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Hmm... 5 machines
3 and 4 locks gooo! "
Should T Exp|ore More
Machines or just
Exploit >>> 7727

Multi Armed Bandit Problem: Five slot machines with five arms, and a confused
learner! The learner is unaware which machine or arm gives the highest rewards. She
tries and tries, but needs to decide whether she stops playing now and exploits the
machine which gave the highest reward or she explores more and more to find out better
machines .... She will have to carefully balance exploration and exploitation, which is
difficult!






INTRODUCTION

The multi armed bandit (MAB) problem has a rich literature starting from the two pio-
neering works: Thompson (1933) and Lai and Robbins (1985). The problem is simple, an
experimenter or a learner has a set of possible treatments or actions (also called arms in
the MAB literature) and faces the units sequentially, i.e., arriving one at a time. The goal
is to assign optimal treatments as many times as possible over the horizon T. While the
multi-armed bandit problem has been widely studied in the statistics, machine learning
and economics literature, most of the works assume the reward of one unit is independent
of treatments assigned to others. This assumption is violated when we have interference
between units. Interference means that the treatment assigned to unit i may affect the
outcome of unit j and vice versa. In this dissertation we address this gap by, proposing
a detailed framework for the stochastic bandit under interference, extending parametric
and nonparametric algorithms that learn different optimal vectors under interference, and
finally evaluating the performance through numerical experiments, motivated by some

real world cases. Here is a short summary of the next four chapters:

Chapter 1 gives a short but somewhat rigorous overview of the stochastic bandit problem
and Thompson sampling algorithm. The technical details are borrowed from two excellent
manuscripts, 1) Lattimore and Szepesvari (2020) and 2) Slivkins (2022). However, the
presentation is our own, and we build the setup almost from scratch using the potential
outcome notation, which is generally not common in the MAB literature. We define the
classic stochastic bandit model, policy, regret, and then, go to an extended discussion of the
Thompson sampling algorithm (Thompson, 1933). We give two concrete examples under
Gaussian and Bernoulli rewards, and shows how the algorithm can be applied. Finally, we
also provide a detailed Bayesian regret analysis under Gaussian rewards. At the end of
this chapter, we also give a short discussion of Explore Then Commit (ETC), Upper Confidence
Bound (UCB) algorithms, which are two other popular algorithms in the stochastic bandit
literature. This chapter sets the stage for the next three chapters in the dissertation, where

many notations and definitions are extended versions of the ones defined here.

Chapter 2, titled as “Thompson Sampling in the Presence of Interference” is the first contribu-
tion of this dissertation. The interference literature widely uses potential outcome frame-
work, so thanks to the details regarding potential rewards from Chapter 1, which we use as
building blocks for this chapter. So far, very few works have considered the multi-armed
bandit problem under interference, notable are, Jia, Frazier, and Kallus (2025), Agarwal,
Agarwal, Masoero, and Whitehouse (2024) and Gleich, Laber, and Volfovsky (2025). How-
ever, none of these works clearly defined the setup with all its components. In this chapter,
we first carefully define the stochastic bandit problem under batched interference, where a
batch of units arrives together, and there is a possible interference among them. We define
the stochastic potential rewards, stochastic bandit model under interference, the notion of

clustered interference, and different notions of optimal arm vectors and regrets under this

1



setting. We use a motivating example of policing on crime reduction to illustrate all the
definitions and the proposed setup. We then we propose four parametric extensions of the
Thompson sampling, which we call “learners”. The four algorithms vary based on the tar-
gets and assumptions they make, they are: i.i.d. learner, global one arm learner, clustered
one arm learner and clustered multi learner. We clearly state the assumptions, complete
algorithms and give concrete examples for each of them under Gaussian and Bernoulli
rewards. We then provide Bayesian regret analysis for the global one arm learner under
Gaussian rewards. Finally, we provide a detailed numerical experiment section, where we
evaluate the performance of all four algorithms under different interference structures and

parameter setups.

Chapter 3, titled as “Nonparametric Learners for Stochastic Bandit Under Interference” is the
second contribution of this dissertation. Although the algorithms proposed in Chapter 2
can be applied quite flexibly in different interference settings, but one key limitations is,
they are under the parametric assumptions, i.e., the reward distributions are assumed to
follow some known class of parametric families and the priors are correctly applied. In
practice, this brings two issues, first, we many not know the reward distributions, and
second, even if we know the class of the distributions, the prior - posterior relationships
are not always as straightforward as Gaussian and Bernoulli cases, where the posteriors
come as neat conjugate forms. Motivated by these limitations, we develop nonparametric
alternatives based on resampling ideas. In particular, we build on nonparametric Thomp-
son sampling, proposed in (Riou & Honda, 2020) and subsampling duelling algorithm,
proposed in (Baudry, Kaufmann, & Maillard, 2020). Both of these algorithms are designed
for the classical stochastic bandit setup without interference and have strong theoretical
guarantees. We extend these two algorithms to the interference setup proposed in Chap-
ter 2. Although NPTS and SDA have fundamentally different designs, and there are no
parameter updates like Thompson sampling, we adapt their designs under the same type
of learner framework that we developed in Chapter 2. For each algorithm, we propose
four interference variants that can be applied under different interference scenarios, these
are nonparametric i.i.d. learners, global one arm learners, clustered one arm learners,
and clustered multi arm learners. This yields eight nonparametric learners in total. We
present these methods using the same potential reward formulation that we developed in
Chapter 2, clarify their connections and differences, and finally evaluate their performance

through some numerical experiments under different interference settings.

Chapter 4, titled “Learning Optimal Price Under Interference,” is the third contribution of
this dissertation. This is a more application oriented chapter, and primarily motivated
from the experience of street vendors or hawkers in Bangladesh. Learning optimal prices
using bandit algorithms is not a novel idea per-se, for example, there is an early work of
Kleinberg and Leighton (2003). However, we consider here, the problem of learning opti-

mal price under interference where the purchase decision of one buyer is influenced by the



prices offered to other buyers she is connected to. The seller’s task is to maximize her total
revenue over a horizon T by learning the optimal price through sequential interactions
with buyers. In this chapter, we first describe the seller’s problem in this setting and then
explain how interference arises. Finally, we apply both the parametric and nonparametric
learners that we developed in Chapter 2 and Chapter 3 to learn the optimal price under in-
terference through some numerical experiments. The experiments are carefully designed
to mimic the hawker-buyer interactions in a city where buyers are connected through a so-
cial network. We believe this chapter opens some new doors to connect bandit algorithms,

pricing problems and interference, which can be helpful in practical applications.

The dissertation use some pictures from Unsplash.com, a popular free image repository
and all pictures are used under the Unsplash license. The slot machine picture at the
beginning is by Carl Raw (hv4jH7B_US8Y), the hawker picture in Figure 1.1 is by Alexis
Rodriguez (TAMc4ILMMKM), and the farmer receiving the call picture in Figure 1.2 is by
Tarun Anand Giri (4JyhghWyKb8). Thanks to all of them, for making these images freely

available.

The rest of the pictures or images are generated either by Python, IXTEX TikZ package, and
Obsidian Excalidraw plugin. The numerical experiments are done using Python 3. The
code for the numerical experiments are saved in a private repository, which can be made

available upon request.






Chapter 1.

STOCHASTIC BANDITS AND THOMPSON SAMPLING
(Unpublished)

In this chapter we present a short overview of the stochastic multi-armed bandit problem
with some algorithms. We will define the stochastic bandit model using the potential
outcome framework often known as Neyman-Rubin potential outcome (PO) framework
(Rubin, 1974, 1976, 1980). Then we present a classic algorithm called Thompson sampling
(TS) (Thompson, 1933) along with the Bayesian regret analysis. The technical details are
borrowed mostly from the two excellent manuscripts, Lattimore and Szepesvari (2020)
and Slivkins (2022), however the presentation is our own, and we slightly modified to fit
the style of this thesis.

1.1 Introduction

Our setup is a sequential treatment assignment or adaptive experimentation setup. Here
we have an experimenter or learner who would like to learn the best treatment from a
finite set of treatments through sequential experimentation. We start with two concrete

examples to motivate the sequential treatment assignment problem.

/ ® Custc:w\ers will come

Ol’\f_’. EV one

W:{lefph"'apf(} J:‘-
e Ny
Hum...What price{ T Should I buy
| I should ask? | or not?

OO

Customer

Figure 1.1: Dynamic Pricing: A hawker trying to learn the optimal price through
sequential experimentation.



HMM...WI!\Qt Stratﬁlﬁ'
I should use
to convince him,

: Hwm.. Sounds

Useful!

W = {strategy — 1, strategy — 2,...,strategy — k}

Figure 1.2: Agricultural Advisory Service Example: A public agricultural service
company trying to learn optimal enrollment strategy through sequential experimentation
through telephone calls.

Example 1.1 (Dynamic Pricing Problem). Suppose a hawker (or mobile street vendor)
in Bangladesh wakes up every morning and goes to different locations across in a city
to sell his products. He has a new product, although he collected some data about the
potential price but is unaware about the perfect price that maximizes profit. He faces a
fundamental trade-off: if the price is too low, he loses potential revenue from customers
who are willing to pay more, and if the price is too high, customers may lose interest,
resulting in lost sales. One solution is to learn the optimal price adaptively. The hawker
starts with a set of K candidate prices W = {p1,p2, ..., px}. At each time period t =
1,2,...,T, anew customer arrives, and the hawker offers a price W; € W. The customer
then decides whether to purchase the product or not. If the customer makes a purchase,
the hawker earns revenue Y; = W; x X;, where X; = 1 indicates a successful purchase
and X; = 0 indicates a refusal. The hawker’s objective is to maximize the cumulative
revenue Zthl Y;. Essentially, this means selecting a sequence of prices Wy, Wy, ..., Wr
such that the total revenue Y/, Y; is maximized. To succeed, the hawker must strike
a balance between exploring different prices to learn customer demand and exploiting
the best price found so far to maximize his earnings. This example is motivated by the
dynamic pricing literature; see Kleinberg and Leighton (2003), Besbes and Zeevi (2009),
and Den Boer (2015) for more details.
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Example 1.2 (Agricultural Advisory Services). A public agricultural service company
provides free cell-phone based advisory services to small landowner farmers. It enrolls
different farmers in their service program, then calls them or sends them text messages
about agricultural advice, such as bad weather forecasts, optimal planting times, pest
control techniques, or even market prices for crops. The first task is to enroll as many
farmers as possible into their service program so that the farmers receive this service
in the future. The company faces a challenge: not all farmers are eager to enroll when
contacted, and it is unclear in which method of contacting is most effective to get them
enrolled. To address this challenge, the company decides to learn optimal enrollment
strategy through sequential experimentation. It starts with a candidate set of K enroll-
ment strategies, WW = {1,2,...,K}, e.g., calling at 10:00 a.m. and sending a reminder
SMS one hour before, or calling at 6:30 p.m. with no reminder SMS, etc. At each time pe-
riodt =1,2,...,T, anew farmer is selected from a list of phone numbers, an enrollment
strategy W; € W is being tested. If the farmer in the strategy (or call) patiently stays
during the complete call, it is considered a successful enrollment. Let Y; = 1 means
the farmer at time t stays or gets enrolled and Y; = 0 otherwise. In the enrollment
call, the company asks / discusses different questions or issues e.g., farmer’s identity,
benefits of future messages, how to do registration, etc. Although the enrollment does
not guarantee that farmers will act on future advice, but definitely it is a necessary first
step for the service to have any impact. The organization’s objective is to maximize
cumulative enrollment Y], Y;. Essentially this means picking a sequence of strategies
Wi, Wa, ..., Wr such that Z;F:l Y; is maximized. This example is motivated from Kasy
and Sautmann (2021) where the authors apply their adaptive experimentation technique

for agricultural advisory services in India.

a

Both examples illustrate a common structure. We have a finite set of actions V. There is
a learner or experimenter who at time f picks a single action W; € 1V, then the learner
observes an outcome or reward Y; associated with the chosen action W;. For example, the
learner chooses a price and observes revenue, or the learner picks a strategy and observes
the enrollment. What’s important is that, the learner only observes the reward Y; asso-
ciated with the chosen action W;, and is unaware of what would have happened if she
chose some other action k # W;. We can formalize this idea using the potential outcome
(PO) framework (Rubin, 1974, 1976, 1980). In particular, according to PO framework, for
each time ¢, there is a set of potential outcomes or rewards {Y;(k) : k € W}, where Y;(k)
is the potential reward if action k is chosen at time t. Then the learner can only observe
Y; = Y;(W;) and is unaware what would happen if she chose some other action k # W;.

Now after taking the action, the learner observes the reward, updates her knowledge re-



garding the rewards, prepares for the next unit and picks another action at t 4- 1. This loop
continues until time T. If the learner picks T actions for a horizon T, then the learner’s

goal is to maximize cumulative rewards Y. Y;.

This problem has many names, adaptive experimentation, sequential policy learning and
perhaps the most common is multi-armed bandit (MAB). MAB problem is quite common
for the recommender systems in the computer science and machine learning literature, see
for example Chapelle and Li (2011) and Vermorel and Mohri (2005) for some empirical
applications. It has been extensively studied starting from two pioneering works - Thomp-
son (1933) and Lai and Robbins (1985). The name bandit came from the slot machines in
the rigged casinos. The idea is, in a casino when a player gives a coin and pulls an arm,
then either gets some money (which is reward) or lose the coin, so it is perceived that the
machine acts like a bandit, and probably will take only coins without giving much in re-
turn. If there are more than one slot machines, then the player’s task to decide which slot
machines to play so that she can win, then we have multiple bandits and hence the name
multi-armed bandit (MAB).

Note that in the examples that we gave, only one unit arrives at each time ¢, and then the
learner assigns a treatment to that single unit, observes reward and then next unit arrives.
This is known as online learning as opposed to offline learning (or supervised learning),
where in the latter the learner typically observes a batch or a fixed dataset {X;, Y;}Y all
at once and learns. By contrast, in online learning the data arrive sequentially and learner

also learns sequentially.

Now that we have discussed the basic multi-armed bandit problem, the next task is to
think about what kind of structure or modeling assumption we would like to have on
the space of actions and rewards. Broadly speaking we can think of two classes of bandit
problems, the stochastic bandits and the adversarial bandits. In the stochastic bandit case, we
assume that for each action k € W, there is a fixed but unknown distribution of rewards
from which the rewards are generated. So if we denote the reward distribution for action
k as Fy, then at each time ¢, when the learner picks action W; = k, the reward is generated
following Y; ~ Fi. The distribution Fy, for any k € W are unknown to the learner, however
they are fixed over time. On the other hand, in the adversarial bandit case, there is no
assumption of fixed distributions, instead the rewards can be generated from any arbitrary
mechanism, even sometimes it can be adversarial. In this chapter and also in this thesis,
we will focus only on the stochastic bandit problems and algorithms. In the next section
we will formally define the stochastic bandit model, the task of the learner, and some
important concepts like policy, regret and exploration-exploitation trade-off, which are

crucial to understand the stochastic bandit algorithms.



Definitions and Protocols

We already gave practical examples and the basic multi-armed bandit problem in the last
section. In this section we formalize the stochastic bandit model using the potential out-
come framework. Then we define some important concepts like policy, goal and regret of

the learner.

Stochastic Bandit Model

We start with some notations. Let WV be a finite set of actions®, and .%,, = {Fy(k) 1k e W}
be a set of probability distributions of potential rewards Y;(k) indexed by the parameter
set y := {u(k) : k € W}. We assume the potential rewards are independent across both
actions and time. This means, at any time ¢, Y;(k) L Y;(I) for all I # k. Also the distri-
butions Fy(k)/ for any k € W, are fixed over time and rewards are independently drawn
from these distributions across time, i.e., {Y;(k) };>1 will form an identically and indepen-
dently distributed (i.i.d.) sequence from F,, for any k € W. For simplicity, we consider
a parametric family indexed only by the mean, and this is why we write, Y;(k) ~ F,
where (k) = E[Y;(k)]. Below we define the stochastic bandit model with the interaction

protocol between a learner and an environment.

Definition 1.3 (STOCHASTIC BANDIT MODEL). A stochastic bandit model is a repeated inter-

action between a learner and an environment where

fort=1,2,...,Tdo
the learner selects an action Wy € W
the environment generates potential outcomes Y (k) ~ F ) forallk € W

the learner observes only the realized outcome Y; = Yi(Wy), not the counterfactual outcomes Yy (k)

for k # W
Interaction Protocol 1: Stochastic Bandit Interaction

We have the following information structure,

* Known or Observable to the Learner: The learner knows the set of arms W, time horizon T
and observes all actions and outcomes till time T, i.e., {(Wy, Y;)} L,

« Known to the Environment: The environment knows the set of counterfactual distributions
Ty = {F#(k) ke W}, and observes what the learner observes.

In the bandit literature, the outcome or reward generating process is explained with an en-
tity or idea called an environment. In simple words, an environment knows the underlying
distribution of the potential rewards and is able to generate rewards. So in our notation,

the environment knows .7,. Sometimes with some abuse of terminologies, .%, is itself

+ In the machine learning literature, actions are often called arms and rewards, this is from the slot machine
analogy, while in econometrics often we use treatments and outcomes.
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called an environment. The learner on the other hand is completely unaware of reward
mechanism and learns adaptively which action is best. We give some remarks regarding

the definition below.

Remarks 1.4 (Remarks On Definition).

+ In our case we defined a stochastic bandit model with all the elements above in the def-
inition, but in the literature sometimes the environment or F is also called a stochastic
bandit. Or a for a fixed set of parameters, called an instance of a stochastic bandit.

« We are indexing the set of potential reward distributions only with mean y(-). For a
parametric class, in principle, we should index with a general parameter vector, but for

algorithms we explain this chapter indexing distributions only with mean is enough.

///

We give some parametric examples of stochastic bandits below.

Example 1.5 (Stochastic Bandit with Bernoulli or Gaussian Rewards). Suppose we have
two actions or arms, so action set YW = {1,2}. Assume for each arm k € YV we have
Bernoulli potential reward or outcome variable, i.e., Y;(k) ~ Bernoulli(py). So the set of
potential rewards follow Bernoulli distributions with parameters p; and p;. The envi-
ronment is .7, = {Bernoulli(p;), Bernoulli(p;)}, the mean rewards are y(1) = p; and
1#(2) = pa. The environment knows both p; and p;, but the learner doesn’t know either
of them. At time ¢, if the learner picks arm 1, she only observes a random outcome (1 or
0) from Bernoulli(p; ), and is unaware of what would have happened if she had picked

arm 2.

a

Example 1.6 (Stochastic Bandit with Gaussian Rewards). If we assume the rewards
are continuous rather than binary, then maybe the rewards are Gaussian distributions,
ie., Yi(1) ~ N(u,0?) and Y;(2) ~ N (p2,03), where py and py are the means and o7
and 02 are the variances of the two Gaussian distributions, respectively. Then Ty =
{N(m1,0%), N(p2,03)}, the mean rewards are y(1) = pq and p(2) = po. If the learner
picks arm 1 at time ¢, then she will observe a random outcome from N (yi1,07), and is

unaware of what would have happened if she picked arm 2.

a

Next, we write some details regarding three important concepts: policy function, goal and

regret of the learner.
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Policy, Goal and Regret of the Learner

At period ¢, before picking the arm, the learner first looks at the history of all past arm se-
lections and associated rewards until time t — 1, and then she chooses arm at t. The policy
function formalizes this idea. A policy function at time t denoted with 7t; is a mapping from

the set of all possible histories up to time t — 1 to the set of arms, i.e.,

e (WX Y)W, (1.1)

and we call the sequence of policy functions 7T = {7;}1_; a policy for the learner or simply
policy. This means for a random sequence (Wi, Y1), (Wa,Y2), ..., (Wi_1,Yi—1), we will
have 71;(W1, Y1, Wo, Y2, ..., Wi_1,Yi—1) € W. Sometimes the policy is a mapping from
history to a distribution of arms rather than to the set of arm W ie., m : (W x Y)I71 —
P (W), where P(W) is the set of all probability distributions over the arm set W. In this
case they are often called randomized policies, whereas the former is known as deterministic
policies. In Example 1.5, a randomized policy at time ¢ will give a probability distribution
for two arms W = {1,2} based on the history until time t — 1, and then the learner will
sample an arm from this distribution, however in the deterministic policy case, the policy
will give a single arm from W based on the history until time t — 1. So a policy function
simply specifies how the learner will play. In the bandit literature these policy functions
are actually learning algorithms. Although when it comes to stochastic bandit problems
there are many learning algorithms, we will discuss a very well known algorithm called
Thompson sampling (TS) (Thompson, 1933) in the next section and give outlines of some

other algorithms at the end of this chapter, in Section 1.5.

In theory, a learner can be interested in different goals or objectives, but the most common
one in the bandit setting is maximizing cumulative rewards in expectation. Writing the

problem in our notation, the goal of the learner can be written as follows,

Learner’s Problem: maximize E

Tt =1

T
Zu(W»] (1.2)

So for any algorithm, we need to devise a policy 7T that selects a sequence of arms
Wi, Wy, ..., Wr such that it maximizes the total expected reward across all nodes in the

batch over the horizon T.

Now in the bandit setting we have an equivalent way to write this maximization problem,
which is known as minimizing regret. Essentially this is a performance metric to evaluate
how the learner’s algorithm is performing. Put it simply, the regret essentially measures
how much the learner is losing by not knowing the best action in advance. Here is the

formal definition.
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Definition 1.7 (PSEUDO OR RANDOM REGRET AND EXPECTED REGRET). For a policy
7T = {m,...,tp} and for an environment Fy, the random regret also known as pseudo regret is
defined as,

T T

Rr(Fy, TT) = ;(74* —pu(W)) = Tp* — ;V(Wt) (1.3)

and the expected regret or simply regret is defined as IE(R ), where expectation is taken over the
randomness of the policy or arm selection.

The idea of regret can be better understood if we relate it to the goal of the learner. Re-
call the learner’s goal is to pick a sequence of arms Wy, Wy,..., Wr € W, such that the
cumulative reward Y/ ; Y; is maximized. Since the rewards are random quantities, if we
take expectation, then the learner’s objective becomes maximizing expected cumulative
reward Y.[_; E [Y;]. Using the relation Y; = Y;(W;) we get Y[, E[Y;(W))] = ©, u(Wy),
where u(k) = E[Y;(k)] for any k € W. So in expectation, the learner’s goal is to max-
imize Y., #(W;). Now since, k* = arg maxycyy p(k) is the best arm with mean reward

H

Zthl px = Tux. Now in Regret minimization, rather than maximizing Ethl (W) we

* = maxgey p(k), so the maximum possible reward for horizon T is YL, u(k*) =

minimize Y/, (p* — u(W;)), i.e., we just flip the maximization problem into a minimiza-
tion problem where loss is measured against the best possible expected cumulative reward
u*. We can also let r; = pu* — (W) be the instantaneous regret at any particular time ¢,

then cumulative regret up to time T can also be written as, Rt = Zthl Tt.

In the definition of pseudo regret R, the sequence of arms Wi, Wy, ..., Wr are random
quantities since they are generated from the policy 7T, however there are no randomness
in the observed rewards Y; since we already took expectation in the definition. The ex-
pected regret [E(R 1) takes expectation over the randomness of the arm selections from the
policy 7T. Both the pseudo regret and the expected regret depends on the three things, the
environment .%,, the policy 7T and the horizon T. So changing any of the three will change

the regret.

In the bandit literature, one of the most important questions is what kind of regret is expected
from a good policy or algorithm? The short answer is sublinear, meaning limr_,o E(R7)/T =
0, or equivalently E(Rt) = o(T). We want cumulative regret to grow slower than the
horizon T, such that over time we accumulate less and less regret per period. We illustrate
this idea with the following example. Suppose we have three arms W = {1,2,3} where
rewards follow Normal distributions, i.e., Y;(k) ~ N (u(k),1) for k = 1,2,3 with u(1) =
0.10, u(2) = 0.50, and p(3) = 0.20. The best arm is k* = 2 with mean reward p* = 0.50.

The table Table 1.1 shows one possible realization of arm plays over horizon T = 8.

Notice that although the learner initially explores different arms that give some instanta-
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[ t=1|t=2|t=3|t=4|t=5|t=6|t=7|t=38

W, 1 3 1 2 1 2 2 2
Y, (Wy) 0.05 | 030 | 0.10 | 052 | 0.47 | 0.63 | 041 | 0.58
u(Wy) 0.10 | 020 | 0.10 | 050 | 0.10 | 050 | 0.50 | 0.50
u 050 | 050 | 050 | 050 | 050 | 050 | 0.50 | 0.50
re=u"—u(W;) | 040 | 030 | 040 | 0 | 040 | O 0 0
Ri =y i1 040 | 070 | 1.10 | 1.10 | 1.50 | 1.50 | 1.50 | 1.50

Table 1.1: One possible realization of arm plays W;, observed rewards Y;(W;), mean
rewards y(W;), instantaneous regrets ¢, and pseudo regrets R for horizon T = 8. The
best arm is k* = 2 with mean reward p* = 0.50. Notice how the learner switches to Arm
2 in later periods, causing R; to stabilize.

neous regret r;, eventually it learns the best arm and plays it frequently. After some time,
the instantaneous regret r; is often zero. So even though cumulative regret Rt = Zthl T
grows initially, it grows slowly relative to T. This is the idea of sublinear regret. A good
learner achieves this sublinear behavior as quickly as possible. A policy or algorithm that

achieves sublinear regret is called a consistent policy.

The next question we ask is - how do we compare different sublinear algorithms? The idea is to
look at how fast cumulative regret grows with the horizon T. In other words, we seek the
smallest « < 1 such that E (R7) = O (T*). Of course, we need a < 1, but the smaller « is,
the better the algorithm performs in terms of regret. For example, some policies achieve
E (Rr) = O(VT), others E (Rr) = O (T?/3), and the best achieve logarithmic regret
E(R) = O(log T). Algorithms with /T regret are preferred to those with T?/3 regret, and
algorithms with logarithmic regret log T are preferred to those with /T regret.

If we ask what is the best we can achieve, an early and influential answer was given by
Lai and Robbins (1985). They showed that for any fixed class of parametric distributions
(e.g., single-parameter exponential families), the asymptotic lower bound for the regret of

any consistent policy is:

oo B (Rr) > ¥ A(k) , (1.4)
k:A(k)>0 Dy (Fy(k) HFH>

where A(k) = p* — pu(k) is the suboptimality gap (the gap between the mean of the best
arm and armk ), and Dy (Fy(k) ||Fpt> denotes the Kullback-Leibler divergence between
the reward distribution of arm k and the optimal arm. For example, in a Bernoulli bandit
where (k) is the success probability of arm k and u* is the success probability of the

optimal arm, we have:
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Dy (Fy(k)”FH*) = By ()~ {log (jjf;k((yy))ﬂ

k 1—u(k
—utytog (M) + - piyios (E) as)
H 1=y
where fi and fi+ are the probability mass functions of the Bernoulli distributions for arm
k and the optimal arm k* respectively, i.e., fi(y) = (u(k))¥(1 — u(k))'~ fory € {0,1}.

Essentially, KL divergence measures how different the two distributions are. Note that in
the Lai-Robbins lower bound, the KL divergence appears in the denominator. This implies
that the closer the suboptimal arm’s distribution is to the optimal arm’s distribution (i.e.,
smaller KL divergence), the harder it is for the learner to distinguish between them. Conse-
quently, the learner needs more samples from the suboptimal arm to confidently identify
it as suboptimal, leading to higher regret. So in principle, our goal is to devise algorithms

that can achieve this lower bound, i.e., that can achieve regret such that

A(k)
k:A(k)>0 Dig (Fy(k) ||Fy)

E(Rr) < log T +o0(logT) (1.6)

where in o(log T) we may have some additional terms that grow slower than log T. Such
algorithms are called asymptotically optimal algorithms.

Next, we show that regret can be decomposed into suboptimality gaps and number of
times suboptimal arms are played. Sub-optimality gaps depends on the environment,
so the learner has no control over it, however the number of times suboptimal arms are
played depends on the policy or algorithm of the learner. So this tells us that if we devise
algorithms that minimize the number of times suboptimal arms are played, then we can

minimize regret.
Lemma 1 (REGRET DECOMPOSITION). The regret Ry can be decomposed as

Rr= Y A(k)-ng(k), (17)
kew

where A(k) = u* — u(k) is the suboptimality gap for arm k, and ny(k) = YL 1{W; = k} is the
number of times arm k has been played till time T.

Proof. We start with the definition,

T
Rr = ; (n" = u(Wi))
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= Y AWK) - nr(k). (1.8)

This is the random or pseudo regret where not rewards but the arm selections are random
due to policy, and then taking expectation in both sides gives the expected regret, or simply

regret

E(Rr)= Y A(K)-E (nr(k), 19)

kew
|

Here Ay depends on the environment F, so a learner should adopt a strategy that mini-

mizes nr(k).

We end this section with a brief discussion of exploration and exploitation, this is possibly
the most important feature of any bandit algorithm. Although we will demonstrate this
balance in action in the next section when we discuss Thompson Sampling algorithm, but

nevertheless here we explain the idea in words.

Recall in Table 1.1 we showed that a good learner initially plays different arms, but once
she becomes more certain about the best arm, she plays it more frequently. The first be-
havior is what we call exploration, in short - trying different arms and observing their rewards.
The second behavior is actually exploitation - once the learner is sufficiently confident about
which arm is best, she exploits this knowledge by playing that arm more frequently.

It’s obvious that a good algorithm must balance these two aspects carefully, too much
or too little of these aspects might lead to a bad performance. First note that, without
exploration, a learner cannot discover the best arm. However, the issue is, excessive or
misdirected exploration also increases the cumulative regret. This is because every pull
of a suboptimal arm brings a loss of A(k) = u* — u(k). On the other hand, if we go for
pure exploitation since we get some good performance of an arm during the early phase,
this may lead to premature convergence to a suboptimal arm. When designing a bandit
algorithm a learner needs to balance this trade-off with great care, and always keep in
mind that - we need to explore enough so that we can identify the best arm with high
confidence, but also we need to start exploiting our knowledge so that we can minimize

the regret along the way.
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Algorithm 1: Thompson Sampling Algorithm (General Case)

1 Input: W, T, 6(k) Vk e W

2 Initialize: 6;(k) = 0(k) Vk € W

3 fort=1,2,...,Tdo

4 sample p} (k) ~ Qb1 vk e W
5 pick W; = arg maxyeyy pj (k)

6 observe Y; = Y;(W;)

7 update §t(Wt)

8 Output: W;, Y;, V t € [T|

Thompson Sampling Algorithm

Now we introduce and discuss the Thompson sampling (TS) algorithm for the stochastic
bandit problem. It is a well known algorithm for it’s simplicity, empirical performance
and strong theoretical guarantees. It was first proposed by Thompson (1933), but gained
renewed interest time to time in various settings. At the core, Thompson sampling is a
Bayesian algorithm that maintains prior-posterior distributions over the parameters (e.g.,
means) of rewards for the arms that are updated over each observation of rewards and at
every t, and then samples from these distributions to make decisions. In this chapter we
give a somewhat detailed explanation of the basic Thompson sampling and in the next

chapter we extend this classic algorithm to the interference setting.

We start with introducing some notations. We recall, 7, = {F, ) : k € W} be the set of
reward distributions, where mean for arm k is denoted with u(k) = E[Y;(k)]. Thompson
sampling is a Bayesian algorithm, and it requires specifying a prior distribution for each
arm, that summarizes our initial belief about that arm’s reward before observing any data,
this is what we call a “prior”. In our case, we let Q”%) to be the prior distribution of
the mean p(k), where (k) are the parameters of the prior distribution, i.e., this is the
prior parameters of arm k. The idea of the Thompson sampling is, we start with some
initialization of the prior parameters for each arm, observe rewards over time, and then
update the posterior parameters based on the observed rewards. We outline the general
Thompson sampling procedure Algorithm 1, here we do not specify the exact forms of
the reward distributions or the updates for the prior/posterior distributions, since this is

a general procedure.

The algorithm has four simple steps, sampling, selection, arm pull and update. First at time
t = 0, the learner starts with a time horizon T, an arm set ¥V and some fixed values g(k),
Vk € W, as initialization values for the prior. If 0;(k) denotes the posterior parameters of
arm k after time t, then with the initialization values, the learner sets 8y (k) = 8(k) for each
armk € W.



17

Then at each period t, Vk € W, the learner generates a random mean pj(k) from the
current prior distribution Q§f—1(k). Then from these sampled means, she selects the arm W;
that has the highest sampled mean. After that she pulls the selected arm W; and observes
the reward Y; = Y;(W;). The learner does not observe rewards from the other arms. And
then she finally updates the prior parameters 8, 1(W;) to the posterior parameters 6;(W;)
based on the observed reward Y;. So these new posterior parameters will be used as prior
parameters for the next time step for the selected arm. The prior parameters for all other
arms remain unchanged i.e., 8;(k) = 6;_1 (k) for all k # W,. This process is repeated until

the time horizon T is reached.

We give a concrete example using Gaussian rewards with Gaussian priors. Let Yi(k) ~
N (u(k),0?), and assume the priors are also Gaussian, i.e., u(k) ~ N (ji;(k),o?(k)) (this is
called conjugate prior, we will see some details later), the key steps of the algorithm can

be summarized in the following Figure 1.3,

Sampling

o Ve ew -}
- i) ~ N (2 (K), 52, (6)) -~
| vSelection

[ update i (W;) j [ We = argmax y;(k) j

| Arm Pull I

\
Soo ] pull Wy - 7
- observe Yt = Yt ( Wt)

Figure 1.3: Thompson Sampling steps: Sampling, Selection, Arm Pull, and Update.

The specific form of the update depends on the reward distributions and the prior assump-
tion. We cannot always obtain analytical forms for the updates; however, sometimes it is
possible to derive neat analytical results. In particular, when we have conjugate priors
-meaning the priors and derived posteriors belong to the same family of distributions and
closed form parameter updates are available. We discuss the Thompson Sampling proce-
dure with the conjugate priors and updates for Bernoulli and Gaussian rewards in the next
sections. In both cases, the updates can be expressed in terms of two key quantities: S¢(k),
the cumulative reward from arm k, and n;(k), the number of times arm k has been played

up to time t:

Si(k) = Xt;ﬂ{ws =k}, (1.10)
s=1

ny(k) = iu{ws =k} (1.11)
s=1
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Algorithm 2: Thompson Sampling (Bernoulli Rewards)

Input: W, T, a(k), (k) Vk € W
Initialize: @y (k) = &(k), Bo(k) = B(k), So(k) = 0 and ng(k) = 0Vk € W
3 fort=1,2,...,Tdo
4 sample p} (k) ~ Beta(&;_1(k), Br_1(k)) Vk € W
5 pick Wy = arg maxycyy p; (k)
6 observe Y; = Y;(W;)
7 update
8 St(Wi) = Si—1(Wr) + Ye and ny (W) = ny_1 (W) +1
@ (Wi) = &(W;) + S¢(Wr) and By (W;) = B(W;) 4 s (Wy) — S¢(Wy)

Juy

N

10 Output: W, Y;, V' t € [T]

While running the algorithm, these can be calculated recursively as,

St(Wy) = Si-1 (W) + Ve
np(Wi) = np—1(Wr) +1 (112)

In the following sections for Bernoulli and Gaussian rewards, we write the parameter up-

dates in terms of cumulative rewards S;(-) and number of plays 7;(-).

Bernoulli Rewards with Beta Priors

One of the most well known examples of Thompson sampling is assuming Bernoulli
rewards with Beta Priors, that is for all arm k € W, we assume the rewards follow
Y; (k) ~ Bernoulli(p(k)) where p(k) = E[Y;(k)] = p(k) is the success probability for arm k,
and p(k) follows Beta distribution, i.e.,

p(k) ~ Beta (a(k), B(k)) (1.13)

where «(k) and B(k) are parameters of the prior distribution. Since we sample the means
and update the parameters at each time ¢, we denote the parameters at time t with @;(k)
and B (k) and the sampled mean at time ¢ with p}(k). The Thompson sampling procedure

for Bernoulli rewards is summarized in Algorithm 2.

Att = 0, we set @g(k) = (k) and By(k) = B(k). The parameter updates are coming
from the conjugate prior property of the Beta distribution. In particular, using the Bayes’
rule, one can show that, if the prior follows Beta(«a, §), i.e., p(k) ~ Beta(a, §), then after
observing n Bernoulli trials with s successes and n — s failures, the posterior distribution

follows Beta(a + s, B + n — s) (the proof is given in Section Al.1). Therefore, in our setup,
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after observing rewards up to time ¢, the posterior parameters for the reward of arm k can

be written as,

@ (k) = a(k) + Zt: 1{W, = k}Y, = a(k) + S;(k) and
s=1

~ ~

t
Bi(k) = Blk) + L 1{Ws = k}(1 = X) = B(k) +ne(k) = Si(k) (1.14)
s=1
Note that for Bernoulli Thompson sampling, it is possible to perform a recursive update of
the posterior parameters directly. In that case, there is no need to keep track of S;(k) and
nt(k), and the update becomes ay (W;) = a;_1 (W;) + Y; and Bt (W) = .B\tfl (W) +1—
Y;. However, since we generally need S;(k) and n;(k) for other purposes in this work in
general, we keep track of these cumulative statistics and use them to update the posterior

parameters.

For Bernoulli rewards, in practice we often assume #(k) = 1 and (k) = 1 forallk € W,
meaning we start with Beta(1,1), which is equivalent to the uniform distribution over

[0,1]. With this assumption, the update formulas simplify to:

1
1

(k)
t(k)

St(k)
(k) — S (k) (1.15)

~

+
+

™) ®)

To demonstrate typical behavior of the Thompson Sampling algorithm with Bernoulli re-
wards, we provide a graphical illustration in Figure 1.4. Here p(1) = 0.6 and p(2) = 0.2.
This means Arm 1 is the optimal arm. We start with a uniform prior, Beta(1,1), for both
arms. As the algorithm progresses, it plays Arm 1 most of the time, collecting more sam-
ples from it. As a result, the posterior for Arm 1 concentrates around its true mean with
decreasing variance. Meanwhile, Arm 2’s posterior also concentrates around its true mean,
but with higher variance since it is played less frequently. So eventually we will see that

the optimal arm is played more often as the algorithm progresses.

We can derive the mean and variance of the sampled mean p;, (k). Since we assume

Piq (k) ~ Beta(a;(k), Bt (k)), from the properties of the Beta distribution, we have,

E[p;1 (k)] =
(1.16)
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Figure 1.4: Thompson sampling with Bernoulli rewards and Beta priors in action.
Environment parameters are p(1) = 0.6 and p(2) = 0.2. We start from Uniform prior,
Beta(1,1), for both arms, and as the algorithm progresses, the posterior distribution for
the best arm (Arm 1) concentrates around its true mean with decreasing variance.

~

_ &(k)pek)
(@i (k) + Be (k)2 (@ (k) + Be(k) + 1)
(&(K) + 81(k)) (B(K) + me(k) = Si(K)) (117)

(a0 + Bk +m(0)” (&(0) + B(k) + (k) +1)

W[P;H (k)] =

Where we wrote the posterior parameters with initial values, since these can be written as
@ (k) = &(k) + S¢(k), Bt (k) = B(k) 4 ns(k) — S (k). Setting the initial values @(k) = (k) =

1, i.e., assuming uniform prior, the mean and variance simplify to,

Elpia (0] = 3 o)

(1 + S:(k)) (1 + ne(k) — Se(k))
(2+mi(k))* (3 +mi(k))

Vipia (k)] = (1.18)

This gives some interesting insights. First note that, as we play arm k more often, the sam-
pled p;_ (k) will be close to it’s expected value E[p;_, (k)] since the variance V|p;_ , (k)]

decreases with n;(k). Moreover, as n;(k) increases, E [p}, (k)] = iii igg R~ %(kkg =7p,(k),

where p,(k) is the empirical mean of the observed rewards for arm k up to time t. So this
means when arm is played long enough, i.e., after good amount of exploitation, sampled
Pi.q Will get close to the empirical mean p,(k). And since by the Law of Large Numbers,

7,(k) — p(k), our sampled p’ . ; will be close to the true success probabili k).
P: p pled pyiq p typ
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Algorithm 3: Thompson Sampling (Gaussian Rewards, Known Variance)

Input: W, T, 02(k), 7% (k), i(k) Vk € W

Initialize: 05 (k) = 02(k), fio (k) = i(k), So(k) = 0, ng(k) =0 Vk € W
3 fort=1,2,...,Tdo

1 sample i} (k) ~ N (fii_1(k), 0% (k) Vk e W

5 pick W; = arg maxycyy pj (k)

6 observe Y; = Y; (W;)

[uy

N

7 update

8 St (W) =S4 (Wt) + Y; and n; (Wt) =mn_1 (W) +1
2 — ((m(Wp) 1\t

’ 97 (W) = ( s + Fr}(m))

o | mow = G+ o

11 Output: W;, Y3, V t € [T]

Gaussian Rewards with Gaussian Priors

Now we look at another well-known case of Thompson sampling that is assuming Gaus-
sian rewards with known variance. In particular, we assume for all k € W, Y;(k) ~
N (u(k),0%(k)), where the means u(k) = E[Y(k)] are unknown to the learner but the
variances V [Y;(k)] = ¢?(k) are known. Now for the unknown means, in Bayesian setting
we assume Gaussian priors. We denote 7i; (k) and 72(k) as the parameters of the posterior
distribution updated at time t, and sampling is done with p}(k) ~ N (fi¢_1(k), 72 4 (k))
at time t. Note that we only place a prior on the mean, as the variance is assumed to be
known to the learner. Att = 0, we set jiy(k) = ji(k) and 73(k) = ¢2(k), where ji(k) and

02 (k) are the initial prior parameters.

It can be shown that if the prior is Gaussian, then the posterior will also be Gaussian'

Using the Bayes’ rule, after time t, the posterior parameters are updated as:

~ ny k -1
5209 = (230 + 575 )

(k)
() = (S + o ) a0 (119)

where S;(k) and n;(k) are the cumulative rewards and cumulative counts of playing arm
k up to time t. Thompson Sampling algorithm for Gaussian rewards with known variance
follows the same structure as the Bernoulli case, only the posterior parameter updates are

now different. The algorithm is outlined in Algorithm 3.

Suppose ¢?(k) = 1,7i(k) = 0, and ¢?(k) = 1 for all k € W, meaning the reward distribu-

t This is another conjugate prior result, similar to the Beta-Bernoulli case, proof is given in Appendix Al.
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tions for all arms have unit variance and the prior distributions of the means are standard

normal. In this case, the posterior parameters simplify to:

N 1
0 =
v Si(k)

So if n;(k) is large, the posterior mean i;(k) will be close to the empirical mean iigllg , and

the variance of the posterior distribution will be very small. And here also we see the same
phenomenon as in the Bernoulli case - as we play an arm more often, our uncertainty about
its mean decreases, and our estimate of the mean converges to the empirical mean of the

observed rewards and ultimately to the true mean yu(k).

Figure 1.5 shows the posterior distribution for Gaussian rewards at different time steps
of the Thompson Sampling algorithm. Here again Arm 1 is the optimal arm but the now
the rewards are Gaussian. The figure shows that we start from assuming same Gaussian
prior, N'(0,1), for both arms. As the algorithm progresses, it plays Arm 1 most of the time,
collecting more samples from it. As a result, the posterior for Arm 1 concentrates around
its true mean with decreasing variance. Meanwhile, Arm 2’s posterior also concentrates,
but with higher variance since it is played less frequently. So eventually we will see that

the optimal arm is played more often as the algorithm progresses.
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Figure 1.5: Thompson sampling with Gaussian rewards and Gaussian priors in action.
Environment parameters are (1) = 1 and u(2) = 0.5 with ¢?(1) = ¢?(2) = 1. We start
from Gaussian prior, A'(0, 1), for both arms, and as the algorithm progresses, the
posterior distribution for the best arm (Arm 1) concentrates around its true mean with
decreasing variance.
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Bayesian Bandit and Regret of Thompson Sampling

In this section, we give a brief overview of the regret analysis of Thompson sampling.
We follow the Bayesian approach and give the Bayesian regret bound as opposed to the
frequentist bound. Since Thompson sampling is a Bayesian algorithm, it’s possible to
analyze the regret both in the frequentist and in the Bayesian setting. The Bayesian setting
has been primarily developed by Russo and Van Roy (2014), Russo and Roy (2016) and
also see Russo, Roy, Kazerouni, Osband, and Wen (2020). They exploit a crucial property
of Thompson sampling, known as probability matching, that states, conditional on the history,
the posterior distribution of the optimal arm k* coincides with the distribution of the arm W; drawn
by Thompson sampling. This idea leads to the key result of the Bayesian Regret, and we

reproduced the proof for the Gaussian case below.

On the frequentist side, the key contributions are from Agrawal and Goyal (2012), Kauf-
mann, Korda, and Munos (2012) and Agrawal and Goyal (2013), also see the work Agrawal
and Goyal (2017) which has all the key results from the earlier works. After the regret anal-

ysis we give some short remarks related to the frequentist regret analysis.

Before the Bayesian regret analysis, first we need to define the Bayesian bandit environ-
ment, the interaction protocol and also the Bayesian regret. The notion of Bayesian regret
is similar to the frequentist regret defined in Definition 1.7, but the key difference is here
the regret is averaged over all possible instances of the bandit environment according to

the prior distribution. We give the formal definition below.

Bayesian Bandit Environment and Bayesian Regret

As we defined in Definition 1.3, the environment in the stochastic bandit setting is a fixed
set of reward distributions .7, = {Pﬂ(k) ke W}, where the parameter set p := {p(k) :
k € W} is fixed but unknown to the learner. In the Bayesian bandit environment, the cru-
cial difference is - although the learner may know the class of reward distributions (e.g., Bernoulli
or Gaussian), but the parameters are not fixed objects like in the frequentist setting, rather the

parameter depends on a randomly drawn instance from a prior distribution.

The Bayesian bandit environment needs three elements, (£, Q, .#;), where £ is the param-
eter space (set of all possible parameter vectors), Q is the prior distribution over £ and .#
is the collection of all set of reward distributions for different parameter vectors or we also
call instances. Here each instance v € £ is a parameter vector for a specific bandit environ-
ment. For a given instance v € &, if we let %, := {Fv(k) : k € W} be the set of distributions
for all arms, where Fv(k) is the marginal reward distribution for arm k, then we can write
I = {F, v € £}. Often .Fp is simply called the Bayesian bandit environment. We give

a concrete example of Bernoulli rewards with a discrete £.
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Example 1.8 (Discrete Prior). Let (£,Q,.%#3) be a 2-armed Bayesian Bernoulli ban-
dit with & = {v1,1, 13}, where v; = (0.7,0.3), 1, = (0.5,0.8) and v3 = (0.9,0.2).
This means there are three possible instances of the bandit environment in this set-
ting. For example, if v is drawn, then the reward distributions for arm 1 and arm
2 are F,,q) = Bernoulli(0.5) and F, ;) = Bernoulli(0.8) respectively. The prior Q
means the probability distribution over these three instances. For example, we may
have Q (v1) = 04,Q (1) = 04,Q (v3) = 0.2. This means there are 40% chance that
instance 14 is drawn, 40% chance for instance v, and 20% chance for instance v3. So this
is the probability distribution over the instance space £. Now if v, is drawn then we can
write the marginal distributions as F,, (1) = Bernoulli(0.5) and Fo = Bernoulli(0.8),
and the 7, = {F,, (1), F,,(2)} = {Bernoulli(0.5), Bernoulli(0.8) }. Similarly we can write
the marginal distributions for other instances. With this the Bayesian bandit environ-
ment can be written as, Zg = {ﬁyj :j € {1,2,3}}, which is the set of all possible pairs
of marginal distributions for all instances in this setting, which is the set of all possible

pairs of marginal distributions for all instances in this setting.

a

Here is the formal definition of the Bayesian bandit environment and Bayesian bandit

model.
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Definition 1.9 (BAYESIAN BANDIT MODEL). A Bayesian bandit environment is defined by a
tuple (€, Q, F) where £ is the parameter space (set of all possible parameter vectors), Q is the prior
distribution over € and Fy := {F, : v € £} is the collection of all set of reward distributions for all
instances, where for each instance v € &, we have F, := {F, () : k € W} as the set of all reward
distributions for all arms, and ¥, is the marginal reward distribution for arm k. A Bayesian bandit
model is a repeated interaction between a learner and a Bayesian bandit environment where,

fort =0do
| abandit instance v ~ Q is drawn for the learner from the parameter space € according to prior Q

fort=1,2,...,T do

the learner selects an action Wy € W

the environment generates potential outcomes Yy (k) ~ Fy ) for all k € W, where v is a fixed
instance drawn at t = 0

the learner observes only the realized outcome Yy = Y; (Wy), not the counterfactual outcomes Yy (k)
for k # Wy

Interaction Protocol 2: Bayesian Bandit Interaction

We have the following information structure,

« Known or Observable to the Learner: The learner knows the set of arms W, time horizon T,
parameter space €, prior Q and class of distributions for Fy, (k), forallk € Wandallv € £,
but does not know which v appeared at time t = 0. She observes all actions and outcomes till
time T, i.e., { (Wi, Yt)}thl.

* Known to the Environment: The environment knows the complete set of counterfactual distri-
butions Fg = {Fy 1 v € &}, with F := {F, ) : kK € W} foreach v € & and observes what
the learner observes.

Below we give another example with a continuous prior for the Bernoulli rewards.

Example 1.10 (Continuous Prior). Although three instances in Example 1.8 is a very sim-
ple and easy to understand, in practice we may have continuous prior distributions over
the parameter space. This is common in the Bernoulli bandit case, where the unknown
success probabilities are often assigned Beta priors. For this we still have (€, Q, %) as
a 2-armed Bayesian Bernoulli bandit, but now because of the Beta distribution, we have
& = [0,1]?, i.e., continuous parameter space, infinite number of possible instances. Here
we assume the prior Q is a product of independent Beta priors over the two arms. In
particular, we can let prior for arm k as Q; = Beta(ay, Bi) for parameters ay, B > 0.
Therefore, the prior over the instance space £ can be written as a joint distribution
Q. Now if we think about a bandit instance v = (u(1), #(2)), then this is randomly
drawn as v ~ Q. Again, for each v € £, we can write the marginal for each k €¢ W

as F,(x) = Bernoulli(x(k)), and the set of all marginal distributions for this instance
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as #y = {F,1),Fy2)} = {Bernoulli(y(1)), Bernoulli(x(2))}. And the Bayesian bandit

environment can be written as, #5 = {%, : v € £}, where v € [0,1]2.

a

With the definition and examples of Bayesian bandit and protocol, now we define the

Bayesian regret in Definition 1.11.
Definition 1.11 (BAYESIAN REGRET). Consider a Bayesian bandit environment (€, Q, #),

for a policy TT interacting with this environment over time horizon T, the Bayesian regret after horizon
T is defined as

BR1(TT,€,Q,75) = Eyoo,x [Z (u — yV(Wt))] (1.21)

where u; = maxgeyy py (k) is the optimal mean reward for the instance v drawn from prior Q, and
W is the arm selected by policy 7T at time t. The expectation is taken over both the randomness in the

bandit instance v drawn from prior Q and the randomness in the policy 7T.

Bayesian regret can be understood similarly as the expected regret R (R7) we defined in
Definition 1.7, the only difference is that we first define the expected regret for a fixed
instance v and then we average out the randomness of the bandit instances in £ according

to the prior Q. So for a fixed instance v, the expected regret can be defined as,

E7

T
Y (uy — (Wt))] (1.22)

t=1

At this stage the Expectation is taken over the randomness of the policy 7T for a fixed
instance v. Now we take the expectation of this regret over the randomness of the bandit

instances in &, this gives the Bayesian Regret.

T

BR1(7T,E,Q, #8) = Evuon [Z — (Wi))| = Eig

i — pv (W) )”

(1.23)

So once (€, Q, #p) is fixed, the Bayesian regret is a deterministic quantity, where we aver-

age over the randomness instances, the policy, and the reward noise.

Regret Analysis of Thompson Sampling

We now give the detailed regret analysis of Thompson sampling algorithm for Gaussian re-
wards in the Bayesian setting. This follows primarily from the works of Russo and Van Roy

(2014) and Lattimore and Szepesvari (2020). In particular Lattimore and Szepesvari (2020)
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give the proof for sub-Gaussian random variables where the means are bounded in [0, 1],
we adapt the proof in the Gaussian setup. Now, before proving the theorem first we prove
the following lemma which states that, in the bandit setup for all arms, the empirical

means concentrate around the true means with high probability.

Lemma 2 (CONCENTRATION OF EMPIRICAL MEANS). Consider a K-armed Bayesian ban-
dit environment with horizon T. Conditional on a fixed instance v, for any arm k, assume the rewards
are Gaussian with mean y, (k) and variance 02, i.e., Yy (k) ~ N (py(k),0?). For afixed 6 > 0,
assuming n;_1(k) > 1 Vk € W, define the clean event as,

E@) = vt € [T, ¥k € W [Troa (k) — mu(B)] < oy 2o281/0) (1.24)
”t—l(k)

where, Y;_1 (k) is the empirical mean of arm k up to time t — 1, and n;_1 (k) is the number of times
arm k has been played up to time t — 1. Then conditional v, it is possible to show,

P (E°(6)) < 2TKé (1.25)

Proof. Fix an instance v, then for an arm k € W the clean event can be written as:

T
E(5,k) =) {(Yt—l(k) —uk)| <e W} (1.26)
t=1 t=

The complement of this event is then,

T

E6,K) = {\m(k) NCIET: 21‘5%{/)‘”} 127)
=1 =

Looking at the event, it should be clear that there is an issue if we would like to apply
the tail bound for a sequence of i.i.d. Gaussian variables in this setting?. In particular, the
term n;_1 (k) is random and selected by the algorithm. To tackle this issue we use here
the idea of pre-generated reward tapes following Slivkins (2022). The idea is to assume
that for each arm k, we have a pre-generated i.i.d. rewards Y!(k), Y?(k),..., YT (k) from
N (uy(k),0?). Then we define " (k) = L it Y/ (k) as the empirical mean of the 1st m
rewards from the tape of arm k. Now we can apply the concentration bound given in

eq. (1.28) to y" (k) for a fixed m since it does not depend on the history.

Let X1, Xo, ..., Xy i N(u, 0’2). For a fixed § > 0, the Gaussian tail bound for the sample mean is given as:

]P(Xn—m >0 210gn(1/(5)) <26 (1.28)

The proof is given in Section A2.2
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P (\y’"(k) )] 2 0 21%3””) <2 (129)
Now at time f, there exists m € {1,...,T} such that n;_1(k) = m, and we will have

Y;_1(k) = 3" (k), this gives,

lo
{‘Yt 1(k) = (k)| > 0 W}

T
=U
LTJ { (k)| = o 210%11(1/5)} (1.30)

Applying the union bound we get,

P (E°(d,k))
m

<|y TS 21"8“/‘”)

25 =276 (1.31)

i MH i MH

Finally applying union bound over all arms k € WV we get,

kew kew kew

P (E°(8)) =P ( U EC(zS,k)> < Y P(ES(6,k) < Y 2T6 =2TKé  (1.32)

This completes the lemma. The event we defined in eq. (1.24) is sometimes called clean
event or good event in formally (Slivkins, 2022). The name came because on this event, the
empirical means concentrate around the true means for all arm k in all time periods. In
the proof we separately consider the regret on this clean event and its complement. We
already proved that the probability of the complement is small, so the regret on this event
will be small as well. And on the clean event, we can use the concentration property to
bound the regret. Now we are ready to prove the main theorem regarding the Bayesian

regret of Thompson Sampling for Gaussian rewards.
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Theorem 1.12 (BAYESIAN REGRET OF THOMPSON SAMPLING FOR GAUSSIAN RE-
WARDS). Consider a K-armed Bayesian bandit environment with horizon T > 2. Under Gaussian
reward assumption, for an instance v ~ Q, for allk € W, we have Y (k) ~ N (py(k),0?) wtih
wy (k) € [—B, B). Assuming n;_1(k) > 1,Yk € W (i.e., all arms have been pulled at least once), the
Bayesian regret of Thompson sampling algorithm outlined in Algorithm 1 satisfies:

BRr < 80\/KTlog T + 8KB (1.33)

Proof. We start with the definition of Bayesian regret,

T T
BRr = Emung | LK) = i (W) | = L Ermang [(40(K") = o (W))]
T
= ;]EN/VNQ [IE [‘uv(k*) - VV(Wt) | ]:‘t_l]] (1.34)

where F;_1 = 0(Wy, Yy, ..., W1, Yi_1) is the sigma algebra generated by the history up-to
time t — 1. Now let’s define the upper confidence bound U; (k) as,

— 2log(1/6
Ut (k) = Clip[_’g’g] (Yt_l(k) +0 12%5(;))> (135)

where the clipping function ensures that the upper confidence bound stays within the

range [— B, B]S. Now from eq. (1.34), we can write,

E[py (k*) — po(We) | Fea] = E[py (k7) — Ur(Wr) + Ur(Wi) — py (W) | Fi1]
= E[py (k") — Up(k*) | Fr] + E[U(Wr) — po (W) | Fi1]
(1.36)

where we used

P(k* =k| Fi1) = P(W; =k | Fil1) VkeW (1.37)

This is the probability matching property of Thompson sampling, which says, given F;_1,
the true optimal arm k* and the sampled arm W; have the same conditional distribution,
in particular we have E[U;(W;) | Fi—1] = E [U(k*) | F—1]. Now define,

A= — U (k"), B=

tzl t

(Ur(We) — po (W), (1.38)

M'ﬂ
M’ﬂ

Il
—

§ This is following the proof given in Lattimore and Szepesvari (2020).
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and because of the linearity of expectation and probability matching property in eq. (1.37)

we can write the Bayesian regret as,

BRt = ]Ey-[,VNQ[A -+ B] = lEn',VNQ[A] + IET[,VNQ[B] (1.39)

Next we bound A and B separately by considering two cases a) when the clean event E(J)
holds and b) when its complement E () holds.

Case a) On Event E:

First we bound A. Note that, for all f and k, the concentration inequality holds here, i.e.,

= 2log(1/9)
Since U;(k) is an upper confidence bound, on event E, for any k, we have
po(k") = Up(k") <0= A <0 (1.41)

Now for B, for each f and k,

_ 2log(1/9)
Vit (k) = (k) < oy | S B
_ 2log(1/9) 2log(1/9)
~ Y (k) + W_”VU{) 2N Tuam
s Uy(k) — (k) < 20 m
Now summing over time gives,
T
B= ; (U (W) — o (W)
T
= Z Z ]l{Wt = k} (Ut(k) - ,uv(k))
t=1keWw
Blog(1/5)
< ;kgv]l{Wt = k} 1(k)
= lo r=k
= \8log(1/9) 1 ;n{w b o—= m

nr (k)
< ¢\/8log(1/6) Z/ —ds

kew
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— o\/8log(1/5) Y [2v/5]1"™

kew

=0/8log(1/8) Y 24/nr(k)

kew

= 0y/32l0g(1/6) Y +/nr(k)

kew

; md (1) (5 m0)

kew kew

= 04/32log(1/6)VKT
= 01/32KTlog(1/9).

where in the last step we used Cauchy-Schwarz inequality, in particular,

(:21 nT(k)>2 < (él) (émm) — KT

So on event E(J), we have

A+ B < 0/32KTlog(1/6) (1.42)

Case b) On Event E(6)°:

On E(J)¢, we use a worst-case bound. Since p, (k) € [—~B, B] and U;(k) € [~B, B] (due to
clipping), for each t:

wy (k) — U (k") € [—2§,21§],
Uy (W;) — (W) € [—2B,2B]

So for each t

po(k*) = Up(k*) + Ur(Wh) — iy (W) € [—4B, 4B (1.43)
Thus on event E(J)“:

A B =Y (ualk) — U() + Ui(W) — on(Wh)) < 4TB (1.44)
t=1
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Since P(E(9)¢) < 2TK§J, the contribution from E° is;

E [(A +B)- 115(5)0} < 4TB-P (E(6)°)
< 4TB-2TKé
= 8T?KB6

Combining both cases, we have;

BRr =E[A+ B]
=E[(A+B) | EJP(E) + E[(A+ B) | EYJIP(E°)

< 0/32KTlog(1/5) + 8T?KBé
= 0y/32KTlog(1/6) + 8T?KBS

If we plug 6 = %, then

BRr < 01/64KTlog(T) + 8KB
N (1.45)
= 80\/KTlog(T) + 8KB

Remarks 1.13 (Regarding Some Assumptions in the Proof).

« We assumed n;_1(k) > 1 for brevity, otherwise the UCB bound needs to be sepa-
rately defined for n;_1(k) = 0 and n;_1(k) > 1 and then we need to separately track
ni—1(k) = 0. This won’t change the order of the regret, and only the additional con-
stant term in the regret will change.

« The high-probability bound for the clean event is first derived conditional on a fixed
instance v. Since the upper bound 2TKJ¢ is same for any v, we can average over the

prior distribution Q and obtain the same bound in the Bayesian setting.

a

The Bayesian regret analysis presented above is not the tightest possible bound for Thomp-
son sampling, in particular, this is not the Lai-Robbins lower bound (Lai & Robbins, 1985)
(see eq. (1.4)). And Thompson sampling can actually achieve better performance than this
bound claims. However, this is shown in the frequentist, or instance-dependent setting
as opposed to the Bayesian setting considered where we took the average over the all

instances. We briefly summarize the key results here in the following remark.
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Remarks 1.14 (Frequentist Regret of Thompson Sampling). In the frequentist setting,
Agrawal and Goyal (2012) provided the first finite-time analysis of Thompson sampling

for Bernoulli bandits. For two arms with gap defined as A, they showed

_ log T 1
]E[RT]—O( A +A3>

For K arms, the bound is similar. This result actually gives log T regret but still not op-
timal in terms of gap dependence. The work by Kaufmann et al. (2012) came shortly
after this and they gave the first asymptotically optimal finite-time analysis of Bernoulli
Thompson sampling with Beta priors. They proved that the expected regret can be

bounded as

log T

E[R7] < (1+¢) N NI
kA(k)>0 Dkl HFH )

+ C(e, 1)

Now this matches the Lai-Robbins lower bound for Bernoulli bandits.  Here
Dy (Fy,(k)||Fy+) is the KL divergence between Bernoulli distributions with parameters
i(k) and p* (see eq. (1.5)). Finally building on these results, Agrawal and Goyal
(2013) introduced a martingale-based analysis that achieved two important result, a)

for bounded rewards, they recovered an optimal-order problem-dependent bound

A(k)log T K
E[Rr] < (1+¢) AWl o ()
k:A%>O Dkl(Fu(k) [[Fy) e

and b) they proved the first near-optimal distribution-independent (also called problem-

independent or minimax) guarantee

E[Rt] = O(\/KTlogT)

for Thompson Sampling with general priors. These results were gathered and organized
in the journal version in Agrawal and Goyal (2017). This work also presents a unified
treatment of the Beta-Bernoulli case, Gaussian priors case and also the bounded reward
case. Note that what we get in as minimax or worst-case regret in the frequentist setting
is similar to what we get in the Bayesian setting, however the key difference is that in
the Bayesian setting we took average over all instances, while in the frequentist setting

the worst-case regret is defined as the maximum regret over all possible instances.

"
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Algorithm 4: Explore Then Commit (ETC)

1 Inputt W, m, T
2 fort=1,2,...,Tdo

3 if t < mK then

4 L Wt = (t mod K) + 1 // play each arm m times

5 else

6 L Wi = arg max ﬁmK(k) // exploit the arm with max mean
k

7 observe Y;

8 Output: Wyand Y; Vi =1,2,...,T

Other Algorithms for Stochastic Bandits

We end this section with a brief mention of two popular algorithms for stochastic ban-
dits which are not covered with details here, but we refer the reader to Lattimore and
Szepesvari (2020) and Slivkins (2022) for more details.

Explore Then Commit (ETC)

First algorithm we discuss is known as Explore-then-Commit (in short ETC) outlined in Al-
gorithm 4. It is a very simple algorithm and one can say it is an obvious way to proceed to
know about the best arm. The algorithm has two stages, in the first stage the learner will
play all the arms for equal number of times, in the algorithm this is denoted with m and
then observe the rewards. This means if |[W| = K, then the first stage runs for mK times.
At the end of this stage, the learner then computes the sample means of the rewards of
all arms at that time point, denoted with i,k (k). Then in the second stage starting from
mK + 1, the learner will commit to playing the arm which has the highest sample mean

and play this arm in all the remaining rounds.

Explore then commit algorithm has a very clear separation of exploration and exploitation
phases. The exploration phase is the first mK rounds where the learner plays all arms
equal number of times, and the exploitation phase is the rest of the rounds where the

learner plays the arm with the highest sample mean.

Upper Confidence Bound (UCB)

Now we explain the Upper Confidence Bound (UCB) algorithm. The algorithm is out-
lined in Algorithm 5. The UCB is possibly one of the most well known algorithms in the
stochastic bandit setting. The algorithm is very simple and intuitive. The idea is to play
the arm with the highest upper confidence bound, or we say “become optimistic in face of
uncertainty”. In particular, at each time ¢, for each arm k, the algorithm computes an upper

confidence bound UCB;_1 (k) based on the rewards observed from arm k up to time t — 1.
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Algorithm 5: Upper Confidence Bound (UCB)

1 Input: W, T,6 >0
Initialize: jig(k) =0, ng(k) =0, So(k) =0Vk € W
3 fort=1,2,...,Tdo

N

~ ifn,_1(k) =0

4 compute UCB;_1 (k) = Vke W

i1 (k) + 2};’5751(,(/)5), otherwise

5 select Wy = argmax, ), UCB;_1 (k)
6 observe reward Y;(W;)

7 update

9 Output: W;, Y; Vt € [T]

Then the algorithm selects the arm with the highest upper confidence bound. After observ-

ing the reward, the algorithm updates the cumulative rewards and counts and then also

the sample mean, but only for the played arm. For the other arms, these values remain

the same as in time t — 1. Note that if an arm has not been played yet, i.e., n;_1(k) = 0,

then the upper confidence bound is set to infinity to ensure that each arm is played at least

once. In practice, we first initialize the algorithm by playing each arm once, and then start

the UCB selection from time K + 1.

Now, how do we get the upper confidence bound? The idea is to use concentration inequal-

ities. In particular, using the Gaussian concentration inequality Ithat we have already used

in the proof of Thompson sampling (see eq. (A2.6)) we get,

2log (1)
n

P\ | (k) — u(k) |< >1-26

UCB is generally written for the sub-Gaussian random variables. A random variable Y is called sub-
Gaussian with parameter 02, denoted with Y ~ sG (02), if for all A > 0, we have

A2q2

B [0 F0)] <

Many well known distributions are sub-Gaussian, for example, Gaussian distribution with variance a2,

Bernoulli distribution with parameter p (here 0> = 1/4), bounded distributions in [a, b] (here 02 =
(b — a)?/4) etc. For more details on sub-Gaussian random variables we refer the reader to Lattimore and
Szepesvari (2020).
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where ¢ is the error probability. This helps to define the upper confidence bound of the

mean (k) after time t — 1 as

UCBt,1 (k) = ]//l\t,1 (ﬂ) +

With some early ideas, the original UCB has been formalized in the work of Auer, Cesa-
Bianchi, and Fischer (2002). This is one of the seminal works in the stochastic bandit liter-
ature. In the original work, the authors proposed to set § = 1. This is because as we play
the arm more often with time, we want to be more confident about the mean estimate, thus

we decrease the error probability  with ¢.

Conclusion

The stochastic multi armed bandit is a very well studied problem in the multi armed ban-
dit literature. In this chapter we tried to present a short but to somewhat deeper sum-
mary to the basic problem, discussed how this is connected to the potential outcome or
potential reward framework, defined the key concepts like regret and then present one
of the most popular algorithms, Thompson sampling with its Bayesian regret analysis for
Gaussian rewards. The reason we went with more details with the Thompson sampling
and not for other algorithms since in the next chapter we exclusively focus on Thomp-
son sampling and extend it to the setting with interference, i.e., when arm pulled for one
unit, can affect the rewards of other units. We briefly mentioned two popular algorithms
at the end, Explore-then-Commit (ETC) and Upper Confidence Bound (UCB). There are
many other algorithms for stochastic bandits and we refer the reader to Lattimore and
Szepesvari (2020) and Slivkins (2022) for more details on different algorithms and their

analyses.



Chapter 2.

THOMPSON SAMPLING
IN THE PRESENCE OF INTERFERENCE

(Unpublished)

In this article we explore the problem of sequential treatment allocation, also more widely
known as multi-armed bandit problem (MAB) in the presence of interference. In a sequential
treatment allocation problem a learner or a policy maker assigns treatments sequentially
rather than in a batch. This is a well studied problem in the field of Reinforcement Learn-
ing (Sutton & Barto, 2018). The setup has many names, multi armed bandit, sequential deci-
sion making or sequential treatment allocation and also adaptive experiments. The word adaptive
or sequential comes from the fact that the learner or the policy maker doesn’t have access
to all the units in the study at once, rather she receives the units sequentially or online and
observes the outcomes sequentially. The goal of the learner is to assign the treatments such
that it maximizes the cumulative rewards (or equivalently minimizes cumulative regret)
over the horizon T. The MAB problem has a long history starting from the pioneering
work of Thompson (1933) and then Robbins (1952). For a comprehensive survey we refer
the reader to some excellent monographs, namely Lattimore and Szepesvari (2020), ? and
also Bubeck, Cesa-Bianchi, and Lugosi (2013) Recently some important contributions are
also appearing in the field of economics and econometrics, e.g., see the works of Kasy and
Sautmann (2021) and Kock, Preinerstorfer, and Veliyev (2023).
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Figure 2.1: Central Police is trying to learn the optimal policing strategy to reduce crime

in different neighborhoods of a city.
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Recently there has been some interest in the field of causal inference and treatment effect
estimation with the presence of interference, for example see Hudgens and Halloran (2008),
Aronow and Samii (2017), Forastiere, Airoldi, and Mealli (2021) and Leung (2022) for some
methodological works on interference. Dealing with interference is hard since interference
makes the units dependent on each other. In particular, we say unit i and j interfere with
each other when the treatment assigned to unit j affects the outcome of unit i (Cox, 1958). This is
in violation of the well known stable unit treatment value assumption or SUTVA proposed in
(Rubin, 1974, 1976, 1980) where the potential outcome of unit i only depends on treatment
assigned to unit 7, also see Imbens and Rubin (2015) for more details on SUTVA. In many
causal inference or treatment effect estimation setup, the presence of interference has to
be carefully dealt with, for example Sobel (2006) considered a study of housing mobility,
where units in the poor areas are financed to relocate to better neighborhoods. The author
argued - ignoring interference can lead to biased estimates and wrong conclusions, since
units moving to different areas may influence the outcomes of all the units in the neighbor-
ing areas, not just for the units who move. In different studies, Blattman, Green, Ortega,
and Tobo6n (2021) and Verbitsky-Savitz and Raudenbush (2012) investigated the effects of
policing on crime, here also effect of interference is expected, since increasing policing in

some areas may also displace the crime to the neighboring areas”.

The classical multi armed bandit setting almost always implicitly assume SUTVA or the
No Interference assumption, i.e., the treatment of unit i at time ¢, denoted by W; ; only affects
the outcome of unit i at time f. In this case the potential outcome is denoted by Y; ;(W;;).
Note that, this notation explicitly avoids interference. Although the interference in the
causal inference literature has already advanced in many old settings both in experimen-
tal (Hudgens & Halloran, 2008; Leung, 2022) and in the observational studies (Forastiere
et al., 2021; Papadogeorgou, Mealli, & Zigler, 2018; Lee et al., 2024), it is rather unclear
how to deal with interference in adaptive experimentation settings like multi-armed ban-
dits, where interference is definitely present in many practical scenarios. For example, a
seller could be trying to learn the optimal price of a new product. She is aware that differ-
ent prices might be beneficial since different customers have different willingness to pay.
However, if the customers are socially connected, then a price offered to customer i may
affect the purchasing decision of customer j. For example if they live in a same area and
offered different prices then they might perceive the seller unfair seller, and question the
product’s quality. Another example, suppose a government agency is trying to promote
an agricultural consulting service among rural farmers. It has different persuasion strate-

gies, definitely different persuasion strategies may work for different farmers. However,

We refer the reader to some works which we think provides important contribution in the interference liter-
ature; Sobel (2006); Hudgens and Halloran (2008); Tchetgen and VanderWeele (2012); Ugander, Karrer, Back-
strom, and Kleinberg (2013); Cai, Janvry, and Sadoulet (2015); Eckles, Karrer, and Ugander (2017); Aronow
and Samii (2017), Jagadeesan, Pillai, and Volfovsky (2017); Chin (2019); Forastiere et al. (2021), Lee, Zeng,
and Hudgens (2024); Leung (2022),Leung (2023)
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the agency must realize that, if the farmer receives the call, she may discuss it with her
neighboring farmer j, and farmer j’s decision to enroll may be affected by farmer i’s deci-
sion or the strategy used for farmer i. And it is possible to give other examples where the
experimenter or policymaker needs to carefully think about interference while designing

adaptive experiments.

Our contributions are as follows. We develop a formal framework for stochastic multi-
armed bandits with interference using the potential outcomes. In this setup the interfer-
ence structure is modeled using the stochastic counterfactuals, where each counterfactual
reward for a treatment combination is modeled as a random variable as opposed to fixed
number (Robins & Greenland, 1989, 2000; VanderWeele & Robins, 2012; Pearl, 2009; Chin,
2019). In the special case, with no interference setup this becomes the regular multi-armed
bandit setup but a batched version. We then propose three algorithms based on Thompson
sampling, namely: Global One or G — 1 learner, Clustered One or C — 1 learner and Clus-
tered Multi or C — M learner. These learners or algorithms bring different ways to balance
the exploration-exploitation trade-off in the presence of different interference structures.
The G — 1 learner finds the global single best action. The C — 1 learner finds the same
as G — 1, however it explores and exploits based on the clustered interference structure.
Finally the C — M learner finds the best action in each cluster separately. We derive the
posterior updates for all the three learners and provide the regret analysis for the G — 1
learner. Finally, we perform some Monte Carlo experiments with different interference se-
tups and compare the performance of three learners with the baseline Thompson sampling

algorithm that ignores interference altogether, which we call 11D learner.

Bandit algorithms with interference is a relatively new area of research, with recent works
going in different directions like adversarial bandits (Jia et al., 2025), contextual bandits,
essentially regression based (Agarwal et al., 2024; Xu, Lu, & Song, 2024; Faruk & Zheleva,
2023) and also UCB-style algorithms (Su, Lu, & Song, 2019; Zhang & Wang, 2024). Our
contribution is to bring classic Thompson sampling (Thompson, 1933) into this setting,
and propose simpler and more direct extensions of Thompson sampling that are specif-
ically designed to handle the combinatorial complexity of the action space. Perhaps the
closest to our work is the work of Gleich et al. (2025). They also use Thompson sampling
for networks with interference; however, their approach is quite different from ours. In
particular, they assume, the adjacency matrix is known to the learner, and there is a de-
gree based linear model of rewards, and then they learn the parameters using Thompson
sampling based procedure. Whereas, our approach is more straightforward, focusing on
simplifying the action space directly through structural assumptions about interference.
The algorithms we propose don’t require the knowledge of the adjacency matrix, and we

believe computationally more scalable and very simple to implement.

This chapter is organized as follows. In Section 2.1, we present a motivating example of
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policing strategies for crime reduction, which we will use as a running example to de-
fine our setup. In Section 2.2 we present the novel setup of stochastic potential rewards
and stochastic bandit model with interference, and define the regret in this setting. In
Section 2.3 we propose the three Thompson sampling based algorithms to deal with in-
terference. In Section 2.4, we define the Bayesian bandit environment, Bayesian regret
and finally give the Bayesian G — 1 regret analysis for the G — 1 learner in Gaussian re-
wards case. In Section 2.5, we present some Monte-Carlo experiments to compare the
performance of the proposed algorithms under different interference setups. Finally, in

Section 2.6, we conclude and discuss some future directions.

Motivating Example : Policing Strategies on Crime

Let’s start with a motivating example of policing strategies on crime reduction. Suppose

we have the following network of 10 nodes in three clusters as shown in Figure 2.2.
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(a) Network representation. (b) Adjacency matrix.
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Figure 2.2: The network and adjacency matrix for the motivating example. The network
consisting of 10 nodes in three distinct clusters, represented by three colors: There is no
inter-cluster connectivity; edges exist only within clusters.

Following the work of Blattman et al. (2021), we can contextualize this network in a polic-
ing on crime scenario. Suppose the central police department in a city faces the challenge
of reducing crime across various neighborhoods in a city. In this story, we can assume
the nodes represent small neighborhoods in this city and the edges represent good trans-
portation between them. Since the city is large, we can think about different clusters, in
particular in the network we have three clusters, cluster 1 - blue nodes (1-5), cluster 2 -
green nodes (6-8), and cluster 3 - orange nodes (9-10). Each cluster may represent a sep-

arate large area, like districts within a city. So the story goes like this, the central police



41

Arm / Action k Strategy k Direct Effect (Bx) Splllozzée 1; Effect
k
1 Intense Internal —52% | || 6.2% | 1171
Moderate Internal —3.0% | || 2.3% | 11
3 Strong Border —1.0% | | 0.0

Table 2.1: Policing strategies with their direct and spillover effects. The arrows indicate
the magnitude and direction of the effects when strategy k is implemented in
neighborhood i. For example, if strategy 1 is implemented in neighborhood i, then
neighborhood i experiences strongest decrease in crime (due to direct effect), however at
the same time neighboring area j # i also experience a strongest increase in crime (due to
spillover effect).

is responsible for all of these neighborhoods, and currently thinking about different polic-
ing strategies; 1) Intense Internal, 2) Moderate Internal, and 3) Strong Border. We denote
these policing strategies as the three actions, YW = {1,2,3} or strategies or arms. These
three strategies differ in terms of direct and interference or spillover effects. We explain these

strategies in detail below.

Intense Internal strategy: If the police department implements this strategy in neighbor-
hood i, then this means the police focuses on intense patrolling inside i, uses significant
resources inside the neighborhood and as a result border becomes weak, allowing crimi-
nals to escape to neighboring areas more easily. So this strategy aims to aggressively re-
duce crime within the neighborhood 7, but simultaneously brings strong negative spillover

effects to neighboring areas j # i.

Moderate Internal strategy: In this strategy, the police maintains a balanced approach, go for
a moderate presence inside neighborhood i while also keeping a watchful eye on the bor-

ders. This strategy aims to strike a balance between internal policing and border control.

Strong Border strategy: This is the last option, which focuses heavily on securing the borders
of neighborhood i. The police recognizes that criminals may attempt to escape to neigh-
boring areas, so they prioritize strong border control measures. However, this emphasis
on border security may lead to a moderate or relatively weak internal policing presence
within neighborhood i, since resources are diverted to border control. Consequently, while
the direct effect of this strategy is the lowest in terms of reducing crime within neighbor-

hood i, it yields the zero spillover effects for neighboring areas.

At the beginning of each week ¢, the central police decides a set of policing strategies
Wi, Way, ..., Wio, for all 10 neighborhoods, where for all i, W;; € W. After a week of im-

plementing these strategies, the police observes the change in crime in the neighborhoods,
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denoted with Y34, Yoy, ..., Yo, learns which strategies are effective in each neighborhood,
and uses this knowledge to implement strategies at t + 1. The goal of the police depart-
ment is to learn an optimal policing strategy combination that minimizes the overall crime
rate across all neighborhoods for time periods t = 1,2,...,T, taking into account both

direct effects and spillover effects due to interference.

A simple interference model that we can use in this setting is given in eq. (2.1), known as
the linear-in-means model (Manski, 1993). According to this model, at time ¢, if the police
department implements a strategy vector Wy = (Wi, Wa, ..., Wio,) across all neighbor-

hoods then we can write

Yie = a;+ B1-H{Wip =1} + Bo - I{W;y = 2} + B3 - I{W;; = 3}
10 10 10
+00) A MWy =13+ 6 ) Aij- I{Wj; =2} + 383 )_ Ay - I{W;; = 3} + €y
P =1 =1
@.1)

Where Y;; is the percentage change of crime in neighborhood i after period ¢, a; is the base-
line percentage change in crime in the absence of any policy intervention, A;; denotes the
entries of row-normalized adjacency matrix denoted with A. The entries here are fraction
of connections and the adjacency matrix in its binary form is shown in Figure 2.27. We
are assuming there is no self loop, so A;; = 0. Then the term ):}21 Aji - I{W;; = k} is the
fraction of neighborhoods of i that are assigned strategy k at time t. The coefficient By is
the direct effect of implementing strategy k on unit i, J; is the spillover effect of strategy
k that comes from the connected neighborhoods applying strategy k, €;; is an error term
capturing unobserved factors affecting the percentage change in crime in neighborhood i

at time ¢, and we assume €;; are i.i.d. across i and ¢t with mean zero and variance 2.

We give an example of some values for direct effect B and & to reflect the characteristics of
three policing strategies that we have explained in Table 2.1. To interpret these parameters:
B1 = —5.2 indicates that, if the Intense Internal strategy is implemented in neighborhood
i, then it reduces crime in neighborhood i by 5.2%. However, at the same time if for any
of the neighboring areas j # i, the police department also implements the Intense Internal
strategy, then from j, the neighborhood i experiences a 6.2% increase in crime due to dis-
placement effects as criminals would escape to neighboring areas for weak border control.

So it has high direct effect but also high negative spillover effect?.

T If we denote the adjacency matrix shown in Figure 2.2 with G, where G;; = 1 if there is an edge between
node 7 and j, and 0 otherwise. Let the degree of node i be d; = Z]-Iil Gij, then the row-normalized adjacency

matrix A is defined with A;; = Gd—j] ifd; > 0,and A;; = 0ifd; = 0.

1 In this case positive spillover means increasing reward or reducing crime and negative spillover means re-
ducing reward or increasing crime for unit i
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Similarly, for the moderate internal strategy (82 = —3.0, 6, = 2.3) gives a moderate 3%
crime reduction, and it has smaller negative spillovers of 2.3%. Finally, the Strong Border
strategy (83 = —1.0,63 = 0) has the weakest direct effect (1% reduction) but prevents

crime displacement entirely with zero spillover through stronger border presence.

If the police department implements the strategy vector W; at time ¢, then it can only
observe one possible realities of outcome and doesn’t observe what would happen at the
same time if it had implemented a different strategy vector W/ # W;. This is the key idea

of potential rewards in this setting. Next, we formalize this setup in detail.

Definitions and Protocols in the Interference Setting

In this section, we define the setup of stochastic multi-armed bandit model with interfer-
ence. Recently Agarwal et al. (2024) and Gleich et al. (2025), uses similar setup for stochas-
tic bandits with interference, however we carefully state the full details of the model and
definitions, which the authors of the other work didn’t provide§. We consider a fixed batch
Z of N nodes, where a learner interacts with the batch repeatedly over the horizon T, as-
signs a treatment vector to all the nodes at each time ¢, observe the rewards generated from
the environment at the end of t, updates her strategy and adaptively finds the optimal arm

vector for the entire batch within the horizon T.

We start with the definition of the stochastic potential rewards with interference, we then
define the stochastic bandit model in this setting, and finally specify learner’s goal, policy
and different notions of regret under different optimal scenarios. In each section, after
defining some components, we also connect the definitions with the motivating example

that we gave in Section 2.1.

Stochastic Potential Rewards with Interference

Let Z = {1,2,...,N} be a fixed set of N nodes in the batch and W be the set of arms
or actions (or treatments) available to the learnerl. Often we can index the arms as
1,2,...,K and can write, W = [K] = {1,2,...,K}. The set of all possible arm combi-
nations or arm vectors for N nodes can be written as WY, where for K arms we have
IWN| = KN, ie., there are KN possible arm vectors of length N. These are all possible
arm combinations or arm vectors for all N nodes in the batch Z. In this setting there are
several possible distributions, we now define them carefully. For any fixed arm vector
k = (ki,kz,...,kn) € WY, let B denote a joint probability distribution of potential re-
ward vector Y;(k) = (Y14(k), Yas(k),...,Yni(k)) € RV, ie., Yi(k) ~ Fy. Here, Y;;(k) is

§ Our work has been independently developed and after developing the initial framework we came to know
about these works.

I We also call arms, the terminology came from slot machine analogy. In this work we use the words, treat-
ments, arms or actions interchangeably.
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the potential reward for node i at time t when the arm vector k is assigned to all nodes
in the batch. The joint distribution Fj captures the dependence structure among the po-
tential rewards of all nodes under arm vector k. The marginal distributions for node i
in this case is denoted with F;y, i.e., Yi;(k) ~ F;x, where we can let y;(k) = E[Y;;(k)]
and 0?(k) := V (Y;;(k)) be the marginal mean and variance of the potential reward
Y; (k). Also, for the joint distribution Fy, we let u(k) = (p1(k), p2(k),..., un(k))" and
Q(k) := Cov (Y;(k)) to be the mean vector and variance-covariance matrix of the poten-
tial reward vector Y;(k) under arm vector k. Note that, the potential reward Y;;(k) for
node i at time t depends on the entire arm vector k, not just the arm assigned to node i,
this captures the interference or spillover effects at the distributional level (we discuss this
in detail below). The mean function y;(k) maps from the space of all arm vectors to the
range of mean rewards M C IR, i.e., j; : WN 5 M cCR.

All of the distribution so far is for a fixed arm vector k. However, in this setting we have
KY possible arm vectors in the set W¥. So for each arm vector k € WY, there is a corre-
sponding joint distribution Fy, for the potential reward vector Y;(k). Therefore, we have a
set of joint distributions for all possible arm vectors, denoted with Z := {Fy : k € WN}.
If we fix node i, then the set of all marginal distributions for node i for all possible arm
vectors is denoted by .%; := {F;; : k € WN}. Pollowing is the formal definition of the

stochastic potential rewards with interference.

Definition 2.1 (STOCHASTIC POTENTIAL REWARDS WITH INTERFERENCE). For a batch
of nodesZ = {1,2,..., N}, action set W, define the set of all stochastic potential reward distributions
with interference with F = {Fy : k € WN}, where WN is the set of all possible arm vectors of
length N. At time t, when arm vector Wy € W is selected, only one random draw of the potential re-
ward vector Yy (Wy) = (Y1,6(Wr), Yo, (Wy), ..., YNt (Wy))" ~ By, is observed, the potential rewards
under any other arm vectors k # W; are unobserved. The potential reward vectors {Y;(k)}L_, are
independently and identically distributed across time periods, i.e., Y;(k) ~ Fy for all t.

We give a concrete example to illustrate the idea of stochastic potential rewards with inter-

ference using the running example in Section 2.1.
Example 2.2 (Example of Potential Rewards with Policing on Crime Reduction).

Let’s explain the idea of stochastic potential rewards with the running example of polic-
ing strategies on crime reduction, that we discussed in Section 2.1. We recall, we have
a batch of neighborhoods (or nodes) Z = {1,2,...,10} and three policing strategies (or
arms or actions or treatments) YW = {1,2,3} shown in Table 2.1. This gives the set
W10 = {1,2,3}19 which contains |[WN| = 319 = 59,049 different arm combinations or
vectors for the whole batch. For any arm vector k € W'Y, the potential reward vector for
the whole batch at time t is, Y;(k) = (Yi,¢(k), Yo,(k),..., Yigt(k))’, where Y; (k) is the
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potential percentage change of crime in neighborhood i at time ¢ under arm vector k. In
this case the set of all joint distributions of the potential reward vectors for all possible
arm vectors is . = {Fj : k € W%}, which is actually a set of 59,049 joint distributions.

At each time ¢, the police department selects an arm vector W; € W' and implements
the chosen vector of strategies across all neighborhoods. For example, if at time ¢ the
police decides to implement W; = (1,2,1,3,2,1,2,3,1,2), meaning neighborhood 1 gets
Intense Internal strategy, neighborhood 2 gets Moderate Internal strategy, neighborhood
4 gets Strong Border strategy, and so on. Then this chosen vector W; induces a joint po-
tential reward distribution Fy, for the entire batch. The police department then observes
Yi(Wy) = (Y1 (W), Yo (Wh), ..., Y10¢(W;))" ~ Fy,. This is a random draw from the
joint distribution Fy;,, capturing the percentage change in crime in all neighborhoods
under the selected policing strategy vector W;. The potential rewards under any other

arm vectors k #= W; are unobserved.

If we would like to be more specific regarding the class of distributions, we can assume
for any k € WY thejoint distribution Fy is a multivariate Gaussian distribution with the
mean vector u(k) = (p1(k), pa(k),..., u10(k))" and variance-covariance matrix Q (k).
Then the potential reward vector at time t under arm vector k follows the joint distribu-

tion,

Yi(k) = (Yi(k), Yo (k), ..., Yio(k)) ~ N (u(k), Q(k)) (2.2)

This is only for one arm vector k, and we have 59,049 such joint distributions for all
possible arm vectors in W10, Also in this case the marginal distribution of Y;; (k) is uni-
variate Gaussian: Y;;(k) ~ N (u;(k),c?(k)), where o?(k) is the i-th diagonal element
of Q(k). Here p;(k) captures the expected percentage change in crime in neighborhood
i under arm vector k, accounting for both direct and spillover effects from other neigh-
borhoods’ strategies, and Uiz(k) captures the uncertainty in this outcome and this also

depends on the full arm vector k due to interference effects.

We already specified the reward Y; ; in eq. (2.1). So following this, here the mean function
ui(-) for neighborhood i under random arm vector Wy = (Wy;, Wa 4, ..., Wig;) can be

written as follows,

ui(Wr) = a; + B1 - I{Wp = 1} + B2 - I{W;; = 2} + B3 - I{W;, = 3}
10 10 10
+6 Y A YWy =1} 46 ) A T{W;, =2} +83 ) Ajj - 1{W,, =3}
j:] j:] j:]
2.3)
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If the interference or spillover only influences the mean function, but not the variance-
covariance structure, then we can assume for any arm vector k € W10 the variance-

2 ..., (712\,), where (71-2 is fixed for all

covariance matrix is diagonal, i.e., Q(k) = diag((flz, o
arm vectors k. This means that the uncertainty in each node’s reward is not influenced
by interference, only the mean is affected. This assumption may be reasonable in some

applications. In this case for an arm vector k € W10, the full model can be specified as

’

Yii(k) = pi(k) +e€ip, € ~N(O, 01-2) ande;; L e, fori#j vt

a

There is an important difference between our stochastic potential reward (or outcome)
setup and the deterministic potential outcomes, primarily developed without interference
by Rubin (1974, 1976, 1980) also see Imbens and Rubin (2015), and then with interfer-
ence in Sobel (2006); Hudgens and Halloran (2008); Tchetgen and VanderWeele (2012) and
Forastiere et al. (2021). In Rubin’s framework, for an arm set YW = [K], each unit i has K
fixed potential outcomes {y;(k) }xeyy. For a fixed unit, these outcomes are deterministic
and maybe determined by unit’s observable or unobservable characteristics. Then ran-
domness in outcome Y; enters in two stages, first through sampling from the population
and then treatment assignment W;. So we write the observed outcome Y; = Y;(W;). The
same idea has been extended to interference, in this case for K arms and N units, for each
i we have now K¥ fixed potential outcomes {y;(k)}xcyyn. Then the observed outcome is
Y; = Y;(W), where W is the random arm vector of treatment assignments to all N units.
Again in this setup Y; has two levels of randomness, first from sampling and second from
arm vector W. In both cases, with or without interference, what’s important is, once we

fix unit i, the potential outcomes are fixed or deterministic.

In the stochastic framework, we have a third level of randomness and that is at the unit
level, which can be explained through the intrinsic randomness of the units (i.e., in re-
peated experiments same unit may react differently) and this is discussed in Robins and
Greenland (1989, 2000); VanderWeele and Robins (2012); Pearl (2009). Without interference
for each unit i, in this setup, in population, we have a distribution of potential outcomes
{Fiktkew and the randomness in observed outcome Y; can come from three sources. First
two are same as the deterministic case, first from sampling, and second from treatment
assignment W;. The third source however is, from the unit level randomness F;, and we
observe one realization from this distribution when treatment k € W is assigned to unit i,
i.e., Yi(k) ~ Fj. Soin this setup even if the same unit 7 is assigned the same treatment k
multiple times, the observed outcome Y;(k) may differ each time due to the intrinsic ran-
domness captured by F; ;. This is very different from the deterministic potential outcome

setup, where for a fixed unit i and treatment k, the potential outcome y;(k) is fixed or de-
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terministic. We borrow the same idea in the interference setting in bandits. Here for each
unit i we have a set of KN potential outcome distributions {F; x }xc)y~, where k is the arm
vector for all N units. Then the observed outcome Y; = Y;(W;), where for fixed unit i and

arm vector k, unit level randomness is explained via F; .

So far, the interference is assumed to hold across all nodes in the batch Z, this is often called
the global interference. However, in many applications, including our running example
in Section 2.1, interference is present locally, where the effects are limited to certain groups
based on some common characteristics, e.g., geographical proximity, social connections,
or other relevant factors. In particular, in our running example, in Figure 2.2, although
we defined interference with a complete adjacency matrix A, but in fact the interference
exists only in clusters, note that edges exist only within clusters. This is known as clustered
interference structure (Forastiere et al., 2021). Roughly, this means the spillover or interfer-
ence exists only among nodes within the same clusters. What benefit does it bring? Think
about the case where we have no knowledge of the network or adjacency matrix. In this
case, for each node i, if we would like to know which arm is best, we need to consider
310 — 59 049 combinations. But now with clustered interference, even if we don’t know
the network, and only know that cluster 1 has only 5 nodes, then for any node in this
cluster we only need to consider only 3° = 243 combinations. For cluster 2, we need to
consider 3% = 27 combinations, and for cluster 3 only 3> = 9 combinations. Which gives
in total 3° + 33 + 32 = 243 4+ 27 + 9 = 279 combinations. This is significantly smaller. At
the distributional level, we can define the clustered interference structure for stochastic

potential rewards with interference as follows.

Definition 2.3 (CLUSTERED INTERFERENCE IN STOCHASTIC POTENTIAL RE-
WARDS). Assume that the nodes in I can be partitioned into a fixed set of M disjoint clusters

¢ = {C1,Cy,...,Cp} such that Uﬁle m =2 and CyuNCu = Dforallm # m'. Then the
set of stochastic potential rewards with interference F := {Fy : k € WN} is said to have clustered
interference structure if for any node i € Cy,,

d

Fit(ka’ k*Cm) = Fi,(kcmr Efcm) fOT all ka € WNW/ k_cm’ k—cm € WN*Nm (24)

where Ny, = |Cpy| is the number of nodes in cluster Cyy,, k¢, is any arm vector for nodes belong to
cluster Cyy, k_c,, and E—Cm any two different arm vectors for nodes not belong to cluster Cy, and 4
denotes equality in distribution.

This says that for any node i in cluster C,,, its reward distribution is unaffected by the arms
assigned to nodes outside the cluster C;,. Only the arms assigned to nodes within the same
cluster C;, can influence the reward distribution of node i. Clustered interference structure
will play significant role in two of our learners we explain in Section 2.3. We give further

remarks on Definition 2.1 and Definition 2.3 below.



48

Remarks 2.4 (Remarks on Stochastic Potential Rewards with Interference).

i) Only Mean Level Interference: Although we defined stochastic potential rewards with in-
terference in full generality, in this chapter we will primarily focus on the cases where the
interference only affects the mean function, and not any other parts of the distribution.
The reason is, our bandit algorithms are primarily designed to maximize reward means.
It is possible to incorporate variance to get more risk-aware policies, but we leave that
for future work. If the interference only affects the mean function, then for a fixed arm
vector k, the marginal distributions for any node i can be written as F; y = F,, (r), where
F (k) could be a parametric distribution indexed by the mean for node i, y;(k). Then for
any arm vector k € WN we can write the joint distribution of all N units by FF( k)/ ie.,
Yi(k) ~ Fy), where p(k) = (u1(k), p2(k), ..., un(k))" is the mean vector of the joint
distribution.

In this case the set of all potential reward distributions for all possible arm vectors can
be written as, 7 = 7 1= {F ) 1 k € WN}. Similarly, for any node i, the set of all
marginal distributions can be written as %, = {F, ) : k € WN1, where the mean
function is p;(k).

ii) Independent Arm Vectors, But Dependent Nodes: Another simplification that we will

follow is, for any ¢, we assume

Y; (k) LY (k) forallk #kecWNandViecZ
This means that there is no dependency between the two distributions F, ) and Fﬂi(%).
This is the extension of the usual independent arm assumption in the classic stochastic
bandit literature. Also Robins and Greenland (1989, 2000) argued that in general when
we observe k, we don’t observe k, so it is perhaps natural to assume they are indepen-
dent. However, for a fixed arm vector k, the node level distributions denoted by Y; ;(k)
and Yj,(k), for all i,j € 7 may be dependent since their means depend on the full arm

vector k, this is actually the idea of interference effects.

(iii) Clustered Interference Structure: If we assume we have only mean level interference,
i.e., interference effects are captured only through the mean functions y;(-), then in this

case for all i, we have

d

a . k N—Nm
FW(ka’ kfcm) = Fﬂz‘(kcmr kfcm)’ for all k—Cm/ k—Cm ew (25)

and in particular for any C;;, € ¢, the means satisfy,

wi (ke k_c ) = i (kcm,'lé,cm) forallk_¢ ,k_¢, € WN=Nn (2.6)

Which means that for any node i in cluster C;,;, its mean reward only depends on the
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arms assigned to nodes within the same cluster C;;, and not on the arms assigned to
nodes outside the cluster. In this case, we can write the mean function for node i € Cy,

as

ui (Wi) i= a; + B1 - I{W;; = 1} + Bo - I{W;; = 2} + B3 - I{W;; = 3}
+6 Y A MW =1} +6 ) A W, =21 +83 ) A - 1{W;, =3}
jECm ]Ecm jecm

We will assume this structure in some of the algorithms we propose in Section 2.3.

a

Stochastic Bandit Model with Interference

Now with the definition of the stochastic potential rewards with interference, we can de-
fine the stochastic bandit model with interference. The definition is similar to the stochastic
bandit model without interference in Definition 1.3. However here we have interference
or spillover effects, so the reward for each node depends on the full arm vector assigned
to all nodes in the batch. The formal definition is given below. In the following we assume
that the interference effects are captured through the mean functions only, so we work
with .7, = {F, ) : k € WN}.

Definition 2.5 (STOCHASTIC BANDIT MODEL WITH INTERFERENCE). A stochastic ban-
dit model with interference is a repeated interaction between a learner and an environment where for a
batch I of N nodes,

fort=1,2,...,Tdo
the learner selects an arm vector Wy € WN for the batch
the environment generates potential reward vector Y¢ (k) ~ Ey k) forall k € wN
the learner observes only the realized outcome vector Yy = Y;(W;), and not any observations from

the counterfactual distribution Fy (%) for k # W;.

Interaction Protocol 3: Stochastic Bandit With Interference

We have the following information structure,

« Known or Observable to the Learner: The learner knows the set of arm vectors WX, time
horizon T and observes all actions and outcome vectors till time T, i.e., {(W;, Y;) } L,

« Known to the Environment: The environment knows the set of all counterfactual joint distri-
butions %, = {Fy(k) ke WN }, and observes what the learner observes.

In summary, at each time point ¢, the learner picks an arm vector Wy = (Wy,..., W) and
assigns these arms to all nodes in the batch Z. The environment then generates rewards
from .%,, which is unknown to the learner. The learner observes the reward vector Y; =
(Y1t ..., YNt), where Y = V(W) ~ Fuw)-
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In the Interference setting when the learner assigns an arm vector to a batch, and learns
regarding the outcomes, there are different approaches she can take. The most exhaustive
approach is when she tries all possible arm vectors k € WX. But this creates an enormous
arm vector space. In particular if YW = [K], then this is of size [WN| = KV, and this grows
exponentially with batch size N. For example, just for three arms, K = 3 and 10 nodes in
our running example in Section 2.1, full space contains 310 — 59,049 distinct arm vectors.
This makes the problem of learning the optimal arm vector intractable even for moderate

batch sizes.

However, in different situations, it is possible to restrict attention to some special arm
vectors that could give us near optimal (or sometimes even optimal) performance while
dramatically reducing the action space. We introduce two such restricted classes: global
one, in short G — 1 arm vectors, where all nodes receive the same treatment, and Cluster
One, in short C — 1 arm vectors, where treatments are uniform within clusters but may

vary across clusters. We give the definitions below,

Definition 2.6 (G — 1 & C — 1 ARM VECTORS). Consider a batchZ = {1,2,..., N} of nodes
and action set VW, and the batch T admits a partition into M disjoint clusters € = {C1,Ca,...,Cm}
such that UM, Cy = T and Cy NC,y = Dforallm # m', then we can define the following

G — 1 and C — 1 arm vectors,

* G — 1 arm vector: An arm vector k € WN is called a global one or G — 1 arm vector if all
nodes receive the same arm, i.e., there exists k € W such that k = k- 15 = (k,k, ..., k)’, where
1y denotes the N-dimensional vector of ones. For batch of size N, we will denote the G — 1 arm
vector corresponding to arm k as ky. The set of all G — 1 arm vectors is denoted by WS with
cardinality |WSt| = |W)|.

« C — 1 arm vector: Let Ny, = |Cy,| be the size of cluster m, so Z%Zl Ny, = N. With respect
to the clusters in €, an arm vector k € WN is called a cluster one or C — 1 arm vector if all
nodes in the cluster Cy, receive the same arm. Formally, if there exist arms KD k@, kM) ¢
W such that for all i € Cy,, we have k; = k(’”)for anym = 1,2,..., M, then C — 1 vector
can be written as, kyc—1 = (k(l) Ay, k2 . 1, 5 -on, k(M) . 1y,,) , where the clusters
are ordered according to some fixed indexing. The set of all C — 1 arm vectors is denoted by W*!
with cardinality |W°| = |W|M.

(

If we write kl\’;:n ) — k(m) . 1y, as a cluster specific uniform assignment, i.e., all nodes in

cluster m receive same arm k(™) € W, then we can write any C — 1 arm vector as ky c_1 =

(kg\}), k%), e, kg\,M) ). The vectors like kg\;”) can be thought of as cluster-specific G — 1 arm
1 2 M m

vectors of size N,,,.

C — 1 arm vectors can be quite useful. In particular, they dramatically reduce the size of
the action space. If the batch size is N and there are K arms, then the full action space has

size KN, while the G — 1 arm vector space has size K, and the C — 1 arm vector space has
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size KM where M is the number of clusters. When M < N, this is a significant reduction
in complexity, making it feasible to learn optimal or near-optimal arm vectors within these

restricted classes.

Below we give an example to illustrate the idea of G — 1 and C — 1 arm vectors using the

crime reduction example from Section 2.1.

Example 2.7 (G — 1 and C — 1 Arm Vectors for Policing on Crime Reduction). In the
example we have N = 10 neighborhoods partitioned into M = 3 clusters. The clusters
are C1 = {1,2,3,4,5},C, = {6,7,8}, and C3 = {9,10}, and we have K = 3 strategies. So
this gives |W8!| = 3 arm vectors which are called G — 1 arm vectors. Essentially these
are the vectors where all neighborhoods receive the same arm / strategy, we write them
as 119, 219, and 319, which means all neighborhoods get strategy 1, all neighborhoods get
strategy 2, and all neighborhoods get strategy 3 respectively.

The C — 1 arm vectors are the vectors where all neighborhoods in a cluster receive the
same strategy and there are W | = 3% = 27 such vectors. For example, one such C — 1

arm vector is ky c—11s (1,1,1,1,1,2,2,2,3,3), this means cluster 1 gets 1, cluster 2 gets
2, cluster 3 gets 3. Since clusters are ordered serially, in this case we have kg\}l) =15 for
cluster 1, kg\i) = 23 for cluster 2, and k%
uniform assignments or we can also say cluster-wise G — 1 arm vector. If we write

= 3, for cluster 3. These are cluster specific

concatenate them as a vector, we get the C — 1 vectoras kyc—1 = (15, 23, 32)".

a

Policy, Goal and Regret in the Presence of Interference

Now, we need to define the goal of the learner, policy function and regret in this setting.
Conceptually these are similar to the stochastic bandit setting without interference (see
Section 1.2.2). However, the difference is now we have interference, i.e., the reward for
each node Y;; depends on the full arm vector W; assigned to all nodes in the batch at time

period t, so some adjustments are needed.

The policy function here specifies how at each time ¢, the learner selects an arm vector
W; based on the history of all observed rewards and arm vectors up to time ¢t — 1. For-
mally, we can write this function as, 7y : (WN x YN )t_l — WX where  is the out-
come space for individual node rewards. This means the policy function takes a sequence
of random pairs (W1, Y1), (W2, Ya),...,(W;_1,Y;_1) as inputs and outputs an arm vector
W; € WX to be played at time t. The learner can also play a randomized policy where
s (WN x PN )til — P (WN), selecting from a distribution over possible arm vectors.
The complete policy for the learner will be denoted by 7T := {”t}thy which is the sequence
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of policy functions across all-time points that determines the learner’s strategy throughout

the interaction.

The goal of the learner is to devise a policy 7T such that it maximizes cumulative batch
sum of the expected reward on average (or in expectation), over the batch 7 and over the

horizon T. Writing the problem in our notation, the goal can be written as follows,

T
Y. ) ﬂi(Wt)] or equivalently,

t=1iel

T
ZP‘Z(Wt)] ,

t=1

Learner’s Problem: maximize E
T

(2.7)

maximize [E
7T

where we used a shorthand s (-) := Y;c7 pi(+) to denote the batch sum of the expected
rewards. So for any algorithm, we need to devise a policy 7T that selects a sequence of arm
vectors Wi, W,, ..., Wr such that it maximizes the total expected reward across all nodes

in the batch over the horizon T.

Now in the bandit setting we have an equivalent way to write this maximization problem,
which is known as minimizing regret. In this case the definition of regret is similar to the
Definition 1.7, which we defined without interference. But since now we have a batch
we need to define the best arm vector such that it maximizes the batch sum of expected
reward for all nodes in Z. The regret in this case is calculated against the best possible arm

vector in the full action space WY denoted by k*, where

k* = argmax Y _ (k) = argmax iz (k) (2.8)
keWN ieT kewN

In the following we define the standard regret under interference against this optimal arm
vector k*. However, since in the interference setting the action space WN is huge, finding
this optimal arm vector k* can become computationally very hard or intractable even for
moderate batch sizes and number of arms. Moreover, sometimes our policy or algorithm
will also restrict attention to special arm vectors like G — 1 or C — 1 arm vectors defined
in Definition 2.6, so we can also define regrets based on these special arm vectors. All
the regrets in the following are defined for the stochastic bandit model with interference

defined in Definition 2.5.
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Definition 2.8 (STANDARD REGRET UNDER INTERFERENCE).
Let k* = argmaxyyy~ px (k) be the optimal arm vector in WN. For a policy 7T = {m}]_; and an
environment %, the standard pseudo regret under interference of the learner is defined as,

T

T
Rr(Fp, TT) = ; (g — us(Wh)) = T x px(k*) — ;uz(wt), (2.9)

where y3, = px (k*) = maxcyy~ s (k) is the maximum batch sum of expected reward over all arm
vectors in WN. The regret is defined as E[R(Fy, TT)] where the expectation is over the randomness
in the policy 7T.

Now for the other notions of regret based on G — 1 and C — 1 arm vectors, before defining

regret, we first need to define the optimal G — 1 and C — 1 arm vectors as,

ky = argmax px, (kn) (2.10)
kNEng
ki c-1 = argmax px (knc-1) (2.11)
knc-1€W

where kY is the optimal G — 1 arm vector such that it maximizes the batch sum of expected
reward over all G — 1 arm vectors in Wé!. Similarly, N,c_1 is the optimal C — 1 arm vector
such that it maximizes the batch sum of expected reward over all C — 1 arm vectors in
Wel. With these two arm vectors now we can define two more regrets, which are easier to

optimize against since the action spaces are smaller.

Definition 2.9 (G — 1 AND C — 1 REGRET UNDER INTERFERENCE).

Let ki and ky; c_; be the optimal G — 1 and C — 1 arm vectors in the set WS and W respectively.
Forapolicy T = {m}L | and an environment 7, the G — 1 and C — 1 pseudo regrets under
interference for a learner are defined as,

T T
RE (Fy, TT) = ;1 (4 (k) — (W) = T x iz (k) — ; ps(W)  (212)
T
RE(Zu, T0) =Y (nx (ki co1) —ps(Wi) = T x px (ki c_1) — Y us(Wh) (2.13)

t=1

H.
Il
-

where ps. (kyy) = maxyc e iz (k) and ps (H\I,Cﬂ) = maxycyya pyx (k) are the maximum batch
sum of expected reward over all G — 1 arm vectors and over all C — 1 arm vectors in WS and W*°!
respectively. The G — 1 and C — 1 regrets are defined as lE[Rng (Fy, 70)] and B[RS (Fy, 7)) where
the expectation is taken over the randomness in the policy TtT.

With our motivating example, we now give example of the optimal G —1 and C — 1 arm

vectors.
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Example 2.10 (Optimal G — 1 and C — 1 Arm Vectors for Policing on Crime Reduc-
tion). In our running example of crime reduction in Section 2.1, following the linear-
in-means model eq. (2.1), with the parameters from the Table 2.1 and setting &; = 0, we
find the global optimal arm k* € WY to be,

k* = argmaxpuy(k) =(3,1,3,2,2,3,1,1,1, 1)/,
kewN
Note that, we write this as an optimal arm vector that maximizes reward. Since Y;; is a
percentage change in crime, negative is better, so this is a minimization problem since
police department wants to minimize crime. However, to keep the standard reward
maximization structure in bandit literature, we let —Y;; as the reward for node i at time
t. This helps us to keep the reward maximization structure, that is standard in bandit
literature. Then we can define y;(k) = —E[Y;;(k)] as the expected reward, which is
now the expected percentage reduction in crime, so if we have y;(k) > 0, this means on
average we have reduction in crime for neighborhood i when arm vector k is assigned.

Now calculating mean gives yuy = uyx(k*) = 25.74%.

This means if we could assign the arm vector k* to the 10 neighborhoods simultaneously,
then we can achieve percentage reduction in crime on an average by 25.74% and this is
the maximum possible expected reduction we can get in this setup. We can also calculate

the optimal G — 1 and C — 1 arm vectors along with their corresponding means. We find,

ky = argmax uy (ky) = (2,2,2,2,2,2,2,2,2,2)’
kNEng

= 210/

and this leads to py (k}) = 13.9%. Also,

k}k\] Cc-1— argmax ,142 (kN,Cfl) - (2/2/2/2/2/ 3/3/3/ 1/1 )/
! kn c_1€Wel N— =~ =

- (25/ 33/ 12)//

cluster 1  cluster 2 cluster 3

and this leads to yx (k}‘\,,CA) = 19%. So when it comes to assigning same arms to all
neighborhoods, the best we can do is to assign strategy 2, to all neighborhoods, which
gives us 13.9% overall reduction in crime. But if we consider cluster-wise uniform as-
signment, we can do better, by assigning strategy 2 to cluster 1, strategy 3 to cluster 2
and strategy 1 to cluster 3, which gives us 19% overall reduction in crime. So, in this case,

we can order the strategies, from most preferred to least preferred as, k* = k3, -_; = kj,
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and in terms of the sum of expected means, us > us (kT\I,C—l) > uy (k).

Note that, for N = 10, we have a relatively small network here. So for K = 3 arms,
when calculating the optimal arm vector, we could loop over all possible combinations
or arm vectors in the set WX, where there are |KN| = 310 = 59,049 number of vectors
or combinations. And then we find the optimal arm vector k*. For large network this

won’t be this easy. In this case the C — 1 optimal could be useful.

As discussed before, for finding C — 1 optimal arm vector, we only need to loop over

W€l = KM = 33 = 27 arm vectors, which is much smaller.

However, our problem is even simpler in this case. Recall that the the clustered inter-

ference assumption. This means we can find the optimal uniform arm assignment k%’z}*

for each cluster separately, and then combine the solution. This will reduce the search

space even further. In particular, for three clusters with three arms, we only need to loop
(m)

over M x K = 3 x 3 = 9 arm cluster level ky, ' arm vectors to find the optimal C — 1

arm vector. So in cluster 1 we will look for 3 arm vectors lg\}l), 2;52) , and 3;33) and find

kg\}l)* = Zél). Similarly for cluster 2, we find kﬁz) Y= 3&2). Finally for cluster 3, we find
the optimal uniform assignment kﬁs)* = 1£3).

Concatenating these three cluster-specific optimal uniform assignments will give us the

optimal C — 1 arm vector. So we write all these notations in detailed as

* 1)x% 2)x 3)x
Koot = [y e k]
= (25/33/ 12>/

(2,2,2,2,2,3,3,3, 1,1 )
S—— Y~ =

cluster1  cluster 2 cluster 3
This property, which we can summarize as - the optimal C — 1 arm vector can be constructed
by combining the optimal uniform assignments for each cluster separately or playing cluster level
optimal G — 1 assignments, e.g., k%n) separately. This is an important property for the C — 1
vectors and later we will see this plays an important role in the algorithm design for
C — M learner in Section 2.3.4.

a

K-Arm Linear-In-Means and No Switching Case

Starting from the running example in Section 2.1 we have been using the linear-In-means
(LIM) model, proposed by Manski (1993) to illustrate different concepts. In the literature

the two-arm setting, or more widely known as the treatment-control setup has been widely
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used in different areas, e.g., see Chin (2019), Leung (2022) for application related to inter-
ference and Bramoullé, Djebbari, and Fortin (2020) for general peer effects in networks. If
we have arm vector W; € {0, 1}N at time t, then following the two-arm LIM model, for

each node i € 7 the reward can be written as,

Yis(We) =i+ B-Wip +6 ) Aij- Wip +€is, (2.14)
jez

where W;; € {0,1} indicates whether node i is treated or not at time f, «; is the baseline
mean reward for unit i for no treatment, g is the direct effect parameter for the treatment
arm, and J is the interference effect parameter. The matrix A is typically the adjacency
matrix (could be also normalized adjacency matrix) of the network representing interfer-
ence structure among the nodes, i.e., the entry Al-]- indicates the connection between node
i and node j, assuming A;; = 0, i.e., no self loop. This makes the term ZjeI Ajj - Wj; to be
the number of treated neighbors of node i at time ¢ (if normalized then fraction of treated
neighbors). The error term €;; is assumed to be i.i.d. across nodes and time with mean
zero and some variance. The model is called linear-In-means (LIM) since it is linear in both
its own treatment and also in the interference effects coming from the neighbors. Note
that the basic version of the model assumes anonymous interference, i.e., the interference ef-
fect depends only on the number (or fraction) of treated neighbors, and not on the specific

identity of the neighbors.

Although this is a very well known model, existing works in the literature focuses only on
the two arm case. However, the multi-armed bandit settings typically involve more than
two arms, hence, in this work we extend this model to the K arm version which already we
used in the motivating example in Section 2.1 (where K = 3). This extension is relatively
straightforward, but we believe this is a minor yet novel contribution of this chapter as
well. In general, for a treatment vector W; € [K]N , the K arm LIM model can be written as

follows,

K K
Yii(Wh) =i+ Y B Wiy =k} + ) 0 ) Aij- I{W,; =k} +eip, (2.15)
k=1 k=1 jeZ

where following the same idea, now for each arm k, we have a direct effect parameter
Bx, and an interference effect parameter J. Now in this case term Y ;7 Ajj - L{W;; =
k} captures the number (or fraction) of neighbors or nodes that received arm k at time t.
Now assuming we only have mean level interference (see (i) of Remarks 2.4), then we can

further write the model as follows,

Yit(We) = pi(Wi) + €3, (2.16)
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K K
where, j;{(Wy) = a;+ Y_ B - M{W;, =k} + Y 6 Y Aij - 1{W; = k} (2.17)
k=1 k=1 jeI

where the error term €;; assumed to be independent across nodes and time. Finally, the

vector / matrix version of the model can be written as follows,

Yt (Wt) = 0{+Kt‘3+AKt5+€t (218)

where Y; is a vector of rewards at time t when arm vector W; is pulled, K; is N x K one-hot
encoding matrix'' of the treatment assignment W;. The vectors &« = (a1, a2, ..., ocN)', B =
(B1, B2, - .,ﬁK)’ and § = (41,6, .. .,51()', are N x 1 vector of baseline means, K x 1 vector
of direct effect parameters and K x 1 vector of spillover effect parameters, respectively.

Finally, €; is the error vector at time £.

Since in our example we assumed the adjacency matrix A is row-normalized, when the
learner assigns any G — 1 arm vector ky to any node i, the expected reward for i can be

easily calculated. In particular, we have,

& + By + Ok if ZjeIAijzl

a + P otherwise

pikn) = (2.19)

It’s important to note that this is only for G — 1 arm vectors and not in general.

We now explain a special situation for the optimal arm vectors in the LIM model, which
we call No-Optimal Switching (No-OS) case™. This is important in our study, since in this
setting, individual optimal vector for any node is same as the batch optimal vector k*,
moreover, this is same as the G — 1 optimal arm vector kj; and also he C — 1 optimal arm

. .
vector kN,C71/ ie.,

k* = argmax uy (k) = argmax y;(k) VieZ,
kewN kewN

also k" = ky = kyc 1

We explain this with an example below.

In matrix K¢, column goes from k = 1,2,..., K and each column contains indicators of whether each node
received treatment k at time ¢, i.e., the entry (i, k) of the matrix is 1 {Wi,t = k}. Note that this means each row
has only single 1, the rest of the positions are 0.

The complete characterization of the parameters with adjacency matrix requires a detailed analysis, which
we don’t do here, but keep for future investigation.
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Example 2.11 (No-OS Example in LIM Model). Consider the same setup of our running
example in Section 2.1, but now suppose we change the strategy set. Assume we have
three different strategies, which are installing surveillance cameras with different inten-
sity levels across the neighborhoods, i.e., strategy 1: high intensity surveillance, strategy
2: medium intensity surveillance and strategy 3: low intensity surveillance. Table 2.2 has the
parameters for this case. Here, the direct effect of surveillance cameras on neighborhood
i is - reducing crime in the neighborhood i, but if implemented in 7, then the interference
effect on j is also reducing crime in neighborhood j. So for each strategy k, both the direct ef-
fect By and the spillover effect 6 are negative, indicating reduction in crime. And what’s
important is, the higher the intensity of surveillance, the higher the reduction in crime

both directly and through spillover.

Arm / Action k Strategy k Direct Effect (By) Sp 1lloz/5e 1; Effect
k
1 High Surveil. —52% | ||| —62% | |||
2 Moderate Surveil. —3.0% | || —23% | ||
3 Low Surveil. -1.0% | | 0.0

Table 2.2: No optimal switching case for the policing strategies with their direct and
spillover effects. In this case, if strategy 1 is implemented in neighborhood i, then
neighborhood i experiences strongest decrease in crime (due to direct effect), and at the
same time neighboring area j # i also experience the strongest decrease in crime (due
to spillover effect).

In this case, if we take the same network structure of the neighborhoods as in Figure 2.2,
then for neighborhood 2, being an isolated node, the optimal arm is strategy-1, since it
has the highest direct effect. If we think in terms of the vector for this isolated node,
then the optimal G — 1 arm vector for this node is simply 1y, i.e., even if everyone gets

strategy-1, it doesn’t change anything since there are no neighbors.

Now, let’s look at any connected node, for example neighborhood 1. It has neighbors
3,4 and 5. Here we see also the optimal G — 1 arm vector for this node is 1y. This is
because, assigning strategy-1 to itself is optimal for the direct effect. But assigning this
same arm to the neighbors also gives the highest positive spillover effect, i.e., reduction
in crime from neighbors. So overall, assigning strategy-1 to everyone gives the highest

total expected reward for neighborhood 1.

So we are in a case when the optimal G — 1 arm vector for each node or neighborhood is

same, regardless of being isolated or not, and this is k3, = (1,1,1,1,1,1,1,1,1,1)". And
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this is also the optimal arm vector kx here and the optimal C — 1 arm vector ky -, as
well. We call this case No-Optimal Switching in the LIM model, where the G — 1 optimal
arm for each node does not switch depending on whether it has neighbors or not, or

what strategies the neighbors get.

a

So the No-OS is simply a special scenario in the LIM model, where the G — 1 optimal arm
vector switches for the isolated and connected nodes. Or in other words, if an arm k € W
is the optimal arm for an isolated node, then for any connected node in the batch, the arm
vector k - 1y (from the same arm) is also the optimal G — 1 arm vector. This vector is also

then optimal vector k* and also the C — 1 optimal arm vector k} ;.

In general, the optimal G — 1 arm vector may switch depending on whether the node is
isolated or connected™. We call this case Optimal Switching (OS) case. We already have
the example in the original setup in Table 2.1. There, what’s best for the isolated nodes or
neighborhoods is different from what’s best for the connected nodes. For example, think
about neighborhood 2 and 1 again. For neighborhood 2, being an isolated node, 1y is the
optimal arm vector (again what'’s assigned to the neighbors don’t matter for node 2 since

it’s isolated).

However, for neighborhood 1, since it’s connected to neighborhoods 3, 4 and 5, assigning
strategy 1 to itself and also to its neighbors cannot be G — 1 optimal, since this also gives
the highest negative spillover effects. In this case the G — 1 optimal arm vector for this
node is assigning strategy-3 to all the nodes, i.e., 3x. This is because by assigning strategy-
3 to its neighbors, neighborhood 1 gets zero spillover effect, which is better than negative

spillover effects from other strategies.

Since in this case the optimal G — 1 arm vector for an isolated node is different from the
connected nodes, we call this case Optimal Switching (OS) case. Note that in this case the
global optimal arm vector k*, for neighborhood 1 would be playing strategy-1 for itself

and then strategy-3 for its neighbors. So this is also different here.

The reason why No-OS case appears can be understood from looking at the parameters
in Table 2.2. Here we see that both direct and spillover effects are aligned in the same
direction, i.e., both reduce crime, and the ranking of the arms is the same for both direct
and spillover effects. So this means for any node, whether it has neighbors or not, the best
arm is always the same arm. However, if the parameters are such that direct and spillover
effects are not aligned in the same direction, e.g., one increases reward while the other

decreases reward, then we can have switching behavior as we explained before.

Although we explained the No-OS case in terms of G — 1 optimal arm vector switching, another way to look
at the case is to see whether the G — 1 optimal arm vector for any individual node is same as the batch G — 1
optimal arm vector. In the No-OS case this also holds, but in OS case as we explain it does not.
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Algorithms Under Interference

In this section, we extend the classic Thompson sampling algorithm, that we outlined in
Algorithm 1, to different batched setups where interference is possibly present. We pro-
pose four alternative algorithms (or we call learners) that extend Thompson sampling by
simplifying the action space and balancing exploration and exploitation tradeoff in differ-
ent ways. Depending on the underlying interference structure, these algorithms can help
us find the optimal or near-optimal arm vectors efficiently in different scenarios. The first
one is the direct batched extension of the classic Thompson sampling that ignores inter-
ference, we call this the identically and independently distributed (11D) learner. This is not a
novel idea per se, but we include this as a baseline algorithm to compare with the other
three algorithms that specifically leverage the interference structure. The other three algo-
rithms - global one arm (G — 1) learner, clustered one arm (C — 1) learner, and cluster multi-arm
(C — M) learner. These algorithms leverage the special arm vectors defined in Definition 2.6
and search for optimal arm vectors within the restricted action spaces. The key motivation
for us to develop the latter three algorithms is realizing that in many practical scenarios,
interference effects are often structured in a way that allows us to simplify the action space
without losing much in terms of performance. While the complete action space consists of
all possible arm vectors of size KN, which is computationally infeasible to explore for large
N, the G — 1 and C — 1 arm vectors provide a way to reduce this complexity significantly
and still help us to learn effective policies. Below we explain each of these algorithms in de-
tail with intuitions, outline them with the underlying assumptions and also give concrete

examples with Bernoulli and Gaussian rewards.

Identically and Independently Distributed or 11D Learner

We first discuss the direct batched version of the no interference Thompson sampling that
we call identically and independently distributed learner or 11D learner. This is a direct exten-
sion to a batch version that we outlined in Algorithm 1, which can be thought as the single
node / single unit setup where we have K parameters for K arms. If we extend this idea
directly to the interference setup where for K arms and N nodes we have KN arm vectors,
then we should have N x KV parameters. This is clearly becoming very large even for
moderate size of N and K. The idea of the IID learner is to ignore this complexity and
interference structure and learn K parameters for K arms just like the no interference case.

For IID learner we have the following assumptions,
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Assumption 2.12 (ASSUMPTIONS BEHIND [ID LEARNER).

* (A1) Independence: For any arm vector k € WY, the stochastic potential rewards for all node
i € 1 are independent, i.e.,

Yii(k) LYjs(k), VijeZandi#j (2.20)

* (A2) No Interference and No Heterogeneity: For any arm vector k € WX and any node
i € Z, the stochastic potential reward depends only on the arm assigned to that node i, i.e.,

Yir(ki ki) £ Yig(ki %oy) Vo ke WN (2.21)

where k; is the arm assigned to node i, k_; and %,i are the arms assigned to all other nodes

except node i. Here 2 means equality in distribution. Also the potential rewards for all node
i € T are identically distributed, i.e.,

Yi,t(k) ~F, Viel (2.22)

where Fy, is the potential reward distribution of arm k € V.

The assumption (A1) states that the stochastic potential reward of node i is independent of
the stochastic potential reward of any other node j in the batch for any arm vector k € WN.
The Assumption (A2) states two points, a) only the arm assigned to node i matters for i,
this is in fact no interference assumption, and b) the reward distributions are identical
across all nodes for each arm k € W. So the IID learner just ignores the complexity and
interference altogether and treats all units or nodes are identical and independent. We
give the following concrete example what does these assumptions mean with the running

example in Section 2.1.

Example 2.13. We recall that the reward distributions from the crime reduction example
in Section 2.1 are assumed to follow the linear-in-means model with interference effects,

ie.,

Yip=a;+B1-U{Wip =1} + Bo - I{W;, =2} + B3 - I{W;; = 3} +
10 10 10
61 Y A MWy =1} +6) A - 1{W;, =2} + 83 ) Ajj - I{W,; =3} + ¢4 (2.23)

Now, under the assumption (Al), the rewards are independent across the neighbor-
hoods, so €;; L €;; for any i # j. Under the assumption (A2), the interference effects
are nullified, i.e.,, 51 = d» = 3 = 0 and also all neighborhoods are identical, so we
can assume & = &; = a; forany i,j € Z and €;; ~ N(0,02) for alli € T, where ¢? is

some fixed constant. Now, with the Gaussian assumption on the error terms, the reward
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Algorithm 6: TS IID Learner (General Case)

1 Input: Z, W, T and 0(k), Yk € W

2 Initialize: 8 (k) = 0(k), Yk € W

3 fort=1,2,...,Tdo

4 fori c Z do

5 L sample pj (k) ~ ngfl(k), VkeWw

6 select W;; = argmaxy,, p; (k)

7 observe Yi; = Y;; (W), Vie T

8 update 91}(’() Vk cw // for each k using rewards from nodes play arm k

9 Output: W;, Y;, Vt € [T]

distribution for any neighborhood i at time f reduces to,

Y; (k) ~ N (pu(k),1) where u(k) = a + B fork =1,2,3 (2.24)

where (k) = E[Y; (k)] = a« + By is the mean reward for any neighborhood i when it is
assigned arm k. This is exactly the same as the regular stochastic bandit setup without
interference where we have K = 3 arms only and a batch of N = 10 identical and

independent neighborhoods arrive at each time period.

a

Under Assumption 2.12, the general procedure for the IID learner is outlined in Algo-
rithm 6. Compared to the no interference / single unit Thompson sampling (Algorithm 1),
it has similar steps that is - sampling, selection, arm pull and update - but the difference now
is, we have a batched setup. First at time t = 0, the learner starts with a time horizon T,
an arm set YW = {1,2,...,K}, and now additionally a batch Z of N nodes. She sets some
fixed values 61 (k), Yk € W to initialize the parameters. Now, at each time f, for each node i,
the learner first samples a random mean yj}(k) for each arm k € W from the prior ngfl(k)
that has been updated at end of time ¢t — 1. Then for each node, the learner selects the arm
with the highest sampled mean. After all selections, the learner is able to construct an arm
vector Wy = (Wy, Way, ..., Wy ¢)'. Then the learner pulls this arm vector for all nodes in
the batch, and observes the reward from all nodes, i.e., observes Y;; = Y ;(W;) foralli € Z.
Finally, she updates the shared prior parameter ;(k), (which is now posterior parameter)

for all arms based on the observed rewards from all nodes.

The general algorithm for the IID learner in Algorithm 6 doesn’t specify how to update
each time step, this actually depends on the distributional assumptions. However, what
makes it different from the single unit case, and also from other learners is that, here the

sampling will be done for all nodes independently but the updates for any arm k is pooled
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/ shared from all nodes since they are assumed to be identical. In this way, we have K
parameters to update only but simultaneously learning from N nodes. Below we give two
concrete examples when the reward distributions are Bernoulli and Gaussian respectively.
In both cases, the updates can be expressed in terms of cumulative rewards and cumulative
counts, denoted with S;(k) and n;(k) respectively. For each arm k, at the end of time ¢, the

cumulative reward and cumulative count updates are,

Sf(k) = 2 i]l{wi,s = k}Yi,s

N
= Si (k) + Y 1{W;, =k} Y3, (2.25)

mk) = Y Y 1{Wis =k}
() + LWy = k) (2.26)
i=1

So at the end of time ¢, sum of the rewards and counts are pooled from all the nodes in the
batch for all arm k € WW. We now give two examples of prior and posterior updates for the

IID learner Bernoulli and Gaussian.

Example 2.14 (TS - IID Learner with Bernoulli Rewards). Like single unit setup, for
Bernoulli rewards, the IID learner uses a Beta prior conjugate. The learner starts with
prior parameters @(k) and (k) for each k € W, and initializes parameter updates with
@o(k) = @(k), Bo(k) = B(k) and cumulative statistics with So(k) = 0, and ng(k) = 0.
At each round t = 1,2,...,T, for each node i € Z, the learner first samples p;(k) ~
Beta(a;_1(k), B;_1(k)) for all k € VW independently. Then for each node she selects Wi =
argmaxy, p; (k). She does these two steps independently for allnodes i € Z. After that
she observes rewards for all nodes, Y;; = Y;;(W;) for alli € Z. Then finally she updates
the cumulative statistics for each arm k € W recursively using the formula given in
eq. (2.25) and eq. (2.26). With this she also updates the posterior parameters for each
arm k € W using,

(2.27)

In practice, we can set &(k) = 1 and B(k) = 1 for all k € W, we have a uniform prior
Beta(1,1) for each arm. In this case, the posterior parameters simplify to ay(k) = 1+
Se(k),  Br(k) = 14 ni(k) — S (k).

a
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Example 2.15 (TS - IID Learner with Gaussian Rewards). For Gaussian rewards, the IID
learner uses a Gaussian prior conjugate. The learner starts with prior parameters (k)
and 2 (k) for each arm k € W, and initializes jip(k) = 7i(k), 03(k) = o2(k), So(k) = 0,
and ng(k) = 0. Ateachround t =1,2,...,T, for eachnode i € Z, the learner first samples
(k) ~ N (jis—1(k), 0%, (k)) for each arm k € W. Then it selects W;; = argmax;y, 11} (k)
for each unit i. After observing rewards Y;; = Y;;(W;) for all i € Z, the learner updates
the cumulative statistics for each arm k € WV recursively using eq. (2.25) and eq. (2.26),

and then updates the posterior parameters for each arm k € WV using,

~D . nt(k) 1 -1 an

#0) = (G +om) ™ oo,
- n(k) \ ~
i) = (S0 + Bl ) 720

Ifweseto?(k) = 1, ji(k) = 0,and ¢%(k) = 1 for all k € W, then the posterior parameters
St(k)
Vlt(tk)+l :

simplify to 07 (k) = m and ji; (k) =

a

We now discuss some important aspects of the IID learner in the following remark.
Remarks 2.16 (Discussion on TS IID Learner).

Sampling, Selection and Update: If we think what happens for each arm k € ¥ at each
time ¢, we see that each arm is sampled N times independently, each arm can be selected
multiple times (at max N times) for different nodes, and all arms will be updated based

on the pooled rewards from all nodes.

Eventually Reaching toa (G — 1) Arm Vector: Although initially IID learner will play com-
bination of different arms for different nodes, but eventually it will reachtoa G — 1 arm
vector by design. This is because of the Thompson sampling procedure, it starts with the
same selection probabilities, but the priors are updated based on the observed rewards
and like the single node case and eventually one arm will be played more often than
others. For a single node case the situation has been illustrated graphically in Chapter 1,
Figure 1.4 and Figure 1.5. So if runs long enough, the 11D learner will eventually play
the same arm for all nodes in the batch. However, in the optimal G — 1 sense this may

not be the optimal arm vector due to interference effects as we will discuss next.

Strength in No-Interference and No Switching Setup: The algorithm definitely has the most
strength in the no-interference setup. This is expected since the IID learner is designed

for this setup. In this case the node level best arm is also the global best arm vector, i.e.,
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if k is the best arm for any node i € Z, then ky; is the best arm vector for the whole batch
Z. So IID learner will eventually converge to this unanimous best arm vector. Also,
in the no-optimal-switching case, discussed in Example 2.11, even in the presence of
interference, the node level optimal arm is same as the global optimal arm vector when
all nodes get the same arm. Recall this is the case when optimal arm remains optimal
with or without interference (i.e., the interference doesn’t change which arm is best for
any unit), in this case as well, IID learner will converge to the correct quickly despite

the interference effects.

May be Misleading in the Presence of Interference: However, in the presence of interference,
the IID learner is not designed to do proper updates for the priors and may converge
to a suboptimal G — 1 arm vector. Let us illustrate this with an example. Assume the
learner selects arm 1 for node i and arm 2 for its neighbor j. Now due to interference
if node i’s reward becomes high because of the positive spillover effect from j receiving
arm 2, the learner will attribute the high reward entirely to arm 1, even though arm 1
may not yield high rewards on its own (i.e., without the interference from j). This may
lead to wrong conclusions. So in the interference setup, the 11D learner is not expected

to work properly in all settings.

a

So in summary, the IID Learner is a natural extension of the single unit Thompson sam-
pling algorithm to the batched setup. It works well in the no-interference setup and in
some interference settings, however it may not work in all interference settings due to
wrong updates. This motivates us to design other algorithms which can work in the pres-

ence of interference. We will discuss these algorithms next.

Global One Arm or G — 1 Learner

We already discussed that by construction in the presence of interference, the 11D learner
will attribute high or low rewards to wrong arms, and this may cause the convergence of
the algorithm to a suboptimal G — 1 arm vector. So, why not devise a policy such that it
finds the optimal G — 1 vector? This motivates our global one Arm Learner or in short we

say G — 1 learner.

G — 1 learner is a simple extension of the classical Thompson sampling algorithm to a
batched setup where at each time ¢ the learner assigns only one single arm k € WV to all
the nodes in the batch Z, or equivalently the learner pulls a G — 1 arm vector denoted
with ky € WE! for the whole batch, here kyy = k- 1y for some k € W. In the presence
of interference, this algorithm is designed to directly find the optimal G — 1 arm vector
without any wrong updates from interference effects. First, we introduce some notations.

Let Yi(kn) := & TN, Yi:(kn) be the batch average of rewards at time ¢ for arm vector
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Algorithm 7: TS G — 1 Learner (General Case)

1 Input: Z, W, T and 0(k), Vk € W

2 Initialize: 8 (k) = 0(k), Yk € W

3 fort=1,2,...,Tdo

4 sample 71} (k) ~ Q1) vk e W
5 select k' = argmax ., 71; (k)

6 set Wy =ky =k -1y

7 observe Yi; = Y;;(W;), Vie T

8 update Qt(k/) // for k' only using rewards from all nodes

9 Output: W;, Y;, Vt € [T]

ky, with the mean 7i(ky) := E [Yi(kn)] = & XN, ui(ky). This is the average of the
individual means p;(-) in the batch. The G — 1 learner directly put’s prior on this average
reward rather than the individual means. In the algorithm this prior / posterior is denoted
by ng(kN ) where 0; (ky) is the parameter of the prior updated at time ¢. We also use simply
k instead of ky since we only consider G — 1 arm vectors and both set WW$! and W have

same cardinality. We outline the general procedure for the G — 1 learner in Algorithm 7.

The G — 1 learner also has sampling, selection, arm pull and update steps like other Thompson
sampling algorithms. The learner starts with a time horizon T, an armset W =1,2,...,K,
a batch Z of N nodes, and initialization values 8(k) for the prior distributions of each
arm. At each round t, the learner draws only one sample 77;(k) from each arm’s prior
distribution QeAH(k) for all nodes. Based on these samples, the learner then selects the arm
with the largest sampled mean, denoted with k' = argmax,,,, 7i; (k). This selected arm is
then assigned to all nodes simultaneously, yielding a G — 1 arm vector W; = k" - 1 where
every node pulls the same arm k. After observing the rewards Y;; from all nodes in the
batch, the learner updates only the prior corresponding to the pulled arm k’. The priors
for arms that were not selected remain unchanged. Note that this contrasts with the IID

learner where all arm priors may be updated based on selections across nodes.

We can write the cumulative rewards and count updates for the G — 1 learner as follows.

Let k' € W be the selected arm after time ¢, then updates are,

t N
Si(K) = Y1 {We =K 14} Y.,
s=1 i=1

N
=S4 (K)+ W, =K' -1n} ) Vi (2.29)
i=1

t
(k) =Nx ) 1{W, =k -1y}
s=1

=m () +N-1{W; =k -1y} (2.30)
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Again, we give these two updates since both Gaussian and Bernoulli updates can be ex-
pressed in terms of these two statistics. Below, we give two concrete examples of prior and

posterior updates for the G — 1 learner with Bernoulli and Gaussian rewards respectively.

Example 2.17 (TS G — 1 Learner with Bernoulli Rewards). For Bernoulli rewards, the
G — 1 learner models the batch average reward using a Beta prior. Let p(ky) be the
mean of the batch average reward when the arm vector ky is played, i.e., p(ky) :=
E[Y;(ky)]. Note that while individual rewards follow Y; ;(ky) ~ Bernoulli(p;(ky)), the
batch average Y;(ky) is not Bernoulli. This is is one of the theoretical issues related to
the G — 1 learner, however, since p(ky) € [0, 1], we can use still Beta prior on the mean
of the batch average and assume approximately the underlying priors are close. We
write p(k) instead of p(ky) for simplicity since we only consider G — 1 arm vectors. The
learner starts with prior parameters (k) and B(k) for each arm k € W, and initializes
@o(k) = a(k), Bo(k) = B(k), So(k) = 0, and ng(k) = 0. Ateachround t = 1,2,..., T, the
learner first samples p}(k) ~ Beta(®;_1(k), Bi_1(k)) for each arm k € W. Then it selects
k' = argmax,.,, 7;(k) and sets the arm vector W; = k" -1y. After observing rewards
Yi; = Yi;(W;) for all i € Z, the learner updates the cumulative statistics only for the
played arm k’ using the cumulative statistics in their recursive forms in eq. (2.29) and

eq. (2.30), and then updates the posterior parameters for the played arm k’ using,

t(K') = &(K') + S¢(k") and

(2.31)
(K') +n (k') — Si(K)

= 2
~

I

™

Note that, this is same as the updates for the TS IID learner in Example 2.14, but now
the updates are only for the played arm k'.

a

Example 2.18 (TS G — 1 Learner with Gaussian Rewards). For Gaussian rewards, the
G — 1 learner models the batch average reward using a Gaussian prior. Let the batch
average reward follows Y;(ky) ~ N (7(ky), 7% (kn)), where o2 (ky) is the known vari-
ance of the batch average, i.e., 71(ky) := E[Y;(ky)]. Note that 02(ky) incorporates
any within-batch correlations arising from interference effects, however in almost all
of our examples we will assume interference only affects the mean and not the vari-
ance so we can write Ez(k). For the mean, although there are interference effects, but
we write 7i(k), to simplify the notation since we only consider G-1 arm vectors. The
learner starts with prior parameters ji(k) and 2 (k) for each arm k € W, and initializes
fio(k) = ji(k), 03(k) = 0*(k), So(k) = 0, and ng(k) = 0. Ateachround t = 1,2,...,T,
the learner first samples i} (k) ~ N (ji;—1(k),5? ;(k)) for each arm k € W. Then it selects
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k' = argmax., #;(k) and sets the arm vector W; = k" - 1x. After observing rewards
Yir = Y;1(W;) for all i € Z, the learner updates the cumulative statistics only for the
played arm k' using eq. (2.29) and eq. (2.30), and then updates the posterior parameters
for the played arm k' using,

o nt (k' -
ot (k') = ( t(iz(?{//)N + 5221(,)) and
(k') = (Stogf&l/)N + gz((kk//))> ()

(2.32)

If we assume interference only affects the mean, e.g., in the linear-in-means model, the
error terms are independent across nodes and each node has variance (k) for arm k,
then the variance of the batch average is 72(k) = o2(k)/N. In this case, the posterior

parameters simplify to

~ / n k/ o
o7 (k') = <U§((k/)) + 7722k/)> and (2.33)
) = (e * ey ) 70

Note that this is the same as the TS I1D learner’s update in Example 2.15, except in this

case the updates are only for the played arm k'.

a

Some important aspects of the TS G — 1 Learner are discussed in the following remarks.
Remarks 2.19 (Discussion on TS G — 1 Learner).

Sampling, Selection and Update: Perhaps a simple way to understand the G — 1 learner is,
Vk € W, at every time period ¢, the G — 1 learner samples one random mean following
ﬁ; (k) ~ Qé\ffl(k) for all nodes, i.e., each arm is sampled once. Then for all nodes selection
is done with k' = arg maxcyy 7;(k) and the learner assigns W; = k" -1y. So for each
arm, sampling is done once, and then all nodes gets that arm. Finally, after observing
the rewards from all nodes, the learner updates only the played arm k' (since only that

arm has been played). This is in sharp contrast to the 11D learner.

Eventually Reaching to Optimal G — 1 Arm Vector: Since only one arm will be played for
all nodes at each time t, eventually the priors will be around a single arm which is the
best in terms of the batch average i(ky). So the algorithm is designed to find the arm
vector kn which has the highest batch average mean ji(ky). So if we ran the algorithm

long enough, it will eventually find the optimal G — 1 arm vector.
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Strength in Different Interference Structure: The strength of the G — 1 learner is, in general
this can be applied to wide variety of interference setting, since we are looking for the
optimal G — 1 arm vector. So if there is an optimal G — 1 arm vector, this learner will
find it. It does not require any additional assumption or information about how the
nodes interfere with each other. Also in the no optimal switching case discussed in
Example 2.11, the G — 1 learner will find the global optimal arm vector. This is because
the global optimal arm vector is also the optimal G — 1 arm vector in this case. However,

it will suffer for high initial regret as we will discuss next.

Disadvantage of High Starting Regret: Because at each time t, only one arm is played for
all nodes, the G — 1 learner has low exploration capability per time period but high
exploitation. So initially the G — 1 learner suffers high starting regret. This happens
because, if the pulled arm is not the best arm, for the whole batch the regret will be high
because we are summing on individual regrets. This is in contrast to the IID learner
where different arms can be played for different nodes at each time ¢, which helps to

have low starting regret.

Theoretical Issues Related to Prior-Posterior: There is a theoretical issue regarding the prior-
posterior setup of the G — 1 learner. This came in the discussion of Example 2.17, that
is we are placing direct prior assumption on the mean ji(ky), this is the mean of the
batch average reward Y;(ky). For example, we are assuming whether this mean is Beta
distributed or Gaussian distributed depending on the reward distribution. However, in
practice this may not happen if we start from node level or individual level, e.g., average
of Bernoulli random variables (possibly dependent) is not Bernoulli distributed. So ap-
plying Beta-Bernoulli relationship directly on the batch average is not straightforward.
However, the algorithm can be seen as an approximation of the unknown theoretical

setup that we have underneath.

"

Clustered One Arm or C — 1 Learner

So far we talked about two algorithms, which in terms of sampling and arm selections are
at two extremes. At one extreme is the IID learner, where at each time f, for each unit
(node) the learner individually samples and selects arms. At the other extreme is the G — 1
learner, where at each time ¢, for all N nodes, the learner jointly samples and selects the
same arm for all nodes in the batch. We now propose a novel algorithm which is somewhat
in-between of these two extremes, which we call the Clustered One arm learner or in short
the C — 1 learner.

The C — 1 learner is based on the assumption that the nodes are partitioned into clusters.

We already defined the details in Definition 2.3., however, we repeat the setup here for com-
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pleteness. In particular, we assumed that the nodes in Z can be partitioned into M disjoint
clusters ¢ = {Cy,Cy,...,Cm} such that U%ﬂ Chn=Z and C,NC, = @forallm # m'.
Also let N, = |Cyy| be the number of nodes in cluster C,, then we have Z%ﬂ N, = N.
Note that, this allows us to define C — 1 arm vectors (see Definition 2.6), where the same
arm is assigned to all nodes within a cluster, but different clusters can receive different

arms.

The goal of the C — 1 learner is same as the G — 1 learner, that is to find the optimal G — 1
arm vector. However, the C — 1 learner leverages the cluster structure to improve explo-
ration and learning. In particular, C — 1 learner assumes that the clusters are informative

about the batch average means. We formalize these assumptions in Assumption 2.20.

Assumption 2.20 (ASSUMPTIONS FOR CLUSTERED LEARNERS).

« (C1) Cluster Mean Equality: For any arm vector ky € WY, the average of the node means in
the cluster is the same as average of node means for the batch i.e.,

o (kn) = H(ky)  Vm € [M] (2.34)

where fi,, (kn) = §- Liec, #i (kn) and fi(kn) = 3 T pi (kn).
¢ (C2) Cluster Mean Sufficiency: For any cluster Cy,, the cluster average mean for cluster spe-

cific vector ky,, € WNn is sufficient to learn about the cluster average mean for the correspond-
ing G — 1 arm vector kn € WN e,

o (kN) = Hy, (KN, ®) (2.35)

where o indicates that the arms for nodes outside cluster Cy, can be arbitrary any vector of size
N — Ny

The first assumption, cluster mean equality simply says that if we play arm k € )V for all
N units in the batch, i.e., play arm vector ky, then average mean of any cluster is same as
the batch average mean. This assumption allows us to use the rewards from any cluster to
learn about the batch.

The second assumption, cluster mean sufficiency says that we don’t have to play the same
arm for all nodes in the batch to calculate 7,,(-), rather for any cluster C,,, we can only
focus on the nodes in that cluster and focus on arm vectors like ky, = k -1y, for some
k € W, which means playing the same arm k for all nodes in that cluster. So this also
means, the arms played outside that cluster doesn’t matter. In other words, under this
assumption, the cluster average mean when all N units in the batch play the same arm k,
will be same as the cluster average mean when only the nodes in that cluster play arm k,

and the nodes outside that cluster can play any arbitrary arms.

Note that, cluster mean sufficiency directly holds in the clustered interference structure in
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Algorithm 8: TS C — 1 Learner (General Case)

1 Input: Z, T, W, {Cin } e M)/ 0(k), vk e W
2 Initialize: 6y(k) = 0(k), Vk € W

3 fort=1,2,...,Tdo

4 form=1,2,...,Mdo

5 sample 71} (k) ~ Q10 Wk e W
6 select k(") = argmax; ., 7} (k)
7 set WCm,t = k(m) '1Nm // here kEN”;j =k 1y,

8 observe Yj; = Y;;(W;),Vie L

9 update 0; (k P Vk ew // for each k using rewards from nodes play arm k
t

10 Output: W;, Y; Vt € [T]

Definition 2.3. The clustered interference means that the interference effects are contained
within clusters. In our setting, this means that for each node i € C,, the interference
exists only from nodes within the same cluster C,,. So if we assume that the interference
is present through the mean functions y;(-), then for i € C,, clustered interference implies
(see Remarks 2.4),

Hi (kNm’k*Cm) = Hi (kNm’fié*Cm> for all kfcm’fic/*cm < WN_NmI (236)

where ky, € WNn is the arm vector for nodes in cluster C,, and k_¢, € WN~Nw and
E—Cm € WN-Nu are arbitrary arm vectors for nodes outside cluster C,,. This means, in the
presence of mean level clustered interference, if all nodes in cluster C;, play the same arm
k € W, ie., play arm vector ky, = k- 1y, then for any i € C,,, the mean y;(-) does not
depend on the arms played by nodes outside C,,. Now, since this holds for any node, this

also holds for the average, so for any cluster C,,, we have,

ﬁm(kN> = ﬁm (kNm’ k_cm) = ﬁm <kNm’i€/_Cm> fOr al] k_Cm”ic/_Cm € WN?Nm (2'37)

This allows us to have,

H(kN) = Hy, (K, @) (2.38)

We will see that the learner will only play arm vectors ky,, for cluster C,, in the procedure.

We outline the procedure for the C — 1 learner in Algorithm 8.

The basic steps of the algorithm are mixture of IID and G — 1 learner. The learner
starts with a time horizon T, an arm set W = 1,2,...,K, a batch Z of N nodes parti-

tioned into M clusters {C,, }M_,, and initialization values (k) for the prior distributions of



72

each arm. At each round ¢, for each cluster C,, the learner draws a sample ﬁ;(k) from

each arm’s prior distribution ng—l(k).

Based on these samples, again for each cluster
C separately, the learner selects the arm with the largest sampled mean, denoted with
k) = argmax,, fi; (k). If you compare this with the IID learner, here the sampling is
done similarly. For the IID learner the learner samples for each node separately, whereas
here, it is done for each cluster separately. This gives in total of M samples for each arm.
The selection step is also similar, for the IID learner selection has been done node-wise,

but here, it is done cluster-wise. So again M times an arm k can be selected.

Next, the learner assigns the selected arm k(M) to all nodes in cluster Cyy, i.e., We, i = k(m) .

1y,

Finally, the learner can pull the arm W; = (We, 1, We, 4, - . ., W, +) and observe the rewards
Y;; from all nodes in the batch. After observing the rewards, the learner updates the prior
parameters for all arms based on the observed rewards from all nodes with Y;; = Y; ;(W;)
for all i € Z. The updates are similar to the IID learner. In particular all arms will be
updated. But the difference is here the update for any arm k is done by pooling the rewards

from all clusters that plat arm k, not all nodes.

For any arm k € WV the cumulative rewards and count updates for the C — 1 learner after

time ¢ are given as follows.

Si(k) = i ﬁ 1{We, s =k-1n,} Z Yis

s=1m=1 i€Cy
M
=Sia(k)+ Y 1{We,, =k-1n,} ) Vi (2.39)
m=1 ieCy,
t M
ne(k) =Y Y 1 {We, s =k-1n,} - Nu
s=1m=1
M
=i (k)+ Y 1{W,, =k-1n,} - Nu (2.40)
m=1

Below we give two concrete examples of prior and posterior updates for the TS C — 1

learner with Bernoulli and Gaussian rewards respectively.

Example 2.21 (TS C — 1 Learner with Bernoulli Rewards). Like the other Bernoulli
case, for Bernoulli rewards, the C — 1 learner uses Beta prior. In terms of the prior
assumptions this is similar to the TS G — 1 learner, but now sampling is done at the
cluster level. The learner starts with prior parameters & (k) and (k) for all arm k € W,
and initializes @(k) = ®(k), Bo(k) = B(k), So(k) = 0, and ng(k) = 0. At each
round t = 1,2,...,T, the learner now proceeds cluster by cluster. For each cluster
m, it first samples Pl(k) ~ Beta(d;_1(k), B;_1(k)) for each arm k € W. Then it se-
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lects k(™) = argmax;.cy, py (k) for cluster C,,. These two steps are done for all clusters
m=1,2,..., M. After she has selected arms for all clusters, the learner sets the arm vec-
tor W; such that W;; = k(™) for all units i € C,,. Then she observes rewards Yir = Yi(Wp)
foralli € 7, and finally updates the cumulative statistics for all arms but using the recur-
sive version of the cluster-wise updates in eq. (2.39) and eq. (2.40), and then updates the

posterior parameters for all arms k € V using,

(2.41)

a

Example 2.22 (TS C — 1 Learner with Gaussian Rewards). For Gaussian rewards, the
C — 1 learner uses Gaussian prior. The learner starts with prior parameters 7i(k) and
02 (k) for each arm k € W, and initializes 7o (k) = ji(k), 03 (k) = 02(k), So(k) = 0, and
no(k) = 0. Ateach round t = 1,2,...,T, the learner now proceeds cluster by cluster.
For each cluster m, it first samples 7;(k) ~ N (fi;_1(k),0? {(k)) for each arm k € W.
Then it selects k(") = argmax,,, fi; (k) for cluster C,. These two steps are done for all
clusters m = 1,2,..., M. After she has selected arms for all clusters, the learner sets
the arm vector W; such that W;; = k(") for all units i € C,,. Then she observes rewards
Yi: = Yi(W;) for all i € 7, and finally updates the cumulative statistics for all arms but
using cluster-wise updates in eq. (2.39) and eq. (2.40), and then updates the posterior

parameters for all arms k € W using,

(2.42)

a

Note that in both examples, the updates have the same form as the IID (given in eq. (2.27)
and eq. (2.28)), and G — 1 learners (given in eq. (2.31) and eq. (2.33)). However unlike the
G —1learners, C — 1 learners update all arms at every round and unlike the IID learners,
here the cumulative statistics are aggregated at the cluster level. We now discuss some

important aspects of the TS C — 1 learner in Remarks 2.23.
Remarks 2.23 (Discussion on TS C — 1 Learner).

Sampling, Selection and Update: The C — 1 learner falls in between the IID and G — 1
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learner. In terms of sampling this is similar to the 11D learner, difference is here for each
arm k € W, sampling is done M times (once for each cluster) rather than N. Selection
is also similar, same arm can be selected for multiple times, maximum M. In terms of
setting the arms to nodes, this is similar to G — 1 learner, difference is here the same arm
is set only within a cluster rather than for all nodes. Update is also similar to IID learner,

all arms are updated at each time ¢.

Generalizes both 11D and G — 1 Learners: It generalizes both the IID and G — 1 learners
as special cases. In particular, if we set M = N (i.e., each cluster has one node), then the
C — 1 learner reduces to the IID learner. On the other hand, if we set M = 1 (i.e., all

nodes belong to a single cluster), then the C — 1 learner reduces to the G — 1 learner.

Eventually Reaching to Optimal G — 1 Arm Vector: This is same as the G — 1 learner, but
initially the exploration is better than the G — 1 learner since different clusters can play
different arms at each time t, and this is why suffers less starting regret than the G — 1

learner (we explain this more below).

Strength of Interference Structure, Particularly Clustered Interference: The C — 1 learner is
motivated from the idea that the strength of interference decays or vanishes outside the cluster.
As we explained this known as clustered interference. By playing a C — 1 arm vectors,
we can explore multiple G — 1 arms at the same time in different clusters and under
Assumption 2.20, learn the optimal G — 1 arm vector. So this algorithm is particularly

useful when the interference is clustered.

Solves High Starting Regret and Misleading Updates Issues: Since the C — 1 learner has better
exploration than the G — 1, this gives some advantage that it doesn’t suffer from the high
starting regret like the G — 1 learner, since it will explore all arms in different clusters at
the beginning. Also, if we compare this to IID learner then, given that clustering can
properly capture the interference structure, it won’t suffer from misleading updates like

IID learner. So it can be good choice when the interference is clustered.

Requires Information about Clustering: One of the limitations of the C — 1 Learner is it
requires the information regarding clusters, in particulars clusters related to the interfer-
ence structure. In other words, to properly run the C — 1 learner, we need to know the
clusters such that the interference is mostly contained within clusters. In practice, we of-
ten don’t have enough information about the interference structure in the environment,
so this creates a challenge in applying the C — 1 learner. In this case the algorithm suffers
misleading updates from interfering units outside the cluster. In practice, it is possible
to use any off the shelf clustering techniques (e.g., K-means, hierarchical clustering etc.)
based on some other variables related to the nodes. And perhaps also possible to cor-

rect the clusters over time based on the observed rewards. However, we think these are
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beyond the scope of this work and we leave these for future research.

a

Clustered Multi Arm or C — M Learner

The G — 1 and C — 1 learners both aim to find the optimal G — 1 arm vector. This suggests
when our target is to minimize the G — 1 regret, these learners or algorithms are reasonable
to run. However, when the global optimal arm vector is not a G — 1 arm vector, we can
do better by exploring in a different action space. As we discussed in Section 2.2.3 the best
solution is to find k* = argmax; .\~ Y ic7 Hi(k). However, in many practical scenarios,
in general finding this optimal arm vector can be computationally very expensive since
the action space WY grows exponentially with N. We now propose an algorithm which
finds the best C — 1 arm vector defined in Definition 2.6 assuming clustered interference
structure for a given partition of units in ¥ = {C;,...,Cp}. We call this algorithm the
Clustered Multi Arm Learner or C — M Learner. The idea is for each cluster the learner will
find the best uniform assignment for that cluster, and then combine these cluster-specific
uniform assignments to form a C — 1 arm vector for the whole batch. Recall that the C — 1

optimal arm vector for a given partition ¢, is defined as,

Kiyc 1 = argmax Y uilkn,c-1)

knc-1 ewdict

where W is the set of all C — 1 arm vectors. We showed a detailed example of C — 1
arm vectors and the optimal C — 1 arm vector in Example 2.7 and Example 2.10 with our
motivating crime reduction scenario and in that case for three clusters the optimal C — 1

arm vector is given by,

Kycq=(22...,2,33...,311..,1)
’ S— —— ——

Nj times N, times Nj times

Now when we have clustered interference structure the optimal C — 1 arm vector can be

written in terms of cluster-specific uniform optimal assignments as follows,

* 1)* 2)% M) *
knc1= (kz(\rl) ,k§vz> ,..-,kg\]M) )/ (2.43)
where for example kﬁl)* is the optimal uniform arm vector for cluster C; of cluster size Nj.
Simply put, eq. (2.43) says - for each cluster if we find the best uniform arm assignments
of size Ny, then combining these cluster-specific uniform assignments will give us the
optimal C — 1 arm vector for the whole batch. Note that this only happens under the

clustered interference structure (see example Example 2.10), otherwise this may not hold.
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Algorithm 9: TS C — M Learner (General Case)

1 Input: Z, T, W, {Cin } e M)/ Om(k), ¥Ym € [M] and Vk € W
2 Initialize: 0,,0(k) = 0,,(k), Vim € [M] and Yk € W

3 fort=1,2,...,Tdo

4 form=1,2,...,Mdo

5 sample 7;, (k) ~ Qi1 k) vk € W
6 select k") = argmax;, 71}, , (k)
7 set WCm,t = k(m) . 1Nm // here kx:lyj =k 1y,

8 observe Y;; = Y;(W;),Vie T
9 form=1,2,...,Mdo

m,t // only for played arm in C, using rewards from C,
10 update 6, ; (k(") / only for played arm k(™ in C ds from C

11 Output: W;, Y; Vt € [T]

The C — M learner will try to exploit this structure to find the optimal C — 1 arm vector.
The only assumption for the C — M learner is that the interference is clustered as defined

in Definition 2.3. We outline the procedure for the C — M learner in Algorithm 9.

Clustered interference assumption allows us to focus on cluster specific distributions. In
particular, let ?m,t(kNm) be the cluster average reward for cluster C,, at time t when all
units in the cluster is assigned to arm k (or we can write ky;,,). At the distributional level
now we have Y, (kn,) ~ Fy (k. ), Where 77, (ky,,) is the mean of the cluster. The C — M
learner places priors on this mean 7, (ky,, ) for each cluster C,, and updates this prior
based on the observed rewards from the nodes only belong that cluster. We denote the
cluster-specific prior for cluster m and arm k with ngrf(k), where 8, (k) is the parameter

updated at time .

The learner shares the similar steps like the other learners, but differs overall since we
have M separate learners for M clusters now. The learner starts with a time horizon T, an
armset W = {1,2,...,K}, abatch Z of N nodes partitioned into M clusters {Cm}%:y and
crucially, cluster-specific initialization values 8,,(k) for the prior distributions of each arm
k in each cluster m. This means the learner maintains M x K separate prior distributions,

one for each cluster-arm pair, rather than K shared priors as the previous learners.

At each round t, for each cluster Cy,, the learner draws a cluster specific sample 7, , (k)
from the cluster’s own prior distribution anf/ffl(k) for each arm k € W. Based on these
cluster-specific samples, the learner selects the arm with the largest sampled mean for that
particular cluster, k(") = argmaxjyy ﬁ:ﬂ/t (k). The selected arm is then assigned to all nodes
within cluster C,,. This is the similar to G — 1 learner but now, for each cluster we have a

separate G — 1 learner.
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After one arm gets selected for each cluster, the learner forms We, , = k(") -1y , and finally
she pulls the arm vector Wy = (W¢, 1, We, 1, . .., We,,+), and observe the rewards Y;; from
all nodes in the batch. After observing rewards Y;; from all nodes in the batch, the learner
updates only the prior corresponding to the played arm for each cluster. Specifically, for cluster
Cy, that played arm k("™), only the parameter §m,t (k™)) is updated using the rewards from
nodes in C;;,. The priors for arms not played in that cluster remain unchanged. This is a key
distinction from the C — 1 learner, where the C — 1 learner updates all arms (pooled across

clusters), and also similar to the G — 1 learner, where only the played arm is updated.

Since now we have M learners (rather than one learner) for M clusters, the cumulative
rewards and cumulative counts should be computed separately for each learner. So after
time ¢, for cluster C,, the cumulative rewards and counts for played arm k(m) e W are

given as follows,

¢
St (KM)) = Y {We, s = K 1y} Y Yis
s=1

ieCy
= St (k™) + Y Vi, (2.44)
i€Cy

t
nm;t(k(m)> = ZH{WCVH/S = k(M) ’ ]‘Nm}Nm
s=1

= i1 (') 4+ Ny, (2.45)

Below we give the details for the Bernoulli and Gaussian rewards case for the (C — M)

Learner. The details are mixture of G — 1 and C — 1 learners.

Example 2.24 (TS C — M Learner with Bernoulli Rewards). For Bernoulli rewards, the
C — M learner models the cluster-level average reward using a Beta prior. In terms of
the prior assumptions this is similar to the G — 1 learner, but now placed for each cluster
separately. Let p, (kn,,) := E[Ym(ky,,)]- Similar to G — 1, assume p,,(ky,) € [0,1]
follows a Beta prior. From here, we again write p,, (k) instead of p,,(ky;, ) for simplicity
since the cluster uniform assignments ky,, can be indexed by k € W. The learner starts
with prior parameters &, (k) and B, (k), for each cluster m € [M], for each arm k € W,
and initializes &, 0(k) = &m(k), Bmo(k) = Bum(k), Smo(k) = 0, and n,,0(k) = 0 for all
clusters m € {1,...,M}. Ateachround t = 1,2,...,T, the learner proceeds cluster by
cluster. For each cluster m, it first samples P, ,(k) ~ Beta(@,;1(k), Bmi—1(k)) for each
arm k € W. Then it selects k™) = argmax;_y,, Pyt (k) for cluster Cyy. After selecting
arms for all clusters, the learner sets the arm vector W; such that W; ; = k(™) for all units
i € Cy. After observing rewards Y;; = Y;;(W;) for all i € Z, the learner updates the
cumulative statistics for all arms using eq. (2.44) and eq. (2.45), and then updates the

posterior parameters only for the chosen arm k(™) in each cluster m € {1,..., M} using,
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T (k) 4 8, (k™)) and
:gm (k(m)) + ”m,t(k(m)) - Sm,t(k(m))-

am’t(k(m))
B (k)

(2.46)

Note that similar to the G — 1 learner, the C — M learner only updates the played arm
for each cluster, and definitely this is different from the C — 1 learner which updates all

arms at each round.

a

Example 2.25 (TS C — M Learner with Gaussian Rewards). For Gaussian rewards,
the C — M learner models the cluster-level average reward using a Gaussian prior.
Let 7,,(ky,) := E[Ym:(kn,)]- The cluster average reward follows Y +(ky,) ~
N (7, (kn,,), 7% (ky,,)), where 72, (ky,,) is the known variance of the cluster average.
Similar to the G — 1 case, we assume interference only affects the mean and not the vari-
ance. We write 7,, (k) and 0% (k) instead of 7, (ky,,) and 7% (ky,,) for simpler notation.
The learner starts with prior parameters i, (k) and 72 (k) for each arm k € W, and ini-
tializes iy, 0(k) = pim(k), 331,0(k) = 02,(k), Smo(k) = 0, and n,,o(k) = 0 for all clusters
m € {1,...,M}. Ateachround t = 1,2,..., T, the learner proceeds cluster by cluster.
For each cluster m, it first samples 7i,,, (k) ~ N (Fim,t—1 (k),ﬁ%,tfl (k)) for each arm k € W.
Then it selects k(™) = argmax; .y fi,,, , (k) for cluster Cy,. After selecting arms for all clus-
ters, the learner sets the arm vector W; such that W;; = k(™) for all units i € Cp,. After
observing rewards Y;; = Y;;(W;) for all i € Z, the learner updates the cumulative statis-
tics for arm k(") that is played for the cluster C,, at time ¢ using eq. (2.44) and eq. (2.45),

and then updates the posterior parameters for arm k(") € W using,

(m) -
(AT;%Lt(k(m)) = <nm’t(k ) + 1(m))> and

(k) " Tk
(2.47)

a

Below we discuss some important aspects of the TS C — M learner in Remarks 2.26.
Remarks 2.26 (Discussion on TS C — M Learner).

Sampling, Selection and Update: The C — M learner can be seen as running M separate
G — 1 learners, one for each cluster. In terms of sampling, selection and update this
exactly like the G — 1 learner, difference is here everything is done M times (one for

each cluster). So number of parameters to be learned is M x K rather than Kin G — 1
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(or C — 1) learner. This makes this learner a little less efficient than the G — 1 learner,
however we aim to find the optimal C — 1 arm vector which is a combination arm vector
and in general setting can give higher reward for the batch sum than the optimal G — 1

arm vector (we illustrated this with our motivating example in Example 2.10).

Eventually Reaching to C — 1 Arm Vector: Since the C — M learner is running M separate
G — 1 learners, for each cluster the algorithm will find the cluster-wise best uniform
assignment. So eventually the learner will find a C — 1 arm vector and if the interference

is clustered, this will be the optimal C — 1 arm vector.

Finds Optimal C — 1 Arm Vector Under Clustered Interference: Since we have K arms and
M clusters, the total number of C — 1 arm vectors is KM. So we could loop over all KM
possible C — 1 arm vectors to find the optimal C — 1 arm vector, this is how we defined
the C — 1 optimal arm vector in Definition 2.6. However, under clustered interference
we could go for each cluster separately and this would reduce the search space from KM
to M x K, since for each cluster we only need to find the best arm from K cluster-wise
uniform assignments. The C — M learner exploits this structure to find the optimal C —1

arm vector efficiently.

Required Knowledge of Clusters: Like the C — 1 learner, the key limitation of the C — M
learner is it requires the information regarding clusters, in particulars clusters related
to the interference structure. In other words, to properly run the C — M learner, we
need to know the clusters such that the interference is mostly contained within clusters.
However as we discussed in Remarks 2.23, in practice, we often don’t have enough
information about the clustered interference structure but it is possible to use any off the

shelf clustering techniques.

No Advantage for G — 1 Optimal: If the G — 1 optimal and C — 1 optimal vectors are same,
then running the C — M learner will not give any advantage over the G — 1 learner and
in fact will be less efficient due to more parameters to learn. This is the case in IID
interference setup in Assumption 2.12 or for the no optimal switching case, discussed in

example Example 2.11.

"

Bayesian Bandit with Interference &
Bayesian Regret Analysis

In this section we first define the Bayesian bandit model and Bayesian regret under inter-
ference, and then do the Bayesian regret analysis for the G — 1 learner. We recall, from the

frequentist point of view, the environment is defined by .7, = {F,) : k € WN}, where



80

F, (k) is the joint distribution with mean vector p(k) = (p1(k), p2(k), ..., un(k))" when the
learner pulls arm vector k and observes reward vector Y;(k), i.e., we have Y;(k) ~ F,
and the set .%, contains all such joint distributions for all possible arm vectors k € WV. In
the Bayesian setup, we just need the additional idea that the frequentist environment .7, is
an instance that is randomly drawn form a set of possible instances, and there is a prior dis-
tribution over all possible instances. First, we define few notations, for a fixed arm vector
k the set of all possible mean vectors is denoted with £ (k), and the prior distribution over
these mean vectors is denoted with Q. Then, we denote the set of all possible mean vector
combinations for all arm vectors with € = [Ticyynv € (k) and then Q := [Ty Q as the
product distribution of all prior distributions. Now, for a fixed instance v € &, the set of all
possible joint distributions can be denoted with .7, = {F, ) : k € WN}, where F, (y, is the
joint distribution for arm vector k. .%, is exactly like the frequentist bandit environment
Fy, but now we define it for a fixed instance v+. Then the set of joint distributions for all
possible instances can be denoted with .3 = {%, : v € £}. The Bayesian bandit environ-
ment with interference can now be defined as the triplet (£, Q,.#3). We give the formal
definition in Definition 2.27. In terms of the Bayesian structure, the definition is similar
to the setup without interference Definition 1.9, but now we have interference and vector
arm assignments. In terms of the interaction between the learner and the environment and
the other components, the definition is also similar to the frequentist Bandit model with in-
terference that we have defined in Definition 2.5, except now we have a prior distribution
over all possible instances and at time ¢t = 0 only one bandit instance is randomly drawn

to the learner.

1t In the Bayesian setup we index the distributions with the instance that is drawn, definitely for a fixed in-
stance, we can also index with the mean like in the frequentist setup, but since the mean vectors change
depending on the instances, we don’t do it here.
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Definition 2.27 (BAYESIAN BANDIT MODEL UNDER INTERFERENCE). A Bayesian
bandit environment under interference is defined by a tuple (€, Q, F) where & is the parame-

ter space (set of all possible parameter vectors for the batch), Q is the prior distribution over € and

Fp = {Fy : v € E} is the collection of all set of reward distributions, where for each instance v € £,
we have 7y = {F, 4 1 k € WN?Y as the set of all reward distributions for all arm vectors, and I8h5)
is the joint distribution for arm vector k. A Bayesian bandit model is a repeated interaction between a
learner and a Bayesian bandit environment where,

fort =0do
| abandit instance v ~ Q is drawn for the learner from the parameter space € according to prior Q.

fort=1,2,...,Tdo

the learner selects an arm vector Wy € WN for the batch

the environment generates potential reward vector Yi(k) ~ Fy ) forall k € WN, where v is a
fixed instance drawn at t = 0

the learner observes only the realized outcome Yy = Y (Wy) for instance v, not the counterfactual

outcomes Yy (k) for k # W; for instance v or any outcomes for any other instance v # v

Interaction Protocol 4: Bayesian Bandit With Interference Interaction

We have the following information structure,

« Known or Observable to the Learner: The learner knows the set of arm vectors WN  time
horizon T, parameter space &, prior Q and also class of distributions in .#p, but does not
know which v appeared at time t = 0. She observes all actions and outcomes till time T, i.e.,
{We, o)}

» Known to the Environment: The environment knows the complete set of counterfactual distri-
butions Fg = {Fy 1 v € E}, with #, == {Fy ) 1 k € WN} for each v € € and observes
what the learner observes.

With the Bayesian bandit environment under interference defined above, we can now de-

fine the Bayesian regret for a policy 7T. We define the G — 1 Bayesian regret below,

Definition 2.28 (BAYESIAN G — 1 REGRET UNDER INTERFERENCE). Consider a Bayesian
bandit environment under interference (€, Q, F), for a policy 7T interacting with this environment
over time horizon T, the Bayesian G — 1 regret after horizon T is defined as

T

BREN(TT,€,Q, 75) = Byngr | Y. (s (k) — Hoz (W) (2.48)
t=1

where pyx (ky) = max,cyya po,x (k) is the maximum batch sum of expected reward over all G — 1
arm vectors for the instance v drawn from prior Q, and W; is the arm vector selected by policy 7T at
time t. The expectation is taken over both the randomness in the bandit instance v drawn from prior Q
and the randomness in the policy TT.

This regret can be similarly explained as we discussed after Definition 1.11, since this fol-
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lows similarly, we skip the details here. With the Bayesian G — 1 regret defined above,
we now do the Bayesian regret analysis for the TS G — 1 learner defined in Algorithm 7.
First, we need the concentration lemma for batch sums when playing G — 1 arm vectors.
Essentially, we need to show that the good event holds with high probability. We state and
prove the lemma below. But before that, let’s clear with some notations. If we assume for
each G — 1 arm vector ky € WS!, the joint reward vector follows Gaussian distribution,
ie, Yi(kn) = (Yor(kn), ..., Yns(kn)) " ~ N (u(kn), Q(ky)), then the sum Yy ;(ky) also

follows Gaussian, i.e.,

Yei(kn) ~ N (us(kn), 05 (kn))

where the batch variance o2 (ky) = 1,Q(ky)1x expands to:

N N-1 N
o3 (kn) =Y 07 (kn) +2 ) Y, ai(kn)oj(kn)pij(kn).

i=1 i=1 j=i+1
Here, 07 (kn) = V(Yis(kn)) and p;j(kn) = Corr (Yi;(kn), Yii(kn))

In the following we let N;_;(ky) be the number of times arm vector ky has been played

up to time t — 1.

Lemma 3 (CONCENTRATION FOR BATCH SUM REWARDS FOR G — 1 LEARNER). Con-
sider a Bayesian bandit environment under interference (€, Q, #) for N units, K arms and horizon
T > 2. For a fixed instance v ~ Q, under Gaussian reward assumption for any G — 1 arm vector
kn € WS, the reward sum Ys 1 (kn) ~ N (pyz(kn), 02 (kn)). Forafixed § > 0, assuming
N;_1(kn) > 1forall ky € W, define the clean event for the batch sum as,

Ezw):{we[ﬂ,vmewglzm,t1<kN>—uv,z<kN>|<az<kN> m} (2.49)

where Yy, ;1 (k) is empirical mean of the batch sum for arm vector ky played up to time t — 1,
tyx (kn) and o2 (ky) are the true mean and variance of the batch sum for playing arm vector ky
under fixed instance v. Then conditional on v we can show that

IP (Ex(6)) < 2TKS (2.50)

Proof. The proof follows similarly to Lemma 2 in Chapter 1. However, here we need to
take care of the fact that we are only playing G — 1 arm vectors. For a fixed G — 1 vector

ky, the clean event can be written as,
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=(6,kn) = { ] [Yee1(kn) — pos(kn)| < os(kn) m} (2.51)
T
O {\Ym 1(kn) — oz (kn)| < ox(kn) m} (2.52)

Note there is a variance term 02 (k) in the concentration bound, this is the variance of the

batch sum of the rewards here. Now we look at the complement event E(J, ky)°.

Ezw,kN)C:{ate[T]:\Yz,t_1<kN>—yv,z<kN>\zazacN) 2“"5(”5)} (253)

U {}YZt 1(kn) — oz (kn)| > ox(kn) ZI\IItC)gl((lk/Ij))} (2.54)

Here we face the same issue like Lemma 2, when we try to apply the concentration bound
for the batch sum of Gaussian random variablesSS, that is N;_1(ky) is a random variable
and selected by the G — 1 learner. So we can not directly apply the concentration bound.
Again we apply here the same pre-generated rewards technique and then taking the union

bound over all t € [T] we get desired result,

IP (Ex (6, kn)) < 2T6 (2.55)

Finally taking union bound over all G — 1 arm vector ky & WSl we get the final result as,

IP(EZ(cS)“)lP( U Ez(é,kN)“) < ) P(Es(6,kn)) < ), 2T6 =2TKé

kNEng kNEng kNGng
(2.56)

where we used that |WW$!| = K since there are only K possible G — 1 arm vectors.

Note if we had a general policy k € WY, we would have KV arms, then the probability
of bad event would have a higher bound as IP (Ex(6)¢) < 2TKN§, this is going to be quite
large. However, in the G — 1 learner setup we only have K arm vectors which makes the

analysis feasible. We now state and prove the Bayesian regret bound for the G — 1 learner.

8§ The details for the Gaussian tail bound for the batch sum is provided in Section A2.3



84

Theorem 2.29 (G-1 THOMPSON SAMPLING REGRET BOUND). Consider a Bayesian ban-
dit environment under interference (€, Q, Zp) for N units, K arms and horizon T > 2. Under
Gaussian reward assumption, for an instance v ~ Q, for any ky € W81, we have Ys, 1 (kn) ~

N (]xl,,,z(kN),O'%(kN)) with py 5. (kn) € [By, By). Assuming N;_1(ky) > 1 forall ky € W8, the
Bayesian G — 1 regret of the G — 1 learner outlined in Algorithm 7 satisfies,

T

B’R,gﬂ1 = ]Eﬂ',VNQ 2 (]/lv,z(k*) — ]/lvlz(wt))> S SUZ,max KTIOg(T) + SKEZ (257)
t=1

2 . 2
where 05 ., = MaxXy ey 05 (kN).

Proof. We followed the similar style of the proof given in Theorem 1.12, start by decom-
posing the Bayesian G — 1 regret:

T
BRY = Y E[E [uyx (ki) — ptvx (W) | Fia]] (2.58)
t=1

Now define the upper confidence bound for the batch sum rewards for arm vector ky at

time f as,

. - 2log(1/96)

1) — o &

U; (k) = Chp[*Bz,Bz] <Y2,t1 (k) + Uz(kN) Ntfl(k) ) (2.59)
where 02 (ky) is the variance of the batch sum rewards for arm vector ky, i.e., depends
on the specific arm vector played. The clipping here ensures the upper confidence bound
of the batch sum lies within the range where the batch sum lies. Now, together with the
probability matching property of the G — 1 learner, we use this bound to decompose the

inner expectation term in eq. (2.58) as follows,

Elpy,x (k) = pox(Wh) | Fiea] = Efpyz (k) — UF(Wo) + Uy (W) — s (W) | Fia]
= Efuyx(ky) — UF (kY) | Fioa] + E[UF(Wh) — 2 (Wh) | Fii]
(2.60)
In this case the probability matching condition becomes,
P (W, =ky | Fio1) =P (kiy =kn | Fiu1)  Vky € WS (2.61)

Now from here defining two sets A and B and then analyzing the good event Esx (), the
proof goes exactly same as Theorem 1.12, but we outline the details for completeness. First

define,
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T T
A=) (mx(ky) —UF(kY)), B =) (UF(Wi) — pyz(Wh), (2.62)
t=1 t=1

because of the linearity of expectation and probability matching property in eq. (2.61) we

have,

BRY' = EryglA + B] = Erty-glA] + Er,v~qB] (2.63)

Next we bound A and B separately by considering two cases a) when the clean event Ex (J)
holds and b) when its complement Ex (6) holds.

Case a) On Event Ex ():

On the event Ex(6), the concentration holds for all t and ky, so A is already bounded by 0

since

Hox (ki) = UF (ky) <0

We only need to bound term B, we get

8log(1/96)

U () = poz () < o8 (k) 0= S

os]
Il
1=

(uF(Wh) = oz (W)

..,
Il
—_

Il
M'ﬂ

Y W =k} (UF(kn) — poz(kn))
14%

t=1 knews!

L 8log(1/0)
< =kn}tos(k —_—
_; Zv:v W; = ky} oz (kn) Ny (kn)

= /8log(1/6) ) ox(kn) Eﬂ{wt kn}———

kyews! N 1(kN)
Nr(ky)

< \/8log(1/6) Y os(k) / L

kNGWél 0 §

— /8log(1/8) Y ox(ky) [2/5]07"

kNGng
:\/3210g(1/(5) Z Uz(kN)\/NT(kN)
kNGng

< s (5, o) (5w

kNEng kNEng



86

:\/3210g(1/5) Y, oi(kn)-T

kNGng

kNeW81

:\/32Tlog(l/(5) Y o2 (ky)-
< 0%, maxy/ 32KT log(1/9)

where similarly to the proof of Theorem 1.12, we used Cauchy-Schwarz and the last line

comes from Yy 02 (kn) < K- (T%,max. This means on the good event Ex (6) we have,

A+ B < 05 max 1/32KTlog(1/6)

Case b) On Event Eyx (4):

On Ex ()¢, the proof goes exactly same as Theorem 1.12. We use a worst-case bound. Since
i, 5 (kn) € [~Bs, Bg] and U*(ky) € [—Bs, By] (due to clipping), for each t:

o s (k) — UE (k) € [~2By, 2By,
utz(wf) - VV,Z(Wt) S [-2?2,2§2]

So for each t,

oz (k) — Up (k) + Uy (Wi) — py,x (W) € 4By, 4By] (2.64)
Thus, on event Eg (4):

T ~
A+B =) (pox(ky) — UF(ky) + UF(Wh) — s (Wr)) < 4TBs (2.65)
t=1

Since IP(Ex (0)¢) < 2TKJ, the contribution from Eg (6)° is;

E [(A +B) -ﬂEZ@)C} < 4TBy - P (Ex (6)°)
< 4TBy - 2TKS
= 8T?KBs.é

Combining both cases, we have;

BRS' = E[A + B]
= E[(A + B) | Ex(6)]P(Ex(8)) + E[(A + B) | Ex(8)]IP(Ex(6)°)
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< 05 maxy/32KT log(1/6) + 8T?KBy6
= 0y max\/32KT log(1/8) + 8T*KByxé

If we plug 6 = %, then

BRE' < 05, uax1/64KT log(T) + 8KBy
N (2.66)
= 80 max\/ KT log(T) + 8KBy,

Numerical Experiments

In this section, with some numerical experiments, we evaluate the performance of the four
learners with different interference scenarios. The reward model is the linear-in-means
model with three arms as we used in our motivating example in Section 2.1 and the pa-
rameter setups are taken from Table 2.1 and Table 2.2 which are essentially an optimal
switching (OS) and no optimal switching (No-OS) case respectively. Also, we consider the
zero-interference case as well. In the following first, we describe the setup of the numerical
experiment, this includes the details of the adjacency matrix and parameter configuration
of the three interference models of varying interference effects. After that we compare the

performance of the proposed algorithms under these different interference setups.

Network Structure and Clustering

For this experiment, we consider a random geometric graph (RGG), which gives us a spa-

tial interference structure as proposed in Leung (2022). First, N = 250 spatial positions

(or nodes) are randomly generated from uniform distribution ¢/ [—\/N , VN } ? C R?, and
then the edges are formed when the distance between node i and node j, is less than or
equal to a certain threshold works as an interference radius, denoted with p. After that,
we normalize the adjacency matrix such that each row sums to one. Then, the quantity
Yjer Aijl{Wi; = k} represents fraction of neighbors within o who are assigned to arm k
at time t for unit i. As we increase the interference radius p, the number of edges increase
and the network becomes more and more connected and the interference effect spreads.
In plot Figure 2.3 we plot the networks for p € {1,1.5,2.0,2.5}.

Following Leung (2022), we use spectral clustering technique to generate clusters1l. This
partitioned the set of 250 units in M = N?/3 a 40 clusters. Since the network is a spatial
network, given these positions, the spectral clustering can capture the spatial proximity

and create clusters accordingly. In Figure 2.4 we show the plot of the network for p =

11 An introductory summary of spectral clustering technique can be found in Von Luxburg (2007)
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Spatial Networks with Different Connection Radii

p =1.0 p=15

1 L ~ RN 7 &\\'\- ~ — S
104 s . "’} ::‘z’ 104 k. " YAI%

54 % o % - - 54 X\_\ 4_.,.... :‘.fA

0 e - 0 v < z
> S '
= . -J' < _5
RN 5\ KJ fL VA
-10- . . o \ i\ R -101 QA o 7

e
-15 A o "M ..:% ot -15 fﬁ& \A\ Z}'@

~104

~154

Figure 2.3: Network structure for different interference radius, in particular for
p €{1,15,2.0,2.5} from left to right.

1.3 with clusters obtained from spectral clustering method shown in different colors. In
the simulation in the next section, we consider the adjacency matrix generated from this

network.

Reward Generation and Interference Parameters

For the reward generation, we consider the linear-in-means model with three arms W =
{1,2,3}. This is essentially same model as we used in our motivating example in Sec-
tion 2.1. So if the learner played W; € W0 at time ¢, then the reward for unit i at time ¢ is
generated with,
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Spatial Network: N=250, p=1.3, Clusters=40
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Figure 2.4: 40 clusters obtained using spectral clustering for p = 1.3. Different colors
represent different clusters.

Yir(Wy) = a;+ B1 - 1{Wiy =1} + B2 - I{W;; = 2} + B3 - I{W;; = 3}

250 250 250
+00Y A MWy =1} +8 ) Aj-I{W;, =2} +383 ) Ajj - I{W,; =3} + ey
j=1 j=1 j=1

(2.67)

where we assume € Ve (0,9) across all i and ¢, for the OS case, and €;; Ve (0,64),
for zero spillover and No-OS case. The No-OS case is relatively easier to find, so we set
higher variance to make the learning slightly more challenging. We consider following
three configurations for the direct and interference effect parameters to represent different
interference models. These are essentially the same configurations we used in Table 2.1

and Table 2.2 along with a zero spillover case.
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(1) Zero (2) No-OS (3) OS
Arm | Baseline ]gfl;eestt Ok ia(kn) | Ok ia(kn) | Ok ii(kn)
o B
1 —5.2% 0.0 520 | —6.2%| 9.86 6.2% 0.54
2 0.0 —3.0% 0.0 3.00 | —2.3%| 4.73 2.3% 1.27
3 —1.0% 0.0 1.00 0.0 1.00 0.0 1.00

Table 2.3: Parameter configurations for the three interference scenarios. The direct effect
in absolute value, increases as (|f1]| > |B2| > |B3|)- The spillover effect §; determines the
interference type: (1) zero spillover (6, = 0), (2) no optimal switching (5, < 0), and (3)
optimal switching (6, > 0). The column ji(ky) shows the global average reward when
all N units play arm k.

In principle, the baseline parameter «; could be different for different units in the batch,
but we set it to zero to focus on the direct and spillover effects. The direct effect param-
eters are set such that Arm 1 is the best arm, followed by Arm 2 and Arm 3, in all three
configurations. We follow the same more negative is better convention as same as the
motivating example in Section 2.1. The three configurations differ in the spillover effect
parameters J;. Configuration (1) is the zero spillover effect case, i.e., no interference across
all arms. Configuration (2) is no optimal switching (No-OS) case is such that the spillover

*%k

effects have the same ranking as the direct effects for the three arms™*. Configuration (3)
is the optimal switching (OS) case, such the spillover effects are positive and working in

somewhat opposite direction.

In the No-OS case, for this parameter configuration, we have ky, = ki - ; = 1n. So the
G — 1 optimal arm vector, the global optimal arm vector and the C — 1 optimal arm vector
all coincide to 1y, and this is also the unit level optimal arm vector for any unit, regardless
of being isolated or connected. However, in the OS case, the G — 1 optimal arm vector
is 2y. The C — 1 optimal arm vector is a combination vector with 7 arm 1, 16 arm 2 and
17 arm 3. The mean for the C — 1 optimal arm vector is 1.48, which is higher than G — 1
optimal which is 1.27.

Comparison of All Learners

For each learner we ran Monte Carlo simulations with 1000 runs, with horizon T = 500, in

the three interference scenarios. The individual reward variance for the OS case is 0 (k) =

In example Example 2.11 we already discussed the No-OS case, essentially this is the case where the optimal
G — 1 arm is same for an isolated node and a connected node, and this is also the global optimal vector.
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9 forallk € {1,2,3}. And, for the No-OS and zero spillover case is 0?(k) = 64. The No-OS

case is relatively easier to find, so we set higher variance to make the learning slightly more

challenging. For the Thompson sampling learners, we set the prior means to 0 and prior

variance to 100 for all arms. After running the simulations, we computed the empirical

average and standard deviations of cumulative G — 1 and C — 1 regret for all the learners.

The values at the final time point T = 500 are gathered in Table 2.4.

(1) (2) ®)
Algorithm Zero No-OS (O
c-1/ c-1/ G-1 cC-1
€1 €1 Regret Regret
Regret Regret & &
11D Learner 772.34 1331.58 91390.40 118640.40
(184.33) (272.77) (126.85) (126.85)
G — 1 Learner 2245.95 5049.59 589.39 27839.39
(997.59) (2715.74) (269.03) (269.03)
C — 1 Learner 793.89 1192.92 501.51 27751.51
(200.08) (166.46) (419.32) (419.32)
C — M Learner 14164.66 10209.97 —19575.78 7674.22
(2035.19) (1141.92) (1063.37) (1063.37)

Table 2.4: Mean and Standard Deviations (in parentheses) of cumulative regret at

T = 500 across 1000 Monte Carlo replications. For Zero (1) and No-OS (2) scenarios,

G —1and C — 1 regret coincide since kj; = ?\I,C—l' For OS (3), they differ since these two
optimal arm vectors are different.
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From the table, we see for the zero interference case, the IID learner performs best as
expected, both mean and standard deviations of the regret is lowest among all. The C — 1

learner is also close and C — M is the worst. The G — 1 learner also suffers for high regret.

The reason C — 1 learner performs good is, by construction it finds the optimal G — 1 arm
vector. In particular, for any arm k € W, if k - 1y is the optimal G — 1 arm vector, then in
the no interference case, the best arm is the same k € V. So the C — 1 learner is also able
to learn this best arm. The G — 1 learner also has the same target, but suffers because of
the high exploitation and the lack of exploration at the initial stage. The C — M learner is
designed to find a combination arm as opposed to one best arm, so it has really high regret
in this case. The regret plot shown in Figure 2.5 (top row) also shows similar patterns.
On the top left, we have the regret plot for all four learners for the zero interference case.
However, since the C — M learner has really high regret, it makes the other plots hard to
see in a same scale. So we also have a separate plot for the G — 1, C — 1 and IID learners in
the top right of Figure 2.5. The mean regret plots also confirm, the 11D learner performs the
best, followed by the C — 1 learner and then the G — 1 and C — M learners. The G — 1 and

C — M learners, although have high regret, but seem to be sublinear as time progresses.

The second column of table Table 2.4 and the bottom row of Figure 2.5 show the results
for the no optimal switching case. The results are similar, however here the C — 1 learner
performs the best, followed by the II1D learner. The G — 1 learner again has high regret for
the same reason and, the C — M learner is the worst. The regret plots in the bottom row of

Figure 2.5 also confirm these observations.

Finally, we discuss the results for the optimal switching case, shown in the last two
columns of Table 2.4 and the regret plots are in Figure 2.6. For the G — 1 regret, note
that technically the C — M learner achieves the lowest regret since this is negative. How-
ever, this negative regret comes because the C — M learner looks for the C — 1 optimal arm,
which is in general close to the global optimal vector and gives lower regret than G — 1 op-
timal. However, for this column our target is finding the G — 1 optimal, and also G — 1
regret is defined based on this'". So we can ignore the result for the C — M learner, and
bring the discussion again when we discuss the C — 1 regret. We give the brown color to
highlight that we should not really compare this with other learners, since it is designed
to find better than the defined target.

One might ask, why we define G — 1 regret based on G — 1 optimal and compare algorithms based on this
rather than standard regret? Our argument is, playing to minimize the standard regret defined for the global
best arm vector is hard. In fact finding this vector itself is hard, since we have to look for all KN arm vectors.
The G — 1 optimal arm vector, although suboptimal in global sense, but gives us a simple solution and the

G — 1regret is defined based on this. Then the C — 1 optimal arm vector and the regret that we defined, is
also feasible to calculate in many settings. These two optimal vectors are somewhat compromise solutions
between the global optimal and simple solutions, and although not global optimal but can still give us high
expected reward in practice.
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For the other three learners, again C — 1 learner performs the best and also the G — 1
learner, although initially struggles because initial over exploitation, but eventually learns
and achieves sublinear regret. The IID learner performs the worst here, since it is not
designed to handle interference, the regret becomes linear. This is one of the major take-
aways from this experiment, that in presence of interference, the standard I1D learner can
perform really bad, and the algorithms like G — 1 and C — 1 learners that are really easy to
implement, can perform better than I1D learner, even if they are not designed to find the

global optimal arm vector.

The C — 1 regret column and the plot in the bottom of Figure 2.6 is easy to interpret. Here
as expected, only the C — M learner performs the best, since it is designed to find the C — 1
optimal arm vector. The other three learners have really high regret, and don’t seem to

become sublinear.

Conclusion

In this chapter, we considered stochastic multi-armed bandit problem under interference,
where a learner sequentially assigns treatment vectors to a batch of units with possible
interference among them. We believe we have made some foundational contribution to
this new area of research, which just started to gain attention in very recent years. We
define the stochastic potential rewards and stochastic bandit model under interference,
different notions of optimal arm vectors and regrets, connect the setups and definitions
with a motivating real life example, proposed four different algorithms that one can apply
in this setting to learn different optimal vectors, analyzed the Bayesian regret for one of
the proposed algorithms, and finally performed numerical experiments to compare the
performance of all the proposed algorithms under different interference scenarios. We
believe this opens new research directions and many interesting questions both for us
and for the research community. Our future work includes analyzing the Bayesian regret
for other proposed algorithms both in Bayesian and frequentist settings. One can also
try to incorporate the idea that whether the clusters can be learned adaptively over time
rather than being fixed a priori. Another interesting direction is to consider more complex
interference structures, for example dynamic interference structure that can change over

time.






Chapter 3.

NONPARAMETRIC LEARNERS
FOR STOCHASTIC BANDITS UNDER INTERFERENCE

(Unpublished)

The Thompson sampling algorithm that we discussed in Chapter 1 and Chapter 2 criti-
cally depends on the parametric assumptions on the reward distributions. In particular,
we assumed that the rewards follow some parametric class of distributions, e.g., Bernoulli
or Gaussian, and then the updates are derived using Bayesian prior-posterior relation-
ship. This is restrictive in a sense that, in many practical situations the true underlying
reward distributions may not follow these parametric assumptions, or we have enough
information to specify a prior distribution. In such cases, it is desirable to have more
flexible approaches that can adapt to different reward distributions without relying on
strong parametric assumptions. One such approach involves resampling techniques like
bootstrapping or subsampling (Efron, 1979; Efron & Tibshirani, 1994; Politis, Romano, & Wolf,
1999). These are flexible methods, completely data dependent and do not require any para-
metric assumptions on the reward distributions. In the stochastic bandit literature, already
there exist some works using resampling techniques and some notable works include Kve-
ton, Szepesvari, Vaswani, et al. (2019); Riou and Honda (2020), Chan (2020) and Baudry et
al. (2020). In this chapter we extend our contributions in the last chapter and incorporate
some resampling techniques that have been proposed in the bandit without interference

into our batched bandit setup with interference.

As we discussed in Chapter 2, including our contributions, there already have been some
works on stochastic bandit algorithms with interference, particularly the works of Agar-
wal et al. (2024) and Gleich et al. (2025) are similar to our contributions. However, so far
none of these works consider nonparametric or resampling techniques with interference.
We fill this gap by extending two notable resampling bandit algorithms to the batched
setting with interference. In particular, we extend nonparametric Thompson sampling al-
gorithm (NPTS) proposed by Riou and Honda (2020) and subsampling dueling algorithm
(SDA) proposed by Baudry et al. (2020) to the batched setting with interference. The gen-
eral idea of these extensions are very similar to Section 2.3, but they differ quite a lot in
terms of the detail. Thanks to the parametric extensions of Chapter 2, we now have a
good guidance on how to proceed with extensions when it comes to interference using

resampling techniques.

The novel contribution of this chapter is, extending the four learners that we proposed in
Chapter 2, namely, the IID, G — 1, C — 1, and C — M learners, to the nonparametric setting
using NPTS and SDA algorithms. This gives us eight new algorithms, i.e., NPTS and SDA

variants of each learner. Together, these provide a wide range of nonparametric bandit
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algorithms capable of handling interference under varying structural assumptions.

The motivation and general principles underlying these extensions mirror the algorithms
we proposed in Section 2.3, i.e., we exploit interference by learning optimal treatment
assignment vectors tailored to different interference structures. However, the technical
details differ substantially from Chapter 2, as the nonparametric framework doesn’t de-
pend on the Bayesian updates and for each learner, we had to carefully think about how
to keep the original spirit that motivated the design. We present detailed algorithms and
explanations for each proposed extension. Finally, we conduct Monte Carlo simulation
studies under various interference structures to illustrate the strengths and limitations of

the proposed algorithms.

The rest of the chapter is organized as follows. In Section 3.1, we start with the review
of two algorithms that are based on resampling techniques for stochastic bandits with-
out interference. In particular, the nonparametric Thompson sampling (NPTS), proposed
in Riou and Honda (2020) and the subsampling dueling algorithm (SDA), proposed in
Baudry et al. (2020). Both algorithms are quite different in their design principles, but
have the common goal, that is, relax the parametric distributional assumption and use re-
sampling methods with good exploration-exploitation trade-off. We don’t have a separate
section for the problem setup in this chapter, since they follow the exact same stochastic
bandit setup in Chapter 1 for the algorithms without interference, and Chapter 2 for the

algorithms for stochastic bandits under interference.

The next four sections are essentially extensions of these two algorithms in the batched
setting where interference is possibly present. In Section 3.2, we give the proposed exten-
sions to the batched setting, first assuming no interference, we call them nonparametric 11D
learners. NPTS is a direct-batched extension, whereas for SDA we propose some modifi-
cations, that is efficient in terms of implementation and help us to adjust the round based
structure to the batched setting. These are essentially benchmark algorithms and we eval-
uate other algorithms against these IID benchmarks. But still these are novel contributions
of our work. In Section 3.3, we give the proposed extensions for the global uniform best
arm learner, or we call G — 1 arm learner. We already discussed the parametric version of
this in the last chapter in Section 2.3.2, here we propose the nonparametric global one arm
or G — 1 learners. The key motivation is to search for one best uniform arm vector that
maximizes the overall expected reward and performs better than the IID learners in the
setup under interference. Next, in Section 3.4 we propose the nonparametric clustered one
arm or C — 1 learners, where the goal is same as the G — 1 learner, but the learner has addi-
tional cluster information of the batch here and leverages the cluster interference structure
to learn the optimal G — 1 arm vector. These algorithms turn out to be very efficient for op-
timal G — 1 learning and interestingly this also performs good in the no optimal switching

scenario, which is close to the no interference setting. Finally, we also propose nonpara-
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metric clustered multi arm or C — M learners in Section 3.5, which learns a combination arm
vector, essentially the C — 1 optimal arm vector for the batch that generally gives higher
expected reward since here we are learning the best uniform arm vector per cluster under
the clustered interference structure. In section Section 3.6 we give the comparison tables
for all the eight algorithms that we proposed in this chapter. In Section 3.7 we evaluate the
performance of these algorithms under various interference structures using Monte Carlo
simulations. We conclude the chapter in Section 3.8, where we summarize our contribu-

tions and discuss some future directions.

Nonparametric Algorithms Without Interference

When it comes to applying resampling techniques in a bandit learning, the first thing that
comes to mind is, applying Efron’s bootstrap for each arm from the observed rewards
and calculating some bootstrap statistics. In particular, at any time ¢, for any arm k € W,
we can generate bootstrap samples of equal size as the history, compute some bootstrap
statistics, e.g., bootstrap mean, variance or quantiles, and then select the arm that is best*
based on these bootstrap statistics. As simple and intuitive as the idea sounds, unlike the
statistical inference setup, this approach may fail in case of bandit learning. We explain

this below using a conceptual example of a two armed bandit,

Figure 3.1: Two armed bandit case with empirical mean, arm 1 is optimal but empirical
mean of arm 2 is higher than arm 1. Because of less exploration, arm 1 may get stuck
indefinitely as a suboptimal arm.

Example 3.1 (Conceptual Example: Two Armed Bandit with Bootstrap Mean). Consider
a two-armed bandit model, where arm 1 is optimal, i.e., (1) > u(2). Let 7*(1) and

T*

H

that, by mere chance, the initial rewards for arm 2 are unusually high, so when learner

(2) be the bootstrap mean reward for arm 1 and 2 respectively after time f. Suppose

computer she finds ji*(2) > ji*(1). Now being optimistic, she will exploit this situation,
and selects arm 2 since it has highest bootstrap mean. Now, if she plays arm 2, she
will see more rewards from arm 2 and from here on wards, this creates a vicious cycle:
arm 2 accumulates more samples and this makes its estimate more precise and because

bootstrap estimates are good estimates, this will converge toward .(2). Whereas for

Here best could be mean different things based on the context, but in general in the bandit the best arm is
the arm which has the highest expected reward.
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arm 1, if the learner pulls it less frequently, then the bootstrap mean of this arm remains
more or less at the same place and might underestimate the true mean y(1). So without
sufficient playing or exploration of arm 1, possibly the learner will never discover that
arm 1 is actually optimal, and it may be the case she may never finds it and gets stuck

in arm 2 forever.

a

The Example 3.1 illustrates that the learning in a bandit setting not strictly a statistical
learning or inference problem, that typically we face in Statistics. In bandit learning, there
is an inherent unfairness among the history of different arms and this may come by con-
struction from different procedures. On one hand, we want to detect the reward maxi-
mizing arm as quickly as possible, on the other hand, we also need to explore all arms
sufficiently to avoid getting stuck in suboptimal arms. Yes! the learner does need a good
estimator, such that her estimates converge to the true mean, but at the same time she
also needs to cleverly balance exploration and exploitation trade-off. Efron’s bootstrap
perhaps will give us a good estimator, which solves the inference problem, but it may
not be sufficient to solve the exploration-exploitation trade-off issues, unless we incor-
porate some additional mechanisms to encourage more exploration or penalize excessive
exploitation. This issue has been discussed in Osband and Van Roy (2015), Kveton, Szepes-

vari, Ghavamzadeh, and Boutilier (2019) and Kveton, Szepesvari, Vaswani, et al. (2019).

Of course in the literature, the scholars have already proposed many solutions for this par-
ticular problem. Broadly, we can classify them in three categories, 1 : algorithms based
on additional or synthetic data, or sometimes also called fake rewards, this will encourage
more exploration for all arms. Then 2 : algorithms based on fair comparison primarily
by subsampling, and 3 : algorithms based on upper confidence bound (UCB) with resam-
pling. This is modifying the UCB algorithms using resampling techniques. In this section
we review nonparametric Thompson sampling (NPTS) and subsampling duelling (SDA)
algorithms which fall under the first two categories respectively. We don’t discuss the
third category here, simply because the extensions that we propose later for interference
are based on the first two categories. But we refer the reader to the work of Hao, Wen,
Abbasi-Yadkori, and Cheng (2019) for more details on UCB with resampling.

Fake Rewards with NPTS

We start with the first category, which is adding fake rewards, and explain the nonpara-
metric Thompson sampling (NPTS) algorithm in detail. The key idea of “fake rewards” is
to add some additional data to solve under-exploration problem that we would otherwise
face. Essentially these additional data encourage more exploration at the beginning of
the learning and eventually helps the algorithm to escape from suboptimal arms. Other
algorithms in this approach include - Bootstrap Thompson Sampling (BTS) (Osband &
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Algorithm 10: NPTS (Single Unit)

1 Input: T, W, v (k),Vk € W

2 Initialize: ng(k) = 0, yl (k) = y*(k), Vk e W

3 fort=1,2,...,Tdo

4 sample w; (k) ~ Dirichlet(1,, | 1), Yk € W // probability sampling from simplex
5 compute f1* (k) = wy (k)" -yt | (k), Vk e W // weighted bootstrap mean
6 select Wy = argmax; .y, f1*(k)

7 observe Y; = Y;(W;)

8 update
9 y?(wt) = (yil,l(wt>} Yt) // concat only for chosen arm
10 ni(We) = ny_1(Wr) +1

11 Output: W, Y}, Vit € [T]

Van Roy, 2015), Perturbed History Exploration (PHE) and Garbage in, Reward Out (GIRO)
(Kveton, Szepesvari, Ghavamzadeh, & Boutilier, 2019; Kveton, Szepesvari, Vaswani, et al.,
2019) and Residual Bootstrap (Wang, Yu, Hao, & Cheng, 2020). The complete NPTS al-
gorithm is summarized in Algorithm 10 and we explain the details below. For the other

algorithms we refer the readers to the original works.

Here is how NPTS works, at t = 0, for each arm k € WV, the learner or algorithm initializes
each arm’s history with a single fake reward y’(k). This is actually the upper bound on
the support of the rewards; and this is particularly the element of the algorithm which
encourages more exploration. Then at each time t = 1,2,...,T, for each arm k € W,
the algorithm generates a weight vector from a Dirichlet distribution with parameters
L, )+ = (1,1,...,1), where n;_4 (k) is the number of times arm k has been played up to
time t — 1. Note that the additional 1 in the parameter vector is because of the fake reward
we added at t = 0. Then using this weight vector and the history of rewards for arm k
up to time t — 1, the algorithm computes a weighted mean or bootstrap mean for arm k.
We denote bootstrap mean with 71" (k) = w (k)" -y ,(k), where y!' (k) is the vector of

rewards (i.e., the history) for arm k after time ¢ — 1.

After computing the weighted means for all arms, the algorithm selects the arm with the
highest weighted mean and pulls that arm to observe the reward. Finally, the history of
only the selected arm is updated with the newly observed reward and the number of times
that arm has been played is incremented by one. We give some additional remarks on the
NPTS algorithm below.

Remarks 3.2 (Discussion on NPTS).

Weighted Bootstrap Mean: The bootstrap mean is written as a weighted mean ji* (k) :=
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wi (k) -y | (k), where w; (k) is the weight vector of length n; 1 (k) + 1 and y (k) is the
history vector for arm k up to time ¢t — 1 plus the upper bound. The weight is generated
from Dirichlet(1,, | x)11), which means the weights are uniformly distributed over the
simplex. This is different from the traditional Efron’s bootstrap where the weights are
generated from a multinomial distribution. The history vector y?fl (k) contains the fake
reward at index 0 and then the observed rewards for arm k up to time ¢ — 1. So the length
of this vector is also n;_1 (k) + 1. The bootstrap mean is simply the weighted average of

these rewards using the generated weights.

From Dirichlet-Multinomial to Dirichlet-Continuous: The idea of the Dirichlet weights
actually comes from the Dirichlet-Multinomial relationship. This is very similar to
the Beta-Bernoulli relationship that we discussed in Chapter 1 for Thompson sam-
pling. In particular, Riou and Honda (2020) first proposed a Multinomial Thompson
sampling (MTS) algorithm for discrete rewards using Dirichlet-Multinomial relation-
ship. Then, the authors extended this to continuous rewards using Dirichlet weights.
We briefly summarize this relationship here. Fix any arm k, let the support of the
reward Y;(k) be {1,2,3,...,M} and Yi(k) ~ Multinomial(1,p(k)), where p(k) =
(p1(k), pa(k), ..., pm(k))" is the Multinomial probability vector for the reward distribu-
tion of arm k. This means Y;(k) is a discrete random variable and at each time  and
oneof m =1,2,..., M categories is observed with probability p,, (k). Now if the prior is
p(k) ~ Dirichlet(a(k)), wherea(k) = (aq(k), az(k),. .., ap(k))’, then using the Bayesian
updates, the posterior will be Dirichlet(a; (k) + n! ,(k),az(k) +n? (k), ..., ap(k) +
nM, (k)), where n" (k) is the number of times category m has been observed in these
rewards. So these updates can be used to design a Thompson sampling algorithm for
Multinomial rewards. This is still parametric and Bayesian. The authors then departed
from this in two ways, first, they assumed the rewards are continuous and bounded in
[0,1], but kept Dirichlet weights for the observed rewards as we explained. This can be
viewed as situation, where the observed rewards adaptively becomes the support of the
Multinomial. Second, they added the fake reward at the beginning, such that it always
remains in the history and encourages exploration. In this way, the algorithm becomes

nonparametric and there is actually no Bayesian updates involved.

Choice of Fake Reward: The choice of fake reward y’ (k) is important in the NPTS algo-
rithm. Riou and Honda (2020) suggest using the upper bound of the reward support for
this purpose. The key result of the paper assumed the rewards are bounded in [0, 1], so

they used y? (k) = 1 for all arms.

Weight Decreases With More Data: Note that, although If arm k is pulled more often,
then the length of y} | (k) increases, this means the weight vector w; (k) also increases

in length and each individual weight decreases in magnitude, so we will still take a
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weighted average but over more data points. This also has influence for the weight of
the fake reward in the bootstrap mean. Over time, as more data is collected for arm k,

the influence of the fake reward on the bootstrap mean also decreases.

Theoretical Guarantees: NPTS algorithm proposed in Riou and Honda (2020) has good
theoretical properties. In particular, the authors showed that NPTS achieves asymptotic
optimality in terms of achieving the Lai-Robbins lower bound (see eq. (1.6)) for K arms
bandit, but an important limitation is this holds only for bounded rewards in [0, 1]. The
algorithms we discuss next also has similar theoretical guarantees but it relaxes this

boundedness assumption.

"

Fair Comparison with SDA

We now discuss the second approach, that is, comparing arms “fairly”. The algorithm
we discuss in this approach is known as subsampling dueling algorithm or SDA in short,
proposed by Baudry et al. (2020), also see the manuscript Baudry (2022) for more details.
Why subsampling? The short answer is - it’s another way to balance exploration and ex-
ploitation, or in particular exploitation. Recall, the first approach or NPTS in particular,
encourages more exploration by adding fake rewards and then reduces exploitation by
adjusting the Dirichlet weights. This approach, or SDA in particular, controls exploitation
of the large history arms by taking subsamples, and then brings more exploration by the
round based structure. As we briefly alluded at the beginning of this section, “fairness”
here means whether the history or data of arms we compare are of similar size, all the
algorithms in this category ensures that this holds in general. Other than SDA, there are
also Best Empirical Sampled Average (BESA) proposed by Baransi, Maillard, and Mannor
(2014) and Subsample Mean Comparison (SSMC) proposed by Chan (2020) falling in this
category. However, since SDA can be seen as a combination of BESA and SSMC algo-
rithms, we start with SDA, which is also our key focus, and then briefly discuss BESA and
SSMC in Remarks 3.3

Algorithm 11 implements the core SDA procedure. One key exception is, since it’s a round
based approach, so there is a separate round counter and time counter, denoted with » and
t respectively. The definition of the round is, it’s a state when the learner forms a set called
the winner set of the arms. This is denoted with A,. At the end of each round all the arms
in the winner set are pulled. The time ¢ is conceptually same object as before, so whenever
the learner pulls an arm, the time t increases by one. So if we set horizon T, then in total

there will be T pulls, but the number of rounds could be less than T.

Let’s explain the procedure, the learner starts with a time horizon T, an arm set W =

{1,2,...,K} and a subsampling strategy S (there are different ways to subsample, we give
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Algorithm 11: SDA (Single Unit Case)

Juy

Input: T, W = [K], S

2 Initialize:

3 Di(k) = {Yi}, m(k) =1,Vke W
4 r=2,t=K+1

5 while t < T do

6 select leader: ¢, = argmax;, 11,1 (k) // break ties with max. fi,_1(k), else keep £, ;
7 draw leader subsamples: D; ~ S(D;—1(¢y), n,-1(k)), Yk € W\{¢:}

8 compute winner set: A, = {k € W\{{;} : fi,_1(k) > fi;_j }or A, = {4} if A, =0
9 foreach k € A, do

10 pull arm W; =k

11 observe reward Y; = Y;(W;)

12 update

13 Dr(k) = Dr,1 (k) U {Yt} // update history only for arms in the winnerset
14 Tlr(k) = n,,l(k) + 1 // update count only for arms in the winnerset
15 increment t = t+ 1 // time will increase when an arm is pulled
16 if t > T then

17 L break // exit if pulls exceeds horizon
18 incrementr =v +1

19 Output: W, Yy, Vt € [T]

some details in Remarks 3.3). At the beginning, when round r = 1, the learner plays all
arms once, so this is simply the initialization step. Here the histories for each arm will be
created with a random draw from arm k, i.e., D1 (k) = {Y)}, where we denote the history
of arm k at round r with D, (k) and Yj is a randomly generated reward from arm k. Since

we have k arms, the learner pulls K times, one for each arm.

After this, the count for each arm increases to 1, i.e., 111 (k) = 1. However, we have already
passed K times, so now the time counter is set to t = K + 1. The round counter in this
case r = 2. This is written in line 2 — 4 of Algorithm 11, essentially these lines are after the

initialization step of SDA.

Now, from t = K 41, at each round r, the main loop starts. First task is to form a winner
set. There are essentially three key steps to form the winner set A, at round r, a) leader
selection: the learner selects a leader arm based on the longest history, b) subsampling: draw
a subsample of the leader’s history equal to the size of every challengers” history, and then
c) duelling: play a duel between the leader and every challenger by comparing their em-
pirical means and subsampled mean, i.e., compare ji,_1 (k) and ﬁ:—l,k where the first one

is the empirical mean of challenger arm k and second one is the subsampled mean of the
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leader arm against challenger arm k. So for every challenger arm, learner will subsample
the leader’s history and then organize a duel. In total this will give K — 1 duels. And
whenever the challenger’s empirical mean is higher than the subsampled leader’s empiri-
cal mean, the challenger arm qualifies for the winner set. If no arm qualifies for the winner
set, then the leader arm is added to the winner set by default. If in the leader selection
there are ties, then ties are broken by choosing the arm with the highest empirical mean,
if there is no arm in the winner set, this means, even if we are subsampling, the leader’s
subsampled mean is higher than all challenger arms, then previous leader is kept in the

winner set. These three steps are written in line 6 — 8 of Algorithm 11.

Now after the learner has the winner set A, at round r, it’s time for the leaner to pull all
the arms one by one. After each pull, the history and count of that arm is updated and also
the time counter f is incremented by one. This is written in line 10 — 15 of Algorithm 11.
Total increment of time t will be |.4,| and after pulling all arms in the winner set, the
round counter r is incremented by one and the main loop continues until time horizon T
is reached. But if there is a round where after pulling some arms in the winner set A, the
time counter ¢ exceeds the time horizon T, then the algorithm breaks out of the inner loop
and also the main loop terminates since we have already reached the time horizon T. We

provide some additional remarks on SDA below.
Remarks 3.3 (Discussion on SDA).

SDA is an Evolution from BESA and SSMC: SDA can be seen as a combination of BESA and
SSMC algorithms. BESA, proposed in Baransi et al. (2014), the authors first propose an
algorithm for a two arm bandit and the initial idea of subsampling has been proposed to
ensure the fair comparison takes place between two arms. At each time ¢, the algorithm
organizes a match between two arms by comparing the subsamples from the longer-
history arm with full history size of the shorter one. The authors then proposed an idea
of conducting a tournament for more than two arms setting. In particular, they proposed
to organize matches between randomly paired arms, the winners of each pair move and
plays matches to the next rounds until one arm remains, and then the winning arm is
pulled. This is a useful extension but as Baudry et al. (2020) argued when there are many
arms there are some issues with the tournament idea. In particular with an example they
showed it gets difficult to select the best arm since there is a possibility that it will have
to pass through multiple duels against other arms to reach the final round. In SSMC, pro-
posed by Chan (2020), the author brings this fairness idea, but proposed a more scalable
algorithm. The novel idea is to have a leader arm and many possible challenger arms. At
every round, the arm with the longest history of play will be leader and the other arms
are challenger, the leader will play duels with every challenger which is again a compar-

ison of means of equal sized histories, leader subsampled history Vs. challenger’s full
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history. However, the difference is leader’s the worst history sequence is considered,
so there is no randomness in the subsampling. The authors provide strong results for
arms coming from single-parameter exponential family of distributions. Note that, SDA
combines the ideas from BESA (in particular the idea of subsampling) and SSMC (in

particular the idea of a leader Vs. challenger) to propose a more general algorithm.

Subsampling Strategies: The subsampling strategy S is an important part of the SDA
algorithm. A subsampling strategy is essentially a function that takes two inputs, i) the
history of the leader arm D,_;(¢,) and ii) the size of the challenger’s history n,_1(k),
and then outputs a subsample D}, of size n,_1(k) from the leader’s history. There can
be different ways to subsample, Baudry (2022) discussed some strategies, e.g., sampling
without replacement: where the n,_;(k) samples are taken uniformly from the leader’s
history without replacement, random block sampling: randomly a starting point is selected
first and then n,_1 (k) consecutive elements are taken from the history of the leader, and
deterministic sampling: e.g., last block sampling, where the last 11,_1 (k) elements from the

leader’s history are taken.

Details on Duelling: We give some details on duelling. At round r, for each challenger
arm k € W\{{,}, a duel occurs between the leader arm ¢, and the challenger. In
this duel, the leader’s subsampled mean reward is compared against the challenger’s
full mean reward. Fix a challenger arm k, we let ji |, be the subsampled mean re-
ward of the leader arm at round r for this challenger arm,i.e., jiy |, := m ZyG'D;ik y.
Note that this is based on the subsample D;,, where D;; ~ S(D,_1(¢y),n,-1(k)). This
means we always have n,_1 (k) samples in this subsample. Also since subsampling will
always be for the leader’s history we simply write ji; ;, without adding the leader
index and k refers to the challenger arm, for which the subsample is drawn. Now,
for the k, let ji,(k) be the empirical mean reward after round r with full history, i.e.,
(k) = %(k) Yo 1 L{Ws =k} Ys = %(k) YyeD, (k) Y- A challenger arm k wins the duel
and gets a place in the winner set if at round 7, ji,_1(k) > fi;_; . And all the arms that
win their respective duels are added to the winner set A,. If no arm wins a duel, then

the leader arm is added to the winner set by default.

Theoretical Guarantees of SDA: According to Baudry et al. (2020), SDA has a strong the-
oretical guarantee under two conditions, a) diversity of the subsamples: this means the
subsampling strategy should be such that it generates diverse subsamples that do good
exploration of the leader’s history. The last block and random block sampling strategy
satisfies this condition, however, the sampling without replacement may or may not.
The second condition is, b) balanced distribution: here the authors defined a property
called balancing property that essentially says an optimal arm cannot lose duels against

the leader for a long time. They show that if a sampler satisfies the diversity property,
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then for any balanced distribution of rewards, SDA achieves the asymptotic optimality
in terms of achieving the Lai-Robbins lower bound for K arms bandit. Compared to

NPTS, this is more flexible result, since it doesn’t require bounded rewards like [0, 1].

a

In the next four sections we extend the NPTS and SDA algorithms to the batched setting
where there is possible treatment interference among the units, i.e., treatment or arm selec-
tion of one unit may affect the reward of another unit. In Chapter 2 we extended the classic
Thompson sampling algorithm to the interference setup, and then proposed three algo-
rithms that can efficiently learn different optimal assignments under different interference
structures along with the I1D learner that works best for the batch under no interference.
Our motivation is same here, we also follow a similar approach. However now we leave
the parametric setting and propose resampling based or nonparametric versions instead.

This gives us nonparametric versions of IID, C —1, G — 1, and C — M learners.

The bandit setup under interference and the regret definitions are same as Section 2.2, so
we will avoid here for repetition. For a context, we still can think about the motivating
example given in Section 2.1. This gives us an idea about where to apply these algorithms
in practice. The learner’s goal is to maximize cumulative batch sum of the reward over
the horizon T, or equivalently minimize the cumulative regret, where different notions of

regret are given in Section 2.2.

Nonparametric [1D Learners

We start with the nonparametric versions of the IID learners. These learners are designed
to work best under no interference setting. First extension is from the basic NPTS algo-
rithm outlined in Algorithm 10. We call this nonparametric Thompson sampling or NPTS
IID learner and the steps are outlined in Algorithm 12. To explain, at round ¢, the IID
learner maintains a shared history y” (k) and a shared count number 1;_1(k), for each
arm k € W. The shared history vector essentially contains the rewards observed from all
the units up to round t — 1 for any arm k, and the same goes for the shared count. Att =0,
the history for each arm is initialized with a fake reward y’(k), so the initial history and
count are y{ (k) = (y*(k)) and no(k) = 0 for all arms k € W.

The algorithm proceeds as follows. At each ¢, for each unit i € WV, the learner samples
weights wy(k) ~ Dirichlet (lnH(k) +1) for all arms k € )V independently, computes the
bootstrap mean i} (k) = w;(k)" - y" | (k) using unit-specific weights but shared history,
and selects the arm for the unit with W;; = argmax,,, 1/ (k), i.e., the arm that gives
the highest bootstrap mean for the particular unit. Here what’s important is, for each
unit, the weight vector is different, but they have the shared history, and because of the
different weights the bootstrap means will be different for different units. So it’s likely
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Algorithm 12: NPTS IID Learner

1 Input:Z, T, W, yh(k), Vke W

Initialize: : ng(k) = 0,yl (k) = (y*(k)), Vk e W
3 fort=1,2,...,Tdo

4 fori € 7 do

N

5 sample (Ut(k) ~ DiriChlet(lnt,l(k)+l)’ Vk ew // probability sampling from simplex
6 compute ﬁr(k) = Wt (k)/ . y?fl(k)’ Vk S W // weighted bootstrap mean
7 select W; , = argmax; .y, 1} (k)

8 observe Y;; = Y;(W;),Vie T

9 update
10 ( ) ( 1( ) ( lt)l Wzt_k) Yk e W // concat from all units to reward vector
1 nt( y=m 1 (k) + XN W, =k}, VkeWw

12 Output: W;, Y;, Vi < [T]

Algorithm 13: SD IID Learner

1 Input: Z, T, W= [K|, S

2 Initialize:

s | Dilk) ={Yi1 i€ T, Wiy =k} with Wiy ~UW), Yk e W
s | m(k)=YN, 1{W;; =k}, VkeWw

5 fort € {2,...,T} do

7 draw leader subsamples: D}y ~ S(D;—1(4r), ni-1(k)), Yk € W\ {4}

8 compute winner set: Ay = {k € W\{} : fiy1(k) > fif_;,}, or Ay = {{1} if Ay =
9 fori € Z do

11 observe rewards Y;; = Y;;(W;), Vi € T

12 update
13 Dt(k) =Dy 4 (k) U {Yi,t i€, Wi,t = k}, Vke W // pulling across units
14 ni(k) = ny_1 (k) + XN, 1{W;; =k}, Vk e W

15 Qutput: W;, Y}, Vi < [T]

6 select leader: ft = argmaxkew ny_1 (k) // break ties with max. fi;_1(k), else keep £ 4

10 L pull / select arm: Wi,t ~ Z/{(At) // uniform sampling from winner set

that the learner will select different arms for different units at time t. After selecting all

arms, the learner observes the rewards Y;; = Y;; (W;) for all i € Z, and then updates the

shared history vector and count for all arm k € W. The history vector is being updated

by appending or concatenating rewards from all units for whom the learner selects arm k.

The count is incremented by the number of units for whom the learner pulled arm k. The

update equations are as follows:
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yi (K ( ) Vi), ) VkeW
ni(k) = ()+Zz 1 L{W;; = k}

where (y?fl (k); (Yi/t)i:W“:k> means concatenation of the previous history vector with the
new rewards from all units that pulled arm k at time ¢. The count n;(k) is updated by
adding the number of units that pulled arm k at time ¢. The algorithm continues till time

horizon T is reached.

Next, we give the details for the subsampling duelling or SD 11D learner. However, unlike
NPTS IID extension, this is not as straightforward as one might think. Recall the SDA in
Algorithm 11 has a round based structure and at each round the single unit learner selects
many arms so question how to do this for each node? We come back to this question later
in Remarks 3.4. It turns out this becomes very expensive procedure with no significant

benefit in performance.

The algorithm that we propose has the same single winner set approach, which we call
common winner set for all units at each time step and then for each unit the learner selects
an arm uniformly at random from the common winner set. The procedure for the SD 11D
learner is outlined in Algorithm 13. The algorithm initializes by taking a uniform random
sample of arms for all units at time t = 1, i.e,, W;; ~ U(WW) for all i € Z. Then the history
and count for each arm k are formed based on which units selected arm k at time t = 1. So
the initial history and count for all arms k € W are Dy (k) = {Y;1 :i € Z, W;1 = k}, which
means the set of rewards that picked arm k and n;(k) = YN, 1{W;; = k}, which means

the number of units that picked arm k at time t = 1. Then, the main loop starts.

In Algorithm 11, or for the single unit case at every round r, the winner set A, is formed
using three steps: a) leader selection b) subsampling and c) dueling. In our proposed SD IID
learner, at each time step ¢, the learner forms one common winner set A; using the same
three steps. Then once the learner has the winner set, for each unit i € Z, she selects an
arm with W;; ~ U(A;). After selecting arms for all units, the learner observes rewards
Yir = Yi;(W;) for all i € Z, and finally updates the shared history and counts for each
arm k based on for which units she selected arm k at time ¢. The update equations are as

follows:

Dt(k) = Dt_l(k) U {Yi,t : l - I, Wi,t = k}

Vk e W
ny(k) = np_1(k) + L, 1{W;; = k}, } ©

We give some important remarks on the NPTS and SD IID learners below.
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Remarks 3.4 (Discussion on Nonparametric 1D Learners).

IID Structure of NPTS and SDA: Both algorithms have the independent and identical
structure, comparable to Remarks 2.16. In particular, for both algorithms, since the his-
tories are shared across all units, this can be seen as identical structures in terms of the
empirical distribution. For NPTS, the weights are generated for each unit separately, this
is the independent structure. Now, when it comes to SDA, the complete independent
structure would require us to form separate winner set for each unit at each round and
then also have a round for each unit. However, what we find is, in terms of computation
this is quite expensive to implement and also don’t give significant improvement com-
pared to the common winner set approach we took here. So for SDA we don’t the have
complete independent structure for all units since arms will be selected from a common
winner set at each time step. But, since we do this uniformly at random, this brings

some uniform variability in the arm selection for the units.

Has Strength and Weaknesses as 11D learner: The NPTS 11D learner has the same strengths
and weaknesses of parametric IID learner discussed in Remarks 2.16. In particular, it
works best when there is no interference or negligible interference among the units. Also
in the setup with interference it assumes all units are independent and identical. So this
brings the same mis-attribution issue as TS IID learner when interference is present.
However, the SD IID learner, has some blessings in disguise. Since this is not fully
independent across all units, it actually shows better performance compared to NPTS
IID learner in scenarios when interference is present. We see this in the Section 3.7. The
NPTS IID learner explores similar to the like TS I1D learner, whereas the SD IID learner

has a little less exploration due to common winner set across all units.

No Rounds for SDA 11D Learner: As we have seen in the SD IID learner’s algorithm, we
do not need round counters anymore. This is because we compute the winner set at
every time step and multiple arms can be played in parallel across units. An important
point for the SD IID learner is, it doesn’t guarantee that the learner pulls all arms in
Ay at time t, since each unit independently samples from .4; so some arms may remain
unselected. However, since usually we have | A¢| < N, i.e., the size of the winner set
is typically much smaller than N. And also for each unit we have W;; ~ U(A;), the
probability is very high that all arms will be selected. Formally, IP (ﬂfil {Wi, # k}) =

(1—1/|A¢)N, which decays exponentially in N.

Direct but Asynchronous Extension of SDA: Now we get to the question, why not propos-
ing SD IID as a direct extension of SDA. As we mentioned, the key reason is, this doesn’t
give significant improvement in performance compared to the common winner set ap-
proach we took here and brings more computational burden when implementing. This

is what we find in numerical experiments. But we explain here how this direct exten-
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sion could be implemented. The key difference would be, instead of forming a common
winner set at each time, we keep the round based structure of SDA and keep a sepa-
rate round counter for each unit. Then for each unit, for its respective round, we need
to perform the three steps: a) leader selection b) subsampling and v) dueling separately to
form a unit specific winner set. When it comes to pulling the arms, for each unit the
learner pulls arms one by one from its own winner set sequentially over multiple time
steps until the winner set for each unit is exhausted, then the learner forms new winner
sets for each unit again. This creates an asynchronous version of SDA with independent
round counters and winner sets. As we mentioned, the common winner set approach is

simpler to implement and has similar performance, so we stick to that version here.

/"

Nonparametric G — 1 Learners

We now propose two nonparametric G — 1 learners, NPTS G — 1 and SD G — 1 learners.
The key principle of the G — 1 learners is, the learners here assign the same arm to all the
units at each time and the goal is to learn the optimal G — 1 arm vector that minimizes
the G — 1 regret’. These algorithms are simplest to implement, essentially we proceed like
the single unit cases and then assign G — 1 arm vector to everyone, finally the update is

performed only for the selected arm.

We start with the NPTS G — 1 learner first. The core procedure is shown in Algorithm 14.
The algorithm proceeds exactly like the single unit NPTS outlined in Algorithm 10. The
only difference is, at line no. 6 when assigning arms, the learner assigns the same arm to
all units in the batch, i.e., W; = k' - 1y where k' = argmaxyy i} (k). Then after observ-
ing rewards from all units, the learner updates the shared history and count only for the

selected arm k', and not for other arms. The update equations are as follows:

yi (k') = (y/ 1 (K); %)

only for selected k' € W
ne (k'Y =ni—1 (K') + N

where Y; = (Y14,...,Yn,) is the reward vector observed at time .

The procedure for the SD G — 1 learner is outlined in Algorithm 15. It follows the same
round based procedure as the single unit SDA, but now at every round, all the units will
play the same arm from the winner set sequentially. At the initialization step, the learner
initializes the history and count for each arm k by pulling each arm once across all units,
ie., Di(k) = {Yik ..., YN}, where Y is the reward observed from unit i when arm k is

assigned to all units, and 71 (k) = N for all k € W. Then the main loop starts.

t The G — 1 optimal arm vector and the G — 1 regret is defined in Chapter 2, in particular in section Section 2.2.
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Algorithm 14: NPTS G — 1 Learner

Juy

Input: Z, T, W, y*(k), Vk € W

Initialize: no(k) = 0,yl (k) = (y*(k)), Vk € W

3 fort=1,2,...,Tdo

4 sample w; (k) ~ Dirichlet(1,, | x)41), Yk € W
5 compute 1} (k) = wi (k)" -y | (k), vk e W

6 select k' = argmax, .y, 1} (k)

N

7 set Wt = k/ . 1N // assign same arm k' to all units
8 observe Y;; = Y;;(W;),Vie T
9 update

. L yi (k) = (g1 (K); %)

1 n(k'y =n_1(K')+ N

Algorithm 15: SD G — 1 Learner

1 Input: Z, T, W= [K], S

2 Initialize:

3 Di(k) = {Y1ip .-, YNy}, n1(k) = N, Vk e W
4 r=2,t=K+1

5 whilet < T do

6 select leader: /, = argmax;y, ny_1(k) // break ties with max. fi,_1(k), else keep (,_;
7 draw leader subsamples: D}; ~ S(D,—1(¢r), nr—1(k)), Vk € W\{{}

8 compute winner set: A, = {k € W\{{r} : fi,_1(k) > fiy_;  }, or A = {{;}if A =@
9 foreach k' € A, do

10 pull arm vector Wy = k' - 1y

1 observe reward Y;; = Y;;(W;), Vi€ T

12 update

13 Dr(k’) =D, 1 (k’) U {Yi,t (Vi e I} // at time t all units play arm k'
14 Iflr(k/) =Ny (k’) =+ N // increment count by number of units
15 incrementt =t+1

16 if t > T then

17 L break // exit if t exceeds horizon
18 increment r=r + 1 // move to next round

19 Output: W;, Y3, Vt € [T]

In the main loop, the procedure is same as the single unit SDA Algorithm 11 until line no.
9, where after the learner has formed the winner set A,, she selects an arm k' € A,, and
then unanimously assigns this same arm to all the units in the batch, i.e., sets W; = k" - 1.
The learner then observes rewards Y;; = Y;; (W;) for all i € 7 and finally, she updates the

shared history and count only for the selected arm k’ and not for others. Then, she moves




113

to another arm in the winner set until all arms in the winner set are played. The update

equations are as follows:

Dy (k) = Dy_y(K) U{Yj, : Vi€ T}

one k' € A, at time t
n,(k') = n,_1(k') + N,

Since both the C — 1 learner and the G — 1 learner have same targets, we give some impor-
tant remarks on the G — 1 learners after the discussion on nonparametric C — 1 learners in
Remarks 3.5.

Nonparametric C — 1 Learners

Like the G — 1 learners, the C — 1 learners also target the optimal G — 1 arm vector. How-
ever, in this setting the learner leverages the cluster information of the batch and clus-
tered interference structure among the units to learn efficiently. Recall, we already de-
fined the clustered interference in the bandit setup in Definition 2.3. In particular let
% = {Ci,...,Cm} be a clustering of the batch Z into M clusters. Then, for this learner
to work we need two assumptions stated in Assumption 2.20. The first one says, the in-
terference exists only within clusters, this helps the learner to focus on learning from the
cluster. The second assumption says, the cluster mean for any arm k € WV, i.e., assigning
arm k to all units in a cluster and then calculating the cluster average, is same as the global
mean for arm k, i.e., assigning arm k to all units in the batch and then calculating the over-
all G — 1 average. Under these two assumptions, we now propose the two nonparametric
C — 1 learners. First, let’s discuss the NPTS C — 1 learner, the procedure is outlined in
Algorithm 16.

We start with the NPTS C — 1 learner. The core procedure is shown in Algorithm 16. First
couple of steps are exactly same as the IID learner. The only difference is, now the Dirich-
let sampling and bootstrap mean calculations are done at the cluster level. So for each
cluster C,, € ¥ (rather than for each unit), for each arm k € W, the learner first gener-
ates the bootstrap weight vector w; (k) from Dirichlet distribution. Then, she computes the
weighted bootstrap mean i} (k). After that she selects the arm that gives the highest boot-
strap mean for the cluster and assigns this arm uniformly for all the units in the cluster i.e.,
she sets W¢, ; = k(m .1 N,,» Where W, is the treatment vector for all units in cluster Cy,
at time t. Note that these steps are combination of IID learner and G — 1 learner, like 11D
learner we generate cluster specific weights and means, but like G — 1 learner we assign
the same arm to all units in a cluster. This resembles similar idea we had for the Thompson

sampling C — 1 learner in Section 2.3.3

After assigning arms to all clusters, the learner observes the rewards Y;; = Y;;(W;) for all

i € Z, where W; = (Wg, 4;...; W, 1), is the treatment vector for all units at time ¢. Finally,
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Algorithm 16: NPTS C — 1 Learner

1 Input: Z, T, W, € = {Cu } e ) v (k), Vk € W
Initialize: : ng(k) = 0,yl (k) = (y*(k)), Vk e W
3 fort=1,2,...,Tdo

4 form € M do

N

5 sample w (k) ~ Dirichlet(1,, | +1), Yk €W // probability sampling from simplex
6 compute i (k) = wi (k) -yl (k), Yk € W // weighted bootstrap mean
7 select k(") = argmax .y, fif (k)

8 set We, ; = k") -1y

9 observe Yi; = Y;;(W;), Vie T
10 update

11 ( ch e k) — ) Vk e W // where Ye, 1 = (Yit)iccn
”t(k)

12

ny_ ()+Zme | Non - 1{km =k}, Yk e W

13 Output: W;, Y;, Vi < [T]

Algorithm 17: SD C — 1 Learner

t Input: Z, T, W = [K]|, € = {Ci } e m), S

2 Initialize:

3 | Di(k) = {Yi,t 11 € Cy, kM = k}, with K" ~ U(W) and W, 1 = kU™ -1y, Vk € W

s | ny(k) = Lyepy Now - 1{k™ =k}, vk e W

5 fort € {2,...,T} do

6 select leader: /; = argmax,, n_1(k) // break ties with max. fi_1(k), else keep £;_;
7 draw leader subsamples: D} ~ S(D;—1(4r), ni-1(k)), Yk € W\ {4}

s | compute winner set: Ay = {k € W\{£s} : fi;1(k) > fif_;;}, or Ay = {1} if Ay =@

9 form=1,2,... Mdo

10 L select k(m) ~ U(At) // uniform sampling from winner set

11 set W, ¢ = k(m) ‘1IN,

12 observe rewards Y;; = Y;;(W;), Vi€ T

13 update
14 Dt(k) = thl (k) U {Y (i€ Cm, (m) = k}, Vk e W // pulling across units
15 ﬂt(k) = Tlt_1( ) + Zme Nm ﬂ{k = k}, Vke W

16 Output: W;, Y}, Vt < [T]

the learner updates the shared history and counts for all arms. The updates are similar to
the IID learner but now the rewards and counts are gathered from the clusters completely,

rather than for each unit separately. In particular, following are the updates,
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h
yt k ( 1 YCm ) J(m ):k) ’ } Vk € W
ne(k) = np—1(k )+Zme[M N,y - 1{k) = K},

where for each arm k € W, the learner updates the shared history vector y/ (k) by concate-
nating the cluster reward vector whenever arm k is selected for cluster C,,. This is what
we wrote as (Y¢, t),,. xm—r Where Y, ; is the reward vector for cluster C,, at time ¢, ie.,
Ye,+ = (Yit)iec,.- And for the count update, the learner increments the count for arm k

by the total number of units in all clusters where arm k was selected. This is written as
Ymem) No - 1{k™) = k}.

Next, we explain the SD C — 1 learner outlined in Algorithm 17. This is similar to the SD
IID learner discussed in Algorithm 13 and follows the same common winner set approach.
However rather than sampling uniformly for each unit separately from the winner set, the
learner samples for each cluster now and then assigns the same arm uniformly for all the

units in the cluster.

At the initialization step, the learner randomly samples an arm fe(m) uniformly for each
cluster C,, € €, and then assigns this arm to all units in the cluster, i.e., sets W, 1 = f(m) .
1yn,,. Then she observes rewards from all units and initializes the history and counts for
each arm k based on the cluster wise assignments. The history for each arm k is initialized
as Dy(k) = {Yi,t i€ Cp, kM = k}, i.e., collecting rewards from all clusters where arm k
was assigned. The count for each arm k is initialized as n1(k) = ¥cp) Nin - 1{k(™) =k},

i.e.,, summing up the number of units in all clusters where arm k was assigned.

Then the main loop starts. Here also, like NPTS 1D, the algorithm closely follows the SD
IID learner till the formation of the common winner set in line no. 8. After that, rather than
sampling for each unit separately, the learner samples for each cluster uniformly from the
winner set, i.e., for each cluster C,,, she selects k(™) ~ U (A;), where A; is the common
winner set formed at time . Then she assigns this arm to all units in the cluster, i.e., sets
We, : = kU™ .1y, . After assigning arms to all clusters, the learner observes rewards from
all units in the batch. So the key difference compared to the IID is, the arm selections
are done uniformly from the winner set at the cluster level. Finally, the updated are done
for all arm, but now the rewards and counts are gathered from the clusters. The update

equations are as follows:

Di(k) = Dy_1 (k) U {Yif 11 € Cp, k(M) = k}
n(k) = ni-1(k) + e () Now - 1{k™ = k}

Vk e W

We now discuss some important remarks on the nonparametric G — 1 and C — 1 learners

below.
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Remarks 3.5 (Discussion on Nonparametric C — 1 Learners).

Strength and Weaknesses as G — 1 and C — 1 Learners: In Chapter 2: Both class of algorithms,
the G — 1 class: NPTS and SDA G — 1 and the C — 1 class: NPTS and SDA C — 1, follow
the same strengths as the respective Thompson sampling G — 1 and C — 1 learners (see
Remarks 2.19 and see Remarks 2.23). That is the G — 1 learners find the optimal G — 1
arm vector and in the interference setting they don’t suffer from the miss-attribution
issue like the IID learners. However, as the parametric case, the G — 1 learners suffer
from high initial regret because of the over exploitation at the initial phase. They as-
sign the whole G — 1 vector to all units at each time, so initially for any particular arm
they don’t have much exploration. This creates high regret at the initial phase. Here the
C — 1 learners although having the same target as the G — 1, take advantage of the clus-
ter structure to explore more efficiently. So generally, they perform better and have less
initial regret. However, the C — 1 learners depend heavily on the cluster assumptions,
if these assumptions are violated then their performance affects negatively. SD C —1
is not the cluster-wise independent extension, and like the SD IID, has the same com-
mon winner set approach. This implementation is easier, however depends on uniform
sampling from the winner set, so there are some dependence. We discuss the details

regarding this in a separate remark below.

Advantages over the Parametric G — 1 or C — 1 learners: The nonparametric G — 1 learners
have a particular advantage over the parametric Thompson sampling G — 1 learner we
proposed in Algorithm 7. That is, we don’t need to worry about whether the mean
of the rewards follow the same distribution. In fact the learners here are completely
distribution free and work for any reward distribution as long as we can sample from
the history. Recall, the Thompson sampling G — 1 learner directly puts prior assumption
on the means and then updates the prior sequentially. However, the issue is, the mean
or sum may not follow the same class of distribution as the unit wise individual rewards.
We gave a concrete example for the Bernoulli distribution in Example 2.17. Recall, we
assume Beta prior on the mean of possibly dependent Bernoulli rewards. This problem

is solved in this setting, since can avoid the distributional assumptions.

Asynchronous Extension of SD C — 1 Learner: Like the SD IID version (see Remarks 3.4),
it’s also possible to propose an asynchronous extension of the SD C — 1 learner. The idea
is similar, we need to keep a separate round counter and form winner sets per cluster,
and then progress asynchronously with their rounds. We implemented this initially,
and find this don’t bring significant improvement in numerical performance compared
to the common winner set approach we took here and rather brings more computational
burden because of separate round counters and winner sets. So although the common

winner set approach has some dependence across clusters because of uniform sampling,
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but we stick to this common winner set approach

a

Nonparametric C — M Learners

Finally, we propose the nonparametric versions of the clustered multi learners or C —
M learners. Recall, we discussed the Thompson sampling C — M learner in Chapter 2,
Section 2.3.4. Here, like other classes, we propose two nonparametric versions, NPTS
C — M and SD C — M learners. The key idea and the underlying assumptions are same,
that is, given some cluster information these learners look for the C — 1 optimal arm vector,

but now the learners are resampling based.

The C — 1 optimal arm vectors are defined based on some clustering. Let ¢ = {Cy,...,Cpm}
be a clustering of Z. Then, the C — 1 optimal arm vector is defined as the arm vector that
assigns the optimal uniform arm for each cluster separately*. Note that, it’s not unique
for the batch, and depends on the clustering. But if the clusters can sufficiently capture
the interference structure among the units, then using this clustering, the C — M learner
finds a combination arm vector that usually gives higher reward compared to the G — 1
arm vector since it will find cluster level optimal G — 185. This is the key advantage of the
C — M learners over other learners. Like the parametric case, the nonparametric C — M

learners also depend on the clustered interference assumption stated in Assumption 2.20.

We start with the NPTS C — M learner, the procedure is outlined in Algorithm 18. Essen-
tially, the NPTS C — M learner is M separate G — 1 learners for M clusters. The learner
here separately records the shared history and counts for each cluster, for all arms. In
particular, at time ¢, for cluster C,,, where m € [M], the learner has its own independent
history y%_l (k) and count n,,¢—1 (k) for each arm k € W. Then for each cluster, for each
arm k € W, the learner samples weight vector w;, ; (k) ~ Dirichlet (lnm_ L (K) +1> , computes
the bootstrap mean 1, , (k) = wu,+(k)" - y% ,_ (k) using cluster specific weights and history,
selects clusterwise arm k(") = argmaxg.y fl, ;(k) and assigns this arm to all the units in
the cluster, i.e, W, ; = k") .1y, . The key difference from the C — 1 learner is, here the

history are different, whereas in C — 1 learner the history is shared across clusters.

When the learner pulls arm for all the clusters, the full assignment vector is formed W; =
(Wets- -, We,, ) and then the learner can observe rewards Yi; = Y;; (W;) foralli € Z,
which might have possible interference, but assumed to be present only within clusters.
Finally, the learner updates the history and counts for each cluster separately. The updates
are in this case cluster specific, so for a cluster Cy,, if the learner selected arm k(M) at time ¢,

then the history and count are updated as follows:

1 For the detailed definition we refer the author to the discussion in Chapter 2, in particular Definition 2.6.

§ We give a motivating example in Chapter 2, in particular in Example 2.7
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i (K) = (vhia (K ¥e,.0)

for arm k™) € W, for cluster Cy,
N, t k(m) = Nm,t—1 (k(m)> + Nu,

where Y, + = (Yi¢); e, denotes the reward vector for cluster m.

Next, we discuss the SD C — M learner outlined in Algorithm 19. Since this algorithm
is somewhat different from other SD learners, we provide a detailed explanation of the
procedure here. Following the general idea of the C — M learners, the SD C — M learner
has M different SD G — 1 learners, one for each cluster. For each cluster C,, and for each
arm k € W, it has a separate history set D, ;(k) and count n,, (k). However, now, it has
a separate round counter r,, for each cluster, and each cluster calculates its own winner
set Ay, at its local round r,,. This is completely different from all other SD learners we
discussed so far, in all cases there was one winner set, but here we have M different winner

sets, one for each cluster.

Now, at any time ¢, the winner set sizes for any cluster C,, can be different for different
clusters. So here the learner additionally needs a winner set arm counter to track when all
arms of any cluster level winner set have been pulled. This is denoted with countery,.
Essentially, whenever the learner pulls an arm for cluster m and assigns it to all units
in that cluster, the count increments by 1 until it reaches to the size of the winner set
| Ay s, |- Then, it resets the counter to zero. Here the round is complete, so round counter
rm now increases by 1 and here the learner needs to do the winner set calculation for this
cluster round again. This suggests, this is in fact the asynchronous version of the SDA.
Asynchronous in a sense that we have different round counters for different clusters and

the winner set calculation happens at different states in the algorithm.

We explain some steps. For each cluster C,,, the learner pulls all arms once for all the units
in the batch. This is essentially the initialization phase for each cluster. This is what we
have as Dy, 1(k) = {Y1, ..., YN, x}, and also the counts are initialized as #,,1 (k) = Ny, for
all m € [M] and for all k € W. Now the round counter for each cluster Cy,, is r,, = 1 and
the winner set arm counter for this cluster is counter,;, = 0. Then from t = 2,...,T, at
each time step ¢, for each cluster C,, the learner first checks whether the winner set arm
counter, which is counter,, = 0. If yes, then the learner calculates the winner set A, ,,,
for cluster C,,. This calculation is same as the other SD learners, and involves the same
three steps (lines 7-11). At line 11, the learner randomly orders the winner set A, ,, just to
bring some randomness when pulling the arms from the winner set. The counter, is then
incremented by one (line 12), and the learner selects the arm at the position counter,, in
the ordered winner set A,, ., (line 13). After that the learner assigns this arm to all units in

cluster Cy,.

Once all units in cluster C,,, have received the cluster level arm. The learner checks whether
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Algorithm 18: NPTS C — M Learner

[uy

Input: Z, T, W, € = {Cu} e, Yo (k)¥m € [M],k € W
Initialize: n,, (k) =0, yZLO(k) =yb,(k), Vm € [M],k e W
3 fort=1,2,...,Tdo

4 form=1,2,...,Mdo

N

5 sample wy, ¢ (k) ~ Dirichlet(1, ,  (41) VkeW
6 compute 7y, (k) = wm(k) - yfn,t_l(k), Vke W
7 select k") = argmax;y,, fio ¢ (k)

8 set W, ; = k(™) .1y,

9 observe Y;; = Y;;(W;), Vie T
10 form=1,2,...,Mdo

11 update
12 Yy (kM) = (yfn,tﬂ(k(m));YCm,t) 7/ where Yy = (Yig)iccr
13 Mt (K) = 1 g1 (K) 4+ Ny

Algorithm 19: SD C — M Learner

1 Input: T, N W=[K|,Z,%¢ = {CM}mG[M]/ S
2 Initialize:
3 Dm,l (k) = {Yl,k/ .. ‘/YNm,k}/ My 1 (k) = Ny, Vm € [M],Vk ew // randomly order W

4 set 'm = 1 and countery,;, = 0, Vm S [M} // counter,, tracks arms for cluster m

5 fort=2,...,Tdo
6 form=1,2,..., Mdo

7 if counter;,;, = 0 then
8 select leader: £y, ;,, = argmax;cyy, My ¢—1(k)
9 draw subsamples: D}, .\ ~ S(Dyt—1(lmr,, ), Nime—1(k)), Yk € W\{ly,, }
10 compute the set of winners: Ay, = {k € W\{lup, } : Hime—1(k) > iy, 1}
or Apr = {lmry Jif | Ampr,| =0
1 randomly order Ay, s,
12 increment index: counter;,, = countery, + 1
13 select k(M) = Ay, [countery,|
14 set W, + = K 1y,
15 if counter,, = Ay, | then
16 reset counter,; = 0
17 L increment ry,, = 1y, + 1

18 observe Y;; = Y;;(W;),Vie T

19 form=1,2,...,Mdo

20 update

n L Dot (KO) = Dy 1 (k™) U, 4

22 nm,t<k(m)) = Myp,t—1 (k(m)) + N
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the size of counter,, is same as the size of the winner set | A, , |, if yes, for this cluster the
winner set is exhausted, so the learner resets the counter to zero and increments the round
counter 1, by one (lines 15-17). After that, the learner moves to the next cluster and repeats
the same procedure. Once all clusters have selected their arms and assigned to their units,
the learner can observe the rewards for all units in the batch with possible interference, this
is in line 18. Finally, the learner updates the history and counts for each cluster separately

but only for the arms that were selected in each cluster. So the updates equations are

Dyt (k) = Dy 1 (MY U Y,

for arm k(") ¢ Ay r,. for cluster Cy,
nm,t(k(m)) = Nmt—1 (k(m)) + Nm

We discuss some important remarks on the nonparametric C — M learners below.

Remarks 3.6 (Discussion on Nonparametric C — M Learners).

Strengths and Weaknesses as C — M Learners: The nonparametric C — M learners have the
same strengths and weaknesses as the C — M learner in the parametric setting we dis-
cussed in Remarks 2.26. In particular, under clustered interference both nonparametric
C — M learners find the optimal C — 1 arm vector efficiently. However, if our target is
to learn the global optimal G — 1 arm vector, then these learners may not perform well,

simply because it’s learning cluster level optimal arms independently.

SD C — M Learner is an Asynchronous Extension: The SD C — M learner is a bit involved
and not a straightforward extension compared to other SD learners. One could think
of a common winner set approach for all clusters similar to SD C — 1 learner, but that
would not be aligned with the C — M learner idea that is to learn cluster specific optimal
arms independently, i.e., for each arm k € W, it will be learning same parameter for
all clusters, whereas we need to learn cluster specific parameters here. The SD C — M
learner overcomes this issue by having separate round counters and winner set arm
counters for each cluster. So here as if we are learning M separate SD G — 1 learners
simultaneously. But the problem is, at any time step t, different clusters can be at dif-
ferent rounds, and their winner sets can be of different sizes. So we need to track when
all arms in a cluster level winner set have been pulled completely, and only then we
can do the winner set calculation for that cluster again. This idea makes the SD C — M
learner somewhat different and asynchronous in a sense that different clusters can be at

different rounds at any time step ¢.

a
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Comparison Tables

Finally we give a comparison table of all the NPTS algorithms discussed so far in Table 3.1.
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Numerical Experiments

In this section we evaluate the performance of the nonparametric learners that we have
proposed in this chapter through numerical experiments. As benchmark algorithms, we
consider the Thompson Sampling (TS) learners discussed in Chapter 2. The direct effect
and spillover effect parameters are set similarly for two interference scenarios as in Sec-
tion 2.5, i.e., No Optimal Switching (No-OS) and Optimal Switching (OS). However, we

consider the 5-arm bandit setting.

Network Structure and Clustering

Figure 3.2: Network structure for the 5-arm bandit simulation with N = 250 units
divided into M = 40 clusters.

We set the batch size N = 250 and total cluster number M = 40. In this chapter. In this
chapter, unlike the random geometric graph (RGG) structure used in Chapter 2, we use
stochastic block model (SBM) to generate a block-structured network. The intra-cluster
connection probabilities are varying in {0.05,0.1,0.3,0.5,0.7}, while the inter-cluster prob-
abilities are set to 0, so that we have strict clustered interference structure. The plot is
shown in Figure 3.2. The node locations in the network don’t have any spatial meaning.
The plot has been generated using the networkx library in Python with a layout such that
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nodes within the same cluster are grouped together and the clusters are visually separated.

In total there are 170 nodes which are connected and 80 isolated nodes.

Reward Generation and Interference Parameters

The rewards are generated using a 5 arms linear-in-means model 1. According the model,

if the learner pulls the arm vector W;, then the reward for unit i at time ¢ is given by:

5 5
Yi,t(wt) =+ Z ﬂk . H{Wi,t = k} —+ Z 5k Z Aij . ﬂ{W]’,t = k} + €ir €Eip~ N(O,l), (31)
k=1 k=1 jez

where the adjacency matrix A is a row normalized matrix with A; = 0, and entries
Ajj - I{W;; = k} represent the fraction of neighbors of unit i that received arm k at time
t. The experimental scenarios are similar to Section 2.5, that we have two interference
scenarios: No Optimal Switching (No-OS) and Optimal Switching (OS). The parameter

configurations along with the batch average of G — 1 arm vectors, are given in Table 3.3.

No-OS (1) 0S (2)
Arm k | Baseline | Direct | Spillover | Global Avg | Direct | Spillover | Global Avg

o Pk Ok #i(kas0) B Ok #i(kas0)
1 0.4 0.0 0.9000 0.9 0.0 1.4000
2 0.5 0.1 1.0680 0.8 0.21 1.4428
3 0.5 0.6 0.22 1.2496 0.7 0.42 1.4856
4 0.7 0.33 1.4244 0.6 0.64 1.5352
5 0.8 0.44 1.5992 0.5 0.85 1.5780

Table 3.3: Parameter configurations for the five-arm bandit with two interference
scenarios. The baseline effect is & = 0.5 for both cases. In the No Optimal Switching case,
both direct and spillover effects increase together. In the Optimal Switching case, direct
effects decrease while spillover effects increase. The global average 7i(kaso) shows the
batch-level mean potential outcome for each arm. In both configurations, arm 5 is the

G — 1 optimal arm, highlighted in green.

For the No-OS (1) scenario, the G — 1 optimal vector is same as the C — 1 optimal vector,
and also this best arm for each cluster. However for the OS scenario, the G — 1 optimal
arm is arm 5, but the cluster optimal arms are both arm 1 (for total 13 clusters) and arm 5

(for total 27 clusters), making the C — 1 optimal arm vector an arm combination of these

We discussed some details on the linear-in-means model in Section 2.2.4. This is a well known model in
the economics and social sciences literature to capture peer effects and interference, initially proposed by
Manski (1993). We also proposed K arm version of this model.
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Cluster Index | Count | # Edges | Optimal Arm | Cluster Avg Arm1 | Cluster Avg Arm 5
m N | |En] K T (1) EACY)
1 4 0 1 1.4000 1.0000
2 5 1 1 1.4000 1.3400
3 12 18 5 1.4000 1.8500
4 13 33 5 1.4000 1.7846
5 13 54 5 1.4000 1.8500
6 6 0 1 1.4000 1.0000
7 6 0 1 1.4000 1.0000
8 3 1 5 1.4000 1.5667
9 8 9 5 1.4000 1.8500
10 4 6 5 1.4000 1.8500
11 12 5 5 1.4000 1.4250
12 6 0 1 1.4000 1.0000
13 5 3 5 1.4000 1.6800
14 3 1 5 1.4000 1.5667
15 5 5 5 1.4000 1.6800
16 9 2 1 1.4000 1.3778
17 5 1 1 1.4000 1.3400
18 7 8 5 1.4000 1.8500
19 4 3 5 1.4000 1.8500
20 8 18 5 1.4000 1.8500
21 6 0 1 1.4000 1.0000
22 4 0 1 1.4000 1.0000
23 5 4 5 1.4000 1.8500
24 7 12 5 1.4000 1.8500
25 5 5 5 1.4000 1.8500
26 4 0 1 1.4000 1.0000
27 9 4 5 1.4000 1.5667
28 5 5 5 1.4000 1.8500
29 9 14 5 1.4000 1.8500
30 7 12 5 1.4000 1.8500
31 4 1 5 1.4000 1.4250
32 3 0 1 1.4000 1.0000
33 3 1 5 1.4000 1.5667
34 2 1 5 1.4000 1.8500
35 3 2 5 1.4000 1.8500
36 6 0 1 1.4000 1.0000
37 5 0 1 1.4000 1.0000
38 8 8 5 1.4000 1.7438
39 9 15 5 1.4000 1.7556
40 8 19 5 1.4000 1.8500

Table 3.4: Cluster-level summary for OS (2) case, showing, cluster index m, unit counts
in N, edge counts |E,,|, optimal arm assignments kg\’;;) ¥, and average rewards when the
whole cluster is assigned to arm 1 and arm 5, 7, (1y,,) and 7, (5x;, ) respectively. Note
that cluster averages are close to the average for G — 1 arm vectors, which are 1.4 for arm

1 and 1.578 for arm 5.

two arms. In Table 3.4, we provide a cluster-level summary for the OS scenario, showing
the optimal arm for each cluster along with the average reward for arm 1 and 5. We can
see that for some clusters, the optimal arms are arm 1 and some are 5 and also the cluster

means for these two arms are close to the batch means for these arms, which are 1.4 and
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1.578 respectively. This makes the OS scenario a favorable case for the C — 1 learners, since
by learning the cluster optimal arms, they can also learn a good approximation of the G — 1

optimal arm.

Comparison of All Learners

GauTs_IID
GauTs_G1
GauTs_C1
NPTS_G1
NPTS_C1
NPTS_IID
sD_IID
SD_G1
sD_C1

800

600

SREERRX

200

T T T T T T T
0 50 100 150 200 250 300
Time

Figure 3.3: Comparison of G — 1 regrets with T = 300, over 1000 Monte Carlo
simulations for the No-OS (1) case.

For the numerical experiments, we ran Monte Carlo simulations with 1000 runs for each
learner in two interference scenarios, with the time horizon set to T = 300. The mean and
standard deviation of the final G — 1 and C — 1 regrets at time T = 300 for all learners are
given in Table 3.5. First, we explain the no optimal switching or No-OS (1) case. Recall,
this is the situation when the optimal G — 1 arm remains same with or without interference.
Also, both G — 1 and C — 1 optimal arm vectors are same, and this is the global optimal for
the entire batch and also unit-wise optimal. We didn’t consider the C — M learners here,
since they target C — 1 optimal arms by construction, and will incur higher regret. Among
the other three types, IID, G — 1 and C — 1 learners, from the table we see that overall the
C — 1 learners perform the best, followed by the II1D learners and then the G — 1 learners.
This is similar to the pattern what we have found in the parametric case in Section 2.5.
Among the three C — 1 learners, TS, NPTS and SD, the TS or Thompson sampling C — 1
learner is the best, but NPTS is close, and then we have the SD C — 1 learner.
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For the IID learners, TS and NPTS learners are better than SD IID, and for the G — 1
learners, SD G — 1 performs best. We show the G — 1 regret plots in Figure 3.3. The
regret plots show similar conclusion. That is overall the C — 1 learners (shown in green)
outperform both G — 1 and IID learners in this case. One reason why this happens is,
by construction when learning the G — 1 optimal arm, the C — 1 learners explore in small
batches so have less initial regrets while still being able to learn the G — 1 optimal arm

with some exploration.

When it comes to Optimal Switching scenario, which is the case when the optimal G — 1
arm vector changes due to interference, we need to separately discuss the results for the
G — 1 and C — 1 regret. First, for the G — 1 regret, from the Table 3.5 and, first we can
discard the IID learners since they perform poorly here. Also, the regret plot Figure 3.4
(top left) and (top right) shows the TS IID and NPTS 11D learners have linear regret. Recall
the reason for this is, we are now in the optimal switching case where the optimal arm is
different from the no interference case, so the IID learners suffer from the wrong updates.
The SD IID also has relatively high regret, but shows a sublinear pattern. We think this
is because the SD IID does not have the complete independent structure like other two
IID learners, since it has a common winner set approach. Overall both the G — 1 and
C — 1 learners perform well here. From Table 3.5, the SD G — 1 learner performs best, and
then we have the NPTS C — 1 and G — 1 learners. The TS C — 1 learner also performs
well. We have a separate plot in Figure 3.4 (bottom left), which compares the G — 1 and
C — 1 learners only. We also don’t discuss the result for the C — M learners here since
by construction they target the C — 1 optimal arm vector. However, the learner’s goal in
this case is to find the G — 1 optimal or minimize G — 1 regret and C — M learners find
a different target, which maybe better, but not intended. The proper regret to look at for

C — M learners in this case is the C — 1 regret, which we discuss next.

Finally, for the C — 1 regret in the OS scenario, from Table 3.5, we see that the SD C — M
learner performs the best among all learners. Recall, in this case, we are looking for a
combination arm vector, which is a harder problem, so in general the regrets are higher
than the G — 1 regrets. The SD C — M learner which is an asynchronous round-based
learner, performs better than the Thompson sampling based C — M learner. We think this

is a remarkable result, since the SD C — M learner is completely nonparametric.
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Conclusion

In this chapter, we proposed different nonparametric learners for batched interference
setup that we have proposed in Chapter 2. The algorithms are primarily based on two
resampling based bandit algorithms, nonparametric Thompson sampling (NPTS) and sub-
sampling dueling algorithm (SDA). Both have strong theoretical guarantees and very dif-
ferent in design. We have adapted these algorithms to our batched interference setup and
proposed four types of learners in each case, targeting different optimal arm vectors, i.e.,
IID, G -1, C—1and C — M, following the similar principle as in Chapter 2. We out-
lined all the algorithms using the same potential reward framework, and provided some
detailed description of the key features. Finally, we evaluated the performance of these
learners through numerical experiments and compared them with the Thompson sam-
pling based learners from Chapter 2. The results show that overall the nonparametric
learners perform competitively with the Thompson sampling learners, and in some cases
even better, especially the subsampling dueling learners. We believe, these algorithms can
be applied to many real worlds batched bandit problems under interference, where the
parametric assumptions may not hold. Further work includes theoretical analysis of these

learners in our batched interference setup.






Chapter 4.

LEARNING OPTIMAL PRICE UNDER INTERFERENCE

(Unpublished)

In this chapter, we return to Example 1.1, the hawker example from Chapter 1. The ex-
ample has been primarily motivated from Kleinberg and Leighton (2003) in the context of
dynamic pricing. The story goes like this: a seller has an unlimited supply of some good,
interacts with T buyers sequentially over t = 1, ..., T periods, offers a price between 0 and
1, the buyer t buys or leaves, if buys the seller earns revenue at t, otherwise not. The goal
of the seller is: maximizing cumulative revenue from sales over T periods, hence the seller needs
to find optimal price that can be charged. Kleinberg and Leighton (2003) was interested
to investigate: what is the value of knowing the demand curve in this setting? In particular, the
question they investigated is related to - whether there is a difference for the seller in ex-
pected revenues, when the seller is informed, i.e., knows the demand curve Vs. the seller
is uninformed and sets the prices according to some online strategy like multi armed ban-
dit*. The answers they found is - it depends particularly on the buyers’ valuation, types,
i.e., whether, identical, random or adversarial and there will be always some cost for this

discretization of the prices.

In this chapter, we take this problem, and question whether interference has any role in
buyer’s purchasing decision. In particular, we ask: what if the buyers are connected in a
network and the purchase decision of a buyer depends not only on the price she has been
offered, but also on the prices offered to her neighbors or someone connected to her in
the network. Then how does the seller solve his problem. This is in fact, the connection of
dynamic pricing with interference. We try to formalize the dynamic pricing problem raised
by Kleinberg and Leighton (2003) under interference with the framework that we devel-
oped in Section 2.2, and also evaluate the algorithms in solving the seller’s maximization

problem.

This chapter can be seen as an illustration of our proposed framework in Chapter 2 and
algorithms that we have developed and discussed in Chapter 2 and Chapter 3. In the dy-
namic pricing setting, there are several questions one can ask coming from an economic
theory perspective, in particular, how this is connected to the mechanism design, auction
theory or industrial organization (IO) literature. In the selling process often there could be

bargaining, and how does this come into play. We don’t attempt to answer all these ques-

From the classical Microeconomic theory perspective, if the seller knows the demand curve, then it’s possi-
ble to equate marginal revenue and marginal cost to get the profit maximizing quantity and also profit maxi-
mizing price! This is a very classical result, however the issue is, in practice we often don’t know the market
demand curve. One solution is estimating market demand curve from data and this falls under the literature of
industrial organization (IO). However, in this work we don’t go in that direction of demand curve estima-
tion, and request the reader to look at Aguirregabiria (2021) for a recent review if interested. Our approach is
more towards online learning with sequential experimentation.

133
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tions here neither we try to convince the reader that our approach is the only approach for
this modeling. But, we think there exists a gap here when it comes to interference in pur-
chasing decision and pricing, and in this chapter we open some interesting directions for
future research, both for us and others, and we would like to investigate these questions

in our future work.

There are two novel aspects of this chapter, compared to the previous chapters. First, we
formulate the dynamic pricing bandit problem with interference among buyers, where, a
buyer’s purchase decision depends not only on the price offered to her, but also on the
prices offered to her neighbors. Second, we bring the random network in the setting. Until
now, in Chapter 2 and Chapter 3, we have assumed a fixed set of nodes or units arriving at
each time period. But this setup is inappropriate in the dynamic pricing case. Since in prac-
tice, a seller may have a large population of potential buyers connected through a social
network, and at each time period only a random sample of buyers arrives to him. So we
take this random sampling in our consideration in this chapter and see how the proposed
learners can be applied in this setting. The recent work proposed by Gleich et al. (2025)
also considers random sampling of nodes’, but their approach is quite different from ours
in several ways. First, they specify a probabilistic model of the network and generate
samples independently over time, whereas we consider a fixed large spatial population
network and then buyer meets a random sample from here at each time. This is motivated
from the practical consideration related to the hawker example, where hawker has a target
population in mind, and meets a subset of random buyers at each day. Second, they con-
sider linear model underneath where the network is known and then learn the parameters
using Thompson sampling based approach, where our algorithms are model agnostic, we
don’t assume the learner knows the adjacency matrix and use the clustered interference
structure where the learner only knows the cluster information. Also, we apply the non-
parametric learners that we have developed in Chapter 3, which makes the learners more

flexible in terms of distributional assumptions.

This chapter is organized as follows. In Section 4.1 we outline the interaction protocol and
model purchase decision under interference. In Section 4.2 we discuss how the proposed
learners from Chapter 2 and Chapter 3 can be applied in this setting. In Section 4.3, we
present simulation results to evaluate the performance of the learners. Finally, we con-

clude in Section 4.4 with a discussion on future research directions.

Protocol and Modeling Purchase Decisions Under Interference

Since this is an online learning problem. We need to clearly outline the interaction protocol

and the seller’s goal in this setting. In the following we first explain the case without

To the best of our knowledge, except our attempt, this is the only paper which considers random network in
the stochastic bandit setting.
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interference, then we extend the model to include interference.

Modeling Purchasing Without Interference

Seller’s Goal: Maximize Cumulative Revenue }:thl Y:

fort=1,2,...,T do
a buyer arrives with a purchase probability function: g¢(+)
seller offers a price: Wy € W
buyer buys or not: X; € {0,1}
the seller earns revenue: Y; = W;X;

Interaction Protocol 5: Dynamic Pricing (Without Interference)

If we don’t consider interference, the problem is simple and similar to the setting given in
Kleinberg and Leighton (2003), except the author modeled with continuum of prices over
[0,1] and a random buyer comes from a distribution of valuations. Whereas, we keep the
buyer as a random entity, but apply for a discrete price set and model the purchase deci-
sion probabilistically with a Bernoulli coin flip. In particular, we model the buyer’s pur-
chase decision through potential outcome framework, where the probability of purchase
for a buyer depends on the price offered to the buyer. We outline how the interaction takes

place in Line 24.

The seller starts with K prices with aset W = {p1,..., px}. Ateach time, a single buyer
arrives, seller offers a price W; € W, buyer decides whether to buy or not, this is denoted
with a binary variable X; € {0,1}. The seller earns revenue Y; = W; - X, i.e., revenue is
exactly equal to the price offered if the buyer purchases the good, otherwise zero. Now,
since X; € {0,1}, we propose to model the purchase decision with a Bernoulli coin flip,

ie.,

X; ~ Bernoulli (g (W;))
7 (W) = o (1 (W) &b
11 (Wi) = Bo — B1log W;

where g (W;) is the purchase probability at price W;. The sigmoid function o (-) ensures the
probability lies between 0 and 1. The term # (W;) is a semi-log function of price W;, where
increase in price leads to decrease in 77 (W;) and hence decrease in purchase probability?. If
we invoke the potential reward framework in this setup, then for k prices we have k poten-
tial purchase decisions for a buyer. So for each price py € W, we have a potential purchase
decision variable X;(px) ~ Bernoulli (q(px)). Here g(px) is the purchase probability at
price pi. So for K prices we have K potential purchase distributions. Since X;(px) € {0,1},
the mean of this distribution simply tells what is the purchase probability at price py for a

The interpretation here is the classic semi-log interpretation, so if price offered for unit i goes up by 1% then
17 (W) goes down by approximately 1 /100.
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buyer coming randomly from a population. Note that, here we have E [X;(px)] = 9(px)-
Now let Y; (px) = pk - Xi(px) be the corresponding potential revenue or potential reward
for the seller, then the expected potential revenueis u(px) = E (Y; (pr)) = pr - 9(px). When
the seller offers price W;, he observes the revenue Y; = Y; (W;), while the counterfactual
revenues {Y; (px) : px # W} remain unobserved. The seller’s goal is to maximize cumula-

tive revenue over T days, i.e., maximize Y./ Y}, or in expectation

T T T
maximize Y E[Y}(W)] =) u(Wi) =) Wi-q(W;)

=1 t=1 t=1

Or, equivalently, if we have an optimal price, i.e., then

T
minimize regret, where pseudo regretis Rr = )_ (u(p*) — u(Wr)).
t=1

where p* = argmax,, .y, E [Yi (px)] = argmax,, .\, pt (px) = argmax,, oyy pi - 4(px), is the
best price or optimal price that the seller would like to learn over the selling horizon of T

days and if this is offered the seller maximizes his expected revenue.

Remarks 4.1 (Connecting to Valuation Framework of Kleinberg and Leighton
(2003)). There is a close connection with the potential outcome framework that we use
to motivate the problem, and the valuation setup discussed in Kleinberg and Leighton
(2003). In particular, let F;, be the population distribution of valuations for all buyers
over [0,1]. Under this setup a random buyer comes with valuation v; ~ F, and then the
seller offers the price py. If the v; > py, i.e., buyer’s valuation is greater than or equal to
the price offered, then the buyer purchases the good if. The proportion of buyers who

purchase at price py is given by

9P (pr) = P(vr > pr) = 1 — Fo(pp).

which is conventionally called the demand function at price py, since it shows what
fraction of buyers would like to purchase at price py and if price increases, the fraction

(or demand) decreases.

In our potential outcome framework, this is exactly the purchase probability at price py,
ie., g(pr) = q°(pr) = 1 —Fy(px). So in this sense, our potential outcome framework
models what is the probability that the random buyer would like to purchase at price
Pk, and in the valuation framework of Kleinberg and Leighton (2003), this is same as
the percentage of buyers whose valuation is greater than or equal to the price offered.

Hence, our modeling of the purchase probability can be seen as an alternative way of
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modeling the purchase decision. This would be useful when we extend the model to

include interference.

"

Modeling Purchasing Under Interference

Now, we explain the problem under interference. Suppose, the seller with a possible price
set W = {p1, p2, ..., px} now goes to sell his products in a market consisting of N potential
buyers denoted with a set Z. This is the population set of buyers. At each day ¢, the seller
meets a random sample of n < N buyers in a set Z; C Z i.e., |Z;| = n. The goal is same,
that is: maximizing cumulative revenue over a selling horizon of T days. Here is how the

interaction takes place,

Seller’s Goal: Maximize Cumulative Revenue Y.!_; Yier, it

fort=1,2,...,T do
a random sample of buyers Z; C 7 arrives with purchase probability
function {g; () }iez,
foreach buyer i € Z; do
seller offers price W;; € W
buyer buys or not X;; € {0,1}
the seller earns revenue Y;; = W; ;X;;

Interaction Protocol 6: Dynamic Pricing with Interference

At each time t, a random sample of buyers Z; arrives with a set of purchase probability
functions {g;;(-) }iez,- For each buyer i € Z,, the seller offers a price W;; € W, buyer i
decides whether to purchase or leave. The decision variable is denoted with X;; € {0,1},
where X;; = 1 mean the buyer i purchases the product, and X;; = 0 means otherwise.
However, now the purchase decision of buyer i depends not only on the price W;; offered
to her, but also on the prices offered to other buyers in the sample Z;. The revenue that
the seller receives from a particular buyer i is Y;; = W;;X;;. The goal of the seller is to

maximize cumulative revenue over the selling horizon of T days, i.e., YL ; Yier, Yit

As mentioned the interference arises because the purchase decisions of buyers are influ-
enced by the prices offered to their neighbors or other buyers in the social network. For
example, it could be the case that if a buyer finds out that her neighbor has been offered
a lower price, she may perceive the pricing is unfair and decides not to buy at all. This is
just one example of different interference scenarios that may arise. Like the setup without
interference, we model the purchase variable X;,; through a Bernoulli coin flip, however
now because of interference, the purchase probability of buyer i, denoted with g;(-) de-
pends, not only on the price offered to i € Z;, but also on the other units in 7;, i.e., on
the whole price vector Wy = (Wi, Way, ..., Wn,t)/ at time t. The complete model can be

written as follows:
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Xi+ ~ Bernoulli (g;; (W}))
qip (W) = o (17is (Wh)), (4.2)
Nip (Wi) = ;i + iy (Wit) — v Vi (We) -

Now for interference effect, the term #; ; (W) that goes inside this sigmoid function, can be
modeled with a similar idea as the linear-in-means by Manski (1993), also we discussed in
Section 2.2.4. We model this as a linear function of three components. First, «;, this captures
buyer i’s unique preference over the product. This is something the buyer specific. Second,
Hm(iy(Wiz), is a function that models the preference of buyer i based on some groups or
clusters that she belongs to. Third the term, yV;; (W;) has the interference parameter and
the interference function V;; (W;), where V;; (-) depends on the whole price vector W; =
(Wi, Wai, ..., Wit

Now, we give more details for the two functions ,,;(Wi;) and V;; (W;). First, assume
that the n buyers coming randomly, may belong to M different clusters or groups based
on their characteristics or preferences towards the product. Let m(i) € {1,2,..., M} be the
cluster that buyer i belongs to. The term p,,(;(W;) captures the willingness to purchase
the product of buyer i, when offered price W;;, given that the buyer belongs to some group
or cluster m(i). This is actually same for all buyers in the same cluster. We call this the
cluster specific willingness to purchase function, and as we explained, roughly it captures
how buyer i’s purchase decision is influenced by the price offered to her, given her cluster
membership. This function can take different forms, including some non-linear forms.
In our experiments we model this with a simple log-linear function, i.e., p, ;) (Wi:) =

Bo,m(iy — B1,m(i) 1og Wiy, this is the same semi-log form we used in eq. (4.1).

Similarly, the interference function V;; (W;) can also take different forms, based on how
we model interference. In our experiments we set the interference function as represen-
tation of mistrust or perceived unfairness due to price differences. In particular, we set,
Vi (W) = %/r Vit =1 (Wit — Wi,t)z. Where, Ajj; = 1if buyers i and j are connected in
the batch 7;. The entries A;;; are the elements of the adjacency matrix A; for the sampled
network at t. The term d,; = Y; Ajj+ is the degree of buyer i for batch Z;. So the interference
term captures the average of the squared price difference in buyer i’s local neighborhood
at day t. If neighbors are offered prices very different from W;;, then V;; (W;) penalizes
the purchase probability for buyer i due to perceived unfairness or distrust. If all the
neighbors are offered the same price as W;;, then there is no effect from the neighbors. So
put it simply different prices offered to neighbors at time ¢ influences buyer i’s purchase

probability negatively.

The idea of the potential purchase decision and potential reward is similar to the setup
without interference. However, now because of interference, the potential purchase deci-

sion for buyer i at time t depends on the whole price vector W;. In general, we denote a
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fixed price vector of length n with p € W", where p = (p1,p2,...,pn) and p; € W for
each i € [n]. Then for a fixed price vector p, we can denote potential purchase decision for
buyer i at time ¢ with X;;(p) € {0,1}. The corresponding potential reward or potential
revenue for the seller from buyer i at time ¢ is then Y;;(p) = pi- Xi¢(p). The expected
potential revenue is then y;:(p) = E[Yi:(p)] = pi- qi+(p). When the seller offers price
vector W; at time ¢, he observes the revenue Y;; = Y;(W;) from each buyer i € Z;, while

the counterfactual revenues {Y;(p) : p # W;} remain unobserved.

Now, to define the seller’s goal or optimal price vector in this setting, we think about
two possible scenarios, both are motivated from practical considerations and consistent
with our optimal arm vectors that we defined in Section 2.2. In particular, consider our
hawker example, at any day or time ¢, the hawker may sell in one location or in different
locations in a city. If he goes to different locations, then he can offer different prices. This
is the classic differential pricing or price discrimination in economics. This would help the
seller to extract more revenue based on varying willingness to pay of buyers in different
locations. However, if he stays in one location, it is unlikely that he can offer different
prices to different buyers in the same location per day. Although initially he may start
experimenting, but eventually he has to settle with one price for all buyers in the same
location at a time period. This motivated us to consider the G — 1 optimal arm vector and
C — 1 optimal arm vector as targets in this setting. In particular if the buyer offers one price
to all buyers in a same day, regardless whether they belong to different locations, then this
is similar to the G — 1 arm vector. And, if he offers different prices to different locations
per day, then this is similar to the C — 1 arm vector, where the locations are the clusters in
our setup. Let’s denote the G — 1 price vector be p, = p - 1,, for some p € W, i.e., price
p is offered to all buyers in the sample Z; at time t. Now, the G — 1 optimal price vector,
denoted with py; = p* - 1y for some p* € W, is the uniform price vector that maximizes

expected revenue when offered to all buyers in the population, i.e.,

p" = argmax ) pi(p - Ty) = argmax ) pi- qi(pi - In),
pkeEW i€l pkEW i€l
With this p*, the seller’s goal is to maximize cumulative revenue over T days by learning
this optimal uniform price p*. Or equivalently, minimize G — 1 regret, where pseudo regret

is defined as

T
RE =YY (in(p* - 1a) — pis(Wh)

t=1ieZ;

T
=YY (P qie(p" 1) — Wip - qi s (Wh)) .
el

t=11i

(4.3)

The other options is the seller want to offer location specific prices to different locations per
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day. In our setup, this is actually the C — 1 arm vectors, or in this context, the price vectors.
We will denote the C — 1 price vector as pc—1ny = (p1- 1INy, P2 1Ny, - -+, PM - 1Ny, )|, Where
Ny, is the number of buyers in cluster C,, and p,, € W is the price offered to all buyers
in cluster C,,. Recall, we call this the clustered one or C — 1 price vector, since there is
one price per cluster. With this we can also define the C — 1 optimal price vector, denoted
with p¢_; , which is essentially the combination price vector from KM price vectors that

maximizes expected revenue when offered to all buyers in the population, i.e.,

pé_in = argmax Y pi(pc_in) = argmax Y W;-gi(pc_1n)
pcfl,NGWCI i€ pC,LNEWCl i€l

Now, we can also define the C — 1 pseudo regret similarly as G — 1 pseudo regret.

T
RT = Yo Y (#ir(pEvn) — Hit(Wh)) (4.4)

t=1ieZ;

So when defining the seller’s goal we consider maximizing cumulative revenue through
learning either the G — 1 optimal price vector or the C — 1 optimal price vector given that

buyers belong some clusters.

Remarks 4.2 (On the Interference in Dynamic Pricing Setting).

Optimal Prices are Defined for the Population: Note that, the G — 1 optimal price p}; and
the C — 1 optimal price vector pi-_; \ are defined for the whole population of buyers
Z, not just for the sampled buyers Z; at time . We defined the optimal prices this way
because for the global optimal price, this is a fixed notion, i.e., there is one optimal price
for the whole population, and also there is one optimal price per cluster for the whole
population. Depending on the random sample, the price that would maximize revenue
for the sampled buyers may vary. But the seller’s goal is to learn the optimal prices for

the whole population.

Modeling Interference in Pricing: We proposed a model of distrust, where if a buyer offers
different price compared to her neighbor, then this influences the purchase probability
negatively. So any kind of price discrimination or differential pricing would lead to
some negative spillover effects. However, the nature of spillover effects depends on the
product, market and different social scenarios, it could be that if the neighbor is offered
a higher price and purchased the product, then this may increase the willingness to

purchase for the buyer.

a
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Algorithm 20: TS Price Learner (Without Interference)

Input: W = {pg, ..., px}, T and «(k), B(k) Vk € [K]

Initialize: @y (k) = &(k), Bo(k) = B(k), So(k) = 0, ng(k) = 0, Vk € [K]

3 fort=1,2,...,Tdo

4 sample g}(k) ~ Beta(a,_1(k), Br_1(k)), ¥k € [K] // after the buyer arrives
5 select k' = argmax x| pi - q:(px)

6 offers price Wy = pp € W,

[uy

N

7 observe purchase decision X;
8 calculate revenue Y; = W; - X;
9 update

10 L St (k) =Si1 (K)+ X &ny (K) = np_1 (K) + 1

1 @ (K)y=a (k) +S: (K) & Br (K) = B (k') +n; (k') — St (k')

12 OQutput: Wy, Y3, Vi € [T]

Price Learners Under Interference

We now discuss how we can apply different bandit algorithms in this dynamic pricing
setting. First, let’s ignore the interference altogether and apply the standard Thompson
sampling algorithm for revenue maximization in dynamic pricing problem without inter-

ference, i.e., for Line 24. We outline the learner’s procedure in Algorithm 20.

So the seller or the hawker starts with a set of prices W = {ps, ..., px} of size K. The price
set is actually our treatment set. In the parametric setup, the learner assumes the potential
decision variable X;(py) that follows Bernoulli distribution i.e., X;(px) ~ Bernoulli(g(k)),
where g(k) is the purchase probability at price py and then assumes a prior on the purchase
probability q(k) for each k € [K]. The algorithm then follows very closely to the standard
Thompson sampling with Bernoulli rewards that we have outlined in Algorithm 2, except
there is a small difference in the arm selection. In the usual Bernoulli Thompson sampling,
arm is selected based on the sampled mean reward from the posterior distribution. Here,
the arm is selected based on maximizing the expected revenue. Here expected revenue for
price pi is E(Y¢(k)) = pi - (k). This is in line no. 5 in the algorithm. The rest of the steps

and then the updates are similar to the standard Bernoulli Thompson sampling.

Now let’s apply the algorithms under interference that we have developed in Chapter 2
and Chapter 3. It is possible to apply all four type of learners, i.e., IID, G -1, C — 1 and
C — M learners both in parametric, i.e., Thompson sampling and non-parametric algo-
rithms, NPTS and SDA in this case. Since this is just some minor adjustments of the basic
algorithms we have already outlined, we will only outline the parametric versions of the
TS G — 1 and TS C — M learners here and give the TS IID and TS C — 1 learners in Ap-

pendix A3 and also mention how one can apply the non-parametric learners in Chapter 3.
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Algorithm 21: TS G — 1 Price Learner

1 Input: {Z;}L |, W = {p1,...,px}, Tand a(k), B(k) Vk € [K]
2 Initialize: &g (k) = &(k), Bo(k) = B(k), So(k) = 0, ng(k) = 0, Vk € [K]
3 fort=1,2,...,Tdo

4 a random sample of buyers Z; C 7 arrives

5 sample g} (k) ~ Beta(a;_1 (k), Bi_1(k)), Vk € [K]

6 select k' = argmax  px - q; (k)

7 offer price W;; = pp € W, Vi € I;

8 observe purchase decision X;;, Vi € Z; // X is a function of W, due to interference
9 calculate revenue Y;; = W;; - X;;, Vi € I

10 update

1 L Si(K) =S (K)+ X &y (K) = ny_1 (K) +n
@ (K) = (K) + St (K') & Br (K') = B (K') +ns (K') = St (K)

12

13 Output: W;, Y;, Vt € [T]

Algorithm 22: TS C — M Price Learner

1 Input: Z, W = {py,..., px}, T, {Cu } ey, @m(k), Biu(k), ¥m € [M] and Vk € [K]
2 Initialize: &, 0(k) = &n(k), Buo(k) = Bu(k), Spo(k) = 0, and n,0(k) = 0, Ym € [M] and

Vk € [K]

3 fort=1,2,...,Tdo

4 a random sample of buyers Z; C 7 arrives

5 form=1,2,...,Mdo

6 sample g, , (k) ~ Beta(@y,¢—1(k), Bu,s-1(k)), Vk € [K]
7 select k(") = argmaxyc x| Pk * G, (k)

8 offer price W;; = pym), Vi € Cny

9 observe purchase decision X;;, Vi € Z;
10 calculate revenue Y;; = W, - X;;, Vi € I;
11 form=1,2,...,Mdo
12 update

13 St (kM) = Sy r 1 (KU)) + Yice, Yir & e (k™) = 141 (kM) + Ny
14 R p (K0 = Ty (K0M)) 4 Sy ¢ (KM

15 Bm,t(k(m)) = Em (k(m)) + ”m,t(k(m)) - Sm,t(k(m))

16 Output: W;, Y;, Vt € [T]

Recall the idea of the G — 1 learner, here the seller is looking for the best G — 1 price vector,
or simply, what is the optimal price that he can offer to all buyers such that G — 1 regret
we defined eq. (4.3) is minimized. The basic procedure is similar to the Bernoulli example
of the G — 1 learner in Example 2.17, however like Algorithm 20 for the arm selection

step learner needs to select the price based on maximizing expected revenue, and then
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following the G — 1 style it assigns the same arm to all buyers in the sample at time t. We
outline the TS G — 1 Price learner in Algorithm 21.

Similarly, we can also modify the TS C — M learner for this dynamic pricing setting with
interference. Recall the idea of the C — M learner, here the seller is looking for the opti-
mal C — 1 price vector, or simply, what is the location-wise best price that he can offer
to buyers in different locations such that the C — 1 regret we defined in eq. (4.4) is mini-
mized. Again the basic procedure is similar to the Bernoulli example of the C — M learner

in Example 2.24 with some modifications for the arm selection step and the updates.

The nonparametric learners in Chapter 3 can also be similarly applied. In fact the modifi-
cations are easier, since the learner needs to sample the history of the rewards, which in
this is the history of the revenues, and the selects are the arm based on relevant steps for
SDA and NPTS modifications.

Numerical Experiments

In this section, we evaluate different parametric and nonparametric price learners through
some numerical experiments. For the parametric cases, we run the Thompson sampling
(TS) price learners that we have discussed in Section 4.2 and the for the non-parametric
case, the prices learners are extensions of the subsampling duelling (SD) algorithms pro-
posed in Chapter 3. In the following, we first explain the experimental setup, in particular
how we constructed the population network of buyers and how sampling is done at each
time t. Then, we compare different price learners based on their cumulative regrets over

T days and discuss the results.

Population Network Construction and Sampling

For this experiment, we generated the population network of buyers distributed across a
large spatial area, with small clusters inside. As we discussed before, this is motivated
from the hawker example, where the hawker targets this population of buyers in a city
and he goes to different locations, or in this case clusters, to sell his products. We keep the
generated the clusters sufficiently separated with denser connections within but sparse
connections in between. Then at each time f, a random sample of buyers are drawn from
this population and the hawker or seller offers his price to learn the optimal price over
a horizon of T days. Here are the details of the general construction procedure for the
population spatial network. We assume, given that L is the side-length of a single cluster,
the separating roads have a uniform width of 7f x L, where rf € (0,1) stands for road
fraction (i.e., the fraction of the cluster length used for a road). Along the outer boundary,
we also keep additional width of % x L and the full area of the square is [0,3L] x [0,3L].

Now, for this experiment we set L = 1 and rf = 0.3, then the population area is [0, 3] x
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Figure 4.1: An example of a clustered network with N = 900 nodes and M = 9 clusters,
generated using the specified road geometry and connectivity model.

[0,3], with 3 x 3 = 9 clusters separated by roads of width 0.15 between clusters and also

along the outer boundary. The full population area with clusters are shown in Figure 4.1.

Now, we generate a network on this space. To generate nodes, we randomly generated
N = 900 points uniformly within this population region. Initially they are scattered across
all clusters along with the roads. Then with some scaling we shifted the points inside the
clusters, such that no points are located within the road regions. This separates the clusters
sufficiently, and helps us to get the structure of connections that we want. Any two nodes,
or points, i and j are then randomly connected with a probability p;;,
\2
Pij = Pmin + (Pmax — Pmin) X e (bi/0), (4.5)
where p;; denotes the probability of an edge between node i and j (for i # j), pmin and
Pmax are the minimum and maximum probabilities for connection respectively, pij is the
Euclidean distance between them and p is the scale parameter (or also called decay pa-
rameter) controls how fast the connectivity decays with distance. So, if pij — 0, then
Pij — Pmax, and if p;; — oo, then p;; — Pmin, i-e., i.e., lower distance lead to higher proba-
bility and vice versa. The g controls the strength of this decay, smaller values means faster
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decay hence we will get a sparser graph, while larger values means slower decay hence
denser graph. In our experiments, we set p = 0.2, pmin = 0.0, and pmax = 0.3. This gives
the connections shown in Figure 4.1. The graphs generated in this manner are known as
soft random geometric graphs (soft RGGs) in the literature (Penrose, 2016; Duchemin & de
Castro, 2022) as opposed to the classic random geometric graphs (RGGs) where connec-
tions are deterministic and all nodes within a certain threshold or distance are connected
and beyond they are not. We used the RGG construction in Chapter 2, following Leung
(2023), here we used the soft RGG construction to have more flexibility in controlling the

density of connections.

m 1 2 3 4 5 6 7 8 9
Ny | 109 105 94 93 107 100 95 110 87
n, | 36 35 31 31 36 33 32 37 29

Figure 4.2: Two examples of sampled networks at two different time ¢. Population and
Sample cluster sizes are N;; and n,;, are given in the table.

Now, at each day or time t, the hawker meets a random sample of buyers Z; or size n = 300
from this population. Network sampling is a difficult problem, and one can do sampling
in different ways with different objectives in mindS. Since our goal is to see how the price
learners perform, we avoid the complex sampling issues, and do a simple stratified sam-
pling here. In particular, we fixed the number of units in each cluster first, and then ran-
domly sample from each cluster the specified number of buyers.Let N;, be the number
of buyers in population cluster C,,, for m = 1,2,...,9, such that 231:1 N, = N and ny,

be the number of buyers sampled from cluster C,, at each time t, such that Y ,_; 1, = 7.

For example, we could keep the same degree distribution as population, or clustering coefficient, or aver-
age path length, etc. We found an introductory overview, covering different aspects of network sampling in
Izenman (2023, Chapter 3). Interested readers are referred to this chapter for more details.



146

Then we have the N,, and n,, values as shown in Figure 4.2. Also, the figure shows two
sampled networks at two different time points. Note that, since the sampling is random,

the sampled networks are different at different time ¢.

Reward Generation and Parameter Setup

The rewards or the revenues are generated based on the model we discussed in Sec-
tion 4.1.2. Here we summarize the key elements again for completeness. The treatment
set or price set in this case is W = {10, 12, 15}‘“. The revenue from a buyer i € Z; at time
t, is denoted with Y;;, this depends on the price offered to her, denoted with W;,, times
the decision variable, X;; € {0,1}. The decision variable models whether the buyer pur-
chases or not and this is actually the key element of interference that we discussed before.

In particular, the reward generation model is as follows:

Yip = Wi Xip,
X+ ~ Bernoulli (g;; (W)

qi¢ (Wi) = o (17:: (Wy)),

i (W) = &+ po(y (Wig) — 1 Vie (W) . (4.6)
(Wl,l‘) .B ,Bl m( log Wz t
Vig (W) = Z (Wi — Wi,t)2

dl t JGI[ 1],t:1

where the purchase probability g;(-) depends on individual—speciﬁc preference «;, cluster-
specific function p,,,(;) () with parameters By ,,,;y and B ,,(j), and the interference function
Vi +(+) with parameter <. Recall, the function Vz,t(') depends on the entire treatment vector
at time t, Wy = (Wy4,...,Wy;)' € W" and captures the negative spillover effect from
neighbors for differential pricing. The entries A;;; are the elements of the adjacency matrix
A; for the sampled network at ¢, where Aij,t = lifiand j are connected in the batch Z;, and
0 otherwise and d,; = Zj Ajj is the degree of buyer i for batch Z;. This means the reward
or revenue from buyer i at time ¢ depends on the price offered to batch Z;, and not on the

entire population Z''.

The parameter configurations for the experiments are summarized in Table 4.1. We have
three sets of parameters with three clusters each. For each cluster set, the individual will-
ingness to purchase (WP), denoted with «; are generated from Gaussian distributions with

different variances. The baseline willingness to purchase, denoted with By, and price

One could also do a discretization like Kleinberg and Leighton (2003), where the prices are discrete values
between 0 and 1. In this setting this is just a generalization to a continuous price set, which essentially means
more arms here. Since we don’t analysis based different demand curves we keep the setting simple.

In the random network case, this assumption makes several things tractable, otherwise the interference term
would depend on the entire population network, which would be difficult to handle.
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sensitivity pB1,, are also different for different clusters, but we set the interference effect

parameter v = 0.1 same for all three sets, or for all clusters.

Cluster | Individual WP | Baseline Price Interference
set a; ~N(0,02) WP Sensitivity Effect
m o Bom Bim Y
{1,2,3} 4 25 8
{4,5,6} 0.25 5 2 0.1
{7,8,9} 0.01 12

Table 4.1: Parameter values for the dynamic pricing bandit with network interference
experiments.

For the first set, clusters 1,2,3 have high baseline WP and also high price sensitivity. In
the context of our hawker example, these are essentially some busy commercial locations
in the city. So people coming to these locations and have high willingness to purchase in
general, but they are also very price sensitive, i.e., if price is suddenly high, they just leave,
possibly since they don’t have time for a second thought. These areas also have high indi-
vidual variance, i.e., high variance for a;. The idea is, since these are some busy locations,
so different types of people coming with different individual willingness to purchase. The
second group, clusters 4, 5, 6 are the opposite of the first group in nature. These essentially
represent quiet residential zones, so when hawker goes there, people have low baseline
WP, but they are also not very price sensitive. So when the hawker charges a bit higher
price, maybe people would still buy some goods but maybe not many people would buy.
These areas have moderate individual variance for «;. The last group, clusters 7, 8,9 are in
between of last two groups. These could be some moderate busy locations like schools or

offices.

For the three price arms, i.e., p1 = 10, po = 12, and p3 = 15, we can compute the global
mean revenues under G — 1 arm vector assignments, also we can compute the cluster-wise
mean revenues under the G — 1 assignments as well. Since there are edges here outside
the clusters, we computed the cluster-wise mean revenues for the complete G — 1 vectors
since in this setting in general these values won’t be same as the mean revenues under
the cluster-wise constant price vectors. The cluster-wise mean revenues under G — 1 arm
vector assignments are denoted with 77, (pi - 1n) for each cluster m and price arm py. The
values are given in Table 4.2. We can see that the cluster revenue values vary significantly

compared to the G — 1 revenue across clusters for different prices.
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Cluster | 7, (10-1y) 7,(12-1y) 7,(15-1n)
1 9.95 11.78 13.65
2 9.91 11.62 13.30
3 9.92 11.64 13.31
4 6.16 6.38 6.41
5 5.73 5.83 5.72
6 6.03 6.22 6.21
7 6.17 4.73 2.64
8 6.18 4.74 2.65
9 6.21 4.77 2.67

#(10-1y) u(12-1y) u(15-1y) | Optimal G — 1 price
G—-1 7.39 7.58 7.49 12

Table 4.2: Global and Cluster-wise mean revenues for G — 1 arm vector.

According to the mean revenues, the optimal G — 1 price vector is 12y since it has the
highest batch mean revenue of 7.58. The optimal C — 1 price vector consists of 15 for all
units in the clusters 1,2, 3, then 12 for all units in the clusters 4,5, 6, and 10 for all units
in the clusters 7,8,9, achieving a batch mean revenue of 8.65, which is higher than the
optimal G — 1 revenue of 7.58. Note that, for clusters 4, looking at the G — 1 vector, it
shows price 15 is optimal which gives revenue of 6.41, however since in this case cluster 4
has edges outside the cluster, the optimal C — 1 arm vector will be different from looking

at G — 1 arm vector for the cluster.
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Comparison of Price Learners
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Figure 4.3: Regret comparisons in the dynamic pricing with interference setting. Top:
G — 1 regret comparison of different TS and SD (IID, G — 1, C — 1) learners. Bottom:
C — 1 regret comparison of different TS C — M and SD C — M learners.

In this section, we compare the performance of different price learners through their cu-
mulative regrets over a horizon of T = 500 days, with 1000 Monte Carlo simulations. We
consider all TS price learners and all SD price learners. The cumulative regret plots for the
G — 1 and C — 1 regret are shown in Figure 4.3. The worst performance are from TS C — 1,
then TS IID and SD C1. Unlike the simulations from Chapter 2 and Chapter 3, here we see
that the C — 1 learners perform poorly. There are actually good reasons for this, and that is
in this case, cluster means vary significantly from the G — 1 means, which breaks the first
assumption in Assumption 2.20. Although not many, but we have some edges outside the
clusters, which also creates learning more challenging for the C — 1 learner. The best is SD
G — 1learner, then SD IID and TS G — 1. The G — 1 learners are performing good, and this
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is expected but the SD IID learner also performs good. Although this is a bit strange, but
as we explained in Remarks 3.4, our SD IID learner is not fully independent because of the
common winner set approach. So we think this is the reason why this IID learner is also
performing relatively good here. This needs more investigation with difficult dependence

structure and more arms.

Conclusion

In this chapter, we have discussed the dynamic pricing problem under network interfer-
ence. The problem is motivated from a real life example of a hawker selling his products
in a city, where buyers’ purchase decisions are influenced not only by the price offered to
them but also by the prices offered to their neighbors in the network. We extended the
multi-armed bandit setup in the dynamic pricing setting following the work of Kleinberg
and Leighton (2003). We first specified how interference appears in the purchase deci-
sion. The modeling is motivated from the linear-in-means model, but actually a nonlinear
version adapted in the dynamic pricing setting. We then outlined how Thompson sam-
pling price learners with and without interference can be applied in this setting. Finally,
we evaluated the performance of different price learners through numerical experiments.
This chapter opens up several interesting future research directions including theoretical
analysis of the proposed learners, exploring more complex interference structures, and

considering more realistic demand models.



Appendix 1.

SOME CONJUGATE PRIOR RESULTS

Here we give some details about Bayesian updates in Thompson Sampling algorithms. Es-
sentially the idea is to use the conjugate prior results, which roughly means, the prior and
posterior distributions are from the same family. We will consider two cases, Bernoulli dis-

tributed rewards with Beta prior, and Gaussian distributed rewards with Gaussian prior.

Bernoulli Rewards with Beta Prior

Suppose we have n plays of an arbitrary arm k € W, with Y;(k) ~ Bernoulli (p(k)) i.e.,
the reward of arm k is Bernoulli distributed with parameter p(k). Since the derivation
is same for all arm k € W, for this section, we will drop the arm index k and simply
write Y; ~ Bernoulli(p). Assume we have n independent plays of the arm and we have
observed the rewards Y3,Y,...,Y,, so all of these random variables are now identically

and independently distributed (i.i.d) with Bernoulli(p). Next we assume a Beta prior on

p,ie.,

p ~ Beta(a, B),

F(IX + ﬁ) a—1

with density  f(p) = WP

(1—p)PL, where T(n)=(n—1)!

This prior distribution can be quite different depending on different values on a and S,
which are the parameters of the prior, often called hyper-parameters. For example, we may
have high density in some parts of [0, 1], or maybe we may have uniform prior across [0, 1].
This depends on our initial belief about the parameter p. The uniform case is often called
uninformative prior. For the hyper-parameters, if « >> B (i.e., a is very large compared to
B), then the density is concentrated near 1, which essentially means we believe the success

probability is high, on the other hand if B >> &, then the density is concentrated near 0.

LetS, = Y1 +Y>+...,Y;,, be the cumulative reward after n plays, or the number of success
after n trials. Then we know, S,, ~ Binomial(n, p), and we can write the density of S, given
pas f(Sy =s|p) = (5)p’(1 —p)"°. The idea of the Bayesian learning is we will swap
this conditional density with the conditional density of p given the data observed after n
plays, i.e., f(p | Sn = s), that is the distribution of p given the cumulative rewards after n

plays. We can use the Bayes’ rule to get this,

_ o= fEa=s1p)xf(p)

< f(s|p)x f(p)
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Now we plug f(p) assuming p ~ Beta(ao, Bo) and start simplifying the right hand side,

519 £(p) = (1) (1= py s okt a -y
o< p' (1= p)" = x ph (1= p)P
— pzxo+sfl(1 . p)ﬁ0+n7571

where we assumed we started from the prior parameter ag and Bp. Now this means the

updated density of p, or the posterior, after observing the s success after n trials is given

by,

f(p|Sn=s) o pht=t(1—p)forn=t

Notice, except the constant, this resembles the Beta distribution with parameter xg + s and
Bo + n — s, i.e., the posterior distribution is also a Beta distribution, in particular Beta(xg +
s,Bo+mn—s).

Gaussian Rewards with Gaussian Priors

Now suppose the rewards follow Gaussian distributions with unknown mean but known
variance, again we will skip arm index k, so assume Y; ~ N( U, 02). For an i.i.d. random

sample Y1, Y>, ..., Y, from n independent plays, we can write the joint density as:

Fi ey | 1,07 H\/7 ( (ytgy>2>

= (27;2)2 exp (—;,Z ) (yi— 14)2>

1 . exp <—1 (ns* +n(y— ;4)2)) [using the decomposition below]

(2m0?)2

. 1 1 2 1 -~ 2
= m - exp —ﬁns - exp —@n(y—}l)

o exp (—;7 (7 — y)2> [dropping constants not involving y|
< f(@|p0*/n)
where it shows that the likelihood of the data is proportional to the distribution of the

sample mean . Also the decomposition that we used above is similar to Bias-Variance

decomposition, i.e., MSE = Bias® + Variance. We get,



153

n n
=Y -9+ (G-n>-2 Z (v —7) (4 —7) [expanding the square]
=
= ns* +n(y — pu)*> [since E v — 1) = 0]
where,

1 2 and g-ly
LW and 7= Lu

t=1

We assume a Gaussian conjugate prior on y, meaning

i~ N (o, 05)
This gives the density of y,

F(h) o exp (—ziozw - ?)

where y and 07 are the prior mean and variance. Now we apply Bayes’ rule to obtain the

posterior distribution:

fulyoyn) < fyr, - yn | 1) X f(1)
1

@(y ) ) X exp <—2%2(V—V0)2>

_ 2 MH 1 o _72 ppo 1 5
w02t T 202y)><exp( 2V oz 2(70#)

2 —
_ pe(n 1 ny | po U L
- (—2 (ﬂ%) ”‘(az*o—g) ) (2(,2+2%))

Now we need to match this to the form of a Gaussian. First we write the posterior density

as

1 1
F(u 1y, yn) < exp <—M(V - un)2> = exp <—M(u2 = 2pn +ﬂ%)>

where y, and 0',% are the posterior mean and variance that we need to find. To do this, we
will match the coefficients of u? and p from the two expressions for the posterior density.

First, we match the coefficients of yz. This will be useful to find U,%:
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ot (m 1
202 2 \o¢? o}

1 n+1
= 5T 37T 3
o o a5
) 1 o*od
S s s, e,
FJFFg noy + o

Next, we match the coefficients of u to find p,:

2ppn <n37+uo>

2 2 2
204 o a5
ny 0
o 0t 0

i
= = (y + ”2) T
Therefore, the posterior distribution is:
H Ly oy ~ N (i, 07)

where

ny Mo\ o
Pln:<g2+ag>‘7n

-1
2, (1 1
= (5t z)

These are essentially the parameter updates we use in the Thompson sampling algorithms

with Gaussian rewards and Gaussian priors.
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GAUSSIAN CONCENTRATION WITH CHERNOFF TRICK

In this part, we give some details of the concentration bounds / inequalities that we used
in Chapter 1. The key idea is to use what’s known as Chernoff’s trick, essentially the idea is -
exponentiating a random variable with a parameter A > 0, applying Markov inequality and finally
optimizing over A. This idea is very powerful and gives exponential bounds for different
distributions including Gaussian, Bernoulli, Poisson and more general classes like sub-

Gaussian, sub-Exponential random variables.

For Single Gaussian Random Variables

Let Y be a mean zero random variable (any distribution). For any € > 0 and any A > 0,

applying Markov inequality we get

P(Y > €) =P(e" > ¢') < =5

Interestingly, this holds for any A > 0, so we now optimize A to get the tightest bound

possible. This means we can write:

E AY
P(Y >¢€) < inf [eA ]
A>0  er€

Now, specific example can be given for different distributions. But before this note that
the term [E[e*Y] is known as the moment-generating function (MGF) of Y evaluated at A.
We write

My(A) = Elexp (AY)]

Now we will give the details for the mean zero Gaussian random variable with variance o2.

In this case, the MGF is given by:

A2g2

1) = o (1)

Now with the Gaussian MGF, we can write the Chernoff bound as:

A2g2
exp ( 45— 2.2
P(Y > ¢€) < inf M = inf exp A—U —/\€>
>0 exp (Ae) A>0 2

Now we have a concrete expression and we can minimize the right hand side with respect

to A, this gives,
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A2 —e=0 = /\:i2
o

Now substituting this value of A back into the bound, we get:

e € €2
1P<Y Z 6) S eXp <%'_2 — 0_2> = eXp (_M)

2

So finally for mean zero Gaussian random variable with variance c“, we have the Chernoff

bound as:

&2
P(Y >¢€) <exp <_%r2> (A2.1)
If the variable is not mean zero, i.e., Y ~ N (1, (72), then we can simply consider Y — y,
and apply the same bound. Similarly, we can get the bound for the left tail as well and this

gives the following two-sided bound,
2
P(|Y —u| >€) <2exp (— ) (A2.2)

202

These bounds are often also used for sub-Gaussian variables. If we assume Y is sub-
Gaussian with parameter 02, then by definition, for all A € R, the moment generating
function Mx(A) < exp (#) Then the same bound holds. Note that the sub-Gaussian

variables assume th...

For a Sequence of Independent Gaussian Random Variables

If we have a collection of independent Gaussian random variables Y1, Y5, ..., Y, with mean
and variance (p1, (712), (p2,02),. .., (1in, 02) respectively, then the average Y, = % YiiqiYiis

also a Gaussian random variable. In particular,

Y, ~ N (ﬁ, a%) (A2.3)

where 7 = 1y, y; and 0'% := Y1 0?/n%. Now applying the bound that we derived

above for Gaussian random variables, we have the following bound for the average:

2
P (Y, — 7| > €) <2exp (—2‘;2> (A2.4)
Y

Because average of Gaussian is a Gaussian, we can directly get this bound from the Gaus-
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sian concentration that we had in eq. (A2.2)*. In the special case where we have iden-
tical distribution assumption as well, i.e., for all i, we have y; = y and ¢? = 02, then

Y* 0?2 =no? and (7% = ¢?/n. The tail bound becomes:

= ne?
P (|Yn—p| >€) <2exp (_M) (A2.5)
Now this bound tells, given € what is the probability that the average deviates from the
mean by at least €. We can ask the reverse question, that is, for a given probability level
0, what is the value of € such that the bound holds. This is a simple algebra, we set the
right-hand side to 6 and solve for e:

e /2logiil/(5)

Plugging this value of € back into the tail bound, we get the final result,

H’(\Yn—mzo' 210gn(1/5)>§25 and ]P<|Yn—y|§(7 21(@21/5))21_2(5

(A2.6)

Batched Setup for Gaussian Rewards

Here we give the details for the batched concentration result which we used in Lemma 3.
Suppose we have a fixed batch of size N. We observe a sequence of batches, and we are
interested in the concentration of the average of the batch sums over time t. Let ¥; =
(Y1, Yor,...,Ynt)' be the vector of rewards of the units in this batch at time ¢. In the
potential reward framework, for a fixed arm vector k € WN we write the reward vector
as Yi(k) = (Y1,:(k), Yo (k),..., Ynt(k))'. Here Y; (k) is the reward of unit 7 in the batch at
time t when arm vector k is pulled by the learner (see Section 2.2 for more details). For the

Gaussian case, for any k € WY, in principle we have

+ For the sub-Gaussian case, we need to do some work to show that the sum and average are also sub-
Gaussian random variables, and then we can apply the same bound.
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Yi(k) ~ N (u(k), Q(k))
where u(k) = (pu1(k), p2(k),..., un(k))" is the mean vector and Q(k) is the variance-

covariance matrix of the batch rewards. Let the batch sum at time ¢, for pulling arm vector

k is defined as,

YZ,t(k) .

i
]
=
=

This batch sum is also a Gaussian random variable (from simple Gaussian properties), in

particular we have:

Yo i(k) ~ N (us(k), 05 (k))

where
N
ne(k) =) pi(k)
i=1
o3 (k) = V(Yz(k))
N N-1 N
=Y (k) +2) Y oi(k)oj(k)pi(k)
i=1 i=1 j=i+1
where 07 (k) is the variance of reward of unit i and p;;(k) is the correlation between rewards

of unit i and unit j in the batch when arm vector k is pulled. We apply the concentration
for a centered Gaussian random variable as derived above. First we need the MGF of the
centered sum Y5 ;(k) — px (k). In this we can write this following sum of Gaussian is also
Gaussian, and the MGF is: exp <A22‘7 : ) .

Now suppose we have observed this batch of units over different times, and we observed
in total N;(k) batches when the learner pulled the vector k. This means we have ob-
served Yy1(k), Yz2(k), ..., Ys N,k (k) batch sums. Then the empirical average of these

batch sums is given by:

YZ,t (k) -

Now we apply the inequality eq. (A2.5), we have the following concentration bound for

the empirical average of the batch sums:
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- Nt(k)€2>
P (|Yg:(k)— k) >e) <2 —
(Vesh) = pma(d) = ©) < 2exp (-5 05
Following eq. (A2.6), we can also write the bound as
- 202 (k) log(1/6)
P (Yz,t(k) —us (k)| > \/ Ny (k) <26 (A2.7)
or,
- 2log(1/6
P <|Yz,t(k) — pz(k)| > -ox(k) - W) <26 (A2.8)

Finally, if we assume only mean level interference exists (see (i) of Remarks 2.4), i.e., there
is no variance when the arm vector k is pulled at different times, then the variance of the

sum does not depend on k, it will be a fixed number which we can write with 2.






Appendix 3.

THOMPSON SAMPLING PRICE LEARNERS

Algorithm 23: TS IID Price Learner

1 Input: Z, W = {py,...,px}, T and a(k), ﬁ(k) € [K]

2 Initialize: R (k) = &(k), Bo(k) = B(k), So(k) = 0, ng(k) = 0, ¥k € [K]

3 fort=1,2,...,Tdo

4 a random sample of buyers Z; C T arrives

5 fori € Iy do

‘ sample g} (k) ~ Beta (@1 (K), Bi_1 (K)), Vk € [K]

7 select price index k" = argmax; x| pi - q: (k)

8 offer price W;; = pp € W

9 observe purchase decision X;;, Vi € Z; // Xi; is a function of W; due to interference
10 calculate revenue Y;; = W, - X;;, Vi € I;
11 update

12 S¢ (k) = Si—1 (k) + Xt and ny (k) = ny—q (k) +1, Vk € [K]
15 L & (k) = & (K) + S (k) & B (k) = ’ﬁ‘( ) (6) — S0 (), Vi € K]

14 Output: W;, Y4, Vt € [T]

Algorithm 24: TS C — 1 Price Learner

[y

Input: Z, W = {p1,..., px}, T, {Ci }mem) and a(k), B(k) Yk € [K]
Initialize: @y (k) = &(k), Bo(k) = B(k), So(k) = 0, ng(k) = 0, Vk € [K]
3 fort=1,2,...,Tdo

N

4 a random sample of buyers Z; C T arrives

5 form=1,2,...,Mdo

‘ sample g}(k) ~ Beta(@;_1 (k), Bi-1(K)), Vk € [K]

7 select k(") = argmaxy x| Pk - 45 (k)

8 offer price Wi ; = pym € W, Vi € Cyy

9 observe purchase decision X;;, Vi € Z; // Xi; is a function of W; due to interference
10 calculate revenue Y;; = W;, - X;;, Vi € I;
1 update

12 Se(k) = S;_1(k) + T 1{We,,, = pi - In,, | Tice,, Vit Vk € [K]
13 ne(k) = ny_1 (k) + T 1{We,,, = pi - I, } - N, Vk € [K]
1 @ (k) = @ (k) + St (k) & Br (k) = B (k) + e (k) — St (K), 'k € [K]

15 Output: W;, Y;, Vt € [T
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Appendix 4.

BOX PLOTS FOR PARAMETRIC AND NONPARAMETRIC LEARN-
ERS

In this Appendix, we present additional box plots for the parametric and nonparametric
learners.

A4.1  Box plots for TS Learners

Final G1 Regret Final G1 Regret Distribution
1600

MMMMMM

8000 1400

1200
6000

% 1000

4000

800

2000

% o o o> o
7 S Sl I ad L7
N N N S N

Final G1 Regret Distribution Final G1 Regret Distribution

aaaaaa

20000
2250

17500
2000
15000
1750 8

12500

%
10000 ° 1500
3

7500

1250
5000

1000
2500 !

&> o &7 o> o
< & < S &

Figure 4.1: Box plots of empirical pseudo G — 1 regrets at T = 500. Top Left: Zero
Interference: IID, G — 1, and C — 1 learners. Top Right: Zero Interference IID and C — 1
learners only. Bottom Left: No-OS: IID, G — 1, and C — 1 learners. Bottom Right: No-OS:
IID and C — 1 learners only.
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Figure 4.2: Boxplots of empirical pseudo G — 1 regrets at T = 500 for the OS scenario.
Top left: G — 1, C — 1, and C — M learners. Top right: G — 1 and C — 1 learners. Bottom

left: C — M learner only. Bottom right: IID learner only.
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A4.2 Boxplots for NP Learners
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Figure 4.3: Boxplots of G — 1 regret at time T = 300 computed with 1000 Monte Carlo
simulations for different learners in the No Optimal Switching case.
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Figure 4.4: Boxplots of G — 1 regret at time T = 300 computed with 1000 Monte Carlo
simulations for different learners in the Optimal Switching case.
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LIST OF SYMBOLS AND NOTATION

We gather here some common symbols and notation used throughout this dissertation for

easy reference. This list is not exhaustive and mostly focused on stochastic bandit setup.

Common Symbols and Operators

Symbol
]

aVvb
anb

clipy, 5 (x)

Dy (F||F)
T{x}

1,

Al

Description

set of integers from 1tos, {1,2,...,a—1,a}

maximum of a and b

minimum of a and b

clip function that restricts x to [a, b], clip 0, (x):=aV (bAx)
small o notation

big O notation

bold uppercase letters denote matrices

expectation operator

variance operator

probability measure

Kullback-Leibler (KL) divergence between distributions F; and F,
indicator function, equals 1 if x is true, 0 otherwise
n-dimensional vector of all ones

cardinality of set A

Bernoulli(p) Bernoulli distribution with parameter p

Beta(w, B)
N (p, %)
U(a,b)

Beta distribution with parameters a and j

Normal distribution with mean p and variance o

Uniform distribution on the interval [a, D]

Stochastic Bandit Model

Symbol

T
w

Description

number of arms/treatments/actions
time horizon or number of time steps
set of arms

arm chosen at time ¢

potential reward for arm k at time ¢
observed reward at time ¢, Y; := Y;(Wj)

reward space
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Stochastic Bandit Model (continued)

Symbol Description

(k) mean reward of arm k

k* optimal arm, k* := arg maxyeyy p(k)

w optimal mean reward, y* := maxycyy p(k) = p(k*)

A(k) suboptimality gap of arm k, A(k) := p* — (k)

u set of mean rewards of all arms, u := {u(k) : k € W}

FL reward distribution of arm k parameterized u(k), i.e., Yi(k) ~ F,
Fu environment parameterized by mean rewards, 7, := {F, : k € W}
Tt policy function of learner at time ¢

T policy of learner, 7T := {7},

n¢ (k) number of pulls of arm k up to time t, n4(k) := Yy T,y

St(k) cumulative reward of arm k up to time t, S;(k) := YL, Y; (k)1 pw,—y
T instantaneous regret at time ¢, r; = p* — u(W;)

Rt pseudo or random regret, Rt := Zthl Tt

E(RT) regret

Bayesian Bandit Model

Symbol Description

& parameter space

Q prior distribution over parameter space £

v a bandit/environment instance or parameter vector drawn from prior Q
v(k) parameter vector of arm k in instance v

Fyi) marginal reward distribution of arm k parameterized by v(k)

F, environment instance parameterized by v, Fy := (F, ) )kew

F collection of all environment instances, F := {Fv(k) ve & keW}
BRt Bayesian regret over time horizon T, BRt := E, g [E(R7)]

Stochastic Bandit Model with Interference

Symbol Description
N number of units in batch
set of units in batch, Z := [N]

unitindex,i € 7

=N

number of clusters

I T

cluster index, m € [M]

)
3

set of units in cluster m or m-th cluster, C,, C T
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Stochastic Bandit Model with Interference (continued)

Symbol
Ny,
¢

ky

*
kNC—l

Description
number of units in cluster m, Ny, := |Cy|
partition of Z into M clusters, ¢ := {C1,Ca,...,Cm},
nAf:lCm =Z,CyNCpy = D form # m’
set of arm vectors of length N with each arm in W
arm vector generally denoted in boldface, e.g., k = (kq, ko, ..., kn)’
arm assigned to unitiatt, W;; €¢ W
arm vector assigned to batch at t, W, := (Wy, Way, ..., W) € WN
potential reward of unit i at f for k
potential reward vector for batch at ¢ for k, Y; (k) := (Y1(k), Yo (k),..., Yns(k))
observed reward of uniti at t, Y;; := Y;;(W;)
observed reward vector at t, ¥; := Y;(W;)
mean reward of unit i for arm vector k
mean reward vector for batch for arm vector k, u(k) := (p1(k), a2 (k), ..., un(k))’
set of mean reward vectors, u := {u(k) : k € WN}
batch sum of mean rewards for arm vector k, us (k) := YN, ui(k)
joint potential reward distribution for arm vector k, Y;(k) ~ Fy
environment, set of joint potential reward distributions, & := {Fy : k € WV}
marginal potential reward distribution for unit i and arm vector k
set of marginal potential reward distributions for unit i, %; := {F; : k € WN }
joint potential reward distribution for arm vector k parameterized
by mean reward vector u
marginal potential reward distribution for unit i parameterized
by mean reward y;(k)
environment parameterized by mean reward vector p, 7, := {F, () : k € 1A%
G — 1 vector with all entries k of length N, e.g., 13 = (1,1,1)’
general C — 1 vector under partition ¢, can be specified as
knco1 = (kl(&l),k%z), e, k%\;?) where each i € C,, plays arm kM) foreachm € [M]
learner policy (possibly randomized), selecting W; based on past history
set of G — 1 vectors of length N
set of C — 1 vectors under partition ¢
optimal arm vector, k* := arg max;cyyn psz (k)
optimal G — 1 arm vector, kj; := arg maX;cys jix (k)

optimal C — 1 arm vector, ky, - ; := argmaxcyye px (k)

Rng (54‘,,, 7T) G — 1regret over horizon T with respect to arm vector k};,

71) C —1regret over horizon T with respect to arm vector k}, ~_;,
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Bayesian Bandit With Interference

Symbol
£ (k)
Qk

(81 Q/ yB)

1
BRS.

Description

parameter space for a fixed arm vector k (e.g., set of all possible mean vectors pu(k))

prior distribution over & (k)

global parameter space across all arm vectors, € := [T cyyv € (k)

global prior over € (product prior), Q := [Treyn Qk

a bandit instance /parameter object drawn once att = 0, v ~ Q

the component of instance v corresponding to arm vector k

(e.g., the mean vector / parameter governing rewards under k)

joint reward distribution (Bayesian indexing) for arm vector k under instance v
environment for a fixed instance v, 7, := {F, () : k € WN}

collection of all instance-environments, % := {%#, :v € £}

Bayesian bandit environment under interference

optimal G—1 arm vector for the realized instance v, k}; := arg max;c s px (k)

Bayesian G —1 regret over horizon T under interference,
BR (71,€,Q, 75) i= Bung 7 [T (h2(ky) — ps (W)
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