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Abstract

We will establish an e-regularity result for weak solutions to Legendre—Hadamard elliptic
systems, under the a-priori assumption that the gradient Vu is small in BMO. Focusing
on the case of Euler—Lagrange systems to simplify the exposition, regularity results will be
obtained up to the boundary, and global consequences will be explored. Extensions to general
quasilinear elliptic systems and higher-order integrands is also discussed.
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1 Introduction
In this paper we study the regularity of weak solutions to the Euler—Lagrange system
—div F/(Vu) =0 (D

in Q c R" where u:  — RY is a vector-valued mapping, that is u satisfies
/F’(Vu):V(pdx:O 2)
Q

forall p € C° (R, R™). Henceforth referred to as F-extremals, solutions to (1) are critical
points to the functional

f(w):/ F(Vw(x))dx. 3)
Q

There is a considerable literature studying the partial regularity theory for minimisers of
such functionals, under a suitably strict version of the quasiconvexity condition introduced
by Morrey [40]. A striking feature of the vectorial (n, N > 2) setting is that minimisers need
not be everywhere regular (see for instance [11, 37, 39, 44]), so the best we can hope for are
partial regularity results. In the quasiconvex setting the first result in this direction was due
to Evans [14] which has been extended considerably since; we refer the interested reader to
the monograph of Giusti [20] and the references therein.

For arbitrary weak solutions of the above equation however, the work of Miiller and Sverak
[43] shows that we cannot hope for improved regularity results. Developing the theory of
convex integration for Lipschitz mappings they constructed highly irregular solutions to (1),
including Lipschitz solutions that fail to be C! in any open subset and compactly supported
solutions whose gradient is L9-integrable if and only if ¢ < 2. These results have been
extended by Kristensen and Taheri [33] for weak local minimisers, and by Székelyhidi [50]
for strongly polyconvex integrands.

However it is well-known that if u is suitably regular, we can infer higher regularity by a
bootstrap argument. This follows for instance using the classical Schauder estimates, where
if the integrand F is smooth and suitably convex, any C'* solution for & € (0, 1) can be
shown to be smooth. A natural question is to ask whether this a-priori Holder condition can
be further relaxed.

This was by Moser in the preprint [42], who claimed it was sufficient to assume that u
was Lipschitz such that Vu lies in the space VMO of functions of vanishing mean oscillation
as introduced by Sarason [45]. This condition was motivated from related regularity results
for linear elliptic systems, where the work of Chiarenza et al. [8] established W2:P estimates
for linear uniformly elliptic equations where the coefficient matrix A was assumed to be
in VMO. A similar statement was established by Campos Cordero [7] for quasiconvex
integrands through different means, noting also an inconsistency in the proof in [42]. In
this paper we will extend these results, establishing regularity up to the boundary in a more
general setting.

While we focus on the case of F-extremals to illustrate the main ideas, it turns out the
arguments do not make use of the variational structure and extends to more general Legendre—
Hadamard elliptic systems. We will sketch this extension in Sect.5, where higher-order
equations are also considered.
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1.1 Setup and main results

We will study the following class of integrands; we refer the reader to Sect. 1.3 for the precise
notational conventions.

Hypotheses 1.1 Forn >2and N > 1, let F': RN 5 R satisfy the following.

(HO) F is of class Cc2.
(H1) There is ¢ > 2 such that F satisfies the natural growth condition

IF@)| < K1+ [z])?

for all z € RV".
(H2) F” satisfies a strict Legendre-Hadamard condition, namely for all z € R we have

F'(zo)E®n) : (6®@n) =0

for all £ € RY and € R”, with equality if and only if ¢ ® = 0.

A key feature of our results is that we only need to assume a strict Legendre—Hadamard
condition which is closely related to rank-one convexity of F, and as the construction of
Sverédk [49] illustrates rank-one convexity is strictly weaker than the quasiconvexity condition
of MORREY. We also highlight that we do not require control in the LY scales from below,
so this allows for all growth conditions of type (1, g), that is

ol = 1S F@) S el +1 )

The key ideas are contained in the following interior regularity theorem, which we will
prove in Sect.2. For the precise definition of BMO functions we adopt in the text we refer
the reader to Sect.3.1.

Theorem 1.2 (BMO ¢g-regularity theorem) Suppose F satisfies Hypotheses 1.1. Then for all
M > 0anda € (0, 1), thereis e = e(M, F,«) > 0 such that for any ball Bg(xo) C R" if
u is F-extremal in Br(xo) with |(Vu) gg(xy)| < M and

[Vulgmo(sg) = &, (5)

we have u is C1% on Bpg2(x0).

We will follow a similar strategy to the partial regularity theory for minimisers, which
traces back to the works of Morrey [41] and Giusti and Miranda [21] in the variational
setting. This will involve establishing a suitable Caccioppoli inequality and a harmonic
approximation result, which are combined in a final iteration argument. For the former we
will use a modification of an estimate which appeared in Moser [42], and for the latter we
will follow a recent approach of Gmeineder and Kristensen [22] adapted to our setting.

We will also establish an analogous result up to the boundary, using ideas from Kronz
[35] and Campos Cordero [7]. We will prove this in Sect. 4, and will rely on technical results
established in Sect. 3. Here we denote Qg (xg) = 2 N Br(xg).
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Theorem 1.3 (Boundary BMO ¢-regularity theorem) Suppose F satisfies Hypotheses 1.1,
QCcR'isaCl ﬂdomainforsomeﬂ €(0,1),¢ge€ CLB(Q, RN, and letu € W}’q(Q RM)
be F-extremal. Then for each o € (0, ) and M > O there ise¢ = ¢(M, F,Q,g, B, o) >
OandRo = RO(M F,Q,g,B8,a) > 0 such that if xo € 02 and 0 < R < Rowzth
[(Vi)qpo| < M and

[Vulgmor o)) = & 6)
we have u is C'% on Qp/2(x0).

Patching these local regularity results we can infer global consequences, for which we
will need some notation. Following [38], we define the infinitesimal mean oscillation of
f € BMO(2, RN") as

(Flossie) = limsup  sup ][ 1 = ()00 d. ™
R—0 B, (x)cQJ B (x)
O<r<R

Note that { f}osc(@) = 0 if and only if f € VMO(£2, RN,

Corollary 1.4 (Regularity of almost VMO Lipschitz solutions) Suppose F satisfies Hypothe-
ses 1.1, let Q € R" be a C"# domain for some B € (0,1) and g € CHP(Q, RN). Then
for each M > 0 and o € (0, B), there is ¢ = ¢M,F,Q,g,B,a) > 0 such that if
u e W;’OO(Q, RN is F-extremal such that IVullpo@) < M, and

{VM}OSC(Q) <e, ®)

thenu € C1*(Q, RM).

Itis unclear if the Lipschitz assumption can be removed; the infinitesimal mean oscillation
assumption requires us to consider balls of arbitrarily small radius, which in turn requires a
uniform bound on all averages [(Vu)gq, (x| for all xo € Qand R > 0 small. However this
is equivalent to assuming Vu is bounded by the Lebesgue differentiation theorem.

We point out that Dolzmann et al. [13] constructed an example of a minimiser of a
quasiconvex integrand who gradient is unbounded but lies in BMO . We will later investigate
whether this Lipschitz assumption can be relaxed under further assumptions, but for the
moment we will record several other straightforward consequences.

Corollary 1.5 (Partial regularity of VMO solutions) Suppose F satisfies Hypotheses 1.1, let
Q C R"” be a CYF domain for some p € (0,1) and g € CYP(Q,RN). Then if u €
ng’q (2, RN) is F-extremal such that Vu € VMO(2; RN, letting

Rg = {x € Q:lim sup|(Vu)op (o)l < oo} 9)

R—0

we have Rg C Q is a relatively open subset of full measure and u is C"* on Rg for all

ae0,p).

We can also obtain a global regularity result if we assume Vu is suitably small in both
L' and BMO. The L' smallness condition allows us to cover Q by balls finitely many
balls Bpg, (xx) such that each I(Vu)gkk Gl = 1+ [Vglpeoq) » on which we can apply our
e-regularity result to obtain the following.
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Corollary 1.6 (Regularity of BMO-small solutions) Suppose F satisfies Hypotheses 1.1, let
Q c R” be a C“P domain for some B € (0,1) and g € C1P(Q,RN). Then for each
o € (0, B) thereise = e(F,Q2, g, B,a) > 0 such that ifu € W;’q(Q, RN is F-extremal
in Q with Vu € BMO(2, RN") satisfying

Vu — Vgl i + [Vulpmow) < &, (10)
then u € C1*(Q, RN).

Finally we will show that the Lipschitz condition in Corollary 1.4 can be removed it we
assume the following uniformly controlled growth condition.

Hypotheses 1.7 Forn > 2, N > l and p > 2, let F: RN" 5 R satisfy the following.

(HO) F is of class C2.
(H1) We have (1 + |z|*)~ =2 F”(z) is bounded and uniformly continuous on RN7,
(H2) For all z € RN we have

F'(2)(E®n) - EQn) > 11+ |z)P 2
forall £ € RN and € R”.

Note the growth and continuity hypothesis (H1) is satisfied if F is a polynomial; in
particular this includes the example of Sverak [49].

Theorem 1.8 (BMO g-regularity in the uniformly elliptic case) Suppose F: R — R
satisfies Hypotheses 1.7, let @ C R be a bounded C'P domain, and let g € C1P(Q, RV)
for some B € (0, 1). Then for each « € (0, B) there ise = e(M, F,Q, g, B,a) > 0 such
that ifu € ng’p(Q; RN is F-extremal in Q and

{Vu}osc(ﬂ) <e, (11)
thenu € C1*(Q, RM).

1.2 Connection to minimisers and quasiconvexity

In the context of strictly quasiconvex integrands, there is a close connection between suffi-
ciency results (whether extremals are minimising) and regularity of the extremal. One of the
early results in the quasiconvex setting is due to Zhang [51], who showed that a C? extremal
is absolutely minimising on small balls B C 2. In the opposite direction, it was shown by
Kristensen and Taheri in [33, Theorem 4.1] thatifu € W17 N WIL’Cq isa W!4-local minimiser
for some 1 < ¢ < oo, then we can establish a partial regularity theorem (we refer the reader
to the aforementioned paper for the precise terminology and results).

It was moreover established in [33, Theorems 6.1, 7.1] that if u is a Lipschitz extremal
with strictly positive second variation (it is a weak local minimiser) then it is minimis-
ing among perturbations such that [Volgyo(g) is small, but that this is too weak to infer
improved regularity though counterexamples. The former statement uses a modular version
of the Fefferman—Stein inequality which we also use (see Sect.3.1), and the latter follows
by adapting the construction of Miiller and Sverak [43]. For Lipschitz weak local minimis-
ers however, it was shown by Campos Cordero [7] that we can infer global regularity if
we additionally assume that Vu € VMO(S2). The proof loosely follows the compensated
compactness argument used in [33, Section 4].
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We see that Corollary 1.4 generalises the above result in [7], by removing the condition on
the second variation and allowing F to merely satisfy a strict Legendre—-Hadamard condition
(H2). Here the Legendre—Hadamard condition can be seen to be a natural relaxation in the
following sense; it is proved by Kristensen [31] that (H2) implies that F is locally quasiconvex
in the sense that for each zg € R™" there exists a quasiconvex function G such that F = G ina
neighbourhood of zo. Our argument, which builds upon ideas of Moser [42], streamlines this
process by establishing regularity directly. In particular we note that the same Fefferman—
Stein estimate used for the BMO-sufficiency result in [33] is crucially used to obtain a
Caccioppoli-type inequality in [42] and Sect.2.2.

1.3 Basic notation

We will briefly fix some notation that will be used throughout the text. We will equip R” with
the Lebesgue measure £, and if A C R" is non-empty and open such that £"(A) < oo, for
any f € L'(A, R¥) with k > 1 we define

1
(f)a .=][Afdx = Ul(A)/Afdx. (12)

We also denote by a Bg(xp) the open ball in R” centred at xo with radius R, and for 2 C R”
open write Qg (xg) = 2N Bg(xo). We may write B, Qg respectively if the centre point xo
is clear from context.

We will denote by RV” the space of N x n real matrices, which we equip with the inner
product z : w = tr(z'w) and ¢>-norm |z|? = z : z for z, w € RV, For a differentiable map
F: RN" 5 R we define its derivative F/: RV — RN ag

, d
F(ow= —

% F(z+tw), (13)

t=0

and for a differentiable map A: RN — RN7 jts derivative A’(z) will be a linear map
RN s RN" gt each z € RV, defined by

AQw = a4

o A+ (14)

t=0

If F is C? this allows us to define F”, which satisfies F”(z)v : w = F"(z)w : v for all
z, v, w e RN,

Additionally C will denote a constant that may change from line to line, and if not specified
in proofs they will depend only on the parameters the resulting estimate depends on.

2 Interior regularity for F-extremals

We begin by considering the interior regularity theory for solutions to the Euler—Lagrange
system. While the techniques extend to the general case, we will present a detailed proof
in this simplified setting first to illustrate the key ideas. We will refer to Sect.3 for some
auxiliary results, but since we only apply them on balls B they can be obtained through
simpler means.
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2.1 Estimates for F

We will consider F: RV — R satisfying Hypotheses 1.1, and fix M > 0. Since F”(z)
is uniformly continuous on compact subsets, there is Ay > 0 and a modulus of continuity
function wyy : [0, 0c0) — [0, 1] such that

IF"(2)| < Am, (15)

|F"(z) — F"(w)| < Ayoy(lz —w) (16)

for all z, w € RN" with |z], lw| < M + 1. Here wy; can be chosen to be a non-decreasing,
continuous, and concave function such that wy(0) = 0. Also since the strict Legendre—

Hadamard condition holds uniformly on compact subsets, there is A); > 0 such that for all
z € RV with |z] < M we have

F'()E®n) : E®@n) = aulElPn? (17)

forall £ € RN and € R". Now for w € RV” with |w| < M, following Acerbi and Fusco
[1] consider the shifted integrand

Fy(z) = F(z +w) — F(w) — F'(w)z. (18)

Since F” satisfies a Legendre-Hadamard condition, we infer F is rank-one convex and
so its derivative satisfies |F'(z)] < C(n, N)K (1 + |z|)q’1. Hence F), satisfies the growth
conditions

|Fy(@)] < Kn(lz* + 121, (19)

|FL ()] < Kp(lz] + 121771 (20)
where

Ky =Ay+C(N,n)K, 21

using the mean value theorem and distinguishing between the cases when |z| < 1 and |z| > 1.
A similar argument gives the comparison estimate

|Fy(0)z — Fpy(2)] < Ky o (12D(Iz] + [21770). (22)

2.2 Caccioppoli-type inequality

We now prove the following weakening of the Caccioppoli inequality of the second kind
introduced by Evans [14], which is a staple for many partial regularity proofs in the quasi-
convex setting. The following estimate was essentially proved by Moser [42], and involves
applying the modular version of the estimate of Fefferman and Stein [15] established in
Sect. 3.1 (see also Remark 2.3 at the end of this subsection).

Lemma 2.1 (Caccioppoli-type inequality) Suppose F satisfies Hypotheses 1.1, and let M >
1. Then if u is F-extremal in some ball Br(xg) C  such that Vu € BMO(Bg, RN") with
[Vulgmo(sr) < 1 and |(Vu)py| < M, then setting

n—+2
ar(x) = (u) g +< RZ ][ u(y)®(y—xo)dy) - (x — xo), (23)
Bgr
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there is M = Cn)M and C =C(n, N, q, Kz;/A5;) > 0 such that

c
][ |Vu — Vag|>dx < Cy ([Vu]BMO(BR))][ |[Vu — Vag|>dx + —2][ lu — ag|? dx,
Brp2 Bg R Br

24
with y(t): [0, 00) — [0, 1] a non-decreasing, continuous function such that y(0) = 0,
depending on wg; and q only.

This choice of ag is due to Kronz [34], whose significance is illustrated in the lemma
below; this is essentially contained in [34, Lemma 2(ii)], applying the Poincaré inequality in
w1 instead.

Lemma22 Ifu € WL2(Br, RY), we have ag defined as in (23) satisfies
2 2
lu —ag|”dx 5][ lu —al”dx (25)
Br Br
forany a : R" — RN . Further we have the estimate

[Vag — (Vu)pg| < C(n) 4 [Vu — (Vu)py(xp)| dx. (26)
Br

In particular if Vu € BMO(Bg, RN") we have |Vag — (Vu) gp| < C(n) [Vulgmoray) -
Proof of Lemma 2.1 Set f(z) = Fva,(z) asin (18), and note by Lemma 2.2 that
[Vagr| < [(Vu)gg| + C(n) [Vulgmo(sg) =< M. 27
Also fix acutoft n € C2°(Bg) such that lpg, = < 1pgand |Vy| < %. Puttingw = u—ag
we have w is F-extremal since u is F-extremal, and so testing the equation against ¢ = n’w
gives
0 :][ F'(Vw) : V(n*w) dx. (28)
Bg
Also since F F’(0) = F"(Va) satisfies the strict Legendre-Hadamard condition (17) with
|Va| < M, applying this to nw € W0 2(Q,RN) gives (see for instance [20, Theorem
10.1)),
)LM][ IV(qw)|* dx 5][ F"(0)V(nw) : V(nw) dx. (29)
Br Br
Taking the difference of (28), (29) and rearranging we get
x,;,][ IV(qw)|? dx 5][ 7 (F"(0)Vw — F'(Vw)) : Vwdx
Bgr Br
+][ 2F"(0)(wVn) : @V (qw) — wVn) dx
Br
—][ F'(Vw) : QnwVn) dx
Br

= Kﬁ]é wi((Vw)) (IVw* + [Vw|?) dx
R

+4K i+ 1wVl (lwVnl + [Vaw)| +nlVwl?™") dx,  (30)
Br
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where we have used the comparison estimate (22) to control the first term along with the fact
that nz < 1, and the growth estimates (15), (20) for the additional terms. We apply the modular
Fefferman—Stein estimate (Corollary 3.5) to the first term, noting that Vw = Vu — (Vu) g,
SO

][ o (IVw) (Vwl* + [Vw|?) dx < Coj ([Vulsyosy) + Var — (VM)BR\)][B IVw|* + [Vw|? dx
R

Bg

< Coj ([V”]BMO(BR))]{; [Vw|® + [Vw|? dx, 31
R

where we have used Lemma 2.2 along with the fact that w; (ts) < twg(s) fort > 1,5 >0
in the last line. Hence combining these with the earlier estimate and using Young’s inequality
to absorb the |V (7w)|? term we arrive at

][ IVw|>dx < Cwj ([Vu]BMO(BR))][ [Vw|? + [Vw|? dx
Brp2 Bg
c
+ﬁ][ |w|2dx+C][ [Vw|?@=D dx. (32)
Br BR

Note that if ¢ = 2, we do not get the |Vw|>@~D term. Otherwise by the John—Nirenberg
inequality (Proposition 3.3) and Lemma 2.2 we can bound

-2
|Vw|?dx < C [Vu]gMO(BR)][ IVw|? dx, (33)
Bgr Bg

_ 2(g—2
g Vw2 dx < C[Vu]B(lg,[O(gR)ﬁ |Vw?dx. (34)
R R

Therefore if we let y (f) = min{l, (a),;, O +1972) + tz(q_z))} (omitting the 192 terms if
g = 2) we deduce that

2 2 c 2
[Vw|*dx < Cy ([Vulpmosp) + [Vw|*dx + — 1 |wl"dx, (35)
Brp2 Bg R Br

as required. O

Remark 2.3 We have referred to Sect. 3.1 for the John—Nirenberg and modular Fefferman—
Stein estimates, however in the interior case they can also be deduced from the corresponding
statements in the full space using a cutoff argument. We will omit the details, but the argument
is similar to that found in [42]; in this case the modular estimate can be proved more simply
via a good-X estimate (see [33, Lemma 6.2]).

2.3 Harmonic approximation and interior regularity

Our second ingredient is a comparison estimate for solutions to the linearised system. The
following duality argument is an adaptation of the estimate proved in [22]. The linear theory
we need will straightforwardly follow from the strict Legendre—Hadamard condition satisfied
by F”(Va), and we will refer the reader to [20, Chapter 10] for details.
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Lemma 2.4 (Interior harmonic approximation) Suppose F satisfies Hypotheses 1.1, let M >
0, and suppose u is F-extremal in some ball Br(xo) C 2 such that Vu € BMO(Bg, RN™)
with [V“]BMO(BRg < land |(Vu)py| < M. Then letting Vag as in (23), we have the unique
solution h € W“2(Bg, RN) 1o the problem

—div F"(Vag)Vh =0 in Bg, (36)
h = Bg, ondBg,
satisfies the L* estimate
][ IVh|?dx < c][ |Vu — Vag|* dx (37)
Bg Bg

with M = C(n)M and C = C(n, N, K/ ;) > 0, and further the comparison estimate

1
—][ lu—ag —h*dx <Cy ([Vu]BMowR))][ |Vu — Vag|* dx, (38)
R2 Bgr Bgr

with C = C(n, N, q, Kj;/Aj;) and some y : [0, 00) — [0, 1] increasing and continuous
such that y (0) = 0, depending on wy; and q only.

Proof Byreplacing F with )\;711 F, wecanreplace (K j7, Aj;) with (K 57 /A7, 1), where M >1
asin (27).Putw = u —apg and F= Fv,. Then the existence of a unique & € Wulj’z(BR, RM)
follows from L2—coercivity of F” (0) (see [20, Theorem 10.1]) which gives (37). Then for
any ¢ € W&’Z(BR, RY) we have

][ F"(0)(Vw — Vh) : Vo dx :][ (F"(0)Vw — F'(Vw)) : Vg dx
Bg

Bg
< Kﬂ][ wi(IVw)) (IVw| + [Vw|?™) [Ve|dx, (39)
Br
where we have used the fact that w is F-extremal the comparison estimate (22). Now choose
¢ to be the unique solution in W&’z N W22(Bg, RV) to the problem
—divF"(0)V¢ =w —h (40)

in By (see [20, Theorem 10.3]), so in particular by symmetry of F”(0) this satisfies

][ F/(0)(Vw — Vh) : Vo dx =][ lw — h|*dx. A1)
Bgr B

R

Moreover ¢ satisfies a W22 estimate which combined with the Poincaré—Sobolev inequality
(noting (V@) g, = 0) gives

IVl 2# gy < C) [V2B] 125, < C lw =l 25, (42)

where 2* = }12%2 provided n > 2. For this choice of ¢, applying Holder’s inequality and
rearranging (2.3) using (42) we get

1 2 C 2 ) .
ﬁ]i,e'w_h' dxfﬁ”wﬂ('vw')h'wsR)]éR'V“" + VPl de. - @3)
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Ifn = 2 we use the fact that [| V|| 4(p,) < CR% lw — Al 2(p,) to get the slightly modified
estimate

1 2 c 2 2 2(q-1)
ﬁ]éle—m dx:EHwﬁ(le)HU(BR)ﬁRIVwI +|Vw[*4 Vdx.  (44)

In both cases since wj; < 1 is concave by Jensen’s inequality we have

n 1
|l (VWD Ly 5, < R? (]{; ‘”M(lvu")dx)p < R7wj; ([Vwlsmosy)” > (45)
R

and by the John—Nirenberg estimate (Proposition 3.3) and Lemma 2.2 we can also estimate

Vw2070 dx < C [Vulpthors, )][ IVw|? dx. (46)

Br

Putting everything together the result follows by taking y (t) = min{1, w; (t) 7 (1 + tz(qu)) 1,
modified suitably if n = 2. O

From here Theorem 1.2 follows by combining the above estimate to get a suitable decay
estimate, which can be applied iteratively. This approach is standard among many partial
regularity proofs, and we follow a similar argument to that found in [22].

Proof of Theorem 1.2 We will begin by establishing the following decay estimate for the
excess energy

E(x,7) :][ IVu — (Vu)p, > dy. 47)
By (x)

Claim For any B,(x) C Bg(xo) and o € (0, ) for which |(Vu)g,,, (x|, (Vi) g, x| <
2" M and [Vulgpog ey < | we have

E(x,or)<C (02 + o2y, ([vu]BMO(B,(x)))) E(x,r), (48)

where C = C(n, N, q, Ky / py) > 0and y satisfies both Lemmas 2.1 and 2.4 with C,.(n) M
in place of M.

Indeed let a, be as in (23) centred at x, and apply the harmonic approximation result
(Lemma 2.4) in B,(x) to geth € W, 1.2 (Br(x), RM) solving

u—ay
—div F"(Va,)Vh = 0, (49)

which satisfies

1
=1 )|u —a, — h1*dy <y (IVulsmos o)) E s 7). (50)
B, (x

Now letting aj(y) = h(x) + Vh(x) - (y — x), since By, (x) C By /2(x) we have

2
1 C
Y sup V24| ][ v —xl*dy
207)% ) By, () 207)%2 \ B, 5(0) Bagy (x)

< Caz][ |Vh|*dy < Co?E(x,r) (51)
B, (x)
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using interior regularity for & (see for instance [20, Theorem 10.7]). We will use these in
conjunction with the Caccioppoli-type inequality (Lemma 2.1) applied in Bas,(x), letting
a)sr be given by (23) we have
E(x,0r) s][ Vi — Vazs,|* dy
B (x)

c
(201)?) Byyy )

< u — axr > dy + Cy ([Vulsmo(s, () E(x, 207).  (52)

Now using the estimates (50) and (51) and the minimising property (25) we can estimate
: | Pavs o f 24
—_— u— ap y< —— u—ap—apl~dy
(201’)2 Boor(x) 7 (2Ur)2 Bagr(x)
¢ 2
= WJ{?,(X)'M —a, — h|*dy
C ][ 5
+ —— |h —ap|~dy
207)* /By, 00

=C (‘72 +o 2y ([Vu]BMO(BR(XU)))) E(x,r). (53)

So the claim follows by combining the above two estimates.
We now iteratively apply the claim for suitably chosen parameters. Since |(Vu)|pg(xy) <
M, for all x € Bg2(xo) we have |(Vu)BR/2(x)| < M and so

(Vi) 8, 0] < 1V 3] + 1(Vi) 5, ey — (Vi) o] < 2'M + 0" E(x, R/2).

(54)
Iteratively applying this therefore gives
k—1 '
((Vi)p 0| <2'M + 07" ) E(x,07R/2). (55)
j=0

Since E(x,r) < [Vu]%MO(BR(XO)) < g2forallr < R/2, see that if o2 < 2"M, we can
apply the claimed decay estimate (48) to obtain

E(x,0R) < C (6% +0 7" ?y(e)) E(x, R/2). (56)
Fix @ € (0, 1), and choose o < 41—1 such that Co? < %02"‘. Then we can take ¢ > 0 small
enough so Co~ "2y (¢) < %02"‘ and o ~"¢2 Zi 0% < 2"M. Then we can inductively
check that (48) gives

E(x,0"R/2) < 6™ E(x, R/2), (57)
and by (55) we can ensure

((Vi)p yp00| <27 M (58)

for each k > 1. Hence for each r € (0, R/2), choosing k such that akR/2 <r< ak_lR/Z
we deduce that

7\ 2o
E(x,r)gC(E) E(xo, R). (59)

This verifies the Campanato—Meyers characterisation of Holder continuity (see for instance
[20, Theorem 2.9]), allowing us to conclude that u € C Le(Bg /2(x0), RM) as required. O
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3 Preliminaries for boundary regularity

Before we consider the boundary case, we will collect some technical results which will be
used in our subsequent regularity proofs. While these results are largely known, some care
was needed in keeping track of the associated constants.

3.1 BMO in domains

We will review some preliminary results about BMO functions and fix our conventions.
For any D C R”" open, we define the Fefferman—Stein maximal function associated to f €
Ll (D,RN")as

M f(x) = sup ][If— (f)zldy, (60)
xeBCDJB

where we are taking the supremum over balls B. Using this we can define the John—

Nirenberg space BMO(D, R¥") of functions of bounded mean oscillation in D as the space

of f e LIIOC(D, RN™) for which M% f € L®(D). We equip this space with the seminorm

[flemo) = 1M fll oo ().

While we wish to apply the results in this section to domains which are piecewise C1-#,
in order to understand the dependence of constants on the domain D it will be convenient
to work with John domains; these were first introduced by John [27] and later named by
Martio and Sarvas [36]. The definition given here is slightly different to what appeared in
the original papers, but can be found for instance in [46].

Definition 3.1 For § € (0, 1) we say bounded domain D C R”" is a §-John domain if there
exists xo € D, called the John centre, such that for all x € D there is a rectifiable curve
y: [0,d] — D parametrised by arclength such that y (0) = x, y(d) = xp, and

dist(y (¢), 9D) > 6t (61)
forall t € [0, d].

This can be viewed as a twisted cone condition, and since bounded Lipschitz domains
satisfy a uniform cone condition (see for instance [2, Section 4.4]) it follows that they are
John domains. Moreover we have the following localisation property.

Proposition 3.2 Let Q be a C! domain. Then there is Ry > 0 and 8§ = 8(n) > 0 such that
forall xo € Qand 0 < R < Ry, we have Qg (x¢) is a §-John domain.

We will postpone the proof to Sect. 3.2, which may be of independent interest. This is the
main reason why we have introduced these domains; if we can establish estimates in domains
QR (xo) where the associated constant only depends on &, then the constant holds uniformly
among these domains. This is particularly useful for our purposes where the dependence on
8 naturally enters when considering estimates involving BMO . However we believe this is
more generally a useful way to keep track of the constants for various technical estimates
applied on Qg (xp), which may not be easily controlled by the Lipschitz norm.

The first result we need is a global version of the John—Nirenberg inequality, which was
proved in greater generality by Smith and Stegenga [47] and Hurri-Syrjénen [24]. We will
sketch the proof to clarify the dependence of constants.
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Proposition 3.3 (Global John—Nirenberg estimate [24, 47]) Suppose D is a bounded §-John
domain, and f € BMO(D, RN™). Then for all 1 < p < oo, there is C = C(n, p,8) > 0
such that

(fD \f = (ol dx) " < Clf Tamow - 62)

Proof sketch The strategy is to take a Whitney decomposition W = {Q} of D as given in
[48, Section VI.1], and apply the John—Nirenberg inequality on each Q ;, which is is easily
adapted from the original argument in [28] (see also [20, Corollary 2.2]). To patch these local
estimates we can use Whitney chains following [29] to show that

1= orax < canp (z:"(D)+ A kD(xo,x>de> o> (63)

for a distinguished point xo € D, where kp is the quasi-hyperbolic distance introduced in
[17] defined by

|
kp(x1.x2) =inf | —— dr. 64
p(x1, x2) =in /ydist(x,aﬂ) (64)

taking the infimum over all rectifiable curves y connecting x1, x2 € D. To verify the inte-
grability of kp(xo, -)?, letting xo be the John centre it is shown in [16] that for all x € D,
1 dist(xg, 0€2) 1 -
k ,x¥) < —log ——F——+ - (I +1log(1+$ . 65
p(ro.x) = glog i agy +g (1 Hlee(14+37) ©
Using this and keeping track of constants in the proof of [46, Theorem 4] we have kp satisfies
the integrability condition

/ kp(xg, x)P dx < C(n, p,8)L" (D), (66)
D
from which the result follows. ]

‘We will also need an modular version of the Fefferman—Stein theorem [15, Theorem 5] that
holds up to the boundary. This estimate in the full space appeared in the work of Kristensen
and Taheri [33] where is was proven by means of a good-A estimate, however to obtain
estimates up to the boundary we will need a more refined approach using the extrapolation
results of Cruz-Uribe et al. [9]. We will briefly recall the notions of N-functions considered
in [9]; these are mappings ®: [0, oo) — [0, co) which are continuous, convex, and strictly
increasing such that

ot o
im 29 _o pim 2O _

=0t f t—>o0

(67)

For such a ® we can associate a conjugate function ®(r) = sup,. o{st — ®(s)}, which can
be shown to also be an N-function. We say ® € A, if there is C > 0 such that the doubling
property ®(2¢) < C®(t) holds, in which case the minimal C will be denoted by A (P). We
also say ® € V, if ® € A, and write V2 (®) = A, (®P); note this holds if there is 7 > 0 such
that ®(rt) > 2r®(z) forall r > 0.
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Proposition 3.4 (Modular Fefferman—Stein estimate) Let D C R" be a bounded 5-
John domain, and ® an N-function such that ® € Ay N V,. Then there is C =
C(n, s, Ap(®), Vo(P)) > 0 such that

/ O — (fHphdx < c/ (M £) dx (68)
D D

forall f € LI (D, RN™) such that both sides are finite.

loc

This result is essentially proved in the work of Diening et al. [12] in greater generality,
however to obtain a modular estimate a slight modification is required in the proof.

Proof We first need a weighted L” estimate in D, solet 1 < p < oo and w € A,,. Then for
any cube Q it is shown in [12, Corllary 7.2] that

P
/ [flPwdx < C (n, D, [w]Ap) (/ |M#Qf|pwdx +/ wdx (][ |f|dx> ) (69)
(0] o 9] (9]

forall f € L”(Q,w, R¥"), thatis f: O — R™" such that | f|Pw is integrable on Q. By
applying this to f — (f)o and noting that | f — (f) ]| < ./\/1#Qf we deduce that

/If—(f)glpwdx =c(np. [w]Ap)/ M £1Pwdx. (70)
0 0

To extend this to John domains we can apply [26, Theorem 3]; note it is proved in [4, Lemma
2.1] that a §-John domain D is a F (o, N)-domain as in [26], where 0 = min {%, ”:1 } and
N = N(n, 8). Thus we obtain

/If—(f)gol"wdx =c(np. [w]A,,,s)/ M f1Pw dx (71)
D D

foralll < p < ccandw € A, foradistinguished cube Q¢ C D. A similar estimate appears
in [12, Theorem 5.23], however the above is slightly sharper as we estimate | f — (f)g,|
instead of | f — (f)p| which is important in the sequel.

Now we apply the modular extrapolation theorem in [9] (see also [10, Chapter 4]) to the
family of pairs (| f — fo,|1p, IM}, f11p) we obtain

/chuf — (Ngu)dx < C(n, 8, As(®), vz(d>)>/D<b Mhf)de.  (72)

Replacing the average (f) o, by (f)p using the doubling property and convexity of ®, the
results follows. O

We wish to apply this result to @ (¢) = w(¢)tP with p > 1, where w: [0, c0) — [0, 1]isa
continuous, non-decreasing, concave function such that w (0) = 0 as in Sect.2.1. A technical
complication arises as this need not be convex in general, but adapting a construction in
Kokilashvili and Krbec [30] we can work with a modified & which is convex instead.

Corollary 3.5 Suppose D C R" is a bounded §-John domain, 1 < p < 00, andw: [0, 00) —
[0, 1] is non-decreasing, continuous, concave with »(0) = 0. Then if f € BMO(D, RN"),
foreach 1 < p < oo thereis C = C(n, p,8) > 0 such that

/Dw(|f—(f)D|)|f— (f)plPdx < Cw([f]BMO(D))/D|f_(f)D|pdx- (73)
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Proof We will first construct an N-function ® such that
D(1) < (1) < D(2ar) (74)
forall # > 0, where a > 1 to be determined. Since w is increasing we have ® (1) < ﬁdJ(at)
1
with @ = 27-T, and so by [30, Lemmas 1.1.1, 1.2.3] we get
- 1 [ 4
P(t) = — sup (w(r)T?7") ds (75)
ajJo o0<t<s

is convex and increasing on [0, co) satisfying (74). Further since & satisfies ®(2r) <

2P+ ® (1) and @ (at) > 2ad(r) we can infer that ®(27) < 2P ®(r) and B (ar) > 2a (1)

also, so ® € A N V5 and the associated constants can be chosen to depend on p only.
Now applying Proposition 3.4 to ® and using (74), for f € L?(D,RN") we deduce that

fDd><|f — (f)pD dx < c/Deb(M*;Sf) dx
< Cw<||f||BMo<D))/RnlM(le)de, (76)

where we have used the fact that M%f < | fllgmo (D) and M’;)f < M(f1p), where M
is the Hardy-Littlewood maximal operator on R” defined for g € L lloc (R™) by

M(g)(x) = Sup][ |f1dy, (7
B>xJB

taking the supremum over all balls B C R” containing x. The Hardy-Littlewood maximal
theorem asserts M is bounded on L”(R") for 1 < p < oo (see for instance [48, Theorem
1.1]), so applying this with g = f 1p, (76) becomes

/ch (f = (Pl dx < Cw(||f||BM0(D))/D|f|de (78)

as required. O

3.2 Localisation near the boundary

For the Caccioppoli-type estimate in the interior (Lemma 2.1), our strategy involved testing
the equation against ¢ = n(u — a) with 5 a cutoff and a an affine approximation to u in
a ball. This will need to be modified for the boundary case to ensure our test function ¢
vanishes on d€2. In this section we collect the necessary technical ingredients to construct
a suitable replacement function, using ideas of Kronz [35] along with the refinements of
Campos Cordero [7].

Let Q@ C R” be a bounded C'*# domain, that is, Q2 can locally be written as the graph
of a C1# function in the following sense; for all xo € d€2, there is Rgp > 0 and a unit vector
vy, € R such that letting Ty, = (vy,)* denote the orthogonal complement, there is a map

y: Ty, N Bg, = R (79)
which is of class C"# such that we have Vy (0) = 0 and

QN Bgy(x0) = Bry(x0) N {x0+y+Av:y € Tyy N Bry, A < y(»)}, (80)
9 N Bry(x0) = Bry(x0) N {x0+y+y (v :y e Ty N Bg,}. (1)

@ Springer



BMO e-regularity results for solutions... Page 17 of42 166

Note this also allows us to define Lipschitz domains and C*# domains analogously. In the
C"“P case, this implies there is an outward facing unit normal vyq given by vyn(xp) = vy,
at each xo € 9€2. This also allows us to construct a defining function p = pq € CcLA(RM
with the property that

Q={xeR":p(x) <0}, R'\Q={xecR":pkx) >0}, (82)

and such that Vp(x) # 0 in 92, by locally defining p(x) = ((x — x¢), v) — y(x — x¢) in
Bp,(x0) and patching using a partition of unity. Note that Vo (x) is normal to 92 at each

Vo) We also define the associated C!*#-constant of € as

x € 092, so we have vyo(x) = Voo]

12|16 =inf {1 su Vyill o N (83)
c lsjEN” /||C°ﬁ(ijﬂBRj(x,))

where the infimum is taken over collections {y;, x;, R; }1].\'=1 where {Bg; (x;)} covers 9$2 and

each 2 N Bg, (x;) is represented as the graph of the C'# function y (B
The idea is to use this defining function p as a replacement for the affine approximation,
considering maps of the form

p(x)

alx)=§ ————. (84)
[V (x0)l
with &€ € RV, Since Va = ¢ ® \§§E§3| which is close to § ® vy, however, taking

& = (Vv - vyy)Qr(xy) only allows us to control the normal component compared to the
full derivative Va = (Vu) p, (x,) from the interior case. It turns out this is sufficient however;
this is illustrated by the following result, which is an adaptation of an observation of Campos
Cordero [7].

Lemma3.6 Let Q C R” be a bounded C'# domain and let p > % There is Ry > 0 and
C > 0 such that for all xg € 02 and 0 < R < Ry, forallv € Wl’p(QR(xo), RN) such that
v=00n 02N Br(xg) we have

1
P
(][ Vo= (Vv - vxp)Qpxo) ® on|pdx>
Qg (x0)

P
=C <][ Vv — (VU)QR(XO)I”dX> + Cl(V) g IRP. (85)
Qg (x0)

Proof Fix xo € 92, then by translating and rotating we can assume xo = 0 and v(xg) = e,
and take Ry > 0 small enough so we can write Qg (xo) as the graph of some y. We have

1

1 1 n—1
<][ Vv — (Vav)a, ® enl” dX)I < (][ Vv — (Vu)ggl? dx) gt Z'(Viv)QR|7
Q2R 2R i=1
(86)

where we write Vjv = Vv -¢;, so we need to estimate the tangential derivatives. We proceed
analogously to [7, Lemma 5.6] with minor modifications to account for the curved boundary,
so letting p be the defining function for 2 as above we consider

p(x)
Vo)

v(x) = v(x) = (Vav)ag (87)
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Note that ¥ still vanishes on 92 N Bg, so writing x = (x’, x,) € R"! x R, so a similar
argument to [7] gives

/ V7 dx =[ T2 an 1 () =/ Vi) ———dx,  (88)
Q QnIBy R Qp (R? — [x'[H)2

where the only difference is that ¥ vanishes at (x’, y (x)) writing x = (x’, x,,). This can then
be estimated using Holder’s inequality as in [7] to get

1
][ Vidx| < (][ |vni7|1’dx>'. (89)
Qpr Qpr

Now using the fact that p is of class C!-# we deduce that

~ Vi
{ v <|f v i
Qg Qr

IV p(xo)l
=C(n, p) <][Q Vv — (an)QRI”dX>p +Cn, plIQlc1m)|(Vav)ag IR?,
' (90)

where we used (89) in the second line. Thus combining with (86) the result follows. m}

= + [(Vav) gl

We close this subsection with the proof of Proposition 3.2, which will be an consequence
of the following more general result.

Lemma 3.7 Let Q be a Lipschitz-domain with ||Q||con < 1. Then for all xo € Q and
0 < R < Ry, we have Qg (xg) = QN Br(xg) is a 8-John domain, where & can be chosen to
depend on n and ||2|| co.1 only.

Proof Put L := ||2]|co1 < 1. Let Rg > 0 such that Qg (xp) can be written as the graph
of a Lipschitz function y when R < Rp. By means of a rigid motion assume that xg = 0,
v(xg) = —e, and Ty = H = {x € R" : x, = 0}. Moreover by rescaling we can assume

that R = 1, so we have
QNB={xeB:x,>yx"}. 91)

By assumption we have |Vy| < L a.e.in H N B and y (0) = 0, which implies that |y (x")| <
L|x'|. Therefore noting x,, = y(x’) on 92 we have

| x|
IRNBClxeB:|x|> ——} =: 5. (92)
{ VL2 41

Moreover S;, can be seen as the union of all cones
C(n,0p):={x eR":|x -n| > |x|cosO} (93)

intersected with B for alln € $"~2 x {0}, where cos0;, = 1/+/L% + 1. Note that 6, < % if
and only if L < 1. We will also let S; to be as in (92) where L is replaced by 1. Also since
QN B D BT\S, where BT = {x € B : x, > 0}, we will choose yg = %en in BT\S; to
be our John centre. Since BT \ Sy is convex, it is shown by Martio and Sarvas [36, Remark

2.4(c)] that it is a John domain with constant —=, since B_1_(yo) C B*\S; ¢ B*\S. C B.
2V2 2V2

Now let x = (x/, x,) € €N S, noting that x” # 0 necessarily. We wish to construct a
piecewise linear path from x to yo verifying the John domain assumption, as drawn in Fig. 1,
which will involve some elementary geometry.
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ATn

Fig.1 Construction of the path y

Letw = (T;’,?) and putx; = x + |JIT| (—xnw + |x’|ey), which is parametrised by arclength.

We also let 6; € (0, 2m) such that x; = wcos6; + ¢, sin0;; note that 6y € (0, %). We
now claim that |x;| = dist(x, dBy) is linearly decreasing in ¢ provided x; € S1. To see this,
consider the triangle formed by the points P = 0, Q = x9 and R = x;; then we have
the angles ZRPQ = 7 — (% +6,) and ZPQR = 6, + %. Then |Q — P| = |xo| < 1,
IR— Q| =|xt|,|R— Q| =t,and ZPQR = % — 6p. By the cosine rule we have

b4
x| = |x|® + 12 — 2t cos <Z - 90) = p(0). (94)
Let o > 0 be the unique value such that 6, = %, which is where x; exists Sj. In this case,
since ZQRP = 7 we have tp = |x|sin(§ — 6p). Note also that |x,| = |x|cos(F — 6p).
Therefore for ¢t € (0, ty) we have

P(t) = 2(t — |x]| cos (% — 90) > 2x| <cos (% - 90) - to) — —2\2x|sin(y). (95)

Hence we deduce that

1 [t p 2 sin(@
=l = = 29 oo Vasin@n) 2L s 6= wt, (96)
2 Jo Vp(s) x50 cos (§ —61)
so it follows that
dist(x;, dB) = 1 — |x;| > 1. 97)
Also since y is L-Lipschitz, we have
(x—}-C(e,,,%—GL))ﬂBCQﬂB. 98)
Indeed if y € C(e,, 5 — 6L) then y, > L|y’| and hence
Xn+yn >y @) = LIY| = y (" + ), (99)
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so x +y € Q provided |x + y| < 1. Since x; lies in the cone x + C(e,, T), some more
trigonometry gives

dist(x;, 99) > dist (x;, X +0C (e,,, % - eL)) = |x — x|sin (% — eL) — oz, (100)

where o = sin ( % - QL) . Combining the above two estimates we deduce that
dist(x;, (2N B)) > min{é, o'}t (101)

for all 0 < ¢ < 5. We can then join x, to the John centre y( via a linear combination to
conclude, which is also how the case x € '\ Sy is treated. O

3.3 Reference estimates up to the boundary

We will also need some reference estimates for linear elliptic systems for the harmonic
approximation step. We consider a linear mapping A : RY" — RN” which is symmetric
in the sense that v : Aw = Av : w, satisfying the uniform Legendre-Hadamard ellipticity
condition

MEPIP? < AE®n) : (E®@n) < AlE[|n)? (102)

holds for all £ € RY, n € R" with A > 0. By means of the Fourier transform one can infer
that for any 2 C R” open the estimate

1
/|V<p|2dx < f/ AV : Vo dx (103)
Q rJa

holds for all ¢ € W&’Z(Q, RM), so the Lax-Milgram lemma gives the associated operator
—div(AV-) : Wy (2, RY) — W=12(Q, RY) is an isomorphism.

In the interior case we considered the same setting, but we used uniform and W22 estimates
which could be found in many sources such a [20]. For boundary regularity we wish to
establish analogous estimates for Qg (xo), however such domains are merely piecewise C'!+#
which is too weak to expect estimates in those scales. To circumvent this we will need to
replace Q2p by a suitably regular domain following an argument used by Kristensen and
Mingione [32], and obtain weakened estimates which will be sufficient for our purposes.

Lemma3.8 Let Q@ C R”" be a bounded C"-P domain and let A be symmetric and uniformly
Legendre-Hadamard elliptic as above. Then there is Ry > 0 such that for each xo € 3$2 and
0 < R < Ry, there exists a C1P domain Qg (xg) = Qg such that

Qr/2(x0) C Qr C Qr(x0), (104)
on which the following solvability results hold.
(i) Ifv e WH2(Qg(x0)) such that v =0 on 9Q N IQg (x0), the unique h € W)2(Qg(x0))

solving

{ —div(AVh) =0 in Qg (x0), (105)

h=v on Qg (xg),

is of class ClBin ?ZR U (39 N 8§R(xo)) with the associated estimate

1

2
[VAl e @msaay < € N AJLL B, ||sz||c1.ﬁ><]€ |Vh|2dx) . (106)
QR
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(i) If2<p<ooand F € LP(Q, R"™N), then there is a unique u € Wol’p(Q, RN) solving

—div(AVu) = —divF in Qg(x0),
{ u=0 on 9Q2g (xo), aon
which satisfies the estimate
/; [VulP dx < C(n, N, p, A/1, |21c1s) [ |F|? dx. (108)
Qg (x0) Qg (x0)

Proof Fix a smooth domain A C R” such that Eg (0)™ ¢ A C Bi(0)*. Using the graph

representation above we can construct a diffeomorphism v : Bg,(xo) — U C B1(0) such
that A C U, ¥(Bg, N ) = U NR’., and such that Dy (xp) is orthogonal. Hence by
shrinking Ry if necessary we can assume that

B sk (0) C ¢(Br(x0)) C Ber (109)
R 3R

for all R € (0, Ry). Hence if we let fZR =y ! (g—RIZA) this satisfies,

Qrpcy! (E%mﬁ) cQrcy! (B%@ﬁ) C Qs (110)
as claimed. Now if ¢ € W1*2(£~2R, RY), setting @ = ¢ o ¥~ ! we have for ¥ (y) = x that
— div(AVg) = — div(AV) (111)
where we define

A s w = |det(Vy ()~ ATVY(x)v) 2 (Vi (x)w) (112)

for y = y(x) and all v, w € RN". We can check A is Legendre-Hadamard elliptic and
B-Holder continuous with constants depending on n, A, A and [|2|| 1.6 , noting Vi € C 0.8

with bounded inverse. Hence (i) and (ii) follow by analogous estimates on Ag := 2158%‘4
applying the classical Schauder and Calderén—Zygmund estimates respectively; see for
instance Theorems 10.12, 10.17 in [20] for details. O

Remark 3.9 The second estimate (ii) replaces W22 estimates by weaker bounds in whr,
which suffices for our application. We will apply this with f € L*(Qg(x0), R") by using
the Newtonian potential to define

—1 —
F= /N FO) 2 dx, (113)
nwy J3g(xo) |x — y[”

which satisfies —div F' = fxg () in R". By standard potential estimates (see for instance
Lemmas 7.12, 7.14, and Theorem 9.9 in [19]) we have C = C(n, p) such that

~ 1yl 1
”F”LP@R(XO)) cc (QR(XO))" v ”f”L2(§R(xo)) ) (114)

provided % - - < % with 1 < p < oo, which puts us in the setting of the above lemma.

1
P

Finally we conclude by stating a Poincaré inequality we will use extensively later. For the
case of the modified domain, this follows by flattening the boundary and rescaling the smooth
domain A, whereas in Qg we can extend by zero to Bg(xo) and apply the corresponding
inequality there.
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Lemma 3.10 (Poincaré inequality) Ler 2 C R" be a bounded CY8 domain and let Ry > 0,
Qpr(x) asi'n Lemma 3.8 above. Then for all xo € 02,0 < R < Ry, 1 < p < o0, for
u e Wl’p(QR(xo), RN) such that u = 0 on 32 N B (xo) in the trace sense we have

n_n_j
Ry ullpg @,y < CUIVullpr @y, (115)

forall 1 < g < oo such that % — % < %, with C = C(n, p,q. B, IR c1.s) > 0. Also the
same conclusion holds for Qg (x¢) in place of Q R(x0).

4 Regularity up to the boundary for F-extremals

We now use the results from the previous section to prove Theorem 1.3. The framework
will be analogous to the interior regularity theory, involving establishing a Caccioppoli-type
inequality and a harmonic approximation result.

We will continue to use the notation introduced in Sect. 2.1. Additionally, given a bounded
C'# domain Q@ c R”, we will fix Ry > 0 and § € (0, 1) such that Qg (xg) is a 5-John
domain for all xo € 92, 0 < R < Ry, and given p as above we will also assume that we
have L (2r (x0)) = 47" L"(Br(xp)) and

2
Cin)~' R ][ PO e < cR2, 116
R = v IVpGo? =€ (110

for all R < Ry. Shrinking Ry further if necessary, we will moreover assume Proposition 3.2
and Lemmas 3.6, 3.8, 3.10 from the previous section hold with this choice of Ry.

4.1 Boundary Caccioppoli-type inequality

Lemma 4.1 (Boundary Caccioppoli-type inequality) Suppose F satisfies Hypotheses 1.1, let
M > 1, and suppose Q@ C R" is a bounded CY8 domain for some B € (0,1). Given
g € CVB(Q, RN, there is Ry = Ro(n, ) > 0 such that the following holds. Suppose
x0 € 02,0 < R < Ry, and u € ng’q(Q,RN) is F-extremal in Qg (xq) such that Vu €
BMO(2r (x0), RNV™), [Vulgmo(@rxo)) < 1, and |(Vu)qr| < M. Then if we define

p) (= 8)p)ag
[V (xo)l (PP

with p the defining function for Q as in Sect. 3.2, we have the estimate

p(x), (117)

agr(x) = &g

][ Vi — (Va2 dx < C y (IVulsmoan) ][ Vi — (Vuygy > dx
Qr/2 Qr
c
+ —][ lu—g—agl>dx + CM?U~DR?E, (118)
R2 o,

where setting M = C(n,B. 120 e, IVEIcop)M, v:[0,00) — [0,1] is a non-
decreasing continuous function satisfying y (0) = 0 depending on wy; and q only, and

C=C(nN,q,Kji/ i 8 121 crs , Ro, [Vglcosg)) > 0. (119)

The main technical obstruction is that we need a suitable test function ¢ vanishing on
02N Br(xp) in our coercivity estimates. We will achieve this without flattening the boundary,
using ideas from Campos Cordero [6, Chapter 4] and results from Sect. 3.2.
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Remark 4.2 Similarly as in the interior case, the choice of ag(x) in (117) ensures that

2
0

s V(o)

Qpr

u—g—=£& (120

is minimised in & € RY when & = &g from (117), as noted by Kronz [35]. If we set
& = (V(u—g)-v(xp))qg. these can be compared through estimate

lEr — (V(u — g) - v(x0)) gl

where C = C(n, B, [|R|c1.6) > 0. This is proved in [35, Lemma 2(ii)], relying on the
Poincaré inequality (Lemma 3.10) and (116).

1
\v4 2 2
p dx) L CMRP, (121)

[V (xo)l

V(u—g) = (V(u—g)-v(xo))ag ®

Proof Let Ry > 0 as in the beginning of this section, and define
w(x) = u(x) — g(x) —agr(x), (122)

noting that w = 0 on 92 N Br(xp). We also fix a cutoff n € CSO(BR(zo)) such that
LBgp(xo) =0 < 1Bg(xg) and [Vny| < %, and consider the shifted functional F(z) = F,(2)
as in (18) where

ZR = ER vy + (V@) (123)

with &g as in (117). Using the Poincaré inequality (Lemma 3.10), we can choose M so that

1

2 -
lzr| = Cn, B, [ c1p) (][ |Vu — Vel® dX) +1(Varl = M. (124)

QR

Now by the strict Legendre-Hadamard condition applied to nw and testing the equation (1)
against n2w we have

)\.Mf IV(qw)|? dx 5][ F"(0)V(qw) : V(qw) dx —][ F'(Vu — zg) : V(n*w) dx
Qg Qp Qg
=][Q n (F”(O)(Vu —zr) — F'(Vu — zp)) : V(qw) dx
R
+ ][ 1E"(0) (e — Vag — Vg) : V0qw) dx
Qr

+][ wE"(0)Vn : V(nw) dx —][ nwF'(Vu — zg) : Vndx.
Qr Qr
(125)
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We can absorb the V(nw) terms using Cauchy-Schwarz and Young’s inequality; for the
last term we can use the growth estimate (20) for F’ to estimate

][ nwF' (Vu — zg) : Vndx
Qg

< KM][ WVl (1n(Vi — 2p)] + 0 Vit — 2l d
QR

CKZ% e
< M][ lwVn|?dx + —M][ IV(qw)|> + n?|Vw|?4~D dx
A’M Qg 8 Qr
+ Ckg][ n*lzr —ar — VgI* + n*lzr —ag — Vgl* D dx. (126)
Qpr

Hence since r]2 < 1 we deduce that

1 4 ~ ~
7][ IV(qw)|*dx < —][ |F”(O)(Vu —zR) — F'(Vu — ZR)|2 dx
2Jax AitJag

+ C][ <|ZR — Vag — Vg|2 +|zr — Vag — vg|2(l]—l)) dx
Qg

C
+— |w|2dx+C][ IVw|?@=D dx, (127)
R Ja, Qr

where the final term can be omitted if ¢ = 2. For the second term we note that since g, p are
C'# we have

[Vo(x) — Vp(xo)l

+|Vg — (Vg)a.l < CMRP (128)
V(o) R

lzr — Vag — Vg| < |6r ® vy |

in Qg, where C = C(||2||c1.8 , [Vglco.s) > 0. For the first term we apply the comparison
estimate (22); writing (1) = a)lgl(t)(t2 + 12@=D) this gives

][Q |F"(0) (Vi — zg) — F'(Vu — z2p)|* dx < Kﬂ]i ®(|Vu —zg)dx, (129

R

noting that wy; () < 1. Now we estimate

Vi — zr| = [Vu — (Vu)gp| + 16r — (VU — 8)) - o) |
(VU = g)ar = (V=) - vig)ag ® Vil (130)

By Remark 4.2 the second term can be estimated as
[Er — (Ve — g) - vip) gl
1

2
SC(/ |Vu—Vg_(V(u_g)‘on)QR®Vx0}2 dx) +CMRﬁ
Qpr

= Cl(Vu = g)ap — (V(u = g)) - vyg)ag ® vyl

1
2
e (/ |Vu — Vg — (V(u — )ax| dx) + CMRP, (131)
QR
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and applying CAMPOS CORDERO’s trick (Lemma 3.6) followed by the John—Nirenberg esti-
mate (Proposition 3.3) we have

|(Vu = Vg)ap = (Vu = Vg) - vy)ap @ vy

1

=C (f IVu — Vg — (Vu — Vg)szRI”dx> " 4 CMR?
QR
< C[Vu — Vglgmoa + CMR?, (132)

for p € {2, q}. Also applying the modular Fefferman—Stein estimate (Corollary 3.5) we can
bound

][ ® (IVu — (Vu)ggl) dx
Qg

< Cuwj ([W]BMO(QR))][Q [Vu — (Vi) + |Vu — (Vu)g, 29" Vdx.  (133)
R

Now since [Vglgmoy) < CRP and ®(RF) < (1 + Ré(q_2)> R?8 | we can combine the
above using the doubling property of ® to get

][ ® (|Vu — zo) dx < CM*4~D R
Qg

+ Cwj ([Vu]BMo(QR))]é2 Vi — (Vg I* + |Vu — (Vu)g, [*"Vdx.  (134)
R
To complete the estimate, note by the John—Nirenberg inequality (Proposition 3.3) that
_ 2(q—2
][ IVu — (Vu)g, 4V < C [Vu]Bﬁ\‘flo(ng)][ |Vu — (Vu)g, |* dx, (135)
Qr Qpr
and similarly
][ V2@~V dx < C [Vulpiorn )][ |Vu — (Vu)g, > dx + CM?@~ DR (136)
Qr K Qr
Hence putting everything together gives
|v( 2 ~ 2(q—2) _ 2
nw)|“dx < C Wy ([v”]BMO(QR)) I+ [Vu]BMO(QR) [Vu (VM)QR|
Qr Qg

C 2(g—2
Jrﬁ][Q |w|2dx+C[w]B<f40(§2R)][Q Vi — (Vi)gg | dx
R R
+ CMPUD R, (137)

from which the result follows taking y () = min{l, wg; (t)(1+ 12@=2)y 4 42(=2)), omitting
the 12@=2 terms if ¢ = 2. O

4.2 Boundary harmonic approximation
Lemma 4.3 (Boundary harmonic approximation) Suppose F satisfies Hypotheses 1.1, let

M > 1, and suppose 2 C R" is a bounded C"P domain and g € C“B(Q,RN), for
some B € (0,1). Suppose xo € 92, 0 < R < Ry with Ry = Ro(n,2) > O and u €
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W (Qr, RY) is F-extremal in Qg (x0) with Vu € BMO(Qg, RN), [Vulgmo@g) < 1
and |(Vu)oyl < M.

Then letting fiR as in Lemma 3.8, the unique solution h € W1'2(§R, RN) to the Dirichlet
problem

—div F”(zg)Vh =0 in Qr,
~ (138)
h=u—g—ag ondQg,
with zg, ag as in (117), (123) respectively satisfies
/~ |Vh|?dx < c/~ IV(u — g —ag)|*dx, (139)
Qpr QR

where C = C (n, KM/AM) > Owith M = C (n, BN cs ||Vg||c0.ﬂ(9)) M. Moreover

we have the remainder estimate
1
ﬁ]{ lu—g—agr—h|>dx <Cy ([W]BMO(QR))][ IVu — (Vu)g, | dx + CM*R*,
Qr QR

(140)
where C = C (n, N, q. K /3. IQlcs . [Vg]lcos o) > 0and y: [0, 00) — [0, 1] non-
decreasing continuous such that y (0) = 0, depending on n, g and wg; only.

Proof We will assume n > 3 so Sobolev embedding applies, taking similar modifications as
in the interior case if n = 2. Additionally we will use similar arguments used in the proof of
Lemma 4.1 which we will not reproduce in detail, in particular choosing Ry, M in the same
way. As in the interior case we will also replace F with )‘;711 F. Letting F=F %z be the shifted

functional with z as in (123) and setting w = u — g — ag, note for ¢ € W&’z(ﬁR, RM) we
have

][~ F"(0)(Vw — Vh) : Vo dx
QR
=][~ (F"(0)Vw — F'(Vu — zg)) : Vo dx
QR

= Kﬁ;]{ om(IVu — zgl) (IVu — zg| + |Vu — zg|97") | V| dx
Qpr

—l—K,;,;][~ |[Varp — Vg — zrl|Vo| dx, (141)
QR

where we used the comparison estimate (22). We now choose ¢ to be the unique solution to
the Dirichlet problem

_ . N// _ _ . ~
{ div F”(0)V¢ = w —h in Qp, (142)

¢=0 on BﬁR.

Since w — h € L2(Qg) — W12 (Qg) by Remark 3.9, by Lemma 3.8(ii) with p = 2* we
obtain the estimate ”V¢||L2*(§R) <Clw-—nh ”LZ@ZR) . Therefore for this choice of ¢ we get

2
]4|w—h|2dstw,q (][ IVM—ZRIdX) ][ IVu — zgl? + |Vu — zg 2@~V dx
Qg Qr Qr

2
2%
+C<][ |VaR—Vg—zR|2*dx> , (143)
QR
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where we have used Holder and Jensen’s inequalities (here 2, = %), and absorbed the
k)R |w — h|? dx term on the right-hand side. Arguing by splitting |Vu — zz| as in (130) from
the previous section (proof of Lemma 4.1) we arrive at the estimate

][N lw—h>dx < Cy ([W]BMO(QR))][ |V — (Vi) > dx + CM*R*  (144)
QR QR

with y (f) = min{1, a)lf,](t)% (1 4 12@=2)}, as required. o

4.3 Boundary &-regularity and the controlled case
We now combine the estimates from the previous sections to conclude as in the interior case.

Proof of Theorem 1.3 For B, (x) C Bg,(xo) with x € Q we consider the excess energy
E(x,r) :][ |Vu — (Vu)g, ol dy, (145)
Q- (x)

so by assumption and Proposition 3.3 there is C; = Cy(n, §) > Osuch that E(x, r) < C1£2,
which we can assume is less than 1.
Claim If x € 3Q and r > 0 so that Q. (x) C Qg(xo) and o € (0, }) for which

(Vi) @y, )]s [(Vi) @, 0| < 22T M, (146)
we have

E(x,or)<C (Gzﬂ 4oy, ([VM]BM0<Q,(x)))) E(x.r) + CM2a—Dg= 042,28,

where y is as in Lemmas 4.1 and 4.3 with 231+ b1 in place of M, and e
C=C(n N,q, Kjj/rjj. 8. 1Qc1s . Ro, [Vglcos ) > 0 (148)
Proof of claim Applying the Caccioppoli-type inequality (Lemma 4.1) we have
E(x,or) < Cy ([Vulgmo(@y,, o)) E(x, 207)
+ #]é%mm — g — aor[*dy + CM*47 V(o) (149)

where ays, is given by (117) in Q4,(x). Also by tl}g boundary harmonic approximation
(Lemma 4.3) in Q, (x) the unique solution 2 € W12(Q, (x), R") solving

I Ty _ O
{ div F"(z;)Vh =0 in Q;(x), (150)

h=u—g—a on 082, (x),
satisfies

1
W][Q ( lu— g —a, —h*dy < Cy (IVulsmoce, o)) Ex. r) + CM* 2P (151)
r/2(x)

noting that €2, 2(x) C 52, (x) C Q,(x). Now by Remark 4.2 we have

2

1
dy (152

1
= u—g—ao|* dy < ][
02r2‘£-220r(x) 02r2 Qg1 (X)

u—g—=¢&

Vo)l
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for all £ € RV, so taking & = & + (Vh - V) Q,,, (x) WE can split

: ][ | 2d
— u—g—as|-dy
0212 )@, () ’
1 ][ o |
< h— (Vh v, ) ——»| dy
a2rJa,,, Ve 175 (0
+ Co™ "Dy ([Vulpmo, o)) E(x, r) + CM* @ Do =(142,25 (153)

For the second term we use the Poincaré inequality (Lemma 3.10) and Lemma 3.6 to estimate

l
(727'2 Qogr (X)

< c][ _Vp_
Qoor (x) [Vo(x)]

< C][ VA = (Vh - v) @y, 00 @ ve|* dy + CM(0r)
Qg (X)

2
h—(Vh-ve)ay,, (x)

Vo)l
2

Vh — (Vh - VX)QZM(X)

< c][ |Vh — (Vh)ay,, 0| dy + CMP6 "2, (154)
Qogr(x)

where we have used the bound |(Vh)q,,, ) - Vi[> < CM?c~". Now as h vanishes on
02 N 3R, (x), using (106) from Lemma 3.8(ii) we have the estimate

[Vhlcos@, ey = C]Q IV(u— g —ap)ldy < CE(x,r) + CM*r*,  (155)
Q2 (x)

where the last line is obtained by arguing as in the proof of Lemma 4.1. Hence it follows that

=
o2r2 ) oy, ()

so the claim follows by putting everything together.

We now argue analogously as in the interior case; note for x € d€2 N Bg/2(xo) we have
(Vi) g r] < 2°"M, and so [(Vi)q, o] < 2"M 4 Cio™"e < 2"F1M for e > 0
sufficiently small. Hence applying the claim gives

2

dy < CGZﬁE(x, r)+ CM?*c"r%P,
(156)

h—(Vh-vo)ay,, )

_r
Vo)l

E(x,0R/2) <C (02*3 + G_(”+2)y(£)> E(x,r/2) + CMX@ D=2 RaF=o) plar,
(157)

We choose o € (O, l) such that Ca?f < %az"‘, and & > O such that Ca_(”"'z)y(e) < }TJZ“.

We then choose ﬁo > 0 such that CMz(‘f’l)cr’(”“)ﬁé(ﬂ_“) < ko for0 < x < 1tobe
chosen to get

1 2a 2a
E(x,o0R/2) < EU E(x,R/2)+Kk (cR)™. (158)
Further shrinking ¢ > 0 if necessary and taking « > 0 small enough so

oD (Cre + k) Z(r“j <3"M, (159)
j
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we can iteratively argue that for all kK > 0,
((Vi)B 0] < 27 M, (160)
E(x,0"R/2) < 276X E(x, R/2) + (6" R)**. (161)

Hence it follows that E(x, r) < Cr2® for all r € (0, R/2).

By the interior case we also have E (x, r) < Cr2® when B(x, r) C Qr(xp) withx € BRr)a.
We can extend this to all x € Qg/2(xp) and 0 < r < R/2 by a covering argument (adjusting
constants as necessary), so by the Campanato—Meyers characterisation we get u is C'* in
Qp/2(x0), as required. ]

We now turn to the proof of Theorem 1.8. The key point is the follow lemma, which
asserts that we obtain estimates analogous to those established in Sect.2.1, with a precise
dependence on |[w| < M.

Lemma 4.4 Suppose F satisfies Hypotheses 1.7 for some p > 2. Then there is K > 0 such
that for any z, w € RN" we have (18) satisfies

|Fu(@)] < K1+ [w)?2(|z]* + |21, (162)
|F, ()] < K1+ [wh?*(|z] + 2177, (163)
|Fp(0)] < K(1+ |w)P—2, (164)
and
|F(0)z — F(2)] < K1+ [w)” ?w(z)(z] + 217 7). (165)

forall z,w € RN with w: [0, o0) — [0, 1] a non-decreasing, continuous, and concave
function such that v (0) = 0.

Proof Quantifying (H1) we have F”(z)/(1 + 1z)?~2 is bounded by K, and we let w denote
the associated modulus of continuity. From this (164) immediately follows, as does (162),
(163) by noting that

CK(+|whP2z)*> iflz| <1,

|Fw(z)| = {A(l + |Z|)P if |Z| > 17

(166)

and similarly for F/ (z). Also if |z] < I we have

F//(w +Z) B F//(w)
A+ w+zDP2 1+ |w)r2

|F"(w+2) — F'(w)| < (1 + |w+z))P 2

|F"(w)]
(1+ Jwhr—2
< Q+wh’?Ko(z) + CK(1 +[wh’ Pz —wl,  (167)

+ |(L+[wh?™2 = (1 + |w +z)P 2

where the second term is estimated by distinguishing between the cases p € [2, 3] and p > 3.
Hence taking @ = min{1, o (¢) + ¢} we deduce that

|F}(0)z — Fl, ()| < CK(1 + [w))?’~*&(|z)) ] (168)

for |z|] < 1, and when |z| > 1 we use (163), (164) to estimate
|Fy(0)z = Fy ()] < CK(+ [wh?~(Jz] + 12177, (169)
so combining these (165) follows, replacing CK, @ by K, w respectively. O
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Proof of Theorem 1.8 Owing to Lemma 4.4, the constants Ky, A3 from Sect.2.1 can be
chosen so that Ky /1y is independent of M > |zp|. Similarly, we have the modulus of
continuity @ = wyy is also independent of M. Hence we claim the following excess decay
estimate

E(x,or)<C (0” + o712y, ([VM]BMO(Qr(x)))) E(x,r)
+ C(1L+ [(Vi)gy,, | + (Vg 2o~ 0+ 28 (170)

holds for all x € €, R > 0 such that either Bg(x) C Qorx € Qand0 < R < Ry
(with Ry = Rp(n, Q) > 0). Indeed this follows from the excess decay estimates (48),
(147) from the proofs of Theorems 1.2 and 1.3 respectively. Letting M > 0 such that
[(Vu)o,,, | +1(Vu)g, | < CM, in the above estimates we have C and y depends on M only
through K s /Ay and wyy, hence under our assumptions they are independent of M. Note in
the interior case the second term can be omitted.

Fix ¢ > 0 to be determined. Then thereis 0 < R < % for which there exists a finite cov-
ering of 2 by balls {Bg(x;)} where either Bg(x;) C Qorx; € Q, and [Vulpmo@ar(x) =
2¢ < 1 for each j. Let M > 0 such that |(Vu)g22R(xj)| < M for all j, then observe that for
allx € Qand 0 < r < R we have [((Vu)g, x| < C(n)M (1 +1og(R/r)) . Hence the excess
decay estimate becomes

E(x,or)<C (02’3 + 0_(”+2)y(2£)) E(x,r) + CM*c =@ +2:28 (1 4 log(R/r))
171)
whenever 0 < r < R, and modifying constants this holds for all x € Q.
Now choose o € (0, %) such that Co?f < %02"‘, and & > 0 such that Co~"+2)y (2¢) <

102%_ Then choose 0 < r9 < R such that CMZG’(Z”“)rg(ﬂ*a) (1 +1og(R/rg)) < 2.
This gives

1
E(x,or) < 5cr2°‘E(x, ")+ (o), (172)

from which the result follows by iteration as in the proof of Theorem 1.3. O

5 Extensions

Up until now we have confined our discussion to the setting of autonomous integrands,
however the framework we developed extends to more general elliptic systems and higher
order equation. Rather than state the most general case possible, we will aim to highlight the
necessary changes to adapt our arguments to these more general situations.

5.1 Quasilinear elliptic systems

While our motivation for this investigation arose from studying the behaviour of extremals, it
turns out our arguments do not make use of the variational structure of the equation. We will
illustrate this by considering general Legendre—Hadamard elliptic systems, and also show
how lower order terms can be handled.

More precisely we consider weak solutions to the equation

— div A(x, u, Vu) + B(x,u, Vi) = 0 (173)
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in 2, subject to the following conditions.
Hypotheses 5.1 Letn =2, N > 1, 8 € (0,1), g > 2and Q C R" abounded C'-# domain.
We consider Carathéodory functions

A: Q@ x RN x RN — RN7, (174)

B: QxRN x RN — RN, (175)
satisfying the following (we use D,,, D, to denote partial derivatives in u, z respectively).
(A1) Forall (x,u,z) € 2 x RY x RV we have

A, u,2) + B, )] < K(1+ 2771,

(A2) Themapz — A(x, u, z) is continuously differentiable for each (x, «), and forall M >
0 thereis Ay > 0 and a continuous, non-decreasing concave function wyy : [0, c0) —
[0, 1] satisfying wps (0) = 0 such that

D A(x,u,z1) — D;A(x, u, 22)| < Ayop(lz1 — z20)

forall x € Q, [u| < M and |z, [z2] < M + 1.
(A3) Forall M > 0, for x € Q and |u|, |z] < M we have the strong Legendre-Hadamard

ellipticity condition

D AR u,E @) (@) = hulEln

forall § € R and n € R".

(A4) Forall x1,x2 € Q, u1, ur € RY and z € RV we have
|AGer, u1,2) — A(xa, u2,2)| < K(1+ |21 Dop(lxi — xal + [ur — ua)),

where 0g(t) = min{1, t#}.

Remark 5.2 A special case of the above is the Euler-Lagrange system associated to the non-
autonomous integrand F = F(x, u, 7). Here the Euler—Lagrange system reads

—divD,F(x,u,Vu)+ D, F(x,u, Vu) =0, (176)

so we need F to be C2 in z and C! in x, such that Hypotheses 5.1 are satisfied with
A(x,u,z) = D;F(x,u,z)and B(x,u,z) = D, F(x,u,z).

Theorem 5.3 (BMO ¢-regularity theorem for elliptic systems) Suppose 2, A, B satisfies
Hypotheses 5.1 and suppose u € W;’q(Q, RY) solves (173) with g € CLB(Q, RN). Then
foreacha € (0, B) and M > Othereise > 0and Ry > 0 such thatifx € Qand R € (0, ﬁo)
such that |(Vu)Qgxp)| < M and

[Vulgmo@r(xo)) = & (177)
then u is C1* in QR/2(x0).

Step 0: Reduction and linearisation Our strategy will be similar to before; we fix xo € Q
and R > 0 such that either Bg(xg) C 2, or xg € 0Q and 0 < R < Ry with Ry > 0 as in
the start of Sect.4. We will focus our attention to the boundary case, as the interior case is
similar but simpler. We will also fix M > 0 such that [(Vu)q, )| < M.

We first observe that we can suppress the u-dependence; since Vu € BMO(2, RN") we
can use the John—Nirenberg and Sobolev inequalities to obtain u € C%X (2, RY) for all
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x € (0, 1). Then fixing any E € (a, B) and taking x = E/ﬂ, we see that x > A(x, u(x), z)
and x — B(x, u(x), z) are E—Hélder continuous in Q. Hence changing the constant K in
(A4) (depending on n, 2, M) we can assume A, B are independent of u.

We then consider the linearisation

A(z) = A(x0, 7 + 20)) — A(x0, 20), (178)

which satisfies the growth estimates

Az) < Ku(jzl + 12971 (179)
A0) < Ky (180)
|A"(0)z — A2)| < Ky wjz (12D (2l 4121771 (181)

for all z € RV", along with the coercivity estimate
AM][ |Vo|* dx 5][ Z’(O)qu : Vo dx (182)
QR QR

forall g € Wy*(2, RY).

From here one can proceed analogously as in the autonomous case detailed in Sects. 2
and 4 replacing F’ with A. We will sketch how the details can be modified, however the only
difference is that we obtain extra terms arising from the x-dependence and the presence of
the lower order term B.

Step 1: Caccioppoli inequality We claim that

][ Vi — (Vi)gp,|*dx < Cy ([Vu]BMO(QR>)][ |V — (Vi) g |* dx
Qg2 Qr

c 2 28
+ -5 lu —g—agr|"dx + CR"", (183)
R Jq,

with ¥ (1) = min{1, @j; (t)(1 4 12@=2)) + 12@=2)} omitting the 12 ~2) terms if ¢ = 2. To

show this, as before we will fix a cutoff € CS°(Bp) satisfying 1BR/2 <n<l1pg |Vl < %.

"l;aking aag asin (117) and set zg = Vag(xo) + (Vg)qa,. We then consider the linearisation
A(z) with this choice of zg, and also put w = u — g — ag. By the Legendre-Hadamard

condition (182) we have
)»M][ IV (qw)|* dx E][ A (0)V(w) : V(nw) dx, (184)
Qr QR
and since u# weakly solves (173) we have

0 :][ A.(x, Vu) : V(n*w) + B(x, Vu)(n*w) dx, (185)
QR

@ Springer



BMO e-regularity results for solutions... Page330f42 166

so combining these estimates we obtain
. VP < £ (O -2 - AVu = 20) s Vo) da
Qr QR

+][ 1 A'(0) ek — Vag — Vg) : Vinw) dx
Qg

+][ (A(x, Vi) — A(Vu — zg)) : V(qw) dx,
QR

+][ w A (0)Vy : Viqw) — nwA(Vu — zg) : Vn
Qg

—][ n B(x, Vu) - nw dx
Q

=I+0+1+1V+V. (186)

We can argue exactly as in the autonomous case (proof of Lemma 4.1) to estimate the terms
1, 11, 1V as before using (179), (180), (181). For the remaining terms note that

11 = (A(x, Vu) — A(xg, Vu)) : V(nw) dx
Qg

< CRﬂ][ (1+1Vu = zrl*7") [VOw)|
Qpr

A _
< 1—"64 IV(yw))?dx + C (1 + [Vulpviowme + Rzﬂ) R (187)
Qr
where we have used the fact that JCQR A(x0, zr) : V(nw) dx = 0 and (A4) in the second line,
and the last line follows from similar bounds given in the proof of Lemma 4.1. Finally for
the last term we can estimate

V< K][ (14 Vit — 2[4 Y nw]
Q

, !
2(g—-1 3 (1 2
= CR 1+ [Vulgioh, + R)’ <Te2][g Iﬂwlzdx)
R

A
<CR?+ TZ IV (qw)|? dx, (188)
Qg

where we have used the Poincaré inequality (Lemma 3.10) in the last line, which allows us
to absorb the V(nw) term. Hence the result follows by putting everything together.

Step 2: Harmonic approximation We now introduce the harmonic approximation which
solves

—divA'(0)Vh=0 inQp,
{ h=w on BS~2R, (189)
along with the dual problem
—divA/(0)V¢=w—h in Qg
{ =0 on 8S~2R, (190)
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which lies in W01,2* (ﬁR, RM). Using ¢ as a test function we obtain

][N lw — h|?dx =][~ A'(0)(Vw — Vh) : ¢ — A(x, Vu) : Vo — B(x, Vu) - pdx
Qr Qpr
5]4 (A"(0)(Vu — zg) — A(Vu — z)) : Vo dx
QR
+ ][ F(0)(zg — Vag — Vg) : Vo dx
QR
+][ (A(x, Vu) — A(Vu — zg)) : Vo dx —][ B(x, Vu) - ¢ dx. (191)
Qr QR

The first two terms can be estimated as in Lemma 4.3, and for the latter two terms we have
(making suitable modifications if n = 2),

][ (A(x, Vu) — A(Vu — zp)) : Vopdx < CRPE (1 + [Vu — 2|97 Vg dx,
Qg

QR
(192)
%/ 7
* * 2%
][ B(x,Vu):¢dx < CR (][~ 1+|w—zR|2*<'1*1>dx> ( 2*][ lp|? dx> ,
QR Qr R QR
(193)

which can be controlled similarly as the previous step using along with the Poincaré inequality
(Lemma 3.10) with ¢ for the second term. Therefore we obtain the remainder estimate

T lw—h>dx <Cy ([VM]BMO(QR))][ |Vu — (Vu)g,|>dx + CR?P,  (194)
Qr Qr

where y () = min{1, wg; ()7 (1 + 12@=2)}.

Step 3: Excess decay and conclusion Now we can combine the above two estimates to
deduce decay estimates for the excess energy (145). Since the estimates (183) and (194) are
identical to the estimates established in Lemmas 4.1, 4.3, we can argue exactly as in Sect.4.3
to conclude. Thus we have established Theorem 5.3.

5.2 Higher order integrands

We will also outline how analogous results can be obtained for kth order problems. For
this fix k > 1, and let M = Sym; (R", R™) denote the space of symmetric k-linear maps
RMH* — R*. If & € RN and € R", we write n¥ = n ® --- ® 7 to denote the k-fold
tensor product and identify elements & ® n* € My to send (xp, ..., x;) — & Z\al:k x¥n“.
Similarly in the case when &k = 1, for z, w € M we write 7 : w = Zlal:k z(e*).w(e%),
where we take tensor powers of the standard orthonormal basis {e;} for R”. This defines an
inner product and hence an associated norm |-| on M.
We will consider extremals of the integrand

Flw) = / F(VFw(x)) dx, (193)
Q
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where F: My — R and V¥u denotes the kth order partial derivatives of u. These satisfy the
Euler-Lagrange equation

(=D*Vk F'(vRu) =0 (196)
weakly in €2 in the sense that

/ F'(VFu) : VFpdx =0 (197)
Q

forall ¢ € C°(R2, RN ). The minimising case has been studied for instance in [18, 23, 34],
and also by the author in [25] where similar arguments are employed to what is considered
below.

Hypotheses5.4 Forn > 2, N,k > 1, let F: My — R be a Cc? integrand satisfying the
natural growth condition

IF@)| < KA+ [z)? (198)
for all z € M with ¢ > 2, and the strict Legendre-Hadamard condition
F'(z)( ®n): 6 ®n") =0 (199)
for all zp and all £ € RV, 5 € R”, with equality if and only if £ ® n* = 0.

Theorem 5.5 (Higher order BMO e-regularity theorem) Suppose F satisfies Hypotheses 5.4,
Q is a bounded C'# domain for some B € (0, 1), and g € C*P(Q, RN). Then for each
o € (0,B)and M > 0, there is ¢ > Oandko > O such that if x € Qand0 < R < E@ such
that ifu € Wé]f’q(Q, RN) is F-extremal in Qg (xo) such that |(VkM)QR(x0)| < M and

[Vku] <e, (200)

BMO(Qg (x0))
we have u is C5% in Qg2 (xp).

Similarly as in Sect.2.1 for each M > O there is Ky, Ayy > 0 and a non-decreasing
continuous and concave function wy, : [0, 00) — [0, 1] satisfying wps(0) = O for which the
following holds. If for zg € M such that |zg| < M we define

Fy(2) = F(z0 + 2) — F(z20) — F'(z0)z. (201)
This satisfies identical growth and perturbation estimates as in (20), (22), namely
|F @) < Kn(zl* + 1219, (202)
IFl, )| < Ku(lzl + [2177D), (203)
|Fy (0] < Kum, (204)
|FL(0)z — FL ()] < Ky om(lzD) (Iz] +12197") (205)

for all z € M, along with the coercivity estimate
/Rn FIl (V¥ : Vipdx > Ay /Rn|ng0|2dx (206)

forall ¢ € C*(R", RM).
We will also need the following extension of CAMPOS CORDERO’s estimate (Lemma 3.6).
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Lemma 5.6 Suppose Q is a bounded C*? domain for some g € (0,1) and p > %, then
there i; Ry > 0 such that for all xo € 92,0 < R < Ryand v € Wk’p(QR(xo), RN) such
that Viv=Viv- v/ =00n 3N Br(xp) for each 0 < j < k — 1, we have the estimate

1
P
<]€2 ( )|Vkv — (V*v- v/;O)QR(xO) ® vfolp dx)
R(x0

p
§<][ |V’<v—(vkv>QR<x0>|pdx) + Cl(V*0) g (xo) | RE, (207)
QR (x0)

with C = C(n, k, B, p, Q).

Proof As in the k = 1 case, by translation and rotation we can assume that xo = 0 and
v(xp) = ey, and put

p ()

_ 208
VpOF (208)

0(x) = v(x) — (Vyv)a,
Here p is the defining function from Sect. 3.2, which can be chosen to be of class C k.8 gince

d€2 is of this regularity.
Claim For any multi-index |[¢| <k —1land 1 <i <n — 1, there is C > 0 such that

][ VAV, 5 dx ][ VeV, o dx
QR QR

+C<][ [VEy — (VEu) g, 1P dx)p + C|(VFv) g, |R*. (209)
QR

<cC

Proof of claim: Arguing as in the proof of Lemma 3.6, applying (89) with V¥ in place of ¢
gives

1

<c (][ VY, 5|7 dx> " (210)
Qg

][ VOV, dx
Qg

and so by the triangle inequality

][ VOV, dx ][ VoV, dx
Qr QR

The second term can be estimated as

=

1
+(][ |V6‘V,,1~)—(V5‘Vnﬁ)g2k|”dx)l. @11)
QR

1 1
_ i ; !
< VOV, 5 — (VEV, D)7 dx) < ( [VFy — (VEv)g, |7 dx>
Qr Qr

[(VEv)a | <][ ko k ko k )"
—_n R \Y% —(V rd . (212
+ Yo QRl (P") = (V2 ("))l dx (212)

To estimate the p* term we use the uniform estimate

1
ka(p")(x) — V(") (0)] < CR? (213)

holding for all x € Qg, which follows by noting that V¥(p¥) is of class C%# such that
VK (oK) (0) = (Vp(0)X. Combining the estimates the claim follows.
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We can now conclude by iterating (209) to show that for any |«| = k, we have

- - P
(VD) @p0) | < ClUVED) @pxo)| + C (][ VEy — (vkvmwax) + Cl(VEv)agIRP.
Q
N (214)
To pass from v to v we note that

[(V*(0*)) |

Vo OF < Cl(Viv)az|R?, (215)

(V) 2k — (VD) x| < 1(VEV) Q|

noting again that V¥ (p¥) is a C%#-function vanishing at the origin. Hence we can conclude
by estimating

P
<]€2( )|Vkv—(Vkv~v§0)QR(xO)®v§0|pdx)
r(x0

1
P
5(][ |V"v—(vkv>9R<XO>|"dx> + ) 1V D)ag00)]
Qg (x0)

lo|=k,
a;ée,];
1
P
<C (][ IVF 0 — (V*0) ) ” dx) +1(V* 0) 2 ) IR, (216)
Qg (x0)
where we used both (214) and (215) in the last line. ]

WILh this technical estimate in hand, we can turn to the proof of Theorem 5.5. We fix
xo € 2 and chose R > 0 such that either Bg(xg) C 2, or xg € 92 and R < Ry with Ry
as in the start of Sect.4. In the interior case we let a : R” — R the kth order polynomial
satisfying
n+2

vkaR(x) = 7

][ VElu @ (x — xo) dx (217)
Bg(x0)
and (V7 (u — aR))BR(XO) =0 foreach 0 < j < k — 1, and in the boundary case we take

p(x)k (- )P 2 x0)

= k. 218
Voo~ ey P (21%)

ar(x) = &g

We then set w = u — g — ag and zg = VkaR(xO) + (ng)agR omitting the g-terms
in the interior case. Since p vanishes at xg we note that vk (,ok)(xo) = (Vp(xo))k, and
so Vkap(xg) = ER ® vfﬁo in the boundary case. We assume |(VkM)QR(xO)| < M, so then
lzr] < M = CM. As before write F = F. In the below we will focus on the boundary
case; the interior case is similar but usually simpler.

Step 1: Caccioppoli-type inequality We will show that

][ [Vwl|? dx
Qr/2

C
<Cy ([Vku] >][ IVEu — (VRuyg, P dx + ——f wldx + CRY, (219)
BMO(2r) /) Jay R Jag
with ¥ (1) = min{1, wg; () (1 + 1242 + 2@~} omitting the 1>~ terms if ¢ = 2.
This will involve a slight modification to account for intermediate derivatives. Fix 0 <

t <s < Randletn € C(Bgr(xp)) such that 15, <n < 1p_with [Vig| < C(s — 1)~/ for
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each 0 < j < k. Then applying the coercivity estimate (206) to n*w and testing the equation
(197) against r]zkw we have

w][ IVE (0 w)l? dx
QR
5][ F"O)V*(n*w) : VE(Fw) dx —][ F'(VFu — zg) : V(¥ w) dx
QR QR
=][ nk (F”(O)(vku —zp) — F'(VFu — z;e)) - VE(qw) dx
Qpr

+ ][ T F(0)zx — VEag — Vig) : V(r*w) dx
QR
k—1 . ]
+ Z][ F'O) VI (F)y @ Viw : V(qw) dx
0’

-2 ][ F'(Vu—zp) : VI () © V/ (' w) dx
Q

=I+1+ 1 +1V. (220)

The for the last term IV we use (202) and uniform bounds on 7 to estimate

k—1

IVSCK,;,Z][ nk (|v"u—zR|+|v’<u—zR|q*1)|v’<<fn||vfw|dx,
- Q
j=0"2R

k—1
N 1 k ko a—1) 1o
< CKM;;M]{?R (m Vul + k| V| )|v w|dx

k—1

1 .

+CKj ) i r),]i n* (|zR — Vkag — V¥l + |2z — VFag - vkgrf—l) IV/w]dx.
i=0 IR

(221)

For the remaining terms we estimate / using (205), and for /7, III we use (204). By splitting
terms using Young’s inequality to absorb terms of the form V¥ (n*w)(as in the proof of
Lemma 4.1) we arrive at

/ IV w)[* dx < Cf wii(IV¥u — zg)) (IVku — zrl? + |V*u _ZR|2(q—l)) dx
Qr Qg
+C/ [VEu — 724D dx
Qpr

+ c/ Vkag — Vhg — 22 + |VEag — Vig — 224D dx
Qg

k—1
1 .
cy —— [ VFwdx. 222
+ j§_0(s_t)2j/9x| wl? dx @22)

where the second term does not arise if ¢ = 2. For the last term we use the interpolation
estimate to bound the intermediate derivatives H Vk=iy || L2, using for instance in [2,
Lemma 5.6] (applied in By (xp) after extending by zero). Applying this for the terms we can
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bound
k—1

1 C
E k—j - ko2 2
C] (s — t)2/ / V< wl dx < 2 Jo VWt (s —1)% /szs|w| b (229

Q

so then we can absorb the V¥w term by a standard iteration argument (for instance [20,
Lemma 6.1]). For the remaining terms we can bound IVkaR — ng — zr| < CRP and for
the |Vku — zg| term we note that

lEr — (VE@ — ) - v} Doyl

=<(f,
=<(f,

Here the first inequality generalises the estimate of Kronz [35] used in Remark 4.2, and
involves noting that i, - p**|Vp(x0)|~** dx ~ R*for R > 0 sufficiently small and applying
the Poincaré inequality k-times. In the second line we apply Lemma 5.6. Now we can replace
zg with (Vu)q, in the first two terms in (222), allowing us to apply the modular Fefferman—
Stein estimate (Corollary 3.5) and the John—Nirenberg inequality (Proposition 3.3) to infer
the claimed estimate (219).

Step 2: Harmonic approximation Now we take the unique 2 € Wk'z(ﬁ r» RY) solving the
Dirichlet problem

2 2
dx) +CRF

Vi = g) — (VEu = g)qp - Vi) ® VS,

k k 2 :
Vi —g) — (Vi(u — g))ay dx) + CRP. (224)

_1\kwk . o kp — in O
{( DEVE L F/)VAh =0 in g, 225)

h=Qg, onoSQgforall0<j<k—1,
where Qp is as in Proposition 3.8, noting it can be chosen to be C¥# to match the regularity

of the boundary. For the duality argument we also consider the unique ¢ € W*2* (Qr, RY)
to

(=DEVE: F7(0)VEg = VAT (w — h) in Qg, 026)
Vip = G, on Qg forall0<j <k—1,
which we claim satisfies the scaled estimate

vk ‘ <R Hvk‘ h‘ . 227
H ¢ L2 (Qg) (w=h) L2(QR) @27

For the excess decay estimate we will also need the Holder estimate
[th] < c][ IVER|? dx. (228)

COB(Qr)2) Qr

These results go back to [5] (see also [3]), but they can also be straightforwardly adapted
from the second order case detailed in [20, Chapter 10].

Given these estimates we can argue analogously to the proofs of Lemmas 2.4, 4.3 to show
that

1

— WVl w—mPdr<C [vk] ][ VAU — (V¥u)g, |2 dx + CR2P,

R §R| (w )7dx <Cy MBMO(QR) QRl u— (Viu)qp|”dx +
(229)
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with y (f) = min{l, @y (t)% (1 + £2@=2)y}, suitably modified if n = 2. Indeed we can write
][ VA= (w — h)|? dx
Qr
:][~ F"(0)(VEw — VFR) : VE¢ — F/(V¥u — zg) : Vi@ dx
Qr
< Kﬂ][ on (V4 = 2g]) (1Vu = zrl + V5 = 2577 ) V4 g dx
QR

+ KM][N |VEag — VEg — 2g|V¥ | dx, (230)
QR

and we split the first term using Holder, invoking the L% estimates for VK¢. Replacing zg
by (Vu)q, and sing the John—Nirenberg inequality, the claimed estimate (229) follows.
Step 3: Excess decay estimate Finally to conclude we consider the higher-order excess

E(x,r) :][ \VEu — (VEu) g, v dy. (231)
Q%)

Then assuming |(Vku)92m(x)|, |(Vku)gr(x)| < 23+ M we can combine the previous two
estimates to deduce the decay estimate

E(x,or) < C (02’3 4 o420, ([Vku]> ) E(x,r) + Co— 20,28 (732)

BMO(Q;, (x))

Now we can iterate in the usual way to establish Theorem 5.5.
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