m⟩⟨n| one gets

π^{(N)}_{mn} = 1 √ ℏ^mm! √ ℏ^nn!

a^nā^me^{−aā/ℏ}. (1.107)

The Moyal quantization scheme can also be considered in holomorphic coordinates. The Moyal product can be transformed straightforwardly into holomorphic coordinates (1.90), which leads to

f ∗_M g = f exp � ℏ 2 �

⃗

∂_a ⃗∂_ā −

⃗

∂_ā ⃗∂_a � g. (1.108)

Here one has

a ∗_M a = a^2, ā ∗_M ā = ā^2, a ∗_M ā = aā + ℏ 2 and ā ∗_M a = āa − ℏ 2 (1.109) and again as in the case of the normal star product

[a, a]_{∗M} = [ā, ā]_{∗M} = 0 and [a, ā]_{∗M} = ℏ. (1.110)

The value of the commutator of two phase space variables is fixed by the third property of the star product, and cannot change when one goes to a c-equivalent star product. The Moyal star product is c-equivalent to the normal star product with the transition operator

T = exp � − ℏ 2 ⃗∂_a ⃗∂_ā � . (1.111)

One can now proceed the same way as in the case of the normal star product, or one can use (1.111) to transform the results already calculated in the case of normal star product into the Moyal star product version. This approach can be advantageous because the calculations in the normal product scheme are easier than the calculations in the Moyal product scheme.

The Moyal Wigner functions can be obtained according to

π^{(M)}_n = T π^{(N)}_n = 1 ℏ^nn!

T ā^n ∗_M T π^{(N)}_0 ∗_M T a^n = 1 ℏ^nn!

ā^n ∗_M π^{(M)}_0 ∗_M a^n, (1.112)

which shows that the holomorphic coordinates act here also as creation and annihilation functions. Using (1.112), [a, ā^n]_{∗M} = ℏnā^{n−1} and a ∗_M π^{(M)}_0 = 0 one can then write the ∗-eigenvalue equation for the Moyal product as H ∗_M π^{(M)}_n = ω � ā ∗_M a + ℏ 2 � ∗_M π^{(M)}_n = ℏω � n + 1 2 � π^{(M)}_n . (1.113)

So in the Moyal-case one obtains the spectrum E_n = ℏω � n +^1_2 � , which differs from the spectrum in the normal-case by the zero point energy. The physical difference between different orderings or c-equivalent star products is a shift in the spectrum. One may then ask which explicit form the Wigner functions π^{(M)}n have. This can be answered for the ground state by first calculating

π^{(M)}_0 = T π^{(N)}_0 = ∞� k=0 1 k! � − ℏ 2 �_k

∂^k_a ∂^k_ā e^{−aā/ℏ}

= ∞� k=0 1 k! � − ℏ 2 �_k

∂^k_a � − a ℏ �_k

e^{−aā/ℏ}

= ∞� k=0 1 k! � 1 2 �_{k k}� l=0 � k l � � ∂^l_aa^k � ∂^{k−l}_a e^{−aā/ℏ}

= e^{−aā/ℏ} ∞� k=0 k� l=0 k! l!(k − l)!(k − l)! � − 1 ℏ aā �_{k−l}

= e^{−aā/ℏ} ∞� k=0 � 1 2 �_k

L_k � 1 ℏ aā �

= 2e^{−2aā/ℏ}, (1.114)

where one uses in the last step the generating function for the Laguerre polynomials 1 1 + s exp � zs 1 + s � = ∞� n=0 s^n(−1)^nL_n(z). (1.115)

The π^{(M)}n can then be obtained via (1.112) or they can be calculated directly as

π^{(M)}_n = T π^{(N)}_n = e^{− ℏ2 ∂a∂ā} 1 ℏ^nn!

a^nā^ne^{−aā/ℏ} = 1 ℏ^nn!

a^nā^n exp � − ℏ 2 �

⃗

∂_a

⃗

∂_ā +

⃗

∂_a ⃗∂_ā +

⃗

∂_ā ⃗∂_a + ⃗∂_a ⃗∂_ā � e^{−aā/ℏ} = 2 ℏ^nn!

a^nā^n exp � − ℏ 2 �

⃗

∂_a

⃗

∂_ā +

⃗

∂_a ⃗∂_ā +

⃗

∂_ā ⃗∂_a � e^{−2aā/ℏ}, (1.116)

where one uses in first step

exp [∂_a∂_ā] f(a, ā)g(a, ā) = f(a, ā) exp � (

⃗

∂_a +

⃗

∂_ā)(⃗∂_a + ⃗∂_ā) � g(a, ā) (1.117)

and in the second step (1.114). (1.116) can be further simplified to

π^{(M)}_n = T π^{(N)}_n = 2 ℏ^nn!

a^nā^n exp � − ℏ 2 �

⃗

∂_a

⃗

∂_ā +

⃗

∂_a ⃗∂_ā � e

⃗

∂_āāe−2aā/ℏ

= 2 ℏ^nn!

a^nā^ne

⃗

∂_āā exp � − ℏ 2 �

⃗

∂_a

⃗

∂_ā +

⃗

∂_a ⃗∂_ā � e^{−2aā/ℏ} = 2 ℏ^nn!

2^na^nā^n exp � − ℏ 2

⃗

∂_a

⃗

∂_ā � e

⃗

∂_a ae−2aā/ℏ

= (−1)^n2L_n � 2 ℏ aā � e

⃗

∂_aae−2aā/ℏ

= (−1)^n2L_n � 4H ℏω � e^{−2H/ℏω}, (1.118)

where f(x + b) = e^{b∂x} f(x) and � −^ℏ_2 �

⃗

∂_a

⃗

∂_ā +

⃗

∂_a ⃗∂_ā � ,

⃗

∂_āā � = 0 was applied. Since the result (1.118) depends only on H one can directly see that it corresponds to the result obtained in canonical coordinates [10]. Furthermore one can also calculate π^{(M)}n in canonical coordinates according to (1.55). The wave functions of the harmonic oscillator contain Hermite polynomials H_n(q) and with � dx � H_n(x − a)H_n(x + a)e^{−x2} � e^{−2ibx} = 2^n √ π n! e^{−b2} L_n(2(a^2 + b^2)) (1.119)

the expression (1.118) follows from (1.55). It is also easy to see that the π^{(M)}n satisfy just like the π^{(N)}n the projector conditions [105].

Just as for the Wigner functions there are also several ways to calculate the star exponential in the Moyal case. With the Wigner functions π^{(M)}_n in (1.118), the energy levels E_n = ℏω � n +^1_2 � and (1.115) one can calculate the star exponential according to the Fourier-Dirichlet expansions (1.82), which gives

Exp_M (Ht) = 1 cos (ωt/2) exp � 2H iℏω tan � ωt 2 � . (1.120)

The other possibility is to solve the defining differential equation for the star exponential, which with

H ∗_M f(H) = ∞� m,n=0 � ℏ 2 �_{m+n}

(−1)^n m!n!

[∂^m_a ∂^n_ā H] [∂^n_a ∂^m_ā f(H)]

= Hf(H) − � ℏ 2 �_2

ω^2 � d dH f(H) + H d^2 dH^2 f(H) � (1.121) reads in the Moyal case for holomorphic coordinates iℏ d dt Exp_M (Ht) = HExp_M (Ht) − ℏ^2 4 ω^2 d dH Exp_M (Ht) − ℏ^2 4 ω^2H d^2 dH^2

Exp_M (Ht). (1.122)

This differential equation is solved by (1.120).

The third possibility that demonstrates the connection of the star product formalism to the path integral approach is to calculate the Feynman kernel [101], [22]

K(q_2, t; q_1, 0) = ⟨q_2|e^{−iĤt/ℏ}|q_1⟩. (1.123)

The Feynman kernel describes in the conventional approach the time development of a system. Substituting a complete set of energy eigenstates one gets an expression resembling the Fourier-Dirichlet expansion

K(q_2, t; q_1, 0) = ∞� n=0 ⟨q_2|n⟩⟨n|q_1⟩e^{−iEnt/ℏ}. (1.124)

Inserting the harmonic oscillator states gives 1 2^nn! � mω πℏ exp � − mω ℏ (q^2_1 + q^2 )

�^∞� n=0 exp � −i � n + 1 2 � ωt � H_n � mω ℏ q_1 � H_n � mω ℏ q_2 �

= � mω 2πiℏ sin ωt exp � imω 2ℏ sin ωt � (q^2_1 + q^2 ) cos ωt − 2q_1q_2 � � , (1.125)

where one uses 1 √ 1 − s^2 exp � 2xys − s^2(x^2 + y^2)

1 − s^2 � = ∞� n=0 s^n 2^nn!

H_n(x)H_n(y). (1.126)

Fourier transformation on both sides of (1.125) and applying (1.119) leads then to ∞� n=0 2(−1)^nL_n � 4H ℏω � exp � − 2H ℏω � exp � −i � n + 1 2 � ωt � = 1 cos ωt/2 exp � 2H iℏω tan ωt 2 � . (1.127)

The left hand side is just the Fourier-Dirichlet expansion with the Wigner functions found in (1.118) and the right hand side is the expression (1.120) for the star exponential.

1.5 Systems in Higher Dimensions and Angular Momentum

In order to show how the generalization to higher dimensional systems works one first considers the two dimensional harmonic oscillator [10]. The Hamiltonian is given by H =^{p21}_{2m} +^{mω2}_2 q^2_1 +^{p2}_{2m} +^{mω2}_2 q^2 = ω(a_1ā_1 + a_2ā_2) = H_1 + H_2 with a_n =

�_{mω} 2 � q_n +^i_{mω} p_n � and ā_n =

�_{mω} 2 � q_n −^i_{mω} p_n � . The Moyal product generalizes in d dimensions to

∗_M = exp � iℏ 2 d� n=1 �

⃗

∂_{qn} ⃗∂_{pn} −

⃗

∂_{pn} ⃗∂_{qn} � � = exp � ℏ 2 d� n=1 �

⃗

∂_{an} ⃗∂_{ān} −

⃗

∂_{ān} ⃗∂_{an} � � . (1.128)

The Wigner functions of the two dimensional system are the product of the corresponding one dimensional systems:

H ∗_M π^{(M)}_{n1} (a_1, ā_1)π^{(M)}_{n2} (a_2, ā_2) = ℏω(n + 1)π^{(M)}_{n1} (a_1, ā_1)π^{(M)}_{n2} (a_2, ā_2), (1.129) with n = n_1 + n_2, which shows the (n + 1)-fold degeneracy of the system. The two one dimensional Wigner functions can be combined into a two dimensional Wigner function corresponding to the energy level n:

π^{(M)}_n (a_1, ā_1, a_2, ā_2) = � n_1+n_2 =n

π^{(M)}_{n1} (a_1, ā_1)π^{(M)}_{n2} (a_2, ā_2) = 4(−1)^ne^{−2H/ℏω}L^1_n � 4H ℏω � . (1.130)

The star exponential is given by

Exp_M (Ht) = ∞� n=0 π^{(M)}_n (a_1, ā_1, a_2, ā_2)e^{−i(n+1)ωt}

= � cos ωt 2 �_{−2} exp � 2H iℏω � tan ωt 2 � = Exp_M (H_1t)Exp_M (H_2t). (1.131)

This shows that the generalization to higher dimensional systems is just as in conventional quantum mechanics straightforward.

In the two dimensional system described above there exists also an angular momentum. The angular momentum can most easily be described if one defines creation and annihilation operators for positively and negatively rotating quanta:

a_+ = � 1 2 (a_1 − ia_2) , ā_+ = � 1 2 (ā_1 + iā_2) and a_− = � 1 2 (a_1 + ia_2) , ā_− = � 1 2 (ā_1 − iā_2). (1.132)

In these coordinates the Moyal product can be written as:

∗_M = exp � ℏ 2 2� n=1 �

⃗

∂_{an} ⃗∂_{ān} −

⃗

∂_{ān} ⃗∂_{an} � = exp � ℏ 2 �

⃗

∂_{a+} ⃗∂_{ā+} −

⃗

∂_{ā+} ⃗∂_{a+} +

⃗

∂_{a−} ⃗∂_{ā−} −

⃗

∂_{ā−} ⃗∂_{a−} � . (1.133)

The Hamiltonian turns into H = ωa_+ā_++ωa_−ā_− = ω(N_++N_−+ℏ) = H_++H_− with N_{+(−)} = ā_{+(−)}∗_M a_{+(−)} and H_{+(−)} = ω � N_{+(−)} +^ℏ_2 � and for the angular momentum one obtains:

J_3 = q_1p_2 − p_1q_2 = i(a_1ā_2 − a_2ā_1) = ā_+a_+ − ā_−a_− = N_+ − N_−. (1.134)

The Wigner functions (1.130) should now be turned into a form where they are also ∗-eigenfunctions of J_3. The decomposition of the Hamiltonian is analogous to the decomposition in conventional holomorphic coordinates ā_n and a_n, moreover the Moyal product has the same structure in both types of coordinates as can be seen in (1.133). So the calculations can be done analogously by substituting the indices (1,2) by (+,−). The one dimensional Wigner functions are then π^{(M)}_{n+(−)} (a_{+(−)}, ā_{+(−)}) = 2(−1)^{n+(−)} e^{−2H+(−) /ℏω}L_{n+(−)}

�_{4H+(−)} ℏω � and the energy levels are E_n = ℏω(n + 1) = ℏω(n_+ + n_− + 1). The two dimensional Wigner functions are

π^{(M)}_n (a_+, ā_+, a_−, ā_−) = � n_++n_− =n

4(−1)^ne^{−2H/ℏω}L_{n+} � 4H_+ ℏω � L_{n−} � 4H_− ℏω � . (1.135)

Each term π^{(M)}_{n+,n−} of (1.135) is hereby a ∗-eigenfunction of J_3: J_3 ∗_M π^{(M)}_{n+,n−} = ℏ(n_+ − n_−)π^{(M)}_{n+ ,n−} . Instead of parametrizing with n_+ and n_− it is also possible to parametrize with n = n_+ + n_− and m = n_+ − n_− so that π^{(M)}_{n,m} (a_+, ā_+, a_−, ā_−) = 4(−1)^ne^{−2H/ℏω}L_{(n+m)/2} � 4H_+ ℏω � L_{(n−m)/2} � 4H_− ℏω � (1.136)

and J_3 ∗_M π^{(M)}n,m = mπ^{(M)}n,m with m = n, n − 2, n − 4, . . . , −n.

The two dimensional harmonic oscillator can now be used as the basis for discussing angular momentum in the star product formalism. One first notices that the angular momentum functions J_i = ε^{jk}_i q_j p_k form with the Moyal product an su(2) algebra

[J_i, J_j ]_{∗M} = iℏε_{ijk} J_k. (1.137)

So they can be used to generate rotations. This is done in the star product formalism with the star exponential:

Exp_M (J_iφ) ∗_M ⃗q ∗_M Exp_M (−J_iφ) = R(φ)⃗q, (1.138) where R(φ) is the rotation matrix. In order to calculate the star exponential one has to represent J_i with holomorphic coordinates as in (1.134), so that the star exponential corresponds to the one of the harmonic oscillator.

The next question is to find the Wigner functions and the eigenvalues j and m for ⃗J^{2∗M} and J_3. From the operator formalism it is known that j can have the values j = 0,^1_2 , 1,^3_2 , . . . and m can have the values m = −j, −j + 1, . . . , j − 1, j. The half integer steps for j cannot be described with the purely bosonic two dimensional harmonic oscillator, because the main quantum number is the energy expressed by the total number of quanta in the system, which is an integer n = n_+ + n_− = 0, 1, 2, . . .; correspondingly the m vary in steps of two. So in order to describe angular momentum one has to introduce a factor^1_2 , i.e. j = 1 2 (n_+ + n_−) and m = 1 2 (n_+ − n_−). (1.139)

Using these definitions one just obtains the Schwinger representation of angular momentum [99]. With the ladder functions J_+ = ā_+a_− and J_− = ā_−a_+ the angular momentum functions are then instead of (1.134) defined by:

J_1 = 1 2 (J_+ + J_−) = 1 2 (ā_+a_− + ā_−a_+), J_2 = 1 2i (J_+ − J_−) = 1 2 (iā_−a_+ − iā_+a_−)

and J_3 = 1 2 (N_+ − N_−) = 1 2 (ā_+a_+ − ā_−a_−). (1.140)

For the square of the angular momentum one obtains:

⃗J^{2∗}M = J^{2∗}M_1 + J^{2∗}M_2 + J^{2∗}M_3 = 1 2 (N_+ + N_−) ∗_M � 1 2 (N_+ + N_−) + ℏ � , (1.141)

so that with the Wigner functions π^{(M)}_{n+,n−} = π^{(M)}_{n+} π^{(M)}_{n−} of the two dimensional harmonic oscillator follows

⃗J^{2∗}M ∗_M π^{(M)}_{n+,n−} = ℏ^2j(j + 1)π^{(M)}_{n+,n−} and J_3 ∗_M π^{(M)}_{n+ ,n−} = ℏmπ^{(M)}_{n+,n−} . (1.142)

The factor^1_2 that was introduced in (1.139) stems from the decomposition of the angular momentum into spins that is achieved by the Schwinger representation. How this can be described in the star product formalism will be discussed in the next chapter.

Chapter 2

Fermionic Star Products

After having established the star product formalism for quantum mechanics the next task is to incorporate spin in the formalism. This was done first using the bosonic Moyal product in [109]. But as shown in [11] and [18] spin can be described most elegantly in the context of grassmannian mechanics. This approach will be used here to obtain by deformation quantization of grassmannian mechanics a fermionic star product and a description of spin. The fermionic star products can then in combination with the bosonic ones be used to describe supersymmetric quantum mechanics, spin and Dirac theory.

2.1 Grassmannian Mechanics

Grassmannian mechanics differs from classical mechanics in a fundamental way, because space and velocity are described by Grassmann variables η and η̇, so that a kinetic term^1_2 η̇^2 would be zero. A nontrivial ansatz for a free Lagrangian is L =^i_2 ηη̇, where the product of two Grassmann variables makes L a bosonic function and the additional i assures that L is real. The equation of motion following from this Lagrangian is η̇ = 0, which means that the dynamical variable η itself is a conserved quantity.

Analogously a quadratic potential term would be zero, so that there is no one dimensional oscillator in grassmannian mechanics. But it is possible to construct a two dimensional oscillator where the two Grassmann variables η^1 and η^2 can be combined to complex Grassmann variables η = 1 √ 2 � η^1 + iη^2 � and η̄ = 1 √ 2 � η^1 − iη^2 � . (2.1)

The Lagrangian for the (twodimensional) grassmannian oscillator is given by

L = iη̄η̇ + ωη̄η. (2.2)

The Euler-Lagrange equations d dt ∂^LL ∂η̇ − ∂^LL ∂η = 0 and d dt ∂^LL ∂ ˙η̄ − ∂^LL ∂η̄ = 0 (2.3)

lead then to equations of motions ˙η̄ = −iωη̄ and η̇ = iωη or in real coordinates η̇^1 = −ωη^2 and η̇^2 = ωη^1, which can be combined to η̈^α = −ω^2η^α for α = 1, 2. Using the equations of motion the Lagrangian (2.2) can be written in real coordinates as L = i 2 � η^1η̇^1 + η^2η̇^2 � + iωη^1η^2. (2.4)

With the complex canonical momentum ρ =^{∂LL}_{∂η̇} = −iη̄ the Hamiltonian is

H = η̇ρ − L = −ωη̄η = iωηρ, (2.5)

which can be interpreted as a rotation in Grassmann space. In real canonical coordinates η^α and ρ_α = −^i_2 δ_{αβ} η^β one gets:

H = −iωη^1η^2. (2.6) The Hamilton equations can be calculated by variation of the action S = � dt (η̇^αρ_α − H) which gives

η̇^α = −

∂^LH ∂ρ_α and ρ̇_α = −

∂^LH ∂η^α

. (2.7)

One sees here that the structure of minus sign differs from the one in classical mechanics. This leads then also to a different sign structure in the grassmannian Poisson bracket, because with the Hamilton equations (2.7) it is possible to write the time derivative of a function F (η, ρ, t) as dF dt = η̇^α

∂^LF ∂η^α

+ ρ̇_α

∂^LF ∂ρ_α + ∂F ∂t = (−1)^{ϵ(F )} � ∂^LF ∂η^α

∂^LH ∂ρ_α + ∂^LF ∂ρ_α

∂^LH ∂η^α � + ∂F ∂t , (2.8)

where ϵ(F ) is the Grassmann grade of F . The grassmannian or fermionic Poisson bracket can then be defined as {F, G}_{F P B} = (−1)^{ϵ(F )} � ∂^LF ∂η^α

∂^LG ∂ρ_α + ∂^LF ∂ρ_α

∂^LG ∂η^α � . (2.9)

Under the assumption that the canonical coordinates are independent (which is for the grassmannian oscillator not the case) the fundamental fermionic Poisson brackets are

{η^α, η^β }_{F P B} = 0, {ρ_α, ρ_β }_{F P B} = 0 and {η^α, ρ_β}_{F P B} = −δ^α_β . (2.10)

The fermionic Poisson bracket (2.9) can be combined with the classical Poisson bracket to a generalized or super Poisson bracket. The derivation is analogous to (2.8), but now one has to calculate a time derivative of a function F (q, p, η, ρ, t) that depends on bosonic and fermionic coordinates. This gives then the following expression for the generalized Poisson bracket:

{F, G}_{GP B} = � ∂F ∂q^i ∂G ∂p_i − ∂F ∂p_i ∂G ∂q^i � + (−1)^{ϵ(F )} � ∂^LF ∂η^α

∂^LG ∂ρ_α + ∂^LF ∂ρ_α

∂^LG ∂η^α � . (2.11)

The symmetry of the generalized Poisson bracket (2.11) depends on the Grassmann grade of F and G and is given by: {F, G}_{GP B} = −(−1)^{ϵ(F )ϵ(G)}{G, F }_{GP B}. Furthermore one has a generalized Leibniz rule

{F, GH}_{GP B} = {F, G}_{GP B} H + (−1)^{ϵ(F )ϵ(G)}G{F, H}_{GP B} (2.12)

and a generalized Jacobi identity

{{F, G}_{GP B}, H}_{GP B} + (−1)^{ϵ(F )(ϵ(G)+ϵ(H))}{{G, H}_{GP B}, F }_{GP B} + (−1)^{ϵ(H)(ϵ(F )+ϵ(G))}{{H, F }_{GP B}, G}_{GP B} = 0. (2.13)

In grassmannian mechanics even the simplest systems like the free particle or the oscillator are systems with constraints. The two constraints for the oscillator are

χ_α = ρ_α + i 2 δ_{αβ} η^β = 0 (2.14) with α = 1, 2. Calculating the fermionic Poisson brackets for the constraints gives:

{χ_1, χ_1}_{F P B} = {χ_2, χ_2}_{F P B} = −i and {χ_1, χ_2}_{F P B} = {χ_2, χ_1}_{F P B} = 0. (2.15)

Since not all of the Poisson brackets are zero the χ_α are second class constraints. Summarizing the brackets (2.15) in a matrix C_{αβ} = {χ_α, χ_β}_{F P B} one gets

C_{αβ} = −i � 1 0 0 1 � and C^{αβ} = i � 1 0 0 1 � , (2.16)

where C^{αβ} is the inverse of C_{αβ} . With this matrix one defines the fermionic Dirac bracket as

{F, G}_{F DB} = {F, G}_{F P B} − {F, χ_α}_{F P B} C^{αβ} {χ_β, G}_{F P B} . (2.17)

By substituting all Poisson brackets by Dirac brackets one takes into account the constraints and achieves a description that is equivalent to mechanics in a reduced phase space. The Dirac brackets of the constraints are now all zero and the Dirac brackets of the canonical coordinates are

{η^α, η^β }_{F DB} = −iδ^{αβ} , {ρ_α, ρ_β }_{F DB} = − i 4 δ_{αβ} and {η^α, ρ_β }_{F DB} = − 1 2 δ^α_β . (2.18)

Just as the bosonic and fermionic Poisson bracket can be generalized to a super Poisson bracket (2.11) one can also combine the bosonic and the fermionic Dirac bracket to a generalized Dirac bracket.

2.2 The Grassmannian Oscillator in the Star Product Formalism

Because of the two constraints (2.14) in the case of the grassmannian oscillator the basis for constructing a star product is not the Poisson bracket but has to be the Dirac bracket (2.17). This bracket can also be written as:

{F, G}_{F DB} = F (−1)^{ϵ(F )} �

⃗

∂^L ∂η^α ⃗∂L ∂ρ_α +

⃗

∂^L ∂ρ_α ⃗∂L ∂η^α �

+ �

⃗

∂^L ∂η^α

∂^Lχ_γ ∂ρ_α +

⃗

∂^L ∂ρ_α

∂^Lχ_γ ∂η^α � iδ^{γδ} � ∂^Lχ_δ ∂η^α ⃗∂L ∂ρ_α

∂^Lχ_δ ∂ρ_α ⃗∂L ∂η^α � G. (2.19)

Working this out and using the relation between the left and right derivatives of functions of Grassmann variables ∂^RF ∂θ^α

= −(−1)^{ϵ(F )}

∂^LF ∂θ^α

, (2.20)

one obtains

{F, G}_{F DB} = F � 1 2

⃗

∂ ∂η^α ⃗∂ ∂ρ_α + 1 2

⃗

∂ ∂ρ_α ⃗∂ ∂η^α + i

⃗

∂ ∂η^α ⃗∂ ∂η^α − i 4

⃗

∂ ∂ρ_α ⃗∂ ∂ρ_α � G. (2.21)

Note that the notion of right and left derivatives is now included in the vector notation. Also the sum over all α is understood. From now on the Dirac brackets are used instead of the Poisson brackets, and the constraints are implemented as strong equations, according to Dirac’s method [29]. The only independent variables are then the η^α, so that in (2.21) only the third term remains.

Then one can construct a fermionic Moyal product from (2.21) which gives

F ∗_M G = F exp � ℏ 2

⃗

∂ ∂η^α ⃗∂ ∂η^α � G. (2.22)

This shows that the deformation quantization of grassmannian mechanics leads to a star product that was postulated in [113]. For the star anticommutators one obtains

{η^α, η^β }_{∗M} = η^α ∗_M η^β + η^β ∗_M η^α = ℏδ^{αβ} . (2.23)

This means that the fermionic star product leads to a cliffordization of the Grassmann algebra of the fermionic coordinates.

With the fermionic star product (2.22) one can now calculate the star exponential of the Hamilton function H = −iωη^1η^2 of the fermionic oscillator. Using the fact that (−iωη^1η^2) ∗_M (−iωη^1η^2) =^{ℏ2ω2}_4 one gets

Exp_M (Ht) = ∞� n=0 1 n! � −it ℏ �_n H^{n∗M}

= ∞� n=0 1 (2n)! � ωt 2i �_{2n}

+ (−iωη^1η^2) ∞� n=0 1 (2n + 1)! � t iℏ �_{2n+1} �

ℏ^2ω^2 4 �_n

= cos � ωt 2 � − 2 ℏ η^1η^2 sin � ωt 2 � (2.24)

= π^{(M)}_{1/2} e^{−i ωt2} + π^{(M)}_{−1/2}e^{i ωt2} , (2.25)

with the projectors π^{(M)}_{1/2} = 1 2 − i ℏ η^1η^2 and π^{(M)}_{−1/2} = 1 2 + i ℏ η^1η^2. (2.26)

Using expression (2.24) it is easy to see that the star exponential fulfills the defining differential equation iℏ d dt Exp_M (Ht) = −iℏ ω 2 sin � ωt 2 � − iωη^1η^2 cos � ωt 2 � = H ∗_M Exp_M (Ht). (2.27)

The projectors or fermionic Wigner functions π^{(M)}_{±1/2} are idempotent and complete, i.e. π^{(M)}α ∗_M π^{(M)}_β = δ_{αβ} π^{(M)}α and π^{(M)}_{1/2} + π^{(M)}_{−1/2} = 1, so that the time development of the projectors can be calculated easily with (2.25) as Exp_M (−Ht) ∗_M π^{(M)}_{±1/2} ∗_M Exp_M (Ht) = π^{(M)}_{±1/2}e^{±iωt}. (2.28)

The ∗-eigenvalue equations are

H ∗_M π^{(M)}_{1/2} = ℏω 2 π^{(M)}_{1/2} , H ∗_M π^{(M)}_{−1/2} = − ℏω 2 π^{(M)}_{−1/2}, (2.29)

so the energy eigenvalues are E_± 1_2 = ± ℏω 2 , (2.30)

and the spectral decomposition of H is H = � n=±^1_2

E_nπ^{(M)}_n = −iωη^1η^2. (2.31)

Just as in the bosonic case it is also here possible to formulate the whole problem in holomorphic coordinates f = 1 √ 2 � η^2 + iη^1 � and f̄ = 1 √ 2 � η^2 − iη^1 � . (2.32)

The fermionic Moyal star product (2.22) in these variables is

F ∗_M G = F e^{ℏ2} (

⃗

∂_f ⃗∂¯_f +

⃗

∂¯_f ⃗∂_f ) G, (2.33)

which delines a fermionic star product that was suggested for example in [13]. With this star product one finds f ∗_M f̄ = ff̄ + ℏ 2 , f̄ ∗_M f = f̄f + ℏ 2 , (2.34) and {f̄, f̄}_{∗M} = {f, f}_{∗M} = 0, {f̄, f}_{∗M} = ℏ. (2.35) The Hamilton function in holomorphic coordinates is

H = ωf̄f, (2.36)

and the time-evolution function is

Exp_M (Ht) = cos � ωt 2 � − 2i ℏ f̄f sin � ωt 2 � = π^{(M)}_{−1/2}e^{i ωt2} + π^{(M)}_{1/2} e^{−i ωt2} , (2.37)

with π^{(M)}_{−1/2} = 1 2 − 1 ℏ f̄f and π^{(M)}_{1/2} = 1 2 + 1 ℏ f̄f. (2.38)

It is obvious that these projectors satisfy the required orthonormality and completeness conditions, as well as the corresponding ∗-eigenvalue equations for the energy levels E_{±1/2} = ±^{ℏω}_2 , so that the time development of (2.38) is also given by (2.28), while the time development of the holomorphic coordinates is given by:

Exp_M (−Ht) ∗_M f ∗_M Exp_M (Ht) = fe^{−iωt} and Exp_M (−Ht) ∗_M f̄ ∗_M Exp_M (Ht) = f̄e^{iωt}. (2.39)

Furthermore one can show that f and f̄ act as annihilation and creation functions:

f ∗_M π^{(M)}_{−1/2} = f̄ ∗_M π^{(M)}_{1/2} = 0, (2.40) and f̄ ∗_M π^{(M)}_{−1/2} ∗_M f = ℏπ^{(M)}_{1/2} , f ∗_M π^{(M)}_{1/2} ∗_M f̄ = ℏπ^{(M)}_{−1/2}. (2.41)

The expression τ =^2_ℏ f̄f is an involution, i.e. τ ∗_M τ = 1. It thus has the two eigenvalues ±1, and the projectors onto the even and odd eigenspaces are π^{(M)}_± =^1_2 (1 ± τ) in agreement with (2.38). In the conventional operator approach to supersymmetric quantum mechanics the above quantities are represented as 2 × 2 matrices, and the star product corresponds to ordinary matrix multiplication. The matrices one uses are f̂ = √ ℏ � 0 1 0 0 � , f̂^† = √ ℏ � 0 0 1 0 � , τ̂ = � −1 0 0 1 � . (2.42)

The matrix representation f̂ and f̂^† for f and f̄ reproduce the anticommutator relations (2.35) if one replaces the star product by the matrix multiplication. Using (2.38) and the τ̂-matrix, the matrix representation of the projectors becomes: π̂^{(M)}_{−1/2} = � 1 0 0 0 � , π̂^{(M)}_{1/2} = � 0 0 0 1 � . (2.43)

Relations such as (2.41) are then simple exercises in matrix multiplication. One sees here also that the projectors are normalized according to Tr � π̂^{(M)}_{±1/2} � = 1. (2.44)

As in the bosonic case it is also possible to construct a normal star product for fermionic functions:

F ∗_N G = F e^ℏ

⃗

∂_f ⃗∂¯_f G. (2.45)

We then have f ∗_N f̄ = ff̄ + ℏ, f̄ ∗_N f = ff̄, (2.46) and {f̄, f̄}_{∗N} = {f, f}_{∗N} = 0, {f̄, f}_{∗N} = ℏ, (2.47)

which is consistent with the previous results for the Moyal product, as it must be. One easily calculates the time-evolution function Exp_N (Ht) = π^{(N)}_0 + π^{(N)}_1 e^{−iωt}, (2.48)

with π^{(N)}_0 = 1 − 1 ℏ f̄f, π^{(N)}_1 = 1 ℏ f̄f. (2.49)

These projectors satisfy the required properties, including the ∗-eigenvalue equations:

H ∗_N π^{(N)}_0 = 0, H ∗_N π^{(N)}_1 = ℏω π^{(N)}_1 , (2.50)

so that the energy levels are 0 and ℏω. As in the bosonic case there is a shift of^1_2 ℏω in the oscillator energy levels between the Moyal and the normal product, but now the spectrum is shifted upwards whereas the bosonic spectrum was shifted downwards.

Just as in the Moyal case f̄ and f act as creation and annihilation functions:

f ∗_N π^{(N)}_0 = f̄ ∗_N π^{(N)}_1 = 0, (2.51) and f̄ ∗_N π^{(N)}_0 ∗_N f = ℏπ^{(N)}_1 , f ∗_N π^{(N)}_1 ∗_N f̄ = ℏπ^{(N)}_0 . (2.52)

2.3 The Supersymmetric Star Product

It is now straightforward to combine the bosonic and the fermionic star product into a supersymmetric star product. The supersymmetric star product of the Moyal type is

F ∗_{SU} G = F exp � ℏ 2 �

⃗

∂_a ⃗∂_ā −

⃗

∂_ā ⃗∂_a +

⃗

∂_f ⃗∂¯_f +

⃗

∂¯_f ⃗∂_f � G. (2.53)

The supersymmetric star product factorizes in a bosonic and a fermionic Moyal product, so that the supersymmetric star product of two purely bosonic functions reduces to the bosonic Moyal product of these functions and analogously for purely fermionic functions. The Hamilton function of the supersymmetric oscillator is just the sum of the Hamilton functions for the fermionic and the bosonic oscillators. So it can be written (with the supersymmetric star product) as

H_{SU} = ω �¯ f ∗_{SU} f + ā ∗_{SU} a � = ω �¯ ff + āa � = H_F + H_B . (2.54)

Another possibility to write H_{SU} that clarifies the relation of the bosonic and fermionic sectors and allows an easy generalization to nonlinear supersymmetry is

H_{SU} = ω � (ā ∗_M a)π^{(M)}_{−1/2} + (a ∗_M ā)π^{(M)}_{1/2} � = ω � (ā ∗_M a)π^{(M)}_{−1/2} + (ā ∗_M a + ℏ)π^{(M)}_{1/2} � . (2.55)

So one sees that there are two bosonic oscillators shifted by ℏω and that they live in sectors separated by the projectors π^{(M)}_{±1/2}.

One can then define functions that relate the energy levels of these two sectors:

Q_+ = � 1 ℏ (a ∗_{SU} f̄) = � 1 ℏ af̄ and Q_− = � 1 ℏ (ā ∗_{SU} f) = � 1 ℏ āf. (2.56)

These functions are nilpotent, Q_± ∗_{SU} Q_± = Q^2_± = 0, (2.57) and the Hamiltonian of the supersymmetric oscillator may be written as

H_{SU} = ω{Q_+, Q_−}_{∗SU} . (2.58)

With (2.57) one sees immediately that H_{SU} is supersymmetric:

[Q_+, H_{SU} ]_{∗SU} = [Q_−, H_{SU} ]_{∗SU} = 0. (2.59)

One may also use the hermitian functions

Q_1 = Q_+ + Q_− and Q_2 = −i(Q_+ − Q_−), (2.60)

so that the supersymmetric Hamiltonian becomes

H_{SU} = ωQ^{2∗SU}_1 = ωQ^{2∗SU}_2 . (2.61)

Since the supersymmetric star product factorizes into a bosonic and a fermionic part one can also choose a factor ansatz for the star exponential of the supersymmetric oscillator. The product of (1.120) and (2.25) leads to:

Exp_{SU} (H_{SU} t) = � cos � ωt 2 � − 2i ℏ f̄f sin � ωt 2 � 1 cos �_{ωt} 2 � exp � 2H_B iℏω � tan � ωt 2 �

= � 1 + � 2H_F iℏω � tan � ωt 2 � exp � 2H_B iℏω � tan � ωt 2 �

= exp � 2H_{SU} iℏω � tan � ωt 2 � . (2.62)

This ansatz fulfills the differential equation for the time evolution with the supersymmetric star product: iℏ d dt Exp_{SU} (H_{SU} t) = (H_F ∗_M Exp_M (H_F t)) Exp_M (H_B t) + (H_B ∗_M Exp_M (H_B t)) Exp_M (H_F t)

= H_{SU} ∗_{SU} Exp_{SU} (H_{SU} t). (2.63)

The Fourier-Dirichlet expansion is

Exp_{SU} (H_{SU} t) =

1/2�

n_F =−1/2 ∞� n_B =0

π^{(M)}_{nF} π^{(M)}_{nB} e^{−i}(^{EnF +EnB} )^{t/ℏ}. (2.64)

This means that the supersymmetric projectors π^{(SU)}n_F n_B are just the product of the fermionic and the bosonic projectors. They also fulfill the ∗-eigenvalue equation

H_{SU} ∗_{SU} π^{(SU)}_{nF nB} = (E_{nB} + E_{nF} )π^{(SU)}_{nF nB} , (2.65) and are idempotent:

π^{(SU)}_{nF nB} ∗_{SU} π^{(SU)}_n′_{F n}′_B = δ_{nF n}′_F δ_{nB n}′_B π^{(SU)}_{nF nB} . (2.66) The spectral resolution of the Hamilton function is

H_{SU} =

1/2�

n_F =−1/2 ∞� n_B =0

(E_{nB} + E_{nF} ) π^{(SU)}_{nF nB} . (2.67)

The functions Q_± now act on the supersymmetric projectors as:

Q_+ ∗_{SU} π^{(SU)}_{nF nB} ∗_{SU} Q_− = ℏπ^{(SU)}_{nF +1,nB −1} and Q_− ∗_{SU} π^{(SU)}_{nF nB} ∗_{SU} Q_+ = ℏπ^{(SU)}_{nF −1,nB +1} (2.68)

and one sees that the Q_± relate energy levels of the two sectors of the supersymmetric oscillator that lie on the same footing.

The functions π^{(M)}_{±1/2}, Q_+ and Q_− fulfill the relations:

π^{(M)}_{±1/2} ∗_{SU} π^{(M)}_{±1/2} = π^{(M)}_{±1/2}, Q_± ∗_{SU} π^{(M)}_{∓1/2} = Q_± and π^{(M)}_{±1/2} ∗_{SU} Q_± = Q_±, (2.69)

so that these functions form a Fredholm quadruple Ξ. With this quadruple one can then define an index [51]:

indΞ = tr � π^{(M)}_{−1/2} − 1 ℏ Q_+ ∗_{SU} Q_− � − tr � π^{(M)}_{+1/2} − 1 ℏ Q_− ∗_{SU} Q_+ �

= tr � π^{(M)}_{−1/2} � 1 2 − aā ℏ � − tr � π^{(M)}_{+1/2} � 1 2 − aā ℏ � . (2.70)

The trace tr is here the sum over all bosonic and fermionic states:

tr[F ] = ∞� n_B =0 � n_F =±1/2 � d^2a Tr(π^{(M)}_{nB} π^{(M)}_{nF} ∗_{SU} F ), (2.71)

where Tr is defined as in (2.44). The terms in the round brackets of (2.70) give the sum of the number of the bosonic states. Since all states with E > 0 are paired as they appear in the bosonic and the fermionic sector, these two terms cancel each other. The first term in the round brackets counts the number of states, so that the index is the difference of the number of states in the bosonic and the fermionic sector. Because of the pairing of states with E > 0 the index is zero if there is a state with E = 0 in the bosonic and the fermionic sector and it is one if only one of the sectors has a E = 0 state. This index is called the Witten index and describes if the supersymmetry is exact or broken [83]. Since the second terms in the round brackets of (2.70) cancel anyway, the same result can be obtained just with the elliptic pair π^{(M)}_{±1/2}:

indΞ = tr � π^{(M)}_{−1/2} − π^{(M)}_{+1/2} � . (2.72)

Just as one can construct a supersymmetric star product of the Moyal type it is also possible to construct a supersymmetric star product of the normal type:

F ∗_{SU N} G = F e^ℏ(

⃗

∂_a ⃗∂_ā +

⃗

∂_f ⃗∂¯_f )G. (2.73)

All calculations that were done for the Moyal type star product can be done analogously for the normal type star product. For example the star exponential is now the product of (1.95) and (2.48) which leads to

Exp_{SUN} (H_{SU} t) = e^{−HSU /ℏω} exp � 1 ℏ � f̄f e^{−iE}F^{t/ℏ} + āa e^{−iE}B^{t/ℏ} � . (2.74)

2.4 Supersymmetric Quantum Mechanics with Star Products

Crucial for the vanishing of the star commutator (2.59) is that the Q_± are nilpotent (2.57). But this is already assured by the fermionic part of the Q_±, so that one can use a bosonic part that is more general than a or ā, as in (2.56). In supersymmetric quantum mechanics one usually goes over to the new coordinates B = 1 √ 2 � W (q) + i p √ m � and B̄ = 1 √ 2 � W (q) − i p √ m � , (2.75)

where W (q) is the superpotential and m an additional mass parameter. The Q_± can then be generalized to Q_+ = Bf̄ and Q_− = B̄f, which results in a system with interaction between the fermionic and the bosonic sector [83].

In the star product formalism one can proceed in an analogous way. Therefore one first transforms the Moyal product into the new coordinates (2.75), which gives

F ∗_M G = F e^{ℏ2 ∂W∂q 1√m} (

⃗

∂_B ⃗∂¯_B −

⃗

∂¯_B ⃗∂_B )G. (2.76)

The star commutator and anticommutator are then

{B, B̄}_{∗M} = W^2(q) + p^2 m^2 and [B, B̄]_{∗M} = ℏ √ m ∂W ∂q . (2.77)

To implement the new coordinates one uses the fact that the supersymmetric Hamilton function of an oscillator can be written as in (2.55). By analogy, the Hamilton function for the general supersymmetric system is then:

H_{SU} = �¯ B ∗_M B � π^{(M)}_{−1/2} + � B ∗_M B̄ � π^{(M)}_{1/2} (2.78) = � 1 2 {B, B̄}_{∗M} − 1 2 [B, B̄]_{∗M} � π^{(M)}_{−1/2} + � 1 2 {B, B̄}_{∗M} + 1 2 [B, B̄]_{∗M} � π^{(M)}_{1/2} (2.79) = 1 2 � p^2 m + W^2 − ℏ √ m ∂W ∂q � π^{(M)}_{−1/2} + 1 2 � p^2 m + W^2 + ℏ √ m ∂W ∂q � π^{(M)}_{1/2} (2.80)

= H_{(1)}π^{(M)}_{−1/2} + H_{(2)}π^{(M)}_{1/2} . (2.81)

In the conventional operator approach to supersymmetric quantum mechanics the projectors are represented as 2 × 2 matrices, see Eq. (2.43), and the two systems H_{(1)} and H_{(2)} are represented as blocks of a matrix.

Using the orthogonality and idempotence of the projectors one can simplify the ∗-eigenvalue equation for H_{SU} :

H_{SU} ∗_{SU} π^{(SU)}_{−1/2,n(1)B} = H_{SU} ∗_{SU} � π^{(M)}_{n(1)B} π^{(M)}_{−1/2} � = � H_{(1)} ∗_M π^{(M)}_{n(1)B} � π^{(M)}_{−1/2} = E_{(1)}π^{(M)}_{n(1)B} π^{(M)}_{−1/2},

H_{SU} ∗_{SU} π^{(SU)}_{−1/2,n(2)B} = H_{SU} ∗_{SU} � π^{(M)}_{n(2)B} π^{(M)}_{1/2} � = � H_{(2)} ∗_M π^{(M)}_{n(2)B} � π^{(M)}_{1/2} = E_{(2)}π^{(M)}_{n(2)B} π^{(M)}_{1/2} . (2.82)

This means that the problem is reduced to two bosonic ∗-eigenvalue equations:

H_{(1)} ∗_M π^{(M)}_{n(1)B} = B̄ ∗_M B ∗_M π^{(M)}_{n(1)B} = E_{(1)}π^{(M)}_{n(1)B} (2.83)

and H_{(2)} ∗_M π^{(M)}_{n(2)B} = B ∗_M B̄ ∗_M π^{(M)}_{n(2)B} = E_{(2)}π^{(M)}_{n(2)B} . (2.84)

The connection between the two systems can be found immediately with the help of the associativity of the star product:

H_{(1)} ∗_M � B̄ ∗_M π^{(M)}_{n(2)} B ∗_M B � = B̄ ∗_M � B ∗_M B̄ ∗_M π^{(M)}_{n(2)B} ∗_M B � = E_{(2)} � B̄ ∗_M π^{(M)}_{n(2)} B ∗_M B � , H_{(2)} ∗_M � B ∗_M π^{(M)}_{n(1)B} ∗_M B̄ � = B ∗_M � B̄ ∗_M B ∗_M π^{(M)}_{n(1)} B ∗_M B̄ � = E_{(1)} � B ∗_M π^{(M)}_{n(1)B} ∗_M B̄ � . (2.85)

E_{(2)} is then also an eigenvalue of H_{(1)} and E_{(1)} is an eigenvalue of H_{(2)}, just as B̄ ∗_M π^{(M)}_{n(2)B} ∗_M B is an

eigenfunction of H_{(1)} and B ∗_M π^{(M)}_{n(1)B} ∗_M B̄ is an eigenfunction of H_{(2)}. One sees then that B and B̄ relate two

systems with supersymmetric partner potentials V_{(1)} =^1_2 � W^2 −^{ℏ√}_m^{∂W}_{∂q} � and V_{(2)} =^1_2 � W^2 +^{ℏ√}_m^{∂W}_{∂q} � . To show how the star product formalism works one considers the superpotential W (q) = A tanh(αq).

The two partner potentials are in this case

V_{(1)} = 1 2 � A^2 − A � A + ℏα √ m � 1 cosh^2(αq) � and V_{(2)} = 1 2 � A^2 − A � A − ℏα √ m � 1 cosh^2(αq) � . (2.86)

For A = ℏα/ √ m these expressions become

V_{(1)} = ℏ^2α^2 2m � 1 − 2 cosh^2(αq) � and V_{(2)} = ℏ^2α^2 2m , (2.87)

so the first system is the Pöschel-Teller potential and the second system is the free particle.

One can then first consider the free particle with the Hamiltonian H_{(2)} =^{p2}_{2m} +^{ℏ2α2}_{2m} . Using � H_{(2)}

�_{n∗M} = � H_{(2)}

�_n

one gets for the star exponential

Exp_M � H_{(2)}t � = exp � H_{(2)}t iℏ � . (2.88)

The projectors can be obtained from the ∗-eigenvalue equation

H_{(2)}(p) ∗_M π^{(M)}_{k(2)} = E_k π^{(M)}_{k(2)} (2.89) as π^{(M)}_{k(2)} = δ(p − k), (2.90)

where the energy eigenvalues are E_k =^{k2}_{2m} +^{ℏ2α2}_{2m} . The Fourier-Dirichlet expansion is given by

Exp_M � H_{(2)}t � = � dk π^{(M)}_{k(2)} exp � E_kt iℏ � = exp � H_{(2)}t iℏ � . (2.91)

The Pöschel-Teller potential as the supersymmetric partner potential has one bound state with energy zero and a continuum of reflectionless states. The projector π^{(M)}_{0(1)} for the bound state can be calculated in terms of the eigenfunctions ψ_n of the Hamilton operator according to (1.55). With the ground state wavefunction ψ_0(1) =

�_α 2 1 cosh(αq) of the Pöschel-Teller potential this gives the projector [23]:

π^{(M)}_{0(1)} = sin(2pq/ℏ) sinh(2αq) sinh(pπ/αℏ)

. (2.92)

The projectors π^{(M)}_{k(1)} for the reflectionless states can now be obtained with the help of the functions B and B̄ from the projectors π^{(M)}_{k(2)} = δ(p − k):

π^{(M)}_{k(1)} = 1 ℏ � B̄ ∗_M π^{(M)}_{(2)k} ∗_M B �

= 1 4π � dy � p^2 ℏm + i pα m tanh � αq + α y 2 � − i pα m tanh � αq − α y 2 �

+ ℏα^2 m tanh � αq + α y 2 � tanh � αq − α y 2 � e^{i(p−k)y} (2.93) = p^2 ℏm δ(p − k) + i 4πp αℏ sin (2(p − k)q/ℏ) sinh ((p − k)π/αℏ)

. (2.94)

Equation (2.93) is the same result that one gets by calculating the projector with Eq. (1.55), using the wavefunction ψ_k = B̂e^{ikq}. B̂ is the operator form of Eq. (2.75). For the case W (q) = n^{ℏα√}_m tanh(αq) with n bound states one can proceed in a similar way [23].

2.5 Spin and Star Products

In conventional quantum mechanics spin 1/2 fermions are described by using 2 × 2 Pauli matrices. As seen above, such matrices can be described in the star product formalism with products of Grassmann variables. This suggests the use of appropriate Grassmann variables in order to describe spin 1/2 particles in the framework of deformation quantization. With this motivation one introduces the Grassmann variables θ_i, (i = 1, 2, 3), and in analogy to (2.22) the Clifford star product

F ∗_C G = F exp � ℏ 2 d� n=1

⃗

∂_{θn} ⃗∂_{θn} � G. (2.95)

The variables θ_i form a Clifford algebra with respect to this product: {θ_i, θ_j }_{∗C} = ℏδ_{ij} . With the θ_i variables one can construct the quantities

σ^i = ε^{ijk} 1 2iℏ [θ_j , θ_k]_{∗C} = 1 iℏ ε^{ijk} θ_j θ_k, (2.96)

which fulfill the relations

[σ^i, σ^j ]_{∗C} = 2iε^{ijk}σ^k and {σ^i, σ^j }_{∗C} = 2δ^{ij} . (2.97)

The σ^i obviously correspond to the Pauli matrices σ̂_i in the operator formalism and will therefore be called Pauli functions. The Pauli functions are real, i.e. σ_i = σ_i, where the complex conjugation F → F for a superfunction F is defined as in [11] and fulfills:

F = F, F_1F_2 = F_2F_1 and cF = cF , (2.98)

where c is a complex number. The realness of the Pauli functions corresponds to the fact that the Pauli matrices are hermitian: (σ̂_i)^† = σ̂_i.

In order to construct the analogy of the trace for the σ^i one must define the Hodge dual for Grassmann monomials, which maps a Grassmann monomial with grade r into a Grassmann monomial with grade d − r; d is the number of Grassmann basis elements, which is here three:

⋆ (θ_{i1} θ_{i2} · · · θ_{ir} ) = 1 (d − r)!

ε^{ir+1 ...id}

i_1 i_2 ...i_r θir+1 · · · θid . (2.99)

The trace of a function F (θ_1, θ_2, θ_3) is then defined as:

Tr(F ) = 2 ℏ^3 � dθ_3dθ_2dθ_1 ⋆ F, (2.100)

where the integral is given by the Berezin integral. The Berezin integral has the property that � dθ_i θ_j = δ_{ij} ℏ.

A ℏ appears here, because the variables θ_i have in our case the unit √ ℏ. This definition of the trace leads immediately to Tr(σ^i) = 0 and Tr(σ^i ∗_C σ^j ) = 2δ^{ij} . (2.101) Moreover one can see the correspondence between spin and the fermionic quantum oscillator. If one considers the two dimensional fermionic oscillator as described above embedded in a three dimensional space with coordinates θ_i, (i = 1, 2, 3), then the Clifford product corresponds to the fermionic Moyal product (2.23). The two canonical momenta are given according to (2.14) by −^i_2 θ_1 and −^i_2 θ_2, so that the angular momentum of the two dimensional fermionic oscillator is ⃗S = (0, 0, S_3) with

S_3 = − i 2 (θ_1θ_2 − θ_2θ_1) = −iθ_1θ_2 = ℏ 2 σ^3. (2.102)

The Hamilton function of the fermionic oscillator (2.6) can then be written as H = ωS_3 and the corresponding Wigner functions are in analogy to (2.26) given by

π^{(C)}_{±1/2} = 1 2 ∓ i ℏ θ_1θ_2 = 1 2 (1 ± σ^3), (2.103)

which shows that the π^{(C)}_{±1/2} are just nonrelativistic spin projectors. With the trace (2.100) the projectors (2.103) are normalized according to: Tr � π^{(C)}_{±1/2} � = Tr � 1 2 ± 1 2 σ^3 � = 1. (2.104)

One sees that (2.100) is the Grassmann analogue of the matrix trace used in (2.44) and (2.71). Moreover (2.100) allows now also the calculation of expectation values, which makes clear that the projectors (2.103) correspond to spin up and spin down states, because the expectation values of the S_i are given by:

⟨S_1⟩ = Tr � π^{(C)}_{±1/2} ∗_C ℏ 2 σ^1 � = 0 , ⟨S_2⟩ = Tr � π^{(C)}_{±1/2} ∗_C ℏ 2 σ^2 � = 0 ⟨S_3⟩ = Tr � π^{(C)}_{±1/2} ∗_C ℏ 2 σ^3 � = ± ℏ 2 , ⟨⃗S^{2∗C} ⟩ = Tr � π^{(C)}_{±1/2} ∗_C ℏ^2 4 ⃗σ^{2∗C} � = 3 4 ℏ^2. (2.105)

The star exponential (2.25) allows the calculation of the time development of the σ^i:

σ^1(t) = Exp_C (−Ht) ∗_C σ^1 ∗_C Exp_C (Ht) = σ^1 cos(ωt) − σ^2 sin(ωt) σ^2(t) = Exp_C (−Ht) ∗_C σ^2 ∗_C Exp_C (Ht) = σ^1 sin(ωt) + σ^2 cos(ωt) σ^3(t) = Exp_C (−Ht) ∗_C σ^3 ∗_C Exp_C (Ht) = σ^3. (2.106)

With these expressions it is easy to see that the ∗-Heisenberg equation iℏ^{dF (t)}_{dt} = [F (t), H(t)]_∗ for the spin is given by:

dS_1(t) dt = 1 iℏ [S_1(t), H]_{∗C} = −ωS_2(t), dS_2(t) dt = 1 iℏ [S_2(t), H]_{∗C} = ωS_1(t) and dS_3(t) dt = 1 iℏ [S_3(t), H]_{∗C} = 0. (2.107)

For ω =^e_m B_3, where B_3 is the third component of the magnetic field ⃗B = (0, 0, B_3), this leads to the equation of motion for the spin: d⃗S dt = e m ⃗B × ⃗S. (2.108)

So here one has the case that the classical equations of motion follow from the star product time evolution.

Furthermore the spin ⃗S is in the fermionic θ-space the generator of rotations. A rotation ⃗φ = φ⃗n with angle φ and rotation axis ⃗n is described by the star exponential

Exp_C (⃗φ · ⃗S) = e^{− 12 i⃗φ·⃗σ}_{∗C} = cos φ 2 − i(⃗σ · ⃗n) sin φ 2 . (2.109)

The vector ⃗θ = (θ_1, θ_2, θ_3)^T transforms then passively (in opposite to the active transformation of time development as in (2.106) which has the opposite sign structure) according to: Exp_C (⃗φ · ⃗S) ∗_C ⃗θ ∗_C Exp_C (−⃗φ · ⃗S) = R(⃗φ)⃗θ, (2.110) where R(⃗φ) is the well known SO(3)-rotation matrix. The axial vector ⃗σ transforms in the same way. Note that the passive transformation (2.110) of the θ_i amounts to an active transformation of vectors x = �_3 i=1 x_iθ_i.

The spin Wigner function π^{(C)}_{+1/2} = π^{(C)}_{++} corresponds to the density matrix |+⟩⟨+| and the spin Wigner function π^{(C)}_{−1/2} = π^{(C)}_{−−} corresponds to the density matrix |−⟩⟨−|, so there should also exist off diagonal Wigner functions π^{(C)}_{+−} and π^{(C)}_{−+} . With the ansatz π^{(C)}_{+−} = a_0 + a_iσ^i and π^{(C)}_{−+} = b_0 + b_iσ^i for these functions one can determine the coefficients by the functional analogues of the fundamental relations. The density matrices |−⟩⟨+| and |+⟩⟨−| fulfill: Tr � π^{(C)}_{+−} � = Tr � π^{(C)}_{−+} � = 0, (2.111)

π^{(C)}_{+−} ∗_C π^{(C)}_{+−} = π^{(C)}_{−+} ∗_C π^{(C)}_{−+} = 0, (2.112) and π^{(C)}_{+−} ∗_C π^{(C)}_{−+} = π^{(C)}_{++} , π^{(C)}_{−+} ∗_C π^{(C)}_{+−} = π^{(C)}_{−−} . (2.113)

The results for π^{(C)}_{+−} and π^{(C)}_{−+} are

π^{(C)}_{+−} = 1 2 (σ^1 − iσ^2) and π^{(C)}_{−+} = 1 2 (σ^1 + iσ^2). (2.114)

With these projectors the Pauli matrix σ̂^i can be written as

σ̂^i = � � Tr � σ^i ∗_C π^{(C)}_{++} � Tr � σ^i ∗_C π^{(C)}_{+−} � Tr � σ^i ∗_C π^{(C)}_{−+} � Tr � σ^i ∗_C π^{(C)}_{−−} � � � (2.115)

and the angular momentum functions in the Schwinger representation (1.140) become

J_i = � s,s^′ =±

ā_sTr � 1 2 σ^i ∗_C π^{(C)}_{s,s}′ � a_s′ . (2.116)

The su(2)-algebra structure (1.137) the angular momentum functions (1.140) fulfill with the star product (1.133) is then a reflection of the algebra (2.97) the sigma functions satisfy:

[J_i, J_j ]_{∗M} = � s,s^′ =±

ā_sTr � 1 2 σ^i, 1 2 σ^j � ∗_C

∗_C π^{(C)}_{s,s}′ � a_s′

= � s,s^′ =±

ā_sTr � iε^{ijk} 1 2 σ^k ∗_C π^{(C)}_{s,s}′ � a_s′

= iε_{ijk} J_k (2.117)

This makes clear how the angular momentum in the Schwinger representation is decomposed into spins and how the fermionic star product algebra translates into a bosonic one. What the Schwinger representation actually does is that it replaces the ⟨s|-part of the Wigner function that annihilates a spin s = ± on the right by the bosonic annihilation function a_s. But with the annihilation and creation functions ā_s and a_s one can construct arbitrary bosonic angular momentum Wigner functions. For example the simplest spin states (j =^1_2 , m = ±^1_2 ) are given by

π^{(M)}_{j=1/2,m=1/2} = ā_+ ∗_M π^{(M)}_{n+=0,n−=0} ∗_M a_+ and π^{(M)}_{j=1/2,m=−1/2} = ā_− ∗_M π^{(M)}_{n+=0,n−=0} ∗_M a_−, (2.118)

where π^{(M)}_{n+,n−} is the two dimensional harmonic oscillator Wigner function as discussed in the last chapter. The Wigner function for an arbitrary angular momentum is then

π^{(M)}_{j,m} = 1 (j + m)!(j − m)!

ā^{j+m}_+ ā^{j−m}_− ∗_C π^{(M)}_{n+=0,n−=0} ∗_C a^{j−m}_− a^{j+m}_+ (2.119)

and fulfills (1.142).

As a further physical application one can show that the Pauli Hamilton function, which describes the 2-dimensional motion of a charged spin 1/2 particle in a constant magnetic field along the z-axis, may be described in the star product formalism in a supersymmetric framework. To this purpose introduce the Moyal-Clifford star product

F ∗_{M C} G = F exp � iℏ 2 3� n=1 �

⃗

∂_{qn} ⃗∂_{pn} −

⃗

∂_{pn} ⃗∂_{qn} − i

⃗

∂_{θn} ⃗∂_{θn} � � G, (2.120)

and the quantities

Q_1 = 1 √ 2m � − (p_2 − eA_2) σ^1 + (p_1 − eA_1) σ^2 � , (2.121)

Q_2 = 1 √ 2m � (p_1 − eA_1) σ^1 + (p_2 − eA_2) σ^2 � , (2.122)

where ⃗A(q_1, q_2) is the vector potential of the magnetic field. One finds

{Q_1, Q_2}_{∗M C} = 1 2m � (p_1 − eA_1)^{2∗M} − (p_2 − eA_2)^{2∗M} � {σ^1, σ^2}_{∗C} = 0, (2.123) and Q_1 ∗_{M C} Q_1 = Q_2 ∗_{M C} Q_2 = 1 2m � (p_1 − eA_1)^{2∗M} + (p_2 − eA_2)^{2∗M} �

+ 1 2m [(p_1 − eA_1) , (p_2 − eA_2)]_{∗M} (σ^1 ∗_C σ^2). (2.124)

Calculating the star commutator

[(p_1 − eA_1) , (p_2 − eA_2)]_{∗M} = −e [p_1, A_2]_{∗M} − e [A_1, p_2]_{∗M} = ieℏB_3 (2.125)

with ⃗B = ⃗∇ × ⃗A the Hamilton function is now

H_P = Q_1 ∗_{M C} Q_1 = Q_2 ∗_{M C} Q_2 = 1 2m � ⃗p − e ⃗A

�_{2∗M} − eℏ 2m ⃗σ · ⃗B. (2.126)

This is the Pauli Hamilton function, with a gyromagnetic factor g = 2. Q_1, Q_2 and H_P form a supersymmetric algebra, as in Eq. (2.59).

One should note that (2.122) together with (2.126) is the Feynman trick (see page 79 of [98]) in the star

product formalism, i.e. for commuting quantities ⃗p and ⃗A one has � ⃗p − e ⃗A � · ^⃗σ

�_2 = � ⃗p − e ⃗A

�_2

Î, whereas

in the non-commuting case an interaction term is induced: � ⃗p − e ⃗A � · ⃗σ

�_{2∗M C} = � ⃗p − e ⃗A

�_{2∗M}

− ℏe⃗σ · ⃗B.

Or more generally there exists a star product Gordon decomposition for two vector valued functions f_i and g_i of the variables q_i and p_i with i = 1, 2, 3:

(σ^if_i) ∗_{M C} (σ^j g_j ) = � ε^{imn} 1 iℏ θ^mθ^nf_i � ∗_{M C} � ε^{jrs} 1 iℏ θ^rθ^sg_j � = f_i ∗_M g_i + iε^{ijm}(f_i ∗_M g_j )σ^m. (2.127)

The next task is to find the Wigner function for (2.126). Since this problem separates in conventional quantum mechanics into a space and a spin part, one can here also consider the two terms of the Pauli Hamiltonian separately. First consider the bosonic part of this problem describing a charged particle in a magnetic field, which corresponds to the Landau problem. The magnetic field points in the direction of q_3 and can be described with the gauge potential ⃗A =^{B3}_2 (−q_2, q_1, 0). For this gauge potential the Moyal product in (2.126) reduces to a conventional product and the bosonic part is the Landau Hamiltonian

H_L = 1 2m � p̃^2_1 + p̃^2 � , (2.128)

where one defines

p̃_1 = p_1 − eA_1 = p_1 + mω 2 q_2 and p̃_2 = p_2 − eA_2 = p_2 − mω 2 q_1 (2.129)

with ω =^{eB}_m . In order to quantize this two dimensional system one transforms the Moyal product from canonical coordinates into (q_i, p̃_i)-coordinates, which leads to

f ~∗_M g = f exp � iℏ 2 �

⃗

∂_{q1} ⃗∂_{p̃1} −

⃗

∂_{p̃1} ⃗∂_{q1} +

⃗

∂_{q2} ⃗∂_{p̃2} −

⃗

∂_{p̃2} ⃗∂_{q2} � + iℏmω 2 �

⃗

∂_{p̃1} ⃗∂_{p̃2} −

⃗

∂_{p̃2} ⃗∂_{p̃1} � g. (2.130)

The ∗-eigenvalue equation^1_{2m} � p̃^2_1 + p̃^2 � ~∗_M π^{(M̃)}_n = E_nπ^{(M̃)}_n can easily be calculated by comparison with the bosonic oscillator. As seen above the ∗-eigenfunctions of the bosonic oscillator depend only on the Hamiltonian. Therefore also the π^{(M̃)}n should depend on p̃_1 and p̃_2 only. Taking this as an ansatz, only the second part of the star product (2.130), which can be written as exp � iℏ 2 �

⃗

∂( p̃_{1mω} )⃗∂_{p̃2} −

⃗

∂_{p̃2} ⃗∂( p̃_{1mω} ) � , (2.131)

has to be taken into account for the ∗-eigenvalue equation.

Setting q =^{p̃1}_{mω} and p = p̃_2 the Landau Hamiltonian H_L reduces to the Hamiltonian of the bosonic harmonic oscillator and (2.131) becomes the Moyal product in canonical variables. Then it is clear that the ∗-eigenfunctions of the Landau Hamiltonian are in analogy to the one dimensional harmonic oscillator given by π^{(M̃)}_n (p̃_1, p̃_2) = π^{(M̃)}_n (H_L) = 2(−1)^n exp � − 2H_L ℏω � L_n � 4H_L ℏω � . (2.132)

The energy levels are the Landau levels E_n = ℏω � n +^1_2 � . Since the system considered here is described in a four dimensional phase space one can expect that another observable which commutes with the Hamiltonian is needed to characterize all the energy ∗- eigenfunctions. To find such an observable it is useful to write the star product (2.130) in the two forms

f ~∗_M g = f exp � iℏ 2 �

⃗

∂_{q1} ⃗∂_{p̃1} −

⃗

∂_{p̃1} �⃗ ∂_{q1} − mω⃗∂_{p̃2} � +

⃗

∂_{q2} ⃗∂_{p̃2} −

⃗

∂_{p̃2} �⃗ ∂_{q2} + mω⃗∂_{p̃1} � � g (2.133a)

= f exp � iℏ 2 �

⃗

∂_{q1} − mω

⃗

∂_{p̃2} �⃗ ∂_{p̃1} −

⃗

∂_{p̃1} ⃗∂_{q1} + �

⃗

∂_{q2} + mω

⃗

∂_{p̃1} �⃗ ∂_{p̃2} −

⃗

∂_{p̃2} ⃗∂_{q2} � g (2.133b) by simply rearranging the terms in the argument of the exponential function. By observing that the functions q̃_1 = q_1 +^1_{mω} p̃_2 and q̃_2 = q_2 −^1_{mω} p̃_1 fulfill the equations

(∂_{q1} − mω∂_{p̃2} )q̃_i = 0 and (∂_{q2} + mω∂_{p̃1} )q̃_i = 0 (2.134)

it is obvious from equations (2.133) that every (analytical) function of q̃_i commutes with every (analytical) function of p̃_i, e. g.

H_L ~∗_M f(q̃_1, q̃_2) = H_Lf(q̃_1, q̃_2) = f(q̃_1, q̃_2)H_L = f(q̃_1, q̃_2) ~∗_M H_L. (2.135)

On the one hand this means that q̃_1 and q̃_2 are two conserved phase space functions and on the other hand it follows that all functions of the form f(q̃_1, q̃_2)π^{(M̃)}n (p̃_1, p̃_2) are ∗-eigenfunctions of the Hamiltonian as well. Obviously this function becomes a ∗-eigenfunction of the angular momentum

J_3 = q_1p_2 − q_2p_1 = − 1 ω H_L + mω 2 (q̃^2_1 + q̃^2 ) (2.136)

by choosing f(q̃_1, q̃_2) to be a ∗-eigenfunction of^{mω}_2 (q̃^2_1 + q̃^2 ). Using (2.134) only two terms in the argument of the exponential function contribute to the star product (2.133b) in this ∗-eigenvalue equation, so that

mω^2 2 (q̃^2_1 + q̃^2 ) ~∗_M f(q̃_1, q̃_2) = mω^2 2 (q̃^2_1 + q̃^2 ) exp � iℏ 2 � −

⃗

∂_{p̃1} ⃗∂_{q1} −

⃗

∂_{p̃2} ⃗∂_{q2} �

= mω^2 2 (q̃^2_1 + q̃^2 ) exp � iℏ 2mω �

⃗

∂_{q̃2} ⃗∂_{q̃1} −

⃗

∂_{q̃1} ⃗∂_{q̃2} � f(q̃_1, q̃_2), (2.137)

where in the last step the definition of q̃_i was used. Setting q = p̃_2 and p = mωq̃_1, the whole problem again reduces to the one dimensional harmonic oscillator, so that f(q̃_1, q̃_2) becomes

π^{(M̃)}_l (q̃_1, q̃_2) = 2(−1)^l exp � − mω ℏ (q̃^2_1 + q̃^2 ) � L_l � 2mω ℏ (q̃^2_1 + q̃^2 ) � (2.138)

and the ∗-eigenvalues of^{mω}_2 (q̃^2_1 + q̃^2 ) are ℏ � l +^1_2 � . Thus, the Wigner functions of the Landau problem are π^{(M̃)}_{nl} (q̃_1, q̃_2, p̃_1, p̃_2) = π^{(M̃)}_l (q̃_1, q̃_2)π^{(M̃)}_n (p̃_1, p̃_2) and lead with the ∗-eigenvalue equation H_L ~∗_M π^{(M̃)}_{nl} = E_nπ^{(M̃)}_{nl} to the Landau levels E_n = ℏω � n +^1_2 � , whereas the equation J_3 ~∗_M π^{(M̃)}_{nl} = j_{nl}π^{(M̃)}_{nl} gives rise to the angular momentum eigenvalues j_{nl} = ℏ(l − n). The same results can be obtained with holomorphic coordinates, as it was done in [27].

It is now straightforward to include the spin, because the interaction term H_I in the Pauli Hamiltonian for ⃗B = (0, 0, B_3) can be written with (2.96) as

H_I = − eℏ 2m ⃗σ · ⃗B = −iωθ_1θ_2 (2.139)

which is nothing else than the Hamiltonian of the fermionic harmonic oscillator (2.6). Then one can combine the Clifford star product (2.95), which corresponds to the fermionic Moyal product in canonical coordinates for the harmonic oscillator, with the Moyal product (2.130) to a Moyal-Clifford product just like in (2.120). The ∗-eigenvalue equation H_P ∗_{M C} π^{(MC)}_{n,l,ns} = E_{n,ns} π^{(MC)}_{n,l,ns} then decomposes into a bosonic part that is equivalent to the Landau problem with the Wigner functions π^{(M̃)}_{nl} and energy levels E_n = ℏω � n +^1_2 � and a fermionic part that is equivalent to the fermionic harmonic oscillator with Wigner functions (2.103) and energy levels E_{ns =±1/2} = ±^{ℏω}_2 . The full Wigner function for the Pauli Hamiltonian is then the product of these two, i.e. π^{(MC)}_{n,l,ns} = π^{(M)}_{n,l} π^{(C)}n_s and the energy levels are E_{n,ns} = ℏω � n +^1_2 ±^1_2 � .

2.6 The Dirac Equation

After having established the star product formalism in supersymmetric quantum mechanics and quantum mechanics with spin one can now extend the star product formalism to Dirac theory. In order to do that one uses the fact that the Dirac Hamiltonian is a supercharge with respect to the β-matrix. In the operator formalism a hermitian operator Q̂ = Q̂^† is called supercharge with respect to the involution τ̂ if it consists just of an fermionic part [83], where the bosonic and the fermionic part of an hermitian operator can be projected out with the projection operator π̂_± =^1_2 (1 ± τ̂).

This can now be directly translated into the star product formalism, where the involution is τ =^2_ℏf̄f and the projectors are π_± = π_{±1/2} =^1_2 (1 ± τ), see (2.43). With the projectors π_± a phase space function F can then be decomposed into its even (bosonic) and odd (fermionic) part:

F = (π_+ ∗_M F ∗_M π_+ + π_− ∗_M F ∗_M π_−) + (π_+ ∗_M F ∗_M π_− + π_− ∗_M F ∗_M π_+) = F_B + F_F , (2.140)

because with τ ∗_M π_± = ±π_± and [τ, π_±]_{∗M} = 0 follows (∗_M is here the fermionic Moyal product (2.33)):

[π_± ∗_M F ∗_M π_±, τ]_{∗M} = 0 and {π_± ∗_M F ∗_M π_∓, τ}_{∗M} = 0. (2.141)

In analogy to the operator formalism a phase space function Q = Q̄ is then defined as a supercharge with respect to the involution τ if Q = Q_F , or equivalently {Q, τ}_{∗M} = 0. An example for a supercharge are the functions (2.60). For example one easily calculates for Q_1 =

�_1

ℏ (af̄ + āf) the star anticommutator with τ as {Q_1, τ}_{∗M} = 0. The square of the supercharge then gives the supersymmetric Hamiltonian (see (2.61)).

The Dirac operator for a massless particle is the simplest example for a supercharge with respect to the β-matrix [83]:

Ĥ_D = Q̂ = � 0 ^⃗σ · ^⃗p ^⃗σ · ^⃗p 0 � = D̂f̂^† + D̂^†f̂, (2.142)

with D̂ = D̂^† =^{1√}_ℏ ^⃗σ · ^⃗p and (2.42). The corresponding supersymmetric Hamilton operator is then defined as the square of Q̂ divided by m in order to get the right units:

Ĥ_{SU} = 1 m � ℏD̂^†D̂ 0 0 ℏD̂D̂^† � , (2.143)

which corresponds to the supersymmetric Hamilton operator if one substitutes D̂ and D̂^† by B̂ = Q(B) and B̂† = Q(B̄). The difference is that (2.143) is a 4 × 4 matrix whereas the supersymmetric Hamilton operator is a 2 × 2 matrix.

The analogy of (2.142) in the star product formalism is then immediately given by:

H_D = Q = Df̄ + D̄f, (2.144)

with D = D̄ =^{1√}_ℏ ^⃗σ · ⃗p. It follows then, that {H_D, τ}_{∗SU} = 0 for τ =^2_ℏ f̄f, so that H_D is a supercharge. The supersymmetric Hamiltonian is:

H_{SU} = 1 m Q ∗_{SU} Q = 1 m � (D ∗_M D̄)(f̄ ∗_M f) + (D̄ ∗_M D)(f ∗_M f̄) �

= 1 m � (D ∗_M D̄) ℏπ_{1/2} + (D̄ ∗_M D) ℏπ_{−1/2} � , (2.145)

where the star product between D and D̄ is a bosonic Moyal product and the star product between f and f̄ is a fermionic Moyal product.

D and D̄ are still 2 × 2 matrices, but one can now use the formalism of the last section to turn these matrices with the Clifford star product into Pauli functions. The σ^i in D and D̄ are then no longer Pauli matrices but the corresponding expressions (2.96) and furthermore to the supersymmetric star product with its bosonic and fermionic Moyal part the Clifford part has to be added:

F ∗_M~_C G = F exp � iℏ 2 3� n=1 �

⃗

∂_{qn} ⃗∂_{pn} −

⃗

∂_{pn} ⃗∂_{qn} � + ℏ 2 �

⃗

∂_f ⃗∂¯_f +

⃗

∂¯_f ⃗∂_f � + ℏ 2 �_3 � n=1

⃗

∂_{θn} ⃗∂_{θn} � G. (2.146)

With this product one finds:

H_D ∗_M~_C H_D = (⃗σ · ⃗p ) ∗_M~_C (⃗σ · ⃗p ) = ⃗p^2, (2.147) which corresponds to the relativistic relation between energy and momentum for massless particles: E = |⃗p |.

To describe the Hamilton function for massive particles and antiparticles one needs a generalized supercharge H_D = Q + M ∗_M~_C τ, where M is a bosonic function that commutes with Q and τ: [M, Q]_{∗M C̃} = [M, τ]_{∗M C̃} = 0. Take M to be of the form

M = M_+π^{(M)}_{1/2} + M_−π^{(M)}_{−1/2}, (2.148)

where M_± are purely bosonic functions. Then

M ∗_M~_C τ = M_+π^{(M)}_{1/2} − M_−π^{(M)}_{−1/2}. (2.149)

One sees here explicitly that the M_± correspond to the rest mass of the particle and the antiparticle, respectively. One finds

H_D ∗_M~_C H_D = (Q + M ∗_M~_C τ) ∗_M~_C (Q + M ∗_M~_C τ) = (D̄ ∗_M~_C D + M_+ ∗_M~_C M_+)π^{(M)}_{1/2} + (D ∗_M~_C D̄ + M_− ∗_M~_C M_−)π^{(M)}_{−1/2} = � p^ip^j (σ^i ∗_C σ^j ) + (M_+ ∗_M M_+) � π^{(M)}_{1/2} + � p^ip^j (σ^i ∗_C σ^j ) + (M_− ∗_M M_−) � π^{(M)}_{−1/2}. (2.150)

For the choice M_± = m just the relativistic relation between energy and momentum for massive particles is obtained: E^2 = |⃗p |^2 + m^2.

In order to calculate the nonrelativistic limit for this Hamilton function one can use the resolvent method [106], with the resolvent (H_D − m − z)^{−1∗M C̃} , where the notation ( )^{−1∗} denotes the formal inverse with respect to the star product. First define the expressions

A_± = H_D ± m ± z = Q ± 2mπ^{(M)}_{±1/2} ± z. (2.151)

With π^{(M)}_{1/2} ∗_M~_C Q̃ = Q̃ ∗_M~_C π^{(M)}_{−1/2} one has then

A_+ ∗_M~_C A_− = Q ∗_M~_C Q − 2mz − z^2 = A_− ∗_M~_C A_+. (2.152)

This can be written as

A^{−1∗M C̃}

− = A_+ ∗_M~_C (A_− ∗_M~_C A_+)^{−1∗M C̃} = 1 2m A_+ ∗_M~_C � H_∞ − z − z^2 2m �_{−1∗M C̃} , (2.153)

with H_∞ =^1_{2m} Q ∗_M~_C Q. Using the associativity of the star product it is easy to establish the identity

(A + B)^{−1∗} = (1 + A^{−1∗} ∗ B)^{−1∗} ∗ A^{−1∗}. (2.154)

Using this relation with A = H_∞ − z and B = −^{z2}_{2m} equation (2.153) can be written as:

A^{−1∗M C̃} − = 1 2m A_+ ∗_M~_C � 1 − z^2 2m (H_∞ − z)^{−1∗M C̃}

�_{−1∗M C̃} ∗_M~_C (H_∞ − z)^{−1∗M C̃} (2.155)

Substituting A_± according to (2.151), this reads

(H_D −m−z)^{−1∗M C̃} = � π^{(M)}_{1/2} +

Q + z 2m � ∗_M~_C � 1 − z^2 2m (H_∞ − z)^{−1∗M C̃}

�_{−1∗M C̃}

∗_M~_C (H_∞ −z)^{−1∗M C̃} . (2.156)

The limit m → ∞ is then: lim m→∞ (H_D − m − z)^{−1∗M C̃} = π^{(M)}_{1/2} ∗_M~_C (H_∞ − z)^{−1∗M C̃} . (2.157)

With the idempotency of π^{(M)}_{1/2} , [H_∞, π^{(M)}_{1/2} ]_{∗M C̃} = 0 and (1 − x)^{−1∗} =

�_∞ i=0 x^{i∗} one can then calculate:

π^{(M)}_{1/2} ∗_M~_C (H_∞ − z)^{−1∗M C̃} = 1 −z π^{(M)}_{1/2} ∗_M~_C � 1 + H_∞ z + � H_∞ z �_{2∗M C̃} + · · · �

= 1 −z � π^{(M)}_{1/2} + π^{(M)}_{1/2} ∗_M~_C π^{(M)}_{1/2} ∗_M~_C

H_∞ z + � π^{(M)}_{1/2}

�_{3∗M C̃} ∗_M~_C � H_∞ z �_{2∗M C̃}

+ · · · �

= 1 −z π^{(M)}_{1/2} ∗_M~_C � 1 + π^{(M)}_{1/2} ∗_M~_C

H_∞ z + � π^{(M)}_{1/2} ∗_M~_C

H_∞ z �_{2∗M C̃} + · · · �

= π^{(M)}_{1/2} ∗_M~_C � π^{(M)}_{1/2} ∗_M~_C H_∞ − z

�_{−1∗M C̃} (2.158)

Putting this into equation (2.157) one can read off from the resolvent that the non-relativistic limit is the Pauli Hamiltonian:

H_P = π^{(M)}_{1/2} ∗_M~_C H_∞ = 1 2m π^{(M)}_{1/2} ∗_M~_C Q ∗_M~_C Q = 1 2m �¯ D ∗_M~_C D � π^{(M)}_{1/2} . (2.159)

The interpretation of this equation is as follows. The projectors π^{(M)}_{±1/2} effectively project onto the subspaces describing particles and antiparticles. The projector π^{(M)}_{1/2} indicates that the expression one is concerned with is in the positive energy sector: in the non-relativistic limit the contribution of the antiparticles vanishes. The coefficient of the projector determines the dynamics in the positive energy sector: it is just the non-relativistic Pauli Hamilton function for spin 1/2 particles: H_P =^1_{2m} D̄ ∗_M~_C D.

One can now also include by hand a magnetic field by setting: D = D̄ = ⃗σ · � ⃗p − e ⃗A � , so that with (2.127) the Pauli Hamiltonian reads:

H_P = 1 2m (D̄ ∗_M~_C D) = 1 2m � ⃗p − e ⃗A

�_{2∗M} − eℏ 2m ⃗σ · ⃗B, (2.160)

in agreement with equation (2.126).

With the grassmannian representation of the Pauli matrices (2.96) it is also possible to give a more direct approach to Dirac theory. One uses therefore the fact that in the matrix representation the alpha and beta matrices have a tensor structure: α̂^k = σ̂^1 ⊗ σ̂^k and β̂ = σ̂^3 ⊗ Î. This can now be imitated in the grassmannian representation by starting with six grassmannian variables θ_1, . . . , θ_6 and constructing two triples of σ^k =^2_{iℏ} ε^{klm}θ_lθ_m, one for k, l, m ∈ {1, 2, 3} and one for k, l, m ∈ {4, 5, 6}. The four functions defined as α^k = σ^k σ^4 for k = 1, 2, 3 and β = σ^6, (2.161) fulfill then the equations

{α^k, α^l}_{∗C} = 2δ^{kl}, {α^k, β}_{∗C} = 0 and β ∗_C β = 1, (2.162)

where one used the Clifford star product (2.95) for d = 6. Conceptually Dirac’s ansatz was turned around. While Dirac tried to find quantities α and β that fulfill the Dirac algebra, one can also look for a product such that the relations of the Dirac algebra are fulfilled, which leads to the Clifford star product.

In this approach to the Dirac theory one combined two copies of the three dimensional fermionic spaces which in the last section appeared to be suitable to describe spin. Thereby just the Grassmann subalgebra of even grade was used. But from the algebraic point of view one can ask whether it is necessary to use a Grassmann algebra with six generators to reproduce the Dirac algebra (2.162). Indeed, the functions

α^k = � 2 ℏ σ^k θ_5 and β = 2i ℏ θ_4θ_5, (2.163)

also fulfill the Dirac algebra (2.162) by using five Grassmann variables and the star product (2.95) for d = 5. This representation corresponds to the one obtained by constructing the Dirac Hamiltonian as a supercharge from supersymmetric quantum mechanics as done above.

Since the Clifford algebra of the Dirac matrices is four dimensional it should also be possible to start with a four dimensional Grassmann algebra θ_1, . . . , θ_4, that is turned into a Clifford algebra with the four dimensional Clifford star product. Indeed the dimensionless variables

α^k = � 2 ℏ θ_k and β = � 2 ℏ θ_4 (2.164)

obey the relations (2.162) and form another representation of the Dirac algebra. With respect to the Clifford star product the generators of the Grassmann algebra become here generators of the Clifford algebra.

This four dimensional representation of the Dirac algebra can be motivated by consideration of symmetry transformations [105]. With the definition of σ^k in equation (2.96) one could reproduce the commutation relations of the corresponding Pauli matrices and in equation (2.110) it was shown that the S_k =^ℏ_2 σ^k generate rotations of the Grassmann algebra. So far only the even part of the Grassmann algebra was involved, so that the question arises what kind of transformation the θ_k are related to. The definition K_k = i � ℏ/2 θ_k = i^ℏ_2 α^k leads to the commutation relations

[S_k, S_l]_{∗C} = iℏε^{klm}S_m, [S_k, K_l]_{∗C} = iℏε^{klm}K_m and [K_k, K_l]_{∗C} = −iℏε^{klm}S_m, (2.165)

so that ⃗K can be identified as the generator of the Lorentz boost. The star exponential Exp_C (⃗ω · ⃗K) transforms θ^μ = (1, ⃗θ) like a four vector:

Exp_C � ⃗ω · ⃗K � ∗_C θ^μ ∗_C Exp_C � ⃗ω · ⃗K � = Exp_C � ⃗ω · ⃗K � ∗_C θ^μ ∗_C Exp_C � ⃗ω · ⃗K � = Λ^μ_ν (⃗ω) θ^ν . (2.166)

Note that ⃗K = − ⃗K in contrast to ⃗S = ⃗S, so that the sign structure is here different to that in (2.110).

Besides the continuous Lorentz transformations (2.110) and (2.166) there is also the discrete parity transformation P in the fermionic space, which acts as P(⃗θ) = −⃗θ. This transformation cannot be represented without extending the algebra. By introducing an additional generator θ_4 to the Grassmann algebra and by extending the star exponential (2.95) to d = 4 a representation of the parity transformation can be given by

P(F ) = β ∗_C F ∗_C β (2.167)

with the definition β = � 2/ℏ θ_4. As it should be the scalar 1 and the axial vector ⃗σ are unchanged under this transformation.

Since in the four dimensional representation (2.164) the alpha functions are just proportional to the θ_i, also α^μ = (1, ⃗α) transforms like a four vector, i.e. one has the transformation equations:

Exp_C � ⃗ω · ⃗K � ∗_C α^μ ∗_C Exp_C � ⃗ω · ⃗K � = Λ^μ_ν (⃗ω) α^ν (2.168)

and Exp_C � ⃗φ · ⃗S � ∗_C ⃗α ∗_C Exp_C � −⃗φ · ⃗S � = R(⃗φ) ⃗α. (2.169)

Theses equations are independent of the representation of the alpha functions, because K_k = i^ℏ_2 α^k and S_k =^1_{2i} ε^{klm}θ_lθ_m =^ℏ_{4i} ε^{klm}α^l ∗_C α^m can be represented just with alpha functions so that the transformation equations (2.168) and (2.169) depend just on the algebraic behavior of the alpha functions, which is the same for all representations (2.164), (2.163) and (2.161).

The boosts (2.168) and the rotations (2.169) can be cast into one equation by going over to the functional analogue of the gamma matrices:

γ^0 = β and γ^k = β ∗_C α^k ⇒ {γ^μ, γ^ν }_{∗C} = 2g^{μν} . (2.170)

Star-multiplying (2.168) with β from the left and using that β anticommutes with K_i ∝ α^i, leads to

Exp_C � −⃗ω · ⃗K � ∗_C γ^μ ∗_C Exp_C � ⃗ω · ⃗K � = Λ^μ_ν (⃗ω) γ^ν . (2.171)

With the definition σ^{μν} =^i_2 [γ^μ, γ^ν ]_{∗C} the six generators of the Lorentz transformation can be written as

K_k = i ℏ 2 α^k = i ℏ 2 γ^0 ∗_C γ^k = ℏ 2 σ^{0k} (2.172a)

S_k = −i ℏ 4 ε^{klm}α^l ∗_C α^m = i ℏ 4 ε^{klm}γ^k ∗_C γ^m = ℏ 2 � l<m ε^{klm}σ^{lm}. (2.172b)

Therefore all Lorentz transformations are generated by^ℏ_2 σ^{μν} with μ < ν. Because β commutes with S_k ∝ ε^{klm}α^l ∗_C α^m, one can replace ⃗α by ⃗γ in equation (2.169) and the resulting equation can finally be unified with (2.171) to

Exp_C � − ℏ 4 σ^{μν} ω_{μν} � ∗_C γ^μ ∗_C Exp_C � + ℏ 4 σ^{μν} ω_{μν} � = Λ^μ_ν (ω_{μν} ) γ^ν . (2.173)

This is the usual form of Lorentz transformation known from Dirac theory.

The Clifford algebra (2.170) of the γ-functions can be constructed with each representation of the α- and β-functions (2.161), (2.163) and (2.164). For all these representations with d = 4, 5 or 6 generators θ_i a trace can be defined in the same way as in equation (2.100):

Tr(F ) = 4 ℏ^d � dθ_ddθ_{d−1} . . . dθ_2dθ_1 ⋆ F. (2.174)

and with (2.170) all the well-known trace rules for the gamma matrices are reproduced. Also note that the trace Tr(F ) projects out the scalar part of F , which is the fermionic equivalent of taking the vacuum expectation value.

With α_i and β the Dirac Hamiltonian is given by

H_D = ⃗α · ⃗p + βm (2.175)

and by using H_D ∗_{M C} H_D = ⃗p^2 + m^2 one can calculate the star exponential as

Exp_{MC} (H_Dt) = ∞� n=0 1 n! � t iℏ �_n

H^{n∗M C}

D = π^{(MC)}_{−E} (⃗p ) e^{+itE/ℏ} + π^{(MC)}_{+E} (⃗p ) e^{−itE/ℏ}, (2.176) with the Wigner functions π^{(MC)}

±E (⃗p ) = 1 2 � 1 ± H_D E � (2.177)

and E = � ⃗p^2 + m^2. The energy projectors π^{(MC)}_{±E} (⃗p ) are idempotent, complete and fulfill the ∗-eigenvalue equations H_D ∗_{M C} π^{(MC)}_{±E} (⃗p ) = ±E π^{(MC)}_{±E} (⃗p ). (2.178) One can then find projectors that are also ∗-eigenfunctions of the spin, which is defined as S_{⃗s} =^ℏ_2 γ^5 ∗_C (⃗γ ·⃗s ) with ⃗s being a unit vector orthogonal to ⃗p. One has then S_{⃗s} ∗_C S_{⃗s} =

�_ℏ 2 �_2 , so that the star exponential for S_{⃗s} is given by

Exp_C (S_{⃗s} φ) = ∞� n=0 1 n! � φ iℏ �_n

S^{n∗C}_{⃗s} = π^{(C)}_{− 12} (⃗s ) e^{+iφ/2} + π^{(C)}_{+ 12} (⃗s ) e^{−iφ/2} (2.179)

with the Wigner functions π^{(C)}_{± 12} (⃗s ) = 1 2 ± 1 ℏ S_{⃗s}. (2.180)

These are the star product analogues of the Dirac spin projectors and they obey the ∗-eigenvalue equation

S_{⃗s} ∗_C π^{(C)}_{± 12} (⃗s ) = ± ℏ 2 π^{(C)}_{± 12} (⃗s ). (2.181)

Since one has for ⃗p · ⃗s = 0: � β, γ^5 ∗_C (⃗γ · ⃗p ) � ∗_C = 0 and � ⃗p · ⃗α, γ^5 ∗_C (⃗γ · ⃗s ) � ∗_C = 0, (2.182)

so that [H_D, S_{⃗s}]_{∗C} = 0, the Wigner functions π^{(MC)}_{±E} (⃗p ) and π^{(C)}_{± 12} (⃗s ) and the observables H_D and S_{⃗s} commute under the star product. The Wigner function for the Dirac problem is therefore given by

π^{(MC)}

±E,±^1_2 (⃗p, ⃗s ) = π

(MC)

±E (⃗p ) ∗_{M C} π^{(C)}_{± 12} (⃗s ) (2.183)

and the ∗-eigenvalue equations are

H_D ∗_{M C} π^{(MC)}_{±E,± 12} (⃗p, ⃗s ) = ±Eπ^{(MC)}_{±E,± 12} (⃗p, ⃗s ) and S_{⃗s} ∗_{M C} π^{(MC)}_{±E,± 12} (⃗p, ⃗s ) = ± ℏ 2 π^{(MC)}

±E,±^1_2 (⃗p, ⃗s ). (2.184)

The Dirac Wigner functions are idempotent: π^{(MC)}_{±E,± 12} (⃗p, ⃗s ) ∗_{M C} π^{(MC)}_{±E,± 12} (⃗p, ⃗s ) = π^{(MC)}_{±E,± 12} (⃗p, ⃗s ) and with the trace (2.174) the Dirac Wigner functions (2.183) are normalized to 1.

It is now also possible to calculate the time development of the position according to

q_i(t) = Exp_{MC} (−Ht) ∗_{M C} q_i ∗_{M C} Exp_{MC} (Ht). (2.185)

This expression can be calculated by shuffling all the powers of H_D that appear in the starexponential on the left side of q_i to the right side by using the relations

[H_D, q_i]_{∗M C} = −iℏα_i and {H_D, α_i}_{∗M C} = 2p_i. (2.186)

One obtains

H^{n∗M C}

D ∗_{M C} q_i = H^{(n−k)∗M C}

D ∗_{M C} � q_i ∗_{M C} H^{k∗M C}_D − iℏα_i ∗_{M C} H^{(k−1)∗M C}_D

−(k − 1)iℏp_i ∗_{M C} H^{(k−2)∗M C} D � for odd k, (2.187)

H^{n∗M C}

D ∗_{M C} q_i = H^{(n−k)∗M C}

D ∗_{M C} � q_i ∗_{M C} H^{k∗M C}_D − kiℏp_i ∗_{M C} H^{(k−2)∗M C}_D � for even k, (2.188) so that it is possible to write

Exp_{MC} (−Ht) ∗_{M C} q_i

= q_i + � k odd 1 k! � it ℏ �_k �

q_i ∗_{M C} H^{k∗M C}_D − iℏα_i ∗_{M C} H^{(k−1)∗M C}_D − (k − 1)iℏp_i ∗_{M C} H^{(k−2)∗M C}_D �

+ � k even 1 k! � it ℏ �_k �

q_i ∗_{M C} H^{k∗M C}_D − kiℏp_i ∗_{M C} H^{(k−2)∗M C}_D � . (2.189)

Adding then 0 = � k odd � 1 k! � it ℏ �_k iℏp_i ∗_{M C} H^{(k−2)∗M C} D − 1 k! � it ℏ �_k

iℏp_i ∗_{M C} H^{(k−2)∗M C} D � (2.190)

Eq. (2.189) turns into

Exp_{MC} (−Ht) ∗_{M C} q_i = q_i ∗_{M C} Exp_{MC} (−Ht) + p_it ∗_{M C} H^{−1∗M C}_D ∗_{M C} Exp_{MC} (−Ht) − iℏ 2 � α_i ∗_{M C} H^{−1∗M C}

D − p_i ∗_{M C} H^{−2∗M C}_D � ∗_{M C} � Exp_{MC} (−Ht) − Exp_{MC} (Ht) � , (2.191)

where H^{−1∗M C}

D =^{HD}_{⃗p 2+m2} is the inverse of H_D with respect to the Moyal-Clifford star product. This gives eventually for the time development

q_i(t) = Exp_{MC} (−Ht) ∗_{M C} q_i ∗_{M C} Exp_{MC} (Ht) = q_i + p_it ∗_{M C} H^{−1∗M C}_D + iℏ 2 � α_i − p_i ∗_{M C} H^{−1∗M C}_D � ∗_{M C} H^{−1∗M C} ∗_{M C} � Exp_{MC} (2H_Dt) − 1 � . (2.192)

The first two terms correspond to the classical movement while the last term is the well-known term that represents the Zitterbewegung.

In order to calculate the non-relativistic limit it is straightforward to translate the Foldy-Wouthuysen transformation [53] into the star product formalism. The time development of the Wigner function is given by [113] iℏ ∂π(t) ∂t = [H(t), π(t)]_{∗M C} . (2.193)

This can be translated into an equation for the unitary transformed Wigner function π^′(t) = U(t) ∗_{M C} π(t) ∗_{M C} U(t)^{−1}, which leads to iℏ∂_t π^′(t) = [H^′(t), π^′(t)]_{∗M C} with

H^′(t) = U(t) ∗_{M C} (H(t) − iℏ∂_t) ∗_{M C} U(t)^{−1}. (2.194)

The Hamiltonian can be written as H_D = βm + E + O (2.195) with βm + E = 1 2 (H_D + β ∗_C H_D ∗_C β) and O = 1 2 (H_D − β ∗_C H_D ∗_C β) .

The function E has positive parity and O is a function with negative parity.

Following the conventional Foldy-Wouthuysen transformation choose

U(t) = ∞� n=0 1 n! � β 2m ∗_{M C} O

�_{∗M C} , (2.196) so that (2.194) gives

H^′ = βm ∗_{M C} � 1 + 1 2m O^{2∗M C} − 1 8m^3

O^{4∗M C} � + E − 1 8m^2 � O, � [O, E]_{∗M C} + iℏȮ � ∗_{M C} + 1 2m β ∗_{M C} [O, E]_{∗M C} − 1 3m^2

O^{3∗M C} + iℏ 2m β ∗_{M C} Ȯ + . . . , (2.197)

where the first row just contains even functions only whereas the second row just consists of odd functions. This shows that (2.197) can be written as H^′ = βm + E^′ + O^′. Repeating this transformation leads to H^{′′} = β + E^′, where all odd terms of the order (^1_{m2} )^2 or higher are neglected.

For the Hamiltonian H = ⃗α · � ⃗p − e ⃗A � + βm + eΦ one has

E = eΦ and O = ⃗α · (⃗p − e ⃗A). (2.198)

Up to terms of order (^1_m )^3 in H^{′′} the transformed Hamiltonian H^{′′} is therefore given by

H^{′′} = mβ ∗_{M C} � 1 + 1 2 O^{2∗M C} − 1 8 O^{4∗M C} � + mE − m 8 � O, � [O, E]_{∗M C} + iℏ m Ȯ � ∗_{M C} = β � � �m + � ⃗p − e ⃗A

�_{2∗M C} 2m − ⃗p^4 8m^3 � � � − eℏ 2m β ∗_{M C} ⃗σ · ⃗B + eΦ

− eℏ 4m^2

⃗σ · � ⃗E × ⃗p � − eℏ^2 8m^2 div ⃗E. (2.199)

In order to compare this result with the conventional operator expression one has to apply a Weyl transformation Θ_W , which transforms a product of phase space variables into the totally symmetrized product of the corresponding operators and the σ^i, α_i and β into the corresponding matrices. The Hamilton operator corresponding to (2.199) is then

Ĥ^{′′} = β � m + 1 2m � ^⃗p − e ^⃗A

�_2 − ^⃗p 4 8m^3 � − eℏ 2m β^⃗σ · ^⃗B + eΦ̂ − eℏ 4m^2

^⃗σ · �^ ⃗E × ^⃗p � − ieℏ^2 8m^2

^⃗σ · rot ^⃗E − eℏ^2 8m^2 div ^⃗E, (2.200)

which is the conventional result. It was used that

Q_W � ⃗E × ⃗p � = 1 2 �^ ⃗E × ^⃗p − ^⃗p × ^⃗E � = ^⃗E × ^⃗p + iℏ 2 rot ^⃗E. (2.201)

It is also possible to derive the Dirac equation in the star product formalism by using the fact that in the rest frame it should coincide with the ∗-eigenvalue equation (2.178). By setting ⃗p = 0 this equation becomes � γ^0m ∓ m � ∗_C π^{(MC)}_{±E} (0) = 0 with π^{(MC)}_{±E} (0) = 1 2 � 1 ± γ^0 � . (2.202)

The solution π^{(MC)}_{±E} (0) can also be directly obtained from (2.177). According to (2.171) the equations in (2.202) can be boosted into a moving frame by S = Exp_C (⃗ω · ⃗K), where the parameter ⃗ω depends on the momentum ⃗p of the particle in the moving frame.

S^{−1} ∗_C � γ^0m ∓ m � ∗_C π^{(MC)}_{±E} (0) ∗_C S = � S^{−1} ∗_C γ^0 ∗_C S m ∓ m � ∗_C S^{−1} ∗_C π^{(MC)}_{±E} (0) ∗_C S = 0

Equation (2.171) leads to S^{−1} ∗_C γ^0 ∗_C S =^{p/}_m so that with the definition π^{(MC)}_{±m} (p) = S^{−1} ∗_C π^{(MC)}_{±E} (0) ∗_C S the equation above turns into

(p/ ∓ m) ∗_{M C} π^{(MC)}_{±m} (p) = 0 with π^{(MC)}_{±m} (p) =

±p/ + m 2m , (2.203)

which corresponds to the Dirac equation and the well-known energy projector.

The same discussion as for the Lorentz boost of the energy ∗-eigenvalue equation (2.178) can be repeated for the spin ∗-eigenvalue equation (2.181) with its solution (2.180). By assuming that S_{⃗s} =^ℏ_2 γ_5 ∗_C (⃗γ · ⃗s ) is a valid spin observable in the rest frame it takes on the form S_s = S^{−1} ∗_C S_{⃗s} ∗_C S = −^ℏ_2 γ_5 ∗_C s/ in the moving frame by applying a formal boost with S = Exp_C (⃗ω · ⃗K). The condition ⃗s^2 = 1 and ⃗p · ⃗s = 0 have to be translated into s^μs_μ = −1 and p^μs_μ = 0 respectively to ensure that S_s ∗_C S_s =

�_ℏ 2 �_2

and [S_s, H_D]_{∗C} = 0 hold true in every frame. Finally the relativistic version of the spin ∗-eigenvalue equation and its solution become

S_s ∗_C π^{(C)}_{± 12} (s) = − ℏ 2 γ_5 ∗_C s/ ∗_C π^{(C)}_{± 12} (s) = ± ℏ 2 π^{(C)}_{± 12} (s) with π^{(C)}_{± 12} (s) = 1 2 ± 1 ℏ S_s =

1 ∓ γ_5 ∗_C s/ 2 (2.204)

by replacing S_{⃗s} with S_s in both (2.181) and (2.180). One can see that the spin projector π^{(C)}_{± 12} takes on the form which is know from Dirac theory. As in equation (2.183) the two projectors in equations (2.203) and (2.204) can be combined to the functional analogue of the Dirac projectors:

π^{(MC)}

±m,±^1_2 (p, s) = π

(MC)

±m (p) ∗_{M C} π^{(C)}_{± 12} (s) = π^{(C)}_{± 12} (s) ∗_{M C} π^{(MC)}_{±m} (p). (2.205)

They fulfill both ∗-eigenvalue equations in (2.203) and (2.204) and they are idempotent and normalized with respect to the trace (2.174).

2.7 Fermionic Star Products and Chevalley Cliffordization

One important feature of the fermionic star product is that the Grassmann algebra of the fermionic phase space variables is transformed into a Clifford algebra. In mathematics this concept is known as Chevalley Cliffordization [20]. In this section it will be shown, that the physically motivated deformation with fermionic star products is equivalent to Chevalley Cliffordization. Starting point is a Grassmann algebra � V = R ⊕ V ⊕ (V ∧ V ) ⊕ . . . ⊕ (∧_nV ) ⊕ . . . , (2.206)

where V is a vector space with Grassmann basis {θ_1, . . . , θ_n}. In Chevalleys approach a Clifford algebra is constructed as the endomorphism algebra on the linear space of the Grassmann algebra. In order to achieve this one defines an element ι̇_{θi} ∈ V^∗ by

ι̇_{θi} (θ_j ) = θ_i ⌟_Bθ_j = B(θ_i, θ_j ) = g(θ_i, θ_j ) + A(θ_i, θ_j ), (2.207)

where B(θ_i, θ_j ) is a bilinear form that consists of a symmetric part g(θ_i, θ_j ) and an antisymmetric part A(θ_i, θ_j ). If ι̇_{θi} (θ_j ) = δ_{ij} then ι̇_{θi} is called the euclidian dual isomorphism. The so defined action of V^∗ on V can be extended to monomials of the θ_i if one requires for homogenous u, v, w ∈ � V the following rules:

θ_i ⌟_Bθ_j = B(θ_i, θ_j ) (2.208a)

θ_i ⌟_B (uv) = (θ_i ⌟_Bu)v + (−1)^{ϵ(u)}u(θ_i ⌟_Bv) (2.208b)

(uv) ⌟_Bw = u⌟_B(v⌟_Bw), (2.208c) where ϵ(u) is the Grassmann grade of u. The extension to arbitrary u, v, w ∈ � V is then straightforward.

From (2.208b) with u = v = 1 it is clear that θ_i ⌟_B1 = 0 and from (2.208c) with u = v = 1 it follows that 1⌟_Bu = u. For any two homogeneous u and v the equation

ϵ(u⌟_Bv) = ϵ(v) − ϵ(u). (2.209)

holds true as follows from equations (2.208a) and (2.208b).

For u ∈ � V one can define the operator

γ^B_{θi} := � � � � V → � V u → γ^B_{θi} u := θ_iu + θ_i ⌟_Bu

. (2.210)

The map

γ^B := � V → Cℓ(B, V ) θ_i → γ^B_{θi} := θ_i · +θ_i ⌟_B , (2.211)

where Cℓ(B, V ) is a Clifford algebra on V , is called Clifford map and it follows Cℓ(B, V ) ⊂ End ( � V ). With (2.208) it is easy to calculate how two γ^B_{θi} act on an arbitrary u ∈ � V : γ^B_{θi} γ^B_{θj} u = B(θ_i, θ_j )u + (θ_iθ_j )⌟_Bu + θ_iθ_j u + � θ_i(θ_j ⌟_Bu) − θ_j (θ_i ⌟_Bu) � . (2.212)

The Clifford structure as endomorphisms on � V becomes obvious by taking the part that is symmetric in θ_i and θ_j : � γ^B_{θi} , γ^B_{θj} � u = (γ^B_{θi} γ^B_{θj} + γ^B_{θj} γ^B_{θi} )u = 2g(θ_i, θ_j )u. (2.213)

Note that the Clifford algebra is constructed with the bilinear form B, but that for the Clifford structure only the symmetric part g is important. This situation is similar to the one encountered in the star product formalism, where different star products have the same antisymmetric part so that the anticommutator leads to the Poisson bracket.

The last point suggests that there is a connection between the Chevalley Cliffordization described so far and the fermionic version of the twisted product:

u ∘_B v = u exp � � � i,j B(θ_i, θ_j )

⃗

∂_{θi} ⃗∂_{θj} � � v. (2.214)

Considering without loss of generality two monomials u and v the n-th term in the expansion of u ∘_B v is of grade ϵ(u) + ϵ(v) − 2n one can compare the ϵ(u)-th term with u⌟_Bv, which is of the same grade ϵ(v) − ϵ(u) as was stated in equation (2.209). In fact, both turn out to be identical, i.e.

u⌟_Bv = 1 ϵ(u)! u � � � i,j B(θ_i, θ_j )

⃗

∂_{θi} ⃗∂_{θj} � � ϵ(u) v

= u � � � � � � nP i,j=1

k_{ij} =ϵ(u) n� i,j=1 � B(θ_i, θ_j )

⃗

∂_{θi} ⃗∂_{θj}

�_{kij} � � � � � v, (2.215) where one uses the fact that the k_{ij} are either 1 or 0. To prove this equality one has to show that the three axioms of (2.208) are fulfilled. Using (2.215) the first axiom is trivial, the second one reduces to the Leibniz rule

θ_i ⌟_B(uv) = � j B(θ_i, θ_j )⃗∂_{θj} (uv) = � j B(θ_i, θ_j ) � (∂_{θj} u)v + (−1)^{ϵ(u)}u(∂_{θj} v) �

= (θ_i ⌟_Bu)v + (−1)^{ϵ(u)}u(θ_i ⌟_Bv) (2.216)

and a proof of (2.208c) can be found in appendix A. Therefore u⌟_Bv is equal to the term of the expansion of

u ∘_B v in which all basis elements of θ_i in u are cancelled by corresponding derivatives

⃗

∂_{θi} . Such a term will only exist if ϵ(u) ≤ ϵ(v) and if the necessary derivatives appear, i.e. the corresponding B(θ_i, θ_j ) have to be non-zero.

One can now formulate the Clifford map with the help of a circle product as

γ^B_{θi} u = � θ_i + θ_i ⌟_B � u = θ_i ∘_B u. (2.217)

With this notation (2.212) reads

γ^B_{θi} γ^B_{θj} u = θ_i ∘_B θ_j ∘_B u

= θ_iθ_j u + � k,l B(θ_j , θ_k)B(θ_i, θ_l)⃗∂_{θl} ⃗∂_{θk} u + B(θ_i, θ_j )u

+θ_i � k B(θ_j , θ_k)⃗∂_{θk} u − θ_j � l B(θ_i, θ_l)⃗∂_{θl} u. (2.218)

Therefore the anticommutator (2.213) can be written as

{γ^B_{θi} , γ^B_{θj} } = {θ_i, θ_j }_{∘B} = 2g(θ_i, θ_j ). (2.219)

The same constructions that were described here can also be applied to the bosonic case in a similar manner.

The important point is now that having established γ^B_{θi} = θ_i∘_B one can use this as a definition for the Chevalley cliffordization map instead of definition (2.211). Defining the Chevalley cliffordization with the circle product allows us to generalize the definition (2.211) to monomials u of arbitrary Grassmann grade:

γ̃^B_u v = u ∘_B v. (2.220)

With this generalized definition of the cliffordization map one immediately sees that the cliffordization is a homomorphism, because one trivially has:

γ̃^B_u γ̃^B_v = γ̃^B_{u∘B v} , (2.221)

which is not true for the Clifford map (2.211).

The choice of the bilinear form B(θ_i, θ_j ) specifies the Clifford map γ^B defined in equation (2.211). Starting from a Clifford map specified by a symmetric bilinear form, i.e. B(θ_i, θ_j ) = g(θ_i, θ_j ) Fauser used in [47] the concept of the so-called Wick isomorphism e^{−F} Cℓ(g, V )e^{+F} to induce an additional antisymmetric scalar part determined by F = F^{ij} θ_iθ_j . It is here important to note that e^{−F} Cℓ(g, V )e^{+F} ≠ Cℓ(B, V ). In order to see what the Wick isomorphism does and what it does not do, first consider the connection of ⌟_B and ⌟_g, for which one has θ_i ⌟_Bu = � k (g(θ_i, θ_k) + A(θ_i, θ_k)) ⃗∂_{θk} u = θ_i⌟_gu + θ_i ⌟_Av, (2.222) but this does not generalize to γ^B_{θi} , i.e. γ^B_{θi} u ≠ � γ^g_{θi} + γ^A_{θi} � u. So the connection of the two Clifford maps γ^B_{θi} and γ^g_{θi} cannot to be established by a simple linear combination. But also the Wick isomorphism cannot transform γ^g_{θi} into γ^B_{θi} . To see this and to see how the Wick isomorphism transforms γ^g_{θi} one has to calculate e^{−F} γ^g_{θi} e^F u. Therefore one first calculates

θ_i ⌟_BF = � j B(θ_i, θ_j )⃗∂_{θj} F^{kl}θ_kθ_l = � j 2B(θ_i, θ_j )F^{jk} θ_k, (2.223)

where (2.215) was used. With equation (2.216) this leads to θ_i ⌟_BF^n = n(θ_i ⌟_BF )F^{n−1} ⇒ θ_i ⌟_Be^F = (θ_i ⌟_BF )e^F , (2.224)

so that one gets e^{−F} � θ_i ⌟_B(e^F u) � = θ_i ⌟_Bu + (θ_i ⌟_BF )u. (2.225) With these equations one can eventually calculate e^{−F} γ^g_{θi} e^F u = θ_iu + θ_i⌟_gu + (θ_i⌟_gF )u, (2.226)

which is different from γ^B_{θi} u! So the Wick isomorphism does not transform the γ^g_{θi} into γ^B_{θi} , but it changes the term that amounts to a multiplication of u with a scalar. Such a term does not exist in the case of just one Clifford map as considered in (2.226). Terms where just a scalar is multiplied appear first in the case of two Clifford maps:

e^{−F} � γ^g_{θi} γ^g_{θj} e^F u � = θ_iθ_j u + g(θ_i, θ_j )u + θ_i(θ_j ⌟_gF )u − θ_j (θ_i⌟_gF )u +θ_i(θ_j ⌟_gu) − θ_j (θ_i⌟_gu) + (θ_i⌟_gF )(θ_j ⌟_gu) − (θ_j ⌟_gF )(θ_i⌟_gv) + θ_i⌟_g(θ_j ⌟_gu) − (θ_j ⌟_gF )(θ_i⌟_gF )u +(θ_i⌟_g(θ_j ⌟_gF ))u (2.227)

namely the terms g(θ_i, θ_j )u and (θ_i⌟_g(θ_j ⌟_gF ))u. It is always possible to choose F , such that

θ_i⌟_g(θ_j ⌟_gF ) = (θ_iθ_j )⌟_gF = A(θ_i, θ_j ), (2.228)

which is shown explicitly in the following calculation, where (2.215) is used:

θ_i⌟_g(θ_j ⌟_gF ) = θ_i⌟_g � � k g(θ_j , θ_k)⃗∂_{θk} F^{rs}θ_rθ_s �

= θ_i⌟_g � 2 � r g(θ_j , θ_r)F^{rs}θ_s �

= 2 � r,s F^{rs}g(θ_i, θ_s)g(θ_j , θ_r) = A(θ_i, θ_j ). (2.229)

So the Wick isomorphism has induced an antisymmetric scalar term A(θ_i, θ_j ) that combines with the symmetric term g(θ_i, θ_j ) to B(θ_i, θ_j ). If one then forms the anticommutator {e^{−F} γ^g_{θi} e^F , e^{−F} γ^g_{θj} e^F } = 2g(θ_i, θ_j ) (2.230) one sees that the anticommutator is not changed, because the antisymmetric part induced by the Wick isomorphism is cancelled out.

Just as here two different Clifford maps were compared one can also compare two different circle products. In the circle product formalism different circle-products are c-equivalent if they are related by the T -transformation u ∘^′ v = T^{−1}(T u ∘ T v), (2.231)

with T = exp � T^{ij} ⃗∂_{θi} ⃗∂_{θj} � . Transforming now the Clifford maps into the circle product notation as in (2.217) one notices that the Wick isomorphism is not a transformation that transforms ∘_g into ∘_B, like a T -transformation would do. This can be seen from the simple fact that for u = 1 equation (2.227) leads to

e^{−F} � γ^g_{θi} γ^g_{θj} e^F � = e^{−F} � θ_i ∘_g θ_j ∘_g e^F � = θ_iθ_j + g(θ_i, θ_j ) + (θ_i⌟_gF )θ_j + θ_i(θ_j ⌟_gF ) + (θ_i⌟_gF )(θ_j ⌟_gF ) + θ_i⌟_g(θ_j ⌟_gF ), (2.232)

where more than one term of order two appears, while in θ_i ∘_B θ_j there is just the term θ_iθ_j of order two. The Wick isomorphism does not lead to a T -transformation of the corresponding circle product but it induces an antisymmetric scalar part and this scalar part is just the scalar part of the T -transformed circle product. So if ⟨F ⟩_0 projects on the scalar part of F there is the following

Theorem 1 ⟨θ_{i1} ∘_B · · · ∘_B θ_{in} ⟩_0 = ⟨e^{−F} � θ_{i1} ∘_g · · · ∘_g θ_{in} ∘_g e^F � ⟩_0. (2.233)

First consider the case of n being odd. Since the circle product always contracts an even number of basis elements, it is clear that ⟨θ_{i1} ∘_B · · · ∘_B θ_{i2m+1} ⟩_0 = 0. The same argument shows that on the right hand side e^{−F} (θ_{i1} ∘_g · · · θ_{i2m+1} ∘_g e^F ) reduces to terms of the form e^{−F} ((θ_{i1} · · · θ_{i2m′ +1} ) ∘_g e^F ) with m^′ = 0, . . . , m. But expanding the circle product leads to terms which all have grade higher than zero. This is because in order to reduce θ_{i1} · · · θ_{i2m′ +1} to a constant one needs 2m^′ + 1 derivatives from ∘_g, but then there are also 2m^′ + 1 derivatives acting on e^F . An odd number of derivatives of e^F cannot create an constant term in the inner derivatives, since F has an even grade. So for odd n both sides of the theorem are zero. For an even n the left hand side gives

⟨θ_{i1} ∘_B · · · ∘_B θ_{i2m} ⟩_0 = � σ∈S_{2m}

(−1)^σB(θ_{σ(i1 )}, θ_{σ(i2 )}) · · · B(θ_{σ(i2m−1 )}, θ_{σ(i2m )}) = � σ∈S_{2m}

(−1)^σ(g(θ_{σ(i1 )}, θ_{σ(i2 )}) + A(θ_{σ(i1 )}, θ_{σ(i2 )}))

· · · (g(θ_{σ(i2m−1 )}, θ_{σ(i2m )}) + A(θ_{σ(i2m−1 )}, θ_{σ(i2m )})) = � σ∈S_{2m}

(−1)^σ � X=g,A

X(θ_{σ(i1 )}, θ_{σ(i2 )}) · · · X(θ_{σ(i2m−1 )}, θ_{σ(i2m )}).

In order to calculate the right hand side one first notices that

θ_{i1} ∘_g · · · ∘_g θ_{i2m} = θ_{i1} · · · θ_{i2m} + � σ∈S_{2m}

(−1)^σ � g(θ_{σ(i1 )}, θ_{σ(i2 )})θ_{σ(i3 )} · · · θ_{σ(i2m )}

+g(θ_{σ(i1 )}, θ_{σ(i2 )})g(θ_{σ(i3 )}, θ_{σ(i4 )})θ_{σ(i5 )} · · · θ_{σ(i2m )} + · · · + g(θ_{σ(i1 )}, θ_{σ(i2 )}) · · · g(θ_{σ(i2m−1 )}, θ_{σ(i2m )}) � , (2.234)

which corresponds to the Wick theorem. In each term of (2.234) one has the product of an even number of θ_i, which has to be circle multiplied with e^F . Using (2.229) it is easy to see that

⟨(θ_{i1} · · · θ_{i2r} ) ∘_g e^F ⟩_0 = � σ∈S_{2r}

(−1)^σA(θ_{σ(i1 )}, θ_{σ(i2 )}) · · · A(θ_{σ(i2r−1 )}, θ_{σ(i2r )}). (2.235)

Combining the results (2.234) and (2.235) one gets:

⟨e^{−F} (θ_{i1} ∘_g · · · ∘_g θ_{i2m} ∘_g e^F )⟩_0 = � σ∈S_{2m}

(−1)^σ � X=g,A

X(θ_{σ(i1 )}, θ_{σ(i2 )}) · · · X(θ_{σ(i2m−1 )}, θ_{σ(i2m )}), (2.236)

which finishes the proof.�

This theorem tells us that the application of the Wick isomorphism leads to the same change in the scalar component as a c-equivalence transformation. The projection onto the scalar component corresponds physically to taking the vacuum expectation value. As shown above a T -transformation results just in a shift of the spectrum, i.e. it changes the vacuum, which is also the result of a Wick isomorphism [45]. Moreover, the situation is analogous to the bosonic case. In the bosonic case all star products in R^{2n} are c-equivalent and have the same antisymmetric scalar part that constitutes the Poisson bracket. In the fermionic case one uses antisymmetric variables, so all Clifford maps equivalent under the Wick isomorphism lead to the same symmetric scalar part. So while in the bosonic case the antisymmetric part is important, in the fermionic case the symmetric part is important, both physically and mathematically. Physically because it constitutes the fermionic Moyal bracket and mathematically because in mathematics one uses a symmetric bilinear form in order to construct a Clifford algebra.

Having shown that the star product formalism leads to a cliffordization clarifies on the one hand the mathematical nature of a fermionic deformation, but on the other hand it also allows to subsume various attempts to describe physics with the help of Chevalley cliffordization under the realm of the star product formalism which makes the underlying structures much clearer. Chevalley cliffordization was for example used to describe the Dirac equation in [44] and to describe the Wick theorem in [48]. This approach was the starting point for many investigations of the algebraic structures appearing [50]. In one of the next sections it will be shown how these structures appear in the star product formalism in the most natural way.

Chapter 3

Star Products in Quantum Field Theory

After having established the star product formalism in nonrelativistic quantum mechanics and Dirac theory one can now proceed to apply the star products in quantum field theory. For this purpose the approach of Curtright and Zachos can be used, who generalized the derivatives of the Moyal product to functional derivatives. In contrast to their work here the normal product will be used, which allows one to connect the star product formalism with the work of Brouder and Oeckl, who investigated the algebraic structure of quantum field theory.

3.1 The Forced Harmonic Oscillator

Before coming to quantum field theory one can first consider the harmonic oscillator in interaction with a time-dependent external source J(t). The classical Hamilton function is

H = ωaā − J(t)ā − J̄(t)a. (3.1)

In the case of the normal star product the star exponential or time evolution function U_J is then characterized by the differential equation iℏ d dt U_J (t, t_i) = [H + ℏ(ωā − J̄(t))∂_ā] U_J (t, t_i), (3.2)

which has the solution

U_J (t_f , t_i) = e^{−aā/ℏ} exp � 1 ℏ aāe^{iω(tf −ti)} + i ℏ ae^{iωtf}

�_{tf}

t_i

ds e^{−iωs}J̄(s) + i ℏ āe^{−iωtf}

�_{tf}

t_i

ds e^{iωs}J(s) − 1 ℏ �_{tf}

t_i ds �_{tf} s du e^{iω(u−s)}J(s)J̄(u) � . (3.3)

In the scattering situation one requires that the source term becomes negligible as |t| → ∞. The asymptotic dynamics is then governed by the classical Hamilton function for the free system: H_0 = H|_{J=0}. The scattering function relates the asymptotic in-states to the asymptotic out-states, where the source term is effective only in an at first limited time interval −T < t < T :

S[J] = lim_{T →∞} U(0, T ) ∗_N U_J (T, −T ) ∗_N U(−T, 0). (3.4)

The phase space variables a and ā develop in time under the influence of the free time evolution function U(t, 0) = Exp_N (Ht) as solutions of the free equations of motion. One finds then with (1.95) for a general function f(a, ā)

Exp_N (−Ht_2) ∗_N f(a, ā) ∗_N Exp_N (Ht_1)

= Exp_N (−Ht_2) ∗_N

�_∞ � n=0 1 n! (∂^n_a f(a, ā)) � −a + ae^{−iωt1}

�_n

Exp_N (Ht_1) �

= Exp_N (−Ht_2) ∗_N � f(ae^{−iωt1} , ā)Exp_N (Ht_1) �

= ∞� n=0 1 n! � −ā + āe^{iωt2}

�_n

Exp_N (−Ht_2) ∞� m=0 1 ℏ^m � n m � � ∂^{n−m}_ā f(ae^{−iωt1} , ā) � � −a + ae^{−iωt1}

�_m Exp_N (Ht_1)

= Exp_N (Ht_1)Exp_N (−Ht_2) ∞� n,m=0 1 ℏ^m 1 m!n! � −a + ae^{−iωt1}

�_m �

−ā + āe^{iωt2}

�_{m+n} ∂^n_ā f(ae^{−iωt1} , ā)

= f(ae^{−iωt1} , ā^{iωt2} ), (3.5)

so that one has U(0, T ) ∗_N f(a, ā) ∗_N U(−T, 0) = f � ae^{−iωT} , āe^{iωT} � . (3.6) For the harmonic oscillator with a time-dependent source this yields, from (3.3):

S[J] = exp � i ℏ aj̄(ω) + i ℏ āj(ω) − 1 2ℏ � � ds du e^{−iω|s−u|}J(s)J̄(u) � , (3.7)

where j(ω) = � dsJ(s)e^{iωs} is the Fourier transform of J(s). Let ϕ(t) = ae^{−iωt} + āe^{iωt}, and let J(t) be real.

Then (3.7) may be written as

S[J] = e^{iℏ R dtJ(t)ϕ(t)} exp � − 1 2ℏ^2 � � dtdt^′J(t)D_F (t − t^′)J(t^′) � , (3.8)

with D_F (t) = ℏ � θ(t)e^{−iωt} + θ(−t)e^{iωt} � (3.9) As shown below the scattering function S[J] corresponds to the scattering operator of quantum field theory, and D_F (t) corresponds to the Feynman propagator (this correspondence is the reason for the factor ℏ in the above equation). The generating functional is the vacuum expectation value of the scattering operator. In the phase space formalism this quantity can be calculated with π^{(N)}_0 = e^{−aā/ℏ} (see (1.97)) as

Z[J] = 1 2πℏ � d^2a S[J] ∗_N π^{(N)}_0 = 1 2πℏ � d^2a S[J]e^−

⃗

∂_aaπ(N) 0 = 1 2πℏ � d^2a exp � i ℏ āj(ω) − 1 2ℏ^2 � dtdt^′J(t)D_F (t − t^′)J(t^′) � e^{−aā/ℏ}

= exp � − 1 2ℏ^2 � dtdt^′J(t)D_F (t − t^′)J(t^′) � 1 2πℏ � d^2a exp � − 1 ℏ aā + i ℏ āj(ω) �

= exp � − 1 2ℏ^2 � dtdt^′J(t)D_F (t − t^′)J(t^′) � , (3.10)

where in the last step the normalization of the Wigner function was used. Decomposing D_F (t − t^′) into the real and imaginary parts according to

D_F (t) = ℏ [cos(ωt) − iϵ(t) sin(ωt)] , (3.11) one can write (3.10) with ϵ(t) = 2θ(t) − 1 as exp � − 1 2ℏ^2 � � dtdt^′J(t)D_F (t − t^′)J(t^′) �

= exp � − 1 2ℏ � dtdt^′ � J(t) � 1 2 � e^{iω(t−t′)} + e^{−iω(t−t′)} � + � θ(t) − 1 2 � � e^{−iω(t−t′)} − e^{iω(t−t′)} � J(t^′) �

= e^{−|j(ω)|2/2ℏ} exp � − 1 2ℏ^2 � dtdt^′J(t)D_R(t − t^′)J(t^′) � , (3.12)

where D_R(t) = ℏθ(t)(e^{−iωt} − e^{iωt}) = −2iℏθ(t) sin(ωt) (3.13) is the retarded propagator. So up to a phase given by the retarded propagator the expression (3.10) is equal to exp � −|j(ω)|^2/2ℏ � . One can also calculate off-diagonal matrix elements of the scattering operator by making use of the Wigner functions π^{(N)}_{m,n} = 1 √ ℏ^mℏ^nm!n!

π^{(N)}_0 ā^ma^n, (3.14)

which are obviously straightforward generalizations of the projectors: π^{(N)}_n = π^{(N)}_{n,n} . The transition amplitude for the system to go from the ground state to the state with energy E_n under the influence of the source is then given by

Amp(0 → n) = 1 2πℏ � d^2a π^{(N)}_{0,n} ∗_N S[J] ∗_N π^{(N)}_0 = 1 2πℏ � d^2a π^{(N)}_{0,n} ∗_N � exp � i ℏ āj(ω) − 1 2ℏ^2 � dtdt^′J(t)D_F (t − t^′)J(t^′) � e^{−aā/ℏ} �

= exp � − 1 2ℏ^2 � � dtdt^′J(t)D_F (t − t^′)J(t^′) � 1 2πℏ � d^2a a^n √ ℏ^nn!

e^{−aā/ℏ}e

⃗

∂_a (−a+ij)e−aā/ℏ+iāj/ℏ

= exp � − 1 2ℏ^2 � � dtdt^′J(t)D_F (t − t^′)J(t^′) � 1 2πℏ � d^2a 1 √ ℏ^nn!

(ij(ω))^n e^{−aā/ℏ}

= exp � − 1 2ℏ^2 � � dtdt^′J(t)D_F (t − t^′)J(t^′) � 1 √ ℏ^nn!

(ij(ω))^n . (3.15)

Using the factorization (3.12) for the exponential function, the probability for the above transition is

P_n = |Amp(0 → n)|^2 =

|j(ω)|^{2n} ℏ^nn!

e^{−|j(ω)|2/ℏ}. (3.16)

This corresponds to the well-known Poisson distribution for the number of emitted quanta in the field theoretical context: P_n = e^{−n̄} n̄^n n! , (3.17)

where n̄ is the average number of emitted quanta:

n̄ = ∞� n=0 nP_n = |j(ω)|^2/ℏ. (3.18)

The aim in this section was to demonstrate that one can calculate quantities of physical interest working exclusively at the level of phase space, that is, within the framework of deformation quantization. These quantum mechanical results may be taken over to the field theoretical context by a formal extension to the case where the system considered has an infinite number of degrees of freedom.

3.2 The Wick Theorem

In order to see how the structures of perturbative quantum field theory arise in the star product formalism, one first notes that the Moyal product can be written as

(f ∗_M g)(z) = e^{M12} f(z_1)g(z_2) � �_{z1=z2=z}, (3.19)

where

M_{12} = � iℏ 2 �_{2d}�

i,j=1

α^{ij} ∂ ∂z^i_1 ∂ ∂z^j_2

, (3.20)

and z^i_α, i = 1, . . . , 2d, is the i-th component of phase space point z_α. In canonical coordinates, z = (q_1, . . . , q_d, p_1, . . . , p_d), M_{12} is proportional to the Poisson bracket operator:

M_{12} = � iℏ 2 �_d� i=1 � ∂ ∂q^i_1 ∂ ∂p^i_2 − ∂ ∂p^i_1 ∂ ∂q^i_2 � . (3.21)

Analogously, for two holomorphic coordinates:

(f ∗_M g)(a, ā) = e^{M12} f(a_1, ā_1)g(a_2, ā_2) � �_a

1=a2 =a ā1=ā2 =ā

(3.22)

with M_{12} = ℏ 2 (∂_{a1} ∂_{ā2} − ∂_{ā1} ∂_{a2} ), (3.23)

and for the normal product one gets

(f ∗_N g)(a, ā) = e^{N12} f(a_1, ā_1)g(a_2, ā_2) � � �_{a1=a2=a}

ā1=ā2=ā

, (3.24)

with N_{12} = ℏ∂_{a1} ∂_{ā2} .

The Moyal product of r functions can then be written as

f_1 ∗_M f_2 ∗_M · · · ∗_M f_r = exp � � � i<j M_{ij} � � r� m=1 f_m(a_m, ā_m) � � � �_{am=āam=ā} . (3.25)

There is a similar formula for the normal product. For functions f_m which are linear in a and ā,

f_m(a, ā) = A_ma + B_mā, (3.26)

the star product may be written in the form of a Wick theorem. For example, the star product of four linear functions can be written by expanding the exponential:

f_1 ∗_M f_2 ∗_M f_3 ∗_M f_4 = f_1f_2f_3f_4 + G_{12} (f_3f_4) + G_{13} (f_2f_4) + G_{14} (f_3f_3) +G_{23} (f_1f_4) + G_{24} (f_1f_3) + G_{34} (f_1f_2) +G_{12}G_{34} + G_{13}G_{24} + G_{14}G_{23}, (3.27)

where the contractions G_{ij} = M_{ij} f_if_j = ℏ 2 (A_iB_j − A_j B_i) (3.28) are constants. One has then the relation

M_{ij} = G_{ij} ∂ ∂f_i ∂ ∂f_j

, (3.29)

and (3.25) may be written as

f_1 ∗_M f_2 ∗_M · · · ∗_M f_r = exp � � � i<j G_{ij} ∂ ∂f_i ∂ ∂f_j � � r� m=1 f_m(a_m, ā_m). (3.30)

It should be clear from the above that not only the original form, but also the various generalized Wick theorems which have been discussed in the literature [1],[88], are direct consequences of the structure of the relevant star products. The operator form of the Wick theorem can be obtained if one identifies the functions f_i with the fields and then applies the quantization operator Q. In the Weyl quantization scheme one has

f̂_1 · · · f̂_r = Q_W {(f_1 ∗_M · · · ∗_M f_n)(a, ā)} = Q_W � � � exp � � � i<j M_{ij} � � r� m=1 f_m(a_m, ā_m) � � �_a m=a ām=ā

� � � . (3.31)

For a quantization scheme which is c-equivalent to the Moyal scheme one uses the corresponding contractions X_{ij} instead of the Moyal contractions M_{ij} . One may write X_{ij} = X_{{ij}} + M_{ij} , where X_{{ij}} =^1_2 (X_{ij} + X_{ji}) is the symmetric part of X_{ij} , since the antisymmetric part is fixed for all c-equivalent star products, by property (iii) of the definition of the star product.

One additional important ingredient is the time ordering. The time-ordered product of r time-dependent operators is given by the prescription

T � f̂_1(t_1) · · · f̂_r(t_r) � = Q_X � � � exp � � � i<j (X_{{ij}} + ϵ(t_i − t_j )M_{ij} ) � � r� m=1 f_m(a_m, ā_m, t_m) � � � �_a

m =a ām =ā

� � � , (3.32)

since the transposition of two operators leaves X_{{ij}} invariant, while the signs of ϵ(t_i −t_j ) and of M_{ij} reverse. For the case of normal ordering the exponent in (3.32) may be written as

T_{ij} = N_{{ij}} + ϵ(t_i − t_j )M_{ij} = ℏ 2 � (∂_{ai} ∂_{āj} + ∂_{āj} ∂_{ai} ) + ϵ(t_i − t_j )(∂_{ai} ∂_{āj} − ∂_{āj} ∂_{ai} ) �

= ℏ 2 � (1 + ϵ(t_i − t_j ))∂_{ai} ∂_{āj} + (1 − ϵ(t_i − t_j ))∂_{āj} ∂_{ai} � = ℏ � θ(t_1 − t_2)∂_{ai} ∂_{āj} + θ(t_2 − t_1)∂_{āj} ∂_{ai} � . (3.33)

Suppose now that the functions f_m are linear in a and ā, and have a periodic time dependence:

f_m(t) = A_mae^{−iωt} + B_māe^{iωt}. (3.34)

By (3.33) the relevant contractions are

D_{ij} (t_i − t_j ) = ℏ � A_iB_j θ(t_i − t_j )e^{−iωt} + A_j B_iθ(t_j − t_i)e^{iωt} � , (3.35)

which is a generalization of the expression in (3.9). In analogy to (3.29) one can write

T_{ij} = � dtdt^′ δ δf_i(t)

D_{ij} (t − t^′) δ δf_j (t^′)

, (3.36) where the δ/δf(t) are functional derivatives. For the operators

f̂_m(t) = A_mâe^{−iωt} + B_mâ^†e^{iωt} (3.37)

one gets the quantum mechanical form of Wick’s theorem by inserting these expressions into (3.32):

T {f̂_1(t_1) · · · f̂_r(t_r)} = Q_N � � � exp � � � i<j � dtdt^′ δ δf_i(t)

D_{ij} (t − t^′) δ δf_j (t^′) � � f_1(t_1) · · · f_r(t_r) � � � �_{am=āam=ā} � � � . (3.38)

Since one has modified the star product contractions in (3.32) by the insertion of the ϵ(t_i − t_j ) factor, the time-ordered product is not the Weyl transform of a star product. This can be seen form the fact that the time-ordered product is symmetric in its arguments, whereas the star products have an antisymmetric part.

The generalization of the foregoing results to the field theoretical context is formally straightforward: the free real scalar field is equivalent to an infinite collection of harmonic oscillators. One at first considers the system to be confined to a box of finite volume V . The Fourier representation of the free field is of the variables a(⃗k), ā(⃗k) is

ϕ(x) = 1 √ V � ⃗k 1 � 2ℏω_{⃗k} � a(⃗k)e^{−ikx} + ā(⃗k)e^{ikx} � , (3.39)

where ℏk^0 = ℏω_{⃗k} = � ℏ^2|⃗k|^2 + m^2 is the energy of a single quantum of the field. The normalization of the field is fixed by the equal-time commutator � ϕ(x), ϕ̇(y) � ∗ � � � �_{x0=y0} = iℏδ^{(3)}(⃗x − ⃗y). (3.40)

The Hamilton function in the normal product scheme is the generalization of H = ωāa: H = � ⃗k ω_{⃗k}ā(⃗k)a(⃗k). (3.41)

The vacuum state in the normal product scheme is

π^{(N)}_0 = � ⃗k � e^{a(⃗k)ā(⃗k)/ℏ} � = e^{− P⃗k a(⃗k)ā(⃗k)/ℏ} (3.42)

and is normalized in the usual manner: � � ⃗k � d^2a_{⃗k} 2πℏ � π^{(N)}_0 = 1. (3.43)

The vacuum expectation value of H vanishes: � � ⃗k � d^2a_{⃗k} 2πℏ � H ∗_N π^{(N)}_0 = 0. (3.44)

In the case of the Moyal product quantization scheme one would have found an infinite vacuum energy, arising from the zero-point energy in the spectrum. This fact has been used to argue that the normal product is the only admissible star product in the context of free field theory. From now on one shall go over to the continuum normalization of the fields:

ϕ(x) = � d^3k (2π)^32 1 � 2ℏω_{⃗k} � a(⃗k)e^{−ikx} + ā(⃗k)e^{ikx} � . (3.45)

To form the Moyal product of fields one first calculates the relevant contractions by generalizing (3.23) to a system with an infinite number of degrees of freedom, 1 2 D(x_1 − x_2) = � � d^3k d^3k_1 (2π)^32 d^3k_2 (2π)^32 1 � 2ω_{⃗k1} 1 � 2ω_{⃗k2} ℏ 2 � δ δa_1(⃗k) δ δā_2(⃗k) − δ δā_1(⃗k) δ δa_2(⃗k) �

× � a_1(⃗k_1)e^{−ik1x1} + ā_1(⃗k_1)e^{ik1x1} � � a_2(⃗k_2)e^{−ik2 x2} + ā_2(⃗k_2)e^{ik2 x2} �

= 1 2 � D^+(x_1 − x_2) + D^−(x_1 − x_2) � , (3.46)

where D^±(x) = ± � d^3k (2π)^3 ℏ 2ω_{⃗k} e^{∓ikx}, (3.47)

are the propagators for the components of positive and negative frequencies, and D(x) is the Schwinger function. The Moyal product of the fields is then, in analogy to (3.30),

ϕ(x_1) ∗_M · · · ∗_M ϕ(x_r ) = exp � � 1 2 � i<j � d^4x d^4y δ δϕ_i(x)

D(x − y) δ δϕ_j (y) � � r� m=1 ϕ_m(x_m) � � � �_{ϕm=ϕ}

. (3.48)

For the quantum field operators

ϕ̂(x) = � d^3k (2π)^32 1 √ 2ℏω_k � â(⃗k)e^{−ikx} + â^†(⃗k)e^{ikx} � (3.49)

one obtains

ϕ̂(x_1) · · · ϕ̂(x_r ) = Q_W � � � exp � � 1 2 � i<j � d^4x d^4y δ δϕ_i(x)

D(x − y) δ δϕ_j (y) � � r� m=1 ϕ_m(x_m) � � � � ϕ_m=ϕ

� � � . (3.50)

However, the Moyal product is not appropriate in the field theory context. To treat local interactions in perturbation theory causality requires the use of the Feynman propagator, which propagates the positive frequencies forward in time, and the negative frequencies backwards in time. For this one needs the analogy of (3.38):

T {ϕ̂(x_1) · · · ϕ̂(x_r )} = Q_N � � � exp � � � i<j � d^4x d^4y δ δϕ_i(x)

D_F (x − y) δ δϕ_j (y) � � r� m=1 ϕ_m(x_m) � � � �_{ϕm=ϕ} � � � . (3.51)

Here D_F , the Feynman propagator, is given by the infinite dimensional generalization of (3.35):

D_F (x_1 − x_2) = � � d^3k d^3k_1 (2π)^32 d^3k_2 (2π)^32 1 � 2ω_{⃗k1} 1 � 2ω_{⃗k2} ×ℏ � θ(t_1 − t_2) δ δa_1(⃗k) δ δā_2(⃗k)

+ θ(t_2 − t_1) δ δā_1(⃗k) δ δa_2(⃗k) �

× � a_1(⃗k_1)e^{−ik1x1} + ā_1(⃗k_1)e^{ik1x1} � � a_2(⃗k_2)e^{−ik2 x2} + ā_2(⃗k_2)e^{ik2 x2} � = θ(t_1 − t_2)D^+(x_1 − x_2) − θ(t_2 − t_1)D^−(x_1 − x_2). (3.52)

One may simplify (3.51) by using the symmetry of the Feynman propagator, D_F (x_1 − x_2) = D_F (x_2 − x_1); it becomes:

T {ϕ̂(x_1) · · · ϕ̂(x_r )} = Q_N � exp � 1 2 � d^4x d^4y δ δϕ(x)

D_F (x − y) δ δϕ(y) � ϕ(x_1) · · · ϕ(x_2) � . (3.53)

Note that in this case it is no longer necessary to use different fields which are set equal only after the differentation; because of the symmetry the correct combinatorics are guaranteed by the Leibnitz rule for differentiation. Eq. (3.53) is the field-theoretic version of Wick’s theorem.

The propagator for positive frequencies D^+(x) is c-equivalent to^1_2 D(x) by use of the transition operator

T = exp � − 1 2 � d^4x d^4y δ δϕ(x) 1 2 � D^+(x − y) − D^−(x − y) � δ δϕ(y) � . (3.54)

The time-ordered product for the field operators, Eq. (3.51), is the Weyl transform of the expression which results from the Moyal star product, Eq. (3.48), by replacing^1_2 D by D^+, restricting the integration to positive times x^0 > y^0, and symmetrizing.

For r = 2 Wick’s theorem is

T {ϕ̂(x_1)ϕ̂(x_2)} = Q_N {ϕ(x_1)ϕ(x_2)} + D_F (x_1 − x_2). (3.55)

Since the vacuum expectation value of the normal product vanishes, this yields the familiar relation

D_F (x_1 − x_2) = ⟨0|T {ϕ̂(x_1)ϕ̂(x_2)}|0⟩. (3.56)

Wick’s theorem may also be written in the form of a generating function: T � e^{iℏ R d4xJ(x)ϕ̂(x)} � = Q_N � e^{iℏ R d4xJ(x)ϕ(x)} � exp � − 1 2ℏ^2 � d^4x d^4yJ(x)D_F (x − y)J(y) � , (3.57)

where J(x) is an external source, and Eq. (3.51) results by expanding both sides of Eq. (3.57) in powers of J and comparing coefficients. Note that

Ŝ[J] = T � e^{−i R d4xJ(x)ϕ̂(x)} � = T � e^{− iℏ R d4xĤint(x)} � (3.58)

is the scattering operator of quantum field theory, so that Eq. (3.57) is the perturbation expansion of the scattering operator for this interaction. This is just the operator form of our previous result, Eq. (3.10), which was derived completely within the phase space formalism of deformation quantization theory. The generating functional for the perturbation series is, by Eq. (3.57),

Z_0[J] = ⟨0|Ŝ[J]|0⟩ = exp � − 1 2ℏ^2 � � d^4x d^4y J(x)D_F (x − y)J(y) � , (3.59)

in agreement with (3.10). When a self-interaction term is included in the interaction Hamiltonian, Ĥ_{int} = −Jϕ + V (ϕ), the generating functional for the interacting theory becomes

Z[J] = 1 N e^{− iℏ} R d^4xV (^ℏ_i^δ_{δJ(x)} )Z

0[J], (3.60)

where the normalization constant is N = Z[J = 0].

3.3 Quantum Groups and Twisted Products

As shown above the time ordering cannot be described with a star product, because the time ordered product is symmetric. In the first chapter a symmetric product of the star product type was called circle product. Circle products were originally introduced by Rota and Stein in the context of Hopf algebra theory. Here it will be shown that the circle product of Rota and Stein has just the form of a symmetric star product. It is then possible to unify the star product formalism with Hopf algebra theory and apply both aspects in quantum field theory. In order to establish the connection between star product and Hopf algebra theory first the necessary notation will be briefly reviewed.

K is the field of real or complex numbers. An algebra H is a vector space K with two linear maps H ⊗ H → H (the product) and η : K → H (the identity) such that the product is associative and the unit mapping is η(1) = 1 ∈ H. A coalgebra H is a vector space over K with two linear maps Δ : H → H ⊗ H (the coproduct) and ε : H → K (the counit). In Sweedler notation for the coproduct: Δ(u) = � u_{(1)} ⊗ u_{(2)}. The coproduct must be coassociative: � (Δu_{(1)}) ⊗ u_{(2)} = � u_{(1)} ⊗ (Δu_{(2)}). The counit satisfies � ε(u_{(1)})u_{(2)} = � u_{(1)}ε(u_{(2)}) = u. A bialgebra is a vector space over K which is an algebra and a bialgebra, with the compatibility condition that Δ and ε are algebra homomorphisms: Δ(uv) = Δ(u)Δ(v) and ε(uv) = ε(u)ε(v).

A bialgebra H is a Hopf algebra if there is a linear mapping S : H → H (called the antipode) such that � S(u_{(1)})u_{(2)} = � u_{(1)}S(u_{(2)}) = ε(u)1. A Hopf algebra is commutative if the algebra product is commutative, and cocommutative if � u_{(1)} ⊗ u_{(2)} = � u_{(2)} ⊗ u_{(1)}.

A quantum group is a Hopf algebra with a coquasitriangular structure: this is an invertible bilinear map R : H × H → K such that

R(uv, w) = � R(u, w_{(1)})R(v, w_{(2)}), R(u, vw) = � R(u_{(1)}, w)R(u_{(2)}, v). (3.61)

For a commutative and cocommutative Hopf algebra the coquasitriangular structure can be explicitly given by the following rule. Let u = u_1 · · · u_n, v = v_1 · · · v_m with u_i, v_j ∈ H. For m ≠ n R(u, v) = 0. For m = n

R(u, v) = perm R(u_i, v_j ) = � σ∈P R(u_1, v_{σ(1)}) · · · R(u_n, v_{σ(n)}), (3.62)

where the sum is over all the permutations σ of the indices 1, . . . , n. This function is called the permanent of the square matrix R(u_i, v_j ).

One can use R to define a twisted product, denoted by ∘. When the Hopf algebra is cocommutative this product may be written as

u ∘ v = � R(u_{(1)}, v_{(1)})u_{(2)}v_{(2)} = � u_{(1)}v_{(1)}R(u_{(2)}, v_{(2)}). (3.63)

It can be shown that the twisted product is associative.

Now let V be a vector space and T (V ) the tensor algebra over V . There is then a unique Hopf algebra structure on T (V ) such that Δ(v) = v ⊗ 1 + 1 ⊗ v, ε(v) = 0 and S(v) = −v for v ∈ V . For v_1, v_2, · · · v_n ∈ V the coproduct is

Δ(v_1 · · · v_n) = n� k=0 � σ∈P_{nk}

v_{σ(1)} · · · v_{σ(k)} ⊗ v_{σ(k+1)} · · · v_{σ(n)}, (3.64)

where P_{nk} denotes the set of all permutations of (1, ..., n) such that

σ(1) < σ(2) < ... < σ(k) and σ(k + 1) < ... < σ(n). (3.65)

We see from this that the coproduct is cocommutative. The antipode is

S(v_1v_2 · · · v_n) = (−1)^nv_n · · · v_2v_1. (3.66)

For the special case of the symmetric algebra S(V ) over V the formula for the coproduct simplifies. To begin with one considers V to be two-dimensional, with basis elements a, ā. The coproduct of the monomial u = a^mā^n is then

Δu = m� i=0 n� j=0 � m i � n j � a^iā^j ⊗ a^{m−i}ā^{n−j} . (3.67)

In this case the twisted product can be written as an exponential:

u ∘ v = u e^{(R(a,a)}

⃗

∂_a ⃗∂_a+R(ā,ā)

⃗

∂_ā ⃗∂_ā +R(a,ā)

⃗

∂_a ⃗∂_ā +R(ā,a)

⃗

∂_ā ⃗∂_a) v, (3.68)

which makes immediately obvious in which sense the circle product is a generalization of the star product. That the circle product (3.63) can be written in an exponential form as in (3.68) has been demonstrated for vector spaces of higher dimension in the literature [14]. In Appendix B a combinatoric proof is given that is more direct than these proofs. It should also be emphasized that no other assumptions are necessary for the result except the basic structures of the present section.

The connection of the above twisted product and the star products will now be discussed in more detail. In order to make contact to physics one first identifies the variables a and ā with the holomorphic coordinates of a flat two dimensional phase space (the generalization to higher dimensions is straightforward). Since a and ā then have dimension ℏ^{−1/2} the coquasitriangular structure R must be proportional to ℏ, so that the twisted product fulfills lim_{ℏ→0} u ∘ v = uv. (3.69)

Since the circle product is an associative product it satisfies nearly all the requirements of a star product. To get a star product one must impose the additional requirement

lim_{ℏ→0} 1 ℏ (a ∘ ā − ā ∘ a) = {a, ā}_{P B} = 1, (3.70)

If the circle product can be written in the exponential representation (3.68), condition (3.70) reduces to

R(a, ā) − R(ā, a) = ℏ, (3.71)

so that the basic coquasitriangular structures are no longer independent. Condition (3.70) can be fulfilled in various ways, where a particularly convenient choice is R = R_N , with

R_N (a, ā) = ℏ and R_N (a, a) = R_N (ā, ā) = R_N (ā, a) = 0. (3.72)

One can then directly prove for this case that the twisted product reproduces the well-known formula for the normal star product. For the choice (3.72) the only terms which survive in the sum (3.63) are those for which u_{(2)} contains only a-factors and v_{(2)} only ā-factors. Taking u = a^rā^s and v = a^mā^n one finds that the relevant terms in the coproduct formulae for u and v are

�_r i � a^iā^s ⊗ a^{r−i} and

�_n l � a^mā^l ⊗ ā^{n−l} with r − i = n − l. These terms yield a contribution to the sum in (3.63) which is � r i � n l � a^iā^sa^mā^lR_N (a^{r−i}, ā^{n−l}) = r! i! n! l! ℏ^{n−l} (n − l)!

a^{r+m−(n−l)}ā^{s+l} (3.73)

where (3.62) was used, which for the present case is R_N (a^n, ā^n) = n!R(a, ā)^n. However, this is just the (n − l)-term in the expansion of the exponential

u ∘ v = a^sā^l e^{RN (a,ā)}

⃗

∂_a ⃗∂_ā amān = u eℏ

⃗

∂_a ⃗∂_ā v, (3.74)

which is the expression for the normal star product u∗_N v. In the 2d-dimensional case the only non-vanishing basic coquasitriangular structure is R_N (a_i, ā_j ) = ℏδ_{ij} , (3.75) which leads to the corresponding d-dimensional normal product. The other possible generalization is to choose another scheme, for example R = R_M , with

R_M (a, ā) = ℏ 2 , R_M (ā, a) = − ℏ 2 and R_M (a, a) = R_M (ā, ā) = 0, (3.76)

this leads to the Moyal product.

The general case of an antisymmetric circle product can be discussed with the filter functions that describe the different quantization schemes. The operator that corresponds to a function f(a, ā) can be written as:

Q_ϕ(f)(â, â^†) = 1 (2π)^2 � d^2α d^2a e^{(μα2+νᾱ2 +λαᾱ)}e^{−(αā−ᾱa)}e^{(αâ†−ᾱâ)}f(a, ā) = 1 (2π)^2 � d^2α d^2a e^{(μ∂2ā +ν∂2a−λ∂a ∂ā )}e^{−(αā−ᾱa)}e^{(αâ†−ᾱâ)}f(a, ā) (3.77)

where ϕ_{μ,ν,λ}(α, ᾱ) = e^{(μα2 +νᾱ2+λαᾱ)} is the filter function that parametrises the ordering scheme. (Note that this is the parametrization where the holomorphic coordinates are considered as primary, see footnote on page 8.) For μ = ν = λ = 0 one gets Weyl ordering, for μ = ν = 0, λ =^ℏ_2 normal ordering and for μ = ν = 0, λ = −^ℏ_2 antinormal ordering. One can also easily see that the filter function, written as e^{(μ∂2ā +ν∂2a −λ∂a ∂ā)}, is the T -operator that relates the Moyal product to the star products that correspond to the ordering schemes given by the parameters μ, ν and λ. For example, the T -operator that relates the Moyal product to the most general twisted product satisfying the antisymmetry condition (3.71),

f ∘_A g = f e^{(R(a,a)}

⃗

∂_a ⃗∂_a +R(ā,ā)

⃗

∂_ā ⃗∂_ā+R(a,ā)

⃗

∂_a ⃗∂_ā +(R(a,ā)−ℏ)

⃗

∂_ā ⃗∂_a) g (3.78)

according to f ∘_A g = T^{−1}(T f ∗_M T g), is given by

T = e^{(− 12 R(a,a)∂2a − 12 R(ā,ā)∂2ā−(R(a,ā)− ℏ2 )∂a ∂ā )}. (3.79)

Comparing the filter function and the T -operator one sees that there is a direct correspondence between the three independent basic coquasitriangular structures and the parameters μ, ν and λ.

The coquasitriangular structure can be recovered from the twisted product by the formula R(u, v) = ε(u ∘ v) [15]. This just means that R(u, v) is given by the constant term in u ∘ v. For example, for the normal star product of (3.74) one just gets the relations (3.72). Furthermore for u, v ∈ S(V ) monomials in a and ā one finds that R_N (u, v) = 0 unless u = a^n and v = ā^n, in which case R_N (u, v) = n!ℏ^n. This is consistent with the general rule (3.62) that the coquasitriangular structure of two monomials decomposes into the permanent of the basic coquasitriangular structures (3.62).

3.4 The Fermionic Case

In the fermionic case the basis of the vector space V consists of Grassmann variables f_1, . . . , f_n and one considers the antisymmetric algebra Λ(V ). A monomial in this algebra is at most linear in one of the f_i and has the form u = f_{i1} · · · f_{ir} with r ≤ n. The use of fermionic variables leads in the definition of the coproduct (3.64) to a factor (−1)^σ under the sum and the coquasitriangular structure given by

R(u, v) = det R(u_i, v_i) = � σ∈P (−1)^σR(u_1, v_{σ(1)}) · · · R(u_n, v_{σ(n)}). (3.80)

If one now tries to construct a circle product like in (3.63) the two possible definitions of the circle product are no longer the same. For example the first term of p-th order in � R(u_{(1)}, v_{(1)})u_{(2)}v_{(2)} is formed by the coproduct terms u_1 · · · u_p ⊗ u_{p+1} · · · u_n and v_1 · · · v_p ⊗ v_{p+1} · · · v_m (3.81) whereas the same term in the definition � u_{(1)}v_{(1)}R(u_{(2)}, v_{(2)}) is formed by the coproduct terms u_{p+1} · · · u_n ⊗ u_1 · · · u_p and v_{p+1} · · · v_m ⊗ v_1 · · · v_p. (3.82) But these terms differ in the coproduct by a sign factor of (−1)^{p(n−p)} and (−1)^{p(m−p)} respectively.

This ambiguity corresponds to the fact that one has to distinguish between left and right derivatives for fermionic variables. So the exponential representiation of the circle product can be written either with left or with right derivatives. For the definition of the fermionic circle product one chooses:

u ∘ v = � R(u_{(1)}, v_{(1)})u_{(2)}v_{(2)} (3.83)

= u exp � � n� i,j=0

R(f_i, f_j )

⃗

∂^L_{fi} ⃗∂^L_{fj} � � v = u exp � �−(−1)^{π(u)} n� i,j=0

R(f_i, f_j )

⃗

∂_{fi} ⃗∂_{fj} � � v, (3.84)

where one uses the relation between left and right derivative ∂^RF ∂f_i

= −(−1)^{π(F )}

∂^LF ∂f_i

(3.85)

and encoded the left and right derivatives in the vector arrows. The proof that (3.83) can be written in the exponential form (3.84) can be found in Appendix B.

Just as in the bosonic case one can also define a normal product for fermionic variables:

u ∗_N v = u exp � −(−1)^{π(u)}ℏ n� i=0

⃗

∂_{fi} ⃗∂¯_{fi} � v (3.86)

so that the basic coquasitriangular structures are:

R_N (f_i, f̄_j ) = ℏδ_{ij} , and R_N (f_i, f_j ) = R_N (f̄_i, f̄_j ) = R_N (f̄_i, f_j ) = 0. (3.87) In order to describe the field theoretic case for fermionic fields

ψ(x) = � d^3k (2π)^3 1 � 2E_{⃗k} � s � f_{s,⃗k}u_s(k)e^{−ikx} + h_{s,⃗k}v_s(k)e^{ikx} � , (3.88)

ψ̄(x) = � d^3k (2π)^3 1 � 2E_{⃗k} � s � f̄_{s,⃗k}ū_s(k)e^{ikx} + h̄_{s,⃗k}v̄_s(k)e^{−ikx} � (3.89)

we can take into account the time ordering in the normal star product (3.86). The time ordering destroys the antisymmetry of the normal star product and one gets a circle product for linear functions

f(t_1) ∘_{T N} g(t_2) = f(t_1) exp � d^3k � s � ℏθ(t_1 − t_2) �

⃗ δ δf_{s,⃗k} ⃗δ δf̄_{s,⃗k} +

⃗ δ δh_{s,⃗k} ⃗δ δh̄_{s,⃗k} �

− ℏθ(t_2 − t_1) �

⃗ δ δf̄_{s,⃗k} ⃗δ δf_{s,⃗k} +

⃗ δ δh̄_{s,⃗k} ⃗δ δh_{s,⃗k} � g(t_2). (3.90)

The coquasitriangular structures for two fields are

R_{T N} (ψ(x_1), ψ̄(x_2)) = � d^3k (2π)^32E_{⃗k} � ℏθ(t_1 − t_2) � s u_s(k)ū_s(k)e^{−ik(x1−x2)}

−ℏθ(t_2 − t_1) � s v_s(k)v̄_s(k)e^{ik(x1−x2)} �

= ℏ � d^4k (2π)^4 i(k/ + m) k^2 − m^2 + iϵ e^{−ik(x1−x2)} = S_F (x_1 − x_2) (3.91) and R_T (ψ(x_1), ψ(x_2)) = R_T (ψ̄(x_1), ψ̄(x_2)) = 0, R_T (ψ̄(x_1), ψ(x_2)) = −S_F (x_2 − x_1). (3.92) Here the completeness relations for the spinors � s u_s(k)ū_s(k) = k/ + m, � s v_s(k)v̄_s(k) = k/ − m (3.93)

have been used. S_F (x) is the Dirac propagator [97].

As in the bosonic case it is also possible to write multiple fermionic ∘_T -products. In quantum electrodynamics, for example, the vacuum expectation value of the scattering operator is

S_0 = ⟨0|T exp � −ie � d^4x ^̄ψ(x)γ^μψ̂(x)A(x) � |0⟩. (3.94)

In the above notation this can be written as:

S_0 = ∞� n=0 (−ie)^n n! � dx_1 · · · dx_nϵ �¯ ψ(x_1)A/(x_1)ψ(x_1) � ∘_T · · · ∘_T �¯ ψ(x_n)A/(x_n)ψ(x_n) �

= ∞� n=0 (−ie)^n n! � dx_1 · · · dx_n

ϵ � exp � � i<j � � d^4xd^4y � S^{αβ}_F (x − y) δ δψ^α_i (x) δ δψ̄^β_j (y)

− S^{αβ}_F (y − x) δ δψ̄^β_j (y) δ δψ^β_j (x) � �

×ψ^{α1}_1 (x_1)A/^{α1 β1} (x_1)ψ^{β1}_1 (x_1) · · · ψ̄^{αn}_n (x_n)A/^{αnβn} (x_n)ψ^{βn}_n (x_n) �

= ∞� n=0 (−1)^n n! � dx_1 · · · dx_n � P ϵ_P � α_1 ,...,α_n

(−ie) � A/_{α1β1} (x_1)S^{β1αP1}_F (x_1 − x_{P1} ) � · · · (−ie) � A/_{α1 β1} (x_1)S^{β1αP1}_F (x_1 − x_{P1} ) �

= Det � I − eA/(x) 1 p/ − m + iε � . (3.95)

Here the Cayley-Hamilton formula for the expansion of the the determinant of a matrix Γ was used, i.e.

Det(I − Γ) = exp(Tr ln(I − Γ)) = � n (−1)^n n! � α_1 ···α_n � P ϵ_P Γ_{α1 αP1} · · · Γ_{αnαPn} , (3.96)

for the matrix Γ_{α1 x,α2y} = −ie � α A/_{α1 α}[S_F (x − y)]_{αα2} . (3.97)

Here the notations Det and Tr indicate a sum over discrete variables and an integration over continuous ones. The result (3.95) can be written as

S_0(A) = Det � I − eA/ 1 p/ − m + iϵ �

= Det � (p/ − eA/ − m + iϵ) 1 p/ − m + iϵ � = Det [p/ − eA/ − m + iϵ] Det [p/ − m + iϵ]

, (3.98)

a well-known result usually derived using path integral methods [97].

Chapter 4

Star Products and Geometric Algebra

The approach to spin in the last chapter was analogous to the procedure in the conventional formalism. One starts with quantum mechanics without spin and then adds the spin structures that were described above with a fermionic star product. In this and the next chapter it will be shown that it is actually the other way round. The fermionic structures introduced in the last chapter appear already in classical mechanics in the context of geometric algebra. With the fermionic Clifford star product it is then possible to reformulate geometric algebra as deformed superanalysis. This allows to describe vector analysis, spin and differential geometry in a superanalytic language.

4.1 Geometric Algebra and the Clifford Star Product

As described in the last chapter one has the situation that grassmannian mechanics itself is not a physical theory, but can nevertheless be used to describe a physical phenomenon like spin. So one might wonder what the physical status of grassmannian mechanics actually is. The problem is not the theory itself but the interpretation, because in grassmannian mechanics one interprets the Grassmann numbers as dynamical variables. Such fermionic variables do not physically exist as dynamical variables but they serve as the basis vector structure of space and space-time. This can be seen if one compares the formalism of the last chapter with geometric algebra.

Geometric algebra goes back to early ideas of Hamilton, Grassmann and Clifford. But it was first developed into a full formalism by Hestenes in [73] and [74]. The formalism of geometric algebra is based on the definition of the geometric or Clifford product that is the sum of the scalar and the wedge product of vectors. This product equips the space with the algebraic structure of a Clifford algebra. The geometric product then appeared to be a very powerful tool, that allows to describe and generalize the structures of vector analysis, of complex analysis and of the theory of spin in a unified and clear formalism. The algebraic power of this concept is due to the fact that the geometric product is in contrast to the scalar product associative. This formalism can then be used to describe classical mechanics in the realm of geometric algebra instead of linear algebra [74]. The formalism can also be generalized from the algebra of space to the algebra of space-time in order to describe electrodynamics and special relativity [73, 34].

In [35] it was shown that geometric algebra can be expressed with the help of Grassmann variables. Comparing this grassmannian formulation of geometric algebra with the formalism of the last chapter leads immediately to the conclusion that the geometric product is actually the Clifford star-product and that the Grassmann variables are actually the basis vectors of space. The Clifford algebra that appeared as the deformation of the Grassmann algebra is then the Clifford algebra of the basis vectors. In order to make this explicit the formalism of geometric algebra will be shortly sketched in the following and it will then be shown how geometric algebra can be reformulated with the Clifford star product.

Starting point for geometric algebra [73] is an d-dimensional vector space over the real numbers with vectors a, b, c, . . .. A multiplication, called geometric product, of vectors can then be denoted by juxtaposition of an indeterminate number of vectors so that one gets monomials A, B, C, . . .. These monomials can be added in a commutative and associative manner: A + B = B + A and (A + B) + C = A + (B + C), so that they form polynomials also denoted by capital letters. The so obtained polynomials can be multiplied associatively, i.e. A(BC) = (AB)C and they fulfill the distributive laws (A + B)C = AC + BC and C(A + B) = CA + CB. Furthermore there exists a null vector a0 = 0 and the multiplication with a scalar λa = aλ, with λ ∈ R. The connection between scalars and vectors can be given if one assumes that the product ab is a scalar iff a and b are collinear, so that √ a^2 is the length of the vector a. These axioms define now the Clifford algebra Cℓ(V ) and the elements A, B, C, . . . of Cℓ(V ) are called Clifford or c-numbers.

Since the geometric product of two collinear vectors is a scalar, the symmetric part of the geometric product^1_2 (ab + ba) =^1_2 ((a + b)^2 − a^2 − b^2) is a scalar denoted a · b =^1_2 (ab + ba). The product a · b is the inner or scalar product. One can then decompose the geometric product into its symmetric and antisymmetric part: ab = 1 2 (ab + ba) + 1 2 (ab − ba) = a · b + a ∧ b, (4.1)

where the antisymmetric part a ∧ b =^1_2 (ab − ba) is formed with the outer product. For the outer product one has obviously a ∧ b = −b ∧ a and a ∧ a = 0, so that a ∧ b can be interpreted geometrically as an oriented area. The geometric product is constructed in such a way that it gives information about the relative directions of a and b, i.e. ab = ba = a · b ⇒ a ∧ b = 0 means that a and b are collinear whereas ab = −ba = a ∧ b ⇒ a · b = 0 means that a and b are perpendicular. The important point is that the geometric product (4.1) is associative, in contrast to the scalar and the cross product of conventional vector analysis. This allows the construction of a much more powerful multivector formalism that includes complex analysis and the theory of spins. As will be shown below it is in so far much better suited for doing physics.

The first step in the construction of the multivector formalism is to define with the outer product simple r-vectors or r-blades A_{(r)} = a_1 ∧ a_2 ∧ . . . ∧ a_r, (4.2)

which can be interpreted as r-dimensional volume forms. The geometric product can then be generalized to the case of a vector and a r-blade:

aA_{(r)} = a · A_{(r)} + a ∧ A_{(r)}, (4.3)

which is the sum of a (r − 1)-blade a · A_{(r)} =^1_2 (aA_{(r)} − (−1)^rA_{(r)}a) and a (r + 1)-blade a ∧ A_{(r)} = 1 2 (aA_{(r)} +(−1)^rA_{(r)}a). Applying this recursively one sees that each c-number can be written as a polynomial of r-blades, and using a set of basis vectors e_1, e_2, . . . , e_r a c-number reads:

A = A^0 + A^ie_i + 1 2! A^{i1 i2} e_{i1} ∧ e_{i2} + . . . + 1 n! A^{i1 ...ir} e_{i1} ∧ e_{i2} ∧ . . . e_{ir} . (4.4)

A is called multivector or r-vector if the highest appearing grade is r. It decomposes into several blades:

A = ⟨A⟩_0 + ⟨A⟩_1 + . . . + ⟨A⟩_r = r� n=0 ⟨A⟩_n, (4.5)

where ⟨ ⟩_n projects onto the term of grade n. A multivector A_{(r)} is called homogeneous if all appearing blades have the same grade, i.e. A_{(r)} = ⟨A_{(r)}⟩_r. The geometric product of two homogeneous multivectors A_{(r)} and B_{(s)} can be written as

A_{(r)}B_{(s)} = ⟨A_{(r)}B_{(s)}⟩_{r+s} + ⟨A_{(r)}B_{(s)}⟩_{r+s−2} + · · · + ⟨A_{(r)}B_{(s)}⟩_{|r−s|}. (4.6)

The inner and the outer product stand now for the terms with the lowest and the highest grade:

A_{(r)} · B_{(s)} = ⟨A_{(r)}B_{(s)}⟩_{|r−s|} and A_{(r)} ∧ B_{(s)} = ⟨A_{(r)}B_{(s)}⟩_{r+s}. (4.7)

In the case r = 0, i.e. one of the multivectors is a scalar function f, one defines f·B_{(s)} = 0 and f∧B_{(s)} = fB_{(s)}. One should note that the inner and outer product here in the general case do not correspond anymore to the symmetric and the antisymmetric part of the geometric product. For example in the case of two bivectors one has A_{(2)} ∧ B_{(2)} = B_{(2)} ∧ A_{(2)}, so that the outer product is symmetric. Actually one finds for the symmetric and the antisymmetric parts of A_{(2)}B_{(2)}: 1 2 (A_{(2)}B_{(2)} + B_{(2)}A_{(2)}) = A_{(2)} · B_{(2)} + A_{(2)} ∧ B_{(2)} and 1 2 (A_{(2)}B_{(2)} − B_{(2)}A_{(2)}) = ⟨A_{(2)}B_{(2)}⟩_2. (4.8)

In general the commutativity of the outer and the inner product is given by:

A_{(r)} ∧ B_{(s)} = (−1)^{rs}B_{(s)} ∧ A_{(r)} and A_{(r)} · B_{(s)} = (−1)^{r(s+1)}B_{(s)} · A_{(r)} (4.9)

and both products are always distributive:

A ∧ (B + C) = A ∧ B + A ∧ C and A · (B + C) = A · B + A · C. (4.10)

Just as the outer product of r-vectors is in general associative, i.e. A ∧ (B ∧ C) = (A ∧ B) ∧ C, for the inner product one gets:

A_{(r)} · (B_{(s)} · C_{(t)}) = (A_{(r)} · B_{(s)}) · C_{(t)} for r + t ≤ s. (4.11) If one has to calculate several products of different type, one uses the convention that the inner and the outer product always have to be calculated first, i.e.

A ∧ BC = (A ∧ B)C ≠ A ∧ (BC) and A · BC = (A · B)C ≠ A · (BC). (4.12)

The formalism of geometric algebra briefly sketched so far can now be described with Grassmann variables and the Clifford star product that turns the Grassmann algebra into a Clifford algebra. In order to make the equivalence even more obvious one goes over to the dimensionless Grassmann variables

σ_i = � 2 ℏ θ_i. (4.13)

These variables play here the role of dimensionless basis vectors and will therefore be written in bold face, whereas the θ_i played in the discussion of the last chapter the role of dynamical variables with dimension √ ℏ. In the σ_i-variables the Clifford star product (2.95) has the form

F ∗_C G = F exp

�_d � i=1

⃗

∂ ∂σ_i ⃗∂ ∂σ_i � G. (4.14)

As a star product the Clifford star product is associative and distributive.

In order to show what the geometric algebra in terms of Grassmann variables and with the Clifford star product looks like one first considers the two dimensional euclidian case. There are two Grassmann basis elements σ_1 and σ_2, so that a general element of the Clifford algebra is a supernumber A = A^0 + A^1σ_1 + A^2σ_2 + A^{12}σ_1σ_2 = ⟨A⟩_0 + ⟨A⟩_1 + ⟨A⟩_2 and a vector corresponds to a supernumber with Grassmann grade one: a = a^1σ_1 + a^2σ_2. The Clifford star product of two of these supernumbers is

a ∗_C b = ab + a

�_2 � i=1

⃗

∂ ∂σ_i ⃗∂ ∂σ_i � b = (a^1b^2 − a^2b^1)σ_1σ_2 + a^1b^1 + a^2b^2 ≡ a ∧ b + a · b, (4.15)

where the symmetric and the antisymmetric part of the Clifford star product is given by: 1 2 (a ∗_C b + b ∗_C a) = a^1b^1 + a^2b^2 ≡ a · b (4.16) and 1 2 (a ∗_C b − b ∗_C a) = (a^1b^2 − a^2b^1)σ_1σ_2 = ab ≡ a ∧ b, (4.17) which are terms with Grassmann grade 0 and 2 respectively. Note that now a juxtaposition like ab is just as in the notation of superanalysis the product of supernumbers and not the Clifford product, which should be described explicitly with the star product (4.14). Note further that the σ_i form an orthonormal basis under the scalar product: σ_i · σ_j =^1_2 (σ_i ∗_C σ_j + σ_j ∗_C σ_i) = δ_{ij} .

The unit 2-blade i = σ_1σ_2 can be interpreted as the generator of^π_2 -rotations because by multiplying from the right one gets

σ_1 ∗_C i = σ_1 · i = σ_2 , σ_2 ∗_C i = σ_2 · i = −σ_1 and σ_1 ∗_C i ∗_C i = −σ_1, (4.18)

so that a vector x = x^1σ_1 + x^2σ_2 is transformed into x^′ = x ∗_C i = x · i = x^1σ_2 − x^2σ_1. The relation

i^{2∗C} = −1 describes then a reflection and furthermore one has with (2.98): i = σ_2σ_1 = −i, so that i

corresponds to the imaginary unit. The connection between the two dimensional vector space with vectors x and the Gauss plane with complex numbers z is established just by star multiplying x with σ_1:

z = σ_1 ∗_C x = x^1 + ix^2. (4.19)

Such a bivector that results from star multiplying two vectors is also called spinor. While the bivector i generates a rotation of^π_2 when acting from the right, the spinor z generates a general combination of a rotation and dilation when acting from the right. One can see this by writing z = x^1 + ix^2 = |z|e^{iφ}_{∗C} with |z|^2 = z ∗_C z = (x^1)^2 + (x^2)^2. Acting from the right with z causes then a dilation by |z| and a rotation by φ, one has for example: σ_1 ∗_C z = x, which is the inversion of (4.19). Here one can see that the formalism of geometric algebra reproduces complex analysis and gives it a geometric meaning.

After having described the geometric algebra of the euclidian 2-space one can now turn to the euclidian 3-space with basis vectors σ_1, σ_2 and σ_3 and with the Clifford star product (4.14) for d = 3. The basis vectors are orthogonal: σ_i · σ_j = δ_{ij} and a general c-number written as a supernumber has the form

A = A^0 + A^1σ_1 + A^2σ_2 + A^3σ_3 + A^{12}σ_1σ_2 + A^{31}σ_3σ_1 + A^{23}σ_2σ_3 + A^{123}σ_1σ_2σ_3. (4.20)

This multivector has now four different simple multivector parts. Besides the scalar part A^0 there is the pseudoscalar part corresponding to I_{(3)} = σ_1σ_2σ_3, which can be interpreted as a right handed volume form, because a parity operation gives (−σ_1)(−σ_2)(−σ_3) = −I_{(3)}. Moreover I_{(3)} has also the properties of an imaginary unit: I_{(3)} = −I_{(3)} and I_{(3)} ∗_C I_{(3)} = I_{(3)} · I_{(3)} = −1. While the pseudoscalar I_{(3)} is an oriented volume element the bivector part with the basic 2-blades

B_1 = σ_2σ_3 = I_3 ∗_C σ_1 , B_2 = σ_3σ_1 = I_3 ∗_C σ_2 and B_3 = σ_1σ_2 = I_3 ∗_C σ_3 (4.21)

describes oriented area elements. Each of the B_i plays in the plane it defines the same role as the i of the two dimensional euclidian plane defined above. Star-multiplying with the pseudoscalar I_{(3)} is equivalent to taking the Hodge dual, for example to each bivector B = b^1B_1 + b^2B_2 + b^3B_3 corresponds a vector b = b^1σ_1 + b^2σ_2 + b^3σ_3, which can be expressed by the equation B = I_{(3)} ∗_C b. This duality can for example be used to write the geometric product of two vectors a = a^1σ_1 + a^2σ_2 + a^3σ_3 and b = b^1σ_1 + b^2σ_2 + b^3σ_3 as:

a ∗_C b = a · b + I_{(3)} ∗_C (a × b), (4.22)

where a · b =

�_3

i=1 a^ib^i and a × b = ε^k_{ij} a^ib^j σ_k. Furthermore one finds:

σ_1 × σ_2 = −I_{(3)} ∗_C σ_1 ∗_C σ_2 = −I_{(3)} ∗_C σ_1σ_2 = σ_3 (4.23)

and cyclic permutations.

The multivector part of (4.20) with even Grassmann grade can be described in the basis 1, Q_1 = σ_1σ_2,

Q_2 = σ_1σ_3, Q_3 = σ_2σ_3, note that Q_1 = B_1, Q_3 = B_3, but Q_2 = −B_2. The bivectors Q_i fulfill

                           Q^{2∗C}_1 = Q^{2∗C}_2 = Q^{2∗C}_3 = Q_1 ∗_C Q_2 ∗_C Q_3 = −1, (4.24) so that the even multivectors Q = q^0 + q^iQ_i form a closed subalgebra under the Clifford star product, namely the quaternion algebra. The multivector part of (4.20) with odd grade does not close under the Clifford star product, but nevertheless one can reinvestigate the definition of the Pauli functions in (2.96). Replacing in (2.96) the scalar i by the pseudoscalar I_{(3)} one sees that the basis vectors σ_i fulfill

[σ_i, σ_j ]_{∗C} = 2ε_{ijk}I_{(3)} ∗_C σ_k and {σ_i, σ_j }_{∗C} = 2δ_{ij} , (4.25)

which justifies denoting them σ_i. With the pseudoscalar I_{(3)} the trace (2.100) can be written as

Tr(F ) = 2 � dσ_3dσ_2dσ_1 ⋆ F = 2 � dσ_3dσ_2dσ_1 I_{(3)} ∗_C F. (4.26)

So one has here achieved with the Clifford star product a cliffordization of the three dimensional Grassmann algebra of the σ_i.

Just as in the two dimensional case one can also investigate in three dimensions the role of spinors and rotations. To this purpose one first considers a vector transformation of the form

x → x^′ = −u ∗_C x ∗_C u, (4.27)

where u is a three dimensional unit vector: u = u^1σ_1 + u^2σ_2 + u^3σ_3 with |u| = � (u^1)^2 + (u^2)^2 + (u^3)^2 = 1.

This transformation can be identified as a reflection if one decomposes x into a part collinear to u and a part orthogonal to u:

x = x_‖ + x_⊥ = (x · u + xu) ∗_C u, (4.28)

with x_‖ = (x · u)u and x_⊥ = (xu) ∗_C u = (xu) · u. One can check that

x_‖ ∗_C u = u ∗_C x_‖ ⇒ x_‖‖u and x_⊥ ∗_C u = −u ∗_C x_⊥ ⇒ x_⊥⊥u. (4.29)

This decomposition of x can most easily be obtained if one just star-divides x ∗_C u = x · u + x ∧ u by u, which gives with u^{−1∗C} = u:

x = (x · u) ∗_C u^{−1∗C} + (xu) ∗_C u^{−1∗C} = (x · u)u + (xu) ∗_C u = x_‖ + x_⊥. (4.30)

Using (4.29) one sees that the transformation (4.27) turns x into x^′ = −u ∗_C x ∗_C u = −x_‖ + x_⊥, so that only the component collinear to u is inverted, which amounts to a reflection in the plane where u is the normal vector. Two successive transformations (4.27) lead to:

x → x^{′′} = −v ∗_C x^′ ∗_C v = v ∗_C u ∗_C x ∗_C u ∗_C v = U ∗_C x ∗_C U, (4.31)

where U can be written as:

U = v ∗_C u = v · u + v ∧ u = cos � 1 2 |A| � + A_0 sin � 1 2 |A| � = e^{12 A}_{∗C} . (4.32)

The angle between the unit vectors u and v is described by an bivector A = v ∧ u = vu = |vu|A_0. Hereby the unit bivector A_0 = vu/|vu| defines the plane in which the angle lies, while the magnitude |vu| gives the angle in radians, furthermore it fulfills A_0 ∗_C A_0 = −1. If one chooses for example the basis vectors σ_k for u and v, A_0 is given by one of the bivectors in (4.21). The additional factor 1/2 in (4.32) becomes clear if one investigates the action of the transformation (4.31). Therefore one proceeds analogously to the discussion of the reflection (4.27). One first decomposes the vector x into a part x_‖ in the plane defined by A and a part x_⊥ perpendicular to that plane. This is done analogously to (4.30) by star-dividing x ∗_C A = x · A + x ∧ A by A which leads to x = (x · A) ∗_C A^{−1∗C} + (xA) ∗_C A^{−1∗C} = x_‖ + x_⊥, (4.33) with x_‖ ∗_C A = −A ∗_C x_‖ and x_⊥ ∗_C A = A ∗_C x_⊥. One then has for the transformation (4.31):

U ∗_C x ∗_C U = e^{−A/2}_{∗C} ∗_C x ∗_C e^{A/2}_{∗C} = x_⊥ + x_‖ ∗_C e^A_{∗C} . (4.34)

So the component perpendicular to the plane defined by A is not changed while the component inside this plane is rotated in that plane with the help of the spinor e^A_{∗C} by an angle of magnitude |A|, just as described in the two dimensional case above. One sees here why the rotation in the two dimensional case could be written just by acting with a spinor from the right. This is due to the fact that when the vector lies in the plane of rotation one has e^{−A/2}_{∗C} ∗_C x_‖ ∗_C e^{A/2}_{∗C} = x_‖ ∗_C e^A_{∗C} . (4.35)

A rotation can be described with the bivector A, but also with the dual vector a defined by A = I_{(3)} ∗_C a, where the direction of a defines the axis of rotation, while the magnitude gives the angle in radians |a| = |A|. So U can also be written as: U = e^{− 12 I(3) ∗C a}

∗_C , (4.36)

which corresponds to the star exponential (2.109).

It is now straightforward to generalize the formalism to the case of d dimensions and an arbitrary metric η_{ij} = diag(1, . . . , 1

� � �_p

, −1, . . . , −1 � � � q ), with p + q = d. One has then d basis vectors σ_i which together with the

star product

F ∗_C G = F exp � � d� i,j=1

η_{ij}

⃗

∂ ∂σ_i ⃗∂ ∂σ_j � � G (4.37)

form the Clifford algebra Cℓ(η) = Cℓ_{p,q}. In the d-dimensional case an additional operation becomes important, namely the commutator product that is defined for two multivectors A and B as

A × B = 1 2 (A ∗_C B − B ∗_C A) = 1 2 [A, B]_{∗C} , (4.38)

which should not be confused with the vector cross product as used in (4.22). The cross product of two three-dimensional vectors a and b and the commutator product of the corresponding bivectors A = I_{(3)} ∗_C a and B = I_{(3)} ∗_C b are connected according to

−I_{(3)} ∗_C (a × b) = 1 2 � I_{(3)} ∗_C a, I_{(3)} ∗_C b � ∗_C = A × B. (4.39)

The special feature of the commutator product is, that the commutator product A_{(r)} × B_{(2)} of an r-blade A_{(r)} = A^{i1 ...ir} σ_{i1} . . . σ_{ir} and a two blade B_{(2)} = B^{jk} σ_j σ_k gives again an r-blade:

A_{(r)} × B_{(2)} = 1 2 A^{i1 ...ir} B^{jk} � σ_{i1} . . . σ_{ir} σ_j σ_k − σ_j σ_kσ_{i1} . . . σ_{ir} + � s � (−1)^{r−s}η_{jis} σ_{i1} . . . σ̌_{is} . . . σ_{ir} σ_k − (−1)^{r−s}η_{kis} σ_{i1} . . . σ̌_{is} . . . σ_{ir} σ_j �

− � s � (−1)^{s−1}η_{kis} σ_j σ_{i1} . . . σ̌_{is} . . . σ_{ir} − (−1)^{s−1}η_{jis} σ_kσ_{i1} . . . σ̌_{is} . . . σ_{ir} �

+ 1 2! � s<t (−1)^{s+t} (η_{jis} η_{kit} − η_{kit} η_{jis} − η_{kis} η_{jit} + η_{jit} η_{kis} ) σ_{i1} . . . σ̌_{is} . . . σ̌_{it} . . . σ_{ir} �

= A^{ir ...ir} B^{jk} � s (−1)^{s−1} (η_{kis} σ_j σ_{i1} . . . σ̌_{is} . . . σ_{ir} − η_{jis} σ_kσ_{i1} . . . σ̌_{is} . . . σ_{ir} ) . (4.40)

It is also easy to see, that A× acts as a derivative, i.e.

A × (B ∗_C C) = (A × B) ∗_C C + B ∗_C (A × B) (4.41)

and that the commutator product fulfills a Jacobi-identity

A × (B × C) = (A × B) × C + B × (A × C). (4.42)

In general one can not only work in the basis of the σ_i but also in an arbitrary basis of basis vectors b_1, b_2, . . . , b_d, which do not have to be orthonormal. Then one can calculate the reciprocal base with vectors b^1, b^2, . . . , b^d, which is defined by the relation b_i · b^j = δ^j_i . The b^j -vectors can be constructed with the help of the pseudoscalar B_{(d)} = b^1b^2 . . . b^d = λI_{(d)}, where λ is a real number. The space on which the basis vector b_j is normal is given for a d-dimensional euclidian space by the (d − 1)-blade (−1)^{j−1}b_1b_2 . . . b̌_j . . . b_d, where b̌_j means that this basis vector is missing. The corresponding reciprocal basis vector is then given by

b^j = (−1)^{j−1}b_1b_2 . . . b̌_j . . . b_d ∗_C B^{−1∗C}_{(d)} /|B_{(d)}|^2, (4.43)

where B^{−1∗C}_{(d)} =^1_λ I^{−1∗C}_{(d)} =^1_λ σ_dσ_{d−1} . . . σ_1 is the inverse of B_{(d)} with respect to the Clifford star product.

The absolute value of the d-blade B_{(d)} is given by |B_{(d)}| = � B_{(d)} ∗_C B_{(d)}. With the above definitions one has then b_i · b^j = δ^j_i , which in the case of a orthonormal euclidian basis reduces to σ_i = σ^i.

The reciprocal basis allows the definition of the nabla operator

∇ = σ^i∂_i. (4.44)

The nabla operator can act on multivector fields in the following ways. First the generalized gradient is given by gradA = ∇ ∗_C A, (4.45) which reduces to the conventional gradient if A is a scalar field, and acting on a vector field a = a^i(x_1, x_2, x_3)σ_i one obtains ∇ ∗_C a = ∇ · a + ∇ ∧ a = div a + I_{(3)} ∗_C rot a. (4.46) Furthermore there is a generalized divergence

divA = ∇ · A (4.47)

and a generalized rotation rotA = ∇A. (4.48) Note that the product rule for the nabla operator acting on a product of multivectors is given by

∇ ∗_C (F ∗_C G) = (∇ ∗_C F ) ∗_C G + σ^i ∗_C F ∗_C ∂_i G, (4.49)

because in general the σ_i do not commute with the multivector F . This can also be written in a coordinatefree manner with accents that indicate which functions is being differentiated:

∇ ∗_C (F ∗_C G) = ´∇ ∗_C F́ ∗_C G + ´∇ ∗_C F ∗_C Ǵ. (4.50)

The star product formalism in the context of geometric calculus as described so far has the advantage that it gives an explicit expression for the geometric product. In contrast to the star product formalism geometric algebra as Hestenes constructed it, it is formulated with respect to the scalar and the wedge product, which represent the lowest and the highest order terms of the geometric product. All other terms of the geometric product are then formulated with the help of these two products. This approach is very practical, especially if one has only terms that are at most bivectors. But in the general case the highest and the lowest terms of an expansion have on a formal level the same status as all other terms. The star product gives now all these terms of different grade as terms of an expansion, that can be calculated in a straightforward fashion.

4.2 Vector Manifolds

In geometric algebra the points of a manifold are treated as vectors, so that a manifold can be seen as a surface in a flat background space. The at least (d + 1)-dimensional flat background space is spanned by the rectangular basis vectors σ_a and it is equipped with the constant metric η_{ab}. The corresponding Clifford star product is then given by F ∗_C G = F exp � � d+1�

a,b=1

η_{ab}

⃗

∂ ∂σ_a ⃗∂ ∂σ_b � � G, (4.51)

from which it follows that σ_a · σ_b = η_{ab}. (4.52) With (4.43) it is possible to calculate the reciprocal basis vectors σ^a. The denominator in (4.43) is the determinant and the nominator leads to the cofactor of η_{ab}, so that the reciprocal basis vectors are σ^a = η^{ab}σ_b, (4.53) where η^{ab} is the inverse of η_{ab}, i.e. η_{ab}η^{bc} = δ^c_a. One has then σ_a · σ^b = δ^b_a and σ^a · σ^b = η^{ab}, (4.54) or more generally

σ_a ∗_C σ_b = η_{ab} + σ_aσ_b, σ_a ∗_C σ^b = δ^b_a + σ_aσ^b, and σ^a ∗_C σ^b = η^{ab} + σ^aσ^b. (4.55) It is then straightforward to calculate coordinate transformations. In a three dimensional euclidian space, i.e. η_{ab} = δ_{ab}, a vector in spherical coordinates is given by x = x^a(r, θ, φ)σ_a = r sin θ cos φσ_1 + r sin θ sin φσ_2 + r cos θσ_3, (4.56) so that the corresponding spherical basis vectors are τ_r = ∂_rx, τ_θ = ∂_θx and τ_φ = ∂_φx. The spherical metric can then be calculated as g_{ab} = τ_a · τ_b = diag(1, r^2, r^2 sin^2 θ) and the three dimensional Clifford star product in spherical coordinates is

F ∗_C G = F exp � � 3� a,b=1

g_{ab}

⃗

∂ ∂τ_a ⃗∂ ∂τ_b � � G. (4.57)

Embedded in a (d + 1)-dimensional background space with basis vectors σ_a one can then imagine a d-dimensional vector manifold M. The vector manifold is parametrized by smooth functions f^a(x^1, . . . , x^d) as x(x^1, . . . , x^d) = f^a(x^1, . . . , x^d)σ_a, more common is the following notation, where the coordinates and the functions have the same name: x(x^1, . . . , x^d) = x^a(x^1, . . . , x^d)σ_a = x^a(x^i)σ_a. The vectors

ξ_i(x) = ∂x ∂x^i

(4.58) are the frame vectors of the manifold, which in the ambient space can be expanded as ξ_i(x) = ξ^a_i (x)σ_a. (4.59) The ξ_i(x) span the tangent space T_xM, on which the Clifford star product acts as

F ∗_C G = F exp � � d� i,j=1

g_{ij} (x)

⃗

∂ ∂ξ_i ⃗∂ ∂ξ_j � � G, (4.60) so that the scalar product of two basis vectors is given in the tangent space by

ξ_i · ξ_j = g_{ij} . (4.61)

In the ambient space the scalar product ξ_i · ξ_j = (ξ^a_i σ_a) · (ξ^b_j σ_b) also has to be g_{ij} , so that the metric of the vector manifold and of the ambient space are connected according to

ξ^a_i ξ^b_j η_{ab} = g_{ij} . (4.62)

The ξ^a_i (x) are here tetrad fields and the condition (4.62) assures that (4.61) is valid intrinsically, i.e. calculated with the Clifford star product (4.60) and externally, i.e. calculated with the Clifford star product (4.51) and the expansion (4.59).

For an orientable manifold there exists a global unit-pseudoscalar I_d(x) = ξ_1ξ_2 . . . ξ_d/|ξ_1ξ_2 . . . ξ_d|, which allows with (4.43) the calculation of the reciprocal frame vectors ξ^i of T_xM. In the tangent space (4.43) gives for the reciprocal base vectors ξ^i = g^{ij} ξ_j , where g^{ij} is the inverse of g_{ij} , i.e. g_{ij} g^{jk} = δ^k_i , so that

ξ_i · ξ^j = δ^j_i , (4.63)

where the scalar product is calculated intrinsically with (4.60). In the ambient space the reciprocal frame vectors can be expanded as ξ^i = ξ^i_aσ^a, and to make sure that (4.63) is also valid in the ambient space with the Clifford star product (4.51) the expansion coefficients have to fulfill

ξ^a_i ξ^j_a = δ^j_i . (4.64)

Finally it is easy to show that one has as well intrinsically in the tangent space as extrinsically in the ambient space the relation ξ^i · ξ^j = g^{ij} . (4.65)

In general one has for both, the extrinsic Clifford star product (4.51) and the intrinsic Clifford star product (4.60):

ξ_i ∗_C ξ_j = g_{ij} + ξ_iξ_j , ξ_i ∗_C ξ^j = δ^j_i + ξ_iξ^j , and ξ^i ∗_C ξ^j = g^{ij} + ξ^iξ^j . (4.66)

With the unit pseudoscalar one can furthermore define a projector P on the vector manifold, which projects an arbitrary multivector A(x) in the ambient space onto the vector manifold:

P (A(x), x) = (A(x) · I_{(d)}(x)) ∗_C I^{−1∗C}_{(d)} (x). (4.67)

A vector v = v^aσ_a in the ambient space can then be decomposed into an intrinsic part

P (v) = (ξ_i · v)ξ^i = (v_aξ^a_i )ξ^i (4.68)

which is tangent to the manifold and an extrinsic part P_⊥(v) = v −P (v). Especially for a tangent vector one has P (ξ_i) = ξ_i. Applying the projector to the nabla operator of the ambient space gives a vector derivative intrinsic to the manifold:

∂ = P (∇) = ξ^i(ξ_i · ∇) = ξ^i(ξ^a_i ∂_a) = ξ^i∂_i (4.69)

and for a tangent vector a the directional derivative in the a-direction is a · ∂ = a^i∂_i = a^iξ^a_i ∂_a = a · ∇. With the intrinsic vector derivative (4.69) the cotangent frame vectors ξ^i can also be obtained as the gradient of the coordinate functions x^i(x) that arise from the inversion of the vector manifold parametrization x = x(x^1, . . . , x^d):

ξ^i = ∂x^i. (4.70)

If one now applies the directional derivative a · ∂ on a tangent multi-vector field A(x) the result does not in general lie completely inside the manifold. So if one wants to have a purely intrinsic result one has to use the projection operator P again. This leads to the definition of a new type of derivative that acts on tangent multi-vector fields and returns tangent multi-vector fields. This new derivative is the covariant derivative and is defined by: (a · D)A(x) = P � (a · ∂)A(x) � . (4.71)

In the case of a scalar field f(x) on the manifold the covariant and the intrinsic derivative are the same:

(a · ∂)f = (a · D)f, (4.72)

while for tangent vector fields a and b one has

(a · ∂)b = P � (a · ∂)b � + P_⊥ � (a · ∂)b � = (a · D)b + b · S(a), (4.73)

where S(a) is the so called shape tensor, which is a bivector that describes both intrinsic and extrinsic properties of the vector manifold. The covariant derivative can be seen as a map that maps two tangent vectors into a third tangent vector, fulfilling the defining relations of an affine connection:

(a · D)(b + c) = (a · D)b + (a · D)c, (4.74a) � (a + b) · D � c = � (a · D) + (b · D) � c, (4.74b) (fa · D)b = f(a · D)b, (4.74c) (a · D)fb = � (a · D)f � b + f(a · D)b. (4.74d)

As a tangent vector (a · D)b can be expanded in the ξ_i base:

(a · D)b = a^j � (D_j b^i)ξ_i + b^i(D_j ξ_i)^kξ_k � = a^j � ∂_j b^i + b^kΓ^i_{jk} � ξ_i, (4.75)

where Γ^i_{jk} = (D_j ξ_k) · ξ^i = � D_j ξ_k

�_i (4.76)

is the i-th component of D_j ξ_k, which extrinsically can be written as

Γ^i_{jk} = � D_j ξ^a_k σ_a � · ξ^i_bσ^b = (∂_j ξ^a_k )ξ^i_a. (4.77)

One of the properties the Γ^k_{ij} fulfill is the metric compatibility which can be found if one applies D_k on both sides of (4.61):

∂_kg_{ij} − Γ^l_{ki}g_{lj} − Γ^l_{kj} g_{li} = 0, (4.78)

which means that the Γ^i_{jk} are the Christoffel symbols and (a · D)b is the Levi-Civita connection. The symmetry in the lower indices of Γ^i_{jk} can be seen from the holonomy condition that is fulfilled because the frame vectors (4.58) form a coordinate basis:

∂_iξ_j − ∂_j ξ_i = (∂_i∂_j − ∂_j ∂_i)x = 0. (4.79)

Projecting into the manifold gives D_iξ_j − D_j ξ_i = 0, (4.80)

so that the symmetry of the Γ^i_{jk} in the lower indices follows. From (4.79) follows further, that

(a · ∂)b − (b · ∂)a = � a^j (∂_j b^i) − b^j (∂_j a^i) � ξ_i (4.81)

is an intrinsic quantity that corresponds to the Lie-derivative or the Jacobi-Lie-bracket

L_ab = [a, b]_{JLB} ≡ (a · ∂)b − (b · ∂)a = (a · D)b − (b · D)a. (4.82)

The holonomy condition (4.79) can then be written with ξ_i · ∂ = ∂_i as L_{ξi} ξ_j = � ξ_i, ξ_j � JLB = 0. It is easy to see that the Lie-derivative fulfills the relations

[L_a, L_b] c = (L_aL_b − L_bL_a)c = L_{[a,b]JLB} c (4.83)

L_a(fb) = � (a · D)f � b + f(L_ab). (4.84)

One can also conclude with (4.73) that since [a, b]_{JLB} is an intrinsic quantity, the extrinsic parts in the Jacobi-Lie-bracket have to cancel, i.e.

a · S(b) = b · S(b). (4.85)

Equation (4.75) shows that the intrinsic change of a vector field b in direction a consists of two parts, on the one hand the active change of the coefficients of the vector field and on the other hand a correction which corresponds to an passive change of the basis vectors due to the curvature of the manifold. If these two contributions cancel each other as one moves along a curve c(t) in the manifold the vector b(c(t)) does not move in the local frame of the ξ_i(c(t)). One says then that the vector b is parallel transported along c(t) and the condition for the parallel transport is

(ċ(t) · D)b = 0. (4.86)

If the tangent vector ċ(t) is parallel transported in its own direction the resulting curve is a geodesic and fulfills (ċ(t) · D)ċ(t) = � c̈^i + Γ^i_{jk}ċ^kċ^j � ξ_i = 0, (4.87)

where the ċ^i are the components of ċ in the ξ_i frame.

The covariant derivative of tangent vector fields can then be generalized to the covariant derivative of multivector fields by applying (4.73) to the Clifford star product b ∗_C c of two tangent vector fields b and c:

(a · D)(b ∗_C c) = � (a · ∂)b � ∗_C c + (S(a) · b) ∗_C c + b ∗_C � (a · ∂)c � + b ∗_C (S(a) · c) = (a · ∂)(b ∗_C c) + S(a) × (b ∗_C c), (4.88)

where one uses the associativity of the Clifford star product and S(a) · b =^1_2 (S(a) ∗_C b − b ∗_C S(a)). In general one has then (a · ∂)A = (a · D)A + A × S(a), (4.89)

where A × B =^1_2 (A ∗_C B − B ∗_C A) =^1_2 [A, B]_{∗C} is the commutator product (not to be confused with the vector cross product used in (4.22); the cross product of two three-dimensional vectors a and b and the commutator product of the corresponding bivectors A = I_{(3)} ∗_C a and B = I_{(3)} ∗_C b are connected according to −I_{(3)} ∗_C (a × b) =^1_2 � I_{(3)} ∗_C a, I_{(3)} ∗_C b � ∗_C = A × B ). The commutator product of an r-vector and a

bivector gives again an r-vector so that all terms in (4.89) are r-vectors. Furthermore it is clear that (4.89) reduces to (4.73) if A is a vector field and to (4.72) if A is a scalar field.

A natural generalization of the Lie-derivative to multivectors is given by the Schouten-Nijenhuis bracket

L_{A(r)} B_{(s)} = � A_{(r)}, B_{(s)} � SNB = (−1)^{r−1}(A_{(r)} · D)B_{(s)} + (−1)^{rs}(−1)^{s−1}(B_{(s)} · D)A_{(r)}

= (D́ · A_{(r)})B́_{(s)} + (−1)^{rs}(D́ · B_{(s)})Á_{(r)}. (4.90)

That the Schouten-Nijenhuis bracket can be written in this way can be seen from fact that (4.90) has the grade r + s − 1, fulfills � A_{(r)}, B_{(s)} � SNB = (−1)^{rs} � B_{(s)}, A_{(r)} � SNB (4.91) and � A_{(r)}, B_{(s)}C_{(t)} � SNB = � A_{(r)}, B_{(s)} � SNB C_{(t)} + (−1)^{rs+s}B_{(s)} � A_{(r)}, C_{(t)} � SNB (4.92) and reduces for scalar functions f, g and vector fields a and b to

[f, g]_{SNB} = 0, [a, f]_{SNB} = (a · D)f and [a, b]_{SNB} = L_ab. (4.93)

Furthermore one has the Jacobi-identity

(−1)^{rt} � A_{(r)}, B_{(s)} � SNB , C_{(t)} � SNB + (−1)^{rs} � B_{(s)}, C_{(t)} � SNB , A_{(r)} � SNB + (−1)^{st} � C_{(t)}, A_{(r)} � SNB , B_{(s)} � SNB = 0. (4.94)

4.3 Exterior Calculus

The exterior calculus can be constructed by noting that the cotangent frame vector or 1-form (4.70) can be written with (4.72) as [56] ξ^k = Dx^k = ∂x^k ≡ dx^k. (4.95)

In order to see how the directional covariant derivative acts on a general 1-form ω = ω_iξ^i one first applies D_j on both sides of ξ_i · ξ^j = δ^j_i which gives with (4.76)

(D_j ξ^i) · ξ_k = (D_j ξ^i)_k = −Γ^i_{jk}, (4.96)

so that the covariant derivative of ω reads

(a · D)ω = a^j � (D_j ω_i)ξ^i + ω_i(D_j ξ^i)_kξ^k � = a^j � ∂_j ω_i − ω_kΓ^k_{ji} � ξ^i. (4.97)

That the exterior product with the covariant derivative D corresponds to the exterior derivative can be seen if one applies the exterior derivative on ξ^i:

ddx^i = Dξ^i = ξ^j D_j (ξ^kD_kx^i)

= ξ^j � (D_j ξ^k)(D_kx^i) + ξ^kD_j D_kx^i � = −ξ^j ξ^lΓ^k_{jl}∂_kx^i + ξ^j ξ^k∂_j ∂_kx^i = 0, (4.98)

due to the antisymmetry in the upper indices and the symmetry in the lower indices. The closedness of ξ^i can for example be used to calculate the relation of the Γ^i_{jk} and the metric:

Γ^i_{jk} = (D_j ξ_k) · ξ^i = 1 2 � (D_j ξ_k) + (D_kξ_j ) � · ξ^i (4.99) = 1 2 � ξ_j · (Dξ_k) + Γ^l_{mk}g_{jl}ξ^m + ξ_k · (Dξ_j ) + Γ^l_{mj} g_{kl}ξ^m � · ξ^i (4.100) = 1 2 � ξ_j · (Dg_{km}ξ^m) + ξ_k · (Dg_{jm}ξ^m) + (∂_mg_{jk})ξ^m � · ξ^i (4.101) = 1 2 � (∂_ng_{km})ξ_j · ξ^nξ^m + (∂_ng_{jm})ξ_k · ξ^nξ^m + (∂_mg_{jk})ξ^m � · ξ^i (4.102) = 1 2 � (∂_ng_{km})(δ^n_j ξ^m − δ^m_j ξ^n) + (∂_ng_{jm})(δ^n_k ξ^m − δ^m_k ξ^n) + (∂_mg_{jk})ξ^m � · ξ^i (4.103) = 1 2 g^{il} [∂_j g_{kl} + ∂_kg_{jl} − ∂_lg_{jk}] , (4.104)

where one uses in (4.99)

ξ_j · (Dξ_k) = ξ_j · (ξ^iD_iξ_k) = ξ_j · (ξ^iΓ^l_{ik}ξ_l) = Γ^l_{ik}(δ^i_j ξ_l − g_{jl}ξ^i) = D_j ξ_k − Γ^l_{ik}g_{jl}ξ^i, (4.105) in (4.100) the metric compatibility (4.78) and in (4.101) Dξ^i = 0.

The expression (4.104) can be used to show that the shape bivector can be written as

S(a) =

1 2 � ξ^i∂a_i − ξ_i∂a^i + ξ^i(a · ∂)ξ_i � , (4.106) or

S_i = S(ξ_i) =

1 2 ξ^j ξ^k∂_kg_{ij} + 1 2 ξ^j ∂_iξ_j . (4.107)

This can be proved by calculating

b · S(a) = 1 2 � b^i(∂_j a_i)ξ^j − b^j (∂_j a_i)ξ^i − b_i(∂_j a^i)ξ^j + b^j (∂_j a^i)ξ_i + a^j b^i(∂_j ξ_i) − a^j b^kξ^i(ξ_k · ∂_j ξ_i) � (4.108) = 1 2 � a^kb^i(∂_j g_{ik})ξ^j − a^kb^i(∂_ig_{jk} )ξ^j + a^ib^j (∂_iξ_j ) − a^j b^kξ^i(ξ_k · ∂_j ξ_i) � (4.109)

= −a^kb^iΓ^l_{ki}ξ_l + 1 2 a^j b^kξ^i(∂g_{ki}) + 1 2 a^ib^j (∂_iξ_j ) − 1 2 a^j b^kξ^i(ξ_k · ∂_j ξ_i) (4.110)

= −a^kb^iΓ^l_{ki}ξ_l + 1 2 a^ib^j ξ^k � (∂_iξ_j ) · ξ_k � + 1 2 a^ib^j (∂_iξ_j ) (4.111)

= a^ib^j (∂_iξ_j ) − a^ib^j Γ^k_{ij} ξ_k (4.112) = (a · ∂)b − (a · D)b (4.113) = P_⊥ � (a · ∂)b � , (4.114)

which corresponds to the definition (4.73). In (4.109) relation (4.104) was used, in (4.110) relation (4.61) and in (4.111) one uses

ξ^k � (∂_iξ_j ) · ξ_k � = ξ^k_c σ^c � (∂_iξ^a_j σ_a) · ξ^b_kσ_b � = (∂_iξ^a_j )σ_a = ∂_iξ_j . (4.115)

While the exterior derivative of the reciprocal basis vectors is zero, the exterior derivative of a general 1-form ω = ω_iξ^i is a two-form

dω = (Dω_j )ξ^j + ω_j Dξ^j = (∂_iω_j )ξ^iξ^j . (4.116)

A general r-form is then a covariant r-blade A^{(r)} and can be written as [56]

A^{(r)} = 1 r! A_{i1 i2...ir} dx^{i1} dx^{i2} . . . dx^{ir} = 1 r! A_{i1 i2 ...ir} ξ^{i1} ξ^{i2} . . . ξ^{ir} . (4.117)

Applying the exterior differential, to A^{(r)} gives with (4.98)

dA^{(r)} = 1 r! � ∂A_{i1 i2 ...ir} ∂x^j � dx^j dx^{i1} dx^{i2} . . . dx^{ir} = 1 r! � ∂A_{i1 i2 ...ir}

∂x^j � ξ^j ξ^{i1} ξ^{i2} . . . ξ^{ir} , (4.118)

which is a (r + 1)-form or a covariant (r + 1)-blade. Furthermore it is easy to see that (4.98) generalizes to

ddA^{(r)} = 0. (4.119)

In a three dimensional manifold the vector operations like grad, div and rot can be represented with the exterior derivative as

df = (∂_1f) dx^1 + (∂_2f) dx^2 + (∂_3f) dx^3, (4.120) dA^{(1)} = (∂_2A_3 − ∂_3A_2)dx^2dx^3 + (∂_3A_1 − ∂_1A_3)dx^3dx^1 + (∂_1A_2 − ∂_2A_1)dx^1dx^2, (4.121) dA^{(2)} = (∂_1A_1 + ∂_2A_2 + ∂_3A_3)dx^1dx^2dx^3, (4.122) which gives the foundations for the integral theorems. Consider for example the integral of a scalar function f over a curve c(t) = c^1(t)σ_1 + c^2(t)σ_2. The curve is a vector manifold with one coordinate x^1 = t and tangent vector field ξ_t which is equal to the reciprocal frame field ξ^t = dt. The integral from t = 0 to t = T of f over the curve is then � c df = � c ξ^t∂_tf = � c dt � ∂f ∂c^1 dc^1 dt + ∂f ∂c^2 dc^2 dt �

= lim_{n→∞Δc→0} n� r=1 ˛ ˛Δc(c(t_r)) · dt(c(t_r)) � � � ∂f ∂c^1 dc^1 dt + ∂f ∂c^2 dc^2 dt �

= lim_{n→∞} n� r=1 � dt ξ_t(c(t_r)) · ξ^t(c(t_r))

� � ∂f ∂c^1 dc^1 dt + ∂f ∂c^2 dc^2 dt �

= �_T 0 dt � ∂f ∂c^1 dc^1 dt + ∂f ∂c^2 dc^2 dt �

= f � � �^T_0 , (4.123)

which is the easiest version of the Stokes theorem � S dA^{(r)} = � ∂S A^{(r)}. (4.124)

The important point is here that in the geometric algebra formalism the duality of the infinitesimal volume element dx^1dx^2 . . . dx^dξ_1ξ_2 . . . ξ_d and the differential forms ξ^1ξ^2 . . . ξ^d can be expressed with the scalar product, so that the ordinary scalar integral remains.

It is then also straightforward to translate other structures of exterior calculus into the language of superanalytic geometric algebra, for example the Hodge dual is given by

⋆ � ξ^{i1} ξ^{i2} . . . ξ^{ir} � = � |g| (d − r)!

ε^{i1 ...ir}_{ir+1 ...id} ξ^{ir+1} . . . ξ^{id} , (4.125)

with ε^{i1...ir}_{ir+1 ...id} = g^{i1 j1} . . . g^{ir jr} ε_{j1 ...jr ir+1 ...id} and ε_{i1 ...id} = 1 for even permutations. In the euclidian or Minkowski case the Hodge dual can be written as

⋆A^{(r)} = (−1)^{(d−r)r+r(r−1)/2}I^{(d)} ∗_C A^{(r)}. (4.126)

For example in a d-dimensional Minkowski space with reciprocal basis vectors γ^μ one has

I^{(d)} ∗_C γ^{μ1} . . . γ^{μr} = 1 (d − r)!

ε_{μr+1 ...μdμr ...μ1} γ^{μr+1} . . . γ^{μd} γ^{μr} . . . γ^{μ1} ∗_C γ^{μ1} . . . γ^{μr} (4.127)

= (−1)^{(d−r)r+r(r−1)/2} 1 (d − r)!

ε_{μ1...μd} γ^{μr+1} . . . γ^{μd} γ^{μr} . . . γ^{μ1} ∗_C γ^{μ1} . . . γ^{μr} (4.128)

= (−1)^{(d−r)r+r(r−1)/2}g_{μ1ν1} g^{μ1μ1} . . . g_{μr νr} g^{μr μr} 1 (d − r)!

ε^{ν1...νr}_{μr+1 ...μd} γ^{μr+1} . . . γ^{μd}(4.129)

= (−1)^{(d−r)r+r(r−1)/2} ⋆ γ^{μ1} . . . γ^{μr} , (4.130) where there is no summation over μ_1, . . . , μ_r. Applying the Hodge star operator twice gives ⋆ ⋆ γ^{μ1} . . . γ^{μr} = ⋆(−1)^{(d−r)r+(r−1)r/2}I^{(d)} ∗_C γ^{μ1} . . . γ^{μr} (4.131) = (−1)^{(d−r)r+(r−1)r/2}(−1)^{r(d−r)+((d−r)−1)(d−r)/2}I^{(d)} ∗_C I^{(d)} ∗_C γ^{μ1} . . . γ^{μr} (4.132) = (−1)^{(r−1)r/2}(−1)^{(d2−2rd+r2−d+r)/2}(−1)^{−d(d−1)/2}I^{(d)} ∗_C I^{(d)} ∗_C γ^{μ1} . . . γ^{μr} (4.133) = (−1)^{r(d−r)}g^{11} . . . g^{dd}γ^{μ1} . . . γ^{μr} , (4.134) so that in the euclidian case one has for the inverse Hodge star operator ⋆^{−1} = (−1)^{r(d−r)}⋆ = (−1)^{(r−1)r/2}I^{(d)}∗_C , (4.135) while in the four dimensional Minkowski case one has an additional minus sign, i.e. ⋆^{−1} = (−1)^{r(d−r)+1}⋆.

With the Hodge star operator as defined in (4.125) the coderivative d^† is given in the Riemannian case as d^†A^{(r)} = (−1)^{dr+d+1} ⋆ d ⋆ A^{(r)} (4.136) and in the Minkowski case as d^†A^{(r)} = (−1)^{dr+d} ⋆ d ⋆ A^{(r)}. (4.137) Writing this down in components one directly sees that the coderivative as an operator that maps an r-form into an (r − 1)-form can be written as d^†A^{(r)} = −d · A^{(r)}. (4.138) The interior product that maps an r-blade A^{(r)} into an (r − 1)-blade is just the scalar product with a vector a = a^iξ_i: ι̇_aA^{(r)} = a · A^{(r)} = 1 (r − 1)!

a^j A_{ji2 ...ir} ξ^{i2} . . . ξ^{ir} , (4.139) so that one has for example

ι̇_{ξ1} ξ^1ξ^2 = ξ_1 · ξ^1ξ^2 = ξ^2, ι̇_{ξ1} ξ^2ξ^3 = ξ_1 · ξ^2ξ^3 = 0 and ι̇_{ξ1} ξ^3ξ^1 = ξ_1 · ξ^3ξ^1 = −ξ^3. (4.140) The interior product can be generalized to the case of two multivectors A_{(r)} and B^{(s)}:

ι̇_{A(r)} B^{(s)} = A_{(r)} · B^{(s)}. (4.141) With this generalized interior product one can for example write the contracted exterior derivative of a 1-form as ι̇_{ab}dω = (a · ∂)(b · ω) − (b · ∂)(a · ω) − ω · [a, b]_{JLB} = (∂_iω_j )(a^ib^j − a^j b^i) (4.142) or in general

ι̇_{a1a2 ...ar+1} dA^{(r)} = r+1� n=1 (−1)^{n+1}(a_n · ∂) � a_1 . . . ǎ_n . . . a_{r+1} � · A^{(r)} + � m<n (−1)^{m+n} � [a_m, a_n]_{JLB} a_1 . . . ǎ_m . . . ǎ_n . . . a_{r+1} � · A^{(r)}. (4.143)

The Lie derivative of a 1-form is defined with the interior product as ι̇_bL_aω = L_a(ι̇_bω) − ι̇_{Lab}ω, (4.144) so that Cartan’s magic formula follows L_aω = (dι̇_a + ι̇_ad) ω = � a^i(∂_iω_j ) + (∂_j a^i)ω_i � ξ^j . (4.145)

The exterior derivative can then be written with the Lie derivative as

dω = ξ^iL_{ξi} ω, (4.146)

which is the generalization of df = ξ^i∂_if, and for the coderivative one has similarly

δω = −ξ_i · L_{ξi} ω. (4.147)

It is easy to see that the Lie derivative of a 1-form fulfills the following relations

[L_a, L_b] ω = (L_aL_b − L_bL_a)ω = L_{[a,b]JLB} ω, (4.148) [L_a, ι̇_b] ω = (L_aι̇_b − ι̇_bL_a)ω = ι̇_{[a,b]JLB} ω, (4.149) dL_aω = L_adω. (4.150)

The Lie derivative of an r-form is

L_aA^{(r)} = (dι̇_a + ι̇_ad) A^{(r)} = D(a · A^{(r)}) + a · (DA^{(r)}). (4.151)

Up to now only the coordinate basis of the ξ_i was used, in general it is also possible to use a non-coordinate basis given by ϑ_r = ϑ^i_rξ_i and ξ_i = ϑ^r_i ϑ_r, (4.152)

where ϑ^i_r are functions of the x^k , with ϑ^r_i ϑ^j_r = δ^j_i and g_{ij} = ϑ^r_i ϑ^s_j g_{rs}. Analogously the reciprocal noncoordinate basis ϑ^r can be expanded with the ϑ^r_i in the reciprocal coordinate basis of the ξ^i. A special choice for the non-coordinate frame fields is obtained by the conditions ϑ_r · ϑ_s = η_{rs} and ∂_iϑ_r = 0. This means the ϑ_r span a (pseudo)-euclidian base and they move on the vector-manifold so that

D_iϑ_r = −ϑ_r · S_i. (4.153)

This shows that the shape tensor that in the ϑ_r-frame has the form S_r = S(ϑ_r) = ϑ^i_rS_i is proportional to the Fock-Ivanenko bivector Γ_i [102], i.e. S_i = −2Γ_i.

For non-coordinate basis vectors the Jacobi-Lie bracket is no longer zero, one rather has

[ϑ_r, ϑ_s]_{JLB} = ϑ^i_r(ξ_i · D)(ϑ^j_sξ_j ) − ϑ^i_s(ξ_i · D)(ϑ^j_rξ_j ) (4.154) = ϑ^i_r � (D_iϑ^j_s)ξ_j + ϑ^j_s(D_iξ_j ) � − ϑ^i_s � (D_iϑ^j_r)ξ_j + ϑ^j_r(D_iξ_j ) � (4.155) = � ϑ^i_rD_iϑ^j_s − ϑ^i_sD_iϑ^j_r � ξ_j (4.156) = � ∂_rϑ^j_s − ∂_sϑ^j_r � ϑ^t_j ϑ_t (4.157) = C^t_{rs}ϑ_t, (4.158)

with C^t_{rs} = [ϑ_r, ϑ_s]_{JLB} · ϑ^t = � ∂_rϑ^j_s − ∂_sϑ^j_r � ϑ^t_j . (4.159)

For tangent vector fields a = a^rϑ_r and b = b^sϑ_s it follows then that

L_ab = [a, b]_{JLB} = � a^r(∂_rb^s) − b^r(∂_ra^s) � ϑ_s + a^rb^s [ϑ_r, ϑ_s]_{JLB} , (4.160)

which reduces in a coordinate basis to (4.81).

In the non-coordinate basis the Γ^t_{rs} are given by

Γ^t_{rs} = − � (ϑ_r · D)ϑ^t � · ϑ_s = − � (ϑ^i_r(ξ_i · D)ϑ^t_k ξ^k � · ϑ^j_sξ_j (4.161)

= ϑ^t_j ϑ^i_r∂_iϑ^j_s + Γ^k_{ij} ϑ^i_rϑ^t_kϑ^j_s (4.162)

= ϑ^t_j ϑ^i_r∂_iϑ^j_s + 1 2 g^{kl} [∂_ig_{jl} + ∂_j g_{il} − ∂_lg_{ij} ] ϑ^i_rϑ^t_kϑ^j_s (4.163)

= ϑ^t_j ϑ^i_r∂_iϑ^j_s + 1 2 g^{tu} [∂_ig_{jl} + ∂_j g_{il} − ∂_lg_{ij} ] ϑ^i_rϑ^l_uϑ^j_s (4.164)

= ϑ^t_j ∂_rϑ^j_s + 1 2 g^{tu} � ∂_i(ϑ^v_j ϑ^w_l g_{vw}) + ∂_j (ϑ^v_i ϑ^w_l g_{vw}) − ∂_l(ϑ^v_i ϑ^w_j g_{vw}) � ϑ^i_rϑ^l_uϑ^j_s(4.165) = 1 2 g^{tu} [∂_rg_{su} + ∂_sg_{ru} − ∂_ug_{rs}] + 1 2 g^{tu}(C_{urs} + C_{usr} − C_{sru}). (4.166)

In (4.162) one uses ϑ^r_i ∂_tϑ^i_s = −ϑ^i_s∂_tϑ^r_i , (4.167) which results from acting with ∂_t on ϑ^r_i ϑ^i_s = δ^r_s , in (4.164) one uses

ϑ^t_i g^{il} = ϑ^t_i(ϑ^i_rϑ^l_sg^{rs}) = δ^t_rϑ^l_sg^{rs} = ϑ^l_sg^{ts} (4.168)

and in (4.165) one uses the definition C_{rsu} = g_{tu}C^t_{rs}. (4.169) While in the coordinate base � ξ_i, ξ_j � JLB = 0 insured that the Γ^k_{ij} are symmetric in the lower indices, one has with (4.162) and (4.159) in the non-coordinate basis the relation

Γ^t_{rs} − Γ^t_{sr} = C^t_{rs}, (4.170)

which implies that the non-coordinate 1-forms ϑ^r are not closed:

dϑ^r = ξ^j D_j (ϑ^r_i ξ^i) = 1 2 (∂_iϑ^r_j − ∂_j ϑ^r_i )ξ^iξ^j (4.171) = 1 2 � ϑ^s_i (ϑ_s · ∂)ϑ^r_j − ϑ^s_j (ϑ_s · ∂)ϑ^r_i � ϑ^i_tϑ^j_uϑ^tϑ^u (4.172) = 1 2 � ϑ^i_u(ϑ_t · ∂)ϑ^r_i − ϑ^j_t (ϑ_u · ∂)ϑ^r_j � ϑ^tϑ^u (4.173) = − 1 2 � ϑ^r_i (ϑ_t · ∂)ϑ^i_u − ϑ^r_j (ϑ_u · ∂)ϑ^j_t � ϑ^tϑ^u (4.174) = − 1 2 C^r_{tu}ϑ^tϑ^u, (4.175)

which is the Maurer-Cartan equation, that with (4.170) can also be written as dϑ^r = −Γ^r_{st}ϑ^sϑ^t. The exterior derivative of a general non-coordinate 1-form α = α_rϑ^r is

dα = (Dα_r)ϑ^r + α_rDϑ^r = (∂_rα_s − α_tΓ^t_{rs})ϑ^rϑ^s, (4.176)

which should be compared with (4.116), and for the exterior derivative of a general r-form in the noncoordinate basis A^{(r)} =^1_{r!} A_{s1 ...sr} ϑ^{s1} . . . ϑ^{sr} one obtains

dA^{(r)} =

(−1)^r (r + 1)! � ∂_{[sr+1} A_{s1 ...sr ]} − Γ^t_{[sr+1 sk} A_{s1 ...sk−1 tsk+1...sr ]} � ϑ^{s1} ϑ^{s2} . . . ϑ^{sr+1} , (4.177)

where the square brackets antisymmetrize the lower indices.

4.4 Tensor Calculus

The formalism developed so far can then in a straightforward fashion be extended to tensor calculus. A tensor is a multilinear map of r vectors and s one-forms into the real numbers, and can be written as T = T^{i1...is}_{j1 ...jr} ξ_{i1} ⊗ · · · ⊗ ξ_{is} ⊗ ξ^{j1} ⊗ · · · ⊗ ξ^{jr} . (4.178) The components of the tensor can be obtained as T^{i1...is}

j_1 ...j_r = T(ξ i_1 , . . . , ξi_s , ξ j_1 , . . . , ξj_r ) = ι̇ξ^{i1} ⊗···⊗ξ_{jr} T = (ξ i_1 ⊗ · · · ⊗ ξ j_r ) · T. (4.179)

A change of the base according to

ξ_i′ = ξ^i′ ξ_i and ξ^{j′} = ξ^{j′}_j ξ^j , (4.180)

where ξ^i′ and ξ^{j′}_j are functions with ξ^i′ ξ^{j′}_i = δ^{j′}_i′ and

ξ^i′ =

∂ξ_i′ ∂ξ_i = ∂ξ^i ∂ξ^{i′} and ξ^{j′}_j =

∂ξ^{j′} ∂ξ^j = ∂ξ_j ∂ξ_j′

(4.181)

leads to a change of the tensor components according to

T = T^{i′1...i′s}_j′_{1...j′r} ξ_i′_1 ⊗ · · · ⊗ ξ_i′_s ⊗ ξ^{j′1} ⊗ · · · ⊗ ξ^{j′r}

= T^{i′1...i′s}_j′_{1...j′r}

∂ξ^{i1} ∂ξ^{i′1}

· · ·

∂ξ^{is} ∂ξ^{i′s}

∂ξ^{j′1} ∂ξ^{j1}

· · ·

∂ξ^{j′r} ∂ξ^{jr} ξ_{i1} ⊗ · · · ⊗ ξ_{is} ⊗ ξ^{j1} ⊗ · · · ⊗ ξ^{jr} . (4.182)

It is clear that the special case of a totally anti-symmetric tensor that maps r vectors into a scalar is a r-form, i.e. it has the form A = A_{i1 ,...,ir} ξ^{i1} ∧ . . . ∧ ξ^{ir} = A_{i1 ,...,ir} ξ^{i1} . . . ξ^{ir} . (4.183) The covariant derivative and the Lie derivative of a tensor can be obtained by acting on the components and the basis vectors of the tensor. As an example one can consider the metric tensor g = g_{ij} ξ^i ⊗ ξ^j = g_{ij} dx^i ⊗ dx^j , (4.184) that maps two vectors a = a^iξ_i and b = b^iξ_i into a scalar according to g(a, b) = ι̇_{a⊗b}g = (a^kξ_k ⊗ b^lξ_l) · (g_{ij} ξ^i ⊗ ξ^j ) = g_{ij} a^ib^j . (4.185) The covariant derivative of g is then D_kg = (D_kg_{ij} )ξ^i ⊗ ξ^j + g_{ij} (D_kξ^i) ⊗ ξ^j + g_{ij} ξ^i ⊗ (D_kξ^j ) (4.186) = (∂_kg_{ij} − Γ^l_{ki}g_{lj} − Γ^l_{kj} g_{il})ξ^i ⊗ ξ^j , (4.187) so that the condition (4.78) can be written as (D_kg)_{ij} = 0. The Lie derivative of the metric tensor is L_ag = (L_ag_{ij} )ξ^i ⊗ ξ^j + g_{ij} (L_aξ^i) ⊗ ξ^j + g_{ij} ξ^i ⊗ (L_aξ^j ) (4.188) = � a^k∂_kg_{ij} + g_{kj} (∂_ia^k) + g_{ik}(∂_j a^k) � ξ^i ⊗ ξ^j (4.189) = � a^k(∂_kg_{ij} − ∂_ig_{jk} − ∂_j g_{ik}) + ∂_ia_j + ∂_j a_i � ξ^i ⊗ ξ^j (4.190) = (∂_ia_j − Γ^k_{ij} a_k + ∂_j a_i − Γ^k_{ji}a_k)ξ^i ⊗ ξ^j . (4.191)

If the metric tensor does not change in the direction of the vector field a, i.e. (L_ag)_{ij} = a_{i;j} − a_{j;i} = 0, (4.192) with a_{i;j} = ∂_j a_i − Γ^k_{ji}a_k, then a generates an isometry and is a killing vector.

The above tensor concept can be generalized in several ways. For example one can consider a function that maps r contravariant and s covariant blades of arbitrary grade into a scalar, i.e. tensors of the form T = T^{i1...ir}_{j1...js} A^{(r1)}_{i1} ⊗ · · · ⊗ A^{(rr )}_{ir} ⊗ B^{j1}_{(s1 )} ⊗ · · · ⊗ B^{js}_{(ss)}. (4.193) The other possibility is to consider multivector valued tensors. In this case a tensor maps a number of (multi)vectors into a multivector. The above notation runs into difficulties if one generalizes tensors in this way. So the tensor concept is founded in geometric algebra on a linear map F(a) that maps a vector a into another vector, that in general does not have to lie in the same space as a. The linear map F is then generalized to multivectors by the rule F(ab) = F(a)F(b), (4.194) so that it is grade preserving, i.e. F(A_{(r)}) = ⟨F(A_{(r)})⟩_r . The adjoint map F^† is defined by a · F^†(b) = F(a) · b, (4.195) with (F^†)^†(a) = F(a) and (FG)^†(a) = G^†F^†(a). It is easy to see that the definition (4.195) of the adjoint map generalizes to bivectors as B_1 · F(B_2) = F^†(B_1) · B_2 and to multivectors as ⟨A ∗_C F^†(B)⟩_0 = ⟨F(A) ∗_C B⟩_0. (4.196) The determinant of F is defined as F(I_{(d)}) = det(F)I_{(d)}, (4.197) where a short calculation shows that det(FG)I_{(d)} = det(G) det(F)I_{(d)} and det(F^†) = det(F). Having defined the determinant it is then possible to calculate the inverse F^{−1} of F. To this purpose one notices that from (4.197) it follows that det(F)I_{(d)} ∗_C B = F(I_{(d)}) ∗_C B = F(I_{(d)} ∗_C F^†(B)), (4.198) where one uses in the last step F(A_{(r)} · F^†(B_{(s)})) = F(A_{(r)}) · B_{(s)} for r ≥ s. (4.199) Setting now A = I_{(d)} ∗_C B one obtains det(F)A = F � I_{(d)} ∗_C F^†(I^{−1∗C}_{(d)} ∗_C A) � (4.200) ⇒ F^{−1}(A) = 1 det(F)

I_{(d)} ∗_C F^†(I^{−1∗C}_{(d)} ∗_C A). (4.201) The components of the tensor F in a ξ_i-base are obtained as F_{ij} = ξ_i · F(ξ_j ) and F^{ij} = ξ^i · F(ξ^j ) (4.202) and the components of the adjoint tensor are found by transposition: F^†_{ij} = F^†(ξ_j ) · ξ_i = ξ_j · F(ξ_i) = F_{ji}. (4.203) The coefficients of F(a) are ξ_i · F(a) = F_{ij} a^j , which is the product of a matrix and a vector. Similarly one obtains the product of two matrices with (4.195) as

(FG)_{ij} = FG(ξ_j ) · ξ_i = G(ξ_j ) · F^†(ξ_i) = G(ξ_j ) · � ξ_k(ξ^k · F^†(ξ_i)) � = G(ξ_j ) · ξ_kF^{† k}_i = F^k_i G_{kj} . (4.204) Furthermore if one changes the basis according to ϑ_r = ϑ^i_rξ_i the coefficients transform according to F_{rs} = ϑ_r · F(ϑ_s) = ϑ^i_rξ_i · F(ϑ^j_sξ_j ) = ϑ^i_rϑ^j_sF_{ij} , (4.205) which is just the transformation property in (4.182).

4.5 Curvature and Torsion

Curvature can be described if one transports a vector around a closed path and measures the difference of the initial and the transported vector. The path can be thought of as spanned by two tangent vectors a and b and closes by [a, b]_{JLB} . One can then act with a curvature operator on a tangent vector c = c^rϑ_r:

[(a · D)(b · D) − (b · D)(a · D) − [a, b]_{JLB} · D] c = a^rb^sc^t (D_rD_s − D_sD_r − C^u_{rs}D_u) ϑ_t = a^rb^sc^tR^u_{rst}ϑ_u, (4.206)

with

R^u_{rst} = � D_rD_s − D_sD_r − [ϑ_r, ϑ_s]_{JLB} · D � ϑ_t � · ϑ^u (4.207) = [D_r(Γ^w_{st}ϑ_w) − D_s(Γ^w_{rt}ϑ_w) − C^w_{rs}(D_wϑ_t)] · ϑ^u (4.208) = ∂_rΓ^u_{st} − ∂_sΓ^u_{rt} + Γ^u_{rw}Γ^w_{st} − Γ^u_{sw}Γ^w_{rt} + Γ^w_{rs}Γ^u_{wt} − Γ^w_{sr}Γ^u_{wt}, (4.209)

which in the case of a coordinate basis reduces to

R^l_{ijk} = � D_iD_j − D_j D_i � ξ_k � · ξ^l = ∂_iΓ^l_{jk} − ∂_j Γ^l_{ik} + Γ^l_{im}Γ^m_{jk} − Γ^l_{jm}Γ^m_{ik}. (4.210)

Since the curvature operator maps three vectors into a fourth one it can also be written as a tensor

R = R^u_{rst}ϑ_u ⊗ ϑ^r ⊗ ϑ^s ⊗ ϑ^t. (4.211)

In general the curvature operator can act on a multivector A which with (4.89) can be written as � (a · D)(b · D) − (b · D)(a · D) − � a, b � JLB · D � A = � (a · ∂)S(b) − (b · ∂)S(a) + S(a) × S(b) − S([a, b]_{JLB} ) � × A = R(ab) × A, (4.212)

which reduces to [(a · D)(b · D) − (b · D)(a · D) − [a, b]_{JLB} · D] c = R(ab) · c (4.213) acting on a vector. The bivector-valued function of a bivector

R(ab) = (a · ∂)S(b) − (b · ∂)S(a) + S(a) × S(b) − S([a, b]_{JLB} ) (4.214)

fulfills the Ricci and Bianchi identities

a · R(bc) + b · R(ca) + c · R(ab) = 0 (4.215) and (a · D)R(bc) + (b · D)R(ca) + (c · D)R(ab) = 0. (4.216)

Comparing (4.206) with (4.213) shows that the curvature may be described by a bivector-valued function of a bivector according to a^rb^sc^tR^u_{rst}ϑ_u = R(ab) · c. (4.217) But it is also possible to describe it by a scalar-valued function of a bivector, i.e. a 2-form R^u_t (ab) = ι̇_{ab}R^u_t according to a^rb^sc^tR^u_{rst}ϑ_u = c^tR^u_t (ab)ϑ_u. (4.218) It is now easy to see from this definition and (4.209) that the curvature 2-form R^u_t is

R^u_t = � ∂_vΓ^u_{wt} + Γ^u_{rt}Γ^r_{wv} + Γ^u_{vr}Γ^r_{wt} � ϑ^vϑ^w, (4.219) which also can be expressed in another way. To this purpose one notices that the exterior derivative of ϑ_r is a vector-valued 1-form:

dϑ_r = ϑ^sD_sϑ_r = Γ^t_{sr}ϑ^sϑ_t = ω^t_rϑ_t, (4.220)

where ω^t_r = Γ^t_{sr}ϑ^s. With ω^t_r the curvature 2-form (4.219) can also be written as

R^u_t = dω^u_t + ω^u_r ω^r_t , (4.221)

which is the first Cartan structure equation. Exterior differentiation of (4.221) gives the Bianchi identity for the curvature 2-form:

dR^r_s + ω^r_t R^t_s − R^r_t ω^t_s = 0. (4.222)

It is possible that the path spanned by two tangent vectors a and b is not closed by [a, b]_{JLB} . This is measured by the torsion (a · D)b − (b · D)a − [a, b]_{JLB} = a^rb^sT^t_{rs}ϑ_t (4.223)

with T^t_{rs} = � D_rϑ_s − D_sϑ_r − [ϑ_r, ϑ_s]_{JLB} � · ϑ^t = Γ^t_{rs} − Γ^t_{sr} − C^t_{rs}, (4.224)

which reduces in a coordinate basis to T^k_{ij} = Γ^k_{ij} − Γ^k_{ji}. This means that for non-vanishing torsion the Γ^k_{ij} are no longer symmetric in the lower indices so that ddx^i is no longer zero and the exterior differential of an r-form is given by

dA^{(r)} = DA^{(r)} = 1 r! � ∂A_{i1i2 ...ir}

∂x^j � Dx^j Dx^{i1} Dx^{i2} . . . Dx^{ir} + 1 r! A_{i1 i2 ...ir} � DDx^{i1} Dx^{i2} . . . Dx^{ir} − Dx^{i1} DDx^{i2} Dx^{i3} . . . Dx^{ir}

+ . . . + (−1)^{r−1}Dx^{i1} Dx^{i2} . . . DDx^{ir} � . (4.225)

The torsion maps two vectors into a third one and so can also be written as a tensor

T = T^t_{rs}ϑ_t ⊗ ϑ^r ⊗ ϑ^s. (4.226)

The other possibility is to describe the torsion with a scalar-valued function of a bivector, i.e. a 2-form T^t(ab) = ι̇_{ab}T^t according to a^rb^sT^t_{rs}ϑ_t = T^t(ab)ϑ_t. (4.227)

It is then easy to see with (4.224) that the torsion 2-form can be written as

T^t = � Γ^t_{rs} − 1 2 C^t_{sr} � ϑ^rϑ^s. (4.228)

With the Cartan 1-form ω^t_r this can also be written as

T^t = dϑ^t + ω^t_rϑ^r, (4.229)

which is the second Cartan structure equation, and applying the exterior differentiation on both sides of (4.229) gives the second Bianchi-identity

dT^t + ω^t_rT^r = R^t_rϑ^r. (4.230)

4.6 Rotor Groups and Bivector Algebras

Following [34] it is now straightforward to translate the theory of Lie groups and Lie algebras into a superanalytic language. Starting point is the fact that an orthogonal transformation can be decomposed into several reflections. A reflection of a vector x at a plane with normal unit-vector u can be written as −u∗_C x∗_C u^{−1∗C} . The u form under the Clifford star product the group P in(p, q) if one has a metric with (p, q)-signature. An element U ∈ P in(p, q) is a multivector with U ∗_C U = ±1. The multivectors of even Grassmann grade are closed under the Clifford star product and form the subgroup Spin(p, q), which is a double covering of SO(p, q). An element S ∈ Spin(p, q) fulfills S ∗_C S = ±1 and a transformation S ∗_C x ∗_C S^{−1∗C} gives again a vector-valued result. The elements R ∈ Spin(p, q) with R ∗_C R = +1 are called rotors and form the rotor group Spin^+(p, q), which in the euclidian case is equal to the spin-group. For a rotor one has R^{−1∗C} = R, so that a multivector A transforms as R ∗_C A ∗_C R.

A rotor can be written as a starexponential of a bivector. This can be seen if one considers a path R(t) in the rotor group manifold. Differentiating x(t) = R(t) ∗_C x_0 ∗_C R(t) one obtains d dt x(t) = Ṙ(t) ∗_C x_0 ∗_C R(t) + R(t) ∗_C x_0 ∗_C Ṙ(t) (4.231)

= Ṙ(t) ∗_C R(t) ∗_C x(t) − x(t) ∗_C Ṙ(t) ∗_C R(t), (4.232)

where one uses Ṙ(t) ∗_C R(t) + R(t) ∗_C Ṙ(t) = 0, (4.233)

which follows from differentiating R(t) ∗_C R(t) = 1. Since the left hand side of (4.231) is vector-valued the right hand side Ṙ(t) ∗_C R(t) ∗_C x(t) − x(t) ∗_C Ṙ(t) ∗_C R(t) has to be vector-valued too, so that Ṙ(t) ∗_C R(t) has to be a bivector^1_2 B(t). With this bivector (4.233) can be written as a defining equation for the rotor, i.e.

Ṙ(t) = −R(t) ∗_C Ṙ(t) ∗_C R(t) = 1 2

B(t) ∗_C R(t). (4.234)

It is now easy to see that the bivector B is independent of t. This is because one has on the one hand d dt R(t + u) = 1 2

B(t + u) ∗_C R(t + u) (4.235)

and on the other hand d dt � R(t) ∗_C R(u) � = 1 2

B(t) ∗_C R(t) ∗_C R(u) =

1 2

B(t) ∗_C R(t + u), (4.236)

so that B(t + u) = B(t) is actually independent of t and (4.234) can be integrated to

R(t) = e^{t2 B}_{∗C} . (4.237)

This result is only true in the euclidian case where the rotor group manifold is connected. In general a rotor can be written as R(t) = ±e^{t2 B}_{∗C} . (4.238) On the other hand it is also easy to show that the transformation with the above constructed rotor conserves the vector-grade, i.e.

x(t) = e^{t2 B}_{∗C} ∗_C x_0 ∗_C e^{− t2 B}_{∗C} (4.239) is vector-valued. If one considers the derivatives of x(t): d dt x(t) = e^{t2 B}_{∗C} ∗_C (B · x_0) ∗_C e^{− t2 B}_{∗C} , (4.240)

d^2 dt^2 x(t) = e^{t2 B}_{∗C} ∗_C �

B · (B · x_0)

� ∗_C e^{− t2 B}_{∗C} (4.241) and so on, x(t) can be written as

x(t) = x_0 + t(B · x_0) + 1 2! t^2 �

B · (B · x_0)

� + · · · , (4.242)

which is vector-valued.

As a simple example one can consider the rotation in a two dimensional vector space with vectors x = x^1σ_1 + x^2σ_2. The bivector B = σ_1σ_2 generates the rotation given by

x^′ = R(t) ∗_C x ∗_C R(t) = e^{t2 B}_{∗C} ∗_C x ∗_C e^{− t2 B}_{∗C} = (x^1 cos t + x^2 sin t)σ_1 + (x^2 cos t − x^1 sin t)σ_2. (4.243)

This means that the bivector σ_1σ_2 generates a right rotation, i.e. a rotation in the mathematically negative direction, whereas the bivector σ_2σ_1 = −σ_1σ_2 generates a left rotation, i.e. a rotation in the mathematically positive direction.

The bivector basis B_i of a rotor constitutes an algebra under the commutator product

B_i × B_j = C^k_{ij} B_k, (4.244)

where the C^k_{ij} are the structure constants (note that one has here an additional factor^1_2 due to the definition of the commutator product). Furthermore one can directly calculate

κ_{ij} = B_i · B_j , (4.245)

which is (proportional to) the Killing metric. Note that here no detour over the adjoint matrix representation of the algebra elements has to be made to define the Killing metric. As an example one can consider the group SO(3). Given a three dimensional euclidian space with basis vectors σ_i the rotor is given by

R = R_0 + R_1σ_2σ_3 + R_2σ_3σ_1 + R_3σ_1σ_2, (4.246)

with R ∗_C R = R^2_0 + R^2_1 + R^2 + R^2_3 = 1, so that the rotor can also be parametrized with three parameters α, θ and φ as^1:

R(α, θ, φ) = cos α cos θ + sin α cos φσ_2σ_3 + sin α sin φσ_3σ_1 + cos α sin θσ_1σ_2. (4.247)

The three basis bivectors B_1 = σ_2σ_3, B_2 = σ_3σ_1 and B_3 = σ_1σ_2 fulfill

B_i × B_j = −ε_{ijk} B_k and κ_{ij} = B_i · B_j = −δ_{ij} . (4.248)

It is easy to see that the group vector manifold, which for SO(3) is an S^3 embedded in a four dimensional euclidian space with basis vectors τ_a, can be read off from (4.247) as

r_R(α, θ, φ) = cos α cos θ τ_1 + sin α cos φ τ_2 + sin α sin φ τ_3 + cos α sin θ τ_4. (4.249)

On this group vector manifold one can apply the formalism described in the last section and calculate the coordinate basis ξ_1 = ∂_αr_R, ξ_2 = ∂_θr_R, ξ_3 = ∂_φr_R and the coordinate metric g_{ij} = ξ_i · ξ_j .

The rotors act on themselves by left- and right-translation. A left-translation with a rotor R^′ is given by ℓ_R′ R = R^′ ∗_C R and on the group vector manifold by ℓ_R′ r_R = r_R′_{∗C R}. The left-translation induces a map T_Rℓ_R′ between the tangent spaces at r_R and r_R′_{∗C R}. A vector field a(r_R) on the group vector manifold is

1In general R ∗_C R is not as in the above case a scalar but a multivector, so that R ∗_C R = 1 gives not one but several conditions on the R_i. This insures that the degrees of freedom in the even multivector R correspond to the number of linear independent bivectors, which constitute the group algebra.

Note further that the parametrization in α, θ and φ is much easier than the parametrization in t_i that follows if one rewrites with the Baker-Campbell-Hausdorff formula the rotor R = e^{12 (t1} σ_1 σ_2+t_2 σ_3σ_1 +t_3σ_2 σ_3) ∗C in the from of (4.246).

left-invariant if T_Rℓ_R′ a(r_R) = a(r_R′_{∗C R}). Left-invariant vector fields on the group vector manifold can be obtained if one considers the multivector fields on the rotors given by B^{left}_i (R) = R ∗_C B_i. For two rotors R and R^′ one has B^{left}_i (R^′ ∗_C R) = R^′ ∗_C B^{left}_i (R). (4.250)

Just as to each rotor R in the σ_a-space corresponds a vector r_R in the τ_a-space there is also for each multivector field B^{left}_i (R) in the σ_a-space a left invariant vector field ϑ_Bleft_{i (R)}(r_R) ≡ ϑ_i in the τ_a-space. These vector fields are closed under the Jacobi-Lie-bracket, i.e. they form a Lie subalgebra of all vector fields on r_R and they form a non-coordinate basis on r_R. For the SO(3)-case one has for example

ϑ_Bleft_{i (R)} · ϑ_Bleft_{j (R)} = δ_{ij} and � ϑ_Bleft_{i (R)}, ϑ_Bleft_{j (R)} � JLB = ε_{ijk} ϑ_Bleft_{k (R)}. (4.251)

The multivector fields B^{left}_i (R) are uniquely defined by the bivectors at R = 1 and the corresponding leftinvariant vector fields are uniquely defined by their value in r_{R=1}. In the SO(3)-example the tangent space at r_{R=1}(0, 0, 0) = τ_1 is spanned by the vectors ϑ_{Bi} = τ_{i+1} and constitutes the so(3) algebra in the τ_a-space, where the commutator product in the bivector algebra corresponds here in the so(3)-case to the vector cross product on the ϑ_{Bi} -space, i.e. one has an algebra anti-homomorphism between the algebra of left-invariant vector fields and the bivector algebra^2 ϑ_{Bi×Bj} = −ϑ_{Bi} × ϑ_{Bj} . (4.252)

To each basis-bivector B_i of the bivector algebra a two form Θ^i can be found so that ι̇_{Bi} Θ^j = B_i · Θ^j = δ^j_i and to the two-forms Θ^i correspond then in the τ_a-space one forms ϑ^{Θi} ≡ ϑ^i that generalize to reciprocal non-coordinate basis vector fields on r_R, which clearly obey the Maurer-Cartan equation (4.175). For a r-form A^{(r)} on the group vector manifold that is vector-valued in the σ_a-space one can then in analogy to (4.143) define the BRST-operator s as � ϑ_1ϑ_2 . . . ϑ_{r+1} � · sA^{(r)} = r+1� n=1 (−1)^{n+1}B_n · � ϑ_1 . . . ϑ̌_n . . . ϑ_{r+1} � · A^{(r)} �

+ � m<n (−1)^{m+n} � [ϑ_m, ϑ_n]_{JLB} ϑ_1 . . . ϑ̌_m . . . ϑ̌_n . . . ϑ_{r+1} � · A^{(r)}. (4.253)

Note that the first scalar product on the right hand side is the scalar product in the σ_a-space and the second scalar product is the scalar product in the τ_a-space. The s-operator has then the form (see for example [5] and the references therein):

s = ϑ^iB_i + 1 2 C^k_{ij} ϑ^j ϑ^i ∂ ∂ϑ^k

. (4.254)

Combining a left-translation with R^′ and a right-translation with R^′ gives R^′ ∗_C R∗_C R^′, which is an inner automorphism on the rotors. The derivative at the identity is the adjoint representation, i.e. the adjoint action of the rotor group on the bivector algebra is given by [34]

Ad_RB = R ∗_C B ∗_C R, (4.255)

where B = b^iB_i is a general element of the bivector algebra, to which corresponds a vector b = b^iϑ_{Bi} in the ϑ_{Bi} -space. Ad_R is a bivector algebra homomorphism, i.e.

Ad_R(A × B) = Ad_RA × Ad_RB (4.256)

2For an arbitrary algebra one can analogously define a generalized vector cross product with the structure constants C^k_{ij} instead of ε^k_{ij} .

and a left action, i.e.

Ad_{R∗C R}′ = Ad_RAd_R′ . (4.257)

For all elements R of the rotor group the adjoint action (4.255) constitutes the adjoint bivector orbit of B, to which in the ϑ_{Bi} -space corresponds an orbit vector manifold. In the SO(3)-case the adjoint action (4.255) leaves |B|^2 =

�_3 i=1(b^i)^2 = |b|^2 invariant, so that the adjoint orbit vector manifold is an S^2.

Let now A be an element of the bivector algebra and consider the rotor R(t) = e^{t2 A}_{∗C} . The adjoint action of this one-parameter rotor subgroup gives a curve in the bivector orbit and the derivative at t = 0 is

ad_AB = d dt � � �_{t=0} R(t) ∗^C B ∗^C R(t) = A × B. (4.258)

In the ϑ_{Bi} -space the vector ϑ_{A×B} is the tangent vector in direction ϑ_A to the orbit vector manifold in the point ϑ_B, i.e. ϑ_{A×B} generates the adjoint action corresponding to A. It is also possible to define the coadjoint action Ad^∗_R of the rotor group on a two form Θ by

B · Ad^∗_RΘ = Ad_RB · Θ, (4.259)

which is the right action Ad^∗_RΘ = R ∗_C Θ ∗_C R. The coadjoint left action is given by Ad^∗_RΘ. Infinitesimally one has B · ad^∗_A Θ = ad_AB · Θ, or ad^∗_A Θ = Θ × A. In the SO(3)-case the rotor acts on an euclidian space where the basis vectors and the reciprocal basis vectors are actually the same, so that B_i = Θ^i and there is no difference between the adjoint and the coadjoint action.

In the above discussion the rotor R acts intrinsically from the left on a vector space. But more generally a rotor in an ambient space can also act from the left on a vector manifold x(x^i) by x^′ = R ∗_C x ∗_C R if x^′ is again a point in the vector manifold. The left-action of the rotor R(t) = e^{t2 B}_{∗C} induces on the vector manifold x(x^i) the vector field^3 d dt � � � t=0 R(t) ∗_C x ∗_C R(t) = B · x. (4.260)

If on the other hand a tangent vector field a(x) on the vector manifold is given that can be expressed as a(x) = B · x, for a constant bivector B in the ambient space, then the flow x(t) generated by a(x) is due to a rotor action. Furthermore one has an algebra anti-homomorphism between the bivector algebra in the ambient space and the induced vector fields on the vector manifold, given by

[A · x, B · x]_{JLB} = −(A × B) · x. (4.261)

This relation can be proved by direct calculation. For bivectors A = A^{bc}σ_bσ_c and B = B^{ef} σ_eσ_f in the ambient space spanned by the basis vectors σ_a the right hand side of (4.261) gives:

(A × B) · x = x^aA^{bc}B^{ef} (η_{ce}σ_bσ_f + η_{bf} σ_cσ_e − η_{cf} σ_bσ_e − η_{be}σ_cσ_f ) · σ_a = 4x^aA^{bc}B^{ef} η_{ae}η_{bf} σ_c − 4x^aA^{bc}B^{ef} η_{ab}η_{ec}σ_f . (4.262)

The vector field induced by the bivector A can be expanded in the coordinate basis on the vector manifold, i.e.:

A · x = 2x_bA^{cb}σ_c = a^iξ_i = a^iξ^c_i σ_c, (4.263)

so that the corresponding coefficients are a^i = 2x_bA^{cb}ξ^i_c and similarly for the vector field induced by the

3The corresponding right-action x^′ = R(t) ∗_C x ∗_C R(t) induces the vector field −B · x = x · B.

bivector B one has the coefficients b^i = 2x_eB^{f e}ξ^i_f . The left hand side of (4.261) gives then

[A · x, B · x]_{JLB} = � 2x_bA^{cb}ξ^i_c∂_i(2x_eB^{f e}ξ^j_f ) − 2x_eB^{f e}ξ^i_f ∂_i(2x_bA^{cb}ξ^j_c ) � ξ^a_j σ_a (4.264)

= 4A^{bc}B^{ef} � x_bη_{eh}ξ^i_c∂_i(x^hξ^j_f ) − x_eη_{bh}ξ^i_f ∂_i(x^hξ^j_c ) � ξ^a_j σ_a (4.265)

= 4A^{bc}B^{ef} � x_bη_{ec}δ^a_f + x_bx_eΓ^a_{cf} − x_eη_{bf} δ^a_c − x_bx_eΓ^a_{f c} � σ_a (4.266)

= 4x^aA^{bc}B^{ef} η_{ab}η_{ef} σ_f − 4x^aA^{bc}B^{ef} η_{ae}η_{bf} σ_c (4.267)

which is up to a sign the same result as the right hand side (4.262).

The rotor in the ambient space acts not only on the vectors x of the vector manifold, but in the same way also on tangent vectors a at the manifold which are vectors in the ambient space too. The transformation of x and a in the ambient space of the vector manifold induce a transformation in the tangent bundle. The tangent bundle manifold can be seen as a 2d-dimensional vector manifold in a (2d + 2)-dimensional ambient space with basis vectors σ_a and τ_a, i.e. as

(x + a)(x^i, a^i) = x^a(x^i)σ_a + a^j ξ^a_j (x^i)τ_a. (4.268)

Analogously one can define multivector bundles, for example a bivector bundle manifold has the form

(x + B)(x^i, B^{jk} ) = x^a(x^i)σ_a + B^{jk} ξ^a_j (x^i)ξ^b_k (x^i)τ_aτ_b. (4.269)

The tangential lift of the rotor action is given by R ∗_C x ∗_C R + R ∗_C a ∗_C R, where the rotor acts on the τ_a-space in the same way as on the σ_a-space. In the case of a flat vector manifold the tangent bundle is just a 2d-dimensional vector space and the rotor acts separately and intrinsically on both subspaces. Instead of two rotors that act separately on the σ_a and τ_a spaces one can consider also a lifted rotor with a bivector

B_{lifted} that is the sum of the two single bivectors, so that one can write R_{lifted} ∗_C (x + a) ∗_C R_{lifted}. If one

describes the tangent vector in a reciprocal ambient space, i.e. as a one-form α the cotangent bundle has the form (x + α)(x^i, α_i) = x^a(x^i)σ_a + α_iξ^i_a(x^i)τ^a (4.270)

and the corresponding cotangent lift is given by R ∗_C x ∗_C R + R ∗_C α ∗_C R or R_{lifted} ∗_C (x + α) ∗_C R_{lifted}.

In order to construct unitary transformations [36] one can consider a 2d-dimensional space with basis vectors α_i and β_i for i = 1, . . . , d. The two subspaces spanned by α_i and β_i should have the same metric, i.e. α_i · α_j = β_i · β_j and α_i · β_j = 0. On this space one can define the bivector

J = d� i=1 α_iβ_i = d� i=1

J_i, (4.271)

which connects the two subspaces according to

α_i · J = β_i and β_i · J = −α_i, (4.272)

so that one has (α_i · J) · J = −α_i and (β_i · J) · J = −β_i (4.273)

or in general for a vector x = a^iα_i + b^iβ_i one has (x · J) · J = −x. The 2n-dimensional vector x corresponds to an n-dimensional complex vector with components

x^k = x · α_k + i x · β_k = a^k + i b^k. (4.274)

The complex internal product can then be written as

⟨x|y⟩ = x^ky_k = (x · α^k + i x · β^k)(y · α_k − i y · β_k) = x · y + i(xy) · J. (4.275)

A unitary transformation generated by the rotor R leaves the above complex product invariant, i.e. ⟨x|y⟩ = ⟨R ∗_C x ∗_C R|R ∗_C y ∗_C R⟩. This means that on the one hand the scalar product x · y has to be invariant and on the other hand the more restrictive condition that

(xy) · J = � (R ∗_C x ∗_C R)(R ∗_C y ∗_C R) � · J = (xy) · (R ∗_C J ∗_C R), (4.276)

which means that J = R ∗_C J ∗_C R is the defining relation for the unitary rotor and with the ansatz R = e^{B/2}_{∗C} one obtains the defining relation for the bivector B

B × J = 0. (4.277)

A bivector that fulfills this equation can easily be found if one considers that � (x · J)(y · J) � × J = −(xy) × J, (4.278)

so that B has the form

B = xy + (x · J)(y · J). (4.279)

Putting in this formula the basis vectors for x and y one obtains the d^2 basis bivectors of the u(d)-algebra:

E_{ij} = α_iα_j + β_iβ_j , F_{ij} = α_iβ_j − β_iα_j and J_i = α_iβ_i (4.280)

for i < j = 1, . . . , d. It is easy to show that these basis bivectors form a closed algebra under the commutator product. The bivector J is part of the u(d)-algebra, if one excludes this generator of a global phase one obtains the su(d)-algebra. For example the bivector basis of su(2) is given by

B_1 = α_1α_2 + β_1β_2, B_2 = α_1β_2 − β_1α_2 and B_3 = α_1β_1 − α_2β_2 (4.281)

and it is easy to see that these bivectors fulfill the same commutator-product algebra as the so(3) basis bivectors.

In order to describe Gl(n) one proceeds similarly to the unitary case. One considers a 2n-dimensional space spanned by the basis vectors α_i and β_i for i = 1, . . . , n, but now the sign of the metric in the spaces spanned by α_i and β_i is opposite, i.e. the Clifford star product is given by

∗_C = exp � η_{ij}

⃗

∂ ∂α_i ⃗∂ ∂α_j

− η_{ij}

⃗

∂ ∂β_i ⃗∂ ∂β_j � , (4.282)

so that α_i · α_j = η_{ij} , β_i · β_j = −η_{ij} and α_i · β_j = 0. On this space one defines

K = α_iβ^i, (4.283)

which relates the two subspaces according to

α_i · K = −β_i and β_i · K = −α_i, (4.284)

or in general for a vector x = a^iα_i + b^iβ_i one has (x · K) · K = x. While J generates a complex structure, K generates a 0-structure, i.e. one can decompose a vector x according to x = 1 2 � x + x · K � + 1 2 � x − x · K � = x_+ + x_−, (4.285)

so that x_+ · x_+ = x_− · x_− = 0. One has then two subspaces V_+ and V_− that are defined by

x_+ · K = x_+ and x_− · K = x_−. (4.286)

A Gl(n)-transformation now transforms a vector in V_+ into another vector in V_+, i.e.

(R ∗_C x_+ ∗_C R) · K = R ∗_C x_+ ∗_C R, (4.287)

which can be written as x_+ = x_+ · (R ∗_C K ∗_C R) (4.288) or K = R ∗_C K ∗_C R. With the same argumentation as above one can see that a bivector generator must have the form

B = xy − (x · K)(y · K), (4.289)

note the different sign compared with (4.279). The n^2 basis bivectors of gl(n) are then

E_{ij} = α_iα_j − β_iβ_j , F_{ij} = α_iβ_j − β_iα_j and K_i = α_iβ_i (4.290)

for i < j = 1, . . . , n. It is here also easy to show that these bivectors form a closed algebra under the commutator product. Note that the doubling of the dimension is here necessary to have sufficient degrees of freedoms for the bivector algebra. In the case of an orthogonal group this is not necessary, so that the generating bivectors live directly in the space on which the transformation acts.

What is actually happening in the Gl(n)-case is that one performs a transformation of the variables of the vector x = a^iα_i + b^iβ_i into variables q^i, p^i, η_i and ρ_i according to

x_+ = 1 2 � x + x · K � = 1 2 (a^i − b^i)(α_i − β_i) ≡ q^iη_i (4.291)

x_− = 1 2 � x − x · K � = 1 2 (a^i + b^i)(α_i + β_i) ≡ p^iρ_i. (4.292)

It is then straightforward to transform the star product (4.282) and the generators (4.290) into these new variables. For the star product one obtains

∗_C = exp � η_{ij} 2 �

⃗

∂ ∂η_i ⃗∂ ∂ρ_j +

⃗

∂ ∂ρ_i ⃗∂ ∂η_j � , (4.293)

which is a fermionic version of the Moyal product

∗_M = exp � iℏ 2 η^{ij} �

⃗

∂ ∂q^i ⃗∂ ∂p^j −

⃗

∂ ∂p^i ⃗∂ ∂q^j � . (4.294)

This suggests that the vector x = q^iη_i + p^iρ_i can not only be transformed with a fermionic star exponential as described above, but can also be transformed in the bosonic coefficients with a bosonic star exponential according to [3]

e^{αij M ij}

∗_M ∗M q

k ∗_M e^{−αij M ij}

∗_M = q

k + α_{ij} � M^{ij} , q^k � ∗_M + 1 2! α_{ij} α_{lm} � M^{lm}, � M^{ij} , q^k � ∗_M � ∗_M + . . . , (4.295)

where [f, g]_{∗M} = f ∗_M g − g ∗_M f is the star-commutator. In analogy to the fermionic case one can now demand that for a Gl(n) transformation the q^k have to be a linear combination of the q^i alone and no terms in p^i should appear. This means that � M^{ij} , q^k � ∗_M must be a function of the q

i alone. This is achieved if one chooses the bosonic generators

E^{ij} = q^ip^j + q^j p^i, F^{ij} = q^ip^j − q^j p^i, and K^i = q^ip^i, (4.296)

which form a closed algebra under the Moyal star-commutator.

4.7 Spinors

It is now also possible to describe spinors in the language of geometric algebra [55]. To this purpose one notices that multivectors of even grade play a special role in the Clifford algebra Cℓ_{p,q} because they form the subalgebra Cℓ^+_{p,q}, which is isomorphic to a geometric algebra of smaller dimension: Cℓ^+_{p,q} ≃ Cℓ_{q,p−1} ≃ Cℓ_{p,q−1}. (4.297) As shown in the discussion of the complex numbers to each d = (p + q)-dimensional vector x corresponds an element of the even subalgebra, which is called a paravector and can be obtained according to x = x ∗_C u, (4.298) where u is a unit vector. While x as a grade-one quantity is invariant under the involution x = x, the paravector is invariant under the hermitian conjugate x^† ≡ u ∗_C x ∗_C u = u ∗_C u ∗_C x ∗_C u = x ∗_C u = x. (4.299) The transformation under a passive rotation is given for a vector by x^′ = R ∗_C x ∗_C R, (4.300) where R = e^{Bφ/2}_{∗C} is an element of the group Spin_+(p, q). The paravector transforms oppsitely to (4.300) as x^′ = R ∗_C x ∗_C R^† = R ∗_C x ∗_C R ∗_C u = x^′ ∗_C u. (4.301) Besides the vectors and paravectors that transform as in (4.300) and (4.301) there are also multivectors ψ called spinors that transform according to ψ^′ = R ∗_C ψ. (4.302) In the vector case the product x ∗_C x = |x|^2 is invariant under rotation, in the paravector case the product x ∗_C x = |x|^2 and in the spinor case the product ψ^′ ∗_C ψ^′ = ψ ∗_C R ∗_C R ∗_C ψ = ψ ∗_C ψ. (4.303) The spinor ψ can obviously be represented by the even multivectors of Cℓ^+_{p,q}.

In two euclidian dimensions the relation of vectors, paravectors and spinors simplify due to the fact that in two dimensions a vector transforms as x^′ = R_{φ/2} ∗_C x ∗_C R_{φ/2} = R_φ ∗_C x. (4.304) A paravector transforms then according to x^′ = R_{φ/2} ∗_C x ∗_C R^†_{φ/2} = R_{φ/2} ∗_C x ∗_C R_{φ/2} ∗_C u = R_φ ∗_C x ∗_C u = R_φ ∗_C x , (4.305) i.e. in two dimensions the paravectors as even multivectors of maximal grade two and spinors as general even multivectors are the same and they both correspond to complex numbers as discussed above. Furthermore the hermitian conjugate and the involution are the same in two dimensions, for example if u = σ_2 one has for an even multivector U in two dimensions U^† = σ_2 ∗_C U ∗_C σ_2 = σ_2 ∗_C (U_1 + U_2σ_1σ_2) ∗_C σ_2 = U_1 + U_2σ_2σ_1 = U. (4.306) In three euclidian dimensions the relation (4.304) is no longer valid, so that here paravectors and spinors have a different transformation behavior and so cannot be identified. But in three dimensions the maximal even grade is two, so that here paravectors and spinors are both multivectors with maximal grade two and are related according to x = ψ ∗_C ψ^†. (4.307) This becomes obvious if one considers the transformation of the paravector:

x^′ = R ∗_C ψ ∗_C ψ^† ∗_C R^† = R ∗_C ψ ∗_C u ∗_C ψ ∗_C R ∗_C u = ψ^′ ∗_C ψ^{′†}, (4.308)

with ψ^{′†} = (R ∗_C ψ)^† = u ∗_C ψ ∗_C R ∗_C u. The Pauli spinor can therefore be represented in three dimensions as ψ = ψ^0 + ψ^kB_k = (ψ^0 + ψ^3B_3) + (ψ^2 + ψ^1B_3) ∗_C B_2, (4.309) which is isomorphic to a quaternion. The representation (4.309) shows that B_3 = σ_1σ_2 plays the role of the unitary unit i and the even multivector ψ corresponds in the conventional formalism to the spinor

ψ̂ = � ψ^0 + iψ^3 −ψ^2 + iψ^1 � . (4.310)

From (4.310) and (4.309) one has the following correspondences

ψ̂_+ = � 1 0 � ↔ ψ_+ = 1 and ψ̂_− = � 0 1 � ↔ ψ_− = σ_1σ_3 (4.311)

and the ∗-eigenvalue equation can be written as:

σ̂_3ψ̂_± = ±ψ̂_± ↔ σ_3 ∗_C ψ_± ∗_C σ_3 = ±ψ_±. (4.312)

It is clear that a spinor in geometric algebra is a rotor that is not normalized, i.e. ψ = |ψ|R with |ψ|^2 = (ψ^0)^2+(ψ^1)^2+(ψ^2)^2+(ψ^3)^2. Furthermore in the star product formalism the hermitian product ⟨ψ̂, ϕ̂⟩_H = ψ̂^†ϕ̂ can be written as

⟨ψ, ϕ⟩_H = 1 2 � ψ ∗_C ϕ − B_3 ∗_C ψ ∗_C ϕ ∗_C B_3 � = ψ ∗_C ϕ + � ψ ∗_C ϕ � × B_3 � ∗_C B_3 (4.313)

and ψ̂^†σ̂^kψ̂ can be written as ⟨ψ ∗_C σ_3 ∗_C ψ ∗_C σ_k⟩_0.

In order to describe Dirac spinors in geometric algebra one has to go over to the four dimensional spacetime. Geometric algebra in the Minkowski space is called space-time algebra Cℓ_{1,3}. The space-time basis vectors are γ_0, γ_1, γ_2 and γ_3 and the Clifford star product is

F ∗_C G = F exp � η_{μν}

⃗

∂ ∂γ_μ ⃗∂ ∂γ_ν � G, (4.314)

so that γ_μ · γ_ν = 1 2 � γ_μ ∗_C γ_ν + γ_ν ∗_C γ_μ � = η_{μν} , (4.315)

or {γ_μ, γ_ν }_{∗C} = 2η_{μν} . A space-time vector is then given by x = x^μγ_μ and a general space-time multivector has the form A = A_{(0)} + A^μ_{(1)}γ_μ + A^{μν}_{(2)}γ_μγ_ν + A^{μνρ}_{(3)} γ_μγ_ν γ_ρ + A_{(4)}γ_0γ_1γ_2γ_3. (4.316)

Just as in the three dimensional case it is now possible to define with a timelike vector u, i.e. u^{2∗C} = 1, a paravector x = x ∗_C u and a hermitian conjugation A^† = u ∗_C A ∗_C u. The choice of u defines a space-time split and the easiest choice is u = γ_0, so that the paravector is given by

x = x ∗_C γ_0 = x · γ_0 + xγ_0 = x^0 + x = t + x^iγ_iγ_0. (4.317)

One should note that x = xγ_0 = x^iγ_iγ_0 is a space-time bivector, but corresponds to a space vector. This is due to the fact that the two-blades γ_iγ_0 behave in space-time like the σ_i in space:

σ_i ∗_C σ_j = I_{(3)} ∗_C σ_k ^= γ_j γ_i = I_{(4)} ∗_C γ_kγ_0 for cyclic i, j, k, (4.318)

σ_i · σ_j = 1 2 (σ_i ∗_C σ_j + σ_j ∗_C σ_i) ^= 1 2 � γ_iγ_0 ∗_C γ_j γ_0 + γ_j γ_0 ∗_C γ_iγ_0 � = δ_{ij} , (4.319)

I_{(3)} = σ_1 ∗_C σ_2 ∗_C σ_3 ^= γ_1γ_0 ∗_C γ_2γ_0 ∗_C γ_3γ_0 = γ_0γ_1γ_2γ_3 = I_{(4)}, (4.320)

where on the left hand side the three dimensional euclidian Clifford star product and on the right hand side the four dimensional Clifford star product (4.314) is used.

The Dirac spinor Ψ is now a general element of Cℓ^+_{1,3}, which can be written with two Pauli spinors ψ_I , ψ_{II} and using σ_i ^=γ_iγ_0 as

Ψ = ψ_I + ψ_{II} ∗_C γ_3γ_0 (4.321) = (ψ^0_I + ψ^1_I σ_2 ∗_C σ_3 + ψ^2_I σ_3 ∗_C σ_1 + ψ^3_I σ_1 ∗_C σ_3)

+(ψ^0_{II} + ψ^1_{II} σ_2 ∗_C σ_3 + ψ^2_{II} σ_3 ∗_C σ_1 + ψ^3_{II} σ_1 ∗_C σ_3) ∗_C γ_3γ_0 (4.322) ^= ψ^0_I − ψ^1_I γ_2γ_3 − ψ^2_I γ_3γ_1 − ψ^3_I γ_1γ_2 + ψ^0_{II} γ_3γ_0 + ψ^1_{II} γ_2γ_0 − ψ^2_{II} γ_1γ_0 + ψ^3_{II} γ_0γ_1γ_2γ_3 (4.323) = Ψ_1 + Ψ^†_2 ∗_C γ_1γ_3 − (Ψ_3 + Ψ_4 ∗_C γ_1γ_3) ∗_C γ_0γ_3. (4.324)

The Ψ_μ are the “complex” components of the four-spinor, where the role of the unitary unit i is played here by the two-blade γ_2γ_1, so that Ψ_μ = Ψ_{μ,Re} + Ψ_{μ,Im}γ_2γ_1. The even multivector Ψ corresponds then to the four spinor

Ψ̂ = � � � � Ψ_{1,Re} + iΨ_{1,Im} Ψ_{2,Re} + iΨ_{2,Im} Ψ_{3,Re} + iΨ_{3,Im} Ψ_{4,Re} + iΨ_{4,Im}

� � � � . (4.325)

The hermitian product ⟨Ψ̂, Φ̂⟩_H = Ψ̂^†γ̂_0Φ̂ can in the formalism of geometric algebra be written as

⟨Ψ, Φ⟩_H = Ψ^†_1 ∗_C Φ_1 + Ψ^†_2 ∗_C Φ_2 − Ψ^†_3 ∗_C Φ − Ψ^†_3 ∗_C Φ_3 − Ψ^†_4 ∗_C Φ_4. (4.326)

Furthermore all bilinear covariants can be translated in this language, as examples only the scalar ⟨Ψ ∗_C Ψ⟩_0 and the vector observable J = Ψ ∗_C γ_0 ∗_C Ψ should be mentioned.

4.8 Symplectic Vector Manifolds

A symplectic vector space can be considered as a 2d-dimensional euclidian space with vectors

z = z^aζ_a = q^mη_m + p^mρ_m, (4.327)

where a = 1, . . . , 2d and m = 1, . . . , d, and a closed two form Ω = 1 2 Ω_{ab}ζ^aζ^b = d� m=1 η^mρ^m = d� m=1 dq^mdp^m, (4.328)

where Ω_{ab} is a non-degenerate, antisymmetric matrix [91]. The euclidian metric on the vector space defines a scalar product and a relation between vectors and one forms. The two form Ω gives now an additional possibility to establish such structures, i.e. one can define the symplectic scalar product as

z ·_{Sy} w ≡ ι̇_{zw}Ω = (wz) · Ω = z · (Ω · w) = z^aΩ_{ab}w^b (4.329) and furthermore one can map with Ω a vector in a one form according to z^♭ = ι̇_zΩ = z · Ω, so that z ·_{Sy} w = −z · w^♭ (the other possibility to define ♭ used for example in [73] is Ω · x = −x · Ω). The inverse map of a one form into a vector can be described with the bivector

J =

1 2 J^{ab}ζ_aζ_b = 1 2 2d� a,b=1

Ω_{ab}ζ_aζ_b = d� m=1 η_mρ_m, (4.330)

so that the vector corresponding to a one form ω is given by ω^♮ = J · ω. The map ♮ should be inverse to ♭, from which follows that J^{ab} = (Ω^{−1}_{ab} )^T = Ω^{ba}. Especially for the nabla operator ∇ = d = ζ^{a ∂}_{∂za} one has

d^♮ = d� m=1 � η_m ∂ ∂p^m

− ρ_m ∂ ∂q^m � , (4.331)

so that for example the Hamilton equations can be written as

ż = d^♮H, (4.332)

or explicitly

(q̇^mη_m + ṗ^mρ_m) = J · � η^m ∂H ∂q^m

+ ρ^m ∂H ∂p^m � = d� m=1 � −ρ_m ∂H ∂q^m

+ η_m ∂H ∂p^m � . (4.333)

Furthermore the Poisson bracket can be written as

{F, G}_{P B} = F

⃗ d ·_{Sy} ⃗d G = J^{ab} ∂F ∂x^a ∂G ∂x^b

. (4.334)

The bivector J plays the role of the compatible complex structure to Ω [91], because one has

(z · J) ·_{Sy} (w · J) = z ·_{Sy} w and z ·_{Sy} (w · J) > 0 ∀z ≠ 0. (4.335)

Furthermore one has J · J = −1, (z · J) · J = −z and the symplectic scalar product can be written as z ·_{Sy} w = (z · J) · w. A metric space with a two form Ω and a compatible complex structure is a Kähler space.

A symplectic vector manifold is an even-dimensional vector manifold x(x^i) with a closed two form Ω(x) =^1_2 Ω_{ij} ξ^iξ^j , i.e.

∂_iΩ_{jk} + ∂_j Ω_{ki} + ∂_kΩ_{ij} = 0. (4.336)

The tangent spaces at the symplectic vector manifold are symplectic vector spaces. A vector field z(x) on a symplectic vector manifold is symplectic if z^♭ is closed, i.e. if d(z · Ω) = 0. Symplectic vector fields conserve the symplectic structure, i.e. L_zΩ = dι̇_zΩ = 0 and they form an algebra under the Jacobi-Lie bracket, i.e. for two symplectic vector fields z(x) and w(x) one has d � [z, w]_{JLB} · Ω � = 0. If z^♭ is not only closed but also exact, the vector field is called hamiltonian. According to the Poincaré lemma every closed form is locally exact, so that a symplectic vector field is locally hamiltonian. This means for a local (global) hamiltonian vector field h_H exists locally (globally) a function H so that

h_H · Ω = dH, (4.337)

which in the coordinate basis reads h_H = d^♮H = J^{ij} (∂_j H)ξ_i. (4.338)

The Lie-bracket of two symplectic vector fields z(x) and w(x) is always a hamiltonian vector field with hamiltonian (zw) · Ω, i.e. h_{(zw)·Ω} = [z, w]_{JLB} or [z, w]_{JLB} · Ω = d((zw) · Ω). (4.339) This follows easily using L_zΩ = L_wΩ = 0 and dΩ = 0:

[z, w]_{JLB} · Ω = L_zι̇_wΩ − ι̇_wL_zΩ (4.340) = (dι̇_z + ι̇_zd)ι̇_wΩ (4.341) = d � (zw) · Ω � + ι̇_z (dι̇_w + ι̇_wd)Ω (4.342) = d � (zw) · Ω � + ι̇_z L_wΩ (4.343) = d � (zw) · Ω � . (4.344) With a hamiltonian vector field the Poisson bracket can then be written as L_{hH} F = h_H · dF = {F, H}_{P B} , (4.345) or, using (4.337) in this equation, as {F, G}_{P B} = ι̇_{hF hG} Ω = (h_Gh_F ) · Ω. (4.346) It is easy to see that the hamiltonian vector fields form a Lie subalgebra of the symplectic vector fields with [h_F , h_G]_{JLB} = −h_{{F,G}P B} . (4.347) Given a symplectic vector field z that preserves the Hamilton function H, i.e. L_zΩ = Ω and L_zH = 0, then this symplectic vector field z can be written locally as a hamiltonian vector field h_F with L_{hF} H = h_F · dH = {F, H}_{P B} = 0, (4.348) which shows that F is a conserved quantity. This is Noethers theorem for the symplectic case.

The metric g_{ij} (x) on the vector manifold is induced by the ambient space and so exists naturally on the vector manifold. It was used in the above discussion just to contract vector fields and forms with the scalar product. The metric can also be used to define a compatible almost complex structure. This is a bivector field J(x), that maps via the scalar product a tangent vector into another tangent vector. If the structures g_{ij} (x), J(x) and Ω(x) are compatible the metric scalar product of two tangent vectors z and w in a point x can be written as z · w = z ·_{Sy} (w · J) (4.349) and the symplectic product can be written as z ·_{Sy} w = (z · J) · w. (4.350) A vector manifold with these three compatible structures is a Kähler vector manifold.

Symplectic manifolds of special physical interest are cotangent bundles, for which the symplectic twoform is globally exact. The cotangent bundle of a d-dimensional euclidian vector space is a 2d-dimensional euclidian vector space with elements q + π = q^mη_m + p_mρ^m. On this vector space one can define with a vector a + ω = a^mη_m + ω_mρ^m a canonical one form θ(q + π) by (a + ω) · θ(q + π) = a^mp_m, (4.351) so that θ = p_mη^m = p_mdq^m, where the nabla operator is given by ∇ = d = η^{m ∂}_{∂qm} + ρ_m^∂_{∂pm} . The symplectic two form on the cotangent bundle can then be obtained as Ω = −dθ = η^mρ_m = dq^mdp_m. (4.352)

The above definitions generalize readily to the case of a cotangent bundle of a d-dimensional vector manifold. In a (2d + 2)-dimensional ambient vector space with basis vectors σ_a and τ^a the cotangent bundle can be described as the 2d-dimensional vector manifold (q +π)(q^i, p_j ) = q^a(q^i)σ_a +p_j ξ^j_a(q^i)τ^a, with tangent vectors a + ω = a^iξ^a_i σ_a + ω_iξ^i_aτ^a at this bundle vector manifold. With a projection operator T π_q defined as

T π_q(a + ω) = T π_q(a) = a^iξ^a_i τ_a, (4.353)

which is the tangent function of the projection π_q (q + π) = q, one can write (4.351) as

(a + ω) · θ(q + π) = T π_q(a + ω) · π, (4.354)

so that θ = p_iξ^i = p_idq^i.

The special feature of a cotangent bundle manifold, namely that the symplectic two form Ω is globally exact, i.e. Ω = −dθ, allows to define globally the Liouville vector field l by

l · Ω = −θ, (4.355)

which in local coordinates is given by l = p_iξ^i_aτ^a, while the directional derivative is l · d = p_i^∂_{∂pi} . The Liouville vector field fulfills L_lθ = θ and L_lΩ = Ω. (4.356) This follows easily with the Cartan formula:

L_lθ = ι̇_ldθ + dι̇_lθ = −ι̇_lΩ = θ (4.357)

and applying d on both sides one obtains d(L_lθ) = dθ, which is equivalent to L_lΩ = Ω. The Liouville vector field can then be used to measure the order of a scalar function on the cotangent bundle that is polynomial in the fibres. Such a scalar function of order k has the form

f(q^i, p_i) = 1 k! f^{i1 ...ik} (q^i)p_{i1} . . . p_{ik} (4.358)

so that acting with the directional derivative in direction of the Liouville vector field on f(q^i, p_i) gives l · df = L_lf = kf. Scalar valued functions that are polynomial in the fibres can be obtained with an isomorphism P from tensors T = T^{i1,...,ik} (q^i)ξ_{i1} ⊗ . . . ⊗ ξ_{ik} on the base space according to

P(T) = 1 k! T^{i1,...,ik} (q^i)p_{i1} . . . p_{ik} . (4.359)

A tangent vector field a = a^j (q^i)ξ_j on the configuration space q(q^i) is then mapped into a scalar function on the cotangent bundle that is linear in the fibres:

P(a) = P(a^j (q^i)ξ_j ) = a^j (q^i)p_j . (4.360)

The scalar function P(a) is the so-called momentum of a and P is the universal momentum map of the cotangent bundle T^∗Q. Furthermore one has

P([a, b]_{JLB} ) = P � a^i ∂ ∂q^i b^j − b^i ∂ ∂q^i a^j � ξ_j � (4.361) = � a^i ∂ ∂q^i b^j − b^i ∂ ∂q^i a^j � p_j (4.362)

= −{a^j p_j , b^ip_i}_{P B} (4.363) = −{P(a), P(b)}_{P B} . (4.364)

In the discussion so far the symplectic structure was defined via a two form. The metric on the vector manifold that is induced from the ambient space was then used to contract vectors and forms. But this contraction is actually independent of the metric. So a metric structure is actually not necessary to define a symplectic structure. In the case of a cotangent bundle it suffices to use the natural duality on this space. This duality can also be described with a star product, for example on the cotangent bundle of a vector space one can define F ∗_D G = F exp �

⃗

∂ ∂η_a ⃗∂ ∂ρ^a � G, (4.365)

so that (4.351) reads ι̇_{a+ω} θ(q + π) = ι̇_aπ = ⟨a ∗_D π⟩_0 = a ·_D π and further ι̇_{(a+ω)(b+χ)}Ω = a ·_D χ − b ·_D ω, which can easily be generalized to manifolds [90]. The other possibility is to define a symplectic star product, by using Ω_{ij} instead of the metric η_{ij} in the fermionic star product. On a 2d-dimensional vector space the symplectic star product in Darboux coordinates is given by

F ∗_{Sy} G = F exp � Ω_{ab}

⃗

∂ ∂ζ_a ⃗∂ ∂ζ_b � G = F exp

�_d � m=1 �

⃗

∂ ∂η_m ⃗∂ ∂ρ_m −

⃗

∂ ∂ρ_m ⃗∂ ∂η_m � G. (4.366)

On a 2d-dimensional vector manifold the tangent space can also be spanned by Darboux basis vectors η_m = η^i_mξ_i and ρ_m = ρ^i_mξ_i so that one has analogously

F ∗_{Sy} G = F exp � Ω_{ij}

⃗

∂ ∂ξ_i ⃗∂ ∂ξ_j � G = F exp

�_d � m=1 �

⃗

∂ ∂η_m ⃗∂ ∂ρ_m −

⃗

∂ ∂ρ_m ⃗∂ ∂η_m � G. (4.367)

The indices are now lowered and raised with Ω_{ij} , i.e. for a tangent vector a = a^iξ_i one has a_i = Ω_{ij} a^j and ξ^i = Ω^{ij} ξ_j , where Ω_{ij} Ω^{jk} = δ^k_i . The relations ♭ and ♮ between vectors and one forms can then be written as

a^♭ = a^iΩ_{ij} ξ^j = (Ω^T_{ji}a^i)ξ^j , (4.368) ω^♮ = ω_iΩ^{ij} ξ_j = (Ω^{ji T} ω_i)ξ_j = J^{ji}ω_iξ_j . (4.369) Furthermore it follows for the scalar products that

ξ_i ·_{Sy} ξ_j = Ω_{ij} , ξ^i ·_{Sy} ξ_j = −ξ_j ·_{Sy} ξ^i = δ^i_j and ξ^i ·_{Sy} ξ^j = −Ω^{ij} = J^{ij} . (4.370) If one establishes the symplectic structure with the symplectic star product and not with a metric star product and a two form, the contraction of vectors and one forms has to be defined with the symplectic scalar product ξ_i ·_{Sy} ξ^j = −δ^j_i . This leads to a different sign structure compared with the case of a metric star product, for example instead of (4.337) one has for a hamiltonian vector field on a vector space with a symplectic star product h_H ·_{Sy} Ω = −dH (4.371) and since a ·_{Sy} ∂ = −a · ∂ there is no minus sign on the right side of (4.347). So these two sign conventions correspond to the usage of an metric or a symplectic star product on the vector space.

4.9 Poisson Vector Manifolds

A vector manifold M with a bivector J(x) =^1_2 J^{ij} ξ_iξ_j and J^{ij} ∂_iJ^{kl} + J^{ik} ∂_iJ^{lj} + J^{il}∂_iJ^{jk} = 0 (4.372) is a Poisson vector manifold, where (4.372) can also be expressed with (4.90) as [J, J]_{SNB} = 0. (4.373)

The bivector J defines as discussed above a map from T^∗xM to TxM by α^♮ = J·α = J^{ij} α_j ξ_i, where α = α_iξ^i is an element of T^∗xM. Especially the hamiltonian vector field (4.338) can be written as

h_H = ι̇_{dH} J = J · dH. (4.374)

The Poisson bracket is then given by

{F, G}_{P B} = ι̇_{dF dG}J = (dGdF ) · J, (4.375)

where (4.372) insures the Jacobi-identity of the Poisson bracket. With the Poisson bracket the hamiltonian vector field h_H can be defined for all scalar functions F as

h_H · dF = {F, H}_{P B}. (4.376)

Equating (4.346) and (4.375) shows how Ω and J determine each other:

(h_Gh_F ) · Ω = (dGdF ) · J. (4.377)

Since a Poisson manifold can be odd-dimensional the hamiltonian vector fields in general do not span the tangent space of the Poisson manifold. This suggests to define the range ran(J(x)) of J(x) as the span of all tangent vectors that can be expressed as α^♮ = J · α for a one form α ∈ T^∗xM. The range of J(x) is also the span of all hamiltonian vector fields at x. The dimension of ran(J(x)) is the rank of the Poisson manifold in x and equal to the rank of the matrix J^{ij} , which is an even number because of the anti-symmetry of J^{ij} . The even-dimensional vector space ran(J(x)) is then the tangent space of a symplectic leaf in the point x. The symplectic leaf is a submanifold of the Poisson manifold, which follows from the Frobenius theorem, that states that a system of vector fields on a manifold is integrable iff it is in involution and rank-invariant. Equation (4.347) shows that the hamiltonian vector fields are in involution and they are rank-invariant because they conserve the Poisson bivector and so especially also the rank, i.e. for all functions H one has

L_{hH} J = 0. (4.378)

The Poisson manifold is then foliated by symplectic leafs. Only when the rank of a Poisson manifold M is everywhere equal to dim(M) the Poisson manifold itself is a symplectic manifold.

The formalism developed so far can now directly be generalized to multivectors, which leads to Poisson calculus (see [107] and the references therein). The r-vector that corresponds to an r-form is given by � A^{(r)}

�_♮ = 1 r! J^{k1 i1} . . . J^{kr ii} A_{i1 ...ir} ξ_{k1} . . . ξ_{kr} (4.379)

and in analogy to (4.141) one has ι̇_A(r) B_{(s)} = A^{(r)} · B_{(s)}, so that

α_1 . . . α_r · � A^{(r)}

�_♮

= (−1)^rα^♮_1 . . . α^♮_r · A^{(r)}. (4.380)

It is then also possible to define a Poisson bracket for one forms by

{α, β}_{P B} = L_α♮ β − L_β♮ α + d � (βα) · J � , (4.381)

so that {α, β}^♮_{P B} = � α^♮, β^♮ � JLB. With this Poisson bracket one can further define an exterior differential d̃ in analogy to (4.143) as

(α_1α_2 . . . α_{r+1}) · d̃A_{(r)} = r+1� n=1 (−1)^{n+1}(α^♮_n · ∂) � α_1 . . . α̌_n . . . α_{r+1} � · A_{(r)} + � m<n (−1)^{m+n} � {α_m, α_n}_{P B} α_1 . . . α̌_m . . . α̌_n . . . α_{r+1} � · A_{(r)}, (4.382) which can also be written as d̃A_{(r)} = �

J, A_{(r)}

� SNB .

The easiest nonconstant Poisson tensor fulfilling (4.372) is a linear tensor

J^{ij} (x) = C^{ij}_k x^k, (4.383)

where the antisymmetry of J^{ij} and (4.372) ensure that the C^{ij}_k are structure constants of a Lie algebra. The corresponding Poisson bracket is the so called Lie-Poisson bracket

{F, G}_{LP B} = C^{ij}_k x^k∂_iF ∂_j G. (4.384)

The fundamental example is the Lie-Poisson structure on g^∗. To this purpose one considers the bivector space spanned by the basis bivectors B_i with bivector algebra (4.244) and its reciprocal basis with two forms Θ^i, i.e. B_i · Θ^j = δ^j_i . For scalar-valued functions F and G of general two forms Θ = θ_iΘ^i a Lie-Poisson bracket is given by

{F, G}_{LP B} (Θ) = C^k_{ij} θ_k ∂F ∂θ_i ∂G ∂θ_j

= (dF × dG) · Θ, (4.385)

where d is the exterior differential in the bivector basis: d = B_i^∂_{∂θi} . In the SO(3)-case, where Θ^i = B_i the Lie-Poisson bracket can be written as

{F, G}_{LP B} (B) = B · � (I_{(3)} ∗_C d)F × (I_{(3)} ∗_C d)G � = B · (dF × dG) . (4.386)

The symplectic leaves induced by the symplectic foliation with the Lie-Poisson bracket on g^∗ are the orbits of the coadjoint action of the corresponding group G on g^∗. This can be seen if one considers a scalar linear function H(Θ) = B · Θ = b^iθ_i on g^∗ with dH = B. For the Lie-Poisson bracket one has then for any scalar function F on g^∗:

{F, H}_{LP B}(Θ) = (dF × dH) · Θ = −(B × dF ) · Θ = −(ad_BdF ) · Θ = −dF · ad^∗_B Θ. (4.387)

On the other hand one can define in analogy to (4.376) the hamiltonian bivector field h_H of the Hamilton function H(Θ) as

h_H (Θ) · dF = {F, H}_{LP B} (Θ) = (dF × dH) · Θ = −ad^∗_B Θ · dF, (4.388)

so that h_H (Θ) = −ad^∗_B Θ = −ad^∗_{dH} Θ. This means that the hamiltonian bivector fields h_H that span the tangent space of the symplectic leaf are, up to a sign, the generators of the coadjoint action determined by

B. If Θ varies now over the coadjoint orbit one can define a skew-symmetric bilinear form on the orbit by

Ω_Θ(ad^∗_A Θ, ad^∗_B Θ) = A × B · Θ, (4.389)

which defines on the coadjoint orbit a symplectic structure, that is the restriction of the Lie-Poisson bracket to the orbit [90]. Ω_Θ can be seen as a generalized antisymmetric tensor of the form (4.193) that maps two bivectors into a scalar.

The next step is to investigate the hamiltonian action of a rotor group on a Poisson vector manifold. The scalar functions P_1, . . . , P_r on the Poisson manifold M generate a hamiltonian action of a Lie group G on M if their Poisson brackets satisfy {P_i, P_j }_{P B} = −C^k_{ij} P_k , (4.390)

where the C^k_{ij} are the structure constants of the Lie algebra g of G. The corresponding hamiltonian vector field h_{Pi} satisfy then with (4.347) � h_{Pi} , h_{Pj} � JLB = C^k_{ij} h_{Pk} (4.391)

and therefore generate a local action of G on M. The quotient manifold M/G inherits a Poisson structure from M. Functions F̃, H̃ on M/G correspond to G-invariant functions F, H on M, i.e. functions with h_{Pi} · dF = {F, P_i}_{P B} = 0 for i = 1, . . . , r. The Poisson bracket {F̃, H̃}^{M/G}_{P B} on M/G corresponds then to the G-invariant function {F, H}_{P B} on M. The so defined Poisson bracket on M/G fulfills clearly the defining relations for a Poisson bracket, so that it remains to show that the Poisson bracket {F, H}_{P B} of two G-invariant functions on M is again a G-invariant function. But this is just a consequence of the Jacobi-identity:

{{F, H}_{P B}, P_i}_{P B} = {{F, P_i}_{P B} , H}_{P B} + {F, {H, P_i}_{P B} }_{P B} = 0. (4.392)

If there is a hamiltonian system on M where each of the P_i is a first integral, i.e. {P_i, H}_{P B} = 0 for i = 1, . . . , r, one says that G is a hamiltonian symmetry group. The Hamiltonian H is then a G-invariant function and there exists a reduced hamiltonian system on M/G with Hamiltonian H̃ whose solutions are the projections of the solutions of the system on M.

If the hamiltonian action is given by a rotor group the aim is to find the Hamilton function P_B of the vector field B · x, that is induced according to (4.260) by the rotor left-action with bivector B, i.e.

h_{PB} = B · x. (4.393)

Since h_{PB} · dH = {H, P_B}_{P B} , it is possible to write the defining relation for P_B as

{H, P_B}_{P B} = (B · x) · dH, (4.394)

for all scalar functions H. P_B is defined by (4.393) only up to a function G with h_G = 0, so that h_{PB+G} = h_{PB} . Furthermore one has for two bivectors A and B with (4.347) and (4.261)

h_{{PA ,PB}P B} = h_{PA×B} . (4.395)

While in the symplectic case a symplectic vector field is always locally hamiltonian, in the Poisson case an infinitesimal Poisson automorphism is in general not locally hamiltonian. This means that if the rotor left-action is canonical, i.e. L_{B·x}J = 0, there does not exist in general a function P_B, so that (4.393) is fulfilled. The additional condition that B · x is also hamiltonian can be expressed with the momentum map. A momentum map is here a two form Π(x) with

ι̇_BΠ = B · Π = P_B. (4.396)

So if the hamiltonian vector field h_{PB} corresponding to the function P_B = B · Π is the same as the vector field

B · x induced by the rotor left-action, i.e. if one has h_{B·Π} = (J · d) · (B · Π) = B · x, then Π is a momentum map.

If a momentum map of a rotor action exists and H is a Hamilton function that is invariant under the rotor action, then equation (4.394) reduces to {H, P_B}_{P B} = 0 and the momentum map is a constant of the motion described by H. This follows because {H, P_B}_{P B} = 0 means that P_B is constant along the hamiltonian flow of H, which must then also be true for the left hand side of (4.396), i.e. for Π, because B is constant. This is the Noether theorem in the Poisson case.

If on the other hand a hamiltonian action of a rotor group with r bivector generators on a Poisson vector manifold is given, there are scalar functions P_{B1} , . . . , P_{Br} on the Poisson manifold that generate the hamiltonian action. The momentum map is then

Π(x) = P_{Bi} (x)Θ^i. (4.397)

A momentum map Π(x) that is determined by a hamiltonian group action is equivariant, i.e. it respects the rotor left-action on the vector manifold:

Π(R ∗_C x ∗_C R) = R ∗_C Π(x) ∗_C R, (4.398)

which can also be written more precisely as

Ad_RB · Π(R ∗_C x ∗_C R) ≡ P_{AdRB}(R ∗_C x ∗_C R) = P_B(x) ≡ B · Π(x) (4.399)

To see that the momentum map (4.397) is equivariant, it suffices to show the infinitesimal version of (4.398) � h_{PBj} · d � P_{Bi} Θ^i = B_j × Π (4.400) {P_{Bi} , P_{Bj} }_{P B} Θ^i = P_{Bi} B_j × Θ^i (4.401) −C^k_{ij} P_{Bk} Θ^i = P_{Bi} C^i_{jk} Θ^k. (4.402)

Infinitesimal equivariance [90] implies that

P_{A×B} = {P_A, P_B}_{P B} . (4.403)

In this case momentum maps are Poisson maps, i.e. for scalar-valued functions F and G on g^∗ one has

{F, G}_{LP B} (Π(x)) = {F (Π(x)), G(Π(x))}_{P B} . (4.404)

To prove this one shows that the left hand side of (4.404) can be written as

{F, G}_{LP B} (Π(x)) = dF × dG · Π(x) = P_{dF ×dG} = {P_{dF} , P_{dG}}_{P B} , (4.405)

where one uses in the last step infinitesimal equivariance. The right hand side of (4.404) gives the same result:

{F (Π(x)), G(Π(x))}_{P B} = J^{ij} ∂_iF (Π(x))∂_j G(Π(x)) = J^{ij} ∂_iP_{dF} ∂_j P_{dG} = {P_{dF} , P_{dG}}_{P B} , (4.406)

using ∂_iF (Π(x)) = dF · ∂_iΠ(x) = ∂_i �

dF · Π(x)

� = ∂_iP_{dF} . (4.407) A special case for a momentum map is the momentum map of the cotangent lift of a rotor action on a vector manifold q = q^a(q^i)σ_a. In order to find this momentum map one first states that it is possible to find for a tangent vector field a(q) = a^iξ^a_i σ_a a function P_a(q^i, p_i) = P_a(q + π) on the cotangent bundle, which is given with the projection operator (4.353) as:

P_a(q^i, p_i) = T π_q(a) · (q + π) = a^j ξ^a_j τ_a · (q^bσ_b + p_kξ^k_b τ^b) = a^j (q^i)p_j . (4.408)

The other possibility to obtain P_a(q^i, p_i) is to use the universal momentum map (4.359):

P(a) = a^j (q^i)p_j = P_a(q^i, p_i). (4.409)

These functions form an algebra on the cotangent bundle, i.e.

{P_a, P_b}_{P B} =

∂P_a ∂q^i

∂P_b ∂p_i − ∂P_b ∂q^i

∂P_a ∂p_i = � ∂a^i ∂q^j b^j −

∂b^i ∂q^j a^j � p_i = −P_{[a,b]JLB} . (4.410)

The rotor action of a rotor R(t) = e^{t2 B}_{∗C} on the vector manifold q induces a flow q(t) = R(t) ∗_C q ∗_C R(t) and a tangential vector field b = B · q. The inverse cotangent lift of this rotor action is

(q + π)(t) = R_{lifted}(−t) ∗_C (q + π) ∗_C R_{lifted}(−t) = R_{lifted}(t) ∗_C (q + π) ∗_C R_{lifted}(t), (4.411)

which induces on the cotangent bundle a tangent vector field b_{lifted} = B_{lifted} · (q + π), where B_{lifted} can be written as B_{lifted} = B + T π_q(B). The vector field b_{lifted} is then the hamiltonian vector field of P_b , i.e. b_{lifted} = h_{Pb} . This can be proved very easily if one considers that the cotangent lift of a rotor action leaves the canonical one-form invariant, i.e.

L_{blifted} θ = 0. (4.412)

Cartan’s magic formula (4.145) gives then

b_{lifted} · Ω = −ι̇_{blifted} dθ = dι̇_{blifted} θ = d(b_{lifted} · θ). (4.413)

On the other hand one has with (4.351) and (4.353)

b_{lifted} · θ(q + π) = T π_q(b_{lifted}) · π = T π_q(b) · π = P_b(q + π). (4.414)

Putting this into (4.413) gives b_{lifted} · Ω = dP_b , (4.415)

which shows that b_{lifted} is the hamiltonian vector field of P_b, so that for a scalar function F (q+π) = F (q^i, p_i)

b_{lifted} · dF (q + π) = ∂ ∂t � � � �_{t=0} F (R^{lifted} ∗^C (q + π) ∗^C R^{lifted}) (4.416) = ∂F ∂q^i

(B · q)^i + ∂F ∂p_i

(T π_q(B) · π)_i = {F, P_b}_{P B} , (4.417)

with^{∂Pb}_{∂pi} = b^i = (B · q)^i and

∂P_b ∂q^i = ∂ ∂q^i

T π_q(B · q) · π = ∂ ∂q^i

T π_q � ∂ ∂t � � �_{t=0} R^{lifted} ∗^C q ∗^C R^{lifted} � · π (4.418)

= T π_q � ∂q ∂q^i � · ∂ ∂t � � � �_{t=0} R^{lifted} ∗^C π ∗^C R^{lifted} = −(T π^q(B) · π)^i. (4.419)

The momentum map of the cotangent lift of a rotor action on the vector manifold q is then given for b = B · q by

B · Π(q + π) = T π_q(B · q) · (q + π) = P(B · q) = P_b(q + π). (4.420)

Moreover this momentum map is also equivariant:

B · Π(R_{lifted} ∗_C (q + π) ∗_C R_{lifted}) = T π_q

�

B · (R ∗_C q ∗_C R)

� · (R_{lifted} ∗_C (q + π) ∗_C R_{lifted}) (4.421) = T π_q(Ad_RB · q) · (q + π) (4.422) = Ad_RB · Π(q + π) (4.423) = B · Ad^∗_RΠ(q + π), (4.424)

using in the second step that

R ∗_C �

B · (R ∗_C q ∗_C R)

� ∗_C R = R ∗_C 1 2 �

B ∗_C R ∗_C q ∗_C R − R ∗_C q ∗_C R ∗_C B

� ∗_C R (4.425)

= (R ∗_C B ∗_C R) · q = Ad_RB · q. (4.426)

A simple example is the action of the rotation group on a three dimensional euclidian vector space with vectors q = q^iη_i for i = 1, 2, 3. The tangent bundle is then a six dimensional euclidian vector space with vectors q + π = q^iη_i + p_iρ^i and a canonical symplectic structure Ω = η^iρ_i. A rotation on the q-space is generated by the bivectors

B_i =

1 2 ε_{ijk} η_j η_k. (4.427)

For example a rotation around the η_3-axis is generated by B_3 = η_1η_2 and the corresponding vector field is b_3 = B_3 · q = q^2η_1 − q^1η_2. The lifted rotation is a rotation that acts in the ρ_i-space just the same way as in the η_i-space, the lifted generator is then B^{lifted}_3 = η_1η_2 + ρ^1ρ^2 and the corresponding lifted vector field is given by b^{lifted}_3 = B^{lifted}_3 · (q + π) = q^2η_1 − q^1η_2 + p_2ρ^1 − p_1ρ^2. (4.428)

The Hamilton function P_{B3} that generates this vector field fulfills b^{lifted}_3 · Ω = dP_{B3} or

p^2η^1 − p^1η^2 − q^2ρ^1 + q^1ρ^2 = η^1

∂P_{B3} ∂q^1

+ η^2

∂P_{B3} ∂q^2

+ ρ_1

∂P_{B3} ∂p_1

+ ρ_2

∂P_{B3} ∂p_2

, (4.429)

which is solved by the angular momentum function. The angular momentum functions P_{Bi} = ε^k_{ij} q^j p_k are the generators of the active rotations, that rotate the q^i as well as the p_i coefficients. They form the algebra {P_{Bi} , P_{Bj} }_{P B} = ε_{ijk} P_{Bk} , so that there is a hamiltonian action of the rotations on the six dimensional symplectic space. The momentum map Π(q^i, p_i) = P_{Bj} (q^i, p_i)Θ^j is just the angular momentum bivector

L = qp and connects the generators of the active and passive rotations.

Another simple example is the circle action of S^1 on S^2 [91]. The two-dimensional sphere x(θ, φ) = sin θ cos φσ_1 + sin θ sin φσ_2 + cos θσ_3 is a symplectic vector manifold with the symplectic two form

Ω = x^1σ^2σ^3 + x^2σ^3σ^1 + x^3σ^1σ^2 � �_{S2} = sin θξ^θξ^φ, (4.430)

which is the volume form on the S^2. A left rotation around the σ_3-axis is generated by B = −σ_1σ_2 and induces on S^2 the vector field

B · x = sin θ cos φσ_2 − sin θ sin φσ_1 = ∂_φx = ξ_φ. (4.431)

The Hamilton function P_B that generates this vector field fulfills according to (4.337) the equation ξ_φ · Ω = dP_B, or − sin θξ^θ = ξ^φ∂_φP_B + ξ^θ∂_θP_B, (4.432)

which is solved by P_B = cos θ = x^3.

As a third example one can consider a four dimensional symplectic vector space with vectors x = a^1α_1 +a^2α_2 +b^1β_1 +b^2β_2 and symplectic two form Ω = α^1β^1 +α^2β^2. The Lie group that acts symplectically on the four dimensional vector space is the SU(2) with bivector generators B_i given in (4.281). The action of this group has an equivariant momentum map defined by

P_B = B · Π(x) = 1 2 � x(B · x) � · Ω. (4.433)

That this is an momentum map follows with � x(B · y) � · Ω = � y(B · x) � · Ω from

y · dP_B(x) = 1 2 � y(B · x) � · Ω + 1 2 � x(B · y) � · Ω = � y(B · x) � · Ω, (4.434)

so that dP_B = h_{PB} · Ω. The momentum map Π(x) = P_{Bi} (x)Θ^i can be calculated with

B · Π(x) = B^iP_{Bi} = 1 2 � x(B · x) � · Ω. (4.435)

One obtains

P_{B1} (x) = a^2b^1 − a^1b^2, (4.436) P_{B2} (x) = a^1a^2 + b^1b^2, (4.437) P_{B3} (x) = (a^1)^2 − (a^2)^2 + (b^1)^2 − (b^2)^2. (4.438)

Restricting x now on an S^3, i.e. (a^1)^2 + (a^2)^2 + (b^1)^2 + (b^2)^2 = 1, one has |Π(x)|_S3 | = 1/2. This means that the momentum map maps an S^3 in the x-space onto a two dimensional sphere with radius 1/2 in the

B_i-space. Π(x)|_S3 is the Hopf fibration.

Applying now the concepts discussed so far to the cotangent space of a group manifold T^∗G, which is a vector manifold with vectors r + ϑ, one arrives at the Lie-Poisson reduction [90]. As seen above the rotors act on the group vector manifold with a left translation ℓ_R which induces the tangential maps T ℓ_R and T^∗ℓ_R. A scalar function F (r + ϑ) = F (R, Ṙ) on T^∗G is left invariant if F ∘ T^∗ℓ_R = F . Such left invariant functions can be identified with reduced functions on g, i.e. F (r + ϑ) = F (R, Ṙ) = F (1, R ∗_C Ṙ) = f(Θ), where R ∗_C Ṙ is an element of the bivector algebra that can also be expressed in the dual basis. This reduction can now be described with the momentum map Π : T^∗G → g^∗, i.e. F (r + ϑ) = f(Π(r + ϑ)). One has then a Poisson map between the Poisson bracket of left invariant functions on T^∗G and the Lie-Poisson bracket of reduced functions on g^∗. In this way a left invariant Hamilton function on T^∗G induces a Lie-Poisson dynamic on g^∗. This will be explained for the example of the rigid body in the next section.

Chapter 5

Physical Applications for Superanalytic Geometric Algebra

One can now apply the formalism described in the last chapter to physics. It is clear that all the applications in the literature of geometric algebra can immediately be translated into the superanalytic formalism. In addition here the Lie-Poisson and the Euler-Poincaré reduction may be discussed for the rigid rotor. Moreover while the fermionic Clifford star product gives in classical mechanics the geometric structure, it appears then natural to combine the Clifford star product with the bosonic Moyal product in order to obtain a noncommutative version of geometric algebra that describes the quantum case. The consequences of deforming geometric algebra on space, space-time and phase space will be described in the following.

5.1 The Rigid Body

The rigid body is an example where the formalism described above can be shown to work very effectively. If one considers a free rigid body B in a three-dimensional ambient space spanned by the basis vectors σ_a and a body-fixed coordinate system ξ_i(t), a point of the body in the ambient space is given by x(t) = R(t) ∗_C x_B ∗_C R(t), (5.1) where x_B is the vector in the body-fixed system. The velocity is then given by

ẋ = Ṙ ∗_C x_B ∗_C R + R ∗_C x_B ∗_C Ṙ (5.2) = R ∗_C (R ∗_C Ṙ ∗_C x_B − x_B ∗_C R ∗_C Ṙ) ∗_C R (5.3) = Ṙ ∗_C R ∗_C x − x ∗_C Ṙ ∗_C R (5.4) = 2(Ṙ ∗_C R) · x, (5.5)

where one uses R ∗_C R = 1 ⇒ Ṙ ∗_C R + R ∗_C Ṙ = 0. And for the body-fixed velocity one obtains ẋ_B = R ∗_C ẋ ∗_C R = 2(R ∗_C Ṙ) · x_B. (5.6) On the other hand one has ẋ = ω × x, where ω is the axial vector of angular velocity. Using that the vector cross product can be written as a × b = −(I_{(3)} ∗_C a) · b this leads to ẋ = −(I_{(3)} ∗_C ω) · x = −W · x, (5.7) where

W = −2Ṙ ∗_C R = I_{(3)} ∗_C ω (5.8) is the angular velocity bivector that generates the rotation. Equation (5.8) can be rewritten to obtain the rotor equation Ṙ = − 1 2

W ∗_C R, (5.9)

which integrates for constant angular velocity to R = e^{− t2 W}_{∗C} . With the angular velocity bivector (5.8) one can also write (5.7) as ẋ = (R ∗_C x_B ∗_C R) · W = R ∗_C (x_B · W_B) ∗_C R, (5.10) where W_B = R ∗_C W ∗_C R = −2R ∗_C Ṙ, so that the rotor equation becomes Ṙ = −^1_2 R ∗_C W_B.

The angular momentum bivector is given by

L =

� d^3x ρ(x) xẋ = � d^3x_B ρ(x_B) (R ∗_C x_B ∗_C R)(R ∗_C (x_B · W_B) ∗_C R) (5.11)

= R ∗_C � d^3x_B ρ(x_B) x_B(x_B · W_B) � ∗_C R = R ∗_C I(W_B) ∗_C R, (5.12)

where the bivector-valued function of a bivector

I(B) =

� d^3x_B ρ(x_B) x_B(x_B · B), (5.13)

corresponds to the inertial tensor. The equation of motion of the free rigid body can be obtained from

0 = L̇ = Ṙ ∗_C I(W_B) ∗_C R + R ∗_C I(W_B) ∗_C Ṙ + R ∗_C I(Ẇ_B) ∗_C R (5.14) = R ∗_C �

I(Ẇ_B) − W_B × I(W_B)

� ∗_C R (5.15)

as I(Ẇ_B)−W_B ×I(W_B) = 0, which are for W_B = I_{(3)} ∗_C ω_B =

�_3

j=1 ω_{Bj} I_{(3)} ∗_C ξ_j and I(B) =

�_3 j=1 I_j B_j I_{(3)} ∗_C ξ_j the Euler equations

I_1ω̇_{B1} − ω_{B2}ω_{B3}(I_2 − I_3) = 0, (5.16) I_2ω̇_{B2} − ω_{B3}ω_{B1}(I_3 − I_1) = 0, (5.17) I_3ω̇_{B3} − ω_{B1}ω_{B2}(I_1 − I_2) = 0, (5.18)

where the I_j are the principal moments of inertia. Alternatively one can also calculate

0 = L̇ = R ∗_C L̇_B ∗_C R + L × W (5.19) = R ∗_C � L̇_B + L_B × W_B � ∗_C R (5.20) = R ∗_C �

I(Ẇ_B) − W_B × I(W_B)

� ∗_C R, (5.21)

where (5.19) should be compared with the corresponding vector equation L̇ = R ∗_C L̇_B ∗_C R + ω × L, where

L = I_{(3)} ∗_C L.

The aim is now to derive the equations of motion in the Lagrange or Hamilton formalism. The kinetic energy of the free rigid body can be written with (5.6) as T = 1 2 � d^3x_B ρ(x_B) |2(R ∗_C Ṙ) · x_B|^2 (5.22) = 1 2 � d^3x_B ρ(x_B) |W_B · x_B|^2 (5.23) = 1 2

W_B · I(W_B) (5.24)

= 1 2

W · L. (5.25)

Equation (5.22) is the left invariant Lagrangian L(R, Ṙ) and (5.24) the reduced Lagrangian l(W_B) of the free rigid body. This means that the dynamics is transferred by (5.1) from the vectors x(t) to the rotors or the generating bivectors, i.e. one considers the dynamics on the rotor group or the bivector algebra respectively.

The question is now how to vary the corresponding Lagrangians. In analogy to the matrix representation [90] one has

δW_B = δ(−2R ∗_C Ṙ) = 2R ∗_C δR ∗_C R ∗_C Ṙ − 2R ∗_C δṘ (5.26) = −R ∗_C δR ∗_C W_B − 2R ∗_C δṘ (5.27)

and defining the bivector B = 2R ∗_C δR so that

Ḃ = W_B ∗_C 1 2

B + 2R ∗_C δṘ, (5.28)

one obtains δW_B = −Ḃ + W_B × B. (5.29) The variation

0 = δl(W_B) = δ � dt 1 2

W_B · I(W_B) =

� dt � d^3x_B ρ(x_B) δW_B · [x_B(x_B · W_B)] (5.30) = � dt I(W_B) · � −Ḃ + W_B × B � (5.31) = � dt �

I(Ẇ_B) + I(W_B) × W_B

� · B, (5.32)

leads then again to the Euler equations, where one uses in (5.30)

W_B · [x_B(x_B · δW_B)] = δW_B · [x_B(x_B · W_B)] (5.33)

and in (5.31) equation (5.29).

The procedure described above is the Euler-Poincaré reduction in the rotor-case. Given is a left invariant rotor Lagrangian L(R, Ṙ) and its reduction to the bivector algebra l(W_B). The variation of L(R, Ṙ) corresponds to the variation of l(W_B) for variations δW_B = −Ḃ + W_B × B, where B is a bivector that vanishes at the endpoints. The Euler-Lagrange equation for the rotor corresponds to the bivector equation d dt δl δW_B

= W_B × δl δW_B

. (5.34)

The Euler-Poincaré reconstruction of the rotor from the bivector W_B can then be done with the rotor equation and in a last step the dynamics x(t) is reobtained by (5.1). The Clifford calculus can also be used to treat the case of a spinning top very elegantly without Euler angles, this is described in [102].

In the Hamilton formalism the analogous construction is called Lie-Poisson reduction and can also be done in the rotor case. The Hamiltonian (5.24) of the free rigid body can be written as H = 1 2 � L^2_{B1} I_1 + L^2_{B2} I_2 + L^2_{B3} I_3 � . (5.35)

With the Lie-Poisson bracket (4.386)

{F, G}_{LP B} (L_B) = L_B · � (I_{(3)} ∗_C ∇F ) × (I_{(3)} ∗_C ∇G) � = L_B · (dF × dG) (5.36)

the Euler equations are obtained by L̇_{Bi} = {L_{Bi}, H}_{LP B}. They preserve the coadjoint orbit, i.e. the Casimir function |L_B|^2 is a constant of motion: {(L^2_{B1} + L^2_{B2} + L^2_{B3}), H}_{LP B} = 0. The conserved quantity that results from the left-invariance is the angular momentum, which follows from the calculation in (5.14) and (5.15).

The procedure described above is the bivector version of the Poincaré equation [72]. In order to derive the Poincaré equation one considers a vector manifold x(q^i) with coordinate basis vectors ξ_i = ∂_ix and non-coordinate basis vectors ϑ_r = ϑ^i_rξ_i. For a scalar-valued function f(q^i(t)) on a trajectory q(t) = x(q^i(t)) one has d dt f = ∂f ∂q^i dq^i dt = q̇^i∂_if, (5.37)

or^d_{dt} = q̇^i∂_i. In the non-coordinate basis the coefficients are s^r = ϑ^r_i q̇^i, so that^d_{dt} = s^r∂_r. The variation of the trajectory q(t) = q(t, u = 0) is given by

δq^i = d du � � � �_{u=0} q^i(t, u) = w^i, (5.38)

where the coefficients in the non-coordinate basis are w^r = ϑ^r_i w^i. So there is a vector s = q̇ that describes the variation along the trajectory and a vector w that describes the orthogonal variation of the trajectory. It is now important that these variations commute, i.e. the operators d dt = s · ∂ = s^r∂_r and d du = w · ∂ = w^r∂_r (5.39)

must commute:

s^r∂_r(w^s∂_s) = w^s∂_s(s^r∂_r) (5.40)

s^rw^s(∂_r∂_s − ∂_s∂_r) = � d du s^t − d dt w^t � ∂_t (5.41)

s^rw^sC^t_{rs}∂_t = � d du s^t − d dt w^t � ∂_t (5.42) d du s^t = d dt w^t + C^t_{rs}s^rw^s, (5.43)

where one uses (4.159) in (5.42). For the vectors s and w one has then d du s = d dt w + [s, w]_{JLB} . (5.44)

This equation can now be used for varying the Lagrange function L(q^i(t, u), s^r(t, u)):

0 = δS =

�_b a dt δL (5.45) = �_b a dt � ∂L ∂q^i

∂q^i ∂u + ∂L ∂s^r � d dt w^r + C^r_{st}s^sw^t � u=0 (5.46) = �_b a dt � ∂_rL + ∂L ∂s^s s^tC^s_{tr} − d dt ∂L ∂s^r � w^r + d dt � ∂L ∂s^r w^r � u=0 , (5.47)

from which the Poincaré equation follows d dt ∂L ∂s^r − ∂L ∂s^s s^tC^s_{tr} = ∂_rL. (5.48)

If the configuration space is a rotor group the Lagrange function is L = L(R, Ṙ) and one has to vary R(t, u). Instead of vectors s and w the variations are described by bivectors

s = 2R ∗_C Ṙ and w = 2R ∗_C δR, (5.49) so that the operators (5.39) are now expressed as^d_{dt} = s · d and^d_{du} = w · d. It follows further that ds du = −2R ∗_C δR ∗_C R ∗_C Ṙ + 2R ∗_C δṘ = − 1 2 w ∗_C s + 2R ∗_C δṘ, (5.50)

dw dt = −2R ∗_C Ṙ ∗_C R ∗_C δR + 2R ∗_C δṘ = − 1 2 s ∗_C w + 2R ∗_C δṘ. (5.51)

Equating the expressions for 2R ∗_C δṘ gives the bivector analog of (5.44): d du s = d dt w + s × w. (5.52)

The variation of the action is now given by

0 = δS =

�_b a dt δL (5.53) = �_b a dt �

w · dL + δL δs · � d dt w + s × w

� u=0 (5.54) = �_b a dt �

w ·

�

dL − d dt δL δs + δL δs × s � + d dt �

w · δL δs � u=0 , (5.55)

so that the bivector version of the Poincaré equation follows d dt δL δs − δL δs × s = dL. (5.56)

In the Hamilton formalism the hamiltonian is given by H(q^i, p_i) = p_jq̇^j (q^i, p_i) − L(q^i, s^r(q^i, q̇^i(q^i, p^i))) and the canonical momentum is p_i =^{∂L}_{∂q̇i} = ϑ^r_i^{∂L}_{∂sr} . The Poincaré equation follows then as d dt ∂L ∂s^r = � ∂L ∂s^r , H � P B = {ϑ^i_rp_i, H}_{P B} (5.57) = ∂ϑ^i_r ∂q^j p_i � q̇^j + p_k

∂q̇^k ∂p_j − ∂L ∂s^t

∂s^t ∂q̇^l

∂q̇^l ∂p_j �

−ϑ^i_r � p_j

∂q̇^j ∂q^i − ∂L ∂q^i − ∂L ∂s^t

∂s^t ∂q^i − ∂L ∂s^t

∂s^t ∂q̇^j

∂q̇^j ∂q^i � (5.58) = ∂ϑ^i_r ∂q^j ϑ^t_iϑ^j_s ∂L ∂s^t s^s + ϑ^i_r ∂L ∂s^t q̇^j

∂ϑ^t_j ∂q^i

+ ϑ^i_r ∂L ∂q^i

(5.59)

= ϑ^t_i � ∂ϑ^i_r ∂q^j ϑ^j_s −

∂ϑ^i_s ∂q^j ϑ^j_r � s^s ∂L ∂s^t

+ ϑ^i_r ∂L ∂q^i

(5.60)

= C^t_{rs}s^s ∂L ∂s^t

+ ∂_rL. (5.61)

The Hamilton equations ż^i = {z^i, H}_{P B} in the bivector case, i.e. for a Hamilton function H(z) with a bivector z = z^iB_i are obtained by using the Lie-Poisson bracket instead of the Poisson bracket. In the so(3)-case the Hamilton equations read then

ż = z × dH = −ad^∗_{dH} z. (5.62)

5.2 Geometric Algebra and the Kepler Problem

As the second example consider the solution of the Kepler problem by spinors [76, 7]. One uses here the fact that the radial position vector r = r_1σ_1 + r_2σ_2 + r_3σ_3 can be written as a rotated and dilated basis vector:

r = U ∗_C σ_1 ∗_C U. (5.63)

The components r_i of r can then be expressed in terms of the components u_i of U = u_1 +u_2σ_2σ_3 +u_3σ_3σ_1 + u_4σ_1σ_2: � � � � r_1 r_2 r_3 0

� � � � = � � � � u_1 u_2 −u_3 −u_4 −u_4 u_3 u_2 −u_1

u_3 u_4 u_1 u_2 −u_2 u_1 −u_4 u_3

� � � � � � � � u_1 u_2 u_3 u_4

� � � � , (5.64)

which is the well known Kustaanheimo-Stiefel transformation [86]. Comparing (5.63) and (5.64) leads to the notational correspondence r = U ∗_C σ_1 ∗_C U ↔ ⃗r = L_{⃗u} ⃗u, (5.65) where ⃗r and ⃗u are four dimensional space vectors considered as tupels of numbers as in the conventional formalism. One should note here that the KS-transformation increases the degrees of freedom by one, which means that the bivector U in (5.63) is not unique [76]. This gauge freedom can be reduced by imposing an additional constraint on U as will be shown below. Squaring (5.65) leads to the relations

U ∗_C U = |U|^2 = r ↔ L_{⃗u}L^T_{⃗u} = ⃗u^2 = r, (5.66)

with r = |r| = |⃗r | = r^2_1 + r^2 + r^2_3 . Differentiating (5.65) with respect to t one obtains the KS-transformation for the velocities as ṙ = U̇ ∗_C σ_1 ∗_C U + U ∗_C σ_1 ∗_C U̇ ↔ ˙⃗r = 2L_{⃗u} ˙⃗u. (5.67) One can then choose for the constraint U̇ ∗_C σ_1 ∗_C U = U ∗_C σ_1 ∗_C U̇ ↔ ṙ_4 = 0, (5.68)

which means that the surplus fourth component r_4 stays zero for all times. With this constraint it is possible to invert the geometric algebra relation (5.67) for U. Implementing (5.68) in (5.67) gives ṙ = 2U̇ ∗_C σ_1 ∗_C U, which can be solved for U̇, so that the inverse relation to (5.67) is

U̇ = 1 2r ṙ ∗_C U ∗_C σ_1 ↔ ˙⃗u = 1 2r L^T_{⃗u} ˙⃗r. (5.69)

By introducing a fictitious time s which is defined as d ds = r d dt , dt ds = r (5.70)

it is then possible to regularize the divergent 1/r-potential so that (5.69) reads^{dU}_{ds} =^1_2 ṙ ∗_C U ∗_C σ_1 or

d^2U ds^2 = 1 2 � r r̈ ∗_C U ∗_C σ_1 + ṙ ∗_C dU ds ∗_C σ_1 � = 1 2 � r̈ ∗_C r + 1 2 ṙ^{2∗C} � ∗_C U. (5.71)

Substituting now the inverse square force mr̈ = −k r r^3

(5.72)

one obtains: d^2U ds^2 = 1 2m � 1 2 mṙ^{2∗C} − k r � ∗_C U = E 2m U, (5.73) which is the equation of motion for a harmonic oscillator. This equation can be solved straightforwardly and much easier than the equation for r. The orbit can then be calculated by (5.63).

The Kepler problem can also be treated in the canonical formalism. For this purpose one first needs the KS-transformation for the momentum. If w =

�_4

n=1 w_nσ_n is the canonical momentum corresponding to u = �_4

n=1 u_nσ_n the KS-transformation is given by p = 1 4r � W ∗_C σ_1 ∗_C U + U ∗_C σ_1 ∗_C W � ↔ ⃗p = 1 2r L_{⃗u} ⃗w, (5.74)

with W = w_1 + w_2σ_2σ_3 + w_3σ_3σ_1 + w_4σ_1σ_2. For p^{2∗C} = p^2_1 + p^2 + p^2_3 one gets with (5.74)

p^{2∗C} = 1 4r |W |^2 − p^2_4, (5.75)

where |W |^2 = W ∗_C W = w^2_1 + w^2 + w^2_3 + w^2_4 and

p_4 = 1 2r (u_1w_2 − u_2w_1 + u_3w_4 − u_4w_3) . (5.76)

Equation (5.75) allows to transform the Hamiltonian into u_i- and w_i-coordinates. This is done in several steps [103]. Starting from the Hamiltonian H =^1_{2m} (p^2_1 + p^2 + p^2_3) −^k_r one first extends the phase space by a q_0- and a p_0-coordinate and forms the homogeneous Hamiltonian as H_1 = H + p_0. This leads for the zero component to two additional Hamilton equations

dq_0 dt = ∂H_1 ∂p_0

= 1 and dp_0 dt = − ∂H_1 ∂q_0 = − ∂H_1 ∂t = − ∂p_0 ∂t , (5.77)

which shows that q_0 corresponds to the time t and p_0 is a constant and corresponds to the negative energy of the system, so that H_1 = H + p_0 = 0 for a conservative force. Since the time is now a coordinate the development of the system has to be described with a different parameter. This development parameter is the fictitious time s that is connected to the time by (5.70). The relation (5.70) can be implemented if one chooses H_2 = rH_1. The Hamilton equations that describe then the development according to s are differential equations with respect to s:

dq_i ds = ∂H_2 ∂p_i and dp_i ds = − ∂H_2 ∂q_i for i = 0, 1, 2, 3. (5.78)

Especially for the zero component one gets^{dq0}_{ds} =^{dt}_{ds} =^{∂H2}_{∂p0} = r which corresponds to (5.70). After having so far regularized the Hamiltonian one can then go over to KS-coordinates and obtains with (5.75)

H_3 = 1 8m � w^2_1 + w^2 + w^2_3 + w^2_4 � − 1 2m rp^2_4 − k − Er. (5.79)

Imposing now the constraint p_4 = 0, which for w_i = mu̇_i is just (5.68), and considering bound states with E < 0 the Hamiltonian is given by

H_4 = 1 8m � w^2_1 + w^2 + w^2_3 + w^2_4 � + |E| � u^2_1 + u^2 + u^2_3 + u^2_4 � − k, (5.80)

which describes a four dimensional harmonic oscillator with fixed energy and frequency ω = (|E|/2m)^{1/2}.

The above discussed transformation of the Kepler problem can now be used to calculate the energy levels of the hydrogen atom. To this purpose one introduces holomorphic coordinates

a_n = 1 √ 2 �√ 4mω u_n + i 1 √ 4mω w_n � (5.81) so that the Hamiltonian H_4 in (5.80) can be written as:

H_4 = ω

�_4 � n=1 a_nā_n � − e^2, (5.82)

where k = e^2. Introducing then holomorphic coordinates for left and right moving quanta

a_{R12} = 1 √ 2 (a_1 − ia_2) , a_{L12} = 1 √ 2 (a_1 + ia_2) and a_{R34} = 1 √ 2 (a_3 − ia_4) , a_{L34} = 1 √ 2 (a_3 + ia_4)

(5.83) the Hamiltonian (5.82) turns into

H_4 = ω (a_{R12}ā_{R12} + a_{L12}ā_{L12} + a_{R34}ā_{R34} + a_{L34}ā_{L34} ) − e^2. (5.84)

One can now quantize this system with the Moyal product. The Moyal star product transforms under the KS-transformation and the above transformations into

∗_M = exp � � 4� n=1 iℏ 2 �

⃗

∂_{un} ⃗∂_{wn} −

⃗

∂_{wn} ⃗∂_{un} � � � = exp � � ℏ 2 � X=R_{12},L_{12},R_{34},L_{34} �

⃗

∂_{aX} ⃗∂_{āX} −

⃗

∂_{āX} ⃗∂_{aX} � � � . (5.85)

The energy levels can then be obtained by the ∗-eigenvalue equation

H_4 ∗_M π^{(M)}_{n1 n2n3 n4} = 0, (5.86)

where π^{(M)}_{n1 n2 n3n4} is the product of four Wigner functions of the one dimensional harmonic oscillator given in (1.118). Eq. (5.86) gives then

e^2 = ℏω (n_{R12} + n_{L12} + n_{R34} + n_{L34} + 2) . (5.87)

To get the energy levels of the hydrogen atom one has to impose the constraint

p_4 = a_{R12}ā_{R12} − a_{L12}ā_{L12} + a_{R34}ā_{R34} − a_{L34}ā_{L34} = 0, (5.88)

which for the energy levels corresponds to n_{R12} −n_{L12} +n_{R34} −n_{L34} = 0 or n_{R12} +n_{R34} = n_{L12} +n_{L34} ≡ n−1. Putting this and ω = � |E|/2m into (5.87) one gets the well known energy levels of the hydrogen atom

E_n = − e^4m 2ℏ 1 n^2

. (5.89)

5.3 Active and Passive Rotations on Space and the Theoretical Prediction of Spin

In the classical case the fermionic Clifford star product gives the geometric structure, while the coefficients are bosonic, commuting scalars. It is then possible to go over to the noncommuting case by demanding that the coefficients have to be multiplied by a bosonic star product. The Moyal and the Clifford star product are then combined to the Moyal-Clifford star product that acts on functions on the phase space that are vector valued on the physical space, it has the form

F ∗_{M C} G = F exp

�_3 � n=1 � iℏ 2 �

⃗

∂_{qn} ⃗∂_{pn} −

⃗

∂_{pn} ⃗∂_{qn} � +

⃗

∂_{σn} ⃗∂_{σn} � G. (5.90)

In section 4.6 it was demonstrated that an arbitrary transformation on a vector space can be represented in a star product formalism by doubling the dimensions, while passive rotations could be described intrinsically without such a doubling. Since here only rotations will be considered the doubled fermionic coodinates do not for reasons of simplicity appear in the above star product. The combination of bosonic and fermionic star products as above was also considered in a different context in [40, 54].

To see the consequences of a Moyal deformation in geometric algebra one can consider as a simple example the Moyal-Clifford product of two vectors in d = 2 dimensions. The deformed generalization of (4.15) can be written as a ∗_{M C} b = (a_1 ∗_M b_2 − a_2 ∗_M b_1)σ_1σ_2 + a_1 ∗_M b_1 + a_2 ∗_M b_2. (5.91) Under the Moyal product the coefficients in general do not commute if they are functions of q_n and p_n. This means that the Moyal-Clifford product of the same vectors a ∗_{M C} a is in general not a scalar, but has also a bivector part. It is this additional bivector part, which appears only for ℏ ≠ 0, that constitutes the spin as a physical observable. This can be seen if one considers the minimal substituted Hamiltonian which is in the formalism of deformed geometric algebra given by: H = 1 2m � (p_1 + eA_1) σ_1 + (p_2 + eA_2) σ_2 + (p_3 + eA_3) σ_3

�_{2∗M C} (5.92) = 1 2m � (p_1 + eA_1)^{2∗M} + (p_2 + eA_2)^{2∗M} + (p_3 + eA_3)^{2∗M} �

+ 1 2m � (p_1 + eA_1) , (p_2 + eA_2) � ∗_M

σ_1σ_2 + 1 2m � (p_1 + eA_1) , (p_3 + eA_3) � ∗_M

σ_1σ_3 + 1 2m � (p_2 + eA_2) , (p_3 + eA_3) � ∗_M

σ_2σ_3. (5.93)

The first three terms H_0 =^1_{2m}

�_3 n=1 (p_n + eA_n)^{2∗M} describe the Landau problem of a charged particle in a magnetic field which can be solved in the star product formalism as described in section 2.5 or [27]. The other three terms that describe the interaction of the spin and the magnetic field only appear because by introducing the bosonic Moyal product the phase space variables no longer commute. If the magnetic field points in σ_3-direction the vector potential is given by A = −^{B3}_2 q_2σ_1 +^{B3}_2 q_1σ_2 and only the first Moyal-commutator in (5.93) contributes:

H_{Spin} =

1 2m � (p_1 + eA_1) , (p_2 + eA_2) � ∗_M

σ_1σ_2 = ℏω 2 σ^3 (5.94)

where ω =^{eB3}_m and σ^3 = −iσ_1σ_2 is a real quaternion, which is constructed according to (4.13) and (2.96). The difference between this calculation and the conventional approach is, that in the conventional formalism the Clifford structure is introduced in an ad hoc manner by inserting Pauli matrices by hand in (5.92). The Pauli matrices describe then the spin and lead analogously to the additional term in the Hamiltonian. This approach, which is also known as the Feynman trick, is actually wrong, because the Pauli matrices are tuple representations of the basis bivectors. But (p + eA) is neither a bivector nor an axial vector, it is a vector and so one has to insert the basis vectors and not the basis bivectors. That the Feynman trick leads nevertheless to a sensible result is due to the fact that there are in three dimensions as many basis vectors as basis bivectors and that they fulfill a similar algebra. In contrast to the tuple formalism in geometric algebra the Clifford structures do not have to be added by hand, they are just the basis vectors that already exist in classical mechanics, but become apparent as physical objects in the quantum case.

The ∗-eigenfunctions of H_{Spin} are π^{(C)}_{±1/2} =^1_2 (1 ∓ iσ_1σ_2), i.e.

H_{Spin} ∗_C π^{(C)}_{±1/2} = ± ℏω 2 π^{(C)}_{±1/2} (5.95)

so that H_{Spin} can be decomposed as

H_{Spin} = ℏω 2 � π^{(C)}_{+1/2} − π^{(C)}_{−1/2} � . (5.96)

The π^{(C)}_{±1/2} are the spin Wigner functions and as such they are projectors:

π^{(C)}_{±1/2} ∗_C π^{(C)}_{±1/2} = π^{(C)}_{±1/2} and π^{(C)}_{+1/2} ∗_C π^{(C)}_{−1/2} = π^{(C)}_{−1/2} ∗_C π^{(C)}_{+1/2} = 0. (5.97)

It is then clear that the ∗-eigenfunctions of the whole Hamiltonian (5.93) are products of the Moyal eigenfunctions of H_0 and the spin Wigner functions π^{(C)}_±

H ∗_{M C} π^{(M)}_n π^{(C)}_{±1/2} = � H_0 + ℏω 2 � π^{(C)}_{+1/2} − π^{(C)}_{−1/2} � � ∗_{M C} π^{(M)}_n π^{(C)}_{±1/2} = � E_n ± ℏω 2 � π^{(M)}_n π^{(C)}_{±1/2}. (5.98)

It is evident that the time development and the expectation values of the spin are calculated just as in section 2.5. While there the construction of the spin term was based on pseudoclassical mechanics, one can see here that the spin does not need to be constructed and added a posteriori, but rather appears naturally by deforming geometric algebra.

The Moyal deformation of geometric algebra gives rise to multivector valued extra terms. Such a multivector is invariant under a combined transformation of the bosonic coefficients and a compensating transformation of the fermionic basis vectors. The bosonic transformation of the coefficients is an active transformations and the fermionic transformation of the basis vectors is a passive transformation. In a tuple formalism this difference can not be made and so active and passive transformations are mixed up with left and right transformation, whereas in a multivector formalism one rather has that an active right transformation corresponds to a passive left transformation and the other way round. To illustrate the concept of active and passive transformations in the star product formalism one can consider rotations in space. In the three dimensional euclidian space with vectors x = x^iσ_i the active rotations [3] are generated by the angular momentum functions L^i = ε^{ijk} x^j p^k, (5.99) which fulfill with the three dimensional Moyal product the active algebra � L^i, L^j � ∗_M = iℏε

ijk L^k. (5.100)

An active left-rotation has then the form

x^′ = U ∗_M x ∗_M U = e^{− iℏ αk Lk}_{∗M} ∗_M x ∗_M e^{iℏ αk Lk}_{∗M} = � R^i_j x^j � σ_i, (5.101)

where the R^i_j is the well known rotation matrix. The corresponding passive rotation [4, 36] is generated by the bivectors

B_i =

1 2 ε_{ijk} σ_j σ_k (5.102)

that fulfill as seen above the passive algebra

B_i × B_j = −ε_{ijk}B_k, (5.103)

so that the passive left-rotation is given by

x^′ = R ∗_C x ∗_C R = e^{− 12 αk Bk}_{∗C} ∗_C x ∗_C e^{12 αk Bk}_{∗C} = x^i � R^j_i σ_j � . (5.104)

It is clear that the above transformations generalize to arbitrary multivectors A(x^i) and that such a multivector is invariant under a composed active and a compensating passive transformation [82]. The generator of such a composed transformation is then the sum of the active and passive generators, so that one has infinitesimally � L^i + 1 2

B_i, A(x^n)

� ∗_{M C} = � L^i, A(x^n) � ∗_M + Bi × A(x

n) = � ε^{ijk} x^j ℏ i ∂ ∂x^k

+ B_i× � A(x^n). (5.105)

In the conventional formalism one states that in quantum mechanics one has to go over from the angular momentum operator L̂_i to the operator Ĵ_i that includes also a Pauli matrix. In geometric algebra this follows from the invariance behavior of multivectors.

In order to establish the relation of the Wigner functions obtained above and the spinors described in section 4.7 one has to notice that the deformation of the three dimensional geometric algebra with the Moyal star product means that one works on the complex even subalgebra Cℓ^+_{0,3}(C). But this subalgebra is isomorph to the full real Clifford algebra Cℓ_{0,3}(R), i.e. Cℓ^+_{0,3}(C) ≃ Cℓ_{0,3}(R), with the substitutions

1 ↔ 1, i ↔ I_{(3)}, σ_iσ_j ↔ σ_iσ_j and − iε_{ijk} σ_j σ_k ↔ σ_i. (5.106)

For the spin hamiltonian and the Wigner functions this means: ℏω 2i σ_1σ_2 ↔ ℏω 2 σ_3 and 1 2 (1 ∓ iσ_1σ_2) ↔ 1 2 (1 ± σ_3) (5.107)

So for π^{(C)}_{±1/2} =^1_2 (1 ± σ_3) and ψ_+ = 1, ψ_− = σ_1σ_3 one has

π^{(C)}_{±1/2} = ψ_± ∗_C π^{(C)}_{+1/2} ∗_C ψ_±, (5.108)

i.e. the spinors relate the two Wigner functions. Furthermore it is possible to relate the ∗-eigenvalue equations:

σ_3 ∗_C ψ_± ∗_C σ_3 = ±ψ_± (5.109)

⇔ σ_3 ∗_C ψ_± ∗_C σ_3 ∗_C 1 2 (1 + σ_3) ∗_C ψ_± = ±ψ_± ∗_C 1 2 (1 + σ_3) ∗_C ψ_± (5.110)

⇔ σ_3 ∗_C π^{(C)}_{±1/2} = ±π^{(C)}_± (5.111) and σ_3 ∗_C π^{(C)}_{±1/2} = ±π^{(C)}_{±1/2} (5.112)

⇔ σ_3 ∗_C ψ_± ∗_C π^{(C)}_{+1/2} ∗_C ψ_± = ±ψ_± ∗_C π^{(C)}_{+1/2} ∗_C ψ_± (5.113) ⇒ (±ψ_± − σ_3 ∗_C ψ_± ∗_C σ_3) ∗_C (1 + σ_3) = 0 (5.114) ⇒ σ_3 ∗_C ψ_± ∗_C σ_3 = ±ψ_±. (5.115)

5.4 Space-Time Algebra and Relativistic Quantum Mechanics

The formalism of space-time algebra can also be used to describe relativistic kinematics. If a particle is moving in the γ_0-system along x(τ), where τ is the proper time, the proper velocity is given by u(τ) = d dτ x(τ), with u^{2∗C} = 1. For the space-time split of the proper velocity one obtains:

u = u ∗_C γ_0 = u · γ_0 + uγ_0 = u_0 + u = d dτ (x(τ) ∗_C γ_0) = d dτ (t + x) = dt dτ + dx dt dt dτ . (5.116)

Comparing the scalar and the bivector part leads to

u_0 = u · γ_0 = dt dτ and u = dx dt = dx dτ dτ dt = uγ_0 u · γ_0

(5.117)

and with 1 = u^{2∗C} = u^2_0(1 − u^{2∗C} ) one has

u_0 = u · γ_0 = 1 √ 1 − u^{2∗C}

= γ. (5.118)

It is now also possible to specify a Lorentz transformation from a coordinate system γ_μ to an in γ_1- direction moving coordinate system γ^′_μ. For the coefficients this transformation is given by t = γ(t^′ + βx^{′1}), x^1 = γ(x^{′1} + βt^′), x^2 = x^{′2}, and x^3 = x^{′3}. The condition x = x^μγ_μ = x^{′μ}γ^′_μ leads then to

γ^′_0 = γ(γ_0 + βγ_1) and γ^′_1 = γ(γ_1 + βγ_0). (5.119)

Introducing the angle α so that β = tanh(α) this can be written as

γ^′_0 = cosh(α)γ_0 + sinh(α)γ_1 = e^{αγ1γ0}_{∗C} ∗_C γ_0, (5.120) γ^′_1 = cosh(α)γ_1 + sinh(α)γ_0 = e^{αγ1γ0}_{∗C} ∗_C γ_1, (5.121)

or with L_1 = e^{αγ1γ0 /2}

∗_C as γ ′ μ = L_1 ∗_C γ_μ ∗_C L_1.

General passive Lorentz transformations as rotations in Minkowski space are generated by the space-time bivectors. In four dimensions one has six bivectors:

B_1 = γ_1γ_0, B_2 = γ_2γ_0, B_3 = γ_3γ_0 (5.122)

and B_4 = I_{(4)} ∗_C B_1 = γ_3γ_2, B_5 = I_{(4)} ∗_C B_2 = γ_1γ_3, B_6 = I_{(4)} ∗_C B_3 = γ_2γ_1, (5.123)

with the pseudoscalar I_{(4)} = γ_0γ_1γ_2γ_3, For these bivectors one has B^{2∗C}_{1,2,3} = 1, B^{2∗C}_{4,5,6} = −1 and

B_i × B_j = −ε_{ijk}(I_{(4)} ∗_C B_k), B_i × (I_{(4)} ∗_C B_j ) = ε_{ijk} B_k, (5.124)

(I_{(4)} ∗_C B_i) × B_j = ε_{ijk} B_k, (I_{(4)} ∗_C B_i) × (I_{(4)} ∗_C B_j ) = ε_{ijk} B_k. (5.125)

In analogy to the tuple formalism one can also write the bivectors as

σ_{μν} =

I_{(4)} 2 ∗_C � γ_μ, γ_ν � ∗_C . (5.126)

The generators for the passive boosts and rotations are

K_i =

1 2 σ_{0i} and L_i = 1 2 � j<k ε_{ijk} σ_{jk} (5.127)

and they satisfy in the case of the nonstandard metric (for the standard metric one has to replace I_{(4)} by −I_{(4)}):

[L_i, L_j ]_{∗C} = −I_{(4)} ∗_C ε_{ijk} L_k, [L_i, K_j ]_{∗C} = −I_{(4)} ∗_C ε_{ijk} K_k, and [K_i, K_j ]_{∗C} = I_{(4)} ∗_C ε_{ijk} L_k. (5.128)

The passive Lorentz transformation is then given by

x^′ = e^{14 I(4) ∗C αμν σμν}

∗_C ∗C x ∗C e

−^1_4 I_{(4)} ∗_C α^{μν} σ_{μν} ∗_C = x μ� Λ^ν_μγ_ν � (5.129)

where Λ^μ_ν is the well known Lorentz transformation matrix.

In the light of geometric algebra it now becomes clear that Dirac by factorizing the Klein-Gordon equation, found nothing else than the basis vectors of space-time. Taking these into account the Lorentz transformation in the coefficients of a four vector p = p^μγ_μ have to be compensated by a passive Lorentz transformation in the basis vectors if one demands invariance. This passive Lorentz transformation which in geometric algebra is naturally given had to be constructed by Dirac a posteriori to insure Lorentz invariance of his equation [73, 37]. It would now be straightforward to formulate Dirac theory in the star product formalism, which would reproduce the results of section 2.6. But the important point is here that by doing this one ignores two severe conceptual problems that lie in Dirac theory itself [41] and are again made obvious by the star product formalism.

The first problem is that one uses in the star product formalism for Dirac theory a four dimensional fermionic Clifford star product in order to generate the Clifford algebra of the γ_μ, but on the other hand a three dimensional bosonic Moyal product. Using the three dimensional Moyal product just reflects the special role the time plays in Dirac theory. But for the star product formalism this means that the algebraic structure is not supersymmetric and that one can not represent active Lorentz transformations. With a three dimensional Moyal product one can only represent active rotations, to include the boosts one would need a four dimensional star product, i.e.

f ∗_M g = f exp � iℏ 2 η^{μν} �

⃗

∂ ∂q^μ ⃗∂ ∂p^ν −

⃗

∂ ∂p^μ ⃗∂ ∂q^ν � g. (5.130)

Here again the nonstandard metric should be chosen, so that the three dimensional part reduces to the conventional Moyal product. The generators of an active Lorentz transformation are then

M^{μν} = q^μp^ν − p^μq^ν , (5.131)

with [M^{μν} , M^{ρσ} ]_{∗M} = iℏ (η^{μρ}M^{νσ} − η^{νρ}M^{μσ} + η^{μσ} M^{ρν} − η^{νσ} M^{ρμ}) . (5.132)

The generators of boosts and rotations are

K^i = M^{01} and L^i = � j<k ε^{ijk} M^{jk}. (5.133)

They form the following active Moyal star-commutator algebra � L^i, L^j � ∗_M = iℏε

ijk L^k, � L^i, K^j � ∗_M = iℏε

ijk K^k and � K^i, K^j � ∗_M = −iℏε

ijkL^k, (5.134)

so that an active Lorentz transformation of the four-vector q = q^μγ_μ is given by

q^′ = e^{− iℏ αμν M μν}

∗_M ∗M q ∗M e i ℏ α_{μν} M^{μν} ∗_M = � Λ^μ_ν q^ν � γ_μ. (5.135)

Taking the translations with the generators p_μ into account the Lorentz algebra is with [p_μ, p_ν ]_{∗M} = 0 and

[M^{μν} , p_ρ]_{∗M} = iℏ (η^{μρ}p_ν − η^{νρ}p_μ) (5.136)

extended to the Poincaré algebra.

The second severe conceptual problem that is related closely to the first one is that the Dirac equation has no classical limit. This contradicts the philosophy of deformation quantization, where quantum mechanics is a deformation of classical mechanics and where the limit ℏ → 0 leads again to classical mechanics. So following the philosophy of deformation quantization means to deform a manifest covariant version of the canonical formalism to obtain relativistic quantum mechanics. Covariance of the canonical formalism means that the physical laws, expressed by Poisson bracket relations, have to be invariant under a transformation from one inertial system into another inertial system. Such transformations preserving the Poisson brackets are canonical transformations, so that a canonical system is relativistically invariant if one has a canonical realization of the relativity group. Manifest covariance means that in addition to the requirement of relativistic invariance of the physical laws the labeled trajectory of a particle in configuration space ⃗q(t) has to behave like a world line. This means that the relativity postulate leads only to the requirement of a Poisson bracket realization of the Poincare group, while manifest covariance requires that the dynamical quantities (t, ⃗q(t)) constitute an space-time event [104]. There are now two approaches to a manifest covariant extension of the canonical formalism in classical mechanics. The first approach is that one describes the particles by their canonical coordinates and the time coordinate and then derives conditions that describe the fact that

(t, ⃗q(t)) transforms like an event in space-time. These additional conditions lead then to the consequence that no interactions are allowed [104].

The alternative method is to use a parameter formalism. In this approach the events that constitute the world lines are labeled by an observer independent parameter s that increases monotonically as the world line is traversed. The four space-time coordinates of an event on the world line are then functions of this parameter and going from one inertial system to another one does not change the parameter. The four space-time coordinates are then regarded as the dynamical quantities, while the parameter s describes the evolution of the system. So the time has no longer the two roles of a dynamical variable and an evolution parameter. But this just fits perfectly to the solution of the first conceptual problem, because using the four dimensional Moyal product (5.130) for deformation quantization means that the one particle phase space is extended by the two variables q^0 and p^0, which means that the time development is not described by the time, that is now a phase space coordinate, but by an additional parameter. So what is actually deformed by the four dimensional Moyal product (5.130) is parametrized Hamiltonian dynamics. And in the limit ℏ → 0 the star product reduces to the conventional product so that one reobtains the classical undeformed parametrized Hamiltonian dynamics, so that the conceptual problem of the missing classical limit is also solved. In the operator formalism of canonical quantization this would mean that time is no longer a scalar but an operator, for a discussion concerning the existence of such a time operator see [59].

It is now straightforward to develop a parametrized relativistic mechanics [43, 81]. One defines to this purpose a parameter-dependent action S = �_{s2}

s_1

ds L_s(q^μ,q̊^μ, s), (5.137)

where q̊^μ is the derivation with respect to the parameter s:

q̊^μ = dq^μ ds . (5.138)

Requiring that the variation of the action vanishes: δS = 0 leads to the parametrized version of the Euler- Lagrange equation: d ds ∂L_s ∂q̊^μ − ∂L_s ∂q^μ

= 0. (5.139)

With the Legendre transformation

K(q^μ, p_μ, s) =q̊^μp_μ − L_s(q^μ,q̊^μ, s) (5.140)

one then obtains the parametrized Hamilton equations:

q̊^μ = ∂K ∂p_μ and p̊_μ = − ∂K ∂q^μ

. (5.141)

Using the Hamilton equations to calculate d ds f(q^μ, p_μ, s) = {f, K}_{P B} + ∂f ∂s (5.142)

one arrives at the four-space Poisson bracket

{f, g}_{P B} = ∂f ∂q^μ ∂g ∂p_μ − ∂g ∂q_μ ∂f ∂p^μ

, (5.143)

for which follows {q^μ, p_ν }_{P B} = δ^μ_ν and {q^μ, q^ν }_{P B} = {p_μ, p_ν }_{P B} = 0. (5.144)

For example the covariant Hamiltonian of the free particle is K = η^{μν} 2m p_μp_ν (5.145)

so that the Hamilton equations (5.141) lead to

p̊^μ = 0 ⇒ p_μ = p_{0μ} = const

and q̊^μ = p^μ m ⇒ q^μ = q^μ_0 + p^μ_0 m s. (5.146)

Variation of q^μ gives then δq^μδq_μ =^{pμ0 p0μ}_{m2} (δs)^2 = (δs)^2 with the initial condition m^2 = p^μ_0 p_{0μ}, which shows that the parameter s is just the proper time.

In the case of a charged particle in an electromagnetic field the Hamiltonian (5.145) generalizes to K = η^{μν} 2m [p_μ − eA_μ] [p_ν − eA_ν ] = 1 2m π^μπ_μ, (5.147)

with the kinetic momentum π_μ = p_μ − eA_μ. The Hamilton equations (5.141) lead to

q̊_μ = π_μ m and p̊_μ = e m π^ν ∂_μA_ν . (5.148)

Combining these two equations gives p̊_μ = eq̊^ν ∂_μA_ν and for the derivation of the kinetic momentum with respect to s one obtains π̊_μ = p̊_μ − e∂_ν A_μq̊^ν . Equating then the expressions for p̊_μ gives the Lorentz force law π̊_μ = eF_{μν}q̊^ν . (5.149) The classical mass is then a constant associated to the kinetic momentum which can be obtained as follows. With (5.149) and (5.148) one can calculate

π̊_μπ^μ = 1 2 d ds (π_μπ^μ) = emF_{μν}q̊^νq̊^μ = 0. (5.150)

From^d_{ds} (π_μπ^μ) = 0 follows then that π_μπ^μ = π_{0μ}π^μ_0 is an integration constant with respect to s. In order to be consistent with the case A_μ = 0, where p_μp^μ = p_{0μ}p^μ_0 = m^2 one chooses the integration constant as π_{0μ}π^μ_0 = m^2. This shows that the classical mass is a secondary concept in the proper time formalism, while energy and momentum are primary concepts.

Just as in the nonrelativistic case the connection of the four dimensional Poisson bracket (5.143) and the four dimensional star product (5.130) is given by

lim_{ℏ→0} 1 iℏ [f, g]_{∗M} = {f, g}_{P B}, (5.151)

so that the star commutators of the canonical coordinates are

[q^μ, p_ν ]_{∗M} = iℏδ^μ_ν and [q^μ, q^ν ]_{∗M} = [p_μ, p_ν ]_{∗M} = 0. (5.152)

The structures of deformation quantization in the nonrelativistic case can then be generalized to the four dimensional case in a straightforward manner. The development of the system in s is generated by the four dimensional Hamiltonian. In the star product formalism this is described by the star exponential, which is in the four dimensional case given by

Exp_M (Ks) = e^{−isK/ℏ}_{∗M} = ∞� n=0 1 n! � −is ℏ �_n K^{n∗M} , (5.153) where K^{n∗M} is the n-fold star product. The star exponential fulfills the proper time generalization of the time dependent Schrödinger equation: iℏ d ds Exp_M (Ks) = K ∗_M Exp_M (Ks). (5.154)

The calculations to determine the spectrum and the Wigner eigenfunctions then parallels the calculations in the non-relativistic case.

But there is now also the additional effect due to noncommutativity known from the nonrelativistic case. Combining the Moyal product (5.130) and the Clifford product (4.314) into one supersymmetric formalism one obtains a noncommutative version of space-time algebra. In the commutative or classical case the generalized Hamiltonian (5.147) can be written as K = 1 2m π ∗_C π = 1 2m π · π (5.155)

with π = π^μγ_μ. But if one introduces noncommutativity via the Moyal product, the Moyal product of π_μ and π_ν is in general not symmetric in the indices, one rather has

[π_μ, π_ν ]_{∗M} = iℏeF_{μν} . (5.156)

This leads then to the appearance of an additional term that describes the spin: K = 1 2m π ∗_{M C} π = 1 2m (π^μ ∗_M π^ν ) � γ_μ ∗_C γ_ν � = 1 2m π^μπ_μ + 1 2m (π^μ ∗_M π^ν ) γ_μγ_ν . (5.157)

In the case of a stationary particle in a homogenous magnetic field (5.157) reduces to

K = − m 2 + i eℏ 2m B_3γ_1γ_2, (5.158)

so that one has the spin eigenfunctions^1_2 ±^i_2 γ_1γ_2, that fulfil

iγ_1γ_2 ∗_C � 1 2 ± i 2 γ_1γ_2 � = ± � 1 2 ± i 2 γ_1γ_2 � . (5.159)

5.5 Deformed Geometric Algebra on the Phase Space and Supersymmetric Quantum Mechanics

The concept of deforming geometric algebra that on space and space-time produced extra spin terms can now also be used to deform geometric algebra on the phase space as described in section 4.7. It will be shown here that this deformation leads naturally to the appearance of supersymmetric quantum mechanics. While in section 2.4 supersymmetric quantum mechanics was constructed via pseudoclassical mechanics one will see here that it appears naturally and geometrically. One can restrict oneself to the simplest case of a flat two dimensional phase space, i.e. a point in the phase space is given by z = z^iζ_i = qη + pρ and the Clifford star product is given by

A ∗_C B = A exp � η_{ij}

⃗

∂ ∂ζ_i ⃗∂ ∂ζ_j � B, (5.160)

where η_{ij} = diag(1, 1) is here the euclidian metric on the vector space. Furthermore one has a closed two-form Ω = 1 2 Ω_{ij} ζ^iζ^j = ηρ = dqdp. (5.161)

A Hamilton function can now be written as the square of the vector

w = W (q)η + pρ, (5.162)

where W (q) is the superpotential, one has then H = 1 2 w ∗_C w = 1 2 w · w = 1 2 � p^2 + W^2(q) � (5.163)

and in holomorphic coordinates B =^{1√}_2 (W (q)+ip), B̄ =^{1√}_2 (W (q)−ip) and f =^{1√}_2 (η +iρ), f̄ =^{1√}_2 (η −iρ) one obtains w = Bf̄ + B̄f = Q_+ + Q_− (5.164)

and H = BB̄.

Up to now the coefficients were commuting quantities, but one can go over to the noncommutative or quantum case by demanding that the coefficients have to be multiplied by the Moyal product. In this case the square of w is no longer a scalar, but one has an bivector valued extra term

H_{Susy} = 1 2 w ∗_{M C} w = 1 2 � (W (q) ∗_M W (q))(η ∗_C η) + (W (q) ∗_M p)(η ∗_C ρ)

+(p ∗_M W (q))(ρ ∗_C η) + (p ∗_M p)(ρ ∗_C ρ) � (5.165) = 1 2 � p^2 + W^2(q) � + ℏ 2 ∂W (q) ∂q 1 i ηρ. (5.166)

The next thing one has to notice is that η, ρ and −iηρ fulfill under the Clifford star product the Pauli algebra, i.e. one has for the star commutators and anticommutators of these real basis elements of the two dimensional Clifford algebra:

[η, ρ]_{∗C} = 2ηρ, [η, −iηρ]_{∗C} = −2iρ, [ρ, −iηρ]_{∗C} = 2iη (5.167) and {η, η}_{∗C} = {ρ, ρ}_{∗C} = {−iηρ, −iηρ}_{∗C} = 2, (5.168)

while the other star commutators and star anticommutators vanish. This means that η, ρ and −iηρ would be represented in a tuple representation by the Pauli matrices, so that H_S is the supersymmetric Hamiltonian. Furthermore for the holomorphic basis vectors f =^{1√}_2 (η + iρ) and f̄ =^{1√}_2 (η − iρ) one has the tuple representation 1 √ 2 f ↔ � 0 1 0 0 � and 1 √ 2 f̄ ↔ � 0 0 1 0 � . (5.169)

The two eigen-multivectors of −iηρ are π^{(C)}_± =^1_2 (1 ∓ iηρ), i.e. for these multivectors one has

−iηρ ∗_C π^{(C)}_± = ±π^{(C)}_± . (5.170)

In the star product formalism these multivectors are fermionic Wigner functions and as such they are projectors:

π^{(C)}_± ∗_C π^{(C)}_± = π^{(C)}_± and π^{(C)}_+ ∗_C π^{(C)}_− = π^{(C)}_− ∗_C π^{(C)}_+ = 0. (5.171)

The holomorphic basis vectors^{1√}_2 f and^{1√}_2 f̄ serve here as lowering and raising operators, i.e. one has

f̄ ∗_C π^{(C)}_+ ∗_C f = 2π^{(C)}_− and f ∗_C π^{(C)}_− ∗_C f̄ = 2π^{(C)}_+ , (5.172)

while the other combinations give zero.

With the multivectors π^{(C)}_± the supersymmetric Hamilton function (5.166) can then be written as

H_{Susy} = 1 2 � p^2 + W^2(q) − ℏ

∂W (q) ∂q � � 1 2 − i 2 ηρ �

+ 1 2 � p^2 + W^2(q) + ℏ

∂W (q) ∂q � � 1 2 + i 2 ηρ � (5.173)

= H_1π^{(C)}_+ + H_2π^{(C)}_− . (5.174)

From (5.171) it is then clear that the Moyal-Clifford star eigenfunctions of H_{Susy} are a product of π^{(C)}_+ and Moyal star eigenfunctions of H_1 or products of π^{(C)}_− and Moyal star eigenfunctions of H_2. The Moyal star eigenfunctions for supersymmetric partner potentials were for example discussed in [24].

The vectors Q_± defined in (5.164) fulfill

Q_± ∗_{M C} Q_± = 0, Q_− ∗_{M C} Q_+ = H_1π^{(C)}_+ , Q_+ ∗_{M C} Q_− = H_2π^{(C)}_− (5.175)

so that H_{Susy} can be written as

H_{Susy} = 1 2 {Q_+, Q_−}_{∗M C} , (5.176)

and with (5.175) one has � Q_+, H_{Susy} � ∗_{M C} = � Q_−, H_{Susy} � ∗_{M C} = 0. Defining finally

Q_1 = Q_+ + Q_− and Q_2 = −i(Q_+ − Q_−) (5.177)

the supersymmetric Hamilton function factorizes as

H_{Susy} = 1 2 Q_1 ∗_{M C} Q_1 = 1 2 Q_2 ∗_{M C} Q_2. (5.178)

In conclusion one sees here that supersymmetric quantum mechanics appears naturally if one deforms geometric algebra on the phase space. The deformation of geometric algebra on the three space induced an extra bivector valued term that splits the system in a version with spin up and one with spin down, i.e. the noncommutativity transforms the Schrödinger Hamilton into the Pauli Hamiltonian. The analogue procedure on the phase space leads similarly to a split into two supersymmetric partner systems. The appearance of these structures can also be stated in a different way: Just as the factorization of the Klein-Gordon equation exhibits in Dirac theory the Clifford structure of space-time, the factorization of a Hamilton function into supercharges exhibits the Clifford structure of the phase space.

5.6 Active and Passive Transformations on the Phase Space

A flat phase space can be considered as an 2d-dimensional euclidian vector space with vectors (4.327) and a two-form (4.328). The time development is described by the hamiltonian vector field h_H = q̇^nη_n + ṗ^nρ_n = J^{ij} ∂_j Hζ_i, so that one has for a scalar phase space function f

ḟ = ż · (df) = (h_H · d)f = L_{hH} f = {f, H}_{P B}. (5.179)

where h_H · d is the Liouville operator. The above equation for the time development can immediately be generalized from 0-forms f to arbitrary r-forms. For example the time development of the symplectic two-form is given by Ω̇ = L_{hH} Ω = 0, which means that the symplectic form is preserved by the time evolution.

The temporal development of a system can be described by an active time transformation of the coefficients, which corresponds to the Hamilton equations

ż^i = L_{hH} z^i = J^{ij} ∂_j H. (5.180)

In the formalism of geometric algebra it is also possible to write down a time transformation of the basis vectors ζ̇_i = L_{hH} ζ_i = −J^{jk} ∂_k∂_iHζ_j , (5.181)

which corresponds to the Jacobi equation that appeared in the path integral formulation of classical mechanics [65].

Active and passive time development can directly be discussed for the example of the harmonic oscillator. The Hamiltonian H =^1_2 (p^2 + q^2) generates via the star exponential U(t) = e^{− iℏ Ht}_{∗M} an active rotation of the state vector z_0 = qη + pρ according to [114]

z(t) = U(t) ∗_M z_0 ∗_M U(t) = (q cos t + p sin t)η + (−q sin t + p cos t)ρ = q(t)η + p(t)ρ. (5.182)

The same transformation passively can be achieved with the rotor R(t) = e^{12 Ht}_{∗C} and the bivector H = ηρ as

z(t) = R(t) ∗_C z_0 ∗_C R(t) = q(cos t η − sin t ρ) + p(sin t η + cos t ρ) = qη(t) + pρ(t). (5.183)

With the hamiltonian vector-field h_H = pη − qρ and the relation {f, g}_{P B} = lim_{ℏ→0}^1_{iℏ} [f, g]_{∗M} the active Hamilton equations ż^i = L_{hH} z^i can be written as

q̇ = lim_{ℏ→0} 1 iℏ [q, H]_{∗M} = p and ṗ = lim_{ℏ→0} 1 iℏ [p, H]_{∗M} = −q. (5.184)

With (5.181) one can then calculate the corresponding time inverted passive Hamilton equations. Using the Clifford star commutator defined by � A_{(r)}, B_{(s)} � ∗_C = A(r) ∗^C B(s) − (−1)

rsB_{(s)} ∗_C A_{(r)} (5.185)

these equations can be written as

η̇ = 1 i [η, H]_{∗C} = ρ and ρ̇ = 1 i [ρ, H]_{∗C} = −η, (5.186)

where H =^i_2 ηρ is the passive Hamiltonian. The passive Hamiltonian is connected with the active one through (5.185) and (5.181) by 1 i [ζ_i, H]_{∗C} = −J^{jk}∂_k∂_iHζ_j . (5.187)

The passive Hamiltonian H is here just the free Hamiltonian of pseudoclassical mechanics [11] (the additional factor^1_2 is due to the definition of the Clifford product which is defined without a factor^1_2 ).

A Lagrangian that takes into account both the time development according to (5.180) and the time development according to (5.181) should be called the extended Lagrangian and has the form

~L_E = y_i �ż^i − J^{ij} ∂_j H� + iζ_j � ∂_tδ^j_l − J^{jk} ∂_l∂_kH � λ^l

= y_iż^i + iζ_jλ̇^j − ~H_E , (5.188)

where the extended Hamiltonian ~H_E is given by

~H_E = y_iJ^{ij} ∂_j H + iζ_j J^{jk} ∂_l∂_kHλ^l. (5.189)

The extended Lagrangian first appeared in the path integral approach to classical mechanics [65, 66], where the classical analogue of the quantum generating functional was considered:

Z_{CM} [J] = N � Dz δ [z(t) − z_{cl}(t)] exp � dt Jϕ � . (5.190)

The delta function here constrains all possible trajectories to the classical trajectory obeying (5.180). It can be written as δ [z(t) − z_{cl}(t)] = δ � ż^i − Ω^{ij} ∂_j H � det � δ^i_j ∂_t − Ω^{ik}∂_k∂_j H � . (5.191) The delta function on the right side can be expressed by a Fourier transform δ � ż^i − Ω^{ij} ∂_j H � = � Dy_i exp � i � dt y_i � ż^i − Ω^{ij} ∂_j H � � (5.192)

and the determinant can be written in terms of Grassmann variables as det � δ^i_j ∂_t − Ω^{ik}∂_k∂_j H � = � Dλ^iDζ_i exp � − � dt ζ_i � δ^i_j ∂_t − Ω^{ik}∂_k∂_j H � λ^j � , (5.193)

so that Z_{CM} [0] becomes Z_{CM} [0] = � Dz^iDy_iDλ^j Dζ_j exp � i � dt ~L_E � . (5.194)

The important point is here that the path integral formalism of classical mechanics gives the fermionic basis vectors of geometric algebra the physical interpretation of ghosts. On the other hand the superanalytic formulation of geometric algebra has naturally the fermionic structures that in the conventional formalism have to be added ad hoc and per hand.

The z^i and ζ_i form together with the newly introduced variables y_i and λ^i the extended phase space. On this extended phase space one can then introduce an extended canonical structure. This can easily be done in analogy to the Moyal and the Clifford star product structures of the phase space. Defining the extended Moyal-Clifford star product as

F ∗_{EM C} G = F exp � i 2 �

⃗

∂ ∂z^k ⃗∂ ∂y_k −

⃗

∂ ∂y_k ⃗∂ ∂z^k � + 1 2 �

⃗

∂ ∂λ^k ⃗∂ ∂ζ_k +

⃗

∂ ∂ζ_k ⃗∂ ∂λ^k � G (5.195)

the extended Poisson bracket has the form

{F, G}_{EP B} = 1 i � F ∗_{EM C} G − (−1)^{ϵ(F )ϵ(G)}G ∗_{EM C} F � , (5.196)

where ϵ(F ) gives the Grassmann grade of F . In the bosonic part of the extended Clifford star product a factor ℏ can be included like in the Moyal product, so that in the definition of the extended Poisson bracket (5.196) the limit ℏ → 0 has to be taken. The extended canonical relations are then given by

{z^i, y_j }_{EP B} = δ^i_j and {ζ_i, λ^j }_{EP B} = −iδ^j_i , (5.197)

while all other extended Poisson brackets vanish. Furthermore one can calculate the equations of motion as

ż^i = {z^i, ~H_E }_{EP B} = Ω^{ij} ∂_j H, (5.198) ζ̇_i = {ζ_i, ~H_E }_{EP B} = −Ω^{jk}∂_k∂_iHζ_j , (5.199)

ẏ_i = {y_i, ~H_E }_{EP B} = −z_j Ω^{jk} ∂_k∂_iH − iζ_j Ω^{jk} ∂_k∂_l∂_iHλ^l, (5.200) λ̇^i = {λ^i, ~H_E }_{EP B} = Ω^{ij} ∂_j ∂_kHλ^k. (5.201)

The extended Hamiltonian also generates the time development of r-vectors and r-forms according to [69] Ẋ = L_hX = {X, ~H_E}_{EP B} . (5.202) Having now a superanalytic formalism for classical mechanics that takes into account active and passive time development, one can ask if there is a supersymmetry in this formalism, i.e. a symmetry that relates the bosonic coefficients with the fermionic basis vectors. This supersymmetry was found by Gozzi et al. in [65]. There it was shown that ~H_E is invariant under the following BRST-transformation δz^k = ελ^k, δζ_k = iεy_k, δλ^k = δy_k = 0 (5.203) and the following anti-BRST-transformation δz^k = −εΩ^{kl}ζ_l, δλ^k = iεΩ^{kl}y_l, δζ_k = δy_k = 0, (5.204) where ε and ε are Grassmann variables. These symmetries are generated by Q_{BRST} = y_j λ^j and Q_{BRST} = ζ_j Ω^{jk}y_k (5.205) according to δX = {X, εQ_{BRST} + εQ_{BRST} }_{EP B} . The two charges Q_{BRST} and Q_{BRST} are conserved, i.e. {Q_{BRST} , ~H_E }_{EP B} = {Q_{BRST} , ~H_E }_{EP B} = 0 (5.206) and fulfill {Q_{BRST} , Q_{BRST} }_{EP B} = {Q_{BRST} , Q_{BRST} }_{EP B} = {Q_{BRST} , Q_{BRST} }_{EP B} = 0. (5.207)

Conclusions

After the discussion so far, one can now come back to the original question if a formally unified way to describe physics is possible. The most obvious formal break between classical and quantum physics is that classical physics is described on the phase space while quantum mechanics is described on a Hilbert space. The bosonic star product formalism gives here an alternative approach that allows to formulate also quantum mechanics on the phase space. Although the star product formalism is not always optimal for practical calculations and there are still many open questions, it nevertheless shows a way to overcome this first formal break between classical and quantum physics.

The second formal break between classical and quantum physics is that one uses in classical mechanics a vector formalism, while in quantum physics one actually is using a multivector formalism. This formal break is not so well noticed, because the multivectors in quantum mechanics are described as tuples in additional representation spaces. Closely related to this is the question which status fermionic degrees of freedom have. Conventionally fermionic degrees of freedom are connected with quantum mechanics, but they nevertheless appear also in classical physics for example in the classical BRST-formalism and in pseudoclassical mechanics, where they can be used to describe spin. Geometric algebra gives here a natural and confined picture that is interesting in several ways. Firstly the Clifford calculus of geometric algebra can be formulated as a Grassmann calculus that is deformed with a fermionic star product. So Grassmann variables that play in geometric algebra the role of basis vectors are no longer introduced a posteriori and ad hoc, but in a natural and geometric manner. Furthermore geometric algebra is a multivector formalism that can be used in classical and quantum mechanics. Secondly by using a fermionic star product to describe geometric algebra one obtains a fermionic counterpart of the bosonic star product formalism, which means that geometry and quantum mechanics are formulated in the same formalism. Thirdly one can combine the bosonic and the fermionic star product formalism into a noncommutative version of geometric algebra. By doing so one realizes that spin terms are naturally generated by the noncommutativity. The bosonic star product gives in this way a natural transition from a classical to a quantum geometry.

So the central question is which role Grassmann variables actually play. Conventionally Grassmann variables are introduced ad hoc and a posteriori, because they are needed or just because it is possible to introduce them. In this way they represent a sort of mathematical epicycle. But this is exactly the opposite of what Grassmann originally intended with his theory of extension. Grassmanns program, that is beautifully described in [78], was to constitute a unified geometric calculus. With the work of Clifford this program was completed for the flat space. (To be historically correct one has to state, that Grassmann himself found the Clifford product even before Clifford, but did not realize its fundamental importance.) But due to unfortunate historical circumstances the early form of geometric algebra was not applied in physics, instead the tuple formalism was established by Gibbs and Heavyside in the beginning of the 20th century. The tuple formalism does not include the algebraic structures Grassmann and Clifford already found. Unfortunately theses structures play a central role if one wants to describe curvature or noncommutativity and so they had to be reintroduced supplementary. In the historical process this did not happen systematically so that several lines of development emerged. The Grassmann algebra was for example reintroduced in geometry by Cartan through his calculus of differential forms, which is a homogenous multivector formalism. Later on Kähler generalized the calculus of differential forms into an inhomogenous multivector formalism by introducing a Clifford structure, which led to a formalism that is equivalent to geometric algebra [82]. The opposite direction of development was initiated by Dirac who discovered the Clifford structure in physics. Shortly afterwards Fock and Ivanenko generalized the Dirac calculus to curved spaces and constructed the Grassmann product as the antisymmetrized matrix product of Dirac matrices [52]. This formalism, that is also equivalent to geometric algebra, was later on very effectively used in general relativity [102]. Moreover the spinor calculus, that was introduced into physics by Pauli and later on generalized by Penrose to spinor and twistor geometry, can also be subsumed under geometric algebra [55].

The description of geometric algebra as a deformed Grassmann algebra gives now also the possibility to interpret the program of supersymmetry and BRST-symmetry from a Clifford calculus point of view. The fermionic basis vectors and their algebraic structure become here apparent if one factorizes functions that are defined on the space spanned by these basis vectors. For example the factorization of a Hamilton function into supercharges exhibits the basis vector structure of the phase space and the Clifford star-anticommutator is then nothing else than the scalar product on this space. Furthermore one can transform on the one hand actively the bosonic coefficients and on the other hand the passive basis vectors. Since these transformations are related one can also find transformations that relate bosonic and fermionic degrees of freedom. If the parallelism of bosonic and fermionic star product structures is founded in geometry one can turn the logic around and demand such supersymmetric star product structures for a physical theory. This implies in the case of relativistic quantum mechanics the postulate of a four dimensional Moyal product, which leads to the quantum proper time formalism. So the star product formalism overcomes here naturally a further formal break between classical and quantum mechanics, namely that the classical relativistic Hamilton formalism is manifest covariant, while in Dirac theory time plays a special role. So far the results can be summarized in the following table:

Classical Physics Quantum Physics Formal Synthesis Phase Space Hilbert Space Bosonic Star Products Vector Formalism Multivector Formalism Fermionic Star Products Manifest Covariance Covariance Supersymmetric Star Products

In the prefrace of his book [70] Grassmann stated “I am aware that the form which I have given the science is imperfect.” and he went on to say “there will come a time when these ideas, perhaps in a new form, will arise anew and will enter into a living communication with contemporary developments.” This prediction indeed proofed to be true when more than hundred years later Hestenes and Kaehler resumed Grassmanns program in the context of Dirac theory. Today geometric algebra is applied in a great variety of areas [34] and this work was a further step in this program. Future research will show in how far geometric algebra can be seen as the basis of supersymmetric structures.

Appendix A

In this appendix it will be shown that the representation (2.215) fulfills axiom (2.208c), i.e. (uv)⌟_Bw = u⌟_B(v⌟_Bw). Without restriction of generality one chooses u = θ_1 . . . θ_r, v = θ_{r+1} . . . θ_s and w = θ_{i1} . . . θ_{it} with t ≥ s. Using the abbreviations B(θ_i, θ_j ) = B_{i,j} and ∂_{θi} = ∂_i it follows for the left hand side:

(uv)⌟_Bw = uv 1 s! � � � i,j B_{i,j}

⃗

∂_i ⃗∂_j � � s w

= θ_i . . . θ_s � � � σ∈S_{s,t}

B_{1,iσ(1)} · · · B_{s,iσ(s)} (

⃗

∂_1 ⃗∂_{iσ(1)} ) · · · (

⃗

∂_s ⃗∂_{iσ(s)} ) � � θ_{i1} . . . θ_{it}

= θ_i · · · θ_s � � � σ∈S_{s,t}

B_{1,iσ(1)} · · · B_{s,iσ(s)}

⃗

∂_1 · · ·

⃗

∂_s ⃗∂_{iσ(s)} · · · ⃗∂_{iσ(1)} � � θ_{i1} . . . θ_{it}

= (−1)^{s(s−1)/2} � σ∈S_{s,t}

B_{1,iσ(1)} · · · B_{s,iσ(s)} ⃗∂_{iσ(s)} · · · ⃗∂_{iσ(1)} θ_{i1} . . . θ_{it} , (A.1)

where S_{s,t} is the set of all permutations of s elements out of t.

The right hand side of (2.208c) leads to:

u⌟_B(v⌟_Bw) = u⌟_B � �θ_{r+1} · · · θ_s � � � σ∈S_{s−r,t}

B_{r+1,iσ(r+1)} · · · B_{s,iσ(s)}

⃗

∂_{r+1} · · ·

⃗

∂_s ⃗∂_{iσ(s)} · · · ⃗∂_{iσ(r+1)} � � θ_{i1} · · · θ_{it} � �

= u⌟_B � �(−1)^{(s−r)(s−r−1)/2} � σ∈S_{s−r,t}

B_{r+1,iσ(r+1)} · · · B_{s,iσ(s)} ⃗∂_{iσ(s)} · · · ⃗∂_{iσ(r+1)} θ_{i1} . . . θ_{it} � �

= (−1)^{(s−r)(s−r−1)/2} � σ∈S_{s−r,t}

B_{r+1,iσ(r+1)} · · · B_{s,iσ(s)} θ_1 · · · θ_r

× � � � σ^′ ∈S_{r,t}

B_{1,iσ′ (1)} · · · B_{r,iσ′ (r)}

⃗

∂_1 · · ·

⃗

∂_r ⃗∂_{iσ′ (r)} · · · ⃗∂_{iσ′ (1)} � � ⃗∂_{iσ(s)} · · · ⃗∂_{iσ(r+1)} θ_{i1} · · · θ_{it}

= (−1)^{[(s−r)(s−r−1)+r(r−1)]/2} � σ∈Ss−r,t σ′ ∈Sr,t

B_{1,iσ′ (1)} · · · B_{r,iσ′ (r)} B_{r+1,iσ(r+1)} · · · B_{s,iσ(s)}

×⃗∂_{iσ′ (r)} · · · ⃗∂_{iσ′ (1)} ⃗∂_{iσ(s)} · · · ⃗∂_{iσ(r+1)} θ_{i1} · · · θ_{it} = (−1)^{s(s−1)/2} � σ∈Ss−r,t σ′ ∈Sr,t

B_{1,iσ′ (1)} · · · B_{r,iσ′ (r)} B_{r+1,iσ(r+1)} · · · B_{s,iσ(s)}

×⃗∂_{iσ(s)} · · · ⃗∂_{iσ(r+1)} ⃗∂_{iσ′ (r)} · · · ⃗∂_{iσ′ (1)} θ_{i1} · · · θ_{it} = (−1)^{s(s−1)/2} � σ∈S_{s,t}

B_{1,iσ(1)} · · · B_{s,iσ(s)} ⃗∂_{iσ(s)} · · · ⃗∂_{iσ(1)} θ_{i1} · · · θ_{it} , (A.2)

which is the same result as the left hand side. In the last step one uses that a term in the sum is zero if σ(i) = σ^′(j) because of the fermionic character of the derivatives.

Appendix B

To prove that u ∘ v can be written as an exponential function one decomposes the monomials u = a^mā^n and v = a^rā^s with the coproduct (3.67). Then the definition of the twisted product (3.63) leads to

u ∘ v =

m,n,r,s � i,j,k,l=0 � m i � n j � r k � s l � R(a^iā^j , a^kā^l)a^{m+r−i−k}ā^{n+s−j−l}. (B.1)

In this sum the R(a^iā^j , a^kā^l) are non-vanishing only if i + j = k + l. One includes this condition by setting

i = p_1 + p_3, j = p_2 + p_4, k = p_1 + p_4 and l = p_2 + p_3, (B.2)

so that i + j = k + l = p_1 + p_2 + p_3 + p_4. Hence the sum over i, j, k, l is replaced by:

m,n,r,s � i,j,k,l=0 → m+n=r+s � q=0 � p_1+p_2 +p_3 +p_4=q

. (B.3)

This substitution alone would lead to multiple counting, for example the term i = j = k = l = 1 in (B.1) can be written with p_1 = p_2 = 1, p_3 = p_4 = 0 and with p_1 = p_2 = 0, p_3 = p_4 = 1. But the multiple counting is taken into account in the calculation of R(a^iā^j , a^kā^l). To see this one separates p_1 factors from a^i and a^k and p_2 factors from ā^j and ā^l:

a^iā^j =

p_1

� � � a · · · a

p_3

� � � a · · · · a

p_2

� � � ā · · · ā

p_4

� � � ā · · · · ·ā (B.4) a^kā^l = a · · · a� � �

p_1

ā · · · · ā � � �_{p3} ā · · · ā

� � �_{p2} a · · · · ·a

� � �_{p4} . (B.5)

Different values for p_1 and p_2, that fulfill the condition (B.2) lead to different separations of R(a^iā^j , a^kā^l) into the four basic coquasitriangular structures, but how often does such a separation appear? There are �_{p1 +p3}

p_1

�_{p2 +p4}

p_4 � ways to separate p_1 factors from a^i and p_2 factors from ā^j ; secondly the permutation of the a’s and ā’s leads to a factor (p_1 + p_4)!(p_2 + p_3)!. Then the coquasitriangular structure can be written as:

R(a^iā^j , a^kā^l) = i,j�

p1,p2 =0

(B.2) � p_1 + p_3

p_1 � p_2 + p_4 p_2 � (p_1 + p_4)!(p_2 + p_3)!R(a, a)^{p1} R(ā, ā)^{p2} R(a, ā)^{p3} R(ā, a)^{p4} . (B.6)

The sum in (B.6) corresponds exactly to the multiple counting, so that (B.1) can be written as:

u ∘ v =

m+n=r+s � q=0 � p_1 +p_2+p_3 +p_4 =q

R(a, a)^{p1} R(ā, ā)^{p2} R(a, ā)^{p3} R(ā, a)^{p4} p_1!p_2!p_3!p_4!

m! a^{m−p1 −p3} (m − p_1 − p_3)!

n! ā^{n−p2−p4} (n − p_2 − p_4)!

r! a^{r−p1 −p4} (r − p_1 − p_4)!

s! ā^{s−p2 −p3} (s − p_2 − p_3)!

= a^mā^n

�_∞ � q=0 1 q! � p_1 +p_2 +p_3+p_4 =q � q p_1, p_2, p_3, p_4 �

(R(a, a)

⃗

∂_a ⃗∂_a)^{p1} (R(ā, ā)

⃗

∂_ā ⃗∂_ā)^{p2} (R(a, ā)

⃗

∂_a ⃗∂_ā)^{p3} (R(ā, a)

⃗

∂_ā ⃗∂_a)^{p4} � a^rā^s

= u e^{(R(a,a)}

⃗

∂_a ⃗∂_a +R(ā,ā)

⃗

∂_ā ⃗∂_ā +R(a,ā)

⃗

∂_a ⃗∂_ā +R(ā,a)

⃗

∂_ā ⃗∂_a) v.

Here the symbols � q p_1, p_2, p_3, p_4 � = q! p_1!p_2!p_3!p_4!

(B.7)

are the multinomial coefficients which occur in the multinomial formula

(a_1 + · · · + a_n)^q = � p_1 +···+p_n=q � q p_1, · · · , p_n � a^{p1}_1 · · · a^{pn}_n . (B.8)

In the fermionic case one has to prove, analogously, that

u ∘ v = � R(u_{(1)}, v_{(1)})u_{(2)}v_{(2)} = u exp � � � i,j R(f_i, f_j )

⃗

∂^L_{fi} ⃗∂^L_{fj} � � v (B.9)

for u = f_{i1} · · · f_{ir} and v = f_{j1} · · · f_{js} . In the p-th order one combines the coproduct terms of the permutations σ for u and σ̃ for v that lead to � σ∈Pp,r σ̃∈Pp,s

(−1)^σ(−1)^{σ̃} R(f_{σ(i1 )} · · · f_{σ(ip )}, f_{σ̃(j1 )} · · · f_{σ̃(jp )})f_{σ(ip+1 )} · · · f_{σ(ir )}f_{σ̃(jp+1 )} · · · f_{σ̃(js )}

= � σ∈Pp,r ,σ̃∈Pp,s

σ′∈P

(−1)^{σ+σ̃+σ′} R(f_{σ(i1 )}, f_σ′_{(σ̃(j1 ))}) · · · R(f_{σ(ip )}, f_σ′_{(σ̃(jp ))})

f_{σ(ip+1 )} · · · f_{σ(ir )}f_{σ̃(jp+1)} · · · f_{σ̃(js)} = � σ,σ̃,σ^′

(−1)^{σ+σ̃+σ′} R(f_{σ(i1 )}, f_σ′_{(σ̃(j1 ))}) · · · R(f_{σ(ip )}, f_σ′_{(σ̃(jp ))})

f_{σ(i1 )} · · · f_{σ(ir )}

⃗

∂^L_{fσ(i1 )} · · ·

⃗

∂^L_{fσ(ip )} ⃗∂^L_{fσ̃(jp )} · · · ⃗∂^L_{fσ̃(j1 )} f_{σ̃(j1 )} · · · f_{σ̃(js )} = � σ,σ̃,σ^′

R(f_{σ(i1 )}, f_σ′_{(σ̃(j1 ))}) · · · R(f_{σ(ip )}, f_σ′_{(σ̃(jp))})

f_{i1} · · · f_{in}

⃗

∂^L_{fσ(i1 )} ⃗∂^L_{fσ′ (σ̃(j1 ))} · · ·

⃗

∂^L_{fσ(ip )} ⃗∂^L_{fσ′ (σ̃(jp ))} f_{j1} · · · f_{js} = 1 p! f_{i1} · · · f_{ir} � � � i,j R(f_i, f_j )

⃗

∂^L_{fi} ⃗∂^L_{fj} � � p f_{j1} · · · f_{js} , (B.10)

where one uses the relation (3.80) for the fermionic coquasitriangular structure. The expression (B.10) is just the p-th order term in the exponential form.

Bibliography

[1] G. S. Agarwal and E. Wolf, Calculus for functions of noncommuting operators and generalised phasespace methods in Quantum Mechanics I-III, Phys. Rev. D2 (1970) 2161-2225.

[2] M. Arik and D. D. Coon, Hilbert spaces of analytic functions and generalized coherentstates, J. Math.

Phys. 17 (1976) 524-527.

[3] D. Arnal and J. Cortet, Geometrical theory of contractions of groups and representations, J. Math.

Phys. 20 (4) (1979) 556-563.

[4] M. A. J. Ashdown, S. S. Somaroo, S. F. Gull, C. J. L. Doran and A. N. Lasenby, Multilinear representation of rotation groups within geometric algebra, J. Math. Phys. 39 (3) (1998) 1566-1588.

[5] J. A. de Azcárraga, J. M. Inzquierdo and J. C. Pérez Bueno, An introduction to some novel applications of Lie algebra cohomology in mathematics and physics, physics/9803046. Rev. R. Acad. Cien. Exactas Fis. Nat. Ser A Mat. 95 (2001) 225-248, e-Print Archive: physics/9803046.

[6] G. Baker, Formulation of Quantum Mechanics Based on the Quasi-Probability Distribution Induced on Phase Space, Phys. Rev. 109 (1958) 2198-2206.

[7] T. Bartsch, The Kustaanheimo-Stiefel transformation in geometric algebra, J. Phys.A36 (2003) 6963- 6978.

[8] I. A. Batalin, M. A. Grigoriev and S. L. Lyankhovich, Star Product for Second Class Constraint Systems from a BRST Theory, Theor. Math. Phys. 128 (2001) 1109-1139.

[9] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz and D. Sternheimer, Quantum Mechanics as a Deformation of Classical Mechanics., Lett. Math. Phys. 1 (1977) 521-530.

[10] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz and D. Sternheimer, Deformation Theory and Quantization. 1. Deformations of Symplectic Structures and 2. Physical Applications, Ann. Phys. (NY) 111 (1978) 61-110, 111-151.

[11] F. A. Berezin and M. S. Marinov, Particle spin dynamics as the Grassmann variant of classical mechanics, Ann. Phys. 104 (1977) 336-362.

[12] A. O. Bolivar, Classical limit of fermions in phase space, J. Math. Phys. 42 (2001) 4020-4030.

[13] M. Bordemann, On the Deformation Quantization of Superpoisson Brackets, e-Print Archiv:

q-alg/9605038 (1996).

[14] C. Brouder and R. Oeckl, Quantum Fields and Quantum Groups, e-Print Archiv: hep-ph/0206054 (2002).

[15] C. Brouder and R. Oeckl, Quantum Groups and Quantum Field Theory. 1. The free scalar Field, e-Print Archiv: hep-th/0208118 (2002).

[16] C. Brouder, Quantum Groups and interacting Quantum Fields, e-Print Archiv: hep-th/0208131 (2002).

[17] C. Brouder and W. Schmitt, Quantum Groups and Quantum Field Theory. 3. Renormalization, e-Print Archiv: hep-th/0210097 (2002).

[18] R. Casalbuoni, The Classical Mechanics for Bose-Fermi Systems, Nuo. Cim. 33 A (1976) 389-430. [19] A. S. Cattaneo and G. Felder, A path integral approach to the Kontsevich quantization formula, Comm.

Math. Phys. 212 (2000) 591-611.

[20] C. C. Chevalley, The algebraic Theory of Spinors, Columbia University Press, New York 1954. [21] L. Cohen, Generalized phase-space distribution functions, J. Math. Phys. 7 (1966) 781-786. [22] L. Cohen, Correspondence rules and phath integrals, J. Math. Phys. 17 (1976) 597-598. [23] T. L. Curtright, G. I. Ghandour and C. K. Zachos, Quantum algebra deforming maps, Clebsch-Gordan coefficients, coproducts, R and U matrices, J. Math. Phys. 32(3) (1991) 676-688.

[24] T. Curtright, D. Fairlie and C. K. Zachos, Features of time independent Wigner Functions, Phys. Rev.

D58 (1998) 025002.

[25] T. Curtright and C. Zachos, Wigner Trajectory Characteristic in Phase Space and Field Theory, J.

Phys. A32 (1999) 771-779.

[26] T. Curtright, T. Uematsu and C. K. Zachos, Generating all Wigner Functions, J. Math. Phys. 42 (2001) 2396-2417.

[27] B. Demircioğlu and A. Verçin, Autonomous generation of all Wigner functions and marginal probability densities of Landau levels, Ann. Phys. 305 (2003) 1-27.

[28] P. A. M. Dirac, The fundamental equations of quantum mechanics, Proc. Roy. Soc. 109 (1925) 642-653. [29] P. A. M. Dirac, Lectures on Quantum Mechanics, Belfer Graduate School of Science, Yeshiva University, New York (1964).

[30] J. Dito, Star Product Approach to Quantum Field Theory: The free scalar Field, Lett. Math. Phys.

20 (1990) 125-134.

[31] J. Dito, Star Products and nonstandard Quantization for Klein-Gordon Equation, J. Math. Phys. 33 (1992) 791-801.

[32] J. Dito, An Example of Cancellation of Infinities in the Star Quantization of Fields, Lett. Math. Phys.

27 (1993) 73-80.

[33] J. Dito, Deformation Quantization of covariant Fields, e-Print Archiv: math.qa/0202271 (2002). [34] C. Doran and A. Lasenby, Geometric Algebra for Phyicists, Cambridge University Press (2003). [35] A. Lasenby, C. Doran and S. Gull, Grassmann calculus, pseudoclassical mechanics, and geometric algebra, J. Math. Phys. 34 (8) (1993) 3683-3712.

[36] C. Doran, D. Hestenes, F. Sommen and N. Van Acker, Lie groups as spin groups, J. Math. Phys. 34 (8) (1993) 3642-3669.

[37] C. Doran, A. Lasenby, S. Gull, S. Somaroo and A. Challinor, Spacetime Algebra and Electron Physics in P. W. Hawkes, editor, Advances in Imaging and Electron Physics, Vol. 95, p. 271-386 (Academic Press, 1996).

[38] G. V. Dunne, Quantum canonical invariance - a Moyal approach, J. Phys. A: Math. Gen. 21 (1988) 2321-2335.

[39] M. Dutsch and K. Fredenhagen, Perturbative algebraic Field Theory, and Deformation Quantization, Published in “Siena 2000, Mathematical physics in mathematics and physics” 151-160.

[40] D. B. Fairly and C. K. Zachos, Infinite-Dimensional Algebras, Sine Brackets and SU(∞), Phys. Lett.

B224 (1989) 101-107.

[41] J. R. Fanchi, Critique of conventional relativistic quantum mechanics Am. J. Phys. 49 (1981) 850. [42] J. R. Fanchi, Review of invariant time formulations of relativistic quantum theories, Found. Phys. 23 (1993) 487-548.

[43] J. R. Fanchi, Parametrized Relativistic Quantum Theory, Kluwer Academic, Dordrecht, 1993. [44] B. Fauser, Dirac theory from a field theoretical point of view, in “Clifford algebras and their application in mathematical physics”, Aachen (1996).

[45] B. Fauser, Clifford Geometric Parametrization of Inequivalent Vacua Math. Methods Appl. Sci. 24 (1997) 885-912.

[46] B. Fauser, On an easy Transition from Operator Dynamics to Generation Functionals by Clifford Algebras J. Math. Phys. 39 (1998) 4928-4947.

[47] B. Fauser, On the Decomposition of Clifford Algebras of Arbitrary Bilinear Form, e-Print Archiv:

math.qa/9911180 (1999).

[48] B. Fauser, On the Hopf Algebraic Origin of Wick Normal-Ordering, J. Phys A34 (2001) 105-116. [49] B.Fauser, On the equivalence of Daviau’s space Clifford algebraic, Hestenes’ and Parra’s formulation of (real) Dirac theory, Int. J. Theor. Phys. 40 (2001) 399-411.

[50] B. Fauser, A Treatise on Quantum Clifford Algebras, e-Print Archive: math.qa/0202059 (2002). [51] B. Fedosov, Deformation Quantization and Index Theory, Akademie Verlag, Berlin (1996). [52] V. A. Fock, Geometrisierung der Diracschen Theorie des Electrons, Zeitschr. f. Phys. 57 (1929) 261- 277.

[53] L. L. Foldy and S. A. Wouthuysen, On the Dirac Theory of Spin 1/2 Particles and Its Non-Relativistic Limit, Phys. Rev. 78 (1950) 29-36.

[54] E. S. Fradkin and V. Ya. Linetsky, Quantization and cocyles on the Supertorus and Large-N Limits for the Classical Lie Superalgebras, Mod. Phys. Lett A6 (1991) 217-224.

[55] M. R. Francis and A. Kosowsky, The Construction of Spinors in Geometric Algebra, e-Print Archive:

math-ph/0403040.

[56] M. R. Francis and A. Kosowsky, Geometric Algebra Techniques for General Relativity, Annals Phys.

311 (2004) 454-502.

[57] M. Gadella and L. M. Nieto, Fermion systems and the Moyal formulation of quantum mechanics, J.

Phys. A: Math. Gen. 26 (1993) 6043-6053.

[58] M. Gadella and L. M. Nieto, On the Moyal Formulation of Quantum Identical Particles, Fortschr. Phys.

42 (1994)3, 261-279.

[59] E. A. Galapon, What could have we been missing while Pauli’s Theorem was in force?, e-Print Archiv:

quant-ph/0303106.

[60] M. Gerstenhaber, On the Deformation of Rings and Algebras, Ann. of Math. 79 (1964) 59. [61] D. Giulini, That Strange Procedure Called Quantisation, in: D. Giulini, C. Kiefer, C. Lämmerzahl (Eds.), Quantum Gravity, Springer (2003).

[62] M. J. Gotay, Obstructions to Quantization, J. Nonlinear Sci. 6 (1996) 469-498. [63] M. J. Gotay, H. Grundling and C. A. Hurst, A Groenewold-van Hove Theorem for S^2, Trans. Am. Math.

Soc. 348 (1996) 1579-1597.

[64] M. J. Gotay, On the Groenewold-van Hove Problem for R^{2n}, J. Math. Phys. 40 (1999) 2107-2116. [65] E. Gozzi, Hidden BRS Invariance in Classical Mechanics, Phys. Lett. B 201 (1988) 525-528. [66] E. Gozzi and M. Reuter, Hidden BRS Invariance in Classical Mechanics 2, Phys. Rev. D40 (1989) 3363-3377.

[67] E. Deotto and E. Gozzi, On the ’Universal’ N=2 Supersymmetry of Classical Mechanics, Int. J. Mod.

Phys. A16 (2001) 2709-2746.

[68] E. Gozzi, Cartan Calculus and its Generalization via a Path Integral Approach to Classical Mechanics, Rend. Sem. Mat. Univ. Politec. Torino 54 (1996) 269-277, e-Print Archive: q-alg/9702032.

[69] E. Gozzi, A Proposal for a Differential Calculus in Quantum Mechanics, Int. J. Mod. Phys. A9 (1994) 2191-2228.

[70] H. Grassmann, Die Lineare Ausdehnungslehre, Verlag von B. G Teubner (1862). [71] H. J. Groenewold, On the Principles of Elementary Quantum Mechanics, Physica 12 (1946) 405-460. [72] W. B. Heard, Rigid Body Mechanics, Wiley-VCH (2006). [73] D. Hestenes, Space-Time Algebra, Gordon and Breach (1966).

[74] D. Hestenes, New Foudations for Classical Mechanics, D. Reidel Publishing Company (1999). [75] D. Hestenes and G Sobczyk, Clifford Algebra to Geometric Calculus, D. Reidel Publishing Company (1984).

[76] D. Hestenes and P. Lounesto, Geometry of Spinor Regularization, Cel. Mech. 30 (1983) 171-179. [77] D. Hestenes, Hamiltonian Mechanics with Geometric Calculus, in: Z. Oziewicz et al (eds.), Spinors, Twistors, Clifford Algebras and Quantum Deformation Kluwer Dordercht/Boston (1993) 203-214.

[78] D. Hestenes Grassmanns Vision in: Hermann Gunther Grassmann (1809-1877): Visionary Mathematician, Scientist and Neohumanist Scholar, Kluwer Academic Publishers (1996).

[79] M. Hillery, R. F. O’Connell, M. O. Scully and E. P. Wigner, Distribution Functions In Physics: Fundamentals, Phys. Rep. 106 (1984) 121-167.

[80] A. C. Hirshfeld and T. Schwarzweller, Path integral quantization of the Poisson-Sigma model, Ann.

Phys. (Leipzig) 9 (2000) 83-101.

[81] O. D. Johns, Analytical Mechanics for Relativity and Quantum Mechanics, Oxford University Press, 2005.

[82] E. Kähler, Der innere Differentialkalkül, Rend. Math. Ser. V 21 (1962) 425-523. [83] H. Kalka and G. Soff, Supersymmetrie, Teubner Verlag (1997).

[84] D. Kreimer, New Mathematical Structures in Renormalizable Quantum Field Theories, Ann. Phys. 303 (2003) 179-202, Erratum-ibid.305:79,2003 [85] J. G. Krüger and A. Poffyn, Quantum Mechanics in Phase Space, Physica 85A (1976) 84-100. [86] P. Kustaanheimo, Spinor Regularization of the Kepler Motion, Ann. Univ. Turku. Ser. AI. 73 (1964) 3. [87] H. Lee, Theory and application of the quantum phase-space distribution functions, Phys. Rep. 259 (1995) 147-211.

[88] H. Leschke, A. C. Hirshfeld and T. Suzuki, Canonical perturbation theory for nonlinear systems, Phys.

Rev. D18 (1978) 2834-2848.

[89] M. Liang and Y. Sun, Quantum-classical correspondence of the relativistic equations, Ann. Phys. 314 (2004) 1-9.

[90] J. E. Marsden and T. S Ratiu, Introduction to Mechanics and Symmetries, Springer Verlag, 1994. [91] D. McDuff and D. Salamon, Introduction to Symplectic Topology, Clarendon Press, Oxford (1995). [92] J. E. Moyal, Quantum mechanics as a statistical theory, Proc. Cambridge Philos. Soc. 45 (1949) 99-124. [93] T. Muir, A Treatise on the Theory of Determinants, Dover, New York, 1960. [94] R. Oeckl, Braided Quantum Field Theory, Commun. Math. Phys. 217 (2001) 451-473. [95] M. Pavsic, Clifford Algebra Based Polydimensional Relativity and Relativistic Dynamics, Found. Phys.

31 (2001) 1185.

[96] R. Penrose, The Large the Small and the Human Mind, Cambridge University Press (1999). [97] M. E. Peskin and D. Schroeder, An Introduction to Quantum Field Theory, Perseus Reading, Mass.

(1995).

[98] J. J. Sakurai, Advanced Quantum Mechanics, Addison-Wesley Publishing Company (1967). [99] J. Schwinger, Quantum Mechanics, Springer (2001).

[100] D. Sen and S. Sengupta, A Critique of the Classical Limit Problem of Quantum Mechanics, Found.

Phys. Lett 19 (2006) 403-421.

[101] P. Sharan, Star-product representation of path integrals, Phys. Rev. D20 (1979) 414-418. [102] J. Snygg, Clifford Algebra, Oxford University Press, 1997.

[103] E. L. Stiefel and G. Scheifele, Linear and Regular Celestial Mechanics, Springer, Heidelberg/New York 1971.

[104] E. C. G. Sudarshan and N. Mukunda, “Classical Dynamics: A Modern Perspective”, John Wiley & Sons (1974).

[105] T. Spernat, Clifford-Algebren in der Quantenmechanik, Diplomarbeit Dortmund 2004. [106] B. Thaller, The Dirac Equation, Springer-Verlag, Berlin (1992). [107] I. Vaisman, Lectures on the Geometry of Poisson Manifolds, Birkhäuser (1994). [108] L. van Hove, Sur le problème des relations entre les transformations unitaires de la mécanique quantique et les transformations canoniques de la mécanique classique, Acad. Roy. Belg. Bull. 37 (1951) 610-620.

[109] J. C. Varilly and J. M. Gracia-Bondia, The Moyal representation for spin, Ann. Phys. 190 (1989) 107- 148.

[110] H. Weyl, Quantenmechanik und Gruppentheorie, Z. Phys. 46 (1928) 1-46. [111] P. Wigner, Quantum corrections for thermodynamic equilibrium, Phys. Rev. 40 (1932) 749-759. [112] C. K. Zachos and T. Curtright, Phase space Quantization of Field Theory, e-Print Archive:

hep-th/9903254 (1999).

[113] C. K. Zachos, Geometrical Evaluation of Star Products, J. Math. Phys. 41 (2000) 5129-5134. [114] C. Zachos, Deformation Quantization: Quantum Mechanics Lives and Works in Phase-Space, Int. J.

Mod. Phys. A17 (2002) 297-316.

Acknowledgment

First of all I want to thank Dr. A. C. Hirshfeld for giving me the freedom to realize my ideas and for proofreading this thesis. For a helpfull discussion I also want to thank Prof. L. Schwachhöfer of the mathematics department.

Especially I want to thank B. Bucker, S. Odendahl and T. Spernat for many discussions and for the good and fruitful cooperation.

For many discussions, some even about physics, I also thank S. Jansen and T. Schwarzweller. But most of all I want to thank my parents for their patience, understanding and support that made this work possible.