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Abstract
This note is concerned with efficient Newton-multigrid finite element method
(FEM) solver for multifield nonlinear flow problems. In our approach, for effi-
cient FEM solver, we advantageously use the delicate symbiosis aspects of the
problem settings for FEM approximations, and the algorithmic tools to obtain
the numerical solutions. We concretize our ideas on thixoviscoplastic flow prob-
lems. It is a two-field coupled nonlinear problem. And beside the integrated
nonlinearity within momentum andmicrostructure equations, thixoviscoplastic
problems induce a nonlinear two-way coupling. As far as FEM numerical solu-
tions are concerned, we set the problem in a suitable variational form to use the
corresponding wellposedness analysis to develop FEM techniques for the solver.
Indeed, the wellposedness study is not an intellectual exercise, rather it is the
foundation for the approximate thixoviscoplastic problemaswell as for the devel-
opment of an efficient solver. We base our investigations for the solver on our
wellposedness and error analysis results of thixoviscoplastic flow problems pub-
lished in Proc. Appl. Math. Mech. We continue our series, and proceed to develop
a monolithic Newton-multigrid thixoviscoplastic solver. The solver is based on
Newton’s method and geometric multigrid techniques to treat the coupling of
the problem. So, we use Local Pressure Schur Complement (LPSC) concept to
solve the coupled problem on mesh’s elements, and proceed with outer blocks
Gauss-Seidel iteration to update the global solutions. Furthermore, we handle
the nonlinearity of the problem with the combined adaptive discrete Newton’s
andmultigridmethods. The adaptivity within discrete Newton’smethod is based
on the adaptive step-length control for the discrete differencing in the Jacobian
calculations, while the convergence of linear multigrid solver is made to match
the convergence requirement of nonlinear solver, accordingly. And the solver’s
update parameters are solely dependent on the actual convergence rate of the
nonlinear problem. We provide the numerical results of solver performance for
thixoviscoplastic lid-driven cavity flow.
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1 INTRODUCTION

We shall consider efficient finite element method (FEM) solver formultifield nonlinear saddle-point problem of the
following system: Find (𝒖, 𝑝, 𝜆) ∈ 𝕍 × ℚ × 𝕋 such that

⎧⎪⎪⎨⎪⎪⎩

𝑎𝒖(𝒖, 𝜆)(𝒖, 𝒗) + 𝑏(𝒗, 𝑝) = 𝑙𝒖(𝒗) ∀ 𝒗 ∈ 𝕍,

𝑏(𝒖, 𝑞) = 0 ∀ 𝑞 ∈ ℚ,

𝑎𝜆(𝒖, 𝜆)(𝜆, 𝜉) = 𝑙𝜆(𝜉) ∀ 𝜉 ∈ 𝕋,

(1)

where, 𝑎𝒖, 𝑏, and 𝑎𝜆 are bounded forms on𝕍 × 𝕋 × 𝕍 × 𝕍,𝕍 × ℚ, and𝕍 × 𝕋 × 𝕋 × 𝕋, respectively, andwhere 𝑙𝒖, and 𝑙𝜆 are
bounded linear form defined on dual spaces 𝕍′, and 𝕋′, respectively. The problem (1) is coupled via (𝒖, 𝑝) and (𝒖, 𝜆). The
nonlinearity of the problem (1) is only with respect to the two-field (𝒖, 𝜆). The aim is to advantageously use the delicate
symbiosis aspects of the problem settings for FEM approximations, and the algorithmic tools to develop efficient solver
for the numerical solutions.
The problem (1) arises from the quasi-Newtonian modeling approach of Hous̆ka thixoviscoplstic model [3].

⎧⎪⎪⎪⎨⎪⎪⎪⎩

(
𝜕

𝜕𝑡
+ 𝑢 ⋅ ∇

)
𝒖 − 𝛁 ⋅

(
2𝜇(𝐷II,𝑟, 𝜆)𝗗(𝒖)

)
+ ∇𝑝 = 𝒇𝒖,

∇ ⋅ 𝒖 = 0,(
𝜕

𝜕𝑡
+ 𝑢 ⋅ ∇

)
𝜆 − (𝐷II, 𝜆) + (𝐷II, 𝜆) = 𝑓𝜆,

(2)

in Ω, with external forces 𝒇𝒖, and 𝑓𝜆. 𝒖, 𝑝, and 𝜆 denote velocity, pressure, and microstructure, respectively. Different
thixortopic models can be integrated via the extended viscosity, 𝜇(⋅, ⋅), buildup (⋅, ⋅), and breakdown (⋅, ⋅) functions
dependent on the shear rate via the regularization of Forbenius norm of symmetric part of velocity gradient, 𝐷II,𝑟, beside
the microstructure, 𝜆. Thixoviscoplastic flow equations (2) induce two-way coupling of viscoplastic flow equations, and
microstructure equation.On onehand, the extended viscosity function integrates themicrostructure via thixotropic plastic
viscosity and thixotropic yield stress. On other hand, the microstructure evolution equation integrates nonlinear buildup
and breakdown functions, dependent on shear rate and microstructure, responsible for the competition process of Aging
and Rejunevation. We refer to Table A1 for detailed description of some prototype thixotropic models.
We set the spaces 𝕍 ∶= (𝐻1

0(Ω))
2, ℚ ∶= 𝐿20(Ω), and 𝕋 ∶= 𝐻1(Ω), associated with the corresponding norms 𝐻1-norm|| ⋅ ||1 and 𝐿2-norm || ⋅ ||0, respectively, 𝕍′, ℚ′, and 𝕋′ their corresponding dual spaces, respectively [4]. And we introduce

the strong operators𝒖,𝒖 ∶ 𝕍 × 𝕋 × 𝕍 ⟶ 𝕍′ , and𝒖 ∶ 𝕍 × 𝕍 ⟶ 𝕍′ as follows

⟨𝒖(𝒖, 𝜆)𝒖, 𝒗⟩ =∫
Ω

2𝜇(𝐷II,𝑟, 𝜆)𝗗(𝒖) ∶ 𝗗(𝒗) 𝑑𝑥 ∀𝒖, 𝒗 ∈ 𝕍, 𝜆 ∈ 𝕋, (3)

⟨𝒖(𝒘)𝒖, 𝒗⟩ =∫
Ω

𝒘 ⋅ ∇𝒖𝒗𝑑𝑥 ∀𝒖, 𝒗,𝒘 ∈ 𝕍, (4)

and set

𝒖(𝒖, 𝜆) ∶= 𝒖(𝒖) + 𝒖(𝒖, 𝜆). (5)
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The following operators𝜆,𝜆 ∶ 𝕍 × 𝕋 ⟶ 𝕋′, and𝜆 ∶ 𝕍 × 𝕋 ⟶ 𝕋′ as follows

⟨𝜆(𝒖, 𝜆), 𝜉⟩ =∫
Ω

(
−(𝐷II,𝑟, 𝜆) + (𝐷II,𝑟, 𝜆))𝜉 𝑑Ω ∀𝜆, 𝜉 ∈ 𝕋, 𝒖 ∈ 𝕍, (6)

⟨𝜆(𝒖)𝜆, 𝜉⟩ =∫
Ω

𝒖 ⋅ ∇𝜆 𝜉 𝑑𝑥 ∀𝜆, 𝜉 ∈ 𝕋, 𝒖 ∈ 𝕍, (7)

and set

𝜆(𝒖, 𝜆) ∶= 𝜆(𝒖) +𝒖(𝒖, 𝜆). (8)

The following linear forms  ∶ 𝕍 ⟶ ℚ′, 𝑙𝒖 ∶ 𝕍 ⟶ ℝ, and 𝑙𝜆 ∶ 𝕋 ⟶ ℝ as follows

⟨𝒖, 𝑞⟩ = −∫
Ω

∇𝒖𝑞 𝑑𝑥 ∀𝒖 ∈ 𝕍, 𝑞 ∈ ℚ, (9)

𝑙𝒖(𝒗) = ∫
Ω

𝒇𝒖𝒗𝑑𝑥 ∀𝒗 ∈ 𝕍, (10)

𝑙𝜆(𝜉) = ∫
Ω

𝑓𝜆 𝜉 𝑑𝑥 ∀𝜉 ∈ 𝕋, (11)

Theweak formulation for thixoviscoplastic flowproblems (2) is described by the system (1)with the operators𝑎𝒖(𝒖, 𝜆)(⋅, ⋅),
𝑎𝜆(𝒖, 𝜆)(⋅, ⋅), and 𝑏(⋅, ⋅), given as follows

𝑎𝒖(𝒖, 𝜆)(𝒖, 𝒗) =⟨𝒖(𝒖, 𝜆)𝒖, 𝒗⟩ ∀𝒖, 𝒗 ∈ 𝕍, 𝜆 ∈ 𝕋, (12)

𝑎𝜆(𝒖, 𝜆)(𝜆, 𝜉) =⟨𝜆(𝒖, 𝜆)𝜆, 𝜉⟩ ∀𝒖 ∈ 𝕍, 𝜆, 𝜉 ∈ 𝕋, (13)

𝑏(𝒗, 𝑞) =⟨𝒗, 𝑞⟩ ∀𝒖, 𝒗 ∈ 𝕍, 𝑞 ∈ ℚ. (14)

The corresponding results for existence and uniqueness of the solutions to the problems can be found in literature [1].

2 FINITE ELEMENT DISCRETIZATION

Let the domain Ω be partitioned by a grid ℎ, which are assumed to be quadrilaterals. For an element 𝐾 ∈ ℎ, we denote
by (𝐾) the set of all one-dimensional edges of 𝐾, and by 𝑖 the set of all interior element edges of the grid ℎ

𝑖 ∶= ⋃
𝑘∈ℎ

{𝐸 ∈ (𝐾) | 𝐸 ∩ 𝜕Ω = ∅}. (15)

We define the conforming finite element spaces 𝕍ℎ ⊂ 𝕍, 𝕋ℎ ⊂ 𝕋, and ℚℎ ⊂ ℚ as follows:

𝕍ℎ =
{
𝒗ℎ ∈ 𝕍, 𝒗ℎ|𝐾 ∈ (𝑄2(𝐾))

2 ∀ 𝐾 ∈ ℎ, 𝒗ℎ = 0 on 𝜕Ωℎ

}
, (16)

𝕋ℎ =
{
𝜉ℎ ∈ 𝕋, 𝜉ℎ|𝐾 ∈ 𝑄2(𝐾) ∀ 𝐾 ∈ ℎ

}
, (17)

ℚℎ =
{
𝑞ℎ ∈ ℚ, 𝑞ℎ|𝐾 ∈ 𝑃disc1 (𝐾) ∀ 𝐾 ∈ ℎ

}
, (18)

where 𝑄𝑟 and 𝑃𝑟 are polynomials with maximum power in each coordinate less or equal 𝑟, and total power less or equal
𝑟, respectively. In what follows, the polynomial power 𝑟 is set to equal 2. Figure 1 exposes the distribution of degrees of
freedom for the flow fields.
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F IGURE 1 FEM pair for thixoviscoplastic flow problem: higher order FEM pair 𝑄2∕𝑄2∕𝑃
d𝑖𝑠𝑐
1 .

The approximated multifield nonlinear saddle-point problem of the following system:
Find (𝒖ℎ, 𝑝ℎ, 𝜆ℎ) ∈ 𝕍ℎ × ℚℎ × 𝕋ℎ such that

⎧⎪⎪⎨⎪⎪⎩

𝑎𝒖(𝒖ℎ, 𝜆ℎ)(𝒖ℎ, 𝒗ℎ) + 𝑏(𝒗ℎ, 𝑝ℎ) = 𝑙𝒖(𝒗ℎ) ∀ 𝒗ℎ ∈ 𝕍ℎ,

𝑏(𝒖ℎ, 𝑞ℎ) = 0 ∀ 𝑞ℎ ∈ ℚℎ,

𝑎𝜆(𝒖ℎ, 𝜆ℎ)(𝜆ℎ, 𝜉ℎ) = 𝑙𝜆(𝜉ℎ) ∀ 𝜉ℎ ∈ 𝕋ℎ.

(19)

The details for the existence and uniqueness of the approximate thixoviscoplastic problem (19) and the best approximation
can be found in literature[1]. The discrete matrix form of the approximate thixoviscoplastic problem supplemented with
stabilization terms to enhance coercivity for the microstructure, and to stabilize the convection for velocity is given as
follows

⎡⎢⎢⎣
𝗔𝒖 + 𝗝𝒖 𝟎 𝗕

T

𝟎 𝗔𝜆 + 𝗝𝜆 𝟎

𝗕 𝟎 𝟎

⎤⎥⎥⎦
⎡⎢⎢⎣
𝒖

𝜆

𝑝

⎤⎥⎥⎦ =
⎡⎢⎢⎣
Rhs𝒖
Rhs𝜆
Rhs𝑝

⎤⎥⎥⎦ (20)

The bilinear velocity and microstructure edge-oriented stabilizations 𝑗𝒖(⋅, ⋅), and 𝑗𝜆(⋅, ⋅) are defined as follows

𝑗𝒖(𝒖ℎ, 𝒗ℎ) =
∑
𝐸∈𝑖

𝛾𝒖|𝐸|2 ∫
𝐸

[∇𝒖ℎ] [∇𝒗ℎ] 𝑑𝜎 ∀ 𝒖ℎ, 𝒗ℎ ∈ 𝕍ℎ, (21)

𝑗𝜆(𝜆ℎ, 𝜉ℎ) =
∑
𝐸∈𝑖

𝛾𝜆|𝐸|2 ∫
𝐸

[∇𝜆ℎ] [∇𝜉ℎ] 𝑑𝜎 ∀ 𝜆ℎ, 𝜉ℎ ∈ 𝕋ℎ, (22)

where 𝛾𝒖 and 𝛾𝜆 are user-given parameters.

3 MONOLITHIC NEWTON-MULTIGRID THIXOVISCOPLASTIC SOLVER

Let {𝜑𝑖, 𝑖 = 1, 2, … , dim𝕎ℎ} and {𝜓𝑖, 𝑖 = 1, 2, … , dimℚℎ}denote the basis of the spaces𝕎ℎ ∶= 𝕍ℎ × 𝕋ℎ andℚℎ, respectively.
Thus, the vector solution ∶= (𝒖ℎ, 𝜆ℎ, 𝑝ℎ) = (𝒖̃ℎ, 𝑝ℎ) ∈ 𝕎ℎ × ℚℎ is expressed as

 =

dim𝕎ℎ∑
𝑖=1

𝒖̃𝑖𝜑𝑖 +

dimℚℎ∑
𝑖=1

𝑝𝑖𝜓𝑖 (23)

and the nonlinear discrete residuals for the system (20) is denoted as( ) ∈ ℝdim𝕎ℎ+dimℚℎ

𝑅( ) =
(𝒖(𝒖ℎ, 𝜆ℎ, 𝑝ℎ),𝜆(𝒖ℎ, 𝜆ℎ),𝑝(𝒖ℎ, 𝑝ℎ)

)
=
(𝒖̃(𝒖̃, 𝑝),𝑝(𝒖̃, 𝑝)

)
(24)

We use adaptive discrete Newton to linearize the nonlinear discrete Residual (24). The Algorithm 1 shows the solver steps.
The step-length control parameter 𝜀𝑙 is adaptively dependent on the actual rate of residual convergence 𝑟𝑙 [5, 6].

Furthermore, the damping parameter 𝜔𝑙 is set to unity.
In order to solve the linear systems, step (iv) in Algorithm 1, we use geometric multigrid solver. Thus, we set {ℎ𝑘 } to be

a family of hierarchy multilevel triangulations associated with mesh size ℎ𝑘, That is, we split each element on level trian-
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ALGORITHM 1 Adaptive Newton via adaptive step-length control parameter

F IGURE 2 Coupled Geometric-MG solver: two-grid Algorithm on a prototype mesh-slice.

gulations ℎ𝑘−1 into 2𝑑 (𝑑 = 2) new sub-elements to get level triangulations ℎ𝑘 denoted by 𝜎𝑖(𝐾), 𝑖 = 1, … , 2𝑑 (Figure 2).
We set 𝑘 ∶= ℝdim𝕎ℎ𝑘 , 𝑘 ∶= ℝdimℚℎ𝑘 , 𝑘 ∶= 𝑘 ×𝑘 and let 𝑘−1

𝑘 and 
𝑘
𝑘−1 denote the grid transfer operators,


𝑘−1
𝑘 ∶ 𝑘 ⟶ 𝑘−1 and 

𝑘
𝑘−1 ∶ 𝑘−1 ⟶ 𝑘. The parameters 𝜈1, 𝜈2 ≥ 0 denote the number of pre- and post-smoothing

steps, respectively.
The 𝑘th level iteration𝑀𝐺(𝑘, 𝛿0,) of themultigrid algorithmwith initial guess 𝛿0 yields an approximation to 𝛿𝑘,

the solution of

𝑘𝛿 =  (25)

One step can be described concisely throughout two-level Algorithm in Figure 2.
The smoothing in two-grid Algorithm (Figure 2) is performed using Local Pressure Schur complement (LPSC) schemes.
To set the local sub-problems, we introduce prolongationmatrices 𝒖̃

𝐾 ,
𝑝
𝐾 , and𝐾 defined on spaces of variables values𝐾 ∶= ℝdim𝕎𝐾 , 𝐾 ∶= ℝdimℚ𝐾 , and 𝐾 ∶= 𝐾 ×𝐾 , respectively. Then, the block Gauss-Seidel iteration reads

 𝑙+1 =  𝑙 − 𝜔𝑙

∑
𝐾∈ℎ

𝐾

(

T
𝐾

(
𝜕( 𝑙)

𝜕
)
𝐾

)−1


T
𝐾( 𝑙), (26)

 16177061, 2023, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/pam

m
.202300062 by T

echnische U
niversitaet D

ortm
und D

ezernat Finanzen und B
eschaffung, W

iley O
nline L

ibrary on [24/10/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://onlinelibrary.wiley.com/action/rightsLink?doi=10.1002%2Fpamm.202300062&mode=


BEGUM et al. 6 of 8

TABLE 1

𝒌∖𝑳 5 6 7 5 6 7 5 6 7

𝜏∞ = 0.5 𝜏∞ = 1.0 𝜏∞ = 2.0

5 × 101 4/2 4/2 4/2 3/2 3/3 7/1 3/2 3/3 8/1
1×102 4/1 4/2 5/1 4/1 4/2 7/1 4/2 4/2 8/1
5×102 4/1 4/1 5/1 3/1 4/1 6/1 4/2 4/2 8/1
1×103 4/1 4/1 4/1 4/2 4/2 8/1 4/4 6/1 7/1
5×103 4/1 4/1 3/2 7/1 9/1 5/1 6/1 9/1 8/1
1×104 4/1 4/2 4/2 5/1 7/1 4/1 7/1 10/1 8/2

𝜏∞ = 5.0 𝜏∞ = 10.0 𝜏∞ = 20.0

5×101 4/2 3/2 11/1 11/1 4/2 7/1 12/1 5/3 9/1
1×102 4/2 5/2 11/1 10/1 5/3 8/1 12/1 6/3 10/1
5×102 5/2 4/2 10/1 9/1 5/3 5/1 8/1 5/5 11/1
1×103 5/2 9/1 10/1 10/1 9/1 7/1 8/2 9/1 9/2
5×103 5/1 5/1 5/1 8/1 8/2 6/1 8/1 7/1 11/1
1×104 5/1 5/2 5/1 8/3 7/1 5/1 8/2 7/1 9/1

where T
𝐾 denotes the corresponding restriction operator of 𝐾 . In practice, we calculate the local residuum and local

matrices as follows

Local residuum: 𝐾( 𝑙) = 
T
𝐾( 𝑙), (27)

Local matrices:
(
𝜕( 𝑙)

𝜕
)
𝐾

= 
T
𝐾

(
𝜕( 𝑙)

𝜕
)
𝐾. (28)

Then, we solve the local subproblems (
𝜕( 𝑙)

𝜕
)
𝐾

𝛿 𝑙
𝐾 = 𝐾( 𝑙), (29)

to get the local update 𝛿 𝑙
𝐾 . Followed by the calculation of the global update

𝛿 𝑙 =
∑
𝐾∈ℎ

𝐾𝛿 𝑙
𝐾, (30)

and, finally we update the solutions with certain damping parameter 𝜔𝑙

 𝑙+1 =  𝑙 − 𝜔𝑙𝛿 𝑙 . (31)

The performance of the solver is investigated throughout thixoviscoplastic lid-driven cavity flow.

4 NUMERICAL SIMULATIONS

We analyze the performance of the solver for thixoviscoplastic lid-driven cavity flow. We present the statistic of the solver
results, that is the number of nonlinear sweeps per average number of linear multigrid sweeps (N/M), for successive mesh
level refinement (L). We content to vary the nonlinearity of the problem with respect to thixotropic yield stress 𝜏∞, and
the regularization parameter 𝑘. The results are collected blockwise in Table 1 with respect to thixotropic yield stress 𝜏∞.
Furthermore, we plot the unyielded regions with respect to each thixotropic yield stress 𝜏∞ value on the stream function
contours in Figure 3. The nonlinearity of the problem is increasedwith respect to the increase of the thixotropic yield stress
parameter, as it is clearly reflected in Figure 3. On one hand, the unyielded regions spread over the simulation domain.
On the other hand, the lip of main vortex move towards the lid and decreases in intensity. Thus, the simulation domain
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F IGURE 3 Thixoviscoplastic lid-driven cavity flow: the relative position of the unyielded and yielded zones to stream function contours
for an increased thixotropic yield stress parameter 𝜏∞, and 𝜂0 = 1.0, 𝜂∞ = 0.0, 𝜏0 = 1.0, 𝑘 = 104,𝑎 = 1.0, and𝑏 = 0.1 at level 7.

is dominated by the plastic nonlinearity. Once again this is confirmed by the increase of the number of nonlinear sweeps
in Table 1. Furthermore, the nonlinearity of the problem is increased with respect to the increase of the regularization
parameter, which can not be clearly seen in terms of the increase of nonlinear sweeps as we are using the continuation
process for the starting solutions for the nonlinear solver with respect to regularization parameter. That is, the solutions of
smaller regularization parameter are used as a starting solutions for higher regularization parameter. Most importantly,
the nonlinearity of the problem is similar for each refinement level, which enables a proper analysis of the corresponding
linear solver. And the most striking point is the linear solver efficiency, that is the mesh refinement independent behavior
of multigrid.

5 SUMMARY

We presented Newton-multigrid FEM solver for thixoviscoplastic flow problems. As an example of mutifield nonlin-
ear coupled problems, thixoviscoplastic flow presents numerical challenges with respect to nonlinearity as well as the
coupling. Thus, the importance of the optimal choice of FEM techniques and algorithmic tools to delicately handle the
problem’s nonlinearity and coupling. We based our investigation on the wellposedness and error analysis results of thixo-
viscoplastic flow problems published in Proc. Appl. Math. Mech. [1, 2] to develop a Newton-multigrid solver. We used
LPSC concept to solve the coupled problem on mesh’s elements, and proceed with outer block Gauss-Seidel iteration to
update the global solutions. Two important consequences of using the well established FEM analysis on FEM discretiza-
tion are as follows. Firstly, the choice of linear discontinuous pressure results in optimal choices of the Gauss-Seidel’s
blocks. Secondly, the same quadratic interpolation choice for velocity and microstructure results in an efficient treatment
of velocity-microstructure coupling due to noncoupling of microstructure and pressure. Furthermore, we used combined
adaptive discrete Newton’s method and geometric multigrid to obtain the approximate solutions. The adaptivity idea for
the discrete Newton’s method is based on Jacobian calculations, using both the actual convergence rate of nonlinear prob-
lem and the step-length control in discrete differencing operation. Meanwhile, the linear multigrid solver is made to meet
optimally the nonlinear solver convergence requirement. The resulting solver is black box controlled only with the actual
rate of convergence. The efficiency of the solver is tested onwell-known lid-driven cavity configuration upgraded for thixo-
viscoplastic flow. We investigated the performance of the solver on mesh level refinement for two different nonlinearity
control model parameters, thixotropic yield stress and regularization. The efficiency of the solver is strongly expressed via
the mesh refinement independent behavior for both model parameters.
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APPENDIX
Thixotropic models are results of two-field, velocity and microstructure, interplay via thixotropic plastic viscos-
ity, thixotropic yield stress, breakdown, and buildup functions. In the following Table A1, we collect examples of
thixotropic models.

TABLE A1 Thixotropic models.

𝜼 𝝉  

Worrall et al. [7] 𝜆 𝜂0 𝜏0 𝑎(1 − 𝜆)||𝗗|| 𝑏𝜆||𝗗||
Coussot et al.[8] 𝜆𝑔 𝜂0 𝑎 𝑏𝜆||𝗗||
Houška [3] (𝜂0 + 𝜂∞𝜆)||𝗗||𝑛−1 (𝜏0 + 𝜏∞𝜆) 𝑎(1 − 𝜆) 𝑏𝜆

𝑚||𝗗||
Mujumbar et al. [9] (𝜂0 + 𝜂∞𝜆)||𝗗||𝑛−1 𝜆𝑔+1𝐺0Λ𝑐 𝑎(1 − 𝜆) 𝑏𝜆||𝗗||
Here 𝜂0 and 𝜏0 are initial plastic viscosity and yield stress, respectively. 𝜂∞ and 𝜏∞ are thixotropic plastic viscosity

and yield stress. Λ𝑐 , and 𝐺0 are elastic parameters,𝑎 and𝑏 are buildup and breakage constants, and 𝑔, 𝑝,𝑚, 𝑛 are
rate indices.

 16177061, 2023, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/pam

m
.202300062 by T

echnische U
niversitaet D

ortm
und D

ezernat Finanzen und B
eschaffung, W

iley O
nline L

ibrary on [24/10/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://orcid.org/0000-0001-7707-572X
https://orcid.org/0000-0001-7707-572X
https://doi.org/10.1002/pamm.202200294
https://doi.org/10.1002/pamm.202200294
https://doi.org/10.1002/pamm.202100019
https://doi.org/10.1016/j.ocemod.2017.06.001
https://doi.org/10.1002/pamm.202300062
https://onlinelibrary.wiley.com/action/rightsLink?doi=10.1002%2Fpamm.202300062&mode=

	Efficient Newton-multigrid FEM solver for multifield nonlinear coupled problems applied to thixoviscoplastic flows
	Abstract
	1 | INTRODUCTION
	2 | FINITE ELEMENT DISCRETIZATION
	3 | MONOLITHIC NEWTON-MULTIGRID THIXOVISCOPLASTIC SOLVER
	4 | NUMERICAL SIMULATIONS
	5 | SUMMARY
	ACKNOWLEDGMENTS
	ORCID
	REFERENCES
	APPENDIX


