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ABSTRACT

This thesis focuses on the specification of prior distributions for parameters in Bayesian
models. In particular, it addresses the formulation of informative priors derived from
expert knowledge, a research area referred to as expert prior elicitation. Expert prior
elicitation is particular valuable in settings where data are sparse but substantial domain
expertise is available. Typical examples include the development of a new product, the
adaptation of interventions to new contexts, or the assessment of risks associated with
rare events. Despite its long research history dating back to the 1970s, the practical
use of expert prior elicitation remains limited. One major limitation is that many ex-
isting methods have been developed as highly specialized, model-dependent solutions,
thereby constraining their flexibility and transferability across diverse real-world ap-
plications. Furthermore, the lack of a standardized diagnostic framework hampers the
systematic comparison of existing methods and the evaluation of prior distributions de-
rived from elicited expert knowledge. In addition, the availability of open-source and
interoperable software tools that integrate the expert elicitation workflow within the
broader Bayesian workflow remains limited.

This thesis contributes to the field of expert prior elicitation by introducing a novel
simulation-based method that builds on recent advances in predictive prior elicitation.
The proposed method is hybrid and model-agnostic, developed within a modular frame-
work that facilitates flexible adaption and extension. Its performance is systematically
evaluated across several simulation studies. In addition, we introduce elicito, an open-
source Python package that implements the proposed method. The software adheres to
the FAIR principles of research software engineering and is distributed via PyPI and
conda-forge. Comprehensive documentation, including API references and tutorials, is
hosted on a project website. The source code is openly available on GitHub, where it is
actively maintained and version-controlled. A continuous integration testing framework
is incorporated for quality assurance. Future research directions include validating the
method on complex, real-world case studies and expanding its implementation into a

fully interoperable software ecosystem for expert prior elicitation.

Keywords: expert prior elicitation, Bayesian workflow, prior specification, informative

priors, elicito
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CHAPTER 1

Background

1.1 Motivation and outline

In this thesis, we examine the specification of prior distributions over parameters in
a Bayesian model using expert prior elicitation. A fundamental characteristic of the
Bayesian paradigm is the explicit incorporation of probability distributions over model
parameters, known as prior distributions or simply priors. Consequently, the selection
of appropriate prior distributions constitutes a critical step in the Bayesian workflow
(Gelman et al., 2020). An important dimension for classifying various approaches to
prior specification is the extent of subject-matter information incorporated into the prior.
This spectrum ranges from non-informative priors, which do not encode any subject-
matter knowledge, to informative priors that incorporate highly problem-specific infor-
mation (Gelman and Hennig, 2017). This thesis addresses the construction of informa-
tive priors derived from subject-matter knowledge elicited from domain experts. An
entire research domain, referred to as expert prior elicitation (EPE), has been estab-
lished to study this problem.

In general, EPE refers to the process of translating an individual’s knowledge and
beliefs about one or more uncertain quantities into a (potentially joint) prior distri-
bution (Garthwaite et al., 2005; Mikkola et al., 2024b). This process integrates two
perspectives: that of the individual (i.e., the domain expert), from whom information
is to be elicited, and that of the prior distribution, which is to be constructed based on
the elicited information. A key challenge in EPE is that specifying a prior distribution
imposes particular requirements on the type and quantity of information needed to iden-
tify a probability distribution, which may not align with the domain knowledge that an
expert is able to provide.

Research on EPE dates back to the 1960s (Winkler, 1967, 1968) and continues to
be an active area of investigation (Mikkola et al., 2024b; Falconer et al., 2022; Johnson
et al., 2010a). Over the decades, numerous methods have been developed to translate
expert knowledge into formal prior distributions. Despite this progress, EPE methods
remain underutilized in practical applications (Mikkola et al., 2024b). Several factors

contribute to this limited adoption, including the fact that many methods (1) are spe-



cialized for specific types of generative models and cannot be readily extended to other

models, (2) require very specific type of expert information that may not be readily in-

terpretable by individual domain experts, and (3) lack accessible, user-friendly software

implementations that would make their application more practical.

This thesis contributes to the field of EPE by introducing a simulation-based method

for translating expert knowledge into prior distributions. Our proposed method is de-

signed to be flexible and compatible with a wide range of generative models, prior

distribution characteristics, and types of expert information. Additionally, we provide

an open-source, version-controlled, and user-friendly software implementation to facil-

itate the adoption of this method in both research and practice. Table 1.1 outlines the

structure of this thesis.

Ch. Sec. Description
1 1.1 Introduction to expert prior elicitation (EPE), current challenges, and
motivation for the proposed work.
1.2 Bayesian inference and introduction to the notation used throughout the
thesis.
1.3 Prior specification and its relation to EPE.
"2 2.1 The EPE process, including its main stages and the actors involved.
2.2 Setting up the EPE process, including the selection of experts, choice
of the generative model and prior characteristics, identification of target
quantities, and choice of elicitation techniques.
2.3 Extracting knowledge from domain experts, including the use of elici-
tation protocols for multi-expert settings.
2.4  Translating expert-elicited knowledge into formal prior distributions.
Overview of existing EPE methods and associated challenges.
2.5  Evaluating constructed prior distributions, including criteria such as va-
lidity, feasibility, and replicability.
2.6 Desiderata for an ideal EPE method and software.
'3 3.1 Contribution 1: A simulation-based EPE method for parametric prior
distributions.
3.2 Contribution 2: Extending the proposed method to non-parametric,
Jjoint prior distributions using normalizing flows.
3.3  Contribution 3: Implementing a FAIR software solution for the devel-
oped simulation-based EPE method.
4 Discussion of achievements, remaining challenges, and directions for

future research.

Table 1.1 Outline of the present thesis. Abbreviations: Ch., chapter; Sec.; section.



1.2 Bayes’ Rule

In this section, we introduce key concepts of Bayesian inference and establish the
general notation adopted throughout the thesis. The data are represented as a vector
y = (y1,...,yn), where y,, denotes the n-th observation and y € ). Similarly, let
6 = (01,...,0;) denote a vector of parameters, where 6; denotes the j-th parameter
and # € O©. A (marginal) probability density function is denoted by p(-) and a con-
ditional probability density by p(- | -), with the corresponding arguments determined
by the context. The terms probability distribution and probability density will be used
interchangeably. Along these lines, the joint probability mass or density function of the
data and model parameters given some hyperparameter vector A = (\y, ..., Ax) can be

factorized as
p(y,0 | X)) =ply | 0)p@ | ) (1.1)

where p(y | 0) is referred to as the sampling or data distribution and p(6 | \) as the
prior distribution, here parameterized by A, with )\, denoting the k-th hyperparameter
and A € A. The joint probability density of data and model parameters in Equation 1.1
is sometimes also referred to as data model (Gelman, 2014).

In Bayesian inference, the primary objective is typically to make probabilistic state-
ments about the parameters conditional on the observed data. This conditional distri-
bution, p(f | y, \), is referred to as the posterior distribution. A formal framework for

computing this inverse probability is provided by Bayes’ rule (Robert, 2007)

Cply |0, N)p(0 | A)  ply,0|A)

AN =TGN T (2

where the normalizing constant p(y | A) is known as the marginal likelihood or evi-
dence and defined as p(y | A) = [gp(y | 6. \)p(@ | X\)d6 for continuous parameter
spaces, and p(y | A\) = > o p(y | 0, \)p(0 | A) for discrete parameter spaces (Gelman,
2014). Bayes’ rule provides a principled approach for updating prior beliefs p(6 | )
to posterior beliefs p(6 | y, A) in light of observed data y. In essence, Bayes’ rule
formalizes the process of learning from experience, whereby a defining feature of the
Bayesian paradigm is the explicit use of a probability distribution over the parameters
(Bissiri et al., 2016; Winkler, 1967; Robert, 2007). This directly raises the question of
how to specify prior distributions, a question that constitutes the primary focus of this

thesis.

1.3 Prior Specification

Specifying prior distributions is a key task in Bayesian inference (Gelman, 2014), yet it

also represents one of its greatest challenges (Van Dongen, 2006; Gelman and Hennig,



2017). From an ideal perspective, the prior distribution encodes information beyond
the observed data y (Jaynes, 2003). This naturally raises the question: What kind of
information should be represented through a probability distribution, and how should it
be quantified in form of a prior? Perhaps the least satisfying immediate answer is that
there exists no single universal rule for assigning priors (Jaynes, 2003).

However, over time, a variety of approaches for constructing prior distributions
have emerged. Historically, these approaches have been broadly categorized into two
paradigms: the objective and subjective Bayesian perspectives. The objective view is
commonly associated with the work of Jaynes (2003) and Jeffreys (1961), while the
subjective view is rooted in the work of De Finetti (1974) (Kass and Wasserman, 1996;
Berger, 2006). The central principle of the subjective approach is that the prior should
reflect the personal beliefs of the analyst regarding the problem at hand. In contrast,
the objective approach aims to construct priors that have minimal impact on the cor-
responding posterior distribution, thereby allowing the data to dominate the inference
(Consonni et al., 2018; Berger, 1985).

However, it has been argued that the distinction between subjective and objective
approaches is not entirely meaningful, and might be misleading, as all statistical meth-
ods involve subjective elements in their formulation beyond the specification of a prior
distribution (Gelman and Hennig, 2017; Berger, 1985). As an alternative, approaches to
prior specification can be classified based on the extent to which information from the
data distribution is used in the construction of the prior (Gelman et al., 2017; Gelman,
2002). Priors that aim to maximize the use of information derived from the data distri-
bution, effectively minimizing the influence of external information not present in the
observed data, are commonly referred to as diffuse or non-informative (Van De Schoot
et al., 2021; Gelman et al., 2017; Seaman et al., 2012). Classical examples include Jef-
freys priors (Jeffreys, 1961), reference priors (Bernardo, 1979), and maximum entropy
priors (Jaynes, 2003). In contrast, informative priors are constructed to incorporate sub-
stantial problem-specific knowledge, ideally capturing all relevant information available
before observing the data (Gelman et al., 2017; Van De Schoot et al., 2021; Winkler,
1967). This is basically the idealized Bayesian view which assumes that separate in-
formation about a parameter  exists and can be quantified, which is then combined
with the data (Berger, 1985). Positioned between the extremes of non-informative and
informative priors are weakly informative priors. These priors encode general domain
knowledge that is applicable across a broad class of problems, while intentionally avoid-
ing the use of highly problem-specific information (Van De Schoot et al., 2021; Gelman
et al., 2017). One example for a weakly informative prior is the Penalised Complexity
prior proposed by Simpson et al. (2017).

Overall, no universally correct or superior method exists for prior specification (Van

De Schoot et al., 2021). The choice of strategy depends largely on the specific character-



istics of the problem and the resources available to the analyst. Relevant considerations
include the extent of prior knowledge that is available about the problem, the format
in which this knowledge is available, the financial and temporal resources at hand, the
amount of data informing the inference, and the expected influence of the prior on
the posterior distribution. In this thesis, we focus on the construction of informative
priors, which naturally raises the question of the appropriate source of prior informa-
tion. Different sources can be distinguished, giving rise to specific approaches to prior
specification. For example, when historical data are available, several data-driven ap-
proaches have been proposed, including power priors (Ibrahim et al., 2015; Rietbergen
et al., 2011), catalytic priors (Huang et al., 2020), and, more recently, primed priors
(Fazio et al., 2024). In addition, meta-analyses, systematic literature reviews, and re-
sults from previous empirical studies can be used to construct priors (Mikkola et al.,
2024b; Van De Schoot et al., 2018; Choy et al., 2009). The specific information source
considered in this thesis is expert information, which gives rise to EPE. An approach
that involves specifying informative priors based on knowledge or beliefs elicited from

subject-matter experts (Kass and Wasserman, 1996).



CHAPTER 2

Expert prior elicitation

The incorporation of expert knowledge into the construction of prior distributions is
particularly valuable in contexts where empirical data are scarce but substantial domain
expertise is available. For example, in the design of clinical trials for a novel drug,
members of the development team may provide assessments of likely efficacy and po-
tential adverse effects based on prior experimental evidence (O’Hagan, 2019). Another
example is the case of newly developed procedures for genetically modifying plants to
render crops resistant to a specific herbicide, where expert knowledge can be elicited to
characterize uncertainties in agricultural risk assessments, including potential adverse
effects on cultivation practices, agricultural systems, or public health (Knol et al., 2010).

External knowledge can be used to constrain model behavior, ensuring consistency
with known characteristics of the phenomenon under study and with established scien-
tific understanding. This is particularly important for complex, overparameterized, or
partially identified models (Johnson et al., 2010b; Morris et al., 2014; Clemen et al.,
2000; Manderson, 2023; Gustafson, 2010). The inclusion of prior information can also
improve the computation of posterior estimates, rendering otherwise intractable models
suitable for inference (Manderson, 2023). The value of integrating expert knowledge
into statistical models has long been recognized, and its application spans a wide range
of scientific disciplines, including pharmacy (Lesaffre et al., 2020), medicine (Azzolina
et al., 2021), and ecology (Choy et al., 2009; Johnson et al., 2010b).

2.1 EPE process

EPE is a structured process for translating an individual’s knowledge and beliefs about
one or more uncertain quantities into a (joint) probability distribution (Garthwaite et al.,
2005; Mikkola et al., 2024b; Kuhnert et al., 2010; O’Hagan et al., 2006). As outlined
by Garthwaite et al. (2005), the EPE process involves four key stages:

1. Setup stage: The problem is defined, suitable expert(s) selected, and the quanti-

ties to be elicited (in the following referred to as target quantities) identified;

2. Elicitation stage: The target quantities are queried from the expert(s) using spe-



cific elicitation techniques, yielding a set of expert-elicited summaries;

3. Fitting stage: The expert-elicited summaries are used to fit a (joint) probability
distribution that serves as the specified prior;

4. Evaluation stage: Finally, the adequacy of the learned prior distribution is as-
sessed in collaboration with the expert, and adjustments in previous stages are

made if necessary.

Within this process, three different roles can be differentiated (Falconer et al., 2022):
The domain expert is an individual with extensive knowledge of a substantive area
from whom prior information is to be elicited. The domain expert may or may not
have formal training in statistics. The analyst is the statistical expert responsible for
formulating the statistical model and translating the expert’s knowledge into a prior
distribution that can be incorporated into the probabilistic model. In some cases, it
is useful to further distinguish the role of the facilitator, who guides the elicitation
process, provides training and interacts directly with the domain expert to obtain the
necessary information (Morris et al., 2014). Depending on the context and complexity
of the elicitation task, the roles of the analyst and the facilitator may be assumed by the
same individual.

Each stage of the EPE process is associated with a specific set of tasks. For a given
problem setting, the subset of relevant tasks defines the corresponding EPE workflow.
An EPE method typically refers to the algorithm employed in the fitting stage, that is,
the process of translating expert knowledge into corresponding prior distributions. In
this thesis, we focus on methodological advancements in EPE methods. Since the input-
output structure of an EPE method is inherently shaped by the upstream and down-
stream tasks within the overall EPE workflow, a thorough understanding of the entire
workflow is essential. Although a comprehensive review of all tasks involved in the
EPE workflow lies beyond the scope of this thesis, and is already well-documented in
the literature (see e.g., Mikkola et al., 2024b; Garthwaite et al., 2005; Falconer et al.,
2022; O’Hagan et al., 2006), the following sections provide an overview of selected

components that are of particular relevance to the development of EPE methods.

2.2 Setting up EPE

In the setup stage, key decisions are made that collectively define the EPE workflow.
These include the selection of experts (Section 2.2.1); the specification of a generative
model, encompassing both the data distribution and the characteristics of the prior dis-
tributions (Section 2.2.2); the identification of target quantities (Section 2.2.3); and the
choice of elicitation techniques (Section 2.2.4). In the following, each of these aspects

is discussed in greater detail.



2.2.1 Expert selection

The process of expert selection involves determining the appropriate number of experts
and specifying their required expertise and background. The expertise of the selected
experts influences the choice of target quantities, particularly their interpretability, and
is discussed in greater detail in Section 2.2.3. The number of experts can range from
a single individual to multiple experts. In many cases, eliciting prior knowledge from
multiple experts is preferable, as it can reduce the influence of cognitive biases in in-
dividual judgments, allow assessment of variability in responses, and thus provide a
more representative characterization of prior knowledge within a research field (Fal-
coner et al., 2022; Stefan et al., 2022; Kuhnert et al., 2010). Different recommendations
have been made regarding the optimal number of experts (see for review e.g., Stefan
et al., 2022). In practice, however, the choice is often constrained; for example, in
highly specialized fields, the available pool of experts may be limited (Stefan et al.,
2022). When multiple experts are involved, an additional decision concerns the method
for aggregating the elicited information. Possible approaches include behavioral ag-
gregation (i.e., reaching a consensus among experts), mathematical aggregation (i.e.,
combining multiple elicited values using quantitative methods), or a combination of
both (see for review, e.g., O’Hagan et al., 2006; O’Hagan, 2019; Falconer et al., 2022;
Clemen and Winkler, 1999; Winkler, 1968; Johnson et al., 2010a; Rougier et al., 2013;
Williams et al., 2021).

2.2.2 Model selection

The formulation of the statistical model M involves specifying both the functional
form of the data distribution and the characteristics of the prior distribution(s) over the
model parameters. Two key characteristics of priors are their dimensionality and their
parametric nature, that is, whether they are parametric or non-parametric (Mikkola
et al., 2024b).

Parametric nature When a parametric family is specified for the prior distribu-
tion(s), p(f | A), the individual members of the family are characterized by the model
hyperparameter vector A. In this setting, the objective of an EPE method is to find
hyperparameter values that accurately represent the expert’s beliefs (Garthwaite et al.,
2005). The selection of a parametric family typically represents a compromise be-
tween conceptual, problem-specific considerations and mathematical convenience. In
particular, earlier work in EPE, conducted when computational resources were limited,
focused primarily on conjugate priors due to their mathematical tractability (Mikkola
et al., 2024b; Gribok et al., 2004; Choy et al., 2009). Although a conjugate prior is un-

likely to fully capture an expert’s beliefs, the hope is that such a choice will nonetheless



reflect the most important features of the expert’s opinion (Al-Awadhi and Garthwaite,
1998). However, sometimes the use of more flexible prior distributions beyond the nat-
ural conjugate family is desirable. A major challenge associated with non-conjugate
priors is that, in general, the resulting problem becomes analytically intractable (Gri-
bok et al., 2004), which has led to the development of numerous model-specific EPE
methods in the past (see Section 2.4 for further discussion).

An even higher degree of flexibility can be achieved through the use of semi- or
non-parametric priors, py(#), which reduce or avoid imposing specific assumptions
about the functional form of the prior distribution (Garthwaite et al., 2005). Oakley
and O’Hagan (2007) argue that a non-parametric approach is preferable because it ex-
plicitly quantifies the uncertainty arising from the use of a finite set of expert-elicited
summaries (discussed further in Section 2.2.3). Although the increased flexibility of-
fered by non- (or semi-) parametric priors is appealing, it requires more informative
input, both in quantitative and qualitative terms. This includes, among others, eliciting
a larger number of increasingly specialized target quantities from the domain expert
to adequately constrain the model behavior. A requirement that usually conflicts with
the principle that target quantities should remain easily interpretable for the domain ex-
pert (Mikkola et al., 2024b). The increased flexibility also places additional demands
on the analyst, requiring further decisions during the model-building stage to impose
appropriate structure on the problem (Bornkamp and Ickstadt, 2009).

Dimensionality Another relevant property of prior distributions is their dimension-
ality. The majority of EPE methods concentrate on univariate prior distributions, as-
suming independence among the model parameters. This approach is often preferred
because it relies exclusively on univariate elicitation techniques and on target quantities
that are more easily interpretable by domain experts (Garthwaite et al., 2005).
However, for complex and high-dimensional problems, it is generally insufficient
to consider only marginal priors; instead, the joint behavior of the parameters must be
taken into account (Gelman et al., 2017). In some cases, the use of independent priors
may even be problematic. For example, weakly informative independent priors can,
when applied to a large number of parameters, collectively become strongly informative
(Gelman et al., 2020). Joint priors provide a means to control the overall complexity
of large parameter sets and to generate more sensible prior predictions, which may be
difficult or impossible to obtain when using independent priors (Gelman et al., 2020).
While the use of joint priors may be conceptually advantageous, the elicitation task
becomes inherently more complex (Garthwaite et al., 2005). In particular, specifying a
joint distribution requires information on correlations and covariances (Mikkola et al.,
2024b; Garthwaite et al., 2005; Clemen et al., 2000). However, individuals often display

systematic biases when making joint probability assessments; for example, they tend to



overestimate the probability of conjunctive events and underestimate the probability of
disjunctive events (Garthwaite et al., 2005).

Several approaches have been proposed to address the complexity of eliciting joint
priors: In some cases, the model can be reformulated such that the quantities of interest
become independent (Garthwaite et al., 2005; O’Hagan, 2019, 2012). However, finding
such transformations is not always possible, thus alternative approaches are required to
handle joint priors. Gaussian copulas have been proposed as a means of decomposing
a multivariate joint prior into its marginal priors and a corresponding correlation ma-
trix. Although assessing dependence is a non-trivial task for individuals, Clemen et al.
(2000) demonstrated that individuals are capable of making direct judgments about
correlations. Others have suggested the use of pairwise concordance probabilities or
partial rank correlation coefficients (O’Hagan, 2019). However, it has also been argued
that the direct assessment of correlation may be an unreliable method for quantifying
expert beliefs (Garthwaite et al., 2005). Alternative strategies include defining a joint
prior over a subset of parameters that control a specific aspect of the model (Simpson
et al., 2017), or over a set of meaningful summaries of the parameters (Seaman et al.,
2012). However, these approaches present their own challenges, as it is often difficult
to anticipate the broader implications of such specifications within the overall analysis
(Seaman et al., 2012).

In addition to facilitating control over the joint behavior of model parameters, joint
priors offer the advantage of reducing the number of hyperparameters in a model. Con-
sequently, fewer hyperparameters need to be elicited, thereby reducing the elicitation
burden on domain experts. This motivation underpins the concept of joint hyperpa-
rameters, wherein individual priors depend on a smaller, potentially structured set of
shared hyperparameters (Mikkola et al., 2024b). Hierarchical priors naturally embody
this principle, as they are defined in terms of higher-level parameters that govern the
distributions of lower-level parameters (Biirkner, 2017). Common examples include
shrinkage priors and their recent generalizations, which aim to develop parameteriza-
tions with more intuitive hyperparameters (Piironen and Vehtari, 2017; Aguilar and
Biirkner, 2023, 2025; Zhang et al., 2022).

2.2.3 Selection of target quantities

The selection of target quantities is guided by the question what information shall be
elicited from a domain expert. A target quantity refers to a specific aspect of the statis-
tical model M, such as a model parameter, outcome variable, or any quantity derived
from them. It serves as a bridge between the model hyperparameters that define the
prior distributions and the expert’s elicited knowledge. In practice, experts are typically

queried with respect to a set of target quantities. This set is defined with the aim of
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capturing all relevant aspects of the model. The selection of target quantities is guided

by two primary criteria: informativeness and interpretability.

Informativeness [Informativeness is defined from the perspective of the model and
refers to the extent to which the set of target quantities allows to identify the model
hyperparameters \. Let A denote the subset of hyperparameter values that do not induce
a distinctive distribution of the observable data y. Formally, A C A where A = {\ €
A:ply | A) =p(y | \) for some \* € A\{\}}. The model M is said to be fully
identified if A = (), essentially identified if A # () but py(A) = 0, and nonidentified
if A # () and pA(A) > 0 (Gustafson, 2005). Due to the probabilistic nature of this
definition, it is non-trivial to determine for a specific model whether a selected set of
target quantities uniquely identifies the model M, particularly when the target quantities
refer to the outcome variable.

In fact, when the target quantities refer to the outcome variable or a quantity derive
from it, the hyperparameters \ are typically not identifiable, as it is generally impossi-
ble in these situations to disentangle aleatoric uncertainty, arising from the data, from
epistemic uncertainty, arising from the model (da Silva et al., 2023; Manderson and
Goudie, 2024; Perepolkin et al., 2024). For the present discussion, it is useful to further
introduce the notion of partially identified models. A model is said to be partially iden-
tified if the hyperparameters A cannot be uniquely determined, but the possible set of
values, referred to as the identification region, is smaller than the a priori set of possible
values (Gustafson, 2010). This scenario is likely the most common in the context of
EPE and naturally raises the follow-up question: How large is the identification region?

A relatively naive yet straightforward approach to exploring the identification region
involves repeatedly applying the fitting procedure defined by the EPE method to a fixed
set of expert-elicited target quantities. In the case of non- or partial identifiability, re-
peated fitting yields different prior distributions, as defined by hyperparameters A\, each
representing a sample from the identification region. Analyzing these samples offers
insight into the range of prior distributions that align with a given set of target quanti-
ties. A more principled approach to investigate the identification region is to frame the
problem as a Bayesian inference task by specifying a prior distribution over the hyper-
parameter and computing the corresponding posterior distribution. Regardless of the
chosen approach, if the identification region contains prior distributions that the expert
or analyst deems unrealistic, the subsequent question is how the identification region
can be reasonably constrained.

One option for constraining the identification region is to regularize the loss func-
tion of the EPE method used to fit the prior distributions. Regularity conditions as-
sumed, this approach is effectively equivalent to placing a prior distribution over the

hyperparameter (Luo et al., 2023). Manderson and Goudie (2024) present an exam-
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ple of extending the loss function through a regularization term, designed to encode
a preference for maximizing prior uncertainty. Specifically, given two indistinguish-
able hyperparameter vectors, \" and \”, the vector that produces a larger variance for
p(@ | \) is preferred. Another form of loss regularization is to expand or modify the set
of target quantities to increase their informativeness. However, this strategy demands
additional resources, both in terms of the quantity and quality of information elicited
from experts. In practice, the willingness of experts to contribute their time imposes
limits on the number of quantities that can be realistically elicited (O’Hagan, 2019).
Furthermore, there is a trade-off between the informativeness of a target quantity and

its interpretability for domain experts (da Silva et al., 2023).

Interpretability [Interpretability reflects the expert’s perspective and refers to the ex-
tent to which a target quantity can be meaningfully understood and assessed by a do-
main expert. As such, it directly influences the validity of an EPE method, which can
only be as good as the quality of its inputs (Johnson et al., 2010b). A commonly dis-
cussed distinction in relation to interpretability is whether a target quantity refers to the
parameter space, such as a regression coefficient in a linear model, or to the outcome
(or observable) space, that is, the dependent variable conditional on various values of
the predictor variable (Kadane and Wolfson, 1998). The former approach is referred to
as structural elicitation, whereas the latter is referred to as predictive elicitation in the
EPE literature (Kadane and Wolfson, 1998; Falconer et al., 2022).

Predictive elicitation is generally recommended over structural elicitation, as it does
not require experts to interpret the meaning of model parameters and additionally allows
for model-agnostic EPE methods (see Section 2.4 for further discussion, Kadane et al.,
1980). The difficulty faced by experts, regardless of their statistical expertise, in inter-
preting model parameters, whose meaning may even depend on some non-trivial link
function, has been widely recognized (Kadane et al., 1980; Bedrick et al., 1996). How-
ever, we believe that eliciting knowledge about model parameters should not be categor-
ically avoided. The suitability of structural versus predictive elicitation is highly context
dependent and varies according to the specific problem setting and the type of expert(s)
(Denham and Mengersen, 2007). For instance, experts may possess prior knowledge
about model parameters derived from previous experiments, meta-analyses, or related

empirical studies, and such information should not be disregarded when available.

2.2.4 Selection of elicitation techniques

Elicitation techniques specify how a target quantity should be elicited from an expert.
This process involves (1) identifying appropriate summary measures that take the target
quantity as input and return a summary value (hereafter referred to as elicited sum-

maries), and (2) selecting a suitable assessment tool that specifies the response format
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for the elicitation task.

Elicited summaries Experts are usually not asked to specify the full distribution of a
target quantity directly. Instead, they provide a small set of summaries that capture the
key aspects of their beliefs or knowledge about the target quantity (Morris et al., 2014;
O’Hagan and Oakley, 2004). Commonly used summaries to obtain a measure of central
tendency are the median or mode (Johnson et al., 2010a). However, using the mean is
generally discouraged, as human judgments of the mean are often biased when the un-
derlying distribution is skewed (Garthwaite et al., 2005). In general, experts should not
be asked to provide information on statistical moments directly. For instance, eliciting
the variance as a measure of variability is not recommended, as it can be difficult for
experts to interpret. Instead, eliciting credible intervals is advised (Garthwaite et al.,
2005).

A common approach to eliciting the variability of a target quantity is to ask experts
to specify a plausible range of values by providing lower and upper bounds, such that
they would consider it highly unlikely for the true value to fall outside this interval
(O’Hagan, 2019; O’Hagan, 2005). Subsequently, variability can be assessed in greater
detail. Two methods commonly used in expert elicitation are the fixed interval and vari-
able interval methods. In the fixed interval method, the facilitator or analyst partitions
the range of possible values of the target quantity into intervals, and the expert assesses
the probability that the quantity will fall within each interval. In the variable interval
(or bisection) method, the expert is asked sequentially to provide estimates of the me-
dian as well as the lower and upper quartiles (Garthwaite et al., 2005; O’Hagan, 2019).
Variants of the bisection method include, for example, the tertile method, in which the
expert specifies the median as well as the 33rd and 66th percentiles (Morris et al., 2014).
However, it should be avoided to elicit percentiles that correspond to the extreme tails of
a distribution (e.g., the 1st or 99th percentiles), as individuals exhibit difficulty in rea-
soning about highly improbable events and tend to show overconfidence (Garthwaite
et al., 2005; Morris et al., 2014). Other methods include the probability method to elicit
probability judgments from the expert (Morris et al., 2014). Finally, the different meth-
ods can also be combined into hybrid approaches, for instance, asking the expert to first
specify the median and then provide probabilities for two additional intervals (Morris
et al., 2014).

Response formats The use of an appropriate assessment tool can greatly facilitate the
extraction of expert knowledge. Common response formats include direct assessment
of the estimate (e.g., in tabular form), sliders or visual analog scales, sketching a graph,
and the roulette method (also called the “bins and chips” method; Johnson et al., 2010a;
Oakley et al., 2010; Johnson et al., 2010b). The roulette method is a variant of the fixed
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interval approach, in which the expert distributes a fixed number of chips across pre-
specified bins. A key advantage of this method is that the resulting allocation provides

an immediate graphical representation of the expert’s belief (Oakley et al., 2010).

2.3 Eliciting summaries from experts

During the elicitation stage, the expert is asked to provide the set of elicited summaries.
A key challenge at this stage is to extract expert knowledge while minimizing the in-
fluence of heuristics and biases that affect human judgment under uncertainty (Tversky
and Kahneman, 1974). The heuristics and biases most commonly discussed in EPE in-
clude availability, anchoring, overconfidence, range-frequency, representativeness and
expert fatigue (for further discussion, see e.g., Falconer et al., 2022; O’Hagan, 2019;
O’Hagan et al., 2006; European Food Safety Authority, 2014).

Substantial research in EPE has focused on designing elicitation protocols to min-
imize judgmental biases and heuristics during expert elicitation (O’Hagan et al., 2006;
O’Hagan, 2019). While many decisions in the EPE process are context-dependent,
such as the selection of target quantities or elicited summaries, other, more general
workflow decisions can be standardized within elicitation protocols (European Food
Safety Authority, 2014). Examples of such workflow decisions include the sequenc-
ing of questions, the training of experts, the scheduling of group interactions among
experts, and the timing and manner of feedback provision. The European Food Safety
Authority (2014) has recommended three elicitation protocols for scenarios involving
multiple experts: the Cooke protocol (Cooke, 1991), the Sheffield protocol (Gosling,
2018), and the Delphi method (Rowe and Wright, 1999). Their main differences con-
cern the elicited summaries employed, the sequence of questions, the method used for
expert aggregation (i.e., behavioral or mathematical), and whether seed variables are
incorporated to assess expert calibration (O’Hagan, 2019; Falconer et al., 2022). Intro-
duction material on these protocols is provided among others in Sahlin et al. (2024);
European Food Safety Authority (2014); O’Hagan (2019), and Williams et al. (2021).

EPE can be conducted on-site through interviews or remotely via telephone or
video conferencing, and either synchronously in face-to-face settings or asynchronously
through self-paced questionnaires (Johnson et al., 2010a; Stefan et al., 2022). Although
the use of questionnaires may appear advantageous due to experts’ time constraints,
the quality of results is generally lower compared to face-to-face settings guided by
a skilled facilitator (O’Hagan, 2019; O’Hagan, 2005). In multiple-expert elicitation,
a further distinction can be made between interviewing experts individually or collec-
tively. Collective interviews are often preferred because they facilitate knowledge shar-
ing; however, they also carry the risk of undesirable group dynamics, such as groupthink

and social conformity (Stefan et al., 2022). In such cases, a skilled facilitator is essential
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to guide the group through the elicitation process (O’Hagan, 2005).

To support elicitation protocols, several software tools have been developed. These
include SHELF (Oakley, 2025), designed for the Sheffield protocol, along with its
browser-based extension MATCH (Morris et al., 2014) for remote EPE. Another ex-
ample is the closed-source software EXCALIBUR (LightTwist Software, 2007), de-
veloped to support Cooke’s protocol. However, despite the availability of such tools,
their usability and intuitiveness have been criticized, and further development remains

necessary (Johnson et al., 2010a).

2.4 Translating expert-elicited summaries to priors

Once the set of expert-elicited summaries has been obtained, it can be employed in
the fitting stage to construct a corresponding prior distribution for the parameters in
a Bayesian model. An EPE method specifies the systematic procedure by which the
elicited summaries are converted into corresponding prior distributions. The complexity
of an EPE method can vary considerably. In the simplest case, analytical solutions exist
for conjugate models. When elicited summaries map directly onto model parameters,
simple least-squares fitting may be sufficient. More complex scenarios arise when the
summaries correspond to the outcome variable rather than parameters. In such cases, an
additional transformation step is required, often followed by the application of general
optimization techniques. A key determinant of the complexity is the extent to which the
EPE method can accommodate different configurations specified during the setup stage.
This flexibility involves assumptions about the model (i.e., data distribution and prior
characteristics), the target quantities, and the elicitation techniques. Table 2.1 summa-
rizes how EPE methods can be characterized according to the assumptions specified

during the setup stage of the EPE process.

Task in setup stage Characterization of an EPE method

Defining the data model model-specific vs. model-agnostic

Defining prior characteristics parametric vs. non-parametric
independent vs. joint

Selecting the target quantities structural vs. predictive vs. hybrid

Selecting the elicitation techniques fixed vs. flexible

Table 2.1 Characterizing an EPE method based on the assumptions made during the
setup stage of the elicitation process

Considerable work has focused on developing structural EPE methods based on inde-
pendent, parametric priors (Garthwaite et al., 2005; Mikkola et al., 2024a,b). These
methods are inherently model-specific, and consequently, structural EPE methods have
been proposed for a variety of model classes, including linear regression (Ibrahim,
1997), logistic regression (Bedrick et al., 1997), hierarchical models (Hem et al., 2024),
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and autoregressive time-series models (Jarociniski and Marcet, 2019). Additional exam-
ples are provided in Manderson (2023), and a comprehensive review is available in the
supplementary material of Mikkola et al. (2024b). In addition to work on independent,
parametric priors, there is a longstanding line of research on EPE methods that em-
ploy more flexible, non-parametric joint priors. For example, Gaussian process models
have been proposed to infer unknown prior functions from expert-provided summaries
(Oakley and O’Hagan, 2007; Gosling et al., 2007; Moala and O’Hagan, 2010). Clemen
et al. (2000) proposed the use of Gaussian copulas to decompose a multivariate joint
prior into its marginal priors and a corresponding correlation matrix. More recently,
Mikkola et al. (2024a) introduced a method for inferring prior distributions from pref-
erential comparisons using normalizing flows. Perepolkin et al. (2024) suggested em-
ploying quantile-parameterized distributions to represent flexible priors, and Bornkamp
and Ickstadt (2009) provided a semi-parametric alternative by modeling prior distri-
butions as linear combinations of B-splines. Despite these advances, methodological
and practical challenges associated with non-parametric (joint) priors have limited their
broader adoption in EPE as discussed in Section 2.2.2.

Beyond structural EPE methods, a complementary line of research has concentrated
on the development of predictive EPE methods, with an emphasis on independent,
parametric priors. Although predictive EPE methods offer the potential to be model-
agnostic, most approaches proposed to date remain model-specific (Mikkola et al.,
2024b). Only recently, several predictive EPE methods have been proposed with the
aim of reducing model dependence, including Hartmann and Agiashvili (2020), Man-
derson and Goudie (2024), and da Silva et al. (2023).

With respect to the choice of elicitation techniques, most EPE methods employ only
one specific approach, typically quantile-based elicitation. An exception is the method
proposed by da Silva et al. (2023), which accommodates multiple types of elicitation
techniques. A similar pattern emerges for the choice of target quantities: most EPE
methods focus exclusively on either structural elicitation (i.e., querying experts about
model parameters) or predictive elicitation (i.e., querying experts about observables),

while hybrid approaches remain largely unexplored.

2.5 Evaluating the elicitation process

In the evaluation stage, the probability distribution obtained from the fitting stage are
further assessed. This raises the question of how to define a “good” prior. Within the
context of EPE, we regard a good prior as a probability distribution that accurately ap-
proximates the expert’s knowledge and beliefs. Given that expert knowledge cannot be
accessed directly and is instead inferred from elicited summaries, the present defini-

tion warrants further refinement: a prior can be considered good if it faithfully reflects
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the expert-elicited summaries, provided that these summaries adequately capture the
relevant aspects of the expert’s knowledge and beliefs (cf. validity).

Following Manderson and Goudie (2024), we define faithfulness as the extent to
which the learned prior accurately represents the expert-elicited summaries. This con-
sideration is particularly important for target quantities defined in the outcome space,
which additionally include a translation step from summaries to model parameters
(Manderson and Goudie, 2024). A key determinant of the validity of the learned prior is
whether the chosen set of summaries (i.e., target quantities together with the elicitation
techniques) provides a sufficiently informative representation of the expert’s knowledge
and beliefs. The critical question, then, is how one can assess whether the elicited sum-
maries are indeed sufficiently informative (O’Hagan and Oakley, 2004)? One approach
to evaluating the alignment of the selected target quantities with the expert’s knowledge
is to ask the experts directly whether the set of elicited summaries captures all relevant
aspects of the problem or whether important aspects are missing (face validity, Johnson
et al., 2010b). While this approach can provide first insights into whether important
thematic concepts have been omitted, it does not provide information on whether the
target quantities are sufficiently informative to identify the model hyperparameters .

In certain (simple) cases, sufficient statistics can be derived, thereby guiding the
choice of elicited summaries. However, when sufficient statistics cannot be derived,
other approaches are needed. One approach, already discussed in Section 2.2.3, is to
repeatedly fit a prior to the set of expert-elicited summaries (replicability, Manderson
and Goudie, 2024). If the hyperparameters are only partially identifiable, this proce-
dure yields a set of priors reflecting samples from the identification set. Partial iden-
tifiability, and consequently the existence of a set of priors that equally well reflect
the expert-elicited summaries, should not necessarily be regarded as a deficiency of
an EPE method. Winkler (1967) argues that an expert does not possess a unique true
prior distribution, but rather that there exists a set of equally valid priors. Even though
O’Hagan (1988) assumes the existence of a true prior distribution, provided that an in-
dividual is capable of perfectly accurate self-assessment of their beliefs, O’Hagan and
Oakley (2004) acknowledge that any prior implied by an expert’s knowledge can only
be elicited imperfectly. In light of this, it is reasonable to assume that there does not
exist a single ideal prior; rather, the objective is to identify a set of suitable priors. If
this set includes priors that the expert or analyst regards as unrealistic, it suggests that
the chosen summaries do not adequately capture all relevant aspects of the model and
therefore require refinement. This point highlights the iterative nature of EPE and the
critical role of providing feedback. Feedback involves presenting the implications of
the judgments made, allowing the expert to confirm or reject whether the provided im-
plications accurately reflect their beliefs (Garthwaite et al., 2005). Implementing this
step necessitates the development of suitable tools for visualization and other forms of
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informative feedback for the expert.

As the result is typically a set of priors, a natural follow-up question is whether
one should select a single distribution from this set or, alternatively, employ model-
averaging techniques. The appropriate choice is likely context-dependent. Applying
averaging techniques across multiple priors to obtain a single prior raises the question
of whether the resulting average still represents the expert’s beliefs (O’Hagan and Oak-
ley, 2004). Conversely, one could argue that if the set of priors indeed consists of good
priors, they should not differ substantially from one another, implying that any variation
is minor and that the effect of averaging is negligible (O’Hagan and Oakley, 2004). For
this discussion, it would be useful to define a metric that quantifies the impact of select-
ing a specific prior distribution on the subsequent analysis, for instance by evaluating
the sensitivity and robustness of the resulting Bayesian inference task (Mikkola et al.,
2024b).

Since the core of EPE lies in interaction with domain experts, an additional impor-
tant criterion for evaluating an EPE method is its feasibility. Feasibility includes factors
such as cost, need for equipment, completion time, and ease of use (Johnson et al.,
2010a; O’Hagan, 2019; Johnson et al., 2010b). To improve feasibility, experts should
receive training, the set of elicited summaries should be kept to a minimum, and, in gen-
eral, EPE methods should be sample-efficient (Garthwaite et al., 2005; Mikkola et al.,
2024b). However, clear criteria for quantifying feasibility are still lacking (Mikkola
et al., 2024b).

The preceding discussion highlights preliminary considerations for assessing the
learned prior distribution and for evaluating an EPE method. However, when taking a
broader view of the EPE workflow, it becomes evident that a comprehensive evaluation
framework is still lacking (Mikkola et al., 2024b). Establishing such a framework would
not only benefit the assessment of individual EPE methods (for example, through a
standardized set of diagnostics) but also facilitate more meaningful comparisons across
different methods. In this context, the field could further benefit from the adoption of
benchmark datasets, as is common practice in machine learning (Mikkola et al., 2024b).
A further interesting avenue for future research would be to more closely integrate the
evaluation of EPE methods, within the broader elicitation process. In psychology, ques-
tionnaires often include items specifically designed for data quality assurance; similar
techniques could be incorporated into elicitation protocols. One example is Cook’s pro-
tocol, which uses a set of seed variables to assess how well-calibrated experts are with
respect to the elicitation task (European Food Safety Authority, 2014). These seed vari-
ables are selected to resemble the target quantities of interest but have known values
to the facilitator. The expert’s performance on these seed variables is then considered
indicative of the expected quality of their judgments on the target quantities (O’Hagan,
2019).
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2.6 Desiderata for an EPE method and software

The preceding discussion identified several challenges associated with the development
of EPE methods. Furthermore, these challenges arise not only from the methods them-
selves but also from their integration into the EPE workflow, which is itself embedded
within the broader Bayesian workflow. Figure 2.1 presents a schematic overview of the

relationships among these concepts.
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Fig. 2.1 Conceptual overview situating an EPE method within the EPE workflow which
is itself a subworkflow of the broader Bayesian workflow. Requirements and challenges
associated with integrating these components refer to both conceptual and implementa-
tion aspects.

The EPE workflow encompasses the entire EPE process: from defining the generative
model and selecting summary statistics, through the elicitation stage, to model fitting
and subsequent evaluation. A feedback cycle is typically incorporated into this work-
flow to iteratively align the fitted prior distributions with the elicited expert knowledge.
The EPE workflow can be regarded as a subworkflow within the overarching Bayesian
workflow, specifically associated with the prior specification stage. The EPE method
corresponds to the fitting stage of the EPE workflow with the task of translating the
expert-elicited summaries into corresponding prior distributions.

Developing a conceptual understanding of the relationships among these concepts
facilitates the identification and structuring of challenges associated with EPE meth-
ods and their implementation. Based on this analysis, we derived a set of desiderata
which we present in Table 2.2 and 2.3. The list is not intended to be exhaustive or
mutually exclusive but represents an initial framework that will require refinement and
critical evaluation by the research community. Within this thesis, its primary function
is to structure our research process, clarify objectives, and guide methodological de-
velopment. The desiderata will be addressed and discussed at relevant points in the

subsequent chapters.
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Desid. An ideal EPE method . ..

D-M1 accommodates a flexible definition of target quantities, supporting quan-
tities defined in both the parameter space and the observable space

D-M2 accommodates a flexible range of elicitation techniques, such as mo-
ments, quantiles, and distributions

D-M3 is agnostic to the model formulation

D-M3.1 s agnostic to the functional form of the data distribution
D-M3.2 s agnostic to characteristics of the prior
D-M4 is computationally efficient, enabling real-time feedback during the elici-
tation process
D-MS integrates into the broader EPE workflow
D-M6 propagates total uncertainty from the elicitation process into the resulting
prior distributions

D-M7 always returns a learned prior distribution, regardless of how limited the
input information is

D-MS8 detects incoherent input information and reconciles inconsistencies where
possible or provides feedback on the incoherence

D-M9 returns the same set of learned priors when fitted to the same set of expert-

elicited summaries, thereby ensuring reproducibility

Table 2.2 List of desiderata for an ideal EPE method. Abbreviation: Desid., Desidera-
tum.
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Desid. An ideal EPE software . ..

D-S1 is developed in accordance with the FAIR principles (Findable,
Accessible, Inter-operable, Reusable)

D-S2 is functional correct in that it produces correct results for every run

D-S3 provides interfaces compatible with expert-friendly elicitation tools ac-
commodating different response formats

D-S4 can be used to support an elicitation protocol by enabling immediate fit-

ting of prior distributions to elicited summaries, providing informative
visual feedback and diagnostics, allowing straightforward modification
of inputs, and facilitating efficient re-fitting

D-S5 is modular, open-source, and version-controlled, thereby facilitating
community-driven development, ease of modification, integration of ex-
tensions, and transparency

D-S6 integrates into the broader Bayesian workflow by enabling seamless ex-
change of information between the EPE and Bayesian workflows (e.g.,
through direct use of model definitions in EPE and transfer of learned
priors into Bayesian inference)

D-S7 is compatible with different probabilistic programming languages

D-S8 is facilitator-friendly by providing an intuitive interface, comprehensive
documentation, tutorials, and case studies.

D-S9 includes a standard set of evaluation metrics, diagnostics, and visualiza-
tion tools

Table 2.3 List of desiderata for an ideal EPE software. Abbreviation: Desid., Desider-
atum.
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CHAPTER 3

Simulation-based expert prior elicitation

The challenges identified in the previous chapter regarding EPE methods and their
implementation highlight the need for further refinement of currently available ap-
proaches. In response, we introduce a hybrid, model-agnostic simulation-based EPE
method composed of modular building blocks, allowing adaptation to a wide range of
problem settings. Our method builds on recent advances in predictive elicitation, specif-
ically those described by Manderson and Goudie (2024), Hartmann and Agiashvili
(2020), and da Silva et al. (2023). In Bockting et al. (2024), we introduce a simulation-
based EPE method with a focus on parametric prior distributions (Section 3.1). In
Bockting et al. (2025), we extent this method to non-parametric joint prior distribu-
tions (Section 3.2). Furthermore, to improve reproducibility and accessibility, the EPE
method has been implemented as a version-controlled, open-source Python package,
elicito (Bockting and Biirkner, 2025), which is actively maintained and available via
GitHub, PyPI, and conda-forge (Section 3.3). Table 3.1 summarizes our contributions
to the EPE research field. A short summary of each contribution is provided in the

subsequent sections.

Reference Description Section
(Bockting Introduction of a modular, simulation-based EPE Section 3.1
etal., 2024) method enabling flexible specification of data distri-

butions, target quantities, and elicitation techniques,

with a focus on learning parametric prior distribu-

(Bockting Extension of the method proposed by Bockting et al. ~ Section 3.2
etal., 2025) (2024) to accommodate non-parametric joint priors
via normalizing flows.

(Bockting Development of a modular, open-source, and Section 3.3
and Biirkner, version-controlled Python package implementing
2025) the simulation-based EPE method described in

Bockting et al. (2024, 2025).

Table 3.1 Overview of publications included in this thesis and their main contributions
to the EPE research field

22



3.1 A simulation-based EPE method for parametric priors

3.1.1 Motivation

In Bockting et al. (2024), we propose an EPE method that builds upon recent advances
in the field of predictive prior elicitation by Manderson (2023), da Silva et al. (2023),
and Hartmann and Agiashvili (2020). Our approach extends this line of research by
introducing a hybrid framework that allows target quantities to be specified in both the
parameter space and the observable space. Furthermore, the method supports custom
specifications of generative models, target quantities, and elicitation techniques, en-
abled by its modular design and simulation-based approach. Figure 3.1 illustrates the
central idea of our simulation-based EPE method and its integration within the EPE

process.

Simulation-based EPE method

hyper-
? parameter
GJ

Simulation

simulated <:’ generative
summaries model

Expert elicitation Optimization

discrepancy loss

expert-elicited
summaries

@

generative modelincl.
prior characteristics

Expert &

~
Fittin @
elicitation
i

Fig. 3.1 Graphical representation of the conceptual workflow underlying the simulation-
based EPE method in the context of the EPE process

&,

target quantities

Evaluation

elicitation techniques

experts

AN NN

feedback

Given a generative model and a set of initial hyperparameters defining the prior dis-
tributions, the model can be run in forward mode to simulate elicited summaries by
computing the predefined target quantities and summary statistics. These simulated
summaries are then compared with the expert-elicited summaries obtained during the
expert-elicitation stage. An iterative optimization scheme is employed to update the
hyperparameters of the parametric prior distributions so as to minimize the discrep-
ancy between simulated and expert-elicited summaries. In other words, the objective
is to identify the vector of hyperparameters that yields the closest alignment between

simulated and expert-elicited summaries.

23



3.1.2  Method

The following section provides an overview of the methodology proposed in Bockting
et al. (2024). To ensure consistency and clarity within this thesis, the notation has been
adjusted from the original publication where necessary. The core logic of our EPE

method is summarized in a five-step workflow.

1. Define the generative model: Specify the generative model, including the func-
tional form of the data distribution and the parametric family of prior distribu-

tions.

2. Define target quantities and elicitation techniques: Select the set of target quan-
tities and determine the elicitation techniques to query the expert (cf. elicited

summaries).

3. Simulate elicited summaries: Draw samples from the generative model and com-

pute the corresponding set of simulated elicited summaries.

4. Evaluate discrepancy between simulated and expert-elicited summaries: Assess
the discrepancy between the simulated and expert-elicited summaries using a

multi-objective loss function.

5. Adjust prior hyperparameters to minimize discrepancy: Apply an optimization
scheme to update the prior hyperparameters such that the loss function is mini-

mized.

In the following sections, we provide a formal introduction for each step.

Generative model The definition of the generative model M comprises the data
distribution, p(y | €), and the specification of parametric prior distribution families,
p(0 | A). In the formulation presented in Equation 3.1, we additionally introduce a vec-
tor of derived model parameters, 7, and derived model outcomes, 2z, which are defined

as transformations of the model parameters, f;’ “(6;), and the model outcomes, f%(y),

respectively:
0 ~p0]A)
fpar(é ) parameter space
T 3.1)
~py |0,
Y ((jt | 77)} observable space
z=f"(y)
with p = (11,...,7n,) and b denotes a vector of potential covariates within a regression

context. Consequently, given a set of hyperparameter values ), the generative model
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can be executed in forward mode to draw a total of S samples (s = 1,...,S) for the

parameters (6®, n(*)) and observables (y(*), 2(*)) specified by M.

Target quantities Besides the generative model, it is necessary to formalize the se-
lected set of target quantities. A target quantity is defined as a random variable 7" € ¥
distributed according to pp

T~ pr, (3.2)

where 7' may refer to any quantity in the parameter space, the observable space, or
any transformation thereof, i.e., T = ¢o(0) U ¢y(Y) with ¢g, ¢y denoting arbitrary
transformations of the respective spaces. Using the notation introduced in Equation 3.1,

the different types of target quantities can be represented as

T:0~p(@])N (parameter) T:y~p(y|b ) (outcome)
T:n~pm|A) (deriv. parameter) T :z~ p(z|b,A) (deriv. outcome)

Instead of directly employing the density py, our simulation-based approach involves

sampling from the generative model yielding realizations drawn from pp
{2y~ pr(t | ). (3.3)

Typically, a set of P target quantities is defined, resulting in a vector of samples for

each defined target quantity, {t,(,s)}sevaeN.

Elicitation techniques Given the set of target quantities, the next step is to formalize
how these quantities are queried from an expert, that is, to define the corresponding
elicitation techniques. For each of the P target quantities (), elicitation techniques f, ,
are specified with ¢ = 1,...,(),. An elicitation technique applied to a target quantity

yields in an elicited summary

Ep = fp, ({t$15.)) forp=1,....P. (3.4)
The index m = 1, ..., M arises from the combination of target quantities and the elic-

itation techniques specified for each target quantity. For instance, consider two target
quantities, {¢\"'} and {£\”}. Suppose the median, MED({¢\"'}), is elicited for {£\*},
while the 25th, 50th, and 75th percentiles, Qa5({t$”}), Qso({tS”}), and Q+5({t1),
are elicited for {tgs) }. In this case, the total number of elicited summaries is M = 4. An
elicited summary F,,, may take the form of a scalar, for example, when the median or a
quantile of a target quantity is elicited, or a vector. The final set of elicited summaries
is denoted by { E,,, }M_,.
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Discrepancy measure Once the generative model M, target quantities {t,(f)}, and
elicitation techniques f, , are specified, the corresponding samples can be generated in
forward mode for a given \. This procedure results in the set of simulated summaries
{E,,}M_,. Subsequently, the discrepancy between each pair of simulated and expert-
elicited summaries is computed via a discrepancy measure D,,,, which may vary across
the elicited summaries { F,,, }*_, . For clarity, we introduced a slightly adjusted notation
to differentiate between simulated data (i.e., the simulated elicited summaries), denoted
by E,,, and observed data (i.e., the expert-elicited summaries), denoted by E,,. We
further use Em()\) to explicitly show the functional dependence of the simulated sum-
maries on the hyperparameters A, which are subject to the optimization procedure. The
discrepancy between the simulated and expert-elicited summaries can then be denoted
by

Dot (B (N), Epy) (3.5)

where D,,» denotes the chosen discrepancy measure. A new index, m' = 1,..., M’, is
introduced to account for the possibility of concatenating multiple elicited summaries
into a single representation. For example, revisiting the case described above, the three
elicited quantiles for {tés)} may be concatenated into a single vector. In this case, the
total number of loss components is reduced, yielding m’ = 1,2. However, the impact
of concatenating elicited statistics on the optimization results is not yet fully understood

and warrants further investigation.

Multi-objective loss function To obtain a single loss value, the individual discrep-
ancy measures, D,/ (also referred to as loss components), are combined via a multi-
objective loss function denoted by L(\). As aggregation method, a weighted sum is

employed, with weights ~,,,» assigned to each discrepancy measure D,/

Ml
L) = Y Do (B (A), Epr). (3.6)
m/=1
Under this loss formulation, the optimization objective is to determine the hyperparam-
eters \* that minimize the multi-objective loss, thereby reducing the overall discrepancy

between the simulated and expert-elicited summaries
A" = arg m}n L(N). 3.7)

Gradient-based optimization The current procedure for solving the objective de-
noted in Equation 3.7 utilizes an iterative approach. In each iteration (or epoch), a set
of simulated elicited summaries is derived based on the current hyperparameter vector

A°Poch - The discrepancy between these simulated and the expert-elicited summaries is
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then computed and aggregated to yield a total loss value, which subsequently drives the

update of the hyperparameters A

oL
)\epoch — )\epoch—l _ 5= 3.8
8 A 7 ( )
where ¢ denotes the learning rate. The updated hyperparameters are then used to sim-
ulate a new set of summaries, which enters the next loss computation. This updating
procedure continues until a convergence criterion is satisfied. To implement this opti-
mization procedure, we employ mini-batch stochastic gradient descent with automatic

differentiation, facilitated by the reparameterization trick (Kingma et al., 2015).

3.1.3 Simulation Studies

We implemented the EPE method described in Section 3.1.2 in Python 3.9, specifically
utilizing TensorFlow (v2.14, Abadi et al., 2015) and TensorFlow Probability (v0.22,
Dillon et al., 2017). The implemented method was tested across four simulation studies,
encompassing normal linear regression, binomial regression, Poisson regression, and a
hierarchical model.

To construct the set of elicited summaries, we focused on target quantities in the
observable space, and employed elicitation techniques based on quantiles, moments,
and histograms. Rather than eliciting the summaries from a “real” expert, the set of
“expert”-elicited summaries, { Em}n]‘le, was derived from a vector of true (i.e., known
to the analyst) hyperparameters, \"™¢. This was achieved by executing our simulation
approach once in forward mode using \™<¢. For quantifying the discrepancy between
the simulated and “expert”-elicited summaries, we employed the Maximum-Mean Dis-
crepancy (MMD, Gretton et al., 2012) for all loss components. To minimize the overall
loss function, the optimization procedure was run for a predefined number of epochs
(700-1,000), requiring 30-90 minutes to complete on CPUs. In each iteration, 128
mini-batches were processed to enhance learning efficiency, with 200300 samples
drawn from the prior distribution per batch. The variation in these numbers reflects
differences across case studies; within a single case study, the parameters remained
constant.

Convergence was achieved for all case studies and was assessed according to the
following criteria: (i) the final loss value decreases over epochs and approaches a value
near zero; (ii) individual discrepancy measures decrease over epochs and approach val-
ues near zero; (iii) gradients with respect to each hyperparameter converge toward zero
across epochs; and (iv) hyperparameter values converge and stabilize at specific values
across epochs. In addition, across all case studies we demonstrated successful learning
of the prior distributions which was evaluated by assessing the correspondence between

(1) simulated and expert-elicited summaries; and (i1) true and simulated prior distribu-
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tions.

3.1.4 Discussion and Conclusion

The EPE method introduced in Bockting et al. (2024) extents the current line of re-
search in predictive elicitation: (i) It allows for a flexible definition of the functional
form of the data distribution (D-M3.1), (ii) target quantites (D-M1), and (iii) elicita-
tion techniques (D-M2). (iv) It integrates naturally into the broader EPE workflow
(D-MS) by accommodating various decisions in upstream task of the EPE process. (v)
Moreover, the simulation-based approach ensures that potential inconsistencies in the
expert-elicited summaries are always reconciled in the simulated elicited-summaries,
that is, the learned priors will always imply a set of coherent elicited summaries (D-
MS8). In this way, our introduced EPE method represents a valuable contribution to the
field and is currently among the most flexible approaches available for EPE.

However, although our EPE method provides a promising direction for future re-
search in EPE, there are multiple limitations associated with both the EPE method and
our approach to evaluating its performance. Starting with the EPE method itself, we
note for example that is does not (i) accommodate non-parametric joint priors, and is
therefore not agnostic to characteristics of the prior distribution (D-M3.2); (ii) prop-
agate the full uncertainty from the elicitation process, as only point estimates of the
hyperparameters A\ are learned, and meta-uncertainty in expert judgment is neglected
(D-M6); (iii) consistently return the same set of learned priors when fitted to the same
set of expert-elicited summaries (D-M9); instead, the method returns only a sample
from the identification region (see Section 2.2.3); and (iv) handle appropriately situa-
tions in which only very sparse data are available (D-M7); when the elicited summaries
are uninformative, the EPE method simply returns the randomly initialized hyperpa-
rameters, \ePoch=0

Concerning the evaluation approach used in Bockting et al. (2024), at least two key
limitations should be noted: (i) we focused primarily on the self-consistency aspect,
demonstrating that our method can recover the “true” prior distributions when provided
with a sufficiently informative set of elicited summaries. This resulted in a large number
of elicited summaries, some of which were difficult to interpret. While such preliminary
simulation studies are important for establishing the validity of the method, it is equally
important to demonstrate that the method behaves reasonably in more realistic settings,
i.e., when only a smaller set of easily interpretable elicited summaries is available.
This aspect, however, was not addressed in Bockting et al. (2024). (ii) Another key
limitation of this work is the absence of a sensitivity analysis. Specifically, results were
presented and discussed for only a single seed in each case study. Given the challenges

associated with identifiability, it is important to perform sensitivity analyses to assess
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the variability of the learned prior distributions.

3.2 Extending simulation-based EPE to non-parameteric priors

3.2.1 Motivation

While the simulation-based EPE method introduced in Bockting et al. (2024) shows
promising results, it also reveals several areas for improvement. One limitation of
Bockting et al. (2024) is its restriction to parametric prior distributions. As highlighted
in D-M3.2, however, an ideal EPE method should be agnostic to the characteristics
of the prior. Furthermore, the evaluation methodology employed in Bockting et al.
(2024) has notable shortcomings, particularly the absence of sensitivity analyses and
the reliance on relatively large sets of elicited summaries. Consequently, we extended
in Bockting et al. (2025), the previously introduced EPE method to also accommo-
date non-parametric joint priors. Moreover, we improved the evaluation approach by
incorporating sensitivity analyses and introducing additional evaluation criteria and di-
agnostics. With these extensions, Bockting et al. (2025) presents one of the first EPE
methods that, in addition to the flexibility outlined in the previous section, can accom-

modate both parametric and non-parametric prior distributions.

3.2.2 Method

The general methodology remains consistent with that outlined in Section 3.1.2, with
the exception that the prior distribution is now defined by a non-parametric joint prob-
ability density function p, () over the model parameters . To learn p,(6), we employ
a flow-based generative model, a class of deep generative models that combine genera-
tive modeling with normalizing flows (NFs, Papamakarios et al., 2021; Kobyzev et al.,
2020). Although the hyperparameters \ in p,(#) still represent the optimization target,
as they define the prior distribution to be inferred, their interpretation differs from that
in parametric distribution families. Specifically, A corresponds now to the parameters
of the normalizing flows, i.e., the weights of the underlying deep neural networks (see
details below). For this reason, we adopt a slightly different notation and write the prior

probability density with A as an index, py(6).

Normalizing Flows NFs transform a simple probability distribution, referred to as
the base distribution p(u), into a more complex target distribution, which in our case
corresponds to the joint prior py(#). This transformation is achieved through a series of
invertible and differentiable mappings g,, parameterized by A (Kobyzev et al., 2020).

The composition of these invertible mappings yields an explicit expression for the den-
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sity p, () via the change-of-variables formula

pa(0) = p(u = gx(0)) | det g3(0) |,

where ¢ (0) = %g,\(Q) denotes the Jacobian matrix of g, at 6 and | det g} () | is its
absolute determinant. This formulation enables efficient evaluation of the prior density
at arbitrary parameter values ¢ (Dinh et al., 2016). Samples from the joint prior can be
obtained by first drawing samples from the base distribution, p(u), and then applying

the inverse transformation g; ' (u) to generate samples from p) (6)

0 =gy (u) ~pa(0) for u~ p(u).

Different types of NFs are typically distinguished based on the form of the mapping
gx. In Bockting et al. (2025), affine coupling flows are employed, as they are easily
invertible, computationally efficient, and sufficiently expressive (Kobyzev et al., 2020).

3.2.3 Simulation Studies

The extended EPE method has been implemented in the Python package elicito (v0.3.1
Bockting and Biirkner, 2025) using Python 3.11. Its performance was evaluated across
four simulation studies involving Binomial and normal regression models. These case
studies were selected to provide simple, well-controlled scenarios in which the behavior
of the method could be systematically examined. The set of target quantities comprised
(i) the outcome variable conditional on specific values of the predictor, (ii) the coeffi-
cient of determination (12?) for the linear regression models, and (iii) the pairwise cor-
relations between model parameters. The set of elicitation techniques included quantile
elicitation and for the correlation a point estimate for the central tendency was used.

Following Bockting et al. (2024), the set of “expert”-elicited summaries was con-
structed by simulating from “true” prior distributions. Although the learning objective
targets a non-parametric joint prior, we employed parametric true priors (independent
or joint) due to practical reasons. As discrepancy measures, we used the L2 loss for
the correlation coefficients and the MMD for all other elicited summaries. The archi-
tecture of the NFs was based on a standard multivariate Gaussian as the base distribu-
tion and comprised three affine coupling blocks. Each coupling block consisted of two
dense layers with 128 units and ReLU activation functions. The optimization procedure
was executed for a predefined number of epochs (500-800), requiring approximately
7-15 minutes to complete on GPUs. The variation in these numbers reflects differ-
ences across case studies. In each iteration, 128 mini-batches were processed, with 200
samples drawn from the prior distribution per batch.

We extended the evaluation framework of Bockting et al. (2024) with four supple-
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mentary analyses to thoroughly investigate the method’s performance: (i) an assessment
of the informativeness of elicited summaries, testing their sensitivity to changes in the
true prior; (ii) repeated execution of the optimization procedure with different seeds
(30 times per case study) for sampling from the identification region to better charac-
terize the range of possible priors; (ii1) an analysis of loss convergence that included
examining the slope of the final loss values alongside visual inspection; and (iv) the im-
plementation of prior averaging as an alternative to selecting a single final distribution.

Moreover, two additional sets of simulations are reported in the supplementary ma-
terial!. In the first set, each case study was conducted using the parametric prior method
introduced in Bockting et al. (2024), enabling a preliminary comparison between the
parametric and non-parametric approaches within the simulation-based framework. In
the second set, the model parameters were treated as target quantities, thereby both
evaluating the method’s performance in the parameter space and facilitating compar-
ison between the true and learned prior distributions, effectively serving as a validity
check of the implementation. All results indicate satisfactory performance of the EPE
method, demonstrating that it successfully learned prior distributions corresponding to

the provided set of elicited summaries.

3.2.4 Discussion and Conclusion

Building on the discussion in Section 3.1.4, the extended EPE method now fulfills D-
M3.2, demonstrating flexibility in handling parametric and non-parametric priors in
both independent and joint settings. Furthermore, we refined the evaluation frame-
work to systematically assess the validity, faithfulness, and replicability of the learned
prior(s). Particular attention was given to the construction of elicited summaries, with
a strong emphasis on interpretability. Nevertheless, an important limitation persists:
the pairwise correlations between model parameters are difficult to interpret. To en-
hance the practical utility of the method, future research should aim to infer parameter
correlations from more interpretable elicited summaries.

The results in Bockting et al. (2025) suggest that deep generative models offer an
interesting opportunity for learning non-parametric joint priors within simulation-based
EPE methods. Nonetheless, we found that achieving satisfactory learning performance
required substantial tuning of algorithm hyperparameters, including the learning rate,
the number of coupling layers, and the choice of activation functions. This requirement
presents a practical limitation, as EPE methods are expected to provide rapid feedback
to support active interaction with domain experts during the elicitation stage. Future re-
search should investigate alternative generative approaches for learning non-parametric

joint prior densities, such as flow matching (Lipman et al., 2022) or diffusion models

The supplementary material for this publication is available at ht tps://github.com/flore
nce-bockting/non-parametric-prior.
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(Cao et al., 2024), as well as strategies for determining robust default algorithm hyper-

parameter configurations that are broadly applicable across diverse data models.

3.3 Software implementation for simulation-based EPE

3.3.1 Motivation

To facilitate accessibility of the simulation-based EPE method introduced in Bockt-
ing et al. (2024, 2025) for a broad audience, including both method developers and
applied practitioners, a sustainable research software implementation is required. A
guideline for developing sustainable research software is provided by the FAIR prin-
ciples (Findable, Accessible, Interoperable, Reusable; Lamprecht et al., 2020; Hassel-
bring et al., 2020). FAIR research software increases scientific value by promoting four
key characteristics: Findability and Accessibility contribute to transparency by ensur-
ing that code and associated results are easily retrievable and usable by the broader
research community. Interoperability enables integration with other software tools and
workflows, while Reusability supports the verification of methods and results, thereby
facilitating both reproducibility and the extension of prior work. Guided by these princi-
ples, we developed the Python package elicito, which is described in detail in Bockting
and Biirkner (2025).

3.3.2 Implementation

The Python package elicito adheres to the FAIR principles and is publicly released
under the permissive Apache 2.0 open-source license. The package is available via
PyPI (https://pypi.org/project/elicito/) and conda-forge (https:
//anaconda.org/conda-forge/elicito). Comprehensive documentation,
including the API reference, installation instructions, detailed explanations, and tutori-
als, is maintained on ReadTheDocs (https://elicito.readthedocs. io).
The source code, together with metadata such as a short description, author infor-
mation, dependency specifications, and citation guidance via a Citation File Format
(Smith et al., 2016), is hosted on GitHub (https://github.com/florenc
e-bockting/elicito) to ensure version control and support collaborative de-
velopment. In addition, a snapshot of the GitHub repository is archived on Zenodo
(https://zenodo.org/records/15671710), where it is assigned a per-
sistent identifier to support long-term accessibility and reproducibility of published re-
search results. The package is compatible with Python versions 3.9 through 3.12 and
has the following libraries as core dependencies: tensorflow (>= 2.16), tensorflow-
probability (>= 0.24), tf-keras (>= 2.16), numpy (>= 1.24), joblib (>= 1.4.2), and
tqdm (>= 4.38). Dependency management is handled through the uv Python pack-
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age manager. The software integrates a testing framework for continuous integration to
ensure the reliability of current and future adaptations. It adheres to established soft-
ware and data standards to enable interoperability with other software components. The

package has been tested on Linux, Windows, and macOS.

User Interface The primary user interface of elicito is the Elicit class, through which
the user can configure an appropriate EPE method by defining the respective input pa-

rameters:

model: Define the generative model used in the elicitation procedure.

* parameters: Specify assumptions regarding the prior distributions over model pa-
rameters, including (hyper)parameter constraints, dimensionality, and parametric

form.

* targets: Define the elicited summaries in terms of target quantities and corre-

sponding elicitation techniques. Specifies the discrepancy measure and weight.
* expert: Provide the expert-elicited summaries.

* optimizer: Specify the optimization algorithm to be used, along with its hyperpa-

rameters (e.g., learning rate).

* trainer: Configure the overall training procedure, including seed, number of

epochs, sample size, and batch size.

* initializer: Define the initialization strategy for the hyperparameters used to in-
stantiate the simulation-based optimization process; only required for parametric

prior distributions.

* network: Specify the architecture of the deep generative model; only required for

non-parametric prior distributions.

By configuring these core components, elicito can accommodate a wide range of differ-

ent generative models, target quantities and elicitation techniques.

Computational algorithm Algorithm 1 outlines the computational steps underlying
elicito. In this pseudo-code we assume a batch size of one. However, in the actual
implementation we use a batch size greater one, resulting in all computational objects
carrying an additional dimension of size B. Furthermore, we slightly deviate from the
previously introduced notation and denote the prior in the following algorithm by p,

irrespective of whether it is parametric or non-parametric.
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Algorithm 1 Computational algorithm underlying elicito (batch size of one)

Require: )\, > specify initialization for hyperparameter

Require: either DNN or p, () > specify (non-)parametric prior

Require: p(y | 0, \) > define generative model

Require: 7, withp=1,... P > define set of target quantities

Require: f,,withg=1,...,0, > define elicitation technique(s) for each
target quantity

Require: D,,,v,, withm =p X q > define discrepancy measure and weight

Require: £, > pass expert-elicited summaries

Require: epochs, 5, ¢ > define training settings: epochs, prior

samples, learning rate

AN > initialize hyperparameter A
for epoch in epochs do
px < DNN()\) > (optional) learn prior density from DNN

form =p x qgdo
draw {tz(f) S frompp(t|A) > simulate target quantity

E,, + Ipa ({tz(,s)}f:1> > compute elicited summaries
end for
L= 2%:1 fymDm(Em()\), Em) > compute multi-objective loss
Aepoch+1 €= Aepoch — OV A0 £ > update A\ via backpropagation
end for

Case Studies In Bockting and Biirkner (2025), two case studies are presented that
illustrate the specification of the Elicit class under different configurations: The first
case study assumes independent parametric priors and the second case study a non-
parametric joint prior. To support reproducibility, all code for the case studies is openly
available on GitHub?. Within the context of these case studies, we illustrate the use of
the el.plots submodule, which is included in the elicito package and provides function-
ality for the graphical evaluation of convergence diagnostics and the learned prior dis-
tributions. Additionally, we demonstrate how the package supports parallel execution
of multiple replications of the fitting procedure, thereby facilitating efficient sensitivity
analyses.

Example plots for Case Study 1 are presented in Figures 3.2 and 3.3, which illustrate
the convergence of model hyperparameters across training epochs and the final learned
prior distributions, respectively. We ran six replications of Case Study 1 in parallel,
resulting in the multiple lines shown in both figures, each representing the outcome of

an individual replication.

2Code for case studies in Bockting and Biirkner (2025) is available at https://github.com/f
lorence-bockting/elicito-software—-paper.
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Fig. 3.2 Convergence of hyperparameters \ across epochs for six parallel runs. The plot
is created using el.plots.hyperparameter(eliobj).
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Fig. 3.3 Learned marginal prior distributions for all parallel runs. The plot is generated
using el.plots.prior_marginal(eliobj).

3.3.3 Discussion and Conclusion

With elicito, we provide a software implementation whose development has been guided
by the FAIR principles (D-S1). To ensure interoperability with other software compo-
nents, we adhere to established software and data standards. This enables, for example,
future extensions of elicito, such as the integration of graphical user interfaces for the
elicitation stage or the addition of domain-specific tools for post-processing of results
(D-S3, D-S4). The architecture of elicito is highly modular, and the code is open source
and version controlled (D-SS), enabling community-driven development. To ensure
the reliability of the software implementation (D-S2), we provide a continuous testing
framework to guarantee internal consistency, alongside the option to run the optimiza-
tion procedure using true prior distributions instead of expert data. This enables verifi-
cation of user-specific configurations of the Elicit class before observing any data (here
the elicted expert information).

While the current implementation represents a promising first step, several enhance-
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ments are necessary to make elicito truly accessible to a broad audience. The software
currently includes documentation covering API references, tutorials, and additional ex-
planations (D-S8); however, more comprehensive documentation is needed, along with
further tutorials and case studies to demonstrate the use of elicifo in practical appli-
cations. Although the implementation provides a basic set of visual tools for assess-
ing convergence and evaluating the learned prior distributions, a more extensive suite
of diagnostics, evaluation metrics, and visualizations is required to support thorough
model assessment and interpretation (D-S9). Moreover, for seamless integration into
the broader Bayesian workflow, the software should be implemented in, or at least
compatible with, probabilistic programming languages commonly used in Bayesian in-
ference, such as Stan (Stan Development Team, 2025) or PyMC (Salvatier et al., 2016).
Future development efforts will therefore focus on restructuring or re-implementing

elicito to ensure such compatibility (D-S6, D-S7).
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CHAPTER 4

Discussion and future work

Using expert knowledge to specify prior distributions over parameters in Bayesian mod-
els enables the integration of existing domain knowledge into statistical inference. This
approach is particularly important in settings where data are sparse. Typical examples
include the development of new pharmaceuticals, the launch of a product in a novel
market, the evaluation of educational interventions in unfamiliar contexts, or the assess-
ment of risks associated with rare events (e.g., flooding, volcanic eruptions; O’Hagan,
2019; Knol et al., 2010; Choy et al., 2009; Azzolina et al., 2021; Lesaffre et al., 2020).
Although the potential of EPE has long been acknowledged, its routine application in
practice remains limited. Several barriers contribute to this gap, as discussed in a re-
cent review by Mikkola et al. (2024b). Many existing EPE methods are highly model-
specific, which hinders their adaptation to diverse applications (Manderson and Goudie,
2024; Kadane and Wolfson, 1998). Furthermore, clear guidelines for establishing stan-
dardized EPE workflows, particularly with respect to diagnostics and procedures for
evaluating the elicited prior distributions, are lacking. The selection of an appropriate
set of elicited summaries often remains ambiguous, and substantial challenges persist
in the elicitation of non-parametric, joint prior distributions (Garthwaite et al., 2005;
Clemen et al., 2000). Finally, while methodological developments have received con-
siderable attention, comparatively little effort has been directed toward the development
of open-source, user-friendly software to facilitate practical implementation (Mikkola
et al., 2024b; Johnson et al., 2010a).

Against this background, the present thesis contributes to the field by developing
a simulation-based EPE method (Bockting et al., 2024, 2025). The proposed method
builds directly on recent developments in predictive EPE (e.g., da Silva et al., 2023;
Hartmann and Agiashvili, 2020; Manderson and Goudie, 2024), while providing in-
creased flexibility and modularity due to its simulation-based approach. The EPE
method is both model-agnostic and hybrid: it accommodates parametric and non- para-
metric as well as joint and independent priors, different data distributions (continuous
and discrete), target quantities, and elicitation techniques. Alongside this methodologi-
cal contribution, the method has been implemented in a version-controlled, open-source

Python package elicito (Bockting and Biirkner, 2025), developed in accordance with the
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FAIR principles of research software engineering (Hasselbring et al., 2020).

The development of an EPE method involves several challenges, which can be
broadly categorized into conceptual and implementation challenges, as well as the over-
arching challenge of embedding the method within the EPE workflow and, more gener-
ally, the Bayesian workflow. We begin our discussion by examining the main conceptual

challenges encountered during the development of our simulation-based EPE method.

Conceptual challenges A distinctive feature of the proposed EPE method is its flex-
ibility, which enables its application across a wide range of settings. However, this
flexibility also introduces new challenges in providing adequate guidance for practi-
tioner decision-making (Simpson et al., 2017). Our method enables users to specify
target quantities related to model parameters, the outcome variable, or derivations of
both. While the ability to select target quantities according to the needs of a given sit-
uation enhances interpretability, it simultaneously raises the question of whether such
self-constructed sets of elicited summaries are sufficiently informative to learn the prior
distributions, particularly when the target quantities refer to the observable space (i.e.,
predictive elicitation). Currently, the primary approach to addressing this question is
conducting a sensitivity analysis, in which the fitting procedure is repeated with the
same set of elicited summaries and subsequently the range of fitted prior distributions
is examined (Manderson and Goudie, 2024; Mikkola et al., 2024b; Gelman et al., 2020;
Depaoli et al., 2017). If the resulting prior distributions are inconsistent with the expec-
tations of the domain expert or analyst, this indicates that the elicited information does
not sufficiently constrain the problem and requires refinement. However, this approach
presents its own challenges. For instance, how many repetitions are necessary to obtain
a representative sample from the set of possible prior distributions? Can the sampling of
this set be performed more efficiently? How should the elicited summaries be adjusted
or extended to better constrain the implied set of priors? These questions highlight the
need for methodological improvements.

One avenue for improvement concerns the sensitivity analysis itself. For example,
implementing a Bayesian inference framework that provides the full distribution of po-
tential priors, rather than random samples obtained through repeated fitting, would be
advantageous. Furthermore, it would provide access to the full range of diagnostics for
assessing the posterior distribution. For instance, one could evaluate posterior contrac-
tion across different sets of elicited summaries and select the set that yields the strongest
contraction. However, a non-trivial challenge persists when formulating the problem as
a Bayesian inference task, namely the specification of prior distributions. In this case,
priors are required for the model hyperparameters, which effectively shifts the problem
to a higher level of the hierarchy rather than resolving it.

Regardless of the approach adopted for sensitivity analysis, informative diagnostics
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that quantify the information content of elicited summaries are essential for guiding the
selection of target quantities and elicitation techniques. This consideration also extends
to settings in which the outcome variable conditional on predictor values is used as
target quantity, thereby raising the question of which predictor values should be selected
for expert elicitation. While interpretability is an important criterion, the choice should
additionally be guided by informativeness. Achieving this, in turn, requires diagnostics
that facilitate the comparison of alternative configurations and the identification of the
most informative option. However, a standardized set of diagnostics for predictive EPE
methods is currently lacking (Mikkola et al., 2024b).

Another challenge concerns the specification of non-parametric joint priors (Garth-
waite et al., 2005; Oakley et al., 2010; Oakley and O’Hagan, 2007). Such flexible prior
distributions require highly specialized information, such as the specification of covari-
ance structures, to adequately constrain the problem. Yet, this type of information is
often difficult for domain experts to interpret (Clemen et al., 2000; O’Hagan, 2019).
Although several approaches have been proposed, the current situation remains subop-
timal for practical applications (Mikkola et al., 2024b; Gosling et al., 2007; Moala and
O’Hagan, 2010; Clemen et al., 2000; Oakley and O’Hagan, 2007). Our proposed EPE
method is capable of learning both parametric and non-parametric joint priors (Bockt-
ing et al., 2025). In the non-parametric case, we employ normalizing flows (Kobyzev
et al., 2020) and can demonstrate that, when information regarding the outcome variable
and pairwise correlations among model parameters is available, a non-parametric joint
prior can be effectively learned. However, eliciting pairwise correlations among model
parameters from domain experts is generally infeasible in practice (Clemen et al., 2000;
O’Hagan, 2019). Consequently, we need to focus in future work on developing expert
interfaces that query interpretable quantities and translate them into correlation infor-
mation suitable for use in our EPE method. Notably, Mikkola et al. (2024a) recently
proposed an approach that uses preferential judgments to infer the correlation struc-
ture of a non-parametric joint prior. Integrating their proposal with our EPE method
represents a promising direction for future research.

We have already noted the absence of a standard set of diagnostics for evaluat-
ing the results of an EPE method. More broadly, a general evaluation framework is
lacking, that additionally enables the comparison of EPE methods with respect to rel-
evant criteria such as faithfulness, validity, replicability, and efficiency (Johnson et al.,
2010a; Mikkola et al., 2024b; Johnson et al., 2010b). One reason for the absence of an
overarching evaluation framework is that EPE methods have often been introduced as
standalone, highly integrated, and model-specific solutions, creating the impression that
they are largely incomparable (Gelman et al., 2020). This has resulted in a landscape
in which numerous EPE methods coexist, complicating orientation for both method de-

velopers and practitioners. In this respect, we see substantial potential in developing
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EPE methods within a modular workflow (Gelman et al., 2020). This approach allows
the definition of main, interconnected modules that are common across EPE methods,
thereby facilitating comparability, while the specification of submodules can remain
highly case-specific, preserving flexibility between methods. We incorporated the prin-
ciple of modular design in the development of our proposed EPE method, an approach
strongly informed by a research software engineering perspective during its implemen-
tation (Johanson and Hasselbring, 2018; Hasselbring, 2018). We found that systemati-
cally identifying the main modules of an EPE method, as well as distinguishing which
components should be easily extendable or modifiable, was highly valuable. It helped
to impose structure on the complex task of developing an EPE method and facilitated
clear communication of the primary tasks, conceptualized as modules. Moreover, it
supports collaborative development, as the overall problem can be decomposed into
smaller submodules that can be independently developed and readily integrated into the

main workflow.

Implementation challenges In addition to the introduced conceptual challenges, we
also encountered several practical difficulties related to the implementation of our pro-
posed EPE method in the research software elicito. In the following, we outline the
main implementation challenges, beginning with the formulation of the optimization
problem. Specifically, the problem addressed by our EPE method can be expressed as
a multi-objective optimization problem (see Section 3.1.2). In our implementation, this
problem is expressed as a weighted sum of the individual loss components, which re-
quires specifying a weight for each loss component. In the current implementation, we
leave the specification of the weights to the user, although we acknowledge that this
approach is suboptimal. Future developments should include options for automated
weight computation, aiming to achieve an optimal balance among the loss components
during training. This issue is precisely what automatic loss weighting strategies are de-
signed to address, ensuring effective learning across all loss components. Several such
strategies have been proposed, including Uncertainty Weighting (Kendall et al., 2018),
Dynamic Weight Average (Liu et al., 2019), Gradient Normalization (Chen et al., 2018),
and Projecting Conflicting Gradients (Yu et al., 2020). For an overview, see Song et al.
(2022). Future extensions of elicito should incorporate a selection of these automatic
loss weighting strategies as default option.

Directly related to the formulation of the loss components is the selection of an
appropriate discrepancy measure, which quantifies the discrepancy between expert-
elicited summaries and simulated summaries. In the current implementation, we pro-
vide two discrepancy measures: the L2 loss and the Maximum Mean Discrepancy
(Gretton et al., 2012). Further research is required to systematically evaluate alternative

discrepancy measures with respect to their efficiency and effectiveness. In particular,
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different measures may be more appropriate for specific types of summaries. An ad-
vantage of our implementation is that the discrepancy measure is a readily extendable
and modifiable submodule, thereby facilitating comparative analyses.

Another more general challenge with respect to the optimization scheme is the
choice of the optimization method itself. Currently, elicito implements exclusively
gradient-based optimization (Ruder, 2016). However, it comes with the prerequisite
that all operations and functions in the computational graph must be differentiable or
admit a reparameterization whose gradients can be approximated with sufficient ac-
curacy. Consequently, for discrete random variables, specific techniques, such as the
Gumbel-Softmax trick (Jang et al., 2016; Joo et al., 2025) are necessary to obtain ap-
proximate gradients. This technique has been applied in our case studies in Bockting
et al. (2024, 2025). However, the current implementation of the Gumbel-Softmax trick
becomes inefficient for complex discrete probability distributions, such as the Multi-
nomial. The limitations associated with gradient-based methods highlight the potential
of black-box optimization methods (Alarie et al., 2021). For example, Manderson and
Goudie (2024) propose a two-stage optimization process based on Bayesian optimiza-
tion (Frazier, 2018), which avoids the need for gradients altogether. A common limita-
tion of black-box optimization methods, however, is their high computational cost (Wei
et al., 2025), which can render them impractical for providing rapid feedback to domain
experts during the elicitation process. Due to the modular design of elicito, different op-
timization schemes can be implemented while preserving all other components. This
flexibility offers a promising avenue for systematically analyzing scenarios to identify
conditions under which black-box optimization outperforms gradient-based methods,
and vice versa.

Another key direction for future development of elicito is the improvement of the
implemented initialization method used for learning parametric prior distributions. The
simulation-based optimization method requires an initial set of hyperparameter values
that is sufficiently close to those implied by the expert-elicited summaries. This re-
quirement, however, introduces a circular problem, as the implied values are precisely
the target of the optimization and therefore unknown. When the initial values devi-
ate substantially from those implied by the expert-elicited summaries, the simulated
summaries may diverge to infinity, thereby preventing gradient computation and caus-
ing the optimization to fail. This issue is particularly pronounced in high-dimensional
problems or when non-trivial link functions are employed in the generative model. Cur-
rently, elicito offers two options for initialization: either manually specifying the initial
value for each hyperparameter or sampling the initial values from a distribution. The
latter approach is essentially equivalent to setting a prior on the hyperparameters. In
both cases, the central question concerns which initial values lie within a sufficiently

constrained space to avoid numerical instabilities. Future work should explore search
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algorithms capable of efficiently and effectively navigating the space of possible values

to identify a suitable set of initial hyperparameter values.

Integration within the EPE and Bayesian workflow The conceptual and implemen-
tation challenges discussed thus far refer specifically to the EPE method itself. How-
ever, it is also important to consider the broader integration of an EPE method within
the overall EPE workflow, as the ultimate objective is its application in the elicitation
process. This raises several follow-up questions. For instance, is there a graphical
user interface capable of implementing different response formats and returning the in-
put data in a format directly compatible with elicito? Existing tools such as MATCH
(Morris et al., 2014) and SHELF (Oakley, 2025) address parts of this need, but they
are implemented in R and therefore not directly compatible with our Python-based im-
plementation. In this context, elicito may be regarded primarily as a backend, neces-
sitating the development of practical user-facing frontends, which represent promising
directions for future work.

Another important consideration when focusing on the elicitation stage, concerns
the involvement of multiple experts and the challenge of combining individual expert
prior distributions (Winkler, 1968; Rougier et al., 2013; Williams et al., 2021; Falconer
et al., 2022). The combination of expert prior distributions is typically achieved through
either mathematical aggregation, such as applying scoring rules to derive a combined
prior, or behavioral aggregation, which entails group interaction to construct a consen-
sus prior distribution (Colson and Cooke, 2018). Elicitation software can play a central
role in supporting these tasks. For instance, appropriate visualization tools can facilitate
group discussions in behavioral aggregation by displaying individual expert priors and
highlighting variability, thereby helping experts to identify the sources of disagreement.
Furthermore, elicitation software can support mathematical aggregation by providing
implementations of different aggregation strategies, including axiomatic and Bayesian
approaches (Colson and Cooke, 2018).

Overall, it would be advantageous to develop elicitation software that not only sup-
ports the translation of expert knowledge into prior distributions (i.e., the EPE method)
but also facilitates interaction with experts during the elicitation stage (i.e., integration
within the EPE workflow). Such software would enable a more integrated workflow,
providing clearer guidelines for users on how to apply prior elicitation and associated
tools in real-world applications. This, in turn, would address another limitation of cur-
rent EPE workflows, namely the scarcity of documented case studies that demonstrate
their application under the complexities of practical settings (Mikkola et al., 2024b).

Finally, the practical utility of EPE methods within the broader Bayesian workflow
requires that the EPE software is compatible with widely used modeling ecosystems,

ensuring consistency in data formats, interface conventions, and probabilistic program-
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ming languages (Mikkola et al., 2024b). At present, our implementation in elicito is
based on TensorFlow (Abadi et al., 2015) and TensorFlow Probability (Dillon et al.,
2017). However, the main modeling ecosystems are currently implemented in Stan
(Stan Development Team, 2025) or PyMC (Salvatier et al., 2016). Future work will
focus on integrating elicito into one of these primary modeling ecosystems, with PyMC
representing the most straightforward alternative due to its native Python implementa-

tion.

Conclusion

This thesis contributes to the field of Expert Prior Elicitation by proposing a simulation-
based method capable of accommodating a broad range of statistical models, target
quantities, and elicitation techniques. In addition, we provide an actively maintained,
and highly modular software implementation of the proposed method. The modular
structure of both the EPE framework and its software facilitates straightforward exten-
sion and modification, thereby supporting further method development and practical
applications alike.

The EPE research field offers an extensive body of literature addressing both meth-
ods for translating expert knowledge to prior distributions as well as guidelines for
extracting knowledge from experts. However, in our view, what is currently lacking is
a concerted effort to join the various contributions within this domain and to integrate
them into a coherent “prior elicitation ecosystem”. This observation applies equally
to methodological developments and their software implementations. The absence of
a unified framework is reflected, among other things, in the lack of a standardized set
of diagnostics, systematic comparisons across EPE methods, and a software ecosystem
that provides interoperable and compatible tools supporting the entire EPE workflow.
Such an ecosystem would encompass expert-friendly front-end tools for eliciting expert
knowledge, flexible EPE methods for learning prior distributions from elicited infor-
mation, and tools for diagnosing, visualizing, and further processing of results (e.g.,
aggregation methods for multi-expert settings).

With this thesis, we aim to take an initial step toward addressing this gap by propos-
ing a modular EPE method and a corresponding software implementation that allows
for the integration of various EPE methods that have been proposed in the field. In fu-
ture research, we plan to extend these initial developments to achieve stronger integra-
tion of both the method and software within the overall EPE workflow and the broader

Bayesian workflow, thereby facilitating collaboration with the research community.
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Simulation-based prior knowledge
elicitation for parametric Bayesian
models

Florence Bockting', Stefan T. Radev? & Paul-Christian Burkner?!

A central characteristic of Bayesian statistics is the ability to consistently incorporate prior knowledge
into various modeling processes. In this paper, we focus on translating domain expert knowledge

into corresponding prior distributions over model parameters, a process known as prior elicitation.
Expert knowledge can manifest itself in diverse formats, including information about raw data,
summary statistics, or model parameters. A major challenge for existing elicitation methods is how
to effectively utilize all of these different formats in order to formulate prior distributions that align
with the expert’s expectations, regardless of the model structure. To address these challenges, we
develop a simulation-based elicitation method that can learn the hyperparameters of potentially any
parametric prior distribution from a wide spectrum of expert knowledge using stochastic gradient
descent. We validate the effectiveness and robustness of our elicitation method in four representative
simulation studies covering linear models, generalized linear models, and hierarchical models. Our
results support the claim that our method is largely independent of the underlying model structure
and adaptable to various elicitation techniques, including quantile-based, moment-based, and
histogram-based methods.

The essence of Bayesian statistics lies in the ability to consistently incorporate prior knowledge into the mod-
eling process'2. The specification of sensible prior distributions over the parameters of Bayesian models can
have multiple advantages including improved convergence, sampling efficiency, parameter recoverability, and
predictive performance®®.

Despite these apparent advantages, it is often unclear a priori what constitutes a “sensible” prior’. In this
paper, we focus on the elicitation and translation of expert knowledge into prior distributions, also known as
prior elicitation®. Against this background, a sensible prior is one that accurately reflects domain knowledge as
elicited from an expert or a group of experts. However, meeting this criterion presents its own set of challenges:
Model parameters for which priors are needed might lack intuitive meaning for the domain expert® and the
relationship between priors and the data may not be apparent from the model, especially for complex models®.
Moreover, constructing priors for every single model parameter in models with a large number of parameters
might be inefficient or even infeasible.

To address these challenges, several tools for prior elicitation have been developed in the past>1°-16, Despite
the widespread application of Bayesian statistics nowadays, the field of prior elicitation still lags behind in terms of
its routine implementation by practitioners. One contributing factor is that many existing methods primarily aim
to elicit information about the model parameters directly. This approach makes these methods inherently model-
specific, limits their widespread applicability, and poses a challenge for experts in terms of interpretability®'”'s.

In recent years, there has been an increasing focus on the development of model-agnostic approaches that
center around the prior predictive distribution®. These methods allow for the integration of expert knowl-
edge regarding observed data patterns (i.e., elicitation in the observable space). In contrast to interpreting
model parameters, domain experts can usually effectively interpret the scale and magnitude of observable
quantities>>!®1%2 Despite these recent developments, the general applicability as well as the actual application
of elicitation methods remain limited”. This lack of popularity persists, at least in part, because existing methods
are still relatively complex, do not easily generalize to different types of expert information, or necessitate sub-
stantial tuning or other manual adjustments. In light of the preceding considerations, we introduce an elicitation
method that seeks to overcome these challenges. Specifically, this work makes a contribution to prior elicitation
research by proposing a method that satisfies the following criteria:

!Department of Statistics, TU Dortmund University, Dortmund, Germany. 2Cognitive Science Department,
Rensselaer Polytechnic Institute, Troy, NY, USA. *email: florence.bockting@tu-dortmund.de
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1. Model independence Our method is agnostic to the specific probabilistic model, as long as sampling from it
is feasible and stochastic gradients can be computed.

2. Effective utilization of expert knowledge By incorporating diverse expert information on model parameters,
observed data patterns, or other relevant statistics, our method maximizes the utility of expert knowledge.

3. Flexibility in elicitation techniques Our method can adapt to different elicitation techniques, ensuring that
individual expert preferences are considered.

4. Modular design Due to its modular structure our method allows easy adaptation, improvement, or replace-
ment of specific components, both during method development and application.

Related work

The process of prior elicitation involves the extraction of expert knowledge and its translation into correspond-
ing prior distributions for the parameters in probabilistic models™>'®!4. Knowledge extraction can incorporate
asking an expert directly about the probability distribution of the model parameters or indirectly about other
quantities that may be easier for the expert to understand'"?*2. These quantities include observable data patterns
(i.e., variables in the data space such as expected mean responses) as well as familiar statistics derived from the
predictive distribution of the outcome variable (e.g., the percentage of variance explained).

As interpretability is an essential requirement for elicited quantities, it has been argued that asking about
parameters is only meaningful if they can be interpreted in terms of a limiting average of observables>**. That
said, experts may also have knowledge about parameter values through prior studies, meta-analyses, and similar
sources, which do not necessarily require easy interpretability. A thorough discussion of the interpretability of
various elicited quantities is beyond the scope of this paper but is discussed in detail elsewhere!"#222,

Based on their comprehensive review, Mikkola et al.® recently advocate that an elicitation method should
include both a model’s parameter and observable space, exhibit model-agnostic characteristics, and prioritize
sample efficiency to minimize the human effort involved. Taking these desiderata into consideration, our method
builds upon recent advancements in prior elicitation, specifically on the works of Hartmann et al.’%, da Silva
etal’®, and Manderson & Goudie®. All three methods are model-agnostic approaches that focus (mainly) on elic-
iting expert knowledge in the observable space but differ in their specification of target quantities, discrepancy
measures, and the specific optimization procedure.

Manderson & Goudie® use multi-objective Bayesian optimization, while our approach employs stochastic
gradient-based optimization in line with the methods proposed by da Silva et al.” and Hartmann et al.'®. All three
methods, including ours, support quantile-based elicitation. However, our method goes a step further by also
allowing histogram or moment-based elicitation. While all of the considered methods allow for eliciting expert
information about observable variables, da Silva et al.” additionally supports querying experts with respect to
the parameter space. Our method follows this approach and enables the elicitation of expert knowledge about
model parameters, observable quantities, and quantities derived from observable quantities (e.g. percentage of
variance explained). As such, our method allows for the elicitation of model parameters and observable quan-
tities, both directly and indirectly, thus extending beyond elicitation in the parameter and observable space.
Finally, an essential feature of our method is the use of simulations to obtain prior hyperparameter inference,
which classifies it as a variant of simulation-based inference (SBI)*.

Simulation studies

In this section, we present four simulation studies demonstrating the performance of our elicitation method. We
showcase our method using a normal linear regression model in simulation study 1 (Section "Simulation study
1: normal linear regression"), a binomial regression with logit link in simulation study 2 (Section "Simulation
study 2: GLMs—binomial model" ), a Poisson regression with log link in simulation study 3 (Section "Simulation
study 3: GLMs—Poisson model"), and a multilevel model with normal likelihood in simulation study 4 (Sec-
tion "Simulation study 4: hierarchical model"). All code and material can be found on GitHub https://github.
com/florence-bockting/PriorLearning, our project website https://florence-bockting.github.io/PriorLearning/
index.html, and our simulation results in https://osf.io/rxgv2.

General setup

Learning algorithm In each simulation study, we utilize mini-batch stochastic gradient descent to learn all model
hyperparameters. Each optimization process is characterized by a set of algorithm parameters including the batch
size (B) , the number of epochs (E) , the number of samples from the prior distributions (S) , and the initial learn-
ing rate (¢°) of the cosine decay schedule with restarts used with the Adam optimizer. The specific settings of the
optimization process are fully described in the respective sections. All simulation studies were implemented in
Python, utilizing the TensorFlow library®, and optimization was executed on the Linux HPC cluster at Technical
University Dortmund (LiDO3) on high-end GPUs (NVIDIA Tesla K40). We note that our methods can also be
easily run on the CPUs of common consumer laptops, where they rarely required more than 30 to 60 minutes
(often less) until convergence; at least for the models investigated in our simulation studies. More details for each
simulation study (e.g. computing time) can be found in the appendix.

Method verification An essential property of any method is its validity. In the following simulation studies,
we aim to demonstrate the validity of our proposed method, which we define as the method’s ability to recover
a hypothetical ground truth. To achieve this, we use the following approach: First, we define a unique hyperpa-
rameter vector 1* that represents the hypothetical ground truth. Conditional on 4*, observations are simulated
from the generative model, and predefined target quantities, along with the corresponding elicitation techniques,
are computed. The resulting elicited statistics encode the ground truth. Consequently, a valid method should be
able to learn A* when trained on these elicited statistics.
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However, this approach has a caveat: learning unique prior distributions from elicited statistics becomes
increasingly challenging as model complexity grows?'. Since the outcome variable generally has lower dimension-
ality than the model parameters for which we aim to learn prior distributions®, a specific set of elicited statistics
may correspond to many equally valid priors and thus varying /’. This makes it difficult to determine whether
the method can recover 4*. As a consequence, for each simulation study, we constructed a set of elicited statistics
that, on the one hand, conveys sufficient information to approximately ensure model identification and, on the
other hand, is as small as possible.

Selection of target quantities and elicited statistics To demonstrate the flexibility of our method in selecting
target quantities and elicitation techniques, we utilized the following target quantities in the subsequent simu-
lation studies: model parameters, prior predictions of the outcome variable, and statistics derived from these
prior predictions (e.g., R?). Regarding elicitation techniques, we employed quantile-based, histogram-based, and
moment-based elicitation. For quantile-based elicitation, the quartiles Q, with p = (0.25, 0.5, 0.75); for moment-
based elicitation, the mean and standard deviation of the target quantity; and for histogram-based elicitation, a
histogram comprising S observations were used. Further specifications are provided in each simulation study.

Simulation study 1: Normal linear regression

Setup The first simulation study is presented along with an example inspired by a study from Unkelbach &
Rom?. In this study, participants encounter general knowledge statements in two consecutive phases, dur-
ing the second of which they must indicate whether each statement is true or false. The main objective is to
investigate the influence of two factors on the proportion of true judgments (PTJs): (1) repetition (ReP), which
involves presenting some statements from the first phase again in the second phase, and (2) encoding depth
(EnC), whereby participants are randomly assigned to groups that differ in the level of elaboration required
when processing the statements during the first phase. We consider a 2 (ReP: repeated, new) x 3 (EnC: shallow,
standard, deep) between-subject factorial design with treatment contrasts for both factors. The baseline levels
are new for ReP and deep for EnC. Following Unkelbach & Rom?*, we use a linear regression model to describe
the data-generating process

yi ~ Normal(6;, s)

0; = Bo + Bix1 + Baxa + B3xs + Baxy + Bsxs
Br ~ Normal(ug,0r) fork=0,...,5

s ~ Gamma(a, f).

(1)

The responses y; for each observationi =1, ..., N are normally distributed with mean 6; and standard devia-
tion s. The expected value 6; is modeled as a linear function of ReP and EnC. The regression coeflicients S for
k=0,...,5are assigned normal prior distributions. The standard deviation s of the normal likelihood follows
a Gamma prior with concentration parameter « and rate parameter 8. The goal is to learn a total of 14 hyper-
parameters, 2 = (itk, 0k, &, B).

Elicitation procedure The following four target quantities were selected: the expected PT]J for the marginal of
both factors EnC (1) and ReP (2), the expected difference in PT] (APTJ) between repeated and new statements
for each EnC level (3), and the expected R? defined as a variance ratio of the modeled predictive means and the
predictive observations including the residual variance, R? = var(6;) /var(y;) (4). For target quantities 1-3 quantile
elicitation is used and for target quantity 4 histogram elicitation. As hypothetical ground truth, we specify the
following hyperparameter vector A* = (o = 0.12,09 = 0.02, u; = 0.15,07 = 0.02, u, = —0.02,0, = 0.06,
ps3 = —0.03,03 = 0.06, g = —0.02,04 = 0.03, s = —0.04, 05 = 0.03, = 20., B = 200.). The elicited statistics
conditional on /* are depicted in Fig. 1. The first column depicts the histogram for R? and the remaining columns
the results of quantile-based elicitation.

Optimization To instantiate the optimization process the hyperparameters 4 are randomly initialized as fol-
lows: ux ~ Normal(0,0.1), log oy ~ Uniform(—2, —4), loga ~ Normal(3,0.1), and log 8 ~ Normal(5,0.1),

(a) Histogram-based (b) Quantile-based elicitation

elicitation Encoding depth Repetition APTJ (Rep-New)
. Sl o <\®<A ] Rl -
21 ® o—eo 2 o—o—o
i e eoe e pre=e—e
0.0 0.5 1.0 0.2 0.3 0.4 0.25 0.50 0.75 —0.15 —0.10
2(s) G G G
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Figure 1. Elicited statistics conditional on /*. (a) elicited histogram of R?; (b) three elicited quantiles for each
remaining target quantity (see text for detailed information). Abbreviations: For the factor Encoding depth: dep-
deep, std-standard, and shw-shallow and for the factor Repetition: rep-repeated and new.
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whereby the scale, concentration, and rate parameter are initialized on the log scale. Subsequently, we simulate
from the forward model and compute the corresponding model-implied target quantities, along with the elicited
statistics. The discrepancy between the model-implied and true elicited statistics can then be computed and the
hyperparameters updated. The learning process is considered completed once the maximum number of epochs
has been reached. Details about the optimization algorithm can be found in the "Methods" section and the cor-
responding specification of the algorithm parameters can be found in "Appendix B.1".

To assess whether learning was successful, we first check the convergence diagnostics as summarized in Fig. 2.
Examining the loss functions depicted in the leftmost column demonstrates the desired decreasing behavior
for both the total loss as well as the individual loss components. The gradients of the hyperparameters 4 are
depicted in the upper, right row, indicating the expected decreasing behavior towards zero across time. Finally,
convergence of hyperparameters / during the learning process is illustrated in the lower, right row.

Results After having confirmed successful convergence, we shift our focus to the simulation results as depicted
in Fig. 3. The final learned hyperparameter A is computed as the average of the last 30 epochs. The resulting
learned prior distributions are shown in the upper row of Fig. 3. Solid lines indicate the learned priors and dotted
lines the true priors (according to 4*).

The substantial overlap between these distributions indicates a successful learning process. This is further
emphasized in the second row, where the error between the learned and true hyperparameter values gradually
decreases towards zero.

Simulation study 2: GLMs—Binomial model

Setup In simulation study 2 we utilize a binomial response distribution with a logit-link function for the prob-
ability parameter. As accompanying example, we use the Haberman’s survival dataset from the UCI machine
learning repository?’. The dataset contains cases from a study on the survival of patients who had undergone
surgery for breast cancer. In the following, we use the detected number of axillary lymph nodes that contain
cancer (i.e., (positive) axillary nodes) as numerical predictor X which consists in total of 31 observations rang-
ing between 0 and 59 axillary nodes. The dependent variable y is the number of patients who died within five
years out of T = 100 trials for each observationi = 1, ..., N. We consider a simple binomial regression model
with one continuous predictor

yi ~ Binomial(T, 6;)
logit(6;) = Bo + Bixi (2)
Br ~ Normal(ug,o0r) for k=0,1.

We assume normal priors for the regression coefficients, with mean px and standard deviation oy for k = 0, 1.
Through the logit-link function, the probability 6; is mapped to the scale of the linear predictor. The objective is
to learn four hyperparameters 4 = (u, o%).

Elicitation procedure and optimization As target quantities we select the expected number of patients who
died within five years for different numbers of axillary nodes x;, with i = 0, 5, 10, 15, 20, 25, 30. For each selected
design point, we consider quantile-based elicitation. The hypothetical ground truth is defined by the follow-
ing hyperparameter vector A* = (g = —0.51,09 = 0.06, u; = 0.26,07 = 0.04). The specification of the algo-
rithm parameters for the optimization procedure can be found in "Appendix B.2". The convergence diagnostics

(a) Total loss (b) Gradients: v 1 O
5.0
0.25 - i 0.25 =
0.2 = -
0.00 —| Je—— 2 0.00 — I —
0.1 —
—0.25 - 0.0 ~0.25 =
Individual losses (c) Convergence:
200 = . Mo 13 0.2 5 oo o3
0.5 = M1 Ha g1 04
0.05 = a= 3 o™ i oo® o5
L 100 = —— 0.1 5
0.0 = j—
0.00 —]—I\‘E —T — 0.0 —1—r\-
0 1000 0 1000 0 1000 0 1000
epochs epochs epochs epochs

Figure 2. Convergence diagnostics for simulation study 1. (a) loss value across epochs, demonstrating the
desired decreasing trend of all loss values (i.e., the total loss and the individual loss components); (b) expected
decreasing trend towards zero of the gradients for each learned hyperparameter 4; (c) update values of each
learned hyperparameter after each iteration step (epoch), stabilizing in the long run at a specific value.
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Figure 3. Results of simulation study 1. (a) true (dotted line) and learned (solid line) prior distributions per
model parameter B and s; (b) error between learned and true hyperparameter values («, B, ik, ox) over time.

check follows the same procedure as discussed for simulation study 1, and showed successful convergence (see
"Appendix B.2.1").

Results The simulation results, based on the final learned hyperparameters 4, are presented in Fig. 4.

The upper row shows a comparison between the true and learned quantiles for each number of axillary nodes
xj, revealing an almost perfect match between both quantities. In the lower right panels, the error between the
true and learned hyperparameters is depicted and indicates successful learning. Additionally, the lower right
panel presents the true (dotted line) and learned (solid line) prior distributions which show a perfect match.

(a) Prior predictions: Model-based vs. true quantiles
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Figure 4. Results of simulation study 2: (a) comparison between learned and true quantiles for each selected x;;
(b) learning of hyperparameters across epochs, showcasing the difference between the true and learned values;
(c) true (dotted line) and learned (solid line) prior distributions of each model parameter.
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Simulation study 3: GLMs—Poisson model

Setup In simulation study 3, we expand our examination of count data likelihoods to include a Poisson distribu-
tion. For demonstration purposes, we adapt an example from Johnson et al.?%, which investigates the number of
LGBTQ+ anti-discrimination laws in each US state. The distribution of these laws is assumed to follow a Poisson
distribution, with the rate parameter being influenced by demographic and voting trend. The demographic trend
is quantified by the percentage of a state’s residents living in urban areas, ranging from 38.7% to 94.7%. Addition-
ally, the voting trend is represented by historical voting patterns in presidential elections, categorizing each state
as consistently voting for the Democratic or Republican candidate or being a Swing state. We employ a Poisson
regression model including one treatment-coded categorical predictor: the voting trend. This predictor has three
levels: Democrats, Republicans, and Swing, with Democrats serving as the reference category. Furthermore, the
model incorporates one continuous predictor: the demographic trend, measured as a percentage. The Poisson
regression model is represented as follows

yi ~ Poisson(6;)
log(6;) = Bo + Bi1x1 + Paxa + B3x3 (3)
Br ~ Normal(ug,o0r) fork=0,...,3.

Here, y; is the number of counts for observationi = 1, ..., N. The counts follow a Poisson distribution with rate 6;
and log-link function. The rate parameter is predicted by a linear combination of the two predictors demographic
and voting trend. All regression coefficients are assumed to have normal prior distributions with mean py and
standard deviation oy for k = 0, ..., 3. Our goal is to learn eight hyperparameters 4 = (i, o%).

Elicitation procedure We consider two target quantities: the predictive distribution of the group means for states
categorized as Democrats, Republicans, and Swing, and the expected number of LGBTQ+ anti-discrimination
laws for selected US states x; withi = 0, 13, 14, 35, 37, 48. Quantile-based elicitation is used for the distribution of
group means and histogram elicitation for the observations per US state. Furthermore, the expected maximum
number of LGBTQ+ anti-discrimination laws in one US state is required. This value is used as upper truncation
threshold, t*, of the Poisson distribution which is needed for applying the Softmax-Gumbel Trick that allows for
computing gradients for discrete random variables (see Section "Gradient-based optimization" for details). For the
current example, we assume t¥ = 80 and define the following hyperparameter vector 2* representing the ground
truth: 1* = (wo = 2.91, 09 = 0.07, 11 = 0.23,01 = 0.05, 12 = —1.51,05 = 0.135, 43 = —0.61, 53 = 0.105). The
specification of algorithm parameters for the optimization procedure as well as a figure summarizing the con-
vergence diagnostics can be found in "Appendix B.3".

Results The learned hyperparameters’ results are presented in Fig. 5. In the upper panels, a comparison
between model-based and true elicited statistics is presented and shows a high level of agreement: quantile-based
elicitation for the voting groups is depicted in the first three panels and histogram elicitation for single states in
the remaining upper panels.

The model-based histograms are depicted in blue and the ground truth in red. The lower left panels demon-
strate that the error between learned and true hyperparameter values converges towards zero over time. Finally,
the learned prior distributions are depicted in the lower right panel, with solid lines representing the learned
and dotted lines the true priors.

Simulation study 4: Hierarchical model

Setup In this concluding simulation study, we investigate the performance of our elicitation method when applied
to a hierarchical model. This specific model class poses a distinct challenge for analysts and domain experts alike
due to the inherent complexity of the model and the non-intuitive nature of varying effects (i.e., varying intercepts
and slopes). Our method allows for learning prior distributions within a hierarchical framework, while relying
on expert knowledge that is articulated in terms of interpretable target quantities.

The accompanying example draws inspiration from the sleepstudy dataset®. This dataset contains informa-
tion about the average reaction time (RT) in milliseconds for N individuals who undergo sleep deprivation for
nine consecutive nights. In order to construct a model for this data, we consider a hierarchical model with days
serving as a continuous predictor x,

yii = Normal(8y, 5)

0ij = Bo + uoj + (B1 + u1)x;
(ugj> t1,7) ~ MvNormal(0, =)

o= 7—'3 Lo17T0T1
u — 2
po1T0T1  Tj (4)

Brx ~ Normal(ug, ox) fork=0,1
7 ~ TruncatedNormal(0, wy) fork=0,1
po1 ~ LK]J(erky)
s ~ Gamma(w, 8).
Here yjj represents the average RT for the j participant at the i day with j = 1,...,200andi = 0,...,9. The
RT data is assumed to follow a normal distribution with local mean 6;; and within-person standard deviation s.

Here, 6j is predicted by a linear combination of the continuous predictor x with overall slope 1 and intercept
Bo. Given the potential variation in both baseline and change in RT across participants, the model incorporates
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(a) Prior predictions: Model-based vs. true quantiles
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Figure 5. Results of simulation study 3: (a) comparison between model-based and true elicited statistics. First
three panels depict quantile-based elicitation for the group means, while the remaining upper panels show
histogram elicitation for each state x;. The model-based histograms are depicted in blue and the ground truth
in red. (b) learning of hyperparameters across epochs, showcasing the difference between the true and learned
values; (a) true (dotted line) and learned (solid line) prior distributions of the model parameters.

varying (i.e., “random”) intercepts o and slopes u1 ;. These varying effects follow a multivariate normal distri-
bution, centered at a mean vector of zero and with a covariance matrix X,,. This encodes the variability (zo, 71)
and the correlation (pg1) between up; and uy . For the resulting set of model parameters, the following prior
distributions are assumed: A normal distribution for the overall (i.e., “fixed”) effects B; (k = 0, 1) with mean 1tj
and standard deviation oy. A truncated normal distribution centered at zero with a standard deviation of wy,
is employed for the person-specific variation tx, which is constrained to be positive. The correlation parameter
po1 follows a Lewandowski-Kurowicka-Joe [LKJ;*] distribution with scale parameter okj. In the subsequent
context, we set o kj to 1. Additionally, a Gamma prior distribution with concentration & and rate § is used for
the within-person (error) standard deviation s. The goal is to learn eight hyperparameters 2 = (i, 0%, Wk, o, B).

Elicitation procedure and optimization We consider the following target quantities and elicitation tech-
niques: quantile-based elicitation for the expected average RT for specific days x;, where i =0, 2,5,6,9.
Moment-based elicitation using mean and standard deviation for the within-person standard deviation s
(elicitation in the parameter space), and histogram-elicitation for the expected distribution of R? for the ini-
tial and final day (i = 0,9). We define the expected ground truth by the following hyperparameter vector
A* = (uo = 250.40, 0y = 30.26,0¢ = 7.27,01 = 4.82,wy = 33.00, w; = 23.00,¢ = 200, 8 = 8). Please refer to
"Appendix B.4" for detailed information about the algorithm parameters of the optimization procedure together
with a figure summarizing the convergence diagnostics indicating successful convergence.

Results Figure 6 presents the results derived from the optimization process. The upper two rows depict the
congruence between simulation-based and true elicited statistics, effectively highlighting successful learning. The
first row illustrates the alignment between true and learned quantiles for the chosen days x;. The first two plots in
the lower row show the distributions of R? as predicted by the model and the ground truth for day 0 and 9. The
model-based histograms are depicted in blue and the ground truth in red. Finally, moment-based elicitation (i.e.,
mean and standard deviation) for the model parameter s is depicted as remaining information in the second row.

The learned prior distributions for each model parameter are depicted in the lower, right column of Fig. 6.
The high overlap between true (dashed lines) and learned (solid lines) prior distributions indicates an additional
instance of successful learning. This is further supported by the assessment of the error between true and learned
hyperparameters in the lower left column, revealing a progressive convergence towards zero across epochs.
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(a) Prior predictions: Model-based vs. expert-elicited quantiles
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Figure 6. Results of simulation study 4: (a) comparison between model-based and true elicited statistics. First
row depicts quantile-based elicitation for each day x;. Second row shows histogram-based elicitation for R?
(red true and blue model-implied) and moment-based elicitation for model parameter s (#rye, Sdirue Stands
for true elicited mean and standard deviation, respectively). (b) learning of hyperparameters across epochs,
showcasing the difference between the true and learned values; (c) true (dotted line) and learned (solid line)
prior distributions of each model parameter.

Discussion

When developing Bayesian models, analysts face the challenge of specifying appropriate prior distributions
for each model parameter, involving both the choice of the distributional family as well as the corresponding
hyperparameter values. We proposed an elicitation method that assists analysts in identifying the hyperparameter
values of given prior distribution families based on expert knowledge. Our method accommodates various types
and formats of expert knowledge and is agnostic to the specific probabilistic model. In our simulation studies,
we demonstrated the excellent performance of our method for various modeling tasks and kinds of expert
knowledge. Despite these highly promising results, some relevant limitations remain, which are discussed below
together with ideas for future research.

Our method employs gradient-based optimization to learn hyperparameter values which requires only the
ability to sample from the generative model. However, it comes with the prerequisite that all operations and
functions in the computational graph are differentiable or admit a reparameterization whose gradients can be
approximated with sufficient accuracy. Consequently, for discrete random variables, specific techniques, such
as the Softmax-Gumbel trick, are necessary. Alternatively, one could opt for optimization methods that entirely
forego gradient computations such as Bayesian optimization®' as used by Manderson & Goudie®. Nevertheless,
this choice has its own limitations, notably in terms of scalability to higher-dimensional spaces®.
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Having a suitable optimization method is fundamental for learning hyperparameters based on expert knowl-
edge. However, there are cases where hyperparameters cannot be uniquely determined from available expert data,
leading to different learned hyperparameters upon multiple replications of the learning process. This situation
raises the question of how to choose between prior distributions that represent the elicited expert knowledge
equally well. Initial approaches, such as incorporating a regularization term in the loss function to favor priors
with higher entropy, have been proposed to address this challenge®. Another avenue to achieve model identifica-
tion involves the model architecture. For instance, statistical models that adopt joint priors for their parameters
and thus keep the number of hyperparameters low, are expected to exhibit improved model identification [e.g.,**].
Nevertheless, further research is needed to develop informative metrics for assessing model identification as well
as techniques that can efficiently handle unidentified models*.

Finally, all gradient-based optimization methods share the objective of finding an optimal point estimate for
the hyperparameters /4. By adopting this approach, any uncertainties surrounding the value of 4 are neglected,
despite the potential introduction of uncertainty during the prior elicitation process. To address this limitation,
it would be advantageous to adopt a probabilistic approach that explicitly accounts for uncertainty in the hyper-
parameters [e.g.,>']. Given the flexibility of our method, it can readily accommodate this concept, offering a
promising avenue for future development and next steps.

Methods

We propose a new elicitation method for translating knowledge from a domain expert into an appropriate
parametric prior distribution. Building on recent contributions®*'® we developed a model-agnostic method
in which the search for appropriate prior distributions is formulated as an optimization problem. Thus, the
objective is to determine the optimal hyperparameters that minimize the discrepancy between model-implied
and expert-elicited statistics. Our elicitation method supports expert feedback in both the space of parameters
and observable quantities (i.e., a hybrid approach) and minimizes human effort. The key ideas underlying our
method are outlined as follows:

1. The analyst defines a generative model comprising a likelihood function p(y | 8) and a parametric prior
distribution p(6 | 4) for the model parameters, where 4 represents the prior hyperparameters to be inferred
from expert knowledge.

2. The analyst selects a set of target quantities, which may involve queries related to observable quantities (data),
model parameters, or anything else in between.

3. 'The domain expert is queried using a specific elicitation technique for each target quantity (expert-elicited
statistics) .

4. From the generative model, parameters and (prior) predictive data are simulated, and the predefined set of
target quantities is computed (model-implied quantities) .

5. The discrepancy between the model-implied and the expert-elicited statistics is evaluated via a specific loss
function.

6. Stochastic gradient descent is employed to update the hyperparameters 4 so as to minimize the loss function.

7. Steps 4 to 6 are repeated iteratively until an optimal set of hyperparameters 4 is found that minimizes the
discrepancy between the model-implied and the expert-elicited statistics.

In the upcoming sections, we will delve into the details of the outlined approach. To provide a visual representa-
tion of all steps involved in our proposed elicitation method, Fig. 7 presents a graphical overview. In addition,
readers can find a symbol glossary in "Appendix A" for a quick reference. An illustrative example that details each
step of the workflow using specific values can be found in our online supplement https://osf.io/rxgv2.

Elicited statistics from the expert

We assume that the analyst queries the domain expert regarding a predetermined set of I target quantities, rep-
resented as {z;} := {zi}{zl. The set {z;} is selected by the analyst depending on the requirements of the statistical
model and the knowledge of the expert>*'. Once this set is defined, the expert is queried regarding each indi-
vidual target quantity z;, assuming that the expert possesses an implicit representation, denoted as z;, which can
be accessed using expert elicitation techniques®'*'%%. While numerous elicitation techniques have been proposed
in the literature®!, it can be argued that these techniques essentially represent different facets of the following
three general method families: moment-based elicitation (e.g., mean and standard deviation), quantile-based
elicitation (e.g., median, lower quartile, and upper quartile), and histogram elicitation (e.g., constructing a histo-
gram by sampling from the distribution of z;). Each target quantity z; can be elicited through a distinct elicitation
technique f;. Within our notation, we represent the i target quantity elicited from the expert through the j
elicitation technique as tn = fij and refer to it as elicited statistics t,, = £i(&). The indexm = 1,..., M indicates
the number of elicited statistics resulting from specific target-quantity x elicitation-technique combinations, as
selected by the analyst.

Model-based quantities

Considering the set of elicited statistics queried from the expert {#,,}, it is possible to assess the extent to which a
generative model, as specified by the analyst, aligns with the expert’s expectations. A Bayesian model comprises a
likelihood p(y | 0) as well as parametric prior distributions p(6 | A) for the model parameters 6. Here, A represents
the prior hyperparameters to be inferred by our method and y a vector of observations. The degree to which the
model captures the expert’s expectations relies on the specific values assigned to /. Consequently, the objective
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Figure 7. Graphical illustration of our simulation-based elicitation method. Step 1 involves employing
elicitation techniques to extract target quantities from the domain expert. Subsequently, the objective

is to minimize the discrepancy between model-implied and expert-elicited statistics by optimizing the
hyperparameters 4. The optimization process iteratively simulates data using the current hyperparameters

A, computes model-implied elicited statistics, compares them with the expert-elicited statistics using a loss
function (L,,), and updates 4 to improve agreement between model-implied and expert-elicited statistics. Here,
@ is the weight of the m™ loss component and & is the step size.

is to identify a specification of / that minimizes the discrepancy between the set of expert-elicited statistics {7}
and model-implied elicited statistics, {t,,}.

First, we need to derive the set of model-implied target quantities {z;}. As a target quantity can represent
an observable, a parameter, or anything else in between, we define it in the most general form as a function
of the model parameters 6, denoted as z; = gi(#), where the function g can take on various forms and be of
deterministic or stochastic nature. In its simplest form, the target quantity directly corresponds to a parameter
of interest in the data-generating model (z; = g;(0) = 0;; i.e., g would be a simple projection). Alternatively, g
can be aligned with the generative model of the data, resulting in the target quantity being equivalent to the
observations (z; = g;(f) = y). Moreover, the function g can take on more complex forms. Suppose the domain
expert provides prior knowledge about the coefficient of determination R? commonly used to measure model
fit in regression models*’. To obtain the corresponding model-implied R%, we first generate observations y using
the specified generative model and then compute the R? value from the observations. Given the set of model-
implied target quantities, we get the respective model-implied elicited statistics, denoted by {t,,}, by applying the
elicitation technique f; to the target quantity z; : t,, = f;(z;).

A challenge with this approach is that the distribution of {t,,} may not be analytical or have a straightforward
computational solution. For instance, consider the case where the target quantity is equivalent to the observa-
tions, z; = y. In this case, the distribution of the predicted observations y gives rise to an integral equation known
as the prior predictive distribution (PPD), denoted by p(y | 4) and defined by averaging out the prior from the
generative model: p(y | 1) = [ p(y | 6)p(6 | 4)d6.Obtaining a closed-form expression for this integral is only
feasible in certain special cases, such as when dealing with conjugate priors. This challenge extends to all situ-
ations where the target quantity is a function of the observations y. However, to ensure the broad applicability
of our elicitation method to a wide range of models, we adopt a simulation-based approach that relies solely
on the ability to generate samples from the relevant quantities. Bayesian models, by their very formulation, can
simulate data from their prior and likelihood distributions, thereby enabling us to generate samples from the
Bayesian probabilistic model>*”. For example, in the case where z; = y, the simulation-based procedure involves
two steps: Firstly, we sample the model parameters from the prior distribution conditioned on hyperparameters
2:0© ~ p(@ | /). Subsequently, we generate data by sampling from the likelihood distribution, resulting in
O ~ p(y | ). The superscript (s) is used to denote the sth sample of the corresponding simulated quantity.
By repeating these steps, we can generate a collection of S simulations {y®} := {yV}5_,, where each element
corresponds to a data point drawn from the PPD: y© ~ p(y | 2).

Multi-objective optimization problem

Once the elicited statistics {f,,} from the expert and a procedure to compute the corresponding model-implied
elicited statistics {t,,} are chosen, the focus can be shifted towards the main objective: Determine the hyperpa-
rameters A that minimize some discrepancy measure (loss function) L(1) between the expert-elicited {#,,} and
the model-implied statistics {¢,,} = {t,» (1)}. Since the evaluation of the discrepancy extends to all elicited statistics
{tm}, L(Z) has to be formulated as a multi-objective loss function. This loss function encompasses a linear combi-
nation of discrepancy measures L,,, with corresponding weights o, (see Section "Dynamic weight averaging").
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In the following, we will also use the term loss components to refer to the individual components in the weighted
sum. The selection of the discrepancy measure Ly, is contingent upon the elicited statistic, therefore different
choices may be appropriate depending on the specific quantity to be compared (see Section "Maximum mean
discrepancy”). Independently of these specific choices, our main objective can be written as

M
/¥ = argmin L(1) = arg min Z AL (tm(A), tm), (5)
A A

m=1

where A* denotes the optimal value of the hyperparameters 4 given the provided expert knowledge.

Gradient-based optimization

The optimization procedure for solving Eq. (5) follows an iterative approach. In each iteration, we sample from
the generative model, compute the model-implied elicited statistics, and update the hyperparameters 4. This
update relies on calculating the gradient of the discrepancy loss with respect to the hyperparameters 4 and
adjusting them in the opposite direction of the gradient®®. The procedure continues until a convergence crite-
rion is met, usually when all elements of the gradient approach zero. We employ mini-batch stochastic gradient
descent (SGD) with automatic differentiation, facilitated by the reparameterization trick [explicit or implicit;*>*.
In our case, stochasticity in mini-batch SGD arises naturally as we simulate new model-implied quantities at
each iteration step.

The reparameterization trick involves splitting the representation of a random variable into stochastic and
deterministic parts. By differentiating through the deterministic part, we can compute gradients with respect to
A using automatic differentiation®!. To leverage backpropagation, it is essential that all operations and functions
in the computational graph are differentiable with respect to A. This requirement extends to the loss function
and all computational operations in the generative model*'®.

However, dealing with discrete random variables poses a challenge due to the non-differentiable nature
of discrete probability distributions, making gradient descent through such variables difficult. One approach
to overcome this challenge is to use continuous relaxation of discrete random variables, which enables the
estimation of gradients and thus the use of gradient-based optimization methods for models that involve dis-
crete random variables*>~*. For instance, both Maddison et al.*® and Jang et al.** independently proposed the
Gumbel-Softmax trick, which approximates a categorical distribution, with finite number of categories, with a
continuous distribution. Joo et al.** proposed an extension of the Gumbel-Softmax trick to arbitrary discrete
distributions by introducing truncation for those distributions that lack upper and/or lower boundaries. We
used the Softmax-Gumbel trick in simulation study 2 and applied the truncation technique in simulation study
3 (Sections "Simulation study 2: GLMs—binomial model" and "Simulation study 3: GLMs—Poisson model").

Maximum mean discrepancy
A key aspect of the optimization problem, as expressed in Eq. (5), is the selection of an appropriate discrepancy
measure, L,,. This measure depends on the characteristics of the elicited statistics {t,,} and {#,,}. Given that our
method entails the generation of {t,,} through repeated sampling from the generative model, a loss function is
needed that can quantify the discrepancy between samples. The maximum mean discrepancy (MMD)*$* is a
kernel-based method designed for comparing two probability distributions when only samples are available,
making it suitable for our specific requirements. We utilize the MMD for all loss components in our applications.
This decision is based on the robust simulation results and excellent performance as reported in the simulation
studies section. That said, our method does not strictly require the MMD, but allows analysts to choose a differ-
ent discrepancy measure for each loss component, if desired.

Letx = {x1,...,xs}and y = {y1, ..., ym} be iid draws from the distributions p and g, respectively. The MMD
measures the distance between two sets of samples by taking the maximum difference in sample averages over
a function class F (Def. 2)%: MMD = SUpse £ (ExNP[f(x)] - ]Eywq[f(y)]). If F is a unit ball in the universal

reproducing kernel Hilbert space H with associated reproducing kernel k(- -), the MMD is a strictly proper diver-
gence, thus equals zero if and only if p = g*. The (biased) empirical estimate of the squared-MMD is defined as
MMD? = nil szzl k(xi, %)) + # ZZ}:I k(yi,yj) — ﬁ f}gl k(xi, y;) where k(-, -) is a continuous and charac-
teristic kernel function. In our simulations, we used the energy distance kernel k(x, y) = —||x — y||, as proposed
by Feydy*® and Feydy et al.*’, which does not require an extra hyperparameter for tuning.

Dynamic weight averaging

In addition to selecting an appropriate discrepancy measure, another important consideration involves choosing
the weights o, in Eq. (5). One possibility is for the user to customize the choice of a,y, signifying the varying
degrees of importance for each loss component in a particular application®®. However, another consideration

refers to the task balancing problem. When employing stochastic gradient descent to minimize the objective as

outlined in Eq. (5), the hyperparameters A are updated according to the following rule 2 <— 4 — & Zﬁ,\le U BZ,L—/{",

where § is the step size (i.e., learning rate). The equation suggests that the hyperparameter update may not yield
optimal results if one loss component significantly outweighs the others>.

Consequently, a strategy is needed to dynamically modify the weights o, to ensure effective learning of all
loss components. For example, the dynamic weight averaging (DWA) method proposed by Liu et al.>! determines
the weights based on the learning speed of each component, aiming to achieve a more balanced learning process.
Specifically, the weight of a component exhibiting a slower learning speed is increased, while it is decreased for
faster learning components™.
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In our simulation studies, we consider an equal-weighting scheme (., = 1), as this choice has demonstrated

good learning outcomes without introducing additional free hyperparameters required by most task balancing
approaches. However, we believe that investigating different task balancing approaches is a promising avenue
for future research. Such exploration could have a beneficial impact on the method’s performance, particularly
in cases involving conflicting expert information.

Data and code availability
All code and data is openly available on OSF https://osf.io/rxgv2 and GitHub https://github.com/florence-bockt
ing/PriorLearning.
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Abstract

We propose an expert-elicitation method for learning non-parametric joint prior distributions using normalizing flows. Nor-
malizing flows are a class of generative models that enable exact, single-step density evaluation and can capture complex
density functions through specialized deep neural networks. Building on our previously introduced simulation-based frame-
work, we adapt and extend the methodology to accommodate non-parametric joint priors. Our framework thus supports the
development of elicitation methods for learning both parametric and non-parametric priors, as well as independent or joint
priors for model parameters. To evaluate the performance of the proposed method, we perform four simulation studies and
present an evaluation pipeline that incorporates diagnostics and additional evaluation tools to support decision-making at each

stage of the elicitation process.

Keywords Prior elicitation - Expert knowledge - Joint prior distribution - Normalizing flows - Non-parametric priors

1 Introduction

The Bayesian paradigm offers the possibility to incorporate
prior knowledge into a statistical model through the spec-
ification of prior distributions. This possibility is a central
advantage of the Bayesian paradigm (Mikkola et al. 2023),
yet it also presents one of its most challenging aspects (Simp-
son et al. 2017; Igorzata et al. 2015; Van Dongen 2006). In
the following, we define prior knowledge as the expertise
provided by a domain expert — an individual with extensive
knowledge of a specific subject matter (Falconer et al. 2022).
This knowledge can be represented in various forms, but to
integrate it into a Bayesian model, we need to translate it
into a formal mathematical language that can be expressed
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as a prior distribution over the model parameters (Perepolkin
et al. 2023; O’Hagan 2019; Martin et al. 2012; Garthwaite
et al. 2005).

A distinct field of research, commonly known as (expert)
prior elicitation, has developed around the question of how
to gather expert knowledge and translate it into appropriate
prior distributions. This area of study has a long history, dat-
ing back to the 1960s (Winkler 1967; Kadane et al. 1980;
Kadane and Wolfson 1998), and continues to be an active
area of research today (Stefan et al. 2022; Mikkola et al.
2023; Falconer et al. 2022). Garthwaite et al. (2005) identi-
fied four key stages in a prior elicitation process:

1. Setup stage: In this stage, the problem is defined, an
expert is selected, and the quantities to be elicited from
the expert (in this paper referred to as target quantities)
are determined;

2. Elicitation stage: Here, the target quantities are queried
from the expert using specific elicitation techniques,
resulting in what we call elicited statistics;

3. Fitting stage: This involves fitting a (potentially joint)
probability distribution based on the expert-elicited
statistics;

4. Evaluation stage: Finally, the adequacy of the fitted
probability distribution is assessed in collaboration with
the expert.

@ Springer
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In this context, elicitation methods aim to provide a sys-
tematic and formal procedure for deriving prior distributions
based on expert-elicited statistics. Early elicitation meth-
ods primarily tackled the problem by seeking analytical
solutions, such as conjugate models or problem-specific
transformation functions resulting in highly model-specific
prior elicitation methods (see Mikkola et al. 2023, for arecent
review). This model dependence is partly due to the use of
direct elicitation techniques, which involve asking experts
directly about model parameters (Stefan et al. 2022; Falconer
et al. 2022). This approach is problematic not only due to its
inherent model dependence but also because model param-
eters are often challenging for domain experts to interpret
meaningfully. Consequently, the quality of expert input can
be questionable. In response to these limitations, substan-
tial efforts have been made to develop methods that enable
more flexible and interpretable prior specification for domain
experts.

A recently proposed group of elicitation methods uses
advances in machine learning to automate the process of
translating expert knowledge into prior distributions (Hart-
mann et al. 2020; da Silva et al. 2019; Manderson and Goudie
2023; Bockting et al. 2024). These methods address both key
challenges: they allow expert knowledge to be expressed in
terms of observable quantities and ensure that the elicited
information remains interpretable for domain experts. Addi-
tionally, since the quantities elicited from the expert are
not tied to specific model parameters, these methods are
highly versatile and model-independent. The underlying idea
behind this approach is closely related to prior predictive
checks, which are an integral part of the Bayesian workflow
(Gelman et al. 2020; Gabry et al. 2019). The key con-
cept is the prior predictive distribution (PPD), defined as
p(y) = [ p(y | 6)p(0)d6 withlikelihood p(y | §) and prior
p(0). The PPD establishes a formal relationship between the
prior distributions of the model parameters and the model
predictions, p(y). In this way, the PPD provides a means
to link expert knowledge, expressed in terms of observable
quantities, to the latent model parameters. Since the PPD is
often not analytically tractable, it is typically approximated
using Monte Carlo integration (Mikkola et al. 2023) which
involves first sampling 6’ ~ p(6) and then y' ~ p(y | ).
The resulting model predictions, y’, are then compared to
expert knowledge on the outcome variable, y*, using an
appropriate discrepancy loss function. The goal is to learn
prior distributions, p(#), that produce model predictions con-
sistent with expert knowledge by means of minimizing the
discrepancy loss (Garthwaite et al. 2005; Gelman et al. 2017,
Simpson et al. 2017; Betancourt 2020).

The methods introduced so far that use this simulation-
based approach focus on learning independent, parametric
priors p(@ | A), parameterized by a set of prior hyperparam-
eters . (Hartmann et al. 2020; da Silva et al. 2019; Manderson

@ Springer

and Goudie 2023). While assuming independent priors for
model parameters can be reasonable in some cases due to the-
oretical considerations or model constraints, this approach
may not be sufficient for more complex or high-dimensional
problems (Gelman et al. 2017, 2020; Simpson et al. 2017).
In such cases, it becomes important to account for the joint
distribution of model parameters to capture dependencies
and interactions that reflect the underlying structure more
accurately. Similarly, the use of parametric prior distribution
families can be well-justified in some cases, but may lead to
model misspecification in others, prompting the need for non-
parametric approaches. Elicitation methods that focus on
non-parametric priors are less studied, but examples include
the use of Gaussian processes (Oakley and O’Hagan 2007)
and quantile-parameterized distributions (Perepolkin et al.
2023, 2024).

Building in particular on the work of Hartmann et al.
(2020); da Silva et al. (2019); and Manderson and Goudie
(2023), we previously introduced a simulation-based frame-
work with a highly modular structure that closely aligns with
the elicitation process described by Garthwaite et al. (2005).
The advantage of this modular structure is its flexibility,
allowing for easy adaptation to different types of methods. In
our previous work (Bockting et al. 2024), we demonstrated
how to use this framework to learn parametric prior distri-
butions for the model parameters. In this paper, we show
how the same simulation-based framework can be used to
learn flexible (i.e., non-parametric) joint priors for the model
parameters with only minor adjustments to the workflow. In
both approaches, we employ mini-batch stochastic gradient
descent as the optimization method.

Main Contributions Our motivation is two-fold: First, we
aim to promote the development of a unifying, highly modu-
lar framework that supports a wide range of prior elicitation
methods. We believe that such a framework would bene-
fit both users and developers of prior elicitation methods
by providing structure and clarity in a field currently pop-
ulated with numerous coexisting methods, which can make
comparisons challenging. Second, we want to demonstrate
how our simulation-based framework, introduced in Bockt-
ing et al. (2024), can serve as a flexible approach for learning
either parametric or non-parametric, as well as independent
or joint, priors with only minor adjustments. While our previ-
ous work focused on learning parametric, independent priors,
the present work emphasizes learning non-parametric, joint
priors.

2 Methodology

In this paper, we propose an elicitation method that extends
our recently introduced simulation-based framework (Bockt-



Statistics and Computing (2025) 35:132 Page3of33 132
4
& oL
m
Aed—6 Z s
m=1
. J
Generative model VL(1)
( ) 4 '
P Fg) Pk Al 2 Target quantity Elicited statistics Elicited statistics
\ y (model) (domain expert)
| & y el =
L = a el @ '\ U
P J n @. = | Discrepancy
* v —————
Simulations 1 o Qo5 L(A) -0
) X ; 25 Qo.25 ~
" - Jo.50 M Ao.50 = %
’ _{ZKS)} L {tm} L(A) - Z amLm(tml fm) q°‘7*’ {fnl}
T y i
T o) m=1
— (¥}

Fig. 1 Graphical illustration of our simulation-based prior-elicitation
Sframework. The process begins by identifying target quantities to be
elicited from the domain expert and selecting appropriate elicitation
techniques, which result in (expert-)elicited statistics. Next, predic-
tions are simulated from the generative model by sampling from the
prior p; (@) and computing the corresponding model-implied target
quantities and elicited statistics. The consistency between model-and

ing etal. 2024) to support the learning of non-parametric joint
priors. The overall workflow remains unchanged; the mod-
ifications primarily concern how the prior distributions are
specified and learned. We will first provide a brief overview
of the workflow to establish the background, followed by a
more detailed discussion of the modification introduced to
the original framework, which is the focus of the current
paper.

The general workflow of the framework closely resembles
the approach of prior predictive checks (Gelman et al. 2020):
We simulate from the joint model p(6, y) and assess how
well the resulting prior predictions align with the expert’s
expectations. If there is a discrepancy between the expert’s
expectations and the model simulations, the prior specifica-
tion needs to be adjusted accordingly. Figure 1 provides a
graphical representation of the framework and Table 1 offers
a summary of the symbols and notation used in the follow-
ing sections. The general workflow of our framework can be
summarized as follows:

1. Define the generative model: Define the generative model
including dimensionality and parameterization of prior
distribution(s). (Setup stage; Section 2.1)

2. Identify variables and elicitation techniques for querying
expert knowledge: Select the set of variables to be elicited
from the domain expert (target quantities) and deter-
mine which elicitation techniques to use for querying
the selected variables from the expert (elicited statistics).
(Setup stage; Section 2.2)

expert-elicited statistics is assessed using a loss function L,,, where o,
is the weight of the m™ loss component. Hyperparameters A that define
the learned prior are adjusted based on this evaluation to reduce the loss
and align model predictions more closely with expert knowledge. This
iterative process continues until a prior is found that minimizes the dis-
crepancy between model and expert-elicited statistics. In the updating
rule, 8 refers to the step size

3. Elicit statistics from expert and simulate corresponding
predictions from the generative model: Sample from the
generative model and perform all necessary computa-
tional steps to generate model predictions (model-elicited
statistics) corresponding to the set of expert-elicited
statistics. (Elicitation stage; Section 2.3)

4. Evaluate consistency between expert knowledge and
model predictions: Evaluate the discrepancy between the
model- and expert-elicited statistics via a multi-objective
loss function. (Fitting stage; Section 2.4)

5. Adjust prior to align model predictions more closely with
expert knowledge: Use mini-batch stochastic gradient
descent to adjust the prior so as to reduce the loss. (Fitting
stage; Section 2.4)

6. Find prior that minimizes the discrepancy between expert
knowledge and model predictions: Repeat steps 2 to 5
iteratively until a prior is found that minimizes the dis-
crepancy between the model and expert-elicited statistics.
(Fitting stage; Section 2.4)

7. Evaluate the learned prior distributions: Run the learn-
ing algorithm (steps 2 to 6) multiple times to obtain a set
of prior distributions that can equally well represent the
expert data. Select a plausible prior distribution in consul-
tation with the domain expert or apply model averaging
techniques. (Evaluation stage; Section 2.5)

The following sections discuss each step in greater detail.

@ Springer
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Table 1 Notation and symbols

used in this paper Symbol

Description

Simulation-based prior elicitation
Yn

Ok

A

r(y16)

JACHWS!

()

zi = ci(d)

Zi

tm = fj(zi)

im

L (tm (M), )

LG = Yy @ Ln (i (3. )
Pitvei @) = X5  wr - pa, (0)

Ap(L) = L(Ar) — L(Amin)

exp{—y A, (L)}

Wy = ———— 5
T YV expl—yAu(L)}

Normalizing flow
u~ py(u)

81 ()

u=g.0)

6=g W

8r = 8ry O 08

datan=1,...,N

model parameter k = 1, ..., K

model hyperparameter

likelihood

prior parameterized by A

prior predictive distribution

simulated model target quantity defined by function c;
expert representation of the target quantity
model-elicited statistic defined by elicitation technique f;
expert-elicited statistic

loss component

total loss as weighted sum of L,, with weights o,

averaged prior across R replications and weighted by w, with
r=1,...,R

difference between total loss of replication r and replication with
minimum total loss

weights used for model averaging with y being a scaling factor; in all
simulation studies y = 1.

samples from base distribution
generator function
normalizing direction
generative direction

composition of H coupling layers

2.1 Prior Specification & Learning

In our previous work (Bockting et al. 2024), we introduced
the simulation-based framework along with a method for
learning a set of independent parametric prior distributions,
POk | Ak), for the model parameters 6 withk =1,..., K.
In this paper, we extend our framework by introducing a
method to learn a joint non-parametric prior distribution
p.(0) = p; (01, ..., 0k)overall model parameters 6. In both
the parametric and non-parametric approaches, the objective
of the optimization process is to learn the hyperparameters A
that minimizes the discrepancy between the model simula-
tions and the expert expectations. However, the interpretation
of these hyperparameters differs between approaches, which
we emphasize by using a different notation for the prior
distributions. In the non-parameteric approach, we employ
normalizing flows (NFs) to induce a flexible family of prior
distributions which entail specialized deep neural networks
with trainable parameters A (Kobyzev et al. 2020). Thus, in
the non-parametric approach, A represents the weights of the
deep neural networks within the NFs, whereas in the para-
metric approach, A denotes the parameters of the associated
prior distribution families (i.e., the prior hyperparameters).

@ Springer

A more detailed introduction to NFs will be provided in the
upcoming section.

In summary, the main difference between the parametric
approach (proposed by Bockting et al. (2024) and the non-
parametric approach (focus of the current paper) is that, in
the former, the user must specify a parametric prior distribu-
tion family for each model parameter, and the corresponding
prior hyperparameters are learned via stochastic optimiza-
tion. In the new extension, the user no longer needs to
specify a parametric prior for the model parameters. Instead,
a complex non-parametric prior distribution is assumed. This
non-parametric joint prior is represented and learned using
deep neural networks (specifically, NFs), with the weights
learned via stochastic optimization. Table 2 summarizes the
main steps in the elicitation process and highlights where the
extension modifies the existing workflow of our simulation-
based framework. Furthermore, we provide in this paper
additional diagnostics to support users in interpreting the
simulation results.

Normalizing Flows NFs transform a simple probability dis-
tribution, known as the base distribution p(u), into a more
complex target distribution, which, in our case, is the joint
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Table2 Comparison between the deep-prior and parametric-prior approach on a conceptual level. Note: The symbol ‘%’ refers to the same content
as provided in parametric-prior approach. NFs is an abbreviation for Normalizing Flows (see text for details)

Elicitation processparametric-prior approach

deep-prior approach

Setup

Model specify generative model %

Priors specify parametric prior distribution families assume non-parametric joint prior (specified via NFs)
Data specify target quantities and elicited statistics %

(less expert input needed due to stronger regularized priors) (more expert input required (e.g., dependency information)
due to flexible prior)
Elicitation specify elicitation techniques used to query the domain expert %
Fitting apply mini-batch stochastic gradient descent %

Evaluation
results

provide diagnostics, visualizations, etc. to evaluate simulation %

prior p; (0). This transformation is achieved through a series
of invertible and differentiable mappings g, parameterized
by A (Kobyzev et al. 2020). The composition of invertible
functions g, yields an explicit form of the density p; () via
the change of variables formula

pa(0) = p(u = g:(0)) | det g, (0) |,

where g} () = %gk (0) is the Jacobian matrix of g, at 6 and
| det g} () | is its absolute determinant. This formula allows
us to easily evaluate the prior density at arbitrary points of
interest 6 (Dinh et al. 2016). Obtaining samples from the
joint prior can be achieved by first sampling from the base
distribution, p(u), and then applying the inverse g, Yw) to
obtain samples from p; (0):

0 =g, '(u)~ pr(6) for u~ pu).

Typically, p(u) is chosen to be a simple density, such as a
standard Gaussian or a uniform distribution (Kobyzev et al.
2020).

For NFs to be practical, the mapping g; should be easily
invertible, computationally efficient, and sufficiently expres-
sive to model any target distribution of interest (Kobyzev
et al. 2020). Several types of NFs that meet these require-
ments have been proposed, including affine (Dinh et al.
2014) and spline coupling flows (Durkan et al. 2019). A
detailed discussion and introduction to coupling flows can
be found in various sources (Draxler et al. 2024; Dinh et al.
2014, 2016; Radev et al. 2020; Kobyzev et al. 2020; Papa-
makarios et al. 2021; Bond-Taylor et al. 2021). Due to their
simple architecture, affine coupling flows are easy to invert
and computationally efficient, although they have restricted
expressiveness (Bond-Taylor et al. 2021). However, the
expressiveness of a coupling flow can be increased by stack-
ing multiple affine coupling layers, g = gi, o+ - -0 gx, With
h = 1,..., H coupling blocks (Dinh et al. 2016). In fact,

Draxler et al. (2024) prove that affine coupling flows are
distributional universal approximators, capable of represent-
ing any target distribution despite their seemingly restrictive
architecture. In line with these considerations and the strong
empirical performance of affine coupling flows, we focused
on this type of normalizing flows in our simulation stud-
ies (see Section 4), using the implementation provided by
BayesFlow (Radev et al. 2023).

Finally, it is worth noting that, since our focus is solely
on the mapping from the base distribution to the target dis-
tribution (i.e., the generative direction of NFs), virtually any
other generative model family could be used to learn how to
generate samples from a joint prior. Examples of common
generative architecture alternatives include diffusion models
(Cao et al. 2024) and flow matching (Lipman et al. 2022).
However, we used NFs here because they perform well in
practice and are computationally efficient. In particular, they
do not require solving differential equations during sampling
(Draxler et al. 2024).

2.2 Target Quantities & Elicitation Techniques

A key task in the setup stage of the elicitation process is
the selection of target quantities and elicitation techniques to
effectively gather the expert information. Two main criteria
should guide this selection: interpretability and informative-
ness (Mikkola et al. 2023; Crowder 1992; da Silvaetal. 2019;
Garthwaite et al. 2005).

Selecting Target Quantities Interpretability refers to the
selection of target quantities that allows domain experts to
meaningfully express their knowledge based on their experi-
ence and expertise (Garthwaite et al. 2013). Target quantities
on the same scale as the outcome variable (cf., observable
quantities) are considered to be highly interpretable (da Silva
et al. 2019; Manderson and Goudie 2023). In contrast, target
quantities that refer to model parameters are more challeng-
ing to interpret, especially when the outcome variable is not
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on the same scale as the model parameters (Kadane and
Wolfson 1998; Kadane et al. 1980). Therefore, it is some-
times advocated asking experts exclusively about observable
quantities (Kadane and Wolfson 1998). We share the view
of Denham and Mengersen (2007) that the appropriateness
of either approach depends on the specific problem being
addressed and the type of expert providing the information.

Guided by this idea, we define a target quantity within
our framework in the most general sense as a function of
the trainable hyperparameters of the prior: z; = ¢;(A) for
i = 1,..., 1. Typically, multiple target quantities (/ in
total) are elicited from the user to inform different aspects
of the data-generating process. For instance, if we want
to query the expert regarding the outcome variable (i.e.,
the observable space), one of the target quantities can be
simply defined as z; = y. This is obtained by defining
the function ¢; as a query to the prior predictive distribu-
tion p(y) = [ p(y | 0)pr(0)do, where the likelihood is
marginalized over the prior. Note that this expression is not
just a constant as it refers to the prior predictive distribution
and should not be confused with the marginal likelihood of
observed data (see for this point also Hartmann et al. (2020)).
As another example, expert knowledge may be elicited about
the parameter space. In this case, the target quantity is defined
as z; = 0O, which is obtained by defining c¢; as a simple
projection onto 6. In this way, we can also accommodate
any other target quantity that can be derived from the model
parameters or the data (e.g., R?; the proportion of variance
explained by the model; (Gelman et al. 2019)).

Selecting Elicitation Techniques Once the set of target quan-
tities has been selected, we need to determine how to elicit
this information from the expert, which requires choosing an
appropriate elicitation technique. While experts can be asked
to provide the full distribution of a target quantity (e.g., in the
form of a histogram (Johnson et al. 2010)), another common
technique is to focus on specific summary statistics (Mor-
ris et al. 2014). Research on prior elicitation suggests that
experts can reasonably be asked to describe a target quan-
tity using proportions, the mode, the median, and generally
quantiles (Garthwaite et al. 2005; Stefan etal. 2022; O’Hagan
et al. 2006), with quantile-based elicitation techniques being
particularly recommended (Kadane and Wolfson 1998). In
contrast, asking about the mean is less advisable when the dis-
tribution is skewed (Peterson and Miller 1964), and similarly,
querying variances is in general discouraged (Garthwaite
et al. 2005; Kadane and Wolfson 1998). Furthermore, assess-
ing dependencies between variables is challenging, making
the elicitation of joint priors especially difficult (Garthwaite
et al. 2005). Elicitation of correlations in the context of joint
priors has been studied among others by Gokhale and Press
(1982); Clemen et al. (2000), and Dickey et al. (1985) as
reviewed by Mikkola et al. (2023).
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In our elicitation method, we represent an elicitation tech-
nique as a function f; for j = 1,..., J, of a target quantity
z;. The resulting set of elicited target quantities is referred
to as elicited statistics, {t,(A)}, where 1,,(A) = f;(z;) and
m refers to the corresponding i X j combination. In the fol-
lowing, we sometimes omit the explicit dependence on A
and simply write #,, instead of #,, (A). Note also that, depend-
ing on the elicitation technique employed, #, may accept
either a single value or a set of values as input. To illus-
trate this point more clearly, consider the case in which
we elicit expert knowledge about the predictive distribu-
tion conditional on a category of a categorical predictor, i.e.,
z =y | cat. To elicit this information, we query the expert
regarding the 25%, 50%, and 75% quantiles of this predictive
distribution. Thus, we have t = {Q259,(y | cat), Qso%(y |

cat), Q759%(y | cat)}.

Sensitivity Analysis In addition to interpretability, the sec-
ond criterion for selecting target quantities and elicitation
techniques is informativeness, which refers to the relevance
of the elicited statistics for learning the prior distributions.
Evaluating this criterion is nontrivial because the relation-
ship between the elicited statistics and the model (hyper-
)parameters is complex and often analytically intractable.
One computational approach to asses informativeness is to
conduct a sensitivity analysis (Depaoli et al. 2020). In this
approach, we systematically vary one aspect of the prior dis-
tribution at a time while keeping all other aspects constant.
For each specific change in the prior, we run the generative
model in forward mode by sampling from the prior, then from
the likelihood, and subsequently computing the target quan-
tities and elicited statistics. Sensitivity analysis enables us
to assess how changes in one aspect of the prior distribution
impact each elicited statistic. If we observe no variation in
a particular elicited statistic for a given prior variation, this
statistic does not provide any useful information for the learn-
ing algorithm to determine the corresponding aspect of the
prior. This approach can help inform the selection of elicited
statistics and identify which aspects of the prior are most
likely to remain unidentifiable given the current set of expert
information.

2.3 Model-implied & Expert-elicited Statistics

After determining the set of target quantities and corre-
sponding elicitation techniques, we can proceed to gather
information from the expert through specific prior elicitation
protocols (Gosling 2018; Cooke 1991; European Food Safety
2014). This process may be preceded by a training phase to
familiarize the expert with the elicitation tasks (Stefan et al.
2022). In prior elicitation research, an entire subfield has
focused on determining how to conduct optimal expert inter-
views, taking into account factors such as cognitive biases



Statistics and Computing (2025) 35:132

Page70f33 132

and heuristics. While it is beyond the scope of this paper
to review this literature, several comprehensive reviews are
available (e.g., Mikkola et al. 2023; Stefan et al. 2022; Fal-
coner et al. 2022). At this point, we will skip the actual
interrogation process and assume that the expert informa-
tion has been successfully gathered, providing us with a set
of expert-elicited statistics, individually denoted by 7,, and
together as {f,,}.

Given the set of expert-elicited statistics, {7, }, we can eval-
uate the discrepancy between the expert expectations and the
model-implied statistics, {t,,}. The latter are computed by
simulating from the model. This proceeds as follows: We
start with an arbitrary initial prior distribution from which we
sample model parameters 6*) ~ Do (8), where A represent
the initial hyperparameter values that define the prior distri-
bution. The superscript s denotes the s sample out of a total
of § samples. Subsequently, we perform all necessary com-
putational steps to derive samples from the target quantities
zfs) . Finally, we apply the corresponding elicitation technique
to obtain the model-implied statistics #,, = f j({zl@}) from
the simulations.

2.4 Discrepancy Evaluation & Training

To evaluate the discrepancy between the model- and expert-
elicited statistics, an appropriate loss function is used for
each statistic, Ly, (t,(1), f,,). Different loss functions may
be preferable depending on the type of the respective elicited
statistic. Since the discrepancy is computed for each statistic
within the set of elicited statistics, the total loss comprises
multiple loss components, which are combined into a single
total loss using a weighted sum:

M
LO) =) awLm(tn(X), i), (1)

m=1

where «,, denote the weights. The choice of weights «,,
can be guided by different considerations: One approach
involves manually adjusting the weights, guided either by
the expert’s assessment of the importance of individual loss
components or by ensuring that the effects of different mag-
nitudes, arising from varying scales, are balanced, such that
no single loss component dominates the others (Wang et al.
2011). Alternatively, automated weighting methods, known
as loss-balancing methods, can be used to optimally balance
the contribution of each individual term to the total gradient
(Liu et al. 2019; Crawshaw 2020; Bischof and Kraus 2021).

After computing the total loss, L(A), the gradients with
respect to the hyperparameters XA are calculated. These gra-
dients are then used to adjust the hyperparameters in the
opposite direction:

ML
A ek—BZama—):n, )

with § being the step size (Goodfellow et al. 2016).
We employ mini-batch stochastic gradient descent (SGD)
with automatic differentiation, facilitated by the (explicit
or implicit) reparameterization trick (Kingma and Welling
2014; Figurnov et al. 2018). With the adjusted hyperparam-
eters A/, new samples from the prior p;/(#) can be generated
and the updated model-implied statistics £, (A) computed.
We then reassess the discrepancy between the model-implied
and expert-elicited statistics and continue to adjust the hyper-
parameters as needed. This iterative process continues until
a convergence criterion is met or a stopping rule is applied.

2.5 Evaluation of Training Results

Convergence Checks Training is considered successful if
the loss in minimized and no further learning occurs. With
a proper discrepancy measure as loss function, it is guaran-
teed that the total loss (and the individual loss components)
approach zero as learning progresses. The learning progress
can be tracked by examining the loss behavior across epochs,
where a decreasing trend is expected until the loss stabilizes
at a value close to zero. Further insights into the learning
progress can be obtained by tracking the convergence of addi-
tional quantities of interest beside the loss, for instance the
mean and standard deviation of the marginal priors.

A further method to assist in the examination of conver-
gence is to compute the slope of a linear regression fitted to
the loss values over the last m epochs, whereby m should
not be taken too large such that the linearity assumption
holds. Typically, the overall loss function exhibits exponen-
tial decay, but once the loss stabilizes, a linear trend is a good
approximation. Ideally, a slope of zero would indicate perfect
convergence, though some variation is expected in practice.
To evaluate whether the slope remains acceptable, the train-
ing algorithm can be run repeatedly with random seeds and
the absolute slopes across all replications can be compared.
For training runs with the highest final slopes, we can per-
form a visual inspection of the trajectories of key quantities
across epochs, such as the total loss, loss components, and
prior means and standard deviations. If these runs show suc-
cessful convergence, we can reasonably conclude that other
runs (with smaller final slopes) have also converged.

Non-uniqueness of Learned Priors Once the elicited statis-
tics have been learned accurately, we can examine the
corresponding learned prior distribution. As there are often
multiple optimal values A* that align closely with the same
set of elicited statistics, multiple replications will yield differ-
ent prior distributions (da Silva et al. 2019; Manderson and
Goudie 2023; Stefan et al. 2022). This lack of uniqueness
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is anticipated, given the limited information provided by the
set of elicited statistics compared to the complexity of the
generative model (Manderson and Goudie 2023). Further-
more, when target quantities refer solely to the observable
space, we only gain access to the model’s overall uncer-
tainty with limited ability to differentiate between aleatoric
and epistemic uncertainty (Nemani et al. 2023; Perepolkin
et al. 2024). Aleatoric uncertainty, by definition, is irre-
ducible; however, several methods exist to reduce epistemic
uncertainty. These include (i) selecting more informative tar-
get quantities, (ii) eliciting more detailed expert information
(e.g., increasing the number of quantiles in quantile-based
elicitation), (iii) adding theory-informed regularization terms
to constrain the search space (as illustrated in Manderson
and Goudie (2023)), (iv) improving the initialization method
to achieve better starting points, and (v) employing more
advanced optimization algorithms when dealing with a large
number of model parameters (Nemani et al. 2023).

Model Averaging Given the (potential) non-uniqueness of
the learned prior distributions, it is advisable to run the train-
ing multiple times on the same expert data but with different
random seeds. This approach helps provide insight into the
variability among the learned prior distributions. From the
resulting set of candidate priors p;, (0) forr =1, ..., R, we
can, in consultation with the domain expert, exclude prior
distributions that do not meet the expert’s expectations. For
the remaining set of prior distributions, which may be con-
sidered practically equivalent from the expert’s perspective,
either a single prior distribution can be chosen, or alterna-
tively, model averaging techniques can be applied. In the
case of model averaging, the combined prior would take the
form:

R
Pryig @) = wy - 2, (0) 3)

r=1

where the weights w, sum to one. The weights w, can either
be assigned by the user, based on theoretical assumptions,
or selected according to one of several proposed weight-
ing schemes (Claeskens and Hjort 2008). Here, we apply an
approach suggested by Buckland et al. (1997) for the general
purpose of model averaging and selection, where the weights
w, are defined as

exp{—y I}
ZX:] eXP{—J/Iv}

w, =
In the above expression, y is a scaling factor, and [ rep-
resents the performance criterion by which the models are
weighted. This definition ensures that models with identical
performance receive equal weight (Buckland et al. 1997). In
our setting, it is sensible to use the total loss L(A,) of each
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replication r as the performance criterion. Consequently, the
“best” model is the one with the smallest total loss, L (Amin)
(Bissiri et al. 2016). This yields the following definition of
weights

_ exp(=yA(L)
S expl—y Ay (L)}

where A, (L) = L(A;) — L(Anin). The difference is used
primarily for computational reasons to ensure numerical sta-
bility (Claeskens and Hjort 2008). The formulation in Eq. (4)
can be interpreted as the probability of replication r repre-
senting the best prior, given the collection of learned prior
distributions (Wagenmakers and Farrell 2004). The scaling
factor y controls the influence of each replication’s relative
performance A,(L). When y > 1, discrepancies in model
performance are amplified, with better models receiving
higher weights and worse models receiving lower weights.
As y — 00, this weighting would approach a one-hot vector,
effectively performing model selection. Conversely, when
y < 1, the performance differences between models are
smoothed out, reducing the influence of performance dis-
crepancies.

“

Simulating From an “Oracle” The simulation-based frame-
work enables us to evaluate the degree of non-identifiability
and determine if further regularization is required, even
before querying any data from the expert. An effective
approach involves using an oracle, where a pre-defined prior
distribution serves as the ground truth. From this “true” prior,
we perform forward simulations: sampling first from the
prior, then from the likelihood, and carrying out all necessary
computational steps to generate a set of model-implied statis-
tics corresponding to the ground truth. This set of simulated
statistics can then serve as a proxy for the “expert-elicited”
statistics.

This oracle approach allows us to assess the self-
consistency of the algorithm, the degree of non-identifiability
(i.e., how informative are the elicited statistics), and the suit-
ability of the chosen algorithm parameters used for training
NFs with mini-batch SGD (such as the learning rate or the
number of epochs). However, there is one important caveat
when using an oracle: the user might be tempted to compare
the learned prior distributions against the true prior distribu-
tions (which are now available). Specifically, if there is an
unsatisfactory match between the true and learned prior dis-
tributions, the user might interpret this mismatch as a failure
in learning. It is important to remember, however, that the
method only knows about the elicited statistics, which are
incorporated into the loss function. Thus, when the elicited
statistics do not incorporate information about the model
parameters but instead pertain to observable quantities, there
is, from the method’s perspective, no concept of a true prior.
In particular, if the true and learned elicited statistics match
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but there is a mismatch in the learned prior, this is likely a
result of an underidentified problem, and the objective func-
tion requires additional information to properly constrain the
problem.

3 Implementation

In all simulation studies, we use a batch size of 128. To
simulate from an oracle (discussed in Section 4.1), we draw
once S = 10, 000 samples from the true joint prior and then
compute the corresponding set of “expert”-elicited statistics.
During training with mini-batch SGD we draw S = 200
samples from the joint prior. To evaluate the discrepancy
between the model-implied and expert-elicited statistics, we
use a squared, biased Maximum Mean Discrepancy (MMD)
loss with an energy kernel (Gretton et al. 2006; Feydy et al.
2019), following our previous success with this metric (Bock-
ting et al. 2024). For the correlation between parameters,
however, we apply a squared-error loss (L2 loss; for details
see Section 4.1). The total loss is computed as a weighted sum
of the individual loss components. The values of the respec-
tive weights are discussed together with the selection of the
elicited statistics whereby each elicited statistic represents
one loss component (see Section 4.1).

The architecture of the NFs is rather simple compared
to typical applications in deep learning (e.g., Kingma and
Dhariwal 2018, ) and consists of a standard multivariate
Gaussian as a base distribution and three affine coupling
blocks. Each coupling block consists of two dense layers
with 128 units and ReLU activation functions. In Simula-
tion Study 1, the number of learnable hyperparameters is
|A| = 202,776, while in the case studies corresponding to
Simulation Study 2, it is [A| = 205, 872.

In Simulation Study 1, we assume a discrete likelihood and
use the gumble-softmax trick to compute the gradients of a
discrete random variable (for more information, see Bockt-
ing et al. 2024). The gradients of the total loss with respect to
the hyperparameters are used to update the hyperparameters
A. Optimization was performed with the Adam optimizer for
500 epochs in Simulation Study 1 and 800 epochs in Simu-
lation Study 2. We used a fixed learning rate of 0.00025 for
Simulation Study 2, Scenario 1 & 2, and 0.0001 for Simu-
lation Study 1 and Stimulation Study 2, Scenario 3. These
algorithm (hyper-)parameter values were obtained by manual
tuning until good performance across all of our case studies
was achieved.

All simulations and plots were performed in Python
3.11 using our Python package elicito 0.3.1 (Bockting and
Biirkner 2025), which relies, among others, on the following
libraries: TensorFlow 2.14 (Abadi et al. 2016), TensorFlow
Probability 0.23 (Dillon et al. 2017), NumPy 1.26 (Har-
ris et al. 2020), pandas 2.2.3 (McKinney et al. 2010), and

BayesFlow 1.1.6 (Radev et al. 2023). To ensure the repro-
ducibility of our results, the specific version of elicito used
in this paper has been archived on Zenodo and is accessi-
ble via the following DOI https://doi.org/10.5281/zenodo.
15241853. Simulations were executed on a YOGA Pro 9i
laptop equipped with GPU acceleration.

4 Simulation Studies
4.1 General Setup

In the following, we present four case studies organized
across two simulation studies to evaluate the performance
of our elicitation method. The selection of case studies is
motivated by the desire to choose scenarios that are sim-
ple and allow us to study the behavior of the method in a
well-controlled setting. Since this paper presents the exten-
sion with NFs for the first time, it is important for us to first
develop an understanding of the method’s behavior. In future
work, we will examine the behavior of our method in more
complex models that are closer to real-world applications.
In Simulation Study 1, we introduce a simple Binomial
regression model with one continuous predictor. In Simula-
tion Study 2, we present three scenarios based on a normal
regression model with a three-level categorical predictor.
The three normal scenarios differ only in the pre-defined
joint prior representing the ground truth. Table 3 provides
an overview of the generative models and the joint priors
representing the ground truth used in the simulation studies.
Before introducing the simulation studies, we will discuss the
decisions made in the simulation setup in greater detail. All
code and results can be found on GitHub (https://github.com/
florence-bockting/non-parametric-prior) and OSF (https://
osf.io/xrzh6/), respectively. Information about the training
time for each simulation study is provided in Appendix A.1.

Simulated Expert as Ground Truth For the simulation stud-
ies in this paper, we simulate expert input using synthetic
data generated from a predefined joint prior representing the
ground truth (i.e., oracle, see Section 2.5 for details). For sim-
plicity, we use a parametric prior with fixed hyperparameter
values as ground truth for each case study. Further details on
the exact specification of the “true” joint prior is provided in
the respective section and in Table 3.

Selection of Target Quantities and Elicitation Techniques
Following recommendations in the field, we tried to select
mainly observable quantities as target quantities for our sim-
ulation studies (see Section 2.2 for details). For the Binomial
regression model, we used the expected observations of the
outcome variable conditional on two observations of the con-
tinuous predictor, y | xo and y | x1.For the normal regression
model, we considered the prior predictive observations con-
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Table 3 Overview of generative
models and ground truth used in
each simulation study. Symbols:
R denotes the correlation matrix
and s the vector of standard
deviations

Model Generative Model

Ground Truth

Binomial — M1
(Section 4.2)
Normal models
Scenario 1 — M2
(Section 4.3.1)

Scenario 2 — M3
(Section 4.3.2)

see M2

Scenario 3 — M4 (Section 4.3.3) see M2

yi ~ Binomial(p;, 30)
pi = sigmoid(By + B1x;)

yi ~ Normal(u;, o)
i = Bo+ Bix1,i + Baxa,;

Bo ~ Normal(0.1, 0.1)
B1 ~ Normal(—0.1, 0.3)

Bo ~ Normal(10, 2.5)

B1 ~ Normal(7, 1.3)

B> ~ Normal(2.5, 0.8)

o ~ Gamma(5, 2)

Bo ~ Normal(10, 2.5)

B1 ~ SkewNormal(7, 1.3, 4)
B> ~ SkewNormal(2.5, 0.8, 4)

o ~ Gamma(5, 2)

10
B ~ Mv-Normal 7 |, D(s) RD(s)
2.5
1. 03 -03
R=| 03 1. —-02
—-0.3 -0.2 1.

s =1(2.5,13,0.8)

o ~ Gamma(5, 2)

Table 4 Overview of the analysis workflow used in the simulation studies

Task

Approach

Insights

Setup & Elicitation Stage

Select the set of elicited statistics
and evaluate its informativeness.

Fitting Stage

Evaluate variability in learned pri-
ors to assess non-identifiability.

Verify convergence of the training
algorithm.

Verify accurate learning of expert
data.

Evaluation Stage

Examine the learned priors across
the different seeds

Obtain the final learned prior for
subsequent analysis.

(1) Simulate elicited statistics by defining a
true joint prior (i.e., the oracle). (2) Conduct
a sensitivity analysis.

Run the training algorithm several times with
different random seeds.

(1) Examine the slope of final loss values
across replications. (2) Visually check the
convergence of key quantities for selected
seeds.

Visually compare model-implied and
expert-elicited statistics.

Visually inspect the marginal priors and

correlations between model parameters.

Perform model averaging using weights
based on relative loss performance.

Can the set of elicited statistics provide sufficient
information to learn the key aspects of the joint
prior?

Do different training runs yield different results?

Will training the model for additional epochs lead to
a practically relevant improvement in performance
or a reduction in total loss?

Was the method successful in accurately capturing
the expert data?

How much do the learned priors vary between
different seeds? Were any degenerate prior
distributions learned? Do we observe any form of
multi-modality? Can any of the learned priors be
ruled out as unreasonable post hoc?

Instead of selecting a single prior, compute a model
average over practically equivalent priors to
account for additional variability due to
non-identifiability.
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ditional on three groups of the categorical predictor, y | gr;
fori =1,2,3.

However, we had to deviate from the recommendation
to select observable target quantities in two respects. First,
we included R? as an additional target quantity for the nor-
mal model (Simulation Study 2), motivated by the following
reasoning: if we only have information about the outcome
variable for each of the three groups, we provide the learning
algorithm with no means to differentiate between parameter
uncertainty and data uncertainty. The coefficient of determi-
nation, R?, represents the ratio of parameter uncertainty to
total uncertainty (which encompasses both data and param-
eter uncertainty). Consequently, it offers more information
for the learning algorithm to differentiate between these two
types of uncertainty, even though it may be somewhat more
challenging for a domain expert to interpret. However, as R?
is commonly reported as a metric in a regression context,
we would argue that this quantity is still well understood by
domain experts.

Second, we included the pairwise correlation between
model parameters in the set of target quantities for each
case study. If independence between model parameters is
assumed, all correlations are set to zero; otherwise, we use
the exact correlation structure indicated by the ground truth.
We acknowledge that this information cannot be reasonably
demanded from a domain expert in most cases. However, we
currently lack suitable elicitation methods for asking domain
experts about interpretable quantities that provide sufficient
information regarding the correlation structure between the
model parameters. A future task will be to develop such elic-
itation methods and to then incorporate these methods into
our computational framework.

Regarding the selection of elicitation techniques, we fol-
low the recommendation to query quantiles from a domain
expert (Kadane and Wolfson 1998). For each target quantity,
except for the correlation information, we elicit five quan-
tiles: 5%, 25%, 50%, 75%, 95%. For the correlation values,
we assume that the expert provides a single point estimate
corresponding to a moment-based elicitation approach.

In summary, the elicited statistics for Simulation Study 1
consist of five quantiles each for y | xo (f1) and y | x1 (f2),
as well as the correlation information p(8y, 81) (t3). Each
of these three elicited statistics corresponds to a distinct loss
component in the objective function. The elicited statistics
for Simulation Study 2 consist of five quantiles each for R?
(t1) and y | gr; withi = 1,2,3 (#2, 13, 14), as well as the
correlation information between the model parameters (t5).
The discrepancy in the correlation values is measured using
an L2 loss, whereas the discrepancies for the remaining com-
ponents are computed using the MMD? loss. To account for
differences in scale-arising both from the use of different
discrepancy measures and from the varying domains of the
elicited statistics-we weight the individual loss components

as follows: the correlation loss component is scaled by a fac-
tor of 0.1, the R? loss component by a factor of 10.0, and all
other loss components are uniformly weighted with a factor
of 1.0.

To assess whether the selected set of elicited statistics is
sufficiently informative to determine a prior distribution for
the model parameters, we conduct a sensitivity analysis for
each case study.

Evaluation of Simulation Results We run each simulation
study 30 times with different random seeds. As prelimi-
nary convergence checks, we calculate the slope of the loss
trajectory over the last 100 epochs and perform a visual
convergence check for the five replications with the highest
absolute slopes (i.e., worst cases). Additionally, we examine
the trajectories of the total loss, the individual loss compo-
nents related to each elicited statistic, as well as the mean
and standard deviation for each marginal prior across epochs.
Furthermore, to visually assess whether the learning criterion
has been accurately captured, we compare the final model-
implied statistics with the expert-elicited statistics. Finally,
we examine the learned prior distributions for each replica-
tion and compute the model average across the 30 learned
prior distributions. Table 4 provides a summary of the analy-
sis workflow followed in each of the subsequent simulation
studies.

Additional simulation results For each case study, we con-
duct two additional sets of simulations, which are not part
of the main analysis but are included in the supplementary
material for completeness and further comparison. The sup-
plementary material can be found on GitHub at https://github.
com/florence-bockting/non-parametric-prior. As these sim-
ulations are complementary to the main focus of the paper,
we do not report the results in the main text.

In the first additional set of simulations, we re-ran all case
studies using the model parameters as the “elicited statis-
tics” (instead of an indirect quantity derived from the model
parameters). In this case, the method trains directly on the
model parameters, enabling us to assess whether it is, in prin-
ciple, capable of recovering the true joint prior distribution
when complete information is available. Thus, this set of
simulations serves as a validation set for our method.

In the second additional set of simulations, we applied
the parametric-prior method proposed in Bockting et al.
(2024) to all case studies. This allows for a direct compari-
son between the performance of the proposed non-parametric
approach and the previously introduced parametric vari-
ant within the same simulation-based framework. The only
exception is Scenario 3 of Simulation Study 2, where we
introduce a multivariate normal prior. In this case, a compar-
ison is currently not possible, as the optimization of a full
covariance matrix is not yet implemented in elicito (Bockt-
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ing and Biirkner 2025), but it is planned for a (near) future
release.

4.2 Simulation Study 1: Binomial Likelihood with
Independent Normal Priors

We introduce the general idea of our method using a Binomial
model with a logit link (sigmoid response function) and a
single continuous predictor, x. The predictor was generated
by first constructing a sequence from 1 to 50, which was then
scaled by its standard deviation. In the following we refer to
this model as M1:

y; ~ Binomial(p;, 30)

pi = sigmoid(By + B1x;)
Bo, B1 ~ pr(Bo, B1)

0 = (Bo. B1)

M)

The goal is to learn a joint prior for the model parameters By
(intercept) and B; (slope), assuming independence between
these parameters.

Setup & Elicitation Stage As elicited statistics, we select
prior predictions for two values of the continuous predic-
tor, y | xo and y | x1. The two values of x correspond
to the 25% and 75% quantiles of the predictor. We select
specific quantiles rather than randomly sampling two obser-
vations from the predictor to avoid the observations being too
close together, which would reduce informativeness. From
the distribution of the two selected observations, we com-
pute five quantiles which represent the elicited statistics (see
Section 4.1 for details). Note that y | xg and y | x; each have
an associated distribution, resulting from simulating y® for
S samples drawn from the joint prior and conditioning on the
respective x value. The distribution over y | x encodes the
parameter uncertainty.

To obtain the “expert”-elicited statistics, we define a true
prior that represents the ground truth and simulate from the
generative model in forward mode, computing the corre-
sponding true-elicited statistics. The frue joint prior is defined
by independent normal distributions for each model param-
eter: o ~ Normal(0.1, 0.1) and 81 ~ Normal(—0.1, 0.3).

To assess the informativeness of the selected set of elicited
statistics, we conduct a sensitivity analysis, with the results
shown in Figure 2. In each row, a single hyperparameter
is varied across the range shown on the x-axis, while all
other hyperparameters are held constant at their true values,
indicated by the red vertical line. The columns present the two
elicited statistics, specifically the five quantiles (in shades of
blue and green) for y | xo and y | x;. The upper two rows
show results for the intercept parameter B¢ and the lower two
rows for the slope parameter f1. The results of the sensitivity
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analysis indicate that the selected elicited statistics provide
sufficient informativeness for the model hyperparameters.

Fitting Stage We ran the training algorithm 30 times with
different random seeds and conducted an initial convergence
check by inspecting the slope of the last 100 epochs for each
replication. In Figure 3, the upper row shows the absolute
slope (scaled by a factor of 100) for each replication. In the
lower row, the learning trajectory of the total loss is shown for
the best-performing (leftmost) and the four worst-performing
replications. We observe a near-zero slope for the best model,
indicating convergence, while the negative slopes for the
worst-performing seeds suggest that the learning algorithm
continues to make progress.

However, a visual inspection of the learning trajectories
of the total loss and individual loss components (Figure 4)
and the means and standard deviations of the marginal pri-
ors (Figure 5), indicates satisfactory convergence. Therefore,
although the slope analysis indicates minor ongoing learning
progress, no substantial changes in the results are expected
if the model is trained for additional epochs. Overall, we
conclude that the training process was successful.

The corresponding final learned elicited statistics for each
replication are shown in Figure 6. In the first two plots,
each true quantile (x-axis) is plotted against its correspond-
ing learned quantile (y-axis) for each replication. Points that
align perfectly with the diagonal dashed line represent a per-
fect match between true and learned quantiles. Points above
the diagonal indicate that the learned quantiles are higher
than the true ones (and vice versa for lower points). Accu-
racy of the learned correlation information is presented in
Figure 6. The true (red) correlation matches perfectly with
the learned (black) correlations.

Evaluation Stage Finally, we examine the learned prior dis-
tributions. Figure 7 shows the learned marginal priors for
each replication, alongside the results from the model aver-
aging approach. The weights used for model averaging are
shown in the upper plot of Figure 7 and reflect the rela-
tive performance of each replication based on their total loss
(see Section 2.5 for details). In this case, all replications per-
form similarly well, resulting in an almost uniform weighting
scheme. The resulting averaged prior is represented by the
solid red line in the lower plot, shown together with the
learned priors from each replication.

4.3 Simulation Studies 2: Normal Likelihood

In the remaining simulation studies, we aim to evaluate the
method’s performance using a model with slightly increased
complexity, specifically a normal regression model with stan-
dard deviation o and mean p;, where u; depends on a
three-level grouping variable encoded via the dummy vari-
ables x; and x3:
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Fig.2 Binomial
model—Sensitivity Analysis:
Rows represent hyperparameters
of each model parameter.
Columns represent elicited
statistics: five quantiles for

vy | xo and y | x1. Quantiles are

quantiles y; | Xp

quantiles y; | xa

(4]

s
~J

depicted in different colors. In
each row, the corresponding
hyperparameter, is varied across
the range shown on the x-axis,
while all other hyperparameters

are held constant at their true 20
values, indicated by the red
vertical line. The upper two rows 10

indicate results for the intercept
parameter By and the lower two
rows for the slope parameter S
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y; ~ Normal(u;i, o)

mi = Bo + Bix1,i + Poxz,
Bo. B1, B2, o ~ pi(Bo. B1, P2, 0)

0 = (Po, B1, B2, 0)

with Bo, B1, and B being the regression coefficients repre-
senting the intercept and the two group contrasts, respec-
tively. The goal is to learn a joint prior for the model
parameters 6. To systematically assess our method, we use
the same model across all upcoming simulation studies, vary-
ing only the frue joint prior in each scenario:

e Scenario 1 (M2): Independent normal priors for the
regression coefficients are defined as Sy ~ Normal
(10, 2.5), B1 ~ Normal(7, 1.3), B> ~ Normal(2.5, 0.8),
with a Gamma prior for the random noise, o ~
Gamma(5s, 2)

e Scenario 2 (M3): Identical to M2 but introduces skewed
normal priors for B1 and By, where 1 ~ SkewNormal
(7,1.3,4)" and B> ~ SkewNormal(2.5, 0.8, 4).

! For the skewed normal distribution, we use the implementation from
TensorFlow Probability (Abadi et al. 2016), which features the two-

0.50
0y

050 0.7
0)

075 100 000 025 1.00

e Scenario 3 (M4): Identical to M2 but introduces a
dependency structure among the model coefficients g
using a correlated multivariate normal distribution, with
marginal distributions identical to those in M2. The cor-
related prior is specified as:

10
B ~ Mv-Normal 7 |, D(s) RD(s) with
2.5
1. 03 —-03
R=| 03 1. -02], s=(2.5,1.3,0.8)
-03-0.2 1.

where R denotes the correlation matrix and s the vector
of standard deviations.

piece normal distribution (Ferndndez and Steel 1998). This distribution
is parameterized by location, scale, and shape parameters. The shape
parameter controls the skewness, with values above one resulting in a
right-skewed distribution.
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Expert vs. model-simulated elicited statistics
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Fig. 6 Binomial model—Learned elicited statistics for all 30 replica-
tions: The two leftmost plots show the learned quantiles (y-axis) vs.
the true quantiles (x-axis) of each replication for the two target quanti-
ties, y | xo and y | xj. The diagonal line serves as a reference, where

points lying on the line indicate a perfect match between learned and
true quantiles. The rightmost plot displays the learned (black) vs. true
(red) correlations. Given that we assume independence between model
parameters in this scenario, the true correlation is zero
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Fig. 7 Binomial model—Learned marginal priors for all 30 replica-
tions: Upper plot: Computed weights per replication used for model
averaging, reflecting the relative performance of each model based on
the final total loss. In this scenario, all replications perform equally well,
resulting in almost uniform weights. Lower plot: The learned marginal
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priors for each replication and in red the prior average. In this case,
the elicited statistics are sufficiently informative to effectively identify
the generative model, resulting in only minor variations in the learned

priors across replications
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Expert vs. model-simulated elicited statistics
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Fig. 8 Normal model / Scenario 1 (M2) — Learned elicited statistics
for all 30 replications: First three plots (from the left) show the learned
quantiles (y-axis) vs. the true quantiles (x-axis) of each replication for
the four target quantities y | gr; with i = 1,2, 3 and R?. The diago-
nal line serves as a reference, where points lying on the line indicate a

4.3.1 Scenario 1: Independent Normal Priors

Setup & Elicitation Stage We begin with a brief assessment
of the selected elicited statistics, with sensitivity analysis
results detailed in Appendix A.2. While the intercept coef-
ficient, By, is well-informed by all three target quantities
related to the predictive distributions of the groups, the slope
coefficients, 81 and B, are each informed by only one tar-
get quantity, specifically those corresponding to group 2 and
group 3, respectively. Consequently, we anticipate greater
difficulty in accurately learning these coefficients. Addition-
ally, we included R? among the target quantities to aid the
learning algorithm in distinguishing parameter uncertainty
from data uncertainty.

Fitting Stage To verify successful convergence, we first
examined the absolute slopes across all 30 replications,
followed by a detailed visual inspection of the learning tra-
jectories for the loss components and additional quantities of
interest (see Appendix A.2 for results). The analysis indicates
that the learning process was successful. The model-implied
statistics are shown in Figure 8 and demonstrate a strong
match between the learned and true elicited statistics, sup-
porting the assumption of successful convergence.

Evaluation Stage The corresponding learned marginal pri-
ors of each replication alongside with the model averaging
results are depicted in Figure 9. In this scenario, we observe
noticeably greater variation in the learned priors across dif-
ferent replications, particularly for 81 and B. This variation
is also reflected in the model averaging weights, which now
deviate clearly from the uniform distribution observed in
Simulation Study 1. These results suggest that while the
elicited statistics provide sufficient information to learn the
marginal priors of Sy and o, they are insufficient to uniquely
identify the priors for 81 and S,. It is important to empha-
size that the only information available to the method for
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perfect match between learned and true quantiles. The rightmost plot
displays the learned (black) vs. true (red) correlations between the model
parameters. Given the independence assumption, the true correlation is
Zero

learning the prior distributions is based on the elicited statis-
tics shown in Figure 8. Given this limited set of information,
learning a non-parametric joint prior becomes a highly under-
constrained problem, where multiple prior distributions can
be consistent with the same set of elicited statistics. However,
this should not be interpreted as a limitation of the method
itself, but rather as a consequence of the limited information
available to the method for learning the joint prior.

4.3.2 Scenario 2: Skewed Normal Priors

Setup & Elicitation Stage Scenario 2 differs from the pre-
vious one only in the ground truth, where we introduce a
skew-normal marginal prior for the two slope coefficients,
B1 and B». In this scenario, we examine whether the method
can learn this additional skewness property using the same
“elicited statistics” as those introduced in the previous case
study. The sensitivity analysis (see Appendix A.3) already
suggests that there is likely insufficient information to dis-
entangle the variance and skewness components for the two
slope coefficients; therefore, we except to observe more vari-
ation in the learned prior distributions.

Fitting & Evaluation Stage The convergence diagnostics
are depicted in Appendix A.3 and indicate successful conver-
gence. The corresponding match between the model-implied
and true “elicited” statistics is shown in Figure 10, demon-
strating overall good performance.

Figure 11 shows the corresponding learned marginal pri-
ors together with the results from prior averaging. The results
indicate relatively stable learning of the prior distributions
across all replications. As before, the priors for the slope
coefficients exhibit higher variation. Most importantly, how-
ever, the method is able to learn the introduced skewness.
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Fig. 9 Normal model / Scenario 1 (M2) — Learned marginal priors
across replications: Upper plot: Computed weights per replication used
for model averaging, reflecting the relative performance of each model

based on the final total loss. Lower plot: The learned marginal priors
for each replication (in black) and the prior average (in red)
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Fig. 10 Normal model / Scenario 2 (M3) — Learned elicited statistics
for all 30 replications: First four plots from the left depict the learned
quantiles (y-axis) vs. the true quantiles (x-axis) of each replication for
the four target quantities y | gr; withi = 1,2, 3 and R2. The diago-
nal line serves as a reference, where points lying on the line indicate a
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perfect match between learned and true quantiles. The rightmost plot
displays the learned (black) vs. true (red) correlations between the model
parameters. Given the independence assumption, the true correlation is
zero
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Fig. 11 Normal model / Scenario 2 (M3) — Learned marginal priors
for all 30 replications: Upper plot: Computed weights per replication
used for model averaging, reflecting the relative performance of each

4.3.3 Scenario 3: Correlated Normal Priors

In this final scenario, we introduced a dependency structure
among the regression coefficients, while all other aspects
remained identical to Scenario 1 (M1). The results of the sen-
sitivity analysis and the convergence checks are provided in
Appendix A.4 and show successful convergence. The model-
implied and true “elicited” statistics are shown in Figure 12
and indicate a close match for all elicited statistics.

In Figure 13, the final learned marginal priors for each
replication are shown alongside the results from prior aver-
aging. Results show substantial variation in the learned priors
for B, whereas the priors for all other parameters show rel-
atively high consistency across replications. Since the focus
of this case study is specifically on the correlation structure
of the regression coefficients, it is informative to also exam-
ine the joint prior distribution, which is shown in Figure 14.
The joint priors from different replications are shown in dif-
ferent colors. Although there is clear variation in the learned
joint priors, the method is able to capture the underlying
correlational pattern. Although this result is not particu-
larly surprising, as we provided the method with the exact
correlation information between the model parameters, it

@ Springer

T T 1
0.06 0.08 0.10

weight
b2 sigma
0.25 0.4 4 - average
0.20
> > 0.3
2 015 ~ 2
02
3 0.10 - 3
0.05 A 424
0.00 - 0.0 -
0 10 220 0 5 10
8 ¢]

model based on the final total loss. Lower plot: The learned marginal
priors for each replication (in black) and the prior average (in red)

nonetheless indicates that the method is capable of learning
the correlational structure of a joint prior when provided with
the relevant information. Therefore, future work is needed to
develop elicitation methods that enable the method to obtain
relevant information by querying domain experts indirectly.

5 Discussion & Outlook

In this paper, we introduce an extension of our simulation-
based framework (Bockting et al. 2024) for learning non-
parametric joint priors. This extension builds on using
normalizing flows (Kobyzev et al. 2020) to learn flexible
joint priors for the model parameters. Although we employ
normalizing flows in this work, other generative models, such
as flow matching (Lipman et al. 2022) or diffusion models
(Cao et al. 2024) are also compatible with our framework
and can be readily used as a drop-in replacement.

Across four simulation studies, we demonstrated success-
ful learning of joint priors based primarily on interpretable
quantities that can be meaningfully provided by domain
experts. One exception is the use of correlation information,
which the current method requires to reasonably constrain the
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Fig. 12 Normal model / Scenario 3 (M4) — Learned elicited statis-
tics for all 30 replications: First four plots show the learned quantiles
(y-axis) vs. the true quantiles (x-axis) of each replication for the four
target quantities y | gr; with i = 1,2,3 and R?. The diagonal line

serves as a reference, where points lying on the line indicate a perfect
match between learned and true quantiles. The rightmost plot displays
the learned (black) vs. true (red) correlations between the model param-
eters
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Fig. 13 Normal model / Scenario 3 (M4) — Learned marginal priors
for all 30 replications: Upper plot: Computed weights per replication
used for model averaging, reflecting the relative performance of each

optimization problem. Future work is required to integrate in
our method an elicitation technique that infers the correlation
indirectly from the expert by asking about interpretable quan-
tities. Recently, Mikkola et al. (2024) proposed a method that
uses pairwise comparisons or ranking techniques to learn a
multivariate prior density, which could serve as an interesting
avenue for future research.

model based on the final total loss. Lower plot: The learned marginal
priors for each replication (black) and the prior average (red)

With the extension of our originally proposed simulation-
based framework to support non-parametric prior distribu-
tions, we offer an elicitation framework, implemented in
elicito (Bockting and Biirkner 2025), which can accommo-
date various types of elicitation methods within a single,
unified structure. This facilitates the development of a stan-
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Fig. 14 Normal model /
Scenario 3 (M4) — Learned
Jjoint prior for all 30 replications
Each replication is shown in a
different color. The correlation
structure of the regression
coefficients used for learning the
prior is p(Bo. B1) =

0.3, p(B1, p2) = —0.2, and 10 20
p(Bo, B2) = —0.3. b0
Independence between o and

correlation coefficients is

assumed

Density

dardized set of diagnostics and analysis tools, addressing a
current gap in the literature (Mikkola et al. 2023).

In addition to accommodating different types of prior dis-
tributions, another strength of the framework is that expert
knowledge can be specified in various ways. This ranges from
querying model parameters to observable quantities or any
derived statistics, allowing the queried information to be tai-
lored to the specific problem and the expertise of the domain
expert. This design choice provides users with maximum
flexibility in specifying the set of quantities to be elicited from
the domain expert. However, it also places the responsibility
on the user to define a valid and appropriate set of quantities
to query from the expert (Simpson et al. 2017). We would
argue that this flexibility is in general a desirable property of
a method, as it avoids imposing specific modeling choices
on the user. Thus, instead of requiring that the problem is
framed in a predefined way, the method allows users to adapt
it to their specific needs (Regenwetter and Cavagnaro 2019;
Simpson et al. 2017; Scott 2017). However, in practice, this
flexibility is only effective if good recommendations, guide-
lines, and diagnostics are available to help users define an
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appropriate set of quantities to query from the expert (Garth-
waite et al. 2013).

A significant challenge in this context is assessing whether
the chosen set of statistics is sufficiently informative for the
corresponding model. The goal is not necessarily to iden-
tify a unique prior that fully defines the generative model.
Instead, the aim is to determine a set of equivalently plausi-
ble priors, supporting the assumption that a domain expert is
unlikely to have a single “true” prior in mind (Winkler 1967).
This introduces at least two additional requirements for an
elicitation method. First, it should include an efficient imple-
mentation that allows the training algorithm to be executed
multiple times with different seeds, enabling the assessment
of variability in the learned prior distributions. Second, the
elicitation method should ideally offer additional diagnostics
or advanced techniques, such as model selection or model
averaging, to assist the user (Falconer et al. 2022). In this
work, we propose a model averaging method in which the
weights calculated for averaging can also serve as diagnos-
tics, helping to identify potential outliers within the set of
learned priors. Identifying these edge cases could provide a
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valuable starting point for evaluating the plausibility of the
learned priors in collaboration with a domain expert.

If the set of learned prior distributions includes degen-
erate cases, this signals the need for additional constraints.
These constraints could involve eliciting further or alterna-
tive quantities (i.e., elicited statistics) from the expert and/or
adding a regularization term to the total loss function to better
guide the learning process. To evaluate the informativeness
of the elicited statistics, we use a sensitivity analysis as a
preliminary evaluation tool (O’Hagan and Oakley 2004).
Additionally, we advocate for employing an oracle (i.e., sim-
ulating data from a known ground truth) and conducting
multiple training replications with varying random seeds.
These strategies provide a solid initial check to determine
if the learned priors require further constraints. Overall, this
discussion highlights the importance of developing compre-
hensive tutorials and resources to guide users effectively
through the elicitation workflow as a key task for future work.

Other important design choices within our framework
that require appropriate default settings include the spec-
ification of the discrepancy measure and the selection of
the optimization approach, among other aspects. So far, in
all simulation studies, we have used the maximum mean
discrepancy (MMD, Gretton et al. 2006) to evaluate the
discrepancy between the model-implied and expert-elicited
statistics. The only exception is the correlation information,
for which we employed an L2 loss. One key advantage
of the MMD is its flexibility in handling a wide range of
statistics, from simple point estimates to complex histogram
data. However, a notable limitation of the MMD is its high
(i.e., quadratic) computational cost. In contrast, the L2 loss
is computationally efficient but lacks the capability to pro-
cess histogram data. Despite the higher computational cost,
the MMD consistently showed very good performance and
robustness across all simulation studies so far. Therefore, it
appears to be a solid choice as a default discrepancy measure.
Future work should study the performance of different loss
functions depending on different elicited statistics, with the
goal to develop user guidelines for selecting an appropriate
loss function.

Furthermore, in all simulation studies conducted so far,
we used mini-batch SGD to optimize the prior network
parameters. Given the generally good performance observed,
we believe that this optimization method is a solid default
choice. However, we aim to explore additional optimization
approaches within our framework, such as Bayesian opti-
mization (as employed by Manderson and Goudie (2023)).
Comparing these approaches in terms of performance and
the level of hyperparameter tuning required could offer valu-
able insights into the conditions under which optimization
method might be more advantageous than the other.

Finally, while our current methodology learns prior distri-
butions based on expert data, it does currently not account for
additional ‘meta’ uncertainty that arises during the elicitation
process. This includes uncertainties introduced by the elicita-
tion technique itself or the expert’s uncertainty regarding the
‘true’ quantity (see e.g., Falconer et al. 2022, 2023; Stefan
etal.2022). We acknowledge that these are important sources
of information that should be incorporated in future develop-
ments of our method. One promising approach is to view this
problem from a Bayesian perspective and treat the proposed
workflow as a Bayesian inference problem. This idea was
already proposed by Mikkola et al. (2023) and referred to as
the supra-Bayesian approach. We believe this is an impor-
tant and valuable direction for the next steps in our elicitation
method.

Appendix A Simulation Studies

A.1Training time

The median training time across the 30 replications (% sd of
training time):

Binomial model: 6.87 minutes (& 1.45).

Independent normal scenario: 10.18 minutes (£ 1.68).
Skewed normal scenario: 14.45 minutes (£ 2.80).
Correlated normal scenario: 10.10 minutes (£ 0.17).
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A.2 Independent normal scenario

quantiles y; | gri

quantiles y; | gr2

quantiles y; | gr3

quantiles R2

T T T T 1
0 57 10 15 20 0 57 10 15 20 0 57 1 15 20 0 57 10 15 20
Bl M H H H
10 -
] *—o—o—=o o—0——° ——fjoo—o—o 'l ' p
. 2 {o—I 15 —
§ =3 *6—0—0 o—o—0—0
10 A o——jo—o—o—9 05 -i:._._._.
1t J—to—e—o—o0 o
& 10 .-’\.,_.
T LIl T T %‘ 00 T T T T T
0 1 2 3 4 0 1 2 3 4 0 11 2 3 4 0 11 2 3 4
o0 01 01 0
15| ——°o—° .
—1o—0—0—0 2 -
- —o——0—0
1 ::—o—o—o—o 15 4 .
5"## L T T T T T T I'
025 10 15 20 025 10 15 20 025 10 15 2 025 10 15
B M2 M2 2 2 2
10 . -
15 4© v L 4 L4 o v L 4 < 20 4 __M__,_.@—‘—"O © & 4 > <4
—f—o—0—0 0 {o—f—eoo—0—o e o—o—0o——0 o—
00— —oo—o—o |—1—0o—o—0 = E:ﬂ—__.__'o—o 05 {o—
o——c———0—0 Jo—f—o—c——o—0 1 o——o-o—o0—9
5 ._'—.‘.%-.‘_*_
F:ﬁ:*:*. .::*::*:*. T — T 0.0 — . .
0 0 12 3 4 0 0 12 3 4 0 12 3 4 0 0 12 3 4
()] 02 0, 02
w 40 10 g
20 20
20 1 05
0 4
0 " ~
T L T T T ] T T L T T 00 T L T
1 5 10 20 25 1 5 10 20 25 5 10 20 25 1 10 20 25
EI a a a a
20 4o 20 [ ]
10 + 10
0 - T T T T T T T
125 10 20 25 12 5 10 20
b b

Fig.15 Normal model/Scenario 1 (M2) — Sensitivity Analysis: Rows
represent hyperparameters of each model parameter. Columns represent
elicited statistics: five quantiles for y | gr; withi = 1,2, 3 and for R
Quantiles are depicted in different colors. In each row, the correspond-

ing hyperparameter, is varied across the range shown on the x-axis,
while all other hyperparameters are held constant at their true values,
indicated by the red vertical line
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Fig. 16 Normal model / Scenario 1 (M2) — Preliminary Convergence
Check: Upper plot displays the absolute slope of the total loss trajec-
tory (scaled by a factor of 100) over the last 100 epochs on the y-axis,
with each replication shown along the x-axis. The replications (i.e.,
seeds) are arranged in ascending order based on the magnitude of the
absolute slope. The best-performing model is seed 14, while the worst-

performing models are seeds 6, 26, 10, and 9. The lower plot illustrates
the loss trajectories of the best- and worst-performing seeds over the last
300 epochs. The loss updates for the final 100 epochs are highlighted
in green (best model) and blue (worst models), with a red line segment
indicating the respective slope

Fig.17 Normal model / total loss weighted individual losses
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Fig.18 Normal model /
Scenario 1 (M2) — Visual
convergence check 2: Updating
trajectory across epochs for the
mean (left) and standard
deviation (right) of the final
learned marginal priors for all
30 replications

Fig.19 Normal model /
Scenario 1 (M2) — Joint prior:
Each replication is visualized in
a different color
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A.3 Skewed normal scenario
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Fig.20 Normal model / Scenario 2 (M3) — Sensitivity Analysis: Rows
represent hyperparameters of each model parameter. Columns repre-
sent elicited statistics: five quantiles for y | gr; withi = 1,2,3 and
for RZ. Quantiles are depicted in different colors. In each row, the cor-
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responding hyperparameter, is varied across the range shown on the
x-axis, while all other hyperparameters are held constant at their true
values, indicated by the red vertical line
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Fig.21 Normal model / Scenario 2 (M3) — Preliminary Convergence
Check for all 30 replications: The upper plot displays the absolute slope
of the total loss trajectory (scaled by a factor of 100) over the last 100
epochs on the y-axis, with each replication shown along the x-axis. The
replications (i.e., seeds) are arranged in ascending order based on the
magnitude of the absolute slope. The best-performing model is seed

13, while the four worst-performing models are seeds 4, 10, 3, and 16.
The lower plot illustrates the loss trajectories of the best- and worst-
performing seeds over the last 300 epochs. The loss updates for the
final 100 epochs are highlighted in green (best seed) or blue (worst
seeds). The red line segment indicates the respective slope

Fig.22 Normal model / total loss weighted individual losses
Scenario 2 (M3) — Visual )
convergence check 1: Updating 30 - quantiles_y_grl
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A.4 Correlated normal scenario

Fig.25 Normal model /
Scenario 3 (M4) — Sensitivity
Analysis: Rows represent
hyperparameters of each model
parameter. Columns represent
elicited statistics: five quantiles
fory | gr; withi =1, 2,3 and
for R2. Quantiles are depicted in
different colors. In each row, the
corresponding hyperparameter
is varied across the range shown
on the x-axis, while all other
hyperparameters are held
constant at their true values,
indicated by the red vertical line
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Fig.26 Normal model / Scenario 3 (M4) — Preliminary Convergence 6, while the worst-performing models are seeds 11, 0, 13, and 20.
Check for all 30 replications: The upper plot displays the absolute slope The lower plot illustrates the loss trajectories of the best- and worst-
of the total loss trajectory (scaled by a factor of 100) over the last 100 performing seeds over the last 200 epochs. The loss updates for the

epochs on the y-axis, with each replication shown along the x-axis. The final 100 epochs are highlighted in green for the best model and in blue
replications (i.e., seeds) are arranged in ascending order based on the for the worst models, with a red line segment indicating the respective
magnitude of the absolute slope. The best-performing model is seed slope
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Fig.27 Normal model / Scenario 3 (M4) — Visual convergence check 1: Updating trajectory across epochs for the total loss (left) and the individual
(weighted) loss components (right)
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Fig.28 Normal model/Scenario 3 (M4)— Visual convergence check 1: Updating trajectory across epochs for the mean (left) and standard deviation

(right) of the marginal priors

Fig.29 Normal model /
Scenario 3 (M4) — Visual
convergence check 2: Joint prior
distribution. Each replication is
visualized in a different color
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Abstract

Expert prior elicitation plays a critical role in Bayesian analysis by enabling the spec-
ification of prior distributions that reflect domain knowledge. However, expert knowledge
often refers to observable quantities rather than directly to model parameters, posing a
challenge for translating this information into usable priors. We present elicito, a Python
package that implements a modular, simulation-based framework for expert prior elici-
tation. The framework supports both structural and predictive elicitation methods and
allows for flexible customization of key components, including the generative model, the
form of expert input, prior assumptions (parametric or nonparametric), and loss func-
tions. By structuring the elicitation process into configurable modules, elicito offers trans-
parency, reproducibility, and comparability across elicitation methods. We describe the
methodological foundations of the package, its software architecture, and demonstrate its
functionality through a case study.

Keywords: expert prior elicitation, elicitation method, prior distributions, Bayesian analysis,
simulation-based framework, Python, elicito.

1. Introduction

The goal of expert prior elicitation is to specify prior distributions for model parameters or
events (Falconer, Frank, Polaschek, and Joshi 2023; Mikkola, Acerbi, and Klami 2024) in
Bayesian models that accurately reflect the expectations of a domain expert (for a recent
review, see Mikkola, Martin, Chandramouli, Hartmann, Pla, Thomas, Pesonen, Corander,
Vehtari, Kaski et al. 2023). A central difficulty of this objective is that expert knowledge
often relates indirectly, or in a non-transparent way, to the model quantities for which priors
are required. To address this challenge, the research field prior elicitation has emerged,
originating in the 1960s (Winkler 1967; Kadane, Dickey, Winkler, Smith, and Peters 1980;
Kadane and Wolfson 1998), and continues to evolve as an active area of study (Stefan, Evans,
and Wagenmakers 2022; Mikkola et al. 2023; Falconer, Frank, Polaschek, and Joshi 2022).

Two major strands can be distinguished within this field, depending on whether the focus
is on the extraction or the translation process of expert knowledge (Manderson and Goudie
2023). The extraction process focuses on the interaction with the expert, including identifying
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which types of questions can reasonably be posed, understanding cognitive heuristics that
may influence expert judgments, training experts to effectively quantify their knowledge, and
recommending a set of quantities that can be meaningfully elicited (Dias, Morton, and Quigley
2018; Stefan et al. 2022; European Food Safety Authority 2014). In contrast, the translation
process focuses on understanding the statistical and mathematical relationships between the
model parameters, for which a prior distribution is required, and any other model-derived
quantities about which the expert might provide information, such as the outcome variable
or summary statistics derived from them (Hartmann, Agiashvili, Biirkner, and Klami 2020;
da Silva, Kusmierczyk, Hartmann, and Klami 2019; Manderson and Goudie 2023; Perepolkin,
Lindstrém, and Sahlin 2025).

Insights from both domains have informed the development of prior elicitation methods
(Mikkola et al. 2023). These methods can be broadly classified into structural and pre-
dictive elicitation approaches (Kadane and Wolfson 1998; Falconer et al. 2022). In structural
elicitation methods, expert knowledge is directly expressed in terms of the parameters of a
Bayesian model. As a result, these methods primarily focus on the fitting task, namely, fit-
ting a prior distribution given the expert data (Kadane et al. 1980; Bedrick, Christensen,
and Johnson 1996). In contrast, predictive elicitation methods elicit expert beliefs about the
outcome variable rather than the model parameters. In this case, the methods must address
not only the fitting task but also a translation task: converting beliefs about observable out-
comes into corresponding priors over model parameters (Akbarov 2009; Muandet, Fukumizu,
Sriperumbudur, Scholkopf et al. 2017; Mikkola et al. 2023; Hartmann et al. 2020; Manderson
and Goudie 2023; da Silva et al. 2019; Perepolkin, Goodrich, and Sahlin 2024).

The entire elicitation process, which encompasses the workflow from extracting knowledge
from a domain expert to learning prior distributions for the model quantities of interest, can
be summarized in four stages (Garthwaite, Kadane, and O’Hagan 2005): The setup stage
involves preparing for the main elicitation, including the identification of suitable expert(s)
and the selection of relevant information to be elicited. This is followed by the elicitation
stage, during which the selected information is extracted from the expert(s) using structured
elicitation protocols. In the subsequent fitting stage, the elicited information is used to derive
corresponding prior distribution(s). The final evaluation stage, entails assessing the plausibil-
ity of the learned priors in collaboration with the expert(s). If discrepancies or inconsistencies
are identified, this stage may prompt revisions of decisions made in earlier stages and repeti-
tion of the process to obtain more accurate or reliable priors.

In our previous work, we focused on the process of translating expert knowledge into prior
distributions. Specifically, building on the work of Hartmann et al. (2020); Manderson and
Goudie (2023); da Silva et al. (2019), we introduced a simulation-based approach for learning
prior distributions of model parameters from different types of expert input ranging from
the parameter to the observable space (Bockting, Radev, and Biirkner 2024). In a recent
extension, we increased the flexibility of our simulation-based approach by also supporting
different types of prior distributions from joint non-parametric to independent, parametric
priors (Bockting, Radev, and Biirkner 2025).

Building on this work, we developed a modular framework that incorporates all core com-
ponents of a prior elicitation method. Each module in the framework can be customized
which allows for the support of a wide range of elicitation methods that may differ in their
choice of generative models, the type and structure of expert information, the nature of prior
assumptions (including both parametric and nonparametric priors), and the specification of



loss functions. We translated this conceptual idea into an algorithmic design implemented via
the Python package elicito which is introduced in this paper. We think that the possibility
to develop different elicitation methods within the same framework offers several advantages.
It increases transparency regarding the decisions required to implement a given elicitation
method, facilitates the comparison of different methods, and enables the use of common
diagnostics to evaluate both method performance and the resulting prior distributions.

The remainder of this paper is organized as follows: Section 2 provides an overview of the
methodological and statistical foundations underpinning our software implementation, elicito.
Section 3 presents the software architecture, detailing each module in relation to the concep-
tual stages of the prior elicitation process. In Section 4, we demonstrate the application of
elicito through a simple case study that illustrates its functionality in a concrete context.
Section 5 reviews related software packages currently available in the field and discusses their
relevance to the proposed implementation. Finally, Section 6 concludes the paper with a
general discussion and an outline of future developments of elicito.

2. Method

In the following section, we present a conceptual overview of our simulation-based prior elici-
tation framework, as introduced in Bockting et al. (2024) and Bockting et al. (2025). Readers
already familiar with this workflow may wish to skip directly to Section 3, which focuses on
the implementation details of the elicito software.

The overall workflow of our framework follows the five stages of the prior elicitation process
as outlined by Garthwaite et al. (2005), and is operationalized through the following six steps:

1. Define the generative (statistical) model: Specify the generative model, including dimen-
sionality and parameterization of the prior distribution(s). (Setup stage, Section 2.1)

2. Identify the information to be elicited and the corresponding elicitation techniques: De-
termine the relevant expert knowledge to be elicited and select appropriate elicitation
techniques. (Setup stage, Section 2.2)

3. Ezxtract information from the expert and simulate corresponding predictions from the
generative model: Collect expert input and simulate predictions from the generative
model. Perform all necessary computational steps to generate model predictions corre-
sponding to the expert-elicited information. (Elicitation stage, Section 2.3)

4. Fvaluate consistency between expert information and model predictions: Quantify the
discrepancy between expert-provided information and model predictions using a multi-
objective loss function. (Fitting stage, Section 2.4)

5. Learn prior distributions consistent with expert information: Use an optimization algo-
rithm to minimize the loss function, thereby identifying prior distributions that align
with the elicited expert information. (Fitting stage, Section 2.4)

6. Ewvaluate the learned prior distributions: Repeat the optimization with different random
seeds to assess the variability of priors that fit the expert data. Select a plausible
prior distribution in collaboration with the domain expert or apply model averaging
techniques. (Evaluation stage, Section 2.5)
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The following sections provide a detailed explanation of each step. An overview of the symbols
used throughout the text, along with their descriptions, is provided in Appendix A.

2.1. Generative Model and Prior Assumptions

The foundation of our framework is the generative model M, which defines a statistical model
over the joint probability distribution p(y,#), where y denotes the observed data and 6 rep-
resents the unobserved parameters (Haines, Sullivan-Toole, and Olino 2023). Within the
Bayesian setting considered here, specifying the generative model further requires assump-
tions regarding the dimensionality, dependence structure, and parametric form of the prior
distribution py(#) over the model parameters, where A denotes the hyperparameters of the
prior.

The interpretation of A depends on the nature of the prior. Under a parametric prior, A
corresponds to the hyperparameters of the chosen parametric distribution family. In contrast,
when a non-parametric prior is employed, our framework utilizes deep generative models to
learn the functional form of the prior distribution. In this case, A denotes the parameters of
the deep generative model, typically the weights of a (deep) neural network.

The generative model M is specified by the user with the aim of learning prior distributions
over the model parameters. Since the priors are parameterized by the hyperparameter vector
A, the objective of the elicitation framework is to identify a suitable value for A. The guiding
criterion for this learning task can be formualted as follows: When the generative model
M | A, conditioned on a specific hyperparameter vector, is executed in forward mode, the
resulting simulated model-derived quantities should align with the expectations specified by
a domain expert, which are detailed in the following sections.

2.2. Target Quantities and Elicited Statistics

To enable the learning task, it is necessary to define a set of expert-informed criteria, or
in other words, the expectations of the domain expert quantified through specific summary
statistics. Ideally, this set should be both, interpretable to domain experts and informative for
the generative model (Mikkola et al. 2023). In practice, achieving both objectives simultane-
ously is challenging, as they are often not aligned. For example, information directly referring
to model parameters can be highly informative for the learning process, yet frequently lacks
interpretability from the perspective of a domain expert (Kadane et al. 1980). By contrast, in-
formation related to the outcome variable is typically highly interpretable for domain experts
but offers limited utility in constraining the individual hyperparameters A, often resulting
in poorly informed or weakly constrained prior distributions (Stefan et al. 2022). The suit-
ability of a particular set of expert information is highly dependent on both the structure
of the generative model and the specific expertise of the individual being queried (Denham
and Mengersen 2007). Consequently, an effective elicitation method should be capable of
accommodating a wide range of different forms of expert knowledge.

Within our framework, expert information is specified through a two-stage process. First,
we define what type of information is to be elicited from the expert. This information is
formalized as a function of the hyperparameters, denoted by z; = ¢;(A) for i = 1,...,I, and
referred to as target quantities. Typically, multiple target quantities (I in total) are elicited
from the user to inform different aspects of the data-generating process. For instance, if we
want to query the expert regarding the outcome variable (i.e., the observable space), one of



the target quantities can be simply defined as z; = y. This is obtained by defining the function
¢; as a query to the prior predictive distribution p(y) = [ p(y | 0)px(0)d6, where the likelihood
is marginalized over the prior. Note that this expression is not just a constant as it refers to
the prior predictive distribution and should not be confused with the marginal likelihood of
observed data (see for this point also Hartmann et al. (2020)). As another example, expert
knowledge may be elicited about the parameter space. In this case, the target quantity is
defined as z; = 0, which is obtained by defining ¢; as a simple projection onto #;. In this
way, we can also accommodate any other target quantity that can be derived from the model
parameters or the data (e.g., R?; the proportion of variance explained by the model; Gelman,
Goodrich, Gabry, and Vehtari 2019).

Second, we define how each target quantity is to be queried by selecting an appropriate
elicitation technique. In our elicitation method, we represent an elicitation technique as a
function f; for j = 1,...,J, of a target quantity z;. The resulting set of elicited target
quantities is referred to as elicited statistics, {t,,(\)}, where t,,(\) = f;(2;) and m refers to the
corresponding i X j combination. In the following, we sometimes omit the explicit dependence
on A and simply write t,, instead of ¢,,(\). Note also that, depending on the elicitation
technique employed, t,, may accept either a single value or a set of values as input. To
illustrate this point more clearly, consider the case in which we elicit expert knowledge about
the predictive distribution conditional on a category of a categorical predictor, i.e., z = y | cat.
To elicit this information, we query the expert regarding the 25%, 50%, and 75% quantiles of
this predictive distribution. Thus, we have ¢ = {Qa59 (v | cat), Q509 (y | cat), Qrsu(y | cat)}.

2.3. Expert-elicited and model-implied statistics

Once the target quantities and elicitation techniques have been specified, the correspond-
ing quantities of interest must be obtained from the domain expert through an appropriate
interrogation. This yields a set of expert-elicited summary statistics, denoted by {fm}%zl.
Similarly, a corresponding set of model-implied statistics, denoted by {tm}%zl, can be gen-
erated by simulating the generative model in forward mode and applying the introduced

transformation t,,, = f;(ci(\)).

Given the expert-elicited statistics {f,,} and the model-implied statistics {t,,}, their agree-
ment can be assessed using a discrepancy measure Dy, (ty,(N), ) for m = 1,..., M. The
choice of discrepancy measure may vary across statistics, depending on the nature and scale
of each elicited statistic. Each weighted discrepancy term is referred to as a loss component
L, where w,, represents the corresponding weight. The total loss is defined as the sum over
all individual loss components, resulting in a multi-objective loss function that quantifies the
overall mismatch between expert knowledge and model simulations. Formally, this is given
by

M
'C()‘) = Z W, - Dy (tm()‘)afwo . (1)

m=1

Lm
The learning task of identifying a hyperparameter vector A such that the model-derived quan-
tities align with expert expectations can thus be reformulated as an optimization problem

A= mgn L(N) (2)

which seeks the hyperparameter values A* that minimize the multi-objective loss function.
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2.4. Prior hyperparameter optimization

To minimize the total loss £(\), we formulate the problem as an optimization task and solve it
using mini-batch stochastic gradient descent (SGD), as defined in Equation 2. This approach
requires computing the gradient of the loss function with respect to the hyperparameter vec-
tor A, followed by iterative updates of A in the direction opposite to the gradient (Goodfellow,
Bengio, and Courville 2016). Gradient computation is enabled via automatic differentiation
using the explicit or implicit reparameterization trick (Kingma and Welling 2014; Figurnov,
Mohamed, and Mnih 2018).

The updated hyperparameters A are then used to generate new samples from the prior dis-
tribution py/(6), from which an updated set of model-implied statistics {t,,(\')} is computed.
The discrepancy between these updated model-implied statistics and the expert-elicited statis-
tics is then reassessed. Based on the resulting loss, the hyperparameters are further adjusted
using the mini-batch SGD procedure. This iterative process continues until a predefined
convergence criterion is met or a specified stopping condition is reached.

2.5. Evaluation of learned prior distribution

As an initial step, the learning process is assessed for unexpected behavior that may indicate
issues during optimization. If no such irregularities are observed, the learned prior distribution
can be evaluated.

Monitoring the learning process A first assessment of the learning progress involves exam-
ining the trajectory of the total loss, along with the individual loss components, throughout
the optimization process. Ideally, the total loss should exhibit a generally decreasing trend,
often resembling exponential decay, and eventually stabilize near zero (Goodfellow et al.
2016). However, it is important to note that the individual loss components may temporarily
increase before decreasing, particularly in the presence of conflicting objectives within the
multi-objective loss function. The shape and slope of the loss trajectory can offer insights
into the effectiveness of the optimization procedure. For example, an excessively steep slope
may indicate an overly large learning rate, which can cause the optimizer to overshoot lo-
cal or global minima. Conversely, a learning rate that is too small may result in negligible
parameter updates per iteration, leading to slow convergence and prolonged training times
(Buduma and Locascio 2017).

In addition to monitoring the loss, the update trajectory of the hyperparameters \ can offer
valuable insights into the optimization process. Ideally, the trajectory should stabilize over
successive iterations, converging to a specific value. However, in some cases, inspecting indi-
vidual hyperparameters is impractical due to their high dimensionality. This is particularly
true for non-parametric priors, where A\ correspond to the weights of deep neural networks.
In such settings, it more feasible to monitor the evolution of specific summary characteristics
of the prior distribution across optimization iterations. These may include location (e.g.,
mean), scale (e.g., variance), skewness, or correlations between marginal priors. Visualizing
the trajectories of these components can provide insight into the stability and convergence of
the learning process.

Regardless of whether individual hyperparameters or summary characteristics of the prior
are examined, a failure of the trajectory to converge or persistent high variability may signal



problems in the learning process. Such behavior can stem from an inappropriate learning
rate or from insufficient information in the elicited statistics to meaningfully constrain the
prior. For example, a collapse of the prior variance toward zero during training may indicate
that the available expert information is inadequate to guide the learning process, resulting in
overly narrow or degenerate prior distributions.

Another useful diagnostic for assessing the success of the learning process is to directly com-
pare the expert-elicited statistics with the final model-implied statistics. While the individual
loss components already quantify the discrepancies between these two sets of quantities, this
additional diagnostic offers a complementary perspective by evaluating the match in the orig-
inal scale of the elicited statistics. This can make it easier to identify meaningful mismatches.
In contrast, interpreting the loss trajectory alone can be challenging, as it is not always evident
whether a near-zero loss is small enough in practical terms.

Inspecting the learned prior Once the inspection of the optimization process is complete
and no unexpected behavior is observed, the learned prior distributions can be assessed in
detail. This assessment may include visual inspection of the marginal prior distributions, as
well as examination of the joint prior through the analysis of the correlation structure between
marginal components.

An important consideration is that the elicited statistics used to guide the learning of the
prior are typically insufficient to fully identify the generative model. As a result, there is not
a unique hyperparameter vector \* that matches the set of elicited statistics {f,,}; instead,
there exists a set of equally valid solutions, {\* le. Consequently, this gives rise to a
corresponding set of prior distributions {py(&)}le, all of which are equally consistent with
the elicited expert knowledge.

To understand the variability among supported prior distributions, it is instructive to sample
from the set of learned priors. This can be achieved by running the optimization process
multiple times, each with different initializations, and subsequently inspecting the range of
resulting priors. Together with the domain expert, these priors can be evaluated for plausi-
bility. If some of the learned priors are deemed implausible, this suggests that the current
elicited information is insufficient to adequately constrain the solution space, and additional
constraints or elicited statistics should be incorporated into the loss function. If, on the other
hand, the resulting set consists of multiple priors that are all considered plausible, one may
either select a single prior from this set or adopt a prior averaging strategy. In the latter case,
the final prior is formed by averaging over the set of plausible priors, thereby reflecting the
uncertainty inherent in the prior specification process.

2.6. Implementation

The introduced methodological framework is implemented via the Python package elicito,
which is released under the open-source Apache 2.0 license. elicito is available on PyPI
(https://pypi.org/project/elicito/) and conda-forge (https://anaconda.org/conda-forge/
elicito). The documentation is maintained on ReadTheDocs (https://elicito.readthedocs.
io) and the codebase is hosted on GitHub (https://github.com/florence-bockting/elicito)

to facilitate version control and collaborative development. The code adheres to the Black

style guide, a widely adopted standard for Python formatting and linting. The package sup-

ports Python versions 3.9 through 3.12 and depends on tensorflow >= 2.16,
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tensorflow-probability >= 0.24, tf-keras >= 2.16, numpy >= 1.24, joblib >= 1.4.2,
and tqdm >= 4.38. All dependencies are managed via the uv Python package manager.

The primary user interface of elicito is the Elicit class, through which the user can specify
the entire elicitation procedure. The arguments of the Elicit class are designed to capture
all necessary information required to implement an elicitation method. A brief overview of
these arguments is provided below:

e model: Defines the generative model used in the elicitation procedure.

e parameters: Specifies assumptions regarding the prior distributions over model param-
eters, including (hyper)parameter constraints, dimensionality, and parametric form.

e targets: Defines the elicited statistics in terms of target quantities and correspond-
ing elicitation techniques. Specifies the discrepancy measure and weight used for the
associated loss component.

e expert: Provides the expert information that serves as the basis for the learning crite-
rion.

e optimizer: Specifies the optimization algorithm to be used, along with its hyperpa-
rameters (e.g., learning rate).

e trainer: Configures the overall training procedure, including settings such as the ran-
dom seed, number of epochs, sample size, and batch size.

e initializer: Defines the initialization strategy for the hyperparameters used to instan-
tiate the simulation-based optimization process; required only when using parametric
prior distributions.

e networks: Specifies the architecture of the deep generative model; required only when
using non-parametric prior distributions.

By configuring these core components, the elicito package supports a wide range of elicitation
methods, including both structural and predictive approaches (Kadane and Wolfson 1998;
Falconer et al. 2022). It accommodates univariate and multivariate as well as parametric and
nonparametric prior distributions. In the following section, we detail the specification of each
argument and demonstrate the full range of functionality offered by elicito.



3. Software

The Python package elicito implements the simulation-based prior elicitation framework pro-
posed by Bockting et al. (2024, 2025). An overview of the underlying computational algorithm
is provided in Section 3.1. The subsequent sections introduce and explain the arguments of
the Elicit class, which constitutes the primary user interface of elicito. In the following, we
assume that the elicito package has been imported using the alias el.

3.1. Computational algorithm

Algorithm 1 outlines the computational steps underlying the elicito framework. In this
pseudo-code we assume a single batch while we use a batch size greater one in the actual
implementation, resulting in all computational objects carrying an additional dimension of
size B.

Algorithm 1 Computational algorithm underlying the elicito framework (single batch)

Require: )\ > specify initialization for hyperparameter
Require: either DNN or p)(+) > specify non-parametric prior via deep generative
model or parametric prior distribution families
Require: p (y | 6) > define generative model
Require: ¢; withi=1,...1 > define set of target quantities
Require: f; with j =1,...,J > define elicitation techniques
Require: D,,,w,, form=1,..., M > define discrepancy measure and weight of
individual loss component
Require: epochs, S, n > define training settings: learning rate for SGD
optimizer, number of epochs and prior samples
A Ao > initialize hyperparameter A
for epoch in epochs do
pa < DNN()) > (optional) learn prior density from DNN
for s=1,...,5 do
draw 6) from py(-) > sample model parameter from prior
forn=1,...,N do
draw yﬁf) from p (y | 0(5)) - P (0(5)) > sample from generative model
end for
fori=1,...,1 do
{zl-(s)} — ¢i(A) > compute target quantity
end for
form=1,...,M do
{tﬁ,i)} — fj(zl-(s)) > compute elicited statistics
Ly, <+ mem(t,(fl)()\), tm) > compute individual loss component
end for
end for
=M L, > Compute total loss
Aepoch+1 = Aepoch — NV ,\epochﬁ > Update A via backpropagation

end for
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3.2. Setup Stage

In the setup stage, the generative model is defined, assumptions about the prior distributions
are specified, and the set of target quantities to be elicited from the expert is identified, along
with the corresponding elicitation techniques used to gather expert input. These configura-
tions are specified through the arguments model, parameters, and targets of the Elicit
class, which are detailed in the following subsections.

Generative model

The generative model is specified using the model argument of the Elicit class, via the
el.model () function. This function follows the general structure

model = el.model(obj=<class callable>, **kwargs).

The generative model must be implemented as a Python class that defines a call method.
This method has to accept prior_samples as a mandatory input argument, with additional
optional arguments as needed. It must return a dictionary containing the desired model-
derived target quantities, where each entry corresponds to a name-value pair representing a
specific target quantity.

The class implementing the generative model is passed to the el.model () function via the obj
argument. Any additional parameters required by the model can be specified using keyword
arguments (*¥*kwargs).

The following example illustrates an implementation for a simple normal regression model
with design matrix X, formally defined as

= (o, 1) X
y ~ Normal(u, o).

The implementation of the Python class is

class GenerativeModel:
def __call__(self, prior_samples, X):
# extract samples per model parameters
beta0, betal, sigma = [prior_samples[:,:,i] for i in range(3)]

# compute linear predictor term
mu = betaO + betal*X

# sample prior predictions from likelihood
y = tfd.Normal (mu, sigmal:,:,None]).sample()

return dict(y=y)

The corresponding model specification is el.model (obj=GenerativeModel, X=X).

Special case: Discrete random variables When using mini-batch SGD as optimization pro-
cedure, it is essential that gradients can be computed at each step of the computational graph.
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However, this is generally infeasible for discrete random variables (for a detailed discussion,
see Bockting et al. 2024). One strategy to overcome this limitation involves approximating a
discrete random variable with a continuous distribution, thereby enabling the use of gradient-
based optimization methods. One such technique is the Gumbel-Softmax trick (Maddison,
Mnih, and Teh 2017; Jang, Gu, and Poole 2017; Joo, Kim, Shin, and Moon 2020), which is
implemented in elicito via the el.utils.gumbel_softmax_trick() function. This function
facilitates the definition of discrete likelihoods within the GenerativeModel, with current
support limited to lower- and double-bounded random variables.

The function el .utils.gumbel_softmax_trick() requires two arguments: likelihood which
expects a member of TensorFlow Probability distributions (tfd) representing the dis-

crete likelihood and upper_thres which expects an integer defining the upper truncation

threshold for lower-bounded distributions. For double-bounded distributions, this value cor-

responds to the upper bound. An additional optional argument is the softmax temperature,

temp, with default temp=1.6, a value that has shown good empirical performance.

The following example shows the implementation of a generative model with Binomial likeli-
hood. To highlight the differences from the previous example using a continuous likelihood,
each modified line is marked with >>:

class GenerativeModel:
>> def __call__(self, prior_samples, X, total_count):
# extract samples per model parameters
beta0, betal, sigma = [prior_samples[:,:,i] for i in range(3)]

# compute linear predictor term
mu = beta0 + betal*X

# define discrete likelihood
>> likelihood = tfd.Binomial(total_count, tf.math.sigmoid(mu))

# approximate samples from Binomial distribution
>> y = el.utils.gumbel_softmax_trick(
likelihood=likelihood,
upper_thres=total_count

return dict(y=y)

The corresponding model specification is then provided via el.model (obj=GenerativeModel,
X=X, total_count=total_count).

Model parameters

Once the generative model has been defined, the assumptions regarding the prior distributions
over the model parameters must be specified. This is accomplished via the parameters
argument of the Elicit class. This argument expects a list of model parameter specifications,
with each parameter defined using the el.parameter () function. The required input format
for el.parameter () depends on whether a parametric or non-parametric prior is assumed.
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If a parametric prior is assumed, both the distribution family and its associated hyperparam-
eters must be provided. In this case, the el.parameter () function requires three arguments:
name, family, and hyperparams. For instance, specifying a half-normal prior distribution for
a scale parameter, o ~ HalfNormal(oy), is implemented as follows:

el.parameter (
name="sigma",
family=tfd.HalfNormal,

hyperparams=dict (scale=el.hyper("sigma0", lower=0.))

The name argument assigns a custom identifier to the model parameter. The family argu-
ment specifies the prior distribution family, currently limited to members of the tfd module.
Hyperparameters for the selected prior distribution family are provided via the hyperparams
argument, which accepts a dictionary. Each key corresponds to a required input parameter
of the specified tfd member, while the associated values are defined using the el.hyper ()
function. This function enables users to assign custom names to hyperparameters and impose
constraints where applicable.

The el.hyper () function supports multiple configurations, with the default configuration:

el.hyper (name=<custom name>, lower=float("-inf"), upper=float("inf"),
vtype="real", dim=1, shared=False)

By default, a hyperparameter is treated as an unconstrained scalar. Constraints can be
imposed via the lower and upper arguments to enforce lower bounds, upper bounds, or
double-bounded intervals. The hyperparameter’s dimensionality is controlled using the vtype
(variable type) and dim (dimension) arguments. Additionally, hyperparameters can be shared
across multiple prior distributions by setting the argument shared=True. The following code
snippet illustrates three examples: (1) an unconstrained hyperparameter, (2) a non-negative
shared hyperparameter, and (3) a multidimensional hyperparameter:

# unconstrained scalar hyperparameter
el.hyper (name="mu0")

# non-negative scalar hyperparameter shared across priors
el.hyper (name="sigma0", lower=0., shared=True)

# unconstrained 2D hyperparameter
el.hyper (name="tau", vtype="array", dim=2)

When a non-parametric prior is assumed for a model parameter, the el.parameter () function
requires only the name argument. Additional constraints on the parameter’s domain can be
specified using the lower and upper arguments. For example, el .parameter (name="sigma",
lower=0) specifies a non-parametric prior for the scale parameter sigma, constrained to be
non-negative.

Note that constraints on model parameters are only required when non-parametric priors are
specified. In the case of parametric priors, constraints on the hyperparameters inherently



impose the corresponding constraints on the model parameters. All implemented constraints
follow a standardized form closely following the parameter constraint implementation in Stan
(Carpenter, Gelman, Hoffman, Lee, Goodrich, Betancourt, Brubaker, Guo, Li, and Riddell
2017). Specifically, for double-bounded variables, the inverse of the log-odds transformation is
applied and for variables with either a lower or upper boundary, a softplus transformation is
used. In this latter case, we deviate from the conventional exponential transform, as empirical
results suggest that the softplus transformation provides greater numerical stability.

The complete specification of the parameters argument in the Elicit class for a genera-
tive model with two parameters, assuming a non-parametric joint prior, is illustrated in the
following example:

parameters = [
el.parameter (name="beta"),
el.parameter (name="sigma", lower=0)

]

Target quantities and Elicitation techniques

The specification of the target quantities and their associated elicitation techniques is provided
via the targets argument of the Elicit class. This argument accepts a list of elements, each
defined using the el.target () function. The function follows the default configuration
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el.target (name=<custom name>, query=<el.queries>, loss=<function callable>,

target_method=None, weight=1.0).

Target quantities As introduced in Section 2.2, a target quantity is defined as a function
of the hyperparameters A, z; = ¢;(\). The transformation function ¢; can be implemented
directly within the generative model, with the resulting target quantity z; returned as a
key-value pair in the output dictionary. In this case, the corresponding target is specified
using el.target (name="z_i", target_method=None, ...). Here, "z_i" must match the
key under which the generative model returns the computed quantity.

Alternatively, the transformation can be decoupled from the generative model by implement-
ing a user-defined Python function. For example, consider the target quantity of interest is
the coefficient of determination, defined as R? = Var(u)/Var(y) (Gelman et al. 2019). This
transformation can be specified via a custom function, as illustrated below:

def r2(mu, y):
return tf.divide(tf.math.reduce_variance (mu, -1),
tf.math.reduce_variance(y, -1)

)

In this example, the input arguments mu and y correspond to keys in the output dictio-
nary returned by the generative model. The user-defined function is then passed to the
el.target () function via the target_method argument: el.target(name="r2_custom",
target_method=r2, ...). Here, the name argument can be chosen freely.
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Elicitation techniques Once the target quantity is defined, the corresponding elicitation tech-
nique can be specified via the query argument of the el.target () function. To support this
process, several pre-implemented elicitation techniques are available through the el.queries
class. Alternatively, users may define and supply their own elicitation technique via a custom
function. The following examples illustrate the different approaches:

# computes the quantiles of the provided target quantity
el.queries.quantiles(quantiles=(0.25, 0.50, 0.75))

# returns the target quantity as is
el.queries.identity()

# computes the correlation between model parameters
el.queries.correlation()

# defines a custom elicitation technique
def custom_func(target_name) :
return f(target_name)

el.queries.custom(custom_func)

The el.queries.quantiles() function computes specified quantiles of the target quantity
and requires as input a list or tuple of probabilities representing the desired quantile lev-
els. The el.queries.identity() function returns the target quantity without applying any
transformation, effectively serving as a pass-through operator. The el.queries.correlation()
function computes the correlation between model parameters, which is particularly useful for
learning joint priors in non-parametric settings. Lastly, the el.queries.custom() function
allows users to define and incorporate custom elicitation techniques.

Note that although both target quantities and elicited statistics are defined within the
el.target () function, their computation is carried out sequentially (see Algorithm 1). First,
the target quantities are either extracted directly from the output dictionary of the generative
model or computed via a user-defined transformation function. This results in a dictionary in
which each entry corresponds to a distinct target quantity. In the second step, the elicitation
technique, specified via the query argument, is applied to the corresponding target quantity.
The output is a dictionary containing the simulated elicited statistics.

Discrepancy measure and weight FEach simulated elicited statistic is compared to its cor-
responding expert-elicited counterpart using an appropriate discrepancy measure. Together
with a weight w,,, this defines an individual loss component (see Section 2.3). The discrep-
ancy measure and its associated weight are specified via the loss and weight arguments
in the el.target () function, respectively. The elicito package currently includes two built-
in discrepancy measures: a squared-error loss (el.losses.L2) and a squared, biased Maxi-
mum Mean Discrepancy loss (MMD, Gretton, Borgwardt, Rasch, Scholkopf, and Smola 2012)
(el.losses.MMD2), which supports both energy and Gaussian kernels. For greater flexibility,
users may also provide custom discrepancy functions tailored to their specific application.

In summary, a complete specification of the targets argument within the el.Elicit class is
illustrated in the following example:
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targets = [
el.target (name="y", query=el.queries.quantiles((0.25, 0.50, 0.75)),
loss=MMD2 (kernel="energy"), weight=1.),
el.target (name="R2", query=el.queries.custom(sd), target_method=r2,
loss=L2, weight=10.)
el.target (name="mu", query=el.queries.identity(),
loss=MMD2 (kernel="gaussian", sigma=1.), weight=1.)

3.3. Elicitation stage

Once the set of elicited statistics has been defined, the corresponding expert information must
be collected and provided as input to the elicitation procedure. This is achieved through the
expert argument of the el.Elicit class.

Expert-provided data is supplied to the elicitation method using the el.expert.data()
function. This function takes a dictionary containing the expert information via its dat
argument. The keys in this dictionary must exactly match a predefined structure that de-
pends on the targets configuration. To facilitate this step, elicito offers the helper function
el.utils.get_expert_datformat (), which generates a template dictionary illustrating the
expected key-value structure for a given targets specification.

The following example illustrates a scenario in which an expert provides information about the
expected outcome distribution, conditioned on each level of a three-level categorical predictor.
A quantile-based elicitation approach is employed.

targets = [
el.target(
name=f"gr{i}",
query=el.queries.quantiles((.05, .25, .50, .75, .95)),
loss=el.losses.MMD2(kernel="energy"),
weight=1.0) for i in [1,2,3]
]

expert = el.expert.data(dat={
"quantiles_gri": [-12.55, -0.57, 3.29, 7.14, 19.15],
"quantiles_gr2": [-11.18, 1.45, 5.06, 8.83, 20.42],
"quantiles_gr3": [-9.28, 3.09, 6.83, 10.55, 23.29]
»

3.4. Fitting stage

During the fitting stage, the primary objective is to minimize the total loss function to learn
the hyperparameters A that define the prior distributions aligned with the expert expectations.
The configuration of the optimization procedure and the learning process is controlled through
the optimizer and trainer arguments of the Elicit class. Additionally, when parametric
priors are to be learned, the initial values required to instantiate the learning process must
be specified using the initializer argument. In contrast, if non-parametric priors are used,
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the deep generative model needs to be configured through the networks argument. In the
following sections, each of these arguments is described in detail.

Optimization procedure

The current optimization method supported in elicito is mini-batch SGD (see Section 2.4).
This requires the specification of an optimization algorithm, which can be provided via the
el.optimizer () function and the corresponding argument of the Elicit class. The optimizer
must be an instance of the tf.keras.optimizers module. By default, the Adam optimizer
is used (Kingma and Welling 2014).

Optimizer-specific parameters, such as the learning rate, can be specified as additional key-
word arguments to the el.optimizer() function. The learning rate may be provided ei-
ther as a fixed scalar value or as a learning rate schedule, implemented as a member of the
tf.keras.optimizers.schedules module.

The following example demonstrates the configuration of an Adam optimizer using a cosine
decay learning rate schedule, along with an additional clipnorm argument, which constrains
the gradient norm of each hyperparameter value .

optimizer = el.optimizer(
optimizer=tf.keras.optimizers.Adam,
learning rate=tf.keras.optimizers.schedules.CosineDecay (
initial_learning rate=0.1, decay_steps=600),
clipnorm=1.0

)

Learning of prior distributions

The overall learning process is configured via the trainer argument of the Elicit class, which
is defined using the el.trainer () function. This function requires three arguments: method,
seed, and epochs. The method argument specifies whether parametric ("parametric_prior")
or non-parametric priors ("deep_prior") are assumed for the model parameters. The seed
argument is applied internally to all sampling steps to ensure reproducibility. Finally, the
epochs argument determines the number of iterations used to update the hyperparameters .
In addition to the required arguments, el.trainer also accepts several optional arguments
that further refine the training process. These include the batch size (B=128), the number of
samples drawn from the prior distributions per epoch (num_samples=200), and the verbosity
level (progress=1), which controls whether a progress bar is shown during training.

In the following example, we demonstrate the learning of parametric prior distributions over
400 epochs. In each epoch, 200 samples are drawn from the prior distributions to compute
the model-implied elicited statistics. The batch size is set to 256, the random seed is 4, and
progress output is disabled.

trainer = el.trainer(
method="parametric_prior",
seed=4,
epochs=400,
B=256,



num_samples=200,
progress=0

Initialization and deep generative model

To initiate simulation-based training, initial values for the hyperparameters A must be speci-
fied. For parametric priors, these initial values are provided via the initializer argument
of the Elicit class. This is achieved using the el.initializer () function, which currently
supports two initialization strategies: (1) explicitly specifying initial values for each hyperpa-
rameter A, or (2) employing a method that explores the loss landscape to identify an initial
configuration of A\ that yields a low loss value.

For non-parametric priors, deep generative models are employed to represent the joint prior
distribution. These models must be specified via the network argument of the Elicit class.
Currently, elicito supports normalizing flows (NFs) for learning non-parametric joint priors.
In this setting, the initializer argument should be set to None, as the deep generative
model relies on default initialization schemes. Specifically, the kernel weight matrices in the
dense layers are initialized using the Glorot uniform initializer, while the bias vectors are
initialized to zero (Glorot and Bengio 2010).

3.5. Evaluation stage

Instantiation and methods of the Elicit class

Once all arguments of the Elicit class have been specified, an instance of the class can be
created. We refer to this instance as eliobj in the following.

eliobj = el.Elicit(
model=model,
parameters=parameters,
targets=targets,
expert=expert,
optimizer=optimizer,
trainer=trainer,
initializer=initializer,
networks=None

Each argument passed to the Elicit class is stored as a corresponding attribute within the
eliobj instance, enabling retrieval and inspection of the configuration at a later stage. In ad-
dition, two attributes, history and results, are initialized as empty lists upon instantiation.
These serve as containers for recording results from the fitting process during optimization.
The fitting procedure is initiated using the eliobj.fit () method.

The £it() method supports parallel execution via its parallel argument, which enables
running multiple fitting processes with different random seeds simultaneously. This paral-
lelization is configured through the el.parallel() function.

17
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An Elicit instance can be saved to disk using the eliobj.save() method and subsequently
restored using the el.utils.load() helper function. Furthermore, the eliobj.update()
method facilitates targeted modifications to one or more arguments of the original Elicit
configuration. This allows users to selectively update components without the need to re-
specify the entire configuration.

Postprocessing and evaluation of optimisation results

The outcomes of the fitting procedure are stored in the history and results attributes
of the eliobj instance. When multiple replications are performed in parallel, the results
corresponding to each replication are stored in separate sublists, resulting in both history
and results being represented as nested lists. Results from a specific replication can be
accessed using standard Python indexing; for instance, eliobj ["results"] [2] retrieves the
results from the third replication.

The history attribute records detailed information at each iteration across all epochs, in-
cluding quantities such as loss values, hyperparameter values, and iteration durations. These
data are particularly useful for monitoring the training progress and conducting convergence
diagnostics.

In contrast, the results attribute stores results only once, upon completion of the fitting
process. These include, for example, simulated prior samples, samples drawn from the gen-
erative model, and simulated elicited statistics. Such outputs are valuable for evaluating the
learned prior distributions and for analyzing the model-implied quantities that result from
these priors.

To facilitate result inspection, elicito provides a set of built-in graphical evaluation tools im-
plemented in the el.plots module. Among others, el.plots.loss() and
el.plots.hyperparameter () allow for visualization of the learning progress over time,
el.plots.elicits() enables comparison between model-implied and expert-elicited statis-
tics, and el.plots.prior_joint(), el.plots.prior_marginals(), and
el.plots.prior_averaging() allow for examining the learned prior distributions.

4. Case Study

In this section, we illustrate the use of the elicito package through two toy examples. We
begin with a scenario in which independent parametric prior distributions are assumed,
and subsequently discuss the modifications required to accommodate a non-parametric joint
prior distribution. The complete implementation of each toy example is provided in the
supplementary material hosted on GitHub at https://github.com/florence-bockting/
elicito-software-paper.

4.1. Example 1: Independent parametric priors

For the following case study, we consider a linear regression model with a normally distributed
likelihood and a three-level, dummy-coded categorical predictor. The corresponding statis-
tical model (M) comprises four parameters, 8: the intercept (/p), two contrast coeflicients
associated with the categorical predictor (31 and [32), and the residual standard deviation (o).
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Formally, the model M is defined as

i = Bo + b1 X1 + B2Xo

M
y; ~ Normal(u;, o) (M)

where the observations y; are drawn from a normal distribution centered at the predicted
mean f;. In this first example, we assume independent parametric prior distributions for the
model parameters 8. Specifically, the regression coefficients are assigned normal priors, while
the residual standard deviation o is assigned a half-normal prior:

Bj ~ Normal(uj,o;) for j=0,1,2

P arametric
o ~ HalfNormal(co3). (Pp tric)

Under this specification, the objective is to learn a set of seven hyperparameters, denoted by
A= (MO? 0o, 41,01, 42,02, 03)'

Next, we define the set of quantities to be elicited from the domain expert. We assume that
the expert is able to express expectations regarding the dependent variable’s outcome within
each of the three groups, denoted as y; | gr; for k£ = 1,2,3. In addition, we include the
expected coefficient of determination (R?), representing the proportion of variance explained
by the predictor. Together, these four quantities form the set of target quantities, denoted as
zi = (21,22, 23,24). To elicit this information from a domain expert, we employ a quantile-
based elicitation approach for all four target quantities. Specifically, the expert is asked to
provide the 25th, 50th, and 75th percentiles, denoted as Qo5, @50, and @75, for each target
quantity. This procedure yields a set of four elicited statistics, denoted as {t,,} = (1, t2,t3,14)
where

t1 = (Qa5(21), Qs0(21), Qr5(21))  with 21 = y; | gry,

ta = (Qa5(24), Q50(24), Q75(24))  with z4 = R?.

To estimate the seven hyperparameters A, the optimization procedure searches for values that
minimize the discrepancy between the expert-elicited and model-simulated sets of elicited
statistics, t,,. Based on this setup, we now describe how to specify the corresponding Elicit
class using the elicito package, assuming it has been imported in Python via the alias el.

Generative model

Information about the generative model is specified via the model argument of the Elicit
class. In the current example, the data-generating process is implemented through the
GenerativeModel class, which returns information about the specified target quantities z;.

class GenerativeModel:
def __call__(self, prior_samples, design _matrix, n_gr):
# extract prior samples per parameter type
betas=prior_samples/[:,:,:-1]
sigma=prior_samples[:,:,-1][:,:,None]

# linear predictor
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mu = tf.matmul (betas, design_matrix, transpose_b=True)

# data-generating model
y = tfd.Normal(loc=mu, scale=sigma).sample()

# selected observations per group
(y_gr0, y_grl, y_gr2) = (y[:, :, i::] for i,j in zip(
[0,n_gr,2*n_gr], [n_gr,2*n_gr,-1]))

return dict(y_grO=y_gr0O, y_gril=y_grl, y_gr2=y_gr2,
mu=mu, y=y)

The corresponding model argument of the Elicit class is then specified as follows:

model=el.model (
obj=GenerativeModel,
n_gr=30,
design_matrix=design_categorical (n_gr=30)

)

The design matrix is constructed using the user-defined function design_categorical(),
whose implementation is provided in Appendix B.

Prior specifications

Next, the prior assumptions Pparametric are incorporated by specifying the parameters argu-
ment of the Elicit class. In this example, we assume independent parametric priors for each
of the four model parameters 6.!

parameters=[
el.parameter(
name=f"beta{il}",
family=tfd.Normal,
hyperparams=dict (loc=el.hyper (f"mu{i}"),
scale=el.hyper (f"sigma{i}", lower=0))
) for i in range(3)
J1+[
el.parameter(
name="sigma",
family=tfd.HalfNormal,
hyperparams=dict (scale=el.hyper("sigma3", lower=0))
)5
]

In this implementation, constraints are applied to each scale hyperparameter o; by setting
lower=0, thereby ensuring non-negativity.

'For readers unfamiliar with Python syntax, the expression [x for x in range(3)] represents a list com-
prehension. This approach offers a more compact alternative to traditional for-loops. Furthermore, the addition
of two lists using the + operator (i.e., 1ist() + list()) results in their concatenation.



Target quantities and elicitation techniques

Information about each of the four target quantities z; with respective elicitation technique
is provided through the targets argument of the Elicit class.

targets=[

el.target(
name=f"y_gr{i}",
query=el.queries.quantiles(quantiles=(.25, .50, .75)),
loss=el.losses.MMD2(kernel="energy"),

) for i in range(3)

1+[

el.target(
name="r2",
query=el.queries.quantiles(quantiles=(.25, .50, .75)),
loss=el.losses.MMD2(kernel="energy"),
target_method=r2,
weights=10.

The target quantities y; | gry, for &k = 1,2,3 are extracted directly from the output dictionary
of the GenerativeModel, while the target quantity R? is computed using a custom function
that takes the returned values y and mu from the GenerativeModel as input parameters.

def r2(y, mu):
return tf.divide(
tf.math.reduce_variance (mu, axis=-1),
tf.math.reduce_variance(y, axis=-1)

)

The discrepancy between each model-implied statistic ¢,,, and its corresponding expert-elicited
counterpart t,, is quantified using the MMD? loss with an energy kernel. The loss weights
are set to unity (w3 = we = ws = 1) for the first three statistics, while a higher weight is
assigned to R? (w4 = 10).

Ezxpert data

Having specified the generative model and the set of target quantities as well as elicited
statistics, the corresponding quantities can be elicited from a domain expert. For the current
example, we consider the following expert data as input:

expert = el.expert.data(
dat={'quantiles_y_gr0': [0.64, 1.22, 1.89],
'quantiles_y_gril': [0.72, 1.39, 2.07],
'quantiles_y_gr2': [0.76, 1.48, 2.22],
'quantiles_r2': [0.07, 0.23, 0.61]}
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Optimization procedure

The remaining arguments of the Elicit class (i.e., optimizer, trainer, and initializer)
are used to configure the optimization procedure itself. For the current example, we employ
mini-batch SGD with the Adam optimizer and a constant learning rate of 0.05, specified via
el.optimizer() in the optimizer argument of Elicit:

optimizer=el.optimizer(
optimizer=tf.keras.optimizers.Adam,
learning_rate=0.05

)

Additional configurations are passed via the trainer argument of the Elicit class. These
include the number of training epochs, the seed for reproducibility, and the specification of
which approach is used to learn the prior distributions. In the present example, we employ
the "parametric_prior" approach, which does not utilize a deep generative model to learn
the priors:

trainer=el.trainer(
method="parametric_prior",
seed=1234,
epochs=600

)

Finally, the initial hyperparameters A° must be specified to initiate the simulation-based
training procedure. In the following example, 32 hyperparameter vectors are sampled from
a Mv-Uniform(0, 2) distribution using a quasi-random sampling approach (i.e., Sobol sam-
pling). For each sampled hyperparameter vector, the corresponding loss value is computed by
running the elicitation method in forward mode. The hyperparameter vector A* that yields
the minimum loss is selected as the set of initial values A%:

initializer=el.initializer(
method="sobol",
iterations=32,
distribution=el.initialization.uniform(radius=2., mean=0.)

)

With these settings, the Elicit class is fully specified and can be used to instantiate an
eliobj object:

eliobj = el.Elicit(
model=model,
parameters=parameters,
targets=targets,
expert=expert,
optimizer=optimizer,
trainer=trainer,
initializer=initializer
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Fitting and inspection of results

In the current example, we run five instances of the optimization procedure in parallel to
evaluate the sensitivity of the results to different initializations.

eliobj.fit(parallel=el.utils.parallel(runs=5))

Inspecting results The results of the optimization process are stored in eliobj.results
and eliobj.history, both of which are nested lists, where each sublist corresponds to a
single replication. The following example demonstrates how to inspect the results from the
first optimization run.

> eliobj.results[0].keys()

dict_keys(['target_quantities', 'elicited_statistics', 'prior_samples',
'model_samples', 'loss_tensor_expert', 'loss_tensor_model',
'expert_elicited_statistics', 'expert_prior_samples',
'init_loss_list', 'init_prior', 'init_matrix', 'seed'])

> eliobj.history[0].keys ()

dict_keys(['loss', 'loss_component', 'time', 'hyperparameter',
'hyperparameter_gradient'])

Convergence analyses The training progress can be examined using the graphical tools pro-
vided by the el.plots module. First, we visualize the trajectory of the total loss and the
individual loss components, each corresponding to one of the elicited statistics, across epochs.
Since multiple optimization runs were conducted in parallel, the results from all runs are
displayed simultaneously in Figure 1.

el.plots.loss(eliobj)

total loss weighted individual losses

quantiles_y gr0
quantiles_y_grl
quantiles y gr2
quantiles_r2

20+ 08

15+
L0+

05 o

T T T T T T T T T T T T
0 100 200 300 400 500 GOD 100 200 300 400 500 GOD
epochs epochs

Figure 1: Convergence of total loss (left panel) and loss per component (right panel) across
epochs for all parallel runs. Plot is created using el.plots.loss(eliobj). The plots demon-
strate successful convergence, with loss trajectories stabilizing at values near zero.

In addition to evaluating the convergence of the loss components, it is informative to examine
the convergence behavior of the individual hyperparameters A which is shown in Figure 2.
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Convergence of hyperparameter
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Figure 2: Convergence of hyperparameters A across epochs for all parallel runs. Plot is
created using el.plots.hyperparameter(eliobj). The learning trajectory of almost all
hyperparameters stabilizes over time, with parallel runs converging towards the same value.
Some difficulties of the optimization algorithm in learning o1 can be observed.

el.plots.hyperparameter (eliobj)

Finally, we can also inspect the agreement between the expert-elicited statistics, t,,, and the
model-generated statistics, ¢, as visualized in Figure 3.

el.plots.elicits(eliobj)

The gray dashed diagonal line in Figure 3 represents perfect agreement between model-implied
and expert-elicited statistics. Deviations of the scatter points from this diagonal indicate
discrepancies between the expert-elicited values and the statistics derived from the learned
priors.

Learned prior distributions Upon confirming the successful learning of the optimization
algorithm across all parallel runs, we proceed with examining the learned prior distributions
corresponding to the elicited statistics. With el.plots.prior_marginals(eliobj) we can
plot the learned marginal prior distributions for each model parameter as depicted in Figure 4.

el.plots.prior_marginals(eliobj)

Finally, a prior average across replications can be computed using
el.plots.prior_averaging(eliobj) with results depicted in Figure 5. However, in the
current example, this analysis offers limited additional insight, as the replications exhibit
minimal variation.



Expert vs. model-simulated elicited statistics
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Figure 3: Comparison of expert-elicited and model-simulated statistics for all parallel runs.
Plot is created using el.plots.elicits(eliobj). For the current example, a perfect match
is observed between the model-simulated and expert-elicited statistics for all four elicited
statistics, as indicated by the scatter points lying along the diagonal line.
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Figure 4: Learned marginal prior distribution for all parallel runs. The plot is generated using
el.plots.prior_marginal(eliobj).

el.plots.prior_averaging(eliobj)

The upper panel in Figure 5 displays the weights assigned to each replication during the aver-
aging procedure, while the lower panel shows the corresponding marginal prior distributions.
The averaged prior distribution is highlighted in red.

4.2. Example 2: Joint non-parametric prior

In the remainder of this section, we retain the previously introduced regression model M but
change the assumptions regarding the prior distributions of the model parameters. Specifi-
cally, we assume a joint, non-parametric prior distribution of the form

(ﬁOa Blv /827 J) ~ PA(') . (Pnon-parametric)

The hyperparameters A represent now the weights of the deep generative model used to learn
the complex joint prior density function. In the following, we revisit the specification of
the Elicit class, focusing exclusively on aspects that differ from the previously discussed
parametric case. For clarity, certain code-snippets from the previous example are repeated.
In such instances, the symbol >> is used to indicate where exactly modifications relative to
the previous example were made.
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Prior averaging
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Figure 5: Prior averaging across multiple parallel runs with average prior highlighted in
red. Upper panel shows weight associated with each replication used in model averaging.
Lower plots shows the individual marginal prior distributions as well as the averaged prior
distribution. Plot is created using el.plots.prior_averaging(eliobj).

Prior specifications The modified assumptions about the model parameters, Pron-parametrics

are incorporated through the parameters argument of the Elicit class. In this case, only
the specification of the parameter names and their constraints is required.

parameters_deep=[

el.parameter (name=f"beta{i}") for i in range(3)

1+[

el.parameter (name="sigma", lower=0),

Elicited statistics and expert data The same expert information as described in the pre-
vious example is used in this case. Additionally, the independence assumption among the
model parameters is explicitly incorporated as a loss component by specifying an additional

el.target () function. The targets and expert arguments of the Elicit class are specified
as follows:

targets_deep = targets + [

>> el.target(
name="cor",
query=el.queries.correlation(),
loss=el.losses.L2,
weight=0.1



expert_deep = el.expert.data(
dat={'quantiles_y_gr0': [0.64, 1.22, 1.89],
'quantiles_y_gril': [0.72, 1.39, 2.07],
'quantiles_y_gr2': [0.76, 1.48, 2.22],
'quantiles_r2': [0.07, 0.23, 0.61],
>> 'cor_cor': [0.]*6

)

To quantify the deviation of the simulation-based correlations from zero (model parameters
are assumed to be independent), the Lo loss is used with an associated weight of 0.1.

Optimization procedure The other adjustments refer to the optimization procedure itself
(i.e., optimizer, trainer, and network). We use again mini-batch SGD as optimization
algorithm, but for the deep generative model approach typically smaller learning rates are
required

optimizer_deep=el.optimizer(
optimizer=tf.keras.optimizers.Adam,
>> learning rate=0.001

)

For training, it is now necessary to specify that a deep generative model should be used to
learn the prior, which is achieved by setting the approach to "deep_prior". Additionally,
the number of training epochs is increased, as deep generative models typically require more
iterations to converge.

trainer_deep=el.trainer(

>> method="deep_prior",
seed=2025,
>> epochs=800
)

Finally, we have to setup the deep-generative model via the network argument of the Elicit
class. For the current example we use NFs implement via el.networks.NF(). We employ
a relatively simple NF architecture, consisting of a standard multivariate Gaussian as base
distribution and three affine coupling blocks. Each coupling block comprises two dense layers
with 128 units and ReLU activation functions:

network=el.networks.NF(
inference_network=el.networks.InvertibleNetwork,
network_specs=dict(
num_params=4,
num_coupling_layers=3,
coupling_design="affine",
coupling settings={
"dense_args": {
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"units": 128,
"activation": "relu"
},
"num_dense": 2,
},
)
base_distribution=el.networks.base_normal

)

With these modifications in place, we are ready to execute the elicitation procedure under the
non-parametric prior assumption. Rather than reinitializing the Elicit class and creating a
new eliobj instance, we update the existing eliobj instance created in the previous example
and proceed to fit the updated object accordingly.

import copy

# copy existing eliobj
eliobj_deep = copy.deepcopy(eliobj)

# update eliobj

eliobj_deep.update (
parameters=parameters_deep,
targets=targets_deep,
optimizer=optimizer_deep,
trainer=trainer_deep,
initializer=None,
network=network

)

# fit updated eliobj
eliobj_deep.fit(parallel=el.utils.parallel(runs=5))

Fitting and inspection of results

The fitting procedure and evaluation tools remain consistent with those described previously,
with only minor modifications. In the following, we focus exclusively on the differences; the
remaining plots are provided in Appendix C.

The function el.plots.hyperparameter(eliobj) visualizes the convergence of the mean
and standard deviation for each marginal prior distribution instead of the hyperparameter
values A, as depicted in Figure 6.

el.plots.hyperparameter (eliobj_deep)

While the model reliably learns the locations of the prior distributions between the parallel
runs, substantially greater variability is observed in the learned scales. This suggests that
the information provided as input is insufficient to accurately inform the scale of the prior
distributions, resulting in a lack of identifiability.
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Convergence of hyperparameter

means stds
—_ —
10 125
100
05 075
0.50
0.0
T T T T T T T T T T T T T T T T T T
0 100 200 300 400 500 GO0 70O 8OO 0 100 200 300 400 500 ROO 700 8OO
epochs epochs

Figure 6: Convergence of mean and standard deviation of marginal prior distributions for all
parallel runs. Plot is created using el.plots.hyperparameter(eliobj_deep).

The comparison between the simulated and expert-elicited statistics is shown in Figure 7 and
includes now also the correlation information.

el.plots.elicits(eliobj_deep)

Expert vs. model-simulated elicited statistics
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Figure 7: Comparison between simulated and expert-elicited statistics. Plot is created using
el.plots.elicits(eliobj_deep). The first four plots (from the left) compare the model-
implied and expert-elicited quantiles, while the right-most plot illustrates the independence
assumptions among the model parameters, quantified via pairwise correlations. For all elicited
statistics the expected and learned values exhibit a perfect match.

Finally, we can inspect the learned joint prior distribution using
el.plots.prior_joint(eliobj_deep, idx=list(range(5))) depicted in Figure 8.

el.plots.prior_joint(eliobj_deep, idx=list(range(5)))

5. Related software

Over the past decades, numerous prior elicitation methods have been proposed, many ac-
companied by specialized software implementations. Early examples of such tools, though no
longer actively maintained, include ElicitN for expert knowledge elicitation on species richness
and related count data (Fisher, O’Leary, Low-Choy, Mengersen, and Caley 2012) or Elicitator
for regression analysis in ecological applications (James, Choy, and Mengersen 2010).

More recent examples, include among others the R package DTEAssurance (Salsbury, Oakley,
Julious, and Hampson 2024), which implements the assurance method for delayed treatment
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Figure 8: Learned prior distributions including information about correlation structure. The
plot is created using el.plots.prior_joint(eliobj_deep, idx=list(range(5))).

effects by eliciting prior distributions for both the delay duration and post-delay hazard ratio.
Similarly, the assurance package (Alhussain and Oakley 2020) provides an implementation for
normally distributed data, incorporating elicited prior distributions for treatment effects along
with population variances in both treatment and control arms. More general approaches are
offered for example via the eglm package (Hosack 2024), which enables the elicitation of prior
distributions for Bayesian generalized linear models and the makemyprior package (Hem,
Fuglstad, and Riebler 2024) for constructing joint priors for variance parameters in latent
Gaussian models.

Despite these developments, general-purpose packages for expert prior elicitation remain rela-
tively scarce (Mikkola et al. 2023). Below, we present a selection of actively maintained tools
that we consider most relevant to our current application.

The R package pbbo (Manderson and Goudie 2023) implements a simulation-based prior elic-
itation method using multi-objective Bayesian optimization. It enables elicitation based on
expert-specified prior predictive distributions and model-derived quantities such as R?. The
Python package PreliZ (Icazatti, Abril-Pla, Klami, and Martin 2023) provides a toolbox for
elicitation and exploration of prior distributions. The package supports both structural and
predictive elicitation through four core components: prior distribution specification and ma-
nipulation, visualization of priors and their predictive distributions, interactive user interfaces,
and algorithms for prior inference from user-provided information. The R package SHELF
(Oakley 2025) provides a comprehensive toolbox for prior elicitation within the Sheffield Elic-
itation Framework. It facilitates structured elicitation protocols involving single or multiple
experts by offering multiple univariate elicitation methods (including roulette, bisection, and
range techniques), support for multivariate parameter elicitation (such as vectors of propor-
tions), and distribution fitting via least-squares minimization. It incorporates interactive



feedback tools during elicitation sessions and is designed primarily as a facilitator’s toolkit to
support the Sheffield elicitation protocol. Finally, the R package qdp (Perepolkin et al. 2025)
introduces quantile and quantile-parameterized distributions as a flexible and interpretable
approach to prior specification. These distributions allow expert knowledge to be expressed
directly in the observable space, enhancing transparency and interpretability. The associated
R package provides tools for defining and inverting quantile functions.

Each of these packages adopts a distinct perspective and can be viewed as complementary to
elicito. The aim of our package is to propose a unified workflow for prior elicitation, structured
around a fixed set of interconnected modules, corresponding to the arguments of the Elicit
class. The functionality of each module is designed to be extensible, allowing for integration
with other packages where appropriate. For example, future versions of elicito could incor-
porate Bayesian optimization techniques, such as those implemented in pbbo. Similarly, the
loss regularization methods proposed by Manderson and Goudie (2023) represent a promising
avenue for enhancing the loss module within elicito. The PreliZ package also complements
elicito by offering exploratory tools that can enrich both the setup and evaluation stages of the
elicitation process. Additionally, future extensions may include native support for quantile
and quantile-parameterized priors, as implemented in qdp.

6. Discussion and Conclusion

The Python package elicito implements a modular workflow that encompasses the essential
steps of the expert prior elicitation process. It provides a structured approach to the chal-
lenging task of formulating prior distributions that accurately reflect expert knowledge. To
address this task, we use a simulation-based approach: (1) knowledge about desired quantities
(target quantities) is extracted from a domain expert, (2) a forward model comprising of the
generative model and the computation of target quantities, simulates the expert knowledge
based on a set of parameters, (3) an optimization algorithm adjusts parameters to minimize
the discrepancy between the simulated and observed expert knowledge; and (4) the resulting
set of parameters defines the model parameter priors corresponding to the expert knowledge.
Currently, elicito addresses this optimization task using SGD. Future developments should
explore alternative optimization strategies, such as Bayesian optimization (see for example,
Manderson and Goudie 2023), to enable comparative performance assessment of the resulting
solutions.

Due to its modular structure and the resulting flexibility, elicito facilitates the implementation
of a wide variety of prior elicitation methods. This modular structure enables users to easily
and transparently adjust assumptions throughout the elicitation process. This includes modi-
fying expert input, altering loss components, or incorporating post-hoc evaluation procedures.
This possibility supports a systematic exploration of the elicitation problem under varying
assumptions and contexts. Consequently, elicito may also be of interest from a methodological
research perspective, as it enables the study of relationships between different input—output
structures for a given problem.

Accordingly, the target audience of elicito includes both researchers developing prior elicitation
methodologies and applied practitioners aiming to construct prior distributions for specific
use cases. While the current implementation of elicito remains relatively technical, future
development will focus on creating higher-level interfaces (i.e., facades) tailored to common
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practical applications. These interfaces aim to simplify user interaction with the core Elicit
object by incorporating default assumptions at appropriate stages of the workflow. Although
this design choice may reduce transparency to some extent, it is expected to improve usability
and enhance accessibility for end users (Simpson, Rue, Riebler, Martins, and Sgrbye 2017).
In this context, future work should also include the development of user guidelines for specific
sub-tasks or problem types encountered in the prior elicitation process. One example is
the handling of non-uniqueness which arises primarily from limitations in expert information,
either in quantity or quality (Lépez C., Barz, Korkel, and Wozny 2015). Several strategies can
be employed to address this challenge. These include modifying the loss function, for example,
by incorporating additional expert input or introducing structural priors via regularization,
reparameterizing the statistical model to reduce the dimensionality of the parameter space
or to increase the influence of the parameters on the outcome variable, and applying post-
hoc methods that aggregate across the solution space to derive a representative solution that
appropriately reflects the underlying uncertainty. This knowledge about solution strategies
should be made available in form of user-guidelines.

A central challenge in the development of prior elicitation methods lies in balancing the use of
default assumptions with the incorporation of individualized expert feedback. On one hand,
elicitation methods should minimize the cognitive, temporal, and financial demands placed
on experts (Mikkola et al. 2023). On the other hand, maintaining a “human-in-the-loop” is
essential to ensure that the resulting prior distributions align with the expert’s expectations
(Hartmann et al. 2020). Expressing prior beliefs in quantitative terms is inherently non-
trivial. An iterative feedback mechanism is therefore essential, enabling users to refine their
input through a process of trial and error. While elicito represents the key steps of the
prior elicitation workflow as modular, algorithmic components, it is not intended to fully
automate the elicitation process. Instead, its primary objective is to make explicit the input
information required to construct prior distributions, thereby facilitating a systematic and
transparent approach to this inherently complex task.

Finally, elicito offers substantial scope for future enhancements and continued development.
Two key directions for extension are particularly noteworthy. First, expanding compatibility
with multiple probabilistic programming languages is a central objective. At present, user-
defined functions must rely on the TensorFlow backend to ensure integration within the com-
putational graph and enable correct backpropagation. However, the conceptual foundation
of our simulation-based framework should ideally remain independent of any specific imple-
mentation, so as not to constrain the potential user base or limit interoperability. The second
major extension involves transforming the current workflow into a fully Bayesian framework,
thereby enabling the inference of posterior distributions over hyperparameters. This would
enable a more accurate representation of uncertainties introduced throughout the elicitation
process, from initial knowledge extraction to the fitting of prior distributions.
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Appendix

A. Symbols and their definition

Symbol Description Comment

0p model parameter p=1,...,P

Ak model hyperparameter k=1,....K

pa(0)  priors parameterized by A in case of non-parameteric priors A re-
fer to the parameters of the deep gen-
erative model

M(X)  generative model incl. priors  for short M

Por prior specification pr = (parametric, non-parametric)

% target quantity defined as z; = ¢;(\) withi=1,...,1

tm simulated elicited statistics defined as t,,, = fj(z;) with m = (i, j)

fi elicitation technique j=1...,J

tm expert-elicited statistic

Dm discrepancy measure

L, loss component Ly = Win Dyt (N), 1)

Wiy weight of loss component

L(\)  total loss wrt A L) =M L,

E epochs

B batch size default B = 128

number of prior samples

default M = 200

Table 1: List of symbols and their definitions used throughout the paper



B. Implementation of parametric-prior example

B.1. Implementation of design matrix

# design-matrix for three-level dummy-coded predictor
def design_categorical(n_gr):

incpt = [1]%3

contrast_01 = [0, 1, 0]

contrast_02 = [0, 0, 1]

# contrast matrix
¢ = tf.stack([incpt, contrast_01, contrast_02], axis=-1)

# design matrix

x = tf.concat([tf.broadcast_to(c[i, :], (n_gr, c.shape[1])) for
i in range(c.shape[0])], axis=0)

return tf.cast(x, tf.float32)

# example output of design matrix for n_gr=1
> design_categorical(n_gr=1)

<tf.Tensor: shape=(3, 3), dtype=float32, numpy=
array([[1., 0., 0.],

(1., 1., 0.1,

[1., 0., 1.]1]1, dtype=float32)>
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C. Additional results of toy example 2

total loss weighted individual losses
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Figure 9: Convergence of the total loss (left) and the single loss components (right). Plot is
created using el.plots.loss(eliobj_deep).

Learned marginal priors
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Figure 10: Learned marginal prior distribution for all parallel run. The plot is generated
using el.plots.prior_marginals(eliobj_deep).
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Figure 11: Prior averaging across multiple parallel runs. Upper panel demonstrates weights
associated with each replication used for computing the prior average. Lower panel shows
the individual marginal priors as well as the averaged prior (in red). Plot is created using
el.plots.prior_averaging(eliobj_deep).
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