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Abstract

Time-series data is ubiquitous in numerous application domains today, includ-
ing safety-critical settings such as medical and industrial scenarios. However,
real-world data can change its characteristics with time, which is referred to as
drifts in concept. The phenomenon of concept drifts is particularly troubling for
time-series forecasting tasks, where the goal is to predict future time-series val-
ues given known, past values. Traditional forecasting methods assume that these
characteristics are fixed to achieve a high predicting performance. In this the-
sis, we will inspect methods how to adapt to changing concepts for time-series
forecasting using both complex, deep learning methods and simple, interpretable
models. To do that, we utilize the online model selection and online ensemble
pruning frameworks for selecting between pools of different models in an online
manner. Specifically, we will focus on aspects of explainability and interpretabil-
ity throughout as these aspects are crucial for applying forecasting methods in
practice. Additionally, we investigate a real-world scenario for predictive main-
tenance, one area of application where explainable and interpretable time-series
analysis methods are crucial to gain insights for practitioners and technicians
alike.
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1. Introduction

Time-series data are ubiquitous throughout industry, academia and healthcare applica-
tions [MR22; Ull+20; Rai+21; Per+21]. This is due to the fact that almost all aspects of
these domains are increasingly digitized. In astroparticle physics, for example, time-
series are omnipresent since many observations of distant stars and galaxies can be seen
as time-varying data [MR22]. In industrial applications, time-series occur prominently
in the form of sensor readings. As an example, consider the case of monitoring different
parts of a machine using analogue and digital sensors. With enough data, it is feasible
to predict when these characteristics start to drift, indicating that there is (or soon will
be) something wrong with the machine [SVG23; JVG25]. Moreover, patients are more and
more diagnosed and treated based on data gathered over time, such as Electroencephalog-
raphy (EEG), Electrocardiography (ECG) and others [Per+21]. Thus, devising methods to
generate knowledge from time-series data is vital for many relevant real-world applica-
tions.

One way to utilize these large amounts of data is to try and learn from them by training
parameterized functions, or models. The research field of Machine Learning (ML) has
been tackling the tasks of modeling and predicting from data patterns for decades, with
time-series analysis being a highly relevant subfield due the aforementioned ubiquity of
time-series data applications. Of particular interest when dealing with time-series data
is often the desire to predict, given some amount of historical data, how the time-series
will likely behave in the future. This field within time-series analysis is called time-series
forecasting. It is studied for traffic prediction, weather forecasts, stock market predictions
and predictive maintenance, to name just a few [Kra+17; Ser+22]. By analyzing historic
data the goal is to model the distribution of those time-series using ML approaches in
order to confidently predict future values in advance. However, the characteristics of
time-series data are complex, and often evolve over time, making time-series forecasting
a particularly tough problem [SPM19]. The fact that properties of the data distribution,
such as mean and variance, will change over time is often discussed under the name of
concept drift in the literature [Gam+14] and requires the usedMLmethods to i) observe the
data and detect possible changes and ii) adapt to those changes in a timely fashion.

Machine Learning research in general (and time-series analysis in particular) has experi-
enced a sharp increase in interest in recent years due to two factors. First, the number of
(very large) available datasets from all kinds of domains has increased due to cheap sen-
sors, ubiquitous data sources and an increasing digitization. Second, the improvements
in the field of Deep Learning (DL), a method of learning very large Neural Network (NN)
models that scale well with larger and larger amounts of data. Together, these two factors
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1. Introduction

lead toMLmodels being adopted widely, for example in the form of Large LanguageMod-
els (LLMs) such as ChatGPT1 and Google Gemini2. Very large models are also increas-
ingly adopted in time-series forecasting [LZ21; Zho+21; Wu+21; HH19; KC19; Shi+15].
Among the most widely adopted DL models are Convolutional Neural Networks (CNNs)
and Long Short-Term Memorys (LSTMs), which are specific NN model architectures de-
signed for structured, sequential data. While they are often highly accurate models they
have one practical downside hindering their adoption in practice. Since they are able
to learn highly non-linear feature representations using millions (and, recently, billions)
of parameters there is no way to inspect or verify, let alone certify, how they come to
their predictions. This makes their adoption to safety-critical fields such as financial and
medical domains very hard. Questions such as “Why was the patient diagnosed with
the particular disease?” or “Why did a part of the machine break?” cannot be answered
directly, making DL models unsuitable for high-risk decision-making, even if their pre-
dictions are highly accurate. If it cannot be ruled out that decisions, even correct ones,
are made due to noise in the features, spurious correlations or other erroneous factors,
the trust in those models and their viability to be applied in practice diminishes. Society
will not adopt this high-impact technology in critical sectors if they cannot trust in the
predictions to be right for the right reason[RHD17; Sch+20].

To counter and address these problems researchers developed new methodology in par-
allel to DL advances. This research is often conducted under the names Explainable
AI, Trustworthy AI, Transparency or Interpretability. Especially in the early stages of
this novel research field, and still during the writing of this thesis, the nomenclature is
not sharply defined by the community and often used interchangeably [Mol20; Rud19;
Bec+23]. Thus, to avoid confusion from this point on, we will use the definition of Cyn-
thia Rudin [Rud19], especially the distinction between Explainability (or Explainable Ma-
chine Learning (XML)) and Interpretability (or Interpretable Machine Learning (IML)).
Explainability is concerned with takingmodels which have already been trained and eval-
uated and uncovering their inner workings through abstractions. This is mostly achieved
through investigating the importance of certain features (and their explicit feature val-
ues for a particular decision) as well as finding subsets of data the model is very good at.
Both allow researchers to come up with hypotheses about how the model works inter-
nally, which can subsequently be studied and verified. The other school of thought is what
we will refer to as Interpretability, which is concerned with using inherently transparent
and easy to understand models. This ranges from focusing on more classical, often small
models, to deriving novel DL architectures that are more interpretable [Aga+21; BB19].
As postulated in [Rud19], it is often unnecessary to use complex DL models in the first
place, since comparable performance on specific, real-world tasks can often be achieved
with traditional, simpler methods [Zen+23], especially for safety-critical application set-
tings with highly structured data and domain knowledge. Interpretability research can
also utilize DL methods to come up with these small and interpretable models, making
it possible to use the progress made in DL while still being able to deploy simple models

1
chat.openai.com

2
gemini.google.com
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in practice [FH17]. In general, the advantages of combining high performing DL models
and interpretable methods will be studied in later chapters of this thesis in depth.

As an example of the intersection of time-series analysis and the necessity for XML and
IML methods consider the setting of a hospital sleep laboratory. In a sleep laboratory,
patients are committed to sleep a full night while being under the full supervision of doc-
tors, as well as being monitored using various sensors. For example, these measurements
include an Electroencephalography (EEG) where brain functions aremeasured usingmul-
tiple sensors placed over the patient’s head. The doctors will manually annotate this data
afterwards, taking note of whether the patient is awake or asleep, whether snoring oc-
curred or whether the patient experienced obstructive apneas. Based on this data the
doctors can form diagnoses and prescribe medications. It has been shown that ML ap-
proaches are (to a certain extent) able to take over this labor and time intensive annotation
process [Per+21] as well as to identify anomalous slices of data [Xu+20; Che+20] for the
doctors to inspect. However, these very successful methods are based on deep neural
networks which, as discussed before, are opaque and uninterpretable. For the trust of the
doctor in using ML as a tool as well as of the patient in the procedure itself it is important
to understand model predictions on a fundamental level. Both XML and IML approaches
offer a way to shed light into these methods.

Thus, in order to utilize the high predictive performance of modern DL methods for med-
ical, scientific and industrial applications (where time-series data are prevalent) we need
to study how we can make these models more trustworthy and safe. In this thesis we
contribute towards this goal by making the following contributions:

• We adapt online model selection and ensembling for time-series forecasting, essen-
tial to tackling concept drifts, to be more transparent and more accurate by incor-
porating Grad-CAM [Sel+19] and Shapley values [LL17; Lun+20], two prominent
XML methods used for computer vision and tabular data. We show that we can an-
swer why a specific model is chosen to predict at each time instance and what the
data looks like that each model is confident in predicting. That way we can build
an understanding of the expertise that each model has, leading to better insights
into the decision-making process.

• We show for the case of time-series forecasting that simple, interpretable, linear
models can be successfully used for online time-series forecasting in combination
with complex, opaque DL methods. Specifically, we can predict when the high
performance DL methods are really necessary to achieve a low prediction error
and find that this is rarely the case in practice. By omitting opaque models for the
actual prediction we can reach maximum interpretability and trust as the models
are simple enough that practitioners can understand them.

• We present a novel, straight-forward online rule-learning approach. We evaluate
its effectiveness for the predictive maintenance use case where we are able to ex-
tract simple rules which explain the failure of real-world Metro trains from the
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1. Introduction

city of Porto in Portugal. Again, we achieve this by combining DL methods and
interpretable models in the form of Decision Trees.

1.1. Outline

This thesis is separated into three parts.

In Part I we begin with the introduction to the thesis. Afterwards, Chapter 2 will intro-
duce fundamental concepts which will be referenced throughout the thesis. Namely, we
introduce the topic of ML formally, together with the ML approaches fundamental to this
work, which are NNs and tree-based models. We will discuss the basics of time-series
data, including time-series forecasting under concept drift and how one can effectively
adapt to drifts using model selection and ensembling. Lastly, we will discuss the founda-
tions of XML and IML and how they will be used for time-series analysis throughout this
thesis.

In Part II we cover the proposed methods of using explainability methods to both im-
prove our understanding and the prediction performance of CNNs and tree-based models
for time-series forecasting. In Chapter 3, we present an online model selection approach
which can adapt to concept drifts by adjusting each model’s Region of Competence (RoC)
[Pri19]. RoCs are constructed using explainability methods for DL methods to identify
subsets of data that a model performs very well on. This allows the user to both inspect
what these regions look like and allows the model selection algorithm to make use of
them to calculate which model should be select for forecasting new data. Afterwards, we
will extend this approach to online ensembling in Chapter 4. Our ensemble approach is
able to adapt dynamically in terms of ensemble size to detected drifts in both the data
and prediction performance of its members. Finally, we present another extension in
Chapter 5 where the models available for selection are chosen to be tree-based models in-
stead of DL models. Tree-based models can be inspected efficiently with Shapley values,
a theoretically principled and popular XML method. Additionally, the characteristics of
tree-based models can be used to further inspect the inner workings of our models, for
example by generating rules w.r.t. individual predictions. Each of these three chapters
contains an extensive experiment section where we compare the predictive performance
to state-of-the-art methods for model selection and ensembling for time-series forecast-
ing. Moreover, we provide extensive sections discussing the Explainability aspects of our
proposed methods.

Part III focuses on aspects of Interpretability for time-series analysis. Specifically, we
present a model selection approach in Chapter 6 which learns to choose between a sim-
ple, interpretable forecaster, and uninterpretable DL models, in an online manner. We are
able to show that we only need to choose the large models for very few predictions to
maintain the overall predictive performance of always choosing the large model. More-
over, we show that we are able to learn when to use which model from data, resulting in
comparable predictive performance to state-of-the-art model selection approaches with
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1.1. Outline

a high increase in interpretability. To further illustrate that interpretable models can be
used to gain insight in real-world use cases, we present our approach of predicting fail-
ures of trains in the Metro do Porto in Portugal in Chapter 7. By using a hybrid approach
of combining DL models with simple, interpretable decision trees we are able to gain
insights into the failure characteristics of the train, alarming the train conductors of fail-
ures in time while also generating understandable rules on why the failure happened.
Lastly, we will conclude the thesis in Chapter 8 by summarizing our findings, as well as
discussing limitations and providing suggestions for future work.

1.1.1. Publications covered by this Thesis

The works used in this thesis were supported between 2020 and 2022 by the Federal Min-
istry of Education and Research of Germany as part of the Competence Center for Ma-
chine Learning ML2R and from 2022 to 2025 by the Federal Ministry of Education and
Research of Germany and the state of North Rhine-Westphalia as part of the Lamarr In-
stitute for Machine Learning and Artificial Intelligence.

• Matthias Jakobs, BrunoVeloso, and JoãoGama. “Interpretable Rules for Online Fail-
ure Prediction: A Case Study on the Metro Do Porto Dataset”. In: arXiv:2502.07394
[cs] (2025). doi: 10.48550/arXiv.2502.07394, (preprint)

• Matthias Jakobs and Thomas Liebig. “AALF: Almost Always Linear Forecasting”.
In: arXiv:2409.10142 [cs] (2025). doi: 10.48550/arXiv.2409.10142, (preprint)

• Matthias Jakobs and Amal Saadallah. “Explainable Adaptive Tree-based Model Se-
lection for Time-Series Forecasting”. In: Proceedings of the International Conference
on Data Mining. 2023. doi: 10.1109/ICDM58522.2023.00027

• Amal Saadallah, Matthias Jakobs, and Katharina Morik. “Explainable Online En-
semble of Deep Neural Network Pruning for Time Series Forecasting”. In: Machine
Learning (2022). doi: 10.1007/s10994-022-06218-4

• Amal Saadallah, Matthias Jakobs, and Katharina Morik. “Explainable Online Deep
Neural Network Selection Using Adaptive Saliency Maps for Time Series Forecast-
ing”. In: Machine Learning and Knowledge Discovery in Databases: Research Track.
2021. doi: 10.1007/978-3-030-86486-6

Note that the first two publications are available as preprints as they were under review
during the writing of this thesis. Specifically, [JL25] was under review at the Machine
Learning journal whereas [JL25] was under review at the IEEE Access journal.

1.1.2. Publications not covered by this Thesis

The following publications were part of collaborations with numerous colleagues involv-
ing several research fields and application settings. Their content will not be featured
prominently in this thesis.
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• Raoul Heese et al. “Explaining Quantum Circuits with Shapley Values: Towards Ex-
plainable Quantum Machine Learning”. In: Quantum Machine Intelligence 7 (2025).
doi: 10.1007/s42484-025-00254-8

• Bruno Casella et al. “Federated Time Series Classification with ROCKET Features”.
In: Proceedings of the European Symposium on Artificial Neural Networks, Compu-
tational Intelligence and Machine Learning. 2024. doi: 10.14428/esann/2024.

es2024-61

• Katharina Beckh et al. “Harnessing Prior Knowledge for ExplainableMachine Learn-
ing: AnOverview”. In: Proceedings of the IEEE Conference on Secure and Trustworthy
Machine Learning. 2023. doi: 10.1109/SaTML54575.2023.00038

• Amal Saadallah and Matthias Jakobs. “Online Deep Hybrid Ensemble Learning
for Time Series Forecasting”. In: Machine Learning and Knowledge Discovery in
Databases: Research Track. 2023, pp. 156–171. doi: 10.1007/978-3-031-43424-
2_10

• Raoul Heese et al. “Shapley Values with Uncertain Value Functions”. In: Advances
in Intelligent Data Analysis. 2023. doi: 10.1007/978-3-031-30047-9_13

• Raphael Fischer et al. “A Unified Framework for Assessing Energy Efficiency of Ma-
chine Learning”. In: Machine Learning and Principles and Practice of Knowledge
Discovery in Databases. 2023, pp. 39–54. doi: 10.1007/978-3-031-23618-1_3

• Sebastian Müller et al. “An Empirical Evaluation of the Rashomon Effect in Ex-
plainable Machine Learning”. In: Machine Learning and Knowledge Discovery in
Databases: Research Track. 2023. doi: 10.1007/978-3-031-43418-1_28

• Raphael Fischer, Matthias Jakobs, and Katharina Morik. “Energy Efficiency Con-
siderations for Popular AI Benchmarks”. In: arXiv:2304.08359 [cs] (2023). doi:
10.48550/arXiv.2304.08359, (preprint)

• Matthias Jakobs et al. “SancScreen: Towards a Real-world Dataset for Evaluating
Explainability Methods”. In: Proceedings of the Conference ”Lernen, Wissen, Daten,
Analysen”. 2022

• RahelWilking, Matthias Jakobs, and KatharinaMorik. “Fooling Perturbation-Based
Explainability Methods”. In: Workshop on Trustworthy Artificial Intelligence as Part
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2. Background

This chapter will start by introducing some general notation which will be used through-
out this thesis in Section 2.1. The fundamentals of ML, including supervised, unsuper-
vised and self-supervised learning, will be discussed in Section 2.2. Afterwards, we will
introduce time-series data formally in Section 2.3, with a focus on time-series forecasting
in Section 2.3.2. We will also discuss different types of stationarity and concept drifts in
Section 2.3.1. Since most of the thesis will contain discussions of DL and tree-based mod-
els in the context of time-series forecastingwewill introduce these formally in Section 2.4.
The chapter will conclude with an introduction to XML and IML in Section 2.5.

2.1. General Notation

First, let us introduce some basic notation that (if not otherwise mentioned) will be con-
sistent throughout this thesis. We will denote with B,N and R the set of binary, natural
and real numbers, respectively. We will assume that the natural numbers start at one
and will denote with R0 the natural numbers including zero. Scalar values are defined
with non-bold letters, like a ∈ R or B ∈ N0. Vectors and matrices will be denoted with
bold letters, such as x ∈ Rn or Z ∈ Rn×n, while sets will be denoted using upper case
calligraphic letters such as C = {C1, . . . , Cn}. When referring to an element of a vec-
tor or matrix we will use non-bold letters (when indexing a vector) or bold letters (when
indexing a matrix). Additionally, we define [n] := {1, . . . , n} as well as the indicator
function

I[p] :=

{
1 if p

0 otherwise.

2.2. Machine Learning

Traditionally, solving problems with computers has been done using algorithms: a fixed,
ordered list of instructions, written by humans. While it is easy to reason over algorithms,
understand each individual instruction and (maybe even) proof bounds on correctness and
runtime, they are hard to apply to problems which are difficult to formalize. For example,
consider the shortest path problem in graph theory, where the goal is to find the shortest
path (in terms of number of edges or sum of edge weights) between two fixed nodes.
Then, there are algorithms available that solve this problem (sometimes under certain
graph constraints) for any graph with a known worst-case runtime [Dij59; Bel58; For56].

9



2. Background

However, if we need to tackle a less formalized problem, for example to classify images
based on their content or translate sentences between languages, we run into the problem
that it is very difficult to find a list of ordered instructions which can solve these tasks
perfectly.

Supervised Learning

Machine Learning tries to learn a connection between data and the desired output from
observations, instead of following strict, predefined analysis steps. Let p(x, y) be the joint
probability over two spaces X and Y and let D = {(xi, yi)}ni=1 be a sample (or observa-
tion) of training examples from p(x, y). Specifically let xi ∈ X be the so-called input and
yi ∈ Y be the corresponding label. The label is an annotation that encodes the correct
answer we want to associate with xi. For example, if xi is an image then yi could be the
label encoding what is shown in it. As another example, xi could be some entries from a
table and yi could be another column which we want to predict. Thus, ML aims to learn
from examples how to predict yi given xi.

We assume a given parameterized function fθ : X → Y which, given an input in X
and its parameters θ, will output some value in Y . By optimizing the parameters θ we
can change the mapping between the two spaces, making the model predictions more
accurate. To quantify how accurate fθ is for a particular set of parameters we define a loss
function ` : Y×Y → R+ which calculates the error produced between model predictions
ŷ = fθ(x) and the true labels y. The task of learning or training now entails to adapt
θ, based on the available training examples, to minimize this loss. More precisely, given
the risk R(θ) = E[`(fθ(x), y)] we want to find a set of parameters θ∗ which minimizes
the risk. Since the expectation cannot be computed unless we have access to the full joint
probability distribution, we aim to minimize the empirical risk (ER) in practice [Vap91],
which gives rise to the following definition:

Definition 2.1 (Supervised Learning). Given a set of training examplesD = {(xi, yi)}ni=1,
a model fθ : X → Y and a loss function ` : Y × Y → R+ we aim to solve

θ∗ = argmin
θ

ER(θ,D) = argmin
θ

1

n

n∑
i=1

`(fθ(xi), yi).

How this parameter set is optimized is highly dependent on the specific model that is
being used. We will present specific learning methods for two model families, namely
(Deep) Neural Networks and Tree-based models, in the next section.

The two most common application settings for supervised learning are classification and
regression problems. Regression is generally concerned with predicting a real-valued tar-
get, i.e., Y = R. Since the prediction ŷ = fθ(x) and the target y are both real-valued,
a reasonable loss function is the squared error and, for multiple data points, the mean
squared error, given by

10



2.2. Machine Learning

`MSE(ŷ,y) =
1

N

N∑
i=1

`SE(ŷi, yi) =
1

N

N∑
i=1

(yi − ŷi)
2.

One of the simplest, yet often used models for regression is Linear Regression, which mod-
els the relationship between input and output as a linear combination. Let x be a vector
of features and y the corresponding regression target. Then, a Linear Regression model
is given by

fθ(x) = xTw + b, θ = {w, b} (2.1)

where w = (w1, w2, . . . , wk) is the weight vector and wi is associated with feature xi.
In addition, a constant offset (or bias) b is also part of the learnable parameters. Often
the bias is included in the weight matrix by setting w = (b, w1, w2, . . . , wk) and adding
a constant feature to x. Using ordinary least squares [HTF17] we can compute a closed-
form solution to finding ŵ that minimizes Definition 2.1 with `MSE for a sample (X,y)
as

ŵ = argmin
w

1

N

N∑
i=1

`SE(fw(xi), yi) = (XTX)−1XTy.

In classification the image of f is a finite, discrete set, i.e., Y = C = {C1, C2, . . . , Cn}.
Consider for example the task of categorizing plants into three species based on measure-
ments such as petal lengths [Fis36], i.e., |C| = 3. However, instead of returning a fixed
label, most models opt to model the conditional probability

fθ = p(y|x,θ).

Then, given a prediction ŷ ∈ [0, 1] and the true label y ∈ {0, 1} we can use cross entropy
loss to measure the quality of a classification model:

`CE(ŷ, y) = −y log(ŷ)− (1− y) log(1− ŷ). (2.2)

We can adapt the Linear Regression model from earlier to work for classification. Specif-
ically, we assume a binary classification task, meaning that there are two possible classes,
i.e., |C| = 2. Then, we can write the Logistic Regression as

fθ(x) = σ(xTw + b) =
1

1 + exp(−(xTw + b))
, θ = {w, b}. (2.3)

Notice that the Logistic Regression can be interpreted as a Linear Regression with an
additional non-linear sigmoid or logistic function σ : R → [0, 1]. The output of Logistic
Regression is then the probability of class 1, i.e., fθ(x) = p(y = 1|x,θ). As there is no
closed-form solution to fitting the Logistic Regression to the training data we can use the
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Model Complexity

Loss

Train Loss

Test Loss

Underfitting

Optimal fit

Overfitting

Figure 2.1.: Illustration of underfitting and overfitting as shown via the train and test loss. While
the train loss keeps shrinking as the Model Complexity increases the loss on unseen
data (Test loss) not only stops decreasing but actually increases again.

approach ofMaximum Likelihood Estimation. The likelihood L(θ|D) of the model with a
specific parameter set θ for a dataset D = {(xi, yi)}mi=1 of size m is given via

L(θ|D) =
∏

(x,y=1)∈D

fθ(x)
∏

(x,y=0)∈D

(1− fθ(x)).

Thus, the higher the likelihood is that the model parameters agree with the training the
better our model fits the data. Equivalently, we can consider minimizing the negative
log-likelihood, leading to the following minimization problem:

θ∗ = argmin
θ

− log(L(θ|D)).

Notice that minimizing the negative log-likelihood is identical to minimizing the empiri-
cal risk when using the cross entropy loss function from Eq. (2.2):

− log(L(θ|D)) = −

 ∑
(x,y=1)∈D

log(fθ(x)) +
∑

(x,y=0)∈D

log(1− fθ(x))


= −

m∑
i=1

yi log(fθ(xi)) + (1− yi) log(1− fθ(xi))

=

m∑
i=1

`CE(fθ(xi), yi).

At this point, we can utilize multiple methods from literature to solve the optimization
problem, such as the Newton-Raphson algorithm [HTF17].

Generalization and Overfitting

One downside of the empirical risk minimization approach is that we want to find a set
of parameters θ that truly learns the connection between X and Y , i.e., we want to find
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2.2. Machine Learning

a set of parameters which generalizes well to unseen data and does not overfit on the
training data. If we use all available data for training there is no notion of how well the
trained model will perform on unseen data that we will encounter in deployment. Thus,
we are at risk of overfitting to the training data [HTF17]. Assume we now have two
distinct sets Dtrain and Dtest. Then we can use only Dtrain for training the model and use
unseen examples fromDtest for evaluation. It has been observed in practice that the more
trainable parameters a model has the easier it is to overfit to training data, essentially
remembering each data point instead of finding a general mapping between input and
output domain. This behavior is visualized in Fig. 2.1. One way to try and get a good
estimate of the true risk cross validation, where all available data samples are repeatedly
partitioned into two parts. Then, one partition is used to train the model and the other to
evaluate. By averaging the loss over all splits we get a good estimate of the loss. Naturally,
this is very time-intensive for large datasets and longer model training times.

Self-Supervised Learning

In the previous supervised setting there was always a label given as an external signal,
such as a corresponding regression value or a discrete class. Consider the example given
earlier of classifying plant types. To do this, an expert had to note the correct type of
each plant associated with the corresponding feature vector. While human annotation,
especially by experts, can be considered the gold standard in many applications, it is not
without two major flaws:

1. Two (or more) people annotating the same data point could come to different con-
clusions about the correct label. In some research fields this is known as Interrater
(dis)agreement [GBC13] and can be highly problematic. Consider as an example
the task of curating a dataset where patients are categorized as having a disease
or being healthy. If the agreement between the doctors labeling the dataset is low
then the noise added will likely hinder the quality of learned models, leading to
faulty predictions.

2. Annotating data can take a long time. Labeling hundreds or thousands of data
points is not only tedious but expensive, especially if it is the done by high-paid
experts such as doctors or other domain experts.

Self-supervised learning is an approach to learn fromunlabeled data, where the target (i.e.,
the label) is constructed out of the data itself. Naturally, this leads to larger quantities of
available data as the costly labeling process is not needed. For self-supervised learning
the same optimization strategies apply as in the supervised learning task. We will use the
example of learning data compression to illustrate this approach.

Let’s consider a matrix X ∈ RM×K , consisting of M rows of K-dimensional vectors. In
addition, we will define two parameterized functions Eθ′ : Rk → Rl and Dθ′′ : Rl →
RK which we will refer to as the encoder and decoder, respectively. Collectively, this
architecture is often referred to as an Autoencoder (AE). The encoders task is to project
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2. Background

each K-dimensional input vector xi onto a representation of dimensionality l < K . The
decoder, on the other hand, is trained to project the low dimensional representation back
into the K-dimensional input space. As a quality measure we can define reconstruction
error, which is the MSE between input data and the output of the decoder. We can denote
the MSE equivalently using the squared L2 norm:

θ̂′, θ̂′′ = argmin
θ′,θ′′

1

M

M∑
i=1

‖Dθ′′(Eθ′(xi))− xi‖22.

By enforcing that l < K the model has to learn an efficient representation that compresses
the input in a way that preserves as much information as possible. Thus, the learned
representation (also called latent representation or encoding) is a lossy compression of the
input space. Notice that there is no need to assign a label to each data point since the
data itself already provides the label. Notably, time-series forecasting can be seen as a
self-supervised learning task (as will be discussed in Section 2.3.2).

Unsupervised learning

Similar to self-supervised learning there are not labels given in unsupervised learning.
However, in comparison to self-supervised learning where the label is constructed from
the data itself there is no clear target in unsupervised learning. As an example, we will
discuss one very popular application of unsupervised learning, namely clustering. Specif-
ically, we will discuss the k-means approach [Llo82].

We assume a set D = {xi}Ni=1 of m-dimensional data points, each of which we want to
assign to one of k clusters. Thus, we aim to find a partition S := {Sj : j ∈ [k]} of D
where the cluster center µj of each cluster Sj is given by the average of the points in the
cluster, i.e.,

µj =
1

|Sj |
∑
xi∈Sj

xi.

If some data point zi is closest to a cluster center µj it will be added to Sj . To measure
closeness we can use the euclidean distance, given by the L2 norm of differences:

‖x− z‖2 =

√√√√ m∑
i=1

(xi − zi)2.

Putting it all together, we can define k-means clustering as finding a solution to the fol-
lowing optimization problem:

Definition 2.2 (k-means clustering). Given a set of data points D = {x1, . . . ,xn}, the
euclidean distance function ‖·‖2 and a number of desired clusters k the objective of k-means
clustering is to solve

argmin
S

k∑
j=1

∑
xi∈Sj

‖xi − µj‖2.
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2.3. Time-Series Data

Since the algorithm from [Llo82] starts by assigning random cluster centers and works in an
iterative fashion it is common to restart the clustering algorithm multiple times.

2.3. Time-Series Data

Inmany areas of research and industrywe find data that has a temporal component [LZ21;
Ull+20; Ser+22]. That is, we have T consecutive samples which are measurements of
some quantity at equidistant moments in time. For example, consider the temperature of
a room measured by a sensor every day at 9 am for T days. Alternatively, we can think
of a video, recorded at 30 frames per second for T seconds, as a time-series of images of
length 30T .

Machine Learning approaches specifically developed for time-series data cover (among
others) classification, regression and clustering approaches. In time-series classification
[Ism+19; Bag+17] the goal is to classify entire time-series into discrete classes. Con-
sider for example the classification of EEG signals to help in making medical diagnoses
[BKM15]. Also, the field of time-series regression is concerned with predicting a spe-
cific numeric value for each time-series. Examples include the prediction of crop yield
from satellite images or predicting heart rate from time-series corresponding to sensors
attached to patients [Tan+21]. Also, the notion of clustering time-series is an important
practice when, for example, analyzing patient recordings or in physics [ASW15]. Most
importantly for this work, time-series forecasting is used in many application settings
to predict (in advance) how the time-series will evolve, such as in weather prediction or
financial applications. We will introduce forecasting more formally (with concrete exam-
ples) in Section 2.3.2.

For the purposes of this thesis we will restrict ourselves to time-series that consist of vec-
tors of real numbers, which we refer to as univariate and multivariate time-series.

Definition 2.3 (Multivariate and Univariate time-series). A multivariate time-series

X = (Xt)
T
t=1 = (X1, . . . ,XT )

of length T is a sequence of vectors Xt ∈ RM . If M = 1 we say that the time-series is
univariate.

These time-series consist of one (in the case of univariate time-series) or multiple mea-
surements of real values over time. In the case of multivariate time-series we will refer to
the number of values M measured at each time-step as the number of channels. We will
denote withXi the i-th entry (with i ∈ [T ]). Also, we will denote withXi:j the subseries
(Xi,Xi+1, . . . ,Xj). Each entry is time-aligned, meaning that the M measurements are
assumed to have taken place at the exact same time. Through the use of superscript we
notate the use of a specific channel, i.e., Xc

i is the value of channel c at time t. Analo-
gous to the time-index notation, we will denote withXS the time-series of some channel
subset S ⊆M with |M| = M .
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2. Background

When analyzing time-series it can be useful to view them as realizations from an under-
lying discrete-time stochastic processes [Bor17].

Definition 2.4 (Stochastic process). A discrete-time stochastic process is defined as

Y = (Yt)
T
t=1 = (Y1, . . . ,YT )

where each Yi with i ∈ [T ] is a random variable from some probability space (Ω,F ,P).

Analogous to defining a time-series as a realization of a stochastic process we also some-
times refer to the stochastic process as the underlying process of a time-series [Ham94].
Note that we will focus on discussions of realizations for most of the thesis and merely
use the underlying process for definitions in this chapter.

Manymachine learningmethods thatwewill use in this thesis require a fixed-length input
to process. This can be a problem in the domain of time-series data as each individual
time-series might have different lengths. The number of parameters of methods such as
Neural Networks also scales with the dimensionality of the input (which, in the context of
time-series data is the length of the series). Thus, it is a popular method to convert time-
series data into smaller, fixed-size windows, each of which can be processed individually.
We assume that we want to compute the windows of size L for some time-series X
of length T . Then, the first vector is given by the first L values of X . Next, we start
with the d-th value of X and, again, take the following L values for the second window.
The parameter d is called the stride or step-size and controls the distance between two
consecutive windows. This approach continues until the last value of X was used to
form a window or the amount of values left is smaller than L. Notice that for d < L
consecutive windows are overlapping.

Definition 2.5 (Sliding window). Let X ∈ RM×T be some multivariate time-series of
length T . Further, let L be the desired length of each window and let d be the desired stride.
Then, the vector of windows is given by

Wd,L(X) :=


x1

x2
...

xm

 , xj :=
(
X(j−1)d+1, . . . ,X(j−1)d+L

)
.

In total, the sliding window approach will produce m = dT−L+1
d e windows.

The sliding window approach is illustrated in Fig. 2.2 for some univariate time-series of
length T = 8 and for a stride d = 2 and window size L = 4. The resulting matrix (on the
right of the figure) hasm rows and L columns wherem is the number of windows.

2.3.1. Stationarity and Concept drift

Stationarity is a useful concept, especially when forecasting time-series data, since it re-
quires that the characteristics the underlying stochastic process, such as mean and vari-
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x1 x2 x3 x4 x5 x6 x7 x8

← d→

←− L −→

Wd,L

x1 x2 x3 x4

x3 x4 x5 x6

x5 x6 x7 x8

Figure 2.2.: Illustration of the sliding window approach for time-series of length 8 (in green) with
window size L = 4 and a stride of d = 2. The resulting windows are shown in red.

ance, are not changing with time. Specifically, let (Xt)
T
t=1 be a time-series which is a

realization (i.e., sample) from its underlying stochastic process (Yt)
T
t=1. We will denote

with FYt the cumulative density function (CDF) of Yt. For notational convenience we
will omit the subscript from F if the random variables are clear from context.

Definition 2.6 (Strong-stationarity [Bor17]). Let Y = (Yi)
T
i=1 be a stochastic process and

let X = (Xi)
T
i=1 be the corresponding time-series sample. Then, the process is said to be

strictly stationary if and only if

F (Xi+τ :i+τ+t) = F (Xi:i+t) ∀i, t, τ ∈ N : i+ τ + t ≤ T.

That is, a time-series is said to be strong-stationary if its distribution characteristics are
time-invariant. Naturally, the fact that all these characteristics are independent of time is
a fairly strong assumption in reality. It is often more reasonable to assume that a process
is weak-stationary, given by the following, more relaxed, definition:

Definition 2.7 (Weak-stationarity [Ham94]). Let Y = (Yi)
T
i=1 be a stochastic process. Let

E[Yt] be the expected value of Yt. Then, the process is said to be weakly stationary if all of
the following are satisfied:

E[Yt] = µ ∀t ∈ [T ]

E[(Yt − µ)(Yt−j − µ)] = γj ∀t ∈ [T ], j ∈ t+ 1, . . . , T

E[(Yt)
2] <∞ ∀t ∈ [T ].

Weak-stationary thus only assumes three things about the characteristics of the time-
series: That the expected value and autocovariance functions (given byE[(Yt−µ)(Yt−j−
µ)]) do not vary with time, and that the second moment of each random variable is finite.
Naturally, if a strong-stationary time-series has finite secondmoments this will also mean
that the time-series is weak-stationary.

While both stationarity assumptions help in modeling and analyzing the time-series, they
are often not valid in real-world scenarios. For example, consider the number of cus-
tomers of a bookshop, recorded each day, as a time-series. One might find a strong
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t

E[
Y

n
]

Abrupt Incremental Gradual Reoccurring

Figure 2.3.: Illustration of four types of concept drift. Time is shown on the x axis, while some
moment of the underlying process such as mean or variance is shown on the y axis.
One concept is shown in blue while another concept is shown in red. Adapted from
[Gam+14].

seasonal component around the Christmas holidays when more customers might shop
for presents. It thus cannot hold that the expectation is independent of time. On the
other hand, consider a sensor placed on top of a machine in a factory, which monitors
the vibrations of that machine. If the sensor accidentally gets touched it might be placed
slightly differently compared to before. This can drastically change the characteristics of
the recorded vibration patterns. Lastly, consider a time-series of temperature of a partic-
ular place over time. Due to climate change, the underlying characteristics will change
over time, leading, among other things, to a slow but steady drift towards higher temper-
atures.

A useful framework to understand and classify these kinds of changes, be they rapid or
slow, is that of concept drift [SG86; WK96; Gam+14]. Since we are concerned with drifts
in the context of time-series forecasting (and thus are only interested in changing of the
data distribution) we will define concept drift as what Gama et al.[Gam+14] defines as
virtual drift. That is:

Definition 2.8 (Concept drift). Let (Yi)
T
i=1 be a stochastic process, (Xi)

T
i=1 be the corre-

sponding time-series sample, t0, t1 ∈ [T ] be two indices of the process and let FY be the CDF
of Y . Then, there is a concept drift between t0 and t1 if

FYt0
(Xt0) 6= FYt1

(Xt1).

The authors in [Gam+14] define four general types of concept drift which we will outline
and are visualized in Fig. 2.3 :

• Abrupt: The characteristics of the time-series change suddenly at some point.

• Incremental: Over a certain period of time the characteristics of the time-series
change slowly from one concept to another, eventually settling. During this inter-
mediate phase a mixture of two concepts is observed.

• Gradual: Over time, more and more of a new concept is observed until the new
concept is entirely present.

• Reoccuring: After switching from some conceptA to another conceptB, the time-
series returns to the initial concept A.

18
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Notice that we, in accordance with Gama et al. [Gam+14], do not consider outliers as
concept drifts, even though they technically fit the definition in Definition 2.8. This is
due to the fact that outliers are short, erroneous changes to the data distribution which
do not last for a long time. Concepts, however, are defined as different states which have
some longevity to them.

Finally, we want to quickly discuss two important time-series characteristics which will
be important when talking about forecasts in the upcoming section. These two compo-
nents are trend and seasonality. As the expected value of time-series with a trend and
time-series with seasonality is a function of time in both cases time-series with either (or
both) characteristics can not be stationary. The discussion of whether there are concept
drifts present between two points in a time-series with trend and/or seasonality is more
complicated. For seasonal data, we could classify each distinct season as a particular con-
cept whichwill reoccur over time (see right-most example in Fig. 2.3). Additionally, trend
can be an indicator of a transition between two stable concepts, which could indicate an
incremental drift (see second from the left example in Fig. 2.3).

2.3.2. Time-series Forecasting

Given that time-series data is present in many industry applications and fields of research
it is often desired to try and anticipate future, unobserved values, given historical data.
In the context of time-series research this field is called time-series forecasting and has
been a common field of research for decades [Hol04; Win60; HA21].

In time-series forecasting the goal is to predict, at some time t, the following H values
of a time-series, given the past L values. We will refer to the H predicted values as the
forecasting horizon, and to the known L past values as the context or lagged values. For
notational convenience, we will extend the sliding-window notation from Definition 2.5
to include the future values we want to model.

Definition 2.9 (Sliding window for forecasting). Let X ∈ RM×T be some multivariate
time-series of length T . Further, let L be the desired length of each window, let H be the
desired forecasting horizon and let d be the desired stride. Then, the vector of windows is
given by

Wd,L,H(X) :=


(x1,y1)
(x2,y2)

...
(xm,ym)

 ,
xj := (X(j−1)d+1, . . . ,X(j−1)d+L)

yj := (X(j−1)d+L+1, . . . ,X(j−1)d+L+H).

In total, the sliding window approach will produce m = dT−L+H+1
d e windows.

We also illustrate an example sliding window result in Fig. 2.4. Notice that, while the
number of time steps of the original time-series is identical to that of Fig. 2.2 the resulting
number of windows m is different since the horizon H has to be accounted for.
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x1 x2 x3 x4 x5 x6 x7 x8

← d→
←− L −→ ←H→

Wd,L,H x1 x2 x3 x4

x3 x4 x5 x6

x5 x6

x7 x8

Figure 2.4.: Illustration of the sliding window approach for forecasting, where the time-series
of length 8 (in green) is separated into windows (shown in red) of L lagged values
(L = 4 here) followed by the next H = 2 values which make up the forecasting
horizon (shown in yellow). Also, note that the stride d is equal to 2.

After introducing basic notation for the time-series forecasting setting we can proceed in
defining forecasting formally.

Definition 2.10 (Time-series forecasting). LetX be a (multivariate) time-series of length
T and let H,L ∈ N+ be the forecasting horizon and number of lagged values, respectively.
Then, for some window index t ∈ [m], the forecast of a forecaster f is given by

ŷt = f(xt), (xt, ·) ∈Wd,L,H(X).

Essentially, we can frame time-series forecasting as a learning task that requires to learn
a predictor from past data given in the form of a fixed-length representation. While we
want to note that not all forecasters require a fixed window size and can in theory process
a variable length time-series we will mostly talk about models that require a fixed-length
representation in this thesis.

Statistical Methods

As mentioned above, time-series forecasting has been a research field for decades. To-
day, the more traditional approaches are often labeled statistical methods in the literature,
specifically to separate them from modern, DL-based approaches. In this subsection we
will discuss some important models of this family, as they will be used as important base-
lines during later experiments. For the rest of this chapter we will assume a univariate
time-series X = (X1, X2, . . . , Xt) of length t and H = 1 unless otherwise stated, since
that is the context in which most of these methods were originally derived.

Baselines Before discussing anymethod in detail wewould like to highlight some base-
lines against which one can compare newly developed forecasting methods. They can
serve as simple sanity checks to test whether more elaborate methods actually perform
better, which is not always easy to tell in forecasting. This is due to the fact that we often
discuss forecast performance in terms of absolute or squared error measures, which can
be hard to interpret.
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2.3. Time-Series Data

First, the most simple baseline to predict a future value is to predict the last known value.
Assume X where Xt is the last observed value of the time-series. Then, for any H ∈ N
we could predict

Xt+h = Xt.

When we reference this method later in the thesis during benchmarking we will refer to
it last the last value baseline. Next, instead of predicting the last known value one could
decide to predict based on the average of the last p known value, i.e.,

Xt+H =
1

p

p−1∑
i=0

Xt−i.

This baseline will be referred to as mean value, accordingly. When a certain seasonality
is known about the time-series, we could compute the seasonal naive forecast. Consider,
for example, a time-series of sales in a store. It might be reasonable to assume that the
predicted number of sales for next Friday is fairly similar to the sales of previous Friday.
If we assume a seasonality of s steps we can write the seasonal-naive forecaster as

Xt+1 = Xt−s+1.

ARIMA A still widely used method to forecast univariate time-series is the ARIMA
model [HA21]. It consists of three parts, namely an autoregressive (AR) process, an in-
tegration step (I) and a moving average (MA) process. The autoregressive AR(p) process
models Xt+1 as a linear function of past p values, i.e.,

Xt+1 = ϑ0 + εt +

p∑
i=1

ϑiXt−i+1 = ϑ0 + εt + ϑTXt−p+1:t, εt ∼ N (0, 1). (2.4)

Notice that the AR(p) method is a linear function in its input. Additionally, the process
is assumed to have a Gaussian noise component, denoted with εt.

The moving average MA(q) process models Xt+1 as a linear function of the past q fore-
casting errors, i.e.,

Xt+1 = φ0 +

q∑
j=1

φjεt−j+1 = φ0 + φT εt−q+1:t. (2.5)

By combining bothmodels to a single model, we can define the ARMA(X)model of order
(p, q), given by

ARMAθ(X) = ϑ0 + ϑTXt−p+1:t + φ0 + φT εt−q+1:t, θ = {ϑ,φ}.
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2. Background

In order to overcome possible non-weak-stationary time-series, such as time-series with
a trend, the ARIMA model can also utilize integration or differencing. For example, first
order differencing is defined as

X
(1)
t := Xt −Xt−1.

In general, we define d-th order differencing as

X
(d)
t := X

(d−1)
t −X

(d−1)
t−1

whereX(0) := X . By combining all three components, we can define the full ARIMA(p, d, q)
model:

Definition 2.11 (ARIMA). Given a time-seriesX = (X1, X2, . . . , Xt) and p, d, q ∈ N the
ARIMA model is defined as

ARIMAθ(X) = ϑ0 + ϑTX
(d)
t−p+1:t + φ0 + φT εt−q+1:t, θ = {ϑ,φ}.

After setting the desired hyperparameters p, d, q the parameters of the model can be fit-
ted using Maximum Likelihood Estimation (MLE) on historic data. In order to generate
forecasts using the model we can produce the next value forecastXt+1 using all available
historical data necessary. Since the prediction errors ε are not known, we will ignore
them for the first forecast. Once we obtain the forecast X̂t+1 we can utilize it to pre-
dict Xt+1 by plugging it in to the autoregressive part as well as computing the known
residual εt+1 = Xt+1 − X̂t+1. There are also extensions of the ARIMA model incor-
porating information about seasonality [HA21] and adapting it to the multivariate case
[APV12].

Exponential Smoothing Exponential smoothing [Win60; Hol04; Hyn+02]3 is similar
to the AR(p) process discussed earlier since it also computes the forecast of Xt+1 given
the previous p known valuesXt, Xt−1, . . . , Xt−p. However, it computes a weighted aver-
age, assuming that the importance of time-steps decreases exponentially with time. This
means that more recent values are exponentially more important than older ones.

Definition 2.12 (Simple Exponential Smoothing). Let a ∈ [0, 1] and k ∈ N. Then, simple
exponential smoothing is given by

Xt+1 =

K∑
k=0

a(1− a)kXt−k.

Exponential Smoothing can also be easily extended to incorporate seasonal components
[Hol04; Win60] as well as forecast time-series with trend [Hol04].

3Note that the citation of Charles C. Holt’s work is of a reprint of the original 1957 report to the Office of
Naval Research (ONR 52).
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2.4. Machine Learning models for Time-series data

ARIMA and ETS models, discussed in the previous section, are good choices for captur-
ing linear patterns and short-term dependencies for stationary time-series data. How-
ever, they often struggle to perform well when faced with complex, non-linear tempo-
ral relationships, seasonality variations, or long-term dependencies. As a result, there
is a growing interest in more advanced techniques, such as DL and tree-based methods,
which offer high flexibility and robustness in handling the forecasting of more complex
time-series.

Deep learning models, with their ability to automatically learn complex patterns from
large datasets, have shown great promise in capturing long-term dependencies and non-
linear relationships useful for time-series forecasting [LZ21]. Convolutional Neural Net-
works (CNNs) and Long Short-TermMemorys (LSTMs) excel at handling high-dimensional
sequential data but require substantial computational resources and large datasets for ef-
fective training [FS24].

On the other hand, tree-based methods, including Decision Trees (DTs), Random Forests
(RFs) and Gradient Boosting Trees (GBTs), offer a more interpretable and efficient alter-
native. While they might not capture temporal dependencies as effectively as DL mod-
els, they provide a balance between accuracy and computational efficiency, especially for
smaller datasets (as we will discuss in Chapter 5).

In this section, we will discuss the basics of Deep Learning with a focus on architectural
choices useful in analyzing time-series data. Afterwards, we outline the training of De-
cision Trees for regression and classification, as well as the ensembled models RFs and
GBTs.

2.4.1. Deep Learning

Deep learning is often used to describe large, non-linear models being trained on a large
amount of data. This is achieved with the help of Neural Networks, a family of Machine
Learning models characterized by being able to fit arbitrary functions by minimizing a
loss function using Backpropagation and Gradient Descent. Due to their modular and
flexible architectures they are easily adaptable to different tasks. Next, we will introduce
and discuss the most widely adopted and simplest kind of Neural Networks fist, namely
the Fully-connected Network (FCN), and how to fit its parameters.

Fully-connected Networks

As outlined previously, we consider models as parameterized functions fθ : X → Y from
some input domain X to some output domain Y . The same holds for Neural Networks.
For simplicity, we will consider both input and output domains to be vector spaces of real
numbers, i.e., let X := RM and Y := RK .
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2. Background

Before considering neural networks, we start by introducing the most elemental building
block, which is a neuron. Recall from Eq. (2.1) that a linear model for someM -dimensional
input x ∈ RM is given by

fθ(x) = wTx+ b, θ = {w, b}.

Neurons work similarly in that they consist of learnable weightsw and b that are used to
compute the weighted sum of some given input. However, to introduce the ability to learn
non-linear relations between input and output a neuron also consist of a differentiable,
non-linear activation function ϕ : R → R. Common activation functions found the
literature are the sigmoid and Rectified Linear Unit (ReLU) [NH10], given by

σ(x) = (1 + exp(−x))−1, ReLU(x) = max(0, x).

Note that, from here on, we will use a slight abuse of notation and also use ϕ as an
element-wise operation in case of vectors and matrices. Additionally, note that (when
using the sigmoid activation function) a neuron is identical to a Logistic Regression (see
Eq. (2.3)).

Neural Networks are typically defined as having layers of operation that are applied se-
quentially on its input. In a FCN each layer consists of a fixed number of the neurons
outlined above. Each neuron processes the input from the previous layer (or the input to
the FCN itself in case of the first layer) and computes its activation. Then, the output of
the layer consists of all neuron activations, which itself serve as the input for the follow-
ing layer. More formally, let x ∈ RM be some M -dimensional feature vector which will
serve as input to a FCN with L layers. Then, the l-th layer is defined as

fθl(x) = ϕ (Wlx+ bl) , θl = {Wl, bl}.

We utilized vector notation for simplicity, meaning that Wl ∈ RM×N and bl ∈ RN . In
other words, a layer of neurons computes N different logistic regression outputs on the
same input. If we denote with ◦ the function composition operator, we can define the
architecture of a FCN as follows:

fθ(x) = (fθ1 ◦ fθ2 ◦ · · · ◦ fθL)(x), θ = {θ1, . . . , θL}. (2.6)

Note that while we assume the NN architecture to be purely sequential for notational
convenience this is not necessarily the case in practice as more complex architectures are
possible (as long as the model remains fully differentiable).

Depending on the task that the FCN is used for the last layer is designed in a specific
way. In classification settings the number of neurons in the last layers corresponds to
the number of classes that can be predicted and the element-wise activation function is
substituted with the softmax S activation, given by

Si(x) =
exp(xi)∑M
j=1 exp(xj)

.
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2.4. Machine Learning models for Time-series data

The softmax’s function is to project the output of the last layer onto the probability sim-
plex, allowing for each output to be interpreted as a probability for that class. The actual
prediction is then chosen as the class with the highest probability. In a regression setting,
on the other hand, the activation function on the last layer is often omitted in cases where
the regression target is not known to be in some specific domain.

Learning the model parameters

Neural Network models are commonly trained using an approach called gradient descent.
Gradient descent minimizes a differentiable function by iteratively adapting each of the
functions parameters in negative gradient direction which minimizes the function’s value
in the limit. Formally, let (X,y) be a matrix of feature vectors and corresponding labels,
let ` be some differentiable loss function and let θ be the model weights. We will refer to
(X,y) as the train set. Then, we can define the gradient∇`(X,y,θ) of our loss function
` w.r.t. the model parameters as

∇`(X,y,θ) =

(
∂`(fθ(X),y)

∂θi

)T

i=1,...,|θ|
.

Given the gradient we can deduce how to update each θi to decrease the loss. For example,
if the partial derivative w.r.t. θi at time t is positive we know that increasing θi would
increase the loss function as well. Since we are interested in reducing the loss, we can thus
change θi in negative gradient direction. If we start with some randommodel parameters
θ(0) at time t = 0, the iterative update (for some time t) is given by

θ(t+1) = θ(t) − λ∇`(X,y,θ(t))

where λ is the so-called step-size. The step size is a hyperparameter that indicates how
strong these updates should be and which can have strong impact on training perfor-
mance and convergence properties. To calculate the gradient efficiently, backpropagation
is utilized, which allows to calculate the gradient for any arbitrary NN. This is done by
calculating the gradient layer-wise, starting at the end of the network and propagating
the gradient back-to-front until the desired parameter is reached via the chain rule of
derivatives.

Computing the gradient w.r.t. the entire training set, as shown before, can be computa-
tionally limiting since the training dataset has to be loaded into memory in is entirety in
order to utilize full parallelism for efficient training. Due to the prevalence of increasingly
larger dataset most DL approaches opt to usemini-batches for training instead. Consider
an independent sample of the training set of size B. Then, stochastic gradient descent
computes the gradient w.r.t. this mini-batch, updates the parameter vector and moves
on to the next batch. The batch size is usually taken as a hyperparameter which can
be tuned separately. It can be shown that, under some assumptions, stochastic gradient
descent approximates regular gradient descent.
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Batchnormalization To stabilize the training and speeding up convergence for stochas-
tic gradient descent many neural network architectures utilize batch normalization [IS15].
Batch normalization is a layer which learns empirical mean and variance of the input
batches, resulting in normalized batches for which gradients will saturate or vanish less
frequently. Formally, let B := {x1, . . . ,xB} be a mini-batch of size B. Then, we define
the empirical mean and variance as

µ̂ =
1

B

B∑
i=1

xi, σ̂2 =
1

B

B∑
i=1

(xi − µ̂)2.

Finally, the batch normalization layer normalizes the input data point x (which is part of
batch B) and scales it using learned parameters via

fθl(x) = α
x− µ̂√
σ̂ + ε

+ β, θl = {α,β}.

Dropout One common downside of using larger and larger DL architectures is that
they can easily overfit on the training data (see Fig. 2.1). To combat overfitting NN ar-
chitectures often utilize dropout during training [Hin+12]. Dropout randomly shuts of
neurons during the forward pass of a batch, thus forcing the model to adapt and opti-
mize different paths through the network. Empirically, it has been shown that dropout
can reduce the tendency to overfit and make the process of learning more stable. More
formally, a dropout layer can be implemented via

f(x) = M � x, Mi ∼ Bin(p)

where � is the element-wise product and Bin(p) is a Binomial distribution. Essentially,
dropout samples (for each batch or sample) a binary mask which “drops out” part of the
input. Notice that a Dropout layer does not have learnable parameters but requires the
hyperparameter p to be set.

Convolutional Neural Networks

While FCNs are a popular and important type of Neural Network, their fixed arrangement
of neurons is limiting on certain data types, such as on time-series data. Since FCNs are
defined as matrix products of input and weight matrices they treat each input indepen-
dently of the others. For example, concepts such as “three consecutive increasing values”
require deeper networks to learn due to a lack of considering local dependencies. On the
other hand, a Convolutional Layer [LeC+89] does not consist of a fixed number of neurons
but of several filters. A filter is a matrix of learnable weights which gets convolved with
the input along the temporal dimension.
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2.4. Machine Learning models for Time-series data

Formally, let x ∈ RT be a univariate time-series of length T and w ∈ RL be a filter
of length L. Then, we can define a discrete convolution of x with w as the sliding dot-
product given by

x ∗w =
(
wTxi:(i+L)

)
i∈[T−L]

. (2.7)

In general, convolutional layers consist of multiple filters, each of which gets convolved
with the input sequence separately, resulting in one new output sequence per filter. As-
sume a convolutional layer with K filters of length L, leading to the weight matrix
Wl ∈ RK×L. Additionally, each layer consists of a bias term, resulting in a bias vec-
tor bl ∈ RK . The operation that a convolution layer computes is thus given by

fθl(x) =
(
ϕ(Wlxi:(i+L) + bl)

)
i∈[T−L]

, θl = {Wl, bl}. (2.8)

In practice, there are slight adaptions to the operation of a convolutional layer, depending
on the application context. For example, it is often desired that the output of a convolution
has the same dimensionality as the input. To achieve this, the sequence is filled at the
edges with so-called padding elements, often the real value 0 or copies of the last known
values.

Pooling As stated above, Convolution layers preserve the time dimension (if padding
is used) or slightly shrink the number of time steps with each operation. To aggregate the
output over the time dimension and learn time-aggregated features it is common to use
pooling operations. Pooling operations are defined as a function that takes L consecutive
values and aggregates them to a single value. The most often used pooling operations
are max pooling and average pooling. We can formalize both operations over windows
(similar to Eq. (2.8)) as

fMax(x) =
(
max(xi:(i+L))

)
i∈[T−L]

, fAvg(x) =
(
L−11Txi:(i+L)

)
i∈[T−L]

.

Notice that pooling does not involve learning parameters. In fact, pooling can be in-
terpreted as a fixed convolution with a stride equal to the window size, i.e., there is no
overlap between windows.

Recurrent Neural Networks

An alternative approach to process sequential data is to process them using a recurrent
approach. Recurrent layers process the input sequence one item at a time, producing a
corresponding output token. Crucially, the layer contains a memory which is used to
compute each output token and updated with new data. That way, temporal information
from earlier tokens can be preserved and used during the computation of future tokens,
making the layer a network with memory [Elm90]. We proceed by defining the general
framework and give two concrete examples of recurrent layers.
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Definition 2.13 (Recurrent Neural Network). A recurrent neural network layer is a differ-
entiable, parameterized function which, given some input x and state h, computes

fθ(xt,ht) = (ŷt,ht+1).

The temporal subscript t could, in the case of input vector x ∈ RC×T , be defined as
xt ∈ RC , i.e., the value of all channels at time t. Then, the output for time t will be
computed, togetherwith an update of the current hidden stateht. By recursively plugging
in x and h the layer processes each input consecutively.

Let x ∈ RC×T be some C-dimensional sequence of length T . As a simple example of a
recurrent network, consider the network proposed by Elman [Elm90] which consists of
three weight matrices Wh ∈ RC×H ,Wy ∈ RH×C ,Uh ∈ RH×H and two bias vectors
bh ∈ RH , by ∈ RC . Additionally, the hidden output is activated with a non-linear acti-
vation function ϕ. The hyperparameterH defines the size of the hidden vector. The first
hidden vector h0 needs to be initialized. The original paper proposes to initialize it to 0.5
for each entry [Elm90]. The function of the layer l is then given by

fθl(xt,ht) = (Wyht+1 + by︸ ︷︷ ︸
=:yt

, ϕ(Whxt +Uhht + bh︸ ︷︷ ︸
=:ht+1

), θl = {Wy,Wh,Uh, bh, by}.

Notice that the new hidden vector update ht+1 is calculated first. Then, it is used in the
computation of the new state.

One of the problems encountered in training with recurrent layers is the tendency to
face the vanishing gradient problem [Hoc91]. This phenomenon means that during the
backpropagation process the gradient shrinks further and further, resulting in fewer and
less information reaching the beginning of the network. This limits the depth of the
network and thus the adoption of deep architectures. In fact, the vanishing gradient
problem was one motivation to propose the ReLU activation over sigmoid activation in
deeper NNs. This is due to the fact that the derivative of the sigmoid function is given
by

∂σ(x)

∂x
= σ(x)(1− σ(x)) ≤ 1

4
.

As mentioned when discussing backpropagation earlier (Section 2.4.1) the chain rule is
applied to calculate the gradients during training, meaning that repeatedly taking the
derivative of sigmoid activations can only decrease the gradient magnitudes. One way
to mitigate this phenomenon is thus to use a different activation function, such as ReLU
[NH10], for which it holds that

∂ReLU(x)
∂x

=

{
1 if x > 0

0 otherwise.

Long Short-Term Memory (LSTM) networks [HS97] tackle the vanishing gradient prob-
lem by incorporating three gates into the recurrent network function. These allow the
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gradients to potentially flow uninhibited and thus omit the problem entirely. The LSTM
computes three weight vectors which control the flow through the cell and can determine
which information from previous states should be kept or not. Specifically, for the current
input xt and hidden state ht it calculates

wf := fθf (xt,ht) = σ(Wfxt +Ufht + bf )

wi := fθi(xt,ht) = σ(Wixt +Uiht + bi)

wo := fθo(xt,ht) = σ(Woxt +Uoht + bo).

Additionally, a new cell state c̃t is calculated as

c̃t := gθc(xt,ht) = tanh(Wcxt +Ucht + bc).

Finally, the output is calculated using these quantities as

f(xt,ht, ct) = (wf � ct +wi � c̃t︸ ︷︷ ︸
=:ct+1

,wo · tanh(ct)︸ ︷︷ ︸
=:ht+1

).

Intuitively, the output of the gates (wf ,wi,wo) can control (on different levels) which
parts of the information to keep (when updating cell state and hidden state) and which
parts to forget.

2.4.2. Tree-based Models

After a brief overview over Deep Learning methods in the previous subchapter we will
now consider a different approach to supervised learning tasks, namely tree-based mod-
els. More specifically, we will start with Decision Trees (DTs), which have been a staple
of ML for decades. DTs (and ensembles of DTs) are still popular methods today, achieving
state-of-the-art performance in various application settings [MSA22; GOV22]. Wewill fo-
cus on the CART algorithm to construct DTs by Breiman et al. [Bre+84] in our description.
Additionally, we will talk about techniques implemented in the popular implementation
by scikit-learn [Ped+11] throughout this section.

Decision trees

DTs are directed, acyclic graphs which operate on the principle of learning axis-aligned
splits in feature space. That is, a DT partitions the feature space into disjunct regions, each
having a fixed prediction. Let T = (V, E) be a tree with nodes V and directed edges E . We
will denote with r ∈ V the root-node, i.e., the node of the tree for which traversal begins.
Given some data D = {(xi, yi)}ni=1 with xi ∈ Rk and |D| = n the goal of each node
v ∈ V is to split D into two groups. This splitting is done by iterating over all features
of x and, for each feature i, determine the threshold τ which minimizes the (weighted)
sum of node impurities I(Dxi≤τ ) + I(Dxi>τ ). The definition of node impurity is task-
dependent, i.e., there are different impurity measures for classification and regression
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Figure 2.5.: Left: A Decision Tree trained on a two-dimensional binary classification dataset.
Right: Visualization of the training samples (shown as dots) and the corresponding
classes (shown in color). The background color corresponds to the learned DTs deci-
sion regions.

tasks. For classification, most impuritymeasures utilize the label proportion of data points
in the node. For simplicity, we consider the Gini index IGini(D) for binary classification
tasks which is given as

IGini(D) = 2p(1− p), p = |D|−1
∑

(xi,yi)∈D

I[yi = 1].

For regression tasks, squared error ISE(D) is an often used criterion. Here, the impurity
is given by the sum of squared difference between each target yi and the average over all
yi in the node, i.e.,

ISE(D) =
∑

(xi,yi)∈D

(yi − ŷ)2, ŷ = |D|−1
∑

(xi,yi)∈D

yi.

In order to choose the threshold all feature values found in the training set are first
sorted (for example in ascending order). Afterwards, each feature value is taken as a
threshold candidate and the corresponding impurities are calculated, choosing the opti-
mal threshold. Thus, for each node the runtime to determine the optimal split is given by
O(kn log(n)). Since there can only be a maximum ofO(n) nodes (as no splitting is possi-
ble if a node consist of only one data point) the overall runtime is given byO(kn2 log(n)).

After determining the optimal split and separating the dataset into two sets, each set is
again recursively split by minimizing the impurity scores. This procedure continues until
some stopping criterion is met. Common stopping criteria include the maximum depth
of the tree or some minimal number of data points in a node. If a node is no longer split it
is converted into a leaf node, with which the average label (in the regression case) or the
majority class (in the classification case) is associated. For the latter case, there is also the
option to aggregate class probabilities, i.e., associate with each leaf the fraction of positive

30



2.4. Machine Learning models for Time-series data

classes. Each leaf node thus corresponds to one disjunct region with fixed prediction in
feature space. We will denote the set of leaf nodes with L ⊂ V . For illustration, consider
the DT classifier shown in Fig. 2.5. On the left side, we visualized the tree, starting with
the root node. For a new, unseen data point, we start traversal at the root node. For each
node, if the criterion of the node is met, the data point traverses to the left, otherwise to
the right. The leaf nodes are shown as colored boxes, with the corresponding majority
class. On the right side of the figure, we visualized the corresponding partition of the
feature space together with the training data used to fit the DT. Notice that, while we only
visualize a limited view of the feature space, the splitting rules are open-ended, meaning
that the entire feature space is associated with exactly one label.

Trees as rules

Depending on the size of a DT and the semantic meaning of the features, it is fairly easy
to interpret a DT. In fact, DTs can be reformulated as lists of rules, one for each path in
the tree, which corresponds to one region of the feature space. Let R = {R1, . . . ,Rn}
be a partition of the feature space into n disjunct regions. Then, we can reformulate the
tree model as calculating

f(x) =
∑
Ri∈R

ciI[x ∈ Ri]

where ci is the corresponding label for the regionRi. In the classification setting, where
each region corresponds to one class c ∈ C, we can even combine all regions with the
same class into one rule, resulting in a total of |C| rules. For the DT shown in Fig. 2.5 we
can thus construct the rules as

f(x) =

{
0 if (x1 ≤ 0.47 ∧ x0 ≤ 0.57) ∨ (x1 > 0.47 ∧ x0 > 0.77 ∧ x1 > 0.66)

1 otherwise.

Ensembling of trees

While fitting a single DT can be a good starting point (or desired to find simple rules for a
given problem) they have the downside of being able to overfit fairly easily [Bre96]. Con-
sider the case where each point in the training data is assigned its own region. This will
result in zero training error but bad generalization to unseen data. This can be overcome
by limiting the maximum depth or requiring that a leaf cannot contain single elements.
Alternatively, it is common in practice to use ensembles of trees for better generalization
performance [Bre01; Fri01].

Bagging We will now present the Random Forest (RF) model [Bre01], which uses bag-
ging, or bootstrap aggregation, to train m trees and combine their predictions [Bre96].
Consider again some dataset D = {(xi, yi)}ni=1 with xi ∈ Rk. Then, we can draw m

random subsets (with replacement), notated as {D̃i}i∈[m] with D̃i ∼ D. Next, we can fit
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Algorithm 2.1 Gradient Boosting Tree (GBT)
1: f0 = argminγ

∑n
i=1 `(γ, yi) . Base prediction

2: for m ∈ [M ] do

3: rm =
(
−∂`(fm−1(xi),yi)

∂fm−1(xi)

)T
i∈[n]

. Compute residuals

4: Fit Decision Tree Regressor h on (xi, rmi)i∈[n]
5: fm(x) := fm−1(x) + βh(x) . Add new tree to ensemble
6: end for
7: return fM

one DT h per subset, resulting in {hi}i∈[m]. Instead of exhausting all possible features
while training the individual trees it is common in practice to draw a subset of features at
random and only finding the best split for this subset per node. Finally, to predict a new
data point x all trees are evaluated and their predictions aggregated. For classification
tasks, there are the options to use soft-voting (computing the average class probabilities)
or hard-voting (i.e., computing the majority class) for prediction. In regression tasks the
leaf values are averaged and returned. Random Forests have the advantage of few hyper-
parameters which need to be optimized, a high generalization ability [Bre01] and a high
parallelizability since the trees can be fitted independent of each other.

Boosting Another method to ensemble models which is often used in practice is Boost-
ing, specifically GBTs for ensembling trees [Fri01]. The idea of boosting is to fit consecu-
tive learners on the residuals of the previous learner. The generic algorithm to compute
one such ensemble for a datasetD = {(xi, yi)}ni=1, adapted from Chapter 10 of [HTF17],
is given in Algorithm 2.1. Given some loss function `, we start with optimizing a input-
independent scalar value γ which will serve as the base prediction (Line 1). Next, for each
tree in the ensemble (the number is a hyperparameterM ) the negative gradient of the loss
function w.r.t. the last model’s prediction fm−1(x) is calculated (Line 3). This negative
gradient is often called the residual of fm−1 Then, a DT Regressor learns to predict these
residuals from data, essentially correcting for the error of the previous ensemble (Line
4). Afterwards we add the learned DT to the ensemble (Line 5), optionally with a fixed
learning rate β ∈ [0, 1]. This process is repeated until the budget ofM trees is exhausted
and the final ensemble fM is returned (Line 7).

When fitting a GBT to a regression task a common choice for ` is the squared error ` =
1
2`SE. In fact, by substituting ` for the squared error in Line 3 of Algorithm 2.1 we can
write rm in closed-form as

rm =

(
−1

2

∂`SE(ŷi, yi)

∂ŷi

)T

i∈[n]
=
(
(yi − ŷi)

2
)T
i∈[n]
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where ŷi := fm−1(xi). Additionally, the optimal base prediction (Line 1 in Algorithm 2.1)
is given as the average label, i.e., f0 = 1

n

∑N
i=1 yi. For binary classification tasks, we can

use ` = `CE and derive the residual closed-form as

rm =

(
−∂`CE(ŷi, yi)

∂ŷi

)T

i∈[n]

=

(
∂yi log(ŷi) + (1− yi) log(1− ŷi)

∂ŷi

)T

i∈[n]

=

(
−∂ log(1 + exp(ŷi)− yiŷi)

∂ŷi

)T

i∈[n]

=

(
exp(ŷi)

1 + exp(ŷi)
− yi

)T

i∈[n]
.

Additionally, the base prediction (Line 1) is set to a constant f0 = 0 [HTF17].

2.4.3. Metrics and Evaluation

Earlier, we talked about loss functions and how they can be used to fit models to data. As
an example, we saw that taking the derivative of a loss function w.r.t. a model’s parameter
gives us information on how to change the parameter to better fit the training data dis-
tribution. We also discussed how we can measure generalization performance of models
by inspecting the loss on unseen data in Section 2.2. Next, we want to discuss how to
compare multiple models over multiple datasets, which we will do extensively in the up-
coming chapters. Thus, we also assume the time-series forecasting scenario throughout
this section.

Assume that we have a trained forecasting model f , as well as some test data D =
{(xt, yt)}t∈[T ] of size T , where we want to predict (at time t) the value yt from vector
xt. Moreover, let y be the vector of test data labels and ŷ := (f(xt))

T
t=1 be the predic-

tion of f . For forecasting, we can use the (mean) squared error (Section 2.2) as a suitable
metric:

MSE(ŷ,y) =
1

T

T∑
t=1

(ŷt − yt)
2

Naturally, a prediction error of 0 would indicate a perfect fit. One downside of using
the (mean) squared error when evaluating forecasters is that the unit of measurement
is squared as well. Suppose that the domain D is the temperature of some room which
we want to forecast, measured in degrees Celsius (◦C). Then, the error is given in de-
grees Celsius squared, which might be unintuitive and unsuitable for applications where
a minimum or maximum expected error is desired. One method to make the error more
interpretable is to use the Root Mean Squared Error (RMSE), defined as

RMSE(ŷ,y) =

√√√√ 1

T

T∑
i=1

(yi − ŷi)2 (2.9)
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Forecaster ts1 ts2 ts3 ts4 Avg. Loss Avg. Rank

f1 0.5 0.4 0.3 0.8 0.5 1.25
f2 0.6 0.5 0.4 0.1 0.4 1.75

Table 2.1.: Example results when comparing two forecasters f1 and f2 on 4 time-series. Observe
that the average loss of f2 is smaller but the average rank of f2 is larger than that of
f2.

where the unit (due to taking the square root) is preserved. When comparing perfor-
mances across time-series with different units it is common to compute the symmetric
mean absolute percentage error, given by

SMAPE(ŷ,y) =
1

T

T∑
i=1

|yi − ŷi|
|yi|+ |ŷi|

. (2.10)

SMAPE results in a value in [0, 1], where 0 is again a perfect fit. Thus, we can compare
forecasters across time-series of different datasets and domains.

Suppose now that we have fixed some performance metric and that we want to evaluate
multiple forecasting models in terms of predictive performance. In time-series forecast-
ing, we are often given a dataset consisting of multiple time-series to forecast. Thus, for
each time-series we can compute one loss value per forecaster. Suppose that we have a
dataset of n time-series and M forecasters. To find out which forecaster performs best,
we could compute the average loss over all n time-series and compare the value between
the forecasters. However, this approach has two issues: First, it is prone to outliers of
individual time-series. As an illustration, consider the example in Table 2.1 of a dataset
with n = 4 time-series and the losses forM = 2 forecasters. We can see that the average
error of forecaster f2 is lower, suggesting that it performed better on this dataset. How-
ever, notice that this is due to a large difference in prediction error on the last time-series
out of the dataset. This leads to the average loss being smaller while f1 outperformed f2
on all other time-series. Second, by merely averaging losses it is hard to decide whether a
difference in performance is statistically significant. While a difference between models
might seem stark this can also be due to the scaling of the individual time-series.

Thus, a common approach to gain a more robust idea of model performance is to calcu-
late rankings based on the losses. That is: If we calculated M losses, one for each fore-
caster, on the same time-series we can compute a ranking where the smallest value gets
rank 1, the second-smallest rank 2 etc. Afterwards, to compare across n time-series we
can compute the average ranking. This approach is also useful if we not only compare
forecasters between time-series from the same dataset but over multiple datasets with
possibly different domains (and thus, different scales). Also, we do not have to make any
specific assumption about the distribution of the losses since only there relative rankings
are considered. We also computed the average rank for the earlier example in Table 2.1
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in the right-most column, showing that f1 performed consistently better in comparison
to f2.

We can further compare forecasters pairwise using statistical hypothesis testing, namely
rank tests, in order to assess how significant the differences in performance are. Formally,
let L be a matrix of performance metrics (such as RMSE) for M forecasters on n time-
series. Additionally, we define withR the matrix of rankings where each column is given
by ranking the corresponding column of L:

L =

 l1,1 · · · l1,n
...

. . .
...

lM,1 · · · lM,n

 , R =

 r1,1 · · · r1,n
...

. . .
...

rM,1 · · · rM,n

 .

Additionally, let the average rank for forecaster j be given by rj := 1
n

∑n
i=1 rj,i. First,

we have to test if there is enough difference between the forecasters at all. To do that, we
utilize the Friedman test [Fri37]. After computing the average rankings it formulates the
null hypothesis that the following statistic zF is χ2-distributed (with M − 1 degrees of
freedom) [BCM16]:

zF =
12

nM(M − 1)

 M∑
j=1

r2j −
n(M − 1)2

4

 .

The test thus measures the difference between the assumption that all average rankings
are given by rj =

n(M−1)2

2 . If the null hypothesis is rejected we can assume that there are
indeed significant differences in average rank. Thus, we can now proceed to evaluate in a
pair-wisemanner how different the average ranks are. To do that we can use another non-
parameteric rank test, namely the Wilcoxon signed-rank test [Wil45; Dem06; BCM16].
Let i, j ∈ [M ] be two models which we want to compare. For every dataset k let dk :=
li,k − lj,k be the difference of losses between i and j. After computing the differences
for all datasets we can again compute the rankings based on (absolute values) of these
differences. We denote these rankings with r′k for the ranking of |dk|. Finally, the test
statistic is given as

T = min(R+, R−), R+ :=
∑
dk>0

r′k +
1

2

∑
dk=0

r′k, R− :=
∑
dk<0

r′k +
1

2

∑
dk=0

r′k.

For the Wilcoxon signed-rank test, the null hypothesis states that the difference in rank-
ings is not significant. This can be accomplished by computing the following test statistic
[Dem06]:

zW =
T − 0.25n(n+ 1)√

(1/24)n(n+ 1)(2n+ 1)

which is approximately normal distributed for large T . Thus, if we can reject the null
hypothesis we can confidently say that forecasters i and j have a different performance
(and also which forecaster performed better, based on the average rank).
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Forecaster Losses Wins Avg. Rank

Baseline 1 2 (2) 13(13) 3.4
Baseline 2 3(3) 12(10) 2.7
Baseline 3 4 (2) 11(7) 1.9
Our method - - 1.3

Table 2.2.: Example results for a comparison of four methods on 15 time-series. The Losses col-
umn indicates the number of times that the baselinemethod performed better (in terms
of ranking of loss values) in comparison to “Our method” (analogous wins). The num-
ber significant wins/losses is given in parentheses.

1 2 3 4 5

f1

f2
f3

f4

f5

Figure 2.6.: Example CDD comparing 5 forecasters. The methods f1 performed best, but not sig-
nificantly better than f2. Methods f3 to f5 also performed not significantly different
from each other, but significantly worse compared to f1 and f2.

In order to communicate the results of the previously mentioned significance tests we
will resort to two methods for the remaining chapters. First, we will present the average
ranks, wins and losses for each forecaster over multiple datasets in a table. This is useful
if we investigate the efficacy of one method (i.e., our presented methods) in comparison
to baseline methods. Consider the table in Table 2.2 as an example. We consider a win of
our method if the rank is lower than the comparison method. Once a win is established
we will denote in parentheses if that difference is significant, i.e., if the null hypothesis
of the corresponding Wilcoxon signed-rank test was rejected. Losses are reported in the
same way. A different way of visualizing these results (which we will also utilize later)
are so-called Critical Difference Diagrams (CDDs) [Ism+19] (see Fig. 2.6 for an example).
A CDD plots each method with its average rank along a horizontal access (where further
left indicates lower rank). Thus, we can get a first visual comparison between themethods
by inspecting the closeness of two methods. Additionally, if we could not reject the null
hypothesis of the Wilcoxon test we can denote that by a horizontal bar between the two
methods. In the example, we can see that f1 outperforms the other forecasters. However,
it does not perform significantly better than f2 due to the Wilcoxon test not rejecting
the null hypothesis. CDDs are thus a powerful visualization tool when inspecting the
prediction performance of multiple models on multiple datasets.
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2.5. Explainable and Interpretable Machine Learning

After discussing the basics of Machine Learning and Time Series Forecasting we will pro-
ceed by formally introducing both ExplainableMachine Learning (XML) and Interpretable
Machine Learning (IML) in the following two subsections. These will serve as a basis to
more application-focused discussions on XML in Part II as well as to applications of IML
in Part III.

2.5.1. Explainable Machine Learning

In the introduction of this thesis we briefly discussed what we mean when we refer to
Explainable Machine Learning. XML is way to investigate the inner workings of complex
ML models. For example, we assume some sort of trained, deep forecasting model. While
they tend to achieve high predictive performance, are straight-forward to implement us-
ing modern programming libraries and scale very well with large amounts of data, they
are inherently unsuitable for a lot of use cases where the why behind decisions is crucial.
These use cases are mainly those where peoples health, money and dignity are at stake.
Healthcare and financial applications are often cited application scenarios where DLmod-
els perform well but are hard to operationalize due to regulatory demands [Gui+18]. If
even professionals can not tell why a model predicted, for example, that a patient will
likely suffer from some disease in the future, then the model cannot be used in practice.
XML methods that aim to shed light into why models predict the way they do aim to
bridge this gap and try to make high performance models ready for the real world.

Similar to other authors, we will discuss XML approaches along three categories [Gui+18;
Mol20; LL17]. The first category that differentiates XML methods is if they aim to give
a local or global explanation. Local explanations are explanations that refer to a specific
model prediction. For example, theymight try to answer the questions of how important a
certain feature was for a particular prediction. On the other hand, global explanations try
to investigate the model independent of individual predictions. They might, for example,
be concerned with finding which features are never utilized by the model.

The second category is concerned with the type of model that is investigated. What are
often referred to asmodel-agnostic methods do not assume anything about the model that
is evaluated [RSG16; LL17]. In fact, they consider the model a black-box, which one can
query with data and observe the output but which one cannot investigate or use further.
Naturally, these XML methods are applicable to all ML models. On the other hand, there
are XML methods that assume either certain properties of the model or specific model
families [Lun+20; Sel+19]. These are referred to as model-specific XML methods. For
example, they generate explanations based on gradients of the output w.r.t. the features,
whichmeans that themodel has to be a fully differentiable [STY17; Sel+19]. Alternatively,
they might generate their explanations in a faster way by assuming a certain structure of
the model, such as depending on the model being a tree [LL17; Lun+20].
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The third category is concerned with the type of explanation that a XML method gener-
ates. For the purpose of this thesis, we will discuss the most common type found in the
literature, namely attribution-based explanations. We want to note, however, that there
are numerous methods for other types of explanations proposed in the literature, such
as rules generated by surrogate models [FH17] or generating counterfactuals [Ate+20;
DGK20]. For more examples and an in-depth discussion we refer to relevant surveys
such as [AB18; Gui+18].

Attribution-based methods are explainability methods that try to quantify how important
each feature was for a specific prediction (in case of local methods) or to the model in gen-
eral (in case of global methods). This information can be used to form hypotheses about
the models inner workings, such as which features are never or rarely used. Formally, we
define local attributions in the following way:

Definition 2.14 (Local attribution). Given a data point to explain x ∈ X and some pre-
diction function f : X → Y , a local attribution a generated by attribution method g :
X × (X → Y)→ A is defined as

a = g(x, f)

where the explanation space A has the same dimensionality as X .

Semantically, the attribution ai for feature i reflects the importance (whose definition
varies for different attribution methods g) of feature xi for the prediction f(x). Methods
of this kind are discussed under various names in the literature. In the context of computer
vision they are often called saliency maps [Ade+18] as they highlight which part of an
image is most important (or salient). The term feature importance is also often used to
measure how much a decision of a model (in general or on a particular data point) is
depending on a feature [Kön+21].

We will conclude by outlining a fairly simple attribution approach, namely to use the
gradient of the output w.r.t. the input. This, of course, requires that the model is fully
differentiable, which is the case for all neural network architectures. Thus, in the context
of explaining neural network decisions gradient-based methods are very popular. Con-
sider some differentiable model f : Rn → R, together with some input x ∈ Rn. We can
compute the gradient of the models output w.r.t. the input as

a = gGrad(x, f) := ∇f(x) =
(
∂f(x)

∂xi

)
i∈[n]

.

As mentioned in Section 2.4.1, the partial derivative of a function w.r.t. some xi indicates
the direction of the steepest ascent. If the output of f is, for example, a class probability,
then a positive gradient means that increasing the value of xi slightly will increase the
output probability, giving a notion of importance to the feature xi. While this approach is
very simple and naive it serves as the basis for many attribution-based methods [STY17;
LL17; Smi+17] and can be used as a simple baseline explainability method by itself. One
downside to the simple approach is that the explanations tend to be fairly noisy, i.e., most
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features are deemed to be somewhat relevant [Smi+17]. This means that interpreting the
explanations can be fairly hard due to the high level of noise.

To summarize, we note that our used definition of XML methods for the upcoming sec-
tions specifically refers to local attribution methods, which can be both model-agnostic
or model-specific. We will present model-specific approaches for both CNNs and tree-
based models in Part II which we will use to determine the most salient subsequences in
time-series data.

2.5.2. Interpretable Machine Learning

Interpretable Machine Learning is defined as using and developing understandable-by-
design methods for the problems at hand [Rud19]. Rather than trying to explain the
complex behavior of large, opaque models (as was the case in the previous subsection)
the models referred to as “interpretable” are simple and / or small enough so that a practi-
tioner can understand them. The classical example of interpretable models are rule-based
methods, such as Decision Trees and other rule-learning approaches [Gui+18], as rules
tend to be intuitive for humans to understand. For example, consider a trained Decision
Tree for some task of depth 10. As mentioned earlier in Section 2.4.2, this tree can be
interpreted as a list of rules, one for each leaf node. Since the tree has depth 10 we know
that we have at most 210 = 1024 leaf nodes. In comparison to XML approaches what
constitutes as “interpretable” is not clearly defined, as it depends on the individual user.
Naturally, a single user is unlikely to grasp and investigate the entire tree due to its size.
However, we argue that the degree of interpretability is still higher than that of a (deep)
Neural Network for two reasons: First, each prediction can be understood exactly. Notice
that (for our example) each data point can only travel along one path towards one leaf,
i.e., there are at most 10 nodes before a prediction is reached. This makes it easy to inves-
tigate exactly how this prediction was computed in a understandable manner, which is
not possible for the large matrix multiplications necessary in NNs. Second, the fact that
each stage of the prediction is a thresholding of the feature values makes it possible to
determine regions of equal prediction, which we can use to verify whether specific inputs
will lead to correct predictions. The last point is part of what is discussed in the literature
as model verification, which is an open problem for generic NN architectures [Liu+21].
We will discuss this aspect of interpretability for tree-based models in more details in
Chapter 5.

Which models are simple enough to understand is also heavily depending on the problem
domain. In terms of time-series forecasting, we claim that both simple, autoregressive
AR(p) models and Exponential Smoothing (ETS) (see Section 2.3.2) are well studied and
easy to interpret. This is mostly due to the fact that they are linear, as well as due to their
small amount of learnable weights. Experts can easily reason about the importance of
different lagged values and could even derive new models based on that investigation, for
example if they find that certain lagged values are barely used for prediction.
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The downside of relying solely on these simple, interpretable methods is their often per-
ceived poor predictive performance, compared to state-of-the-art DL methods. For com-
plex problems which rely on complex modeling strategies this is a logical limitation, es-
pecially of methods modeling a linear relationship between input and output. However,
we want to note that it is highly application specific (and also a matter of how much
engineering work goes into deriving these methods), often leading to comparable per-
formance between interpretable and non-interpretable methods [Rud19]. DL methods
perform well on many real-world tasks due to the fact that they effectively learn a com-
plicated, non-linear feature extractor, followed by a linear discriminator. On the other
hand, interpretable methods often require domain knowledge, in addition to high efforts
engineering to achieve high predictive performance.

We will discuss in Part III approaches that combine interpretable models with opaque,
black box Neural Networks. First, we present an approach to learn when an interpretable
forecaster (in our case an AR(p) process) will be good enough (and when to rather resort
to larger NNmodels) in Chapter 6. Moreover, we present an online rule-learning approach
which uses the uninterpretable NN prediction as a signal for an anomaly in a predictive
maintenance setting. This approach effectively combines the predictive power of NN
models with the interpretability of tree-based models.
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Explainable and Adaptable Model
Selection and Ensembling
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3. Performance Gradient-based Saliency
Maps

In the last chapter we discussed some simple methods to forecast time-series data such
as ARIMA and ETS (see Section 2.3.2), both of which have parameters which are learned
from data. Additionally, we discussed the basics of Machine Learning and discussed Neu-
ral Network architectures in the context of modern DL on large data sets. Unsurprisingly,
DL methods have been successfully applied in time-series forecasting [Rom+13; Tai+12;
LPP20; DIA17; KC19], achieving high levels of performance due to their ability to learn
complex, non-linear feature representations from large amounts of data [US02]. This
includes specific time-series forecasting areas such as energy forecasting [Hon+20], fore-
casting financial time-series [SGO20] and forecasting in particle accelerators in physics
[LA23]. Recurrent Neural Network architectures such as LSTM or Convolutional Neu-
ral Networks (see Section 2.4.1) have proven to be especially effective architectures for
time-series forecasting due to their inductive bias towards processing sequential data.
Many improvements over these architectures have been proposed in literature, ranging
from optimizations of the model structure to combining networks together into a single
forecasting model [Gam17; LPP20; KC19]. However, DL methods can also suffer from
the same problem as statistical methods, namely that their predictive performance is can
be time-dependent. This is due to the complex and evolving nature of time-series data,
which we have motivated under the name of concept drift in Definition 2.8. This makes
intuitive sense from the no free lunch theorem [WM97] which states that no single model
can be optimal for all problems. Hence, different forecasters have different expertise and
a varying prediction performance [Cer+17a; Cer+19; Pri19]. While forecasters could be
retrained on more recent data containing the changed concept this approach is often in-
feasible for DL methods as training time and resource consumption are very large [FS24].
One possible solution to overcome this problem of varying performance is to have multi-
ple forecasters and choose between them for each new data point based on their expected
performance. This framework is referred to as Online Model Selection. The online aspect
means that the selection between models can be changed between each prediction, mak-
ing the framework flexible in adapting to new concepts.

This chapter is based on the publication [SJM21]. The authors of this thesis contributed
to the conceptualization of the paper idea, the general methodology of the approach
and implementedmost of the code. He also contributed text to the Experiments section
and revised the remaining chapters.
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This chapter will start with a formal introduction to OnlineModel Selection in Section 3.1,
followed by an introduction to Regions of Competence in Section 3.2, a recent method of
Online Model Selection which we will adapt for our proposed method. Specifically, we
will present Performance Gradient-based Saliency Maps (PGSMs), where we modify the
explainability method Grad-CAM [Sel+19; AS19] to find the most salient subsequences
of a time-series based on a forecasters prediction error. We show how to compute each
forecasters RoC via PGSMs in Section 3.5. We will also outline how the pool of forecast-
ers was designed (Section 3.3), as well as our proposed solution to adapting to concept
drifts by adapting the RoCs after concept drift detection (Section 3.6). Afterwards we will
conduct extensive experiments in Section 3.7 where we will compare ourselves both to
different variants of the OS-PGSM selector and to state-of-the-art online model selection
methods. In addition, we will showcase the explainability aspects that are possible with
our approach. Lastly, we will end the chapter with some concluding remarks.

3.1. Online Model Selection

Assume a given set P = {f1, · · · , fM} of M trained forecasters. We will refer to this set
as the pool of models available for selection. Also assume that, at some time t, the task is
to forecast from the last L known values xt ∈ RL. Then, we aim to find the model in the
pool which will result in the smallest forecasting error.

Definition 3.1 (Online Model Selection). Let xt ∈ RL be the last L known values, let
yt ∈ R be the true next value and ` : R × R → R+ be a suitable loss function. Then, the
online model selection problem is given by finding the best model f∗

t so that

f∗
t = argmin

f∈P
`(f(xt), yt).

This framework allows an adaption to concept drifts as discussed in Definition 2.8 by
switching tomodels with better prediction performance for new concepts. Additionally, if
one model in the pool consistently outperforms the others, the framework is able to chose
that model every time. Thus, assuming a perfect selection, online model selection will
always lead to a better or equal prediction performance compared to choosing one fixed
model, making it a powerful framework in adapting to novel data characteristics.

Since the true value yt is not known for new data the approaches for solving the mini-
mization problem proposed in the literature can be divided into three categories. The first
category of methods is based on approximating a posterior over the expected error of the
different forecasters using either parametric [BM01] or non-parametric estimation meth-
ods [AGP10]. These methods are often not practical in the context of forecasting since
continuous composite densities for the error function of the target and estimated time-
series values have to be approximated. Thus, the results depend largely on the quality of
approximation. The second category consists of using empirical estimation of the unseen
error of a given model using unseen data in the form of a validation or calibration dataset.
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Models with lowest estimated error are selected subsequently [RP99]. These methods are
quite ineffective in practice since the estimated empirical error is usually lower than the
true error. The third category is based on the meta-learning paradigm, where the selec-
tion of the adequate method is viewed as a prediction task. Another ML model called the
selector predicts which model to choose based on meta-features and previous selections
[Cer+17a; SPM19; Wol92; Jac+91]. For example, ADE [Cer+19] evaluates all forecasters
from the pool on unseen validation data. Afterwards, the authors fit one regression model
per forecaster (such as a Random Forest) on the absolute error values of that forecaster.
Then, during inference, all regression models predict the absolute error for the new data
point and the model with the lowest error is selected. In general, these methods consist
of three steps:

1. Fit base forecasters: Select a set of base learners and fit them to some training
data. While some methods allow for a diverse set of forecasters and are thus model
agnostic [Cer+17b; Cer+19] others are restricted to certain model families [Jac+91].

2. Fit the selector: The selector mechanism (which is usually some sort of ML ap-
proach ) learns (on unseen validation data) which model to chose when. For ex-
ample, some approaches compute time-series statistics as features for the selector
[Wol92] while others use the time-series data directly [Pri19]. As the label of the se-
lector it is a popular approach to choose some performance metric of the individual
forecaster, such as squared or absolute error [Cer+17b; Cer+19; Wol92].

3. Select on new data: The trained selector is used to decide which forecaster to se-
lect for a new data point. For example, the selector could predict the model directly
in the form of a classification task [Wol92] or the predictions of the selector can be
further processed to come to a final selection [Cer+17a].

We will focus our attention on this last category of selection methods as the flexibility
of varying the selector by utilizing different learners allows us to address the two major
downside of previously proposed methods. First, many proposed methods assume the
selector to be static [Cer+17b; Cer+19; Pri19]. This means that they fit the selector on
held-out validation data and do not update it afterwards. Consequently, the selector itself
can be affected by drift, impacting the performance of the selection and consequently
of the overall prediction performance. Second, the question of why a specific forecaster
was chosen is often not addressed in previous approaches [Cer+17b; Cer+19]. Questions
such as “Why was forecaster A chosen instead of B?” cannot be addressed adequately
if the selection strategy is as intransparent as the forecasters themselves. While online
model selection can improve the performance on real-world tasks it cannot be used in
practice if the selection and forecasting processes cannot be trusted by the users. The only
approach that allows to investigate this question of why a specific forecaster was selected
was presented in [Pri19]. However, the authors do not directly address the questions of
explainability in their work. Moreover, they use a static selection mechanism, making it
problematic for real-world drifting data as discussed above.

45



3. Performance Gradient-based Saliency Maps

3.2. Regions of Competence

Our approach of explainable model selection, which we will present in this chapter, ex-
tends the recently proposed work of Online Model Selection with Region of Competence
(RoC) [Pri19], for which we use the following definition:

Definition 3.2 (Region of Competence [Pri19]). Let P = {f1, . . . , fM} be set of forecast-
ing models and let {(xi, yi)}Ni=1 be a set of windows xi and the correct forecast y. Then, the
Region of Competence of model fj ∈ P is given as

Rj := {xi | (fj(xi)− yi)
2 ≤ (fk(xi)− yi)

2 ∀fk ∈ P , i ∈ [N ]}.

While the RoCs can be visually inspected to gain some insight into the expertise of the
forecasters they give no insight into which parts of the sequence were most important.
During inference these RoCs are also used to determine the model to forecast for some
new window xt by returning the model with the RoC entry that is closest to xt, which
is very susceptible to noise. Our approach determines the most salient subsequences for
each window and adds those to the RoCs instead, which has two advantages: First, we
can show that the model selection performance increases if we use salient subsequences
instead of entire window for selection. Second, we are able to provide better insight into
each forecasters’ expertise by visualizing the fine-grained subsequences inside the RoCs.
Since the subsequences are found using the prediction error they visually indicate the
most important parts of the original window. In addition, we also present an approach to
continuously update each forecasters RoC based on a concept drift detection mechanism
which, as we will show, makes our method robust to time-variying time-series charac-
teristics. Throughout this chapter we will refer to our method as Online Selection with
Performance Gradient-based Saliency Maps (OS-PGSM).

3.3. Pool of forecasters

Throughout this chapter we will assume that we are given some univariate time-seriesX
which we will partition into three parts along the time dimension. The first part, X train

will be used to fit the forecasters described in this section. The following part, Xval of
validation data is used to compute each forecasters RoC. The last section,X test is used to
test the selection strategy during our experiment section.

Aswill become clear in Section 3.4 we need to use NN architectures which utilize convolu-
tional layers for feature extraction in order to be able to compute PGSMs. The architecture
of each model is thus similar, as each model consists of a sequence of 1D convolutional
layers where the number of filters and layers are variable. Each convolution layer is fol-
lowed by a ReLU activation and batch normalization layer (see Section 2.4.1). Some base
models will have a fully connected network following the last convolution layer while the
others will have a LSTM network. After parameterizing each forecaster they are trained
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on windows of L past values over X train. We will further discuss the model pool make
up in Section 3.7.

3.4. Computing PGSMs

The Performance Gradient-based Saliency Maps (PGSMs) we propose are based on Class
activation maps (CAMs) [Zho+16], specifically an extension called Grad-CAM [Sel+19].
Grad-CAM has been proven to successfully pass commonly used sanity checks, which
are devised to check whether the saliency map is truly providing insights into what the
model is doing or not [Ade+18]. In contrast to previous approaches of applying Grad-
CAM to time-series data [AS19] we are interested in explaining the performance of a
given forecaster in the form of its empirical error. Let xi ∈ RL be some window of a
univariate time-series we want to forecast and let yi ∈ R be the corresponding true value
of the forecast. Then, assuming some trained forecaster fj we denote the squared error
of the prediction as

εji = (fj(xi)− yi)
2.

Our goal is to attribute to each lagged value in xi the respective contribution to εji . Since
we are extending Grad-CAMwe also need to restrict our forecaster fj to be a CNN, mean-
ing that it contains (at least one) convolutional layer for feature extraction. Grad-CAM
utilizes the feature maps of the last convolution layer of the network in order to compute
the explanation. Specifically, let A(u) be the output of the u-th filter of the last convolu-
tional layer for xi. We assume that there are U filters in the last convolutional layer, i.e.,
the set of activations is given as A = {A(u)}Uu=1. Moreover, we assume that the CNN
architecture utilizes padding and does not contain layers that change the size of the input
time-series, resulting in A(u) ∈ RL for all u ∈ [U ]. Next, assume some differentiable
subnetwork computing the forecast based on the filter outputs, such as a FCN or LSTM
network. We compute the empirical error εji with this forecast. For each filter u ∈ [U ] an
importance weight w(u) associated with εji is computed by averaging over the gradients
of the error w.r.t. each entry in the feature map, i.e.,

w(u) =
1

L

L∑
l=1

∂εji

∂A
(u)
l

.

Finally, we use w(u) to weight the contribution of each feature map to the final explana-
tion, given by

aj
i = ReLU

∑
u∈[U ]

w(u)A(u)

 .

As we are only interested in highlighting time steps contributing most to εji we apply a
ReLU application on this weighted combination, resulting in the final performance-based
explanation.

47



3. Performance Gradient-based Saliency Maps

3.5. Computing refined Regions of Competence

Next, we present our approach for finding the most salient subsequences using the PGSM
information. The pseudocode for our approach is also shown in Algorithm 3.1. First,
assume some set of P pretrained forecaster P = {f1, . . . , fP } from which the selector
will choose. Assume that we are given some validation time-series Xval on which we
want to determine the RoCs for each forecaster. To do that, we utilize the windowing
approach to create nω chunks of length ω:

(Xval
i )nω

i=1 = Wz,ω(X
val). (3.1)

For each of these chunks we will further apply windowing as defined in Definition 2.9 to
split it into windows suitable to be processed by the forecasters. Specifically, we assume
that the forecasters can process a window of L time-steps, i.e., we split the j-th window
Xval

j as

{(x(j)
i , y

(j)
i )}nL

i=1 = W1,L,1(X
val
j ), x

(j)
i ∈ RL, y

(j)
i ∈ R. (3.2)

Then, we determine the best performing forecaster for each chunk based the correspond-
ing window, i.e., the best performing model for chunk j is given by solving

f∗
k = argmin

k∈[M ]

M∑
i=1

(fk(x
(j)
i )− y

(j)
i )2. (3.3)

Since forecaster f∗
k is the best performing forecaster on chunk j wewill proceed by adding

all windows of chunk j to its RoC. Specifically, we will compute the explanations a(j)
i as

shown in the previous section corresponding to the loss on each window (x
(j)
i , y

(j)
i ) and

use these to find the most salient subsequences. To do that, normalize each attribution
to be between 0 and 1 and define a threshold τ = 0.5 which we will use to set all entries
below τ to zero. Thus, we will only retain the highly informative parts of the window.
Using the thresholded attribution we will extract all subsequences from x

(j)
i for which

the corresponding attribution is larger than 0 and longer than 3 in order to not extract
very short sequences. We visualize this approach in Fig. 3.1.

As mentioned in the beginning of the chapter the selection of the best forecaster for new
data is done over the RoCs. Assume, during inference, some new window xt at time t for
which the best forecaster is to be selected. Then, we compute the distance between each
forecasters RoC entries and xt in terms of the Dynamic Time Warping (DTW) [BC94]
distance function and select the forecaster with the smallest distance, i.e., Afterwards, the
forecaster f̂ with the smallest DTW distance is chosen to forecast xt:

f̂ := argmin
k∈[M ]

min{DDTW(r,xt) | r ∈ Rk}. (3.4)

We choseDTWbecause the RoC entries are of variable length andDTW is able to compare
time-series of different lengths by matching the same entry in the shorter time-series to
multiple entries in the longer time-series via dynamic programming.
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x
(j)
i

−1.2 −0.9 −0.1 0.1 −0.1 −0.3 −0.95

I[a(j)
i > τ ]� a

(j)
i 0 0.55 0.6 0 0.55 0.6 0.7

time

⇑
Add toRk

Figure 3.1.: Illustration of how to extract the most salient subsequences from the window x
(j)
i

(top) given the PGSM explanation a
(j)
i (bottom). First, notice that we use τ = 0.5 to

threshold the explanation, only retaining values which are highly important. Second,
we find subsequences in the thresholded explanation that are longer or equal than 3

entries and extract the corresponding values from x
(j)
i to add to the forecasters RoC

Rk .

3.6. Detecting Concept Drifts and Adapting RoCs

As explained above, the RoCs are computed using the validation set Xval. However, due
to the dynamic behavior of time-series data it might happen that concept drifts (see Def-
inition 2.8) appear during the inference phase. As a result, the RoCs have to be updated
to take into account the possible presence of new patterns after the occurrence of such
drifts and also to gain knowledge of which models are more adequate to handle these pat-
terns if they reoccur again. Thus, we want our method to enrich the RoCs by adding new
entries using newly available data whenever concept drifts are detected. The detection
of concept drifts is performed by monitoring the deviation in the mean of the time-series
[SPM19] using the well-known Hoeffding bound [Hoe63]. To do that, let µ0 = E[Xt0:t1 ]
be the initial mean over the validation data partition of X , i.e., t0 and t1 are the first
and last time-steps of Xval. Then, for each new observation time t > t1 to forecast we
compute ∆t = |µt − µ0| with µt = E[Xt1:t]. The Hoeffding bound states that after W
observations of a random variable with range r the true mean has diverged from 0 with
probability σ if

∆t >

√
r2 log(2/σ)

2W
. (3.5)

We estimate the range of data r empirically and set W = t − t1 + 1. The confidence
σ is a user-defined hyperparameter. Thus, we assume a drift whenever ∆t diverges. All
data up until t− 1 is assumed to be known, and thus we can use the data to enrich each
forecasters RoC as described earlier in Section 3.5. Also, we set µ0 = µt and reset t0 and
t1 to the range of µt.
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3. Performance Gradient-based Saliency Maps

Algorithm 3.1 OS-PGSM

1: Train each fk ∈ P on X train

2: Initialize RoCs: Rk = {} ∀j ∈ [P ]
3: for Xval

i ∈Wz,ω(X
val) do . Eq. (3.1)

4: Determine the best performing fk . Eq. (3.3)
5: for (x

(j)
i , y

(j)
i ) ∈W1,L,1(X

val
i ) do . Eq. (3.2)

6: Compute PGSM explanations a(j)
i . Section 3.4

7: Compute salient subsequences using a
(j)
i . Fig. 3.1

8: Add subsequences to the corresponding RoCRk . Fig. 3.1
9: end for

10: end for
11: Initialize µ0, t0, t1 . Section 3.6
12: for xt ∈W1,L,1(X

test) do
13: Forecast xt with model f̂k . Eq. (3.4)
14: µt = E[Xt1:t]
15: if concept drift detected then . Eq. (3.5)
16: Set Xval = Xt1:t−1

17: µ0 = µt, t0 = t1, t1 = t− 1
18: Recompute and add new RoCs . Lines 3-9
19: end if
20: end for

3.7. Experiments

Wepresent the experiments carried out to validate OS-PGSMand to answer these research
questions:

• Q1: How does OS-PGSM perform compared to the state-of-the-art and existing
online model selection methods for time-series forecasting?

• Q2: What is the advantage of reducing the step size z for sliding the window of
size nω over Xval on the performance of OS-PGSM?

• Q3: What is the advantage of updating the RoCs in an informed fashion (i.e. fol-
lowing drift detection)?

• Q4: How scalable is OS-PGSM in terms of computational resources compared to
the most competitive online model selection methods? What is the computational
overhead of the drift-aware adaption of the models’ RoCs?

• Q5: How can OS-PGSM be used to provide suitable explanations for the reason
behind selecting a specific model at a certain time interval or instant?
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3.7.1. Experimental Setup

As mentioned earlier we assume that each time-series is split into three parts used for
training the forecasters, estimating the RoCs and evaluating the approach, respectively.
Specifically, we use the first 50% for training (X train), the next 25% for validation (Xval)
and the last 25% for testing (X test). In total, we evaluate our approach and the baselines
on a total of 102 real-world time-series. A full list of the used time-series, together with a
description of their characteristics, is given in Table 3.1. After predicting the test portion
of all time-series for all methods we compute the error via the RMSE (see Section 2.4.3).
To compare the performance of the same method over multiple datasets we compute a
ranking between the methods’ on a per-time-series basis, assigning rank 1 if the method
achieved the lowest error. By computing the average ranking over all datasets we can
measure the expected performance and can compare between methods more easily. The
code to reproduce all experiments is available online4.

3.7.2. OS-PGSM Setup, Variants and Baselines

The pool P of CNN-based forecasting models is created by using different architecture
hyperparameter settings. Specifically, we vary the number of filters used in the convo-
lutional layers from {32, 64, 128} and the filters’ kernel size from {1, 3}. By combining
these different hyperparameter configurations, as well as adding or removing LSTM lay-
ers, we create a total of M = 12 different forecasting models. In addition, our approach
OS-PGSM has also a number hyperparameters which we summarize in Table 3.2. These
hyperparameters were determined in preliminary experiments on other datasets.

We compare OS-PGSM against the following approaches which include state-of-the-art
methods for forecasting and model selection methods devised in the context of forecast-
ing. First, we compare against ARIMA and Exponential Smoothing (ETS) (see Section 2.3.2).
We utilize the forecast5 package which automatically estimates the (p, d, q) hyperpa-
rameters of ARIMA as well as the K hyperparameter from Exponential Smoothing. Next,
we add the best performing forecasters from P , denoted as CNN and CNN-LSTM, depending
on whether the forecasting network is fully connected (first case) or an LSTM layer (later
case). Additionally, a simple LSTM is added for comparison [GES01]. KNN-RoC [Pri19] com-
putes static RoCs using the complete windows of the validation set as input and the rank
of the individual forecasters on each interval as labels for a k-nearest neighbor classifier,
using DTW distance and K = 3. Next, we also compare ourselves against a simple vali-
dation procedure where the CNNs are evaluated offline and the best model is selected to
forecast all the upcoming data points [RP99], which we denote as Valid. ADE [Cer+17a;
Cer+19] was recently developed for online dynamic ensemble of forecasters construction.
However, instead of ensembling multiple models together we select the best performing
model to forecast. A Random Forest is used for estimating each candidate error and select
the best model based on the lowest predicted error at test time. We denote s Stacking

4
https://github.com/MatthiasJakobs/os-pgsm/tree/ecml2021

5
https://github.com/robjhyndman/forecast
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3. Performance Gradient-based Saliency Maps

Name Nr. Source Characteristics

Total rents 1 [Cer+17a] Hourly, Jan. to Mar. 2011
Temperature 1 [Cer+17a] Hourly, Jan. to Mar. 2011
Amount registered 1 [Cer+17a] Hourly, Jan. to Mar. 2011
AbnormalHeartbeat 1 [Bag+17] 3053 measurements (4kHz)
CatsDogs 1 [Bag+17] 14773 audio samples (16kHz)
Cricket 1 [Bag+17] 1197 accelerometer readings (184Hz)
EOGHorizontalSignal 1 [Bag+17] 1250 measurements (1kHz)
EthanolConcentration 1 [Bag+17] 1 second spectrum measurement
Mallat 1 [Bag+17] 1024 measurements (simulated)
Phoneme 1 [Bag+17] 1024 samples of audio
PigAirwayPressure 1 [Bag+17] 2000 pressure measurements
Rock 1 [Bag+17] 2844 samples of spectrum analysis
SNP500 1 [DG17; HH19] Daily closing, 2010 to 2017
NASDAQ 1 [DG17; HH19] Daily closing, 2010 to 2017
DJI 1 [DG17; HH19] Daily closing, 2010 to 2017
NYSE 1 [DG17; HH19] Daily closing, 2010 to 2017
RUSSELL 1 [DG17; HH19] Daily closing, 2010 to 2017
Humidity RH1 1 [DG17] 10 minute steps, Jan. to May 2016
Humidity RH2 1 [DG17] 10 minute steps, Jan. to May 2016
Temperature T4 1 [DG17] 10 minute steps, Jan. to May 2016
Temperature T5 1 [DG17] 10 minute steps, Jan. to May 2016
Avg. Cloud Cover 1 [SA81] Hourly, Apr. 25 to Aug. 25, 2016

M4 competition 80 [MSA20]
Subset of 20 hourly, monthly,
weekly and daily time-series each

Table 3.1.: All used datasets for our experiments. In total, 102 datasets were used.

Parameter Description Value

L Number of lagged values (Eq. (3.2)) 5
ω Size of chunks within the validation set (Eq. (3.1)) 25
z Step size for windowing (Eq. (3.1)) 1
τ Threshold for subsequence extraction (Fig. 3.1) 0.5
σ Hoeffding-Bound confidence (Eq. (3.5)) 0.95

Table 3.2.: Hyperparameters of OS-PGSM and their values for the experiments.
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a method where a meta-learner (Random Forest) is trained to predict which model to
select using a set of meta-features consisting of input time sequence statistical charac-
teristics and performance-based features [Wol92]. Finally, we compare ourselves against
Adaptive Mixture [Jac+91], which consists of shallow CNNs and a gating network. The
gating network acts as a selector by performing a single output stochastic switch to select
a given expert with the estimated switch probability.

We also evaluate different variants of OS-PGSM in order to evaluate the importance of
each part of our method.

• OS-PGSM: The version of our method presented in the previous sections, which
detects concept drifts and adapts the RoCs accordingly.

• OS-PGSM-Int: Same as OS-PGSM, but the step size in Eq. (3.1) is set to z = ω. That
way, the RoCs will be more sparse and the RoC update after a concept drift requires
less computation.

• OS-PGSM-Euc: Instead of using DTW as a distance measure to select the fore-
caster we use Euclidean distance. To account for time-series of different lengths
the subsequences are padded (and those padding entries are not taken into account
in determining the distance).

• OS-PGSM-Int-Euc: A combination of OS-PGSM-Int and OS-PGSM-Euc.

• OS-PGSM-St: Same as OS-PGSM, but the RoCs are not updated using the drift de-
tection mechanism. The RoCs are computed and stored offline and only the selec-
tion takes place online.

• OS-PGSM-Per: Same as OS-PGSM, but the RoCs are update periodically in a blind
manner (i.e. without detecting the occurrence of concept drifts) with a periodicity
of 10% of the length of X test .

3.7.3. Results

Table 3.3 presents the average ranks and their standard deviation for all methods. For the
paired comparison, we compare our method OS-PGSM against each of the other methods.
Specifically, we counted the number of wins and losses for each time-series using the
RMSE error. To see if the pairwise difference between methods is significantly high we
use the non-parametricWilcoxon Signed Rank test to compute significantwins and losses,
which are presented in parentheses (assuming a significance level α = 0.05) (see Eq. (5.1)
for more information).

As we can see in Table 3.3, OS-PGSM outperforms the baseline methods in terms of wins
and loses in pairwise comparison. The online model selection approaches, e.g., KNN-RoC,
ADE-Single and Adaptive Mixture, show inferior performance in comparison to OS-
PGSM. ARIMA, ETS, LSTM, and CNN are also considerably worse in average rank compared
to OS-PGSM. CNN-LSTM shows slightly better performance, but still cannot outperform
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Method name Losses Wins Average Rank ±

ETS 5(4) 97(96) 13.04 4.26
ARIMA 7(6) 95(93) 12.90 4.35
Stacking 11(10) 91(80) 12.11 4.12
Adaptive Mixture 17(8) 85(84) 10.93 5.78
LSTM 17(8) 85(83) 9.97 3.60
CNN 18(6) 84(80) 9.00 3.60
Valid. 20(12) 82(72) 7.84 4.18
KNN-RoC 22(16) 80(73) 7.41 3.95
CNN-LSTM 23(6) 79(71) 7.30 3.59
ADE-Single 30(19) 72(61) 4.28 2.90
OS-PGSM-Int-Euc 33(9) 69(66) 3.95 3.13
OS-PGSM-Euc 35(10) 66(56) 3.86 3.10
OS-PGSM-Int 40(7) 62(54) 3.62 2.80
OS-PGSM-Per 45(7) 57(46) 3.09 3.05
OS-PGSM-St 49(10) 53(44) 2.93 2.62
OS-PGSM - - 2.78 2.63

Table 3.3.: Comparison of OS-PGSM and its variants to different state-of-the-art approaches for
all 102 time-series. The two right most columns give the average rank in terms of
mean squared error and its standard deviation across different time-series. A rank of
1 means the model was the best performing on all time-series.

OS-PGSM. The most competitive state-of-the-art approach to OS-PGSM is ADE-Single.
Nevertheless, it has a higher average rank and a lower performance than all the variants
of our method. These results address the research question Q1.

Comparing OS-PGSM to different variants itself, we see a clear advantage in using all the
choices in our method. First, Dynamic Time Warping (DTW) is better in computing the
similarities between the input sequences and the RoCs, especially when both have differ-
ent lengths as explained above. This explains why the variants using Euclidean distance
have worse performance. In addition, by setting z = 1, higher number of windows of size
ω are created and, as a result, a higher number of RoCs are computed (see Section 3.5).
This contributes to creating richer information about RoCs of different forecasters, com-
pared to setting z = ω in OS-PGSM-Int and OS-PGSM-Int-Euc. The downside is the
increased processing time to create these RoCs (as we will see next). Finally, OS-PGSM-
St is better than OS-PGSM-Per, which shows that unnecessary updates of the RoCs can be
more detrimental than not adapting to changes at all. On the other hand, the informed,
concept drift detection based approach of OS-PGSM performs better than both OS-PGSM-
Per and OS-PGSM-St. This can be explained by the fact that the update of the RoCs is only
beneficial for datasets where concept drifts actually occur. Moreover, taking into account
these new appearing concepts is helpful for the selection of models due to newly observed
patterns. Figure 3.2 show an illustrative example of the RoCs of f4 before and after drift
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Figure 3.2.: RoCs for the forecaster model f4 before and after enrichment, i.e., before and after a
detected concept drift.

Method ADE-Single OS-PGSM OS-PGSM-St OS-PGSM-Int OS-PGSM-Per

Avg. Runtime 167.87 8.42 2.33 0.90 154.11
± 56.40 18.30 4.80 1.65 204.22

Table 3.4.: Empirical runtime comparison between different methods (in seconds).

detection. Notice the additional patterns added which make the two broad categories of
RoC entries more diverse. These answers research questions Q2 and Q3.

In the next experiment, we compare the runtime of OS-PGSM and its variants against
the most competitive state-of-the-art method, ADE-Single, in Table 3.4. The reported
runtime for OS-PGSM and OS-PGSM-Per takes into account the computation of the new
RoCs. ADE-Single [Cer+19] relies on periodic update of the meta-learning strategy be-
hind the selection (same periodicity as OS-PGSM-Per). All the reported runtimes concern
only the online predictions and any operation computed offline is not taken into account.
The results demonstrate that OS-PGSM and its variants have lower average runtime than
ADE-Single. OS-PGSM-Int is faster than OS-PGSM-St since fewer evaluation windows
of size ω are created and as a result, a lower number of RoCs is generated for distance
comparisons. OS-PGSM has lower runtime than OS-PGSM-Per. This is due to using drift
detection to update the RoCs only when necessary, leading to fewer updates. This re-
sults in faster predictions and less computational overhead of generating PGSMs. The
high deviation of the runtime of OS-PGSM is due to the different numbers of drifts per
time-series. While some time-series have high variations of the mean over time, and thus
will result in a lot of drifts being detected, other time-series are much more static. Due
to our approach of detecting these changes we can achieve a fast runtime for more static
time-series without suffering prediction performance penalties. This answers question
Q4.

Lastly, we provide some insights into how OS-PGSM can be used to provide suitable ex-
planations for the reason behindmodel selection. Figure 3.3 shows a comparison between
the current input time-series window (left part in black) with the closest RoC entry of the

55



3. Performance Gradient-based Saliency Maps
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Figure 3.3.: Comparison of the current input pattern to the closest RoC (R11).
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Figure 3.4.: Visualization of RoCs for the Total Rents data using OS-PGSM. Notice that R7 is
empty, meaning that f7 was never the best model during the validation phase.

selected model to perform the forecast. A clear similarity between both patterns can be
observed which justifies the choice of this model since it has been proven to show some
degree of competence in forecasting using similar patterns as input. While the amount
of lags differ, i.e., the time-series windows are of different lengths, the use of DTW is able
to match the shape of both time-series. The selection of, in this case f11, is further vali-
dated when comparing between the true time-series value (ground truth, green) and the
predicted value (red). While these two values differ slightly, an evaluation of all the candi-
dates showed that f11 had, in fact, the smallest prediction error. A more general overview
over the RoCs for the Total Rents dataset is shown in Fig. 3.4. Observe that some models
have quite similar RoC patterns, while others are fairly distinct. For example, forecaster
f1 was proficient at slightly decreasing linear trends, as well as those trends followed by a
slight uptick (seeR1 in Fig. 3.4). On the other hand, forecaster f11 was best at predicting
from sharply decreasing trends (see R11 in Fig. 3.4). Notice that f7 has an empty RoC.
This means that during the RoC creating process f7 never outperformed any other model
and thus did not get to enrich its RoC. At this point, during the selection process, f7 is ef-
fectively ignored. This also leads to better explainability in the sense of sparseness, since
not every model is forced to contribute to the forecasting. Hence, models that are poorly
designed or not well-trained, get ignored during the selection. However, note that after
a concept drift detection all forecasters from the pool are again evaluated on the newly
acquired data. At this point, f7 could be outperforming other models and enrich its RoC.
As it can be seen with the varying amount of transparency of lines of the RoCs, many
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Figure 3.5.: A visualization of model selection one the AbnormalHeartbeat dataset.

very similar RoCs are collected for each forecaster, confirming the assumption that a cer-
tain model is an expert on specific input regions of the time-series. Another visualization
aspect of the forecasting is shown in Figure 3.5. We focus for visualization clarity on
the two models (f2 and f3). We highlight regions where they are selected by OS-PGSM.
Notice that the parts of the time-series that exhibit mostly stationary behavior or small
increasing trends are predicted by f3. Conversely, strongly increasing or decreasing pat-
terns are predicted by f2. This shows that models can be associated with interpretable
features of the time-series, such as trend changes, making the process of understanding
each models expertise easier. All the shown aspects address clearly research question
Q5.

3.8. Concluding Remarks

In this chapter we have introduced OS-PGSM, which is an explainable Online Model Se-
lection method for time-series forecasting. Specifically, it uses gradient-based saliency
maps to derive RoCs which can be inspected to understand the expertise of each fore-
caster. Using a simple drift detection mechanism the RoCs are updated whenever new
concepts occur. This allows for an adaption to novel concepts, leading to increased pre-
dictive performance compared to other state-of-the-art model selection methods. We
could also show that OS-PGSM s can be used successfully for providing useful explana-
tions behind model selection, which provides a way to use CNNs in more safety-critical
application domains for forecasting.
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4. Online Ensemble Pruning using PGSM

Wehavementioned in Section 3.1 that oneway to react to the time-varying characteristics
inherent in time-series data is to approach the forecasting as an Online Model Selection
task. We proposed a method in the previous chapter which used the concept of Regions
of Competence (RoCs) to select, for each new input pattern, which model to choose. In
this chapter, we will discuss a second method to deal with concept drifts in an adaptive
manner. Specifically, we will generalize the notion of Online Model Selection to Online
Ensemble Pruning. That is: Instead of choosing one forecaster to predict the pattern we
aim to select multiple forecasters and combining their predictions to achieve a high pre-
diction accuracy. Our focus is on finding the smallest possible subset of forecasters neces-
sary for high performance in order to not suffer from high computational costs. Formally,
we will define Online Ensemble pruning over the pool of forecasters P = {f1, . . . , fN}
in the following way:

Definition 4.1 (Online Ensemble Pruning). Let xt ∈ RL be the last L known values, let
yt ∈ R be the true next value and let ` : R×R→ R+ be a suitable loss function. Then, the
online ensemble pruning problem is given by

G∗ = argmin
G⊆P

`(f̄G(xt), yt)

where f̄G(xt) =
1
G

∑G
j=1 fj(xt) and |G| = G.

Notice that we defined the ensemble as equally weighted, i.e., each forecasters weight
in the convex combination is equal. Using non-uniform weights it is possible to include
more of the prediction of certain forecasters or reduce their contribution. By constraining
the weights to be zero everywhere except for one entry we can derive the model selection
problem from the previous chapter. This means that online ensemble pruning can be seen
as a generalization of online model selection by constraining G = 1.

Ensemble pruning is a popular method to overcome the high computational costs of tradi-
tional ensemble learning techniques and to improve the ensemble predictive performance.
An ensemble with a very large number of models may add a lot of computational over-
head due to the large memory requirements of some of its base models [MD97]. The
optimization of run-time overhead is imperative for certain applications where real-time
requirements have to be met, such as in online forecasting. Furthermore, both theoretical
and empirical studies have shown that ensemble predictive performance depends on the
predictive performance of its individual models and how diverse the ensemble is [LYZ12;
BWT05; MHS08; Car+04]. All the previous works agree that encouraging diversity is
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4. Online Ensemble Pruning using PGSM

beneficial to the performance of ensemble, but it is hard to tell the theoretical properties
of diversity in ensemble [LYZ12]. Therefore, understanding and promoting ensemble di-
versity remains an important research question in ensemble learning. The generalization
performance of an ensemble depends on its empirical error and diversity [LYZ12]. Thus,
it seems reasonable to design an ensemble pruning strategy with both the empirical error
and diversity inmind. However, finding the optimal subset is a combinatorial search prob-
lemwith exponential computational complexity. It is thus infeasible to compute the exact
solution by exhaustive search and approximations are necessary. Several methods have
been proposed in the literature to solve this issue by directly using global search [ZWT02;
Zha02; CTY09] or iteratively using greedy search [MHS08; PTV12]. Greedy search meth-
ods can be further divided into greedy forward pruning which start with an empty set and
iteratively add the learners optimizing a certain criterion, and greedy backward pruning
which starts with the complete ensemble and iteratively eliminates learners. It has been
shown that greedy pruning methods are able to achieve comparative performance and
robustness with global search methods but at much smaller computational costs [LYZ12].
A comprehensive review of state-of-the-art ensemble pruning methods can be found in
[TPV09].

In the time-series domain, pruning methods need to be dynamic in order to cope with the
time-evolving nature of time-series in the form of concept drift as mentioned before (see
Section 2.3.1). Dynamic methods can adapt the pruning strategy either in a blind manner
over time, i.e. at each time instant during inference, periodically [KK15; ZDY21], or in
an informed fashion following concept-drift detection [SPM19]. A drift-aware ensemble
pruning for time-series forecasting using correlation-based measures for similarity and
dynamic clustering of the top-similar models has been proposed in [SPM19]. In addition,
several methods for making the ensemble weights dynamic in forecasting have been sug-
gested in the literature [Cer+19; STM21; GG16; Cer+17a; SM21]. However, not all of
them guarantee that some weights will be set to zero [STM21; GG16; Cer+17a; SM21].
In [Cer+19], the authors frame their aggregation as a ranking task, in which the models
are ranked decreasing by their weight. Correlation among the output of the base learners
is used to quantify their redundancy. A given learner is penalized for its correlation to
each learner already ranked. If it is fully correlated with other learners already ranked, its
weight becomes zero. On the other hand, if it is completely uncorrelated with its ranked
peers, it gets ranked with its original weight. The pruned ensemble can then be generated
by choosing a fixed number of methods based on the final weights. However, this num-
ber has to be a hyperparameter, making the approach inflexible as the amount of possible
pruning also varies over time.

In the following sections wewill present our approach for online ensemble pruningwhich
can adapt to concept drifts. Specifically, we will use the PGSMs from the previous chap-
ter to find the most salient subsequences to build each forecasters Region of Compe-
tence (RoC). During inference, we conduct a two-step approach to find the smallest sub-
ensemble while minimizing both the expected prediction error as well as maximizing the
diversity. The size of the sub-ensemble is derived via a bound on the distance of RoC
members, leading to a dynamic ensemble size which can adapt to changes in the time-
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series characteristics. Using both the concept drift detection approach from Section 3.6
and monitoring the ensembles predictive performance over time we are able to update
the RoCs and the pruned ensemble for high flexibility. By utilizing the PGSMs we are
also gaining insight into the ensembling process and can generate explanations of why
models were ensembled together.

This chapter is based on the publication [SJM22]. The original paper is an equal-
contribution publication shared with the first author and the author of this thesis.
Specifically, the author of this thesis contributed to the derivation of the bound in
Proposition 4.1, implemented most of the code for the experiments and contributed
text to the Methodology and Experiments sections of the original publication.

The chapter is structured as follows. We will start discussing the changes to the PGSM
computation presented earlier in Section 4.1. Next, we present our two-stage online en-
semble pruning method in Section 4.2, where we discuss the advantage of clustering the
RoCs members as well as derive a bound which balances the ensembles predictive perfor-
mance and ambiguity. Moreover, we present an additional way to detect concept drifts by
monitoring the ensembles predictive performance in Section 4.3. We will then conduct
extensive experiments in Section 4.4 to investigate different research questions, including
a discussion on different explainability aspects. Finally, we will finish the chapter with
some concluding remarks.

4.1. Adapting PGSMs to ensembling

In order to use the approach of computing PGSMs from Section 3.4 we resort to using the
same kind of model pool as described in Section 3.3. Namely, the pool needs to contain of
CNNs, specifically containing 1D convolutional layers which are used to extract features
from the time-series windows. Different architectures are again constructed by varying
the number of filters and number of layers, as we will detail in Section 4.4. In the previous
chapter we measured the performance of each forecaster on chunks of validation data
and let the best model create new entries in its RoC. In this chapter, the performance (i.e.
error) of all forecasters are measured and each forecaster gets to enrich its RoC. After
thresholding and extracting the subsequences using the PGSM explanation as mentioned
in Section 3.5, we discard every sequence which is of a different size to the number of lags
L. Doing that we are able to utilize the euclidean distance for computing distances to the
RoC entries since all entries have equal length. In preliminary experiments this approach
lead to higher predictive performance compared to ensembling with DTW.

4.2. Online Ensemble Pruning

Assume that we want to forecast the true valueXt+h given the last L known (i.e., lagged)
values xt = (Xt−L, . . . , Xt) which we will also refer to as the current input pattern. We
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4. Online Ensemble Pruning using PGSM

will refer to the i-th entry of xt as x
(i)
t throughout this chapter. At test time, in order to

forecast some pattern xt the similarity to all RoC entries of all forecasters is computed.
Thus, for each forecaster fj with j ∈ [N ] the closest RoC entry r∗j satisfies

r̂j = argmin
rj∈Rj

‖rj − xt‖2 (4.1)

and is selected to represent fj for the following online ensemble pruning approach.

The pruning decision is performed in a step-wise online manner for each new input pat-
tern. The expected error of the ensembleP , denoted by eP , at time t+h can be expressed
as [KV95; BWT05]:

eP(Xt+h) = (Xt+h − f̄P(xt))
2

= (Xt+h −
1

N

N∑
j=1

fj(xt))
2

= (
1

N

N∑
j=1

Xt+h − fj(xt))
2

=
1

N

N∑
j=1

(Xt+h − fj(xt))
2

︸ ︷︷ ︸
=:ēP (Xt+h)

− 1

N

N∑
j=1

(fj(xt)− f̄P(xt))
2

︸ ︷︷ ︸
=:āP (Xt+h)

. (4.2)

The left term in Equation 4.2 refers to the weighted average error of the base models ēP
and the right term to the ensemble ambiguity āP which is simply the variance of the
ensemble around the weighted mean and measures the disagreement between networks
onXt+h. The above relations can be averaged over several time stepsH and the ensemble
generalization error can be written as:

EP =
1

H

H∑
h=1

eP(Xt+h)

=
1

H

H∑
h=1

ēP(Xt+h)︸ ︷︷ ︸
=:ĒP

− 1

H

H∑
h=1

āP(Xt+h)︸ ︷︷ ︸
=:ĀP

. (4.3)

The RoCsRj of each base model j ∈ [N ] can be used to calculate the degree of expertise
of the corresponding model in forecasting the most recent input pattern xt by computing
the minimum distance to all RoC entries (see Eq. (4.1)). Thus, we implicitly assume that
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4.2. Online Ensemble Pruning

the distance between the closest RoC entry and the current pattern is indicative of the
expected error, i.e., we assume

(fj(xt)−Xt+h)
2 ∝ 1

L

L∑
l=1

(x
(l)
t − r̂

(l)
j )2, ∀j ∈ [N ]

where r̂j = (r̂
(1)
j , . . . , r̂

(L)
j )T ∈ Rj is the closest entry according to Eq. (4.1). By choosing

the closest entry for all forecasters and ensembling the predictions together we will also
assume that the average closest RoC member is a good proxy for prediction performance
of the ensemble, i.e.,

(f̄(xt)−Xt+h)
2 ∝ 1

L

L∑
l=1

(x
(l)
t − r̄

(l)
P )2

where r̄
(l)
P := 1/N

∑N
j=1 r̂

(l)
j ∀l ∈ [L], |P| = N . With these assumptions, we will

decompose the expected ensemble error forXt+h using the set of all RoCsR the same as
before:

ER
P =

1

L

L∑
l=1

(x
(l)
t − r̄

(l)
P )2

=
1

NL

L∑
l=1

N∑
j=1

(x
(l)
t − r̂

(l)
j )2︸ ︷︷ ︸

=:ĒR
P

− 1

NL

L∑
l=1

N∑
j=1

(r̄
(l)
P − r̂

(l)
j )2︸ ︷︷ ︸

=:ĀR
P

. (4.4)

It is very intuitive to see from Equation 4.4 that the selection of the ensemble members
should be made in favor of forecasters whose RoCs are close to the current pattern in
order to minimize ĒR

P and diverse from each other in order to maximize ĀR
P . To do so,

we perform a two-staged pruning strategy, additionally illustrated in Fig. 4.1.

4.2.1. First pruning stage

In a first stage, we start by clustering the closest RoC entries r̂j of each forecaster using
k-mean clustering [Llo82] (see also Section 2.2) with Euclidean distance into k clusters.
Let S := {S1, . . . ,Sk} be the resulting set of clusters. For each cluster Sj we define the
cluster representative ρj as the element with the smallest distance to the current input,
i.e.,

ρj = argmin
ρ∈Sj

‖ρ− xt‖2. (4.5)

For convenience, let us defineK := {ρ1, . . . ,ρk}. The optimization objective of k-means
clustering minimizes the intra-cluster distances while maximizing the inter-cluster dis-
tances. Thatmeans thatmodels belonging to different clusters are expected to have higher
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Figure 4.1.: A visualization of our two-staged online ensemble pruning approach. In the first
stage (left), the closest RoC entries r̂ of all 9models are clustered into k = 3 clusters,
visualized by the three colors. Next, we find the closest cluster entry w.r.t. the current
pattern xt and call it the cluster representative ρ. In this example, we have ρ1 = r̂2,
ρ2 = r̂4 and ρ3 = r̂7. In the second stage (right) we calculate the radius δ based
on our proposed bound from Proposition 4.1, which results in the final ensemble
M = {f2, f4} corresponding to ρ1 and ρ2, respectively.

distances between each other compared to models belonging to the same cluster. In ad-
dition, models belonging to the same cluster have more or less the same distance to the
current pattern xt. Therefore, the average error induced by all the models is expected to
be similar to the averaged error induced by the clusters’ representatives since one rep-
resentative shows the same error level as all the models belonging to that same cluster.
As a result, ĒR

K is approximately preserved while decreasing the number of models. In
this way, we achieve high diversity without increasing the averaged error, reducing the
expected total ensemble error ER

K on xt.

4.2.2. Second pruning stage

In a second stage, we want to further reduce the number of models in the ensemble by
using only the best performing cluster representatives. To do that, we derive a bound
of a radius around xt which, by including all models in that radius, gives us a pruned
ensemble with a trade-off between expected error and diversity.

Proposition 4.1. Let xt ∈ RL be the current input pattern and let K = {ρ1, . . . ,ρk}
be the k cluster representatives left from the first pruning stage. Then, we can derive a
subsetM⊆ K which improves upon the expected error and diversity as

M = {ρj ∈ K | ‖ρj − xt‖2 ≤ δ}
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for the radius δ given via

1

2

√∑L
l=1

∑k
j=1(r̄

(l)
K − r̂

(l)
j )2

k
≤ δ ≤

√∑L
l=1

∑k
j=1(x

(l)
t − r̂

(l)
j )2

k
.

Proof. To ensure a reduction of the averaged error, the error ĒR
M induced by the subset of

theMmodels should be lower than ĒR
K induced by the subset of k cluster representatives.

Let M := |M| and k := |K|. Then, we have:

ĒR
M

!
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K

⇔ 1

ML
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M∑
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j )2.

We have that
∑L

l=1(x
(l)
t − r̂

(l)
j )2 ≤ δ2 ∀j ∈ [M ] as each forecaster fj should have at

most distance δ to xt. As a result:

δ2

L
≤ 1

kL

L∑
l=1
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(l)
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In addition, wewant to ensure that the second stage either preserves or promotes diversity
by preserving or increasing the ambiguity:

ĀR
M

!
≥ ĀR

K

⇔ 1

ML
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(l)
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!
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(l)
j )2.

The average pattern r̄M has to be contained within the sphere induced by radius δ of
center xt as it is a convex combination of vectors inside the radius by definition. Thus,
the distance between r̂j and r̄M can be at most 2δ for all j ∈ [M ]. Therefore:

4δ2

L
≥ 1

L

kL∑
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(l)
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j )2.
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In practice, in order to identify theM models for a fixed number of clusters k, we set
δ simply to the upper bound of Proposition 4.1 and models whose distance is lower or
equal to δ are selected as theM models. The upper bound of Proposition 4.1 can then
be interpreted as promoting the selection inside the δ-radius sphere close to the true
recent pattern xt which reduces the averaged error. The lower bound can be viewed as a
regularization parameter that prohibits radius values that would result in a clustering of
the base models very closely around xt, decreasing the ambiguity. AfterM is derived at
time t it remains valid for the following time instants unless a concept-drift either in the
models’ performance or in the time-series data is detected. If a drift is detected, an alarm
to updateM is triggered, which we will discuss in the upcoming section.

4.3. Drift-aware Pruning Update

In order to update the pruned ensembleM as few times as necessary while also being
able to react to concept drifts in the time-series we propose to detect two different types of
drift. First, as we already detailed in Section 3.6, we use the Hoeffding-bound on the mean
values of the raw time-series to trigger a concept drift if the mean changes significantly
over time. Specifically, we will denote with∆t the difference of means at time t according
to Eq. (3.5). The reasoning is that changes in the data distribution will allow us to adopt
each forecasters RoCwith novel patterns while also giving us the opportunity to re-create
the pruned ensemble. We will refer to this type of concept drift as Drift Type I and,
if our drift detection mechanism triggers, we will enrich the RoCs (see Section 3.6 and
Section 4.1). Furthermore, we will also re-cluster and re-prune the ensemble based on the
current input as described in Section 4.2. We do this to account to the fact that, given
the enrichment of the RoCs, we might expect that ensemble based on new RoC entries
can be formed with lower expected error since it can account for novel patterns in the
data.

In addition, we propose to monitor another quantity over time, whose drift wewill denote
as Drift Type II. The performance of a forecaster j is reflected by the distance of its
representative RoC entry r̂j to the current pattern. For notational simplicity, we will
denote the current pattern again with xt. This distance can be continuously computed
and monitored over time for all forecasters. The distance dtj between the representative
RoC entry of the model fj and xt can be calculated using Euclidean distance as

dtj = ‖xt − r̂j‖2, ∀j ∈ [N ]. (4.6)

Let Dt := (dtj)
T
j∈[M ] be the distance vector of all models in the current ensembleM to

the current input pattern at time t. Also, we defineD0 to be the distance vector at the last
time the ensemble was pruned. Then, we can interpret the difference in absolute change
between the current minimum distance and the initial minimum distance as

εt = |min(Dt)−min(D0)|.
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We can now monitor εt using the Hoeffding bound, similar to the change in mean ∆t of
Drift Type I. Essentially, we are monitoring a proxy of the smallest expected error at
time t over time and if that quantity significantly deviates from zero, i.e., from the original
smallest expected error, a drift in model performance is assumed to take place. Once
this drift is detected the ensemble is updated by re-clustering and re-pruningM. Note,
however, that we do not enrich the RoCs since a drift in performance does not necessarily
indicate novel patterns in the data. We proceed by setting D0 = Dt (assuming the drift
was detected at time instant t).

Our method is denoted in the following as OEP-ROC: Online Ensemble Pruning using
Performance Saliency maps-based Regions of Competence. All the steps of OEP-ROC are
summarized in Algorithm 4.1.

Algorithm 4.1 OEP-ROC

1: Train each fk ∈ P on X train

2: Initialize RoCs: Rk = {} ∀j ∈ [N ]
3: for Xval

i ∈Wz,ω(X
val) do . Eq. (3.1)

4: for forecaster k ∈ [M ] do . Section 4.1
5: for (x

(j)
i , y

(j)
i ) ∈W1,L,1(X

val
i ) do . Eq. (3.2)

6: Compute PGSM explanations a(j)
i . Section 3.4

7: Compute salient subsequences using a
(j)
i . Fig. 3.1

8: Add subsequences to the corresponding RoCRk . Fig. 3.1
9: end for

10: end for
11: end for
12: Let xt be the first test pattern
13: Compute the closest RoC patterns r̂j ∀j ∈ [M ] . Eq. (4.1)
14: Cluster the closest RoC patterns into k clusters . Section 4.2.1
15: Let K = {ρj | j ∈ [M ]} . Section 4.2.1 and Eq. (4.5)
16: SelectM using δ radius . Proposition 4.1
17: Predict xt with ensembleM
18: Initialize D0 . Section 4.3
19: for i ∈ {1, · · · } do
20: Predict xt+i withM
21: if Drift Type I detected then
22: Update Xval with newly observed data
23: Enrich RoCs . Lines 3-11
24: end if
25: if Drift Type I ∨ Drift Type II detected then
26: Re-cluster and re-pruneM with xt+i and Xt+i+1 . Lines 13-16
27: end if
28: end for
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4.4. Experiments

Next, we present the experiments carried out to validate OEP-ROC as a whole and in
terms of the benefit of each component we propose. To do that, we address the following
research questions:

• Q1: How does OEP-ROC perform compared to the state-of-the-art and existing
online ensemble pruning methods for time-series forecasting?

• Q2: What is the importance of each pruning stage in OEP-ROC?

• Q3: What is the benefit of each drift type detection for the performance of OEP-
ROC?

• Q4: What is the impact of different values of the number of clusters k on the per-
formance of OEP-ROC?

• Q5: What is the impact of choosing the size ofM automatically using the bound
in Proposition 4.1?

• Q6: How can different aggregation techniques benefit from our pruning method?

• Q7: How scalable is OEP-ROC in terms of computational resources compared to
the most competitive online ensembling methods? What is the computational ad-
vantage of the drift-aware adaption of pruning?

• Q8: How can OEP-ROC be exploited to provide suitable explanations for the reason
behind selecting specific models to compose the ensemble at a certain time interval
or instant?

• Q9: How can OEP-ROC be used also to provide reasonable explanations for the
performance of the selected ensemble at a certain time interval or instant?

4.4.1. Experimental Setup

The experimental setup proposed here is similar to Section 3.7. Specifically, we evaluate
all methods in terms of their root mean squared error (see Section 2.4.3). Moreover, we
again use the first 50% of each time-series to fit the individual forecasters (X train), the
following 25% for validation (Xval) and the last 25% for testing (X test). We use 100 real-
world time-series shown in Table 4.1 for our experiments. For datasets from the Monash
Forecasting Repository [God+21] we sample random time-series until we arrive at a total
of 100 diverse time-series due to computational limitations. The code to reproduce all
experiments is available online6.

6
https://github.com/MatthiasJakobs/os-pgsm/tree/ecml_journal_2022
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4.4. Experiments

Name Nr. Source Characteristics

Amount registered 1 [Cer+17a] Hourly, Jan. 1, to Mar. 01, 2011
AbnormalHeartbeat 1 [Bag+17] 3053 measurements (4kHz)
CatsDogs 1 [Bag+17] 14773 audio samples (16kHz)
Cricket 1 [Bag+17] 1197 accelerometer readings (184Hz)
EOGHorizontalSignal 1 [Bag+17] 1250 measurements (1kHz)
EthanolConcentration 1 [Bag+17] 1 second spectrum measurement
Phoneme 1 [Bag+17] 1024 samples of audio
Rock 1 [Bag+17] 2844 samples of spectrum analysis
SNP500 1 [DG17; HH19] Daily closing, 2010 to 2017
DJI 1 [DG17; HH19] Daily closing, 2010 to 2017
NYSE 1 [DG17; HH19] Daily closing, 2010 to 2017
RUSSELL 1 [DG17; HH19] Daily closing, 2010 to 2017
Electricity (Hourly) 11 [God+21] Energy consumption measurements
KDD Cup 2018 13 [God+21] Forecast air quality indices (AQIs)
Pedestrian Counts 12 [God+21] Hourly pedestrian counts from Melbourne
Solar (10 minutes) 12 [God+21] Solar power production
M4 (Daily) 12 [God+21] Daily time-series from M4 dataset
M4 (Weekly) 13 [God+21] Weekly time-series from M4 dataset
Weather 15 [God+21] Daily weather forecasts

Table 4.1.: List of datasets used for our experiments. In total, 100 time-series were used.

4.4.2. OEP-ROC Setup and Baselines

We construct a pool P of CNN-based forecasters using different parameter settings (e.g.,
varying the number of filters ) as mentioned in Section 4.1. For construction of the base
learners, we define four architectural building blocks, three of which are shown in Fig. 4.2.
We use the notation of layer1→layer2 to imply a sequential connection between the two
layers. Let C1 be a sequential subnet made up of a 1D convolutional layer, followed by a
ReLU activation and a batch normalization layer. C2 is similar, except that we use max
pooling instead of batch normalization. C3 (which we do not show in Fig. 4.2) is the same
as C1 except that the number of filters for the convolutional layer is reduced by half as
compared to C1. Lastly, we define a residual block RB [He+16] (Fig. 4.2, rightmost). A
residual connection, which adds the unprocessed input of the block to the computed out-
put of the block, allows for an efficient flow of gradients during backpropagation as well
as to learn an identity function easier. The last part will help to combat overparameteri-
zation and overfitting. From these building blocks, we create our forecasters as outlined
in Table 4.2. Notice that we also utilize Dropout layers DOwith a probability parameter of
p = 0.9. We denote a LSTM layer with LSTM and a simple linear layer with Lin. We also
show the different configurations we created by varying the number of filters nf in the
convolutional layers as well as the number of hidden units nh in the LSTM layers. More-
over, our proposed method OEP-ROC has a number of hyperparameters. We summarize
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Figure 4.2.: Building blocks which we use to construct the forecasters.

the selection for OEP-ROC in Table 4.3 and will evaluate different parameterizations in
this section.

We compare our OEP-ROCmethod against the following approaches which include state-
of-the-art methods for forecasting and ensemble pruning. Some of them operate in an
online fashion. Note that somemethods were alreadymentioned in Section 3.7. However,
for convenience, we will also describe them here briefly.

• ARIMA (Section 2.3.2): Auto-Regressive Moving Average model. As in Section 3.7
we estimate the parameters (p, d, q) automatically using the forecast library7.

• ETS (Section 2.3.2): Exponential Smoothing model. As in Section 3.7 we estimate
the parameter K automatically using the forecast library as well.

• LSTM [HS97; GES01]: A simple one-layer LSTM.

• CNN-LSTM, CNN: The two best performing models from P with and without a LSTM
component (see Table 4.2), respectively.

• Ran-Pr-m: Random selection of base models to construct an ensemble with m
models.

• Ens: Ensemble of all the models in the pool P .

7
https://github.com/robjhyndman/forecast
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Forecaster name Architecture Configurations

Shallow FCN C1→DO→Lin nf ∈ {32, 64, 128}
Small CNN C2→LSTM→Lin nf ∈ {32, 64, 128}, nh ∈ {10, 30}
Medium CNN C1→C1→LSTM→Lin nf ∈ {32, 64, 128}, nh ∈ {10, 30}
Large CNN C1→C1→C1→LSTM→Lin nf ∈ {32, 64, 128}, nh ∈ {10, 30}
Fewer Filter CNN C3→C3→C3→LSTM→Lin nf ∈ {32, 64, 128}, nh ∈ {10, 30}
One Residual RB→DO→Lin→DO→Lin nf ∈ {32, 64, 128}
Two Residual RB→RB→DO→Lin→DO→Lin nf ∈ {32, 64, 128}
Table 4.2.: Configurations and architectures for all forecasters. Different configurations are gen-

erated by taking all combinations of filters and hidden units as described in the last
column. In total, this results in 33 models in our pool P .

Parameter Description Value

L Number of lagged values 5
ω Size of chunks within the validation set 60
z Step size for windowing 25
k Number of clusters 15
τ Threshold for subsequence extraction 0.1
σ Hoeffding-Bound confidence 0.95

Table 4.3.: Hyperparameters of our method and their values for the experiments.

• NCL [MA14]: Negative correlation Learning for pruning ensembles of deep learning
methods. NCL explicitly optimizes for high ensemble diversity by incorporating a
diversity term to the loss of each model. We use the same pool of models as P .

• OCL [SPM19]: An online ensembling approach that uses covariance-based cluster-
ing based on recent predictions of the models in P .

• OTOP [SPM19]: A online approach which uses Scaled Root Correlation to select
top-performing models from P for ensembling.

• DEMSC-C [SPM19]: An approach which combines OTOP for a pre-selection and uses
OCL for further ensemble pruning.

• DEMSC-K [SPM19]: Same as DEMSC-C but uses k-means clustering with DTW as a
distance measure instead of the covariance-based clustering approach in OCL.

• OS-PGSM and OS-PGSM-Int (Chapter 3): The approach presented in the previous
chapter for onlinemodel selection, as well as the faster variant to compare ensemble
performance in general to model selection.

Moreover, we want to investigate the importance of each component of our approach. To
do that, we configure and investigate the following variants of OEP-ROC:
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• OEP-ROC-C: Variant of OEP-ROC that uses only clustering withoutM selection,
i.e., it performs only the first pruning stage and uses the set of cluster representa-
tives K for ensembling.

• OEP-ROC-TOP: Variant of OEP-ROC that computesM without clustering, i.e., it
performs only the second pruning stage on P .

• OEP-ROC-ST: Static variant of OEP-ROC. Pruning decided at the initial forecasting
instant and kept fixed along testing, i.e., both concept drift detection mechanisms
are disabled.

• OEP-ROC-Per: Pruning is updated periodically in a blind manner (i.e. without
taking into account the occurrence of the drift), similar to OS-PGSM-Per from Sec-
tion 3.7.

• OEP-ROC-I: Variant of OEP-ROC that only monitors Drift Type I.

• OEP-ROC-II: Variant of OEP-ROC that only monitors Drift Type II.

• OEP-ROC-k: Variant indicating the number k of clusters used in the clustering
stage of OEP-ROC.

• OEP-ROC-k-M: InOEP-ROC and all its above variants the size ofM (i.e. M = |M|)
is decided automatically using the bound from Proposition 4.1. In this variant, we
set the number of desired models to the fixed value ofM (in addition to setting the
number of clusters to k).

We also evaluate how different ensemble aggregation and weighting methods from the
literature can benefit from our pruning strategy. Instead of using all forecasters in P
into the weighting schema, we only use the models left after our proposed pruning ap-
proach. To do so, we report the evaluation results over various aggregation methods
including:

• SW [Saa+20]: Sliding-window ensemble which weighs the ensemble member based
on recent losses computed on sliding-windows. The variant OEP-ROC-SW uses this
approach for weighting the finalM members.

• OGD [Zin03] : Online Gradient Descent aggregation over all the models in P . OEP-
ROC-OGD uses OGD onM.

• EW [CL06]: Compute weighting with Exponential Weighting aggregation over re-
cent regret of models in P . The OEP-ROC-EW variant uses this weighting onM
instead.

• FS [CL06]: Similar to EW, but forces the weights to stay above a certain level. OEP-
ROC-FS adopts this approach onM.

• MLPOL [Win17]: Polynomial Potential aggregation rule for aggregation over all the
models in P . The variant OEP-ROC-MLPOL uses this aggregation rule onM.
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Method name Losses Wins Average Rank ±

ETS 11(4) 89(71) 24.98 9.36
OS-PGSM 11(3) 89(71) 24.76 3.11
OS-PGSM-Int 17(8) 83(66) 23.30 4.84
CNN 14(7) 86(66) 20.32 6.90
Ran-Pr-5 20(5) 80(69) 18.35 4.93
Ran-Pr-10 25(6) 75(68) 15.91 5.03
DEMSC-K 19(7) 81(60) 15.52 7.45
OTOP 25(5) 75(60) 15.32 9.89
ARIMA 16(7) 84(73) 14.91 9.69
DEMSC-C 32(19) 68(55) 13.68 7.66
Ran-Pr-15 31(3) 69(61) 12.82 6.17
CNN-LSTM 26(12) 74(62) 12.63 7.55
Ran-Pr-20 32(16) 68(58) 10.42 6.17
OEP-ROC-II 30(7) 70(42) 10.08 5.83
OEP-ROC-PER 27(9) 73(61) 10.07 5.84
NCL 49(25) 51(26) 9.07 9.28
OEP-ROC-I 33(7) 67(35) 8.98 5.69
LSTM 43(30) 57(49) 8.88 8.41
Ens 47(27) 53(33) 7.73 3.34
OEP-ROC-ST 37(10) 63(34) 6.31 4.83
OEP-ROC-15-6 33(11) 67(33) 6.25 5.19
OCL 36(17) 74(61) 6.17 6.66
OEP-ROC-15-8 33(15) 67(36) 5.59 4.53
OEP-ROC-TOP 38(13) 62(33) 4.97 5.84
OEP-ROC-15-10 39(10) 61(35) 4.90 4.55
OEP-ROC-C 39(13) 61(33) 3.79 3.42
OEP-ROC - - 3.29 3.08

Table 4.4.: Comparison of OEP-ROC to different state-of-the-art methods for 100 time-series. An
average rank of 1 means the model was the best performing on all time-series.

4.4.3. Results

Table 4.4 presents the average ranks plus their standard deviation for OEP-ROC, its vari-
ants and state-of-the-art methods for time-series forecasting and online ensemble prun-
ing. For the paired comparison, we compare our method OEP-ROC against each of the
other methods. We counted wins and losses for each dataset using the RMSE errors.
We use the non-parametric Wilcoxon Signed Rank test to compute significant wins and
losses, which are presented in parentheses (significance level α = 0.05) (see Section 2.4.3
for more information).
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Method Avg. Rank ±

OEP-ROC-II 9.98 5.91
OEP-ROC-PER 9.96 5.91
OEP-ROC-I 8.88 5.76
OEP-ROC-5 6.50 6.28
OEP-ROC-ST 6.19 4.91
OEP-ROC-15-6 6.14 5.27
OEP-ROC-15-8 5.84 4.61
OEP-ROC-20 5.74 5.27
OEP-ROC-10 5.73 5.87
OEP-ROC-TOP 4.86 5.55
OEP-ROC-15-10 4.79 4.62
OEP-ROC-C 3.68 3.49
OEP-ROC 3.18 3.15

Table 4.5.: Comparison of OEP-ROC to its variants for all 100 time-series. The rank column
presents the average rank and its standard deviation across different time-series. A
average rank of 1 means the model was the best performing on all time-series.

Comparing OEP-ROC to the state-of-the-art approaches

As can be seen from the results in Table 4.4, OEP-ROC outperforms all the baseline meth-
ods in terms of ranks, wins and loses in pairwise comparison. In fact, the top 5 best
performing methods are all variants of OEP-ROC. The best performing methods besides
OEP-ROC are the full ensemble (Ens), ensembling using covariance-based clustering (OCL)
and negative correlation learning (NCL). However, their average ranks are two to three
time higher than that of OEP-ROC, showing that we are able to significantly outperform
not only strong competitive methods but also the complete ensemble consisting of all 33
forecasters. In general, the online ensemble pruning methods, e.g., OCL, OTOP, DEMSC-K
and DEMSC-C, show inferior performance compared to OEP-ROC. They are also outper-
formed by random ensembles, as well as the simple, one-layer LSTM. Individual forecasters
such as ARIMA, ETS, and CNN are also considerablyworse in average rank compared to OEP-
ROC.While LSTM and CNN-LSTM, which are chosen based on average performance over all
datasets, are slightly more competitive they are still performing significantly worse than
OEP-ROC. We want to note again that the full ensemble Enswhich uses all 33models has
worse average rank comparing to OEP-ROCwhich uses on average uses merely 6models,
almost a fifth of the pool P size. These results address research question Q1.

Comparing OEP-ROC to its variants

Next, we conduct an ablation study to investigate the importance of different aspects of
our proposed method. As can be seen from Table 4.5, neither pruning stage on its own
(i.e. OEP-ROC-C and OEP-ROC-TOP) is able to achieve good results similar to OEP-ROC,
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which shows the importance of combining both stages. This is most likely due to the
fact that out bound gets tighter for smaller pools of models, meaning that clustering first
and pruning further afterwards is beneficial to each individual stage. We also observe
that OEP-ROC-C has better performance compared to OEP-ROC-TOP. Only ranking the
base models according to their closeness (i.e., OEP-ROC-TOP) diminished the diversity
since the selection is made in favor of RoCs that are most similar to the current pattern
and as a result more or less similar to each other. We think that a preceeding clustering
stage is vital to account for RoC similarity and thus increasing diversity early. The results
show that our two-staged procedure is able to establish a trade-off between ensemble’s
diversity and accuracy. With that we answer research question Q2.

In terms of the importance of both types of concept drift we can see from Table 4.5 that
neither of the drift detection mechanisms (i.e. OEP-ROC-I and OEP-ROC-II) on its own
is able to achieve good performance. The combination of both, as with the pruning stage
before, is necessary. It is also clear that performing the updates periodically in a random
blind manner with OEP-ROC-Per does not necessarily improve the performance even
though it is designed to trigger more updates than all the drift-aware methods. Similar to
our results from Section 3.7 we see that too many (false) concept drift detections are not
only unnecessary but can actually reduce predicting performance. Our informed adaption
is able to achieve high performance by updating the RoCs and ensembles only if necessary.
With that we answer research question Q3.

Optimal choice of k and M

In OEP-ROC, we set k = 15 and let M be determined dynamically. We observe that
the right number of clusters to be computed seems to also be an important factor for
the performance. It can be seen from Table 4.5 that a low values of k = 5 does not
help to achieve good performance. This is due to the fact that few clusters will lead to
larger cluster sizes which means that the selection of the clusters’ representatives will
no longer be representative of the clusters overall error. Increasing the value of k too
much, i.e., to k = 20, is also not desirable since it leads to small clusters and more similar
cluster representatives which may alter the diversity by decreasing the ambiguity. With
k = 15, which is roughly |P|/2, we are able to strike a balance which results in the
best performance compared to other sizes of clustering. This answers research question
Q4.

Finally, Table 4.5 also shows the usefulness and the benefits of our theoretical insights in
setting up the size ofM automatically. This size is set up by the derived bound (Propo-
sition 4.1) such that the base models’ average error is reduced, and the ambiguity is in-
creased. Fixed values for M could not achieve the same performance as OEP-ROC. The
best fixed model selection configuration is OEP-ROC-15-10 which has a higher average
rank than OEP-ROC. Using our bound is more theoretically principled, requires no hy-
perparameter optimization, works for different number of clusters and leads to better
average ranking. With that, we answer research question Q5.
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Method Avg. Rank ±

SW 7.10 2.54
EWA 6.83 2.78
OEP-ROC-SW 6.21 3.95
OEP-ROC-EWA 5.25 2.24
FS 5.11 2.75
OGD 4.81 1.52
OEP-ROC-OGD 4.75 1.75
OEP-ROC-FS 4.61 2.16
MLPOL 3.85 1.71
OEP-ROC-MLPOL 3.11 2.05

Table 4.6.: Comparison of OEP-ROC combined with different aggregation methods for all 100
time-series.

Name Mean runtime Variance of runtime

OEP-ROC 14.41 13.03
OEP-ROC-ST 0.49 0.24
OEP-ROC-Per 27.61 0.66

Table 4.7.: Average runtime plus variance (both in seconds) for three variants of OEP-ROC over
5 datasets.

Combining OEP-ROC with different aggregation methods

It can be seen from Table 4.6 that all aggregation methods achieve better results when
combined with OEP-ROC than using all models in P . The advantage in performance is
clearly seen especially for SW, EWA and MLPOL. This can be explained by the fact that the
dimension of the input for the ensemble’s weights learning is reduced from |P| = 33 to an
average of |M| = 6. This make the meta-learning task in EWA and MLPOL much easier. In
addition, the weighting schema is focused around the most suitable forecasters in terms
of accuracy and diversity. Since we already optimize for that with our two-staged pruning
approach this also makes the process easier. This addresses research question Q6.

Scalability analysis

To compare scalability between different versions of OEP-ROC we considered OEP-ROC,
OEP-ROC-Per and OEP-ROC-ST, because these configurations nicely illustrate which
steps of our algorithm are most costly. We show the results in Table 4.7. As can be seen,
OEP-ROC-ST is by far the fastest method on average, since it does not adapt its RoCs dur-
ing the algorithms runtime. We noticed that recreating the RoCs takes by far the longest
time, which we already observed in Section 3.7. OEP-ROC-Per illustrates this problem
the best, since it blindly and frequently recreates the RoCs and re-cluseters the models.

76



4.4. Experiments
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pattern

OEP-ROC-10 (top row): amb = 25.53
OEP-ROC-10-6 (bottom row) amb = 28.93

Figure 4.3.: Comparison of the clusters’ representatives of OEP-ROC-10 (top row) with k = 10
and OEP-ROC-10-6 (low row) (also k = 10) on the Abnormal Heartbeat dataset. We
report the ambiguity amb of the clustered ensemble as well as the euclidean distance
of each RoC to the input pattern, which is shown in the right most column. In red,
we visualize the models that where chosen by each method for prediction, i.e., each
method’sM.

Thus, its runtime is always high, no matter if an adaption to new time-series properties
is necessary or not. OEP-ROC strikes a balance between these two extremes and detects
if an adaption to a drift is necessary. As can be seen from the table, this results in a high
variance of the runtime, since some datasets contain more concept drifts than others. We
see this behavior as beneficial, since OEP-ROC outperforms the other two methods we
measured its runtime against, indicating that sometimes a higher runtime can be justified
by overall better performance. With this we answer reserach question Q7.

Explainability Aspects

Lastly, we want to discuss the various explainability aspects which are possible due to
our usage of refined RoCs. We can provide some insights into how OEP-ROC can be
used to provide suitable explanations for the reason behind specific forecaster selection
to construct the ensemble at a specific time instant. First, we compare the clusters’ rep-
resentatives of OEP-ROC-10 (top row) and OEP-ROC-10-6 in Fig. 4.3. The current input
pattern is shown in black on the right side. It can be clearly seen that OEP-ROC selects
the RoCs that are quite different from each other but which are still related to the cur-
rent pattern. This shows the trade-off established by OEP-ROC between expected error
and diversity. OEP-ROC-10-6 is promoting the selection of diverse pattern. However, the
fixed size results in too many models being picked which increase the prediction error.
This addresses research question Q8.

Figure 4.4 shows a comparison between the current input time-series pattern xt (left
plot, in black) with the RoCs of the pruned ensemble to perform the forecast on the right
(light blue). A clear similarity between the trend in both patterns can be observed which
justifies the choice of this ensemble construction since it has been proven to show some
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Figure 4.4.: Left: For the time-series to predict (black), we show the ground truth value (red) as
well as the prediction of OEP-ROC-10 (green). Right: Visualization of each nearest
RoC from the selected models (light blue), as well as the mean RoC (darker blue).
Both plots were generated on the Abnormal Heartbeat dataset.

degree of competence in forecasting using patterns with similar trend as input. This is
further validated when also comparing between the true time-series value (ground truth,
red) and the predicted value (green). While these two values differ slightly, an evaluation
of all the candidates in this point showed that the ensemble by OEP-ROC has the smallest
error. This addresses research question Q9.

4.5. Concluding remarks

In this chapter we presented a novel online ensemble pruning method utilizing the previ-
ously proposed Performance Gradient-based Saliency Maps from Chapter 3. The results
of our experiments indicate that OEP-ROC has performance advantages compared to pop-
ular forecasting methods and state-of-the-art approaches for online ensemble pruning.
We show that our method utilizing both refined RoCs from Chapter 3 and a two-stage
pruning approach is able to gain excellent and reliable empirical performance in our set-
ting. The informed adaption and update of the pruning decision following concept drift
detection in both time-series and forecasters’ performance makes our method in addition
to better predictive performance computationally cheaper than a blind, periodic update.
OEP-ROC can also be used successfully for providing useful explanations behind the se-
lection of a specific subset of forecasters to compose the ensemble at a given time instant
or interval.
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In the previous two chapters we have seen how explainability methods, specifically Grad-
CAM, can be used to make online model selection and ensemble pruning more explain-
able. Specifically, by identifying most salient subsequences and adding these to each
model’s RoC we are able to get an understanding about the types of input each model
performs well at. However, one aspect which was not addressed in this thesis is the
fact that CNNs, which are required for Grad-CAM and PGSM to work, can be very un-
interpretable. Especially in a high-parameter setting where multiple convolution layers
are stacked, followed by (deep) FCN blocks for prediction, it is often very unclear how a
model actually computes the prediction.

As outlined in Section 2.4.2, tree-based models learn to partition the input domain into
regions, each of which is associated with a fixed prediction. In this chapter we want to
investigate the feasibility of using tree-based models for time-series forecasting under
concept drift, specifically in the previously presented online model selection framework.
However, we are not able to compute the PGSMs the same way as before as mentioned
earlier. To address this, we propose to utilize Shapley values for explaining the predic-
tions of the models instead. Shapley values are a popular attribution method adapted
from Lloyd Shapley’s Nobel Prize winning Game Theory approach [Sha53] to fairly at-
tribute the outcome of a game onto its players. Essentially, we can use Shapley values in
the same way as Grad-CAM explanations in order to find the most salient subsequences.
In addition, we can provide a more in-depth analysis into the inner workings of the fore-
casters if they are tree-based. Specifically, we can compute and visualize intervals on the
lagged time-series values for which a model will output the same prediction. That way
it is possible to gain an understanding about the confidence in the prediction as well as a
measure of robustness towards outliers.

This chapter is based on the publication [JS23]. The author of this thesis devised the
idea of the paper and the Methodology. Moreover, he implemented the code for the
experiments. He also wrote large parts of the original paper.

Wewill proceed in this chapter by presenting Shapley values in a general setting, followed
by a method to efficiently estimate them if we assume that the models are tree-based.
Afterwards, wewill discuss howwe use these Shapley values to compute tree-model RoCs
efficiently. Moreover, we present our experimentswhich validate predicting performance,
as well as computational efficiency, in the following section. This section will also contain
a comprehensive discussion about the interpretability and explainability aspects which
are possible by utilizing tree-based models.
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5.1. Shapley values

As mentioned earlier, Shapley values were first presented in the field of Game Theory by
Lloyd Shapley [Sha53]. They aim to describe how to fairly distribute the value of a co-
operative game onto all participating players. For example, consider a team of employees
in a company, collectively working towards producing a product that is sold for a fixed
amount of money. One might be inclined to distribute the profit fairly onto the players
according to how much they contributed to the final output. To do that, Shapley values
formalize this problem in the following way:

Let S ⊆ N be a (sub)set of all playersN contributing to the game. In the above example,
S would be a subset of all employees in the team. We will denote with S and N the size
of sets S and N , respectively. Then, let v : 2N → R be a game or value function, which
maps a subset of players onto the output that this set produces. Note that the outcome of
no player contributing is set to 0, i.e., v(∅) = 0.

Definition 5.1 (Shapley values [Sha53]). Let N be a set of players and v : 2N → R be a
value function. Then, the Shapley value for player i ∈ N is given by

φi(v) =
∑

S⊆N\{i}

w(S,N) (v(S ∪ {i})− v(S))

where w(S,N) = S!(N−S−1)!
N ! .

Essentially, the Shapley value is themarginal contribution of a player i to a game consider-
ing each possible coalition of players with and without player i. Interestingly, the Shapley
value was derived in [Sha53] as the unique attribution method that satisfies the following
three axioms. This means that whenever any additive attribution method satisfies these
three axioms it can be rewritten as the Shapley value of a certain value function.

Axiom 5.1 (Efficiency). Let φi(v) be the attribution of player i unto game v with N
players. Then

N∑
i=1

φi(v) = v(N ).

Axiom 5.2 (Symmetry).

v(S ∪ {i}) = v(S ∪ {j})⇔ φi(v) = φj(v) ∀S ⊆ N \ {i, j}.

Axiom 5.3 (Linearity). Let v and v′ be two games and a, b ∈ R. Then

φi(av + bv′) = aφi(v) + bφi(v
′) ∀i ∈ [N ].

In the original manuscript, Shapley does not use the Linearity axiom as shown above,
but an axiom called law of aggregation. This axiom, however, is equivalent to setting
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a = b = 1 above, and it is easy to see that we can generalize the axiom to linearity.
One often cited fourth axiom called Null-player or Dummy can technically be derived as
a consequence of Axiom 5.1 [Sha53] and thus does not need to be an axiom itself.

Lemma 5.1 (Null-player). If there exists i ∈ N with v(S ∪ {i}) = v(S) ∀S ⊆ N \ {i}
then φi(v) = 0.

In later works on Shapley values, Young [You85] was able to show that the Linearity
and Null-player axioms can be replaced by the following Monotonicity axiom. This re-
formulation retains the fact that the unique solution to these three axioms are Shapley
values.

Axiom 5.4 (Monotonicity). Let∆i(v,S) := v(S∪{i})−v(S) be the difference in value
function when adding player i to subset S . Further, let v and v′ be two value functions
over the same set of players N . Then

∆i(v,S) ≥ ∆i(v
′,S) ∀S ⊆ N \ {i} ⇒ φi(v) ≥ φi(v

′).

Due to their desirable properties (in the forms of axioms described above) Shapley values
have found a large adoption in XML literature [LL17; AJL21; Jak+22]. Most prominently,
they are used as a method for local feature attributions. Recall from Section 2.5 that
a local feature attribution estimates the importance of each feature towards a specific,
individual prediction. Let f : X → Y be a machine learning model which maps vectors
from the input space to some output, e.g., to a class probability (in the classification case)
or a scalar (in the regression and forecasting case). There are no further assumptions
about the model, such as the presence or absence of feature interaction or a (non)linear
behavior made at this point, besides that the model is deterministic. Thus, the model is
assumed to be a black-box model which we can merely observe as mapping some input
to outputs. We have seen earlier that Shapley values measure the marginal contribution
that player or feature i contributes to all subsets of the remaining features. Thus, we have
to somehow encode the fact that certain features are missing for a fixed input function
such as f . This is often achieved by using a conditional expectation as the game [ŠK14;
LL17] where, for a subset of features S ⊆ N of size S and a fixed input x ∈ X , the value
function is defined as

v(S,x) = E
X
[f(X|XS = xS)]. (5.1)

The expectation is taken over all data points from X where the features in S are equal to
that of the data point xS . However, there are downsides to this approach. First, the ex-
act distribution of the data is often unknown, making estimating the true expected value
difficult. But even if the distribution is empirically estimated how to model the depen-
dence structure of the features to accurately sample examples is a hard problem [AJL21].
Moreover, iterating over all possible subsets S ⊆ N requires exponentially many func-
tion evaluations, making a straight-forward computation impossible for datasets with
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Figure 5.1.: Visualization of Shapley values computed on one instance of the California house
price prediction task [PB97]. The features and their values are shown on the y axis.
Beginning with the expected prediction E[f(x)] (shown in gray) Shapley values in-
dicate the amount of change in prediction due to the specific feature value (shown
in red and blue). Notice that the sum of all changes adds up to the actual prediction
f(x) (shown in brown), as expected from Axiom 5.1. The target value (x axis) is
given in a hundred thousand Dollars.

many features. Thus, there are numerous approaches presented in the literature on how
to compute the expectation in Eq. (5.1) in practice. Two common approaches include a
straight-forward sampling approach [ŠK14] and KernelSHAP [LL17]. If we denote with
S the complement of S w.r.t. the set of features N , both works assume feature indepen-
dence by approximating Eq. (5.1) via

v′(S,x) = E
XS

[f(xS ,XS)] (5.2)

where the input to f is constructed with the original values of x at S and independent
samples for the remaining features. In the popular KernelSHAP method [LL17], the au-
thors estimate a linearmodel using these permuted samples (and the correspondingmodel
predictions as a target), effectively using Shapley values to explain the local neighborhood
around the original sample. See Section 5.1 for a visualization of Shapley values for a tab-
ular regression task.

One downside of assuming independence among the features of the model f is that the
model is evaluated on possibly unrealistic and out-of-distribution samples. As a practi-
cal example, consider some given tabular dataset with personal information, for exam-
ple containing the features age and number of children. In both the sampling and Ker-
nelSHAP approach, one could sample and evaluate a sample where age is 5 and number
of children is 10, which is obviously impossible. Note that this problem also occurs for
other data modalities, including time-series data. In practice, however, these methods
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are widely used in explainable machine learning pipelines as they are fast, simple and
model-agnostic.

5.2. TreeSHAP

We established that one can accomplish the task of estimating Shapley values regardless
of the model type by using Monte Carlo sampling techniques or the popular KernelSHAP.
However, there are also methods of estimating Shapley values that are notmodel-agnostic
and can take advantage of the architecture and properties of specific model families. By
assuming specific models, such as tree-based models, Shapley values can be calculated
much more efficiently.

TreeSHAP [Lun+20] is a tree-specific method which is able to compute Shapley values in
polynomial instead of exponential time. We will explain TreeSHAP via a reformulation
based on [LP22] with a similar notation. Assume a trained regression tree T = (V, E).
Recall that a decision tree can be expressed as a sum over all paths from root note to leafs.
Let P : Rn → R be a path mapping some input x ∈ Rn to a leaf prediction vl ∈ R if
x lands in that leaf and 0 otherwise. Also, let Z be the set of all paths that form a tree.
Formally, let hP (x) = vl

∏
e∈P Re(x) and

Re(x) =

{
1 if x traverses e

0 otherwise.

We can then define the prediction of a tree as

f(x) =
∑
P∈Z

hP (x).

Recall from Eq. (5.1) that the value function for some feature-subset S is often expressed
as the following expectation:

v(S,x) = E
X
[f(X|XS = xS)].

To calculate one of the entries in the expectation the authors of TreeSHAP propose the
interventional approach, i.e., they define for the data point which is to be explained x, one
sample of the background dataset z ∈X and some feature subset S the following:

rzS(x) :=

{
xi if i ∈ S
zi otherwise.

The background data point is used to substitute “missing” features, i.e., features in S . We
can reformulate the Shapley value formula for one background data point and one path
hP as

φi(hP ,x, z) =
∑

S⊆N\{i}

w(S,N)(hP (r
z
S∪{i}(x))− hP (r

z
S(x))). (5.3)
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Next, we know that edges on the path which are traversed by neither x nor z will result
in no attribution:

Proposition 5.1 (Laberge et al. [LP22]). If a path P contains an edge not traversed by
x or z then φi(hP ,x, z) = 0 ∀i ∈ N .

Intuitively, this is clear from the definition of hP as a product over binary values, which
is 0 whenever at least one edge is not traversed. For a more thorough proof we refer the
reader to Laberge et al. [LP22]. Furthermore, let Sx,Sz be the sets of features used only
only by x and z, respectively, and let Sxz := Sx ∪ Sz .

Proposition 5.2 (Laberge et al. [LP22]). If Sx ∩Sz 6= ∅ then φi(hP ,x, z) = 0 ∀i ∈ N .

Again, we refer the reader to Laberge et al.[LP22] for a thorough proof. With both propo-
sitions established, the authors are able to show that the Shapley value in Eq. (5.3) can be
computed as

φi(hP ,x, z) =


w(|Sx| − 1, |Sxz|)vl if i ∈ Sx
−w(|Sx|, |Sxz|)vl if i ∈ Sz
0 otherwise.

By efficiently traversing the tree once to compute all sets Sx,Sz and precomputing the
weights w one can show that the total runtime to explain one data point x is given by
O(LDN) where L is the number of leafs,D is the depth of the tree andN is the number
of background samples. In the literature, it is common to set the background data set to
be the training set of the tree. Since there can be at most as many leafs in the tree as there
were training samples, we can assume N = L. This leads to the total runtime O(DN2)
to explain one data point.

Finally, let us discuss the estimation of Shapley values with TreeSHAP for tree ensem-
bles. Specifically, we will discuss Random Forests and Gradient Boosting Trees (see Sec-
tion 2.4.2). Due to the Axiom of Linearity (Axiom 5.3) from Section 5.1 we know that
the Shapley value of two games which are combined as linear combinations is equivalent
to linearly combining the individual Shapley values. Since RFs (in the case of regression
and forecasting) are an ensemble of trees where each tree has equal weight it sufficies to
compute the Shapley values for each tree in the ensemble and combining the resulting
Shapley values. In terms of computational overhead, if we assume M trees in the RF this
results in a total runtime of O(MDN2). Additionally, the tree predictions are indepen-
dent of each other, which means that each Shapley value could be calculated in parallel
for more efficient estimation practice. This is not possible for GBT as this is a sequential
model. However, the application of the Axiom of Linearity still holds, meaning that we
can compute Shapley values for GBTs in the same runtime of O(MDN2).
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5.3. TreeSHAP Model Selection (TSMS)

Next, we present our approach, TreeSHAPModel Selection (TSMS). As mentioned earlier,
we take the approach of RoC creation as a basis for this work.

Model pool In terms of the pool P of forecasters we used three different models,
namely Decision Trees, Random Forests and Gradient Boosting Trees. This is due to the
fact that they are i) prevalent tree-based methods in the literature and ii) we can compute
Shapley values in polynomial runtime, as mentioned in the previous section.

Extension of PGSMs Consider a forecaster f ∈ P and the current window xt. Since
we are again interested in computing attributions based on predictive performance we
compute the Shapley values not w.r.t. the model prediction but w.r.t. the model loss. This
is easily done by overwriting the leaf predictions vi for each leaf i by the computed error
for the current window xt. Formally, if Xt+1 is the correct value at time t + 1 and xt is
the window of last known value we will set all leaf node vi to

v′i := (vi −Xt+1)
2.

Afterwards, we can compute the Shapley value using TreeSHAP as described earlier, re-
sulting in an attribution φt. To get a measure of saliency, we need to invert the Shapley
values, so that large positive values now indicate a large reduction of loss and vice versa.
This is due to the Axiom of Efficiency where the loss is strictly decomposed into the sum
of Shapley values (plus the so-called baseline, which in our case is the expected loss each
tree over all data points). To compute the most salient subsequences, we apply thresh-
olding with a positive constant τ to −φt, setting every explanation below the threshold
to zero, similar to Section 3.4 (visualized in Fig. 3.1).

The remaining methodology is identical to Chapter 3. That is: We compute RoCs for each
model in P , monitor for concept drifts during inference and enrich the RoCs whenever
we detect such a drift. To choose a forecaster at time t we query the RoCs for the closest
pattern to the current input in terms of DTW distance.

5.4. Computing Feature intervals

We can utilize the tree-based model structure to gain further insight into the model pre-
diction process. Specifically, we can compute intervals around lagged values for which a
tree (or a tree ensemble) will have the same prediction. This can be used to inspect the ro-
bustness of the model: Larger intervals will indicate that the lagged value is less relevant
since the feature space partition is large and vice versa. For example, small variations
around a particular lagged value due to noise (in the case of forecasting) will lead to the
same leaf node and thus the same prediction, making trees robust to noise. To quantify
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the robustness, we will present a simple algorithm to quickly derive these intervals for
individual trees, which we subsequently extend to tree ensembles.

Let x ∈ RL be the current window of the last L observed values. Additionally, let
T = (V, E) be a trained tree and let P be the path that x takes through T . Recall from
Section 2.4.2 that a Decision tree partitions the input space into regions, where the predic-
tion of each region is given by the value of the corresponding leaf node at the end of the
path P . Thus, the robustness interval of feature j for x is given by the start and end point
of the corresponding region ofxw.r.t. the feature dimension j. The algorithm to compute
the intervals (as shown in Algorithm 5.1) starts by initializing the interval boundaries for
each feature to positive and negative infinity (as we do not know anything about their
start and end points a priori). Let ι(v) be the feature index on which node v splits and let
τv be the corresponding threshold. For each edge (a, b) ∈ P in the path taken by x we
note the feature (i = ι(a)) that is split on (and terminate the algorithm if we are at the
leaf node). Then, if we continue down the left child we add the threshold τa to the set of
upper limits (since we verified that xi has to be lower or equal to τa). Conversely, we add
τa to the set of lower limits if xi > τa. Lastly, after traversal of the path is finished, we
compute the empirical interval [I lbj , I

ub
j ] with I lbj = min(Iubj ), Iubj = min(Iubj ) for each

feature j. This is possible since

l ≤ xj ∀l ∈ I lbj ⇒ max(I lbj ) ≤ xj , xj ≤ u ∀u ∈ Iubj ⇒ xj ≤ min(Iubj ).

We also know that every other data point x′ ∈ RL with x′j ∈ [I lbj , I
ub
j ] ∀j ∈ [L] will land

in the same leaf node and thus have the same prediction. It follows that any noise added
to any feature within the defined interval will not lead to a change in prediction, meaning
we can use the size of the interval as a robustness measure.

Algorithm 5.1 Compute feature intervals

1: Initialize Iubj = {∞}, I lbj = {−∞} ∀j ∈ [L]
2: for (a, b) ∈ P do
3: if isLeaf(a) then
4: break
5: end if
6: j = ι(a)
7: if xj ≤ τa then
8: Iubj = Iubj ∪ {τa}
9: else

10: I lbj = I lbj ∪ {τa}
11: end if
12: end for
13: I lbj = max(I lbj ), Iubj = min(Iubj ) ∀j ∈ [L]

Next, we show that this approach can be easily transferred to tree ensembles. Consider
that we have run Algorithm 5.1 on T different trees for the same inputx, where we denote
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with I lb,ij the lower bound for feature j computed on tree i ∈ [T ]. Thus, let the sets of all
lower and upper bounds computed be defined as

I lb
j :=

{
I lb,ij

}
i∈[T ]

, Iub
j :=

{
Iub,ij

}
i∈[T ]

.

It is easy to see that we can devise the lower and upper bounds for the entire ensemble
by computing

I lb
j = max(I lb

j ), Iub
j = min(Iub

j )

since the trees in the ensemble cannot disagree about the feature boundaries. Thus, as
seen before, we have that

l ≤ xj ∀l ∈ I lb
j ⇒ max(I lb

j ) ≤ xj , xj ≤ u ∀u ∈ Iub
j ⇒ xj ≤ min(Iub

j ).

We will also address the runtime of computing these intervals. For each tree, we traverse
the tree once along the path P , which can be done inD (whereD is the maximum depth
of the tree). While we introduced I lb and Iub as sets for which we compute min and max
values for notational and conceptual simplicity, we want to note that we can keep track
of the smallest and largest thresholds τ in constant time using two arrays. Thus, comput-
ing the intervals for one tree can be implemented in O(D), which leads to a runtime of
O(TD) for an ensemble of T trees. Notice that the calculation for each tree can be done
in parallel, leading to a significant speedup in practice.

5.5. Experiments

Next, we present the experiments conducted to validate our proposed approach TSMS,
as outlined in the previous sections, as well as to investigate how crucial individual com-
ponents of the method are. To do that, we aim to answer the following research ques-
tions:

• Q1: How does TSMS perform against state-of-the-art model selection methods for
tree-based models and other relevant baselines?

• Q2: What is the impact of the concept drift adaptation in terms of performance
and computational resources, compared to both static pre-computation and blind
periodic recreation of the RoCs?

• Q3: How can TSMS in conjunction with tree-based models serve explainability for
time-series forecasting?

5.5.1. Experimental Setup

We utilize 1032 univariate datasets from various application domains, including financial,
weather, and synthetic data. These datasets are provided by the Monash Forecasting
Repository [God+21]. We process each time-series X by using the first 50% for training
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Name Nr. of time series Min. length

M4 548 251
Tourism 100 252
Australian Electricity Demands 5 500
Dominick 100 251
Bitcoin 16 500
Pedestrian counts 63 500
KDD Cup 100 500
Weather 100 500

Total 1032

Table 5.1.: Breakdown of the used univariate time-series from theMonash Forecasting Repository
[God+21].

Model family Hyperparameters

Decision Tree dmax ∈ {4, 8, 16}
Random Forest dmax ∈ {2, 4, 6}, ntrees ∈ {16, 32, 64}
Gradient Boosting Trees dmax ∈ {2, 4, 6}, ntrees ∈ {16, 32, 64}
Table 5.2.: List of all models in the model selection pool. Through combination of the listed

hyperparameters, there are 21 models in the final model pool.

(X train), the following 25% for validation (Xval), and the remaining 25% for testing (X test).
We normalize the entire time-series using mean and standard deviation estimated over
the training portion of the time-series. Due to this way of splitting the time-series, we
discard series that are shorter than 250 to allow enough training and validation data.
Additionally, we took a random subsample of length 500 for series that are longer to
limit computation time. A breakdown of the used datasets and characteristics is shown
in Table 5.1. The code to reproduce all experiments is available online8.

We set the amount of lagged values to L = 15 to allow for a large context in terms of
lags. The single models consist of various parametrizations of Decision Trees, Random
Forests, and Gradient Boosting Trees from scikit-learn. To create the model pool P ,
we train a total of 21 tree-based models. Each model is created by varying the maxi-
mum tree depth dmax and (if available) the number of ensemble estimators ntrees (details
shown in Table 5.2). Notice that we do not allow the trees to grow arbitrarily deep. That
way, we retain the possibility to inspect them, further boosting the interpretability of our
approach.

8
https://github.com/MatthiasJakobs/tsms
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5.5.2. TSMS Setup and Baselines

To investigate the impact of drift detection on model performance and runtime, we pro-
pose a total of three variants of our method:

• TSMS: Our described method, using drift detection to adapt the RoCs to changes in
the time-series

• TSMS-ST: Static variant where drift-detection is disabled. RoCs are created at the
beginning of the forecasting process and remain unchanged over time

• TSMS-Per: A periodic, blind update of the RoCs. We chose to update the RoCs
automatically 10 times in total over the length of X test at fixed, equally spaced
intervals

Additionally, there are two hyperparameters in our method that we tuned: ω, the size
of larger, equal-size windows during the RoC creation process, and τ , the threshold used
when refining the data points before addition to an RoC. We conducted a hyperparameter
search and found ω = 25 and τ = 0.01 to perform well.

In terms of state-of-the-art methods we compare ourselves against, we utilize the follow-
ing methods (see Section 3.7 for more information): Exponential Smoothing (ETS), ARIMA,
KNN-RoC, DETS and ADE. Moreover, we utilize two deep learning models, namely CNN and
CNN-LSTM, which are simple architectures trained for comparison between DL and tree-
based approaches. Because of our use of tree-based model, we want to highlight that we
cannot fairly compare ourselves to OS-PGSM as the model pool has to be different (and
we aim to evaluate the performance of the selection and adaption methodology, not the
base models).

5.5.3. Performance Comparison Results

Table 5.3 shows a comparison between our method, including its different variations,
and the previously mentioned baselines over 1032 time-series. We computed the average
rank achieved after measuring the loss using the RMSE score (see Section 2.4.3). As can be
seen, the drift-aware variant of TSMS achieves the smallest average rank and outperforms
other online model selection baselines such as DETS, ADE, and KNN-RoC. For comparison,
we also include the best-performing model from P , denoted as Best-Single, and find
that it also outperforms the model-selection baselines, indicating that they are not able to
predict the performance of this single model on the test data very well. TSMS is also able
to outperform CNN-LSTM and CNN while being more interpretable at the same time due to
our restriction to use shallow-depth tree-based models. We also ran a signed Wilcoxon
rank test on the wins and losses and indicate the significant wins/losses in parenthesis
(significance level α = 0.05) (see Section 2.4.3). The results clearly answer research
question Q1.

Next, we compare TSMS with the two variants, namely the static (TSMS-St) and blind,
periodic (TSMS-Per) variants. We observe that an informed and infrequent enrichment of
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Method name Losses Wins Average Rank ±

ETS 212 (209) 789 (740) 7.14 4.53
ADE 314 (218) 687 (601) 7.03 3.01
ARIMA 264 (200) 737 (679) 6.46 5.04
KNN-RoC 368 (221) 633 (578) 6.36 2.71
DETS 360 (295) 641 (596) 6.31 2.61
CNN 319 (314) 682 (638) 5.49 3.35
CNN-LSTM 399 (378) 602 (518) 4.85 2.68
TSMS-St 640 (427) 361 (279) 4.64 2.88
Best-Single 419 (414) 582 (502) 4.36 2.71
TSMS-Per 667 (482) 334 (240) 4.19 2.60
TSMS - (-) - (-) 4.13 2.49

Table 5.3.: Comparison (in terms of average rank achieved over 1032 datasets) between our
method and the baselines. Best-Single is the model from P that performed best over
all datasets.

Method TSMS TSMS-St TSMS-Per
Runtime [s] 1.39± 1.28 0.41± 0.31 1.71± 1.28

Table 5.4.: Mean runtime (in seconds) plus/minus one standard deviation, measured over all
datasets.

the RoCs leads to better results in terms of predictive performance. We observe that the
periodic approach is only slightly better in terms of average ranking than the static ap-
proach, indicating that a blind recreation of RoCs is in most cases not worth the additional
computational overhead. These findings are in line with the findings when using CNNs
in Section 3.7 and Section 4.4 and thus are not only applicable to deep learning model
pools. We additionally compare the runtime of each variant over all datasets and report
the average runtime, and its standard deviation, in Table 5.4. Unsurprisingly, TSMS-St
is, on average, the fastest method since the RoC recreation procedure takes up most of
the runtime. The adaptive variant TSMS falls in between the static and periodic vari-
ants, suggesting that the small trade in runtimes is worthwhile for improving predictive
performance. With these insights, we provide answers for research question Q2.

5.5.4. Explainability

In this part, we answer research question Q3 by showing how TSMS supports explain-
ability for the forecasting task:

• A1: Which input time-series parts, i.e., lagged values, are more relevant for the
prediction, and how does this relevance evolve over time?

• A2: Why is a model i chosen to forecast the series at time t?
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Figure 5.2.: Visualization of A2 and A3 by investigating the closest and furthest RoC members,
in addition to Shapley values and feature decision boundaries.
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Figure 5.3.: Comparison of Shapley values for prediction before and after concept drift where the
chosen forecaster changes.

• A3: Why a specific predicted value X̂(t+1) is output by the selected model at time
instant t?

• A4: What is the impact of concept drift occurrence on the RoCs?

First, in the right half of Fig. 5.2, we can see the Shapley values of the 15-time-lagged
values (in blue) w.r.t. the prediction. Notice that, while we use the Shapley values of
the empirical loss for RoC creation we can also compute the Shapley values w.r.t. the
prediction to get further insight into the prediction process. For the prediction, the higher
the bars (in blue), the more important the lag information fed to the forecasting model
is.
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As can be seen, many lags among the 15 lags seem to be irrelevant to predict the next
value of the series. Surprisingly, this information is sparse and not strongly condensed
around the most recent lags, in opposite to the assumption made by most of the tradi-
tional state-of-the-art models, including the Box-Jenkins ARIMA family of models (see
Section 2.3.2). This can be explained by the fact that these models assume the station-
arity of the time-series-generating process and the absence of concept drifts. So, once
analyzed, lag information and contribution in these models are kept fixed and restricted
to the most three to four recent lagged observations [Saa+20]. However, this is not the
case for many real-world scenarios. As can be seen in Fig. 5.3, the second most recent lag
(lag 2) that used to have very low importance for the prediction before the occurrence
of concept drift has become the most relevant one after the detection of drift. This shift
in the importance of the input highlights the necessity of either triggering an update of
the model using retraining or switching to another model that better handles the new
dependence structure in the data after the occurrence of concept drift. Fig. 5.3 shows that
our framework ensures this update by switching to another model after drift detection,
which predicts the true value of the series better. The prediction marked in red would be
the forecast value if we stuck to the old model after drift detection, while the prediction
marked in orange is the value output by the model selected by TSMS, which is closer to
the true target value marked in green.

Another potential insight provided by the tree-based models in relation to understand-
ing the contribution of the lag information in the input time-series to the prediction is
provided by the paths taken in each tree. These paths enable the construction of bound-
aries around each lag via each node split criterion (as detailed in Section 5.4). In Fig. 5.2
(right-hand side) we visualize the intervals in orange. Changing the input value any-
where inside the orange intervals will have no effect on the models’ prediction, which
helps in understanding the robustness of the tree-based models. Also, notice that the in-
tervals are significantly larger for higher lag values, i.e., for time-steps which are further
away in time from the prediction. We can deduce that more recent time-steps are much
more influential in the prediction, together with the values at lag 10 and 11, suggesting a
slight periodicity that was used for prediction. Moreover, observe that the intervals are
not symmetric, suggesting that (in the case of lags 8 and 9, for example) outliers towards
higher values are less critical in comparison to outliers towards smaller values. This
knowledge is also of great help to forecasting practitioners as it helps them in conducting
input change sensitivity analysis which is required, for example, in financial forecasting
applications. This addresses the explainability aspect raised in Question A1.

As previously explained, the reason for selecting forecaster i at time t is because its RoC
contains a subseries that is the most similar to the current input pattern xt in terms of
DTW distance. In Fig. 5.2 (left half), we show the current input pattern xt in black, the
closest RoC marked in green and the least close RoC entry over all forecasters in red.
Notice that we chose to visualize the entire window in gray and only highlight the RoC
member in color to get a better understanding about where in the window this salient
subsequence is found. Due to the obviously smaller distance of the green RoC entry to
the input pattern the corresponding forecaster is chosen for prediction. The predictions
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Figure 5.4.: Visualization of RoC R17 (right side) where the closest entry to the current pattern
(left side, black) is shown in orange.

of both the forecaster of the green and red RoC entries is shown on the right-hand side.
Examining these predictions validates our RoC-based selection as showing competence
on patterns similar to the input pattern in question reflects the readiness of the model
to process this pattern and output a prediction based on it. Hence, the large deviation
between the RoC of the furthest model and the current pattern in Fig. 5.2 in the left half
is reflected in its prediction shown in right half. This answers the explainability aspect
raised in Question A2.

Next, we provide some insights into how our method can help us to anticipate the model’s
output. This is one of the main important aspects of explainability as stated by Kim et
al. [KKK16], who define explainability as the degree to which a human can consistently
predict the model’s result. In Fig. 5.4, we visualize the RoC of the selected forecaster f17.
Additionally, we show the true next values in the validation set with dotted lines. A clear
similarity between the output of the model (left, red) and the values that are subsequent
to the RoCs sequences (dotted, right) can be observed. The range of the subsequent val-
ues helps us in estimating the expected forecast value by the selected model on average.
Comparing the predicted value by the model with this estimated average can be con-
sidered a debugging tool that helps us in detecting abnormal behavior of the model or
check for significant changes in the data. This addresses the explainability aspect raised
in Question A3.

To get a better understanding of the impact of drift detection, we investigate two scenar-
ios. First, shown in Fig. 5.5, is a scenario where the drift detectionwas triggered but where
the same model that would have been chosen without a drift was chosen regardless. Nev-
ertheless, we can see between the middle and right side that the closest RoC member did
change. The new closest RoC member (shown in orange) much more resembles the input
in comparison to the previously closest RoC member (shown in red), indicating that the
enrichment of the RoCs after the detected drift did successfully adapt the RoCs to the
time-changing data.
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Figure 5.5.: Comparison of R10 before and after a drift. Closest RoC member shown in red and
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Lastly, we consider a scenario where the chosen model did, in fact, change after a drift
was triggered. As can be seen in Fig. 5.6, without enrichment of the RoCs, f13 would have
been chosen over f14 in this case. However, when investigating the prediction (top), the
prediction of f16 (yellow) is closer to the ground truth value (green) compared to the
prediction of f13 (red). Additionally, by investigating each model’s RoC (lower left and
lower right ), it becomes clear that R14 contains a member that resembles the input a
lot more in comparison to the closest member in R13. These observations highlight the
usefulness of the drift-aware adaptation of the RoCs over time. This answers the research
question A4.

5.6. Concluding Remarks

In this chapter we presented TSMS, a tree-based online model selection method for time-
series forecasting. By limiting the pool of models to interpretable tree-based models we
were able to increase the overall interpretability over the previously presented CNN-
based approaches in Chapter 3 and Chapter 4. The empirical results indicate that TSMS
performs very well in comparison to the tested baselines while simultaneously allowing
insight into the decision-making process. We showcased that TSMS is able to adapt well
to changes in the underlying time-series data without the need to retrain every model in
the pool. By using tree-based models we can increase interpretability and explainability
in multiple ways, such as by investigating the robustness to noise, providing a foundation
for further uses of trees for safety-critical time-series forecasting settings.
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In Part II we presented approaches for Online Model Selection and Ensembling that give
practitioners more insights by incorporating explainability methods such as Grad-CAM
and Shapley values. In addition, we saw in Chapter 5 that the use interpretable base
models in the pool leads to additional insights into the prediction process which were not
possible due to the methodological limitation to CNNs in Chapter 3 and Chapter 4. We
also saw in the last chapter that tree-based models, which are inherently interpretable,
can compete with state-of-the-art LSTM and CNN-based models when used in the model
selection framework.

Based on these findings we want to investigate in this chapter the feasibility of other
interpretable time-series forecasting methods when utilizing the online model selection
approach. As mentioned in Section 2.5.2 there is an often stated trade-off between in-
terpretability and predictive performance: The more interpretable a model is the smaller
its predictive performance tends to be. However, in the time-series forecasting literature,
this conventional wisdom is often found not to be the case. First, as mentioned before,
we were able to achieve state-of-the-art results with tree-based forecasters in Chapter 5,
even when using one fixed model (which we denoted with Best-Single in Table 5.3).
Additionally, in the M4 forecasting competition [MSA20], the organizers found that tra-
ditional, simple and interpretable methods such as ARIMA and Exponential Smoothing
performed surprisingly well, and that by combining interpretable methods with high per-
forming Deep Learning methods, an overall increase in predictive performance can be
observed [Smy20]. Specifically, the auhors in [Smy20]combine Exponential Smoothing
with LSTM Neural Networks to improve prediction quality, winning the competition in
the process. This is an example of so-called Hybrid Model Selection [HK19], where many
approaches first apply a linearmodel to the time-series, followed by a non-linearmodel on
the residuals. For example, in [Zha03] the authors first predict with ARIMA, followed by
a simple Neural Network on the (assumed to be) non-linear residuals. However, the fore-
casting process on the residuals is still done by uninterpretable DLmethods, which makes
them hard to deploy in safety-critical applications due to their opaque nature.

In this chapter wewill investigate a different way of combining complex DLmethods with
high predictive performance models and small, domain-specific interpretable methods.
Specifically, we will investigate the hypothesis that interpretable models are performing
“good enough” for most predictions. By employing online model selection to learn when
this is not the case we can resort back to DL methods. That way, we are able to achieve
high predictive performance while also utilizing an interpretable model most of the time.
We thus restrict the pool of forecasters to two methods, one of which (the interpretable
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forecaster) we want to choose as often as possible. Online Model Selection with similar
constraints have been proposed in the literature before. For example, in [BC23; DPP22;
Bus24], the authors are concerned with reducing energy consumption by considering
smaller models (in their case, Decision Trees) that are quick and energy efficient to eval-
uate over larger methods (in their case, Convolutional Neural Networks), that need to
be run on special, high power hardware. If a Decision Tree predicts a class on which it
is deemed to be not good enough the Convolutional Neural Network is queried instead,
increasing the energy consumption. However, since lowering energy consumption is a
focus of their work the models are only evaluated if they are chosen by the model selec-
tion procedure. Since we are not concerned with preserving energy in this chapter we
will also incorporate bothmodel predictions during the selection approach. Our proposed
method is a generic framework which is easily adaptable to different application scenar-
ios. While we showcase the validity of our method with an autoregressive AR(p) model
and popular DL forecasting models we want to stress that we do not make assumptions
about the specific model families.

This chapter is based on the publication [JL25]. The author of this thesis devised the
main idea of the paper, including the original methodology section. He additionally
implemented the code for the experiments andwrote themajority of the original paper.

This chapter is structured as follows. We start by formalizing the scenario of online model
selection with a preference towards one model in Section 6.1, where we also derive a
closed-form solution to the described optimization problem. Next, we present our ap-
proach to estimate the solution on unseen data in Section 6.2. We will conduct extensive
experiments in Section 6.3 where we will investigate the setting of perfect selection, as
well as how close we can approximate this selection using various learners. We also
compare our proposed method against state-of-the-art online model selection methods
in terms of predictive performance and overall interpretability. Lastly the chapter will
conclude with some final remarks.

6.1. Optimal Model Selection

We will start by describing the problem in a more formal manner by comparing it to
generic Online Model Selection from Section 3.1. Let P = {f, g} be the pool of two
trained forecasters, mapping from RL to R. As already discussed in previous sections we
are interested in predicting, at time t, the next value yt given a vector of the previous L
lagged values, denoted as xt. Specifically, our proposed selection strategy should do two
things: First, we want to minimize the overall prediction error over some test period of
length T . Crucially, we want to choose one of the forecasters in P (in our case f ) as often
as possible. We will proceed by referring to f as an interpretable model and denote with
g a more complex, DL method. However, as already mentioned, our framework is flexible
and can be used for other scenarios where choosing one model over another might be
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Figure 6.1.: Schematic overview of our proposed method AALF: Given a set of windowed time-
series {x1, . . . ,xT } with the corresponding true values {y1, . . . , yT } we compute
both models predictions f(xt) := y′t and g(xt) := y′′t , as well as some additional
features. The predictions, along with the label, are used to predict the optimal model
selection s∗, which we use as labels to estimate a classifier.

beneficial. Formally, the observed squared error if we choose between f and g over T is
given by

L(s) =
T∑
t=1

(yt − stf(xt)− (1− st)g(xt))
2 , st ∈ {0, 1}

where s = (s1, . . . , sT )
ᵀ. That means that f is chosen if st = 1 (and g if st = 0). In order

to choose f more often than g we introduce a constraint to select f at least B times out
of T . This leads to the following constraint optimization problem:

s∗ = argmin
s

L(s) s.t. s ∈ {0, 1}T ∧ ‖s‖1 ≥ B. (6.1)

Essentially,B is what we will refer to as an interpretability constraint which requires that
f is chosen a certain number of times. Next, we show that we can compute the optimal
solution to this constraint optimization problem in a closed form:

Proposition 6.1. The optimal solution to Eq. (6.1) is the vector s∗ = (s∗1, . . . , s
∗
T )

ᵀ with
elements

s∗t =

{
1 if `(t) ≤ max(0, `(π(B)))

0 otherwise

where `(t) := (f(xt)−yt)
2−(g(xt)−yt)

2 and π : [T ]→ [T ] is a permutation satisfying
`(π(t)) ≤ `(π(t+ 1)) ∀t ∈ [T − 1].
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Proof. We start by reformulating the objective L(s) as

L(s) =
T∑
t=1

(yt − g(xt)︸ ︷︷ ︸
=:ct

+st(g(xt)− f(xt))︸ ︷︷ ︸
=:δt

)2

=

T∑
t=1

c2t + 2ctstδt + s2t δ
2
t

=

(
T∑
t=1

(yt − g(xt))
2

)
+

(
T∑
t=1

st(2ctδt + δ2t )

)

For the reformulation, notice that s2t = st since st ∈ {0, 1}. Moreover, notice that each
summand of the second sum is the difference of squared errors between f and g at time
t:

2ctδt + δ2t = 2(yt − g(xt))(g(xt)− f(xt)) + (g(xt)− f(xt))
2

= f(xt)
2 − 2f(xt)yt + y2t − (y2t − 2g(xt)yt + g(xt)

2)

= (f(xt)− yt)
2 − (g(xt)− yt)

2

= `(t).

Since the first sum in L(s) is independent of s the optimization problem is equivalent to

s∗ = argmin
s

T∑
t=1

st`(t) s.t. s ∈ {0, 1}T ∧ ‖s‖1 ≥ B. (6.2)

With this reformulation it is easy to see that the optimal solution (ignoring the constraint
‖s‖1 ≥ B) is given by choosing all indices t for which `(t) ≤ 0, i.e.,

s∗t =

{
1 if `(t) ≤ 0

0 otherwise.

In fact, if ‖s∗‖1 ≥ B we have found a constraint satisfying solution (and included as
many predictions of f as possible) and are done. Otherwise, we know that we already
chose t ∈ {π(1), . . . , π(N)} with N = ‖s∗‖1 and we know that N < B. This means
that by choosing all twith `(t) ≤ `(π(B))we include the negative error differences from
s∗ as well as the necessary smallest differences to satisfy the constraint. Thus, we can
rewrite the optimal solution to

s∗t =

{
1 if `(t) ≤ max(0, `(π(B)))

0 otherwise.
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Figure 6.2.: Illustrative example of how many (and which) entries to choose to get the optimal,
constraint-satisfying solution. On the left we have to choose the indices π(4), π(5)
and π(6) even though their corresponding loss difference `(t) is positive to satisfy
the constraint B ≥ 6. On the right side we see that after choosing the first 6 entries
we can continue and further decrease the loss, choosing 7 entries in total.

Intuitively, Proposition 6.1 states that the optimal solution is given by choosing f when-
ever it outperforms g. In addition, we (might) need to choose f even if the total error
increases until the constraint is satisfied. Both scenarios are visualized with an example
in Fig. 6.2. For both examples we haveB ≥ 6, i.e., we have to choose f at least 6 times. On
the left side the optimal solution is given by choosingB exactly 6 times since `(π(t)) > 0
already for t > 3. On the right side however we choose f a total of 7 times to get the
optimal solution.

6.2. Meta Feature extraction

The optimal selection according to Proposition 6.1 requires that the label is known since
the squared error of both models from the pool are necessary during the calculation.
However, we obviously do not have access to the labels during inference on unseen data.
Thus, we propose to compute s∗ on validation data (where all information is available)
and use these selections as labels in a supervised learning setting. Specifically, we propose
to learn a classifier which selects, for each t, whichmodel to select by learning the optimal
selection on validation data using the lagged window xt combined with additional meta-
features.

Again, let (xt, yt) be a window of data and label from known validation data. Then,
we compute the optimal selection s∗t using f(xt), g(xt) and yt according to Proposi-
tion 6.1. Furthermore, we generate the following meta features to aid in fitting the clas-
sifier. ∆p(t) = f(xt) − g(xt) is the difference in prediction between both models at
time t. We can always compute this feature as it is independent of the true predic-
tion (and since we do not consider the computational overhead or additional resource
consumption of evaluating both models as mentioned in the beginning of this chap-
ter). ∆e(t) = (f(xt−1) − yt−1)

2 − (g(xt−1) − yt−1)
2 is the last known difference in

observed errors between the models. This feature helps in modeling the most recent
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performance and allows for simple estimates of the expected, current error. Lastly, let
Σ(t) = (L−1

∑L
i=1 x

(i)
t ,min(xt),max(xt))

T be the empirical mean, min and max values
over the current window xt. Combining all of these features, we have the new data point
(x′

t, s
∗
t ) with

x′
t = xt ⊕∆p(t)⊕∆e(t)⊕ Σ(t)

where ⊕ is the vector concatenation operator. By computing these features over the
available validation data range we are able to create a new dataset to train a classifier
for selection. Notice that we also include the raw lagged values xt as additional fea-
tures.

6.3. Experiments

After describing our general methodology we proceed by investigating the validity of our
approach by answering the following three research questions:

• Q1: What is the impact of (large) interpretability constraints B w.r.t. predictive
performance?

• Q2: How accurate can we estimate the optimal selection according to Proposi-
tion 6.1 for different values of B?

• Q3: How does our method perform in terms of prediction error and interpretable
model selection against state-of-the-art online model selection methods?

We utilize 6 univariate time-series datasets of different application domains and with
varying characteristics for our experiments (see Table 6.1 for a overview of the datasets
and their characteristics). These datasets are provided by the Monash Forecasting Repos-
itory [God+21]. We process each time-series by using the first 80% as the training portion
(X train), the following 10% for validation (Xval) and the final 10% for testing (X test). To
only keep meaningful time-series we discard series where all time steps in the training,
validation or test data are constant. Since the time-series frequency of the datasets vary
we chose to also vary the amount of lagged values accordingly. We chose to use one
day (L = 48) for the 30 minute datasets, 14 days for daily and 24 hours for the hourly
datasets. We set H = 1 for all experiments. The code to reproduce all experiments is
available online9.

6.3.1. Training the base models

In order to investigate the impact of our model selection method on predictive perfor-
mance and interpretability we have to train both f and g. To make f as simple and in-
terpretable as possible we chose an autoregressive model AR (see Section 2.3.2) since it is
a very competitive baseline, even for current time-series forecasting methods. Moreover,
it is a well-understood and well-studied forecasting method that is fairly interpretable

9
https://github.com/MatthiasJakobs/aalf/tree/mlj
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Name Datapoints Length (min/max/avg) Freq. L Type

Aus. Electricity Demand 5 230,734/232,271/231,051.20 30m 48 Energy
NN5 (Daily) 111 790/790/790.00 1d 14 Banking
Weather 2997 1,331/59,040/14,263.00 1d 14 Nature
Pedestrian Counts 66 574/96,423/47,458.39 1h 24 Transport
KDD Cup 255 9,503/10,920/10,895.24 1h 24 Nature
Solar 137 8,760/8,760/8,760.0 1h 24 Energy

Table 6.1.: Properties of the used datasets. All datasets are provided by the Monash Forecasting
Repository [God+21]. We resampled the Solar dataset to a frequency of one hour from
10 minutes to decrease computational demand.

for experts since it is a purely linear forecaster. Since AR is a local model we trained one
model per time-series, more specifically on the training split of each time-series. For g we
initially trained three different models. The first one is a simple multi-layer neural net-
work (denoted FCNN) with two hidden layers with ReLU activations. The second model is
a Convolutional Neural Network (denoted CNN) with two layers of convolutions, followed
by one prediction layer. Model three is DeepAR [SFG19], which is a competitive state-
of-the-art time-series forecasting model based on an LSTM architecture. Specifically, it
processes the current given window of lagged values element-by-element with a LSTM
layer. Afterwards, the resulting hidden vector (see Section 2.4.1 for more details) is used
to estimate mean and standard deviation values of a Gaussian distribution. Predictions
are computed by sampling from this empirical distribution (or by using the mean value
directly). All three models (FCNN, CNN and DeepAR) are global forecasters, meaning that we
trained one model per dataset (and not per individual time-series). Specifically, they were
trained on the combined training of all time-series in a dataset and afterwards evaluated
on the validation and test parts of each time-series individually.

We evaluated all models on the test portion of each dataset using twometrics, namely root
mean squared error (RMSE) and the symmetric mean absolute percentage error (SMAPE)
(see Section 2.4.3). In order to produce one aggregated value of RMSE and SMAPE per
dataset we averaged the individual values computed on the test portions of each time-
series. We present these results in Table 6.2. Except for the KDD Cup dataset we find that
one of the larger, global base models always outperforms the AR model, both in terms of
RMSE and SMAPE. For the NN5 (Daily) and Solar datasets we see that the CNN performs
best in terms or RMSE error, while DeepAR performs best (also in terms of RMSE) on the
Weather and Pedestrian Counts dataset. Finally, the FCNN outperforms the other models
on the Australian Electricity Demand dataset. However, we can see that the SMAPE value
distribution is not necessarily correlated with RMSE.

To investigate this difference and to gain more insight into the individual model perfor-
mances we analyzed how significant the performance differences were using a Critical
Difference (CD) diagram (see Section 2.4.3). Each row corresponds to the CD diagram
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AR FCNN DeepAR CNN

RMSE SMAPE RMSE SMAPE RMSE SMAPE RMSE SMAPE

Aus. Electricity
Demand

0.086 0.181 0.063 0.151 0.069 0.139 0.069 0.152

NN5 (Daily) 0.735 0.836 0.688 0.758 0.705 0.786 0.685 0.762
Weather 0.673 0.859 0.667 0.813 0.665 0.811 0.670 0.801
Pedestrian Counts 0.287 0.366 0.245 0.312 0.232 0.290 0.278 0.347
KDD Cup 0.362 0.498 0.367 0.492 0.416 0.489 0.367 0.493
Solar 0.220 0.310 0.202 0.272 0.250 0.318 0.193 0.264

Table 6.2.: The averaged root mean squared error (RMSE) and symmetric mean absolute per-
centage error (SMAPE) values for all base models over all datasets. The average was
computed over each time-series per dataset. Notice that we highlighted the model
with the smallest error (per dataset and metric) in bold face.
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Electricity
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(Daily)

Weather

Pedestrian
Counts

KDD
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Figure 6.3.: Critical Difference diagrams for all 6 datasets (each row corresponds to one dataset).
The x axis shows the average rank of each model over the time-series in each dataset.
If two models are not found to have significantly different average ranks based on a
Wilcoxon signed-rank test they are connected with a horizontal bar.

over the RMSE values per dataset, with the average model rank (computed over all time-
series in the dataset) shown on the x axis. If the Wilcoxon test cannot distinguish two
models a horizontal bar connects them, signifying that they are not significantly different
enough (with significance level α = 0.05).

After the analysis of the base models we now select one of the black-box models as g for
each dataset (since our methods assumes a binary selection as outlined in Section 6.1).
Specifically, based on the results in Fig. 6.3 and Table 6.2 we choose DeepAR for the
Weather and Pedestrian Counts datasets, CNN for the NN5 (Daily) and Solar dataset as
well as FCNN for the Australian Electricity Demand and KDD Cup datasets.
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6.3.2. Impact of the interpretability constraint
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Figure 6.4.: The optimal selection S(f, g) between pairs of models (shown as lines) versus the
performance of the individual models. The y axis corresponds to average RMSE over
the datasets while the x axis corresponds to how often f is chosen over g. Note that
S is computed using ground-truth data and thus represents the best possible loss
achievable for a given p = B/T .

In this section we will discuss the impact of the interpretability constraint B on predic-
tive performance. To do that we will investigate the RMSE of combining f and g if we
assume the optimal solution as given by Proposition 6.1. Formally, we define S(f, g) to
be the optimal selector according to Proposition 6.1 for the specific models f and g. Fur-
ther, since the length of the time-series in each dataset can vary drastically we define
the relative interpretability constraint p = B/T . In Fig. 6.4 we show (for all datasets
and combinations of f and g) how good the optimal selector would perform. To do that
we generated 100 samples of p ∈ (0, 1) and plot the RMSE (y axis) versus p (x axis) for
different combinations of f and g.
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First, notice that in order to achieve comparable loss to g the optimal selector rarely needs
to use g more than 10 to 15 percent of the cases (i.e., we achieve comparable performance
at p = 0.85 to p = 0.9). This suggests that little help from gwould be needed to drastically
increase the performance of f . The notable exception to this is the KDDCup dataset since
(as mentioned earlier) f is performing very well on this dataset. Second, notice that for
roughly p < 0.6 the optimal selector stops improving in terms of error. This is due to the
fact that in Eq. (6.1) the constraint is stated for at least B/T predictions.

Our experiment suggest that (given a perfect model selection mechanism) it is possible
to achieve a low RMSE error with very high interpretability constraints, resulting in an
overall more interpretable time-series forecasting process. This answers research ques-
tion Q1.

6.3.3. Estimating the optimal solution

We mentioned earlier that, during inference, the optimal selection is not given, and that
we estimate it by training classifiers on held-out validation data. Thus, we proceed to
evaluate the performance of multiple different classifier from different model families on
this classification task:

• RM: A random baseline that (given a desired p) generates a selection ŝ ∼ B(T, p)
where B is the binomial distribution.

• LR: A Logistic Regression, fitted with L-BFGS

• RF: A Random Forest with 128 estimators.

• SVM: A Support Vector Machine with an RBF kernel.

To also investigate the impact of high class imbalance on the classifiers’ performance we
also evaluated RFu. This is an ensemble of Random Forests where each ensemble member
is trained using a balanced version of the dataset. The balancing is done using upsampling
(with replacement) of the minority class so that both classes appear in equal proportion.
We did not find that upsampling increased performance on either Logisitc Regression or
SVMs, which is why we omit it from further discussion.

The result of the experiment can be found in Table 6.3. Specifically, for each dataset and
classifier combination we evaluated the F1 score for different levels

p ∈ {0.5, 0.6, 0.7, 0.8, 0.9, 0.95}.

We follow the approach outlined in [FS10] to compute one F1 value per dataset and clas-
sifier by computing the true positive (TP), false positive (FP) and false negative (FN) pre-
dictions per time-series and summing them over the entire dataset. Then, one F1 score is
computed using the aggregated values via

F1(TP, FN, FP) = (2TP)/(2TP+ FP+ FN).
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p = 0.5 p = 0.6 p = 0.7 p = 0.8 p = 0.9 p = 0.95

Aus. Electricity Demand RND 0.501 0.600 0.700 0.800 0.900 0.950
LR 0.620 0.751 0.834 0.901 0.956 0.980
SVM 0.653 0.769 0.842 0.903 0.954 0.978
RF 0.700 0.799 0.867 0.920 0.965 0.984
RFu 0.719 0.804 0.868 0.920 0.965 0.983

NN5 (Daily) RND 0.516 0.599 0.708 0.801 0.907 0.954
LR 0.578 0.684 0.795 0.869 0.943 0.973
SVM 0.587 0.734 0.828 0.889 0.952 0.976
RF 0.585 0.716 0.819 0.884 0.951 0.976
RFu 0.637 0.724 0.812 0.877 0.949 0.976

Weather RND 0.511 0.602 0.701 0.801 0.901 0.951
LR 0.619 0.757 0.825 0.890 0.947 0.974
SVM 0.595 0.745 0.824 0.890 0.948 0.974
RF 0.651 0.759 0.837 0.898 0.950 0.974
RFu 0.655 0.768 0.833 0.892 0.946 0.972

Pedestrian Counts RND 0.501 0.600 0.700 0.800 0.900 0.950
LR 0.636 0.757 0.834 0.898 0.952 0.976
SVM 0.657 0.769 0.849 0.908 0.957 0.979
RF 0.728 0.809 0.868 0.918 0.961 0.981
RFu 0.723 0.819 0.875 0.922 0.962 0.981

KDD Cup RND 0.531 0.601 0.700 0.800 0.901 0.950
LR 0.568 0.685 0.785 0.863 0.933 0.965
SVM 0.595 0.709 0.806 0.883 0.947 0.974
RF 0.579 0.674 0.782 0.865 0.933 0.964
RFu 0.643 0.705 0.780 0.857 0.933 0.967

Solar RND 0.500 0.601 0.700 0.801 0.900 0.950
LR 0.642 0.758 0.833 0.900 0.949 0.975
SVM 0.712 0.808 0.852 0.907 0.948 0.975
RF 0.784 0.832 0.871 0.919 0.961 0.978
RFu 0.759 0.835 0.865 0.911 0.960 0.976

Table 6.3.: The F1 scores of all classifiers for every datasets and different settings of p. The best
value per dataset and value of p are shown in bold face, while the second-best value
is shown with an underline.
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Figure 6.5.: Critical Difference Diagram (over RMSE error) of all evaluated model selectors, com-
puted over all datasets. The average rank is shown above (smaller is better). Two
selectors are connected with a horizontal line if they did no show significantly dif-
ferent performance.

Notice that we highlighted the best F1 score per dataset and value of p in bold, as well as
the second-highest value with an underline. As can be seen, both versions of the Random
Forest (RF and RFu) perform very well over multiple datasets and values of p, achieving
the highest or second highest F1 scores fairly consistently. Interestingly, the superior
performance of RFu is especially noticeable for low values of p (i.e., p = 0.5 and p = 0.6),
suggesting that the balancing of class label proportions is not as important there and that
the ensembling of base learners is increasing the performance in these cases instead. Due
to the highest empirical performance, especially for lower values of p, we decide to choose
RFu for the next experiment. This answers research question Q2.

6.3.4. Comparison to state-of-the-art

Finally, we compare our framework, AALF, to state-of-the-art online model selection
methods, both in terms of predictive performance and in terms of how often f is cho-
sen over g. AALF consists an ensemble of Random Forest classifiers, each of which was
trained on a differently sampled, balanced dataset of input features and optimal selections
as outlined before (RFu). In this experiment, we will again (as in the previous experiment)
consider multiple different values of p, namely p ∈ {0.5, 0.6, 0.7, 0.8, 0.9, 0.95}. The
state-of-the-art methods and baselines which we compare ourselves against are:

• ADE [Cer+17a] tries to learn the expected error for each model on unseen data based
on measured validation error. Afterwards, a weighting scheme is proposed, assign-
ing each model a weight which can be used for ensembling. We, however, choose
the model with the highest weight at each time step for prediction.

• DETS [Cer+17b] is an ensembling method that selects a subset of models for pre-
diction based on recent errors. These errors are computed over a window of past
predictions for each model, smoothed and aggregated into a weighting for ensem-
bling. We again choose the model with the highest weight at each time step for
prediction.

110



6.3. Experiments

0.0 0.2 0.4 0.6 0.8 1.0

p = B/T

0.06

0.07

0.08
R

M
S

E

Aus. Electricity Demand

0.0 0.2 0.4 0.6 0.8 1.0

p = B/T

0.70

0.72

R
M

S
E

NN5 (Daily)

0.0 0.2 0.4 0.6 0.8 1.0

p = B/T

0.666

0.668

0.670

0.672

R
M

S
E

Weather

0.0 0.2 0.4 0.6 0.8 1.0

p = B/T

0.22

0.24

0.26

0.28

R
M

S
E

Pedestrian Counts

0.0 0.2 0.4 0.6 0.8 1.0

p = B/T

0.3575

0.3600

0.3625

0.3650

R
M

S
E

KDD Cup

0.0 0.2 0.4 0.6 0.8 1.0

p = B/T

0.19

0.20

0.21

0.22

R
M

S
E

Solar

f g AALF ADE DETS KNN-RoC OMS-RoC

Figure 6.6.: Comparison between average RMSE (y axis) and empirical selection of f (x axis).
AALF was evaluated for multiple hyperparameter values of p.

• KNN-RoC [Pri19] utilizes the idea of Regions of Competence, where each model
keeps a buffer of data points it performed best at during validation. At test time,
the new input window is compared to all Regions of Competence and the model
with the highest similarity is chosen to predict the next value.

• OMS-RoC [Saa23] also utilizes Regions of Competence. However, OMS-RoC clusters
the data and assigns model expertise to entire clusters, instead of to individual data
points.

• MeanValue and LastValue serve as simple, yet important baselines, where the pre-
diction is the average or last value of the window xt, respectively.

First, we will analyze the overall predictive performance. For that, we created a Critical
Difference Diagram (see Fig. 6.5) over all time-series in all datasets. Similar to the CD
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diagram in Fig. 6.3 we have the average rank of each method given and draw a horizontal
bar between pairs of methods if they are not significantly different.

Unsurprisingly, the simple baselines MeanValue and LastValue are the worst performing
methods. Next, we notice that the versions of AALF that have very high values of p (above
p = 0.8) perform worse than the comparison methods. The two versions AALFp=0.7 and
AALFp=0.6, however, perform comparably to DETS and ADE, two popular state-of-the-art
online model selection methods. Moreover, AALFp=0.5 even significantly outperforms
these two selectors, only being surpassed by OMS-RoC. This experiment suggests that,
depending on the amount of interpretability desired, we are able to achieve comparable
performance to current state-of-the-art methods.

Next, we want to analyze the amount of selections of the model f in tandem with the
achieved performance. For that, we computed the empirical p = B/T (x axis), as well as
the average RMSE (y axis) over all datasets and methods in Fig. 6.6. We show all versions
of AALF for all values of p in violet. As can be seen, the exponential trade-off between
RMSE and p seen in Fig. 6.4 can also be observed empirically for most datasets. Moreover,
we observe an overestimation of p in most of the experiments, i.e., AALF chooses f more
than necessary. There is most likely more performance to be gained by tweaking the
decision threshold or achieving a better fit of the RFu classifier.

As mentioned earlier, OMS-RoC significantly outperformed even our best performing se-
lector (AALFp=0.5). However, we want to stress that (as can be observed empirically in
Fig. 6.6) OMS-RoC selects g significantly more often than AALF on most datasets. Thus,
in terms of a performance-interpretability trade-off both OMS-RoC and AALF perform on
different ends of the spectrum. These experiments answer research question Q3.

Combining the results of the previous three experiments we are able to provide evidence
that an online model selection strategy with a very high interpretability constraint could
perform verywell in theory (see Section 6.3.2). With choosing g only a fraction of the time
we are able to significantly outperform f since the performance increases exponentially
with decreasing p (see Fig. 6.4). In our experiments, we are generally able to achieve a
good fit to the optimal selection with established classification methods such as Random
Forests and Support Vector Machines (see Section 6.3.3). Our proposed upsampling of
the minority class further helps to improve the performance in some cases. In other
cases (especially for low values of p) the increase in performance is likely due to the fact
that we ensembled the classifiers. In comparison to the current state-of-the-art model
selection methods (see Section 6.3.4) we performed competitively with a focus on being
more interpretable than all other competitors. While being interpretable is not a specific
goal of these comparison methods we want to stress the fact that our multiobjective goal
of high performance and good interpretability is (to the best of our knowledge) novel in
online model selection for time-series forecasting.
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6.4. Concluding remarks

In this chapterwe presented a novel framework for onlinemodel selectionwith a selection
constraint which we called AALF: Almost Always Linear Forecasting. It computes the
optimal solution to a constraint optimization problem on held-out validation data, which
is then used to train a classifier to perform online model selection. We investigated the
theoretically best selection performance, as well as the empirically achieved performance
on over 3500 real-world time-series, showing competitive performance against state-of-
the-art online model selection methods while being more interpretable overall. More
importantly, we were able to provide substantial evidence that a simple, linear model
performs very competitively. By predicting when the model will perform bad (and using
a more complex, deep, black-box model instead) we could show that we can significantly
increase the overall interpretability without sacrificing predictive performance.
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We have seen in the previous chapter that interpretable methods for time-series analysis
can achieve high predictive performance in forecasting. Specifically, we observed that we
can learn from data when we should use an uninterpretable model over an interpretable
one in an online manner. Additionally, we have discussed in Section 2.5.2 that higher
levels of domain-knowledge can enable the use of more interpretable models in general
since existing human expert knowledge can be incorporated into the modelling process.
While the validity of combining noninterpretable and interpretable models was shown
on real-world benchmark sets in the context of forecasting we will proceed with showing
the validity on a real-world application scenario.

This chapter will focus on the application scenario of predictive maintenance, and how
ML methods can be used to help identify and explain potential failures in machines and
tools used in real-world scenarios. In general, approaches for tackling maintenance in in-
dustry can be classified broadly into three different categories. The most straightforward
approach, corrective maintenance, replaces machine parts whenever they break. Depend-
ing on the industry and machine, this will result in unexpected outages or even harm to
people, which is highly undesirable. An alternative is to install a preventive maintenance
protocol where, periodically, old parts are exchanged for new ones, even if they are not
broken. One downside of this approach is the high cost (and potential little benefit) if
the old part was not broken. Even worse, exchanging the old part with a new but faulty
part (due to a production error) introduces unnecessary failures. In recent years, a third
approach has become more attractive to practitioners due to the adoption of ML methods
in industry, namely predictive maintenance. Here, the goal is to predict if a failure is about
to occur and which part is responsible for the upcoming failure based on historical and
real-time data provided by the industry process. This approach has the upside of low cost
and a small likelihood of unnecessarily introducing faulty parts if the prediction method
is accurate. Since predictive maintenance approaches are supposed to be applied in the
real world and might impact people and companies financially and physically, there is
a high need to understand why a model predicts a failure to be imminent. As stated in
[Pas+23], it is not sufficient to know that something is wrong but what causes the fail-
ures so that they can be prevented in the future. This makes predictive maintenance an
important application scenario for XML and IML approaches.

Wewill focus on predictivemaintenance in the context failure predictions formetro trains
in this chapter. In particular, we will investigate a dataset collecting sensor readings for
trains run by the Metro do Porto in Porto, Portugal. We are concerned with predicting if
one critical unit, namely the central Air Production Unit (APU) will experience imminent
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failures since the trains are not equipped with a backup unit, and the unit is crucial for the
train to be able to operate. We approach this task in two stages, where we use Deep Au-
toencoders (AEs) that learn characteristics of non-failure data in the first stage. Using the
reconstruction error they can alert the practitioners if newly acquired data significantly
deviates from the learned characteristics. The second stage consists of an online rule
learning approach that can extract high-level, interpretable rules explaining the failure in
a more understandable manner compared to related methods.

This chapter is based on the publication [JVG25]. The author of this thesis devised
the main idea, specifically the AE architecture and the online rule-learning approach.
Moreover, he implemented the code for the experiments and wrote the majority of the
original paper.

This chapter is structured as follows. We start by giving an overview over the application
setting of the Metro do Porto trains, as well as the used MetroPT2 dataset in Section 7.1.
Next, we present some proposed methods for failure prediction on MetroPT2 (and some
related explainability approaches) in Section 7.2. Our online rule-learning approach for
extracting interpretable rules is presented in Section 7.3. We conduct experiments on
MetroPT2 in Section 7.5 where we also investigate extracted local and global rules. The
chapter will conclude with some final remarks.

7.1. Metro do Porto and MetroPT2

The Metro do Porto is the metro system operating in the city of Porto in northern Por-
tugal. At the time of writing it consists of six lines connecting the city and the larger
metropolitan area, serving as a crucial mode of transportation. According to the official
website the metro can serve up to 9000 passengers per line and hour10. It is thus crucial to
ensure that the trains are operating on time and that potential downtimes due to failures
are minimized. The Air Production Unit (APU) installed onto the trains is of central im-
portance in this regard as it is the main unit responsible for air-related tasks in the train.
For example, the APU controls the opening and closing of the train doors and raising or
lowering the train at the station’s platform. It is important to mention that there is no
backup solution for the APU installed. This means that failures of the APU will result
in the train being unable to continue operation, inconveniencing passengers in various
ways and leading to long delays. Since it takes a train approximately two hours to be
decommissioned safely the predictive maintenance task in this case is to predict failures
in the APU at least two hours in advance.

In this chapter we will utilize one particular dataset of collected data from trains ofMetro
do Porto called MetroPT2 [Vel+23]. It contains sensor readings of 16 analogue and digital
sensors placed onto the APU of a train between April 28th and July 28th 2022, recorded at

10
https://en.metrodoporto.pt/pages/407
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a frequency of 1Hz. The analogue measurements are the following (descriptions adapted
from [Vel+23]):

• TP2 - Pressure on the compressor (bar)

• TP3 - Pressure generated at the pneumatic panel (bar)

• H1 - Valve that is activated when the pressure read by the pressure switch of the
command is above the operating pressure of 10.2 bar (bar)

• DV_pressure - Pressure exerted due to pressure drop generated when air dryers
towers discharge the water. When it equals zero, the compressor works under load
(bar).

• Reservoirs - Pressure inside the air tanks installed on the trains (bar)

• Oil_temperature - Temperature of the oil present on the compressor (◦C)

• Flowmeter - Airflow was measured on the pneumatic control panel (m3/h)

• Motor_Current - Motor’s current, which should present the following values: (i)
close to 0A when the compressor turns off; (ii) close to 4A when the compressor
is working offloaded; and (iii) close to 7A when the compressor is operating under
load (A)

In addition to the analogue sensors there are digital sensors providing a stream of binary
values. These sensors are (again, description adapted from [Vel+23]):

• COMP - Electrical signal of the air intake valve on the compressor. It is active when
there is no admission of air on the compressor, meaning that the compressor turns
off or is working offloaded.

• DV_electric - Electrical signal that commands the compressor outlet valve. When
it is active, it means that the compressor is working under load; when it is not
active, it means that the compressor is off or offloaded.

• Oil_level - The oil level on the compressor is active (equal to one) when the oil is
below the expected values.

• LPS - A low-pressure signal, activatedwhen the pressure is below 7 bars. This signal
is used for evaluation only and not as a feature.

In addition to the sensor readings the dataset contains two failures which occurred during
the recording phase. The first failure is an air leak, while the second is an oil leak. Table 7.1
shows these failures, their duration, and the timestamp at which the LPS signal turned
on. The LPS signal is a failure warning already built into the train conductor control
panel. The goal of predicting failures on this dataset is to find the failures two hours
before the LPS signal turns on so the train can be safely removed from the tracks in time
as mentioned earlier.
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Failure Start time End time LPS Signal

Air Leak 2022-06-04 10:19:24 2022-06-04 14:22:39 2022-06-04 11:26:01
Oil Leak 2022-07-11 10:10:18 2022-07-14 10:22:08 2022-07-13 19:43:52

Table 7.1.: Failures present in MetroPT2 dataset.

7.2. Predictive Maintenance for MetroPT2

Predictive maintenance, as we will discuss it in this chapter, is closely related to the re-
search field of anomaly detection. In anomaly detection, the goal is to detect data points
from a larger set of samples that are significantly different to the other samples. It is a
long-studied problem domain that, especially in recent years, is approached more and
more with machine learning and deep learning methods [CBK09; Pan+21]. The con-
nection to predictive maintenance is given via the assumption that anomalous data is
indicative of irregular behavior. Thus, if some part of the observed machine or process
is faulty it is assumed that we can measure a deviation from some initial distribution. In
this context we can see that predictive maintenance is a form of concept drift detection
(see Definition 2.8) as it is usually modelled as detecting a change in data distribution
over time.

Due to the assumption that changes in data characteristics can predict failures in the
predictive maintenance setting many approaches in the literature focus on learning the
characteristics of failure-free data using AEs (see Section 2.2). The reconstruction error
of an AE can serve as a similarity measure to failure-free data: The smaller the recon-
struction error the more likely it is that newly observed data is similar to the training
data (which is assumed to be failure-free). This approach of failure prediction using AEs
has been applied with success to the MetroPT2 dataset before. In [SVG23] the authors
evaluated multiple AE architectures trained on a portion of failure-free data. Specifically,
they split the time-series data of the sensor readings into windows of 30 minutes and
encoded each window separately. The best model, a Wasserstein AE GAN architecture,
achieved a perfect F1 score, meaning no false alarms were signalled, and both failures
in the MetroPT2 dataset were found. In [Gam+24], the authors had a similar approach
but found an LSTM-based AE to perform best. Moreover, the authors utilized full com-
pressor cycles, given by the COMP sensor. Each compressor cycle window was discretized
into non-overlapping bins, on which summary statistics such as the mean, min and max
values were calculated [Dav+21]. In both works, the failures were predicted two hours
before the LPS signal.

As mentioned earlier, it is important to not only know if a failure is about to happen but
why (and how to prevent it in the future). Thus, both previously mentioned works on
failure prediction on the MetroPT2 dataset utilize rule-based explainability approaches
[SVG23; Gam+24] to investigate the underlying reason for the predicted failures. Rules
have the advantage of being very easy to interpret, as long as they are not excessively
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long and as long as the antecedents (e.g., the features) are interpretable themselves. The
authors of [SVG23; Gam+24] utilized an explainability layer including AMRules [DGB16;
Rib+23]. AMRules is an online rule-learning approach for regression streaming data.
The authors use it to learn the AE’s reconstruction error based on the raw data from the
individual time steps. Moreover, Chebyshev sampling [ARG21] is used to account for
the fact that failures are rare events. Afterwards, the rules that have the highest support
during the failure duration are returned as an explanation for that failure. We argue that
this rule-based approach could be improved by addressing the following two issues: First,
the rules are trained on individual time steps from raw data to predict the reconstruction
error, i.e., each one hertz vector of sensor values is an individual training example. This
results in many rules with varying levels of support since the resolution is very fine-
grained. Second, choosing the reconstruction error as a target for rule learning results in
overcomplicating the rules unnecessarily since the regression target is a real number. This
leads to a very high number of rules, further reducing the interpretability of the approach.
We argue that choosing the output of the failure detection pipeline, i.e., p(failure) > 0.5
as a binary label, will lead to more straightforward to comprehend rules since the target
is binary.

7.3. Failure detection

We proceed by formalizing the approach for failure detection using AE architectures as
this will serve as our basis for detecting failures in this chapter. Since the sensors readings
are given as a multivariate time-series let xt ∈ RC×T be a window of length L consisting
of C sensors at time t. We define an AE as a NN architecture consisting of two parts:
The encoder E : RC×L → Rm×L learns a (non-linear) projection of the input channels
to an m-dimensional latent vector, preserving the time dimension. The decoder D :
Rm×L → RC×L learns to reconstruct the input from the latent representation. Thus, we
get a reconstruction for a window xt via x̂t = D(E(xt)). The training objective is to
minimize the reconstruction error between each training window and its reconstruction
x̂i., which we will define to be the mean squared error:

`MSE(xt, x̂t) = (LC)−1
L∑
l=1

C∑
c=1

(xt,c,l − x̂t,c,l)
2.

As mentioned earlier, the reconstruction error for windows of non-anomalous data is
assumed to be significantly smaller than the reconstruction error for windows of data
during (or shortly preceding) failures. Thus, the reconstruction error can serve as a proxy
for the degree of anomaly of a data point.

In terms of the architecture we utilized a simple CNN-based AE architecture based on
blocks similar to the residual blocks from Fig. 4.2. Our architecture is shown in Fig. 7.1.
The architecture consists of N encoder and decoder blocks. Each block utilizes convolu-
tional layers, batch normalization layers, ReLU activation functions, and Dropout layers.
Optionally, an up- or downsample layer (realized with a fully connected layer) is used
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Figure 7.1.: The AE used in this work consists of N encoder and decoder blocks (left) with iden-
tical block structures (right).

where needed to ensure correct shapes. We also utilize skip-connections proposed by
[He+16] to improve training and generalization.

After fitting the AE on failure-free data we need to decide at which point a reconstruction
error is to be considered high enough to indicate that a failure is imminent. By using the
boxplot method on the training reconstruction error distribution [RPG16], we define the
anomaly threshold as

τanom = βq99

where q99 is the 99th percentile of the distribution of training reconstruction errors and
β is a hyperparameter. Thus, if the reconstruction error for a window of data exceeds
τanom, the slice is considered anomalous. As discussed earlier (and in Section 2.3.1) a
single anomalous window is not enough to determine a true drift in concept (or, in our
case, to predict a failure). To reduce the number of false-positive alarms, a low-pass filter
is applied to this binary output according to Eq. (7.1), where yt is the observed testing slice
prediction (i.e., anomalous or not) at time t and α is a smoothing hyperparameter:

zt = zt−1 + α(yt − zt−1), z0 = y0. (7.1)

Lastly, a failure is detected if the smoothed output exceeds a threshold of τfail = 0.5.
This reduces the false-positive rate because only prolonged occurrence of anomalous data
points should be considered a failure. From now on, we will refer to the smoothed output
(at time t) as the probability of failure pt(failure), i.e.,

pt(failure) = zt.

120



7.4. Online rule-learning approach

7.4. Online rule-learning approach

With our model able to detect failures by monitoring the reconstruction error, we will
present our approach for extracting interpretable rules for each detected failure. We pro-
pose to compute aggregated values for each window xt to use as features during the
rule-learning approach to get more interpretable rules. Let ϕ : RL×C → RM×C be a
transformation which aggregates the time dimension of length L using M aggregation
functions of typeφ : RL → R. In this work, we utilize eachwindows’ variance, minimum,
maximum and mean value for higher interpretability. Finally, let ϕ(xi) be a transformed
window. We will see that aggregating over the time dimension will make the rules very
general, which helps in interpreting the cause of failure more easily.

Our online rule-learning algorithm is shown in Algorithm 7.1. We will start with an
empty set of rules r = {} as no failure is assumed prior to starting the algorithm. We
assume that there are T windows of data to process and denote the set of indices with
[T ] := {1, 2, . . . , T}. Inspired by the approach presented in [GK14], we define three dif-
ferent states of operation during inference. First, if pt(failure) < τwarn, where τwarn is
a hyperparameter, we are in the Normal state, i.e., the reconstruction error at time t is
considered small. In this state, we add the current transformed window ϕ(xt) to a his-
tory of data H . The history will hold onto non-anomalous data as predicted by our AE
model. Once pt(failure) > τwarn, we change to the Warning state. During the warning
state, we add ϕ(xt) to a buffer B of anomalous data instead. If we reach the Failure

state (pt(failure) > τfail with τfail > τwarn) we create a labeled dataset from B and H .
Each example inB is labelled as failure, while all examples inH are labelled as no failure.
Using all rules in r we test whether they correctly classify all labelled data points. If a rule
r ∈ r does not correctly classify all labelled data points it is removed from the rule set.
If the rule set is empty, we train decision trees on the labelled dataset to perfect accuracy
and save them to the rule set. We train multiple trees since (especially for a few anoma-
lous examples) there might be multiple rules that cover all labelled examples due to the
greedy nature of the decision tree learning algorithm (see Section 2.4.2). Also, note that
we assume that the failure probability is increasing. In contrast, we consider one failure
completed if the probability of failure starts decreasing again. Recall that p(failure) re-
sults from low-pass filtering the time series of binary failure / non-failure decisions. Thus,
if p(failure) stops monotonically increasing, the underlying binary decisions are consec-
utive non-failure predictions, and we assume the failure to have stopped. See Fig. 7.2 for
a schematic overview of this approach.

7.5. Experiments

Next, we will present the results of our AE architecture for failure detection and the
extracted rules for each failure from our proposed online rule-learning approach. The
code to reproduce all experiments is available online11.

11
https://github.com/MatthiasJakobs/metro-xai
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Figure 7.2.: Visualization of our online rule-learning approach. During the green section, we add
non-anomalous data to our history. During the blue section, we add the data to the
buffer instead and learn fitting rules. Once p(failure) stops monotonically increasing,
we reset and return the learned rules, clear the buffer of anomalous data and add the
data points to the history again.

Algorithm 7.1 Online rule-learning on failure probability

1: B,H, r = {} . Initialize buffer and history
2: for t ∈ [T ] do
3: isIncreasing = pt(failure) > pt−1(failure)
4: isWarning = pt(failure) > τwarn

5: isFailure = pt(failure) > τfail
6: if isWarning ∧ isIncreasing then
7: B = B ∪ {ϕ(xt)} . Enrich buffer
8: else
9: B = {} . Reset buffer

10: H = H ∪ {ϕ(xt)} . Enrich history instead
11: end if
12: if isFailure then
13: if isIncreasing then
14: X ,Y = CollectExamples(B,H)
15: r = UpdateRules(X ,Y, r)
16: else
17: r = {} . Return and reset rules
18: end if
19: end if
20: end for
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Failure Rule

Air Leak Flowmeter_max > 16.05
Oil Leak Flowmeter_max > 16.18

Table 7.2.: Extracted rules using all available features.

We formulate the following research questions:

• Q1: Can we detect both failures two hours before the LPS signal activates?

• Q2: Which sensors of the APU are most useful in detecting the failures?

• Q3: Can we defer simple, interpretable rules for both failures?

7.5.1. Failure detection

We use the following approach based on [SVG23] for preprocessing the dataset. The
dataset is first split into two parts: A training period (until 2022-06-01) that is considered
free of anomalies and failures and a testing period (from 2022-06-01). Next, the data
is transformed into overlapping windows of 30 minutes (L = 1800) with a stride of 5
minutes (d = 300) to simulate that we receive new sensor values during a real-world
application every 5 minutes. The last 30% of training windows are used to measure the
validation error during training and estimate τanom to prevent overfitting to the training
data. We normalized each sensor channel by predictingmean and standard deviation over
the train set and using it to center the remaining data windows.

In terms of AE architecture, we parameterize the architecture from Section 7.3 in the
following way: We utilize N = 10 temporal blocks for both the encoder and decoder.
All convolution layers have a kernel size of 3 and are made up of 30 kernels each. To
increase the receptive field of the encoder and decoder, we increase the dilation of each
temporal block exponentially, i.e., each encoder blocks i ∈ [N ] is assigned a dilation of
2i (and analogous for the decoder). The embedding dimension was experimentally set to
32. Additionally, we set the Dropout probability to 0.2 for all Dropout layers in the AE to
prevent overfitting. We train our model using the Adam optimizer [KB15] with a learning
rate of 10−4 for a total of 200 epochs.

After fitting the model to the training data, we found that a smoothing factor α = 0.15
and an anomaly threshold of τanom = 3q99 lead to a perfect F1 score, i.e., both failures are
detected (more than) 2 hours before the respective LPS signal turned on and there were no
false positives. We show the results of our method in Fig. 7.3. In the top row, our model
p(failure) is very small except for both failure cases (and one slightly anomalous section
during late June), suggesting that we highly fit the training data without overfitting it. In
the bottom row, we show the two failure periods in more detail. For the Air leak (left), we
note that p(failure) > 0.5 starts at 8:43 AM while the LPS signal does not turn on until
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Figure 7.3.: Our models predicted p(failure) (in blue) over the testing period of MetroPT2 (top
row) and for both failures in more detail (bottom row). The actual failure periods are
shown in gray, as well as the activation of the LPS signal as the dotted black lines.
The threshold τfail at which p(failure) is reported as a failure is set to τfail = 0.5 and
shown in red.

11:26 AM, meaning that we detect the failure over 150minutes before the LPS signal. For
the Oil leak (right), we detected the failure at 08:32 AM on July 11th, over two full days
before the LPS signal turned on. This answers research question Q1.

7.5.2. Explaining detected failures

Next, we apply our online rule-learning algorithm on pt(failure) estimated by our AE
model to investigate probable causes of both detected failures. We are able to recover one
rule for each failure, covering the entire failure period. The rules are shown in Table 7.2.
Interestingly, there seems to be one highly predictive sensor, namely Flowmeter, which
is enough to predict whether or not the train will experience a failure. Specifically, if the
value in a 30 minute slice of data at any point exceeds a threshold of roughly 16m3/h
then this slice is part of a failure. Notice that this is true for both failures. Due to our
rule-learning algorithm, no false positives are associated with preceding data, i.e., the
found rules do not produce false positives for all windows preceding the respective failure.
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the time, the values of Flowmeter areminimal and only increase during the annotated
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Figure 7.5.: The Flowmeter sensor during the Air and Oil leaks. Flowmeter values are shown in
green while the p(failure) is shown in blue. A clear correlation between failures and
high values of Flowmeter makes this sensor highly predictive of these failures.

The strong correlation between high values of Flowmeter and the annotated failures is
also apparent when investigating the raw data visually, as can be seen in Fig. 7.4 and
Fig. 7.5. We can observe that Flowmeter usually has small values, with sporadic peaks
aligning perfectly with the observed failures. We also want to stress that multiple valid
thresholds could be used in this case since the difference between failure and no failure
value ranges is very large. Thus, as long as this sensor is present in the APU, early failure
detection appears to be a relatively simple process that does not require complex deep-
learning methods. Indeed, as can be observed in Fig. 7.5, the probability of failure (shown
in blue) increases at the same time as the raw values of Flowmeter, suggesting a high
reliance of our model on this sensor (in particular, a high reconstruction error of that
sensor channel).

The correlation between high values of the Flowmeter sensor with both failures answer
research questions Q2 and Q3. However, we want to note that Flowmeter is a fairly
expensive sensor to install, and not all trains of the Metro do Porto in the real world can
be equipped with this sensor. Thus, we also intended to find suitable rules not dependent
upon Flowmeter. After removing the Flowmeter sensor feature from the data used for
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Failure Rule

Air Leak Oil_temperature_max > 72.16
Oil Leak TP2_max > 10.61 ∨ (TP2_max ≤ 10.61 ∧ Motor_current_min ≤ 0.01)

Table 7.3.: Extracted rules using all available features except for Flowmeter.

rule-learning, we were able to find rules that focus on Oil_temperature, Motor_current
and TP2 (see Table 7.3). These sensors are significantly cheaper to produce and install and
thus might be more suitable to be rolled out into every train of Metro do Porto.

To further investigate the rules shown in Table 7.3, we investigated the purity of each De-
cision Tree node that generated these rules. We found for theOil leak that the Motor_current
feature is only necessary to separate one window from the other 53, 486windows, mean-
ing that the simple rule TP2_max > 10.61 could be considered a suitable explanation for
theOil leak. The ability to also detect both failures using the Motor_current, Oil_temperature
and TP2 sensors gives more insights into research question Q2.

7.5.3. Global rules

Lastly, we want to investigate whether we can find interpretable global rules that work
for both failures to understand better what constitutes anomalous and non-anomalous
data. We slightly change the Algorithm presented in Algorithm 7.1 by adding the buffer
windows after each failure is completed to a separate global buffer. Thus, at the end of
the available test data, we train a Decision Tree to classify all failure windows (found in
the global buffer) from all non-failure windows (found in the history).

As seen in Fig. 7.4, finding a global rule for both failures is effortless when considering the
Flowmeter sensor. Our algorithm found the following rule that covers all failure windows
and did not produce any false positives:

Flowmeter_max > 9.58⇒ Failure.

When omitting Flowmeter we learned the Decision Tree shown in Table 7.3. Similar to
the local rule found for the Oil leak, we want to stress that the split on TP2 is only nec-
essary to separate two windows from the remaining 57, 148 windows. Thus, we argue
that Motor_current and Oil_temperature can be considered sufficient to find all fail-
ures, answering research question Q3 with regards to simple, globaly applicable rules for
MetroPT2.

7.6. Concluding remarks

After investigating the extracted rules as well as the raw data itself, we conclude that the
MetroPT2 dataset, as presented in [Vel+23], is not very challenging for failure and nov-
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Figure 7.6.: Decision Tree that separates both failures in MetroPT2 from non-failure data without
relying on the Flowmeter sensor.

elty prediction due to the high correlation between values of Flowmeter and the presence
of failures in the APU. Thus, we suggest that future work which targets the MetroPT2
dataset remove this sensor from the data before applying their methods. Initial exper-
iments from our side suggested that modelling p(failure) using AEs without providing
Flowmeter to the model is a substantially more complex problem. While we could find
rules that do not involve Flowmeter that still fit all slices of failure windows, it is tough to
learn the notion of thresholding maximum and minimum values with Convolutional AE
architectures. The dependence on Flowmeter is also why we struggled to fit a good AE on
the related MetroPT3 dataset [Vel+22]. First, MetroPT3 does not contain the Flowmeter

sensor. Second, our initial experiments showed many false-positive failure predictions,
suggesting that different methods than our Convolutional AE to model p(failure) would
be necessary. Thus, we recommend that future work for predictive maintenance onMetro
do Porto data should also focus on MetroPT3 due to its more challenging nature.

One explicit limitation of our work is that an infinite number of rules could be retrieved
from the data. For instance, choosing as a global threshold for Flowmeter the value 9.59
instead of 9.58 (as shown previously) will still result in a perfect F1 score. Thus, we can-
not confidently gain knowledge about potential breaking points of parts of the APU from
these rules. Another limitation is the correct optimization of hyperparameters such as
the smoothing parameter α and boxplot threshold βqi. While we observe that a range of
values for these hyperparameters produces satisfactory results, optimizing with valida-
tion data containing actual failures would be a more thorough way of setting these values.
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Lastly, in the current iteration, the amount of history saved by our online rule-learning al-
gorithm is unbounded. While this results in rules that fit all previous non-failure windows
perfectly, this solution will not scale in real-world scenarios where months and years of
data could be gathered. We suggest that future work investigate different known strate-
gies to keep a maximum history size, such as random subsampling or removing windows
from further in the past with higher probability. Additionally, since this history is merely
there to serve as examples for non-failure data windows, clustering methods could be
highly efficient in finding representative windows that summarize large amounts of data
from history.
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8. Conclusion

In this thesis, we discussed how XML and IML methods in the time-series domain (specif-
ically for forecasting and predictive maintenance) can help to gain insights into the de-
cision of complex, DL models, as well as help in building more interpretable methods
capable of being applied to safety-critical application settings.

We have seen in Chapter 3 that Explainable Online Model Selection for forecasting can
be achieved using a pool of pre-trained NN methods, specifically using Convolutional
Neural Networks. By using a drift detection mechanism based on the Hoeffding bound
we showed that we can successfully adapt to evolving time-series characteristics, known
as concept drifts. Moreover, by creating a Region of Competence of most salient subse-
quences for each forecaster we can visually inspect each models expertise and answer
the question of why a specific model was selected at each time step. We have also shown
in the next chapter (Chapter 4) how this approach can be extended to Online Ensemble
Pruning. As before, we were able to successfully adapt to concept drifts by enriching the
RoCs with newly observed patterns and (if necessary) re-prune the ensemble using our
proposed two-stage pruning approach. In Chapter 5 we presented an approach which
limits the pool of models to interpretable, tree-based models. By doing that we are able to
achieve even more interpretable forecasting results due to the transparent nature of trees.
We showed that we can investigate also how robust each lagged value is to noise, giving
experts even more insight into the decision-making process. Overall, this second part
of the thesis successfully showed that Online Model Selection and Ensembling can be a
powerful tool for adapting to concept drifts in the time-series forecasting setting and that
we are able to make the selection process and the forecasts itself vastly more explainable
than they were before.

In Chapter 6 we investigated the hypothesis that interpretable forecasting models are
good enough for most prediction tasks, and that complex, DL methods might not be nec-
essary all the time to achieve high prediction performance. Specifically, we formalized a
constraint version of binary online model selection where we require the use of an inter-
pretable model whenever possible. We could show that, in theory, we only need to use
a high performing DL model for only 15 percent of data points we wanted to forecast.
Moreover, we are able to learn when to use which model from data, leading to an overall
interpretable approach using very tiny, transparent models. After investigating this way
of combining interpretable and non-interpretable models we investigated a specific, real-
world application scenario for interpretable time-series analysis, namely predictive main-
tenance in Chapter 7. Specifically, we showed that we can use a DL autoencoder network
to successfully predict when failures in the studied Metro trains from Porto, Portugal are
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about to occur. Moreover, we showed that there are very simple rules predicting these
failures, which we learned using a simple online rule-based learning method. Overall, we
were able to show in this third part of the thesis that the combination of interpretable and
non-interpretable methods is a worthwhile pursuit for future studies and can lead to an
overall increase in trustworthiness and understanding while not sacrificing the predictive
performance.

We have argued in this thesis that time-series data analysis is a crucial part of many
high-stakes decision-making settings such as inmedical, financial and industrial domains.
Also, we have seen in recent years that ML approaches can perform comparable to human
experts and outperform traditional methods, suggesting that novel insights and increased
automation could lead to positive outcomes in the aforementioned high-stakes domains.
It is therefore of high importance that ML are either simple enough to be understood fully
or that they can be investigated sufficiently in order to be applied to those crucial settings.
We have seen that visually investigating model expertise via Regions of Competence is
one way that more transparency can be achieved. Additionally, they allow to investigate
the changes in data via the analysis ofmodel expertise before and after time-series concept
drifts, which is also a crucial part of achieving more trustworthiness. Moreover, in the
last two chapters of this thesis we made the observation that a combination of opaque DL
approaches and interpretable time-series models can achieve comparable performance to
complex ML models while being much more interpretable overall. We believe that this
approach of combining the strengths of both model types is a crucial avenue for future
work to ensure the adoption of ML methods for the greater good.

8.1. Limitations and Future Work

Lastly, we want to highlight some limitations to our works and how they might be ad-
dressed in future work. In Chapters 3 to 6 we focused our attention on univariate time-
series data. However, many real-world application settings are inherently multivari-
ate. Since a straight-forward extension to multivariate data is not possible with the
methodology presented in this thesis there is room for improvement in future work about
how a RoC might be visualized, for example, for multivariate data. Moreover, many
interpretability enhancements we were able to gain by visualizing data and calculating
attribution-based explanations are complicated when using multivariate time-series data.
Thus, we suggest that future work addresses these challenges to further increase the in-
terpretability and explainability of time-series forecasting in real-world application sce-
narios.

While the approach presented in Chapter 6 is straight-forward to formalize we are aware
that choosing betweenmultiple different but equally interpretablemodels would likely in-
crease the predictive performance further. For example, tree-basedmodels or Exponential
Smoothing models might help to reduce the use of DL methods even further. We see the
research direction of Online Model Selection with (mostly) interpretable base models as
promising to achieve high performance and greater insight in the future. Moreover, while
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proposing an interpretability budget is a crucial first step it is not a theoretical guaran-
tee. Future work into the direction of guaranteeing a certain percentage of interpretable
model decisions in expectation could be vital for adoption in high stakes decision-making
contexts.

For Chapter 7, we want to note that our approach of extracting interpretable rules is very
sensitive to the specific hyperparameters used. Specifically, we noticed that the smooth-
ing and thresholding parameters contribute largely to howmany failures are detected. We
could envision future work addressing this using, for example, approaches from the Au-
toML literature where the goal is to automate hyperparameter optimization. This could
not only increase the ease of using our method in more real-world scenarios but also re-
duce any bias in tuning these sensitive hyperparameters by hand. Moreover, estimating
and then analyzing the underlying stochastic process (as defined in Section 2.3) into the
modeling process could increase the interpretability further. For example, considering
different types of concept drift in parallel sensors might lead to a deeper insight into the
reasons for a faulty part of failure.
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