technische universitat rfakultét
dortmund -Ilstatistik

Forecasting in the Semiconductor
Industry

Dissertation zur Erlangung des Doktorgrades Dr. rer. nat. der Fakultét Statistik der
Technischen Universitit Dortmund

Vorgelegt von

Louis Steinmeister

Dortmund, November 2024



Amtierender Dekan:
Prof. Dr. Philipp Doebler

Gutachter:
Prof. Dr. Markus Pauly (Technische Universitit Dortmund)
Dr. Uwe Ligges (Technische Universitiat Dortmund)

Tag der Priifung:
19.12.2024



Since the invention of the transistor at Bell Labs in 1947, semiconductors have slowly
taken over the world. Today, they are ubiquitous in daily life. They power most
devices with electronic components from washing machines to cars (conventional and
electronic), from gaming consoles to data centers, from solar panels to industrial power
plants. They don’t only help us fend off tooth decay with electronic toothbrushes but
also keep authoritarian aggressors at bay with modern weaponry. They also enable
applications such as Al assistants and Al chatbots like ChatGPT, which have made
knowledge more accessible and helped automate mundane tasks. Consequently, the
semiconductor industry has become a significant driver and, as Chow and Choy (2006)
note, a leading indicator of the economy. This dissertation investigates different statistical
questions in the domain of semiconductor market forecasting and trend detection. The
first investigation brings us into the realm of technological trend detection and technology
life cycles. Common models to achieve these ends are technology diffusion models, such
as the simple logistic growth model. Since this model represents a closed system view
of a highly interconnected and complex phenomenon, we investigate the robustness of
derived life cycle estimates with regard to an external shock, namely the COVID-19
pandemic, and its consequences on consumer demand and supply chains. While the
logistic growth model takes a long-term perspective, we focus on the detection of shorter-
term market dynamics with an investigation into forecasting the semiconductor market
more broadly. A premier provider of semiconductor market data and industry forecasts is
the World Semiconductor Trade Statistics (WSTS). As our second focus of attention, we
investigate the precision of industry expert forecasts and explore if data-driven models
can enhance such forecasts. Given that the WSTS product classification hierarchy has a
degenerate structure, we proceed with an exploration of degenerate hierarchical forecast
reconciliation to enable coherent forecasts. Lastly, we investigate the performance of
a popular reconciliation algorithm, Trace Minimization (MinT), which was originally
introduced by Wickramasuriya et al. (2019), in the context of very short time series
through an elaborate simulation study and compare a proposed iterative alternative which
requires far fewer parameters.
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“A theory is an identification of the facts of reality and/or of guidelines for
human action. A good theory is a true theory, one that recognizes all the
relevant facts, including the facts of human nature, and integrates them into a
noncontradictory whole. Such a theory has to work in practice.”

— Leonard Peikoff
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Introduction






Semiconductors; we usually think of them as critical components in computers and
smartphones. Often, the first thing that comes to mind is central processing units (CPUs),
which provide the “brain power” for computers and other interactive, multi-functional
electronics. “Artificial Intelligence” (AI) gained a lot of attention with the release of
ChatGPT by OpenAl on November 30, 2022, (Roumeliotis and Tselikas, 2023). This has
raised public attention to the importance of Al-related chips such as graphics processing
units (GPUs). This is also illustrated by the meteoric rise of NVIDIA’s stock value from
about USD 15.50 on 01 December 2022, to a high of about USD 140 on 20 June, 2024!.
That marks a rise of over 900% in less than two years.

However, CPUs and GPUs only make up a fraction of the diverse semiconductor land-
scape that powers modern life: sensors, power switches, controllers, and more?. A
myriad of these tiny chips with various purposes power devices we encounter in daily
life: from smart LEDs and electronic toothbrushes to washing machines, cars (whether

conventional or electronic), wind farms, and solar panels.

But few are aware that the semiconductor industry was born out of military applications,
as Miller (2022) records. With modern precision weapons, semiconductors have become
more important to national security than ever before. Recent events, such as Russia’s 2022
invasion of Ukraine and subsequent Western sanctions, have highlighted this reliance
(Nocetti, 2023; Axe, 2024).

The economic and military importance of semiconductors has been recognized with
massive subsidies by policymakers in the U.S., the EU, and China: USD 280 billion in
the U.S. (Taylor, 2023), EUR 43 billion in the EU (European Comission, 2023), and CNY
20.5 billion in China in 2023 alone (Pan, 2024). Even more impressively, Sam Altman,
the CEO of OpenAl is seeking USD 5-7 trillion to “boost the world’s chip-building
capacity and expand its ability to power Al, among other things” according to Rajan

Itradingview.com/symbols/NASDAQ-NVDA
2In fact, the World Semiconductor Trade Statistics (WSTS) lists a total of over 100 product categories:
semiconductors.org/wp-content/uploads/2021/02/Product_Classification_2021.pdf


https://www.tradingview.com/symbols/NASDAQ-NVDA
https://www.semiconductors.org/wp-content/uploads/2021/02/Product_Classification_2021.pdf
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(2024). At the time of writing, this amounts to the total market capitalization of the two
worldwide largest corporations: Apple with USD 3.47 trillion and NVIDIA with USD
3.3 trillion in market capitalization®. These highlights provide ample motivation for the
study of the semiconductor industry.

As previous authors have noted, the semiconductor industry is characterized by shortening
life cycles, rapid technological advancements, and long lead times for fabrication and
expanding fabrication capacity (Macher, 2006; Wu and Chien, 2008; Lv et al., 2018).
Moreover, strategic decisions such as investments in R&D and fabrication capacity
are extremely capital intensive (Chien et al., 2010; Aubry and Renou-Maissant, 2014),
highlighting the need for reliable forecasts to inform such high-stakes decisions.

However, forecasting the semiconductor market comes with challenges. The semicon-
ductor industry is heavily intertwined in global supply chains: on the one hand, there
is a complex supply chain for fabrication, such as for lithography machines. On the
other hand, semiconductors are crucial components of almost any electronics product.
This means that the semiconductor industry lies upstream in the electronics supply chain.
Consequently, it is exposed to the bullwhip effect, which describes the phenomenon
where small fluctuations in consumer demand can result in large demand fluctuations up-
stream in the supply chain (Geary et al., 2006; Lee et al., 1997). Additionally, shortening
product life cycles and rapid technological advancements mean that there is little time
and data to identify new trends.

Two academic fields related to semiconductor market forecasting have recently received
attention: 1) demand and sales forecasting and 2) semiconductor cycle prediction. These
can be thought of as two opposing ends on a granularity spectrum.

Demand and sales forecasting usually aims to provide manufacturing intelligence and
focuses on specific products or product groups for one or a few specific semiconductor
companies. Examples of related studies are Wang and Chen (2019); Kapur et al. (2019);
Chen and Chien (2018); Xu and Sharma (2017); Chien and Lin (2012); Chien et al.
(2010). A common model in this domain is technology diffusion, see Kapur et al. (2019);
Chen and Chien (2018); Chien et al. (2010).

Semiconductor cycle prediction, on the other hand, focuses on the cyclical behavior of
the semiconductor market at large. Major research goals include the identification of
leading indicators and providing explanations of the semiconductor cycle. Studies in this
domain include Aubry and Renou-Maissant (2014, 2013); Chow and Choy (2006); Liu

3Based on: tradingview.com/markets/world-stocks/worlds-largest-companies. Accessed 10 October
2024.
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and Chyi (2006); Liu (2005). These often use the Vector Autoregression or Vector Error
Correction models*.

Long-term demand forecasts are often of strategic interest, particularly in a rapidly
advancing environment such as the semiconductor industry. Early identification of
technologies under threat of disruption and promising new technologies can be vital for
a business as the late adoption and subsequent demise of the mobile phone champions
Nokia (Yueh, 2014) and Blackberry (Thompson, 2013) illustrates.

A common model for deriving life cycles and gauging these risks and opportunities is the
logistic growth model, often referred to as S-curve (Modis, 1994; Foster, 1986), which
is a type of diffusion model, see, for example, Sarkar (1998); Geroski (2000). It was
originally introduced by Verhulst (1838) to describe population dynamics. However,
as Modis (1994); Bejan and Lorente (2012); Kucharavy and De Guio (2011a,b) argue,
growth patterns outside the discipline of population dynamics such as technological
forecasting resemble very similar characteristics.

While there are several extensions of the logistic growth model such as the Bass diffusion
model (Bass, 1969), the Gompertz curve (Tjgrve and Tjgrve, 2017), or the Richards’
curve (Richards, 1959), the logistic growth model is simple and may have an upper hand
when it comes to identifiability (Simpson et al., 2022). However, the logistic growth
model presents a closed-system view which does not capture the interconnectivity of
global supply chains, especially in the semiconductor market. This motivates our first
investigation into the robustness of technology life cycle estimates derived from the
logistic growth model under the presence of an external shock: the COVID-19 pandemic
in the first Article.

Article 1: Steinmeister, L., Ramosaj, B., Schroter, L., & Pauly, M. (2023). Testing The
Limits: A Robustness Analysis Of Logistic Growth Models For Life Cycle
Estimation During The COVID-19 Pandemic. In D. Herberger & M. Hiibner
(Eds.), Proceedings of the Conference on Production Systems and Logistics:
CPSL. publish-Ing. doi.org/10.15488/15265

While this contribution analyses an aspect of long-term demand forecasting for specific
technologies, broader semiconductor market forecasts often inform important strategic
and operational decision-making. In fact, Aubry and Renou-Maissant (2014) highlights

“We don’t consider either model for two main reasons: 1) the time series lengths of the data considered
here differ, meaning that a significant portion of the data would not be used, and 2) the complete time
series history for training is very short (24 obs. at its minimum) while the number of time series is
large (110). Thus, the data does not support these more complex models.


https://doi.org/10.15488/15265 
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the importance of timely semiconductor forecasts in the early detection of future trends
and in adequately responding on an organizational level. Furthermore, Chow and Choy
(2006) stress the importance of semiconductor market forecasts as a macroeconomic
indicator and Aubry and Renou-Maissant (2014) note the discrepancy between the
importance of semiconductor market forecasting and the number of academic studies in
the field.

A premier provider of such detailed semiconductor market data and forecasts is the World
Semiconductor Trade Statistics (WSTS)>. Their data is utilized as the basis for many
of the contributions in the domain of semiconductor cycle prediction (see, for example,
Aubry and Renou-Maissant (2014, 2013); Liu and Chyi (2006); Liu (2005)). Furthermore,
WSTS is an important provider of market data and forecasts to the semiconductor industry.
In fact, their market numbers are based on the input of member companies, and their
forecasts are based on industry expert estimates.

Despite the importance of WSTS’ market forecasts and their common use in the in-
dustry and by industry analysts, no evaluation of the accuracy of these forecasts has
been conducted to our knowledge. Furthermore, while progress has been made in ex-
plaining and predicting the semiconductor cycle, this field typically focuses on the total
semiconductor market. On the other end of the granularity spectrum, researchers have
made valuable contributions to semiconductor demand and sales forecasting, typically
focusing on specific products or product groups of one or several specific semiconductor
companies. To our knowledge, no attempt has been made to provide detailed data-driven
multi-granularity forecasts for the semiconductor market.

This motivates our comparative analysis of semiconductor market forecasts in the second
Article.

Article 2: Steinmeister, L., & Pauly, M. (2025). Human vs. Machines: Who wins
in semiconductor market forecasting? Expert Systems with Applications,
263(October 2024), 125719. doi.org/10.1016/j.eswa.2024.125719

The main objective of this study was the evaluation of WSTS expert forecasts through
a comparison with various data-driven forecasts across all 110 product categories. We
wanted to find out whether data-driven models might enhance expert forecasts even in
a complex market and with short time series despite extensive proprietary information
available to the experts, which was unavailable to the data-driven models. We show
that WSTS provides a strong baseline but find that the expert forecasts can, indeed,
be enhanced by incorporating the latest available market data into the models. This

SWebpage: wsts.org


https://doi.org/10.1016/j.eswa.2024.125719
wsts.org

finding holds even for short time series, where experts are typically believed to be more
accurate (Hyndman and Athanasopoulos, 2018). In the process, we also find out that
multi-granularity forecasting of the semiconductor market with data-driven models is
feasible and we provide valuable guidance for future practitioners by sharing accuracy
measures for each model and each product WSTS category.

An aspect that is neglected in this work is the coherence of the forecasts across hi-
erarchical levels. Coherence describes the desired property of hierarchical forecasts:
subcategory forecasts should sum to the respective higher-level forecast. If business line
A expects s 4 in sales and sells products AA and AB, then their respective sales forecasts
544 and s 4p should sum up to s4, 1.e. s4 = sa4 + Sap. This is not automatically the
case but is desired for coherent planning across organizational levels. Wickramasuriya
et al. (2019) define forecast reconciliation as “the process of adjusting forecasts to make
them coherent.” The easiest way to obtain coherent forecasts is to only forecast on the
lowest level and to obtain respective higher-level forecasts by appropriate summation.
This reconciliation method is known as the bottom-up approach. However, this approach
ignores information from higher hierarchical levels, which are often observed to have a
preferable signal-to-noise ratio (Grunfeld and Griliches, 1960). Therefore, the bottom-up
approach is not optimal (Hyndman and Athanasopoulos, 2018; Athanasopoulos et al.,
2023). Wickramasuriya et al. (2019) introduce a novel approach that aims to find an
optimal coherent forecast by minimizing the sum of forecast variances and, thus, utilizing
all hierarchical levels. Accordingly, they call the method trace minimization (MinT).

MinT is implemented in the R packages hts (Hyndman et al., 2021) and fable
(O’Hara-Wild et al., 2023). Similar Python implementations exist with the pyht s and
HierarchicalForecast libraries (Olivares et al., 2022). However, the interface
of the R implementations implicitly assumes that the hierarchical structures are non-
degenerate. As illustrated in Figure 1.1, a degenerate hierarchical structure does not have
equal depth across all possible branches. In our example, node B in the hierarchy in
Figure 1.1 b) does not have any subnodes whereas node A has two subnodes, AA and
AB.

However, in practice, such degenerate hierarchical time series structures do exist — the
WSTS product categorization being one. Yet the hts and fable packages are not
able to handle them directly and without introducing bias. Therefore, we provide an
adapted implementation of the ht s package®, the ht sDegenerateR package, in the
third Article.

%We mistakenly called R packages “libraries” our articles. Here, we correctly refer to them as “packages.”
This naming convention is different for other programming languages such as Python.



1 Motivation

Total

Level 1

- 00 00 00

a) Example of a simple non- b) Example of a simple
degenerate hierarchy degenerate hierarchy

Figure 1.1: Illustration of an example non-degenerate and an example degenerate hierar-
chical structure.

Article 3: Steinmeister, L., & Pauly, M. (2024). Degenerate Hierarchical Time Series
Reconciliation With The Minimum Trace Algorithm in R. In D. Herberger
& M. Hiibner (Eds.), Proceedings of the Conference on Production Systems
and Logistics: CPSL. publish-Ing. doi.org/10.15488/17729

The adapted algorithm is demonstrated to potential users with a small and reproducible
demo using simulated time series. Additionally, the paper provides a small case study at
the hand of WSTS’ power transistor hierarchy consisting of two hierarchical levels and a
total of eight time series.

However, with 110 product categories, the complete WSTS product categorization
category we considered is significantly larger. Furthermore, some of the time series are
very short — in the extreme case only encompassing 24 observations. To derive coherent
forecasts with MinT reconciliation necessitates the estimation of an in-sample residual
variance matrix. In the case of the WSTS product categorization hierarchy, this implies
the estimation of 6105 parameters — with only 24 observations! This motivates our
inquiry into the performance of MinT with very short time series and the evaluation of a
proposed iterative alternative, which requires far fewer parameters, in the fourth Article.

Article 4: Steinmeister, L., Pauly, M., 2024, Iterative Trace Minimization for the Rec-
onciliation of Very Short Hierarchical Time Series.
doi.org/10.48550/arXiv.2409.18550

This paper conducts an extensive simulation study, similar to Wickramasuriya et al.
(2019), to assess the performance of MinT with very short time series across various


https://doi.org/10.15488/17729 
https://doi.org/10.48550/arXiv.2409.18550 

scenarios and benchmark the performance of the proposed iterative method.

The rest of this thesis is structured as follows: the next chapter gives an overview
of the employed methods, including the logistic growth model in Section 2.1, a few
fundamentals of time series analysis in Section 2.2, an overview of used time series
forecasting methods — including their evaluation — in Section 2.3, and important methods
and results of hierarchical time series reconciliation in Section 2.4. Chapter 3 summarizes
the four articles and Chapter 4 provides discussions of the findings.
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2.1 The Logistic Growth Model

Over the centuries, academics have grappled with models describing population growth.
A reasonable assumption is growth proportional to the population size, i.e.

Zﬂéit) =rY(t), (2.1)
where Y'(¢) is the population at time ¢ and r is the growth rate. For example, a scenario
where every individual is replaced by two offspring would be a discrete version of this
assumption. One probably does not need a background in ordinary differential equations
to realize that this results in exponential growth. In fact, the solution to Equation (2.1) is
given by

Y (1) = Yoe™, (2.2)

with an initial population Y. However, we do not observe sustained exponential popu-
lation growth. Usually, counteracting forces such as scarcity of food result in slowing
growth. This effect is captured by the logistic growth model introduced by Verhulst
(1838), which is described by the logistic differential equation:

oY (#) Y ()
PO v (1 - M) , 23)

where M represents some carrying capacity. Both the exponential growth model and
the logistic growth model exhibit (near) exponential growth when the population is
“small”. However, in contrast to Equation (2.1), where growth increasingly accelerates,
a growth dynamic as modeled by Equation (2.3) approaches zero as the population
approaches the carrying capacity. In summary, logistic growth is characterized by two
factors: 1) self-proportionality like exponential growth (the 7Y (¢)-part of Equation (2.3))

11
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and 2) cost of complexity (the (1 — Y (¢)/M)-part). With some notational rewriting for
statistical convenience and the introduction of a vertical shift parameter C, the solution
of Equation (2.3) is given by

M

Y(X) = 1+ caX+b

+C, (2.4)
where a captures the growth rate and b captures the initial population size. X represents
the independent variable, which is often time. Equation (2.4) results in the typical
S-shaped curve seen in Figure 2.1. As illustrated, the inflection point of this curve is at
—b/a, where the maximum growth of aM /4 is achieved.

Y
M+C

-b/a X

Figure 2.1: Illustration of a logistic curve and its parameters, similar to Figure 3 of
Steinmeister et al. (2023).

Aside from its popularity for describing growth dynamics, such as in Zwietering et al.
(1990); Berry et al. (1984), several authors have noted that these growth patterns apply in
disciplines outside the ecological study of population dynamics as well (Modis, 1994;
Bejan and Lorente, 2012). Some domains in which the logistic growth model, also
commonly referred to as S-curve or sigmoidal curve, has been applied include country
GDP growth (Kwasnicki, 2013; Modis, 2013), estimating the spread of COVID-19 (Wu
et al., 2020; Shen, 2020; Aviv-Sharon and Aharoni, 2020), technology performance
analysis (Nieto et al., 1998), and modeling the adoption and technological progress in
renewable energies (Schilling and Esmundo, 2009). The logistic growth model has also
spawned a large number of extensions, commonly referred to as technology diffusion
models (Sarkar, 1998; Geroski, 2000), the most famous one probably being the Bass

12
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model introduced by Bass (1969). Kapur et al. (2019); Chen and Chien (2018); Chien
et al. (2010) provide examples of the application of technology diffusion models in the
semiconductor industry. There are several estimation methods for the logistic growth
model, which are covered in the following.

2.1.1 Non-linear Least Squares Estimation

Least squares estimation arises in the context of solving over-determined equations,
particularly in the domain of curve and data-fitting (Strutz, 2011). As the name suggests,
least squares estimation aims to estimate a parameter vector 3 characterizing a family of

-----

the sum of squared errors is minimized:

N
B =argmin)  (y; — fa(x1))?, (2.5)

BERP i=1
where x; are observation of the independent variable and y; are observations of the
dependent (target) variable. In the case where {f3} ;_p, is a family of linear functions,
this problem reduces to an ordinary least squares problem and has a closed form solution:

B =(X"X)"'Xy, (2.6)

where X = (z1,...,zx)7 is the matrix containing all observations of the independent
variable in its rows and Y = (y1, ..., yn)? is a vector of the observations of the dependent
variable. For more details, see (Christensen, 2002).

However, as Oliver (1964) notes, the estimation of the logistic growth model does not
fall into this category: the unknown parameter M cannot be separated from the other
parameters a and b. However, the quantity in Equation (2.5) can still be minimized by
any mathematical optimization algorithm, such as the Newton method or quasi-Newton
methods such as the BFGS algorithm (Wright and Nocedal, 1999). It should be noted
that minimizing the sum of squared residuals has some desirable statistical properties:
in the case of distributions belonging to the regular exponential family (like the normal
distribution), the (standardized) least squares estimate is the maximum likelihood estimate
under mild conditions (Charnes et al., 1976).

13



2 Statistical Methods

2.1.2 2-Quantity Minimization

According to Modis (2007), the best way to fit an S-curve is by minimizing a chi-square
quantity:

N 2

yi — Y]
UuB) = ( : (2.7)

; o(Yi)
where E[Y] is the expected “population” and o%(Y;) is the variance of the “population”
at time x;. Debecker and Modis (1994) assume that Y; are discrete quantities which
are limited by an upper bound, the “carrying capacity”, M. They argue that Y; obeys a
binomial distribution Binom(M, (;,), where

B _ 1
M~ 14 eowth

Ca:i =

is the expected niche occupation fraction at time z;. Thus, the “population” variance
(illustrated in 2.2a) is given by

M
(1 + eaa:i—i-b)(l + e—(azﬁ-b)) )

(V) =

The S-curve with resulting pointwise binomial confidence bands is illustrated in Fig-
ure 2.2b.

If M is large and 0 < Y; < M, then by employing the central limit theorem, Y;
can be approximated with a normal distribution. Assuming that all 0 < y; < M,
forall i = 1,..., N, U(3) then approximately follows a x>-distribution with N — 3
degrees of freedom. To ensure that this approximation is “accurate”,Debecker and Modis
(1994) suggest ensuring that all y; are within 10% and 90% of the range of the S-curve.
The S-curve with normal-approximation pointwise confidence bounds is illustrated in
Figure 2.2c. In contrast to the binomial confidence bounds in Figure 2.2b, the normal
confidence bounds stay symmetric, highlighting a visible deviation from the binomial
distribution outside the 10-90% range.
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2.1 The Logistic Growth Model

Variance of Y
Y
Y

X X X

(a) S-Curve Variance (b) Binomial S-Curve (c¢) Normal S-Curve

Figure 2.2: Figure (a) illustrates the variance, as in Section 2.1.2, over the progression
of the S-curve. Figure (b) illustrates a logistic curve with 99% pointwise
confidence band under the binomial distribution of Debecker and Modis
(1994) while (c) illustrates the same logistic curve with 95% pointwise
confidence band under the normal distribution approximation with the 10%
and 90% cut-offs (the vertical dashed lines) suggested in Debecker and Modis
(1994). M = 300 was used to generate these figures.

Substituting the logistic curve family into Equation (2.7), we obtain the minimization
problem

g yi—E[n]>2
B = arﬁg;lgmU(ﬁ) —arﬁg;ém; ( (V) (2.8)
o (Y fﬂ(%))Q
—= 1 . 2.9
g (1) =

Note that Equation (2.9) is very similar to Equation (2.5). The difference lies in weighing
the individual errors with the inverse of their standard deviation. Thus, under the
distributional assumptions of Debecker and Modis (1994), this method is equivalent to
standardized least squares estimation as described in Charnes et al. (1976).

A clear advantage of this method is the incorporation of an expectation regarding the
variance along the S-curve into the minimization problem of Equation (2.9). Novel
technologies, like small initial populations, are not expected to exhibit strong variation;
neither are technologies that near their limitations at the end of their life cycle. Note,
however, that, while incorporating an expectation regarding residual variance, Equa-
tion (2.9) does not make use of the skew of residuals expected particularly at the tail ends
of the S-curve, as seen in Figure 2.2b.
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2 Statistical Methods

2.1.3 OLS Variance Minimization

Restating the S-curve model allows the incorporation of expected residual skew at the
tail ends of the S-curve (upward skew at the beginning and downward skew at the end)
into the parameter estimation process. Let

M

Y(X) - 1 + eaX+b+e

+C, (2.10)
with an error term e. For the observations {y;, z; },—1__n, We obtain

M

= 2.11
1 +exp(ax; +b+¢€)’ @10

Yi

where ¢; "% N (0, o) are independent and identically distributed error term.

This formulation inherently integrates a skew of S-curve residuals on the tail ends of
the curve, as illustrated in Figure 2.3a and Figure 2.3b. The corresponding pointwise
confidence band of the S-curve is illustrated in Figure 2.3c.
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Figure 2.3: Figures (a) and (b) illustrate the behavior of residuals following the model
specified in Equation (2.10). Note how residuals on the left tail skew upwards
whereas residuals in the center of the curve are near symmetric. Figure (c)
illustrates the OLS S-curve with the corresponding pointwise confidence
band.
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2.1 The Logistic Growth Model

Equation (2.11) can be rewritten to

M —y;

Yi

Ui = log < ) =ar; +b+e¢. (2.12)
In other words, if M is known we essentially have an ordinary linear model after a
suitable transformation. The problem, of course, is that M is not known but rather
a significant parameter of interest. The parameters can be determined iteratively, by
computing standard OLS estimates for the parameters a and b given some value for M.
M can then be updated by minimizing the OLS residual variance, var(e), as outlined in
Algorithm 1.

Algorithm 1: Iterative OLS fit

N}, initial value

.....

.....

Return: Model parameters a, b, M

1 Procedure OLSRESVAR(X,Y,M)

2 let Y = log (#)

3 let X = [1, X] the linear model design matrix.
4 let R =Y — X (X7x) " ATY

5 return (ﬁ RT ]%)

6 end

7 let M = minimize(OLSResVar, initial Parameter = M)
% M-Y

8 let Y = log (T) B )

o let(ba)=(XTX) ATY

Supplying exact derivatives of the loss function £ (ResVar) instead of using automatic
numerical differentiation may substantially enhance computation time and result in
better convergence properties due to reduced numerical error. With simple calculus, the
following derivatives can be obtained:

OE 2 M[]-Y L |

17



2 Statistical Methods

2.2 A Very Brief Introduction to Time Series Analysis

The goal of this section is to establish a minimum of time series analysis basics up to the
ARIMA process. This is instrumental in discussing time series forecasting, particularly
using the ARIMA model, and introduces some useful terminology. Most of this section
is based on Brockwell and Davis (2002), which provides a good introduction to time
series analysis. It is also a good reference for further details on the content covered in
this section. A deeper and more mathematical treatment is also available in Brockwell
and Davis (1991).

Time series are the mathematical framework to deal with data that is observed over time.
For mathematical modeling, it is assumed that this data, {z; };cr, are the realization of a
stochastic process { X, };c7, where X are random variables on some probability space
(Q, F, P). In the following, the index set, T', which refers to the time over which the
time series is modeled, is assumed to be a set of discrete time steps, i.e. 7' C N. A simple
time series ranging from Jan 2021 to Dec 2023 is illustrated in Figure 2.4.

101
301
20+ sq 2|
x <
10+ 0
0- .51
2021 2022 2023 2024 2021 2022 2023 2024
Time Time
(a) Time Series with Linear Trend (b) Differenced Time Series

Figure 2.4: Illustration of a simple time series X; = t + z;, where 2 N (0,3)

(here t = 0 corresponds to Jan 2023) and the corresponding time series of
differences, which eliminates the trend.
There are several important properties of time series, which we define and discuss in the
following.

Definition 1. Given a time series X = { X, }icr with finite second moments, then, the
mean function of X is defined as nx (t) = E[X,] and the covariance function of X is
defined as yx (r, s) = cov(X,, Xy).
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2.2 A Very Brief Introduction to Time Series Analysis

Definition 2. A time series, X, is called stationary if

(7) px is constant w.r.t. t

(17) vx(t + h,t) = yx(h) is independent of t for any h.

Stationarity is an important and often desired feature of time series. It implies that the
time series exhibits a certain degree of stability which is often desired for time series
forecasting. When dealing with non-stationary time series, it is common procedure to
consider its differences instead.

Definition 3. The lag-d differencing operator is defined as
VaXi=(1-BYX, = X, — X, g,
where B is the backward shift operator BX; = X,_; and B’ X, = Xij

Consider the time series illustrated in Figure 2.4a. It clearly exhibits a linear trend and
thus it is not stationary. Indeed the mean function clearly depends on ¢: ux(t) = t.
However, (simple) differencing removes the linear trend and transforms this time series
into a stationary one in Figure 2.4b. Differencing with higher lags is often useful in the
presence of seasonality. In this case the lag is usually chosen equal to the period of the
seasonality.

Definition 4. A time series, W = {W,}, is called white noise process if it is a sequence
of uncorrelated random variables with equal variance o* and zero mean and we write

W ~ WN(0, 02).

White noise processes are useful to model error terms in common time series models.
Note that random variables from a white noise process are not necessarily 7.7.d. (this
is a special case when all W, follow a normal distribution). A time series with 7.7.d.
2 is commonly referred to as an [7D(0,0?)

process. The assumption of independence and identical distribution are much stronger

variables with zero mean and variance o

than the assumptions of a white noise process. The assumption of error terms following
a white noise process suffices for our purposes.

Definition 5. A time series X = {X,} is called an ARMA (p, q) process (autoregressive
moving average process) if X is stationary and there are polynomials ¢(z) = 1 — ¢12 —
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o — Gp2Pand 0(z) = 14 012 + ... + 0,27 with no common factors such that
QZS(B)Xt = Q(B)Zt,
where Z = {Z;} ~ WN(0, 0?) is a suitable white noise process.

Thus, an ARMA process consists of a component that depends solely on its prior
realizations, the autoregressive part, and a moving average of random “innovations”, Z.
It is commonly known that an ARMA process X has a unique stationary solution if and
only if ¢(z) # 0 for any |z| = 1.

Definition 6. Let X be an ARMA(p, q) process. It is called causal or a causal function
of Z if there are constants {1; }ienr with 372 [1);| < 0o such that

Xy = Z¢Zt—i-
i=0

In other words, causality describes ARMA processes which can be expressed in a way
that they only depend on past “innovations” — a condition that is often desirable for
practical purposes. With this, we get to the ARIMA process:

Definition 7. X = {X,} is called an ARIMA (p,d, q) process if Y; = (1 — B)'X, isa
causal ARMA(p, q) process for d € Ny.

Note that an ARIMA process with d = 0 is simply a causal ARMA process. Further,
the linear time series in Figure 2.4 is an ARIMA(0, 1,0) process. A realization of an
ARIMA(1, 1, 1) process is illustrated in Figure 2.5.

However, real time series often exhibit seasonality. A seasonal extension of the ARIMA
model is given by the seasonal ARIMA (SARIMA) model.

Definition 8. X is called a seasonal ARIMA (p,d, q) x (P, D, Q) process with period
sfor d, D € Ny if the differenced time series given by Y; = (1 — B)4(1 — B*)P X, is a
causal ARMA process that fulfills

¢(B)®(B%)Y, = 6(B)O(B*)Z.,

for a white noise process Z and polynomials ® of degree P and © of degree Q).
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2.3 Time Series Forecasting

404 4
30 "
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2021 2022 2023 2024 2021 2022 2023 2024
Time Time
(a) Realization of an ARIMA(1, 1, 1) Process (b) Differenced Time Series

Figure 2.5: Figure (a) illustrates a time series generated by an ARIMA(1, 1, 1) process
and Figure (b) shows the corresponding differenced time series.

Brockwell and Davis (2002) note that D is usually either one or zero and P and @)
are rarely larger than three. This is very helpful for forecasting applications as this
observation helps to constrain the hyper-parameter space significantly.

2.3 Time Series Forecasting

Time series forecasting describes the process of systematically making predictions, often
utilizing a model and historical data. This section explores several statistical and machine
learning methods to accomplish this task and explores measures to assess the quality of
such forecasts. An example is presented in Figure 2.6.

2.3.1 Statistical Forecasting Methods
ARIMA

The ARIMA and SARIMA models described in Definition 6 and Definition 8 can not
only be used to describe a class of time series or simulate time series data but also for
deriving forecasts. Given a time series, X, of interest and the hyper-parameters p, d, and
q and possibly P, D, and @), this requires the estimation of the polynomial parameters.
After appropriate differencing, this can be accomplished via several methods, such as the
Innovations Algorithm presented in Brockwell and Davis (2002) or likelihood estimation
detailed in Shumway and Stoffer (2017).
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301
401
20+
X X
20+
10+
04 0
2021 2022 2023 2024 2021 2022 2023 2024 2025
Time Time
(a) Time Series with Linear Trend (b) Forecast with Prediction Bands

Figure 2.6: Illustration of a simple time series X; = ¢ + z;, where z, RN (0, 3) (here

t = 0 corresponds to Jan 2023) in Figure (a). Forecasts are easily derived,
especially when the linear trend is known, as is seen in Figure (b). Pointwise
prediction bands are computed based on the distribution of the error terms.

However, the hyper-parameters are typically not known. Traditionally, statisticians would
consult autocorrelation plots and partial autocorrelation plots to determine appropriate
values. However, this process is often perceived as subjective and there has been an
effort to automate this search, such as described by Hyndman and Khandakar (2008) and
implemented in the auto.arima function of the forecast package in R.

Seasonal
no:
ARIMA

KPSS unit
root test

KPSS unit
root test

min. AIC for
p,q,P,Q

min. AIC for
P9

Figure 2.7: Illustration of the procedure to determine the hyper-parameters of the
auto.arima function as described by Hyndman and Khandakar (2008).
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2.3 Time Series Forecasting

The auto.arima function works as illustrated in Figure 2.7: If the time series is
seasonal, Hyndman and Khandakar (2008) propose to identify D € {0, 1} by employing
the Canova-Hansen test (Canova and Hansen, 1995). A rejection of the null hypothesis
(H,) that seasonal patterns are stable over time leads to the choice D = 1. If the test fails
to reject Hy, D is chosen as 0.

In the next step (or if the time series is not seasonal), the differencing parameter d is
chosen via an iterative approach. d is initially assumed to be zero and the KPSS unit-root
test (Hy : no unit-roots vs. H; there is a unit-root) is conducted (Kwiatkowski et al.,
1992). If H, is rejected, then d is increased and the time series is differenced. The
procedure is repeated until the test fails to reject the null hypothesis.

The remaining parameters p, ¢ (and possibly P and () are determined by minimizing
the Akaike information criterion (AIC), see Hastie et al. (2009) for example:

AIC = —log(L) +2(p+q+ P+ Q+ k),

where £ is linked to a constant, ¢, introduced to the characteristic equation if d + D < 2.
If this constant is not zero, the model effectively contains an extra parameter and k£ = 1.
The complete process is illustrated in Figure 2.7.

Simple Exponential Smoothing

Since their introduction in the 1950s (Gardner, 1985), exponential smoothing models have
been popular for their simplicity, computational efficiency, and their ability to achieve
high predictive performance despite this (Hyndman, 2001; Satchell and Timmermann,
1995).

Simple exponential smoothing (SES) only requires the estimation of two parameters: an
initial value X, and the smoothing constant . With these, forecasts can be computed
successively as

X1 = (1 —a) X, + aX,, (2.14)

where Xt—‘,—l denotes the one-step forecast at time ¢ 4 1. SES has performed well on the
M3 and M5 forecasting competitions (Makridakis et al., 2018, 2022) and is implemented
in the forecast package.
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Error, Trend, and Seasonality

Error, Trend, and Seasonality (ETS) can be viewed similarly to auto.arima in the
sense that the model automatically searches for an ideal exponential smoothing model,
possibly encompassing trend and seasonal components. It searches models with 1) no
trend, 2) an additive trend, 3) a dampened additive trend, 4) a multiplicative trend, 5) a
dampened multiplicative trend and a) no seasonality, b) an additive seasonality, and c) a
multiplicative seasonality. Thus, there are a total of 15 model types (30 with additive and
multiplicative errors). The simplest one is SES (no trend or seasonality). The additive
trend and seasonality model is also known as the additive Holt-Winters’ model (Holt,
2004; Winters, 1960).

These methods are primarily concerned with deriving point forecasts. However, there are
stochastic models — the innovation state space models — with which these algorithms can
be derived and which also provide frameworks for computing prediction intervals. For
more details, see Hyndman et al. (2008).

Hyndman and Khandakar (2008) propose a two step solution to finding the optimal
exponential smoothing model:

1) Use maximum likelihood estimation to determine the parameters of the appropriate
models.

2) Use the AIC to select the best model.

Hyndman et al. (2002) demonstrated that this procedure yielded good forecasts on the M-
competition (Makridakis et al., 1982) and M3-competition data (Makridakis and Hibon,
2000), particularly for short term forecasts. Similarly, ETS has performed strongly in a
comparison study on the M3-competition data conducted by Makridakis et al. (2018).

2.3.2 Machine Learning Forecasting Methods

Similar to the previous section, we explore several models which can be used to obtain
forecasts. However, we first give some general background to clarify the training and
hyper-parameter optimization methodology.

An additional approach to time series forecasting is to view it as a supervised learning
problem: we are given a training set 7 = (x;, ¥;)i=1,...
also known as observed variables or inputs, and y; are the labels or outputs. Assume a

~ Where x; are the covariates,

model such as Y = f(X) + e. Using the training data 7 and given a risk or loss function
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2.3 Time Series Forecasting

L(X,Y) a supervised learning algorithm estimates a function f to approximate f by
minimizing the loss. Often the loss is given by the mean squared error (MSE) defined by

Lasp(X,Y) = B[(Y - f(X))?].

Often, f is chosen from a parameterized family of functions (fy)sine as was the case
with the logistic growth model in Section 2.1. In this case, the choice of f reduces to a
corresponding choice of 6, which can often be obtained through the minimization of the
loss function on the training data over the parameter set ©. But sometimes this parameter
set or the particular family (fy) depends on a set of hyper-parameters. We have seen
how hyper-parameters can be chosen in the case of (S)ARIMA (Section 2.3.1) and ETS
(Section 2.3.1).

Fold 1 Training Test

Fold 2 Training Test

Fold 3 Training Test

Fold 4 Training Test

Fold 5 Training Test

Figure 2.8: Illustration of 5-fold time series cross-validation.

A general way to select hyper-parameters is by minimizing an estimate for out-of-sample
error (or loss). Such out-of-sample loss can be estimated through (time series) cross-
validation, as illustrated in Figure 2.8. After fitting several models with different sets of
hyper-parameters, these are successively evaluated on a hold-out set. The loss estimated
over all the hold-out sets gives an estimate of how the method might perform in the future.
Then, one simply chooses the set of hyper-parameters that minimizes the out-of-sample
loss — see, for example, Kuhn (2008).

However, obtaining the sets of hyper-parameters to test can be a challenge — particularly
when these constitute continuous quantities. Often, it is not possible or computation-
ally feasible to try all possible hyper-parameter combinations. A simple but standard
procedure to obtain hyper-parameter combinations is grid search, as illustrated in Fig-
ure 2.9. As the name suggests, a grid is constructed from values A, B, and C' for the first
hyper-parameter and a, b, and ¢ for the second (note that grid search does not require an
equal number of values for each hyper-parameter). These are often chosen equidistant
but don’t have to. A problem of this method is that the complexity increases quickly
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Hyper-Parameter 2

Hyper-Parameter 1

Figure 2.9: Illustration of grid search hyper-parameter optimization.

as the number of hyper-parameters increases and the grid points may not be optimal.
Nevertheless, we use this method due to its simplicity and because the training of the
considered models was relatively fast. Also, note that the computation can also easily
be parallelized. Nevertheless, it is worth mentioning that methods such as Bayesian
optimization (Snoek et al., 2012) may be preferable in some situations — particularly
when model training is very resource-consuming.

Random Forest

Random Forest (RF) as introduced by Breiman (2001) is an ensemble machine learning
algorithm that combines multiple Categorization and Regression Trees (CART) into a
single model. The CART algorithm creates a binary tree where each node represents a
split-decision based on a single feature chosen to minimize some impurity measure for
categorical outcomes or a measure such as the MSE for continuous outcomes (Breiman
et al., 1984). An example decision tree trained by the CART algorithm is illustrated in
Figure 2.10 (created with the rpart package in R).

Random Forest combines multiple such trees through a process called Bootstrap Aggre-
gating (bagging). Bagging in Random Forest works by generating several datasets from
the original dataset by drawing with replacement (the distribution of the “bootstrapped”
datasets thus follows the empirical distribution of the original data). Additionally, the set
of features considered for a split is chosen randomly at each node.
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Figure 2.10: Illustration of a decision tree trained with the rpart R package on the
Titanic dataset.

This introduces several hyper-parameters:

ntree The number of trees to grow in the forest (default of the randomForest
implementation in R is 500).

mtry The number of sampled features to try at each split (default of the randomForest
implementation in R is p/3 for regression and \/D for classification, where p is the
total number of features)

nodesize The minimum number of observations contained at terminal nodes. Smaller
numbers may lead to overfitting.

maxnodes The maximum number of terminal nodes. Larger values may lead to
overfitting.

sampsize The size of the “bootstrapped” datasets (typically equal to the size of the
original dataset).

We primarily focus on mtry and nodesize in hyper-parameter tuning. We also
consider both the variance and split-rules (more on this in the next section). For
more details on the hyper-parameters of Random Forest, see Probst et al. (2019).

Extremely Randomized Trees

Extremely Randomized Trees, also known as ExtraTrees (ET) and introduced by Geurts
et al. (2006), can be viewed as a variation on Random Forest. In contrast to Random
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Forest, where splits are optimally chosen based on a criterion such as MSE, ExtraTrees
selects random split points within each feature subset. Furthermore, bagging is optional
with the ExtraTrees algorithm, though we always use bagging. ExtraTrees is implemented
in R with the ranger package by setting the split-rule to ext ratrees.

Gaussian Process Regression

0.0 25 5.0 7.5 10.0

Figure 2.11: Illustration of Gaussian process regression. Data points were generated
from a sine curve with normal errors added. The curve represents the fitted
curve with a Gaussian kernel. The grey area is a pointwise confidence band.

A Gaussian Process assumes that observations follow a joint Normal distribution defined
by

 a mean function m(X), which represents the expected output for an input x, and

» akernel or covariance function K (X, X '), which describes the relationship between
outputs for different inputs

and we write Y = f(X) ~ GP(m(X), K(X, X)). Gaussian Process regression (GPR)
is a Bayesian approach, with the prior being the Gaussian Process distribution. Training
data is used to calculate the posterior distribution over the function space, which can then
be used to make predictions for a new input x*:

K, X)K(X,X)'Y
o?(z*) = K(o*,2*) — K(z*, X)K (X, X) 'K (X, z*).

=4
&

=
I

Then, Y* ~ N(mu(z*),0?(x*)) and the point prediction for z* is EY* = m(z*).
Figure 2.11 illustrates a Gaussian process regression fit and Wang (2023) provides a
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tutorial with further details. Implementations of GPR are provided by the kernlab R
package (Karatzoglou et al., 2004).

K-Nearest Neighbors

25 5.0 75 10.0

Figure 2.12: Illustration of K-NN regression. Data points were generated from a sine
curve with normal errors added. The curve represents the K-NN regression,
with & = 5.

K-Nearest Neighbors (K-NN) Regression is a simple non-parametric learning model.
Predictions are based on the average outputs of the k nearest data points: Desired is a
predictor ¢ for a new observation z* and we are given training data (z;,y;),=1,..n, then

where z* are the covariates for which a prediction is desired and Sy (z*) is the index set
of the £ closest observations around x*.

Additionally, a kernel function K (-, -) can be introduced for weighing. Predictions are

then calculated as
K (xja T *)

ey 1€ Sy (@) K (xy, 2

K-NN regression is implemented in the kknn R package (Schliep and Hechenbichler,
2016), which has an option to automatically choose the optimal kernel. We tune the
hyper-parameters k and distance, which defines the distance measure to use.
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Figure 2.13: Illustration of Support Vector Regression (SVR) with a linear kernel. The
drawn curve represents the fitted SVR model and the dashed lines illustrate
the e-tube margins.

Support Vector Regression

Support Vector Regression (SVR) was introduced by Drucker et al. (1996) as a regression
analog to the classical Support Vector Machines used for classification (Cortes and
Vapnik, 1995). Instead of basing the fit on all data points, observations within some
e-tube are ignored (similar to how the vectors that are not support vectors are ignored in
the classification case). This is often argued to make the regression more robust because
SVR does not fit the finer patterns within this e-tube but “focuses on the bigger picture,”
see Hastie et al. (2009); Awad and Khanna (2015).

Additionally, kernels can be used to capture non-linear relationships. A common kernel is
the radial or Gaussian kernel K (1, 7o) = exp(—7|z; — 22|%). SVR with a linear kernel
contains one hyper-parameter C', the cost parameter, which controls the penalization
of residuals falling outside the e-tube. Higher values make the model more sensitive
to data points outside the e-tube resulting in a tighter fit which may come with risks of
overfitting. The e parameter is often left at a default value of € = 0.1, such as set in the
el071 (Meyer et al., 2023) and the kernlab R packages (Karatzoglou et al., 2004).
Additional hyper-parameters may be introduced through a different choice of kernel,

such as the radial kernel with ~, which is also sometimes parameterized with o, where

— 1
7= 20"
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2.3.3 Forecast Evaluation Methods

Assessing the accuracy of produced forecasts plays an important role in model selection
and has implications for subsequent planning and goal-setting.

Hyndman and Koehler (2006) provide a detailed discussion of forecast accuracy measures
including the mean squared error (MSE), the mean absolute percentage error (MAPE),
the mean absolute error (MAE), and the mean absolute standardized error (MASE)
defined as

1 A
MSE=— 3 (3~ )" 2.15)
i=1,...,n
1 i i
MAPE =~ Y (¥ (2.16)
n, g nl Y
1 A
MAE:ﬁ Z Ui — il 2.17)
i=1,...,n
1 9i — il
MASE = ~ : (2.18)
D D

where §); are predictions with corresponding observations y; for ¢ = 1,...,n. These
can be computed after a model is fit on the training data, but this usually leads to an
overestimation of accuracy or an underestimation of error and can be solved through
out-of-sample evaluation (Hastie et al., 2009). Cerqueira et al. (2020) explore several
such performance evaluation methods for time series forecasting within an elaborate
simulation study and Hewamalage et al. (2023) aim to provide guidance. They point out
that standard evaluation methods such as k-fold cross-validation may not be adequate as
they do not preserve temporal dependencies; something that can be achieved by methods
such as time series cross-validation (tsCV) explored in Section 2.3.2 in the context
of hyper-parameter tuning. In some cases, this yields a nested tsCV setup, where an
outer tsCV is used for evaluation, and within each outer training step, an inner tsCV is
performed to select the optimal hyper-parameters.

2.4 Hierarchical Time Series Reconciliation

So far, we have mostly talked about single time series. However, time series sometimes
occur with a hierarchical order, where subordinate time series sum to the respective
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higher time series, such as the 2-level hierarchy illustrated in Figure 2.14: in this example,
the time series labeled AA and AB sum up to time series A, etc.

Total Q
Level1 6 e

Figure 2.14: Illustration of a small time series hierarchy.

For example, sales time series may be split up according to sales channel and product
type as in Kuhlmann et al. (2024); or time series of semiconductor market volumes might
be categorized according to product categories as is the case with WSTS forecasts and
data.

When standard forecasting methods are applied to the individual time series, this hier-
archical structure is usually not reflected in the resulting forecasts, which we call base
forecasts. However, there are two main reasons why coherent forecasts, i.e. forecasts that
reflect the hierarchical structure, are desirable: 1) the hierarchy constraint reflects knowl-
edge we have about the nature of the time series, and incorporating this information into
forecasts may increase forecast accuracy (Wickramasuriya et al., 2019), and 2) coherent
forecasts allow for coherent interpretation, planning, and goal setting (Hyndman and
Athanasopoulos, 2018).

The hierarchical structure can also be expressed in terms of a summation or structure
matrix S. Equation (2.19) provides the structure matrix for the example hierarchy in
Figure 2.14.

(2.19)
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2.4 Hierarchical Time Series Reconciliation

There are several reconciliation methods to ensure forecast coherence. The most straight-
forward solution is to only forecast on the lowest level and to obtain higher-level forecasts
through aggregation respective to the hierarchical structure. This reconciliation method
is also called the bottom-up (BU) approach. In matrix form, it can be written as

Y =SGgyY, (2.20)

where Y is the vector of reconciled forecasts, Y is the vector of base forecasts, and
G py is a matrix that maps the base forecasts onto the space of reconciled bottom-level
forecasts. In fact, Hyndman et al. (2011) showed that any existing reconciliation method
can be expressed by an appropriate G-matrix. For the BU approach in our example
hierarchy, this matrix is given by G gy = [03x3, Lix4], Where 0343 is the three by three
matrix only containing zeros (all higher-level forecasts are ignored), and 1,4 is the
four-dimensional identity matrix (all bottom-level forecasts are taken as they are).

Hyndman et al. (2011) identify a criterion for obtaining unbiased reconciled forecasts,
given that the base forecasts are unbiased — a property that is often desirable. Their main
theoretical result can be summarized as follows.

Theorem 1. Let SA/THL be a vector of unbiased base forecasts with horizon h for a hier-
archical time series {Y;}+—1, 1 with structure matrix S. The corresponding reconciled
forecasts Y., for a reconciliation method expressed by the corresponding G-matrix are

unbiased if and only if SGS = S.

Proof. Let Ep be the expectation with regard to the probability measure conditioned on
the observations up until time 7'. The proof directly follows from
Br [Yran| = Er[SGYrin| =SGEr Vi)
"M SG By V) = SGSEr [V

where Y}‘f}f’m) are the (unknown) values of the bottom-level time series at time 7'+h. [

From Theorem 1, it directly follows that forecasts reconciled with the BU approach are
unbiased if the bottom-level forecasts are unbiased. However, the BU approach ignores
information from higher levels of aggregation, which may be problematic for highly
disaggregated hierarchical structures as Wickramasuriya et al. (2019) note.

Another simple approach requiring even fewer forecasts is the top-down (TD) approach.
In this case, only the top-level forecast is considered and then broken down to the
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lower levels. See Athanasopoulos et al. (2009) for some top-down strategies. All of
these variants can be expressed with a G-matrix of the form G = [p, 0, xn), Where
P = [p1, s Pm,)" 18 @ vector of proportions of the bottom-level time series summing
to one and my and m are the number of bottom-level time series and total time series
respectively. This means that TD-reconciled forecasts can never be unbiased even when
all base forecasts are unbiased, as is shown in Theorem 2.

Theorem 2. Let S be a structure matrix and G = [p, 0., xm] be a corresponding G-
matrix characterizing a TD approach, where p = [p1, ..., pm,|? is a vector of proportions

summing to one. Then the resulting reconciled forecasts are biased.

Proof. We show that SGS # S. We have that SGS = S|p, ..., p|. Since p is a vector
summing to one, the first row of SGS only contains ones, as does S. However, from
the second row of S on, there should be at least one zero and at least one one. Let
A; with j > 1 be the set of column indices for which the j-th row contains ones. Let
Sj = Ypea, Pk- Then the j-th row of SGS is given by [s;, ..., s;]. Thus, it has to be
different from the j-th row of S, which means that SGS # S. 0
This motivates the search by Hyndman et al. (2011) for “optimal combination forecasts,”
which uses the information from all time series to derive optimal reconciled forecasts.
The main idea revolves around decomposing the base forecasts Y/T+h into an expected
value and an error term:

Yiin = Er [Yran] + en, (2.21)

where ¢, is a vector of errors for the various time series. Due to the hierarchical structure,
this expectation can be expressed in terms of the bottom time series

Vean = Br [SYP5™ ] + e, = SEr Y™ |+ en =SPu+en,  (222)

where ), := Er [YT(tjfg"m)}. Now, Equation (2.22) resembles a weighted least squares
problem, where the unknown vector (3, takes the role of the linear model parameters.
Consequently, we can estimate [, as

N —1 A
B, = (Sngls) ST Vo, (2.23)

where X; ! is the (generalized) inverse of the covariance matrix X, of the forecast
errors €,. However, 32, is neither known nor identifiable (Wickramasuriya et al., 2019).
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2.4 Hierarchical Time Series Reconciliation

Depending on the assumptions regarding 32, different reconciliation methods can be
derived. For example, Hyndman et al. (2011) show the following result.

Theorem 3. Let ), = 59,57, where Q = cov (el — an assumption yielded by the
approximation that higher level residuals are approximately the sum of their subsumed
residuals, i.e. €, = Sei’"™. Then, the reconciled forecasts are given by

b= (8"S) " 8 Vi (2.24)

Proof. Note that 3, is singular. Hence, the Moore-Penrose inverse of 3J;, is used. As
Hyndman et al. (2011) note in their proof of their Theorem 1, this is given by

=i =s(s"s) (afs"se,) Qfs. (2.25)

Note, that 2, is symmetric. Further, STS and €2, are full rank and consequently
invertible. Hence, Equation (2.25) can be rewritten as

=i =5(s’s) @, (s"s) s (2.26)
Substituting Equation (2.26) into Equation (2.23) yields
B, = (STS (s7s) "o (s7s) s—ls)_1 STS (87S) 7 ;! (S7S) T SV
= (") 's"s(s7s) ;' (S7S) 'S Wi
— (S”S) ' $ Vi,
which was to show. O

The reconciled forecasts stemming from Equation (2.24) in Theorem 3 are known as
the ordinary least squares (OLS) approach. Wickramasuriya et al. (2019) show
that the reconciliation forecasts described in Equation (2.24) can also be interpreted as
the solution to minimizing the trace of the reconciled forecast error covariance matrix
V = cov (YT+h — Y/T—&-h) = SGW,GTST, where W, = cov (YT+h — )A/THL)l. In
other words, forecasts computed by

~ -1 A
Yron =S (S"W;'S) W, Vi, (2.27)

'In Equation (2.24), X, simply changes to W7,.
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minimize the sum of errors over all time series. Therefore Wickramasuriya et al. (2019);
Hyndman and Athanasopoulos (2018) refer to the estimator in Equation (2.27) as the
minimum trace (MinT) estimator. Note that assuming W, = k,I, where £, is
some factor that conveniently cancels out in Equation (2.27), yields the same OLS
reconciliation as in Theorem 3.

Another reconciliation method, called structural scaling and denoted WLS;, is obtained
by assuming W, = kdiag (S(l, e 1)T>. Structural scaling assumes that the forecast
errors are uncorrelated and proportional to the number of subsumed bottom-level time
series. While this represents a strong assumption, the approach yields good results when
the data is insufficient to use estimators with looser assumptions or when these cannot
be computed — such as when considering temporal hierarchies (Athanasopoulos et al.,
2017).

The variance scaling (WLS,) reconciliation method is obtained by setting W) =
kpdiag (W) , where W is the in-sample covariance matrix of the base forecasts. This
method allows for forecast variances to vary beyond the summation structure in the
structural scaling approach and thus allows for stronger weighing of more accurate time
series forecasts. This may be particularly useful when higher-level forecasts exhibit
a higher signal-to-noise ratio, as is often observed in practice (Wickramasuriya et al.,
2019).

Lastly, the minimum trace (MinT) appraoch is obtained by assuming W) = k;hW.
However, when the hierarchy is large in comparison to the length of the time series, this
estimate can be unstable. Therefore, Wickramasuriya et al. (2019) propose to use the
shrinkage estimator proposed by Schifer and Strimmer (2005) for wW. Wickramasuriya
et al. (2019) highlight the potential of the MinT approach to generate more accurate
reconciled forecasts.
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3.1 Article 1: Testing The Limits: A Robustness Analysis Of
Logistic Growth Models For Life Cycle Estimation During
The COVID-19 Pandemic

The main objective of the paper was an analysis of the stability of life cycle estimates
based on the logistic growth model in the presence of a severe external shock: the
COVID-19 pandemic.

This is of particular interest given the dynamic nature of the semiconductor market,
which is characterized by long lead times not only in fabrication but also in expanding
fabrication capacity and corresponding capital-intensive investments (Wu and Chien,
2008; Lv et al., 2018). Additionally, product life cycles have been shortening, and
semiconductor technology is rapidly advancing (Macher, 2006). This complicated the
task of recognizing trends and forecasting future developments. However, missing out on
an important development can mean months or years to catch up, highlighting the need
for accurate forecasting to provide support to management (Chien et al., 2010; Aubry and
Renou-Maissant, 2014; Cakanyildirim and Roundy, 2002). This includes the estimation
of life cycles, which can provide insight into growth potentials and risk of disruption
(Modis, 1994).

AN (t)
dt

rN(t) (1 — %) and stems from population growth modeling in ecology (Tsoularis and
Wallace, 2002), is a simple and common framework to accomplish this task. Here, N (t)

The logistic growth model, which is based on the logistic differential equation

denotes the population size at time ¢,  the growth rate, and K the carrying capacity. This
model is also known as S-curve or sigmoidal curve due to the characteristic S-shape of
its solution and was first introduced by (Verhulst, 1838).

However, the application did not remain confined to population growth modeling as
similar growth patterns can be observed in “natural growth” scenarios, such as tech-
nology cycles and innovation diffusion, more broadly. These scenarios exhibit similar
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characteristics, namely: a) self-proportional growth and b) a progressive slowdown, i.e.
costs of complexity. Rewriting the solution of the logistic growth model and introducing
a horizontal offset (C'), we obtain

M

Yix) = 1 +exp(aX +0b)

+C, 3.1

where M is the carrying capacity, technological limitation, or maximum cumulative
market size, Y (X) is the response variable (in place of the population size N (t), and a
corresponds to the growth rate, with the maximum growth rate of a\/ /4 being reached
at the inflection point at x = —b/a. Once the parameters are determined, life cycle

. . . Y)—
estimates are easily obtained as 2=,

This model assumes that the market or technology operates as a closed system — an
assumption that is flawed in any realistic use case as the COVID-19 pandemic or the
Russian invasion of Ukraine have shown. And even without these external disruptions,
the industry is heavily interconnected upstream and downstream in the supply chain.

As a case study, this paper examined an extreme economic disruption, namely the
COVID-19 pandemic, to analyze the sensitivity of logistic growth model-derived life
cycle estimates to violations of the closed-system assumption.

To this end, revenues for 18 level 1 technology groups and 10 level 2 technology groups of
a higher aggregation level were obtained on a quarterly basis ranging from October 2006
to January 2023. Logistic model fits were evaluated with residual plots and validated by
an industry expert at Infineon to verify that the model appropriately mirrored the market
dynamics for the respective technology grouping. Mismatches can, for example, occur
when demand for a technology is driven by a few (or single) large customers. In such
cases, customer-specific demand and contract structures may outweigh market dynamics
and the model may not be applicable. This eliminated seven level 2 technology groups
and four level 1 technology groups, leaving eleven and six respectively.

For these remaining technology groups, life cycle estimates were obtained 1) before the
onset of the COVID-19 pandemic and 2) based on the complete dataset (Oct. 2006 - Jan.
2023). The differences in life cycle estimates were then analyzed.

Overall, we found that life cycle estimates were robust and differences were relatively
slim. For level 1 technology groups, life cycle estimates increased slightly, which would
be expected given the passing of roughly three years. For level 2 technologies, life cycle
estimates decreased slightly. This could be attributed to the higher aggregation level
containing more infant technologies which were excluded due to a lack of sufficient data

38



3.2 Atrticle 2: Human vs. Machines

on level 1. It is possible that these infant technologies weighed more heavily as their
markets developed over the passing 3 years, pushing life cycle estimates slightly down.

Some authors suggest incorporating external variables into the logistic growth model, for
example, by modeling the upper bound dynamically (Seidl and Tisdell, 1999; Calatayud
et al., 2020). This could further improve robustness and help to model some of the
complexities of real-world applications. However, this was not examined in this paper
and is an opportunity for further inquiry.

Additionally, we only considered a single event and the effects on only a single industry
at the example of relatively few technology groups. To draw definite conclusions, similar
studies should be performed for other industries and other external effects of varying
impact.

Given the data we have considered, logistic growth models remain an important tool in
assessing technology and product life cycles.

3.2 Article 2: Human Vs. Machines: Who Wins In
Semiconductor Market Forecasting?

Both semiconductor cycle prediction and semiconductor demand and sales forecasting
have received attention from academics in recent years. Semiconductor cycle prediction
studies the cyclical behavior of the broader semiconductor market and identifies indicators
and explanatory variables. Examples of recent studies include Aubry and Renou-Maissant
(2014, 2013); Chow and Choy (2006); Liu and Chyi (2006); Liu (2005). On the other
end of the granularity spectrum, semiconductor demand, and sales forecasting focuses on
providing manufacturing intelligence for specific product groups and to a limited number
of semiconductor companies, see, e.g2., Wang and Chen (2019); Kapur et al. (2019); Chen
and Chien (2018); Xu and Sharma (2017); Chien et al. (2010); Aytac and Wu (2013);
Chow and Choy (2006).

However, no one, to our knowledge, has tried to forecast the whole semiconductor
market with its different levels of granularity simultaneously using data-driven methods.
Forecasts of this kind play an important role in strategic decision-making and internal
benchmarking, such as the calculation of market shares. Analysts and industry practition-
ers often rely on providers, such as the World Semiconductor Trade Statistics (WSTS)!,
for such forecasts (Nagao, 2019; Corder et al., 2024; Simons, 2024). WSTS consolidates

lwsts.org
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forecasts of industry experts to produce its market forecasts. But despite their regular
use, they have not been systematically benchmarked to our knowledge.

The evaluation of the expert forecasts provided by WSTS through a comparative study
was the main objective of this paper. To this end, three research hypotheses were formed:

(H1) Expert forecasts exhibit higher accuracy compared to autoregressive data-driven
models.

We assumed this hypothesis because the industry experts have a wealth of proprietary
information available, such as the order book or the sentiment of important customers,
which the autoregressive models did not have access to. Additionally, WSTS meetings
take place in the middle of the quarter, which means that the experts already have access
to the results of the first half of the quarter when they are expected to share their prognosis.
Luckily, WSTS publishes the results for the first month of the quarter at roughly the same
time and this information is always available when the forecasts are published. This
motivated the second hypothesis:

(H2) The incorporation of additional autoregressive information in data-driven forecasts
enhances their competitiveness against expert forecasts.

The last hypothesis we investigated pertained to time series lengths. Due to the dynamic
nature of the semiconductor market, some product categories have been introduced much
more recently than others. This means that some time series are very short. As a general
rule, this should be a situation in which experts excel (Hyndman and Athanasopoulos,
2018). This is what the third hypothesis aims to investigate:

(H3) Expert forecasts outperform data-driven forecasts, particularly in the context of
short time series.

The setup for testing these hypotheses included several statistical and machine learning
models, which served as benchmarks: 1) Seasonal Autoregressive Integrated Moving
Average (SARIMA), 2) Simple Exponential Smoothing (SES), 3) Error, Trend, and
Seasonality (ETS), 4) Random Forest (RF), 5) Extremely Randomized Trees (ET), 6)
Gaussian Process Regression (GPR), 7) K-Nearest Neighbors (KNN), 8) Support Vector
Regression (SVR), and 9) a simple ensemble of these methods. These models were
chosen either for their popularity in machine learning circles or for their performance
on extensive studies using the M3-Competition dataset (Hyndman, 2020; Makridakis
et al., 2018), which is comparable in type? and length to the dataset studied here. More

>The M3-Competition dataset includes many quarterly and monthly time series stemming from various
domains, including microeconomics, industry, macroeconomics, and finance.
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complex methods such as boosting or deep learning models were not used because of
short time series lengths.

The dataset consisted of monthly semiconductor market data across a total of 110 product
categories. New expert forecasts were available every second quarter and on a quarterly
basis. The longest time series ranged from Jan 1991 to Aug 2023 while the shortest time
series started in Jan 2016.

Each model was trained on monthly data, and hyper-parameters were optimized via grid
search with cross-validation except in the cases of SARIMA and ETS (implemented
in the auto.arima and et s functions of the forecast package), which internally
search for an optimal model (Hyndman and Khandakar, 2008). Out-of-sample forecasts
were then computed with horizons of up to 3 months starting from Jan 2018. For
comparison with WSTS’ expert forecasts, the appropriate (multi-step) monthly forecasts
were aggregated into quarterly forecasts. Both the data-driven forecasts and the expert
forecasts were then evaluated using 1) the mean squared error (MSE), 2) the mean
absolute error (MAE), and the mean absolute percentage error (MAPE).

To investigate hypothesis (H1), 3-month ahead forecasts were evaluated as described.
Despite GPR, ETS, and SARIMA yielding the strongest results among the data-driven
methods, they still exceeded the average error measures of the expert forecasts by 9%
to 61% depending on the model and error measure. Thus, the experts delivered more
accurate than the purely data-driven methods on average. However, we also found that
WSTS’ forecast updates, which are posted between the half-yearly meetings at which
the expert forecasts are consolidated, can be significantly enhanced with data-driven
methods in terms of MSE and MAE.

For hypothesis (H2), the quarterly forecasts were calculated by adding the result for the
first month as supplied by WSTS and adding the corresponding 2-month ahead forecasts.
Again, the highest-performing models were SARIMA, GPR, and ETS. These showed
clear accuracy gains ranging from 25% to 39%, indicating that expert forecasts can be
enhanced by incorporating the most recent data into data-driven forecasts.

Lastly, the product groups were divided according to the available historical data to
investigate hypothesis (H3). This yielded three categorizations: 1) long, 2) medium, and
3) short time series. These contained 50, 31, and 29 time series with minimum lengths of
392, 296, and 92 months respectively. However, even for short time series, the data-driven
methods produced superior forecasts. The best-performing models were ETS, GPR, and
SES with average improvements ranging from 23% to 43%. A notable difference is
which models performed best. While SES was among the three most accurate models
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for short time series, SARIMA, GPR, and ETS achieved the highest accuracy for longer
time series. Thus, even forecasts for short time series can be improved with data-driven
methods.

In conclusion, this study has contributed by providing an extensive evaluation of the
accuracy of expert semiconductor market forecasts provided by WSTS. It showed that
these forecasts can often be enhanced with data-driven methods. In doing so, it has also
shown that comprehensive multi-granularity forecasts of the semiconductor market with
data-driven methods are feasible and it provides practitioners guidance for modeling by
providing detailed out-of-sample error measures for all compared models.

3.3 Article 3: Degenerate Hierarchical Time Series
Reconciliation With The Minimum Trace Algorithm in R

Hierarchical time series, where observations are made at varying levels of granularity,
occur in many real-world scenarios: sales are often internally reported by product and
sales channel (Kuhlmann et al., 2024), technology classifications are often hierarchically
arranged Steinmeister et al. (2023), and various data is often geographically arranged
and aggregated by successively larger regions such as in the Australian tourist dataset
(Athanasopoulos et al., 2009) — to name a few.

This raises a significant challenge in forecasting such time series: how can coherence
between forecasts on different hierarchical levels be ensured? This is often important for
consistent operational or logistical planning. The most naive method is to forecast on the
lowest hierarchical level and then aggregate these forecasts accordingly. However, this
bottom-up approach is often not optimal as the information of all the higher-level time
series is ignored. To make matters worse, these higher-level time series often exhibit
better signal-to-noise ratios than less aggregated time series (Grunfeld and Griliches,
1960).

(Wickramasuriya et al., 2019) suggest an optimal reconciliation approach, trace mini-
mization (MinT), that is designed to consider the forecasts on all hierarchical levels and
produce coherent forecasts with minimal error: it minimizes the trace of the covariance
matrix of the reconciled forecasts. (Wickramasuriya et al., 2019) show that this approach
is superior to other reconciliation methods in a wide array of scenarios and (Hyndman
et al., 2021) provide a readily available implementation of the algorithm with the ht s
package for R.
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Unfortunately, the provided implementation has an interface that limits the application
of the algorithm to specific scenarios. Hierarchical time series forecasts with degenerate
hierarchical structures, for example, cannot be directly reconciled due to this restriction.

The interface of the ht s package assumes non-degenerate hierarchical structures, where
the number of hierarchical levels is constant across branches whereas degenerate hierar-
chical structures may have differing hierarchical depths as illustrated in Figure 3.1. This
can be the case in business applications as the power transistor hierarchy from the World
Semiconductor Trade Statistics (WSTS)? illustrates.

Total Q Q
-~ 0 0 0 ©
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a) Example of a simple non- ) Example of a simple
degenerate hierarchy degenerate hierarchy

Figure 3.1: Illustration of an example non-degenerate and an example degenerate hierar-
chical structure similar to a Figure in Steinmeister and Pauly (2024a).

A workaround suggested by Hyndman in an online forum* works by duplicating the
lowest-level time series of degenerate branches until the hierarchy becomes non-degenerate.
As Hyndman notes, this has the obvious drawback of introducing a bias: the time series
that are duplicated in the hierarchy are weighed more highly accordingly: MinT mini-
mizes the sum of the reconciled forecast errors, and duplicating a time series implies that
it is weighed proportionally to the number of duplications. Additionally, this means that
the covariance matrix of reconciled forecast errors becomes singular, which presents a
problem as the computation of MinT reconciliation requires an inverse of this matrix.

While these adverse effects can be offset by employing the shrinkage covariance estimator
proposed by Schifer and Strimmer (2005), these problems are not necessitated by MinT

3wsts.org
4stackoverflow.com/questions/64012331/can-fable-reconcile-hierarchical-time-series-where-the-
hierarchy-has-different
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itself. Therefore, this paper presents an adapted version of MinT as was originally
implemented in the ht s package and offers an interface capable of handling degenerate
hierarchical structures.

Furthermore, the use of the package is demonstrated with a small simulated dataset (all
the code is provided in the paper), and the potential for performance improvements is
showcased at the hand of a case study based on the WSTS power transistor dataset.

3.4 Article 4: Iterative Trace Minimization for the
Reconciliation of Very Short Hierarchical Time Series

Wickramasuriya et al. (2019) showed that MinT generally achieves a high reconciliation
performance® across a wide array of scenarios. To obtain MinT-reconciled forecasts, the
trace of the reconciled forecast error matrix is minimized. Wickramasuriya et al. (2019)

show that this requires the inversion of the base forecast error matrix.

However, the inversion of this matrix is problematic when the hierarchy is large and the
length of the time series is comparably short, resulting in a singular covariance estimate.
In this case, a biased covariance estimate, the shrinkage estimator proposed by Schifer
and Strimmer (2005), can be utilized.

Table 3.1: Comparison of the number of parameters required to estimate the covariance
matrix for simple hierarchies each with constant widths of 2 and 3 and depths
ranging from 2 to 5. This is an excerpt from (Steinmeister and Pauly, 2024b)

Width 2 3

Depth | MinT Iterative Fraction | MinT Iterative Fraction
2 28 9 0.32 91 24 0.26
3 120 21 0.18 820 78 0.10
41 496 45 0.09 | 7381 240 0.03
51| 2016 93 0.05 | 66430 726 0.01

Wickramasuriya et al. (2019) test the performance of MinT with this shrinkage estima-
tor with a simulation and a real-world dataset with a large hierarchical structure: the

SThis adapted package can be installed via the command
install.packages (“htsDegenerateR”).
Performance here is usually measured in terms of out-of-sample RMSE reduction.
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Australian tourism dataset. They show that MinT is capable of outperforming other
reconciliation methods in these scenarios.

However, Athanasopoulos et al. (2023) mention that MinT is often unstable in this
circumstance. Therefore, this paper proposes an iterative algorithm, which greatly
reduces the number of estimated parameters as illustrated in Table 3.1, and conducted a
thorough simulation study similar to (Wickramasuriya et al., 2019) to examine whether
it can further increase reconciliation performance in the setting of large hierarchical
structures with very short time series.

Data is simulated to test the performance in the presence of various effects:

1. Correlation: where time series closer within the hierarchical structure are gener-
ally more strongly correlated.

2. Smoothing: where noise is added which cancels out during the aggregation
process and thus leads to time series with a higher signal-to-noise ratio on higher
hierarchical levels.

3. Seasonality: time series were generated to include random seasonality and trends.

4. Differing lengths: time series were simulated according to the first setting but with
differing time series lengths. Time series were longer higher up in the hierarchy to
mirror the effect of increasing granularity of categorizations over time.

5. Degeneracy: time series were generated according to the second (smoothing)
setting but degeneracy is introduced by deleting some of the lower-level time
series.

6. Large hierarchical structure: a large hierarchical structure with 510 total time
series is simulated.

With the exception of the last scenario, time series with 7" = 15, 30, and 60 observations
are generated and the process is repeated for a total of 5000 Monte Carlo iterations. In
the “large hierarchy” case, 7' = 30, 60, and 90 observations were generated for 500
Monte Carlo iterations (in comparison, Wickramasuriya et al. (2019) used 1000 and 200
iterations respectively).

Base forecasts are produced with the Error, Trend, and Seasonality (ETS) models,
the Autoregressive Integrated Moving Average (ARIMA) models as implemented via
auto.arima, and the Gaussian Process Regression (GPR) model. The first two are
implemented in the forecast package for R (Hyndman and Khandakar, 2008), while
the kernlab implementation is used for GPR.
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The results indicate that employing the iterative reconciliation algorithm can result
in a reduction of expected forecasting error in a wide array of scenarios for the ETS
and ARIMA models while MinT generally performed better for forecasts generated by
the GPR model. However, it should be noted that the GPR forecasts were generally
considerably worse than those from ETS and ARIMA.

An exception was the scenario with seasonality. Apparently, ARIMA and ETS had
difficulty identifying both the trend and seasonal components given the short time series.
The best reconciliation method for the GPR forecasts was the weighted least squares
approaches (variance scaling and structural scaling), which are explained in more detail
in the paper.

Another strength of the iterative algorithm, which is worth highlighting, is the presence
of differing time series lengths. In this situation, the iterative reconciliation approach
is capable of handling information more efficiently as it only requires local covariance
estimation.

The largest improvements of the iterative algorithm compared to MinT are observed in
the large hierarchy setting, where MinT slightly worsened forecast accuracy for ETS and
ARIMA base forecasts while the iterative algorithm showed the largest average reduction
in RMSE.

Overall, the iterative algorithms showed small to moderate performance gains in many
situations in conjunction with the stronger performing ETS and ARIMA base forecasts.

Lastly, a case study at the hand of the World Semiconductor Trade Statistics (WSTS)
data set with 110 product categorizations is presented in addition to the simulation study
to showcase the application of the iterative reconciliation method to a real data set.
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This cumulative doctoral thesis addressed challenges of forecasting within the semicon-
ductor industry. Given the rapid technological advances, complex supply chains, the
bullwhip effect, and the strategic importance of semiconductors, accurate forecasts are
vital but challenging. In particular, this thesis dealt with the application, analysis, and
further development of methods for forecasting the semiconductor market.

In the first paper (Article 1), we investigated the robustness of the life cycle estimates
derived from the logistic growth model for several semiconductor technology groups.
We found that the life cycle estimates for the technology groups that we considered
were robust to the shock imposed by the COVID-19 pandemic. This analysis involved
the comparison of long-term forecasts as the market capacity parameter is needed to
calculate life cycles. The time gap in the data between the pre-COVID and post-COVID
fits was roughly three years. Many studies utilizing diffusion models for demand and
sales forecasting consider significantly shorter forecast horizons. For example, Chien
et al. (2010) evaluate their model’s ability to produce satisfying forecasts with only two
quarters worth of data. Nevertheless, several technology groups had to be excluded from
our analysis because the data exhibited clear patterns that were inconsistent with the
logistic growth model. Extended diffusion models such as the model described by Chien
et al. (2010) may mitigate this issue to some extent. Incorporating a multi-generation
perspective (Norton and Bass, 1987) or adopting a dynamic market capacity (Calatayud
et al., 2020) could lead to additional insights. Another challenge of the logistic growth
model is the estimation of the market capacity when the technology is very young
(remember that Debecker and Modis (1994) only use observations falling into the 10%
to 90% range of the curve). In the very early stages, growth is near exponential and
the signal for estimating the market capacity essentially lies in the deviation of the
observations from a perfect exponential fit. Considering that observations are noisy, this
yields an extremely poor signal-to-noise ratio. Possibly, a different estimate derived from
the binomial distribution might allow for more accurate fits when only the first to 10% or
20% of the curve are observed.
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4 Discussion and Outlook

With (Article 2), we turned our attention to concrete forecasts of the semiconductor
market. While we found that previous researchers have investigated company- and
product-specific sales and demand forecasts on one hand, and the industry-wide semicon-
ductor cycle on the other hand, little research has previously been devoted to providing
data-driven multi-granularity forecasts for the wider semiconductor market. Such fore-
casts are usually provided by market research firms and based on industry experts, such
as the forecasts provided by WSTS. To our knowledge, we were the first to systematically
evaluate the performance of such expert forecasts through a comparative analysis with
data-driven models. We found that the evaluated expert forecasts can be enhanced with
data-driven models. In the process, we showed that multi-granularity semiconductor mar-
ket forecasts are feasible — even with challenges such as a dynamic market environment
and, subsequently, short time series. Extending our work by integrating semiconductor
cycle indicators and proprietary data could further enhance forecast accuracy. On the
other hand, sales and demand forecasts might be enhanced by incorporating market fore-
casts for related product categories. We hope that our contribution has made a small step
towards unifying semiconductor cycle prediction with semiconductor sales and demand
forecasting, which might support cohesive long-term strategic planning alongside more
immediate operational decision-making. Due to the short length of the time series, we
were limited to simpler models and shorter forecast horizons of one quarter. As time
progresses and more data becomes available, a study of longer-horizon semiconductor
market forecasts might be of interest to industry practitioners.

Furthermore, we did not account for the hierarchical structure in (Article 2). While our
data-driven forecasts achieved high accuracy, they were not necessarily coherent — unlike
the WSTS expert forecasts. Forecast coherence can be achieved through hierarchical
time series reconciliation. In fact, Trace Minimization (MinT) has shown the potential
to increase forecast accuracy in addition to ensuring coherence (Wickramasuriya et al.,
2019). However, several challenges arise when applying the MinT algorithm to the
WSTS semiconductor market data: 1) the WSTS product categorization hierarchy is
degenerate but existing MinT implementations require non-degenerate hierarchies, and
2) the time series vary in length, with some very short series, complicating internal
covariance matrix estimation—particularly due to the high dimensionality of the WSTS
hierarchy. We tackled the first issue in (Article 3), where we provided an adapted version
of the MinT algorithm from the ht s package (Hyndman et al., 2021) in R.

The second issue was explored in (Article 4). We investigated the performance of MinT
for very short time series across several scenarios in an extensive simulation study and
compared an iterative approach we proposed to drastically reduce the number of estimated
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parameters. We found that MinT is remarkably robust but that the iterative algorithm has
a slight edge in terms of accuracy in many of the considered scenarios, particularly when
a large hierarchical structure is considered. However, this comes at a computational cost:
the iterative approach often requires several iterations to converge, which requires more
time and computational resources. We have not proven the convergence of the iterative
approach, and we have encountered instances where it failed to converge. A potential
solution might involve updating the residuals (which are used for weighing forecasts in
MinT) alongside the forecasts in each iterative step. When a single forecast becomes less
accurate (while maintaining a small residual variance because the initial residuals are
not updated) this may amplify errors in later iterations. Adjusting the residuals in each
iteration might stabilize the algorithm. However, this approach remains unexplored in
our work. In addition to the simulation study, we presented the WSTS forecasts as a case
study. Even though the iterative approach showed strong performance in simulations
similar to the WSTS data, we were not able to replicate its strong performance in the
case study. MinT, despite the challenges, resulted in the largest average accuracy gains
(with the exception of the Gaussian Process Regression forecasts) and proved the most
robust.
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4 Discussion and Outlook

Declaration of generative Al and Al-assisted technologies in the writing
process

During the preparation of this chapter, the authors used the ChatGPT 3.5 model from
OpenAl to suggest minor language edits, aiming to enhance readability. After using
this tool/service, the authors reviewed and edited the content as needed and take full
responsibility for the content of the publication.
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Abstract

The semiconductor industry operates in a dynamic environment characterized by rapid technological
advancements, extensive research and development investments, long planning horizons, and cyclical
market behavior. Consequently, staying vigilant to technological disruptions and shifting trends is crucial.
This is especially challenging when external shocks seriously affect supply chain processes and demand
patterns. Particularly, recent events, such as the COVID-19 pandemic, the ongoing Russian invasion of
Ukraine, and high consumer price inflation impacting the semiconductor cycle emphasize the need to
account for these influences.

In this context, we analyze growth patterns and life cycles of various technologies within the semiconductor
industry by estimating logistic growth models. The logistic growth model was originally formulated to
describe population dynamics. However, many processes outside the discipline of ecology share the
fundamental characteristics of natural growth: self-proportionality and a self-regulating mechanism. Out of
the different applications, two are of particular interest in the context of strategic business decisions: (1)
modeling innovation diffusion and technological change to predict the mid- to long-term growth of a market,
and (2) modeling of product life cycles. To obtain market growth and life cycle predictions, we apply the
logistic growth model to forecast cumulative revenues by technology over time.

This model treats the analyzed technology as a closed system. However, in practice, external shocks are the
norm. To analyze the robustness to such external shocks, we compare technology life cycle estimates derived
from logistic growth models before and after the effects of COVID-19 became evident for a wide array of
semiconductor technologies. We find that the impact of COVID-19 on these life cycle estimates is mixed,
but the median change is low. Our findings have implications for the application of logistic growth models
in strategic decision-making, helping stakeholders navigate the complexities of technological innovation,
diffusion, and market growth.
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1. The semiconductor industry

The semiconductor industry is characterized by long lead times for expanding fabrication capacity,
shortening life cycles, and rapid technological advances [1-3]. Consequently, strategic decisions are often
long range and high impact, especially when involving R&D and fabrication capacities. Missing out on an
important development can cost months or years to catch up market share. Capital-intensive investments in
fabrication and high R&D costs raise the stakes further [4,5]. This highlights the need for forecasting
methods that provide support to managers [4—6]. Life cycle modelling can give an indication of technologies
prone to stagnation and disruption [7], providing managers with important information.

Apart from its importance to the wider economy [8], the semiconductor industry is a great test case for
forecasting methods, which include technology diffusion and life cycle models [7,9,10], due to the
challenges involved. Rapid technological advancements and shortening product life cycles imply that
demand is volatile and difficult to predict [4,11,12]. Furthermore, the semiconductor industry does not only
have complicated supply chains but also lies upstream in the supply chain for many consumer products.
Consequently, it is exposed to the bullwhip effect. This effect refers to the phenomenon where small
fluctuations in consumer demand can result in amplified variations in ordering patterns along the supply
chain [13,14].

The above-mentioned challenges suggest that a closed-system view might be simplistic. In fact, the
semiconductor industry has experienced several external shocks with severe consequences over the last few
years: From geographic risks, such as earth quakes damaging sensitive fabrication equipment [15], to the
impact of the COVID-19 pandemic, including subsequent government responses, and trade frictions on the
global semiconductor supply chain [16] or the ongoing Russian invasion of Ukraine with its effects on
inflation and consumer sentiment [17]. Therefore, the consideration of external disruptions in forecasts and
technology life cycle analysis is particularly relevant in this industry, which motivates this study.

The main objective of this paper is the assessment of the trustworthiness of technology life cycle estimates
derived from the logistic growth model under extreme events. Hence, a case study involving a significant
external shock - the onset of the COVID-19 pandemic — is presented and its effects on these life cycle
estimates are examined.

Structure: the next section provides an overview of the history of the logistic growth model and its
application to innovation management and technology life cycle analysis. The methodology of this paper is
presented in Section 3 with an emphasis on the estimation of the logistic curve and the derivation of
technology life cycles. Section 4 completes the paper by applying the methodology to a technology portfolio
of a leading semiconductor company and discussing the findings of this case study.

2. The logistic growth model

The logistic growth model, also referred to as S-shaped or sigmoidal curves, is characterized by the logistic
differential equation i—f =rN (1 - g) Here, N represents the population size, K the carrying capacity, and

r the growth rate. It was first derived by Verhulst in the early to mid-nineteenth century to describe
population dynamics [18,19] and plays an important role in the Lotka-Volterra equations [20,21]. Since then,
they have become popular to quantify natural growth more broadly. Growth patterns outside the discipline
of ecology resemble a similar dynamic and their application across diverse disciplines has been studied by
several authors [7,22-24]. For example, logistic growth models have been employed in studying the adoption
of renewable energies [25], the development of prostatic hyperplasia [26], production forecasting in
extremely low permeability oil and gas reservoirs [27], performance analysis of technologies [28], modelling
bacterial growth [29], forecasting long-term country GDP development [30,31], and more recently,
modelling the development of COVID-19 cases [32—-34]. Furthermore, S-curves are popular in corporate
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strategic decision-making revolving around innovation, such as anticipating disruptive attacks on one's
business [35] or life cycles and investments in the adoption of new technologies as they diffuse through the
marketplace [7,36,37]. This technological progression is exemplified by the evolution of mobile phones in
Figure 1. The lower left logistic curve represents classical cell phones, starting from their introduction in the
1970’s. Despite their vast technological improvements over the decades, their design was a limiting factor
to the value they could offer to consumers: the small screen and buttons meant that they were primarily used
for voice calls, messaging, and short emails. The utility of the mobile phone was radically redefined with the
introduction of the iPhone, the first commercially viable smart phone. This marked the launch of the second
logistic curve, which subsequently disrupted the classical cell phone market (including the decline of its
former champions, Nokia and Blackberry).
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Figure 1: Technological progression exemplified by the evolution of mobile phones.

This motivates the application of logistic curves in the context of technological progress and life cycle
analysis. To study the impact of the technology life cycle on strategic business decisions and corporate
structure, the S-curve is often partitioned into 5 phases, as illustrated in Figure 2 [23,38,39]:

L.

Birth /winter (1.4% - 6.3%): the technology is barely known or explored. Growth is slow and a large
degree of effort is needed to progress. Entrepreneurship and a decentralized company structure are
common.

Growth / spring (6.3%-30%): the technology is slowly getting adopted as “the next big thing”.
Growth remains nearly exponential. This phase is characterized by learning, product innovation, and
continuous improvement.

Maturity / summer (30%-70%): the technology is being adopted and growing at its maximum rate.
However, there are first signs of costs of complexity as the rate is approximately constant and departs
from earlier near-exponential growth. Processes are driven by vertical integration, refinement, and
bureaucratization.

Decline / autumn (70%-92.7%): the technology nears its limit. The growth rate remains positive but
accelerates its decline. Managers should be on the lookout for the next “next big thing”. This is the
ear of process innovations and face lifts.

Death / winter (92.7%-98.6%): the technology has nearly reached its peak. There is little growth left
to achieve, which requires increasingly higher investments. This means that technological progress
stalls and the technology becomes prone to disruptions. Managers are looking to transition to
alternative technologies while the current one phases out (compare the transition from cell to
smartphones in Figure 1).
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Figure 2: Partitioning the S-curve into life cycle stages.

This highlights the interpretability and usability of the simple logistic model, which played a pivotal role in
formalizing the study of life cycles, on a business level. However, various extensions and generalizations of
the simple logistic curve have been proposed [10, 19,40-44], such as the Richards’ curve [45] or Gompertz
curve. Ex post, these extended models may yield better fits [29]. However, the generalized models usually
require more parameters. This can lead to identifiability issues [46,47]. Furthermore, the trajectory is
seldomly observed completely, which can exacerbate the issue. Therefore, we focus on the simple logistic
model in our analysis.

3. Methodology

We introduce the notation and explain the interpretation and meaning of the different parameters of the
logistic growth model in 3.1. Subsection 3.2 provides details of the assumed data generating process and the
estimation of model parameters.

3.1 Notation

As described in Section 2, the logistic growth model is described by the differential equation i—l: =

rN (1 - E)' For consistency with common statistical notation, we rewrite the solution of this differential
equation as

w5t (1

= 14eaX+b

where Y is the response variable (in place of N), M is the carrying capacity or maximum cumulative market
size, a corresponds to the growth rate (the maximum growth rate of aM /4 is reached at the inflection point),
b determines the location of the inflection point (at x = —b/a), C is introduced to allow for vertical offsets
of the logistic curve, and X denotes the dependent variable. The logistic curve with its parameters and their
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M+C
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Figure 3: Parametrization and interpretation of parameters of the logistic curve.

respective interpretations is illustrated in Figure 3. This parametrization implies that the life cycle stage can
be estimated as (max(Y) — C)/(M — C).

3.2 Estimation

We assume the data generating process

_ M
T 1+eaX+b+e

+C, )

where € is an identically and independently distributed error variable with existing first and second moments.
This model formulation allows us to estimate the parameters M, C, a, b in an iterative two-step process:

L. Estimate M and C. At initialization, start with two reasonable first guesses M > max(Y), C <
min(Y). For later iterations minimize the mean squared error of the step ii. regression with
regard to M and C.

ii. Given M and C, the remaining parameters can be obtained via a simple linear regression
M-v+C
log (CEf) =ax +b + & 3)
1 M-yi+C <12
The mean squared error is given by ﬁzli\;l [log ( - ’é ) —aX; — b] , where N is the sample
-
size.

The optimization in step i. can be performed with any conventional optimization routine, such as Nelder and
Mead’s Simplex algorithm [48] or quasi-Newton methods such as BFGS or L-BFGS-B [49]. However, these
local optimization methods tend to struggle with local optima [50]. This is particularly problematic when the
error surface is rough. We used Generalized Simulated Annealing, which is implemented in the “GenSA” R
package [51], as this yielded the most reliable results.

4. Empirical Analysis

Subsection 4.1 covers the introduction to the data and includes all pre-processing steps in. Subsection 4.2
presents the results of the analysis and discusses the implications.
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4.1 Data

We obtained revenues for a diverse portfolio of products ranging from October 2006 to January 2023 from
a leading semiconductor company. However, it is not reasonable to assume that one Euro today has the same
value it had 17 years ago. Therefore, it is important to adjust for the general price level. This was done with
the Harmonized Index of Consumer Inflation, which is published by the European Central Bank! [52]. These
revenues were mapped to technology categorizations on the aggregation levels: Level 1, containing 18
technologies and Level 2, containing 10. Here, Level 1 (component) technology groups are more granular
than Level 2 technology groups, see Figure 4 (the technologies and their corresponding technology groups,
which are covered in th1s paper can be seen in Table 1 in the appendlx)

e\ ey

Level 2 } Group | | Grow )
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N N\ / N /N ,/”A“\
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)\ ) )\
Figure 4: Example of a technology hierarchy.

We consider both, Level 1 and Level 2 technologies, because Level 1 technologies are more homogeneous
but Level 2 technologies include more sub-technologies that would need to be excluded due to lack of data
history. By aggregating several similar technologies, we further hope to reduce the effects of substitution
and similar interactions. Furthermore, the logistic model should be applicable on either level because of its
fractal property.

Harmonic F-test Statistic

Figure 5: Harmonic F-test statistic over the frequency domain. The dashed red line corresponds to a point
wise 95% confidence threshold, the dotted red line to a global 95% confidence threshold.

Further, we analyzed cyclicality by means of spectral analysis, particularly using a periodogram [53].
However, no frequency surpassed the significance threshold of the harmonic F-test [54] provided in the
“multitaper” R package. As Figure 5 shows, there is no statistically significant cyclicality at any frequency
when adjusting for multiple testing.
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Figure 6: Periodograms before (left) and after (right) seasonal adjustment.

! Information on the Harmonized Index of Consumer Inflation and the corresponding time series can be found at
www.ecb.europa.eu/stats/macroeconomic_and_sectoral/hicp
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Additionally, we performed a time series decomposition into trend, seasonal effects, and a random
component [55] using the “decompose” function in R. However, the time series post seasonal adjustment
was not noticeably less noisy than the original time series, nor did the periodogram change much (see Figure
6). Therefore, we proceeded with the original data without seasonal adjustments.

4.2 Result

Logistic growth models were fit to cumulative technology revenues using the algorithm described in Section
3.2. We visually checked the models for consistency with the logistic curve by observing the quality of the
fit and producing residual plots. These residual plots were helpful in checking if the models converged as
expected and to identify residual patterns, which indicate a poor model fit.

Residual plot: Tech. 14 Residual plot: Tech. 17

R SrIT ) [ Lt LR PSP R PR PR PR PSS S

Figure 7: Example residual plots

Figure 7 indicates a residual plot of a good logistic fit for Tech. 14, whereas the residual plot for Tech. 17
raises questions. Residuals are indicated by red circles. The drawn blue line represents the linear fit of the
data in step ii. of section 3.2. If this line differs from the horizontal line at Y = 0, it indicates that the
algorithm did not converge as expected. The dashed and dotted blue lines represent point-wise confidence
intervals and confidence bands at 95%, respectively. Hence, a residual lying outside the 95% point-wise
confidence interval would be expected to be observed every 20 data points, whereas a residual lying outside
the 95% confidence band would be expected every 20 residual plots. These plots can help identify external
shocks or patterns that are not captured by the model. In case of the left plot, the residuals are well dispersed
and no clear trend is identifiable. This indicates a good fit. On the right, there is a clear pattern, which
indicates a poor model fit.

S-Curve - Tech. 14 (incl. COVID) S-Curve - Tech. 17 (incl. COVID)

Legend Legend
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Figure 8: Example logistic fits. Tech. 14 (left) is an example of a good fit, Tech. 17 (right) one of a
questionable one.

Additionally, we validated the logistic life cycle estimates by expert opinion. We excluded poor fits and
technologies that were clearly driven by external structural effects (the semiconductor industry is largely a
B2B business, where sales are often conducted through direct relationships — in segments where revenues
are overwhelmingly driven by a few large customers, patterns in the data may be dominated by individual
decisions at the level of a single customer and not always be reflective of the technological potential of the
product). Overall, we excluded seven of the eighteen Level 1 technologies and four Level 2 technology from
further analysis (see Table 1 in the Appendix).

Figure 8 illustrates logistic fits for Tech. 14 (left), which fits well, and Tech. 17 (right), which does not.
Tech. 17 is an example of a technology that is driven by individual projects (also observe that the data in the
right plot appears to be consisting of two logistic curves, not one). The blue curve indicates the estimated
logistic model, the red dots correspond to the observed cumulative revenues, and the grey dotted lines
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correspond to the estimated lower bound, C, and the estimated upper bound, M + C. Generally, we did not
estimate lower bounds unless we had reason to believe that we were missing previous revenues.

These logistic curves were estimated based on the complete history (from October 2006 to January 2023)
and on the basis of the historical data preceding the COVID-19 Pandemic. After the curves were obtained
and validated for the various Level 1 and Level 2 Technologies, we compared the life cycle estimates of the
pre- and post-COVID models.

Distribution of Life Cycle Estimates by Technology Level

10

o
®

PostCovid

Pre-COVID

o
o

—] Post-COVID

Life Cycle [%)]
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,e‘.‘le\ 1 Jg‘.“e\ 2
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Figure 9: Boxplots of life cycle estimates before and after COVID.

Figure 9 illustrates the distributions of the Pre- (red) and Post- (cyan) COVID life cycle estimates on
technology Level 1 (left) and 2 (right), respectively. Given the strong demand for consumer electronics and
the subsequent rejuvenation of sales numbers, we expected lower life cycle estimates as an impact of the
pandemic. Meanwhile, a moderate increase is expected without the interference of external shocks, given
that two years elapsed and the technology has aged. On Level 1, the median life cycle estimate remained
relatively stable, though more concentrated in the lower range. Thus, the logistic fits for the Level 1
technologies seem relatively unaffected by the pandemic. This is confirmed by Figure 10, which shows that
the median life cycle estimate has increased slightly after COVID, which is consistent with our expectation.
This result is slightly different for Level 2 technologies. As Figure 9 indicates, the distribution of life cycle
estimates has noticeably shifted downwards. This observation is confirmed by Figure 10, which indicates
that the median life cycle estimates have decreased by 2% after the revenues during the pandemic are
included. This seems to confirm our hypothesis that COVID has had an impact on the logistic growth models.
On the other hand, this decrease could be due to the inclusion of new emerging sub-technologies in the
broader technology group. These would have been omitted during the analysis of the Level 1 technologies,
due to small volumes and an insufficient amount of historical data.

Distribution of Relative Life Cycle Changes by Technology Level Distribution of Absolute Life Cycle Changes by Technology Level

——

T

Relative Change in Life Cycle Esimate [%)
Absolute Change in Life Cycle Esimate [%)

Level 1 Level 2 Level 1
Technology Level Technology Level

Figure 10: Boxplots of the change in life cycle estimates before and after COVID.

We conclude that logistic growth models are a valuable tool for managers in assessing product life cycles if
the model is applicable. This is particularly useful in understanding technological limitations and guarding
against the risk of disruption. The robustness to external effects could be further improved by incorporating
them into the logistic growth model. For example, researchers have modelled the upper bound dynamically
[56,57]. Given the dynamic nature of the semiconductor industry, the complexity of supply chain

dependencies, and the exposure to other external factors, this highlights a potential for future research in the
field.

40



Acknowledgements

This paper was supported by a research cooperation between Infineon Technologies AG and TU Dortmund
University through the Graduate School of Logistics.

Appendix

Table

1: Technology table of technology groups and the corresponding technologies. Technologies marked with an
(X) were excluded from further analysis.

Technology Group (Level 2) Technology (Level 1)

Tech. Group 1 Tech. 7, Tech. 3 (X), Tech. 1 (X)
Tech. Group 2 Tech. 2, Tech. 4
Tech. Group 3 Tech. 17 (X), Tech. 14, Tech. 5
Tech. Group 4 (X) Tech. 11, Tech. 9 (X), Tech. 6
Tech. Group 5 (X) Tech. 12, Tech. 10 (X)
Tech. Group 6 Tech. 8
Tech. Group 7 Tech. 13
Tech. Group 8 Tech. 15
Tech. Group 9 (X) Tech. 16 (X)
Tech. Group 10 (X) Tech. 18 (X)
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ABSTRACT

“If you ask ten experts, you will get ten different opinions.” This common proverb illustrates the common
association of expert forecasts with personal bias and lack of consistency. On the other hand, digitization
promises consistency and explainability through data-driven forecasts employing machine learning (ML) and
statistical models. Despite the importance of the semiconductor industry being widely recognized, little
research has gone into forecasting the whole semiconductor market including all major product categories.
Instead, analysts have generally relied on expert forecasts such as those provided by the World Semiconductor
Trade Statistics (WSTS). In the following, we generate data-driven forecasts and evaluate whether existing
industry expert forecasts can be further enhanced through statistical and ML models. This study contributes by
systematically evaluating the accuracy of expert forecasts, examining comprehensive multi-granularity forecasts
for the entire semiconductor market, and offering performance insights through out-of-sample error measures

to guide future forecasting practitioners.

1. Executive summary

Objectives: The objective of this paper is to evaluate and con-
trast expert predictions of the World Semiconductor Trade Statistics
(WSTS), a leading semiconductor market data provider, with data-
driven forecasts. In this context, we compare expert forecasts with
different data-driven forecast approaches with respect to three research
hypotheses detailed in the introduction.

Motivation: WSTS plays a crucial role in the semiconductor in-
dustry. According to their website, WSTS is the “most respected source
of market data and forecasts for the semiconductor industry” and their
forecasts “are the only ones that leverage the collective experience of the
industry’s major players with the market intelligence of a large portion of the
semiconductor industry” (WSTS.org, 2024). As one of the top providers
of comprehensive semiconductor industry data and indicators, WSTS
plays a pivotal role in business decision making and industry analyst
research. Additionally, the well-being of the semiconductor industry,
which lies upstream in the supply chain, has been identified to be
a leading indicator for the broader economy (Chow & Choy, 2006).
This highlights the importance of accurate and reliable semiconductor
industry forecasts even outside of this specific industry.

Methods: Several popular statistical and ML methods for time series
forecasting are evaluated against official forecasts provided by WSTS by
means of a time series cross validation.

*

Results: This paper finds that the expert forecasts provided by
WSTS compare favorably to ML forecasts on a quarterly horizon but
can nevertheless be enhanced by data driven forecasts. However, the
performance of WSTS forecasts is put in perspective when the WSTS
algorithmic updates, which are published bi-quarterly, are included.
Furthermore, it can be argued that additional information should be in-
corporated into the forecasts, which results in a clear outperformance of
the data-driven methods in comparison to the official WSTS forecasts.
This discovery remains consistent regardless of the length of available
data points. In other words, the outcome remains unaffected whether
we analyze product categories with short histories or those with long
histories.

Contribution: This study contributes in the following ways: (1) It
provides a novel evaluation of the accuracy of expert forecasts within
the semiconductor market, (2) it shows that comprehensive forecasting
across various levels of granularity for the entire semiconductor indus-
try is feasible, even with simple models, and (3) it provides valuable
guidance to forecasting practitioners by supplying out-of-sample error
measures for all analyzed models and product categories.

Conclusion: While WSTS forecasts provide a strong starting point,
it is possible to improve the forecast accuracy through data-driven
approaches.
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2. Introduction
2.1. Motivation

In the today’s dynamic business landscape, accurate forecasts play
an increasingly important role in shaping operative and strategic deci-
sions. The article “Bringing a real-world edge to forecasting” released
by McKinsey & Company in 2020 makes the case that “[a ‘good’
forecasting process] should be accurate enough to inform a range of critical
business decisions — capital reallocation, hiring, strategy, production, and
more” (Agrawal et al., 2020).

For example, Wang et al. (2024) propose a freight rate index fore-
casting model to help industry players mitigate risks in the shipping
market and inform investment opportunities and Wu et al. (2024)
developed a model to forecast container throughput to inform port
logistics industry decision makers. Additionally, Yu et al. (2012) pro-
pose a forecasting model to predict the fashion color trend leading to
a higher success rate of new fashion products and an example of how
resource allocation can be improved by increased operational efficiency
through more accurate short to mid-term demand forecast is provided
by Pauly and Kuhlmann (2023). Furthermore, forecasts play an im-
portant role in anticipating technological change (Foster, 1986; Modis,
1999) and estimating technology and product life cycles, which inform
important portfolio and product development decisions (Modis, 1994;
Petropoulos et al., 2022; Steinmeister et al., 2023). This is particularly
true for the semiconductor industry with long lead times, a dynamic
technological environment, and shortening product life cycles (Lv et al.,
2018; Macher, 2006; Wu & Chien, 2008).

Accurate forecasts of the semiconductor market are relevant to the
broader economy. The global semiconductor market reached sales of
$618 billion in 2022 according to Alsop (2024b). This amounted to
about 0.61% of global GDP in 2022 compared to 0.22% in 1990,
highlighting the increasing importance of the industry to the global
economy (Alsop, 2024a; World Bank, 2024). Semiconductors are ubiq-
uitous in modern life. They enable AI applications, modern defense
equipment, data centers, automobiles, wireless communications, all the
way to home appliances like your washing machine, gaming console,
and electronic toothbrush. As Chow and Choy (2006) observe, the
semiconductor market is a leading indicator for the broader economy.

The strategic importance of the semiconductor industry has further
been recognized by governments. The US authorized about $280 billion
for research and manufacturing of semiconductors in the US with the
CHIPS and Science Act passed in August 2022 (Taylor, 2023). Likewise,
the EU subsidizes the industry with roughly 43 billion Euros (roughly
$46.3 billion) (European Comission, 2023). Even more impressively,
Sam Altman, the current CEO of OpenAl, is seeking $5 trillion to
$7 trillion of investments to “boost the world’s chip-building capacity
and expand its ability to power AL, among other things” according to
Reuters (Rajan, 2024). To add perspective: this amounts to the com-
bined market capitalization of Microsoft and Apple, the two largest
American companies by market capitalization, at the time of writing.!

This motivates a detailed study of semiconductor market fore-
casts, which often inform industry and financial analysts. Furthermore,
semiconductor market forecasts often inform internal goal setting and
benchmarking. Semiconductor market data also factors into the calcula-
tion of market share by product groups. Projections of these quantities
can have strategic implications.

The World Semiconductor Trade Statistics (WSTS)? is a premier
provider of such data and forecasts. Several academic studies and
industry reports cite WSTS as an authority for semiconductor market
forecasts, see Corder et al. (2024), Nagao (2019) and Simons (2024) to

1 Based on: https://www.tradingview.com/markets/world-stocks/worlds-
largest-companies/. Accessed 03 April 2024.
2 wsts.org.
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name a few. Furthermore, the standing of WSTS as a data provider is
highlighted by the common use of their data in academic fields such
as the semiconductor cycle prediction, as outlined in Table 2 which
provides a selection of related works in the field.

Industry forecasts, such as those from WSTS, serve as the basis
for important strategic decisions and are often based on expert judge-
ment. A popular method for consolidating these forecasts is the Delphi
method (Armstrong, 2008; Delphi, 1975; Hyndman & Athanasopou-
los, 2018). However, several researchers have discovered that these
collective predictions, also referred to as “wisdom of the crowds”
or “collective intelligence”, are susceptible to inaccuracies and low
precision, particularly when the individuals surveyed are pundits or
uninformed laypersons (Atanasov et al., 2015; Modis, 1999).

However, the industry members polled by WSTS are industry ex-
perts and have access to detailed insider information, such as customer
orders and sentiment, customer-related project status, the status of
customer contracts, and new product development. Expert forecasts
are generally thought to perform well when systems are complex,
dynamic, and available history is sparse (Hyndman & Athanasopoulos,
2018). The semiconductor industry is heavily intertwined in the global
economy, with complex upstream, and downstream supply chains. This
means that the semiconductor industry is exposed to the bullwhip
effect (Lee et al., 1997). It is also increasingly subjected to geopolitical
considerations. While these factors highlight the importance of accurate
semiconductor industry forecasts, the dynamic technological environ-
ment, geopolitical factors, and the complex supply chains concurrently
complicate the data-driven forecast process due to the amount of poten-
tially relevant extrinsic information. Therefore, expert forecasts from
industry insiders queried by WSTS, who possess extensive access to
quantitative and qualitative insider information, are anticipated to be
highly reliable. Moreover, the lack of research into the area of detailed
semiconductor market forecasts, illustrated in the related works section
(Section 2.2), raises the question whether industry experts may simply
be more accurate than data-driven models in this field. This prompts
inquiry into the potential competitiveness of data-driven forecasts, and
if and how they might enhance existing expert forecasts. To our knowl-
edge the accuracy of semiconductor industry forecasts has not been
systematically evaluated despite their regular use. The present paper
closes this gap. To this end, the following three research hypotheses
are examined in the following:

(H1) Expert forecasts exhibit higher accuracy compared to autoregres-
sive data-driven forecasts.

WSTS publishes quarterly forecasts for each product category in an
alternating pattern: expert forecasts are issued in May and November,
while algorithmically computed updates are provided in February and
August. These algorithmic updates are derived from the preceding
quarter’s results. Industry experts also only have access to official
WSTS figures dating back to the previous quarter. Nevertheless, the
numbers for the initial month of the forecasted quarter are disclosed
simultaneously with the forecasts. Furthermore, it can be anticipated
that industry experts possess internal information regarding the first
month’s data (for a detailed account of the data, see Section 4.1). This
gives rise to the second hypothesis:

(H2) The incorporation of additional autoregressive information in
data-driven forecasts enhances their competitiveness against ex-
pert forecasts.

Fig. 1 within Section 4.1 illustrates that certain product categories
exhibit significantly shorter historical data compared to others. This ob-
servation holds significance as it aligns with the understanding that ex-
perts possess the capability to generate accurate forecasts when histor-
ical data is limited (Hyndman & Athanasopoulos, 2018). Consequently,
this observation motivates the formulation of the third hypothesis:
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Table 1

Expert Systems With Applications 263 (2025) 125719

Selection of related works in semiconductor sales and demand forecasting including response variables and utilized forecasting methods.

Authors Methods

Response variable

Wang and Chen (2019) ARIMA, VAR?

Quarterly sales time series from Taiwanese semicondoctor
companies from Q1 2009 to Q4 2018

Kapur et al. (2019) Technology diffusion

Chen and Chien (2018) Technology diffusion

Sales and price data for DRAM, LCD monitors, and room
air-conditioners

27 quarters of shipments for two technology generations of
non-volatile memory products from a semiconductor company

Xu and Sharma (2017) XGBoost, Linear model, RF®,

ARIMA, Ensemble

Weekly Intel CPU sales in 2012

Chien and Lin (2012) Rolling grey forecasting method

Annual sales of companies in Hsinchu Science Park from 1983 to
2010

Aytac and Wu (2013) Extended, Bayesian logistic

growth model

Monthly sales data of about 5300 short life-cyle products from
three semiconductor companies

Chien et al. (2013) Technology diffusion

36 quarters of demand data for four technologies of a leading
foundry from Hsinchu Science Park

2 Vector autoregression.
b Random Forest.

(H3) Expert forecasts outperform data-driven forecasts particularly in
the context of short time series.

Structure: The following two subsections summarize the related
work (Section 2.2) and highlight the research gap and our contributions
(Section 2.3). To investigate the hypotheses, the ML and statistical
methods used are summarized in Section 3. The results are discussed
in Section 5, with Section 5.1 addressing (H1), Section 5.2 examining
(H2), Section 5.3 (H3), and finally Section 5.4, which offers insights of
the results at a product category level. Section 6 completes this work
with a brief discussion of the findings.

2.2. Related works

Despite the recognition of the semiconductor industry’s importance
in politics and business, little research was dedicated to data-driven
forecasting the semiconductor market. A Scopus search (“market fore-
cast” AND “semiconductor” AND (statistic* OR “machine learning”))
yields only one search result which discusses front-end drivers of
changes in the semiconductor market (Nagao, 2019). However, this
paper does not apply statistical or machine learning methods to gen-
erate forecasts directly. The small number of academic studies in the
sector of the semiconductor industry was also noted by Aubry and
Renou-Maissant (2014).

Likewise, a Scopus search for the “world semiconductor trade statis-
tics” yields 11 results which largely cite WSTS as an authority for
market data or forecasts. However, none of these use WSTS data as
a basis for industry wide forecasts, nor do they assess the accuracy of
WSTS’ forecasts.

More related results can be found in the field of company-specific
sales and demand forecasting and operational planning. Several contri-
butions in this domain are summarized in Table 1. However, it should
be noted that, while these studies often analyze different product or
technology groups, the analyses are specific to one or several companies
and usually do not encompass the whole semiconductor market with its
different levels of granularity.

Another related field is the prediction of the semiconductor cycle.
For a short summary, see Table 2. The semiconductor cycle, similarly
to the economic cycle, describes cyclical fluctuations in semiconductor
industry. These cycles are characterized by growth and contraction
phases. Contributions in this domain usually focus on the overall semi-
conductor market, particularly WSTS global semiconductor sales, as
the target variable. However, total semiconductor sales are usually
considered in this scenario while a break down into finer product
categories is often of interest for analysts and internal benchmarking.

2.3. Contributions

(1) Evaluation of the Accuracy of Expert Semiconductor Market
Forecasts: Despite the frequent reliance on expert forecasts for semi-
conductor market forecasts, the accuracy of these forecasts has not, to
our knowledge, been openly or systematically evaluated. This study
addresses this gap by providing an evaluation of short-term forecasts
through a comparative analysis with forecasts derived from several
statistical and machine learning models.

(2) Comprehensive, Multi-Granularity Forecasting of the Semi-
conductor Market: While recent studies have focused on granular
demand and sales forecasts for specific products or companies, they
do not comprehensively cover the semiconductor market across all
segments and as a whole, see Table 1 in Section 2.2 for an overview.
Additionally, research into the semiconductor cycle often concentrates
on high-level market trends and the identification of leading indi-
cators, see Table 2 in Section 2.2. This study, however, provides a
comprehensive analysis of the semiconductor market across various
levels of granularity, utilizing the WSTS product categorization hierar-
chy. Forecasts are systematically generated for 110 product categories,
covering the entire semiconductor market. This approach captures
higher-granularity product groups as well as broader market trends,
offering a comprehensive perspective that takes a step towards unifying
these two areas of research.

(3) Guidance for Forecasting Practitioners through Model Perfor-
mance Insights: In addition to forecasting across various levels of the
semiconductor market, this study offers valuable guidance for forecast-
ing practitioners. Out-of-sample error measures for each statistical and
machine learning model are presented for all 110 product categories.
These performance insights allow practitioners to assess the accuracy
and applicability of different models in forecasting specific segments
of the semiconductor market. To the best of our knowledge, providing
such detailed model performance data for a wide range of product
categories is a novel contribution.

3. Used data-driven methods

This section gives a brief introduction to the data-driven models
used in the subsequent analysis. It starts with the description of tra-
ditional models based on statistical time series analysis (Section 2.1),
continues with ML methods (Section 2.2), and concludes with a brief
note on ensemble methods (Section 2.3).

The selection of the models presented here is partially influenced by
their performance in the Makridakis Competitions (M-Competitions),
which are renowned forecasting competitions conducted on diverse
and realistic datasets (Hyndman, 2020). The results based on the M3
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Table 2
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Selection of related works in semiconductor cycle prediction including goals, response variables as well as utilized forecasting methods and indicators.

Authors Goal

Methods

Response variable Indicators®

Aubry and Renou-Maissant (2014) Identification of best model for
the semiconductor cycle

prediction

ARMA, VAR?, BVAR,
VECM¢, MRSM¢, SF¢, ESf

WSTS global semiconductor sales
(Jan 1991-Jun 2010)

SOX, NI, TI, BOOK

Aubry and Renou-Maissant (2013) Prediction and description of the VECM*
global semiconductor industry

cycle

WSTS global semiconductor sales
(Jan 1991-Jun 2010)

SOX, NO, TI, IP, BOOK

Chow and Choy (2006) Identification of leading indicators
of semiconductor sales to predict

the global semiconductor cycle

VAR?, BVARP, BECM®

World semiconductor sales (Feb
1992-Jan 2005)

NASDAQ, NO, SI, PPI

Liu and Chyi (2006) Prediction of the semiconductor MRSM! WSTS global semiconductor sales -
cycle turning points growth (Jan 1990-Aug 2003)

Liu (2005) Identification of explanatory VAR? WSTS global semiconductor sales 1P, FF, CS, SOX, NO, TI,
factors for the semiconductor growth (Jan 1990-Dec 2001) UTL, EQO, CAP, PPI, SIP,
cycle VS

2 Vector autoregression.

Bayesian vector autoregression.
¢ Vector error correction models.
d Markov regime switching model.
¢ Spectral forecasting.

 Exponential smoothing.

& SOX: Philadelphia Semiconductor Index, IP: U.S. Industrial Production, FF: Federal Funds Rate, CS: U.S. Consumer Sentiment, NO: New Orders, TI: Total Inventories, UTL:
Capacity Utilization, EQO: North American Equipment Orders, CAP: Capacity, PPI: Producer Price Index, SIP: Industry Production Index, VS: Value of Shipments, BOOK: Global
Bookings of N.A. Semiconductor Equipment Producers, NASDAQ: NASDAQ Stock Index, SI: U.S. Shipments to Inventories Ratio.

competition are of particular interest: the dataset comprised 3003
individual time series with 14 to 126 observations featuring various
levels of seasonality (Hyndman, 2020; Makridakis & Hibon, 2000).

Furthermore, this dataset has served as a benchmark for evaluating
popular data-driven forecasting methods. Both Ahmed et al. (2010)
and Makridakis et al. (2018) utilized a subset of the M3 dataset (con-
sisting of 1045 time series) with a minimum length of 81 observations
for their analyses.

3.1. Statistical models

Comparisons based on the M3-Competition data have generally
favored statistical models over ML approaches (Hyndman, 2020; Makri-
dakis et al., 2018). One suggested reason for this trend is the rel-
atively short length of the time series involved. Unfortunately, this
limitation is common in forecasting applications and reflects a re-
alistic constraint. The time series examined in this paper, ranging
from 92 to 392 monthly observations (further details in Section 4.1),
are longer compared to those studied in the papers based on the
M3-Competition, where lengths typically spanned from 81 to 126 ob-
servations. Nevertheless, these lengths are still comparable, especially
when contrasted with datasets such as the M5 competition, which
feature significantly longer time series, reaching up to approximately
2000 observations (Makridakis et al., 2022b).

3.1.1. SARIMA

The seasonal autoregressive integrated moving average (ARIMA)
model is a traditional statistical time series model. Its advantages are
its interpretability, its wide spread use and that many of its mathemat-
ical properties are well known (Brockwell & Davis, 2002). According
to Brockwell and Davis (2002), a time series X = {X,} is said to be a
SARIMA(p, d, q) X (P, D, Q) process with period s if

Y, :=(1- B¢ (- B X,
is an causal ARMA process defined as
#(B)D (B")Y, = 0(B)O (B*) Z,,

where B is the back-shift operator defined as BY, = Y_;, ¢(z) = 1 —
$iz— =2, D(2)=1-Dyz— - —~®pzP, 0(2) =1+ 0,2+ - +0,z,
O(z) =14+ 0,z+ - +60,z9, and Z = {Z,} being a white noise process.

Generally, an ARMA(p, q) process Y = {Y,} is characterized as
P q
Y, - Z &Y =2 + 2 0:Z,;,
i=1 i=1

with Z = {Z,} being a white noise process. The left-hand side of this
equation is the autoregressive part, while the right-hand side is the
moving average part (moving average of the error process Z). More
details on the SARIMA model can be found in Brockwell and Davis
(2002).

These models are often used to describe and to generate data of
a wide range of processes. But they can also be used as a predictive
model when the parameters are estimated. To this end, we use the
auto.arima function of the forecast library in R (Hyndman &
Khandakar, 2008). A similar implementation for Python is available
through the StatsForecast library (Garza et al., 2022).

The inclusion of the SARIMA model in this work is motivated by
its ubiquity in time series analysis and its strong performance on the
M3-Competition dataset (Makridakis et al., 2018).

3.1.2. Simple exponential smoothing

Exponential smoothing models range back to the 1950’s (Gardner,
1985). Despite their simplicity, they often achieve high predictive
performance (Hyndman, 2001; Satchell & Timmermann, 1995). Simple
exponential smoothing (SES) only requires two quantities: the initial
forecast X, and the smoothing constant «. Consecutive forecasts can
then be calculated via

X =(-a)X,_| +aX,_,,

where X, denotes the one-step forecast for X, based upon the history
up to X,_;. An R implementation is available with the SES function
of the forecast library (Hyndman & Khandakar, 2008). A similar
implementation for Python is available through the StatsForecast
library (Garza et al., 2022).

SES’ simplicity, ease of implementation, and computational ef-
ficiency make it a popular forecasting tool for practitioners. Addi-
tionally, the model performed well on the M3 and M5 Competition
datasets (Makridakis et al., 2018, 2022a).
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3.1.3. Error, trend, and seasonality

Error, Trend, and Seasonality (ETS) approaches are a flexible class
of exponential smoothing models that go beyond SES (see above). As
their name suggests, they are capable of modeling time series with
trends and seasonality (Hyndman & Athanasopoulos, 2018). ETS was
the best performing model in the (Makridakis et al., 2018) comparison
based on the M3-Competition data. It is also implemented as part of
the forecast library in R (Hyndman & Khandakar, 2008). As for the
previous two models, a similar implementation for Python is available
through the StatsForecast library (Garza et al., 2022).

3.2. ML models

This subsection introduces the used ML models. Makridakis et al.
(2018) found that ML methods performed worse than classical sta-
tistical models for relatively short time series - a finding that was
confirmed by Cerqueira et al. (2022). This is particularly the case
for artificial neural networks and deep learning models, which are
well known to require large sample sizes to produce the desired re-
sults (Goodfellow et al., 2016). This was also verified by the NN3-
Competition, which extended the M3-Competition to include neural
network approaches (Crone et al., 2011; Hyndman, 2020). Therefore,
following (Cerqueira et al., 2022), this paper does not discuss neural
network models despite their considerable popularity in recent years.
Likewise, boosting models are not included.

3.2.1. Random forest

Random forests (RF) are a bagging algorithm, a specific kind of
ensemble learning, which combines the outputs of multiple decision
trees (Breiman, 2001). Ahmed et al. and Makridakis et al. included
Categorization and Regresssion Trees (CART), which generate single
decision trees for regression or classification purposes (Breiman, 1984).
However, since its introduction, RF has proven to be an incredibly ver-
satile and successful model for both regression and classification (Biau
& Scornet, 2016; Grinsztajn et al., 2022; Huang et al., 2020). We
use the ranger implementation of this model as provided by Wright
and Ziegler (2017). An alternative Python implementation is available
through the skranger library. During each CV-step (see below), a grid
search was conducted to tune the three hyper-parameters (Probst et al.,
2019):

mtry € {2,7,12,16,23}
min.node.size € {5,7,10}

splitrule € {variance, extratrees}.

3.2.2. Extremely randomized trees

Extremely Randomized Trees (ExtraTrees, also referred to as ET
for brevity) is a model similar to Random Forest (see above). The
difference lies in randomizing the splitting point and the feature to split
on during training. It is computationally more efficient and promises
greater accuracy on a range of problems (Geurts et al., 2006). The
ranger library is also used for this model (Wright & Ziegler, 2017).
However, in contrast to the RF model, the parameter splitrule
remained fixed as extratrees. A Python implementation is available
through sklearn (Pedregosa et al., 2011). During each CV-step, a
grid search was conducted to tune the hyper-parameters (Probst et al.,
2019):

mtry € {2,7,12,16,23}

min.node.size € {5,7,10}.
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3.2.3. Gaussian processes regression

Gaussian Processes Regression (GPR) is a probabilistic regression
model incorporating Bayesian ideas: A prior distribution of possible
regression functions is narrowed down as evidence (observed data
points) are incorporated to yield a posterior distribution (Wang, 2023).
It has been shown that GPR can be viewed as a limit of many artificial
neural network designs and ARMA processes can be viewed as a Gaus-
sian process under the right conditions (Williams & Rasmussen, 1995).
Furthermore, due to their probabilistic nature, GPR easily provides
uncertainty quantification for the forecasts in terms of prediction in-
tervals. GPR showed a promising performance on the M3-Competition
dataset (Ahmed et al., 2010; Makridakis et al., 2018). This analysis uses
the GPR implementation of the kernlab R library (Karatzoglou et al.,
2004). The model is also implemented for Python in the sklearn
library (Pedregosa et al., 2011).

3.2.4. K-Nearest Neighbors

K-Nearest Neighbors (KNN) is a popular non-parametric model clas-
sification and regression model. It bases estimates on the K nearest
neighbors in the covariate space (Cover & Hart, 1967; Fix & Hodges,
1989). K represents a hyper-parameter to be tuned. For regression, a
mean of these K nearest neighbors is usually used as the predictor in
regression. This model can be employed with a kernel. In the following,
the kernel is automatically chosen. While KNN has not been among
the best performing models on the M3-Competition data (Ahmed et al.,
2010; Makridakis et al., 2018), it is nevertheless popular as simple
a non-parametric model. Here, the implementation of the kknn li-
brary is used (Schliep & Hechenbichler, 2016). KNN is implemented
for Python as the NearestNeighbors model in the sklearn li-
brary (Pedregosa et al., 2011). During each CV-step, a grid search was
conducted to tune hyper-parameters among:

K €{1,2,3,4,5,7,9}
distance € {L1, L2, L3},

where the L1, L2, L3 distances are given by
dpp(x,p) = |lx=yll,

given that ||x||, := (X, xf)l/p is the £7 norm.

3.2.5. Support vector regression

Support Vector Regression (SVR) was proposed as an extension to
the classical Support Vector Machine (SVM) for classification (Cortes
& Vapnik, 1995) to tackle regression problems (Drucker et al., 1996).
Instead minimizing all residuals, such as in ordinary least square re-
gression, the distance of observations outside a margin of error to
this margin of error (the e-insensitive tube) are minimized. Analogous
to SVMs, these observations are called support vectors, because the
regressor only depends on these observations. To model non-linear
dependencies, kernels can be used (Awad & Khanna, 2015). We use
the radial kernel to add another non-linear method. The used model is
implemented in the kernlab library for R or the sklearn library for
Python (Karatzoglou et al., 2004; Pedregosa et al., 2011). A grid search
was conducted to tune hyper-parameters among:

168742
06{11 124}
724y
3.3. Ensemble

Ensemble models consist of several individual models which are
combined to produce a single output (Opitz & Maclin, 1999). In addi-
tion to the tree-based ensembles Random Forests and ExtraTrees, this
paper also analyzes a simple ensemble of all the employed data-driven
models by taking the median prediction.
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Fig. 1. Histogram of time series lengths.

4. Experimental setup

This section provides an overview over the data used in the analysis
(Section 4.1) and the methodology behind the time series training and
model evaluation (Section 4.2).

4.1. Data

This paper analyzes time series aggregated sales of 110 WSTS
product categorizations, which were reported monthly and measured
in USD. The data is accessible through a WSTS membership® or a
subscription.* A major challenge was the consistency of the data:

Given the dynamic nature of the semiconductor market, product
categorizations changed over time. The historical consistency of the
current product categorizations was investigated and resolved dating
back to Jan 2010 by merging the C7a and C7b product categorizations
to C7 (Field Effect General Purpose Power Transistors), the P51 and
P52 categorizations into P5 (Automotive and General Purpose MCU),
and the L7a, L7b, L7c, L7d and L7f categorizations into L7a/b/c/d/f
(Wireless Communication Total). The newest category (F10) dates back
to Jan 2016. Fig. 1 provides an overview of the months of history of the
categorizations as used in the analysis. These are the categories which
are consistent until August 2023 and they provide a comprehensive
overview of the semiconductor market. We refer to WSTS.org (2024)
for an exact description of the market and each category.

Generally, the categories positioned higher in the hierarchy exhibit
greater consistency. Fig. 2 illustrates the hierarchical structure of the
product categorizations (starting with T99 as the highest aggregation).
To effectively incorporate seasonal components, model fitting necessi-
tated a minimum of 24 months (two seasonal cycles worth) of training
data. The shortest time series comprised 92 monthly data points, thus
leaving 68 months (or about 17.4% of the complete time series from
1991) as a test set for the first step of the rolling time series cross-
validation (CV, see below). Hence, the first training set spanned all
data from January 1991 (or whenever available) to December 2017.
Consequently, the test set spanned the time frame from January 2018
to August 2023.

Official forecasts from WSTS were released quarterly from Q1 2016
to Q3 2023 (midway through the first forecasted quarter). Expert
forecasts are consolidated during a global WSTS meeting twice a year
- each May and November. WSTS additionally issues forecast updates
semiannually, in February and August, derived from the preceding
meeting’s expert forecasts and updated algorithmically with new data

3 https://www.wsts.org/61/membership.
4 https://www.wsts.org/61/subscription.

reported for the prior quarter. For example, the forecast for Q2 2024
relies on the upcoming global WSTS meeting scheduled for May 20th-
23rd, while the February 2024 forecast update drew upon forecasts
from the November 2023 meeting and the reported data from Q4 2023.
Thus, 11 expert forecasts and 12 updated forecasts were considered in
the analyzed time span from January 2018 to August 2023.

4.2. Methodology

Training and evaluating the ML models: As described in the last
subsection, each time series is split into first training and test sections.
Time series with a longer available history consequently have more
data points for training than shorter time series, i.e. newer product
categories.

To obtain reliable forecast performance estimates for all of them,
rolling time series cross-validation (CV) as in Hyndman and Athana-
sopoulos (2018) is performed on each time series and for each model.
This is illustrated in Fig. 3, which also shows the most extreme training
periods for the different time series (only 24 months for the first
forecast of category F10 up to 390 months for the last forecast of T99).

Within each iteration, the training data is automatically transformed
with the Box-Cox transformation (Box & COX, 1964) given by

XD — XF=1/A A#0,
! log(X,). A=0.

This transformation is incorporated and automatically estimated by
the used libraries “forecast” and “caretForecast” (Akay, 2022; Hyn-
dman & Khandakar, 2008). Applying the Box-Cox transformation is
standard practise, especially when residual distributions are skewed,
and when non-negative forecasts are desired (Hyndman & Athana-
sopoulos, 2018). The considered time series report aggregated sales
in USD. Thus, there is unlimited upside potential whereas the lower
bound is always zero since all time series are positive. Note that 1 can
always be chosen close to one if the transformation is not particularly
helpful. Automatically applying it to all cases therefore does not hurt.
This is also the default setting in the forecast library (Hyndman &
Khandakar, 2008).

Additionally, hyper-parameters of all data-driven models introduced
in Section 3 are optimized using the default grid search setting of
the “caret” and “caretForecast” libraries (Akay, 2022; Kuhn, 2008) if
no hyper-parameter optimization is conducted through the learning
algorithm (one example where hyper-parameters are tuned automat-
ically is the SARIMA model using the “auto.arima” function). After
each training iteration, a forecast is generated up to three months
in advance. These forecasts can be compared against the reported
numbers, providing an estimate of the performance of the model, and
the WSTS forecasts.
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Fig. 2. WSTS product categorization hierarchy. The highest aggregation level is T99, the node colored in black with white print, slightly to the top of the center of the illustration.

The arrows point to the subsumed product categories.

1Jan 1991

Aug 2023

Dec 2017 ; Jan 2018
[ H

Training 1 | Testl |
Training 2
Training 3

99
Training 2
E

min. 24 months

T i
| Training 68 Test 68
‘ i

Training 3  Test3

>

Training 68

Fig. 3. Illustration of time series cross validation for two product categories with differing lengths: T99 has a much longer history of reported aggregate sales than F10.

Evaluation and comparison with WSTS’ forecasts: The forecasts
provided by WSTS are evaluated by type (“meeting” corresponding to
the two WSTS expert forecast per year, “alg. update” corresponding
to the two WSTS algorithmic forecasts per year and “overall” for all
four WSTS forecasts per year) and compared to the corresponding data-
driven forecasts. The first comparison evaluates all forecasts with a
forecasting horizon of A = 3 months. This corresponds to the informa-
tion timestamp available to WSTS’ updating algorithm and the industry
experts.

At the same time, it is safe to assume that the industry experts
have access to the sales data (among many more) of the first month
of each quarter when the meeting convenes (the meeting is held in
about the middle of the first quarter to be forecasted). Additionally, the
forecasts are disclosed at the same time as the first month’s results are
published. Hence, the information time stamp of the forecast and the
first month’s results is the same. Utilizing this information reduces the
required forecast horizon to 4 = 2 months. This is analyzed in a second
step to investigate whether using more of the available information
might boost the forecasting accuracy.

Similar to Hyndman and Koehler (2006) and Pauly and Kuhlmann
(2023), the forecasting accuracy is evaluated using the mean squared
error (MSE), mean absolute percentage error (MAPE), and the mean
absolute error (MAE). These are given by the following equations

T
MSE =L 2()2, - X7
Tt:l
T A
X, -X
MAPE:lZ i
Tt:l X,
1 T
MAE = = Y 1X, - X,|.

where again X, is the one-step forecast for the rth observation X, of the
test set and T' = 68 is the number of evaluated forecasts. We note that
the MAPE is applicable as the values of all time series are positive.

Table 3 provides a brief overview over the key methods which are
employed in this study and provides references to motivating studies
and deeper methodological discussions.

5. Results

As discussed in Section 4.2, first, the quarterly forecasts (h = 3
months) are discussed in Section 5.1 to examine the first research
hypothesis (H1) that expert forecasts exhibit higher accuracy compared
to data-driven forecasts. This is followed by a comparison with the
model performance when an additional month of available information
(h = 2 months) is incorporated in Section 5.2, addressing the second
research hypothesis (H2). Lastly, the results are contrasted by time
series length

5.1. Quarterly forecast performance

WSTS’ forecasts are provided on a quarterly basis. Each quarter, the
previous quarter’s numbers are known when the forecasts are compiled.
Therefore, as a first step, the data-driven models are compared against
WSTS’ forecasts on a forecasting horizon of 2~ = 3 months, i.e. one
quarter.

Table 4 presents the average performance of data-driven forecasts
across 110 product categories, relative to the average performance
of forecasts provided by the World Semiconductor Trade Statistics
(WSTS). Hence, the first data column (for WSTS) always reads 1.
Each row represents a different error measure, organized according to
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Overview of used methods: Purposes and motivations for chosen techniques, with references.

Methods Purpose and motivation

Authors

SARIMA, SES, ETS, RF, ET,
GPR, KNN, SVR

Purpose: generating point forecasts. Motivation: the selection of these models was largely
motivated by studies based on the M3-Competition dataset. These models achieved

Ahmed et al. (2010) and Makridakis et al. (2018)

outstanding performance on time series similar to the ones in this study.

Cross-Validation
time series cross validation is a standard procedure.
MSE, MAPE, MAE

Purpose: estimating out-of-sample performance estimates. Motivation: The application of

Purpose: measures for prediction accuracy. Motivation: these are standard measures

Cerqueira et al. (2020)

Hyndman and Koehler (2006)

commonly employed to assess the accuracy of (time series) models with continuous targets

Table 4

Average performance of the data-driven forecasts across all 110 product categories and relative to the World Semiconductor Trade Statistics’
(WSTS). Each row refers to a different error measure, sorted by WSTS’ forecast type: algorithmic update, meeting (expert forecast), and overall.
Lower values are preferable. The best value per row is bold and italic.

WSTS SARIMA ETS ET GPR KNN RF SES SVM Ensemble
MSE 1.00 0.34 0.55 1.55 0.37 4.47 1.49 0.94 3.20 0.64
Alg. Update MAPE 1.00 1.01 1.01 1.20 1.01 1.71 1.18 1.06 1.69 1.04
MAE 1.00 0.75 0.81 1.34 0.77 2.14 1.29 1.08 1.94 0.95
MSE 1.00 1.61 1.57 2.78 1.33 7.23 2.49 1.79 6.91 1.77
Meeting MAPE 1.00 1.14 1.09 1.32 1.13 1.76 1.28 1.10 1.82 1.14
MAE 1.00 1.22 1.22 1.53 1.17 2.32 1.47 1.24 2.32 1.28
MSE 1.00 0.73 0.86 1.93 0.66 5.31 1.79 1.20 4.33 0.98
Overall MAPE 1.00 1.08 1.05 1.26 1.07 1.73 1.23 1.08 1.75 1.09
MAE 1.00 0.97 1.00 1.42 0.95 2.22 1.37 1.15 211 1.10

WSTS’ forecast types: algorithmic update, meeting (expert forecast),
and overall. Lower values are preferable in all cases.

For WSTS’ “Algorithmic Update” forecasts, three error measures are
reported: Mean Squared Error (MSE), Mean Absolute Percentage Error
(MAPE), and Mean Absolute Error (MAE) — see Section 4.2. Among
these measures, the data-driven forecasts outperform WSTS in terms of
MSE and MAE, with the best-performing model indicated by bold and
italic formatting. The SARIMA model exhibits the lowest MSE (0.34
relative to WSTS) and MAE (0.75), suggesting superior performance
in this category. Almost as good was the GPR model (relative MSE of
0.37 and MAE of 0.77). In term of MAPE, WSTS performed slightly
better than several data driven forecast methods: SARIMA, ETS, and
GPR each scored 1% worse. Overall, these results indicate potential for
improvement of WSTS’ algorithmic update protocol.

Similarly, for the “Meeting” forecasts, the same three error mea-
sures are provided. Consistent with the first research hypothesis (H1),
industry experts demonstrated superior performance across all three
error measures. However, among the data-driven models, the best
performers were GPR, exhibiting a 33% increase in MSE compared
to expert forecasts, while ETS and SES displayed 9% and 10% higher
MAPE values respectively. Additionally, GPR, again, was the best per-
forming data-driven model in terms of MAE, showing a 17% higher
MAE relative to the expert forecasts.

Table 4 concludes with the “Overall” forecasts, providing the av-
erage performance of all models relative to the average performance
of the combined algorithmic and expert forecasts by WSTS (from 2
meeting and 2 algorithmic forecast per year). Once more, the GPR
model emerges as the top-performing data-driven model, showing a
34% improvement in MSE and a 5% enhancement in MAE compared
to WSTS. However, WSTS outperforms all models in terms of MAPE,
with ETS, the top-performing data-driven model, recording a 5% higher
error than WSTS.

Table 5 provides insights into the mean ranks of the various fore-
casting models across all 110 product categories, structured similarly
to Table 4. Contrary to Table 4, the columns in Table 7 are not
standardized by the WSTS column. A rank of 1 indicates the model
performed the best for that product category based on the respective
error measure, thus lower mean ranks are preferred.

In general, the observations from Table 7 are similar to those from
Table 6. The forecasts provided by WSTS demonstrate excellence across
most error metrics and scenarios. However, there is an exception with

WSTS’ Algorithmic Update forecasts, where SARIMA and GPR achieved
slightly lower average ranks (3.8 vs. 3.9 for WSTS). Considering that
the average MSE for the forecasts based on the SARIMA model was 66%
lower than the MSE of WSTS’ algorithmic updates, it suggests SARIMA’s
strong performance is primarily driven by specific product categories
where it outperforms WSTS (Section 5.4 contains a detailed discussion
on individual product categories). Although several data-driven models
exhibited a superior average error in terms of MSE and MAE for the
overall forecasts (for example, SARIMA and GPR) this superiority does
not necessarily translate to lower average ranks, highlighting WSTS’
robust performance across product categories.

Comparing only the data-driven forecasts, GPR emerges as the most
accurate data-driven model in the Algorithmic Update and Overall
scenarios, while Simple Exponential Smoothing (SES) demonstrates the
best performance among data-driven models during quarters where
WSTS provided expert forecasts (Meeting), particularly in terms of MSE
and MAE. ETS achieved a slightly lower average rank in terms of Mean
Absolute Percentage Error (MAPE).

One plausible explanation for the strong performance of the in-
dustry experts is their access insider information. In contrast, the
data-driven models rely solely on aggregated historical sales data from
the specific product category being forecasted. Another factor to con-
sider is the timing of the WSTS meetings where expert forecasts are
consolidated. These meetings typically occur in the middle of the
forecasted quarter, implying that experts are likely aware of their
first-month figures. Moreover, these figures are available simultane-
ously with the official forecast release. In contrast, the bi-quarterly
algorithmic updates do not integrate this information, though they
could potentially benefit from it. Consequently, data-driven models
that incorporate this timely information, necessitating forecasts with
a horizon of only A 2 months, are evaluated in the subsequent
subsection.

5.2. Forecast performance with additional information

Considering the timing of the WSTS meetings in the middle of
the quarter, it is reasonable to assume that industry experts take into
account the numbers and internal information pertaining to the first
month when formulating their forecasts for the first quarter. Moreover,
the consolidated results of the first month are released simultaneously
with the forecasts by WSTS. Therefore, utilizing all available infor-
mation for forecasts seems appropriate. This approach allows for an
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Mean ranks of the forecasts with horizon h = 3 months across all 110 product categories. Each row refers to a different error measure, sorted
by WSTS’ forecast type: algorithmic update, meeting (expert forecast), and overall. Lower values are preferable. The best value per row is bold

and italic.
WSTS ARIMA ETS ET GPR KNN RF SES SVM Ensemble
MSE 3.9 3.8 4.2 6.6 3.8 8.7 6.2 4.4 8.8 4.5
Alg. Update MAPE 3.6 4.1 4.1 6.6 3.9 8.8 6.1 4.5 8.7 4.5
MAE 3.6 4.1 4.2 6.6 3.9 8.8 6.1 4.4 8.9 4.5
MSE 2.9 4.5 3.9 7.0 4.1 8.9 6.4 3.8 8.9 4.6
Meeting MAPE 2.8 4.3 4.0 7.0 4.2 8.9 6.4 4.1 8.8 4.5
MAE 2.9 4.3 4.0 7.2 4.2 8.9 6.4 3.8 8.8 4.5
MSE 3.2 4.4 4.2 6.9 3.7 9.0 6.3 4.1 8.9 4.4
Overall MAPE 2.8 4.1 3.9 7.0 3.9 9.1 6.5 4.2 8.9 4.5
MAE 2.9 4.2 4.0 7.0 4.0 9.1 6.4 4.1 8.8 4.5
Table 6

Average performance of the data-driven forecasts with horizon A = 2 months across all 110 product categories and relative to WSTS.

Each row

refers to a different error measure, sorted by WSTS’ forecast type: algorithmic update, meeting (expert forecast), and overall. Lower values are

preferable. The best value per row is bold and italic.

WSTS SARIMA ETS ET GPR KNN RF SES SVM Ensemble
MSE 1.00 0.10 0.18 0.52 0.10 1.31 0.49 0.46 1.29 0.32
Alg. Update MAPE 1.00 0.62 0.62 0.76 0.61 1.09 0.75 0.68 1.08 0.65
MAE 1.00 0.42 0.51 0.81 0.43 1.31 0.79 0.77 1.24 0.63
MSE 1.00 0.68 0.66 1.41 0.64 3.65 1.25 0.96 3.18 0.91
Meeting MAPE 1.00 0.61 0.62 0.82 0.65 1.15 0.79 0.65 1.15 0.68
MAE 1.00 0.72 0.73 1.05 0.75 1.54 1.00 0.88 1.46 0.85
MSE 1.00 0.28 0.32 0.80 0.27 2.03 0.72 0.61 1.86 0.50
Overall MAPE 1.00 0.61 0.62 0.79 0.63 1.12 0.77 0.66 1.12 0.66
MAE 1.00 0.56 0.61 0.92 0.58 1.41 0.89 0.82 1.34 0.73

additional month of data to forecast the quarterly result, rendering
a forecasting horizon of » = 2 months sufficient. Considering that
one out of three months’ numbers do not require estimation, a plausi-
ble anticipation would be to observe approximately a 33% reduction
in MSE (assuming an unbiased estimator and uncorrelated errors).
Such a decrease could already position several data-driven methods as
competitive alternatives to WSTS, which is examined in this section.
The average performance of these forecasts relative to WSTS’ is pre-
sented in Table 6, structured equivalently to Table 4. Table 6 presents
the average performance of data-driven forecasts with a horizon of
h = 2 months across 110 product categories, relative to the forecasts
provided by WSTS. Each row represents a different error measure,
categorized by WSTS’ forecast types: algorithmic update, meeting (ex-
pert forecast), and overall. As before, lower values indicate better
performance, with the best value per row highlighted in bold and italic.
Contrasting these results with those presented in previous table
(Table 4), several notable differences emerge. Firstly, upon a cursory
glance of the results, it becomes evident that the data-driven ap-
proaches have exhibited markedly superior performance in this context.
Whereas WSTS’ expert forecasts (Meeting) previously outperformed the
data-driven forecasts in terms of MSE, MAPE, and MAE, the tables have
now turned, with the data-driven forecasts consistently showcasing su-
perior forecast accuracy in the new scenario (with the exception of SVM
and KNN for all as well as ET and RF for the Meeting MSE and MAE
comparisons). Specifically, the GPR model achieved a 36% lower MSE
than WSTS’ expert forecasts, followed by ETS (34% lower) and SARIMA
(32% lower). In terms of MAPE, SARIMA outperformed WSTS’ experts
by 39%, followed by ETS (38% lower), and GPR and SES (both 35%
lower). Additionally, SARIMA demonstrated the best performance in
terms of MAE (28% lower than WSTS), trailed by ETS (27% lower) and
GPR (25% lower). Even the simple ensemble, which even incorporates
the forecasts of the worse performing models, surpassed WSTS’ experts
by 9% in MSE, 32% in MAPE, and 15% in MAE. This suggests that data-
driven models incorporating the latest available information are highly
effective in forecasting outcomes within a shorter horizon. Further-
more, WSTS’ expert forecasts attained superior average performance in
terms of MAPE across all three forecast types with a forecasting horizon
of h = 3 months. However, with a reduced horizon of A = 2 months, the

top-performing data-driven forecasts now outperform WSTS by up to
39%. ARIMA and ETS emerged as the top performers, closely followed
by GPR.

Secondly, concerning the algorithmic updates, according to Table 6,
SARIMA and GPR once again emerge as one of the top-performing
models. In MSE, both SARIMA and GPR achieved errors 90% lower than
WSTS. Additionally, in terms of MAE, SARIMA attained a 58% lower
error, closely followed by GPR with a 57% reduction. While in terms of
MAPE, where WSTS previously outperformed data-driven models, GPR
achieved a 39% lower error, with SARIMA and ETS achieving a 38%
lower MAPE.

Table 7 offers insights into the mean ranks of the various forecast-
ing models across all 110 product categories, organized similarly to
Tables 4 and 6. It is important to note that, in contrast to Tables 4 and
6, the columns in Table 7 are not standardized by the WSTS column.
A rank of 1 indicates the model performed the best for that product
category based on the respective error measure, thus lower mean ranks
are preferred. Overall, the observations from Table 7 parallel those
from Table 6. Models such as SARIMA, ETS, and GPR consistently
garnered high ranks. Notably, most data-driven methods outperformed
WSTS’ expert forecasts, except for KNN and SVM, which exhibited
poorer performance.

Finally, Fig. C.4 in the Appendix illustrates the frequency of the
best-performing forecasts across 110 WSTS product categories, with
colors indicating performance metrics: red for Mean Squared Error
(MSE), blue for Mean Absolute Percentage Error (MAPE), and green
for Mean Absolute Error (MAE). The left panel reflect the 4 = 3 months
forecast while 2 = 2 is presented on the right side. It is evident that
WSTS forecasts rarely emerge as the top performers within any given
product category for A~ = 2. While WSTS’ expert forecasts generally
outperform its algorithmic updates, data-driven models consistently
outshine both. When comparing against WSTS’ expert forecasts (second
row), SARIMA emerges as the best performer between 20% (MSE) and
30% (MAE) of the time, followed by ETS between 19% (MSE) and 27%
(MAPE). Additionally, GPR and SES each excel between 13% (MAE
and MAPE) and 17% and 18% (MSE), respectively. In contrast, WSTS’
expert forecasts demonstrate the best performance between 7% (MAE
and MAPE) and 13% (MSE) of the time.
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Mean ranks of the forecasts with horizon h = 2 months across all 110 product categories. Each row refers to a different error measure, sorted
by WSTS’ forecast type: algorithmic update, meeting (expert forecast), and overall. Lower values are preferable. The best value per row is bold

and italic.
WSTS SARIMA ETS ET GPR KNN RF SES SVM Ensemble
MSE 8.0 3.6 3.7 5.8 3.3 8.4 5.7 3.9 8.7 3.7
Alg. Update MAPE 8.2 3.4 3.7 5.8 3.6 8.6 5.6 4.1 8.4 3.5
MAE 8.0 3.4 3.8 5.9 3.5 8.6 5.7 4.1 8.5 3.6
MSE 6.9 3.5 3.3 6.5 3.7 8.9 5.9 3.5 8.5 4.2
Meeting MAPE 7.2 2.9 3.4 6.7 3.4 8.8 6.2 3.7 8.6 4.2
MAE 7.0 2.9 3.5 6.8 3.5 8.8 6.2 3.7 8.5 4.1
MSE 7.8 3.3 3.4 6.3 3.3 8.8 5.9 3.6 8.7 3.8
Overall MAPE 8.0 2.9 3.2 6.4 3.3 9.0 5.9 3.8 8.7 3.7
MAE 7.8 2.9 3.3 6.4 3.4 9.0 6.0 3.8 8.6 3.8
Table 8 in MAE. This explains the robust performance of GPR relative to WSTS’
Overview of the time series lengths by category. combined forecasts.
Count Av. Length Min. Length Max. Length It is also noteworthy to highlight the disparity in the performance
Long 50 392 392 392 of data-driven methods for short time series depending on whether
Medium 31 324 29 359 uarters with expert forecasts or algorithmic updates were used for
Short 29 222 92 284 a per & e up .
the benchmarks. Given that these are derived from the same time
All 110 328 92 392

These findings corroborate the trends observed in the preceding
analyses of this section, suggesting the reliability and effectiveness of
certain data-driven models over expert forecasts in near-term forecast-
ing scenarios when additional available information is incorporated,
supporting the second research hypothesis (H2).

5.3. Impact of time series length on forecast performance

This section aims to investigate the possibility that expert forecasts
perform better on shorter time series due to the limited data available
for training data-driven models (Hypothesis (H3)). To explore this third
hypothesis, the 110 product categories are divided into long, medium,
and short categories based on the length of available observations. An
overview of this categorization is presented in Table 8.

In total, the time series had an average length of 328 monthly
observations. Among these, the 50 product categories with available
monthly data points for the entire examined time period were classified
as “long” time series. The “medium” category comprised 31 time series
with observations ranging from 296 to 359, averaging 324 available
data points. The remaining 29 product categories were designated
as “short” time series, with observations ranging from 92 to 284,
averaging 222 available data points.

Similar to Table 6, Table 9 provides an overview of the perfor-
mance metrics Mean Squared Error (MSE), Mean Absolute Percentage
Error (MAPE), and Mean Absolute Error (MAE) for the 2-month fore-
casts. These metrics are segmented based on time series lengths: Short,
Medium, and Long, as delineated in Table 8, and further categorized
by WSTS’ forecast types: algorithmic update, meeting (expert forecast),
and overall.

For short time series, GPR demonstrated superior performance in
terms of both MSE and MAPE, showcasing reductions of 76% and 43%
respectively compared to WSTS’ combined forecasts. Regarding MAPE,
ETS exhibited the lowest error rate (37% lower than WSTS), trailed
by SES (36% lower), SARIMA (34% lower), and GPR (33% lower).
When contrasting the data-driven forecasts with WSTS’ expert forecasts,
ETS emerged as the top-performing model, tying with GPR in terms
of MSE (both 43% lower than expert forecasts) and outperforming
WSTS’ experts by 32% in terms of MAE. However, SES marginally
outperformed ETS in terms of MAPE, showing reductions of 35%
and 34% respectively. When comparing data-driven forecasts solely to
algorithmic forecasts, GPR emerged as the most accurate model across
all metrics, boasting reductions of 93% in MSE, 43% in MAPE, and 58%

10

series, a consistent ranking of data-driven methods might have been
expected. The best-performing models for medium and long time series
remain largely consistent, regardless of whether they are evaluated
using algorithmic forecasts or expert forecasts. Even in cases where
there are differences, the margin is minimal.

In the Appendix, Table A.10 outlines the mean ranks of the analyzed
models, once again categorized by Mean Squared Error (MSE), Mean
Average Percentage Error (MAPE), and Mean Absolute Error (MAE),
and segmented by time series lengths. These rankings are further
delineated by WSTS forecast type, mirroring the structure of Table 9.

Consistent with the findings in Table 9, GPR demonstrated the
most favorable performance in terms of mean ranks across MSE (2.8),
MAPE (2.8), and MAE (2.9) for short time series when compared to
WSTS’ algorithmic forecasts. However, while ETS excelled in average
MSE and MAE, and SES in MAPE, this outcome is reversed when
considering mean ranks: SES exhibited the best performance in terms
of mean ranks for MSE and MAE, while ETS performed best for MAPE.
It is worth noting that the differences between them are minimal in
each case. Furthermore, ETS attained the lowest mean rank when all
quarters were taken into account (overall), suggesting that exponential
smoothing models perform well when data is limited. Furthermore, the
high accuracy of the data-driven forecasts compared to WSTS’ expert
forecasts is evidence contrary to the third research hypothesis (H3) that
expert forecasts would outperform data-driven forecast in the context
of short time series.

In fact, a slight increase in error relative to the expert forecasts is
observed for the best forecasts when medium-length time series are
considered in terms of MSE (0.58 vs. 0.57). Likewise, the data-driven
forecasts fared slightly worse in terms of MSE (0.64 vs. 0.57) and MAE
(0.72 vs. 0.68) for long time series. Given the additional information
which was utilized in training the models, the opposite might have
been expected. This was the case when the forecasts were evaluated
by MAPE (0.57 medium and long time series vs. 0.65 for short ones).

For medium time series, SARIMA generated the most reliable fore-
casts in terms of relative average error measures — 42% more accurate
than the experts polled by WSTS in terms of MSE, 43% more accurate
in terms of MAPE, and 36% more accurate in terms of MAE, followed
by ETS. This is also reflected in the mean ranks of the SARIMA forecasts
(2.9, 2.2, and 2.8 vs. 7.1, 7.8, and 7.5 respectively). Similarly, the
SARIMA forecasts demonstrated superior performance in comparison
to the algorithmic updates and when evaluated overall.

In the case of the long time series, the most accurate forecasts
resulted from the GPR and SARIMA models (Table 9). GPR resulted
in 36% lower MSE and a 43% lower MAPE compared to the experts.
SARIMA excelled in terms of MAE — 38% lower than WSTS. A similar
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Table 9
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Average performance of the data-driven forecasts with horizon /4 =2 months across the different time series lengths and relative to WSTS. Each
row refers to a different error measure, sorted by WSTS’ forecast type: algorithmic update, meeting (expert forecast), and overall. Lower values

are preferable. The best value per row is bold and italic.

WSTS SARIMA ETS ET GPR KNN RF SES SVM Ensemble

MSE 1.00 0.12 0.11 0.25 0.07 0.58 0.22 0.29 0.60 0.14

Alg. Update MAPE 1.00 0.63 0.61 0.73 0.57 1.08 0.72 0.63 1.07 0.63

MAE 1.00 0.49 0.49 0.70 0.42 1.09 0.68 0.67 1.11 0.56

MSE 1.00 0.74 0.57 0.86 0.57 1.35 0.77 0.65 1.26 0.66

Meeti MAPE 1.00 0.69 0.66 0.88 0.77 1.23 0.85 0.65 1.24 0.74
Short eeting

MAE 1.00 0.77 0.68 0.89 0.74 1.23 0.85 0.72 1.20 0.76

MSE 1.00 0.33 0.27 0.46 0.24 0.85 0.41 0.42 0.83 0.32

Overall MAPE 1.00 0.66 0.63 0.80 0.67 1.15 0.78 0.64 1.16 0.68

MAE 1.00 0.63 0.58 0.79 0.57 1.16 0.76 0.70 1.16 0.65

MSE 1.00 0.14 0.17 0.42 0.14 1.33 0.39 0.27 1.23 0.27

Alg. Update MAPE 1.00 0.53 0.57 0.76 0.54 1.08 0.75 0.61 1.06 0.63

MAE 1.00 0.45 0.48 0.81 0.45 1.33 0.79 0.63 1.32 0.64

MSE 1.00 0.58 0.61 1.05 0.66 2.17 0.93 0.73 2.21 0.78

Meeti MAPE 1.00 0.57 0.65 0.83 0.64 1.20 0.79 0.66 1.15 0.67
Medium eeting

MAE 1.00 0.64 0.67 0.97 0.72 1.45 0.92 0.76 1.48 0.81

MSE 1.00 0.31 0.34 0.66 0.34 1.66 0.60 0.45 1.61 0.47

Overall MAPE 1.00 0.55 0.61 0.79 0.59 1.14 0.77 0.63 1.10 0.65

MAE 1.00 0.54 0.57 0.89 0.58 1.39 0.85 0.69 1.39 0.72

MSE 1.00 0.10 0.18 0.54 0.10 1.34 0.50 0.47 1.31 0.32

Alg. Update MAPE 1.00 0.67 0.68 0.78 0.68 1.09 0.77 0.76 1.11 0.68

MAE 1.00 0.41 0.52 0.83 0.43 1.34 0.81 0.80 1.25 0.64

MSE 1.00 0.68 0.66 1.45 0.64 3.80 1.28 0.98 3.29 0.93

Meetin MAPE 1.00 0.58 0.58 0.78 0.57 1.07 0.75 0.64 1.09 0.64
Long g

MAE 1.00 0.72 0.75 1.08 0.76 1.60 1.03 0.93 1.50 0.88

MSE 1.00 0.27 0.33 0.81 0.27 2.08 0.74 0.63 1.91 0.51

Overall MAPE 1.00 0.62 0.63 0.78 0.62 1.08 0.76 0.70 1.10 0.66

MAE 1.00 0.55 0.63 0.94 0.58 1.46 0.91 0.86 1.36 0.75

picture arises when mean ranks (Table A.10) are considered. An excep-
tion is the algorithmic update category, where forecasts based on the
ensemble method achieved the lowest mean ranks.

Fig. C.5 in the Appendix illustrates the frequency of the best-
performing forecasts with a forecast horizon of 2~ = 2 months. The
chart is divided into 3 columns corresponding to the time series lengths:
short, medium, and long. Rows are arranged by WSTS forecast type
(algorithmic update, meeting (expert), and overall). The colors differ-
entiate between Mean Squared Error (MSE) in green, Mean Absolute
Percentage Error (MAPE) in blue, and Mean Absolute Error (MAE)
in red. In concordance with the analysis of Tables 9 and A.10, GPR
shows the highest frequency of top model performance for short sime
series when compared to the algorithmic updates. Overall and for the
expert forecasts ETS and SES had the highest frequencies of highest
accuracy. For the medium and long time series, SARIMA, GPR, and the
exponential smoothing models excelled most often.

Additional details pertaining to the overall performance of the
various data-driven models for each product category categorized by
time series lengths is available in Table B.12.

5.4. Additional results

In addition the aggregated results presented in Sections 5.1-5.3, this
Section elaborates the results on a product category level.

Tables B.11, B.12, and B.13 in the Appendix, provide the Root Mean
Squared Errors (RMSE), which is the square root of the Mean Squared
Error (MSE) described in Section 4.2 and was chosen for readability
here, mean absolute percentage errors (MAPE), and Mean Absolute
Errors (MAE) respectively for various forecasting models across 110
different product categories. Each time, these are organized by time
series lengths, consistent with the categorization in Section 5.3. The
error measures for the forecasts with horizon 2 = 3 months are
presented in the first half of each table and those of forecasts with
horizon 4 = 2 months are presented in the second halves. Lower RMSE,
MAPE, and MAE values indicate higher forecasting accuracy, with the
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best performing model per product category printed in bold and italic
in each row of each table.

In the 3-month forecast category, the results are consistent with
those discussed in Section 5.1. As can be seen in Tables B.11 and
B.13, data-driven methods, particularly GPR and SARIMA, are overall
able to outperform WSTS in terms of RMSE and MAE. Table B.11
reveals that this is in large part due to the strong performance of
the GPR ans SARIMA forecasts in terms of RMSE for a few product
categories such as M99 (37.72 for GPR vs 46.77 for WSTS), T99 (56.83
for GPR vs. 71.85 for WSTS), and S2 (49.17 for SARIMA vs 70.79
for WSTS). Similarly, scrutinizing Table B.13 indicates that among all
forecasts, WSTS’ was the most reliable for most product categories in
terms of MAE. But GPR, SARIMA, and ETS produced forecasts which
excelled for specific product categories, such as T99 (53.76 for WSTS
vs. 46.24 for SARIMA, 47.35 for GPR, and 50.85 for ETS), resulting in
a higher average performance for long time series. In terms of MAPE,
Table B.12 illustrates WSTS’ strong performance on the 2 = 3 month
horizon across all time series lengths. Nevertheless, upon scrutinizing
Table B.12, it becomes apparent that data-driven models outperform
WSTS’ combined expert and algorithmic update forecasts in terms
of MAPE for specific product categories. For instance, in categories
such as J99 and L8a, the SARIMA model produces the lowest MAPE,
demonstrating its effectiveness in forecasting these particular products.
In some categories like L1, where the time series might exhibit unique
patterns or complexities, traditional statistical models such as SARIMA
and ETS perform inadequately compared to specific machine learning
models, in this case: RF.

Consistent with the observations in Section 5.2, these results are
reversed when the forecasts with a horizon of » = 2 months are con-
sidered. In this scenario, data-driven forecasts excelled across the vast
majority of product categories in terms of RMSE (Table B.11), MAPE
(Table B.12), and MAE (Table B.13). Nevertheless, WSTS’ forecasts
were superior for some select product categories with long histories
in terms of RMSE, such as C7 (1.18 vs. 1.32 for the best performing
data-driven model: GPR), CC (1.29 vs. 1.47 for the best performing
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data-driven model: GPR), and S3 (2.77 vs. 2.94 for the best performing
data-driven model: SES).

Moreover, despite the dominance of the SARIMA, GPR, and ETS
among the data-driven models, it is noteworthy that other models with
poorer average performance still yielded in strong forecasts for select
product categories: ET was amongst the top performing models for the
A5 product category in terms of RMSE and MAPE, and SVM performed
best for the JCd product category in terms of RMSE and MAE. This
finding is underlined by Fig. C.4 located in Appendix. The bar chart
visualizes the frequency of the best-performing forecasts across 110
WSTS product categories. Differentiated by colors, green signifies the
best performance based on Mean Squared Error (MSE), blue represents
Mean Absolute Percentage Error (MAPE), and red indicates Mean Ab-
solute Error (MAE). The chart is divided into two sections: the left side
displays outcomes for forecasts with a horizon of 4 = 3 months, while
the right side portrays forecasts with a horizon of 4 =2 months (to be
discussed in the subsequent section). Rows are arranged by algorithmic
update, expert forecasts (meeting), and overall performance.

Finally, Fig. C.4 in the Appendix illustrates the frequency of the best-
performing forecasts across 110 WSTS product categories, with colors
indicating performance metrics: red for Mean Squared Error (MSE),
blue for Mean Absolute Percentage Error (MAPE), and green for Mean
Absolute Error (MAE). The left panel reflect the 2 = 3 months forecast
while h = 2 is presented on the right side.

For h = 3 months the superior performance of the WSTS models is
evident, particularly their Meeting and Overall forecasts. Depending on
the error measure, WSTS’ experts outperformed all data driven models
between 46% and 48% of all product categories. The most frequent best
performing data driven models were SARIMA, GPR and the exponential
smoothing models, ETS and SES. In aggregate, the forecasts provided
by WSTS (Overall row) achieved a top performance in 38% to 39% of
the cases. In contrast, the playing field was more even when only the
algorithmic updates are considered. WSTS achieved a top performance
for 21% to 23% of all product categories, followed by SARIMA with
17% to 23% and GPR with 13% to 19% of all product categories.

It is evident that WSTS forecasts rarely emerge as the top performers
within any given product category for » = 2 months. While WSTS’
expert forecasts generally outperform its algorithmic updates, data-
driven models consistently outshine both. When comparing against
WSTS’ expert forecasts (second row), SARIMA emerges as the best
performer between 20% (MSE) and 30% (MAE) of the time, followed by
ETS between 19% (MSE) and 27% (MAPE). Additionally, GPR and SES
each excel between 13% (MAE and MAPE) and 17% and 18% (MSE),
respectively. In contrast, WSTS’ expert forecasts demonstrate the best
performance between 7% (MAE and MAPE) and 13% (MSE) of the time.

This highlights that there is no one model for all situations but that
the model choice should depend on the individual product category and
the error measure with the greatest business relevance.

6. Discussion
6.1. Summary

Section 2 made the case that the semiconductor industry plays a cru-
cial role in the broader economy and stressed the importance of reliable
forecasts for operational and strategic decision making. Furthermore,
the rapidly evolving technologies, complicated geopolitical considera-
tions, and complex supply chains exposing the industry to the bullwhip
effect make data-driven forecasting more challenging. Concurrently,
industry insiders, such as those queried by the World Semiconductor
Trade Statistics (WSTS) — a leading provider of semiconductor market
data and forecasts, promise reliable forecasts based on a wealth of
quantitative and qualitative insider information.

This motivated the first research hypothesis (H1) that expert fore-
casts exhibit higher accuracy compared to data-driven forecasts. This
hypothesis was extensively examined in Section 5.1 for a forecast
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horizon of 4 = 3. The analysis of the benchmark concluded that the
bi-quarterly expert forecasts indeed demonstrated superior accuracy
on a quarterly horizon in terms of Mean Squared Error (MSE), Mean
Absolute Percentage Error (MAPE), and Mean Absolute Error (MAE).
In contrast to the superior performance of the expert forecasts, it was
also found that the bi-quarterly algorithmic forecasts provided by WSTS
showed potential for further improvement.

Furthermore, it was noted that industry insiders may have access to
additional information owing to the timing of WSTS meetings, during
which the forecasts are formulated. This observation prompted the
formulation of the second research hypothesis (H2) that the additional
information yields competitive data-driven forecasts, which was in-
vestigated in Section 5.2. It was found that the additional data and
the shorter horizon of » = 2 months significantly improved forecasts
based on quantitative models. Forecasts based on the SARIMA, GPR,
ETS, and SES models consistently demonstrated superior accuracy. As
a consequence, it is recommended that practitioners complement expert
forecasts with data-driven methods to enhance the forecasts reliability.

General wisdom holds that experts excel in situations with limited
historical data (Hyndman & Athanasopoulos, 2018). Consequently, the
third research hypothesis (H3), which postulates that industry insiders
outperform in short time series due to restricted quantitative data
available for model training, was examined in Section 5.3. The anal-
ysis revealed that data-driven forecasts exhibited superiority across all
examined time series lengths. Nonetheless, different models showcased
higher accuracy under varying circumstances. Specifically, exponen-
tial smoothing models attained the highest accuracy for short time
series, whereas SARIMA dominated in the medium-length scenario.
Conversely, GPR outperformed for longer time series. This implies that
several diverse models should be evaluated and the one that aligns most
effectively with the given circumstances should be selected.

6.2. Implications, limitations, and future directions

This paper has presented the first comprehensive comparative anal-
ysis of expert semiconductor market forecasts. Long production lead
times of semiconductors means that fulfilled orders have to be placed
and the production has to be planned months in advance. As a result,
industry experts must be very accurate when it comes to short-term
sales forecasts. WSTS consolidates such industry forecasts to derive
market forecast. Hence, we hope that the strong performance of the
data driven methods motivates analysts and industry practitioners to
employ data-driven methods to enhance existing forecasts — even when
time series are short and the models are simple.

Additionally, this study shows that comprehensive multi-granularity
modeling of the semiconductor market is feasible. Therefore, our hope
is that this paper presents a first step in the direction of reconciling
the fields of semiconductor cycle prediction, which assumes a higher-
level view, and semiconductor sales and demand forecasting, which is
much more granular: (1) The semiconductor market consists of diverse
products from processors and memory chips to switches and sensors.
Therefore, a multi-granularity study of the semiconductor market could
yield insights into possible sub-cycles. (2) Conversely, demand and sales
forecasts could benefit from granular and reliable market forecasts as
an indicator for future sales. The same holds for semiconductor cycle
indicators. Both approaches remain open for future study.

Nevertheless, this study has several limitations. The first relating to
the short time series lengths, which had several consequences.

1. Model simplicity. We observed that simpler models such as
SARIMA, ETS, and GPR performed stronger than more complex
ML models such as RF. Furthermore, we abstained from the use
of even more complex models such as Long Short Term Memory
(LSTM) and boosting algorithms such as XGBoost.

2. Purely autoregressive modeling. We did not incorporate explana-
tory variables and relied solely on autoregressive modeling to
keep the number of parameters at a minimum.
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Table A.10
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Mean ranks of the forecasts with horizon h = 2 months across the different time series lengths. Each row refers to a different error measure,
sorted by WSTS’ forecast type: algorithmic update, meeting (expert forecast), and overall. Lower values are preferable. The best value per row

is bold and italic.

WSTS SARIMA ETS ET GPR KNN RF SES SVM Ensemble
MSE 8.1 3.4 3.3 5.9 2.8 8.9 5.9 4.0 8.9 3.9
Alg. Update MAPE 8.2 3.6 3.5 6.1 2.8 8.8 5.8 4.0 8.5 3.7
MAE 7.9 3.3 3.4 6.1 2.9 8.9 5.9 41 8.7 3.9
MSE 7.2 3.8 2.8 6.6 4.0 9.1 5.9 2.7 8.6 42
: MAPE 2 . 2. . R . . . . .
short Meeting 7 3.3 8 6.8 3.8 8.9 6.3 3.0 8.7 43
MAE 7.0 3.3 3.0 6.7 4.1 8.9 6.1 2.9 8.8 4.2
MSE 8.2 3.4 3.0 6.2 3.3 9.1 5.9 3.3 8.8 3.8
Overall MAPE 8.2 3.2 2.8 6.4 3.4 9.1 5.8 3.2 9.0 3.9
MAE 7.9 3.2 3.0 6.4 3.4 9.2 5.8 3.2 8.9 4.0
MSE 8.1 2.8 3.5 6.5 2.9 8.4 6.5 3.7 8.5 41
Alg. Update MAPE 8.4 2.8 3.4 6.2 3.1 8.6 6.2 3.7 8.6 4.0
MAE 8.1 2.8 3.5 6.4 3.0 8.6 6.3 3.9 8.5 3.9
MSE 7.1 2.9 3.6 6.6 3.8 8.7 6.0 4.1 8.2 4.0
. MAPE 7.8 2.2 3.7 6.6 3.7 8.7 5.9 4.0 8.2 4.1
: Meetin
Medium & MAE 7.5 2.4 3.5 6.8 3.7 8.7 6.2 3.9 8.2 4.1
MSE 8.1 2.3 3.4 6.7 3.1 8.8 6.4 3.7 8.5 4.1
Overall MAPE 8.4 2.1 3.5 6.4 3.1 9.1 6.2 3.9 8.4 3.9
MAE 8.2 2.0 3.4 6.5 3.1 9.0 6.4 4.0 8.3 4.0
MSE 8.0 43 4.2 5.3 3.9 8.2 5.1 4.1 8.6 3.3
Alg. Update MAPE 8.1 3.7 4.1 5.4 4.3 8.5 5.1 4.3 8.3 3.1
MAE 7.9 3.8 4.2 5.5 4.2 8.4 5.1 43 8.4 3.2
MSE 6.7 3.7 3.5 6.4 3.4 8.9 5.9 3.7 8.6 42
Long Meeting MAPE 6.8 3.1 3.5 6.7 3.1 8.8 6.2 3.9 8.7 41
MAE 6.7 3.1 3.7 6.8 3.1 8.7 6.1 4.0 8.6 4.1
MSE 7.4 3.9 3.7 6.2 3.5 8.7 5.6 3.7 8.7 3.6
Overall MAPE 7.7 3.3 3.3 6.4 3.3 8.9 5.8 4.0 8.8 3.5
MAE 7.5 3.3 3.4 6.3 3.6 8.8 5.9 3.9 8.7 3.6

3. Short forecast horizon. The focus on quarterly forecasts compar-
isons limited the forecast horizon under study.

The use of simple models and purely autoregressive modeling could
be viewed as strengthening our arguments in the context of the com-
parative analysis: they provide a natural benchmark, and they can be
easily implemented by practitioners. The use of more complex models
and the incorporation of indicators are possible extensions of this work.
Future contributions could also emphasize longer forecast horizons.

The hierarchical nature of product categorizations was not con-
sidered in this study. This means that forecasts may not be coherent,
i.e., forecasts of sub-groups may not sum up to forecasts of higher-level
groups. Forecast coherence is often desired because it enables decisions
which are based on these forecasts to be consistent across hierarchical
levels. Furthermore, studies have shown that forecast reconciliation can
further enhance forecast accuracy (Wickramasuriya et al., 2019).

Finally, our study focuses on point forecasts to evaluate forecast ac-
curacy. Probabilistic forecasts (e.g., see Gneiting and Katzfuss (2014))
or uncertainty quantification in the form of prediction intervals may
provide a better gauge of risks and opportunities to practitioners. This
perspective was not the primary goal of this study, but prediction
intervals can easily be obtained from many of the models that were
employed here. A study of their accuracy may be of interest to analysts
and industry practitioners.
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Table B.11

Root Mean Squared error (RMSE), the square root of the Mean Squared Error (MSE), for the 110 examined WSTS product categories, which
are organized by time series length and presented for the 3-month forecasts (first) and 2-month forecast (second). Averages are contained in
the long, medium, short, 3-months, and 2-months rows respectively. The best result in each row, i.e. for each time series, is printed bold and
italic. The RMSE was chosen instead of the MSE for readability purposes in this table.

D WSTS SARIMA ETS ET GPR KNN RF SES SVM Ensemble
3 months 4.14 3.87 4.07 5.51 3.78 8.93 5.36 4.50 8.61 4.27
Long 6.87 6.24 6.71 9.39 6.06 15.55 9.11 7.59 14.76 7.08
A2 0.17 0.19 0.15 0.25 0.17 0.38 0.23 0.16 0.51 0.19
A5 0.11 0.18 0.18 0.13 0.15 0.22 0.13 0.15 0.20 0.15
A99 0.48 0.56 0.53 0.80 0.48 1.29 0.82 0.53 1.16 0.59
B2 0.18 0.20 0.21 0.28 0.24 0.45 0.27 0.20 0.53 0.19
B4 0.16 0.24 0.22 0.21 0.21 0.24 0.21 0.19 0.20 0.19
B99 0.33 0.48 0.45 0.37 0.42 0.43 0.38 0.37 0.40 0.38
Cc7 1.18 1.58 1.27 2.03 1.30 3.75 1.81 1.34 4.04 1.70
C99 2.11 2.24 2.04 3.57 1.95 6.62 3.15 2.22 7.30 2.78
CA 0.33 0.32 0.31 0.33 0.30 0.44 0.34 0.35 0.43 0.33
CC 1.29 1.69 1.37 2.14 1.41 4.16 1.86 1.46 4.35 1.79
D1 0.22 0.23 0.23 0.28 0.23 0.35 0.27 0.24 0.33 0.23
D2 0.18 0.23 0.21 0.29 0.23 0.41 0.30 0.19 0.48 0.24
D3 0.16 0.15 0.17 0.23 0.17 0.38 0.22 0.15 0.50 0.20
D99 0.42 0.59 0.48 0.70 0.58 1.08 0.65 0.46 1.29 0.55
El 0.10 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.14 0.12
E2 0.11 0.11 0.12 0.13 0.13 0.17 0.13 0.12 0.17 0.12
E99 0.15 0.15 0.16 0.15 0.15 0.18 0.15 0.17 0.18 0.16
F1 0.11 0.10 0.09 0.11 0.08 0.13 0.11 0.09 0.13 0.09
F2 1.59 1.53 1.52 1.50 1.68 1.93 1.50 1.36 2.10 1.43
F3 0.32 0.39 0.30 0.44 0.35 0.68 0.42 0.31 0.79 0.33
FS 5.80 5.94 5.69 6.18 5.85 6.68 6.23 7.84 7.36 5.37
F6 0.99 0.86 0.84 0.87 0.90 0.99 0.87 0.88 0.86 0.84
F8 0.21 0.15 0.17 0.18 0.16 0.28 0.18 0.14 0.19 0.16
F99 6.65 6.97 8.32 8.14 7.94 9.08 8.17 9.36 11.53 6.53
G99 0.11 0.11 0.11 0.11 0.11 0.10 0.11 0.11 0.13 0.11
Jo 3.75 3.82 4.74 6.72 4.08 10.73 6.79 4.26 10.54 5.13
J4 0.48 0.50 0.55 0.71 0.49 1.15 0.63 0.50 1.06 0.57
J6 2.73 3.22 3.52 4.85 2.84 7.93 4.74 3.21 7.38 3.69
J7 0.72 0.95 0.74 0.93 0.73 1.32 0.88 0.68 1.10 0.80
J9 0.49 0.60 0.62 0.84 0.61 1.39 0.78 0.53 1.27 0.64
J99 9.10 8.75 10.23 15.80 9.52 27.52 16.16 10.53 29.76 12.28
JA 5.98 5.41 6.37 9.89 6.37 17.01 9.46 7.04 19.10 7.71
L1 0.03 0.03 0.03 0.03 0.02 0.02 0.02 0.02 0.03 0.02
L2a 0.35 0.40 0.41 0.34 0.32 0.39 0.35 0.35 0.36 0.33
L2b 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.03 0.05 0.03
L2c 3.20 3.20 3.05 5.47 3.71 10.27 4.70 3.83 10.54 4.24
L99 21.83 15.97 20.19 27.02 18.43 54.18 25.59 22.41 53.28 21.82
LA 18.64 13.17 17.50 21.95 16.86 44.46 21.00 18.75 40.56 17.96
LS 4.37 5.93 5.51 7.91 5.90 16.21 7.18 4.96 17.44 6.40
M1 28.93 35.32 27.90 33.67 27.67 53.12 34.56 30.86 52.37 26.74
M2 0.13 0.13 0.13 0.15 0.13 0.16 0.14 0.11 0.15 0.11
M8 0.43 0.44 0.50 0.40 0.49 0.41 0.49 0.66 0.44 0.46
M99 46.77 49.26 40.48 49.73 37.72 75.78 53.49 45.91 75.55 39.99
P1 10.39 10.71 12.80 13.02 10.59 14.24 12.71 13.42 14.83 11.98
P2 2.83 3.55 3.63 4.78 3.54 8.08 4.52 3.03 9.06 3.97
P5 2.55 3.17 3.24 4.39 3.46 7.82 4.26 2.77 9.48 3.72
P99 10.93 11.10 12.96 13.92 10.73 19.96 12.74 13.19 16.38 12.28
S2 70.79 49.17 65.42 99.61 53.28 166.49 94.91 77.94 146.56 68.48
S3 2.77 3.83 3.49 4.86 3.12 9.10 3.92 2,97 10.56 3.65
T99 71.85 57.77 66.25 113.07 56.83 189.21 106.86 83.20 164.85 76.28
Medium 1.77 1.78 1.81 2.27 1.81 3.51 2.22 1.86 3.60 1.92
A3 0.26 0.23 0.29 0.41 0.22 0.60 0.36 0.29 0.51 0.27
A4 0.09 0.08 0.08 0.08 0.08 0.09 0.08 0.08 0.08 0.08
B3 0.08 0.10 0.08 0.10 0.09 0.15 0.09 0.09 0.17 0.09
Cc10 0.84 0.98 0.72 1.15 0.76 1.97 1.08 0.87 2.03 0.94
c8 0.22 0.20 0.21 0.31 0.20 0.50 0.28 0.22 0.52 0.25
co 0.37 0.35 0.33 0.57 0.31 0.90 0.53 0.33 1.11 0.41
CB 1.11 1.22 0.91 1.61 0.91 2.90 1.42 1.04 3.05 1.24

(continued on next page)
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Table B.11 (continued).

F7 0.23 0.21 0.18 0.27 0.19 0.32 0.29 0.22 0.32 0.21
H99 2.11 241 2.49 3.28 2.41 6.23 3.21 2.42 6.95 2.66
JB 0.82 0.94 0.86 0.83 0.82 0.77 0.83 0.97 0.89 0.79
JBa 0.56 0.56 0.52 0.57 0.55 0.59 0.58 0.59 0.60 0.55
JBb 0.36 0.50 0.49 0.60 0.46 0.83 0.65 0.50 0.74 0.46
JC 0.58 0.76 0.72 0.57 0.71 0.70 0.54 0.73 0.58 0.58
JCc 0.15 0.20 0.22 0.25 0.23 0.30 0.24 0.17 0.30 0.21
Jcd 0.49 0.66 0.59 0.48 0.62 0.50 0.47 0.58 0.45 0.52
JCe 0.12 0.13 0.13 0.13 0.11 0.20 0.12 0.13 0.12 0.12
JD 3.90 4.08 3.95 5.57 3.89 9.52 5.55 4.36 10.23 4.49
JE 2.19 2.42 2.29 3.64 2.51 5.91 3.61 2.44 6.81 3.07
JF 0.48 0.66 0.60 0.81 0.58 1.60 0.73 0.59 1.83 0.69
L3 3.28 2.99 2,99 3.72 3.16 6.59 3.92 2.96 6.13 3.26
L5 3.13 2.88 3.17 4.03 3.29 7.02 4.45 2.64 6.00 3.38
L6 9.68 8.82 9.54 10.84 9.19 16.44 10.50 9.64 16.51 9.75
L6g 8.76 8.17 9.36 10.05 9.13 13.19 9.67 8.90 12.70 9.23
Lé6h 1.16 1.13 1.25 1.49 1.16 2.81 1.47 1.24 2.72 1.31
L6i 0.79 0.69 0.84 0.85 0.77 1.04 0.82 0.74 0.88 0.76
L7 9.72 10.91 10.09 13.75 10.12 20.27 13.06 11.63 22.29 10.43
L8 1.06 1.05 1.09 1.55 1.14 3.52 1.48 1.17 4.16 1.32
Lo 0.58 0.54 0.63 1.13 1.07 1.43 1.06 0.57 1.50 0.90
M6 0.23 0.21 0.28 0.22 0.21 0.28 0.23 0.23 0.26 0.22
M7A 0.98 0.56 0.59 0.83 0.50 0.81 0.76 0.75 0.66 0.63
P4 0.53 0.66 0.69 0.65 0.66 0.80 0.63 0.61 0.64 0.61
Short 1.98 2.02 1.92 2.28 1.97 3.31 2.26 1.97 3.34 1.95
F10 0.82 1.27 0.94 1.38 1.86 1.57 1.40 1.15 1.44 1.16
F9 0.41 0.41 0.43 0.52 0.37 1.29 0.52 0.46 1.21 0.48
H1 0.85 0.85 0.80 0.93 0.82 1.30 0.89 0.85 1.34 0.85
H2 0.62 0.73 0.73 0.67 0.64 0.83 0.70 0.72 0.87 0.60
H3 0.56 0.63 0.70 0.81 0.62 0.89 0.81 0.65 0.98 0.67
H4 0.46 0.58 0.48 0.55 0.50 0.79 0.51 0.47 0.91 0.49
H6 1.77 1.84 213 2.37 2.04 3.06 2.37 1.99 5.25 2.10
JBc 0.02 0.03 0.03 0.02 0.03 0.03 0.02 0.03 0.03 0.02
JCf 0.06 0.07 0.07 0.08 0.07 0.11 0.08 0.07 0.09 0.07
JDa 3.23 3.27 3.34 4.40 3.44 6.83 4.33 3.58 6.96 3.69
JDb 0.43 0.47 0.50 0.60 0.46 1.46 0.57 0.44 1.84 0.51
JDc 0.58 0.67 0.76 0.83 0.78 1.17 0.80 0.70 1.09 0.68
Jbd 0.63 0.88 0.61 0.77 0.77 0.93 0.76 0.68 1.06 0.72
JDe 0.40 0.37 0.38 0.37 0.36 0.70 0.35 0.35 0.33 0.34
JEa 0.27 0.34 0.41 0.47 0.40 0.72 0.42 0.40 0.94 0.42
JEb 1.99 2.13 2.58 3.57 3.48 5.08 3.52 2.49 5.39 3.14
L3a 1.53 1.45 1.42 1.28 1.30 1.61 1.36 1.42 1.25 1.31
L3b 1.94 2.13 2.09 2.37 211 3.07 2.68 2.08 2.86 2.23
L3c 0.55 1.23 0.47 0.62 0.55 1.41 0.62 0.43 1.50 0.54
L4 1.02 0.96 1.56 1.25 0.81 2.07 1.24 0.82 1.96 0.88
L5a 1.97 1.85 1.94 1.86 1.91 3.14 1.84 1.79 2.33 1.80
L5b 1.27 1.34 1.27 1.61 1.94 3.15 1.56 0.94 2.60 1.43
L5c 0.23 0.23 0.20 0.26 0.22 0.38 0.26 0.22 0.26 0.21
L7a/b/c/d/f 9.28 10.65 9.41 12.60 9.58 16.70 11.97 10.93 18.00 9.96
L7e 3.90 3.45 3.10 3.92 3.28 7.63 3.84 3.81 9.17 3.80
L8a 0.69 0.59 0.86 1.03 0.77 2.46 1.02 0.78 2.54 0.91
L8b 0.52 0.58 0.57 0.84 0.65 1.25 0.82 0.56 1.34 0.69
M7B 20.62 18.75 17.11 19.15 16.66 25.32 19.42 17.74 22.21 16.17
P6 0.73 0.73 0.68 0.98 0.81 1.04 0.93 0.64 1.21 0.81
2 months 4.14 2.33 2.44 3.51 2.31 5.70 3.39 3.06 5.60 2.87
Long 6.87 3.87 4.12 6.01 3.83 9.87 5.80 5.33 9.66 4.89
A2 0.17 0.13 0.12 0.14 0.12 0.20 0.13 0.10 0.31 0.10
A5 0.11 0.14 0.13 0.10 0.13 0.16 0.10 0.10 0.12 0.12
A99 0.48 0.47 0.42 0.51 0.44 0.80 0.51 0.37 0.67 0.40
B2 0.18 0.24 0.21 0.21 0.24 0.29 0.20 0.19 0.36 0.19
B4 0.16 0.13 0.16 0.13 0.16 0.16 0.14 0.13 0.13 0.12
B99 0.33 0.42 0.37 0.29 0.39 0.32 0.30 0.29 0.28 0.29
c7 1.18 1.68 1.39 1.57 1.32 2.54 1.45 1.48 2.71 1.51
C99 2.11 2.28 2.06 2.64 1.86 4.50 2.42 2.47 4.77 2.48
CA 0.33 0.25 0.23 0.23 0.21 0.28 0.22 0.24 0.28 0.22
CC 1.29 1.85 1.57 1.72 1.42 2.82 1.58 1.66 2.94 1.67
D1 0.22 0.17 0.16 0.18 0.17 0.20 0.18 0.15 0.24 0.16
D2 0.18 0.21 0.18 0.20 0.19 0.30 0.19 0.17 0.32 0.18
D3 0.16 0.12 0.12 0.17 0.12 0.26 0.15 0.14 0.32 0.14
D99 0.42 0.44 0.40 0.47 0.43 0.75 0.46 0.39 0.87 0.42

(continued on next page)
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Table B.11 (continued).

El 0.10 0.07 0.08 0.08 0.07 0.09 0.07 0.06 0.09 0.07
E2 0.11 0.07 0.08 0.08 0.08 0.09 0.09 0.07 0.12 0.08
E99 0.15 0.09 0.10 0.10 0.09 0.09 0.09 0.10 0.12 0.09
F1 0.11 0.06 0.05 0.06 0.05 0.08 0.06 0.05 0.06 0.05
F2 1.59 0.68 0.74 0.85 0.85 1.12 0.85 0.65 1.35 0.74
F3 0.32 0.26 0.27 0.31 0.26 0.50 0.29 0.23 0.50 0.26
F5 5.80 3.52 4.01 4.63 4.04 4.76 4.64 4.25 5.33 3.77
F6 0.99 0.55 0.64 0.51 0.64 0.57 0.55 0.52 0.49 0.50
F8 0.21 0.06 0.08 0.10 0.08 0.18 0.11 0.08 0.10 0.08
F99 6.65 4.47 4.88 5.16 4.68 6.25 5.09 5.24 7.26 4.43
G99 0.11 0.06 0.06 0.07 0.06 0.09 0.07 0.06 0.08 0.07
Jo 3.75 3.02 2.42 3.56 2.46 6.68 3.55 2.32 6.51 2.46
J4 0.48 0.24 0.25 0.36 0.26 0.59 0.35 0.23 0.54 0.29
J6 2.73 1.93 1.94 2.72 1.80 4.60 2.49 1.71 4.76 1.90
J7 0.72 0.47 0.41 0.48 0.43 0.82 0.45 0.47 0.63 0.37
J9 0.49 0.45 0.38 0.47 0.41 0.86 0.48 0.34 0.76 0.32
J99 9.10 5.07 5.08 9.07 4.79 18.55 9.15 5.31 18.52 6.11
JA 5.98 2.69 2.99 5.80 2.97 11.38 5.64 3.89 12.17 4.22
L1 0.03 0.02 0.03 0.02 0.02 0.02 0.02 0.02 0.03 0.02
L2a 0.35 0.25 0.24 0.22 0.26 0.24 0.23 0.18 0.23 0.20
L2b 0.04 0.02 0.02 0.03 0.02 0.03 0.02 0.02 0.04 0.02
L2c 3.20 1.45 1.41 3.19 1.61 6.72 2.99 2.23 6.41 2.46
L99 21.83 10.68 12.23 17.65 10.63 37.43 16.77 14.80 33.61 14.83
LA 18.64 8.92 11.23 14.76 10.11 30.80 14.38 12.43 26.03 12.73
LS 4.37 2.90 2.76 4.68 2.80 10.37 4.71 3.07 10.53 3.57
M1 28.93 19.44 18.65 20.98 19.17 32.64 22.87 25.83 35.41 19.31
M2 0.13 0.10 0.10 0.11 0.10 0.14 0.11 0.09 0.13 0.09
M8 0.43 0.29 0.30 0.30 0.34 0.32 0.32 0.50 0.31 0.30
M99 46.77 28.79 28.31 33.60 26.37 48.21 32.72 36.18 51.81 28.73
P1 10.39 6.56 7.12 8.19 6.64 10.02 7.64 8.46 10.63 7.66
P2 2.83 1.88 1.97 3.14 1.99 5.39 3.02 2.13 5.65 2.45
P5 2.55 1.70 1.66 2.85 1.87 5.30 2.77 2.04 6.14 2.25
P99 10.93 5.97 6.47 8.48 6.42 13.13 8.14 8.51 12.01 8.01
S2 70.79 32.89 37.13 64.12 33.11 101.47 59.85 54.16 94.54 49.90
S3 2.77 3.53 3.15 3.36 3.12 5.99 3.03 2.94 6.80 3.15
T99 71.85 35.79 41.38 72.01 35.88 114.29 68.42 59.43 108.95 55.01
Medium 1.77 0.96 1.01 1.43 1.01 2.32 1.37 1.14 2.28 1.19
A3 0.26 0.22 0.24 0.27 0.21 0.44 0.27 0.22 0.33 0.23
A4 0.09 0.02 0.03 0.04 0.03 0.05 0.05 0.02 0.04 0.03
B3 0.08 0.05 0.05 0.07 0.05 0.11 0.06 0.05 0.11 0.06
C10 0.84 0.46 0.50 0.84 0.47 1.26 0.80 0.69 1.31 0.74
c8 0.22 0.19 0.19 0.26 0.18 0.37 0.25 0.23 0.38 0.23
co 0.37 0.32 0.29 0.41 0.26 0.62 0.40 0.30 0.75 0.35
CB 1.11 0.65 0.65 1.13 0.60 1.79 1.01 0.91 2.01 0.98
F7 0.23 0.13 0.11 0.16 0.11 0.22 0.16 0.11 0.19 0.12
H99 2.11 1.01 1.18 1.92 1.17 4.28 1.75 1.49 4.44 1.48
JB 0.82 0.28 0.26 0.44 0.30 0.40 0.44 0.37 0.43 0.31
JBa 0.56 0.17 0.17 0.29 0.18 0.28 0.29 0.20 0.30 0.18
JBb 0.36 0.25 0.24 0.34 0.24 0.49 0.34 0.26 0.48 0.28
JC 0.58 0.37 0.36 0.37 0.37 0.50 0.38 0.40 0.39 0.35
JCc 0.15 0.14 0.21 0.16 0.16 0.16 0.17 0.13 0.19 0.15
JCd 0.49 0.32 0.29 0.30 0.29 0.31 0.32 0.36 0.28 0.31
JCe 0.12 0.08 0.10 0.09 0.10 0.09 0.09 0.08 0.10 0.08
JD 3.90 2.37 2.13 3.46 2.20 6.78 3.48 2.51 6.28 2.72
JE 2.19 0.78 0.98 2.27 1.05 3.96 2.21 1.48 4.03 1.68
JF 0.48 0.40 0.37 0.48 0.41 0.90 0.45 0.41 1.10 0.40
L3 3.28 1.60 1.71 2.20 1.99 3.74 2.10 1.59 3.94 1.83
L5 3.13 1.22 1.49 1.77 1.49 3.49 1.89 0.97 3.00 1.36
L6 9.68 5.61 6.09 7.13 5.75 11.39 6.85 6.68 10.71 6.51
L6g 8.76 5.29 5.78 6.61 5.68 9.12 6.04 6.13 8.36 6.10
Lé6h 1.16 0.66 0.69 0.92 0.65 1.88 0.90 0.72 1.84 0.77
L6i 0.79 0.40 0.45 0.56 0.43 0.81 0.56 0.41 0.51 0.43
L7 9.72 5.00 4.82 9.04 5.23 13.81 8.62 6.53 14.40 6.92
L8 1.06 0.57 0.46 0.94 0.50 2.40 0.86 0.71 2.75 0.77
L9 0.58 0.26 0.45 0.61 0.31 0.80 0.62 0.25 0.77 0.42
M6 0.23 0.15 0.19 0.15 0.19 0.19 0.15 0.16 0.16 0.14
M7A 0.98 0.34 0.37 0.52 0.36 0.62 0.50 0.46 0.43 0.37
P4 0.53 0.45 0.48 0.48 0.47 0.64 0.48 0.43 0.58 0.45

(continued on next page)
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Table B.11 (continued).

Short 1.98 1.14 1.06 1.43 1.07 2.12 1.39 1.22 217 1.20
F10 0.82 1.09 0.84 0.82 1.31 0.95 0.82 0.80 0.97 0.73
F9 0.41 0.30 0.33 0.41 0.27 0.88 0.41 0.36 0.82 0.38
H1 0.85 0.31 0.28 0.47 0.35 0.82 0.46 0.29 0.83 0.35
H2 0.62 0.31 0.27 0.43 0.27 0.48 0.43 0.33 0.55 0.33
H3 0.56 0.28 0.31 0.50 0.28 0.52 0.49 0.40 0.54 0.39
H4 0.46 0.33 0.31 0.37 0.33 0.56 0.36 0.30 0.60 0.33
H6 1.77 0.81 0.92 1.31 0.86 2.08 1.29 1.02 3.45 1.13
JBc 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02
JCf 0.06 0.04 0.05 0.05 0.06 0.07 0.05 0.04 0.06 0.05
JDa 3.23 1.73 1.48 2.41 1.70 3.95 2.43 1.77 4.57 2.01
JDb 0.43 0.25 0.29 0.37 0.22 0.99 0.36 0.26 1.21 0.31
JDc 0.58 0.59 0.59 0.55 0.54 0.82 0.55 0.70 0.74 0.53
JDd 0.63 0.42 0.39 0.43 0.39 0.59 0.47 0.45 0.55 0.41
JDe 0.40 0.32 0.35 0.28 0.30 0.45 0.28 0.33 0.28 0.28
JEa 0.27 0.21 0.22 0.29 0.22 0.42 0.28 0.26 0.60 0.27
JEb 1.99 1.47 1.48 2.14 1.14 3.38 2.25 1.56 3.41 1.79
L3a 1.53 0.84 0.74 0.83 0.84 1.03 0.78 0.73 1.01 0.79
L3b 1.94 1.35 1.34 1.55 1.52 2.10 1.58 1.29 2.00 1.44
L3c 0.55 0.66 0.20 0.33 0.24 0.64 0.34 0.22 0.92 0.25
L4 1.02 0.55 0.55 0.65 0.47 1.41 0.66 0.45 1.27 0.49
L5a 1.97 0.72 0.82 0.86 0.78 1.65 0.80 0.65 1.05 0.70
L5b 1.27 0.46 0.65 0.86 0.98 1.72 0.87 0.38 1.37 0.64
L5c 0.23 0.13 0.14 0.16 0.14 0.22 0.16 0.11 0.18 0.13
L7a/b/c/d/f 9.28 4.29 3.98 7.51 4.31 10.11 7.23 4.84 11.17 5.43
L7e 3.90 2.34 2.09 2.89 2.23 5.30 2.96 2.71 6.12 2.77
L8a 0.69 0.35 0.37 0.53 0.37 1.67 0.56 0.39 1.61 0.46
L8b 0.52 0.42 0.36 0.59 0.37 0.89 0.57 0.44 0.94 0.51
M7B 20.62 12.21 10.98 13.22 10.02 17.07 12.23 13.84 15.39 11.33
P6 0.73 0.38 0.35 0.58 0.39 0.61 0.55 0.40 0.68 0.46
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Fig. C.4. Bar chart illustrating the frequency of the best-performing forecasts based on Mean Squared Error (MSE) in red, Mean Absolute Percentage Error (MAPE) in blue, and
Mean Absolute Error (MAE) in green, for the 110 WSTS product categories. The left side of the chart represents the outcomes of forecasts with a horizon of A = 3 months, while
the right side represents those with a forecast horizon of 4 = 2 months. The rows are organized by algorithmic update, expert forecasts (“Meeting”), and overall performance,
mirroring the structure of Tables 4 and 6.
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Table B.12

Mean absolute percentage errors (MAPE) for the 110 examined WSTS product categories, which are organized by time series length and
presented for the 3-month forecasts (first) and 2-month forecast (second). Averages are contained in the long, medium, short, 3-months, and
2-months rows respectively. The best result in each row, i.e. for each time series, is printed bold and italic.

D WSTS SARIMA ETS ET GPR KNN RF SES SVM Ensemble
3 months 8.4% 9.0% 8.8% 10.6% 9.0% 14.5% 10.3% 9.0% 14.7% 9.1%
Long 7.7% 8.1% 8.1% 9.6% 8.0% 12.7% 9.5% 8.5% 13.3% 8.3%
A2 5.5% 6.6% 5.9% 8.3% 7.3% 12.7% 7.7% 6.1% 15.5% 6.8%
A5 4.6% 7.1% 6.5% 5.4% 6.3% 9.1% 5.7% 6.5% 8.3% 5.9%
A99 4.2% 5.2% 5.5% 7.6% 5.0% 12.3% 7.5% 5.4% 10.3% 5.8%
B2 5.2% 4.9% 5.2% 9.1% 6.1% 13.4% 8.8% 5.7% 16.3% 6.4%
B4 6.0% 8.5% 7.4% 7.6% 7.5% 9.7% 7.8% 6.8% 7.8% 7.3%
B99 4.6% 6.5% 5.8% 5.2% 5.6% 5.7% 5.5% 5.8% 5.3% 5.3%
Cc7 4.0% 4.8% 4.3% 7.1% 4.5% 13.0% 6.1% 4.8% 14.1% 6.0%
C99 3.4% 4.0% 3.6% 6.9% 3.7% 12.0% 6.0% 4.0% 13.4% 5.4%
CA 5.3% 5.2% 4.6% 5.3% 5.1% 7.5% 5.4% 5.7% 6.9% 5.4%
CcC 4.1% 4.6% 4.2% 7.0% 4.6% 13.1% 6.2% 5.1% 13.5% 5.9%
D1 4.1% 5.1% 4.8% 5.2% 5.3% 6.8% 5.0% 4.9% 6.2% 5.0%
D2 3.7% 4.8% 4.8% 6.3% 5.0% 8.6% 6.5% 4.1% 9.5% 5.1%
D3 5.8% 5.5% 6.4% 8.8% 6.5% 14.6% 8.2% 5.4% 20.2% 7.5%
D99 3.1% 4.8% 4.0% 5.8% 4.7% 8.1% 5.3% 3.8% 10.3% 4.5%
El 8.2% 9.2% 10.1% 9.8% 8.4% 9.4% 9.9% 9.3% 11.5% 8.6%
E2 9.9% 10.1% 10.3% 12.5% 11.4% 14.3% 12.7% 10.7% 14.8% 11.2%
E99 6.6% 6.9% 7.0% 6.9% 6.7% 8.2% 6.7% 7.9% 8.0% 7.2%
F1 8.3% 6.9% 6.2% 8.3% 6.1% 9.9% 8.5% 6.3% 11.0% 6.4%
F2 4.5% 4.0% 3.9% 4.0% 4.6% 5.2% 4.1% 3.6% 5.6% 3.9%
F3 5.5% 5.9% 5.5% 7.7% 5.5% 10.4% 7.3% 5.3% 12.3% 5.8%
F5 11.1% 11.7% 11.6% 10.1% 11.6% 11.3% 10.6% 15.7% 12.7% 9.7%
F6 11.8% 10.0% 10.7% 9.9% 11.2% 11.8% 10.4% 10.2% 9.9% 9.7%
F8 9.3% 7.3% 7.8% 9.4% 7.9% 14.5% 8.7% 7.1% 8.7% 7.8%
F99 5.2% 5.6% 7.2% 6.5% 6.8% 7.6% 6.6% 8.3% 9.8% 5.6%
G99 54.8% 53.4% 55.2% 56.6% 54.4% 52.4% 58.4% 55.9% 66.9% 55.3%
Jo 4.8% 4.7% 5.7% 7.9% 5.0% 11.5% 7.7% 5.5% 11.1% 6.0%
J4 6.3% 6.3% 6.7% 7.8% 6.1% 11.5% 7.1% 6.9% 10.0% 6.8%
J6 5.5% 6.1% 6.9% 9.3% 5.7% 13.8% 9.1% 6.6% 13.4% 7.2%
J7 5.7% 7.5% 5.4% 7.6% 6.0% 9.5% 7.4% 6.0% 8.3% 6.6%
J9 4.2% 5.2% 5.0% 7.0% 4.9% 10.1% 6.4% 4.3% 10.3% 4.9%
J99 4.5% 4.1% 4.9% 7.8% 4.6% 12.5% 8.0% 5.5% 13.0% 6.1%
JA 4.9% 4.4% 4.9% 8.0% 4.9% 13.5% 7.8% 6.0% 14.0% 6.2%
L1 11.7% 13.5% 12.8% 11.6% 11.6% 11.7% 10.5% 12.6% 14.3% 11.0%
L2a 8.2% 8.4% 9.2% 8.0% 6.9% 9.7% 7.9% 7.8% 8.3% 7.5%
L2b 16.2% 18.5% 18.5% 18.7% 17.6% 23.5% 18.7% 15.7% 27.4% 16.8%
L2c 5.8% 5.5% 5.6% 9.5% 6.5% 14.1% 8.4% 6.4% 15.4% 7.3%
L99 4.8% 3.5% 4.2% 6.4% 4.2% 11.3% 6.0% 5.4% 11.4% 5.1%
LA 5.3% 3.7% 4.6% 6.5% 4.7% 12.3% 5.8% 5.6% 11.3% 5.0%
LS 4.7% 6.7% 6.0% 8.1% 6.5% 13.5% 7.5% 5.8% 15.8% 6.8%
M1 12.0% 14.1% 12.1% 16.1% 11.0% 22.9% 16.4% 14.0% 17.6% 12.6%
M2 11.1% 11.5% 10.1% 13.7% 10.5% 14.8% 13.1% 9.2% 15.0% 10.6%
M8 26.1% 24.3% 26.3% 21.6% 23.1% 24.1% 25.1% 32.8% 24.2% 23.1%
M99 11.4% 11.9% 9.6% 14.0% 9.2% 20.8% 14.4% 12.1% 17.3% 11.1%
P1 6.7% 7.5% 8.8% 8.4% 7.8% 9.2% 8.1% 9.1% 10.4% 7.9%
P2 4.9% 6.0% 6.0% 8.2% 5.9% 11.3% 7.8% 5.7% 13.6% 6.8%
P5 4.8% 6.0% 6.1% 8.8% 6.8% 12.3% 8.5% 5.5% 16.3% 7.2%
P99 4.8% 5.1% 6.1% 6.4% 5.0% 8.4% 5.9% 6.3% 6.9% 5.8%
S2 5.2% 4.1% 4.9% 7.9% 4.2% 11.4% 7.6% 6.4% 9.9% 5.5%
S3 3.0% 4.3% 4.1% 5.4% 3.7% 10.4% 4.5% 3.7% 11.9% 4.4%
T99 4.4% 3.7% 4.1% 7.5% 3.8% 11.0% 7.2% 5.8% 9.1% 5.1%
Medium 8.0% 8.2% 8.2% 10.1% 8.3% 14.1% 9.7% 8.3% 14.0% 8.6%
A3 5.4% 4.9% 6.5% 8.9% 4.5% 12.5% 7.8% 6.3% 9.9% 6.1%
A4 6.4% 6.7% 6.1% 7.1% 6.8% 9.4% 6.8% 5.7% 7.4% 6.2%
B3 10.0% 12.6% 9.7% 13.9% 11.3% 22.9% 13.1% 10.5% 26.1% 12.0%
C10 5.1% 6.8% 5.4% 7.8% 5.5% 13.5% 7.5% 5.8% 15.1% 5.8%
cs8 8.8% 9.0% 8.5% 11.8% 9.0% 15.3% 10.7% 8.7% 16.1% 9.5%
Cc9 6.4% 6.0% 5.6% 9.4% 5.5% 16.8% 8.6% 5.8% 20.3% 6.8%
CB 4.6% 5.6% 4.5% 7.6% 4.5% 14.5% 6.6% 4.7% 16.9% 5.5%
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Table B.12 (continued).

F7 6.6% 6.3% 6.0% 8.2% 5.8% 10.2% 8.4% 6.9% 9.9% 6.4%
H99 3.9% 4.1% 4.6% 5.5% 4.2% 10.1% 5.3% 4.3% 12.4% 4.6%
JB 10.2% 12.1% 10.9% 11.4% 9.9% 10.4% 11.0% 12.3% 11.4% 10.2%
JBa 12.5% 12.9% 11.5% 13.3% 11.8% 13.5% 12.9% 13.4% 13.5% 12.2%
JBb 11.5% 13.6% 13.0% 15.8% 13.0% 20.1% 15.9% 14.4% 17.2% 13.3%
JC 6.8% 7.2% 8.2% 7.1% 7.8% 8.9% 6.5% 8.0% 7.2% 6.9%
JCe 10.5% 11.2% 13.4% 14.8% 14.6% 14.5% 13.7% 10.4% 17.5% 12.5%
JCd 8.5% 10.8% 9.3% 10.1% 10.5% 11.9% 9.6% 9.6% 9.5% 9.5%
JCe 7.1% 8.3% 8.2% 8.7% 7.7% 13.9% 8.7% 8.7% 7.9% 8.1%
JD 6.3% 6.2% 6.1% 8.7% 5.6% 14.0% 9.0% 6.8% 13.7% 6.9%
JE 6.0% 6.4% 6.4% 10.5% 6.9% 16.1% 10.3% 6.7% 19.5% 8.9%
JF 5.0% 5.8% 5.7% 8.0% 5.1% 14.0% 7.4% 6.3% 14.7% 6.7%
L3 13.2% 14.1% 14.3% 15.7% 14.9% 21.8% 16.4% 14.0% 20.1% 14.9%
L5 7.4% 6.9% 8.0% 9.2% 8.3% 13.3% 10.5% 6.2% 13.2% 8.2%
L6 7.5% 7.5% 7.7% 10.8% 8.0% 16.5% 9.9% 8.6% 15.4% 9.0%
L6g 8.6% 7.8% 8.8% 12.6% 9.6% 16.4% 11.5% 9.4% 15.6% 10.4%
Lé6h 6.2% 5.6% 6.1% 8.2% 6.0% 13.2% 8.0% 5.9% 12.5% 6.7%
L6i 11.1% 10.5% 11.9% 13.6% 11.5% 17.8% 13.3% 10.5% 13.0% 11.6%
L7 5.8% 6.7% 5.7% 7.3% 5.7% 9.7% 6.6% 6.8% 10.7% 5.3%
L8 5.6% 5.6% 6.4% 9.5% 6.3% 20.2% 8.7% 6.8% 24.9% 7.8%
L9 13.4% 12.7% 13.3% 15.5% 17.7% 20.1% 14.4% 12.1% 17.9% 14.8%
M6 5.7% 5.8% 7.6% 5.9% 5.6% 7.7% 5.9% 5.4% 7.2% 5.5%
M7A 14.0% 6.4% 8.1% 9.2% 6.2% 9.7% 8.7% 8.6% 8.8% 7.4%
P4 6.4% 8.0% 8.2% 7.8% 8.4% 9.4% 7.6% 7.2% 7.2% 7.4%
Short 9.9% 11.4% 10.4% 12.7% 11.4% 18.0% 12.5% 10.6% 17.8% 11.0%
F10 15.8% 24.8% 19.3% 26.0% 31.8% 26.8% 26.9% 23.6% 26.6% 22.8%
F9 5.6% 5.3% 5.7% 6.6% 4.7% 13.6% 6.5% 6.2% 16.0% 5.9%
H1 9.3% 8.4% 8.9% 11.5% 9.6% 18.6% 11.3% 8.9% 20.9% 9.7%
H2 7.5% 9.5% 9.0% 7.9% 8.1% 10.1% 7.8% 8.6% 10.8% 7.1%
H3 5.2% 6.3% 6.6% 8.3% 6.0% 9.3% 8.1% 6.3% 10.6% 6.4%
H4 5.8% 8.3% 6.4% 7.1% 6.8% 9.4% 6.6% 6.6% 11.5% 6.3%
H6 7.1% 7.1% 7.5% 9.1% 7.7% 10.9% 9.4% 8.2% 18.5% 7.8%
JBc 20.6% 20.4% 20.6% 25.5% 21.5% 31.1% 24.7% 23.2% 27.8% 21.7%
Jcf 20.7% 23.4% 19.5% 28.8% 21.2% 39.9% 28.5% 23.4% 34.8% 25.3%
JDa 8.1% 8.2% 8.5% 10.8% 8.4% 15.4% 10.5% 9.1% 15.6% 9.3%
JDb 6.7% 6.9% 7.5% 10.0% 6.2% 22.6% 10.0% 7.1% 27.6% 8.0%
JDc 7.1% 8.4% 8.9% 9.2% 9.5% 13.3% 8.8% 8.4% 12.5% 7.5%
JDd 21.9% 25.2% 18.2% 21.6% 22.6% 24.8% 20.8% 20.4% 27.5% 19.8%
JDe 6.7% 5.9% 6.2% 6.7% 5.4% 10.9% 6.4% 5.6% 5.7% 5.6%
JEa 6.7% 8.3% 10.1% 11.6% 10.7% 15.5% 10.4% 9.2% 18.0% 10.2%
JEb 6.0% 6.3% 8.0% 11.5% 10.1% 16.0% 11.3% 7.9% 17.4% 10.3%
L3a 17.5% 14.8% 14.7% 15.7% 14.7% 17.8% 16.3% 14.7% 14.1% 15.3%
L3b 22.1% 23.6% 24.7% 23.5% 23.6% 33.4% 25.4% 24.3% 28.0% 24.3%
L3c 7.8% 22.2% 7.7% 11.6% 11.0% 19.3% 10.8% 6.9% 20.9% 9.5%
L4 7.4% 7.2% 9.6% 9.0% 5.6% 13.8% 8.8% 6.3% 12.4% 6.5%
L5a 7.1% 7.7% 7.6% 7.1% 7.6% 11.9% 7.2% 6.9% 9.4% 6.4%
L5b 9.7% 10.8% 10.8% 13.6% 16.7% 22.7% 12.1% 7.9% 21.6% 11.4%
L5c 8.9% 9.0% 8.2% 11.2% 9.1% 16.9% 10.7% 8.2% 11.2% 8.6%
L7a/b/c/d/f 6.8% 8.6% 6.8% 7.9% 6.8% 11.1% 7.5% 8.2% 11.0% 6.5%
L7e 6.6% 6.7% 6.2% 8.2% 6.5% 15.7% 7.7% 7.4% 16.1% 7.3%
L8a 5.6% 5.0% 7.1% 8.2% 6.5% 16.9% 8.2% 6.3% 20.2% 7.3%
L8b 8.1% 11.4% 9.8% 16.5% 13.0% 22.8% 15.9% 9.4% 24.8% 13.0%
M7B 13.1% 13.1% 11.7% 14.3% 11.8% 20.1% 14.0% 12.5% 14.6% 11.2%
P6 6.5% 7.3% 6.3% 9.1% 7.0% 10.6% 8.7% 7.0% 10.3% 8.0%
2 months 8.4% 5.1% 5.2% 6.6% 5.3% 9.4% 6.4% 5.5% 9.3% 5.5%
Long 7.7% 4.8% 4.8% 6.0% 4.8% 8.3% 5.8% 5.4% 8.5% 5.1%
A2 5.5% 4.6% 4.3% 5.0% 3.9% 7.0% 4.7% 3.8% 8.9% 4.0%
A5 4.6% 5.2% 5.2% 4.3% 5.4% 6.3% 4.4% 4.4% 4.8% 4.7%
A99 4.2% 3.4% 3.9% 4.9% 3.7% 7.7% 4.9% 3.3% 5.9% 3.9%
B2 5.2% 5.4% 5.4% 5.8% 5.7% 8.4% 5.7% 4.9% 10.7% 4.9%
B4 6.0% 4.2% 5.2% 4.5% 5.7% 6.1% 4.8% 4.7% 4.8% 4.4%
B99 4.6% 4.8% 4.6% 3.5% 4.9% 4.1% 4.0% 3.6% 3.7% 3.5%
Cc7 4.0% 4.0% 3.3% 5.1% 3.1% 8.4% 4.5% 4.8% 9.0% 4.7%
C99 3.4% 3.2% 3.2% 4.8% 2.5% 8.2% 4.4% 4.4% 8.7% 4.4%
CA 5.3% 4.0% 3.5% 3.5% 3.2% 4.4% 3.5% 3.7% 4.3% 3.3%
CcC 4.1% 4.1% 3.4% 5.0% 3.1% 8.6% 4.5% 5.0% 9.0% 4.7%
D1 4.1% 3.7% 3.6% 3.9% 3.5% 4.2% 3.9% 3.2% 4.6% 3.4%
D2 3.7% 3.6% 3.4% 4.0% 3.3% 6.1% 3.9% 3.2% 6.2% 3.4%
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Table B.12 (continued).

D3 5.8% 4.6% 4.4% 6.7% 4.5% 10.2% 5.8% 5.3% 12.9% 5.5%
D99 3.1% 3.1% 3.3% 3.7% 3.1% 5.5% 3.6% 2.9% 6.6% 3.0%
El 8.2% 5.7% 6.1% 6.6% 6.4% 6.4% 6.1% 5.3% 8.2% 5.8%
E2 9.9% 6.5% 6.3% 7.3% 7.3% 8.7% 7.5% 6.6% 9.9% 6.4%
E99 6.6% 3.6% 3.6% 4.2% 3.7% 4.1% 4.1% 4.1% 5.0% 3.6%
F1 8.3% 4.5% 4.4% 4.8% 4.2% 5.4% 4.4% 4.4% 4.7% 4.0%
F2 4.5% 1.8% 2.0% 2.3% 2.4% 3.1% 2.4% 1.7% 3.3% 2.1%
F3 5.5% 3.3% 4.2% 5.4% 3.7% 7.7% 5.2% 3.6% 8.1% 4.3%
F5 11.1% 5.8% 5.8% 7.0% 6.1% 7.9% 7.0% 6.6% 9.6% 5.5%
F6 11.8% 4.1% 5.7% 6.0% 5.6% 6.9% 6.2% 4.7% 6.1% 5.1%
F8 9.3% 3.1% 3.5% 4.9% 3.7% 8.2% 5.3% 3.7% 4.6% 4.0%
F99 5.2% 3.7% 3.5% 3.5% 3.5% 5.2% 3.7% 3.6% 6.1% 3.0%
G99 54.8% 18.4% 19.0% 30.2% 18.1% 38.7% 27.5% 20.4% 43.1% 23.8%
Jo 4.8% 3.6% 2.8% 4.4% 2.7% 6.7% 4.2% 2.9% 6.7% 2.9%
J4 6.3% 3.2% 3.0% 4.3% 3.5% 6.4% 4.1% 3.2% 5.8% 3.5%
J6 5.5% 3.1% 3.5% 5.3% 2.9% 8.0% 5.0% 3.2% 8.7% 3.6%
J7 5.7% 4.4% 3.5% 3.9% 3.8% 5.6% 3.7% 3.9% 4.8% 2.8%
J9 4.2% 3.6% 3.1% 4.0% 3.0% 6.5% 4.0% 3.0% 5.8% 2.6%
J99 4.5% 2.3% 2.3% 4.6% 2.1% 7.9% 4.6% 2.6% 7.5% 3.0%
JA 4.9% 2.0% 2.3% 4.9% 2.2% 8.3% 4.8% 3.3% 8.8% 3.5%
L1 11.7% 10.8% 10.3% 10.0% 8.7% 10.5% 9.1% 9.7% 11.5% 9.0%
L2a 8.2% 5.3% 5.5% 5.3% 5.6% 5.7% 5.6% 4.1% 5.3% 4.7%
L2b 16.2% 9.5% 9.4% 12.7% 8.5% 16.7% 12.6% 8.1% 18.8% 10.6%
L2c 5.8% 2.3% 2.3% 5.0% 2.7% 8.4% 4.8% 3.6% 8.4% 3.8%
L99 4.8% 2.2% 2.4% 4.0% 2.4% 7.8% 3.8% 3.4% 7.1% 3.2%
LA 5.3% 2.3% 2.9% 4.3% 2.7% 8.5% 4.0% 3.6% 7.3% 3.5%
LS 4.7% 3.2% 3.2% 4.7% 3.4% 8.7% 4.6% 3.6% 9.1% 4.0%
M1 12.0% 9.1% 8.7% 9.2% 9.1% 13.4% 9.3% 12.6% 12.2% 9.1%
M2 11.1% 9.6% 9.9% 10.9% 9.0% 12.6% 9.5% 9.0% 11.2% 8.3%
M8 26.1% 15.7% 15.2% 14.7% 18.3% 19.1% 16.1% 27.1% 16.4% 15.5%
M99 11.4% 7.8% 8.0% 9.0% 7.4% 11.8% 8.5% 10.4% 10.6% 7.6%
P1 6.7% 4.3% 4.7% 5.1% 4.5% 6.4% 4.9% 5.5% 7.3% 4.9%
P2 4.9% 3.4% 3.4% 5.0% 3.5% 6.8% 4.8% 3.7% 7.6% 3.7%
P5 4.8% 3.5% 3.1% 5.4% 3.7% 7.7% 5.2% 4.2% 9.9% 4.0%
P99 4.8% 2.7% 2.8% 3.9% 3.0% 5.6% 3.8% 3.9% 5.0% 3.7%
S2 5.2% 2.0% 2.8% 5.1% 2.4% 7.4% 4.9% 4.5% 5.9% 3.7%
S3 3.0% 2.7% 3.0% 3.7% 2.6% 6.4% 3.3% 3.2% 7.4% 3.1%
T99 4.4% 1.9% 2.6% 4.7% 2.1% 6.6% 4.6% 4.0% 5.9% 3.3%
Medium 8.0% 4.4% 4.8% 6.3% 4.7% 9.1% 6.1% 5.0% 8.7% 5.2%
A3 5.4% 4.2% 4.7% 6.2% 4.2% 9.4% 5.9% 4.6% 6.9% 4.9%
A4 6.4% 3.0% 4.3% 4.5% 4.6% 6.5% 4.4% 2.6% 4.6% 3.6%
B3 10.0% 6.2% 6.2% 9.4% 6.6% 15.9% 8.7% 5.7% 17.4% 7.4%
C10 5.1% 3.3% 3.7% 5.9% 3.3% 8.5% 5.6% 4.7% 9.7% 5.3%
cs8 8.8% 6.4% 6.6% 8.8% 6.5% 10.6% 8.2% 8.1% 10.0% 7.2%
Cc9 6.4% 5.0% 4.8% 7.0% 4.4% 11.2% 7.1% 5.4% 13.4% 6.1%
CB 4.6% 3.1% 3.1% 5.8% 3.1% 8.7% 5.1% 4.5% 11.0% 5.0%
F7 6.6% 4.2% 3.3% 4.8% 3.1% 6.5% 4.8% 3.8% 6.1% 3.7%
H99 3.9% 1.9% 2.0% 3.4% 1.9% 7.2% 3.1% 2.8% 8.0% 2.6%
JB 10.2% 3.4% 3.0% 5.9% 3.4% 5.3% 6.0% 4.8% 5.8% 4.1%
JBa 12.5% 3.5% 3.5% 7.0% 4.0% 7.1% 6.7% 4.9% 7.0% 4.0%
JBb 11.5% 6.3% 7.1% 8.8% 6.7% 12.9% 9.1% 7.1% 11.8% 7.5%
JC 6.8% 4.1% 4.6% 4.1% 4.5% 5.7% 4.4% 5.1% 4.4% 4.0%
JCc 10.5% 8.5% 12.0% 8.2% 8.9% 9.3% 8.7% 8.0% 9.3% 7.7%
Jcd 8.5% 5.6% 5.5% 6.0% 5.5% 7.1% 6.1% 7.0% 6.0% 5.9%
JCe 7.1% 4.7% 6.2% 5.2% 6.2% 6.6% 5.2% 5.2% 5.3% 4.9%
JD 6.3% 3.5% 3.0% 5.6% 3.0% 9.5% 5.6% 4.0% 8.0% 4.3%
JE 6.0% 2.2% 2.7% 6.8% 2.6% 10.4% 6.5% 4.2% 11.2% 4.9%
JF 5.0% 3.0% 2.7% 4.5% 3.0% 7.8% 4.2% 3.9% 8.8% 3.6%
L3 13.2% 7.0% 7.8% 9.9% 8.6% 12.4% 9.3% 7.0% 13.1% 8.0%
L5 7.4% 3.2% 4.5% 4.2% 4.5% 6.3% 4.3% 2.7% 7.3% 3.6%
L6 7.5% 4.3% 4.4% 7.2% 4.5% 11.1% 6.6% 5.8% 10.1% 5.9%
L6g 8.6% 4.3% 5.0% 8.0% 5.2% 11.2% 7.4% 6.2% 10.0% 6.7%
Lé6h 6.2% 3.6% 3.6% 5.2% 3.5% 8.7% 5.0% 3.8% 8.1% 4.2%
L6i 11.1% 5.7% 6.9% 8.9% 6.5% 12.8% 8.9% 5.8% 7.5% 6.7%
L7 5.8% 3.0% 2.9% 4.9% 2.9% 6.6% 4.7% 4.0% 7.4% 3.8%
L8 5.6% 2.9% 2.7% 5.3% 2.5% 13.3% 4.7% 3.6% 16.2% 4.0%
L9 13.4% 5.6% 6.9% 7.7% 6.1% 11.1% 7.4% 5.3% 9.7% 6.5%
M6 5.7% 4.1% 4.5% 3.7% 4.8% 5.2% 3.9% 4.7% 4.1% 3.4%
M7A 14.0% 4.5% 5.3% 6.3% 5.0% 8.2% 6.1% 5.7% 5.9% 5.0%
P4 6.4% 5.1% 5.5% 5.5% 5.5% 7.8% 5.7% 5.1% 7.0% 5.2%
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Table B.12 (continued).

Short 9.9% 6.5% 6.3% 8.0% 6.6% 11.5% 7.8% 6.3% 11.5% 6.8%
F10 15.8% 20.7% 15.0% 15.3% 18.9% 15.6% 15.1% 14.0% 17.5% 13.7%
F9 5.6% 3.4% 4.0% 5.2% 3.0% 9.3% 5.1% 4.2% 11.2% 4.5%
H1 9.3% 4.1% 3.9% 6.1% 5.2% 11.5% 6.3% 3.8% 12.5% 4.5%
H2 7.5% 3.7% 3.3% 5.0% 3.4% 6.2% 5.2% 3.9% 6.9% 4.1%
H3 5.2% 2.5% 2.9% 5.2% 3.0% 5.3% 5.2% 3.9% 5.6% 4.0%
H4 5.8% 4.4% 4.1% 5.0% 4.3% 6.7% 4.9% 4.1% 7.7% 4.2%
H6 7.1% 3.4% 3.9% 5.3% 3.5% 7.5% 5.3% 4.2% 12.4% 4.4%
JBc 20.6% 14.0% 14.8% 17.5% 13.8% 24.0% 16.3% 12.6% 18.5% 13.7%
JCf 20.7% 14.1% 17.1% 21.2% 19.5% 26.3% 19.0% 14.2% 23.6% 17.8%
JDa 8.1% 4.2% 3.6% 6.1% 4.3% 9.3% 6.4% 4.6% 10.2% 5.2%
JDb 6.7% 3.9% 5.3% 6.6% 4.0% 15.7% 6.3% 4.4% 18.0% 5.6%
JDc 7.1% 6.6% 7.2% 5.5% 6.3% 9.0% 5.6% 8.2% 8.5% 5.8%
JDd 21.9% 11.7% 12.2% 13.5% 12.2% 16.6% 14.2% 13.1% 14.8% 12.3%
JDe 6.7% 4.6% 5.8% 4.9% 4.8% 8.4% 4.8% 5.3% 4.9% 4.7%
JEa 6.7% 4.5% 5.4% 6.7% 5.0% 9.5% 6.4% 6.0% 11.3% 6.2%
JEb 6.0% 4.2% 3.8% 7.1% 3.0% 10.1% 7.4% 5.0% 10.7% 5.9%
L3a 17.5% 8.5% 7.8% 9.2% 9.1% 10.9% 8.6% 7.7% 10.0% 8.5%
L3b 22.1% 15.1% 14.7% 16.7% 16.4% 21.6% 17.4% 14.5% 21.2% 16.3%
L3c 7.8% 9.8% 2.8% 5.7% 4.3% 9.2% 5.5% 3.4% 13.0% 4.2%
L4 7.4% 4.0% 4.2% 4.8% 3.7% 9.1% 4.7% 3.5% 7.7% 3.7%
L5a 7.1% 2.9% 4.0% 3.8% 3.5% 6.0% 3.7% 2.9% 5.2% 3.3%
L5b 9.7% 3.9% 5.2% 7.5% 9.0% 13.4% 6.9% 3.1% 11.3% 5.5%
LSc 8.9% 4.8% 4.4% 6.4% 4.9% 9.5% 6.4% 4.3% 7.5% 4.8%
L7a/b/c/d/f 6.8% 3.2% 3.0% 5.1% 2.7% 6.7% 4.9% 3.9% 6.9% 3.7%
L7e 6.6% 4.5% 3.9% 5.8% 4.4% 11.4% 5.6% 5.0% 11.2% 5.2%
L8a 5.6% 3.4% 3.1% 4.5% 3.2% 11.3% 4.6% 3.3% 12.9% 3.7%
L8b 8.1% 6.2% 5.7% 10.2% 6.3% 14.7% 10.0% 6.1% 16.4% 8.3%
M7B 13.1% 9.2% 7.7% 9.2% 6.7% 11.9% 8.4% 10.1% 9.3% 7.5%
P6 6.5% 4.3% 4.1% 5.8% 4.3% 6.4% 5.7% 4.7% 6.0% 4.9%
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Fig. C.5. The bar chart provides insight into the comparative performance of forecasting methods across different time series lengths and evaluation metrics. It depicts the
distribution of the best-performing forecasts across 110 WSTS product categories, categorized by Mean Squared Error (MSE) shown in red, Mean Absolute Percentage Error (MAPE)
in blue, and Mean Absolute Error (MAE) in green. Each column represents a different time series length category: the left column represents short time series, the middle column
represents medium-length series, and the rightmost column represents long series (those with full available history). The rows of the chart are arranged by algorithmic update,
expert forecasts (“Meeting”), and overall performance, following the structure of Tables 4 and 6.
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Table B.13

Mean absolute errors (MAE) for the 110 examined WSTS product categories, which are organized by time series length and presented for the
3-month forecasts (first) and 2-month forecast (second). Averages are contained in the long, medium, short, 3-months, and 2-months rows
respectively. The best result in each row, i.e. for each time series, is printed bold and italic.

D WSTS SARIMA ETS ET GPR KNN RF SES SVM Ensemble
3 months 3.12 3.01 3.10 4.43 2.97 6.93 4.27 3.59 6.59 3.44
Long 5.24 4.92 5.18 7.63 4.83 12.03 7.35 6.18 11.27 5.82
A2 0.11 0.13 0.11 0.16 0.14 0.26 0.15 0.12 0.34 0.13
A5 0.09 0.14 0.13 0.10 0.12 0.18 0.11 0.12 0.16 0.11
A99 0.34 0.43 0.44 0.62 0.40 1.03 0.62 0.43 0.90 0.48
B2 0.14 0.13 0.14 0.24 0.17 0.36 0.23 0.15 0.44 0.17
B4 0.13 0.20 0.17 0.16 0.16 0.21 0.17 0.15 0.17 0.16
B99 0.25 0.36 0.33 0.28 0.32 0.32 0.30 0.31 0.28 0.29
c7 0.94 1.15 0.98 1.65 1.04 3.16 1.41 1.10 3.45 1.40
C99 1.58 1.79 1.59 3.08 1.62 5.64 2.66 1.79 6.34 2.41
CA 0.26 0.26 0.23 0.26 0.25 0.37 0.26 0.28 0.35 0.27
CC 1.03 1.20 1.03 1.76 1.12 3.45 1.55 1.25 3.60 1.50
D1 0.15 0.19 0.18 0.20 0.20 0.26 0.19 0.18 0.24 0.19
D2 0.14 0.18 0.18 0.24 0.19 0.33 0.25 0.15 0.38 0.19
D3 0.12 0.11 0.13 0.19 0.13 0.33 0.17 0.11 0.45 0.16
D99 0.30 0.47 0.38 0.56 0.46 0.81 0.51 0.36 1.04 0.43
El 0.07 0.08 0.09 0.09 0.07 0.08 0.09 0.08 0.10 0.08
E2 0.09 0.09 0.09 0.11 0.10 0.13 0.11 0.09 0.14 0.10
E99 0.12 0.13 0.13 0.13 0.12 0.15 0.12 0.14 0.15 0.13
F1 0.08 0.06 0.06 0.07 0.05 0.09 0.07 0.06 0.10 0.06
F2 1.34 1.18 1.17 1.20 1.36 1.56 1.22 1.08 1.71 1.17
F3 0.27 0.29 0.26 0.36 0.27 0.52 0.34 0.25 0.62 0.28
FS 5.02 5.27 5.23 4.78 5.20 5.32 4.91 7.17 5.98 4.40
F6 0.69 0.57 0.62 0.55 0.65 0.68 0.59 0.59 0.55 0.54
F8 0.15 0.11 0.13 0.15 0.13 0.23 0.14 0.11 0.14 0.12
F99 5.27 5.67 7.28 6.71 6.83 7.80 6.68 8.42 10.16 5.71
G99 0.07 0.07 0.08 0.07 0.08 0.06 0.07 0.07 0.08 0.07
Jo 3.24 3.17 3.86 5.55 3.41 8.51 5.41 3.70 8.21 4.17
J4 0.41 0.42 0.44 0.54 0.41 0.82 0.48 0.44 0.74 0.47
J6 2.34 2.58 2.92 4.02 2.37 6.35 3.91 2.73 6.02 3.07
J7 0.54 0.71 0.52 0.77 0.58 0.98 0.74 0.60 0.87 0.66
J9 0.39 0.51 0.49 0.68 0.48 1.04 0.62 0.42 1.05 0.48
J99 7.54 6.82 8.06 13.25 7.55 22.57 13.55 9.18 23.72 10.31
JA 4.82 4.34 4.90 8.05 4.83 14.19 7.79 5.86 15.31 6.22
L1 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02
L2a 0.29 0.30 0.34 0.28 0.25 0.33 0.28 0.28 0.29 0.26
L2b 0.03 0.03 0.03 0.03 0.03 0.04 0.03 0.03 0.04 0.03
L2c 2.54 2.37 2.41 4.33 2.86 7.14 3.73 2.89 7.68 3.31
L99 16.95 12.38 15.58 22.30 14.32 41.44 20.87 18.34 41.94 17.83
LA 14.34 9.99 13.15 17.50 12.99 35.16 15.81 14.65 31.89 13.93
LS 3.63 5.08 4.45 6.10 4.92 11.26 5.63 4.20 13.37 5.24
M1 22.04 24.78 20.41 27.80 19.65 42.46 28.39 23.18 37.20 21.69
M2 0.10 0.10 0.09 0.12 0.09 0.13 0.12 0.08 0.13 0.09
M8 0.36 0.34 0.37 0.31 0.33 0.30 0.36 0.49 0.32 0.32
M99 34.16 36.70 28.63 40.73 27.69 63.70 41.84 34.76 58.82 32.47
P1 8.12 9.11 10.55 10.41 9.40 11.84 9.95 10.80 13.19 9.88
P2 2.38 2.98 2.98 3.95 2.99 6.11 3.70 2.64 7.30 3.35
P5 2.05 2.69 2.69 3.73 3.03 6.01 3.55 2.25 7.88 3.14
P99 8.74 9.41 11.14 11.83 9.16 15.93 10.90 11.38 13.06 10.75
S2 52.17 41.34 49.89 80.01 43.02 123.26 76.37 63.37 107.91 56.24
S3 2.16 3.13 2.86 3.78 2.57 7.51 3.11 2.52 8.91 3.11
T99 53.76 46.24 50.85 91.83 47.35 141.27 87.40 69.58 119.65 63.31
Medium 1.29 1.33 1.33 1.79 1.36 2.74 1.71 1.40 2.82 1.47
A3 0.21 0.19 0.25 0.34 0.17 0.49 0.30 0.24 0.40 0.23
A4 0.04 0.04 0.04 0.04 0.04 0.05 0.04 0.04 0.04 0.04
B3 0.06 0.08 0.06 0.08 0.07 0.13 0.08 0.07 0.14 0.07
Cc10 0.60 0.76 0.60 0.90 0.63 1.56 0.85 0.64 1.74 0.67
c8 0.15 0.15 0.14 0.22 0.14 0.30 0.20 0.15 0.32 0.17
co 0.28 0.27 0.25 0.42 0.24 0.75 0.38 0.25 0.93 0.30

(continued on next page)

22



L. Steinmeister and M. Pauly Expert Systems With Applications 263 (2025) 125719

Table B.13 (continued).

CB 0.76 0.92 0.72 1.21 0.72 2.32 1.05 0.75 2.67 0.88
F7 0.17 0.16 0.16 0.22 0.16 0.27 0.22 0.18 0.27 0.17
H99 1.65 1.72 1.98 2.45 1.84 4.70 2.36 1.87 5.53 2.05
JB 0.58 0.71 0.64 0.64 0.56 0.61 0.61 0.67 0.63 0.58
JBa 0.40 0.42 0.37 0.41 0.38 0.42 0.40 0.41 0.41 0.38
JBb 0.28 0.34 0.33 0.43 0.34 0.58 0.43 0.36 0.51 0.35
JC 0.45 0.47 0.56 0.48 0.54 0.59 0.44 0.54 0.46 0.47
JCc 0.12 0.14 0.17 0.19 0.19 0.20 0.18 0.13 0.23 0.16
JCd 0.33 0.43 0.37 0.39 0.42 0.45 0.37 0.38 0.36 0.37
JCe 0.08 0.10 0.10 0.10 0.09 0.15 0.10 0.10 0.09 0.10
JD 3.16 3.17 3.14 4.53 2.92 7.57 4.59 3.45 7.69 3.57
JE 1.57 1.56 1.54 2.87 1.71 4.85 2.81 1.65 5.79 2.36
JF 0.43 0.53 0.51 0.69 0.46 1.31 0.64 0.53 1.45 0.60
L3 2.54 2.65 2.65 3.22 2.83 4.97 3.38 2.57 4.63 2.92
L5 2.20 2.00 2.40 2.95 2.50 4.45 3.35 1.77 4.31 2.55
L6 6.43 6.57 6.72 9.13 6.93 14.40 8.43 7.44 13.71 7.78
L6g 5.61 5.38 6.04 8.25 6.58 11.14 7.61 6.31 10.80 7.05
Lé6h 0.90 0.83 0.90 1.20 0.88 2.05 1.18 0.87 1.93 0.99
L6i 0.54 0.49 0.60 0.66 0.57 0.86 0.63 0.51 0.62 0.55
L7 7.77 8.77 7.49 10.36 7.60 14.48 9.36 8.99 15.96 7.48
L8 0.78 0.76 0.86 1.26 0.86 2.95 1.16 0.91 3.61 1.04
L9 0.48 0.42 0.48 0.72 0.80 0.96 0.65 0.43 0.96 0.64
M6 0.16 0.17 0.22 0.16 0.16 0.22 0.16 0.15 0.20 0.15
M7A 0.76 0.38 0.45 0.56 0.37 0.58 0.52 0.51 0.52 0.44
P4 0.44 0.55 0.57 0.54 0.57 0.62 0.52 0.49 0.48 0.50
Short 1.42 1.52 1.42 1.73 1.47 2.62 1.68 1.48 2.56 1.44
F10 0.64 1.04 0.77 1.16 1.33 1.28 1.18 0.99 1.25 1.00
F9 0.34 0.32 0.34 0.42 0.30 0.94 0.41 0.38 1.01 0.38
H1 0.49 0.44 0.48 0.65 0.50 1.06 0.64 0.48 1.16 0.54
H2 0.50 0.62 0.59 0.53 0.53 0.68 0.53 0.57 0.72 0.47
H3 0.39 0.46 0.50 0.63 0.45 0.72 0.61 0.46 0.83 0.48
H4 0.31 0.44 0.34 0.39 0.36 0.53 0.36 0.34 0.65 0.34
H6 1.32 1.36 1.46 1.69 1.51 2.05 1.73 1.50 3.81 1.49
JBc 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02
JCf 0.05 0.05 0.05 0.05 0.05 0.09 0.06 0.05 0.06 0.05
JDa 2.53 2.57 2.67 3.49 2.68 5.30 3.43 2.84 5.45 2.99
JDb 0.33 0.34 0.38 0.48 0.30 1.15 0.47 0.34 1.46 0.40
JDc 0.44 0.53 0.57 0.63 0.61 0.91 0.59 0.53 0.86 0.50
JDd 0.52 0.64 0.45 0.59 0.57 0.70 0.57 0.52 0.81 0.53
JDe 0.30 0.27 0.28 0.30 0.25 0.52 0.28 0.26 0.24 0.26
JEa 0.21 0.25 0.32 0.37 0.34 0.54 0.33 0.30 0.68 0.33
JEb 1.39 1.33 1.84 2.81 2.41 4.25 2.76 1.78 4.57 2.48
L3a 1.19 1.02 1.02 1.11 1.03 1.28 1.11 1.02 1.04 1.04
L3b 1.63 1.75 1.71 1.88 1.80 2.73 2.11 1.70 2.38 1.89
L3c 0.36 0.79 0.34 0.52 0.46 0.88 0.49 0.32 1.07 0.42
L4 0.72 0.69 0.99 0.87 0.53 1.45 0.84 0.60 1.36 0.62
L5a 1.26 1.32 1.33 1.26 1.35 2.23 1.27 1.18 1.71 1.12
L5b 0.91 0.98 1.01 1.32 1.64 2.35 1.13 0.71 212 1.10
L5c 0.18 0.18 0.16 0.21 0.18 0.31 0.20 0.16 0.22 0.17
L7a/b/c/d/f 7.20 8.80 7.26 8.78 7.14 12.73 8.21 8.61 12.72 7.06
L7e 2.35 2.29 2.16 2.72 2.24 5.55 2.62 2.53 6.08 2.54
L8a 0.53 0.45 0.66 0.78 0.58 1.80 0.77 0.59 2.07 0.69
L8b 0.36 0.44 0.42 0.71 0.55 1.07 0.68 0.39 1.17 0.55
M7B 14.08 14.25 12.70 15.10 12.47 21.94 14.56 13.18 17.81 11.64
P6 0.50 0.53 0.47 0.73 0.54 0.82 0.71 0.52 0.84 0.63
2 months 3.12 1.74 1.92 2.87 1.80 4.41 2.76 2.56 4.18 2.28
Long 5.24 2.87 3.28 4.95 3.02 7.64 4.77 4.51 7.13 3.90
A2 0.11 0.10 0.09 0.10 0.08 0.14 0.09 0.07 0.20 0.08
A5 0.09 0.10 0.10 0.08 0.11 0.12 0.09 0.08 0.09 0.09
A99 0.34 0.29 0.33 0.40 0.32 0.66 0.41 0.27 0.51 0.32
B2 0.14 0.15 0.15 0.16 0.16 0.23 0.15 0.13 0.29 0.13

(continued on next page)
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Table B.13 (continued).

B4 0.13 0.10 0.12 0.10 0.13 0.13 0.10 0.11 0.10 0.10
B99 0.25 0.28 0.27 0.20 0.29 0.24 0.22 0.21 0.21 0.20
c7 0.94 1.04 0.84 1.21 0.79 2.05 1.06 1.16 2.21 1.12
C99 1.58 1.53 1.48 2.23 1.18 3.85 2.02 2.04 4.09 2.04
CA 0.26 0.20 0.17 0.18 0.16 0.22 0.17 0.18 0.22 0.16
CC 1.03 1.16 0.94 1.32 0.84 2.27 1.16 1.30 2.37 1.23
D1 0.15 0.14 0.13 0.15 0.13 0.16 0.15 0.12 0.18 0.13
D2 0.14 0.14 0.13 0.15 0.13 0.24 0.15 0.12 0.25 0.13
D3 0.12 0.10 0.10 0.14 0.10 0.23 0.13 0.12 0.29 0.12
D99 0.30 0.31 0.33 0.36 0.31 0.55 0.35 0.29 0.67 0.30
El 0.07 0.05 0.06 0.06 0.06 0.06 0.05 0.05 0.07 0.05
E2 0.09 0.06 0.06 0.07 0.07 0.08 0.07 0.06 0.10 0.06
E99 0.12 0.07 0.07 0.08 0.07 0.08 0.08 0.08 0.10 0.07
F1 0.08 0.04 0.04 0.04 0.04 0.05 0.04 0.04 0.04 0.03
F2 1.34 0.54 0.61 0.71 0.72 0.94 0.74 0.54 1.03 0.63
F3 0.27 0.17 0.20 0.26 0.18 0.38 0.25 0.17 0.40 0.21
F5 5.02 2.83 2.86 3.44 2.94 3.75 3.47 3.26 4.49 2.74
F6 0.69 0.28 0.38 0.36 0.37 0.41 0.38 0.31 0.34 0.32
F8 0.15 0.05 0.06 0.08 0.06 0.14 0.09 0.06 0.08 0.07
F99 5.27 3.87 3.74 3.75 3.68 5.45 3.86 3.89 6.32 3.21
G99 0.07 0.04 0.04 0.05 0.05 0.06 0.05 0.04 0.06 0.05
Jo 3.24 2.53 1.93 3.08 1.84 5.02 2.97 1.95 4.96 2.08
J4 0.41 0.20 0.19 0.29 0.22 0.45 0.27 0.20 0.41 0.23
J6 2.34 1.41 1.52 2.35 1.30 3.68 217 1.40 3.88 1.59
J7 0.54 0.40 0.31 0.38 0.35 0.58 0.36 0.37 0.49 0.27
J9 0.39 0.35 0.30 0.38 0.31 0.66 0.38 0.29 0.59 0.25
J99 7.54 4.04 3.93 7.90 3.64 14.52 7.88 4.48 13.99 5.18
JA 4.82 2.01 2.36 4.98 2.27 8.97 4.85 3.32 9.58 3.61
L1 0.02 0.02 0.02 0.02 0.01 0.02 0.01 0.02 0.02 0.01
L2a 0.29 0.19 0.20 0.18 0.20 0.19 0.20 0.15 0.18 0.16
L2b 0.03 0.02 0.02 0.02 0.01 0.03 0.02 0.01 0.03 0.02
L2c 2.54 1.04 1.05 2.38 1.21 4.38 2.25 1.67 4.37 1.81
L99 16.95 7.76 8.77 14.06 8.26 29.01 13.48 11.80 26.07 11.43
LA 14.34 6.40 8.29 11.67 7.47 24.51 11.02 9.63 20.64 9.71
LS 3.63 2.41 2.32 3.58 2.43 7.35 3.51 2.64 7.82 3.02
M1 22.04 16.54 15.55 17.62 16.82 25.79 18.30 23.26 24.94 16.91
M2 0.10 0.08 0.08 0.09 0.08 0.11 0.08 0.08 0.10 0.07
M8 0.36 0.22 0.22 0.21 0.26 0.24 0.23 0.41 0.22 0.22
M99 34.16 24.34 24.28 28.90 23.20 38.08 27.67 32.93 36.52 24.03
P1 8.12 5.24 5.66 6.43 5.42 8.13 6.08 6.82 9.24 6.19
P2 2.38 1.59 1.58 2.46 1.62 3.77 2.36 1.82 4.20 1.86
P5 2.05 1.47 1.31 2.34 1.53 3.80 2.26 1.83 4.86 1.82
P99 8.74 4.96 5.21 7.19 5.41 10.51 7.00 7.23 9.49 6.98
S2 52.17 21.15 29.51 52.70 25.16 79.43 50.38 46.24 65.43 39.02
S3 2.16 2.10 2.24 2.72 2.01 4.73 2.44 2.32 5.53 231
T99 53.76 23.59 33.75 59.66 27.24 85.43 56.83 49.92 78.19 42.75
Medium 1.29 0.70 0.74 1.15 0.74 1.79 1.09 0.89 1.80 0.93
A3 0.21 0.16 0.18 0.24 0.16 0.37 0.22 0.17 0.28 0.19
A4 0.04 0.02 0.02 0.03 0.03 0.04 0.03 0.02 0.03 0.02
B3 0.06 0.04 0.04 0.06 0.04 0.09 0.05 0.04 0.09 0.05
C10 0.60 0.38 0.40 0.68 0.37 0.99 0.64 0.54 1.12 0.61
c8 0.15 0.12 0.12 0.17 0.12 0.22 0.16 0.15 0.21 0.14
Cco 0.28 0.23 0.21 0.32 0.19 0.51 0.32 0.24 0.61 0.27
CB 0.76 0.50 0.49 0.92 0.47 1.43 0.80 0.72 1.74 0.79
F7 0.17 0.11 0.08 0.13 0.08 0.18 0.13 0.10 0.16 0.10
H99 1.65 0.81 0.89 1.55 0.85 3.32 1.41 1.21 3.56 1.14
JB 0.58 0.21 0.18 0.34 0.21 0.30 0.34 0.29 0.32 0.24
JBa 0.40 0.12 0.12 0.22 0.14 0.22 0.21 0.17 0.21 0.13
JBb 0.28 0.16 0.18 0.25 0.17 0.37 0.25 0.18 0.34 0.20
JC 0.45 0.27 0.30 0.27 0.30 0.38 0.30 0.34 0.29 0.27
JCc 0.12 0.10 0.16 0.10 0.12 0.12 0.11 0.10 0.12 0.10
Jcd 0.33 0.23 0.21 0.23 0.21 0.27 0.24 0.28 0.23 0.23
JCe 0.08 0.06 0.07 0.06 0.07 0.07 0.06 0.06 0.07 0.06
JD 3.16 1.75 1.55 2.88 1.55 5.25 2.88 2.00 4.52 2.23
JE 1.57 0.62 0.77 1.90 0.76 3.20 1.82 1.22 3.41 1.43
JF 0.43 0.28 0.25 0.39 0.30 0.72 0.36 0.34 0.86 0.32
L3 2.54 1.28 1.43 1.98 1.66 2.76 1.87 1.28 3.01 1.57
L5 2.20 0.92 1.30 1.27 1.27 2.09 1.32 0.81 2.30 1.09
L6 6.43 3.92 4.01 6.11 4.06 9.71 5.72 5.14 9.01 5.20
L6g 5.61 3.08 3.59 5.35 3.66 7.60 4.97 4.31 6.91 4.60
Lé6h 0.90 0.52 0.53 0.75 0.50 1.35 0.73 0.55 1.26 0.60
L6i 0.54 0.30 0.36 0.44 0.35 0.62 0.44 0.31 0.38 0.34
L7 7.77 4.04 3.87 6.92 3.98 9.69 6.68 5.48 10.84 5.33
L8 0.78 0.41 0.36 0.74 0.34 1.97 0.65 0.52 2.36 0.57
L9 0.48 0.21 0.31 0.35 0.23 0.55 0.35 0.20 0.49 0.27
M6 0.16 0.11 0.13 0.10 0.13 0.14 0.11 0.13 0.12 0.09

(continued on next page)
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Table B.13 (continued).
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M7A 0.76 0.26 0.29 0.38 0.28 0.48 0.37 0.33 0.34 0.29
P4 0.44 0.36 0.39 0.39 0.39 0.52 0.40 0.36 0.48 0.37
Short 1.42 0.89 0.83 1.12 0.81 1.64 1.08 0.99 1.64 0.92
F10 0.64 0.90 0.66 0.67 0.82 0.72 0.66 0.64 0.81 0.60
F9 0.34 0.22 0.25 0.32 0.20 0.64 0.31 0.26 0.70 0.28
H1 0.49 0.22 0.21 0.35 0.28 0.66 0.36 0.21 0.70 0.25
H2 0.50 0.25 0.22 0.34 0.23 0.41 0.35 0.26 0.47 0.27
H3 0.39 0.20 0.23 0.41 0.23 0.41 0.40 0.32 0.44 0.31
H4 0.31 0.24 0.22 0.28 0.23 0.38 0.27 0.22 0.43 0.23
H6 1.32 0.61 0.70 0.96 0.64 1.41 0.94 0.75 2.52 0.79
JBc 0.02 0.01 0.01 0.01 0.01 0.02 0.01 0.01 0.01 0.01
JCf 0.05 0.03 0.04 0.04 0.05 0.06 0.04 0.03 0.05 0.04
JDa 2.53 1.34 1.18 1.99 1.37 3.13 2.07 1.46 3.56 1.69
JDb 0.33 0.18 0.24 0.30 0.17 0.78 0.29 0.19 0.95 0.25
JDc 0.44 0.43 0.46 0.37 0.42 0.62 0.37 0.53 0.58 0.38
JDd 0.52 0.29 0.30 0.35 0.30 0.47 0.37 0.33 0.42 0.32
JDe 0.30 0.21 0.26 0.21 0.21 0.37 0.21 0.24 0.20 0.20
JEa 0.21 0.15 0.17 0.22 0.17 0.33 0.21 0.20 0.43 0.20
JEb 1.39 0.92 0.98 1.79 0.79 2.78 1.86 1.28 2.88 1.51
L3a 1.19 0.66 0.59 0.67 0.68 0.79 0.61 0.58 0.75 0.63
L3b 1.63 1.12 1.07 1.34 1.24 1.77 1.38 1.06 1.74 1.25
L3c 0.36 0.35 0.13 0.26 0.19 0.44 0.25 0.16 0.66 0.19
L4 0.72 0.38 0.42 0.48 0.36 0.98 0.48 0.35 0.86 0.37
L5a 1.26 0.51 0.69 0.65 0.62 1.10 0.63 0.50 0.89 0.56
L5b 0.91 0.36 0.49 0.70 0.80 1.33 0.64 0.29 1.09 0.50
L5c 0.18 0.10 0.09 0.13 0.10 0.19 0.13 0.09 0.15 0.10
L7a/b/c/d/f 7.20 3.29 3.15 5.63 2.98 7.67 5.34 4.06 8.02 4.09
L7e 2.35 1.52 1.37 1.94 1.51 3.96 1.91 1.72 4.14 1.78
L8a 0.53 0.29 0.29 0.42 0.30 1.21 0.42 0.30 1.32 0.35
L8b 0.36 0.29 0.26 0.47 0.29 0.71 0.46 0.29 0.78 0.38
M7B 14.08 10.31 9.02 10.82 7.99 13.65 9.91 12.01 11.40 8.90
P6 0.50 0.31 0.29 0.46 0.31 0.49 0.45 0.34 0.48 0.37

B.1. RMSE
See Table B.11.
B.2. MAPE
See Table B.12.
B.3. MAE
See Table B.13.
Appendix C. Best model frequencies

See Figs. C.4 and C.5.

Data availability

World Semiconductor Trade Statistics (WSTS) data and forecasts are
available from wsts.org.
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Abstract

Many authors have highlighted the importance of reliable forecasts in industry — be it for demand and
capacity planning or corporate strategy. Hierarchical time series, where higher level time series are formed
by aggregating lower ones, can occur in many fields and industries. The most basic approach ensuring
consistency between forecasts on different hierarchy levels is to forecast on the lowest level and to aggregate
the results on the higher levels. This method is known as the bottom-up approach. However, this approach
ignores information of higher-level time series. Additionally, bottom-level time series may be more volatile,
possibly making them more difficult to forecast. To make optimal use of the information of all available
time series, [1] propose the Trace Minimization (MinT) algorithm. This algorithm has been implemented in
the “hts” [2] and “fable” [3] libraries in R. However, both implementations explicitly assume an equal
hierarchical depth. As we illustrate with an example at the end of the paper, this is not always the case in
practice.

The objective of this paper is to provide an adapted implementation of the MinT algorithm based on the
“hts” library in R which allows the user to handle degenerate hierarchical structures without introducing a
bias. This algorithm is applied to our example from the World Semiconductor Trade Statistics (WSTS), a
premier provider of semiconductor market data.

Keywords

MinT; Forecasting; Semiconductor; Time Series; Algorithm; Sales; Market Trend; Power Transistors

1. Introduction to hierarchical time series

Whenever time series occur in a hierarchical structure such that time series on lower levels are aggregated
to time series on higher ones, we speak of hierarchical time series. A popular textbook example is the
Australian domestic tourism dataset where the hierarchies are given by different Australian regions and
travel purposes [4]. This kind of structure is common in many domains: different aggregation levels for
forecasts are often needed to make decisions in production and supply chain management [5—7] and
technologies are often categorized hierarchically [8]. Additional applications are in actuarial science [9] and
economics [10-12], to name a few, highlighting importance of hierarchical time series forecasting to
practitioners.

The remainder of this section summarizes the idea and basic notation of hierarchical time series for the reader
based on Hyndman and Athanasopoulos’ “Forecasting: Principles and Practice” [13].

A time series is generally a sequence of random variables indexed by time [14]:
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Y = (Yt)tET/ ()

where we assume that T is a discrete set. Hierarchical time series arise, when we observe several time series
that are organized hierarchically, i.e. summed up to higher levels. Figure 1 illustrates two example
hierarchies. Hierarchy a) consists of 11 time series, where Y, = Y44 + Y45, etc. Hierarchy b) is very similar
but degenerate: time series B on level 1 does not have any corresponding nodes on level 2. Thus, the
hierarchical depth differs depending on which path is chosen through the hierarchy.

Total
Level 1
a) Example of a hierarchicaltime series structure b) Example of a degenerate hierarchical
with two levels. time series structure with two levels.

Figure 1: Examples of hierarchical structures of time series.

The hierarchical structure of such time series can be expressed in matrix form:
Yt = S btl (2’)

where b, refers to the time series on the leaf nodes and S is an appropriate summation matrix. In the example
hierarchy of Figure 1 a), this equation reduces to

[ Y7t

Yue

Yy, 111111 1

Y. 1 1.0 0 0 0 0f[Yaac
Y”=0011000=, 3)
AAtL 0 0 O O 1 1 1 YCC,t

Yap I,

-YCC,t—

where I, is the 7-dimensional identity matrix. A challenge with hierarchical time series arises when
forecasting: how to ensure that the produced forecasts are coherent within the hierarchical structure? The
naive approach to this problem is probably the bottom-up approach. Instead of producing forecasts for every
time series, only the time series on the leaf nodes b, (e.g., Level 2 in Figure 1 a)) are considered. Coherent
forecasts on each level can easily be obtained by substituting the bottom-level forecasts into Equation (2).
Another simple approach, which we will not cover in more depth, is to disaggregate a top-level forecast.
Hyndman et al. showed that such reconciled forecasts can be represented as

Y, = SGY,, )

where Y, is the vector of reconciled forecasts at time t, T(t is the vector of unreconciled forecasts at time t,
and G is an appropriate matrix [15]. In the case of bottom-up forecasts, Equation (4) becomes
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where ¥, = [17”, YA,t' -, YCC,t ]Tis the vector of the individual base forecasts. However, it has been
pointed out that neither the bottom-up nor the top-down approaches are optimal as they don’t use all available
information [16,13]. This is evident, for example, from the 0 part of the G-matrix in Equation (5): all the
higher-level forecasts are discarded. Furthermore, bottom-level forecasts can be more volatile and therefore
more difficult to forecast [17,13].

Outline: To solve this problem, the trace minimization (MinT) algorithm was proposed by [1], which is
discussed in the next section. In particular, we further motivate and justify the presented approach to
reconciling degenerate hierarchical time series with MinT. Section 3 provides a demo of the software
providing the altered MinT implementation based on the “hts” library. Section 4 rounds the paper off by
providing a case study with an example use case from the semiconductor industry.

2. The trace minimization algorithm

This section provides a summary of the trace minimization algorithm (MinT) based on Wickramasuriya et
al.’s original paper [1]. As the name suggests, the objective is to minimize the trace of the covariance matrix
W = Var(Yt - Vt), in other words the sum of the variances of the residuals of the reconciled forecasts
across all time series. Wickramasuriya et al. found that the solution to this minimization problem is given by

G=(S"w1s)1sTw1, (6)

For computational efficiency, Equation (4) and (6) can be combined and rewritten to

Y. =[I,-wcT(cwc")'CY,, 7

where C = Inq — A. A refers to the aggregation matrix (the part of § without the identity matrix). This allows
inverting a potentially much smaller n,; X n, matrix instead of the fulln X n matrix [16,1]. Both Equations
(6) and (7) depend on the covariance matrix W = Var(Yt - Vt). In practice this can be an issue when T is

not sufficiently larger than n. Wickramasuriya et al. therefore suggest estimating W with Schifer and
Strimmer’s shrinkage estimator [18,1]. MinT with the option to employ this shrinkage estimator is

Level 1 ‘
a) Example of a degenerate hierarchicaltime b) Example of the same degenerate hierarchicaltime
series structure with two levels. series structure with two levels and the quick fix.

Figure 2: Degenerate time series hierarchy and the corresponding quick fix.
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implemented in the “hts” [2] and “fable” [3] libraries in R. Similar implementations are available for Python
with the “pyhts” and “hierarchicalforecast” libraries [19].

The implementations available for R do not allow the reconciliation of forecasts in a degenerate hierarchical
structure, such as the hierarchy illustrated in Figure 1 b) and Figure 2 a). The function signature of “hts”
requires either the “nodes” or the “characters” argument from which the hierarchical structure is established
[2]. Both assume non-degenerate hierarchies. Similarly, this issue was raised on Stackoverflow where
Hyndman suggested the equivalent of the quick fix illustrated in Figure 2 for use with fable [20]. Essentially,
this approach extends shorter branches of the hierarchical tree with single nodes until the full depth is
reached. This is illustrated by the light blue node on level 2 (B) in Figure 2 b).

However, this approach implies a singular covariance matrix W, which causes problems in Equations (6)
and (7). Additionally, thinking about the minimization of the trace, it results in a higher weight of the
duplicated nodes, which skews the reconciliation. In our example, node B would effectively occur twice,
giving it twice the weight it would otherwise have. Hyndman pointed out that this approach is not optimal
and that it might result in bias, which might be somewhat reduced by employing the shrinkage estimate for
W [20]. Furthermore, the Equations (6) and (7) are dependent on the hierarchical structure only through the
summation matrix §. The constraint that the hierarchy must be non-degenerate is therefore not necessary for
the algorithm. This implicit assumption makes interfacing with the libraries more convenient when the
hierarchy is non-degenerate, which is the case for some problems like the text book examples given in [4,13],
because the user does not need to specify the matrix S. However, not all problems meet this constraint as the
question on Stackoverlow [20] and our example in Section 4 show. Therefore, this paper suggests an
adaptation of the “MinT” function of the “hts” library, which allows the user to directly supply the matrix S
instead of supplying either the “nodes” or the “characters” argument to compute reconciled forecasts in the
presence of degenerate time series hierarchies.

3. Library demo

The following lines of code will install and load the library containing the adapted implementation of the
MinT algorithm. The “devtools” library is assumed to already be installed.

devtools:install_github( "Isteinmeister/ htsDegenerateR’)

library( htsDegenerateR)
Time series in a small degenerate structure, see Figure 3 a), are considered. The S matrix in this case is given
by
1 1 1
S=(1 1 of ®)
I

The following R code generates the desired time series with 120 monthly observations. The trajectories are
plotted with the time in years in Figure 3 b).

383



# Set the seed for reproducibility
set.seed(123)

# Create a sequence of 120 numbers

x <-seq(1, 120)

# Cenerate the columns

AA<-sin(x*pi/6) + morm(120, 0, 1) # Sine component with random noise
AB <-0.05*x + morm(120, 0,0.5) # Linear component
B <- cos(x*pi/6)+ morm(120,0, 1) # Cosine component
# Combine the columns into a matrix

matrix <- cbind( AA AB, B)

hts = ts(matrix, frequency = 12)

# Define S matrix

S<-rbind(c(1,1,1), ¢(1,1,0), diag(1.,3))

I"OWnarneS( S) <_c( "-I-Otal", |IA", IMI, llmll’ IIBII)

mlnarres( S) <_ C(ll Il’ Imll, IIBII)

# Aggregate hts on all levels

hts.complete <- ts(t(S %*% t(hts)), frequency = 12)

- Total A AA
Total 10- | I
I oA
W
b Al ! oo ) AR
0- e MABAP AT
Level 1 - AB B 9
10- o -
v,.hw"v"
= \"‘JT'
Level 2 oo S
3 9 3 9
Time
a) Structure of the simulated b) Trajectories of the simulated
hierarchicaltime series. hierarchicaltime series.

Figure 3: Structure and trajectories of the simulated degenerate hierarchical time series.

The forecasts and the reconciliation are computed with the following lines.

# Fit a model to the time series

hts.models = lapply( hts.complete, function(c.ts) forecast::ets(c.ts))

# Generate predictions based on this model

hts.forecasts = sapply( hts.models, function(mdl) forecast::forecast(mdl, h = 1)$mean)
# Extract residuals

hts.residuals = sapply( hts.models, function(mdl) mdi$residuals)

# Compute reconciled forecasts

MinT(fcasts = hts.forecasts, Smat = S, residual = hts.residuals, algorithms = "chol")

The resulting forecasts are rounded to the nearest first decimal and presented in Table 1. Note that the simple
base forecasts are not coherent: AA and AB add up to 12.9, not 12.6 (A).

Table 1: Resulting base forecasts and the respective MinT-reconciled forecasts.

Total A AA AB B
Base forecasts 13.1 12.6 0.9 12 04
MinT forecasts 13.2 12.8 0.8 12 04

An application to a real-world data set with an evaluation of the forecast performance follows in the next
section.
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4. WSTS case study

WSTS is the premier provider of semiconductor market data [21]. In this case study, the WSTS hierarchy of
power transistors, which are used to control the flow of electrical power in a circuit, is considered as an
industry example of a degenerate hierarchical time series. Monthly data for 8 product categories was
obtained from January 1991 to August 2023. An overview of these product categories is provided in Table
2. For historical consistency the C7a and C7b product categorizations were combined into C7 (Field Effect
General Purpose Power Transistors). The hierarchy of this categorization is illustrated in Figure 4. Bipolar
and other power transistors (CA) in contrast to the other level 1 categories (CB, CC) are not categorized
further. Therefore, the hierarchy is degenerate, like the example discussed in Section 2 and illustrated in
Figure 2.

Table 2: Overview of the considered product categories and the time periods (in months), they were observed.

Description Available From  Available Months
C99  Power Transistors Jan 1991 392
CB Insulated Gate Bipolar Transistors Jan 1995 344
CC MOSFET Power Transistors Jan 1991 392
CA Bipolar and Other Power Transistors Jan 1991 392
C10  Insulated Gate Bipolar Transistor Modules Jan 1999 296
C9 Insulated Gate Bipolar Transistors Jan 1995 344
C8 Field Effect General Purpose Power Transistor Modules Jan 1999 296
Cc7 Field Effect General Purpose Power Transistors Jan 1991 392

To showcase the applicability of MinT to different base forecasts, several statistical and machine learning
models were trained on the individual time series from Jan 1991 through Dec 2017. The remaining 68 months
were used as a test set. The resulting forecasts are produced by time series cross validation (CV) [22]. The
evaluated base forecast models encompass the ARIMA [14], the Error Trend and Seasonality (ETS) model
[22], ExtraTrees (ET) [23], Gaussian Process Regression (GPR) [24], Holt-Winters (HW) [25], KNN [26],
Random Forest (RF) [27], and Simple Exponential Smoothing (SES) [22]. These models are selected due to
their strong performance on the 3-Competition data [28,30,29], which has similar characteristics to the
WSTS data considered here. The statistical models are fitted with help of the “forecast” [31] library and the
machine learning models are trained with the “caret” [32] and “caretForecast” [33] libraries. Here, the
“ranger” library [34] is used to implement RF and ET, and “kernlab” [35] is used for GPR. A grid search is
conducted for the machine learning models to tune hyper-parameters.

Total

Level 1

- 0000

Figure 4: Illustration of the WSTS power transistor hierarchy.
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Table 3: Improvement of reconciled forecasts over unreconciled forecasts for the WSTS power transistor hierarchy.
The counts and percentages are based on the number of time series and the number of evaluated error metrics:
RMSE, MAPE, MAE, MASE. For example, if the forecast accuracy for a single time series improved in terms of all
four error measures, it is counted as 4 in this table. Similarly, if the forecast accuracy of one timer series improved in
terms of two error measures and another in terms of three error measures, they count as 5. The percentages relate
these scores to the total possible score on each hierarchy level.

Model Total Level 1 Level 2 Overall

ARIMA 4(100%) 8 (66.67%) 11 (68.75%) 23 (71.88%)
ETS 4(100%) 6 (50%) 11 (68.75%) 21 (65.63%)
ET 4(100%) 5 (41.67%) 12 (75%) 21 (65.63%)
GPR 4(100%) 11(91.67%) 16 (100%) 28 (93.75%)
HW 4(100%) 5 (41.67%) 13 (81.25%) 22 (68.75%)
RF 4(100%) 7 (58.33%) 16 (100%) 27 (84.38%)
SES 0(0%) 5 (41.67%) 13 (81.25%) 18 (56.25%)

The resulting forecasts for the eight product categories are reconciled in similar fashion to the demo example
in Section 3 for each CV step. Afterwards, the out of sample performance of the base forecasts and the MinT
reconciled forecasts is measured in terms of RMSE, MAPE, MAE, and MASE (for details about these error
measures, see [36]). The performance measures relative to the best performing model are detailed in Table
5 in the appendix. Overall, the GPR model performed best, followed by HW, ETS, and ARIMA.

Table 3 provides an overview of how often the reconciled forecasts had a higher CV accuracy than the base
forecasts according to the four performance measures and averaged across each time series. Generally, MinT
not only provides coherent forecast by reconciliation as seen in Table 1 of Section 3 but also has the potential
to improve the predictive performance of the forecasts. For example, all top-level forecasts improved by all
error measures with the exception of the forecasts based on the SES model. This behaviour is desired and
expected (though not guaranteed), since MinT minimizes the sum of the individual time series prediction
errors by definition. Table 4 in the appendix confirms this finding and quantifies the improvement. The GPR
model improved most from reconciliation and ET improved least when averaged across all time series and
all error measures. Generally, forecasts generated by models with a good fit (ARIMA, ETS, GPR, HW) were
improved more through reconciliation than those generated by models with a higher average error measure
(ET, RF, SES).

5. Discussion

Section 1 gave an overview of the common framing and notation of hierarchical time series. In Section 2,
the trace minimization algorithm was introduced, and it was shown that the algorithm does not require non-
degenerate hierarchies despite this implicit assumption in popular R implementations. Section 3 provided a
demonstration of the altered MinT algorithm, which was originally implemented in the “hts” library [2]. It
walks prospective users through the required steps to download and install the “htsDegenerateR” library and
use it for the reconciliation of forecasts in a degenerate hierarchical structure. The steps were illustrated with
a reproducible simulated example, and it was shown that the algorithm successfully reconciled the example
forecasts. Section 4 provided an industry case study. The WSTS power transistor product categorization is
an example of a degenerate hierarchical time series structure. The “htsDegenerateR” library was successfully
used to reconcile forecasts using several statistical and machine learning algorithms. Furthermore, it was
shown that the forecasting performance for a majority of the time series increased through this reconciliation
approach. Thus, a working solution to a real-world problem has been provided.
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Appendix

Table 4: Percentage improvement of forecasting accuracy through reconciliation for the different base forecast
methods ARIMA, Error Trend and Seasonality (ETS) model, ExtraTrees (ET) , Gaussian Process Regression (GPR),
Holt-Winters (HW), KNN, Random Forest (RF) and Simple Exponential Smoothing (SES) by error measure. Positive

values indicate an improvement. Larger values are preferred.

ARIMA
Total Level 1 Level 2 All
Cc99 CB cC CA Overall | C10 Cc9 Cc8 C7 Overall
MAE | 4.4%| 7.8% 2.1% -0.1% 3.8%| 87% 6.3% 0.8% -1.2% 2.7%| 3.6%
MAPE | 3.2%| 8.0% 0.8% -0.8% 2.7%| 87% 7.0% 0.7% -0.6% 3.9%| 3.4%
MASE | 4.4%| 7.8% 2.1% -0.1% 33%| 87% 6.3% 0.8% -1.2% 3.9%| 3.7%
RMSE | 4.6%| 6.1% 2.7% -4.5% 3.0%| 8.6% 4.5% -0.4% -1.7% 1.8%| 3.0%
ETS
Total Level 1 Level 2 All
Cc99 CB CcC CA Overall | C10 Cc9 Cc8 C7 Overall
MAE 8.1%| -0.8% -0.4% 4.3% 0.1%|-0.5% 3.9% 6.4% -0.1% 0.8%| 2.8%
MAPE | 8.0%|-1.5% -0.4% 3.4% 0.7%| 1.4% 53% 9.5% 0.5% 5.2%| 4.0%
MASE | 8.1%|-0.8% -0.4% 4.3% 1.1%| -0.5% 3.9% 6.4% -0.1% 2.3%| 2.6%
RMSE | 49%| 0.4% 0.3% 4.2% 0.8%| 0.9% 3.9% 2.1% -0.5% 0.6%| 1.9%
ET
Total Level 1 Level 2 All
Cc99 CB cC CA Overall | C10 Cc9 Cc8 C7 Overall
MAE | 0.5%|-0.7% 1.4% -7.9% -0.1%| 0.0% 1.7% -0.6% 2.5% 1.5%| 0.6%
MAPE | 2.0%|-0.2% 1.5% -7.1%  -1.5%|-0.1% 0.6% -2.8% 2.3% -0.2%| -0.4%
MASE | 0.5%|-0.7% 1.4% -7.9% -1.7%| 0.0% 1.7% -0.6% 2.5% 0.9%| 0.0%
RMSE | 0.8%| 0.1% 1.0% -8.4% -0.1%| 1.0% 1.7% 0.2% 2.0% 1.6%| 0.8%
GPR
Total Level 1 Level 2 All
C99 CB CcC CA Overall | C10 Cc9 C8 C7 Overall
MAE 50%| 1.9% 0.8% 3.1% 15%| 1.7% 13% 12% 1.1% 1.3%| 2.5%
MAPE | 5.0%|-0.2% 1.1% 2.6% 13%| 20% 1.9% 2.0% 1.3% 1.8%| 2.0%
MASE | 5.0%| 1.9% 0.8% 3.1% 20%| 1.7% 1.3% 1.2% 1.1% 1.3%| 2.0%
RMSE | 5.1%| 1.2% 1.7% 3.4% 1.7%| 0.3% 1.1% -0.1% 1.5% 1.0%| 2.5%
HW
Total Level 1 Level 2 All
C99 CB CcC CA Overall | C10 Cc9 Cc8 C7 Overall
MAE 53%|-1.1% 0.2% -0.2%: -03%| 2.1% 6.2% 4.4% -0.3% 1.6%| 2.0%
MAPE | 4.8%|-2.0% -0.6% -1.0% -1.2%| 3.2% 7.5% 6.0% -0.8% 4.6%| 2.7%
MASE | 53%|-1.1% 0.2% -0.2% -04%| 2.1% 6.2% 4.4% -0.3% 3.1%| 2.1%
RMSE | 4.0%| 2.4% 2.4% 1.9% 23%| 3.1% 3.6% 2.0% 0.9% 1.9%| 2.7%
RE
Total Level 1 Level 2 All
C99 CB CcC CA Overall | C10 Cc9 C8 C7 Overall
MAE 2.0%| 0.1% 2.1% -6.0% 0.7%| 2.9% 3.8% 1.9% 2.6% 2.8%| 1.8%
MAPE | 2.4%| 0.6% 1.7% -4.9% -0.5%| 3.0% 3.2% 1.6% 2.5% 2.5%| 1.5%
MASE | 2.0%| 0.1% 2.1% -6.0% -0.6%| 2.9% 3.8% 19% 2.6% 2.8%| 1.5%
RMSE | 1.6%|-0.1% 1.2% -7.7% 0.0%| 2.7% 3.7% 1.3% 1.6% 2.2%| 1.2%
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MAE
MAPE [ -0.9% | -0.1% 1.1% -0.7% 0.1%| 1.6% -0.6% 1.5% 0.9% 0.9%| 0.5%
MASE | -0.8% | -0.1% 0.8% -0.7% 0.1%| 1.3% -0.6% 0.7% 0.7% 0.6%| 0.2%
RMSE [ -0.4%| 0.0% 0.3% -0.7% 0.1%| 1.2% 1.2% 0.1% 0.2% 0.5%| 0.1%

SES
Total Level 1 Level 2 All
Cc99 CB CcC CA Overall | C10 Cc9 Cc8 C7 Overall
-0.8%| -0.1% 0.8% -0.7% 0.4%| 13% -0.6% 0.7% 0.7% 0.7%| 0.1%

Table 5: Error measures relative to the best performing model by hierarchy level among forecast methods ARIMA,
Error Trend and Seasonality (ETS) model, ExtraTrees (ET), Gaussian Process Regression (GPR), Holt-Winters
(HW), KNN, Random Forest (RF) and Simple Exponential Smoothing (SES). The values indicate the percentage of
the error measure by which the considered model was worse than the best performing model, e.g., A value of 7%

indicates that the given model was 7% worse than the best model in that category and by that error measure.

Total Levell Level2 All Total Levell Level2 All
ARIMA 5% 9% 11% 9% ARIMA 5% 5% 10% 8%
ETS 7% 3% 5% 5% ETS 7% 3% 7% 5%
W ET 63% 54% 58% 58% | w ET 63% 38% 56% 50%
<§t GPR 0% 0% 0% 0% < GPR 0% 0% 0% 0%
HW 3% 1% 4% 3% 2 HW 3% 2% 6% 4%
RF 57% 47% 54% 52% RF 57% 32% 50% 44%
SES 74% 59% 59% 64% SES 74% 48% 51% 52%
ARIMA 1% 4% 7% 5% ARIMA 6% 10% 11% 9%
ETS 6% 2% 8% 5% ETS 3% 4% 5% 4%
w ET 61% 35% 46% 43%| o ET 52% 45% 49% 48%
& GPR 0% 0% 0% 0% § GPR 1% 0% 0% 0%
Z Hw 2% 1% 7% 5%| © HW 0% 4% 5% 3%
RF 55% 29% 41% 39% RF 47% 39% 44% 43%
SES 74% 49% 51% 53% SES 66% 50% 49% 54%
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Abstract

Time series often appear in an additive hierarchical structure. In such cases, higher-level time series are the sums of their subordinate
time series. This hierarchical structure places a natural constraint on forecasts. However, univariate forecasting techniques are
incapable of ensuring this forecast coherence. An obvious solution is to forecast only bottom time series and obtain higher level
forecasts through aggregation. This approach is also known as the bottom-up approach. In their seminal paper, [1] propose an
optimal reconciliation approach named MinT. It tries to minimize the trace of the underlying covariance matrix of all forecast errors.
The MinT algorithm has demonstrated superior performance to the bottom-up and other approaches and enjoys great popularity.
This paper provides a simulation study examining the performance of MinT for very short time series and larger hierarchical
structures. This scenario makes the covariance estimation required by MinT difficult. A novel iterative approach is introduced which
significantly reduces the number of estimated parameters. This approach is capable of improving forecast accuracy further. The
application of MinTit is also demonstrated with a case study at the hand of a semiconductor dataset based on data provided by the
World Semiconductor Trade Statistics (WSTS), a premier provider of semiconductor market data.

Keywords:
Prediction, Market Trend, Coherence, Forecasting, Machine Learning, Statistical Learning

1. Executive Summary an optimal parameter combination including potential seasonal
components as described in Hyndman and Khandakar [3]. In ad-
dition, a case study is presented which showcases the application
of various reconciliation methods on a real-world dataset.

The main objective of this paper is to introduce iterative
versions (MinTit) of the Trace Minimization (MinT) algorithm,
which was introduced by Wickramasuriya et al. [1]. The goal of
the iterative algorithms is to simplify covariance estimation for
large hierarchical structures, especially in the case of time series
with very few observations.

The motivation stems from the difficulty of estimating large
residual covariance matrices with very few observations. In the
case study presented in Section 5, a total of 110 dimensions
implies the estimation of 6160 parameters with only 24 observa-
tions in the most extreme case. Athanasopoulos et al. [2] point
out that this challenge of dimensionality can lead to “volatile
performance of MinT, especially for short time series”. Conclusion: MinTit reconciliation has the potential to im-

Methods: A simulation study resembling Wickramasuriya prove forecast accuracy for extremely short time series and when
et al. [1] for extremely short time series is conducted to assess time series lengths differ across the hierarchical structure. Ide-
the performance of MinT in this case and determine whether ally, the reconciliation method should be chosen based on a cross
an iterative approach can improve upon the performance of  Validation when the length of the considered time series permits,

Results: In many of the simulated scenarios, MinTit, the
iterative adaptations of MinT, achieved a higher reduction in
average RMSE than any other reconciliation method. Neverthe-
less, MinT proved remarkably robust — even in the presence of
extremely short time series. It was generally the best performing
reconciliation method for forecasts based on GPR. However,
the forecasts based on the ETS and ARIMA models were much
more accurate in most of the simulated cases. For these two base
forecasts, the new MinTit approaches were often more favorable.

MinT and existing alternatives such as structural scaling. Here, ~ as performance may differ depending on the structure of the data
performance is measured by a reduction in root mean squared ~ and the employed forecasting algorithm.
error (RMSE) compared to the base forecasts. For the latter we As a rule of thumb, MinT may be the reconciliation method

considered three common forecast models: Gaussian process  of choice when there is reason to assume strong seasonal effects:
regression (GPR), Error, Trend, and Seasonality (ETS) as well  the ETS and auto. ARIMA models (both seek an optimal model,
as auto.ARIMA models. The latter automatically seeks to find  including models incorporating seasonal components) struggled
to adequately identify seasonality with short time series, which

“Corresponding author: Louis Steinmeister .:apper:}red to haYe. nfigatively affected the. perfo;mflnce of the
Email address: louis.steinmeister@tu-dortmund.de (Louis iterative reconciliation methods. Otherwise, MinTit may be a
Steinmeister) good choice with the potential to achieve a lower RMSE. MinTit




also allows for efficient use of information when time series
lengths differ, which can provide an additional edge.

2. Brief Introduction

Accurate forecasts play an increasingly important role in a
more and more interconnected and digitized world. In a cor-
porate setting, forecasts routinely inform investment decisions,
capital allocation, production, strategy, and help companies an-
ticipate technological change [4, 5, 6, 7, 8]. In many settings in
practice, time series occur in a hierarchical context. A textbook
example is the Australian tourism data set [9]. Here, quarterly
tourism demand is broken down into three levels: by purpose
of travel, states, and nights spent in the regional capital or other
cities. Kuhlmann et al. [10] provide a corporate example of the
occurrence of hierarchical time series where sales numbers are
broken down by product and sales channel. Furthermore, the
case study in Section 5 consists of time series in a hierarchical
structure with market revenues aggregated by semiconductor
product categories. Forecasts at different levels of detail are
crucial for operational planning. However, ensuring these fore-
casts and plans are coherent is essential for a unified operational
strategy.

The paper is structured as follows: The above brief intro-
duction motivates the discussion of hierarchical time series rec-
onciliation methods, including the popular trace minimization
algorithm Wickramasuriya et al. [1]. The latter is explained in
Section 3, which also introduces new iterative versions of trace
minimization (Section 3.1). Similar to Wickramasuriya et al.
[1], a simulation study to compare the performance of various
reconciliation algorithms is conducted in Section 4. There, we
explore the effect of correlation, the impact of the smoothing
effect of aggregation, the effects of seasonality, different time
series lengths, or hierarchical degeneracy, as well as the effect
of a ’larger’ hierarchy. Section 5 presents a case study of a semi-
conductor market data set: The World Semiconductor Trade
Statistics (WSTS). Finally, Section 6 provides a discussion of
the overall findings.

3. Hierarchical Time Series Reconciliation

A hierarchical time series is defined as a set of (bottom) time
series which can be summed to higher level time series. An
illustration of a simple such hierarchy is provided in Figure 1.
In this example, the bottom time series encompass

X(boltom) — (X(AA) X(AB) X(BA) X(BB) X(BC))T.

These are progressively summed according to the overall hierar-
chical structure:

XA — x4 | x@B)
XB) — x(BA) | x(BB) | x(BO)

XD = x@ 4 xB = x@AA) 4 y@AB) | yxBA) | y(BB) 4 y(BO)

Note that this set of equations can be summarized in a
simple matrix multiplication: X = SX®"™  \here X =

Total {;:;?

Figure 1: Illustration of a simple time series hierarchy with two levels.

Level1

XD, XD xB  XEOYT are the pooled time series from all
levels in hierarchical order and S is an appropriate structure
matrix. In the example of Figure 1, clearly
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The goal of hierarchical time series reconciliation is to ensure
the coherence of base forecasts, which are obtained through
appropriate forecasting models like ARIMA, ETS, or other
forecasting approaches. This means that forecasts should be
constrained by the underlying hierarchical structure, i.e. the
appropriate bottom time series forecasts should add up to the
corresponding higher level forecasts.

Probably the most intuitive method to achieve this goal is
called the bottom-up approach (BU). Here, forecasts are only
generated on the bottom time series. Higher level forecasts
are derived by summing the respective bottom forecasts. How-
ever, this approach has a significant drawback: information on
higher aggregation levels is omitted. To make matters worse,
higher aggregation levels are observed to often feature a prefer-
able signal-to-noise-ratio compared to lower levels, potentially
making the forecasting process more difficult and less accurate.

The opposite approach is called the top-down approach (TD).
As the name suggests, it consists of disaggregating a single, top-
level forecast to arrive at lower level forecasts. However, this
implies that all information of lower level time series is omitted
in the process. Furthermore, Hyndman et al. [11] and Pana-
giotelis et al. [12] showed that a top-down approach necessarily
introduces bias.

Hyndman et al. [11] showed that any of the existing methods
can be expressed as

X = SGX, (1)

for an appropriate matrix G, where X are the reconciled forecasts
based on the base forecasts X. For instance, the bottom-up ap-
proach for the example hierarchy from Figure 1 can be expressed
with

G = [05x3,15].



Ideally, all available forecasts should be utilized in a way that
optimally combines the information on all hierarchical levels.
This motivated the introduction of the trace minimization algo-
rithm (MinT) by Wickramasuriya et al. [1]. Denote by V the
covariance matrix of all forecast errors (from all levels). As the
name suggests, MinT aims to minimize the trace of V. In other
words, MinT is a solution of the minimization problem that min-
imizes the total sum of forecast errors under the constraint that
the forecasts have to obey the hierarchical structure. Applying
Equation (1), this minimization problem can be written as

n}}in {SGWGTST} @)

under the constraint that the reconciled forecasts are unbiased
or, as Hyndman et al. [11] showed, under the condition that
SGS = S. Here, W is defined as the covariance matrix of the
base forecast errors. Wickramasuriya et al. [1] further show that
the solution to the minimization problem in Equation (2) has the
closed form solution

G=(sTW's) sTw. 3)

This algorithm is accessible through the hts[13] and fable[14]
packages in R or the pyhts and hierarchicalforecast li-
braries in Python [15]. Steinmeister and Pauly [16] provide an
adapted version of the hts implementation of MinT, allowing
for degenerate hierarchical structures.

Note that the solution in Equation (3) requires the inversion
of the covariance matrix of base forecast errors W. With a total
of p time series, the estimation of W thus requires the estima-
tion of @ variables. The inversion of this matrix can cause
further issues, particularly when W is badly conditioned. This
may amplify estimation errors and lead to an unstable solution.
Therefore, in the case of hierarchies with a large number of
time series and a relatively small number of observations, Wick-
ramasuriya et al. [1] propose the use of a shrinkage estimator
introduced by Schéfer and Strimmer [17]. This shrinkage estima-
tor finds a combination of the standard covariance estimator and
a diagonal matrix containing only the base forecast variances.
The result is a covariance estimator where the off-diagonal en-
tries are shrunk towards zero. While this approach significantly
stabilizes the algorithms, we propose an iterative approach in
the following section which additionally reduces the number
of estimated parameters significantly. This approach is com-
pared against common reconciliation methods in an extensive
simulation study in Section 4.

3.1. Iterative Trace Minimization

In the spirit of divide and conquer, we propose breaking a
large hierarchy down into smaller sub-hierarchies to mitigate
the stability issues with MinT. An illustration of the steps that
the algorithm passes through in each iteration for the example
hierarchy in Figure 1 is provided in Figure 2. The iterative
process views each 1-level sub-hierarchy as an optimization
problem in itself. The intuition is that this allows for the estima-
tion of several small covariance matrices instead of one large
one. Iterating this process allows information from the higher

levels to be propagated to lower levels and vice versa, similar to
back-propagation in neural networks [18].

The total number of parameters is greatly reduced by this
method. For illustration, assume a hierarchy with D levels and
w > 1 sub-nodes each. Then the total number of nodes, or time
series, is given by

D
P=Zwk=—ww_1 . “)

wl)+l —1 wPtl -2 l

This implies that *~— 3 = 0] (WZD ) parameters have to
be estimated to obtain the covariance matrix. Thus, the complex-
ity is polynomial of order 2D in terms of the hierarchy’s width
and of exponential order in terms of the hierarchy’s depth.

In contrast, the iterative approach goes through ’:f_‘ll steps,
each requiring the estimation of w(w + 1)/2 parameters. Thus,
yielding a polynomial order of D + 1 degrees in terms of the hi-
erarchy’s width. The order of complexity for the depth remains
exponential, but with a (significantly) smaller base. Overall,
the complexity is given by O (WD ”). Table 1 illustrates the
impact that this difference in complexity can have in practice.
Particularly when hierarchies are large, it can be seen that the it-
erative algorithm, as detailed in Algorithm 1, has a much smaller
complexity in terms of internal parameters that need to be esti-
mated. However, this advantage usually does not translate into
faster runtime. The iterative approach requires several iterations,
usually ranging from high double digits to several hundreds. Fur-
thermore, more iterations may be required when the hierarchy is
large, as it may take longer for the information to propagate.

Table 1: Comparison of the number of parameters required to estimate
the covariance matrix for simple hierarchies each with constant widths
of 2 and 3 and depths ranging from 2 to 6.

Width 2 3

Depth | MinT  Iterative  Fraction | MinT Iterative  Fraction
2 28 9 0.32 91 24 0.26
3 120 21 0.18 820 78 0.10
4 496 45 0.09 7381 240 0.03
5 2016 93 0.05 66430 726 0.01
6 8128 189 0.02 | 597871 2184 0.00

4. Monte Carlo Simulation

To evaluate the performance of the iterative algorithm and
compare it against established methods, we conduct Monte Carlo
experiments with 5000 iterations in Section 4.3, unless stated
otherwise.

The compared reconciliation methods are summarized in Sec-
tion 4.1 and an overview over the utilized forecasting methods is
given in Section 4.2. Results are presented in root mean squared
error (RMSE) relative to the baseline forecasts.

4.1. Reconciliation Methods

The following reconciliation methods are compared: the
bottom-up approach (BU), trace minimization (MinT) and two
iterative versions: MinTit; and MinTit,. They are all briefly
explained below:



Step 1 Step 2 Step 3
Total @
ANt |

Figure 2: The steps with their respective sub-hierarchies in each iteration.

Algorithm 1 Iterative Trace Minimization

1: Input: A hierarchical structure with levels L = {Ly, ..., Ly}
each containing the time series 7S;, = {TSY,...,TS f_”}

. . . ki,
with respective constituents C(T'S LL,'). Forecasts are de-

noted 7S and CTT?) and residuals are denoted R(7'S ) and
R(C(TS)). Define € > 0 as the convergence threshold.

2: for k € {1, ..., maxit} do

3:  Save vector of all forecasts in forecasts,y

4. forle Ldo

5: for TS €ldo

6: S « structure matrix containing 7'S and C(T'S)
7: Y « covariance matrix* of [T'S, C(T'S)]

8: [ﬁ, CT]?)] — MinT([ﬁ, CTT?)] , X, S)

9: end for

10:  end for

11:  Save vector of all updated forecasts in forecastsye,
12:  if ||forecasts,,,, — forecasts,y| < € then

13: return forecasts,e,

14:  end if

15: end for

* The covariance matrix can either be locally estimated (using
only the sub-hierarchy) or globally by using the global shrinkage
estimator proposed by Schifer and Strimmer [17] and subsetting
the global matrix appropriately. The former will be denoted as
MinTit; and the latter as MinTit,

The bottom-up (BU) approach requires forecasts only for the
bottom time series. These forecasts are then aggregated accord-
ing to the specified hierarchical structure. This is the simplest
approach in the comparison — but nevertheless commonly used
as it presents a canonical way of ensuring coherence.

Trace minimization (MinT) functions by minimizing the
sum of expected forecasting errors. A closed form solution is
given by Equation (3). This approach has been shown to excel
in many situations [1].

Iterative trace minimizations (MinTit) is introduced in Sec-
tion 3 and iteratively reconciles sub-hierarchies until forecasts
converge, as illustrated in Figure 2 and defined in Algorithm 1.
It was inspired by the idea that it may not be necessary to specify
the complete covariance matrix as in MinT, potentially lead-
ing to higher performance in settings with large hierarchical
structures and very short time series or time series of varying

lengths. Two options for estimation of the covariance matrix in
the sub-hierarchy are compared: either the shrinkage estimator
[17] can be computed globally and subdivided according to the
respective sub-hierarchies (MinTit,), or the shrinkage estimator
can be computed locally, leading to locally differing shrinkage
factors (MinTit;). The latter has the advantage that more data
can be incorporated when available on the sub-hierarchy-level.

Additionally, two weighted least squares methods are com-
pared, which differ from MinT mainly in assumptions regarding
the form of the covariance matrix W:

Structural Scaling (WLS;) as in Athanasopoulos et al. [19]
assumes equal and uncorrelated residual variances of the rec-
onciled bottom time series. This results in higher variances on
higher levels in the hierarchy, proportional to the number of
subsumed bottom time series. This assumption can be expressed

as
W = kA,

where A = diag(S1) is a diagonal matrix with the row sums of
the structure matrix S on the diagonal.

Variance Scaling (WLS,) as in Athanasopoulos et al. [19]
assumes that reconciled errors of all time series (also including
higher hierarchical levels) are uncorrelated. Thus, it uses

W = diag (W) s

where W is the sample covariance matrix of the observed fore-
cast errors.

4.2. Forecasting Methods

Base forecasts are generated with three common models: Er-
ror Trend and Seasonality (ETS), ARIMA, and Gaussian Process
Regression (GPR). ETS and ARIMA are standard time series
models, which are, e.g., explained in more detail in Hyndman
and Athanasopoulos [20].

This study uses the R implementations of the models avail-
able in the forecast package [21]. For ARIMA, we utilize
the auto.arima function, which searches for an optimal model,
including models with seasonality. The exact process is ex-
plained in Hyndman and Khandakar [3]. In all evaluations and
result discussions, we use the abbreviation ARIMA for ease of
presentation.

GPR is explained in more detail in Wang [22]. It was one
of the strongest performing forecasting models on studies with
the M3-Competition dataset Ahmed et al. [23], Makridakis et al.



[24] and performed very well on a previous study involving
the WSTS dataset [25]. Here, the GPR implementation in the
kernlab R package [26] is used.

4.3. Experiments

The design of our numeric experiments is inspired by Wickra-
masuriya et al. [1], where similar Monte Carlo simulations were
run to assess the performance of the MinT algorithm. In contrast
to Wickramasuriya et al. [1], which examined time series of
length T = 60, 180, and 300 observations, the simulation study
in this paper focuses the challenging situation of shorter time
series with 7" = 15, 30, and 60 observations with the final 4 = 4,
4, and 8 observations withheld respectively for out-of-sample
evaluation.

To give detailed recommendations for such shorter time se-
ries, we study several important scenarios. In particular, we
investigate

1. the impact of correlated time series (Section 4.3.1) in a
setup similar to Section 3.2 of Wickramasuriya et al. [1],

2. the effect of smoothing, which is supposed to replicate
higher signal-to-noise-ratios often observed in practice
(Section 4.3.2) based on the experimental setup in Section
3.3 of Wickramasuriya et al. [1],

3. reconciliation in the presence of seasonality (Section 4.3.3),
similar to Section 3.4 in Wickramasuriya et al. [1],

4. the effect of differing time series lengths (Section 4.3.4),

5. the effect of degeneracy on the choice of the reconciliation
algorithm (Section 4.3.5), and

6. reconciliation for a large hierarchy (Section 4.3.6) in a setup
similar to Section 3.5 of Wickramasuriya et al. [1].

The concrete scenario settings and the resulting performances of
all approaches are discussed below.

4.3.1. Impact of Correlation

Wickramasuriya et al. [1] considered a two level hierarchy
with 7 total time series. Because the iterative version proposed in
Section 3.1 is intended for larger hierarchies with short histories,
a slightly larger hierarchy of level 3 with 15 total time series,
which is illustrated in Figure 3, is considered.

Total Q
Level Q

Figure 3: Hierarchical structure for the simulations in Section 4.3.1.

The bottom time series follow a similar data generating pro-
cess as in Wickramasuriya et al. [1]: Each time series on the

Table 2: Overview of the sampling ranges of the ARIMA parameters,
analogous to Wickramasuriya et al. [1].

AR coefficients
p coefficient sampling range

1 ¢ [0.5,0.7]
2 ¢ [¢2 —0.9,0.9 — ¢]
(053 [0.5,0.7]
MA coeflicients
q coefficient sampling range
1 6 [0.5,0.7]
2 91 [_ 0.22{"2 , 02-;92]
) [0.5,0.7]

bottom level were generated from an ARIMA(p, d, q) process,
where p and g were uniformly drawn from {0, 1,2} and d from
{0, 1}. For each time series, the ARIMA coefficients were drawn
from different uniform distributions as detailed in Table 2. The
given boundaries are the same as in Wickramasuriya et al. [1] to
ensure better comparability.

Moreover, the bottom time series were generated with con-
temporaneous errors following a predefined covariance matrix
to introduce correlation of time series throughout the hierarchy.
However, since the larger hierarchy calls for more bottom time
series, the covariance matrix used here is a larger version of the
one used in Wickramasuriya et al. [1] and given by X as defined
in Equation (5).
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Similarly to the simulation in Section 3.2 of Wickramasuriya
et al. [1], this structure creates more strongly correlated errors
for time series under the same parent node in the hierarchical
structure and generally more moderately correlated errors for
time series of more distant parent nodes. The thus generated
bottom time series were then summed according to the defined
hierarchical structure as illustrated in Section 4.3.1.

Results for ETS forecasts. Table 3 summarizes the simulation
results for the ETS-generated forecasts. The table is divided
into three column groups containing the results for time series
of total lengths 7 = 15, T = 30, and T = 60, respectively.
Each of them contains columns of relative RMSE changes for
forecasting horizons of h = 1, h = 1 : 2 (the average over the
1-step and 2-step ahead forecasts), and 4 = 1 : 4 in the first two
cases (T = 15and T = 30) . In the case of T = 60, the forecast
horizonsare h =1, h=1:4,and h = 1 : 8. The last column
provides row-wise averages.

The rows contain groups relating to the different hierarchical
levels. Each of these groups provides details of the relative
RMSE of the compared reconciliation method. Negative values
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Figure 4: Average RMSE for the various base forecasts in Section 4.3.1 (ARIMA
in red, ETS in green, and GPR in blue) by total length of the time series. A
forecast horizon of i1 corresponds to 7 = 1, h”2 to h = 1 : 2 in the case of
T =15,30and 2 = 1: 4 for T = 60. Similarly, /3 corresponds to the longer
forecasting horizons of h = 1 : 4 and h = 1 : 8, respectively.

indicate a %-improvement over the unreconciled base forecasts
and positive values indicate a %-increase in RMSE. Hence,
smaller values indicate better forecast performance.

The introduced contemporaneous covariance structure gives
rise to lower SNRs on higher hierarchical levels. This explains
how the simple BU approach on average achieves relatively large
error reductions.

However, on average, the MinTit reconciliation methods lead
to the highest reduction in RMSE for forecasts generated by
ETS. This largely stems from its superior performance on higher
hierarchical levels, with substantial improvements over the fore-
casts reconciled with MinT or the WLS approaches. However,
the performance of MinT and MinTit was much closer on the
bottom-level: both MinT and MinTit, achieving a 0.8% improve-
ment for the ETS forecasts.

The results for ARIMA forecasts (see Table 4) are similar to
those for ETS. MinTit performed best on average — leading to
average improvements in RMSE of 10% (compared to 9.1% for
MinT). As was observed with the ETS forecasts, this strong
performance largely stemmed from the larger RMSE reductions
on higher hierarchical levels (up to 11.9%). On the bottom level,
MinT outperformed MinTit, achieving a 5.3% improvement
against 5.1%.

Results for GPR forecasts. MinT and MinTit result in sim-
ilar improvements for the GPR-generated forecasts (Table 5)
with MinT leading to slightly more accurate reconciled fore-
casts. However, the base forecast performance of GPR was
worse than for ETS and ARIMA, see Figure 4. Reconciliation
resulted in a maximum average error reduction of 7.3% using the
MinT reconciliation method as compared to a 10% reduction in
RMSE for ARIMA forecasts using MinTit, reconciliation. Thus,
these GPR forecasts are less accurate, putting the comparative
advantage of MinT against MinTit into perspective.

Table 3: Out-of-sample forecast performance for the hierarchy with
contemporaneously correlated time series in Section 4.3.1 for ETS-
generated forecasts relative to the ETS-generated base forecasts.

ETS
T=15 T =30 T =60
h=1 1:22 1:4 h=1 12 1:4 h=1 1:4 1:8 Aw
Top-Level

MinT -6.8 -53 -3.5 9.1 -85 -76 -89 -62 -4 |[-6.7
WLS; -7.4 -6.7 -6.5 -88 93 97 -73 -72 -6.6 |-7.7
WLS, -7.4 -6.7 -6.5 -88 93 97 -73 -72 -6.6 |-7.7
BU -73 -56 48 -105 -96 -83 -95 -64 -36 |-73
MinTit, -7.7 -6.6 -58 -10.1 -10 9.7 -9.3 -7.7 -6.2 |-8.1
MinTit; -7.7 -6.5 -5.6 -10 -9.8 -93 9.6 -76 -6 |-8.0

Level 1
MinT -6.7 -5.6 -3.8 -85 -7.8 -7 -8 -6.1 42 |-64
WLS; -69 -6.5 -6.2 7.5 -8 -83 -6.1 -6.5 -6.2 [-69
WLS, -6.8 -64 -6.1 7.5 -8 -82 -6.1 -6.5 -6.1 |[-6.9

BU 6.9 -54 45 95 83 -7 -84 -59 -33 [-6.6
MinTit, -7.1 -6.2 -5.2 9.1 -88 -84 -83 -7.2 -59 |-74
MinTit; -71 -6 -5 9 -85 -8 -85 -7.1 -57 |-72
Level 2
MinT -43 -36 -24 52 49 42 46 3.1 24 |-39
WLS; -4 -3.8 -39 4 46 49 -2.8 -33 -3.7 |-39
WLS, -3.7 -3.6 -3.6 -3.8 -45 -48 26 -32 -3.6 |-3.7
BU -4 28 2.2 -58 49 38 48 -2.7 -1.1 |-3.6

MinTit, -4.1 -3.5 -2.9 53 -83 -5 -47 -39 -35 [-4.2
MinTit; -4.1 -3.3 -2.6 52 -49 45 -49 -36 -32 [-4.0
Bottom-Level

MinT -0.8 -1.3 -08 -0.1 -06 -1.1 -0.5 -0.8 -1.6 |-0.8
WLS; 0 -0.7 -11 14 02 -08 15 -04 -1.7 |-02
WLS, 0.8 -0.1 -0.5 21 06 -05 22 -02 -15 |03
BU o 0 O 0o 0 O 0 0 0 |00
MinTit, -0.2 -0.9 -0.9 0.1 -0.7 -14 -02 -1.2 -2.2 |-0.8
MinTit; -0.4 -0.8 -0.8 02 -04 -1.1 -04 -1 -2 |-07

Average

MinT -54 45 -29 -7 -66 -58 -6.8 -48 -33 |-52
WLS;, -56 -52 -5 -62 -6.7 -7.1 -5 -52 <51 |-5.7
WLS, -53 -5 -49 -6.1 -67 -7 -48 -52 -51 |-5.6
BU -5.5 4.1 -34 8 -7 -58 -7 -46 -24 |-53
MinTit, -57 -5 -42 -7.6 -7.5 -7.2 -7 -59 49 |-6.1
MinTit; -5.8 49 -4 -75 -72 -68 -7.2 -57 -47 |-6.0

4.3.2. Impact of the Smoothing Effect of Aggregation

As Wickramasuriya et al. [1] note, aggregated time series
display a higher signal-to-noise-ratio (SNR) compared to their
component time series. Borrowing the same design, which was
based on the work of van Erven and Cugliari [27], this section
studies the performance of the different reconciliation methods
when the SNR decreases with the hierarchical level on the 3-
level hierarchy used in Section 4.3.1 and illustrated in Figure 3.
Wickramasuriya et al. [1] used the following design to generate
a total of four bottom time series for their 2-level hierarchy:

Yaar = Zaar — 1 — 0.5wy,
YaBy = Zaps + 1 — 0.5wy,
YBA; = ZBas — 1t + 0.5wy4,
VB = 2By + 1 + 0.50y,

where 244, 24p, Zp4 and zpp are simulated as independent ARIMA
processes, otherwise as specified in Section 4.3.1, with standard
normal distributed error terms and additional errors, which can-
cel out hierarchically, n, N(0, 10) and w, N(0, 6). Note that the
representation in terms of added errors (17 and w) can equally be
achieved through the representation with a single, appropriately



Table 4: Out-of-sample forecast performance for the hierarchy with
contemporaneously correlated time series in Section 4.3.1 for ARIMA-
generated forecasts relative to the ARIMA-generated base forecasts.

ARIMA
T=15 T =30 T =60
h=1 1:2 14 h=1 12 1:4 h=1 14 138 Av.
Top-Level

MinT -16.2 -13.7 -10.1 -11.6 -10.8 -9.6 -8.6 -7.2 -6.7 |-10.5
WLS, -139 -12.5 -10.8 -11.2 -10.6 -10.5 -89 -82 -85 |-10.6
WLS, -13.9 -125 -10.8 -11.2 -10.6 -10.5 -89 -82 -85 |-10.6
BU -14.6 -12.1 -94 -83 -85 -93 -9.8 -85 -7.7 -9.8
MinTit, -16.4 -13.9 -10.9 -13.5 -12.5 -11.6 -10.7 -92 -8.8 |-11.9
MinTit; -16.5 -13.9 -10.7 -13.5 -12.5 -11.5 -10.6 -9.3 -8.7 |-11.9

Level 1

MinT -15.3 -12.7 -9.2 -13 -12.3 9.6 -7.8 -6.6 -5.7 |-10.2

WLS, -123 -11 94 -109 -10.7 -9.5 -7.3 -6.8 -6.8 9.4

WLS, -123 -11 -93 -11 -10.7 9.5 -74 -69 -6.8 9.4

BU -12.8 -104 -7.8 7.3 79 -1.8 79 -7 -5.7 -8.3

MinTit, -15.1 -12.5 -9.5 -144 -13.5 -11 94 -8 -7 |-11.2

MinTit; -15.1 -124 -9.3 -144 -13.5 -10.8 -9.4
Level 2

MinT -11.2 9 63 -114 -98 -73 -5.5 -44 -37 -7.6
WLS; 74 65 -59 7.1 -6.5 -6 43 4.1 4.1 5.8
WLS, 73 -64 -5.7 7.8 -6.8 -6.2 4.6 -43 42 -5.9
BU 7.8 -59 -44 27 -28 -39 43 -42 33 -4.4
MinTit, -10.3 -8.3 -6.2 -12 -10.2 7.9 -6.6 -5.3 -4.5 -7.9
MinTit; -10.2 -8.1 -59 -12.1 -10.1 -7.6 -6.5 -5.2 4.1 -7.8

Bottom-Level

MinT -47 -39 -23 -139 -11 -59 -35 -13 -1.1 -5.3

WLS; 03 -04 -1 3.1 25 -15 0 0.1 -05 -1.0
WLS, 02 -03 -05 -88 -67 -36 -22-07 -09 | -2.,6
BU 0 0 0 0 0 0 0 0 O 0.0

MinTit, -3.3 -2.7 -16 -14.1 -109 -6 -44 -18 -14 -5.1
MinTit; -33 -26 -1.5 -144 -11.1 -59 42 -1.7 -12 -5.1
Average

MinT -13.5 -11.1 -79 -123 -11.1 -86 -72 -57 49 | 9.1
WLS, -103 -92 -79 91 -86 -79 -65 -59 -59 | -79
WLS, -103 -92 -78 -101 -93 -83 -69 -6 -6 | -82
BU -109 -87 -66 -57 -59 -63 -7 -6 -5.1 -6.9
MinTit, -13.1 -109 -82 -13.5 -121 -98 -8.8 -7.1 -6.3 |-10.0
MinTit; -13.2 -10.8 -8 -13.6 -121 -9.7 -8.7 -7.1 -6.1 -9.9

correlated error term. In the above case, this can be simplified to

YAA ZAA
YAB,t ZAB
= + &
YBAt ZBAt
VBBt ZBB,t

where ¢{; are multivariate normal errors with zero mean and
covariance

115 -85 85 ~—115
-8.5 115 -11.5 8.5
85 -115 11.5 -85
-11.5 8.5 -85 11.5

This results in an additional error variance of 6 on level 1 and
11.5 on level 2.

The time series for the 3-level time series are simulated analo-
gously with multivariate normal errors with covariance

11.75 -8.25 875 -11.25 1125 -8.75 825 -11.75
-825 1175 -11.25 875 -875 1125 -11.75 825
875 -11.25 11.75 -8.25 825 -11.75 11.25 -8.75
-1125 875 -825 1175 -11.75 825 -875 11.25
11.25 -8.75 825 -11.75 11.75 =825 875 -11.25|"
-8.75 1125 -11.75 825 -825 11.75 -11.25 8.75
825 -11.75 1125 -8.75 875 -1125 11.75 -8.25
-11.75 825 875 1125 -11.25 875 -825 11.75

Table 5: Out-of-sample forecast performance for the hierarchy with
contemporaneously correlated time series in Section 4.3.1 for GPR-
generated forecasts relative to the GPR-generated base forecasts.

GPR
T=15 T =30 T =60
h=1 1:2 14 h=1 1:2 1:4 h=1 1:4 1:8 Aw
Top-Level

MinT -13.6 -12.7 -94 -10.1 -9.2 -8 -79 -63 -57 |-9.2
WLS, -109 -10 -93 17 69 69 -53 46 49 |-74
WLS, -109 -10 -9.3 17 69 69 53 46 49 |-74
BU -13.7 -12.1 -10.1 -89 -7.1 -6.7 -59 -4 -43 |-8.1
MinTit, -13.4 -12.4 -10.5 -10 -8.8 -8.1 -7.5 -58 -59 |-9.2
MinTit; -13.5 -124 -102 -10.2 -9 -83 -75 -62 -64 |-9.3

Level 1

MinT -123 -11 -89 -10.3 -88 -68 -9.1 -58 -45 |-8.6
WLS; -89 -79 -85 -71 -6 -53 -57 -38 -35 |-63
WLS, -88 -7.8 -85 -7.1 -59 -52 -58 -38 -34 |-63
BU -11.9  -10 -9 -9 -6.7 -54 72 -37 -32 |-73
MinTit, -11.5 -10.1 -94 9.8 -8.1 -6.6 -84 -52 -43 |-82
MinTit; -11.5 -10.1 9 98 -82 -67 -84 -54 -47 |-82

Level 2
MinT 8.2 -71 -49 74 -6.2 -4.4 -7 41 2.7 |-5.8
WLS; 45 -39 42 4 32 26 -36 -19 -1.6 |-33
WLS, -42 36 -4 -3.8 -3.1 26 -35 -19 -1.6 |-3.1
BU 7.3 -58 -4.6 59 41 -29 -52 -2.1 -15 |44

MinTit, -6.8 -58 -4.8 -6.4 -51 -37 -6.1 -33 -24 [-49
MinTit; -6.8 -58 -44 -6.4 5.1 -3.6 -6 -34 27 |-49
Bottom-Level

. 22 27 -2 24 -24 -1.6 |-2.0
WLS; 22 14 03 1.5 06 02 12 01 -01 |08
WLS, 3 207 19 08 02 14 -0.1 -02 | 1.1
BU 0 0 0 o 0 O 0O 0 0 |00
MinTit, 0.2 -03 -04 -07 -1.1 -09 -12 -14 -1.1 |-0.8
MinTit; 0.1 -04 -0.3 -08 -1.2 -1 -1.1 -1.6 -1.3 |-0.8
Average

MinT -10.7 -9.6 -7.1 -86 -76 -6 -7.3 -51 -4 |-73
WLS 74 -66 -66 -56 -48 45 -42 -31 -3 |-51
WLS, <72 -65 -65 -55 -48 45 -41 31 -3 |-50
BU -102 -86 -72 -72 -54 45 -53 -29 -27 |-6.0
MinTit, -9.8 -88 -7.5 -8 -6.7 -57 -6.6 -44 -39 |-6.8
MinTit; -99 -88 -72 -81 -69 -58 -6.6 47 -43 |-69

MinT -1.9 21 -1

resulting in added error variances of 4,7, and 11.75 on levels 1
to 3, respectively. For the time series of the totals, these errors
cancel out.

Similarly to Section 4.3.1, the results are presented in three
tables for the three respective base forecast methods: Table 6
contains the changes in RMSE for the ETS generated forecasts,
Table 7 those for the ARIMA generated forecasts, and Table 8
those for the GPR generated forecasts.

Results for Arima and ETS forecasts. In the case of the ETS
and ARIMA forecasts, the MinTit methods and MinT achieved
a comparable average decrease in RMSE leading the other meth-
ods. MinTit performed better for time series lengths of T = 15
and T = 30 observations and lower hierarchical levels while
MinT showed stronger results for time series of length T = 60
and for higher levels of aggregation. The ARIMA and ETS fore-
casts were comparable in RMSE with ETS having a slight edge,
especially for the very short time series (T = 15), as shown in
Figure 5.

Similarly to Section 4.3.1, MinT excelled with forecasts gen-
erated by GRP. However, these in turn had a much higher base
RMSE than ETS and ARIMA - particularly for 7 = 30 and
T = 60, as can be seen in Figure 5.
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Figure 5: Average RMSE for the various base forecasts in Section 4.3.2 (ARIMA
in red, ETS in green, and GPR in blue) by total length of the time series. A
forecast horizon of i1 corresponds to 7 = 1, h”2 to h = 1 : 2 in the case of
T =15,30and 2 = 1: 4 for T = 60. Similarly, /3 corresponds to the longer
forecasting horizons of h = 1 : 4 and h = 1 : 8, respectively.

4.3.3. Impact of Seasonality

This subsection studies the effect seasonality has on the choice
of the reconciliation method. For comparability, the bottom
time series b, are simulated analogous to the structural time
series model consisting of a trend component y,, a quarterly
seasonal component y,, and an error component 7, as used in
Wickramasuriya et al. [1]:

b, =+ + 1y,
Mt = M—1 + Vi + 01,

Vi =V + 4,

3
Ve =— Z?’t—i + wy,
i=1

with independently distributed initial values wy, vo, ¥o, ¥1, and
v, ~ MN(0,Ig), where MN denotes the multivariate normal
distribution. 7, is simulated as an ARIMA process similar to
Section 4.3.1 and as detailed in Table 2 but with d held at zero
and p and g only ranging from zero to one. The resulting time
series are summed according to the hierarchical structure as
illustrated in Figure 3.

Results for ETS forecasts. The performance of the base fore-
casts can be obtained from Figure 6. In contrast to Section 4.3.1
and Section 4.3.2, it is noticeable that ETS performed poorly
in this scenario. This is likely due to an inability of the model
to capture and identify both the seasonal and trend components
with few observations. Especially a failure to capture trend com-
ponents could explain the worsening performance as the number
of observations increases.

In terms of improvements through reconciliation, MinT
achieves superior performance (average 2.6% improvements
for MinT vs. a 2.2% improvement for MinTiT) followed by
the WLS approaches (1.9% and 1.8% improvements). BU fares
worst with only a marginal improvement of 0.1%.

o ~ MN(0,2lg)
£ ~ MN(0,0.00715)

w; ~ MN(0,7Iy),

Table 6: Out-of-sample forecast performance for the hierarchy with
hierarchically smoothing time series in Section 4.3.2 for ETS-generated
forecasts relative to the ETS-generated base forecasts.

ETS
T=15 T =30 T =60

h=1 1:2 1:4 h=1 1:2 1:4 h=1 114 1:8 Average

Top-Level
MinT -19 -1.2 -1.5 -31 -32 -49 -23 -43 -57 -3.1
WLS; 28 27 -04 25 1.7 -39 36 -26 -6.8 0.0
WLS, 28 27 -04 25 17 -39 36 -2.6 -6.8 0.0
BU 39.3 325 184 45.1 379 203 44.6 193 7.1 29.4
MinTit, -1.3 -0.5 -1.1 27 -27 49 -2.1 -43 -6.1 -2.9
MinTit; -14 -06 -13 -28 -28 -5 -21 -43 -6.1 -2.9

Level 1
MinT  -3.5 -29 -22 -37 -41 -44 -43 -48 48 -3.9
WLS;, -1.8 -16 -24 -2.1 -25 -48 -2.1 -42 -59 -3.0
WLS, -1.8 -16 -24 -21 -26 -49 -21 -43 -6 -3.1
BU 20 17.6 114 22 196 123 205 11 49 15.5
MinTit, -3.5 -29 -22 41 43 -5 -43 -49 -52 -4.0
MinTit; -3.5 -3 -24 41 -44 -51 -42 -48 -5.1 -4.1

Level 2
MinT -33 -33 -24 -38 -41 -37 -43 -4 -35 -3.6
WLS, -32 -3.1 -31 -38 -42 -47 -3 -3.6 43 -3.7
WLS, -32 -31 -31 -39 -42 -48 -3.1 -3.7 44 -3.7
BU 68 64 49 64 62 46 6.1 44 24 54
MinTit, -3.5 -34 -2.7 -41 -44 43 -37 -38 -3.8 -3.7
MinTit; -3.5 -34 -28 41 -44 -43 -36 -3.8 -3.8 -3.7

Bottom-Level

MinT -24 -24 -19 -22 -23 -19 35 -31 -2 2.4
WLS, -22 -23 -22 -23 -25 -27 2 22 -23 -2.3
WLS, -24 -25 -24 -25 -27 -29 -23 -26 -28 -2.6
BU 0 0 0 0 0 0 0 0 0 0.0
MinTit, -2.6 -2.6 -2.3 -2.5 -27 -28 -26 -29 -2.8 -2.6
MinTit; -2.6 -2.6 -24 -2.5 -2.7 -28 -2.6 -29 -2.8 -2.7

Average
MinT -27 26 -2 -29 -31 -32 -3.7 -3.8 -3.6 -3.1
WLS; 2 -19 22 -23 -25 -37 -19 -3 -44 2.7
WLS, -21 -2 23 -24 -27 -39 -2 32 -4.6 -2.8
BU 78 77 58 86 86 64 79 58 3 6.8
MinTit, -2.8 -2.6 -22 -31 -34 -38 -3 3.7 42 -3.2
MinTit; -29 -2.7 -23 -3.1 -34 -39 -3 -3.6 4.1 -3.2

The results for the ARIMA forecasts are similar. ARIMA also
struggled with the identification of an appropriate model (Fig-
ure 6). However, the RMSE for the ARIMA model stabilizes
at T = 60 observations. With regard to the reconciliation per-
formance, for which Table 10 provides an overview, the results
mirror those of the ETS forecasts but with much larger improve-
ments (except in the case of BU which leads to an increase in
RMSE).

Results for GPR forecasts. The GPR forecasts fared signif-
icantly better than its ETS and ARIMA counterparts in this
scenario and showcase a steady improvement in accuracy as
the time series lengths increase (Figure 6). WLS reconciliation
achieved by far the best results with an RMSE improvement of
6% (MinTit,: 4.2%, MinTit;, MinT: 3.2%).

4.3.4. Impact of Differing Time Series Lengths

This section investigates the impact of differing time series
lengths throughout the hierarchical structure. Differing time
series lengths in a hierarchical context often occur in practice
due to several reasons: Product categories may get more refined
over time as markets grow and products become more differen-
tiated or the organizational structure becomes more refined as



Table 7: Out-of-sample forecast performance for the hierarchy with hier-
archically smoothing time series in Section 4.3.2 for ARIMA-generated
forecasts relative to the ARIMA-generated base forecasts.

ARIMA
T=15 T =30 T =60

h=1 1:2 1:4 h=1 1:2 1:4 h=1 1:4 1:8 Average

Top-Level
MinT -7 -6.4 -6.5 -5 -5 57 37 -49 59 -5.6
WLS; 04 -08 -58 44 23 -33 44 -26 -6.9 -0.9
WLS, 04 -08 -58 44 23 -33 44 -26 -69 -0.9
BU 51.1 41 21 632 484 243 558 21.1 5.7 36.8
MinTit, -6 -54 -6.1 -49 -47 -56 -33 -47 -6.1 -5.2
MinTit; -6.1 -55 -62 -48 -47 -56 -33 -47 -6.1 -5.2

Level 1
MinT -82 -78 -7 -59 -6 -58 -53 -49 -48 -6.2
WLS, -54 -57 -73 -25 -29 -47 -29 -41 -5.8 -4.6
WLS, -54 -57 -74 -25 -29 -47 -3 42 -58 -4.6
BU 248 20.7 12 29.8 249 15 247 128 45 18.8
MinTit, -8 -76 -69 -62 -6 -58 -55 -5 -5 -6.2
MinTit, -8 -7.6 -69 -62 -6 -58 -54 -5 -49 -6.2

Level 2
MinT -63 -61 -49 -58 -57 -5 -51 -45 -35 -5.2
WLS;, -57 -55 -56 -45 -43 -44 -39 -39 41 -4.7
WLS, -57 -55 -57 -46 -44 -45 -4 4.1 -4.2 -4.7
BU 9 82 59 99 92 66 73 48 23 7.0
MinTit, -63 -6 -5 -58 -56 -5 -45 -43 -36 -5.1
MinTit; -63 -6 -51 -58 -56 -5 -45 -42 -36 -5.1

Bottom-Level

MinT  -3.7 -3.6 -2.8 -4 -39 -34 37 33 -2 -3.4
WLS, -34 -34 -33 -33 -33 -3.1 -25 -25 -22 -3.0
WLS, -38 -37 -3.6 -36 -3.6 -35 -2.7 -29 -2.6 -33
BU 0 0 0 0 0 0 0 0 0 0.0
MinTit, -4 -39 -35 -39 -4 -38 -3 231 -2.6 -3.5
MinTit; -39 -39 -35 -38 -4 -38 -3 -3.1 -2.6 -3.5

Average
MinT -52 -51 -45 -48 -4.7 -45 -42 -41 -37 -4.5
WLS, -39 -4 -49 -3 -3 37 -24 -31 43 -3.6
WLS, 41 42 -51 -31 -32 -39 -26 -33 45 -3.8
BU 105 9.7 67 11.8 11 79 94 65 26 8.5
MinTit, -5.2 -5.1 48 -47 -47 -47 -37 -39 -4 -4.5
MinTit; -5.2 -5.1 -48 -47 -47 -47 -37 -39 -4 -4.5

a company grows, leading to more differentiated reporting of
revenues over time. Incorporating the available information can
allow for more precise forecasts, especially when the time series
are already very short.

As in Section 4.3.2, time series according to the hierarchical
structure illustrated in Figure 3 are simulated to produce higher
SNRs on higher hierarchical levels. The resulting time series
were then cut to the respective lengths as detailed in Table 12,
which ensures that hierarchically higher time series have at least
as many observations as their constituents.

In this scenario, MinTit; should have an advantage: Because
the covariance matrices are calculated separately for each sub-
hierarchy, more observations can be used in some cases poten-
tially leading to more accurate estimates. For example, overall,
there are only 15 observations without missing data. But the
local algorithm can utilize 90 observations to estimate the co-
variance matrix encompassing the top-level and level 1 time
series.

The results of this simulation are presented in Table 13. As in
Section 4.3.2, it is not surprising that the BU approach performed
poorly, leading to an increase in average RMSE of a factor
between 9% and over 90% compared to the base forecasts. The

Table 8: Out-of-sample forecast performance for the hierarchy with
hierarchically smoothing time series in Section 4.3.2 for GPR-generated
forecasts relative to the GPR-generated base forecasts.

GPR
T=15 T =30 T =60

h=1 1:2 1:4 h=1 12 1:4 h=1 1:4 1:8 Average

Top-Level
MinT -35 -3.6 -39 42 -31 -35 -38 -16 -19 -3.2
WLS; 6.4 62 2 76 98 55 66 79 37 6.2
WLS, 6.4 62 2 76 98 55 66 79 37 6.2
BU 484 394 257 563 527 36.6 56.7 42.1 26.6 42.7
MinTit, -1.8 -1.8 -29 -25 -14 -24 21 -04 -14 -1.9
MinTit; -19 -19 -3 -26 -16 -26 -22 -06 -15 -2.0

Level 1
MinT -53 -6.1 -6.2 -52 -49 -45 -55 -38 -31 -5.0
WLS; -04 -05 -2.1 0.7 27 21 02 32 19 0.9
WLS, -04 -05 -22 07 28 2.1 02 32 19 0.9
BU 25.8 214 153 29.1 299 243 289 274 198 24.7
MinTit, -49 -53 -5.6 -44 -38 -35 -41 -27 -24 -4.1
MinTit; 49 -53 -56 -44 -38 -36 -41 -28 -25 -4.1

Level 2
MinT 48 -5.6 -54 -52 -62 -61 -6.8 -64 -54 -5.8
WLS; -3 27 27 24 -19 -16 22 -1 -09 -2.0
WLS, -29 -28 -29 -24 -2 -1.7 -23 -11 -1 -2.1
BU 10.1 84 73 10.6 11.5 10.7 10 12.2 10.1 10.1
MinTit, -46 -5 49 43 -5 -5 4 44 -4 -4.6
MinTit; 46 -5 -49 43 -5 -5 -39 -44 4 -4.6

Bottom-Level

MinT -3.1 -35 -38 -51 -61 -69 -74 -84 -79 -5.8
WLS, -3.1 -28 -29 -31 -34 -36 -28 -39 -38 -33
WLS, -32 -31 -34 -34 -39 -43 -33 -45 -45 -3.7
BU 0 0 0 0 0 0 0 0 0 0.0
MinTit, -3.5 -3.8 41 -39 -5 -58 -41 -61 -64 -4.7
MinTit; -3.5 -3.8 41 -39 -5 -58 -41 -6.1 -64 -4.7

Average
MinT -39 -44 -4.7 -5 57 -58 -68 -62 -53 -5.3
WLSy,  -19 -15 -2 -15 -08 -09 -16 -04 -0.7 -1.3
WLS, -2 -1.7 23 -17 -1.1 -12 -19 -0.7 -09 -1.5
BU 106 9.8 83 12.1 135 125 114 139 114 11.5
MinTit, -3.8 -4.1 -44 -4 45 -47 -39 -44 -41 -4.2
MinTit; -3.8 -4.1 -44 -4 45 -48 -39 44 42 -4.2

WLS approaches achieved a slight error reduction, which was
always exceeded by MinT. As expected, the best performing
reconciliation method for ARIMA and ETS was MinTit; with
reductions in average RMSE up to over 20%. It performed
slightly better than its global variant in this context. When
the forecasts were generated with the GPR model, MinT again
performed on-par or slightly better than the iterative approaches.

4.3.5. Impact of Degeneracy

This section examines the performance of the reconciliation
methods under a degenerate hierarchical structure, such as il-
lustrated in Figure 7. The time series are generated in the same
way as in Section 4.3.1 but the bottom time series ygga and yppp
are deleted after aggregation whereby the illustrated hierarchical
structure is created. It should be noted that the convenient inter-
face provided by the R packages hts [13] and fable is unable
to handle this case. However, an adapted implementation of the
algorithm found in Hyndman et al. [13] is capable of handling
degenerate hierarchies and is provided in Steinmeister and Pauly
[16].

Results. In contrast to Section 4.3.3 and in line with the other
sections, ARIMA and ETS forecasts proved more accurate in
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Figure 7: Hierarchical structure for the simulations in Section 4.3.5.

this setting than GPR forecasts, see Figure 8. Similarly, MinT
performed best for the GPR forecasts with an average 6.8%
RMSE reduction (compared to 6.1% for WLS and 4.6% for
MinTit) but MinTit excelled for the ETS and ARIMA forecasts.
In the case of ETS base forecasts, MinTit achieved a slightly
higher reduction in average RMSE than WLS and MinT: 5.6%
against 5.2% and 4.8%, respectively. For the ARIMA base
forecasts, the case was a bit more clear cut: MinTit achieved an
average RMSE reduction of 9.4% against 8.8% for MinT and
7.5% for WLS.

4.3.6. A “large” Hierarchy

Finally, this section explores the performance of the reconcil-
iation methods on a much larger hierarchy — a scenario which
motivated the formulation of the iterative trace minimization
algorithm. This hierarchy is made up of 6 times series on the
first hierarchical level, followed by 4 component time series each
on the following three levels respectively. This results in a total
of 6, 24, 96, 384 time series on levels 1 through 4, respectively.
The total number of time series is 510. Here, only 500 Monte
Carlo iterations were used (i.e. 500 such time series hierarchies
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Table 9: Out-of-sample forecast performance for the hierarchy with sea-
sonal time series in Section 4.3.3 for ETS-generated forecasts relative
to the ETS-generated base forecasts.

ETS
T=15 T =30 T =60

h=1 1:2 1:4 h=1 1:2 1:4 h=1 1:4 1:8 Average

Top-Level
MinT -41 -3.7 45 -24 -29 -38 -13 -24 -3.1 -3.1
WLS; -3 2.6 2.6 -2 25 31 -1.5 -21 29 -2.5
WLS, -3 2.6 -2.6 -2 25 31 -1.5 -21 29 -2.5
BU -0.8 -0.3 -0.2 0-02-04 -03 0 O -0.2
MinTit, -3.5 -3.1 -34 -23 -2.8 -35 -15 -22 3 -2.8
MinTit; -34 -3 -33 -23 -27 -34 -15 -22 -3 -2.8

Level 1
MinT -3.5 -3.6 -44 -2.1 -25 -34 -13 -22 -3 -2.9
WLS; -23 -25 -25 -1.7 21 26 -15 -19 -2.7 2.2
WLS, -23 -25 -25 -1.7 -21 -26 -14 -19 -2.7 2.2
BU -02 -03 -02 01 02 01 -02 0 O -0.1
MinTit, -2.8 -3 -3.3 -2 24 31 -1.5 -21 29 -2.6
MinTit; -2.8 -3 -32 22 -25 -32 -15 -2.1 29 -2.6

Level 2
MinT  -3.2 -3.2 -3.8 -2 22 -32 -08 -2 -26 -2.6
WLS;, -21 -2 -19 -15 -16 22 -09 -1.6 -22 -1.8
WLS, -21 -2 -2 -15-16 -23 -09 -16 -2.2 -1.8
BU -0.2 -0.1 0 0 04 01 02 0 O 0.0
MinTit, -2.4 -24 -26 -18 -2 -27 -1 -1.8 2.4 -2.1
MinTit; -2.4 -24 -25 -2 2.1 28 -1 -1.8 24 2.2

Bottom-Level

MinT -23 -23 -3 -16 -2 -26 -06 -1.5 -1.8 -2.0
WLS, -09 -09 -1 -07 -1 -1.1 -0.6 -0.8 -1.1 -0.9
WLS, -09 -09 -1 -09 -11 -14 -0.6 -09 -1.2 -1.0
BU 0o 0 o0 o 0 O 0O 0 O 0.0
MinTit, -1.1 -1.2 -14 -12 -1.5 -1.8 -0.7 -1.1 -1.4 -1.3
MinTit; -1.1 -1.2 -14 -13 -1.6 -1.9 -0.6 -1.1 -1.4 -1.3

Average
MinT  -3.3 -3.2 -39 -2 24 -32 -1 -2 -2.6 -2.6
WLS, -21 -2 -2 -15-18 -23 -1.1 -1.6 22 -1.8
WLS, -21 -2 -2 -15 -18 -24 -1.1 -1.6 -23 -1.9
BU -0.3 -0.2 -0.1 0 0.1 0 -0.1 0 0 -0.1
MinTit, -2.4 -24 -27 -18 -22 -28 -1.2 -1.8 -2.4 -2.2
MinTit; -24 -24 -26 -19 -22 -28 -12 -1.8 -24 2.2

were simulated) due to the high number of time series already
contained in this setup. Similarly, Wickramasuriya et al. [1] only
used 200 Monte Carlo iterations in their simulation of a large
hierarchy.

The 384 bottom time series are simulated similarly to Sec-
tion 4.3.2. Error terms with variances of 0.4, 1/40, and 1/640
which cancel out levels three, two, and one, respectively. This
results in additional variances of about 0.427 on the bottom level,
0.425 on level 3, and 0.4 on level 2.

The results for ETS forecasts can be assessed in Table 17.
On average, the iterative MinT methods, particularly MinTit,,
produced the largest reduction in RMSE (3.6%). The second
highest RMSE-reduction was achieved by variance scaling and
structural scaling (WLS, and WLS;). MinT led to a slight
increase in forecasting error (av. 0.7 %), especially on lower
hierarchical levels (7.5%).

Results for ARIMA forecasts (Table 18). The reconciliation
results for the forecasts based on ARIMA are similar to those
based on ETS. MinTit; and MinTit, achieved the largest accuracy
gains (4.2% and 4% respectively), followed by WLS (3.4% and
3.3%). Again, MinT led to an increase in forecasting error (av.
2.2 %, bottom-level: 10.5%). BU generated an average increase



Table 10: Out-of-sample forecast performance for the hierarchy with
seasonal time series in Section 4.3.3 for ARIMA-generated forecasts
relative to the ARIMA-generated base forecasts.

ARIMA
T=15 T =30 T =60
h=1 1:2 1:4 h=1 122 1:4 h=1 1:4 1:8 Average
Top-Level
MinT -12.7 -10.3 -10.9 -30.3 -27.4 -23.6 -36.8 -32.4 -26.2 -234
WLS, -8.1 -6.7 -6.6 -12-10.8 -10.5 -16.4 -12.6 -9.6 -10.4
WLS, 8.1 -6.7 -6.6 -12-10.8 -10.5 -16.4 -12.6 -9.6 -10.4
BU -02 0.1 -0.1 1.8 09 09 03 -01 -0.1 0.4
MinTit, -10.2 -8.6 -8.9 -21.2 -20.4 -19.3 -28.4 -25.3 -20.1 -18.0
MinTit; -104 -8.7 -9 -21.5-20.7 -19.2 -28.8 -25.7 -20.4 -18.3
Level 1
MinT -11.7 -9.9 -10.2  -30 -26.2 -22.8 -35.1 -31.3 -254 -22.5
WLS;, -69 -64 -6 -12 -10-10.1 -142 -11.7 -9 -9.6
WLS, -7 -64 -6 -12.1 -10.1 -10.2 -144 -11.8 -9.1 -9.7
BU 04 -02 0 05 06 0.1 1.3 -03 -02 0.2
MinTit, -9.2 -82 -83 -21.6 -19.8 -19.2  -27 -25.1 -20.3 -17.6
MinTit; -9.2 -82 -83 -222 -204 -193  -28 -25.7 -20.9 -18.0
Level 2
MinT -10.8 -8.7 -9 -27.8 -24 -20.1 -33.2 -28.9 -23.5 -20.7
WLS, -64 -54 -51 -10 -85 -82 -119 -98 -7.6 -8.1
WLS, -65 -55 -52 -105 -89 -87 -12.8 -10.6 -83 -8.6
BU -0.5 -03 -0.1 03 01 02 03 -04 -03 -0.1
MinTit, -8 -6.8 -69 -19 -17.4 -16.3 -24.7 -22.8 -18.6 -15.6
MinTit; -8.1 -69 -69 -19.1 -17.3 -16.1 -25.7 -23.3 -19.1 -15.8
Bottom-Level
MinT -78 -61 -6.4 -234 -19.3 -15.7 -28.2 -234 -19 -16.6
WLS;, -29 -25 -25 5 42 41 59 46 -36 -3.9
WLS, -33 -29 -28 -75 -63 -63 -10 -8 -64 -5.9
BU 0 0 0 0 0 0 0 0 0 0.0
MinTit, -4.4 -37 -38 -13.5 -12-11.2 -18.2 -163 -134 -10.7
MinTit; -44 -3.7 -38 -134 -11.7 -10.8 -18.2 -16.1 -13.2 -10.6
Average
MinT -10.7 -8.7 -9.1 -27.8 -24.2 -20.5 -33.2 -28.9 -23.5 -20.7
WLSy, -6.1 -52 -5 -97 -83 -82 -12 -96 -74 -7.9
WLS, -62 -53 -51 -105 -9 -89 -133-10.7 -83 -8.6
BU -0.1 -0.1 -0.1 07 04 03 05 -02 -02 0.1
MinTit, -7.9 -6.8 -7 -18.8 -17.3 -16.5 -24.4 -22.3 -18.1 -15.5
MinTit; -8 69 -7 -19-17.5-163  -25 -22.6 -18.3 -15.6
in RMSE of 11%.

Result for GPR forecasts (Table 19). In contrast to the ETS
and ARIMA forecasts, and similar to other subsections, MinT
achieved the largest error reduction as measured in RMSE for
forecasts based on GPR (5.3% vs. MinTit: 4.3%, WLS: 1.5%
and 1.2%). However, GPR had a worse average base-forecast
performance than ETS and ARIMA as illustrated in Figure 9.
Mirroring the results in Section 4.3.2, the BU approach was the
worst performing reconciliation method (with an 11.6% RMSE
increase) due to its inability to incorporate the more accurate
forecasts of time series on higher hierarchical levels.

5. Case Study: The World Semiconductor Trade Statistics

Over the past decades, the semiconductor market has increas-
ingly been identified as an economic driver. Semiconductors
have become virtually ubiquitous in everyday life: they power
applications from electronic toothbrushes, smart LEDs, comput-
ers, and washing machines to cars, power generators, and data
centers. The industry’s strategic importance was identified by
the US and the European Commission, which allocated $280
billion and 43 billion Euros in subsidies respectively [28, 29].

11

Table 11: Out-of-sample forecast performance for the hierarchy with
seasonal time series in Section 4.3.3 for GPR-generated forecasts rela-
tive to the GPR-generated base forecasts.

GPR
T=15 T =30 T =60
h=1 1:2 1:4 h=1 1:2 1:4 h=1 1:4 1:8 Average
Top-Level

MinT -6.3 -5 43 62 -6 -58 -5 42 5 -5.3
WLS; -12.8 -13.3 -18 -6.5 -64 -64 -45 -3.8 -4.7 -8.5
WLS, -12.8 -13.3 -18 -6.5 -64 -64 -45 -3.8 -4.7 -8.5
BU -16 -03 09 04 -03 -04 03 0 O -0.2
MinTit, -9.7 -9 -10.7 -62 -6.1 -6 -45 -38 -4.7 -6.7
MinTit;, -7.8 -6.7 -82 -57 -56 -55 -44 -38 -46 -5.8

Level 1
MinT -35 32 05 -57 -54 -49 -43 -3.7 44 -4.0
WLS; 9.8 -11.3 -14 -6.1 -58 -55 -37 -33 42 -7.1
WLS, 98 -11.3 -14 -6.1 -58 -54 -3.7 -33 42 -71
BU .1 09 42 01-03 0 06 03 03 0.8
MinTit, -6.2 -6.6 -64 -57 -54 -5 -37 -34 -42 -5.2
MinTit; -41 -43 -34 -52 -49 45 -3.6 -33 -4 -4.1

Level 2
MinT -1.8 -16 08 -38 -39 -39 -3.7 -34 -39 -2.8
WLS; -8 94 -11.7 -42 42 -43 -3.1 -28 -35 -5.7
WLS, <79 93 -11.7 42 -42 43 -31 -28 -35 -5.7
BU 03 04 34 1 05 02 02 0 O 0.7
MinTit, -4 -42 35 -37 -38 -39 -31 -29 -35 -3.6
MinTit; -1.6 -1.5 0 -31-32-34 -3.1 -28 -34 -2.5

Bottom-Level

MinT 1.8 19 27 27 -25 23 -2.6 22 -25 -0.9
WLS; -41 -4.8 -7 25 -23 22 -16 -14 -1.7 -3.1
WLS, 3.7 45 711 24 -22 22 -16 -13 -1.7 -3.0
BU 0 0 0 o 0 O 0O 0 O 0.0
MinTit, 0o -02 -05 -22 -2 -2 -17 -15 -1.8 -1.3
MinTit; 1.9 2 23 -18 -1.7 -1.6 -1.7 -1.5 -1.7 -0.4

Average
MinT 24 -19 -03 -46 44 -42 -39 -34 -39 -3.2
WLS; -8.7 -9.6 -125 -48 -47 46 -32 -2.8 -35 -6.0
WLS, -85 -95 -12.6 -48 -47 46 -32 -2.8 -35 -6.0
BU 0.1 02 21 04 O0-01 01 01 0.1 0.3
MinTit, -5 49 52 45 43 42 32 -29 35 -4.2
MinTit; -29 -2.6 -2.2 -4 -38 -38 -32 -28 -34 -3.2

In addition, the CEO of OpenAl, Sam Altman, is seeking an ad-
ditional $5-7 trillion in investments to boost fabrication capacity
of Al chips [30]. This highlights the importance of the industry
and motivates a strong interest in predicting its development.

Ensuring that forecasts be coherent across hierarchical levels
allows for consistent planning by executives, investors, and
market analysts. Additionally, the simulation results in Section 4
suggest that ensuring adherence to the constraint implied by the
hierarchical structure has potential to increase forecast accuracy,
allowing practitioners to plan more certainty.

The World Semiconductor Trade Statistics (WSTS) is a pre-
mier provider of semiconductor market data [31]. Starting from
January 1991, they report monthly worldwide market sizes of
semiconductor products (here considered in units of thousand
USD), which are hierarchically aggregated into 116 product cat-
egories. These are detailed on WSTS’ website!. A 2021 version
is also available from semiconductors.org? without login. The
semiconductor market is highly dynamic, meaning that these cat-

lusts. org
2yww . semiconductors . org/wp-content/uploads/2021/02/Produ
ct_Classification_2021.pdf



Table 12: Time series lengths for the simulation in Section 4.3.4.

Time Series  Obs. Time Series  Obs.
Top-Level Bottom-Level
T 120 AAA 60
Level 1 AAB 60
A 120 ABA 60
B 90 ABB 60
Level 2 BAA 45
AA 120 BAB 45
AB 90 BBA 15
BA 90 BBB 15
BB 90

Table 13: Average out-of-sample forecast performance for the hierarchy
with differing time series lengths in Section 4.3.4.

ARIMA ETS GPR

h=1 1:2 1:4 h=1 1:22 1:4 h=1 13 16
MinT  -19.6 -19.4 -19.1 -28 -3 -32 -42 -43 -44
WLS; -35 35 -33 -15 -16 21 -22 -14 -1
WLS, 26 26 -25 -16 -1.7 22 -25 -1.7 -14
BU 904 90 88.8 10.1 104 9.1 12.8 14.6 14.6
MinTit, -19.9 -19.8 -194 27 -3 -32 -4 41 42
MinTit; -20.3 -20.2 -19.8 -2.9 -3.1 -35 -42 42 43

egorizations are subject to change as the market develops. Some
of the newer ones are aggregated into larger categories to have
sufficient historical data to fit quantitative models, leaving a total
of 110 product categories following the procedure described in
[25]. All data is available from WSTS3.

5.1. Experimental Design

The semiconductor sales data from January 1991 to August
2023 is obtained from WSTS and split into a training- and a
test-set: the training set comprised all data from January 1991 to
December 2017 to allow for a minimum of two years of history
for model training.

The compared models for the base forecasts are ARIMA
obtained with the auto.arima function of the forecast R-
package, Error Trend and Seasonality (ETS), which is also im-
plemented in the forecast package[21], and Gaussian Process
Regression as implemented in kernlab[26]. These are the same
models which were compared in the simulation in Section 4.

These models are then successively evaluated on the remain-
ing 68 months of data spanning from January 2018 to August
2023 and comprising roughly 17.4% of the complete data set. A
1-step ahead cross-validation is used to obtain 68 out-of-sample
forecasts for each product category. These forecasts are recon-
ciled using the different methods detailed in Section 4.1 and
out-of-sample RMSE estimates are computed.

5.2. Results

The results are presented in Table 20. For each hierarchical
level, it details the percentage improvements over the respective
base forecasts and the average RMSE of the base forecasts on
that level. Note that, while the RMSE numbers look quite small,

3wsts.org/61/subscription
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Figure 8: Average RMSE for the various base forecasts in Section 4.3.5 (ARIMA
in red, ETS in green, and GPR in blue) by total length of the time series. A
forecast horizon of i1 corresponds to 7 = 1, h”2 to h = 1 : 2 in the case of
T =15,30and 2 =1 : 4 for T = 60. Similarly, 3 corresponds to the longer
forecasting horizons of A = 1 : 4 and h = 1 : 8, respectively.

the semiconductor market size is vast. For example, in the case
of the average top level forecast error for ARIMA, an RMSE
of 1.719 billion USD only amounts to about 4% of the total
semiconductor market in August 2023. For the base forecasts,
ARIMA achieved the lowest forecast error (average RMSE of
308, 621) across all hierarchical levels, closely followed by GPR
(310, 638).

The average RMSE of the ETS base forecasts was about 11%
higher than that of the ARIMA model. However, the ETS model
performed better on lower hierarchical levels. This mirrors the
observations of Steinmeister and Pauly [25], as lower hierarchi-
cal levels tend to contain shorter time series.

The bottom-up approach generally fared poorly, suggesting
that time series on higher hierarchical levels benefit from some
smoothing of aggregation as was explored in Section 4.3.2.
Though, BU did achieve a small reduction of average RMSE —
even on the highest levels of aggregation — for the ETS forecasts.

For the forecasts generated by ARIMA and ETS, MinT
achieved the largest reduction in RMSE: 1.9% and 4.9%, re-
spectively. MinT also resulted in the most consistent improve-
ments in this case study. However, when it comes to the GPR-
generated forecasts, MinTit; excelled with an average reduction
of 6% when it converged. Overall, this yields the most accurate
forecasts, with an estimated average RMSE of 292, 000.

6. Discussion

The Monte Carlo simulation in Section 4 showcases the po-
tential for additional reductions in expected RMSE in various
scenarios by utilizing the iterative reconciliation method intro-
duced in Section 3.1.

MinTit achieved the lowest RMSE values for forecasts based
on ARIMA and ETS for correlated time series in Figure 3, time
series of differing lengths in Section 4.3.4, in the presence of



Table 14: Out-of-sample forecast performance for the degenerate hierar-
chical structure in Section 4.3.5 for ETS-generated forecasts relative to

the ETS-generated base forecasts.

ETS
T=15 T =30 T =60

h=1 1:2 1:4 h=1 1:2 1:4 h=1 1:4 1:8 Average

Top-Level
MinT -62 48 -3 -8.1 -74 -65 -82 -62 42 -6.1
WLS; -7.1 -6.5 -6.3 -83 -88 -89 -6.8 -69 -6.5 -1.3
WLS, -7 -64 -62 -82 -86 -88 -6.6 -6.8 -6.4 <12
BU -7 54 46 -99 -89 -8 -8.7 -62 -3.6 -6.9
MinTit, -7.2 -6.1 -52 -92 -9 -86 -85 -7.5 -62 -1.5
MinTit; -7.1 -59 -5 -92 -88 -83 -87 -7.5 -6.1 -1.4

Level 1
MinT -59 49 -32 -77 -7 -6.1 -7.1 -59 -44 -5.8
WLS;, -64 -6 -58 -73 -7.7 -79 -55 -6.1 -5.8 -6.5
WLS, -6.1 -5.8 -5.6 -7 -14 16 -53 -6 -5.8 -6.3
BU -62 49 4 979 -7 15 -56 -32 -6.1
MinTit, -6.3 -5.5 -45 -82 -79 -76 -73 -6.8 -5.8 -6.7
MinTit; -6.2 -52 42 -82 -7.7 -7.3 -71.5 -6.8 -5.6 -6.5

Level 2
MinT -3.2 -27 -1.7 -39 -38 -33 -33 -2.6 -2.3 -3.0
WLS; 3003 -31 -3 -37 41 -18 25 3 -3.0
WLS, -2.6 -26 -2.7 -27 -34 -37 -15 -23 -29 -2.7
BU 29 -2 -16 -45 -4 -33 -34 -2 -08 2.7
MinTit, -3 -2.6 -21 -39 -4 -4 -33 -3.1 -3.1 -3.2
MinTit; -29 -23 -1.7 -3.7 -37 -3.6 -33 -29 -28 -3.0

Bottom-Level

MinT -0.8 -1.2 -0.7 0.1 -04 -0.7 -08 -1 -1.8 -0.8
WLS; 0.1 -07 -1.1 1.6 05 -05 1.5 -03 -1.6 -0.1
WLS, 08 -02 -05 19 05 -03 18 -03 -1.5 0.2
BU o o0 o0 0 0 O 0O 0 0 0.0
MinTit, -04 -1 -1 02 -0.5 -1.1 -03 -1.2 -2.2 -0.8
MinTit; -04 -09 -08 04 -02 -0.8 -04 -1.1 -19 -0.7

Average
MinT -49 -4 -25 -63 -58 -51 -62 -48 -35 -4.8
WLS; -52 -49 -4.8 -6 -64 -67 -46 -5 -49 -5.4
WLS, -5 -47 46 57 -62 -64 -44 -49 -48 -5.2
BU 52 -39 32 76 -6.7 -58 -64 45 -24 -5.1
MinTit, -5.3 -4.6 -3.8 -69 -6.7 -6.5 -63 -5.7 -4.9 -5.6
MinTit; -52 -44 -35 -6.8 -65 -62 -64 -5.6 4.7 -5.5

Table 15: Out-of-sample forecast performance for the degenerate hi-
erarchical structure in Section 4.3.5 for ARIMA-generated forecasts
relative to the ARIMA-generated base forecasts.

ARIMA
T=15 T =30 T =60

h=1 12 14 h=1 12 14 h=1 1:4 1:8 Average

Top-Level
MinT -15 -129 -95 -11.1 -10.7 -10.1 -85 -72 -63 -10.1
WLS; -133 -12 -10.7 97 -98 -10 -8 =771 -1 -9.9
WLS, -13.1 -119 -105 -94 96 -98 -79 -715 -76 -9.7
BU -12.8 -10.7 -84 -86 -88 -94 -9 -82 -7 9.2
MinTit, -15.3 -13.2 -10.5 -124 -12 -114 -10.1 -8.8 -8.2 -11.3
MinTit; -152 -13 -10.3 -12.2 -11.7 -11.1 99 -86 -8 -11.1

Level 1
MinT -131 -11 -7.8 -122 -11.1 -93 -9.1 -79 -6.8 -9.8
WLS, -106 -94 -83 -96 -92 -85 -76 -75 -13 -8.7
WLS, -105 9.2 -8 95 9 83 77 -74 72 -8.5
BU -10.1 82 -62 76 -72 -72  -88 -82 -6.7 -7.8
MinTit, -12.9 -10.8 -82 -12.9 -11.8 -10.1 -104 -89 -7.9 -10.4
MinTit; -12.8 -10.6 -8 -12.7 -114 96 -102 -88 -7.7 -10.2

Level 2
MinT -88 -7.2 -48 -103 -88 -66 -63 -48 -3.7 -6.8
WLS; 54 48 -44 62 -55 -5 38 -3.7 -3.6 -4.7
WLS, 53 46 41 -6.6 -57 -49 -42 -37 -35 -4.7
BU 47 -35 -24 36 -33 -36 47 42 3 -3.7
MinTit, -8 -64 -46 -104 -89 -68 -7.1 -54 -44 -6.9
MinTit; -7.8 -6.1 -4.2 -10 -84 -6.1 -6.8 -52 -4.1 -6.5

Bottom-Level

MinT 51 43 -26 -126 -99 57 -26 -1.1 -09 -5.0
WLS; 03 -09 -14 23 -19 -1l 1.1 0.8 -0.2 -0.7
WLS, -1.1 -14 -14 81 -63 -35 -06 0.1 -0.6 -2.5
BU 0 0 0 0 0 0 0o 0 O 0.0
MinTit, -39 -33 -21 -125 -98 -57 -33 -15 -14 -4.8
MinTit; -39 -3.1 -1.8 -123 95 -52 -31 -13 -1.2 -4.6

Average
MinT -12.2 -10.3 -72 -114 -103 -86 -7.7 -6.2 -52 -8.8
WLS;, 96 -86 -76 -81 -79 -715 -62 -59 -58 -1.5
WLS, 95 -85 -74 87 -82 -76 -64 -59 -57 -1.5
BU 9.1 -73 -55 -63 -62 -64 -72 -65 -52 -6.6
MinTit, -11.9 -10 -7.6 -121 -11 -94 -89 -7.3 -6.5 94
MinTit; -11.9 -9.8 -7.3 -119 -10.7 9 -88 -72 -6.2 -9.2

hierarchical degeneracy (Section 4.3.5), and for particularly
large hierarchical time series structures in Section 4.3.6.

Both, Section 4.3.2 and Section 4.3.6 incorporate a depen-
dence structure, which leads to higher signal-to-noise-ratios
(SNR) on higher hierarchical levels. This is also referred to as
the smoothing effect of aggregation. While MinTit outperformed
MinT for the ARIMA and the ETS forecasts in the context of the
larger hierarchy (Section 4.3.6), this effect was less noticeable
in the context of Section 4.3.2, where both approaches achieved
similar RMSE reductions.

At the same time, MinT proved remarkably robust in most
situations. Considering the challenge of estimating large covari-
ance matrices, MinT with the shrinkage estimator performed
surprisingly well even when time series histories were very short.

Furthermore, MinT appears to excel in severe model mis-
specification as its strong performance for the GPR forecasts and
the scenario with seasonality in Figure 6 suggests. Meanwhile,
MinTit appears to be more susceptible when forecasts are of poor
quality. Possibly, outliers in the residuals are more problematic
due to the iterative approach.

As arule of thumb, MinT may be preferable when the data can
be assumed to contain a strong seasonal component — especially

when time series are very short and the models have insufficient
data to adequately capture this effect. Otherwise, MinTit may
improve upon MinT and other existing reconciliation methods
for very short time series, large hierarchical structures, or time
series of differing lengths.
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Table 16: Out-of-sample forecast performance for the degenerate hierar-
chical structure in Section 4.3.5 for GPR-generated forecasts relative to
the GPR-generated base forecasts.

GPR
T=15 T =30 T =60
h=1 1.2 14 h=1 12 1:4 h=1 1:4 1:8 Average . .
Table 17: Out-of-sample forecast performance for the large hierarchy in
Top-Level s Section 4.3.6 for ETS-generated forecasts relative to the ETS-generated
MinT -12.0 -1I 78 -99 -89 -7.7 -87 -5.7 -4 85
WLS, -12.8 -133 -18 -65 -64 64 -57 -43 43 86  baseforecasts.
WLS, -12.8 -133 -18 -65 -64 -64 -5.6 -42 -43 -8.6
BU 16 03 09 04 -03 04 -7.1 -39 -4 -1.8 ETS
MinTit, -9.7 -9 -10.7 -62 -6.1 -6 -81 -53 -4.8 73 T=30 T=060 T=090
MinTit, 7.8 -6.7 -82 -5.7 -5f 55 82 -54 -47 6.4 T 12 14 o1 13 1% 5] T4 18 Aversge
evel 1
MinT -11.3 97 62 9.6 8.1 -67 -87 -5.1 -3.7 .7 Top-Level
WLS, 98 -11.3 -14 -61 -58 -55 -54 34 -3 7.1 MinT -1.8 5.7 57 25 36 -13 -1.6 27 -19 3.0
WLS, 9.8 -11.3 -14 -6.1 -58 -54 -52 33 2.9 7.1 WLS;, -51 69 -91 -1.6 -62 -85 -44 -65 -6.6 6.1
BU 11 09 42 01 03 0 -73 35 -2.9 -0.9 WLS, -51 69 -91 -1.6 -62 -85 -44 -65 -6.6 6.1
MinTit, -62 -6.6 -64 -57 -54 -5 -8 -45 -35 5.7 BU 339 252 112 48 192 6 252 66 14 19.6
MinTit, -4.1 -43 -34 -52 49 -45 -81 -47 -3.5 -47 MinTit, -52 -6.5 -74 -6 -7.6 -8.1 -45 -63 -6.1 64
Level 2 MinTit, -6 -7 -7.8 59 -7.8 83 -47 62 -6 6.6
MinT 7.1 58 24 -64 -53 38 -57 -33 2.2 47 Level 1
WLS, 8 94 117 42 42 -43 24 -14 -13 5.2 MinT 24 -58 59 06 23 23 09 -18 -15 25
WLS, -79 93 -117 -42 42 -43 2.1 -12 -1.1 5.1 WLS, 27 38 -7.6 12 -43 -86 0 -47 -63 4.1
BU 03 04 34 1 05 02 -4 -16 -1.3 -0.1 WLS, -27 38 -7.6 12 -43 -86 0 -47 -63 4.1
MinTit, -4 -42 -35 -37 -38 -39 -46 -23 -1.6 35 BU 328 27 123 421 181 3.9 375 104 28 20.8
MinTit, -1.6 -15 0 -3.1 -32 -34 -46 -2.3 -14 23 MinTit, -39 47 -69 -26 -53 -75 -3.1 -48 -56 4.9
Bottom-Level MinTit; -4.5 53 -7.4 -2.8 -5.6 7.8 -33 -5 57 5.3
MinT 25 27 07 23 -2.6 -19 23 2.1 -1.3 20 Level 2
WLS, -41 -48 -7 -25 2322 16 02 0 2.3 MinT -15 -39 32 2 -19 0 -19 -12 07 17
WLS, 37 45 71 24 2222 17 0 -0.1 2.3 WLS;, -14 -16 -45 05 28 -6 04 -35 -48 2.6
BU 0 0 0 0 0 0 0 0 0 0.0 WLS, -14 -16 -45 05 -28 -6 04 -35 -48 2.6
MinTit, 0 -02 -05 22 2 -2 -09 -1 -06 -1.0 BU 243 214 115 28 145 47 274 86 3 159
MinTit; 19 2 23 -18 -1.7 -1.6 -1 -12 -0.7 -0.2 MinTit, -2.6 2.6 -4 -22 -39 -54 24 -39 -43 35
Average MinTit, -31 -3 -45 -24 -41 56 -2.6 -41 -45 -3.8
MinT 9.9 86 54 83 72 5.9 -7.4 -46 -3.5 -6.8 Level 3
WLS, 87 -9.6 -12.5 -48 -47 -4.6 -42 2.9 2.7 6.1 MinT 44 53 22 59 -19 31 4 2 59 14
WLS, -85 95 -12.6 -48 47 46 -4 28 27 6.0 WLS, -13 -1.1 24 -06 -1.6 -34 09 -1 22 14
BU 01 02 21 04 0-01 -58 28 2.6 -1.0 WLS, -13 -1l -24 -06 -17 -34 09 -1.1 -22 14
MinTit, -5 -4.9 -52 -45 -43 42 6.6 -39 -32 4.6 BU 107 108 69 11 73 28 137 66 3 8.1
MinTit, 29 2.6 -22 -4 38 -38 -67 -4 -3.1 3.7 MinTit, -1.7 -1.5 -2 -17 -19 25 -08 -14 -1.7 1.7
MinTit, -1.9 -1.8 23 -18 -22 27 -09 -16 -19 1.9
Bottom-Level
, MinT 32 32 84 11 58 15 12 103 195 75
Av. RMSE for the Large Hierarchy WLS, -1.6 -1.8 -1.8 -15 -17 -1.5 -1.7 -1.7 -15 -1.6
WLS, -18 -2 2 17 2 2 -19 21 -19 -1.9
8- : BU 00 0 0 0 0 0 0 0 0.0
. MinTit, -1.9 2.1 -2 22 25 -2 24 27 22 22
P Forecast Horizon MinTiy -1.9 22 2.1 22 -2.6 21 -2.4 -28 -2.3 23
§ i — Average
2 " “e h2 MinT 02 -19 -02 -12 02 35 08 2.1 47 0.7
£6- - N . WLS, -2 25 -44 08 29 -53 -1 -33 -42 29
P WLS, 2.1 26 -45 09 -3 -54 -1.1 -34 -43 3.0
K | BU 136 126 73 159 10 33 14 61 2.1 9.4
= MinTit, -2.5 29 -39 24 -38 -49 24 37 -4 34
Wl | Forecast Method MinTiy -28 -32 43 25 -4 5.1 -2.5 -38 -4l -3.6
Q I ARIMA
=
i — ETS
>
< GPR
S N I . —
3‘0 4‘5 6‘0 9‘0

T

Figure 9: Average RMSE for the various base forecasts in Section 4.3.6 (ARIMA
in red, ETS in green, and GPR in blue) by total length of the time series. A
forecast horizon of i1 corresponds to 2 = 1, h”2 to h = 1 : 2 in the case of
T =15,30and 2 = 1 : 3 for T = 60. Similarly, 3 corresponds to the longer
forecasting horizons of h = 1 : 4 and h = 1 : 6, respectively.
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Table 18: Out-of-sample forecast performance for the large hierarchy in
Section 4.3.6 for ARIMA-generated forecasts relative to the ARIMA-

generated base forecasts.

Figure 10: Illustration of the WSTS product classification Hierarchy. L* refers to L7a/b/c/d/f.

ARIMA
T=30 T =60 T=90

h=1 12 1:4 h=1 1:3 1:6 h=1 1:4 1:8 Average

Top-Level
MinT 12 31 -5 3 -38 -39 39 -02 -1.1 -1.0
WLS, 42 -58 -8 -32 -8 -10.6 -43 -59 -64 -6.3
WLS, 42 -58 -8 -32 -8 -10.6 -43 -59 -64 -6.3
BU 48.1 32.6 144 528 19 41 334 176 1 23.7
MinTit, -6.5 -6.6 -7.3 -72 -9 -10.1 -46 -56 -5.6 -6.9
MinTit; -68 -69 -7.7 -74 -9.3 -10.3 -5 56 -58 272

Level 1
MinT 04 22 45 44 -17 -37 3.1 -29 -38 -1.2
WLS, -29 -31 -67 03 -57 -99 05 -56 -7.7 -4.5
WLS, -29 -31 -67 03 -57 99 05 -56 -7.7 -4.5
BU 478 38 17.7 493 18 24 464 104 1.1 25.7
MinTit, -6.2 -54 -67 -45 -65 -89 -39 -62 -7 -6.1
MinTit; -6.6 -58 -7.1 -4.6 -6.6 9 42 -63 -72 -6.4

Level 2
MinT 07 -2 -38 07 -07 -07 0.7 -08 0 -0.7
WLS, -22 -21 -5 -02 -32 -61 02 -34 -53 -3.0
WLS, -22 -21 -5 -02 -32 -61 02 -34 -53 -3.0
BU 33.1 274 139 327 156 4.6 324 98 22 19.1
MinTit, -4.8 -43 -54 -34 41 -54 3 -4 48 -4.4
MinTit; -5.3 -47 -5.7 -3.7 -43 -57 -32 -42 -49 -4.6

Level 3
MinT 42 49 29 35 -13 19 06 24 55 -0.7
WLS;, -16 -15 -25 -12 -19 -33 03 -14 -29 -1.8
WLS, -16 -15 26 -12 -2 -34 03 -14 -3 -1.8
BU 146 132 82 128 79 29 154 68 2 9.3
MinTit, -3.2 -3 -29 -24 -23 -26 -15 -19 -24 -2.5
MinTit; -3.4 -32 -31 -25 -25 -28 -1.6 -2 -26 -2.6

Bottom-Level

MinT 34 43 77 22 114 204 4.6 154 25.1 10.5
WLS, -22 -22 -2 -18 -19 -16 -19 -18 -14 -1.9
WLS, -25 -26 -24 -2 23 2 22 23 -19 2.2
BU 0 0 0 0 0 0 0 0 0 0.0
MinTit, -2.9 -3.1 -2.8 -24 -2.7 2 25 28 -21 -2.6
MinTit; -29 -3.1 -2.8 -25 -28 -21 -2.6 -29 -22 -2.7

Average
MinT 09 -02 -03 1 24 36 3 38 53 22
WLS, -23 -25 -43 -14 -36 -6 -12 -34 48 -33
WLS, -24 -27 -44 -15 -37 -61 -13 -35 -49 -3.4
BU 184 16.1 93 17.6 103 27 166 65 13 11.0
MinTit, -39 -39 45 -3.1 43 -55 -27 -39 -44 -4.0
MinTit;, -41 -41 -48 -32 -45 -57 -28 -4 -45 -4.2
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Table 19: Out-of-sample forecast performance for the large hierarchy in
Section 4.3.6 for GPR-generated forecasts relative to the GPR-generated

base forecasts.

GPR
T=30 T =60 T =90

h=1 12 1:4 h=1 1:3 1:6 h=1 1:4 1:8 Average

Top-Level
MinT -35 -3.6 -39 42 -31 -35 -45 -24 -22 -34
WLS; 6.4 62 2 76 98 55 67 94 6 6.6
WLS, 6.4 62 2 76 98 55 67 94 6 6.6
BU 484 39.4 257 563 52.7 36.6 54 47 328 43.7
MinTit, -1.8 -1.8 -29 -25 -14 -24 -26 -06 -1.1 -1.9
MinTit; -1.9 -19 -3 -26 -16 -26 -27 -0.7 -12 -2.0

Level 1
MinT -53 -6.1 -62 -52 -49 -45 -55 -48 -4.1 -5.2
WLS; 04 -05 -2.1 07 27 21 -01 29 22 0.8
WLS, -04 -05 22 07 28 21 -01 29 22 0.8
BU 25.8 214 153 29.1 299 243 27.6 285 225 249
MinTit, 49 -53 -5.6 -44 -38 -35 -44 -36 -3.1 -4.3
MinTit; 49 -53 -56 -44 -38 -3.6 -44 -3.7 -32 -4.3

Level 2
MinT 48 -56 -54 -52 -62 -61 -6.2 -6.7 -6.2 -5.8
WLS; -3 027 27 24 -19 -16 -2 -1.1 -09 -2.0
WLS, -29 -28 -29 24 -2 -1.7 -2.1 -12 -1.1 -2.1
BU 10.1 84 73 10.6 11.5 10.7 10.7 125 11.1 10.3
MinTit, 46 -5 49 43 -5 -5 -39 45 -45 -4.6
MinTit; 46 -5 -49 -43 -5 -5 -38 -45 -45 -4.6

Level 3
MinT 48 -56 -54 -52 -62 -61 -6.2 -6.7 -6.2 -5.8
WLS; 3027 27 24 -19 -16 -2 -1.1 -09 -2.0
WLS, -29 -28 29 -24 -2 -1.7 2.1 -12 -1.1 -2.1
BU 10.1 84 73 10.6 11.5 10.7 10.7 125 11.1 10.3
MinTit, 46 -5 49 43 -5 -5 -39 45 -45 -4.6
MinTit; 46 -5 -49 43 -5 -5 -38 -45 -45 -4.6

Bottom-Level

MinT -3.1 -35 -38 -51 -61 -69 -6.5 -7.9 -8.2 -5.7
WLS, -3.1 -28 -29 -31 -34 -36 -29 -3.7 -39 -33
WLS, -32 -3.1 -34 -34 -39 43 -34 -43 -46 -3.7
BU 0 0 0 0 0 0 0 0 0 0.0
MinTit, -3.5 -3.8 -41 -39 -5 -58 -4 -58 -6.5 -4.7
MinTit; -3.5 -3.8 41 -39 -5 -58 -4 -58 -6.5 -4.7

Average
MinT -39 -44 -4.7 -5 57 -58 -61 -65 -6 -5.3
WLS;, -19 -15 -2 -15 -08 -09 -16 -05 -04 -1.2
WLS, -2 -1.7 23 -1.7 -1.1 -12 -1.8 -0.8 -0.7 -1.5
BU 106 9.8 83 12.1 135 125 114 14 126 11.6
MinTit, -3.8 -4.1 -4.4 -4 45 -47 -39 -45 -45 -4.3
MinTit; -3.8 -4.1 -44 -4 45 -48 -39 -46 -46 -4.3




Table 20: Out-of-sample forecast performance for ARIMA, ETS, and
GPR forecasts on the WSTS case study data in Section 5. The numbers
for the reconciliation methods are percentage changes relative to the
respective base forecasts. In addition, the last row of each section
provides the average baseline RMSE of forecasts of the respective
model and on the respective level. The last section, which presents
the average results, includes a row indicating the average RMSE of
forecasts with the respective model and the best average reconciliation
method in terms of average RMSE reduction.

MinT
WLS;
WLS,
BU
MinTit,
MinTit;
Base

MinT
WLS;,
WLS,
BU
MinTit,
MinTit;
Base

MinT
WLS;,
WLS,
BU
MinTit,
MinTit;
Base

ARIMA ETS GPR ARIMA  ETS GPR
Top-Level Level 3

3.1 -6.5 0.5 -7 -4.7 -7.1

4.1 -5.3 1.8 -0.6 -1 2.4

32 -5.2 1.3 -5.8 -3.7 -5.8

19.3 -2.4 7.8 14 0 -1.9

6.2 -5.4 1.9 -5.5 -4 -6.2

9.3 -5.2 -1.3 -3.6 -2.6 -11.4

1,719,047 2,062,625 1,754,233 256,173 259,774 257,230
Level 1 Level 4

3.8 -5.2 1 9.1 -4.8 -1.7

6 -3.6 3.1 -2.8 -0.2 0.8

3.6 -3.6 2.1 -6.2 -2.1 0.8

19.9 -0.7 7.9 -0.1 0.5 0.9

7.3 -4 2.5 -5.7 -3.6 -0.3

11.1 -3.8 -4.9 0.2 -2.4 -84

802,795 960,035 839,987 88,835 87,637 90,870
Level 2 Level 5

-8.9 -2.3 -2.3 -9.7 -4.2 2.1

-3.1 0 0.6 -2.1 -0.7 -0.2

212 -1.1 -1.3 -1.6 -1.6 -0.2

0.8 2.9 3.6 0 0 0

-7 -1.3 -1.4 -6.9 -33 -1.1

-5.1 -0.3 -8.8 -1.3 -23 -11.9

338,426 334,742 322,153 75,200 73,083 76,204
Average

MinT -1.9 -4.9 -1.4

WLS; 1.7 2.9 1.1

WLS, -1.2 -3.6 -0.3

BU 11.2 -0.4 5

MinTit, 0.8 -3.9 -0.2

MinTit; 3.6 -3.3 -6

Base 308,621 341,970 310,638

Best 302,757 325,213 292,000
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