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Kinetic event-chain algorithm for active matter
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We present a cluster kinetic Monte Carlo algorithm for active matter systems of self-propelled particles
with special focus on steric interactions. The kinetic event-chain algorithm is based on the event-chain Monte
Carlo method and is applied to active Brownian disks in two dimensions. The algorithm assigns Monte Carlo
moves of active disks a mean time based on a comparison between Brownian dynamics and the dynamics of
the event-chain Monte Carlo method. This time is used to perform diffusional rotation of their propulsion
force. We show that the algorithm correctly and efficiently reproduces various physical results ranging from
single-particle dynamics to many-body effects. In particular, we reproduce the phase diagram of active disks and
the motility-induced phase-separated region with high accuracy. The kinetic event-chain algorithm is shown to be
much faster—at comparable accuracy—than (event-driven) Brownian dynamics algorithms, enabling large-scale
simulations up to giant systems with 10° particles on standard desktop hardware.
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I. INTRODUCTION

Active matter systems are nonequilibrium many-particle
systems that are driven by a propulsion force at the level of
individual particles. This gives rise to continuous energy dis-
sipation, local time-reversal symmetry breaking, and entropy
production [1]. Active matter can be found at all length scales
for both synthetic and biological systems [2]; examples com-
prise self-propelled colloidal particles [3] and microswimmers
[4], cytoskeletal filaments propelled by molecular motors
[5-7], colonies of bacteria [8], and swarms of animals [9].

In the simplest active systems, the propulsion force direc-
tion is anchored to the individual particle, which breaks the
rotational symmetry at the particle level. The force changes
direction upon diffusive reorientation of the particle. The
propulsion energy sets particles in motion and is dissipated via
a surrounding bath, which breaks detailed balance and gives
rise to nonequilibrium physics. The most popular theoretical
and numerical models are active Brownian particles (ABPs)
with an overdamped motion and a heat bath modeled by
Brownian random forces (Langevin dynamics).

Interacting active matter exhibits collective phenomena,
which are not present in the corresponding equilibrium sys-
tems. One prominent example is the motility-induced phase
separation (MIPS) of self-propelled hard spheres or disks
[10,11], which is an activity-driven clustering phenomenon
driven by the active blocking of particles with oppos-
ing propulsion directions. More complicated phase behavior
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occurs for nonspherical particles or in the presence of align-
ment interactions [2].

Despite considerable progress during the last decade [12],
simulation methods for active many-particle systems are
largely limited to Langevin or molecular dynamics tech-
niques. While Monte Carlo (MC) algorithms produced much
of the numerical progress in statistical physics of equilibrium
phase transitions, the development of kinetic MC schemes for
active matter started only recently [13—16]. Moreover, cluster
MC algorithms have not been proposed at all for active sys-
tems so far, while rejection-free cluster MC algorithms have
proven to be a powerful tool for lattice spin systems [17,18]
and—as event-chain (EC) MC [19]—also for off-lattice sim-
ulations of many-particle systems.

In this paper, we present the first cluster kinetic MC scheme
for the simulation of active matter systems of self-propelled
particles, with main focus on steric interactions, i.e., gen-
uinely hard particles. The algorithm is a kinetic event-chain
(kEC) algorithm based on the ECMC method. A dense system
of ABPs with exemplary MC cluster moves is depicted in
Fig. 1. Throughout this work, we use OVITO [20] to visualize
configurations of interest. The algorithm becomes exact in the
limit of small EC lengths, i.e., small MC cluster moves, and is
applied to systems of genuinely hard active disks and active
Lennard-Jones disks in two dimensions. It is important to
note that standard Brownian dynamics simulations cannot be
applied to hard active particles. We verify the kKEC algorithm
by analyzing multiple observables in these systems, particu-
larly focusing on the phase diagram of active hard disks and
mapping out the MIPS region. For Lennard-Jones disks, we
can compare to Brownian dynamics simulations performed
using the LAMMPS package [21], with respect to accuracy. For
hard disks, we can benchmark and compare to a version of
the event-driven Brownian-dynamics (EDBD) algorithm [22],
which takes the self-propulsion of ABPs into account [23] and
was used by Levis et al. [24] to investigate the system’s MIPS
region.

Published by the American Physical Society
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FIG. 1. Exemplary snapshot of a system of hard ABPs where
MIPS occurs. To each particle a small arrow is anchored, repre-
senting the current direction of the active force. The particles that
participated in the last five cluster moves are highlighted using col-
ors. The higher the local packing fraction, the more particles are
displaced in a typical cluster move.

II. KINETIC EVENT-CHAIN
MONTE CARLO ALGORITHM

EC algorithms are a variant of irreversible Markov-Chain
MC algorithms [25] and have been applied to a wide range
of systems in the last decade [19,26-32]. They can also be
classified as cluster algorithms. We focus on steric interactions
to introduce the concepts of the algorithm in the following. In
a hard-disk system, an EC cluster is constructed by choosing
a random unit direction egc and a random initial disk. Start-
ing with the initial disk, the “moving” disk is displaced in
direction egc until collision with another disk. In a billiardlike
fashion, the hit disk becomes the “moving” disk (in a so-called
lifting move) and is displaced in direction egc until the next
collision. The cluster move ends if the total displacement
equals a prescribed EC length fgc, which is a parameter of
the EC algorithm. The resulting cluster moves of chains of
particles are rejection-free and satisfy global balance rather
than detailed balance [19,27]. Compared to local Metropolis-
Hastings MC [33], speedups of up to 2 orders of magnitude
can be achieved [19,28,31].

MC algorithms are not based on an equation of motion
and, thus, lack a proper definition of time. ABPs, on the other
hand, are described by explicitly time-dependent Brownian
dynamics. A system of N active particles (particle index i)
in two dimensions, which are driven with propulsion force Fy
in the unit directions e;(¢) = (cos(6;), sin(6;)), is described by

Fi(t) = voe(t) + &(1) + fi(1), ey

where r;(t) are the particle positions. Here, vy = Fy/I" is
the driving velocity for a friction constant I', and & ()
is a Gaussian thermal noise with zero mean and cor-
relations (&(1)&] (1)) = 2D18;;8(t — '), where D = kT /T
is the translational diffusion constant. The remaining ac-
tive particles exert interaction forces f; =F;/T"; we fo-
cus on monodisperse systems with particle diameter o.
The propulsion direction e;(f) undergoes free rotational

diffusion, i.e.,
(0:(1)0;(t)) = 2D,8;;8(t — 1), 2

with the rotational diffusion constant D, = 3D/o? (for hy-
drodynamic reasons [24]). The activity of a single ABP is
characterized by the dimensionless Péclet number

Vo
oD,’

Individual active particles perform persistent random walks
with a persistence time v = 1/D, because the propulsion
force direction undergoes rotational diffusion. Equilibrium
MC algorithms lack this persistent motion because of their
Markovian nature. Several kinetic MC schemes have been
proposed for active particles [13—16], where a temporal corre-
lation of MC particle moves has been introduced to establish
persistence. In conjunction with Metropolis sampling of in-
teractions, these kinetic MC schemes show nonequilibrium
phenomena like MIPS for repulsive active particles. For exam-
ple, the algorithm developed by Klamser et al. [16] advances
time in equidistant time steps Ar and the direction e; is
updated by a small random rotation ensuring the proper
persistence. Regarding the spatial displacement, the authors
showed, both numerically and analytically, that their method
becomes ill-defined in the limit of small time steps At if active
particle displacements rely purely on persistent steps. To re-
store correct dynamics, a blended algorithm was introduced,
which mixes steps in random directions with the persistent
ones. For the blended algorithm, an exact mapping to ABPs
can be established, as the authors subsequently showed their
method leads to the same Fokker-Planck equation in the limit
of small time steps Ar as Brownian dynamics.

The very basic idea of our KEC algorithm, in order to sim-
ulate ABPs, is to use the standard ECMC method to generate
moves, based on the rules for passive equilibrium systems,
and afterward update the direction of the active force using a
newly introduced mean time per move. This way, we want to
achieve an algorithm that is as effective as ECMC simulations
for hard spheres, while it can correctly deal with the dynamic
situation of active particles.

With this in mind, we view each active particle as a particle
under its individual constant force Fye and, thus, in its individ-
ual constant linear potential over the course of each ECMC
move. We then calculate the mean move length in force direc-
tion (Argc - e) of a single particle per ECMC move (see below
for the analytical calculation). Because (Ar - e) = voAt holds
for a single ABP exactly, we identify (Afgc) = (Argc - €)/vp.
By assigning (Atgc) to pass for each ECMC move, we are
able to introduce an exact mean time into our algorithm. It
amounts to a dynamical mean-field assumption, because we
apply a mapping between KEC time and ABP time that has
been derived from the mean time for an ECMC displace-
ment move. Because we also find (Argc - e) = (Argc) - e for
the ECMC algorithm, we obtain the identical time assign-
ment rule based on the mean displacement vector (Argc)
per ECMC move. This will be important later on to derive
that the KEC algorithm becomes exact in the limit of small
EC lengths. Using the assigned time (Afgc), we readjust the
force direction according to rotational diffusion after each
ECMC move.

Pe = 3
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For the analytical calculation of the mean move length
in force direction (Argc - e), it is sufficient to consider a
single active particle under a constant force Fye or in a cor-
responding linear potential V(r). In an external potential,
the ECMC algorithm works as follows [26,30,32]: A ran-
dom EC direction egc is chosen. If the move is energetically
downbhill (cos¢ = egc - e > 0), the particle is displaced by
the full EC length, Ar = fgcegc. If the move is energeti-
cally uphill (cos ¢ < 0), a “usable” energy AU > 0 is drawn
from a Boltzmann distribution p(AU) ~ exp(—BAU) (with
B = 1/kgT), and a rejection distance dp; is determined from
AU = —Fydyjcos ¢. If dej > Lgc, the particle is moved by
the full EC length, Ar = {gcegc. If drej < £gc, the particle is
only moved by Ar = dy.jegc, the EC direction is lifted egc —
e (by reflecting with respect to the equipotential surface,
i.e., epc = egc — 2cos ¢e), and the particle is moved by the
remaining EC length £gc — di; in the new downhill direction.
In total, this results in Ar = di.jegc + (Lpc — drej)ec. After
this EC move, a new direction egc is chosen, and we start
over. Averaging over all cases and all randomly chosen EC
directions egc (angles ¢), we obtain

(Argc - e

R

Lpc
with a dimensionless parameter

X = ,BF()(ZEC = UogE(;/D = 3Peegc/0' (4)

and a scaling function

21 11 i —XCcos ¢
f@)==---== do(l —e ), &)
T X XTI J_m)2

which is monotonically decreasing with asymptotics f(x) ~
1/4 for x € 1 and f(x) ~ 2/7x for x > 1, (see Sec. I B of
the Supplemental Material [34]).

For the ECMC move mean time (Atfgc) = (Argc - €)/vo,
we use £gc/vo = Tx/3Pe? and obtain

1
3Pe?

such that (Atgc) only depends on the active force Fy and the
EC length ¢gc via Pe and x. For weak active drive or small
EC lengths x < 1, we get (Atgc) & Z%C /4D reminiscent of a
diffusive timescale. The opposite limit of strong active drive
or large EC lengths x > 1 leads to (Atgc) =~ 2€gc/mvg remi-
niscent of a timescale for directed motion.

In the simulation, after each ECMC move, the force direc-
tion is updated 6’ = 6 + A0 by drawing an angle Af from
a Gaussian distribution using @y = 6 and oy = /2D, (Atgc).
For a single active particle, this is only a good approximation
if updates remain smooth, (Afgc) <« 7. From Eq. (6), we can
show this is equivalent to x < (377 /2)Pe? or to require mod-
erately small EC lengths ¢gc/0 < (;r /2)Pe for high activity
Pe > 1 (and x < 2+4/3Pe or fgc/o < 2/+/3 in the passive
limit Pe < 1).

In the many-particle system, we combine the ECMC pro-
cedure for one active particle with the hard-disk collision
ECMC rules outlined above. Then, we simulate a Hamiltonian
H = Z,-[—Foei -r; + Vi({r;})], where the driving forces Fye;
enter as individual external linear potentials, with the usual
ECMC scheme assuming fixed e; during each EC move.

(Atpc) = T—=xf(x), (6)

This results, as a consequence of the previously mentioned
lifting moves, in ECs with more than one participating particle.
The purpose of lifting is to avoid MC rejections caused by
collisions by lifting the event chain to the collision partner
and continuing the MC motion. As a result, in each EC, we
move particles by the same total distance £gc as in a single-
particle system, but distribute the total distance to all particles
i in the EC, which move a distance Ad; with ZieEC Ad; =
Lpc. In order to assign a proper time to each moving particle
i in the EC, we distribute the mean time (Afgc) of a single-
particle EC move without collisions over all particles i in the
EC according to their displacements Ad;. Since collisions are
instantaneous in case of hard disks, this leads to

Ad;
(Atge)i = ——(Atge). @)
lec
After each EC, the force directions of all participating parti-
cles i are updated by drawing A6; from Gaussian distributions
with mean py, = 6; and variance 092’_ = 2D, (Atgc);. The as-
signment of individual times (Afgc); leads to each particle
having its “own simulation time.”

The choice (7) for the time (Atfgc); proportional to its
moving distance Ad; in the EC is the only choice that ensures
a constant algorithmic particle velocity v; = Ad;/{Atgc);
(regarding collisions and subsequent lifting event to be instan-
taneous) and, thus, a uniform particle current along an EC.
Within each EC, global balance is satisfied by construction
of the algorithm. If ECs are started where the previous EC
ended, this results in strict global balance. This means that
the N-particle probability current density in configurational
space is divergence-free. Starting ECs where the previous EC
ended can produce artifacts in the distribution of the individ-
ual particle simulation times, because (1) particles in dense
regions tend to be updated not only proportional to density,
but more frequently and (2) spatially inhomogeneities of this
distribution are amplified.

Therefore, we start new ECs at randomly chosen particles
but the algorithm should retain divergence-free probability
current densities on average. With the choice (7) translating
configurational moves into moves with constant velocity, this
leads to a divergence-free N-particle current density. This is,
however, exactly the condition for a dynamic stationary state
in a nonequilibrium system such as active disks [35]. There-
fore, the choice (7) is the unique choice that is compatible
with a dynamic stationary state in the active system. In Eq.
(7), we also use the single-particle EC move time (Afgc) in
the absence of collisions to be distributed over the over all
particles i. This guarantees correct currents in dilute regions
of a system, where particles are essentially isolated. Ensuring
constant currents along ECs that can cross the entire system by
using Eq. (7) then correctly establishes the necessary current
equilibrium between dense and dilute regions of the system.
Loosely speaking, Eq. (7) enforces the kEC currents to be
divergence-free and constant along an EC via global balance,
and the size of the currents generated by the kKEC algorithm is
gauged to be correct in the dilute regions.

As stated above, the assignment of individual times (Afgc);
according to Egs. (6) and (7) leads to each particle hav-
ing its “own simulation time.” Therefore, we have to make
sure that each particle has essentially the same simulation
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time, i.e., that the distribution of particle simulation times is
sufficiently narrow. We confirmed that the relative standard
deviation o,/ a; of the resulting distribution of simulation
times At decreases continuously by increasing the mean sim-
ulation time ., per particle or by decreasing the EC length,
oar/tar = alN )E%cu;}/ 2, as detailed in the Supplemental
Material [34]. This holds for different values of parameters,
i.e., regardless of whether MIPS occurs. Therefore, the algo-
rithm can be set up so that the simulation time is, on average,
equal for all particles. A condition o, < T will assure that
particles remain within one persistence time; i.e., the propul-
sion directions will not be affected by the time spread. For
fgc = 0.010, we can simulate for several thousand persis-
tence times using the kKEC algorithm without violating this
criterion. Also, the above condition (Afgc)D, < 1 for smooth
rotations becomes much weaker in a many-particle system, as
it only requires (Atgc);D, < 1 and (Atgc); < (Atgc). Thisis
hardly ever a concern.

III. VALIDITY OF THE ALGORITHM

Our above arguments suggest that the kKEC algorithm sam-
ples single active particles (the dilute limit) correctly on
average and that it samples stationary dynamic states of many
active particles correctly on average. This does not mean
that the microscopic dynamics will be exact. The kEC algo-
rithm can become potentially inexact because of the effective
time dependence of the Hamiltonian: The external driving
forces represent individual external linear potentials, but they
change direction as a function of time by rotational diffusion.
We handle this time dependence by introducing the mean
time (Afgc) per EC for a single ABP and redistributing
this time properly over the particles participating in an EC
for many ABPs. This procedure is only correct on average.
However, there are two opposite limiting cases, where our
algorithm becomes strictly exact: (1) in the passive limit Pe —
0, the driving potentials effectively vanish and (2) in the op-
posite limit Pe — oo of large Péclet numbers Pe = vy /(o D,)
or D, — 0, the directions of the driving forces become es-
sentially quenched. In both cases, the Hamiltonian becomes
effectively time-independent, the correctness of the mean time
(Atgc) per EC irrelevant, and the KEC algorithm equivalent to
a standard ECMC simulation.

The exactness for both Pe — 0 and Pe — oo already sug-
gests that the kEC algorithm should stay accurate over a
fairly large range of Péclet numbers and deviations for all
intermediate Péclet numbers remain small. For intermedi-
ate Péclet numbers, the dimensionless parameter x = SFylgc
from Eq. (4) plays a key role for the validity of our algo-
rithm. This can be shown explicitly for a single ABP. We
assign a kEC simulation time (Afgc) to a single ABP us-
ing the first moment of the displacement in force direction
(Ar - e) = voAt by requiring that (Argc - e) = vo{Atgc). As
shown in the Sec. II of the Supplemental Material [34],
we can also calculate higher moments related to the dy-
namics of a single free ABP, such as ((Argc -e)?) and
(Aréc), on a single-step level. However, these quantities only
match their analytical counterparts from Brownian dynam-
ics in the limit x — 0. On the contrary, the larger x, the
more does our algorithm’s single-step behavior differ from

actual Brownian dynamics of ABPs. More importantly, we
derive a Fokker-Planck equation for the probability den-
sity Pxge(r, 0,¢) to find a single particle at position r and
force direction 6 at times ¢t for the dynamics of the kEC
algorithm in Sec. II of the Supplemental Material [34]. The
Fokker-Planck equation contains a term for angular diffusion,
a convective term for directed translational motion, and a
positional diffusion term, which can be compared with their
counterparts in the Fokker-Planck equation for a single ABP.
We show that (1) the angular diffusion term agrees in the limit
(Atgc) < 1/D, = t; (2) the convective term agrees with ex-
actly our choice (Argc) = vo{Atgc) of the time assignment;
and (3) the positional diffusion term agrees in the aforemen-
tioned limit x — 0. This is an important result because it
establishes a limit where the KEC algorithm becomes exact on
the single-particle level. Further inspection of the positional
diffusion term in the Fokker-Planck equation shows that we
can increase x such that ¢gc/o becomes of order unity if
we are not interested in features of the distribution P(r, 0, t)
below one particle diameter o.

It may be worth noting that the continuous time limit of our
algorithm is not affected by the limitations found by Klamser
et al. [16] mentioned above, mainly because our algorithm
does not rely on purely persistent steps by default, as we
choose the displacement direction egc at the beginning of each
EC step randomly.

Additionally, we want to point out that the factor 8 in
Eq. (4), which originates from the rejection mechanism, is
indeed the inverse of the thermodynamic temperature. If
B would be an arbitrary parameter, this would lead to a
Fokker-Planck equation similar to that of an ABP, but with
a translational diffusion constant D and a rotational diffusion
constant D, corresponding to different temperatures (accord-
ing to the Einstein relation), which would not make sense.
Added to that, if B was a parameter independent from the
inverse temperature, one could simply increase the parameter
B — oo to cause the translational diffusion term to vanish
without affecting the temperature.

To recapitulate: For the kEC algorithm to be exact for
single ABPs, we require x — 0 and, thus, (Afgc) — 0. Since
all physical properties of a system are fixed, the EC length
is the only accessible parameter, we can modify, which ef-
fectively leads to the condition fgc/o — 0. In reality, we
cannot choose arbitrary small displacement lengths without
increasing the wall time of the simulation. Nonetheless, re-
ducing Zgc will always lead to better results, and we will see
that £gc = 0.010 leads to almost exact results, for all types of
systems and parameters. A choice {gc & lo is already small
enough that deviations in the positional diffusion term of the
Fokker-Planck equation should only influence features of the
distribution Pygc(r, 0, t) below one particle diameter o.

In order to support the claim that the KEC algorithm be-
comes exact on the level of the probability distribution of
a single ABP for £gc/0 — 0, we simulate single ABPs in
a quadratic box of length lpox = 80 with periodic boundary
conditions and measure the one-particle probability den-
sity distribution p,(r, ) at t = 1.5t. We choose Pe = 4 and
compare KEC results with a standard Brownian dynamics
simulation, which was performed using LAMMPS. Figure 2
reveals that the deviations between both simulation techniques

023252-4



KINETIC EVENT-CHAIN ALGORITHM FOR ACTIVE ...

PHYSICAL REVIEW RESEARCH 8, 023252 (2026)

p1Lavwps (7,6 = 1.57)

0.03
0.02
0.01

01 xEC LAMMPS

initial config.

0.0
01 KEC,LAMMPS

1.0
g . i )
0.0

x

FIG. 2. Probability density distribution p;(r, t) of a single ABP
(Pe = 4) starting from a given initial condition with periodic bound-
ary conditions (see upper left) at = 1.57 using a LAMMPS Brownian
dynamics simulation and the kEC algorithm as well as the absolute
value of the relative deviation between both algorithms per grid
element 8 kgc,Lamves = [(P1xEC — P1.amves )/ P1iamves|. The results
show an increase in accuracy of the KEC algorithm for decreasing EC
length supporting the claim that the KEC algorithm becomes exact in
the limit £gc/o — O.

(right column of Fig. 2) gradually vanish with decreasing EC
length Zgc from an average absolute value of the relative error

per grid element of (§{5 0 ) A~ 26.4% (BFylpc = 12) to
(SZEC_O Olo

Just (81 gc Lavups) =~ 2-3% (BFolpc = 0.12).

These results are further supported by analyzing the mean
square displacement of a single free ABP as a function of time
for Pe = 50 in Fig. 3, which shows again that errors decrease
for decreasing EC length Zgc. This second comparison of
a dynamic quantity demonstrates convincingly that the kEC
algorithm is not only able to produce almost exact results on
short timescales but conveniently also on medium and long
timescales.

Even though the two-body problem is the most simple
configuration, where interactions between two particles are
relevant, we are not able to analytically prove the exactness of
our algorithm on the level of a Fokker-Planck equation, which
takes collisions into account. However, similar to the one-
body problem, we can verify the validity of the KEC algorithm
on the two-body level by comparing it to standard simulations
of two ABPs in a quadratic box of length l,,x = 60 with

101 i
C\blq&
1071 1
i\ theory
< 1073 - - = {pc = 1.000
lrc = 0.100
1075 | == {pc =0.01lc
102 100 102
At/T

FIG. 3. Comparison between the KEC algorithm and the analyti-
cal solution for the mean square displacement {Ar?) of a single free
ABP (Pe = 50) as a function of time Atz/z, for different EC lengths
Lgc. Reducing the EC length improves the accuracy of the algorithm,
especially on short timescales.

periodic boundary conditions. We choose the coordinate sys-
tem in a way that the position of one particle (green) remains
fixed and measure the probability density p,(r5, t) of the other
particle (blue). Here, we compare our results with the EDBD
algorithm previously used by Levis et al. [24].

In Fig. 4, we show both initial configurations, the proba-
bility densities p,(rp, t) as well as heatmaps of the absolute
value of the relative error per grid element. Regardless of the
orientation of the active forces, the Péclet number as well
as the time, the average deviation between both simulation
techniques shrinks with decreasing EC length just like in the
one-body problem. For a more detailed discussion we refer to
the Sec. II of the Supplemental Material [34].

As mentioned before, we are not able to analytically verify
our algorithm as soon as collisions become relevant. However,
we can prove the kEC algorithm to obey the N-body Fokker-
Planck equation in the dilute limit 7 — O (for the derivation,
see Sec. IV of the Supplemental Material [34]). Even though
this limit itself is not very interesting, one may argue that the
algorithm does not become discontinuously incorrect when
the packing fraction is increased to finite values. This theory
is supported by the reliability of the kEC algorithm on the
two-particle level. Consequently, we anticipate the algorithm
to also work correctly for the general many-body case if the
event-chain length becomes sufficiently small because ECs
involve only two particles in this limit.

Going beyond two particles, we can also test the va-
lidity of the many-particle KEC algorithm for static and
dynamic quantities. We simulate N = 5000 hard ABPs in a
quadratic simulation volume of area A and packing fraction
n = Nmo?/(4A). Just like before, the EDBD algorithm serves
as the benchmark. We calculate the self-diffusion of ABPs and
the probability density p(#i0ca1) Of the local packing fraction
NMocal (for further details see Sec. V A of the Supplemental
Material [34]). The probability density p(7joca) €xhibits two
peaks if MIPS occurs; positions, heights, and shapes of the
peaks provide a very sensitive test of the algorithm. The cor-
responding results of those measurements are shown in Fig. 5.
Comparing both algorithms reveals how relatively large EC
lengths, e.g., lgc = 1.000 (BFylpc = 45-150), usually lead
to sufficient approximations. In addition, reducing the EC
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FIG. 4. Probability density distributions p,(ry,t) of two hard
ABPs using the EDBD algorithm (see second row, using 13 =
0.01) for two distinct initial configurations (first row) and absolute
value of the relative error per grid element 8, xgc gpep = |(P2.xEC —
P2.6p8p)/ P2.epep| Of the KEC algorithm. We choose the coordinate
system in a way that the position of the green particle remains fixed
and measure the position of the blue particle. The results demonstrate
the kEC algorithm’s ability to handle interactions and collisions
properly if £gc/0 — 0.

length—as expected—improves the accuracy of the kEC al-
gorithm to the point where, using £gc = 0.0l0 (BFylec =
0.45-1.5), both algorithms produce almost identical results.
This holds for different values of the driving force and global
packing fraction, regardless of whether MIPS occurs or not.
Concerning the individual simulation time of each parti-
cle: If the algorithm would distribute the mean time per EC
step falsely, one would definitely expect some deviations for
almost every observable and especially the ones that directly
depend on time, such as self-diffusion. However, as just pre-
sented, the measurement of these very sensitive observables
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_—— EEczl.OOU -

N = 5000, Pe = 20,7 = 0.4

lpc = 0.100
lpc = 0.0l

101 i /
N,
A
~
C?: 1071
1073 -
7
1072 1071 100 10! 102
At /T
—— EDBD (75 = 0.01) lgc = 0.100
== f{pc = 1.000 == f{pc =0.0lc
Pe=20,7=0.3 Pe =50,7=0.5
1
=
3
= [
Q
2
o 4
T Pe=20,7=04 Pe=15,7=0.5
= P
B8 \}
o]
e}
e
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FIG. 5. Comparison of (a) the self-diffusion and (b) probability
density of the local packing fraction p(njec,) for various configura-
tions of hard ABPs using the EDBD algorithm [24] and the kKEC
algorithm. Using the parameters {gc = 0.0l0 and 3 = 0.01, one
obtains almost the exact same results.

strongly indicates that the limit ¢gc/0 — 0 is conveniently
also exact for the many-body problem. The reason for cor-
rectness in the limit of short ECs is probably a combination
of (1) an increased accuracy of single-particle dynamics, (2) a
narrow time distribution (see the Supplemental Material [34]),
and (3) a decreasing mean number of particle collisions per
ECMC move, effectively leading to two-body interactions,
which our algorithm, as previously demonstrated, handles
correctly.

IV. MOTILITY-INDUCED PHASE SEPARATION

There are numerous Brownian dynamics simulation stud-
ies of MIPS for active soft repulsive disks [10,36-39] or
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TABLE 1. To quantify the performance of our algorithm on an
Intel Xeon W-2245 (8-core, 3.9 GHz), we measure the number of
persistence times v we are able to simulate per day for different
packing fractions n and Péclet numbers Pe.

n Pe 7 /day
0.3 10 ~75000
0.4 20 ~7000
0.5 40 ~1000
0.6 80 ~200

spheres [38,40], employing Lennard-Jones interactions. How-
ever, among all the numerical studies of active particles,
results for genuine hard disks are actually very rare [23,24,41]
and all based on the same EDBD algorithm developed origi-
nally for passive hard spheres [22]. As opposed to force-based
Langevin or molecular dynamics techniques, the kEC al-
gorithm is particularly suited to study hard particles. We
demonstrate the potential of the KEC cluster algorithm to
investigate such systems by calculating the MIPS region in
the phase diagram of active hard disks. The phase diagram of
active hard disks as a function of the packing fraction 7 in
a square system of area A and the Péclet number Pe as well
as the extent of the MIPS region also provides another very
sensitive test of our KEC algorithm.

Using {¢gc = 1.000, we can perform simulations of
N = 19500 particles, which are particle numbers that are
hard to reach with the EDBD algorithm (Levis et al.
[24] only simulate N = 2000-4000 particles to investigate
the phase diagram). Information about typical simulation
times of our algorithm on an Intel Xeon W-2245 (8-
core, 3.9 GHz) processor are listed in Table I. For a more

detailed discussion and a comparison with the EDBD algo-
rithm, see Sec. VL.

Starting from a homogeneous initial packing, we detect
whether MIPS occurs (blue points in Fig. 6) and determine
the corresponding local coexisting packing fractions (bin-
odal, blue line) from measurements of the probability density
P(Mocar) Of the local packing fraction nmeca as exemplified
in Fig. 5.

Orange points within the binodal correspond to global
packing fractions, where the homogeneous initial state re-
mains metastable, such that the boundary between blue and
orange points represents the spinodal line, i.e., the limit of
stability of the homogeneous phase (see Sec. V A of the Sup-
plemental Material [34] for more details). The results, using
Lgc = 1.000, show good agreement with the active hard-disk
results of Ref. [24], especially in the region of high activity.
Noticeable deviations can only be found in close proximity of
the critical point.

To further investigate this, we simulate the region around
the critical point for a smaller system of N = 5000 particles
and smaller values of fgc (see right side of Fig. 6). In ac-
cordance with everything mentioned above, we can correct
the deviations between the EDBD algorithm and our kEC
algorithm by reducing ¢gc. Finally, the remaining differences
that are still present for £{gc = 0.01o are almost certainly an
artifact of different system sizes being analyzed and, more
importantly, different ways of calculating the coexisting den-
sities, relevant for determining the binodal line.

V. ACTIVE PARTICLES WITH SOFT INTERACTIONS

Up to this point, we restricted ourselves to the important
case of steric interactions between hard active particles.

x  MIPS Levis et al. binodal lec = 0.100
No MIPS == /{pc = 1.000 - = (pc = 0.0lc
N = 19500 N = 5000
200.0 - 50.0
150.0
o \ 40.0 -
& 100.0
g 7507 30.0 -
2 50.0 -
2 40.0 1
T 30.0 1 20.0 -
8
A 20.0 - 15.0
15.0 - 135
12.0 - i
1201 12.0
7.5 10.0 1

0.0 0.2 0.4 0.6 0.8
global packing fraction 7

0.0 0.2 0.4 0.6 0.8
global packing fraction 7

FIG. 6. Left: Phase diagram of active hard disks (kEC: N = 19500 and area A changing according to the packing fraction 1) from kEC
simulations using {gc = 1.000. The KEC results for the binodal in general agree with EDBD simulation results (N = 2000-4000) of Levis
et al. [24] except for some deviations around the critical point. Right: Phase diagram of active hard disks (kEC: N = 5000) using different
values for the EC length. In agreement with the previous observations, reducing ¢gc leads to better results, especially around the critical point.
The remaining deviations are most likely an artifact of different system sizes and ways of calculating the binodal.
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Despite this focus, the ECMC algorithm can be extended to
include soft interaction energies by generalizing the notion
of a rejection and introducing a “virtual” hard-disk radius
[26,32]. The question arises whether the KEC algorithm can
be extended in a similar way.

The main problem when dealing with soft instead of steric
interactions in the kEC algorithm is related to the mean time
per EC step. In a many-body simulation of active hard disks,
a particle behaves similar to a free particle, apart from the
instantaneous collisions. We take advantage of this fact by
distributing the time per EC move to all particles contributing
to an EC step [see Eq. (7)]. This is no longer true for soft
interactions because collisions are not instantaneous anymore.
In principle, we have to correct the mean time per EC step by
taking the interaction forces into account, which is a highly
nontrivial problem. In the following, we will investigate the
KEC algorithm’s ability to simulate active particles with soft
interaction energies without corrections of the mean time per
EC as compared to Eq. (7).

As an example system, we consider purely repulsive
Weeks-Chandler-Andersen (WCA) particles [42]:

a\12 (g6 P
Varca(r) = {46[(7) (%) ] +e, 1< 6 20, ®)
0, r>= 2.

In the following, we choose € = 100kzT and measure all
lengths in units of o (i.e., use ¢ = 1 effectively) and do not ap-
ply any corrections to the mean time per EC step. We simulate
N = 5000 particles using the kEC algorithm with generalized
rejections for different values of the global packing fraction
and the Péclet number. To compare and verify our results, we
conduct Brownian dynamics simulations using LAMMPS.

Again, we perform measurements of the probability den-
sity p(Mocar) Of the local packing fraction 1., to detect
whether MIPS occurs and determine the corresponding local
coexisting packing fractions. As Fig. 7 suggests, we obtain
fair approximations of the probability densities of the local
packing fraction using large EC lengths and very good re-
sults by reducing the EC length per step. As for hard disks
with the EDBD algorithm, we obtain favorable agreement
between the conventional Brownian dynamics algorithm and
the KEC algorithm throughout the whole phase diagram for all
global packing fractions and Péclet numbers. The only notable
deviation of the kEC algorithm to the Brownian dynamics
simulation is a slight offset of the low-density, dilute phase
peak if MIPS occurs. This is probably a direct consequence of
the necessity to alter the mean time per EC step in many-body
systems with soft interaction energies.

The example just mentioned proves the applicability of
our algorithm to hard-disk-like soft interactions. This feature
makes our algorithm stand out: While the EDBD algorithm
is only applicable to steric interactions, Brownian dynamics
simulations are limited to simulate particles with soft in-
teraction energies, while the KEC algorithm can be used to
investigate both systems. However, one should keep in mind
that without any modifications to (Atgc), we expect deviations
to increase, e.g., if the range of the soft pair potential is
increased or if its steepness is altered.

—— BD simulation (LAMMPS) lgc = 0.100
== {pc = 1.000 == (gc =0.0lc
Pe=20,n=0.3 Pe=50,7=0.5
n
(A

NP,

Pe=20,7=0.4 Pe=15,n=0.5

probability density p(mocal)

0.0 0.5 1.0 0.0 0.5 1.0
local packing fraction njoca

FIG. 7. Comparison of the probability density of the local pack-
ing fraction p(eca) of WCA particles between the KEC algorithm
using different values of the EC length and Brownian dynamics
simulations conducted with LAMMPS. Similar to hard-disk-systems,
a decrease in {gc generally leads to better agreement with the com-
parative results.

VI. PERFORMANCE COMPARISON

Algorithms should be both accurate and performant. As
mentioned before, the KEC algorithm is able to produce satis-
factory approximations as well as exact results, depending on
the EC length chosen. Because of the nonlinear relationship
between the EC length ¢gc and the mean time per EC move
(Atgc) [see Eq. (6)], the total simulation time increases in
the limit £gc/0 — 0. However, the EDBD algorithm, which
serves as our benchmark for hard disks, suffers from a similar
problem: To increase the accuracy, one has to decrease the
Brownian time step g [24], which again increases the re-
quired simulation time. At this point, it should be emphasized
that both algorithms (or rather their frameworks) use sophis-
ticated neighbor lists to reduce the computational effort to
detect collisions; e.g., the EDBD algorithm uses a cell list with
a complexity of O(N). However, the EDBD algorithm has
another shortcoming. One needs to perform Newtonian dy-
namics simulations between each time step and avoid possible
overlaps by tracking all possible collisions and resolve them
in the same order as in a Newtonian dynamics simulation [22].

To demonstrate the performance of our algorithm, we mea-
sure the required wall time per persistence time t of a dense
system configuration (Pe = 70 and n = 0.70, i.e., deep in the
MIPS regime) for various system sizes and compare these
results with the EDBD algorithm used by Levis et al. [24]. For
this purpose, we use an Intel Xeon W-2245 (8-core, 3.9 GHz)
processor, as before. We proceed in the following way: First
of all we focus on the question of which algorithm provides
a satisfactory approximation more efficiently, and afterward
take a closer look at which algorithm is more performant
while producing accurate results.
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o

FIG. 8. Probability density of the local packing fraction for a
dense configuration (Pe = 70, n = 0.70, N = 5000) of active hard
disk using the EDBD and kEC algorithm. Compared to 13 =
0.01, which serves as a comparative result, {gc = 0.01c also leads
to exact results. Both 73 = 0.05 and fpc = 1.000 provide good
approximations.

Before we can compare both algorithms, we need to find
suitable values of ¢gc and 7. For kKEC simulations with
small EC length ¢gc = 0.010 and EDBD simulations with
small Brownian time step 73 = 0.01, we essentially have
agreement of the probability density of the local packing
fraction as shown in Fig. 8. Therefore, this can be regarded
as the quasiexact result. We choose larger values {gc = 1.000
and tp = 0.05 to be our simulation parameters for obtaining
faster but approximative results also shown in Fig. 8. The
only advantage of the EDBD simulation with tz = 0.05 com-
pared to kKEC with £gc = 1.000 is an improved agreement
of the shape of the of the probability density for high values
of the local packing fraction, but with a non-negligible shift of
the high-density peak. In general, the EDBD algorithm with
large values of tz does not pack the system as densely as it
is supposed to be. Apart from this, our algorithm produces far
better results in the low-density region as well as the correct
position of the high-density peak.

Now, we compare the wall time of the fast but approxima-
tive versions of the algorithms with larger values £gc = 1.000
and 7z = 0.05 (see the upper part of Fig. 9). Both algorithms
exhibit a power-law dependence on the number of particles N,
Atwar = aN*. An appropriate fit gives exponents kygc ~ 1.21
and kgppp & 1.99. The drastically reduced exponent implies
a substantial and qualitative performance gain of the kEC
algorithm over EDBD simulation for large systems. This per-
formance gain is already realized for relatively small systems
with N 2 1850 particles.

We can also compare the wall time of the quasiexact ver-
sions of the algorithms with small values {gc = 0.0l0 and
3 = 0.01 (see the lower part of Fig. 9). Again, we find a
power-law dependence on the number of particles N with
only slightly smaller exponents kygc &~ 1.17 and kgppp ~
1.93. Therefore, the kEC algorithm also proves to be quali-
tatively superior regarding the overall computation time when
it comes to providing exact result for large systems. For the
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FIG. 9. Upper: Performance comparison between the kEC algo-
rithm (¢gc = 1.000) and the EDBD algorithm (73 = 0.05) used by
Levis et al. [24] for a dense configuration (Pe = 70, n = 0.70), with
special focus on producing satisfactory approximations. Lower: Per-
formance comparison between the kEC algorithm (¢gc = 0.010') and
the EDBD algorithm (73 = 0.01) with special focus on producing
exact results. As the data suggests, the KEC algorithm is the superior
algorithm regarding both comparisons when it comes to simulating
dense systems of active particles efficiently.

chosen parameter values deep in the MIPS phase, the kKEC
algorithm is already faster for N = 500 particles.

Since both algorithms use neighbor list, as mentioned be-
fore, the process of tracking and resolving collisions takes (as
expected) a toll on the computational complexity of the EDBD
algorithm. Consequently, regarding both comparisons, we ex-
pect the efficiency advantage of our algorithm to improve even
further, the denser the entire system and the denser the liquid
phase gets if MIPS occurs, as the number of collisions per
time step will increase in dense regions.

VII. GIANT SYSTEM SIZES

As demonstrated and quantified in the previous section,
the performance of our algorithm is superior to the EDBD
algorithm for large and dense systems of ABPs. Therefore, the
kEC algorithm opens up the possibility to study the two most
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Pe =12,7 =0.60

Pe =100,n7 = 0.40

FIG. 10. Exemplary snapshots of various configurations, each
consisting of N = 10° particles. Upper left: System close to the
critical point. Upper right: Formation of MIPS at high Péclet num-
bers. Lower row: High-density regime of the phase diagram. The
emergence of small gas bubbles with various lifetimes within dense
clusters is in agreement with observations made in Ref. [43].

interesting regions of the phase diagram, namely, the critical
point and the high-density regime, using large or even giant
system sizes to reduce finite-size effects. Figure 10 shows
exemplary snapshots for a system containing N = 10° parti-
cles for various parameter values in different regions of the
phase diagram. All examples have reached their characteristic
stationary state behavior using the KEC simulation technique.

VIII. DISCUSSION

We introduced a kinetic cluster MC algorithm for active
systems, the kEC algorithm to simulate active hard disks. To
our knowledge, this is the first kinetic MC algorithm moving
entire clusters of particles (in form of ECs) in order to achieve
high numerical performance. The basic idea is to distribute a
mean time (Afgc), which is analytically calculated for a single
particle, among all particles participating in a cluster EC move
under the action of the active forces and to use this mean time
to rotate active forces diffusive after each cluster move. This
establishes a mapping onto ABPs. Our rule to distribute the
mean time yields constant currents along a moved EC, thus
making the algorithm suitable to explore stationary states of
this nonequilibrium system. The concept of cluster moves in
a kinetic MC algorithm inevitably leads to the concept of an
“individual simulation time” for each particle within this class
of algorithms. If we decrease activity to zero (and consider
the limit of vanishing Péclet number Pe — 0), we essentially
endow the ECMC algorithm for passive hard disks or spheres
with an individual simulation time, which makes dynamical

properties such as self-diffusion behavior accessible to ECMC
simulations. We can show that for the active (and passive)
hard-disk system the distribution of individual simulation
times remains sufficiently narrow to warrant correct results.

We analyzed different observables, both of static and of
dynamic nature, for various one-, two-, and many-body sys-
tems of active hard disks, as well as the phase diagram with
special focus on the MIPS region. For all of these quantities,
performance and accuracy of the KEC algorithm can be tuned
via the EC length parameter {gc: We are able to produce good
approximations in fast simulations for gc ~ lo and exact
results in the limit gc/0 — 0. We can rigorously prove the
algorithm to be exact in this limit for the one-body prob-
lem and dilute N-body systems, as our algorithm correctly
reproduces the corresponding Fokker-Planck equations. We
performed extensive numerical checks that the KEC algorithm
is exact also on the two- and many-body level, but are lacking
an analytical proof, which we have to leave for future research.

In addition, we successfully demonstrated the possibility
to apply our method to soft particles by simulating purely
repulsive active WCA particles, whose interaction forces
only become relevant if the particles come very close. A
generalization to arbitrary soft interactions will require to
adjust the mean time per EC move by taking the effect of
interaction forces into account, which leads to nontrivial “col-
lisions” of nonzero duration. Nevertheless, this makes our
algorithm stand out among other simulation techniques, as
it would be possible to simulate steric and soft interactions,
whereas other methods like an event-driven approach or a
Brownian dynamics simulation are only able to handle one
interaction type.

Finally, regarding active hard disks, a performance com-
parison revealed the KEC algorithm to be superior to the
EDBD algorithm (at comparable accuracy). This performance
gain is substantial for large systems as simulation times scale
with significantly lower exponents with the number of par-
ticles. This allows us to simulate large and dense systems
of ABPs much more efficiently and may open the way for
a more effective simulation of other active systems if the
method can be generalized. With the kEC algorithm, giant
simulations with 10° active hard disks become possible on
standard desktop hardware.

Since the ECMC method—the basis for our algorithm—
is applicable across a wide range of physical problems, we
expect that with minor modifications the kEC algorithm can
be extended to more complex active systems. Potential appli-
cations include polydisperse mixtures of active and passive
particles (relevant for studying phenomena such as active
depletion forces or enhanced diffusion of passive tracers),
the aforementioned generalization to arbitrary soft interac-
tions, and the addition of external forces or other objects,
such as polymers. Importantly, our method is not limited to
two dimensions, as the core ideas can be readily extended
to three-dimensional simulations. Preliminary work on poly-
disperse mixtures of active and passive particles shows that
additional challenges arise: The concept of an “individual
simulation time” is harder to handle in this case, as active
and passive particles tend to develop distinct time distribu-
tions, which can cause difficulties, in particular, for dynamic
observables.
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