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1. Introduction

In this thesis, we want to explore the connection between two seemingly separate �elds
of mathematics: Wavelet analysis and linear system (or control) theory, the former being
our starting point.

The use of the term �wavelet� in its contemporary sense is usually attributed to the
geophysicist Jean Morlet, �rst in its French form ondelette in the early 1980s ([81]). By
then, it had already been used in seismology for several decades with a di�erent meaning
(see, for example, [88]). The �eld now known as wavelet analysis emerged in the early
1980s and developed rapidly during that decade. However, its origins can be traced back
even further to Alfréd Haar's work on the theory of systems of orthogonal functions in the
early 20th century (1910, [52]). His contributions predate both wavelet analysis and the
use of the term wavelet in this context. However, the function later called Haar wavelet

is still widely used, e.g., in teaching, since it is the simplest possible wavelet.
Similarly, the Haar system derived from this function, initially given by Haar as an

example of an orthonormal system in L2([0, 1]), is the simplest possible example of a
wavelet basis. Although the discontinuity of the Haar wavelet is a disadvantage in many
scenarios, there are some applications. For example, the Haar transform based on this
function is used in a modi�ed form in the recent JPEG XL image compression standard
([74]). However, due in part to the loss of support in almost all major web browsers, the
widespread adoption of this standard seems questionable at the time of writing.
Alfréd Haar is not the only mathematician whose ideas have resurfaced in wavelet

theory. See, for example, Paul Lévy's work on Brownian motion, Littlewood and Paley's
work on localizing the energy of a function, Antoni Zygmund's extension of their ideas
to higher dimensions, and Alberto Calderón's work on harmonic analysis.

Although his methods are di�erent from wavelet theory, Dennis Gabor is another name
that is often mentioned in the history of wavelets because his Gabor atoms (1946, [42])
share their motivation with wavelets (and the whole �eld of time-frequency analysis): To
overcome some limitations of the Fourier transform.
Fourier analysis ([38],[39]) has, of course, proven to be immensely useful in many areas

of mathematics and physics, not only in signal processing but also, for example, in partial
di�erential equations and quantum mechanics. However, when analyzing a signal, the
classical Fourier transform provides no time localization because it is a decomposition
into standing sine and/or cosine waves. This is often a signi�cant drawback since real-
world signals typically change over their duration. Furthermore, it implicitly assumes that
the analyzed signal is in�nite or periodic in time, which is another drawback since real-
world signals are of �nite duration. There are variations of the Fourier transform designed
to overcome these limitations, such as the short-time Fourier transform (STFT), of which
the Gabor transform is both a special case and the �rst example.
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Dennis Gabor's work and wavelet analysis are based on di�erent but similar ideas:
Instead of using standing sine and cosine waves as a basis, Gabor (drawing on earlier
work by John von Neumann in quantum mechanics, [82]) de�ned a basis of L2(R) by
translating and modulating a single, in his original work Gaussian, function g ∈ L2(R).
The resulting Gabor atoms then serve as window functions, dividing a signal into shorter,
time-localized segments before applying the Fourier transform.
Wavelet bases and the continuous wavelet transform also have a single function

ψ ∈ L2(R) (which has to satisfy some admissibility condition) as their starting point,
the eponymous wavelet. Roughly speaking, wavelets are wavelike oscillations that decay
quickly or, preferably, have a compact support. Then ψ, also called the mother wavelet,
is shifted and dilated (instead of modulated), i.e., transformed into functions

ψa,b(x) := |a|− 1

2 ψ

(

x− b

a

)

with a ∈ R \ {0} and b ∈ R. The idea of the continuous wavelet transform (CWT) is now
to look at the integral transform f 7→ ⟨f, ψa,b⟩L2(R) over the whole parameter range, the

discrete wavelet transform (DWT) is the expansion of f ∈ L2(R) in terms of the discrete
set

{

ψa,b : (a, b) = (2−j , k2−j), j, k ∈ Z
}

, a so-called wavelet basis. The general idea of
using ψa,b for an integral transform is attributed to Morlet. Together with the physicist
Alex Grossmann and Pierre Goupillaud, a geophysicist like Morlet, he published what
are often considered to be the �rst papers on what is now called the continuous wavelet
transform ([46],[47],[49]). However, George Zweig discovered a version of the continuous
wavelet transform called the cochlear transform several years earlier in 1975 ([110]) in
the very di�erent context of the ear's response to sound. Moreover, both can be seen as
rediscoveries (with a di�erent interpretation) of Calderón's work from 1964 ([15]).

The wavelet transform provides localization in both frequency and time. However, like
other techniques in time-frequency analysis, it is subject to the uncertainty principle of

signal processing, which means that it cannot provide arbitrarily good resolution in both
time and frequency simultaneously. The use of dilation in the wavelet transform implies
that the width in time of the analysis window decreases at higher frequencies, resulting
in a better time resolution at the expense of lower frequency resolution. On the other
hand, lower frequencies provide good frequency resolution at the expense of low time
resolution.
The adaptive resolution this behavior provides is one of the main advantages over the

short-time Fourier transform, where the analysis window has a �xed time width. This
results in a uniform resolution across the frequency domain, which is a disadvantage
when analyzing signals with fast transient characteristics. In addition, we have a wide
range of options for choosing the mother wavelet and can thus �ne-tune that choice for
a given task, e.g., matching the shape of the wavelet to the shape of the characteristic
we want to detect in the signal.
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The �eld of wavelet analysis developed at a rapid pace during the 1980s. In 1982, Jan-
Olov Strömberg discovered the �rst smooth orthonormal wavelet ([106]; however, his
paper is actually on orthonormal bases for Hardy spaces and predates the term wavelet).
Yves Meyer, unaware of Strömberg's construction at the time, also constructed an or-
thonormal wavelet basis in 1985 ([80]). In the following years, Battle ([9]) and Lemarié
([73]) independently developed orthonormal wavelet bases with exponential decay based
on splines, and Ingrid Daubechies constructed orthogonal wavelet bases with compact
support and some degree of smoothness ([25]).
Daubechies, Grossmann, and Meyer laid the foundations of the discrete wavelet trans-

form in 1986 ([27]). Their expansions were based on frames, a generalization of bases
�rst used by Richard Du�n and Albert Schae�er in 1952 ([36]) and in the study of non-
harmonic Fourier series. Frames are still generating systems of their respective Hilbert
spaces (usually L2(Rd) in the wavelet case) but are not required to be linearly inde-
pendent. Thus, representations using frames have a certain degree of redundancy, which
is often advantageous in signal processing. In contrast to bases, wavelet frames do not
have one but several mother wavelets. Stéphane Mallat, coming from an image analysis
background, noticed the similarities between orthogonal wavelets, quadrature mirror �l-
ters (invented for the digital telephone), and the pyramid algorithms (used in numerical
image processing). The construction of wavelets with compact support by Daubechies is
based on these ideas. Mallat also discovered (with some contributions from Meyer) that
orthogonal wavelets can be constructed more systematically from a formal framework
he called multiresolution analysis ([76],[78]). Based on all these ideas, he developed a
fast wavelet transform (FWT) algorithm for the discrete wavelet transform (also called
Mallat algorithm, 1989, [77]).

As an interesting aside, both Meyer and Mallat came into the �eld through chance
encounters, as reported in [58]:

The French mathematician Yves Meyer, a professor at the École Normale
Supérieure in Paris, was waiting for his turn at a photocopier when a colleague
showed him a paper on wavelets by Morlet and the theoretical physicist Alex
Grossmann. Meyer was immediately fascinated and took the �rst available
train to Marseille, where he began working with Grossman and Morlet, as
well as the mathematician and physicist Ingrid Daubechies (now at Duke
University). Meyer would go on to win the Abel prize for his work on wavelet
theory.
A few years later, a graduate student at Pennsylvania State University

studying computer vision and image analysis named Stéphane Mallat bumped
into an old friend at the beach. The friend, a graduate student with Meyer
in Paris, told Mallat about their research in wavelets. Mallat understood the
importance of Meyer's work for his own research right away, and quickly
teamed up with Meyer.
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Wavelets and wavelet transforms have applications in numerous areas. Many examples
are in signal and image processing, the most prominent being the JPEG 2000 image
compression standard ([79]). It has advantages over the older JPEG standard, including
better compression performance. However, a lack of compatibility with the JPEG format,
increased computational complexity, and extensions such as its metadata format not be-
ing in the public domain have prevented the widespread adoption of this standard (it is
used to some extent in professional sectors, e.g., for medical imaging and digital cinema).
Other examples include audio compression ([105]), noise reduction ([100]), and more spe-
ci�c applications such as the Wavelet Scalar Quantization (WSQ) Gray-scale Fingerprint

Image Compression Algorithm developed by the FBI for digitizing �ngerprints ([13]).
In addition to signal and image processing, there is a wide range of wavelet applica-

tions in other �elds. To name a few, they are used at their origin in geophysics ([69]),
in medicine (for example, the analysis of EEG, ECG, and EMG data, see [102]), and in
solving partial di�erential equations ([24]). There are also several extensions of wavelets
and techniques based on similar ideas designed to better handle speci�c tasks, such as
shearlets ([50]), curvelets ([16]), and contourlets ([32]).

However, our focus here is not on the wavelet transform and its applications but on
the construction of wavelet frames, particularly the construction of tight wavelet frames.
While frames are a generalization of bases, tight frames generalize orthonormal bases. In
particular, tight frames allow a simple computation of the coe�cients when writing an
element of the respective Hilbert space as a linear combination of the frame elements. Two
well-known results in the construction of wavelet frames, which reduce the problem to a
set of identities for trigonometric polynomials (or algebraic polynomials on the torus),
are the Unitary Extension Principle by Amos Ron and Zuowei Shen (1997, [91]) and the
Oblique Extension Principle by Charles Chui, Wenjie He, and Joachim Stöckler (2002,
[23]) and Daubechies, Bin Han, Ron, and Shen (2003, [28]).
Numerous constructions are based on these extension principles. Ron and Shen them-

selves ([92]) constructed frames based on the Unitary Extension Principle based on both
B-splines (bivariate) and box splines (d-variate; both types of functions are widespread
examples throughout the theory of wavelets). Their wavelets have compact support and
arbitrarily high smoothness. However, they only consider the case where the matrix
M = 2I is used for the dilation, and their number of mother wavelets increases with the
desired degree of smoothness (even though the redundancy inherent in frames can be
helpful, the number of mother wavelets should still be kept small to avoid computations
becoming too costly). Karlheinz Gröchenig and Ron ([48]) combined these results and
self-a�ne tilings to construct wavelet frames for general dilation matricesM ∈ Z

d×d and
arbitrary high smoothness. However, again, the number of mother wavelets increases with
the desired degree of smoothness. Chui and He constructed frames based on B-splines
([21], Alexander Pethukov simultaneously proved a similar result, [85]) and on box splines
([23]) with a �xed number of mother wavelets. In [71], Ming-Jun Lai and Joachim Stöck-
ler used a sum of squares decomposition of a speci�c nonnegative Laurent polynomial,
which appears in the Unitary Extension Principle setting through the so-called sub-QMF
condition, to reduce the number of required mother wavelets further.
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Bin Han ([54]) used the Oblique Extension Principle to construct tight wavelet frames
with arbitrary high smoothness and arbitrary high order of vanishing moments for any
dimension and any dilation matrixM ∈ Z

d×d. To do this, he uses the Kronecker product
and the univariate frames from [23] and [28] to obtain a frame for the Smith normal form
of M , from which he constructs a frame for the original dilation matrix. The number
of mother wavelets in this construction depends only on the dimension and the matrix
M ; in particular, it does not depend on the desired smoothness or the desired order of
vanishing moments.
Of course, not all constructions of wavelet frames are based on the Unitary or the

Oblique Extension Principle. Also, not all constructions focus on tight wavelet frames.
For example, in [68], Aleksandr Krivosheim, Vladimir Protasov, and Maria Skopina use
the Matrix Extension Principle and polyphase components to construct multivariate dual
frames (and tight frames) with compact support. In [55], Bin Han constructed both tight
and dual wavelet frames by integrating along parallel superplanes.

The �eld to which we want to connect wavelet analysis, particularly the construction
of wavelets with the help of the Unitary and Oblique Extension principle, is linear system
(or linear control) theory, which can be viewed from an engineering and a mathematical
perspective.
The origins of linear system theory in engineering can be traced back to the early 20th

century when the need arose to mathematically model and control real-world dynamic
systems, such as electrical circuits, mechanical systems, and process control (for a brief
historical overview, see [30]). Initially, frequency domain techniques were the predom-
inant approach. These techniques were adequate for single-input-single-output (SISO)
systems but not for multi-input-multi-output (MIMO) systems, which became increas-
ingly important in the 1950s.
A signi�cant advance was the state-space approach that emerged in the 1960s and was

spearheaded by the seminal work of Rudolf E. Kálmán (beginning in [66] and continuing
over several papers). The general idea is to use a system of coupled ordinary di�erential
equations to model both the processes occurring within a real-world system (the epony-
mous �state�) and the system's interactions with the external environment (i.e., its inputs
and outputs).
State-space systems are used in contexts such as economics ([104]), neuroscience ([103]),

and image processing ([90]).
From a mathematical point of view, control theory is a part of operator theory. In the

early 1980s ([109],[40]), George Zames, Bruce Francis, and J. William Helton connected
control theory, in particular the �eld of H∞-control, to the Nevanlinna-Pick interpolation
problem, which dates back to the early 20th century ([84],[87]). The Nevanlinna-Pick
interpolation problem, in turn, has numerous connections to other aspects of operator
theory ([97], [98]).
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The goal of this thesis is as follows: In [18], Maria Charina, Mihai Putinar, Claus
Scheiderer, and Joachim Stöckler linked the construction of wavelet frames using the
Unitary Extension Principle in a constructive way to so-called realizations that appear
in the study of state-space systems. We want to generalize this connection to multivariate
wavelet frames based on the Oblique Extension Principle. In particular, this involves a
step from an identity on the torus Td (the Oblique Extension Principle) to the inside of
the disc Dd. We hope this connection will later allow insights from linear systems theory
to help construct wavelet frames.

The thesis is structured in the following way: After some preliminaries and notations
in Section 2, we will �rst use Section 3 to recall some basic results about frames (Section
3.1), with a special focus on (tight) wavelet frames (Section 3.2), i.e., a special kind of
frame for the Hilbert space L2(Rd) based on the wavelet concept. In particular, we will
use Section 3.3 to present the Unitary and the Oblique Extension Principle since they
are the actual starting point of our considerations. The Unitary and Oblique Extension
Principle identities are formulated initially for trigonometric polynomials. However, in
this thesis, we will mostly interpret the trigonometric polynomials involved as algebraic
Laurent polynomials on the d-dimensional torus Td.
For our connection to linear system theory, we also have to rewrite the identities of

the Oblique Extension Principle, which are scalar in their original form, into an identity
for matrix (Laurent) polynomials. For this purpose, as well as for later results, we use
Section 4 to recapitulate results on the factorization of trigonometric polynomials, i.e.,
the well-known Fejér-Riesz theorem (Section 4.1) and its generalizations, both to the the
univariate matrix-valued case (Section 4.2) and to the scalar-valued multivariate case
(Section 4.3), where we usually have only a sum-of-squares decomposition, not a single-
square factorization s = |θ|2 as in the univariate case. However, we will recall a result
by Geronimo and Woerdeman that gives an equivalent condition for the existence of
single-square factorizations of bivariate trigonometric polynomials. Using these results,
we formulate the desired matrix form of the Oblique Extension Principle in Section 4.4.
In Section 5, we will give a short introduction to system theory (Section 5.1) and

reformulate some important equivalences in a way that �ts our goal of linking the Oblique
Extension Principle and linear system theory. Essentially, this result ensures that we have
various �points� in linear system theory to which we can connect the Oblique Extension
Principle.
Section 6 will then establish the desired connection in the univariate case. We can even

formulate the results in a slightly more general way than is necessary for the Oblique
Extension Principle. In Section 6.1, we will bring the problem back to the setting of
the Unitary Extension Principle, where the desired link already exists (see Section 3 in
[67]). This allows us to utilize similar methods to �nd the connection for the Oblique
Extension Principle case. The proof of the main result is constructive. A similar equation
to the matrix form of the Oblique Extension Principle also appears in the context of (a
generalized version of) the Nevanlinna-Pick interpolation mentioned above. In Section
6.2, we will use these similarities to solve our problem by interpolation, both on the disc
D and on the torus T. We will also illustrate both construction methods with examples.
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In Section 7, we will use the univariate results from the previous section to prove our
�rst multivariate result. It is a well-known technique in wavelet analysis to construct mul-
tivariate wavelet frames (or bases) for diagonal scaling matrices from univariate wavelet
frames (or bases) using the Kronecker product. These wavelets are called separable and
are widely used because they are easy to construct, and their use is often less compu-
tationally expensive than using their non-separable counterparts. Now, using the results
of Section 6, we can connect these separable wavelet frames to linear system theory, also
with the help of the Kronecker product. Again, we will demonstrate this construction
with an example.
In the last main section, Section 8, we will discuss the bivariate case. We have to

restrict ourselves to the case where the so-called vanishing moment recovery function, a
Laurent polynomial that appears in the Oblique Extension Principle, has a single square
factorization. In Section 8.1, we then demonstrate that we can again adopt methods
from the setting of the Unitary Extension Principle (a result from Anton Kummert, [70],
an engineer, recently reproved in a more mathematical language by Greg Knese, [67]) to
�nd the connection to system theory for the Oblique Extension Principle. The key to this
method is to reduce the problem back to one dimension and utilize our univariate results.
Again, we can formulate our result in a slightly more general way than is necessary for the
Oblique Extension Principle setting. As in the univariate case, we can use interpolation
for our constructions. We will explain how in Section 8.2 and demonstrate this method
with an example.
The results in the examples are calculated using Matlab's Symbolic Math Toolbox (ex-

cept for some parts of the example in Section 8.2, which had to be computed numerically).
The code for these calculations can be found in the Appendix.
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2. Preliminaries and Notations

Let us introduce some notations and de�nitions and recall some basic results.

2.1. Basic Notations

We use the standard symbols N, Z, R, and C for the sets of natural numbers, integers,
and real and complex numbers, respectively. Note that in this dissertation, 0 is not a
natural number; we use the usual symbol N0 when we want to include it.

We denote by T
d the d-dimensional torus

T
d := {z ∈ C

d : |z1| = . . . = |zd| = 1}

(also called d-torus) and by D
d the d-dimensional (open) unit disc

D
d := {z ∈ C

d : |z1|, . . . , |zd| < 1}

(also called d-disc).

As usual, SpanΩ denotes the span, i.e., the set of all �nite linear combinations of the
elements of a set Ω. The range of a function (or operator) f is denoted by ran(f). In a
topological space T , closT (U) is the closure of a subset U ⊂ T in T .

2.2. Polynomials

We use the notation C[z] = C[z1, . . . , zd] for the ring of d-variate polynomials with com-
plex coe�cients and variables z1, . . . , zd. Analogously we use C[z±1] = C[z±1

1 , . . . , z±1
d ]

for the set of d-variate Laurent polyomials and C(z) = C(z1, . . . , zd) for the set of all
d-variate rational functions with complex coe�cients.
We further denote the set of all d-variate matrix polynomials, i.e., matrix-valued func-

tions of the form

P (z) :=
N
∑

j=0

Pjz
j

with Pj ∈ C
ν1×ν2 , 0 ≤ j ≤ N , with C[z]ν1×ν2 = C[z1, . . . , zd]

ν1×ν2 . As in the scalar-
valued case, C[z±1]ν1×ν2 = C[z±1

1 , . . . , z±1
d ]ν1×ν2 and C(z)ν1×ν2 = C(z1, . . . , zd)

ν1×ν2 are
the sets of d-variate matrix Laurent polynomials and d-variate matrix-valued functions
with rational entries respectively.
We use the analogous notation for polynomials (as well as Laurent polynomials and ra-

tional functions) with real coe�cients, i.e., R[z] = R[z1, . . . , zd], R[z±1] = R[z±1
1 , . . . , z±1

d ],
and R(z) = R(z1, . . . , zd), the notations for the matrix-valued counterparts are derived
from this as above.
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Using the substitution z = e−2πiω or (z1, . . . , zd) = (e−2πiω1 , . . . , e−2πiωd) we can iden-
tify the set of trigonometric polynomials, i.e., functions of the form

p(ω) :=
∑

k∈Zd

pke
−2πi⟨k,ω⟩

with �nitely many non-zero coe�cients pk ∈ C, with the set of algebraic Laurent poly-
nomials on the torus Td.

2.3. Operators and Matrices

For Banach spaces X and Y, let B(X ,Y) denote the set of bounded, linear operators
T : X → Y. As usual, we de�ne the norm of an operator T ∈ B(X ,Y) by

∥T∥ := sup
x∈X ,

∥x∥
X
=1

∥Tx∥Y .

Now let H and K be two Hilbert spaces. An operator T ∈ B(H,H) =: B(H) is called
positive semi-de�nite, if

⟨Tx, x⟩H ≥ 0

holds for all x ∈ H. We also use the short notation T ≥ 0.
An operator T ∈ B(H,K) is contractive, if and only if

∥T∥ ≤ 1,

and isometric, if and only if
∥Tx∥H = ∥x∥K

holds for all x ∈ H. In particular, T ∈ B(H,K) is a contractive operator, if and only if

I − T ∗T ≥ 0,

(see [3], Proposition 1.12) and an isometric operator if and only if

I − T ∗T = 0,

(see [3], Proposition 1.14), where T ∗ is the adjoint operator of T , i.e., the operator
T ∗ ∈ B(K,H) with

⟨Tx, y⟩K = ⟨y, T ∗y⟩H
for all x ∈ H and y ∈ K.

We use the same names and notations for matrices: As usual, N∗ denotes the conjugate
transpose of a matrix N ∈ C

d×d, i.e., N∗ := N
T
. Similarly, if F is a matrix-valued

function, we de�ne

F (z)∗ := (F (z))T .
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If a matrix N ∈ C
d×d is hermitian and positive semi-de�nite, i.e., N∗ = N and z∗Nz ≥ 0

for all z ∈ C
d, we write N ≥ 0. Furthermore N1 ≥ N2 :⇔ N1 − N2 ≥ 0. A matrix

N ∈ C
d×d is contractive, if I −N∗N ≥ 0, and isometric, if I −N∗N = 0.

Let M be a scaling matrix, i.e., a matrix M ∈ Z
d×d whose eigenvalues are all larger

than 1 in modulus. We further de�ne qM := |detM |. For this scaling matrix, ΓM shall
denote a complete set of representatives of

(

MT
)−1

Z
d/Zd with 0 ∈ ΓM . Note, that ΓM

contains exactly qM elements.
The dilation operator DN is de�ned by

DNf(x) :=
√

| detN |f(Nx)

for f ∈ L2(Rd) and a regular matrix N ∈ R
d×d. The translation operator Ty is given by

Tyf(x) := f(x− y)

for f ∈ L2(Rd) and a �xed y ∈ R
d. Both DN and Ty are isometric operators on L2(Rd).

2.4. Fourier Transformation and Series

The Fourier transform of a function f ∈ L1(Rd) is given by

F1f(x) := f̂(x) :=

∫

Rd

f(y)e−2πi⟨x,y⟩ dy.

F1 is then extended to an operator F : L2(Rd) → L2(Rd) in the usual way (see, for
example, [5], Chapter 5.18).
A straightforward calculation yields

F(DNf)(x) =
1

√

| detN |
f̂
(

(NT )−1x
)

and F(Tyf)(x) = e−2πi⟨x,y⟩f̂(x)

for f ∈ L2(Rd).

The convolution of two functions f, g : Rd → C is given by

(f ∗ g)(x) :=
∫

Rd

f(y)g(x− y) dy.

According to the convolution theorem, for any f, g ∈ L1(Rd), the convolution f ∗ g is also
in L1(Rd) and satis�es

F(f ∗ g) = F(f)F(g)

(see [75], Theorem 2.2).
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The Fourier series of a function f ∈ L2(Rd) is given by

f(x) :=
∑

k∈Zd

cke
−2πi⟨k,x⟩

with Fourier coe�cients

ck(f) := ⟨f, e−2πi⟨k,·⟩⟩L2(Rd) =

∫

Rd

f(x)e2πi⟨k,x⟩ dx.
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3. Tight Wavelet Frames

In this section, we will recall some results about frames in Hilbert spaces, with a particular
focus on wavelet frames, a special type of frames in the Hilbert space L2(Rd).
Roughly speaking, frames in Hilbert spaces are a generalization of bases, where the

elements of the frame still form a generating system, but their linear independence is no
longer required. Consequently, although each element of the Hilbert space can still be
written as a (potentially in�nite) linear combination of the elements of the frame, the
coe�cients of this representation are generally not unique, unlike when using a basis.
As mentioned in the introduction, this linear dependence has some advantages in signal
analysis, as it provides redundancy of the data contained in a signal.
Frames were �rst used by Du�n and Schae�er (1952, [36]) and (after a somewhat

surprisingly long break) Young (1980, [108]) in the study of Fourier series and have been
widely used in the context of wavelets (i.e., expansions of functions in L2(Rd)), beginning
with Daubechies, Grossmann and Meyer (1985, [27]).

3.1. Frames in Hilbert Spaces

Let H be a Hilbert space. We start with the most prominent type of basis: The orthonor-
mal basis, i.e., a (Schauder) basis {ej}j∈N of H with ⟨ek, ej⟩H = δj,k for j ̸= k. One of its
main advantages is the easy calculation of the (unconditionally convergent) expansion

(3.1) v =
∞
∑

j=1

⟨v, ej⟩H ej

of each v ∈ H. Another type of basis we will mention here because of its similarity to
frames is the Riesz basis.

De�nition 3.1

Let H be a Hilbert space with an orthonormal basis {ej}j∈N and U : H → H be a
bounded invertible operator. Then, the family {Uej}j∈N is called Riesz basis for H.

A Riesz basis is, in fact, a (Schauder) basis (see [19], Section 3.6). Because the trivial
choice U = idH is always possible, every orthonormal basis is a Riesz basis. The converse
is false since {Uej}j∈N is an orthonormal basis only if the operator U is unitary.
The following theorem (see [19], Proposition 3.6.4) gives a property of Riesz bases that

will clarify their connection to frames.

Theorem 3.2

Let H be a Hilbert space and {vj}j∈N be a Riesz basis for H. Then there exist constants

0 < A ≤ B <∞ such that

(3.2) A∥v∥2H ≤
∞
∑

j=1

|⟨v, vj⟩|2 ≤ B∥v∥2H.
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Frames can now be de�ned as families {vj}j∈N that satisfy (3.2), but do not have to
be a (Riesz) basis.

De�nition 3.3

Let H be a separable Hilbert space. The family {vj}j∈N is a frame for H if there exist
constants 0 < A ≤ B <∞ such that

A∥v∥2H ≤
∞
∑

j=1

∣

∣⟨v, vj⟩H
∣

∣

2 ≤ B∥v∥2H

holds for every v ∈ H. The numbers A and B are called lower and upper frame bound. A
frame is called a tight frame if A = B, and normalized tight frame (or Parseval frame) if
A = B = 1.

Remark 3.4

a) If {vj}j∈N is a frame for H, then

closH(Span({vj}j∈N)) = H.

b) It is immediately clear from Theorem 3.2, that every Riesz basis for H is also a
frame for H. The reverse is not true. For example, if {ej}j∈N is an orthonormal
(and thus also a Riesz) basis for H, then the family {e1, e1, e2, e2, . . .} containing
each element of the orthonormal basis exactly twice is a tight frame for H with
frame bounds A = B = 2, but obviously no longer a basis.

c) A frame that is not a basis is called redundant or overcomplete. This name is
justi�ed, because if the family {vj}j∈N is a redundant frame there exists a sequence
{cj}j∈N ∈ ℓ2(N) \ {0} with

∞
∑

j=1

cjvj = 0H.

In the following, we will not distinguish between the terms �tight frame� and �normal-
ized tight frame� and will always assume that the frame bounds of a tight frame are equal
to one. We can do this without loss of generality since it is only a matter of normalizing
the frame elements vj , j ∈ N.
Tight frames are particularly interesting because, according to the following theorem

(see [19], Theorem 5.1.6 and Lemma 5.7.1), they can be seen as a generalization of
orthonormal bases; in particular, they �inherit� the essential and useful property of easily
computable coe�cients when writing an element of H as a linear combination of the
frame elements.

14



Theorem 3.5

If {vj}j∈N is a tight frame for H, the identities

∥v∥2H =
∞
∑

j=1

∣

∣⟨v, vj⟩H
∣

∣

2

and

v =
∞
∑

j=1

⟨v, vj⟩Hvj ,(3.3)

hold for all v ∈ H. The sum on the right side of (3.3) is unconditionally convergent.

The computation of coe�cients for a representation with non-tight frames (or non-
orthonormal Riesz bases) can be done using so-called dual frames (or dual Riesz bases).
However, we will not look into this since we are concentrating on tight frames.
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3.2. Multiresolution Analysis and Wavelet Frames

In this thesis, we are interested in frames for the Hilbert space H = L2(Rd). To simplify
the notation, we will use ⟨·, ·⟩ and ∥·∥ for the scalar product and the norm in L2(Rd)
from now on. In particular, we will focus on a special type of frame for L2(Rd) called
wavelet frame, where the frame is generated from a �nite set of functions by translation
on the lattice Z

d and dilation by an integer scaling matrix M ∈ Z
d×d.

This approach has its roots in the structure of a multiresolution analysis (MRA, some-
times also called multiresolution approximation), �rst introduced by Mallat (1989, [78])
as a tool for constructing wavelet bases.

De�nition 3.6

A sequence (Vj)j∈Z of closed subspaces Vj ⊆ L2(Rd) is called multiresolution analysis

(MRA) with scaling matrix M , if

i) Vj ⊂ Vj+1 for all j ∈ Z (monotonicity),

ii) closL2(Rd)

(

⋃

j∈Z Vj
)

= L2(Rd) (density),

iii)
⋂

j∈Z Vj = {0} (trivial intersection property),

iv) If f ∈ Vj , then f(M−j ·) ∈ V0 (dilation property),

v) There is a re�nable (or scaling) function (sometimes also called father wavelet)
ϕ ∈ V0, such that

Φ :=
{

Tkϕ : k ∈ Z
d
}

=
{

ϕ(· − k) : k ∈ Z
d
}

is a Riesz basis for V0 (basis property).

We have some immediate remarks about this de�nition.

Remark 3.7

a) Some de�nitions require that the family Φ in v) is an orthonormal basis of V0.

b) The basis property v) implies that the space V0 is Zd-shift invariant, i.e., TkV0 ⊆ V0
for all k ∈ Z

d.

c) We can use the basis property v) and the dilation property iv) to construct Riesz
bases

Dj
M (Φ) :=

{

|detM |j/2ϕ(M j · −k) : k ∈ Z
d
}

for each space Vj , j ∈ Z.

d) The trivial intersection property iii) is redundant since it follows from the other
properties (see [65], Theorem 2.2).
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One of the most important aspects of a multiresolution analysis is that the scaling
function ϕ satis�es a so-called re�nement equation, which we can consider in both the
time and the frequency domain.

Remark 3.8

Since ϕ ∈ V0 ⊂ V1 due to the nesting property, and DM (Φ) is a Riesz basis for V1
according to Remark 3.7 c), the scaling function ϕ satis�es the re�nement (or scaling)
equation

ϕ(x) =
√

|detM |
∑

k∈Zd

pkϕ(Mx− k)(3.4)

for a sequence (pk)k∈Zd ∈ ℓ2(Zd). In the frequency domain, the re�nement equation is
given by

ϕ̂(ω) = p̃
(

(MT )−1ω)
)

ϕ̂
(

(MT )−1ω
)

or equivalently

ϕ̂
(

MTω
)

= p̃(ω)ϕ̂(ω),(3.5)

with the Z
d-periodic trigonometric function

p̃(ξ) :=
1

√

|detM |
∑

k∈Zd

pke
−2πi⟨k,ω⟩.(3.6)

The sequence (pk)k∈Zd is also called the re�nement (or scaling) mask of ϕ, the trigono-
metric function p̃ the corresponding re�nement (or scaling) symbol.

Unlike the trivial intersection property, the density condition ii) in De�nition 3.6 is not
redundant. However, it can be replaced by the following equivalent condition (see [65],
Theorem 2.1).

Theorem 3.9

Let (Vj)j∈Z be a sequence of closed subspaces Vj ⊆ L2(Rd) such that the properties i), iv),
and v) in De�nition 3.6 are satis�ed. Then

closL2(Rd)

(

⋃

j∈Z
Vj

)

= L2(Rd)

if and only if

R
d \
(

⋃

j∈Z
M j supp ϕ̂

)

is a null set.
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This theorem, in turn, allows us to derive an even simpler condition for ϕ (or rather
ϕ̂) for the density condition ii) to hold.

Remark 3.10

If ϕ̂ is continuous at 0 and ϕ̂(0) ̸= 0, then supp ϕ̂ contains a neighborhood of 0. Since
all eigenvalues of a scaling matrix M are larger than 1 in modulus, this implies that the
equivalent condition from Theorem 3.9 holds, and thus also the density condition ii) from
De�nition 3.6.

As mentioned above, the structure of a multiresolution analysis was introduced in
the univariate case as a tool for constructing bases of L2(R). Suppose we have a given
multiresolution analysis (Vj)j∈Z with re�nement function ϕ for d = 1 and M = 2.
Let Wj , j ∈ Z, be the orthogonal complement of Vj in Vj+1. Then the properties of
a multiresolution analysis imply (see, e.g., [19], Chapter 3.9)

(3.7) L2(R) =
⊕

j∈Z
Wj ,

so we can �nd a basis of L2(R) by �nding and combining bases for all Wj , j ∈ Z.
Furthermore, the spaces Wj , j ∈ Z, satisfy the same dilation property as the spaces

Vj , j ∈ Z, i.e., if f ∈ Wj , then f(2−j ·) ∈ W0. So, to get a basis for Wj , we can �rst
construct a basis of W0 similar to v) in De�nition 3.6, i.e., �nd ψ ∈ W0 such that
Ψ̃ := {ψ(· − k) : k ∈ Z} is a Riesz basis for W0, and use this to obtain Riesz bases

Dj
2(Ψ̃) :=

{

2j/2ψ(2j · −k) : k ∈ Z

}

for each Wj , j ∈ Z, in the same way as in Remark 3.7 c). Combining this with (3.7) gives
us a Riesz basis

X := {2j/2ψ(2j · −k) : j ∈ Z; k ∈ Z}
for L2(R).

Remark 3.11

a) Usually, the function ψ is obtained using an analogon to the re�nement equation
(3.4), i.e., it is de�ned as

ψ(x) :=
√
2
∑

k∈Z
qkϕ(2x− k)

for some sequence (qk)k∈Z, or equivalently in the frequency domain by

ψ̂(2ω) = q̃(ω)ϕ̂(ω).
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b) Such a sequence can often be obtained quite easily. For example, if we have a
multiresolution analysis with a re�nable function ϕ(x) =

√
2
∑

k∈Z pkϕ(2x − k)
such that Φ is an orthonormal basis of V0, then

ψ(x) :=
√
2
∑

k∈Z
(−1)kp1−k ϕ(2x− k)

generates an orthonormal basis X of L2(R) (see Mallat, [78], or Meyer, [80]). In
the frequency domain, set

q̃(ω) := p

(

ω +
1

2

)

e−2πiω.

Example 3.12

A well-known example of a multiresolution analysis is the Haar multiresolution analysis

(Vj)j∈Z with

Vj :=
{

f ∈ L2(R) : f is constant on [2−jk, 2−j(k + 1)) for each k ∈ Z
}

,

named after Alfréd Haar (1885�1933). It is easy to verify that this sequence satis�es all
the properties in De�nition 3.6 with the scaling function ϕ := χ[0,1). Obviously,

ϕ = χ[0,1)(2·) + χ[0,1)(2 · −1) = ϕ(2·) + ϕ(2 · −1)

holds, so the re�nement equation (3.4) is satis�ed with the re�nement mask (pk)k∈Z,

pk :=

{ 1√
2
, if k = 0, 1

0, otherwise
.

Thus, according to Remark 3.11 b), the function

ψ(x) := ϕ(2x)− ϕ(2x− 1) =







1, if 0 ≤ x < 1/2
−1, if 1/2 ≤ x < 1
0, otherwise

generates a orthonormal basis X = {2j/2ψ(2j · −k) : j ∈ Z; k ∈ Z} for L2(R).
The function ψ is known as the Haar wavelet, �rst introduced by Alfréd Haar in his

dissertation (1909, [52]) to construct an orthonormal system in L2([0, 1]). Although much
older, it is the simplest known example in the theory of wavelets. However, it is avoided
in most applications because it is neither di�erentiable nor continuous. It can be seen
as a special case of both the B-spline and the Daubechies wavelets, two other prominent
classes of examples.
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One can construct frames for L2(R) in a similar way to our construction of Riesz bases
for L2(R) above. Analogous to De�nition 3.6, we can de�ne a frame multiresolution anal-

ysis, �rst introduced by Benedetto and Li (1992,[10], and 1994, [11]), the only di�erence
from a �regular� multiresolution analysis being that the family Φ := {ϕ(· − k) : k ∈ Z}
in v) only needs to be a frame for V0, not necessarily a Riesz basis.
For a given frame multiresolution analysis (Vj)j∈Z we can then look again at the

orthogonal complementsWj , j ∈ Z, of Vj in Vj+1 and �nd a frame Ψ̃ := {ψ(·−k) : k ∈ Z}
with ψ ∈ W0 for W0. Then, similar to Remark 3.7 c) we get frames Dj

2(Ψ̃) for each Wj ,
j ∈ Z, which we can combine using (3.7) (which also holds for a frame multiresolution
analysis) to construct a frame for L2(R).
However, we will not use this method to construct frames but will use a di�erent

approach that o�ers more freedom of choice (for limitations of the frame multiresolution
analysis approach, see, e.g., [19], Section 17.6). On the one hand, we will not require our
frames to be generated by a single function but will allow multiple functions to do so
(although it is desirable to keep the number of these functions as small as possible to
keep the computational e�ort low). This idea leads to the following de�nitions. On the
other hand, we will construct a frame for L2(Rd) directly instead of �nding a frame for
W0 �rst. This approach will be the topic of the next section.

De�nition 3.13

Let r ∈ N and Ψ := {ψ1, . . . , ψr} ⊂ L2(Rd). The system

X(Ψ) := {ψℓ,j,k : 1 ≤ ℓ ≤ r; j ∈ Z; k ∈ Z
d}(3.8)

of functions
ψℓ,j,k := Dj

MTkψℓ = |detM |j/2ψℓ(M
j · −k)

is called a wavelet system. The functions in Ψ are called mother wavelets.

Combining this with De�nition 3.3 results in the following de�nition.

De�nition 3.14

Let X(Ψ) ⊂ L2(Rd) be a wavelet system. X(Ψ) is called a wavelet frame, if it is a frame
for L2(Rd). Analogously, X(Ψ) is a tight wavelet frame, if X(Ψ) is a tight frame and a
(orthonormal) wavelet basis, if X(Ψ) is an (orthonormal) basis for L2(Rd).

In particular, if X(Ψ) is a tight wavelet frame (or an orthonormal wavelet basis), we
can write any f ∈ L2(Rd) as

f =

r
∑

ℓ=1

∑

j∈Z

∑

k∈Zd

⟨f, ψℓ,j,k⟩ψℓ,j,k(3.9)

according to Theorem 3.5. The coe�cients of the series on the right side of (3.9) are also
called wavelet coe�cients.
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Remark 3.15

We can de�ne wavelet systems and wavelet frames (and bases) more generally using
translations on any arbitrary lattice Γ in R

d, i.e., Γ := AZd for a regular matrix A ∈ R
d×d.

In this case, the scaling matrix M is usually no longer in Z
d×d, but only in R

d×d, and
must satisfy the property MΓ ⊆ Γ in addition to having only eigenvalues larger than 1
in modulus.
However, since every lattice Γ is the image of Zd under an invertible linear transforma-

tion, we can restrict ourselves to Γ = Z
d without loss of generality. In some applications,

using a grid other than Z
d may still be advantageous. For example, functions on a dif-

ferent grid may have better symmetry properties.
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3.3. Extension Principles

To simplify the construction of wavelet frames, the problem is often broken down into a
set of criteria for trigonometric polynomials (or, more generally, periodic functions). For
this, we no longer use a multiresolution analysis as our starting point, but only a scaling
function ϕ ∈ L2(Rd), i.e., a function that satis�es the re�nement equation (3.5), given in
the frequency domain by

ϕ̂
(

MTω
)

= p̃(ω)ϕ̂(ω)

with a trigonometric polynomial

p̃(ω) :=
1

√

|detM |
∑

k∈Zd

pke
−2πi⟨k,ω⟩

(note that pk ̸= 0 holds only for a �nite number of indices k ∈ Z
d). We also assume that

(3.10) lim
ω→0

ϕ̂(ω) = 1

holds (ϕ̂(0) ̸= 0 is desirable anyway, see Remark 3.10).
Note that there are methods to construct scaling functions for any dilation matrix

M ∈ Z
d×d (see [12], Theorem 1) with compact support (see [107], Lemma 4.3 for the

univariate case, the proof for the multivariate case is similar) and arbitrary smoothness
(see [54], Theorem 2.2).

We use the scaling function ϕ to construct the mother wavelets ψ1, . . . , ψr ∈ L2(Rd)
of a tight wavelet frame X(Ψ) := {ψℓ,j,k : 1 ≤ ℓ ≤ r; j ∈ Z; k ∈ Z

d} in a manner similar
to Remark 3.11 a), i.e., by

ψ̂j

(

MTω
)

= q̃j(ω)ϕ̂(ω), 1 ≤ j ≤ r,(3.11)

with (trigonometric) polynomials q̃1, . . . , q̃r,

q̃j(ω) :=
1

√

|detM |
∑

k∈Zd

qj,ke
−2πi⟨k,ω⟩, 1 ≤ j ≤ r,

called wavelet symbols. Their coe�cient sequences (qj,k)k∈Zd are called wavelet masks.

Remark 3.16

If we construct a tight wavelet frame in the way described above and de�ne the spaces
Vj , j ∈ Z, as

Vj := closL2(Rd)

(

Span
{

ϕj,k : k ∈ Z
d
})

with

ϕj,k := Dj
MTkϕ = |detM |j/2ϕ(M j · −k), j ∈ Z, k ∈ Z

d,

the sequence (Vj)j∈Z satis�es the conditions i)�iv) of a multiresolution analysis, but not
necessarily condition v) (see [19], Lemma 18.2.5 and Lemma 17.3.1). Wavelet frames
constructed in this way are still called MRA-based.
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Note that the re�nement symbol p̃ and the wavelet symbol q̃j do not necessarily have
to be trigonometric polynomials. They can also be chosen more generally as Zd-periodic,
measurable, and bounded functions (satisfying (3.5) and (3.11), respectively). However,
it is more common to use trigonometric polynomials because they are easier to handle
both in theory (e.g., due to their smoothness) and practice (faster computations and
easier use of the FFT, among other things). Furthermore, their associated masks are
�nite - and �nite masks appear in several places in signal processing (see Finite Impulse
Response (FIR) masks). Therefore, we will mostly stick to trigonometric polynomials
and use the more general form only in the following theorem.

We now turn to the criteria mentioned above. A well-known result for the construction
of tight wavelet frames is the Unitary Extension Principle of Ron and Shen (1997, [91]),
which places conditions on the wavelet symbols q̃1, . . . , q̃r such that ψ1, . . . , ψr generate
a tight wavelet frame.

Theorem 3.17 (Unitary Extension Principle (UEP))
Suppose that ϕ ∈ L2(Rd) satis�es (3.10) as well as the re�nement equation (3.5) for a Z

d-

periodic, measurable, and bounded re�nement symbol p̃. Let q̃1, . . . , q̃r be Z
d-periodic, mea-

surable, and bounded functions, and let Ψ = {ψ1, . . . , ψr} be constructed from q̃1, . . . , q̃r
and ϕ by equation (3.11).

Then X(Ψ) is a tight wavelet frame of L2(Rd), if

p̃(ω)p̃(ω + σ) +

r
∑

j=1

q̃j(ω)q̃j(ω + σ) = δ(σ)(3.12)

holds for almost all ω ∈ R
d and all σ ∈ ΓM .

Remark 3.18

The identities (3.12) imply that the so-called sub-QMF condition (quadrature mirror
�lter)

∑

σ∈ΓM

|p̃(ω + σ)|2 ≤ 1(3.13)

is a necessary condition on p̃ for the Unitary Extension Principle to hold.

Proof. Let σ1, . . . , σqM be the di�erent elements of ΓM with σ1 := 0. Due to (3.12) and
σ1 = 0, the rows of the matrix











p̃(ω + σ1) q̃1(ω + σ1) · · · q̃r(ω + σ1)
p̃(ω + σ2) q̃1(ω + σ2) · · · q̃r(ω + σ2)

...
...

. . .
...

p̃(ω + σqM ) q̃1(ω + σqM ) · · · q̃r(ω + σqM )











are orthonormal for every ω ∈ R
d. If we extend this to a square unitary matrix, the �rst

column of the extended matrix has the norm 1. This gives us the sub-QMF condition
(3.13).
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A common example of a wavelet frame is one based on B-splines (short for basis
splines). They can be constructed, for example, using the Unitary Extension Principle
(see [91], Section 1.3).

Example 3.19

We consider the dyadic univariate case, i.e., the Hilbert space L2(R) with the scaling
factor M = 2. Note, that Γ2 = {0, 1/2}. The centered B-splines Bm of order m ∈ N are
de�ned recursively by B1 := χ[−1/2,1/2] and

Bm+1(x) := Bm(x) ∗B1(x) =

∫

R

Bm(x− t)B1(t) dt.

A simple calculation yields

B̂1(ω) =
sin(πω)

πω
.

Thus, the convolution theorem gives

B̂m(ω) =

(

sin(πω)

πω

)m

.

We use the centered B-spline of order 2m as our scaling function, i.e., ϕ := B2m. It is
re�nable because the double-angle formula yields

ϕ̂(2ω) =

(

sin(2πω)

2πω

)2m

=

(

2 sin(πω) cos(πω)

2πω

)2m

= cos2m(πω)ϕ̂(ω).

In particular, the re�nement symbol is given by

p̃(ω) = cos2m(πω).

Obviously, the assumption (3.10) is also satis�ed. We now de�ne the 2m wavelet symbols
q̃1, . . . , q̃2m by

q̃j(ω) :=

√

(

2m

j

)

sinj(πω) cos2m−j(πω).

For σ = 0 we have

|p̃(ω)|2 +
2m
∑

j=1

|q̃j(ω)|2 = cos4m(πω) +

2m
∑

j=1

(

2m

j

)

sin2j(πω) cos2(2m−j)(πω)

=

2m
∑

j=0

(

2m

j

)

sin2j(πω) cos2(2m−j)(πω)

=
(

sin2(πω) + cos2(πω)
)2m

= 1
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and for σ = 1/2, a simple shift of the sine and cosine yields

p̃(ω)p̃(ω + 1/2) +

r
∑

j=1

q̃j(ω)q̃j(ω + 1/2)

= cos2m(πω) sin2m(πω) +
2m
∑

j=1

(

2m

j

)

(−1)j sin2m(πω) cos2m(πω)

= cos2m(πω) sin2m(πω)

2m
∑

j=0

(

2m

j

)

(−1)j = cos2m(πω) sin2m(πω)(1− 1)2m = 0.

Thus, according to the Unitary Extension Principle, the mother wavelets ψ1, . . . , ψ2m

constructed from q̃1, . . . , q̃2m generate a tight wavelet frame.

Of course, depending on the application, speci�c properties of tight wavelet frames
are desirable. The scaling function and the mother wavelets in Example 3.19 have com-
pact support, meaning the associated masks are �nite. Compact support of the scaling
function ϕ is not strictly necessary but often helpful. Due to their construction, ϕ hav-
ing compact support means that the supports of the mother wavelets are compact as
well, as long as their associated masks are �nite (which they usually are since we mostly
use trigonometric polynomials as wavelet symbols). As mentioned above, compact sup-
ports/�nite masks allow for faster computation and have other advantages (e.g., better
localization properties, which can be important in signal and image analysis). Of course,
the bene�ts of the compact support become clearer the shorter the length of the support
is.
However, the number of 2m mother wavelets in Example 3.19 is quite large. In general,

the number of mother wavelets should be kept as small as possible to keep the compu-
tational cost low (although using more mother wavelets means more redundancy, which
may be desirable in some cases). Other useful characteristics of the mother wavelets may
include symmetry or smoothness (both are useful in image processing, e.g., symmetry
helps to avoid distortions, and smoother mother wavelets lead to smoother - and thus
less visible - errors).
Another desirable property, which we will look at in some more detail, is a high number

(or order) of vanishing moments.

De�nition 3.20

Let ν ∈ N0. The set Ψ ⊆ L2(Rd) has ν vanishing moments or vanishing moments of

order ν, if
∫

Rd

ψ(x)xβdx = 0

with xβ := xβ1

1 . . . xβd

d holds for all ψ ∈ Ψ and all β ∈ N
d
0 with |β| :=∑d

j=1|βj | < ν.

In other words, a set Ψ ⊆ L2(Rd) has vanishing moments of order ν if all functions in Ψ
are orthogonal to any polynomial of total degree smaller than ν. Alternatively, vanishing
moments can also be de�ned in the frequency domain (see [75], Theorem 7.4).
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Theorem 3.21

Let ν ∈ N0 and Ψ ⊆ L2(Rd) such that (1 + |·|)ν−1ψ ∈ L1(Rd) for all ψ ∈ Ψ. Then Ψ has

vanishing moments of order ν if and only if

∂βψ̂(0) = 0

for all ψ ∈ Ψ and all β ∈ N
d
0 with |β| =∑d

j=1|βj | < ν.

Proof. The assumption (1 + |·|)ν−1ψ ∈ L1(Rd) for all ψ ∈ Ψ is su�cient to guarantee
that the derivatives ∂βψ̂, |β| < ν, exist and are continuous. The rules of the Fourier
transform then imply

∂βψ̂(0) = (−2πi)|β|
∫

Rd

ψ(x)xβ dx

which immediately gives the equivalence from Theorem 3.21.

The primary reason why a high order of vanishing moments is often advantageous is its
connection to the approximation order of a tight wavelet frame. Roughly speaking, the
approximation order measures how well functions from a Sobolev space are approximated
when the sum over j in (3.9) is cut at some scaling level J ∈ Z, i.e., how well

QJf :=
r
∑

ℓ=1

∑

j<J

∑

k∈Zd

⟨f, ψℓ,j,k⟩ψℓ,j,k.

approximates f (the operator QJ : L2(Rd) → L2(Rd) is called truncated operator). Since
one must work with �nite sums when implementing methods based on wavelet frames, a
high order of approximation is important in applications, and a higher order of vanishing
moments allows a higher order of approximation (see [28]) since in that case, the wavelet
coe�cients are smaller at �ner scales (i.e., large values of j). However, a higher order
of vanishing moments leads to longer supports of the mother wavelets and, thus, longer
masks. This increases the computational cost, so the right balance between these two
factors has to be found. However, there is no trade-o� between a high order of vanishing
moments and a high degree of smoothness since the degree of smoothness of the mother
wavelets increases with increasing order of vanishing moments.
Constructing tight wavelet frames with a high order of vanishing moments is di�cult

using the Unitary Extension Principle. For example, the B-spline-based frame in Example
3.19 has at least one mother wavelet with at most one vanishing moment.
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A result that simpli�es the construction of tight wavelet frames with a higher order of
vanishing moments is the Oblique Extension Principle of Chui, He and Stöckler (2002,
[23]) and (simultaneously, but independently) Daubechies, Han, Ron and Shen (2003,
[28]).

Theorem 3.22 (Oblique Extension Principle (OEP))
Suppose ϕ ∈ L2(Rd) satis�es (3.10) as well as the re�nement equation (3.5) for the

re�nement symbol p̃. Let q̃1, . . . , q̃r be trigonometric polynomials and s̃ be a Z
d-periodic

function that is essentially bounded on the torus T
d and satis�es limω→0 s̃(ω) = 1 and

s̃(ω) > 0 for all ω ∈ R
d. Furthermore, let Ψ = {ψ1, . . . , ψr} be constructed from q̃1, . . . , q̃r

and ϕ by equation (3.11).

Then X(Ψ) is a tight wavelet frame for L2(Rd), if

p̃(ω)p̃(ω + σ)s̃(MTω) +
r
∑

j=1

q̃j(ω)q̃j(ω + σ) = δ(σ)s̃(ω)(3.14)

holds for almost all ω ∈ R
d and all σ ∈ ΓM .

Obviously, the Unitary Extension Principle can be interpreted as the special case s̃ ≡ 1
of the Oblique Extension Principle. On the other hand, the proof of the Oblique Extension
Principle uses the Unitary Extension Principle.

Proof. Let ϕ, p̃, q̃1, . . . , q̃r and s̃ satisfy the assumptions of the Oblique Extension Prin-
ciple, in particular the identities (3.14). Furthermore, let S :=

√
s̃ and φ be de�ned by

φ̂ := Sϕ̂. Since s̃ and thus S is essentially bounded, φ is in L2(Rd), and since the limit
of both s̃ and ϕ̂ at 0 is 1, φ̂ satis�es (3.10). We now set

P (ω) :=
S(MTω)p̃(ω)

S(ω)
and Qj(ω) :=

q̃j(ω)

S(ω)
, j = 1, . . . , r.

Since s̃ is strictly positive, P and Qj , j = 1, . . . , r, are well-de�ned. The re�nement
equation for ϕ implies

P (ω)φ̂(ω) =
S(MTω) ˜p(ω)

S(ω)
S(ω)ϕ̂(ω) = S(MTω)ϕ̂(MTω) = φ̂(MTω),

so φ is re�nable with the re�nement symbol P . Furthermore, because s̃ is Z
d-periodic

and MTσ ∈ Z
d for σ ∈ ΓM , the identities (3.14) yield

P (ω)P (ω + σ) +

r
∑

j=1

Qj(ω)Qj(ω + σ)

=
S(MTω)S(MT (ω + σ)) p̃(ω)p̃(ω + σ)

S(ω)S(ω + σ)
+

r
∑

j=1

q̃j(ω)q̃j(ω + σ)

S(ω)S(ω + σ)
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=
1

S(ω)S(ω + σ)



p̃(ω)p̃(ω + σ)
∣

∣S(MTω)
∣

∣

2
+

r
∑

j=1

q̃j(ω)q̃j(ω + σ)





=
1

S(ω)S(ω + σ)



p̃(ω)p̃(ω + σ)s̃(MTω) +
r
∑

j=1

q̃j(ω)q̃j(ω + σ)





=
δ(σ)s̃(ω)

s̃(ω)
= δ(σ)

for all σ ∈ ΓM and all ω ∈ R
d. So, P and Qj , j = 1, . . . , r, satisfy the identities (3.12)

from the Unitary Extension Principle and thus generate a tight wavelet frame. We have
already shown that

φ̂(MTω) = P (ω)φ̂(ω).

Furthermore,

Qj(ω)φ̂(ω) =
q̃j(ω)

S(ω)
S(ω)ϕ̂(ω) = q̃j(ω)ϕ̂(ω) = ψ̂j(ω)

for j = 1, . . . , d. Together, this means that the mother wavelets constructed from φ, P
and Qj , j = 1, . . . , r, are the same as the mother wavelets ψj constructed from ϕ, p̃ and
q̃j , j = 1, . . . , d. So, X(Ψ) is a tight wavelet frame for L2(Rd).

Since the Unitary Extension Principle can be seen as a corollary of the Oblique Ex-
tension Principle, and vice versa, any tight wavelet frame constructed using the Unitary
Extension Principle can be constructed using the Oblique Extension Principle, and vice
versa. Thus, the Oblique Extension Principle is not a generalization of the Unitary Ex-
tension Principle in the sense that it allows for the construction of �more� frames. Instead,
the addition of the function s̃ gives us more �exibility to develop constructions that may
be harder to �nd without it.
Note that even though the Oblique Extension Principle makes some constructions

(e.g., with a higher order of vanishing moments) easier, constructions based on the Uni-
tary Extension Principle may still have advantages in some situations. For example,
frame decomposition and reconstruction algorithms are usually faster when using the
Unitary Extension Principle. Roughly speaking, frame decomposition means computing
the wavelet coe�cients on the right side of a discrete version of (3.9) for a given signal
on the left side. Frame reconstruction is the inverse operation - reconstructing the signal
on the left side of (3.9) from given wavelet coe�cients. When using frames based on the
Oblique Extension Principle, the frame reconstruction requires an additional convolution
and deconvolution with the mask of s̃, which is not necessary when using frames based
on the Unitary Extension Principle (see [72], Section 3.4). Since these are the two most
essential operations in the practical application of frames, a shorter computation time
can be relevant.
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Remark 3.23

a) In [23], the function s̃ is called vanishing-moment recovery (VMR) function, a name
we will adopt here.

b) It is also possible to formulate and prove the Oblique Extension Principle for a
non-negative vanishing-moment recovery function (see [28] for example). However,
choosing a positive s̃ is common and makes many calculations and proofs easier.

c) The re�nement symbol p̃ of a tight wavelet frame constructed with the Oblique
Extension Principle generally does not satisfy the sub-QMF condition of Remark
3.18. However, for a rational vanishing-moment recovery function s̃, the Oblique
Extension Principle identities (3.14) are equivalent to the so-called oblique sub-QMF

condition (see [63], Theorem 1)

(3.15)
1

s̃(MTω)
−
∑

σ∈ΓM

|p̃(ω)|2
s̃(ω + σ)

≥ 0 for almost all ω ∈ R
d.

As an example of a construction using the Oblique Extension Principle, we look at
a slightly di�erent form of the B-splines introduced in Example 3.19 (see [19], Example
18.6.3).

Example 3.24

Again, we consider the dyadic univariate case, i.e., L2(R) with scaling factor M = 2.
Note, that Γ2 = {0, 1/2}. A variant of the centered B-spline Bm from Example 3.19
is the shifted B-spline Nm, m ∈ Z, where the centered B-spline is shifted so that the
support is no longer centered around the origin, but is given by [0,m]. The translation
rule of the Fourier transform yields

N̂m(ω) =

(

1− e−2πiω

2πiω

)m

.

We use the shifted B-spline of order 2m as our scaling function, i.e., ϕ := N2m. It is
re�nable with the re�nement symbol

p̃(ω) :=

(

1 + e−2πiω

2

)2m

.

Obviously, the assumption (3.10) is also satis�ed. Similar to Example 3.19 we can de�ne
the wavelet symbols Q1, . . . , Q2m by

Qj(ω) := ije−2πimω

√

(

2m

j

)

sinj(πω) cos2m−j(πω).

(the factor ij is optional) and use the Unitary Extension Principle to show that the
corresponding mother wavelets generate a tight wavelet frame.
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For example, in the case m = 1 (i.e., the piecewise linear B-spline), the two wavelet
symbols are

Q1(ω) =

√
2

4
(1− e−4πiω) and Q2(ω) =

(1− e−2πiω)2

4
.

Alternatively, we can use (as with other choices of m) the Oblique Extension Principle.
To do this, let

s̃(ω) :=
4− cos(2πω)

3
=

1

3

(

4− e−2πiω

2
− e2πiω

2

)

.

It is easy to see that s̃ satis�es every requirement of the Oblique Extension Principle.
With this s̃ and the wavelet symbols

q̃1(ω) = Q2(ω) =
(1− e−2πiω)2

4

and q̃2(ω) =

√
6

24
(1− e−2πiω)2(1 + 4e−2πiω + e−4πiω),

the identities (3.14) of the Oblique Extension Principle are satis�ed. Thus, the associated
mother wavelets generate a wavelet frame. Note that in this case, both mother wavelets
have two vanishing moments. In contrast, as mentioned above, the construction using
the Unitary Extension Principle has at least one mother wavelet with only one vanishing
moment for any choice of m.

Since the re�nement and the wavelet symbols involved are trigonometric functions, it
is only natural to choose - as in Example 3.24 - a trigonometric s̃ as well.

Remark 3.25

As with the re�nement and wavelet symbols, the vanishing moment recovery function s̃
is often chosen as a trigonometric polynomial, i.e.

s̃(ω) =
∑

k∈Zd

s̃ke
−2πi⟨k,ω⟩

with �nitely many non-zero coe�cients s̃k ̸= 0. Since the dilation matrix M satis�es
MZ

d ⊂ Z
d,

(3.16) s̃(MTω) =
∑

k∈Zd

s̃ke
−2πi⟨k,MTω⟩ =

∑

k∈Zd

s̃ke
−2πi⟨Mk,ω⟩

is also a trigonometric polynomial.
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We conclude this section by rewriting the identities (3.14) into another form that we
will use for our further considerations. The �rst step is considering the symbols and the
vanishing-moment recovery function as Laurent polynomials on the torus Td. To do this,
we set z = (z1, . . . , zd) ∈ T

d with zj := e−2πiωj , 1 ≤ j ≤ d, and

(3.17) p(z) := p̃(ω)

as well as

(3.18) qj(z) := q̃j(ω),

1 ≤ j ≤ r. In particular, this gives us

ϕ̂(MTω) = p(z)ϕ̂(ω) and ψ̂j(M
Tω) = qj(z)ϕ̂(ω).(3.19)

Moreover, set

pσ(z) := pσ(z1, . . . , zd) = p(e−2πiσ1z1, . . . , e
−2πiσdzd) = p̃(ω + σ)

and analogously

qσj (z) := qσj (z1, . . . , zd) = qj(e
−2πiσ1z1, . . . , e

−2πiσdzd) = q̃j(ω + σ),

1 ≤ j ≤ r. Finally, let dM : T
d → T

d be the coordinate transform that maps
z = (e−2πiω1 , . . . , e−2πiωd) ∈ T

d to

dM (z) := (e−2πim1ω, . . . , e−2πimdω),

where mj is the j-th row of MT (and ω is written as a column vector). With this
transformation,

s̃(MTω) = (s ◦ dM )(z).

These notations now allow us to formulate the Oblique Extension Principle in terms of
Laurent polynomials on the torus.

Corollary 3.26

Suppose that ϕ ∈ L2(Rd) satis�es (3.10) as well as the re�nement equation in (3.19) for
the re�nement symbol p. Let q1, . . . , qr and s be Laurent polynomials on the torus Td such

that s is essentially bounded, limz→1 s(z) = 1 and s(z) > 0 for all z ∈ T
d. Furthermore,

let Ψ = {ψ1, . . . , ψr} be constructed from q1, . . . , qr and ϕ by equation (3.19).

Then X(Ψ) is a tight wavelet frame of L2(Rd), if

p(z)pσ(z)(s ◦ dM )(z) +
r
∑

j=1

qj(z)qσj (z) = δ(σ)s(z)(3.20)

holds for all σ ∈ ΓM and z ∈ T
d.
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Remark 3.27

a) The function s ◦ dM is a Laurent polynomial, see (3.16).

b) We still call p re�nement symbol, q1, . . . , qr wavelet symbols, and s vanishing-
moment recovery function.

Example 3.28

Using this notation, the re�nement symbol for the translated B-spline N2 is

p(z) :=
(1 + z)2

4
.

The vanishing-moment function known from Example 3.24 is

s(z) :=
1

3

(

4− z

2
− 1

2z

)

,

and the two wavelet symbols are

q1(z) :=
(1− z)2

4
and q2(z) :=

√
6

24
(1− z)2(1 + 4z + z2).

The second step in rewriting the identities (3.14) respectively (3.20) of the Oblique Ex-
tension Principle is to bring them into a matrix form. To do this, we �rst set
ΓM = {σ1, . . . , σm} and the matrix-valued functions P, S and Q as

P(z) := (pσ1(z), . . . , pσm(z)), S(z) := diag(sσ1(z), . . . , sσm(z))

and Q(z) :=







qσ1

1 (z) · · · qσm

1 (z)
...

. . .
...

qσ1
r (z) · · · qσm

r (z)






,

where sσ is de�ned in the same way as pσ or qσj . The identities (3.20) are now equivalent
to

(s ◦ dM )(z)P(z)∗P(z) +Q(z)∗Q(z) = S(z)(3.21)

for all z ∈ T
d.

In the next section, we will examine results on the factorization of trigonometric poly-
nomials, allowing us to compress this form of the Oblique Extension Principle further.
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4. Factorization of Trigonometric Polynomials

In order to further compress the matrix form (3.21) of the Oblique Extension Principle
into its �nal form - which we will then use to explore the connection to linear system the-
ory - it is necessary to �nd a decomposition of the vanishing moment recovery function s.
Since we assume s to be a trigonometric polynomial or, alternatively, an algebraic Lau-
rent polynomial on the torus, we will take a look at results concerning the factorization
of such polynomials and, more generally, their representation as a sum of squares.

4.1. Univariate Polynomials

One of the most well-known results about trigonometric polynomials is the Fejér-Riesz
theorem, named after Lipót Fejér (1916, [37]) and Friedrich Riesz (1916, [89], Lipót Fejér
states that the original proof of the general case is due to Riesz).

Lemma 4.1 (Fejér-Riesz)
Let p ∈ C[z±1] with deg(p) = ν such that p(z) ≥ 0 holds for all z ∈ T.

Then there exists θ ∈ C[z] with deg(θ) ≤ ν and

p(z) = |θ(z)|2

for all z ∈ T.

We can prove this result relatively easily by using the fundamental theorem of algebra
and observing that the roots of p always occur in pairs: If zj is a root of p, then (zj)

−1

is a root as well. One of these roots is always inside the disc D, the other outside. Now,
selecting the roots outside of D to assemble θ from the corresponding linear factors
(scaling p by a multiplicative constant may be necessary at the end) gives us part a) of
the following remarks.

Remark 4.2

a) The polynomial θ can be chosen to have no roots in the disc D. Such polynomials
are also called outer.

b) In general, θ is not unique. However, if we choose θ to have no roots in D, θ becomes
unique up to a multiplicative constant of modulus one.

c) If p has only real coe�cients, i.e., p ∈ R[z±1], we can choose θ with only real
coe�cients as well.

The Fejér-Riesz theorem and its generalizations have many applications, not only in
wavelet theory but also, for example, in �lter design in signal processing, control theory,
electrical engineering, and quantum mechanics.
For this thesis, we need to examine two possible paths for generalizations: The Fejér-

Riesz theorem for matrix-valued functions and the multivariate case.
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4.2. Matrix Polynomials

The �rst generalization of the Fejér-Riesz theorem that we will need later is the matrix-
valued Fejér-Riesz theorem, �rst proven by Marvin Rosenblum (1968, [94]).

Theorem 4.3

Let P ∈ C[z±1]n×n be a matrix Laurent polynomial with deg(P ) = ν and P (z) ≥ 0 for

all z ∈ T.

Then, there exists m ≤ n and a matrix polynomial A ∈ C[z]m×n with deg(A) ≤ ν and

(4.1) P (z) = A(z)∗A(z)

for all z ∈ T.

Remark 4.4

a) It is possible to write the matrix A as

A = (A0, 0m×(m−n))V,

where A0 ∈ C[z]m×m and V ∈ C[z]n×n are two square matrix-valued polynomials
with detA0(z) ̸= 0 for all z ∈ D and V being invertible with V −1 ∈ C[z]n×n (see
[67], Theorem 4.1)

b) The matrix A in Theorem 4.3 has a rational right inverse B which is analytic in D.

c) If P has only real coe�cients, i.e., P ∈ R[z±1]n×n, then the matrix A also has only
real coe�cients, so (4.1) can be written as

P (z) = A(1/z)TA(z)

for z ∈ T (see [56]).

The matrix-valued Fejér-Riesz theorem can also be seen as a �nite-dimensional special
case of the operator-valued Fejér-Riesz theorem (in its general form �rst proven by Marvin
Rosenblum, 1968, [94], a special case was proven four years earlier by Israel Gohberg,
[45]).
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4.3. Multivariate Polynomials

Now, let us return to the scalar case but look at multivariate trigonometric polynomi-
als. Fejér-Riesz type factorizations with a single polynomial do not always exist in the
multivariate case. In some cases, it is still possible to write a function as the sum of the
squares of several functions.

De�nition 4.5

A Laurent polynomial p ∈ C[z±1
1 , . . . z±1

d ] has a sum of (hermitian) squares representation
(sos representation) on a set G ⊂ C

d if there exist polynomials θ1, . . . , θN ∈ C[z1, . . . , zd],
such that

p(z) =
N
∑

n=1

|θn(z)|2

holds for all z ∈ G. When this identity holds not for polynomials but for rational functions
θ1, . . . , θN ∈ C(z1, . . . , zd), it is called a sum of rational (hermitian) squares representation
(sors representation).

A result by David Hilbert (1888, [59]) states that not every non-negative real polyno-
mial on R

d has a sum of squares representation. Using this result, one can prove (see [14]
and [96]) that the same holds in our case: Not every non-negative Laurent polynomial
on the torus Td has a sum of squares representation.
However, there are some special cases. In the bivariate case, i.e., for p ∈ C[z±1

1 , z±1
2 ]

with p(z) ≥ 0 for all z ∈ T
2, there is always a sum of squares representation on T

2

(Scheiderer, 2006, [99]). For an arbitrary dimension d > 1, suppose we assume positivity
instead of non-negativity, i.e., p(z) > 0 for all z ∈ T

d. In that case, a sum of squares repre-
sentation always exists for any Laurent polynomial in any number of variables (Dritschel,
2004, [33]). However, neither result contains any bound on the degrees of θ1, . . . , θN .

The question of the existence of a sum of rational squares representation for non-
negative real polynomials on R

d is Hilbert's seventeenth problem, solved in the a�rmative
by Hilbert himself for d = 2 (1893, [60]), and Emil Artin (1927, [4]) for the general case,
a later result by P�ster (1967, [86]) gives the upper bound 2d on the number of rational
functions required.
One can use these results to prove that every non-negative Laurent polynomial on the

torus Td has a sum of rational squares representation (see [63], Section 2). In this thesis,
however, we will not use sum of rational squares representations.

An important special case for us (see Section 8) are Laurent polynomials on T
2, which

can be written as the square of a single polynomial θ ∈ C[z1, z2], analogous to the uni-
variate Fejér-Riesz theorem. A result by Geronimo and Woerdemann (see [43], Theorem
1.1.3) gives us an equivalent condition for the existence of such a representation in the
bivariate case. It is also crucial for us that this is possible with θ(z) ̸= 0 for all z ∈ D2.
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Theorem 4.6

Let p ∈ C[z±1
1 , z±1

2 ] be a bivariate Laurent polynomial with

p(z1, z2) =
n
∑

j=−n

m
∑

k=−m

pj,kz
j
1z

k
2

and p(z) > 0 for z = (z1, z2) ∈ T
2. We take the segment cj,k, −n ≤ j ≤ n, −m ≤ k ≤ m,

of the Fourier coe�cients cj,k, j, k ∈ Z, of the reciprocal 1/p of p and de�ne the block

Toeplitz matrix Γ as

Γ :=







C0 · · · C−n
...

. . .
...

Cn · · · C0






, with Cℓ :=







cℓ,0 · · · cℓ,−m
...

. . .
...

cℓ,m · · · cℓ,0






.

Then, θ ∈ C[z1, z2] with
p(z1, z2) = |θ(z1, z2)|2

and θ(z) ̸= 0 for z = (z1, z2) ∈ D2 exists if and only if the (n+1)m× (m+1)n submatrix

of Γ obtained by deleting the (scalar) rows 1 + ℓ(m + 1), ℓ = 0, . . . , n, and the (scalar)

columns 1, 2, . . . ,m+ 1 has rank nm.

We will demonstrate this result using two examples - one positive and one negative
- which will also appear in later sections (where the question of the existence or non-
existence of a representation using a single square will be important).

Example 4.7

a) Let us look at the Laurent polynomial

p(z1, z2) =
z1z2
36

+
z1

36z2
− 2z1

9
− 2z2

9
− 2

9z2
+

z2
36z1

+
1

36z1z2
− 2

9z1
+

16

9
.

It is easy to see that p(z1, z2) > 0 holds for all (z1, z2) ∈ T
2, since we can factorize

p into

p(z1, z2) =

(

4

3
− z1

6
− 1

6z1

)(

4

3
− z2

6
− 1

6z2

)

and both factors are obviously positive for |z1| = |z2| = 1. This form of p already
tells us that p can be written as the square of the modulus of a single function
θ ∈ C[z±1

1 , z±1
2 ] since we can use the classical Fejér-Riesz theorem for both factors

and multiply the results.

In this case, n = m = 1, so the block Toeplitz matrix from Theorem 4.6 is given
by

Γ :=

(

C0 C−1

C1 C0

)

=









c0,0 c0,−1 c−1,0 c−1,−1

c0,1 c0,0 c−1,1 c−1,0

c1,0 c1,−1 c0,0 c0,−1

c1,1 c1,0 c0,1 c0,0









,
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and the (2 × 2)-submatrix obtained by deleting the �rst and third rows and the
�rst and second columns is

(

c−1,1 c−1,0

c0,1 c0,0

)

.(4.2)

Now, e.g., using the residue theorem (for the �rst two integrands, only the pole
z = 4−

√
15 is in D, for the third also z = 0), we get

c̃−1 :=

∫ 1

0

e2πit

4
3 − e2πit

6 − e−2πit

6

dt =
1

2πi

∮

|z|=1

6z

8z − z2 − 1
dz = 4

√

3

5
− 3,

c̃0 :=

∫ 1

0

1
4
3 − e2πit

6 − e−2πit

6

dt =
1

2πi

∮

|z|=1

6

8z − z2 − 1
dz =

√

3

5
,

and c̃1 :=

∫ 1

0

e−2πit

4
3 − e2πit

6 − e−2πit

6

dt =
1

2πi

∮

|z|=1

6

z(8z − z2 − 1)
dz = 4

√

3

5
− 3.

with z = e2πit. Thus, utilizing the product form of p,

c0,0 = c̃0 · c̃0 =
3

5
, c−1,0 = c̃−1 · c̃0 =

3

5

(

4−
√
15
)

c0,1 = c̃0 · c̃1 =
3

5

(

4−
√
15
)

and c−1,1 = c̃−1 · c̃1 =
3

5

(

4−
√
15
)2
.

If we insert these values into (4.2), it is easy to see that the resulting matrix has
rank 1 since the rows are linearly dependent.

Thus, according to Theorem 4.6, there exists a polynomial θ ∈ C[z1, z2] with
p(z1, z2) = |θ(z1, z2)|2 and θ(z) ̸= 0 for all z = (z1, z2) ∈ D2.

b) Let us look at another example motivated by the vanishing moment recovery func-
tion for a frame based on the piecewise linear box spline. Let

p(z1, z2) :=
3

2
− 1

12

(

z1 + z2 + z1z2 +
1

z1
+

1

z2
+

1

z1z2

)

.

For |z1| = |z2| = 1 we have

p(z1, z2) =
3

2
− 1

12
(z1 + z1 + z2 + z2 + z1z2 + z1z2)

=
3

2
− 1

12
(2Re(z1) + 2Re(z2) + 2Re(z1z2))

≥ 3

2
− 1

2
> 0,

as Re(z) ≤ 1 for |z| = 1. Thus, according to the result by Scheiderer (or the result
by Dritschel) mentioned above, there exists a sum of squares representation of p.
Indeed,

p(z1, z2) =
4
∑

n=1

|θn(z1, z2)|2
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for the four polynomials

θ1(z1, z2) := 1, θ2(z1, z2) :=
z1 − 1

2
√
3
, θ3(z1, z2) :=

z2 − 1

2
√
3

and θ4(z1, z2) :=
z1z2 − 1

2
√
3

.

For this example, we calculated the Fourier coe�cients of the reciprocal numerically.
The block Toeplitz matrix from Theorem 4.6 is given by

Γ =









0.6811 0.0434 0.0434 0.0434
0.0434 0.6811 0.0052 0.0434
0.0434 0.0052 0.6811 0.0434
0.0434 0.0434 0.0434 0.6811









,

and the (2 × 2)-submatrix obtained by deleting the �rst and third rows, and the
�rst and second columns is

(

0.0052 0.0434
0.0434 0.6811

)

,

which has rank 2 (its singular values are 0.6839 and 0.0024).

Thus, there is no θ ∈ C[z1, z2] with p(z1, z2) = |θ(z1, z2)|2 and θ(z) ̸= 0 for all
z = (z1, z2) ∈ D2.

It is also possible to combine the paths of generalization from the last subsection
(non-scalar polynomials) with the multivariate case: A recent result by Dritschel ([34])
states that every non-negative bivariate �nite-dimensional operator-valued trigonometric
polynomial P can be written as a sum of hermitian squares. The result gives bounds on
both the number of polynomials needed and their degrees.
We can use this result to write any positive matrix-valued bivariate trigonometric

polynomial P as the square of one (potentially quite large) matrix: If P (z1, z2) ≥ 0 for
all (z1, z2) ∈ T

2, then

P (z1, z2) =
N
∑

k=1

Ak(z1, z2)
∗Ak(z1, z2) = A(z1, z2)

∗A(z1, z2)

for all (z1, z2) ∈ T
2 and

A(z1, z2) :=







A1(z1, z2)
...

AN (z1, z2)






.
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4.4. Application to the Oblique Extension Principle Identities

We can now use the results of this chapter to rewrite the Oblique Extension Principle
identities (3.20) into a di�erent matrix form. First, assume that the vanishing moment
recovery function s is a Laurent polynomial with a sum-of-squares representation

s =

N
∑

n=1

|θn|2

on T
d. Then (3.21) is equivalent to

(4.3)
N
∑

n=1

((θn ◦ dM )P)(z)∗((θn ◦ dM )P)(z) +Q(z)∗Q(z) = S(z)∗S(z)

for all z ∈ T
d with

S(z) =











θσ1

1 (z) . . . θσ1

N (z) 0 . . . 0 . . . 0 . . . 0
0 . . . 0 θσ2

1 (z) . . . θσ2

N (z) . . . 0 . . . 0
...

...
...

...
...

...
. . .

...
...

...
0 . . . 0 0 . . . 0 . . . θσm

1 (z) . . . θσm

N (z)











T

.

In particular, (3.21) and (4.3) are equivalent to

(4.4) S(z)∗S(z)−R(z)∗R(z) = 0

for all z ∈ T
d with

(4.5) R(z) =











Q(z)
((θ1 ◦ dM )P)(z)

...
((θN ◦ dM )P)(z)











.

This equation is our �nal form of the Oblique Extension Principle identities and the form
we will use for the remainder of this thesis.

Remark 4.8

In the case of the Unitary Extension Principle, i.e., s ≡ 1, (4.4) has the form

(4.6) I −R(z)∗R(z) = 0

with the identity matrix I ∈ C
m×m. The matrix R then becomes

R(z) =

[

Q(z)
P(z)

]

.
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5. Linear System Theory

We now turn our attention to the �eld to which we want to connect the construction of
tight wavelet frames: Linear system theory. Linear system theory, particularly its sub�eld
of linear control theory, is a topic at the intersection of functional analysis and engineering
(there are also nonlinear versions of both, which are not of interest here).

5.1. A Brief Introduction to Linear System Theory

As mentioned in the introduction of this thesis, the engineering point of view in this
�eld lies in the modeling of real-world dynamical systems. Of particular relevance to us
is the state-space approach pioneered by Rudolf E. Kálmán in the 1960s ([66]). This
approach is characterized by the systematic study of systems of coupled ordinary di�er-
ential equations that model both the processes within a real-world system (the state of
the system) and its interactions with the external environment (the inputs and outputs
of the system).
In its linear, continuous, time-invariant form, a state-space model is given by the

system

ẋ(t) = Dx(t) + Cu(t); x(0) = 0

y(t) = Bx(t) +Au(t)

of di�erential equations, where x, u, and y are continuous functions on [0,∞) representing
a description of the state of the system, an input signal, and the output signal, respec-
tively. The constant, complex matrices A (also called the feedthrough matrix), B (the
output matrix), C (the input matrix), and D (the state matrix, which has to be square)
describe the behavior of the system. Note that the designations A and D, respectively B
and C, often appear the other way around. In the time-variant form of the system, the
matrices also depend on t.
By applying the Laplace transform and utilizing the initial condition x(0) = 0, we

obtain the system

λX(λ) = DX(λ) + CU(λ)

Y (λ) = BX(λ) +AU(λ)

(see [61], Example 2.3.18). Now, solving the �rst equation for X and substituting the
result into the second equation gives us

Y (λ) =
[

A+B(λI −D)−1C
]

U(λ).
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Thus, when represented by their respective Laplace transforms, the corresponding
output to an input signal U(λ) can be obtained by multiplication with the matrix-valued
function

W (λ) := A+B(λI −D)−1C,

which is also called the transfer function of the system. Obtaining a transfer function
becomes much more complicated when considering the time-variant case. However, the
concept of a transfer function is not exclusive to the state-space approach; it was already
in use before its emergence.

While time-continuous systems are widely used in contexts such as mechanical or elec-
trical systems, there are instances where time-discrete systems may be more appropriate,
including in economic models or digital control systems. The discrete, time-invariant form
of a state-space model is given by

x(k + 1) = Dx(k) + Cu(k); x(0) = 0

y(k) = Bx(k) +Au(k)

with k ∈ N0. Its transfer function is identical to the transfer function of the continuous
system above, just expressed in terms of (and calculated using) the Z-transform of the
involved functions instead of the Laplace transform (see [61], Example 2.3.21). This fact
makes it possible to transfer some results from one type of system to another. In this
chapter, we will examine this type of system in a more general form, with multiple vari-
ables and - at least initially - Hilbert space operators A, B, C, and D. A good and more
detailed overview of this topic can be found in [7].

Let X , Y and H be three Hilbert spaces and A ∈ B(X ,Y), B ∈ B(H,Y), C ∈ B(X ,H),
and D ∈ B(H,H) be four bounded linear operators. Furthermore, we write H as a direct
sum H = H1 ⊕ . . . ⊕Hd of auxiliary Hilbert spaces. Then, our generalized linear state-
space system of Givone-Roesser type ([44]) associated to A, B, C and D is given by

(5.1)







h1(α+ e1)
...

hd(α+ ed)






= D







h1(α)
...

hd(α)






+ Cu(α),

y(α) = Bh(α) +Au(α),

with some suitable initial conditions. Here, α is in N
d
0, {ek : 1 ≤ k ≤ d} are the unit

vectors in C
d and u : Nd

0 → X , y : Nd
0 → Y, and h : Nd

0 → H are three functions, the
latter partitioned according to the partitioning of H, i.e.,

h(α) = (h1(α), . . . , hd(α))
T

with hj : Nd
0 → Hj , 1 ≤ j ≤ d. Analogous to the names above, h(α) ∈ X is also called

state vector, u(α) ∈ H input vector and y(α) ∈ Y output vector.
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Similarly, the Hilbert space H is often called state space, X input space, Y output space,
and the operators A, B, C, and D are called feedthrough operator, output operator, input
operator, and state operator, respectively, just like their matrix counterparts above.

If we now de�ne the operator-valued function E : Cd → B(H) by

E(z) :=







z1 idH1

. . .
zd idHd







for z ∈ C
d, the associated transfer function W of the Givone-Roesser type system (5.1)

is given by

(5.2) W (z) := A+BE(z)(I −DE(z))−1C,

de�ned for z ∈ C
d with su�ciently small value of |z| and extended analytically as far

as possible. The quadruple {A,B,C,D} of operators is called a realization for W . If the
state space H is �nite-dimensional, D is a �nite matrix, meaning that W is a (matrix-
valued) rational function.

Since the properties of the system are encapsulated in the four operators, it is common
to consider them in isolation, i.e., to look at the system

(

A B
C D

)

: X ⊕H → Y ⊕H

of operators. This block matrix is also called system matrix.

As mentioned above, linear system theory has been studied from both an engineering
and a functional analysis perspective. In the early 1980s, George Zames (see [109],[40], the
latter in collaboration with Francis and Helton) established a link between control theory,
in particular the then emerging �eld of H∞-control, and the much older Nevanlinna-Pick
interpolation problem ([84],[87]), which we will discuss in more detail in Section 6.2 and
8.2. The Nevanlinna-Pick interpolation problem, in turn, has numerous connections to
other topics in complex analysis, in particular to operator theory and the theory of re-
producing kernel Hilbert spaces. Since this connection has been established, these two
�elds have mutually bene�ted from each other. For more details, we again refer to Ball
and ter Horst ([7]).
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We now cite a �rst result that links linear system theory and the study of contractive
analytic functions on D

d (see [2] and [8]).

Theorem 5.1

Let X and Y be two Hilbert spaces and f : Dd → B(X ,Y) be an analytic function. Then

the following are equivalent:

(i) For each commutative tuple T = (T1, . . . Td) of linear contractive operators on a

Hilbert space K,
sup

0<εk<1
∥f(ε1T1, . . . , εdTd)∥ ≤ 1

holds.

(ii) There are Hilbert spaces H1, . . . ,Hd and functions Lj : D
d → B(X ,Hj), 1 ≤ j ≤ d,

such that

(5.3) I − f(w)∗f(z) =
d
∑

j=1

(1− wjzj)Lj(w)
∗Lj(z)

holds for all z, w ∈ D
d.

(iii) There exists a Hilbert space H = H1 ⊕ . . .⊕Hd and a unitary operator

(

A B
C D

)

: X ⊕H → Y ⊕H

such that the identity

(5.4) f(z) = A+BE(z)(I −DE(z))−1C

holds for all z ∈ D
d.

We will immediately add some remarks to this theorem.

Remark 5.2

a) The inequality in (i) is a variant of the von Neumann inequality ([83]), its general
form being: If g is an analytic function de�ned in a neighborhood of the closed unit
disc, and T is a contraction acting on a Hilbert space K, then

∥f(T )∥ ≤ ∥f∥∞,D.

This still holds true in D
2 (also called Andô's inequality, see [2], Theorem 10.27),

but not in D
d for d ≥ 3 (see [2], Section 10.7).
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b) Let Ω ⊂ C
d be an open set. The Schur class S(Ω) is the unit ball of H∞(Ω), i.e.,

it consists of all holomorphic functions ϕ : Ω → C with

sup
z∈Ω

|ϕ(z)| ≤ 1.

The Schur class S(Dd) is particularly interesting because it appears in control
theory and is essential in the Nevanlinna-Pick interpolation mentioned above. Every
function that satis�es the von Neumann inequality in (i) is in S(Dd). The converse
is true only for d ≤ 2.

c) A constructive approach to �nding a realization {A,B,C,D} of a given function f
can be found in Kummert (1989, [70], see also [67]).

d) The function g with g(z) = (I −DE(z))−1C satis�es

g(z) = C +DE(z)g(z),

and since the identity (5.4) in (iii) obviously implies f(z) = A + BE(z)g(z), we
have

(5.5)

(

A B
C D

)(

I
E(z)g(z)

)

=

(

f(z)
g(z)

)

.

e) The condition on the operator in (iii) is sometimes weakened, requiring it only to
be contractive, not unitary. In this case, the identity (5.5) yields

∥f(z)∥2 + ∥g(z)∥2 ≤ 1 + ∥E(z)g(z)∥2 ≤ 1 + ∥g(z)∥2

for z ∈ D
d. The second inequality follows directly from the de�nition of E. In

particular we get ∥f(z)∥ ≤ 1 for all z ∈ D
d.

45



5.2. Foundations of the Connection Between Linear System Theory

and Tight Wavelet Frames

We now want to connect linear system theory to tight wavelet frames, in particular to the
Unitary and the Oblique Extension Principle introduced in Section 3.3. The idea behind
this connection is as follows: If we extend the identity (5.3) from D

d to the torus Td and
set z = w ∈ T

d, the right side of the equation vanishes, i.e., we get

I − f(z)∗f(z) = 0.

We have already encountered an identity on T
d of this form in the matrix form (4.6) of

the Unitary Extension Principle, which is given by I − R(z)∗R(z) = 0 with the matrix-
valued function R de�ned in (4.5). For tight wavelet frames constructed using the Unitary
Extension Principle in the special case where the coe�cients of the re�nement symbol p
are non-negative, and p satis�es

pσ
(

(1, . . . , 1)T
)

= δ0,σ,

Charina, Putinar, Scheiderer, and Stöckler (2015, [18], Theorem 4.4) gave a constructive
result to �nd a realization, i.e., matrices A,B,C, and D such that

R(z) = A+BE(z)(I −DE(z))−1C

for z ∈ D
d. The objective of the following chapters will be to �nd similar results for tight

wavelet frames based on the Oblique Extension Principle. The remainder of this section
will be dedicated to laying the necessary groundwork.

As a �rst step, the following theorem serves as a connection between linear system the-
ory and functions on D

d, in a manner similar to Theorem 5.1, but with better suitability
for the setting of the Oblique Extension Principle (it can be seen as a generalization of
e.g. Theorem 2.1 in [67]; the equivalence between (i) and (iii) can be found in a similar
form in [8], Theorem 5.2).

Theorem 5.3

Let S : Dd → C
n1×m and R : Dd → C

n2×m be two matrix-valued functions. Then the

following are equivalent:

(i) There exist matrix-valued functions G : Dd → C
r0×m and Fj : D

d → C
rj×m,

1 ≤ j ≤ d, such that the identity

(5.6) S(w)∗S(z)−R(w)∗R(z) = G(w)∗G(z) +
d
∑

j=1

(1− wjzj)Fj(w)
∗Fj(z)

holds for all z, w ∈ D
d.
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(ii) There exist matrix-valued functions Fj : D
d → C

rj×m, 1 ≤ j ≤ d, and a contractive

complex matrix T such that the identity

T











S(z)
z1F1(z)

...

zdFd(z)











=











R(z)
F1(z)
...

Fd(z)











holds for all z ∈ D
d.

(iii) There exists a contractive complex block matrix

T :=

(

A B
C D

)

such that the identity

(5.7) R(z) =
[

A+BE(z)(I −DE(z))−1C
]

S(z)

holds for all z ∈ D
d, where

E(z) :=







z1I1
. . .

zdId







with identity matrices I1, . . . Id corresponding to the sizes of F1, . . . , Fd, i.e.,

Ij ∈ C
rj×rj , 1 ≤ j ≤ d.

In the proof of this theorem, we employ an argument that is frequently used in operator
theory. It was named lurking isometry argument by Joseph Ball (Ball himself emphasizes
that he only invented the name, and the argument itself is much older, see [101]). At its
core is the following lemma (see [3], Lemma 2.18).

Lemma 5.4

Let H and K be two Hilbert spaces, Ω a set, and f : Ω → H and g : Ω → K be two

functions. Then the following are equivalent:

(i) The identity

⟨f(λ), f(µ)⟩H = ⟨g(λ), g(µ)⟩K
holds for all λ, µ ∈ Ω.

(ii) There is a linear isometry V : closH(Span(ran(f))) → K such that

V f(λ) = g(λ)

holds for all λ ∈ Ω.
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Remark 5.5

In most cases, Lemma 5.4 represents only the �rst step of a lurking isometry argument
since it only yields an isometry on the subspace U := closH(Span(ran(f))) of H. There-
fore, it is usually followed by a so-called extension step, where V is extended to U⊥ in a
manner suitable for the given situation to obtain an operator W on the whole space H.
The trivial choice W = V on U and W = 0 on U⊥ is always possible. With this

choice, W is a partial isometry (partial isometries are continuous linear operators whose
restriction to the orthogonal complement of their kernel is an isometry). Since every
partial isometry is a contraction, this means that we can always extend V to a contraction
W on the entire space H.
Whether V can be extended to an isometry is a question of dimensions: If W is an

extension of V to an isometry, then W isometrically maps U⊥ to ran(V )⊥. Thus, if (and
only if)

dimU⊥ ≤ dim ran(V )⊥,

V can indeed be extended to an isometry W . If (and only if)

dimU⊥ = dim ran(V )⊥,

V can even be extended to a unitary operator W (see [3], Remark 2.31).

Let us now prove Theorem 5.3. We will prove each implication of the equivalence of (i)
and (ii), respectively (ii) and (iii) separately; apart from the lurking isometry argument,
most of the steps are relatively straightforward calculations.

Proof of Theorem 5.3.

(i) ⇒ (ii) Let F : Dd → C
r×m with r :=

∑d
j=1 rj and F (z) := (F1(z), . . . , Fd(z))

T . The
identity in (i) implies

(5.8)

(

S(w)
E(w)F (w)

)∗(
S(z)

E(z)F (z)

)

=





R(w)
F (w)
G(w)





∗



R(z)
F (z)
G(z)





for all z, w ∈ D
d.

We will now use the lurking isometry argument introduced above. To do this, de�ne
the set Ω := D

d × {1, . . . ,m}, the function f : Ω → C
n1+r, which maps a tuple

(z, ℓ) ∈ Ω to the ℓ-th column of the matrix

(5.9)

(

S(z)
E(z)F (z)

)

,

and the function g : Ω → C
n2+r+r0 , which maps a tuple (z, ℓ) ∈ Ω to the ℓ-th

column of the matrix

(5.10)





R(z)
F (z)
G(z)



 .
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Now, (5.8) implies that

⟨f((z, ℓ)), f((w, k))⟩
Cn1+r = ⟨g((z, ℓ)), g((w, k))⟩

Cn2+r+r0

holds for all (z, ℓ), (w, k) ∈ Ω. Thus, according to Lemma 5.4, there exists an
isometry V on closCn1+r(Span(ran(f))) such that

(5.11) V f((z, ℓ)) = g((z, ℓ))

for all (z, ℓ) ∈ Ω. According to Remark 5.5 we can now extend V to a partial
isometry W : C

n1+r → C
n2+r+r0 . In particular, this W is a contraction. Since

(5.11) implies thatW maps each column of the matrix in (5.9) to the corresponding
column of the matrix in (5.10), this means that (in a slight misuse of notation) we
can identify W with a contractive matrix of the same name, satisfying

W

(

S(z)
E(z)F (z)

)

=





R(z)
F (z)
G(z)





for all z ∈ D
d. A �compression� (omitting the last r0 rows of W ) now gives us a

contraction T satisfying

T

(

S(z)
E(z)F (z)

)

=

(

R(z)
F (z)

)

which is the identity in (ii).

(ii) ⇒ (i) The identity in (ii) directly gives











S(w)
z1F1(w)

...
zdFd(w)











∗

T ∗T











S(z)
z1F1(z)

...
zdFd(z)











=











R(w)
F1(w)

...
Fd(w)











∗









R(z)
F1(z)
...

Fd(z)











(5.12)

or alternatively

(

S(w)
E(w)F (w)

)∗
T ∗T

(

S(z)
E(z)F (z)

)

=

(

R(w)
F (w)

)∗(
R(z)
F (z)

)

for all z, w ∈ D
d with E(z) de�ned as in (iii) and F : Dd → C

r×m with r :=
∑d

j=1 rj

and F (z) := (F1(z), . . . , Fd(z))
T . Because T is a contraction, we have I−T ∗T ≥ 0,

so the square root H :=
√
I − T ∗T is well de�ned.
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De�ning G as

G(z) := H

(

S(z)
E(z)F (z)

)

gives us

G(w)∗G(z) =

(

S(w)
E(w)F (w)

)∗(
S(z)

E(z)F (z)

)

−
(

S(w)
E(w)F (w)

)∗
T ∗T

(

S(z)
E(z)F (z)

)

for all z, w ∈ D
d, so according to (5.12)

(

S(w)
E(w)F (w)

)∗(
S(z)

E(z)F (z)

)

= G(w)∗G(z) +

(

R(w)
F (w)

)∗(
R(z)
F (z)

)

and thus

S(w)∗S(z)−R(w)∗R(z) = G(w)∗G(z) + (I − E(w)∗E(z))F (w)∗F (z)

for all z, w ∈ D
d. This is exactly the identity in (i).

(ii) ⇒ (iii) Like in the �rst step of the proof, let F : Dd → C
r×m with r :=

∑d
j=1 rj and

F (z) := (F1(z), . . . , Fd(z))
T and de�ne E(z) as in (iii). We can write the identity

in (ii) as

T

(

S(z)
E(z)F (z)

)

=

(

R(z)
F (z)

)

for all z ∈ D
d. We now divide T into

T =

(

A B
C D

)

with A ∈ C
n2×n1 , B ∈ C

n2×r, C ∈ C
r×n1 and D ∈ C

r×r, which allows us to write
the identity above as

(5.13)
AS(z) +BE(z)F (z) = R(z)

CS(z) +DE(z)F (z) = F (z)

for all z ∈ D
d. Rearranging the second equation yields

F (z) = (I −DE(z))−1CS(z)(5.14)

for all z ∈ D
d, so by substituting this into the �rst equation, we get

R(z) = AS(z) +BE(z)(I −DE(z))−1CS(z)

=
[

A+BE(z)(I −DE(z))−1C
]

S(z)

for all z ∈ D
d.
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(iii) ⇒ (ii) Let
F (z) := (I −DE(z))−1CS(z)

for z ∈ D
d and rearrange it to

CS(z) +DE(z)F (z) = F (z).

Now, (5.7) and the de�nition of F (z) above give us

R(z) =
[

A+BE(z)(I −DE(z))−1C
]

S(z)

= AS(z) +BE(z)(I −DE(z))−1CS(z)

= AS(z) +BE(z)F (z)

for all z ∈ D
d. Thus, the identities (5.13) are satis�ed, which are equivalent to the

identity from (ii) by the calculation from the previous steps of the proof.

We end this section with a few remarks about this theorem and its proof.

Remark 5.6

a) The calculations in the proof of the equivalence of (ii) and (iii) imply that the
contractive matrix T can be chosen identically in (ii) and (iii).

b) Equation (5.7) implies that the matrix function R is rational if S is rational and
(i)�(iii) hold. The same is true for G according to the way it is de�ned in the step
(ii) ⇒ (i), and for F (respectively F1, . . . Fd) according to (5.14) and the way it is
de�ned in the step (iii) ⇒ (ii). Analogously, R,G and F (respectively F1, . . . Fd) are
holomorphic functions if S is holomorphic and (i)�(iii) hold. The aforementioned
result by Ball and Trent ([8]), which contains a statement similar to the equivalence
of (i) and (iii), deals only with the holomorphic case.

c) The identity in (i) yields

S(z)∗S(z) ≥ R(z)∗R(z)

for all z ∈ D
d
.

Remark 5.7

Theorem 5.3 remains largely valid when the matrix T in (ii) and (iii) is required to be
isometric instead of contractive.
Looking at the proof of the equivalence of (ii) and (iii), it is obvious that these state-

ments are still equivalent for an isometric T without any changes in the proof. If the
matrix T in (ii) is isometric, then I − T ∗T = 0 and hence H = 0 in the proof of the
implication (ii) ⇒ (i). This directly implies G(z) = 0 for all z ∈ D

d.
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The rest of the proof of this step implies that (5.6) still holds, i.e.,

S(w)∗S(z)−R(w)∗R(z) =
d
∑

j=1

(1− wjzj)Fj(w)
∗Fj(z)

for all w, z ∈ D
d.

Conversely, if G ≡ 0, we get an isometry T in the implication (i) ⇒ (ii) if V can be
extended to an isometry W in the extension step of the lurking isometry argument. In
particular, then T = W (and thus T itself is an isometry), since the �compression step�
is not needed. According to Remark 5.5, the extension of V to an isometry W (= T ) is
possible if

(5.15) dimdom(V )⊥ ≤ dim ran(V )⊥.

Since V is an isometry, dimdom(V ) = dim ran(V ). Thus, (5.15) holds if n2 ≥ n1, i.e., the
extension to an isometry is possible if R has at least as many rows as S. We can add some
rows of zeros to R to �enforce� this without changing the value of S(w)∗S(z)−R(w)∗R(z).
However, the matrix T in (ii) and (iii) can then only be chosen isometric for this new
version of R with added rows of zeros. If we go back to the original R, we again only
have a contractive T .
If T can be chosen isometrically (and accordingly G ≡ 0 holds in (i)), then it follows

directly from (i) that
R(z)∗R(z) = S(z)∗S(z)

for all z ∈ T
d.

In the following sections, we will focus on the aforementioned goal of �nding realizations
in the Oblique Extension Principle setting. First, in Section 6, we will focus on the
univariate case.
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6. Realizations Associated With Frames Based on the

Oblique Extension Principle - The Univariate Case

Finally, we direct our attention to the primary objective of this dissertation: To �nd real-
izations associated with tight wavelet frames based on the Oblique Extension Principle.
By this, we mean: Suppose we have a re�nement symbol p, wavelet masks q1, . . . , qr, and
a vanishing moment recovery function s such that the Oblique Extension Principle is
satis�ed, i.e., the identity

S(z)∗S(z)−R(z)∗R(z) = 0

holds for all z ∈ T
d with the matrix-valued functions S and R constructed in Section

4.4. Can we then �nd an isometric or contractive complex block matrix

T =

(

A B
C D

)

such that the identity

R(z) =
[

A+BE(z)(I −DE(z))−1C
]

S(z)

holds for all z ∈ D
d? In this section, we will focus on the univariate case, so we will assume

that p, q1, . . . , qr are univariate polynomials (in particular, we will no longer assume that
they are Laurent polynomials; see Remark 6.1), s is a univariate Laurent polynomial and
R and S are univariate matrix polynomials. This restriction to the univariate case allows
for the application of the regular Fejér-Riesz Theorem 4.1.

In Section 6.1, we will employ the Fejér-Riesz Theorem and so-called positive semi-
de�nite kernels to �nd such matrices. More precisely, we will construct matrix-valued
functions F with

S(w)∗S(z)−R(w)∗R(z) = (1− wz)F (w)∗F (z),

which can be used to construct an isometric or contractive matrix T that satis�es the
desired identity with the help of Theorem 5.3.
In Section 6.2, we conclude our discussion of the univariate case by presenting an alter-

native method for constructing the matrix T based on the Nevanlinna-Pick interpolation
already brie�y mentioned in Section 5.
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6.1. Existence of Realizations Associated With Frames Based on the

Univariate Oblique Extension Principle

We begin our considerations with a slight change in the assumptions for our symbols
p and q1, . . . qr, which we have so far assumed to be Laurent polynomials (as we origi-
nally de�ned them as trigonometric polynomials, which we later identi�ed with algebraic
Laurent polynomials on the torus).

Remark 6.1

For the remainder of this thesis, we will assume that the re�nement symbol p and the
wavelet symbol q1, . . . qr are polynomials, and thus that S and R are matrix polynomials.
For this, the vanishing moment recovery function s does not necessarily have to be a
polynomial, since the entries of S originate from its Fejér-Riesz factorization s = |θ|2
with a polynomial θ ∈ C[z] (or, in the general multivariate case, from the sum-of-squares
representation of s, which consists of polynomials θ1, . . . , θN ∈ C[z1, . . . , zd]).
This assumption is not a big loss of generality since we can always �enforce� polynomial

symbols: Suppose that p and q1, . . . qr are univariate Laurent polynomial symbols such
that the Oblique Extension Principle holds for the vanishing moment recovery function
s. Then, we can multiply the symbols by a suitable monomial zν (the same monomial
for all symbols) to get polynomials. Plugging the new symbols into (3.20), we get

zνp(z)pσ(z)zνe2πiσν(s ◦ dM )(z) +

r
∑

j=1

zνqj(z)qσj (z)z
νe2πiσν = δ(σ)s(z),

and since zνzν = 1 for z ∈ T, this is equivalent to

e2πiσν



p(z)pσ(z)(s ◦ dM )(z) +
r
∑

j=1

qj(z)qσj (z)



 = δ(σ)s(z).

This equation holds for all z ∈ T, since p(z)pσ(z)(s◦dM )(z)+
∑r

j=1 qj(z)q
σ
j (z) = δ(σ)s(z)

and e2πiσν = 1 for σ = 0. Therefore, our new polynomial symbols still satisfy the Oblique
Extension Principle identity (3.20).
In the multivariate case, we can similarly multiply the symbols with a suitable mono-

mial zν11 . . . zνdd to get polynomial symbols.

So, let p and q1, . . . qr be univariate polynomials and s be a univariate Laurent poly-
nomial on the torus T such that the Oblique Extension Principle holds. In particular,
the scaling matrix M is now an integer with an absolute value greater than one, and the
vanishing moment recovery function can be written as s = |θ|2 for some polynomial θ on
T using the Fejér-Riesz Theorem 4.1. Furthermore, we de�ne the matrix functions S and
R as in Section 4.4.
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Since the Oblique Extension Principle holds,

S(z)∗S(z)−R(z)∗R(z) = 0

for all z ∈ T. Our goal now is to �nd a matrix function F : D → C
n×m such that

S(w)∗S(z)−R(w)∗R(z) = (1− wz)F (w)∗F (z)

holds for all z, w ∈ D, which means, in particular, that we go from an identity on the
torus to an identity inside the disc. The version of this problem related to the Unitary
Extension Principle, i.e., the case s ≡ 1, can be found in Section 3 of [67].

To achieve this objective, we have to �nd the answers to a few questions:

1. If and when such a decomposition exists, is it possible to choose F with polynomial
entries, given p, q1, . . . , qr, and θ and as a consequence S and R are also polynomi-
als? In other words: Is the matrix-valued function S(w)∗S(z)−R(w)∗R(z), whose
entries are polynomials in w and z, divisible by (1− wz)?

2. To �nd such a decomposition,

K(w, z) :=
S(w)∗S(z)−R(w)∗R(z)

1− wz

has to be positive semi-de�nite for all z, w ∈ D. Can we guarantee this for every
choice of S and R (that is, for every choice of p, q1, . . . qr, and s)? Do the properties
of R and especially S help us in any way?

3. If and when such a decomposition exists, is there a constructive way to �nd the
matrix function F?

We can answer the �rst question in the a�rmative: Yes, S(w)∗S(z) − R(w)∗R(z) is
divisible by (1− wz). Note that on the torus T,

S(z)∗ = S(z−1)∗ and R(z)∗ = R(z−1)∗.

The latter forms have the advantage of being analytic on C \ {0}. So, if we insert them
into the Oblique Extension Principle identity (4.4), we get

S(z−1)∗S(z)−R(z−1)∗R(z) = 0

for all z ∈ T; and because the entries of the matrix functions are analytic, we can employ
the identity theorem to extend this identity to C \ {0}.
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Now, using this form of the Oblique Extension Principle identity, it is easy to see that
for any �xed w ∈ C \ {0},

S(w)∗S(z)−R(w)∗R(z) = 0

holds for z = 1/w. So, z = 1/w is a zero of S(w)∗S(z)−R(w)∗R(z), which implies that

S(w)∗S(z)−R(w)∗R(z) =

(

1

w
− z

)

K̃w(z) = (1− wz)
K̃w(z)

w

for a matrix-valued function K̃w whose entries are polynomials in z. Similarly, for any
�xed z ∈ C\{0}, there exists a matrix-valued function K̃z whose entries are polynomials
in w, with

S(w)∗S(z)−R(w)∗R(z) =

(

1

z
− w

)

K̃z(w) = (1− wz)
K̃z(w)

z
,

since w = 1/z is a zero of S(w)∗S(z)−R(w)∗R(z). Note that z = 1/w and w = 1/z are
equivalent. Altogether, we have

S(w)∗S(z)−R(w)∗R(z)
1− wz

=
K̃w(z)

w
=
K̃z(w)

z
=: K(z, w)

for some K with polynomial entries in z and w.

Part of the second question can be answered with relative ease as well: If we choose
any matrix-valued function S (in other words, if we ignore the properties S has in the
Oblique Extension Principle due to its construction), the Oblique Extension Principle
identity S(z)∗S(z) − R(z)∗R(z) = 0 for z ∈ T is not su�cient to guarantee the desired
positive semi-de�niteness of K(w, z).
IfK(w, z) were positive semi-de�nite on D for any S (and any R) under the assumption

S(z)∗S(z)−R(z)∗R(z) = 0 for z ∈ T alone, this would imply that the matrix

−K(w, z) =
R(w)∗R(z)− S(w)∗S(z)

1− wz

is also positive semi-de�nite on D, since obviously

S(z)∗S(z)−R(z)∗R(z) = 0 ⇐⇒ R(z)∗R(z)− S(z)∗S(z) = 0.

Now, both K(w, z) and −K(w, z) can be positive semi-de�nite on D only if K(w, z) = 0
and thus S(w)∗S(z)− R(w)∗R(z) = 0 for all w, z ∈ D, which is clearly not true for any
choice of S and R (see Example 6.9, for instance).
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It is, therefore, necessary to take advantage of the properties of S. In our case, S is
not any matrix-valued function; it is a diagonal matrix, and the diagonal entries come
from the Fejér-Riesz factorization of the vanishing moment recovery s. Recall that the
polynomial θ in the Fejér-Riesz factorization of s can be chosen zero-free on D according
to Remark 4.2 a). Thus, the matrix inverse of S, given by

S−1(z) = diag

(

1

θσ1(z)
, . . . ,

1

θσm(z)

)

(6.1)

is well de�ned on D. If s is strictly positive on T, S−1 is well de�ned on the torus as well;
if we only require s to be non-negative, θ can, of course, have zeros on the torus, so S−1

may not be de�ned for some z ∈ T.
Recall that in the version of the Oblique Extension Principle used here (Theorem 3.22

and Corollary 3.26, respectively), we assume that the vanishing moment recovery func-
tion is strictly positive. Thus, S−1(z) is well de�ned on D under the assumptions used
in this thesis. The following results would theoretically also hold for non-negative s.

The crucial point now is not the exact form of S−1(z), but the fact that S has a
rational and analytic inverse on D. We will therefore formulate the following results in
terms of general (univariate) matrix polynomials S ∈ C[z]m×m and R ∈ C[z]n0×m that
satisfy S(z)∗S(z)−R(z)∗R(z) = 0 on T, i.e., not necessarily those de�ned in Section 4.4,
and will additionally require S to have a rational and analytic inverse S−1 on D.
For such matrix polynomials S, we can reformulate the identity into a form that is

relatively close to the identity found in the matrix form of the Unitary Extension Principle
(i.e., the case s ≡ 1), albeit at the cost that the entries of the matrix functions are only
rational and no longer polynomials. S(z)∗S(z) − R(z)∗R(z) = 0 for z ∈ T is equivalent
to

Im − R̃(w)∗R̃(z) = 0(6.2)

for every z ∈ T where

R̃(z) := R(z)S−1(z)

is de�ned.

This new form of the Oblique Extension Principle identity allows us to use the following
maximum principle (see [67], Proposition A.1):

Theorem 6.2

Let R : Dd → C
n0×m be a rational and analytic function with Im−R(z)∗R(z) ≥ 0 for all

z ∈ T
d where R is de�ned.

Then Im −R(z)∗R(z) ≥ 0 holds for all z ∈ D
d.
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Since the function R̃ de�ned above is rational and analytic on D (since we assume S−1

to be rational and analytic and R to be polynomial), and by virtue of (6.2) also satis�es
Im − R̃(z)∗R̃(z) ≥ 0 for z ∈ T, we can apply this theorem to obtain

Im − R̃(z)∗R̃(z) ≥ 0(6.3)

for z ∈ D, meaning we have made the step from T to D.

To get from this statement to the desired positive semi-de�niteness of K(w, z), i.e., of
S(w)∗S(z) − R(w)∗R(z) divided by (1 − wz), we �rst introduce the concept of positive
semi-de�nite kernels.

De�nition 6.3

Let Ω be an arbitrary set andH be a complex Hilbert space. A functionK : Ω×Ω → B(H)
is called a positive semi-de�nite kernel if

n
∑

j,ℓ=1

⟨K(λj , λℓ)hℓ, hj⟩H ≥ 0

holds for any choice of λ1, . . . , λn ∈ Ω and h1, . . . , hn ∈ H.

The following Lemma (see [67], Lemma 3.2) now states that dividing Im − R̃(w)∗R̃(z)
by 1− wz yields a positive semi-de�nite kernel.

Lemma 6.4

Let R : D → C
n0×m be an analytic function with Im −R(z)∗R(z) ≥ 0.

Then, K̃R : D× D → C
m×m with

K̃R(w, z) :=
Im −R(w)∗R(z)

1− wz

is a positive semi-de�nite kernel.

According to (6.3), this can be applied to the function R̃. So,

K̃R̃(w, z) :=
Im − R̃(w)∗R̃(z)

1− wz

is a positive semi-de�nite kernel, i.e.,

n
∑

j,ℓ=1

〈

K̃R̃(zj , zℓ)vℓ, vj

〉

≥ 0(6.4)

holds for all possible choices of z1, . . . , zn ∈ D and v1, . . . , vn ∈ C
m.
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Of course, what we actually want is K : D× D → C
m×m with

K(w, z) :=
S(w)∗S(z)−R(w)∗R(z)

1− wz
= S(w)∗K̃R̃(w, z)S(z)

to be positive semi-de�nite, but as

n
∑

j,ℓ=1

⟨K(zj , zℓ)vℓ, vj⟩ =
n
∑

j,ℓ=1

〈

S(zj)
∗K̃R̃(zj , zℓ)S(zℓ)vℓ, vj

〉

=

n
∑

j,ℓ=1

〈

K̃R̃(zj , zℓ)S(zℓ)vℓ, S(zj)vj

〉

=

n
∑

j,ℓ=1

〈

K̃R̃(zj , zℓ)ṽℓ, ṽj

〉

for ṽj = S(zj)vj , 1 ≤ j ≤ n, this follows directly from (6.4).

Before we address the third question, let us summarize our answers to the �rst two
questions in the following Lemma (our answer to the �rst question is still valid in the
more general setting we introduced for the answer to the second question).

Lemma 6.5

Let S ∈ C[z]m×m and R ∈ C[z]n0×m be two matrix polynomials such that

S(z)∗S(z)−R(z)∗R(z) = 0

for all z ∈ T. Furthermore, let S have a rational and analytic inverse S−1 on D.

Then, K : D× D → C
m×m with

K(w, z) :=
S(w)∗S(z)−R(w)∗R(z)

1− wz

is

(i) polynomial in w and z and

(ii) a positive semi-de�nite kernel.
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We now turn our attention to the third question: Find a matrix-valued function F
such that

S(w)∗S(z)−R(w)∗R(z) = (1− wz)F (w)∗F (z)

holds for z ∈ D. Fortunately, the construction of F from K(w, z) in the context of Lemma
6.5 (i.e., again in our more general setting, which is somewhat detached from the Oblique
Extension Principle) is relatively straightforward. Since the entries of K are polynomial,
we can write it as

(6.5) K(w, z) =











Im
wIm
...

wν−1Im











∗

L











Im
zIm
...

zν−1Im











with a uniquely de�ned constant matrix L ∈ C
νm×νm, where ν is the degree of

S(w)∗S(z)−R(w)∗R(z) in z, and w and m is the size of K (i.e., the number of columns
of S and R). Thus, for any points z1, . . . , zν ∈ D, the block matrix

(6.6) K := (K(zj , zℓ))1≤j,ℓ≤ν =







K(z1, z1) · · · K(z1, zν)
...

. . .
...

K(zν , z1) · · · K(zν , zν)







can be written as K = V ∗LV for

V :=











Im Im · · · Im
z1Im z2Im · · · zνIm
...

...
. . .

...
zν−1
1 Im zν−1

2 Im · · · zν−1
ν Im











.

Since V is the transposed version of a block Vandermonde matrix, it is nonsingular for
distinct points zj ̸= zℓ for j ̸= ℓ. Since K is positive semi-de�nite, this implies that L is
also positive semi-de�nite, so in particular

L = F̃ ∗F̃

for some F̃ ∈ C
n1×m. Thus,

K(w, z) = F (w)∗F (z)

for w, z ∈ D and

F (z) := F̃











Im
zIm
...

zν−1Im











.
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According to the de�nition of K, this means that

S(w)∗S(z)−R(w)∗R(z) = (1− wz)F (w)∗F (z)

holds for z ∈ D, which is exactly the desired decomposition. The construction also im-
mediately shows that F is a matrix polynomial.

In summary, we have obtained the following theorem:

Theorem 6.6

Let S ∈ C[z]m×m and R ∈ C[z]n0×m be two matrix polynomials such that

S(z)∗S(z)−R(z)∗R(z) = 0

for all z ∈ T. Furthermore, let S have a rational and analytic inverse S−1 on D.

Then there exists a matrix polynomial F : C → C
n1×m such that

S(w)∗S(z)−R(w)∗R(z) = (1− wz)F (w)∗F (z)

for w, z ∈ D.

Remark 6.7

The construction of F shows that if the matrix polynomials S and R have maximum
degree ν, then F has the degree ν − 1. The number of columns of F is pre-determined
by the size of S(z)∗S(z) − R(z)∗R(z), its number of rows, i.e., the number n1 ∈ N in
Theorem 6.6, is given by the number of rows of F̃ in the factorization L = F̃ ∗F̃ . Thus,
the smallest possible choice is n1 = rankL.

We can derive the following result for the Oblique Extension Principle, i.e., the matrix-
valued polynomials S and R, from Section 4.4.

Corollary 6.8

Let p ∈ C[z] be a re�nement symbol and q1, . . . , qr ∈ C[z] be wavelet symbols such that the
Oblique Extension Principle holds for the vanishing moment recovery function s ∈ C[z±1]
with s(z) > 0 for z ∈ T, i.e.,

S(z)∗S(z)−R(z)∗R(z) = 0

for z ∈ T with S and R de�ned as in Section 4.4 and extended to matrix functions

S : C → C
m×m and R : C → C

(r+1)×m. Furthermore, we assume that s = |θ|2 on T with

θ ∈ C[z] (and thus also S) zero-free on D.

Then, there exists a matrix polynomial F : C → C
n1×m such that

S(w)∗S(z)−R(w)∗R(z) = (1− wz)F (w)∗F (z)

for w, z ∈ D.
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Proof. As mentioned in the answer to the second question (see (6.1)), S has the inverse

S−1(z) = diag

(

1

θσ1(z)
, . . . ,

1

θσm(z)

)

.

Because θ is zero-free on D, S−1 is rational and analytic on the disc. Corollary 6.8 thus
follows directly from Theorem 6.6.

We will demonstrate the construction method derived in this section with an example.

Example 6.9

We revisit the piecewise linear (shifted) B-Spline N2 from Examples 3.24 and 3.28, given
by

N2(x) =







x, if 0 ≤ x ≤ 1
2− x, if 1 < x ≤ 2
0, otherwise

.

As we have already seen in the examples mentioned above, it is re�nable with the scaling
factor M = 2 and the re�nement symbol (in terms of z ∈ T)

p(z) =
(1 + z)2

4
.

Furthermore, using wavelet symbols

q1(z) =
(1− z)2

4
and q2(z) =

√
6

24
(1− z)2(1 + 4z + z2)

and the vanishing moment recovery function

s(z) =
1

3

(

4− z

2
− 1

2z

)

,

the Oblique Extension Principle identities hold and thus the functions ψ1, ψ2 de�ned by
ψ̂j(2ω) = q̃j(z)N̂2(ω), j ∈ {1, 2}, are mother wavelets of a tight wavelet frame (with two
vanishing moments).

For the matrix form of the Oblique Extension Principle identities, note that forM = 2
we have Γ2 = {0, 1/2}, so {pσ : σ ∈ Γ2} contains only p0 with p0(z) = p(e0z) = p(z)
and p1/2 with p1/2(z) = p(e−πiz) = p(−z) (the same is true for q1 and q2, of course).
Furthermore, s(z) = |θ(z)|2 for z ∈ T and

θ(z) =
z −

(

4 +
√
15
)

√

6
(

4 +
√
15
)

.

The only zero of θ is z0 = 4+
√
15, which is not in D, so all the assumptions of Theorem

6.8 are met.
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The matrix polynomial S is given by

S(z) =
1

√

6
(

4 +
√
15
)

(

z −
(

4 +
√
15
)

0

0 −z −
(

4 +
√
15
)

)

and the matrix polynomial R is given by

R(z) =











(1−z)2

4

√
6

24 (1− z)2(1 + 4z + z2)
z2−(4+

√
15)

√

6(4+
√
15)

(1+z)2

4

(1+z)2

4

√
6

24 (1 + z)2(1− 4z + z2)
z2−(4+

√
15)

√

6(4+
√
15)

(1−z)2

4











T

(for M = 2 and z = e−2πiω we have dM (z) = e−2πi2ω =
(

e−2πiω
)2

= z2). Calculating the
kernel K(w, z) then shows that it is indeed polynomial in w and z and has degree 3 in
both variables. It is given by

K(w, z) =









I2
wI2
w2I2
w3I2









∗

L









I2
zI2
z2I2
z3I2









with L = 1
96(L1, L2) for

L1 =



























15
3

2 + 53 −
√
15− 11 −2

√
15− 14 2

√
15− 2

−
√
15− 11 15

3

2 + 53 −2− 2
√
15 2

√
15 + 14

−2
√
15− 14 2− 2

√
15 73− 5

√
15 3

√
15 + 33

2
√
15− 14 2

√
15 + 14 3

√
15 + 33 73− 5

√
15

−
√
15− 3 −

√
15− 3 4− 4

√
15 −16

−
√
15− 3 −

√
15− 3 16 4

√
15− 4

0 0 −
√
15− 3 −

√
15− 3

0 0 −
√
15− 3 −

√
15− 3



























and

L2 =



























−
√
15− 3 −

√
15− 3 0 0

−
√
15− 3 −

√
15− 3 0 0

4− 4
√
15 16 −

√
15− 3 −

√
15− 3

−16 4
√
15− 4 −

√
15− 3 −

√
15− 3

25− 5
√
15 3

√
15− 15 10− 2

√
15 10− 2

√
15

3
√
15− 15 25− 5

√
15 2

√
15− 10 2

√
15− 10

10− 2
√
15 2

√
15− 10 5−

√
15 5−

√
15

10− 2
√
15 2

√
15− 10 5−

√
15 5−

√
15



























.
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L is a positive semi-de�nite matrix (with rank 5) and can thus be written as L = F̃ ∗F̃
with F̃ = (F̃1, F̃2) for

F̃1 =





























√

53+15
√
15

96 −
√

437
√
15−1129

4
√
1698

−
√

109
√
15−121

2
√
1698

√
173

√
15−649

2
√
1698

0

√
5943(17

√
15+72)

849 −
√

8772−2221
√
15

2
√
5943

√
5(708−163

√
15)

2
√
1981

0 0

√
275+17

√
15

4
√
42

√
13189255−416371

√
15

4
√
1497090

0 0 0
2
√

7(163
√
15−540)√

106935

0 0 0 0





























and

F̃2 =





























−
√

7
√
15+13

4
√
566

−
√

7
√
15+13

4
√
566

0 0

−
√

17
√
15+72

2
√
5943

−
√

17
√
15+72

2
√
5943

0 0

−
√

522775−75091
√
15

2
√
1497090

√
401815−38579

√
15

2
√
1497090

−
√

7(207
√
15+845)

4
√
71290

−
√

7(207
√
15+845)

4
√
71290

−11
√

163
√
15−540

2
√
748545

−
√

3(163
√
15−540)

2
√
249515

−
√

163
√
15−540√

748545
−
√

163
√
15−540√

748545
√
15−3
3
√
14

3−
√
15

3
√
14

√
15−3
6
√
14

√
15−3
6
√
14





























.

We then get

S(w)∗S(z)−R(w)∗R(z) = (1− wz)F (w)∗F (z)

for z ∈ D and F = (F1, F2) with

F1(z) =





























−
√

13+7
√
15√

9056
z2 −

√
109

√
15−121

2
√
1698

z +

√

53+15
√
15

96

−
√

72+17
√
15

2
√
5943

z2 −
√

8772−2221
√
15

2
√
5943

z

−
√

7(845+207
√
15)

4
√
71290

z3 −
√

522775−75091
√
15

2
√
1497090

z2 +

√
275+17

√
15

4
√
42

z
√

163
√
15+540(540

√
7−163

√
105)

1497090 z2(2z + 11)

(
√
15−3)

6
√
14

z2(z + 2)




























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and

F2(z) =





























−
√

13+7
√
15√

9056
z2 +

√
173

√
15−649

2
√
1698

z −
√

437
√
15−1129

4
√
1698

−
√

72+17
√
15

2
√
5943

z2 +

√
5(708−163

√
15)

2
√
1981

z +

√
7(72+17

√
15)√

849

−
√

275−17
√
15

120
√
49903

z
(

21(5 +
√
15)z2 + (30− 106

√
15)z − 19

√
15− 1215

)

−
√

163
√
15−540√

748545
z3 −

√
3(163

√
15−540)

2
√
249515

z2 +
2
√

7(163
√
15−540)√

106935
z

(
√
15−3)

6
√
14

(z − 2)z2





























.

As we can see, F has degree 3, one smaller than the maximum degree of S and R.

Remark 6.10

The matrix-valued function F obtained by this procedure is not unique since the factor-
ization L = F̃ ∗F̃ is not unique. In the example above, we have used the Cholesky factor-
ization (or rather, the extension of the Cholesky factorization to positive semi-de�nite
matrices). However, any other method of factorizing L would work as well. For example,
using the singular value decomposition (and omitting the last rows of the resulting F̃ ,
since they are numerically zero), we get L = F̃ ∗F̃ with

F̃ =

























0.72797 0.70746 0.35516 0.025504 0.0032691
−0.72797 0.70746 −0.35516 0.025504 −0.0032691
−0.40276 −0.20493 0.59066 0.070434 0.025469
−0.40276 0.20493 0.59066 −0.070434 0.025469
0.089621 −0.10247 −0.18434 0.035217 0.070323
−0.089621 −0.10247 0.18434 0.035217 −0.070323
0.04481 0 −0.092171 0 0.035162
0.04481 0 −0.092171 0 0.035162

























T

,

which is obviously a di�erent matrix than F̃ in Example 6.9.

In the following section, we present an alternative method to obtain the function F
based on a generalized version of the Nevanlinna-Pick interpolation.
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6.2. Obtaining a Realization with the Nevanlinna-Pick Interpolation

To conclude this section, we present an alternative way to get from the Oblique Extension
Principle identity (4.4) to one of the three equivalent statements in Theorem 5.3. To do
this, we will use a generalized version of the Nevanlinna-Pick interpolation already brie�y
mentioned in Section 5.1. It is named after Georg Pick (1859�1942) and Rolf Nevanlinna
(1895�1980).
The original Nevanlinna-Pick interpolation problem is to �nd a holomorphic function

f : D → D such that for given points w1, . . . , wn ∈ D and v1, . . . , vn ∈ D

f(wj) = vj

holds for all 1 ≤ j ≤ n. This problem was �rst solved by Pick (1916, [87]) and indepen-
dently by Nevanlinna (1919, [84]).

We cite the following generalized version of the Nevanlinna-Pick interpolation problem
from [8]. We also generalize the Schur class S(Ω) mentioned in Remark 5.2.

De�nition 6.11

Let X and Y be two Hilbert spaces. The generalized Schur class Sd(X ,Y) consists of all
functions W : Dd → B(X ,Y) which are analytic on D

d such that

sup
r<1

∥W (rT1, . . . , rTd)∥ ≤ 1

for every commutative tuple T = (T1, . . . Td) of linear contractive operators on a Hilbert
space K.

Note that according to Theorem 5.1, for any W ∈ Sd(X ,Y) there exist Hilbert spaces
H1, . . . ,Hd and functions Lj : D

d → B(X ,Hj), 1 ≤ j ≤ d, such that

I −W (w)∗W (z) =
d
∑

j=1

(1− wjzj)Lj(w)
∗Lj(z)

for z, w ∈ D
d as well as a unitary operator

(

A B
C D

)

: X ⊕H → Y ⊕H

with H = H1 ⊕ . . .⊕Hd such that

W (z) = A+BE(z)(I −DE(z))−1C

for all z ∈ D
d. These are, of course, the versions of these statements from Section 5 that

are more consistent with the Unitary Extension Principle; the following results will allow
us to link to the respective Oblique Extension Principle versions instead.
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De�nition 6.12

Let n ∈ N, K1, . . .Kn,X and Y be Hilbert spaces and Uj ∈ B(Kj ,X ), Vj ∈ B(Kj ,Y),
1 ≤ j ≤ n, be bounded operators on these Hilbert spaces.

The associated right tangential interpolation problem is: Find a function W ∈ Sd(X ,Y)
such that for given points w1, . . . , wn ∈ D

d,

(6.7) W (wj)Uj = Vj

holds for all 1 ≤ j ≤ n.

One can analogously de�ne a left tangential interpolation problem (�nding W such
that UjW (wj) = Vj) and the bitangential interpolation problem (considering the right
and the left tangential interpolation problem simultaneously).
The following theorem is part (ii) of Theorem 4.2 in [8] (based on earlier work from

Agler in [1]) and gives a necessary and su�cient condition for the existence of a solution
of the right tangential interpolation problem (the parts (i) and (iii) are similar results
for the left tangential and bitangential interpolation problems, respectively).

Theorem 6.13

Let n ∈ N, K1, . . .Kn,X and Y be some Hilbert spaces, Uj ∈ B(Kj ,X ), Vj ∈ B(Kj ,Y),
1 ≤ j ≤ n, bounded operators on these Hilbert spaces, and w1, . . . , wn ∈ D

d.

The associated right tangential interpolation problem has a solution W ∈ Sd(X ,Y) if and
only if there exist positive semi-de�nite block matrices Nℓ = (Nℓ,jk)j,k=1,...,n, 1 ≤ ℓ ≤ d,

with (Nℓ,jk) ∈ B(Kk,Kj) and

(6.8) U∗
j Uk − V ∗

j Vk =
d
∑

ℓ=1

(1− wj,ℓwk,ℓ)Nℓ,jk

for all 1 ≤ j, k ≤ n.

The equation (6.8) is quite similar to (5.6), and the proof of this theorem is in some
ways similar to the proof of Theorem 5.3. To underline this, we will give a short sketch
of the proof of the su�ciency of (6.8):
Since the block matrices Nℓ in (6.8) are positive semi-de�nite, we can write them as

Nℓ = A∗
ℓAℓ. The Aℓ are in B(⊕n

m=1Km, C̃ℓ) for some auxiliary Hilbert spaces C̃ℓ and can
be written in block form as well, i.e.,

Aℓ =
(

Aℓ,1 , . . . , Aℓ,n

)

with Aℓ,m ∈ B(Km, C̃ℓ). This gives us factorizations Nℓ,jk = A∗
ℓ,jAℓ,k of the respective

blocks of Nℓ.
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Plugging this into (6.8) yields

U∗
j Uk − V ∗

j Vk =
d
∑

ℓ=1

(1− wj,ℓwk,ℓ)A
∗
ℓ,jAℓ,k

=
d
∑

ℓ=1

A∗
ℓ,jAℓ,k −

d
∑

ℓ=1

(wj,ℓAℓ,j)
∗(wk,ℓAℓ,k)

and thus

U∗
j Uk +

d
∑

ℓ=1

(wj,ℓAℓ,j)
∗(wk,ℓAℓ,k) = V ∗

j Vk +

d
∑

ℓ=1

A∗
ℓ,jAℓ,k(6.9)

for all 1 ≤ j, k ≤ n. This equation now allows us to employ once again the lurking
isometry argument we introduced in Lemma 5.4 and Remark 5.5. If we de�ne the space
E∗ as the subspace of X ⊕ (

⊕d
ℓ=1 C̃ℓ) given by the span of the elements





























Uj

wj,1A1,j
...

wj,dAd,j











kj : kj ∈ Kj , j = 1, . . . , n



















,

and the space E as the subspace of Y ⊕
(

⊕d
ℓ=1 C̃ℓ

)

given by the span of the elements





























Vj
A1,j
...

Ad,j











kj : kj ∈ Kj , j = 1, . . . , n



















,

then by (6.9) and Lemma 5.4 we can �nd a well-de�ned isometry T̃ : E∗ → E , which
maps











Uj

wj,1A1,j
...

wj,dAd,j











kj to











Vj
A1,j
...

Ad,j











kj

for every kj ∈ Kj and every 1 ≤ j ≤ n.
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If the Hilbert spaces involved are in�nite dimensional, choose any unitary extension

T : X ⊕
(

d
⊕

ℓ=1

Cℓ
)

→ Y ⊕
(

d
⊕

ℓ=1

Cℓ
)

with C̃ℓ ⊂ Cℓ, if their dimension is �nite, choose T = T̃ , and write it as

T =

(

A B
C D

)

.

A simple calculation then shows that

(6.10) W (w) = A+BE(w)(I −DE(w))−1C

is the desired linear operator.

Remark 6.14

If we now return to the setting of Lemma 6.5, i.e., if we have two matrix polynomials
S ∈ C[z]m×m and R ∈ C[z]n0×m such that

S(z)∗S(z)−R(z)∗R(z) = 0

for all z ∈ T and S has a rational and analytic inverse S−1 on D, we know from Lemma
6.5 that

K(w, z) =
S(w)∗S(z)−R(w)∗R(z)

1− wz

is positive semi-de�nite and polynomial in w and z. If we choose points w1, . . . , wn ∈ D

and de�ne the operators Uj and Vj in Theorem 6.13 as the matrices Uj := S(wj) and
Vj := R(wj), the blocks N1,jk are given by K(wj , wk). In fact, the matrix N1 is exactly
the matrix K from (6.6). As we have already shown in the proof of Lemma 6.5, K and
hence N1 is positive semi-de�nite if we have distinct points wj ̸= wk for j ̸= k, so in this
case, the associated right tangential interpolation problem has a solution W by Theorem
6.13.
For this choice of Uj and Vj , the similarities between the sketch of the proof of the suf-

�ciency in Theorem 6.13 and the proof of Theorem 5.3, in particular, the steps (i) ⇒ (ii)
and (ii) ⇒ (iii), become even more apparent. Note, that in this scenario (A1,j , . . . , Ad,j)

T

from the proof of Theorem 6.13 is F from Theorem 5.3 evaluated in wj (and accordingly
Aℓ,j is Fℓ(wj)). Note also that with the choice of W in (6.10), the condition (6.7) from
the de�nition of right tangential interpolation problems is the same as the identity (5.7)
in Theorem 5.3.

Since we can use T to construct not onlyW but also F by using (5.14), the Nevanlinna-
Pick interpolation provides another way to obtain F , although applying the construc-
tion method introduced in Section 6.1 is arguably more straightforward than using the
Nevanlinna-Pick interpolation. If the maximum degree of S and R is ν and thus K(w, z)
has degree ν − 1 in w and z, we use ν points w1, . . . , wν ∈ D for the interpolation.
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We will demonstrate the construction of T using the Nevanlinna-Pick interpolation,
once again using the B-spline wavelets as an example.

Example 6.15

We revisit the piecewise linear B-spline N2. The re�nement and wavelet symbols and the
associated matrix functions R, S, and K can be found in Example 6.9. In this case, the
Hilbert spaces K1,K2,K3,K4 and X from Theorem 6.13 are given by C

2 and the Hilbert
space Y is given by C

3. Since K has degree 3 in w and z, we pick four distinct points

w1 = 0, w2 =
1

2
, w3 = −1

2
and w4 =

i

2

in D for the Nevanlinna-Pick interpolation. For this choice of points, the blocks of the
matrix N1 in (6.8) are given by

N1,11 =
1

96

(

15
√
15 + 53 −

√
15− 11

−
√
15− 11 15

√
15 + 53

)

,

N1,21 =
1

384

(

55
√
15 + 181 −9

√
15− 43

−
√
15− 51 63

√
15 + 237

)

,

N1,31 =
1

384

(

63
√
15 + 237 −

√
15− 51

−9
√
15− 43 55

√
15 + 181

)

,

N1,41 =
1

384

(√
15 (61 + 4i) + 215 + 28i

√
15 (−3 + 4i)− 41− 4i√

15 (−3− 4i)− 41 + 4i
√
15 (61− 4i) + 215− 28i

)

,

N1,22 =
1

6144

(

619
√
15 + 3753 −45

√
15− 351

−45
√
15− 351 1019

√
15 + 5337

)

,

N1,32 =
1

6144

(

997
√
15 + 2247 −3

√
15− 1713

−243
√
15− 1025 997

√
15 + 2247

)

,

N1,42 =
1

6144

(√
15 (952 + 171i) + 2792− 727i

√
15 (−8 + 19i)− 600− 735i√

15 (−144− 117i)− 688− 311i
√
15 (1008− 13i) + 3792− 1599i

)

,

N1,33 =
1

6144

(

1019
√
15 + 5337 −45

√
15− 351

−45
√
15− 351 619

√
15 + 3753

)

,

N1,43 =
1

6144

(√
15 (1008 + 13i) + 3792 + 1599i

√
15 (−144 + 117i)− 688 + 311i√

15 (−8− 19i)− 600 + 735i
√
15 (952− 171i) + 2792 + 727i

)

,

N1,44 =
1

6144

(

899
√
15 + 4785

√
15 (35 + 120i)− 111 + 168i√

15 (35− 120i)− 111− 168i 899
√
15 + 4785

)

,

and N1,jk = N ∗
1,kj for all 1 ≤ j, k ≤ 4.

As expected from our theoretical considerations in Remark 6.14, the complete block
matrix N1 is a hermitian positive semi-de�nite (8× 8)−matrix. Its rank is 5, so we can
write it as N1 = A∗

1A1 with A1 = (A1,1 , A1,2 , A1,4 , A1,4), where the blocks of A1 are
(5×2)−matrices (so the auxiliary Hilbert space C̃1 in the sketch of the proof of Theorem
6.13 is given by C

5 in this case).
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We can choose them, for example, as (for better readability, we only give the numerical
values)

A1,1 =













1.0757 −0.1440
0 1.0661
0 0
0 0
0 0













, A1,2 =













0.9538 −0.1328
−0.0613 1.1570
0.2958 0.3792

0 0.1041
0 0













A1,3 =













1.1644 −0.1885
0.0233 0.9370
−0.3888 −0.2798
−0.0528 −0.0855
0.0261 −0.0435













and A1,4 =













1.0924− 0.1053i −0.1274 + 0.0278i
0.0190− 0.0423i 1.0851 + 0.1100i
0.0465 + 0.3664i −0.0497 + 0.3536i
0.0264 + 0.0353i −0.0093 + 0.1037i
−0.0130− 0.0217i 0.0217 + 0.0130i













.

The space E∗ mentioned in the sketch of the proof of Theorem 6.13 is now the subspace
of X ⊕ C̃1 = C

2 ⊕ C
5 = C

7 given by the span of the elements





















−1.1455 0
0 −1.1455
0 0
0 0
0 0
0 0
0 0





















h1,





















−1.0727 0
0 −1.2182

0.4769 −0.0664
−0.0307 0.5785
0.1479 0.1896

0 0.0520
0 0





















h2,





















−1.2182 0
0 −1.0727

−0.5822 0.0942
−0.0116 −0.4685
0.1944 0.1399
0.0264 0.0427
−0.0130 0.0217





















h3 and





















−1.1455 + 0.0727i 0
0 −1.1455− 0.0727i

0.0526 + 0.5462i −0.0139− 0.0637i
0.0211 + 0.0095i −0.0550 + 0.5426i
−0.1832 + 0.0233i −0.1768− 0.0249i
−0.0177 + 0.0132i −0.0518− 0.0046i
0.0109− 0.0065i −0.0065 + 0.0109i





















h4

with h1, h2, h3, h4 ∈ C
2, and the space E is the subspace of Y ⊕ C̃1 = C

3⊕C
5 = C

8 given
by the span of the elements

























0.2500 0.2500
0.1021 0.1021
−0.2864 −0.2864
1.0757 −0.1440

0 1.0661
0 0
0 0
0 0

























h1,

























0.0625 0.5625
0.0829 −0.1722
−0.6239 −0.0693
0.9538 −0.1328
−0.0613 1.1570
0.2958 0.3792

0 0.1041
0 0

























h2,
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























0.5625 0.0625
−0.1722 0.0829
−0.0693 −0.6239
1.1644 −0.1885
0.0233 0.9370
−0.3888 −0.2798
−0.0528 −0.0855
0.0261 −0.0435

























h3 and

























0.1875− 0.2500i 0.1875 + 0.2500i
0.2615 + 0.0765i 0.2615− 0.0765i
−0.2216− 0.2955i −0.2216 + 0.2955i
1.0924− 0.1053i −0.1274 + 0.0278i
0.0190− 0.0423i 1.0851 + 0.1100i
0.0465 + 0.3664i −0.0497 + 0.3536i
0.0264 + 0.0353i −0.0093 + 0.1037i
−0.0130− 0.0217i 0.0217 + 0.0130i

























h4

with h1, h2, h3, h4 ∈ C
2. A simple calculation shows that dim E∗ = dim E = 7. The matrix

T̃ =

























−0.2182 −0.2182 −0.4353 0.3804 0.3221 −0.2582 0.6260
−0.0891 −0.0891 0.2018 −0.1764 −0.7729 −0.3611 0.4260
0.2500 0.2500 −0.5662 0.4949 −0.4765 0.0325 −0.2390
−0.9391 0.1257 −0.0687 0.0601 −0.1284 0.1029 −0.2495

0 −0.9307 −0.0786 0.0687 −0.1469 0.1178 −0.2855
0 0 0.6588 0.7298 0.0270 −0.0831 −0.0104
0 0 0.0573 0.1939 −0.1447 0.4446 0.0557
0 0 −0.0323 0.0283 0.1101 −0.7568 −0.4717

























then describes the desired isometry T̃ : E∗ → E . Since we are in the �nite-dimensional
case, we do not extend T̃ to a unitary matrix but choose T := T̃ . We can write T as

T =

(

A B
C D

)

with

A =





−0.2182 −0.2182
−0.0891 −0.0891
0.2500 0.2500



 ,

B =





−0.4353 0.3804 0.3221 −0.2582 0.6260
0.2018 −0.1764 −0.7729 −0.3611 0.4260
−0.5662 0.4949 −0.4765 0.0325 −0.2390



 ,

C =













−0.9391 0.1257
0 −0.9307
0 0
0 0
0 0













,

and D =













−0.0687 0.0601 −0.1284 0.1029 −0.2495
−0.0786 0.0687 −0.1469 0.1178 −0.2855
0.6588 0.7298 0.0270 −0.0831 −0.0104
0.0573 0.1939 −0.1447 0.4446 0.0557
−0.0323 0.0283 0.1101 −0.7568 −0.4717













.
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From these matrices we can obtain W and F by (6.10) and (5.14) respectively, i.e.,

W (w) = A+BE(w)(I −DE(w))−1C

and

F (z) = (I −DE(z))−1CS(z).

Remark 6.16

Note that similar to the results from Section 6.1, the functionsW and F obtained through
the Nevanlinna-Pick interpolation are not uniquely de�ned, not even for a �xed choice
of points w1, . . . , wn ∈ D, since the factorization N1 = A∗

1A1 is not unique. A di�erent
choice of A1 will result in a di�erent matrix T and thus a di�erent matrix polynomial F .
However, the block A is the same for any choice of A1 and any choice of points

w1, . . . , wn. The �rst equation in (5.13) yields

AS(0) = R(0)

for z = 0, since E(0) = 0 by de�nition. So, A = R(0)(S(0))−1, meaning that A is uniquely
de�ned and only depends on S and R. In our example,

R(0)(S(0))−1 =









1
4

1
4√

6
24

√
6

24

−
√
15
24 − 1

8 −
√
15
24 − 1

8









(

3−
√
15 0

0 3−
√
15

)

=









3
4 −

√
15
4

3
4 −

√
15
4√

6
8 −

√
10
8

√
6
8 −

√
10
8

1
4

1
4









≈





−0.2182 −0.2182
−0.0891 −0.0891
0.2500 0.2500



 ,

which is the same as above.

In their work, Ball and Trent only considered functions and operators on the polydisc,
so they only chose points from D

d for the Nevanlinna-Pick interpolation. Our starting
point here, however, is the Oblique Extension Principle and thus matrix-valued functions
on the torus Td, which we later extended to the polydisc. Alternatively, we can perform
the Nevanlinna-Pick interpolation in the �natural habitat� of R and S, i.e., on the torus
T
d.
In particular, in the univariate case considered here: Since S and R are de�ned on

the torus T, we can choose w1, . . . , wn ∈ T, de�ne Uj and Vj from Theorem 6.13 as
Uj := S(wj) and Vj := R(wj) and then follow the steps in the sketch of the proof of
Theorem 6.13 to solve the Nevanlinna-Pick interpolation problem for this choice of points.
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On the torus, however, there is a problem that does not occur when interpolating in
the disc: The blocks N1,jk are given by K(wj , wk) from Lemma 6.5 only for j ̸= k, since
K(wj , wk) has a singularity for wj = wk ∈ T (which it does not have for any wj , wk ∈ D).
This singularity is a consequence of the fact that, if we look at (6.8) for d = 1, i.e.,

U∗
j Uk − V ∗

j Vk = (1− wjwk)N1,jk,

the scalar factor on the right side of the equation is zero for wj = wk ∈ T. While the
above equation would be satis�ed for any choice of N1,jj , 1 ≤ j ≤ n, we cannot choose
them completely freely since the complete matrix N1 must be hermitian positive semi-
de�nite.

In practice, we have found that �lling in the diagonal blocks using Lagrange interpola-
tion is a good way to obtain a matrix N1 with the desired properties. So, to �nd N1,jj , we
interpolate it from the non-diagonal blocks N1,jk with j ̸= k in the same column (using
the non-diagonal blocks in the respective row also works, of course).
However, this requires us to use an additional point for this �rst step. If the maximum

degree of S and R is ν and therefore K(w, z) has degree ν− 1 in w and z, we would only
need ν points for the Nevanlinna-Pick interpolation. However, we need ν non-diagonal
blocks in each column (or row) to interpolate the respective diagonal block, so we need
a total of ν +1 points. To avoid over-determination (and to simplify subsequent calcula-
tions), we discard one row and one column of blocks from N after �lling in the diagonal
blocks N1,jj and use only the ν blocks needed for the Nevanlinna-Pick interpolation.

Example 6.17

Let us revisit Example 6.15, i.e., use the Nevanlinna-Pick interpolation to �nd the matrix
T for the frame based on the piecewise linear B-spline N2, but now with points on T.
Again, the matrix functions R, S, and K can be found in Example 6.9, the Hilbert spaces
K1,K2,K3,K4 and X from Theorem 6.13 are given by C

2, and the Hilbert space Y is
given by C

3. As mentioned above, we pick �ve points instead of four. Let

w1 = 1, w2 = −1, w3 = i, w4 = −i and w5 =
1√
2
(1 + i)

on T. The uniquely de�ned blocks of N1 are then given by

N1,21 =

(

0.6455 −0.8333
−0.5000 0.6455

)

= N ∗
1,12,

N1,31 =

(

0.9682− 0.1773i 0.0833− 0.5833i
−0.3227− 0.3227i 1.2288− 0.9167i

)

= N ∗
1,13,

N1,41 =

(

0.9682 + 0.1773i 0.0833 + 0.5833i
−0.3227 + 0.3227i 1.2288 + 0.9167i

)

= N ∗
1,14,

N1,51 =

(

0.9845 + 0.0352i 0.2458− 0.0446i
−0.0582− 0.2132i 1.9603− 0.6137i

)

= N ∗
1,15,

N1,32 =

(

1.2288 + 0.9167i −0.3227 + 0.3227i
0.0833 + 0.5833i 0.9682 + 0.1773i

)

= N ∗
1,23,
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N1,42 =

(

1.2288− 0.9167i −0.3227− 0.3227i
0.0833− 0.5833i 0.9682− 0.1773i

)

= N ∗
1,24,

N1,52 =

(

0.6640 + 0.4470i −0.5146 + 0.1404i
−0.5791 + 0.5446i 0.7338 + 0.1830i

)

= N ∗
1,25,

N1,43 =

(

0.6455− 0.1667i −0.6667
−0.6667 0.6455 + 0.1667i

)

= N ∗
1,34,

N1,53 =

(

1.4135 + 0.5005i −0.1299 + 0.6780i
0.6039 + 0.2711i 1.8177 + 0.7693i

)

= N ∗
1,35,

and N1,54 =

(

0.9263− 0.0557i −0.3903− 0.3181i
−0.4171− 0.4855i 0.7578− 0.6930i

)

= N ∗
1,45.

Using Lagrange interpolation to �nd the missing diagonal blocks yields

N1,11 =

(

0.8545 0
0 2.1455

)

,

N1,22 =

(

2.1455 0
0 0.8545

)

,

N1,33 =

(

2.0727 0.5727 + 0.5000i
0.5727− 0.5000i 2.0727

)

,

N1,44 =

(

2.0727 0.5727− 0.5000i
0.5727 + 0.5000i 2.0727

)

,

and N1,55 =

(

1.3299 0.2864 + 0.3536i
0.2864− 0.3536i 2.2428

)

.

The complete block matrix N1 is now a hermitian positive semi-de�nite (10×10)−matrix
of rank 5. By deleting the last row and column of blocks, we obtain a hermitian positive
semi-de�nite (8 × 8)−matrix of rank 5. We denote this matrix by Ñ1 and write it as
Ñ1 = A∗

1A1 with A1 = (A1,1 , A1,2 , A1,3 , A1,4) for

A1,1 =













0.9244 0
0 1.4648
0 0
0 0
0 0













, A1,2 =













0.6983 −0.5409
−0.5689 0.4407
1.1551 0.5441

0 0.2678
0 0













,

A1,3 =













1.0474 + 0.1917i −0.3491 + 0.3491i
0.0569 + 0.3982i 0.8389 + 0.6258i
0.4587− 0.7134i 0.6964− 0.4078i
−0.1150− 0.0240i 0.1150− 0.1579i

0.2097 −0.1258 + 0.1678i













,

75



and A1,4 =













1.0474− 0.1917i −0.3491− 0.3491i
0.0569− 0.3982i 0.8389− 0.6258i
0.4587 + 0.7134i 0.6964 + 0.4078i
−0.1150 + 0.0240i 0.1150 + 0.1579i
0.1258− 0.1678i −0.2097













.

To keep this example from getting too long, we will not list the entire spanning sets of
E∗ and E again, but constructing them as in the sketch of the proof of Theorem 6.13 (as
we did in Example 6.15) again allows us to �nd an isometry T̃ : E∗ → E . It is given by
the matrix T̃ = (T̃1, T̃2) with

T̃1 =

























−0.2182 −0.2182 −0.2361 0.4904
−0.0891 −0.0891 −0.0964 −0.6360
0.2500 0.2500 −0.8113 0.2203
−0.8113 0.2704 0.1223 0.2384
0.0993 −0.7820 0.1075 0.3107
−0.4523 −0.4227 −0.4893 −0.3726
0.0502 −0.1086 0.0543 −0.0958

−0.0732 + 0.0366i 0.0732− 0.0366i −0.0792 + 0.0396i 0.0645− 0.0323i

























and

T̃2 =

























−0.2376 0.0138 −0.6595− 0.3298i
0.5515 0.0642 −0.4552− 0.2276i
0.3196 0.1500 0.1244 + 0.0622i
0.3457 0.162 0.1346 + 0.0673i
0.4696 0.0263 0.1965 + 0.0983i
−0.3822 −0.0517 0.2646 + 0.1323i
−0.1361 −0.0508 −0.1247− 0.0624i

0.1615− 0.0808i −0.8676 + 0.4338i 0

























.

Since we are in the �nite-dimensional case, we do not need to extend T̃ to a unitary
matrix but choose T := T̃ . Again, we can write T as a block matrix

T =

(

A B
C D

)

with A ∈ C
3×2, B ∈ C

3×5, C ∈ C
5×2, and D ∈ C

5×5. Note that although the blocks B,
C, and D are di�erent from their versions found in Example 6.15, the matrix A is the
same, as expected from the comments in Remark 6.16.

This example concludes our discussion of the univariate case. In the next section, we
will use the univariate results established here to prove a �rst multivariate result: By
employing a Kronecker product approach, we can use the existence of realizations in the
univariate case to construct realizations for the subset of multivariate cases where the
scaling matrix M is diagonal.
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7. Multivariate Realizations in the Case of Diagonal Scaling

Matrices

Now, we come to our �rst multivariate result. A well-established and frequently utilized
method in the theory and application of wavelets is the construction of multivariate
wavelet frames for diagonal scaling matrices from univariate wavelet frames with the help
of the Kronecker product. The exact method is brie�y explained in the proof of Lemma
7.3. Although these so-called separable wavelet frames and their associated transforms are
not optimal in terms of directional sensitivity, they are still widely used because of their
simple construction and computational advantages. For example, the (unfortunately not
widely adopted) JPEG 2000 image compression standard is based on separable wavelets.
Corollary 6.8 now allows us to use this method to transfer the existence of realizations

from the univariate to the separable multivariate case. Just like the multivariate wavelet
symbols, the multivariate matrix-valued functions Fj : D

d → C
nj×m, 1 ≤ j ≤ d, which we

will construct, are composed of univariate matrix-valued functions using the Kronecker
product. Note that these constructions work for any d ≥ 1, while the multivariate results
in Section 8 will only concern the case d = 2.

As in Section 6, we will �rst present a result for the more general setting of Lemma
6.5 and Theorem 6.6, which is slightly detached from the Oblique Extension Principle,
and then consider the Oblique Extension Principle scenario as a corollary.

Theorem 7.1

Let Sj ∈ C[z]mj×mj and Rj ∈ C[z]n0,j×mj , 1 ≤ j ≤ d, be univariate matrix polynomials

such that

Sj(z)
∗Sj(z)−Rj(z)

∗Rj(z) = 0

for every z ∈ T and every 1 ≤ j ≤ d. Furthermore, let each Sj, 1 ≤ j ≤ d, have a

rational and analytic inverse S−1
j on D and de�ne the multivariate matrix polynomials

S ∈ C[z1, . . . , zd]
m×m and R ∈ C[z1, . . . , zd]

n0×m with

m :=
d
∏

j=1

mj and n0 :=
d
∏

j=1

n0,j

as S(z) := S1(z1)⊗ . . .⊗ Sd(zd) and R(z) := R1(z1)⊗ . . .⊗Rd(zd).

Then there exist matrix polynomials Fj ∈ C[z1, . . . , zd]
nj×m, 1 ≤ j ≤ d, such that

S(w)∗S(z)−R(w)∗R(z) =
d
∑

j=1

(1− wjzj)Fj(w)
∗Fj(z)

for w, z ∈ D
d.
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Proof. We use the de�nitions of R and S and the usual properties of the Kronecker
product to rewrite the matrix polynomial S(w)∗S(z) − R(w)∗R(z), constructing the
desired realization in the process. To avoid notational confusion, we will refer to the
matrix-valued functions from the univariate realizations with Fj , 1 ≤ j ≤ d, and their
multivariate counterparts with Fj , 1 ≤ j ≤ d, for the remainder of this proof.

We have

S(w)∗S(z)−R(w)∗R(z)

= [S1(w1)⊗ . . .⊗ Sd(wd)]
∗[S1(z1)⊗ . . .⊗ Sd(zd)]

− [R1(w1)⊗ . . .⊗Rd(wd)]
∗[R1(z1)⊗ . . .⊗Rd(zd)]

= [S1(w1)
∗S1(z1)]⊗ . . .⊗ [Sd(wd)

∗Sd(zd)]− [R1(w1)
∗R1(z1)]⊗ . . .⊗ [Rd(wd)

∗Rd(zd)]

= [S1(w1)
∗S1(z1)]⊗ . . .⊗ [Sd(wd)

∗Sd(zd)]− [R1(w1)
∗R1(z1)]⊗ . . .⊗ [Rd(wd)

∗Rd(zd)]

− [R1(w1)
∗R1(z1)]⊗ . . .⊗ [Rd−1(wd−1)

∗Rd−1(zd−1)]⊗ [Sd(wd)
∗Sd(zd)]

+ [R1(w1)
∗R1(z1)]⊗ . . .⊗ [Rd−1(wd−1)

∗Rd−1(zd−1)]⊗ [Sd(wd)
∗Sd(zd)]

=
(

[S1(w1)
∗S1(z1)]⊗ . . .⊗ [Sd−1(wd−1)

∗Sd−1(zd−1)]

− [R1(w1)
∗R1(z1)]⊗ . . .⊗ [Rd−1(wd−1)

∗Rd−1(zd−1)]
)

⊗ [Sd(wd)
∗Sd(zd)]

+ [R1(w1)
∗R1(z1)]⊗ . . .⊗ [Rd−1(wd−1)

∗Rd−1(zd−1)]

⊗ [Sd(wd)
∗Sd(zd)−Rd(wd)

∗Rd(zd)].

Now, according to Theorem 6.6, there exists a matrix polynomial Fd ∈ C[zd]
ñd×md such

that

Sd(wd)
∗Sd(zd)−Rd(wd)

∗Rd(zd) = (1− wdzd)Fd(wd)
∗Fd(zd)

for wd, zd ∈ D. Plugging this into the equation above, we get

S(w)∗S(z)−R(w)∗R(z)

=
(

[S1(w1)
∗S1(z1)]⊗ . . .⊗ [Sd−1(wd−1)

∗Sd−1(zd−1)]

− [R1(w1)
∗R1(z1)]⊗ . . .⊗ [Rd−1(wd−1)

∗Rd−1(zd−1)]
)

⊗ [Sd(wd)
∗Sd(zd)]

+ [R1(w1)
∗R1(z1)]⊗ . . .⊗ [Rd−1(wd−1)

∗Rd−1(zd−1)]⊗ [(1− wdzd)Fd(wd)
∗Fd(zd)]

=
(

[S1(w1)
∗S1(z1)]⊗ . . .⊗ [Sd−1(wd−1)

∗Sd−1(zd−1)]

− [R1(w1)
∗R1(z1)]⊗ . . .⊗ [Rd−1(wd−1)

∗Rd−1(zd−1)]
)

⊗ [Sd(wd)
∗Sd(zd)]

+ (1− wdzd)
(

[R1(w1)
∗R1(z1)]⊗ . . .⊗ [Rd−1(wd−1)

∗Rd−1(zd−1)]⊗ [Fd(wd)
∗Fd(zd)]

)

.
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With the same calculation, we can again use Theorem 6.6 to get a matrix polynomial
Fd−1 ∈ C[zd−1]

ñd−1×md−1 such that

[S1(w1)
∗S1(z1)]⊗ . . .⊗ [Sd−1(wd−1)

∗Sd−1(zd−1)]

− [R1(w1)
∗R1(z1)]⊗ . . .⊗ [Rd−1(wd−1)

∗Rd−1(zd−1)]

=
(

[S1(w1)
∗S1(z1)]⊗ . . .⊗ [Sd−2(wd−2)

∗Sd−2(zd−2)]

− [R1(w1)
∗R1(z1)]⊗ . . .⊗ [Rd−2(wd−2)

∗Rd−2(zd−2)]
)

⊗ [Sd−1(wd−1)
∗Sd−1(zd−1)]

+ (1− wd−1zd−1)
(

[R1(w1)
∗R1(z1)]⊗ . . .

⊗ [Rd−2(wd−2)
∗Rd−2(zd−2)]⊗ [Fd−1(wd−1)

∗Fd−1(zd−1)]
)

.

Repeating this, we get additional matrix polynomials Fj ∈ C[zj ]
ñj×mj , 1 ≤ j ≤ d − 2,

such that

S(w)∗S(z)−R(w)∗R(z)

= (1− w1z1)
(

[F1(w1)
∗F1(z1)]⊗ [S2(w2)

∗S2(z2)]⊗ . . .⊗ [Sd(wd)
∗Sd(zd)]

)

+ (1− w2z2)
(

[R1(w1)
∗R1(z1)]⊗ [F2(w2)

∗F2(z2)]

⊗ [S3(w3)
∗S3(z3)]⊗ . . .⊗ [Sd(wd)

∗Sd(zd)]
)

. . .

+ (1− wdzd)
(

[R1(w1)
∗R1(z1)]⊗ . . .

⊗ [Rd−1(wd−1)
∗Rd−1(zd−1)]⊗ [Fd(wd)

∗Fd(zd)]
)

.

So, overall, we have

S(w)∗S(z)−R(w)∗R(z) =
d
∑

j=1

(1− wjzj)Fj(w)
∗Fj(z)

for all w, z ∈ D
d, with the matrix polynomials F1, . . . , Fd given by

F1(z) := F1(z1)⊗ S2(z2)⊗ . . .⊗ Sd(zd),

F2(z) := R1(z1)⊗F2(z2)⊗ S3(z3)⊗ . . .⊗ Sd(zd),

...

and Fd(z) := R1(z1)⊗ . . .⊗Rd−1(zd−1)⊗Fd(zd).

This proves the theorem.
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As mentioned above, we can use this result to �nd realizations for so-called separable
multivariate wavelet frames.

De�nition 7.2

A wavelet frame X(Ψ) with a set Ψ := {ψ1, . . . , ψr} ⊂ L2(Rd) of mother-wavelets is
called separable, if we can write each ψj ∈ Ψ, 1 ≤ j ≤ r, as

ψj(x) =

d
∏

ℓ=1

ψj,ℓ(xℓ)

with ψj,ℓ ∈ L2(R), 1 ≤ ℓ ≤ d.

As mentioned above, it is widely known (see e.g., the proof of [54], Theorem 1.2) that
for any diagonal dilation matrix, i.e., M = diag(m1, . . . ,md) ∈ Z

d×d with mj > 1 for all
1 ≤ j ≤ d, we can �nd a separable tight wavelet frame by choosing a univariate frame
for each dilation factor mj , 1 ≤ j ≤ d, and combining them into a multivariate frame
using the Kronecker product.
If these univariate frames are based on the univariate Oblique Extension Principle, this

can be done so that the multivariate frame satis�es the multivariate Oblique Extension
Principle. We give a brief sketch of this construction method as proof of the following
lemma.

Lemma 7.3

For every dilation matrix M = diag(m1, . . . ,md) ∈ Z
d×d there exist a re�nement symbol

p, wavelet symbols q1, . . . , qr, and a vanishing moment recovery function s such that the

Oblique Extension Principle identities hold.

Proof. For each diagonal entry mj , 1 ≤ j ≤ d, of M , choose a univariate re�nement sym-
bol pj ∈ C[z], wavelet symbols qj,1, . . . , qj,mj

∈ C[z], and a vanishing moment recovery
function sj ∈ C[z±1], such that the (univariate) Oblique Extension Principle holds for
the scaling factor mj . In particular, we again assume that all symbols are polynomial
(see Remark 6.1). For example, we can base these frames on B-splines. Since sj is a
univariate Laurent polynomial, the Fejér-Riesz theorem 4.1 guarantees the existence of
a polynomial θj ∈ C[z] that is zero-free on D and satis�es sj = θ∗j θj .

For the transition to a multivariate frame for the dilation matrix M , set the d-variate
scaling symbol p ∈ C[z1, . . . , zd] as

p(z) =
d
∏

j=1

pj(zj)

for z = (z1, . . . , zd) ∈ T
d and analogously the d-variate vanishing moment recovery

function s ∈ C[z±1
1 , . . . , z±1

d ] as

s(z) =
d
∏

j=1

sj(zj).
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Then, s = θ∗θ with θ ∈ C[z1, . . . , zd] given by

θ(z) =

d
∏

j=1

θj(zj).

Note that θ is zero-free on D
d due to its construction. Similarly, we de�ne the wavelet

symbols q1, . . . , qr ∈ C[z1, . . . , zd] by

(7.1) {q1, . . . , qr} :=







d
∏

j=1

bj,kj (zj) : kj ∈ {0, . . . ,mj}







\







d
∏

j=1

bj,0(zj)







with bj,0(zj) = θj(z
mj

j )pj(zj) and bj,ℓ(zj) = qj,ℓ(zj) for 1 ≤ ℓ ≤ mj . Note, that

ΓM =
(

MT
)−1

Z
d/Zd = Γm1

× . . .× Γmd
.

A simple calculation then shows that these symbols satisfy the Oblique Extension Prin-
ciple for the dilation matrix M and the vanishing moment recovery function s.

In the setting of the Oblique Extension Principle, the combination of this construction
of multivariate tight wavelet frames and Theorem 7.1 yields the following result.

Corollary 7.4

For every separable tight wavelet frame constructed in the way described in the proof of

Lemma 7.3, there exist matrix polynomials Fj : D
d → C

nj×m, 1 ≤ j ≤ d, such that

S(w)∗S(z)−R(w)∗R(z) =
d
∑

j=1

(1− wjzj)Fj(w)
∗Fj(z)

for all w, z ∈ D
d.

Proof. Since the multivariate symbols and vanishing moment recovery function con-
structed in Lemma 7.3 satisfy the Oblique Extension Principle, we have

S(z)∗S(z)−R(z)∗R(z) = 0

for all z ∈ T
d with S and R as in (4.4).

In the process of constructing these symbols, we have chosen univariate symbols and
univariate vanishing moment recovery functions for each diagonal entry mj , 1 ≤ j ≤ d, of
M , such that the univariate Oblique Extension Principle holds. Now, take the respective
matrix forms of the univariate Oblique Extension Principle identities, i.e.,

Sj(zj)
∗Sj(zj)−Rj(zj)

∗Rj(zj) = 0

for zj ∈ T with matrix polynomials Sj and Rj as in (4.4).
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If we arrange the multivariate masks q1, . . . , qr in the right order, we can write S and
R as

S(z) = S1(z1)⊗ . . .⊗ Sd(zd)

and
R(z) = R1(z1)⊗ . . .⊗Rd(zd).

The corollary now follows directly from Theorem 7.1.

We will demonstrate this construction method in an example, again using the already
familiar B-spline wavelets.

Example 7.5

We consider the bivariate case, i.e., d = 2, and the dilation matrix M = 2I2. We choose
the piecewise linear B-spline N2 for both directions, so both p1 and p2 are given by the
re�nement symbol p from Example 6.9. Using these symbols, we have

p(z1, z2) := p1(z1) p2(z2) =
(z1 + 1)2 (z2 + 1)2

16
.

Using the univariate wavelet symbols from Example 6.9, we use (7.1) to get the bivariate
wavelet symbols

q1(z1, z2) := −
(√

15

96
− 1

32

)

(z1 + 1)2 (z2 − 1)2
(

−z12 +
√
15 + 4

)

,

q2(z1, z2) := (z1 + 1)2 (z2 − 1)2
(√

6

192
−

√
10

192

)

(

z2
2 + 4 z2 + 1

)

(

−z12 +
√
15 + 4

)

,

q3(z1, z2) := −
(√

15

96
− 1

32

)

(z1 − 1)2 (z2 + 1)2
(

−z22 +
√
15 + 4

)

,

q4(z1, z2) :=
(z1 − 1)2 (z2 − 1)2

16
,

q5(z1, z2) :=

√
6 (z1 − 1)2 (z2 − 1)2

(

z2
2 + 4 z2 + 1

)

96
,

q6(z1, z2) := (z1 − 1)2 (z2 + 1)2
(√

6

192
−

√
10

192

)

(

z1
2 + 4 z1 + 1

)

(

−z22 +
√
15 + 4

)

,

q7(z1, z2) :=

√
6 (z1 − 1)2 (z2 − 1)2

(

z1
2 + 4 z1 + 1

)

96
,

q8(z1, z2) :=
(z1 − 1)2 (z2 − 1)2

(

z1
2 + 4 z1 + 1

) (

z2
2 + 4 z2 + 1

)

96
,

and using the univariate vanishing moment recovery function from Example 6.9, we get
the bivariate vanishing moment recovery function

s(z1, z2) := s(z1) s(z2) =

(

z1
6

+
1

6 z1
− 4

3

) (

z2
6

+
1

6 z2
− 4

3

)
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with s(z1, z2) = |θ(z1, z2)|2 on T
2 for

θ(z1, z2) := −
(√

15

6
− 2

3

)

(

z1 − 4−
√
15
) (

z2 − 4−
√
15
)

.

The matrix function S is then given by

S(z1, z2) := diag(θ(z1, z2), θ(z1,−z2), θ(−z1, z2), θ(−z1,−z2))

(recall that ΓM = Γ2 × Γ2 = {0, 1/2} × {0, 1/2}), while the matrix function R has the
�rst column

1

192































−2 (z1 + 1)2 (z2 − 1)2
(√

15− (
√
15 + 3) z1

2 + 3
)

−(z1 + 1)2 (z2 − 1)2
(

z2
2 + 4 z2 + 1

) (√
6 +

√
10 + (

√
6−

√
10) z1

2
)

−2 (z1 − 1)2 (z2 + 1)2
(√

15 + (3−
√
15) z2

2 + 3
)

12 (z1 − 1)2 (z2 − 1)2

2
√
6 (z1 − 1)2 (z2 − 1)2

(

z2
2 + 4 z2 + 1

)

−(z1 − 1)2 (z2 + 1)2
(

z1
2 + 4 z1 + 1

) (√
6 +

√
10 + (

√
6−

√
10) z2

2
)

2
√
6 (z1 − 1)2 (z2 − 1)2

(

z1
2 + 4 z1 + 1

)

2 (z1 − 1)2 (z2 − 1)2
(

z1
2 + 4 z1 + 1

) (

z2
2 + 4 z2 + 1

)

2 (z1 + 1)2 (z2 + 1)2
(

4 z1
2 z2

2 +
√
15− z1

2 − z2
2 −

√
15 z1

2 z2
2 + 4

)































and the second, third and fourth columns can be obtained by substituting (z1, z2) with
(z1,−z2), (−z1, z2) and (−z1,−z2) respectively (note the way S and R are de�ned in
Section 4.4).

Using the univariate results from Example 6.9, we can now construct the matrix polyno-
mials F1 and F2 using the formulae from the proof of Theorem 7.1. For better readability,
we give the coe�cients in numerical form. The �rst column of F1 is given by

































−0.00968332(z21 + 3.16399z1 − 16.1633)(z2 − 7.873)
0

−0.0110793(z21 + 1.11089)(z2 − 7.873)
0

−0.0146271(z31 + 1.95772z21 − 7.08425z1)(z2 − 7.873)
0

−0.00160684(z31 + 5.5z21)(z2 − 7.873)
0

0.0056578(z31 + 2z21)(z2 − 7.873)
0

































and the second column can be obtained by substituting (z1, z2) in the �rst column with
(z1,−z2) and shifting the nonzero entries down by one row.
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The third column is given by

































−0.00968332(z21 − 0.836023z1 + 2.16402)(z2 − 7.873)
0

−0.0110795(z21 − 2.88911z1 − 14.0004)(z2 − 7.873)
0

−0.0146266(z31 − 2.04223z21 − 6.91556z1)(z2 − 7.873)
0

−0.0016069(z31 + 1.5z21 − 13.9995z1)(z2 − 7.873)
0

0.0056578(z31 − 2z21)(z2 − 7.873)
0

































,

and the fourth column can be obtained by substituting (z1, z2) in the third column with
(z1,−z2) and shifting the nonzero entries down by one row.

The �rst column of F2 is given by






















































−0.016638(z1 − 1)2(z22 + 3.16399z2 − 16.1633)
−0.0190368(z1 − 1)2(z22 + 1.11089z2)

−0.0251325(z1 − 1)2(z32 + 1.95772z22 − 7.08425z2)
−0.002761(z1 − 1)2(z32 + 5.5z22)
0.0097214(z1 − 1)2(z32 + 2z22)

−0.0067923(z1 − 1)2(z21 + 4z1 + 1)(z22 + 3.16399z2 − 16.1633)
−0.00777191(z1 − 1)2(z21 + 4z1 + 1)(z22 + 1.11089z2)

−0.0102601(z1 − 1)2(z21 + 4z1 + 1)(z32 + 1.95772z22 − 7.08425z2)
−0.00112716(z1 − 1)2(z21 + z1 + 1)(z32 + 5.5z22)
0.0039688(z1 − 1)2(z21 + 4z1 + 1)(z32 + 2z22)

−0.00242076(z1 + 1)2(z21 − 7.873)(z22 + 3.16399z2 − 16.1633)
−0.00276978(z1 + 1)2(z21 − 7.873)(z22 + 1.11089z2)

−0.00365668(z1 + 1)2(z21 − 7.873)(z32 + 1.95772z22 − 7.08425z2)
−0.0004017(z1 + 1)2(z21 − 7.873)(z32 + 5.5z22)
0.0014144(z1 + 1)2(z21 − 7.873)(z32 + 2z22)























































,
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the second column is given by






















































−0.016638(z1 − 1)2(z22 − 0.836023z2 + 2.16402)
−0.019037(z1 − 1)2(z22 − 2.88911z2 − 14.0004)

−0.0251319(z1 − 1)2(z32 − 2.04223z22 − 6.91556z2)
−0.002761(z1 − 1)2(z32 + 1.5z22 − 13.9995z2)

0.0097214(z1 − 1)2(z22 − 2z22)
−0.0067923(z1 − 1)2(z21 + 4z1 + 1)(z22 − 0.836023z2 + 2.16402)
−0.00777166(z1 − 1)2(z21 + 4z1 + 1)(z22 − 2.88911z2 − 14.0004)
−0.0102601(z1 − 1)2(z21 + 4z1 + 1)(z32 − 2.04223z22 − 6.91556z2)
−0.00112715(z1 − 1)2(z21 + 4z1 + 1)(z32 + 1.5z22 − 13.9995z2)

0.0039688(z1 − 1)2(z21 + 4z1 + 1)(z22 − 2z22)
−0.00242076(z1 + 1)2(z21 − 7.873)(z22 − 0.836023z2 + 2.16402)
−0.00276981(z1 + 1)2(z21 − 7.873)(z22 − 2.88911z2 − 14.0004)
−0.00365663(z1 + 1)2(z21 − 7.873)(z32 − 2.04223z22 − 6.91556z2)
−0.000401714(z1 + 1)2(z21 − 7.873)(z32 + 1.5z22 − 13.9995z2)

0.0014144(z1 + 1)2(z21 − 7.873)(z32 − 2z22)























































and the third and fourth columns can be obtained by substituting (z1, z2) with (−z1, z2)
in the �rst and second columns, respectively.

In the next section, we will return to tight wavelet frames for general, i.e., not necessar-
ily diagonal, scaling matrices. However, we will restrict ourselves not only to the bivariate
case but in particular to the bivariate case where the vanishing moment recovery function
has a single-square representation s(z1, z2) = |θ(z1, z2)|2 according to Theorem 4.6.
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8. Realizations Associated With Frames Based on the

Oblique Extension Principle - The Bivariate Case

In our �nal main section, we will discuss the construction of realizations associated with
tight wavelet frames based on the Oblique Extension Principle in the bivariate (not
necessarily separable) case. One of the most signi�cant di�erences to the univariate case
is that the vanishing moment recovery function s now generally only has a sum-of-squares
decomposition, i.e., there are polynomials θ1, . . . , θN ∈ C[z1, z2] such that

s(z) =
N
∑

n=1

|θn(z)|2

with N > 1 (see De�nition 4.5 and the comments and citations below). So, in general,
the matrix

S(z) =











θσ1

1 (z) . . . θσ1
n (z) 0 . . . 0 . . . 0 . . . 0

0 . . . 0 θσ2

1 (z) . . . θσ2
n (z) . . . 0 . . . 0

...
. . .

...
...

. . .
...

. . .
...

. . .
...

0 . . . 0 0 . . . 0 . . . θσm

1 (z) . . . θσm
n (z)











T

is not square as in the univariate case. However, this leads to some problems we will
discuss in Section 9. We will therefore restrict ourselves to vanishing moment recovery
functions s ∈ C[z±1

1 , z±1
2 ] with a single-square decomposition s = |θ|2 for some polynomial

θ ∈ C[z1, z2], which means that

S(z) = diag(θσ1(z), . . . , θσm(z))

is - as in the univariate case - a square matrix. For a necessary and su�cient condition
for the existence of such bivariate vanishing moment recovery functions, see Theorem 4.6.

In Section 8.1, we will bring the problem back down to a parameterized one-variable
version to construct matrix polynomials F1 and F2 with

S(w)∗S(z)−R(w)∗R(z) = (1− w1z1)F1(w)
∗F1(z) + (1− w2z2)F2(w)

∗F2(z)

for w, z ∈ D
2, which again also gives us an isometric matrix T with blocks A, B, C, and

D satisfying
R(z) =

[

A+BE(z)(I −DE(z))−1C
]

S(z)

for z ∈ D
2 (cf. Theorem 5.3).

Similar to Section 6, we will conclude our consideration of the bivariate case in Section
8.2 by discussing the construction of the matrix-valued functions F1 and F2 with the help
of interpolation.
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8.1. Existence of Realizations Associated With Frames Based on the

Bivariate Oblique Extension Principle

Similar to the univariate case, we will assume that the re�nement symbol p and the
wavelet symbols q1, . . . , qr are polynomials in C[z1, z2] (cf. Remark 6.1), and s is a Laurent
polynomial in C[z±1

1 , z±1
2 ]. As mentioned in the introduction of this section, we will also

assume that there is a bivariate polynomial θ ∈ C[z1, z2] such that

s(z1, z2) = |θ(z1, z2)|2

with θ(z) ̸= 0 for z = (z1, z2) ∈ D2 (cf. Theorem 4.6).
Our objective here is essentially the same as in the univariate case: We again assume

that the Oblique Extension Principle holds for p, q1, . . . qr and s, i.e.,

S(z)∗S(z)−R(z)∗R(z) = 0

holds for all z ∈ T
2 and the matrix polynomials S and R de�ned in Section 4.4; and we

want to �nd matrix-valued functions F1 : C
2 → C

n1×m and F2 : C
2 → C

n2×m such that

S(w)∗S(z)−R(w)∗R(z) = (1− w1z1)F1(w)
∗F1(z) + (1− w2z2)F2(w)

∗F2(z)

holds for all z, w ∈ D
2. As before, we want to choose these functions as matrix polyno-

mials.

We directly formulate one of the main results of this chapter, which can be seen as a
bivariate variant of Theorem 6.6. It is a generalization of a well-known result by Anton
Kummert (s. [70], cf. also the version by Knese in [67]). Again, we will �rst formulate
a more general result and later a corollary for the setting of the Oblique Extension
Principle.

Theorem 8.1

Let S ∈ C[z1, z2]
m×m and R ∈ C[z1, z2]

n0×m, n0 ≥ m, be two matrix polynomials such

that

S(z)∗S(z)−R(z)∗R(z) = 0

holds for all z ∈ T
2. Furthermore, let S have a rational and analytic inverse S−1 on D

2.

Then there exist matrix-valued functions F1 : D2 → C
n1×m and F2 : D2 → C

n2×m with

rational entries such that

(8.1) S(w)∗S(z)−R(w)∗R(z) =
2
∑

j=1

(1− wjzj)Fj(w)
∗Fj(z)

holds for all z, w ∈ D
2.
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Proof. The method of this proof largely follows Knese's proof for the case S = Im in [67].
The �rst step of the proof brings the problem back to a single variable. To do this, we
�x z2 = w2 ∈ T. Analogous to our answer to the �rst question in Section 6.1, the matrix
polynomial S(w)∗S(z)−R(w)∗R(z) is then divisible by (1− w1z1), so

K(w1, z1; z2) =
S(w)∗S(z)−R(w)∗R(z)

1− w1z1

is polynomial in w1 and z1 (and Laurent polynomial in z2). Similar to (6.5), this allows
us to write K as

K(w1, z1; z2) =











Im
w1Im
...

wν−1
1 Im











∗

L(z2)











Im
z1Im
...

zν−1
1 Im











.

By construction, the matrix L has the size νm × νm, where ν is the maximum of the
degrees of R and S in z1, and its entries are Laurent polynomials in z2. Analogous to our
answer to the third question in Section 6.1, L is positive semi-de�nite, since by Lemma
6.5,K(w1, z1; z2) is a positive semi-de�nite kernel. We can thus use the matrix Fejér-Riesz
theorem 4.3 to write it as

L(z2) = A(z2)
∗A(z2)

for some matrix polynomial A ∈ C[z2]
ñ1×νm. So, by de�ning the univariate matrix poly-

nomial H ∈ C[z1]
ñ1×m (z2 = w2 is still �xed) as

H(z1; z2) = A(z2)











Im
z1Im
...

zν−1
1 Im











,

we have

K(w1, z1; z2) = H(w1; z2)
∗H(z1; z2)

for w1, z1 ∈ D and our �xed z2 ∈ T or equivalently

S(w1; z2)
∗S(z1; z2)−R(w1; z2)

∗R(z1; z2) = (1− w1z1)H(w1; z2)
∗H(z1; z2)

for w1, z1 ∈ D and our �xed z2 ∈ T. Thus, by Theorem 5.3 there exists an isometric
matrix T̃ (z2) such that

(8.2) T̃ (z2)

(

S(z1; z2)
z1H(z1; z2)

)

=

(

R(z1; z2)
H(z1; z2)

)

for w1, z1 ∈ D and our �xed z2 ∈ T. Note that n0 ≥ m, i.e., R has at least as many rows
as S. This implies that choosing an isometric T̃ (z2) is possible (see Remark 5.7).
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In the second step of the proof, we return to the two-variable setting. To do this, we
�rst extract the coe�cient matrices of the powers of z1, i.e., we write

R(z) =
ν
∑

j=0

Rj(z2)z
j
1 and S(z) =

ν
∑

j=0

Sj(z2)z
j
1,

where ν is again given by the maximum of the degrees of R and S with respect to z1,
and Sj ∈ C[z2]

m×m and Rj ∈ C[z2]
n0×m, 1 ≤ j ≤ ν, are matrix polynomials with respect

to z2. Merging these matrices into S̃ ∈ C[z2]
m×(ν+1)m and R̃ ∈ C[z2]

n0×(ν+1)m with

S̃(z2) := (S0(z2), S1(z2), . . . , Sν(z2)) and R̃(z2) := (R0(z2), R1(z2), . . . , Rν(z2))

allows us to write (8.2) as

(8.3) T̃ (z2)

(

S̃(z2)
0ñ1×m A(z2)

)

=

(

R̃(z2)
A(z2) 0ñ1×m

)

for z2 ∈ T.

Now, according to our assumption, the matrix polynomial S has a rational and analytic
inverse S−1 on D

2. In particular, this implies that S0(z2) = S(0, z2) has a rational and
analytic inverse for every z2 ∈ D. Furthermore, the matrix polynomial A ∈ C[z]ñ1×νm

has a rational and analytic right inverse B ∈ C(z)νm×ñ1 on D according to Remark 4.4.
So, the (m + ñ1) × (ν + 1)m matrix on the left-hand side of (8.3) has the rational and
analytic right inverse

(

S−1
0 (z2) −S−1

0 (z2)(S1(z2), . . . , Sν(z2))B(z2)
0νm×m B(z2)

)

of size (ν + 1)m× (m+ ñ1) on D. So,

(

S̃(z2)
0ñ1×m A(z2)

)(

S−1
0 (z2) −S−1

0 (z2)(S1(z2), . . . , Sν(z2))B(z2)
0νm×m B(z2)

)

= Im+ñ1

for z2 ∈ D and because of continuity also for z2 ∈ T, at least away from any singularities.
Together with (8.3), this implies we can extend

T̃ (z2) =

(

R̃(z2)
A(z2) 0ñ1×m

)(

S−1
0 (z2) −S−1

0 (z2)(S1(z2), . . . , Sν(z2))B(z2)
0νm×m B(z2)

)

(note that even though the two matrices on the right are written as block matrices,
the sizes of the respective blocks in the two matrices do not match) to a matrix-valued
rational function in C(z)(n0+ñ1)×(m+ñ1), that is analytic on D (which in turn implies we
can extend (8.3) to D).
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Since T̃ is also isometric on T, we have

(8.4) Im+ñ1
− T̃ (z2)

∗T̃ (z2) = 0

for z2 ∈ T. Now, since T̃ has no poles in D, we can write it as T̃ (z2) = (d(z2))
−1R(z2)

with a scalar polynomial d that is zero-free on D and a matrix polynomial R. This allows
us to rewrite (8.4) as

S(z2)∗S(z2)−R(z2)
∗R(z2) = 0

for z2 ∈ T with the matrix polynomial S(z2) := d(z2)Im+ñ1
. According to Theorem 6.6,

there now exists a matrix polynomial F̃ of size ñ2 × (m+ ñ1) such that

S(w2)
∗S(z2)−R(w2)

∗R(z2) = (1− w2z2)F̃ (w2)
∗F̃ (z2)

for all w2, z2 ∈ D. Dividing this by d(w2)d(z2) and again using Theorem 5.3 we get
a matrix-valued function F of size ñ2 × (m + ñ1) and a constant isometric matrix
T ∈ C

(n0+ñ1+ñ2)×(m+ñ1+ñ2) such that

T

(

Im+ñ1

z2F (z2)

)

=

(

T̃ (z2)
F (z2)

)

for z2 ∈ D (choosing T isometric is again possible because n0 ≥ m). Multiplying this by
(

S(z)
z1H(z1; z2)

)

from the right yields

T









S(z)
z1H(z1; z2)

z2F (z2)

(

S(z)
z1H(z1; z2)

)









=









T̃ (z2)

(

S(z)
z1H(z1; z2)

)

F (z2)

(

S(z)
z1H(z1; z2)

)









(8.2)
=









R(z)
H(z1; z2)

F (z2)

(

S(z)
z1H(z1; z2)

)









.

So, by de�ning the matrix-valued function F2 of size ñ2 ×m as

F2(z) := F (z2)

(

S(z)
z1H(z1; z2)

)

and renaming F1(z) := H(z1; z2) (as mentioned above, this matrix-valued function has
size ñ1 ×m, so in particular the sizes n1 and n2 mentioned in the theorem are given by
ñ1 and ñ2, respectively), we �nally get

T





S(z)
z1F1(z)
z2F2(z)



 =





R(z)
F1(z)
F2(z)



(8.5)

or equivalently (according to Theorem 5.3)

S(w)∗S(z)−R(w)∗R(z) =
2
∑

j=1

(1− wjzj)Fj(w)
∗Fj(z)

for z, w ∈ D
2.
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Remark 8.2

a) The assumption n0 ≥ m assures that we can choose T̃ (z2) in (8.2) to be isometric.
If S had more rows than R, we would only get a contractive T̃ (z2). In the setting
of the Unitary Extension Principle, we can always �nd an isometry since

Im = R(z)∗R(z)

for z ∈ T
2 implies that R has rank m on T

2 (which is only possible if n0 ≥ m). In
the Oblique Extension Principle setting, the same is true if S is invertible on D2.

b) As long as n0 ≥ m holds, we can also loosen the assumptions a little. If we look at
the proof of Theorem 8.1, we only need a rational and analytic inverse of S(0, z2)
for any z2 ∈ D. Alternatively, we could swap the roles of z1 and z2 in the proof and
assume S(z1, 0) to have a rational and analytic inverse for any z1 ∈ D.

Even without taking the proof into account, we know that if there are matrix-valued
functions F1 and F2 satisfying (8.1), they have to be at least rational according to Remark
5.6. If we do take the proof into account, however, we see that even though the statement
of Theorem 8.1 is only about the existence of rational functions, the function F1 is
a matrix polynomial. So, the question is whether F2 can also be chosen as a matrix
polynomial.
The following theorem gives the answer: Not only can F2 indeed be chosen polynomi-

ally, but for polynomial matrix functions R and S satisfying S(z)∗S(z)−R(z)∗R(z) = 0
on T

2, the existence of a decomposition of the form (8.1) is in itself a su�cient condition
for the functions F1 and F2 to be matrix polynomials. This result also holds in higher
dimensions, so we formulate it for d-variate matrix polynomials.

Theorem 8.3

Let S ∈ C[z1, . . . , zd]
m×m and R ∈ C[z1, . . . , zd]

n0×m be two matrix polynomials such

that

S(z)∗S(z)−R(z)∗R(z) = 0

holds for each z ∈ T
d. Suppose further that

(8.6) S(w)∗S(z)−R(w)∗R(z) =
d
∑

j=1

(1− wjzj)Fj(w)
∗Fj(z)

holds for all z, w ∈ D
d and some matrix functions Fj : C

d → C
nj×m, 1 ≤ j ≤ d, and let

ν be the maximum of the total degrees of S and R.

Then, Fj is a matrix polynomial of total degree smaller than ν for each 1 ≤ j ≤ d.
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Proof. The method of this proof largely follows Knese's proof for the case S = Im in [67].
We already know from the proof of Theorem 5.3 (see also Remark 5.6) that F1, . . . , Fd

are rational and holomorphic on D
d. Again, the key to the proof is to break the problem

down to one dimension. To do this, we �x an arbitrary direction τ ∈ T
d. Then, de�ne

z, w ∈ D
d as z := ζτ and w := ητ for some ζ, η ∈ D. Plugging this into (8.6) yields

S(ητ)∗S(ζτ)−R(ητ)∗R(ζτ) =
d
∑

j=1

(1− ητj · ζτj)Fj(ητ)
∗Fj(ζτ)

= (1− ηζ)

d
∑

j=1

Fj(ητ)
∗Fj(ζτ),

since τjτj = |τj |2 = 1 for each 1 ≤ j ≤ d. Because R and S are matrix polynomials and
τ is �xed, the left side of the equation is a matrix polynomial in η and ζ. Analogous to
our answer to the �rst question in Section 6.1, the identity S(z)∗S(z) − R(z)∗R(z) = 0
now implies that S(ητ)∗S(ζτ)−R(ητ)∗R(ζτ) is divisible by (1− ηζ). So,

d
∑

j=1

Fj(ητ)
∗Fj(ζτ)

is a matrix polynomial in η and ζ, and its degree in each of those variables is smaller
than ν. Now, let n :=

∑d
j=1 nj and consider the homogeneous expansion of F , i.e., write

F (z) :=







F1(z)
...

Fd(z)






=

∞
∑

ℓ=0

F̃ℓ(z)

where F̃ℓ ∈ C[z1, . . . , zd]
n×m, ℓ ∈ N0, is the matrix polynomial containing all summands

of F ∈ C[z1, . . . , zd]
n×m that have total degree ℓ. Because

d
∑

j=1

Fj(ητ)
∗Fj(ζτ) = F (ητ)∗F (ζτ) =

∞
∑

k,ℓ=0

F̃k(ητ)
∗F̃ℓ(ζτ) =

∞
∑

k,ℓ=0

ηkζℓF̃k(τ)
∗F̃ℓ(τ)

is polynomial in η and ζ, and its degree in each of those variables is smaller than ν,
F̃k(τ)

∗F̃ℓ(τ) = 0 holds for k ≥ ν or ℓ ≥ ν. Since τ ∈ T
d was arbitrary, this means that

F̃ ∗
k F̃ℓ ≡ 0 holds on T

d for k ≥ ν or ℓ ≥ ν, so in particular, F̃ ∗
ℓ F̃ℓ ≡ 0 holds on T

d for
ℓ ≥ ν. Because F̃ℓ is a matrix polynomial, this implies F̃ℓ ≡ 0 for ℓ ≥ ν. Therefore, F is
a matrix polynomial of total degree smaller than ν, which, of course, implies that every
Fj , 1 ≤ j ≤ d, is a matrix polynomial of total degree smaller than ν.
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Combining Theorem 8.1 and Theorem 8.3, we get the following corollary.

Corollary 8.4

Let S ∈ C[z1, z2]
m×m and R ∈ C[z1, z2]

n0×m, n0 ≥ m, be two matrix polynomials such

that

S(z)∗S(z)−R(z)∗R(z) = 0

holds for all z ∈ T
2. Furthermore, de�ne ν as the maximum of the total degrees of S and

R and let S have a rational and analytic inverse S−1 on D
2.

Then there exist matrix polynomials F1 : C2 → C
n1×m and F2 : C2 → C

n2×m with total

degrees smaller than ν such that

S(w)∗S(z)−R(w)∗R(z) =
2
∑

j=1

(1− wjzj)Fj(w)
∗Fj(z)

holds for all z, w ∈ D
2.

In particular, we have obtained the following result for the setting of the Oblique
Extension Principle:

Corollary 8.5

Let p ∈ C[z1, z2] be a re�nement symbol and q1, . . . , qr ∈ C[z1, z2] be wavelet symbols such
that the Oblique Extension Principle holds for the vanishing moment recovery function

s ∈ C[z±1
1 , z±1

2 ], i.e.,

S(z)∗S(z)−R(z)∗R(z) = 0

for z ∈ T
2 with the matrix polynomials S and R de�ned as in Section 4.4 and extended

to matrix functions S : C
2 → C

m×m and R : C
2 → C

(r+1)×m. We further de�ne ν
as the maximum of the total degrees of S and R and assume that s = |θ|2 on T

2 with

θ ∈ C[z1, z2] zero-free on D2.

Then there exist matrix polynomials F1 : C2 → C
n1×m and F2 : C2 → C

n2×m with total

degrees smaller than ν such that

S(w)∗S(z)−R(w)∗R(z) =
2
∑

j=1

(1− wjzj)Fj(w)
∗Fj(z)

for z, w ∈ D
2.

Proof. Since s = |θ|2 on T
2 with θ ∈ C[z1, z2] zero-free on D2, S is a diagonal matrix

with each diagonal entry zero-free on D2. This implies that S has a rational and analytic
inverse S−1 on D2 and that R has at least as many rows as S (see Remark 8.2). The
result now follows directly from Corollary 8.4.

In the following section, we present an alternative method to obtain the matrix poly-
nomials F1 and F2. Like in Section 6.2, it will be based on interpolation.
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8.2. Obtaining a Realization with the Nevanlinna-Pick Interpolation

If we want to construct the matrix polynomials F1 and F2 for given bivariate matrix
polynomials S and R, Theorem 8.3, i.e., the fact that F1 and F2 are matrix polynomials,
allows us to simplify the computations compared to the proof of Theorem 8.1. In partic-
ular, it makes it possible to skip the search for the isometries T̃ and T and to replace it
with a numerical calculation, similar to the Nevanlinna-Pick interpolation known from
Section 6.2.

We know that under the assumptions of Theorem 8.1, we can always �nd matrix-valued
functions F1 and F2 such that (8.1) holds, i.e.,

S(w)∗S(z)−R(w)∗R(z) =
2
∑

j=1

(1− wjzj)Fj(w)
∗Fj(z),

for z, w ∈ D
2. The proof also gives a method for constructing these functions. In this

method, we obtain F1 �rst and then use it to construct F2. The �rst step in �nding F1,
the factorization

S(w)∗S(z)−R(w)∗R(z)
1− w1z1

=











Im
w1Im
...

wν−1
1 Im











∗

L(z2)











Im
z1Im
...

zν−1
1 Im











is pretty straightforward. The more di�cult part in �nding F1 is the factorization

L(z2) = A(z2)
∗A(z2).

Since L is positive semi-de�nite, we can, for example, use the Cholesky decomposition (or
rather its extension to positive semi-de�nite polynomial matrices, to be precise); however,
this may not be the optimal factorization in this case (see Section 9). Combining these
two factorizations then immediately gives us the matrix polynomial F1.
We can now take advantage of the fact that F2 will also be a matrix polynomial ac-

cording to Theorem 8.3 and compute it using polynomial interpolation, similar to the
Nevanlinna-Pick interpolation from Section 6.2.

For this we consider the equation (6.8), i.e.,

U∗
j Uk − V ∗

j Vk =
d
∑

ℓ=1

(1− wj,ℓwk,ℓ)Nℓ,jk

for d = 2. Similar to our approach in the univariate case in Remark 6.14, we choose
points w1, . . . , wn ∈ D

2 and de�ne Uj := S(wj) and Vj := R(wj). Since we have already
calculated F1, we know the values of the matrices

N1,jk = F1(wj)
∗F1(wk), 1 ≤ j, k ≤ n.
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We can thus solve (6.8) for the matrices N2,jk, 1 ≤ j, k ≤ n. As in Theorem 6.13 and the
sketch of its proof, we then construct the block matrix N2 = (N2,jk)j,k=1,...,n and write
it as

N2 = A∗
2A2.

If we now divide A2 into suitable blocks, i.e., A2 = (A2,1, . . . , A2,n), we have obtained a
factorization

N2,jk = A∗
2,jA2,k

of each block N2,jk, 1 ≤ j, k ≤ n. Because the block N2,jk contains the values of
F2(wj)

∗F2(wk), this means that A2,k = F2(wk). Since we know that F2 is polynomial,
we can now �nd it by interpolation, provided we have chosen enough points for it to be
uniquely de�ned by its values in w1, . . . , wn.

Remark 8.6

These calculations are simplest when done on a rectangular grid, i.e., when we pick

{w1, . . . , wn} = {z0, . . . , zν1} × {z̃0, . . . , z̃ν2−1}

with zj ∈ D for 1 ≤ j ≤ ν1 and z̃k ∈ D for 1 ≤ k ≤ ν2−1, where ν1 is the degree of z1 (and
w1) and ν2 is the degree of z2 (and w2) in the matrix polynomial S(w)∗S(z)−R(w)∗R(z).
Note that because of (8.1), we expect the degree of z1 (and w1) in F2 to be ν1 and the
degree of z2 (and w2) in F2 to be ν2 − 1.
On such a rectangular grid, �nding the coe�cients of F2 now boils down to solving

two systems of linear equations (see e.g. [62], Chapter 6.2): We rearrange the blocks of
A2 into a block matrix Ã2 = (Ã2,jk)0≤j≤ν1,0≤k≤ν2−1 such that Ã2,jk = A2,κ for some
1 ≤ κ ≤ n and

Ã2,jk = F2(zj , z̃k)

for all 0 ≤ j ≤ ν1 and all 0 ≤ k ≤ ν2 − 1. Those are of size ρ×m, where ρ := rank (N2)
and m is the size of S(w)∗S(z)−R(w)∗R(z). Now, de�ne the block matrices Z1 and Z2

as

Z1 :=







z00Eρ . . . zν10 Eρ
...

. . .
...

z0ν1Eρ . . . zν1ν1Eρ






and Z2 :=







z̃00Em . . . z̃0ν2−1Em
...

. . .
...

z̃ν2−1
0 Em . . . z̃ν2−1

ν2−1Em







and solve the systems of linear equations

Z1C̃ = Ã2

and then

ZT
2 C

T = C̃T .

The solution C of the second system is a block matrix C = (Cjk)0≤j≤ν1,0≤k≤ν2−1, where
the block Cjk is the matrix with the coe�cients of zj1z

k
2 in F2.
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Example 8.7

We will use the method described above to construct the matrix polynomials F1 and
F2 for the bivariate tight wavelet frame from Example 7.5. The re�nement and wavelet
symbol, the vanishing moment recovery function s, and the function θ with s = |θ|2 can
be found there. In particular, note that the matrix polynomial S(w)∗S(z)− R(w)∗R(z)
has degree 4 in all its variables, i.e., ν1 = ν2 = 4.

We �rst follow the method in the proof of Theorem 8.1 and calculate

S(w)∗S(z)−R(w)∗R(z)
1− w1z1

=











I
w1I
...

wν−1
1 I











∗

L(z2)











I
z1I
...

zν−1
1 I











.

The matrix L(z2) consists of 4×4 blocks of (4×4)-matrices, i.e., L(z2) = (Lj,k(z2))0≤j,k≤3

where Lj,k(z2) is the coe�cient matrix of the monomial w1
jzk1 . The blocks Lj,k can easily

be calculated by di�erentiation. For example, the matrix with the constant coe�cients,
i.e., the block L0,0(z2) of L(z2), is given by

L0,0(z2) =























−15
√
15+53
576 ℓ(z2) 0

√
15+11
576 ℓ(z2) 0

0 15
√
15+53
576 ℓ̃(z2) 0 −

√
15+11
576 ℓ̃(z2)

√
15+11
576 ℓ(z2) 0 −15

√
15+53
576 ℓ(z2) 0

0 −
√
15+11
576 ℓ̃(z2) 0 15

√
15+53
576 ℓ̃(z2)























with ℓ(z2) := z2 − 8 + z−1
2 and ℓ̃(z2) := z2 + 8 + z−1

2 . The complete block matrix L(z2)
is symmetrical and has rank 10. We can write it as

L(z2) = A(z2)
∗A(z2).

with a (10 × 16) matrix polynomial A(z2) of full rank. The matrix polynomial A now
directly gives us

F1(z1, z2) = A(z2)









I4
z1I4
z21I4
z31I4









.
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F1 is a matrix polynomial of size 10× 4. Its �rst column can be obtained by multiplying



































































√

15
√
15−53

54336

(

z21 +
(

4
√
15

3 − 2
)

z1 − 4
√
15

3 − 11
)

1
6

√

33−4
√
15

3962

(

z21 + (7
√
15− 26)z1

)

1
8

√

7(275−17
√
15)

106935

(

z31 +
(

86
7 − 8

√
15

3

)

z21 +
(

95
7 − 16

√
15

3

)

z1

)

−106
3

√

2
42071845+10857872

√
15

(

z31 +
(

11
√
15

106 + 947
424

)

z21

)

√
15−4
6

√

111+64
√
15

32746 z31

0

0

0

0

0



































































with (z2 −
√
15− 4), and its second column can be obtained by multiplying





































































0

0

0

0

0

−1
8

√

73+5
√
15

7431

(

z31 +
(

12− 8
√
15

3

)

z21 +
(

49− 44
√
15

3

)

z1 +
4
√
15

3 − 2
)

−
√

257491
6640856816

√
15

− 177893
19922570448

(

z31 +
(

167
14 − 5

√
15

21

)

z21 − 127
√
15

21 + 655
14

)

167399

12
√

7(307291202165+79273459418
√
15)

(

z31 +
(

26838
√
15+489412

167399

)

z21 − 384346
√
15+1455780

167399

)

241

4
√

152962818
√
15+592573491

(

z31 +
1610

√
15

241 + 6052
241

)

1

2
√

25434+6576
√
15
z31





































































with (z2 +
√
15 + 4).
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Its third column can be obtained by multiplying



































































√

15
√
15−53

54336

(

z21 +
(

4
√
15

3 − 6
)

z1 +
4
√
15

3 − 3
)

1
6

√

33−4
√
15

3962

(

z21 +
(

7
√
15− 30

)

z1 − 14
)

1
8

√

7(275−17
√
15)

106935

(

z31 +
(

58
7 − 8

√
15

3

)

z21 +
(

16
√
15

3 − 193
7

)

z1

)

−106
3

√

2
42071845+10857872

√
15

(

z31 +
(

11
√
15

106 − 749
424

)

z21 −
(

22
√
15

53 + 99
106

)

z1

)

− 1

2
√

25434+6576
√
15

(

z31 − 4z21 + 8z1
)

0

0

0

0

0



































































with (z2 −
√
15− 4), and its fourth column can be obtained by multiplying





































































0

0

0

0

0

−1
8

√

73+5
√
15

7431

(

z31 +
(

8− 8
√
15
3

)

z21 +
(

9− 4
√
15
)

z1 − 4
√
15
3 + 6

)

−
√

257491
6640856816

√
15

− 177893
19922570448 f1,4(z1)

167399

12
√

7(307291202165+79273459418
√
15)

f̃1,4(z1)

241

4
√

592573491+152962818
√
15

(

z31 − 4z21 + 8z1
)

1

2
√

25434+6576
√
15

(

z31 − 4z21 + 8z1
)





































































with (z2 +
√
15 + 4).
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The functions f1,4 and f̃1,4 in the fourth column are given by

f1,4(z1) =

(

z31 +

(

333− 10
√
15

42

)

z21 +

(

20
√
15− 834

21

)

z1 −
1174

√
15 + 1755

42

)

and f̃1,4(z1) =

(

z31 +

(

26838
√
15− 180184

167399

)

z21 −
(

107352
√
15 + 618456

167399

)

z1

)

.

As can be seen above, F1 has a maximum degree of 3 in z1 and 1 in z2.

Since S(w)∗S(z)−R(w)∗R(z) has degree 4 in all its variables, we now use

z0 = 0, z1 =
1

2
, z2 = −1

2
, z3 =

1

3
and z4 = −1

3

to build the rectangular grid {w1, . . . , w20} = {z0, . . . , z4}×{z0, . . . , z3} (cf. Remark 8.6).
We calculate Uj := S(wj), Vj := R(wj) and N1,jk = F1(wj)

∗F1(wk), 1 ≤ j, k ≤ 20, and
solve

U∗
j Uk − V ∗

j Vk =
2
∑

ℓ=1

(1− wj,ℓwk,ℓ)Nℓ,jk

for N2,jk, 1 ≤ j, k ≤ 20, to get a (80× 80)-matrix N2 = (N2,jk)j,k=1,...,20 of rank 15. We
can thus factor it into N2 = A∗

2A2 with a (15 × 80)-matrix A2 = (A2,1, . . . , A2,20) with
20 blocks A2,j of size 15× 4.
Due to the size of the matrices, we switched to numerical calculations at this point (up

until now, even in the examples where we only gave numerical values, all underlying cal-
culations were done symbolically). Using the interpolation method described in Remark
8.6 results in

F2(z1, z2) = A0(z2) + z11A1(z2) + z21A2(z2) + z31A3(z2) + z41A4(z2),

where the �rst and third columns of A0(z2) are given by






















































−0.0028826 z32 − 0.010755 z22 + 0.047843 z2 − 0.27385
−0.0033039 z32 − 0.044913 z22 − 0.058373 z2 + 0.30947

−0.000048359 z32 − 0.00018042 z22 + 0.00080264 z2 − 0.0045941
−0.000055428 z32 − 0.00075348 z22 − 0.00097928 z2 + 0.0051918

0.038419 z32 + 0.073119 z22 − 0.27552 z2 + 0.0079415
0.00064453 z32 + 0.0012267 z22 − 0.0046223 z2 + 0.00013323
−0.00063834 z32 − 0.0023816 z22 + 0.010595 z2 − 0.060642
−0.00073164 z32 − 0.0099459 z22 − 0.012926 z2 + 0.068531
0.0085077 z32 + 0.016192 z22 − 0.061014 z2 + 0.0017586
−0.00026257 z32 + 0.014546 z22 + 0.02957 z2 − 0.003385

−0.000004405 z32 + 0.00024403 z22 + 0.00049608 z2 − 0.000056788
0.015428 z32 + 0.031237 z22 − 0.0020947 z2 − 0.0047258

0.00025883 z32 + 0.00052404 z22 − 0.000035141 z2 − 0.000079281
−0.000058145 z32 + 0.0032212 z22 + 0.0065482 z2 − 0.0007496
0.0034165 z32 + 0.0069173 z22 − 0.00046386 z2 − 0.0010465






















































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and the second and fourth columns of A0(z2) are given by























































−0.0028826 z32 + 0.00077573 z22 + 0.067801 z2 + 0.34214
−0.0033039 z32 − 0.031698 z22 + 0.094849 z2 + 0.22781

−0.000048359 z32 + 0.000013014 z22 + 0.0011375 z2 + 0.0057398
−0.000055428 z32 − 0.00053177 z22 + 0.0015912 z2 + 0.0038219

0.038419 z32 − 0.080556 z22 − 0.26065 z2 + 0.043343
0.00064453 z32 − 0.0013514 z22 − 0.0043728 z2 + 0.00072713
−0.00063834 z32 + 0.00017178 z22 + 0.015014 z2 + 0.075765
−0.00073164 z32 − 0.0070194 z22 + 0.021004 z2 + 0.050449
0.0085077 z32 − 0.017839 z22 − 0.057721 z2 + 0.0095981

−0.00026257 z32 + 0.015596 z22 − 0.030714 z2 + 0.0014942
−0.000004405 z32 + 0.00026165 z22 − 0.00051528 z2 + 0.000025067

0.015428 z32 − 0.030476 z22 − 0.0036165 z2 + 0.0048049
0.00025883 z32 − 0.00051127 z22 − 0.000060673 z2 + 0.00008061
−0.000058145 z32 + 0.0034537 z22 − 0.0068016 z2 + 0.00033089

0.0034165 z32 − 0.0067488 z22 − 0.00080087 z2 + 0.001064























































.

The �rst column of A1(z2) is given by























































−0.0013533 z32 − 0.0050491 z22 + 0.022462 z2 − 0.12857
−0.0015511 z32 − 0.021086 z22 − 0.027405 z2 + 0.14529
0.0057345 z32 + 0.021395 z22 − 0.095179 z2 + 0.54478
0.0065727 z32 + 0.08935 z22 + 0.11613 z2 − 0.61565

0.018037 z32 + 0.034328 z22 − 0.12936 z2 + 0.0037284
−0.076429 z32 − 0.14546 z22 + 0.54812 z2 − 0.015799
0.0003999 z32 + 0.001492 z22 − 0.0066373 z2 + 0.03799

0.00045835 z32 + 0.0062308 z22 + 0.008098 z2 − 0.042932
−0.0053298 z32 − 0.010144 z22 + 0.038223 z2 − 0.0011017
−0.00012327 z32 + 0.0068291 z22 + 0.013883 z2 − 0.0015892
0.00052235 z32 − 0.028937 z22 − 0.058826 z2 + 0.006734

0.0072433 z32 + 0.014665 z22 − 0.00098342 z2 − 0.0022187
−0.030692 z32 − 0.062142 z22 + 0.0041671 z2 + 0.0094013

0.000036426 z32 − 0.0020179 z22 − 0.0041022 z2 + 0.0004696
−0.0021403 z32 − 0.0043334 z22 + 0.00029059 z2 + 0.0006556























































,
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the second column is given by






















































−0.0013533 z32 + 0.0003642 z22 + 0.031832 z2 + 0.16063
−0.0015511 z32 − 0.014882 z22 + 0.04453 z2 + 0.10696
0.0057345 z32 − 0.0015432 z22 − 0.13488 z2 − 0.68064
0.0065727 z32 + 0.063059 z22 − 0.18869 z2 − 0.45321
0.018037 z32 − 0.03782 z22 − 0.12237 z2 + 0.020349
−0.076429 z32 + 0.16026 z22 + 0.51853 z2 − 0.086225

0.0003999 z32 − 0.00010762 z22 − 0.009406 z2 − 0.047464
0.00045835 z32 + 0.0043974 z22 − 0.013158 z2 − 0.031604
−0.0053298 z32 + 0.011175 z22 + 0.03616 z2 − 0.0060129
−0.00012327 z32 + 0.0073222 z22 − 0.01442 z2 + 0.0007015
0.00052235 z32 − 0.031027 z22 + 0.061103 z2 − 0.0029725
0.0072433 z32 − 0.014308 z22 − 0.0016979 z2 + 0.0022559
−0.030692 z32 + 0.060628 z22 + 0.0071947 z2 − 0.0095589

0.000036426 z32 − 0.0021636 z22 + 0.004261 z2 − 0.00020729
−0.0021403 z32 + 0.0042279 z22 + 0.00050172 z2 − 0.00066658























































,

and the third and fourth columns are the same as the �rst and second columns, respec-
tively, apart from the sign. The �rst and third columns of A2(z2) are given by























































−0.002333 z32 − 0.0087041 z22 + 0.038721 z2 − 0.22163
−0.002674 z32 − 0.03635 z22 − 0.047243 z2 + 0.25047

−0.0019034 z32 − 0.0071013 z22 + 0.031591 z2 − 0.18082
−0.0021816 z32 − 0.029657 z22 − 0.038544 z2 + 0.20435
0.031094 z32 + 0.059178 z22 − 0.22299 z2 + 0.0064273
0.025368 z32 + 0.048281 z22 − 0.18193 z2 + 0.0052438
0.0043673 z32 + 0.016294 z22 − 0.072487 z2 + 0.4149
0.0050057 z32 + 0.068047 z22 + 0.088439 z2 − 0.46887
−0.058207 z32 − 0.11078 z22 + 0.41744 z2 − 0.012032

−0.00021251 z32 + 0.011773 z22 + 0.023932 z2 − 0.0027396
−0.00017338 z32 + 0.0096048 z22 + 0.019525 z2 − 0.0022351
0.012487 z32 + 0.025281 z22 − 0.0016953 z2 − 0.0038247
0.010187 z32 + 0.020626 z22 − 0.0013831 z2 − 0.0031205
0.00039781 z32 − 0.022038 z22 − 0.044801 z2 + 0.0051286
−0.023375 z32 − 0.047326 z22 + 0.0031736 z2 + 0.0071599






















































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and the second and fourth column are given by






















































−0.002333 z32 + 0.00062783 z22 + 0.054874 z2 + 0.2769
−0.002674 z32 − 0.025654 z22 + 0.076765 z2 + 0.18438

−0.0019034 z32 + 0.00051222 z22 + 0.04477 z2 + 0.22591
−0.0021816 z32 − 0.02093 z22 + 0.06263 z2 + 0.15043
0.031094 z32 − 0.065197 z22 − 0.21095 z2 + 0.035079
0.025368 z32 − 0.053192 z22 − 0.17211 z2 + 0.02862

0.0043673 z32 − 0.0011753 z22 − 0.10272 z2 − 0.51836
0.0050057 z32 + 0.048025 z22 − 0.1437 z2 − 0.34516
−0.058207 z32 + 0.12205 z22 + 0.39491 z2 − 0.065668

−0.00021251 z32 + 0.012623 z22 − 0.024858 z2 + 0.0012093
−0.00017338 z32 + 0.010298 z22 − 0.020281 z2 + 0.00098663

0.012487 z32 − 0.024665 z22 − 0.002927 z2 + 0.0038888
0.010187 z32 − 0.020123 z22 − 0.002388 z2 + 0.0031727
0.00039781 z32 − 0.02363 z22 + 0.046535 z2 − 0.0022638
−0.023375 z32 + 0.046173 z22 + 0.0054794 z2 − 0.0072799























































.

The �rst column of A3(z2) is given by























































0.00034597 z32 + 0.0012908 z22 − 0.0057422 z2 + 0.032867
0.00039654 z32 + 0.0053905 z22 + 0.0070059 z2 − 0.037143
0.00019161 z32 + 0.00071486 z22 − 0.0031802 z2 + 0.018203
0.00021961 z32 + 0.0029854 z22 + 0.0038801 z2 − 0.020571
−0.004611 z32 − 0.0087758 z22 + 0.033069 z2 − 0.00095315
−0.0025537 z32 − 0.0048603 z22 + 0.018314 z2 − 0.00052788

−0.0015768 z32 − 0.005883 z22 + 0.026171 z2 − 0.1498
−0.0018073 z32 − 0.024568 z22 − 0.031931 z2 + 0.16929
0.021016 z32 + 0.039998 z22 − 0.15072 z2 + 0.0043442

0.000031514 z32 − 0.0017458 z22 − 0.003549 z2 + 0.00040627
0.000017453 z32 − 0.00096688 z22 − 0.0019655 z2 + 0.000225
−0.0018517 z32 − 0.0037491 z22 + 0.0002514 z2 + 0.00056719
−0.0010255 z32 − 0.0020763 z22 + 0.00013923 z2 + 0.00031412
−0.00014363 z32 + 0.0079569 z22 + 0.016175 z2 − 0.0018517
0.0084395 z32 + 0.017087 z22 − 0.0011458 z2 − 0.0025851























































,
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the second column is given by






















































0.00034597 z32 − 0.000093104 z22 − 0.0081375 z2 − 0.041063
0.00039654 z32 + 0.0038044 z22 − 0.011384 z2 − 0.027343

0.00019161 z32 − 0.000051564 z22 − 0.0045068 z2 − 0.022742
0.00021961 z32 + 0.002107 z22 − 0.0063047 z2 − 0.015143
−0.004611 z32 + 0.0096684 z22 + 0.031284 z2 − 0.005202
−0.0025537 z32 + 0.0053546 z22 + 0.017326 z2 − 0.002881
−0.0015768 z32 + 0.00042434 z22 + 0.037089 z2 + 0.18715
−0.0018073 z32 − 0.017339 z22 + 0.051884 z2 + 0.12462
0.021016 z32 − 0.044066 z22 − 0.14258 z2 + 0.023709

0.000031514 z32 − 0.0018719 z22 + 0.0036864 z2 − 0.00017933
0.000017453 z32 − 0.0010367 z22 + 0.0020416 z2 − 0.00009932
−0.0018517 z32 + 0.0036577 z22 + 0.00043406 z2 − 0.00057669
−0.0010255 z32 + 0.0020258 z22 + 0.00024039 z2 − 0.00031939
−0.00014363 z32 + 0.0085314 z22 − 0.016801 z2 + 0.00081735
0.0084395 z32 − 0.016671 z22 − 0.0019783 z2 + 0.0026284























































and the third and fourth columns are the same as the �rst and second columns, re-
spectively, apart from the sign. Finally, the �rst and third columns of A4(z2) are given
by























































0.00017298 z32 + 0.00064539 z22 − 0.0028711 z2 + 0.016434
0.00019827 z32 + 0.0026953 z22 + 0.003503 z2 − 0.018571

0.000095804 z32 + 0.00035743 z22 − 0.0015901 z2 + 0.0091014
0.00010981 z32 + 0.0014927 z22 + 0.00194 z2 − 0.010285

−0.0023055 z32 − 0.0043879 z22 + 0.016534 z2 − 0.00047657
−0.0012769 z32 − 0.0024301 z22 + 0.0091572 z2 − 0.00026394

−0.00078841 z32 − 0.0029415 z22 + 0.013086 z2 − 0.0749
−0.00090365 z32 − 0.012284 z22 − 0.015966 z2 + 0.084643
0.010508 z32 + 0.019999 z22 − 0.075359 z2 + 0.0021721

0.000015757 z32 − 0.00087291 z22 − 0.0017745 z2 + 0.00020314
0.0000087267 z32 − 0.00048344 z22 − 0.00098277 z2 + 0.0001125
−0.00092585 z32 − 0.0018745 z22 + 0.0001257 z2 + 0.00028359
−0.00051276 z32 − 0.0010382 z22 + 0.000069617 z2 + 0.00015706
−0.000071815 z32 + 0.0039785 z22 + 0.0080877 z2 − 0.00092583
0.0042198 z32 + 0.0085436 z22 − 0.00057291 z2 − 0.0012925






















































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and the second and fourth columns are given by






















































0.00017298 z32 − 0.000046552 z22 − 0.0040688 z2 − 0.020532
0.00019827 z32 + 0.0019022 z22 − 0.005692 z2 − 0.013671

0.000095804 z32 − 0.000025782 z22 − 0.0022534 z2 − 0.011371
0.00010981 z32 + 0.0010535 z22 − 0.0031524 z2 − 0.0075715
−0.0023055 z32 + 0.0048342 z22 + 0.015642 z2 − 0.002601

−0.0012769 z32 + 0.0026773 z22 + 0.0086629 z2 − 0.0014405
−0.00078841 z32 + 0.00021217 z22 + 0.018544 z2 + 0.093577
−0.00090365 z32 − 0.0086696 z22 + 0.025942 z2 + 0.06231
0.010508 z32 − 0.022033 z22 − 0.071291 z2 + 0.011855

0.000015757 z32 − 0.00093594 z22 + 0.0018432 z2 − 0.000089667
0.0000087267 z32 − 0.00051835 z22 + 0.0010208 z2 − 0.00004966
−0.00092585 z32 + 0.0018289 z22 + 0.00021703 z2 − 0.00028835
−0.00051276 z32 + 0.0010129 z22 + 0.0001202 z2 − 0.00015969
−0.000071815 z32 + 0.0042657 z22 − 0.0084007 z2 + 0.00040868
0.0042198 z32 − 0.0083354 z22 − 0.00098916 z2 + 0.0013142























































.

In particular, F2 has a maximum degree of 4 in z1 and 3 in z2.
Note that although there are some similarities, both F1 and F2 are not the same as

in Example 7.5, once again con�rming that these functions are not uniquely de�ned. If
we look at how F1 is constructed in this example (see Section 9.3 in the Appendix), a
di�erent permutation P would yield an F1 with a similar Kronecker product structure
as in Example 7.5.

Remark 8.8

Theoretically, we could again interpolate on the bitorus T
2 instead of D2, as we did in

the univariate case in Example 6.17. The construction of the matrix polynomial F1 is
not a�ected by the choice of points. We would then use it to construct N1 for the chosen
points on T

d and with its help N2 for the points where wj,2wk,2 ̸= 1.
Then, as in the univariate case, we would �ll in the missing blocks by interpolation,

discard the now super�uous blocks, and use the rest to construct F2. However, �lling in
the missing blocks by interpolation is more complex than in the univariate case (it is not
an interpolation on a grid as in Remark 8.6).
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9. Conclusion and Outlook

In this thesis, we have shown that it is indeed possible to link the construction of tight
wavelet frames using the Oblique Extension Principle to linear system theory. This con-
nection exists in the univariate case, in the bivariate case, and, to some extent, even
in higher dimensions. Under some restrictions on the re�nement symbol p, the wavelet
symbols q1, . . . , qr, and the vanishing moment recovery function s, we can always �nd an
isometric block matrix

T =

(

A B
C D

)

such that
R(z) =

[

A+BE(z)(I −DE(z))−1C
]

S(z)

holds for all z ∈ D
d, d ∈ {1, 2}, and the matrix polynomials S and R de�ned in the matrix

form of the Oblique Extension Principle. Equivalently, we can �nd a matrix polynomial
F such that

S(w)∗S(z)−R(w)∗R(z) = (1− wz)F (w)∗F (z),

holds for w, z ∈ D in the univariate case, or matrix polynomials F1 and F2 such that

S(w)∗S(z)−R(w)∗R(z) = (1− w1z1)F1(w)
∗F1(z) + (1− w2z2)F2(w)

∗F2(z),

holds for w, z ∈ D
2 in the bivariate case. For separable tight wavelet frames, we can even

�nd realizations for any dimension d ≥ 1. All of these results are constructive.

However, the degree of restriction we had to impose varied considerably: Our choice
of re�nement and wavelet symbols, and a vanishing moment recovery function is largely
unrestricted in the univariate (and multivariate separable) case - we do have to choose
polynomial masks, but this can be �enforced� (see Remark 6.1). In the bivariate case,
we additionally had to focus on frames with a vanishing moment recovery function that
allows a single square factorization s(z1, z2) = |θ(z1, z2)|2 on T

2. The main reason for this
restriction is to keep the matrix S square. If s had only a sum of squares representation

s(z1, z2) =

N
∑

n=1

|θn(z1, z2)|2

for (z1, z2) ∈ T
2 and N > 1, S would be of size (detM) × (N detM). Looking closely

at the proof of Theorem 8.1, we can see the reason why this is a problem: The matrix
S0(z2) in (8.3) would also have the size (detM) × (N detM), so not only would it not
have an inverse S−1

0 , it would not even have a right inverse, since N detM > detM .
Since we need at least a right inverse of S0 for the following steps, the method of this
proof cannot be applied to this more general case.
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Depending on the number N of polynomials θn in the sum of squares representation,
the proof of Theorem 8.1 fails even earlier: If N is large enough that S has more rows
than R, Theorem 5.3 yields only a contractive T̃ (z2) in (8.2) according to Remark 5.7.
Note that this very remark also implies that (8.5) will only be possible for a contractive
matrix T .
Unlike the requirement that all symbols are polynomial, limiting ourselves to construc-

tions featuring a vanishing moment recovery function s with a single-square factorization
is a real restriction. For example, we have seen that the vanishing moment recovery func-
tion for a frame based on the piecewise linear box spline does not have a single-square
factorization (see part b) of Example 4.7). It would, therefore, be desirable if this limita-
tion could be removed in the future. For an as yet unpublished successor to [17] and [18],
Maria Charina and Joachim Stöckler constructed a realization associated with this very
frame, which suggests that it should be possible to generalize our results to rectangular
matrix polynomials S. However, their construction involves a largely manual calculation,
so there is no systematic approach (yet).

We hoped that the construction from Section 8.2 could also be applied when S is
rectangular. However, this turned out to be too optimistic. For the same frame based
on the piecewise linear box spline, when we followed the �rst steps of that construction,
i.e., when we calculated F1 as in the proof of Theorem 8.1 and used it to construct the
block matrix N1, it was not positive semi-de�nite. This might - at least in some cases -
be a matter of choosing the �right� matrix Fejér-Riesz factorization L(z2) = A(z2)

∗A(z2)
(see, for example, the di�erent ways to choose a factorization in Theorem 4.6 in [53]).
Without knowing F1 and thus N1 in advance, we face a di�erent problem when trying

to �nd the matrix polynomials F1 and F2 by interpolation. In this case, we know the left
side of (6.8), i.e.,

U∗
j Uk − V ∗

j Vk =
2
∑

ℓ=1

(1− wj,ℓwk,ℓ)Nℓ,jk

(since in our context, Uj = S(zj) and Vj = R(zj)), but we have to decompose it blockwise
into N1 and N2 before we can use these block matrices to �nd F1 and F2. So far, we
have not found a systematic way to do this. In fact, this was the original reason why we
performed the interpolation in Section 6.2 not only on D but also on the torus T: We
hoped that the additional freedom of being able to choose the diagonal blocks of N1 and
N2 relatively freely (as long as the resulting matrices are hermitian positive semi-de�nite)
would help us to make progress on this problem.
Alternatively, the solution may require an entirely di�erent approach. For example,

in [18], Charina, Putinar, Scheiderer, and Stöckler used a so-called adjunction formula
to transform the Unitary Extension Principle identity from a matrix-valued to a scalar-
valued equation. There is currently no generalization of this adjunction formula that does
precisely the same for the Oblique Extension Principle case, but perhaps a corresponding
approach could also help here.
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Another possible route of generalization would be to extend the results to the d-variate
non-separable setting for d > 2. The result by Anton Kummert ([70]), which we gener-
alized in Theorem 8.1, deals only with the bivariate case. Whether a generalization of
both Kummert's result and Theorem 8.1 to higher dimensions is possible, however, seems
far from certain to us since many results in and around the theory of operators on D

d

stop working when going from d = 2 to d = 3 (see part a) of Remark 5.2, for example;
even the step from d = 1 to d = 2 is often far from trivial, see Chapter 11 of [2], for
example). Since many applications of wavelets are one-dimensional (e.g., audio signals)
or two-dimensional (e.g., image processing), the restriction to d = 1 and d = 2 would be
acceptable.

Even if all these questions about possible generalizations have been answered (whether
positively or negatively), remember that �nding the connections between the construction
of multivariate tight wavelet frames and linear system theory is only the �rst step. The
next step would be determining if and how this connection can be used. Since we look
at this topic from a wavelet perspective, we are mainly interested in whether and how
results from linear system theory can be utilized in the construction of tight wavelet
frames or at least whether the properties of the associated realization reveal something
about the properties of a frame.
In summary, while this dissertation has addressed the connection between wavelet

frames and linear system theory and hopefully contributed a small step forward, there is
no lack of areas for further exploration.
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Appendix: Matlab Code for the Examples

Example 6.9

The matrix-valued function F in the univariate Example 6.9 was constructed using the
following Matlab script.

%Define symbolic variables z and w

syms z w

%Define the refinement symbol p, the wavelet symbols q1 and

q2 and the vanishing moment recovery function s

p=(1+z)^2/4;

q1=(1-z)^2/4;

q2=sqrt (6) /24*(1 -z)^2*(1+4*z+z^2);

s=1/3*(4+1/2*( -z-1/z));

%Define the polynomial theta from the Fejer -Riesz

factorization s=|theta |^2

u=4+ sqrt(sym (15));

theta=(z-u)/sqrt (6*u);

%Now build the matrix polynomials S and R

S=simplify ([subs(theta ,z,z) 0; 0 subs(theta ,z,-z)]);

Q=simplify ([q1 subs(q1,z,-z); q2 subs(q2,z,-z)]);

pvec=[subs(p,z,z),subs(p,z,-z)];

Rlower=simplify(subs(theta ,z,z^2)*pvec);

R=[Q;Rlower ];

%Build the matrix on the left -hand side of the desired

identity , i.e., S(w)*S(z)-R(w)*R(z)

leftSide=simplify(subs(S',z,w)*S-subs(R',z,w)*R);

%Calculate the kernel K

K=simplify(expand(leftSide /(1-conj(w)*z)));

%Build the matrix L from (6.5)

L00=subs(K,[w z],[0 0]);

L10=subs(diff(K,w),[w z],[0 0]);

L20 =1/2* subs(diff(K,w,2) ,[w z],[0 0]);

L30 =1/6* subs(diff(K,w,3) ,[w z],[0 0]);

L01=subs(diff(K,z),[w z],[0 0]);

L11=subs(diff(diff(K,z),w),[w z],[0 0]);

L21 =1/2* subs(diff(diff(K,z),w,2) ,[w z],[0 0]);

L31 =1/6* subs(diff(diff(K,z),w,3) ,[w z],[0 0]);
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L02 =1/2* subs(diff(K,z,2) ,[w z],[0 0]);

L12 =1/2* subs(diff(diff(K,z,2),w),[w z],[0 0]);

L22 =1/2*1/2* subs(diff(diff(K,z,2),w,2) ,[w z],[0 0]);

L32 =1/2*1/6* subs(diff(diff(K,z,2),w,3) ,[w z],[0 0]);

L03 =1/6* subs(diff(K,z,3) ,[w z],[0 0]);

L13 =1/6* subs(diff(diff(K,z,3),w),[w z],[0 0]);

L23 =1/6*1/2* subs(diff(diff(K,z,3),w,2) ,[w z],[0 0]);

L33 =1/6*1/6* subs(diff(diff(K,z,3),w,3) ,[w z],[0 0]);

L=[L00 ,L01 ,L02 ,L03;L10 ,L11 ,L12 ,L13;L20 ,L21 ,L22 ,L23;L30 ,L31 ,

L32 ,L33];

%Factor L (the parameter 'nocheck ' makes sure that chol tries

to find tildeF even though L is not positive definite

tildeF=chol(L,'nocheck ');

%Construct F

F=tildeF*Lambda;
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Examples 6.15 and 6.17

The results in both Example 6.15 and Example 6.17 were calculated using the following
Matlab script.

%Define symbolic variables z and w

syms z w

%Define the refinement symbol p, the wavelet symbols q1 and

q2 and the vanishing moment recovery function s

p=(1+z)^2/4;

s=1/3*(4+1/2*( -z-1/z));

q1=(1-z)^2/4;

q2=sqrt (6) /24*(1 -z)^2*(1+4*z+z^2);

%Define the polynomial theta from the Fejer -Riesz

factorization s=|theta |^2

u=4+ sqrt(sym (15));

theta=(z-u)/sqrt (6*u);

%Now build the matrix polynomials S and R

S=simplify ([subs(theta ,z,z) 0; 0 subs(theta ,z,-z)]);

Q=simplify ([q1 subs(q1,z,-z); q2 subs(q2,z,-z)]);

pvec=[subs(p,z,z),subs(p,z,-z)];

Rlower=simplify(subs(theta ,z,z^2)*pvec);

R=[Q;Rlower ];

%Choose four points in the disc or five points on the torus

and evaluate S and R in these points

values ={sym(1),sym(-1),sym(1i),sym(-1i),sym(1/ sqrt (2) *(1+1i))

};

nop=5;

points=cell(1,nop);

Scell=cell(1,nop);

Rcell=cell(1,nop);

for k=1:nop

Scell{k}={ simplify(subs(S,z,values{k})),k};

Rcell{k}={ simplify(subs(R,z,values{k})),k};

end

%Preallocate the necessary cell arrays and matrices

LS=cell(nop);

N=cell(nop);

Nmat=sym(zeros(nop));

test=sym(zeros(nop));
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%The boolean variable lnec indicates if some of the points

chosen for the interpolation are on the torus , i.e., if

interpolation is necessary to fill some diagonal blocks.

The variable countpoints saves the number of blocks that

will have to be filled with interpolation , and the matrix

lpoints saves the indices of those blocks.

lnec=false;

countpoints =0;

lpoints=zeros(nop^2,2);

for k=1:nop

for j=1:nop

%Calculate the left side of equation (6.8)

LS{k,j}= simplify(Scell{k}{1}'* Scell{j}{1}- Rcell{k}{1}'*

Rcell{j}{1});

%Write the block in the matrix -form of the tableau

LSmat ((2*(k-1)+1) :(2*k) ,(2*(j-1)+1) :(2*j))=LS{k,j};

%If there are blocks that are not uniquely defined , set

lnec to true and adjust countpoints and lpoints

accordingly

if (abs(values{k})==1) &&( values{k}== values{j})

lnec=true;

countpoints=countpoints +1;

lpoints(countpoints ,:)=[k,j];

%Else calculate the block N_{kj}, save it in the cell

array N

else

N{k,j}= simplify(LS{k,j}/(1- values{k}'*values{j}));

%...and write the block in the matrix form of the

tableau.

Nmat ((2*(k-1)+1) :(2*k) ,(2*(j-1)+1) :(2*j))=N{k,j};

end

end

end

%Fill the remaining blocks using Lagrange interpolation and

save the results both in N and in Nmat

if lnec

lpoints=lpoints (1: countpoints ,:);

for nk=1: countpoints

N{lpoints(nk ,1),lpoints(nk ,2)}=sym(zeros (2));

pos=floor(( lpoints(nk ,2) -1)/nop)*nop;

for mk=(pos+1):(pos+nop)
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if mk~= lpoints(nk ,2)

factor =1;

for lk=(pos+1):(pos+nop)

if lk~=mk && lk~= lpoints(nk ,2)

factor=factor *(( values{lpoints(nk ,2)}-

values{lk})/( values{mk}-values{lk}));

end

end

N{lpoints(nk ,1),lpoints(nk ,2)}=N{lpoints(nk ,1),

lpoints(nk ,2)}+ factor*N{lpoints(nk ,1),mk};

end

end

end

for k=1:nop

for j=1:nop

if (abs(values{k})==1) &&( values{k}== values{j})

Nmat ((2*(k-1)+1) :(2*k) ,(2*(j-1)+1) :(2*j))=N{k,j};

end

end

end

end

%If interpolation was necessary to fill some of the blocks ,

discard the last column and the last rows of blocks

if lnec

NmatShort=Nmat (1:2*(nop -1) ,1:2*(nop -1));

else

NmatShort=Nmat;

end

%Factor Nshort and discard the rows of Amat that contain only

zeros

A=cell(1,nop -1);

Amat=chol(NmatShort ,'nocheck ');

AmatShort=Amat (1:5 ,:);

%Divide AmatShort into blocks

for j=1:(nop -1)

A{j}=vpa(AmatShort (:,2*j-1:2*j) ,8);

end
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%Preallocate cell arrays and matrices necessary for the

construction of the isometry \tilde{T}

E=cell(1,nop -1);

Estar=cell(1,nop -1);

[rR,cR]=size(R);

[rS,cS]=size(S);

[rA,cA]=size(AmatShort);

Kmat=zeros(rR+rA,cA);

Kstarmat=zeros(rS+rA,cA);

%Build the vectors spanning the spaces E_* and E from the

sketch of the proof of Theorem 6.13

for j=1:(nop -1)

Estar{j}=[vpa(Scell{j}{1} ,8);vpa(values{j},8)*A{j}];

E{j}=[vpa(Rcell{j}{1} ,8);A{j}];

Kmat (:,2*j-1:2*j)=E{j};

Kstarmat (:,2*j-1:2*j)=Estar{j};

end

%Calculate the isometry \tilde{T} (which is the T we are

looking for)

Ttilde=mrdivide(vpa(Kmat ,8),vpa(Kstarmat ,8));

%Extract the blocks A,B,C,D

A=Ttilde (1:3 ,1:2);

B=Ttilde (1:3 ,3:7);

C=Ttilde (4:8 ,1:2);

D=Ttilde (4:8 ,3:7);

%Construct E and use it to construct W

E=w*sym(eye(5));

W=simplify(expand(A+B*E*inv(sym(eye(5))-D*E)*C));
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Examples 8.7

The matrix polynomials F1 and F2 in Example 8.7 were calculated using the following
Matlab script. The �rst part also gives us the symbols and vanishing moment recovery
function from Example 7.5.

%Define symbolic variables z and w

syms z w

%Define the univariate refinement symbol p, the univariate

wavelet symbols q1 and q2, and the univariate vanishing

moment recovery function s

pu=(1+z)^2/4;

su =1/3*(4+1/2*( -z-1/z));

q1u=(1-z)^2/4;

q2u=sqrt (6) /24*(1 -z)^2*(1+4*z+z^2);

%Define the polynomial theta from the Fejer -Riesz

factorization su=| thetaU |^2

u=4+ sqrt(sym (15));

thetaU =(z-u)/sqrt (6*u);

%Define symbolic variables for the bivariate case

syms z1 z2 w1 w2

%Build the bivariate refinement symbol , vanishing moment

recovery function , and the polynomial theta for the

factorization su=| thetaU |^2 (cf. the proof of Lemma 7.3)

p1=subs(pu,z,z1); p2=subs(pu,z,z2);

s1=subs(su,z,z1); s2=subs(su,z,z2);

theta1=subs(thetaU ,z,z1); theta2=subs(thetaU ,z,z2);

p=p1*p2;

s=s1*s2;

theta=theta1*theta2;

%Build the bivariate wavelet masks (cf. the proof of Lemma

7.3)

b10=subs(theta1 ,z1,z1^2)*p1;

b11=subs(q1u ,z,z1);

b12=subs(q2u ,z,z1);

b20=subs(theta2 ,z2,z2^2)*p2;

b21=subs(q1u ,z,z2);

b22=subs(q2u ,z,z2);
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q1=b10*b21;

q2=b10*b22;

q3=b11*b20;

q4=b11*b21;

q5=b11*b22;

q6=b12*b20;

q7=b12*b21;

q8=b12*b22;

%Now build the bivariate matrix polynomials S and R

S=simplify ([subs(theta ,[z1 z2],[z1 z2]) 0 0 0; 0 subs(theta ,[

z1 z2],[z1 -z2]) 0 0 ; 0 0 subs(theta ,[z1 z2],[-z1 z2]) 0;

0 0 0 subs(theta ,[z1 z2],[-z1 -z2])]);

Q=simplify ([subs(q1 ,[z1 z2],[z1 z2]) subs(q1 ,[z1 z2],[z1 -z2

]) subs(q1 ,[z1 z2],[-z1 z2]) subs(q1 ,[z1 z2],[-z1 -z2]);

subs(q2 ,[z1 z2],[z1 z2]) subs(q2 ,[z1 z2],[z1 -z2]) subs(q2 ,[

z1 z2],[-z1 z2]) subs(q2 ,[z1 z2],[-z1 -z2]);

subs(q3 ,[z1 z2],[z1 z2]) subs(q3 ,[z1 z2],[z1 -z2]) subs(q3 ,[

z1 z2],[-z1 z2]) subs(q3 ,[z1 z2],[-z1 -z2]);

subs(q4 ,[z1 z2],[z1 z2]) subs(q4 ,[z1 z2],[z1 -z2]) subs(q4 ,[

z1 z2],[-z1 z2]) subs(q4 ,[z1 z2],[-z1 -z2]);

subs(q5 ,[z1 z2],[z1 z2]) subs(q5 ,[z1 z2],[z1 -z2]) subs(q5 ,[

z1 z2],[-z1 z2]) subs(q5 ,[z1 z2],[-z1 -z2]);

subs(q6 ,[z1 z2],[z1 z2]) subs(q6 ,[z1 z2],[z1 -z2]) subs(q6 ,[

z1 z2],[-z1 z2]) subs(q6 ,[z1 z2],[-z1 -z2]);

subs(q7 ,[z1 z2],[z1 z2]) subs(q7 ,[z1 z2],[z1 -z2]) subs(q7 ,[

z1 z2],[-z1 z2]) subs(q7 ,[z1 z2],[-z1 -z2]);

subs(q8 ,[z1 z2],[z1 z2]) subs(q8 ,[z1 z2],[z1 -z2]) subs(q8 ,[

z1 z2],[-z1 z2]) subs(q8 ,[z1 z2],[-z1 -z2])]);

pvec=[subs(p,[z1 z2],[z1 z2]),subs(p,[z1 z2],[z1 -z2]),subs(p

,[z1 z2],[-z1 z2]),subs(p,[z1 z2],[-z1 -z2])];

Rlower=simplify(subs(theta ,[z1 z2],[z1^2 z2^2])*pvec);

R=[Q;Rlower ];

%Build the matrix on the left -hand side of the desired

identity , i.e., S(w)*S(z)-R(w)*R(z)

leftSide=simplify(subs(S',[z1 z2],[w1 w2])*S-subs(R',[z1 z2

],[w1 w2])*R);

%Fix z2=w2 on the bitorus

LS_fix_z2=simplify(subs(leftSide ,w2,z2));

LS_fix_z2_torus=simplify(subs(LS_fix_z2 ,abs(z2) ,1));
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%Calculate the kernel K

K=simplify(expand(LS_fix_z2_torus /(1-conj(w1)*z1)));

%To make sure that diff works as intended , substitute conj(w1

) with y

syms y

K_withY=simplify(subs(K,conj(w1),y));

Lambda =[eye(4);z1*eye(4);z1^2*eye(4);z1^3*eye(4)];

%Find matrix L(x2), s.t K=subs(Lambda ,z1,w1)'*L*Lambda

L00=subs(K_withY ,[z1 y],[0 0]);

L01=subs(diff(K_withY ,y),[z1 y],[0 0]);

L02 =1/2* subs(diff(K_withY ,y,2) ,[z1 y],[0 0]);

L03 =1/6* subs(diff(K_withY ,y,3) ,[z1 y],[0 0]);

L10=subs(diff(K_withY ,z1),[z1 y],[0 0]);

L11=subs(diff(diff(K_withY ,z1),y),[z1 y],[0 0]);

L12 =1/2* subs(diff(diff(K_withY ,z1),y,2) ,[z1 y],[0 0]);

L13 =1/6* subs(diff(diff(K_withY ,z1),y,3) ,[z1 y],[0 0]);

L20 =1/2* subs(diff(K_withY ,z1 ,2) ,[z1 y],[0 0]);

L21 =1/2* subs(diff(diff(K_withY ,z1 ,2),y),[z1 y],[0 0]);

L22 =1/4* subs(diff(diff(K_withY ,z1 ,2),y,2) ,[z1 y],[0 0]);

L23 =1/12* subs(diff(diff(K_withY ,z1 ,2),y,3) ,[z1 y],[0 0]);

L30 =1/6* subs(diff(K_withY ,z1 ,3) ,[z1 y],[0 0]);

L31 =1/6* subs(diff(diff(K_withY ,z1 ,3),y),[z1 y],[0 0]);

L32 =1/12* subs(diff(diff(K_withY ,z1 ,3),y,2) ,[z1 y],[0 0]);

L33 =1/36* subs(diff(diff(K_withY ,z1 ,3),y,3) ,[z1 y],[0 0]);

L_withY =[L00 ,L10 ,L20 ,L30;L01 ,L11 ,L21 ,L31;L02 ,L12 ,L22 ,L32;L03 ,

L13 ,L23 ,L33];

L=subs(L_withY ,y,conj(w1));

%L has rank 10. To simplify subsequent calculations , we

calculate Lnew=P'*L*P where everything except the 10x10

block L0 in the upper left corner is zero

swap =[0 1;1 0];

P1=eye (16); P1(16 ,14)=-1;

P2=eye (16); P2(15 ,13)=-1;

P3=eye (16); P3(12,6)=-1/2;

P4=eye (16); P4(12,8) =1/2;

P5=eye (16); P5(12 ,10) =1;

P6=eye (16); P6(11,5)=-1/2;
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P7=eye (16); P7(11,7) =1/2;

P8=eye (16); P8(11,9)=1;

P9=eye (16); P9(8,6)=-1;

P10=eye (16); P10(8,10)=4;

P11=eye (16); P11(8,14)=-8;

P12=eye (16); P12(7,5)=-1;

P13=eye (16); P13(7,9)=4;

P14=eye (16); P14(7,13)=-8;

P15=eye (16); P15 ([7 ,9] ,[7 ,9])=swap;

P16=eye (16); P16 ([8 ,10] ,[8 ,10])=swap;

P17=eye (16); P17 ([9 ,13] ,[9 ,13])=swap;

P18=eye (16); P18 ([10 ,14] ,[10 ,14])=swap;

P19=eye (16); P19 ([2 ,3] ,[2 ,3])=swap;

P20=eye (16); P20 ([3 ,5] ,[3 ,5])=swap;

P21=eye (16); P21 ([4 ,7] ,[4 ,7])=swap;

P22=eye (16); P22 ([5 ,9] ,[5 ,9])=swap;

P=(P22*P21*P20*P19*P18*P17*P16*P15*P14*P13*P12*P11*P10*P9*P8*

P7*P6*P5*P4*P3*P2*P1)';

Lnew=simplify(P'*L*P);

L0=Lnew (1:10 ,1:10);

%L0 has a block structure where only the two 5x5 blocks on

the diagonal are nonzero. The entries of those blocks each

share the same Laurent polynomial factor. Using the scalar

Fejer -Riesz theorem to factorize these two Laurent

polynomials , we construct a diagonal matrix fr such that L0

=fr '* L0numb*fr with a constant matrix L0numb

rootA =1/( sym(4)+sqrt(sym (15)));

rootB=-rootA;

frRA =1/( sqrt (1/ rootA)*(1-rootA*z2))*eye(5);

frRB =1/( sqrt(-1/rootB)*(1-rootB*z2))*eye(5);

frR=[frRA zeros (5,5); zeros (5,5) frRB];

L0numb=simplify(subs(frR.',z2 ,1/z2)*L0*frR);

%Factorize L0numb=A0numb '* A0numb

A0numb=simplify(chol(L0numb ,'nocheck '));

%Use A0numb and the scalar Fejer -Riesz factorization to build

A0 such that L0=A0 '*A0

frA=(sqrt (1/ rootA)*(1-rootA*z2))*eye(5);

frB=(sqrt(-1/rootB)*(1-rootB*z2))*eye(5);

fr=[frA zeros (5,5); zeros (5,5) frB];
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A0=simplify(A0numb*fr);

%Use A0 to build A such that L=A'*A

A=simplify ([A0, zeros (10,6)]/P);

%Use A to build F1

F1=simplify(A*Lambda);

%Calculate F1 '*F1 for the interpolation below

F1starF1=simplify(subs(F1 ,[z1 z2],[w1 w2]) '*F1);

%Build the rectangular grid for the interpolation (see Remark

8.5)

values =[0,sym (1/2),sym(-1/2),sym (1/3),sym(-1/3)];

nov=5;

nop=nov*(nov -1);

points=cell(1,nop);

for k=1:nov

for j=1:(nov -1)

points {(nov -1)*(k-1)+j}={[ values(k), values(j)],k,j};

end

end

%Precallocate the necessary matrices and cell arrays

N1=cell(nop ,nop);

N2=cell(nop ,nop);

N1mat=sym(zeros (4*nop ,4*nop));

N2mat=sym(zeros (4*nop ,4*nop));

LSmat=sym(zeros (4*nop ,4*nop));

LS=cell(nop);

Rint=cell(nop);

Sint=cell(nop);

%For each point on the grid:

% 1. Calculate S(w1,w2)'*S(z1,z2)-R(w1,w2)'*R(z1,z2),

% 2. use the matrix -valued function F1 constructed above to

calculate the respective block of N1 and

% 3. use the results from 1. and 2. to calculate the

respective blocks of N2

for k=1:nop

for j=1:nop

LS{k,j}= simplify(subs(S,[z1 z2],points{k}{1}) '*subs(S,[

z1 z2],points{j}{1})-subs(R,[z1 z2],points{k}{1}) '*
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subs(R,[z1 z2],points{j}{1}));

LSmat ((4*k-3):4*k,(4*j-3):4*j)=LS{k,j};

N1{k,j}= simplify(subs(F1starF1 ,[w1,w2,z1,z2],[points{k

}{1}, points{j}{1}]));

N1mat ((4*k-3):4*k,(4*j-3):4*j)=N1{k,j};

N2{k,j}=(LS{k,j}-(1-conj(points{k}{1}(1))*points{j

}{1}(1))*N1{k,j})/(1-conj(points{k}{1}(2))*points{j

}{1}(2));

N2mat ((4*k-3):4*k,(4*j-3):4*j)=N2{k,j};

end

end

%To lower the computational effort , we change to numerical

values

N2matNum=vpa(N2mat);

%We factorize N2matNum into N2matNum=A2matNum '*A2matNum ,

discarding some values that are numerically zero in the

process.

[N2evcs , N2evls ]=eig(N2matNum);

N2evlsClean=zeros (4*nop ,4*nop);

r=rank(N2matNum);

for j=1:r

N2evlsClean(j,j)=N2evls(j,j);

end

A2matNum=sqrt(N2evlsClean)*N2evcs ';

%Divide A2matNum into blocks. Those blocks are F2 evaluated

in the respective points of our grid

A2Num=cell(1,nop);

for j=1:nop

A2Num{j}= A2matNum (1:r,4*(j-1) +1:4*j);

end

%We build the matrices tildeA2 , Z1 and Z2 for the

interpolation described in Remark 8.6

tildeA2=zeros(r*nov ,4*(nov -1));

Z1mat=zeros(r*nov ,r*nov);

Z2mat=zeros (4*(nov -1) ,4*(nov -1));

for k=1:nov

for j=1:nov
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Z1mat((r*(k-1)+1):r*k,(r*(j-1)+1):r*j)=values(k)^(j-1)*

eye(r);

end

end

for k=1:(nov -1)

for j=1:(nov -1)

Z2mat ((4*(k-1)+1):4*k,(4*(j-1)+1):4*j)=values(j)^(k-1)*

eye(4);

end

end

for j=1:nop

z1p=points{j}{2};

z2p=points{j}{3};

tildeA2 ((r*(z1p -1)+1):r*z1p ,(4*(z2p -1)+1):4*z2p)=A2Num{j};

end

%Solve the systems of linear equations described in Remark

8.6

tildeCmat=Z1mat\tildeA2;

Cmat=(Z2mat '\tildeCmat ') ';

%Cmat contains the coefficient matrices of F2. Use it to

build F2

F2=sym(zeros(r,4));

for j=1:nov

for k=1:(nov -1)

F2=F2+Cmat((r*(j-1)+1):r*j,(4*(k-1)+1):4*k)*z1^(j-1)*z2

^(k-1);

end

end

123



124



References

[1] Jim Agler. �Some Interpolation Theorems of Nevanlinna-Pick Type�. Unpublished
manuscript. 1988.

[2] Jim Agler and John E. McCarthy. Pick Interpolation and Hilbert Function Spaces.
Vol. 44. American Mathematical Soc., 2002.

[3] Jim Agler, John E. McCarthy, and Nicholas John Young. Operator Analysis:

Hilbert Space Methods in Complex Analysis. Vol. 219. Cambridge University Press,
2020.

[4] Emil Artin. �Über die Zerlegung de�niter Funktionen in Quadrate�. In: Abhand-
lungen aus dem Mathematischen Seminar der Universität Hamburg 5 (1927),
pp. 100�115.

[5] George Bachman, Lawrence Narici, and Edward Beckenstein. Fourier and Wavelet

Analysis. Vol. 586. Springer, 2000.

[6] Joseph A. Ball, Israel Gohberg, and Leiba Rodman. Interpolation of Rational

Matrix Functions. Vol. 45. Birkhäuser, 1990.

[7] Joseph A. Ball and Sanne Ter Horst. �Robust Control, Multidimensional Systems
and Multivariable Nevanlinna-Pick Interpolation�. In: Topics in Operator Theory.
Springer, 2010, pp. 13�88.

[8] Joseph A. Ball and Tavan T. Trent. �Unitary Colligations, Reproducing Kernel
Hilbert Spaces, and Nevanlinna�Pick Interpolation in Several Variables�. In: Jour-
nal of Functional Analysis 157.1 (1998), pp. 1�61.

[9] Guy Battle. �A Block Spin Construction of Ondelettes. Part I: Lemarié functions�.
In: Communications in Mathematical Physics 110.4 (1987), pp. 601�615.

[10] John J. Benedetto and Shidong Li. �Subband Coding and Noise Reduction in
Multiresolution Analysis Frames�. In: Wavelet Applications in Signal and Image

Processing II. Vol. 2303. SPIE. 1994, pp. 154�165.

[11] John J. Benedetto and Shidong Li. �The Theory of Multiresolution Analysis
Frames and Applications to Filter Banks�. In: Applied and Computational Har-

monic Analysis 5.4 (1998), pp. 389�427.

[12] Marcin Bownik. �Tight Frames of Multidimensional Wavelets�. In: Journal of
Fourier Analysis and Applications 3.5 (1997), pp. 525�542.

[13] Jonathan N. Bradley, Christopher M. Brislawn, and Thomas Hopper. �The FBI
Wavelet/Scalar Quantization Standard for gray-scale �ngerprint image compres-
sion�. In: Visual Information Processing II. Vol. 1961. SPIE. 1993, pp. 293�304.

[14] Alberto P. Calderon and Raymond Pepinsky. �On the Phases of Fourier Coe�-
cients for Positive Real Periodic Functions�. In: Computing Methods and the Phase

Problem in X-Ray Crystal Analysis (1952), pp. 339�348.

[15] Alberto P. Calderón. �Intermediate Spaces and Interpolation, the Complex Meth-
od�. In: Studia Mathematica 24.2 (1964), pp. 113�190.

125



[16] Emmanuel J. Candes and David L. Donoho. Curvelets: A Surprisingly E�ec-

tive Nonadaptive Representation for Objects with Edges. Department of Statistics,
Stanford University Stanford, CA, USA, 1999.

[17] Maria Charina, Mihai Putinar, Claus Scheiderer, and Joachim Stöckler. �An Al-
gebraic Perspective on Multivariate Tight Wavelet Frames�. In: Constructive Ap-
proximation 38.2 (2013), pp. 253�276.

[18] Maria Charina, Mihai Putinar, Claus Scheiderer, and Joachim Stöckler. �An Al-
gebraic Perspective on Multivariate Tight Wavelet Frames. II�. In: Applied and

Computational Harmonic Analysis 39.2 (2015), pp. 185�213.

[19] Ole Christensen. An Introduction to Frames and Riesz Bases. Vol. 7. Springer,
2003.

[20] Charles K. Chui. An Introduction to Wavelets. Vol. 1. Academic press, 1992.

[21] Charles K. Chui and Wenjie He. �Compactly Supported Tight Frames Associated
with Re�nable Functions�. In: Applied and Computational Harmonic Analysis 8.3
(2000), pp. 293�319.

[22] Charles K. Chui and Wenjie He. �Construction of Multivariate Tight Frames
via Kronecker Products�. In: Applied and Computational Harmonic Analysis 11.2
(2001), pp. 305�312.

[23] Charles K. Chui, Wenjie He, and Joachim Stöckler. �Compactly Supported Tight
and Sibling Frames with Maximum Vanishing Moments�. In: Applied and Com-

putational Harmonic Analysis 13.3 (2002), pp. 224�262.

[24] Wolfgang Dahmen, Andrew Kurdila, and Peter Oswald. Multiscale Wavelet Meth-

ods for Partial Di�erential Equations. Elsevier, 1997.

[25] Ingrid Daubechies. �Orthonormal Bases of Compactly Supported Wavelets�. In:
Communications on pure and applied mathematics 41.7 (1988), pp. 909�996.

[26] Ingrid Daubechies. Ten Lectures on Wavelets. SIAM, 1992.

[27] Ingrid Daubechies, Alex Grossmann, and Yves Meyer. �Painless Nonorthogonal
Expansions�. In: Journal of Mathematical Physics 27.5 (1986), pp. 1271�1283.

[28] Ingrid Daubechies, Bin Han, Amos Ron, and Zuowei Shen. �Framelets: MRA-
Based Constructions of Wavelet Frames�. In: Applied and Computational Har-

monic Analysis 14.1 (2003), pp. 1�46.

[29] Laurent Daudet, Philippe Guillemain, Richard Kronland-Martinet, and Bruno
Torrésani. �Low Bit-Rate Audio Coding with Hybrid Representations�. In: Pro-
ceedings of the International Conference on Digital Audio E�ects. 1999.

[30] Bart De Schutter. �Minimal State-Space Realization in Linear System Theory: An
Overview�. In: Journal of Computational and Applied Mathematics 121.1 (2000),
pp. 331�354.

[31] Lokenath Debnath. �Brief Historical Introduction to Wavelet Transforms�. In:
International Journal of Mathematical Education in Science and Technology 29.5
(1998), pp. 677�688.

126



[32] Minh N. Do and Martin Vetterli. �The Contourlet Transform: An E�cient Direc-
tional Multiresolution Image Representation�. In: IEEE Transactions on Image

Processing 14.12 (2005), pp. 2091�2106.

[33] Michael A. Dritschel. �On Factorization of Trigonometric Polynomials�. In: Inte-
gral Equations and Operator Theory 49.1 (2004), pp. 11�42.

[34] Michael A. Dritschel. �Factoring Non-Negative Operator Valued Trigonometric
Polynomials in Two Variables�. In:Mathematische Annalen 391.1 (2025), pp. 515�
537.

[35] Michael A. Dritschel and Hugo J. Woerdeman. �Outer Factorizations in One and
Several Variables�. In: Transactions of the American Mathematical Society 357.11
(2005), pp. 4661�4679.

[36] Richard J. Du�n and Albert C. Schae�er. �A Class of Nonharmonic Fourier Se-
ries�. In: Transactions of the American Mathematical Society 72.2 (1952), pp. 341�
366.

[37] Lipót Fejér. �Über trigonometrische Polynome�. In: Journal für die reine und

angewandte Mathematik 146 (1916), pp. 53�82.

[38] Jean Baptiste Joseph Fourier. �Mémoire sur la propagation de la chaleur dans les
corps solides�. In: Nouveau Bulletin des Sciences de la Société Philomathique de

Paris 6 (1808), pp. 112�116.

[39] Jean Baptiste Joseph Fourier. Théorie analytique de la chaleur. Vol. 1. Paris:
Firmin Didot Père et Fils, 1822.

[40] Bruce A. Francis, J. William Helton, and George Zames. �H∞-Optimal Feedback
Controllers for Linear Multivariable Systems�. In: IEEE Transactions on Auto-

matic Control 29.10 (1984), pp. 888�900.

[41] Michael W. Frazier. An Introduction to Wavelets Through Linear Algebra. Sprin-
ger, 2013.

[42] Dennis Gabor. �Theory of Communication. Part 1: The Analysis of Information�.
In: Journal of the Institution of Electrical Engineers - Part III: Radio and Com-

munication Engineering 93.26 (1946), pp. 429�441.

[43] Je�rey S. Geronimo and Hugo J. Woerdeman. �Positive Extensions, Fejér-Riesz
Factorization and Autoregressive Filters in Two Variables�. In: Annals of Mathe-

matics (2004), pp. 839�906.

[44] Donald D. Givone and Robert P. Roesser. �Multidimensional Linear Iterative Cir-
cuits - General Properties�. In: IEEE Transactions on Computers 100.10 (1972),
pp. 1067�1073.

[45] Israel C. Gohberg. �The Factorization Problem for Operator Functions�. In: Izv.
Akad. Nauk SSSR Ser. Mat. 28 (1964), pp. 1055�1082.

[46] Pierre L. Goupillaud, Alexander Grossmann, and Jean Morlet. �Cycle-Octave
Representation for Instantaneous Frequency Spectra�. In: SEG Technical Program

Expanded Abstracts 1983. Society of Exploration Geophysicists, 1983, pp. 613�615.

127



[47] Pierre L. Goupillaud, Alexander Grossmann, and Jean Morlet. �Cycle-Octave and
Related Transforms in Seismic Signal Analysis�. In: Geoexploration 23.1 (1984),
pp. 85�102.

[48] Karlheinz Gröchenig and Amos Ron. �Tight Compactly Supported Wavelet
Frames of Arbitrarily High Smoothness�. In: Proceedings of the American Mathe-

matical Society 126.4 (1998), pp. 1101�1107.

[49] Alexander Grossmann and Jean Morlet. �Decomposition of Hardy Functions into
Square Integrable Wavelets of Constant Shape�. In: SIAM Journal on Mathemat-

ical Analysis 15.4 (1984), pp. 723�736.

[50] Kanghui Guo, Gitta Kutyniok, and Demetrio Labate. �Sparse Multidimensional
Representations using Anisotropic Dilation and Shear Operators�. In: vol. 14.
Nashboro Press Nashville, 2006, pp. 189�201.

[51] Tiantian Guo, Tongpo Zhang, Enggee Lim, Miguel Lopez-Benitez, Fei Ma, and
Limin Yu. �A Review of Wavelet Analysis and Its Applications: Challenges and
Opportunities�. In: IEEE Access 10 (2022), pp. 58869�58903.

[52] Alfred Haar. �Zur Theorie der orthogonalen Funktionensysteme�. In: Mathematis-

che Annalen 71.1 (1910), pp. 38�53.

[53] Yvan Hachez and Hugo J. Woerdeman. �The Fischer-Frobenius Transformation
and Outer Factorization�. In: Operator Theory, Structured Matrices, and Dilations

10 (2007), pp. 181�203.

[54] Bin Han. �Compactly Supported Tight Wavelet Frames and Orthonormal Wave-
lets of Exponential Decay with a General Dilation Matrix�. In: Journal of Com-
putational and Applied Mathematics 155.1 (2003), pp. 43�67.

[55] Bin Han. �The Projection Method for Multidimensional Framelet and Wavelet
Analysis�. In: Mathematical Modelling of Natural Phenomena 9.5 (2014), pp. 83�
110.

[56] Douglas P. Hardin, Thomas A. Hogan, and Qiyu Sun. �The Matrix-Valued Riesz
Lemma and Local Orthonormal Bases in Shift-Invariant Spaces�. In: Advances in
Computational Mathematics 20 (2004), pp. 367�384.

[57] Christopher E. Heil and David F. Walnut. �Continuous and Discrete Wavelet
Transforms�. In: SIAM Review 31.4 (1989), pp. 628�666.

[58] Alexander Hellemans. How Wavelets Allow Researchers to Transform, and Un-

derstand, Data. 2021. url: https://www.quantamagazine.org/how-wavelets-
allow-researchers-to-transform-and-understand-data-20211013/ (visited
on 01/10/2025).

[59] David Hilbert. �Über die Darstellung de�niter Formen als Summe von Formen-
quadraten�. In: Mathematische Annalen 32.3 (1888), pp. 342�350.

[60] David Hilbert. �Über ternäre de�nite Formen�. In: Acta Mathematica 17 (1893),
pp. 169�197.

128



[61] Diederich Hinrichsen and Anthony J. Pritchard. Mathematical Systems Theory I:

Modelling, State Space Analysis, Stability and Robustness. Vol. 48. Springer, 2005.

[62] Josef Hoschek and Dieter Lasser. Grundlagen der geometrischen Datenverarbei-

tung. Teubner, 1992.

[63] Youngmi Hur, Zachary Lubberts, and Kasso A. Okoudjou. �Multivariate Tight
Wavelet Frames with Few Generators and High Vanishing Moments�. In: Inter-
national Journal of Wavelets, Multiresolution and Information Processing 20.05
(2022), pp. 1�28.

[64] Stéphane Ja�ard, Yves Meyer, and Robert D. Ryan. Wavelets: Tools for Science

and Technology. SIAM, 2001.

[65] Rong-Qing Jia and Zuowei Shen. �Multiresolution and Wavelets�. In: Proceedings
of the Edinburgh Mathematical Society 37.2 (1994), pp. 271�300.

[66] Rudolf E. Kalman. �On the General Theory of Control Systems�. In: 1st Interna-
tional IFAC Congress on Automatic and Remote Control, Moscow, USSR, 1960.
1960, pp. 481�492.

[67] Greg Knese. �Kummert's Approach to Realization on the Bidisk�. In: Indiana
University Mathematics Journal 70.6 (2021), pp. 2369�2403.

[68] Aleksandr Krivoshein, Vladimir Protasov, and Maria Skopina.Multivariate Wave-

let Frames. Springer, 2016.

[69] Praveen Kumar and E� Foufoula-Georgiou. �Wavelet Analysis for Geophysical
Applications�. In: Reviews of Geophysics 35.4 (1997), pp. 385�412.

[70] Anton Kummert. �Synthesis of Two-Dimensional Losslessm-Ports with Prescribed
Scattering Matrix�. In: Circuits, Systems and Signal Processing 8.1 (1989), pp. 97�
119.

[71] Ming-Jun Lai and Joachim Stöckler. �Construction of Multivariate Compactly
Supported Tight Wavelet Frames�. In: Applied and Computational Harmonic

Analysis 21.3 (2006), pp. 324�348.

[72] Kyoung-Yong Lee. �Construction of Hilbert Transform Pairs of MRA Tight
Frames and its Application�. PhD. Technische Universität Dortmund, 2008.

[73] Pierre-Gilles Lemarié. �Ondelettes à localisation exponentielle�. In: J. Math. Pures

Appl. 67 (1988), pp. 227�236.

[74] Dirk Lemstra. JPEG XL Format Overview. 2022. url: https://github.com/
ImageMagick / jpeg - xl / blob / main / doc / format _ overview . md (visited on
01/09/2025).

[75] Stéphane G Mallat. A Wavelet Tour of Signal Processing - The Sparse Way. El-
sevier, 2009.

[76] Stéphane G. Mallat. �Multiresolution Representations and Wavelets�. PhD. Uni-
versity of Pennsylvania, 1988.

129



[77] Stéphane G. Mallat. �A Theory for Multiresolution Signal Decomposition: The
Wavelet Representation�. In: IEEE Transactions on Pattern Analysis and Machine

Intelligence 11.7 (1989), pp. 674�693.

[78] Stéphane G. Mallat. �Multiresolution Approximations and Wavelet Orthonormal
Bases of L2(R)�. In: Transactions of the American Mathematical Society 315.1
(1989), pp. 69�87.

[79] Michael W. Marcellin, Michael J. Gormish, Ali Bilgin, and Martin P. Boliek. �An
Overview of JPEG-2000�. In: Proceedings DCC 2000. Data Compression Confer-

ence. IEEE. 2000, pp. 523�541.

[80] Yves Meyer. Wavelets and Operators. 37. Cambridge University Press, 1992.

[81] Jean Morlet. �Sampling Theory and Wave Propagation�. In: Issues in Acoustic

Signal � Image Processing and Recognition. Springer, 1983, pp. 233�261.

[82] John von Neumann. Mathematische Grundlagen der Quantenmechanik. Berlin:
Springer, 1932.

[83] John von Neumann. �Eine Spektraltheorie für allgemeine Operatoren eines unitä-
ren Raums�. In: Mathematische Nachrichten 4 (1952), pp. 258�281.

[84] Rolf Nevanlinna. �Über beschränkte Funktionen, die in gegebenen Punkten vor-
geschriebene Werte annehmen�. In: Annales Academiae Scientiarum Fennicae.

Series A (1919).

[85] Alexander Petukhov. �Explicit Construction of Framelets�. In: Applied and Com-

putational Harmonic Analysis 11.2 (2001), pp. 313�327.

[86] Albrecht P�ster. �Zur Darstellung de�niter Funktionen als Summe von Quadra-
ten�. In: Inventiones Mathematicae 4 (1967), pp. 229�237.

[87] Georg Pick. �Über die Beschränkungen analytischer Funktionen, welche durch vor-
gegebene Funktionswerte bewirkt werden�. In: Mathematische Annalen 77 (1916),
pp. 7�23.

[88] Norman Ricker. �Wavelet Contraction, Wavelet Expansion, And The Control Of
Seismic Resolution�. In: Geophysics 18.4 (1953), pp. 769�792.

[89] Friedrich Riesz. �Über ein Problem des Herrn Carathéodory.� In: J. Reine Angew.
Math. 146 (1916), pp. 83�87.

[90] Robert Roesser. �A Discrete State-Space Model for Linear Image Processing�. In:
IEEE Transactions on Automatic Control 20.1 (1975), pp. 1�10.

[91] Amos Ron and Zuowei Shen. �A�ne Systems in L2(Rd): The Analysis of the
Analysis Operator�. In: Journal of Functional Analysis 148.2 (1997), pp. 408�447.

[92] Amos Ron and Zuowei Shen. �Compactly Supported Tight A�ne Spline Frames
in L2(Rd)�. In: Mathematics of Computation 67.221 (1998), pp. 191�207.

[93] Murray Rosenblatt. �A Multi-Dimensional Prediction Problem�. In: Arkiv för

Matematik 3.37 (1958), pp. 407�424.

130



[94] Marvin Rosenblum. �Vectorial Toeplitz Operators and the Fejér-Riesz Theorem�.
In: Journal of Mathematical Analysis and Applications 23.1 (1968), pp. 139�147.

[95] Marvin Rosenblum and James Rovnyak. Hardy Classes and Operator Theory.
Courier Corporation, 1997.

[96] Walter Rudin. �The Extension Problem for Positive-De�nite Functions�. In: Illi-
nois Journal of Mathematics 7.3 (1963), pp. 532�539.

[97] Donald Sarason. �Generalized Interpolation inH∞�. In: Transactions of the Amer-
ican Mathematical Society 127.2 (1967), pp. 179�203.

[98] Donald Sarason. �Operator-theoretic Aspects of the Nevanlinna-Pick Interpolation
Problem�. In: Operators and Function Theory. Springer, 1985, pp. 279�314.

[99] Claus Scheiderer. �Sums of Squares on Real Algebraic Surfaces�. In: manuscripta
mathematica 119.4 (2006), pp. 395�410.

[100] Claudia Schremmer, Thomas Haenselmann, and Florian Bomers. �A Wavelet
Based Audio Denoiser�. In: Proc. IEEE International Conference on Multimedia

and Expo. 2001, pp. 145�148.

[101] Orr Shalit. Souvenirs from Amsterdam. 2014. url: https : / / oshalit . net .

technion . ac . il / 2014 / 07 / 27 / souvenirs - from - amsterdam/ (visited on
11/14/2024).

[102] Satya P. Singh and Shabana Urooj. �Wavelets: Biomedical Applications�. In: In-
ternational Journal of Biomedical Engineering and Technology 19.1 (2015), pp. 1�
25.

[103] Anne C. Smith and Emery N. Brown. �Estimating a State-Space Model from Point
Process Observations�. In: Neural Computation 15.5 (2003), pp. 965�991.

[104] James H. Stock and Mark W. Watson. �New Indexes of Coincident and Leading
Economic Indicators�. In: NBER Macroeconomics Annual 4 (1989).

[105] Gilbert Strang. Wavelets and Filter Banks. Wellesley-Cambridge Press, 1996.

[106] Jan-Olov Strömberg. �A Modi�ed Franklin System and Higher-Order Spline Sys-
tems on R

n as Unconditional Bases for Hardy Spaces�. In: Conference on Har-

monic Analysis in Honor of Antoni Zygmund. Vol. 2. 1982, pp. 475�494.

[107] Przemysªaw Wojtaszczyk. A Mathematical Introduction to Wavelets. 37. Cam-
bridge University Press, 1997.

[108] Robert M. Young. An Introduction to Nonharmonic Fourier Series. Academic
Press, 1981.

[109] George Zames. �Feedback and Optimal Sensitivity: Model Reference Transforma-
tions, Multiplicative Seminorms, and Approximate Inverses�. In: IEEE Transac-

tions on Automatic Control 26.2 (1981), pp. 301�320.

[110] George Zweig. �Basilar Membrane Motion�. In: Cold Spring Harbor Symposia

on Quantitative Biology. Vol. 40. Cold Spring Harbor Laboratory Press. 1976,
pp. 619�633.

131


	Introduction
	Preliminaries and Notations
	Tight Wavelet Frames
	Frames in Hilbert Spaces
	Multiresolution Analysis and Wavelet Frames
	Extension Principles

	Factorization of Trigonometric Polynomials
	Univariate Polynomials
	Matrix Polynomials
	Multivariate Polynomials
	Application to the Oblique Extension Principle Identities

	Linear System Theory
	A Brief Introduction to Linear System Theory
	Foundations of the Connection Between Linear System Theory and Tight Wavelet Frames

	Realizations Associated With Frames Based on the Oblique Extension Principle - The Univariate Case
	Existence of Realizations Associated With Frames Based on the Univariate Oblique Extension Principle
	Obtaining a Realization with the Nevanlinna-Pick Interpolation

	Multivariate Realizations in the Case of Diagonal Scaling Matrices
	Realizations Associated With Frames Based on the Oblique Extension Principle - The Bivariate Case
	Existence of Realizations Associated With Frames Based on the Bivariate Oblique Extension Principle
	Obtaining a Realization with the Nevanlinna-Pick Interpolation

	Conclusion and Outlook
	Appendix: Matlab Code for the Examples
	References

