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“Still round the corner there may wait
A new road or a secret gate,

And though we pass them by today,
Tomorrow we may come this way
And take the hidden paths that run
Towards the Moon or to the Sun.”

J.R.R. Tolkien, Bilbo's walking song (1954)
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Zusammenfassung

In dieser Arbeit werden numerische Modellierungsanséitze zur Simulation von Form-
anderungen durch Oberflaichenwechselwirkungen entwickelt und damit ein Beitrag zur
Verbesserung der Modellierung industrieller Prozesse hinsichtlich Verschleify, Material-
trennung und additiver Fertigung geleistet.

Fiir die Verschleiffmodellierung wird ein Coulomb-Reibmodell mit einer Begrenzung der
maximalen Scherspannung in Verbindung mit einem modernen Archard Verschleiimodell
basierend auf dissipierter Reibarbeit verwendet. Formédnderungen durch Verschleifl werden
in einem PYTHON-basierten Postprozessor umgesetzt, der Reibkréfte und Geschwindig-
keitsdaten aus Finite Elemente Simulationen in ABAQUS verarbeitet. Simulierte und
experimentelle Verschleifimuster zeigen, dass dissipationsbasierte Archard-Formulierungen
realistischer sind als druckbasierte Ansétze im Fall von nicht konstanten Reibkoeffizienten.
Mikrostrukturierte Werkzeugoberflachen kénnen mit Hilfe des Modells optimiert werden,
um mafgeschneiderte Mikrostrukturen zu entwerfen und deren Einlaufverhalten und
Verschleififestigkeit vorherzusagen.

Fiir die Materialtrennung wird die Partikel-Finite-Elemente-Methode (PFEM) in
einem MATLAB-basierten Forschungscode adaptiert, um das adhésionsfreie Abscheren
einzelner Oberflachenerhebungen auf mikroskopischer Ebene zu simulieren. Dabei wird
die Verformung der Erhebung aus Stahl mit groflen volumenerhaltenden plastischen
Verformungen modelliert. Eine Untersuchung zeigt, dass etablierte gemischte Elemente
gut fiir hyperelastische, quasi-inkompressible Materialien geeignet sind, wahrend die
vorgeschlagenen quadratischen Elemente glattere Spannungsfelder unter elastoplastischen
Bedingungen in PFEM liefern. Ein verbessertes lokales Ubertragungsschema fiir Zu-
standsvariablen erhoht zusétzlich die numerische Robustheit. Die adaptive Vernetzung
auf Basis der dquivalenten plastischen Dehnung wird durch Einfiigen und Entfernen
von Punkten realisiert und durch eine a-Formerkennung mit Schédigungskriterium zur
Rissmodellierung in stark plastisch verformten Regionen ergénzt. Als neuer Beitrag zur
PFEM-Literatur wird auflerdem die Selbstkontakt-Vernetzung eingefiihrt.

Fiir den Materialauftrag wird ein thermomechanisches PFEM-Modell zur Simulation
von Hochgeschwindigkeits-Schmelzestromen auf kalte Substrate entwickelt. Ein neues
Vernetzungskriterium fiir die Verbindungszone basiert auf der Verbindungsfront im
Auftragsprozess. Dariiber hinaus ermoglicht das entwickelte konstitutive Modell fiir
Schmelzefluss und Erstarrung bei grolen Deformationen die Analyse von Eigenspannungen
wéahrend der Abkiihlung und liefert wertvolle Erkenntnisse zur Prozessoptimierung beim
Laser-Pulver-Auftragschweiflen.

Die entwickelten Modellierungsansétze verbessern die Simulationsmoglichkeiten fiir
Verschleiimechanismen, Materialtrennungsprozesse und additive Fertigungstechnologien.






Abstract

This thesis develops numerical modelling approaches to simulate shape changes induced by
surface interactions, addressing critical challenges in wear modelling, material separation
and additive manufacturing processes.

For wear modelling, a Coulomb friction model with a shear-stress limit is employed
alongside a modern Archard law based on dissipated frictional work. Shape updates
are performed by developing a PYTHON-based postprocessor that processes traction
and velocity data from ABAQUS Finite Element simulations. The comparison between
simulated and experimental wear patterns supports the literature’s proposition that
dissipation-based formulations are more realistic than the classic pressure-based relation
when the friction coefficient varies. Microstructured tool surfaces are investigated,
demonstrating how the modelling framework can help to design tailored microstructures
for optimised effective friction properties and asses their run-in behaviour and wear
resistance.

In material separation, the Particle Finite Element Method (PFEM) is adapted in a
MATLAB-based research code to simulate adhesion-free asperity shearing at the micro-
scopic level, targeting steel deformation under large volume-preserving plastic flow. A
study of element types reveals that while established mixed formulation elements perform
well for hyperelastic quasi-incompressible materials, the proposed quadratic elements
provide smoother stress fields in elastoplastic conditions in PFEM. Additionally, an
improved local state-variable transfer scheme enhances numerical robustness compared to
traditional methods. Adaptive meshing based on equivalent plastic strain is implemented
with point insertion and removal schemes, while a-shape detection is enriched with a
fracture criterion for crack modelling in highly plastically deformed regions. Notably,
self-contact meshing is introduced as a novel contribution to PFEM literature.

For material deposition, thermo-mechanical PFEM simulates high-velocity hot fluid
melt streams deposited onto cold substrates. A mesh generation criterion is proposed
for the bonding zone based on material progression fronts, alongside a large-strain
constitutive model for melt flow and solidification using a deformation based framework.
This approach enables analysis of residual stresses during cooling, providing valuable
insights into process optimisation for Directed Energy Deposition with a Laser Beam
technology.

The developed frameworks advance simulation capabilities in wear mechanisms, mate-
rial separation processes, and additive manufacturing technologies.
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1 Introduction

The objective of this work is the development of computational models for the
simulation of large deformation solid body interactions which lead to changes in the
shape and topology of the bodies. Such phenomena appear for example in

e forming technologies such as extrusion or deep drawing, where a tool induces large
shape changes of the workpiece by surface interactions

e subtractive manufacturing processes such as grinding or machining, where grains or
cutting edges impose a large deformation and material separation by contact forces

e tool wear in one of the aforementioned manufacturing processes, where the frictional
surface interaction leads to gradual removal of surface material

e microscopic wear mechanisms including adhesion and plastic deformation and
breakage of surface asperities

e additive manufacturing processes such as metal deposition, where large deformation
of the deposited material and a connection with the substrate material leads to the
final shape of the printed part

In this work, model development is focussed on specific applications, namely on the wear
of forming tools, on the material separation of single surface asperities on microscopic level
and on material deposition in a laser Additive Manufacturing process. The simulation
of wear is based on a phenomenological Archard wear model, whereas in the simulation
of material separation and deposition, the Particle Finite Element Method (PFEM) is
adapted in order to resolve the separation or connection of material with an adaptive
remeshing method. Two main topics are central in this thesis, large deformation material
flows and surface interactions.

Modelling of large deformation material flows The computational modelling of large
deformation material flows is relevant to a wide range of engineering applications, in-
cluding mechanical engineering, manufacturing processes, geomechanics, biomechanics,
fluid-structure interactions and fluid dynamics. These problems involve complex material
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behaviour, extreme deformations and topology changes, often requiring advanced numer-
ical techniques to capture contact, separation, and reconnection of material domains.
Based on the review articles Rodriguez et al. [110], which focuses on numerical methods
for chip formation, and Cremonesi et al. [34], which provides a comprehensive review of
the PFEM in comparison to other approaches, an overview of relevant computational
methods is presented in the following. The main distinction is between continuum
methods, which define governing equations for field variables such as displacements or
velocities in a computational domain, and discrete methods, which describe the interaction
of separate entities. The list of methods is not complete but shall give orientation on
where to localise the present thesis.

1. Mesh-based continuum methods

e Lagrangian methods: the standard Finite Element Method (FEM) describes the
motion of the material as the movement of the discretisation points. The material
behaviour is simulated in integration points to which the nodal field variables
and gradients are approximated. The direct connection of mesh and material
deformation allows for an accurate simulation of history-dependent material be-
haviour and a variety of advanced constitutive models is available — but it also
limits the applicability of FEM to very large deformations because the mesh quality
deteriorates. Adaptive remeshing techniques with a regeneration of the mesh and a
mapping of fields and state-variables are available, see e.g. Wriggers [140].

e Eulerian methods: Eulerian FEM describes the motion of the material based
on fixed spatial grid points. Unlike Lagrangian FEM, history information can be
difficult to track and the general flux-based approach is not optimal for deformation-
oriented solid analysis. Computational Fluid Dynamics (CFD) is also primarily
based on Eulerian descriptions. The Finite Volume Method (FVM) is a common
approach in CFD, which is based on spatially fixed control volumes. Eulerian
methods are mainly suitable for describing flow in a fixed domain, see Cremonesi
et al. [34].

e Hybrid methods: The Material Point Method (MPM) tracks the motion of La-
grangian material points, which correspond to the quadrature points in FEM but
also contain the field variable information. The solution of the balance equations
is performed on a fixed Eulerian background grid, so mesh distortion is no longer
a problem. However, the Eulerian mesh makes it more difficult to define time-
dependent boundary conditions and contact conditions and to adjust the mesh
to strain localisation, see e.g. Ambati et al. [1]. Arbitrary Lagrangian-Eulerian
(ALE) is based on a Lagrangian description, but allows for additional movement of
the material relative to the mesh. The mesh is repositioned to maintain a good
mesh quality, allowing the simulation of e.g. metal forming processes. However, the
mesh motion can be difficult to define for unpredictable large material flows. A



detailed introduction can be found in Belytschko [14]. Another hybrid approach is
the Coupled Eulerian Lagrangian (CEL), available for example in the commercial
software ABAQUS [40], see also the application to geomechanics in Qiu et al. [101].
Lagrangian bodies can be defined alongside Eulerian domains in CEL, improving
the contact description and the accuracy of contact related information, while very
large deformations can be described with the Eulerian part of the model. This
makes the approach particularly suitable for fluid-structure interactions. Defining
the appropriate size and density of the Eulerian domain can be difficult, especially
in cases of strain localisation or unpredictable flow.

2. Mesh-free continuum methods

e The Smoothed Particle Hydrodynamics (SPH) is a mesh-free method based on
points/particles. Gradients are calculated based on all particles within a specific
influence radius, denoted smoothing kernel. Contact with tools can be modelled
by particle interactions similar to discrete methods. The neighbour search makes
the method computationally very expensive, such that it is especially suited for
high accuracy simulations with high flexibility for topological changes. Exemplary
application in Additive Manufacturing can be found in Meier et al. [86] and a
review is given in Bagheri et al. [6]. In this review, several extensions and similar
approaches are discussed, for example the Reproducing Kernel Particle Method
(RKPM), which has a different smoothing kernel than the SPH allowing for higher
continuity in describing the physical equations. This also comes at higher cost for
the correction of the kernel approximations.

e The Local Maximum-entropy mesh-free method (Local max-ent) is also based on a
mesh-free set of points, but applies a different spatial approximation than the SPH
and RKPM. The property of maximum information-entropy is used to define shape
functions which fulfil certain properties such as partition of unity and a specific
interpolation continuity. The locality of this class of max-ent approximations is
introduced by Arroyo and Ortiz [3], creating a direct link to mesh-based methods
using Delaunay Triangulations. This connection allows for direct definition of
boundary conditions while still being independent of a mesh. Further enhancements
are presented for example in Kumar et al. [74], which improves applicability in
solid mechanics for large elastoplastic deformation and dynamics.

3. Discrete methods

e The Discrete Element Method (DEM) is the classic approach for discrete models
which are based on inter-particle forces. Particle distances are used to specify contact
interactions and elastic deformation. DEM is especially suited for simulating the
flow of granular materials, where very large relative motion between particles can
be efficiently simulated in this manner. For history dependent materials in solid
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mechanics, the lack of continuum mechanical deformation measures can be limiting
for the constitutive modelling. See Tavarez and Plesha [130] for an introduction.

e Hybrid approaches such as FEM-DEM combine both methods in a common model.
Thereby, both techniques coexist in this approach and are coupled via forces to
allow for more precise deformation modelling in the FEM part and efficient particle
interactions in the DEM part, see e.g. Zheng et al. [150].

The PFEM is a continuum method which uses ideas from particle methods. Originally,
in the PFEM all field and state-variable information was located in the particles, see
e.g. Onate et al. [98], Sabel et al. [114]. The particles correspond to the node points of
the underlying FEM model and the triangular Delaunay mesh is regenerated in each
calculation step. That makes a state-variable mapping necessary between integration
points and nodes, when the mesh is regenerated. However, in recent PFEM models,
state-variable data is directly copied or mapped between old and new quadrature points,
see e.g. Carbonell et al. [28], Rodriguez et al. [111]. Therefore, the PFEM is essentially a
Lagrangian FEM with remeshing, whereby the remeshing is performed very frequently
on a mostly fixed set of points. The similarities to other Lagrangian remeshing methods
can be seen in the work of Marusich and Ortiz [83], which presents a triangular mesh
regeneration approach for a point set including mesh adaptability and the modelling of
crack propagation. These methods are very similar to the PFEM approach. In PFEM,
both mapping of state-variables and adaptivity of the mesh density are performed locally
based on the previous mesh configuration. The high frequency of mesh regeneration
thereby allows for the tracking of changes in the topology of the body and for a continuous
optimisation of the mesh quality. PFEM combines relevant features of Lagrangian
FEM such as accurate material modelling, direct imposition of boundary conditions
and established contact models with the topological flexibility of a particle method.
This makes the PFEM a choice candidate for the simulation of solid body interactions
which induce large deformations and topology changes. [ﬁgj{ln solid mechanics, PFEM
has for example been applied in geomechanics, see Carbonell et al. [28], Hauser and
Schweiger [60], Monforte et al. [90], in metal cutting, see Carbonell et al. [26], Oliver
et al. [96], Rodriguez et al. [111], and for simulating flowing hot molten metal, Bobach
et al. [18], Franci et al. [54]. }Fffé]

Modelling of surface interactions Surface interactions of solid bodies as well as the
interaction of liquid steel melt with a solid steel surface are considered in this work. For
the solid body interactions, dry contact without lubrication is considered. The contact
interaction can be divided into normal contact and frictional contact. Normal contact
is represented by the impenetrability condition between the bodies. Frictional contact
is characterised by Wriggers [141] being governed by ploughing of the surface asperities
and by adhesive forces. Adhesive forces partly arise from inter-molecular forces that
cause clean metal surfaces to stick together. In a rough surface, such adhesive forces are
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important at the microscopic asperity level, where adhesive bonds are formed and broken,
contributing to the also present interlocking and the elastic and plastic deformation of
the surface asperities, see also Straffelini [123]. These frictional phenomena are also
the basis of wear simulation. The classic Archard wear model [2] has been developed
for adhesive wear, i.e. wear by tearing out adhesively bonded material. The Archard
model can also be applied to abrasive wear, which is characterised by a hard particle
ploughing into a softer body and thereby removing material. However, wear of forming
tools is considered to be adhesive wear. On this basis, wear modelling with the Archard
model is considered for microstructured forming tools in Chapter 3. Furthermore, the
shearing, plastic deformation and fracture of surface asperities is modelled with PFEM
in Chapter 4.

Fluid-structure interaction can naturally be modelled with PFEM since the remeshing
allows to describe fluid flow as demonstrated in e.g. Onate et al. [98], Rizzieri et al. [109],
Falla et al. [49], see also the review Cremonesi et al. [34] for further references. As soon
as the fluid and the solid domains are close to each other, remeshing generates connection
elements which can for example be modelled with the constitutive behaviour of the fluid
domain. In this case, the surface of the solid domain is significantly stiffer such that the
flow within the connection elements mainly consist of the movement of the fluid nodes.
Therefore, the bonding automatically represents a no-slip boundary condition, which is
the general boundary condition for fluid dynamics, see Cremonesi et al. [34]. For the
no-slip boundary condition, the solid nodes on the surface which are connected to the
fluid domain are sufficient. For slip boundary conditions, a set of fluid nodes can be
added on the solid boundary in order to describe the slip by a constitutive model. Such
models are referenced in the cited review [34]. In Chapter 5, a PFEM modelling approach
for laser metal deposition is proposed. The liquid metal deposited on the solid baseplate
represents a F'SI problem which is solved in a monolithic strongly coupled manner with
PFEM with a no-slip boundary condition.

After giving a general introduction to the topic of this thesis, the subsequent sections
will go into more detail with respect to the three application cases and the respective
state of the art in the modelling and simulation of these applications as well as the
objectives of this work, respectively.

1.1 Modelling of wear

Frictional tool-workpiece interactions induce surface deterioration in form of adhesive
wear which is a limiting factor for service life for metal forming tools. In the first part
of the present thesis, tool wear is analysed on microstructured tool surfaces of metal
forming tools. [ﬁg]'{l\/[icrostructured surfaces are one class of tailored surfaces which are
investigated to improve the friction, wear and failure properties of tool surfaces, see
LofHer et al. [81]. The considered process is called sheet-bulk metal forming, since bulk
metal forming processes are applied to form functional parts like toothings or carriers
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on sheet parts, see Merklein et al. [87]. Figure 1.1 shows such a process using a tool
with structured surfaces taken from an experimental study of Sieczkarek et al. [122].
One of the therein applied surface structures is bionically motivated from a beetle. The
application of this structure is performed using micro-milling machines with a ball end
milling cutter with a 0.2 mm diameter. Other studied surfaces are deterministic patterns
of grooves or dimples. Application of such surface structures allows to, e.g., locally
increase or decrease the material flow in a metal forming process. Kersting et al. [69]
show that surface structuring leads to a higher mould filling in tooth-forming processes
on steel sheet by decreasing material flow in regions where no teeth have to be formed.
The frictional properties and wear of such structures are simulated in this contribution.

Ball-end
milling cutter

Surface
structures

Figure 1.1: Application of microstructured surface on tooth forming tool via micro milling. Figure
reprinted from [122] with permission from Elsevier.

As the length scale of one period of these microstructures is & 300 um, it is not
feasible to resolve both the deformation process and the surface microstructure in one
simulation. Therefore, a cut-out of surface material is considered with periodic boundary
conditions on the mesoscale, where the microstructure is resolved, but where lower scale
asperities are represented by a friction model. Homogenisation of frictional contact
has been presented in Stupkiewicz [125] for scanned three-dimensional rough surfaces
and in De Lorenzis and Wriggers [41] for fractal rough surfaces including the choice of
appropriate cut-out dimensions and periodic boundary conditions for the two-dimensional
case. In this work, the periodicity is exactly enforced only for the strongly deforming
workpiece. For the rather stiff tool, periodicity is not strictly enforced due to the complex
geometry and the contact discretisation, which cannot take periodicity into account.
Temizer and Wriggers [131] used friction homogenisation with a multiscale approach to
pass local loads and conditions to the micro-simulation and to obtain effective friction
properties for the macro simulation. A similar scheme is presented in Stupkiewicz et al.
[128] for three-dimensional anisotropic rough surfaces with a micro-to-macro-transition
to provide load dependent effective coefficients for an orthotropic friction model. For the
characterisation of frictional properties and wear of microstructured surfaces, this work
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restricts to the mesoscale modelling without a micro-macro transition. Instead, frictional
homogenisation is combined with the modelling of wear.

For the modelling of wear in metal forming applications, Volk et al. [133] review
three main approaches: Physically based models include effects on the micro-scale
interaction of the contacting bodies. However, these models are mainly beneficial for the
understanding of the wear phenomenons, whereas the applicability for real-scale problems
is limited. On the other hand, there are purely empirical models which can model complex
interconnections, if sufficient data is available. This field becomes more attractive with
new machine learning algorithms and increased databases. However, Volk et al. [133]
currently name phenomenological models to be the most applied models to predict tool
wear. These models compromise between physical motivation and empirical adjustment.
The classic Archard wear relation [2] is widely used, see e.g. Oqvist [154], Hambli [57] and
Hegadekatte et al. [61],Hegadekatte et al. [62] for early finite element based applications,
Hoffmann et al. [63], Falconnet et al. [48], Behrens et al. [11] and Cha et al. [31] for early
up to recent applications in metal forming simulation. Fouvry et al. [53] and Ramalho
and Miranda [104] discussed an alternative format of the Archard relation which is based
on the dissipated frictional energy. For constant Coulomb friction coefficients both models
coincide. This, however, is often not the case, e.g. in the high pressure regime of forming
processes. The dissipation based approach has been applied by Ersoy-Niirnberg et al. [47]
and Behrens et al. [12] in metal forming and by Farah et al. [50] using modern mortar
based contact algorithms with a more academic focus. Lengiewicz and Stupkiewicz [77]
present the dissipation based Archard model in a continuum mechanically sound fashion
which is adapted in this work. The results are compared with the classic approach since
both models are recently used.

The modelled amount of worn volume has to be taken into account within the
simulation. Stupkiewicz [127] mainly summarises two shape update schemes available in
the literature: The widely used approach is a wear postprocessor in which the deformation
problem is solved independently of the wear evolution, and in which the wear is calculated
and applied via a shape update afterwards. This approach is sometimes referred to as
geometry update scheme and has been used in [61], [63], [47], [48], [12], [11] and [134].
The second approach adds wear as an additional unknown to the deformation problem.
This approach is developed as a monolithic scheme by Lengiewicz and Stupkiewicz [77]
and Stupkiewicz [126] and as a staggered scheme by Farah et al. [50]. The postprocessor
approach is much easier to implement and to apply on complex microstructured surfaces
and is therefore applied in this work. As proposed e.g. in Lengiewicz and Stupkiewicz
[77] the calculated wear of one passover simulation is furthermore upscaled, as wear is
usually a slow process compared to the deformation timescale.

In summary, this contribution provides a pragmatic combination of frictional contact
homogenisation and continuum mechanically sound phenomenological wear simulation
with a postprocessor shape update scheme applied to microcstructured surfaces on
the meso scale. Compared to the preliminary publication Berthelsen et al. [16], an
extension to three-dimensional microstuctures with more complex periodic boundary
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conditions, relative velocities and normals is elaborated. Furthermore, a combined
friction model appropriate for high pressures in metal forming shall be used, see e.g.
Behrens et al. [12], Wriggers [141], as well as an appropriate elasto-plastic material model.
These modifications allow for directional studies as well as for application to real wear
experiments in forming technologies and for a comparison of wear patterns of the classic
Archard relation with the dissipation based formulation. }ﬁtfé] The model is described in

Chapter 3 along with illustrative examples for microstructured surfaces and a conclusion.

1.2 Modelling of material separation

Separation of material in solid body mechanics presents a challenge for modelling
approaches due to the topological shape changes. One illustrative example is machining,
where chip formation has been extensively studied with several computational modelling
approaches as summarised in the review Rodriguez et al. [110]. In the second part of the
present thesis, material separation is considered in a smaller length-scale on the level of
single asperity interactions. Figure 1.2 shows the topography of a rough surface with
the detachment of a wear particle. Such measurements motivate the analysis of single
asperity interactions for studying wear mechanisms on the microscopic scale.

Figure 1.2: Topography of a rough surface showing the detachment of a wear particle. Reprinted from
[99], licensed under CC BY 4.0.

According to Wriggers [141] and Straffelini [123], frictional contact and adhesive wear
are based on formation and breakage of adhesive bonds as well as on the interlocking,
elastoplastic deformation and breakage of surface asperities. Adhesive wear is extensively
studied in tribology due to its importance in engineering applications. The review
Zhang et al. [145] summarises modelling approaches to adhesive wear on asperities and
rough surfaces. Two main analytical models for adhesive wear are the Archard model
[2] and the Rabinowicz criterion [102]. The Archard model describes the amount of
worn volume based on pressure and contact area, see also Section 1.1 for more recent
Archard formulations based on the dissipated frictional energy. The Rabinowicz model
provides a criterion for the detachment of wear particles based on a comparison of
adhesive and elastic energy. While these empirical models can be of great predictive
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value, numerical models account for the interaction of plasticity, crack initiation and
surface interactions in order to study wear mechanisms. The review Zhang et al. [145]
summarises approaches based on Molecular Dynamics (MD), DEM and FEM for the
simulation of asperity interaction. The MD simulations provide insights in atomic-level
wear mechanisms. Figure 1.3 shows results from Zhong et al. [151], where asperity shear
is simulated between an aluminium asperity and a Lennard-Jones test-tip used as the
contact reference. With strong adhesion, part of the aluminium asperity sticks to the
tip after the shearing. For weak adhesion, no aluminium adheres to the tip, but the
atoms are strongly deformed and rebonded within the asperity. Similar results with
detailed analyses for the accordance with analytical models can be found in Molinari
et al. [89], Zhao and Aghababaei [148]. DEM simulations are reported as an alternative,
which also successfully were applied for the investigation of wear modes, see [145] for the
respective references.

0%

i
(a) Strong adhesion leads to adherence of re- (b) Weak adhesion leads to rebonding within
moved aluminium on the tip. the asperity (white atoms).

Figure 1.3: Molecular Dynamics simulation result for asperity shearing with strong and weak adhesion.
Reprinted from [151] with permission from AIP Publishing.

FEM has the advantage of superior constitutive modelling capabilities compared to
DEM, while being significantly more efficient than MD. FEM modelling approaches for
asperity shear mentioned in [145] are for example an asperity interaction with elastoplastic
material using ABAQUS explicit, see Mulvihill et al. [92], and the simulation of sub-surface
crack initiation using ABAQUS, see Zhang and Etsion [144]. The latter reference mentions
challenges for the FEM simulation in terms of extreme simulation times.

In this thesis, a PFEM approach is developed for the simulation of elastoplastic asperity
interactions of steel surfaces. The focus is on the adhesion-free case as shown in the MD
simulation in Figure 1.3b. The PFEM approach requires special element technology for
the incompressible plastic flow that is common for steel. This topic is studied intensively
and is therefore introduced in more detail in Section 1.2.1. Furthermore, modelling of
contact, material separation and self-contact is necessary. These topics are introduced in
Section 1.2.2.
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1.2.1 Modelling of quasi-incompressible material behaviour in PFEM

[ﬁg]'{ln the PFEM, linear elements are a natural choice, however these elements restrict

the usage in cases of quasi-incompressible material behaviour. In solid mechanics PFEM
literature, mainly three approaches are established for dealing with quasi-incompressible
material behaviour:

e first-order mixed triangular elements (P1P1) of displacement-pressure (u-p) or
displacement-volume-dilatation (u-¢) type, see [18, 26, 28, 60, 90, 111]. The u-p
formulation is reported in Carbonell et al. [26] to produce slightly better stress
distributions than the u-¢ formulation, whereas Monforte et al. [90] reports the
u-¢ formulation to perform slightly better in the scatter-free representation of
Lode-angles than the w-p formulation. A three-field formulation u-¢-p is also
tested, but the third field is not necessary according to Monforte et al. [90]. As the
u-¢ formulation does not restrict the material model formulation to a volumetric-
isochoric split, this formulation is chosen in this work.

e first-order pure displacement triangular elements with strain smoothing onto the
nodes and nodal integration, see Zhang et al. [146], usually referred to as smoothed
PFEM, i.e. SPFEM. An edge-based smoothing version with Gauss-integration has
also been proposed, see Jin et al. [67]. The smoothing prevents the element-wise
calculation of the global tangent stiffness matrix contributions, which considerably
complicates the finite element implementation for implicit time integration. SPFEM
is therefore especially suited for explicit time integration, where no tangent stiffness
matrix is needed. Furthermore, Reinold and Meschke [105] combined an edge-based
smoothing with a first order mixed u-p formulation.

e second-first-order mixed triangular elements of displacement-stress (u-o) type,
where the edge-mid-nodes are neglected in remeshing, see e.g. Wang et al. [135]
and Zhang et al. [147]. The large number of unknowns is therein treated in a
variational setting with a so-called second-order cone programming solver.

Although it has been shown in the context of standard FEM that a second-order pure
displacement triangular element (TRI6) already performs considerably better than first-
order displacement elements and close to more advanced element technologies, see Caylak
and Mahnken [30], this option has so far not been reported in the PFEM-literature to
the authors’ knowledge. In this work, a TRI6 element is applied in PFEM and compared
to the stabilised mixed P1P1 element of u-¢-type under 2d plane strain conditions.
Amongst the state-of-the-art formulations the P1P1 element can still straightforwardly
be implemented in standard FEM-algorithms and is therefore preferred to the other
mentioned formulations. The restriction to 2d plane strain represents a simplification
that excludes the consideration of advanced remeshing methods necessary in 3d PFEM
simulations. For example, mesh-smoothing is essential in 3d to address specially distorted
tetrahedra, commonly referred to as slivers, cf. Carbonell et al. [26], Meduri et al. [85].
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The frequent remeshing in the PFEM requires a transfer of state-variables. One
option is the mapping of the previous stress tensor which is then additively combined
with the new stress increment in a strain-rate based hypoelastic material model, see
e.g. Franci et al. [54]. However, this work follows the strict deformation based approach
used in Monforte et al. [90] and Carbonell et al. [26], which allows for the application of
hyperelasticity-type constitutive relations. Thereby, details on the mapping of previous
deformation, especially in the context of u-¢ formulations, are elaborated. The transfer
of state-variables has a large influence on the stability and accuracy of the PFEM. In
the present work, this transfer is done directly rather than via the node points. This
contradicts the classic particle-based spirit of PFEM and the early state-of-the-art of a
L2-projection of the variables onto the node points, see e.g. Oliver et al. [96], Sabel et al.
[114]. However, copying state-variables directly between old and new quadrature points
has become the state-of-the-art in PFEM since it avoids unnecessary variable smoothing
in unchanged mesh regions, see Carbonell et al. [28], Rodriguez et al. [111]. Thereby,
the information of the closest previous quadrature point is copied, so that this method
is abbreviated as closest point mapping (CPM) in the following. Especially for coarse
meshes and large spatial changes of state-variables, the CPM introduces a considerable
error in the transfer. To improve the transfer quality, the interpolation of state-variables
from three of the previous quadrature points has been proposed in Hu and Randolph [65]
and used in Zhang et al. [147]. In Hu and Randolph [65], two such schemes are proposed:
the arbitrary linear interpolation method interpolates from the three nearest quadrature
points in the reference mesh, whereas the unique element method uses the previous
element which contains the new quadrature point and interpolates or extrapolates from
the quadrature points of this unique element. The unique element method makes use of
the high smoothness of the variables within one element which yielded the best results in
Hu and Randolph [65]. However, in this work the arbitrary linear interpolation method
is applied in a straightforward implementation by using a background-triangulation of
all previous quadrature points where it is only necessary to interpolate by standard
shape functions. The method is abbreviated as background triangle mapping (BTM).
Furthermore, the interpolation in the BTM mapping can furthermore be improved by
transfer operators suggested in Camacho and Ortiz [25] which preserve incompressible
deformation states in linear operations such as interpolation. Since it involves a spectral
decomposition it will be evaluated as to whether the effort is justified for the numerical
examples. }Fffg'] The both element formulations and the extended state-variable mapping
is presented and analysed with numerical studies in Section 4.1.

1.2.2 Modelling of contact and material separation

Contact modelling has a long history in FEM, see e.g. the monograph Wriggers [141].
Considering the aspect of contact discretisation, the main methods mentioned in [141] are
classic projections (Node-to-Segment, Segment-to-Segment) based on both surface meshes,
Mortar methods which define one surface as the mortar surface on which the other surface

11
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is projected, and smooth discretisations based on Isogeometric Analysis (IGA). In a more
recent overview, Wriggers [142] adds Third Media Approaches and the Contact Domain
Method (CDM), which both consider a third mesh of continuum elements between the
contacting bodies which are given special properties. The CDM is particularly popular in
the PFEM literature due to its similarities in mesh generation to the techniques required
for bulk meshing. Therefore, the CDM is chosen in the present thesis. The main ideas
of the CDM with respect to the contact discretisation are introduced in Oliver et al.
[96]. Improved constraint enforcement with a Nitsche-type approach, referred to as the
Smoothed Lagrange Multiplier Method (SLMM), as well as robust analytical derivations
of the contact contributions are then presented in the two-part paper Hartmann et al.
[58], Oliver et al. [97]. A 3d extension is given in Hartmann et al. [59] and a comparison
of the SLMM with a classic penalty formulation is given in Weyler et al. [139], where the
SLMM generally shows more robust results. Recent applications of the CDM in PFEM
can be found in Bakhshan et al. [7], for vibration-assisted micromachining using the
penalty formulation and in Carbonell et al. [28] for geotechnical applications using the
SLMM formulation. In the present thesis, the SLMM formulation is applied and briefly
summarised in Section 4.2.

With respect to the modelling of material separation, the review Rodriguez et al. [110]
gives a good overview on computational methods for material separation in the context
of chip formation. It shows examples for Eulerian and DEM approaches as well as for
Lagrangian FEM with remeshing. Among the Lagrangian FEM approaches, Rodriguez
et al. [110] distinguishes geometric criteria and physical criteria for chip separation.
An example of a geometric criterion is a predefined layer of duplicated nodes along
which the distance to the tool tip is used to release the node coupling in order to allow
cutting and chip separation, see Komvopoulos and Erpenbeck [72]. For the physical
criteria, a similar layer of coupled nodes is used in Strenkowski and Carroll [124], but
combined with a fracture criterion based on the effective plastic strain. Another approach
is presented in Marusich and Ortiz [83], where adaptive remeshing is coupled with a
fracture criterion based on critical effective plastic strain and the mesh is adapted to
allow for a discretisation of the crack formation. In the PFEM literature, full material
separation in cutting processes is not in the focus but rather the simulation of the metal
cutting and chip formation itself. In Sabel et al. [114], the cutting is induced by a
stretching of the elements close to the tool tip such that the a-shape deletes elements
and generates a cut. In this approach, the a-shape technique detects topological changes,
e.g. in the formation of cracks by detecting new surfaces in stretched areas. Large
topological changes lead to a large deviation from the equilibrium state and consequently
to convergence issues, which can be limiting for this method. In contrast, Rodriguez
et al. [111] and Carbonell et al. [26] model the chip formation as a plastic flow around
the tool tip, which requires mesh refinement in the cutting zone to account for the
large plastic deformations. Therefore, PFEM methods have been extended with several
techniques. Firstly, a point density dependent a-test radius makes inhomogeneous mesh
densities possible, cf. Carbonell et al. [27]. Furthermore, the boundary polygon of the
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previous step is preserved by using a Constrained Delaunay triangulation (CDT), cf.
Carbonell et al. [27] and by inserting additional particles in regions, where boundary
segments are largely stretched, cf. Rodriguez et al. [111]. Minimising the deviation from
the equilibrium state in each remeshing step by adapted mesh densities and the CDT
yields a better numerical robustness of the model. Therefore, in the present thesis the
extended remeshing methods are adapted to the application of asperity shearing.

A limiting factor of modelling topological changes solely by plastic deformations and
adaptive remeshing is the inability to simulate full material separation, e.g. chip breakage
in a machining simulation. In Sabel et al. [114], material separation is modelled based
on the stretch of surface segments detected by the a-shape method alone. However, this
approach is only meaningful as long as the element shape is directly related to the material
deformation. As soon as the connectivity changes under shear deformation, or when
points are inserted and removed, the local deformation state becomes unrelated to the
element shape. Therefore, the addition of a damage criterion supplements the abilities
of the a-shape method for detecting topological changes. Furthermore, self-contact
simulation is a feature that is often not modelled in PFEM contact simulations. Once a
crack occurs in the body discretisation, special remeshing techniques are required for a
successful generation of the bulk and contact meshes. This novel feature is discussed in
Section 4.3 along with the material separation criterion and the adapted PFEM methods.

1.3 Modelling of material deposition

Due to the ability to simulate Fluid Structure Interaction, the PFEM is considered in the
third part of this thesis for the modelling of an Additive Manufacturing (AM) process.
[?;g]'{The particular application respectively process considered in this work, i.e. directed
energy deposition with a laser beam (DED-LB), is depicted in Figure 1.4. The directed
energy from the laser beam melts powder particles which are continuously deposited
on a substrate surface. The present work aims to establish a simulation framework for
the deposition and solidification of the steel melt by adapting the PFEM remeshing
capabilities and by combining these with appropriate phase transformation material
models. The overall goal of the simulation approach is the investigation of process induced
part properties regarding residual stresses and distortion by taking into account the
full interaction of the molten metal and the substrate during the deposition. Therefore,
established simulation approaches for DED need to be extended and adapted to this
goal. Part-scale simulation of DED is usually performed by using element activation in
FEM with a predefined weld bead geometry, see e.g. [32, 51, 103]. An advanced scheme
where the weld bead geometry is calculated by optimisation and where the interface is
described by a cut-off function is presented in [149]. However, these approaches do not
explicitly resolve the full interaction of the melt with the substrate, which motivates
a more advanced approach in the present work. On the other hand, among particle
based methods many approaches exist which feature a very high precision level. The
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Figure 1.4: Illustration of the DED-LB process.

smoothed particle hydrodynamics is one example, see e.g. [35, 36, 86]. However, the
computational cost is very high, especially if a good resolution of the stress distribution
is desired. The PFEM is chosen in this work as a compromise of including sufficient
details but keeping the numerical cost manageable. This method was originally designed
for free surface fluid flows, see [98], and has since been adapted for many applications,
see [34] for a comprehensive review. Relevant examples of these applications are the
simulation of classic manufacturing technologies, see [26, 96, 111, 114], as well as the
simulation of additive manufacturing processes. In this context, [19] simulate the melt
pool dynamics of a spot welding process with PFEM. The DED process is modelled
in [91] by the gradual growth of material on a surface in the form of node insertion
based on the laser power and particle distribution. The mesh is then regenerated using
PFEM methods. A comparable approach is presented in [143]. Full featured deposition
simulation is established for concrete printing in several research groups, cf. [106, 108].
While these concrete deposition approaches present very advanced remeshing schemes in
3d, the simulations are not thermomechanically coupled and the extreme temperature
gradients in the DED-LB process pose additional challenges for the simulation of the
connection zone. With respect to thermomechanical simulations, the modelling of melt
and solidification in [54] shows that PFEM is generally capable of capturing melt flow
and solidification, whereas the focus in the reference lies on remelting and failure of
process-plant walls.

Therefore, this work advances the PFEM approach to modelling deposition of hot
metal, which is not yet thorougly discussed in the PFEM literature with regard to
the high temperature gradients in the thermomechanically coupled problem, especially
for modelling of the connection zone. A 2d simulation approach is chosen for clearly
establishing the necessary methods, without yet adding the amount of additional mesh
complexity of the 3d version, e.g. the control of bad-shaped sliver elements discussed in
[85, 106, 136]. Despite the necessary assumptions for a 2d simulation, one advantage
is a better observability of the mesh quality and mesh evolution during the deposition
and connection. In addition to the already mentioned PFEM references, several relevant
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publications in the PFEM research are mentioned in the following. The basis of the
PFEM is a repeated remeshing of the point cloud describing the bodies by using a
Delaunay triangulation and subsequently using the a-shape method to determine the
shape of the bodies. This allows changes in the shape of the bodies to be modelled, which
is not possible in conventional FEM. The described basic approach is well established, see
e.g. [26]. In the deposition simulation, the meshing of the connection zone is of special
interest as the a-shape will connect two bodies when they are close to each other, which
generates a layer of connection elements between the bodies and thereby artificially adds
mass to the simulation. The approach by [108] prevents the creation of a connection
layer by merging the node points of the concrete stream and the baseplate when they
come in contact. However, this approach is not suitable when both nodes have vastly
different temperatures. Therefore, in this work the connection layer will be accepted
for modelling the temperature gradient while the thickness of this layer is reduced by
special techniques. Therefore, a distance threshold from [106] is extended with a novel
progression criterion to prevent holes in the connection zone while keeping this zone
sufficiently thin. The very large material flow furthermore makes an improvement of
the point distribution during the simulation necessary. This has been targeted with
basic point insertion and removal schemes in [111], whereas [49] as well as [78] recently
proposed advanced insertion methods with regards to the location of inserted points and
a prescribed mesh density function. Methods from these references are combined with
emphasis on good applicability without modifying the triangulation algorithms of the
Delaunay library.

The PFEM will provide the numerical framework, whereas a suitable material model
is needed to describe the fluid flow as well as the solidification. The model is supposed
to describe the change in the constitutive behaviour upon transformation along with
accompanying stretches and heat sources. Resolving very fine microstructural details
such as nucleation, dendrite growth and grain formation is therefore not necessary
in the model — the interested reader is referred to applications of e.g. the phase-field
approach, summarised in the review [75]. At the other end of the modelling spectrum,
simplified local material models are applied on the macroscale which do not explicitly
distinguish separate phases but rather use temperature dependent material parameters
to also cover the changes upon phase transformation. Underlying quantities, such as
the heat capacity, therefore capture non-smooth transitions which can lead to numerical
instabilities. One example for this approach is [107], where in a purely thermal model
the melt pool is investigated for a Laser Powder Bed Fusion (LPBF) process by using
non-smooth temperature dependent parameters. Furthermore, [24] combine a weakly
coupled thermomechanical approach with temperature dependent properties of a small
strain viscoplastic material model with the resetting of plastic strains and stresses upon
reaching the solidus temperature in order to simulate LPBF. The approach presented in
[138] is based on a large strain thermoelastic model including a deletion of the deviatoric
deformation component upon reaching the melt temperature along with temperature
dependent parameters as a rough estimate of an irreversible melt flow. A further example
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1 Introduction

for the approach of using temperature dependent material parameters is [54], where a
small strain viscoplastic relation for the melt regime is levelled via temperature dependent
parameters with a viscoelastic relation in the solid regime, and where a switch between
both models is applied at the melt temperature.

The present work uses phase fractions in order to locally cover the phase transition
more precisely which allows for a higher modelling flexibility and a natural incorporation
of transformation stretches, latent heat and jumps in material parameters. The approach
originates in the simulation of shape memory alloys where both, stresses and temperature,
drive the phase transformation. An energy-convexification approach is therefore applied
in [9] in order to determine the energetically favourable phase-mixture. In [10, 95], such
a framework is applied to the powder-melt-solid phase transformations in the LPBF.
The results indicate that the liquid-solid phase transformation of metals in AM processes
is mainly temperature driven in contrast to shape memory alloys. This motivates the
adaptation of a phenomenological temperature dependent phase transformation function
for the evolution of the phase fractions in the present work by using a smoothed step
function. A similar approach can be found in [17], where a smoothed liquid-fraction
function describes the latent heat release and also influences the mechanical model. A
further example is [113], where a hyperbolic tangent phase transition function governs
the transformation stretches in powder melting and averages the parameters in a LPBF
simulation. A similar phase change function is applied in [73] within a space-time FEM
for the purely thermal simulation of LPBF. Likewise, in [100] a thermal LPBF simulation
with temperature and phase dependent parameters is based on a smooth liquid fraction
function and an advanced adaptive layer activation scheme. In the present work, the
melt material is modelled with a large-strain viscoelastic model based on the model
presented in [4, 5] for electro-viscoelasticity, adapted to the thermomechanical use case
with phase-appropriate modifications. More precisely, a Maxwell model is adopted for
the isochoric deformation in the melt phase, making the model suitable for describing
the melt flow. The model is thus well suited to describe a Newtonian fluid type response
despite being based on a Lagrangian parametrisation and the transition to solid material
is straightforward. The phase transformation model then consistently couples the melt
and solid phase and provides a sound constitutive framework. Large strain models are
required for processes such as DED-LB, while constitutive models in the AM literature
are mainly developed for small strain applications. This critical extension is one objective
of the present contribution. The approach of using phase fractions rather than a pure
temperature dependence allows for physically well motivated material modelling and also
serves as a framework which can be enriched by including additional material response

. td.
phenomena in future research work. }Fuo]

The basic continuum thermomechanical theory is introduced along with the main
PFEM methods in Chapter 2. The phase-transformation model and the extension of the
PFEM for the connection zone treatment, as well as numerical examples and a conclusion
are given in Chapter 5.
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1.4 Objective of this work

1.4 Objective of this work

The objective of this work is the development of numerical modelling approaches for
shape changes induced by surface interactions. A macroscopic wear post-processor
is developed for the specific application to microstructured forming tools. Therefore,
modern dissipation based Archard models are applied because these are more naturally
combined with a combined friction model. For the microstructured tools, effective friction
properties are derived by friction homogenisation on a representative periodic cut-out of
the tool and workpiece surfaces. The focus then shifts towards microscopic consideration
of friction and wear in modelling the shearing and separation of microscopic asperities.
A PFEM modelling approach is developed, which includes a physical fracture criterion
enhancing the shape detection algorithm to model crack initiation and material separation
by complete fracture of the material. The approach is coupled with an adaptive mesh
density to provide a sufficiently fine discretisation of the crack. Furthermore, a major
extension of PFEM is the modelling of self contact after material separation. While
sticking with a PFEM modelling approach, the third application is an AM process of
hot metal deposition, where PFEM methods are extended for specialised treatment of
the connection layer between the solid and the fluid part of the model. Another main
highlight is the large strain material model for melt flow and solidification which is
developed for describing the deposited material which solidifies on the cold base plate.

The thesis continues with the basic theory of continuum mechanics, the Finite Element
Methods for thermo-mechanical problems, the incorporation of constraint equations and
with the main PFEM methods. Furthermore, the three key applications are focussed in
one chapter each along with conclusions summarising the findings and possible future
extensions. A final conclusion summarises the overall insights and model developments
provided by this thesis.
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2 Theoretical and computational
concepts for solid body interactions

The modelling approaches in this thesis share a common theoretical basis, namely
continuum mechanics and a Lagrangian Finite Element Method. This chapter first intro-
duces continuum mechanics, hyperelastic material modelling and large strain finite element
methods, as well as constraint equations in FEM in the form of quasi-incompressibility
and mechanical contact. Most of these methods are used in the first application Chapter
3, modelling and simulation of wear, but the commercial FE software ABAQUS is used so
that the focus is on the simulation of wear rather than on the finite element modelling
itself. The other two application cases, modelling and simulation of material separation
and material deposition, presented in Chapters 4 and 5, are based on the Particle Finite
Element Method implemented in an in-house research MATLAB code. Therefore, a
detailed description of the theoretical background in this chapter is important for the
specific models in the respective chapters, and therefore this chapter is rounded off with
the main PFEM remeshing methods.

2.1 Continuum Mechanical basis

[?;g]' {The nonlinear kinematics of the large deformation model is introduced in the reference

configuration B, with placements X and in the current configuration B, with placements
x. The deformation is described by the displacement field w such that € = X + u. The
deformation gradient is defined as F' = 0x/0X. As a basis for the Updated Lagrangian
formulation of the finite element formulation, furthermore a previous configuration 3,
is introduced, in which the finite element discretisation has been regenerated. The
configurations are visualised in Figure 2.1. The time ¢ is discretised into time steps
At = t,,1 — t, where the placements X, of the previous time step t,, are given as

X, =X+u, (2.1)

and the displacement field up to B,, is denoted by w,,. The total displacement is therefore
decomposed into

u=u, +Au (2.2)
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2 Theoretical and computational concepts for solid body interactions

Figure 2.1: Configurations in updated Lagrangian formulation. Reprinted from [119], licensed under
CC BY 4.0.

with the displacement increment Awu. Consequently, the deformation gradient is similarly
decomposed as

o0z 0X,

T 90X, 09X
As this work proceeds, F',, shall be transferred as a state-variable during remeshing in
order to preserve a fully displacement based Lagrangian description. Moreover, time
derivatives are introduced with respect to a fixed material point, i.e. as a material time
derivative as ® = d e /dt|x and e = d* e /dt?|x. For the derivation of the constitutive
equations of the phase transformation model, only the total deformation gradient is
of interest. Here, a multiplicative decomposition according to F' = F°! . F'* is used
with the volumetric deformation F¥' = JY/3 T consisting of the volume dilatation
J = det(F) > 0 and the second order identity tensor I, so that the isochoric deformation
reads F'*° = J~1/3 F . The corresponding right Cauchy-Green stretch tensor C = F*- F
equivalently decomposes into C*° = J=2/3C and C¥' = J?/3I.

The displacement field w is furthermore coupled to the absolute temperature field 6
and both fields are governed by continuum mechanics based balance relations, see e.g.
[79, 82] for more details. The local form of the balance of linear momentum in referential
format reads

poii=Vx-P+pyb (2.4)

with the referential mass density pg, the Piola stress tensor P and with the body force
vector b. The referential format of the balance of energy in temperature format reads

00 = —Vx - Q 4 ro* 4 pmee (2.5)

— AF - F, (2.3)
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2.2 Updated Lagrangian Finite Element formulation of thermomechanics

with the referential heat capacity ¢y, the referential heat flux vector @ and the external
and mechanical volumetric heat sources r®* and ™. The second law of thermodynamics
is applied so as to derive thermodynamical restrictions to the formulation based on a
mass-specific Helmholtz free energy density ¥ (F',0,)), which generally depends on F
and 6, as well as on internal variables V. Standard derivations result in the hyperelastic
format of the Piola stresses and the specific referential heat capacity

ov 82[)0“7
P=m5F == Z900 (2:6)

Furthermore, thermodynamic restrictions on the constitutive models are derived as two
dissipation inequalities

1 o .
_ —— . > red = — B > .
Dthm 0 Q CXg = 0 Dmec £o oY o) = 0 (2 7)

where Dy, > 0 is preserved by the heat conduction model and where D¢ > 0 imposes

constraints to the mechanical material model. The mechanical heat source furthermore
follows as

mec __ 8P T red anr‘i(eic
r —HWF—F [Dmec—ew] (28)

where the first part is related to thermoelastic heat and the second part to dissipation

due to the evolution of internal variables. }Fded]

The hyperelastic material modelling framework in (2.6) allows the derivation of stresses
and multiphysical coupling from the Helmholtz free energy function in a thermodynami-
cally consistent manner. Objectivity under large deformations is naturally guaranteed
and path dependent material behaviour can be described by internal variables which are
governed by the dissipation restriction (2.7). This provides a solid basis for the simulation
of the application examples in this work. The specific Helmholtz free energy functions and
path dependent model extensions are described in the respective application chapters.

2.2 Updated Lagrangian Finite Element formulation of
thermomechanics

For the Finite Element solution of the balance equations (2.4) and (2.5), multiplication
with admissible test function du and 46, integration by parts and application of the
Gauss theorem lead to the weak forms of the balance equations

Wuz/p05u-u+VX5u:P—pgéu-de—/5u-t0dA:O (2.9)
B, oBt

W :/co 500 — Vx30 - Q — po 80 [r + 1] AV — / 00 QuedA =0 (2.10)

B, oBY
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2 Theoretical and computational concepts for solid body interactions

with the surface traction ¢, and the surface heat flux Qs,,. The integration of these
equations in the reference domain B, is the standard approach but, given the mesh
adaptation in the remeshing framework, an integration in a deformed mesh is preferred.

[(llgg]'{The Updated Lagrangian Finite Element formulation is applied in the present
work, since it provides a framework for using the regenerated mesh and still preserves
the advantage of a constant integration and interpolation space in B,, during the solution
iteration. The framework is documented in [74] for the mechanical case, whereas
the thermomechanical formulation is summarised in the following. The domain B, is
subdivided in n.; finite elements. The nodal degrees of freedom, i.e. displacement w4
and temperature 6 of nodes A and C in element e, are used for field and gradient
approximation in standard manner as

i OAu & ONA
e __ eA pTA _ eA
u'=> utN X => Au ® ox (2.11)
A=1 A=l "
- 00 - ONC©
e __ eC aA7C . eC
0°=> 60N o => 0 X (2.12)
Cc=1 Cc=1

with nodal shape functions N and their gradients. Herein, identical shape functions are
used for the approximation of all fields and, moreover, also applied to the approximation
of the related test function contributions and the discretisation of the geometry. The
term 0Au/0X,, is required for the incremental deformation gradient according to (2.3).
The weak form of the balance equations (2.4) and (2.5) follows from standard derivations

Tlel

together with the assembly operator Ae:1 as

int vol sur

= A::l [CeCD gD 1 foeC _ 40eC 960] —0 (2.14)

ré — A::l [MeAB . ’i,.l,B + fueA . f'u,eA . f'u,eA:| -0 (213)

int vol sur

where the local nodal quantities are the force vectors f®¢4 the mass matrix M¢4B,

int,vol,sur?’
the scalar of the heat capacity C¢“P and the heat fluxes f7¢¢ All nodal quantities

int,vol,sur"
are assembled first as elemental lists and subsequently collated in global arrays and
matrices, which are denoted with upright bold symbols, e.g. r* and r?. Additional node
counters B and D are introduced for defining nodal interactions. The contributions are

given as

M = / po NUINP I v, P = / ¢ NONP NV, (2.15)

B Be

int

yeA:/P.Ft VXRNA J;ldvn 060:—/VXnNanQJn1an (216)
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2.2 Updated Lagrangian Finite Element formulation of thermomechanics

fusit = / po N4 b J AV, fo = / po NC [rt 1] J 1AV, (2.17)

B B
fFued = / NAP.-F' N, J 'dA, 0eC — / N Qpur dA, (2.18)
oBet B

mec

Herein, the contributions P, Q, ¢y, Qn s and 7™ are to be defined by constitutive

qtd.
[120]

configuration B,, instead of the reference configuration B, [(ﬂg]'{For the push forward
J, = det(F,) > 0 is used for the volume transformation, F;, is used for gradient trans-
formations and cof (F,,) = J,, F,* is used for area transformations according to

relations. The Updated Lagrangian formulation is integrated in the previous

dv = Jtdv, (2.19)
Vx(e) =Vx, (o) F, (2.20)
dA=J 'F! . N,dA, (2.21)

}?ffé] such that the integrals and gradients can be computed in the newly remeshed

previous configuration.
[?;g]'{Time integration of the differential equations (2.13) and (2.14) is performed with
a standard implicit Euler scheme according to

u—-u, u—u, U, . 0-0,
At At2 At At

(2.22)

The coupled residuum equations are solved monolithically by means of a Newton-Raphson
scheme for the global list of unknowns u and 0. The global tangent is assembled from
the elements as

dr* dr*
J_E@_AneIL{MBABO] L{O 0}
T olde? de? | T TSl A2 | 00 0] T At |0 CCP
du  de (2.23)

KuueAB Kué‘eAD
+ [ K 0ueCB K@OeCD:|

In order to compensate for variations in the large material flows, an automatic time-
stepping scheme is implemented. A fixed output time step Aty is defined for writing
postprocessing files and restart files, which can be larger than the currently needed
calculation time step At. Upon reaching an output step, the number of global iteration
steps is evaluated and if less than six iteration steps were necessary, the calculation time
step is increased by At = 2 At as long as At < Atyy. Upon any indication of diverging
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2 Theoretical and computational concepts for solid body interactions

algorithms on either local or global level, e.g. divergence of the local constitutive iteration
or the global FE iteration, a try-catch control structure is used to reduce the calculation
time step by At = At/2 and the simulation is resumed from the last output step by
using the respective restart file. The changed At also needs to be passed to a viscous
material relation, and the time integration scheme has to be able to work with changing
time step sizes. Here, the applied implicit Euler scheme in the form of (2.22) by using
u,, as the history array works well, because it only depends on the time step size of the

new calculation step. }Ff;d]

Linearisation of the Finite Element formulation

For hyperelastic material with no internal variables, [?;g]'{the nonzero components of the
global FE tangent are given as

KuueAB — / Vx,N4-F, 02_1; F! .Vx, NP J-tdv, (2.24)
B’?L
Ku0eAD — / Vx, N4 F, - %1; NP J-tadv, (2.25)
KB = / oNC 2 aF [Vx, NP -F,] J,'dv, (2.26)
Be
K00eCD — 00<CD  [r00eCD | [c00eCD (2.27)
with
00eCD __ c 8Q D -1
KJoeeP = VXHN F, [ Vx, NP F,] J;tdV, (2.28)
" OVx0
woeen = [ pne 0% o gy, 2.29
vol - Po o0 n n ( : )
000D — / NC X aQ” NP Ay, (2.30)

whereby use of the multiplication operator [T o A|, = Tjm Aimig is made. For a good
modelling flexibility, the derivatives can be determined by using exact numerical tangents
provided by complex step derivative approximation (CSDA), see [129] for the application
to constitutive tangent moduli. In contrast to classic finite difference approximations,
the perturbation is applied to the respective imaginary parts, e.g. for the perturbed
temperature as 0* = 0 +1ie with the imaginary unit i? = —1 and the perturbation e. The
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2.3 Incorporation of constraint equations in the FEM

coefficients of the derivatives are then achieved by evaluating the imaginary part Im () of
the function as

ormee Im (rmec(F, 6%, V) OP Im(P(F,6",V))

= — = 2.31

ol € ol € ( )
For derivatives with respect to F', a component-wise perturbation is used. From the
perturbation of one component related to the indices kl according to F* = F' +iece;, ® €y,
the components of the tangent are derived as

Hymec B Im (Tmec<F*’9’V)) aR _ Im (Pij(F*,Q, V)) (2 32)
o, c oF, € )

Due to the calculation of the sensitivity on the imaginary axis, no round-off errors occur
and a very small perturbation can be used, e.g. ¢ = 10716, which delivers numerically
exact tangent approximations. For the application of this scheme, the implementation
of the constitutive relations has to properly handle complex numbers *. }?ded] The FE
tangent equations extend to inelastic material by switching to total derivatives which
does not change the numerical tangents. However, for analytical linearisation, further
contributions based on the evolution of internal variables need to be taken into account.
In the present thesis, analytical tangents are used for the elastoplastic material model in
Chapter 4 and the exact numerical tangents are used for the melt flow and solidification

model in Chapter 5.

2.3 Incorporation of constraint equations in the FEM

In this work, two types of constraint equations are considered in the Finite Element
formulation. Methods for quasi-incompressible material behaviour couple additional
global field variables to local quantities by using constraint equations. Similarly, contact
mechanics are based on contact constraints, namely impenetrability and stick constraints.
Both types of constraint equations are expressed as an extension of the weak form of the
balance of linear momentum (2.9). Therefore, the following derivations are restricted to a
mechanical problem without the coupling to the balance of energy (2.10). As explained in
[22] the weak form (2.9) can be obtained either by derivation from the strong form (2.4)
with the principle of virtual work, or from the minimisation of a total potential energy
function in the case of a conservative and static system. Such a variational formulation

LAs an example of possible difficulties, in MATLAB, the matrix transpositions need to be performed
with the non-conjugate rather than the standard transpose operator in order to work for both real
and complex numbers.
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2 Theoretical and computational concepts for solid body interactions

of the FEM serves as a framework for the introduction of the constraint equations in the
following subsections. The potential energy of a conservative and static system reads

H(u):/WdV— /p0u~bdv+/u‘t0dA (2.33)
B, B, o8Bt
N—— \ -
= int = Hext

The stationarity condition §I7,, = 0 yields an identical format as the weak form (2.9), i.e.
0ll, =W, =0 (2.34)

In such manner, additional constraint equations can be introduced according to the
theory of constraint optimisation in the form of

min /7(u) subjectto h=0 and ¢g>0 (2.35)

u

where the minimisation problem is subjected to a general equality constraint h and a
general inequality constraint g.

2.3.1 Incorporation of quasi-incompressibility

Treatment of almost incompressible material behaviour is challenging in Finite Element
methods because of the associated artificially stiff response denoted as volumetric locking.
As explained in [22], the incompressibility constraint is not easily satisfied by a purely
displacement based FE discretisation, especially for low order shape functions. While the
problem partly vanishes for higher order shape functions, a general solution approach
involves mixed formulations with additional global field variables. A general approach for
quasi-incompressible material behaviour is the Hu-Washizu variational principle which
will be summarised in the following based on [22]. The related extended potential function
reads

M (1, 6, p) = / [05(C) + 0 (6) + p[J — @] AV — Mo (2.36)

where I1;,; is defined with a volumetric-isochoric decomposition. Herein, ¢ is an additional
field variable which describes the volume change and thus facilitates the representation of
the incompressible deformation. The potential (2.36) represents a Lagrangian functional
for minimising the potential energy under fulfilment of the equality constraint hgw =
J — ¢ = 0. The constraint is enforced by the Lagrange multiplier p which represents the
pressure. In such a way, the determinant J of the deformation gradient is coupled to the
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2.3 Incorporation of constraint equations in the FEM

new field variable ¢ enforced by the third field variable p. The stationarity conditions of
(2.36) follow as

5HHW’LL = / ou 0w —I—p(SJdV - 5Hext =0 (237)
BO
lpVOI
0llnw ¢ = / {88¢ —p} dpdV =0 (2.38)
ollnwy = /[J — ¢lopdV =0 (2.39)
BO

It can be shown that (2.37) corresponds to the weak form W,, = 0 from (2.9) for the
case of an isochoric-volumetric split, cf. [22]. Equation (2.38) defines a constitutive
relation for the pressure and (2.39) kinematically defines the field ¢. In the literature,
variations of this approach are presented which make use of only two fields, i.e. u-¢ or
u-p formulations, see e.g. [90]. One such method is discussed in more detail in the context
of PFEM in Section 4.1, namely the u-¢ formulation which features the advantage of
not requiring an isochoric-volumetric split of the energy function. Furthermore, details
regarding the application of the mixed formulation in low order triangular elements in
PFEM are given therein.

2.3.2 Incorporation of contact constraints

The basic concepts of contact mechanics are summarised in the following based on [141],
[76] and [97], starting with the contact constraints in normal direction of the contact
surface and adding tangential constraints afterwards.

Normal contact

The basic constraint equation of contact mechanics is the impenetrability condition
gn > 0, where gy is the normal gap between two contacting bodies. Consequently, from

min [7(u) subject to gx >0 (2.40)
follows a Lagrange formulation of the potential energy from (2.33) for normal contact as
HCN(UJ )\N) = Hint - Hext + / )\N gN dA (241)

BN

where the contact contribution only appears on the boundary which experiences active
contact, denoted as OBSYN. In addition, the optimality conditions are

gN > O, >\N < O, )\N gN = 0 (242)
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2 Theoretical and computational concepts for solid body interactions

commonly known as the Hertz-Signorini-Moreau conditions. The Lagrange multiplier Ay
can hereby be interpreted as normal contact traction which has to be negative in the
case of contact and zero otherwise. The stationarity conditions follow as

ST = 0T — Ol + / An OgndA = 0 (2.43)
oBgN
My = / gNOANdA =0 (2.44)
aBeN

where (2.43) equals the weak form of the balance of linear momentum (2.9) extended
by a contact traction contribution on the contact surface. Furthermore, (2.44) is the
constraint equation which has to hold for active contact. Direct solution of the system of
equations for the variables w and Ay is generally challenging, since a zero matrix appears
in the Jacobian matrix from (2.44) being independent of Ay. More importantly, the
response of this contact formulation is immediate and infinitely stiff upon penetration of
a discretised surface, such that the set of active contact elements as well as the solution
of the system of equations is numerically difficult to solve. Consequently, numerous
methods for the discretisation of contact as well as for variants of the formulation of the
constraint equation have been suggested in the literature, see e.g. [76, 141].

Frictional contact

For frictional contact including a stick-slip formulation, the variational formulation is
based on a friction law following the explanations in [76] and [97]. In this work, a
Coulomb friction law is considered in form of a slip function @g which reads

Ps = [ Azl = p[Ax[ <0 (2.45)
where p is the Coulomb friction coefficient and where At is the tangential contact traction
vector with || e || = y/e - e. The minimisation problem follows as

min /7(u) subject to gy >0 and &g <0 (2.46)

with a Lagrange formulation of the potential energy from (2.33) for normal and frictional
contact as

It (u, ANy Ar) = g — ey + / An gy dA + / Ar-grdA (2.47)

oBgN oBsT

Here, the tangential slip distance is measured with the tangential gap vector gr. In a 2d
setting, the scalar tangential traction At and the tangential slip distance g are sufficient
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2.4 PFEM — Particle Finite Element Method

for the formulation, such that the notation is simplified to the scalar quantities in the
remainder of this work. The stationarity conditions follow as

St — 01T — 01T e + / A Sgx dA

RN
o8 (2.48)
BB(C)T 8885
5HCNT)\N = / gN 5/\N dA = 0 (249)
oBgN
5HCNT)\T = / gr 6)\T dA = 0 (250)
oBsT

Hereby, the whole contact surface dBSY is subject to normal contact constraints, whereas
the active stick domain B;" and the slip domain 9B = BN \ OBST are complementary
subsets depending on the state of the slip function. The optimality conditions for friction
read

@Séoa QTZO> gpngZO (251)
such that in the sliding case, the tangential traction is defined as

T = p || sign (A1) (2.52)

2.4 PFEM - Particle Finite Element Method

[?;g]'{ln PFEM simulations, the cloud of points which represents the body under con-

sideration is frequently remeshed and the shape of the boundary is redefined. In other
remeshing schemes, the boundaries are preserved and the points are regenerated. Within
the PFEM, the preservation of the points has the advantage of more straightforward
state-variable transfer schemes. The redefinition of the boundary makes PFEM flexible
for boundary changes, especially as the remeshing is usually performed for every time

step to track possible shape changes. }?fldé]

2.4.1 Mesh regeneration and shape detection

[?;g]' {The converged global displacement list of the last time step u,, defines the placements

X, = X 4+ u,, of the new previous configuration, which is used for the mesh generation.
The discretisation is performed by a Delaunay triangulation of the points, originally
introduced by [43]. Figure 2.2a shows the triangulation, whereby the algorithm includes
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the boundary polygon of the previous mesh, here by applying a Constrained Delaunay
Triangulation (CDT). This prevents undesired mesh distortion in the surface region. The
Delaunay triangulation discretises the convex hull of the body. To remove all elements
outside the actual shape of the body, the a-shape method introduced by [46] is applied
in a modified version, which has become standard in PFEM, see [27, 52]. Thereby, the
a-shape detection is based on a preceding Delaunay triangulation which already enforces
that each triangle circumcircle contains no further points. Testing the circumcircles
for emptiness by verifying that they do not contain any other vertices, which was a
component of the original a-shape method, is therefore obsolete. In summary, all elements

(a) Hlustration of constrained Delaunay trian- (b) Discretisation after applying the a-shape
gulation of the convex hull of a point cloud. detection method with a point-density depen-
Previous boundary polygon (dashed) has to be dent test radius.

contained in the discretised region.

Figure 2.2: Constrained Delaunay triangulation and a-shape detection of the point cloud representing
the body. Reprinted from [119], licensed under CC BY 4.0.

of the constrained Delaunay triangulation are subjected to the a-test
Ta = Qlehar < Teireumr = reject T (2.53)

i.e. when the test radius r, fits into the circumcircle radius 7¢jcumr Of a triangle T,
the element is not considered to be part of the body. As test radius, a characteristic
mesh size lq,,, i used and multiplied by the « value. For homogeneous mesh densities, a
constant ., can be used, e.g. lepar = lmin, the minimal particle distance in the cloud, see
[114]. For inhomogeneous mesh-densities, [27] proposed a local characteristic length 19¢ .
The average point distance of the node-point p to its n,, neighbour nodes is calculated

in the previous mesh as

Nnb
| Xoni — X |
Ly = -~ (2.54)
i=1 n
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For each triangle in the new mesh, the average point-distances df,, are further averaged
over the three element nodes via

3
oc 1
ltlzhar - g Z dgvg (255)
p=1

This value is used in the a-test (2.53) for the respective triangle. Thereby, it is important
to use the previous mesh for the calculation of df ,. The newly generated mesh may
still contain potentially very large, distorted triangles as shown in Figure 2.2a, which
are subsequently removed by the a-shape algorithm. Including these elements in the
calculation of df , would artificially increase the averaged point distance, resulting in
inaccuracies in the a-shape detection.

A resulting mesh after application of the a-shape method is shown in Figure 2.2b. All
edges that appear only once in the connectivity define the boundary polygon which needs

to be stored for the Constrained Delaunay Triangulation of the next remeshing. }Fffé]

2.4.2 Transfer of state-variables

[ﬁg]'{Two options are considered here for the transfer of the state variables — a direct
copying of the variables from the closest quadrature point in the old mesh (CPM), see
[65, 111], and an interpolation from three old quadrature points in a background triangle
mesh (BTM) as also used in [147] and [65]. Both schemes only change the history
data if the global position of a quadrature point changes. Where the previous and
new quadrature points occupy the same spatial position, the copying operation does, in
general, not alter an equilibrium state. Due to the very frequent remeshing within PFEM,
the connectivities and quadrature point positions often undergo localised adjustments
within small areas of the mesh. Hence these schemes prevent unnecessary smoothing
which can be seen in the standard least-square mapping approach which has been used
in early PFEM publications, e.g. [96, 114].

Closest point mapping (CPM) For the direct transfer of state-variables between meshes,
a background triangulation connecting the old integration points is used. Triangulations
simplify the search of a nearest neighbour. The method is illustrated in Figure 2.3a. Due
to a simple copy, nonlinear properties of the mapped deformation gradient, such as the
determinant, are preserved which is important for incompressible deformation states.

Background triangulation mapping (BTM) By analogy with the CPM, the BTM is
constructed based on a background triangulation of the old integration points. In
the BTM, interpolation from the three quadrature points of the enclosing background
triangle is employed when the new quadrature point does not coincide with an existing
old quadrature point, as illustrated in Figure 2.3b. Such algorithm preserves beneficial
properties of the CPM, i.e. smoothing of variables is not activated in regions where the
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— new mesh
= =old mesh

*+ new quadrature point
O old quadrature point

(a) Copy data of closest old quadrature point
(CPM).

— new mesh
= =old mesh

+ new quadrature point
O old quadrature point

---------- background triangulation

(b) Lagrangian interpolation from a back-
ground triangle of three old quadrature points
(BTM).

Figure 2.3: Illustration of mapping methods for a typical edge-flip connectivity change when the mesh
is reconstructed for the same point positions after deformation. Both considered elements, TRI6 and
P1P1, need three quadrature points per element. Reprinted from [119], licensed under CC BY 4.0.

mesh does not change. In regions experiencing mesh changes, interpolation is intended
to reduce transfer errors compared to the CPM, particularly for coarser discretisations.

The BTM coincides with the algorithm denoted arbitrary Lagrangian interpolation in
[65], whereas the denomination BTM refers to the use of a background triangulation,
here a Delaunay triangulation. In [147] a slightly different version, also suggested in
[65], is applied in PFEM, where the data is mapped from the quadrature points of one
unique old element. This element contains the new quadrature point. This motivates
the denomination of the algorithm as unique element method. In this work only the
interpolation from the three quadrature points of the background triangle, independent
of the corresponding old element, is considered.

The interpolation is based on linear shape functions N4, where

sg= > saN*(&,) (2.56)

interpolates background-point state-variables s, to new quadrature point state-variables
sq. Here, the points of the background mesh A are the old quadrature points. The new
quadrature point ¢ therefore lies within this triangle. For the interpolation (2.56) the
natural coordinates &, are calculated from rearranging

3
Xog=Y XnaNA(E) (2.57)
A=1
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Since all physical coordinates of old quadrature points X, 4 and of the new quadrature
point X, , are known, the solution for £, can be derived analytically for specific shape
functions. At the boundary of the body, the background triangulation may contain
rather distorted triangles, which leads to poor interpolation weights. Furthermore, a new
quadrature point can lie outside of any background triangle. In both cases, the data of
the closest old quadrature point is copied instead of using an interpolation. As a quality
threshold for the background triangles, the radius ratio

T 0,005 (2.58)

Tcircum T

of insphere radius ry, 7 to circumsphere radius 7ejreumr is used, as introduced by [29], see
also [70] for further information on element quality measures. The algorithmic treatment
of the BTM is further illustrated in Figure 2.4 for a linear triangular mesh along with
the respective interpolation weights.

background triangulation
new mesh
- = =old mesh
# new quadrature point 4
O nearest old quadrature point

/ ------- triangles for interpolation
g 4 . . .

Figure 2.4: Illustration of BTM for linear triangles with one quadrature point. Left new quadrature
point receives interpolated values with weights from shape functions. Right new quadrature point
receives data from closest quadrature point since background triangle is too distorted at the boundary.
For coinciding quadrature points, the data is copied without smoothing. Reprinted from [119], licensed
under CC BY 4.0.

The interpolation of variables from nearby points is a linear averaging operation.
Nonlinear operations, such as the determinant, are in general not preserved by these
interpolations. This aspect is critical for almost incompressible deformation states. An
algorithm introduced by [25] uses the logarithm of the polar decomposition F' = R - U
to preserve isochoric deformation states. The basic idea is to formulate det(F') in
eigenstretches A\ 233, i.e.

det(F) = det(R-U) = det(R) det(U) = [] A (2.59)

=1
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and, thereafter, application of the logarithm operation. The determinant then transforms
to the sum of eigenstretches, namely

log(det(F)) = log <H Ai> = Zlog()\i) = tr(log(U)) (2.60)

The resulting sum is a linear operator which is preserved within the linear interpolation.
}?ffé] In the case of path dependent material behaviour, additional tensorial state-variables
need to be mapped. The following mapping steps are exemplary for F' as unsymmetric
deformation gradient and C™°, as a symmetric state-variable of the viscous deformation

mel,v

in a melt phase considered in Chapter 5.

° [?;g]'{(]alculate the global coordinates of the quadrature points in the previous mesh

and create a background Delaunay triangulation of these points.

e Loop the elements in the new mesh and calculate the new global quadrature point
positions.

e Search for the nearest neighbour? to detect whether a previous quadrature point
coincides with the new one and copy the state variable data in that case.

e If no previous point coincides, search for the background triangle containing the
new point for interpolation. For special cases (bad aspect ratios of the background
triangles, no containing triangle found near the surface) resort to copying the data
from the closest old quadrature point.

e Calculate the logarithm of the polar decomposition of F', i.e. log(R) and log(U),
as well as the logarithm of the stretch tensor log ( iri?el,v) from the symmetric and

rotation-free =

mel,v mel,v mel,v*

e Interpolate the decomposed tensors using standard shape functions and the natural
coordinates of the new quadrature points.

e Recover F' = R - U from the interpolated log(R) and log(U), as well as iffal,v
from the interpolated log (Cifl‘ghv) .}Ff;(')]

2.4.3 Mesh adaptivity

[?;g]'{Although the PFEM regenerates the connectivities in each time step, the point

distribution in a large deformation problem can become unbalanced which leads to very
large and highly distorted elements as well as to point accumulation. Therefore, a simple

2The present implementation is based on the MATLAB function delaunayTriangulation() which
provides nearest neighbour and containing triangle searches similar to other open sources mesh
generation libraries.

34



2.4 PFEM — Particle Finite Element Method

geometry based point insertion scheme is adapted from [111]. A more advanced scheme
has recently been presented by [78]. However, the implementation requires considerable
effort and control over the Delaunay algorithm, since the interpolation of the node data
cannot be done on an element-by-element basis. This is because the insertion of a single
point also changes the connectivity of neighbouring elements, requiring edge swaps to
restore the Delaunay property before a next point can be inserted. Based on these
considerations, a simpler elementwise approach is used in this work.

Point insertion is performed in the centre of the triangle T if the circumsphere radius

rer exceeds a global threshold value % i.e.
max insert point in element centre if T is inside
: . 2.61
TeT > Te { insert point on longest bound. edge else (2.61)

The size threshold is chosen from the circumcircle radius of an equilateral triangle
featuring the edge length of the characteristic seed size lsq Of the initial point cloud,
multiplied by a heuristic factor a, i.e. 7 = alseea/ V/3, where the quotient V3 stems
from the radius calculation of an equilateral triangle. The factor a = 2 has proven to
provide good results for the point insertion. This criterion is applied to the previous
triangulation which is already a-shaped from the last time step, using the updated
placements X,,. Furthermore, a distinction is made with respect to elements containing
boundary nodes. Only elements with maximum one boundary node are treated with
point insertion in the element centre. Otherwise the point distribution quality close to
the boundary deteriorates. When the considered element contains one or two boundary
edges, a point is inserted on the middle of the longest boundary edges. The point on the
boundary edge is not inserted if the edge-length is smaller than the threshold for the
point-removal scheme. In that regard, the minimum edge-length criterion has priority
over the point insertion scheme on boundaries®>. The detailed insertion algorithm is
presented in Algorithm 1 along with the subsequently described point removal scheme.
At first glance this criterion seems to be in conflict with the a-test (2.53). However, the
a-test is based on a local mesh-density measure in order to detect changes in the shape
of the bodies, whereas the point insertion scheme is based on a global threshold value to
restrict the maximum size of the elements.

Point removal is similarly based on a geometrical criterion, i.e. a minimum edge length
as proposed by [111], whereas the exact point removal strategy is adopted from [78].
The edge length [.q of each edge in the mesh connectivity is checked against a global
minimum edge length [™{™ according to

remove inside point of edge if edge has one bound. node
collapse edge to midpoint else

min

lea <log" = { (2.62)

min

3To stop points being removed from the same edge in the next step, choose loq > 215" as stricter
exclusion criterion e.g. on contact surfaces
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whereby, as adopted from [78], collapsing means the insertion of a point in the centre of
the edge and removal of both end points. This usually yields better mesh quality and is
easier to implement than a decision criterion on which point has to be removed. The
threshold value is chosen as lgg;“ = blseeq Where b = 0.4 is a reasonable heuristic value.
Since the edge collapsing scheme inserts a point in the middle of the edge in exchange
for deleting the end points, unwanted side-effects can occur if several adjacent edges are
collapsed. This happens when the mesh is locally well shaped but finer than the specified
edge length tolerance. In this case, several adjacent edges are collapsed at the same
time, resulting in even shorter edges that are again targeted by the criterion. In order
to terminate the algorithm, [78] propose a criterion based on a minimum circumradius.
This is realised in the current work by checking the termination criterion

radl < pmin - adjacent elements ==  do not collapse the edge (2.63)

i.e. the circumradii 29 of all triangles adjacent to the edge should not be smaller than a
threshold value ™. This simple check makes it unlikely that the neighbouring edges
are also collapsed without actually checking their lengths individually. Once more, the
threshold radius is derived from the circumradius of an equilateral triangle featuring
a fraction of the seed size as edge length, i.e. ré“in = Clseea/ V/3 where ¢ = 0.7 yielded
good results in the examples investigated as this work proceeds. Algorithm 1 summarises
the detailed algorithm along with the treatment of Dirichlet boundary conditions. In
a procedural programming style, removal of nodes makes an adaptation of the node
numbers from boundary conditions necessary and, moreover, boundary conditions need
to be transferred for point insertion on boundary edges. Here, only Dirichlet boundary
conditions are considered since the transfer of nodal Neumann boundary conditions is
not straightforward. }(Elf;(')] If surface flux conditions are needed, a surface element is
recommended.

For the application of the point insertion and removal for contact problems with
material separation and crack formation, special treatment of boundary information and

additional data checks are necessary which are explained in Section 4.3.1.
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Algorithm 1: Point insertion and removal in PFEM remeshing.
Reprinted from [120], licensed under CC BY 4.0.

Input :Global arrays: points X, displacements u,, velocities u,,
point-densities df ,, temperatures 0, furthermore element connectivity
conn, boundary info boundinfo, edgelist edges, boundary conditions drlt,
parameter lgeq

Output : Updated global arrays X, u,, u,, d?__, 0, drlt

avg)

Initialise parameters: 7™ ¢ 2lea/V3, B0 <= 0.4 1geeq, T 4= 0.4 lyoea/V/3;

[uny

2 Point insertion: for each element e in conn do

3 Calculate circumradius r.p of triangle T';

4 if rep > 2 then

5 if at most one point is a boundary point then
6 L Insert new point at element centre;

7 else

8 Check minimal edge-length criterion?;

9 if loq > lggfn then

10 L Insert new point at centre of longest boundary edge:;

11 Store edge for Dirichlet recovery;
12 Interpolate X, u,, w,, db,, © to the new point;

13 Point removal: for each edge in edges do

14 Calculate edge length loq and circumradius of adjacent triangles rad;
15 if l.q < (™™ and termination criterion r2% > r™n then

16 if edge has only one node on the boundary then

17 L Remove the inside node of the edge;

18 else

19 Insert a point in the middle of the edge;

20 Remove both end points of the edge;

21 Store edge for Dirichlet recovery;

22 Interpolate X, u,, u,, df,,, © to the new point;

23 Update mesh and data arrays;

24 Recovery of Dirichlet boundary conditions:

25 Loop all stored edges: transfer Dirichlet conditions on inserted point;

26 Loop new node list: transfer Dirichlet conditions from identical coordinates in
old mesh;
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3 Modelling and simulation of wear

The frictional interaction of solid bodies such as forming tools and workpiece surfaces
leads to wear that accumulates on the tool surfaces, resulting in a loss of geometric
accuracy and thus limiting tool life. In Section 1.1 this topic is introduced in the
context of wear of microstructured tool surfaces. In this chapter, a wear post-processor is
presented which adapts the surface geometry of the tool microstructure after a runover
simulation. It also focuses on the homogenisation of the frictional surfaces by considering
a microstructured surface in a representative surface cut-out using periodic boundary
conditions. In this way, the wear behaviour of this surface structure can be analysed
and the effective frictional properties of the microstructured surface can be deduced. In
addition, the evolution of the effective frictional properties during the evolution of wear
can be investigated.

Apart from minor adaptations, this chapter is a textual reproduction of the journal
article Schewe et al. [118], with directly quoted passages marked in each numbered

subsection using [(11;2]' {to }?f{ié]-

3.1 Continuum mechanical formulation of the Archard
wear model

[(ﬂg}'{Due to wear, the geometry of the considered bodies is updated. As wear evolves

rather slowly after several loading cycles, two timescales are defined following [77]: slow
timescale t describes wear over time, fast timescale 7 describes one deformation problem.
In the deformation problem two bodies B¢, i=1, 2 are considered with reference configu-
ration BY(t, 7=79) and current configuration B:(t,7>7y). The deformation mapping ¢ is
introduced as

x' = pi(X"71), te[0,T), 7 €[t t+ AT] (3.1)
as well as the deformation gradient F* = Vx ¢} with X' € B} and @’ € B:. The final

time of wear evolution is denoted by T and the duration of one deformation problem by
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Ar. After reaching ¢ + A7, wear is evaluated and applied to update the geometry and to
obtain a new reference configuration, i.e.

iJrAT = Xi o VI/ZV N’ ; on 886 (32)

with the wear volume per unit referential surface area V! and the referential outward
surface normal vector IN?. To account for the slow nature of wear, a speedup- or
upscaling-factor M is usually applied so that

X=X, —MVj, N" ondB} (3.3)

and only at certain points in time t¢,,; = t, + At the deformation problem is solved.
In the case of path-dependent material behaviour a choice of M > 1 introduces addi-
tional modelling errors. According to the Archard wear model [2], worn volume vy is
proportional to the normal pressure load p and to the sliding distance s, i.e.

Uy X PS. (3.4)

If Coulomb friction is assumed, the relation can be reformulated in terms of tangential
surface tractions tr

v X —trs. (3.5)
0

More recently, the Archard wear model has been formulated based on the dissipation
rate density D, i.e. the rate density of the dissipated work through friction, e.g. [53],
[104], [77], i.e.

@;V(D) = k"t - ol (3.6)

where t7. is the tangential contact traction and where ¢7 is the relative tangential velocity
of both bodies. The material time derivative is defined as ¢ = 0 (X, 7)/07. Following
Cauchy’s theorem, the spatial contact tractions are based on Cauchy stresses o via

t'=0-n, ty=[t" -nn=tyn, t;=t" —1ty, (3.7)

where ¢35, = p, and n denotes the spatial outward surface normal vector. Equation (3.6)
describes the rate of worn volume per unit spatial area with Archard proportionality
parameter k of body 4. Clearly, the time integral of this formulation is equivalent to the
classic approach assuming Coulomb friction (3.5) if k" and ¢} are constant. Formulating
(3.4) as rate equation for non-stationary processes yields

Uiy = Kty 97| (3.8)

where ki=k i is the relation of the wear coefficients if Coulomb’s law holds true. If
alternative friction models are used, which are e.g. non-linear in the normal pressures, the
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dissipation-based formulation (3.6) is well motivated. Ramalho and Miranda [104] show
that the energy based approach delivers good results by using a constant energy-based
Archard parameter k. If u is not constant, or if Coulomb’s law is not applicable, the
assumption of a constant original Archard coefficient k' is not reasonable. However,
considering wear of microstructured surfaces, Archard law based on pressures may deliver
different wear patterns and is considered as an alternative model.

The geometry update (3.3) is performed in the reference space where N* is constant,
whereas each point in time comprises a deformation dependent m’. Similar to [77],
the pull back of ¥, is applied by using the area transformation j*. Area and volume
transformations are given by

j' =da'/dA" = n' - cof (F') - N, J'=dv'/dV" = det(F"). (3.9)

Referential and spatial wear coefficients transform via the volume transformation k=
J'K" and k' = J' K', where the referential coefficients are assumed to be constant, cf.
[77] or [127]. This yields

Vivy = K'3' 6 - &7, Vivp =K' 'ty 7] (3.10)
Applying time integration, the worn volume per referential unit area finally results in

t+AT t+AT
Vv = / Vv 47 Vive) = / Vv d7 - (3.11)

t t

Since these worn volumes are measured per unit referential area, they represent wear
depths dy. This can be seen in (3.3). A purely mechanical boundary value problem
is considered, whereas the local form of the balance of linear momentum in the spatial
configuration reads

Ve:-o=0 in B, (3.12)
neglecting body and inertia forces. Boundary conditions are prescribed as
u'=u" on OB, t'=t on OBt (3.13)

with u! = ' — X*. Furthermore, contact conditions are enforced on the contact surfaces,
hence contact tractions t* arise which enter the aforementioned wear equations. Details
on the Finite-Element formulation as well as the contact problem are not carried out
here, since the commercial software ABAQUS is used for this purpose. For details, refer to
the manual [39] or the monographs of Bonet and Wood [22], Wriggers [140] and Wriggers

[141] }E‘ffé] or the Section 2.2.
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3.2 Spatial homogenisation of friction

[ﬁg}' {To study the friction and wear of microstructured tool surfaces, a contact ho-
mogenisation procedure is applied, as proposed in De Lorenzis and Wriggers [41] for the
two-dimensional case. Figure 3.1 shows the experimental setup of a wear experiment
carried out in a collaborative work, see [13]. In this experiment several plateaus with
different microstructures are placed on a forming tool. Each plateau represents the tip
of a tooth forming tool as shown in Figure 1.1. These plateaus are pressed into sheet
material to investigate wear of the surface structures.

7] upper tool plateau
/ sheet /
[
/ =7/
By
- lower tool plateau

Figure 3.1: Setup of wear experiment with microstructured tools. Representative friction problem (red
boxes) with tool cut-out B} and sheet cut-out BZ. Reprinted from [118], licensed under CC BY 4.0.

To study the microstructured surfaces with repetitive deterministic patterns of ap-
proximately 200-400 um width and 20-30 um depth, only a representative surface cut-out
is considered. According to [41] sample dimensions are chosen dependent on the length
of one period A of the microstructure in sliding direction x: sample length Ax = 3\,
width Az = A\,; and height Ay = 0.75 . Here, A is the lateral length of one period,
since most three-dimensional periodic surface structures have different periodic lengths
in both directions depending on the orientation of the cut-out. The counterbody, i.e. a
cut-out of sheet material, measures A X Az X 0.75 X and hence covers one period of the
microstructured surface in both directions. Figure 3.2 shows the loads and measurements
for an exemplary boundary value problem of an angular cut-out from a sinusoidal surface
structure.

Periodic boundary conditions are applied to represent the ambient material. Figure
3.3 shows the sheet cut-out B2 with its surfaces. The top surface OB is coupled in
y-direction using a multipoint constraint on the master node N,;. On this node, the
total force F is applied. It is assumed that deeper areas of the sheet material do
not contribute to the friction and deformation behaviour of the surface region. The
contact surface OB2° is free and used in the contact definition. The two surfaces in sliding
direction on the left side OB3' and on the right OB2" are coupled with periodic boundary
conditions as well as are the two lateral surfaces on the front 985/ and on the back 9B2.
The periodic boundary conditions read

u=u", t=—t on 0B*UIBT,

3.14
w' =ub, t/=—t* on 0B¥UOB?, (3.14)
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F ext ,"i-{
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} 0.752
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/llat X
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Figure 3.2: Boundary value problem of three-dimensional surface cut-out with dragging velocity 4
and pressure force Fox; = A Alag text applied on sheet cut-out using a multi-point constraint. Periodic
boundary conditions detailed in Figure 3.3 and Eq. (3.14) and (3.15). Reprinted from [118], licensed
under CC BY 4.0.

which enforce periodicity in placements & or displacements w respectively, and antiperi-
odicity in the tractions ¢, cf. [41].

F oy (98%{
W=
y : ) — o5,
o5 X
7 X GBOf /‘,__:__ .
- 9B

Figure 3.3: Sheet-cut-out with periodic boundary conditions coupling B2 with OB2" as well as (“)Bgf
with OB2°. Multipoint constraints applied to dB2¢ to couple all surface nodes to the masternode Ny on
which the force Fey is applied. Contact conditions on dB2¢. Reprinted from [118], licensed under CC
BY 4.0.

Identical periodic boundary conditions mirrored at the x— 2z plane can be applied on the
tool cut-out Bj. However, technically the meshes and therefore the application of periodic
boundary conditions on tools with a resolved microstructure are much more complex.
Furthermore, the tool experiences much smaller deformations than the elastoplastic sheet
material. On the tool

u, =0 on OBY, wu,=0 on 0B,

3.15
u, =0 on 8611, u, =0 on 5’5’3’ ( )

is therefore prescribed. For inclined cut-outs, such as the one shown in Figure 3.2, lateral
sliding occurs. This causes the workpiece to slide over the edge of the tool. Since this
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leads to divergence in the contact simulation, an adjustment of the tool width is necessary.
The applied contact discretisation mentioned in Section 3.3 does not take into account
the periodicity. Due to these adaptions, the periodicity is only exactly enforced on the
workpiece where large deformations occur.

Frictional characterisation of surfaces The homogenisation of contact friction enables
the resolving of asperities or structured surfaces. However, in process simulations these
effects cannot be incorporated via a geometrical resolution of these features. De Lorenzis
and Wriggers [41] therefore use an effective friction coefficient calculated in the microscale
simulation. Using Hill’s meso-macro work equality, local frictional tractions and sliding
velocities can be averaged to obtain the macroscopic quantities and vice versa, i.e.

(t) (@)= (t-@) on OB, (3.16)
where (o) is the average operator

(-)iZ% /(-) da, (3.17)
oBic

with @’ being the total spatial surface area of B. With this at hand, time averaging
of summed up reaction forces Fr and F on the tool’s fixed surfaces can be used to
represent macroscopic effective friction coefficients via

t+A7'F

1 T

= —— —dr. 3.18

a AT F N ( )
t

A multiscale approach with local evaluation of the micro problem and usage of effective

quantities in the macro simulation is not the focus of this work. Such a scheme, however,

can be found in [131] and [128]. }gfé]

3.3 Simulation framework of the wear postprocessor

[(f;g]'{The wear simulation is carried out in a PYTHON-framework which invokes ABAQUS

Standard [39] as Finite-Element-solver, TETGEN 1.5.1 [121] as remeshing library for
tetrahedral meshes and the developed wear postprocessor. The following section presents
the simulation model as well as the flowchart of the simulation framework.

A crucial component of the simulation of friction and wear is the modelling of contact
for large displacements and large sliding distances. Here, the surface to surface contact
definition with finite sliding of ABAQUS Standard is used which allows for controlling
penetration on both the master and the slave surface. Furthermore, this formulation
introduces some smoothing of the contact discretisation. This is beneficial for a discretised
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geometry with a microstructured surface, where sharp feature edges occur. The contact
enforcement is carried out with an Augmented Lagrangian approach which exactly fulfils
the constraints while introducing numerical robustness compared to classic Lagrange
multiplier methods. For details of the contact algorithms please refer to the ABAQUS
manual [39] and the monograph [141].

The periodic boundary conditions (3.14) are enforced by using node-pairs which have
to lie exactly opposite to each other on the respective surfaces. Conditions are set up by
using the ABAQUS equation-utility for each degree of freedom of each node pair, cf. [39].
The external force and dragging velocity depicted in Figure 3.2 are applied successively:
at first, the contact is closed with a small vertical displacement of the workpiece. On the
closed contact, the force F.y is applied and in a third step, the sheet cut-out is dragged
over the surface with a constant dragging velocity .

Constitutive relations The microstructure represents the surface topology on a meso-
scale, where the manufactured features are resolved but smaller scale asperities are not.
To account for the frictional behaviour on smaller scales, two friction laws are considered:
for frictional characterisation of microstructured surfaces, a pure Coulomb friction model
is used. This allows direct correlations of local friction coefficients and effective friction
coefficients evaluated via (3.18). For the application in metal forming, a linear relation
of pressures and frictional tractions overestimates the surface resistance. In literature on
forming technologies a state-of-the-art approach is to limit the frictional stresses with the
shear yield strength k¢, see e.g. [12], [141] and [45]. The different models are summarised
below. Coulomb’s law reads

tr=puty, (3.19)
a constant shear friction model uses

tr =mky (3.20)
with friction factor m, and a combined friction model results in

t = min [puty, mky] . (3.21)

Several other friction models have been introduced in the literature, amongst them a
smoothed version of (3.21) known as the Shaw-law, see [141] or [45]. The combined
model accounts for appropriate pressure dependency in the low pressure regime as well
as for a limit due to the material flow in the high pressure regime. In ABAQUS this
model is available as an additional shear stress limit when defining a Coulomb friction
law, [39]. The shear yield strength k; can be calculated from the uniaxial yield strength
depending on the choice of a yield surface. Assuming a von Mises type yield surface,
the equivalent stress of a pure shear load k¢ is oy = V3Ek 7. Therefore, the shear yield
strength is related to the initial yield limit via k; = o%y;/v/3.
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Similar to g in (3.18) an effective friction factor m is defined as

1 t+AT 2

T
— —d 3.22
AT A]Cf ™ ( )

t

m =

where the effective tangential traction is calculated as the tangential reaction forces with
respect to the surface area A on the top of the sheet cut-out, i.e. an approximation of
the contact surface. Since the contact surface for microstructured surfaces is larger in
the case of high pressures where the structures are filled and smaller when low pressures
do not fill the structures, this effective friction factor is only an approximation in order
to illustrate the structural resistance.

To model the sheet material, finite isotropic elasto-plasticity with a von Mises flow
surface is applied. As the simulation is designed to model an experimental setup from
[13], the sheet material is modelled as steel with parameters corresponding to dual phase
steel DP600. Isik et al. [66] use a Swift type curve to fit measurements from uniaxial
tension tests. The Swift ansatz is

ol = K [eo +5,)" (3.23)

with the material parameters K = 619MPa, ¢ = 0.00939 and n = 0.296 and the
accumulated plastic strain ¢,. The Swift curve is used in ABAQUS as a table to define
the von Mises flow curve with assuming isotropic hardening. For both the elastic part of
the sheet material and the constitutive relation for the tool material, a Neo Hooke model
is used. According to the ABAQUS manual [39] the strain energy function reads

_A
079

1

) e =1 + 5 [1a = 3] (3.24)

wherein J, is the determinant of the elastic part of the deformation gradient, F. = F-F L

and I,; = tr C, with C, = Jg2/3 Ft-F.. Moreover, A is the bulk modulus and p denotes
the shear modulus. This energy function is usually used for nearly incompressible material
behaviour. However, in ABAQUS the simple elastic material which uses logarithmic strains
in large strain is not recommended for strains exceeding 5%. The hyperelastic law is also
recommended for compressible materials by choosing a Poisson ratio v < 0.5, [39].

Calculation of normals and relative velocities The main components of the Archard
wear relations in (3.10) are normal vectors N and n, contact tractions t* with the respec-
tive components, see (3.7), relative velocities ¢* and area and volume transformations
4% and J*. All quantities are needed on every node of the contact surface in every time
increment.

To compute the outward surface normal vector n of node ¢, all adjacent body elements
ea are considered. An illustration for the subsequent steps is provided in Figure 3.4.
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-
- e mOm= =

Figure 3.4: Detail of surface mesh to show calculation of outward normal vectors of point g based on
ea = 1,2,3,4 surface elements. Example is shown for ea = 1, normal vectors obtained by vector product
are averaged and outward property is enforced by using inside point gins. Reprinted from [118], licensed
under CC BY 4.0.

For each adjacent body element, two of its surface nodes ¢{* and ¢5* are used to define
tangent vectors

a;’ = Ty — T, (3.25)

and the corresponding normal vector
"";i(i(l — a[(ia X a;a . (3.26)

A neighbouring inside node gy, is used to check that the vector points outwards, i.e.

ea :

Mgy = sign (0 - [&, -z, ]) . (3.27)

The normal vector is then averaged and normalised by

Nea ~

~ ~ca n
n= Z no, and mn= R (3.28)

ea=1

Due to not normalised vectors mo., entering the summation, larger elements contribute
more to the normal direction. This is an appropriate weighting for linear tetrahedrons
where ||n®|| equals the surface area of the element.

The relative velocity of a surface node ¢ with respect to the counter surface at time
step m is based on sliding distances over the time step. The nearest node on the counter
surface as well as all of its surface neighbour nodes are considered so as to obtain a
robust calculation. For each node p in this list of n., counter nodes, the relative sliding
distance is

Sqp = [%%(Tm) - x;(Tm)] - [mi(Tm—l) - xé(Tm—l)} (3.29)
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and an averaged weighted sliding distance of node ¢ is

s = isqup [i wp] . (3.30)

Weights are chosen as w, = || — x|~

velocity then is approximated by

, i.e. the inverse distance to node ¢q. The relative

5 (3.31)

pp

[Tm - 7—m—l]
Calculation of tractions and wear volumes Tractions in (3.7) are based on o, area and
volume transformations in (3.9) on F', which both are integration point values needed at
the surface node points. As detailed in [16], a simple approach is the extrapolation using
inverse shape functions together with a volume weighted average. Linear tetrahedrons
are used in this work to allow for easy remeshing of the tool. Hence, the element-wise
constant integration point values simply have to be averaged on the nodes with a volume
weighting of all adjacent body elements. Time integration of (3.11) is performed by a
summation over all n;, time steps so that

t-+AT Nie
th[/(D) = / W(D dr ~ ZVZ — Tm-1],

rear . (3.32)
Viv ) = / Vit d7 ~ Z Vi [Tin = T

t

where the time step 7, — 7,1 in large strain contact simulations varies. Due to the
approximation of ¢ in (3.31) based on the sliding distance and the time step, the time
step can be cancelled out. Hence, the wear relation of one node ¢ can be written based
on an incrementally evaluated sliding distance, to be specific

Nts Nts
~ Z K'ji - 8t s Vivw = Y K it lIshl- (3.33)
m=1

The value of the upscaling factor M in the geometry update (3.3) is coupled to a specific
mesh size [, via

M V! < Smax e (3.34)

where dpax € (0, 1] is a user defined limit and [, is the smallest element size. In this work,
Omax = 0.02 is chosen.
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Setup of simulation framework The simulation framework is depicted in Figure 3.5.
All steps are controlled by a main PYTHON script which invokes the respective subscripts
and programs. The new model of the displacement problem at 7 € [¢, ¢ + A7] is set up by
using PYTHON scripting for ABAQUS CAE. Afterwards, the simulation of one passover is
submitted to the ABAQUS Standard solver. The generated output database is evaluated
using ABAQUS-PYTHON again. All quantities necessary for the evaluation of wear are
calculated, and wear volumes are nodewise summed up on the reference domain according
to (3.33). Within the postprocessor, the possible upscaling factor M is calculated subject
to user defined limits, see (3.34). The respective cycles which correspond to the possible
upscaling factor of the considered displacement problem are added to the total number of
cycles. If the maximum desired number of cycles is not yet reached, the updated surface
mesh of the tool geometry is passed to the TETGEN remeshing library to remesh the

inner domain of the tool. }Fffé]

mput data generate new |

initial values model
run passover remesh worn
simulation geometry
wear
= end
postprocessor -

Figure 3.5: Flowchart of wear simulation framework as a geometry update scheme. Reprinted from
[118], licensed under CC BY 4.0.

3.4 Results and Discussion

[?;g]'{ln this section the presented framework is applied to practical examples. Firstly, a

parameter study is carried out on a sinusoidal surface-structure under idealised conditions.
The focus in that section lies on the frictional characterisation and the evolution of this
characteristics when wear progresses. Secondly, a wear experiment conducted within a
collaborative work, see [13], is simulated by using realistic material and friction models
as well as the full load from the experiment for a bionic surface structure. For all
simulations a constant referential energy-wear coefficient of K* = 107 mm?/N is used
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for the tool. Based on the measurements from the wear experiment in [13], this factor
could not be identified experimentally. Wear is not calculated on the sheet, i.e. K% = 0.
Furthermore, the tool is modelled as a deformable body in all subsequent simulations
with an hyperelastic constitutive relation given in (3.24). Young’s Modulus £ = 210 GPa

and Poisson ratio v = 0.3 are chosen for the tool steel. }?ffé]

3.4.1 Sinusoidal surface structures

[ﬁg]'{Sinusoidal structures are produced via micromilling to adapt to local friction charac-

teristics on metal forming tools, see [13]. In addition to the practical application, these
structures are well suited for parameter studies due to their simplicity. To be able to
separate influences more clearly, a hyperelastic-perfect-plastic material model is used
in the workpiece by using Young’s Modulus £ = 210 GPa, Poisson ratio v = 0.3 and
0¥, = 400 MPa. Furthermore, the friction model is reduced to pure Coulomb friction with
1 = 0.15. This simplifies the understanding of the local friction behaviour and enables
a clear quantification of the effect of structural resistance. To stay in the permissible
regime of Coulomb’s law, the load is reduced to 20 % of the load applied in the wear
experiment, i.e. ||tex|| = 250 MPa and a constant dragging velocity of ||tg|| = 0.01 mm/s.
The influence of sliding direction and load level shall be studied with respect to the
effective friction coefficients as well as to how they change due to wear.

The sinusoidal structure is depicted in Figure 3.6 where the considered sliding directions
a are depicted. Along these directions a cut-out is generated according to the rules given
in section 3.2, based on results from [41]. Practically, the structures are produced using

Oo

22.5°

,;0° V67.5°

Figure 3.6: Sinusoidal surface microstructure with five sliding directions to be considered in separate
simulations. The structure measures A = 200 um with an amplitude of 10 um. Reprinted from [118§],
licensed under CC BY 4.0.

PYTHON scripting for ABAQUS, i.e. a sinusoidal profile is extruded and the respective
angular cuts are applied. The periodic length of the structures is measured along the
sliding direction, hence increases with cut-out angle. Furthermore, the structures also
need to be periodic in the lateral direction. The structure adapted from the experiments
in [13] exhibits a wavelength of 200 um and an amplitude of 10 ym. Element sizes [,
discussed below are defined along the 0° wave-direction and the 90° extrusion direction,
as well as along the cutting direction stretched by 1/ cos(«). Towards the bottom of the
geometries a coarsening of the mesh is applied up to 5/.. The sheet cut-out as counter
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body is generated as rectangular prism with element sizes of 0.8, on the contact surface
and a coarsening up to 3 /.

A mesh density study shows differences of up to 10% in the effective friction coefficients
and their development due to wear. In Figure 3.7, element sizes of [, = 7 ym, [, = 10 um
and [, = 13 um are compared. All discretisations show initial effective friction coefficients
of 1 =0.26...0.27 and a decrease to 1 = 0.17...0.18 after 300000 cycles. The trend for
both finer discretisations [, = 7 um and 10 um is identical despite the offset. Therefore,
le = 10 um is chosen for subsequent calculations which is a good compromise between the
resolution of the geometry and the computational cost. For 67.5°, [ = 15 um is chosen
instead in order to reduce the considerably long computation time. A comparison for the
first 70k cycles merely shows approximately 1% difference in i for both discretisations.

0.28
.. —»— 125MPa
0.261 —6— 187.5MPa
—— 250 MPa

0.18}
0.16¢
0 50k 100k 150k 200k 0 100k 200k 300k
Upscaled number of cycles Upscaled number of cycles
Figure 3.7: Mesh density dependence of effec- Figure 3.8: Load level dependence of effective
tive friction coefficient fi for 0° sliding direction. friction coefficient i for 0° sliding direction.
Reprinted from [118], licensed under CC BY Reprinted from [118], licensed under CC BY
4.0. 4.0.

The total value of the effective friction coefficients depends on the load level. Figure 3.8
shows the progress of i for external tractions of 125 MPa, 187.5 MPa and 250 MPa, i.e.
10%, 15% and 20% of the load applied in the wear experiment described in the next
section in more detail. The absolute value of i clearly depends on the load level: a higher
load leads to more structural resistance since a larger portion of the wave-structure is
filled with elastoplastic material and resists the deformation. The progress of i shows a
tendency towards the local value p = 0.15 used in the simulation. Clearly the simulation
with the smallest load is fastest to approach this perfectly flat limit case. As soon as
the part of the wave which produces the resistance is worn off, the effective friction
answer converges to the local one. For the use of an effective friction coefficient on the
macroscale it is therefore necessary to either provide load-dependent tabular data or to
implement a multiscale approach taking into account all dependencies, see [131] and [128].
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3 Modelling and simulation of wear

For the following investigation of different sliding directions a load of ||t.|| = 250 MPa
is chosen in order to obtain a notable structural resistance and to better discriminate the
directions.

A similar dependency can be seen with respect to the bulk material model. When
the swift yield relation (3.23) is scaled by factors ysq = 0.8, yse = 0.9 and ygq = 1.1, the
resulting effective friction coefficients vary accordingly. This dependence is visualised
in Figure 3.9. In summary, a higher load or a softer workpiece material lead to more
structural resistance.

0.165 100K 300k 300k

Upscaled number of cycles

Upscaled number of cycles

Figure 3.9: Bulk material model influence of
effective friction coefficient i for 0° sliding di-
rection. The yield relation oy, cf. (3.23), is
scaled by ys=0.8, 0.9, 1.0, 1.1.. Reprinted
from [118], licensed under CC BY 4.0.

Figure 3.10: Sliding direction dependence of
effective friction coefficient f for |[text| =
250 MPa and I, = 10 um. Reprinted from [118],
licensed under CC BY 4.0.

The final discretised boundary value problems are given in Figure 3.12. The periodicity
of the stress states is preserved in both, sliding and lateral direction due to the application
of periodic boundary conditions. This can be seen in the contour plot of the von Mises
equivalent stress which shows identical values at the edges. In the angular cut-outs of
22.5° 45° and 67.5° the sheet cut-out measures exactly A, in width, whereas the tool
cut-outs have been made wider. This allows the notable lateral sliding of 0.02 A,; for
22.5°, 0.05 Ajat for 45° and 0.08 A, for 67.5° induced by the angular structure. When
the tool width exactly matches A, the sheet material slides over the tool edge which
yields extremely high contact stresses and the divergence of the algorithm. The contact
discretisation can not be defined in a periodic manner, and an extension of the tool width
is therefore chosen. The tool width is selected as 1.025 A, for 22.5°, 1.06 Ay, for 45° and
1.10 Ay for 67.5°.

The five simulations in different sliding directions show a gradation of the friction
behaviour visualised in Figure 3.10. The sliding direction along the waves is preferred
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by a constant and low effective friction coefficient which equals the local = 0.15. The
transverse directions exhibit increasing friction coefficients with a maximum for the 0°
direction of initially @ = 0.272. This characteristic is preserved in the development of
wear, where only the 0° and 22.5° direction equalise. The effective friction coefficients in
the initial state and after 300k cycles are summarised in Table 3.1.

Table 3.1: Effective friction coefficients of sinusoidal surface structures for ||texi| = 250 MPa and
lc = 10 um at initial state and after 300k cycles. Reprinted from [118], licensed under CC BY 4.0.

0° 22.5° 45° 67.5° 90°
o 0.2718 0.2673 0.2468 0.2092 0.1506
300k 0.1874 0.1873 0.1819 0.1681 0.1515

The aforementioned effective friction coefficients are measured in sliding direction x, cf.
Figure 3.2. Angular cut-outs result in anisotropic friction behaviour, i.e. lateral reaction
forces appear. The initial effective friction coefficients are further detailed in Table 3.2,
where the effective friction coefficient ” in sliding direction x, the effective friction
coefficient i* in lateral direction 2z and the effective friction coefficient j1** in direction of
the resulting tangential force in the z-z plane are distinguished. The orientation of this
resulting tangential reaction force lies between the sliding direction and the direction
orthogonal to the waves and is measured by o™® with respect to the sliding direction.
The lateral reaction forces increase from 22.5° to 67.5° sliding direction. The described
effects of larger structural resistance for more crosswise sliding directions is also visible
in the differences of 1" in Table 3.2 although less pronounced than for p*. During the
evolution of wear, the angle of the resulting force reduces due to the reduction of the
lateral reaction forces. This is exemplary shown for the 45° direction in Figure 3.11. For
the 22.5° direction, the lateral forces are smaller and hence, the difference of * and j**
is also smaller than for the 45° direction. For the 67.5° direction the lateral forces as well
as the difference of u* and ™ are higher than for the 45° direction. For all intermediate
directions, pu* and " equalize during the evolution of wear.

Table 3.2: Effective friction coefficients of sinusoidal surface structures for ||text| = 250 MPa and
lc = 10 um at initial state detailed concerning the friction anisotropy. Reprinted from [118], licensed
under CC BY 4.0.

0° 22.5° 45° 67.5° 90°
p* o 0.2718 0.2673  0.2468 0.2092 0.1506
@# 0.0000 0.0501 0.1014 0.1288 0.0000
e 0.2718  0.2721  0.2671  0.2446  0.1506
o™ 0.00°  10.50° 22.09° 31.58°  0.00°

Figure 3.13 shows the distributions of wear depth dy, for all sliding directions after
300k loading cycles. There is only a small region of homogeneous wear distribution
measuring approximately one period in the middle of the sliding path. The results indicate
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Figure 3.11: Development of friction anisotropy for sinusoidal structure under 45°. Directional effective
friction coefficients g®, p* and " and orientation of resulting tangential reaction force a"**. Reprinted
from [118], licensed under CC BY 4.0.

that only in this region a steady state sliding is present within the passover situation.
The rest of the simulation is influenced by contact closing and opening. Furthermore, the
angular cut-outs presented in Figure 3.13 show a wear pattern which does not reach the
edges of the tool. This is due to the extension of the tools in width to allow for lateral
sliding of the sheet cut-out. However, within the width of one lateral period, the wear
distribution is homogeneous in the steady state region. As the considered amplitude
measures 10 um, the wear depths after 300k cycles show an abrasion of 45% to 83%
of the amplitude. The results in Figure 3.13 indicate that an increase in the sliding
direction angle yields a larger wear depth after the same number of cycles for angular
cut outs despite lower effective coefficients of friction. Consequently, the local tangential
tractions and relative velocities are increased for angular sliding directions despite of
lower global reaction forces. }Fffé]

3.4.2 Bionic scarab beetle surface structures

[(ﬁg]' {Tailored surfaces have been investigated in [81] for the use in sheet-bulk metal

forming processes. Figure 1.1 in the introduction shows the application of a bionic
structure onto toothing tools. The scarab beetle surface structure is another bionic
structure to adapt the tribological behaviour of tool surfaces. Originally, the honeycomb-
like structures shown in Figure 3.14 were found and investigated on a scarab beetle,
see [152]. The scarab structure is produced on tool surfaces via micromilling with a
ball end milling-cutter of d = 0.3 mm diameter, see [132] for details. The structure was
investigated during a wear test in [13] which is summarised in A. The structures were
applied to six plateaus measuring 4 x 10 mm on the active components of the tools to
obtain defined contact pairs. The assembly of the tools and the ram stroke curve are
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(a) 0° (b) 90°

1500

OvM

(c) 22.5° [MPa]

(d) 45° (e) 67.5°

Figure 3.12: Spatially homogenised contact friction simulation of sinusoidal surface structure in five
sliding directions. Contour plots of von Mises equivalent stress. Reprinted from [118], licensed under
CC BY 4.0.
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Figure 3.13: Wear distribution for sinusoidal surface structure for five sliding directions after 300000
cycles. Plots are scaled differently. Reprinted from [118], licensed under CC BY 4.0.
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depicted in Figures 3.20 and 3.21. The tools were pressed into a DP600 sheet with 300 kN,
the pressure load on the structures on the plateaus therefore is ||tey|| = 1250 MPa. The
tools were installed at an angle of 4° to increase tangential sliding of the material. Here,
a constant flow of sheet material over the tool surface with ||24]| = 0.01 mm/s is assumed
on the mesoscale. Due to the high pressures, Coulomb friction is no longer applicable
since the resulting extreme tangential forces prevent any sliding. A combined friction
model (3.21) is therefore applied by using u = 0.15 and m = 0.34 locally. The friction
factor has been determined for a DP600 workpiece material using ring compression tests
in Miiller et al. [93]. The isotropic hyperelastic-plastic material model for the dual phase
steel DP600 sheet material includes work hardening and is given in (3.23). The scarab
beetle structure is depicted in Figure 3.14. This structure is used if an isotropic adaption
of the friction properties is desired, [13]. However, geometrically, there are two sliding
angles which differ by 30° and which repeat alternately. These angles shall be investigated
separately.

depth=30 um 385 um
N
o
Re)
OO
30°

Figure 3.14: Isometric view of scarab beetle surface structure consisting of equilateral hexagonal dimples.
Two characteristic sliding directions differing by 30° which repeat six times each. Reprinted from [118],
licensed under CC BY 4.0.

Figure 3.15 shows the two resulting boundary value problems in the first passover
simulation. Due to the high external pressure, the surface structure is almost completely
filled with sheet material. Dragging over the surface induces high plastic deformations
as the sheet material has to flow around each surface feature. This yields high local
equivalent stresses of up to 3500 MPa.

Initially, both sliding directions show slightly different effective friction behaviour as
summarised in Table 3.3. The difference can be seen in both the effective friction factors
m as well as in the effective Coulomb friction coefficients . However, the friction factor
is more relevant since, on the macroscale as well, the pressures exceed the regime where
a purely pressure dependent friction law is admissible.

For the simulation of wear, both the dissipation based (3.6) and the pressure based
Archard relation (3.8) are considered. Figure 3.16a shows the development of effective
friction factors due to wear. In the progress of wear calculated with the dissipation
based Archard relation, the 30° direction retains more of its resistance, whereas the 0°
direction finally has a lower m value. By using the pressure based Archard relation, the
inversion is not visible but the 0° direction shows more resistance and the difference even
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ﬁﬁf

(a) 0° (b) 30°

Figure 3.15: Spatially homogenised contact friction simulation of scarab beetle hexagonal surface
structure in two sliding directions. Contour plots of von Mises equivalent stress. Reprinted from [118],
licensed under CC BY 4.0.

Table 3.3: Initial effective friction factors and Coulomb friction coefficients of scarab beetle surface
structures for ||text|| = 1250 MPa. Reprinted from [118], licensed under CC BY 4.0.

0° 30°
m  0.9167 0.8964
i 01520 0.1486

increases due to strong reduction for the 30° direction. However, the comparison of both
wear relations Figures 3.16a and 3.16b is influenced by different wear coefficients. They
are only adapted to each other within the low-pressure regime where Coulomb’s law is
admissible, see section 3.3.

To compare both Archard relations, it is preferable to use a graph with respect to
total worn volume and to compare sliding directions separately. Despite of different
wear coefficients and relations this guarantees approximately equal wear states. Figure
3.17 shows this comparison where the dissipation based relation yields a faster reduction
of structural resistance in the progress of wear for both considered directions. Figure
3.18 shows contour plots of the wear depths for both models to illustrate the different
wear distributions. The wear distribution is not identical at different geometrically
equal positions, since the boundary value problem does not represent a steady state
sliding. Besides the contact closing and opening phase in the dragging phase this is
caused by work-hardening of the sheet material. Hardening reduces formability and
therefore increases the contact forces which are necessary to make the sheet material flow
around the surface features. Additionally due to plastic deformations, the contact zone
of the workpiece does not reach the end of the sliding path when the top surface does.
Consequently, the zone of approximately steady state conditions additionally reduces.
Nevertheless, the wear plots show, that the dissipation based model mainly shows wear
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0.65

(a) Dissipation based Archard relation. (b) Pressure based Archard relation.

Figure 3.16: Direction dependence of effective friction factor m for scarab surface structures for both
wear relations. Reprinted from [118], licensed under CC BY 4.0.

on all the edges of the surface structure, whereas the pressure based model delivers more
distributed wear concentrating in front of the peaks. As the edges are preserved, the
pressure based relation consequently retains more resistance.

0.95 0.95;
—— WD)
0.90 \-_e_ W(p)
0.85
< 080
0.75 0.75;
0.70 0.70r
0.630 " Terd 2ed 3ed ded Se-d 0630 ed De-d 3ed ded Se-d
Total worn volume [mm?] Total worn volume [mm?]
(a) 0° (b) 30°

Figure 3.17: Wear relation dependence of effective friction factor m with respect to total worn volume
for both directions. Reprinted from [118], licensed under CC BY 4.0.

Figure 3.19 shows experimental results of the wear experiment [13], see also A, for
a 20 um depth flat variant of the scarab surface structure. The height plots in Figure
3.19a and Figure 3.19b show the initial and the worn geometry. The initial geometry
exhibits burrs on the edges, whereas after 10k cycles the burrs are gone and the surface
structures are slightly rounded. The difference plot in Figure 3.19¢ shows the wear of the
structure where the subtraction operation removes the structural shape and shows the
wear effects. The fact that the honeycombs are clearly visible on the subtraction, and

99


https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

3 Modelling and simulation of wear
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(@) dyy () for 0° sliding direction
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Figure 3.18: Wear distribution for scarab beetle hexagonal surface structure at 4.5e-4 mm? total worn
volume. Contour plots of wear depth dy, for the dissipation based and the pressure based Archard
relation and two sliding directions 0° and 30°. Reprinted from [118], licensed under CC BY 4.0.

that the height increases slightly towards the edges, shows that the wear distribution
exhibits a concentration on the edges. A clear concentration on the peaks is not visible.
Due to the burrs stemming from the machining operation, it is not possible to gain clear
evidence, but there are hints that the dissipation based relation in Figure 3.18a and 3.18¢
shows better agreement. Therefore, the dissipation based simulation results after 10k
cycles are shown in Figure 3.19d for comparison with the measured difference in Figure
3.19¢c. Indeed, the height range is identical. However, the measurements are stemming
from a flat variant with 20 ym depth and the burrs increase the worn height significantly.
Therefore most probably the wear coefficient has to be reduced and the real number
of upscaled cycles is much higher respectively. However, clear quantitative statements
are not possible with the available measurements but the qualitative agreement is quite
good.

From a practical viewpoint it is important to mention that the amount of wear is
changed by structuring the forming tools. A reference simulation is carried out in which
the tool surface is completely flat. All other parameters are identical to the scarab
surface simulations and the dissipation based wear relation is used. The maximum wear
depth dy?* is highly increased due to the application of a surface structuring. For the
0° sliding direction, the structured tool exhibits dy** = 6.2 um and the unstructured
tool dip™ = 0.9 um after 10k cycles. For the 30° sliding direction, djj’* = 4.7 pm on
the structured tool indicates less wear than for 0°, which is consistent with the smaller
reduction of structural resistance visible in Figure 3.16a. In summary, the increase in
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(a) Height plot of machined surface with burrs (b) Height plot after 10k cycles in wear experi-
on the edges. ment.

6.2 6.2

0

dw
[um]

. & ISF
) _ ) i (d) Simulation results for wear depth after 10k

(c) Height difference of (a) and (b) filtering out upscaled cycles in 0° direction.

structural shape.

Figure 3.19: Experimental results of wear experiment presented in A or [13] of a flat variant (20 pm
depth) of the scarab structure. Height plots kindly provided by the Institute of Machining Technology
ISF at TU Dortmund. Experiment shows wear along the edges in good agreement to simulation although
burrs restrict quantitative comparison. Reprinted from [118], licensed under CC BY 4.0.

friction due to the structuring results in a significantly increased maximum wear depth.

td.
Yig)

3.5 Modelling and simulation of Wear — Conclusion

The simulation of wear based on the dissipated frictional work is an important approach
to characterise surface interactions and the influence on the properties and operational
capabilities of these surfaces. [E‘;g]'{This work combines the continuum mechanics based
application of the phenomenological Archard wear law with frictional contact homogeni-
sation to filigree microstuctured surfaces on the meso scale. The wear simulation is
implemented within a PYTHON postprocessor including automatic remeshing and setup of
the passover simulations in ABAQUS. The procedure is detailed out for the sake of repro-
ducibility. For the application in a real wear experiment with tailored metal forming tools,
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appropriate constitutive laws are applied, i.e. isotropic large strain hyperelastic-plastic
material behaviour and a combined friction model.

A study of sinusoidal surface structures reveals parameter dependencies of effective
friction coefficient ji. The structural resistance represented by p increases for higher
pressure loading and for more crosswise sliding directions, whereas wear depths decrease
due to the decrease of lateral sliding. The spectrum of structural resistance for different
directions makes the sinusoidal structures well suited for the anisotropic adaption of
friction characteristics of surfaces. The effect is retained during the progress of wear. The
investigation of an isotropic bionic surface structure adapted from the scarab beetle shows
quasi-isotropic characteristics. The effective friction characteristics differ for two sliding
directions which repeat every 30°. Sliding along the edge direction furthermore induces a
faster reduction of structural resistance due to wear as sliding across the edges. This
shows how to best apply these structures when a quasi-anisotropic adaption of friction is
desired. All the investigations are conducted using aspect ratios of the cut-outs given
in [41]. However, the results show only a quite short region of steady state behaviour
visible in the wear distributions. Due to the use of a work hardening plasticity model
and the influence of contact closing and opening, longer cut-outs should be investigated.

The experimental results from the collaborative work in [13] revisited for the wear
distribution in this article supply hints that a dissipation based Archard relation is more
realistic than a pressure based one. Theoretical considerations, e.g. [50] and [104] indicate
this when the friction coefficients are not constant. This is the case in high pressure
metal forming applications for which a combined friction model is applied in this work.
Comparison of the dissipation based approach with the experimental results shows good
qualitative agreement. Due to burrs stemming from machining, quantitative comparisons
are limited and the wear coefficients can not be fitted. The data indicates that the wear
coefficient should be reduced, or that the number of simulated cycles is actually higher.
More experiments with probes, that have been given a finishing treatment before the
actual wear experiments, are necessary in the future. These could give more evidence
as to which wear relation is more realistic and could allow to fit the wear coefficient.
However, qualitatively this work provides conclusions on the frictional characteristics of
microstructured surfaces and their development in the progress of wear. Furthermore,
the influence of lubrication as well as temperature effects, such as temperature induced
residual stresses resulting from the application of surface structures or coatings, should
be taken into account in the future. From a practical viewpoint, this study shows how
surface structuring increases friction in an isotropic or anisotropic manner. The effect of
this adaption is a highly increased wear depth. However, as indicated in [69], surface
structuring may be necessary to enable the precise manufacturing of a part in the first

place, e.g. by locally increasing the form filling. }‘ﬁffé]
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A Appendix — Description of the wear experiment

[(ﬁg]{The wear experiment used for validating the simulation has been conducted within
a research collaboration published in German language in [13]. The experiment is shortly
summarised in the following. A servo-mechanical knee lever press MSC-2000 of the
Schuler company is used in an automated operation. The active component comprises
six plateaus on which microstructures are manufactured using micro-milling operations.
The active component is made of 1.3344 steel with a hardness of 63+1 HRC. This
active component is installed in a tiltable tool-table, see Figure 3.20. A second identical
tool-table is installed on the upper side in order to emboss the sheet metal from both

sides.

sheet feed

active component
direction

4:17“

lower tool
tilt direction
of tool-table

Figure 3.20: Concept of tiltable tool-table. Reprinted with translated labels from [13], licensed under
CC BY 4.0.

ram movement

direction

The experimental set-up is shown in Figure 3.21 along with the ram stroke curve. The
sliding of sheet metal along the tool surface is increased through tilting of the tool-table
by 4°. A DP600 sheet coil with a width of 50 mm and a thickness of 3 mm has been used.

y upper tOOI sheet cutt

- - -Tool distance [mm]

_tiltable tool-table
with active component

Time [s]

Figure 3.21: Assembled tool with applied ram stroke curve. Reprinted with translated labels from [13],
licensed under CC BY 4.0.

Closing and opening of the tool is fast, whereas the embossing is slow and a maximum
press force of 300 kN is applied. In total, 10000 operations have been performed with a
ram stroke frequency of 30/min. The experiment was conducted once.

The surface measurements have been performed using the confocal white-light micro-
scope Nanosoft psurf before and after the wear experiment. The measurements show a
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small reduction of surface roughness parameters as well as a slight change in the material
percentage curve. In the experiment, a variant of the scarab surface with a depth of 20
pm is considered. The surface roughness is specified with the line-wise roughness average
R, and the surface roughness average S,. Both roughness parameters represent the
averaged height of the measured points with respect to the mean height. The reduction
of these roughness measures due to wear can be seen in Figure 3.22a. The error bars for
R, show that this line-wise measure has a high variation over the surface. The surface
measure S, gives a more reliable quantification of the roughness and its reduction due to
wear. The material percentage curve in Figure 3.22b shows the amount of area filled with
material for each height level. The material percentages are reduced especially between
20 pm and 15 pm profile height. Below 10 um profile height no change in the material
percentage is visible.

4
pum | I Material percentage
" 0 20 40 60 9 100
2 2] 20-
=’
©] - M-
21 =
7] 20 10
Q -
0 n
S ;nitial m R;nitial 54
o Sgnal = Rgmal 0

(a) Roughness parameters reduce (b) Material percentage curves for initial (black) and
due to wear. final state (orange) show reduction due to wear.

Figure 3.22: Comparison of geometrical measurements of wear experiment in initial state and after
10000 ram strokes. Reprinted in cropped form with translated labels from [13], licensed under CC BY
4.0.

Height plots provide a visual comparison of experiment and simulation to allow for
a qualitative comparison. The height plots of the measured surface point-clouds are

presented in Figure 3.19. }Fltldé]
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4 Modelling and simulation of material
separation

Solid body contact interactions in metal forming involve changes in the shape of tools and
workpieces. While the workpiece forming is intended to produce the desired part shape,
tool surfaces suffer from loss of geometric accuracy due to wear. In the previous chapter,
wear is simulated on a macroscopic scale, where the volume of wear is calculated in a
post-processor that adjusts the mesh geometry for the next run over simulation. However,
at the microscopic level, interactions of surface asperities contribute to the evolution of
friction and wear. The aim of this chapter is to model asperity shearing including plastic
deformation and fracture and the separation of the asperity. The methodology is based
on the Particle Finite Element Method and is generally applicable to the simulation of
macroscopic chip separation as well.

Special emphasis is placed on the role of point insertion in PFEM remeshing. PFEM
is generally capable of simulating crack initiation and separation because it does not
require a closed and topologically persistent surface description for remeshing. In other
words, the change in topology induced by crack formation and material separation can
be handled by PFEM. The a-shape detection takes over the role of deciding when a
new surface, e.g. a crack, is generated, as analysed in [114] for a notched plate under
tension. On the other hand, very large deformations in metal cutting operations require
an adaptive remeshing including point insertion and removal in order to maintain a good
mesh quality and resolve the material flow at the cutting edge as shown in [111], [110]
and [26]. Point insertion in regions of large local deformation prevents a-shape detection
from modelling crack initiation. Therefore, the main contribution of this chapter is to
show how point adaptivity can be used to resolve the material flow and how the addition
of a fracture criterion to the a-shape detection can still allow crack initiation. The
simulation of self-contact after material separation is also presented.

For the simulation of large incompressible plastic deformations, a major limitation of
PFEM is the volumetric locking of the constant strain triangular elements. Therefore,
the first part of this chapter is dedicated to a study of two element formulations for
quasi-incompressible material behaviour in PFEM. Apart from minor adaptations, the
first section is a textual reproduction of the journal article [119], with directly quoted

passages marked in each numbered subsection using [?;gj{to }‘fltfg']. The work analyses the
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performance of these element formulations for quasi-incompressible hyperelasticity and
also presents an extension of the state-variable transfer scheme. For contact simulation,
the contact domain method introduced by [97] and [58] is used. The main focus thereafter
is the presentation of the extended PFEM methods and numerical analyses including the
simulation of an asperity shearing.

4.1 Treatment of quasi-incompressibility in PFEM

td. : . . . . .
[?19]{Thls section compares two element-formulations for quasi-incompressible material

behaviour in a deformation based updated Lagrangian formulation. Moreover, a com-
parative analysis of different variable transfer schemes is conducted. While the general
concept of the discussed element types and state-variable transfer methods is extendible
to 3d, this work is restricted to 2d plane strain conditions for conceptual simplicity. The
model is yet restricted to a purely mechanical formulation in order to provide insight
into the selection of a set of methods.

For the application of PFEM in the context of quasi-incompressible material behaviour,

the two compared element types are illustrated in Figure 4.1 }?ffé]

P1P1 TRI6

e displacement u .
+ quadrature points

0 volume dilatation ¢

Figure 4.1: Tllustration of P1P1 element with 9 degrees of freedom and TRI6 element with 12 degrees
of freedom in 2d. To avoid introducing additional errors from numerical integration of non-constant
integrands, three quadrature points are selected for both elements. Reprinted from [119], licensed under
CC BY 4.0.

4.1.1 Quadratic TRI6 triangular elements

[ﬁg]'{The TRI6 element depicted in Figure 4.1 is a standard triangular displacement

element with biquadratic shape functions. However, in the context of PFEM remeshing,
some particularities occur. The TRI6 formulation shares some methodologies with
the only mentioned higher order element used in PFEM, i.e. the mixed second order
displacement first order stress element, cf. [135, 147]. These references mention the
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edge-mid-nodes being neglected during remeshing — further details will be complemented
in the following. PFEM is a remeshing method that preserves nodal points. When
considering a point cloud which includes the edge-mid-nodes of the TRI6 element, no
standard remeshing algorithm can directly fit a new TRI6 element into the existing point
configuration. Instead, the remeshing algorithm typically constructs a linear triangular
element first and then introduces edge-mid-nodes. These edge-mid-nodes serve their
purpose of improving the element behaviour within a single calculation step and are
subsequently erased and regenerated during the remeshing process. It is important to
consider the following details:

e additional nodes during the Finite Element solution make a double book-keeping
necessary for implementation, i.e. one data structure for the cloud of real particles
and one data structure for the mesh with all corner- and mid-nodes and their
degrees of freedom, placements etc.

e before remeshing, nodal data is stored in the cloud data-structure and the edge-
mid-nodes are erased. Element data has to be kept for the state-variable mapping.

e after remeshing and variable mapping, cloud-data is interpolated onto the new
edge-mid-nodes which are placed on the straight line between corner-nodes. During
the subsequent time step iteration, the element edges can be curved and thus
represent the quasi-incompressible deformation better than a linear triangular
element.

e boundary conditions need to be enforced at the edge-mid-nodes located between
corner-nodes where boundary conditions are specified. For example, on a Dirichlet
boundary, if boundary conditions are not enforced, the edge-mid-nodes may protrude
from the surface. Neglecting to apply boundary conditions on the edge-mid-nodes
on a Neumann boundary significantly reduces the robustness of the calculation. A
pragmatic solution is the application of linear constraints to fix the edge-mid-nodes
m to the geometrical midpoint between two corner-nodes ¢; and ¢y according to

ucl + ucg

Un = — 5 (4.1)

qtd.

for all boundary edges with prescribed boundary conditions. }[119]

4.1.2 Mixed stabilised P1P1 element formulation

[(ﬂg]'{The use of stabilised low-order mixed elements is well established throughout the

PFEM literature, e.g. [18, 26, 28, 60, 90, 105, 111]. The P1P1 element depicted in
Figure 4.1 does not require the handling of additional edge-mid-nodes as the TRI6 ele-
ment, making it more straightforward to implement in the PFEM remeshing strategy.
However, an additional global balance equation needs to be solved by analogy with other
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multiphysics FE implementations of coupled problems. Furthermore, a stabilisation
technique is required because both fields are approximated with low-order shape functions,
which can lead to violation of the LBB stability conditions. The Polynomial Pressure
Projection method introduced by [20] is frequently applied in the context of PFEM, as
detailed in [26, 105], and will be adapted here. An overview of stabilisation techniques
can be found in [153], while [18] presents the application of an alternative method within
the context of PFEM.

In this work, the u-¢ formulation is adopted which uses the volume dilatation ¢ as
a primary global variable, which is coupled to the local quantity J = det(F') via an
additional balance equation. Based on [90] the referential weak form of the system of
two balance equations reads

W, = / Vxow: PdV + way + wee + Wayn = 0 (4.2)
BO

W¢:/5¢[¢—J]dV:O (4.3)
BO

with the test functions du and d¢. In comparison to the stationarity conditions of a
Hu-Washizu three-field functional for incompressibility, see Section 2.3.1, the pressure-
condition (2.38) is neglected. Furthermore, the test function dp from the dilatation
condition (2.39) is replaced with d¢ yielding a dimensionless format of the constraint-
equation (4.3). In this section, the referential format is chosen for simplicity and the push
forward transformation to the previous configuration B,, is based on (2.19), (2.20) and
(2.21). In contrast to the standard balance of linear momentum (2.9), a modified Piola
stress tensor P(F') is used, with the definition of the modified deformation gradient as

3 & 1/3
F= {j] F = ¢!/ i (4.4)

whereby F'*° = J~1/3 F is the isochoric part of the deformation gradient. The volumetric

part F'°! = JY/3 I is replaced by the global volume dilatation variable, i.e. = »/3I.
In an updated Lagrangian setting according to (2.3) a decomposition into history F;, and
increment AF of the deformation gradient is made. This yields the modified deformation
gradient to take the representation

lﬁﬂi%?gTﬁAFﬁ% (45)

The use of F, as the history variable is motivated by its spatial smoothness, which
contributes to improved solution convergence. On the point-level, both F}, and F,, yield
identical isochoric parts, as demonstrated by

~ iso Fn ¢1/3 F;lso iso
b =Gy s em (46)
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However, significant spatial oscillations are exhibited by F' making it unsuitable as history
variable. These spatial oscillations stem from FY°! = J%3 I which is no longer used in
the element formulation. In contrast, the distribution of F' is much smoother than the
distribution of F' and aligns better with the nodal field of ¢, leading to a more robust
implementation.

The P1P1 element does not satisfy the LBB stability conditions because both, the
primary field w and the constraint field ¢ are approximated using identical first-order shape
functions. The LBB condition conceptually requires that the primary field w exhibits a
higher degree of continuity compared to the constraint field ¢ to ensure a well-defined
coupled system of equations (4.2)-(4.3), cf. [153]. In a linear triangular element, the
displacement gradient and consequently the Piola stress in (4.2) are constant. Therefore,
reducing the order of continuity for the constraint field ¢ — a common approach used
for other element formulations — is not applicable to satisfy the continuity requirements
in this context. Hence, an extension of (4.3) is required to stabilise the formulation.
Without this stabilisation, the mixed element formulation may exhibit apparent solution
convergence during implementation, but volumetric locking and pressure oscillations still
persist.

The Polynomial Pressure Projection, cf. [26, 105, 153], extends the constraint equation
(4.3) to

Wy = [ d¢[p— J]dV ol S —6dd| AV =0 (4.7)
¢ B/ i!c; | ]

Hereby, the shear modulus G is measured in Pascals (Pa). Similarly, the stabilisation
factor o is assigned units of Pa to maintain the dimensionless nature of the constraint
equation, as introduced in [90]. Moreover, q; is a discontinuous projection of ¢. The
motivation of this approach is an L2-projection of the C'0 continuous ¢-field onto an
elementwise constant and discontinuous field qg in order to compensate for the interpolation
mismatch. The L2 mapping reads

1 12 y y
/§[¢—¢] dV - Min - /5¢ [¢—¢] dv =0 (4.8)
BO BO
which is mentioned in [105, 153] to be solved element-wise for the unknown P. However,
the L2-mapping (4.8) can alternatively be directly inserted into (4.7) to condense ¢ from

the equations, cf. [26, 105, 153]. With identical linear shape functions N for both fields
the discretisations reads

3 3
ou ONA
e _ eA NA — eA 4.
u ;u X~ 2 U ® X (4.9)
3 v 3 v
Qbe _ Z QbeA NA Qbe _ Z ¢€A NA (410)
A=1 A=1
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with the shape functions formulated in the natural coordinates &, of the master-element
as

N'=1-& - &, N?=¢, N? =& (4.11)
N'=1/3, N?=1/3, N®=1/3 (4.12)

The stabilisation term of the constraint equation (4.7) is discretised on element level as

_ % SR
W stap = 06" / % [NANB oP — NANBGB| av (4.13)

B3

with nodes A and B, where the nodal test function values of the last term has been
interchanged from d¢* to ¢ as mentioned in [153]. Now, the discretised form of the
L2-Mapping (4.8) on element level results in

5t / NANE AV ¢P = 54 / NANE Qv ¢P (4.14)
B B

The direct solution of this mapping at the element level, as proposed in [105, 153], is
not possible because the smoothing matrix, which results from the assembly process
and precedes the solution vector CT)e of the element, becomes singular due to the shape
functions (4.12). However, by inserting (4.14) into (4.13), the unknown discontinuous
pressure variable ¢? is condensed.

The discretised residual force contributions take the representations

et = /P-VXNAdV—/pO NAbdv (4.15)
55 55

— / NAtOdA+/p0 NATNBAV - &P

oBgt B3
fit=- / N4 Jadv (4.16)
5
Oéd) v
+ / NANZ Qv + / = [NANB . NANB] av | 68
55 5;

J/

AB
K(?)(j) stab

In (4.15), P depends nonlinearly on ¢ according to (4.6), which is why the internal
contribution and its linearisations are integrated with three quadrature points. The
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elemental stabilisation matrix K¢, ., assembled from (4.16) consists of two mass-like
matrices. The first is also integrated with three quadrature points because using only one
quadrature points yields a zero matrix in the subtraction. In the references [26, 90, 105],
the second mass-like contribution N4N2 is given as NAN® which does not fit into the
above given derivation. In practice both matrices are identical due to identical constant
N4 and the partition of unity property of N&.

The linearisation of the residual contributions yields

KB — / VxN4o aP OF -Vx NP av (4.17)
" OF
oP 1 ¢lt/3-1
eAB __ AT - B
K, —/VXN an.F {3 =73 } NEav (4.18)
55
K§P =— / NAJF~ . VxNBAV (4.19)
55
¢ y
K45 = / NANP AV + / % [NANB — NANP| av (4.20)
5j 5§

with the notation o being introduced in Section 2.2 and the deriviative in (4.17) follows
from (4.6) as

OF

51177
- ]

[I@I—%F@@F ] [_

; (4.21)

wherein [I ® I, = dir, 65, and d;; denoting the Kronecker delta.

The stabilising contributions in (4.16) and (4.20) are governed by the stabilisation
factor o, which will be discussed further in the following paragraph. In [90], a different
stabilisation parameter of is introduced for the u-p formulation compared to af for
the u-¢ formulation, and specific values for these factors are not provided. According

o [26], an identical stabilisation factor o = 1 can be chosen for both formulations.
However, to be precise, the units of the stabilisation factors differ between the two
formulations. References [28, 111, 153] recommend o ~ 1 as a stabilisation factor
for the u-p formulation. This work proposes to use a stabilisation factor in the order
of magnitude of the compression modulus, i.e. a? = K. This choice is motivated by
a simplified relation between the pressure p and the volume dilatation ¢ for nearly
incompressible hyperelastic materials, as discussed in [22]. Thereby, the pressure p can
be derived from the volumetric Helmholtz free energy density ¢! as

1 ) B a¢vol

vl — =K[J—1] (4.22)
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Figure 4.2: Ratio of compression modulus K and shear modulus G proposed as stabilisation prefactor.
Reprinted from [119], licensed under CC BY 4.0.

which shows that J, and thus ¢, is related to the pressure p via K. Therefore, af = K
should be suitable for the u-¢ formulation, while references [28, 111, 153] recommend
af ~ 1 for the u-p formulation. Interestingly, this leads to
af K _2[1+v] (4.23)
G G 3[1-2v]
as a prefactor for the stabilisation term in (4.16). This can be interpreted as a dimen-
sionless factor scaling the amount of stabilisation according to the incompressibility of
the material. The function is visualised in Figure 4.2 alongside a reduced prefactor of
K/[10 G], both of which will be tested in the subsequent examples with respect to the
influence on the solution quality and the stability of the element formulation.

Material model

A compressible Neo-Hooke-type hyperelastic material model is used with the Helmholtz
free energy density

Yo =g AWA(I)+ 3 p [F: F = 3]~ in() (4.24)

and the Lame parameters A\ and g which are related to the Young’s modulus £ and the
Poisson ratio v via

Ev E
A= = — 4.25
L+ul—-20 " 2[1+4] (4.25)
as well as to the compression modulus K and shear modulus G via
2G
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Resulting from a hyperelastic form, the Piola stresses P are expressed as

0
P= a—ﬁ? =AIn(J)—pu] F*'+uF (4.27)

td.
Yiao)

4.1.3 Analysis of mapping methods and element formulations

[(ﬂg]' {The performance of the element formulations and mappings is analysed in this section

for 2d examples under plane strain conditions. A quasi-incompressible rubber block
under compression is considered. The first example depicts a block strongly constrained
in deformation by Dirichlet boundary conditions, with a Poisson ratio very close to
v = 0.5. This example compares to literature results and investigates the influence of the
stabilisation factor a? for the P1P1 formulation, along with a short element comparison to
the TRI6 element. A second example compares the element performance of the P1P1 and
the TRI6 element and the influence of the transfer-methods on a less constrained block
with reduced incompressibility and relaxed geometric constraints compared to the first
example.

The abbreviations used in the parameter studies are

e TRIG: six-noded 2d quadratic triangular element

e P1P1: mixed three-noded 2d linear triangular element with additional node vari-
able ¢, coupled to the local contribution det(F")

e CPM: closest point mapping — state-variables are copied from the closest quadrature
point of the previous mesh

e BTM: background triangle mapping — state-variables are interpolated from a
background triangulation of the old quadrature points. Direct data copy for
coinciding points.

e ISO1 (for BTM) — F*! and F*° are interpolated separately to approximately
preserve isochoric deformations

e ISO2 (for BTM) - log(U) and log(R) are interpolated to exactly preserve isochoric
deformations

In case of the P1P1 element, the modified deformation gradient F,, is used as the history

variable instead of the deformation gradient F), used in the TRI6 element. This also
applies to the ISO1 and ISO2 decompositions. }‘E‘ltfé]
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Figure 4.3: Highly constrained rubber block under compression with v = 0.49999 and unit length
a =1 mm, after [21]. Reprinted from [119], licensed under CC BY 4.0.

4.1.3.1 Highly constrained rubber block under compression

qtd.
[119]

taken from [21, 84], to analyse the influence of the stabilisation factor a? and to find
a suitable value for a?. A prescribed displacement of uy, = 0.2 mm on the left half
of the top surface is applied. The load represents a frictionless rigid indenter inducing
a stress singularity at the middle of the top surface. The material is described by the
Neo-Hooke model from (4.24) with a compression modulus K = 10° MPa and shear
modulus G = 2 MPa, i.e. Young’s modulus £ = 5.99996 MPa and Poisson ratio
v = 0.49999. Selecting a Poisson ratio close to the incompressible limit and enclosing
the rubber blocks to both sides results in a quasi-incompressible deformation state.
Simulating such behaviour is challenging within a finite element setting. A mesh grid is
constructed with a resolution of 4 x 8 element edges by defining a regular arrangement
of nodes. However, to improve mesh quality during deformation, the node distribution is
further improved. In alternating rows, nodes are shifted by half an edge-length relative
to the underlying regular grid. Additionally, endpoints are inserted in these rows to
maintain a good boundary description. This refined mesh configuration enhances the
grid’s regularity, leading to significantly fewer unnecessary connectivity changes in the
subsequent remeshing operations. The resulting mesh can be seen in Figure 4.3b. Since
the grid is mostly regular, a constant [, = 0.2 mm is used for the a-shape method
along with a = 1.1 for the a-test, cf. (2.53). The displacement is applied linearly in
200 steps of Aupe = 0.001 mm. The CPM variable mapping is chosen for this study,
because connectivity changes occur only for low stabilisation parameters o < 100 MPa
and only for time, respectively load steps subsequent to upe = 0.168 mm. Consequently,
the choice of mapping has minimal impact on the results and conclusions drawn from
this example.

{The boundary-value problem depicted in Figure 4.3a is used as first benchmark,
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The stabilisation factor af in the P1P1 formulation is analysed in Figure 4.4 by
comparing the related force-displacement curves. Increasing the factor leads to softer
behaviour. The value for a? = 1 MPa reported in [26] yields a very stiff behaviour
along with slight deviations from the smooth curves starting at up,e = 0.168 mm when
the connectivities start to change and variable mapping becomes influential. These
connectivity changes only occur in this example for small stabilisation factors af <
100 MPa and the resulting non-smooth deformations. The oscillations of the related
force-displacement diagrams, which can be seen in the detail view in Figure 4.4, are a
result of the transfer error of the CPM mapping. This can be seen in comparison with the
FEM reference curve shown in the detail view of Figure 4.4, where these oscillations do
not occur. The choice of af = {1,2,5,10,100} MPa does not show a significant influence
and the related curves quasi coincide. Choosing higher factors af = {10%,10%,10°} MPa
leads to increasingly softer material behaviour. Hereby, a? = 10* MPa = K/10 yields a
final reaction force which is very similar to the results reported in [21, 84]. The references
report final reaction force levels of approximately Fie.. = 6.5 N for different advanced
finite element formulations. A comparison of pressure contour plots for af = 1 MPa and
af = 10* MPa in Figure 4.5 shows the importance of increasing the stabilisation factor
to avoid locking and pressure oscillations for such extreme quasi-incompressibility. The
results indicate that an appropriate stabilisation factor might be a? = K/10. This leads
to a complete prefactor in the P1P1 formulation (4.16) of af/G = K/[10 G] which is a
function of v as depicted in Figure 4.2.

To compare the results for a? = K/10 to the proposed TRI6 element, Figure 4.6
shows a comparison of both element formulations. The results show a stiffer behaviour
for the TRI6 element, until the PFEM simulation no longer converges at p, = 0.172
mm. The last converged time step is indicated with the X-symbol in Figure 4.6. To
enable a comparison nonetheless, Figure 4.6 also shows a comparison of both element
formulations with their FEM version without remeshing. In these two PFEM simulations,
no connectivity changes occurred and hence, the CPM preserves the state-variables
perfectly and the simulation results are identical for the P1P1 element. However, the
TRI6 PFEM-element bears another difference to its FEM counterpart apart from variable
mapping, which is the resetting of the edge-mid-nodes to the straight edges between
the corner-nodes. The resulting impact of the differing movability of the edge-mid-
nodes is evident in the smoothness of the bulge curvature shown in Figure 4.7. This
yields a loss of robustness which leads to divergence of the Finite Element solver of the
PFEM-TRI6 simulation, as indicated in Figure 4.6. The FEM-TRI6 simulation converges
without problems and shows an appropriate, but slightly stiffer behaviour compared to
the P1P1 element. As the elements shall be applied in PFEM, the next section will show

qtd.

whether the TRI6 element is suitable for use in another test case. }[119]
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Figure 4.4: Influence of a? values in MPa on behaviour of P1P1 element with CPM mapping in PFEM.
The reference FEM solution, visible in the detail view, shows that oscillations for small stabilisation
values occur only when PFEM remeshing is used. Reprinted from [119], licensed under CC BY 4.0.

(a) a? = 1 with severe pressure oscillations and a (b) af = 10* results in a smoother pressure field
non-uniform curvature of the bulge. and a more uniform curvature of the bulge.
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Figure 4.5: Influence of stabilisation factor for P1P1 element on pressure distribution and surface
curvature of the bulge. Reprinted from [119], licensed under CC BY 4.0.
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Figure 4.6: Comparison of P1P1 and TRI6 formulations and respective FEM formulations without
remeshing. X-symbol indicates last converged time step. Reprinted from [119], licensed under CC BY
4.0.

(a) TRI6 PFEM with almost straight edges. (b) TRI6 FEM with curved edges.
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Figure 4.7: Influence of resetting the edge-mid-nodes in PFEM remeshing of the TRI6 element on the
curvature of the bulge. Pressure plots at upe = 0.172 mm with grey outlines from P1P1 simulation with
ag = K/10 MPa as reference. Reprinted from [119], licensed under CC BY 4.0.
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4 Modelling and simulation of material separation

4.1.3.2 Moderately constrained rubber block under compression

[(ﬂg]'{This section will investigate whether the choice of af = K/10 also applies for less
constrained boundary value problems and whether the element performance differences
are similar to the previously analysed example. Furthermore, the influence of the
variable mapping will be analysed for large deformations with significant connectivity
changes which did not occur in the previous example. The influence of the mesh-
density is also analysed. The following example is taken from [21] but reduced to 2d
plane strain conditions. This indicates that the subsequent results are not quantitatively
comparable with the reference, since the suppression of out-of-plane deformation increases
the geometrical stiffness of the problem. The boundary value problem is illustrated in
Figure 4.8. The material parameters are adopted from [21] as bulk modulus K = 501 MPa
and shear modulus G = 3.2296 MPa, which is equivalent to a Young’s modulus of £ =
9.6482 MPa and a Poisson ratio of v = 0.4968. Moreover, boundary and incompressibility
constraints are significantly weakened compared to the first example in Section 4.1.3.1.
To be specific, the boundary on the right is considered as a free surface, a traction load
is applied instead of prescribed displacements and a lower Poisson ratio is chosen. A
time step size of At = 0.1 ms was tested for a majority of the parameter variations,
resulting in robust solution convergence with only small deviations from finer time step
sizes in the solution fields. However, for a more detailed resolution of the displacement
vs. time step diagrams, which are essential for the analysis, a very fine time step of
At = 0.01 ms is applied over 1000 steps. Smaller time steps result in more frequent
remeshing and state-variable transfer, amplifying their effects. This emphasises the
differences between the mapping methods, making the analysis simpler and clearer. The
vertical traction load is defined in the reference configuration according to the Cauchy
theorem as t) = P - N, representing a dead load. The magnitude of the traction load
is linearly increased to the maximum of 30 MPa. Although the grid is regular at first,
large deformations lead to significant stretching at the right edge of the traction load
and compression on the left side. Therefore, the local characteristic length 12¢  from
(2.55) is used for the a-shape method along with a = 2.5 for the a-test, cf. (2.53). The
high value of a allows for the preservation of highly stretched elements within the mesh.
Typically, under such conditions, the shape of the body would change — however, this
example focuses specifically on bulk behaviour rather than on surface changes.

The vertical displacement u;“id of the left-most node on the top surface is analysed,
which corresponds to the midpoint considering symmetry boundary conditions at the left
edge. The influence of the stabilisation factor af is observed to be less significant in this
example compared to the first case in Section 4.1.3.1. Figure 4.9 illustrates the resulting
midpoint vertical displacements u"! over time steps for a 32x32 discretisation. The
compression of the block leads in general to a stiffening behaviour which can be seen
in the reduction of the displacement slope. The displacement vs. load step curves for
different values of a? are almost identical — a close-up view shows that the behaviour
is slightly softer with increasing values of a?. However, for a? = K = 501 MPa the
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Figure 4.8: Moderately constrained rubber block under compression from vertical traction ty, with
v = 0.4968 and length a = 50 mm — plane strain version of example considered in [21]. Reprinted from
[119], licensed under CC BY 4.0.

connectivity-changes occurring in the remeshing tend to flip back and forth from one step
to the next, leading to result deviations and finally to divergence of the solution algorithm.
The displacement vs. time step curve in Figure 4.9 for a? = 501 MPa shows the resulting
transfer error in minimal deviations from a smooth path, with slight oscillations evident
along its length. In Figure 4.10 the corresponding flipping of the mesh edges can be seen
for a representative set of time steps. A study of the pressure fields reveals that af = 1
on the other hand is too small to suppress oscillations of the pressure field especially
for small deformations at time step 10, see Figure 4.11. Interestingly, deformation and
pressure field are almost identical when comparing the last time step for a? = 1 MPa
and af = 50.1 MPa, which can be seen in Figure 4.12. Mostly oscillation-free pressure
fields throughout the load-path and no instabilities that occur for higher values support
the conclusion of the previous example in Section 4.1.3.1 in proposing af = K/10 as
stabilisation factor for P1P1 elements of u-¢ type.

After an appropriate stabilisation factor for the P1P1 element has been determined
from the above analysis, the performance of the two element formulations, along with the
influence of state-variable transfer methods and mesh size, will be investigated. Regarding
mesh-size, increasing the mesh density leads to problems in this example due to the stress
concentration at the right edge of the traction load. The finer mesh resolves this stress
concentration instead of smoothing it. Therefore a comparison of mesh sizes is limited,
e.g. a 64 x 64 mesh did not deliver more insight but would have required advanced
remeshing techniques such as point-insertion, which are not in the focus of this work,
see e.g. [111]. However, the two mesh-sizes 16x16 and 32x32 delivered comprehensive
results without the singularity influencing the comparison. Figure 4.13 shows the resulting
displacements of the top surface’s midpoint u;nid of a 16x16 and a 32x32 grid for all
elements and state-variable transfer methods. The finer discretisation shows quite smooth
curve profiles for most parameters as illustrated in Figure 4.13c and Figure 4.13d with
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Figure 4.9: Influence of a? on behaviour of P1P1 element with CPM mapping for moderate test.
Increasing af yields slightly softer response, instabilities for a?=K=501, X-symbol indicates last
converged time step. Reprinted from [119], licensed under CC BY 4.0.
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Figure 4.10: Section of the mesh close to the right edge of the nodal traction load area for represen-
tative time steps. Arrows show the nodal surface forces which represent the vertical traction load tg.
P1P1 Element with CPM and af = K = 501 MPa reveals back and forth flipping of the connectivities.
Reprinted from [119], licensed under CC BY 4.0.
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(b) a? = K/10 = 50.1 MPa shows smooth
pressure field
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(a) o = 1 MPa shows pressure oscillations

Figure 4.11: Comparison of pressure field for P1P1 element with CPM at time step 10 of 1001. Reprinted
from [119], licensed under CC BY 4.0.

(a) a? = 1 MPa. Grey outline shows deformed
contour of a? = 50.1 MPa for comparison

(b) ¢ = K/10 = 50.1 MPa

Figure 4.12: Comparison of deformation and pressure field for P1P1 element with CPM at last time step
1001 shows almost identical results for both factors. Reprinted from [119], licensed under CC BY 4.0.
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some clear distinctions. To be specific, the CPM mapping produces more deviations from
the smooth curve paths due to the variable mapping than the BTM mapping. For the fine
discretisations, the treatment of the isochoric states with the ISO1 and ISO2 approach
during BTM-interpolation yields almost identical curves. However, using no treatment
of isochoric states (BTM-ISO0) leads to algorithmic divergence in the P1P1 formulation
visible in Figure 4.13d. Also for the coarse discretisation, a BTM mapping with a simple
interpolation of the variables (BTM-ISO0) leads to early divergence of the solution
algorithm and to large deviations from the solution path in both, the TRI6 formulation
in Figure 4.13a and the P1P1 formulation in Figure 4.13b. Interpolating F'°' and F's°
separately (BTM-ISO1) leads to better convergence, although the TRI6 element still
shows large deviations towards the end. The special interpolation scheme introduced in
(2.60) (BTM-ISO2) yields a smooth curve progression superior to the CPM method and
the BTM method with ISO0 or ISO1. Comparing the two element types, especially for
the coarse discretisation a clear advantage in robustness is visible for the P1P1 element
in the sense of a regularity in the progression of the result curve. Even with the best
mapping (BTM-ISO2) the TRI6 element still shows deviations from a smooth curve. For
the fine discretisation, the TRI6 element is clearly also suitable for use and yields similar

results to the P1P1 element when using the BTM transfer scheme. }Fffé]

4.1.3.3 Calculation times

[(ﬂg]‘ {From a theoretical perspective, the TRI6 element is expected to require more

calculation time than the P1P1 element due to the presence of 12 elemental degrees
of freedom (TRI6), compared to 9 (P1P1) within a 2d setting. In a practical test of
the present implementation in MATLAB conducted on identical computer hardware, the
TRI6 element demonstrated a 90% increase in computation time for the 16x 16 mesh and
a 40% increase for the 32x32 mesh. The overhead associated with deleting and inserting
edge-mid-nodes in the TRI6 formulation appears to diminish with finer discretisation,
primarily attributing the longer calculation times to the difference in the number of
degrees of freedom. For the different state-variable transfer methods, the overall time
step calculation-time did not vary significantly. Especially for increased deformation,
the simulations featuring the BTM-ISO1 or -ISO2 mappings tend to need less iteration
steps in the global FEM solution which compensates for the higher numerical cost of the

variable mapping. }Fﬁié]

4.1.4 Quasi-Incompressibility in PFEM — Conclusion

[ﬁg]'{The previous sections investigated the applicability of the TRI6 element for quasi-

incompressible elasticity in the context of the Particle Finite Element Method under
2d plane strain conditions. The element was compared with the established P1P1 el-
ement in the less investigated but beneficial u-¢ version, which does not necessitate
a volumetric-isochoric split in the material model. Both element formulations were
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Figure 4.13: Performance of both element types depending on meshsize and state-variable transfer
schemes. The coarse mesh in subfigures (a) and (b) shows the advantage of the BTM-ISO2 mapping
for better stability and the overall better performance of the P1P1 element. The TRI6 element shows
similar performance as the P1P1 element in the fine discretisation in subfigures (¢) and (d). The last
converged time step is indicated with a X-symbol for each time-series. Reprinted from [119], licensed

under CC BY 4.0.
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embedded into PFEM, which involves the frequent remeshing of the node points, a shape-
detection, the transfer of state-variables and an updated Lagrangian FE-formulation.
For the state-variable transfer, an improved algorithm using an interpolation from the
previous quadrature points was investigated along with approaches to preserve the
quasi-incompressible deformation states during interpolation. The element formulations
were described with details for the handling of edge-mid-nodes in the TRI6 element and
complemented the P1P1 literature with respect to the choice of the deformation history
tensor and the stabilisation factor.
The following conclusions can be drawn from the investigations:

e the stabilisation factor for the P1P1 formulation is advised not be set to a? = 1 MPa,
as suggested in [26]. Instead, a value a? = K/10 MPa is recommended, which
has demonstrated good agreement with literature reaction-force values, smooth
progression of result curves during the simulation and avoiding pressure-oscillations.
This recommendation is summarised in a simple equation for the stabilisation factor
based on the Poisson ratio. Hereby, the results showed that an adjustment of the
theoretically motivated equation is advisable, yielding

of K 2 1+

-t L 4.2
G 10G 30[l—2/] (4.28)

as the proposed prefactor for the stabilisation term in the P1P1 formulation, see
(4.7). Therefore, the stabilisation can be automatically adjusted to the degree of
quasi-incompressibility of the considered hyperelastic problem.

e for Poisson ratios very close to 0.5 along with high geometrical constraints in the
boundary value problem under consideration, the P1P1 element clearly outperforms
the TRI6 element when an appropriate stabilisation factor a is chosen.

e for less severe quasi-incompressibility and less geometrical constraints in the consid-
ered boundary value problem, both elements perform equally for a fine discretisation.
For a coarser discretisation the P1P1 element again performs better.

e the state-variable transfer which is currently most established in the literature is
the CPM mapping, cf. [28, 111]. The mapping results in severe oscillations of
representative displacement vs. time step curves due to the repeated remeshing. Es-
pecially coarse discretisations benefit considerably from the more advanced transfer
scheme BTM. Apart from [147], such algorithm has not yet been established in the
PFEM literature. The results clearly show that the BTM is best combined with a
special interpolation operation, where the scheme based on a polar decomposition
(ISO2) performs very well, but also the separate interpolation of F¥°! and F*,
denoted as ISO1, yields results superior to the established CPM mapping.

It has been shown that a TRI6 element is indeed applicable in PFEM simulations with
quasi-incompressible deformation states. In view of the higher number of degrees of
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freedom in the TRI6 element compared to the P1P1 element leading to a higher compu-
tational cost, due to the more involved handling of variables in the TRI6 formulation,
and especially due to the overall better performance of the P1P1 element, the already
established P1P1 formulation is recommended. For this formulation implemented in
a strict deformation based Updated-Lagrange PFEM formulation, this work adds im-
portant details on history variable handling and brings a rarely used advanced transfer
method, the BTM mapping, into focus. Especially coupled with interpolation operators
preserving the isochoric deformation states, the additional effort of the mapping pays
out in a reduced number of iteration steps, better algorithmic convergence and smoother
progression of solution-quantities during the simulation, especially for coarser meshes.

The adaption of PFEM to 3d simulations significantly increases the complexity of
the geometric meshing and required re-meshing methods, cf. [26, 85]. Therefore, the
application of PFEM in 3d simulations has not been addressed in this work. However,
the element formulations and state-variable transfer methods discussed here are directly
applicable to 3d simulations. Nevertheless, the conclusions drawn from this study should
be validated through 3d simulations in future research.

For inelastic material models with more state-variables and high strain levels, future
work shall investigate the optimal remeshing frequencies in order to find a compromise
between the mapping errors and the resolution of material deformation and shape changes.
Moreover, in future applications, e.g. the simulation of Direct Energy Deposition and
the incompressible flow of molten metal, it will be necessary to reassess whether the
P1P1 element continues to outperform the TRI6 element. The stabilisation factor for
the P1P1 element needs to be readjusted to the problem because the proposed relation
(4.28) is only valid for hyperelasticity. Here, the TRI6 element can be an alternative
since it does not rely on a stabilisation factor. Furthermore, the TRI6 element can
be an alternative when the P1P1 element is not applicable in a specific programming

. qtd.
environment or software package. [19]

4.2 The contact domain method

The contact simulation in this work is an application of the Contact Domain Method
(CDM) as presented in [58, 97]. The contact domain consists of elements of the same
spatial dimensionality as the base bodies which are spanned between the surfaces of the
contact partners. These elements provide the discretisation of the gap function on which
the solution of the contact constraints is based, here with a stabilised Lagrange multiplier
approach. The contact model is summarised below on the basis of the references cited.
The main difference in the current work is the application in PFEM which requires the
transfer of some contact related quantities. The CDM has already been applied in PFEM
in e.g. [26, 28]. Furthermore, in the current work the bulk bodies are not modelled
by linear triangular elements as in [58, 97], but by a mixed formulation P1P1 and a
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quadratic triangle TRI6, which will be discussed in relation to the non-constant stresses
within these elements.

4.2.1 Nitsche-type contact constraint enforcement

The contact constraints of impenetrability and stick friction represent inequality con-
straints for the solution of the linear momentum balance as presented in Section 2.3.2.
Since the direct solution of a Lagrange multiplier approach suffers from numerical insta-
bilities, [58, 97| propose a Stabilised Lagrange Multiplier Method (SLMM) which yields a
similar formulation to the Nitsche approach. The SLMM defines the Lagrange multiplier
of normal contact Ay based on the normal traction ty of the material at the surface,
which is a function of the Piola stress P and the normal surface vector. Similarly, the
stick friction Lagrange multiplier At is coupled to the tangential traction ¢p. In this
way, the contact model is coupled to the bulk material model of the underlying finite
elements, resulting in a more robust formulation. A visualisation of a contact domain
discretisation is shown in Figure 4.14.

Figure 4.14: A contact domain element where Ay is defined, associated with the underlying bulk element
where P is defined.

The weak form of the linear momentum balance extended by the contact contributions is
generally introduced in (2.48), (2.49) and (2.50). For the CDM formulation, the boundary
integrals are formulated in the contact domain, which has the same dimensionality as
the bulk bodies. In addition, the solution with SLMM adds stabilisation contributions to
the constraint equations, so that the coupled system of equations becomes

0Ty — 0l exs + / AN Ogx dV + / A 6gp dV + /T@T dV =0 (4.29)

cN cT cS
DO D0 D0
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/ gN (5)\N dVv + / T [tN - )\N] 5/\1\1 dA=0 (430)
DgN oDgN

/ §T 5)\T dVv + / T [tT - )\T] 5>\T dA=0 (431)
DT oDgT

where the coupling of the Lagrangian multipliers Ay and At to the tractions ¢y and tr
is controlled by the interior penalty parameter 7, and the traction for sliding friction
T is defined in (2.52). As the equilibrium solution already aims for the bulk traction
vector to be equal to the contact traction vector, this interior penalty parameter does
not need to be as large as in classic penalty parameter methods. Instead of the physical
gaps, strain-like quantities gy and g, are used as gap measures. The contact domain
experiencing active normal contact is denoted by DN, which in turn is divided into
the active stick domain D§T and the slip domain D§> = DN \ DT, Furthermore, the
coupling contributions are defined at the boundary between the contact domain and the
underlying bulk domain, denoted by 0D, as shown in Figure 4.14.

Remark: The Nitsche approach can also be defined with a potential

1
HCN(ua )\N) - Hint,ext + / tN gN dA + / 5 7_912\1 dA (432)

oBgN oBgN

and a direct constitutive assumption on the normal traction ty, coupling it to the
adjacent bulk stresses, see [141]. This leads to a similar extension of the weak form
without the need to first derive the condensation of the Lagrangian multipliers. However,
the derivation in [97] is used in the present work as it is common in the PFEM literature.

4.2.2 Contact kinematics

The kinematics of the contact formulation are visualised in Figure 4.15. All quantities
are based on the previous configuration B, in which the contact mesh is regenerated.
The current gap vector g is calculated from the incremental deformation gradient AF' as

0Au
0X,,

g=AF -G =g{ {I+ ]-N (4.33)

with the incremental displacement Aw and the normal gap in the previous configuration
91(\? ). The normal and tangential components follow as

gn=m-g and gr=t-g (4.34)

Consequently, the gap function is defined in the entire contact domain in theory, which
is reasonable given the volume integrals of the contact contributions in the weak form
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Figure 4.15: A contact domain element deforming based on the previous configuration B,, with the
previous gap vector G and the deformed gap vector g with respect to node 3 as well as the previous
normal vector IN and the current normal vector n.

(4.29), (4.30) and (4.31). However, by restricting the formulation to linear triangular
elements, the formulation can be greatly simplified, and the method becomes much
more robust through the analytical solutions that are possible by this restriction. The
evaluation of gap vectors is restricted to the opposite node 3, which also represents the
physical gap in the considered element. Quantities related to node 3 are denoted (e)s.
The previous gap vector G, the base side length L, the height H and the normal and
tangential vectors N and T' can be calculated directly from the nodal positions X¢ of
the element. The current discrete gap measures of node 3 are then defined as

(gn)s = (gﬁ?’)3 n- [I + g?gj ‘N (4.35)
(91)s = (glﬁ)))g t- {I+ gi}j N (4.36)

and the strain like gap quantities follow as gy = (gn)3/H and gy = (g7)3/H. The gap
measures still depend on the displacement gradient, which is constant in the triangle,
but must be calculated by using the inverse Jacobian J~! = 9¢/0X,, with the natural
coordinates & of the master element. To avoid problems with the singularity of the
Jacobian for the near-zero thickness of the contact elements, [58] uses the linear shape
functions N4 to define the gradient of the incremental displacement

ON 4 _
00X,

3
Au® = Z Auc ® N (4.37)

A=1

and derives analytical expressions for the directional derivatives [0N4/0X,] - N. These
analytical derivatives are purely based on the geometry and displacement of the contact
element and are therefore robust and independent of the shape and height of the element.
The specific terms are given in the reference. The linearisation of the gap quantities
also uses these analytical derivatives, but requires the linearisation of the normal and
tangential vectors, which are given in the appendix of [97]. Please refer to [58, 97] for
the linearisation of the kinematic gap quantities.
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4.2 The contact domain method

4.2.3 Condensation of the Lagrange multipliers

A further simplification of the CDM formulation by using linear triangles are the resulting
constant integrands of the weak form integrals. The elemental contact domain integrals
for the 2d case therefore follow as

1
/odV:§LHo /odA:oL (4.38)

D oD

by assuming a unit thickness of the plane problem. By applying this analytical integration
to the stabilised constraint equations (4.30) and (4.31), by elimination of the variations
dAx and At and by using the gap strains gy = (gn)3/H and gp = (gr)3/H this yields
scalar relations defining the element-wise constant Lagrange multipliers

Ay = (“;NT)?’ +ix (4.39)
Ap = % . (4.40)

as a purely displacement-dependent formulation. The interior penalty parameter 7
therefore has the units mm?/N and [58] therefore couples the parameter to the elastic
properties and the local mesh density by defining

Olstab
= L 4.41
! Emin ( )

where Fy, is the minimum Young’s modulus of the contacting bodies and agg,y, is an
adjustment parameter that controls the amount of contact regularisation but has little
effect on the accuracy of constraint enforcement.

Remark: For the closed-form derivation of (4.39) and (4.40), tx and ¢t must also
be constant along 0D,. As mentioned in [97], otherwise the boundary integral has
to be integrated numerically. In the present work, the P1P1 element provides a non-
constant correction of the deformation gradient by the global ¢-field, see (4.6), and the
TRI6 generally has a non-constant deformation gradient. Therefore, the stresses and
consequently also the traction vectors are not constant in the bulk elements. However,
in the present work, for the sake of simplicity, the stresses and their linearisation are
recalculated in the contact element routine for the underlying bulk elements. For the
recalculation in the P1P1 element, the incremental deformation gradient is evaluated at
the element centre and combined with state-variables of the first quadrature point in the
data structure, i.e. with any of the three quadrature points available. The TRI6 element
is treated similarly, but only the corner point displacements are used for the incremental
deformation gradient. The formulation is a simplification but still provides a reasonable
approximation of tractions and linearisations leading to a functional Nitsche formulation.
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4 Modelling and simulation of material separation

4.2.4 Discrete contact force contribution for normal contact

By condensing the Lagrange multipliers, the global system of equations for the mechanical
contact problem is reduced to (4.29). The contact contributions are now explicitly defined
by the contact kinematics and by the coupling of the contact traction to the underlying
bulk stresses. The normal contact contribution to the weak form at the elemental level is

DEN
The variation of the normal gap is derived in [97] as

_ _ 0(dAu)
— . . 4.4
0y =gnm O n ( 3)

where the spatial gradient is approximated by linear nodal shape functions N4 as

: ON,
SAuS =" dAuc ® S (4.44)

A=1

Similar to (4.37), directional derivatives are derived analytically as given in [58] to
circumvent ill-posedness of the coordinate transformation for zero-volume or inverted
contact elements. With the use of analytical integration (4.38) and the directional
derivatives, the discrete elemental normal contact contribution follows as

3
L ON
OMG =) 6Auy - {5 A (9n)3 [ 8a:A n] n} (4.45)
A= K L
ueA
cN

The contact force contribution f%¢4 can be added to the mechanical residual equation

(2.13). Similar but more elaborate contributions are given for the frictional contact, for
which the reader is referred to [58].

4.2.5 Active constraint indicators and contact prediction

Based on the optimality conditions of normal and stick contact (2.42) and (2.51) the
active normal contact is defined by Ay < 0 and the active stick by &g < 0. Numerically,
these indicators are not very robust, especially in terms of initialisation for a new load
step after remeshing. Therefore, in [97] the active set is based on displacement-based
indicators that rely only on the node positions of the contact element and the tractions
of the underlying bulk element. Multiplying the definitions of the Lagrange multipliers
(4.39) and (4.40) by 27 > 0 leads to the definition of these indicators

g = (gn)s + 27ty =27 My g = (gr)3 +27tr =27 Ap (4.46)
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4.3 PFEM methods for contact and material removal

denoted as effective gaps. In this way, the active normal contact is indicated by g&f < 0
and, inserting the effective gaps into the slip function, the active stick is indicated by
1957 — 1 |ox'| < 0.

In addition, the robustness of these indicators can be used in order to derive an
extrapolated prediction of the active set in a newly generated contact mesh. A linear
extrapolation is computed as a prediction of the effective gaps, denoted as g¢ indicating
that it is valid for normal and tangential quantities. It is

Atn—‘,—l

Ar 95 () — 9" (tn-1)] (4.47)

gfﬂ = gfﬁ(tn) +
For this prediction, it is necessary to store the traction history related to the boundary
edges, which also involves a transfer of these quantities in the case of point insertion
or removal on the boundary, see Section 4.3.1. The nodal placement history is readily
available. In particular, the geometrical gap quantities (gn)s and (gr)s are recalculated
based on the old placements with the new contact connectivity, which further improves
the prediction capabilities.

4.3 PFEM methods for contact and material removal

Section 2.4 introduces the main PFEM methods for the adaptive remeshing, shape
detection and data transfer which is required for the simulation of very large deformations.
The present section extends the theory to details on contact related remeshing aspects, i.e.
the mesh generation for contact between bodies as well as self contact and the boundary
preservation during remeshing. Furthermore, specific aspects of point adaptivity for the
material separation are discussed.

The remeshing strategy for PFEM of a contact problem consists of a sequence of
methods. Despite the general possibility to apply the PFEM remeshing only at specific
time intervals or based on a mesh quality criterion, the remeshing is generally performed
in each time step. The advantage is a fine resolution of changes in the topology of the
bodies, the contact situation in sliding contact and a control of the degeneration of
element connectivities by mesh adaptivity and regeneration of Delaunay triangulations.
Furthermore, the remeshing introduces a deviation from the equilibrium state which is
smaller when the remeshing is performed in every time step than compared to remeshing
after several time steps. Thus, in each time step the following steps are performed

1. Application of displacement increment on the previous mesh to calculate the new
previous configuration, X,, = X + u,,.

2. Calculation of point quantities: The local characteristic point distance df, is
calculated with (2.54). Furthermore, state variables which are needed for the
material separation criterion are mapped with a volume-weighted average from all
adjacent elements onto each node. The remaining state-variables are mapped later.
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4 Modelling and simulation of material separation

. Point insertion and removal according to Section 2.4.3, where a physically motivated

mesh refinement criterion is added as explained in Section 4.3.1.

. Constrained Delaunay Triangulation (CDT) and a-shape are performed separately

for both contacting bodies. Thereby, special treatment is necessary for self-contact
nodes, see Section 4.3.5. Furthermore, the material separation criterion is evaluated
during the a-shape detection, see Section 4.3.3.

. Boundary preservation with the previous boundary is realised by refinement tech-

niques based on the previous boundary information, see Section 4.3.2.

. Deletion of free nodes which are no longer part of the connectivity due to the a-shape

detection, the material separation criterion or the boundary preservation refinement.
Boundary related information required for contact prediction, see Section 4.2.5,
has to be adapted accordingly as well as node-indices in e.g. boundary condition
arrays.

. Detection of new boundary polygon consisting of all element edges which are not

repeated in the connectivity. Calculation of the related geometrical boundary infor-
mation necessary for contact meshing and the mesh generation in the subsequent
time step (for steps 3., 4. and 5.).

. Data transfer of state-variables to the new quadrature points according to Section

2.4.2. Also for the TRI6 element, nodal data has to be interpolated to the edge-mid
nodes and boundary information has to be extended and adapted accordingly.

. Mesh generation of contact elements based on the new boundary information, see

Section 4.3.4.

With the newly generated mesh the time step solution can be computed. The presented
methods are discussed in the subsequent sections.

4.3.1 Point insertion and removal for contact and material separation

Point insertion and removal as techniques for adaptive remeshing in PFEM are introduced
in Section 2.4.3, applied with small adaptions for the contact and material separation
modelling in the present chapter. For the contact discretisation and solution, several
methods are implemented which require boundary information. Therefore an extended
data mapping is necessary:
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e Interpolation or deletion of node data for inserted and deleted points. Thereby, also

the local characteristic point distance df,, is approximated because it is required
within the a-shape detection and cannot straightforwardly be recalculated after
point adaptivity. An average generated from the related nodes proved to work well,
especially since a manipulation of the value can lead to unexpected element deletion.



4.3 PFEM methods for contact and material removal

For example, a reduction of d, upon point insertion intended to approximate the

real value can lead to a deletion of neighbouring slightly larger triangles.

Transfer of boundary information by addition or removal of boundary points and
by splitting or updating of boundary edges. Furthermore, a simple averaging for
the outward normal vector and element height of the underlying bulk element
is sufficient as approximation for the subsequent meshing methods of boundary
refinement and self contact.

Transfer of the edge related traction data for the contact prediction explained in
Section 4.2.5 to the new edges by averaging upon point removal and copying upon
point insertion.

Updating of node labels upon point removal when working with numbered arrays
rather than objects.

Another extension to Section 2.4.3 is the necessity for rigorous data checks in the
point insertion algorithm. In Algorithm 1, distinctions with respect to boundary edges
are based on the number of boundary nodes of a targeted edge or element. However, this
assumes a well ordered mesh which can not be expected in the case of crack formation and
element deletion where also holes can be generated. Therefore, the following extended
checks are implemented:

e For point insertion on a boundary, the number of boundary nodes is not reliable
for detecting whether element edges are boundary edges. Therefore, a check is
included to see if the element edges are members of the boundary edge list. If an
element consists of two or three boundary nodes but the edges are not boundary
edges, it is likely to be an element between holes or cracks. In the case of two
boundary nodes without a boundary edge, the point is inserted in the centre of the
element. In the case of three boundary nodes and no boundary edges the point
insertion is skipped.

To remove points from an edge consisting of two boundary nodes, it is checked
whether the edge is a true boundary edge and whether the points are connected
to only one other boundary edge. The edge is only then collapsed to a midpoint.
Otherwise the edge is connected to holes or cracks and an edge collapse cannot be
handled correctly for these special cases.

Furthermore, a main extension is a physically based point insertion criterion. In [111],
points are inserted when the plastic dissipation of an element is significantly larger than
the average dissipation in the surrounding elements. However, [64] showed that the
equivalent plastic strain is also a suitable refinement criterion. In the case of isotropic
hardening plasticity, the accumulated plastic strain ;! is equivalent to the hardening
variable k which therefore is used within the a-shape detection. Since the a-shape is
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4 Modelling and simulation of material separation

performed before the transfer of state-variables, the values are calculated by a volume
weighted average from all adjacent elements for each node and then averaged in the
newly generated triangulation. The resulting locally smoothed quantity is denoted as
gyl In an opposite sense to the a-shape test, a point is inserted when a test radius is
smaller than the circumecircle radius, i.e. when r*** < r.p. The point insertion prevents

the a-shape from erasing the element upon further deformation. Now, the test radius for
point insertion is made dependent on a global mesh density according to

r;nax — ains lseed (448)

with the global mesh seed size [g.q which can be an approximate average for the relevant
region in a graded mesh. The insertion a-parameter o™ is now made dependent on the
averaged equivalent plastic strain g1 of the considered element with a piecewise linear
function visualised in Figure 4.16, such that evolving plastic deformation triggers a mesh
refinement.
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Figure 4.16: Reduction of the test radius parameter o'™ for point insertion depending on the equivalent
plastic strain leads to an adaptive mesh refinement.

Remark: In general, the a-test for point insertion (4.48) can be made dependent
on a local average point distance I!9¢ similar to (2.55). However, this can have a self-
amplifying effect as the refined mesh triggers refinement of neighbouring elements as

well, eventually leading to an unwanted amount of refinement.

4.3.2 Mesh generation with boundary preservation

In contact mechanics simulations, generally the previously defined contact surface is
preserved during remeshing. While a point insertion or removal on the surface polygon
is possible with proper transfer of node- and edge-related variables, see Section 4.3.1, an
edge flip on the surface that significantly changes the shape of the surface polygon may
lead to an unsolvable violation of the current equilibrium state. The generation of a crack
is also possible, but the modelling of the crack initiation or propagation should be based
on a remeshed connectivity that preserves the previous boundary polygon. The first key
method to achieve this is Constrained Delaunay Triangulation (CDT), which enforces the
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4.3 PFEM methods for contact and material removal

boundary polygon to be part of the connectivity. In addition, in curved regions of the
boundary polygon, elements appear that lie outside the previous boundary but are not
deleted by the a-shape test, see Figure 4.17a for an example. While this may be negligible
for fine meshes, it can lead to unwanted stiffening or a rejoining of previously separated
material. This is particularly problematic when modelling material separation where
crack boundaries are very close together. Therefore, a so-called boundary refinement
scheme is proposed in [27]. The term boundary refinement does not refer to a refinement
of the surface mesh density, but rather consists of a clean-up of elements that remain
outside the boundary polygon after a-shape detection.

Figure 4.17a shows a detail of a boundary area mesh after the a-shape detection, with
the previous boundary marked in red. Candidates for elements lying outside the previous
shape are identified by being composed only of boundary nodes from the previous mesh.
Boundary refinement is based on the outer normal vectors and the detected element can
be deleted, see Figure 4.17b.

(a) a-shaped mesh with red marking of the bound- (b) Final mesh after refinement criterion based on
ary from the previous time step. An element outside normal vectors of the previous mesh deleted the
the previous boundary (red) is targeted for refine- outside element.

ment.

Figure 4.17: Detail of a boundary mesh after a-shaping and after additional boundary refinement.

The original boundary refinement criterion from [27] is visualised in Figure 4.18a. For
each vertex of the triangle, the centre-vertex vectors are projected onto the outward
normal vector of the respective vertex. If at least one of these projections is negative, the
element is considered to be outside the shape. An alternative criterion is proposed in this
work and visualised in Figure 4.18b. The element is rejected if an outward normal vector
points into the element. The detection is based on angles between edges and normal
vectors. Two special cases are discussed here, where the criteria do not work optimally.
In Figure 4.19a a rough surface with a corner element inside the previous boundary is
considered. With Criterion 1, nodes 1 and 2 give negative projections, i.e. the element
is recognised to be outside of the previous boundary and deleted. Criterion 2 is less
sensitive to such rough surfaces. However, a second scenario visualised in Figure 4.19b is
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4 Modelling and simulation of material separation

a potential self-contact scenario. Here, Criterion 1 can delete the critical element while
Criterion 2 fails because no vertex normal vector points into the unwanted element. As a
compromise, this work uses a combination of both criteria, which may be too strict in
some special cases, but guarantees a robust boundary refinement for material separation
examples. The combined method is summarised in Algorithm 2.

\‘ ns \‘ ns3

(a) Criterion 1: delete element when projection of ~ (b) Criterion 2: delete element when outward nor-
centre-vertex vector dj onto outward normal 7y mal vector points into the element. The detection
is negative, cf. [27]. Here, nodes 1 and 2 lead to is based on angles between edge vectors. Here,
rejection of the element. only node 2 leads to rejection of the element.

Figure 4.18: Detail of boundary area with previous boundary (red). Two criteria for boundary refinement
for detecting elements which lie outside the previous boundary are sketched.

4.3.3 Simulation of material separation

For the modelling of material separation, a physically motivated extension of the a-
shape method is proposed in this work. The test radius of the a-shape method is made
dependent on a damage criterion which makes the shape detection more sensitive in
damaged regions. In such manner, the shape detection models a crack formation in
damaged regions. As a deformation based criterion for the damage of the material, the
averaged equivalent plastic strain g3 is used in this work. This represents a simplified
ductile damage evolution based on the plastic strain which is also one driving factor in
classic ductile damage models such as [68]. The dependence of the a-shape parameter «
on g4, or k respectively, is visualised in Figure 4.20 exemplarily for a maximum value of
« = 1 which will be used in the subsequent numerical example. If a different value of «
is desired, the function can also be used as a scaling factor of the maximum value. The
approach has similarities with a simple element deletion as soon as « tends towards zero.
However, the gradual reduction of the shape detection sensitivity provides more control
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4.3 PFEM methods for contact and material removal

(a) Refinement Criterion 1 rejects an interior ele-
ment on a rough surface because the angle between (b) In potential self-contact situation Criterion 2
d; and n; is < 90°. Criterion 2 accepts the el-  fails to delete the highlighted element, since no
ement because no normal vectors point into the normal vector is pointing into the element. Crite-
element. rion 1 performs better in this case.

Figure 4.19: Critical cases for boundary refinement.

Algorithm 2: Combined boundary refinement scheme with Criterion 1 from
[27] extended by a second criterion.

1 detect elements consisting of only boundary nodes of the previous boundary

2 Criterion 1: calculate vectors from center to vertex d;, = x;, — . and the
projection onto outward normal vector ny as pp = dj. - N

3 Criterion 2: calculate edge-vectors a and b from node k to the other nodes a
and basa ==, — x; and b = x;, — x;,

4 calculate angles between vectors, ©ap, Pne and @pp, €.g.
Yab = cos™ ! (a- b/|a] ||b]))

5 calculate Boolean by for each vertex by = [Pna < Yab AND ©np < Qab)

6 Combined criterion

7 if at least one (pr < 0) or at least one (by == false) then

8 L reject element
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4 Modelling and simulation of material separation

over the process, and the mesh quality also has a slight influence on the deletion of the
elements.

1.04
S 0.5}
0.0 [ ‘
0.0 1.5 2.0 3.0
g;q

Figure 4.20: Reduction of the a-shape parameter based on the equivalent plastic strain makes the shape
detection more sensitive in highly deformed and probably damaged regions.

4.3.4 Mesh generation of elements for contact and self contact

For the generation of the contact domain mesh, a triangulation of the space between the
contacting bodies is required. The gap between the bodies is close to zero in the case of
contact. Therefore, based on [58], the following steps are performed for the contact mesh
generation.

After generating the bulk mesh, the boundary information is derived. To do this,
all element edges in 2d that are only contained once in the bulk connectivity are
stored as boundary edges and from these, information regarding boundary points
and outward normal vectors are derived.

A shrinkage is applied to the boundary polygon for mesh generation, see Figure 4.21a.
Thereby, all boundary nodes are moved inwards along their normal vectors to create
a gap between the bodies.

The boundary points are meshed with a Constrained Delaunay Triangulation, see
Figure 4.21b. This guarantees that the actual boundary edges are similar to the
bulk surface mesh and that no edge flips occur.

The a-shape method can be used in an opposite sense in order to detect the shape
of the contact patches, i.e. those contact patches where the bodies are close to
each other, see Figure 4.21c. This reduces the number of contact elements to those
which probably come into contact.

Finally, the generated connectivity is used on the real coordinates, see Figure 4.21d.
The shrinkage is only applied for mesh generation purposes.

The shrinkage factor highly influences the quality of the contact mesh. In curved regions of
the contact surfaces, a large shrinkage leads to poor mesh quality when the connectivity is
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4.3 PFEM methods for contact and material removal

used on the real point coordinates. Therefore, the shrinkage is implemented as an iterative
process. The shrinkage depth is initially chosen to be very small, e.g. 1/100 of the local
element height, and subsequently increased by a factor 2 until a CDT can successfully
be generated without edge-intersections. A disadvantage of the small shrinkage depth
is that the a-shape method tends to create holes in the contact mesh. Therefore, the
a-parameter has to be chosen rather high, e.g. @ = 6 in order to achieve a filled contact
domain mesh. For the a-shape of the contact mesh a global averaged characteristic
length turned out to create contact meshes without voids. From the connectivity of the

ave

contact mesh the average distance of all edge lengths (2}° is mixed in a heuristic manner
with the minimal edge length [™{" according to
2 [ave + lmin
lob ed ed
lhar = — 3~ (4.49)

and the standard a-test (2.53) deletes all elements with r, = « lfﬂi < Teireum T-
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(a) Shrinkage of boundary nodes along inward
normal vector makes room for intermediate
mesh.

(c) The a-shape reduces the mesh to the likely

(b) Constrained Delaunay triangulation of
boundary nodes automatically includes bound-

ary polygon.

(d) Generated mesh is used on real coordi-

active contact region. nates.

Figure 4.21: Mesh generation of the contact domain consisting of elements that are spanned between
the surfaces of the contacting bodies.

Further filtering of the contact element mesh is proposed in order to reduce the number
of possible self-contact nodes and to exclude elements with invalid features. Candidate
self-contacts are subjected to a special treatment described in the following section 4.3.5,
which is undesirable for an unnecessarily large number of nodes. Furthermore, incorrect
contact forces may occur for contact elements with invalid features. The contact mesh
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filtering procedure identifies and removes invalid contact elements based on the newly
generated boundary information. First, elements with zero or two boundary edges are
discarded because they do not provide a proper base-side for the contact patch. For
elements with exactly one boundary edge, the orientation of the third node is checked
to ensure that it lies in the outer normal direction of the boundary edge in shrunken
coordinates. The normal direction is determined by the normal to the boundary edge,
where the outward direction is derived from the average of the vertex outward normal
vectors. If a vector from the base side to the third node has a negative projection on
the outward normal vector, the element is removed. This process ensures that only valid
contact elements, with correct orientation and boundary conformity, remain in the mesh.
Figure 4.22 illustrates this filtering technique.
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Figure 4.22: Section of mesh with crack and self-contact. The generation of the contact mesh for
boundary nodes on the shrunken coordinates is extended by a filter operation to exclude elements
without a proper base side and elements where the third node does not lie outside the base side (negative
projection).

4.3.5 Treatment of self-contact

As soon as the material separation leads to a chip separation and the chip comes close
to the base material again, self-contact elements have to be created. The deletion of
elements by the a-shape automatically leads to a change in the boundary polygon when
the new boundary is extracted from the connectivity. In such a way, the crack surfaces
automatically are part of the new boundary and thus also subjected to the shrinkage
of the boundary nodes for contact mesh generation which is described in the previous
section. However, the bulk mesh of the two contacting bodies is created in two separate
triangulations, whereas the base body and the separated material are still part of the
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same body and therefore meshed together. As soon as self-contact is present, elements of
zero thickness or even slight edge intersections will make the CDT of the bulk impossible.
Therefore, a treatment of possible self-contact nodes is applied similar to the shrinkage
within the contact meshing.

Self-contact candidates are detected from the contact mesh of the previous time step.
All contact elements consisting of nodes from only one body are self-contact candidates
and their nodes are stored in a corresponding list. Within the bulk mesh generation,
the self-contact candidate nodes are moved along the negative vertex normal vector for
5% of the underlying bulk element height. All required information is provided by the
previous mesh in the boundary information and is therefore also transferred in the case
of point insertion or removal. A recalculation based on the new mesh is generally also
possible by assuming the boundary edges of the old mesh and detecting the respective
underlying bulk element from the connectivity list. Figure 4.23 shows an example of the
movement of the self-contact candidates and the generated mesh on the real coordinates.
The shrinkage of the self contact candidates makes room for a correct mesh generation of
the bulk mesh. The intermediate elements in the crack are removed by the a-shape or the
refinement and the contact mesh is fully generated later in the contact mesh generation
as explained in the previous section.

= = =boundary edges

% self contact candidate nodes

x  moved self contact nodes
— — — Constrained Delaunay Triangulation
[ mesh after a-shape and refinement

9.5 10 10.5 11 11.5

Figure 4.23: Section of mesh with crack and self-contact. Generation of bulk mesh CDT with manipulated
positions of self-contact candidate nodes. Intermediate elements are removed by a-shape and boundary
refinement, then the contact mesh is generated separately.
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4.4 Elastoplastic material model

For the simulation of large shear deformations of steel, a Huber-Mises type elastoplastic
material model with isotropic hardening is considered. A multiplicative split of the
deformation gradient is defined as

F=F.F, (4.50)
The volume-specific Helmholtz free energy density is defined as

w(Cea k) = we(ce) + wp(@ (4‘51)

with the elastic right Cauchy Green tensor C, = F% - F, and the hardening variable k.
Following the Coleman and Noll procedure proposed in [33] the dissipation inequality for
the reversible case yields the Piola stress tensor

O

P=
OF,

L Ft (4.52)

with 1 = po¥. Assuming that this relation also holds in the irreversible case leads to
the reduced dissipation inequality

oY o
red __ t, . _ > 4.
Do {Fe aFJ L, ok k>0 (4.53)
~—— N
= M, =@

where L, = Fp -Fy ! is the plastic velocity gradient, M, is the work conjugate Mandel
stress tensor and () is the thermodynamic stress-like quantity which drives the hardening
evolution. A Huber-Mises type yield function is defined to describe the plastic flow with

b = [|dev(M,)|| — [Qo — Q] <0 (4.54)

where Q is the initial yield limit and dev(M ) = M, — tr(M ) I /3. The postulate of
maximum dissipation constraint by fulfilment of the yield function leads to a Lagrange
function

L(M,,Q,)\,) =D + )\, & (4.55)

mec

with Lagrange multiplier A, and which is to be minimised. The necessary conditions
yield the associated evolution equations

od - od

Lp:)\pw and l{?:)\p%
P

(4.56)

Hereby, the isotropic hardening contribution in (4.54) yields a direct equivalence of
k = A, such that k also represents the accumulated plastic strain. Furthermore, the flow
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direction follows as 0@/0M,, = dev(M,)/|| dev(M,)||. For the time-discrete solution of
the evolution equations (4.56) with a time step At, Backward Euler time integration is
applied for k£ resulting in

kpi1 = kn, + At [)\p]nH
=: A\

(4.57)

In order to achieve the preservation of a volume conserving evolution of the plastic
deformation F',,, i.e. det(F',) = 1, exponential time integration is applied as discussed in
[42] according to

T=A-T = T, =exp(AtA)-T, (4.58)
Application to the rearranged evolution equation (4.56)1, i.e.

0P

F,=), aar Fr (4.59)
p

leads to the discrete update equation

[Fp),., = exp (A)\pﬁa—]\i) [Fyl, (4.60)

Algorithmically, in the case of a violation of the yield function (4.54) within the elastic
trial step, the coupled system of equations ¢ = 0 and (4.60) is solved for the 10 unknown
coefficients {F',, A\, } with a Newton-Raphson scheme. As this is a standard model for
finite elastoplasticity, the reader is referred to the cited literature for further details.

The specific energy density used in this work includes a standard Neo-Hooke function
of the form

1 J?2 -1 A
7v/}e(c’e) = 5# [Ce: I- 3] + A 4 - 5 T hl(']e) (4'61)
from which the Mandel stress tensor derives as
J? —
M, =\ ‘32 I+u[Ce—1] (4.62)

Moreover, the Piola stresses can be calculated by
PoFt M, F -2l F, F'-F" 4.63
—Le p ' f'p — 2 +p [ e ' f'p T } ( ’ )
Furthermore, a linear hardening contribution is defined as

Vp(k) = % Hy, k2 (4.64)
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resulting in Q = Hy, k.

Remark: In contrast to Section 2.2 analytical linearisation is applied for the algorithmic
tangent of the elastoplastic material in this section, which is necessary for the global
Jacobian matrix of the Finite Element formulation (2.24). Due to the dependence of
P on both the total deformation gradient F' and the plastic evolution F',, the total
derivative reads

oP oP OF,

P=—:dF :
d oOF d +8Fp oF

. dF (4.65)

whereby OF,/OF can be derived from the local Newton tangent of the converged state.

4.5 Numerical examples for plasticity, contact and
material separation

Modelling of the shearing of a surface asperity is the main objective of this chapter.
Since the performance of the P1P1 and the TRI6 element formulations is only studied
for quasi-incompressible hyperelastic material behaviour in PFEM in Section 4.1, a
benchmark example for incompressible plastic flow is presented first.

4.5.1 Element comparison for incompressible plastic flow

In this section, a short comparison is made for the presented elastoplastic material model
in order to compare the element behaviour for incompressible plastic flow. The classic
Cook’s membrane problem is analysed based on similar parameters as in [112] with a
higher load in order to introduce more plastic flow and a lower Poisson ratio which
clearly focusses on plastic incompressibility. The specific parameters are Young’s modulus
E = 70 MPa, Poisson ratio v = 0.3, hardening modulus H);, = 0.135 MPa and initial
yield limit Q)g = 0.243 MPa. The total applied force of 3N is applied on the right edge,
where vertical nodal forces on the equidistant 16x16 grid can be calculated as 1/16 for
middle nodes and 0.5/16 for corner nodes to represent the total loading. The dimensions
of the membrane are defined by the corner points (0,0), (48,44), (48,60) and (0,44) in
mm, where the first component is the horizontal direction and the second is the vertical
direction. The load is applied in 100 time steps.

Figure 4.24 shows a comparison of the displacement-force curves for a linear triangular
element TRI3, a quadratic triangular element TRI6 and a mixed P1P1 formulation.
As expected, the TRI3 element shows the stiffest behaviour, whereas the TRI6 and
P1P1 show similar performance under severe isochoric plastic deformation. The TRI6 el-
ement is thereby slightly softer than the P1P1 element and no differences regarding the
stabilisation factor af of the P1P1 element are visible in this figure. A further analysis of
a? is therefore shown in Figure 4.25 which reveals only a very small increase in softness
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4.5 Numerical examples for plasticity, contact and material separation

with increasing the stabilisation factor. The stabilisation factor af = K/10 = 58.33 MPa,
which yields best results in the study for elasticity in Section 4.1, still works well, whereas
a further increase to a? = K or higher values leads to numerical divergence of the FEM
solver. Since no significant influence is visible in the case of isochoric plastic flow with
volumetric elastic deformations due to v = 0.3, a value of o = 2 is chosen in order to
prevent numerical instabilities. The element properties are furthermore illustrated in
Figure 4.26 where the severe volumetric locking is evident in the checkerboard pressure
patterns in Figure 4.26a. The two advanced element formulations perform significantly
better. However, the P1P1 element retains slight pressure oscillations, see Figure 4.26b,
while the TRI6 element shows a smooth distribution, Figure 4.26c. The plots thereby
show one value per element, i.e. a volume weighted average of the quadrature point values
per element. A projection and averaging of the quadrature point values on the nodes
would yield a smoother representation, but the element-wise values are preferred in order
to see the pressure jumps.
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Figure 4.24: Displacement response of elastoplastic Cook’s membrane problem for different element
types in PFEM. After similar response in the elastic regime, the curves diverge during incompressible
plastic flow. The TRI3 element gives a stiff behaviour due to locking while both TRI6 and P1P1 show
a softer response. An influence on a? in the P1P1 element is not visible in this figure.

4.5.2 Shearing of surface asperities

In order to analyse the applicability of the PFEM in the simulation of material abrasion,
an example where two surface elevations shear off against each other is analysed in the
following. On a microscopic level, these surface elevations represent a cut-out of the
surface asperities of two contact partners which are approximated by a sinusoidal wave
geometry. The dimensions and boundary conditions of the boundary value problem are
visualised in Figure 4.27. The units are g — mm — ms and the dimensions of the problem
are chosen arbitrarily for a general proof of concept. Periodic boundary conditions
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Figure 4.25: Displacement response of elastoplastic Cook’s membrane problem for different stabilisation
factors a? for the P1P1 element in PFEM. Only the detailed view shows slightly softer behaviour for
increasing stability parameters. Further increase leads to numerical divergence of the FEM solver.
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Figure 4.26: Pressure plots for elastoplastic Cook’s membrane test for three element formulations in
PFEM. The TRI3 element shows strong locking, the P1P1 element performs much better, but some
oscillations remain, whereas the TRI6 element shows a smooth distribution.
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Figure 4.27: Periodic cut out of sinusoidal surface asperities shearing off against each other by a
prescribed displacement e applied on the top edge. The side edges of both bodies are subjected to
linear constraints on opposing nodes.

on the side edges of the lower and upper bodies are realised with linear constraints
in order to model the support from the neighbouring material. A global seed size of
lseea = 0.5 mm is applied with coarser seeds of 2 mm on the edges of the substrate resulting
in a slightly graded mesh density. The initial mesh consists of 3908 triangular elements
which increases to approximately 4150 elements for both considered element types due
to mesh adaptivity. Steel-like material parameters are assumed for both surfaces with
identical elastic properties of E = 210 GPa and v = 0.3. The upper body possesses
a very high yield limit such that its response results in hyperelastic behaviour for the
examples considered in the following. The lower body represents a low-alloyed steel with
Qo = 110 MPa and a very small linear hardening modulus of Hy, = E£/10000. This
almost perfect plastic behaviour is chosen for significant strain localisation in the region
where the material separation shall occur. Dynamic contributions as well as volume
forces are considered, where the mass density is pg = 7.81 x 1073 g/mm? and the gravity
constant g = 9.81 x 107 mm/ms? leading to a body force vector b = [0 — g|*. The
top edge of the upper asperity is moved to the right with a prescribed displacement of
Upre = 4 X 1073 mm/ms. The time step for writing output files is Aty = 2ms, where
time step adaptivity reduces the calculation time step to a minimum of At = 3 x 107° ms
for short periods of the simulation. The remeshing parameters are chosen as follows:
Point insertion is based on the test radius r*** ins [ ed With o™ depending on gy
according to Figure 4.16. Here, the global approximate lgeq = 0.5 mm is inserted and
point adaptivity is only activated for the lower body and therein only the upper part with
vertical position y > 3 mm. The point removal parameters are chosen as the default values

=
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4 Modelling and simulation of material separation

in Algorithm 1. A point-density dependent a-shape detection is applied with a linearly
decreasing a-factor as specified in Figure 4.20. The interior stabilisation parameter of the
contact model is chosen as agp = 0.01, see (4.41). As Coulomb friction is a constitutive
model representing asperity shear and adhesive forces, frictionless contact is simulated at
the asperity level, i.e. u = 0.

Figure 4.28 shows the force-displacement diagram of the summed up horizontal reaction
forces in the upper body. A linear increase in force can be seen after contact closure
at step 18. The evolution of the plastic deformation leads to a plateau of the force
required to maintain the shear. The force decreases slightly before cracking and the
softening becomes more pronounced after crack initiation at around step 500. When
the asperity material finally separates around step 800, the force drops to zero. Both
element formulations behave rather similarly in the force-displacement plot where the
main difference is a slightly faster crack propagation for the TRI6 element.

e N %ﬁé *
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Figure 4.28: Force displacement diagram for shearing of surface asperities with two different element
formulations. First crack initiation is at step = 500 for the TRI6 element and at step = 518 for the
P1P1 element. The output time step size is Aty = 2ms.

Figure 4.29 shows a sequence of time steps for both the TRI6 and the P1P1 elements.
The asperity contact induces large plastic deformations leading to a pronounced shear
band formation in Figures 4.29a and 4.29g. The mesh density is also mirrored in the
field of the hardening variable k since this quantity is directly related to the locally
averaged equivalent plastic strain g3 for isotropic hardening. Conceptually speaking,
gyl is responsible for the reduction of the point insertion parameter o™ according to
Figure 4.16, which serves as an adaptive remeshing criterion. In Figures 4.29b and 4.29h
the region of maximum plastic deformation reaches the value of k = 1.5, where the
a-shape parameter begins to be reduced by the linear function given in Figure 4.20 as a
fracture criterion. This increases the sensitivity to topology changes and thus triggers
the modelling of crack initiation. The crack propagates in the subsequent figures until
the material completely separates at step 790 for the TRI6 element and at step 822 for
the P1P1 element. The last two time frames in each series show self-contact situations
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4.6 Modelling and simulation of material separation — Conclusion

where the sides of the crack come back into contact after separation as the chip is pushed
aside. Figure 4.30 shows the driving stress of the plastic evolution, ||dev(M,)||, to
visualise a scalar-valued measure of the stress distribution. Due to the low hardening
modulus a very wide zone of maximum stresses can be seen. Upon crack initiation,
the material below the crack releases the stresses while the upper part is still loaded
by the contact situation. Complete material separation leaves the separated part with
residual stresses. These result from incompatible plastic deformations, mainly caused
by the deletion of elements in the crack modelling. The two element formulations show
significant differences in the quality of the stress distributions. Strong stress oscillations
are visible in the P1P1 element, as expected from the Cook’s membrane example in the
previous section. An element-wise constant value is plotted here as a volume-weighted
average of the three element quadrature points for both element formulations. No nodal
smoothing is performed for the visualisation, which would significantly improve the visual
appeal of the stress field. The observation is even more pronounced in the pressure plot
of the hydrostatic stresses in Figure 4.31 for the lower right part of the P1P1 model, see
for example Figures 4.31g and 4.31h. In contrast, a smoother stress distribution can be
observed for the TRI6 element, for example in Figures 4.31a and 4.31b. Only in the
contact region, the P1P1 element shows a slightly smoother pressure distribution, where
the TRI6 element in Figures 4.31a and 4.31b shows slight inhomogeneity.

4.6 Modelling and simulation of material separation —
Conclusion

This chapter presented a framework for the simulation of shearing and material separation
with severe isochoric plastic deformations modelled with the Particle Finite Element
Method. Thereby, two advanced element formulations are extensively compared regarding
their performance in cases prone for volumetric locking of standard linear triangular
elements. Furthermore, the PFEM remeshing methodologies are extended for the
modelling of material separation with an enrichment of the a-shape detection with a
fracture criterion based on the equivalent plastic strain. In addition, self-contact is
modelled with proposing a movement of the self contact candidate nodes to allow for
mesh generation as well as by adding filtering operations for the generated contact domain
mesh. The following conclusions can be drawn from this work.

e TRI6 is an alternative to the P1P1 element formulation for PFEM.

e In contrast to [114], the modelling of material separation cannot be solely based
on the a-shape technique if the deformation is not tension dominated. As soon as
shear deformation leads to rebuilding of the connectivities and, furthermore, large
deformations are modelled with mesh adaptivity, the element deformation is no
longer a measure for material deformation. Thus, a physical fracture criterion is
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Figure 4.29: Contour plots of asperity shearing for TRI6 element (a) to (f) and P1P1 element (g) to

(1). The last frames (e), (f) and (k), (1) show self-contact situations of the separated chip, where the
time steps here do not coincide due to earlier separation for the TRI6 element.
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(g) P1P1 step 498 (h) P1P1 step 550 (i) P1P1 step 700

(j) P1P1 step 780 (k) P1P1 step 825 (1) P1P1 step 848
0 I 140
||dev M| [MPa]

Figure 4.30: Contour plots of asperity shearing for TRI6 element (a) to (f) and P1P1 element (g) to
(1). The last frames (e), (f) and (k), (1) show self-contact situations of the separated chip, where the
time steps here do not coincide due to earlier separation for the TRI6 element.
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(a) TRI6 step 498 (b) TRI6 step 550 (c) TRIG6 step 700

(d) TRI6 step 780 (e) TRIG6 step 809 (f) TRIG6 step 834
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Figure 4.31: Contour plots of asperity shearing for TRI6 element (a) to (f) and P1P1 element (g) to
(1). The last frames (e), (f) and (k), (1) show self-contact situations of the separated chip, where the
time steps here do not coincide due to earlier separation for the TRI6 element.
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proposed and, as a more elegant element deletion approach, the shape detection
method is made more sensitive in regions of high material degradation.

e Self contact is modelled with an extension of the bulk mesh generation with a slight
relocation of the self contact candidate nodes in order to prevent edge intersections
in the Constrained Delaunay Triangulation for closed self-contact. Although the
original contact domain is automatically capable of self-contact, see [58], their
model does not include PFEM remeshing and thus the regeneration of the bulk
mesh does not pose problems in the case of closed contact.

e In future work, the pressure oscillations for plastic incompressibility for the
P1P1 should be further investigated since the author of this thesis is not aware of
discussions of this problem in the respective literature. Furthermore, the contact
modelling for the TRI6 element currently features a contact mesh which only
considers the corner nodes of the quadratic triangles. Although a contact mesh
including the edge-mid nodes seems better in terms of contact force distribution,
the simulations were significantly less robust. Furthermore, the current solution of
meshing only the corner nodes shows slight inhomogeneity of the contact pressures
which should be investigated further.

The presented PFEM framework for the modelling of material separation represents a
good starting point for microscopic investigations on the wear mechanisms on asperity
level, which can supplement the macroscopic wear simulation approach presented in
Chapter 3.
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5 Modelling and simulation of material
deposition

The introduction to this thesis in Section 1.3 introduces key aspects of material
deposition processes, such as DED-LB, and their importance in additive manufacturing.
Building on the theoretical foundation presented in Chapter 2, this chapter focuses on
the theoretical framework required to study the interaction between the deposited hot
material and the cold baseplate. The PFEM is used for its remeshing capabilities which
are essential for simulating extremely large material flows and modelling residual stresses
after deposition and solidification. Emphasis is placed on the phase transformation
material model for melt flow and solidification, and the PFEM methods described
in Section 2.4 are supplemented by methods related to material bonding. Numerical
examples of material behaviour and a 2d application example are given. A conclusion
shows how this work contributes to the goal of a full featured simulation model for
deposition simulation in DED-LB.

Apart from minor adaptations, this chapter is a textual reproduction of the journal

article [120], with directly quoted passages marked in each numbered subsection using

td. td
[(1120] {to }F120]‘

5.1 Material modelling of melt and solidification

[?;g]'{The phase transformation model is based on the small-strain model presented in [95],

which is founded on an averaged energy density function and mass phase fractions. While
the averaging is adopted from the reference, the phase evolution by energy minimisation
is replaced by a temperature based phenomenologically motivated function in the present
work and the kinematics are extended to finite strains. This section describes the phase
transformation model along with large strain constitutive equations for the solid and

fluid phase. }?lt;d]
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5 Modelling and simulation of material deposition

5.1.1 Phase description and homogenisation

[?gﬁj{The microstructural evolution of the phase-mixture is described by volume fractions

&. of phase e according to

_ 4l
T av

& (5.1)
which describes the volume contribution dV, of phase e related to a reference volume
element dV. The symbol e is used as a placeholder for either mel (melt) or sol (solid)
whenever an equation holds for the melt and the solid phase. Furthermore, 7 is used as
an index, respectively counter, when a sum over phases mel and sol is conducted. The
mass fractions (, are defined similarly and are related to the volume fractions via

dme  poedVe Poe

Co = fo (52)

dm — pedV  po

where pg is the referential mass density, pge refers to the respective referential phase mass
densities and where dm, denotes the mass contribution of phase e in the mass element
dm. The phase fractions have to fulfil mass conservation which can be expressed as

ddmy=dm = ) =1 (5.3)
The mass-specific free energy density ¥ of the phase-mixture is specified as

=3 G (5.4)

as a basis for the constitutive modelling. For the use as elastic potential, the conversion
to volume-specific energy densities via W, = 10s/pge is made. A multiplication with pg
yields a volume-specific description of the energy mixture as

powzpozﬁwizzgm (5.5)

where the conversion to volume fractions is based on (5.2). The components of the
phase-wise energy densities can furthermore be specified by

Ve = P0(Cl) + 95 (0) (5.6)

where the mechanical part ¥2°(C,) will be specified in Section 5.1.2 and the caloric
part ¢¢(6) will be specified in Section 5.1.3.

In [95], an energy-minimisation approach forms the foundation of the homogenisation
technique. To account for the more complex kinematics in the present large strain
formulation, a Voigt-type homogenisation technique is applied as a simplification. The
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5.1 Material modelling of melt and solidification

homogenisation approach affects stresses and effective material properties during solidi-
fication, but does not couple to the transformation itself, which is modelled as purely
temperature dependent. Consequently, the influence is limited to the narrow solidification
temperature range and is assumed to have no significant effect on the results. This
justifies the adoption of the simplest homogenisation assumption of identical deformation
in both phases, i.e.

F=F,,=F (57)

Based on the hyperelastic format specified in (2.6), Piola stresses are now derived from
the averaged energy density according to

i =Y op =Y &P, (5.5)

where the Voigt assumption (5.7) allows for an uncoupled calculation of the phase-wise
Piola stresses P, = 01, /0F,. Likewise, the averaged heat capacity ¢y is calculated from
(2.6) and (5.5) as

_ P poW *1;
=009 =" Zg 96 06 (59)

Phase evolution equation

The energy-based homogenisation approach in [95] shows that temperature is the main
influence on the solidification of melt in AM processes. Therefore, in the present work a
purely temperature based evolution equation for the melt mass fraction (¢ is applied. A
smoothed step function is applied to describe the phase transition similar to [73, 113] as

Cmel(0) = ; {tanh (M [0 — em“}) + 1} (5.10)

close to the melt temperature 6™, The temperature range factor A is used to adapt
the transformation behaviour to the physical behaviour. The transformation function is
illustrated in Figure 5.1 for different range factors. Due to the closed format, an explicit
equation for the transformation rate Cmel can be derived as

1 2 mlt )
gmel(e (9) Esech (AQ 0 —0 ]) 0 (5.11)

td.
Yi2o)
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Figure 5.1: Phenomenological melt-evolution function {yei(#) defined in (5.10) as smoothed step function
of tanh-type. The melt-temperature ™!* = 1400 °C and the temperature range factor Af govern the
transformation behaviour. Reprinted from [120], licensed under CC BY 4.0.

5.1.2 Mechanical constitutive model of the phase mixture

[?;g]'{The mechanical constitutive equations for the balance of linear momentum (2.4) are

defined in this section. Thereby, a prototype model for the solidification and re-melting of
metal is derived. The number of phases is restricted to one melt and one solid phase. The
deformation splits into a deformation path of the solid phase fraction (s, and the melt
phase fraction (.. The melt phase additionally features unbounded isochoric viscous
deformation similar to a Maxwell fluid to allow for the description of the fluid-like melt
behaviour. The multiplicative decomposition of the deformation gradient for the melt
phase is

Fmel — iso  gpiso X Fvol . Fthm . Ftra (512)

mel,e mel,v mel,e mel mel

with the instantaneous elastic deformation Fﬁ%he which occurs upon fast loading when
the viscous deformation F},

has no time to evolve, and with a decomposition of
the volumetric deformation into the elastic part FY°!

mel,e

thermal expansion F'™@ and transformation stretches F2. The solid phase is modelled
by an elastic constitutive relation extended by thermal expansion and transformation
stretches. Moreover, the irreversible viscous deformation upon phase transformation is

fully inherited to the solid phase, such that the multiplicative decomposition reads

and the irreversible parts for

F. = iso | [ iso }n X Fvol X Fthm . Ftra (513)

sol,e mel,v sol,e sol sol

Here, F59 _ is the isochoric elastic deformation, whereas [Fifn‘;lv]n does not evolve in

the solid phase but is inherited from the value in the melt phase from the last time
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step. Furthermore, the volumetric contributions Fyo ,, Fii™* and Fi% are equivalent to
the ones the melt phase. Upon remelting, the previous viscous deformations are also
to be inherited back to the melt phase. Both constitutive relations are detailed in the
subsequent sections. The total deformation is identical for both phases due to the Voigt
assumption (5.7). The model can be identically used for solidification and re-melting of
the material, as the phase evolution equation (5.10) uniquely defines the microstructural
state. The initial state of the material has to be known in order to correctly calculate

transformation stretches and thermal expansion.

Transformation stretches and thermal expansion

Transformation stretch and thermal expansion are inelastic deformation contributions
and assumed to be volumetric. The volumetric stretches are given in terms of the
determinant J, = det(F',) which defines the volumetric part of the deformation gradient
as FY°' = JJ/* I. Therefore, the volumetric part of the decompositions (5.12) and (5.13)
can be expressed as a decomposition of the Jacobians as

F' = P F Fe = [, g ) (5.14)

such that the elastic part follows as Jo. = J, [thm me]fl and where the inelastic
contributions are defined in the following. As the melt and the solid phases possess
different mass densities, the transformation induces a volumetric transformation stretch
J&* which can be derived from mass conservation. In contrast to (5.3), where the total
mass of the phase mixture is preserved, a transforming mass element is compared between
the initial state dm; and the transformed state dmsy as

dVa _ pom
dVi  po2

As mentioned above, different initial states can be considered in this model. Therefore,
the transformation stretch only occurs in the phase that is not present in the initial state
of the part under consideration. Furthermore, the initial and transformed mass densities
are considered at liquidus temperature 6'9¢ as poiqd and solidus temperature 039 as posia
in order to clearly differentiate between heat expansion and transformation stretches.

The remaining inelastic volumetric deformation contribution is thermal expansion.
According to [80], thermal expansion can be introduced by a nonlinear temperature
dependent stretch function

Jm () = exp ( /6 6 athm () dﬁ) (5.16)

ref
.

dm1 = de <~ Po1 d‘/i = P02 d‘/g — Jl;ra = (515)

with the temperature dependent expansion coefficient o™ being integrated with inte-
gration variable ¥ from reference temperature 63! to current temperature . Assuming a
temperature independent o'"™, this simplifies to

JI(6) = exp (o™ [0 — 6,°1) (5.17)
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In the case of a temperature dependent heat expansion coefficient it is more convenient to
replace (5.16) with a, e.g., standard linear relation to circumvent the path dependence of
the expansion. However, as the present work focuses on establishing the basic simulation
framework, the exponential relation with a constant expansion coefficient is chosen. For
the reference temperature 6, a distinction has to be made depending on the initial
material state. Starting from the initial phase, the initial temperature 6™ can often
directly be related to a stress-free configuration such that 6:¢f = #™. Upon transformation
from solid to liquid, the liquidus temperature represents the stress free initial state, i.e.
grf = 9'9d. Similarly upon transformation from liquid to solid, the solidus temperature
is the reference, i.e. 0 = #°'¢, which is one important source of residual stresses after

phase transformation.

Melt material model

The deformation path of the molten material is governed by a viscoelastic constitutive
relation based on [4, 44] which is adapted as a Maxwell fluid to allow for unbounded
isochoric viscous strains Fie, . Despite the unbounded isochoric flow, a contribution from
F'%, . is present in the Helmholtz free energy density which describes the instantaneously
stored elastic energy driving the rate dependent evolution of F52, . Furthermore, the
melt is considered to be compressible with an elastic volume dilatation Jpee. The

mechanical energy density is expressed as

1 . 1
P = 3 Grel [Croyo: T — 3]+ 1 Kol [[Jmete” = 1] = 2 In(Jimele)] (5.18)
@Zjixslzl r\;?ell

with the shear modulus G, and with the compression modulus K. The elastic part
of the volume dilatation, i.e. Jyele, is defined in Section 5.1.2. In view of the elastic
isochoric deformation, the first related invariant can be expressed according to

iso I = iso . [ iso }71 (519)

mel,e * mel * mel,v

where C°, is chosen as internal variable of the viscous evolution. The Piola stress

mel,v
tensor consequently reads
oy
P.= OF,
— G B fom)” - o (o) o] AR - R

(5.20)

The o indicates that this equation is valid for both the melt and the solid phases since
the viscous contribution is also present in the solid due to inheritance, see Section 5.1.2
for further details.
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Viscous evolution equation The evolution of the isochoric viscous flow C¥2,  is
introduced in a thermodynamically consistent way based on the dissipation inequality,

see [4, 44]. A Mandel type stress-tensor is derived as

awmel i -1 i a1/)mel
Mv:f' lnsfév = — Sl?ev' Fs 5.21
0[Chay] G 00T 2

which is used to reformulate the reduced mechanical dissipation inequality (2.7) as

Dred _ awmel . /viso
mec acjso . mel,v

mel,v

>0 = M |[Ch ]G] 20 (522)

mel,v mel,v

Thermodynamical consistence is thereby guaranteed by defining

. 1 e 0, .. o 0,
[Cray] - Cry x oM. mely =7 Chely - oM. (5.23)
where proportionality factor 4 > 0 is a viscous rate multiplier and where flow potential

@, is introduced similar to v. Mises plasticity but without a threshold as

1/2 0D, Mdevt

G, = [M: M) iy (5.24)
The resulting pre-factor of the evolution equation is furthermore abbreviated as

1 .

= 4% (5.25)
which leads to the evolution equation in the form

~iso L o devt

mely = — Chay - My (5.26)

v

where 7, is the viscosity of the melt. For the specific energy function (5.18), the driving
stress tensor follows as
1 : : 11, - —1
dev 1S0 1S0 1S0 180
Mv - 5 Gmel [ mel * [ mel,v] - 5 Cme1: [ mel,v} I] (527)
For a more general introduction relating the pre-factor to Perzyna-type viscoplastic laws,
the reader is referred to [4, 44]. The purely isochoric evolution is to be guaranteed in the

numerical solution of (5.26). As this work proceeds, this is explicitly enforced by adding
an equality constraint det(C™°, ) = 1, cf. [44], yielding the local system of equations

mel,v
. 1 . oh
.= iso __ _— gviso | Mdevt . Av v -0 5.98
r mel,v Ny mel,v v 80;;%17\/ ( )
hy = det(Ci2, ) —1=10 (5.29)
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5 Modelling and simulation of material deposition

where A, is the Lagrange multiplier controlling the fulfilment of the equality constraint
h, = 0. By applying this additional constraint equation, an implicit Euler time integration

iso _ iso
viso mel,v mel,v ],

mel,v 7 At

(5.30)

of time step At is sufficient to preserve the fully isochoric evolution of C32, . The viscous
deformation tensor C32, | of the last time step n is stored as a state-variable and is also
passed to the solid phase for inheritance and back in case of remelting, i.e. both phases

share only one viscous state-variable which solely evolves within the melt phase.

Solid material model

The deformation path of the solid material is governed by an elastic constitutive equation,
which is further extended to incorporate inelastic transformation stretches and thermal
stretches, both assumed to be volumetric contributions. The mechanical energy-density
is similar to the melt model and, based on [4, 44], is chosen as

1 : 1
o = 5 Gaar [CGler T = 3] 4 Kot [[ ™ = 1] = 2 In(uce)] (5.:31)
O

with the shear modulus G, and with the compression modulus K,,. The elastic part of
the volume dilatation Jg, . is defined by deducting the inelastic contributions from the
full volume dilatation as presented in Section 5.1.2. At the current state, the isochoric
deformation of the solid is purely elastic as no plasticity is considered. However, during
transformation the irreversible viscous deformations are inherited from the melt phase.
Similar to (5.19), the elastic isochoric deformation of the solid phase is described in terms
of the first invariant as

iso . T _ (iso. “ iso ]n}l (5.32)

sol,e * sol mel,v

by deducting the inherited viscous melt deformation from the full isochoric deformation
of the solid. The inheritance is thereby computed based on the converged value from the
previous time step n in order to prevent unwanted coupling of the viscous melt evolution
to the solid phase stresses. Due to the inheritance and the similar energy densities, the

Piola stress tensor Py, is computed analogously to the melt phase via (5.20). }?lt;d]
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5.1 Material modelling of melt and solidification

5.1.3 Thermal constitutive model of the phase mixture

ﬁ;g {The thermal constitutive relations to further complete the energy balance (2.5) are

introduced in the sequel alongside the contributions which define the thermomechanical
coupling. The caloric energy contributions are defined similar to [95] as

Y2 (0) = — coma 0 In(0) (5.33)
6 eref
ggll(e) = — Cosol 0 111(0) + Lsol erefSOI (534)

sol

with the heat capacities of the phases come and coso and the latent heat Ly, which
represents the gain of stored thermal energy upon phase transformation, calibrated to
the reference temperature 6 at which the phase transformation starts to evolve.

Heat sources

Although the evolution equation is chosen in a phenomenological manner according to
(5.10), the dissipation still enters the energy balance (2.5) as part of the coupling heat
source ™, cf. (2.8). The first term in (2.8), i.e. 09y P: F, describes the thermoelastic
heat source. Based on (5.8) and by keeping the deformation gradient as well as the
internal variables constant, the derivation results in

Z G 9 with oP, _ = Koai™ exp (o™ [0 — 027])  (5.35)
Poi 89

for the nonlinear heat expansion model (5.17). This thermoelastic coupling (5.35) is only
given for completeness but neglected in the numerical examples in the present work due
to its small influence on simulation results in comparison to other effects.

The dissipative heat sources in (2.8), i.e. D¢ — 0 9yD*4 | depend on the internal

variables V = {(uel, iffgm}. Thereby, (e is chosen as internal variable of the phase
transformation which directly also defines (so = 1 — (el via the mass balance (5.3). The

dissipation contribution follows as

red alp

_ e . Oiso 5.36
mec PO agmel C 1 = P0 3 ~is0 acﬁglv mel,v ( )
ngel D;o

As this work proceeds, the dissipation of the viscous evolution in the melt phase DCEZ .
is neglected in the heat source, as the resulting temperature increase is neghglble
compared to the overall high temperature of the melt. The heat generated by the phase
transformation plays a more significant role in the thermal balance. The specification of

De,., follows from the averaged energy density (5.5) as
wsol wmel

Posol L0Omel

Deper = P0 { ] Cimel (5.37)
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5 Modelling and simulation of material deposition

where the solid energy enters via the mass balance (5.3). The derivative with respect to
temperature results in

aD@Lmel _ Comel Cosol
50— o H ] [1+1n(0)] +

LOmel Posol

Lsol

f
Posol 0;21

:| Cmel

(5.38)
1 a¢mec _ 1 a¢mec

sol melj|< |
Losol 80 LOmel 89

+po [

The transformation rate (e is specified explicitly by the phenomenological evolution
equation in (5.11). Furthermore, the energy densities are given for the melt phase in
(5.18) and (5.33), and for the solid phase in (5.31) and (5.34), where the inheritance
of viscous melt deformation (5.32) has to be used. In view of the derivative of the
mechanical energy density with respect to temperature one obtains

Hopmee B 0PI D], 1 7T thm
20 — 0J.. 00 =5 K [Joe = Joe] [—ad™ Joe] (5.39)

Remark: For a more intuitive interpretation of the dissipative heat sources from (5.37)
and (5.38), the part of the dissipation stemming from the latent heat chatl is further
detailed in the following. The contribution related to latent heat in (5.37) is

9 eref
plt — PO sol ¢ (5.40)

Cmel f
e Posol 9;21

and the dissipative heat source due to latent heat follows as

lat
Tlat — lat gmel _ po

(5.41)

B S
Cmel ae pOSOl sol gmel

This equation shows the expected effects of heating upon solidification and cooling upon
liquification. Although the dissipation (5.40) itself can be negative for parts of the
evolution due to the phenomenological evolution equation, the heat source is still well
motivated and physically meaningful throughout the transformation. The full dissipative
heat source of the phase transformation from (5.37) and (5.38) furthermore contains
contributions from differences in the mechanical energy densities and the heat capacities
of the phases.

Effective heat capacity
The effective heat capacity (5.9) is derived for the specific model at hand as
a wz thm 2
=0 3 G~ 2. oo — 0 [ K 2 (5.42)

X

The quantity x stems from the thermoelastic contribution and can be neglected due to
the squared heat expansion coefficient.
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5.1 Material modelling of melt and solidification

Heat conduction of the phase mixture

Heat conduction is defined with a referential isotropic Fourier law to fulfil the dissipation
restriction (2.7) as

Q = — kg Vx0 (5.43)

with the referential heat transfer coefficient ky. Following the Voigt assumption used for
the kinematics in (5.7), the averaged heat conduction is modelled based on a parallel
configuration of two heat conductors which are also modelled via a Fourier law, i.e.
Q. = — koo Vx 0, with the phase-wise conduction coefficients kg,. The total heat flow
QdV = Q01 AViol + Qe dViner vields, together with (5.1), the averaged referential heat
conductivity

kO = gsol kOsol + fmel kOmel (544)

Surface heat flux

On the surface, convective and radiative heat flux is considered, see e.g. [15] also in
view of aspects of implementation. The heat flux in configuration B, is related to the
referential heat flux via @Q,, = Q - cof ~*(F},), where the scalar surface heat flux follows as
@, = — Q, - N,, with the surface normal unit vector IN,,. For simplicity, the surface heat
flux is directly defined with respect to configuration B,, as @y sur = @n.con + @n.raa With

Qn,con = —he [0 - Qoo] Qn,rad = —€0 [04 - [900]4] (545)

including the heat transfer coefficient h., the emissivity € and the Stefan Boltzmann
constant o. Due to the frequent remeshing considered in the numerical examples as this

work proceeds, the formulation is similar to a spatial definition of the surface heat flux.

td.
Hioo)

5.1.4 Numerical example of the material behaviour

[(11;3]'{111 order to illustrate the behaviour of the material model, a simple one-element

boundary value problem is considered as shown in Figure 5.2. The geometry and boundary
conditions are visualised in Figure 5.2a. The implementation of the thermomechanical
material model for melt flow and solidification, as presented in the previous sections, is
summarised in Algorithm 3 for, say, the quadrature point level of a continuum element.

The material parameters are similar to those used in the main numerical examples
in Section 5.3, compare Table 5.1. The data related to the baseplate is selected for this
example from Table 5.2, with ™ = 0 for simplicity. Heating applied by a volumetric
heat source until ¢ = 100 ms leads to thermal expansion and liquidation along with
transformation stretches. The prescribed curve of the heat source r*™' as well as the
solution of 6 and (. are shown in Figure 5.2b along with outlines of the deformed
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Algorithm 3: Phase transformation material model for melt flow and solidifi-
cation. Reprinted from [120], licensed under CC BY 4.0.

1 Input: Deformation gradient F', current and previous temperature 6, ,,, temperature
gradient Vx 6, history variable [C;;?GLV]”, time step At, element group index Igpe,
material parameters from Table 5.1 for both phases, part related parameters from
Table 5.2

2 Output:Piola stresses P, updated history variable Ciffél’v, heat flux @, mechanical
mec

heat source r™°¢, averaged heat capacity cg, part related mass density pg

3 Voigt assumption: F = Fy, = Fq

4 Assign part related parameters:

5 if Igpe is 1 (baseplate material) then

6 L Jstcr)la = 1a Jg& = pOSld/pOqu7 9;?{ = 9ini} £0 = Posol

7 else if Igpe is 2 (stream material) or 3 (connection zone material) then

t _ t _ f 1t _
8 | JE=poqa/posia, JEZ =1, 05 = 0™ — A6, pyo = pomel

9 Calculate phase evolution:
10 Cmer = 1/2 [tanh (2 [0 — 6™F] /AG) +1]

(el = 1/A0 [sech? (2[0 — ™) /A0) | [0 — 0,] /At
11 mass conservation (5o = 1 — (el

12 Volumetric deformation:
thm __ thm ref thm __
13 Jsol = exp (asol [0 - 9501]) ) Jmel =1 )

resulting elastic contributions: Jeo = J [J{m Ji72] -

14 Viscous evolution in melt phase:
15 if Cmet > 0 or [Cer| > 0 then

16 Solve local Newton scheme for Cirffél , and Ay
17 Initialise Cifl‘él v = [Cinsgl v}n and residual equations
8 | ry=Ch, — (O], = o MO, - MY — At A Ohy JOCTY = 0
19 hy = det(Ce ) —1=0
20 while residuum norm > tol do
21 Newton update for Ciff;l , and Ay
22 Recalculate r, h, and residuum norm
23 Piola stresses of the melt phase
24 P =
. _ 1 . _ 1
Gmel J72/3 |:F ’ [Ci?l?el,v] ' - g |:C : [Cii?el,v] 1:| Ft:| + 5 Kmel |:Jr%1el,e - 1:| Fﬁt

25 Solid material model: Inheritance of irreversible viscous deformation from melt
phase

: 1
26 Py = Ggo J /3 [F [Ciso

e o

3 mel,v

27 Phase homogenisation: volume fractions {mel = Cmel £0/Pomel;  Esol = Csol £0/ Posol
28 Effective Piola stresses P = &1 Psol + &mel Prmel
29 Effective heat flux Q = — [&so1 Kosol + Emel Komel] Vx 0

30 Effective heat capacity cg = &sol Cosol + Emel Comel

mel,v sol,e

1] F‘t} + %Ksol 20— 1] P

oD
31 Mechanical heat source r™* =D, —6 ﬁ based on (5.37) and (5.38)
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5.2 Remeshing methods for material bonding
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(a) One element boundary value ¢ ms|
problem (b) Time evolution (c) Outlines at different times

Figure 5.2: One element example for melting, flowing and solidification. Volumetric heat source
max(r®**) = 50 W/mm? leads to homogeneous heating until rapid melting occurs at ™! = 1400°C =
0.7 max(6). Cooling via surface convection and radiation under ambient temperature of > = 25°C
leads to solidification. Two pairs of contours in (¢) which show thermal expansion and contraction
are barely distinguishable from each other (black and grey, blue and turquoise). Reprinted from [120],
licensed under CC BY 4.0.

element at important points in time in Figure 5.2c. The material flows under gravity until
surface cooling induces re-solidification along with transformation stretches, followed by

small thermal contractions. }‘f‘f;d]

5.2 Remeshing methods for material bonding

The general PFEM methods introduced in Section 2.4 are extended below to also consider
the connection of two materials. [%g]‘{The a-shape method is adapted for the deposition
problem by using individual a-parameter values for different regions of the process. In
this context, three element groups are defined based on the nodal group index Igpn,
which takes value 1 for the baseplate points and 2 for the stream points. The element
group indices Igpe are deducted from the sum of the Igpn of the three element node
points p, i.e.

1 (baseplate element) — if > Igpn =3
Igpe = ¢ 2 (stream element) if >, lgpn=6 (5.46)
3 (connection element) if »_ Igpn=4or5

The basic idea of the deposition remeshing framework is to work with one common
Delaunay triangulation for both bodies and to let the a-shape technique decide as to
when the bodies are so close that they can be considered to be bonded. The bonding
thereby imposes a non-slip behaviour of the liquid-solid interface. A thin connection zone
is desirable since the formation of the connection elements adds mass to the simulation.
Three arguments can justify the formation of connection elements: for dense meshes
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the mass addition is neglectable (A1); in an additive manufacturing process there is
a constant inflow of mass and the connection layer is only a small shift in the inflow
process (A2); the connection elements are very useful for describing the extremely large
temperature gradients between metal stream and base plate (A3). The thinner the
connection zone can be made, the stronger arguments Al and A2 become. However,
argument A3 makes a complete suppression of the connection layer undesirable. For
example, in [108], the nodes of two concrete printing layers are merged when they come
close to each other. This approach is not applicable for different temperatures of the
two nodes, as it is the case in the DED-LB simulation. A thermomechanical contact
formulation would be applicable, but would add significant complexity for imposing
non-penetration and stick conditions along with challenges for the numerical robustness
of the formulation. Therefore, the connection zone is accepted as this work proceeds
and methods to restrict the thickness of this zone are developed. To be specific, three
approaches are presented for limiting the thickness of the connection zone.

e Reduced-a-method: the group index Igpe of each element from (5.46) is used in
order to choose a smaller value « for the connection zone, allowing the algorithm
to connect the bodies only when the distance is smaller.

o Threshold-method: a height-distance threshold hg,, for the gap height is applied
instead of the a-shape method of the connection elements. Only connection elements
which consist of nodes which all lie below hg,, are accepted in the triangulation.
This method is similar to the creation of the contact elements in [106].

e Progression-method: a height-distance threshold hg,, is enforced only for the
progression front of the connection zone. A standard a-test with an o value
similar to the continua is applied for all connection elements which lie behind the
progression front. In the case of a 2d simulation of metal deposition, the threshold
criterion is checked first and the maximum distance of a connection point from
the center line of the beam dP2% is stored. Afterwards, all connection elements are
checked again. If all their related distances are smaller than dP?% and they pass
the a-test, they are kept in the triangulation.

qtd.

These approaches will be compared in the numerical examples Section 5.3.3. }[1201

5.3 Numerical examples — melt flow and material
deposition

[?;gj{For the simulation of the metal deposition of the directed energy deposition process,
a cylindrical beam of molten metal is considered which left the cylindrical nozzle at a
previous point in time. The melting of the powder is therefore not considered in the

model. Moreover, the simulation model assumes a continuous fluid stream of molten
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5.3 Numerical examples — melt flow and material deposition

metal, whereas in reality it is possible that droplets of melt or unmolten powder particles
are mixed with shielding gas or air. In order to focus on establishing the material
modelling as well as on the PFEM methods for the flow and connection of the material,
a 2d framework is developed in the current work. In this section, firstly the shape
of the 2d beam cross section is derived and the material and process parameters are
summarised. The meshing methods for the connection zone as well as the influence
of point insertion and removal are then analysed and illustrated. The final deposition
simulation is presented and two parameter studies show the influence of the viscosity

and the impact velocity. }E%dd}

5.3.1 Derivation of a 2d cross section model for DED-LB

[gg]'{For the 2d simulation, a cross section of the 3d beam material in a 2d cutting plane

is derived as illustrated in Figure 5.3a. It is assumed that this shape of material will be
deposited in any y—z cross section of the process. As soon as the material reaches the
weld bead, a plane strain assumption can be justified by the large thickness of the bead in
feed direction. For simplicity, the plane strain assumption is used throughout the whole
simulation. A constant beam velocity consisting of the horizontal feed velocity v, and the
vertical beam velocity v,, and the beam diameter d, define the kinematics and geometry
of the deposition. Since v, # 0, the beam geometry results in an inclined cylinder where
the velocity ratio defines the inclination angle. The height h. and width w, of the ellipse

Uy

= P material beam
\ \

2d cutting plane
2d beam

cross section
\ |
e baseplate
v
Vo he he
------------- v
Voo I |
.......... :}:
dy We = dyp,
(a) Isometric view. (b) Side views in the 2—z and y—z planes.

Figure 5.3: Illustration of the 2d beam cross section from an inclined cylinder describing the material
beam and for constant beam velocities v, and v,. Side views in two planes show the geometrical
measurements. Reprinted from [120], licensed under CC BY 4.0.

representing the cutting plane can be derived from the side views visualised in Figure
5.3b according to

he = dy z— we = dy, (5.47)

T
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where h, follows from the velocity ratio and where w, is identical to the beam diameter
because the widest point of the ellipse is defined by the outer envelope of the beam. The
beam diameter of the simulated fluid stream does not coincide with the real diameter
of the nozzle in the process since only a continuous fluid stream of molten metal is
considered rather than a mixture of droplets and shielding gas. which is e.g. 3 mm.
Instead, the beam diameter is calculated from the mass-flow rate g of the process. With
the melt density pome this translates to the feed volume-rate

V= (5.48)

POmel

of melt coming from the nozzle. The volume of an oblique cylinder is the same as a
standard cylinder, i.e.
d? : d?
Vo=1ph, — V= 1tby, (5.49)
4 4
where the volume-rate of the beam is calculated by inserting the vertical beam velocity v,
as the rate of phe b@am height hAy,. The unknown beam diameter d, is therefore calculated
from setting V¢ = V4, by using (5.48) and (5.49) as

my

dy =2 —2
T Uz POmel

(5.50)

The volume rate and hence the beam diameter is not influenced by the inclination angle
of the oblique cylinder and therefore also not by the feed velocity v,. The feed velocity
only changes the height of the cutting ellipse according to (5.47), as this becomes shorter
with a more inclined stream. The simulation uses a beam velocity of v, = 3.58 m/s
measured at the Institute of Forming Technology and Lightweight Components at TU
Dortmund University by evaluating high-speed camera images of powder particles without
activating the laser beam. For the feed velocity, v, = 24 m/min is assumed as well as
my = 290 g/min for the mass flow rate. These process parameters result in a beam
diameter of d;, = 0.5 mm and an ellipse height of h, = 4.5 mm.

The boundary value problem is depicted in Figure 5.4, where only half of the y — 2
cross section is considered with a symmetry boundary condition. Only a section of
the original 10 mm x 100 mm cross section is taken into account for the baseplate and
the bottom of the cut-out is mechanically fixed and simulated as a heat sink. Heat
conduction and deformation of the baseplate are still fully considered in the model. The
phase transformation model also allows for a remelting of the baseplate, which, however,
does not occur in this example.

Remark: The feed velocity in the real process is v, = 1 m/min and the mass flow rate
is 7y = 12 g/min. However, these values yield an extremely long and thin elliptical cross
section with d;, = 0.1 mm and h, = 22 mm, which complicates the mesh generation and
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makes an extremely fine mesh necessary. In order to establish the simulation framework
with a reasonably shaped ellipsoid and a manageable mesh density, these parameters
are mitigated. The cross section area of the selected 0.5 mm x 4.5 mm ellipse is thereby

similar to the 0.1 mm x 22 mm shape, such that the amount of deposited material per

cross section is still comparable. }?ffd]

<

» = 3.58mm/ms

0.0125 mm

0.2 mm

lseed

| lseeq = 0.025 mm

fuy =uy =0,0=25°C
Figure 5.4: Sketch of the boundary value problem for the simulation of an elliptical 2d cross section of
the deposition process derived from Figure 5.3 and with a symmetry boundary condition. The initial
mesh consists of 406 points and 643 elements for the baseplate and 6338 points and 11950 elements for

the stream, generated with a characteristic element seed size of lseeq = 0.0125 mm for the stream and
lseea = 0.025 mm for the baseplate. Reprinted from [120], licensed under CC BY 4.0.

5.3.2 Material and process parameters

[?;%j{The material parameters for the two phases are mainly extracted from [88] for AISI
316 austenitic steel, see Table 5.1. Most temperature dependencies are neglected in the
present work since the phase transformation model covers the main property changes,
and further refinement of the material behaviour to the real process conditions is not in
the focus of this work. A representative value for each phase is therefore extracted from
the reference data. One exception is the Young’s modulus of the solid phase, which is
modelled with a thermal softening in order to reduce the stiffness increase that occurs
upon solidification. This is especially important since plastic deformation contributions
in the solid are, at the present stage, not included in the model. Young’s modulus data
from [23, 94] indicates that the Young’s Modulus reduces linearly from around 195 GPa
at room temperature to 130 GPa at 820 °C for AISI 316. Afterwards, [94] shows a drastic
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decrease in the curve which is not further specified beyond that temperature range.
Therefore, a linear function

MPa
°C

is assumed for the complete solid regime which yields a final value of Fy,(1350°C) =
86.7 GPa at the solidus temperature. Additional sensitivities which arise in (5.35) and
(5.42) due to this temperature dependence are neglected in this work. The shear modulus
Ge = F./[2 4+ 21,] and the compression modulus K, = F,/[3 — 6 1,] are derived from
the Young’s modulus and the Poisson ratio of the respective phases.

Besides the phase-wise properties, some parameters differ with respect to the initial
state of the material and are therefore distinguished with respect to the stream and the
baseplate part in Table 5.2. This is the case for thermal properties such as the initial
temperature, the reference temperature for heat expansion, the surface quality dependent

convection and radiation coefficients, as well as for the transformation stretch. }‘Ellt;d]

E.1(0) = — 81.66 [0 —24°C] + 195 x 10> MPa (5.51)

Table 5.1: Phase related material parameters of AISI 316 based on [88]. The estimated viscosity 7, has
been increased by factor 100 based on test simulations, whereas the value for Young’s modulus of the
melt has been assumed. Reprinted from [120], licensed under CC BY 4.0.

mm-g-ms Melt Solid
Mass density pg [g/mm?] 6.8 x 1073 7.8x1073
Poisson ratio v -] 0.26 0.26
Young’s modulus E [MPal] 2 x 103 —81.66 (6/°C — 24) + 195 x 103
Heat expansion o™  [] - 1.4x107°
Viscosity 7y [MPa ms] 800 x 107¢ -
Heat capacity co/po mJ/(g K)] 830 750
Latent heat L/pg mJ/g] - 260 x 103
Heat conduction kg [W/(mm K)] 30.5x 1073 23.4x 1073
Melt temperature 6™t  [°C] - 1400
Melt range factor A [K] - 50

5.3.3 Analysis of PFEM remeshing methods

[?gé]'{The present work adapts PFEM remeshing methods to the specific DED-LB process,

where the mesh generation for the connection zone and the adaptivity of the point cloud
play an important role. Therefore, these aspects are analysed in the following. For the
mesh generation of the connection zone, i.e. those elements which contain nodes from
both the baseplate and the stream, three methods have been described in Section 5.2.
Figure 5.5 shows a comparison of simulation results based on these methods for the
identical simulation time t = 0.4375ms. It becomes evident that the a-shape method
with a reduced a parameter alone does not provide a thin and closed mesh in the
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Table 5.2: Part related parameters based on the initial material state and real process conditions. Heat
transfer coefficient is based on [137] and increased in the stream to account for forced convection under
shielding gas flow, emissivity from therein is applied for the baseplate, whereas a higher emissivity based
on [15] is assumed for the rough stream surface. Reprinted from [120], licensed under CC BY 4.0.

mm-g-ms Stream Baseplate
Initial temperature 6™ [°C] 1738 25
Expansion ref. temp. 6" [°C] oIt — A gini
Heat convection h, [W/(mm?K] 800 x 1076 80 x 1076
Emissivity ¢ [] 0.81 0.4
Stefan-Boltzmann constant o [W/mm?K*] 5.6704 x 10~ 5.6704 x 10714
Ambient temperature 6> [°C] 25 25
Transformation stretch Jggl 1 posid/ Poiqa = 1.058

-]
Transformation stretch Jstcrj []

polgd/posia = 0.945 1

connection zone. Fither the zone becomes thinner for a very small a-parameter, which is
accompanied by holes appearing between the elements, see Figure 5.5a, or with a larger
a-parameter the connection zone becomes very thick and holes remain a problem along
with a deterioration of the aspect ratio, see Figure 5.5b. The use of a fixed gap threshold
significantly reduces the thickness, but in several positions the initially closed elements
provide sufficient support to the adjacent liquid melt stream so that the melt does not
fill the remaining holes, see Figure 5.5c. Finally, the progression-method results in a thin
and fully closed connection zone, where the method uses the standard a-parameter of
« = 1.4 for both the continua and the connection zone — but restricted to elements which
lie behind the progression front of the connection. The final result is visualised in Figure
5.5d.

(@) Reduced-a-method (b) Reduced-a-method (c) Threshold-method (d) Progression-method
a3 = 0.8 3 = 1.0

Figure 5.5: Comparison of meshing methods for the connection zone: a) and b) use reduced a-parameters
for connection elements (Igpe = 3), resulting in either many holes or very thick elements. c) applies
a gap threshold of hgap = lseed, reducing thickness but leaving holes due to support of neighbouring
elements. d) uses a gap threshold at the front and a standard a-shape behind, creating a closed, thin
connection zone. Reprinted from [120], licensed under CC BY 4.0.
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(@) No point adaption leads to (b) Point insertion prevents holes. (c) Additional point removal pre-
holes and point accumulation. vents point accumulation.

Figure 5.6: Comparison of a section of the mesh at ¢ = 0.875ms for no mesh adaptivity (a), for utilising
point insertion in large elements (b) and for additional collapsing short edges to a single mid-point (c),
leading to sufficient mesh quality. Reprinted from [120], licensed under CC BY 4.0.

The mesh adaptivity methods of point insertion and removal are tested for the first
phase of deposition and Figure 5.6 shows a comparison. Figure 5.6a shows extreme
accumulation of points in vertical direction due to the compression of the material, while
large flow in horizontal direction leads to very large and distorted elements. The a-shape
method deletes some very large and distorted elements, such that holes appear in the
discretisation. The simple geometrical point insertion scheme discussed in Section 2.4.3
leads to a significantly improved point distribution and mesh quality, as visualised in
Figure 5.6b. In order to additionally overcome the local accumulation of points, for
example at the left symmetry boundary edge, Figure 5.6¢ shows the effect of collapsing
edges which are shorter than a prescribed global tolerance to a common mid-point. With
the help of these methods, the mesh quality is sufficiently preserved throughout the

simulation. }Elltg(‘)]

5.3.4 Simulation of the elliptical beam cross section

[?;gj{The DED-LB process is simulated in a simplified 2d cross section model as shown

in Figure 5.4 with the parameters specified in Tables 5.1 and 5.2. The initial point cloud
is generated with an unstructured triangular mesh generator with a global seed size of
lseea = 0.0125 mm, whereas the baseplate features lseq = 0.025 mm on the deposition
surface and leeq = 0.05 mm in vertical direction with a structured mesh. The unstructured
mesh of the melt stream is beneficial because it has more regular angles and less tendency
to edge flips during the deformation. With respect to the meshing methods discussed in
the previous section, the advantageous methods are used here, i.e. the progression method
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for connection meshing and both point insertion and removal with the parameters given
in Algorithm 1.

The deposition simulation is visualised in Figure 5.7 which shows the melt phase
fraction (e for representative time steps during the deposition phase, the solidification
phase and the cooling phase. Due to the high stream velocity of v, = 3.58 ms, the
deposition stage takes place until approximately ¢ = 3.0 ms, see Figures 5.7a to 5.7d,
when the motion of the stream ends. The movement is thereby slowed down by the
bonding to the baseplate, the viscous material behaviour and the fast solidification of
the bottom element layers of the stream. The fast solidification is caused by the cold
baseplate and the heat sink at the bottom of the baseplate, which leads to the formation
of a large wetting angle. Due to gravity, the fluid part of the stream can still flow, but the
timescale of the solidification is faster than the flow under gravity. The solidification stage
consists of cooling the complete weld bead below the solidus temperature 659 = 1350 °C,
which takes a longer time period until ¢ = 237 ms and is visualised in Figures 5.7e to
5.7h. The final cooling stage is finished at ¢ ~ 2000 ms when the weld bead reaches room
temperature throughout, whereas the shape is indistinguishable from Figures 5.7h to 5.7i.
The shrinkage of the weld bead throughout all stages is further illustrated in Figure 5.8
with outlines of the geometry for different time steps. The inclined solidification front in
Figure 5.7f and 5.7e is mirrored in the roughening of the surface due to the transformation
stretches and the influence of mapping of variables in the still fluid melt part during
remeshing. Nonetheless, a pure FEM without remeshing is not able to resolve this
phase of the simulation and leads to a highly distorted mesh. Figure 5.8 highlights
that the final cooling stage does not significantly add to the shrinkage of the weld bead,
since the thermal expansion is much smaller than the transformation stretch. The final
geometry shows a significant tip-shape of the top of the weld bead. The temperature
evolution during the stages of the deposition simulation are visualised in Figure 5.9,
closely mirroring the phase fraction plots in Figure 5.7 due to the temperature dependence
of (e via (5.10). Figures 5.9a to 5.9g show that the heat mainly flows into the baseplate
and that no temperature gradient on the surface due to convection and radiation is
visible, because these effects do not significantly contribute due to the short time period.
Furthermore, Figures 5.7h and 5.7i show that the final cooling stage is the longest stage
until the complete weld bead reaches room temperature. The presented results strongly
depend on the viscosity parameter 7, of the melt phase and the impact velocity v, of
the melt on the baseplate. Both influences are analysed in B. Furthermore, a mesh
convergence study is presented in C and the stress distribution is analysed in C.

Remark: The results presented in this section all are generated with the symmetry
boundary condition depicted in Figure 5.4. In order to test the validity of this symmetry
condition, the results have been reproduced without applying the symmetry boundary
condition. Apart from slight differences due to the mesh asymmetry of the full model,
the resulting geometry remains consistent. This confirms that the symmetry boundary
condition is justified here.
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L I

(a) t =0.078 ms (b) ¢t =0.313ms (c) t =0.938 ms

(d) t = 3.000 ms (e) ¢t =20.00ms (f) t =80.00ms

(g) t = 200.0ms (h) ¢ = 237.00ms (i) t = 2000 ms
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Figure 5.7: Deposition of the elliptical stream cross section. The cold base plate leads to immediate
solidification of the bottom part of the stream and at ¢ = 3.000 ms the deposition stage ends (d) with no
further significant motion. At ¢t = 237.00ms, the solidification is finished and (e falls below 0.01 %
(h) while the maximum temperature is still § = 1200 °C. The weld bead is fully cooled down to room
temperature at ¢ = 2000ms (i). Reprinted from [120], licensed under CC BY 4.0.

t = 3.000 ms
t = 20.00 ms
t = 80.00 ms
t = 237.0ms
t = 2000 ms

\
?

Figure 5.8: Outlines of the weld bead during solidification. Contraction induced by transformation
stretches between ¢t = 3ms and ¢t = 237 ms leads to rough surface and significant shrinkage, whereas pure
cooling from maximum temperature 0(t = 237 ms) = 1200°C until thermal equilibrium at ¢t = 2000 ms
only induces an almost indistinguishable thermal contraction. Reprinted from [120], licensed under CC
BY 4.0.
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DAV

(a) t =0.078 ms (b) t =0.313ms (c) t =0.938ms

(d) t = 3.000 ms (e) t = 20.00ms (F) t = 80.00ms

(g) t = 200.0ms (h) ¢t =237.00ms (i) ¢ = 2000 ms
25 B Wl 1738

6 [°C]

Figure 5.9: Temperature evolution of the deposition process. The cooling directly mirrors the phase
transformation distribution because of the temperature based evolution equation (5.10). The surface
heat flux does not show any visible influence on the cooling within the short deposition time period.
Reprinted from [120], licensed under CC BY 4.0.

Remark: The computational problem in this section consists of initially 6744 nodes,
which results in approximately 20000 global degrees of freedom that are solved within a
MATLAB implementation. To give exemplary numbers, a total of 3700 output steps until
the total simulation time of ¢t = 2000 ms were calculated in 4830 actual calculation steps
due to the time step adaptation scheme discussed in Section 2.2. Thereby, the element
routine and the implementation of constitutive equations are precompiled into C code with
MEX-functions and, moreover, the element loop is parallelised with a PARFOR loop. The
resulting simulation time was 25 hours on four processors of an Intel® Xeon® Gold 6134
CPU. The relation of remeshing time to finite element solution time is approximately 7%
to 93%, highlighting that the computational effort is primarily dominated by the element
loop and the solution of the system of equations. Approximately 60% of the remeshing
time is spent in the transfer of state variables, which involves background triangulation
and tensor decomposition, and 40% are spent in point adaptivity, triangulation, a-shape
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detection and boundary detection. In summary, PFEM remeshing constitutes only a

minor fraction of the overall computational cost. }Ff;d]

5.4 Modelling and simulation of material deposition —
Conclusion

[?;g]'{This work establishes an extensible 2d framework for the simulation of the DED-

LB process, combining the remeshing techniques of PFEM with a large strain phase
transformation material model for melt flow and solidification. The phase transformation
model is based on a temperature dependent smoothed step function defining the phase
transition and therewith the averaged energy density. The Voigt-type homogenisation
allows the calculation of phase-wise Piola stresses for a Maxwell-type viscoelasticity
in the fluid and hyperelasticity in the solid, where the irreversible viscous strains are
inherited from the melt phase. The approach includes thermal and transformation-induced
volumetric deformation as well as a consistent transformation heat source including the
latent heat and changes in the mechanical and caloric energy. The large material flows
are resolved with an Updated-Lagrangian description within the PFEM, where the
quality of the point cloud is improved by point insertion and removal and where the
connectivities are rebuilt along with the a-shape detection of the surface. Particular
emphasis is placed on the mesh generation of the connection zone which consists of
elements formed between the nodes of the substrate and the stream. These elements
violate mass conservation but prove to be useful for describing the large temperature
gradients between the materials. Therefore, special remeshing techniques for keeping the
connection zone as thin as possible are presented in this work.

Several conclusions can be drawn from the investigations:

e PFEM remeshing by rebuilding the connectivity of an unchanged point cloud is
not sufficient because the quality of the point cloud decreases. Well established
point insertion and removal techniques from [111] are combined with recent ideas
on how to collapse small edges from [78] in order to provide sufficient mesh quality
for the numerical examples in this chapter. However, further improvements are
advisable, including e.g. a Laplacian smoothing of the point positions, see [26].

e The surface roughness of the weld bead in the numerical examples is considered to
be a numerical artefact stemming from the state-variable mapping and from the
absence of a plasticity model in the solid phase which leads to an overestimation
of stresses. For a real process simulation, a plasticity model can straightforwardly
be added to the solid phase. Furthermore, the influence of the state variable
mapping should be investigated, e.g. by varying the remeshing frequency during
the solidification stage, where the deformations are significantly smaller than in
the deposition stage. Additionally, a surface tension contribution could further
improve the surface by favouring a smooth surface shape.
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e The pointed top of the weld bead in the numerical examples is not visible in
experimental examples of DED-LB, for example in [38]. This indicates that the 2d
cross section simulation is not sufficient for a precise process simulation because it
neglects drag effects in the feed direction which could remove the tip-shape. Since
2d is nonetheless only an intermediate step in developing a comprehensive modelling
framework, the 3d extension is an essential next step. The computational effort
necessary for a 3d simulation makes a more efficient implementation necessary, e.g.
with C++.

e Similarly, the large wetting angle is not visible in experiments, cf. [38], indicating
that the solidification of the base layers of the weld bead is too fast. Therefore,
a more realistic heat model is necessary, taking into account a larger part of the
base plate as well as a laser heat source that also effects the substrate instead
of only providing a fluid melt stream. Laser heat source models from, e.g., [56]
should therefore be included in the model for a more realistic wetting angle. In
addition, surface contributions that penalise curvature of the boundary polygon
could introduce wetting forces into the model, leading to further improvement.

e The current model overestimates the stresses such that an extension of the solid
material model by plasticity contributions is important in order to realistically
simulate residual stresses after the deposition. A calibration of material parameters,
including the compression modulus of the melt, will further improve the quality
of the model based prediction. Moreover, in the quasi-incompressible limit case,
special element technology will be necessary for the melt material, see Section 4.1.

e The material model presents a valuable large strain extension of established simula-
tion approaches for melt and solidification in small strain settings, e.g. [24, 54, 95].
It also applies a thermodynamically consistent viscous evolution in the melt phase
and inheritance of viscous deformations to the solid phase, which extends the sim-
plified approaches to stress relaxation by deletion of stresses, e.g. [138]. In addition,
the temperature dependent phase transition function keeps the numerical cost low
compared to energy convexification approaches in [10, 95] and the transition is
applied to the complete thermomechanical constitutive model rather than only to
parts of the model or only to the material parameters as in, e.g., [17, 71, 73, 113].
Further validation of the model needs to be addressed in future research by, e.g.,
comparing the predicted weld bead geometry and the stress-induced baseplate
distortion with experimental data, as well as validating the thermal problem based
on temperature measurements.

In summary, this contribution presents a broad basis for the simulation of deposition and
solidification of DED-LB processes and shows necessary steps towards a full featured
process simulation that allows the investigation of process induced part properties such

: . . td.
as residual stresses and distortion. }?120]
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B Appendix — Parameter studies for the deposition
simulation

[?;%j{The shape of the weld bead is significantly influenced by the viscosity parameter
7y of the melt phase and the impact velocity v,. Both influences are analysed in this
section.

Influence of the viscosity parameter

Figure 5.10 shows a comparison of weld bead shapes for different viscosities based around
the value ™' = 800 x 10~® MPams that has been applied in the main example. Different
viscosities yield a significantly different spreading of the molten stream because the flow
of the unsolidified upper part of the weld bead is influenced by the viscosity. The phase
evolution is compared for three different viscosities in Figure 5.11. The base layers of
the weld bead solidify very fast due to the cold baseplate for all viscosity parameters,
because the thermal and microstructural properties are unchanged. At higher viscosities,
the reduced flowability of the material results in a faster stopping of the deposition. This
can be seen in Figures 5.11h and 5.11i where no further motion is visible in contrast to
Figures 5.11e and 5.11f.

Influence of the impact velocity

The vertical beam velocity v, also has an important influence on the final shape of the weld
bead. The effect is analysed in this section with a constant elliptical cross section area,
although a higher vertical velocity theoretically also leads to a more elongated ellipsoid
shape following the derivation in Section 5.3.1. However, the focus of this example is to
show the influence of different impact velocities which can be best compared for similar
geometries. The resulting outlines of the weld bead geometry after the deposition stage
are visualised in Figure 5.12. The effect is similar to the variation of the viscosities in
the previous section, however, the formation of the connection zone is more important
in this example. A high impact velocity leads to a faster spreading of the material and
the motion is slowed down much faster due to the bonding and solidification in the
connection region. As the viscosity of the material is identical in all variations, the
flowability of the upper part of the weld bead does not make a difference here. The
different deposition and solidification behaviour is visualised in Figure 5.13, where the
comparison of Figures 5.13h and 5.13i shows how fast the deposition stops for high
impact velocities compared to Figures 5.13e and 5.13f or Figures 5.13b and 5.13c, where
the spreading continues. Effects such as a spring back of the melt or the detachment
of drops from the streams are not present for simulations up to v, = 102, only the

z )
: . td.
spreading speed and range increase. }?120]
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Figure 5.10: Outlines of the weld bead for different viscosity parameters at ¢ = 3.0 ms, where each
deposition has come to a rest. The reference viscosity parameter is n:*f = 800 x 10~ MPams and the
initial velocity is v, = 3.58 m/s as in the previous examples. Reprinted from [120], licensed under CC
BY 4.0.
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Figure 5.11: Deposition for different viscosities in relation to 7™ = 800 x 1076 MPams. The solidification
of the connection zone and the bottom layers of the weld bead is similar for different viscosity parameters.
The viscosity significantly influences the spreading of the material through the flowability of the upper
part of the weld bead. Reprinted from [120], licensed under CC BY 4.0.
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Figure 5.12: Outlines of the weld bead for different initial beam velocities at t = 3.0 ms, where each
deposmon has come to a rest. The reference initial velocity is v:* = 3.58 m/s and the viscosity is
=800 x 10~ MPams as in the previous examples. Reprinted from [120], licensed under CC BY 4.0.
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Figure 5.13: Deposition for different initial beam velocities in relation to v™*f = 3.58 m/s. The higher
velocity leads to a faster deposition and the deceleration of the bonded material brings the weld bead to
a rest in less time. Reprinted from [120], licensed under CC BY 4.0.
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C Appendix — Mesh convergence study and stress analysis

C Appendix — Mesh convergence study and stress
analysis

[?;gj{Based on the detailed deposition example discussed in Section 5.3.4, this appendix

evaluates the influence of the discretisation and examines the resulting stresses in the
solidifying weld bead.

Mesh convergence study

In order to analyse the influence of the mesh density, Figure 5.14 shows results for three
different meshes, whereby the comparison of results is focussed on surface contour and
melt volume fraction distribution. The coarsest discretisation (lgeeq = 18.75 um) shows
slightly reduced flow whereas the two finer discretisations yield very similar results, with
only a small improvement of the surface smoothness for the finest (lsea = 10.00 pm)
discretisation. Therefore, the chosen discretisation with lgeq = 12.50 um represents a
reasonable compromise of accuracy and computational efficiency.

Mesh seed size lsoeq
H 18.75 ym
Hl 12.50 ym
B 10.00 ym

(a) t =0.938ms (b) t = 3.000 ms (c) t =2000ms

0.0
(d) t =20ms, lseeqa = 18.75 pm (€) ¢t = 20ms, lseeq = 12.50 um (f) t = 20ms, lseea = 10.00 pm ey [-]

Figure 5.14: Mesh convergence study: initial melt flow in (a) is similar, but as flow stops in (b) and the
material cools down in (c), the coarse mesh predicts less flow, while the medium and fine meshes closely
agree. Contour plots (d)-(f) analyse a time step during the solidification phase. Finer meshes lead to
a smoother surface and phase boundary where again the medium (e) and fine (f) discretisations show
good agreement. Reprinted from [120], licensed under CC BY 4.0.
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Qualitative stress analysis

A representative stress evolution in the solidifying material is depicted in Figure 5.15.
The von Mises equivalent stress predicted by the model significantly exceeds realistic yield
limit values — in view of more reliable simulation results, particularly the material model
for the solid needs to be further extended. However, qualitative deductions can be made
based on the model proposed within this work. To be specific, the stress distribution is
smooth as expected for the compressible material behaviour assumed — the only exception
being the connection zone and nearby substrate elements, where high gradients, e.g. of
temperature, as well as different sizes of neighbouring elements occur. The stresses are
mainly stemming from incompatible transformations and thermal deformations which
especially occur in the bonding region and show maximum values in the connection
elements and near the edge of the connection zone. }Ff;d]
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Figure 5.15: Evolution of the von Mises equivalent stress during the deposition process. The stress
vastly exceeds realistic yield limit values of the solidified material due to the thermo-elastic material law
so that the results only give qualitative insight in the smoothness and distribution of the stress field.
Reprinted from [120], licensed under CC BY 4.0.
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6 Summary and Conclusions

This thesis develops numerical modelling approaches for simulating shape changes
induced by surface interactions, addressing three critical applications: wear mechanisms,
material separation processes, and material deposition technologies. By advancing
methods such as dissipation-based wear models in friction homogenisation, Particle
Finite Element Method (PFEM) adaptations and material modelling for melt flow and
solidification, this work advances simulation capabilities across multiple domains while
identifying open challenges for future research.

For wear modelling, a Coulomb friction model with a shear-stress limit is applied along-
side an Archard law based on dissipated frictional work. This approach demonstrates
superior accuracy compared to pressure-based formulations when friction coefficients
vary, which is important for the modelling of high-pressure metal forming applications.
Simulations conducted on microstructured tool surfaces highlight their potential for
tailoring directional friction properties while wear resistance during operation can be
investigated. Quasi-isotropic scarab beetle-inspired structures exhibited predictable wear
patterns under different sliding directions compared to a wear experiment. However,
certain limitations remain: steady-state behaviour was only captured over short intervals
due to strain hardening effects of the sheet material and due to contact closing and
opening times. Future investigations should explore longer cut-outs and more refined ex-
perimental set-ups, e.g. finished probes, to validate dissipation-based Archard coefficients
quantitatively.

In terms of material separation, PFEM was adapted for simulating adhesion-free
asperity shearing at microscopic scales allowing to study wear mechanisms at asper-
ity levels. The study revealed that utilising quadratic displacement-elements provides
smoother stress distributions under elastoplastic conditions compared to mixed formula-
tion elements traditionally used in PFEM simulations, while the mixed elements show
superior numerical robustness for hyperelastic test cases. Additionally, an improved
local state-variable transfer scheme significantly enhanced numerical robustness during
remeshing operations compared to the conventional closest-point mapping for coarse
discretisations. Adaptive meshing strategies based on equivalent plastic strain allowed
better resolution of deformed regions while enabling crack modelling through enriched
a-shape detection criteria targeting highly plastically deformed zones. Despite these
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advancements, challenges remain regarding pressure oscillations under plastic incompress-
ibility for the mixed element as well as achieving robust contact force distribution for
the quadratic element formulation.

For material deposition, thermo-mechanical PFEM was adapted to simulate Directed
Energy Deposition with Laser Beam (DED-LB), a process involving high-speed melt
streams deposited onto cold substrates followed by solidification-induced residual stresses
during cooling. A mesh generation criterion specific to the material bonding zone ensured
accurate representation of material progression fronts without holes or overly large
elements. Furthermore, a large-strain constitutive model based on deformation measures
with temperature-dependent phase transitions established a profound framework for
realistic predictions of residual stresses caused by incompatible deformations between
molten and solidified phases. However, additional refinements are needed: extending
simulations from 2d cross-sections into full 3d geometries will improve accuracy by
capturing drag effects along feed direction as well as the full interactions. Similarly,
incorporating calibrated laser heat sources capable of affecting both substrate material
and melt stream could yield more realistic wetting angles observed experimentally. With
these further steps, key insights relevant for optimising additive manufacturing processes
such as DED-LB technology can be made possible in future work.

Collectively, these contributions represent significant advancements over existing
state-of-the-art methods in tribology and additive manufacturing research:

e Dissipation-based wear models applied in representative surface cut-outs provide
new tools for designing microstructured surfaces tailored toward specific operational
requirements.

e PFEM adaptations provide a robust framework for investigating microscale failure
mechanisms that underlie macroscale wear phenomena.

e Thermomechanical PFEM modelling progresses towards a modelling approach for
process optimisation which links deposition parameters directly with part properties
such as residual stresses or distortion.

Despite these achievements, several challenges remain open for future exploration:
validating proposed models against larger experimental datasets — extending PFEM
frameworks beyond 2d geometries — investigating thermal boundary conditions and loads
during the deposition simulation — or integrating multi-material interactions within
additive manufacturing models involving dissimilar substrate and deposition material.

In summary, this thesis bridges gaps between fundamental research on surface in-
teractions and practical engineering applications across multiple disciplines, including
tribology, contact mechanics, and additive manufacturing technologies. It lays a strong
foundation for further innovations aimed at improving performance and reliability across
diverse industrial processes.
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