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The Anderson model is a discrete approximation of the Hamiltonian describing the
quantum mechanical behaviour of electrons in crystals or metals, featuring a Schrédinger
operator on a graph consisting of the sum of the discrete Laplace operator A and a
random multiplication operator V,,.

Compressing this operator to the subspace of functions with support in a finite set A
yields a hermitian matrix with real eigenvalues.

This thesis provides the first explicit quantification of the uniform and almost-sure
convergence of the normalized eigenvalue-counting functions N of these matrix oper-
ators to the integrated density of states N of the original Anderson model.

Results are given as concentration inequalities both for the lattice Z¢ as well as general
Cayley graphs of finitely generated amenable groups.

Central to these results is a uniform law of large numbers, which is quantified by a
bound on the Orlicz norm of a supremum over an empirical process.

For Zd, d > 3 and suitable random fields V,, there exists a universal constant K < 1186
and sets Q(n) such that

ING = Nl < em)

for all w € Q(n) with explicit ¢(n) ~ ﬁ and

P(Qn)) >1—2exp (—W) ,

[Vn]K

where A, = [0,n)¢ N Z4.

Analogous results for d = 1,2 as well as approximations along monotiling Fglner se-
quences are also given.

For finitely generated amenable groups analogous bounds are shown along Fglner se-
quences based on the Ornstein-Weiss concept of e-quasitilings.

Treatment for operators with unbound hopping range is also achieved in the case of
the Laplace operator on long-range percolation graphs on Z¢.
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The Anderson model is used in physics to describe electrons in alloys or crystals. In
this model, the energy of the electrons is governed by a random Schrodinger operator
of the form

Hy=-A+V,

acting on functions on R? Z% or similar spaces. Here, —A is the negative Laplace
operator representing the kinetic energy of the electrons and V, is a random multipli-
cation operator that models the potential energy of atomic nuclei’s electric charges.
The randomness should here be understood as a result of the lack of knowledge about
the exact composition of a given alloy or crystal, arising for example from impurities
or unknown constellations of atoms. An important feature of the model is the fact that
although the operator is random, its spectrum is almost surely a specific non-random
set under suitable assumptions on V,,. Thus, at least for the spectrum, the random-
ness “self-averages” and instead only a macroscopic deterministic effect survives. This
motivates investigations of transitions from randomness to non-randomness for related
objects, and how and why this transition appears.

In this thesis, we will focus on the Anderson model for functions on Z¢ or similar ge-
ometries, and (normalized) eigenvalue-counting functions N:}. For a given finite subset
A of Z%, H,, is compressed to the subspace of functions with support in A, and then
N2 (z) gives the fraction of eigenvalues of this restricted operator not greater than a real
number x. For suitable V,,, these functions also exhibit a transition to non-randomness
if A, is a sequence of larger and larger cubes, with an almost-sure non-random limit
function called the integrated density of states N. Initially, this convergence was shown
point-wise via ergodicity arguments, but later it was also confirmed to hold uniformly
in the energy variable xz. Schumacher, Schwarzenberger and Veseli¢ [SSV17] showed
that the convergence can be quantified as follows: For n > 2m > 0, A, = [0,n)? N Z¢
and x > 0 there is a set Q(x, m,n) such that

K

ING™ = Nl < elnm) + — (1.1)

for all w € Q(k,m,n) and
P(Q(k,m,n)) > 1—b(k,m)exp (—a(/i,m) Ln/de> (1.2)

with explicit ¢(n, m), but without any bound on a(k,m) or b(k,m).



1 Introduction

Explicit expressions for these functions are the main goal and result of this thesis,
found in Theorem As a consequence, the “synthetic” parameters m and s that
do not appear on the left side of can be chosen as functions of n. For example,
for d > 3, we will prove that we can choose m(n) = [\/n]| and k(n) = 1/m(n) and
resulting from that the existence of a set €(n) such that

HNU/J\" - NHOO <d(n) (1.3)

with the explicit asymptotics ¢/(n) ~ ﬁ and the lower bound

[Vn]K

with a universal constant K < 1186, which follows from Corollary [7.3]

Let us outline the content of this work. To set the stage, Chapter [2] gives some further
background and concrete definitions for the Schrodinger equation, the Schrodinger op-
erator and the Anderson model, as well as some definitions and notation for probability
spaces needed to describe the randomness in the model.

After the model is defined, Chapter [3] recalls basic notions from spectral theory, and
discusses them in the context of the random Schrédinger operator of the Anderson
operator. In particular, we will reproduce the well-known result of the almost-sure
non-randomness of the spectrum of the Schrédinger operator in the Anderson model.
This proof already exhibits some of the concepts that are also responsible for conver-
gence of the eigenvalue-counting functions, namely how the involvement of an infinite
number of random variables together leads to non-random results. Spectra are also
necessary to understand the integrated density of states, which is not just the limit
of eigenvalue-counting functions but also has a closed form representation. Both Nf}"
and N are precisely defined in Section [3.5] and previous results of their convergence
are also listed there.

Chapter [4] starts the preparation for the proof of the explicit bounds we seek. It estab-
lishes the notion of an admissible function, which formalizes the required properties
of the eigenvalue-counting functions for the following proofs, and Section contains
an overview of the strategy we will take to obtain the results. In general, there are
two distinct important ingredients, one geometric and one probabilistic. First, the
structure of Z¢ allows us to approximate an admissible function on some large cube
with an averaged sum over the same function on smaller cubes.

This scheme works independent of any random influences and is the main result of
Chapter [5| essentially reproducing a method of [SSV1T]. Sequences of cubes with
growing side-length are of special interest here because their surface grows slower than
their volume. The chapter also contains a more general formulation for so called
monotiling Folner sequences in Z%, which share this property.

The second important ingredient are explicit uniform concentration inequalities for
empirical processes, quantifying the “self-averaging” of the randomness. Chapter [f]

P(2(n)) >1—2exp (—W> (1.4)



consists of this ingredient and its main result, two concentration inequalities where
one implies a faster convergence but has a restricted applicability and one implies a
slower convergence that can be applied in more cases.

Both of these chapters are relatively independent of each other and are combined in
Chapter |7| to achieve the stated goal of explicit expressions in , as well as some of
its corollaries such as and .

Apart from the specific case of cubes, results for the more general case of monotiling
Folner sequences in Z% are also given here.

Chapter |8 contains two further generalizations of the achieved results. The first is a
generalization of the geometric arguments in Chapter 5| from Z¢ to Cayley graphs of
finitely generated amenable groups. The second is an explicit quantification for the
uniform convergence of the eigenvalue-counting functions of the discrete Laplace op-
erator on long-range percolation graphs in Z?, which shows that the achieved results
are not restricted to just the Anderson model.



The Schrodinger equation and the Schrodinger operator are two fundamental parts of
quantum physics, named after physicist Erwin Schrodinger [Sch26], who postulated
them in 1926 as part of the effort to understand the possible energy levels of electrons
in hydrogen atoms. Inspiration for the formula came from the numerous discoveries
about the nature of light at the time that led to the establishment of quantum physics.
We will give a short summary in this chapter, for in-depth accounts of this development
and the physical background see for example [Hall3] or [GGAGP12].

One of these new discoveries was the photoelectric effect, the emission of electrons from
metal induced by light. Increasing the intensity of the light produces more electrons,
but raising the frequency of the light produces electrons with higher energy instead.
Thus, the energy E of light is linearly dependent on its frequency w with a factor of
proportionality that is called &, i.e. E = hw. On the other hand, the wave nature of
light was also known for a long time from the Maxwell equations, which result in wave
equations for electric and magnetic waves and therefore light as well.

A function ¥ : R x R — C with

U(z,t) := exp (i(kx — wt))

with a wave vector k and frequency w is a simple plane wave. The relation between
frequency and energy for light then means that

., 0
1ha\ll(x,t) = EV¥(x,t), (2.1)

so knowing the energy of a light wave means knowing its time evolution. The discov-
eries about light led Louie de Broglie to theorize that massive particles could also be
described as wave functions, and experiments by Davisson and Germer [DG27] showed
that electrons can indeed be scattered on crystal lattices, which is a phenomenon that
was previously only known for waves such as sound waves, water waves and light.

2.1 The Schrodinger equation

The experimental verification of a wave-like behaviour of electrons inspired the develop-
ment of an equivalent of (2.1]) for massive particles, the general Schrodinger equation

0
Wl v = HU
o



2.2 The Schrédinger operator

for the time evolution of a wave function ¥, where H is the Hamilton operator which
relates to the energy of W.

The wave function at each time ¢t has to be from a Hilbert space, usually the space
L?(RY) of functions f : RY — C that have a finite L2-norm

Il = [ 1F @) de < . (2.2)

Wave functions that are associated to particles are assumed to be normalized at ev-
ery time ¢, i.e. [[W(¢)[| 2gay = 1, where we used a characterization as a function

U : R — L?(R%). The exact meaning of the wave function was hotly debated at the
time the Schrédinger equation was developed. The prevailing consensus now is the
so called Born rule, which states that for every time ¢, |¥(¢)(z)|? is the probability
density function for finding the particle at point z.

If there is some operator U(t) describing the time evolution, i.e. V() = U(t)¥(0) for
wave functions ¥, then the probability to find the particle anywhere at time ¢ still needs
to be one, thus [|W(¢)| 12gay = [|U(£)¥(0)]| 2(ray = 1 and U(¢) needs to be unitary for
all t. As will be shown in Chapter this requires (under suitable conditions) H to
be self-adjoint. This is also supported by the fact that energy is a scalar real quantity
that can be measured experimentally and is therefore an observable like position and
momentum. Quantum physics postulates that the operators associated to observables
are self-adjoint.

The next task is thus to find a fitting self-adjoint Hamilton operator for a given sys-
tem.

2.2 The Schrodinger operator

The classical energy of a massive particle in a conservative force field consists of the
kinetic energy T = %va = % where v € R3 is the velocity, p € R? the momentum
and m the mass of the particle, and the potential energy V(z) that only depends on
the location x € R? of the particle. By replacing the momentum in the j-th direction
pU) with —ihﬁ in analogy to the energy, Schriodinger proposed the Schrodinger
operator

—h?
H=T+4+V=—A+V
2m

3. .
with the Laplace operator A = ZlfﬁdTQ(j) and the multiplication operator V with
‘]:

VU(x) = V(z)¥(x) as the Hamilton operator for one electron in the presence of a

proton, which models a Hydrogen atom. Here, V(z) = _‘762 is the electric potential

of a single proton with the Coulomb charge e. This model was able to explain the



2 Setting and physical background

emergence of the different energy levels of the hydrogen atom and is still used as one
model for Hamilton operators.

One way to expand this Schrédinger operator is to add more potentials to simulate
more atoms. A finite number of potentials can be used to model molecules, and a
potential of the type

= Zan(x - yn)
n=1

can be used to describe an idealized infinitely big metal or crystal. Here, ¢, are charges
of different atomic nuclei, v, are their positions, and f is a function describing the de-
cay of the potential, for example f(z eIl 6 account for screening effects of multiple
nuclei and to keep the potential ﬁnlte dhoosmg different ¢, allows to describe alloys
or impurities in substances, since different elements have varying numbers of protons
and therefore varying electric potentials. Choosing different y,, allows for different
spacial arrangements of the nuclei.

However, it should be noted that this is only a limited model for real materials. The
nuclei themselves are not part of the wave function and are assumed to be static, the
wave function only considers a single electron, and the potentials of nuclei are more
complex than just a function of the distance. Nevertheless, it is an important model
allowing the study of some effects of systems with many atoms. A particular case of
such systems are crystals or metals, where the positions of the atomic nuclei form a
lattice.

2.3 The Schrodinger operator on a lattice

For materials with a very regular atomic structure it is useful to formalize this structure
in the form of a “periodic” graph I' = (V, £) consisting of a set of vertices V and a set
€ of edges (x,%), =,y € V between them. The lattice Z? already forms a graph where
the vertices are the elements of Z% and there is an edge between x,y € Z¢ if they are

neighbours, i.e. if |ly — z|, = Z |y — 20)| = 1, where y\/) is the j — th coordinate

of y. Despite this model belng already less complex than one without structure, its
complexity is still high. There is another step of approximation that helps to handle
some of it: changing the underlying space from a continuous space like R? to the
graph as well. Instead of looking at normalized functions on R? with L?-norm one, the
relevant functions are now functions f : Z% — C that are normalized with respect to

the ¢2-norm
I Fle@ay = | D 1f(@)f (2.3)
zeZd



2.3 The Schrédinger operator on a lattice

on the space of square-summable sequences of numbers indexed by points in Z<.
This is also a Hilbert space with scalar product

(f,9) =Y Fl@)g(x). (2.4)

rE€Z4

Just as in the continuous case, the wave functions need to have norm one and for every
time ¢, |¥(t)(x)|* can be thought of as the probability density to find the electron at
the site .

The Schrédinger operator needs to be modified to work on a graph. The potential V'
is restricted to the vertices, so instead of the overlap of many different potentials f
with varying offsets and strengths it is easier to just define V' as having a value v(x)
for each z € Z¢.

Furthermore, the Laplace operator needs to be replaced with something else. Since
there are no other points with distance less than one around any lattice point, deriva-
tives like on L?(R?) are not possible on ¢2(Z%). However, it is possible to construct an
analogous operator as follows:

For a function f : R? — C that is twice partially differentiable in each coordinate, the
definition of the second derivative means for all z € R? and small enough h € R that

0 0?
0 1 02
f(x - h‘ej) = f(.%') - 856(j) f(l’) + 58256(3) f(‘r)hZ + O(hQ)

where e; is the unit vector in the i-th direction and 2U) is the j-th coordinate. From
this follows

_ f(z+hej) + f(x — hej) — 2f 52
]lll_rﬂ) (l’ 6]) (hi 6]) (l’) — an(j)f(x)

for each j € {1,...,d}. Adding the partial derivatives then leads to

82x(j) h—0 = h2

d 2 d . .. o hes) — .
M) =3 2 o L) @ = hey) Z2f(@)
J=1 1

If f is now an element of ¢2(Z?), this limit can not be taken, but stopping at the closest
point h = 1 leads to the discrete Laplacian A : (2(Z%) — (%(Z4),

d

Af(@)=> (fle+e)+ fla—e) —2f@)= > (fly)—fl@).

i=1 yezd: |ly—afl, =1

In order to check whether this is a useful replacement of the continuous Laplacian, we
can compare the continuous Fourier transform

1 —ipT
FO0) = Gy [ o ol



2 Setting and physical background

of the negative continuous Laplacian to the discrete Fourier transform

Fok) = p(z)e™*

z€Z4

of the negative discrete Laplacian.
In the continuous case, we get (F(—A(F1¢)))(p) = p?¢(p) for suitable ¢, and as is
shown in Example |3.10]in the discrete case we have

d
(F(—=AF'¢))(p) = | 2d -2 ZCOS(p(”) o(p) = (p* + o(p*)) 6(p).

The action of the operators agrees at lowest order in p, so there is indeed some con-
nection.

All together, it is possible to define a Schrodinger operator for a bounded potential
v(x) on the lattice as H : £2(Z%) — (2(Z%),

HV(z) = —AV(z) + v(z)¥(x) = > (W(z) — ¥(y)) + v(z)¥(x).
yezZ: |ly—zll;=1
Here, the prefactor E—gj has been dropped for ease of notation. This is possible since

the numerical value of this prefactor depends on the chosen physical units, so there is
no loss of generality by setting it to one.

Unbounded potentials can also be used, but in that case the domain of the operator
needs to be restricted. Further details on this will be given in Chapter

2.4 Probability spaces

To fully specify a Hamilton operator, we still need to determine what the potential v
looks like. Irregularities and introduction of intentional impurities (also called doping)
of the crystal can lead to a lot of variation in the potential at different points and
measuring the exact values is difficult. And even if the potential of one crystal is mea-
sured, another similar crystal could have roughly the same distribution of potentials
at its sites, but in a completely different order.

One approach to this is to assume that the potential is not a fixed given function but
a random one. To describe this function, we will need some definitions for the random
component of the operator, as well as some other definitions and properties we will use
in later chapters. This section will only cover the basic definitions and no proofs, for
more details see for example [Kle20] or [Kal21].



2.4 Probability spaces

Definition 2.1 (Probability and measure)

A measurable space (2, A) consists of a set ), the sample set, and a o-algebra A,
whose elements are called events.

A o-algebra A is a class of subsets of Q that satisfies the following three conditions:

e Qe A,
o IfAc A, then A® € A, where A® = Q\ A is the complement of A,

o0
o If (An),cy %5 a sequence in A, then |J A, € A
n=1
If Q is a general topological space such as R% or C, then the Borel o-algebra B(f)
1s defined as the smallest o-algebra that contains all open sets.
A map P: A —[0,00] is called a measure if

o P(0) =0, where ) = QF is the empty set,

e P is o-additive, that is for every sequence (Ay),cy in A of pairwise disjoint
sets, meaning A; N A; =0 for all i # j, the map P satisfies

p(0n) - Soriao
n=1 n=1

If there is a sequence of subsets (Uy), oy n A such that | J, ey Un = Q and P(Uy,) < 00
for alln € N, then P is called o-finite.

A space (Q, A, P) consisting of a set Q, a o-algebra A and a measure P is called a
measure space. If there is an event A such that P(Q\ A) = 0, then A is said to
contain P-almost all or almost all (if the measure is clear from context) elements
of Q.

If P(2) = 1, then P is called a probability measure and is usually written with
the symbol P, and a measure space (2, A,P) with a probability measure P is called a
probability space. An event A with P(A) =1 is called almost sure.

Similar to o-algebras are topologies, another class of subsets of a given set (2. Every
topology T needs to satisfy

e 0.0eT,
e A BeT, then ANBeT,

e IfZC T7T,then |J AeT.
AeZ

A topological space (€2, T) consists of a set 2 with an associated topology 7.



2 Setting and physical background

For Q = R and Q = R? the canonical topologies are the families of all open subsets. If
(Q,T) is a topological space, then the Borel o-algebra B((2) is defined as the smallest
o-algebra that contains 7.

If not indicated otherwise, the o-algebra for Q = R and Q = R? are the Borel
o-algebras B(R) and B(R?), the smallest o-algebra that contain all open intervals
and all open d-dimensional cubes, respectively.

The o-algebra for Q = R%" is the product Borel o-algebra of B(R) (see also
Definition unless indicated otherwise.

Topologies are used to characterise continuity, since a function f : (Q1,71) — (Q2,7T2)
is continuous if (and only if) f~1(A) € 7; for all A € T5. The same condition applied
to o-algebras leads to the concept of measurable functions.

Definition 2.2 (Measurable functions and random variables)

A function X : (Q, A) — (Y, B) from one measurable space to another is called a
measurable function if X1 (B) € A for all B € B.

For every measurable function X : (2, A, P) — (Y, B) there is also an image measure
Px : B — [0,00] defined by Px(B) = P(X~1(B)).

A measurable function from a probability space to a measurable space is called a
random variable.

Remark. A function between measurable spaces equipped with Borel o-algebras is
measurable if it is continuous, but for example indicator functions of measurable sets
are measurable but not continuous.

Definition 2.3 (Expected values and integrals)

Let (Q, A, P) be a measure space. The integral (with respect to P) for real functions
on this space is defined by the following three typical steps. If s is a non-negative step-
function, that is a measurable function that only takes a finite number of non-negative
values, then s is of the form

k
s = Z cnlla, (2.5)
n=1

where ¢, € (0,00) for all 1 < n < k and (An)1<n<k s a finite sequence of pairwise
disjoint sets in A. The integral of a step function is then defined as

k

/QS dP = /Qs(w)dP(w) =Y ¢ P(4),

=1

10



2.4 Probability spaces

which is well-defined with regard to the representation (2.5). The integral can then be
extended to non-negative measurable functions X : (Q, A, P) — (R, B(R)) via

/ X dP :=sup {/ sdP |0 < s(w) < X(w)Vw €, s is a step function}
Q Q

but here the integral might be infinite. The integral can then be further extended to all
measurable functions X : (2, A) — (R, B(R)) by

/XdP /X+dP /X dP

where Xy = max{X,0}, X_ := —min{X, 0}, provided at most one of the terms on
the right side is infinite. If [o|X|dP < oo then X is called (P-)integrable. By
integrating real and imaginary parts separately, the integral can also be extended to
complex measurable functions.

If (2, A,P) is a probability space and X a random variable, the integral [, XdP is
called the expected value of X and often written as E(X). The integral is linear, and

for 1 < p < oo the maps
1/p
Xliaar = ( [ PP ar)

X[ Loo(,4,p) := mf{M > 0| P({|X] > M}) = 0}

and

are semi-norms on the vector space
LP(Q A, P) = {X: (A, P) = C| X is measurable and || X|| 4 p) < o0}
Thus the quotient space
LP(Q, A, P) = LP(Q, A, P)/N
with
N={X:(Q,A P)— C| X is measurable and X (w) =0 for P-almost all w}

is a normed space, and even a Banach space (see for Example [Kle20, Theorem 7.18]).
We will abbreviate LP(R?, B(R?), Pr) with the Lebesgue-measure Py, to just LP(R?) (as
we already did in Section and analogously for subsets of RY. For p = 2 the space
1s also a Hilbert space with norm as defined in and scalar product

60) = [ Tl

We will also abbreviate LP(Z%, P(Z%), P.) with the power set P(Z%) of Z¢ and the
counting measure P, to (P(Z%) (as we already did in Section . This is also a
Hilbert space in the case p = 2 with norm and scalar product as defined in (2.3)) and

23).

11



2 Setting and physical background

Definition 2.4 (Cylinder sets)
Let (2, A) be a measurable space and QF = {w = (w;)ieq | wi € Q Vi € G} for some
set G a product space. A (rectangular) cylinder set is a set of the form

A={we Q% |w € A; Vi € {k, ..., kn}} = X A, x QF\Frehn}
i=1
where n € N, {k1,...,kn} is a finite subset of G and A; € A for all i € {ki,...,kn}.
The smallest o-algebra that contains all rectangular cylinder sets is called the product
o-algebra generated by cylinder sets, written A% .

Remark 2.5. The product o-algebra A® is equivalently the smallest o-algebra S such
that all projections

1L, - (QG,S) — (Q,A), Hz(w) =W

are measurable.
Furthermore A% is also the smallest o-algebra S such that for every finite subset D of
G the projection

Ip: (Q9,8) - (@, AP), [Ip(w)), =w; Vi € D

is measurable.

Just as for o-algebras there is also a product of topologies. If (€2,7) is a topological
space, then the product topology 7¢ is the smallest topology S on Q¢ such that all
projections

II; : (QG,S) = (2, 7), Ij(w) = w;

are continuous. For topological spaces the product o-algebra of Borel o-algebras is the
Borel o-algebra of the product topology, and specifically for (©2,.4) = (R, B(R)) and
G = {1,...,d} we have B(R)® = B(RY), where B(R?) is the smallest o-algebra that
contains all open sets in R?. Since all projections have to be continuous, convergence
in the product topology is point-wise convergence.

Definition 2.6 (Ergodicity and mixing)
Let (2, A,P) be a probability space. A measurable map T: Q — Q is called measure
preserving if Pr = P. If T is measure preserving and every T-invariant event A € A,
meaning T~1(A) = A, has either measure 0 or 1, then T is called ergodic.
If {T, | g € G} is a group of measure preserving maps for some set G such that every
event that is invariant under every T, has either measure 0 or 1, then {T, | g € G} is
called an ergodic group or a group acting ergodocally on ().
If T is measure preserving and for all A, B € A we have

lim P (T "(A) N B) =P(A)P(B)

n—oo

then T is called mixing.
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2.4 Probability spaces

Remark 2.7. Mixing implies ergodicity since it results in
P(A) =P(T""(A) N A) = P(A)?

for every T-invariant event A.

Definition 2.8 (Independence)

Let (2, A,IP) be a probability space. A sequence (Ay),cy i A is called independent
if

k k
P (ﬂ Am) =[P4
i=1 =1

for all k € N and all indices n1 < ng < ... < ng.

A sequence (Xp)nen of random variables X, : (Q, A,P) — (Y,,B,,) is called indepen-
dent if the sequence (Xn_l(Bn))neN is independent for all choices of B,, € By, n € N.
A sequence (Xp)nen of independent random variables where the induced image mea-
sures Px, are all the same is called independent and identically distributed

We will also need the following Borel-Cantelli-Lemma.

Lemma 2.9 ([Kle20, Theorem 2.7])
Let (2, A,P) be a probability space, (An), cy be a sequence in A and Ay the Limes
superior of the sequence (Ay,), oy, defined as

Ay = limsup A, := ﬁ G A,

n—00
n=1m=n

so that
w € As & w € A, for infinitely many n € N.

Then:

1. If > P(A,) < o0, then P(Ax) = 0.
n=1

2. If 3" P(An) = 00 and (Ap),cy 18 an independent sequence, then P(Ay) = 1.
n=1

13



2 Setting and physical background

2.5 The Anderson model

With the definitions from the previous section we can now define a random potential.
Let (€2,.4,P) be a probability space and v.(z) : @ — R a random variable for every z €
Z%. For a specific w € Q the potential is then v,,(z) and we can define a multiplication
operator V,, via point-wise multiplication with v,. This model for the potential was
developed by Philip W. Anderson [And58] in 1957 to investigate localization, and is
thus called the Anderson model. The operator arising now is H, = —A+ V,, :
2(24) — 2(Z%) with

HoU(z):= Y (U(z) = ¥(y) +va(2)¥(2). (2.6)

yeZ: ly—z|=1

for each w € Q. This operator is called the random Schrédinger operator of the
Anderson model. For readability, we will refer to this operator as just the Anderson
operator in this thesis. The goal in the following is to find “typical” properties for
this operator.

Since the operator has random coefficients, every solution to the Schrédinger equation
is also random and the distribution of solutions depends on the random variables v.(z).
The deterministic operator H can be recovered by choosing a set ) that only contains
a single point, but the Anderson model also allows -among other things- to describe
a setting where at each site z the potential has randomly either the value one or two,
each with probability 1/2, independently of all other sites.

This would be a toy model for a crystal that contains two kinds of nuclei, one with
twice the charge of the other, but there is no regular ordering where the different nuclei
are located.

In conclusion, the Anderson model is an approximation for the operator that describes
the behaviour of electrons in crystals that have random irregularities or doping.

The main simplifications are

e the nuclei, and thus their potentials, do not change with time and only the wave
function of electrons evolves in time,

e interaction between electrons can be ignored, so only a single electron is consid-
ered,

e the crystal is infinitely large, so no boundary effects are considered,
e all of this is done on a lattice instead of the continuous space R?,

e the missing knowledge of the irregularities is replaced by a random distribution
of potentials.

In principle, the Schrodinger equation could now be solved for each w to get the
random solutions, but €2 is typically uncountable, so every computed solution could
be “atypical”. Therefore, the next question is whether it is possible to show some

14



2.5 The Anderson model

properties of the operator despite the randomness. In the next chapter, will define the
spectrum of an operator and show that for the Anderson operator the spectrum and
some related objects are indeed almost surely non-random.

15



We start off with some mathematical context and definitions for the objects we will
encounter in the following chapters. First we will define the spectrum of an operator
and then revisit a well-known result for the spectrum of the Anderson operator. Even
though the Anderson operator is random, we will show that its spectrum is almost
surely a deterministic set. As part of the proof we will already encounter some con-
cepts that also appear in later chapters. This part mostly serves as a demonstration
and for familiarisation with the Anderson operator, so not every proof will be given
in full generality. Furthermore references in this chapter are chosen more for nice for-
mulations and do not necessarily point to the original source. After this we turn to
the concept of spectral families and elements of spectral calculus, and building on it
to the introduction of two functions that are key objects for the rest of this thesis: the
eigenvalue-counting functions (evcf) and the integrated density of states (IDS). The
last part of this chapter is a discussion of previous results for the convergence of the
former to the latter. Here, we will show where this thesis connects to prior research,
and identify a closed formula for the IDS that will appear again in Chapter

3.1 Eigenvalues and operators

First we will consider an easier system: a matrix A € C"*", vectors x € C" and y € C"
and the equation

Ax =y.

For a large matrix computing y may take a long time for general x, but there may be
specific x # 0 that are only scaled by A, i.e. there is a A € C so that Ax = Ax. In that
case A is called an eigenvalue of A with eigenvector x. Eigenvalues can be found
without knowing their associated eigenvectors since the existence of an eigenvector x
means (A—\I)z = 0 with the identity matrix I, which is equivalent to the matrix A—\I
not being invertible. This itself is equivalent to det(A — AI) = 0. This determinant is
a polynomial in A whose zeroes are therefore the eigenvalues of A.

By the fundamental theorem of algebra every non-constant polynomial with complex
coeflicients has at least one zero, so at least one eigenvalue always exists. For Hermitian
matrices even more is true: every eigenvalue is real and the eigenvectors form an
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3.1 FEigenvalues and operators

orthogonal basis of C”.
The matrix A being Hermitian means that

Vo,we C": (Av,w) = (v, Aw), (3.1)

where (-,-) is the scalar product. All real symmetric matrices are hermitian. As
discussed before there is at least one eigenvalue A\; with an eigenvector eq, so (3.1))
results in

Ai{er,e1) = {e1, Ae1) = (e1, Aer) = (Aey,e1) = (Me1,e1) = Ailer,e1),

where \; is the complex conjugate of A\;, and we can conclude that )\; is real. Now
consider the space K1 = {v € C" | (v, e1) = 0} of vectors orthogonal to e;. Let v € K1,
then (Av,e1) = (v, Ae1) = (v, \1e1) = 0, so Av € K; or in other words K is invari-
ant under A. We can now restrict A to K to get a new operator A;. Applying the
same procedure as before but now for A; leads to a real eigenvalue A2 with eigenvector
es € Ki. Repeating this procedure n times leads to the full set of real eigenvalues and
the orthogonal set of eigenvectors. Note that a matrix can have the same eigenvalue
multiple times with different eigenvectors.

Since the eigenvectors form a basis, every x € C™ can be written as a sum of eigenvec-
tors, and the eigenvalues give a quantification for how much A is going to change x in
the direction of the corresponding eigenvector.

The space (2 (Zd) that the Anderson operator lives on is not finite dimensional, so it
is necessary to define something corresponding to the eigenvalues and eigenvectors for
infinite dimensional spaces as well.

Definition 3.1 ((Bounded) operator)

A linear map T: D(T) C X — Y on vector spaces X and Y is called an operator
with domain D(T'). The domain is a linear subspace of X. If X and Y are Banach
spaces, then T is called a bounded operator if there is an M > 0 such that

[Txlly < Mljzllx Yo e D(T),

where ||-||x and ||-|ly are the norms on X and Y, respectively. The smallest such M,
1.€.

inf {M >0 [|[Tz|y < Mllz|x Voe X} =|T|

1s called the norm of T.
Two operators T: D(T) =Y and S: D(S) CY — Z can be combined to

TS:D(TS)— Z, TSx=1T(Sx)

with D(TS) = S~Y(D(T)), and two operators T: D(T) C X —Y and
S: D(S) C X — Ycan be combined to

T+S:D(T)NDS)—=Y, (I'+S)x=Tx+ Sx.

17



3 The spectrum and eigenvalue-counting functions

Remark 3.2 ([WerQ7, Theorem II.1.2]). Bounded operators are by definition continu-
ous, but the converse is also true. If T': D(T) — Y is a linear map between Banach
spaces and T were unbounded, then for all n € N there would have to be a =, € X
such that || Tz,|ly > n ||| . Then

nleally _
b

7o
y o nllzallx

n{znl x

e
nllzn|l x X

but = % — 0 so T can not be continuous in 0.

This chapter will mostly be restricted to bounded operators, but we also have to con-
sider unbounded operators in some instances.

If not noted otherwise D(7") = X in this thesis.
Unless noted otherwise all Hilbert spaces in this thesis are assumed to be complex
and separable.

For operators between Hilbert spaces the additional scalar product means that for each
operator we can find an associated adjoint operator.

Definition 3.3 (Adjoint operator)
Let T: D(T) C V. — W be an operator between Hilbert spaces V,W where D(T) is
dense in V. The adjoint operator T*: D(T*) C W — V is defined by the equation

(Tz,y)w = (x,T"y)vy V€ D(T),y € D(T)
and D(T™) is the set of ally € W where such a T*y exists for all x € D(T). Since
D(T) is dense, T*y is unique. If D(T) =V and T is bounded, then D(T*) = W by

the Fréchet-Riesz representation theorem, and in this case T is also bounded |[Wei80,
Theorem 4.14].

Of special interest are operators that are their own adjoint.

Definition 3.4 (Self-adjoint operator)
Let T: D(T) C V. — V be an operator on a Hilbert space V.. Then T is symmetric if

(Tz,y)v = (x,Ty)y Vz,y € D(T).
T is called self-adjoint if T is symmetric, D(T') is dense in V and D(T) = D(T™),

meaning that T = T*. Thus, any symmetric bounded operator with domain V is self-
adjoint.
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3.1 FEigenvalues and operators

For unbounded operators it is sometimes hard to prove self-adjointness, but there is
an intermediate step that is sometimes useful.

Definition 3.5 (Essentially self-adjoint operator)
Let T: D(T) C V. — V be an operator on a Hilbert space V. Then

NT): ={(z,Tz) |ze DT} CV xV

is the graph of T. If T'(T) is closed, then T is called closed as well. If Ty and Ty are
operators on V and I'(Ty) C I'(T), then Ty is called an extension of Ty. T is called
closable if it has a closed extension, and the smallest closed extension is called the
closure of T.

If T is closed and there is a set D C D(T) such that T restricted to D is closable with
closure T', then D 1is called a core of T.

If D(T) is dense and T is symmetric then T is closable, and if the closure of T is
self-adjoint then T is called essentially self-adjoint.

If merely TT* =T*T and T is closed, then T is called normal.

The advantage here is that an essentially self-adjoint operator has a unique self-adjoint
extension. Furthermore, all self-adjoint operators are closed, so self-adjoint operators
restricted to a dense set are essentially self-adjoint. For details, see [RS80), section
VIIIL.2].

For our setting the most important operators are the discrete Laplace operator and
multiplication operators. Following [Kir(7] in part, we get the following result.

Lemma 3.6
Let X be Z¢ or [0,27]%. Ifv: X — R is a function such that there is a M > 0 with
lv(x)| < M Va € X, then the multiplication operator

Vi LA(X) = LX(X), (Vo)(x) = v(z)d(z)

is bounded and self-adjoint. Here we use the notation L*(Z%) = (*(Z%).
The negative discrete Laplace operator —A: (2(Z%) — (2(Z9) with

“Ap(r) = Y @) —sw)= Y.  (dz)—dz+y)

y€Zd: |ly—=| =1 yeZd: |y, =1

1s bounded and self-adjoint. Additionally
~ ~ d
<f(—A)}"1u> (k) = <2d -2y cos(k:("))) u(k)
n=1

holds for u € L2([0,2n]%), where F is the Fourier transform defined in (3.2).
Consequently with X = 7% above the operator H = —A + V is also bounded and
self-adjoint in this case.
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3 The spectrum and eigenvalue-counting functions

Proof. V is bounded since for ¢ € L?(X),
HV¢||L2(X) = [v- ¢||L2(X) <M H¢||L2(X)

The self-adjointness of V follows for X = [0, 27]? from

o= [ @@= [ S = 6V

[0,27]@

and for X = Z¢ from

(Vo) = o) = Z P(@)v()(x) = (¢, Vi)
€zd

x€Z4

since v(x) is real.
For —A we use the Fourier transform

F: 2z — L2([0,2n)? =) g(x)e . (3.2)

xcZ4

With the scalar product

1
(w112} 0 2e0) = Tz [ n(Bua()

and the induced norm

Hu||L2([027r] d/z\//[o2 ’ dk

this transform maps each orthonormal basis vector 0, of ¢?(Z?) to an orthonormal
basis vector e”* of L2([0,2x]¢). Thus, the transform is unitary and therefore invert-
ible, bounded, has a bounded inverse and preserves scalar products (and norms), i.e.
(Fo, f¢>L2 0,27]d) = (P1)p2(zay for all ¢,¢ € 2(Z4). At the same time we have

(F~lu, F71 >g2(Zd) = (U, V) [2([0,2r)) for all u,v € L%(]0,27]%).
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3.1 FEigenvalues and operators

Let u € L?([0,27]%) and ¢ := F~'u. Then

(]—"(—A)]:"ﬂu) (k) = (ﬁ(_A)¢) B)= 3 (~Ag) ()

xcZ4

=Y. D (d@) =gz +y))e

ze€Z yeZ: ||y||,=1

= Z 2d ¢(x)el™F — Z Z o(z +y)e™F

zeZd yezZ®: ||y, =1 =€z

—2d Fok)— Y. Y dla)eevh

yeZ: ||y||,=1z€Zd

=2d u(k) — Z e vk Z p(x)el ™k

yezd: |lyl,=1 zez

= 2d u(k) — Z e Wk (k)
yeZ4: |lyll,=1
d

d
= 2d u(k) — Z <eik(n) + e_ik(n)> u(k) = <2d -2 Z cos(k(”))> u(k)
n=1

n=1

where we used an index shift in line four and k(™ = ¢, - k is the n-th coordinate of k.
This proves that F(—A)F~! is a multiplication operator on L?([0,2x]?%). Since

d
{2d —2) cos(k™) | k € [0, 27r]d} = [0, 4d).
n=1

this multiplication operator is bounded. Since F preserves norms we have for all
¢ € (27

I(=2)ll iz = | F(-2)Fu| , < ddljull e = 4o

where u = F¢. Thus, (—A) is bounded with || —Al| < 4d.
The bounded multiplication operator F(—A)F~! is symmetric and therefore self-
adjoint, and since for all ¢, € £2(Z%) we have

(—A), ) 2(zay = (F(=D)p, Fp) 2 = (F(=A)F L, v) o
= (u, F(—A)F ') 2 = (Fo, F(=A)) 2
= (9, (—A)Y)2(z4

with u = F¢ and v = Fy, we get that —A is also self-adjoint. O
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3 The spectrum and eigenvalue-counting functions

3.2 The spectrum

Now we want to define analogues of eigenvalues for infinite dimensional operators. We
keep the idea of looking at whether T' — AI is invertible, where I is now the identity
operator on the Hilbert space H.

Definition 3.7 (Spectrum and resolvent set)
Let H be a Hilbert space and T: D(T) C H — H an operator. Then

p(T) = {X e C | (T — X) is bijective and (T — A1 is bounded)
1s called the resolvent set of T. Its complement
o(T) =C\ p(T)

1s called the spectrum of T.

For finite dimensional operators the spectrum is exactly the set of eigenvalues. Addi-
tionally if A belongs to the resolvent set then (T'— A\I)~! is linear since T — AI is linear.
One importance consequence of self-adjointness for the spectrum lies in the following
Lemma.

Lemma 3.8 ([Wer(07, Lemma VII.1.1 and Corollary VII.1.2])
If T: H— H is a bounded linear operator on a Hilbert space H, then

o(T) c W(T),
where

W(T) ={(Tz,z) | ||lz| = 1}
is the numerical range of T and W (T) is the closure of the set W (T).
Moreover, if T is self-adjoint then o(T) C R.

This supports why operators associated to observables should be self-adjoint. The
spectrum can be said to contain the possible results of measurements of the application
of an operator, and for self-adjoint operators this is thus ensured to be real. Since
measurements of physical quantities in quantum theory can only yield real numbers
this is a reasonable restriction.

Remark 3.9. If B : Hi — H, is a bounded linear operator between Hilbert spaces
with bounded inverse and 7' : H; — H; is a linear bounded operator, then o(7T") =
o(BTB™ 1Y) since BTB~! — A\ = B(T — M )B~! is invertible with bounded inverse if
and only if this is true for T"— AI.
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3.2 The spectrum

We want to calculate the spectrum of Anderson operators now, so we will start out
by calculating the spectrum of multiplication operators and the discrete Laplacian
separately, with some ideas taken from [Kir(7].

Example 3.10 ([Schi2al, Example 3.8]/ [Kir07])

Let X be a measure space (see Section with a o-finite measure P, v: X — R a
measurable map and V: D(V) — L*(X), Vp(z) = v(z)p(x) with

D(V)={pec L*(X)|vp € L*(X)}. Then

o(V)={AeC|Ve>0:PlxeX|v(x)— A <e)#0} = A. (3.3)

The set A is also called the essential range of v with respect to P.
From this follows that

1. the spectrum of V : D(V) — (2(Z%), (V¢)(z) = v(z)¢(x) with a function v :
7% — R is

o(V)=rtanv
where ran v = {y € R | 3z € Z¢ : v(x) = y} is the range of v,
2. the spectrum of the negative discrete Laplace operator —A : (2(Z4) — (2(Z%) is

o(—A) =[0,4d].

Proof. First, if A ¢ A, then there is an € > 0 such that
P(z e X | |u(z) — Al <¢) =0, meaning that P(X \ B) = 0 where

1 1
B := X|———<-%n X — A #0}.
{eexi gy si}ntexim@-A20
The operator
! @) .xeB
——p(z) =z
W: L3(X) — L}(X), We(z) = v(z) - A7
0 ,x ¢ B
is therefore well defined, bounded and satisfies
p(r) ,z€B
V- AW =
( )We(x) {0 ¢ B

for all ¢ € L?(X) and z € X, and W(V — X))o = (V — M)W for all ¢ € D(V).
As a consequence of P(X \ B) = 0 we have |[(V — X)Wy — ¢||;2 = 0 and therefore
W = (V — AI)~!, resulting in A € p(V).
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3 The spectrum and eigenvalue-counting functions
Now we show that if A € A, then A € (V). If A € A, then for all ¢ > 0 since P is
o-finite there is an event B. with oo > P(B.) > 0 and
B. Cc{z e X ||v(x) = A <e}.
As before, we have two cases now:
If also P (By) > 0 with By := {x € X | |[v(x) — A] = 0} then we have (V — A)gpp =0

for the function pg = 1, # 0, so V — Al is not injective and A € o(V). On the other
hand, if P (Bp) = 0 then we define

= ———==1 ,
Pe P(Bg) BeNB§

so that |||l ;2 = 1 and (V — A)pe(x) = (v(x) — N)pe(x) # 0 for all € B. N B and
0 otherwise. If a W = (V — X )™! exists, then Wy, (z) = ﬁ%(x) > %gog(x) has
to be true for all z € B- N BY. This would mean |[W|| > 1 for all £ > 0, so W would
be unbounded and A € (V). This proves (3.3]).

We can now apply this result to the two special cases mentioned before.

1. Here, we choose X = Z¢ with the counting measure, i.e. L?(X) = ¢*(Z%). Then
P(a:EZd||v(:1:)—/\| <5) £0e IxeZl: ju(z) -\ <e,
and therefore

Aeo(V)e XAeran v.

2. If X = [0,27]¢ and the measure on [0, 27]¢ is the Lebesgue measure, then
P (;U e 0,27 | Ju(z) — A < 5) £0e3re0,27]: jv(z) - A <e

is true if v is continuous, since open balls have positive Lebesgue-measure. As
[0,27]? is compact we also have

o(V)=Tan v =ran v

if v is continuous.

As already shown in Lemma[3.6]the negative Laplace operator can be transformed
into a multiplication operator on L?([0,27]¢) (with the Lebesgue measure) via
the Fourier transform, and

d
(Fa)7 1) () = (2d ) 220"8“(“))) "
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3.3 Random potentials

d
for all u € L%([0,27]¢). Since <2d -2 cos(k:("))> is continuous we have

n=1

d
o(F(=A)F1) = {2d —2) cos(k™) | k € [0, QW]d} = [0, 4d).
n=1

By using Remark [3.9 with the Fourier transform we arrive at the stated result.

O]

3.3 Random potentials

The previous section covered the spectrum of deterministic multiplication operators,
now we want to extend this to random multiplication operators as well. The Anderson
model features a multiplication with a real random variable v.(z) for every point z € Z.
For now we will assume that (v.(2)),cza is a sequence of i.i.d. random variables with
shared image measure Py on R.

Since the random potentials used for the Anderson operator are all real, we can also
define the support of the image measure. For later use we will note some properties of
the support of a real image measure here.

Lemma 3.11
Let Py be some measure on R. Then for the support of the image measure,

supp Pop:={z e R |Ve > 0: Py ((x — e,z +¢)) > 0}

we have
e supp Py is closed
o Py (supp Pp) =1

e supp Py contains (like any subset of R) a countable subset D that is dense in
supp Py, i.e. for all e > 0 and p € supp Py there exists a p' € D such that

lp—p'| <e.

These properties hold in much greater generality than just for measures in R, but we
only need them for this special case.

Proof. e If 2 € (supp Py)¢ then there is an ¢ > 0 such that
Py ((x —e,2+¢€)) = 0. Now for every ¢ € R with |z — ¢g| < /2 we have
(g—¢/2,q+¢/2) C (x — e,z +¢), and thus Py ((¢ — /2,9 +¢/2)) = 0 as well.
Therefore, (supp Py)¢ is open and supp Py is closed.
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3 The spectrum and eigenvalue-counting functions

e We take a look at the complement and see that

(supp Po)¢ = {z €R |3 > 0:Py((x — e, 4+¢)) =0
={reR|3Ja,beR:x € (a,b), Po((a,b)
={zxeR|Ja,beQ:z € (a,b), Po((a,d)

= J{(a,b) | a,b € Q, Po((a,b)) = 0}

The last line is a countable union of sets of probability zero, and thus the com-
plement of supp Py has probability zero as well. This proves Py(supp Py) = 1.

e To see this consider for example all intervals I, with a rational midpoint r
and rational length ¢. If I, , N supp Py # () we can choose one point from the
intersection and label it z,,. Now for a given = € supp Pg and € > 0 there are
r,q € Q such that I, ; contains = and is also contained in an e-interval around x.
Thus, |z — 2,4 < e and D = {x, 4 | r,q € Q} is dense in supp Py and countable.

O]

To stay in the space of bounded operators we will assume in this chapter that the
random variables are almost surely uniformly bounded, i.e. that supp Py is bounded.
We have infinitely many independent identically distributed random variables, so we
can even conclude that if we choose a finite subset of Z? and fix a given value in
supp Py for each point in the subset, then nearly exactly this configuration will almost
surely appear somewhere, and it will even appear infinitely often. This is shown in the
following Lemma.

Lemma 3.12 ([Kir07, Proposition 3.8])

Let (2, A,IP) be a probability space and (v.(z)),cza a sequence of i.i.d. real random
variables with an image measure Py with bounded support. Then there is a set Qg C
with P(Qg) = 1 such that for every w € Qq, every finite A C Z%, every sequence
(¢i);en i supp Py and every € > 0 there exists a sequence (jn),cy i1 7% such that
(4)

Jn’| — 0o (where jg) is the i-th coordinate of j,, € 7Z2) and

linlloe = max,

sup |gi — v (i + jn)| <€ Vn €N.
€A

Proof. Let us fix A, (¢;)ien and € as given in the statement. We know that the event
A= {w € Q|sup|g — v, ()] < 5}
1€EA

has probability P(A) > 0, since P(|¢; — v,,(i)| < €) > 0 for all ¢ € A by the definition
of the support of the image measure and all random variables are independent. We
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3.3 Random potentials

pick a sequence (kp),cy in Z? such that [|k; — k;|_ > 2 diam A for all ¢ # j, where
diam A := max |z — y||,, is the diameter of A. This way we ensure that
x,ye

{r+ki|z c Ay n{z+k;j |z €A} =0 for all i # j. Then the sequence (A,),yn With
Ay = {w € Q|sup|g —vo(i + kn)| < 6}
(IS
is independent and we have P(A,) = P(A) > 0 for all n € N, leading to
f: P(A,) = io: P(A) = co. Now we use the second part of the Borel-Cantelli-Lemma
to conclugzlthat the event

={w € Q| w e A, for infinitely many n € N} = limsup 4,

n—oo

QA (@)iense
has probability one.

We have thus shown that for a specific choice of A, (¢;);ca and € we almost surely find
approximately the same configuration at infinitely many points. We want a single set
Qo that works for any choice, so we would hypothetically need to form the intersection
over all Q4 (4,),c,,c- But we can only be sure that the intersection of countably many
sets of probability one has probability one itself, and there are uncountably many
choices for both the ¢; and . The set Y of all finite subsets of Z% is countable, so this
is not a problem. By the third point of Lemma the support of the image measure
supp Py contains a countable set D dense in this subset, so we restrict (g;);ea to this
subset.

For the € we do not actually need an intersection over all epsilon, since choosing a
smaller € is always possible. Thus, we just have to consider €, = %
This way we form the set

Qo := ﬂ QA (dy)iea1/ns
A€TY,(d;)eDA neN

with P(y) = 1. By uniformly approximating any sequence (¢;);ca in supp Py by a
sequence (d;);ep in D we see that Q fulfils all criteria from the statement. ]

We can now use the preceding lemma to calculate the spectrum of the random multi-
plication operator V,,, the potential of the Anderson operator.

Corollary 3.13 ([Kir07])

Let (v.(2)),cza be a sequence of i.i.d. real random variables on a probability space
(Q, A, P) with an image measure Py with bounded support. Then the spectrum of the
random multiplication operator V,,: £2(Z4) — (2(Z),V,¢(2) = v,(2)¢(2) is almost
surely the support of Py, i.e. there is a set 1 of measure one such that

(V) = supp Py Yw € Q4.
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3 The spectrum and eigenvalue-counting functions

Proof. First, if x € supp Py we can use Lemma for each n € N with A = {0},
go =z and € = 1/n to get a point j, € Z¢ such that

1
_ ) < —
= vu(in)l < -

and all w € g, just by taking the first point in the sequences constructed in the
lemma. The thus formed sequence (jy ),y satisfies |2 — vy, (jn)| — 0 and we have
x € Tan v, = o(V,) for all w € Qy by Example

To prove the other direction we will use that supp Py is closed and Py (supp Py) = 1 by
the first and second property of Lemma [3.11] By the definition of the image measure
this means that for each z € Z? we have P(v,(z) € supp Py) = 1 and as a countable
intersection of sets of probability one also that

Q= ﬂ {weQ|vy(z) €supp Po} = {w € Q| ran v, C supp Po}
z€2

has probability one. Since supp Py is closed, we get o(V,,) = Tan v, C supp Py for all
w € Y by Example With ;1 = QN follows the claimed result. O

We need one last ingredient before we can calculate the spectrum of the Anderson op-
erator, and that is the so called Weyl criterion, which shows that even though not every
point in the spectrum is an eigenvalue with an associated eigenfunction, we can nev-
ertheless find a sequence of functions that behaves approximately like eigenfunctions,
and the converse is also true.

Theorem 3.14 (Weyl criterion, Weidmann [Wei80, Theorem 7.22])
Let T : D(T) C H — H be a self-adjoint operator on a Hilbert space H. Then

Aeo(T) e 3pn € D(T): lenllg =1, (T = AD)enllg =0, (3.4)

Such a sequence is called a Weyl sequence.
If H' € D(T) is dense then the sequence (), cn can also be chosen to lie in H'.

Finally we can show what the spectrum of the Anderson operator is:

Theorem 3.15 ([Kir07, Theorem 3.9])
Let (v.(2)),cza be a sequence of i.i.d. real random variables with an image measure Po

with bounded support. Then the spectrum of the Anderson operator
H, = —A+V,: (2% — (>(29) with

H,¥(2) = —AU(z) + v,(2)¥(2),
where A is the discrete Laplacian, is almost surely

o(Hy,) =supp Py +1[0,4d] ={z+y € R |z € supp Py,y € [0,4d]}.

28



3.3 Random potentials

Proof. As shown in Example[3.10|the negative discrete Laplace operator is transformed
into a multiplication operator with range [0,4d] by the Fourier transform. For each
¢ € (%(Z%) we have thus

(~Ap, ¢) = (F(—A)FLF¢, Fo) € [0,4d |0 7],

since the Fourier transform preserves norms and scalar products. An operator A on a
Hilbert space H such that (A¢,¢) > 0 for all ¢ € D(A) is called non-negative and
by the preceding argument we see that —A is indeed non-negative. If A is a bounded
non-negative self-adjoint operator and B is a self-adjoint operator on the same Hilbert
space H then as shown by Seelmann in Corollary 2.2 of [Seel9] the spectrum of A+ B
is linked to the spectrum of B and ||A|| via

o(A+ B) c o(B)+ [0, | Al. (3.5)

We will apply this result with A = —A and B = V,,. We already know from Corollary
that the spectrum of V, is almost surely supp Py, from Example that the
spectrum of —A is [0,4d] and from Lemma that ||—A| < 4d. From this, the
non-negativity of —A and Lemma [3.8] follows

[0,4d] = o(—A) € W(=A) C [0, 4d]

where W (—A) is the numerical range of —A. Thus, there has to be a sequence (¢,,),,cx
in ¢2(Z%) with ||¢ ||,z = 1 for all n € N such that

<_A¢n7 ¢n> — 4d7

which proves that the norm of —A is indeed 4d.
By (3.5) we get the inclusion

o(H,) C supp Py + [0, 4d] (3.6)

for almost all w € Q.
Note that (3.6) follows directly from Lemma if supp Py is an interval. In this case
W(V,,) = supp Py holds almost surely, since every point in

W(Va) =< > w,(2)¢*(2) | ¢ € (27

2€74

is a convex combination of all points in Tan v,, = supp Py, which is already convex if
the support is an interval. Then (3.6 follows from

o(H,) C W(H,) C W(=A) +W(V,) =[0,4d] + supp Py.
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3 The spectrum and eigenvalue-counting functions

For the converse inclusion let A € supp Py + [0,4d] = supp Py + o(—A). Then there
are A1 € supp Py and Ay € o(—A) such that A = A\; + A2. The space

(2% = {p € £2(2%) | p(x) # 0 for only finitely many x € Z%} (3.7)

is dense in £2(Z%), so we can use Weyls criterion from Theorem for A2 to get a
sequence (¢p),cy 10 €3(Z%) such that [onlle2za) = 1 and

(=4 = X2 D)nll2(zay = 0

For \; we use Lemma with A, = {z € Z¢ | ¢, (7) # 0} and ¢; = \; for all i € A,,.
By the statement of the lemma there is an event {2y such that for every n € N there is
a jp in Z% with

sup [A1 — v, (i + jn)| <

1€AR,

for all w € Q.
The discrete Laplace operator is translation invariant, so for every ¢ € ¢?(Z%) and
every translation

7y (27 — (29, my(x) = (2 —y) (3-8)
by y € Z% we have
—A(ry(v)) = 7y(=AY) (3.9)

which can be checked by just inserting the relevant definitions. Furthermore

el e2zay = ||7'y§0||£2(z,1) for all ¢ € ¢2(Z%) and y € Z%.

We set ¢, := 7j,¢n. By the translation invariance of the norm we get ||t |p2(z0) = 1
as well as

1(=A = XeD)¥ulleza) = (=2 = A1) 75,00l 2 0
= 175, (=Bpn) = 7j, (A2@n)ll 2 70
= I(=A = X2)enll2za) — 0

by the linearity of the translation.
By the definition of v,, we also see that

(Vi = M)l gzay = Y |(VL A (7 0n) ()
z€Z4
= Z (Ve — A1) @n(x_]n”
x€Z4d
= Z |(Vio (@ + jin) — Al)%"n(x)ﬁ
xEAn

2
< = llenlle@ey = 2

30



3.4 The spectral theorem

for all w € Q)g. Combining the last two results leads to
I(=A+ Vo = ADYulleza) < 1A = AeD)nlle(zay + (Vo = AD)dnlleza) — 0,

and thus (¢,),cy is a Weyl sequence for A = A\; + A2. As a consequence of Theorem
we have A € o(—A +V,) for all w € Q. Since both inclusions hold almost surely,
the proof is finished. O

This result is interesting, since we showed that the spectrum is actually almost surely
not random, despite the large amount of randomness that can enter the potentials!
The randomness “self-averages” by the large number of random variables. This phe-
nomenon also appears for the integrated density of states, but to define it we first need
to introduce the spectral theorem.

3.4 The spectral theorem

One important use of the spectrum of self-adjoint operators is that it can be used
to decompose the space on which the operator acts in the same way that the normed
eigenvectors of a Hermitian matrix form an orthogonal basis of the (finite dimensional)
space on which the matrix acts. But since the space is no longer required to be finite
dimensional this is accomplished by spectral families, which are an extension of the
spectral decomposition for matrices, instead of projections onto eigenvectors.

Definition 3.16 (Spectral family, [Wei80, (7.11)])

A spectral family (also called a resolution of the identity) is a map E from the
real numbers to the bounded operators on some Hilbert space H which satisfies the
following conditions:

1. For each t € R, E(t) is an orthogonal projection, meaning that

2. Whenever s < t we have (z, E(s)z) < (z, E(t)z) for allx € H
3. For all x € H and all t € R we have E(t+ 0)x — E(t)x as § \, 0
4. For all v € H we have E(t)x — 0 ast — —o0

5. For all x € H we have E(t)r — x ast — o0
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3 The spectrum and eigenvalue-counting functions

If F is a spectral family, then it is also possible to define E(t—) for all t € R via
E(t—)x = %i{r(l) E(t—9)z.

Furthermore since all E(t) are orthogonal projections, the second condition is equiva-
lent to
E(t)E(s) = E(min(t, s)).
Based on this we have
(E(t2) — E(t1)) (E(s2) — E(s1)) =0

if [t1,t2] and [s1,s2] are disjoint and we further define E((a,b]) = E(b) — E(a),
E((a,b)) = E(b—) — E(a), E([a,b]) = E(b) — E(a—) and E([a,b)) = E(b—) — E(a—)
with a < b € R. This allows us to define a projection-valued measure.

For every spectral family E and every x € H the function

ro: R = [0,]|z]],  ralt) := (z, E(t)) = | E(t)z]”

is non-decreasing, right-continuous and bounded and therefore the cumulative distri-
bution function of a measure p;.

Definition 3.17 (E-measurable functions, spectral integral)

Given a spectral family E we call a function u: R — C E-measurable if for each
x € H there is a sequence (un),cy of step functions such that un,(t) — u(t) for ps-
almost all t. A step function s (see also Deﬁm’tz’on is a function of the type

k
s = Z cily,
i=1

where k € N, ¢; € CV1 <i <k and each A; C R is either an open, closed or half open
interval, a single point or empty.

Continuous functions, step functions and Borel-measurable functions are E-measurable
for all spectral families F. We can use this to define an integral of such a v with regard

to the spectral family F to gain an operator on H.
n

To do this, we first define for a step function s = > ¢;1y, a linear integral
k=1

/ S(HAE) =3 enB(Iy).
k=1

This is now a linear operator on H and

H/ t)dB(t Z\ck| |E(Ik)z Z|ck\ ro(lk) = /I )| dpat)

32



3.4 The spectral theorem

This integral can then be extended to u € L?(p,) by the same approximation as in
Definition More information on the construction and existence of this integral can
be found in Chapter 7.2 of [Wei80]. It is also possible to start the construction of the
integral with spectral measures instead and derive spectral families from them. This
can for example be found in Chapter 4.2 of [Sch12al.

Since this integral is constructed from a spectral family, it is itself an operator on H.

Theorem 3.18 ([Wei80, Theorem 7.14])
Let E be a spectral family on H and u: R — C be E-measurable. Then

N

E(u)x = /u(t)dE(t):I:

for x in

D(E(u)) = {z € H|u € L*(ps)}

defines a normal operator on H.
This operator is also written as

E(u) = /u(t)dE(t)
If u is real-valued, then E(u) is self-adjoint.

Thus, a spectral family can be used to construct operators. However, in some cases
the reverse is also true! For example if H is finite dimensional and M a self-adjoint
matrix, then the operator T': H — H, Tz := Mx can be diagonalized to

dim H
T = Z APy,
k=1

where \j is the k-th eigenvalue of M and P, the projection onto the normalized
eigenvector associated to A, if the eigenvalues are counted with multiplicity and the
eigenvectors are orthogonalized. We may then define a spectral family Er via

Er(t)= Y P,

kA<t

which satisfies

T /t dEx(?).

The extension of this result to self-adjoint operators is the following.
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3 The spectrum and eigenvalue-counting functions

Theorem 3.19 (Spectral theorem for self-adjoint operators, [Wei80, Theorem 7.17))
Let T: D(T) C H — H be a self-adjoint operator on the Hilbert space H. Then there
exists exactly one spectral family Er such that T' = Ep(id), also written as

T = /t dEr(1).

An explanation for the name “spectral” family can be found in the following theorem
that links the spectrum of T" and the spectral family Er.

Theorem 3.20 ([Wei80, Theorem 7.22])
Let T be a self-adjoint operator on the Hilbert space H with spectral family Ep. Then

ANeo(T)e Er(A+e)—Er(A—¢e)#0Ve >0

One use of spectral families for self-adjoint operators and the integrals with respect to
spectral families lies in their relation to one-parameter unitary groups.

Theorem 3.21 ([Wei80, Theorem 7.37])
Let T: D(T) C H — H be a self adjoint operator on a complex Hilbert space H with
spectral family Er, t € R and let

U(t) =l .= /eitrdET(r).

Then (U(t)),cg is a one-parameter group. This means that U(t) is a bounded
operator on H for all t € R with U(0) = I (where I is the identity operator) and
for all s,t € R the formula U(s)U(t) = U(s + t) holds. The group is also strongly
continuous, meaning that U(-)z : R — H is continuous for all x € H. For every
t € R the operator U(t) is furthermore unitary and U(t)x € D(T) for all x € D(T).

Conversely, every strongly continuous one-parameter unitary group has a representa-
tion as an integral with regard to a spectral family.

Theorem 3.22 (Stone’s Theorem, [Wei80, Theorem 7.38])
Let (U(t)),cr be a strongly continuous one-parameter unitary group on a complex

Hilbert space H. Then there exists a uniquely determined self-adjoint operator T on
H such that

Ut)=eT VteR

In this case iT is called the infinitesimal generator of (U(t)), g,

DT) = {x € H | lim > (U(t) - D) exists} ,

t—0 ¢
(iT)e = lim - (U(t) - D)z Va € D(T).

t—0 ¢
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3.5 The integrated density of states

As already noted in the introduction, the time evolution of a wave function needs to
be a unitary one-parameter group. So if the group is also strongly continuous, then
there is a self-adjoint operator that generates the group. We can even show that this
generator would be involved in an initial value problem.

Corollary 3.23 ([Wei80, Corollary after Theorem 7.38])
If (U(t))er is a strongly continuous one-parameter unitary group with infinitesimal
generator iT', then the initial value problem

1d
Tau(t) =Tu(t), u(0)==z

is uniquely solvable for every x € D(T) and the solution is u(t) = U(t)z.

Since the time-dependent Schrodinger equation is exactly of this type, we see that the
time evolution is explicitly linked to the Hamilton operator and its spectral family, and
via Theorem it is thus useful to study the spectrum to find information about the
solutions of the Schrédinger equation.

3.5 The integrated density of states

As already shown, the spectrum of the Anderson operator is almost surely a deter-
ministic set and every self-adjoint operator has an associated spectral family. Thus,
the next question is whether the non-randomness of the spectrum also extends to the
spectral families. Theorem already gives us a hint that this is at least partially
true.

The non-randomness of the spectrum depends mainly on the fact that the Anderson
operator involves an infinite amount of identically distributed random variables. On a
finite sub-graph the randomness can not be averaged out completely, but eigenvalues
and -vectors of an operator on a finite graph are easier to calculate than the spectrum
of an operator on an infinite graph. It is therefore interesting to investigate if there
is some convergence if the Anderson operator is restricted to larger and larger finite
subgraphs, and if this convergence approximates results for the operator on the whole
graph. The restriction we want to use here is the following.
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3 The spectrum and eigenvalue-counting functions

Definition 3.24 (The restricted Anderson operator)
For a finite subset A C Z¢ the restricted Anderson operator is
HA  2(A) — 2(N), HAY = pyHyin.

Here, H, is an Anderson operator H, = —A + V,, consisting of the negative discrete
Laplace operator —A and a random multiplication operator V,, on 62(2‘1),

in : O2(A) = 2(Z9) with
) B #(z) z€A
ing(z) = {0 cdA

is the embedding of (*(A) into (2(Z%) and p : £2(Z%) — 2(A) with
pap(z) = @(z) Vz € A
is the projection from (2(7Z%) to £?(A).

Since £2(A) has dimension |A|, which is the number of points in A, the restricted Ander-
son operator is now an operator on a finite dimensional space and can be represented
as a matrix with regard to some orthonormal basis. Here, we choose the basis

{5z|z€Zd}

s ={y 1

for y € Z4. Since H, is symmetric, 0, € D(H,,) for all z € Z¢ and (6, H,0,) =
(0y, Hf}(52> as long as both z and y are in A, the corresponding matrix-representation
of HL{} will be Hermitian. As mentioned at the beginning of Section (3| this means
that Hj} has only real eigenvalues and the eigenvectors form an orthogonal basis. The
number of eigenvalues is |A| if we take into account multiplicities, so it is now possible
to calculate the fraction of all eigenvalues that lie under a given real number z. In a
sense this measures how much of £2(A) is covered by eigenvectors corresponding to the
eigenvalues up to this number. The function to do this is the following.

with the delta-functions

Definition 3.25 (The normalized eigenvalue-counting function)
The eigenvalue counting function (evcf) for a restricted Anderson operator H
18
NAR = [0,]A]], NMx):=# { eigenvalues of H) < z}.

The normalized eigenvalue counting function (nevcf) for a restricted Anderson operator
HA is
_# {eigenvalues of HA < a:} B NA(z)

A Al

All eigenvalues are always counted with their multiplicity.

NAR = [0,1], NX(x) :
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3.5 The integrated density of states

3.5.1 Point-wise convergence

With these definitions we can give one concrete form to the question posed in the
beginning of the section: Does the nevcf converge to something if A is chosen larger
and larger. The existence of such a limit was shown in papers of Pastur in 1973 [Pas73)]
and Shubin in 1979 [Shu79], mostly formulated for Schrédinger operators on R% and
operators with almost periodic coefficients, which behave somewhat similar to random
operators. On Z? it takes the form of the following result:

Theorem 3.26 (Pastur-Shubin formula, [Pas80, Theorem 12])

Let H,, be the Anderson operator as defined in where the random potentials are
defined via v,(x) = w,; with bounded w, and under assumption of ergodicity and some
regularity assumptions, and for any finite set A C Z% let H> be the restricted Anderson
operator and N2 the normalized eigenvalue counting function as defined in Definitions
and . Let further Q, = [-n,n]*NZ* and N: R — [0,1] be the non-random

function given by
N(l’) = E<50, EW(ZE)50>,
where E,, is the (measurable) spectral family of H,, as defined in Theorem . Then

for almost all w € Q and all x where N is continuous we have

N9 (z) —— N(z). (3.10)

n—oo

The function N is called the integrated density of states (IDS).

Remark 3.27. 1. For this theorem it is important that the spectral family E,, of
H,, is (weakly) measurable, which is not shown in detail in [Pas80]. A paper by
Kirsch and Martinelli [MK82] covers this and other problems of measurability
and showed that the IDS is well defined for our use-cases.

2. An alternative to the nevef is the function

Mgy _ 0 (Eu(@)1a,)
N (z) = ™ .

Here, the operator itself is not restricted, instead a restriction of the trace is used
to insert a finite sub-graph. This function generally also converges almost surely
to the IDS with growing n, see for example [Kir(07, Theorem 5.22] for the case of
i.i.d. potentials.

3. The properties of the spectral family in Definition and the continuity of the
scalar product imply that x — (dg, E,(z)dp) is monotone increasing and right-
continuous for every w € ), and satisfies lim (g, F,, (z)d) = 0 and

T—00

lim (dg, B, (x)dp) = 1. By the dominated convergence theorem these properties
Tr—r00

also carry over to N.
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3 The spectrum and eigenvalue-counting functions

As already mentioned above, some form of the Pastur-Shubin formula is valid in more
general settings. One of these is the following result, which relaxes the assumption that
the potentials (v.(z)),cz¢ have to be bounded. Here we use the notation of Section
and especially Remark

Theorem 3.28
Let (Q, A, P) be a probability space with Q@ = de, A the Borel o-algebra generated by
cylinder sets and P a probability measure that satisfies

e 7, is measurable and P =P o+, for all z € Z¢, where

Yot = Q, (aw)y = Wytz- (3.11)

e There is an r > 0 such that for alln € N and finite sets Ay, ..., Ay, with |A;| #0
for all 1 < i < n and min{d(A;,A;) | © # j} > r we have that the projections
(ITp; )1 <j<,, are independent.

o E|w)? < 0.

Let H,, be the Anderson operator as defined in (2.6 where the random potentials are
defined via v, (x) = wy, and let HY, NA and N be defined as in Theorem . Then

for almost all w € Q and all x where N is continuous the limit

NG (z) —— N(z) (3.12)

n—oo

holds, where Q, = [-n,n]? N Z.

Sketch of the proof. The proof follows from a combination of Theorems found in [PEF91].
For a function ¢ in the space £2 of functions on Z¢ that are only non-zero on finitely
many points (see (3.7)) we can write an Anderson operator as given in the theorem as
a matrix operator

Hop(2) = ) alz,y,w)9(y)

y€Z4
with the matrix

2d4+w, z=y
a(z,y,w) = <5Zan5y> =41 |z — yH1 =1.

0 else

By [PF91, Example 1.4c] this is a symmetric random operator (as defined there) since
w, is real-valued. This matrix operator is metrically transitive (also called ergodic) as
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3.5 The integrated density of states

defined in [PF91l Section 1.D] with the shifts T, = v, and U, ¢(y) = ¢(y + z). To
show this we first note that the equation

Hr,, = Ur, H,Up !
holds as required because of
CL(Z, Y, ka) = a’(z + k? Y+ k’ OJ)

for all k,y,z € Z¢ and all w € Q. The shifts 7, are automorphisms of §, so next we
need to prove the ergodicity (or metric transitivity) of the group {v. | z € Z?}. To do
that we will show that the group is mixing, and we first observe that if

A= {w e ‘ w; € A; Vi € {kl,...,kn}}

is a rectangular cylinder set then

A= kall,...,kn} <>"< Akj)
j=1
and
VA={weQ|w e A;Vie{k —z,....kn—2}} (3.13)
is a rectangular cylinder set as well. If
B={weQ|w €B;Viec{l,. ,ln}}

is also a cylinder set the second condition on the probability measure in the statement
of the theorem requires that

P(AN B) = P(A)P(B)

if min{||¢ —j||; | ¢ € {k1,....kn},J € {l1,....,1m} > d. We can deduce from (3.13)) that
for all rectangular cylinder sets A, B we have

P((mA) N B) = P(A)P(B)
for large enough z. Thus,

lim P(((r,)"A) N B) = lim P((rn.A) N B) = P(A)P(B) Vz # 0 (3.14)

n—o0 n—oo

for all rectangular cylinder sets A, B. We need to extend this to all A,B € A. To
this end we use a standard strategy via A-systems. First we note that the rectangular
cylinder sets generate A, meaning that A is the smallest o-algebra that contains every
rectangular cylinder set. Then let

D= {B €A li_>m P(((1:)"A)N B) =P(A)P(B) V z # 0, rect. cylinder sets A} .
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3 The spectrum and eigenvalue-counting functions

If By, ..., By € D are disjoint then UY ; B; € D, which follows from P(C' N (U B;)) =
Zle P(C N B;) for all sets C. This can even be extended to confirm that countable
disjoint unions of sets in D are themself elements of D. If By C By and both sets are
elements of D then so is By \ By by the same argument. From this and the fact that
B = Q € D follows that the class D is a A-system. If £ is a class of sets that is closed
under intersections (such as the class of rectangular cylinder sets) and contained in a
A-system D, then the o-algebra generated by £ (in this case A) is also contained in
D. For a proof see [Kle20, Theorem 1.19] or [Kal21l, Theorem 1.1]. Thus, all B € A
satisfy for all rectangular cylinder sets A. Next we can use the invariance of P
under shifts for

P(((m)"A) N B) = P((r2)" (((:)"A) N B)) = P(AN ((-2)" B))

and reuse the arguments from above to show that holds for all A,B € A.
This means that all ., z # 0 are mixing and therefore ergodic, making the group
{7, | z € Z%} ergodic as required and H,, a metrically transitive matrix operator.

Because of the third requirement on P and the Cauchy-Schwarz inequality we also have

Ea(0,0,w) < oo, E(a(O,O,w))2 < 00,

and thus
2

E Z a(z,0,w) | < oo.

z€74

Now we can use [PF91, Theorem 4.8] to conclude that the measure arising from N&»
converges weakly to the measure arising from E(dy, E,,(x)dp) which is equivalent to the
claimed statement (see Definition 13.21 and Theorem 13.23 in [Kle20]).

In some cases including the Anderson model, there is another feature of the IDS: As
shown in [CS83] the IDS is log Holder continuous in some cases. A very short proof of
continuity can be found in [DS84]. From this follows that the convergence of the evcfs
is point-wise for all x € R.

3.5.2 Uniform convergence

In view of these results the question arises whether the convergence could even be
extended to be uniform in the “energy variable” x € R. A longer discussion of the
history of this line of research can be found in Section 1 of [LSV10], but we will give
a short overview here.

This direction of inquiry was developed by Lenz [Len02] and Stollmann [LS05] who
proved uniform convergence for operators on Delone sets by proving a Banach-space

40



3.5 The integrated density of states

valued ergodic theorem that also applied for more general functions.

A parallel development was the establishment of uniform convergence specifically for
the IDS in a series of papers by Elek ([Ele06al, [Ele06b]) and Lenz and Veseli¢ [LV09]
which could be used to prove a uniform Pastur-Shubin formula in a wide variety of
cases.

These results generally did not give explicit quantifications for the uniform and almost
sure convergence. That was achieved (again by finding a Banach-space valued ergodic
theorem) among others in the case of the Anderson operator on Z¢ in [LMVO0S] if the
image measure of the potential has finite support, that is if the random variables at
each lattice point can only take on values from a fixed finite set. Since every point
of the graph can in this case be thought of as “colored” by one of these finite values,
one realization of the random variables is then called a “coloring”. This result was
later generalized by Lenz, Schwarzenberger and Veseli¢ [LSV10] to allow not only the
lattice Z¢ but also some graphs that are Cayley graphs of finitely generated amenable
groups. It was later again extended to all Cayley graphs of finitely generated amenable
groups by Pogorzelski and Schwarzenberger [PS16] through the use of e-quasitilings.
See [SSV20] for an overview of these results for potentials with finite support. How-
ever, since all these results relied on counting the frequencies at which finite “patterns”
appeared in the coloring, this approach did not work if the random potentials could
take on an uncountable number of colors.

This was partially achieved later by Schumacher, Schwarzenberger and Veseli¢ in
[SSV17] for operators on Z? and later extended to all Cayley graphs of finitely gener-
ated amenable groups in [SSV1S§|, but here only a quantification of the speed of the
almost-sure convergence was achieved, without explicit constants. The probabilistic
part of those proofs relied on a multi-dimensional Glivenko-Cantelli theorem due to
DeHardt and Wright (Theorem 1 and 2 of [Wri81]). The relevant result for the An-
derson operators with potentials satisfying the conditions of Theorem [3.28| from these
papers is the following

Theorem 3.29 ([SSV17, Theorem 7.2])

Let Nf}" be the normalized eigenvalue-counting function as in Deﬁm’tz’on for an
Anderson operator as in with random potentials satisfying the requirements of
Theorem[3.28, Let N be the integrated density of states from Theorem[3.26 and A,, =
[0,n)¢NZ2. For all k > 0 and natural numbers n > 2m > 0 there are constants a(k, m)
and b(k, m) such that there is an event Q(k,m,n) such that

P(Q(k,n)) > 1—b(k, m)exp (—a(ﬁ,m) Ln/mjd>
and

d

d
HN:}" N < 02d+1 (26m +38 N 24> L

n—2m m m

for allw € Q(e,n).
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3 The spectrum and eigenvalue-counting functions

The next step is thus to find explicit bounds on the numbers a(e, m) and b(e, m), which
will be the goal of the following chapters. First we will explain the approximation
procedure used in the papers by Schumacher, Schwarzenberger and Veseli¢ in more
detail.
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This chapter will introduce the most important requirements and definitions for prob-
ability spaces and functions used in the following parts of the thesis, as well as give a
broad outline of the proof of explicit quantification of the almost-sure uniform conver-
gence that we seek in Section The primary object we will define are admissible
functions, which formalize all needed properties of the eigenvalue-counting functions
of the Anderson model. Both this definition and the strategy of the proof are based
on [SSV17].

4.1 Geometric and probabilistic framework in Z¢

First we want to fix some notation following [SSV17] and [SSV1S].

The graph we are interested in for now is (Z%, &), where Z¢ is the set of vertices and
£ C Z¥x 74 is the set of edges between vertices. Some examples of other vertex or edge
sets are considered in Chapter [8] Specifically we equip the graph with edges between
closest neighbouring points, so for {x,y} € Z¢ x Z? we have

{z,ytef e llz—yll, =1

Here, ||z|, = Zle |z;| denotes the ¢'-norm in Z.
We also use the £ -norm to define a metric on Z¢ via

dga: 2% x Z* — N, dga(z,y) = ||z —y|; -
For A1, Ay C Z% we define the distance between A and Ay as
dset (A1, A2) := min{dya(z,y) | z € A1,y € Aa}.

If Ay = {z} for some x € Z¢ we write dset (7, Ag) instead of dses ({7}, Az).

We write C for the set of all finite subsets of Z? and for A € C we write |A| for the
number of elements in A.

We also extend the addition on Z¢ to translations of sets by writing

Adz={z+z|zecA}

for any set A C Z¢ and z € Z¢.
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4 Framework

We call any translation of {z € Z4: 0<zi<nVl<i< d} a cube of side length
n, which always contains n? elements.
We further extend these translations to sums of sets via

MAAy= ) (M +2)={r+z|zeh,zeN)}
zENo

for Al, AQ g Zd.
We call

O"(A) == {x € A:dget(2,ZT\ A) <7} U{z € ZI\ A : det (2, A) < 7}
the r-boundary of a set A C Z¢ and define
A=A\ O"(A) = {z € A | deet (2, 2%\ A) > 7}.

For indexed sets like A; we use the shorthand A} = (A;)".

We also assign each point in Z¢ a value, which is often called the color of the point or
the potential at the point. For this we choose a set A € B(RR) to be the set of possible
values and define for each point z € Z¢ a color/potential w, that takes values in A.
Together, these form our sample set

Q=AY = {w= (W) ezt |w. € AVz €7} C RZ",
On this sample set we define for each z € Z% the translation
Yot Q= Q, (Yaw)y = wyts. (4.1)
We also define the restriction of 2 to A € C by
Qp = AN = {w = (w2)sen |ws, € AVz € A}
and define the projection
Iy : Q — Qp, E(w) :=wp = (wy)zen-

Let B(.A) be the Borel o-algebra of A that arises as a sub-o-algebra of the usual Borel
o-algebra of R. Then let B(Q) = B(A)%" be the product o-algebra on Q) generated
by cylinder sets, so that (Q,B(€2)) forms a measurable space. Furthermore let B(€2,)
be the product g-algebra on 2 generated by cylinder sets. See Section for the
relevant definitions.

Lastly we need some assumptions on the probability measures we consider, which were
already part of the requirements in Theorem
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4.1 Geometric and probabilistic framework in Z¢

Definition 4.1
We assume that there is a probability measure P on (2, B(Q2)) that fulfils the following
assumptions:

(M1) Translation invariance: vy, is measurable and Po~, =P for each z € 7.
(M2) Independence at a distance: There is an r > 0 such that for all n € N if
e A,...,A, €C,
o [Aj| #0 foralll <i<mn and
o min{dye(As, Aj) |1 # j} >

then the projections (Ilx,),«;., are independent.

Remark 4.2. Here, the r in can be thought of as a correlation length. If r = 0,
then the values at each vertex are chosen independently. This would also mean that P
is a product measure, which fulfils

As a consequence ofif A € C and z € Z% are such that dget (A, A+2) > r, then ITp
and ITx4 . are independent. This is also true for (ITa42,),<;<, if dza(A+2;, A+25) > r
for all ¢ # j. Note that since o

Hpyz(w) = (wy)yGA-i-z

and

IIp (VZW) = (wy-f—z)yEA

both IIx4,(w) and I (y,w) contain the same values, just differently indexed. There-
fore, (IIp ©7z,);<;<, are also independent in the above case.

Now that we have defined the graph and the coloring/potentials on it, we can turn to
the functions on it we want to consider. Our specific goal are the eigenvalue-counting
functions, but we will generalize from there to all functions that possess the properties
of the eigenvalue-counting function that we will need.
These functions will take values in the Banach space

B:={F:R — R: F right-continuous and bounded}

equipped with the supremum norm ||-|| .
The class of B-valued functions we want to consider will be called admissible func-
tions.
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4 Framework

Definition 4.3
A function a : C x Q — B is called admaissible if the following conditions are satisfied

(A1) translation invariance: For A € C, z € Z¢ and w € Q we have

a(A+ z,w) = a(A, yw).

(A2) locality: For all A € C and w,w" € Q with I (w) = (') we have

a(A,w) = a(A, ).

(A3) almost additivity: There exists a function b: C — [0,00) such that for each
w € Q, pairwise disjoint Ay, ...,An, € C and A :=J;_; A; we have

< z": b(A:),
i—1

n

a(A,w) — Z a(A;,w)

=1

o

and b satisfies
e for all A € C and z € 7Z¢ we have b(A) = b(A + 2)
e there is a D > 0 such that b(A) < D|A| for all A € C

o if (Ap)nen 18 a sequence of cubes with strictly increasing side length, then

lim b(An)

n—o00 |An|

=0

(A4) boundedness: There is an E < oo such that

sup [la({0}, w)[| < E
weN

(A5) monotonicity: The function a(A,w) is monotone increasing at all points, i.e.

VAeCwe: z<y:a(Aw)(x) <alAw)(y).

(A6) point-wise measurability: The function a(A,-)(z) : (2,B(2)) — (R, B(R)) is
measurable for all z € R and A € C, where B(R) is the Borel o-algebra of R.

Remark 4.4. Some remarks on this definition:

e Admissible functions were already defined in [SSV17], but with a slight difference:
there [(A5)| and [(A6)| were not a requirement, instead there was an additional
requirement that an admissible function should be separately monotone in each
Wy
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4.1 Geometric and probabilistic framework in Z¢

e Property [(A2)| ensures that the restricted admissible function
ap(+) : (Qa,B(24)) — B defined via
an(wa) == a(A, ip(wa)), (4.2)

where iy : (Qa, B(Q4)) — (Q,B(R)) is

(in(wp))z = {iwA)Z i Z i ,

the embedding of Q5 into ) with a fixed ¢ € A, is well defined. The embedding
is continuous with regard to the product topology and therefore measurable (see
Section [2.4)), and since a(A, -)(z) is measurable for all z € R the same is true for
ap(z). We also have ap (ITx (w)) = a(A,w) and by also

arz(Iayz(w)) = a(A + 2,w) = a(A, 72 (W) = aa (A (7=z(w)))

for all z € Z4 and w € Q.

e From property [(A3)| follows that

la(A, w)llo < Jla(A, w) — %a({z}aw) + ;a({z}»w
< ZAb({Z}) Ji ZA IICL({Z},WO)OIIOo Z .
< Z;\A\ + Ze;\\;e({z}M)Hoo-
By properties and we further get
la(A @)l < DIAL+ D fla({0}, 7).
§D|A|+§§E: (D+ E)|A (4.3)

for all w € A.

e The properties |(A4)| and ensure that Ea(A,w)(x) exists for all x € R.

The functions we are most interested in are naturally the eigenvalue-counting functions
of the Anderson operator from Definition [3.25] Because of this the parameter x in
a(A,w)(x) is often called "energy”. Most of the properties required of an admissible
function were already proved for the eigenvalue-counting functions of the Anderson
operator in [SSV17] and [LSV10].
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Lemma 4.5
The function

N:CxQ—B, N(A,w)=NA

with the eigenvalue-counting function Nf} as defined in Deﬁm’tz’onfor an Anderson
operator H, = —A + V,: (2(Z4) — (2(Z4) with

H,¥(z) = —AV(2) + w.(2)¥(2),

with the discrete Laplacian A and w from a probability space satisfying the properties
of Definition[{.1] is an admissible function.

Proof. Every evef N2 is bounded by |A| and right-continuous (because of the < in the
definition), so the image of N is indeed in B. We will now show all needed properties
in the order they appear in in Definition

o (A1) We need to show that N(A + z,w) = N(A, y.w) for all A € C and all z € Z<.
Let z € Z% and let H2 be the restricted Anderson operator as in Definition
We will show that HA and Hé\z » have the same spectrum, thus their evcfs are
also the same.

Let A be an eigenvalue of HA+# with corresponding eigenvector vy € £2(A + 2),
i.e. HM#yy = Avy. Then for all y € A the equality

Aoa(y + 2) = (Hy™0) (y + 2) = —(Aup) (y + 2) + wyp0a(y + 2)

follows from the definition of H 2,
Based on this eigenfunction we define another function v} € (2(A) via
vy (y) :==vA(y + 2) for y € A. Now we apply ny\zw to this function and get

(H3:o0h) (4) = —(A0)) () + (Vasw)Wh(v)
= (FAun)(y + 2) + (zw)yua(y + 2)
= (—Au)(y + 2) + wyt20A(y + 2)
= ua(y + 2) = M) (z)

for y € A, where we used the translation invariance of the Laplace operator
at the second equality. Therefore, A is also an eigenvalue of Hé\z w- This is true
forall A € C,w e Qand z € Z%. By using ' = A+ 2, o =7wand 2/ = —2
we also get the reverse implication from H_ A+ — H,/Y\w and H é\/, W = Hj Atz
This proves that Hf}*z and Hé\z o have the same eigenvalues. Using the above
scheme for a whole set of independent eigenvectors in £2(A + z) leads to a new
set of eigenvectors to the same eigenvalue, which are again independent (since
the eigenvectors are only shifted by z). This means that the multiplicity of the
eigenvalues is also the same for HA+* and H AZ » and therefore

N(A+ z,w) = N(A, v.w) as required by
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4.1 Geometric and probabilistic framework in Z¢

To (A2) ) (w) = IIp(w') implies w, = w; for all y € A, so paAV,in = paVirian and thus
H) = HY and N(A,w) = N(A,w').
To (A3) Here we use two results from [LSV10], the first is Proposition 7.1. As proved

there, for two self-adjoint operators A and C' on a finite dimensional Hilbert
space the inequality

[n(A)(x) = n(A + O) ()| < rank(C)

holds for the eigenvalue-counting function n and all x € R. This follows from the
minmax principle of Courant and Fischer.

This result is then used for [LSV10, Proposition 7.2]. Here it was shown that
if V is a finite dimensional Hilbert space with a subspace U and the inclusion
i: U — V and orthogonal projection p : V' — U, then the inequality

[n(A)(z) — n(pAi)(z)| < 4rank(idy —iop)

holds for all self-adjoint operators A and x € R. We use this result for A’ C A € C
with A = HA, V = /2(A) and U = ¢2(A’). Then pAi = H) and

. . o(r) ze A\ N
dy — - ,
(dy — i p)olr) {0 TR
leading to rank(idy —iop) = |A\ A’| and the equation
HN(A,W) —N(A’,w)H <4[A\N| (4.4)

for all w € Q. To prove almost additivity, let A; € C, i = 1,...,n be disjoint sets
and A = U ;A;. Now we use (4.4) and the triangle inequality to show

HN(A,(JJ) — Zn:N(Az,w) (4.5)
i=1 0o
< N(A,w)—N<OA},w> - N(OA},w) —zn:N(Ai,w)
i=1 00 i=1 i=1 00
< 426 |A \ A+ ||V (O A},w> - f:N(Ag,w)
i=1 i=1 i=1 o
DI LINEERIR
gszn:]A,-\A}]Jr N(OA},M) —zn:N(Alew) (4.6)
i=1 i=1 i=1 00
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50

Since the A; are disjoint, the distance between them is at least one. We also
exclude the 1-boundary of all A;, so we get

dset(AiaAj) 2 3 Vi # J-

This means that for i # j, each ¢ € £2(A} U Ajl) has a unique representation as
b(2) = $1(2), if z€ A}
¢2(z2), if z € Ajl-

with ¢1 € EQ(A%) and ¢o € 52(1\]1)
The operator H,, has hopping range 1, i.e. H,¢(z) only depends on ¢(y) for y
with |z — y| < 1. With the representation of ¢ € £2(A} U Ajl) from above, we get

1
A1UA1¢( - HY ¢1(y), if y € Al
Al ,
Hw]¢2(y>7 if Yy € A;
AluU A1 Al
ie. H,' H ¢ EBH A :
- 1
The elgenvalues of H,"' Ao, are thus the union of the eigenvalues of H[f,\ © with

ATUAL
7 is exactly the sum
1

Al
of the multiplicity of that eigenvalue for Hw and the multiplicity for H,’. This

those of ij and the multiplicity of an e1genvalue of H

summing of eigenvalues then also carries over to the evefs, so N (Azl U Ajl-, w) =
N(AL w) + N(Ajl-, w) and by induction

N <U A%,w) Y N (ALw
=1 =1

The second term on the right side of (4.5)) therefore vanishes and we arrive at

H ZNAZ,w <8Z\A \ A}l

i=1
and b: C — [0,00),b(A) = 8 |A\ A!| is a natural definition for a boundary term.
We now only need to check if this b fulfills all the requirements from
First we see that for all A € C and z € Z% we have b(A + z) = b(A) and
b(A) < 8|A], so the first two requirements on b from [(A3)| are fulfilled and D = 8.
For the last point we need to confirm that if A, is a series of cubes of growing

side length, then b‘(/f:') 27 0. We can already establish some useful formulas

for later use here, so we will prove a bit more than necessary. From A, \ Al C
O (A,) C 9"(A,,) for any r > 1 we see that

b(An) _ |07 (An)]
Rl = TAal




To (A4)

To (A5)

To (A6)

4.1 Geometric and probabilistic framework in Z¢

We will now consider a cube A,, with side length exactly m > 2r and take a
look at |0"(A,)|. Since A, is a cube, 9"(Ay,) U A, is a cube with side length
m + 2r and Ay, \ 0"(Ay,) is a cube with side length m — 2r. Since 0" (A,,) =
(0" (Am) UAm) \ (A \ 0"(Ay)) we have

10" (Am)| = [Ams2r| — [Am—2r| = (m + 2T)d —(m — QT)d ~ md717

and thus

|0 (Am)| m—oo
Al

0 (4.7)

for all r € N since |A,,| = m?. The same idea results in

0™ (AR noo,
A

n

0

for all m € N where n > 2m. As a consequence b(/f:') 272 0 holds just as

required and we have confirmed that the evcfs are almost additive.

The operator H:EO} only has one eigenvalue (2d + wyg}), s0

HN({O},W)H —1Vwen

which means that [(A4)|is fulfilled with £ = 1.

The evcf count the number of eigenvalues below a given number x, so the counted
number of eigenvalues can only increase if x is increased (while keeping everything
else fixed). Therefore, the evef are monotone increasing for every fixed w € Q

and satisfy [(AD)]

Let )\j(Hé}) be the j-th largest eigenvalue of H2, counted with multiplicities. We

use Corollary II1.2.6 of [Bhal3], which shows that for all A € C and w # W’ € Q
we have

max ‘Aj(Hﬁ) — XD

A A
jmax < ||HS — HY

where the last norm is the operator norm. From the definition of the restricted
Anderson operator follows

| H = HE

= [lpa(Ve — Vir)iall = llpa(Viowrinll = Jlwa — w/a]| . -

Thus, )\j(H Ay . QM — R is continuous and therefore measurable for all j. This
in turn means that {w € Q : )\j(Hif}) < x} is a measurable set for all x € R
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4 Framework

and all 1 < j < |A|, and consequently the functions 1 {{)\j(HU‘}) < a:}} are also

measurable. Finally

|A|

N(A,w)@) = Y1 {{x D) < b},

=1

which shows that N(A,w)(x) is measurable for all z € R and A € C.

4.2 The strategy towards quantitative approximation

The general strategy we will use follows [SSV18], but variations of it were already used
earlier, e.g. in [LMVO0S8] and [LSV10].
We want to establish an almost-sure uniform convergence of a(‘jl\\’f”) to a limit function

a* along larger and larger sets A, with quantification in every aspect of the conver-
gence. Inspired by the Glivenko-Cantelli theorem, we want to approximate a(‘fl\\,w) with
an averaged sum over a large number of independent, identically distributed random
variables. Then we need a probabilistic argument to show that this averaged sum con-
verges almost surely uniformly to an expected value and that also gives explicit error
bounds in the form of a concentration inequality. After that we no longer have to deal
with randomness, but we still need to show that the expected value we got from the
last step converges to some limit. Symbolically, the strategy can be summarised as
follows:

a(Ap,w) 1
[An] k(n) 4

a(Ami7w) n—00 (G(Am,w)) m—oo 4
: E a”. 4.8
Rl oo T\ A )

Here, A, is a cube with side length n, k(n) is a number that grows monotonously with
n, (Amvi)lgigk(n) are a series of cubes with side length m < 2n that do not intersect
and a* is some limit to be determined.
The first step of this approximation has to hold for all w € 2 and primarily uses the
almost-additivity as well as some of the other properties of admissible functions. The
last step also does not depend on anything random, and it turns out that we can reuse
the first step for this part as well. These steps do not depend on w and we want
uniform bounds here, so what we are looking for is something like explicit numbers
c1(n,m) and ca(m) with ~ lim  ¢1(n,m) + c2(m) = 0 such that

n—00,Mm—00
k(n)

a(Ap iy w)
- < Cl(nam)
; ‘Am,i’

a(Ap,w) 1
[An|  k(n)

[e.e]
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4.2 The strategy towards quantitative approximation

and

HIE (a(Am,w)> —a*|| < ea(m).

| A o
Both of these steps will be carried out in Chapter |5l It is also possible to generalize
the procedure somewhat to other shapes than just cubes, which will also be carried
out in that chapter.
The second step on the other hand does not really rely on the considered geometry and
is nearly entirely probabilistic. This is where we will get the new explicit quantification
of the almost sure convergence from, and based on the results already achieved in
[SSV17] and [SSVI8| we anticipate that we should get explicit functions c3(k,n,m)
and c4(k,n,m) with a concentration inequality of the sort

a(Ap, iy w) <a(Am,w)>
: —-E <K
2 A A
for w in a set Q(k,n, m) with
P(Q(k,n,m)) > 1 — c3(k,n,m)exp (—ca(k,n,m)).

This step will be shown in Chapter [6] and is based on empirical process theory.
Finally we will combine all of the results in Chapter [7}
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As outlined in Section we first need to establish uniform bounds on the difference
between an admissible function on a large set and the sum over that admissible function
on subsets that form a disjoint partition of the large set. This bound further needs to
be independent of any random influence. Such replacements of a larger system by a
sum of smaller ones are a general feature of thermodynamic arguments, but we follow
the specific procedure as outlined in [SSVIT7].

Furthermore we will see that the same bound also allows us to establish that the
expected values of normalized admissible functions on growing sets form a Cauchy
sequence, and since they are elements of the Banach space B there is a limit a*.
Here, we will first demonstrate the scheme for the explicit example of cubes. This both
makes the used definitions and geometric bounds very easy to visualize and also allows
us to get very explicit bounds that would not be available for general sets. A more
general case of sets with small boundary compared to their volume will be treated after
that, but the techniques are nearly identical.

5.1 For cubes

We start with the cube A, := ([0,n) N Z)? with side length n € N. We “tile” this cube
by smaller cubes with side length m, such that 2m < n and define the tiling set

T i={t €T : Ay +1 C Ay}

where T, := mZ% = {(z(i))lggd eZ: 20 modm=0V1 <i< d}. The size of
this tiling set is [T},,| = [n/m]¢ and all of the sets A, + t with t € T}, are pairwise
disjoint. Together, they form

Amp = U (A +1) = A + T
tGTm,TL

Note that Apn = Ay /mm- We further define

A~

A = Ap \ A

See Figure for an illustration.
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5.1 For cubes

e e e e e e e e e e e An, .

------- .------.------ N

....... le o o o o oo o o o o ofe of Am’n

....... e o o o o ole o o o o ofe ofe

....... Y P P

lllllll .l'llll.llllllll.

L Attt At il Aol it B

| |

....... P N

....... le o o o o ofe o o o o o

....... e o o o o ole o o o o ofe ofe

...... Y P P
TNZJZ ------- |, | P

K rararearen Al Sl el it B

|

............. P P

............. lo o o o o ofe ofs

............ le o o o o ofe ofs
Am*. ............ |

............. ;

Illustration of the different definitions employed in d = 2.

The result we aim for is the first step of . We want a uniform bound on the
difference between a normalized admissible function on A,, and the averaged sum over
the same normalized admissible function on translates of A,,, while also cutting of
r-boundaries of the tiles A, +1¢, t € T}, . Since we required some independence at a
distance for our probability space, this will allow us to use the normalized admissible
function on the translates as independent random variables. The proof mostly works by
invoking the almost-additivity from Definition and using convenient features
of cubes and cube-tilings.

Lemma 5.1
Let A, := ([0,n) N Z)L. For any admissible function a : C x Q — B we have for all
w € Q, and all n,m,r € N with n > 2m > 4r

a(Ay,w) 1 Z a(A;, +t,w)

Al Tl 2= IAw
< jmgm) | (8D +2E) (A~ A7)
= | Aymm A
n b(Am) +0(A7,) + (2D + E) (|Am| — |AL]) (5.1)
| Am| '
This results in

) ) a(Ap,w) 1 a(Ay, +t,w)
lim lim — _ =0 5.2
M—00 N—00 |An’ |Tm7n’ teTZmn |Am’ ( )

[e.e]
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5 Geometric partition arguments

Proof. To get (5.1) we will use the triangle inequality with three intermediate steps
and estimate

a(Ap,w) 1 a(A, +t,w)
N Tl 2= A

a(Ap,w)  a(An,w) H
[An| [ Amnl

(5.3)

An,w) a(Apn,w) H
| Amnl o

a(Appm, w) 1 a(Am +t,w)
T

Aol ol 2 )

1 a(Ap, +t,w 1 a(A], +t,w
3 ( ) 3 ( )

_|_ - —
| Tonn A [T, A

teTm,n teTm,n

o0

We will bound these four terms on the right separately:
For the first we note that

Am,n = An \ Am,n - am(An)

and therefore

and

-

< [An] = 1A' (5:5)

see also Figure This also means that A" does not intersect Amn
Since A" U 0™ (A") = A, we also see that

[An| = [AZ] < [0™(AZ)] - (5.6)
From (5.4) we get

S WP G SR R V)
Rl Tl = TART ™ TRal ~ TARlIAR]

0<

and with (4.3]) follows

(mAmw>_¢mAmw>H _ 1Al = (A7
Bl VAl Nl = TAGITAT!
[An] = A

A

la(An; @)l

<(D+E)
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5.1 For cubes

We use the almost additivity [(A3)| and the triangle inequality for the second term on
the right side of (5.3)) to get

la(Answ) = a(Ap s @)l < Ha(An, ) — a(An, @) — a(Apns w)H

o0

|

a(f\m,n, w) ‘

‘ o0

< b(Amn) + bR + (B, 0)|

< b(Amn) + D ]Am,n

o]

o0

and then (4.3)), (5.4) and (5.5)to obtain

b(Apn) + D ‘]\m,n’ + Ha([\mm,w)H

a(AVL)w) B a(Am,naw) H oo
‘Am,n 00 - ‘Am,n‘
b(Am.n) + (2D + E) |An
<
[ Al
b(Ampn) | (2D + E) (|An| — [AT])
< LI n (5.8)
| A | AT
For the third term on the right of (5.3)) we use
|Am,n’ = |Tm,n’ |Am‘
and apply [(A3)| again for
a(App,w) 1 a(Ap, +t,w)
Bonal  Tal 2= A
N a(App,w) — Z a(Ay, +t,w)
‘Tmyn‘ ‘Am’ m,mn>» tETm ) m Y
1 b(Am)
< — b(Ap, +t) = (5.9)

tETm,n

because of the properties of b from |(A3)
For the fourth term of (5.3) we use the triangle inequality, then [(A3)[ again as well as
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5 Geometric partition arguments

(4.3) (similar to the first and second inequality in ([5.8))) to get

1
T

1 T
Z Q(Am+t,u])—m Z (I(Am+t,W)

teTm,n teTm,n 00

1
< Y lla(Am +t,w) = a(Ay, +t,w)llo

<b(A}) + (A \AL) + (D+ E) A \ A}l (5.10)
Now we note that
(A \ AL | = [Am| = A7, (5.11)
and
A\ A, =An NI (Ap) CO"(An). (5.12)

We use (5.11)) in combination with (5.10) and the properties of b from |(A3)| for

1 1

S — a(Apm +t,w) — — a(AT, + t,w)
o ol 2 o ol 2
b(A7 2D + FE) (|Am| — |A
< W)+ (OD 4 (] ~ K] 5.13)

Now we note again that Ay, n = A|y,/pm|m and finish the proof of (5.1)) by applying
67, 68, (.9) and (5.13) to the inequality (5.3).

For the proof of the convergence ([5.2) we first note that from the properties of b from
(A3)| we immediately see that

b(ALn/me) Nn—00 0 and

Since A], is a cube with side length m — 2r and |A,,| > |A},| we also get that

b\(/ﬁ:ﬁ) 2% 0. By (5.6) and (5.12) we have

a(Ap,w) 1 a(A], +t,w)
RV BP Dy W
b (Apnjmim) | (3D +2E)[0™(Ap)] | b(Awm) +b(A},) + (2D + E) |97 (Ay)|
< + po— + .
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5.1 For cubes

From (4.7) we gain

10" (Am)| M0 and Ym € N: 0™ (Ax)] n=oo,

Vr e N:
|Am| |AT

0.

Thus,

b (Aln/mim) L BD+2E) [0 (M) | b(Am) + b(Ay,) + (2D + E) [07(Am)|
A '

and we can deduce (5.2)) from (5.1]). O

0

Now we are able to use the previous result to establish the third step of , a
convergence for the expected values of normalized admissible functions on cubes. Here,
we first use the translation invariance of the admissible function and the measure to
establish that the expected value of an admissible function on a cube is the same as the
expected value of an averaged sum over the admissible function on disjoint translates
of the same cube. Thus, we can use the tiling argument from before again. For two
cubes A, and A,, we can just find another very large cube Aj such that the averaged
sum over the admissible functions of tilings of Ay by either A, or A,, is very close to
the admissible function on Aj. Since our bound from before does not depend on w
we can then use triangle inequalities to get the bounds we need for the proof of the
Cauchy property.

Lemma 5.2
Let a : C x Q — B be an admissible function, r,n € N such that 2r < n and A, :=
([0,n) NZ)4. Then
Ea(AT, -
e (s Bl )
Al

forms a Cauchy sequence in B and there exists a limit function a* € B that is mono-
tonically increasing in x. Furthermore

*

< b(An) +0(A7) + (2D + E) (JAn| — [A7])
B |An] ‘

H Ea(Ay, ) (5.14)

[An]

o

Proof. First we note that because of [(Al)|of Definition and the assumed property
(M1)| of Definition the equation

EG(A; +t, ) = Ea(A:w ) Ot = EG(A:w )
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5 Geometric partition arguments

is true for all t € Z¢ and n,r € N with n > 2r. Thus,

a(A], +t,- Ea(A}, +t,-)  Ea(A},)
= 2z (5.15)
| nk’tg: ‘An| ’ nk‘ Z ‘A | ‘An|

holds for k£ > n.
For the next step, let n < m € N and § > 0. Then by (5.6) there exists a k > 2m that
is divisible by n and m (resulting in |k/n|n = |k/m|m = k) such that

o PO (A6 = A2 (e = IAPDY _
Al 7 [AR] A7

because of [(A3)|and (4.7)). We use the triangle inequality and (5.15]) to get

' Ea(A},))  Ea(A},,-) H < e 1 Z a(Ay, +t,-)  Ea(Ag, )
|An| |Am’ 00 ’Tn,k| teT |An| |Ak|
n,k 00
Ea(Ak, ) 1 a(AT +t, )
—E B . (5.16)
L P Dl o

Both terms on the right side can be treated the same way by first considering a specific
z € R and using Lemma [5.1] for

a(A}, +1,-)(z)  Ea(Ay,)(x)
! nk\ Z [An \ A

teTy,

a(Ay, +¢,)(x)  a(Ag, ) (z)
! nk| Z |An| | Ay

b(he) . (3D+2E)(Aal~IAFD) . bhe) +bAL) + (2D + B) (el - 145
<E< T Af] ! A )
bAn) + B(AG) + (2D + B) (|| — A

< (3D+2E+1)5 + ™

Since x was arbitrary, this results in

1 a(A] +t,-)  Ea(Ag,-)
B 3 S -
Torl G2 1A M|
b(An) +B(A,) + (2D + E) (|A| — |A3)

< (3D +2E+1)§+ (5.17)

|An|
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5.2 For monotiles

where the second term on the right side converges to 0 for rising n as established in
Lemma Therefore, for every € > 0 there is an N € N such that

b(An) +b(A7) + (2D + E) (|An] — [A7])
|An]

<eVn>N. (5.18)

The bound ((5.17)) is also valid if n is exchanged for m. Thus, if n,m > N then

HIECL(AZ7 ) Ea(A”,,
Al ’Am|

: H < 23D +2E +1)6 4 2¢

Ea(A},)
which follows from , and (| - T(}/ils I)DI‘OVGS that A is a Cauchy
a(A}, w

sequence and has a uniform limit a*. Since Ao s right-continuous, monotone
increasing and bounded by 1 for every n and every w this is also true for its expected
value by the bounded convergence theorem, see for example [Kle20, Corollary 6.26].

a(Ay,-)

Therefore, every EW lies in B and is monotone increasing, and as a limit this is

true for a* as well. By taking the limit m — oo we can also gain the bound - for

the distance of % to a* since § was arbitrary. O

With these bounds we have achieved everything we wanted from the geometric part
for cubes, the only step of left is the almost sure uniform convergence of the
averaged sums. This will be the content of Chapter [6]

But first we want to investigate which properties of cubes were actually needed, and
to what other sets we could extend these geometric bounds.

5.2 For monotiles

The main properties of cubes we actually needed in the previous section were on one
hand the tilings we used to get to averaged sums of admissible functions, and on the
other hand the fact that the surface of cubes grows slower than their volume with
growing side-length. This is also true for a lot of other sets, for example rectangular
cuboids. Thus, we can generalize our results by just using these two properties.

Definition 5.3 (Monotiling Fglner sequence)
Let (Ap)nen be a sequence of finite subsets of Z¢ such that

(MF1) (An)nen has the Folner property, that is for all v € N the sequence
converges to 0.

(MF2) (Ap)nen is monotiling, that is for allm € N there is a set T,, C Z% such that

7% = U (Ap +1) = A + T,
teTy,
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5 Geometric partition arguments

and (A, +t1) is disjoint from (A, +t2) for all ty # ty € T, and T), is symmetric,
meaning that

tel, s —-tel,.

Then (Ap)nen is called a monotiling Fglner sequence of 7.

Remark 5.4. Condition [(MF1)|implies that for every monotiling Fglner sequence there
is a function W: N — N such that

Vn > W(r): ’a],[(x[:?”

< 1.
We need to show that the properties [[MF1)| and [[MF2)] are enough to establish anal-

ogous bounds and convergences to those we used for cubes in Lemma [5.1] and Lemma
[.2] namely the following four results.

Lemma 5.5
Let (Ay)nen be a monotiling Folner sequence of Z&. Then

(a)
Ap € 0P™ (Ay) U Ay Yn,m € N

where p(m) = diam(A,,) = max dya(z,y) is the diameter of A, and

x’y m
Amm = | (Am+1)
tETm,TL
with Ty p = {t € Ty : Ay, +t C Ay} as in Lemma .
(b) For allm € N, [Ty, | > 1 is true for all n > W(p(m)) and
Ap
lim [An]

n—oo ‘Am?n|

=1VmeN

Furthermore for all m € N we have |Tp, | —— o0.
n—oo

(c)
o 107 ()

n—co ‘Am,n

=0Vm,reN

(d)

0" (An\ 8" (An))

lim =0Vr,” €N
n—oo  |[An\ 07 (An)]
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5.2 For monotiles

Proof. We will check each claim separately.

To (a)

To (b)

To (c)

By definition we have A, , € A,,. Thus, we only need to check that if

z € Ap \ Ay, then dget(z,AS) < p(m). We show this by contradiction and
assume that there is an x € A, \ Ay, such that dset(z,AS) > p(m). Since
7% = Uier, (An +1) by definition, there exists a t € T}, such that z € A, +¢ and
t ¢ Ty n- But since dset(x, AS) > p(m) every point in A, +¢ must also lie in A,,,
which is a contradiction to t ¢ T}, , proving @ and following from this

Ap \ A € PT(A,,).

We now use for the next part of the proof. Since A, C §°(™) (Ap) U Ay, we
also have |A,| < }af’(m)(An)} + [Ap | and

[An] = |07 ()

< [Amn| < [An],

leading to

@) (A

<1

With the function W from Remark [5.4] we see that for all n > W (p(m)) we have
|Amn]l = |Tmn| [Am| > 0. This is only possible if |1}, | > 1, leading to the first
part of [b)] The Fglner property [[MF1)] means that

. |Am,n . ’Tm,'fl‘ ’Am| —

S A = i, A

1 (5.19)

which implies the second part of @ via the reciprocal value. For the last part
we just need to show |0"(A,)| > 1 for any » > 1 and any n € N. Every A,
contains at least one point z and since A,, is finite, there has to be a point y that
is not in A,,. Z¢ with next-neighbour-connections is a connected graph, so there
has to be a k > 0 and a finite sequence (7)<, With dza(z;,zj41) =1 for all
0<j<k-—1and xg =z, xr =y. Somewhere along this line there has to be an
x; such that z; € A,, and x;41 ¢ Ap,. Then z; € 9"(A,,) and thus |0"(A,)] > 1.
We can use this for

LACOII
Al = T

and since the left side converges to zero we gain |A,,| — co. In combination with
(5.19) this ensures |Tp, | —— oo.
n—oo

For and we first show a general result: For any two finite sets A and A’
such that A’ C A and A\ A’ C 9"(A) for some 7 > 0 we have & (A') € & *7(A)
for all 7’ > 0.
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5 Geometric partition arguments

Let 7/ € N, then for any z € 8" (A’) there are by definition two options

o z € A and dge (2, AC) <o/
We can further distinguish two cases here:

— There is a y € A\ A’ such that dga(z,y) <. Since A\ A’ C 9"(A) we
have deet(y, A¢) < r. Then

dset(Z7 Ac) < dZd(zv y) + dset(y7 AC) < r’ +7r

and consequently z € 9" (A).
— There is a y € AC such that dga(z,y) < 7. In this case z € 9" (A).

e 2 ¢ NY and dyet(z, ) <7/
There are also two cases here:

— If z€ A\ A/, then we have z € 9"(A).

— If z € A, then dg(2z,A) < 7 follows from A’ C A and results in
z €9 (A).

In all cases we have shown z € 8" 77 (A).
We first apply this result to A, ,. We know from that Ay, \ Ay C 9P(m) (An)
and thus 0" (Ap.,) C 9" TP (A,,). Therefore,

0" (Amn)| _ [0 (An)] A

< — 0
‘Am,n| |An’ |Am,n
(MFT) [@)]
n— o0 0 n— oo 1

is true, which proves

To (d) We can also apply the previous result to A, \ 9" (A;,) for some r > 0, since this
means A, \ (Ap \ 0"(Ay)) C 0"(Ay). For v’ € N this leads to

0" (An \ 0" (An)) € O™ (M)
With W (r) as defined in Remark [5.4] we know that

10T (AR [An] = 107(An)

1 —
[An| [Anl

>0Vn > W(r)

and thus

[An \ 0" (An)| = [An| = 0" (An)] > 0
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5.2 For monotiles

for n > W(r). Then

O M NT A [ o, aslC | BT
ANTAD T Nl AT Al T Al Al = 97 (8]
_ 8T’+T(A”)‘ 1 0
0" (An)| n—oo
|An| 1_w -
-0 —1

as claimed in @

These properties replace the ones for cubes that were illustrated by Figure [5.1

With these replacements we can follow the steps laid out in Lemma to get an
equivalent result for monotiling Fglner sequences, we just need to require that b(A,)
from grows slower than |A,| for all monotiling Fglner sequences, and not just
for cubes as before. To this end we will define admissible functions for more general
geometries.

Definition 5.6 (Generalized admissible function)
A function a: C x Q — B is called generalized admissible if it satisfies

e conditions (A1), [(A2), [(A4), [(A5) and [(A6) of Definition [4.5

e There exists a function b : C — [0,00) such that for each w € Q, pairwise disjoint

A1, ..., Ay €C and A :=J_| A; we have

n

a(A,w) — Z a(A;,w)

=1

and b satisfies
— for all A € C and z € Z* we have b(A) = b(A + 2)
— there is a D > 0 such that b(A) < D |A| for all A € C

— if (An)nen is a Folner sequence, i.e.

"(A
LT

’An‘ n—00

then

lim b(An)

n—00 ‘An‘

=0.
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5 Geometric partition arguments

We further call a: C x Q@ — B a generalized admissible function with a sub-
additive boundary function if the function b above additionally satisfies

b(Al UAQ) < b(Al) + b(Ag), b(A1 ﬂAz) < b(Al) + b(Ag) and b(Al \Ag) < b(Al) + b(Ag)
for all Ay, Ao € C.

With these generalized admissible functions we can formulate a lemma corresponding
to Lemma [5.1] The necessary steps to achieve this result were already laid out in
[SSV18], but it was not formulated explicitly before.

Lemma 5.7

Let (Ay)nen be a monotiling Folner sequence and let a : C x Q — B be a generalized
admissible function as in Definition . Then for allw € Q , r >0, m>W(r) and
n > W(p(m)) the inequality

a(Ap,w) 1 a(A}, +t,w)
R A P W
07 ()| b(Apm) | B(Am) | B(AT,) 0" (Am)|
< (3D + 2E) Tun T m. 4 (2D + B)——=
[ Arm,nl Amnl  [Am| [Am] A
holds, where p(m) = max dga(z,y) and W(r) is the function defined in Remark .
z,yE m
Furthermore
) ) a(Ap,w) 1 a(A;, +t,w)
lim lim - — T =0.
m—oon=oo || |Ay| [T, 2 A

tETm,n 00

This result is actually valid for more graphs than just Z¢ with connections to next
neighbours. This proof can also be applied to the case of Cayley graphs of finitely
generated amenable groups (see Sectionfor details) if they have a monotiling Fglner
sequence.
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5.2 For monotiles

Proof. We follow the proof of Lemmal[5.1] to get the claimed bound. We use the triangle
inequality and again bound the four terms on the right separately as

a(Ap,w) 1 a(Al, +t,w)
T R B W
a(An,w)  a(Ap,w) H a(Ap,w) — a(Appn,w) H
Al [Amnl log | A -
a(Apyn,w) 1 a(Ap, + t,w)
+ ? — - 0 7
D] Tl 2= I8l
1 a(Apy +t,w) 1 a(A}, +t,w)
+ JE— —_ _ 7y 7
Toal 2= bl e 2= 1A
For the first term we use @ in Lemma for
1 L [An] = (A _ 07 (An)]
0< — = — <
[Amal  Anl (Al [An] 7 [Apn] [An]
and (4.3) to get
a(An,w)  a(An,w) H |07 (M) |
— < o la(An, w)llo
|An [Amnl Nl ™ [Amal [An]
070 (An)| |As
<(D+E) = (5.20)
[Anl  [Amnl
For the second term we follow ([5.8) up to the second inequality and then use
A = A \ Ay € 070 (A,,) from again to get
@A) = (A ) H _ W) £ D A + )|
| A o | A,nl
b(Amn) + 2D + E) Ay
<
o ‘Am,n
b(Am.n) N (2D + E) |07 (A,)|
~ [Amnl | A
b(Am.n) 070 (An)| |
< —~ + (2D + F) : (5.21)
[ Amnl [Anl  [Amnl
For the third term we reuse (5.9) for
a(Apypyw) 1 a(Ap, + t,w) b(Ap)
) Dom LR < 2m) (5.22)
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5 Geometric partition arguments

For the fourth term we use (5.10)) and then A, \ A}, C 9" (A,,) to get

1 1
—_— a(Ap +t,w) — —— a(A,, +tw
Tl ], 2= ) ol A, 2= :
teTm,n tETm,n 0o
< b(A%) + b(Am \ AG) + (D + E) [An \ Ay
- A
b(A7,) 10" (Am)|
< _, .
S T +(2D+E) T (5.23)
Combining ([5.20)), (5.21)), ((5.22)) and (5.23) leads to
a(Ap,w) 1 a(A}, +t,w)
Ayl T, te%}n |Am|
07 (An)| [An| | b(Amm) | D(Am) | b(AL) 19" (Am)|
< : m m
< B2 T el ™ Thn] T Tl T JAW] TGP I

as claimed. We showed in and @ of Lemma that the sequences (Ap, n)nen

and (A7 )men fulfil condition |(MF1)| for all m > W (r) € N. Since we required that
b‘%"f —>—> 0 for all such sequences, we can conclude with H and
n n—oo

b(AL) _ b(AY,)

< if m > W(r)
[Aml — AL
that
o la(Ag,w) 1 a(A7, +t,w)
lim lim - —
m—r00 N—r00 |An‘ |Tm,n‘ te€Tom.n |Am’
m>W(r) <b(Am) b(A”) |8’"(Am>|>
< lim + o+ 2D+ By
=0

We can also extend Lemma [5.2] to this setting and get

Lemma 5.8

Let (An)nen be a monotiling Folner sequence and let a : C x Q — B be a generalized
admissible function as defined in Definition (5.6, Then % (defined pointwise)
forms a ||| -Cauchy sequence and there exists a limit function a* € B that is also
monotone increasing. Furthermore for n > W(r) we have

HEa(A;;, ) b(An) | b(A})

— < +
A Al A

*

(8]
Al

+ (2D + B) (5.24)

(e o]
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5.2 For monotiles

Proof. We use (5.15]) from Lemma 5.7 again and this time choose for n,m > W (r) and
0 >0ak>max(W(p(n)), W(p(m))) such that

P (A oP(m) (A A A
max ‘ ( k)‘ ’ ‘ < k)‘ : b( n,k)’ b( m,k) <.
|An,k’| ‘Am,k| |An,k” |Am,k”

This is possible since the terms in brackets converge to 0 for growing k as shown in
Lemma
After this we use Lemma [5.7] for

g1 3 a(Ay +1,-)(x)  Ea(Ag,-)(z)

Torl S 1Al [Ax]
1 a/(A’,T;, + tu )(.CU) Q(Ak, )([E)
<E|—— —
= Tkl te;nk |An| |Ag|
07 (AR)] | b(Ang) | b(An) | B(AL) 107 (Ap))|
<E|(3D+2E NE e L2 + =y (2D By
<( ) [ A k] |Ankl | Az |An| ( ) | Ay
< (3D + 2B + 1) 4 2An) +0(An) 7152’D+E)|a (An)|

This results in

1 a(A] +t,-)  Ea(Ag,-)
E n _
Tl 2 IRl I
< (3D +42E+1)5 + b(An) + b(A7) T/£2|D+E) 167 (An)|

just like in Lemma We know from Lemma [5.7) that the second term on the right
side of this equation converges to 0 with rising n. From this point on we can follow
the proof of Lemma, 5.2 O

Now that we have found general results for the geometric steps of the proof, we can
move on to the probabilistic parts.
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In the previous chapter we established uniform bounds of the type

W —d||  <ci(n,m)+ca(m)
1 CL(A;,L +taw) a(A;w)
B 2 T A

teTm,n

with limy, 00 m—so0 €1(n, m) +c2(m) = 0 like we planned to in Section We ensured
that the distances between the translates A} + ¢ are large enough for the eigenvalue-
counting functions on them to be independent (see Chapter [7|for the exact arguments),
and with that we hope to use something like a law of large numbers for the last missing
step. For any fixed energy x € R this would be enough, but the probabilistic challenge
we have to overcome is the fact that we want a concentration equality for a supremum
over an infinite set. Schumacher, Schwarzenberger and Veseli¢ solved this in [SSV17]
with a Glivenko-Cantelli-type argument that relied on the fact that the eigenvalue-
counting functions are monotone in all w,, but it was not possible to gain explicit
constants. The approach to find those constants now will use a different probabilistic
argument, but the general idea is similar: due to the boundedness and monotonicity
of the evcfs (but this time not in w but in the argument x) there is a kind of “typical”
behaviour of evcfs with close arguments.

The general idea now is to shift our point of view a bit. We will use

1 Z a(Ay, +t,w) Ea(AIn, )

sup — =
|Am| | A feF

zeR ‘Tm,n|

: (Z F(X0) - Ef<xt>> ‘

tETm,n

where F/' = {al‘x/:’"irf‘r) tx € R}, § = [Tinn| and X; = (7w),, . Instead of a supremum
over the real numbers we will instead treat the eigenvalue-counting functions for each x
as a separate function and then take the supremum over all of these functions. Because
the evcfs are monotone increasing in x these functions will not differ much, which is
what we will use.

Our goal is to prove a theorem of the type
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Metatheorem

Let F be a countable set of measurable functions f : Y — R for a measurable space Y
with 0 < f <1 and let X1, Xo, ... be i.i.d. random variables taking values in Y. Then
there are c3(k,s) and c4(K, s) such that

Ve >0: P | sup
feF|S

Zf —Ef(X1)| > H) < c3(k, s) - exp (ca(k, 8))

with as much knowledge about c3 and ¢4 as possible.
An intuition why a roughly exponential bound may exist can for example be derived
from Bernstein’s inequality (see Theorem for details) that states that

=1

52112
d+tesx

NI

for i.i.d. bounded random variables X;: {2 — R and constants d, e.

We will present two different results of this type whose proof follows the proof of
Theorems 2.5.6 and 2.14.2 in [yW96] for the L! norm of a supremum over a countable
set of functions of an empirical process, but with explicit computation of the involved
constants, and results from [Pol90] are used to replace the L'-norm with the Orlicz
norm. The foundation here are results due to van der Vaart and Wellner, and part of a
longer series of similar results due to among others Dudley, Ossiander, Arcones, Giné,
Ledoux, Talagrand and Pollard. See for example [Dud78], [Oss87], [AG93], [LT91],
[Tal94] and [Pol90] as well as the references therein and those in [vW96].

Section will give the definition of the Orlicz norm and show some of its relevant
properties. After that in Section [6.2] we will define the empirical process and first prove
a bound on the Orlicz norm of a supremum over a finite number of functions of an
empirical process. In Section we will then prove Theorem a bound for the
Orlicz norm of a supremum over a countable set of functions of an empirical process,
which is our main probabilistic ingredient. We will use this Theorem in Section to
derive two concentration inequalities, and Section contains the necessary additional
calculations to use these inequalities to quantify uniform convergence of monotone
increasing, right-continuous random functions in [0, 1], which allows us to get results
for admissible functions in the next chapter.

The constants we arrive at will most likely be far from optimal, but they will give the
first explicit quantitative results for the uniform convergence of the admissible functions
defined in Section It might be possible to improve the found constants further
with other results from empirical process theory or uniform laws of large numbers, since
there is already a large body of work in this field (see for example [vW96] and [Tal94]),
albeit often without explicit constants. In this case Sections [6.4] and [6.5] should allow
for easy integration of any other results into the surrounding setting.

First, we will prove some preliminaries that will be used later, mostly centred around
the Orlicz norm and a supremum over a finite set of functions.
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6 Analytic and probabilistic methods for empirical processes

6.1 The Orlicz norm

This section will introduce the Orlicz norm, and some useful properties needed in the
following sections.

Definition 6.1 (Orlicz norm)
The Orlicz norm of a real random variable X associated to a monotone increasing,
non-constant convex function ¥ : [0,00) — [0,00) with 0 < ¥(0) < 1 is

1 X |l ::inf{C'>O:]E\IJ <|)C(|> < 1}

where inf () := oo.
The Orlicz norm for ¥(x) = P is the usual LP-norm. If | X| < |Y| almost surely, then
| Xy <Yy Of special interest are the Orlicz norms associated to the functions

1
for M > 2 and p > 1 and especially p = 1 and p = 2. Notable is further the case
M =2, since the resulting Orlicz norm is equivalent to the one for

U, (z) =) —1.

In the rest of this proof we will refer to these specific functions with 1, pr and ¥y, and
use ® for general monotone increasing, non-constant, convex functions with
0<®(0) <1.

We will first check that this does indeed define a norm:
1tX|le = |t [| X || immediately follows from the definition of the norm.
Furthermore || X || = 0 implies P(|X] > 0) = 0 and therefore X = 0 almost surely.
This follows from the properties of @, since if there are 0 < a < b € R with ®(a) < ®(b),
then for all z > b there is © = i—:z which fulfils b = ©a + (1 — ©)z. The convexity of
® then results in

®(b) <OP(a)+ (1 —0)P(x)

and therefore
O(b) — £20(a)  B(h) — OB (a)

= = < O(x).
= ECEE
Rearranging leads to
Obh) —
®(a) + (z —a) ( l))—a(a) < O(x)
and thus
lim ®(z) = 00
T—00
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6.1 The Orlicz norm

Now if P(|X| > 0) # 0 there is an n € N such that P(|X| > 1/n) > 0, and for all C > 0

we have - (IXCI) > P(|X|>1/n)® <nlc) .

. . 1y _ . 1 1
Now since él{n‘Oq) (W) = oo there is a ¢! > 0 such that ® (W) > PIX[ST/m) for

all C < C'. Therefore, E¢ (%') > 1VC < ', leading to || X||s > C' > 0. As a
consequence || X || = 0 implies P(|X| > 0) = 0.
Now we just have to prove the triangle inequality. For this we first show

e (jz70) < (©.1)

for random variables with non-zero Orlicz norm. If the Orlicz norm is infinite this
follows from ®(0) < 1. For any random variable with finite positive ®-Orlicz norm
and any sequence ky \ || X|| we have

| X
Ed|— | <1
< k:n N
By monotone convergence (and continuity of ® on (0, 00) due to convexity, see [Kle20),

Theorem 7.7]) follows (6.1]).
We can now show || X + Y|4 < || Xl + [|Y ]l by showing

X+Y X Y !
Ed <’+’> < E® <H+”) <1
[ Xl + 1Yo 1 X1le + 1Yo

since ® is monotone increasing. The first inequality follows from the monotonicity of
® and for the second inequality we use

[ X|+ Y] Xl X +<1_ X > Yl

Xl + 1Y 11Xl + 1Y llo 1Xlp IXNe + 1Yl / 1Y lle

The convexity of ® and (6.1]) lead to

X Y X X
oo (G Yo W ()
Xl + V1) = TXT0 + VT X + VT,

as claimed, and with this we have shown all needed properties of a norm.

The Orlicz norms, especially for ¢, ;y and ¥, have some some helpful properties that
tie them to random variables with exponential tails that we will use later. These results
and some of their proofs are collected from Section 2.2 and Lemma 2.2.1 in [vW90]
and Section 1 of [Pol90].
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6 Analytic and probabilistic methods for empirical processes

Lemma 6.2
Some important properties of the Orlicz norm are:

(01) If | X|lg < D < 0o then E® (%) <1 and P(|X| > y) < q)(l%)

(02) If X is a real random variable with P(|X| > x) < Be~%*" Va > 0 with constants
B,C>0andp>1 then

B+M—1\""
X < (==
%1, < (o)
(03)
X1 e < 11Xy,
and thus

E1X[ =X < [1XIly, , -

(04) If M > 2 and X = ¢ almost surely, then

IX1l,, < €] < €]
M (log(M)VP T (log(2))'/P

(05) Let X andY be real random variables, then

1XY 1y, < 1y, 1 T -
As a consequence we have

N
log (M)

R [A X g e

for M > 2.

Especially the first two properties illustrate the connection between concentration in-
equalities and Orlicz norms, echoing the broader connection between the tails and
moment estimates for random variables, which can be seen for example in [BLM13].

Proof. Since || X || = 0 implies P(|X| > 0) = 0, we do not have to consider this special
case here.
Now to the proofs of the properties of the norm:
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6.1 The Orlicz norm

To (O1) We already proved the first part when we showed that the Orlicz norm is indeed
a norm. Since ® is convex and increasing, we can apply Markov‘s inequality for

convex functions
y | X|
P(x1 2 ) (b ) <o ()
1 X1l 1 X |

X| )
XTlo 1
Y

to get

E® (

P(X]| > y) <

To (O2) For this part, we calculate for D < C

o0

X
E (eD‘X|p _ 1) = E/O DePsds = E/O ]l{s<|X‘p}DeDst.

Continuous functions, projections on coordinates and sums and products of mea-
surable functions are measurable, so 1o x— S}DeD s

(R?, B(R?)) — (R, B(R))-measurable. It follows from Fubinis theorem [Kle20),
Theorem 14.19] and the assumption on the tails of the distribution of | X| that

E <eD|X\p - 1) - / P(|X| > s/P)DePds < / BDeP-Csgs — B
0 0 C-D
Now
1 pixe o1 ; 1 [ BD
E— oPIX] :E—(Dm—l 1)<7 PE
Me M\ ) =ul\e-p™

This is less than or equal to 1 if D < 53]\1541)701 or equivalently

1
oo (fii)

Bam_1\ /P
(M—l)C’) '

Comparison with the definition of the Orlicz norm leads to || X || Yy S (
To (03) This follows from zP < e(®”) — 1 and the fact that
1X]

oo (1)) 1215”0 ) o,

C

To (04) Ifd= W, then
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6 Analytic and probabilistic methods for empirical processes

To (O5) The first inequality follows from Young’s inequality ab < % + % for a,b > 0. We
apply this formula twice and use |(O1)| for

2 2
| XY L X L Y]
Eexp <Eexp| =z exp | = | =—=—
(IIXIIWM 1Y 1l o 2 \ X1y, 5, 2 \ Y [l

2 2
1 X 1 1({ |y
< —-E _ —KE - — <1
=P X HERE EANG] =
Y2, M Y2, M

which proves the inequality by the definition of the norm. The second inequality
is a consequence of the first together with |[(O4)]

O]

6.2 The empirical process and suprema over finite sets

First we start with the object we consider for the next steps, the empirical process.

Definition 6.3 (Empirical process ([vW96, Chapter 2.1]))

Let s € N and let X1, X9, ..., X be i.i.d. random variables taking values in a measurable
space Y with image measure P. Then the empirical process applied to a P-integrable
function f:Y — R is

Gs(f) == — <Z (f(X5) _Ef(Xi))> : (6.2)
i=1

Let F be a set of P-integrable functions f :' Y — R then the map F > f — Gg(f) is
called the F-indexed empirical process, which is linear in f.

The aim of this chapter will be to give the following bound on the Orlicz norm of the
maximum of an empirical process indexed by a finite set of bounded functions based on
Lemma 2.2.10 in [vW96], that will be used to gain a bound for a countable maximum
in the next section.

Lemma 6.4
In addition to the notation of Definition[6.3, let F be a finite set of measurable bounded
functions. Then for M > 2

_ 4(M+1)
where Ky = tog@/mn-1-

o 6.7

< K (g L

s e 24 10g(171) + 1112y V2 TR

(6.3)

V1, M
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6.2 The empirical process and suprema over finite sets

The first prerequisite for the proof of Lemmal6.4]is the following result, which is Lemma
3.2 from [Pol90].

Lemma 6.5
Forp=1,2 and real random variables X1, ..., X,

(2 + log(m))1/?
max ||XZ-H%’M

X.
ST log(3/2)  1<i<m

1<i<m

Yp, M

if M > 2.

Proof. Since the lemma is trivial if max [ X;[|, = oo, we only have to consider the
1<i<m p,M

. . e P . . .
case of a finite maximum. The function ¢, p(z) = ﬁe“” is monotone increasing, so

for all C,D,a >0

1r<n'a<x Xi lglzix |Xz‘
Stsm <1<m
Yp.M Y < YpMm —c
o 155y Xl
< Ypmla) —i—/ 1 D% > Dz § Y, pr(x)de
a
Now
g, Pl 2, 1
D J—g 1{ D J—g > Dz p > Dzl D4£:gf—f>>Dx ,
and therefore
max | X max | X | max | X |
SsSm <i<m i<m
resulting in
2 1 Xl
. D <i<m
121%}571sz| 0o Up,M ( C )

zﬁp,M ? S wp,M(a) + /
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6 Analytic and probabilistic methods for empirical processes

To estimate the Orlicz norm we are interested in the expected value of this term.
Setting C := D max. HXZ'H%M and using property [(O1)|in Lemma [6.2| results in

max | X;| m oo B (DlX'Ll>
1<i<m p,M C
Evp, i — < thp,m(a) + / Py (2)da
P D max [1Xilly, , 8 ;; o  Ypm(Dz) P
e 1
< Yy m(a) + m/ m”%,M(x)dx
a D,

since all appearing terms are non negative, so all sums, integrals and expected values
can be switched.
For the cases p = 1,2, if D > 1 this means

K1) 12‘%};1|Xi| < el + (e (1=D")
PM D hax Xl - M Dl
1<i<m o

To bound the Orlicz norm we have to choose D large enough for the right side to be
less or equal to 1. Choosing a = log(3/2) and

1/p
log(3/2)
leads to
Ew lgi}fn ’XZ| < eXp(ap) eXp(ap _ 2)
p,M 4 < 1
D@%’anXlH%,M M 24 % )
1 1
<one) (54 3)
<3 1+1 <1
—2\2 e?
if M > 2.
In conclusion
2+ 1 1/p
max, i 24 logtm) max || X, -
1sizm VYp, M 10g(3/2) 1<i<m P,

At last we need
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6.2 The empirical process and suprema over finite sets

Theorem 6.6 (Bernsteins inequality)
Let X1, X5, ..., X be independent real random variables with
1 X;| <M for all 1 <i<s and define o* =3 ;_ | E (Xf) and ¢ = %, then

22

S
1 f
P <Z (Xi —EX;) > x) <e Zolie

=1

for all z > 0.

For a proof see for example [BLM13, Corollary 2.11].

With these prerequisites we can finally prove Lemma [6.4] which gives us bounds on
L'- and Orlicz norms of the maximum of an empirical process indexed by a finite set
of functions. We will use this lemma later to deal with the case of an infinite set of
functions.

Proof of Lemmal6.4 As given in the statement, we want to prove

et (oo Wl
- va <f€]: \/g

sexie.

(2 +log(|F])) + max 1l p2py V2 + log(}"l)>

V1,M

4(M+1)
(M—1)log(3/2)
For each f € F the term G4(f) := % >°i, (f(X;) —Ef(X;))) is a sum over indepen-

dent random variables with mean zero and

with constants K 1’/) M= for a finite set F of bounded functions.

E(/(X1)2)

S

E (1 (f(X) - Ef(X~))>2 ~ L E(Foa?) - E@Fx))) <
\/g 1 1 3 1 1 —

Furthermore, since expected values of random variables are less or equal to their max-
imums, we have

jg (F(X0) — Ef(X)) < 2 ”j!oo.

Bernsteins inequality for such sums then results for x > 0 in

:E2

P(|Gs(f)| > x) < 2exp —1

ZR(f(X0)?) + 31

The factor 2 appears here because we want to calculate

P(Gs(f)] > z) S P(Gs(f) > 2) + P(Gs(f) < —2) = P(Gs(f) > 2) + P(=Gs(f) > ).
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6 Analytic and probabilistic methods for empirical processes

Now define

As —G,(f) also fulfils all prerequisites of Bernsteins inequality, we can bound
P(—Gs(f) > x) with the same term as P(Gs(f) > x) and we get the factor 2.

Al

-—_— 2 pm— 2
s b:= r}leaxE(f(Xl)) = Ifnea]}-‘( HfHLz(p)
so that

P(Gs(f)] > z) < 26~

b
if <2 4
ifz <~ (6.4)
P(|Gs(f)| > ) < 2eda else. (6.5)
This results in
b 22
Pl {eni<t)>e) <% (6.6)
b .
Pt {Gn> 2} >a) <2 (6.7
. . b .1 . b
First we check . If z > 7 then the probability is zero. If z < 2 then
b b a2
P16 {60 < 2} ) =P (2216000 > ) < PG > ) <27
as a result of (6.4]).

Now for (6.7)): If z < 2 then using (6.4) we get

(16N {[6.0)] > 2} > o) =P (16.07)

b s z
| > ) <2e” @ =2¢ 4a T4a
a
Ifz > g then

= P(IGs(f)] > =)

(1601 {6001 > 2} > )

and (§6.5)) immediately results in the same bound.

Applying property [(O2)|in Lemma to and (6.7) leads to

Hle(f)ln {|Gs(f)| < ZH o wb
H‘Gs(f)‘]l{’(gs(f)’ S ZH . A1)

a
U1,Mm M—1



6.3 Suprema over a countable set of functions

Using the triangle inequality and the properties of Lemma gives

| S (e
e (snn {ieann > 21|

< s | (1o {leaor < 7})

maX|G )|‘
feFr

Y2, M
b
+ ||lmax | |Gg 1< |G, - )
e (o {eani> o)
The inequalities above and Lemma lead to
2 + log(|F|) b
’r;?%’@ ()l Yrar = log(3/2)+/log(M fef H‘G I {’G (D= CLH Vo0
(2 + log(|F])) b
Tl XIS (CXOIE .
V2+ log(|f|) 4(M +1), , (2+1log(|F|)) 4(M +1)
~ log(3/2)+/log(M -1 log(3/2) M-—1
4(M+1)
< oG/ =T (\f 2+ log(|71) + a(2 + log(|F])))
A(M +1) [/l
< orams s ( (a1 ) V2 a7 + (s 1w ) 2+ 1007 )

O]

Now all preliminaries for the proof of our main theorem are done.

6.3 Suprema over a countable set of functions

In the previous section we already derived a bound for (some) Orlicz norms of suprema
over a finite set of an empirical process in Lemma Now we want to extend this
result to suprema over countable sets. The main idea for the proof can be illustrated
in a toy model.

The idea here is to pick for any ¢ € N a collection of functions (g{), <i<N(q) that is
getting progressively denser and ensures that for every f € F there are

1 <i(f,q) < N(q) such that f = Z ( )~ q(}lq_1)> and such that

q Q*l . . q
Yi(t.q) ~ gi(qu_l)‘ <27%is always true, meaning that the functions (g; )1§i§N(q)

L*(P)
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6 Analytic and probabilistic methods for empirical processes

at “level” g can be used to approximate any f € F up to an L?(P)-error of 279%1,
If we had an expression like

instead of Lemma for finite F and were able to pick g/ as above then we can try
to extend this result to countable sets F by

Gs
max |G (/)

< 2+1
= (12 ) V210817

sup |G = sup G ‘.1_17
fe]—" (Nl = ZQZ(f, ~ Yi(f.q-1)

< Z}SCIGIE_ G, (93( fa) q(f}q—l)) ‘

Since we only have a finite amount of choices for each ¢ € N, we might be able to
replace the supremum over f € F for each term of the sum with a supremum over the
functions (g7), ... N This is a supremum over a finite sum, and since we assumed

that gg( ) 9?(},1%1) L2(P) < 279is always true, our assumed toy model above would
lead to
o
G 2 + log (| Fy
sl <322z

where F, is the number of possible combinations (gf( fa) gl.q(}}q_l)). If this sum
converges we would get the bound that we want.

Sadly Lemma [6.4] is more complicated than this toy model, but the general idea of
replacing every function by a sum of small “links” with a choice from a finite set is
the same, we just need to do some extra steps. The way we will measure how many
“links” we need for a given set of functions F will be its bracketing number.

Definition 6.7 (Bracketing Cover)
LetY be a measurable space and let P be a measure on'Y . For two functions l,u: Y —
R with I(y) < u(y) for ally € Y the bracket [l,u] is the set

Lul={fY = R|l(y) < fy) <uly) forally € Y}.

Here, | is called the lower boundary function and u the upper boundary function
of the bracket.

Let F be a set of functions f: Y — R. Then T = {[l;,u;],1 <i < N} is a monotone
bracketing cover of F if
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6.3 Suprema over a countable set of functions

(BC1) For ally €Y and 1 <i <N we have

ui(y) > 1i(y)
and for ally €Y and 1 <i < N — 1 we have

liv1(y) = ui(y).

(BCQ) F C Ui]il[li,ui].

A sequence (Iq)qu with I, = {[lq,i, ugil, 1 <1< Ny(g, F, P)} of monotone bracketing
covers with sequences of boundary functions (ZQvi)lgiSNH(q,]—',P) and (UQvi)lgiSN[](q,]—',P)

in L?(P) is a nested monotone bracketing cover if
(NBC1)
lttgs — lqill oy < 271
forallq €N, 1 <i < Ny(q, F, P),

(NBC2) For all g,t € N and 1 <i < Ny(q,F, P) we have

lgi € (lq+t,j)1§j§N[](q+t,f,P)

Ug; € (Uq+t,j)1§j§Nn (¢+t,F,P)

We call the function ¢ — Nyj(q, F, P) the monotone bracketing function of the
nested monotone bracketing cover.

Remark 6.8. e If P is the image measure obtained from a random variable X, then
condition [(NBC1)| means that the boundary functions for each bracket need to
fulfil

E((ugi(X) — lq,i<X))2) <27

e The brackets of a monotone bracketing cover are nearly disjoint because of the
monotonicity condition |(BC1)| only the boundary functions may be part of mul-
tiple brackets. We can form disjoint covers by recursively defining

i—1
T = luwl\ Yyl 1<i<N
j=1

We can do the same “disjointification” for every monotone bracketing cover of a
nested monotone bracketing cover as well. Then the resulting covers

i—1

Zgi = llg,is ug) \ U [lg,5+ tq,j]
j=1
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6 Analytic and probabilistic methods for empirical processes

are nested as well, meaning that for each non-empty fqyi there is a unique k with
1 <k < Ny—1 such that i'q,i - iqq,k-

We will prove this by contradiction and first assume that there are f,g € iq,i,
f#gand f € 7:'(1_1,;.31, g € iq_l,kQ with k1 # ko. From this assumption follows
that f,g € [lgi,uqi] and f € [lg—1 5, Ug—1k1]5 9 € [lg—1,kos Ug—1,ky]- Without loss
of generality we assume ki < ko. From property of Definition follows

lg,i(y) < ) S g1 (Y) < lg—10(y) < 9(y) < ugi(y)

for all y € Y. Property has the consequence that there has to be a k}
such that ug_1, = ug s . Then the inequality lq:(y) < Ug k! (y) implies k7§ > i
but ug g (y) < ug,i(y) implies £{ <4, resulting in &7 = i. This in turn means that
g = Ug; = lg—1k,, but since ug; = ug_14, is an element of [lg_1 g, Ug—1,], it
cannot be an element of fq_l,kQ because of the procedure for creating a disjoint
cover. Thus, we arrive at a contradiction and the created cover has to be nested.

The connection between Orlicz norms of suprema over countable sets of functions of
empirical processes and a nested monotone bracketing cover of that countable set is
given by the following theorem, based on Theorems 2.5.6 and 2.14.2 of [vW96] and
adapted for our purposes with explicit constants.

Theorem 6.9 (Orlicz norm of the maximum over the empirical process indexed by a
countable set of functions)

Let Y be a measurable space, F a countable set of measurable functions f :' Y —
[0, 1] with a nested monotone bracketing cover, and let Nyj(q, F,P) be the monotone
bracketing function of the nested monotone bracketing cover. Let Xy, Xo,... be i.i.d.
random variables taking values in 'Y with image measure P (on'Y ).

Then for all M > 2 there is a constant K ,, = (14 K, s + logE#M)) such that

<K > 270 /2 + log (Ny(q, F. P))
V1,m q=0

sup
feF

e (Z (f(X0) - Ef(Xm)

i=1
where |-, ,, i the Orlicz norm associated to 1y ar 1= Le?, Ky = TR/ (M=)

Instead of a nested monotone bracketing cover it is enough to just assume that for
all £ > 0 the set F can be covered by a number N['](e,]:, Il L2(py) of brackets of

L?(P)-size less then ¢ in exchange for worse constants, see Remark
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6.3 Suprema over a countable set of functions

Proof of Theorem[6.9 The main idea of the proof is splitting F into nested subsets
(based on the brackets given by the nested monotone bracketing cover), picking one
representative from each of these subsets and applying Lemma [6.4] for these finite sets
of functions. Then we continue by choosing ever smaller subsets and making sure that
both parts of the sum that result from Lemma [6.4] are of comparable magnitude.

The whole set of functions F is contained in the bracket [0, 1] with constant functions
. . Ny(q,.F,P
0 and 1. For every q € Ny, there is a covering F C Ui:[]l(q )[lq,h uq,i] by brackets from

the nested monotone bracketing cover. By Remark we can form nested disjoint
covers of F via

i—1

Foii=F 0| llgiruqgi \ U [lq,5, Ug,j]
j=1

Since F and P are unchanged in the rest of this proof, we will use the shorthand
Nq = N[](q, .7:, P)

for the upper bound on the number of sets F,; (since some of these may be empty).
We choose Fy, := [0,1] with ¢o = —1.

For a bracket [I,u] we have sup |f — g| = |u — | pointwise, resulting in
f.g€llu]
sup |f —yg| <=1l p2py <277
fvge[l7u] LQ(P)

if [, u] is a g-bracket. This means that the partition of F also fulfils

<279Vi e {l,...,Ng}.
L2(P)

sup [f — g
fvgej:q,i

Fix an element f,; € F4; for each non-empty F,; and define pointwise for each F ;

mof = foiif f € Foi

Agf = sup |h—g| <|ug;—lgil if f € Fgi.
h,g€Fq,i

This way 7, f is always a function in the covering set at “level” ¢ that contains f, and
Ay f is bound by the difference between the upper and lower boundary functions of
the bracket at “level” ¢ that contains F,;. Since Fg; is at most a countable union
of functions, there are also at most countable many pairs h,g € F,;. Since absolute
values, differences and countable suprema of measurable functions are themself mea-
surable, A, f is also measurable. By definition 7,f = 7,9 and A,f = Agg if there is
an i € {1,..., Ng} such that f,g € Fg;.
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Furthermore, define for all ¢ € Ny

aqg :=2"7/1/2+log(Ng41)
ag = V2
Agaf Y = {0,1}, Agaf(y) == I{Arf(y) < Vsap Yk € {qo,....,q — 1}}
Byf Y = {0,1}, Byf(y) := L{Arf(y) < Vsar Yk € {qo,..,q — 1}, A f(y) > Vsaq}
By f 1Y —={0,1}, By f(y) := 1{Ay f(y) > Vsa4,}

All A,_1f and B, are indicator functions of intersections of level sets of measurable

functions and thus measurable. Note that Ay, f = sup |h—g| < 1 and a4 = V2
h,geF

results in By, f < 1{1 > v/24/s} =0, thus By, f = 0.
Now decompose f pointwise:

o0 o0

f=mgf = —mf)Baf+ > (f=7gf)Bef + > (mof —mq1f)Ag-1f
q=qo+1 q=qo+1
= Y (f=mf)Bof + D (mof — mg1f)Ag1f. (6.9)
q=qo+1 q=qo+1

To check this, notice that for each y € Y either all B, f(y) are zero, or there is a unique

q1(y) such that By ) f(y) = 1.
In the first case all A, f(y) are 1 and

k

> (maf W) = g1 f (W) Ag1 f(y) = Trf (y) — Tao (1)

q=qo+1
The function 7 f is in the same Fj,; as f by definition, |f — m,f| < Agpf and if all
k
Agf =1 then Apf(y) < vVoar \ 0,50 3 (maf(y) = 7g1£(1)) Ag1/(y) converges

q=qo+1
to f(y) - quf(y)'
In the second case there exists a unique ¢; € N such that A, f(y) =1 for all ¢ < ¢1(y)

and A, f(y) = 0 for all ¢ > q1(y). As a result the second line of is

a1 (y)

(fW) = T W)+ Y (mof () — w1 f (W) = F(y) — g0 f (1)

g=qo+1

The term (f — g, f) By, f would cover the case that all A, are zero, but as shown our
choice of a, prevents this.

Both sums in the second line of are measurable. The first sum only contains
at most one term for every y € Y and is thus convergent and bounded. Limits of
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6.3 Suprema over a countable set of functions

measurable functions are measurable, so the first sum in the second line of is
measurable and by

f=mal = > (F=m)Bof = Y (mqf =7 1f)Agrf
g=qo+1 g=qo+1

the same is true for the second sum. By dominated convergence both sums are P-
integrable.

Now we can apply the empirical process G, as defined in to the decomposition
, take the supremum over f € F and by the linearity of G apply the triangle
inequality for the absolute value and the supremum, resulting in

o0

sup |Gs(f — mgo )| < sup (Gs | D> (f = 7f)Byf
Jer Jer q=qo+1
+sup |Gy | Y (mof — mg1f)Agaf || (6.10)
Jer q=qo+1

Now G, involves a finite sum and an expected value, which can be switched with the
sum over ¢ for each f € F by dominated convergence. This follows from the two cases
discussed after , the dominating function of all partial sums is 2. As a result

sup Go(f =7 /) < sup | > Go((f = 7f)Byf)

fer g=go+1

tsup | > Gu((mgf — mg1f)Ag1f)| (6.11)

fer q=qo+1

To prove the theorem, we need to bound the 11 3/-Orlicz norm of this supremum. First

we will bound the norm of the first term on the right. Since A,f = sup |h—g]if
h,g€Fq,i
[ € Fgi, it follows that |f — 7w, f| < A,f. From this, property of Lemma

the monotonicity of the Orlicz norm with regard to random variables and the triangle
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6 Analytic and probabilistic methods for empirical processes

inequality follows

Gs((f — 7, f)B
sup q=;0+1 ((f = 7 f) By f) N
< u — T X,
< q%l;«geg Z; of (X)) Byf (X:)
—E((f(X3) — 7o f(X3)) By f(Xi))
Y1, M

A
|
g
w0
=

jgz[ of (X0 By (X:) + E (A f(X:) By f(X0))]
=1

=t d V1M
o 1 S
2 sl 5D | Aaf (X)L (X0) ~ (8] (X By f (X))
+ 2B (Agf(X:) Bef (Xi))
Y1, m
nadl g Agf (X)) By f(X;
< q%;ﬁgg \[Z Agf (Xi)Byf(Xi) = E (Agf (Xi) By f( z))]‘

Yy sup [2/5E (8, (X1) By (X))

a=qo+1TEF

V1M

sup |Gs (Aquqf)|
feF

log(M)

g=qo+1 1,M

< > ( +QﬁitelgE(Aqf(Xl)qu(Xl)))-
(6.12)

Now B,f < 1{A,f > \/saq}, so we can use the fact that if Z is a positive random
variable, then

Vt>0: tE(Z1gzsy) <E(Z%).

With the definition of F; we obtain the bound
0 < VsaqE (Aqf(X1)Byf(X1)) < v/sagE ( f(Xa
<E(ar?)
<27

HAquLz

)]I{Aqf(Xl) > \[aq})

(6.13)
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6.3 Suprema over a countable set of functions

for all f € F, resulting in

2

<— 9%
= log(M) aq

2
Wﬁ?g IE (Agf(X1)Bef(X1))

At each “level” g, the definitions of A, f and B, f and the fact that the partitions are
nested ensure that A,fB,f = A,9B,g if both f and g are an element of the same
Fq,i- That is because in this case f and g are also part of the same Fj,; at each k < ¢,
resulting in B, f = Byg. Therefore, the supremum over all f € F in the first part of
the right side of can be replaced by a supremum over only N, different functions
AqfByf and we can apply Lemma provided we can get bounds uniform in F on
the supremum and L? norms of these functions. To do this we use the nestedness of
the partitions F,; again and gain

0< AyfByf < Ago1fBof < syt

pointwise by the definition of B, f. This results in

sup [|[AqfBgf|l, < Vsag—1
ferF
and combined with inequality (6.13]) leads to

E ((Agf(X)Baf (X:))?) < Vsaa1E(Agf(X0) Bof (X:)) < *2

so that

Gqg—1
aq

sup HAququm(p) < 279
fer

Applying the last results and Lemma to (6.12)) leads to

1M

2

7%
* log(M) aq

sup |Gs (Aquqf)|
fer

V1,m

[Qg—1 . _ / 2 _
S Z <K,aq1(2 + log(Nq)) =+ K/ ZT2 q 2 =+ log(Nq) + mQ 2q>

q=qo+1
with the same K’ := Kz,m ., as in Lemma
As ag =279/,/2 +10og(Ng+1) and Ny > N, it follows that aq—1 > a4 and thus
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6 Analytic and probabilistic methods for empirical processes

If we use this, we arrive at

sup Z Gs ((f — mqf)Byf) < 3 K276, /2 4 log(N,)
T€7 | g=qo+1 by TT0F!
2-(a-1) /2 + log( 11) 2
+ K’ 47979, /2 +1og(N,) + ———— - 279 /2 4 log(N,
= (QK’ ~4,/2 4+ log(N, +<2 )2 9,/2 + log( q+1>
q= QO+1

IN

- 3 (o) - 3 (( NN )
g=qo+1 <2K/ W) Z ( <2K, log ) W)
:<6 K+ log ) i W (6.14)

The last inequality is actually a slight unneeded worsening of the bound, but it is done
here to get a unified expression later.

For the second sum on the right in (6.11) we can get a similar estimate. Note that
there are at most N, different functions m,f — m,—1f and at most N,_; functions
Ag—1f since the F,; are nested and two functions f, g in the same set F,_1; are also
in the same F,_2; and so on, so A,_1f = Ag—19. Thus, A;_1f = A;_1(m,f) and also
Tg—1f = mg—1(mqf). As a consequence, we actually have

(mqf = Tg—1f)Aq—1f = (mqf — mg—1(7qf)) Ag—1(7¢ f),

so (mqf —mg—1f)Ag—1f only runs over at most N, functions if f runs over all functions
in F. Additionally

0 <|[mgf — mg—1flAg—1f < (Ag=1f) (Ag—1f) < \/an,l
by the definition of A, f and |7, f — 7Tq,1f||L2(P) < 271 gince m, f is in the same
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6.3 Suprema over a countable set of functions

bracket Fy_;; as mg—1f. Therefore, we can use Lemma resulting in

sup | Y G ((mqf — mg-1/)Aq-1f) < Z sup |G (mf —mg-1/)Ag-1 f)

fer q=qo+1 1 as q=qo+1 ¥1,m
< Z K’ (aql(Q +1log(Ng)) +2-279/2+ log(Nq)>

g=qo+1
=K' Z (2 <279 /2 +1og(Ng) +2-279/2 + log(Nq))
q=qo+1
=4K" Y 277 /2+ log(N,). (6.15)
q=qo+1

Now combining (6.11]) with ( and (| - ) leads to

§<10K’ ) Z 2q\/m

q=qo+1

sup |G (f — gy f)]
fer

V1,m

We now just have to bound . The supremum here is just taken

1M
over a single function and 0 < 7wy, f < 1 as well as |7y, f]| r2(p) < 1. Thus, application

of Lemma [6.4] leads to

sup |Gy(mg, f)]
feF

sup |G (mg, f)|

<K' (\}1(2 Flog(1) + V2 + log(1)>

rer 1M
o
<SAK'<AKT YT 279 /2 4+ Tog(N).
g=qo+1
With the triangle inequality this results in
sup |G (f)] sup |G (f — 7go f)] + |[sup |G (7q, f)]
rer V1M fer V1M fer V1, M
o)
!
< (14 K + log > ; 2 + log(N,)
as claimed. O
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Remark 6.10. The bound can be improved if the function f = 0 is an element of F.
In this case we can choose 7y, f = 0 and skip the last step of the proof, yielding the
constant

. 4
Ky = (10K + —
M ( wM T Jog (A1)
instead of K/ /.
Note that the requirement of a nested monotone bracket cover can be relaxed in ex-
change for worse constants. For an € > 0 the bracketing number N/ (e, 7, ||| 12(p))

is the minimal number of brackets of L?(P)-size less than € needed to cover F. By first

forming disjoint covers for € = 279 and then intersecting we can also get nested se-
q

quences with log(Ny) < log(N[’](Q*’”,}", [l 2(py)- By using va+b < va+ Vb

r=qo+1
for a,b > 0 and some switching of sums we would only end up with a different multi-

plicative constant but the same general form as .

The restriction to only a countable set of functions is harder to avoid, even if it does
not enter the proof directly. Since the Orlicz norm is only defined for random variables
(and therefore measurable functions) it is necessary to verify that every supremum that
appears in the course of the proof is measurable. In the proof we only used suprema
over a countable number of functions, thus we can be sure that we do not run into any
measurability problems. For the application to admissible functions we have in mind
we do need a supremum over an uncountable set of functions, but we will deal with
this problem in another way in Section [6.5

6.4 Concentration inequalities

As shown by Theorem we get a bound for the Orlicz norm of the supremum over
a countable set F of functions of an empirical process if

S 279 /2 + log (Ny(¢. F. P))

q=0

converges, where g — N (¢, F, P) is the monotone bracketing function of a nested
monotone bracketing cover. In this section we will show that this is the case if
Ny(gq, F, P) < V2Wa for some V,W > 1, and we will then derive two different concen-
tration inequalities based on Theorem The first just uses property of Lemma,
Since we are interested in the speed of the exponential decay with rising s, we will
name the concentration inequalities by their exponential dependence on s.
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6.4 Concentration inequalities

Corollary 6.11 (Sub-root-exponential concentration inequality)
In the setting of Theorem with the additional restriction N (¢, F,P) < V2Wa for

some V,W > 1 we have
> k| < Mexp < Vsh >
KM(V W)

Vm>0:[P’<sup Zf —Ef(Xy1)

ferF

where

m(V,W) = (14log(§(/A2J)(—i_]\4l) ) log > 22 7/2 +log(V) + Wqlog(2) < oc.

Remark 6.12. Since any probability is bounded by one, we get non-trivial results for
the concentration if

M exp (—\/gﬁ) <1,

Km(V, W)

which is equivalent to

K

. <1og<M>f<M<v, W>>2

Proof. First we will show that if we have a monotone bracketing function that is
bounded by ¢ — V2W4 then the sum in the statement of Theorem converges. By
monotonicity of the logarithm and the square root we get the bound

227(1\/2 + log (N[](q,]:, P)) < Z 279/2 4 log(V) + Wqlog(2).

Since

~(@+D) /2 +1og(V) + W (g + 1) log(2) 1 [2+1og(V) + W(g+1)log(2) 1

the sum converges by the ratio test.
In combination with Theorem [6.9] this leads to

o0
Ky oy Z 2794/2 + log(V) + Wqlog(2)

1 S
]Sclelg 7 (; (f(X5) — Ef(Xi))> .

:IN(M(V,W) < 00
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6 Analytic and probabilistic methods for empirical processes
Now we use property [(O1)| of Lemma to get
1 S
P ( sup |—= (f(Xi) —Ef(X3))
(fef v (2 Z Z
Using y = k+/s then leads to

! (Z (X))~ Ef(Xm)

P | sup |-
fer | iz

1

> y) = Me RM(yVaW),
YL ( (VW))

__wyE
> k| < Me KmViW),
O

Thus, we get a concentration inequality of the type we wanted. However, as Schu-
macher, Schwarzenberger and Veseli¢ already showed in [SSV17] (Theorem in
Section of this thesis) there should also be a concentration inequality that has an
exponential term linear in s, since |n/m|¢ is exactly the number of samples we get
by dividing a cube with side-length n into cubes with side-length m. We would like
to replicate this convergence speed. To do this we use the special case M = 2 to get
a concentration inequality. But we need an additional theorem for this, namely the
following due to Massart.

Theorem 6.13 ([Mas07, Equation (5.45)])
Let T be a countable set and let Zy, Zo, ..., Zs be independent random vectors taking
values in RT with F( Zit) = 0 and |Z; 4| < 1 foralll <i<sandteT, where Z;; is
the t-coordinate of Z;. Let 02 := sup;er > oiq E((Zit)?), U := supyep > 5y (Zit)? and
Z = supyer | Y iy Ziyl, then for any x >0

P (Z >EZ +2y/(02 + EU)z + 2x) <e®.

The result we arrive at is

Corollary 6.14 (Sub-exponential concentration inequality)
In the setting of Theorem with the additional restriction that Nﬂ(q, F,P) <VvaWa
for some V.W > 1 we have

sup
ferF

Zf ~Ef(X1)| > >

> Ii) < exp (; (\/K+11)25+W\/§>

< exp (—11/425 + ~\/§> . (6.16)
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2
for all0 <k <1 and s > (KQ(Z’W)> where

168
log(3/2)

Ky (V,W) = < log( >22 1/2 +log(V) + Wqlog(2).

Furthermore we have

V1>k>0: P(sup 1Zf()g)—Ie:f(Xl)

S
fer|® iz

2
> m) < exp <—243> .

for s > (12%)2.

KV
’{2

Note that the second line of [6.16 gives non-trivial results as soon as s > (6

and the restriction to x < 1 has no practical effect since 0 < f < 1 for all f € F,
meaning that the supremum is always bounded by one.

Proof. From property [(O3)| of Lemma |6.2| and Theorem [6.9| for the special case M = 2
we can deduce the bound

E [ sup
feFr

in the same way and with KQ(V W) as given in as in Corollary
We want to apply Theorem with T = F, Z; = (f(X;) — E(f(Xz)))fef and Z; f =
f(X;) — Ef(X;), since then

S

D (f(X) - Ef(XmD < KoV, W)/s < o0 (6.17)

=1

Z = sup Z (f(Xy) — Ef(Xi))‘

Jer iz

is up to normalization the supremum we are interested in. We immediately see that
E(Zi+) = 0 and because of 0 < f < 1 we also have |Z; ;| < 1. Since X7, ..., X; are inde-
pendent and all f € F are measurable, we also know that Z; ¢, ..., Z, ; are independent
for each f. Therefore, the vectors Z1, ..., Zs are independent. The prerequisites of the
theorem are thus satisfied and we need to find bounds on ¢? and EU. We have

0 = sup 3" Var(F(X1)) = sup S E(F(X)?) — (E(F(X0)))?
feg; (f(X2)) fei’i; (f (X)) = (E(f(X))
su y i2 su : = S
< feg ;1 E(f(X;)°) < feg ;1 1
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and
U = sup f(X;) —Ef(X; 2 < sup 1=s,
fef;( (X) (X3)) fef;

because every f is pointwise between 0 and 1. This implies EU < s, and from (6.17)
we get EZ < Ky(V,W)4/s. Applying Theorem leads to

=:k(x,s)

- Ko(V,W)\/5 + 2v/2s\/x + 2 g
puiy S .

s

P | sup 1 Z(f(Xz) -Ef(Xy))

S
fer i—1

Now we need to find z(k, s), the inverse function of x — k(x,s). Let y := \/z, then
the equation we have to solve is

Ko(V,W)\/5 + 2V2/sy + 2y% = ks

sy 4+ V2/sy + (V. W)\/Ez Fs
2
o)

2 2
1
2
9 -
1 Ky(V.W

S

K
Vi=3

,_.S‘,_\
[\)

Ky(V, W)
2 2

2
has t(;rlt)e >0

- 2
The equation can be solved if s > (%) and the solution is

k1 Ky(V,W) 1
@/—\/ 5 97 22 \/g_ﬁ\/g

- 2

This has to be positive, which is fulfilled if s > (w) , which also implies the
previous condition.

Under this condition

l’:y2:

2 K 1 K
2, I g v L )

v

1
2

(Vari-1ys- KU g
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As a result
1 S
P | sup — f(X;) —Ef(Xy)| >k
(fgs;u )~ Ef (X)) )
2 K 1 K
<exp | — ﬁ;_ s — 2(‘;W)\/§—\/£\/K—2i_ s — Q(Z’W>\/§

< exp (—; (\/ﬁ+1—1)28+f~{2(‘;m\/§> .

Next we use that (\//1 +1— 1)2 > /@2/6 for all 0 < k < 1, which can be verified by
using a substitution ¢ = v/k + 1. This gives us

1 1 Ky (V,W
P | sup - >k | <exp ——/{25+M\/§ .
Ters 12 2

We get non-trivial results if

S

Z(f(Xi) —Ef(X3))

1=1

which is equivalent to

Furthermore for

we get

and therefore

1
P | sup —

which is the last statement of the Corollary. O
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The advantage of Corollary is the fact that it gives useful results at smaller s,
. 2 - 2

w as opposed to [6.14] where s > (6%) is

required. Depending on « this can be substantially larger.

Corollary on the other hand has a scaling of e~*, as opposed to which only

has a scaling of e~¢'V5. Here, the advantage is stronger for large s. Since C' = i/@

f_ ok . o .
and C' = R A] the constant of this scaling is however better in Corollary for

small x. This way, both corollaries cover different uses.

namely for s > (

Now we will use the theorem we just proved for monotone increasing, right-continuous
bounded functions, such as our admissible functions.

6.5 Application to monotone increasing, right-continuous
bounded random functions

As shown in the last section we get useful concentration inequalities if we can show
for a given set of functions F that there is a nested monotone bracketing cover with
a monotone bracketing function satisfying Nj(q, F, P) < V2Wa for some V,W > 1.
The next step is now to apply these results to get uniform convergence for a class of
functions that contain the admissible functions from Definition As mentioned in
the beginning of this chapter, we can translate a uniform convergence of an averaged
sum to a supremum over a set of functions via

= sup
feF

sup |+ S 6(X)(#) — E6(X1)(0)

zeR

: (Z Fx) - Ef(Xt)> ‘

where F' = {¢(-)(z) : x € R} and X7, ..., X is a sequence of i.i.d. random variables.
The set F’ defined here is not countable and we do not know if there is a nested
monotone bracketing cover. We need to choose a suitable countable subset F of F’, find
a nested monotone bracketing cover for this set with a monotone bracketing function
that is bounded by V2W4¢ for some V,WW > 1, and then extend the concentration
inequality to the whole set F'.

We will show that this is possible for every function fulfilling a few specific properties.
Recall that B is the space of bounded, right-continuous functions from R to R.

Definition 6.15

Let A be a finite set and (Qp = R™, B,Pq) be a probability space.

Then ¢: Qx — B is a monotone increasing, right-continuous bounded random
function in [0, 1] if

o o(-)(x): Qa — (R,B(R)) is measurable for all z € R,
o p(w)(x) < P(w)(y) if z <y for allw € Qy,
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6.5 Application to mon., right-cont. bounded random functions

e 0 < ¢p(w)(z) <1 for allw € Qp and z € R.

We further define for such functions

P:R—=R, P(x):=E(@()(x))

which is also monotone increasing and right continuous. The expected value is taken
with regard to the measure Pg. Additionally we define pointwise the left-continuous

version of ¢, namely

6 (@)(x) = lim 6()(«)

and its associated
o :R — R, O (z) :=E(¢p (*)(x)).

We further define the limits

Bw)(—o0) = lim_p(e)(s
6(@)(o0) = lim 9(u)(@)
O(—o0) = x/l\l@@@(m )

O (0) = x}gnoo o(z)

which exist for all w by the monotonicity and boundedness of ¢.
Next, we consider for ¢ > 0 and 5 =0,1,...,k:= E]

— 0 if 5 =0
zj(e) =< d71(j-e) fO<j<k
o0 ifj=k

where
O () :=inf{A e R| ®(\) > a}

is the generalized inverse of ®. Here, we use inf ) = co. See also Figure
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An illustration of the process of finding x;(¢)

The set of functions F we will consider in the following is given by
F={o()(z): 0% = R|3IQeQ:x=27"(Q)}
U{o™()(z): % = R|[3QeQ:x=27Y(Q)}
U {o(-)(=o0)} U{¢™ (-)(c0)}. (6.18)
Moreover, we define

Fej = [0()(@j-1(%)), 67 ()(z;
({6 € Fl¢(w)(xj-1(*)) < d(w) < ¢7 (w)(w;(e?)) for all w € Q4 })

for j € {1,...,k = [6%]} if 2;_1(%) < z(e%), where the brackets are defined as in
Definition Otherwise F ; := 0.

Lemma 6.16
We have:

1. V€>02 chf:lfs,]
2. Vj e {l,...,k} where zj_1(?) < z;(?) :
- 2
E (6 ()(@i(=%) - 60)(wi1(2))°) < &2
Proof. 1. Let x € ®71(Q) be arbitrary. Then, if z = x;(¢%) for some

je{l,...,k—1} and = ¢ {—o0,0}, there are I,m € {1,...,k — 1} with
z1(e?) = 21 (e%) = xj(2%) such that

¢()(x) = o(-)(xj(e%)) € Fepn
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6.5 Application to mon., right-cont. bounded random functions

and
¢~ () (@) = ¢~ ()(zj(*)) € Fem.

The [ and m might not be equal to j since some brackets might be empty.
If x = 29 = —o0 then

¢()(x) € Fea-

where d = min{j € {1,...,k} : x;_1(¢?) < z;(¢?)} Note that ¢~ (w)(—00) is not
defined. If x = x;, = oo then

¢~ ()(x) € Fep.
where b = max{j € {1,...,k} : zj_1(?) < z;(c®)}. As before, we do not have

to check whether ¢(w)(o0) € F.

Now let z € @7 H(Q) \ {zo(e?),...,2x(e?)}. As zj_1(?) < z < z;(¢?) for some
7, we have

$(w)(zj-1(c%)) < ¢ (w)(x) < P(w)(x) < &7 (W)((e®)) Yw € Qn
because of the monotonicity of ¢. Thus,
¢()(x) € Fej and o7 ()(x) € Fe
cLetje {te{l,....k} 1 z4-1(g?) < 24(c?)} be arbitrary.
Note that for each o € [0,1] we have
(o) =inf{x € R | ®(z) > a} =sup{z € R | ®(z) < a}
as well as

Ve > o Ha): ®(z)>a
Ve <® Ha): & (z) <P(x) <a

Because of this, the right-continuousness of ® and the left-continuousness of &~
the inequalities

(@ Ya)>a and (@ '(a))<a (6.19)
hold. Note that
da) = -0 = (@ Ha)) > a,
P Ha)=0c0= 0 (®Ha)) < a
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6 Analytic and probabilistic methods for empirical processes

holds as well, since ®~!(a) = —oo means ®(z) > a is true for all 2 € R and this
carries over to the limit. The second line follows the same way since ®~!(a) = oo
means ¢(x) < « is true for all z € R.

Applying this we end up with

E ((cb_(-)(l’j(&Q)) - ¢(')($j71(62)))2) <E (¢~ ()(xi(e?) — o()(xj-1(%)))
= (;(e) — (z;-1(%))

<jet—(j -1’ =&

where we used 0 < ¢(w)(z;j—1(2)) < ¢~ (w)(x;(e?)) < 1 for all w € Qy in the
first line.

O

Corollary 6.17
The brackets

Foay = [00) (zj-1 (27)) 07 () (a7 (27°9))]

forje{te{1,...,2%} 1 2, 1(27%) < 24(2729)} form a nested monotone bracketing
cover of F with regard to the measure Pq and monotone bracketing function

Nyj(q, F,Pq) < 2%,

Proof. Lemmal6.16|shows that the brackets 7. ; we defined in fulfil requirements
|((BC2)| and |(NBC1)| of Definition [6.7| for ¢ = 279, since the brackets cover F and each
bracket has an L?(Pq)-size of less than ¢. Condition is automatically fulfilled
by the monotonicity of ¢ and zj_1(¢) < x;(¢). By the definition of z;(¢) we have
2;((279)?) = 24;((27@+Y)2) for all ¢ € N and 0 < j < 229, which ensures condition
Every bracket for ¢ = 279 contains exactly four brackets for ¢ = 2~ (71,
We need at most k = [1/¢2] sets to cover F in the described way, so with e = 279 we
have

1

Ny(a, F, P) <[5,

1 =2%.

Now we can use the two corollaries from the last section to gain results for the concen-
tration of monotone increasing, right-continuous bounded random functions in [0, 1].
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6.5 Application to mon., right-cont. bounded random functions

Lemma 6.18

Let A be a finite set and (Qp = R™, B) be a measurable space. Let ¢: Qn — B (where
B is the space of bounded, right-continuous functions from R to R) be a monotone
increasing, right-continuous bounded random function in [0,1] as in Definition .
Let s € N and Xq,...,Xs be i.i.d. random variables defined on a probability space
(0,D,P) with values in Qp. For arbitrary £ > 0 and 2 < M there is a set Ay s, € D
such that

W& At |23 00)) ~ B < o
and
P(A,,) >1— Mexp (— Kj’;) (6.20)
where

Ky = Ky(1,2) = (1();;/(3)4&11 5t log?M)) %2—‘1\/2 +2¢log(2).  (6.21)

There is also for all 1 >k >0 and s > (12%)2 (where Ko is (6.21)) for M =2) a set
B . € D such that

W€ Bt sup £ 30 0(Xi()(e) - EG(X1)(@)] < x
re i=1
and
P(Bsy) > 1—exp (—214/@23> . (6.22)

Note that by Remark the bound on the probability in (6.20)) gives non-trivial
results if

K

6> (10g(M)KM>2'

Proof. We combine Corollary and the sub-root-exponential concentration inequal-
ity from Corollary With Py, , the image measure of X, we can form a probability
space (24 = RA, B, Px,). Then Corollary shows that the brackets

Faag = [00) (zj-1 (27)) .67 () (a5 (27°9))]
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6 Analytic and probabilistic methods for empirical processes

for j € {t € {1,...,k} : 24_1(e?) < 24(?)} form a nested monotone bracketing cover
with
Nyj(q, F,P) < 2%.

Thus, we have Np(q,F,P) < VoWa with V = 1 and W = 2. This leads to Ky =

K (1,2) with 2 < M and
VL
> n}) < Me &m

from Corollary For us, the important part of F are the functions indexed by
®~1(Q), and since this is a subset of F we can use the same bound for

Ve >0: P({VE@ sup
feF

}jf —Ef(X1)

S

P {ue@: sup 1Zcﬁ(Xi(V))(:v)—E(MXl)(w))

zed-1(Q) |5 =

_ w
> K < Me &um.

_ C
A]\/f,sm

However, now we need to extend this result to all z € R. We will use the monotonicity
of ¢(+) to do just that. If z € R\ ®~(Q), then for all J € N there is a j € {1,...,J} :
Jijfl(l/J) <x < :L‘j(l/.])
Because of this and

2 (6(X0) (a5 (1) = @ (25 (1)) > 2. B (67(X0) (a5 (1/7)) < 2,
v € (i1 (1), 2 (1/7) = L2 S B(o(X0)@) < 7

As a result we have for all v € Apr g

é Y Xiw))(@) < % DT (X)) (x5 (1/7)) SE(¢7(X3) (25 (1)) + &
i—1 i=1

g§+ﬁgﬁwan@»+ﬁ+§
S o)) > fZaS ) (251 (1/)) > E(8(X1) (251 (1/7))) -
=1

and consequently

Vv e Apsp,J €N sui %ng)(XZ(V))(.T) —E(o(X1)(z))| <k + %
e i=1
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6.5 Application to mon., right-cont. bounded random functions

By taking J — oo we confirm that

W € Aagae sup| L D 6(X(0)(w) ~ BO(X0) ()| <
[AS i=1

_ sk
with P(Aprsk) > 1 — Me Fu.

We can also apply Corollary instead of Corollary which leads us to the second
stated result. O

Remark 6.19. The restriction 0 < ¢ < 1 was chosen to fit Corollary and our
intended use case of the eigenvalue-counting functions. However, it is easily generalized
to functions ¢ with a < ¢ < b by simply using the function ¢ = bf_s leading to

sup
z€R

. Z¢ E(6(X1)(x))

<(b—a)k Yv e Ay sp

_ sk
and P(Aprs ) > 1 — Me Xm or equivalently

S

LS o) (@) — B(6(X1)())

<k YWe€Ausk

sk
and P(Aprs.) > 1 — Me Em®-a)

Remark 6.20. If there is an x € ®~1(Q) such that ¢(w)(x) = 0 or ¢p(w)(—oc0) = 0, then
by Remark [6.10] the constant K can be replaced by

_( 40(M +1) PN& .
o <log(3/2)(M =T log(M)) qzoz V2 +2qlog(2).

One additional result of the calculation is the fact that the uniform convergence is
almost sure, which was already established in [SSV17] for admissible functions.

Corollary 6.21
In the setting of Lemma[6.18 there is a set ' of full measure such that

h(n)

lim sup Z¢ E(¢(X1)(z)|| =0 Yved

n—o0 z€R h

for all functions h : N — N where there is a ¢ > 0 and an N € N such that h(n) > cn
for alln > N.
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6 Analytic and probabilistic methods for empirical processes

Proof. We use the Borel-Cantelli Lemma [2.9| as we know that A¢ Moh(n) i 8 defined in
Lemma [6.18 contains all v such that

h(n)

sup Z¢ E(¢(X1)(@))|| > & (6.23)

zeR h

and consequently lim sup A%} h(n) contains all v such that (6.23)) is true for infinitely
n—00 ’ ’
many n € N. From the Borel-Cantelli Lemma follows that if

/)
ZIP’ A ) < ZMe KM < oo (6.24)

n=1

then P(lim sup A%vh(n)ﬁ) = 0. We have

n—o0

iy () = (2 fva) aees

for ¢ > 0 and = > 0, and thus

d

(:p2e_cf> >0&2> f@g>x
dz
This results in

2q—cvn <  max (m2676m> =:d<ooVneN

1<m<16/c?
and

d
e_cf S -
n

The series Y 7, nl2 converges, which means that ( is true if there is some point

N such that h(n) > cn for all n > N. Then IP’(hmsup AM h(n)on ) =0 for all K > 0.
The set (limsup AS, h(n) .)€ consists of v € © Wlth an n/(v) € N such that
n—oo ’ ’

zeR

(n
1
SUD | 5 ) D (X)) (2) — E(¢(X1)(2))|| < &
i=1
for all n > n/, and by the previous calculation

n—oo

P ((lim sup Ag/[,h(n),n)c) =1
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6.5 Application to mon., right-cont. bounded random functions

oo
for every k > 0. The set Q' = () (limsup Ag(n) 1 /m)c has thus also full measure and
m=1 mn—oo ’
for all v € Q' we have

. 1 h(n)
lim sup ) ; o(Xi(v))(z) — E(o(X1)(z))|| =0
as claimed. ]

We finally have both the geometric and the probabilistic estimate at disposal and can
now combine them to uniform concentration inequalities for admissible functions we
want.
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Now we spell out the new uniform concentration inequalities for admissible functions
with explicit quantification we can achieve. The results for concentration along se-
quences of cubes and monotiling Fglner sequences are similar, but since cubes are
more intuitive and give explicitly calculable formulas we will treat them first. For
eigenvalue-counting functions on cubes we also know the explicit boundary terms and
the limiting function from Theorem 3.28] so we will also show a dedicated concentration
inequality for this case.

7.1 Results for cubes

We consider functions in the Banach space

B:={F:R — R: F right-continuous and bounded}
and start out with the general result for d-dimensional cubes

An:{xEZd: 0<z;<nV1<i<d}

on the lattice Z in the following Theorem.
Theorem 7.1 (Concentration inequality for admissible functions on cubes in Z%)
Let a be an admissible function as in Definition[{.3 on a measure space as in Definition
with 0 < a(A,w) < |A| for all finite A C Z% and w € Q. Let 2 < M and r be the
correlation length from Definition [{.1]

Then there exists a limit function a* € B such that for oll Kk > 0 and n > 2m > 4r
there is a set Apnrpmx € B(2) such that

a(Ap,w) b (Afn/mim) N (3D +2E) (n? — (n — 2m)?)
[As o (ln/mm)? (n —2m)?
r d __ m — 2r d
o D(Am) +b(AL) + EiD_+zi)«i(m (m —2r)9) e ()

for all w € Aprpmx and

P (AM,n,m,n) > 1- Mexp <_|ﬁ/TanH> ) (72)

Ky
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7.1 Results for cubes

where

_ 56(M + 1) 4 o0 » -
for= <10g(3/2)(M -1 " log(M)> ;)2 2 + 2qlog(2)

14(M +1) 1
<10 <1og<3/2><M Tt 1og<M>>

If [n/m]? > 144(K3)%k~* there is moreover a set By m, € B(Q) such that (7.1)) is
true for all w € By m x and

P (Bume) 2 1-exp (ot lan/m]?)

Furthermore

[e.9]

for almost all w € ).

Remark 7.2. The almost sure convergence was already established in [SSV17], but the
explicit bound in (|7.2)) was not achieved in previous results.
If 0 < a(A,w) < |A] for all w € Q is not assumed, we still know from (4.3)) that

la(A; w)llo < (D + E) |A|
with D and E as defined in [(Al){and [(A4)l Therefore, we have

a(A,w)

Al
and we can use Remark to gain the bound

P (Arnmy) > 1 — M exp ( W)

—-(D+FE)< <D+E

" 2Ky(D + E)

instead of ([7.2]). The parallel result for the second concentration inequality is

/432

P(Bpmx) > 1 —exp <_2144(D—|—E)2 ln/m] d>

in this case.
By Lemma the probability in (7.2)) is positive if

10g(M)KM)2'

K

[n/m) > (
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7 New results on quantitative uniform convergence

Proof of Theorem[7.1. We know from Lemma [5.1] that

a(An, w) 1 a(Ay, +t,w) b (Apn/mim) | (3D +2E) (|An| — [A}])
- Aom THEN < +
b(Am) + b(A7,) + (2D + E) (|Am| — [A7,])
' Al

for n > 2m > 4r and all w € €1, and by Lemma we know that there exists a limit
function a* € B such that

' Ea(A7,,)) . b(Am) + b(A},) + (2D + E) (|Am| — [A7])
S\ ), <
| A o A
Combining these results leads to
a(Ap,w) Al < a(Ap,w) 1 a(A}, +t,w)
DN (Wl 7 R o P2 T

o0

1 Z a(A], +t,w)  Ea(A],,-)

_l’_ —

Tl S [Aml A

HIEa (Ahss) .

(Apjmim) (3D +2E) ([An — [A7])

b(Am) +b(A7,) + (2D + E) (|Am| — [A7,])
+ 2

| A
1 a(A}, +t,w) Ea(A,,-)

+ | = m - m (7.3)

Tl 2= Il A

This is where we need to apply the concentration inequalities for monotone right-
continuous bounded random functions derived in Lemma [6.18] in the last chapter.
First we note that |1}, | = |n/m|?® and since dget (AT, + t1, AT, + t3) > r for

t1 # ta € T, our assumptions on the probability measure from Definition mean

that the random variables (HA% +t) ter,. are independent and identically distributed.

Thus, (HA% o fyt) e, are independent and identically distributed, as mentioned in
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7.1 Results for cubes

Remark Using ap defined in (4.2)) in Remark we can write

1 Z a(Al, +t,w)  Ea(A7,,-)
A A

t€Tm,n 00

_ Z any, +t(Har ++(w))  Ea(A},,-)
n/m |

[ Al A
_ Z ang, (Mag, ((w))) — Ea(Ag,, )
B n/m Ik | A | A
tET -

The function aar, : (Qar , B(A},)) — B maps into right-continuous and bounded func-
tions, and the function aar (z) : (Qar,,B(A},)) — (R,B(R)) is measurable for each
x € R as detailed in Remark Thus, ayr satisfies the requirements from Lemma
and additionally we have Eaar (ar () = Ea(A7,,-). The random Variables

Har o0 (2, B(2)) — (Qar,,B(A7,)) take the place of the X; in Lemma Since

0 <a(A,w) <|A| for all w € Q we have 0 < w < 1 and we can 1mmed1ately apply

Lemma [6.18] to get that there exists a set Ansp m  such that

P@uumm>21ﬂ4wp(v“”m“%> (7.4)

Ky
and
apr, (ITar (1¢(w)))  Ea(AL,,-)
> A Ao | =F (7:5)

t€Tm.n -

for all w € Ansp,m,x with K as specified in Theorem [7.Tand 2 < M.The same lemma
shows the existence of a set By, ;. such that ([7.5)) is true for all w € B,, ;, , and

P (Bnmx) > 1 — exp <_214,{2 Ln/de>

provided |n/m|¢ > (12K2) Combining ([7.3]) with (7.5)) leads to

a(An,w) . b (Ajn/mjm) L+ 3D +2E) ([An] — |A77])
L ob@m) + (A7) + (2D + E) (JAm| — [An])
A

Since |A,| = n and |A7| = (n—2r)? for cubes A,, we arrive at (7.1]) and the probability
estimate is provided in ((7.4)).
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7 New results on quantitative uniform convergence

We have n > 2m and therefore

n n n n n

w= | 2 (]2 12 g =g

From Corollary follows almost sure uniform convergence, i.e.

ary (Mg, (1)) Ea(A,, )

=0
A A

1
lim ||————
S i
’ o0

for almost all w € Q and m > 2r. As shown in Lemma [5.1] we have

b _ m
o (i) | (8D +28) (1A — A7)

=0

for m > 2r and thus (7.1)) leads to

< oPAm) +b(Ay) + (|2AD ’+ E) ([Am| — [A7,])

o0

for m > 2r and almost all w € Q. Since Lemma also showed
b(Am) +b(AT,) + (2D + E) (JAm| — A7)

lim =0
m—00 | A
we arrive at the claimed almost sure convergence. O

The main application we have in mind are the eigenvalue-counting functions from
Definition [3.25, and since we know their boundary terms from Lemma [4.5] we can
make the bounds from Theorem explicit. This allows us to choose k and m as
functions of n. We also know that the limit function is the integrated density of states
if the conditions of Theorem [3.28 are satisfied.

Corollary 7.3 (Sub-root-exponential concentration inequality for eigenvalue-counting
functions)

Let N‘f} be the normalized eigenvalue-counting function on a finite set A C Z% as in
Definition [3.25 for an Anderson operator satisfying the requirements of Theorem [3.23,
and r the constant from those requirements. Let N be the integrated density of states
as defined in Theorem and 2 < M. Then there is a set Ay, € B(QY) such that
the uniform distance between the normalized eigenvalue-counting function on cubes A,
and the integrated density of states is bound by

1
l-(1/k)

+ (8d+4r(20 = 1) + 72dr +1)

[N~ N < 32d% +52 (21 1)

1
Yn—1
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7.1 Results for cubes

forallv € Ay y and

k d
P(Anp) >1— Mexp —M (7.7)
LV/n] K
provided n > (2r + 1)F and n > 4, where
4 d
k=43 d=
d>3

and

. 40(M +1) — g
o = (g -1 1ogM>q22 V2t 2glog(?)

10(M + 1
<10 <1og<3/2>< " g M )

Remark 7.4. From Remark [7.2] follows that we only get non-trivial results for the
probability if

[n/[¥/n])?
[/n]?

Since z — 1 < |z] < x, we have

> <1Og(M)f(M)2-

n n d —
Pl s (g > (v 1y

for d > 3, and thus we are guaranteed non-trivial results if

> <<1og(M)f<M)2/(d_2) + 1)2 .

For d = 1,2 we use

R e L G VY
N R

Thus, we need to ensure

(7.8)

o \2/d
pl=1/k _ 1 > p2/(dk) (log(M)KM> / ’

and since

= 1/k=2/(dR) _ ) =2/(dk) 5 1-1/k=2/(dk) _
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7 New results on quantitative uniform convergence

we can ensure a non-trivial result if

o\ 2/d
nl—1/k=2/(dk) > (log(M)KM) / +1.

Therefore, equation ([7.7) gives guaranteed non-trivial results for

(<1og(J\4)1?°(]\4)2 + 1)4 d=1,
n > ((10g(M)IO(M)—|—1)3 d=2,

.\ 2/(d—2) 2
<(1og(M)KM) t +1) d>3.

\

Proof. We know from Lemmal[£.5|that the eigenvalue-counting functions are admissible
with boundary function b(A) = 8 ‘A \All, D = 8 and E = 1. Additionally we have
|A,| =n? and |A7| = (n — 2r)? for cubes A,,, which allows us to compute

b(A\_n/me) 8‘ALn/me‘ - ’Ain/mjm‘ _g (1 B <Wme_2>d> |

[An/mpm| | A /mm] [n/m]m
Application of Theorem with % = N2 leads for n > 2m > 4r to the existence

of a limit function a* and a set Apzp m x such that

a(Ap,w) ol < b (Apjmim) N (3D +2E) (n? — (n — 2m)?)
|An| o ([n/m|m)? (n —2m)
r d __ m — 2r d
+2b(Am) +b(A7) + EiDng)d(m (m —2r)%) e (79)
for all v € Aprpm,x and
P (Aripmy) > 1 — Mexp (—W) .
Ky

The improved constant K u instead of K follows from Remark and the fact that

lim N2» =0 for all v € Q.
N\—00
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7.1 Results for cubes

Now we just calculate the right side of (7.9)) to get

|NA —a*||, <8 (1 - <W>d> +26 ((n _”2m>d = 1)

m? — (m—2)+ (m —2r)% — (m — 2r —2)2 + 17(m¢ — (m — 2r)%)
md

:8(1—<1—m>d>+26<<1+%>d—1>

+2<1_<1—§1>d> +2(m_2T)d_¢r(lT_2T_2)d

+34 (1 - (1 - Z)d> + 5 (7.10)

This expression actually only holds for m > 2r 4+ 1 in contrast to 2m > 4r used in the
previous lemmas and theorems, since we exclude the edge case where (/V”m)1 = () but
m — 2r — 2 < 0 in favour of a unified expression.

Now we use Bernoulli’s inequality

+2

+ K

1-(1—-y)?<yd (7.11)

for y <1 for the first, third and fifth term on the right of (7.10). Since
|n/m|m > n — m we have

1 < 1 <1
In/mlm —n—m ~ nl—m/n

1 2
<z
n

if n > 2m.
If n > 4 we can apply Bernoulli’s inequality and gain the bounds

(- () ) < o<

since m > 2r + 1 and thus m > 2 as well as m > 2r was already required. Next we
note that by the binomial theorem

(1+a)= i (d) ] (7.12)
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7 New results on quantitative uniform convergence

we have

(+a)-1< |x|i ()1 < mf; (9) = lel - )

for |z| < 1. From

follows

as long as 4m < n.

For the fourth term we use both ([7.11]) and (7.12)) for

d d
<1_2r> _<1_27‘+2) §<2d_1) 2r d(2r+2):2r2d+2d(r+1)—2r'

=+
m m m m m

In conclusion we get
A, % 1 d m d 1
N2 =, <32d— +52 (20 = 1) T+ (8d+ 4r(2" — 1)+ 72dr) — + &
n n m

by applying all the previous bounds to ([7.10)).
Now we want to choose m and k as functions of n with the fastest convergence of

the uniform error possible. Since n > m the first term on the right side does not
dominate the error, the relevant terms for the convergence are only °*, % and k. The
optimal choice for the first two of these is m = /n, since any other choice will either
increase the first or the second. As m needs to be a natural number we will choose
m(n) = [\/n]. From this follows that we can choose k(n) = ﬁ without slowing the
convergence.

But now we need to check that \/|n/m(n)|%s(n) still grows in n, otherwise there is

no concentration. We have

1
[n/m(n) n(n) 2 3 In/ Vs = [VA) 2,
[V
so our choice works for d > 3, but not for d =1, 2.
To check what we have to change for these cases we start out with a general case of
m(n) ~ n’ for some j < 1/2 € R and x(n) = 1/m(n). The convergence of the uniform
bound will then be dominated by n~7, since o n~(1=9), We have to ensure that

[n/m(n))4k(n) ~n" T
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7.1 Results for cubes

grows in n, i.e.

Thus, we choose

and arrive at

1 a 1
A % < - d d_
[N =@, < 32d— 4+ 52 (2 = 1) B0 4 (8d + dr(2 — 1) + T2dr + 1) 0
1 . 1 . 1
332da+52<2 —1)W+<8d+4r(2 1)+ 72dr + 1) TR
where
k=43 d=2

We required m > 2r + 1 before, so the bound is valid if n > 4 and n > (2r + 1)*. We
also need to ensure n > 2m, but since

1
mTgm 22

this is already covered by n > 4.

This shows the bound in , but the identification of a* with N is still left. As shown
in Theorem [7.1] the uniform convergence to a* is almost sure, and Theorem [3.28] states
that N2» also converges almost surely pointwise to N for all continuity points of N,
thus N and a* are identical on the continuity points of N. The integrated density of
states is monotone increasing, bounded and right-continuous by Remark [3.27] Such a
function can only have countably many discontinuities, see for example [Kir07, Lemma
5.10]. As a result we get that the points of continuity of N are dense in R. Thus, we
can find for each point of discontinuity 2 of N a sequence (), in the points of
continuity of NV such that x, \ z. Since both N and a* are right-continuous, we have
N(z) = lim N(z,)= lim a*(z,) = a*(z). Therefore, N = a*. O

n—oo n—oo

We can use the sub-exponential concentration inequality of Corollary instead of
the sub-root-exponential one as well, but we will need larger cubes for non-trivial
results and only achieve the best uniform convergence at higher dimensions.
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7 New results on quantitative uniform convergence

Corollary 7.5 (Sub-exponential concentration inequality for eigenvalue-counting func-
tions)

In the setting of C’omllary there is a set By, € B(QY) such that (7.6|) is true for all
v e B, and

1Ln/H“/ﬁHd>

P(Bn)zl_eXp(_24 LWJ

with

5 >Hd g<5
=2 d>5"

provided

. . \2/d il
n > max { 4, (2r + 1)F, ((12[(2) v 1)

= _ (_12 4\ = o 480 16

Proof. The bound in follows from Theorem just as in the proof of Corollary
but using the statement for B, ,, . instead of Aprpm . Just as in that proof the
best choice for m(n) arising from the uniform bound would be m(n) = |\/n], but we
also need to ensure that

e |n/m(n)]?/m(n)? is growing in n (which would be satisfied by the same m(n)
calculated for Corollary ,

0\ 2
e |n/m|¢/m(n)* > (12K2> for the formulas from Theorem [7.1{to be applicable.

By setting m(n) ~ n'/* for some yet to be determined k we get

L”/de ~ nd(1=1/k)=4/k
m(n)* ’

and thus need to ensure that d(1—1/k) —4/k > 0 which is equivalent to ¥ > %<, Our
favoured case k = 2 satisfies this condition only for d > 5. Just as in (7.8) we have

n/m|? nl-1/k _ d
i )

and ensure the applicability if

. \2/d
pl=U/k 1 > pd/(dk) (12;(2)2/
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7.2 Results for monotiles

or equivalently

. \2/d
L= V/R= /() _ ~4/ (k) > (12K2) /4
As in Remark [7.4] this is guaranteed if

. \2/d
pi=1/k=4/(dk) _ > (12K2) /

or equivalently

.\ 2/d d_(3+4)
n> (12}@) L1)

as claimed. O

7.2 Results for monotiles

The results for cubes on Z? can nearly directly be applied to other monotiling Fglner
sequences as well. Recall that for a monotiling Fglner sequence (Ay,)neny we defined
p(m) := max dga(z,y) and

€hm

)

Amp = | (Am+1)
tETm,’rL

with Ty, :={t € T, | Apy, +t C Ay, } and the tiling 75, from Definition

Theorem 7.6 (Sub-root-exponential concentration inequality for admissible functions
on monotiling Fglner sequences)

Let (An)nen be a monotiling Folner sequence as in Definition anda:CxQ — B
be a generalized admissible function as in Definition with 0 < a(A,w) < |A] for
allw € Q. Let (2, A,P) be a probability space fulfilling the requirements of Definition
with the associated constant r. Let further 2 < M and W(r), p(m) as defined in
Remark and Lemma |5.5. Then there exists a limit function a* € B such that for
all k >0, m > W(r) and n > max{W(r), W(p(m))} there is a set Anfnmx € B(2)
such that

=gl < (3D +2E :
A Lt L W N T
b(Am) | b(A7,) |ar(Am)|)
+2< + =+ 2D+ E)y——— | + &
Al T A TGP TE TR
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7 New results on quantitative uniform convergence

for all v € Aprnm. s
The probability of Anrpmx can be bounded by

T,
P(AM,’VZ,TTZ,R) 2 1 - Mexp <_m> ,

where

_ 56(M +1) 4 o
far = <10g(3/2)(M -1) + 10g(M)> 22 7\/2 + 2qlog(2)

14(M +1) 1
=10 (log<3/2><A4-— 1)*-10g(A4))

Furthermore if there is an ng € N and ¢ > 0 such that |A,| > cn for all n > ng, then

for almost all w € Q).

The lower bound |A,,| > ¢n can be satisfied by passing to a subsequence since |A,,| = oo
by@of Lemma Of course there is also a sub-exponential concentration inequality
in this case, which follows in exactly the same way as in Theorem

It is also possible to extend the result to generalized admissible functions without
assuming additionally 0 < a(A,w) < |A] just as in Remark

Proof. We can follow the proof of Theorem but instead of Lemmas [5.1] and [5.2] we
use the monotile equivalents from Lemmas [5.7] and [5.8] to show the existence of a limit
function a* and

a(An,w) |ap(m)(An)| b(Apn)
Do) ol < (3D +2E ’
A LSt SRl TR
b(Arm) | b(AT,) ’aT(AmN)
+2< + ">+ 2D+ E)——~
] T A T EP BT
1 AT t Ea(AT .-
+ Z a( m+ ’w) _ a’( m7) (713)

[Tl tE€Tm,n .

Again we need to apply the sub-root-exponential concentration inequality of Lemma
Because we excluded the r-boundaries we can ensure dget (A, + t1, A, +t2) > r
for t; # to € Ty, in any tiling. Just as in the proof of Theorem we can show

that (HA% oryt) e, is an independent and identically distributed sequence. The
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7.2 Results for monotiles

restricted admissible functions a, as defined in (4.2)) in Remark satisfy all needed
properties in the same way as in the proof of Theorem [7.1], and we can again use

1 a(A], +t,w) Ea(A],,-)
T, 2 | A | A

teTm,n 00

1 Z app +t(IIay (W) Ea(A7,, )

Tl S | Am] A
[ 3 apy, (ay (1(w)))  Ea(A],, )
‘Tm7n| t€Tmm ’Am| |Am‘

and apply Lemma with the random variables IIx; o+ taking the place of the X;.
The existence and probability of Ay m « follows just as in the proof of Theorem
The almost sure convergence follows if

> VIT,
Zexp (—’Km’n| ") <
n=1 M

As shown in Corollary we have

o
Z e VN < o
n=1

for any ¢ > 0 and thus it suffices to show that there exists an nj, € N and a b > 0 such
that |y, | > bn for all n > nj. One thing we can use here is |(b)| of Lemma [5.5] to see
that

lim Lo =
n—00 [Ap| | A

1

and because of that there is an 19 € N such that |1}, | > % for all n > ng. If there

is an ng € N such that |A,| > en for all n > ng, we can now set n{, = max{ng, no} and

combine both previous bounds to |1, | > ﬁ for all n > n{ just as required. Then
the almost sure convergence follows from Corollary O

The error terms for monotiling Fglner sequences are nearly identical to those for cubes,
but the main difference is the fact that for a general sequence the tilings 75, ,, and the
sets Ay, » do not need to behave as nicely as for cubes, so it might be harder to calculate
error terms. However, we can say something about the limit object, namely that it is
the same for all (fast enough growing) monotiling Fglner sequences.
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7 New results on quantitative uniform convergence

Corollary 7.7

The limit function a* € B from Theorem is the same for all monotiling Folner
sequences (Ay,), ey for which there exists an ng € N and ¢ > 0 such that [A,| > cn for
all n > ng.

Proof. Any two monotiling Fglner sequences can be combined into a single one by
alternately taking elements from both sequences, and if ¢; and ng 1 are the associated
coefficients of the first sequence and co and ng 2 those of the second, then both sequences
almost surely converge and N, := max{2ng1 +1,2n02+1} and ¢, := min{cy, cp} form
fitting coefficients for the combined alternating sequence. The combined sequence has
therefore also an almost-sure uniform limit, which has to coincide with the limits of
both original sequences, and consequently these two limits have to be the same. O

This means in particular that the limit function a* that arises as a limit of admissible
functions on cubes in Theorem is not special and choosing for example rectangles
would not change it.

The previous results for monotiles are not just valid on Z? and can be adapted for
any Cayley graph of a finitely generated amenable group. However, this hinges on
the existence of a monotiling Fglner sequence for the amenable group under consid-
eration. Such a sequence exists for (among others) all elementary amenable groups
as well as all residually finite amenable groups [LSV10]. However, it is not clear if
any Cayley graph of a finitely generated amenable group has a sequence of monotiling
Folner sequences [SSV18] [LSV10]. The next chapter will first define finitely generated
amenable groups and their Cayley graph and then show a way to nevertheless define
and prove an analogous result that does not depend on the existence of a monotiling
Fglner sequence.
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8.1 Generalization to Cayley graphs of finitely generated
amenable groups

The previous results all relied on the specific structure of Z¢ and the resulting tiling
properties. However, Schumacher, Schwarzenberger and Veseli¢ also extended their
setting from [SSV17], including the results described in Chapter [4] to a much more
general case. In [SSV18] they proved concentration inequalities for admissible func-
tions on Cayley graphs of amenable groups, but again without explicit values for some
parameters. Instead of tilings by cubes of rising side-length, they applied quantitative
results by Pogorzelski and Schwarzenberger[PS16] for e-quasi tilings developed by Orn-
stein and Weif§ [OWS&T7]. The methods of Chapter @] can also be applied in this case,
and this chapter contains the resulting concentration inequalities based on [SSV18§].

Definition 8.1 (Cayley graph of a finitely generated amenable group, [SSV18])

Let G be a group generated by a symmetric generator set S = S~ C G\ id, i.e. for
every x € G there exists anm € N and y; € S, 1 < i < n such that ¢ = y1..Yyn—1Yn-
Since G need not be abelian, we will write the group action multiplicative instead of
additive like in Chapter. G is called amenable if there exists a sequence (Ay,), cx in
the set C of all finite subsets of G such that for each K € C

AR AK A,
|An]

where KA, :={kl | k € K,l € A} is the pointwise group multiplication of sets and A
18 the symmetric difference. Such a sequence is called a Falner sequence.

The group G and the generator set S allow the construction of an undirected graph
(G, E) via (z,y) € E < 2y~' € S. This graph is called the Cayley graph of G with
respect to S.

The graph metric induced by this graph is

d(z,y) =inf{n e N | 3z, ...,2, € S 1y =x21...2,}
and distances

dset(A, B) :=min{d(z,y) | z € A,y € B}.

123



8 More general geometries and interactions

of sets and r-boundaries
I"(A):={r e A:dset(x, G\ A) <r}U{z € G\ A: dset(z,A) <7}

can be defined analogous to Section [{.1]

If (An),en s a Folner sequence, then the sequence ‘aT/(\tT)‘ converges to 0 and Rii
converges to 1 for all r > 0.

It is sufficient to show that either

|SA, \ Ay
—_— =0 or Vr >0 ————~—
|An| [An|

— 0 (8.1)
to prove that (Ay), oy is a Folner sequence [Sch1{, Lemmas 2.7, 2.8].

Furthermore every amenable group contains a nested Falner sequence, i.e. a Falner
sequence (Qn) ey With Q, € C such that for all n € N the sequence fulfils

{id} C Qn C Qn+1 [PS16, Lemma 2.6].

The lattice Z¢ with edges between next neighbours falls under this definition, since its
vertex set is the group Z? generated by the set S containing the positive and negative
unit vectors in all d directions. As shown in the cubes with side length n fulfil
and thus form a Fglner sequence.

Just as in the case of Z¢ a coloring/potential on the graph can be introduced via a set
of colors A € B(R) and the sample set = A“. We can also define a translation on §
for each g € GG via

Yg: 8= Q, (Ygw)e = Wag-

With these definitions we can also define a probability space (£2, B(2),P) and require
that P again satisfies [((M1)| and |(M2)| from Definition Furthermore we can again
define generalized admissible functions a: C x 0 — B that fulfil the requirements from
Definition [5.6] with the formal change of using multiplication instead of addition as
the group action on the graph. The setup is thus very similar to the case Z?. The next
step would be to define a tiling of a A,, from the Fglner sequence with a smaller A,,,
but this is sadly not guaranteed to exist. However, there is a weaker form, an e-quasi
tiling.

Definition 8.2 (e-quasi tiling (as used in [SSV18]))
Let G be a finitely generated group, a,e € (0,1) and I some indez set.

o Sets K; € C, i € I are said to a-cover a set A€ C if |J K; C A
el

U K;

i€l

and > alAl.
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8.1 Generalization to Cayley graphs of finitely generated amenable groups

e Sets K; € C, i € I are said to be e-disjoint if there are subsets K; C K;,iel
such that ‘KZ\KI < e|K;| for alli € I and K; is disjoint from | I%j for
JEI\{i}

allie 1.

o Sets K; € C, i € I are said to be an e-quasi tiling of A € C if there are
T; € C, i € I such that

1. the elements of {K;T; | i € I} are pairwise disjoint,

2. the family {K;T; | i € I} (1 — 2¢)-covers A,

3. for each i € I, the elements of {K;t |t € T;} are e-disjoint.
The set T; is called the center set for the tile K;.

The important result for amenable groups is the following theorem taken from [SSV1§],
which is a reformulation of more general results proven in [PS16].

Theorem 8.3 ([SSV18, Theorem 3.2])
Let G be a finitely generated amenable group, (Qn),cn @ nested Folner sequence and

e € (0,1/10). Then there exists a finite and strictly increasing selection of sets K; €
{Qn |neN}, ie{l,...,N(e)} where

v ety

with the following quasi-tiling property:

For each Folner sequence (Ay)nen, there exists jo(e) € N such that for all j > jo(e),
the sets K;, i € {1,..., N(¢)} are an e-quasi tiling of A;.

For all j > jo(e) and all i € {1,...,N(e)}, the proportion of A; covered by the tile K;
satisfies

| A

—ni(e)| < (8.2)

N(e)

where Tij is the center set of the tile K; for the e-quasi tiling of A; and where

ni(e) i=¢e(1 — €)N(8)_i.

There are also some important properties of 7;(¢) and N (g) that were shown in [SSV18§]
and [PS16], namely
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8 More general geometries and interactions

Lemma 8.4
With the definitions of Theorem[8.3 holds:

e |PS16, Remark 4.3] For each ¢ € (0,1)

N(e)
nie)=1—-(1—-e)N® <1
i=1

e [SSVI18, Lemma 3.3] For each € € (0,1/10) and i € {1,...,N(¢)}

e [SSVIS, Lemma 3.3] For a bounded sequence (a;)ien and € € (0,1/10), the in-
equality

N(e)
ami(e) < A\E + Ag (83)
=1

with A = sup{|a;| | i € N} and A, = sup{|a;| | i € N,i > e~ 1/2} holds.

To achieve good bounds it is necessary to choose a suitable subsequence of the nested
Fglner sequence (Qp),,cry in Theorem namely we want the following requirements
also used in [SSV18] and partially in [PS16]:

Remark 8.5 (Requirements on the tiling Fglner sequence). With the correlation length
r from Definition the sequences

(b(Qn)> (MQZ)) (W(Qn)!)

‘Q”‘ neN ’ ‘Q”‘ neN ’ |Q”| neN

are required to converge monotonically to 0. All three sequences converge to 0 for any
Fglner sequence, but the monotonicity may only be true for a subsequence.

We define
om0 () (7))

B(e) = 61\/5 + 5,[1/\/51

and
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8.1 Generalization to Cayley graphs of finitely generated amenable groups

for n € N and € € (0,1/10), such that (), oy is a monotone sequence converging to

0 and by (8.3) of Lemma [8.4]

N(e)
— 0.
Z Bim(e) < B() =
We also require 3/, < 5-, which is again achievable by choosing a suitable subsequence

of any given Fglner sequence. This requirement ensures that

Ble) = B1ve + Bry e < f+ < Ve

[1/\/1

Recall
B:={F:R — R: F right-continuous and bounded}.

With these results we can formulate the analogue of Lemma for Cayley graphs of
finitely generated amenable groups, which quantifies the uniform distance between a
normalized admissible function on a large set and the averaged sum of this function
on the e-quasi tiling of the set.

Lemma 8.6 ([SSVIS8, Lemma 4.3])

Let G be a finitely generated amenable group, let a : C x Q@ — B be a generalized
admissible function with a sub-additive boundary function as defined in Definition[5.0]
and let (Ap)nen and (Qn)nen be Folner sequences, where (Qn)nen is additionally nested
and satisfies the requirements of Remark 8.8, Then for j > jo from Theorem[8.3 and
e €(0,1/10)

N(e)

a(dj,w) , L cl o)
AT X me T Y S

=1 i (5)‘ teTy (o)

< (24D +9E)e + 12(2 + 2D + E)B(e)

oo

for all w € Q, where K;(¢), i € {1,...,N(e)} are given by Theorem . Here K] =
K;\0"(K;).

In comparison to Lemma [5.1] there are two additional problems that prevent the
strategy used before from being immediately applicable. First there is not just one
tiling, but multiple partial tilings. Additionally there is some overlap between the tiles
of just one tiling, which destroys the independence that was used for the probabilistic
part before.

The first problem can be solved by considering all tilings separately, the second is more
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8 More general geometries and interactions

complicated. The solution found in [SSV1§]| is the resampling of overlapping tiles.
For fixed € > 0, i € {1,..., N(¢)}, j > jo(¢) and t € T/ (¢) the set

Ut = (D) (K (T \ {1}))

is the subset of the tile Kt that is not covered by some other part of the same tiling.
For t1 # to there is a distance

dset (UiJ’tla ULj’tQ) 2 dset (K;tla G \ Kit1> >r

so the colors on those sets are independent. But since these partial tiles are no longer
just translates of each other, the missing parts need to be resampled to gain identical
distributions. The result is the following lemma that also quantifies the error made by
this resampling.

Lemma 8.7 ([SSV18 Lemmas 5.2, 5.3])
Let e > 0 and

N(e) oo )
1= U (G0 <16

=1 j=jo(e)
There exists a probability space (2, B(2),P) and random variables
X, X% Q- Q, (i,5,t) el

such that for all (i,7,t) € I:
1. X and X' have distribution P
2. X and X"t agree on UH5! P-almost surely

3. the random variables in the set {Xi’j’t}teT?(e) are P-independent

From this follows that in the setting of Lemma 8.6 for almost all w €

1 1 o
[ a(Ki(e)t, X (w)) — 17— a(Kj (e)t, X" (w))
Tij (6)‘ te%j(s) TZJ (6)‘ tG%:(s) .

< 2b(K'(€)) + 2(3D + E)e |KT (¢)|.

With the now independent random variables it is possible to apply the concentration
inequalities for monotone increasing, right-continuous bounded function from Lemma
[6.18]to get a result for the case of Cayley graphs of finitely generated amenable groups.
This is achieved by integrating it into a proof in [SSV18§].
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8.1 Generalization to Cayley graphs of finitely generated amenable groups

Theorem 8.8 (based on Proposition 5.4 in [SSV18])

Let G be a finitely generated amenable group, A € B(R), Q = A%, (Q,B(Q),P) a
probability space fulfilling [(M1) and |(M2) from Definition a:CxQ —Bbea
generalized admissible function with a sub-additive boundary function as defined in
Definition[5.6 and 0 < a(A,w) < |A| for all A € C.

Let (Ap)nen and (Qn)nen be Folner sequences, where (Qp)nen is nested and fulfils the
requirements of Remark [8.5

For e € (0,1/10) let K;(¢), i € {1,..., N(g)} and jo(e) be given by Theorem[8.3

Then for all k > 0 and 2 < M there ezists for all j > jo(e) an event Qps e € B(Q)

such that
1—
P jer) >1—2N(e)Mexp | — ( €)e A, |
‘KN(E )‘ Ky

where Ky = (log???/(%(JJr\/ll)—l) + bg ) Z 27%,/2 + 2qlog(2).

For all w € Qprjx we have

N(e) N(e)
CL(KT(E)t,w) Ea (KT(E)v )
771 ' Nt 771(;:)*
Z (5)‘ t ;( ;K] ; [Ki(e)] .
<28(e) +2(3D + E)e + k.
Proof. For € € (0,1/10), j € N, w € € the triangle inequality leads to
N(e)
Sonepl ¥ A 3 B,
T ) werie .
< Nz(:) e LS (KT (o) w) — Ea (KT (), )
< inf NE(:) () ! Y aK@t X))~ Y a(Kl(e)t X w))
- weXTW) i=1 |Kife)) Tij(g)’ teT/ (¢) Z o teT/ (¢) Z | -

o0

bl Y a(KI(e)t X (w) - Ea (KD (2), X ()

fel o

o0

Note that the expected value E in the last line is taken with regard to the probability
measure P from the space (2, B(2),P) of Lemma
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8 More general geometries and interactions

From Lemma and the conditions of Remark follows that there exists a set
B € B(Q2) with P(B) = 1 such that for allw € B

LS e X)) - Y a(KIE)t X w))

| Ki(e)] |T; (5)‘ teTd () teT! (o) o
2b(K7(€)) 4+ 2(3D + E)e | K7 (¢)|
- K7 ()]

2b(Qj (¢))
o " 2(3D + E)e

holds true. Together with Lemma [8.4] follows

N(e)
ni(e) 1 i,
: a(Kj(e)t, X(w)) — a (K7 (e)t, X"(w))
| Ki(e)] |79 (5)’ tgj%a) te%-:(a) )
<Zm g| +Zm 2(3D + E)e
< 26(5) +23D + E)e. (8.4)

The random variables {X i’j’t} teTi () e independent, and thus the same is true for

{00 X0},
ant, so the random variables {’yt oX ’7j7t} teTi () Are identically distributed as well. As

All X%Jt have the same distribution P and P is translation invari-

a result of the requirements of the statement,
. (Q,B(Q)) —» B

is a monotone increasing, right-continuous bounded random function in [0, 1] apart
from 2 not being finite dimensional, which is taken care of by locality of a. We can
thus use Lemma like in Theorem to show that there is a set A4; ;.. € B(Q)
with
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8.1 Generalization to Cayley graphs of finitely generated amenable groups

and M and K); as defined in Lemma and

1y alKI©0 X W) Ea () X0)

(a)‘ ey |Ki(e)] T K(e)]
ot a (K7 (e)t, X""'(w))  Ea(K!(e), X() )
B i.(E)‘ te%:(@ [Ki(e)] | Ki(e)| =

for all w € A; .. This bound needs to hold for all i € {1,..., N(¢)} at the same time
and we need to stay in B as well, so we form

N(e)

.66 ﬂ Ai,j,s,nﬂB'
i=1

From (8.2)) and Lemmawe gain with ‘Tf(s)‘ |Ki(e)| > )sz(e)Kl(e)‘ that

j oy g2 |Aj] (1—¢) A (1—-e)
%Z@M)N@%m@EN@mmwM— O Ene@]

and thus

N(e)
E(Aj,aff —1_ (UA,]EHUBC)>1ZP ,]sn)
=1

N(e) Tlrj(a)‘/@
2 1-— ; MeXp —TM

> 11— N(e)Mexp <—\/ (1‘;(;) STz )

The set A, . lies in B(£2), but we seek a set in B(€2). A candidate is X (A x), since
if we X (Ajc,) then there is aw € X 1({w}) N 4., and

N(e) .
N @ (KL X)) Ba(K7(2), X()
i 2 ) @mg% ) RO |
N(e)
< Z ni(e)k < K. (8.5)
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8 More general geometries and interactions

However, X (A ) is not guaranteed to be measurable, only analytic.
But as argued in [SSVIS], there still exists at least a compact subset Q. of
X (Aj7a,ri) with

P(QMWzl—zmss)Mexp(—\/ O ME )

By combining (8.4) with (8.5) it follows that for all w € Qs ;. . we have

N(e) N(e)
a (K7 (e)t,w) Ea (K (), ")
77% — i (5)+
> @\ 2 TRe HOTIRG )
<2B8(e)+2(3D+ E)e+k
as claimed. =

The last needed step is a result analogous to Lemma for a convergence of the
expected values. There is a result like this in [SSV18] using further tilings of tiles, but
a short proof is also available using Lemma [8.6]

Corollary 8.9

Let G be a finitely generated amenable group, A € B(R), Q = A%, (Q,B(Q),P) a
probability space fulfilling |(M1)| and |(M2) from Definition let a be a generalized
admissible function with a sub-additive boundary function as defined in Definition[5.0,
(Ap)nen and (Qn)nen Folner sequences, where (Qn)nen is nested and fulfils the require-

ments of Remark . The limit a*(z) := li_}ln W exists uniformly in x € R,
and for all € € (0,1/10) the estimate
Z ni(e ¢ —a*|| < (24D + 9E)e + 12(2 + 2D + E)B(e) (8.6)

holds true with n;(¢), B(e), K;(¢) as defined in Theorem[8.5 and Remark /(8.5

Proof. From Lemma [8.6| follows for £ € (0,1/10), j > j(¢) and all w € Q

pS 1 a(KI(e)t,w) (2)  a(Ay,w)(@)
B\ ) 2, wel A &0
< (24D 4 9E)e + 12(2 + 2D + E)B(e). (8.8)
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8.1 Generalization to Cayley graphs of finitely generated amenable groups

Since a is admissible we can use the translation invariance [(A1)[ (see Definition 4.3|) of
a and the translation invariance (see Definition |4.1]) of the measure to get

1
Ea (K (e),) (v) = — Ea (K] (¢),)(x)
,I;J(E) t€§€)
1
= E (a(K; (¢), ) (@) o 7)
1—;,](5) tE%é)
1
= Ea (K7 (e)t,-)(2)
T (e) TZ() ]

for all z € R.
Now first let j > j(g) and by (8.7) Vz € R

KT( ),) () Ea(A,-)(x)
Z @) A

N(e)

<E Z 77Z
< ) e

< (24D +9E)e +12(2+ 2D + E)B(e)

holds.
Since this is true for all x € R this also shows
i (|35 e EAUELE)) @) _ Bady ) (o) @9)
| & K@) ]
< (24D +9E)e + 12(2+ 2D + E)S(e). (8.10)
N(e) Ea(K](e),) ()

We will use this equation now to prove that ) m(e)w satisfies the Cauchy
i=1 ‘
property for € — 0.
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8 More general geometries and interactions

For this let 0 < 6 < & < 1/10. Then choose a j > max(j(d),j(¢)). Now

Z ni(e K Z i (0 71{ ((;)’ )

N(e)

Ea (K7 (€),-) Ea(A;,-)
< i — 8.11
< |G A (811

Ea(A;) _N<, 5 Ea(K(0).)

A 2O

< (24D 4+ 9E)(e + 6) + 12(2 + 2D + E)(B(e) + 5(9)) (8.12)
<2((24D +9FE)e +12(2+ 2D + E)B(e)) — 0
N(e) r

since () is monotone increasing in € and f(e) » 0if e — 0,s0 > m(e)w

NGe) a( KT .
converges to a limit a = hm Z ni(e )%

With the same idea, let € € (0 1/10) and k,l > j(g), so that

Ea(A,)  Ea(Ar,) o \Ea(K7().) Ea(A,)
' [A] A Hof ;W) |Ki(e)] Al
& Ea(Kl(e),)  Ea(A)

’ ;"i(@ ®El 1A

2((24D + 9E)e +12(2 + 2D + E)B

which proves that (ECL'(/{\’])) N is also a Cauchy sequence for n — oo that converges
nE

uniformly to some a* := lim ‘( ”|’) Since is true for all j > j(e) the two limits

n— 00

coincide, so a = a* and . follows by taking the limit 6 — 0 in (8.11)). O
Now we just need to combine the previous results to obtain

Theorem 8.10 (Concentration inequality for admissible functions on Cayley graphs
of finitely generated amenable groups)

Let G be a finitely generated amenable group, A € B(R), Q = A%, (Q,B(Q),P) a
probability space satisfying |(M1)| and [(M2) from Definition a:CxQ — B be
a generalized admissible function with a sub-additive boundary function as defined in
Definition[5.6 and 0 < a(A,w) < |A] for all A € C.

Let (Ap)nen and (Qn)nen be Folner sequences, where (Qp)nen is nested and fulfils the
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8.1 Generalization to Cayley graphs of finitely generated amenable groups

requirements of Remark [8.5

For e € (0,1/10) let K;(e), i € {1,...,N(e)} and jo(e) be given by Theorem[8.3

Then there exists an a* € B such that for all k > 0 and 2 < M there exists for all
J > jo(e) an event Quyje . € B(Y) such that

P(Qur o) > 1 — 2N(€) M exp <—\/ (1‘;(;() a1 Mi% ) ,

where Ky = (log?g’}gf&) 5+ o M)) E 279\/2 4 2qlog(2), and for all w € Qpsjen

we have

< (54D + 20E)e + (50 + 48D + 24E)3(e) + & (8.13)

o0

< (50 4 102D + 44E)/e + k. (8.14)

Proof. With K;(e), i € {1,..., N(e)}, TV (¢), i € {1,..., N(¢)} and jo(e) given by Theo-
rem [8.3] we use the triangle inequality for

N(e)

ahiw) e (23 o (KT(0)t,)
IR S et ;”z(g)\y‘(@\%@ (e
M) a(KT ()t w) & Ea(Kr(e),
e >\tTZj( o )‘;’%’(5) B

N(e) "), .
i=1 !

and apply Lemma [8.0] to the first, Theorem [8.8] to the second and Corollary 8.9 to the
third term on the right to get the event Qs ;. . € B(f2) as claimed and the bound

< (24D + 9E)e + 12(2 + 2D + E)B(e)

o0

+2B(¢) + 23D + E)e + &
+ (24D + 9E)e 4+ 12(2 4 2D + E)B(e)
< (54D + 20E)e + (50 + 48D + 24E)B(¢) + &

for all w € Qps . The inequalities ¢ < /e and f(e) < /e from Remark finish
the claimed statement. O
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8 More general geometries and interactions

Remark 8.11. The concentration inequality given here is of the sub-root-exponential-
type, however we can of course also formulate a matching sub-exponential-type in-
equality. By using the same proofs with inequality in Lemma instead of
we get that in the setting of Theorem with the additional condition that

% ‘A ’ > (12K2) where

168 >
Ko = 279/2 + 2qlog(2
= (1 * i) 7 V2 )

log(3/2) pn

there is a set Q; - With

, K2 1-
P(e) > 1 - 2N(e) exp (—MN(;) ‘KN()) Bl \MI)

such that (8.13) holds for all w €

7,E,K"

8.2 Long-range percolation Hamiltonians

Another extension of Theorem allows for unbound hopping range operators in
the context of long range percolation. Instead of using a nearest neighbour Laplace
operator combined with a random potential at every point in Z¢ we will construct
a graph by randomly connecting any two points in Z¢ and then apply a Laplace
operator on the resulting graph. We will see that it is nevertheless possible to show a
concentration inequality for the eigenvalue-counting function of this Laplace operator.
To implement long-range percolation in our framework, we need to ensure that the
needed properties are fulfilled. For this we follow [Sch12b].

8.2.1 The probability space of long-range percolation

We will only consider the group Z? here, but the procedure easily generalises to finitely
generated groups with a finite and symmetric set of generators and a monotiling Fglner
sequence. Asin Chapter let C denote the set of all finite subsets of Z. Let I = (V, E)
be the graph consisting of the vertex set V = Z? and the edge set E consisting of all
unordered pairs of vertices x,y € V, denoted by e = [z,y]. Our sample space is
Q = {0,1}¥, so for w € Q each edge e € E between two points is randomly either
activated (if we = 1) or deactivated (if w, = 0). Each w € Q then gives rise to a
subgraph I', = (V, E,), where E, contains only the activated edges. A o-algebra
B(Q) for this space can be constructed using cylinder sets. Now a probability space for
this measurable space can be constructed from any sequence p = (p(z)),czqe € €1(Z%)
that fulfils 0 < p(z) < 1 and p(x) = p(—x) for all z € Z%. The way to do this is by
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8.2 Long-range percolation Hamiltonians

choosing this as the probability measure for all links between 0 and all other points in
Z%. Then this probability function can be extended to all other marginals by mapping
each edge to an edge connecting to 0 in the following way:

Let e = [z,y] € E and define first for w € Q a probability measure P, on {0,1} for w,
by

]P)e(we = 1) = p(l’ - y) and Pe(we = O) =1 —p(:IZ - y)

where w € €. From these measures we can construct a product measure P =[] . Pe
on €.

Since Z is finitely generated with a symmetric set of generators we can use the graph
metric d as in Definition Bl

Here we will construct some random variables for later use. First we define the set E®
of edges of length equal or less than a given number R, i.e.

ER :={e=[z,y] € E|d(z,y) < R}

and let pf* be the projection from Q2 to Qf = {0, 1}ER. For a finite subset Q € C we
further define the space E’g = {e =[x,y] € Bf | x,y € Q} of edges of length equal or

smaller than R that connect vertices in (), with an associated projection Hg from QFf
R

to Qff = {0,1}%.

In combination we get a projection

Xg: O — Q& Xg = HgopR.

As projections these maps are measurable and since Eg is finite the induced o-algebra
on Qg by Xg = Hg o pf* is just the power set of Qg. We can also define a subgraph

FXg(w) = (Q,ng) with
Ef.,={ec Ef| (Xf(w)), =1}

Thus, T’ XE(w) is the graph with vertex set () and the edges between them that are

contained in F,, and have a length of at most R. We need to check now if we can
verify the assumptions on P required by Definition

Lemma 8.12
The probability space (Q, B(2),P) defined above fulfils:

1. P=1Po~, for all translations ., defined as
Yz = Q, (Vzw)[x,y} = Watzytz Y2 € 7

2. For alln € N and Q1,...,Qn € C with |Qi| # 0 for all 1 < i < n and

min{ds(Qi, Q) | ¢ # j} > 0 we have that the projections (Xgi)1<'< are
<i<n

independent.
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8 More general geometries and interactions

Proof. 1. We have

P(20)wy) = 1) = PWtzyt) = 1) = p (2 +2) = (y + 2))
=plx—y) = P(w[m,y] =1)
and therefore Po~, = P.

2. All w, are independent by construction, and if @1, ...,Q, € C with |@Q;| # 0 for
all 1 <i < n and min{dset(Q4, Q) | ¢ # j} > 0 then there is no edge that will be
part of more than one of the edge sets Egi, 1 <4 < n. Since there are no shared
edges, the projections (Xg,) are independent.

i/ 1<i<n

O]

The next step would be to find an admissible function as defined in Definition but
this will not be possible on the whole space €. First we need to exclude all random
graphs with vertices with infinitely many neighbours, where a neighbour of a vertex x
is any vertex y where [z,y] € E,. With our chosen probability measure those graphs
have zero measure, which can be shown using the Borel-Cantelli-Lemma [2.9}

Define for each = € Z% the vertex degree of z in T',, by

Me() = ){y e 7% | [x,y] € B} € [0, 00]. (8.15)

Now for x,y € Z% define the event Ap, ) = {[z,y] € E,} that z and y are linked.
Then

> P(Apy) = > plz—y) <o

yeZ? y€eZ?

since p € £'(Z%). The Borel-Cantelli-Lemma then guarantees the existence of a set
Q, C Q of full measure where m,(x) is finite for each w € €, and by

P({3z € Z : my(x) = o00}) =P | ] {mu(z) = oo}

€LY
< 37 B ({mo(z) = oo})
x€Z4
<Y PQ\Q,) =0
x€Z4

it follows that this is also almost surely true for all z € Z% at the same time since Z¢
is countable. We will call this subset

Q=) %

reZd
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8.2 Long-range percolation Hamiltonians

and the graph Iy, is locally finite for every w € (.

However, to continue we need to restrict the probability space further by only consid-
ering events where there are not too many long edges.

With the metric defined in Section we can define again for R € N an R-boundary
for any given set Q C Z% as

ORQ = {er\ahezd\Q:d(x,h)gR}u{erd\Q |3he€Q:d(z,h) gR}
and the R-interior of (), i.e. the remainder of () without the R-boundary as
Q" :=Q\d"Q.
For a fixed R € N and a finite subset Q = {1,...,7)g|} € C the random variables
Yi,i=1,...,|Q| with
Yz(w) = Z Wiz;,y]
yeMF
where
MP = {x € Z% | d(x,z;) > R,z # x;¥j < i}
= BR(l'i)C \ {1'1, ...,{L‘i_l}

count all edges incident to vertices in ) with length greater than R without double
counting edges between vertices in ) so that all Y; are independent of each other. In
[Sch12b] it was shown that with

c:= H (14 p(y)(e —1)) (8.16)
A
the estimate

P(Y; > t) < ce™?

holds for all t € N and all ¢ € {1, ...,|Q|}. This can now be used to apply a Bernstein
inequality. First choose T € N large enough for

o0
1
tle™t < —
t=T+1
with ¢ as in (8.16)). Now define the monotonely decreasing function

e:R—-R, e(R):=EY)= > py (8.17)
y€Z4\BRr
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8 More general geometries and interactions

and let Ry € N be such that for all R > Ry

T -1
e(R) < e(Ryg) < —%log 1— (32#)

t=1

T
Since ) 2 > 1, this implies e(R) < % for all R > Ry and therefore also p(y) < 5 for

1
2

all y € Z4\ Bg,. Based on this the following Lemma was proved in [Sch12b].

Lemma 8.13 (|Sch12bl Corollary 3.3])
Let Ry and c be as defined above, 6 >0 and @ € C. Then for all R > Ry

exp(—m) 0<6< c‘%

)
exp(— 22y, 6> L

P(Q1(6, R, Q)) < {

where

QI
MR, Q)) = wEQ\ZY ) = Q[ (e(R) +0)

is the set of all w € Q so that there are at least |Q| (e(R) + 0) edges in E,, connecting
to vertices in Q) that are longer than R.

In the following we will also define

Q2(57 Rv Q)) =2 \ Q1((57 R7 Q))

8.2.2 The Laplace operator on a percolation graph

Now we can take the next step and define the operator we want to consider, the Laplace
operator A, on our random graph as defined in [Sch12b]. To make sure the operator
is well defined we will only consider w € €y, random graphs which are locally finite.
As was shown before, this set has measure one.

Let 4o(Z?) C £2(Z%) be the dense subset of complex-valued functions on Z¢ with finite
support and define the operator A, : £o(Z%) — (2(Z%) by

Aup(z) =mu(@)p@) — Y. ey)= > (p)-e®).

y:[z,yl€Lw y:[z,yl€E,

This operator is known to be essentially selfadjoint [Web10, Theorem 2.1], so there is
a domain D,, such that A, : D, — (2(Z%) is the unique selfadjoint extension of A,,.
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8.2 Long-range percolation Hamiltonians

For a given subgraph S = (Vg, Eg) of the complete graph I' = (V, E') where Vg is finite
we similarly define an operator Ag: ¢?(Vs) — £2(Vs) via

Asp(z):= Y (plz) =)

y€EVs:[z,y|€Ls

Let S be the set of all subgraphs of the complete graph I with a finite vertex set and
S(Q) the subset of S consisting of all subgraphs with a fixed finite vertex set Q. If we
already have a subgraph S = (Vgs, Eg) of I and a set @ C Vs we further construct a
subgraph S[Q)] of S on @ by setting as the edge set all edges in Fg that connect points
in Q.

Furthermore we now define restrictions of A, and Ag to subsets by projections and

inclusions analogous to Definition The space £2(Q) can be identified with a
subspace of £?(Z%) consisting of all functions whose support is a subset of Q. Then we

project on this subspace via pg: ¢2(Z%) — (2(Q) with pg(¢)(z) = p(z) for z € Q. We
also define the inclusion ig: £2(Q) — £2(Z4) by

u(z) if x € Q,
0 else

iQ(u)(r) := {

For finite Q@ C Z% and U C Vg we now form the restricted operators
Au[Q] := poAuviq
Ag[U] := puivsAspvgiv-

These restricted operators are symmetric matrices with real entries and therefore her-
mitian. As such they have real eigenvalues and the number of eigenvalues is |@| in the
first and |U| in the second case if we take into account multiplicities.

What we are interested in are specifically the eigenvalue-counting function (evcf) of
our operators, defined analogous to Definition but this time we need to be more
specific about the operator whose eigenvalues we are counting.

Definition 8.2.1. Recall the Banach space
B:={F :R — R : F right-continuous and bounded}.

The eigenvalue counting function (evef) n(A): R — R of a selfadjoint operator A on a
finite dimensional Hilbert space V is

n(A)(z) == [{i e N| X <z}

for all z € R, where \;, ¢ € 1,...,dim V' are the eigenvalues of A counted with multi-
plicities.

The evcf has some useful properties that we already used in Lemma
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8 More general geometries and interactions

Lemma 8.14 (JLSV10, Proposition 7.1])
Let A and C be selfadjoint operators in a finite dimensional Hilbert space. Then

[n(A)(z) —n(A + C)(z)| < rank(C)

for all x € R.

Lemma 8.15 ([LSV10, Proposition 7.2])
Let V' be a finite dimensional Hilbert space and U a subspace of V. Then

[n(A)(z) — n(pAi)(z)| < 4rank(idy —iop)

for all selfadjoint operators A on V and all x € R where i : U — V is the inclusion
and p:V — U is the orthogonal projection.

8.2.3 Constructing the finite range operator

We will now investigate the influence of long edges on the evcf. We want to apply
the concentration inequalities of Lemma later, but we need to find suitable inde-
pendent random variables. Since the graph might contain edges of arbitrary length,
we cannot isolate the Laplace operator on some finite subgraph of I' from the rest of
the graph. Thus, we need to modify the Laplace operator to remove these edges and
quantify the disturbance this causes. We follow [Sch12b] in part, but will construct a
slightly different operator. First we compare for w € €y, @ € C and R € N the oper-
ator A, [QR], the Laplace operator restricted to a finite subset Q*, with the operator
Ar, @ [QT], which is the Laplace operator restricted to the subgraph I',[Q] and then
restricted to Q'. Both operators are defined on £2(Q®). Since the embedding of any
function in ¢2(QF) into ¢2(Z?) vanishes outside of Q¥, these functions can be written
as

Aul@Fp(2) =mu(2)p(z) — > @ly)

yEQR:[zy|€ By

Ar,@@Fe(z) = mu(2)e(z) — Y. ¢(y)

YEQE:[z,y]€Ey

where my,(2) = [{y € Z¢ | [2,y] € E.}| as defined in and

mw(z) = {y € Q| [2,y] € E,}|. This means that my(z) counts the number of edges
that end in z if we look at every possible edge to points in Z?¢ and m,(z) only counts
edges to other points in Q. Thus, the difference between A, [QF] and Ar, i@ [QF] is

the multiplication operator DE'[Q] : £2(QF) — £2(QF) with

(DEMQIR)E) = |{y € 2\ Q| 29 € B} o(2).
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8.2 Long-range percolation Hamiltonians

We further define an operator DE2[Q] : 2(QR) — (2(QF) as

(DE[Qle)(2) = {y € Q | d(z,y) > R, [2,1] € E}| o(2).

This operator multiplies every function value at a point z with the number of edges of
length greater than R between z and other points in Q.
The sum of both multiplication operators is

((DE[Q]+ DE2(Q)¢) (2) = [{y € 2! | d(z.y) > R, [24] € B }| ()

since z € QF, and therefore any edge connecting to Z?\ Q has a length greater than
R. This is a diagonal matrix operator whose number of non-zero entries is limited by
the number of edges of length greater than R that are connected to a point in QF.
Thus,

rank (D(Q] + D (Q) < Q1 ((R) +6)
if w € Q(6, R, Q)). By Lemma [8.14] this means
In(2u[Q7]) = n (8@ = DEQ - DI*IQD |, < 1QI((R) +0)  (8.18)

ifwe D, R,Q)).
At last we define for w € i, Q € C and R € N an operator L,[Q] : £2(Q) — £*(Q)
as

(Lo[Qle)(2) := > o (y).

YEQ:[2,y|€EEL d(2,y)>R

This operator contains the off-diagonal influence of edges between points in () that are
longer than R. If w € Q2(6, R, Q))) there are at most |Q| (¢ + ¢) edges of length bigger
than R that connect to points in Q, so the matrices L, [Q] and L, [Q] contain at most
21Q| (¢ + 9) non-zero elements and thus

rank(L,[Q]) < 2|Q| (e(R) + 9)
rank(L,[QF]) < 2|Q] (e(R) +9). (8.19)

We can now form the finite range Laplace operator Aff"w ) [QF] : 2(QF) — £2(QF)
with

AR, Q" = Ar, @@ + Lu[Q] = DF?[Q] = AuQ"] = DIQ] + Lu[Q"] — DI?(Q)

which does not depend on any edge longer than R at all. We can write this operator
explicitly as

AL (@@ (2) = mi,(2)p(2) — > e(y)

yeQ:[z,yl€ By, d(2,y)<R
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8 More general geometries and interactions

with m[,(z) = |{y € Z| d(z,y) < R, [2,y] € E,}| Furthermore there is also again a
restricted operator

AF )lU] = puign AR, (g[Q@"] por iv
for subsets U C QF.
Lemma in combination with and now leads to
| (au1@™) = n (At @@M)]
< [[n (Aul@™) —n (AulQ™) - DE'(Q) - DE*(Q)) ],
+ [ (aul0™ - DEYQ) - DE21Q)) — n (AF g 1@™)|
< Q[ (e(R) +6) +2|Q[ (e(R) 4 6) = 3|Q| (¢(R) + 0) (8.20)

if w € Qo(6, R, Q).

8.2.4 Admissible percolation functions

Next we want to establish a uniform convergence for n (A{?w @l [QR]) . 'To continue with

the strategy we used for the eigenvalue-functions of Anderson operators, we need to
ensure that we still have all necessary properties of admissible functions from Definition
However, since the probability space is slightly different, we get

Lemma 8.16
The eigenvalue-counting function n (A{fw[Q] [QRD of the finite range Laplace operator

on the percolation sub-graph T',[Q] has the following properties:
(AP1) translation invariance: For Q € C such that Q% #0, z € Z% and w € Q we have

n <A15M[Q+z] Q" + Z]) =n (Aﬁ(%w)[@ [QR]) :

(AP2) locality: For all Q € C such that QF # 0 and w,w’ € Q with Xg(w) = Xg(w’)
we have

n(AF Q") =n (AR, gle™).

(AP3) almost additivity: For each w € §Q, pairwise disjoint Q1,...,Q, € C such that
QR A0 for1 <i<mn and Q =, Q; we have

k k
n (A]Fi[q [QR]) -2n (Aﬁm [Q?]) <4 Z; 07Q,| . (8.21)

=1

o0
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8.2 Long-range percolation Hamiltonians

(AP4) boundedness: For Q € C such that Q® # () we have

wup [ (AfLial@) | <10

weN

(AP5) monotonicity: the function n (Al{i[Q] [QRD is monotone increasing at all points,
i.e. for all Q € C such that QF # 0 and all w € Q we have

Ve, xo: a1 <z =n <A§w[Q] [QR]> (1) <n (AIEW[Q] [QR]> (x2).

(APG) point-wise measurability: the function n (AF ] [QR]) () : Q= Ris Xg-measumble
for all x € R and Q € C, with the usual Borel o-algebra as the o-algebra of R.

Note that almost additivity was already proven in [Sch12b].

Proof. We show the properties in the ordering given above:

o (AP1) Here, we will show that the sub-graphs I',[Q + z] and T'(,_,[Q] are isomorphic
Q4] [QR + 2] and AR ) [Q] are identical. The
vertex set of I'(y_,)[Q] is @ and the vertex set of 'y, [Q + z] is Q + z, so the map
B:Q — Q+ z,8(y) =y + z is bijective. We need to check that a,b € @ are
adjacent in I'(_,[Q] if and only if 3(a) and B(b) are adjacent in I',[Q + 2].
The points a and b being adjacent in I'(,_,)[Q] is equivalent to 1 = (7,w)[q =
Wiatz,bt+2] = W[B(a),3(b)]> Which is equivalent to $(x) and B(y) being adjacent in
', [Q + z]. Therefore, § is a graph isomorphism as required.

and thus the eigenvalues of A

o (AP2) If Xg(w) = Xg(w’) then any edge of length less or equal to R that is acti-
vated /deactivated in T',[Q] is also activated/deactivated in I [Q] respectively.
These are the only edges that influence the finite range Laplace operator, thus
the eigenvalue-counting functions have to be identical.

k
o (AP3) Let Q = ALﬁJl Q; with disjoint sets Q;, i = 1,...,k. Since AIEW[Q} [Q%] has only

range R,

k
Af g [L_Jl Q' ] @ At g | @ AL o) (8.22)

where the last equality follows from the fact that AF (] [QZR] only depends on

function values in Qﬁ and edges connecting to Qf% with length less than or equal
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o (AP4)

o (AP5)

o (AP6)

146

to R, so everything outside of @); can be ignored.
The result from (8.22)) for the evefs is

k k
n (AR[Q] [L_Jl Qi D =) n (Aﬁm [Q?]) » (8.23)

i=1

parallel to Lemma
Lemma allows us to estimate the error that arises from restricting the op-

k
erator to £2 <U Qf‘) instead of ¢2 (QR) as
i=1

k
< 42 |0%Q;] (8.24)

0 i=1

n (Affw @l [QR]) o <AI@“ < [O QZR] )

=1

resulting in

k
<4 10RQ| (8.25)

00 i=1

n (Al [Q) = 2on (Ao, [@1)

=1

as required. See also the proof of Lemma

The boundedness of the eigenvalue-counting function follows from the fact that
the restricted Laplace operators are real symmetric matrices.

The monotonicity follows from the definition of the eigenvalue-counting function.

Since the finite range Laplace operator on a sub-graph does not depend on edges
with length longer than R we have

n(afl0") @) =n (Ary, @) @ (5.26)

with the subgraph I‘QR(  defined in 8.2.1 Thus, n (AIE @l [QR]) (x) only de-
Q w

pends on Xg. Consequently it is Xg—measurable, as the induced o-algebra of

Xg(-) on Qg is the power set and every function on Qg is Xg—measurable. This

includes n <AFR [QR]> (x).

xEe)



8.2 Long-range percolation Hamiltonians

8.2.5 Geometric bounds

Now that we have established the necessary properties, we can continue on to the
geometric bounds that result from them. Here we will proceed along the proofs of
Lemma [5.7 and Lemma [5.8

Recall that

T i={t € T : Ay +t C Ay},

p(m) = max dyga(z,y) and
z,yEAm

Lemma 8.17

Let (Ap)nen be a monotiling Folner sequence in Z¢ as in Definition . Then we
have for all w € Q, n > W (p(m)) with W from Remark[5.4] and any R € N such that
AT #0, AL #0

n (AII‘%W [An] [A,’f]) 1 n (Aﬁw [Am+1] Al + 75])
| Ay | Tl et [ A
0P (A,,)] |08 (Apn)| |oPmIHE(A,)| |08 (A)]
<2 +4 : +4 +4
- | A nl | A nl | A nl | A
and
lm lim || (ALaM) n (A, AF]) 0
11m 1m — = V.
m—00 N—r00 |An| |Tm,n t€Tm.n |Am|

[e.9]

Proof. We can mostly follow the proof of Lemma with a(Ap,w) =n (Aﬁw (An] [Aﬁ])
and use the triangle inequality for

a(Ap,w) 1 a(Apm +t,w)
A Tl 2= 1A
a(Ap,w)  a(A,,w) H a(An,w) — a(Apn,w) H
< — ’ (8.27)
|An| [Amnl log | A -

_l’_

a(Apn,w) 1 Z a(Ap, +t,w)

Dol Tonal G~ 1Bl |
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8 More general geometries and interactions

We use (5.20) and |(AP4)| for

a(An, w) a(An,w>H 070 (A)|
- < o le(An, W)l
|An] [Amnl Nl ™ [Amnl[An]
‘ap(m)(An)‘
e 2
ST (8.28)
For the second term we use [(AP3)|and
Am,n = An \ Am,n
for
R R A A
a(An, ) = a(Amn, ) H A|OR ()| + 4 [0 (R )| + (R .
[ A o [ Al -

For the next step we need to establish a further property of monotiling Fglner sequences
along the lines of Lemma namely that if we have A/, A € C with A’ C 9"(A)NA
for an r € N then 9%(A’) C 9"+E(A) for any R € N.

To see this let z € OF(A’). Either z € A’ and therefore z € 8" (A), or z € A’ and there
is a y € A’ such that dya(z,y) < R. Here we can distinguish two cases:

e z € AY: Then we have dg(z,A) < R since A’ C A.

e z€ A\ A Since y € A’ C 9"(A) we have dget(y, A®) < 7 and thus
dset('z7 AC) < dZd (27 y) + dset (Z,h AC) < R+r

resulting in z € 9"H(A).

From 9"(A) C 8’“({\) for all h < k then follows 9%(A’) C 9"E(A) as claimed. We
use this for Aj = Ay By of Lemma we have A, c 9§°(m) (An) U Ay, and
consequently A, , C 8p(m)(An) N A,. Thus,

" (R

< lap(m)JrR(An)‘
and

] < e

< ‘ap(m)(An) _

We can therefore bound (8.29) by

(8.30)

a(Ap,w) — a(Apn, w) H _ @] [0 Ama)] | |07 R ()|
+4 +4
’Am,n‘ 00 o |Am,n’ |Am,n‘ |Am,n’
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8.2 Long-range percolation Hamiltonians

For the third term of (8.27) we use |[(AP3)| for

a(Amp,w) 1 a(Ap, + t,w)
| Al T A

tETm,n 00

1

= ——— |la(Ap W) — a(Ap, +t,w)
Tl [Am| 2

t€Tm,n 00

Y 4|0 Anm+t)| = 4‘87A(A"“)‘ .

t€Tm.m

1

< 31
B ‘Tm,n| ‘Am| (8 ’ )

Combining (8.28)), (8.30) and (8.31)) leads to the claimed bound

n (Aﬁ [An] [AED 1 n (All“%u [Amt] [AnthD
A [Tl [Am|

teTm,n 00

L 4107

‘ap(m) (An)‘ \6R(Am n)‘ |ap(m)+R(An)‘
<2 +4 o+ 4
[ Al [ A

T A [Am.n

and the convergence

n (Ajr%w TRILES ]) 1 n (AIEW[Amt] [AﬁtD

=0.
A

i A " Ton

teTm.m ~

follows from the properties of monotiling Fglner sequences listed in Lemma [5.5 O

We can use this Lemma to establish convergence of the expected value with basically
the same proof as Lemma leading to

Lemma 8.18
Let (Ap)nen be a monotiling Folner sequence in Z@ as in Definition .
En(AR AR
Then W forms a ||-|| .o -Cauchy sequence and there exists a limit function

a* € B that is also monotone increasing. Furthermore for any R € N such that A # ()
we have

B (A0, [A1]) I I 1O %)
|An T A

[e o]
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8 More general geometries and interactions

8.2.6 Concentration inequality on percolation graphs

After this preparation we are able to apply the concentration inequalities for right-
continuous, bounded random functions of Lemma to the Laplace operator on
long-range percolation graphs as well.

Let (Ay)nen be a monotiling Folner sequence in Z?%. Recall c = [[ (1 +p(y)(e — 1))

yeZd
as defined in (8.16]) and

e(R) = Z p(y), p(m) = max dgzi(z,y), Amn = U (A, + 1)

z,yEN
y€Z4\ By " t€Tm.n

with Ty, := {t € Tp, | Ay +t C Ay} and the tiling 7}, defined in Definition

Theorem 8.19 (Concentration inequality for the eigenvalue counting function of the
Laplace operator on a long-range percolation graph along monotiling Fglner sequences)
Let (Ap)nen be a monotiling Folner sequence in Z2. Then there exists a limit function
a* € B such that for all k >0, § < &, n > W(p(m)) with W from Remark 2<M
and any R € N such that AR # (0, AR +£ () there is a set At nmoro.r € B(Y) such that

n(AJ[AR) |07 (A,)| |08 (A )| |0PmTR(A,)|
A LS TRl T el T T
R
+ SW +r+eR)+6 (8.32)

for allw € Ay nmrsR-
The probability of Anrpmxs,r can be bounded by

5% |A,, T
P(AM,n,m,ﬁ,é,R) > 1-— exp (—H> — Mexp <_m> ’

4 Ko

° 40(M+1 = g—
where Ky = <log(3/(2)(M)—1) + log?M)) q§02 7,/2 4 2qlog(2).

Proof. The existence of a limit a* follows from Lemma [8.18f We use the triangle
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8.2 Long-range percolation Hamiltonians

inequality for

n(aunE) L e elaB) - (af a8
Al - |
n <A113w[ An][Aﬁ]) ) n (Af?w a e AR+ t])
AT Tl & A )
) n (AR AR 1) En (AR, AR)
ol 2= A T A
+ o (AIFTWA[AT][A%) —at|| . (8.33)

Because of (8.20) the first term on the right side of (8.33)) is bound by 3(e(R) + §) if
w € Q9(0, R, A,,). The second and fourth term can be bound by the terms given in

Lemmas [8.17) and Consequently, it remains only to bound the third term.
As already mentioned in (8.26]) we have

R Ry) _ R
n (AFw[Q] @ ]) =n <AFXS(W) @ ]>
with the subgraph Fxg(w) =(Q, ng) with
E§,={ec Ef | (X§(w)), =1}
If we also use |(AP1)| we get

n <A1]3L[Am+t] (A + t]) =n (Aﬁtw[Am][Aﬁl]) =n (Arxﬁm e [Aﬁo :

The random variables (X fm +t) are independent, since

teTm,’n
min{dget (A, + t1, Ay + t2) | t1 # ta} > 0 by the definition of monotilings. Thus,
the random variables (X fm o %)teT are also independent, and by the translation
invariance of IP also identically distributed. We define

ea: QU =B, oa(v) ==n(An,, ) [AR]),

ie pa (Xf”m (w)=n (Aﬁ[Am} [Aﬁ]) . Lemma(8.16/ensures that ¢a is a right-continuous,

monotone, bounded random function and we can apply Lemma with s = [T,
(Xi)i<ics = (Xfm o %)teT and ¢ = pa to get a set Ay pm . € B(£2) such that

) n (A{?w[ raglAB + t]) En (A{?w[ Am][Aﬁ])
A - [ A -

e}

| T tE€Tm n
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for all w € Aprnm.x € B(2) and

/Pl
IP>(AM,n,m,m) >1— Me Kpr ,

2 40(M+1 -
where K); = (IOg(3§2)(JIFVI)*1) + log?M)> q;OQ 7,/2 4 2qlog(2) and 2 < M. The better

constant K M instead of K, follows from Remark and the fact that
lim n (A, »)[AE]) () =0 for all v € QF

T—r—00

Therefore, we can get the claimed bound (8.32) for
w e AM,n,m,m,é,R = 92(57 R, An) N AM,n,m,/i N Qlf-
With Lemma [8.13] we can calculate

P (AS nmrsr) =P (Q2(6, R, A, U Af U Q)

Mnm,k

<P (6, R, AL)Y) +P (A pms) +0

M,n,m,k

2 T
< exp <—6 |An‘> + M exp <— mn|f<~'>

4 Ky

and arrive at the wanted estimate for the probability of A/ m k.6 R- ]

Remark 8.20. This is again just a Sub-root-exponential concentration inequality, but
just as before we can also use the same proofs with the Sub-exponential concentration

o N2
inequalities to get that in the setting of Theorem [8.19| provided that |1}, | > (12%)
there is also a set By, y, x5.r € B(€2) such that

6% |A 1
P Bums) 2 1—exp (=) —exp (— 10 ).

and (8.32)) holds for all w € By, 1, .6.R-
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