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Zusammenfassung

Die vorliegende Arbeit befasst sich mit der multiskalen Modellierung des thermo-elektro-
mechanisch gekoppelten Materialverhaltens, wobei der Schwerpunkt auf dem Einfluss
mikrostruktureller Merkmale wie Einschliissen, Poren und Materialgrenzflichen liegt.
Im ersten Teil wird ein thermodynamisch konsistentes Kohésionszonenmodell fiir elek-
trische Leiter entwickelt, die einer gekoppelten thermo-elektro-mechanischen Belastung
ausgesetzt sind. Im Fokus stehen verformungsinduzierte Schiadigungsprozesse an Grenz-
flichen, deren Einfluss auf die thermische und elektrische Leitfahigkeit untersucht wird.
Die Formulierung wird anhand eines analytischen Beispiels validiert und durch eine nu-
merische Fallstudie eines Drahtbondproblems demonstriert. Der zweite Teil der Arbeit
befasst sich mit der zerstérungsfreien Priifung von Metallen mittels Widerstandsmes-
sungen. Es wird eine thermo-elektro-mechanisch gekoppelte Multiskalenformulierung fiir
elektrische Leiter bei infinitesimalen Deformationen entwickelt, die anschlieSend erwei-
tert wird, um Materialgrenzflichen auf Mikroskalenebene explizit zu beriicksichtigen.
Der vorgeschlagene Rahmen wird anhand einer Reihe von numerischen Beispielen ver-
anschaulicht, die wichtige Merkmale wie Grofieneffekte und die Auswirkungen defor-
mationsinduzierter Grenzflachenschidigung abbilden. Dariiber hinaus werden die Vor-
hersagefihigkeiten des Multiskalenmodells hervorgehoben, insbesondere im Hinblick auf
elektrisch leitfahige Materialien mit resistiven Korngrenzen. Um langjidhrige Diskrepan-
zen bei der Messung des spezifischen Widerstands von Korngrenzen zu beheben, greift
die Arbeit die Andrews-Methode wieder auf und interpretiert sie im Rahmen des vor-
geschlagenen multiskalen Modellierungsansatzes mithilfe der Homogenisierungstheorie
neu. Diese Neuinterpretation stellt einen klaren Zusammenhang zwischen dem mess-
baren makroskopischen Widerstand und dem mikroskopischen Grenzflachenverhalten
her. Der abschlieende Teil der Arbeit liefert eine mathematische Grundlage fiir den
multiskalen Ansatz zur thermoelektrischen Homogenisierung. Unter Verwendung der
Hill-Mandel-Homogenisierung, asymptotischer Erweiterungen und einer Zwei-Skalen-
Konvergenztechnik wird gezeigt, dass die makroskopischen Gleichungen, die das gekop-
pelte thermo-elektrische Verhalten beschreiben, die zuvor aus physikalischen Argumen-
ten abgeleitet wurden, auch durch die mathematische Homogenisierungstheorie rigoros
erhalten werden koénnen. Insgesamt bieten die in dieser Arbeit entwickelten Konzepte
eine mathematisch und physikalisch konsistente Grundlage fiir die multiskalen Analyse
von thermo-elektro-mechanisch gekoppelten Feldern in elektrischen Leitern.
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Abstract

This work addresses the multiscale modelling of thermo-electro-mechanically coupled
material behaviour, with particular emphasis on the influence of microstructural fea-
tures such as inclusions, pores and material interfaces. In the first part, a thermo-
dynamically consistent cohesive zone model is developed for electrical conductors sub-
jected to coupled thermo-electro-mechanical loading. Special attention is given to the
deformation-induced interface damage processes on the thermal and electrical conduc-
tivity. The formulation is validated through an analytical example and demonstrated
via a numerical case study involving a wire bonding problem. The second part of the
thesis is motivated by non-destructive testing of metals using resistivity measurements.
A thermo-electro-mechanically coupled multiscale formulation for electrical conductors
in small-strain settings is presented and later extended to explicitly account for material
interfaces at the microscale. The proposed framework is illustrated through a series of
numerical examples, capturing key features such as size effects and the impact of me-
chanically induced interfacial degradation. Furthermore, the predictive capabilities of
the multiscale model are highlighted, particularly in relation to electrically conductive
materials with resistive grain boundaries. In response to long-standing discrepancies in
grain boundary resistivity measurements, the thesis revisits the Andrews method and
reinterprets it within the proposed multiscale modelling framework using homogenisation
theory. This reinterpretation establishes a clear link between measurable macroscopic
resistance and microscopic interface behaviour. The final part of the thesis provides
a mathematical foundation for the multiscale approach to thermo-electrical homogeni-
sation. Using Hill-Mandel-type homogenisation, asymptotic expansions, and two-scale
convergence technique, it is shown that the macroscopic equations governing coupled
thermo-electrical behaviour — previously derived from physical arguments — can also be
rigorously obtained through mathematical homogenisation theory. Overall, the devel-
opments in this thesis provide a mathematically and physically consistent basis for the
multiscale analysis of thermo-electro-mechanically coupled fields in electrical conductors.
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1 Introduction

1.1 Motivation and state of the art

The research presented in this thesis has been conducted within the framework of
TRR188 (Collaborative Research Centre, CRC188), which focuses on understanding
and optimising damage mechanisms during forming processes. Damage is an inherent
aspect of these processes and can never be fully avoided. However, under the guiding
principle that damage is not a failure, TRR188 aims to fundamentally understand the
damage mechanisms and the effects on product properties. Bridging the fields of form-
ing technology, materials science, material testing, and mechanics, TRR188 pursues two
key paradigm shifts: first, shifting the focus in forming technology from formability to
usability by considering the actual properties of a formed product rather than its nom-
inal properties; and second, integrating damage quantification and control throughout
the entire process chain. By achieving these objectives, TRR188 lays the foundation for
a new generation of tailor-made, high-performance lightweight products that maintain
their reliability throughout their service life.

Within this framework, this thesis focuses on characterising damage through electri-
cal resistivity measurements by developing a thermo-electro-mechanically coupled mul-
tiscale framework. The fundamental relationship that describes a material’s opposition
to electron flow was first derived in 1826 by Georg Ohm, namely

V=I-R (1.1)

where V', I denote the voltage applied to the material and the electric current flow-
ing through the material, respectively. R is the electrical resistance of the material
specimen and is influenced by both the material’s geometric structure and its intrinsic
properties—commonly referred to as specific resistivity,

L 1
R:pz and p=- (1.2)

where L is the the macroscopic length and A is the cross-sectional area of the conductor,
which contribute to the geometrical factors affecting resistance. The specific resistivity p
is defined as inverse of conductivity, k. Furthermore, the specific resistivity of materials
is influenced by multiple factors, including grain boundaries, cracks, and pores, making
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Figure 1.1: Schematic of a resistivity measurement on a mechanically loaded specimen, showing how
local microstructural features —grain boundaries, pores, phase heterogeneities (martensite and ferrite)
and microcracks— alter current paths and contribute to the total electrical resistance. Such mechanisms
make resistivity a sensitive, non-destructive indicator of internal damage and microstructural evolution
during deformation or fatigue. Insets depict typical metallic microstructural features: grain boundaries,
courtesy Hanna Bishara, Max Planck Institute for Sustainable Materials; pores reproduced from [39];
martensite-ferrite islands reprinted from [116], under the terms of the Creative Commons Attribution
License (CC BY); and microcracks reprinted from [99], under the terms of the Creative Commons
Attribution License (CC BY).

it challenging to directly quantify their individual contributions through experiments.
To address this, numerical simulations are employed to analyse the different contribu-
tions to resistivity, enabling a deeper understanding of how damage affects electrical
performance.

The remainder of this chapter is structured as follows. Section 1.1.1 presents key
experimental techniques for measuring electrical resistivity in conductive materials, with
particular attention to their relevance in damage characterisation and non-destructive
evaluation. Section 1.1.2 provides an overview of homogenisation approaches— from
mathematical theory to computational schemes —that form the theoretical backbone of
this thesis. Section 1.1.3 introduces the concept of material interfaces, highlighting their
role in microstructural degradation and their significance in multiscale modelling. In
Section 1.1.4, various methods of analysis of damage phenomena are presented. Finally,
the outline and objective of the thesis are given in Section 1.2.

1.1.1 Electrical resistivity measurements

In material characterisation, particularly for assessing damage and degradation, non-
destructive techniques are essential to avoid altering or compromising the sample. This
is especially critical in microelectronics, thin-film systems, and structural health moni-
toring, where changes in electrical resistivity can serve as sensitive indicators of internal
material states and potential failure mechanisms.



1.1 Motivation and state of the art

The two-probe measurement technique is the simplest method for determining electri-
cal resistivity. In this method, the current is passed through the sample and the resulting
voltage drop is measured using the same pair of contacts. The resistivity is then calcu-
lated based on the measured resistance and the sample geometry. While straightforward,
this technique includes the effects of contact resistance and wire resistance, which can
significantly affect accuracy —particularly in low-resistivity materials such as metals.

To overcome these limitations, electrical resistivity measurements often employ a four-
probe configuration, where separate pairs of electrodes are used for current injection
and voltage measurement, see Figure 1.1. Unlike the simpler two-probe method —where
voltage and current are applied through the same contacts— the four-probe configuration
uses four probes, a current is applied through the outer two probes, while the voltage
drop is measured across the inner two. Within this general approach, the four-point
probe (4PP) method refers to a specific and widely adopted configuration in which
four equally spaced probes are arranged linearly on the sample surface. This geometry
allows for straightforward analytical treatment and is commonly used in thin-film and
bulk material characterisation [129].

There are several ways to extend standard four-point probe (4PP) methods beyond
traditional DC measurements. Techniques such as the alternating current potential drop
(ACPD) method enable frequency-dependent impedance characterisation, allowing for
the extraction of additional parameters such as permeability and effective thickness in
layered materials [29]. For small-scale applications, modified 4PP approaches have been
adapted to measure patterned films and nanostructures by incorporating current-flow
simulations [68]. At the nanoscale, integration with atomic force microscopy (AFM)
enables simultaneous topographic and electrical measurements, offering high spatial res-
olution and improved accuracy in systems where contact resistance is otherwise domi-
nant [97].

In addition to these techniques, hybrid systems that integrate Hall effect measure-
ments with four-wire resistivity techniques have been developed to achieve a comprehen-
sive characterisation of semiconductor materials. These combined systems often employ
the van der Pauw method alongside Hall voltage measurements to extract key parame-
ters including carrier concentration, mobility, and conductivity type. The van der Pauw
approach is particularly advantageous for samples of arbitrary shape, such as flat circu-
lar pellets, as it enables accurate resistivity measurements without requiring knowledge
of the current distribution within the material [142]. However, the method demands the
formation of high-quality ohmic contacts and precise control of contact placement [105].

While the four-point probe remains one of the most trusted techniques for measur-
ing electrical conductivity, various contactless methods have been developed that offer
complementary advantages, particularly where physical contact is impractical or unde-
sirable. Optical techniques based on free-carrier absorption in the infrared range enable
high-resolution mapping of sheet resistance-down to scales of 10 pm-across large ar-
eas without probe alignment errors [87]. However, they typically require meticulous
calibration and may struggle with accuracy in heavily doped materials due to nonlin-
ear absorption characteristics. Similarly, electromagnetic approaches such as magnetic
induction tomography induce eddy currents via external coils and infer conductivity
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distributions from the resulting magnetic fields. These techniques have proven useful
in biomedical and soft-matter contexts where non-invasive imaging is essential. Though
generally less precise than four-point measurements, recent advances in eddy current
methods, such as multi-frequency and pulsed variants, have improved spatial resolution
and enabled additional characterisation of conductivity and permeability [124].

1.1.2 Homogenisation theory

Accurately predicting the macroscopic behaviour of heterogeneous materials, while ac-
counting for their complex microstructures, remains a significant challenge in materials
science and engineering. Homogenisation techniques offer an elaborate framework to
address this challenge by bridging the gap between different scales. By determining
effective properties that represent the overall response of materials, homogenisation
enables efficient simulations and analyses at the engineering scale as illustrated in
Figure 1.2. Today, this approach is well-established in diverse fields, including the
design of composite materials [30, 103], the analysis of polycrystalline aggregates
[17, 126], and the modelling of biological tissues [59, 70], to name but a few.

Mathematical homogenisation: Analytical homogenisation is a rigorous mathe-
matical approach to derive the effective properties or, rather, governing multiscale
equations of heterogeneous materials through closed-form solutions. Grounded in the
framework of two-scale convergence [3, 139], which rigorously describes the behaviour
of functions oscillating at two distinct scales, this method involves solving microscopic
boundary value problems, often referred to as cell problems, to determine effective
macroscopic relations. By considering the behaviour of the solution to the cell problem,
two-scale convergence allows for the passage from the microscopic scale, characterised
by rapid oscillations, to the macroscopic scale, where the effective properties manifest
themselves. While the two-scale convergence method is a well-established approach
due to its explicit nature, it is limited to periodic settings, or to be more precisely,
to a setting with strict separation of scales. For non-periodic structures, different
notions of convergence need to be introduced. For second-order symmetric elliptic
operators, Spagnolo proposed the concept of G—convergence [35, 164]. A key result
of G—convergence is a compactness theorem. It states that for any bounded and
uniformly coercive sequence of coefficients of a symmetric second-order elliptic equation,
there exists a subsequence such that the solutions of the corresponding equations
G—converge to the solution of the homogenised equation. To overcome the restriction
to symmetric operators, H—convergence was defined by Murat and Tartar [137]. In
essence, H—convergence provides a way to find a homogenised set of coefficients that
not only captures the macroscopic behaviour of the solutions, but also ensures that
the associated fluxes converge. In the broader context of variational methods and
homogenisation, I"—convergence as introduced by De Giorgi [36] is a key concept. It
is a rather abstract notion of convergence for functionals, providing a framework for
studying the behaviour of minimising sequences of variational problems. For a more
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Length- and time-scales

Figure 1.2: Multiscale representation of material characterisation and modelling across length and
time scales. At the nanoscale, atomic-resolution imaging captures lattice structure and dislocation
behaviour. At the microscale, grain boundary networks emerge as critical features, where individual
grains can serve as representative volume elements for mesoscale modelling. Further up the scale, grain
interactions inform continuum-level behaviour relevant to component performance and device-scale
electrical measurements. Atomic-resolution image and grain boundary networks image are reprinted
from ”Understanding grain boundary electrical resistivity in Cu: the effect of boundary structure” by
Bishara et al., 2021, ACS Nano 15, 16607-16615 [23]. Representative volume element image is reprinted
from [75] under the terms of the Creative Commons Attribution License (CC BY). Experimental setup
image is reprinted from [73] under the terms of the Creative Commons Attribution License (CC BY).

comprehensive introduction to analytical homogenisation methods, see, e.g., [170].

Asymptotic expansion method: In contrast to analytical homogenisation, the
method of two-scale asymptotic expansions offers a more heuristic approach to ho-
mogenisation, enabling the formal analysis of a broad range of problems in periodic
domains. In this method, the solution fields are assumed to be formally representable
by a regular expansion in power series of length-scale ratio . Substituting this
ansatz into the governing equations and collecting terms of the same order yields an
hierarchical set of equations. These equations can be solved successively to determine
the unknown micro- and macroscale fields. The leading-order term (zeroth-order),
typically represents the homogenised solution, whereas higher-order terms capture the
local fluctuations induced by the microstructure. However, convergence of the sequence
of solutions in the limit ¢ — 0 is not guaranteed. Moreover, the applicability of this
method relies on the assumption of a distinct scale separation between the micro-
and macroscale, ¢ < L, see Figure 1.3. In recent years, a combination of asymptotic
expansion- with finite element-based approaches has been investigated for mechanical
[5, 40, 49, 147, 150, 185] and multifield problems [19, 27, 37, 48, 64, 115, 163, 178, 186].
Moreover, a comprehensive review of asymptotic expansion approaches is provided in
[18].

Hill-Mandel-type computational homogenisation: Complementing analytical ho-
mogenisation and asymptotic expansion approaches from a physics point of view, Hill-
Mandel-type multiscale schemes make use of the concept of energy equivalence between
scales [80]. To this end, detailed information about the underlying microstructure is
collected in unit cells and highly accurate material models that have been developed
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Figure 1.3: Macroscopic {2 and microscopic domains Y with a distinct separation of the corresponding
length scales L and ¢. The periodic representative cell Y is composed of two constituent domains Y;
and Y5, representing different materials. Scale separation occurs for ¢ < L.

at the level of individual phases are used. In doing so, purely constitutive macroscale
relations are substituted by additional microscale boundary value problems and the
predictive capability of the models is significantly increased. These methods have,
amongst others, successfully been applied over the past decades to study purely me-
chanical [56, 60, 106, 107, 130, 133], thermo-mechanical [21, 160, 162, 175, 189, electro-
mechanical [100, 102] as well as magneto-mechanical problems [89, 101]. For further
reading, see [60, 158].

1.1.3 Material interfaces

Material interfaces can occur at different material length scales. Understanding the
properties and the behaviour of interfaces is of utmost importance because interfaces
can significantly influence the effective constitutive response of the material under con-
sideration. Experimental findings show that grain boundaries may significantly affect
the electrical properties [23, 123], as illustrated in Figure 1.4. To this end material
interfaces at the microscale need to be accounted for in simulations in order to model
the macroscopic behaviour realistically. Moreover, predicting the evolution of interfacial
damage is essential in order to optimise the material’s performance and reliability.

The term interface typically refers to an idealised, zero-thickness model that approx-
imates the finite-thickness interphase separating distinct bulk phases. The interface
is thus modelled as a two-dimensional manifold embedded in three-dimensional space
[93]. Interface models can be categorised into distinct classes based on the continuity or
discontinuity of certain variables. In the context of mechanical problems, the primary
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Figure 1.4: (a) Backscattered electron (BSE) image of a pre-BM NbCo(Pt)Sn sample. (b) Correspond-
ing energy-dispersive X-ray spectroscopy (EDX) map of Pt. Position layout of the four needles used
for the local electrical measurements — (c) within the grain interior and (d) crossing a high angle grain
boundary. Reprinted from ”Dopant-segregation to grain boundaries controls electrical conductivity of
n-type NbCo(Pt)Sn half-Heusler alloy mediating thermoelectric performance” by Luo et al., 2021, Acta
Materialia 217, 117147 [123].

quantities used for classification are displacement and traction. Figure 1.5 schematically
summarises the main types of interface models relevant to mechanical applications, which
are briefly reviewed in the following sections.

Classic cohesive interface models date back to the seminal works of Barenblatt [11]
and Dugdale [38]. In these classic models, traction continuity is assumed, whereas the
displacement field may exhibit a jump-discontinuity across the interfaces. Moreover, the
cohesive interface has been proven to be an essential tool when coupled with the finite
element method to model debonding and delamination processes of different materials
since established in [81]. An extensive amount of literature has been devoted to the
development of this particular type of interface with various contributions focusing on
purely mechanical problems [135, 138, 144, 154, 177] as well as on coupled multiphysics
problems. In particular, thermo-mechanical coupling has been addressed in [47, 77, 169,
182, 190] and electro-mechanical coupling has been studied in [8, 98, 109, 176, 179].
Another type of interface is the elastic interface which dates back to the developments
on surface elasticity by Gurtin and Murdoch [69]. Unlike the cohesive interface model,
the elastic interface model allows traction jumps across the interface while a continuous
displacement field is assumed [166, 167]. More recently, it was shown in [92] that cohesive
and elastic interfaces are two extremes of generalised imperfect interfaces that account
for discontinuities in both the displacement and traction field [90, 91].

In the context of cohesive and generalised imperfect interfaces, an important mod-
elling consideration arises from the definition of interface displacement relative to the
separating bulk phases. Most formulations implicitly assume that the interface is lo-
cated at the mid-surface between the two bodies, such that the interface displacement
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Figure 1.5: Classification of interface models.

is identified with the average displacement across the discontinuity. Although this as-
sumption simplifies the mathematical treatment and is widely adopted in the literature,
it is not strictly necessary. In fact, it can be relaxed to allow for more general interface
representations. This more flexible approach forms the basis of what is referred to as the
extended general interface model [52]. Very recently, a fundamentally new formulation,
the canonical interface model, has been introduced, in which the interface displacement
is treated as an independent field variable [94]. This variationally consistent model
generalises all previous interface formulations, enabling them to be recovered as special
cases by tuning a unified set of thermodynamically motivated parameters.

In addition to sharp interface models discussed above, another prominent class of
interface modelling techniques is based on phase-field formulations. These models rep-
resent interfaces as smoothly varying fields rather than sharp discontinuities. Originally
developed to regularise crack surfaces in brittle fracture, the phase-field approach in-
troduces a scalar-valued damage variable that diffuses the sharp crack topology over a
finite width. Grounded in the variational fracture framework introduced by Francfort
and Marigo [55] and further developed by Bourdin et al. [28], phase-field method have
been widely applied in fracture mechanics, microstructure evolution [26, 134]. While
phase-field models offer clear advantages in terms of flexibility and regularised energy
minimisation, they differ fundamentally from the sharp interface formulations considered
in this work.

Since material interfaces significantly influence the effective behaviour of heteroge-
neous materials —particularly in the presence of debonding, grain boundaries— it is es-
sential to incorporate interface effects into multiscale modelling frameworks. To this
end, various approaches have been developed to predict the macroscopic response of
materials with embedded interfaces. These include both mean-field analytical methods
and computational multiscale formulations, each offering different advantages depending
on the complexity and resolution required.

Classic mean field analysis techniques have been extended to cohesive interfaces in or-
der to predict the macroscopic response in the case of debonding or dewetting of particles
[30, 61, 86, 165, 172]. Other than analytical approaches, computational homogenisation
methods have been employed in the presence of cohesive interfaces [82, 127, 141, 179].
In these methods, multiscale formulations provide the traction-separation relations that
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are governed by the evolution of microscopic cracks. More recently, the work [93] estab-
lished a computational multiscale formulation for continua with generalised imperfect
interfaces at the microscale and different aspects, such as damage evolution, are dis-
cussed [50, 51, 156, 157]. Alternatively, phase-field formulations have been extended
to computational homogenisation settings to model fracture evolution in heterogeneous
microstructures. Recent contributions [22, 118, 120] have proposed variationally con-
sistent two-scale frameworks, where the phase-field variable may be interpreted as a
microstructural quantity only —treated as an internal variable at the macroscale via vol-
ume averaging. In addition to finite element-based multiscale approaches, the boundary
element method (BEM) has emerged as a valuable tool for representing microstructures
with material interfaces in computational homogenisation studies [2, 16, 17, 183]. Due
to its ability to accurately capture the geometry and associated physics of interfaces,
BEM provides an alternative or, rather, complementary approach to the finite element
method employed in this thesis.

1.1.4 Modelling of damage

Understanding damage mechanisms and quantifying damage are important in order to
optimise structures and to increase their reliability. To achieve this goal, experimental-
and simulation-based techniques are to be combined. Different methods exist for the
analysis of damage phenomena such as fracture mechanics, phase field models, cohesive
zone formulations and continuum damage modelling.

Continuum damage mechanics denotes a collection of approaches and models focusing
on the simulation of degradation phenomena in continua. In these approaches, specific
microstructural features and their evolution are not explicitly resolved; instead, their
cumulative effects on the material response are modelled through internal variables.
Damage mechanisms such as microcracks, grain boundary decohesion, void growth, rup-
ture, and delamination are thus implicitly captured. To model ductile damage, two
principal modelling philosophies have been developed over the past four decades: mi-
cromechanically motivated models and phenomenological models.

Micromechanically motivated models account for the underlying microstructure and
specific damage mechanisms, whereas phenomenological models describe material degra-
dation based on macroscopic observations, without directly modelling microscale pro-
cesses. In both approaches, damage is typically represented using a scalar-valued vari-
able d or a tensorial counterpart d. In Lemaitre-type models —often referred to as [1 — d]
formulations— damage leads to a degradation of elasticity and plasticity-related material
parameters. However, the resulting material softening gives rise to ill-posedness in the
governing equations, manifested by spurious mesh dependency in finite element simula-
tions. To address this, regularisation techniques have been proposed, including non-local
damage models [14, 44], gradient-enhanced (micromorphic) formulations [1, 54, 146, 168],
and rate-dependent evolution laws [41, 113].

While continuum damage mechanics provides a powerful tool for modelling diffuse
damage in the bulk, many failure mechanisms are highly localised — particularly at
material interfaces such as grain and phase boundaries. In such cases, sharp-interface
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approaches offer a more appropriate modelling paradigm. Two principal methods are
commonly employed: linear elastic fracture mechanics and cohesive zone models. Linear
elastic fracture mechanics describes crack propagation in brittle materials by quantify-
ing singular fields near a crack tip using stress intensity factors and energy release rates,
under the assumption of a pre-existing sharp crack. In contrast, cohesive zone formula-
tions model progressive failure by prescribing a traction—separation relationship across
an interface. This approach enables the simulation of crack initiation and propagation
without prior knowledge of the crack path and is particularly effective in representing
interfacial degradation.

1.2 Objective of this work

This thesis develops a computational multiscale framework for the analysis of coupled
electro-mechanical behaviour in heterogeneous materials containing microstructural fea-
tures such as inclusions, pores, and grain or phase boundaries. The framework aims to
capture how these microstructural features influence macroscopic responses, particularly
in the context of non-destructive evaluation through resistance-based measurements.

The objective of Chapter 2 is to establish a rigorous and thermodynamically con-
sistent framework for modelling coupled thermo-electro-mechanical behaviour in electri-
cally conductive solids, serving as the theoretical foundation for the multiscale methods
developed in later chapters. To this end, the chapter derives the governing equations for
thermo-electro-mechanically coupled conductors. While these balance laws date back to
classical continuum theories [45, 85], the focus here is to recapitulate the essential com-
ponents required for the subsequent derivation of the weak form and its finite element
implementation. The chapter concludes with representative boundary value problems
and a validation of the proposed finite element framework using analytical solutions.
A similar approach to [153] is employed for the derivation, although in contrast to the
dynamic formulation presented there, only static analytical solutions are considered in
this work.

Within Chapter 3, a cohesive zone model is developed for predicting damage in elec-
trically conductive solids subjected to coupled thermo-electro-mechanical loading. The
chapter builds on earlier electro-mechanically coupled cohesive interface model [98], and
extends it to account for thermal effects, with a focus on interfacial failure phenomena.
This includes, in particular, the explicit treatment of interface temperature — an aspect
not addressed in [98] but essential for modelling thermally coupled interface degradation
[110]. This formulation is particularly relevant in materials with interfaces such as grain
or phase boundaries, where degradation influences electrical and thermal conductivity—
making the model applicable for non-destructive evaluation scenarios. To achieve this,
the chapter derives a thermodynamically consistent interface model, including all rel-
evant balance laws, dissipation inequalities, and constitutive relations. The chapter
addresses both bulk and interface behaviour and incorporates damage evolution driven
by mechanical opening, which in turn affects electrical and thermal response. The model
is validated against analytical solutions for a one-dimensional bar with a cohesive inter-
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face, and its predictive capability is demonstrated through a detailed simulation of wire
bonding failure. The numerical examples presented in this chapter demonstrate how
interfacial degradation influences the coupled thermal and electrical response, and set
the stage for multiscale methods that resolve such interfacial effects in Chapter 5.

Starting with Chapter 4, the focus shifts to the computational multiscale framework
of electrically conductive materials under coupled thermo-electro-mechanical loading.
This formulation extends the framework introduced in [100] for small-strain electro-
mechanical problems. The key distinction in the present work is the inclusion of ther-
mal fields, enabling the consistent treatment of heat conduction alongside electrical and
mechanical effects. While Hill-Mandel-type computational homogenisation has been
widely applied to multiphysics problems, a consistent thermo-electro-mechanical ho-
mogenisation framework for electrically conductive materials has only recently begun to
emerge [33, 34]. Notably, these recent contributions primarily focus on thermoplastic
polymers, whereas the present work targets metallic conductors, where thermo-electro-
mechanical interactions are tightly coupled and relevant to resistance-based diagnostics.

Motivated by the influence of material interfaces on the effective electro-mechanical
behaviour of conductors, Chapter 5 extends the first-order computational homogenisa-
tion framework developed in Chapter 4 to materials featuring cohesive-type interfaces
at the microscale. The aim is to capture displacement and potential jumps across grain
or phase boundaries and to investigate their impact on the macroscopic electrical and
mechanical response. It is shown that, in the presence of such interfaces, the scale-
bridging formulation presented here recovers the classical first-order homogenisation re-
sults —consistent with previous findings for mechanical problems [93, 157]. In addition,
the presence of interfaces endows the material with an internal length scale, thereby en-
abling the prediction of size effects within a first-order framework. This contrasts with
classical multiscale approaches, where such effects typically require higher-order formu-
lations [107]. Through numerical examples, the chapter investigates interface-induced
size effects, anisotropic conductivity in microstructures, and deformation-driven interfa-
cial degradation. The results demonstrate that incorporating interface behaviour at the
microscale enables the prediction of phenomena that lie beyond the reach of classical
first-order homogenisation schemes, setting the stage for more realistic simulations of
polycrystalline conductors in Chapter 6.

Chapter 6 explores the predictive capabilities of the proposed computational mul-
tiscale framework for electrically conductive materials with resistive grain boundaries.
Motivated by long-standing discrepancies in grain boundary resistivity measurements,
the chapter revisits the Andrews method [6] and reinterprets it through the lens of
homogenisation theory. This allows the problem to be addressed from a multiscale
modelling perspective, linking measurable macroscopic resistance to grain-level inter-
face behaviour. Analytical benchmarks and finite element simulations are conducted
across various microstructures, ranging from idealised to statistically representative
polycrystalline geometries. The results reveal limitations of classical additive models
and highlight the importance of anisotropy, grain alignment, and interface resistance.
A central conclusion is that the proposed multiscale formulation not only recovers the
expected isotropic behaviour in the quasi-homogeneous limit but also provides accurate

11
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predictions in anisotropic settings. The chapter also introduces the open-source NEPER-
MosAIC tool for generating periodic microstructures, enabling efficient representative
volume element studies with realistic grain morphologies.

Chapter 7 approaches the thermo-electrical homogenisation problem from a math-
ematical perspective, providing theoretical justification for the multiscale framework
used throughout the thesis. While earlier chapters adopt an energy-equivalence-based
homogenisation approach, this formulation inherently relies on modelling assumptions,
such as scale separation, periodicity, and the use of macroscopic quantities as inputs
to microscale constitutive relations, without offering a formal justification. This chap-
ter rigorously re-examines the same problem using analytical techniques. The objective
of Chapter 7 is to show that the macroscopic equations governing thermo-electrical
behaviour, previously derived from computational and physical reasoning, can also be
obtained through classical mathematical homogenisation methods. Two complemen-
tary approaches are considered: asymptotic expansion [18] and two-scale convergence
[3, 139]. The former introduces a formal ansatz to separate microscale and macroscale
contributions and leads to a system of nested cell problems. The latter provides a rig-
orous functional framework for proving that the microscale solutions converge, in the
appropriate sense, to an effective macroscopic solution. A key conclusion of this chapter
is that all three formulations, Hill-Mandel-type homogenisation, asymptotic expansion,
and two-scale convergence, lead to the same homogenised system of equations. This
consistency not only validates the assumptions employed in Chapter 4 but also ensures
that the proposed framework is mathematically well-posed. By unifying engineering
practice with mathematical theory, Chapter 7 establishes a solid analytical foundation
for the multiscale modelling of thermo-electro-mechanical processes in heterogeneous
materials.

12
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Modern engineering applications, ranging from advanced microelectronics to
high-performance energy systems, increasingly rely on materials operating under
complex thermal, electrical, and mechanical loads. The intricate interplay between
these physical fields necessitates a comprehensive understanding of their coupled
behaviour, as traditional uncoupled analyses often fail to capture the full range
of material responses and underlying failure mechanisms. Within the context of a
thermo-electro-mechanically coupled formulation for electrical conductors, the scope of
the present chapter is twofold:

e To provide a rigorous and thermodynamically consistent framework for describ-
ing thermo-electro-mechanical interactions in electrical conductors, serving as the
theoretical basis for the analyses carried out in subsequent chapters.

e To demonstrate the wvalidity and reliability of the proposed modelling approach
through comparison with analytical benchmark solutions, thereby justifying its use
throughout the remainder of the thesis.

To set the stage, the notation and essential concepts from functional analysis used
throughout this thesis are briefly reviewed in Section 2.1. The chapter begins with a dis-
cussion of the thermodynamic principles governing coupled phenomena, followed by the
formulation of the relevant balance laws in Section 2.2. These include the conservation
of mass, balances of linear and angular momentum, the continuity equation of electric
charge, and the first and second laws of thermodynamics — all within the small-strain
framework. Building upon these balance laws, a variational (weak) form of the governing
equations is derived, and a corresponding finite element implementation is introduced
in Section 2.3. To validate the implementation, a set of analytical solutions is presented
in Section 2.4. The chapter concludes with microchip simulations in Section 2.5, which
illustrate the capabilities and practical relevance of the proposed framework.

2.1 Notation

Before delving into the physical principles, we first introduce the mathematical notation
and functional analysis framework employed throughout this thesis. For the reader’s
convenience, the following essential relations and definitions used throughout the thesis

13
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are presented in a consolidated form. Section 2.1.1 outlines the tensor notation adopted
herein; for a comprehensive overview of tensor calculus, the interested reader is referred
to the textbook [88]. Section 2.1.2 presents selected elements of functional analysis
relevant to the discussions in this work. A more detailed treatment of functional analysis
may be found in standard references such as [4, 151].

2.1.1 Index notation and tensor calculus fundamentals

Definition 1 (Einstein’s summation convention). Whenever an index appears twice
in a term, summation over that index is implied. Such repeated indices are called dummy
indices, while those that appear only once are referred to as free indices.

Definition 2. (Tensors) Let e;, with i € 1,...,d, represent the Cartesian basis vectors
spanning the d-dimensional Euclidean vector space R?. First-order tensors (vectors) are
expressed as

d
u = Zul , e = u; e, (2.1a)
i=1

making use of Einstein’s summation convention. Higher order tensors follow analogous
forms:

Second-order: T =T;;e; ® e, (2.1b)
Fourth-order: T =T;jne, ®e; ®e, ®e;. (2.1c)

In this thesis, scalars typically are denoted by non-bold lowercase letters, first-order
tensors by bold lowercase letters, second-order tensors by bold uppercase letters, and
fourth-order tensors by bold sans-serif uppercase letters.

Definition 3. (Inner tensor products) Let & and T be tensors of arbitrary order.
Inner tensor products are denoted by dots, with the number of dots indicating the
number of contractions

S T=[Sijne®e .. ee| Th.open®@e,...0e,R e

=Sijki Tn.p€i®e€j.. Qe Re,...0e,Re,, (2.2a)
S:T=[Sjneve .. Qe [Tu.opem@e€,...R0e,R e
= O4j..kl 776[...01) e e ...0e,Ke,. (2.2b)

Definition 4. (Outer tensor products) Given arbitrary tensors 8 and 7T, their stan-
dard outer product (dyadic product) is defined as

ST =[Sij.nei®ej..0e, Qe [Thn.opem@e,...Qe,R e
=Sk Tmn.pei®e .. Qe,ReRe,Re,... de, ey, (2.3a)
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Additionally, two non-standard dyadic products are employed

8@7' = [Smkl €e; &® ej o ® (593 & el] @ [Tmn...op €m ® €n ... ® €o ® ep]

=SijmTm.pei®e; .. Qe,ReRe,Re,... Ye,Rep, (2.3b)
S@T = [Szjkl e ® €e;... R er® el] ® [Tmn...ap enp @en...0e,® ep]
= Oij...kn 77m...op e; ® €j... e, ¥We Ve, Re,...Ke, €p. (230)

Definition 5 (Tensor transposition). The transpose of a second-order tensor T is
defined such that, for all vectors a,b € R?,

a-T-b=b-T"a. (2.4a)
Accordingly, the transpose of T' has the Cartesian representation
Tt = ,_sz e X €; = ,-Tz'j €; X e;. (24b)

For a fourth-order tensor T, major transposition and minor transposition read, respec-
tively
S:T:T=T:T':8§, (2.4c)
S:T:T=8:T":T", (2.4d)

for all second-order tensors T', 8 € R4, Moreover, Cartesian representations of the
symmetric fourth-order tensors are expressed as

T ' =TjeRe Re, e, (2.4e)
T =Tine;®e; Qe ®e. (2.4f)

Definition 6. (Symmetric tensors) With the definition of tensor transpositions at
hand, a second-order symmetric tensor T' accordingly reads

T=T"=T"". (2.5a)

A symmetric fourth-order tensor that has major symmetries and minor symmetries are

defined as

T=T' =T, (2.5¢)

In this work, a symmetric fourth-order tensor TS™ is defined as a fourth-order tensor
that possesses both major and minor symmetries.

Definition 7. (Identity tensors) The second-order identity tensor is defined via the
Kronecker delta symbol, namely

1, ifi=j

e (2.6a)
0, ifi#j

Izéijei@)ej, 522{
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The fourth-order identity tensor follows as
I=IX1I. (2.6b)

The deviatoric projection of the fourth-order identity tensor reads
dev = 1
| :I®I—§I®I. (2.6¢)

Definition 8. (Permutation tensor) The third-order permutation tensor (Levi-Civita
symbol), is given by

+1, for even permutations of i, j, k; i.e. (123,231,312)
E=¢€jse;Re;®e,, €, =14 —1, for odd permutations of 7, j, k; i.e. (132,213,321)
0, if there is a repeated index

(2.7)

with the properties €ijk = €jki = €kij, €ijk — —C€ikj and €ijk = —€jik -

Definition 9. (Vector (cross) product) With the definition of permutation tensor at
hand, the vector (cross) product of u and v is defined as

uxXv=c€c:[u®u. (2.8)

The vector product of two vectors produces a vector. Note that the vector product is
not commutative.

Definition 10. (Gradient operator) The gradient operator, denoted by V,e, operates
with respect to the variable

0 Tij..m

VT = I

eRe .. ReReRe,,. (2.9)

Definition 11. (Divergence operator) The divergence operator is defined via the gra-
dient

0 Tij..k

V, T =VT:1I=
81:1

e, Rej...e;. (2.10)

Definition 12. (Curl operator) The curl of a vector field is introduced as

auk
V., xu:e:qu:eijka—%ei. (2.11)

2.1.2 Elements of functional analysis

Definition 13. (Normed vector space) A normed vector space X is a vector space
equipped with a norm ||e|| : X — R satisfying the following properties for all u,v € X
and o € R
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1. [lul| > 0 with |u =0 <= w=0,
2. |loul| = |aff|lul
3. lu+ | < lull+ v] .

Definition 14. (Banach space) A Banach space is a complete normed vector space.
The d—dimensional Euclidean space R? equipped with the one-norm ||e||;, the 2-norm
||®||2, the supremum norm |/e||, are, for instance, Banach spaces.

Definition 15. (Inner product space) An inner product space X is a vector space
equipped with an inner product (e,e) : X x X — R that satisfies the following properties
for all u,v,w € X and scalars «, 5 € R:

1. (u,v) = (v,u),
2. (au+ fv,w) =a(u,w)+ F(v,w),
3. (u,u) >0 with (u,u) =0 <= u=0.

An inner product induces a norm, ||u|| = y/(u,u), and hence a metric.

Definition 16. (Hilbert space) A Hilbert space X is a complete inner product space.
For example, the space of square-integrable functions on domain L? (£2) with the asso-
ciated norm

(u,v)Lg(Q):/u-vdx, (2.12)
0

is a Hilbert space with an inner product. Similarly, the space Hj (£2) of square-integrable
functions that has compact support and have square integrable derivatives

(u,’v)H&(Q):/u-v%—qu-Vx'vdx, (2.13)
0

is a Hilbert space with an inner product.

Definition 17. (Bounded linear functional) Let X be a Hilbert space. A linear
functional 7 on X is a function j : X — R satisfying

jlau+pv)=aj(u)+pj(v), forallu,ve X and o, €R. (2.14)

Furthermore, a linear functional j is said to be bounded if there exists a constant L €
[0,00) such that

|7 (uw)| < L||u|lx foralue X. (2.15)

Definition 18. (Dual of Hilbert space) The dual X* of a Hilbert space X is the space
of all bounded linear functionals on X.
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Definition 19. (Lebesgue space) For p € [1,00), the Lebesgue space L? is defined by
LP (.Q) = {’U, 2 —>R: HuHLp(Q) < OO} (216)

with the norm

1/p
el o) = V P dx} . (2.17)
(P4

Definition 20. (Multi-index) A multi-index « is a tuple of k£ non-negative integers, i.e.
a=(ag,...,o).

Definition 21. (Weak derivative) Let 2 C R% A function f € Li_(£2) has a weak
derivative D*f, if there exists a function g € L] . such that

/ Fgde= [—1]'“/ fD°F dz forall F e C& (1) . (2.18)
0 7
Definition 22. (Sobolev space) Let k be a non-negative integer and p € [1,00). Sup-

pose that weak derivatives Dy f exist for all || < k. The Sobolev space W} (£2) is
defined by

Wy (2) = {f € L (2) : |fllwp) < o0} (2.19)
which is equipped with the norm
1/p
lellwsioy = | D IDulfoi | (2.20)

o<k

Definition 23. (Periodic function spaces) Let 2 C R? be a fixed periodic cell (or
lattice fundamental domain) and denote by

A={z€eR":z=FKe + - +keeq, ki €Z}
the lattice of period-shifts. A measurable function u : R — R is called {2-periodic if
u(z +2) = u(x) for ae. x € R? and every z € A.
We then define
L% (2) ={u e Ly (RY): uis Q2-periodic},
and
Hy (2) = {u € Hp (RY): u is 2-periodic},

both equipped with the associated norms.

Remark 1. For all p € [1,00) and all k, W} (£2) is a Banach space. For the special case
of p=2, H* (£2) := Wk () is a Hilbert space.

18



2.2 Balance equations and related kinematics

2.2 Balance equations and related kinematics

With the fundamentals of tensor notation and elements of functional analysis estab-
lished, we now turn to the physical laws that govern coupled thermo-electro-mechanical
systems. In this section, the balance equations governing thermo-electro-mechanically
coupled systems are presented within the framework of small-strain theory. In the con-
text of continuum thermo-electrodynamics, these balance laws emerge from the combi-
nation of fundamental electromagnetic field equations and classical thermomechanical
principles. The electromagnetic component is described by Maxwell’s equations, while
the thermomechanical part is governed by the following fundamental laws

1. Conservation of mass

2. Balance of linear momentum

3. Balance of angular (moment of) momentum
4. Balance of energy

5. Entropy inequality

For a comprehensive overview and further details beyond those presented here, the reader
is referred to the classical texts [45, 46, 85].

The derivation of the balance equations is carried out for a continuum as sketched in
Figure 2.1. Let £2 C R? be a bounded Lipschitz domain with boundary 2. We consider
the family of admissible control volumes

YV ={wC{ | wopen, bounded, Lipschitz }. (2.21)

For a bounded domain {2 representing a closed system, mass is a conserved quantity.
Consequently conservation of mass reads in the integral form,

d p(w)dx:/de+/ n(x) w(x)p(x)dr=0 (2.22)
dt J, o dt Ye)

where p : 2 — R is the mass density per unit volume, n : 2 — R? is the outward unit
surface normal to domain 2 and w : 2 — R? is the displacement vector. The integral
statement (2.22) is an instance of the global conservation laws and is understood to
hold not only for {2, but equally for any w € V. Localising these balance equations for
arbitrary w € V by using the divergence theorem results in the pointwise form

p(x)+p(x)Ve-u(x)=0 in 2 (2.23)

with e representing the time derivative of a quantity.

Remark 2. Throughout this thesis, the domain {2 and spatial coordinates @ refer to the
macroscale problem. When a multiscale setting is considered, the microscale domain
is denoted by Y with local coordinates y. In single scale problems, {2 and x are used
exclusively. Gradient, divergence, and curl operators are written as V,, V.-, and V. x,
respectively. A non-bold notation for x is adopted to maintain consistency across scalar
and vectorial quantities in different spatial dimensions.
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2 Continuum thermo-electrodynamics

——

N

o0 -

Figure 2.1: Control volume {2 under consideration.

2.2.1 Mechanical subproblem: Balance of linear and angular
momentum

The mechanical response is governed by the balance equation of linear momentum
d
4 M@M@M:/M@ﬂﬂm+/t@Mm (2.24)
dt /o 0 o0
The volume under consideration is loaded by volume distributed body forces f : 2 — R?
and subjected to surface tractions, ¢ : 2 — R?
t(x)=0(x) n(x), (2.25)

where o : {2 — Lin (Rd, Rd) denotes the Cauchy stress tensor which maps the normal
to a surface to the traction vector acting on that surface. By applying the divergence
theorem, one can obtain the local form of (2.24)

p@)i(z) =V, o@) +p@) f(x) inf2. (2.26)
In analogy with balance of linear momentum, balance of angular momentum reads

— mxp(m)u(m)dx:/mxp(w)f(:c)dx—{—/ x xt(x)dr. (2.27)

dt Jo Q a0

Localisation of balance of angular momentum gives rise to the classic symmetry condition
of the stress tensor

e:o(x)=0 — o:2—Sym(R™). (2.28)

2.2.2 Electrical subproblem: Continuity equation for electric charge

In the context of electrical processes, the general electromagnetic problem simplifies to
the continuity equation for the electric charge

5 [o@ = [ i@ @ (2:299)
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2.2 Balance equations and related kinematics

and to Faraday’s law of induction

d
-3 Ab(w)-n(az) dz = /aAe(w)- dz, (2.29b)

where pr : £2 — R denotes the free charge density, j : 2 - R% e: 2 -+ R% b: 2 — R?

represent the electric current density vector, the electric field vector and the magnetic

flux density vector, respectively. Moreover, n : 2 — R? is the outward unit surface

normal to domain (2, and OA is the boundary curve to an arbitrary surface A C R
Localisation of the set of equations (2.29) results in

Ve jlx)+pe(x) =0 in (2, (2.30a)

V. x e(x) = —b(x) in 2, (2.30b)

with (2.30b) being naturally fulfilled by the introduction of a scalar-valued electric po-
tential field ¢ : 2 — R such that e (x) = —V,¢ (x).

2.2.3 Thermal subproblem: Conservation of energy

The balance equation of energy governs the temperature evolution and is given by
d d 1 ) ) u é 0
— [ p@e(x)dr+— | =p(x)i(x) -u(x)de=P*+P°+P (2.31)
dt /., dt J, 2

where e : {2 — R is the mass-specific internal energy density. The respective contribu-
tions to (2.31) are specified as the external mechanical power

P [ p@)f @) dr+ | i@t d

Ja (2.32a)
~ [ Vi) o @ drt [ @)1V, o @)+ o) £ (@) do,
the external electrical power
¢ = ) () - e(x) do .
P [ @) el . (2.32))

and external thermal power,

739:—/ q(xz) n(x) da:+/r(a:) dz, (2.32¢)
o9 2

where 7 : £2 — R denotes the heat source per unit volume, and q : 2 — R is the heat
flux vector. Equation (2.31) states that the rate of change of the sum of internal and

kinetic energy over time t arises from mechanical, electrical, and thermal contributions.
Localising (2.31), with the definition of strain tensor € : 2 — Sym (R%*9)

e () = [Vou (@)™ = % Vou (@) + [Vou (@)]] (2.33)
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2 Continuum thermo-electrodynamics

while assuming a (quasi-)stationary problem setting yields
p()é(x)=0(x):é€(x) — V- q(x)+7(x)+7(x) e(x) in (2. (2.34)

The electrical contribution j - e in (2.34) is purely dissipative and acts as a heat source
driving the temperature evolution. This effect is typically referred to as Joule heating.

2.2.4 Dissipation inequality: The second law of thermodynamics

Furthermore, introducing mass-specific entropy density s : {2 — R and absolute temper-
ature 6 : 2 — R, the dissipation inequality takes the form

d r(x) q(z) n(z)
o Qp(az)s(iv) de/Qm dx—/MZWdI- (2.35)

By using Gauf}’s theorem, the dissipation inequality (2.35),

r () 1

) 1
p(x)s(a:)ZM—sz-q(m)er

is obtained in the local form. After rearranging, (2.36) can be written in the form, which
is commonly referred as Clausius-Duhem inequality (CDI)

g(z)- V. In (0 (z)) (2.36)

g(w)@(aj) $(x)—r(x)+Ve-qx)—q(x) - VeIn(f(x)) >0. (2.37)
=D

By inserting the energy equation (2.34) into (2.37), the local form of the dissipation
inequality

p(x)0(x)s(x)—p(x)é(x)+o(x): e(x)+j(x)-e(x)—q(x) V,In(0(x)) =0 (2.38)
is obtained with the intrinsic, electrical and thermal parts
D= Dmech + Delec + Dtherm > 0. (239)

Accordingly, we impose the stronger requirement that each term be non-negative, i.e.

Diech = p(x)0(x)s(x) —p(x)é(x)+0o(x):€(x) >0, (2.40a)
Dejec = .7 ($) "€ (w) > O? (240b)
Diherm = —¢q () - Vo In (6 (x)) > 0. (2.40c¢)

in place of the condition in (2.37). The inequalities provide thermodynamic constraints
that must be satisfied by the constitutive relations for the mechanical, electrical and
thermal subproblems, respectively. Relation (2.40a) is related to the Clausius—Planck
inequality, and (2.40b)-(2.40c) constrain the form of the conduction relations.

Moreover, by defining the mass-specific Helmholtz free energy via the Legendre-
Fenchel transform

Y (e,0,k) =inf {e(e, s, k) — 0 s} (2.41)
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2.2 Balance equations and related kinematics

with the functional dependence of the free energy density function (e, 6, k) on strain,
temperature and (possibly a set of) internal variables k : 2 — R", where n is a non-
negative integer. The time derivative of the mass-specific Helmholtz free energy can be
expressed as

V(e (@),0(x), k(@) =¢(x) —0(2)s (@)~ ()0 () . (2.42)

By inserting (2.42) into (2.40a), the local (intrinsic) dissipation inequality

Diech =0 (x) : € (x) — p(x) (¢ (x) +s(x)0 (w)] >0 in 2 (2.43)

is eventually obtained. Differentiating the mass-specific Helmholtz free energy with
respect to time with the functional dependencies

b (e (x),0 (x), k(z) = ‘;ﬁ ((g L& () + g“g((ge' (z) + g‘li’ ((i))k (x) (2.44)

and substituting (2.44) into (2.43) results in
o () &(x)—p(z) B‘ﬁéz; ce(@)+ ?g((;c))é(w) + Z;féz))k(a:) +5(a)0 ()] 0.
(2.45)

After rearranging (2.45) in the form

0 . 0 : 0 :
7 (@)~ p(@) G ] e @) -p(a) [s(e)+ G2 @) p @) G i) 2 0,
(2.46)
evaluation of the Coleman-Noll procedure yields the constitutive relations
aqu) (8707 k) _ 877[} (5,9, k) _ a¢ (5767 k)
A v =0y K=—p——Q (2.47)

Incorporating the obtained constitutive relation for entropy (2.47) and time derivative
expression of the Helmholtz free energy (2.44), i.e.

(@) (@) =~ ol@) G| = 5t (@) i @)
Jo (x) . Os (x) ; Ok (x) (2.48)
= ~ 0 (@) L€ (x) +p(x) ae(w)e(:n)+ ae(w)k;(:c) )
into the energy equation (2.34) yields
p(@)ey(2)0(@) +0(2)B, (@) € (@) ~ [ (2) ~ 0 @) G2 | ()
v 96 (x) (2.49)
—[-Veq(@)+r(z)+j(x) e(x) =0
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2 Continuum thermo-electrodynamics

where ¢, : 2 =+ R and B3, : 2 — R%? denote the heat capacity and thermal stress
respectively

. Os(e,0,k) _6821/) (€,0,k)
T 9 9000 (2.50)
3 _ Oo(eb.k)  OyY(eb.k) '
v 06 P oo

Investigating the local electrical dissipation term (2.40b) motivates the form of consti-
tutive relation for electric current density as

j(x)=8(0,x) e(x)=-5(0 ) V.o () (2.51)

where 8§ : RT x {2 — Lin (Rd, Rd) denotes the electrical conductivity tensor. Insertion
of the constitutive relation (2.51) into (2.40b) yields

Daec =J () -€(x) =Voo () - S0, x) - Vop(x) >0 in (2. (2.52)

If the electrical conductivity tensor & is positive semi-definite, such that
S : [V.¢p® V,¢] > 0, the dissipation inequality for the electrical problem is automat-
ically satisfied.

Similarly, by adopting the linear relation between the heat flux vector and the (neg-
ative) temperature gradient

qg(x)=-K(0,x) V,0(x) (2.53)

where C : R" x {2 — Lin (R?,R?) denotes the positive semi-definite thermal conductivity

tensor, thermodynamic consistency of the thermal part of the dissipation inequality
(2.40¢)

Dinerm = —q () - Vo ln (0 () = —L)q () - V.0 ()

0 (x
1 :
= vae () KO, x) V.0 (x) >0 in 2

(2.54)

is established.

2.3 Finite element implementation

Before turning to the simulation results and validation studies, we introduce the finite
element framework employed to solve the coupled thermo-electro-mechanical problem
formulated in the preceding sections. Section 2.3.1 presents the weak formulations of
the governing equations derived earlier. Section 2.3.2 discusses the discretisation of the
problem using standard finite element techniques. Finally, Section 2.3.3 outlines the
linearisation strategy used to solve the resulting nonlinear system of equations.
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2.3 Finite element implementation

2.3.1 Weak form of governing equations

This section focuses on the weak form of the coupled thermo-electro-mechanical problem.
In Section 2.2 strong forms of the partial differential equations are derived. Here and
throughout, {2 denotes the closure of 2 in R%, ie. 2 = 2 U 2. We are secking
strong solutions of the coupled systems, namely u € C2(£2) N C(£2) ,¢ € C*(2) N C(£2)
and 6 € C*(£2) N C(£2). The system of equations can be reformulated so as to look
for solutions in distributional sense by testing the equations against sufficiently regular
functions. This procedure “relaxes” the requirement of pointwise differentiability — i.e.
classical C? regularity — to Sobolev or Lebesgue-space regularity, in which derivatives
are understood in the sense of distributions.

The weak forms are derived by multiplying the field equations (2.26), (2.30a) and
(2.34) with smooth and admissible test functions and integrating over the domain.

For the mechanical problem, the balance of linear momentum (2.26) is multiplied
with an arbitrary test function * € C*> ({2), i.e.

/Q o (@) - [p () i ()] da = / o (@) [V, o (@) +p(x) f (@) de.  (255)

n

Since u € C? (£2), divergence of the stress is well defined. After applying the divergence
theorem, the mechanical problem reads

/Qso%w)-[p(m)u(wn dx:—/nvxw@):a(w) dx+/msou<w>-t<m> du
+/Q<P” (@) o () f ()] dz.

For quasi-static settings, the weak form of the mechanical problem can be written as
follows:

(2.56)

Find uw € H' (2) such that

9]

[Vt @):o@ i | g @)t dot | 0" (@) £ @) do (257)

for all p* € Hj (£2).

Similar to he mechanical problem, the continuity equation of electric charge (2.30a) is
multiplied with an arbitrary test function ¢? € C* (§2), and integrated over the domain
(2, ie.

- / o (@) i () do = / o (@) [Va- § ()] da. (2.58)
(%

n

Using the divergence theorem and identifying the resulting boundary terms on 942, (2.58)
takes the form

—/ng‘z’ (x) pr () dox = —/vawd’ (x)-j(x) dx —i—/ ©? (x)i(x) do (2.59)

o1
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2 Continuum thermo-electrodynamics

with the definition of projected current density vector i : {2 — R
i(®)=7(x) n(x). (2.60)

For quasi-stationary settings, the weak form of the electrical problem is obtained as

Find ¢ € H' (2) such that

/mw@»ﬂmw:/¢Mmumw (2.61)
(9 on

for all ¢ € H] (02).

Finally, and for the sake of completeness, we are interested in thermal problem (2.34)
and multiply the energy equation with an arbitrary test function ¢? € C*® (£2), i.e.

/Qsoe(w) [p () € ()] dr:/gsoe(w) lo(x):e(x) = Vi q(x) +7r(z)+7(x) e(z) dz
(2.62)
and arrive at

/ o (@) [p (@) é (@) da = / & (@) [o (@) : & (@) dz + / Vo (@) - ¢ (@) de
(P4 (P4 (P4

9 (x x) dz O(x)r () dx P 2)i(x) e(x €T

+/8990()Q()d+/090() <>d+/so<>[g<> (@)] d

2

(2.63)

with the definition of projected heat flux vector ¢ : {2 — R
q(z)=—q(z) n(z). (2.64)

For quasi-static and quasi-stationary settings, the weak form of the thermal problem
reads:

7~

Find 6 € H' (§2) such that

/QVMG(:B)'(I(:B) dxz—[99¢9<w>q<w> dx—/ﬂwe(iv)[r(w)Jrj(w)-e(m)] dz
(2.65)

for all ¢ € H} (£2).

Remark 3. To provide a rigorous foundation for the weak forms introduced previously,
we now justify the choice of function spaces used in our formulation. In the case of
linear elasticity and so-called dead external loading, if we choose ¢ to vanish on 02,
we obtain the variational problem

a(u(z),¢*(x)) = F (" (z)) (2.66)
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in abstract notation, with

a(u(x),e” (x)) = /Q [E(0,x): V,u™ (z)] - Vo () dz, (2.67a)
Fig") = [ ¢"@)- (@) f @) do. (2.6b)

We define the function space V' such that the problem is well defined for u, p* € V'
V={p": 2 =R a(p" ") <oo and F(p")<oo and ¢“]|sn=0}. (2.68)
Let u, " € V be
V ={p" € Hj (12;R?) : " [9o= 0} (2.69)

and the bilinear form a : H' (2;R?) x H' (£2;R?) — R is coercive, symmetric and
bounded on V. We can now apply the Lax—Milgram theorem to demonstrate the ex-
istence and uniqueness of a solution within the defined function space V. The use of
the Sobolev space Wy = H' ensures that the functions within the space have finite
energy, which is a crucial requirement for the variational problem to be well-posed. This
variational formulation serves as the foundation for the Galerkin method.

2.3.2 Discretised weak form

The weak form is discretised using standard finite element approximations, enabling
numerical simulation of complex domains. For the discretisation of the primary fields
(displacements, electric potential and temperature) and the related test functions, Leg-
endre polynomials are employed as

uh = ZND Up, ‘PUh = ZNA 901;17 (270&)
D=1 A=1

¢ = ZNE ¢m, ¢ = ZNB 0% (2.70b)
E=1 B=1

" => Nebp, ¢"= > Noyl, (2.70¢)
F=1 c=1

where ng, and N, are the number of element nodes and the shape functions, respec-
tively. Furthermore, we employ an isoparametric approximation, where identical shape
functions discretise both the geometry and the spatial placement field. Furthermore,
identical shape functions are used for all primary fields, displacement, electric potential,
and temperature, ensuring a consistent approximation across the coupled problem.

Given the assembly operator /A and the total number of elements, ng, the discrete
force vectors can be formulated. Specifically, for the mechanical subproblem, the internal
force vector reads

Ie]

Fie = A/ VoNa-odx. (2.71)
e=1 e
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2 Continuum thermo-electrodynamics

The contributions of the volumetric forces are given by

Ne]

= A | Napfas, (2.72)
e=1 e

and the surface force vector is defined as

Ne]

o= A Natde (2.73)

sur
e=1 Jone
For the electrical subproblem, the internal force vector takes the form

Te]

= A YNy jde, (2.74)
e=1 J e

and the surface force vector reads

Te]

Fob = Npj-ndz. (2.75)
e=1 Jofe

Analogous to the electrical and mechanical subproblem, the internal force vector of the
thermal problem takes the form

Nel

fiu = A/ V.Nc -qdz. (2.76)
e=1 e

The contribution of the source terms is given by

Ne]

Fi=A [ Nor+Nej-eds, (2.77)

e=1 J ¢

and the surface force vector reads

el

Fob = A/ ~Negq-nde . (2.78)
e=1 Jogne

2.3.3 Linearisation

The solution of the discrete system of equations is performed in an iterative manner,
with the residuum

’l".h — foh foh (279)

int — J ext
and its linearisation at iteration step q,
oh oh oh
rol =1y HArTT . (2.80)

q+1 —
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The increment can further be specified as

d,r,oh d,r,oh - d,’,,oh N

Areh = = WAXTRE e A+ ¥ i) (2.81)

such that the system of equations solve for the increments referred to the list of nodal
degrees of freedom, i.e. (u, ¢ and 0), reads

Kue Kuwé Kuo AU pub

K% K% K| . |Adp| =—|ro2 ]| . (2.82)
u 06 00 ~ O

K K K . LAG . T q

In (2.82), K** denotes the tangent stiffness contributions of the generalised global stiff-
ness matrix. With these definitions in hand, the residual force vectors »*" are specified
next. By inserting (2.70a) into the weak form of the mechanical subproblem (2.57), the
residual force vector

’I"Uh _ fuh_f'u,h_ uh (283)

int sur vol

is obtained. For the electrical subproblem, inserting (2.70b) into (2.61) yields the residual
vector

PO = g poh (2.84)

int sur

Likewise, the residual vector for the thermal problem is obtained by inserting (2.70c) in
(2.65), i.e.
S (2.85)

int — J sur vol *

The relevant tangent stiffness contributions are presented in Appendix A.1.

2.4 Validation by analytical solution

This section focuses on the validation of the finite element implementation proposed in
Section 2.3 based on the analytical solutions derived in Section 2.4. To this end, the
elementary boundary value problem depicted in Figure 2.2 is discretised by means of
10 four-node quadrilateral elements. First the thermo-electrical problem is investigated
to study the effect of Joule heating. Subsequently, a thermo-elastic problem is analysed
to study the effect of the thermo-mechanical coupling. Finally a fully coupled thermo-
electro-elastic problem is derived and compared with a proposed three-field finite element
analysis results.

Let {2 C R represent a bar with domain {2 € [0,1]. The corresponding boundary value
problem for the fully coupled case is illustrated in Figure 2.2. For the thermo-electrical
and fully coupled cases, a zero heat flux boundary condition § = 0 W/mm? is applied
at the right end of the bar. In contrast, for the thermo-mechanical problem, a non-zero
Neumann boundary condition of § = 100 W/mm? is prescribed.
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2 Continuum thermo-electrodynamics

Table 2.1: Material parameters used in the analytical and finite element-based simulations.

E v Ko K «
100000 N/mm? 0.0 [] 2000W/mK 1450 A/[Vmm] 1 x 1072K™!

u = 0mm [ =100 mm u=0m
¢ =0mV = 100 mA /mm?
) =298.15K 5? = {0,100} W /mm?
—

Figure 2.2: Bar of length [ = 100 mm, subjected to mechanical, electrical and thermal boundary
conditions.

Although the boundary value problem considered is one-dimensional, it is discretised
using two-dimensional linear, quadrilateral elements. To restrict the problem to the
one-dimensional case, the transverse displacement v is constrained to zero across the
domain, see Table 2.1. This strategy allows validating the fully coupled thermo-electro-
mechanical finite element formulation implemented for general settings while enabling
direct comparison with one-dimensional analytical solutions.

2.4.1 Thermo-electrical problem

For the electrical problem at hand, a linear relation between the (longitudinal) electric
field e : 2 — R and (longitudinal) electric current density j : 2 — R is assumed as
derived in (2.51). For the time being, however, the temperature dependence of electrical
conductivity is dropped, namely

do
= = — Ky — 2.86
J=hge=—FKg (2.86)
with ke being constant and electric field e = —%. Similarly, a linear relation between
the heat flux ¢ : {2 — R and (negative) temperature gradient is adopted as
dé
= —Kg — 2.87
q Ko dr ( )

In (2.86)—(2.87), kg : 2 — R* and ky : 2 — RT denote the electrical and thermal
conductivities. The governing equation of the electrical problem simplifies to a one-
dimensional form and the corresponding electric potential field and the electric current
take the form

gzs(x):—éxﬂ_s with ¢ =0, (2.88a)

j(x)=7. (2.88D)

As shown in Figure 2.2, the beam under consideration has Dirichlet boundary conditions
on its left end with free heat flux condition at its right end. Observing the electric poten-
tial field, a linearly increasing electric potential profile is expected. Due to the Neumann
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7.07 1 —99

. ) 316 r 0
analytical solution J .
« FEA analytical solution
x FEA
o R
2 g E
£35 100 Mg47 —350 =
g g 8 =
S g = g
00— ) 298 L .. . 700
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
z-coordinate of bar in mm z-coordinate of bar in mm
(a) Electric potential and current profile along the bar (b) Temperature and heat flux profile along the bar

Figure 2.3: Comparison of analytical solution and finite element results for thermo-electrical boundary
value problem.

boundary condition, where the current density j is applied at the right boundary, an
increasing profile is obtained from the analytical solution, as illustrated in Figure 2.3a.
The finite element approximation of the electric potential field matches the analytical
solution exactly. Additionally, the electric current is identical to the analytical solution,
as it must remain constant along the bar.

The energy equation governs the temperature evolution and associated temperature
and heat flux fields are derived as

L T T oL N B
0(z) =—= 2%+ v+0 with 6=29815K (2.89)
2/<L¢ Y] R¢ Ko
J Jl
=—xr——. 2.89b
1) = = (2.89b)

Figure 2.3b shows a comparison of the analytical and finite element results for the
thermal fields. The temperature field is approximated exactly at the nodes. However,
due to the quadratic nature of the temperature field, the resulting linear heat flux
field cannot be exactly represented due to constant gradient contributions within the
elements. Increasing mesh density could improve the approximation.

2.4.2 Thermo-elastic problem

The thermo-mechanical response is assumed to be governed by the volume specific
Helmholtz free energy density function ¥ : {2 — R

p¢(5,0):W(e,ﬁ):%E52—aEe[0—6’o] (2.90)

where E : {2 — R and « : {2 — R are the material specific Young’s modulus and thermal
expansion coefficients. Furthermore, ¢ : {2 — R is the one dimensional total strain,
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(a) Temperature and heat flux profile along the bar (b) Displacement and stress profile along the bar

Figure 2.4: Comparison of analytical solution and finite element results for thermo-elastic boundary
value problem.

with the definition ¢ = du/dz at hand. By evaluating (2.47) for the volume specific
Helmholtz free energy density, the stress reads

a:Es—aE[Q—QO]:E%—QE[H—HO]. (2.91)

In the absence of electrical field, the temperature evolution is governed by the heat

equation and the corresponding temperature together with the heat flux fields take the
form

0(x)= L2400 with §=29815K, (2.92a)
Kg

q(z)=q. (2.92b)

Figure 2.4 presents a comparison between analytical and finite element analysis results
for the specified thermo-elastic boundary value problem. Figure 2.4a illustrates a linear
increase in temperature resulting from constant heat flux along the bar. Given that the
bar is fixed at the boundaries and subjected to thermal expansion without mechanical
loading, thermal stresses and corresponding displacements are expected. Respective
displacement and stress fields are derived as

1 g 1 g
u(az):—ﬁaﬁ%xz—l—§aﬁ%l:¢+a with @ =0, (2.93a)
1 & ~ ~
o(z)=E {Eaﬁz}—aE[e—eo} with 6 = 6, = 208.15K.. (2.93D)
Ko

Figure 2.4b shows a clear agreement between analytical and finite element results. As

expected, compressive strains and stresses are present along the bar due to thermal
expansion.
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Figure 2.5: Comparison of analytical solution and finite element results for thermo-electro-elastic bound-
ary value problem.

2.4.3 Thermo-electro-mechanical problem

In the fully coupled thermo-electro-mechanical problem sketched in Figure 2.2, the elec-
tric potential and temperature fields match those in Section 2.4.1, with the resulting
displacement field being the only variation. Figure 2.5a illustrates that the finite ele-
ment results of the electric potential and temperature fields compared to (2.88a) and
(2.89a), respectively. The analytical solution for displacement and stress field are calcu-
lated as follows

1 52 1 52 1 42
u(az):——04‘7—1:34——04]—[:62——]—[2:1:—1-@ with =0, (2.94a)
6 kg ko 2 Kk 3 K Ko
1 j ~ —
o(z)=— —J—ZZ—aE[e—eo} with 6 =0, = 298.15K, (2.94b)
3I<L¢li9

and plotted against finite element result in Figure 2.5b.

2.5 Representative simulation results

Following the validation of the finite element implementation, a microchip is simulated
under electrical loading, motivated by the thermal stresses occurring due to Joule heat-
ing. Accurate prediction and control of thermal profiles in microchips are essential
for ensuring device reliability. In this section, finite element analysis is employed to
simulate the effects of Joule heating in a microchip (or integrated circuit). To this
end, Section 2.5.1 provides a brief summary of constitutive relations that are used to
model the coupled thermo-electro-mechanical response of the material, respectively de-
vice. Two-dimensional representative examples are presented in Section 2.5.2. Material
parameters used in the simulations are tabulated in Table 2.2 and plane strain conditions
are assumed. Boundary conditions are given in Figure 2.6. The geometry is discretised
linear quadrilateral elements. The mesh consists of 16524 linear, quadrilateral elements.
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0.7mm 0.44 mm

- ¢ =0.0mV, 6§ =293.15K
— ¢p=1.0mV, 6§ =293.15K
Copper alloy MF 202
Alumina (%92)

Silicon

Figure 2.6: Geometrical dimensions and boundary conditions of the two-dimensional boundary value
problem discussed in Section 2.5.2. Additionally, fixed boundary conditions are applied on the red and
blue boundaries for the mechanical problem.

2.5.1 Constitutive relations

The thermo-mechanical response of the bulk material is assumed to be governed by
the volume specific Helmholtz free energy density function ¥. Specifically speaking, an
additive decomposition according to

pi(e,0) =W (e,0) = Wy, (€) + Wity (€aev) + Wie] (€,0) + ¥ (0) (2.95)

vol vol

is assumed with the elastic volumetric, ¥, the elastic deviatoric, ¥, , the thermoelastic
coupling, ¥*¢, and the thermal, WY, parts. The respective contributions to (2.95) are

vol»’

specified as

vl (€ ()

View (Edev ()
Vet (€ () ,0 ()

vol

v (6 (2)) = ¢, (2) | [0(z) — 0] — 6 () In (egf)) } . (2.96d

K(
(x)

a(x

Il
QN

x)tr? (e (x)) , (2.96a
(

Edev (T) : €aev (T)
) K () [0 (x) — O] tr (e (x)) , (2.96¢

I
w

In the set of equations above, K : {2 — R* is the bulk modulus, G : 2 — R™ is the
shear modulus, « is the thermal expansion coefficient, ¢, is the heat capacity and 6y is
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2.5 Representative simulation results

the reference temperature. The deviatoric part of the strain is defined as €40y = jdev . E,

with 19 denoting the fourth-order deviatoric projection tensor. By evaluating (2.47)
for the volume specific Helmholtz free energy density (2.95), the bulk stress tensor

o(x)=K(x) [tr (e(x)) —3a(x)[f(x) — 6] ]I +2G (x) €gey () (2.97)
is obtained. Accordingly, the fourth-order stiffness tensor E : 2 — Sym (R*x@xdxd)
reads

E(x)=K(x)I®I+2G (x)1%. (2.98)

A linear relation between the electric field vector and the electric current density vec-

tor is assumed in the bulk following the restrictions posed by the dissipation inequalities
(2.51), i.e.

jx)=80,x) e(x) . (2.99)

For the sake of simplicity, an isotropic electrical conductivity tensor is assumed with the
positive definite electrical conductivity tensor

: Fgo ()

SO.x)=ry(0,x) I, with &k, (0, ) T (@) [0 () — 0] (2.100)
where k4 : R X 2 — R denotes a scalar-valued electrical conductivity parameter. In
(2.100), Kgo : £2 — R denotes the reference conductivity at temperature §p and p : 2 — R
is the temperature coefficient of resistivity.

Analogous to the electrical problem, in this example a linear relation between the
temperature gradient and the heat flux vector in the bulk is assumed, i.e.

qg(x)=-K(x) - Vo(x), (2.101)
including the positive definite thermal conductivity tensor
K(x)=rg(x)I (2.102)

with the scalar-valued thermal conductivity parameter kg : 2 — R. All the related
sensitivities are summarised in Appendix A.2

2.5.2 Simulation of thermo-electro-mechanical fields in microchips

The coupled thermo-electro-mechanical response of the microchip configuration is il-
lustrated in Figures 2.7-2.9, each showing the steady-state solution under an applied
potential difference of A¢ = 1.0mV. Figure 2.7 depicts the electric potential and cur-
rent density fields, while Figure 2.8 shows the resulting temperature distribution due to
Joule heating, along with the corresponding heat flux. The rise in temperature due to
electrical response leads to nonuniform thermal expansion within the microchip, which
in turn induces mechanical deformation. This is visualised in Figure 2.9, where the dis-
placement and stress fields are shown. The stress field reveals localized concentrations
near the pin connections and at internal corners, indicating regions of elevated mechan-
ical response due to both geometric constraints and thermal gradients. The results
clearly demonstrate the strong field coupling in the proposed formulation and its ability
to capture realistic behaviour in microelectronic components under electrical loading.

35



2 Continuum thermo-electrodynamics

Table 2.2: Material parameters used in the finite element-based microchip simulations.

Copper alloy MF 202  Alumina (%92) Silicon
E 113000 N /mm? 55000N/mm? 168900 N/mm?
v 0.340 [-] 0.210 [-] 0.265 [-]
Ko 160 W /mK 27.5 W /mK 239 W/mK
Kg 17500 A/[Vmm] 2040 A/[Vmm)] 20 A/[Vmm]
a 1.7x107°K~! 53x 1076 K=! 2.6 x 1070 K™!

¢ in mV ll7]l in mA/mm2
0.0 0,5 1,0 0.0 13;8. 2716.2
(a) ¢ for Ap =1.0mV (b) j for A¢p =1.0mV

Figure 2.7: Electric potential ¢ and electric current field j of the boundary value problem, showing
the final stage under electrical loading of A¢p = 1.0mV. In Figure 2.7a, electric potential isolines are
included. In Figure 2.7b electric current density vectors are indicated by black arrows.

0 . K 3 2
298,45 3047 311.15 gl i W /mm ,
(a) 0 for Ap =1.0mV (b) q for Ap =1.0mV

Figure 2.8: Temperature ¢ and heat flux field g of the boundary value problem, showing the final
stage under electrical loading of A¢ = 1.0mV. In Figure 2.8a, temperature isolines are included. In
Figure 2.8b heat flux vectors are indicated by black arrows.

36



2.5 Representative simulation results

u2 in

min
Si 52}.0 1042.1
(b) uz for A = 1.0mV

[ 1
[ i
i 1
i i
i |
i I
i I
[P P S e e R
—44.4 —02101.6 3,3 —44.5 —02212.5 1,5
(C) o011 for Ag = 1.0mV (d) a9 for A¢p = 1.0mV

012 033
—16.1 0.0 16.2 —37.9 —19.4 —0.8
| [
(e) o012 for A¢p = 1.0mV (f) o33 for A¢p = 1.0mV

Figure 2.9: Displacement field uw and stress field o of the boundary value problem, showing the final

stage under electrical loading of A¢ = 1.0mV. In Figure 2.9a and 2.9b, temperature isolines are
included to visualise thermal expansion.

37



2 Continuum thermo-electrodynamics

A Appendix

In the following sections, all tangent contributions employed in Section 2.3.3 are derived.
Appendix A.1 presents the algorithmic tangent stiffness contributions in their most
general form for the finite element framework, while Appendix A.2 discusses the specific
tangent operators.

A.1 Derivation of algorithmic tangent stiffness

The contributions to the global stiffness matrix that result from the linearisation of
(2.71) can be derived with respect to the displacement field,

Kot — mt A | ViNa- d -V, Npdz, (2.103)

with respect to the electric potential

Ne]

d d
KU — il;t ~A /| -v.N,. d—" V. Np da | (2.104)
e=1 J (¢

and with respect to the temperature

Ne]

d d
fmt—A VoNi- 2 Npda. (2.105)

Ku@
de e=1 J e o

Moreover, for the electrical subproblem, the contributions to the global stiffness ma-
trix that result from the linearisation of (2.74) read

Ne]

dJ

Ko = ~A /| vNs- Ny de, (2.106)
du e=1 J e
and
d Ne d .
oo - W _ A/ _V,Np LV, Npda, (2.107)
¢ e=1 e de
as well as
Nel
g0 — A VoNs - YN da (2.108)
46 —1 Joe dg

The contributions to the global stiffness matrix that result from the linearisation of
(2.76) with respect to displacement field,

el

d d
K’ = ({;ﬂt ~A /| v d—z . V,Npdz, (2.109)
e=1 J e
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as well as electric potential field,

Ne]

goo - Wt _ A/ vNe - U9 g vy da, (2.110)
¢ e=1 e de
and temperature field
df el dq
K% = =t — Ne - N 2.111

are obtained. Finally, the contributions to the global stiffness matrix that result from
the linearisation of volumetric source terms (2.77) are given

Ne]

dfon dlpr+17-é€]
Ko = =l — Nog ——~—".V,Npd 2.112
du é 0 C de DAL ( )
and
d Ne] d .
K% — fvol _ A Ne. [pr+7-€ VY, Ny dz, (2.113)
dp =t Jo de
as well as
Fon nel .
. NCM VLN da (2.114)

dV,0

A.2 Derivation of sensitivities

Based on the constitutive relations described in Section 2.5.1, the sensitivities of stress,
electric current density and heat flux are derived. The non-zero sensitivities of stress
read

CCII—Z(:E) =K(x)I®I+2G (x) jdev (2.115)
do
% (@) = 30 (@)K (@) I. (2.116)

It is observed that there is no direct coupling between stress and the electric field vector
for electrical conductors. Consequently, electrical phenomena do not directly influence
the mechanical behaviour within this formulation.

To derive the specific form of the sensitivities in the electrical subproblem, the tem-
perature dependence of the electrical conductivity must first be specified. Here, a simple
functional relationship between the electrical conductivity tensor and temperature, typi-
cal for metals, is adopted as given in (2.100). Physically speaking, electrical conductivity
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Figure 2.10: Temperature-dependent electrical conductivity of copper over the range 200 K to 500 K,
based on the derivative expressions (2.117) and (2.118).

decreases with increasing temperature which is further illustrated in Figure 2.10. The
resulting non-zero sensitivities are expressed as

d.? KRao

36 @) =ro(0,2) I = WZ_QO]L (2.117)
ﬂ x) = dlﬁi’ (‘97 33) e(xr) = — Rgo b e (x

de (0, 2) = dé (@) = 1+ uld— 90”2 (x) . (2.118)

The current formulation assumes no coupling between the electric current density vector
and the strain tensor. However, in models with deformation-dependent conductivity
or within a finite-strain framework, this coupling yields additional non-zero sensitivity
contributions.

Finally, the non-zero sensitivities of heat flux

V.0 () = —ko(x) T, (2.119)

and the source term due to Joule heating

o @) =J@), (2.120)

are calculated. The proposed small-strain framework assumes no coupling between heat
flux vector and the strain tensor.
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3 A thermo-electro-mechanically
cohesive zone model for damage
predictions

Every material exhibits heterogeneous behaviour at a certain scale. Focusing for
instance on classic problems of materials science, multiphase microstructures that
contain grain and phase boundaries, and, possibly, microcracks are studied. In these
intrinsically heterogeneous materials, the effective material response is significantly
influenced by the presence of material interfaces. Grain boundaries are, for instance, an
example of material interfaces which influence electrical properties, such as resistivity.
Moreover, predicting the evolution of interfacial damage is essential in order to optimise
the material’s performance and reliability.

Motivated by the change of electrical properties due to damage evolution, an electro-
mechanically coupled cohesive zone formulation for electrical conductors was proposed
by Kaiser and Menzel [98], which provides the basis for the current work. In the current
chapter, an extension of the proposed framework to additionally account for thermal
coupling is considered. The scope of the present chapter is twofold:

o [t establishes a thermodynamically consistent cohesive zone formulation for coupled
thermo-electro-mechanical processes in the presence of material interfaces, includ-
g the derivation of balance laws, interface-specific dissipation inequalities, and
the associated finite element framework.

e [t demonstrates the applicability of the proposed model through numerical simu-
lations ranging from analytical benchmark problems to realistic two-dimensional
interface failure scenarios, thereby laying the foundation for further developments
such as interface elasticity or large deformation formulations.

In Section 3.1, the thermodynamic fundamentals for the mechanical, electrical and
thermal subproblems are summarised, and the constitutive restrictions resulting from
the dissipation inequality are investigated. With the fundamental set of balance equa-
tions at hand, a weak form of the problem is derived and a finite element implementation
is proposed in Section 3.2. Section 3.3 deals with the specific constitutive relations for
bulk and interface, before representative simulation results are studied in Section 3.4 to
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3 A thermo-electro-mechanically cohesive zone model for damage predictions

Figure 3.1: Specification of quantities in the control volume (2 and on the interface Z for thermo-
electro-mechanical interface problems. Reprinted from [74] under the terms of the Creative Commons
Attribution License (CC BY).

demonstrate the capabilities of the proposed framework. In particular, an analytical so-
lution in a quasi-one-dimensional setting is derived for validation purposes, and thermo-
electro-mechanically-induced failure processes in wire bonds are exemplarily studied in
a two-dimensional setting.

3.1 Continuum thermo-electrodynamics

Cf;i]' {The governing equations for electro-mechanically coupled cohesive zone formula-

tions were derived in [98] and detailed studies of the principle model properties were
carried out. Against this background, the derivations for the mechanical and electrical
subproblems are briefly summarised in the following and not presented in detail to avoid
repetitiveness.

In particular, the mechanical subproblem is discussed in Section 3.1.1, the electrical
subproblem in Section 3.1.2 and the thermal problem in Section 3.1.3, before the restric-
tions that result from the evaluation of the dissipation inequality are eventually studied
in Section 3.1.4. A graphical illustration of the thermo-electro-mechanical problem con-
sidered is provided in Figure 3.1. Furthermore, quantities at the two opposing sides of
an interface will be indicated by superscripts @~ and e* such that the jump of a quantity
across the interface follows as

[o] =" —e | (3.1)
the interfacial mean value reads

ol = % [o" +o7] (3.2)
and the identity

[o+] = [o] £+} + o} [+] . (3-3)

holds. As this work proceeds a small strain setting shall be considered.}?%'
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3.1 Continuum thermo-electrodynamics

3.1.1 Mechanical subproblem

q[l;i]' {The control volume 2 C R? with material interface Z C R4! is assumed to be

loaded by tractions
t(z) = o (2) n(2), (3.4)

where o : {2 — Lin (Rd, Rd) and n : 2 — R? correspond to the stress tensor and the
outward unit normal vector, respectively, and by volume distributed forces f : 2 — R?
in the bulk as well as surface distributed forces f : Z — R? at the interface. The specific
integral form of the balance equation of linear momentum in quasi-static representation
is obtained when neglecting the tangential forces on 9Z as follows

O:/Qp(m)f(a:) dx+/zﬁ(5)}@) dx+/mt(a:) dz (3.5)

where p: {2 — R and p : Z — R are the mass density of bulk and interface.}gj']?‘ollowing

the derivation in [98], utilising the divergence theorem results in

[ t@a= [ t@arriien [ t@a

= /{er t(x) dz + /(m_ t(x) doe + /I[[t]] (x) dz (3.6)
= V. o(x)dx V.- o (x) d:B—I—/JE]](&E) dz.

n+ 2=

(%;i]' {Carrying out the localisation of the balance equation for a continuum featuring
material interfaces, the local form of the balance equation of linear momentum for the
bulk and the interface

V.o @)+ (@) f (@) -
[{ @) +7(2) F (@) -

0 (in bulk) , (3.7a)
0 (at interface) , (3.7b)

are obtained. By neglecting body forces at the interface, (3.7b) simplifies to the condition
that the tractions at the opposing sides of the interface must be equal, i.e.

@)=t @t @, t

~
T
I
q
Jr
8
=
N
3
(o 3
T
I

o (z7) -n(x). (3.8)

In a small deformation setting, the balance equations are evaluated in the undeformed
configuration, namely & = % = . Under the same assumptions, the conservation of

o . . td.
angular momentum in integral form is written as}?7 A

O—/chxp(w)f(a:) dx+/za:><ﬁ(%)f(i) dyc+/89a:><t(zc) d . (3.9)
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Similar to the balance of linear momentum, (3.9) takes the form
0= [ @x(V.o@) o) f @) +eiot (@) d
n+
+/:1:><[Vx-a(a:)—i—p(a:)f(a:)]—l—e:at(a:) dz (3.10)
—l—/Ia: < [[@ + 7@ F @) de.

4 { After localisation (3.10) simplifies to the classic symmetry condition of the bulk

[74]
stress tensor, namely}?;i'

o(x)=oc"(x) (inbulk). (3.11)

3.1.2 Electrical subproblem

qtd.
[74]

{The control volume (2 with material interface Z is assumed to be loaded by
i(x)=j(z) n(z), (3.12)
where j : 2 — R? corresponds to the electric current density vector. The specific form

of the continuity equation for the electric charge is obtained by neglecting the tangential

component of the electric current density vector on 07 as follows}?;j'

oz/mj(x)-n(m) de. (3.13)

Following the same procedure as in Section 3.1.1, one obtains

O:/Mj(:z:).n(a:) dx+[—1+1]/ﬁu1j(m).n(w) dx
:/89+j(iv)-n(m) dm+/(m_j(a:).n(az) dx+/z[[z]](§) dx (3.14)

- [ Vei@art [ Vei@ans [[1@) d

0n-

and c[l;ij{the local versions of the continuity equation for the electric charge for the bulk
and the interface read

V. j(x) =0 (in bulk), (3.15a)
[i] (&) =0 (at interface). (3.15D)

Similar to (3.7b), relation (3.15b) stipulates that the electric current at the opposing
sides of the interface is equal, i.e.

[ (@) =i"(@)~i (@),

@) =t (a) m@, i@ =j (z")-n@) . (3.16)
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Under the assumption of a (quasi-)stationary state, Faraday’s law of induction simpli-
fies and can naturally be fulfilled by the introduction of a scalar-valued electric potential

field ¢ with
e(x)=—-V,¢(x) (in bulk), (3.17)

where e : {2 — R? corresponds to the electric field vector. The localisation of Faraday’s
law of induction at the interface yields no additional condition for cohesive zone formu-
lations. For a detailed derivation of the local form of Faraday’s law of induction the

reader may refer to [98]. }F;f

3.1.3 Thermal problem

‘%;i]'{ln the following, focus is set on thermo-electro-mechanical problems with emphasis

on the fundamentals of thermo-electro-mechanically coupled cohesive zone formulations.
The governing form of the balance equation of energy for a continuum with interfaces
that is subjected to mechanical, electrical and thermal loads is summarised in the fol-
lowing.

The (quasi-static) balance equation of energy for a continuum with interfaces reads

% (@) ()dx+% Fla)e(e) de =P (@) + P’ (@) + PP (x)  (3.18)

where e : 2 — R and ¢ : Z — R correspond to the mass-specific internal energy densities
of the bulk and the interface, respectively, and ¢ denotes time. The single contributions
to the mechanical power P*, the electrical power P?, and the thermal power P? are
specified under the assumption of a quasi-stationary electrical problem. The mechanical
power P* reads

P i@ p(@) f @) dor (@@ 5@ F @) o+ [ al@)te) b

T

:/ Vi (z): o (z) dx+/ w(z) [Veo-o(z)+p(x) f(x)] de
NI NT

T / [i] ) - {E} @) dz + / w@ 7@ 7F @+ {a} @ [{ @) de
(3.19)

where % : 2 — R? and @ : T — R? are velocity fields. F ollowing the specific assumption
adopted in [98] with regard to the interface position, namely w = {4}, the mechanical
power term simplifies to

P (x) :/ V.4 (x) da:+/[[u]] {{t} x)d (3.20)
2T
The electrical power P? is assumed to be of purely dissipative type and reads

P (x) = da: 7 )
() /M< +/ @ [4] @) dz (3.21)
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The thermal power P? is given by

Ple)= [p@re - [ g@) n@ds [5@7@ A, G2

2 00 I
where q : 2 — R? denotes the heat flux vector, and where r : 2 -+ Rand 7 :Z — R
correspond to the mass-specific heat source in the bulk and the mass-specific heat source
at the interface. Similar to the mechanical and the electrical problem, the tangential

component of the heat flux vector on 07 is neglected and an alternative representation
of (3.22) is obtained as

T

P (z) = / P @)= Veg@) e / (@7 (@) - g 7] @ de. (3.23)

By inserting (3.20), (3.21) and (3.23) into (3.18), localising the related equation and
additionally assuming that the heat source r at the interface 0Z is negligible, the thermal
problem for the continuum with interfaces takes the form}([%'

pE)e(x)=0o(x): (@) +p@)r(x) -V qx)+7j () e(x) (inbulk),
(3.24a)

p(@)e (@) = {t} (@) - [u] (@) — [q- 7] (@) - {i} @) [¢] (@) (at interface) .
(3.24D)

3.1.4 Dissipation inequality

O[l;i]' {For standard solids, the global form of the second law of thermodynamics states

that
/Qp () $ () dr — Rext () > 0. (3.25)

In (3.25), s : 2 - R and Rey : {2 — R denote the mass-specific entropy density of the
bulk and the rate of entropy input which takes the form

_ [ r(@)r(z) . q(w)-n(w)x
Rext(a:)—/n 7 @) d /(m o (@) dz . (3.26)

Similar to the rate of internal energy, the entropy rate is extended by the contributions
of the interface according to

% Q,O(zc)s(w)dx—i—%/zﬁ(i)g(x)dxZ/Qp(i;?)(;)(w)dx_/BQQ(SB(Q)(;;(GZ) d,
(3.27)

where # : {2 — R and 5 : Z — R are the absolute temperature and the mass-specific
entropy density of the interface.
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3.1 Continuum thermo-electrodynamics

In the following, focus is laid on the evaluation of the dissipation inequality for the
bulk, before the dissipation inequality at the interface is evaluated. To avoid repetition,
the dissipation analysis for bulk follows the derivations presented in Section 2.2.4. For
the transient case, one eventually arrives at the local form of dissipation equality, namely

p(@) ey ()0 (x) +0(x) B, (v) : é () — |r(x) — 0 (x) g';((;c)) k(@) (3.28)

—[=Ve-g(@) +p(x)r(z)+j(x) e(@)]=0

In this work, the evolution of internal variables associated with irreversible processes
(e.g., plasticity, damage) is assumed to be negligible, i.e., k = 0. Consequently, the
corresponding internal dissipation term in the thermal energy balance is neglected. Ad-
ditionally, under the quasi-static assumption with negligible elastic strain rates, the
thermoelastic coupling term 3, : € is considered insignificant and is therefore omitted
from the thermal energy balance. The final result takes the form

Vio-q(x)—j(x)-e(x)—p(x)r(z)=0. (3.29)
Moreover, the interface related local form of balance of entropy takes the form
p(@)s @) + 407"} @) [g-n] (@) +{q-n} @ [0 '] =) >0. (3.30)

By analogy with the bulk, the Legendre—Fenchel transformation defines the free energy
density for the interface, i.e.

b ([ul(@).6@) k@) =it {&([u] @) .5@).k@)-0@)5@}) (631

where 6 denotes the interface temperature. Inserting (3.24b) into (3.30) results in

4] @) {E} @) - 7(3) [0 @) +5@) 0 @)] - {1} @) [] @)
+0(@) [fa- 7} @ 0@ + {07} @) -0 @) [q- 7] @) 0.

(3.32)
By applying the Coleman-Noll-type procedure, one obtains the constitutive relations
{{t}}—pa[[u]] , S 55 R pa%, (3.33)
so that
0@ = == AT} @) [0 @)~ 3@ 0 @) - = =R @) k@) (334)
Inserting (3.31), (3.33) and (3.34) into the energy equation (3.24b) finally yields
e e . s o OR ()| &
F(@) @) (@) + @) B, (@) [l @) - [ @ -7() *i@] E @
90 () (3.35)

+[la-71 @) + {7} @ 1) @)] = 0
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3 A thermo-electro-mechanically cohesive zone model for damage predictions

where ¢, : Z — R and ,@; : Z — R? denote the heat capacity of the interface

) _535([[11,]],5,%) ) ga?i(uu]],é,%)
Cy = — 7 5700 (3.36a)
and thermal stresses

oD ([[u]],é,%) ) ~a2$([[u]],§,’/5)
By=- 20 T S ]od

(3.36D)

v —

at the interface, respectively. Analogous to the assumptions made in bulk, the evolution

of internal variables associated with interfaces is neglected, i.e., kK = 0. Under the
quasi-static, quasi-stationary approximation we also assume the interfacial thermoelastic
coupling term 3, - [@t] to be negligible. Hence, (3.35) reduces to

[a- 7] (@) + {i} (@) [¢] (@) = 0. (3.37)

Application of the Coleman-Noll procedure to further specify (3.29) and (3.32) naturally
gives rise to the constitutive restrictions for the electrical subproblem, i.e.

j(@)-e(x) >0 (inbulk) |, (3.38a)
—{i} (&) [¢] ()>0 (at interface). (3.38D)

By analogy with (3.38), the reduced dissipation inequality for the thermal subproblem
takes the form

_ ﬁ q(x)- V.0 (x) >0 (in bulk), (3.39)
0@ 4} @) [67](3) + [{{9*1}} (&) — 0~ @)] I (%)} >0 (at interface).
(3.39Db)
with the definition of ¢ - m = —¢ at hand. In order to evaluate the constitutive re-

strictions stipulated by (3.39b), an additional relation between the bulk and interface
temperature needs to be assumed. There are (at least) two alternatives to define the
interface temperature. Firstly, the interface temperature may be chosen as the average
temperature of the two bounding surfaces according to

0={0}. (3.40)
Alternatively, the interface temperature may be introduced as average coldness inverse

0={6")". (3.41)
By inserting (3.41) into (3.39b) and by using

[0 ] =[0140"} + fo}1o~"T =0 (3.42)
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3.2 Weak form of the coupled problem

the relation

~ fg-n}
Deon = —[0] ———=— >0 (3.43)
ton
is obtained, which can be satisfied by assuming a Fourier-type behaviour for the average
heat flux across the interface, namely

fa-n} = {a} o< —[0]. (3.44)
On the other hand, choosing the interface temperature as the mean temperature accord-

ing to (3.40) results in a non-trivial form of the reduced dissipation inequality. More
specifically speaking, inserting (3.40) into (3.39b) and applying (3.3) yields

Deon = —{{ % }} [6] > 0. (3.45)

Condition (3.45) can be fulfilled by choosing the average entropy flux across the interface,
h, proportional to the negative temperature jump

q-n -
TR »

Both interface temperature definitions result in a Fourier-type behaviour and satisfy the
dissipation inequality across the interface. In this contribution, the average coldness-
based definition is adopted since the focus is not on the particular material model and
(3.44) turns out to be a more convenient definition from a computational viewpoint as
discussed in [169].

Remark 4. In the current contribution, a thermal cohesive zone formulation is assumed
which attaches a Kapitza-type resistance to the interface. However, in general, an inter-
face can be classified according to its thermal properties and generalised formulations
exist. In the case of generic imperfect interfaces, the temperature field and the heat flux
across the interface can both exhibit jump discontinuities. Weakly conducting (Kapitza)
interfaces and highly conducting (HC) interfaces are limit cases of generic imperfect in-
terfaces. Kapitza interfaces allow for temperature jumps across the interface whereas
the heat flux across the interface is continuous. In the case of HC interfaces, the temper-
ature across the interface is continuous whereas the heat flux across the interface may
exhibit a jump discontinuity. For a detailed review and discussion, the reader may refer

to [91, 92] and references cite therein.}(ﬁ;f]‘

3.2 Weak form of the coupled problem

%;i]'{This section focuses on the weak form of the coupled problem. The weak form of

the mechanical, electrical and thermal subproblems are derived in Sections 3.2.1, 3.2.2
and 3.2.3 by multiplying the field equations with test functions and by fulfilling the
field equations only in an integral sense. Eventually, the corresponding finite element

formulation for the coupled problem is discussed in Section 3.2.4.}?;3'
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3 A thermo-electro-mechanically cohesive zone model for damage predictions

3.2.1 Mechanical subproblem
Cf;i]' {For the mechanical problem, the balance equation of linear momentum (3.7a) is
multiplied with test function ¢* and integrated on the region where the problem is
defined, the continuum {2, which consists of subdomains 2~ and 2" as well as the

interface Z between these so that

V- /Q " (@) [Vs o (x) + p () f (@) dat / " (@)Y, o (@) + pf (@)]dv (3.47)

Using the divergence theorem, (3.47) takes the form

o=/9w<w>-p<w>f<w>dx—/nwwwac):a<w>dx+/m<pu<m>-t<w> da
- [101@) - () @ + ("} @ [ @) oo
(3.48)

The detailed derivation of (3.48) is provided in Appendix B.1. By inserting (3.7b) into

(3.48), the governing equation for the mechanical subproblem in weak form reads}‘%

Find w € [H' (29)]" x [H' (£27)]* such that

/ vxso“<w>:a<w>dx:/sou<w>-p< Sides | o)) da
nN+tunN- 0 on

- / [¢] @) - {E} @) dz + / (¢} @) 7@ F @) du
(3.49)

for all p* € ® = {p* € [H (21)]? x [H' (27)]": ¢* = 0 on 02%}.

Remark 5. Rather than specifying a particular form for the test functions, a term involv-
ing the mean of the traction against the jump of a test function is derived through the
application of the divergence theorem and the mean jump identity. As an alternative,
the test functions {@*}, £o?} and {¢’} can be directly chosen, following the approach
in [93, 98].

3.2.2 Electrical subproblem

qtd.
[74]

multiplied with test function ¢ and integrated over body {2,

{For the electrical problem, the continuity equation for electric charge (3.15a) is
o:/ gqu(w)vm-j(a:)d:c—i—/ o (@) V. (@) da (3.50)
0+ -
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3.2 Weak form of the coupled problem

Employing the divergence theorem, (3.50) takes the form

on (3.51)

0= V@ i@t [ P @i ne
- [1°1@) (3 @) + 1} @) [ @) de.

By combining (3.15b) with (3.51), the governing equation for the electrical subproblem
is derived as}([%'

Find ¢ € H' (27) x H' (27) such that

/ Vo? () - § (x) dz = ¢? (&) j (&) - n (z) dz — /[[<P¢]] (@) {i} (@) dz
NtuN- T
(3.52)

for all p? € ® = {p? € H' (2F) x H* (27) : ¢® = 0 on 5£2¢}.

3.2.3 Thermal problem

qtd.
[74]

is multiplied with test function ¢? and integrated over body {2, resulting in

{For the thermal problem, the (quasi-stationary) balance equation of energy (3.29)

[ S @¥a@ i@ e@] dit [ @)V, a () i @) e @) de
(3.53)

Making use of the divergence theorem, (3.53) takes the form

0= /9<w>j<w>-e<az>dx—/g vxw(w)-q(w)dx+/mso9<w>q<w>-n<w>dx

+un-

¥
/IW]] @) {7} @) + {"} @) [q- ] (Z) dz.

(3.54)

By inserting (3.37) into (3.54), one obtains the governing equation for the thermal

problem in weak form, i.e.}?;g'
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3 A thermo-electro-mechanically cohesive zone model for damage predictions

Find § € H' (27) x H' (27) such that

/Q Ve (z) - q () dxz—/w(m)j(w)-e(m) dx+/mso"<w>q<m>-n<m> de

- [I1® 47} @) o+ [} @ (i} @ 1] @) s
(3.55)

for all pf € ® = {¢? € H' (2F) x H (27) : ¢ = 0 on 002°}.

3.2.4 Finite element formulation

(%;i]'{This section focuses on the finite element formulation of the thermo-electro-

mechanically coupled cohesive zone formulation proposed. The numerical treatment
of continua with interfaces includes finite element formulations that are able to account
for a discrete separation of material points. For the discretisation of the primary fields
(displacements, electric potential and temperature) and the related test functions, Leg-
endre polynomials are employed as

uh:ZNDuD, Ut :ZNAch, (3.56a)
D=1 A=1
= Ngop, ¢ = > Npyh (3.56b)
E=1 B=1
= Npbr, ¢"= > Nowl, (3.56¢)
F= o=

where ng, and N, are the number of element nodes and the shape functions, respectively.
By inserting (3.56) into the weak form of the mechanical subproblem (3.48), the residual
force vector

wh ~uh

TUh = f’llrbltl + }.int - fsur - fvol - fvol (357)

is obtained. For the electrical subproblem, inserting (3.56) into (3.51) yields the residual
vector

flnt + }.i‘c .fsur . (358)

Likewise, the residual vector for the thermal problem is obtained by inserting (3.56) in
(3.54), i.e

,,.9h flnt + flnt fsur - fvol }vol (359)
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3.2 Weak form of the coupled problem

The (in general) nonlinear coupled problem is solved by using Newton’s method. The
system of equations to be solved for the increments in the list of nodal degrees of freedom,

(u, é and 0) reads

Kuw 4 K'u.u Kuqb 4 Kud: KuO 4 Ru@ A'i\l, ,r.uh
K + K% K% 4K KL KY| [Ad| =— [ro0 | . (3.60)
Ko 4 P + K% K + K% A@ Oh

In (3.60), K** and K** denote the tangent stiffness contributions of the bulk and interface
to the generalised global stiffness matrix, which are specified in Appendix B.2.

For the mechanical subproblem, the contributions of the bulk and the interface to the
internal force vector read

Nel

fub A/ V,N4-odz, (3.61)

ﬁel

i = A/ Naf{t}dz, (3.62)

e=1
where 1y is the number of interface element nodes. The contributions of the volumetric

and surface distributed forces are given by

Ne]

e A [ Napfde, (3.63)

vol
_Qe

ncl

~uh o~
Vol A NA P fd[)f 3 (364)

and the surface force vector is defined as

Ne]

fub A Natdz. (3.65)
o12e

For the electrical subproblem, the contributions of the bulk and the interface to the
internal force vector take the form

Nel

fiw = A VeNg - g du, (3.66)
=1

ne

nel

A | Vo i, (3.67)
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3 A thermo-electro-mechanically cohesive zone model for damage predictions

and the surface force vector reads

el

sur A NB] -ndr. (368)
o8¢

Analogous to the electrical and mechanical subproblem, the contributions of the bulk
and the interface to the internal force vector of the thermal problem take the form

Nel

fon A/ V,Ne - qda, (3.69)

~0h
Fo = A [ Ne fap . (3.70)
e=1
The contribution of the volumetric distributed forces in bulk and at the interface are
given by

Ne]

Fob — A Ncpr—l—NCj-edx, (3.71)

ncl

A | Ne i} Ioldr, (3.72)

qtd.

and the surface force vector reads} 74)

el

fon A/ “Negq-nde. (3.73)
o8¢

3.3 Material models

CE;(i]'{This section focuses on the specific form of the bulk and interface material model

used in the simulations. In particular, the (thermo-)mechanical material behaviour
and the evolution of interface damage is studied in Section 3.3.1 before Fourier-type
relations for the electrical and thermal subproblems are discussed in Section 3.3.2 and
Section 3.3.3, respectively. The specific form of the mechanical and electrical material
model is adopted from [98] and extended by additionally taking thermal coupling into
account. In particular, it is noted that the constitutive relations are of purely academic
nature and not adopted based on experimental data. They are chosen to demonstrate
the fully coupled behaviour and to show the applicability of the proposed framework. }qtd

3.3.1 Mechanical material models

As the thermo-mechanical response of the bulk material is described in Section 2.5.1,
only the final results are summarised here to avoid redundancy. The bulk stress tensor
is given as

o=Kltr(e) —3af — 0 | I +2GCeqey . (3.74)
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3.3 Material models

reads

Accordingly, the fourth-order stiffness tensor E : {2 — Sym (R®*dxdxd)

E=KI®I+2G1. (3.75)

(%;i]‘{A linear-elastic thermo-mechanical material response accounting for a brittle dam-

age formulation is used for the interface. More specifically speaking, the area-specific
interface Helmholtz free energy density

5&([@]},5@) . ([[u]],é,&) (3.76)

depending on displacement jump [u], interface temperature 0 as defined in (3.41) and
interface damage variable d is introduced. It is assumed that the mechanical stiffness of
the interface FE is reduced in the tensile region due to the evolution of interfacial damage,
whereas the original mechanical stiffness is regained under compressive loadings. By
introducing the elastic displacement jump

[u]® = [u] — & [5— 50] [u] (3.77)

one can formulate the area-specific Helmholtz free energy density function for the tensile
region ([u]®-n > 0)

7 ([ 0.d) = %E 1 d] [ul* T [u]. (3.78a)
and for the compressive region ([u]®-n < 0)
7 (u).0.d) = %E[[u]]e. 1-d|1-nen. [[u]]e+%E[[u]]e-ﬁ®ﬁ- [u]e.
(3.78b)

Analogous to the bulk, by evaluating the constitutive relations at the interface, (3.33),
the mean interface traction vector for the tensile region ([u]®-n > 0)

1) = [1 . J] Eu]°, (3.79)
and for the compressive region ([u]®-n < 0)
{{Z}:E[uﬂ I-aon) [u]+Enen- [u]° (3.80)

are obtained.
It can be observed from (3.78) that the mechanical stiffness reduction is modelled by

means of a classic [1 —d } formulation. For the damage evolution, an exponential form

of the interface damage variable

7 X0 EXO
d=1—"exp| —|y— _ 3.81
» P( [X Xo] G —%EX3> ( )
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3 A thermo-electro-mechanically cohesive zone model for damage predictions

is assumed, where G, x and x( are the fracture energy, a displacement jump-type
internal variable and the critical interface opening, respectively. The critical interface
opening relates the fracture strength @y and mechanical stiffness F of the interface as
Xo = Qo/E, holds. Moreover, variable y at time t* is defined as

= o g {sen ([l ) ]} xo 3:52)

Conceptually speaking, until damage evolution starts, x takes the value of yq and d=0
holds. However, once the opening of the interface exceeds the critical value y,, damage
starts to evolve.}%‘

3.3.2 Electrical material models

cf;i]' {A linear relation between the electric field vector and the electric current density vec-

tor is assumed in the bulk following the restrictions posed by the dissipation inequalities
(3.38), i.e.

j=8&8-e. (3.83)

For the sake of simplicity, an isotropic electrical conductivity tensor is assumed with the
positive definite electrical conductivity tensor

S=xI, (3.84)

where k denotes a scalar-valued electrical conductivity parameter.

A linear relation between the jump of the electric potential and the mean value of
the electric current is considered at the interface. Similar to the mechanical material
response, the electrical conductivity is assumed to be influenced by damage evolution at

the interface. To this end, a [1 —d } formulation is employed as

—[1—51“]%[@]] if [u]e -7 > 0

—% [¢] if [l -2 <0 (385)

{{7}}={

where k denotes the idealised conductivity of the interface. The [1 —d ] term introduces

a coupling between the electrical and mechanical field equations after the damage starts
to evolve. Moreover, the specific form of the constitutive equation (3.85) is physically
motivated in [98] by assuming that the effective conducting interface area in the tensile
region (where microcracks open) is reduced due to the damage processes. In contrast,

the interface recovers its initial conductivity under compressive loads.}?;i'

3.3.3 Thermal material models

‘%;i]'{The Fourier inequalities in the bulk (3.38a) and at the interface (3.44) yield restric-

tions to the heat flux vector. In this work a linear relation between the temperature
gradient and the heat flux vector in the bulk is assumed, i.e.

qg=-K-V0 | (3.86)
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3.4 Representative simulation results

¢ = o.Ome, ) =288.0K B
§| .

——> j = 12.0mA/mm?
i / O n > ¢=0.0W/mm?

[ ‘

i—» I i—»IH

Figure 3.2: Geometrical dimensions and boundary conditions of the one-dimensional boundary value
problem discussed in Section 3.4.1. Reproduced from [74] under the terms of the Creative Commons
Attribution License (CC BY).

including the positive definite thermal conductivity tensor
K=kl (3.87)

with the scalar-valued thermal conductivity parameter ryg.
Analogous to the electrical problem, the constitutive equation for the heat flux at the
interface is assumed to take the form

—{1—5]59[[9]] if [u]° -7 > 0

— i [0] if [ul®-n <0 (388)

{{iz‘}}z{

with Ry denoting the idealised conductivity of the interface. Relation (3.88) establishes
a coupling between the thermal and mechanical field equations via the [1 —d ] term. In

particular (3.88) states that under tensile loadings, when damage evolves, the effective
thermal conductivity is reduced, whereas the effective conductivity is assumed to regain

its initial value under compressive 10ading.}?7tj]'

3.4 Representative simulation results

?;i]'{This section deals with a study of representative boundary value problems. In par-
ticular, an analytical solution is provided in Section 3.4.1 for validation purposes of the
finite element formulation proposed, and thermo-electrically-induced failure processes in
material interfaces are studied in a two-dimensional setting in Section 3.4.2. The mate-
rial parameters used in this work are summarised in Table 3.1. Moreover, the reference
temperature for bulk and interface is set to 8y = 6y = 288.0 K and an initial temperature

of 288.0 K is assumed-}%ti'

3.4.1 Analytical solution of one-dimensional bar

O[l;i]'{This section deals with the derivation of an analytical solution for the one-

dimensional sample boundary value problem of a bar with [ = 50.0mm depicted in
Figure 3.2. Assuming monotonic loading, a parametrisation of the analytical solution
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3 A thermo-electro-mechanically cohesive zone model for damage predictions

0.50 : : 500 : :
—[u]® = 0.001 analytical soln.
——-[u]® = 0.100 . FEA

0.38F ~ [u]® = 0.300 e

2025 e
0.13+ !
0.00 === ‘ ‘ ‘ 0L | | | |
0 20 40 60 80 100 0.0 0.2 0.4 0.6 0.8 1.0
x-coordinate of bar in mm % in mm
(a) Displacement profile u along the bar (b) Comparison for the mechanical problem
: : 6.0 ; :
2.4 Tu]®=0.001 ] analytical soln. |
- [[u]]e =0.100 —— +
18 lulc=0300
>
= -
a2 T
< S

0.6+ i

0.0 ‘ ‘ ‘ ‘ 0. ‘ ‘ ‘ ‘

0 20 40 60 80 100 %.O 0.2 0.4 0.6 0.8 1.0
x-coordinate of bar in mm % in mm
(C) Electric potential profile ¢ along the bar (d) Comparison for the electrical problem

20 = 0001 | 12.0 prE——
=== [u]® = 0100, i —anaytical soln. |

200 " [u]® = 0.300 — 0.0/

¥ | =
2289 | 260
=0 i ] 3
289 | I — 3.0
...‘--;"5"’"’/ [ ‘ ‘ 0. | ‘ ‘ ‘
2880 20 40 60 80 100 8.0 0.2 0.4 0.6 0.8 1.0
x-coordinate of bar in mm % in mm
(e) Temperature profile  along the bar (f) Comparison for the thermal problem

Figure 3.3: Comparison of finite element-based and analytical solutions for the representative boundary
value problem analysed in Section 5.4.2. Figures (a), (c), (e) show the analytical profiles according to
Section 5.4.2 for [u]® = 0.00lmm, [u]® = 0.100mm and [u]® = 0.300mm. In Figures (b), (d), (f) the
comparison between analytical and finite element-based solutions for thermo-electro-mechanical problem
is exemplarily provided. Reprinted from [74] under the terms of the Creative Commons Attribution
License (CC BY).
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3.4 Representative simulation results

Table 3.1: Material parameters used in the analytical and finite element-based simulations.

E,E  210000N/mm? 210000 N/mm?
v 0.3 -

Kk, % 1450A/[Vmm] 1450 A/[Vmm?]

ke, Ko 2000 W /[mmK] 2000 W/[mm?K]

«, a 0.0011/K 0.000011/K
Qo - 500 N /mm?
Gr - 200 N/mm

with respect to [u]® (elastic displacement jump contribution in longitudinal direction)
according to

x " E ] = [u] — @ |0 - 0o [u] (3.89)

is adopted. With (3.89) at hand and by taking (3.81) into account, the closed-form
solution for the (spatially constant) stress reads

a:[1—iuﬂﬁmw. (3.90)

The electric potential field in the domains {2; and (21 is obtained analytically by inte-
grating (3.15a) and takes the form

c c
I (3.91)
_— C . *
ou(rn) = %d) Ty + %(ﬁ

To obtain the problem-specific integration constants (14, Ca¢, ¢34 and cq4), the boundary
conditions are investigated. In the representative problem, ¢ is prescribed at the left
boundary, while the electric current density is prescribed at the right boundary as j.
There is an additional set of boundary conditions due to the balance equation at the
interface, cf. (3.15b). The continuity equation for the electric charge at the interface
states that the jump of electric current density must vanish across the interface, cf.
(3.16). Considering these boundary conditions, the integration constant can be specified
as

clg=—7J, (3.92a)
Cop = K, (3.92b)
C3p=—J (3.92¢)
1-d|F ] )
Cip = |[C1¢ 1+ [+ C2¢ - [1 g} — - (392d)
— K
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3 A thermo-electro-mechanically cohesive zone model for damage predictions

After obtaining a closed-form solution for the electrical field, the temperature field can
be determined by following a similar procedure. More specifically speaking, integrating
the quasi-static, quasi-stationary form of the balance of energy, (3.29), yields

) e
Or(z1) = —2]796% + C19 1 + C29
_ 0
0 = je ) (3.93)
On(xn) = __2f€0 T + C30 T11 + Cap

The thermal field is strongly coupled with the electrical field since the term je acts
as an additional source term for the thermal problem. As a result of the coupling
between the electrical and thermal subproblems, the temperature field is quadratic in
x1, respectively xy;, within the subdomains. To obtain the integration constants, the
boundary conditions are examined. For the thermal problem, the temperature at the
left side is prescribed, similar to the electrical problem, while the right side is assumed
to be thermally insulated. The relation between the heat flux at the interface and the
quasi-static, quasi-stationary form of the balance of energy, (3.37), yields an additional
boundary condition. Specifically speaking, balance equation (3.37) stipulates that the
heat flux across the interface changes according to the dissipation associated with jump
of the electric potential and the mean value of the electric current. Analogous to the
bulk, these terms act as a source term. The integration constants cig, cog, c39 and cyy
follow as

C19 = {{ZEM]}{; el ; (3.94a)
Cop =10, (3.94b)
_Jjel 4
C3p = 707 (39 C)
1 [~ 5jiel?+24i _
o = 5= [{{i}}[[aﬁ]] +2jel] + 245 JQFRGKZMM +0. (3.94d)

In (3.94), {1} and [¢] are obtained from the solution of the field equations for the electric
potential field (3.91)—(3.92). After obtaining the temperature distribution along the bar,
the displacement field due to thermal effects can be calculated. For the mechanical field,
the balance of linear momentum (3.7a) is integrated, while neglecting body forces. The
displacement field for the respective subdomains reads

J€ 3 af
UI(J,’I> = C1u X1 +Cgu + —=] +019— —‘1_029 I — 80 I
_ 6/@9 2
U = . o (3.95)
. J€ 3 1
unr(2m) = 32 + Cay + @ _6_/<;9l + 0397 + cag 211 — 0o T
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3.4 Representative simulation results

where ¢y, Cou, ¢34 and ¢y, are defined as

Cly =0, (3.96a)
Con = 0, (3.96b)
C3u =0, (3.96¢)

o Ciu e 12
==+ LY o e {—j—l3+619—+029l —901}

E 6:‘19 2
+a |2 [ L ! r 0, (3.96d)
a — . .
91(!101 = l) 911(I11 = 0) 0

The integration constants in (3.96) are derived by investigating the boundary conditions.
The bar is clamped at the left side resulting in u (z; = 0) = 0. The stress ¢ along the
bar follows from (3.90).

Figure 3.3 illustrates that the proposed finite element framework is capable of captur-
ing the analytical solution for coupled thermo-electro-mechanical problems. For com-
parison purposes, the geometry given in Figure 3.2 is discretised with three-dimensional
linear brick elements for the bulk {2; and (211, and the interface is discretised by means
of four-node linear quadrilateral elements. Figures 3.3a, 3.3c and 3.3e are based on the
analytical solution of the field equations derived in Section 3.4.1. Figures 3.3b, 3.3d
and 3.3f provide a detailed comparison of the analytical solution and the finite element
based simulation results. In particular, Figures 3.3d and 3.3f show the overall electric
potential difference A¢ and temperature difference Af between the free and clamped

boundary as a function of the prescribed elongation of the bar, Au = ﬂ.}%tf]'

3.4.2 Finite element simulation of a wire bonding example

td. fyrs : . . . :
?74]{W1re bonding failures present a considerable concern in semiconductor manufactur-

ing as they significantly affect the bond’s mechanical strength and electrical conductivity.
Some of the reasons of failure are voids in the bonds, the presence of contaminants and
bonding between electronic components issues. The types of failure include micro-cracks
under the pad or complete chip-out, as exemplified in Figure 3.5. There is an exten-
sive amount of literature on the mechanisms of wire bonding failures focusing on both
experimental and numerical investigations, cf. [15, 31, 58, 84, 173, 187].

Motivated by wire bonding failure that initiates at the interface between the pad
and soldered wire, the two-dimensional sample boundary value problem depicted in
Figure 3.4 is studied in this section. The sample boundary value problem is chosen
to show the capabilities of the proposed framework. The material parameters and the
geometry do not directly correspond to the real physical system. Rather, the main goal
is to show the failure initiation at the interface in coupled thermo-electro-mechanical
response. For this purpose, a representative wire bonding problem of pad length [ =
60 mm, pad height h = 20 mm, radius of the solder » = 10 mm and the angle ¥ = 30° and
with the dimensions of the wire h,, = 6 mm and w,, = 4 mm is considered. The wire and
the pad are assumed to have the same material properties as provided in Table 3.1, except
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€2 < — (i: 0.0mV, 6 = 288.0K
‘ e = A¢, thermally insulated
1
Y
l S

| 3|
= 1

Figure 3.4: Geometrical dimensions and boundary conditions of the two-dimensional boundary value
problem discussed in Section 3.4.2. Black surfaces are thermally and electrically insulated, while red
indicates the surface where the electric potential boundary condition is applied. The blue indicated
bottom boundary is restricted from moving in any direction. The interface is placed between the pad
and soldered wire. Reproduced from [74] under the terms of the Creative Commons Attribution License
(CC BY).

for the thermal expansion coefficient. The thermal coefficient of the pad is assumed to
be apaa = 0.00001 1/K, whereas the thermal coefficient of the soldered wire is assumed
to take the value ayie = 0.00011/K. The material models are chosen according to
Section 3.3 and plane strain conditions are assumed. The pad and the soldered wire are
discretised with four-node linear quadrilateral elements, and the interface between the
pad and soldered wire is discretised with linear, four-node interface elements.

The pad is restricted from moving in any direction at the bottom boundary. More-
over, an electric potential difference A¢ between the bottom boundary and the wire
is prescribed. More specifically speaking, the potential difference is linearly increased
from A¢ = 0.0mV to A¢ = 5.0mV. In addition, the temperature is set to § = 288.0K
at the bottom boundary. The remaining boundaries are assumed to be electrically and
thermally insulated and traction free.

Three different stages of the boundary value problem are depicted in Figures 3.6 and
3.7, focusing on the electrical, thermal and mechanical fields, respectively. The first stage
corresponds to A¢ = 1.0mV, where damage evolution has not been activated. During
the second stage, as exemplarily shown for A¢ = 3.5mV, damage starts to evolve in the
middle of the interface. Eventually, the maximum prescribed electric potential difference
A¢ = 5.0mV is reached and an almost complete decohesion of the interface is observed
in the last stage.

Figures 3.6b, 3.6d and 3.6f illustrate the temperature field evolution due to the electro-
thermal coupling as discussed in Section 3.1.3. In Figures 3.6a, 3.6c and 3.6e, the electric
current density is visualised. Moreover, electric current density vectors are indicated by
black arrows.
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Figure 3.5: SEM image showing microcracking along the interface in a Cu ball bond. Reprinted from
"Extended reliability of gold and copper ball bonds in microelectronic packaging” by C. L. Gan, C.
Francis, B. L. Chan and U. Hashim, 2013, Gold Bulletin 46 (2), 103-115.

The stress contributions o9 and o5 are depicted in Figure 3.7. Thermal stresses arise
in the bulk due to the (local) increase in temperature caused by the electrical source
term. Vice versa, the mechanical field is coupled with the electrical and thermal field
via the damage variable d. It can be observed from Figure 3.7 that the pad and the
soldered wire in the vicinity of the interface are subjected to tensile and compressive
loadings, respectively, when the interface starts to fail. Similar observations are made for

the shear component of the stress tensor, as shown in Figures 3.7b, 3.7d and 3.7f.}‘[4;f]'

B Appendix

Appendix B.1 compiles the technical details relevant to the derivation and implementa-
tion of the weak form in the presence of material interfaces. Appendix B.2 provides the
associated tangent contributions used in the numerical solution procedure.

B.1 Derivation of weak form with interface contributions

In contrast to standard formulations, the present derivation of the weak form accounts
not only for the bulk contributions but also for interfacial contributions. This is essential
in order to capture discontinuities in fields such as displacement, electric potential or
temperature across interfaces within the domain.
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j in mA mm—2 0 in K
1200 2400 288 203 298
[ .
(a) Electric current density field j for A¢ = 1.0mV (b) Temperature field 6 for Ag = 1.0mV

2

j in I‘IllA mm— 0 in K

200 2400 288 293 298
[
(C) Electric current density field j for A¢ = 3.5mV (d) Temperature 6 for Ap = 3.5mV

j in mA mm—2 0 in K
1200 2400 288 293 298
[
(e) Electric current density field j for A¢ = 5.0mV (f) Temperature  for Agp = 5.0mV

Figure 3.6: Electric current density field j and temperature field 6 of the boundary value problem
depicted in Figure 3.4, showing three different loading stages. In particular, Figures 3.6a and 3.6b
correspond to the stage where damage evolution has not yet been initiated. In Figures 3.6c and 3.6d,
damage evolution at the middle of interface is observed. Finally, a load state where the wire is almost
completely detached from the pad is shown in Figures 3.6e and 3.6f. Electric current density vectors
are indicated by black arrows and the deformation is scaled by a factor of 20 for visualisation purposes.
Reproduced from [74] under the terms of the Creative Commons Attribution License (CC BY).
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Figure 3.7: Stress distribution for the boundary value problem depicted in Figure 3.4, for three different
load states. For visualisation purposes, the deformation is scaled by a factor of 20. Reproduced from
[74] under the terms of the Creative Commons Attribution License (CC BY).
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Multiplying the strong form of the balance of linear momentum and integrating over
the domain 2~ UZ U 27, (3.47), we obtain

OZ/Q+QOU(33)-[Vx-a(m>+[)(93)f(m)]dx—|—/ ©¥(x) - [V, o (x)+ pf (x)]dz

- [er@ @@t [ V@) o @] - Vet @) o (@) do.
(3.97)

After applying the divergence theorem, the second term in (3.97) can be expressed as a
surface integral

[ velet@ e@ld= [ ot@) 0@ nt @) d

ont

+/39 o (x) o (x) - n (z7) do

(3.98)
:/ " (x) - t(x) do
o0
—/goi (") ot (z") - n(@) — " (z7) 0 (z7) n(z)dz.
T
Moreover, the integral over the interface can be further rearranged as
u Tt = u -\ .7 (= w 17 (=
/go+ ()t (&) — " (z7) -t (@) dx:/[[go -t] (z) dz
z g (3.99)

- [191@ - (@ + 1"} @) - [ @) do.

Substituting (3.98) and (3.99) into (3.97) yields the final form of weak form as in (3.49).
The same procedure can analogously be applied to derive the weak forms for the electrical
and thermal subproblems.

B.2 Tangent stiffness contributions

qtd.
(74]
contributions to the global stiffness matrix that result from the linearisation of (3.61)

and (3.62) can be derived with respect to the displacement field,

{This section provides the specific form of the tangent stiffness contributions. The

dfer A d
Kue — ggt :A/ V:ENAd_ZVGENDd‘IJ (3100)
e=1 €
~uh Tg] ~
Kuu — dfint — A NA d{{t}} ND dl’, (3101)

d’a e=1 JZe d II'U;]]
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with respect to the electric potential

Ne]

do
ne v de
o e
— N Ng dz
Y Jre M dle]

and with respect to the temperature

~uh
Kud) — dfint —
d¢
~uh
Kuqb — dfint
de
~uh
Ku@ — dfint
deo
~uh
Ku@ _ dfint o
do

Ne]

do
:A/e—vaA - Npdz,

ﬁel

afiy
=R ) Ny M

—V,Ng - — - V,Ngdz,

B Appendix

(3.102)

(3.103)

(3.104)

(3.105)

Moreover, the contributions to the global stiffness matrix that result from the lineari-
sation of (3.66) and (3.67) read

dfis
K¢u _ —Jint
du
~oéh
f{(ﬁu — dfmt
du
and
K<;S<;S — dflnt
de
~¢h
K¢¢ _ dflnt
de
as well as
K¢9 fmt
46
~¢h
Rqﬁ@ d-flnt
46

el

—A VN d— V,Npde,

Tiel

_ dfi}
_A [ Ny Node.

Ne]

.
~A/ -vNs L VN de,

ne de

- Tlel d{{l}}
=A | o Neds.

Te]

A dy
= Ng - —N,
QEV B a0 Fdilf

B el d{{l}}
=A | N gy Veda.

(3.106)

(3.107)

(3.108)

(3.109)

(3.110)

(3.111)

The contributions to the global stiffness matrix that result from the linearisation of
(3.69) and (3.70) result in

dfin
K@'u, — —J int
du
~6h
Reu — dfint
du

Ne]

A wve Y9N, e,
Qe d

el

B dfad 4.
- e Ne d[u] Npd

(3.112)

(3.113)
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as well as
Kqu _ d.flen}tl
de
~6h
K@d) — dflnt
dep
and}%ﬁ
oo _ i
de
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doe
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dfe]
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(3.114)

(3.115)

(3.116)

(3.117)

Finally, the contributions to the global stiffness matrix that result from the linearisation
of (3.71) and (3.72) are given

dfo
K@'u, — vol
du
~0h
Reu — dfvol
du
as well as
KG(;S o d-fvol
de
~6h
K% — df @ vol
de
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K@@ — dfvol
16
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4 Computational homogenisation:
Thermo-electro-mechanical problem

Materials often exhibit complex microstructural feature — such as pores, inclu-
sions, and grain boundaries — that significantly influence their macroscopic behaviour.
Under coupled thermo-electro-mechanical loading, these heterogeneities can induce
localised variations in the stress tensor, the heat flux vector, and the electric current
density vector, ultimately altering the global material response. Of particular interest
is their impact on electrical resistance, which can serve as a sensitive indicator — or
fingerprint — of internal damage evolution.

Figure 4.1 illustrates the experimental concept behind resistance-based damage char-
acterisation in metals. As the specimen is subjected to mechanical loading, localised
changes in electrical resistance can be measured using a four-point probe setup. These
resistance changes are directly influenced by microstructural features such as voids, in-
clusions, and microcracks, whose evolution alters the local conductivity. The correlation
between spatial resistance measurements and microstructural damage states enables a
non-destructive assessment of material degradation. This motivates the need for a com-
putational multiscale framework capable of resolving such microstructural features and
predicting their influence on macroscopic resistance. By explicitly resolving microstruc-
tural features within representative volume elements (RVEs), these approaches enable
accurate evaluation of the effective macroscopic response under coupled thermal, elec-
trical, and mechanical loading conditions. Instead of relying on closed-form constitutive
laws, classical material evaluations are replaced with finite element simulations at the mi-
croscale, making it possible to bridge spatial scales and capture the influence of evolving
microstructural phenomena under realistic operating conditions.

Motivated by the temperature-dependent electrical and mechanical behaviour of con-
ductors, the present chapter extends existing computational multiscale methods [98] to a
thermo-electro-mechanically coupled setting. The resulting framework enables accurate
simulations of materials where field couplings cannot be neglected — such as in advanced
electronic components, microelectromechanical systems (MEMS), and functional mate-
rials exposed to complex environments.

69



4 Computational homogenisation: Thermo-electro-mechanical problem

Figure 4.1: Schematic representation of a resistance measurement setup for a tensile specimen under
uniaxial loading. A four-point probe configuration is employed to monitor changes in electrical resistance
across the gauge section. Insets show experimental SEM image of evolving pore deformation under
tensile loading reproduced from [39], alongside a representative volume element used in finite element
simulations.

The scope of the present chapter is:

o [t establishes a small-strain, multiscale computational framework for thermo-
electro-mechanically coupled problems, including the derivation of governing equa-
tions, boundary conditions, and energy consistency criteria.

The chapter is organised as follows: We begin by defining the microscale problem in
Section 4.1. Averaging theorems are discussed in Section 4.2, followed by the derivation
of a generalised Hill-Mandel condition in Section 4.3 and the presentation of suitable
boundary conditions. Based on the findings of previous sections, the coupled macroscale
problem and associated macroscopic effective material properties are defined in Section
4.4. With the fundamental set of balance equations and corresponding weak forms at
hand, a finite element implementation for the multiscale framework is detailed in Section
4.5.

4.1 Microscale problem

Let y € R? denote the position in the unit cell Y C R?, as illustrated in Figure 4.2.
The local displacement, electric potential and temperature fields are decomposed into
macroscopic averages {®}o and superimposed microfluctuations {e}, resulting in

u(y)= &)y +tu(ry Vyev, (4.1a)
o(y)= —e(x) y+o(zy Vyev, (4.1b)
0(y) = Vbo (z) -y +0(x,y) VyeY, (4.1c)
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4.2 Averaging theorems

and
e(y)= eo(x)+Vyu(x,y) VyeY, (4.1d)
e(y)= e(®)-Vo(zy Vyev, (4.1e)
V,0 (y) = Vb () +V,0 (x,y) VyeY. (4.1f)

Resorting to a classic separation of scales argument, the governing equations at the mi-
croscale are solved subject to the assumptions of (quasi-)stationary processes. Moreover,
source terms are neglected and constitutive relations are evaluated at ”fixed” macroscale
temperature. Accordingly, for the type of constitutive relations considered

the thermo-electrically coupled microscale boundary value problem reads

Vyo(y)= V, [E(0y):e(y)] =0 VyeY, (4.2a)
Vy j(y) ==V [Soy) Vo (y)=0 Vyey, (4.2b)
Vyq(y) ==V, [K(0,y) V0 (y)=0 VyeY. (4.2¢)

Having defined the field variables and governing equations at the microscale, the next
step is to understand how these local quantities relate to macroscopic responses. This
is achieved through appropriate averaging theorems, discussed in the following section.

Remark 6. The present multiscale framework relies on the assumption of scale sepa-
ration, wherein the characteristic length of the microstructure is significantly smaller
than that of the macroscopic domain. Mathematically, this implies ¢ < L, allowing for
a clear distinction between local (microscale) and global (macroscale) behaviour. Un-
der this assumption, each material point in the macroscale domain can be associated
with a RVE, whose response is governed by locally periodic or statistically homogeneous
microstructures. This scale separation justifies the application of first-order compu-
tational homogenisation and ensures that information from the microstructure can be
consistently upscaled without invoking memory effects or nonlocality. In the absence of
scale separation — e.g., near localisation zones or in the presence of strong gradients —
higher-order or enriched homogenisation schemes may be required [60].

4.2 Averaging theorems

Throughout this thesis, the definition v = vol (V) holds. In energy-based computa-
tional multiscale formulations, macroscopic quantities are related to their microscopic
counterparts through volume averages over unit cells, namely

(@ = [ (s} @y, (4.9

In this regard, energetic consistency of the two-scales is ensured by postulating appro-
priate Hill-Mandel energy equivalence conditions. To evaluate these and to simplify the
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Figure 4.2: Control volume {2 under consideration. The underlying microstructure Y, represented by
a unit cell at each material point, dictates the effective macroscale material response.

implementation, it is advantageous to convert the volume integrals into surface integrals
using Gauf’s theorem. Accordingly, the macroscopic strain tensor results in

1 1 sym
eoz—/s(y)dyz—[/ u(y)on(y)dyl . (4.4)
v Jy v lJay
The representation of the macroscopic electric field vector
1 1
o= [ewdy=1 [ o) n) d (4.5)
vJy v Joy

is obtained in terms of the electric potential field at the boundary. Analogously, the
effective macroscopic temperature gradient is given by

! / ) ) dy (4.6)

v

1
Vb, = —/ V,0 (y) dy =
v Jy

The effective macroscopic stress tensor can be expressed as

1 1

o=y [ o= [ tw ey, (4.7
vy v Joy

where use was made of the definition of surface tractions t (y) = o (y)-n (y). Moreover,

the governing equation for the effective macroscopic electric current density vector results

in

jozl/yj(y) dy:l/@yyi(y) dy (4.8)

v

where the definition of the projected current density vector i (y) = j (y) - n(y) was
used. Furthermore, by introducing the projected heat flux ¢ (y) = —q (y) - n (y), the
effective macroscopic heat flux vector takes the form

qozl/yq(y) dy:l/@y—yq(y) dy . (4.9)

(% (%
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4.3 Generalised Hill-Mandel conditions

While the averaging theorems provide the basis for scale transition, the formulation
must also satisfy energetic consistency between the micro- and macroscales. This re-
quirement is addressed by the Hill-Mandel principle, which is introduced in the following
section.

4.3 Generalised Hill-Mandel conditions

The Hill-Mandel condition establishes a rigorous energy consistency requirement, stipu-
lating that the macroscopic energy must be equivalent to the average microscopic energy
within a unit cell. In this regard, (2.34) leads to a generalised average dissipation theo-
rem. Specifically speaking, the classic Hill-Mandel condition for the mechanical problem
reads

aozésoé%/ya(y):vyés(y) dy
[V ewly - [ oWy
— [ )o@ nw) - [ ) [T, o @)
=t(y) =0

The energy equivalence condition for the electrical problem takes the form

jo-deo = —1/j<y>-vy6¢<y> dy

- [vebewiwla <L (@@
= o) i) n) 1/ 5 (y) [V, 5 ()] dy
v Joy ~— vy —
= i(y) =0
and the one for the thermal problem reads
do - V00 = %/Yq(y) -V, 60 (y) dy
—[vemwawia — [s@Vawie
2 [ 0w aw @) a1 [ 069, aw]a
v Joy —— vJy —

=—q(y) =0
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In view of (4.1), we observe that (4.10)—(4.12) can alternatively be expressed as

1
00:5602—/ ou(y) - t(y) dy
v Jay
1 ~
:_/ Geo -y + 01 (z,y)] - £ (y) dy
U Joy
1 1 _
:_/ t(y)@ydy:deo+— | du(y) t(y) dy
v Jay v Joy
e
and
. 1 |
JO.(seo:-/ 56 (y) i (y) dy
v Joy
1 ~ .
:__/ [vm5¢0-y+6¢(w,y)] i(y) dy
v Joay
1 ) 1 ~ )
2 [ viwayse—1 [ 55 i) d
Y Joy . v Joy
=Jo
as well as
1
q0~Vx590:—/ —00 (y) ¢ (y) dy
U Joy
1 ~
:__/ [vzéeo-y+50(w,y)] q(y) dy
v Joay
1

2 —vawarVion -1 [ iy aw) dy
oy v

Y oYy

-~

0

(4.13)

(4.14)

(4.15)

which implies that the microfluctuations do not contribute to the overall energy balance.
To satisfy (4.10)-(4.12) a priori, boundary conditions must be carefully chosen. It can
be observed that the boundary conditions on the unit cell must be chosen such that

microfluctuation fields vanish.

4.3.1 Affine boundary conditions

In order to satisfy the scale transition relations, the microfluctations on the unit cell

boundary are assumed to be suppressed
(z,y) =0 such that w(y)=¢o(x)-y VyecaY,

¢ (x,y) =0 suchthat ¢(y)=—eo(x) -y Vyecoy,
f(x,y) =0 suchthat 6(y)=V,0 (z)-y Vyecoy.

]
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4.3 Generalised Hill-Mandel conditions

With these conditions, the displacement, electric potential and temperature fields of the
unit cell are fully prescribed according to given macroscopic contributions &g, €g, V,.6p.
Alternatively, the consistency can be demonstrated through the following derivation. By
inserting affine boundary conditions into the Hill-Mandel condition for the mechanical
problem yields

1 1
owrdew =3 [ t) o) uidy
Y ] oy (4.17a)
= —/ t(y) @ ydy: deg(x) = o) : ey,
v Joy
and the electrical problem is expressed as
1 ) 1 )
o dy)de(y)dy=—— [ i(y)di[-eo(®) yldy
Y . o (4.17Db)
| vi)dyses (@) =y deo.
v Joy
Similarly, the generalised Hill-Mandel condition for the thermal problem reads
1 1 ,
o ]ay) oV (y) dy=— | i(y)o[Vibo (@) y] dy
Y ) o (4.17c)

:—/ yq(y)dy -0Vl (x) = qy - IV.b, .
v Joy

4.3.2 Periodic boundary conditions

The set of scale bridging relations (4.10)-(4.12) is trivially fulfilled for the assumed
periodic setting with

u (y)=u (y) and t'(y)=-t (y) VYycoay, (4.18a)
6" (y)=¢ (y) and i (y)=—i (y) Vyeoy, (4.18)
0 (y) =0 (y) and ¢ (y)=—q (y) Yyeoy. (4.18¢)

A different approach to showing consistency is outlined below. The formulation of the
periodic boundary conditions in terms of the position vectors of the boundary points

ut(y)—u (y)=eo(x) -[y"—y ] Vyedy (4.19a)
o (y)—¢ (y) =—eo(x) - [y" —y | Vyeody (4.19b)
0 (y) — 0~ (y) =Vbo(x)- [y* —y ] Vyedy (4.19¢)

5



4 Computational homogenisation: Thermo-electro-mechanical problem

is obtained. To this end, let o™ and e~ indicate quantities at opposing parts of the
boundary Y and Y. By inserting specified boundary conditions into generalised
Hill-Mandel conditions yield

Hewisema=1 [ e w st s [ 6w @
[ W @ -y (4:200
1

:_/ t(y)@ydy: deo(x) = o9 : deg,
Yy

v

so that the average microscopic mechanical work done within the unit cell is equal to the
macroscopic work done. Moreover, the Hill-Mandel conditions for the electrical problem

%Lj(y)-5e(y)dy= —% [/awi* (y) oo™ (y)dy+/8y i (y) 6¢~ (y)dy
— [ i) Beo(a) - [y~ Ty (4.200)
1

:—/ yi(y)dy-dey (@) = o - deo
U Joy

and for the thermal problem

T

s awrawsma=| [ @t [ o wwwa
= % . q" (y) [0Vabo () - [y" —y~]] dy (4.20c)
1

are obtained.

4.3.3 Uniform flux boundary conditions

Another boundary condition used in the literature is the uniform flux boundary con-
dition. However, it does not satisfy the condition of vanishing microfluctuation fields;
in other words, it does not follow the kinematics-driven macro-micro scale transition of
fields. The uniform traction boundary conditions are prescribed at the boundary of unit
cell, namely

t(y) =oo(x) n(y) VYyeodYy (4.21a)
i(y)=Jo(®) n(y) Vyeody (4.21b)
q(y) =qo(x) -n(y) VyedY, (4.21c)
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4.4 Macroscale problem

In view of (4.21), the Hill-Mandel condition yields

L owseway=7 [ suly) ou@) n)d
Y o sym (4.22a)
=0 (@) : [% 8Y&u,(y)®n(y)dy} =0 0eg.

Similarly, the electrical problem

1/}/3-(@,).5e<y>dy:—%/Ww(y)uo(m)-n(y)]dy

’ (4.22b)

—ol@) |3 [ oo w) nway] =iy ben.

v

is obtained. The consistency condition for the thermal problem is expressed as

L aw - avoway = [ 5)la @ )
y 0% (4.22¢)

@ |5 [ 08 nwa]-a v

With the condition of energetic equivalence established, the framework permits the
derivation of effective macroscopic constitutive relations. These are developed in the
next section, forming the foundation of the macroscale problem.

Remark 7. In addition to boundary conditions used in computational homogenisation,
such as affine displacement, uniform flux, and periodic conditions, the assumptions of
constant strain (Voigt bound) and constant stress (Reuss bound) offer classical estimates
for bounding effective material responses. These assumptions do not stem from boundary
value problems posed on RVEs but rather from uniform field approximations applied to
idealised microstructures. The Voigt assumption prescribes a constant strain across all
constituents, leading to an upper bound on the effective stiffness. The Reuss assumption
enforces constant stress throughout the microstructure, resulting in a lower bound on
the effective stiffness. While conceptually related to affine displacement and uniform flux
boundary conditions, Voigt and Reuss models are more approximate and are generally
not used in full-field computational homogenisation. Instead, they serve as theoretical
extremes, against which more refined multiscale methods can be benchmarked. Notably,
periodic boundary conditions typically yield effective responses that lie between these
classical bounds, especially for periodic or statistically representative RVEs.

4.4 Macroscale problem

Having established the energy equivalence between scales, we can define the coupled
macroscale problem as

Ve oo(x) =—p" () f, (x) Vo € (2, (4.23a)
Ve Jolx) =0 Va € (2, (4.23b)
Ve qo(x) =30(x) e (x)+ro(x) Vre2, (4.23¢)
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4 Computational homogenisation: Thermo-electro-mechanical problem

with its alternative form

Ve [E" (0o, ) : Voug (x)] = —p* (z) £ (x) Vo e (2,
(4.24a)

=V [8" (0o, x) - Voo (x)] =0 Vo e (2,
(4.24D)

— V- [K* (00, ) - Voo ()] = Vado () - 8™ (0, ) - Voo (x) + 10 (T) VI € 62,
(4.24¢)

where E* : RT x £2 — Lin (R™4 R%*?) is the 4th order effective mechanical stiffness
tensor, 8* : RT x {2 — Lin (Rd, Rd) and IC* : Rt x {2 — Lin (Rd, Rd) denote the effective
electrical and thermal conductivity tensor, respectively. In (4.23c), macroscopic body
forces f, : 2 — R% and the heat source 7y : 2 — R are calculated through volume
averages (4.3). Furthermore the effective density p* : {2 — R relies on conservation of
mass

pwwz—[p@ww (4.25)

and can be obtained through volume average. Once the local problem (4.2) is solved,
the effective fluxes can be calculated using (4.7), (4.8) and (4.9). The effective stiffness
tensor can be expressed as

E* (0o, x) :eo(x) =0¢(x) = l/Ya'(y) dy

v

L e o)+ St

:l/yE(Qo,y) 1+ MY (z,y)]dy : e () ,

v

(4.26a)

E* (0o, @)

where the 4th order structure tensor M : 2 xY — Lin (R™? R%?) defines the relation
between the fluctuation field and the applied macroscopic field, specifically speaking
V,u = M" : g;. Moreover, the effective electrical conductivity tensor can be determined
through the relation

SW%w%%@FﬁM@=1AJ@Ny

(Y

’ _
-1 /Y S (00,9) - [e0 (2) = V6 (z.9)] dy .
L S0 - M e (o)

N

-~

S* (bp, x)
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4.4 Macroscale problem

where M? : 2 xY — Lin (Rd, Rd) denotes the structure tensor that defines the relation
between the (gradient of the) fluctuation field and the applied macroscopic field, namely

Vy¢ = M? . eg. Similarly, the effective thermal conductivity tensor is derived as

K (00.0) - Vit (@) = ay (o) = [ alw)dy
:—%/Y]C(Ho,y V0o (z 5(w,y)] dy
:-%/y}(j(@o,y ) [T+ M’ (@, y)] dy- V.b, () .

-~

’C* (00, {B)

(4.26¢)

The corresponding relation between the (gradient of the) temperature fluctuation field

and the macroscopic gradient of temperature is defined through the structure tensor
M?: 2 xY - Lin (Rd, Rd), namely V,0 = M. V,0,.

Remark 8. An alternate form of effective tensors can be obtained by means of Hill’s
lemma

E" (@) = /Y 14 M (2,5)]" < E (o, y) : [1 + M (2, )] dy (4.27a)

It follows from (4.27a) that E* possess minor and mojor symmetry, i.e.
Efiti = Eliy = Ejuij- Similarly, the effective electrical conductivity tensor

1
S* (0p, ) = ;/ [I— M (2,y)] S (b0 y) [I - M (z,y)] dy (4.27b)
Y
and the effective thermal conductivity tensor
1
IC* (6o, ) = 5/ I+ M (z,y)]" K (00, ) - [T+ M’ (x,9)]dy (4.27c)
Yy

are obtained. The effective conductivity tensors have the symmetry properties S}; = S5,
and Kj; = K3;, as observed from (4.27b) and (4.27c).

§i0
Remark 9. The first-order computational homogenisation framework developed herein
assumes a classical macroscopic kinematic description, which is suitable for many engi-
neering applications. An alternative to the classical first-order computational homogeni-
sation scheme involves enriching the macroscopic kinematic description to incorporate
higher-order gradients. This results in a more complex microscale boundary value prob-
lem, capable of capturing additional microstructural effects such as strain gradients
and size dependencies. In this framework, homogenisation yields not only the classi-
cal Cauchy stress tensor but also higher-order stress measures and their corresponding
tangent operators [107, 108, 188].
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4 Computational homogenisation: Thermo-electro-mechanical problem

4.5 Finite element implementation

This section addresses the finite element implementation of the proposed multiscale
formulation for electrical conductors. In particular, the focus is on discrete closed-
form solutions for homogenised macroscale fields, and the associated tangent stiffness
contributions. The microscale boundary value problems are formulated using weak forms
based on Section 2.3.1, neglecting body forces and source terms. The discretised weak
form and corresponding finite element implementation that is derived in Section 4.5 is
employed for the microscale problems.

The discussion within this thesis is limited to affine and periodic boundary condi-
tions. In the case of periodic boundary conditions, the generalised stiffness matrices and
generalised reaction force vectors are substituted by reduced versions that result from
enforcing linear constraints between opposing RVE boundaries. Specifically speaking,
the reduced generalised stiffness matrix K* and the reduced generalised reaction force
vector are expressed via

K'=7T""K-T, ff=T'f and [)ﬂ:T-xi (4.28)
d

using the transformation matrix 7 that relates dependent degrees of freedom x4 to
independent degrees of freedom x;. With the definitions of reduced forms at hand, the
system

K" Ax; = Af (4.29)

is obtained.

4.5.1 Calculation of macroscopic stress tensor, electric current
density vector and heat flux vector

Upon solving the microscale boundary value problems, macroscopic quantities are deter-
mined through volume averaging. The discrete version of the macroscopic stress tensor

(4.7)
1 1 < ) pU i
aoz—/a by oydy~ > Ot ely (4.30)
Y

v -
=1

and the macroscopic electric current density vector (4.8)

.1 / , 12 ) oy i
Jo=— | wily)dy~-) W0y (4.31)
"0 oy U;
and the macroscopic heat flux vector (4.9)
7! L5 00
q=-[ —yaly) dy~——3 Uiy (4.32)
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4.5 Finite element implementation

are obtained. In equations above np, denotes the number of nodes where the corre-
sponding degrees of freedom are prescribed, and Py and @ f* are the position vector
and the (generalised) reaction forces of node 1.

4.5.2 Calculation of macroscopic tangent contributions

Iterative techniques like the Newton-Raphson method require the tangent stiffness to
solve nonlinear macroscopic problems. Since the computational homogenisation methods
do not provide an explicit form of effective properties, the tangent contributions have
to be determined numerically. Tangents are to be calculated from the relation between
variations of the macroscopic flux like quantities and macroscopic gradients of fields at
every macroscopic (integration) point. To this end, a forward difference approximation
can be employed in order to obtain consistent tangent moduli, as demonstrated for
finite elasticity in [131]. Alternatively, the so called condensation methods are widely
used in the literature [107, 108, 132]. Condensation methods rely on condensed matrices,
associated with the boundary, 92, of the unit cell, to compute macroscopic moduli.

In this section, a direct condensation of the constrained degrees of freedom is outlined.
To derive generalised tangent stiffness contributions, changes in generalised reaction
forces A f2 due to perturbations of the prescribed (Dirichlet) degrees of freedom Afy
are studied. The linearised system of equations for the microscale problem is partitioned
as

K K Axq|  |Af
) [ o

where {o}4 and {e}; denote Dirichlet and free degrees of freedom related quantities.
Solving the second line of the system of equations for Ax; and inserting the ensuing
relation in the first line, the closed-form expression

[Kaa — Kar- Kg' - Kra] -Axq = Afq (4.34)

K

is obtained, with the definition of the condensed stiffness matrix K. For affine and
periodic boundary conditions, the kinematic relations are given as

AWy, = Aey- Uy (4.35a)
AD gy = —Ney - Dy (4.35D)
AV = AV,0, - Uy (4.35¢)
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4 Computational homogenisation: Thermo-electro-mechanical problem

By partitioning equation (4.33) into mechanical, thermal and electrical contributions

and inserting kinematic relations, the discrete representation of generalised reaction
force vectors

A(i)fu — Z (i) | we Aeg (j)y _ Z (i) | uo ® Aeg (j)y + Z (i) K uo ® AV, 0, (j)y
(4.36)
A £ = Z R Agy Dy Z K @ Aey Dy + Z K @ AV, 0, Dy
=1 =1 Jj=1
(4.37)
ADF0 — Z(z‘j)ﬁeu Aey Dy Z K" Aeg Wy — Z GKY o AV 0, Wy
j=1 = Jj=1
(4.38)

are obtained. Finally, by inserting discrete forms of generalised force vectors at the
microscale into the discrete representation of the change in the stress tensor reads

Npn Npn

Aoy [ o S 3SR [0y 5 0y« Ay
=1 j=1 i
* Vol Z Z DK ® y ® (])y - Aeg
. =1 j=1 (439)
K (J : AV, 0
dao dO’o do
~ A A - AV,.0
dey 20T e, 2T Y, 90 0
and the electric current density vector yields the following system
Vol Z Z R ® )y ® ]) FACH
=1 j5=1
R @ )y @ Dyl : A
- vol )22 eve .
- =1 j=1 (440)
K & : AV, 0
+ Vol Zzljzl w70
d.?o dj, dj,
:Aegg+ — - A - AV,.0
e P L ) 0
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4.5 Finite element implementation

Likewise, the change in heat flux can be written as

Npn Npn

Aq, ~ _Vol z; ; WK @ Dy @ Dy« Ag,
+ Vol ini (K ® y® J) FACH
L i= rllf, rllpn (4.41)
+ Vol iz DK @ Dy @ Dy| : AV,0,
i=1 j=1
jgg : Ae 0+j—q2 Aeg + dVé’o - AV, 6,

Equations (4.39)-(4.41) give rise to the definitions of the macroscale algorithmic tangent
stiffness and conductivity tensors.

To summarise, this chapter introduced a computational multiscale framework for
modelling coupled thermo-electro-mechanical behaviour in heterogeneous materials. The
formulation begins at the microscale, where the governing equations for mechanical
equilibrium, heat conduction, and electrical conduction are defined. These local field
equations are linked to the macroscopic response through averaging theorems, with the
Hill-Mandel condition ensuring energetic consistency across scales. Based on this scale-
bridging procedure, effective constitutive relations are derived and incorporated into a
finite element implementation of the macroscale problem.

The framework presented here provides the foundation for the subsequent chapters.
Importantly, the macroscopic equations derived in this chapter are later shown to be con-
sistent with those obtained from analytical and asymptotic homogenisation techniques,
as discussed in Chapter 7, offering a theoretical justification for the computational ap-
proach developed here.
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5 Computational homogenisation with
interfaces: Electro-mechanical
problem

Every material in nature exhibits heterogeneous behaviour at some scale. The
effective material response is governed by the underlying microstructure. Interfaces,
such as phase and grain boundaries, can affect the overall response of the material under
consideration. Grain boundaries are particular sources of resistance in polycrystalline
materials with empirical evidence suggesting that grain boundaries can substantially
influence the electrical properties [23, 145].

To accurately capture such microscale effects, computational multiscale formulations
offer a powerful approach by explicitly resolving complex microscale processes, and dis-
tinct features such as material interfaces. Motivated by the influence of grain boundaries
on effective electrical properties, a computational multiscale framework for electrical
conductors is extended to continua with material interfaces at the microscale in the
present chapter. Specifically, (lowly-conducting) cohesive-type interfaces are accounted
for at the microscale, such that displacement and electrical potential jumps across the
interface can be considered.

The scope of the chapter is threefold:

e [t proposes a computational multiscale formulation for electrical conductors featur-
ing cohesive-type material interfaces at the microscale, along with a corresponding
finite element implementation.

e [t demonstrates, through two-dimensional numerical examples, the validity and
predictive capability of the proposed framework. This includes validation against
analytical benchmark solutions, an investigation of how microstructural features
affect the effective conductivity tensor, and the emergence of interface-induced size
effects that are beyond the reach of classical first-order homogenisation approaches.

o [t illustrates the framework’s applicability to coupled electro-mechanical processes,
with particular focus on mechanically driven interfacial degradation and its influ-
ence on the effective electrical response.

This chapter is organised as follows: In Section 5.1, the thermodynamic fundamentals
of continua with interfaces are summarised and the constitutive restrictions resulting
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1 0T T+

o2~ ont

Figure 5.1: Control volume 2 = 2~ U 27 under consideration. The interface Z is characterised by its
unit surface normal vector nn. Reprinted from [76] under the terms of the Creative Commons Attribution
License (CC BY).

from the dissipation inequality are investigated. Section 5.2 deals with the theoretical
aspects of the electro-mechanical computational multiscale approach in the presence
of cohesive interfaces. Specifically speaking, averaging theorems for the mechanical and
electrical subproblems are discussed in Section 5.2.1, a generalised Hill-Mandel condition
is proposed in Section 5.2.2 and suitable boundary conditions are presented. With the
fundamental set of balance equations at hand, a weak form of the problem is derived
and a finite element implementation is proposed in Section 5.3. Section 5.4 deals with
the specific constitutive relations for the bulk and the interface, before representative
boundary value problems are studied to demonstrate the capabilities of the proposed
framework.

5.1 Continuum thermodynamics

?%’{The thermodynamic fundamentals of continua featuring cohesive-type material in-

terfaces in small strain setting are briefly recapitulated in this section. In particular,
focus is laid on the mechanical subproblem in Section 5.1.1, on the electrical subproblem
in Section 5.1.2, and on the balance equation of energy and the dissipation inequality in
Section 5.1.3.

Control volume {2 consists of two disjoint subdomains 2% and 2~ with material
interface Z in between, see Figure 5.1. The interface is a surface connecting the two
sides of the bulk. The opposing sides of the interface can be defined as the intersection
of the interface with the boundary of each subdomain, namely Z* = 927 N Z and
Z= = 082~ NZ. The unit normal vector to the surface of the body 92 is n. The unit
normal vectors to the plus side ZT and minus side Z~ of interface Z are n™ and ™.
Furthermore, the interface unit normal is defined as m which points from Z= to ZT,

- d.
1.e.}?7t6}

nt=-n, n =n. (5.1)
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5.1 Continuum thermodynamics

5.1.1 Mechanical subproblem

The governing equations of control volume {2 C R? with material interface Z ¢ R4~ for
thermo-electro-mechanical problems are derived in Chapter 3. Although Sections 3.1 and
5.1 develop essentially the same thermo-electro-mechanical balance laws, in Chapter 5
we simply recapitulate their structure and then — unlike the transient, time-dependent
formulation of Chapter 3 — specialise to the electro-mechanical subproblem in its quasi-
static form. Based on the formulation presented in the previous chapter, tangential
forces on 07 are neglected. ?%{The integral form of the balance of linear momentum

for a quasi-static case reads

Oz/np(:c)f(az) dx+/zﬁ(fé)f(i) dx+/mt(m) de, (5.2)

where p : 2 — R and p : {2 — R are the mass density of the bulk and interface. The
volume under consideration is subjected to surface tractions

tx)=0(x) n(x), (5.3)

and loaded by volume distributed forces p f in the bulk as well as surface distributed
forces p f at the interface. In (5.3), o : {2 — Lin (Rd, Rd) and n : 2 — R correspond to
the stress tensor and the outward unit normal vector, respectively. Using the divergence
theorem and carrying out localisation of (5.2) for continua featuring material interfaces,
with the definitions

t (@) =o' (@) n@) and t (z)=0 (z)-n(@), (5.4)

the local form of the balance of linear momentum is obtained as

Ve o(x)+p(x) f(xr) =0 (in the bulk) , (5.5a)
[t] (@) + 75 (@) f (&) =0 (at the interface) . (5.5b)

Under the same assumptions, localisation of conservation of angular momentum gives
rise to the classic symmetry condition of the stress tensor

€e:o(x)=0 = o(x)=o0c'(x) (in the bulk). (5.6)

Cohesive zone formulations for small strain settings yield no additional condition re-

garding angular momentum at the interface.}?;g]'

5.1.2 Electrical subproblem

0[1;2]' {The integral form of the continuity equation for the electrical charge for quasi-

stationary processes reads

O—/aﬂj(a:)-n(a:) dz (5.7)
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5 Computational homogenisation with interfaces: Electro-mechanical problem

with

i(x) =j(z) n(x) (5-8)

where j : £2 — R? corresponds to the electric current density vector and where 7 : 2 — R
denotes the projected current density vector. Following the same procedure as in [98]
and introducing the definitions

(") =57 (%) n@) and i (z7) =5 (z7) n(@), (5.9)
the local version of the continuity equation for the electric charge is obtained as

V.-j(x)=0 (in the bulk), (5.10a)
[i] (&) =0 (at the interface) . (5.10b)
The introduction of a scalar-valued electric potential field ¢ : 2 — R can fulfil the

requirements of Faraday’s law of induction under the assumption of a (quasi-)stationary
state, namely

e(x)=—V,¢(x) (in the bulk), (5.11)

where e : 2 — R? corresponds to the electric field vector. The localisation of Fara-
day’s law of induction at the interface yields no additional condition for cohesive zone
formulations.}?&'

5.1.3 Balance of energy and dissipation inequality

O[l;g]' {Taking into account mechanical, thermal and electrical contributions, the (quasi-

static) balance equation of energy for a continuum with interfaces is given by

d d [~ -
— [ p(@)e(x)de+ — [ p(x)e(x)de = P* + P! + P? (5.12)
at /o at J,

where e : 2 — R and € : Z — R correspond to the mass-specific internal energy
densities of the bulk and the interface, respectively, and ¢ denotes time. The respective
contributions to (5.12) are specified as

Pre [ va@iewe / [] &) - {2} (@) dz, (5.13a)
PP = ) () - e (x)dx i (z x)dr, .13b

/Q\Igu () +/I{{}}<>[[¢]]() (5.13b)
730z/Q\Ip(a:)r(zc)—VI'Q(w)deF/I—[[Q'ﬁ]] (@) de. (5.13¢)

In the set of equations (5.13), 4 : £2 — R? denotes the velocity field whereas q : {2 — R?
and r : {2 — R correspond to the heat flux vector and mass-specific heat source in
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5.1 Continuum thermodynamics

the bulk. By inserting (5.13a), (5.13b) and (5.13c) into (5.12), and by localising the
ensuing equation, the local form of the balance equation of energy for a continuum with
interfaces takes the form

p(@)é(@) =0 (@): & (@) +p@)r(@) =V, q@)+j (@) e (inthe bulk),
(5.14a)

(@)@ =[] @ - {2} @) —lq-7] (@ - i) @[] () (at the interface)
(5.14b)

where the definitions of the small strain deformation tensor € = VY™ u with the material
time derivative e are used. Furthermore, localisation of the dissipation inequality

A @), [ e,
G [e@s@drt  [p@s@as [ 20N [ 28R,

(5.15)

with 0 : 2 - R, s: 2 - R and s : Z — R denoting the absolute temperature, the
mass-specific entropy density of the bulk and the mass-specific entropy density of the
interface, respectively, yields

o(x):e(x) - plx) [¢ (@) + s (x)0 (m)} (in the bulk)
_ ﬁq (@) - V.0 (x) +j (@) - e (@) >0 (5.16a)

and
[a] (2)-{t} (=) — p (@) [{Z () +3 () 5(%)} —{i} (@) [¢] () (at the interface)
+0(@) (a7} @ [0 @) + {0} @) -0 @) [a- 7] @)] = 0.
(5.16b)

In order to derive the dissipation inequality in the form (5.16), the Legendre-Fenchel
transformation, relating the internal and free energy densities of the bulk and the inter-
face as

(g, 0,0) :ilslf {e(e,s,0) —Os}, (5.17a)
i ([[u]]ﬁ, .) — inf {’é(M,g, o) — 5:5} (5.17b)

was invoked, where 0 : T — R denotes the interface temperature. Evaluation of the
Coleman-Noll procedure yields the constitutive relations for the mechanical subproblem

Y (e,0,0) :
o =p Tf\/ (ln the blﬂk) y (518&)
{t} = ﬁM (at the interface) (5.18Db)
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€0, €0

Figure 5.2: The effective macroscale material response is determined by the underlying heterogeneous
microstructure. In each material point on the macroscale a representative volume element (RVE) that
characterises the material microstructure is considered. Reproduced from [76] under the terms of the
Creative Commons Attribution License (CC BY).

For the electrical subproblem, the constitutive restrictions for the electric current density

read}ﬁt&

(in the bulk) (5.19a)
(at the interface) . (5.19b)

J () e(x) >

—{i} @) [¢] (@) =

5.2 Computational homogenisation

(%;g]' {This section focuses on computational multiscale formulations for electro-mechanical

problems in the presence of material interfaces at the microscale. The derivations in this
section are based on, and a direct extension of, the multiscale framework for materials
with interfaces documented in [93] and the work on multiscale methods for electrical
conductors [100]. Whereas the focus in [93] was on purely mechanical problems, the
focus in the present contribution is laid on the extension to electro-mechanical coupling.
Likewise, material interfaces have not been considered in [100].

Constitutive relations at the microscale are assumed to be known and the objective
is to compute the macroscopic response through homogenising the response of the un-
derlying microstructure. In particular, interfaces between different constituents at the
microscale are considered and assumed to significantly affect the overall behaviour of the
material, see Figure 5.2. The governing equations at the microscale are solved subject

to the assumptions of quasi-statics, quasi-stationary and negligible body forces.}gg]'

5.2.1 Averaging theorems
O[l;(é]' {Macroscopic quantities are related to their microscopic counterparts through volume
averages over the representative volume element and additional jump contributions orig-
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5.2 Computational homogenisation

inating from the material interfaces. In particular, it is observed that the macroscopic
strain tensor &g, the electric field vector eg, the stress tensor oy and the electric current
density vector j, can be expressed as surface integrals of microscopic quantities. The
definition v = vol (V') holds. The effective macroscopic strain tensor may be specified in
terms of boundary displacements, namely

eo(w)zlfys(y)dw% {/I[[U]](@)@@ﬁ(g)dyrym

v

S~

v (y) @n(y) dy} .

ut (yT)@ent (¥ ) +u (yT)on (y7) +[u] (9) @n(y)dy

—

+
SRl= 2SI S|
T 1
¥

u(y)®n(y) dy] o
(5.20)

Analogous to (5.20), the effective macroscopic electric field vector

en(a) =1 [ ewdn+y [ [l @)@ dy

[

L swnwy

L (5.21)

n _/I_ [t () nt (y ) +o (y)n (v)] -l (@) 7 (@) dy

v

=1/W—¢<y>n<y>dy

[

is obtained. In a small strain setting (y = y™ = y~) and in the absence of interfacial
stresses (see [93]), the effective macroscopic stress tensor can be expressed as

Lo+ + 4t (y- -
_—/6yt(y)®ydy+;/zt (y )®y +t (y )®y dy (5.22)

v
1

:—/ t<y>®ydy—1/n¥ﬂ@>®@dy=1/ t(y) © ydy
vV Jay v I~~~ U Joy

91



5 Computational homogenisation with interfaces: Electro-mechanical problem

where use was made of (5.5b). Analogously and in view of (5.10b), the effective electric

current density results 111}qtd

jo (@) = /Y j (y)dy
=—/ yi(y) d@ﬁl/y”‘+ W) +y i (y)dy (5.23)
£% vJz .

:;/(wyi(y)dy—%/zfj@@dy:%/ayyi(y)dy-

5.2.2 Generalised Hill-Mandel conditions

Cf;gl'{The Hill-Mandel condition, also known as the micro-macro energy equivalence con-

dition, is a criterion used in homogenisation theory to ensure that the effective material
properties of a heterogeneous solid are physically meaningful and well-defined. This
criterion postulates that the virtual work on the macroscale is equivalent to the average
virtual work on the microscale. In view of (5.12), the classic Hill-Mandel condition for
the mechanical problem (5.5) is extended by interface contributions and, by using (3.3),
takes the form

ou(@) den(@) L5 [ o w):bew)dn+y [ (@) olul @) dy

()

—%/vy-[6u<y>-a<y>1—5u<y>-[v -a< Ydy+ /{{t}}( ) - 8] (§) dy

:%/BY (y) - ou(y dy——/[[t su] (y /{{t} -0fu] () dy
1

Zg/wt(y)-éwy)dy-

Analogous to (5.24), the extended Hill-Mandel condition for the electrical subproblem
can be derived as

(5.24)

r1

Jo (@) - dep (@) = / (y) - be () dy + - / 073 (3) 6161 @) dy
/v 66 (4) 3 @) + 66 (y) [V, 5 (9) dy——/{{z 6161 (3) dy
—_———

- %/@Y —i(y) ¢ (y) dy + % /I[[Zéqs]] (g)dy — %/I{{Z}} (%) 0[8] () dy

1

[ —iwsoway
(5.25)
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In accordance with [93], the representation of the Hill-Mandel condition are expressed
as a surface integral, which remains equivalent to its classic form even in the presence
of an interface. This has advantages in computational implementations because existing
frameworks and subroutines developed for classic homogenisation, i.e. homogenisation
without interfacial contributions, can be applied. }qtd

5.2.2.1 Affine boundary conditions

CE;g]‘{Afﬁne displacement boundary conditions are prescribed based on the macroscopic

deformation state, namely
u(y)=¢eo(x)-y on Y. (5.26)

The affine displacement boundary condition fulfils the averaging theorem for the macro-
scopic strain tensor (5.20), i.e. inserting (5.26) into (5.20) results in

1{/ayu@)(X)My)dy]sym:%/W[Eo(w)'y]<§<>n(y)dy

v _1[50@),/yvy,[y®1]dy]_so(x).

(%

(5.27)

For the electrical subproblem, the particular form of the microscopic electric potential
field

¢(y)=—eo(x)-y on Y (5.28)

is chosen. Analogous to the mechanical problem (5.27), consistency of the boundary
condition (5.28) with the scale bridging relation (5.21) is shown by inserting (5.28) into
(5.21), namely

%/By_gb(y)n(y)dy:%/ay—[—eo(w)-y]n(y)dy

_1 |:6[)<33)'/va'[y®1—]dy:| = e (T).

(%

(5.29)

By inserting (5.26) into the Hill-Mandel condition for the mechanical problem (5.24)

L e@sema+ ;[ @l @ay - [ tw)-suway
/ayt b (@) - y] dy (5.30)

@Ir—\@l»—t

/t )@ ydy : Oy () = o0 () : G ()

oY
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is obtained. Furthermore, inserting (5.28) into (5.25) shows the consistency of the bound-
ary condition (5.28) and the Hill-Mandel condition for the electrical problem results

. atd.
m}([l7t6]

L iwsewar— [ @l @ay-— [ i@
== [ i) e @)yl dy (5.31)

=+§Ayz‘<y>ydy~aeo<w>=j0<w>-6eo<w>.

5.2.2.2 Periodic boundary conditions

The periodicity conditions for the mechanical subproblem are expressed as

ut (y)—u (y)=eo(x) [y"—y | on 9V, (5.32a)
T (y") =-t (y) on 9Y . (5.32b)

The periodic displacement boundary condition fulfils the averaging theorem for the
macroscopic strain tensor (5.20), i.e. inserting (5.32) into (5.20) results in

1 symoqr - - - - sym
[ wwenmal <2 eyt eas [ @) )]
v Joy v Joy+ Y~
1T - sym
e v Ten @)
v LJoy+
1T sym
e [ yormmal —a@.
v L Y
(5.33)
Analogously, the periodicity conditions for the electrical problem read
¢" (y)— ¢ (y)=—eo(z) [y" —y7] on 9Y, (5.34a)
it (yt)=—i" (y7) on 9Y. (5.34b)

By inserting the boundary conditions (5.34) into the effective macroscopic electric field
vector (5.21), i.e

% /6Y —¢l)n oY+ (y+) v /ay a (y’) " (yf) dy]

e
| @ et )

[u@-/@yy@r n ()] — e @),

@I)—* @Il—ﬂ

(5.35)
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5.2 Computational homogenisation

consistency of scale-bridging relation is shown. In order to fulfil extended Hill-Mandel
conditions, mechanical boundary conditions (5.32) are inserted into (5.24), to be specific

L ewsewmas s [ sl @ [ tw)-suway
1

== an t* (y*)out (y*) dy + /BY t™ (y ) ou (y7) dy]

(5.36)
= % /ay+ t* (y) - [beo (@) - [y" —y7]] dy
— %/(Wt(y) ®ydy : deg (:B) = 0’0(33) : 550(‘13) .
Analogously, for the electrical problem, one obtains
i@ @ [~y @i@a - [ iwsowa

= % [ / i (y") a0t (y*) dy + / i (y) oo (y7) dy}

; oy + oY - (5.37)
S W v

1

v

:—Lyi(y)ydy'fseo(w):jo(w)'560(m)'

5.2.2.3 Uniform flux boundary conditions

q[l;(é]'{Uniform (constant) traction conditions are prescribed at the boundary of the RVE

t(y) =0p(x) n(y) on 9JY. (5.38)

By inserting (5.38) into (5.22), consistency of the uniform flux boundary condition with
scale-bridging relation (5.22) can be shown, namely

L ewa=1 [ tweyay

v v
1 1 1 ~
— [ a@ ey [ v, ou@ ey [ @ ovd
UV Joy v YT v I\\/O—/
1
= —/ oo (x)dy = o (x) .
vy
(5.39)
Uniform electric current density boundary conditions are given by
i(y)=Jo(x) -n(y) on Y. (5.40)
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5 Computational homogenisation with interfaces: Electro-mechanical problem

By inserting (5.40) into (5.23) and by analogy with the mechanical subproblem, one
arrives at

%/Yj(y)dyzi/wi(y)ydy

1 . 1 . L
[ voi@ n@a—1 [ Vg vy -1 [ 0 G
-0 —
=+ [dv@dy =iy (@)

v

which shows the consistency of the uniform electric current density boundary condition
with scale bridging relation (5.23). In view of (5.38) and (5.40), the evaluation of the
Hill-Mandel condition for the mechanical subproblem (5.24) results in
1 1 ~ -
Lo e [ (7 @) ol @) dy
Y z

(%

- 1/ayt () buy)dy = | /a Ju@)-loo(@) nyldy  (5.42)

::-O(ac): [% U

and for the electrical subproblem (5.25)

. u(y) @n(y) dy} =0 (x) : deo (x)

L[ sewan— [ Gy @ ay
—— [ iwowmar=— [ owl@ i G
i@ |1 [ ~oownwa] =i (@) e o)

is obtained. }F;g]'

5.3 Finite element implementation

(%;g]'{This section addresses the finite element implementation of the proposed multiscale

formulation for electrical conductors in the presence of material interfaces. In particular,
the focus is on the weak form of the microscale boundary value problem in Section 5.3.1
before discrete closed-form solutions for the homogenised macroscale fields and the as-
sociated tangent stiffness contributions are derived in Section 5.3.2 and Section 5.3.3,
respectively.}fl;g]‘

5.3.1 Weak form of the coupled problem

To derive the weak form of the electro-mechanically coupled problem, (5.5a)—(5.10) are
multiplied by appropriate test functions ¢* and ¢?, and are integrated over domain
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5.3 Finite element implementation

Y, which consists of subdomains Y~ and Y. To avoid repetition, only the final weak
forms are presented here. Detailed derivations and intermediate steps are addressed in
Section 3.2.

The weak form of the mechanical problem is given by:

Find w € [H' (Y)]* x [H* (Y7)]? such that

[ verwiowa- [ ot w twa- [0 @ o
(5.44)

for all % € ® = {p* € [H* (Y )] x [H' (Y)]*: ¥ =0 on 9Y“}.

Similarly, the weak form of the electrical problem reads

Find ¢ € H' (YT) x H' (Y ™) such that

/Y+uy— Ve )3 (1) dy = ¢° (¥) 3 (v) - (v) dy - /Z [¢] @) £} (@) dy
(5.45)

for all p? € ® = {p? € H* (Y+) x H' (Y7) : ¢ = 0 on 9Y %}.

5.3.2 Homogenisation

C[l;g]'{The finite element implementation of continua with interfaces is adopted from [98].

The primary fields and test functions are discretised as follows

Nen Nen

uh:ZuCN07 Tluh :Z"?uNA> (5468“)
Cc=1 A=1

¢ = Z¢D Np, 7" = Zn% Ng (5.46Db)
D=1 B=1

where n., and N, are the number of element nodes and the shape functions, respec-
tively. The linearised system of equations for the coupled problem with affine boundary
conditions takes the form

{Aﬁ} B

A¢ .

for Newton iteration step ¢, where u and QAS denote the global lists of nodal degrees
of freedom. In (5.47), K** and K** are the generalised stiffness matrices of bulk and

AFY+ AF
Afe+Af°

Kuu+Ruu Ku¢+ﬁu¢

Kou 4 Row Ko 4 Ko (547)

)
q q
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5 Computational homogenisation with interfaces: Electro-mechanical problem

interface. Similarly, f* and f are the contributions of bulk and interface to the gen-
eralised reaction force vector. By collecting the contributions of the individual fields in
the matrix K and the vectors X and f, system (5.47) can be written as

K- -AX =Af. (5.48)

In the case of periodic boundary conditions, the generalised stiffness matrices and gener-
alised reaction force vectors are substituted by reduced versions that result from enforc-
ing linear constraints between opposing RVE boundaries, see e.g. [100]. The proposed
finite element implementation uses scale-bridging relations that rely on equations (5.22)
and (5.23). Accordingly, the discrete versions of the macroscopic stress tensor
1 1SN ‘
o=y [ tweydyx > Ofrey (5.49)
oY

v -
=1

and the electric current density vector

: 1/ , 12 () o
Jo== | i(@ydy~=>) @y (5.50)

are obtained. In (5.49), n,, denotes the number of Dirichlet nodes, and y and @ f*
are the position and the reaction force vector of node 7, corresponding to the mechanical

problem. Similarly, @) f¢ represents the generalised reaction force of node i for the

electrical problem.}%tg]'

5.3.3 Consistent tangent stiffness tensors

‘%;‘éj{ln order to derive consistent algorithmic tangent stiffness operators, the linear sys-

tem (5.48) is partitioned into Dirichlet X4 and free Xt degrees of freedom

Ku K AX Af
w3 [ o

Solving the second line of the system of equations for X'¢ and inserting the ensuing
relation in the first line, the closed-form expression

(Koo — Kar - K- K] - AXy = Af, (5.52)

is obtained. For affine and periodic boundary conditions, the kinematic relations are
given as

AVyy = Aey - Wy, (5.53a)
ADpy = —Aey- Wy (5.53b)
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By partitioning (5.51) into mechanical and electrical contributions and after inserting
(5.53), the relations

AW fu — Z DR . Agy - Wy — Z K @ Aeg - Wy (5.54)
=1 j=1
and
A(i)f¢> _ Z (i) K ou . Agyg - (J)y _ Z (i) K ¢ ® Aeg - (j)y (5.55)
=1 =1

between increments in the generalised reaction force vectors at the microscale and
changes in g9 and e are obtained. Finally, by inserting (5.54) into the discrete rep-
resentation of the stress tensor (5.49), one arrives at

Npn Npn Npn Npn

Moy L3S ST RS [0y 6 0] Aey LYY R 6 [0y 0y e,
i=1 j=1 y i=1 j=1 |
d€0 deO

(5.56)

Analogously, inserting (5.55) into the discrete representation of the electric current den-
sity vector (5.50) yields}?;%

Ajo Z Z Yy ® (@ quu ® y AEO —— Z Z lJ)qu(b(’L )y . Aeo .
=1 j=1 =1 j=1 B (557)
dJO dJo
d€0 deO

5.4 Representative simulation results

‘%%{This section deals with a study of representative boundary value problems. Con-

stitutive relations that are employed in the current work for the bulk and interface are
discussed in Section 5.4.1. In particular, the electrical and mechanical material models
are adopted from [98] for demonstration purposes. An analytical solution for the effective
conductivity in a (quasi-) one-dimensional setting is provided in Section 5.4.2. Various
microstructures are studied and the effective macroscopic conductivity tensors are ob-
tained and compared in Section 5.4.3. Moreover, the internal length scale is discussed in
Section 5.4.4 and the coupled electro-mechanical response due to mechanically-induced
microscale damage processes is exemplarily studied in Section 5.4.5. The specific ma-
terial parameters are summarised in Table 5.1, a plane strain setting is assumed, and

quadrilateral bulk and linear interface elements are used.}?%’

99



5 Computational homogenisation with interfaces: Electro-mechanical problem

Table 5.1: Material parameters used in the analytical solution and finite element-based simulations.

E,E 210000N/mm? 210000 N/mm?

v 0.3 -
K, % 1450 A/[Vmm] 1450 A/[Vmm?]
Qo - 500 N /mm?
Gr - 200 N/mm

5.4.1 Constitutive relations

The mechanical response of the bulk material is assumed to be governed by the volume
specific Helmholtz free energy density function

p =" (e)= gmﬂ (€) + G Egey : Edev - (5.58)

In (5.58), sdev is the deviatoric part of the strain tensor, K =
and G = 1 Siiv]
the volume specific Helmholtz free energy density (5.58) results in

3[i-27] 2 7 is the bulk modulus

is the shear modulus. Evaluation of the constitutive equation (5.18) for

ov
o= =Ktr(e) I +2Geqgey - (5.59)
e
Cf;g]'{The interface incorporates a model that accounts for brittle damage, along with a

linear-elastic material response. More specifically speaking, the area-specific interface
Helmholtz free energy density is taken as a function of displacement jump [u] and
interface damage variable d. The mechanical response at the interface is assumed to
show different behaviour patterns under tensile and compressive loadings. The interface

elastic stiffness F is assumed to reduce due to damage evolution in the tensile region
([u] -n > 0)

ﬁJ:@([[u]],J) :% [1—8] Elu] - I-[u], (5.602)

whereas the interface is assumed to regain its normal stiffness under compressive loadings

([u] - <0)

ﬁ&:@({[uﬂ,@:%muﬂ. 1 d]ir 7@ [u]

1. (5.60b)
+§E[[u]]-ﬁ®ﬁ-[[u]].
The corresponding traction-separation law at the interface
o 1—d| E[u] if [u] -7 >0
{{t}} = 8[[ L ] i - ‘ _ (5.61)
u]] EHI—d]I+dn®n Ju] if [u] -m <0
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5.4 Representative simulation results

is derived by evaluating (5.18) for (5.60). For the damage evolution, an exponential form
of the interface damage variable

5 X0 EXO
d=1—=—exp|—|x—xo] ———=—— 5.62
" ( [ o] GF_%EX3> (5.62)

is assumed as proposed in [78, 149, where Gf, x and xo are the fracture energy, a
displacement jump-type internal variable and the critical interface opening, respectively.
In (5.62), xo is interpreted as the critical interface opening, which is related to the initial
fracture strength, namely

Qo=Exo. (5.63)

Moreover, variable y at time t* is defined as

= max{ max {sgn ([u] - ) |[]]} . XO} . (5.64)

o<t<t*

For the electrical subproblem, a linear relation between the electric field vector and the
electric current density vector in the bulk is adopted in accordance with the restrictions
posed by the dissipation inequality (5.19), i.e.

1=8"e. (5.65)
For the sake of simplicity, an isotropic electrical conductivity tensor is assumed
S=«xI, (5.66)

where k denotes a scalar-valued electrical conductivity parameter. Similar to the bulk,
a linear relation between the jump of the electric potential and the mean value of the
electric current is considered at the interface. The electrical conductivity is assumed to

be influenced by damage evolution at the interface. To this end, a [1 —d } formulation

is employed as

{{7}}:{—[1—5}%[@]] if [u] -n >0 (5.67)

— % [4] if [u] - M <0

where K denotes the idealised conductivity of the interface.}?%’

5.4.2 Analytical solution

O[l;g]'{This section deals with the derivation of a (quasi-)one-dimensional analytical solu-

tion for the calculation of the effective conductivity of a representative volume element
with a material interface, see Figure 5.3. For the electrical problem under periodic
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5 Computational homogenisation with interfaces: Electro-mechanical problem

1.0 ; ; ;
A analytical solution
+ FEA
0.8}
©2 0.6
¢
I
e <0.4
0.2
Y
3 " 5 ‘ ‘ ‘ ‘
0.0001 0.01 0.1 1 10 100 1000
/2 1/2 [ in mm

Figure 5.3: RVE of length [ and cross-sectional area A = [ x 1.0mm, subjected to periodic electrical
boundary conditions. A material interface crossing the boundary is placed at the middle of the unit
cell. The boundary conditions are applied in macroscopic problem such that A¢ is parallel to e; for
RVE. Dimensions are given in mm. Reproduced from [76] under the terms of the Creative Commons
Attribution License (CC BY).

boundary conditions with a prescribed electric potential difference A@, electric current
density j = ||7|| can be calculated as

=241 (5.68)

K K K

using elementary calculation rules for serially connected resistors in electrical circuits.
Accordingly, the effective conductivity of the (quasi-)one-dimensional RVE in the direc-
tion of ey, i.e. k* = e; - 8" - ey, reads

A
Ko = [— + :] l. (5.69)
K K

Comparing the analytical (5.69) and finite element simulation (5.57) results verifies the
proposed finite element framework. Moreover, the simulation results shown in Figure 5.3
clearly indicate a size-dependent macroscale material response due to the presence of
material interfaces at the microscale. This size effect will be studied in detail in Sec-

tion 5.4.4.}%1]'

5.4.3 Effective macropscopic conductivity tensor
O[l;g]' {The objective of this section is to demonstrate the use of the proposed electro-

mechanical multiscale formulation within a two-dimensional setting. Therefore, effective
macroscopic conductivity tensors are calculated for the different periodic microstructures
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Figure 5.4: Sketch of different two-dimensional RVEs that are analysed with the electro-mechanical
multiscale finite element formulation. The microstructures were chosen in accordance with [100]. Di-
mensions are given in mm. Reprinted from [76] under the terms of the Creative Commons Attribution
License (CC BY).

’(—)’(—)‘(—){
0.2 0.6 0.2

depicted in Figure 5.4. The results are normalised with respect to the idealised material
parameters given in Table 5.1, i.e.

cmat _ [1.0000 0
Sle=| 0 10000 (5.702)
seir [0.7000 0
[S7ers = |0 0.7000 (5.70b)
0.9096 0
*18r0
[8 }81’2 - |: 0 07322:| K (5706)

The effective macroscopic conductivity tensors corresponding to microstructures with
circular (5.70b) and groove-shaped interfaces (5.70c) are compared with the conductivity
tensor of an idealised material (5.70a). The presence of the circular cohesive interface
causes a reduction in conductivity of approximately 30%. In accordance with theoretical
predictions, the constitutive response remains isotropic. In comparison, the reduction
in the 22-coefficient of the conductivity tensor caused by the the presence of a groove-
shaped interface is significantly higher than the reduction in the 11-coefficient such that
the effective macroscopic material response is anisotropic. ?;gl]'

5.4.4 Internal length scale

0[1;2]' {Classic first-order multiscale formulations do not account for size-dependent material

behaviour. In other words, the macroscopic response does not change with respect to the

103



5 Computational homogenisation with interfaces: Electro-mechanical problem

1.0

O —
0.2 0.6 0.2

Figure 5.5: Sketch of two-dimensional multi-phase microstructure analysed with the electro-mechanical
multiscale finite element formulation. The conductivity of the matrix (indicated by grey colour) and
the interface between inclusion and matrix are given in Table 5.1. The conductivity of the inclusion
(indicated by green colour) is chosen as ki, = 0.1k. Dimensions are given in mm. Reproduced from
[76] under the terms of the Creative Commons Attribution License (CC BY).

T T T T T T

Perfect conduction
—+— Cohesive interface
Perfect insulation

0.57r A

1 1 1 1

0.00l 0.0l 01 1 10 100 1000 10000
0yl

Figure 5.6: Effective macroscopic conductivity of the multi-phase RVE depicted in Figure 5.5. A size-
dependent behaviour is observed with limit cases corresponding to a perfect conduction interface and a
perfect insulation. Reproduced from [76] under the terms of the Creative Commons Attribution License

(CC BY).
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T T T T
e -8 e /k
eS8 -ey/k

0.57 ]
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€11

Figure 5.7: Effective conductivity as a function of prescribed mechanical boundary conditions. Repro-
duced from [76] under the terms of the Creative Commons Attribution License (CC BY).

RVE size. To solve this problem, second-order homogenisation methods that incorporate
higher-order gradients are developed, see for instance [107]. On the other hand, it was
observed in Section 5.4.2 that by accounting for material interfaces at the microscale,
the continuum under consideration is endowed with an internal length scale such that
size-effects can naturally be accounted for. In accordance with [98], the internal length
scale of the electrical subproblem is introduced as

0y = % (5.71)

The ratio of the internal length scale to the RVE size [ is the length scale ratio ¢,/l. By
changing the length scale ratio (e.g. fixing the RVE size, [ = 1.0 mm, while varying the
internal length scale) the size-effect induced by the presence of material interfaces can be
studied. The matrix-inclusion problem with a cohesive interface shown in Figure 5.5 is
exemplarily analysed, and the material response for various length scale ratios is depicted
in Figure 5.6. The upper limit corresponds to the perfectly conducting RVE, with the
effect of the interface being negligible. The lower limit, on the other hand, corresponds

to the case of a pore, i.e. the material interface electrically insulates the inclusion.}?%’

5.4.5 Electro-mechanical coupling

%;g]'{This section focuses on the change in the effective macroscopic conductivity tensor
due to mechanically-induced damage processes at the microscale. An inclusion with
low conduction embedded in high conductor matrix is selected for this example. The
material parameters Fi,. = 210000 N/mm?, i, = 0.3 and ki, = 145 A/[Vmm]| govern
the constitutive response of the inclusion and the material parameters of the matrix
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2 2

|7] in mA mm™ |7]] in mA mm™

0.0 115.0 230.0
[

Figure 5.8: Electric current density field ||j|| of the microstructure depicted in Figure 5.5 under given
loading conditions for § = 0.1mV. Left: Damage evolution is not initiated (« = 0.002). Right:
Deformation-induced damage evolution at the interface leads to a decrease in the effective conductivity
(o = 0.05). Electric current density vectors are indicated by black arrows. Reproduced from [76] under
the terms of the Creative Commons Attribution License (CC BY).

and the interface parameters being chosen according to Table 5.1. In view (5.67), the

electrical and mechanical subproblems are coupled at the interface by means of damage
variable d. The RVE is loaded mechanically by

eo=a(t)e;®@e; (5.72a)
and electrically via
€y = ﬂ (t) € (572b)

with parameters « (¢) and § (t) controlling the monotonic load history as a function of
time ¢.

The decrease in the 87, and 83, coefficients of the effective macroscopic conductivity
tensor as a function of deformation in terms of the prescribed macroscale strain g is
shown in Figure 5.7. The obtained values are normalised with respect to the conductivity
of the matrix. A constant conductivity in e;— and e;— direction is observed up to the
onset of damage evolution, i.e. for o < 0.01. The initial conductivity is reduced due to
the inclusion with comparatively low conduction as well as the resistance of the cohesive
interface. After damage evolution starts, a significantly different decrease of the electrical
conductivity in the two spatial directions is observed. The norm of electric current
density field ||7|| = v/7 - 7 for different load cases is additionally illustrated in Figure 5.8
on the deformed configuration. With the displacement jump at the interface being closely
related to the damage evolution at the interface and, accordingly, to the degradation
of electrical properties, Figure 5.7 clearly reveals the cause of the deformation-induced

anisotropy. }?;g]'
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interfaces: Electrical problem

?;%{Grain boundaries are one of the major resistive defects in fine-grained crys-

talline materials [13, 24, 57]. The quantification of grain boundary resistivity in metals
has been extensively discussed for decades mainly employing the Andrews method [6]
and the Mayadas-Shatkez model [128]. Despite the capabilities of the two models of
predicting the electrical resistivities of materials, their validity has been questioned
on several occasions [10, 125, 136]. In the light of the partial disagreement in the
grain boundary resistivity values obtained by the Andrews method and direct (local)
measurements as exemplified in Table 6.1, the objective of this chapter is to revisit the
applicability of the Andrews method from a multiscale perspective, i.e. by employing
a novel computational homogenisation approach that explicitly accounts for grain
boundaries at the microscale, as discussed in Chapter 5.}?;{1]'

In view of the limitations of classical models and the potential of multiscale ap-
proaches, the scope of the present chapter is twofold:

o We revisit the classical Andrews method for grain boundary resistivity and reinter-
pret it through the lens of computational homogenisation, highlighting its assump-
tions and systematically comparing it to analytical and numerical benchmarks.

o We develop and apply a multiscale finite element framework to resolve grain bound-
ary effects in both synthetic and statistically representative polycrystalline mi-
crostructures, enabling the derivation of scaling laws and validation against ex-
perimental observations.

The computational multiscale approach towards microstructures featuring cohesive-
type material interfaces is briefly summarised in Section 6.1. With the fundamental
set of balance equations at hand, a weak form of the problem is derived and a finite
element implementation is summarised in Section 6.2. Based on these developments, one-
dimensional analytical expressions are derived and compared to the Andrews method in
Section 6.3.1. The comparison is extended to two-dimensional structures with particular
focus lying on material anisotropies (Section 6.3.2) and primitive isotropic structures
(Section 6.3.3). Scaling laws are derived in Section 6.4 before the analysis is eventually
extended to a polycrystalline setting in Section 6.5. Finally, Section 6.6 discusses the
MosAIc code developed to obtain periodic polycrystal unit cells.
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Figure 6.1: Effective (macroscale) material response as calculated from the underlying material mi-
crostructure and lower-scale physics in computational multiscale methods. At each macroscale material
point, a representative volume element (RVE) is considered which characterises the material microstruc-
ture. Reprinted from [71] under the terms of the Creative Commons Attribution License (CC BY).

(%;Cll]’{ln the Andrews method, the effective resistivity of metals

p* = pse + pcB (6.1)

is approximated as the sum of the single crystal resistivity ps. and the accumulated grain
boundary resistivity

1 A
d

_ . SeB _ _
peB =GB <, = CB kan il (6.2)

with three different representations being established. The first representation is based
on the specific grain boundary resistivity 7qg and the grain boundary area Sgg per
volume V. The second representation results from introducing the geometric propor-
tionality coefficient kgp that relates the grain boundary surface area fraction to the
(inverse of the) average grain diameter d. Thirdly, by combining the proportionality
coefficient kgp and the specific grain boundary resistivity ygg one arrives at the rep-
resentation in terms of the Andrews parameter A, [10]. Relation (6.2) is based on two
main factors that determine the grain boundary contribution to the effective resistivity:
the specific grain boundary resistivity and the microscale morphology (grain boundary
density and alignment). In view of the global nature of (6.2), it is first noted that the
contributions of multiple, possibly different types of grain boundaries are accounted for
in pgp in a cumulative way. This is crucial since it can be deduced from direct grain
boundary resistivity measurements that ygg may take significantly different values in the
same material depending on the particular structure of the considered grain boundary,
as exemplified for pure Cu in Table 6.1 and studied in detail in [6, 10, 23, 104, 119, 125].
Thus, the particular value for ygp calculated via (6.2) is to be interpreted as a mean
value in case several GB contribute to the measurement. Secondly, vgp is calculated
based on pgp under a specific geometric assumption that enters the formulation in the
form of kgg. An in-depth study on the validity of this assumption by making use of

computational multiscale techniques is the main objective of the present chapter.}?;f]'
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Table 6.1: Experimentally determined grain boundary resistivity vgp in pure Cu determined by means
of direct local measurements [23, 104] (for [111] tilt boundaries) and global measurements [6, 7, 119, 125].

Global measurements Local measurements

3.12 pQem? 19.0 pQem? for 50.72°
3.58 pQem? 23.3 pQem? for 45.89°
3.60 pQem? 25.9 pQem? for 48.67°
4.18 pQem? 39.0 pQem? for 48.68°

39.0 pQem? for 46.45°
9.9 pQem? for 45.5°
10.2 pQem? for 44.4°
10.4 pQem? for 43.7°
12.8 pQem? for 45.6°
14.5 pQem? for 47.5°

6.1 Computational multiscale formulation

CE%J]'{TO calculate homogenised material properties for microstructures with resistive ma-
terial interfaces, a computational multiscale formulation was proposed in [76]. In this
formulation, the constitutive relations at the microscale are assumed to be known and
the objective is to compute the macroscopic response through homogenising the response
of the underlying microstructure. In doing so, the proposed multiscale formulation re-
lates the description of physical processes at different length scales as schematically
shown in Figure 6.1, while ensuring energy consistency. Material models developed for
the individual microscale constituents together with appropriate representations of the
microstructure make it possible to obtain the effective (macroscale) response, e.g., in
the form of effective resistivity tensors R* : {2 — Lin (Rd, Rd)

homogenisation
—

{Psc; vaB, morphology } R". (6.3)
For a macroscopically (quasi-)isotropic setting the effective resistivity tensor takes the
form R* = p* I, with I denoting the second-order identity tensor, and accordingly
reduces to the scalar-valued resistivity measure p* : {2 — R that occurs in (6.1).

To obtain the effective response for quasi-stationary electrical processes, the mi-
croscale field problem

Vy -] (y)
[i] (@)

(in the bulk), (6.4a)

=0
=0 (at the interface), (6.4b)
is solved. In the continuity equation (6.4), 7 : Y — R? and i:7T—>R represent the
electric current density vector in the bulk and the electric current density across the
interface, Z C Y, respectively. Equation (6.4b) arises due to the presence of resistive
grain boundaries that are modelled as zero-thickness cohesive-type interfaces at the
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6 Computational homogenisation with interfaces: Electrical problem

microscale. More specifically speaking, this equation implies that the normal jump of
the current density vector at the interface vanishes, namely

@) =7 ()~ @), @) =35 (y")n(y)and i (§) =5 (y")-n(y) . (6.5)

In this problem setting, + and — indicate the two opposing sides of interface
7 :RU-1D C YV with the interface unit normal nn : Z — R pointing from the — side
to the + side.

In view of (general) solutions of the set of balance equations (6.4) constitutive relations
for the individual phases at the microscale are specified. The linear relation

i) =R (W) e®) , Ruy)=psc(y) I (6.6)

between the electric current density vector and electric field vector e is adopted in the
bulk. For the sake of simplicity and without loss of generality, the resistivity tensor
of the single crystal R, is assumed to be isotropic and constant. Furthermore, the
cohesive-type interface is assumed to act like a resistor, resulting in the definition of the
interface current density

i) =—es @ 0] @) with [¢](9)=¢" (y") -0 (¥7) (6.7)

based on the (inverse of the) specific grain boundary resistivity and the jump in electric
potential across the interfaces.}?ﬁ'

6.2 Finite element implementation

Since this study focuses exclusively on the electrical subproblem, the finite-element im-
plementation introduced in Section 4.5 reduces to the uncoupled electrical formulation
given below.

6.2.1 Weak form of the electrical problem

To derive the weak form of the microscale electrical problem, (6.4a) is multiplied by a
test function ¢? € H' (Y) and integrated over domain Y =Y+t UY ™

Vi)t Wyt |V, G ) ¢t (y)dy =0, (6:8)

and application of the divergence theorem with the identity [ex] = [o] {x}} + {o} [*]

—/ vyw(y)-j(y)dw/ o ()3 () - m(y) dy
e oy (6.9)

- [116) G} @)+ 1) @) T @) ay =0
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6.3 Revisiting the Andrews method

specifies, in virtue of (6.4b), the weak form reads

Find ¢ € H* (Y ') x H' (Y ™) such that

—//vyw ) d ) d = —/ayw (y)j(y)-n(y)dy+/z[[so¢]] @& 03 @) dy
(6.10)

for all p? € ® = {p? € H* (Y+) x HL (Y ™) : ¢ = 0 on 9Y %}.

6.2.2 Calculation of macroscopic electric current density vector

Macroscopic quantities are obtained via volume averaging after solving the microscale
boundary value problems. The discrete version of the macroscopic electric current den-
sity vector is given by

1 1 o .
Go (@) =2 / yily) dym =S 006y (6.11)

with the definition of v = vol(Y) in hand.

6.2.3 Calculation of the macroscopic tangent contribution

For periodic boundary conditions, the kinematic relations are given as
AW gy = —Aey - Dy (6.12)

and the discrete representation of generalised reaction force vector
. npn .. AN .
AD o — _ Z K @ Aey - Wy (6.13)
j=1
is derived. Furthermore, the discrete representation of the change in the electric current
density vector yields the following equation

1 Jpn Hpn N . .
Aj o~ | —= (PP & (@) Dyl - Aepn .
do 022 @y Uyl Aey
- - - _ (6.14)
_ djg
deo

6.3 Reuvisiting the Andrews method

‘%;%{A systematic study of the Andrews method is conducted in this section illustrating

both, its capabilities and limitations by comparing the results with those obtained by
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6 Computational homogenisation with interfaces: Electrical problem

Table 6.2: Material parameters used in the analytical solution and finite element-based simulations in
accordance with experiments on Cu thin films [23], with ps. denoting the single crystal resistivity and
Yap denoting the average grain boundary resistivity for high angle grain boundaries. Note that by
assuming ps. to be constant, size effects at small grain diameters that would occur due to scattering
events are neglected in the proposed formulation.

psc 16910 cm
vae  10.00 pQem?

computational homogenisation. To this end, the representative volume elements that
characterise a particular microstructure are generated and discretised by means of four-
node quadrilateral elements (bulk material) and four-node linear elements (interfaces).
Periodic boundary conditions are assumed and material parameters are chosen in accor-
dance with experimental findings, Table 6.2.}%<

[71]
6.3.1 Elementary one-dimensional analytical example

‘%;%{This section focuses on the derivation of an analytical solution for the one-

dimensional boundary value problem depicted in Figure 6.2. The wire-like structure
is subjected to electrical loading in the form of electric potential difference A¢. The
total resistance of the wire featuring a single grain boundary is

R =Ry + Ras, (6.15)

with individual contributions for the single crystal

d
Rsc = Psc & 6.16a
Pse G (6.16a)
and the grain boundary
Res = o - = 1o (6.16b)
GB = 7GB Son YGB Sen :

respectively. The grain boundary (interface) is resolved as a finite, though infinitesimally
thin, interphase (I < d) in (6.16b) with specific interphase resistivity 7gg. The effective
electric current density in the wire is related to the effective electric field via the linear
map

1
j=kKke=—e, (6.17)
p
where x and p are the effective conductivity and resistivity, respectively. With the
definition of effective electric field e = — A ¢/d, and by making use of classic relations
for electrical resistors, one arrives at
-1
j:—R*&3A¢:{R%?} e (6.18)
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Figure 6.2: Wire-like structure of length d and cross-sectional area Sgp, featuring a zero-thickness
material interface and being subjected to electrical loading. Reprinted from [71] under the terms of the
Creative Commons Attribution License (CC BY).

Inserting the definition of the total resistance (6.15) into (6.18) yields the closed-form
relation

, Ses] ™
J = |:psc + Ras 7 € (619)
between electric current density and electric field. The first term inside the parenthesis is
the single crystal resistivity, whereas the second term is related to the material interface
with the different representations

- -1
. 1
J = |Psc + 7YCB E] e (6.20a)
- 111
= |psc T YGB E:| e (6.20b)
- ~1
= |Psc T YGB %} €, (6200)

revealing the underlying physics in terms of intrinsic length scales [ or the Andrews
method (6.2).

The effective (macroscale) constitutive relation between the electric field and the elec-
tric current density can equivalently be expressed in terms of conductivities. While the
resistivity-based representation (6.20) is commonly used in the material science commu-
nity, the conductivity-based one

- ~ =1
1 1 1
j: I<J_ + @C_l] (& (6.21&)
(1 1 177"
(1 1 -
==+ @%} e (6.21c)

is typically adopted in the computational mechanics community.
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6 Computational homogenisation with interfaces: Electrical problem

Comparing (6.1) and (6.2) with (6.20c) shows that the Andrews method is consistent
with classic homogenisation in a one-dimensional setting. In particular, it is observed
that:

1. In a uniaxial problem, a Sgg/V-scaling is recovered.

2. The Sgp/V-scaling in the uniaxial problem is equivalent to a proportionality co-
efficient kg = d Seg/V = 1.0.

3. Andrews parameter A and specific grain boundary resistivity ygp coincide in a

one-dimensional setting-}gﬁ'

6.3.2 Primitive anisotropic setting

qtd.
(71]
alignment due to the scalar nature of Sgg/V. In order to study this observation, a

primitive microstructure as illustrated in Figure 6.3 is examined. The effective resistivity
tensors of the microstructure are calculated by means of [76, Equation (56)] and are
visualised in Figure 6.4. For the grain sizes dy = 0.05 um, dg = 0.1 pm and d¢ = 0.5 pm,
they read

{The Andrews method faces a notable limitation as it neglects the influence of grain

[3.69 0 |

1A

RYe,, = 0 160 pQ2em, (6.22a)
4B 269 0]

R, = 0 160 p2em, (6.22Db)
ac [1.89 0]

RYe,, = 0 1.69] pQem. (6.22¢)

As expected, the set of equations (6.22) shows that the e;- and es-direction are principal
axes of the material system, since the related coefficient matrix of resistivity tensor R*
takes diagonal form.

The set of resistivity tensors (6.22) as a function of grain size d shows that:

1. Care needs to be taken when applying the Andrews method to systems that do not
give rise to a quasi-isotropic effective conductivity tensor (e.g. due to deformation-
induced texture).

2. Strictly speaking, the Andrews method does not hold for the considered example
since the 22-coefficient of the resistivity tensor takes the constant value es-R*-e5 =
1.69 pf2 cm and is, in particular, independent of grain diameter d. This observation
is in accordance with recent discussions carried out in the literature, see, e.g. [83].

3. The Andrews method is recovered for the e;-direction with the problem at hand

reducing to the (quasi-)one-dimensional setting discussed in Section 6.3.1.}?7%
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Figure 6.3: Microstructure with different grain sizes d and cross sectional areas Sgg = d X 1.0 pm
subjected to periodic boundary conditions. A material interface representing the grain boundary is
placed in the middle of the microstructure. Dimensions are given in pm. Reprinted from [71] under the
terms of the Creative Commons Attribution License (CC BY).
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Figure 6.4: Effective resistivity as a function of grain size d. For the Andrews method, a proportionality
coefficient kg = 1.0 is obtained in analogy with Section 6.3.1. The two-dimensional finite element
results clearly indicate an anisotropic size-dependent response with principal axes e; and e;. Reprinted
from [71] under the terms of the Creative Commons Attribution License (CC BY).
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Figure 6.5: Primitive isotropic microstructures based on the dihedral group. Reprinted from [71] under
the terms of the Creative Commons Attribution License (CC BY).

6.3.3 Primitive isotropic setting

(%;(f]' {Section 6.3.2 revealed that the Andrews method cannot be applied when the ef-
fective response is anisotropic, since it does not properly account for the microscale
morphology in terms of grain boundary alignment. Continuing the systematic analysis
of (6.2), the focus of this section lies on an isotropic setting. To this end, the synthetic
microstructures depicted in Figure 6.5, which represent the first three members of the
dihedral group, are analysed.

In particular, it is observed that the application of the homogenisation approach with
periodic boundary conditions yields the macroscopic resistivity tensors for hexagonal
grain structures with grain sizes dy = 0.05 pm, dg = 0.1 pm and d¢ = 0.5 pm, namely

aA [399 0 ]

R, = 0 390 p2cem, (6.23a)
4B [2.85 0 ]

R, = 0 2.85] nQem, (6.23b)
s [192 0 ]

R'le,., = 0 1.92] nQem. (6.23¢)

The geometric proportionality coefficients are additionally calculated and the predictions
based on (6.2) are shown in Figure 6.6 for the sake of comparison.

To analyse the limits of the Andrews method for quasi-isotropic material responses, a
periodic microstructure in which the grain or secondary phase is confined in the matrix
is studied in Figure 6.7. For this elementary example, it is observed that the material
response is bounded from above in the small diameter range by the response of a porous
material and from below in the large diameter range by the single crystal resistivity.

The set of resistivity tensors (6.23) as a function of grain diameter d in conjunction
with Figures 6.6 and 6.7 show that:
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6.3 Revisiting the Andrews method

. The classic honeycomb-type structures that are typically assumed in the materials
science community as idealisations for periodic polycrystals give rise to isotropic
resistivity tensors. The same holds for other primitive ”grain geometries” of the
dihedral group such as the square and equilateral triangle. From a physics point of
view this means that the same effective number of grain boundaries per unit length
(e.g. n¥¥ = 1, n' = 2cos (7/6), n¥ = 1/4/3) is passed by a charge irrespective
of the spatial direction in which it is travelling through the microstructure.

. In an isotropic setting, resistivity tensor R* reduces to a scalar-valued parameter

pr-

. For such an isotropic setting, the predictions of (6.2) with proportionality co-
efficients kgg = d Sgp/V are consistent with the predictions of computational
homogenisation.

. For a geometry with confined grains, the effective macroscopic resistivity tensor
is bounded from above and below. The lower limit corresponds to the perfectly
conducting RVE, with the effect of the grain boundary being negligible. The
upper limit, on the other hand, corresponds to the case of a pore, i.e. the material
interface electrically insulates the confined grain. Even though the response is
isotropic, (6.2) cannot predict this behaviour due to its unbounded nature for small
grain diameters. In addition to the computational multiscale approach pursued in
this contribution, semi-analytical approaches such as generalised self-consistent or
Mori-Tanaka schemes [32, 52] may offer alternative means to address this issue.

. For the first three members of the dihedral group the proportionality coefficients
(calculated via kgp = d Sep/V') accordingly take the values

squ 8d
. 12d
ko = d—— = 2/3, 6.24h
GB 2\/§d2 ( )
6d 23
kbhex — g = . 6.24

. For the particular set of material parameters provided in Table 6.2, (6.1)-(6.2)
indicate in view of (6.24) negligible grain boundary contributions to the effective
resistivity for grain sizes beyond 10 pm since

O (psc) = 1nQ2em > 1072pQem = O (peB (d = 10 pm)) (6.25)

holds.}f‘;ﬁ'
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Figure 6.6: Effective resistivity for the synthetic microstructures depicted in Figure 6.5 as a function
of grain size d. For the Andrews method, the specific grain boundary resistivity is chosen as ygg =
10.00 pQem? and proportionality coefficients according to (6.24) are used. Reprinted from [71] under
the terms of the Creative Commons Attribution License (CC BY).

6.4 Scaling relations

q[l;(f]' {The effective isotropic response of the hexagonal microstructure, with material prop-

erties according to Table 6.2, is illustrated in Figure 6.6. Based on this investigation,
two sets of parameter studies are conducted in this section so as to analyse the influence
of the bulk and of the specific grain boundary resistivity. In the first investigation, the
ratio of the bulk and specific grain boundary resistivity is kept constant to resemble
investigations on different materials, such that

CUeE 7 (6.26)

Psc < & Psc YGB < XYGB
with the resistivities being scaled by a factor a = {0.5,1.0,2.0}. In the second investiga-
tion, the bulk resistivity ps. is kept constant while the specific grain boundary resistivity
~ap is scaled by a factor § = {0.5,1.0,2.0} according to

Bres _ 57 (6.27)

Psc < Psc,  VaB < BcB,

sC
which implies a similar material with different grain boundary types or segregation
effects. The corresponding effective resistivity response is plotted against the grain size
d in Figure 6.8. As shown in Figure 6.8a, the effective resistivity is proportionally
scaled when varying « such that with increasing grain size the value a pg. is approached.
Similarly, Figure 6.8b demonstrates the effect of scaling the specific grain boundary
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Figure 6.7: Effective resistivity for an inclusion problem with a single circular inclusion of volume frac-
tion 7 (0.3)2/1.0 ~ 28.3% as a function of grain diameter d. For the Andrews method, the specific grain
boundary resistivity is chosen as ygg = 10.00 pQem? and the proportionality coefficient is calculated
as kgp = 27 0.3 ~ 1.88. Reprinted from [71] under the terms of the Creative Commons Attribution
License (CC BY).

resistivity by factor g while keeping the bulk resistivity constant. In particular, a distinct
scaling with factor § along the grain size axis is observed.

The parameter studies on the single crystal and specific grain boundary resistivities,
psc and ygp, show that:

1. Due to the linearity of the governing system of partial differential equations and
constitutive relations, scaling both single crystal and specific grain boundary re-
sistivity with factor a results in an a-scaling of the resistivity tensor R*.

2. Similarly, scaling the ratio of the grain boundary to single crystal resistivity with
factor 3 yields the same results as changing the grain diameter. This is due to
the fact that parameter ygp intrinsically contains an internal length scale [ as
highlighted in (6.16b).

3. This has severe implications since it shows that, although the grain diameters of
up to 1072 pm considered in the example are unreasonably small, the same curves
may be obtained for significantly higher grain diameters when the specific grain
boundary resistivity vqp takes higher Values.}?;ﬁ‘
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Figure 6.8: Effective resistivity of an idealised hexagon microstructure for varying resistivity ratios as
a function of grain size d. Reprinted from [71] under the terms of the Creative Commons Attribution
License (CC BY).
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6.5 Polycrystalline microstructure investigations

Figure 6.9: Sketch of a two-dimensional representative polycrystalline microstructure analysed with
the proposed computational homogenisation scheme. The periodic tessellations are generated by using
NEPER [148] and MosAIC [75]. The cell morphology is specified such that the grain size distribution
(log-normal distribution for the mean grain diameter with a standard deviation of 5.0%) matches the
experimental data [171]. Reprinted from [71] under the terms of the Creative Commons Attribution
License (CC BY).

6.5 Polycrystalline microstructure investigations

(i;(ll]' {Extending the studies on primitive microstructures to realistic ones, this section
focuses on the investigation of polycrystalline microstructures as exemplarily shown
in Figure 6.9. Three different sets of microstructures are generated by using the
open-source software NEPER [148], each characterised by a different number of grains
(NGrain € {10,100,400}). Despite the variation in number of grains, these sets exhibit
statistically identical cell morphologies as specified by the mean grain diameter and the
standard deviation of 5.0% of the underlying log-normal distribution. For each set, five
different periodic realisations of the microstructure are created to analyse the statistical
significance of the simulation results. The macroscopic resistivity tensors indicate an
anisotropic behaviour and the e;— and e;—coordinate axes are, in general, not aligned
with the principal material axes. The anisotropic properties of the macroscopic resis-
tivity tensors are analysed by resolving them onto their principal axes through eigende-
composition

R =Y A\ non,, (6.28)

wherein AR and n, represent the principal resistivity values and corresponding principal
axes. The mean value AR™ and standard deviation s(A\®") of the determined principal
resistivity values of the five different realisations for each set are calculated and plotted

against the grain size in Figure 6.10. Specifically speaking, the area between (AZ‘ +

s(A?)) is coloured for each set.

Concluding the analysis of polycrystalline microstructures, the multiscale predictions
for realisations with ngp;, = 400 are shown together with the predictions by the An-
drews method (for hexagonal grains with kgg = 21/3/3) and experimental data points
reproduced from [171] in Figure 6.11.
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Figure 6.10: Mean value and standard deviation of the effective principal resistivities for three mi-
crostructure sets (Ngrain = {10, 100,400}) as a function of mean grain diameter d, typically used in the
evaluation of experimental micrographs and calculated by means of the intercept method according to
ASTM E1382 [9]. Reprinted from [71] under the terms of the Creative Commons Attribution License
(CC BY).

The study on polycrystalline specimens with a pre-defined grain size distribution
consisting of (mostly) hexagonal grains shows that:

1. The particular realisations of the microstructure approach the quasi-isotropic limit
case for an increasing number of grains considered in the simulations.

2. The quasi-isotropic limit response predicted by the computational homogenisa-
tion approach is (within numerical tolerances) identical to the predictions for the
hexagonal unit cell discussed in Section 6.3.3. Accordingly, the resistivity of quasi-
isotropic systems can be predicted by calculating proportionality coefficient kgp
and by making use of (6.1)-(6.2).

3. In view of experiments, the predictive capabilities of the computational multiscale
approach and of the analytical solution based on geometry factors are clearly re-
vealed for the quasi-isotropic limit case. Whereas the analytical solution is limited
to the latter, the multiscale approach intrinsically makes it possible to consider the
more general anisotropic case and to predict tt(lgle corresponding resistivity tensor

R* based on the underlying microstructure.}?m'
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6.6 Neper-Mosaic: Seamless generation of periodic representative volume elements on unit
domains
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Figure 6.11: Effective mean resistivity AR" as a function of mean grain diameter d, typically used in
the evaluation of experimental micrographs and calculated by means of the intercept method according
to ASTM E1382 [9]. For Andrews method, the specific grain boundary resistivity is chosen as ygp =
3.58 pQlem? in accordance to [125] and the corresponding proportionality coefficient is calculated as
kop = 2v/3/3. Reprinted from [71] under the terms of the Creative Commons Attribution License (CC
BY).

6.6 Neper-Mosaic: Seamless generation of periodic
representative volume elements on unit domains

?%‘{To enforce periodic boundary conditions (PBCs) in finite element simulations, the

microstructure itself must exhibit periodicity, so that the RVE can be replicated in all
directions. Several software packages are available for the generation of polycrystalline
microstructures and discretisation, such as NEPER [148], DREAM3D [67], VORO++
[155], OptiMic [161] and MCRpy [159]. These tools offer valuable functionalities to
create realistic microstructures with specific grain size distributions, aspect ratios, and
crystal orientations. For an in-depth discussion on RVE generation, the reader may refer
to [12]. In the context of this work, we focus on NEPER, a well-established software for
generating digital microstructures [43, 111, 112, 117, 126, 152, 184]. NEPER enables
the generation of non-periodic tessellations and periodic tessellations as depicted in Fig-
ure 6.12, with non-periodic tessellations offering more control over the microstructure’s
arrangement than periodic ones. NEPER’s ability to generate geometrically periodic
microstructures with non-rectilinear boundaries (extending the unit square or cube)
creates a challenge for traditional RVE simulations with periodic boundary conditions
as described above since typical search algorithms for identifying corresponding nodes
on opposite boundaries of the RVE rely on planar surfaces. MoSAIC fills this gap by
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Figure 6.12: NEPER creates rectilinear non-periodic or general (non-rectilinear) periodic RVEs with
user-defined morphological properties such as the mean grain diameter and the number of grains.
Mosaic transforms any periodic RVE to an equivalent rectilinear version while maintaining periodicity.
The experimental insert, reproduced from [39] with kind permission, illustrates the inverse pole figure
of a 16MnCrS5 case-hardening steel. Reprinted from [75] under the terms of the Creative Commons
Attribution License (CC BY).
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automatically transforming general periodic RVEs into equivalent rectilinear periodic

structures. This enables realistic RVE studies with periodic boundary conditions.}%tg‘

6.6.1 Software description
qtd.
[75]

. . qtd.
MoOSAIC is given. 75)

{In this section, a short overview regarding the architecture and functionalities of

6.6.1.1 Software architecture

?%{MOSAIC is written in Python and makes use of the application programming in-

terface (API) of the open-source mesh generation software Gmsh [62] and the Python
library numpy for numerical computing. The source code is available on GitHub (see
the link to the repository in the Code metadata Table 6.3), and is designed to be mod-
ular, facilitating future extensions and ensuring code maintainability. MOSAIC adopts a
layered approach where the well-defined modules interact sequentially, as schematically
illustrated in Figure 6.13.

The initial layer focuses on preprocessing. It reads the periodic microstructure in-
formation from NEPER-generated Gmsh files (.geo), which contain the grain geometries
(coordinates, lines, surfaces, and volumes). MOSAIC automatically extracts essential
data from these files, including the problem’s dimension, the size of the periodic do-
main, and the number of grains.
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domains
Table 6.3: Code metadata.
Current code version v1.0.1
Permanent link to code/repository used for github.com/InstituteOfMechanics/
this code version Neper_Mosaic_RVE_Generator
Permanent link to Reproducible Capsule github.com/ElsevierSoftwareX /
SOFTX-D-24-00374
Legal Code License GPL-3.0 License
Code versioning system used git
Software code languages, tools, and services Python
used
Compilation requirements, operating envi- Neper 4.8.2, Gmsh 4.13, OCC 7.8.1,
ronments & dependencies Python Standard Library (sys, arg-

parse, logging, defaultdict, dataclass,
itertools), numpy Python library, gmsh
Python library
If available Link to developer documenta- github.com/InstituteOfMechanics/
tion/manual Neper_Mosaic_RVE_Generator.git
Support email for questions dilek.guezel@tu-dortmund.de (Please
use Github issue tracker.)

The subsequent layer handles the core transformation process. The Gmsh API is
utilised to convert the geometric definitions into a format compatible with the Gmsh
OpenCASCADE (OCC) geometry kernel. This enables the application of OCC’s ad-
vanced geometric manipulation capabilities, especially Boolean operations, to enforce
periodicity by replicating the microstructure at each boundary, and subsequently ex-
tracting a rectilinear domain. This process is applied in either two or three dimensions
and provides a periodic, rectilinear RVE, equivalent to the original periodic RVE.

The final layer manages the output generation. Users can specify the related format,
choosing from options such as:

e Geometry file for further discretisation purposes or visualisation: .geo_unrolled
(Gmsh), .brep (OCC BRep), .step (STEP)

e Mesh files compatible with different simulation/visualisation software: .msh
(Gmsh), .inp (Abaqus), .vtk (ParaView), .key (LSDYNA) .stl (STL surface)

e The ability to define grain-groups in the output, facilitating material property

d

. . . . td.
assignment in subsequent 81mulat10ns.}?75]

6.6.1.2 Software functionalities

(%;(;j{MOSAIC offers a range of functionalities that address the challenges of converting

general periodic microstructures generated by NEPER to two- and three-dimensional
periodic rectilinear RVEs:
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Figure 6.13: Schematic description of MOSAIC’s algorithm. In the first layer, the NEPER-generated
.geo file is processed such that it is compatible with the Gmsh OCC kernel. The RVE is then replicated
at all boundaries, and a rectilinear, periodic subdomain is extracted by a Boolean cut. In the final
layer, output is created according to user preferences. The origin of the periodic rectilinear domain can
be specified by means of command line parameters as exemplified by the two periodic microstructure
representations (red and blue box). This results in alternative but statistically equivalent representations
of the microstructure and might be beneficial for meshing purposes. Reprinted from [75] under the terms
of the Creative Commons Attribution License (CC BY).

e Periodicity enforcement: MOSAIC ensures geometric compatibility with periodic
boundary conditions in simulations.

e Periodic mesh: MOsSAIC provides periodic meshes that are necessary for finite-
element simulations if periodicity is to be enforced in a strong sense.

e Versatile output options: Users can tailor the output to their specific needs, choos-
ing from various file formats and the option to group grains for material property
assignment.

e Compatibility with open-source codes: MOSAIC can be seamlessly integrated into
workflows using, for instance, ciGen [140] to study RVEs featuring material inter-
faces.

e Python-enabled: MOSAIC can be used as a command-line tool or as a Python
package within another Python program.}%;l]'

6.6.2 lllustrative examples

qtd.
[75]

alities of MOSAIC as summarised in Table 6.4.}

{This section focuses on various illustrative examples to show the different function-

qtd.
[75]
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6.6 Neper-Mosaic: Seamless generation of periodic representative volume elements on unit
domains

Table 6.4: Command line options for MOSAIC.

Flag/Option Argument Description

(Input File) File path NEPER-generated ‘.geo file

(Output File) File path Transformed microstructure file
(e.g. ‘.geo’, ‘.msh‘, ‘.inp‘)

-h None Show help message and options

-v None Enable verbose output for detailed
progress information

--show_gui None Open Gmsh GUI to visualise mi-
crostructure transformation

--show_gmsh None Enable Gmsh terminal output

--ciGen None Create ciGen input file to generate
cohesive zone elements

-x0, -y0, -z0 Float x-, y-, z-translation of the rectilinear
domain

-cl Float Characteristic element length

6.6.2.1 Enforced periodicity: RVE examples

0[1;‘;]' {To run MosAIC from the command line, users need to specify the input file (a

NEPER-generated .geo file), the desired output file (with the appropriate extension for
the format: .geo, .msh, .inp), and optional flags. The -v flag enables verbose output,
providing detailed information about the software’s progress. The —-show_gui flag opens
the Gmsh graphical user interface, allowing users to visualise the microstructure and its
transformation. The --show_gmsh flag displays the Gmsh output in the terminal. The
example shown in Figure 6.12 can be generated using the following command:

$ python3 -m neper_mosaic examples/nl100-idl.geo testout.msh -v
— --show_gui --show_gmsh

Figure 6.14 shows a three-dimensional RVE with 64 grains, generated with MOSAIC,
and demonstrates the flexibility of MOSAIC’s output generation by defining the RVE in
various formats: Gmsh geometry file (.geo_unrolled), Gmsh mesh file (.msh), ParaView
file (.vtk) and Abaqus input file (.inp). The example shown in Figure 6.14 can be

generated by the following command:}‘f‘?t;'

$ python3 -m neper_mosaic examples/n64-idl.geo testout.msh
— testout.vtk testout.geo_unrolled

6.6.2.2 Flexible output generation: A study on quasi-stationary electrical
processes

0[1;(51]' {This section illustrates the potential impact of MOSAIC by showcasing computa-

tional homogenisation results for the electrical resistivity of microstructures generated
by MoOSAIC.
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6 Computational homogenisation with interfaces: Electrical problem

Table 6.5: Material parameters used in the finite element-based simulations.

oM 68.91nQcm
pr 86.2pQdcm
ye  68.9 pQem?

Initially, a periodic NEPER-tessellation with a specified number of grains ngpam, = 256
is generated. Neper employs a grain growth algorithm to define the grain morphology,
with user-specified log-normal distributions for the equivalent diameter and circular-
ity. A key strength of MOSAIC lies in its ability to correctly group grains, especially
those intersecting the RVE boundaries. This makes the assignment of specific material
properties to individual grains within the RVE possible. Additionally, for this study,
zero-thickness interface elements representing grain boundaries are generated by the
open-source software ciGen [140]. ciGen can directly process the mesh files (.msh) cre-
ated by MOSAIC.

As an illustrative example for the simulation workflow enabled by MoOsAIC, we con-
sider a dual-phase steel with ferritic and martensitic constituents, as well as linear con-
stitutive relations for the bulk and interfaces. MOSAIC is used to create periodic RVEs
based on microstructures generated by Neper and to assign each microscale constituent
(ferrite, martensite) to a specific group. Based on these groups, resistivity values for
the individual constituents according to Table 6.5 are assigned in the finite element
simulation.

To determine the effective electrical properties, specifically speaking the macroscopic
resistivity tensor denoted by R*, the computational homogenisation scheme proposed
in [100] and extended in [71, 76] is employed

homogenisation

{pm; pr; voB, morphology} R (6.29)

where py1, pr, Yo are the specific resistivity values of the martensitic phase, the ferritic
phase and the grain boundaries, respectively. Periodic boundary conditions for the
electric problem are applied as follows

ot —¢  =—ey- [yt —y ] and it=—i" on Y. (6.30)

The obtained effective resistivity tensors exhibit anisotropy due to the underlying mi-
crostructure. These tensors are resolved onto their principal axes by spectral decompo-
sition, as given in (6.28).

Figure 6.15b illustrates three distinct scenarios for resistivity. In the first scenario, all
grains are assigned the properties of either martensite or ferrite. In the second scenario, a
specific martensite volume fraction ¢y = 0.78 is considered by using group definitions to
create a more realistic phase distribution. As expected, the effective resistivity calculated
for the ¢y = 0.78 case lies between the two previously calculated limits. The third
scenario considers the additional resistivity caused by the presence of grain boundaries.
Here, a grain-size dependent response is observed. As the grain size decreases, the
effective resistivity of the material increases.}?;;'
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domains

Gmsh (.geo and .msh) ParaView (.vtk) Abaqus (.inp)

Figure 6.14: NEPER-generated periodic microstructure with ngpain = 64, transformed into a unit cube
RVE using Mosaic. Output options include Gmsh geometry and mesh files, vtk files, or Abaqus input
files. Reprinted from [75] under the terms of the Creative Commons Attribution License (CC BY).

6.6.3 Impact

([1;(;]' {MosaIc, a Python-based open-source software tool, has the potential to signifi-

cantly impact the computational mechanics and materials science community. Its key
strength lies in its seamless interaction with the well-established open-source software
NEPER, which has a large and active user base from both, academia and industry.
NEPER is employed for microstructure generation in computational materials science
and engineering, with applications extending beyond metals to fields such as geology
(rock formations), energy storage materials (battery electrodes), and biological materi-
als (bone structures). NEPER generates realistic microstructures, being more profound
than simple Voronoi tessellations, by offering grain growth algorithms. These realistic
microstructures are then used to design new materials with tailored material proper-
ties and to predict their performance under different loading conditions. This includes
research areas such as crystal plasticity, where the accurate representation of grain struc-
tures and periodic boundary conditions is crucial for the understanding of deformation
mechanisms at the microscale. Furthermore, a recent publication by Grilli et al. [66] in
the context of fracture mechanics makes use of Abaqus to insert interface elements in
two-dimensional non-periodic RVEs created by NEPER.

While NEPER is capable of creating periodic tessellations, these structures extend
beyond a confined square or cubic domain. When a square/cubic domain is preferred
due to boundary conditions, this requires careful handling. MosaAiCc addresses this
challenge by providing an efficient workflow for NEPER’s output. It directly processes a
NEPER generated geometry and transforms it into an equivalent periodic microstructure
confined within a square or cubic domain, suitable for creating a periodic mesh for sim-
ulations. This enables the straightforward application of periodic boundary conditions
and, eventually, RVE studies with realistic microstructures.

MosAIlc utilises the functionalities of Gmsh, an open-source mesh generation tool.
This integration provides MOSAIC users with a broad selection of meshing algorithms
(structured, unstructured, adaptive) for creating customised meshes suitable for their
specific simulation needs, see Appendix C.1. This extends to integrating with ciGen an
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(a) Polycrystalline microstructures (ngrain = 256, unit domain) with (left) and with-
out grain boundaries (right). Grains represent randomly assigned ferritic and marten-
sitic constituents. The electric current density distributions, j, at the microscale are
depicted. The RVE is loaded electrically by effective electric field €g = 1.0 e1 +2.0 e2

mV.
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(b) Effective mean resistivity AR = % [Azz* + AZZ* as a function of RVE size. To

define the limit cases, all grains are assigned either the material properties of ferrite
or martensite. For the specific martensite volume fraction ¢y = 0.78, the Neper-
Mosaic workflow is used to create a digital microstructure twin. This microstructure
is then analysed with and without accounting for the resistivity of grain boundaries.

Figure 6.15: Computational homogenisation results for a ferritic-martensitic dual-phase steel. Repro-
duced from [75] under the terms of the Creative Commons Attribution License (CC BY).
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C Appendix

open-source software which uses the specific mesh format generated by Gmsh/MoOSsAIC

to efficiently account for zero-thickness cohesive zone elements.}?;g]'

C Appendix

Appendix C.1 contains a comparative analysis of mesh quality generated using MOSAIC
and NEPER.

C.1 Mesh quality investigation

(%;g]'{ln this appendix, the quality of meshes created with MosAIC and NEPER is exem-

plarily compared. Both codes utilise Gmsh as the meshing software — the geometries,
however, differ significantly. The geometry obtained from NEPER is not confined to a
rectilinear domain. In contrast, MOSAIC generates geometries on box-type domains,
resulting in additional surfaces or volumes being cut by the domain boundaries.

For comparison purposes, three-dimensional periodic tessellations with a specified
number of grains ng.im € {4, 8, 16, 32,64} were generated by NEPER (grain growth algo-
rithm, unit domain) and processed with MOSAIC. These microstructure representations
were then meshed in both codes with the same characteristic element length, ¢l = 0.08.
Figure 6.16a illustrates the mesh quality in terms of the minimal signed inverted condi-
tion number (minSICN, [95]). For both, the original NEPER-generated and the confined
microstructure generated by MosA1ic, Gmsh appears to produce meshes with reasonably
good minSICN values, with most of the data lying in the upper half of the box plots.
This suggests that most elements have an acceptable shape. However, there are a few
outliers visible in Figure 6.16a. These indicate that, in some instances, a few elements
with significantly lower quality compared to the mesh-average were generated. Com-
paring the meshes for the NEPER- and MoOsAIC-generated microstructures, the higher
number of outliers in the MosAIC-workflow is likely caused by the newly generated cut
surfaces and volumes. Another reason is that the meshes generated by MOSAIC are
strictly periodic, which incurs additional restrictions during meshing. One potential ap-
proach to address this issue is to manually translate the origin of the rectilinear domain
(command line option: -x0, -y0, -z0). Figure 6.16b provides the mesh quality statistics
for selected translations of the unit cell (edge length 1.0) in the 32-grain example. While
the overall mesh quality is very similar for all analysed translations, a reduction in the
number of low quality elements can, for instance, be observed for x = 0.4. In addition to
the translation of the unit cell, standard approaches such as partitioning methods may,
of course, be invoked by the user to achieve the desired mesh quality.}?;;]'
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(a) Comparison of mesh quality (minSICN) for three-dimensional periodic tessella-
tions with varying number of grains.
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(b) Comparison of mesh quality (minSICN) for the MosalC-workflow (ngrain = 32)
and varying translation parameters.

Figure 6.16: Study of mesh quality for different microstructure realisations in terms of the number of
grains and the translation of the unit cell. Standard box plots with 1.5 interquartile range are used
for visualisation purposes. Reprinted from [75] under the terms of the Creative Commons Attribution
License (CC BY).
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/ Mathematical homogenisation:
Thermo-electrical problem

‘%;g]'{ln the context of thermo-electrically coupled problems, understanding the

coupled behaviour of thermal and electrical fields is crucial for optimising the perfor-
mance of devices such as integrated circuits, thermoelectric generators and coolers.
Joule heating describes the process where the kinetic energy of electrons flowing through
a resistive material is converted into heat. This heat generation can significantly influ-
ence the material’s electrical and thermal properties such as its thermal and electrical
conductivities. These thermo-electrically coupled effects, further complicated by the
intricate microstructures of heterogeneous materials, pose significant challenges for
accurate modelling and prediction.

To address these challenges, a comprehensive thermo-electrically coupled homogeni-
sation framework for electrical conductors is developed in this chapter. To this end, we
resort to analytical homogenisation, formal asymptotic expansion and Hill-Mandel-type
multiscale techniques.

In view of the different homogenisation approaches, the scope of the present chapter
is twofold:

e As a model problem for PDE systems with non-trivial couplings, we focus on
thermo-electrical phenomena and provide the homogenised set of field equations
with particular focus lying on Joule heating and temperature dependent electrical
conductivities.

o We approach the two-scale problem from a physics point of view by using a Hill-
Mandel-type energy-equivalence statement and show the consistency of the ho-
mogenised problem with the heuristic method of asymptotic expansions and the
mathematically rigorous results of analytical homogemsation.}%}‘
The chapter is organised as follows: Section 7.1 provides an overview of the thermo-

dynamic principles governing thermo-electrically coupled problems. Section 7.2 focuses
on the micro-to-macro transition by using energy-based multiscale techniques, asymp-
totic expansions and analytical homogenisation. In Section 7.3, representative numerical
results are provided so as to showcase the effectiveness of these methods in capturing
the behaviour of heterogeneous thermo-electric materials.
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7 Mathematical homogenisation: Thermo-electrical problem

7.1 Continuum thermodynamics

This section provides an overview of the underlying thermodynamical principles that gov-
ern thermo-electrically coupled problems in electrical conductors. To avoid repetition,
only governing equations are presented here. For detailed derivations and background,
the reader is referred to Chapter 4. The coupled system of equations in local form is
given by

V-j(x)=0 Vo € (2, (7.1a)
—V-qgx)+r(x)+j(x)-e(x)=0 Ve € (2. (7.1b)

In addition, localisation of Maxwell’'s equations imposes a constraint on the electric
potential field, which can be satisfied by defining the electric field as e (x) = —V,¢.
Furthermore, the local form of the dissipation inequality

1
0 (x)
is obtained. Equation (7.2) poses restrictions on the constitutive relations for thermo-

electrical processes. In general, by choosing a temperature-dependent relation between
the electric current density vector and the electric field vector of the form

q(z) - Vib(x)+j(x)-e(x)>0 Vrel (7.2)

j(x)=8(0,z) e(x)=-5(0,z) V.o (x) (7.3)

with positive semi-definite, symmetric electrical conductivity tensor & : RT x 2 —
Lin (Rd, Rd), the electrical part of the dissipation inequality can be a prior: fulfilled.
Similarly, by adopting the linear relation between the heat flux vector and the (negative)
temperature gradient

q(x) = —K(z)- V.0 (z) (7.4)

where K : 2 — Lin (R R?) denotes the positive semi-definite, symmetric thermal
conductivity tensor, thermodynamic consistency of the thermal part of the dissipation
inequality is established.

7.2 Micro-to-macro transition

‘%;%{This section focuses on the homogenisation of the thermo-electrically coupled prob-

lem introduced in Section 7.1. First, the problem is investigated with the energy-based
computational homogenisation approach. Loosely speaking, this amounts to defining an
appropriate Hill-Mandel condition which ensures that the energy at the macroscale is
equivalent to the average energy at the microscale. Thereafter, the formal method of
asymptotic expansions is investigated and effective (macroscopic) equations are derived
accordingly. Noteworthy, the temperature dependence of the electrical conductivity ten-
sor complicates the asymptotic analysis. Finally, analytical homogenisation techniques
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7.2 Micro-to-macro transition

are applied and two-scale convergence results are presented. The nonlinear nature of the
coupled problem makes the two-scale convergence analysis non-trivial with, particularly,
the existence proof requiring special care. As a homogenisation result, the mathemati-
cally rigorous method of analytical homogenisation, the heuristic method of asymptotic
expansions, and the energy-based approach yield the same set of equations. In this
regard, the rigorous two-scale convergence proof inherent to analytical homogenisation
provides justification for the asymptotic expansion and for the physically motivated

assumptions underlying the energy-based approach.}?;g]'

7.2.1 Hill-Mandel-type homogenisation

In the absence of mechanical fields, the coupled thermo-electro-mechanical multiscale
framework introduced in Chapter 4 reduces to a simplified form. We study conduction
in a periodic medium occupying the macroscopic domain 2 C R? At the microscale
we work with the reference unit cell Y = (0,1)%. A function g : R? — R™ is denoted
Y-periodic if g(y +e;) = g(y) for a.e. y € R? and for each Euclidean base vector
e (i = 1,...,d). We use L (Y) for essentially bounded Y-periodic functions, and
H, (Y') for H'-functions that are Y-periodic. Let y € Y be the microscopic coordinate.

Throughout this chapter, v corresponds to the Lebesgue measure of Y. ‘%;%{Under the
assumption of strict scale separation, the coupled governing equations 4.2 simplifies to

Vy i (y) ==V [y Vyo(y)l=0 Vyev, (7.5a)
Vyqy) ==V, [K(y)-V,o(y)] =0 VyeY. (7.5b)

All y-dependent quantities used in the homogenisation are Y-periodic — in particular
S(6,y), K(y) are Y-periodic and uniformly bounded and elliptic. Moreover, whenever
microscopic fluctuations are introduced, these are taken in H;é (Y). As demonstrated in
Chapter 4, macroscopic quantities are related to their microscopic counterparts through
volume averages over unit cells. To this end, the macroscopic electric field vector

=2 —6) n) dy (7.6)

v Joy

in terms of the electric potential field at the boundary is obtained. Analogously, the
effective macroscopic temperature gradient is expressed as

1
Vo= [ 6w n()d. (77)
v Joy
Furthermore, the effective macroscopic electric current density tensor is given by
. 1 .
Jo = —/ yi(y) dy, (7.8)
v Joy
and the macroscopic heat flux takes the form
1
qQ = —/ ~yq(y) dy. (7.9)
v Joy
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7 Mathematical homogenisation: Thermo-electrical problem

The energy equivalence conditions for electrical and thermal problem are given in (4.11)
and (4.12), respectively. The use of periodic boundary conditions ensures that the gen-
eralised Hill-Mandel relations are satisfied. Having established the energy equivalence
between scales, we can define the coupled macroscale problem as

V- q (m) -

with its alternative form

0 Vo € (2, (7.10a)
jo () - eq () + 70 (x) Va e, (7.10D)

(7.11a)
— Vo [IK* (0o, ) - Vbl ()] = Voo (x) - 8" (0o, ) - Voo (x) + 10 () Ve € 12,
(7.11b)

where 8* : Rt x 2 — Lin (R%,R?) and K* : 2 — Lin (R?,R?) denote the effective
electrical and thermal conductivity tensor, respectively. In (7.10b), the macroscopic
heat source rq : {2 — R is calculated through volume averages. Once the local problem
(7.5) is solved, the effective fluxes can be calculated using (7.8) and (7.9). Moreover,
the effective electrical conductivity tensor can be determined through the relation

5 (b0.w) o (o) = o () = 1 [ 3 @)y

[ St0w) [ea(@) - V6 @w)] dy

:lfys(eo,y)- [I— M?(z,y)] dy-e (z) ,

v

(7.12a)

J/

-~

S* (90, m)

where M?: 2 xY — Lin (Rd, Rd) denotes the structure tensor that defines the relation
between the (gradient of the) fluctuation field and the applied macroscopic field, namely
Vyo = M? . ey. Similarly, the effective thermal conductivity tensor is derived as

(@) Vit (@) = 0 (@) = 7 [ a(w)
—— [ K@)
—— [k

K ()

[Vlﬂo (x) + Vya(az, y)} dy
(7.12b)
[

I+ M’ (y)]dy- Vb (z) .

The corresponding relation between the (gradient of the) temperature fluctuation field
and the macroscopic gradient of temperature is defined through the structure tensor

M’ :Y = Lin (R%,R?), namely V,0 = M’ - V,00.} 5
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Figure 7.1: Macroscopic §2 and microscopic domains Y with a distinct separation of the corresponding
length scales L and ¢. The periodic representative cell Y is composed of two constituent domains Y;
and Ys, representing different materials. Scale separation occurs for ¢ < L. Reprinted from [72] under
the terms of the Creative Commons Attribution License (CC BY).

7.2.2 Two-scale asymptotic expansion

c[l;g]‘{The following section explores the method of two-scale asymptotic expansions. This

approach involves representing the solution fields as power series in a parameter, &,
and systematically separating the governing equations into distinct problems at each
scale. The leading-order term in the expansion captures the homogenised solution,
whereas higher-order terms account for microstructural fluctuations. By employing two-
scale asymptotic expansions, explicit expressions for the effective coefficients of the ho-
mogenised equation can be derived, providing insights into the macroscopic behaviour
of the material. It is further assumed that the material properties exhibit periodic or
quasi-periodic variations on the microscale, characterised by a well-defined microstruc-
ture. Additionally, the material coefficients and the solution to the governing partial
differential equation are required to possess sufficient regularity to guarantee the valid-
ity of the asymptotic expansion procedure. For more information regarding asymptotic
analysis, readers may refer to [18].

The method of two-scale asymptotic expansions assumes that the solution of the
governing equation for the electrical problem (7.1a) is given by

¢ (x) = fgi@' (337 g) = ¢p <5'3, §> +ed (CC, g) + &% g (zc, g) +0 (53)
B (7.13a)
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7 Mathematical homogenisation: Thermo-electrical problem

where each term ¢; (x,y) depends on the macroscopic variable & € 2 and the micro-
scopic variable y = x/e € Y. Assuming a distinct separation of scales, x and y are
treated as independent variables. Similarly, the solution to (7.1b) can be expanded as

_ faei (@.2) =t (@.2) +200 (@ 2) +20: (2. 5) + O () -
=0 (7.13b)

Moreover, ¢; and 6; are periodic in y with period Y = (0, 1)d. For a sufficiently smooth
field f, the calculation rule

, (7.14)

y=x/c
holds. Applying (7.14) to the asymptotic expansions of the electric potential and tem-
perature fields, (7.13), we obtain the following expressions for their gradients

V. (&) = Vado <a; —)+ V¢o<a: —)+€{V ¢1( )+§vy¢1 (wg)]
[v éo (w —) + iy ¢2( )1 O, (7.15a)

V6. (2) = Vo (2. 2) + 2900 (.2) 4 [V01 (.2) + 290 (2.2
[v 0, (zc —) + iv 0, ( )} +O(). (7.15b)

The next step in the analysis is a detailed examination of the electrical problem. We
begin by expanding conductivity tensor & (96, f) into a Taylor series around the macro-
scopic temperature 6

$(0.%) =5 (12 r e (o.7) s (07

2 {92< =) a%os (60:2) +6 (=, )%aa—egs (909} +0O (%) .
(7.16)

It is tacitly assumed that all derivatives employed in the method of asymptotic expan-
sions are sufficiently regular. Substituting (7.3), (7.15a) and (7.16) into the continuity
equation for the electric charge (7.1a), and collecting terms of the same order in ¢, yields

|:v:0¢0 + %qubo + e |:V:c¢1 + %quﬁl} + 52 {quﬁg + évy¢2:| —+ @) (62):|:|

——V [ {fobo + %Vydgo +e {fobl + %Vyd)l] + €2 {Vx@ + %Vydgz] + 0O (eZ)H
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(7.17)

Identifying the coefficients for the powers of ¢ yields a hierarchical set of field equations.
By analysing the e~2 equation, we arrive at

=V, - [8 (00, y) - Vyoo (z,y)] = 0. (7.18a)

For each fixed & € {2 we treat y as the variable and interpret (7.18a) in the weak
Y —periodic sense: Find ¢o(x,-) € Hj(Y)/R such that

/Y Vo (y) - S (Go,9) - Vyo () dy =0 Vo € HA(Y)/R, (7.18b)

where HJ(Y)/R denotes the quotient by additive constants in the microscopic variable
y. Assuming S(6y,-) € LO#O(Y)dXd to be symmetric, uniformly elliptic and bounded, the
associated bilinear form is coercive on H(Y')/R and (7.18b) implies V¢ (x,-) = 0.
Hence, ¢, is independent of y and only depends on the macroscopic variable & so that

o = oo () . (7.18c¢)

An alternative proof of (7.18c¢) is provided in Appendix D.1.
The e~! equation takes the form

—V, - [8 (907y) ' Vy(b()] - Vy ’ [8 (907 y) ’ Vx¢0] - Vy ) [S (‘907 y) ’ Vy(bl]

—Vy' 61 860 'Vy(b() =0.

and by using (7.18¢) simplifies to
_Vy : [8 (907 y) : Vy¢1] = Vy ' [S (007 y) : Vm¢0] . (719b)
The unknown ¢; within the periodic unit cell Y can be expressed explicitly in terms of
¢o. In particular, the linear relation
d

o1 (@, y) =) 90(2) (2. y) (7.19¢)

i=1 Oz;

is obtained, where (; € H;é : 2 xY — Rifori € {1,...,d} are the solutions to the
so-called cell or corrector problem for the electrical field

{_vy (8 (6o,y) - [ei + VG (®,9)]] =0 Vyev, (7.19d)

]
y— ( (x,y) Y-periodic.
The subscript # is used throughout to denote periodic boundary conditions, i.e., H. ;1# (Y)

refers to the space of functions in H' that are Y-periodic. This formulation enables the
computation of the corrector field. Here, e; represents the canonical basis of RZ. Solving
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7 Mathematical homogenisation: Thermo-electrical problem

the cell problem elucidates how microscopic material property fluctuations influence
local fields (e.g. temperature or electric potential) and their gradients. This information
is integral for deriving the effective (homogenised) material response at the macroscopic
scale. The presence of e; on the left-hand side represents a unit load applied in the
i-th direction, and solving the cell problem (7.19d) for each e; yields the corresponding
corrector fields (;, which encapsulate the material’s microscopic response to directional
loading.

Remark 10. The electrical conductivity tensor in the cell problem explicitly incorporates
only the spatial variable y and the macroscopic temperature, as demonstrated through
the Taylor expansion. This finding aligns with the studies in [114, 174, 175], which
address multiscale problems featuring similar temperature-dependent conductivity and

stiffness coefficients. ‘[1;%'

Remark 11. As observed by Telega et al. in [174], the weak (variational) formulation of
the cell problem treats the macroscopic field as a fixed parameter. This key observation
enables the interpretation of the variational problem as a convex minimisation problem.
Formulating the local problem in this way allows variational bounding techniques —
originally developed for linear problems — to be extended to certain classes of nonlinear

problems.
%;%{Proceeding to the €° equation in the asymptotic expansion
oS (0o,
— V.- [8(00,y) - Vado] — V. - [S (00, y) - Vytr] — V. - {915—92:” : quﬁo}
0S8 (o,
- Vy : [S (‘907y> : V:Jc¢1] — vy : [S (‘907 y) : Vy¢2] - Vy : {61% : vr¢0:|
98 (0o, y) 0S8 (0o, y)
V- {018—«9(; : Vy¢1:| -V, [928—02 - Vo
1 028 (907 y)
- Vy ) |:§ 9% 86(2) ) Vy¢0} =0
(7.20a)
and with (7.18¢) at hand, we arrive at
_Vx [8 (907 y) : [V$¢U + Vy¢1]] - Vy ’ [S (607 y) : Vx¢1]
oS (0o,
-V, - {91# [ Vego + Vy(bl]} =V, [S (0o, y) V09 . (7.20b)
0

Equation (7.20b) admits a periodic solution for the unknown ¢, if and only if the fol-
lowing compatibility condition is satisfied

/Y V(8 (60, y) - [Vado + Vybrl] =V, - [S (60, 9) - Vb

oS (QOa y)

8(90 ' [vz¢0 + Vy¢1] dy =0.

(7.20c)

-V, [91
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7.2 Micro-to-macro transition

Constraint (7.20c) can be expressed as equation for ¢y by making use of (7.19¢), and
since the integral of a periodic function’s divergence vanishes, the homogenised equation
for the electrical problem further simplifies to

=V, - [8" Vipo ()] =0 Ve 2, (7.21a)

with the closed-form relation for the homogenised electrical conductivity tensor

Sii= [ e-S(00,y) VG (y)+Sij (0o, y)dy = [ e-S (60, y)[Vy( (z,y) +e;] dy
Y Y
(7.21b)

A more detailed derivation of the homogenised equation and conductivity tensor is pro-
vided in Appendix D.2. The set of equations (7.21) concludes the asymptotic analysis
for the electrical problem setting.

Next, the thermal problem is examined. Given the inherent similarities between
the electrical and the thermal problem (with the exception of the source terms and
conductivity tensor IC assumed to be temperature-independent), the presentation is
condensed to avoid redundancy. As in the electrical problem, a cascade of equations
is obtained by inserting the constitutive relation for the heat flux vector (7.4) and the
asymptotic expansions (7.15) into the energy equation (7.1b)

1 1 1
-V, | K (y) . {Vxeo + gvyeo + € |:Vx91 + gvy91:| + g2 |:Vx(92 + gvy92:| + O (62):|:|

1 1 1 1
——Vy~ K (y) . |:V190 + gvyeo +é |:Vw91 + gvy01:| + 82 |:Vx02 + gvy92:| + @ (82):|:|

— | Voo + équﬁo +e [Vz% + §Vy¢1} + ¢? [Vz¢2 + §Vy¢2:| +0 (52)}

. [S (00, y) + .. ] . |:Vx¢() + éVygbo +¢€ |:Vx¢1 + éVygbl] + 52 |:Vx¢2 + éVyngH

=r(x,y) .
(7.22)

Moreover, to simplify the presentation and without loss of generality, the particular form
of thermal heat source r. () = & (x, y) is adopted.
The corresponding =2 equation is given by

=V, - (K (y) - Vybo] = Vyoo - S (60, y) - Vyo . (7.23a)

Due to (7.18¢c), the right-hand side of (7.23a) vanishes and it is concluded that 6, is a
function that depends only on the macroscopic variable &, namely

With (7.18¢) and (7.23b) at hand, the e~ equation reads,
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7 Mathematical homogenisation: Thermo-electrical problem

Similarly, (7.24a) is solved by using the linearity of 6; (x,vy) with respect to the first
derivative of 6, (x)

d
01 (z,y) = aeaox(f) &), (7.24b)

and by introducing the cell problem for the thermal problem setting

=V, [K(y) - [ei + V& (y)]] = 0 ey, (7.240)
y+— & (y) Y-periodic,

where &; € H}# 1Y — R? for i € {1,...,d} are the corresponding solution fields. It
is noteworthy that despite the strong coupling of the thermal problem to the electrical
problem via the dissipative heat source in (7.1b), the coupling term does not appear at
the microscopic level (cell problem). However, the effect of the underlying microstruc-
ture clearly manifests itself in the effective form of the macroscale coupling term. Vice
versa, the constitutive relations in the electrical problem are evaluated at macroscale
temperature #y which is constant in each unit cell. Consequently, this leads to distinct,
purely electrical and purely thermal cell problems.

Remark 12. The solution fields to the electrical and thermal cell problem in (7.19¢) and
(7.24b) are related to the structural tensors defined earlier in Section 7.2.1, i.e.

_aCj (may)

/\/lfk (x,y) = i (7.25a)
a .
My (y) = ——g”;lf’) (7.25b)

To obtain the homogenised macroscale boundary value problem, the €° equation is
expressed as

=V, (K (y) - Vybo] =V, - [K(y) - Vibo] + Vo - [K(y) - Vybi| + V- [K (y) - Vabi]
+ Vo - S (0o,Y) - Vao +2 Vo - S (6o, y) - Vyou

+2Vop1 - S (0o, y) - Vydo + V1 - S (0o, y) - Vyb1 + 10 (2, 9)

(7.26a)

where use has been made of (7.18¢c) and (7.23b). Integrating the right-hand side of
(7.26a) over Y yields

/Y Y, [ () [Vablo + V0] + 9, - [KC () - V6]

+ [Vato + Vyt1] - S (0o, y) - [Vato + Vo] + 10 (x,y) dy = 0.

By inserting (7.19¢) and (7.24b) into (7.26b), the homogenised equation for the thermal
problem takes the form

(7.26b)

—V, - [IC* - Vb ()] — Vo () - A" - Vg () = / ro(x,y)dy Vo € 2, (7.27a)

2
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7.2 Micro-to-macro transition

where the homogenised thermal conductivity tensor KC* and coupling tensor A" are given

by

K = / e, K(y) [V, (y) +e]dy :ei'/ K(y) [ej@e+ V& (x,y)®@e;]dy-e;,
' " (7.27b)

Ay = /Y [ViGi (2, y) + €] - S (6o, y) - [Vy(; (x, y) + €] dy

=€ / [ei ®e; +e; ® Vy§ (%y)] 'S(Qan) : [ej ® e; + V& (w7y) ®ej] dy - e;.
Y
(7.27¢c)

The tensors 8*,IC*, A" describe the effective (homogenised) properties of the hetero-
geneous material. To solve the thermo-electrically coupled system of equations (7.1a)
and (7.1b), correctors (; and &; are determined by solving the cell problems (7.21a) and
(7.27a), respectively. These computations involve solving 2 x d boundary value prob-
lems, which yield the homogenised effective electrical conductivity tensor 8*, thermal
conductivity tensor KC*, and coupling tensor A*. With the homogenised tensors at hand,
the homogenised (macroscale) problem can be solved for ¢y and 6,. If the first-order
terms are required, ¢, and 0 can be calculated using (7.19¢) and (7.24b). Notably, the
final homogenised problem and the homogenised tensors are identical to the solution ob-
tained from the analytical approach discussed in Section 7.2.3, validating the accuracy
and effectiveness of the asymptotic homogenisation method for the problem at hand.

Finally observe the identity Aj; = Sj;, since

o_/va 2,9) - S (00, 9) - [V<; () + ;] dy
/ n(y) S (0o, y)  [V,6 (1) +e5) G (w) dy (7.28)
/ V- 1S (00, y) - [V,G () + 5] G () dy

holds, by virtue of (7.19d).

Remark 13. Comparing the effective conductivity tensors derived from Hill-Mandel type
homogenisation (7.12) and asymptotic expansions (7.21b)-(7.27b), we observe that Hill-
Mandel homogenisation yields volume-averaged quantities, whereas asymptotic and sub-
sequent analytical homogenisation do not explicitly account for the factor 1/vol(Y'). The
underlying reason is that asymptotic and analytic homogenisation are typically carried
out after a dimensional analysis such that the unit cell is rescaled to Y = (0, 1)d and the

1/vol(Y)-factor is implicitly accounted for.}?;;]'
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Figure 7.2: Illustration of model problem

Remark 14. To demonstrate the principles of homogenisation in a simplified setting,
we consider the one-dimensional stationary heat conduction problem governed by the
Poisson equation on a domain {2 = (0,1). The temperature field 6. satisfies

V. [/c (f) V6. (x)] —r(z) i 0, (7.292)
0. (x) =0 on 0f2. (7.29Db)

Under the assumption of strict scale separation, ¢ < L, the thermal conductivity K (f)

K (f) ! (7.30)

€ - 2+sin(27rf)

exhibits rapid oscillations ¢ — 0, see Figure 7.2. The homogenised limit problem reads

=V [K"- Vb, ()]
90 (JZ)

r(z) in 2, (7.31a)
0 on 9102, (7.31b)

where K* denotes the effective thermal conductivity. To derive the homogenised model,
we employ a two-scale asymptotic expansion of the form

0. (z) ~ 0y (z) + 6, <x g) . (7.32)

In one-dimensional periodic homogenisation, the effective thermal conductivity is
given by the harmonic mean of a unit period ¥ = (0,1). For the specific form of
K(y) =1/[2+sin (27 y)], the resulting homogenised conductivity is

K = (7.33)

1
5"
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Figure 7.3: The macroscopic solution 6y to the limit problem (7.31) and approximated solution with
corrector field 0. ~ 6y + €6, and exact solution 6. for different £ values.

The detailed derivation of this result, along with the corresponding cell problem and first-
order corrector function, is provided in Appendix D.3. With the effective conductivity
result at hand, the macroscale temperature is expressed as

=—2’+r=2x[l—1] (7.34)

00 (I‘)

with the applied boundary conditions, 0y(0) = 0y(1) = 0. A two-scale expansion yields
the first-order corrector

< (2)

compared to the exact solution

deo(l')i 3
dr —]3[1—13]4‘5

[1 ~ cos (2 7 g)] [1—22] (7.35)

- 2 £ N (€7 N_o & z
0. (x) = 3:+2Clzc+2ﬂxcos<27rg) [ A Sln<2ﬂ'€> 0127TCOS<27T8>—|—02
(7.36a)
with constants
2
C1 = Cy [?ﬂ] : (7.36b)
Cy— == (7.36¢)
2T 4r 8q2 Ve

Figure 7.3 compares the homogenised solution (7.34), the first-order corrector (7.35), and
the exact solution (7.36a) for different ¢ values. As expected, the first-order corrector
significantly improves the approximation of 6. by capturing the oscillatory behaviour,
especially for moderately small €.
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7 Mathematical homogenisation: Thermo-electrical problem

7.2.3 Two-scale convergence

2] {The aim of analytical homogenisation is to derive the effective properties and govern-
ing equations for heterogeneous materials in a mathematically rigorous manner. In the
following thesis, the method of two-scale convergence, which was introduced by Nguet-
seng [139] and Allaire [3], is employed to perform the homogenisation of the coupled
system of second-order elliptic equations. Before proceeding with a rigorous analysis of
the problem, we introduce the concept of two-scale convergence and related definitions:

Definition 24. (Weak two-scale convergence) Let 1 < p < oo. A sequence of function

ue in LP (£2) is said to two-scale converge weakly to a limit uy € LP (£2 x Y) if, for any
function ¢ (x,y) in L7 (2; Cyx (Y)), it satisfies

lim [ u.(x) ¢ a:— dx—//uo z,y) ¢(x,y) dy dz, (7.37)

e—0 0

where Cy denotes the space of differentiable functions in R? that are periodic of period
Y, and ¢ is such that é + % = 1. We adopt the notation u. = ug, and if we want to

emphasise the dependence on the variables, we write u. () 2 ug (2, y).

Definition 25. (Strong two-scale convergence) Let 1 < p < oo. A sequence of
function u. in L? (£2), is said to two-scale converge strongly to a limit ug € L? (2 X Y)
if u. 2 g and

?_{% [well o) = lwoll ooy - (7.38)

We write u, N ug or u. (x) & up (x,y). }qtd

Remark 15. The two-scale limit contains more information than the standard LP limit.
This is due to the fact that the microscopic oscillations are retained in the two-scale limit,
whereas they are averaged out in classical weak convergence. In this work, we adopt
the intuitive interpretation of two-scale convergence introduced in [143] and further
employed in [53, 96].

To illustrate this concept, we revisit the approximate function introduced in Re-
mark 14. Let 2 = (0,1), and consider the two sequences

T 1 x
u (SL‘ 6) x| m]+47r cos (27 [ x] (7.39a)
~ 1
Ue (:U, f) =zl —z]+— [1 — cos <27T£>] [1 — 22|+ sin (47rz> : (7.39b)
€ 4 5 €
which both share the same weak L? (£2) limit, namely
u(x)=z[l—1x]. (7.39¢)
However, for fixed ¢, they possess different two-scale limits
1
up (z,y) =x [l — ]+ i [1—cos(2my)|[l — 2] (7.40a)
T
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7.2 Micro-to-macro transition

and

up (z,y) =zl — ]+ 4i [1—cos(2my)][1 —2z] +sin(47y) (7.40Db)

™

as illustrated in Figure 7.4.
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Figure 7.4: Comparison of the sequences u. and .

Lemma 1. T;%{(Admissible test functions) Let 1 < p < oo, and B, (£2;Y) denote

one of the following Banach spaces L? (2; Cy (Y)), L? (Y;C (£2)) or C (£2;Cy (Y)). For
every function v € B, (2;Y), u (:c, f) € L?(£2) and

i T
i ()
e—0 g

hold. Moreover, for 1 < p < oo, the relation u (:13, f) —» u holds.
The convergence of Hu (33, %) H Lo(2) is shown in [122, Theorem 4] and the two-scale

convergence can be deduced as in [181, Lemma 1.7].

— P(2) s 7.41
iy = Tl (7.41)

We have to formulate compactness results, guaranteeing the existence of convergent
subsequences within a bounded set, in order to give sense to weak and strong two-scale
convergence theorems:
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7 Mathematical homogenisation: Thermo-electrical problem

Theorem 1. (Two-scale compactness result) If u. is a bounded sequence in LP ({2),
where 1 < p < 0o, then there exists a subsequence u. and an ug € LP ({2 x Y'), such that

ue 2 g . (7.42)

Theorem 2. (Two-scale compactness result for weakly differentiable functions)
Let u. be a bounded sequence in WP (£2), where p € (1,00), which converges weakly
to ug € W?(£2). Then, there exist ug € WP (2), u € LP (£2; W;&’p (Y)/R) and a
subsequence u, such that

us = g, (7.43)
Vau, 2 Vg + Vyug, (7.44)

where W;’p (V') denotes the space of Y-periodic W!P-functions.

For a.e. © € {2 we consider the equivalence class [u;(x,y)] € Wiﬁ’p (Y)/R and set

” [ (2, y)] HW#I"(Y)/R = Hvyul(w’y)HLp(y) : (7.45)

This is well defined since V,(u;(x,y) + ¢) = Vyui(x,y) for any ¢ € R and, by the
periodic Poincaré-Wirtinger inequality, it is equivalent to infeer || ui(®, y) — c|lwrry)-
With this choice, the space LP (£2; W#p (Y) /R) is well defined. This outcome is natural
because the underlying fields contribute to the cell problem in form of their gradients
only. The proofs for Theorem 1 an Theorem 2 for p = 2 are found in [3] and for the
general case 1 < p < oo in [122, Theorem 13].

Lemma 2. (Products of two-scale-converging functions) Let 1 < p,p;,p2 < o0

such that pil + p% = 117. Let u. be a sequence in LP' (§2), v. a sequence in LP? ({2) and

ug € LM (2xY), vg € LP? (2 xY) such that u, By 1o and v, 2 g (respectively
ve 25 vg). Then, uv. 2 ugug (respectively u.v. = ugup).
Lemma 2 is shown for instance in [181, Lemma 1.14 (respectively Lemma 1.15)].

To model the thermo-electrical response of materials as introduced in Section 7.1, we
consider the following coupled system of partial differential equations

-V [S:0.(x),x) Vo ()] =0 Ve, (7.464)
—V-[K.(x) V. (x)] — Vo () - S. (0- (x) ,x) - V. (x) =7 () Vo e,
(7.46D)

with the boundary conditions

¢ = ¢, on 0F2 (7.46¢)
0. =6, on 012. (7.46d)

On domain (2 the medium consists of a fine mixture of different materials or phases
leading to space dependent coefficients S. and IC.. We assume that the typical length
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7.2 Micro-to-macro transition

scale for the mixture is of order 0 < ¢ < 1. In order to rigorously prove results, we
focus on a Dirichlet-type problem with boundary values {e},. Additionally, to state a
well-posed weak form of (7.46), we pose the following assumptions on the electrical and
thermal conductivity tensors and boundary conditions:

Assumption 1. We assume that

e S.(0,x) = S (0) Sy(x/e) for S; € COR, [Smin, Smax]) for constants 0 < sy, <
Smax < 00, Sg € LY (Y)dXd with v - 8y - v > alv|? for a constant a > 0 and all
v € R,

o K.(z) =K (z/ec) for K € Ly (Y)™" with - K - v > aly|? for a constant a > 0
and all v € R?,

e 0, € H' (), ¢, € H'(2) with max{®, — ¢, 0}, max{—¢, — ¢, 0} € H(£2) for

some ¢, < 0.

Remark 16. The homogenisation results to be established in this section can be
generalised to coefficients 8. of the form S.(6,xz) = S(O,x,x/c) for § €

P (R,CO (ﬁ, Ly (Y)))dXd, such that & is uniformly coercive and bounded, i.e. there
exist constants a, C' > 0 such that

~-S@,z,y)-v>aly]? forallf,z cRx N andae yecy, S| zeerx2xvy < C'.
(7.47)

The corresponding weak formulations are obtained as follows. We substitute u, =
¢ —¢p and v, == 0. —0,, multiply (7.46a) and (7.46b) with test functions ¢?, ¢’ integrate
over the domain (2 and use the divergence theorem to arrive at:

Find (ue,v.) € H} (2) x Hy (£2) such that

/th ([0, +ve] (), ) - Vu. () do
/ Vo (@) - S. ([0, + v () , @) - Vé, () dz, (7.488)
/w (z) - Vo, (x )dx:—/QVgae(a:)-ICa(m)-Vﬁp(m) dz

/V¢p+us 2)- 5. ([0, + v (@), 2) - V [3, +ud] (2) ¢ (@) do
/Q e ()¢ () do (7.48b)

for all ® € H}(£2) and ¢’ € H}(£2)
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Proposition 1. Let S, KC., ¢, and 0, satisfy Assumption 1. Then, there exists a solution
(ue,v-) € HY(2) x HY(2) of (7.48). Moreover, there exists a constant C' such that for
all solutions (u.,v.) € HY(2) x HY(£2) of (7.48)

ucllzzc2) + [[Vuellz2() + Jvellz2) + Vel 22 < C (7.49)
and for ¢. = ¢, + u.,

1@l 2(2) < C, (7.50)
holds.

Proof. We show the existence of a solution (u.,v.) € HJ(2)x Hg(£2) of (7.48) by means
of a fixed point argument.

The fixed point operator L.: L?(2) — H({2) maps a given v. € L*(£2) on v. €
Hi(£2), which is the first part of the solution (v.,u.) of

/w (0 + v (), 7) - Ve () da =
(7.51a)
B /_QV(‘O () - S-([6p + ve] (@), @) - Vo, (x) do Ve’ € Hy(12),
/ ¢ () K. (z) - Vo (z /w K. (z) - VO, (x) dz
/ Vi, + ] (@) S. ([0, + 7] (@).3) Vb +u] (@)’ (@) dz  (7.51b)

/Q re (z) ¢ () do v’ € Hy(92).

Note that (7.48) differs from (7.51) in that S. ([0, +v.](x),x) is replaced by
S. ([0, + v (x),x). This changes the bi-directional coupling of the equations to a
one-directional coupling. Thus, one can solve (7.51a) for u. without considering (7.48b),
and in a second step solve (7.48b) for v..

A natural definition of L. would be a composition of the solution operator
U.: L*(2) — H} (02) of (7.51a) and a solution operator for (7.48b) that maps a given
u. € H}(£2) on the solution v.. However, such a solution operator would not be well-
defined, since the second integral on the right-hand side of (7.48b) is not well-defined
for arbitrary u. € H'(£2) and ¢’ € H}(£2) due to a lack of integrability. However, we
show below that: if u. is additionally a solution to (7.51a) for given v, this integral can
be identified with (R, (v.) ,¢9>H71(Q)7H3(Q) for an element R. (v.) = R.(v.) € H ()
and, thus, is well-defined. Note that R, itself is a mapping from L?({2) to H'(£2) with

(R (v:) 7¢9>H*1(Q),Hé(9) =

- /9 Vb + Us ()] (2) - S: ([0, + 0] () @) - V[¢ + Us (0)] () ¢ (2) dz.
(7.52)

150



7.2 Micro-to-macro transition

Consequently, instead of (7.51b), we consider the equation

/QV<p9 (x) K. (x) Vo (x) do = —/ Vel (x) - K. (x)- VO, (x) dz

2

(05 ) s () — /Q ro(@) o (@) de Ve € HA(Q)  (7.53)

for some h.s. € H~!(§2) and denote the solution operator of (7.53) by V.: H™' (£2) —
L*(92), i.e. hs. — V. (hs.) = v., where v. € H} (£2) is the solution of (7.53).

We define L. by v, — L. (v.) == (V. o R.) (v.) and obtain for well-defined U., R, and
V. from (7.51a), (7.53) and (7.52) that (v., u.) is a solution to (7.48) if and only if v, is a
fixed point of L. and u. = U; (v.), i.e. (ve,ue) = (Le (ve), Us (v2)). To apply Schauder’s
fixed point theorem, we have to verify that L. is continuous and has a bounded range in
H' (£2). Then, Rellich’s theorem yields the compactness of L. as mapping from L? ({2)
to L2 (£2).

Solution operator U, for (7.51a) with given v.:

Let . € L*(2) be given. To show that U. is well-defined, we have to show that
(7.51a) has a unique solution u. € HJ(£2) for given v. € L*(£2).

By  Assumption 1,  the coefficient field 8. ((0,+7.) (x),x) =
S1 ([0, + 0] (x)) Sa(x/e) satisfies the uniform bounds a sy |2 < €&
S ([0p+v](x), ) - & and & - S ([ +v](x), @) - v < Swmax|[Sollry €] 7]
for a.e. & and all &~ € RY  Consequently, the bilinear form a., (u,p) =
JoVe - 8 ([0, + 7] (x),x) - Vudz is uniformly coercive and bounded on H({2)
with constants independent of v.. Thus, we can apply the Lemma of Lax-Milgram,
which shows the existence and uniqueness of a solution u. € H}(2) to (7.51a) for all
©? € H}(2) and given 1. € L*(§2). In order to obtain e-independent a priori estimates,
we choose ¢ = u. as a test function in (7.51a), and use the uniform coercivity condition
and essential boundedness of the coefficient matrix S, introduced in Assumption 1,

a Smin || Ve[ F2() < /QVu6 () - S ([0p + 0] (), ) - Vu (x) do

= —/ Vue () - S ([0, + 0] (x) ) - Vo, (x) dz
(9]
< Smax |82l @2) [VopllL20) Vel 12(0) < Cf|Vue[12(0) -
(7.54)

Using the Poincaré inequality, we can also estimate ||u.||r2(o) and obtain

el r2(2) + (| Vte][r2(0) < C (7.55)
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7 Mathematical homogenisation: Thermo-electrical problem

for a constant C', which is independent of ¢.
Continuity of U.:

For fixed € > 0, let (v.;),. be a sequence in L*({2) that converges to v. € L*({2) and
let u. = Us (v.), ue; = U. (V) for ¢ € N. Thus, v., u. satisfy (7.51a) and v.;, u.; satisfy

/QVL,O‘Zﬁ () - S ([0p + V] (), ) - Vu,; () doe =

_ /Q Vel (@) - 8. ([0, + 7 (@), @) - Vo, (x) dz Vg € HL(Q).
(7.56)

We subtract (7.51a) from (7.56) and choose ¢ = u.; —u.. After rearranging, we obtain
/ V (e — ue) (x) - Sc ([0p + Vi) () ) - VU — ue () de =
o

_/Q Vue; —ue] () - [Sc ([0, + 0] (=) ,x) — S ([0, + 0] (x) ,2)] - V [p) + uc] () da.
(7.57)

We estimate the left-hand side using the uniform coercivity of S, ([0, + V.| (x), ) and
the right-hand side using the Holder inequality to arrive at

O Smin ||v [ua,i - u&] ||%2(Q) S

|| [86 (Hp + Ve i, x) - S. (ep + Ve, w)] \4 [¢p + UE] ||L2(Q) ||V [Ue,i - Us] ||L2(Q) :
(7.58)

We divide (7.58) by ||V [ue,; — ue] || 22(s2), if it is different from zero, to deduce

IV [ue; = ue] lz2(2) < Ol [Se (6p + Ve @) = Se (0, + Ve, ®)] V[ + ue] ||L2<r(z> )
7.599

We note that the convergence of v.; — . in L?({2) implies ||S. (6, + v, ) —
S.(0p +e,-) |22y — 0 since 8. is continuous with respect to its first argument
and essentially bounded. Application of Lemma 3 to the sequence S. (6, + vU.;,-) —
S. (0, +7v.,-) and to the constant sequence V [¢, + u.| shows the convergence of the
right-hand side of (7.59) to zero for i — oo. Thus, ||V [uc; — uc]|/z2(2) — 0, which
shows that U.: L? (2) — H} (£2) is continuous.

Right-hand side of (7.53) (R.):

We note that for arbitrary u.,v. € H} (£2) the second integral on the right-hand side
of (7.51b) is not well-posed due to a lack of integrability. A priori, we can only use test
functions ¢? € VVO1 >°(£2). Thus, we cannot use the fixed-point argument to determine
a solution v, to (7.51b) for arbitrary given u. € Hj (£2). Instead, we show that the
mapping of ¢’ to the second integral on the right-hand side of (7.51b) can be identified
by an element in H~1 (£2) if u.,v. € H} (£2) satisfy (7.51a), i.e. u. = U, (0.).
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7.2 Micro-to-macro transition

Let v. € L*(2) be given and u. = U, (v.) € Hj (§2) be the solution to (7.51a)
as defined above. We apply the weak maximum principle [63, Theorem 8.1] on —V -
(S ([0p + 0] (x), ) - V[d, +u(x)] = 0 so as to estimate ||u. + ¢pllr=(n) by the
boundary values

e + d)pHL‘X’(Q) < sup |ue + ¢p| = sup @, < by, - (7.60)
o0 o

Let ¢ € C}(£2) be arbitrary. We choose ¢? = [¢, + u.] ¢ € H}(£2) in (7.51a) and use
the product rule

0= /QV [[¢p + uc] (®) o (2)] - Sc ([0 + 0] (2) , 2) - V[P + ue] () du

- /Qv B + el (2) - S: (1 + Tl (2),2) - VIbp +w] @) 9 (@) do

+ /Q Vo (&) 8. ([0, + 7] (), ) - V [0 + ] (&) [ + ] (&) da

= R, (657 90) + Ee (’{){\57 ()0) :
Using the Holder inequality and the uniform estimates (7.55) and (7.60), we obtain

|Re (3, 0) | < CNIV (8 +uc] ey 0p + tellzm() Vel < © val\mm% |
7.62

for all ¢ € C}(£2), with a constant C' independent of ¢. Hence, for fixed 7, the map
¢ — R.(0.,¢) is a bounded linear functional on C;(£2) with respect to the Hj-norm.
Since C}(£2) is dense in H}(£2), this functional extends uniquely by continuity to an
element of H~'(£2). We denote this extension by R.(7.) and obtain the uniform bound

“éa(’ﬁe)HH*l(Q) < C. (763)

Thus, we get }§5~('17€, ) = R.(v.) € HY(£2) and by (7.61) arrive at R. (v.) = R. (0., ) =
—R. (v.,) = —R.(v.) € H (£2). Additionally, with the uniform estimate of (7.62) at
hand, we obtain

I1Re (3) ll-1(2) = |1 Be (@) |10y < C- (7.64)

Continuity of R.:

Let ., ve; € L? (2) and u. = U, (V.), ue; = Ue (Vz;) for i € N such that 0.; — 0. in
L*(£2), which implies the convergence u.; — u. in H'({2) by the continuity of U. and
the uniform essential boundedness of u.; + ¢,. With the Holder inequality, we get

|R€ (587 90) - Rs (7176,% @) |

HRE (@/5) - Rs (65,1') HH—l(Q) = sup
PEH(£2), 70 H(:OHH(%(_Q)
ﬁs Nsa _Es ~z—:i7
oy EG9) - ap)]
PEHY(12), 00 IVl L2 (o)
<|[Sc(0p +0e) - V[ + ue] [fp + ue] — Se (0p +0ei) - V[p + uei] [9p + ] ||L2(Q) :

(7.65)
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7 Mathematical homogenisation: Thermo-electrical problem

Arguing as above, the strong convergence of v.; to v. implies the strong convergence of
S. ([0, + V4] (), x) to S ([0, + V] (x) , ). Then, we apply Lemma 3 twice to deduce
the convergence of the right-hand side of (7.65) to zero and, thus, the continuity of
R.: L?(2) — H'(N).

Solution operator V. for (7.53) with given heat source (h.s.) in H~!(£):

The lemma of Lax-Milgram ensures the existence and uniqueness of a solution v, €
H($2) of (7.53) and, thus, V. is well-defined. Moreover, choosing ¢’ = v. and using the
uniform coercivity and boundedness of IC., standard energy estimates and the Poincaré
inequality lead to

lvellz2(2) + IV vellz2) < C [IVOll2(e) + s -1 - (7.66)

Compactness of the fixed point operator and a priori estimates:

Combining the estimates (7.64) and (7.66) yields
| Le (Veve) || 22(02) + |V Le (Vee) || 22(0) < C for all .. € Hy(£2). (7.67)

Using the compact embedding of j: Hj(2) — L*(2) and the continuity of V. and R.,
we obtain that j o L. is a compact operator from {v € L*(2) | ||[v]l12() < C} to
{ve L*(2) | ||[v]r2(0) < C} for a sufficiently large constant C'.

Schauder’s fixed point theorem establishes the existence of a fixed point v, € L?(2)
such that (7.48) has a solution. A priori bounds in (7.49) then follow by combining:
(i) the energy estimate for the electrical problem, cf. (7.55), which gives ||u.||r20) +
Ve[ z2(2) < C (ii) the energy estimate for the thermal problem with h.s. = R (v.),
cf. (7.66), which gives ||vc|| 20y + || Ve 12y < C; and (iii) the weak maximum principle
for ¢ = ¢p + ., cf. (7.60), which yields ||¢.||ro(0) < C,}?;% O

Remark 17. In the case of linear second-order elliptic equations of the form

V- [K.(x) Vb (x)] =r.(x) Ve, (7.68a)
with the boundary condition

6. =6, on 012. (7.68b)

and r. denoting a given function in L? ({2), it admits a unique solution 6. in H}. Owing
to the well-posedness and linearity of the problem, one may directly rely on classical
existence and uniqueness results from elliptic PDE theory. As a consequence, the inter-
mediate regularity steps discussed earlier can be avoided in this case.
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jon

Theorem 3. 9[1;;1]{ Let (ue,v.) € H (2) x H} (2) be a sequence of solutions of

(7.48), with the following definitions u. == ¢. — ¢, and v, = 6. — 6,. Then, there
exists a subsequence (¢, 0.) such that
o — @g in L? (2), (7.69a)
0. — 0y in L*(02), (7.69b)

where (¢, 0y) € H* (£2) x H' (£2) is a solution of

/ Vool (z) - 8" (6 (), @) - Vadho () dz =0, (7.70a)
P

/ Vil (@) - IC* () - Voo () dz =

kp]

- /908 (x) Vago (z) - A" (6o (x) , ) - Vit (x) dz — /97’0 () 908 (z) dz

(7.70b)

for all ¢f € H'(2) and ¢f € H'(£2).
The effective conductivity and coupling tensors for a parameter 6y € R are given
by

5%, (60) = /Y e~ S (6o, y) - [e; + V,¢] dy, (7.71a)
= /Y & K () - [e; + V&) dy, (7.71b)
AL (60) = /Y o+ V] - S (o, ) - [e + V,G] dy, (7710

where use has been made of the solutions (; (6p,y) € H# (Y) to the decoupled
electrical cell problem

/YVM (y) - S (60, ) - [e; + VG (60, )] dy = 0 for all o € Hy (Y) (7.72a)

and the solutions &; (y) € Hj (Y) to the thermal cell problem

| 9t @) K )i+ Vi @l dy =0 for all of € Y (V). (7720)
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7 Mathematical homogenisation: Thermo-electrical problem

Remark 18. In Theorem 3, the convergence result holds only up to subsequences since
the uniqueness of the solution to the limit equation is not clear. The convergence result
for (¢e,0:) could be extended to the entire sequence, if one could show that the limit
system (7.70) has a unique solution.

Proof. Before we can identify the limit equations, we deduce the precise form of the
two-scale limit of the sequences ¢. and .. By Proposition 1, the sequences u,. and v, are
bounded in H} (£2). Thus, there exist ug, vy € Hy (§2) and subsequences u. and v, such
that u. and v. converge weakly in H{(f2) to ug and vy, respectively. By the compact
embedding of Hj(£2) in L*(§2) and after passing to a further subsequence, the strong
convergence results u. — ug and v. — vy are obtained. Moreover, by the two-scale
compactness result for gradients, Theorem 2, we obtain w;, v; € L? (_Q, H;E (Y)) such
that after passing to a further subsequence we arrive at

Vu, — Vyug + Vyup, V. = Vv + Vyuy . (7.73)

To shorten the notation in the limit process, we work in terms of ¢, = u. + ¢, and
0. .= v, + 0, instead of u. and v.. We get the convergence results

¢ = o,  O.—0  inL*(12), (7.74)
Vo 2 Vodo+ Vydr, V. = Vb + V,0, (7.75)

for ¢0 = ug + ¢p7 60 = vy + Op, ¢1 = Uy and 91 = V1.
Moreover, due to the uniform essential boundedness of ¢. given by (7.50) in Propo-
sition 1, we can improve the convergence result to

P — Po in L7 (§2) (7.76)

for every p € [1, 00).
Passage to the limit for the electrical problem:

We test (7.48a) with test function
x
o (@) = ¢f (@) + e (2,2) (7.77)
where ¢f (z) € C5° (2) and ¢f € C5° (£2,C% (Y)). The high frequency oscillations are

of period ¢ and in resonance with the oscillations of ¢. of the same frequency. Hence,
these oscillations are not hidden by averaging while passing to the limit in

/Q [ngog (@) + £ V0 (a: g) + V0 (w%)] 8. (6. (x),%)-Vo. (z) dr =0. (7.78)

In order to pass to the limit, we have to show the strong two-scale convergence of
S:(0-(x),x). Werewrite S, (0. (x),x) = S1 (6. (x)) S2 (x/e). Due to the boundedness
and continuity of S;, we can transfer the strong L?({2)-convergence of 6. to g, to the
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7.2 Micro-to-macro transition

strong LP({2)-convergence of S; (0. (x)) to S1 (6 (x)) for every p € [1,00). Moreover,
the strong two-scale convergence of Sy (x/c) 5+ S, (y) for every p € (1,00) is given
by Lemma 1. Thus, by Lemma 2 the product S. (6. (z),z) = S; (A. (x)) S (x/c) 3>
S (0 (x),y) =851 (0 (x)) Sz (y) for every p € (1,00). Together with the weak conver-
gence of Vu, and the strong two-scale convergence of V,¢¢ (x,z/¢), eV 1 (X, x /) and

Vo1 (z,z/e) , which is given by Lemma 1, we can pass to the limit ¢ — 0 and obtain

/ / Vogh () + Vool (2, 9)| - S (0y (), y) - [Vado () + Vo1 (2, y)] dy dz = 0.
(7.79)

By a density argument, (7.79) holds for all § € H} (£2) and ¢} € L* (£, HL (Y)/R).
With (7.79) at hand, we obtain the weak formulation of the two-scale limit problem

Find (¢o, 1) € H' (2) x L? (2, H}, (Y)) such that ¢g — ¢, € H} (£2) and

/Q/Y [Vzgog () + V0 (z, y)] 8 (0 (x),y):[Vago () + Vyo1 (z,y)] dy dz =0
(7.80)

hold for all f € Hg (£2) and ¢f € L2 (22, H} (Y) /R).

The existence of a solution to (7.79) is ensured by the homogenisation process. Choos-
ing ¢¢ = 0 and using the linearity of (7.72a) leads to

b ) =S 205 g, @)y, (7.81)

- Ox;
=1

where (; (6o, ) € Hy(Y) is the unique solution (up to an additive constant) of the cell

problem (7.72a). Choosing ¢{ = 0 gives rise to the homogenised problem (7.70a) with
S* given by (7.71a).

Passage to the limit for the thermal problem:

By choosing the test function in (7.48b) as
x
o (@) = ¢ (@) +ef (2. 2) | (7.82)

with ¢f (z) € C5° (2) and ¢ € C§° (£2;C (Y)), we obtain

/Q [szog () 4 & V! (a:, %) + V¢ (a:, ?)} K. (2) - V0. do

e (23 -

/ Vo. (@) 8. (6. (),2) - Vo. () [eh (@) +< ol (2.2)] s
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7 Mathematical homogenisation: Thermo-electrical problem

For the left-hand side of (7.83), one can pass to the limit by standard arguments and
obtains

/9 [wﬁ (z) + & Vol (az, %) + V, ! (a:, %)} K. (z)- Vb, (z) dx

+/QTE (m,%) [gog (x) 4+ e ¢f (w,%)} dx

- /Q /Y [Vaioh () + V! (2, 9)] - K (y) - [Vabo (z) + V,01 (z,y)] dy dz

+Lmew%@mwm

However, the nonlinearity of the right-hand side requires some detailed discussion. Since
V., a priori, only two-scale converges weakly, we can not pass to the limit because it
does not appear linearly. We address this issue by rewriting the right-hand side of
(7.48b) as in the existence proof of the microscopic problem using (7.48a). Testing
(7.48a) with the e-dependent test function ¢? (-) = . (-) [¢f () + £¢f (-, 2)] and using

.7€

Vel () = Vo () [¢6 () el ()] + 0 () V [9f () + el (- 2)] vields

(7.84)

/ Vo. (z)- 8. (0. (z), ) - V. (z) [cpg (@) + e’ <a: g)} de

=~ | Vo.(@)- 5. 6. () @) V [t @) + el (@.2)] 6. @) da

=—[§w4mysaamﬁww[mwwm+fmwma§)+mmﬂéfﬂ¢amdm
(7.85)

With the weak two-scale convergence of V., the strong two-scale convergence of the
coefficient matrix S. (6. (x)), the strong two-scale convergence of the gradients of the
test functions and the strong two-scale convergence of ¢.(x) at hand, we eventually
obtain the limit equation

[ V6. @) 5.0 (@), 2) - Vo. (@) [l @) + =t (2. 7)] o

(9}
%—/ﬂ%%@+%%@wﬂ&%@w%%%@H%%@wWW%Mm
h (7.86)

We simplify the right-hand side of (7.86) by eliminating the term V,¢f. Choosing

cpg = 0 and gpf = ¢} in the two-scale limit equation of the electrical problem (7.79)
results in

téK}%%C@+W@N%wPSWM@40[%@ﬂ%ﬂﬂ%yﬂ@dxzﬁ
(7.87)
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Inserting (7.87) in the right-hand side of of (7.86), we obtain

/qu)g : 0. (x),x) Vo (x) [gog (x) 4+ e ¢f (a:, g)] dw

E —/ [ Vetn(@) + 9,01 (@.9)]- S (60 (@) 9) - [on (&) Vah (@)] dy
oJy
(7.88)
By using (7.84) and (7.88), we finally pass to the limit in (7.83)

/ / Vel (®) + V! (z,9)] K () - [Vibo (z) + V0, (z,y)] dy dz
+/Q/Y7‘o (#,y) ¢o () dyde (7.89)
:/(ZL[VQCQSO(‘”)*%% (@,9)]-S (00 (), y) - [¢0 (%) Varpp ()] dy da.

Indeed, (7.89) could be used as the two-scale limit system. However, it is in a different
form than the system obtained from a formal asymptotic expansion or Hill-Mandel-
type energy-based homogenisation. The reason is that we rewrote the right-hand side
of (7.48b) by using (7.48a) when rigorously passing to the limit. To retrieve the limit
system for the thermal problem obtained in Section 7.2.1 and Section 7.2.2, we rewrite
the right-hand side of (7.88) by using the two-scale limit system for the electrical problem

(7.79). Choosing ¢ = ¢o ¢} and ¢©f = ¢, ¢} in (7.79), we obtain

/ / (60l () + Y, [0 48] (. 9)]-S (0 (), 4)-[Vado () + V1 (. )] dydz = 0.
(7.90)

Using the product rule and observing that ¢f does not depend on ¥y, we can rewrite
(7.90)

/ / b0 () Vol ()] - S (0 (), 9) - [Vatho () + Vo (, )] dy da

- /Q /Y o (2)[Vado () + Ty (. 9)] 8 (6o (), 9) - [Vado () + Vyoo (@, )] dy
(7.91)

Replacing the right-hand side of (7.89) by (7.91) gives the alternative version of the
two-scale limit equation for the thermal problem

| [Veeh @ + 9t @9)] - K () [Vt ) + 01 ()] dy do

// (x,y) ¢, () dydx

- /Q / 0 () [Vao () + Tyt ()] S (6o (@) , ) - [Vado () + Vo1 (, )]y dr.
(7.92)
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By a density argument (7.92) holds for all ©f € Hg (£2) and ¢} € L* (12, H}, (Y) /R) so
that we eventually obtain the final version of the weak form of the thermal two-scale
limit problem

Find (6, 61) € H' (£2) x L* (12, H}, (Y)) such that 6, — 0, € Hj (£2) and

/ / Vagl (@) + V! (@, 9)] - K (1) - [Vabo (@) + V01 (2, 9)] dy de

- [ [ @) @) dy s

:/(2/5wa (2)[Vato () + V01 (z,9)]- S (00 (2),y) - [Vado (z) + Vb1 (x, y)] dy dx
(7.93)

hold for all ¢§ € Hj (2) and ¢f € L? (22, H (Y) /R).

To derive the homogenised system, we separate the macro- and microscopic variables.
In line with the derivations for the electrical problem, we choose ¢% = 0 and use the
linearity of (7.72b) to obtain

d
o)=Y 0
=1

for & € Hj, (Y') given by (7.72b).
Analogously, by choosing ¢{ = 0 and by inserting (7.81) and (7.94) into the ensuing
equation we arrive at

(7.94)

/QVM?) () - K" (2) - Vb (®) do = —/ng () Vago (@) - A" (b, ) - Voo () du

_ / ro(x) @) (x) da
N
(7.95)

with IC* and A* given by (7.71b) and (7.71c). O
Remark 19. By choosing ¢} = ¢o ¢§ and ¢ = 0 in (7.79), we arrive at

/ / b0 () Vol ()] - S (00 (x) . 9) - [Vado () + V1 (2, 9)] dy da

/ / Vado(x) ¢f ()] - S (6o () . 9) - [Vado () + Yy ()] dy d.
(7.96)
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Using this result in the right-hand side of (7.89), the thermal two-scale limit problem
simplifies further to

4£ﬁmm@+%ﬁmwym@wW%m+%&mmme

[ [ @) i)

== /Q/Y [Vx% () 908 (w)] SO0 (),y) - [Vato () + Vyo (2, y)] dy dz .
(7.97)

Additionally, by following the same steps as in the derivation of (7.95), we conclude that
(7.71c) simplifies to (7.71a). From a physical perspective, this result implies that the

effective electrical conductivity tensor and the effective coupling tensor are equivalent,

. d.
Le. }?;2]

S (Op(x),z)=A" (0 (x),x) . (7.98)

7.3 Representative simulation results
‘%;%{Concluding the study of thermo-electrically coupled multiscale-problems, we focus
on representative boundary values problems in one, two- and three-dimensional settings.
In Section 7.3.1, we discuss the classic ordered checkerboard problem, for which an ana-
lytical solution is available. Remaining in a two-dimensional setting, we extend the study
in Section 7.3.2 to more realistic two-phase microstructures with particular focus lying
on the microscale corrector fields. Approaching the three-dimensional setting, we even-
tually analyse dissipative coupling effects for random three-dimensional microstructures
in Section 7.3.3.

In accordance with (2.51)—(7.3) and by using that the microscale constitutive rela-
tions are to be evaluated at (fixed) macroscale temperature 6y, we drop the explicit
temperature dependence and take the conductivity tensors to be of the form

S(y)=re(y) I (7.99)
and
K(y)=re(y) I (7.100)

with scalar-valued conductivity coefficients k4 > 0 and kg > 0.

We base our studies on isoparametric finite element discretisations (4-noded quadri-
lateral elements and 8-noded hexahedral elements) and use Gaussian-type quadrature
rules (4-point and 8-point) to evaluate integrals in the two- and three-dimensional set-
tings, respectively.}g;]'
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Figure 7.5: Mesh refinement study for the ordered checkerboard problem. (a) Relative error with
respect to the analytical solution as a function of phase contrast and mesh density. (b) (Normalised)
Directional conductivities for a/f = 5 and mesh densities according to (a). Mesh density decreases in
direction of arrow in (b). Reprinted from [72] under the terms of the Creative Commons Attribution
License (CC BY).

7.3.1 Periodic checkerboard-type microstructures

?;%‘{The effective properties of periodic checkerboard-type microstructures with two dif-

ferent constituents have been extensively studied in [20, 25, 42, 121, 180]. In partic-
ular, Dykhne demonstrated in the seminal work [42] that the effective conductivity of
two-dimensional periodic checkerboard-type microstructures with statistically equivalent
phase distributions is equal to the geometric mean.

For the study at hand, we choose the particular function for the scalar-valued con-
ductivity coefficients

ke (Y) = (7.101)

a (y-e,y-e)el0,057U]0.5, 1,
15} otherwise

and expect the effective conductivity tensors to be of the form

S =K*=\/aplI. (7.102)

To validate the finite element implementation, we evaluate (7.70) for different finite
element discretisations and study the convergence behaviour upon mesh refinement as
well as the isotropy of the effective constitutive response. To this end, we make use of
the projected effective conductivities
—1

Ky = [ep - s ep]

(7.103)

The respective findings for 2" x 2" discretisations are provided in Figure 7.5. Addi-
tionally, we depict the corrector field and its gradient in Figure 7.6, with the localised
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VyCl c €1 Vygl D)

Figure 7.6: Corrector field ¢; (y) (left) and its gradient V,(; (y) (middle and right). The central square
marks the representative unit cell corresponding to the 2™ x 2™ discretisation. Reprinted from [72] under
the terms of the Creative Commons Attribution License (CC BY).

nature of the solution near the phase boundaries being clearly visible. These singular-
ities are the underlying cause for the seemingly high errors observed in Figure 7.5 for
rather moderate mesh sizes. For this reason, special numerical techniques to handle the
checkerboard problem have been proposed [20, 65, 79] which are, however, not in the

scope of this Work.}?;;]'

7.3.2 Two-dimensional multi-inclusion problem

(%;g]'{Extending the study on regular periodic microstructures we focus on general (peri-

odic) multi-inclusion problems in a two-dimensional setting. We adopt a phase contrast
ginclusion /omatrix — 5 and provide the corresponding corrector fields and their gradients
in Figure 7.7. Based on these, we calculate the effective conductivity tensors

(7.104)

[ ) Y

a0 e [ 1433 —0.006] i
(8o, = 1Koy, = {—0.006 1.437 ] "

which are found to be (almost) quasi-isotropic.

Remark 20. To compute effective conductivity tensors, the unit load method, derived
from the method of asymptotic expansions, can be utilised. Alternatively, the method
of condensation or the perturbation method can be employed to achieve similar results.
Details of the finite element implementation are omitted, as they are not central to this
chapter. Discrete closed-form solutions for the homogenised fields and the associated
tangent contributions are based on [100]. While the current investigation includes an
additional temperature field, the underlying framework, based on [100], can be readily
extended to thermo-electrical case due to the analogous nature of the temperature field

to the electric potential ﬁeld.}([];g]'
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Figure 7.7: Corrector fields ¢; (y) (left) and their gradients V,¢; (y) (middle and right) for unit loads
in e;- and ep-direction, respectively. Reprinted from [72] under the terms of the Creative Commons
Attribution License (CC BY).

7.3.3 Three-dimensional multi-inclusion problem

Wz]{Focusmg on the influence of the microstructure on the thermo-electrical coupling,
we study the three-dimensional multi-inclusion problem depicted in Figure 7.8a. The
effective macroscopic coupling tensor for this particular microstructure and a phase
contrast ginclusion /pmatrix — 5 pnamely

1.183 0.000 0.000 .
[A,,,, = [0.000 1.272 0.000 g matrix (7.105)
? 0.000 0.000 1.183

is anisotropic. In view of (7.105), we evaluate the dissipative macroscale heat source
= V¢y - A" - V¢, for loading directions e, on the sphere. The corresponding visu-
alisation in Figure 7.8b clearly shows the influence of the underlying microstructure on

the coupling term. }‘[%i]'
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(a) Three-dimensional multi-inclusion problem (b) Directional dissipation contribution

Figure 7.8: Dissipative macroscale heat source for a three-dimensional multi-inclusion problem with
phase contrast ginclusion /gmatrix — 5 Reprinted from [72] under the terms of the Creative Commons
Attribution License (CC BY).

D Appendix

In Appendix D.1, the zeroth-order equation in the asymptotic analysis is derived as an
alternative to the argument given for (7.18a). Appendix D.2 presents the derivation of
the effective conductivity tensor in tensor notation. Appendix D.3 details the relevant
steps of the asymptotic analysis for the one-dimensional bar example. Finally, Ap-
pendix D.4 provides a supplementary argument for the existence proof in the two-scale
convergence analysis.

D.1 Zeroth-order equation in asymptotic analysis

(%;g]' {Alternatively to the argument given in Section 7.2.2, (7.18c) can be obtained by

multiplying (7.18a) with ¢y and by integrating the ensuing equation over the periodic
unit cell Y.

Proof. For any uniformly bounded and positive definite second order tensor & there
exist two positive constants 0 < a < 3 < oo such that for any vector v € R?

aly? <v-8(b,y) v < Bl (7.106a)

holds. The positive-definiteness of & guarantees that the material conducts electrici-
ty/heat in all directions. The inequality ensures that the dissipation associated with
the electric field (represented by the gradient of the potential —V,¢y) is bounded. This
prevents the energy norm from becoming negative, arbitrarily small or infinite, which is
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crucial for the stability of the system. Based on (7.106a), choosing v = —V, ¢, results
in

o / 1V, 60f? dy < / S (B,9) - V0] - Vo dy
(7.106D)
/ V, - [S (8o, ) - Vydo] o dy + / S (60, y) - Vyb0] - 1o dy

5)4

The first term on the right-hand side vanishes due to (7.18a). The second term vanishes
due to periodicity. As a result,

Vygo (@, y) =0 = do=do(x) . (7.106¢)

is obtained. }F;;] O

D.2 Effective conductivity tensor

Proof. Of;g]'{T he effective conductivity tensor 8 can be obtained by inserting (7.19¢) into
(7.20c)

. v

VG (y) + e dy] =0 (7.107a)

d
/ 907 y Z
qtd

and by rearranging the term on the left-hand side}[72]'

1\ ¢o() d o
/YS (907 y) ZZI al'z [v Cz + eZ zzl |:/ 90, [VyCZ (y) + ei] dy:| axl
d d d
k=1 Li=1 j=1 :
d d ) a¢ *
= 2 ZSIW 801’1 ] e, =8V, () .

(7.107D)
[

D.3 Derivation of one-dimensional problem

In one-dimensional periodic homogenisation, the effective conductivity is given by the
harmonic mean over a single period Y = (0, 1), i.e

1 1
ﬁ:[/mdy' (7.108)
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Evaluating the effective conductivity for our specific K(y), as provide in (7.30), results
in

1

1
1

/2—1—81n(27ry)dy 2 - K'=-. (7.109)
K )y 2

Additionally inserting the calculated effective conductivity into the homogenised equa-
tion with a source term r(z) =1 yields

To capture first-order effects of the microscale, we solve the cell problem

_d_‘; [;C () {HS_SH —0 - K@) [1+§—§] ~C (7.111a)

for some constant C', with periodic boundary conditions on Y. Further arranging the
equation leads to the following condition

df_ C df_i_
b S i i (D)

In order to determine constant C', we need to integrate over Y and impose periodic
boundary conditions, i.e.

1
/ gfdy—0—>/ {——1]dy—0 — C’—# (7.111c¢)
o 4y (y) fomdy

Finally, we obtain C' = K*, and inserting constant C' back into (7.111b) results in the
general form of the characteristic equation, namely

€ _ k& _ [ R
@ = X0 I = &y = /0 [IC(S) 1] ds. (7.111d)
For the problem at hand
Y1 1
¢(y) = /0 ésin (27s) ds = ~in [cos (2my) — 1] (7.112)

is obtained, see Figure 7.2b.

D.4 Analysis tools

Lemma 3. qd {Let 2 C R? be open and u,, v, be sequences in L?({2) that strongly

converge to v € L*(2) and u € L?*(02), respectively. Moreover, assume that v, is
uniformly essentially bounded, i.e. |[v,||L=(2) < C. Then, the product u, v, strongly
converges in L?(£2) to uw.
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Proof. We note that the uniform essential boundedness of v,, implies the essential bound-
edness of v. Thus, uv € L*({2). By the convergence of u, and v,, we can pass to sub-
sequences u,, and v,, that converge pointwise to u and v, respectively. Moreover, the
subsequence can be chosen such that there exists a function g € L?(§2), which dominates
|un, | almost everywhere, i.e. |u,, ()| < g(z) for a.e. x € 2. Consequently, the product
Up, Un, converges pointwise almost everywhere to uv and u,, v,, is dominated by C'g.
The dominated convergence theorem provides the convergence of wu,, v,, to uv. Since
this argument holds also after passing to an arbitrary subsequence, the convergence
holds for the entire sequence.}‘[f;]' [
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8 Concluding remarks

This thesis presents a thermo-electro-mechanically coupled computational multiscale
framework for electrical conductors containing microstructural features such as inclu-
sions, pores, grain and phase boundaries. The central motivation lies in quantifying how
microstructural features and interfacial degradation influence macroscopic (effective)
electrical response.Chapter 2 establishes the theoretical foundation by deriving
thermodynamically consistent field equations and validating their finite element
implementation. Building on this, Chapter 3 introduces a cohesive zone formulation
that captures interfacial failure and explicitly accounts for interface temperature,
thereby enabling coupled degradation modelling. Chapter 4 develops a multiscale
homogenisation scheme for conductive materials under combined loading, extending
existing electro-mechanical approaches to include thermal subproblem. Chapter 5
integrates cohesive-type interfaces into the multiscale framework, demonstrating the
emergence of size effects within a first-order setting. In Chapter 6, the proposed
multiscale framework is applied to polycrystalline materials, demonstrating predictive
capability against analytical benchmarks and highlighting the limitations of classical
grain boundary resistivity models. Finally, Chapter 7 provides mathematical justifica-
tion for the adopted multiscale framework by deriving the same macroscopic equations
via asymptotic expansion and two-scale convergence. Together, these contributions
provide a multiscale modelling framework for coupled thermo-electro-mechanical
behaviour in electrical conductors, with particular emphasis on understanding the role
of microstructure and material interfaces in macroscopic material response.

8.1 Summary and conclusion
?;i]'{ln Chapter 3, a fully coupled thermo-electro-mechanical cohesive zone formulation
is proposed. To this end, the fundamentals of continuum thermodynamics for a con-
tinuum with material interfaces are summarised. In particular, the governing equations
for quasi-static, quasi-stationary processes are derived, and the second law of thermo-
dynamics is investigated. The particular form of the dissipation inequality for the bulk
and the interface is obtained, and the restrictions on the constitutive functions are stud-
ied in detail. With the governing sets of balance and constitutive relations at hand, a
weak formulation and the associated finite element formulation for the proposed electro-
thermo-mechanically coupled cohesive zone framework are discussed. Following the ap-
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proach in [98], specific constitutive forms motivated by the influence of mechanically-
induced interfacial damage on the electrical conductivity are adopted and extended to
thermal coupling. Next, a (quasi-)one-dimensional boundary value problem is analysed,
and the proposed finite element implementation is validated against analytical solutions.
The focus is eventually set on more general two-dimensional boundary value problems
as motivated by experimentally observed failure processes in wire bonds. It was shown
that the framework presented in this chapter can capture thermo-electro-mechanically-
induced interface failure processes. Furthermore, the fundamental formulation provides
a basis for simulating different damage mechanisms. These can be incorporated by
taking into account well-established evolution equations for the damage variable under
consideration that may include coupling to different micromechanical processes such a
plasticity. The proposed formulation thus serves as basis for future developments by
establishing a general framework that may be applied to different materials and experi-
mental findings. In view of recent developments on generalised imperfect interfaces the
proposed framework shall further be extended in future contributions so as to account
for interface-elastic effects and tangential currents to the interface. Moreover, certain
applications may require a geometrically exact description of the interface such that the
small deformation assumption is not valid anymore and the formulation needs to be
extended accordingly.}gg'

The scope of Chapter 4 is to present a first-order computational multiscale frame-
work for electrical conductors subjected to thermo-electro-mechanical loading. This
chapter builds directly upon the governing equations introduced in Chapter 2, and
extends the electro-mechanical formulations of [100] by incorporating thermal effects
into the multiscale setting. Particular attention is paid to the coupling terms aris-
ing from Joule heating and thermal expansion, which are consistently upscaled within
the Hill-Mandel energy equivalence framework. Scale-bridging relations for thermo-
electro-mechanical problem are proposed. In addition, energetically consistent boundary
conditions are discussed in detail, and the computational procedure is derived from a
variational principle. Importantly, Chapter 4 establishes the general multiscale formu-
lation for coupled thermo-electro-mechanical problems and serves as the theoretical and
numerical foundation for subsequent chapters.

?;2]'{111 Chapter 5, a computational multiscale formulation for electrical conductors
that features material interfaces at the microscale is proposed and a finite element im-
plementation is discussed. Several numerical examples are studied in two-dimensional
settings to show the applicability of the proposed formulation. The finite element results
are compared against analytical solutions in order to validate the proposed formulation.
Different microstructures are analysed to show the influence of the material interfaces
on the effective macroscale conductivity tensor. The characteristic size effect that is
associated with the presence of material interfaces is revealed, and it is observed that
(as opposed to classic first-order homogenisation approaches) the macroscale response is
not independent of the geometric dimensions of the RVE. The influence of mechanically
induced interfacial degradation processes on the effective electrical conductivity is exem-
plarily studied to demonstrate the capabilities of the proposed formulation for coupled
problems. In this regard, it is important to note that the constitutive relations used are
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8.1 Summary and conclusion

purely academic at this stage and not based on experimental data. They were selected
to show the fully coupled behaviour and the applicability of the proposed framework.

The application to experiments will, accordingly, be the focus of future Work.}F;Gd]'

?;%{In Chapter 6, it is shown that the Andrews method, a well-established approach

for quantifying grain boundary resistivity in fine-grained crystalline materials, is con-
sistent with the predictions of computational multiscale methods for non-degenerated
quasi-isotropic microstructures but that it exhibits notable limitations. The Andrews
method fails for (quasi-)isotropic polycrystalline and multiphase microstructures when
the secondary phase is strictly confined within the microstructure. The inability of the
Andrews method to consider the alignment of grains, attributed to the scalar nature of
Sap/V, becomes evident when scrutinising primitive anisotropic microstructures. The
Andrews method intrinsically assumes the same value for all grain boundaries of a partic-
ular microstructure. This significant simplification is in contrast to experimental findings
that are based on local experimental approaches. As suggested in this work, integrating
computational multiscale formulations promises an accurate capturing of microstructure
details and alignment effects. In particular, computational multiscale methods naturally
allow for different grain boundary resistivities to be assigned to each grain boundary of
a particular microstructure and make it possible to calculate resistivity tensors that in-
trinsically account for morphologically-induced anisotropies. In this regard, multiscale
techniques both provide a solid theoretical foundation for the Andrews method and ad-
dress its intrinsic drawbacks. Put into perspective, the present chapter contributes to a
comprehensive understanding of accumulated grain boundary resistivity, ensuring that
the refined models align closely with experimental observations and thereby enabling a
detailed understanding of the experimentally recorded data.}gﬁ'?;g]'{Additionally, this
chapter presents MOSAIC, a Python-based open-source software tool developed to ad-
dress the challenge of using non-rectilinear, periodic microstructures generated by Mo-
SAIC in simulations requiring periodic boundary conditions. Mosaic efficiently transforms
these complex microstructures into rectilinear, periodic representations suitable for fi-
nite element analysis. Cohesive zone elements can optionally be added by an interface
to the open-source software ciGen. In summary, MOSAIC offers a streamlined workflow
for the creation of periodic, rectilinear RVEs with flexible output options for researchers

and engineers working with polycrystalline materials. ?;;‘

(%;g]'{l\/[otivated by the non-trivial homogenisation of dissipative terms in thermo-

electrically coupled systems, Chapter 7 conducted a comprehensive analysis of the gov-
erning multiscale multiphysics problem using Hill-Mandel-type homogenisation, asymp-
totic expansions, and two-scale convergence results. We derived homogenised field equa-
tions that explicitly consider Joule heating and temperature-dependent electrical con-
ductivities. Through these analyses, we showcased the merits and limitations of the
different approaches in capturing the coupled thermo-electric response of heterogeneous
conductors. In the periodic, stationary, uniformly elliptic regime analysed here and
when considering a distinct separation of length scales, the approaches are consistent
but take different roles: Hill-Mandel averaging appeals to physical intuition, yields en-
ergetically consistent macroscale relations and integrates naturally into FE? implemen-
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tations. Asymptotic expansions expose the underlying corrector problems and provide
closed-form representations of effective tensors but rely on regularity and can be delicate
beyond leading order terms or near boundary layers. Two-scale convergence provides
rigorous compactness results and limit identification under minimal assumptions, albeit
being less constructive for computations. The effectiveness of the different methods in
predicting the homogenised material response was demonstrated through numerical ex-
amples in two- and three-dimensional settings. The key findings of this chapter are as
follows. The nonlinear nature of the coupled problem poses a challenge for the rigorous
mathematical analysis with regularity issues complicating the associated existence proof.
Addressing these, we resorted to a fixed point argument and provided a rigorous mathe-
matical foundation to the coupled multiscale system by means of two-scale convergence
results. We showed that the asymptotic ansatz, that is often favoured in engineering
applications due to its formal nature, finds rigorous justification in the two-scale con-
vergence framework. We demonstrated that the physics-based assumptions commonly
made in Hill-Mandel-type homogenisation approaches — such as evaluating microscale
constitutive relations at a fixed macroscale temperature and neglecting heat sources in
microscale boundary value problems — are consistent with the mathematically rigor-
ous results derived from two-scale convergence analysis.In the regime considered in the
scope of this work (periodic coefficients, stationary problems, bounded and uniformly
elliptic operators, monotone coupling, distinct scale separation) the three frameworks
were shown to be compatible: (i) the Hill-Mandel-type homogenisation approach is pre-
cisely the energy form of the cell problems that arise in the formal asymptotic ansatz
and (ii) the two-scale limits stipulate the same correctors and effective tensors as the
asymptotic method. These observations are consistent with standard results in computa-
tional homogenisation: methods derived from asymptotic expansions and those based on
Hill-Mandel averaging produce the same homogenised constitutive tensors and identical
macroscopic equations for linear periodic media. Our nonlinear thermo-electric system
still belongs to this compatible class since it is stationary, periodic, uniformly elliptic
and monotone. Hence, the three routes coincide. Put into perspective, the theoretical
developments provide a solid foundation for the study of thermo-electrically coupled
processes in heterogeneous materials across scales.}%t;‘

8.2 QOutlook

The computational multiscale framework developed in this thesis provides a foundation
for modelling thermo-electro-mechanical behaviour in electrical conductors. While the
emphasis has been placed on fundamental developments and academic case studies, the
methodologies presented here offer several promising directions for future research.

e A natural extension of this work lies in the experimental calibration and validation
of the cohesive zone formulations. In particular, the generalised traction-separation
law must be adapted to specific material systems to quantify the influence of mate-
rial interfaces — most notably, grain boundaries. Experimental evidence indicates
that each grain boundary exhibits a distinct electrical resistivity, governed by its
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crystallographic characteristics, such as the relative orientation of neighbouring
grains and the geometry of the grain boundary plane [23]. These interfaces give
rise to discontinuities in the electric potential field and contribute to an overall
increase in the bulk resistivity. The proposed formulation can capture such effects
by modelling grain boundaries as cohesive, (lowly-conducting) interfaces. Future
work involves dedicated experimental investigations to characterise these interface
properties. Specifically, sub-microscale four-point probe measurements is to be
employed to measure grain boundary resistivities directly. These data can then be
used to calibrate the constitutive models and validate their predictive capabilities
against actual grain boundary structures, thereby deepening the understanding of
their contribution to the macroscopic electrical response.

Another direction is the extension of the multiscale framework to incorporate gen-
eralised imperfect interfaces at the microscale. While the current formulation cap-
tures cohesive-type behaviour with degradation-driven resistivity changes, gener-
alised interface models offer the flexibility to represent a broader range of physical
phenomena. Incorporating such models would enable the simulation of more com-
plex microstructural features, including phase boundaries with graded properties,
elastic interfaces, and mechanically active interfaces. This generalisation would
also facilitate the coupling of additional physical processes at interfaces. When
embedded into a computational homogenisation setting, these enriched models
could provide new insight into how interface-level physics affects the macroscopic
response.

While the consistency between Hill-Mandel-type computational homogenisation,
asymptotic expansions, and two-scale convergence has been demonstrated for bulk
materials with moderate material contrast, several open questions remain. In
particular, the current mathematical framework assumes that all constituents pos-
sess finite and sufficiently regular material properties. This assumption excludes
important limiting cases such as pores or inclusions with vanishing conductivity
(i.e., infinite contrast scenarios), which are highly relevant in porous metals and
damage-induced microstructures.

The rigorous mathematical treatment of microscale problem featuring material in-
terfaces — especially in the context of coupled thermo-electrical problems — remains
unexplored. Future work should focus on extending two-scale convergence theory
to incorporate cohesive or imperfect interfaces, where the definition of temperature-
dependent interfacial conductivity presents an open and compelling challenge.
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