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The anisotropic behavior of cold-rolled sheet metals has been extensively studied, typically characterized by
uniaxial loading tests in different directions to determine yield strengths and plastic flow (Lankford r-values).
However, biaxial principal stress states often focus solely on yield loci in the RD/TD (rolling/transverse) di-
rections, with limited studies on other loading directions. This study analyzes the relationship between the
principal stress yield loci and the material principal anisotropic stress directions based on the Hill48 yield
function. Biaxial tensile tests are conducted on DP590 high-strength steel using cruciform specimens cut in
various directions different from the sheet RD/TD directions. The evolution of the anisotropic yield locus and
plastic flow of DP590 under biaxial tensile directions beyond the traditional RD/TD anisotropic directions is
revealed. Furthermore, a modified Hill48 model that considers any principal stress direction of loading is pro-
posed, accurately describing the continuous evolution of equi-biaxial tension stress, near-plane strain stress, and
plastic flow direction for different principal stress directions of loading. The issues of failing to predict plastic
flow under biaxial loadings in the original Hill48 model, and the degraded representation of existing constitutive
models when accounting for out-of-plane anisotropy are addressed by decoupling the relationship between
anisotropic parameters and stress state. In addition, the proposed calibration strategy of anisotropic parameters,
using experimental data from various principal stress directions of loading, effectively captures the anisotropic
evolution caused by changes in principal stress directions. Comprehensive evaluation and verification of the
plasticity model should consider yield locus for any principal stress directions of loading, and also the normal and
shear planes.

1. Introduction

With the requirements of energy conservation and emission reduc-
tion, the demand for weight reduction in the automotive industry has
increased significantly. Advanced high-strength steels are widely used to
cope with the increasingly fierce competitive environment [1,2]. How-
ever, the sheet metals produced by rolling process have oriented texture,
which results in obvious anisotropic behavior. Under the complex stress
states and strain paths, there also has significant distortional hardening
effect [3-6], tension-compression asymmetry [7-11], anisotropic creep
deformation [12], et al., which significantly affect the formability of the
sheet metals [13-15].The numerical simulation technology provides an
important support for the development of sheet metal stamping process
[16-19]. Due to the simulation results strongly depend on the
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constitutive models, the improve of the prediction accuracy under
complex plastic deformation need the anisotropic constitutive model
with higher accuracy.

The anisotropic behavior received attention from the famous scholar
Rodney Hill as early as 1948 [20], and the first anisotropic yield model
was established based on the Mises isotropic yield function. After that,
the anisotropic behavior of sheet metal was gradually taken into account
in the stamping. A series of improved Hill yield criteria have appeared
successively [21-24]. With the development of new materials,
aluminum alloy with face-centered cubic (FCC) crystal structures and
Mg alloy with hexagonal close-packed (HCP) crystal structures show
anisotropic properties different from traditional steel materials. There-
fore, Hosford [25] established a non-quadratic yield function that can
adjust the curvature of the yield locus by introducing exponential
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parameter. Based on this, the Hosford series of yield criteria were
developed. Among them, a landmark method was proposed by Barlat
et al. [26] to construct an anisotropic yield model based on the linear
transformation of the Cauchy stress tensor. Based on this method, the
scholars constructed various advanced yield models with more aniso-
tropic parameters, which aimed to make up for the deficiency that the
Hill48 model can only predict the stresses or r-values in 0°, 45°, and 90°
to the rolling direction [27-33]. Based on the Barlat89 yield models,
Banabic et al. [34,35] proposed BBC families anisotropic yield models.
After that, Comsa and Banabic [36] established the BBC2008 model for
strongly anisotropic materials, it was expressed in the form of a finite
series that can be expanded to retain more or fewer terms. These func-
tions can modify the strength under shear and plane strain tension by
changing the value of the exponent. Although the linear transformation
method is very effective, the solution of its derivations is more compli-
cated. Soare et al. [37-40] developed a new method to establish
anisotropic yield functions based on homogeneous polynomials. The
yield models can be polynomial functions of order 4, 6 and 8, respec-
tively, which showed satisfactory results in describing the anisotropic
behavior of BCC materials.

In addition, the Druker series yield models based on stress invariants
have also received extensive attention and research. Cazacu and Barlat
[41] established a yield model based on Drucker yield function. In this
model, the J5 and Js invariants are replaced by J(z) and Jg with aniso-
tropic parameters. Cazacu and Barlat [42] proposed an odd yield func-
tion with stress invariants to capture the SD effect. Then, they further
proposed a new isotropic yield criterion with homogeneous function and
extend it to anisotropy [43]. Yoshida et al. [44] proposed a 3D yield
function of sixth-order polynomial type to describe the anisotropic
behavior accurately. Lou et al. [45] coupled the pressure effect to the
Y1d2000-2d function to model the anisotropy and SD effect of sheet
metals. Yoon et al. [46] modeled the anisotropy and SD effect by
introduced the first invariant. Hu et al. [47] proposed a normalized
stress invariant-based yield criterion for anisotropic-asymmetric mate-
rials. Lou and Yoon [32] extended the Drucker yield function with
non-associate flow rule (non-AFR) and the sum of n-components of the
anisotropic Drucker function. Cazacu [48] extended the Drucker func-
tion to eight order to improve the description of FCC metals. Lou et al.
[49] coupled the Drucker yield function with the pressure-sensitivity to
describe strength from shear to plane strain tension under proportional
loadings. The advantage of these yield functions is that the yield func-
tions can be utilized under both plane stress condition and the spatial
loading cases conveniently, and the derivatives can be easily computed
analytically.

In the early construction of the constitutive model, the associated
flow criterion was usually used. To describe the anisotropic properties
more comprehensively, the anisotropic parameters of the yield models
are continuously increased, which makes the order and form of the yield
functions extremely complicated. Under this condition, it is often
necessary to solve the anisotropic parameters by means of optimization
algorithms, which is unfriendly to the prediction of subsequent yield
evolution. The non-associated flow criterion improves the construction
strategy of the constitutive model [50-52]. Not only the form of
constitutive function is simplified, but also the prediction accuracy is
improved. In addition, the development of analytical yield models has
been paid more attention. Hu and Yoon [53] proposed the analytical
method for asymmetric yield function Yoon2014 by considering aniso-
tropic hardening under non-associated flow rule.

In recent years, the method of coupling different yield functions to
establish anisotropic models is widely used, and many models with
excellent prediction accuracy have been derived. Lee et al. [54] pro-
posed the coupling of quadratic and non-quadratic yield functions
(CQN) to describe anisotropic hardening and control the shape of the
yield surface. Park et al. [55] proposed a model with the multiplication
of two additional terms referred to as scaling and asymmetry functions,
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which had noticeable flexibility and general applicability in describing
the anisotropic/asymmetric yielding behavior. Hu et al. [56] coupled
Poly4 with Hosford models to improve the prediction accuracy of
anisotropy. The framework by Lee et al. [54] was modified by Hou et al.
[57,58], the new yield criterion increased the flexibility and range in
controlling the shape of the yield surface of the entire model. Subse-
quently, the second and third stress invariants of the deviator stress
tensor were also used to develop the coupled yield function [59,60].
Based on the multiplicative coupling method, additive coupling models
have been proposed and show more excellent performance. Hou et al.
[61] proposed a new anisotropic-asymmetric criterion by adding the
asymmetric Poly4 function and the isotropic stress invariant-based yield
function. Then, they further proposed a generalized versatile plasticity
model framework to describe the tension and compression asymmetry
[62]. In addition, Lou and Yoon [63] introduced other novel approach,
employing a Lode-dependent function to extend anisotropic yield
functions into asymmetric ones, focusing on the Hill48 function and
Y1d91 function [64]. Zhou et al. [65] extended the symmetric yield
criterion SY2009 to an asymmetric one using shape functions, accurately
predicted tensile and compressive r-values along different loading di-
rections. Mu et al. [66] improved the prediction accuracy and flexibility
of Hill48 model by introducing stress correction coefficient and linear
interpolation method. Zhang and Lou [67] proposed a new yield func-
tion for anisotropic-differential hardening by introducing a stress
state-sensitive (SSS) function. Then, they further proposed a five stress
states-sensitive (Five-SSS) yield function by considering the non-linear
effect of stress triaxiality # on plasticity, which was used to model the
springback of V-bending [68].

The accurate description of anisotropic evolution will directly
determine the forming accuracy of sheet metal, especially the yield
surface evolution under biaxial loadings. Therefore, the prediction of
anisotropic evolution is an important aspect in evaluating the ability of
constitutive models, including the directional hardening curves, r-
values, and the subsequent yield loci under proportional and non-
proportional loading path [69-72]. In addition, the distortional hard-
ening of yield surface under non-linear loading conditions, variation of
strain rate and temperature have also been paid attention and studied
[73]. For this, numerous phenomenon-based constitutive models were
proposed to describe hardening behaviors under non-proportional
loadings by shifting the yield surfaces, i.e., kinematic hardening, by
distorting the yield surfaces or by the combination of them. A homo-
geneous anisotropic hardening (HAH) model was developed by Barlat
et al. [74] to replace the kinematic hardening model. On this basis, Lee
et al. [75] combined the HAH model with the CQN model to accurately
predict the yield evolution behavior and Bauschinger effect. Shi et al.
[76] applied thermodynamically consistent directional distortional
hardening model for AZ31. Zhang et al. [77] introduced a generalized
Frangcois’s distorted stress term to any non-quadratic yield functions. Raj
et al. [78] calculated the evolution of plastic work contour for different
stress path. He et al. [79] developed a phase transformation-informed
non-associated flow model incorporated with an asymmetric yield cri-
terion, distortional anisotropic hardening, and phase
transformation-related hardening law to capture complex anisotropic
evolutions for QP steel. Lee and Rubin [80] developed a method to
capture strength-differential effect (SDE) based on the distortion of yield
locus, which used a SDE parameter to replace the first stress invariant.

For modeling yield surface evolution, the constitutive parameters are
usually interpolated by linear or non-linear equations [81-83]. In order
to overcome the complexity and time-consuming of the optimization
method in engineering applications, the analytical parameter compu-
tations of yield functions were developed [54,60,84]. Then, Hu et al.
[85] further gave an analytical solution strategy for Poly6 yield func-
tion. Du et al. [86] proposed a new parameter calibration strategy for
analytical Poly6 yield criterion, and gave the systematic evaluation
strategy for material models. Recently, the recognition of identification
of anisotropic mechanical properties and establishment of constitutive
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model combined with artificial intelligence algorithm have been paid
more attention. Jeong et al. [87] calibrated the parameters of Poly6
yield criterion using indentation plastometry based on a neural network
(NN) system. Liu et al. [88] calibrated the phenomenological constitu-
tive model and hardening model based on the established virtual labo-
ratory. Wessel et al. [89] introduced a new machine learning-based
sampling approach to perform virtual experiments with respect to the
full stress state to identify the parameters of anisotropy yield functions.

However, most of the current studies focus on the principal plane
yield loci [60,63,86,90-96]. The materials experience complex loading
histories in stamping, and the stress state is constantly changing. The
yield models with anisotropic parameters calibrated only by the prin-
cipal plane yield loci are insufficient to describe the yield behavior
under other stress states. In other words, the principal stress component
obtained from the stress components on the yield surface through the
coordinate transformation will not completely coincide with the yield
locus in the RD/TD direction. In order to accurately describe the whole
yield surface, it is necessary to calibrate the anisotropic parameters ac-
cording to the yield stress data under different principal stress directions
of loading. However, there are few studies on the difference of principal
plane yield loci in different principal stress directions of loading and
their evolution with plastic deformation. In addition, existing constitu-
tive models have fixed anisotropic parameters, which can only be cali-
brated with specific stress or deformation data. It cannot use the stress or
deformation data in other biaxial loading directions for parameters
calibration, which makes it impossible to predict the diversity of yield
loci related to the principal stress directions of loading, but can only
describe a few specific yield loci.

In this work, the evolution of anisotropic behavior in sheet metals
under various biaxial tensile directions is examined, and a novel method
for describing these variations is proposed. In Section 2, the relationship
between principal stress yield locus and principal stress direction of
loading is analyzed using the Hill48 yield function. In Section 3, biaxial
tensile tests are conducted on DP590 high-strength steel using cruciform
specimens cut in various directions. The evolution of principal plane
yield locus and plastic flow directions with changes in the PSD is
investigated. In Section 4, a modified Hill48 model that considers the
principal stress direction of loading is established. The anisotropic pa-
rameters of this model can be calibrated using stress or deformation data
under any biaxial loading directions. The reliability and prediction ac-
curacy of the modeling strategy are verified and discussed by comparing
it with recently proposed advanced yield models.

2. Effect of principal stress direction of loading on yield loci

For the yield function established with the stress components in the
reference coordinate system, the relationship between the principal
stress and the anisotropic principal axis should be discussed in solving
the yield locus. When the principal stress directions of loading coincides
with the sheet material’s principal anisotropic directions (RD/TD axis),
the (x,y)-axis stress components in the reference coordinate system are
equivalent to the principal stress components. In this case, the principal
plane yield locus can be obtained by the yield locus function. While the
principal stress directions of loading do not coincide with the material
principal anisotropic direction, it is necessary to transform the stress
tensor to the principal axis coordinate system to obtain the principal
stress yield locus function. Obviously, the principal stress yield locus
function must contain the parameter of the principal stress direction of
loading. Therefore, in this section, the diversity of principal stress yield
locus related to anisotropic parameters and loading directions will be
clarified.

2.1. Yield function expressed with principal stresses

Under the material anisotropic principal (x,y)-axis coordinate sys-
tem, the Hill48 yield function for plane stress states can be expressed as
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Fig. 1. Schematic diagram of yield locus in principal stress coordinate system.
The red circle is the intersection point of the yield locus and the coordinate axis,
representing the uniaxial loading stress states.

follows
2f,(05) = Fo? + Go? + H(0x — 6,)” + 2N12, = 1. )]

When the angle between principal stress direction of loading (1) and
the rolling direction (x-direction) is @, according to the stress Mohr
circle, the relationship between the principal stresses and the aniso-
tropic stress components in the (x,y)-axis coordinate system can be
expressed as

01 +02 01— 02
= +

Oy = 3 5 cos2a
oy = il ;62 _N % h52a. (2
Ty = o ; 2 sin2a

By substituting Eq. (2) into the yield function, the yield locus func-
tion expressed by the principal stress can be obtained as

F{(m + 62>2 1 (6} — 03)cos2a + (Gl ; GZ)ZCOSZZC(:| +

2 2
01 + 02\2 1 2 2 01 —02\2 (3)
G{( 5 ) +3 (07 — 63)cos2a + ( 5 ) cos 2a}+

H{(al - 0'2)260522(1} + 2N[(01 — 02)2sin22a/4} =1.
The Eq. (3) can be further simplified as

k]O’% + kzﬂ% + k36162 = ].7 (4)

where

ki = Fsin*a + Geos*a + 2(N — 2H)sin*acos®a + H
ko = Gsin*a + Fcos*a + 2(N — 2H)sin*acos’a + H . (5)
ks = 2[(F + G + 4H — 2N)sin®acos’a — H|

The Eq. (4) is a typical quadratic function. When k; > 0, kz > 0, the
shape of yield locus is ellipse. If the angle between ellipse major axis and
o1 is B, the yield locus in the principal stress space can be shown as Fig. 1.

2.2. Diversity of yield locus in the principal plane

If the coordinates are transformed to the directions of the major and
minor axes of the ellipse, the locus becomes a standard elliptic function.
Therefore, according to Eq. (4) and the properties of the elliptic func-
tion, there is
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Fig. 2. Schematic diagram of yield locus in principal stress coordinate system for (a) isotropic plate; (b) sheet metal with in-plane isotropy and thickness anisotropy.
The red circles represent the uniaxial loading stress states, and the green circles represent the symmetric biaxial loading stress states.

ks (F+ G+ 4H — 2N)sin?2a — 4H

tan2p = -
M= 2(G — F)cos2a

©

For isotropic sheet metal, N = 3F = 3G = 3H. Set the yield stress in
the RD as oy, according to Eq. (1), thus, 0, =1/F+H =1 /v2F. Then,
ki =k, =1/6%, ks = — 1/02. There is

-6 @

Under this condition, the angle between the major axis of ellipse and
the principal stress axis is 1/4, as shown in Fig. 2(a). The yield locus is
only related to the yield stress, and the subsequent yield locus is an
expanding ellipse.

For sheet metal with in-plane isotropy and thickness anisotropy, the
necessary and sufficient conditions to meet axisymmetric anisotropy is N

(b) T2

=F + 2H = G + 2H. Then, it can be calculated as k;y = ko = F + H, k3 =
—2H. By substituting it into Eq. (4), there is

1
F+H

2 2H 2
0] — 0102 + 05, =

+H ®

Setting the yield stress as o; and the anisotropy coefficient as r, it can
be obtained as 6, = 1/+/F + H, r = H/F. According to the Eq. (8), there
is

o1\ 2 2r [(o1)\ (02 [P 27
(2) =)@ () - ©

Under this condition, the yield locus is also elliptic. The angle be-
tween the major axis of ellipse and the o; axis is also n/4, as shown in
Fig. 2(b). Different from the isotropic plates, the yield stresses under
symmetric biaxial loading (equi-biaxial tension, pure shear, equi-biaxial

2
0,—— ’
[ VF+G+2N
_—2 0 # 0
JF+G+2N’ JF+G+2N’

(O’\/F+G+2NJ
o =45°

Fig. 3. Schematic diagram of yield locus in different principal stress directions of loading (The angle between the principal loading direction and the anisotropic RD/

TD directions): (a) « = 0°; (b) a = 45°; (¢) o = 90°.
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Fig. 4. (a) Uniaxial tensile true stress to equivalent plastic strain curves and (b) the transverse to longitudinal plastic strain curves at 0°, 15°, 30°, 45°, 60°, 75° and

90° with respect to RD.

compression) are no longer equal to the uniaxial tensile yield stress, but
is directly determined by the thickness anisotropic coefficient r-value.
When r > 1, the major axis of ellipse is lengthened and the minor axis is
shortened. When r < 1, the major axis of ellipse is shortened and the
minor axis is lengthened. The subsequent yield loci are still an
expanding ellipse.

For orthogonal anisotropic sheet, according to the Eqgs. (4) and (5),
the yield locus depends not only on the anisotropic parameters F, G, H
and N, but also on the principal stress direction of loading. The yield
locus has different forms for different principal stress directions of
loading. Thus, several typical cases are discussed as below.

(1) o = 0° (principal loading directions coincident with the aniso-
tropic RD/TD directions), thus, k; = G + H; ko = F + H; tan2p = —2H/
(G — F). Under this condition, the yield locus function can be
expressed as

(G+H)o? — 2Hoy65 + (F+H)os = 1. (10)

If G > F, thus 1/4 < B < n/2. If G < F, thus 0 < B < n/4. With the
increase of plastic deformation, F, G and H monotonically decrease, the
subsequent yield locus continues to expand, as shown in Fig. 3(a).

(2) a=45°, thus, k1 =ko =(F+ G+ 2N)/4; ks =(F+ G — 2N)/2; p =
n/4. Under this condition, the yield locus function can be expressed
as

(F+ G+ 2N)

1
4 (63 +03) +=(F+G—2N)o10, = 1.

5 (1)

The yield locus geometry is similar to that of isotropic plates and in-
plane isotropic thick anisotropic plates, and the subsequent yield locus is
an expanding isocline ellipse, as shown in Fig. 3(b).

(3) @« = 90°, thus, ky = F + H; ko = G + H; tan2p = —2H/(G — F).
Under this condition, the yield locus function can be expressed as

(F+H)o? — 2Ho105 + (G+H)os = 1. (12)

If G > F, thus 0 < f < n/4; if G < F, thus n/4 < § < /2, as shown in
Fig. 3(c).

Table 1
Fitted coefficients in the hardening equation for DP590 obtained from uniaxial
tensile tests under seven loading directions with respect to RD.

a(?) DP590
K (MPa) M; (MPa) by M, (MPa) by

0 324.03 345.40 0.2068 222.78 0.0236
15 325.59 348.69 0.2036 216.45 0.0234
30 332.22 368.11 0.2287 219.64 0.0245
45 337.54 225.95 0.0259 399.91 0.2808
60 341.01 241.91 0.0280 590.97 0.5269
75 340.98 473.29 0.3880 238.85 0.0275
90 343.92 238.08 0.0276 438.56 0.3520

3. Mechanical experiments for different principal stress
directions of loading

In this section, a DP590 steel plate with a thickness of 1.0 mm was
investigated to verify the diversity of yield loci. Experiments were
conducted for uniaxial tensile (UT) and biaxial tensile (BT) loading
under various principal stress directions (PSD). Strain distributions were
measured using digital image correlation (DIC). The yield loci and
plastic flow were obtained and compared along the RD/TD, 30°/120°,
and 45°/135° directions of biaxial loadings. The results were analyzed to
assess the variation in anisotropic behavior.

3.1. Uniaxial tension

Uniaxial tensile tests along 0°, 15°, 30°, 45°, 60°, 75° and 90° to the
rolling direction (RD) were carried out by the Inspekt 100 kN electronic
universal material testing machine, in accordance with ISO 6892-1
standards at room temperature. The tensile rate was 5 mm/min corre-
sponding to the quasi-static loading. The curves of uniaxial tensile true
stress with equivalent plastic strain (EPS) in different directions and the
curves of longitudinal-transverse plastic strain were obtained by the
plastic work equivalence principle, as shown in Fig. 4.

Then, the experimental flow curves is smoothed and fitted using the
hardening equation shown in Eq. (13) to characterize the hardening
behavior accurately.
6a=K+M (1 fe*?’/bl) +M2(17e’?’/b2>, 13)
where K, My, Ma, by and b, are the fitted coefficients; & is the equivalent
plastic strain. The fitted result in seven loading directions for DP590 are
shown in Table 1.

The Lankford coefficient (r-value) characterizing plastic deformation
is expressed as
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Table 2
Coefficients describing evolution of r-values for DP590 obtained from uniaxial
tensile tests under seven loading directions with respect to RD.

a () Aq By Co r

0 0.7629 ~0.1561 0.0229 0.75
15 0.7724 ~0.2939 0.0043 0.75
30 0.843 —0.3486 0.0083 0.82
45 0.8136 —0.1342 0.0274 0.81
60 0.9762 ~0.1714 0.0469 0.96
75 0.9702 ~0.1291 0.0236 0.96
920 0.9576 —0.0897 0.0181 0.95

@ The average r-values calculated by linear regression in plastic strain range of
2 %—12 %.

Ew —&y
r=—=—— 14
& &yt & a4
Based on the plastic strain in Fig. 4(b) and the plastic work equiva-
lence principle, the discrete r-value data related to the equivalent plastic
strain can be obtained. Furthermore, Eq. (15) is used to describe the
continuous change of r-value with EPS.

re =Aq+Byxexp(—% /C,), (15)
where Ay, By and C, are the fitted coefficients. The coefficients for fitting
r-value of DP590 in seven loading directions are shown in Table 2.

3.2. Biaxial tension

In order to verify the above analysis about the evolution behavior of
the yield locus at different principal stress directions of loading, cruci-
form specimens were cut at 0°, 30° and 45° from the rolling direction,
respectively, as shown in Fig. 5. Following ISO 16842, The biaxial ten-
sile tests with seven load ratios were carried out on the cruciform
specimens in the three directions respectively. To ensure continuous
proportional loading during testing, the biaxial tensile tests were per-
formed under force control mode, the average strain rate was 3.0e-
6~1.6e-5 s ! corresponding to the quasi-static loading.

The load ratios of two loading directions were Fy: Fo = 4:0,4: 1, 4: 2,
4:3,4:4,3:4,2:4,1: 4, 0: 4. The biaxial tensile tests with load ratios of
4:0 and 0:4 were replaced by the uniaxial tensile tests along the di-
rections of the specimen. When the principal stress direction of loading
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is @ = 0°, F1: Fo = 4: Oand F;: F» = 0: 4are uniaxial tension along the
principal anisotropic directions RD and TD axis respectively. When the
principal stress direction of loading is a = 30°, Fy: Fo = 4: 0Oand F;: F5 = 0:
4are uniaxial tension in the 30° and 120° to the principal anisotropic
directions RD axis. When the principal stress direction of loading is a =
45°, F1: F5 = 4: Oand Fy: F5 = 0: 4are uniaxial tension in the 45° and 135°
to the principal anisotropic directions RD axis. Fig. A1 (in the Appendix
A) shows the biaxial tensile true stress-strain curves in different prin-
cipal stress directions of loading, which were used to calculate the yield
locus.

3.2.1. Yield locus

Based on the plastic work equivalence principle, the stress-strain
relationship between the biaxial loading stress state and the uniaxial
loading stress state is satisfied as

&

W:/zrldeer/ozdgg:/oadsi.
0

0 0

P & &

(16

According to Eq. (16), the yield loci of three principal stress di-
rections of loading at different EPS levels are obtained as shown in
Fig. 6. With the increase of plastic deformation, the plastic work con-
tours of these three directions expands outward. Due to the distortional
hardening, the shape of the yield locus is also constantly changing, that
is, the yield locus in the subsequent yield deviates from the initial yield
locus. In addition, due to the planar anisotropy in the rolled sheet, the
upper and lower contours of the yield loci bounded by EBT are asym-
metrical. In Fig. 6(d), the plastic work contours of the three principal
stress directions of loading under different EPS are difference, which is
consistent with the previous analysis. These differences are not only
reflected in the initial yield, but also change with the increase of plastic
strain, especially in the region of near-plane strain stresses state.

Therefore, in addition to the evolution of yield loci caused by
hardening, the variation of yield loci caused by the change of principal
stress orientation should also be considered in the subsequent yield. In
this way, the prediction accuracy of yield model can be further
improved, and more accurate finite element simulation results can be
obtained.

To analyze the difference of yield loci in different stress principal
axes more clearly, the relative relationship between the biaxial tension
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u o]
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Fig. 5. (a) Biaxial tensile testing machine, (b) dimensions of cruciform specimen and (c) cruciform specimens cut along 0°, 30° and 45° principal stress directions of
loading. The biaxial tensile tests were performed under force control mode. Strain distributions were measured using DIC.
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Fig. 6. Yield loci of DP590 along different principal stress directions of loading: (a) RD/TD; (b) 30°/120°; (c) 45°/135°; (d) Comparison of the yield loci obtained
from three principal stress directions at different EPS.
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direction at different EPS.
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stresses of yield locus obtained along 30°/120° and 45°/135° sampling
direction and that in the RD/TD direction are calculated by Eq. (17):

a o \/(Uil—a - gil—O’)Z + (UiZ—a - 6i2—0°)2
PWC—p; — )

(6f o) 24 (6h o) 2

a7

>

where “o}_,” and “ct_,.” indicate the first principal stress of biaxial
tension along the o and 0° respectively; “i” indicates the different stress
state. ; = arctan(y;), and “y;” indicates the iy, principal stress ratio. Note

that the “o}_,” and “s_,.” have the same stress ratio (y;), that is

i i

02a _ %20
e

01¢ 010

Vi = (18)

Then &3y_,, is actually the ratio of the “distance” between the stress
data points (with the same v;) to the “distance” between the stress data
point and the origin in the yield locus diagram. By substituting Eq. (18)
into Eq. (17), %chﬁi at a specific EPS level  can be simplified as

(&)

8oy (B) =222 1. 19)
PWC. /},( ) O_ll—E(SP)
The comparison between the plastic work contours obtained by BT
along the 30°/120° direction and that in the RD/TD direction is shown

in Fig. 7. The relative distance of the points on the plastic work contour

of different principal stress directions decreases first and follow

increases, and then decreases again change with ¢. For the plastic work
contours under 45°/135° BT, due to the rotation of its principal axis is
further increased, the variation law of the plastic work contours relative
to RD/TD are more obvious.

3.2.2. Plastic flow

In order to further analyze the plastic deformation behavior under
different principal stress loading directions, biaxial tensile plastic strains
under different loading stress states were obtained based on DIC, as
shown in Fig. 8. Among them, the strain relationship curves of 61: 62 = 0:
4 and 61: 62 = 4: 0 were derived from uniaxial tension under different
principal stress directions of loading.

According to the above plastic strain relationship data, the plastic
flow directions under different biaxial tension stress states were calcu-
lated, as shown in Fig. A2 (in the Appendix A). The results show that the
change of p is obvious in the initial yield stage. With the increase of
plastic deformation, the flow directions under different stress states
tends to be saturated, that is, evolution does not develop. In addition,
there are also obvious differences in the plastic flow directions under
different principal stress directions of loading, as shown in Fig. 9. This
difference can be easily inferred from the uniaxial tension r-values. The
plastic flow directions corresponding to ¢ = 0° and ¢ = 90° were
calculated according to the r-values under UT stress state. For aniso-
tropic metal sheets, uniaxial tensile r-values change constantly with the
angle to the RD. Therefore, for biaxial loadings along different PSD, the
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Fig. 9. Variation of the direction of plastic strain rate with loading directions under several EPS levels and principal stress directions: (a) RD/TD; (b) 30°/120°; (c)
45°/135°. (d) Comparison of the directions of plastic strain rate obtained from three principal stress directions of loading at " =0.005.

corresponding plastic flow directions of ¢ = 0° and ¢ = 90° must be
different. Then, for the NPS and EBT stress states, it is also inevitable
that the plastic flow directions under different PSD show significant
difference.

The results show that there is a strong correlation between the yield
stresses (plastic flow directions) and the PSD under NPS and EBT.
Therefore, to accurately describe the yield and deformation behavior, it
is necessary to fully consider the stress state related to the PSD. Only a
few scholars have paid attention to yield loci in the 45°/135° direction,
which is still insufficient according to the above experimental results. In
addition, the anisotropic parameters of existing yield functions are
usually calibrated only by the experimental data under biaxial loadings
along the RD/TD direction, it cannot be possible to consider the test data
under other principal stress directions of loading. Therefore, the existing
models will not be able to describe the differences in yield surface
caused by the variation of the principal stress directions of loading.

4. A new yield model coupled with the principal stress loading
direction

This section begins by outlining the process of modifying the Hill48
model to incorporate the principal stress loading direction in the
anisotropic principal (x,y)-axis coordinate system. The calibration
strategy for its anisotropic parameters under different stress states is
then detailed. Following this, the modified Hill48 model is generalized

to the principal stresses of loading coordinate system. The feasibility of
the new model and the parameter calculation method for predicting the
yield surface under a full stress state is discussed by comparing the yield
loci and plastic flow directions predicted under different principal stress
directions of loading with those predicted by advanced anisotropic yield
models.

4.1. Modified Hill48 model in anisotropic principal axis coordinate
system

In plane stress state, the modified Hill48 yield function considering
principal stress direction of loading and subsequent yielding can be
expressed as
[G(Ep,a) -‘rH(EP,a)]Ui - 2H(5p7a)6x6y + [F(Ep,a) +H(Ep,a)}0§

+ 2N (", a) Tiy

=1, (20)

where F, G, H and N are the anisotropic parameters, which are related to
the equivalent plastic strain and the principal stress direction of loading.
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H(#",a) = /*h(e", a)
6(Fa)-—L __H
@9 = @]
) , @1
F(&,a) = 7[59:2?’)]2 _H
» N__ 2 F+G
NED = @ 2

where «a is the angle between the principal stress axis and the rolling
direction, it can be easily obtained from the stress Mohr’s circle ac-
cording to the stress components; 6o ("), 045(2°) and o9 (€°) are the
experimental yield stress with different equivalent plastic strains ob-
tained by uniaxial tension along 0°, 45° and 90° to RD, respectively.
h(?, a) is the intermediate parameter. y is the stress correction coeffi-
cient. They have different expression forms for different stress states.

4.1.1. Uniaxial loading stresses state
According to the modified Hill48 yield function Eq. (20), the aniso-
tropic parameters under the uniaxial stress state can be expressed as

H,(2,a) = 2%, a)hu (2, q)
Gul@.a) = 2(a) —~
€

. a1 (22)
Fu(e 7(1) _Xu(g ,(X) [0_90(— )]2
y s 2 _F+Gy
N, (2", a) = 42(2°,0) o @) D)

™

where y, is the correction factor of uniaxial tensile stress, which can be
solved by the experimental uniaxial tensile stresses as
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the plastic flow direction under EBT, due to their anisotropic parameters
are calibrated by the ratio of principal strain of EBT. The establishment
of non-AFR provides a good method to solve this problem, but its pa-
rameters calibration is often complicated. At present, only the plastic
flow of EBT and NPS under BT along RD/TD direction (normal plane)
can been well captured. It is difficult to predict the plastic flow in other
principal stress directions of loading.

In order to describe the yield loci and the plastic flow directions
simultaneously, the anisotropic parameters under the biaxial loadings
including the biaxial stress correction factor and the plastic flow direc-
tion can be expressed as

Hy(€",a) = 13 (2", a) s (2", )

b
- rys 1 _
Gy (&". @) =7 (€, a) @)L H,
, (25)
(&) = 2(.a) m _H,
P\ _ L 2(=P 2 Fy + G
Ny(&°,a) =13 (¢ ,a)mf b 5 b

where yy, is stress correction coefficients of the biaxial loadings, which
can be calculated by

I =ar* +by+c, (26)
where a, b and c can be determined by UT stress correction coefficient y,,
EBT stress correction coefficient y.p, and NPS stress correction coeffi-
cient yps.

1
2u(&,a) = : (23)
exp (=] 1 in2 1 2 4 _ 2 _ 2 in2 2
00 (&), | e S + o CosPa + ([m(z")]’ 0@ [m(zP)]’)m acos’a
where 63? (&) is the experimental UT stress related to the EPS along o
direction of loading. h, (€”, a) can be calculated from the uniaxial tensile
r-values rg? (2°) as
1 sin®a cos’a 4 2 2
h, (2, a) = — + re® (g) — — - sinacos’a . 24)
+(#.0) 1+157(8) { ([590(8}))}2 [GO(SP)]Z> ) loas@)°  [00(&)]” [000(2")]
Zps - ysteb + (pr - l)lu
a=
4.1.2. Biaxial loading stress state Yos = Vps
In the biaxial stress states, in addition to accurately predicting the 2y (12 , 27)
yield loci, the plastic flow directions should also be described with b= Ao T ke ( _ }’ps))( v
sufficient accuracy, which will directly determine the flow behavior of Vo = Tps
the material. However, it is difficult to predict both yield loci and plastic c=yx,

flow based on the AFR. There are only a few higher-order yield func-
tions, such as Y1d2000-2d, BBCO5 and Ploy6 et al., can better describe

10

where hy, is the intermediate variable for solving the plastic strain ratio
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Fig. 10. Comparison of yield loci predicted by different models along (a) RD/TD, (b) 30°/120° and (c) 45°/135° principal stress directions of biaxial loadings at
£7=0.002, °=0.01, £#=0.02, and £°=0.03. The blue circles are the experimental data. The different curves are the results predicted by the new model and advanced

yield models.

of biaxial loading stress states (the derivation process is shown in Ap-
pendix B)

_ 512(?’7 a)/o’% - }’/‘730

28
7512(5P7f1) -1 @9

hy (27, )

)

where &1 is the ratio of principal strain increment under biaxial load-
ings. It can be calculated by the ratio of principal strain increment under

UT (&), NPS (§ps), and the EBT (&) as
&2 = AP + By +C, (29)

with

11

gps - }'pxéeb + (yp: - 1)§u
}’;5 — Vps
B 7§ps + ygsé:eb + (1 - J%s)fu’

- }/ps

A=

(30)

Vi
C= fu

where y = |02|/|01|, 61 and o3 are the two principal stresses in plane
stress state. o5 is the smaller one of the two principal stresses, o is the
bigger one. y = O represents the uniaxial loading stress state, y = 1
represents the symmetric biaxial loading stress states. 0 < y < 1 repre-
sents the asymmetric biaxial stress state between the uniaxial and
symmetric biaxial stress. yys is the NPS stress state.

When the biaxial tension is along the RD/TD direction, the axis of the
first principal stress coincides with the RD direction, « = 0° Therefore,
according to Egs. (20) and (21), the correction coefficients for sym-
metric biaxial stress y, and plane strain stress correction coefficient )
can be expressed as
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GﬂpsO—x(g 70)\/[{70(&‘;], 0)}2 }’1hb (S > Tpss 0) + [Ggo(gp’ 0)]271
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where 6eb T T)(eP 0),0 eb(C o (€, 0) are the experimental values of equi-
biaxial tension and equi-biaxial compassion yield stress along RD/TD
direction at different equivalent plastic strains. eb @&, 0),

GEEZ(JC—T) (€, 0) are the experimental values of simple shear stress in the

fourth and second quadrants at different equivalent plastic strains.
onro_1(&, 0), and o, %, | (€%, 0) are the near-plane strain 1-stresses of
biaxial tension along RD/TD direction. o % ,(&°, 0), and o}, » (€%, 0)
are the near-plane strain 2-stresses of biaxial tension along RD/TD di-
rection. The stress ratio under the near-plane strain stress state can be
expressed y; = 0y 5/0pmo 1 A0d 72 = Ok o/ Onroo 1-
When the biaxial loading tests are carried out along the RD/TD di-
rection (a = 0°), two principal stresses under the plane stress state can be
obtained according to Egs. (20) and (21)

1
0= - - 62=y01 02| < |01
_p _ — -2
7(E ’0)\/7[50( 707 2hb(s",0)}'+[690 (EP’O)]ZY
01=)02,02= I ! |62] > |o1]
=P - 2 on (F. s
ol ’0)\/[%(81’,0)1” O @ o
(33)

4.2. The modified Hill48 model generalized to the principal stresses
coordinate system

When the principal stress direction of loading a # 0°, the yield loci in
the principal stress coordinate system can be obtained by coordinate
transformation. Then, the principal stress yield locus function including
the direction angle of the principal stress axis can be expressed as

k]()'% + kzdg + k30'10'2 = 1, (34)
where

ki = Fsin*a + Gcos*a + 2(N — 2H)sin*acos*a + H

ky = Gsin*a 4 Fcos*a + 2(N — 2H)sin®acos®a + H . (35)

ks = 2[(F+ G + 4H — 2N)sin*acos’a — H]

2
272

12
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(61 > Oandog > 0)

(0'1 < Oandaz < 0)

) (31)
(01 > Oand(Fz < 0)
(01 < OandUQ > O)
NPS € O
) (32)

NPS € 90°

Then, the two principal stresses under BT in the o loading direction
can be expressed as

1

vk +kor? + k:‘;}’7

1 .
01 = ¥03,07 = —————— 03] > |01|
\/kl}’2+k2+k3]/

Under this condition, the stress correction coefficients of symmetric
biaxial loadings for the arbitrary principal stress directions of loading
can be expressed as

01 = 02 = 101 |02| < |0y

(36)

250
. ny\

Fig. 11. 3D yield surfaces predicted by the new modified Hill48 model at & =
0.002. NPSO, NPS30 and NPS45 represent the near-plane strain stress along 0°,
30°, 45° to RD, respectively; The blue curve represents the normal plane, the
orange curve represents the 30° plane, the burgundy curve represents the di-
agonal plane, and the purple dashed curve represents the shear plane.
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The stress correction coefficients for the near-plane strain state can
be calculated as

Tps = !
ps >
O \/Kl + <7§s> K> +rgKs
200+ = 1 ’ (38)
P i;];j)((90+a) K+ K + KS
( 90+a>2 73? e
}IPS

13

where
K, = fsin*a + gcos*a + 2(n — 2h)sin*acos?a + h
K, = gsina + fcos*a + 2(n — 2h)sin®acos’a + h, (39)
Ks = 2[(f + g + 4h — 2n)sin*acos’a — h|
h=h(a)f=1/% —h
; () f /2090 7 (40)
g=1/c—hn=2/c5% — (f+g)/2

where aif(’;f’r), azﬁgf’c) are the experimental values of equi-biaxial ten-
sion and equi-biaxial compassion yield stress along o principal stress
direction of loading. The stress ratio under the near-plane strain stress

@ _ OP~ expa 90+a _

state. can be expressed yp =0, /00"  and )t =
exp~(90 exp~(90 exp~ ~(90 .

anpsfé ) anpso,(l ), O 1> and Uf;[;fi *% are the near-plane strain 1-
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Fig. 13. Comparison of the experimental and calculated directions of plastic strain rate by the newly modified Hill48 model along (a) RD/TD, (b) 30°/120°, and (c)
45°/135° directions. (d) Comparison of the directions of plastic strain rate obtained from three principal stress directions of loading at & =0.02. Experimental data
are indicated by symbols (labeled as Exp.). The various types of curves represent the predicted results of the new model at different EPS (labeled as Pre.).

stresses of biaxial tension along o and 90 + o direction respectively.

~ ~(90 . .
%f‘z, gﬂ’é ) are the near-plane strain 2-stresses of biaxial

tension along o and 90 + « direction respectively.

According to the above establishment process, compared with the
original Hill48 model, the main improvements of the modified Hill48
model are as follows: (1) The decoupling between anisotropic parame-
ters and stress state is realized by introducing the principal stress di-
rection of loading, and the parameters calibration can be carried out
based on the stress state data of uniaxial loadings and biaxial loadings
respectively. The material parameters associated with in-plane and out-
of-plane anisotropy are independent. (2) By performing quadratic
interpolation between UT, NPS, and EBT, the flexibility of the model in
predicting NPS stress has been significantly improved. This method is
also friendly to the materials with asymmetric yield locus shape,
including tension-compression asymmetry and distortion hardening
asymmetry. (3) The original Hill48 model is unable to calibrate aniso-
tropic parameters using the r-value of biaxial tension, resulting in its
inability to accurately capture the direction of plastic flow such as EBT
stress state. By further introducing the biaxial tensile plastic strain ratio
in the modified model, the limitation of the original Hill48 model in the

c and o

14

prediction of biaxial tensile plastic flow direction is effectively broken,
and it can adapt to different principal stress loading directions.

4.3. Calibration and verification

4.3.1. Yield loci

In this section, the yield loci along three principal stress directions of
loading are investigated to validate the proposed general framework.
For comparison, some advanced yield models Yld2000-2D, Poly4-
&Hosford [56], Poly6 [85], and Hou2022-CQI [59] models are also
considered.

As shown in Fig. 10, the modified Hill48 model significantly im-
proves the prediction accuracy of biaxial loading stresses under EBT and
NPS, and can capture the evolution of yield loci. In addition, the
anisotropic parameters can be calibrated using the experimental data of
different principal stress directions of loading, resulting in the modified
Hill48 model can accurately capture the change of yield loci with the
principal stress directions of loading. However, because other yield
models only use the biaxial loading data in the RD/TD direction, they
can describe the principal plane yield loci in the RD/TD direction well.
Unfortunately, there are significant deviations in the prediction of EBT
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Fig. 14. Comparison of the predicted directions of plastic strain rate by various yield models at & = 0.002(a) RD/TD, (b) 30°/120°, and (c) 45°/135° directions.
Experimental data are indicated by black circles (labeled as Exp.). The various types of curves represent the predicted results of different yield models. The new model
significantly improves the prediction accuracy of plastic flow direction under EBT and NPS stress states for different principal stress directions of loading.

and NPS stresses of the yield loci along the 30°/120° and 45°/135°
loading directions.

The Y1d2000-2D model is based on linear transformations of the
deviatoric stress tensor, while the Poly6 model utilizes homogeneous
polynomials. The Poly4&Hosford and Hou2022-CQI models are devel-
oped on the coupling multiplication of two additional terms. In these
models, the material parameters associated with in-plane and out-of-
plane anisotropy are interdependent rather than independent when
considering the full stress state. Consequently, they fail to account for
out-of-plane anisotropy, resulting in a degraded representation of this
aspect.

The yield surface in three-dimensional space predicted by the
modified Hill48 model is shown in Fig. 11. Compared with other yield
models, the modified model can take the NPSO, NPS30 and NPS45 as
constraint points, which further improves the prediction accuracy of
yield surface. Therefore, calibrating and verifying yield models solely
based on the principal stress yield loci in the RD/TD direction is insuf-
ficient. To improve the prediction of yield surface anisotropy under the
full stress state, it is essential to develop a method that allows for
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independent parameter identification. This approach would ensure a
more accurate and comprehensive representation of anisotropic
behavior in sheet metals.

4.3.2. Description of plastic flow under different principal stress directions
of loading

According to the biaxial tension plastic strain given in Fig. 8 under
different stress states, the slope of the plastic strain curves &5 can be
calculated. Furthermore, the relationship curves between &;5 and prin-
cipal stress ratios at different EPS levels as shown in Fig. 12 can be ob-
tained. The change of &;5 with principal stress ratio approximates the
shape of a quadratic curve. The variation of &5 with the EPS is relatively
small under specific principal stress directions of loading, while there
are significant differences in &;» under different principal stress di-
rections of loading. This is the direct reason for the significant differ-
ences in plastic flows under different principal stress directions of
loading, as shown in Fig. 9(d).

According to the new yield model and its parameters calibration
method, the coefficients in Eq. (30) about &;» can be calculated by the
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ratio of principal strain increment under UT (&), NPS (§p;), and the EBT
(Eep)- Then, the anisotropic parameters under biaxial loading stress states
can be obtained by substituting Eq. (30) into Egs. (25), (28) and (29).
Further, according to the calculation method of the biaxial tensile plastic
flow, the comparison of fbetween the prediction and the experimental
results are shown in Fig. 13. The limitation of original Hill48 model
being unable to consider the plastic flow of biaxial loadings was solved
by introducing the ratio of principal strain increment.

In addition, the modified Hill48 model can not only accurately
describe the plastic flow direction of the EBT stress, but also capture that
of the NPS stress state. The plastic strain flow under different principal
stress directions of loading is also well predicted because the newly
modified model can cover the variation of principal stress directions.
Compared with the advanced yield models developed in recent years,
the new modified model also shows excellent predictive ability, espe-
cially in near-plane strain stress state, as shown in Fig. 14. This advan-
tage will certainly further improve the accuracy for describing the
plastic flow behavior of sheet metal stamping.

5. Conclusions

To reveal the evolution of the anisotropic yield locus and plastic flow
in sheet metals under biaxial tensile directions beyond the traditional
RD/TD anisotropic directions, the principal stress yield function of the
Hill48 model was reconstructed by incorporating principal stress di-
rections of loading in relation to RD/TD. Theoretical analysis demon-
strated that the diversity of principal stress yield loci depends not only
on anisotropic parameters but also on the principal stress direction of
loading.

Based on this, biaxial tensile tests of DP590 sheet metal were con-
ducted using cruciform specimens cut along different principal stress
directions of loading. Clear differences were observed in EBT stresses,
NPS stresses, and plastic strain flow directions under biaxial tension
along the RD/TD, 30°/120°, and 45°/135° directions. To predict the
evolution and rotation of the yielding ellipse for these various biaxial
loading directions, a new modified Hill48 model under AFR was pro-
posed. This model addressed the significant shortcoming of traditional
yield models, namely the inability to calibrate anisotropic parameters
with stress of deformation data from different principal stress directions
of loading.

Comparisons with several advanced yield models, including
Y1d2000-2D, Poly4&Hosford, Poly6, and Hou2022-CQI, showed that
EBT and NPS stresses under RD/TD, 30°/120°, and 45°/135° directions
were accurately captured by introducing the general principal stress
direction of loading and utilizing a quadratic interpolation method. This
approach also solved the issue of degraded representation in constitutive
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models when accounting for out-of-plane anisotropy. For the plastic
flow direction, the modified Hill48 model overcame the limitation of the
original Hill48 model, which was unable to account for plastic flow
under biaxial loadings, by introducing the ratio of principal strain
increment. The prediction accuracy of plastic flow direction under EBT
and NPS stress states in directions other than the RD/TD loading di-
rections was significantly improved.

Evaluating yield models for predicting anisotropic behavior should
not be limited to the normal plane and shear plane yield loci. It is
essential to verify the yield loci under other principal stress axes. The
calibration strategy that considers the principal stress direction of
loading and the discretization of anisotropic parameters offers a novel
approach for developing future anisotropic constitutive models ac-
counting for full stress states anisotropy.
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Appendix A. Experimental stress-strain curves and plastic flow direction of biaxial tensile under different principal stress directions of

loading

The true stress-strain curves along two biaxial tensile direction for three principal stress directions of loading were calculated as shown in Fig. Al.
Based on the biaxial tensile strain data measured using DIC, the variation curves of the plastic flow direction with the EPS were calculated as shown in

Fig. A2.

16



Z. Mu et al.

International Journal of Mechanical Sciences 282 (2024) 109640

900
(a) 900 psproriD] () PSD: RD/TD
—= 600t I—— 14| = 600f 4. 11— 1:4
S) 2——12:4 © — 24
w2 2]
2 3—34| 3 3——3:4
7 44| 3 6 A——4:4
°é 300 5——4:3 ﬂé 300F ) 5——4:3
= —42| £ 7¥ 6—— 422
T——4:1 ‘ T——4:1
0 . . 4:0 0 \ 4:0
-0.025 0.025 0.075 0.125 -0.025 0.025 0.075 0.125
True strain ¢ True strain &,
900
(C) 900 PSD: 30°/120° (d) PSD: 30°/120°
— <
= s
E 600 - 1—1:4 S 600 1— 14
e 2——2:4 2 2——2:4
5 3—34| £ 3——3:4
7 4——4:4 o pp— ]
g 300+ 543 E 3001 5——43
jam 6 4:2 6——4:2
Al T—— 41
4:0 .
0 1 I 0 I L | 4.0
-0.025 0.025 0.075 0.125 -0.025 0.025 0.075 0.125
True strain g True strain &,
900 900
(e) psp: 4535 (D PSD: 45°/135°
s 5
e
= =
- 600 1— 1:4] g 600F 1— 1:4
% T4 g 2——2:4
¢ i— i :3 & 3—— 34
2 — & o f—— 4:4
qé 300 [ — 2 300 - 5 43
= 6 42 F b 4:2
T4l N T——4:1
0 : ' 40 0 L , 4:0
-0.025 0.025 0.075 0.125 -0.025 0.025 0.075 0.125

Fig. Al. Biaxial tensile true stress-strain curves with seven load ratios in different principal stress axis directions of loading: (a-b) RD/TD; (c-d) 30°/120°; (e-f) 45°/

True strain g

135°. 4:0 represent the uniaxial tension along the loading directions.
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Appendix B. The prediction of plastic flow under biaxial loadings

The prediction of plastic flow under biaxial loadings is

p = arctan(de, / dey),

where, the ratio of principal strain increment is defined as

512 = d&‘z/d&‘].

According to the yield function and the plastic flow rule, there is

$12=

2(F+H)02 — 2H01 _ 02/630 - thl

2(G+H)o, — 2Hoy
Then, the hy can be obtained as

o 02 — 04 /02
@, o = 292D 0%
12

o1 / 03 — hyoo

Let y = 05/01, the Eq. (B4) can be simplified as

_&/og —v/od

hb(g{ a) 7€ —1

Appendix C. Convexity analysis of the modified Hill48 model

(1) Convexity analysis based on EBT stress correction
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According to the modified Hill48 model, the experimental EBT and NPS stresses will directly determine the shape of the yield surface. In order to
ensure the convexity at the EBT stress position of yield locus, it is necessary to determine the maximum range of the NPS stress when the EBT stress is
given. According to the anisotropic parameters of the modified model, there is a corresponding relationship between the EBT stress and the r-value.
That is, combining Egs. (34) and (35), the equal biaxial tensile stress can be expressed as

1 1

- = (C1)
Op \/k1+k2+k3 \/1/0’3“”1/63072”;
where
P O sina cos’a \. 4 2 2 e
h(z) =1 +F{ ([690(5")]2 ! [oo(EP)F)r ([045(2*’)]2 lo0(&))? [ago(zp)f)sm aeo “} €

By combining Eqs. (C1) and (C2), the 7 corresponding to experimental EBT stress can be obtained. It is used to determine the anisotropic pa-
rameters that can accurately predict EBT stress.

(1318, —1/0) +2(4/0% ~ 2/0% —1/cF)sircacos’

= C3
’ 2 (sira /o3, + cos’aol) — (1)o2 + 1 /%, — 1/a2) ©
Furthermore, according to Eq. (31), it can be concluded that y,(a) = 1. Combining Eq. (25), and when o = 0, there is
~ 1 T = 1 ~
H(#) =——5—=G(¢) =——— - H
M) = @ 17 )
-~ - (C4
~ 1 ~ o~ 2 Gy + Fp
F()=— s —HN(E) =— 55—
®) (600 (7)) ®) [o45(2")]* 2
Then, the principal stress yield loci equation and its anisotro arameters can be expressed as
p p y q Py P p
k]l)'% + kzﬂ% + k36102 = 17 (C5)
where

ky = Fgsina + Gpcos*a + 2(Ng — 2Hz)sin*acos®a + Hp
ky = Ggsinta + FBNcos"a + 2(Np — 2Hp)sin*acos®a + Hy - (c6)
ks = 2[(Fs + Gg + 4Hp — 2Ng)sin®acos’a — Hj)|
Then, the yield locus with accurately EBT stress can be obtained with the above anisotropic parameters. Under this condition, the convexity of the
yield locus can be analyzed based on the Hessian matrix

Pf *f 0*f

a()'% 6610(72 661()512
2 2 2k1 k3 0
Hessian = dzf ﬂ of = | ks 2k, Of. (C7)
60'2661 aﬂ% 66200'12 0 0 0

*f *f 0*f

00’1260’1 (90'121362 @

The three leading principal minors should be positive

H1 = 2k1
H, = 4kik, — k2. (C8)
H; =0

(i) The analysis of H;

According to Eq. (C6), there is
1 -2 2 1 2 -2 4 -2 2
H; = 2k = —-sin*a(1 — 2cos’a) + — cos’a(1 — 2sina) + —-sin*acos’a. C9)
() 0p 0%s

The surfaces of H; under different anisotropy conditions are obtained by giving different normalized stress ratios, as shown in Fig. C1. When a = 0°,
H;>0. Although the relationship between H; and normalized stress ratios (645/0¢ and 69(/06¢) varies with the principal stress directions of loading,
H;> 0 is satisfied in the given range.
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Fig. C1. . Values of the principal minors Hjcalculated by Eq. (C9) under various stress states and principal stress directions of loading. H; > 0 is satisfied under a

wide stress state based on the 7 and anisotropic parameters (Eq. (C4)).

(ii) The analysis of Hy
According to Eq. (C6), there is

1 a a 1 1 1 1 2a
sz—A+(—+—+—+———————)B—C2,
0503 03 0% Oh0ks 005 4oy 40, 0f

(C10)

whereA = 1 — 6sin®acos’0,B = 4sinacos’a, C =7/[03(1 +7)].
The ranges of T, 69¢/00, and 645/6¢ meet the convexity condition are determined as shown in Fig. C2. For the DP590 material studied in this paper,

the relationship of 7-value, 690/6¢ and 645/6¢ located in the region where convexity is satisfied.

Fig. C2. . Values of the principal minors Hacalculated by Eq. (C10) under various stress states and principal stress directions of loading. (a) a = 0°(b) @ = 15°(¢c) a =
30°(d) a = 45°. The red curves represent Hy = 0; Hy < Owhen situated below the designated red curve.
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(2) Convexity analysis based on NPS stress correction

According to the quadratic function interpolation correction method established in this paper, the size of the plane strain stress will directly
determine the shape of the yield surface. According to the yield locus function, the plane strain stress corresponding to the 7 can be expressed as

1

asz—x = 2 (Cl 1)
\/kl + (Y;s) ko + ygiks
Then, the maximum ratio of plane strain stress to uniaxial tensile stress can be obtained as
Ez;nsfx
PTRppox = —. (C12)

0o

The PTRpax is the upper limit of plane strain stress that can meet the convexity condition. The variation law of PTR ¢ with EBT stress is shown in
the Fig. C3. That is, beyond this value, concave will occur at the EBT stress point. Therefore, when the ratio of experimental plane strain stress to
uniaxial tensile stress is greater than PTRp,y, the maximum correction about the plane strain stress should take the corresponding PTRpax.

In the Fig. C3, PTRy,y is the lower limit of the plane strain stress, which is obtained according to the geometry-inspired numerical convex analysis
(GINCA) approach proposed by Lou et al. [97]. Under the certain EBT stress, the PTR value is continuously reduced to determine the minimum PTR,
which its convex can be satisfied in the whole yield locus. Then, through changing the value of 6/0¢ (op/69=1, 6p/00>1 and op/69<1), then the
relationship between PTRpi, and 6,/6¢ under a wider scope is obtained. For the yield loci on the different principal stress directions of loading for
DP590, their near-plane strain stresses PTR under different EPS lie between the upper and lower limit of convexity requirements.
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Fig. C3. The limit values of PTR to meet the convexity of yield locus. The red curve represents the lower limit for convex, and the blue curve represents the upper
limit for convex. The PTR of near-plane strain stresses are indicated by symbols under different EPS and PSD.
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