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Abstract

We explore the potential of neutrino flavour oscillations to constrain and probe new physics
models in various settings. First, we show that a coupling between an axion like dark matter
candidate and a sterile neutrino with altered dispersion relations can be used to reconcile the
sterile flavour with cosmological bounds. The allowed model parameter space is determined
by comparing the predicted values for a set of central quantities to those extracted from
experiment.

Moreover, we discuss how astrophysical and atmospheric neutrinos can be utilised to probe
effective low energy models of quantum gravity. We propose that if quantum gravity violates
global quantum numbers, neutrino oscillations provide new possibilities to study the hypo-
thetical fermionic dark sector. We perform a thorough statistical analysis to estimate the
sensitivity of atmospheric oscillation experiments, like IceCube, to the considered class of
models.

Finally, we discuss potential effects of classical gravity on the neutrino flavour dynamics and the
respective implications for current and near-future neutrino experiments. In the course of this,
we derive a formula for the amplitude of neutrino flavour transitions in curved spacetimes.

Kurzfassung

Wir untersuchen die Anwendbarkeit von Neutrino-Flavour-Oszillationen zur Einschränkung
und Erforschung neuer Physikmodelle in verschiedenen Szenarien. Zunächst zeigen wir,
dass eine Kopplung zwischen einem axionartigen Dunkle-Materie-Kandidaten und einem
sterilen Neutrino mit veränderten Dispersionsrelationen genutzt werden kann, um die sterile
Flavour-Komponente mit kosmologischen Messungen in Einklang zu bringen. Der zulässige
Parameterraum des Modells wird bestimmt, indem die vorhergesagten Werte zentraler Größen
mit experimentell extrahierten Werten verglichen werden.

Darüber hinaus diskutieren wir, wie astrophysikalische und atmosphärische Neutrinos zur
Untersuchung effektiver niedrigenergie Modelle der Quantengravitation genutzt werden können.
Wir schlagen vor, dass Neutrino-Oszillationen neue Möglichkeiten zur Erforschung eines
hypothetischen fermionischen Dunkle-Materie-Sektors bieten, falls die Quantengravitation
globale Quantenzahlen verletzt. Eine umfassende statistische Analyse wird durchgeführt, um
die Sensitivität atmosphärischer Oszillationsexperimente wie IceCube gegenüber dieser Klasse
von Modellen abzuschätzen.

Schließlich untersuchen wir mögliche Effekte der klassischen Gravitation auf die Neutrino-
Flavour-Dynamik und deren Implikationen für aktuelle sowie zukünftige Neutrinoexperimente.
Im Zuge dessen leiten wir eine Formel für die Amplitude von Neutrino-Flavour-Übergängen in
gekrümmten Raumzeiten her.
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1 Introduction

From the first cave men discovering how to utilise fire, to today scientists probing the inner
workings of nature under enormous experimental and theoretical efforts, humanity always
pushed the frontiers of their knowledge out of insatiable curiosity. This centuries long scientific
journey has brought forth two remarkably elegant and robust theories of the description of
nature: The Standard Model (SM) of particle physics and the theory of general relativity (GR).
While the SM describes the behaviour and dynamics of all known matter to an unprecedented
degree of accuracy, GR gives insights into the fundamental structure of spacetime itself and how
it is inevitably linked to the distribution of matter moving within it. This interaction between
matter and the curvature of spacetime gives rise to the phenomenon of gravity. Despite the
tremendous successes of both theories in describing and predicting experimental observations
in their respective domains of validity, one—if not the biggest—of their shortcomings is that it
has not been possible yet to combine both theories into one unified framework. The SM is
formulated as a quantum field theory (QFT), and therefore, represents a fully probabilistic
description of nature, whereas GR is a classical, deterministic theory. Since matter, described
by the SM, and the dynamics of spacetime are deeply intertwined there must exist one theory
based on the same fundamental principles allowing for a unified description. Due to the great
success of quantum theory it is usually believed that this should be the framework for such a
unified description usually referred to as quantum gravity (QG). There already exist multiple
contenders for such a theory but lack of experimental evidence makes it impossible to falsify
any of them.

This is mainly due to the weakness of gravity compared to the other fundamental forces
of nature. Thus, hypothetical quantum effects of gravity become important at length and
energy scales impossible to be probed directly using currently available experimental methods.
Therefore, it is necessary to come up with new approaches to test these models indirectly and
wrest a hint about the theory of QG from nature.

Besides the quest for a quantum description of spacetime, there are also numerous other
open questions, problems and puzzles suggesting the need for extensions of the SM. One
area of research where already clear evidence for the incompleteness of the SM has been
found is the neutrino sector. Since their discovery and the formulation of the theory of
electroweak interactions these particles have been thought to be massless and purely left-chiral
fermion fields. However, it has been confirmed that neutrinos can change their flavour during
propagation, a phenomenon best explained if the known neutrino states indeed have (different)
masses. This raises further questions how these masses are generated and if there also exist
right-chiral complementary fields as it is the case for every other SM fermion. These new states
would then fully decouple from the SM interactions and are hence often called sterile neutrinos.
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1 Introduction

A puzzle arising in this context is why neutrino masses are so much smaller compared to those
of the other SM particles and if there is a fundamental reason behind this circumstance.

In addition to the blank spots present in the theoretical description of the neutrino sector,
there is an even more astounding discrepancy between observations and the SM: Several
different astrophysical and cosmological observations over the last decades have shown that
most of the gravitating matter in the Universe cannot be accounted for by SM matter. This is
usually accounted to a new particle species that only interacts weakly, if at all, with known
particles and among themselves. These new particles are categorised under the term dark
matter (DM) and it is far from clear what their properties are.

This list of open questions of modern physics is of course not exhaustive but it represents
the main topics relevant to this thesis. The main objective of this work is to investigate to
what extent neutrinos and their flavour dynamics can be utilised to search for new physics
beyond the SM and GR and gain new clues about the problems discussed above. To do so,
we consider neutrino flavour transitions within multiple different settings ranging from the
hot and dense early Universe over neutrinos travelling vast distances through the vacuum to
Earth, up to atmospheric neutrino experiments. To prepare for these investigations we first
lay the theoretical foundations with a special focus on neutrino oscillations in Chapter 2.

At short baseline (SBL) experiments, evidence for anomalous neutrino flavour transitions has
been found that could in principle be explained by the presence of a light sterile neutrino. This
explanation is, however, in conflict with other data from neutrino experiments and cosmology.
In particular, a new light degree of freedom (DOF) contributes significantly to the radiation
energy density in the early Universe, causing a faster cosmic expansion rate than suggested
by cosmic microwave background (CMB) and big bang nucleosynthesis (BBN) measurements.
Indeed, the Hubble rate at formation of the CMB, as well as the cosmic helium abundance
generated during BBN, are in good agreement with the respective SM and cosmological-
constant-cold-dark-matter (𝛬CDM) predictions. Hence, resolving the SBL anomalies with light
sterile neutrino models requires a mechanism suppressing the population of the sterile neutrino
species at early times. Thus, in Chapter 3, we discuss how the existence of light sterile neutrinos
can be reconciled with cosmological observations by virtue of a DM candidate field as well as
by altered dispersion relations (ADRs). The latter is, for example, motivated by extensions
of GR including extra dimensions accessible to the sterile neutrino. Another motivation of
ADR-models that we consider in this work are the discrepancies between observations made
in SBL, long baseline (LBL) and atmospheric neutrino oscillation experiments. In contrast to
SBL experiments, neutrino oscillation patterns at LBL and atmospheric neutrino experiments
match the standard three-neutrino-flavour-expectation. Altering the dispersion relation of the
sterile neutrino can resolve this discrepancy by introducing an additional energy-dependence
into the effective neutrino masses and mixing.

In Chapter 4, we consider how neutrinos travelling large distances between their source and
the detector might provide clues about the nature of QG as well as DM. The general idea
behind this conjecture is that any quantum system travelling through a quantised spacetime
will inevitably become entangled with the hypothetical quantum DOFs of the spacetime.

2



This in turn leads to decoherence in the considered system that might be observable. If
QG violates global quantum numbers, these interactions with quantum spacetime may even
lead to transitions between neutrino and DM states that would otherwise be forbidden under
non-gravitational interactions. Consequently, signatures of these effects are discussed for
astrophysical as well as atmospheric neutrino oscillation experiments.

We return to the study of effects of classical GR on neutrino flavour transitions in Chapter 5.
In particular, we discuss whether they are observable in current neutrino experiments. These
effects are especially relevant for the field of multimessenger astronomy combining the detection
of neutrinos, electromagnetic (EM) signals as well as gravitational waves (GWs) in order to
analyse the most extreme environments in the Universe. For example, if neutrino flavour ratios
are already influenced by classical gravitational effects, this would have major implications for
exotic decoherence searches using astrophysical neutrinos as the one described in Chapter 4.
Moreover, we also address the question if neutrino oscillations can be utilised to search for
GW signals.

Finally, we summarise our findings in Chapter 6 and place them in the broader context of this
thesis. Moreover, we provide an outlook on potential implications for future experiments and
theoretical considerations.

3



2 Theoretical Foundations

In order to lay the foundations for the studies and considerations presented in this thesis, we
first introduce the main theoretical concepts we frequently draw from, later in the text. We
start with a brief break down of the Standard Model (SM) of particle physics describing the
interactions between all known particles within the framework of quantum field theory (QFT).
Then, we proceed to discuss the theory of general relativity (GR) describing how matter
and energy cause a curvature of spacetime that, in turn, influences the dynamics of particles.
Moreover, a brief introduction into the history of the Universe and modern cosmology is
presented.

We close this introductory chapter with an in-depth discussion on the subject of neutrino
oscillations. This already represents an extension of the SM, as neutrinos are considered to be
massless within the SM, since the source of neutrino masses still remains unknown to date. As
all later Chapters of this thesis revolve around the topic of neutrino oscillations, this section is
of major importance, and hence, constitutes the main part of the theoretical introduction.

2.1 The Standard Model of Particle Physics

The SM is the currently accepted theory describing all known interactions between elementary
particles besides gravity. In the following, we briefly review those aspects of the SM that
are most important to the content and matter of this thesis: neutrinos and the electroweak
interaction. For a more complete introduction into the subject, we refer the reader to
References [1–4].

The core framework in which the SM is formulated is QFT on a flat, four dimensional
spacetime manifold equipped with the Minkowski metric 𝜂. Here, we choose the “mostly minus”
convention, i.e. 𝜂𝜇𝜈 = diag(1, −1, −1, −1) in Cartesian coordinates. The SM is constructed
such that all interactions respect the continuous spacetime symmetries described by the proper,
orthochronous Lorentz group SO↑(1, 3) and the spacetime translation group. Therefore, the
SM complies, by design, with the fundamental principles of special relativity (SR).

2.1.1 The Gauge Sector

All SM particles interact with each other via the strong or electroweak interactions and the
strength of the respective interaction channel is parametrised by the associated charge. The
strong interaction couples to the so-called colour charge, while the electroweak interaction
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2.1 The Standard Model of Particle Physics

couples to weak isospin as well as the hypercharge 𝑌 of the particles. As all charges and their
associated currents are exactly conserved, this hints towards the existence of a symmetry of the
system for each interaction. Meaning, that in addition to the external spacetime symmetries,
all fundamental quantum fields are required to transform under an irreducible representation
of the so-called internal gauge group of the SM,

𝒢SM ∶= SU(3)𝑐 × SU(2)𝐿 × U(1)𝑌 , (2.1)

and that all interactions and physical states of the underlying Fock space must be invariant
under the corresponding gauge transformations. Here, (S)U(𝑛) denotes the (special) unitary
group of degree 𝑛 and the subscripts indicate the charge quantum numbers associated with
the respective symmetry group. Hence, the strong force is associated with SU(3)𝑐 [5–8] and
the electroweak force corresponds to the group SU(2)𝐿 × U(1)𝑌 [9–12].

Each gauge interaction is mediated by massless spin-1 fields transforming in the vector
representation of the Lorentz group, as well as in the adjoint representation of the associated
gauge group. In the SM these gauge vector fields are called the gluon, 𝑊 and 𝐵 fields denoted
by

𝐺 = 𝐺𝑐𝜇𝜏𝑐
𝔰𝔲(3)d𝑥𝜇 ⟷ SU(3)𝑐 , (2.2)

𝑊 = 𝑊𝑙𝜇𝜏 𝑙
𝔰𝔲(2)d𝑥𝜇 ⟷ SU(2)𝐿 , (2.3)

𝐵 = 𝐵𝜇d𝑥𝜇 ⟷ U(1)𝑌 , (2.4)

respectively. There always exists a local representation of the gauge fields in terms of a
basis 𝜏𝑎

𝔰𝔲(𝑛) of the Lie algebra 𝔰𝔲(𝑛) and the coordinate one form basis d𝑥𝜇 in which they are
equivalent to 𝑑 = 𝑛2 − 1 ordinary co-vector fields.

The dynamics of all quantum fields contained in the SM are governed by the principle of
stationary action 𝛿𝑆SM = 0 where the action is given by

𝑆SM = ∫ d4𝑥ℒSM(𝛷𝑖(𝑥), ∂𝛷𝑖(𝑥)) , (2.5)

where 𝛷𝑖(𝑥) generically denote all quantum fields present in the theory. The SM Lagrangian1

ℒSM can be divided into four main sectors, i.e.

ℒSM = ℒgauge + ℒmatter + ℒHiggs + ℒYukawa . (2.6)

Here, ℒgauge contains only the terms describing the dynamics of the gauge vector fields in the
vacuum. This part of the Lagrangian is given by

ℒgauge = −1
4

𝐹𝐺𝑐𝜇𝜈𝐹𝐺𝑐
𝜇𝜈 − 1

4
𝐹𝑊𝑙𝜇𝜈𝐹𝑊𝑙

𝜇𝜈 − 1
4

𝐹𝐵𝜇𝜈𝐹𝐵
𝜇𝜈 , (2.7)

1To be precise, the SM Lagrangian also contains gauge fixing and ghost terms for each interaction, but we
omit them here as these terms are of no significance for this thesis. For more details we refer the reader to
References [1–4].
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where we have introduced the local representations of the field strength tensors 𝐹𝑋 of the
gluon (𝑋 = 𝐺), 𝑊 and 𝐵 fields (𝑋 = 𝑊, 𝐵), respectively. In the geometrical picture of gauge
field theory these field strength tensors are the abstract gauge curvature forms related to the
gauge fields by

𝐹𝑉 ∶= d𝑉 + 𝑉 ∧ 𝑉 = (∂𝜇𝑉𝑎𝜈 − ∂𝜈𝑉𝑎𝜇 + 𝑔𝑓𝑏𝑐𝑎𝑉𝑏𝜇𝑉𝑐𝜈) 𝜏𝑎
𝔰𝔲(𝑛)d𝑥𝜇 ⊗ d𝑥𝜈 , (2.8)

where 𝑓𝑎𝑏𝑐 are the totally antisymmetric structure constants of the Lie algebra, 𝑔 is the gauge
coupling and ∧ denotes the antisymmetric wedge product. The term 𝑉 ∧ 𝑉 is only present
for non-abelian gauge groups and results in self interactions among the corresponding gauge
bosons.

2.1.2 The Matter Sector

Next, we discuss the matter sector of the SM consisting of several spin-1/2, i.e. fermion, fields.
Since the electroweak interaction only acts on left-chiral matter fields, it is maximally parity
violating. Due to this special property it would be most natural to formulate the SM in terms
of the chiral, two-component Weyl fields transforming in the left- or right-chiral spin-1/2
representation of the Lorentz group. For the sake of a unified notation, however, we exclusively
use the four-component spinor formulation in this thesis and employ the respective left- and
right-chiral projectors, 𝑃𝐿 and 𝑃𝑅, whenever chiral fields appear in the expressions.

The matter sector can further be subdivided into the quark sector and the leptonic sector.
Quark fields interact via the strong and electroweak interaction, whereas leptonic fields only
interact via the electroweak interaction. Both sectors contain three generations or flavours of
left-chiral SU(2)𝐿 doublets containing an up-type and a down-type component. Moreover, for
each component of the left-handed quark doublets 𝑞𝐿 there exist right-handed up-type and
down-type partner fields, 𝑢𝑅 and 𝑑𝑅. The three up-type flavours are called the up (𝑢), charm
(𝑐) and top (𝑡) quarks, while the three down-type flavours are termed the down (𝑑), strange
(𝑠) and bottom (𝑏) quarks. The situation in the lepton sector is analogous with the exception
that there exist no right-handed up-type leptons. Moreover, the down-type leptons are called
the electron 𝑒, muon 𝜇 and tau 𝜏, respectively, whereas the up-type leptons are known as the
electron neutrino (𝜈𝑒), the muon neutrino (𝜈𝜇) and the tau neutrino (𝜈𝜏). The gauge sector of
the SM acts universally on all generations and only the Higgs sector gives physical meaning to
the distinction between the different particle flavours.

The structure of the interactions of the matter fields is described by the Lagrangian

ℒmatter ∶= ℒmatter,𝐿 + ℒmatter,𝑅 , (2.9)

ℒmatter,𝐿 ∶= 𝑖𝑞𝐿
𝑗𝛾𝜇𝐷𝜇(𝑅(𝑞𝐿))𝑞𝑗

𝐿 + 𝑖ℓ𝐿
𝑗𝛾𝜇𝐷𝜇(𝑅(ℓ𝐿))ℓ𝑗

𝐿 , (2.10)

ℒmatter,𝑅 ∶= 𝑖𝑢𝑅
𝑗𝛾𝜇𝐷𝜇(𝑅(𝑢𝑅))𝑢𝑗

𝑅 + 𝑖𝑑𝑅
𝑗𝛾𝜇𝐷𝜇(𝑅(𝑑𝑅))𝑑𝑗

𝑅 + 𝑖𝑒𝑅
𝑗𝛾𝜇𝐷𝜇(𝑅(𝑒𝑅))𝑒𝑗

𝑅 , (2.11)

where ℓ𝑗
𝐿 denotes the left-chiral lepton doublet of flavour 𝑗, 𝑒𝑗

𝑅 are the associated right-
chiral down-type leptons and 𝑢𝑗

𝑅 (𝑑𝑗
𝑅) are the right-chiral up-type (down-type) quark fields.
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Table 2.1: Representations and hypercharges 𝑌 of all matter fields under the SM
gauge group. The notation is such that 𝑅 = (𝑅SU(3)𝑐

, 𝑅SU(2)𝐿
, 𝑌 ), where 𝑅SU(𝑛)

denotes the dimension of the representation, i.e. 1 = singlet, 2 = doublet, …. The
gauge sector acts universally on all flavours since the representations are the same
across all generations.

Quarks Leptons

𝑞𝐿 𝑢𝑅 𝑑𝑅 ℓ𝐿 𝑒𝑅

(3, 2, 1
3) (3, 1, 4

3) (3, 1, −2
3) (1, 2, −1) (1, 1, −2)

Furthermore, we introduce the 4 × 4 Dirac matrices 𝛾𝜇 fulfilling the Clifford algebra relation2

{𝛾𝜇, 𝛾𝜈} = 2𝜂𝜇𝜈𝟙. A bar over a fermion 𝜓 denotes Dirac conjugation ̄𝜓 ∶= 𝜓†𝛾0 and the
subscripts 𝐿 and 𝑅 indicate the chirality of the respective field that is projected out using the
corresponding projectors 𝑃𝐿 = (𝟙 − 𝛾5)/2 and 𝑃𝐿 = (𝟙 + 𝛾5)/2, i.e. 𝜓𝐿/𝑅 = 𝑃𝐿/𝑅𝜓. The fifth
Dirac matrix 𝛾5 ∶= 𝑖𝛾0𝛾1𝛾2𝛾3 measures the chirality of a spin-1/2 fermion.

All interactions of the SM are described by the gauge covariant derivative,

𝐷𝜇(𝑅(𝜓)) = ∂𝜇 − 𝑖𝑔𝑠𝐺𝑐𝜇𝜏𝑐
𝔰𝔲(3)(𝑅SU(3)𝑐

(𝜓))

− 𝑖𝑔𝑊𝑙𝜇𝜏 𝑙
𝔰𝔲(2)(𝑅SU(2)𝐿

(𝜓)) − 𝑖𝑔′

2
𝐵𝜇𝑌 (𝜓) ,

(2.12)

depending on the representation 𝑅(𝜓) of the corresponding fermion field 𝜓. Usually the
collection of representations is denoted by 𝑅 = (𝑅SU(3)𝑐

, 𝑅SU(2)𝐿
, 𝑌 ) and it contains information

about the representations of the generators 𝜏 appearing in the covariant derivative. For
completeness and a better overview of the different fields we list all representations in Table 2.1.
Finally, 𝑔𝑠 denotes the strong coupling constant, 𝑔 is the SU(2)𝐿 coupling and 𝑔′ represents
the U(1)𝑌 coupling constant.

All particles transforming non-trivially under SU(3)𝑐, i.e. quarks and gluons, are subject
to colour confinement forcing them to form colour-less bound states called hadrons at low
momentum transfers between the constituents. At higher momentum transfers, in contrast,
the coupling strength of non-abelian gauge groups decreases monotonically if the number of
participating particle flavours is not too large. In the SM this applies to the strong interaction
and quarks and gluons can be considered as asymptotically free particles in high energy
collisions.

2.1.3 The Higgs and Yukawa Sectors

Lastly, we discuss the Higgs sector centered around the scalar Higgs field 𝜙 transforming in the
(1, 2, 1) representation of 𝒢SM. The Higgs field has two key functions in the SM: On the one

2The Clifford algebra relation ensures that fermion fields obeying the Dirac equation fulfil the relativistic
energy–momentum relation.
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hand, its vacuum state spontaneously breaks [13–16] the electroweak symmetry, generating
gauge covariant mass terms for the matter and weak boson fields in the process. On the other
hand, it gives rise to the flavour structure of the SM by virtue of its Yukawa couplings to the
matter fields. To understand the mechanism behind electroweak symmetry breaking, we first
have to introduce the Higgs Lagrangian,

ℒHiggs = (𝐷𝜇𝜙)†𝐷𝜇𝜙 − 𝑉 (𝜙) , (2.13)

containing the minimal coupling of 𝜙 to the gauge sector and the self interaction potential

𝑉 (𝜙) = 𝜇𝜙†𝜙 + 𝜆(𝜙†𝜙)2 . (2.14)

The values of the constants 𝜇 and 𝜆 determine the shape of the Higgs potential and the
location of its ground state. To be precise, what really determines the ground state of the
field 𝜙 is the so-called quantum action 𝛤. This quantity accounts for the presence of quantum
fluctuations and reduces to the classical action 𝑆 in the classical limit. The quantum action 𝛤
generates the equations of motion for the vacuum expectation value (VEV) ⟨𝜙⟩ ∶= ⟨0| 𝜙 |0⟩
minimising the quantum corrected Higgs potential. In addition to the quantum fluctuations,
also thermal corrections modify the shape of the effective potential. During the evolution of
the universe from a hot, dense state to the cold vacuum today, the thermally and quantum
corrected parameter 𝜇 changes its sign from positive to negative. Consequently, the effective
Higgs potential obtains a set of degenerate minima. All minima belong to the same gauge
orbit and correspond to suitable, degenerate vacuum states of the QFT. By picking one such
ground state, the SU(2)𝐿 × 𝑈(1)𝑌 symmetry is said to be spontaneously broken and the whole
process is called spontaneous symmetry breaking (SSB). Of course the underlying theory is
still fully gauge invariant but the perturbative spectrum of states does not explicitly exhibit
this gauge invariance anymore.

In the chosen vacuum state the Higgs field acquires a non-zero VEV and thus has to be
reparametrised in terms of new fields with zero VEV. This way one ensures that the field
theory can be properly quantised perturbatively and that the particle spectrum only contains
particles with physical masses. A common choice of parametrisation of the Higgs doublet
reads

𝜙(𝑥) = 1√
2

(0
𝑣) + (𝜙+(𝑥)

𝜙0(𝑥)) , (2.15)

where 𝑣 ∶=
√

2|⟨𝜙⟩|. Substituting this parametrisation back into the Higgs Lagrangian ℒHiggs
results in mass terms for the electroweak gauge bosons. Furthermore, one usually expresses
the fields 𝜙0 and 𝜙+ in terms of real scalar fields

𝜙0 =∶ 1√
2

(𝐻0 + 𝑖𝜒1) , 𝜙+ =∶ 1√
2

(𝜒2 + 𝑖𝜒3) , (2.16)

where only the real Higgs field 𝐻0 gives rise to massive, physical excitations, while 𝜒𝑘 are
massless Goldstone bosons. By an appropriate choice of gauge, the Goldstone bosons [13,
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17] 𝜒𝑘 can be reinterpreted as the longitudinal polarisation modes of the now massive vector
boson fields. In order to identify the boson fields with well-defined masses, the respective mass
terms in ℒHiggs need to be diagonalised leading to

ℒHiggs ⊃ 𝑚2
𝑊𝑊 +

𝜇 𝑊 −𝜇 + 𝑚2
𝑍

2
𝑍𝜇𝑍𝜇 , (2.17)

where we introduce the physical, massive weak bosons

𝑊 ±𝜇 ∶= 𝑊 𝜇
1 ∓ 𝑖𝑊 𝜇

2√
2

, 𝑍𝜇 ∶= cos(𝜃𝑊)𝑊 𝜇
3 − sin(𝜃𝑊)𝐵𝜇 , (2.18)

and we define the weak mixing angle 𝜃𝑊 and the weak boson masses via

𝑚𝑊 ∶= 𝑣𝑔
2

, 𝑚𝑍 ∶= 𝑚𝑊
cos(𝜃𝑊)

, cos(𝜃𝑊) ∶= 𝑔
√𝑔2 + 𝑔′2

. (2.19)

The fourth physical boson field,

𝐴𝜇 ∶= cos(𝜃𝑊)𝐵𝜇 + sin(𝜃𝑊)𝑊 𝜇
3 , (2.20)

remains massless after SSB and is called the photon field. The photon field corresponds to the
remaining, explicit 𝑈(1)EM symmetry and acts as the mediator particle of the electromagnetic
(EM) interaction. The charge corresponding to the EM interaction in terms of the 𝑧 component
of the weak isospin 𝑇3 and the weak hypercharge 𝑌 is 𝑄 ∶= 𝑇3 + 𝑌 /2.

In addition to the generation of the masses of the weak gauge bosons 𝑊 ± and 𝑍, the Higgs
field also is responsible to give masses to (almost) all matter fields. This is because the Higgs
field 𝜙 does not only interact with itself and the gauge sector but also with all matter fields
via a Yukawa interaction described by the Lagrangian,

ℒYukawa = −𝑦𝐷
𝑖𝑗 𝑞𝐿

𝑖𝜙𝑑𝑗
𝑅 − 𝑦𝑈

𝑖𝑗𝑞𝐿
𝑖𝜙𝑐𝑢𝑗

𝑅 − 𝑦𝐸
𝑖𝑗ℓ𝐿

𝑖𝜙𝑒𝑗
𝑅 + h.c. , (2.21)

𝜙𝑐 ∶= 𝑖𝜎2𝜙∗ , (2.22)

where 𝜎2 is the second Pauli matrix. Thus, after introducing the Higgs parametrisation
shown in Equation (2.15) this Lagrangian gives rise to gauge invariant, fermionic mass terms
for all types of quarks and for the electrically charged, down-type leptons. The neutral,
up-type leptons 𝜈𝑖

𝐿—the so-called neutrinos—do not have masses in the SM due to the lack of
right-handed partners 𝜈𝑗

𝑅. The main reason why 𝜈𝑗
𝑅 are not included into the SM is that for

a long time neutrinos were considered massless and hypothetical 𝜈𝑗
𝑅 fields would be singlets

under 𝒢SM, and hence, decouple from the theory.

Note, that the Yukawa couplings 𝑦𝑋
𝑖𝑗 carry flavour indices 𝑖, 𝑗 and,hence, are the only structures

in the SM distinguishing between different flavours. This gives rise to a rich phenomenology
in the quark flavour sector of the SM since the up- and down-type Yukawa couplings are not
diagonal and also not diagonalisable by the same transformations. This leads to a misalignment
between the weak interaction (flavour) and mass eigenstates, and hence, allows for transitions
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between different generations. Although in this thesis we are mainly concerned with neutrino
physics and especially with neutrino oscillations, it is still worthwhile to discuss quark-mixing
in more detail. The main reason for this is that in the SM no mixing phenomenon arises in the
lepton sector, but the underlying mechanism inducing neutrino mixing in beyond the Standard
Model (BSM) theories is a generalisation of the simple scenario of quark-mixing. Therefore,
understanding quark-mixing first, gives a good intuition of how leptonic mixing works.

Consider that part of the Yukawa Lagrangian inducing the quark masses, i.e.

ℒ𝑞 mass
Yukawa = −

𝑦𝐷
𝑖𝑗 𝑣

√
2

𝑑𝐿
𝑖𝑑𝑗

𝑅 −
𝑦𝑈

𝑖𝑗𝑣√
2

𝑢𝐿
𝑖𝑢𝑗

𝑅 + h.c. . (2.23)

The terms in Equation (2.23) have the structure of non-diagonal Dirac mass terms where
the masses are given by 𝑚𝑈/𝐷

𝑖𝑗 = 𝑣𝑦𝑈/𝐷
𝑖𝑗 /

√
2. We obtain the physical, massive quark fields by

applying a singular value decomposition of the form

𝑚𝑈 = (𝑉 𝑈
𝐿 )𝑚̃𝑈(𝑉 𝑈

𝑅 )† , 𝑚𝐷 = (𝑉 𝐷
𝐿 )𝑚̃𝐷(𝑉 𝐷

𝑅 )† , (2.24)

with unitary matrices 𝑉 𝑈/𝐷
𝐿/𝑅 and real valued, diagonal mass matrices 𝑚̃𝑈/𝐷. Defining the

massive quark fields as

𝑢̃𝑗
𝐿/𝑅 ∶= [𝑉 𝑈†

𝐿/𝑅]𝑗𝑘𝑢𝑘
𝐿/𝑅 , ̃𝑑𝑗

𝐿/𝑅 ∶= [𝑉 𝐷†
𝐿/𝑅]𝑗𝑘𝑑𝑘

𝐿/𝑅 , (2.25)

yields the diagonal mass Lagrangian

ℒ𝑞 mass
Yukawa = −

3
∑
𝑖=1

𝑚𝑈
𝑖

̄𝑢̃
𝑖
𝑢̃𝑖 −

3
∑
𝑖=1

𝑚𝐷
𝑖

̄ ̃𝑑
𝑖

̃𝑑𝑖 , (2.26)

where 𝑚𝑈/𝐷
𝑖 are the diagonal entries of 𝑚̃𝑈/𝐷. In this expression, the advantage of the

four-component spinor notation after SSB becomes apparent since now left- and right-handed
up- and down-type fields behave as the left- and right-handed components of the same Dirac
field. Consequently, they can be combined into Dirac spinors of the form 𝜓 = 𝜓𝐿 + 𝜓𝑅 with
𝜓 ∈ {𝑢̃𝑗, ̃𝑑𝑗}.

Apart from the Yukawa interaction terms, all right-handed quark fields only appear in terms
that are an identity matrix in flavour space, and no couplings between down- and up-type fields
exist. Thus, the transformations 𝑉 𝑈/𝐷

𝑅 fully disappear from the SM Lagrangian formulated in
terms of the 𝑢̃ and ̃𝑑 fields. For the left-handed fields the situation is different because of the
weak interaction Lagrangian. In particular, the terms coupling together up- and down-type
fields, called the charged current (CC) interaction terms, explicitly contain the left-handed
transformation matrices after the field redefinition, i.e.

ℒ𝑞
matter,𝐶𝐶 ∶= 𝑔√

2
( ̄̃𝑑 [𝑉 𝐷

𝐿 𝑉 𝑈†
𝐿 ] 𝛾𝜇𝑊 −

𝜇 𝑃𝐿𝑢̃ + h.c.) , (2.27)

where we have defined the mass eigenstate vectors 𝑢̃ = (𝑢̃1, 𝑢̃2, 𝑢̃3) and ̃𝑑 = ( ̃𝑑1, ̃𝑑2, ̃𝑑3).
Since the unitary rotation matrices appear only in the combination 𝑉 𝐷

𝐿 𝑉 𝑈†
𝐿 in ℒ𝑞

matter,𝐶𝐶 and
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completely vanish from the remaining Lagrangian, we give it its own name, i.e. 𝑈CKM = 𝑉 𝐷
𝐿 𝑉 𝑈†

𝐿
after Cabbibo [18], Kobayashi and Maskawa [19]. The matrix 𝑈CKM is also refered to as the
quark-mixing matrix and gives rise to flavour non-diagonal transitions in CC interactions after
redefining the generations in terms of fields with well-defined masses.

2.2 General Relativity and Cosmology

So far, we have discussed the physics of elementary particles valid on small distance and time
scales, or in flat spacetime where gravity is not relevant. If we now also want to describe the
physics of macroscopic, and hence, classical objects on large distance and time scales including
gravitational interactions, the best description we have available today is Einstein’s theory of
GR [20]. Especially, since we also study the evolution of our Universe as a whole in this work,
we want to introduce the most important concepts needed for our considerations. For more
details on the theory of GR see, for example, References [21–23].

In the theory of GR, spacetime is described by a four dimensional, smooth, Lorentzian3

manifold (ℳ, 𝑔), i.e. a manifold equipped with a metric tensor 𝑔 enabling us to measure
distances and proper time intervals and to define a causal structure. Furthermore, spactime
is endowed with the uniquely determined Levi–Civita connection ∇ defining a notion of
coordinate invariant differentiation (covariant derivative) of tensor fields. This is necessary
since in order to define the derivative of, say, a vector field one needs to be able to write down
the difference of the vector field evaluated at two different points on ℳ. Since the resulting
vectors are members of different tangent spaces it is far from clear how to define this difference
and the covariant derivative ∇ is used to establish exactly this connection in a well-defined,
coordinate invariant way.

One important application of the covariant derivative is the description of the motion of classical
point-like particles. In flat spacetime, free particles move along straight lines, i.e. trajectories
with constant velocity. Although an arbitrary manifold is generally curved and may not
contain any straight lines4, we can still extend the concept of free motion to general curved
spacetimes. To this end, we pick up on the notion of vanishing acceleration using the covariant
derivative, i.e.

∇
d𝜏

𝑈(𝜏) ≡ 0 , (2.28)

where 𝑈(𝜏) is the velocity vector of the particle trajectory 𝑐 and ∇/d𝜏 denotes covariant
differentiation along 𝑐. A curve fulfilling Equation (2.28) is called a geodesic and in any local

3The metric being Lorentzian means that its signature is that of the Minkowski metric, i.e. that it has one
negative and (𝑛 − 1) positive eigenvalues on an 𝑛 dimensional manifold. This is also what gives rise to the
causal structure since it enables us to distinguish timelike, lightlike (null), and spacelike curves.

4If we embed it into a higher dimensional flat space.
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coordinate chart Equation (2.28) reads

d2𝑐𝜇

d𝜏2 + 𝛤 𝜇
𝜌𝜎

d𝑐𝜌

d𝜏
d𝑐𝜎

d𝜏
= 0 , (2.29)

with the Christoffel symbols 𝛤 𝜇
𝜌𝜎 defining the connection ∇ in local coordinates and the

coordinate representation of the curve 𝑐𝜇(𝜏). In the presence of forces 𝑓𝜇, the geodesic
Equation (2.29) becomes

d2𝑐𝜇

d𝜏2 + 𝛤 𝜇
𝜌𝜎

d𝑐𝜌

d𝜏
d𝑐𝜎

d𝜏
= 𝑓𝜇(𝑥(𝜏)) . (2.30)

generalising Newtons second law from classical, non-relativistic mechanics.

The inherent curvature of a manifold given a connection ∇ is quantified by the Riemann
curvature tensor defined by

𝑅(𝑋, 𝑌 )𝑍 ∶= ∇𝑌∇𝑋𝑍 − ∇𝑋∇𝑌𝑍 + ∇[𝑋,𝑌 ]𝑍 , 𝑋, 𝑌 , 𝑍 ∈ 𝔛(ℳ) . (2.31)

The Riemann tensor measures how the second covariant derivative of a vector field 𝑍 changes
when interchanging the directions 𝑋 and 𝑌 along which we take these derivatives. Therefore,
𝑅(𝑋, 𝑌 )𝑍 can be interpreted as the difference vector between the infinitesimal parallel trans-
ports of 𝑍 first along 𝑌 and then 𝑋 and the parallel transport of 𝑍 first along 𝑋 and then 𝑌.
If the space would not be curved there should be no difference in how to go along any closed
curve but in a curved space the results differ in general. The last term in Equation (2.31)
involves the Lie bracket [𝑋, 𝑌 ] of the vector fields 𝑋 and 𝑌, and ensures that the full quantity
indeed transforms as a tensor under coordinate transformations. Geometrically it corresponds
to the infinitesimal parallel transport of 𝑍 along a third direction accounting for the possibility
that the parallelogram defined by 𝑋 and 𝑌 does not close. This third direction closes the gap.
In local coordinates the Riemann tensor reads

𝑅𝜇
𝜈𝜆𝜌 = ∂𝜌𝛤 𝜇

𝜆𝜈 − ∂𝜆𝛤 𝜇
𝜌𝜈 + 𝛤 𝜇

𝜌𝜎𝛤 𝜎
𝜆𝜈 − 𝛤 𝜇

𝜆𝜎𝛤 𝜎
𝜌𝜈 . (2.32)

From this the Ricci tensor and curvature scalar are defined as

𝑅𝜇𝜈 ∶= 𝑅𝜆
𝜇𝜆𝜈 , 𝑅 ∶= 𝑔𝜇𝜈𝑅𝜇𝜈 . (2.33)

Since the Levi–Civita connection is uniquely determined by the metric tensor 𝑔 also the
Riemann tensor is directly related to 𝑔 and its derivatives.

So far we have stated that in GR spacetime is mathematically represented by a general four
dimensional manifold and that freely falling particles follow geodesics in that spacetime, but
we have not come up with any argument why we need this extra degree of complication.
While these statements are also true for special relativity, curvature of Minkowski spacetime
vanishes everywhere which is why it is also termed flat spacetime. The reason why it is not
sufficient to keep spacetime flat is the strong equivalence principle. It states that locally a
particle immersed in a gravitational field behaves the same as in an accelerated frame of
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2.2 General Relativity and Cosmology

reference with equivalent acceleration. From special relativity we already know that coordinate
transformations into accelerated frames of reference lead to non-vanishing Christoffel symbols
describing the inertial forces acting within that frame. Consequently, also gravitational forces
need to be encoded within the Christoffel symbols. It is, however, in general not possible to get
rid of gravitational forces by applying a simple coordinate transformation, and hence, gravity
must be related to some tensor field of actual physical significance. From considerations of
the Newtonian law of gravitation it can then be derived that gravity is directly related to the
curvature of the manifold and that the metric tensor itself becomes a dynamic entity obeying
the Einstein equations,

𝑅𝜇𝜈 − 1
2

𝑅𝑔𝜇𝜈 = 8𝜋𝐺𝑇𝜇𝜈 . (2.34)

Equation (2.34) relates the geometry, represented here by the Ricci tensor and curvature
scalar, to the energy–momentum tensor 𝑇𝜇𝜈 describing the matter content of the Universe.
Hence, Wheeler’s famous phrase “Space tells matter how to move; Matter tells space how to
curve” [22] directly referencing the Einstein equations as well as the geodesic equation.

2.2.1 Cosmology

A setting of special interest to parts of this thesis is the hot and dense early Universe as
neutrinos contribute a significant portion to the energy density at early times. Any new
physics scenario affecting the neutrino sector could, therefore, alter the history of the Universe
making cosmology an important testing ground when proposing such new physics models. The
prevailing model describing the evolution of the Universe is called Big Bang cosmology. The
earliest and most important landmarks of this model are the proposal of a homogeneous and
isotropic background of microwaves in 1948 by Alpher and Herman [24] and its later discovery
in the 1960’s by Penzias and Wilson [25].

In Big Bang cosmology [21] spacetime is assumed to obey the cosmological principle, i.e. to be
(almost) perfectly spatially homogeneous and isotropic, implying a metric tensor of the form

d𝑠2 = d𝑡2 − 𝑎2(𝑡) ( d𝑟2

1 − 𝜅𝑟2 + 𝑟2 d𝛺2) , (2.35)

where the solid angle element is given by d𝛺2 = d𝜃2 + sin2(𝜃) d𝜙2 and 𝜅 ∈ {−1, 0, 1} is the
spatial curvature parameter. This metric is called the Friedmann–Lemaître–Robertson–Walker
(FLRW) metric and is the most general metric fulfilling the required symmetry properties.
The so-called scale factor 𝑎(𝑡) in front of the spatial part of the metric tensor only depends
on cosmic time describing the expansion or contraction of physical lengths everywhere in the
Universe. The scale factor furthermore represents the only dynamic quantity in the FLRW
metric and its time evolution is governed by the Einstein Equations (2.34) and in turn is

13



2 Theoretical Foundations

therefore dictated by the energy content of the Universe. In the special case of a FLRW
spacetime the Einstein equations reduce to the two Friedmann equations

( ̇𝑎
𝑎

)
2

= 8𝜋𝐺
3

𝜌 − 𝜅
𝑎2 , (2.36)

̈𝑎
𝑎

= −4𝜋𝐺
3

(𝜌 + 3𝑃) , (2.37)

where 𝜌 and 𝑃 are the energy density and pressure of the matter content of the Universe,
respectively. Observations have shown [26, 27] that the spatial curvature of the Universe
is negligible. Thus, from now on we set 𝜅 ≡ 0 for the remainder of this work if not stated
otherwise.

The second Equation (2.37) is usually replaced by the equivalent cosmic continuity equation,

̇𝜌 = −3𝐻(𝜌 + 𝑃) , (2.38)

where we have introduced the Hubble rate 𝐻 ∶= ̇𝑎/𝑎. Equation (2.38) can be derived from the
Bianchi identity for the Einstein tensor 𝐺𝜇𝜈 implying covariant conservation of the energy–
momentum tensor, i.e. ∇𝜇𝑇 𝜇𝜈 ≡ 0. Moreover, assuming the matter content to be well
approximated by an ideal fluid, we can impose the cosmic equation of state,

𝑃 = 𝑤𝜌 , (2.39)

where 𝑤 is a constant of proportionality. For slowly moving matter pressure is negligible
and we get 𝑤 = 0, whereas for relativistic matter one finds 𝑤 = 1/3. Both categories are
usually called matter (or dust) and radiation, respectively. In addition to these two kinds of
fluids, observations [28, 29] of the cosmos have lead to the conclusion that there exists also
a third, more exotic form of energy driving the accelerated expansion of the Universe. An
accelerated expansion corresponds to 𝑤 < −1/3 as can be inferred from the second Friedmann
Equation (2.37). A possible candidate for this so-called dark energy (DE) could be a constant
addition to the Einstein equations,

𝑅𝜇𝜈 − 1
2

𝑔𝜇𝜈𝑅 = 8𝜋𝐺𝑇𝜇𝜈 + 𝛬 , (2.40)

referred to as the cosmological constant 𝛬. This corresponds to energy carried by spacetime
itself and implies 𝑤 = −1. Since this type of ubiquitous vacuum energy reminds of the vacuum
energy of quantum fields usually also this quantum contribution is added to the Einstein
equations in a semiclassical approach [30], i.e.

𝑅𝜇𝜈 − 1
2

𝑔𝜇𝜈𝑅 = 8𝜋𝐺 (𝑇𝜇𝜈 + ⟨0| ̂𝑇𝜇𝜈 |0⟩) + 𝛬 , (2.41)

where ̂𝑇𝜇𝜈 is the energy–momentum–tensor of the quantum fields and 𝑇𝜇𝜈 is the classical
contribution. The total DE density can then be parametrised as [30]

𝜌DE = 𝛬
8𝜋𝐺

+ ⟨0| ̂𝜌 |0⟩ , (2.42)
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2.2 General Relativity and Cosmology

with ̂𝜌 = ̂𝑇00. In the SM this contribution is several orders of magnitude larger than the
measured DE density implying a large cancellation between the free parameter 𝛬 of GR and
the vacuum energy contribution. This almost exact cancellation between a priori unrelated
sectors is usually considered to be unnatural [30].

For 𝜅 = 0 the scale factor has a strictly monotonic time-dependence and Equation (2.38) can
be solved for ideal fluids yielding

𝜌(𝑎) = 𝜌0 ( 𝑎
𝑎0

)
−3(1+𝑤)

, (2.43)

with some arbitrary initial scale factor 𝑎0 and initial energy density 𝜌0. The energy densities
of the different kinds of fluids discussed above hence depend on the scale factor as follows:

• Radiation or relativistic matter: 𝜌 ∝ 𝑎−4

• Dust or non-relativistic matter: 𝜌 ∝ 𝑎−3

• DE (with 𝑤 = −1): 𝜌 ≡ const.

This scale factor-dependence already enables us to determine in which order each of these
different components dominates the energy density of an expanding Universe. At very small
scale factors radiation has the most significant impact on the evolution of the Universe followed
by the matter density and the DE density if the latter is sufficiently small to allow for a
domination era of the former two. This means the Universe has evolved from a radiation
dominated state in the very early stages over a matter dominated state into a vacuum
dominated state, today. In this thesis, we are mainly interested in the radiation dominated
era of the Universe, and hence, focus on the discussion of this time span.

In the early Universe, the energy content is given by ultra-relativistic particles interacting with
each other constantly. To be able to predict the evolution of the expansion of the Universe
it is therefore necessary to trace the evolution of the different particle species. At lowest
order in cosmological perturbations, the state of these particles is well described by a set of
homogeneous, isotropic phase space distribution functions 𝑓𝑖(𝑝, 𝑡). Here, 𝑝 is the absolute value
of the momentum of particle species 𝑖 and 𝑡 is the cosmic time. The transport of particles and
energy, i.e. the time evolution of the phase space distributions, is governed by the so-called
Boltzmann equations (see for example Reference [31])

(∂𝑡 + 𝑝𝐻∂𝑝) 𝑓𝑖(𝑡, 𝑝) = 𝒞𝑖[𝑡, 𝑝, {𝑓𝑗}] . (2.44)

The left hand side of this equation describes how the expansion of the Universe affects the
distribution functions 𝑓𝑖 while the right hand side encodes the effect of microscopic collisions of
particles in the plasma. The collision term 𝒞𝑖 is the sum of the thermal QFT-interaction rates
for all processes 𝒫 the particle species 𝑖 can participate in. Furthermore, for each processes
there exists also the inverse process and we adopt the convention that the forward direction of
a process produces a particle, i.e. contains the particle of momentum 𝑝 and species 𝑖 in the
final state 𝐹𝒫, while the backward direction of a process contains the particle in the initial state

15
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𝐼𝒫. The full collision term can then be written as the sum over all production, i.e. forward
directed, processes as5

𝒞𝑖 = ∑
𝒫

𝒞𝑖(𝐼𝒫 → 𝐹𝒫) − 𝒞𝑖(𝐹𝒫 → 𝐼𝒫) . (2.45)

A particle is said to be in thermal equilibrium with another species if all dominant collision
processes proceed rapidly enough in both the forward (𝐼 → 𝐹) and backward 𝐹 → 𝐼 directions
such that they surpass the expansion rate of the Universe 𝐻. As soon as all interaction rates
become too slow, the particle species drops out of equilibrium and effectively follows the
collision-free Boltzmann equation,

(∂𝑡 + 𝑝𝐻∂𝑝) 𝑓𝑖(𝑡, 𝑝) ≈ 0 , (2.46)

implying that the particle number in a comoving volume is conserved, i.e.

d
d𝑡

(𝑎3(𝑡)𝑛𝑖(𝑡)) ≡ 0 , (2.47)

with the particle number density

𝑛𝑖(𝑡) ∶= 𝑔𝑖 ∫ d3 ⃗𝑝
(2𝜋)3 𝑓𝑖(𝑝, 𝑡) , (2.48)

of particle species 𝑖 with 𝑔𝑖, the number of internal degrees of freedom (DOFs) of the particle.

Interestingly, for particles in thermal equilibrium the collision term also effectively vanishes
since both the forward and backward reactions proceed at the same rate. The significant
difference here is that in thermal equilibrium the temperature of species 𝑖 remains the same as
that of the other species it is in equilibrium with. Furthermore, the phase space distribution
functions for fermions and bosons in thermal equilibrium are given by

𝑓𝐹
eq(𝑝) = 1

𝑒− 𝐸𝑖(𝑝)−𝜇𝑖
𝑇 + 1

, 𝑓𝐵
eq(𝑝) = 1

𝑒− 𝐸𝑖(𝑝)−𝜇𝑖
𝑇 − 1

, (2.49)

where 𝜇𝑖 is the chemical potential of the species 𝑖. In the ultra-relativistic limit, i.e. for
𝑇 ≫ 𝑚𝑖, 𝜇𝑖 the resulting number and energy densities of a particle in thermal equilibrium
read

𝑛eq
𝑖 (𝑡) = {

3
4

𝜁(3)
𝜋2 𝑔𝑖𝑇 3(𝑡) fermions

𝜁(3)
𝜋2 𝑔𝑖𝑇 3(𝑡) bosons

, 𝜌eq
𝑖 (𝑡) = {

7
8

𝜋2

30 𝑔𝑖𝑇 4(𝑡) fermions
𝜋2

30 𝑔𝑖𝑇 4(𝑡) bosons
. (2.50)

Together with Equation (2.47) this implies that for particles in thermal equilibrium the
temperature behaves as 𝑇 ∝ 𝑎−1. The energy density of a particle species is related to its
phase space distribution via

𝜌𝑖(𝑡) ∶= 𝑔𝑖 ∫ d3 ⃗𝑝
(2𝜋)3 𝐸𝑖(𝑝)𝑓𝑖(𝑝, 𝑡) . (2.51)

5For completeness we provide the full expression for the collision term in Appendix A.1.
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The total radiation energy density can be expressed as

𝜌tot(𝑡) = 𝜋2

30
𝑔eff(𝑇 )𝑇 4 , (2.52)

with the effective number of DOFs contributing to the energy density

𝑔eff(𝑇 ) = ∑
𝑏

𝑔𝑏 (𝑇𝑏
𝑇

)
4

+ 7
8

∑
𝑓

𝑔𝑓 (
𝑇𝑓

𝑇
)

4

, (2.53)

where

𝑇𝑓 ∶= [30
𝜋2

8
7

∫ d3 ⃗𝑝
(2𝜋)3 𝐸𝑖𝑓𝑖(𝑝, 𝑡)]

1
4

, (Fermions) (2.54)

𝑇𝑏 ∶= [30
𝜋2 ∫ d3 ⃗𝑝

(2𝜋)3 𝐸𝑖𝑓𝑖(𝑝, 𝑡)]
1
4

, (Bosons) (2.55)

are effective temperatures for particle species that have already left thermal equilibrium,
i.e. have frozen out, and hence, evolve independently from the rest of the plasma of temperature
𝑇. If the freeze-out process occurs fast enough also the out-of-equilibrium particles still follow
their equilibrium distributions with the effective temperatures 𝑇𝑓 ∝ 𝑎−1.

From the energy density we can directly compute the Hubble rate by virtue of the first
Friedmann Equation (2.36),

𝐻(𝑡) = √8𝜋𝐺
3

𝜌tot(𝑡) = √4𝜋3𝐺
45

𝑔eff(𝑇 (𝑡)) 𝑇 2(𝑡) . (2.56)

Moreover, using the time-dependence of the scale factor for a radiation dominated Universe,
with 𝑎(𝑡) ∝

√
𝑡, we find

𝐻(𝑡) = 1
2𝑡

. (2.57)

Putting together both equations yields the time–temperature relation for radiation domina-
tion

𝑡(𝑇 ) = √ 45
16𝜋3𝐺

1
𝑔eff(𝑇 )

1
𝑇 2 . (2.58)

In periods of constant 𝑔eff this relation can also be inverted analytically.

Another important quantity, that is always conserved in a comoving volume during the
evolution of the Universe, is the entropy

𝑆 ≡ 𝑎3(𝑡)(𝜌 + 𝑃)
𝑇

, (2.59)
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If the temperature drops below the mass of a particle species, its annihilation processes dominate
the opposing pair-creation processes as the available phase space for the latter reaction shrinks.
The affected particle species then drops out of thermal equilibrium and annihilates with its
antiparticles. Since the total entropy 𝑆 is conserved, whenever the contribution of a particle
species to 𝑆 fades due to such an annihilation, the temperature for the remainder of the plasma
rises compared to its equilibrium evolution 𝑇 ∝ 𝑎−1. This phenomenon is called reheating
and microscopically the temperature increase is mediated by the collision terms injecting the
energy released from the annihilation into the remaining particle species. If there exists a
particle–antiparticle asymmetry in the annihilating species, the annihilation does not fully
erase the species and its remaining component can get back to thermal equilibrium with the
plasma again if its remaining interactions proceed sufficiently rapid. In any other case the
annihilated species fully freezes out.

To conclude this section, we give a brief overview over major events happening during
temperatures from 𝑇 ≈ 300 MeV to 𝑇 ≈ 0.3 eV as this temperature span is of major im-
portance for the discussions in Chapter 3. Around the confinement scale of QCD [32]
𝑇QCD ≈ 150 MeV to 214 MeV quarks and gluons confine into hadrons representing the physical
DOFs at temperatures below 𝑇QCD. This leads to a drop in the effective DOFs [32] from
𝑔eff ∼ 61.75 to 𝑔eff ∼ 17.25 as all but the lightest hadrons have masses much larger than
the masses of the lightest quarks and massless gluons contributing a significant amount to
𝑔eff due to their colour DOFs. The predominant interaction between all free particles now
is the EM interaction followed by the spontaneously broken weak interaction as well as the
Yukawa interaction induced by the confined strong interaction. Moreover, below 𝑇QCD the
only hadrons in thermal equilibrium are pions, i.e. 𝜋± and 𝜋0, annihilating shortly after at
around 𝑇𝜋 ≈ 130 MeV. Because of the simultaneous drop in effective DOFs each annihilation
corresponds to a reheating of the remaining plasma now containing only light leptons, i.e. 𝜇±,
𝑒±, 𝜈𝑗 and ̄𝜈𝑗, and photons.

The next annihilation occurs at around 𝑇𝜇± ∼ 105 MeV where muons and antimuons annihilate
each other up to a small potential particle–antiparticle asymmetry. This asymmetry is shifted
to the lighter leptons 𝑒± and 𝜈𝑗/ ̄𝜈𝑗 via muon decay, afterwards. The freeze-out processes
discussed so far do not happen because of the force mediating the interactions being too weak
but rather due to limited phase space volume of the pair-creation processes and the instability
of the respective particles. The opposite applies for neutrino decoupling happening roughly
between 𝑇𝜈 ≈ 0.8 MeV to 4 MeV where weak interactions maintaining equilibrium between the
neutrinos and the EM plasma become inefficient. From this event on, neutrinos basically act
as free streaming particles whose temperature redshifts with 𝑎−1 and remains approximately
equal to the photon temperature until 𝑒± annihilation at 𝑇 ∼ 0.511 MeV. Here, another
reheating occurs leading to a difference between the photon and effective neutrino temperature
which can be estimated from entropy conservation to be 𝑇 = 3√11/4𝑇𝜈. Indeed only the low
energy modes of neutrinos have fully decoupled by this time implying also a slight reheating of
the high energy neutrino modes and a subsequent departure from the equilibrium Fermi–Dirac
distribution at these energies. Another important event at 𝑇BBN ∼ 0.7 MeV and below is the
freeze-out of neutron–proton reactions and big bang nucleosynthesis (BBN). During BBN the
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non-relativistic protons and neutrons present in the plasma combine to form the first atomic
nuclei from 𝑝 = 1H to 7Li and 7Be.

The last important event marking the definite end of the radiation domination era is the
decoupling of photons and the formation of the cosmic microwave background (CMB) at
roughly 𝑇 ∼ 0.3 eV.

2.2.2 Quantum Field Theory in Curved Spacetime

Although a quantum theory of gravity still seems to be far out of reach, we can nevertheless con-
struct QFT on a classical background manifold ℳ on which a non-trivial pseudo-Riemannian
metric is defined. In the following, we briefly discuss one of the consequences of the absence of
global Poincaré symmetry on general manifolds for QFT, namely that the particle concept
becomes dependent on the state of motion of the oberserver. For a complete review of QFT in
curved spacetime, see for example References [33, 34].

For the usual quantisation procedure of a classical field theory to simply carry over from flat
to curved spacetime, we need to assume that the spacetime is globally hyperbolic6. That
means that there exists a continuous family of spacelike hypersurfaces {𝛴𝑡}𝑡∈ℝ foliating the
manifold ℳ and where any maximal causal curve intersects every hypersurface 𝛴𝑡 exactly
once. These hypersurfaces are called Cauchy surfaces and the spacetime is said to be foliated
by those Cauchy surfaces if ℳ = ⋃𝑡 𝛴𝑡. The property of global hyperbolicity ensures that
the formulation of initial value problems is well-defined and that no closed timelike curves
exist. Global hyperbolicity furthermore enables the definition of the conjugate momenta 𝜋𝑎 of
a classical field 𝜓𝑎 with Lagrangian density ℒ, i.e.

𝜋𝑎 = ∂ℒ
∂(𝑛𝜇∇𝜇𝜓𝑎)

, (2.60)

in a coordinate invariant way by using the timelike normal vectors 𝑛𝜇 of the Cauchy foliation.
Using these canonical momenta one can impose the usual (anti-)commutation relations on
the field theory. Next, in order to define the notion of particles or field quanta the field is
decomposed as

𝜓𝑎(𝑥) = ∑
𝐽

(𝑎𝐽𝜉𝑎𝐽(𝑥) + 𝑏†
𝐽𝜖𝑎𝐽(𝑥)) , (2.61)

in terms of ladder operators (𝑎(†)
𝐽 , 𝑏(†)

𝐽 ) and a basis of mode functions {(𝜉𝐽, 𝜖𝐽)}𝐽 labelled by
the quantum numbers 𝐽 characterising the state of the associated particle. The mode functions
solve the underlying field equations, i.e. for example the Klein–Gordon, Dirac or Maxwell
equations in curved spacetime. In this section, we mainly focus on fermions in curved spacetime
as we are interested in the behaviour of neutrinos in a curved background in Chapter 5. Of
course neutrinos obey the Dirac equation in curved spacetime given by

(𝑖𝛾𝜇
𝑎𝑏(𝑥)[𝛿𝑏𝑐∂𝜇 + 𝛤𝑏𝑐𝜇(𝑥)] − 𝛿𝑎𝑐𝑚) 𝜓𝑐(𝑥) = 0 , (2.62)

6For field quantisation in a non-globally hyperbolic spacetime see for example Reference [35].
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where 𝛾𝜇(𝑥) = 𝛾𝛼𝑒𝛼
𝜇(𝑥) are the curved spacetime gamma matrices inherited from flat

spacetime by virtue of the frame fields 𝑒𝛼 defining an orthonormal frame at every point in
spacetime. Moreover, 𝛤𝜇 is the so-called spin connection defined by

𝛤𝜇(𝑥) ∶= 1
8

[𝛾𝛼, 𝛾𝛽]𝑒𝛼
𝜈(𝑥)𝑔𝜈𝜌(𝑥)∇𝜇𝑒𝛽

𝜌(𝑥) , (2.63)

and the mode functions are chosen such that they form an orthonormal basis (ONB)

⟨𝜉𝐽, 𝜉𝐾⟩ = ⟨𝜖𝐽, 𝜖𝐾⟩ = 𝛿𝐽𝐾 , ⟨𝜉𝐽, 𝜖𝐾⟩ = 0 , (2.64)

with respect to the scalar product

⟨𝑢, 𝑣⟩ ∶= ∫
𝛴𝑡

𝑢̄(𝑥)𝛾𝜇(𝑥)𝑣(𝑥) d𝜎𝜇(𝑥) , d𝜎𝜇(𝑥) ∶= 𝑛𝜇(𝑥)√|ℎ(𝑥)| d3 ⃗𝑥 , (2.65)

on any Cauchy surface 𝛴𝑡 with metric ℎ𝑖𝑗 induced by 𝑔. As long as both arguments of the
scalar product fulfil the equations of motion of the field, the scalar product is invariant under
the change of the Cauchy surface 𝛴𝑡.

Because there exists an infinite number of sets of mode solutions, the first question that arises
is which set to choose. In Minkowski spacetime one naturally chooses those modes closely
associated with the Poincaré symmetry and the usual Cartesian coordinates

𝜉𝑝⃗𝑠(𝑥) = 𝑢𝑠( ⃗𝑝) 𝑒−𝑖𝑝𝜇𝑥𝜇

√(2𝜋)32𝑝0
, 𝜖𝑝⃗𝑠(𝑥) = 𝑣𝑠( ⃗𝑝) 𝑒𝑖𝑝𝜇𝑥𝜇

√(2𝜋)32𝑝0
, (2.66)

with spin 𝑠, momentum ⃗𝑝, energy 𝑝0 = √| ⃗𝑝|2 + 𝑚2 and the basis spinors 𝑢𝑠( ⃗𝑝) and 𝑣𝑠( ⃗𝑝).
The modes 𝜉 (𝜖) are said to be positive (negative) frequency since they fulfil the relations

∂𝜉𝑝⃗𝑠

∂𝑡
(𝑥) = −𝑖𝑝0𝜉𝑝⃗𝑠(𝑥) ,

∂𝜖𝑝⃗𝑠

∂𝑡
(𝑥) = 𝑖𝑝0𝜖𝑝⃗𝑠(𝑥) . (2.67)

Positive frequency modes directly correspond to particle excitations of the field whereas
negative frequency excitations correspond to antiparticles. The vacuum state of this mode
construction is Poincaré-invariant, and hence, all inertial observers agree on the same notion
of particles. This means that if one observer measures a fixed number of particles, any other
inertial observer will see the same amount of field quanta. In curved spacetime, however,
Poincaré symmetry is absent in general and the notions of positive and negative frequencies
become observer-dependent in that they depend on the flow of time an observer experiences.
This is formalised by the general positive and negative frequency conditions [23]

∇𝜉𝐽
d𝜏

(𝑐(𝜏)) = −𝑖𝜔𝐽𝜉𝐽(𝑐(𝜏)) , ∇𝜖𝐽
d𝜏

(𝑐(𝜏)) = −𝑖𝜔𝐽𝜖𝐽(𝑐(𝜏)) , (2.68)

where the covariant derivative is taken along the world line 𝑐 of the observer. Here, 𝜔𝐽 is the
energy or frequency associated with a single-particle state with quantum numbers 𝐽. The
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2.2 General Relativity and Cosmology

Fock space of any observer would now be constructed from that set7 of modes fulfilling the
conditions in Equations (2.68). Thereby, these relations establish a direct link between the
state of motion of an observer and their particle concept. In the absence of any symmetry it is
then not guaranteed that two observers following different worldlines will define the same or
equivalent notions of particles, as we will see below.

The main reason for the unintuitive nature of the particle concept is that usually one thinks
of particles as localised entities that should behave the same way in flat and curved spacetime
due to the equivalence principle. This, however, is not true since particles of definite momenta
or energy are highly delocalised and are in one-to-one correspondence to the globally defined
mode solutions, 𝜉 and 𝜖, of the underlying equations of motion of the field. Only as soon as
we consider sufficiently localised wave packets (WPs) of particles the global structure of the
manifold becomes less important. To construct those WPs, we still need to specify which
observer is measuring the particle and two different observers, 𝑂 and 𝑂̃, would in general find
differing WPs for the same state, depending on the mode decomposition corresponding to
their flow of time.

The translation between two different Fock space constructions of observers, 𝑂 and 𝑂̃, based
on the associated modes, (𝜉, 𝜖) and ( ̃𝜉, ̃𝜖), is facilitated by a so-called Bogoliubov transforma-
tion [36]

𝜉𝐽 = ∑
𝜎

[𝛼𝐽𝜎
̃𝜉𝜎 + 𝛽𝐽𝜎 ̃𝜖𝜎] , (2.69)

𝜖𝐽 = ∑
𝜎

[𝛼∗
𝐽𝜎 ̃𝜖𝜎 − 𝛽∗

𝐽𝜎
̃𝜉𝜎] , (2.70)

where 𝛼 and 𝛽 are the (fermionic) Bogoliubov coefficients fulfilling the relation

𝛿𝐽𝐾 = ∑
𝜎

(𝛼𝐽𝜎𝛼∗
𝐾𝜎 + 𝛽∗

𝐽𝜎𝛽𝐾𝜎) . (2.71)

The decomposition of the same quantum field in terms of two different sets of modes and
ladder operators fulfilling the usual (anti-)commutation relations immediately dictates the
Bogoliubov transformation properties of the ladder operators, i.e.

𝑎𝑗 = ∑
𝜎

[𝛼∗
𝑗𝜎 ̃𝑎𝜎 + 𝛽∗

𝑗𝜎
̃𝑏†
𝜎] , (2.72)

𝑏𝑗 = ∑
𝜎

[𝛼∗
𝑗𝜎

̃𝑏𝜎 − 𝛽∗
𝑗𝜎 ̃𝑎†

𝜎] . (2.73)

This implies that the vacuum state of observer 𝑂̃ is not necessarily free of field quanta in terms
of the particle concept of observer 𝑂, i.e.

⟨ ̃0| 𝑛𝑗 | ̃0⟩ = ⟨ ̃0| 𝑎†
𝑗𝑎𝑗 | ̃0⟩ = ∑

𝜎
|𝛽𝑗𝜎|2 . (2.74)

7Their still might be several sets of mode functions fulfilling these conditions for the given observer, but they
all give rise to the same definition of particles characterised by different, equivalent sets of quantum numbers
in the respective constructions.
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As already mentioned above, for the simple example of Minkowski spacetime global Poincaré-
invariance ensures that the family of inertial observers defines equivalent notions of particles
and in particular agrees on the same unique and universal vacuum state. This is because
the inertial flow of time is related to the timelike Killing field 𝑇 = ∂𝑡, and by symmetry,
positive and negative frequencies have the same meaning for all inertial observers. However,
the situation is already different in flat spacetime when extending the class of considered
observers to those accelerated in the 𝑥 direction, for example. These observers experience a
different flow of time defined by the Killing field ̃𝑇 = 𝑥∂𝑡 − 𝑡∂𝑥. The field ̃𝑇 leads to entirely
different mode solutions by virtue of Equation (2.68). Consequently, the notion of particles an
accelerated observer would define follows from an inequivalent Fock space construction based
on the non-inertial modes ̃𝜉𝜎 and ̃𝜖𝜎. The physical consequence of this inequivalence is that
even if all inertial observers agree that no particles are present, i.e. the quantum field is in the
Minkowski vacuum state, all accelerated observers would see a thermal bath of particles as their
vacuum state is different from the Minkowskian one. This is called the Unruh effect [37–39].

In general curved spacetimes it is far from guaranteed that two observers define equivalent
notions of particles which is mainly because of the lack of global Poincaré symmetry or any
symmetry at all. Especially in spacetimes with strongly time varying gravitational fields,
i.e. spacetimes lacking time-like Killing fields, no pair of macroscopically separated observers
define the same notions of particles. A possible example of such a scenario is a spacetime
going through a phase of inflation. The particles observer 𝑂̃ then sees, although observer 𝑂
experiences an empty Universe, are said to be produced gravitationally.

2.3 Neutrino Oscillations

Now that we have discussed the broad theoretical foundations on which this thesis is based,
we narrow down the scope to the more specific topics of this work concerning the theory and
applications of neutrino oscillations. The first theoretical considerations of neutrino oscillations
date back to 1957 by Pontecorvo [40, 41] who was looking for a phenomenon in the lepton
sector similar to neutral kaon oscillations. Later on in 1962 Maki, Nakagawa and Sakata [42]
considered the possibility of non-diagonal weak interactions and flavour mixing. Pontecorvo
then applied his formalism of neutrino oscillations to the neutrino flavour system [43]. This
formalism predicted the phenomenon of a reduced solar electron neutrino flux at Earth that
came to be known as the solar neutrino problem. This problem first emerged in the mid
1960’s in the Homestake mine experiment conducted by Ray Davis Jr. et al. to measure
the flux of solar neutrinos. It was found that roughly only one third of the expected flux of
electron neutrinos has been measured in this experiment [44]. The final evidence for neutrino
oscillations was brought forward about forty years later by the groups of Kajita and McDonald
in the Super-Kamiokande experiment [45] and the Sudbury Neutrino Observatory (SNO) [46],
respectively.

This phenomenon can be consistently described if neutrinos indeed are massive particles. Since
this has become the accepted explanation for the occurrence of neutrino oscillations, it also
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2.3 Neutrino Oscillations

represents direct evidence for the incompleteness of the lepton sector of the SM, as no mass
generation mechanism for neutrinos exists within the SM, as already mentioned in Section 2.1.
The most general Lagrangian in terms of chiral fields describing neutrino masses can be written
as

ℒ𝜈,mass = −1
2

3
∑
𝑗=1

3
∑
𝑘=1

(𝜈𝑗𝑐
𝐿 𝑚𝑀

𝑎,𝑗𝑘𝜈𝑘
𝐿 + 𝜈𝑗

𝐿𝑚𝑀∗
𝑎,𝑗𝑘𝜈𝑘𝑐

𝐿 )

−
𝑛𝑠

∑
𝑗=1

𝑛𝑠

∑
𝑘=1

(𝜈𝑗𝑐
𝑅 𝑚𝑀

𝑠,𝑗𝑘𝜈𝑘
𝑅 + 𝜈𝑗

𝑅𝑚𝑀∗
𝑠,𝑗𝑘𝜈𝑘𝑐

𝑅 )

−
3

∑
𝑗=1

𝑛𝑠

∑
𝑘=1

(𝜈𝑗
𝐿𝑚𝐷

𝑗𝑘𝜈𝑘
𝑅 + 𝜈𝑘

𝑅𝑚𝐷∗
𝑗𝑘 𝑛𝑢𝑗

𝐿) ,

(2.75)

where we have introduced 𝑛𝑠 right-handed, SM singlet fields 𝜈𝑗
𝑅 in addition to the three SM

neutrinos 𝜈𝑗
𝐿 and we have written the sum over generation indices explicitly. Moreover, we

have introduced the particle–antiparticle conjugation8 operation

𝜓𝑐 ∶= 𝒞 ̄𝜓𝑇 , (2.76)

where the matrix 𝒞 can be defined as 𝒞 ∶= 𝑖𝛾2𝛾0 in the chiral representation. In contrast to
𝜈𝐿, the number of 𝜈𝑅 fields is not constrained by demanding the SM to be anomaly free as the
𝜈𝑅 are SM singlets. Hence, they are often also called sterile neutrinos. In the same spirit, the
𝜈𝐿 fields are called active neutrinos, hence the subscripts 𝑠 and 𝑎 attached to the respective
Majorana mass matrices, 𝑚𝑀

𝑠 and 𝑚𝑀
𝑎 .

The Lagrangian defined in Equation (2.75) contains two different types of fermion mass terms,
Majorana and Dirac mass terms. While Dirac mass terms always include two distinct fermion
fields of opposite chiralities, Majorana mass terms can also be written with only a single
chiral field. The mass matrices appearing in Equation (2.75) are 𝑚𝑀

𝑎 ∈ ℂ3×3, 𝑚𝑀
𝑠 ∈ ℂ𝑛𝑠×𝑛𝑠

and 𝑚𝐷 ∈ ℂ3×𝑛𝑠 , where the first two are complex symmetric and the latter one is an
arbitrary complex matrix. A crucial difference between Majorana and Dirac mass terms is
that Majorana mass terms, involving only one type of chiral field, explicitly break all 𝑈(1)
symmetries. Consequently, the affected particles cannot be charged under any gauge interaction
with this symmetry group, like e.g. electromagnetism. Furthermore, all mass terms including
active neutrinos must be generated during electroweak SSB since otherwise they would break
the SM gauge symmetry explicitly.

As in the case of quarks in the SM we need to diagonalise the kinetic term of the neutrino
Lagrangian in order to find the propagating, physical states of definite mass. To do so, we
collect all left- and right-chiral neutrino fields in the vectors ⃗𝜈𝐿 and ⃗𝜈𝑅, respectively, and
combine them into a single left-handed vector 𝑛⃗𝐿 ∶= ( ⃗𝜈𝐿, ⃗𝜈𝑐

𝑅). Afterwards, using the properties

8Note that this is not the same as charge conjugation since particle–antiparticle conjugation also flips the
chirality of a chiral fermion field.
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of 𝒞, we can rewrite the Lagrangian in Equation (2.75) to the form

ℒ𝜈,mass = 1
2

𝑛⃗𝑇
𝐿𝒞†𝑀̂𝑛⃗𝐿 + 1

2
𝑛⃗†

𝐿𝒞𝑀̂∗𝑛⃗∗
𝐿 , 𝑀̂ ∶= (𝑚𝑀

𝑎 𝑚𝐷
𝑚𝑇

𝐷 𝑚𝑀
𝑠

) . (2.77)

In this formulation the neutrino mass Lagrangian assumes the form of a collection of Majorana
mass terms reflecting the fact that a Dirac mass term is only a special case of a Majorana mass
term coupling two different chiral fields to each other with the same mass. Again, 𝑀̂ is complex
symmetric and can be brought to a diagonal form using a single unitary transformation
𝑀̂𝐷 = 𝑈𝑇𝑀̂𝑈, where 𝑀̂𝐷 is the diagonal matrix with positive semi-definite diagonal entries
𝑚𝜈

𝑖 . These diagonal entries correspond to the absolute values of the eigenvalues of 𝑀̂. The
neutrino fields of definite mass can, thus, be written as

̃𝜈𝐿𝑗 =
𝑛𝑓

∑
𝑎=1

𝑈∗
𝑎𝑗𝑛𝐿𝑎 , (2.78)

and we can build the corresponding massive Majorana spinors ̃𝜈𝑗 ∶= ̃𝜈𝐿𝑗 + ̃𝜈𝑐
𝐿𝑗. Here, 𝑛𝑓 =

3 + 𝑛𝑠 is the total number of chiral flavour states and the leptonic mixing matrix 𝑈 is
called the Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix. Finally the Lagrangian in
Equation (2.75) becomes

ℒ𝜈,mass = −1
2

𝑛𝑓

∑
𝑘=1

𝑚𝜈
𝑘

̄ ̃𝜈𝑘 ̃𝜈𝑘 . (2.79)

Here, we see that in the general Dirac and Majorana mass scenario, we get as many mass
eigenfields as we have chiral flavour eigenfields, i.e. 3 + 𝑛𝑠. In the limit of vanishing Majorana
masses and if 𝑛𝑠 = 3, one can combine the six Majorana mass eigenfields ̃𝜈𝑗 into three Dirac
fields. Only in this scenario will neutrino mass eigenstates be of the Dirac type.

As an explanation of the smallness of the three lightest neutrino masses, there exist several
so-called seesaw models [47–50] featuring a sterile Majorana mass matrix 𝑚𝑀

𝑠 with entries
several orders of magnitude larger than those of the other mass matrices. As we are primarily
interested in the consequences of neutrino masses, rather than in their origin, we will not
consider these models in more detail here.

Assuming that we have already brought the charged lepton mass matrices to a diagonal
form and have appropriately redefined the active neutrino flavour eigenfields to absorb the
charged lepton mixing matrices9 before transforming the neutrino mass Lagrangian, the weak
interaction Lagrangian becomes

ℒ𝜈
weak = 𝑔

2 cos(𝜃𝑊)
𝑍𝜇 ∑

𝑎=𝑒,𝜇,𝜏

3+𝑛𝑠

∑
𝑗,𝑘=1

𝑈𝑎𝑘𝑈∗
𝑎𝑗

̄ ̃𝜈𝑗𝛾𝜇𝑃𝐿 ̃𝜈𝑘

+ 𝑔√
2

∑
𝑎=𝑒,𝜇,𝜏

3+𝑛𝑠

∑
𝑗=1

(𝑊 −
𝜇 𝑈𝑎𝑗 ̄𝑒𝑎𝛾𝜇𝑃𝐿 ̃𝜈𝑗 + 𝑊 +

𝜇 𝑈∗
𝑎𝑗

̄ ̃𝜈𝑗𝛾𝜇𝑃𝐿𝑒𝑗) .

(2.80)

9One can also perform the field redefinitions of charged and neutral leptons simultaneously, as shown for the
up- and down-type quarks in Section 2.1. In this case, the PMNS matrix is a combination of 𝑈 and 𝑉 𝑒

𝐿, but
the procedure is fully equivalent to the approach discussed here.
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Note that if 𝑈 is a 3 × 3 matrix, the neutral current interaction is form-invariant under this
change of basis, but the CC interaction always contains the leptonic mixing matrix as we have
already seen in the quark sector. This is what gives rise to the phenomenon of neutrino flavour
oscillations, i.e. the main topic of this thesis: A neutrino produced in CC interactions is in a
state of definite flavour |𝜈𝑎⟩ corresponding to a coherent superposition of mass eigenstates.
During propagation the mass eigenstates evolve with their individual time evolution phases
changing the admixture of the mass eigenstates during propagation. Detection of the neutrino
again proceeds via a CC process and the measured flavour can be different from that of the
original neutrino. As the flavour transition probabilities oscillate over the length the neutrinos
have travelled, this phenomenon is called neutrino (flavour) oscillations.

Using the simple reasoning above, one can quickly derive the standard expression for the
flavour transition probabilities in the case of ultra-relativistic neutrinos: The produced and
evolved flavour eigenstate is described by:

|𝜈𝑎(𝑇 )⟩ ∶= 𝑒−𝑖𝐻̂𝑇 |𝜈𝑎⟩ = ∑
𝑗

𝑈∗
𝑎𝑗𝑒−𝑖𝐸𝑗𝑇 ∣𝜈𝑗⟩ , (2.81)

where the energy eigenvalues of the free neutrino Hamiltonian are

𝐸𝑗 = √| ⃗𝑝|2 + 𝑚2
𝑗 ≈ | ⃗𝑝| +

𝑚2
𝑗

2| ⃗𝑝|
. (2.82)

The probability to detect a flavour eigenstate 𝜈𝑏 after a distance 𝐿 ∼ 𝑇 then reads

𝑃𝑎𝑏(𝐿) ∶= ⟨𝜈𝑏|𝜈𝑎(𝐿)⟩ = ∣∑
𝑗

𝑈𝑏𝑗𝑒
−𝑖

𝑚2
𝑗 𝐿

2|𝑝⃗| 𝑈 ∗
𝑎𝑗∣

2

. (2.83)

Although this expression describes neutrino flavour transitions in vacuum to very high accuracy,
the derivation given above can only be regarded as an intuitive way to memorise the oscillation
formula as it glosses over several crucial details and inconsistencies that are important to
understand under which conditions the standard oscillation formula is actually applicable. Of
course there is some truth to the above reasoning as it produces the correct result and also
catches the main conceptual points important to neutrino oscillations. The main questions
that arise when taking a closer look at the derivation above are:

1. Are neutrino states of definite flavour well-defined?

2. When are neutrinos actually produced and detected as a coherent superposition of mass
eigenstates?

3. Under which conditions can we define a universal flavour transition probability that is
independent of the details of the neutrino production and detection process?

4. Should we assume the neutrino state to be produced and detected with definite momentum
(as assumed above) or definite energy?
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5. How can a plane wave (definite momentum state) be localised in space such that the
conversion 𝐿 ∼ 𝑇 is justified?

6. If neutrinos are localised on the other hand: How do the inherent position and momentum
space uncertainties of the WPs affect the oscillation formula?

It turns out that in order to answer the first three questions consistently, we have to consider
the full neutrino production–propagation–detection process from first principles in a QFT
based approach [51–55]. As these questions are of minor importance for this thesis, we only
briefly discuss the QFT approach to neutrino oscillations in Section 2.3.1. Assuming that
there are situations where a universal flavour oscillation probability is well-defined, it suffices
to consider neutrinos as coherent superpositions of freely propagating mass eigenstate WPs
in order to answer questions four to six. This is done in Section 2.3.2. Furthermore, in
Section 2.3.3, we discuss under which circumstances neutrino flavour transitions are well
described by considering the neutrino flavours as a simple quantum mechanical 𝑛 level system
with an 𝑛 × 𝑛 Hamiltonian 𝐻̂ as used for the naive derivation shown above. In doing so, we
also see how this effective Hamiltonian changes as neutrinos traverse a medium, and how other
effects, like decoherence due to inelastic scattering, can be described in this framework.

2.3.1 Quantum Field Theory Approach to Neutrino Oscillations

In order to give a meaningful definition of the previously discussed neutrino flavour transition
probability, we first need to take a step back and consider how these flavour transitions are
studied experimentally. The flavours of the produced and detected neutrinos are determined
from the flavours of the charged leptons that accompany the respective CC production or
detection process. This is due to the fact that neutrinos themselves are invisible to the
detection apparatus, which usually relies on the measurement of an EM signal. Therefore, the
most consistent approach to the study of neutrino flavour transitions is considering the total
interaction rate of the full production, propagation and detection process, d𝛤𝑎𝑏.

In the QFT approach, only the external particles producing and detecting the neutrino are
considered as initial and final WP states, while the neutrino is treated as an internal mediator
particle, cf. Figure 2.1. This is why it is often also called the external WP approach to neutrino
oscillations. For example, if a charged lepton ℓ−

𝑎 scatters off of a proton, it may produce a
neutron in combination with a neutrino. The neutrino would then escape the production site
and travel a macroscopic distance towards a prepared detector. There, the incoming neutrino
could interact with a neutron from an atomic nucleus, producing a proton and a charged
lepton ℓ−

𝑏 that can be detected via its Cherenkov radiation, i.e.

𝑝 + ℓ−
𝑎 → 𝑛⏟⏟⏟⏟⏟

external particles

+𝜈𝑎 ⟶ 𝜈𝑏 + 𝑛 → 𝑝 + ℓ−
𝑏⏟⏟⏟⏟⏟

external particles

. (2.84)

In the language of Figure 2.1, Equation (2.84) translates to:

Production Initial State 𝑝in
1 = 𝑝, 𝑝in

2 = ℓ−
𝑎 and 𝑛𝐼 = 2
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𝑝in
1 𝑝in

2

⋯
𝑝in

𝑛𝐼

𝑝out
1 𝑝out

2
⋯

𝑝out
𝑛𝐹

𝜈 𝑑in
1 𝑑in

2

⋯
𝑑in

𝑚𝐼

𝑑out
1 𝑑out

2
⋯

𝑑out
𝑚𝐹

Source

Detector

Figure 2.1: Diagrammatic representation of the neutrino production–propaga-
tion–detection process.

Production Final State 𝑝out
1 = 𝑛 and 𝑛𝐹 = 1

Detection Initial State 𝑑in
1 = 𝑛 and 𝑚𝐼 = 1

Detection Final State 𝑑out
1 = 𝑝, 𝑑out

2 = ℓ−
𝑏 and 𝑚𝐹 = 2

If we assume these external particles to be precisely localised in momentum space, i.e. to be
well represented by plane waves, the neutrino produced in this reaction would have definite
energy and momentum, and therefore, also its mass would be precisely determined. It is
hence mandatory to take a more realistic but also more complicated approach by defining the
external initial and final state particles as WPs.

In the most general case, the full initial and final states of a process, as depicted in Figure (2.1),
are given by

|𝐼𝑎, in⟩ ∶=
𝑛𝐼

∏
𝐴=1

𝑎†
in(𝑝in

𝐴 , 𝑄⃗𝐴, 𝑋S𝐼
𝐴 )

𝑚𝐼

∏
𝐵=1

𝑎†
in(𝑑in

𝐵 , 𝑄⃗′
𝐵, 𝑋D𝐼

𝐵 ) |0, in⟩ , (2.85)

|𝐹𝑏, out⟩ ∶=
𝑛𝐹

∏
𝐶=1

𝑎†
out(𝑝

out
𝐶 , 𝐾⃗𝐶, 𝑋S𝐹

𝐶 )
𝑚𝐹

∏
𝐷=1

𝑎†
out(𝑑

out
𝐷 , 𝐾⃗′

𝐷, 𝑋D𝐹
𝐷 ) |0, out⟩ , (2.86)

where we define the effective WP in and out ladder operators as

𝑎†
out/in(𝜓, ⃗𝑃 , 𝑋) ∶= ∫ d3 ⃗𝑝 𝜙𝜓( ⃗𝑝, ⃗𝑃 )𝑒𝑖𝑝𝑋𝑎†

𝜓,out/in( ⃗𝑝) , (2.87)

where the underscore indicates that a WP state instead of a plane wave state is created.
The creation operator in Equation (2.87) produces a particle of species 𝜓 at 𝑡 → ±∞ with
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momentum space WP 𝜙𝜓 centered around the mean momentum ⃗𝑃 by acting on the respective
in and out vacua |0, in⟩ and |0, out⟩. The momentum space WP in the adopted normalisation
convention is of the form

𝜙𝜓( ⃗𝑝, ⃗𝑃 ) =
𝜑𝜓(𝑝, 𝑃 )

√(2𝜋)32𝐸𝑝

, (2.88)

where 𝜑 is a Lorentz-invariant form factor normalised such that the WP states have unit
norm10 in any inertial frame of reference. Moreover, we include a spacetime translation phase
into the definition of 𝑎† such that the position space wave function of the particle is localised
at 𝑋⃗ at time 𝑋0. In this way we are able to encode the information of the coordinates of the
neutrino source and detector into the states making sure that for example only those particles
participating in the neutrino detection overlap in the detector.

The scattering amplitude for the full process is, as usual, simply given by the overlap of the in
and out states that we have just defined, i.e.

𝒜𝑎𝑏(𝑋S, 𝑋D) ∶= ⟨𝐹𝑏, out|𝐼𝑎, in⟩ . (2.89)

Assuming neutrino instead of antineutrino exchange, the general neutrino production–propa-
gation–detection process can be decomposed as (cf. Appendix A.2)

𝒜𝑎𝑏 = ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∬ d4𝑧 d4𝑦 𝕍D(𝑧)𝕍S(𝑦)

× 𝑀̃D({𝑄′
𝐵}, {𝐾′

𝐷})𝑆𝑗(𝑧 − 𝑦)𝑀̃S({𝑄𝐴}, {𝐾𝐶}) ,
(2.90)

where 𝑀̃S/D are the matrix elements of the neutrino production and detection sub-processes,
without the neutrino spinors, evaluated at the mean momenta of the external particles and
𝑆𝑗 is the propagator of the 𝑗-th neutrino mass eigenstate. Furthermore, the overlap volume
functions 𝕍S/D are given by the products of position space WPs of the external particles, see
Appendix A.2 for the explicit expressions. They encode the information about the spacetime
regions where the external particles overlap in the source and detector, respectively, and
depend on the initial average spacetime coordinates 𝑋S/D𝐼/𝐹

𝐸 as well as the mean momenta of
the external particles. Therefore, the overlap volumes determine whether the external particles
indeed scatter off of each other to produce a neutrino or if they miss each other. Moreover, we
define the mean impact points of external particles in the source and detector by

𝑋𝜇
S/D ∶= ∫ d4𝑥 𝕍S/D(𝑥)𝑥𝜇 . (2.91)

These points, hence, correspond to the mean production and detection vertices of the neu-
trino.

Before we continue our discussion, we first briefly comment on neutrino propagation in matter.
The QFT formalism we are considering at the moment is not only capable of describing neutrino
10This corresponds to the (anti-)commutation relations [𝑎out/in(𝜓, 𝑃⃗ , 𝑋), 𝑎†

out/in(𝜓, 𝑃⃗ , 𝑋)]± ≡ 1.
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2.3 Neutrino Oscillations

oscillations in vacuum but also in a medium. In the latter case the neutrino propagators
appearing in Equation (2.90) need to be replaced by the finite temperature propagators [56]
obeying the Schwinger–Dyson equation,

[/∂𝑥 − 𝑀𝑃𝑅 − 𝑀†𝑃𝐿] 𝑆(𝑥, 𝑦) − ∫ d4𝑧 𝛴(𝑥, 𝑧)𝑆(𝑧, 𝑦) = 𝛿4(𝑥 − 𝑦)𝟙 , (2.92)

in the flavour basis. Here, 𝛴(𝑥, 𝑧) is the thermal self energy whose real part corresponds to
forward scattering processes in matter giving rise to an altered index of refraction for neutrinos
and thereby induces effective masses. The imaginary part of 𝛴(𝑥, 𝑧), in contrast, encodes
inelastic scattering processes of neutrinos into different particle states or vice versa, and
therefore, describes (hypothetical) neutrino decay, neutrino attenuation in matter or neutrino
production for example due to the decay of heavy leptons. Moreover, 𝑀 is the neutrino mass
matrix in the flavour basis. In the following, we mainly focus on the QFT treatment of neutrino
oscillations in vacuum, but we come back to neutrino oscillations in matter in Section 2.3.3
and discuss the consequences of Equation (2.92) for the effective quantum mechanical model
of neutrino oscillations that we develop in this section and Section 2.3.2.

The vacuum neutrino propagator can be expressed in terms of the neutrino and antineutrino
mode functions, 𝜉 and 𝜖, as

𝑆𝑗(𝑧, 𝑦) = ∑
𝑠=±1/2

∫ d3 ⃗𝑝 [𝛩(𝑧0 − 𝑦0)𝜉𝑗;𝑠𝑝⃗(𝑧) ̄𝜉𝑗
𝑗;𝑠𝑝⃗(𝑦) − 𝛩(𝑦0 − 𝑧0)𝜖𝑗

𝑗;𝑠𝑝⃗(𝑦) ̄𝜖𝑗
𝑗;𝑠𝑝⃗(𝑧)] , (2.93)

where 𝑗 is the mass eigenstate index, 𝑠 is the spin polarisation of the neutrino and ⃗𝑝 its
momentum. We use this abstract form of the neutrino propagator, that is also valid in curved
spacetime QFT, in order to prepare our considerations of neutrino oscillations in curved
spacetime in Chapter 5. Moreover, the propagator representation in Equation (2.93) clearly
distinguishes between neutrino and antineutrino contributions and, thus, is especially suitable
to motivate the internal WP approach to neutrino oscillations. In contrast to the external WP
approach, the flavour transition amplitude in the internal WP approach is derived directly
from the overlap of freely propagating, effective neutrino WP states. The internal neutrino
line in Figure 2.1 is, thus, assumed to become on-shell and the production and detection
dynamics are encoded within the corresponding neutrino WPs. As we discuss in more detail in
Appendix A.3, this is well justified since the spatially macroscopic separation of the production
and detection volumes indeed forces the internal neutrino state to go on-shell, leading to a
strong suppression of the antiparticle contribution11 of the neutrino propagators within the
amplitude in Equation (2.90).

Moreover, as discussed in Section 2.2.2 in general an observer chooses a set of modes associated
with the flow of time in their own rest frame. Since in the current scenario we deal with two
observers, one at the neutrino source (𝑂S) and one at the neutrino detection site (𝑂D), using a
single mode decomposition as in Equation (2.93) does not give a meaningful representation of
11This only holds in case the external particles are such that a neutrino instead of an antineutrino is expected

to be exchanged. In the opposite case, the structure of the amplitude in Equation (2.90) reverses and only
the antiparticle contribution from the propagator 𝑆𝑗 contributes.
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the experimental situation as we make the transition to curved spacetime. Instead, we should
express the production process and the produced neutrino in terms of the mode functions 𝜉S

used by the source-bound observer 𝑂S and, analogously, we should use the respective detection
modes 𝜉D to describe the detection process as well as the detected neutrino state. In the (local)
inertial frames 𝑧𝜇

S/D of these observers, the respective modes should then (approximately)
reduce to the usual expressions

𝜉S/D
𝑗;𝑠𝑝⃗(𝑧S/D) = 𝑢𝑗;𝑠( ⃗𝑝) 𝑒−𝑖𝑝𝜇𝑧𝜇

S/D

√(2𝜋)32𝑝0
, 𝜖S/D

𝑗;𝑠𝑝⃗(𝑧S/D) = 𝑣𝑗;𝑠( ⃗𝑝) 𝑒𝑖𝑝𝜇𝑧𝜇
S/D

√(2𝜋)32𝑝0
, (2.94)

normalised according to Equation (2.64). For inertial observers in Minkowski spacetime the
different modes 𝜉, 𝜉S and 𝜉𝐷 are of course equivalent. The only difference between them is in
which coordinate system they assume the simple form given in Equation (2.94). In case of the
simple example of two inertial observers, 𝑂S and 𝑂D, at rest with respect to each other, the
respective source and detector modes become

𝜉S/D
𝑗;𝑠𝑝⃗(𝑥) = 𝑢𝑗;𝑠( ⃗𝑝)𝑒−𝑖𝑝𝜇(𝑥𝜇−𝑋𝜇

S/D)

√(2𝜋)32𝑝0
, (2.95)

within the arbitrary inertial frame 𝑥𝜇 where 𝑋𝜇
S/D represent the origins of the local inertial

coordinate frames 𝑧𝜇
S/D. We have chosen these origins to coincide with the average neutrino

production and detection vertices.

Under the assumption of negligible gravitational particle production12 we can use the com-
pleteness relation of the particle modes 𝜉S/D

𝑗 and that particles and antiparticles of different
mode constructions do not mix and get (cf. Appendix A.3)

𝒜𝑎𝑏 ≈ 𝛩(𝑋0
D − 𝑋0

S) ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝑠𝑠′

∬ d3 ⃗𝑝 d3 ⃗𝑝′ 𝛷D∗
𝑗;𝑠( ⃗𝑝)𝛷S

𝑗;𝑠′( ⃗𝑝′)⟨𝜉D
𝑗;𝑠𝑝⃗, 𝜉S

𝑗;𝑠′𝑝⃗′⟩ , (2.96)

with the effective neutrino WPs 𝛷S
𝑗𝑠′ and 𝛷D

𝑗𝑠′ , that can be written as

𝛷S
𝑗;𝑠′( ⃗𝑝′) ∶= ∫ d4𝑥 𝕍S(𝑥) ̄𝜉S

𝑗;𝑠′𝑝⃗′(𝑥)𝑀̃S({𝑄𝐴}, {𝐾𝐶}) , (2.97)

𝛷D∗
𝑗;𝑠( ⃗𝑝) ∶= ∫ d4𝑥 𝕍D(𝑥)𝑀̃D({𝑄𝐴}, {𝐾𝐶})𝜉D

𝑗;𝑠𝑝⃗(𝑥) . (2.98)

Apart from the mode decomposition of the neutrino propagator and the transition to the
source and detector mode description, our derivation of the amplitude heavily relied on
the assumption of a flat background spacetime. Thus, all expressions obtained so far are
only strictly valid in Minkowski spacetime for inertial observers, 𝑂S and 𝑂D. Neverthe-
less, we expect these expressions to also carry over to curved spacetime since the rules of
Lehmann–Symanzik–Zimmerman (LSZ)-reduction are very similar in QFT in curved spacetime
compared to QFT in Minkowski spacetime [33]. Moreover, since the overlap functions 𝕍S/D

12We discuss this topic in more detail in Chapter 5.
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2.3 Neutrino Oscillations

are strongly localised, evaluating the vertex integrals in the local inertial frames at the source
and the detector are expected to result in equivalent expressions for the neutrino WPs as we
have obtained them here.

Finally, by defining the one particle states for the observers, 𝑂S and 𝑂D, via the action of
the ladder operators 𝑎S/D

𝑗;𝑠𝑝⃗ associated with the 𝜉S/D
𝑗;𝑠𝑝⃗ mode constructions on the respective free

vacua |0; S/D⟩, i.e.

∣𝜈𝑗, ⃗𝑝, 𝑠; S⟩ ∶= 𝑎S†
𝑗;𝑠𝑝⃗ |0; S⟩ , ∣𝜈𝑗, ⃗𝑝, 𝑠; D⟩ ∶= 𝑎D†

𝑗;𝑠𝑝⃗ |0; D⟩ , (2.99)

we can express the flavour transition amplitude as

𝒜𝑎𝑏 ≈ 𝛩(𝑋0
D − 𝑋0

S) ∑
𝑗

𝑈 ∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝜎,𝜎′

∬ d3 ⃗𝑝 d3 ⃗𝑝′

× 𝛷D∗
𝑗𝑠 ( ⃗𝑝)𝛷S

𝑗𝑠′( ⃗𝑝′) ⟨𝜈𝑗, ⃗𝑝, 𝑠; D∣𝜈𝑗, ⃗𝑝′, 𝑠′; S⟩ .
(2.100)

Moreover, if source and detector are at rest with respect to each other, the scalar product of
single-particle states is spin and momentum diagonal and incorporates the usual oscillation
phase

⟨𝜈𝑗, ⃗𝑝, 𝑠; D∣𝜈𝑗, ⃗𝑝′, 𝑠′; S⟩ = 𝛿𝑠𝑠′𝛿(3)( ⃗𝑝 − ⃗𝑝′)𝑒−𝑖𝑝𝜇(𝑋D−𝑋S)𝜇 . (2.101)

This proves the validity of the internal WP approach. We consider this formalism and the
further evaluation of Equation (2.100) in more detail in the next section. Before we do so,
we answer the first three questions from our list formulated at the end of the preceding
section. Afterwards, we turn towards the precise definition of the neutrino flavour transition
probability.

We begin by answering the first two questions: Are neutrino flavour states well-defined, and
under which conditions are neutrinos produced as a coherent superposition of mass eigenstates?
The simple answer to the first question is no. Flavour states would have ill-defined mass, and
therefore, would not be suitable external states. Instead one can define them as effective states,
i.e. as coherent superpositions of mass eigenstates in the sense of Equation (2.100). According
to Equation (2.100) the exact admixture of mass eigenstates is not universal but depends on
the production and detection mechanisms, in general. Only in the limit where all momentum
space distributions for all mass eigenstates are approximately equal, i.e. 𝛷S/D

𝑗 ≡ 𝛷S/D, the
commonly used relation,

|𝜈𝑎⟩ = ∑
𝑗

𝑈∗
𝑎𝑗 ∣𝜈𝑗⟩ , (2.102)

is justified. This is the case only if the contributing mass eigenstates have quasi degenerate
masses [53] compared to the mean neutrino energy, i.e. 𝑚2

𝑗 − 𝑚2
𝑘 ≪ 𝐸2, and if the production

and detection coherence conditions are fulfilled. If, for example, very heavy neutrino mass
eigenstates contribute to the flavour states such that some mass eigenstates are ultra-relativistic
and some are non-relativistic, the associated effective neutrino WPs will differ significantly
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from each other. Moreover, if the momentum space WPs of the external particles become
too narrow, the coherence of the mass eigenstate superposition is strongly suppressed as not
all mass eigenstates are allowed to be produced on the mass shell. This could happen, for
example, due to precise final state measurements or initial state preparation. In this case, the
corresponding effective neutrino WPs vanish as energy–momentum conservation at production
and detection cannot be fulfilled.

Next, in order to answer the third question, i.e. to determine under which conditions a universal
flavour transition probability 𝑃𝑎𝑏 can be defined, we need to compute the differential rate
d𝛤𝑎𝑏 of the full process. To this end, we consider the experimental situation again. Usually in
neutrino oscillation experiments, many neutrino events are collected over the course of several
years of data taking corresponding to many different external particle configurations in the
source and the detector. Moreover, many of these external particles, taking part in neutrino
production and detection, remain unobserved and often only a subset of the particles in the
detector are measured directly to reconstruct the energy of the exchanged neutrino. Therefore,
it is necessary to average the amplitude 𝒜𝑎𝑏, describing the production and detection of a
single neutrino, over all possible external initial states and to sum over all unobserved final
states. This procedure is called macroscopic averaging and is discussed in more detail in
Appendix A.4 closely following Reference [54]. The key result, however, is simply that given
the quasi degeneracy of neutrino masses the total rate can be factorised as [53, 54]

d𝛤𝑎𝑏 = ∫ d𝐸 ∫ d3 ⃗𝑥S ∫ d3 ⃗𝑥D
𝛷S(𝐸, ⃗𝑥S)

4𝜋| ⃗𝑥D − ⃗𝑥S|2
𝑃𝑎𝑏(𝐸, | ⃗𝑥D − ⃗𝑥S|) d𝜎D ( ⃗𝑥D, 𝐸, {𝐾⃗′

𝐷}) , (2.103)

where 𝛷S is the effective neutrino flux at the source and d𝜎D is the differential detection cross
section. If the neutrino mass squared differences were non-negligible, the neutrino production
and detection matrix elements as well as the neutrino mean momenta would differ significantly
among the different mass eigenstates. In this case the production and detection dynamics can
not be factorised out of the sum over the contributions of different mass eigenstate that is
contained within the oscillation probability 𝑃𝑎𝑏. Consequently, the validity of Equation (2.103)
would break down. Therefore, only for quasi degenerate neutrino mass eigenstates and under
the assumption of coherent neutrino production and detection, the universal flavour oscillation
probability 𝑃𝑎𝑏 can be defined. In any other case, one needs to consider the full rate d𝛤𝑎𝑏 in
order to describe the probabilities of neutrino flavour transitions.

Finally, note that in the limit where the definition of an oscillation probability is well-defined,
there exists a shortcut [53] to obtain an equivalent expression for 𝑃𝑎𝑏: Starting with a simple
parametrisation for the effective neutrino WPs in terms of the produced and detected mean
momenta and the average source and detector coordinates, 𝑋𝑆 and 𝑋𝐷, one can obtain 𝑃𝑎𝑏
by simply integrating the square of the amplitude in Equation (2.100) over the production
and detection times, i.e.

𝑃𝑎𝑏(𝐸; 𝑋⃗S, 𝑋⃗D) =
∫𝑇S

0
∫𝐿+𝑇D

𝐿
d𝑡S d𝑡D |𝒜𝑎𝑏(𝐸; 𝑋S, 𝑋D)|2

∑𝑏 ∫𝑇S

0
∫𝐿+𝑇D

𝐿
d𝑡S d𝑡D |𝒜𝑎𝑏(𝐸; 𝑋S, 𝑋D)|2

. (2.104)
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The additional normalisation of the result then enforces the unitarity condition, i.e.

∑
𝑏

𝑃𝑎𝑏 ≡ 1 . (2.105)

This ad hoc scheme is justified as the full treatment shows that in this case all production
and detection related details simply factorise and cancel upon normalisation. With this last
insight, we have finally set up everything necessary for the discussion of the internal WP
approach in the next section. There we also take a closer look at the different decoherence
effects arising due to the separation of neutrino WPs as well as at the precise quantification of
the production and detection coherence conditions.

2.3.2 Internal Wave Packet Approach

In case the propagation process is approximately independent of the details of neutrino
production and detection the flavour transition probability is well-defined and we can consider
the free propagation of effective neutrino mass eigenstate WPs and extract the probability using
the shorthand scheme defined by Equation (2.104). The neutrino WPs encode information
about the production and detection process in this scenario, but all mass eigenstate WPs have
to be approximately equal, as discussed in the last section.

In order to answer the remaining points four to six from our list of questions regarding the
subtleties of the theory of neutrino oscillations, we now discuss an explicit example for a simple
but robust model of propagating neutrino WPs and the resulting neutrino oscillation formula.
We could have answered these questions of course already in the QFT based approach, but
it is much more instructive to see the answers arise in the explicit examples in the following.
However, we will frequently borrow some insights from the more fundamental QFT approach
to keep our discussions on track.

The amplitude for the flavour transition is given in Equation (2.100) and we choose Gaussian
momentum space WPs, as it is usually done in the Literature [57–60], for each mass eigenstate,
i.e.

𝜙S
𝑗 ( ⃗𝑝, ⃗𝑃𝑗) = (2𝜋𝜎2

S𝑗)
− 3

4 exp (−1
4

( ⃗𝑝 − ⃗𝑃𝑗)2

𝜎2
S𝑗

) , (2.106)

𝜙D
𝑗 ( ⃗𝑝, 𝑄⃗𝑗) = (2𝜋𝜎2

D𝑗)
− 3

4 exp (−1
4

( ⃗𝑝 − 𝑄⃗𝑗)2

𝜎2
D𝑗

) . (2.107)

The neutrino WPs at the source are centered around the mean momentum ⃗𝑃𝑗 with momentum
width 𝜎S𝑗, whereas the detected mass eigenstate momentum space WPs peak at 𝑄⃗𝑗 with
effective width 𝜎D𝑗. Moreover, for simplicity, we assume that each spin direction is equally
likely and that the WPs are hence independent of the spin quantum number. A crucial
point worth noticing here is that Gaussian WPs lead to Lorentz-invariant flavour transition
amplitudes as shown, for example, in Reference [59].

33



2 Theoretical Foundations

Plugging the Gaussian WPs into the amplitude in Equation (2.100) yields

𝒜𝑎𝑏(𝐿⃗, 𝛥𝑇 ; { ⃗𝑃𝑗, 𝑄⃗𝑗}) = ∑
𝑗

𝑈 ∗
𝑎𝑗𝑈𝑏𝑗 (2𝜋𝜎S𝑗𝜎D𝑗)

− 3
2 ∫ d3 ⃗𝑝

× exp (−
( ⃗𝑝 − 𝑄⃗𝑗)2

4𝜎2
D𝑗

−
( ⃗𝑝 − ⃗𝑃𝑗)2

4𝜎2
S𝑗

− 𝑖(𝐸𝑝𝛥𝑇 − ⃗𝑝𝐿⃗)) .
(2.108)

Next, Taylor expanding the exponent up to second order around the dominant mean momen-
tum,

̄ ⃗𝑝𝑗 ∶=
𝜎2

D𝑗
⃗𝑃𝑗 + 𝜎2

S𝑗𝑄⃗𝑗

𝜎2
S𝑗 + 𝜎2

D𝑗
, (2.109)

and solving the resulting Gaussian momentum space integral yields, cf. Appendix A.5.2,

𝒜𝑎𝑏(𝐿⃗, 𝛥𝑇 ;{ ⃗𝑃𝑗, 𝑄⃗𝑗}) = ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 (𝜎3

D𝑗𝜎3
S𝑗det(𝛴𝑗))

− 1
2 exp (−𝑖( ̄𝐸𝑗𝑇 − ̄⃗𝑝𝑗𝐿⃗))

× exp (−1
4

( ⃗𝑃𝑗 − 𝑄⃗𝑗)2

𝜎2
S𝑗 + 𝜎2

D𝑗
− 1

2
( ̄⃗𝑣𝑗𝛥𝑇 − 𝐿⃗)𝑇𝛴−1

𝑗 ( ̄⃗𝑣𝑗𝛥𝑇 − 𝐿⃗)) .
(2.110)

Here, we define the following mean quantities for the 𝑗-th mass eigenstate WP:

̄𝐸𝑗 ∶= √| ̄⃗𝑝𝑗|
2 + 𝑚2

𝑗 , (2.111)

̄ ⃗𝑣𝑗 ∶=
̄⃗𝑝𝑗
̄𝐸𝑗

, (2.112)

𝛴𝑗 ∶= 𝟙
2

( 1
𝜎2

S𝑗
+ 1

𝜎2
D𝑗

) + 𝑖𝛥𝑇
̄𝐸𝑗

(𝟙 − ̄⃗𝑣𝑗 ⊗ ̄⃗𝑣𝑗) . (2.113)

From top to bottom these quantities represent the mean neutrino energy, group velocity, and
position space covariance matrix, respectively. The latter quantity 𝛴𝑗 defines the effective
shape and size of the overlap region between the produced and detected neutrino WPs.

The first exponential in Equation (2.110) represents the mean propagation phase giving rise
to the typical oscillation pattern obtained in the naive derivation of the oscillation probability.
In addition to this, Equation (2.110) also features an exponential function encoding the WP
nature of the neutrinos. This factor induces what is called decoherence in the neutrino system
since it describes the damping of the quantum interference terms in the final probability. From
the first term in the exponent of this suppression factor, we can infer that only source and
neutrino configurations with approximately matching mean momenta, i.e.

| ⃗𝑃𝑗 − 𝑄⃗𝑗| ≪ √2(𝜎2
S𝑗 + 𝜎2

D𝑗) , (2.114)
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contribute to the flavour transition process. Or to put it the other way around: If a neutrino
mass eigenstate is detected and projected onto a WP state with mean momentum 𝑄⃗𝑗 then we
know that it must have been produced with a very similar mean momentum ⃗𝑃𝑗.

Moreover, from the position space shape function,

𝛯2
𝑗 (𝐿⃗, 𝛥𝑇 ) ∶= ( ̄⃗𝑣𝑗𝛥𝑇 − 𝐿⃗)𝑇𝛴−1

𝑗 ( ̄⃗𝑣𝑗𝛥𝑇 − 𝐿⃗) , (2.115)

we deduce that the amplitude is only significantly different from zero in a region of the volume
𝑉𝑋 = 1/√det(Re(𝛴−1

𝑗 )) around 𝐿⃗ = ̄⃗𝑣𝑗𝛥𝑇. In cases where 𝑉𝑋 is sufficiently narrow and all
coherence damping effects are indeed negligible, the standard oscillation probability is recovered
as the ad hoc identification 𝐿⃗ ∼ 𝛥𝑇 is justified. Note, however, this is in contradiction to the
plane wave approximation used in the ad hoc approach, as in the plane wave limit 𝑉𝑋 → ∞
instead of 0. We now proceed to discuss how a certain hierarchy of approximations solves this
apparent paradox.

To this end, we further decompose 𝛴𝑗 into its eigenvectors and eigenvalues:

𝛴𝑗 =𝜎2
∥𝑗( ⃗𝑠𝑗

∥ ⊗ ⃗𝑠𝑗
∥) +

2
∑
𝑎=1

𝜎2
⟂𝑗( ⃗𝑠𝑗

⟂,𝑎 ⊗ ⃗𝑠𝑗
⟂,𝑎) , (2.116)

where ⃗𝑠𝑗
∥ ∶= ̄⃗𝑝𝑗/| ̄⃗𝑝𝑗| is parallel to the neutrino direction and ⃗𝑠𝑗

⟂,1, ⃗𝑠𝑗
⟂,2 are two mutually

orthonormal, non-zero vectors perpendicular to the average neutrino propagation direction.
The effective position space uncertainties in the current scenario are given by:

𝜎2
∥𝑗 ∶= 1

2
( 1

𝜎2
S𝑗

+ 1
𝜎2

D𝑗
) + 𝑖𝛥𝑇

̄𝐸𝑗
(1 − | ̄⃗𝑣𝑗|2) , (2.117)

𝜎2
⟂𝑗 ∶= 1

2
( 1

𝜎2
S𝑗

+ 1
𝜎2

D𝑗
) + 𝑖𝛥𝑇

̄𝐸𝑗
. (2.118)

Their imaginary part gives rise to the effect of WP spreading which in the case of the parallel
eigenvalue is also affected by Lorentz contraction. To keep our discussion simple, we neglect
the spreading of WPs from now on and set:

𝜎2
∥𝑗 ≈ 𝜎2

⟂𝑗 ≈ 1
2

( 1
𝜎2

S𝑗
+ 1

𝜎2
D𝑗

) =∶ 𝛩2
𝑗 . (2.119)

In terms of these quantities the position space exponent then becomes:

𝛯2
𝑗 (𝐿⃗, 𝛥𝑇 ; { ⃗𝑃𝑗, 𝑄⃗𝑗}) ≈

( ̄𝑣𝑗𝛥𝑇 − 𝐿∥𝑗)2

𝛩2
𝑗

+
𝐿2

⟂𝑗

𝛩2
𝑗

, (2.120)

𝐿∥𝑗 ∶= | ⃗𝑠𝑗
∥ ⋅ 𝐿⃗| , (2.121)

𝐿⟂𝑗 ∶= √( ⃗𝑠𝑗
⟂,1 ⋅ 𝐿⃗)2 + ( ⃗𝑠𝑗

⟂,2 ⋅ 𝐿⃗)2 . (2.122)
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As in the QFT approach, we can now reduce the problem to a one dimensional setting
since usually the total propagation distance 𝐿 ∶= |𝐿⃗| is much larger than the neutrino WP,
i.e. 𝐿 ≫ 𝛩𝑗, and since the amplitude is only significantly different from zero if 𝐿⟂𝑗 ∼ 𝛩𝑗 we
can set 𝐿 ≈ 𝐿∥𝑗 for all mass eigenstates. Furthermore, in the same spirit we define ̄𝑣𝑗 ∶= | ̄⃗𝑣𝑗|,
̄𝑝𝑗 ∶= | ̄⃗𝑝𝑗| and set ⃗𝑃𝑗 =∶ 𝑃𝑗

⃗ℓ and 𝑄⃗𝑗 =∶ 𝑄𝑗
⃗ℓ from now on where ⃗ℓ ∶= 𝐿⃗/|𝐿⃗|.

From this, we finally obtain from Equation (2.110)

𝒜𝑎𝑏(𝐿, 𝛥𝑇 ; {𝑃𝑗, 𝑄𝑗}) ≈ ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 (𝛩2

𝑗 𝜎D𝑗𝜎S𝑗)
− 3

2 exp (−𝑖( ̄𝐸𝑗𝑇 − ̄𝑝𝑗𝐿))

× exp (−1
4

(𝑃𝑗 − 𝑄𝑗)2

𝜎2
S𝑗 + 𝜎2

D𝑗
− 1

2
( ̄𝑣𝑗𝛥𝑇 − 𝐿)2

2𝛩2
𝑗

) .
(2.123)

Next, in order to arrive at the final oscillation probability, we need to square Equation (2.123)
and integrate it with respect to the neutrino production and detection times as instructed
by Equation (2.104). As shown in Reference [53] and Appendix A.5.1, for time translation
invariant systems, this temporal double integral can be reduced to a simple integral over the
propagation time 𝛥𝑇 instead, i.e.

𝑃𝑎𝑏(𝐿, {𝑃𝑗, 𝑄𝑗}) ≈

∞
∫

−∞
d𝛥𝑇 |𝒜𝑎𝑏(𝐿, 𝛥𝑇 ; {𝑃𝑗, 𝑄𝑗})|2

∞
∫

−∞
d𝛥𝑇 ∑𝑏 |𝒜𝑎𝑏(𝐿, 𝛥𝑇 ; {𝑃𝑗, 𝑄𝑗})|2

. (2.124)

This greatly simplifies the task at hand and amounts to another Gaussian integral over 𝛥𝑇 in
our case. We perform the explicit computation in Appendix A.5.3 and find

𝑃𝑎𝑏(𝐿, 𝑝) = 1
𝑁

∑
𝑗,𝑘

𝑈 ∗
𝑎𝑗𝑈𝑏𝑗𝑈𝑎𝑘𝑈∗

𝑏𝑘 (𝛩2
𝑗 𝜎S𝑗𝜎D𝑗𝛩2

𝑘𝜎S𝑘𝜎D𝑘)− 3
2 ( 2𝜋

𝜎2
𝐸𝑗𝑘

)

1
2

× exp ⎛⎜
⎝

𝑖𝛥𝑝𝑗𝑘𝐿 − 𝑖
𝛥𝐸𝑗𝑘

̄𝑣𝑗𝑘
𝐿 − ( 𝐿

𝐿coh
𝑗𝑘

)
2

− 1
2

(
𝛥𝐸𝑗𝑘

𝜎𝐸𝑗𝑘
)

2
⎞⎟
⎠

× exp (−
(𝑃𝑗 − 𝑄𝑗)2

2𝜎2
𝑃𝑗

− (𝑃𝑘 − 𝑄𝑘)2

2𝜎2
𝑃𝑘

) ,

(2.125)

with the coherence length 𝐿coh
𝑗𝑘 and the effective energy and momentum resolutions, 𝜎𝐸𝑗𝑘 and

𝜎𝑃𝑗, respectively, defined by

𝐿coh
𝑗𝑘 ∶=

√
2

√𝛩2
𝑗 ̄𝑣2

𝑘 + 𝛩2
𝑘 ̄𝑣2

𝑗

| ̄𝑣𝑗 − ̄𝑣𝑘|
, 𝜎2

𝐸𝑗𝑘 ∶= (
̄𝑣2
𝑗

𝛩2
𝑗

+ ̄𝑣2
𝑘

𝛩2
𝑘

) , 𝜎2
𝑃𝑗 ∶= 2(𝜎2

S𝑗 + 𝜎2
D𝑗) . (2.126)

Moreover, the energy and momentum differences, 𝛥𝐸𝑗𝑘 and 𝛥𝑝𝑗𝑘, as well as the weighted
average velocity of mass eigenstate WPs 𝑗 and 𝑘 ̄𝑣𝑗𝑘 are given by

𝛥𝐸𝑗𝑘 ∶= ̄𝐸𝑗 − ̄𝐸𝑘 , 𝛥𝑝𝑗𝑘 ∶= ̄𝑝𝑗 − ̄𝑝𝑘 , ̄𝑣𝑗𝑘 ∶=
𝛩2

𝑗 ̄𝑣2
𝑘 + 𝛩2

𝑘 ̄𝑣2
𝑗

𝛩2
𝑗 ̄𝑣𝑘 + 𝛩2

𝑘 ̄𝑣𝑗
. (2.127)
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Until now, we have maintained as much generality as possible but in order for 𝑃𝑎𝑏 to be
actually well-defined it is necessary that the mean momenta 𝑃𝑗 as well as the 𝑄𝑗 differ only
slightly in the mass index 𝑗 and that the neutrino masses are very similar to each other
compared to the total energy scale. Furthermore, also the shape of each mass eigenstate WP
should be similar implying 𝜎S𝑗 ≡ 𝜎S and 𝜎D𝑗 ≡ 𝜎D for all mass eigenstate indices 𝑗.

In the following, we therefore expand all quantities up to first order around a representative
squared mass 𝑚̄2 that could for example be chosen as the smallest mass square of the neutrino
mass eigenstates or as an average of all three squared masses. We then also define the
momentum 𝑝 and energy 𝐸 ∶= √𝑝2 + 𝑚̄2 a produced or detected neutrino mass eigenstate
WP with squared mass 𝑚̄2 would have. Here, it is important that one uses this reference mass,
momentum and energy when computing the neutrino source flux and detection cross section
from Equation (2.103). In the approximation |𝑚2

𝑗 − 𝑚̄2| ≪ 𝑝2 and |𝑃𝑗 − 𝑝| ≪ 𝑝 and neglecting
the differences 𝑃𝑗 − 𝑄𝑗, we obtain

𝛥𝐸𝑗𝑘 ≈
𝛥𝑚2

𝑗𝑘

2𝐸
+ 𝑣𝛥𝑝𝑗𝑘 , 𝛥𝑚2

𝑗𝑘 ∶= 𝑚2
𝑗 − 𝑚2

𝑘 , 𝑣 ∶= 𝑝
𝐸

, (2.128)

and the fully approximated oscillation probability reads:

𝑃𝑎𝑏(𝐿, 𝐸) ≈ ∑
𝑗𝑘

𝑈∗
𝑎𝑗𝑈𝑎𝑘𝑈𝑏𝑗𝑈∗

𝑏𝑘 exp (−𝑖
𝛥𝑚2

𝑗𝑘

2𝑝
𝐿)

× exp ⎛⎜
⎝

− ( 𝐿
𝐿coh

𝑗𝑘
)

2

− 1
2

(
𝛥𝐸𝑗𝑘

𝜎𝐸
)

2
⎞⎟
⎠

,

(2.129)

with

𝐿coh
𝑗𝑘 ≈ 𝛩 ∣

𝛥𝑚2
𝑗𝑘

4𝐸2 − 𝑚̄2

2𝐸2
𝛥𝑝𝑗𝑘

𝑝
∣
−1

, 𝜎2
𝐸 ∶= 2𝑣2

𝛩2 . (2.130)

This result also holds if the ultra-relativistic approximation breaks down, i.e. 𝑚̄2 ≳ 𝑝2, as
long as mass degeneracy applies, i.e. |𝑚2

𝑗 − 𝑚̄2| ≪ 𝑝2. Still the same oscillation phase
𝛷𝑗𝑘(𝐿, 𝑝) = 𝛥𝑚2

𝑗𝑘𝐿/(2𝑝) arises as in the ultra-relativistic scenario. We can now easily read off
the remaining conditions that have to be fulfilled in order to arrive at the standard oscillation
probability.

Production and Detection Coherence The production and detection coherence condition
reads

|𝛥𝐸𝑗𝑘| = ∣
𝛥𝑚2

𝑗𝑘

2𝐸
+ 𝑣𝛥𝑝𝑗𝑘∣ ≪

√
2𝑣

𝛩
= 𝜎𝐸 . (2.131)

It states that the mean production and detection energy resolutions must not be too small
such that the energy splittings of the different mass eigenstates can be resolved. For energy
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splittings larger than the effective energy resolution 𝜎𝐸 the respective interference terms
are damped and the associated oscillations are impeded. The energy resolution 𝜎𝐸 can also
be interpreted as the inverse of the temporal resolution of the neutrino experiment. Since
𝛩2 ∝ (𝜎−2

S + 𝜎−2
D ) it is dominated by the narrowest momentum width and consequently the

same holds for all quantities derived from it, like 𝜎𝐸.

Propagation Coherence As long as the baseline 𝐿 is much smaller than the coherence
length 𝐿coh

𝑗𝑘 , i.e.

𝐿 ≪ 𝐿coh
𝑗𝑘 , (2.132)

the different neutrino mass eigenstate WPs overlap sufficiently during propagation such that
the WP decoherence exponential can be neglected.

While the production and detection coherence condition is linked to the temporal localisation
𝛩𝑇 ∼ 1/𝜎𝐸 of the neutrino system, the propagation coherence condition is associated with the
spatial localisation 𝛩 of the WPs. The crucial point now is that the corresponding inequalities
compete with each other: While the production and detection coherence suffer from delocalised
neutrinos, as this implies a more precise momentum measurement, the propagation coherence
increases for large 𝛩. It is therefore mandatory to check if the given experiment allows for a
window in which both effects are negligible. In case of arbitrarily long propagation distances,
as they occur for example for astrophysical neutrinos, the coherence length is most likely to
be too small to be negligible. Hence, if all other decoherence effects can be neglected, the
only modification to the standard expression for 𝑃𝑎𝑏 comes from the propagation coherence
exponential and reads

𝑃𝑎𝑏(𝐿, 𝐸; 𝑚̄2) ≈ ∑
𝑗𝑘

𝑈 ∗
𝑎𝑗𝑈𝑎𝑘𝑈𝑏𝑗𝑈∗

𝑏𝑘 exp (−𝑖
𝛥𝑚2

𝑗𝑘

2𝑝
𝐿) exp ⎛⎜

⎝
− ( 𝐿

𝐿coh
𝑗𝑘

)
2

⎞⎟
⎠

, (2.133)

for Gaussian neutrino WPs. Differently shaped neutrino WPs give rise to different damping
exponentials like exp(−𝐿/𝐿coh

𝑗𝑘 ) in the case of Lorentzian WPs [59].

To summarise our discussion, we now collect all answers to the remaining questions, four to
six, from our list:

4. Should we assume the neutrino state to be produced and detected with definite momentum
(as assumed above) or definite energy?

5. How can a plane wave (definite momentum state) be localised in space such that the
conversion 𝐿 ∼ 𝑇 is justified?

6. If neutrinos are localised on the other hand: How do the inherent position and momentum
space uncertainties of the WPs affect the oscillation formula?
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The answer to question four is that neither is justified, as we have seen that the full mean
four-momenta of the mass eigenstate WPs in general differ from each other and either equating
their spatial or temporal components introduces errors that actually prevent us from obtaining
the correct oscillation phase. Instead one should expand all quantities around a reference
mean momentum 𝑝 and energy 𝐸 corresponding to a neutrino of mass 𝑚̄2. If all mass squared
differences are small compared to the average momentum scale 𝑝, we obtain the correct
oscillation phase 𝛷𝑗𝑘 = 𝛥𝑚2

𝑗𝑘𝐿/(2𝑝).

Next, questions five and six can be answered simultaneously: Neutrinos need to be considered
as WP states otherwise exact energy and momentum conservation implies that the mass
eigenstate that has been produced or detected could be precisely determined contradicting the
assumption of coherent production and detection of flavour eigenstates. Furthermore, only in
the WP framework neutrinos can be viewed as (partially) localised in position space and the
approximation 𝐿 ∼ 𝛥𝑇 is justified within the uncertainties of the respective WPs, as has been
demonstrated above. To be precise, in order for the oscillation probability to be a well-defined
quantity, we need that neutrinos are quasi degenerate in mass |𝑚2

𝑗 − 𝑚̄2| ≪ 𝑝2 and that the
production and detection coherence condition in Equation (2.131) is satisfied. For purely
ultra-relativistic neutrinos, these conditions are fulfilled very naturally since already 𝑚2

𝑗 ≪ 𝑝2

and 𝛥𝐸𝑗𝑘 ≪ 𝜎𝐸 as no current generation experiment can resolve the neutrino masses. If in
addition to this also propagation coherence is maintained, i.e.

𝐿
4
√

2𝜎𝑋
≪ 𝐸2

|𝛥𝑚2
𝑗𝑘|

, (2.134)

the standard oscillation probability is obtained. In any other case the WP nature of the
neutrino damps the oscillation pattern and yields the constant flavour transition probability,

𝑃𝑎𝑏(𝐿, 𝐸) ≡ ∑
𝑗

|𝑈𝑎𝑗|2|𝑈𝑏𝑗|2 , (2.135)

in the fully decohered regime, which answers question six.

Finally, for ultra-relativistic neutrinos, we can now also approximate 𝑚̄2 ≈ 0 and get an even
simpler expression for the coherence length, i.e.

𝐿coh
𝑗𝑘 ≈ 4𝛩 𝐸2

|𝛥𝑚2
𝑗𝑘|

=∶ 4
√

2𝜎𝑋
𝐸2

|𝛥𝑚2
𝑗𝑘|

, (2.136)

where we have used that in the literature the position space width of the neutrino WPs is
usually defined by 𝛩 =∶

√
2𝜎𝑋.

Since both the QFT as well as the quantum mechanics (QM) WP formalisms are rather
cumbersome and especially for ultra-relativistic neutrinos at current neutrino experiments the
production and detection coherence conditions are satisfied to a high degree, we discuss an
effective quantum mechanical model for the theory of neutrino oscillations in the next section.
This approach is designed to incorporate the effects of interaction and propagation decoherence
while keeping the simplicity of our initial naive derivation of the neutrino oscillation probability.
One only needs to take care if one of the inequalities above does not hold for the experiment
under consideration.
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2.3.3 Effective Flavour Space Description of Neutrino Oscillations

As in the last section, we assume that all neutrino mass eigenstates are produced and detected
with almost identical momentum space WPs centered around very similar mean momenta
with equal width. In this case, neutrino propagation can be considered to be independent
from the details of the neutrino production and detection processes and the flavour transition
probability is well-defined. Since we have now discussed the range of validity of the standard
formula as well as possible modifications to it due to matter effects and the WP nature of
neutrinos, we can finally write down an effective quantum mechanical description of neutrino
oscillations. In this much simpler and most commonly used formalism, neutrino flavours are
considered to be a quantum mechanical 𝑛𝑓 level system whose unitary evolution is governed
by an effective 𝑛𝑓 × 𝑛𝑓 Hamiltonian 𝐻̂.

First neglecting all sources of coherence damping, like for example the WP separation effect or
incoherent scattering with a background matter distribution, the flavour state can be described
by a simple QM state vector |𝜓⟩. Its time (or length) evolution is driven by the Schrödinger
equation,

𝑖d |𝜓(𝑥)⟩
d𝑥

= 𝐻̂(𝑥) |𝜓(𝑥)⟩ , 𝐻̂(𝑥) = 𝑀̂2

2𝑝
+ ̂𝑉 (𝑥) , (2.137)

where in the mass basis 𝑀̂2 is represented by a diagonal matrix with 𝑚2
𝑗 as its 𝑗-th diagonal entry

and 𝑝 ∶= | ⃗𝑝| is the average momentum of the system, as defined in Section 2.3.2. Furthermore,
̂𝑉 is a potential term induced for example by elastic forward scattering of neutrinos off of

background matter or changes in the relativistic dispersion relation as discussed for example
in Chapter 3. In case ̂𝑉 is induced by forward scattering effects, it can be computed from the
thermal neutrino self energy 𝛴𝑇 via:

̂𝑉 (𝑥) ≈ 𝑉 0(| ⃗𝑝|, ⃗𝑝; 𝑥) + ⃗𝑝
| ⃗𝑝|

⋅ ⃗𝑉 (| ⃗𝑝|, ⃗𝑝; 𝑥) , (neutrinos) (2.138)

̂̄𝑉(𝑥) ≈ −𝑉 0(−| ⃗𝑝|, ⃗𝑝; 𝑥) + ⃗𝑝
| ⃗𝑝|

⋅ ⃗𝑉 (−| ⃗𝑝|, ⃗𝑝; 𝑥) , (antineutrinos) (2.139)

𝑉 𝜇(| ⃗𝑝|, ⃗𝑝; 𝑥) = 1
4

Tr(𝛴𝑇(| ⃗𝑝|, ⃗𝑝; 𝑥)𝛾𝜇) , (2.140)

as shown for example in Reference [61].

As soon as decoherence cannot be neglected anymore, it is still possible to extend the currently
discussed formalism to the framework of open quantum systems, see References [62–64] for a
review, that allows for influences of DOFs outside the effective 𝑛𝑓 level system and thereby
enables the inclusion of non-coherent effects in the neutrino system. Due to the consequent
possibility of mixed states it is, however, mandatory to describe the state of the system by the
more general density operator 𝜌(𝑥). Moreover, the Schrödinger equation for |𝜓⟩ then needs to
be replaced by the evolution equation of 𝜌(𝑥) given by:

d𝜌(𝑥)
d𝑥

= −𝑖[𝐻̂, 𝜌(𝑥)] + 𝛺[𝑥, 𝜌(𝑥)] , (2.141)
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where 𝛺[𝑥, 𝜌(𝑥)] encodes all non-unitary components of the system evolution, i.e. the net
coherence damping in the neutrino flavour system. The solution 𝜌(𝑥) of Equation (2.141) for
given initial state 𝜌(𝑥0) = 𝜌0 describes the state of the system at any greater length 𝑥 > 𝑥0.
Since 𝛺 usually contains irreversible effects Equation (2.141) can, in general, not be used
to obtain the state at earlier stages than 𝑥0. In the following, we distinguish two types of
contributions to 𝛺: Those who are of the so-called Lindblad form [63] and those that are
not. The Lindbladian contributions to 𝛺 are memoryless, i.e. do not depend on the state
of the system, trace preserving and positive and can, therefore, be described by a simple,
linear operator 𝐷 acting on 𝜌, i.e. 𝛺[𝑥, 𝜌(𝑥)] = 𝐷(𝑥)𝜌(𝑥) + ̃𝛺[𝑥, 𝜌(𝑥)], where ̃𝛺 represents all
non-Lindbladian contributions to 𝛺. The operator 𝐷 is called the dissipator in the following.

The probability to find the neutrino system in the state |𝜒⟩ in the detector can be computed
by acting the projector Pr𝜒 = |𝜒⟩ ⟨𝜒| onto the system state 𝜌(𝑥) and taking the trace:

𝑃𝜒(𝑥) = Tr [Pr𝜒𝜌(𝑥)] . (2.142)

Of course also mixed final states are allowed and can be easily taken into account by replacing
Pr𝜒 by the corresponding final state density matrix. In the following, we discuss how the
different decoherence effects, we have considered so far, enter the effective flavour space
formalism.

Production and Detection Coherence If the conditions for production or detection
coherence are not sufficiently satisfied such that the corresponding damping factors in the
oscillation probability (2.129) cannot be neglected, the flavour transition probability is ill-
defined and the formalism under consideration is not applicable.

Wave Packet Decoherence The effect of propagation decoherence or decoherence due to
WP separation is an effect that depends on the distance travelled by the neutrino system, and
hence, needs to be included into the operator 𝛺. More precisely, this is an example for a
Lindbladian type of decoherence and the corresponding dissipator, assuming Gaussian neutrino
WPs, has the form

𝐷wp(𝑥)𝜌(𝑥) = ∑
𝑗≠𝑘

𝑑wp
𝑗𝑘 (𝑥) ∣𝜈𝑗⟩ ⟨𝜈𝑘| Tr [|𝜈𝑘⟩ ⟨𝜈𝑗∣ ⋅ 𝜌(𝑥)] , 𝑑wp

𝑗𝑘 = − 𝑥
2𝐿coh

𝑗𝑘
2 . (2.143)

The action of this operator has the net effect of multiplying all off-diagonal elements of 𝜌 in
the mass basis by the respective WP decoherence factor 𝑥/(2𝐿coh

𝑗𝑘
2) and leads to the same

exponential damping of the coherence terms as shown in Equation (2.133). For other types
of neutrino WPs, slightly different dissipators need to be employed. For Lorentzian WPs,
for example, we get 𝑑wp

𝑗𝑘 = −1/𝐿coh
𝑗𝑘 with 𝐿coh

𝑗𝑘 = 4𝜎𝑋𝐸2/|𝛥𝑚2
𝑗𝑘|, where 𝐸 ≈ 𝑝 is the average

neutrino energy.
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2 Theoretical Foundations

Dissipative Matter Effects Lastly, in the presence of matter effects also inelastic scatterings
can occur. Typical processes are neutrino absorption in the ambient matter or the scattering
to different energy modes. These kinds of effects enter the more general dissipation terms ̃𝛺
as they are possibly not trace preserving due to the reduction of the number of neutrinos in
the ensemble or depend on the state of the system itself. The full set of evolution equations
for the neutrino and antineutrino density matrices 𝜌 and ̄𝜌, respectively, then reads

∂𝜌
∂𝑥

(𝑥, 𝐸) = −𝑖[𝐻̂(𝑥, 𝐸), 𝜌(𝑥, 𝐸)] + 𝐷(𝑥, 𝐸)𝜌(𝑥, 𝐸)

− {𝛤(𝑥, 𝐸), 𝜌(𝑥, 𝐸)} + 𝒞[𝑥, 𝐸, 𝜌, ̄𝜌] ,
(2.144)

∂ ̄𝜌
∂𝑥

(𝑥, 𝐸) = −𝑖[ ̂𝐻̄(𝑥, 𝐸), ̄𝜌(𝑥, 𝐸)] + 𝐷̄(𝑥, 𝐸) ̄𝜌(𝑥, 𝐸)

− { ̄𝛤 (𝑥, 𝐸), ̄𝜌(𝑥, 𝐸)} + ̄𝒞[𝑥, 𝐸, ̄𝜌, 𝜌] ,
(2.145)

cf. References [65–72]. We have made the energy-dependence of the system explicit since in
general we have one density matrix per energy mode. Here, 𝐻̂ ( ̂𝐻̄) is the neutrino (antineutrino)
Hamiltonian in matter, as described above, and 𝐷 (𝐷̄) encodes all Lindbladian decoherence
effects in the neutrino (antineutrino) evolution. All incoherent scattering effects are described
by the anticommutator between neutrino (antineutrino) attenuation terms 𝛤 ( ̄𝛤 ) and the
density matrix as well as by the neutrino (antineutrino) collision terms 𝒞 ( ̄𝒞). The reason
to split up the new interaction terms into two distinct contributions is that the first one
involving the anticommutator is also linear in 𝜌 and acts only on one single energy mode
but it is usually not trace preserving. This term is what describes neutrino absorption or
decay in matter. In contrast to this, the collision terms, 𝒞 and ̄𝒞, in general involve non-linear
interactions of neutrinos among themselves as well as scatterings off of background matter.
These terms couple the evolution of neutrino and antineutrino densities as well as the evolution
of different momentum modes. The exact expressions for the attenuation terms are given in
Appendix A.6.
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3 Light Sterile Neutrinos with Altered Dispersion
Relations Coupling to Axion-Like Dark Matter in
the Early Universe

This chapter is based on Reference [73].

In this chapter, we consider the consequences of non-standard active–sterile neutrino oscillations
on experimentally constrainable cosmological parameters like the effective number of light
DOFs 𝑁eff and the helium-4 abundance 𝑌4He. The particular class of models we discuss features
an additional light sterile neutrino generation 𝜈𝑠 subject to an altered dispersion relation (ADR)
inducing a linearly energy-dependent potential in the neutrino Hamiltonian. Such potentials,
for example, arise in models proposed in References [74–80]. From a phenomenological
point of view, introducing a light fourth generation is motivated by the so-called short
baseline (SBL) anomalies where anomalous neutrino oscillations have been observed that could
be interpreted as an oscillation over a fourth light neutrino mass eigenstate 𝑚4 = 𝒪(eV).
These anomalies have been observed in several experiments with short neutrino propagation
distances 𝐿 ∼ 10 km to 100 km, starting with results from the Liquid Scintillator Neutrino
Detector (LSND) collaboration [81] in the (anti-)𝜈𝜇 → (anti-)𝜈𝑒 channel in the early 2000s and
later supplemented by the reactor [82] and gallium [83] anomalies reporting anomalous (anti-)𝜈𝑒
disappearance. In more recent years, the Mini Booster Neutrino Experiment (MiniBooNE)
collaboration reported results in the same (anti-)𝜈𝜇 → (anti-)𝜈𝑒 channel, supporting the LSND
results [84, 85]. Together, the results from both experiments yield a combined statistical
significance of 6.1 𝜎 for a deviation from the standard three-neutrino-paradigm. In contrast to
the SBL results, atmospheric [86–88] and long baseline (LBL) accelerator experiments [89–91]
do not report analogous discrepancies with the three-neutrino-paradigm. Since some of these
experiments operate at much higher energies 𝐸 and propagation lengths 𝐿 but similar values
of 𝐿/𝐸, this places stringent constraints on the mass and mixing parameters of the plain sterile
neutrino extension. This discrepancy motivates the introduction of ADRs for the additional
sterile neutrino introducing terms into the standard oscillation probability that explicitly
depend on the neutrino energy suppressing oscillations over the fourth mass eigenstate at higher
energies. The most recent results from the Micro Booster Neutrino Experiment (MicroBooNE)
collaboration [92–95], however, disfavour the 𝜈𝑒 appearance excess observed in the MiniBooNE
experiment. Nevertheless, as has been shown in Reference [96], even the MicroBooNE data
hint towards the existence of an eV scale sterile neutrino at 2.95 𝜎 significance. Hence, light
sterile neutrinos remain an interesting extension of the lepton sector and are expected to
persist as an active area of research in the following decades as discussed in Reference [97].
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3 Light Sterile Neutrinos with Altered Dispersion Relations Coupling to Axion-Like Dark
Matter in the Early Universe

In addition to this phenomenological motivation, also on the theory side there are reasons to
assume that sterile neutrinos are subject to ADRs. For example in models with asymmetrically
warped extra dimensions, all gauge charged particles may be bound to the four dimensional
SM-submanifold (brane), while gauge singlets—like sterile neutrinos—are allowed to enter the
bulk. Consequently, when considering the dispersion relation of these singlet states restricted
to the SM-brane, the dispersion relation gains new terms compared to non-singlet states as has
been extensively discussed in References [74–80]. There also exist other scenarios motivated
e.g. by quantum gravitational theories where Lorentz violating terms alter the usual dispersion
relation 𝑝2 = 𝑚2, see Reference [98] for a recent review.

Light sterile neutrinos mixing with the active neutrino sector do not only have an impact on
terrestrial neutrino oscillation experiments but would also leave their imprint in cosmological
parameters. The most prominent examples are the number of light DOFs 𝑁eff shortly before
last scattering, the effective sterile neutrino mass parameter 𝑚eff

𝑠 that can be derived from
CMB power spectra and the helium-4 abundance 𝑌4He generated during BBN. An additional
ultra-relativistic species in equilibrium with the SM plasma would contribute a full new
DOF increasing the expansion rate of the Universe compared to the standard cosmological-
constant-cold-dark-matter (𝛬CDM) model. Furthermore, due to the relatively large mass
of 𝜈4 compared to the masses of the three lightest neutrino mass eigenstates, 𝜈4 can have a
significant impact on structure formation. This impact is parametrised by the effective sterile
mass parameter 𝑚eff

𝑠 [29]. Lastly, the cosmic helium abundance is influenced by the number of
free neutrons present in the plasma during BBN, and the weak interactions keeping protons
and neutrons in thermal equilibrium are catalysed by the abundance of electron neutrinos at
that time. Therefore, we are interested in the evolution of neutrino phase space densities in
the early Universe, taking into account all important thermal and quantum effects like elastic
and inelastic scattering of neutrinos with the background plasma, as well as neutrino flavour
oscillations.

We have already considered the presented class of models in an earlier work [99]. There, we
have also estimated the effective number of light DOFs and the consequences of the presence
of the light sterile neutrino for BBN in a simple framework. In this framework, we have
approximated the phase space densities of the SM neutrinos by the respective equilibrium
distributions. The distribution of the sterile neutrino has then been determined using the
phase space densities of the active neutrinos in combination with the active–sterile oscillation
probability and interaction rates. As a result, we have obtained that there exist parameter
configurations for which the thermalisation of the sterile neutrino is indeed suppressed. This
motivates to employ a more sophisticated approach in order to check if these interesting findings
persist. Thus, in contrast to the heuristic approach used in Reference [99], combining neutrino
oscillations and scattering processes in an ad hoc manner, we now adopt a first principles
framework to achieve a consistent description of both effects and their influence on the neutrino
densities. This is done using the phase space density matrix (PSDM) formalism, describing the
population of the neutrino mass eigenstates, as well as possible quantum correlations between
them arising due to oscillations. In particular, this new approach improves our previous
work [99] by taking into account oscillation damping due to fast collisions, collective neutrino
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oscillations [69] and scattering processes between different energy modes.

To keep this analysis simple and focused on the interplay of the active and sterile sectors, we
consider a one active plus one sterile neutrino toy model. The active neutrino is taken to be
the electron neutrino and we approximate the densities of the other SM neutrino species by the
𝜈𝑒 distribution, if needed. This approximation is justified here, since we are mainly interested
in the question whether the considered extensions of the plain light sterile neutrino scenario
can indeed lead to a significant suppression of the population of 𝜈𝑠 in the early Universe. In
order to perform a precision estimation of cosmological parameters like 𝑁eff, one needs to also
take into account active–active neutrino oscillations, finite temperature QED corrections, as
well as the different interaction channels available for 𝜈𝑒, 𝜈𝜇 and 𝜈𝜏 in different phases of the
early Universe, see for example References [100–102].

In addition to the ADRs, we also introduce a hypothetical ultra-light scalar field 𝜙, feebly
coupling to the sterile neutrino. This new field 𝜙 is assumed to be produced non-thermally
and to form a coherent Bose–Einstein condensate throughout the history of the Universe. It
belongs to the class of axion-like particles (ALPs) and may also contribute to the dark sector
since it does not couple directly to SM particles. The feeble Yukawa coupling 𝜆 between the
ALP-condensate and the sterile neutrino leads to a time-dependent mass contribution for 𝜈𝑠,
suppressing the mixing between the active and sterile sector at early times. In contrast to other
models [103–109] featuring couplings between dark bosons and sterile neutrinos, refractive
effects on the neutrino sector induced by scatterings off of background particles are negligible
in the scenario under consideration due to the smallness of the coupling 𝜆. This furthermore
ensures that 𝜙 does not thermalise via indirect interactions with the SM plasma and does not
add yet another contribution to 𝑁eff. Models with ALPs, feebly coupled to sterile neutrinos,
have already been extensively discussed in the literature [110–120] in cosmological as well as
non-cosmological applications. In this context, our work represents the first study in which
this mechanism is considered in the PSDM formalism and in combination with ADRs.

The chapter is organised as follows: We start with a detailed discussion of the models under
consideration in Section 3.1. Afterwards, in Section 3.2, we define the central cosmological
quantities 𝑁eff, 𝑚eff

𝑠 and the helium-4 abundance 𝑌4He and how we use them to estimate if a
given model configuration is in tension or agreement with cosmological data. In Section 3.3,
we briefly discuss the equations of motion for the neutrino PSDM in the early Universe and
the implementation of the models in this framework. From the neutrino PSDM we predict
the values of all cosmological parameters of interest for each given model configuration. The
corresponding results are presented in Section 3.4. Finally, we summarise and conclude this
segment of the thesis in Section 3.5.
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3 Light Sterile Neutrinos with Altered Dispersion Relations Coupling to Axion-Like Dark
Matter in the Early Universe

3.1 Model Definition

The effective flavour space Hamiltonian governing neutrino flavour oscillations at momentum
𝑝 ≡ | ⃗𝑝| in the early Universe can be written as

𝐻̂0(𝑝, 𝑇 ) = 𝑀̂2

2𝑝
+ ̂𝑉matter(𝑝, 𝑇 ) , (3.1)

where the first term is just the usual vacuum Hamiltonian, as introduced in Section 2.3.3, and
the latter term describes the effective potential induced by forward scattering interactions of
neutrinos with the background plasma at temperature 𝑇 as discussed in Section 2.3.3. It can
be shown that the matter potential takes the form [121]

̂𝑉matter(𝑝, 𝑇 ) = 𝑉𝑒(𝑝, 𝑇 )ℙ𝑒 , (3.2)

𝑉𝑒(𝑝, 𝑇 ) = ±
√

2𝐺F(𝑛𝑒−(𝑇 ) − 𝑛𝑒+(𝑇 )) − 8
√

2𝐺F𝑝
3

(𝜌𝑒±(𝑇 )
𝑚2

𝑊
+

𝜌𝜈𝑒
(𝑇 )

𝑚2
𝑍

) , (3.3)

with the Fermi coupling 𝐺F and the number and energy densities 𝑛𝛼 and 𝜌𝛼 of particle species
𝛼, respectively. The first term in 𝑉𝑒 constitutes the common Mikheyev–Smirnov–Wolfenstein
(MSW) potential, carrying a positive sign for neutrinos and a negative one for antineutrinos
while the second term is a higher order correction in the 𝑊 and 𝑍 boson masses to the
standard low energy four fermion approximation of the weak interaction. Assuming the lepton
asymmetry of the Universe to be of the order of the baryon asymmetry of the Universe—which
we do in the following in accordance with References [100, 101]—the usual MSW term is
actually negligible over the correction term. Moreover, we have introduced the electron flavour
projector ℙ𝑒, whose matrix elements in flavour space are given by (ℙ𝑒)𝑖𝑗 = 𝛿𝑖𝑒𝛿𝑗𝑒.

In the simple (1 + 1) neutrino scenario under consideration, the neutrino mass matrix assumes
the form

𝑀̂ = (𝑚𝑒𝑒 𝑚∗
𝑒𝑠

𝑚𝑒𝑠 𝑚𝑠𝑠
) . (3.4)

In accordance with Reference [113], as well as with neutrino mass and mixing fits to SBL data,
we choose the mass matrix elements to be given by 𝑚𝑒𝑒 ≈ 0 eV, 𝑚𝑒𝑠 ≈ 0.12 eV, 𝑚𝑠𝑠 ≈ 1.1 eV.
This is equivalent to a vacuum mixing angle 𝜃 fulfilling sin(2𝜃) ≈ 0.21. In the following, we
discuss how the Hamiltonian in Equation (3.1) changes in the presence of the ADR effect and
the coupling of 𝜈𝑠 to the ALP field. In case of the ALP extension this amounts to an effective
contribution to the mass matrix 𝑀̂, but since the modified mass matrix reduces to the bare
one at late times it is still reasonable to estimate the bare mass parameters in Equation (3.4)
using fits to SBL data.

3.1.1 Sterile Neutrinos with Altered Dispersion Relations

Changing the relativistic dispersion relation of sterile neutrinos also influences the vacuum
Hamiltonian of the neutrino system. It can be shown [78] that in the common ultra-relativistic
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3.1 Model Definition

approximation this effect amounts to an effective potential for the sterile neutrino. In the
following, we parametrise this sterile or ADR potential as

̂𝑉ADR(𝑝) = 𝑉𝑠(𝑝)ℙ𝑠 , 𝑉𝑠(𝑝) = −𝑏𝑝
2

ℙ𝑠 , (3.5)

matching the parametrisations discussed e.g. in References [74, 78, 79]. The strength of the
ADR effect is specified by the free ADR parameter 𝑏 and the sterile neutrino projector ℙ𝑠
ensures that the ADR potential only affects the sterile species.

3.1.2 Sterile Neutrinos Coupling to Axion-Like Dark Matter

The second modification to the plain sterile neutrino extension we consider here, is a feeble
Yukawa coupling of 𝜈𝑠 to an ultra-light, real, scalar field 𝜙. The corresponding ALP Lagrangian
reads

ℒ(𝜙, ∂𝜇𝜙) = 1
2

(∂𝜇𝜙)(∂𝜇𝜙) −
𝑚2

𝜙

2
𝜙2 − 𝜆

2
𝜙 ( ̄𝜈𝑐

𝑠𝜈𝑠 + ̄𝜈𝑠𝜈𝑐
𝑠) , (3.6)

with 𝜆 > 0. The only requirements we impose on the scalar field 𝜙 are 𝑚𝜙 ≪ 1 eV and
that it is produced non-thermally in the early Universe such that it forms a homogeneous,
coherent condensate. This condensate then behaves like a classical scalar field, obeying
the Klein–Gordon equation in an FLRW spacetime. Therefore, its cosmic time evolution
reads [113]

𝜙(𝑡) = 𝜙0𝜂(𝑡) , 𝜂(𝑡) ∶= 𝑁𝜂
𝐽 1

4
(𝑚𝜙𝑡)

4√𝑚𝜙𝑡
, (3.7)

and is fully specified by the scalar mass 𝑚𝜙 and the amplitude 𝜙0 at 𝑡 → 0. Here, 𝐽𝜈(𝑧)
denotes the Bessel functions of the first kind and order 𝜈 ∈ ℝ, and the normalisation 𝑁𝜂 ≈ 1.08
is chosen such that 𝜂(0) = 1.

We assume the feeble coupling, i.e. 𝜆 ≪ 1, between the scalar 𝜙 and sterile neutrino 𝜈𝑠 to
be sufficiently small such that scattering effects of 𝜈𝑠 with potential background quanta of 𝜙
can be safely neglected. Furthermore, this also ensures that 𝜙 does not thermalise if 𝜈𝑠 does
via oscillations. Otherwise, the scalar field would yet yield another unwanted contribution
to the radiation energy density. Nevertheless, if the amplitude 𝜙0 is sufficiently large, the
coupling can still have a significant effect on the sterile neutrino by inducing an additional
time-dependent mass term

𝛥𝑚𝑠𝑠(𝑡) = 𝜆𝜙0𝜂(𝑡) =∶ 𝑚𝑠0𝜂(𝑡) . (3.8)

By virtue of the time–temperature relation in the early Universe discussed in Section 2.2, we
can rewrite the time-dependence of the additional mass term in terms of the temperature of the
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primordial plasma. Hence, the net effect of this extension on the Hamiltonian in Equation (3.1)
is the following replacement of the mass matrix 𝑀:

𝑀̂ → 𝑀̂(𝑇 ) = (𝑚𝑒𝑒 𝑚∗
𝑒𝑠

𝑚𝑒𝑠 𝑚𝑠𝑠 + 𝛥𝑚𝑠𝑠(𝑇 )) , (3.9)

and since 𝜂(𝑡) → 0 for 𝑡 ≫ 1/𝑚𝜙, we get 𝑀̂(𝑇 (𝑡)) → 𝑀̂bare at late times as already pointed
out above.

While the ALP does not contribute to the radiation energy density of the Universe, it does yield
a potentially significant contribution to the dark matter (DM) energy density [113] under the
assumptions outlined above. Assuming, for example, that 𝜙 contributes a significant amount
to the DM density measured today, the following order-of-magnitude estimate holds [113]:

𝜙0 ∼ 1015 GeV (10−15 eV
𝑚𝜙

)
1
4

. (3.10)

Consequently, even for very feeble couplings 𝜆 ∼ 10−21 and for scalar masses 𝑚𝜙 ∼ 10−10 eV
the effective sterile neutrino mass amplitude 𝑚𝑠0 can be as large as 𝑚𝑠0 ∼ 100 eV. This shows
that even in case of very feeble couplings a sizeable additional sterile mass contribution is
possible without the need to assume absurdly large 𝜙0 leading to an overproduction of DM.

Since 𝜂(𝑡) ≈ 1 at early times 𝑡 ≲ 1/𝑚𝜙 this mechanism can yield a significant suppression of
active–sterile oscillations in the early Universe, while allowing for this oscillation channel at
later times when 𝜂 → 0 at 𝑡 ≫ 1/𝑚𝜙. Therefore, this extension to the plain sterile neutrino
model offers a promising opportunity to suppress sterile neutrino thermalisation in the early
Universe without invalidating the sterile neutrino solution to the SBL anomalies today. This
comes at the cost of effectively two new model parameters 𝑚𝜙 and 𝑚𝑠0 that, together with
the ADR parameter 𝑏, represent the three dimensional parameter space of the full model we
consider here.

3.1.3 Active–Sterile Neutrino Mixing and Resonance Structure

The total Hamiltonian of the model under consideration now reads

𝐻̂(𝑝, 𝑇 ) = 𝑀̂2(𝑇 )
2𝑝

+ ̂𝑉matter(𝑝, 𝑇 ) + ̂𝑉ADR(𝑝) , (3.11)

and can be diagonalised by an SO(2) transformation

𝑈(𝜃(𝑝, 𝑇 )) ∶= ( cos(𝜃(𝑝, 𝑇 )) sin(𝜃(𝑝, 𝑇 ))
− sin(𝜃(𝑝, 𝑇 )) cos(𝜃(𝑝, 𝑇 ))) , (3.12)

with 𝜃(𝑝, 𝑇 ) ∈ [0, 𝜋], without loss of generality. The mixing angle defined by this procedure
then must fulfil the following relation:

tan(2𝜃(𝑝, 𝑇 )) = 2𝑚𝑒𝑠(𝑚𝑒𝑒 + 𝑚𝑠𝑠 + 𝛥𝑚𝑠𝑠(𝑇 ))
((𝑚𝑠𝑠 + 𝛥𝑚𝑠𝑠(𝑇 ))2 − 𝑚2

𝑒𝑒) + 2𝑝(|𝑉𝑒(𝑝, 𝑇 )| − |𝑉𝑠(𝑝)|)
. (3.13)
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3.2 Analysis Strategy and Parameter Space

On the one hand, for a very large effective sterile mass term, i.e.

(𝑚𝑠𝑠 + 𝛥𝑚𝑠𝑠(𝑇 ))2 ≫ 2𝑝∣|𝑉𝑒(𝑝, 𝑇 )| − |𝑉𝑠(𝑝)|∣ , (3.14)

we see that 𝜃(𝑝, 𝑇 ) → 0 and oscillations are strongly suppressed. On the other hand, also if
2𝑝𝑉𝑠 becomes very large compared to all other terms in the denominator, mixing is strongly
suppressed. The latter scenario particularly affects the high energy modes, and hence, a more
thorough analysis is needed to estimate the impact of the ADR potential on sterile neutrino
thermalisation at lower temperatures in the early Universe.

Contrarily to mixing suppression, the ADR potential can also enhance mixing between the
active and sterile states up to the point where the so-called resonance condition

((𝑚𝑠𝑠 + 𝛥𝑚𝑠𝑠(𝑇 ))2 − 𝑚2
𝑒𝑒) + 2𝑝(|𝑉𝑒(𝑝, 𝑇 )| − |𝑉𝑠(𝑝)|) → 0±

⇔ | tan(2𝜃(𝑝, 𝑇 ))| → ∞ .
(3.15)

is fulfilled. In this case, the mass eigenstates are an equal admixture of the active and sterile
neutrinos and the gap between the effective mass eigenvalues is minimal. We can now define
the resonance momentum value 𝑝res(𝑇 ) at which the resonance condition in Equation (3.15) is
fulfilled.

In summary, this shows that the interplay between the matter potential, the ADR potential
and the time- or temperature-dependent mass determines the effective neutrino mixing in the
primordial plasma. This mixing is a crucial ingredient to understand the evolution of neutrino
densities in the early Universe.

3.2 Analysis Strategy and Parameter Space

The presence of new light DOFs can have significant impact on the evolution of the Universe
and on cosmological observables. Two important quantities that can be extracted from
cosmological measurements are the radiation energy density 𝜌tot shortly before last scattering
and the primordial helium abundance 𝑌4He after BBN. The SM and 𝛬CDM predictions of
these quantities are in good agreement with the most recent fits to cosmological data [29, 122],
meaning that any extension or modification of either theory needs to be thoroughly tested
if they have the potential to significantly alter the respective predictions. Moreover, when
extending the SM by a light sterile neutrino, the effective sterile neutrino mass 𝑚eff

𝑠 can be
defined to parametrise the impact of the new heavier neutrino state on structure formation.
This parameter in turn can also be constrained by fits to cosmological data.

3.2.1 Central Quantities of the Analysis

In order to be able to quantify the changes introduced by the light sterile neutrino, ADR and
ALP extension of the SM we introduce the following quantities in the early Universe:
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1. The effective number of ultra-relativistic DOFs 𝑁eff

2. The effective sterile neutrino mass 𝑚eff
𝑠

3. The helium mass fraction 𝑌4He

The first quantity is used to estimate the influence of ultra-relativistic DOFs not contained
in the SM on the radiation energy density between electron–positron annihilation and last
scattering 𝜌tot, while the second one parametrises the impact of the free streaming of the
sterile neutrino on matter power spectra as neutrinos cool to non-relativistic temperatures.
Moreover, 𝑌4He represents the amount of helium produced during BBN for the given model.

In accordance with References [29, 102], we define the effective number of additional ultra-
relativistic DOFs via

𝜌rad =∶ 𝑁eff
7
8

( 4
11

)
4
3

𝜌𝛾 + 𝜌𝛾 , (3.16)

where 𝜌𝛾 is the photon energy density. The factor 7/8 in this definition accounts for the
fact that in the SM the only contributions to the radiation energy density can be caused
by neutrinos which are fermionic particles. Moreover, the factor (4/11)4/3 accounts for the
reheating of the photon temperature due to electron–positron annihilation, assuming fully
decoupled neutrinos. According to the latest predictions [102], assuming three SM neutrinos
with the addition of the standard mass and mixing parameters yields 𝑁 std

eff = 3.044. The
deviation from 𝑁eff = 3, even in the standard case, is explained by the fact that neutrinos are
not fully decoupled during electron–positron annihilation as well as by the impact of finite
temperature QED effects. In order to isolate the influence of the sterile neutrino, we also
define the number of additional ultra-relativistic DOFs as

𝛥𝑁eff ∶= 𝑁eff − 3.046 , (3.17)

where we choose a slightly different value for 𝑁 std
eff to be able to directly compare our results

to fits obtained in Reference [29]. Note that when using 𝑁eff to constrain light sterile neutrino
models, it is implicitly assumed that the sterile DOF is ultra-relativistic roughly until last
scattering at sub-eV temperatures. For 𝑚4 = 1.1 eV this is not exactly true, but in accordance
with the literature (see e.g. References [29, 101, 113]), we neglect small corrections due to the
finite neutrino mass in the very low temperature regime.

As soon as neutrinos become non-relativistic, their free streaming has an impact on structure
formation and matter power spectra imprinted within the CMB. Especially when adding a
light sterile neutrino to the model whose mass is larger than that of the SM neutrinos, it is
important to also estimate the impact of the sterile mass. To this end, we define the effective
sterile mass 𝑚eff

𝑠 by [29]

𝑚eff
𝑠 = 𝛺𝑠ℎ2 × 94.1 eV , (3.18)

where 𝛺𝑠 = 𝜌0
𝑠/𝜌c is the energy fraction of the sterile neutrino today and ℎ is the Hubble

rate today in units of 100 km/(s Mpc). Note that in our model extension including the ALP,
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the fourth mass eigenvalue 𝑚4 itself becomes time and temperature-dependent. In order
to maintain the ultra-relativistic approximation for 𝜈𝑠, however, we only consider model
configurations for that 𝑚4 ≈ 1.1 eV well after electron–positron annihilation. As described in
Reference [29], in our model 𝑚eff

𝑠 can be estimated by

𝑚eff
𝑠 ≈ 𝛥𝑁eff𝑚4 , (3.19)

as the properties of the sterile neutrino in our model approximately match with those of a
Dodelson–Widrow neutrino [123], since it is produced via mixing effects only.

Finally, the helium abundance is usually estimated [29] using the helium mass fraction

𝑌4He ∶= 4𝑛He
𝑛B

, (3.20)

corresponding to the number density of baryons bound into 4He nuclei normalised to the total
baryon number density. The experimentally accessible value of 𝑌4He corresponds to that at
the time directly after BBN since, afterwards, 𝑌4He remains constant. Similarly after electron–
positron annihilation also the effective number of neutrino species 𝑁eff remains constant as
the neutrinos fully decouple around this time. It is therefore possible to compute all values
of interest within the era of radiation domination although some of their values, in principle,
need to be known at last scattering or even later.

3.2.2 Definition of the Parameter Space

In the analysis presented in the following we calculate the quantities 𝛥𝑁eff, 𝑚eff
𝑠 and 𝑌4He for

several model parameter configurations and compare them to their experimentally estimated
values. The sterile neutrino ADR and ALP model is parametrised by three independent
parameters: The ALP mass 𝑚𝜙, the amplitude of the ALP-induced sterile neutrino mass
contribution 𝑚𝑠0 and, finally, the ADR parameter 𝑏. We restrict the range of ALP masses to
𝑚𝜙 ∈ [10−20, 10−14] eV. By excluding ALP masses smaller than 10−20 eV, we ensure that the
heaviest mass eigenstate 𝜈4 remains ultra-relativistic for all times and that its mass reduces
to 𝑚4 = 1.1 eV long before last scattering. At ALP masses above 𝑚𝜙 ∼ 10−14 eV the ALP
VEV 𝜙0𝜂 starts to vanish too early in order to yield a significant contribution to the sterile
neutrino mass. For the parameter 𝑚𝑠0 we choose a range of 𝑚𝑠0 ∈ [10, 250] eV in agreement
with Reference [113].

Finally, although we assume the ADR model to be compatible with the results from SBL
experiments, we do not strictly set 𝑏 ∼ 10−17 as obtained as a promising value in Reference [79].
Instead, we only choose the ADR parameter to be non-negative, i.e. 𝑏 ∈ [0, ∞), to allow for
a variation of 𝑏 during the cosmic evolution between the early stages of the Universe and
today. In extra dimensional models, for example, such a variation can occur if the curvature
of the extra dimension changes over time. Then, however, this mechanism needs to predict
the evolution of the ADR parameter towards SBL compatible values today, in order to ensure
consistency with results from SBL experiments.
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3.3 Evolution of Neutrino Densities in the Early Universe

Since all central quantities discussed in the last section depend on neutrino phase space
densities, it is crucial to be able to estimate them reliably. This is achieved by employing
the so-called PSDM approach that consistently takes into account scattering processes in the
early Universe as well as neutrino flavour transitions. Therefore, this approach resembles a
generalisation of the Boltzmann transport equations usually employed to determine the phase
space densities of particles in the primordial plasma. The PSDM 𝜚𝑗𝑘 is defined as the thermal
average of neutrino mass eigenstate creation and annihilation operators [121, 124]

(2𝜋)3𝛿3( ⃗𝑝 − ⃗𝑞)𝜚𝑗𝑘( ⃗𝑝) ∶= ⟨𝑎𝑘( ⃗𝑝)†𝑎𝑗( ⃗𝑞)⟩ ∶= Tr(𝛱̂𝑎𝑘( ⃗𝑝)†𝑎𝑗( ⃗𝑞)) , (3.21)

where 𝛱̂ is the density operator representing the state of the primordial plasma. According to
this definition the diagonal elements of 𝜚𝑗𝑗( ⃗𝑝) are the regular neutrino phase space densities
we are interested in, whereas the off-diagonal elements encode information about quantum
correlations between different neutrino mass eigenstates due to neutrino oscillations. Taking into
account these off-diagonal elements is the main difference to the usual Boltzmann approach and
enables the consistent treatment of oscillations and collisions [125] in a thermal environment.

Since we are interested in the phase space densities of neutrino interaction eigenstates, we
transform the PSDM from the mass basis to the flavour basis, employing the neutrino mixing
matrix 𝑈, i.e.

𝜚𝑓
𝑗𝑘 = ∑

𝑙,𝑚
𝑈𝑗𝑙𝜚𝑙𝑚(𝑈†)𝑚𝑘 . (3.22)

Moreover, we omit the superscript 𝑓 in the following by renaming 𝜚𝑓 → 𝜚.

3.3.1 Quantum Kinetic Equations for the Density Matrix

The PSDM can be extracted from the two-point correlation function, i.e. the thermal propaga-
tor, of neutrino fields. In particular, the PSDM is encoded in the statistical part

𝐹𝑗𝑘(𝑥𝜇, 𝑦𝜇) = ⟨[𝜈𝑗(𝑥𝜇), ̄𝜈𝑘(𝑦𝜇)]⟩ , (3.23)

of the thermal propagator encoding the particle occupation numbers [124]. As we have
already mentioned in Section 2.3.1, the thermal propagator obeys the Schwinger–Dyson
Equations (2.92) that can be obtained from the Two-Particle Irreducible (2PI) effective action.
From this, equations of motion for the statistical correlator 𝐹𝑗𝑘 can be derived. Then, the
statistical correlator and its equations of motion are transformed to phase space by employing
a so-called Wigner transform, i.e. a partial Fourier transform applied to the relative coordinate,
resulting in ̃𝐹𝑗𝑘(𝑋𝜇, 𝑝𝜇), where 𝑋𝜇 = (𝑥𝜇 + 𝑦𝜇)/2 is the absolute coordinate and 𝑝𝜇 is the
four-momentum. Afterwards, the transformed equations of motion need to be expanded in
small quantities, namely neutrino masses, weak couplings and spacetime derivatives divided
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by the neutrino energy. From this procedure the Boltzmann-like equations of motion for the
PSDM, called the quantum kinetic equation (QKE), can be obtained [100, 101, 121, 124,
126]

(∂𝑡 − 𝑝𝐻∂𝑝)𝜚(𝑡, 𝑝) = −𝑖[𝐻̂(𝑡, 𝑝), 𝜚(𝑡, 𝑝)] + 𝒞[𝑡, 𝑝, 𝜚] , (3.24)

where 𝐻 is the Hubble rate, 𝐻̂ is the neutrino Hamiltonian given in Equation (3.1), 𝑝 is the
modulus of the neutrino three momentum, and 𝒞 is the collision term describing incoherent
scattering of neutrinos among themselves and with the background particles. The derivative
operator (∂𝑡 − 𝑝𝐻∂𝑝) describes the effect of the expansion of the Universe on the neutrino
system.

The above procedure actually results in two coupled equations for the neutrino and antineutrino
PSDMs, 𝜚 and ̄𝜚, but as argued already before in Section 3.1, we assume the lepton asymmetry
to be negligible compared to the total neutrino density. Therefore, we approximate 𝜚 ≈ ̄𝜚 and
only need to consider the equations of motion for 𝜚.

Finally, the collision term is assembled from all individual neutrino scattering processes

𝒞[𝑡, 𝑝, 𝜚] = ∑
𝑘∈𝒫

𝒞𝑘[𝑡, 𝑝, 𝜚] , (3.25)

where 𝒫 is the set of all interaction channels in our 1 + 1 scenario:

1. 𝜈𝑒𝑒− ⟷ 𝜈𝑒𝑒−

2. 𝜈𝑒𝑒+ ⟷ 𝜈𝑒𝑒+

3. 𝜈𝑒 ̄𝜈𝑒 ⟷ 𝑒−𝑒+

4. 𝜈𝑒𝜇− ⟷ 𝜈𝑒𝜇−

5. 𝜈𝑒𝜇+ ⟷ 𝜈𝑒𝜇+

6. 𝜈𝑒 ̄𝜈𝑒 ⟷ 𝜇−𝜇+

7. 𝜈𝑒𝜈𝑒 ⟷ 𝜈𝑒𝜈𝑒

8. 𝜈𝑒 ̄𝜈𝑒 ⟷ 𝜈𝑒 ̄𝜈𝑒

Also neutrino–nucleon scattering should be included in this list, but since at the temperatures
of interest nucleons are non-relativistic their number densities follow Boltzmann statistics
and are strongly suppressed. Therefore, we neglect these contributions. Moreover, also
contributions from neutrino–neutrino scattering can be omitted as they only represent a
sub-leading contribution, see e.g. References [100, 101].

All collision terms can be calculated using methods presented in Reference [126]. For the first
process, for example, we get

𝒞1[𝑡, 𝑝, 𝜚] = 32𝐺2
𝐹

𝑝
∫ d3 ⃗𝑝1

(2𝜋)32𝐸1

d3 ⃗𝑝2
(2𝜋)32𝐸2

d3 ⃗𝑝3
(2𝜋)32𝐸3

(2𝜋)4𝛿4(𝑝𝜇 + 𝑝𝜇
1 − 𝑝𝜇

2 − 𝑝𝜇
3 )

× {𝑔2
𝑅(𝑝𝛼𝑝𝛼

3 )(𝑝1𝛽𝑝𝛽
2 ) + 𝑔2

𝐿(𝑝𝛼𝑝𝛼
1 )(𝑝2𝛽𝑝𝛽

3 ) − 𝑔𝐿𝑔𝑅(𝑝𝛼𝑝𝛼
2 )𝑚2

𝑒}

× 𝛷1(𝑡, 𝑝𝜇, 𝑝𝜇
1 , 𝑝𝜇

2 , 𝑝𝜇
3 ) ,

(3.26)

where we define the effective couplings 𝑔𝐿 = 1/2 + sin2(𝜃𝑊) and 𝑔𝑅 = sin2(𝜃𝑊). For the
remaining collision terms relevant to the integration of the QKEs, see Appendix B.1. The
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statistical factor 𝛷1 encodes how many electrons and neutrinos are available for each direction
of the reaction, and is given by

𝛷1(𝑡, 𝑝𝜇, 𝑝𝜇
1 , 𝑝𝜇

2 , 𝑝𝜇
3 ) ∶= 𝛷+

1 (𝑡, 𝑝𝜇, 𝑝𝜇
1 , 𝑝𝜇

2 , 𝑝𝜇
3 ) − 𝛷−

1 (𝑡, 𝑝𝜇, 𝑝𝜇
1 , 𝑝𝜇

2 , 𝑝𝜇
3 ) , (3.27)

with

𝛷+
1 (𝑡, 𝑝𝜇, 𝑝𝜇

1 , 𝑝𝜇
2 , 𝑝𝜇

3 ) ∶= [1 − 𝑓𝑒−(𝑡, 𝑝1)]𝑓𝑒−(𝑡, 𝑝3){ℙ𝑒𝜚(𝑡, 𝑝2)ℙ𝑒, 𝟙 − 𝜚(𝑡, 𝑝)} , (3.28)
𝛷−

1 (𝑡, 𝑝𝜇, 𝑝𝜇
1 , 𝑝𝜇

2 , 𝑝𝜇
3 ) ∶= 𝑓𝑒−(𝑡, 𝑝1)[1 − 𝑓𝑒−(𝑡, 𝑝3)]{ℙ𝑒[𝟙 − 𝜚(𝑡, 𝑝2)]ℙ𝑒, 𝜚(𝑡, 𝑝)} . (3.29)

Here, 𝑓𝑒− denotes the electron phase space distribution assumed to follow its equilibrium value
where the 𝑒± temperature is equal to the photon temperature. The functions 𝜙±

1 are the
statistical factors of the forward and backward directions of the first process and contain the
appropriate Pauli blocking factors 1 − 𝑓 for final state fermions. These factors explicitly take
into account the Pauli exclusion principle and suppress a reaction if the respective final state
is already occupied.

Now that we have specified how to obtain the evolution of the neutrino and antineutrino
PSDMs we also have to consider the back reaction of changes in the neutrino density on the
remaining particle species in the primordial plasma. Since apart from (anti-)neutrinos the
only particle species relevant to the dynamics of the scale factor and the evolution of neutrino
densities at the temperatures of interest are light (anti-)leptons and photons that are in kinetic
equilibrium with each other, the remaining free physical quantity is the temperature 𝑇𝛾 of the
EM plasma. The time evolution of 𝑇𝛾 can be derived from the cosmic continuity Equation (2.38)
by plugging in the equilibrium distribution for all electromagnetically interacting particles
parametrised by 𝑇𝛾 and solving for the derivative ̇𝑇𝛾. Therefore, the central task of this project
is the simultaneous integration of the differential equations for 𝑇𝛾 and 𝜚 as all quantities of
interest, i.e. 𝛥𝑁eff and 𝑌4He can be computed from this information.

3.3.2 Solution of the Quantum Kinetic Equations

The differential equations governing the time evolution of the PSDM and photon temperature
are non-linear and coupled and cannot be solved analytically for given initial conditions.
Therefore, we need to employ numerical methods that are described in the following.

To simplify the solution of our set of evolution equations, we introduce the new variables1

𝑥(𝑡, 𝑝) ∶= 𝑎(𝑡) , 𝑦(𝑡, 𝑝) ∶= 𝑎(𝑡) 𝑝
𝛬

. (3.30)

The variable 𝑥 plays the role of the new time variable and is just given by the scale factor
𝑎. Furthermore, the scale factor is normalised such that 𝑎(𝑡0) = 𝑥0 = 𝛬/𝑇𝛾(𝑡0) at the initial
time 𝑡0 to be specified below, where 𝛬 = 1 MeV is a suitable energy scale for the problem.

1Note that this choice of new variables slightly differs from the choice in Reference [73] as we assume the scale
factor to be dimensionless, here.
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The new dimensionless momentum variable can be interpreted as follows: Neglecting effects of
scattering and oscillations, i.e. setting 𝒞 ≡ 0 and 𝐻̂ ≡ 0, an initial phase space distribution is
only redshifted by the convectional derivative in Equation (3.24). That means the value of 𝜚
obtained for a fixed momentum 𝑝⋆ at initial time 𝑡0 will, at some later time 𝑡 > 𝑡0, correspond
to the redshifted momentum 𝑝⋆𝑎(𝑡0)/𝑎(𝑡). Defining the new momentum 𝑦 ∝ 𝑝𝑎(𝑡) accounts
for this effect and leads to a constant PSDM if oscillations and collisions can be neglected.
This can be shown by transforming the QKEs into the set of new variables yielding

𝑥𝐻̃(𝑥)∂ ̃𝜚
∂𝑥

(𝑥, 𝑦) = −𝑖[ ̂𝐻̃(𝑥, 𝑦), ̃𝜚(𝑥, 𝑦)] + ̃𝒞[𝑥, 𝑦, ̃𝜚(𝑥, 𝑦)] . (3.31)

If the right hand side of this equation vanishes, the PSDM in the new variables indeed remains
constant. In the following, we omit the tildes above all quantities since we always express
them in terms of the new variables.

Moreover, the photon temperature evolution equation can be written as

𝑇 ′
𝛾(𝑥) = −

𝑇𝛾(𝑥)
𝑥

3[𝜌tot(𝑥) + 𝑃tot(𝑥)] + 𝑥𝜌′
𝜈,tot

𝛯(𝑥)
, (3.32)

𝛯(𝑥) ∶= 4𝜌𝛾 + ∑
𝛼∈{𝑒,𝜇}

𝑔𝛼
2𝜋2 ∫

∞

0
d𝑝 𝑝2 𝐸2

𝛼
𝑇𝛾

𝑒
𝐸𝛼
𝑇𝛾

(1 + 𝑒
𝐸𝛼
𝑇𝛾 )

2 (3.33)

= 𝑇𝛾 (
d𝜌𝛾

d𝑇𝛾
+ ∑

𝛼∈{𝑒,𝜇}

d𝜌𝛼
d𝑇𝛾

) , (3.34)

where the prime denotes the derivative with respect to 𝑥, 𝜌𝜈,tot is the total neutrino energy
density and all other appearing quantities are introduced in Section 2.2.1. As we show in
Appendix B.2, if all particle species contributing to 𝜌tot are in thermal equilibrium with each
other and are ultra-relativistic, the solution of Equation (3.32) is 𝑇𝛾(𝑥) = 𝑇𝛾(𝑥0)𝑥0/𝑥. Using
the definition of 𝑥, we see that indeed 𝑥 = 𝛬/𝑇𝛾(𝑥) in this simple case. Therefore, to be
consistent we need to choose the initial time 𝑥0 such that this equilibrium conditions applies.
Furthermore, the inverse of 𝑥 can be interpreted as the temperature of a particle species
that decouples instantaneously at 𝑥0. We will, therefore, call this quantity the comoving
temperature ̄𝑇 ∶= 𝛬/𝑥 and it approximately coincides with the photon temperature before
electron–positron annihilation. Moreover, ̄𝑇 also approximately coincides with the effective
electron neutrino temperature.

Initial Conditions Before specifying the initial PSDM 𝜚(𝑥0, 𝑦), we need to determine a
suitable starting point for the integration of the QKEs and the photon temperature. For
the study of sterile neutrino thermalisation, it is sufficient to consider temperatures of 𝑇𝛾 ≈
𝒪(100 MeV), see e.g. Reference [101]. At these temperatures collisions damp the oscillation
terms and active neutrinos are in thermal equilibrium with the rest of the primordial plasma.
Moreover, since in the considered class of models sterile neutrino states can only be populated
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via oscillations, we can assume that the total energy density only contains contributions from
SM particles 𝜌tot = 𝜌tot,SM. Of course there could be an initial population of sterile neutrinos,
but since 𝜈𝑠 does not interact with the SM plasma itself, its density is negligible to the SM
neutrino densities due to the numerous reheating processes occurring in the early Universe
due to the annihilation processes of SM particles. Thus, for simplicity, we assume the initial
sterile neutrino density to vanish.

For our purposes we find 𝑇𝛾(𝑥0) = 100 MeV, i.e. 𝑥 = 0.01, to be sufficient, see Appendix B.3
for more details. To achieve a precision estimate of all central quantities of our analysis, we
would need to start the integration of the system of differential equations earlier [101] at
about 𝑇𝛾(𝑥0) = 500 MeV. Moreover, it would also be necessary to take all active neutrino
flavours and active–active flavour oscillations into account. Since we are only interested in the
potential2 of the ADR and ALP extensions of the plain sterile neutrino model to suppress the
population of 𝜈𝑠 in the early Universe, it is, however, still sufficient to use the starting point
𝑇𝛾(𝑥0) = 100 MeV.

The main argument for this, discussed in Appendix B.3, is that if oscillations are unsuppressed
at 𝑥0 < 0.01 then they are even less suppressed afterwards as the strength of the collisions
monotonically decreases with time. In this case, assuming the initial sterile phase space
density to vanish at 𝑥0 = 0.01 is wrong, but we find that the thermalisation of the sterile
species proceeds sufficiently rapidly such that final densities do not depend strongly on the
initial conditions. In the contrary case, where oscillations are suppressed until 𝑥0 = 0.01,
the assumptions of vanishing sterile densities and active–sterile correlations represent a good
approximation. Furthermore, SM neutrinos and the EM plasma are still in thermal equilibrium
at this initial time. Therefore, the starting point 𝑇𝛾(𝑥0) = 100 MeV is sufficient to estimate
whether the sterile species reaches thermal equilibrium with the SM plasma.

The main reason to choose 𝑥0 = 0.01, despite the mentioned disadvantages, is that scattering
and energy density contributions of muons are strongly Boltzmann suppressed, and hence, can
be safely neglected after 𝑥0 = 0.01, leading to a tremendous simplification of our calculations.
Ultimately, our initial conditions thus read

𝜚(𝑥0, 𝑦) ≡ 𝑓eq
𝜈 (𝑦)ℙ𝑒 , 𝑓eq

𝜈 (𝑦) ∶= (exp(𝑦) + 1)−1 , (3.35)

and 𝑇𝛾 = 100 MeV at 𝑥0 = 0.01.

End of the Time Evolution We extract the neutrino phase space densities at 𝑥fin = 50,
corresponding to 𝑇𝛾(𝑥fin) ≈ 28 keV, because we find that at these temperatures 𝜚 has reached
its asymptotic value. Furthermore, in this stage of the Universe neutrino interactions have
fully frozen out, the helium abundance reached its final value, the relativistic approximation of
the neutrino dispersion relation is still valid and the Universe is still radiation dominated.

2Although we are only performing a proof-of-principle analysis here, it is still important to treat oscillations
and collisions in a unified framework, i.e. to thoroughly solve the QKEs, since sterile neutrinos can only be
populated via oscillations.
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Numerical Methodology The last step before solving the QKEs and the evolution equation
for 𝑇𝛾 is choosing a proper discretisation of the dimensionless momentum space 𝛺𝑦 = [0, ∞).
To this end, we pick 𝑁𝑦 = 109 equidistant momentum nodes between the low and high
momentum cutoffs, 𝑦min = 10−4 and 𝑦max = 20. Unfortunately, we cannot choose 𝑦min = 0
as at this value the ultra-relativistic approximation definitely breaks down and our QKE are
not suitable to describe the corresponding low energy modes. This only introduces a small
error since these low energy modes only constitute a negligible contribution to the energy
densities and all other quantities we are interested in. Moreover, the high momentum cutoff
is chosen such that we are already in the exponential suppression regime of the solution
to Equation (3.31) meaning 𝜚(𝑥, 𝑦max) ∼ (exp(20) + 1)−1 ∼ 10−9. The total relative error
introduced into the calculation of the neutrino energy density is on the order of 10−6.

In summary, we have transformed Equations (3.31) and (3.32) into 4𝑁𝑦 + 1 real, coupled
ordinary differential equations between 𝑥0 = 0.01 and 𝑥fin = 50 with initial conditions
𝜚(𝑥0, 𝑦𝑘) = 𝑓eq

𝜈 (𝑦𝑘)ℙ𝑒 and 𝑇𝛾(𝑥0) = 100 MeV. Here, we use that the PSDM at each momentum
node has four real, independent parameters. For more details on the numerical procedure see
Appendix B.4.

3.3.3 Calculating the Helium Abundance

Lastly, we present how the helium mass fraction is calculated from the neutrino PSDM,
obtained using the procedure described before. This section closely follows the textbook [127]
on kinetic theory in the early Universe. In order to simplify our analysis we will only estimate
the neutron abundance using the appropriate Boltzmann equations, but we do not solve the
set of kinetic equations describing the detailed conversion of neutrons into helium nuclei.
We rather use the fact that at the end of BBN approximately all neutrons are bound into
4He nuclei and only a small fraction is contained in Deuterium, 3He and heavier elements.
Therefore, we get that

𝑌4He = 4𝑛4He
𝑛B

≈ 2𝑛𝑛
𝑛B

=∶ 2𝑋𝑛 , (3.36)

and that it is sufficient to estimate the neutron fraction 𝑋𝑛 = 𝑛𝑛/𝑛B.

The time evolution of 𝑋𝑛 is easily obtained from the Boltzmann equations for 𝑛𝑛. Using
that the baryon number in a comoving volume is conserved at temperatures of the order
𝒪(𝛬 = 1 MeV) we find the evolution equations for 𝑋𝑛 to be [127]

d𝑋𝑛(𝑥)
d𝑥

=
𝜆𝑝𝑛(𝑥)

𝑥𝐻
(1 − 𝑋𝑛(𝑥)) −

𝜆𝑛𝑝(𝑥)
𝑥𝐻

𝑋𝑛(𝑥) , (3.37)

where 𝜆𝑝𝑛 and 𝜆𝑛𝑝 are the thermal interaction rates corresponding to the processes

𝑛 + 𝑒+ ↔ 𝑝 + ̄𝜈𝑒 , 𝑛 + 𝜈𝑒 ↔ 𝑝 + 𝑒− , 𝑛 ↔ 𝑝 + ̄𝜈𝑒 + 𝑒− . (3.38)
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Here, 𝜆𝑝𝑛 corresponds to the ←-direction, whereas 𝜆𝑛𝑝 corresponds to the →-direction. For
more details on the definition and properties of the interaction rates see Appendix B.5.

The differential Equation (3.37) is solved between 𝑥⋆
0 and 𝑥⋆

fin that are defined such that

𝑇𝛾(𝑥⋆
0) = 5 MeV and 𝑡(𝑥⋆

fin) = 300 s ⇔ 𝑇𝛾(𝑥⋆
fin) ≈ 0.07 MeV , (3.39)

lying within the integration interval of the QKEs for all model configurations. The end point
of the integration is chosen according to a fixed value of cosmic time instead of a fixed value
of the photon temperature since the time–temperature relation changes depending on the
influence of 𝜈𝑠 on the Hubble rate. However, the end of BBN is determined by the condition
that the respondible nuclear interaction rates are negligible compared to the Hubble rate
that is directly related to the cosmic time via Equation (2.57). This relation does not change
under the influence of the sterile species as it only depends on the radiation domination
assumption.

The solution of the photon temperature in terms of 𝑥 is used in order to find 𝑥⋆
0 and 𝑥⋆

fin and
the neutrino PSDM enters the calculation of the interaction rates 𝜆𝑛𝑝(𝑝𝑛). For this purpose,
we interpolate our solutions for 𝜚 on the (𝑥, 𝑦)–grid defined in the previous section.

Unfortunately, the approximation 𝑌4He ≈ 2𝑋𝑛 is rather rough and it is not appropriate to
compare our results for 𝑌4He to actual measurements like those presented in Reference [122].
Nevertheless, we can still compare the model predictions to the SM prediction in our com-
putation scheme and see if the difference exceeds the experimentally obtained uncertainties
stated in Reference [122].

For completeness, we summarise all differential equations in terms of the dimensionless variables
in Appendix B.6.

3.4 Effective Number of Light Degrees of Freedom and Helium
Abundance

Now that we have outlined the details of the analysis strategy, we can finally evaluate our
central quantities 𝛥𝑁eff, 𝑚eff

𝑠 and 𝑌4He on several benchmark points in our parameter space
that we have chosen in order to fit the proof-of-principle paradigm of this analysis. To this
end, we first consider the ADR- and ALP-only cases where we only switch on one of these
new physics effects. Afterwards, we consider certain interesting parameter configurations in
the ADR + ALP scenario. For each configuration we estimate the additional number of light
DOFs 𝛥𝑁eff, the effective sterile neutrino mass 𝑚eff

𝑠 as well as the final helium abundance 𝑌4He.
The values obtained for 𝛥𝑁eff and 𝑚eff

𝑠 are then compared to recent measurements by the
Planck collaboration [29] summarised in Table 3.1. Furthermore, our predictions for 𝑌4He are
compared to the corresponding SM prediction in our approximation and it is investigated if the
difference of both predictions exceeds the respective experimental uncertainties 𝜎𝑌4He

= 0.004
(68 % CL) or 2𝜎𝑌4He

= 0.008 (95 % CL) presented in Reference [122].
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Table 3.1: Upper limits on 𝑁eff and 𝑚eff
𝑠 obtained at 95 % confidence level (CL) by

the Planck collaboration in Reference [29] in a combined fit assuming different priors
on the physical sterile neutrino mass 𝑚4, as can be inferred from References [29,
128].

Measurement 𝑁eff 𝛥𝑁eff 𝑚eff
𝑠 / eV

TT, TE, EE + lowE + lensing + BAO (𝑚4 < 20 eV) 3.29 0.24 0.65
TT, TE, EE + lowE + lensing + BAO (𝑚4 < 4 eV) 3.34 0.29 0.23
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Figure 3.1: Final (𝑥 = 50) 𝜈𝑠 phase space distributions (solid) as a function of
the comoving momentum 𝑦 for various ADR parameters 𝑏 ∈ {10−17, 10−15, 10−6}
compared to the equilibrium density 𝑓eq

𝜈 (dashed).

3.4.1 Predictions for the Central Quantities in the ADR-only Scenario

The final values for 𝛥𝑁eff, 𝑚eff
𝑠 and 𝑌4He are shown in Table 3.2. It is clear that for small

ADR parameters 𝑏 sterile neutrinos equilibrate with the EM plasma and contribute a full new
DOF. At much larger ADR parameter values roughly around 𝑏 ∼ 10−6 the ADR effect leads
to an effective suppression of the production of sterile neutrinos and all values of 𝛥𝑁eff and
𝑚eff

𝑠 are within the 95% CL intervals obtained by the Planck collaboration. In Figure 3.1,
we show the final sterile neutrino phase space distributions to support our interpretation.
The thermal development of the PSDM can be explained by considering the effective mixing
between 𝜈𝑒 and 𝜈𝑠 below 𝑇𝛾 ∼ 100 MeV. Especially the evolution of the dimensionless
resonance momentum 𝑦res( ̄𝑇 ) determines which momentum modes experience vacuum-like
mixing, resonant enhancement or mixing suppression. Other than in SBL experiments there is
no fixed value for the resonance but it evolves with temperature since the matter potential
depends on the comoving temperature ̄𝑇 and directly enters the resonance condition (3.15).
The temperature evolution of 𝑦res for each parameter configuration from Table 3.2 is shown in
Figure 3.2. For each curve individually, Figure 3.2 can be subdivided into three regions:
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Table 3.2: Estimated additional light DOFs 𝛥𝑁eff, effective sterile mass 𝑚eff
𝑠 and

helium abundance at 𝑥 = 50 for different ADR parameters 𝑏.

𝑏 𝛥𝑁eff 𝑚eff
𝑠 / eV 𝑌4He − 𝑌 SM

4He

0 1.31 1.44 0.008
10−17 1.31 1.44 0.008
10−15 1.31 1.44 0.008
10−12 1.33 1.46 0.008
10−6 0.01 0.01 0.000
10−4 0.01 0.01 0.000
10−2 0.01 0.01 0.000
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Figure 3.2: Resonance momentum evolution in terms of the comoving temperature
̄𝑇 = 𝛬/𝑥 for different ADR parameters 𝑏 ∈ {10−17, 10−15, 10−12, 10−6, 10−4, 10−2}.

The green shaded region indicates the momentum range relevant for the computa-
tion of the central quantities of this analysis 𝛥𝑁eff, 𝑚eff

𝑠 and 𝑌4He.

1. Vacuum-like mixing

2. Resonant enhancement

3. Mixing suppression

The first region contains all momentum and temperature configurations for which the matter
and ADR potential are negligible compared to the sterile mass and tan 2𝜃(𝑥, 𝑦) ≈ tan 2𝜃vac.
This is the case below each resonance curve, i.e. at small momenta compared to 𝑦res. The
second region is given by the resonance curve itself and a small band around it. In this
region we have | tan 2𝜃(𝑥, 𝑦)| ≫ 1 and mixing is close to maximal. At much higher momenta
𝑦 ≫ 𝑦res the ADR potential dominates the mixing and | tan 2𝜃(𝑥, 𝑦)| ≪ 1 implying3 𝜈𝑒 ≈ 𝜈4

3Note that, although, we consider a 1 + 1 neutrino model, we still need to account for the presence of the
other active neutrinos, e.g. when computing the radiation energy density. Thus, we denote the heaviest
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and 𝜈𝑠 ≈ 𝜈1, as the system has passed the level crossing. In addition to this, for each parameter
configuration exists a threshold temperature above that no resonance can occur as the active
neutrino potential is too large to be surpassed by the ADR potential. In this region to the
right of each resonance curve the transition from vacuum-like mixing to mixing suppression is
smooth.

Small ADR Parameters Using this discussion as our main tool, we can infer from Figure 3.2
that for very small ADR parameters, i.e. 𝑏 < 10−15, the resonance curves are located well
above the relevant momentum region. Consequently, the effective mixing is close to the (large)
vacuum-like mixing at small momenta and matter effect modified mixing at higher momenta
from the green region in Figure 3.2. Due to the constant supply of 𝜈𝑒 from weak interactions in
the plasma, sterile neutrinos are copiously produced via oscillations at small ADR parameters
and temperatures above neutrino freeze-out, and hence, lead to 𝛥𝑁eff(𝑥fin) ≈ 1.

Intermediate ADR Parameters The reasoning seems to be somewhat more involved
for ADR parameter configurations corresponding to resonance curves within the region of
relevant momenta. As one of these momentum modes passes through the resonance the active–
sterile oscillations are enhanced and sterile neutrinos are produced. This phase of resonant
enhancement, however, holds on only for a short period of time. While this might cause an
increase of the sterile neutrino distribution in this mode, the long term mixing behaviour
is much more important. In all cases where the resonance curve reaches into the region
of momenta relevant to the calculation of 𝛥𝑁eff, the effective mixing in the resonance-less
temperature region is already close to the large vacuum mixing and all relevant momentum
modes have already been equilibrated. This also shows that our chosen initial conditions
𝜚𝑠𝑠(𝑥0) ≡ 0 are rather inaccurate for intermediate and small ADR parameter configurations.
The resulting, final PSDM, however, is independent of this choice as it is quickly driven
towards thermal equilibrium shortly after 𝑥0.

Large ADR Parameters In contrast to the former cases, at very large ADR parameters,
i.e. 𝑏 ≳ 10−6, the initial condition 𝜚 ≡ 𝑓eq

𝜈 ℙ𝑒 is sufficiently accurate since all relevant momentum
modes are subject to large mixing suppression either because the resonance curve is located
beneath all relevant momenta or because of collision induced oscillation damping at very
high temperatures where no resonance exists. Thus, all sterile momentum modes remain
unpopulated until neutrino freeze-out at arond 𝑇𝜈 ∼ 3 MeV and the total number of neutrinos
is conserved afterwards. Therefore, the resulting 𝛥𝑁eff is close to zero and in agreement with
the SM prediction.

In addition to 𝛥𝑁eff and 𝑚eff
𝑠 , we also need to consider the impact of each model configuration

on 𝑌4He as compatibility of the prediction for the former two quantities with measurements
does not imply the same for 𝑌4He. This is mainly because in addition to a faster expansion rate

mass eigenstate by 𝜈4, even though it should actually be called 𝜈2 in our framework.
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of the Universe, indicated by 𝛥𝑁eff, also the depletion of electron neutrinos due to oscillations
into the sterile state can influence the time evolution of the neutron fraction 𝑋𝑛, and hence,
also the resulting helium abundance 𝑌4He. While scenarios with 𝛥𝑁eff ∼ 1 will certainly lead
to a discrepancy as neutron freeze-out occurs earlier than for 𝛥𝑁eff ∼ 0, also a decreased
electron neutrino density leads to smaller interaction rates 𝜆𝑛𝑝(𝑝𝑛) than in the SM. Both
effects would lead to a larger neutron fraction and helium abundance. The difference between
the cases of the electron neutrino depletion and greater overall 𝛥𝑁eff is that 𝛥𝑁eff remains
approximately constant after neutrino freeze-out since the total neutrino density in a comoving
volume is conserved then, but oscillations can still alter the flavour composition.

The results for the final helium abundance at 𝑡 ≈ 300 s—corresponding to a photon temperature
of about 𝑇𝛾 ≈ 0.07 MeV—are also presented in Table 3.2. There, we report the differences
between the model prediction and our SM prediction 𝑌 SM

4He = 0.227 that can be compared to
the one and two sigma uncertainties 𝜎𝑌4He

= 0.004 and 2𝜎𝑌4He
= 0.008 of the experimental

measurement, respectively. As expected for all parameter cases yielding 𝛥𝑁eff ∼ 1, also the
helium abundance deviates significantly from the SM prediction exceeding the SM prediction
by two sigma. Only for very large ADR parameters, the predictions are in agreement with
𝑌 SM

4He = 0.227 within one sigma of the experimental uncertainties. Here, the same arguments
apply as for 𝛥𝑁eff since for very large ADR the resonance curve is still well below or at
least at the lower boundary of the relevant momentum region. As low energy neutrinos do
not contribute significantly to the neutron–proton interaction rates, depletion of electron
neutrinos in these modes do not affect the final helium abundance. This can also be checked
by inspecting Figure 3.3, where the temperature evolution of the relative deviation of the
neutron fraction from the SM prediction is shown for ADR parameters 𝑏 = 10−17 and 𝑏 = 10−4.
Here, we see that around the temperatures 𝑇𝛾 = 2 MeV to 4 MeV all curves, including the SM
prediction, depart from equilibrium. As 𝑋𝑛(𝑏 = 10−17) leaves equilibrium slightly earlier than
𝑋SM

𝑛 ≈ 𝑋𝑛(𝑏 = 10−4), it freezes out at a higher temperature, and hence, yields a larger helium
abundance in the end. In contrast to that, the large ADR configuration 𝑏 = 10−4 corresponds
to a negligible sterile neutrino density and to near-to SM neutron–proton interaction rates.

3.4.2 Predictions for the Central Quantities in the ALP-only Scenario

Next, we turn to the class of ALP-only models where the ADR potential is switched off,
i.e. 𝑏 = 0, but the coupling of 𝜈𝑠 to the ALP field 𝜙 is switched on. The corresponding free
parameters in these scenarios are the additional sterile neutrino mass amplitude 𝑚𝑠0 and
the ALP mass 𝑚𝜙. Since we assume the coupling between 𝜈𝑠 and 𝜙 to be feeble, and hence,
resulting scattering processes to be negligible, the only effect of the sterile neutrino–ALP
coupling is the additional sterile mass contribution. Therefore, the only modification of
the model class under consideration, compared to the plain sterile neutrino scenario, is the
replacement of the 𝑚𝑠𝑠 mass matrix element in the Hamiltonian (3.1) to 𝑚𝑠𝑠 + 𝑚𝑠0𝜂(𝑡, 𝑚𝜙),
cf. Equation (3.7). The time-dependence of the VEV 𝜂 is solely controlled by the ALP mass
𝑚𝜙 as shown in Figure 3.4. At times 𝑡 ≪ 1/𝑚𝜙 the time-dependence 𝜂 of the scalar VEV is
effectively constant and begins to decrease and oscillate after 𝑡 ≳ 1/𝑚𝜙. This and the fact that
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Figure 3.3: Evolution of the relative deviation of the neutron abundance 𝛿𝑋𝑛 ∶=
(𝑋𝑛 − 𝑋SM

𝑛 )/𝑋SM
𝑛 with respect to the photon temperature 𝑇𝛾 for two different

ADR parameters, i.e. 𝑏 ∈ {10−17, 10−4}, after neutron freeze-out. The dashed
black curve represents the relative deviation of the equilibrium curve from the SM
expectation while the two solid curves correspond to the relative deviations in the
two benchmark scenarios, respectively. The red shaded regions indicate the one
(dark red) and two sigma (light red) uncertainty bands of the SM prediction.

𝑚𝑠0 determines the amplitude of the additional sterile mass contribution are the key points
for the understanding of the behaviour of sterile neutrino densities, and consequently, also key
points for the understanding of the behaviour of the central observables in this analysis.

The final values for the effective number of additional light DOFs 𝛥𝑁eff, the effective sterile
neutrino mass 𝑚eff

𝑠 as well as the final helium abundance 𝑌4He for a grid of parameter values are
shown in Table 3.3. From these results we infer that smaller 𝑚𝜙 and larger 𝑚𝑠0 are favoured
by experimental data. This can be explained straightforwardly using our discussion of the
parameter-dependence of the full sterile mass matrix element 𝑚𝑠𝑠(𝑡), and the dependence
of the effective mixing angle on 𝑚𝑠𝑠(𝑡) shown in Equation (3.13). Especially during the
phase where 𝜂 is constant, larger 𝑚𝑠0 yield larger sterile masses, implying smaller effective
mixing according to Equation (3.13). In particular, only the benchmark configurations
(𝑚𝑠0 = 250 eV, 𝑚𝜙 = 10−20 eV) and (𝑚𝑠0 = 250 eV, 𝑚𝜙 = 10−16 eV) are compatible with
almost all Planck bounds from Table 3.1. The only exception is the most stringent bound
obtained for 𝑚eff

𝑠 , i.e. 𝑚eff
𝑠 < 0.23 eV. This last bound, according to our findings above, would

also be fulfilled when slightly increasing the additonal sterile mass amplitude to 𝑚𝑠0 > 250 eV.

We further stress this argument by plotting tan 2𝜃( ̄𝑇 , 𝑦) for different values of 𝑚𝑠0 in Figure 3.5
while the ALP mass is kept fixed at 𝑚𝜙 = 10−20 eV ensuring that 𝜂 ≡ const during the
integration of the QKEs. The resulting temperature-dependence of the effective mixing angle,
shown in Figure 3.5, is thus only induced by the matter potential 𝑉𝑒. As discussed in the last
section, the size of the effective mixing angle crucially determines how much 𝜈𝑠 is populated
in the early Universe. We can see that this is indeed the case by considering the left panel
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Figure 3.4: Behaviour of the normalised scalar VEV 𝜂 for different ALP mass
parameters 𝑚𝜙 at comoving temperatures ̄𝑇 in the integration range of the QKEs.
The dash dotted lines mark the temperatures at which 𝑡 ∼ 𝑚𝜙 where 𝑚𝜙 has the
value corresponding to the solid curve in the same colour. Furthermore, the red
shaded region indicates the approximate range of temperatures during which BBN
takes place.

of Figure 3.6 where the temperature evolution of the sterile neutrino phase space density is
shown for the same parameters used for the mixing plots in Figure 3.5.

Increasing the ALP mass to larger values leads to an earlier decrease of the effective mixing
angle, and therefore, also to stronger population of the sterile neutrino momentum modes as
can be seen in the right panel of Figure 3.6. Especially for 𝑚𝜙 > 10−16 eV the sterile mass
decreases while neutrinos are still in thermal equilibrium with the remaining primordial plasma,
and hence, electron neutrino states converted into 𝜈𝑠 are refilled leading to the thermalisation
of all neutrino species and 𝛥𝑁eff ∼ 1.

Based on the values of the final helium abundance listed in Table 3.3, we see exactly the same
picture as for 𝛥𝑁eff and 𝑚eff

𝑠 : Experimental measurements of the helium abundance from BBN
also prefer smaller 𝑚𝜙 and larger 𝑚𝑠0. For scalar masses 𝑚𝜙 ≳ 10−18 eV the additional sterile
mass contribution starts decreasing already before BBN, giving rise to active–sterile oscillations,
and hence, a potential depletion of the electron neutrino density. However, we find that 𝑌4He
seems to be insensitive to this effect as there is no difference in 𝑌4He between the 𝑚𝜙 = 10−20 eV
and 𝑚𝜙 = 10−16 eV at least within the significant digits dictated by 𝜎𝑌4He

= 0.004. As shown
in Figure 3.7, the electron neutrino density indeed decreases as expected, but the impact of
this effect on the neutron–proton interaction rates is negligible. Finally, in Figure 3.8 we
compare the evolution of the neutron fractions 𝑋𝑛 for the configurations from Table 3.3 that
are most and least compatible with the SM prediction. While the most compatible curve
stays close to the SM baseline, the least compatible one departs from equilibrium much earlier
leading to a larger neutron and, thus, also to a larger helium abundance.
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Table 3.3: Estimated additional light DOFs 𝛥𝑁eff, effective sterile mass 𝑚eff
𝑠 and

helium abundance at 𝑥 = 50 for different ALP parameters, 𝑚𝑠0 and 𝑚𝜙.

𝑚𝑠0 / eV 𝑚𝜙 / eV 𝛥𝑁eff 𝑚eff
𝑠 / eV 𝑌4He

50 10−20 1.18 1.30 0.007
50 10−16 1.17 1.29 0.007
50 10−12 1.25 1.38 0.008
100 10−20 0.75 0.83 0.005
100 10−16 0.75 0.83 0.005
100 10−12 0.88 0.97 0.006
250 10−20 0.21 0.23 0.002
250 10−16 0.21 0.23 0.002
250 10−12 0.25 0.28 0.002

3.4.3 Predictions for the Central Quantities in the Combined ADR and
ALP Scenario

The consideration of the ALP only scenario in the last section has shown that for vanishing
ADR parameters a sterile neutrino with masses in the 𝑚4 ∼ 1 eV range, today, can be reconciled
with cosmological data. This also carries over to small ADR parameters in the range interesting
for a resolution of the SBL anomalies, i.e. 𝑏 ≲ 10−15. At these small ADR parameter values
the sterile potential is effectively negligible compared to the modified sterile mass and the
matter potential dominating the mixing. This can be seen by inspecting the denominator of
tan 2𝜃 in Equation (3.13). Since the mixing structure ultimately determines whether the sterile
neutrino thermalises in the early Universe, we expect that the results for the smallest ADR
parameters under consideration effectively coincide with those for a vanishing ADR potential.
Indeed this is also what we find, i.e.

𝛥𝑁eff(𝑚𝜙 = 10−20 eV, 𝑚𝑠0 = 250 eV, 𝑏 = 10−17) = 0.21 , (3.40)
𝑚eff

𝑠 (𝑚𝜙 = 10−20 eV, 𝑚𝑠0 = 250 eV, 𝑏 = 10−17) = 0.23 eV , (3.41)
𝑌4He(𝑚𝜙 = 10−20 eV, 𝑚𝑠0 = 250 eV, 𝑏 = 10−17) = 0.002 , (3.42)

and similarly for 𝑏 = 10−15. Here, we have chosen to consider the most promising benchmark
scenario from Section 3.4.2, i.e. (𝑚𝜙 = 10−20 eV, 𝑚𝑠0 = 250 eV), with 𝑏 ≠ 0 and 𝑏 ≪ 1. We
find that almost all cosmological bounds, but the most stringent one for 𝑚eff

𝑠 , i.e. 𝑚eff
𝑠 < 0.23 eV,

are fulfilled. Again according to our previous findings, slightly increasing the mass amplitude
𝑚𝑠0 would also lead to agreement of the current scenario with the tightest constraint on 𝑚eff

𝑠 .
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Figure 3.5: Effective tan 2𝜃 for different values of 𝑚𝑠0 at temperatures in the
integration range of the QKEs. Here, we fixed 𝑚𝜙 = 10−20 eV such that 𝜂 remains
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3.5 Summary and Conclusion

In this chapter, we have studied the consequences of a light, strongly mixed sterile neutrino in
combination with ADRs and couplings to an ALP on cosmological parameters. It turns out
that for both additions to the plain sterile neutrino model, there exist parameter configurations
such that the predictions for the cosmological quantities under consideration are in agreement
with the respective experimental bounds. In particular, we consider the effective number of
additional light DOFs 𝛥𝑁eff, the effective sterile neutrino mass 𝑚eff

𝑠 , as well as the amount
of helium-4 produced during BBN 𝑌4He. The most stringent bounds on 𝛥𝑁eff and 𝑚eff

𝑠 have
been determined to be 𝛥𝑁eff < 0.24 and 𝑚eff

𝑠 < 0.23 eV, respectively, cf. Reference [29].
Furthermore, the helium-4 abundance has been shown [122] to agree with the SM prediction
to within the margin of error 𝜎𝑌4He

= 0.004.

For the ADR-only model, we conclude that parameter configurations motivated by their poten-
tial to solve the SBL anomalies, i.e. 𝑏 ∼ 10−17, are not sufficient to prevent the thermalisation
of the light sterile neutrino. These scenarios lead to

𝛥𝑁eff(𝑏 = 10−17) ≈ 1.31 , (3.43)
𝑚eff

𝑠 (𝑏 = 10−17) ≈ 1.44 eV , (3.44)
𝑌4He(𝑏 = 10−17) − 𝑌 SM

4He ≈ 0.008 , (3.45)

exceeding the bounds on 𝛥𝑁eff, 𝑚eff
𝑠 as well as resulting in a 95 % CL deviation from

𝑌 SM
4He ≈ 0.227 representing the SM prediction for the helium abundance obtained within

our approximation scheme.

In contrast, increasing the ADR parameter 𝑏 to much larger values 𝑏 ≳ 10−6 leads to excellent
agreement with experimentally determined values for all three quantities:

𝛥𝑁eff(𝑏 ≳ 10−6) ≈ 0.01 , (3.46)
𝑚eff

𝑠 (𝑏 ≳ 10−6) ≈ 0.01 eV , (3.47)
𝑌4He(𝑏 ≳ 10−6) − 𝑌 SM

4He = 0.000 . (3.48)

This is due to the sizeable active–sterile mixing suppression between all neutrino momentum
modes relevant for our calculations. Consequently, the sterile neutrino does not thermalise
and its phase space distribution stays close to zero. Since the time evolution of the ADR
parameter might be tied to the cosmic evolution, assuming large ADR parameters in the early
Universe does not contradict the initial motivation of the ADR model as a possible solution
the SBL anomalies.

Adding a feeble Yukawa coupling between an ultra-light ALP-field 𝜙 and 𝜈𝑠 introduces a
time varying sterile neutrino mass 𝑚𝑠𝑠 → 𝑚𝑠𝑠 + 𝑚𝑠0𝜂(𝑡, 𝑚𝜙), and therefore, also leads to a
variable mixing angle. This additional source of mixing suppression can be used to bring
very small ADR parameter values in agreement with experimental data. For an ALP-mass
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𝑚𝜙 = 10−20 eV and additional mass amplitude 𝑚𝑠0 = 250 eV, for example, we obtain

𝛥𝑁eff(𝑚𝜙 = 10−20 eV, 𝑚𝑠0 = 250 eV, 𝑏 = 10−17) = 0.21 , (3.49)
𝑚eff

𝑠 (𝑚𝜙 = 10−20 eV, 𝑚𝑠0 = 250 eV, 𝑏 = 10−17) = 0.23 eV , (3.50)
𝑌4He(𝑚𝜙 = 10−20 eV, 𝑚𝑠0 = 250 eV, 𝑏 = 10−17) = 0.002 . (3.51)

Here, only the prediction for 𝑚eff
𝑠 coincides with the strictest upper limit obtained by the Planck

collaboration and, strictly speaking, can hence not be considered to be in full agreement with
all bounds. Nevertheless, for slightly larger values of 𝑚𝑠0, corresponding to larger active–sterile
mixing suppression, also the ALP-only as well as the small ADR + ALP scenario can be
brought into full agreement with all experimentally obtained bounds.

As this analysis is merely a proof-of-principle study to show that the SM extensions under
consideration are indeed suitable to suppress the thermalisation of sterile neutrino species
in the early Universe, we have accommodated a number of approximations. Potential future
analyses aimed at a precision calculation of 𝛥𝑁eff, 𝑚eff

𝑠 , 𝑌4He and possible other cosmological
parameters would especially need to improve in the following ways:

1. Include all SM neutrino generations

2. Start the QKE integration earlier at 𝑇𝛾 ∼ 500 MeV

3. Include finite temperature QED effects on scattering rates and the evolution of the
photon temperature

The current study has been carried out for one active (electron flavour) and one sterile neutrino
generation. We justify this simplifying approximation by the fact that the main effect, i.e. the
missing suppression due to active–sterile decoupling above the resonance, is a generic effect
that has been found to also occur in the presence of more neutrino generations [79]. Hence,
our main findings still hold in, for example, a 3 + 1 neutrino generation framework. Moreover,
in case of the ALP extension the mechanism suppressing sterile neutrino equilibration is the
increase of the corresponding mass matrix element due to the additional mass contribution.
Also in higher dimensional flavour spaces this leads to mixing suppression if all diagonal entries
of the sterile mass matrix become very large compared to all other matrix elements.

Regarding the second point, we stress that in this analysis we are mainly interested in parameter
configurations leading to an unpopulated sterile species. For these cases it has been shown to
be sufficient to start the integration of the QKEs at 𝑇𝛾(𝑥0) = 100 MeV. All other parameter
configurations, in principle, need a more sophisticated treatment to achieve a precision estimate
of any observable and require 𝑇𝛾(𝑥0) ∼ 500 MeV. This, however, will not change the result
that 𝛥𝑁eff ∼ 1 but could only potentially further increase this value.

Finally, accounting for finite temperature QED corrections can make a significant difference in
the prediction of cosmological parameters, as has been shown in Reference [102]. In the case
of 𝛥𝑁eff they can lead to an increase of 𝛥𝑁eff ∼ 0.1. Nevertheless, for the present analysis it
is sufficient to neglect these effects as they only play a sub-leading role for the thermalisation
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of the sterile neutrino species since it can only thermalise via oscillations that are not strongly
influenced by finite temperature QED corrections.

The main statement of this analysis, therefore, is that SM extensions including light sterile
neutrinos can be reconciled with cosmological observations by adding ADRs or a coupling to
an ALP condensate, representing a possible DM candidate. For the ADR-only scenario one
would need ADR parameters on the order of 𝑏 ∼ 10−6 or larger, while in the ALP-only case
the experimentally preferred parameter configurations are 𝑚𝜙 ≲ 10−14 eV and 𝑚𝑠0 ≳ 100 eV.
The combination of both extensions can help bringing the small ADR parameter scenarios
into agreement with cosmological data representing a possibility to account for the resolution
of SBL anomalies using the ADR model without introducing a time-dependence for the ADR
parameter 𝑏.
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4 Quantum Gravitational Decoherence in Neutrino
Flavour Oscillations

This chapter is based on References [129–131].

One of the fundamental open questions in physics is if gravity is quantised similarly to
all other forces of nature and if so, how this theory of quantum gravity (QG) needs to be
formulated. If at the fundamental level gravity is indeed described by a quantum theory,
spacetime itself would be subject to quantum fluctuations [132, 133] (see e.g. Reference [134]
for a recent review). These quantum fluctuations are commonly referred to as spacetime foam
and correspond to geometric perturbations such as virtual black holes [135]. Moreover, any
particle system propagating within spacetime would hence encounter and interact with the
spacetime foam [136–139], leading to an increasing degree of entanglement between the particle
and QG DOFs.

Typically one assumes that at energies far below the Planck scale these interactions would be
strongly suppressed, and hence, be practically not observable e.g. at accelerators. However,
due to the large distances neutrinos travel between their source and the detector, these QG
effects could in principle build up to a measurable effect. In this regard, especially atmospheric
and cosmic neutrinos seem to be very promising candidates to observe this elusive effect.

In the context of neutrino oscillations, the entanglement between the spacetime state and
the neutrino state leads to an additional source of quantum decoherence [140–145]. As in
any experimental setup, the QG DOFs would not be accessible, and hence, need to be traced
over in the theoretical description. Therefore, it is mandatory to describe the propagating
neutrino system in the framework of open quantum systems to account for the hypothetical
interaction with the spacetime foam while omitting the description of the QG DOFs itself. For
LBL, atmospheric and solar neutrinos there already exist several analyses of non-standard
decoherence effects, see e.g. References [146–150].

As has been shown by Israel, Hawking and Page, see e.g. References [151–153], classical black
holes are fully described by mass, energy, angular momentum and charge. If a particle crosses
the event horizon, only these properties are conserved for an observer on the outside of the
horizon. Extrapolating this property of classical black holes to virtual horizons appearing
in the spacetime foam, it is usually assumed that QG violates the conservation of quantum
numbers associated with global symmetries [154, 155], such as (lepton) flavour, so that only
unbroken gauge charges are preserved. This has also gained recent support in the context of
the AdS/CFT correspondence [156]. Assuming this property, also transitions between different
propagating mass eigenstates sharing the same unbroken gauge quantum numbers would be
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allowed. We, hence, propose that in the presence of fermionic DM, or more generally, in the
presence of fermionic SU(3)𝑐 × 𝑈(1)EM singlets, the flavour violating property of QG implies
that also transitions between neutrinos and these dark fermions can occur. Consequently,
the overall probability of detecting a neutrino is reduced due to these transitions into the
dark sector, possibly enabling the simultaneous search for DM and QG effects at neutrino
experiments. However, the overall probability of detecting any fermionic particle remains
conserved under this new effect.

This chapter is structured as follows: In Section 4.1 we give a detailed description of how
we model this QG effect and also compute the modified vacuum oscillation probability
and discuss its asymptotic behaviour for a general number 𝑛𝑓 of neutrino / dark fermion
generations. Next, in Section 4.2, we consider the case of cosmic neutrinos and the impact
of the QG effect on the total neutrino flux and neutrino flavour ratios for an exemplary QG
parameter configuration at neutrino telescopes. Furthermore, we compare the commonly
employed simple power law neutrino flux parametrisation to a more sophisticated approach,
taking into account the effects of finite lifetimes of primary particles producing the neutrinos.
After considering astrophysical neutrinos, we estimate the potential of atmospheric neutrino
oscillation experiments to constrain the QG parameter space including the number of fermions
𝑛𝑓. To this end we perform a statistical analysis on a publicly available Monte Carlo (MC)
data set provided by IceCube [157]. Finally, we conclude in Section 4.4.

4.1 Modelling Quantum Gravity Effects

The theoretical framework of open quantum systems allows for the description of a quantum
subsystem 𝑆 that is coupled to an environment 𝐸 even if the details of the theory describing
this environment are not known. This makes it the most suitable foundation for the description
of neutrino oscillations in a quantum spacetime as long as we are able to specify the average
effect of the QG DOFs on the neutrino flavour evolution.

As already discussed in Section 2.3 the quantum state in this framework is described by the
density operator 𝜌𝑆. Assuming the interactions between the environment and the subsystem to
be memory-less, i.e. independent of 𝜌𝑆, the time evolution of the density operator is governed
by the so-called Lindblad equation

d𝜌𝑆
d𝑥

(𝑥) = −𝑖[𝐻̂𝑆(𝑥), 𝜌𝑆(𝑥)] + 𝐷[𝜌𝑆(𝑥)] , (4.1)

where the first term is the well known commutator term from the von Neumann equation
describing the unitary part of the time evolution, whereas the second term includes all
memory-less dissipative effects, and encodes the non-unitary impact of the environment on
the time evolution of 𝜌𝑆. The linear operator 𝐷[𝜌𝑆] is hence often called the dissipator of the
(sub-)system. For the case of high energy neutrinos travelling through matter, we also have to
include the corresponding incoherent scattering terms discussed in Section 2.3.3 which may
not be entirely memory-less. This extends Equation (4.1) to Equation (2.144). Furthermore, if
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we also want to describe the propagation of antineutrinos, we also have to solve the respective
Equation (2.145) for the antineutrino density operator. From now on, we drop the subscript 𝑆
since we only consider the subsystem density operator 𝜌𝑆 → 𝜌 in the following. Moreover, for
the remainder of this section we focus on the modification of neutrino oscillations in vacuum
caused by the presence of QG effects in order to not obscure the discussion. Adding matter
effects back in is then straight forward as we only have to include the coherent scattering
potentials into the Hamiltonian 𝐻̂ and add the incoherent scattering terms to Equation (4.1).

System Hamiltonian For the simple case of neutrino oscillations in vacuum, the system
Hamiltonian 𝐻̂ in the mass basis is just the diagonal 𝑛𝑓 × 𝑛𝑓-matrix of energy eigenvalues for
a given average momentum 𝑝 ≡ | ⃗𝑝|, i.e.

⟨𝜓𝑖| 𝐻̂(𝑝) ∣𝜓𝑗⟩ ∶= 𝐸𝑖𝛿𝑖𝑗 , 𝐸𝑖 = √𝑝2 + 𝑚2
𝑖 . (4.2)

Here, ∣𝜓𝑗⟩ denotes the 𝑗-th mass eigenstate, where we assign the first three to be the three SM
neutrino mass eigenstates while the remaining ∣𝜓𝑗⟩ correspond to hypothetical sterile neutrinos
or other fermionic SU(3)𝑐 × 𝑈(1)EM singlets. We generically call these additional singlet states
dark fermions in the following. As usual, the mass basis is connected to the flavour basis by a
unitary transformation 𝑈, where we assume 𝑈 to be approximately block diagonal, i.e.

𝑈 = 𝑈3×3
PMNS ⊕ 𝑈 (𝑛𝑓−3)×(𝑛𝑓−3)

dark . (4.3)

This corresponds to the assumption of negligible mixing between the three SM neutrino flavours
and the dark sector, justified by the close-to-unitarity [158, 159] of the 3 × 3 PMNS matrix.
Moreover, since we are only interested in active–active flavour transitions in the following, the
details of the dark sector mixing matrix are irrelevant.

A potential complication arises when we consider dark fermion states whose mass is much
larger than that of the active neutrinos. In a Poincaré-invariant theory, transitions from these
light neutrinos to heavy dark fermions far outside the mass uncertainty of the initial neutrino
beam would be strongly suppressed due to four-momentum conservation. Consequently, the
system would effectively reduce to the standard three neutrino scenario, although transitions
to the dark sector would technically be allowed by the structure of the interactions. This
problem, however, can be alleviated if Poincaré-invariance would be violated as the system
energy approaches the Planck scale, allowing for transitions between states with masses much
smaller than the energy scale, i.e. 𝑚𝑖, 𝑚𝑗 ≪ 𝑝, even if these masses are not within the mass
uncertainty of the initial neutrino beam. Therefore, as the beam energy increases, heavier
dark sector species would be allowed to appear in the beam, gradually enlarging the system.

In contrast, if it turns out that even in a full theory of QG, four-momentum is sufficiently
conserved such that transitions outside the mass uncertainty of the beam are forbidden, only
very light dark fermions are allowed to contribute to the system 𝑆.
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In either case, we can employ the ultra-relativistic approximation for the Hamiltonian, i.e.

𝐻̂ = ∑
𝑖

√𝑝2 + 𝑚2
𝑖 |𝜓𝑖⟩ ⟨𝜓𝑖| ≈ 𝟙𝐸 + 𝑀̂2

2𝐸
, (4.4)

where 𝐸 = 𝑝 is the energy of a neutrino with vanishing mass. In the following, we omit
the term proportional to the identity from the Hamiltonian, as it only appears inside of the
commutator, and hence, does not contribute to the evolution of the system.

Dissipator Parametrisation The dissipator in this scenario can be divided into a standard
term describing the impact of WP separation on the system and one term parametrising the
net QG effect on the propagating system, i.e.

𝐷[𝜌(𝑥)] = 𝐷WP[𝜌(𝑥)] + 𝐷QG[𝜌(𝑥)] , (4.5)

𝐷WP[𝜌(𝑥)] = − ∑
𝑗≠𝑘

d𝛤 WP
𝑗𝑘 (𝑥)
d𝑥

ℙ𝑗𝜌(𝑥)ℙ𝑘 , (4.6)

where ℙ𝑗 = ∣𝜓𝑗⟩ ⟨𝜓𝑗∣ is the projector onto the 𝑗-th mass eigenstate and

𝛤 WP
𝑗𝑘 (𝑥) = ( 𝑥

𝐿coh
𝑗𝑘

)
2

, 𝐿coh
𝑗𝑘 = 4

√
2𝜎𝑋

𝐸2

|𝛥𝑚2
𝑗𝑘|

, (4.7)

is the decoherence function for Gaussian neutrino WPs, as has been shown in Section 2.3.3.
Here, 𝜎𝑋 denotes the position space WP width, and 𝛥𝑚2

𝑗𝑘 = 𝑚2
𝑗 − 𝑚2

𝑘 are the squared mass
differences of the neutrinos. In contrast to the standard contribution of WP separation to the
dissipator, the QG effect cannot be derived from a more fundamental description since no widely
accepted theory of QG exists yet. Therefore, we need to employ a systematic, phenomenological
approach to determine the parametrisation of 𝐷QG. To this end, we make use of the fact that
the density operator and the system Hamiltonian are hermitian (𝑛𝑓 × 𝑛𝑓) matrices, and hence,
can be decomposed into a basis of 𝑛2

𝑓 hermitian matrices {𝜆𝐴 ∶ 𝐴 = 0, … , 𝑛2
𝑓 − 1}. For 𝐴 > 1

we take 𝜆𝐴 to be proportional to the respective generator of SU(𝑛𝑓) and 𝜆0 to be proportional
to the identity matrix. Furthermore, we define the scalar product on the space of hermitian
matrices ℍ(𝑛𝑓) to be given by

⟨𝐴, 𝐵⟩ ∶= 2Tr[𝐴 ⋅ 𝐵] , ∀𝐴, 𝐵 ∈ ℍ(𝑛𝑓) , (4.8)

and choose the normalisation of 𝜆𝐴 such that they form an ONB with respect to this scalar
product. For more details on the choice of the basis matrices and their properties see
Appendix C.1. Using this decomposition, the density operator and dissipator can be written
as

𝜌(𝑥) = 𝜌𝐴(𝑥)𝜆𝐴 , 𝜌𝐴(𝑥) = ⟨𝜆𝐴, 𝜌(𝑥)⟩ , (4.9)
𝐷[𝜌] = 𝒟𝐴

𝐵𝜌𝐵(𝑥) , 𝒟𝐴
𝐵 = ⟨𝜆𝐴, 𝐷[𝜆𝐵]⟩ . (4.10)
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For the QG effect, we assume that it does not induce any particle loss, i.e. it conserves the total
probability of the system. This is reflected by setting 𝒟0

𝐴 ≡ 𝒟𝐴
0 ≡ 0. For the remaining

matrix elements, we adopt a parametrisation of the form [137–146, 160–164]

[𝒟QG]𝐴𝐵 = −𝛾𝐴
𝐵 ( 𝐸

𝐸0
)

𝑛

, (4.11)

where 𝛾𝐴
𝐵 are constants and 𝐸0 is a reference energy. Moreover, in order for the QG effect to

be maximally flavour violating as discussed before, the submatrix 𝛾𝐴
𝐵 must not have any zero

eigenvalues [129, 130]. This restriction alone suffices to ensure that the vacuum oscillation
probability approaches a uniform flavour distribution in the asymptotic limit 𝑥 → ∞.

Model Assumptions and Fermion Number Violation For the sake of clarity, we now
briefly summarise the assumptions we impose on the class of QG models under consideration:

1. QG maximally violates global charges

2. QG conserves unbroken gauge charges

3. QG conserves the total probability of the system

4. QG conserves spin and angular momentum

5. QG conserves the direction of propagation

Furthermore, we allow for the possibility that QG violates energy conservation as the system
energy 𝐸 approaches the Planck scale. Note that especially the first three assumptions are
commonly employed in low energy effective descriptions of QG, cf. References [136–138, 154–
156], while the latter two depend on the assumed degree of Poincaré-invariance-violation.
Since QG violates global charges, also fermion number is not conserved1. In principle, this
also leads to transitions between neutrinos 𝜈𝑎 and antineutrinos 𝜈𝑐

𝑏 , so that we would need to
combine the density operators of particles and antiparticles into one common density operator.
Moreover, also the evolution equation and mixing matrix would need to be adjusted to account
for the oscillations and WP decoherence of antineutrinos. However, since we consider the
ultra-relativistic limit, the chirality and helicity of the propagating particles coincide. Due
to the assumed conservation of spin and the direction of the momentum, helicity also is a
conserved quantity under QG interactions. Therefore, the probability for the transition of
an initially left-handed active neutrino into a right-handed particle, like 𝜈𝑎 → 𝜈𝑐

𝑏 , is strongly
suppressed and will be neglected in the following.

From now on, we choose the quantum gravitational dissipator to be diagonal, i.e. to be of the
form

𝒟QG = −diag (0, 𝛾1, … , 𝛾𝑛2
𝑓−1) ( 𝐸

𝐸0
)

𝑛

=∶ −diag (0, 𝛤1, … , 𝛤𝑛2
𝑓−1) , (4.12)

1This may for example induce Majorana masses for uncharged particles after integrating out QG DOFs.
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for simplicity. This constitutes only a mild restriction to the generality of our results, as
these only rely on the asymptotic uniformness of the flavour probability distribution. Multiple
experimental analyses [146, 150, 165, 166] have already been conducted involving similar
models using the parametrisation (4.11). The resulting upper limits imply that 𝛾𝐴

𝐵 has to be
very small, as expected. The most recent IceCube analysis [150] on that subject concludes
𝛾𝐴

𝐵 < 10−15eV for 𝑛 ≥ 0 and 𝐸0 = 1 TeV. Finally, we note that for a diagonal dissipator
the details of the sub-Hamiltonian of the dark sector are not relevant for the active–active
transitions we consider in this work.

Vacuum Oscillation Probability The probability for a neutrino of initial flavour 𝜈𝑎 to be
measured as a neutrino of flavour 𝜈𝑏 after a propagation distance 𝐿 reads

𝑃𝑎𝑏(𝐿) = Tr[𝛱𝑏 ⋅ 𝜌(𝐿)] = 1
2

⟨𝛱𝑏, 𝜌(𝐿)⟩ , 𝜌(0) = 𝛱𝑎 , (4.13)

where 𝛱𝑎 is the projector on the 𝑎-th flavour eigenstate. In vacuum, the oscillation probability
in the presence of QG effects then becomes [130]

𝑃𝑎𝑏(𝐿) = 1
𝑛𝑓

+
𝑛𝑓−1

∑
𝑘=3

𝑒−𝛤𝑛𝑓(𝑛𝑓−1)+𝑘𝐿

𝑘(𝑘 + 1)

+ 𝑒−𝛤𝑛𝑓(𝑛𝑓−1)+1𝐿

2
(|𝑈𝑎1|2 − |𝑈𝑎2|2) (|𝑈𝑏1|2 − |𝑈𝑏2|2)

+ 𝑒−𝛤𝑛𝑓(𝑛𝑓−1)+1𝐿

6
(|𝑈𝑎1|2 + |𝑈𝑎2|2 − 2|𝑈𝑎3|2) (|𝑈𝑏1|2 + |𝑈𝑏2|2 − 2|𝑈𝑏3|2)

+ 2
3

∑
𝑘>𝑗=1

Re(𝑈∗
𝑎𝑘𝑈𝑏𝑘𝑈𝑎𝑗𝑈∗

𝑏𝑗)𝑒
−( 𝐿

𝐿coh
𝑗𝑘

)
2
− ̄𝛤𝐼𝑗𝑘+1,𝐼𝑗𝑘

𝐿
cos(𝜔𝑗𝑘𝐿)

+ 2
3

∑
𝑘>𝑗=1

Re(𝑈∗
𝑎𝑘𝑈∗

𝑏𝑘𝑈𝑎𝑗𝑈𝑏𝑗)
𝛥𝛤𝐼𝑗𝑘+1,𝐼𝑗𝑘

𝜔𝑗𝑘
𝑒

−( 𝐿
𝐿coh

𝑗𝑘
)

2
− ̄𝛤𝐼𝑗𝑘+1,𝐼𝑗𝑘

𝐿
sin(𝜔𝑗𝑘𝐿)

− 2
3

∑
𝑘>𝑗=1

Im(𝑈∗
𝑎𝑘𝑈𝑏𝑘𝑈𝑎𝑗𝑈 ∗

𝑏𝑗)
𝛥𝐸𝑗𝑘

𝜔𝑗𝑘
𝑒

−( 𝐿
𝐿coh

𝑗𝑘
)

2
− ̄𝛤𝐼𝑗𝑘+1,𝐼𝑗𝑘

𝐿
sin(𝜔𝑗𝑘𝐿) ,

(4.14)

which is one of the main results of this chapter. For a detailed derivation see Appendix C.2.
Here, we have introduced several abbreviations for better readability.

Firstly, the mean and reduced difference of two decoherence functions are denoted by:

̄𝛤𝐴,𝐵 ∶= 𝛤𝐴 + 𝛤𝐵
2

, 𝛥𝛤𝐴,𝐵 ∶= 𝛤𝐴 − 𝛤𝐵
2

, (4.15)

respectively. Furthermore, the usual and the modified oscillation frequencies are given by:

𝛥𝐸𝑗𝑘 ∶=
𝛥𝑚2

𝑗𝑘

2𝐸
, 𝜔𝑗𝑘 ∶= √(𝛥𝐸𝑗𝑘)2 − (𝛥𝛤𝐼𝑗𝑘+1,𝐼𝑗𝑘

)2 . (4.16)
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Lastly, the index mapping function 𝐼𝑗𝑘 translates mass eigenstate indices into the corresponding
indices of the basis matrices, i.e.

𝐼𝑗𝑘 =
⎧{
⎨{⎩

1 , 𝑗 = 1 ∧ 𝑘 = 2
3 , 𝑗 = 1 ∧ 𝑘 = 3
2𝑛𝑓 − 1 , 𝑗 = 2 ∧ 𝑘 = 3

, (4.17)

which is fixed by the chosen ordering of basis matrices discussed in Appendix C.1. In the
simplest possible case where all QG decoherence functions coincide, the oscillation formula (4.14)
reduces to:

𝑃𝑎𝑏(𝐿) = 1
𝑛𝑓

+ 𝑒−𝛤𝐿 [
3

∑
𝑗=1

|𝑈𝑎𝑗|2|𝑈𝑏𝑗|2 − 1
𝑛𝑓

]

+ 2𝑒−𝛤𝐿
3

∑
𝑘>𝑗=1

Re(𝑈 ∗
𝑎𝑘𝑈𝑏𝑘𝑈𝑎𝑗𝑈∗

𝑏𝑗)𝑒
−( 𝐿

𝐿coh
𝑗𝑘

)
2

cos (
𝛥𝑚2

𝑗𝑘𝐿
2𝐸

)

− 2𝑒−𝛤𝐿
3

∑
𝑘>𝑗=1

Im(𝑈 ∗
𝑎𝑘𝑈𝑏𝑘𝑈𝑎𝑗𝑈∗

𝑏𝑗)𝑒
−( 𝐿

𝐿coh
𝑗𝑘

)
2

sin (
𝛥𝑚2

𝑗𝑘𝐿
2𝐸

) .

(4.18)

This simplified formula enables a much simpler discussion of the asymptotic limits of 𝑃𝑎𝑏.

Asymptotic Limits of the Oscillation Formula The asymptotic behaviour of the flavour
transition probability 𝑃𝑎𝑏 can be analysed in two different ways:

(i) Fixing a certain energy 𝐸 while varying the baseline 𝐿

(ii) Fixing the baseline 𝐿 and varying the neutrino energy 𝐸

First we consider the case of a varying baseline. At small baselines 𝐿 ≪ 𝐿coh
𝑗𝑘 ≪ 𝛤 −1 the

standard oscillation probability is recovered as all decoherence effects are negligible. Increasing
the baseline beyond the onset of WP separation 𝐿coh

𝑗𝑘 ≪ 𝐿 ≪ 𝛤 −1 yields exp(−𝛤𝐿) ≈ 1, and
exp(−(𝐿/𝐿coh

𝑗𝑘 )2) ≈ 0, leading to

𝑃𝑎𝑏(𝐿) ≈
3

∑
𝑗=1

|𝑈𝑎𝑗|2|𝑈𝑏𝑗|2 . (4.19)

This represents the WP decoherence limit. At even larger propagation distances 𝐿coh
𝑗𝑘 ≪

𝛤 −1 ≪ 𝐿, all decoherence damping factors essentially vanish and the QG limit yields

𝑃𝑎𝑏(𝐿) ≈ 1
𝑛𝑓

. (4.20)

As expected, the fully decohered flavour transition probability is independent of the travel
distance 𝐿 and represents a completely uniform flavour distribution. We demonstrate the
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Figure 4.1: The 𝜈𝜇 → 𝜈𝜇 oscillation probability as a function of the neutrino
base length (left panel) and the neutrino energy (right panel). The green shaded
regions indicate the lengths and energies at which WP decoherence dominates
whereas the red shaded regions indicate the QG decoherence domination regime.
For demonstration purposes, we choose 𝐸 = 10 TeV (left panel) and 𝐿 = 2pc
(right panel) and we set the QG parameters to be 𝑛𝑓 = 13, 𝑛 = 2, 𝐸0 = 1 TeV
and 𝛾1, … , 𝛾𝑛2

𝑓−1 = 8.2 × 10−33 eV. We choose the remaining neutrino oscillation
parameters as displayed in Table 4.1.

length-dependent oscillation probability and the corresponding asymptotic limits for an
exemplary parameter configuration in the left panel of Figure 4.1.

Changing the point of view and considering 𝑃𝑎𝑏(𝐸) as a function of energy, one can also define
two energy scales corresponding to the different limits discussed for the distance-dependent
case: The WP coherence energy 𝐸WP

𝑗𝑘 and the QG coherence energy 𝐸QG. For Gaussian WPs
we get

𝐸WP
𝑗𝑘 = √

|𝛥𝑚2
𝑗𝑘|𝐿

4
√

2𝜎𝑥
, (4.21)

and since the WP coherence exponential decreases for decreasing energy, we infer that oscilla-
tions are strongly damped at 𝐸 < 𝐸WP

𝑗𝑘 . The QG energy scale is only well-defined for 𝑛 ≠ 0
and in this case reads

𝐸QG = 𝐸0

(𝛾𝐿)
1
𝑛

. (4.22)

For 𝑛 < 0, the behaviour of the QG decoherence effect is similar to that of WP decoherence,
i.e. decoherence increases at small energies. Moreover, due to the smallness of 𝛾 in this case,
we have 𝐸QG ≪ 𝐸WP

𝑗𝑘 . In the opposite scenario, i.e. 𝑛 > 0, QG induced decoherence occurs
at very high energies 𝐸 ≫ 𝐸QG ≫ 𝐸WP

𝑗𝑘 . This is the class of scenarios we focus on in the
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Table 4.1: Neutrino masses and mixing parameters from nuFit v5.3 [167] assuming
normal ordering. The exemplary WP width is taken from Reference [168].

Parameter Value Reference

𝛥𝑚2
21 7.41+0.21

−0.20 × 10−5 eV2 [167]
𝛥𝑚2

32 2.511+0.027
−0.027 × 10−3 eV2 [167]

sin2(𝜃12) 0.307+0.012
−0.011 [167]

sin2(𝜃13) 0.02203+0.00056
−0.00058 [167]

sin2(𝜃23) 0.572+0.018
−0.023 [167]

𝜎𝑥 10−13 m [168]

following. The right panel of Figure 4.1 shows the energy-dependent behaviour of 𝑃𝑎𝑏 and the
corresponding asymptotic limits are indicated by the green and red shaded regions.

Both graphs shown in Figure 4.1 exhibit an oscillatory behaviour in the length and energy
regions where decoherence effects are negligible. These oscillations, however, can only be
observed if the energy resolution 𝛥𝐸 of the experiment fulfils

𝛥𝐸
𝐸

≲ 2𝐸
𝛥𝑚2

𝑗𝑘𝐿
, (4.23)

and if the size of the neutrino production region 𝛴S is much smaller than the oscillation
lengths, i.e. 𝛴S ≪ 𝐿osc

𝑗𝑘 .

4.2 Quantum Gravitational Decoherence in Astrophysical
Neutrinos

As shown in the last section, QG effects become stronger as the system travels over large
distances and at high energies, depending on the particular model. Therefore, it is well
motivated to consider cosmic neutrinos in the very high energy range to search for QG
effects. Neutrino telescopes like IceCube, Astronomy with a Neutrino Telescope and Abyss
Environmental Research Project (ANTARES), Cubic Kilometre Neutrino Telescope (KM3NeT)
or the proposed Pacific Ocean Neutrino Experiment (P-ONE) [169] in the western pacific
offer promising future prospects in this regard. So far, IceCube has observed the diffuse
astrophysical neutrino flux originating from multiple cosmic neutrino sources [170–174]. While
in principle it is possible to already utilise these measurements for the study of hypothetical
QG decoherence effects, it is very impractical at the moment since a precise modelling of the
population and properties of neutrino sources is needed to draw conclusions on the allowed
QG parameter space. Furthermore, the onset of QG induced decoherence would be blurred
since the neutrino source are located at various different distances, leading to various different
QG energies. Therefore, it would be more practical if sufficient neutrino data from point-like
cosmic sources are accumulated at current or future neutrino experiments.
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In the following, we further pursue this line of thought and compare two different approaches to
model neutrino fluxes from such a point-like astrophysical neutrino source, in order to estimate
to which extent a flux model-independent analysis of the QG parameter space is possible. To
this end, we apply both flux models to compute two interesting quantities in which we expect
QG decoherence and the additional numbers of dark fermions to be observable: Summed
neutrino fluxes and neutrino flavour ratios. While flavour ratios are expected to be driven
towards a democratic distribution, i.e.

(𝛷𝑒 ∶ 𝛷𝜇 ∶ 𝛷𝜏) ≡ (1
3

∶ 1
3

∶ 1
3

) , (4.24)

due to QG effects, summed neutrino fluxes are expected to be especially interesting since
they would decrease in the QG limit depending on the number of fermions 𝑛𝑓, present in the
system. Hence, summed neutrino fluxes would exhibit a dip at high energies that is absent
under the standard hypothesis.

The first flux model represents a simple estimation involving only the oscillation probability
and the flux of neutrinos emerging directly from the source. The neutrino flux of flavour 𝜈𝑏 at
Earth is in this case usually modelled by (see e.g. Reference [175])

𝜙⊕
𝑏 (𝐸) = ∑

𝑎=𝑒,𝜇,𝜏

𝛷S
𝑎(𝐸)

4𝜋𝐿2
S

𝑃𝑎𝑏(𝐿S, 𝐸) , (4.25)

where 𝛷S
𝑎 is the integrated total flux of 𝜈𝑎 per unit time and energy coming from the source

S, 𝜙⊕
𝑏 (𝐸) is the flux of 𝜈𝑏 per unit area, time and energy at Earth, and 𝐿S is the distance

between the Earth ⊕ and the source S. Here, we implicitly assume that neutrinos are emitted
directly and isotropically from the source.

The second flux model we consider here is more general in that it takes into account the
possibility that neutrinos usually occur as secondary particles, e.g. as byproducts of decays of
particles the source has primarily emitted. A pulsar, for example, regularly ejects charged
particles like protons interacting with photons from its surface or with material from the
surrounding supernova remnant. The mesons, e.g. pions and kaons, produced in these
processes then decay into neutrinos travelling vast distances until they are eventually detected
at Earth. There are of course also other mechanisms producing, for example, neutrons, see
e.g. Reference [160], that also decay into neutrinos leading to different initial flavour ratios.
Since we are interested in high energy (𝐸 ≳ 1 TeV) cosmic neutrinos, the primary particles
must also have been ultra-relativistic. Consequently, the lifetime of these particles is dilated by
a large Lorentz factor leading to significant travel distances before they decay into neutrinos.
Hence, the distances the secondary neutrinos have to propagate before they potentially reach
Earth vary significantly. This has direct impact on the observation of QG effects since the
energy at which these decoherence effects arise depends on the propagation distance of the
neutrino system.
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In total, the 𝜈𝑏 flux per unit time and energy in this more general scenario is given by2

𝜙⊕
𝑏 (𝐸) = ∑

𝜂∈S
∑

𝑎=𝑒,𝜇,𝜏

∞

∫
𝑚𝜂

𝐿S

∫
0

𝛷S
𝜂(𝐸)

4𝜋𝐿2
S

𝑚𝜂𝑒− 𝑚𝜂ℓ
𝑝𝜂𝜏𝜂

𝑝𝜂𝜏𝜂
𝜋𝜂𝑎(𝐸𝜂, 𝐸)𝑃𝑎𝑏(𝐸, 𝐿S − ℓ) dℓ d𝐸𝜂 , (4.26)

where 𝜂 is the primary particle produced isotropically in the vicinity of the source with total
flux 𝛷S

𝜂, energy 𝐸𝜂 and mean lifetime 𝜏𝜂. For the detailed derivation and discussion of this
formula see Appendix C.3. The spectral probability for the primary particle 𝜂 to decay into a
neutrino 𝜈𝑎 of energy 𝐸 is denoted by 𝜋𝜂𝑎(𝐸𝜂, 𝐸). It is given by

𝜋𝜂𝑎(𝐸𝜂, 𝐸) = 1
𝛤 ′

𝜂

𝐸max
𝜈

∫
0

d𝛤 ′
𝜂𝑎

d𝐸′ (𝑚𝜂, 𝐸′)
1

∫
−1

𝛿 (𝐸 −
𝐸𝜂𝐸′

𝑚𝜂
(1 + cos 𝜃′)) d cos 𝜃′

2
d𝐸′ , (4.27)

where d𝛤 ′
𝜂𝑎 is the differential decay rate of 𝜂 in its rest frame. Here, we integrate over the

neutrino energy 𝐸′ and the angle 𝜃′ between the neutrino emission and the direction of the
boost into the lab frame. The delta constraint enforces equality of the boosted 𝜂-rest frame
energy 𝐸′ of the neutrino and its lab frame energy 𝐸. For a discussion of the properties of
𝜋𝜂𝑎 see Appendix C.3. Finally, also the exponential decay distribution as well as the neutrino
oscillation probability 𝑃𝑎𝑏 need to be included into Equation (4.26). The former describes
the overall probability for the primary particle to decay in the first place, while the latter
represents the probability for 𝜈𝑎 to oscillate into 𝜈𝑏 over the remaining distance 𝐿S − ℓ.

By combining all quantities in Equation (4.26) related to the production of the initial neutrino
flavour into an effective differential neutrino source flux,

d𝛷S
𝑎

dℓ
(𝐸, ℓ) = ∑

𝜂∈S

∞

∫
𝑚𝜂

𝛷S
𝜂(𝐸𝜂)𝑒− ℓ

𝑣𝜂𝜏𝜂

𝑣𝜂𝜏𝜂
𝜋𝜂𝑎(𝐸𝜂, 𝐸) d𝐸𝜂 , (4.28)

we can show that the general flux model can be formulated equivalently to Equation (4.25):

𝜙⊕
𝑎 (𝐸) = ∑

𝑎=𝑒,𝜇,𝜏

𝐿S

∫
0

1
4𝜋𝐿2

S

d𝛷S
𝑎

dℓ
(𝐸, ℓ)𝑃𝑎𝑏(𝐸, 𝐿S − ℓ) dℓ . (4.29)

The crucial difference here is that the neutrino source cannot be considered as point-like
anymore. If the source produces neutrinos directly or if the primaries decay very quickly,
i.e. d𝛷S

𝑎/dℓ ∝ 𝛿(ℓ), Equation (4.29) reduces to Equation (4.25).

2Equation (4.26) is a generalised version of the flux formulas presented in References [160, 176].
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4.2.1 Summed Astrophysical Neutrino Fluxes

The first quantity we consider in terms of the discussed flux models is the summed neutrino
flux,

𝛷⊕
tot(𝐸) ∶= ∑

𝑏=𝑒,𝜇,𝜏
𝛷⊕

𝑏 (𝐸) , (4.30)

at Earth. Note that we only sum over measurable flavours in the beam, i.e. 𝜈𝑒, 𝜈𝜇 and 𝜈𝜏 and
assume an idealised 100% identification rate. Therefore, at energies 𝐸 ≫ 𝐸QG and if 𝑛𝑓 > 3,
the summed flux decreases to

𝜙⊕
tot(𝐸) = ∑

𝑎=𝑒,𝜇,𝜏

𝐿S

∫
0

1
4𝜋𝐿2

S

d𝛷S
𝑎

dℓ
(𝐸, ℓ) ∑

𝑏=𝑒,𝜇,𝜏
𝑃𝑎𝑏(𝐸, 𝐿S − ℓ)⏟⏟⏟⏟⏟⏟⏟

→1/𝑛𝑓

dℓ → 3
𝑛𝑓

𝛷S
tot

4𝜋𝐿2
S

, (4.31)

whereas for 𝑛𝑓 = 3, the QG modified flux coincides with the standard expectation, since in
this case the summed oscillation probability always yields 1. In the presence of additional
dark fermions, the summed flux therefore exhibits a dip around 𝐸QG, indicating, if observed,
not only the onset of QG decoherence enabling a fit of the QG parameters, but also hints
towards the existence of dark fermions.

In the following, we investigate in how far the location of the dip depends on the underlying
neutrino flux model. This is important since for any analysis of the QG parameter space, the
dip location and shape are what determines the QG parameters. We expect that especially
for long lived primary particles, like neutrons, the chosen flux model can have a significant
impact on the location of the dip and that a precise modelling of the processes in the source is
mandatory in order to be able to draw reliable conclusions on the QG model parameters. To
see that, note that the QG coherence energy (4.22) indicating the location of the hypothesised
flux dip is length-dependent and that in the generalised setting of Equation (4.29), neutrinos
may be emitted throughout the entire path between the primary particle source and the Earth.
Therefore, we first define a generalised QG decoherence energy via the comparison of the
standard and QG modified flux predictions. In the simplest scenario of an effectively point-like
neutrino source, the ratio of standard and QG flux predictions fulfils:

𝛷⊕
tot(𝐸QG, 𝐿)

𝛷⊕
tot,std(𝐸QG, 𝐿)

≡ 𝑝QG ∶= 3
𝑛𝑓

+ 3
𝑛𝑓−1

∑
𝑘=3

exp(−
𝛾𝑛𝑓(𝑛𝑓−1)+𝑘

𝛾min
)

𝑘(𝑘 + 1)
, (4.32)

where we implicitly define the location of the dip to be such that all QG decoherence inducing
exponentials have at least decayed to 1/𝑒. In case of a point-like source this happens at:

𝐸simple
QG (𝐿) ∶= max

𝐴∈{1,…,𝑛2
𝑓−1}

𝐸0

(𝛾𝐴𝐿) 1
𝑛

=∶ 𝐸0

(𝛾min𝐿) 1
𝑛

. (4.33)

For the generalised scenario we instead use Equation (4.32) as a defining relation. For promptly
decaying primaries, like pions, the general flux reduces to the simple formula (4.25), and hence,
also 𝐸general

QG converges towards 𝐸simple
QG .
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Figure 4.2: Comparison of the resulting total neutrino fluxes at Earth as a
function of neutrino energy assuming the simple flux model (blue line) versus the
more general model taking into account the finite lifetime of the primary particles
(green line). We assume a distance of 𝐿S = 2 kpc between source and detector, we
set the QG parameters to be 𝑛𝑓 = 13, 𝑛 = 2, 𝐸0 = 1 TeV and 𝛾𝐴 ≡ 8.2 × 10−33 eV.
The remaining neutrino oscillation parameters are given in Table 4.1.

In the opposite case, e.g. when the primaries are neutrons, the onset of the dip can be delayed
or smeared significantly, as one can infer from Figure 4.2, where we compare the QG to
standard total flux ratios in the simple and the general flux models. Here, we assume a
cosmic neutron source at a distance of 𝐿S = 2 kpc, roughly corresponding to the distance to
Cygnus OB2 that has been identified as a potentially interesting cosmic neutrino source in
Reference [160]. The oscillation and standard decoherence parameters used for this plot are
displayed in Table 4.1. For the QG decoherence parameters we choose 𝑛 = 2, motivated by
string theory [177–179], 𝐸0 = 1 TeV and 𝛾𝐴 ≡ 𝛾 = 8.2 × 10−33 eV, which is in agreement with
the latest bounds on QG parameters [150]. For demonstration purposes, we choose the number
of fermions to be 𝑛𝑓 = 3 + 10. Furthermore, in case of the simple flux model we assume an
energy spectrum,

𝛷S
𝑒(𝐸) = 𝛷0𝐸−𝛾𝜈 , (4.34)

with 𝛾𝜈 = 2.5, cf. References [173, 174]. This corresponds to the blue line in Figure 4.2,
where we indeed observe a dip towards 3/𝑛𝑓 times the standard flux expectation around the
coherence energy 𝐸simple

QG (𝐿S).

For the curve of the more accurate flux prediction displayed in green in Figure 4.2, we see
that the dip is smeared out compared to the simple scenario as the primary neutrons may
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travel significant distances before they decay. We obtain a total neutrino flux of:

𝛷⊕
tot(𝐸) =

𝐸max
𝑛

∫
𝐸min

𝑛

d𝐸𝑛
𝛷S

𝑛(𝐸𝑛)
4𝜋𝐿2

S
𝜋𝑛𝑒(𝐸𝑛, 𝐸)

× { 3
𝑛𝑓

−
𝑛𝑓 − 3

𝑛𝑓

𝑒−𝛤𝐿S

𝛤𝜆𝑛 − 1
+

𝑛𝑓 − 3𝛤𝜆𝑛

𝑛𝑓

𝑒− 𝐿S
𝜆𝑛

𝛤𝜆𝑛 − 1
} .

(4.35)

Here, 𝜋𝑛𝑒 is the well known neutrino energy distribution induced by the 𝛽 decay of the neutron.
For completeness, we derive and discuss it in Appendix C.4. Moreover, 𝜆𝑛 = 𝑢𝑛𝜏𝑛 is the mean
free path of the decaying neutrons in the lab frame and their flux density is parametrised as:

𝛷S
𝑛(𝐸) = 𝛷0𝐸−𝛾𝑛 , (4.36)

with 𝛾𝑛 = 3.1 as suggested in Reference [160].

In a real world experiment, only the neutrino flux corresponding to the model realised in
nature can be observed, and hence, computing the flux ratios for different models purely
from experimental data, as shown in Figure 4.2, is impossible. Of course one can divide
the data by the simulated standard expectation, but the parameters entering this simulated
curve need to be determined by fitting the curve to the data. In general, these fit parameters
differ for different models and thus the data-to-simulation ratio would not have the same
meaning as the ratios shown in Figure 4.2, for which the same underlying flux parameters
are assumed. It is therefore more meaningful to consider the absolute fluxes in order to draw
conclusions about the potential of any experiment to constrain the QG parameter space. Given
the precise knowledge about all processes producing the primary particles 𝜂 in the source,
the neutrino flux model would be perfectly determined and the only free parameters are the
QG model parameters that can then be fitted directly. Such an ideal scenario, however, is
highly unrealistic and in addition to the QG parameters we are interested in, also several
parameters related to systematic uncertainties of the experiment and the flux model of the
source need to be fitted to the data simultaneously. As can be seen in Figure 4.3, the shape of
the total neutrino flux spectrum at Earth depends strongly on the underlying model. In the
left panel of the Figure, we show the simple flux model using the same parameter configuration
as above, whereas the right panel displays the total neutrino flux spectrum assuming the
general model, again for a cosmic neutron source. This strong dependence of the shape reduces
the statistical discrimination power of any realistic experiment between the standard and
QG models, especially when multiple primary particle species lead to multiple neutrino flux
components. A flux model-independent analysis of total neutrino fluxes alone is therefore
difficult to achieve at current and future neutrino telescopes assuming a single point-like source.
If several sources of the same type producing equivalent fluxes of primary particles could
be identified, a simultaneous fit could reduce this problem as the varying distances to these
sources would change the impact of QG effects while the flux parameters remain the same
across all sources.
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Figure 4.3: Comparison of the resulting neutrino flux shapes at Earth as a function
of neutrino energy assuming the simple flux model (left panel) versus the more
general model taking into account the finite lifetime of the primary particles (right
panel). We assume a distance of 𝐿𝑆 = 2 kpc between source and detector, we set
the QG parameters to be 𝑛𝑓 = 13, 𝑛 = 2, 𝐸0 = 1 TeV and 𝛾𝐴 ≡ 8.2 × 10−33 eV.
The remaining neutrino oscillation parameters are given in Table 4.1.

If, however, too few point-like sources are known as it is the case today, also taking neutrino
flavour ratios into account can alleviate some of these difficulties. The reason for this is
that flavour ratios depend more strongly on the QG parameters than on the underlying flux
parameters, because per construction the shape-dependence of the neutrino energy spectrum
mostly drops out of these observables.

4.2.2 Flavour Ratios at Neutrino Telescopes

Neutrino flavour ratios are the summed fluxes of neutrinos and antineutrinos of a given flavour
divided by the total fluxes, i.e.

𝑅⊕(𝐸) ∶= (𝑅⊕
𝑒 (𝐸) ∶ 𝑅⊕

𝜇 (𝐸) ∶ 𝑅⊕
𝜏 (𝐸)) , (4.37)

𝑅⊕
𝑎 (𝐸) ∶= 𝛷⊕

𝑎 (𝐸) + ̄𝛷⊕
𝑎 (𝐸)

𝛷⊕
tot(𝐸) + ̄𝛷⊕

tot(𝐸)
, 𝑎 = 𝑒, 𝜇, 𝜏 (4.38)

where the bar indicates the antineutrino fluxes. In the QG limit, all ratios tend towards a
democratic (1/3 ∶ 1/3 ∶ 1/3) distribution, as all flavours appear with the same probability
in the beam regardless of the number of fermions 𝑛𝑓 and of the initial flavour composition.
Therefore, the 𝑅⊕

𝑎 (𝐸) are insensitive to the total number of fermions, but, as discussed already
in the preceding section, only weakly depend on the underlying neutrino energy spectrum.
Thus, the combination of the total neutrino flux and neutrino flavour ratios is a promising
set of observables for QG searches at neutrino telescopes. In the following, we consider the
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different initial flavour compositions for astrophysical neutrinos and compare the predictions
for their resulting flavour ratios in the detector with and without the QG effect.

The most commonly discussed initial flavour compositions are [160, 175]:

• Pion source: 𝑅in(𝐸) = (1/3 ∶ 2/3 ∶ 0)

• Muon damped pion source: 𝑅in(𝐸) = (0 ∶ 1 ∶ 0)

• Neutron source: 𝑅in(𝐸) = (1 ∶ 0 ∶ 0)

In case of the pion source, two muon antineutrinos and one electron antineutrino are generated
in the decay chain of the pion and the daughter muon. If this muon is absorbed or deflected
due to ambient material surrounding the source, only the original muon antineutrinos are
detected at Earth. This is called the muon damped neutrino source in the following. Lastly,
the neutron decay only generates an electron antineutrino, and hence, leads to an initial flavour
ratio of 𝑅in(𝐸) = (1 ∶ 0 ∶ 0).

In the following, we also compare the predicted fluxes for the three different sources to a mea-
surement [180] of astrophysical neutrino flavour ratios performed by the IceCube collaboration.
In particular, we present the best fit point as well as the respective 68% and 95% confidence
regions obtained within the IceCube analysis. Since the underlying data set contains neutrinos
from the diffuse astrophysical neutrino flux, our predictions can not be compared directly to
the measurement as we predict the flavour ratios for a single point-like neutrino source. The
reason why we do not use data from identified point-like sources is that there are no flavour
ratio analyses for these kinds of sources available, yet. It is, however, still instructive to show
the comparison to get an idea of the expected statistical discrimination power of neutrino
telescopes between the standard and QG scenarios for the different sources.

Pion Source Figure 4.4 shows the final flavour ratios for the QG and standard scenarios,
respectively. The left panel shows the mean flavour ratios across all energies considered,
whereas the right panel shows the high energy limit 𝐸 ≥ 𝐸QG. Since the standard prediction
for an initial flavour ratio of 𝑅in(𝐸) = (1/3 ∶ 2/3 ∶ 0) is very close to the democratic ratios
𝑅⊕(𝐸) = (1/3 ∶ 1/3 ∶ 1/3) predicted by the QG model, neutrinos from a pion source are not
favourable for QG decoherence searches utilising neutrino flavour ratios. This is because higher
statistics and better control over systematic uncertainties are needed in order to significantly
distinguish the standard and QG scenarios compared to other initial flavour compositions. As
can be judged from Figure 4.4, the confidence regions are too large to differentiate between
the two theory predictions, even if a number of events can be accumulated from a single
pion source comparable to the number of events that has entered the analysis presented in
Reference [180]. Note that this analysis used neutrino events originating from a multitude of
astrophysical sources.
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Figure 4.4: Average neutrino flavour ratios for neutrinos from a pion source.
For the left panel we average the flavour ratios over the full available energy
range, whereas in the right panel the averaging is only applied to the high energy
neutrino events, i.e. 𝐸 ≥ 𝐸QG. The square green marker indicates the standard
WP decoherence expectation, while the blue dot represents the prediction including
the QG decoherence effects. All model parameters are chosen as in Figure 4.2. Both
panels also report the best fit point (star shaped marker), the 68 % CL contour
(dashed black line) as well as the 95 % CL contour (dashed grey line) obtained from
the flavour ratio analysis performed in Reference [180] on the diffuse astrophysical
neutrino background.

Muon Damped Source For a pion source where the daughter muons from the pion
decay are stopped or deflected in the surrounding material, leading to an initial flavour ratio
𝑅in(𝐸) = (0 ∶ 1 ∶ 0), the situation at first seems more promising as the distance between
the democratic center and the standard prediction increases. Especially in the large 𝐸 limit,
the opportunities to distinguish the QG and standard scenarios are improved compared to a
conventional pion source, as can be seen in Figure 4.5. However, factoring in the confidence
regions obtained in Reference [180], we see that both predictions are in agreement with the
best fit point and it is not possible to distinguish between the different theory predictions.

Neutron Source Finally, assuming a neutron source emitting only ̄𝜈𝑒, i.e. 𝑅in = (1 ∶ 0 ∶ 0),
we see that the standard and QG scenarios can be best distinguished among the considered
scenarios, which is mainly due to 𝜃13 ≪ 1. This is especially true at energies above 𝐸QG, where
the QG ratios are almost fully in the democratic decoherence limit as can be seen in Figure 4.6.
Here, the distance between the WP and QG scenarios becomes comparable to the size of the
1𝜎 region around the best fit point. We need to stress again that a direct comparison between
the best fit point and the theory predictions is meaningless, as multiple different sources with
potentially multiple different initial flavour ratios have contributed to the measured neutrino

87



4 Quantum Gravitational Decoherence in Neutrino Flavour Oscillations

0.0

0.2

0.4

0.6

0.8

1.0

1.0

0.8

0.6

0.4

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

R
⊕ τ

R ⊕µ

R⊕e

0.0

0.2

0.4

0.6

0.8

1.0

1.0

0.8

0.6

0.4

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

R
⊕ τ

R ⊕µ

R⊕e

µ Damped Source: Rin = (0 : 1 : 0)

WP

QG + WP

Best Fit

68% CL

95% CL

Figure 4.5: As Figure 4.4 for a muon damped pion source.

events and thus entered the best fit point. Still, the size of the confidence regions provide a
rough estimate of what to expect for the statistical discrimination power as soon as flavour
ratio data from single astrophysical neutrino sources is available.

In conclusion, sources whose main neutrino production mechanism is neutron decay seem to
be the most favourable ones. Since we advocate the consideration of the combination of total
neutrino fluxes and flavour ratios in order to improve sensitivity to the QG parameter space,
the situation is slightly more complicated due to the long lifetimes of the neutrons. As we
have seen in the previous section, long lived primary particles induce a smearing of the QG
dip, making a precise estimation of the QG parameters more difficult. It is therefore evident
that a compromise between the lifetime of the primary particles and an optimal initial flavour
composition is inevitable.
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Figure 4.6: As Figure 4.4 for a neutron source.

4.3 Quantum Gravitational Decoherence in Atmospheric
Neutrinos

Since at the moment astrophysical decoherence searches are rather difficult due to the lack of
statistics from identified point-like neutrino sources [181], the most promising way to search for
long distance, non-standard decoherence effects in neutrino oscillations is to utilise atmospheric
neutrinos. While even recent searches could only constrain the available parameter space
for certain classes of QG models, it is still important to see how the various models lead to
different bounds on the parameters. We are, therefore, especially interested in the explicit
bounds atmospheric experiments can draw given the model assumptions discussed above and
how a varying number of fermions affects these constraints. Moreover, we estimate the extent
to which these bounds can realistically be expected to improve in the near future by combining
measurements from different experiments.

When considering high energy atmospheric neutrinos, it is mandatory to include coherent
as well as incoherent matter effects into the description of neutrino oscillations. To this end,
we employ the numerical library nuSQuIDS [72] implementing the full set of density operator
evolution equations discussed in Section 4.1 and 2.3.3. In order to provide a realistic estimate of
the bounds atmospheric neutrino experiments can draw on the QG parameter 𝛾, we explicitly
consider IceCube as the underlying experimental setup and use a public MC data set [157] as
well as the associated, pre-computed scale factor distributions parametrising the systematic
effects of the set up on neutrino event counts and reconstruction. Moreover, we use a reference
energy 𝐸0 = 1 TeV roughly representing the peak energy of the IceCube neutrino flux, different
energy power-laws 𝑛 ∈ {0, 1, 2} and different numbers of fermions 𝑛𝑓 ∈ {3, 4, 5, 6}. These
numbers are motivated, for example, by the hypothetical existence of (possibly light) sterile
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neutrinos that would be suitable candidates matching our definition of dark fermions.

4.3.1 Modelling of Neutrino Fluxes and Detector Response at IceCube

We model the initial conventional and prompt atmospheric neutrino fluxes using the publicly
available nuflux library [182] and employ the implemented H3a SIBYLL23C hadronic interac-
tion model split into conventional and prompt atmospheric flux components. The astrophysical
component is estimated using a simple power law spectrum,

𝛷astro
𝑎 (𝐸) = 𝛷0 ( 𝐸

105 GeV
)

−2.5
, 𝛷0 = 0.787 × 10−18 1

GeV sr cm2 s
(4.39)

as suggested in References [157, 183]. All fluxes are propagated through the atmosphere and
the Earth using our own implemented decoherence model as well as all pre-implemented matter
effects, as described in detail in Section 2.3.3, such as coherent forward scattering, neutrino
absorption, tau neutrino regeneration and neutrino energy degradation using the nuSQuIDS
package. We repeat this procedure for a grid of several different QG decoherence parameter
configurations and for different numbers of fermions. For the QG parameter 𝛾, we consider
the range 𝛾 ∈ [10−20, 10−14] eV motivated by previous QG analyses, see e.g. Reference [150].
Afterwards, we perform a one dimensional interpolation of the resulting neutrino fluxes on
the discretely spaced 𝛾 values for each (𝑛𝑓, 𝑛) configuration and convert these idealised fluxes
into actual neutrino events in the IceCube neutrino observatory using the publicly available
MEOWS MC sample.

The MC sample contains track-like 𝜈𝜇 and ̄𝜈𝜇 events in the energy region 500 GeV ≤ 𝐸 ≤
10 TeV and zenith angle range −1.0 ≤ cos 𝜃zenith ≤ 0.0. Moreover, it contains a total of
4902627 unweighted neutrino events translating to 305735 events when summing up the
corresponding nominal MC weights modelling the detector response. This corresponds to
a livetime of 𝑇 = 7.6 yr. The different events contain information about the true and
reconstructed neutrino energies and zenith angles. The energy and angular resolutions of
the reconstruction amount to 𝜎log10(𝐸/GeV) ∼ 0.3 and 𝜎cos 𝜃zenith

∼ 0.005 to 0.015 [184]. We
compute the nominal, reconstructed event counts [150, 184] by evaluating the interpolated
true neutrino flux distributions obtained from nuSQuIDS on the true energies and cosine zenith
angle values contained in the MC sample and by multiplying the resulting fluxes with the
associated nominal MC weights and the livetime 𝑇. Afterwards, all weights belonging to events
falling into the same energy and cosine zenith bin are added together.

In order to also account for systematic effects accustom to the experimental conditions at the
IceCube neutrino observatory, we apply the following rescaling procedure to the nominal MC
weights 𝑤̄:

𝑤𝑙𝑗( ⃗𝜂) =
𝑛sys

∏
𝑖=1

𝛼𝑖
𝑙𝑗(𝜂𝑖)𝑤̄𝑙𝑗 , (4.40)
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Table 4.2: Collection of nuisance parameters 𝜂𝑗, their nominal values ̄𝜂𝑗, standard
deviations 𝜎𝜂𝑗

, and box constraints taken into account in this analysis. For more
details see References [150, 184].

Parameter 𝜂𝑗 Nominal Value ̄𝜂𝑗 Standard Deviation 𝜎𝜂𝑗
Box Constraint

DOM Efficiency 0.97 0.1 [0.94, 1.03]
Bulk Ice Gradient 0 0.0 1.0 ℝ
Bulk Ice Gradient 1 0.0 1.0 ℝ
Forward Hole Ice (𝑝2) −1.0 10.0 [−5, 3]
Normalisation (𝛷conv.) 1.0 0.4 ℝ
Spectral shift (𝛥𝛾conv.) 0.00 0.03 ℝ
Atm. Density 0.0 1.0 ℝ
Barr WM 0.0 0.40 [−0.5, 0.5]
Barr WP 0.0 0.40 [−0.5, 0.5]
Barr YM 0.0 0.30 [−0.5, 0.5]
Barr YP 0.0 0.30 [−0.5, 0.5]
Barr ZM 0.0 0.12 [−0.25, 0.5]
Barr ZP 0.0 0.12 [−0.2, 0.5]
Normalisation (𝛷astro) 0.787 0.36 ℝ
Spectral Shift (𝛥𝛾astro) 0.0 0.36 ℝ
Cross Section 𝜎𝜈𝜇

1.00 0.03 [0.5, 1.5]
Cross Section 𝜎𝜇̄𝜇

1.000 0.075 [0.5, 1.5]
Kaon Energy Loss 𝜎𝐾𝐴 0.0 1.0 ℝ

where 𝑤̄𝑙𝑗 is the nominal weight of the 𝑗-th MC event in bin 𝑙, 𝛼𝑖
𝑙𝑗 is the associated scale factor

corresponding to the 𝑖-th systematic effect and the 𝑤𝑙𝑗 are the final, rescaled MC weights.
Furthermore, we introduce a set of so-called nuisance parameters 𝜂𝑖 for each partial systematic
effect parametrising its impact on the number of event counts. The systematic effects we take
into account are described in detail in References [150, 184] and correspond to the collection
of nuisance parameters shown in Table 4.2. Table 4.2 also shows the nominal values ̄𝜂𝑖 of
the nuisance parameters as well as their standard deviations 𝜎𝜂𝑖

and the box constraints
indicating the allowed range of values for each 𝜂𝑖. Evaluating the systematic scale factors
𝛼𝑖

𝑙𝑗, extracted from the above mentioned public data release, at the nominal values of the
nuisance parameters always yields 𝛼𝑖

𝑙𝑗( ̄𝜂𝑖) = 1. Hence, in this case the rescaling procedure
simply results in the nominal MC weights.

4.3.2 Statistical Treatment

In order to estimate the discriminating power of the IceCube neutrino observatory between
the standard and QG oscillation scenarios, we perform a likelihood ratio test on the estimated
binned event counts obtained from the procedure described in the last section. The full set of
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parameters of our decoherence model is given by the number of fermions 𝑛𝑓 ∈ {3, 4, 5, 6}, the
QG energy power-law 𝑛 ∈ {0, 1, 2} and the decoherence parameter 𝛾 ∈ [0, ∞). Because 𝑛𝑓 as
well as 𝑛 assume values in discrete spaces, the full parameter space 𝛯 can be decomposed into
a collection of disjoint parameter subspaces, i.e.

𝛯 ∶=
6

⋃
𝑛𝑓=3

2
⋃
𝑛=0

𝛩(𝑛𝑓, 𝑛) , 𝛩(𝑛𝑓, 𝑛) ∶= {𝑛𝑓} × {𝑛} × [0, ∞) . (4.41)

Therefore, each configuration of 𝑛𝑓 and 𝑛 defines a separate model category that corresponds to
a simply connected parameter subspace 𝛩(𝑛𝑓, 𝑛). The only overlap of these different categories
is the point 𝛾 = 0 for which the standard oscillation formula for 𝑛𝑓 = 3 is obtained.

Since we consider a simple counting experiment with an MC based theory prediction, we
employ the effective likelihood function [185],

ℒbin(𝑛𝑓, 𝑛, 𝛾, ⃗𝜂|𝑋⃗) ∶=
𝑛bins

∏
𝑙=1

ℒeff(𝑁𝑙(𝑛𝑓, 𝑛, 𝛾, ⃗𝜂), 𝜎2
𝑙 (𝑛𝑓, 𝑛, 𝛾, ⃗𝜂)|𝑋𝑙) , (4.42)

ℒeff(𝑁, 𝜎2|𝑋) ∶= 𝛽𝛼𝛤(𝑋 + 𝛼)
𝑋!(1 + 𝛽)𝑋+𝛼𝛤(𝛼)

, 𝛼 = 1 + 𝑁2

𝜎2 , 𝛽 = 𝑁
𝜎2 , (4.43)

for the distribution of bin counts. Here, 𝑋𝑙, 𝑁𝑙(𝑛𝑓, 𝑛, 𝛾, ⃗𝜂) and 𝜎2
𝑙 (𝑛𝑓, 𝑛, 𝛾, ⃗𝜂) denote the

measured event count, the event count predicted by the model and the associated MC error in
bin 𝑙, respectively. The latter two quantities are computed from the MC weights as follows:

𝑁𝑙(𝑛𝑓, 𝑛, 𝛾, ⃗𝜂) =
𝑛MC

𝑙

∑
𝑗=1

𝑤𝑙𝑗 , 𝜎2
𝑙 (𝑛𝑓, 𝑛, 𝛾, ⃗𝜂) =

𝑛MC
𝑙

∑
𝑗=1

𝑤2
𝑙𝑗 , (4.44)

where 𝑛MC
𝑙 is the number of MC events in bin 𝑙.

As we are interested in constraints on the model parameters 𝑛𝑓, 𝑛 and 𝛾 in the presence
of multiple nuisance parameters associated with the systematic effects of the underlying
experiment, we define the profile likelihood function of our statistical analysis as

ℒprofile(𝑛𝑓, 𝑛, 𝛾) ∶= sup
𝜂⃗∈𝑈sys

ℒbin(𝑛𝑓, 𝑛, 𝛾, ⃗𝜂|𝑋⃗) ⋅ ℒsys(𝜂) , (4.45)

in which we maximise the full likelihood consisting of the bin-count likelihood ℒbin and the
systematic likelihood

ℒsys(𝜂) ∶=
𝑛sys

∏
𝑖=1

𝑒
− (𝜂𝑖−𝜂̄𝑖)2

2𝜎2𝜂𝑖

√2𝜋𝜎2
𝜂𝑖

, (4.46)

over the allowed range of values for the nuisance parameters 𝑈𝜂, specified by the box constraints
given in Table 4.2. In using the systematic likelihood (4.46), we assume that the nuisance
parameters follow uncorrelated Gaussian distributions centered around the respective nominal
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values [150, 184]. Indeed, the Bulk Ice Gradient as well as the astrophysical normalisation
and spectral shift nuisance parameter pairs should each follow a two dimensional correlated
Gaussian distribution, but due to the lack of information about the associated correlations in
the literature [150, 157, 184], we neglect these correlations in this analysis.

We perform the likelihood ratio test for each model category, i.e. 𝑛𝑓–𝑛 configuration, individu-
ally, in order for the underlying parameter set to be simply connected. As our pseudo data set,
we use the standard prediction 𝑋𝑙 = 𝑁𝑙(𝑛𝑓, 𝑛, 0, ⃗̄𝜂) =∶ 𝑁 std

𝑙 . The null hypothesis parameter
space then corresponds to the parameter configuration we wish to test, i.e.

𝛩0(𝑛𝑓, 𝑛, 𝛾) ∶= {𝑛𝑓} × {𝑛} × {𝛾} , (4.47)

and therefore, is zero dimensional. Consequently, our test statistics becomes:

ln(𝛬)(𝑛𝑓, 𝑛, 𝛾) = −2 ln ⎛⎜
⎝

sup𝑝⃗∈𝛩0(𝑛𝑓,𝑛,𝛾) ℒprofile( ⃗𝑝|𝑋⃗)

sup𝑝⃗∈𝛩(𝑛𝑓,𝑛) ℒprofile( ⃗𝑝|𝑋⃗)
⎞⎟
⎠

, (4.48)

where we collect the model parameters in one parameter vector ⃗𝑝 = (𝑛𝑓, 𝑛, 𝛾) for convenience
of notation.

In the limit of very large bin counts, our test statistics ln(𝛬) converges to the following
simplified 𝜒2 test statistics,

𝜒2(𝑛𝑓, 𝑛, 𝛾) = inf
𝜂⃗∈𝑈𝜂

[
𝑛bins

∑
𝑙=1

(𝑁𝑙( ⃗𝑝, ⃗𝜂) − 𝑁 std
𝑖 )2

𝑁𝑙( ⃗𝑝, ⃗𝜂) + 𝜎2
𝑙 ( ⃗𝑝, ⃗𝜂)

+
𝑛sys

∑
𝑖=1

(𝜂𝑖 − ̄𝜂𝑖)2

𝜎2
𝜂𝑖

]
𝑝⃗=(𝑛𝑓,𝑛,𝛾)

. (4.49)

According to Wilk’s theorem, this test statistics follows a 𝜒2 distribution with dim(𝛩(𝑛𝑓, 𝑛)) −
dim(𝛩0(𝑛𝑓, 𝑛, 𝛾)) = 1 DOF. Using 𝜒2(𝑛𝑓, 𝑛, 𝛾), we finally determine the upper bounds on 𝛾
for each 𝑛𝑓–𝑛 configuration for a given CL.

4.3.3 Estimated Sensitivities at IceCube

The resulting upper limits on the QG parameter at 90% CL for the chosen benchmark scenarios
described in the former sections are displayed in Table 4.3. In addition to the upper limits for
𝛾 obtained using the statistics from our pseudo data set and taking into account the systematic
effects relevant at IceCube, Table 4.3 also shows upper limits on 𝛾 for an idealised scenario
without any systematics and only taking into account statistical limitations as well as the
effects of energy and directional reconstruction. These upper bounds are roughly one order
of magnitude stronger, demonstrating the potential sensitivity current atmospheric neutrino
experiments would in principle be able to reach when reducing the impact of systematic
effects. This can, for example, be achieved by combining measurements from many different
experiments like KM3NeT, IceCube and potential future neutrino telescopes. Moreover,
Figure 4.7 shows the corresponding values of the 𝜒2 test statistics depending on 𝛾 as well as
the 𝜒2 values associated with the 68 %, 90 % and 95 % CLs. The results obtained for 𝑛𝑓 = 3
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Table 4.3: Upper limits for the QG parameter 𝛾 at 90% CL for the different
model configurations. The values in parentheses represent the 90% CL bounds
obtained in an idealised statistics-only approach, i.e. without taking into account
the systematic uncertainties of the experimental setup.

𝑛𝑓
𝛾 / 10−16 eV

𝑛 = 0 𝑛 = 1 𝑛 = 2

3 1.35 × 101 (1.52) 3.54 (5.20 × 10−1) 1.60 × 10−1 (2.76 × 10−2)
4 1.18 × 101 (1.33) 2.83 (4.37 × 10−1) 1.16 × 10−1 (2.11 × 10−2)
5 1.09 × 101 (1.24) 2.51 (3.99 × 10−1) 9.68 × 10−2 (1.81 × 10−2)
6 1.04 × 101 (1.18) 2.32 (3.76 × 10−1) 8.63 × 10−2 (1.65 × 10−2)

are in very good agreement with the ones obtained in Reference [150] for the state selection
scenarios corresponding to our model assumptions. Increasing the number of fermions for a
given power-law, the bounds become stricter which is expected as in the decoherence limit,
the oscillation probabilities deviate stronger from the standard one for increasing 𝑛𝑓. This
behaviour can also be seen by inspecting Figure 4.8. Moreover, increasing the power-law 𝑛 also
results in stricter bounds since at the verge of the decoherence limit the oscillation probability
departs much stronger from the standard prediction for higher 𝑛. Therefore, the QG coherence
energy needs to be shifted to much higher values such that no significant effects appear in the
data. However, for 𝑛 > 0 the largest deviations clearly originate from the high energy region
where statistics are low and systematic uncertainties are larger compared to the lower energy
region, reducing the sensitivity of atmospheric neutrino experiments compared to an idealised
scenario with equally high statistics in all energy regions.

In order to cross check the validity of our results and to estimate in which energy and cosine
zenith regions we expect the highest sensitivities, we consider the following three bin-wise
defined quantities:

signed𝜒2
𝑙 (𝑛𝑓, 𝑛, 𝛾) ∶=

|𝑁𝑙(𝑛𝑓, 𝑛, 𝛾, ⃗𝜂∗) − 𝑁 std
𝑙 |(𝑁𝑙(𝑛𝑓, 𝑛, 𝛾, ⃗𝜂∗) − 𝑁 std

𝑙 )
𝑁𝑖(𝑛𝑓, 𝑛, 𝛾, ⃗𝜂∗)

, (4.50)

signed𝜒̄2
𝑙 (𝑛𝑓, 𝑛, 𝛾) ∶=

|𝑁𝑙(𝑛𝑓, 𝑛, 𝛾, ⃗̄𝜂) − 𝑁 std
𝑙 |(𝑁𝑙(𝑛𝑓, 𝑛, 𝛾, ⃗̄𝜂) − 𝑁 std

𝑙 )
𝑁𝑙(𝑛𝑓, 𝑛, 𝛾, ⃗̄𝜂)

, (4.51)

signed𝑋2
𝑙 (𝑛𝑓, 𝑛, 𝛾) ∶=

|𝛷𝑙(𝑛𝑓, 𝑛, 𝛾) − 𝛷std
𝑙 |(𝛷𝑙(𝑛𝑓, 𝑛, 𝛾) − 𝛷std

𝑙 )
𝛷𝑙(𝑛𝑓, 𝑛, 𝛾)

, (4.52)

where ⃗𝜂∗ is the best fit value for the nuisance parameters given the set of model parameters, ⃗̄𝜂 is
the vector of nominal values for the nuisance parameters and 𝛷𝑙 is the integrated true neutrino
flux in bin 𝑙. Consequently, the first quantity signed𝜒2

𝑙 estimates the sensitivity contribution
from each bin to the final 𝜒2 value including statistical as well as systematic effects while the
latter two quantities exclude any impact due to the systematic rescaling procedure. Comparing
signed𝜒2

𝑙 and signed𝜒̄2
𝑙 therefore allows for an assessment of the effect of the systematic scale
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Figure 4.7: Dependence of the 𝜒2 test statistics on the QG parameter 𝛾 for the
different decoherence models under consideration. The 𝜒2 threshold values for the
68 %, 90 % and 95 % CLs are indicated by dashed lines.

factors at ⃗𝜂∗, while comparing signed𝜒̄2
𝑙 and signed𝑋2

𝑙 provides information about the impact
of energy and directional reconstruction.

In Figure 4.9, we show the quantity signed𝑋2
𝑙 in the true energy and cosine zenith plane for

𝑛𝑓 = 4 scaled such that the lowest values of signed𝑋2
𝑙 coincide with those of signed𝜒̄2

𝑙 . For the
energy-independent decoherence model (𝑛 = 0), we see that neutrinos with lower energies and
larger travel distances would be expected to be most sensitive to this model category. This is
because the decoherence effect in this scenario only depends on the travel distance, i.e. cosine
zenith, and neutrino fluxes are higher in the low energy bins. Factoring in the effects of energy
reconstruction and detector response by considering the signed𝜒̄2

𝑙 in the reconstructed energy
and cosine zenith plane presented in Figure 4.10 for 𝑛𝑓 = 4 shows that the naive expectation
from the model persists since the region of highest sensitivity is only slightly deformed to
higher energies and higher cosine zenith values. In contrast to that, the impact of the energy
and directional reconstruction for the linearly energy-dependent decoherence model (𝑛 = 1)
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Figure 4.8: Shown is the energy-dependence of the difference between the standard
and QG predictions for the 𝑃𝜇𝜇 probability for various numbers of fermions and
𝑛 = 2, at the 95 % CL bound 𝛾 = 2.08 × 10−17 eV for 𝑛𝑓 = 3 and 𝑛 = 2. The
neutrino travel distance is chosen to be the full Earth diameter, i.e. cos 𝜃zenith = −1.

appears to be larger when comparing the right most panels in the top rows of Figures 4.9
and 4.10. While the naive model expectation predicts the regions of largest sensitivity to
be located at low to intermediate energies and large propagation distances, after applying
the event reconstruction also higher reconstructed energy and cos(𝜃zenith) bins significantly
contribute to the overall sensitivity.

Next, considering the quadratically energy-dependent decoherence model (𝑛 = 2), we see in
the panel in the bottom row of Figure 4.9 that due to the increasing decoherence effect at
high energies, the naive expectation is that high energy bins and upgoing (cos(𝜃zenith) ∼ −1)
neutrinos contribute most to the overall sensitivity. After applying the energy reconstruction,
cf. the panel in the bottom row in Figure 4.10, this remains true, however, the sensitivity
region is shifted to larger cos(𝜃zenith) values.

Finally, also applying the systematic scaling procedure at the best fit value ⃗𝜂∗ of the nuisance
parameters transforms Figure 4.9 into Figure 4.11. Across all decoherence models, the
minimisation of 𝜒2 with respect to the nuisance parameters naturally results in much smaller
values of signed𝜒2

𝑙 compared to signed𝜒̄2
𝑙 . For 𝑛 = 0, the region of highest sensitivity still

remains in place, but the systematic scaling causes another region to appear next to it. The
latter is located at higher cosine zenith values and indicates a positive deviation from the
standard case instead of a negative one as we would expect form the decoherence model.
Moreover, for the linearly energy-dependent model, i.e. 𝑛 = 1, the sensitivity region is further
smeared across all energy and cosine zenith bins. Lastly, considering the bottom panel of
Figure 4.11 we see that for 𝑛 = 2, the sensitivity region again remains largely intact when
compared to the respective panel in Figure 4.10.
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Figure 4.9: The binned quantity signed𝑋2
𝑙 computed from the true neutrino

fluxes in the true cosine zenith and energy plane for 𝑛𝑓 = 4 and the considered
decoherence models at the respective 95 % CL 𝛾 values: 𝛾 ∈ {1.41 × 10−15, 3.46 ×
10−16, 1.50 × 10−17} eV (from left to right, top to bottom). We scale signed𝑋2

𝑙
such that its lowest values coincide with the respective signed𝜒̄2

𝑙 determined from
the reconstructed event counts.
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Figure 4.10: The binned quantity signed𝜒̄2
𝑙 (i.e. without systematic effects) in

the reconstructed cosine zenith and energy plane for 𝑛𝑓 = 4 and the considered
decoherence models at the respective 95% CL 𝛾 values: 𝛾 ∈ {1.41 × 10−15, 3.46 ×
10−16, 1.50 × 10−17} eV (from left to right, top to bottom).
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Figure 4.11: The binned quantity signed𝜒2
𝑙 (i.e. with systematic effects) in the

reconstructed cosine zenith and energy plane for 𝑛𝑓 = 4 and the considered
decoherence models at the respective 95% CL 𝛾 values: 𝛾 ∈ {1.41 × 10−15, 3.46 ×
10−16, 1.50 × 10−17} eV (from left to right, top to bottom).
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4.4 Summary and Conclusion

In this chapter, we have proposed and analysed a phenomenological model describing the
impact of QG DOFs on neutrino oscillations. Via entanglement between the neutrino flavour
and QG DOFs, decoherence is induced in the neutrino system. This decoherence effect gives
rise to several damping terms of the form 𝑒−𝛤(𝐸)𝐿 in the oscillation probability 𝑃𝑎𝑏(𝐿, 𝐸) that
we parametrise in terms of the neutrino energy using a common power-law, i.e. 𝛤(𝐸) ∝ 𝛾𝐸𝑛.
Moreover, we assume the QG effects to maximally violate the conservation of charges associated
with global symmetries and to only conserve unbroken gauge charges, angular momentum, the
direction of propagation as well as the total probability of the fermion system. This implies
that the oscillation probability approaches a uniform flavour distribution, i.e. 𝑃𝑎𝑏 → 1/𝑛𝑓,
in the QG decoherence limit, where 𝑛𝑓 is the total number of flavours. In the presence of
hypothetical dark fermions, such as sterile neutrinos [186], WIMPs [187] or FIMPs [188], 𝑛𝑓
may even be extended to 𝑛𝑓 > 3, providing a link to the fermionic dark sector.

First, we have applied this model to cosmic neutrinos representing the potentially most
interesting candidates to consider in this framework as the QG decoherence function grows in
strength at increasing propagation distances. We find that in models where the decoherence
effect also increases with growing neutrino energy, i.e. 𝑛 > 0, a dip in the total neutrino flux
spectrum occurs after a certain energy 𝐸QG if 𝑛𝑓 > 3. The strength of this dip directly depends
on the number of fermions that are allowed to appear in the initially pure neutrino beam.
Finding such a dip at future neutrino telescopes enables a direct fit of the model parameters
and an estimation of the number of dark fermions. The prominence and location of the dip
change if the neutrinos are not originating form the same source but rather a distribution of
sources, as in the case of the already measured diffuse astrophysical neutrino flux. Moreover,
we have shown that the same happens if long lived, highly Lorentz boosted particles are
produced as primary particles in the cosmic source and the neutrinos only emerge as decay
products of these particles. In both cases, the neutrino ensemble propagates a distribution of
baselines, and hence, experiences different degrees of QG decoherence. This complicates a fit
to future neutrino data as more parameters accounting for the variety of different flux models
need to be fitted to the data simultaneously. To partially circumvent this issue, we propose to
take neutrino flavour ratios as well as total neutrino fluxes into account since flavour ratios
have a weaker dependence on the underlying flux model. Also considering neutrinos from
multiple sources that produce equivalent neutrino spectra can lead to an improved sensitivity
to the QG parameters. In the QG decoherence limit, all flavour ratios tend to a democratic
(1/3 ∶ 1/3 ∶ 1/3) distribution and thus provide a cross check of the QG hypothesis. In contrast
to total fluxes, neutrino flavour ratios are insensitive to the total number of fermions in the
system. Thus, even if 𝑛𝑓 = 3 and no dip occurs in the total neutrino flux spectrum, the
QG effect always leads to a uniform flavour distribution, especially in the high energy bins
𝐸 > 𝐸QG. This in itself is an interesting signature to search for at current and future neutrino
telescopes such as IceCube and KM3NeT. However, currently such an analysis is not feasible
as it would suffer from limited statistics.

In the second part of this chapter, we have performed a statistical analysis using publicly
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available MC data in order to estimate the sensitivity of IceCube to the QG decoherence
parameter 𝛾 for energy dependencies 𝑛 ∈ {0, 1, 2} and numbers of fermions in the range
𝑛𝑓 ∈ {3, 4, 5, 6}. We have found that sensitivity to a given QG decoherence parameter 𝛾
increases as the number of fermion species in the beam grows. This is due to the larger
deviation of 𝑃𝑎𝑏 from the standard probability as the QG limit is reached. The analysis
has been performed using realistic initial neutrino flux models that are propagated from the
atmosphere into the detector using the widely adopted neutrino oscillation software nuSQuIDS,
extended by the model under consideration. Lastly, we have accounted for systematic and
detector effects using the MC sample in order to reweight the true neutrino events into
reconstructed ones. Moreover, we estimate the regions of energies and cosine zenith angles in
which IceCube would be most sensitive to the new decoherence effect. This provides further
discriminating power from other potential decoherence effects that exhibit a different sensitivity
pattern.

Future analyses using combined data from different neutrino telescopes, as for example IceCube
and KM3NeT, can provide even more interesting insights into the nature of QG due to larger
event samples and different systematic uncertainties. Ultimately, this may contribute to a
better theoretical understanding of the fundamental properties of spacetime.
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In this chapter, Section 5.4 is based on Reference [189].

Multimessenger astronomy is one of the most important and promising areas of ongoing
research since it offers the possibility to study the most distant phenomena like the collisions
of black holes and neutron stars, the inner workings of supernovae and particle production
around compact stellar objects (for an excellent review see e.g. Reference [190]). This is made
possible by combining the analysis of EM, neutrino and gravitational wave (GW) signals
from the cosmos and opens the window for new physics searches impossible to conduct in
a laboratory. In this work, we mainly focus on the neutrino component of multimessenger
astronomy.

Apart from energy and directional information, neutrinos can also provide insights into the
physical processes that produced them by analysing the final flavour composition in neutrino
telescopes. On their way to Earth, neutrinos are not deflected by galactic EM fields making
them an important complementary component to EM signals in, for example, the study of
supernovae, and cosmic particle accelerators like pulsars and blazars. However, just like EM
signals, neutrinos also pass through non-trivial gravitational potential landscapes. Depending
on their exact origin, neutrinos may even encounter strong gravitational fields, and the
expansion of the Universe may be non-negligible. It is therefore imperative to understand the
influence of the curvature of spacetime not only on the neutrino path but also on the flavour
dynamics.

There already exist numerous studies on neutrino flavour and spin transitions in gravitational
fields in different degrees of approximation ranging from semiclassical considerations [191–201],
based on the Hamilton–Jacobi equation, up to more fundamental approaches [202, 203] using
the framework of QFT in curved spacetime. For example, the commonly used Stodolsky
phase [191], generalising the oscillation phase to neutrinos propagating along geodesics, is
based on the action of a classical particle in curved spacetime. In contrast to this, in the
approach presented e.g. in Reference [202], the oscillation probability is derived from the
evolution of the lepton flavour operator in QFT in curved spacetime. In most approaches,
neutrino oscillations are treated in the effective plane wave formalism and no rigorous extension
of the WP formalism to curved backgrounds have been undertaken yet. Effects due to the
WP nature of neutrinos are at most taken into account via an ad hoc implementation of the
Stodolsky phase [200, 201]. Since the Stodolsky phase only involves the mean momentum of
a WP, integrated along the corresponding geodesic, this raises the questions if other modes,
contributing to the neutrino WP, are accounted for consistently in this treatment. Thus,
to address this issue, we derive a formula from first principles in QFT in curved spacetime,
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accounting for the fact that propagating neutrino states are produced as WPs. We show that
for strongly peaked momentum space WPs, i.e. close-to plane wave states, the Stodolsky phase
treatment indeed represents a good approximation.

Due to the subtleties arising when formulating QFT on general manifolds, it is important
to carefully consider the physical conditions applying to an experiment studying neutrino
flavour transitions within the theoretical formalism. The most important subtlety, for the
purposes of this work, is the observer-dependence of the particle concept and the associated
phenomenon of gravitational or Unruh-like particle production [37–39, 152, 204, 205]. We start
our analysis by discussing under what circumstances this additional particle production can
be neglected and how well defined a universal flavour transition probability, and the internal
WP picture, is in curved spacetimes. From these considerations, we then derive a general
formula for the neutrino flavour transition amplitude that is valid as long as gravitational
particle production is negligible at the energy scale of the detected neutrino events. This
is done in Section 5.1. Since it is difficult to further simplify the obtained expression under
general conditions, we consider scenarios where all neutrino mass eigenstate geodesics remain
close to each other and curvature effects are negligible on the scale of the neutrino WP at
any given time, in Section 5.2. Afterwards, in Section 5.3, we apply the resulting formula
to the scenario of linearised gravity including the special cases of Newtonian fields as well
as GW spacetimes. Moreover, we consider the application of neutrino oscillations in GW
spacetimes in more detail in Section 5.4. Here, we also formulate several criteria that need to
be fulfilled in order to observe an effect induced by GWs in neutrino flavour transitions. Lastly
in Section 5.5, we apply these criteria to discuss why—apart from exotic scenarios—neither
current nor near-future neutrino experiments will possibly be sensitive to any gravitational
influence on the neutrino oscillation pattern. Finally, we conclude in Section 5.6.

5.1 Neutrino Oscillations in the Absence of Gravitational
Particle Production and Related Effects

As extensively discussed in Section 2.3, any neutrino flavour oscillation experiment is comprised
of two main components: the neutrino source and the detector. Both occupy a certain region
in spacetime that can be considered to be macroscopic compared to the much smaller volume
in which the neutrino production and detection processes happen, respectively. We denote the
average spacetime event of neutrino production taking place at proper time 𝒯S of the source by
𝑋S(𝒯S), and in close analogy we write 𝑋D(𝒯D) for the event of neutrino detection in dependence
of the proper time 𝒯D of the detector. For a unified notation, we assume in the following that
both neutrino production and detection are observed by two hypothetical observers, 𝑂S and
𝑂D, respectively. Usually the term observer refers to some kind of measurement apparatus
where in the case of 𝑂D the most obvious choice would be the neutrino detector itself, while in
case of the source, especially when considering neutrinos of astrophysical origin, the production
may even go completely unmeasured. We still pretend, in the following, that a source-bound
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observer 𝑂S exists and, similar to the macroscopic averaging procedure discussed at the end of
Section 2.3.1, simply average and sum over all unmeasured quantities in the end.

According to our discussion in Section 2.2.2, the definition of the particle concept in curved
spacetime is unavoidably tied to the state of motion of an observer itself. In this light, we now
reconsider the neutrino production, propagation and detection process in curved spacetime.
The most fundamental approach would be to extend the external WP formalism [51–55],
discussed in Section 2.3.1, to curved spacetime. In case gravitational particle production is
non-negligible due to significant discrepancies between the notions of particles the observers
at the source and detector define, the only correct treatment is to consider the production–
propagation–detection process as a whole since the single sub-processes cannot be disentangled
from each other, in general. This is because gravitationally1 produced particles may interact
with the propagating neutrino or the external states in the detector and add more possible
diagrams with topologies different from the one shown in Figure 2.1. This invalidates the
single-particle picture of neutrino propagation and possibly prevents the factorisation of the
production, propagation and detection sub-processes. Consequently, the universal oscillation
probability would be inherently ill-defined. From now on, we restrict ourselves to the more
common case where gravitational particle production can be neglected for the energy modes
of interest. In this case, the external and internal WP approaches to neutrino oscillations
become equivalent again and the propagating neutrino can be viewed as a free particle, just as
in flat spacetime.

This restriction does not pose a strong constraint due to the weakly interacting nature of
neutrinos, enabling efficient measurements roughly starting at 𝒪(keV) energies. Especially, in
contexts where gravitational particle production may become important, i.e. for neutrinos of
astrophysical origin, typical neutrino energies are even larger. The required Unruh temperature
(or the gravitational equivalent thereof) would, hence, need to be of similar magnitude, implying
the presence of regions with extremely strong spacetime curvature in the vicinity of the neutrino
path. Therefore, the expressions derived in the following are only invalid for the consideration
of such extreme conditions.

Let (𝜉S
𝑗;𝐽, 𝜖S

𝑗;𝐽) be the set of mode solutions to the Dirac equation with neutrino mass 𝑚𝑗 chosen
by observer 𝑂S and (𝜉D

𝑗;𝜎, 𝜖D
𝑗;𝜎) those chosen by the detection observer 𝑂D. The corresponding

ladder operators, creating a (anti-)neutrino mass eigenstate 𝑗 with quantum numbers 𝐽 and 𝜎,
are (𝑎(†)

S𝑗;𝐽, 𝑏(†)
S𝑗;𝐽) and (𝑎(†)

D𝑗;𝜎, 𝑏(†)
D𝑗;𝜎), respectively. Consequently, the neutrino WPs the observers

at the source and detector define are

|𝜈𝑎, 𝑋S⟩ = ∑
𝑗

𝑈 ∗
𝑎𝑗 ∑

𝐽
𝜙S

𝑗 (𝐽)𝑎†
S𝑗;𝐽 |0, S⟩ , (5.1)

|𝜈𝑏, 𝑋D⟩ = ∑
𝑗

𝑈 ∗
𝑏𝑗 ∑

𝜎
𝜙D

𝑗 (𝜎)𝑎†
D𝑗;𝜎 |0, D⟩ , (5.2)

1From here on, we simply refer to gravitational particle production whenever we discuss the particles produced
due to different definitions of the particle concepts of two observers.
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where 𝜙S/D
𝑗 are the WPs specifying the probability to measure the quantum numbers 𝐽 and

𝜎 in the respective state and |0, S/D⟩ are the vacua of the source and detector observers,
respectively. Choosing for example an explicit parametrisation in terms of momenta ⃗𝑝 and
spins 𝑠, i.e. 𝐽 = 𝜎 = ( ⃗𝑝, 𝑠), these states become

|𝜈𝑎, 𝑋S⟩ = ∑
𝑗

𝑈∗
𝑎𝑗 ∑

𝑠=±1/2
∫ d3 ⃗𝑝 𝜙S

𝑗 ( ⃗𝑝, 𝑠)𝑎†
S𝑗;𝑝⃗𝑠 |0, S⟩ , (5.3)

|𝜈𝑏, 𝑋D⟩ = ∑
𝑗

𝑈∗
𝑏𝑗 ∑

𝑠=±1/2
∫ d3 ⃗𝑝 𝜙D

𝑗 ( ⃗𝑝, 𝑠)𝑎†
D𝑗;𝑝⃗𝑠 |0, D⟩ . (5.4)

Finally, the neutrino flavour transition amplitude is defined by the overlap of both states,
i.e.

𝒜𝑎𝑏(𝑋S, 𝑋D) ∶= ⟨𝜈𝑏, 𝑋D|𝜈𝑎, 𝑋S⟩ = ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝐽𝜎
𝜙D∗

𝑗 (𝜎)𝜙S
𝑗 (𝐽) ⟨0, D| 𝑎D𝑗;𝜎𝑎†

S𝑗;𝐽 |0, S⟩ . (5.5)

In general, the VEV ⟨0, D| 𝑎D𝑗;𝜎𝑎†
S𝑗;𝐽 |0, S⟩ evaluates to

⟨0, D| 𝑎D𝑗;𝜎𝑎†
S𝑗;𝐽 |0, S⟩ = 𝛼SD

𝐽𝜎 ⟨0, D|0, S⟩ + ∑
𝜌

𝛽SD
𝐽𝜌 ⟨0, D| 𝑎D𝑗;𝜎𝑏D𝑗;𝜌 |0, S⟩⏟⏟⏟⏟⏟⏟⏟⏟⏟

=⟨𝜈𝑗;𝜎 ̄𝜈𝑗;𝜌,D|0,S⟩

, (5.6)

where 𝛼SD
𝐽𝜎 and 𝛽SD

𝐽𝜎 are the Bogoliubov coefficients translating between the source and detector
Fock space constructions. Moreover, the matrix element in the last term represents the
amplitude for the gravitational production of a neutrino–antineutrino (detection) state from the
source vacuum. As shown in Reference [206] for the case of scalar fields, these vacuum to many-
particle amplitudes can also be related to the Bogoliubov coefficients. From Equation (5.5),
we can now infer an explicit criterion for the negligibility of gravitational particle production
in the modes of interest, i.e.

0 ≈ ∑
𝜌

𝛽SD
𝐽𝜌 ⟨𝜈𝑗;𝜎 ̄𝜈𝑗;𝜌, D|0, S⟩ , ∀𝐽, 𝜎 ∶ 𝜙S

𝑗 (𝐽) > 𝛿 ∧ 𝜙D
𝑗 (𝜎) > 𝛿 , (5.7)

where 𝛿 is an apriori chosen accuracy parameter determining when to consider contributions
from the WPs to be negligible as the corresponding quantum number configurations rarely
occur in the given experiment.

Equation (5.7) represents a rather formal requirement and especially the accuracy parameter
𝛿 is hardly accessible in experiments. Thus, it is preferable to rephrase it in terms of the
experimentally accessible quantum number, e.g. momentum, distributions: Given the quantum
number distribution of neutrinos in an experiment, Equation (5.7) states that the production
of neutrino–antineutrino pairs need to be negligible in those configurations appearing with
significant probability in the experiment. If this is the case, the one-particle picture is valid and
the flavour transition amplitude (5.5) is well-defined. Lastly, we can also relate the amplitude
to the scalar products of source and detection mode functions via

𝒜𝑎𝑏(𝑋S, 𝑋D) ∶= ⟨0, D|0, S⟩ ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝐽𝜎
𝜙D∗

𝑗 (𝜎)𝜙S
𝑗 (𝐽)⟨𝜉D

𝑗;𝜎, 𝜉S
𝑗;𝐽⟩ , (5.8)
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which exhibits the same structure as the flat spacetime formula for the internal WP approach.
This is the main result of this section. The information about the location and state of motion
of the observers as well as which quantum numbers of the neutrino system they measure is
encoded within the mode functions 𝜉S/D. The most important examples, we consider in the
following sections, are freely falling observers, measuring the neutrino momenta and helicities
within their respective local inertial frames. In this special case, the mode functions reduce to
their flat spacetime form given in Equation (2.66), i.e.

𝜉S/D
𝑗;𝑝⃗𝑠(𝑧) = 𝑢𝑗;𝑠(𝑝) 𝑒−𝑖𝑝𝜇𝑧𝜇

√(2𝜋)32𝐸𝑗

, (5.9)

at lowest order in the normal coordinate expansion about the origin (𝑧 = 0) of the local inertial
frame.

In order to compute the neutrino oscillation probability from the amplitude (5.8), we need
to apply the same treatment as discussed in Sections 2.3.1 and 2.3.2, i.e. integrating over
the worldlines of the neutrino source and detector, respectively, and normalising the result
appropriately, i.e.

𝑃𝑎𝑏(S, D) =

𝒯S2

∫
𝒯S1

d𝒯S

𝒯D2

∫
𝒯D1

d𝒯D |𝒜𝑎𝑏(𝑋S(𝒯S), 𝑋D(𝒯D))|2

𝒯S2

∫
𝒯S1

d𝒯S

𝒯D2

∫
𝒯D1

d𝒯D ∑𝑏 |𝒜𝑎𝑏(𝑋S(𝒯S), 𝑋D(𝒯D))|2
. (5.10)

Here, we formulate the integral in terms of the proper times, 𝒯S and 𝒯D, instead of coordinate
times in order to achieve a coordinate-independent description. Moreover, we define the livetime
intervals of source and detector as [𝒯S1, 𝒯S2] and [𝒯D1, 𝒯D2], respectively. Equation (5.10)
indeed simplifies to Equation (2.104) if source and detector move along straight world lines.
Due to the normalisation procedure the global factor ⟨0, D|0, S⟩ will drop out and we can as
well redefine the amplitude (5.8) to leave it out from the start.

To close this section, we discuss the difficulties of applying Equation (5.8) to real world
examples. In any case, the mode solutions 𝜉S/D, linked to the flow of proper time of the
observers, relevant for the neutrino experiment have to be known globally or at least on a
large patch of the manifold. Solving the Dirac equation, even in coordinate systems associated
with the isometries of a spacetime, is often already difficult. Especially appealing for this
task are time-like isometries corresponding to time-like Killing fields in order to be able to
define a common particle concept for a large class of observers. If the flow of time of the
considered observers then doesn’t even coincide with the Killing time, the task of solving the
Dirac equation becomes even more challenging. One simple example, where this is indeed
possible, is the case of inertial observers in Minkowski spacetime, where we obtain a simple
oscillation phase from the scalar product of mode solutions, i.e.

𝒜flat
𝑎𝑏 (𝑋S, 𝑋D) = ∑

𝑗
𝑈∗

𝑎𝑗𝑈𝑏𝑗 ∑
𝑠=±1/2

∫ d3 ⃗𝑝 𝜙D∗
𝑗 ( ⃗𝑝, 𝑠)𝜙S

𝑗 ( ⃗𝑝, 𝑠)𝑒−𝑖𝑝𝜇(𝑋D−𝑋S)𝜇 , (5.11)
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which is the standard result. The modes only differ in that they are defined with respect
to the local (and therefore also global) inertial frames with origin at the events 𝑋S and 𝑋D,
respectively. Therefore, when evaluating the scalar product ⟨𝜉D

𝑗; ⃗𝑞𝑠, 𝜉S
𝑗;𝑝⃗𝑟⟩ only a phase factor

arises. By virtue of the equivalence principle, when considering sufficiently localised2 neutrino
WPs such that curvature effects can be neglected on the region containing the neutrino WPs
at any given instant in time, we should expect a similar relation as (5.11) to apply. In these
scenarios, we expect the only modifications to be caused by the global curvature of the neutrino
geodesics.

5.2 Neutrino Oscillations in Weak Gravitational Fields

In most cases of interest, gravitational fields are rather weak and lead to a sub-leading
modification of the neutrino flavour transition mechanism. Therefore, commonly gravitational
effects are entirely neglected when studying neutrino oscillations in experiments ranging from
SBL and LBL collider set-ups over solar neutrino experiments to neutrino telescopes observing
galactic and extra-galactic neutrinos. Only in the latter case, the expansion of the Universe is
usually taken into account by modifying the derivative operator in the effective Schrödinger
equation for the neutrino flavour system. In the following, we derive a modified formula for the
neutrino flavour transition amplitude taking into account the lowest order curvature effects.

As already motivated in the last section, from now on, we assume the neutrino to be sufficiently
localised such that there exists a simply connected region 𝑈𝜈 ⊂ ℳ that contains the world
tubes of all neutrino mass eigenstate WPs, such that the local curvature is negligible on any
intersection of 𝑈𝜈 with a Cauchy surface 𝛴𝑡, i.e. at any instant in time. Moreover, we consider a
freely falling neutrino source and detector where the natural set of quantum numbers labelling
the source and detection modes are the neutrino momenta and spins. In this formulation, the
localisation condition is equivalent to the requirement that only sufficiently short wave lengths,
that are not probing the global structure of the manifold, contribute to the neutrino WP.
Therefore, the mode solutions, associated to these wave lengths, can be well approximated by
the flat spacetime modes (2.66) on the scale of the neutrino WPs. Indeed, this last requirement
can in principle be relaxed in order to also take possible spin precession effects into account by
expanding the Dirac equation up to second order in the local inertial frame. We, however, are
interested in the non-trivial lowest order gravitational influence in this work, and therefore,
neglect these effects.

The derivation presented in the following is based on the fact that all strongly localised mass
eigenstate WPs on average follow classical geodesics 𝑐𝑗, uniquely determined by their mean
initial coordinate and four-velocity. We then apply Equation (5.8) and propagate the initial
neutrino WP from the production vertex 𝑋S to the detection vertex 𝑋D. In general, there exist
multiple geodesics connecting 𝑋S and 𝑋D, and these geodesics in general also differ from the

2Sufficiently localised means if on any Cauchy surface 𝛴𝑡 the width of and the distance between the coordinate
space WPs is much smaller than the minimal curvature radius of the manifold within the region of neutrino
propagation.
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average neutrino paths 𝑐𝑗. This is especially true when considering production and detection
events with space-like separation. However, as shown in Appendix (A.3), the amplitude 𝒜𝑎𝑏
vanishes for space-like distances between source and detector. Therefore, in the following, we
only focus on production and detection events that are causally connected. In this case, we
perform the propagation in a step-by-step manner along the geodesic 𝑐, connecting 𝑋S and
𝑋D, that is closest3 to all mass eigenstate geodesics 𝑐𝑗.

In each step 𝜏 → 𝜏 +𝛥𝜏 along the curve 𝑐, we compute the new momentum space wave function
in terms of locally inertial modes at the time 𝜏 + 𝛥𝜏 in terms of the momentum space WP at 𝜏.
This next local inertial frame with origin at 𝑐(𝜏 +𝛥𝜏) is assumed to be such that its coordinate
tangent vectors coincide with the parallel transport of those at the last point 𝑐(𝜏). In this
sense, we parallel transport the initial local inertial frame from the source to the detector.
After the propagation procedure, we take the limit 𝛥𝜏 → 0 and match the transported frame
onto the detection frame. This matching is facilitated by a simple local Lorentz transformation.
The combined operation of parallel transport and transforming into the detection system then
encodes the gravitational influence on the initial neutrino momentum, such as gravitational
redshift. In addition to that, it also encodes redshift effects due to a potential relative motion
of source and detector that would also be present in Minkowski spacetime.

We start by defining the position space neutrino mass eigenstate WPs at production and
detection by

𝜓S
𝑗 (𝑥) ∶= ∑

𝑠=±1/2
∫ d3 ⃗𝑝 𝜙S

𝑗 ( ⃗𝑝, 𝑠)𝜉S
𝑗;𝑝⃗𝑠(𝑥) , 𝜓D

𝑗 (𝑥) ∶= ∑
𝑠=±1/2

∫ d3 ⃗𝑝 𝜙D
𝑗 ( ⃗𝑝, 𝑠)𝜉D

𝑗;𝑝⃗𝑠(𝑥) , (5.12)

and express the amplitude in Equation (5.8) in terms of these quantities as

𝒜𝑎𝑏(𝑋S, 𝑋D) = ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗⟨𝜓D

𝑗 , 𝜓S
𝑗 ⟩ . (5.13)

Since we neglect gravitational particle production as before, we can now insert an identity on
the space of positive frequency solutions of the form

𝟙[⋅]|pos. freq. = ∑
𝑠=±1/2

∫ d3 ⃗𝑝 𝜉𝑋S→𝑋D
𝑗;𝑝⃗𝑠 ⟨𝜉𝑋S→𝑋D

𝑗;𝑝⃗𝑠 , ⋅⟩ , (5.14)

and get

𝒜𝑎𝑏(𝑋S, 𝑋D) = ∑
𝑗

𝑈 ∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝑠=±1/2
∫ d3 ⃗𝑝 ⟨𝜓D

𝑗 , 𝜉𝑋S→𝑋D
𝑗;𝑝⃗𝑠 ⟩⟨𝜉𝑋S→𝑋D

𝑗;𝑝⃗𝑠 , 𝜓S
𝑗 ⟩ . (5.15)

Here and in the following, we denote by 𝜉𝑋S→𝑋 those modes that reduce to the flat spacetime
form (2.66) in the vicinity of 𝑋 = 𝑐(𝜏) in the local inertial frame with origin at 𝑋 emerging
from the parallel transport of the source frame in the sense discussed above. From now on, we
also call these mode functions the parallel transported modes. Therefore, we have reduced

3We explain this criterion in more detail at a later point in the derivation.
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the task of computing the scalar product of coordinate space WPs to the evaluation of the
simpler quantities

𝜙prop
𝑗 ( ⃗𝑝, 𝑠) ∶= ⟨𝜉𝑋S→𝑋D

𝑗;𝑝⃗𝑠 , 𝜓S
𝑗 ⟩ , (5.16)

𝜙match
𝑗 ( ⃗𝑝, 𝑠) ∶= ⟨𝜉𝑋S→𝑋D

𝑗;𝑝⃗𝑠 , 𝜓D
𝑗 ⟩ . (5.17)

The first scalar product represents the momentum space WP of the produced neutrino state
in terms of the transported modes at the detector, whereas the latter scalar product is the
detected momentum space WP in terms of the same set of modes. It will turn out that 𝜙prop

𝑗 is
especially suitable to perform the propagation from 𝑋S to 𝑋D, while 𝜙match

𝑗 will be responsible
for the matching of the parallel transported, locally inertial modes at the detector and the
original detection modes, hence their names. For simplicity, we suppress the mass eigenstate
index 𝑗 in the following as all computation steps proceed in an analogous way for all mass
eigenstate WPs.

5.2.1 Propagation of the Produced Neutrino Wave Packet

We compute the propagated momentum space WP by applying the step-by-step procedure
sketched at the beginning of this section. To this end, let

𝜏S = 𝜏0 < 𝜏1 < … < 𝜏𝑛 = 𝜏D , 𝑛 ∈ ℕ , (5.18)

be an equidistant partition of the proper time interval of the geodesic 𝑐 with 𝛥𝜏 ∶= (𝜏D−𝜏S)/𝑛 =
𝜏𝑖 − 𝜏𝑖−1 for all 𝑖 = 1, … , 𝑛 and define 𝑋𝑖 ∶= 𝑐(𝜏𝑖). Furthermore, let 𝐸𝜇(𝜏) be the set of four
unique parallel transported basis vectors coinciding at 𝜏S with the orthonormal coordinate
basis of the local inertial source frame, i.e.

𝐸𝜇(𝜏S) = ∂
∂𝑧𝜇

S
(𝑐(𝜏S)) , (5.19)

and choose a frame field {𝑒𝛼}3
𝛼=0 that also coincides with the 𝐸𝜇 along the geodesic 𝑐. By

definition 𝐸𝜇(𝜏𝑖) is thus also identical with the coordinate bases ∂/∂𝑧𝜇
𝑖 (𝑋𝑖) of all parallel

transported local inertial frames along the geodesic and the frame field therefore fulfils 𝑒𝛼
𝜇(𝑋𝑖) =

𝛿𝛼
𝜇 within the 𝑖-th parallel transported inertial frame.

The core ingredient of the step-by-step propagation procedure is to be able to relate the
momentum space WP in terms of the transported modes at 𝑋𝑖+1 to the WP defined with
respect to those modes transported to the previous point 𝑋𝑖

𝜙S→𝑖+1( ⃗𝑝, 𝑠) ∶= ⟨𝜉𝑋S→𝑋𝑖+1
𝑝⃗,𝑠 , 𝜓S⟩ = ∫

𝛴

d3𝜎𝜇(𝑥) ̄𝜉𝑋S→𝑋𝑖+1
𝑝⃗,𝑠 (𝑥)𝛾𝜇(𝑥)𝜓S(𝑥) . (5.20)

To accomplish this task, we first choose the spacelike hypersurface 𝛴 = 𝛴𝑖 such that it contains
the point 𝑋𝑖, as illustrated in Figure 5.1, and also take the coordinate system in which we
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𝛴D = 𝛴𝑁

𝛴S = 𝛴0𝑋S

𝑋D

𝛴𝑁−1
𝛴𝑁−2

𝛴1

𝑐

𝑋𝑁−2

𝑋𝑁−1

𝑋1

Figure 5.1: Sketch of the step-by-step neutrino propagation along the geodesic 𝑐
originating from the source of the neutrinos S located on the source hypersurface
𝛴S and ending in the detection point D located on the detection hypersurface 𝛴D.

integrate to be the locally inertial coordinate system 𝑧𝑖 centered at 𝑋𝑖. Afterwards, we make
use of our assumption that all neutrino mass eigenstate WPs are sufficiently localised within
the region 𝑈𝜈 ∩𝛴𝑖, containing the geodesic 𝑐 that connects the production and detection events.
This means that 𝑐 is chosen such that it minimises the error introduced by approximating the
mode functions 𝜉𝑋S→𝑋𝑖 by their flat spacetime form (2.66) on 𝑈𝜈 ∩ 𝛴𝑖. For 𝑛 sufficiently big,
𝑋𝑖 and 𝑋𝑖+1 become arbitrarily close and we can approximate

̄𝜉𝑋S→𝑋𝑖+1
𝑝⃗,𝑠 (𝑧𝑖+1(𝑧𝑖))∣

𝑈𝜈∩𝛴𝑖

= 𝑢𝑠(𝑝)𝑒−𝑖𝑝𝜇𝑧𝜇
𝑖+1(𝑧𝑖)

√(2𝜋)32𝑝0
+ 𝒪(𝑅max

𝑖 𝜎2
𝑥,𝑖) , (5.21)

where 𝒪(𝑅max
𝑖 𝜎2

𝑥,𝑖) contains all terms arising from solving the Dirac equation expanded to
second order in the normal coordinates 𝑧𝑖+1. These terms will naturally be accompanied by
curvature terms induced by the spin connection and we take 𝑅max

𝑖 to be the maximal entry
of the Riemann tensor on the intersection of 𝑈𝜈 and the 𝑖-th hypersurface 𝛴𝑖. Furthermore,
we define 𝜎𝑥,𝑖 to be the diameter4, i.e. the maximal spatial extend, of the region 𝑈𝜈 within
𝛴𝑖. On the whole region of integration, the combination 𝑅max

𝑖 𝜎2
𝑥,𝑖 constitutes a conservative

estimate for the error introduced by using the approximation from Equation (5.21).

Now, the remaining task is to explicitly write the scalar product 𝑝𝜇𝑧𝜇
𝑖+1(𝑧𝑖) in terms of the

coordinates 𝑧𝑖 in order to obtain a relation between the mode functions 𝜉𝑋S→𝑋𝑖+1 and 𝜉𝑋S→𝑋𝑖 .
Note that the momentum components 𝑝𝜇 represent the values the observer 𝑂S would measure
in their rest frame, and hence, are defined with respect to the local inertial frame 𝑧S. Hence,
when parallel transporting the vector 𝑝S ∶= 𝑝𝜇𝐸𝜇(𝑋S) along the geodesic, its components

4The diameter of a spacelike set 𝑆 like 𝑈𝜈 ∩ 𝛴𝑖 is defined as diam(𝑆) ∶= sup𝑥,𝑦∈𝑆 𝑑𝑔(𝑥, 𝑦), where 𝑑 is the
positive definite spatial distance function induced by the metric tensor 𝑔 on 𝑆.
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remain constant in terms of the transported local inertial frames, i.e.

𝑃 𝑐
𝜏S→𝜏𝑖

𝑝S = 𝑝𝜇𝑃 𝑐
𝜏S→𝜏𝑖

𝐸𝜇(𝜏S) = 𝑝𝜇𝐸𝜇(𝜏𝑖) = 𝑝𝜇 ∂
∂𝑧𝜇

𝑖
(𝑋𝑖) , (5.22)

where 𝑃 𝑐
𝑎→𝑏 denotes the parallel transport map from 𝑎 to 𝑏 along 𝑐.

Next, we write the scalar product in coordinate invariant form and parallel transport it back
to 𝑋𝑖, i.e.

𝑝𝜇𝜂𝜇𝜈𝑧𝜈
𝑖+1(𝑧𝑖) = 𝑔𝑋𝑖+1

(𝑝𝜇𝐸𝜇(𝜏𝑖+1), 𝑧𝜈
𝑖+1(𝑧𝑖)𝐸𝜈(𝜏𝑖+1)) (5.23)

= 𝑔𝑋𝑖
(𝑃 𝑐

𝜏𝑖+1→𝜏𝑖
𝑝𝜇𝐸𝜇(𝜏𝑖+1), 𝑃 𝑐

𝜏𝑖+1→𝜏𝑖
𝑧𝜈

𝑖+1(𝑧𝑖)𝐸𝜈(𝜏𝑖+1)) . (5.24)

Here, we have used that the parallel transport is an isometric map. Again exploiting the
parallel property of the basis vectors 𝐸𝜇 along the curve 𝑐 in the left argument of the metric 𝑔,
we get

𝑃 𝑐
𝜏𝑖+1→𝜏𝑖

𝑝𝜇𝐸𝜇(𝜏𝑖+1) = 𝑝𝜇𝐸𝜇(𝜏𝑖) . (5.25)

For the second argument of the metric, we first note that

𝑧𝜈
𝑖+1(𝑧𝑖)𝐸𝜈(𝜏𝑖+1) = exp−1

𝑐(𝜏𝑖+1) (exp𝑋𝑖
(𝑧𝜇

𝑖 𝐸𝜇(𝜏𝑖))) , (5.26)

where exp𝑝(𝑣) ∶ ℰ𝑝 ⊂ 𝑇𝑝ℳ → ℳ is the exponential map of the manifold defined by the unique
geodesics 𝑐𝑥,𝑣 emanating from 𝑥 with initial velocity 𝑣, i.e.

exp𝑥(𝑣) = 𝑐𝑥,𝑣(1) , 𝑐𝑥,𝑣(0) = 𝑥 , ̇𝑐𝑥,𝑣(0) = 𝑣 , ∇
d𝜏

̇𝑐(𝜏) ≡ 0 , (5.27)

and ℰ𝑝 is the set of tangent vectors for that exp𝑝 is well-defined. Next for 𝜀 > 0, we define the
map

𝜁 ∶ (−𝜀, 𝜀) → 𝑇𝑋𝑖
ℳ , 𝜁(𝛿𝜏) ∶= 𝑃 𝑐

𝜏𝑖+𝛿𝜏→𝜏𝑖
exp−1

𝑐(𝜏𝑖+𝛿𝜏) (exp𝑋𝑖
(𝑧𝜇

𝑖 𝐸𝜇(𝜏𝑖))) , (5.28)

which exactly coincides with the second argument of the metric in Equation (5.23) for 𝛿𝜏 = 𝛥𝜏.
For this map to be well-defined, 𝜀 needs to be sufficiently small such that exp𝑋𝑖

(𝑧𝜇
𝑖 𝐸𝜇(𝜏𝑖)) is

in the domain of exp−1
𝑐(𝜏𝑖+𝛿𝜏) for all 𝛿𝜏 with |𝛿𝜏 | < 𝜀. At the same time, also 𝛥𝜏 needs to be in

(−𝜀, 𝜀) which we can easily achieve by choosing 𝑛 sufficiently large.

As we prove in full detail in Appendix D.1, Taylor expanding 𝜁 around 𝛿𝜏 = 0 up to first order
and evaluating it at 𝛿𝜏 = 𝛥𝜏 yields:

𝜁(𝛥𝜏) = 𝑧𝜈
𝑖 𝐸𝜈(𝜏𝑖) − ̇𝑐(𝜏𝑖)𝛥𝜏 + 𝒪(𝛥𝜏2, 𝑅max[𝜎max

𝑧𝑖,𝑖 ]2) . (5.29)
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Substituting this result back into Equation (5.20) leads to the desired relation:

𝜙S→𝑖+1( ⃗𝑝, 𝑠) ≈ 𝑒−𝑖𝑝𝜇 ̇𝑐𝜇𝛥𝜏 ∫
𝑈𝜈∩𝛴𝑖

d3𝜎𝜌(𝑧𝑖)
𝑒𝑖𝑝𝜇𝑧𝜇

𝑖 𝑢̄𝑠( ⃗𝑝)
√(2𝜋)32𝑝0

𝛾𝜌(𝑧𝑖)𝜓S(𝑧𝑖) (5.30)

≈ 𝑒−𝑖𝑝𝜇 ̇𝑐𝜇(𝜏𝑖)𝛥𝜏⟨𝜉𝑋S→𝑋𝑖
𝑝⃗,𝑠 , 𝜓S⟩ (5.31)

= 𝑒−𝑖𝑝𝜇 ̇𝑐𝜇(𝜏𝑖)𝛥𝜏𝜙S→𝑖( ⃗𝑝, 𝑠) . (5.32)

Rewriting Equation (5.32) in coordinate-independent form and applying it recursively yields

𝜙prop( ⃗𝑝, 𝑠) = 𝜙S( ⃗𝑝, 𝑠) exp (−𝑖
𝑛

∑
𝑘=0

𝑔𝑐(𝜏𝑘)(𝑃 𝑐
𝜏S→𝜏𝑘

𝑝, ̇𝑐(𝜏𝑘))𝛥𝜏 + 𝒪(𝛥𝜏2))

+ 𝒪 (
𝑛

∑
𝑘=1

𝑅max
𝑘 𝜎2

𝑥,𝑘) ,
(5.33)

where we have used that 𝑃 𝑐
𝜏D→𝜏𝑘

𝐸𝜇(𝜏D) = 𝑃 𝑐
𝜏S→𝜏𝑘

𝐸𝜇(𝜏S) holds as can be inferred from Equa-
tion (5.22).

Finally, in the limit 𝑛 → ∞ we obtain

𝜙prop( ⃗𝑝, 𝑠) ≈ exp ⎛⎜
⎝

−𝑖

𝜏D

∫
𝜏S

𝑔𝑐(𝜏)(𝑝(𝜏), ̇𝑐(𝜏)) d𝜏⎞⎟
⎠

𝜙S( ⃗𝑝, 𝑠) , (5.34)

within the adopted approximation scheme and with the definition

𝑝(𝜏) ∶= 𝑃 𝑐
𝜏D→𝜏 [𝑝𝜇 ∂

∂𝑧𝜇
D

] ≡ 𝑝𝜇𝐸𝜇(𝜏) ≡ 𝑃 𝑐
𝜏S→𝜏 [𝑝𝜇 ∂

∂𝑧𝜇
S

] . (5.35)

5.2.2 Matching the Different Frames in the Detector

The last step in our derivation is to perform the matching of the parallel transported local
inertial frame 𝑧D and the original local inertial frame in the detector ̃𝑧D, i.e. to compute

𝜙match( ⃗𝑝, 𝑠) = ∫
𝛴D

d3𝜎𝜇( ̃𝑧D) ̄𝜉𝑋S→𝑋D
𝑝⃗𝑠 ( ̃𝑧D)𝛾𝜇( ̃𝑧D)𝜓D( ̃𝑧D) (5.36)

≈ ∫
𝑈D

𝜈 ∩𝛴D

d3𝜎𝜌( ̃𝑧D)
𝛬1/2( ̃𝑧D)𝑢𝑠(𝑝)

√(2𝜋)32𝑝0
𝑒𝑖𝑝𝜇𝑧𝜇

D( ̃𝑧D)𝛾𝜌( ̃𝑧D)𝜓D( ̃𝑧D) , (5.37)

where 𝑈D
𝜈 is a region containing the world tubes of all detected neutrino mass eigenstate

WPs. We evaluate the integral on the detection hypersurface 𝛴D in terms of the local inertial
frame ̃𝑧D associated with the local rest frame of the detection observer 𝑂D. So far, the frame
fields 𝑒𝛼 are used implicitly to define a basis on the spin bundle of ℳ enabling the coordinate
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representation of all spinor valued functions. These frame fields 𝑒𝛼 are in general different
from the frame fields ̃𝑒𝛼, that the detection observer naturally defines to match the coordinate
axes of their local inertial frame ̃𝑧D at 𝑋D. Both frame fields are related by a local Lorentz
transformation 𝛬𝜇

𝜈( ̃𝑧D) via

̃𝑒𝛼( ̃𝑧D) = 𝛬𝛼
𝛽( ̃𝑧D)𝑒𝛽(𝑧D( ̃𝑧D)) , (5.38)

and therefore, also the different spinor representations are connected by the corresponding
spin-1/2 representation 𝛬1/2 of 𝛬𝜇

𝜈. Moreover, since the frame fields 𝑒𝛼 fulfil the requirement
to coincide with the tangent basis ∂/∂𝑧𝛼

D at 𝑋D and the frame fields ̃𝑒𝛼 coincide with the
tangent basis ∂/∂ ̃𝑧𝛼

D at the same point, we know that

∂
∂ ̃𝑧𝛼

D
(𝑋D) = 𝛬𝛼

𝛽( ̃𝑧D = 0) ∂
∂𝑧𝛽

D
(𝑋D) , (5.39)

holds. Note that we always apply the Lorentz transformation 𝛬(0) to vectors that have been
parallel transported from the production point 𝑋S to the detection point 𝑋D. As argued
above, the coordinate representations of these vectors in terms of ∂/∂𝑧𝛼

S and ∂/∂𝑧𝛼
D are the

same. Therefore, from Equation (5.39) we can derive that the Lorentz transformation of such
vectors can be expressed as

𝛬𝛼
𝛽(0) = ∂ ̃𝑧𝛼

D
∂𝑥𝜎 ∣

𝑋D

[𝑃 𝑐
𝜏S→𝜏D

]𝜎𝜌
∂𝑥𝜌

∂𝑧𝛽
S

∣
𝑋S

, (5.40)

where 𝑥𝜇 represents an arbitrary coordinate system and [𝑃 𝑐
𝜏S→𝜏D

]𝜎𝜌 is the representation
matrix of the parallel transport in these coordinates. Next, neglecting all curvature terms by
exploiting the strong localisation of the neutrino detection WP, we can write

𝜙match( ⃗𝑝, 𝑠) ≈ ∑
𝑠′

𝐷1/2∗
𝑠′𝑠 (𝛬(0), 𝑝)√(𝛬(0)𝑝)0

𝑝0

× ∫
𝛴D

d3𝜎𝜌( ̃𝑧D) 𝑢̄𝑠′(𝛬(0)𝑝)𝛾𝜌( ̃𝑧D)𝜓D( ̃𝑧D)
√(2𝜋)32(𝛬(0)𝑝)0

𝑒𝑖𝛬𝜇
𝜎(0)𝑝𝜎𝜂𝜇𝜈 ̃𝑧𝜈

D

(5.41)

= ∑
𝑠′

𝐷1/2∗
𝑠′𝑠 (𝛬(0), 𝑝)√(𝛬(0)𝑝)0

𝑝0 ⟨𝜉D
[𝛬𝑝]𝑠′ , 𝜓D⟩ (5.42)

= ∑
𝑠′

𝐷1/2∗
𝑠′𝑠 (𝛬(0), 𝑝)√(𝛬(0)𝑝)0

𝑝0 𝜙D( ̃⃗𝑝, 𝑠) , (5.43)

where we have defined ̃𝑝𝑘 = 𝛬𝑘
𝜈(0)𝑝𝜈. Moreover, we have expressed the Lorentz transformed

spinor 𝛬1/2𝑢𝑠(𝑝) in terms of the basis spinors with transformed momentum and the spin-1/2
Wigner rotation coefficients5 𝐷1/2

𝑠′𝑠 associated with the Lorentz transformation 𝛬(0) and the
neutrino momentum 𝑝. Here, 𝑠 and 𝑠′ assume values between −1/2 to 1/2 as usual and from
now on we only write 𝛬 ≡ 𝛬(0) for clarity.

5Here, we use the same convention for the Wigner 𝐷-matrix as in Reference [1].
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5.2.3 The Master Formula for the Flavour Transition Amplitude

Restoring all mass eigenstate indices, the neutrino oscillation amplitude becomes

𝒜𝑎𝑏(𝑋S, 𝑋D) = ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝑠=±1/2
∫ d3 ⃗𝑝 ̃𝜙D∗

𝑗 ( ⃗𝑝, 𝑠)𝜙S
𝑗 ( ⃗𝑝, 𝑠)𝑒−𝑖𝛷𝑗(𝑝𝑗,𝑋S,𝑋D) ,

̃𝜙D
𝑗 ( ⃗𝑝, 𝑠) ∶= √

(𝛬𝑝𝑗)0

𝑝0
𝑗

∑
𝑠′=±1/2

𝐷1/2∗
𝑠′𝑠 (𝛬, 𝑝𝑗)𝜙D

𝑗 ( ̃⃗𝑝𝑗, 𝑠′) ,

𝛷𝑗(𝑝𝑗, 𝑋S, 𝑋D) ∶=
𝛥𝜏

∫
0

𝑔𝑐(𝜏)(𝑝𝑗(𝜏), ̇𝑐(𝜏)) d𝜏 ,

(5.44)

(5.45)

(5.46)

which is the main result of this section. Here, we have redefined 𝛥𝜏 to denote the proper
time elapsed for the curve 𝑐. Furthermore, we have used that we can set the initial proper
time 𝜏S of the trajectory 𝑐 to zero. The Lorentz transformation 𝛬 implicitly encodes the
information of the parallel transport of the neutrino momentum 𝑝𝑗 from the source to the
detector as well as the relative motion of the source and the detection device. By virtue of
the unitary Wigner 𝐷-matrix, also the spin composition of the detected neutrino states are
affected by the transport transformation 𝛬. Thereby, the Wigner 𝐷-matrix encodes a lowest
order, net gravitational effect on the neutrino spin. Moreover, the modified oscillation phase
𝛷𝑗 incorporates the integral of the scalar product between the neutrino momentum 𝑝𝑗 and the
mean four-velocity ̇𝑐 along the geodesic 𝑐.

This phase is a generalisation of the so-called Stodolsky phase [191] employed in the plane
wave approaches to neutrino oscillations (cf. e.g. References [192, 193, 200])

𝛷Stodolsky
𝑗 (𝑋S, 𝑋D) ∶= 𝑚𝑗

𝛥𝜏

∫
0

𝑔𝑐𝑗(𝜏)( ̇𝑐𝑗(𝜏), ̇𝑐(𝜏)) d𝜏 ≈ 𝛷𝑗(𝑚𝑗 ̇𝑐𝑗(0), 𝑋S, 𝑋D) , (5.47)

where we have used that the geodesic parallel transports its own tangent vector along itself
and that 𝑐 ≈ 𝑐𝑗. Since for strongly peaked momentum space WPs the mean momentum
of a WP is proportional to the velocity of its mean geodesic 𝑐𝑗, Equation (5.44) evidently
reproduces the plane wave limit. This result supports the usual ad-hoc replacements of the
neutrino oscillation phases by the Stodolsky phase. However, special care must be taken when
considering neutrino WPs of non-negligible width. In these scenarios, it is more appropriate
to use Equation (5.44).

Because usually the neutrino oscillation formula is expressed in terms of the quantities relevant
to the neutrino detector, we can also shift the Lorentz transformation 𝛬 to the source WP.
Performing all steps of the derivation shown in Sections 5.2.1 and 5.2.2 by interchanging the
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roles of the source and the detector yields

𝒜𝑎𝑏(𝑋S, 𝑋D) = ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝑠=±1/2
∫ d3 ⃗𝑞 𝜙D∗

𝑗 ( ⃗𝑞, 𝑠) ̂𝜙S
𝑗 ( ⃗𝑞, 𝑠)𝑒−𝑖𝛷′

𝑗(𝑞𝑗,𝑋S,𝑋D) , (5.48)

̂𝜙S
𝑗 ( ⃗𝑞, 𝑠) ∶= √

(𝛬−1𝑞𝑗)0

𝑞0
𝑗

∑
𝑠′=±1/2

𝐷1/2∗
𝑠𝑠′ (𝛬−1, 𝑞𝑗)𝜙D

𝑗 ( ̂⃗𝑞𝑗, 𝑠′) , (5.49)

𝛷′
𝑗(𝑞𝑗, 𝑋S, 𝑋D) ∶=

𝛥𝜏

∫
0

𝑔𝑐(𝜏)(𝑞𝑗(𝜏), ̇𝑐(𝜏)) d𝜏 , (5.50)

with the back-transported neutrino momentum 𝑞𝑗(𝜏) ∶= 𝑃 𝑐
𝛥𝜏→𝜏𝑞𝑗 and the definition ̂⃗𝑞𝑗 ∶=

[𝛬−1]𝑘𝜈𝑞𝜈
𝑗 ⃗𝑒𝑘. The same result can, of course, also be obtained from equation (5.44) by perform-

ing the integral transform 𝑞𝑘
𝑗 (𝑝𝑗) = [𝛬]𝑘𝜈𝑝𝜈

𝑗 . Thus, Equation (5.48) and Equation (5.44) are
fully equivalent, but Equation (5.48) is more convenient for applications involving astrophysical
neutrinos.

Assuming that the neutrino production and detection processes are strongly localised, such
that they are well described by Lorentz covariant QFT in flat spacetime, implies that the
produced and detected neutrino WPs are also Lorentz covariant quantities. In our adopted
normalisation convention, this means that the full neutrino WPs 𝜙S/D

𝑗 can be written in terms
of Lorentz scalars 𝜑S/D

𝑗 as

𝜙S/D
𝑗 ( ⃗𝑝, 𝑠) =

𝜑S/D
𝑗 (𝑝𝑗, 𝑠)

√(2𝜋)32𝑝0
𝑗

. (5.51)

The functions 𝜑S/D
𝑗 , therefore, transform as

𝜑̃S/D
𝑗 (𝛬−1𝑝𝑗, 𝑠) = 𝜑S/D

𝑗 (𝑝𝑗, 𝑠) ⇔ 𝜑̃S/D
𝑗 (𝑝𝑗, 𝑠) = 𝜑S/D

𝑗 (𝛬𝑝𝑗, 𝑠) , (5.52)

under a general Lorentz transformation 𝛬. Consequently, the transformation properties of
the full WPs 𝜙𝑗 become much simpler. For example, the transformed detection WP in
Equation (5.44) becomes

̃𝜙D
𝑗 ( ⃗𝑝, 𝑠) = ∑

𝑠′=±1/2
𝐷1/2∗

𝑠′𝑠 (𝛬, 𝑝)
𝜑̃D

𝑗 (𝑝𝑗, 𝑠′)

√(2𝜋)32𝑝0
𝑗

. (5.53)

If the function 𝜑𝑗(𝑝, 𝑠) ≡ 𝜑𝑗(𝑝, 𝑠; 𝑃𝑗, 𝛴𝑗) then is, for example, fully characterised by its mean
momentum 𝑃𝑗 and width-tensor

𝛴𝜇𝜈
𝑗 ∶= ∑

𝑠=±1/2
∫ d3 ⃗𝑝

(2𝜋)32𝑝0
𝑗

|𝜑𝑗(𝑝, 𝑠)|2𝑝𝜇𝑝𝜈 − 𝑃 𝜇
𝑗 𝑃 𝜈

𝑗 , (5.54)
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we only need to replace these quantities by the properly Lorentz transformed ones. For the
transformed detection WP from Equation (5.44) this yields

𝜑D
𝑗 (𝛬𝑝𝑗, 𝑠′; 𝑃D𝑗, 𝛴D𝑗) = 𝜑D

𝑗 (𝑝𝑗, 𝑠′; 𝛬−1𝑃D𝑗, 𝛬−1𝑇𝛴D𝑗𝛬−1) . (5.55)

This tremendously simplifies the task of computing the momentum space integrals present in
Equation (5.44). Using this Lorentz covariant parametrisation, we can write the amplitude in
Equation (5.44) as

𝒜𝑎𝑏 = ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝑠𝑠′=±1/2
∫ d3 ⃗𝑝

(2𝜋)32𝑝0
𝑗

𝐷1/2
𝑠′𝑠 (𝛬, 𝑝𝑗)

× 𝜑D∗
𝑗 (𝑝𝑗, 𝑠′; ̂𝑃D𝑗, 𝛴̂D𝑗)𝜑S

𝑗 (𝑝𝑗, 𝑠; 𝑃S𝑗, 𝛴S𝑗)𝑒−𝑖𝛷𝑗(𝑝𝑗,𝑋S,𝑋D)

(5.56)

= ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝑠𝑠′=±1/2
∫ d3 ⃗𝑝

(2𝜋)32𝑝0
𝑗

𝐷1/2∗
𝑠′𝑠 (𝛬−1, 𝑝𝑗)

× 𝜑D∗
𝑗 (𝑝𝑗, 𝑠; 𝑃D𝑗, 𝛴D𝑗)𝜑S

𝑗 (𝑝𝑗, 𝑠′; ̃𝑃S𝑗, 𝛴̃S𝑗)𝑒−𝑖𝛷′
𝑗(𝑝𝑗,𝑋S,𝑋D) .

(5.57)

Here, ̂𝑃D𝑗 ∶= 𝛬−1𝑃D𝑗, ̃𝑃S𝑗 ∶= 𝛬𝑃S𝑗 and analogously for 𝛴̂D𝑗 and 𝛴̃S𝑗.

For two inertial observers 𝑂S and 𝑂D at rest in the same inertial frame in flat spacetime,
Equation (5.44) reduces to the well known result

𝒜𝑎𝑏(𝑋S, 𝑋D) = ∑
𝑗

𝑈 ∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝑠=±1/2
∫ d3 ⃗𝑝 𝜙D∗

𝑗 ( ⃗𝑝, 𝑠)𝜙S
𝑗 ( ⃗𝑝, 𝑠)𝑒−𝑖(𝑋D𝜇−𝑋S𝜇)𝑝𝜇 , (5.58)

where we use that the Lorentz transformations become trivial in this scenario, i.e. [𝛬]𝜇𝜈 = 𝛿𝜇
𝜈.

Lastly, we comment on the spin transformation coefficients 𝐷1/2
𝑠′𝑠 that appear within the

neutrino oscillation amplitude as soon as the Lorentz transformation 𝛬 becomes non-trivial.
Usually, spin is not measured in neutrino oscillation experiments. Thus, we should sum
(average) over all possible final (initial) state spin compositions after taking the square of the
oscillation amplitude. In addition to that, also the quantisation axes are usually defined such
that the neutrino WPs are of well-defined spin ̄𝑠, i.e.

𝜙𝑗( ⃗𝑝, 𝑠) ∝ 𝛿𝑠 ̄𝑠 . (5.59)

Summing over the final state spin then amounts to a summation over ̄𝑠 for the detected WP.
Also averaging over the initial state spin ̄𝑠′, the flavour transition amplitude becomes

|𝒜𝑎𝑏|2 = ∑
𝑗𝑘

𝑈∗
𝑎𝑗𝑈𝑎𝑘𝑈𝑏𝑗𝑈∗

𝑏𝑘 ∬ d6( ⃗𝑝, ⃗𝑞) 𝑎𝑗( ⃗𝑝)𝑎∗
𝑘( ⃗𝑞)

× 1
2

∑
̄𝑠 ̄𝑠′=±1/2

𝐷1/2
̄𝑠′ ̄𝑠 (𝛬, 𝑝𝑗)𝐷

1/2∗
̄𝑠′ ̄𝑠 (𝛬, 𝑞𝑘) .

(5.60)
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The momentum integrand 𝑎𝑗( ⃗𝑝) contains all other momentum-dependent quantities such as
the neutrino WPs or the oscillation phase. Evaluating the Wigner 𝐷-matrices at the mean
momenta ̄𝑝𝑗, where the integrands 𝑎𝑗( ⃗𝑝) usually exhibit a narrow peak, yields

|𝒜𝑎𝑏|2 ≈ ∑
𝑗𝑘

𝑈∗
𝑎𝑗𝑈𝑎𝑘𝑈𝑏𝑗𝑈∗

𝑏𝑘
1
2

∑
̄𝑠 ̄𝑠′=±1/2

𝐷1/2
̄𝑠′ ̄𝑠 (𝛬, ̄𝑝𝑗)𝐷

1/2∗
̄𝑠′ ̄𝑠 (𝛬, ̄𝑝𝑘)

× ∬ d6( ⃗𝑝, ⃗𝑞) 𝑎𝑗( ⃗𝑝)𝑎∗
𝑘( ⃗𝑞) .

(5.61)

Due to the spin transformation coefficients, one, hence, obtains small corrections to the
oscillating terms, i.e. the off-diagonal elements 𝑗 ≠ 𝑘 of the sum. This is because of the
mismatch of ̄𝑝𝑗 ≠ ̄𝑝𝑘. However, at lowest order in 𝛥 ̄𝑝𝑗𝑘 ∶= ̄𝑝𝑗 − ̄𝑝𝑘, we get

∑
̄𝑠′=±1/2

𝐷1/2
̄𝑠′ ̄𝑠 (𝛬, ̄𝑝𝑗)𝐷

1/2∗
̄𝑠′ ̄𝑠 (𝛬, ̄𝑝𝑘) = 1 + 𝒪(𝛥 ̄𝑝𝑗𝑘) , (5.62)

and one can usually neglect the higher order terms since they are not amplified by large factors
like the propagation distance in contrast to the oscillation phase differences. Therefore, in
most relevant scenarios the spin flip effects are irrelevant for oscillation experiments.

5.3 Applications: Neutrino Oscillations in Linearised Gravity

In order to see the consequences of weak gravitational fields on neutrino flavour transitions, we
apply Equation (5.44) to the simple scenario of linear gravity where the metric can be written
as

𝑔𝜇𝜈 = 𝜂𝜇𝜈 + 𝜀ℎ𝜇𝜈 + 𝒪(𝜀2) , (5.63)

with 0 < 𝜀 ≪ 1 in suitable coordinate systems 𝑥𝜇. In particular, we consider two of the most
prominent scenarios: Static, i.e. Newtonian, gravitational fields and GWs in vacuum. We
consider the case of Gaussian neutrino WPs, as discussed in Section 2.3.2, and apply them to
our master formula (5.48). To be precise, we use Gaussian shape functions to parametrise the
neutrino WPs within the detection frame of reference. Hence, the respective peak momenta
of the 𝑗-th neutrino mass eigenstate WP are ̃⃗𝑃S𝑗 for the produced neutrino and ⃗𝑃D𝑗 for the
detected neutrino. Since the most part of the calculation can be done in a general manner for
gravitational fields of the form (5.63), we proceed to do so and only restrict our considerations
to the aforementioned special cases later on.

For Gaussian neutrino WPs, Equation (5.48) becomes

𝒜𝑎𝑏(𝑋𝜇
S , 𝑋𝜇

D) = ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗√

2𝜋
𝜎S𝑗𝜎D𝑗

× ∫ d3 ⃗𝑝 exp ⎛⎜
⎝

−
( ⃗𝑝 − ̃⃗𝑃S𝑗)2

4𝜎2
S𝑗

−
( ⃗𝑝 − ⃗𝑃D𝑗)2

4𝜎2
D𝑗

− 𝑖𝛷′
𝑗(𝑝𝑗, 𝑋S, 𝑋D)⎞⎟

⎠
,

(5.64)
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with the WP widths 𝜎S𝑗 and 𝜎D𝑗. Similarly to the mean momentum, also the width tensor 𝛴S𝑗
of the produced neutrino WP has to be translated to the detection frame. However, since the
Lorentz transformation 𝛬 corresponds to non-relativistic boost velocities 𝑣 ≪ 1, as shown below,
we neglect the distortion of the produced neutrino WP, i.e. 𝛴̃S𝑗 ≈ 𝛴S𝑗 = 𝟙𝜎S𝑗. Moreover, we
assume the neutrino source and detector to be approximately at rest in the same frame of
reference. We parametrise their world lines, 𝑋𝜇

S (𝑇S) ≈ (𝑇S, 𝑋⃗S) and 𝑋𝜇
D(𝑇D) ≈ (𝑇D, 𝑋⃗D), in

terms of the coordinate time in this reference frame. Furthermore, we denote the livetime
intervals of the neutrino source and detector by [𝑇S1, 𝑇S2] and [𝑇D1, 𝑇D2], respectively.

Using that the scalar product of two parallel transported vectors is a constant of motion, we
can write the oscillation phase 𝛷′

𝑗 as

𝛷′
𝑗(𝑝𝑗, 𝑋S, 𝑋D) = 𝜂𝜇𝜈𝐿𝜇𝑝𝜈

𝑗 , (5.65)

with the effective spacetime distance four-vector

𝐿𝜇 ∶= ̇̃𝑐𝜇(𝛥𝜏)𝛥𝜏 . (5.66)

In the spirit of Equation (5.48), we evaluate the phase 𝛷′
𝑗 in the local inertial frame at the

detector. Equation (5.65) is not only valid in the context of linear gravity, but applies to any
scenario where curvature effects are negligible on the scale of the neutrino WPs at any given
time. Moreover, it proves that the oscillation phase depends on the modified distance vector
𝐿𝜇 the same way it would depend on the simple coordinate distance 𝛥𝑋𝜇 ∶= 𝑋𝜇

D − 𝑋𝜇
S in flat

spacetime.

Using these relations, we are able to write the neutrino oscillation amplitude in an analogous
way to the flat spacetime computation, discussed in Section 2.3.2, and we can solve the
momentum space integral in the same way as shown there. We just need to replace the mean
momentum at the neutrino source as well as the propagation four vector 𝐿𝜇 by the appropriate
cursed spacetime quantities, as they do not depend on the integral momentum ⃗𝑝. Using the
usual approximation |𝐿⃗|2 ≫ 𝜎2

⟂𝑗, and hence, 𝐿⃗ ∥ ⃗̄𝑝𝑗, we obtain

𝒜𝑎𝑏(𝑋𝜇
S , 𝑋𝜇

D) = ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗

√𝜎3
S𝑗𝜎3

D𝑗𝜎2
∥𝑗𝜎

4
⟂𝑗

× exp ⎛⎜
⎝

−
( ̃⃗𝑃S𝑗 − ⃗𝑃D𝑗)2

4(𝜎2
S𝑗 + 𝜎2

D𝑗)
−

( ̄𝑣𝑗𝐿0 − |𝐿⃗|)2

2𝜎2
∥𝑗

− 𝑖𝐿𝜇 ̄𝑝𝜇
𝑗
⎞⎟
⎠

,

(5.67)

with

̄𝑝𝜇
𝑗 ∶= ( ̄𝐸𝑗, ⃗̄𝑝𝑗) , ̄𝐸𝑗 ∶= √| ⃗̄𝑝𝑗|

2 + 𝑚2
𝑗 , ⃗̄𝑝𝑗 ∶=

̃⃗𝑃S𝑗𝜎2
D𝑗 + ⃗𝑃D𝑗𝜎2

S𝑗

𝜎2
S𝑗 + 𝜎2

D𝑗
, ⃗̄𝑣𝑗 ∶=

⃗̄𝑝𝑗
̄𝐸𝑗

, (5.68)

and the modified effective position space widths

𝜎2
∥𝑗 ∶= 1

2
( 1

𝜎2
S𝑗

+ 1
𝜎2

D𝑗
) + 𝑖𝐿0

̄𝐸2
𝑗

(1 − | ⃗̄𝑣𝑗|2) , 𝜎2
⟂𝑗 ∶= 1

2
( 1

𝜎2
S𝑗

+ 1
𝜎2

D𝑗
) + 𝑖𝐿0

̄𝐸2
𝑗

. (5.69)
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Note that all quantities depending on the mean momentum ⃗̄𝑝𝑗 of mass eigenstate 𝑗 also depend
on the parallel transport along the geodesic 𝑐. It is, thus, now mandatory to specify the parallel
transport as well as the geodesic to be able to compute the neutrino oscillation probability
according to Equation (5.10). Furthermore, note that until now we have not used the explicit
form of the metric shown in Equation (5.63), and hence, all results obtained so far apply to
all scenarios of sufficiently localised Gaussian neutrino WPs.

Before we proceed, we can already gain some insights of the physical meaning of the neutrino
oscillation amplitude shown in Equation (5.67). From the first exponential suppression term
in Equation (5.67), we see that only those neutrinos emitted from the source contribute to the
process if their parallel transported momentum approximately matches that of the detected
neutrino WP, i.e. ⃗𝑃D𝑗 ∼ ̃⃗𝑃S𝑗. Thus, as expected, neutrino momentum is not necessarily
conserved in general spacetimes and the momentum distributions of neutrinos in the source
could, for example, appear redshifted for a distant observer. Furthermore, from the Gaussian
position space shape factor we can infer that ̄𝑣𝑗𝐿0 ∼ 𝐿 ∶= |𝐿⃗| must hold within the uncertainties
of the neutrino WPs in order for the amplitude to yield a significant contribution. Therefore,
the overall behaviour of the amplitude in weak gravitational fields remains the same as in the
flat spacetime case justifying the usual approach to ignore gravitational effects especially at
short propagation lengths, as we will see below. Nonetheless, the group velocities ̄𝑣𝑗 as well
as the propagation distance 𝐿𝜇 encode the spacetime geometry and may lead to a modified
neutrino oscillation pattern. This could in principle be observable in experiments.

We continue the derivation of the oscillation probability by computing the solution to the
geodesic Equation (2.29) given the boundary conditions

𝑐𝜇(0) = 𝑋𝜇
S , 𝑐𝜇(𝛥𝜏) = 𝑋𝜇

D , (5.70)

and the metric (5.63) in the respective coordinate system 𝑥𝜇. The corresponding Christoffel
symbols are 𝒪(𝜀) quantities and read

𝛤 𝜇
𝜎𝜌(𝑥) = 𝜀

2
𝜂𝜇𝜈 (∂𝜎ℎ𝜈𝜌(𝑥) + ∂𝜌ℎ𝜈𝜎(𝑥) − ∂𝜈ℎ𝜌𝜎(𝑥)) + 𝒪(𝜀2) . (5.71)

In general spacetimes, the boundary value problem for the geodesic equation is not well
posed since there may exist more than one geodesic connecting the source and the detector
coordinates, while maximising the neutrino proper time. In this case, the information about
the neutrino momentum is mandatory in order to determine along which geodesic the neutrinos
have travelled. However, since the spacetime under consideration is close to Minkowskian,
we can safely assume that the boundary value problem is well posed. Solving the geodesic
equation to linear order in 𝜀, given the boundary conditions (5.70), we obtain

𝑐𝜇(𝜏) = 𝑐𝜇
0 (𝜏) + 𝜀𝑐𝜇

1 (𝜏) , (5.72)
𝑐𝜇

0 (𝜏) = 𝑢𝜇𝜏 + 𝑋𝜇
S , (5.73)

𝑐𝜇
1 (𝜏) =

𝜏

∫
0

d𝜏 ′

𝜏′

∫
0

d𝜏 ′′ 𝑎𝜇(𝜏 ′′) − 𝜏
𝛥𝜏

𝛥𝜏

∫
0

d𝜏 ′

𝜏′

∫
0

d𝜏 ′′ 𝑎𝜇(𝜏 ′′) , (5.74)
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with the zeroth order neutrino four-velocity 𝑢𝜇 = 𝛥𝑋𝜇/𝛥𝜏 and the geodesic acceleration

𝜀𝑎𝜇(𝜏) = −𝛤 𝜇
𝜎𝜌(𝑐0(𝜏))𝑢𝜎𝑢𝜌 . (5.75)

From these expressions, we can simply compute the derivative of the geodesic at the detection
point and transform it to the local inertial frame of the detector to get

𝐿𝜇 = (𝛿𝜇
𝜈 + 𝜀

2
𝛿ℓ𝜇

𝜈) 𝛥𝑋𝜈 , (5.76)

𝛿ℓ𝜇
𝜈 = ⟨ℎ𝜇

𝜈 ∘ 𝑐0⟩ − [ℎ𝜇
𝜈(𝑋D) − ⟨ℎ𝜇

𝜈 ∘ 𝑐0⟩]

+ ⎡⎢
⎣

⟨∂𝜇ℎ𝜎𝜈 ∘ 𝑐0⟩ − ⟨𝜏 ↦
𝜏

∫
0

d𝜏 ′

𝛥𝜏
∂𝜇ℎ𝜎𝜈(𝑐0(𝜏 ′))⟩⎤⎥

⎦
𝛥𝑋𝜎 ,

(5.77)

where we have defined the component wise average along the geodesic by

⟨𝑓⟩ ∶= ⟨𝜏 ↦ 𝑓(𝜏)⟩ ∶=
𝛥𝜏

∫
0

d𝜏
𝛥𝜏

𝑓(𝜏) . (5.78)

The proper time interval is defined by 𝐿𝜇𝐿𝜇 = 𝛥𝜏2 and the considerations above show how the
geodesic as well as 𝛥𝜏 are determined by the production and detection events, respectively.

The next step is to compute the parallel transport transformation from Equation (5.40),
translating between the local inertial frames of the source and the detector. To this end, we
need the coordinate transformations

∂𝑥𝜇

∂𝑧𝜈
S

∣
𝑋S

= 𝛿𝜇
𝜈 − 𝜀

2
ℎ𝜇

𝜈(𝑋S) ,
∂ ̃𝑧𝜇

D
∂𝑥𝜈 ∣

𝑋D

= 𝛿𝜇
𝜈 + 𝜀

2
ℎ𝜇

𝜈(𝑋D) , (5.79)

and the parallel transport operator in 𝑥𝜇 coordinates

[𝑃 𝑐
0→𝜏]𝜎 𝜌 = 𝛿𝜎

𝜌 −
𝜏

∫
0

d𝜏 ′ 𝑢𝜆𝛤 𝜎
𝜆𝜌(𝑐0(𝜏 ′)) . (5.80)

Putting everything together yields

𝛬𝜇
𝜈 = 𝛿𝜇

𝜈 − 𝜀
2

[⟨∂𝜈ℎ𝜇
𝜆 ∘ 𝑐0⟩ − ⟨∂𝜇ℎ𝜈𝜆 ∘ 𝑐0⟩] 𝛥𝑋𝜆 =∶ 𝛿𝜇

𝜈 − 𝜀
2

𝜆𝜇
𝜈 , (5.81)

[𝛬−1]𝜇𝜈 = 𝛿𝜇
𝜈 + 𝜀

2
[⟨∂𝜈ℎ𝜇

𝜆 ∘ 𝑐0⟩ − ⟨∂𝜇ℎ𝜈𝜆 ∘ 𝑐0⟩] 𝛥𝑋𝜆 =∶ 𝛿𝜇
𝜈 + 𝜀

2
𝜆𝜇

𝜈 . (5.82)

As already conjectured above, we see that the gravitational corrections to 𝐿𝜇 and 𝛬 are
proportional to the coordinate distance 𝛥𝑋𝜇 justifying the use of the flat spacetime formula
in weak gravitational fields for non-astronomical distances. This includes Earth-bound as well
as atmospheric neutrino oscillation experiments. Furthermore, the Lorentz transformation
deviates from the identity only by terms of order 𝜀 ≪ 1 implying that the effective boost
velocity must be non-relativistic.
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Now that we have successfully derived the explicit expressions needed for the gravitationally
corrected neutrino oscillation formula, we proceed to compute the neutrino oscillation proba-
bility according to Equation (5.10). Here, we take the proper times of the source and detector
trajectories to coincide with the coordinate time of our general reference frame 𝑥𝜇. Moreover,
we use the same-width-approximation for all neutrino mass eigenstates, i.e. 𝜎S ≡ 𝜎S𝑗 and
𝜎D ≡ 𝜎D𝑗, as well as the ultra-relativistic approximation. For the latter, we introduce the
momentum ⃗𝑝 = 𝑝𝐿⃗/𝐿 of a massless neutrino, compatible with the kinematics of the observed
detection process, and we introduce the momentum splittings

𝛥 ⃗𝑃D𝑗 ∶= ⃗𝑃D𝑗 − ⃗𝑝 , 𝛥 ̃⃗𝑃S𝑗 ∶= ̃⃗𝑃S𝑗 − ⃗𝑝 , 𝛥 ⃗𝑝𝑗 ∶= ⃗̄𝑝𝑗 − ⃗𝑝 =
𝜎2

D𝛥 ̃⃗𝑃S𝑗 + 𝜎2
S𝛥 ⃗𝑃D𝑗

𝜎2
S + 𝜎2

D
. (5.83)

Using this parametrisation, we already anticipate that we are going to set ̃⃗𝑃S𝑗 ≃ ⃗𝑃D𝑗 for some
fixed time in the end. In order to apply the ultra-relativistic and weak field approximations
consistently, we take into account terms up to second order in the small quantities

𝛥 ⃗̄𝑝𝑗

𝐸
,
𝑚2

𝑗

𝐸2 ∼ 𝜀UR ≪ 1 , (5.84)

with 𝐸 ∶= | ⃗𝑝|, and also include terms of the order 𝜀UR𝜀 but we still neglect 𝜀2 terms since we
assume 𝜀 ≪ 𝜀UR. The inclusion of 𝜀UR𝜀 terms is necessary if we want to consider gravitational
corrections for the oscillation phase and coherence length. This automatically implies the
need to also keep 𝜀2

UR terms to maintain consistency of the approximation scheme. Another
important reason to keep 𝜀2

UR is that since we are mainly interested in large propagation
distances, we have to take the effect of WP spreading into account that only occurs on the
order of 𝜀2

UR due to the time-dependent imaginary part of 𝜎2
∥𝑗.

Now, we can write the oscillation probability as

𝑃𝑎𝑏(𝑋⃗S, 𝑋⃗D; 𝐸) ≈
∑𝑗𝑘 𝑈∗

𝑎𝑗𝑈𝑎𝑘𝑈𝑏𝑗𝑈∗
𝑏𝑘ℐ𝑗𝑘(𝑋⃗S, 𝑋⃗D; 𝐸)

∑𝑗 |𝑈𝑎𝑗|2ℐ𝑗𝑗(𝑋⃗S, 𝑋⃗D; 𝐸)
, (5.85)

with the integral

ℐ𝑗𝑘(𝑋⃗S, 𝑋⃗D; 𝐸) ∶=

𝑇D2

∫
𝑇D1

d𝑇D

𝑇S2

∫
𝑇S1

d𝑇S exp ⎛⎜
⎝

−
(𝛥 ̃⃗𝑃S𝑗 − 𝛥 ⃗𝑃D𝑗)2 + (𝛥 ̃⃗𝑃S𝑘 − 𝛥 ⃗𝑃D𝑘)2

4(𝜎2
S + 𝜎2

D)
⎞⎟
⎠

× exp (−
( ̄𝑣𝑗𝐿0 − 𝐿)2

2𝜎2
∥𝑗

− ( ̄𝑣𝑘𝐿0 − 𝐿)2

2(𝜎∗
∥𝑘)2 )

× exp (−𝑖(𝐿0𝛥 ̄𝐸𝑗𝑘 − 𝐿𝛥 ̄𝑝𝑗𝑘)) .

(5.86)

Here, we define ̄𝑝𝑗 ∶= | ⃗̄𝑝𝑗| and ̄𝑣𝑗 ∶= | ⃗̄𝑣𝑗|. Moreover, we only keep the 𝒪(1) contribution from the
product of widths in front of the exponential in Equation (5.67). This way we are able to pull
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it out of the integrals and cancel it against the same contribution from the normalisation. All
higher order contributions are negligible compared to the 𝒪(1) term as they are not amplified
by large factors like, for example, the propagation distance 𝐿.

It is now convenient to introduce an integral transformation from (𝑇S, 𝑇D) to (𝛥𝑇 ∶= 𝑇D −
𝑇S, 𝑇D), similar to the treatment presented in Section 2.3.2. This is because at lowest order
the amplitude only depends on 𝛥𝑇 and the time translation symmetry of the spacetime is only
potentially broken by the 𝒪(𝜀) contributions. Hence, the integral over the detection time span
induces an averaging due to time-dependent gravitational fields, at most. If on the contrary
the spacetime is static, the remaining 𝑇D integral trivialises as in the flat spacetime case.
Even in the absence of time translation symmetry, we can solve for the maximum 𝛥𝑇 ⋆

𝑗𝑘 of the
envelope of the integrand of ℐ𝑗𝑘 at 𝒪(𝜀) and expand the exponent to quadratic order around
the maximum 𝛥𝑇 ⋆

𝑗𝑘. This enables us to solve the 𝛥𝑇 integral analytically in the Gaussian
approximation and we obtain an oscillation probability of the form

𝑃𝑎𝑏(𝑋⃗S, 𝑋⃗D; 𝐸) =

𝑇D2

∫
𝑇D1

d𝑇D
𝑇D2 − 𝑇D1

̃𝑃𝑎𝑏(𝑋⃗S, 𝑋⃗D, 𝑇D; 𝐸) , (5.87)

where ̃𝑃𝑎𝑏 represents the flat spacetime oscillation probability at lowest order in 𝜀.

At the maximum 𝛥𝑇 ⋆
𝑗𝑘 and for ̃⃗𝑃S𝑗(𝛥𝑇𝑗𝑘) ≡ ⃗𝑃D𝑗, we obtain

𝐿0(𝛥𝑇 ⋆
𝑗𝑘) =

𝐿(𝛥𝑇 ⋆
𝑗𝑘)

̄𝑣𝑗𝑘
, (5.88)

1
̄𝑣𝑗𝑘

∶= 1 +
𝑚2

𝑗 + 𝑚2
𝑘

4𝐸2 + 𝜀
𝛿𝑣𝑗 + 𝛿𝑣𝑘

2

−
𝛥𝑝𝑗𝑚2

𝑗 + 𝛥𝑝𝑘𝑚2
𝑘

2𝐸3 −
(𝛥𝑚2

𝑗𝑘)2

8𝐸4 −
𝑚4

𝑗 + 𝑚4
𝑘

16𝐸4 ,

(5.89)

𝐿(𝛥𝑇 ⋆
𝑗𝑘) = (𝛥𝑋 + 𝜀

2
[𝛥𝑋⃗

𝛥𝑋
⋅ ⃗𝑒𝑘] 𝛿ℓ𝑘

𝜇(𝛥𝑇 ⋆
𝑗𝑘, 𝛥𝑋⃗)𝛥𝑋𝜇) , (5.90)

with 𝛥𝑋 ∶= |𝛥𝑋⃗|, cf. Appendix D.2. This closely resembles the corresponding flat spacetime
expression apart from the geometrical velocity deviations

𝜀𝛿𝑣𝑗 ∶= −𝜀
2

𝜎2
D

𝜎2
S + 𝜎2

D

𝑚2
𝑗

𝐸2
( ⃗ℓ ⋅ ⃗𝑒𝑘)𝜆𝑘

𝛽𝑝𝛽

𝐸
, ⃗ℓ ∶= 𝐿⃗

𝐿
, (5.91)

caused by the deviations of the neutrino geodesics 𝑐𝑗 from the average geodesic 𝑐.
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Finally, expanding the full function in the exponent in Equation (5.86)

𝛯𝑗𝑘 ∶= −
(𝛥 ̃⃗𝑃S𝑗 − 𝛥 ⃗𝑃D𝑗)2 + (𝛥 ̃⃗𝑃S𝑘 − 𝛥 ⃗𝑃D𝑘)2

4(𝜎2
S + 𝜎2

D)
−

( ̄𝑣𝑗𝐿0 − 𝐿)2

2𝜎2
∥𝑗

− ( ̄𝑣𝑘𝐿0 − 𝐿)2

2(𝜎∗
∥𝑘)2 − 𝑖(𝐿0𝛥 ̄𝐸𝑗𝑘 − 𝐿𝛥 ̄𝑝𝑗𝑘) ,

(5.92)

to second order around the maximal overlap time 𝛥𝑇 ⋆
𝑗𝑘, and using that only a small neigh-

bourhood around 𝛥𝑇 ⋆
𝑗𝑘 really contributes to the value of ℐ𝑗𝑘, enables us to rewrite

ℐ𝑗𝑘(𝑋⃗S, 𝑋⃗D; 𝐸) ≈

𝑇D2

∫
𝑇D1

d𝑇D √
2𝜋

−𝛯′′
𝑗𝑘(𝛥𝑇 ⋆

𝑗𝑘)
exp (𝛯𝑗𝑘(𝛥𝑇 ⋆

𝑗𝑘))

× exp (
Im(𝛯′

𝑗𝑘)2(𝛥𝑇 ⋆
𝑗𝑘)

2𝛯′′
𝑗𝑘(𝛥𝑇 ⋆

𝑗𝑘)
) .

(5.93)

The exponent function evaluated at the mean propagation time 𝛥𝑇 ⋆
𝑗𝑘 includes the modified

oscillation phase as well as damping terms associated with the separation of neutrino WPs.
Within the adopted scheme of approximation, we arrive at

Im(𝛯𝑗𝑘) ≈ −
𝛥𝑚2

𝑗𝑘

2𝐸
(1 −

𝛥𝑝𝑗 + 𝛥𝑝𝑘

2𝐸
) 𝐿 , (5.94)

Re(𝛯𝑗𝑘) = − ( 𝐿
𝐿coh

𝑗𝑘
)

2

, (5.95)

where we have dropped an additional sub-leading phase correction in the imaginary part
further discussed in Appendix D.2. Thus, we obtain the usual oscillation phase including 𝜀2

UR
corrections as well as the coherence length

𝐿coh
𝑗𝑘 ∶= 2𝜎𝑋

⎡⎢
⎣

(
𝛥𝑣+

𝑗𝑘

1 + 𝜒2
𝑗 (𝐿0)2 )

2

+ (
𝛥𝑣−

𝑗𝑘

1 + 𝜒2
𝑘(𝐿0)2 )

2
⎤⎥
⎦

− 1
2

, (5.96)

𝛥𝑣±
𝑗𝑘 ∶= ∓

𝛥𝑚2
𝑗𝑘

4𝐸2 + 𝜀 (
𝛿𝑣𝑗 + 𝛿𝑣𝑘

2
) ±

𝛥𝑝𝑗𝑚2
𝑗 − 𝛥𝑝𝑘𝑚2

𝑘

2𝐸3 ±
𝛥𝑚4

𝑗𝑘

8𝐸4 ∓ (
𝛥𝑚2

𝑗𝑘

4𝐸2 )
2

. (5.97)

At lowest non-vanishing order in 𝜀UR and by setting 𝜀 = 0, the coherence length reduces to
the usual expression 𝐿coh

𝑗𝑘 = 4
√

2𝜎𝑋𝐸2/𝛥𝑚2
𝑗𝑘. To the next higher orders in 𝜀UR and 𝜀 the

coherence length receives geometrical corrections due to the deviations of mass eigenstate
geodesics 𝑐𝑗 from the mean geodesic 𝑐 as well as from the effect of WP spreading. The former
is encoded within the geometrical velocity corrections 𝛿𝑣𝑗, while the latter is parametrised by
the WP spreading factors 𝜒𝑗 ∶= (1− ̄𝑣2

𝑗 )/(2 ̄𝐸𝑗𝜎2
𝑋). As in Section 2.3.2, we also have introduced

the effective position space width

𝜎2
𝑋 ∶= 1

4
( 1

𝜎2
S

+ 1
𝜎2

D
) . (5.98)
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For a more detailed derivation of these expressions see Appendix D.2.

Finally, for the last exponential in Equation (5.93), we get

Im(𝛯′
𝑗𝑘)2(𝛥𝑇 ⋆

𝑗𝑘)
2𝛯′′

𝑗𝑘(𝛥𝑇 ⋆
𝑗𝑘)

≈ −1
2

(
𝛥𝐸𝑗𝑘

𝜎𝐸
)

2

, (5.99)

where 𝜎2
𝐸 ≈ 1/𝜎2

𝑋. This so-called production and detection coherence term induces oscillation
suppression as soon as the mass or momentum splittings can be resolved at the source
or detector. Since this term is already of order 𝒪(𝜀2

UR) in flat spacetime, any higher order
correction would need to be of 𝒪(𝜀2

UR𝜀), and hence, the flat spacetime expression is recovered.

Finally, assuming that the mass eigenstate energy differences cannot be resolved at the
experiment under consideration, we arrive at the final expression

̃𝑃𝑎𝑏(𝑋⃗S, 𝑋⃗D, 𝑇D; 𝐸) = ∑
𝑗,𝑘

𝑈∗
𝑎𝑗𝑈𝑎𝑘𝑈𝑏𝑗𝑈 ∗

𝑏𝑘 exp ⎛⎜
⎝

− ( 𝐿(𝑇D)
𝐿coh

𝑗𝑘 (𝑇D)
)

2

⎞⎟
⎠

× exp (−𝑖
𝛥𝑚2

𝑗𝑘

2𝐸
(1 −

𝛥𝑝𝑗 + 𝛥𝑝𝑘

2𝐸
) 𝐿(𝑇D)) .

(5.100)

This proves that at 𝒪(𝜀UR𝜀, 𝜀2
UR) the neutrino oscillation pattern still depends on the physical

distance 𝐿 in the same way as in flat spacetime. Nevertheless, for time-dependent gravitational
fields, this distance may change during the detector livetime, inducing a time average of ̃𝑃𝑎𝑏
due to the integral in Equation (5.87). Furthermore, the coherence length is modified by the
spacetime geometry and the produced neutrino energy distribution is affected by the parallel
transport transformation, potentially resulting in a redshift of the distribution. These findings
confirm the validity of heuristic approaches to neutrino oscillations in weak gravitational fields,
as have been undertaken e.g. in References [189, 207]. In these approaches, the flat spacetime
expression for the oscillation probability is modified by replacing 𝛥𝑋 by the physical distance
𝐿, computed for the respective spacetime, and by taking into account potential redshift effects
on the energy of the neutrino system.

Neutrino Oscillations in Static, Newtonian Gravitational Fields Applying Equa-
tion (5.100) to the scenario of static spacetimes, we immediately notice that the detection time
integral can be solved trivially. Performing this integration results in the standard oscillation
behaviour in terms of the physical distance 𝐿. Therefore, for a fixed propagation distance 𝐿 no
difference to the flat spacetime oscillation pattern can be observed, as long as 𝐿 ≪ 𝐿coh

𝑗𝑘 for all
energies under consideration. At 𝐿 ∼ 𝐿coh

𝑗𝑘 , the impact of WP separation becomes relevant, and
thus, also the influence of the spacetime geometry on 𝐿coh

𝑗𝑘 becomes experimentally accessible.
In addition to that, another noticeable effect in the current scenario is the parallel transport
of neutrino energy distributions from the source to the detector. Given a fixed initial neutrino
energy 𝐸, this leads to a distortion of the length-dependent oscillation pattern. However,
especially for neutrinos produced and detected in the vicinity of Earth, all these effect are too
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small to be observable. Consequently, in terrestrial neutrino experiments corrections of the
standard neutrino oscillation formula due to Earth’s gravitational field can be neglected, as
one would expect.

Neutrino Oscillations in the Presence of Gravitational Waves The situation, however,
is different in time-dependent gravitational fields, such as in the presence of GWs. Here, the
physical distance between source and detector changes with the frequency of the GW passing
through the setup. Consequently, the reference distance 𝐿0 ∶= 𝐿(𝑇D0) does not remain the
same over the detection period 𝑇D2 − 𝑇D1, and hence, the oscillation pattern is influenced
by the changing metric perturbation ℎ𝜇𝜈. Conceivable consequences are a shifting oscillation
pattern during different detection periods or gravitationally induced decoherence. The latter
effect occurs if the detection period is large compared to the period of the passing GW and the
time integral leads to an averaging of the oscillation pattern. In order to observe the former
effect, the GW must be sufficiently slowly oscillating compared to the time of data taking such
that an undisturbed oscillation pattern arises in the data. To accumulate a sufficient amount
of neutrino statistics, this implies that the GW frequency must be of the order 𝒪(nHz) or even
less corresponding to a time of data taking of at least one year. This is because one needs
to consider astrophysical neutrino sources6 for a noticeable effect in the oscillation pattern
since the gravitationally induced shift in the oscillation pattern is proportional to the travel
distance. And since 𝜀 ≪ 1 the propagation distance must be sufficiently large in order to
result in 𝐿(𝑇D) − 𝐿0 = 𝒪(𝐿osc

𝑗𝑘 ).

The same requirement for the propagation distance also applies to the search for gravitationally
induced decoherence. However, for the observation of this effect one does not need to time
the crests and troughs of the GW. Instead, the impact of gravitationally induced decoherence
increases for longer periods of data taking. Comparing the observed oscillation pattern versus
the standard expectation can then tell if a GW has passed through the setup during the
livetime of the detector. However, because of the large propagation distances, decoherence due
to WP separation and the averaging of the oscillation pattern due to the finite width energy
binning could hide this new source of decoherence. In the next section, we explore this idea in
more detail and also discuss the effect of the stochastic gravitational wave background (SGWB)
on neutrino oscillations.

5.4 Decoherence in Neutrino Oscillations induced by
Gravitational Waves

The first detections of GWs by the laser interferometry experiments Laser Interferometer
Gravitational-Wave Observatory (LIGO) and VIRGO [208, 209] have shown that this phe-
nomenon predicted by GR can be used to study the Universe complementing EM and neutrino
based astronomy. Thus, GWs represent an exciting new addition to the field of multi messenger

6In this work, also solar neutrinos are considered to be astrophysical.
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astronomy opening a new window of observation of astrophysical events like black hole and
neutron star mergers [210] providing possibly new insights into the behaviour of quantum
matter in extreme gravitational environments [211]. Moreover, GWs can be used to search for
signatures of primordial black holes [212–215], cosmic strings [216, 217] and also provide the
possibility to distinguish between different inflationary models [218]. Thereby, GWs represent
an important new tool to search for new physics beyond the SM and the 𝛬CDM model.
Furthermore, recently, pulsar timing array (PTA) collaborations like the North American
Nanohertz Observatory for Gravitational Waves (NANOGrav) have observed the first evidence
for the existence of a SGWB [219].

Also, lately, interest has grown in the question which role neutrinos could play for the
observation of GWs in the future [220–228]. As shown in the last section the neutrino
oscillation phase is sensitive to the alteration of the structure of spacetime due to time-
dependent gravitational phenomena like GWs. The influence of a GW hence might lead to
an additional source of oscillation damping that in principle could be observable in neutrino
experiments. While in References [220, 222–227] especially the influence of the SGWB on
neutrino oscillations is studied, we also investigate the impact of coherent signals on neutrino
oscillations. These coherent signals are defined as being emitted by a single GW source, i.e. are
of the type studied by current and future laser interferometry experiments. This would then
provide a complementary way of observing those signals.

The main challenge in observing effects of GWs on the neutrino oscillation pattern lies in
the distinction from other, well known sources of decoherence or oscillation damping—we use
both phrases interchangeably from now on—discussed earlier in Section 2.3. In the setting
of vacuum neutrino oscillations these damping effects amount to the effect of WP separation
or incoherent averaging procedures that need to be employed due to the fact that in any
experiment oscillation probabilities are studied by accumulating multiple neutrino events over
a certain detection time interval.

In the following, we first develop a general set of criteria that must be fulfilled in order to
be able to observe any new decoherence effect resulting in the standard decoherence limit.
This especially applies to the GW induced effect studied in this work. Given these criteria,
we briefly discuss which neutrino sources are potentially interesting for a hypothetical future
neutrino oscillation experiment designed for the search for GW signatures. Afterwards, we
discuss under which circumstances coherent and stochastic GWs can be observed at a neutrino
based experiment.

5.4.1 Criteria for the Observability of Gravitational Wave Induced
Decoherence

In addition to the already extensively discussed effect of WP separation, oscillation averaging
occurs since neutrino events are usually accumulated in finite width energy bins in order to
yield sufficient statistics to be able to reconstruct the corresponding bin averaged oscillation
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probability distributions. Moreover, if neutrinos originate from a natural source of non-
negligible spatial extent like, for example, the sun, an averaging of the neutrino baseline is
mandatory in order to account for the distribution of propagation distances the different
neutrinos have travelled from their origin to the detector. In the fully decohered limit all these
effects lead to the same asymptotic probability distribution, i.e.

𝑃 deco
𝑎𝑏 ∼ ∑

𝑗
|𝑈𝑎𝑗|2|𝑈𝑏𝑗|2 , (5.101)

since the oscillating terms are averaged to zero such that only the incoherent sum of mixing
matrix elements remains.

In order to observe any non-standard decoherence effect resulting in the same limit as shown
in Equation (5.101), the following conditions must be fulfilled:

(i) Decoherence due to WP separation occurs later, i.e. at larger baselines 𝐿 or smaller
energies 𝐸, than the new decoherence effect.

(ii) The energy resolution and the chosen energy binning of the neutrino experiment are
sufficiently fine grained such that oscillations in the desired energy range can be observed.
Therefore, neutrino oscillations must be sufficiently slow such that one energy bin does
not contain multiple oscillation cycles.

(iii) The spatial extent of the neutrino production region must be small compared to the
oscillation length such that the source can be considered to be approximately point-like.

(iv) The expected baseline change due to relative motion of source and detector during the
measurement period needs to be much smaller than the oscillation length.

For the observation of decoherence induced by GWs one may add another, fifth, criterion to
the list, namely that source and detector should not be strongly bound by EM forces such that
the GW can indeed alter the neutrino propagation distance. Of course one can in principle
alleviate this criterion and take additional forces into account, but this will naturally further
weaken the effect of the GW on the neutrino system.

In order to be able to use this set of criteria in the current analysis, we further quantify the
loose formulation in the following.

Criterion (i): WP Decoherence The requirement that WP decoherence shall be negligible
compared to the new decoherence effect amounts to the simple requirement

𝐿 ≪ 𝐿coh
𝑗𝑘 , (5.102)

for the desired oscillation channel in which the new effect is supposed to be observed. In the
lowest order of the ultra-relativistic approximation, this can also be simply translated into a
condition for the neutrino energy, i.e.

𝐸 ≫ √|𝛥𝑚2
𝑗𝑘|

4
√

2
𝐿

𝜎𝑋
=∶ 𝐸coh

𝑗𝑘 . (5.103)
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At higher orders, the coherence length 𝐿coh
𝑗𝑘 is slightly increased and the coherence energy 𝐸coh

𝑗𝑘
is slightly reduced by the effect of WP spreading.

Criterion (ii): Energy Bin Averaging The second condition states that the energy bin
widths 𝛥𝐸 must be sufficiently narrow in order to resolve the oscillation pattern. For a simple
sinusoidal oscillation, this means that the associated frequency must at least be similar to the
binning width. Since the neutrino oscillation pattern is not simply sinusoidal in terms of the
neutrino energy 𝐸 but rather in terms of the ratio 𝐿/𝐸, we obtain

∣𝛥 (𝐿
𝐸

)∣ ≲ 1
𝜔𝑗𝑘

= 2
|𝛥𝑚2

𝑗𝑘|
⇔ 𝛥𝐸

𝐸
≲ 2𝐸

|𝛥𝑚2
𝑗𝑘|𝐿

, (5.104)

assuming a fixed baseline 𝐿. Defining the relative energy resolution 𝛿𝐸 ∶= 𝛥𝐸/𝐸, we can
rewrite this condition as

𝛿𝐸 ≲
𝐿osc

𝑗𝑘

2𝜋𝐿
=∶ 𝛿𝐸thr , (5.105)

where we have also introduced the relative threshold binning or resolution 𝛿𝐸thr. For an
increasing propagation distance, it becomes more difficult to fulfil this criterion which is one of
the main reasons why it is troublesome to observe oscillating astrophysical neutrinos. Currently
planned neutrino experiments have a relative energy resolution at the percent level [229] at
most and the chosen energy binning for any oscillation analysis would be even coarser in order
to ensure sufficient statistics per bin.

Criterion (iii) and (iv): Baseline Averaging A similar effect as described in the last
paragraph arises if neutrinos are produced in a large region of characteristic size 𝛴S—where
the index S stands for neutrino source. It is then mandatory that the oscillation length 𝐿osc

𝑗𝑘 is
large compared to 𝛴S such that the averaging integral over the neutrino production region
does not lead to substantial oscillation averaging, i.e.

𝛴S ≪ 𝐿osc
𝑗𝑘 = 4𝜋 𝐸

|𝛥𝑚2
𝑗𝑘|

. (5.106)

With the same reasoning one can argue that in case source and detector are moving relatively
to each other that the maximal difference in propagation distances over the period of data
taking must fulfil the same criterion as 𝛴S does, i.e.

𝐿osc
𝑗𝑘 ≫ max

𝑡∈[𝑇D1,𝑇D2]
𝐿(𝑡) − min

𝑡∈[𝑇D1,𝑇D2]
𝐿(𝑡) , (5.107)

where [𝑇D1, 𝑇D2] is the detector livetime interval.

Judging from criteria (i) to (iv) together, it seems to be most promising to consider high
energy neutrinos from relatively small baselines. This is because the oscillation length as well
as the coherence length increase with growing energy, and therefore, high energies relax the
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restrictiveness of any condition formulated above. The smallness of the neutrino baseline
further weakens the constraints imposed by the WP decoherence and energy resolution criteria
(i) and (ii). In the context of detecting GWs however, it, is most promising to consider
neutrinos of astrophysical origin for two reasons:

1. The GW effect grows with increasing distance, as we will see in Section 5.4.3.

2. It is difficult to ensure the weak binding criterion if source and detector are placed on
Earth.

The first point on this list is the main reason why none of the current or past terrestrial
neutrino oscillation experiments have seen GW signatures yet. Typical strains, i.e. relative
baseline deviations ℎ ∼ 𝛥𝐿/𝐿 induced by a GW, are of the order of ℎ ∼ 10−20 (see e.g. the
comprehensive review presented in Reference [230]). This is by far too minuscule to induce
significant oscillation averaging at baselines of several hundreds or thousands of kilometres, as
the necessary criterion 𝛥𝐿 = ℎ𝐿 ∼ 𝐿osc

𝑗𝑘 is never fulfilled. Moreover, if source and detector
are placed on or within Earth’s ground, their physical distance is approximately held fixed by
strong binding forces, and hence, the GW influence is further reduced.

5.4.2 Potentially Interesting Neutrino Sources

Based on the considerations presented in the last section, we are now interested in identifying
potentially interesting astrophysical neutrino sources. The most obvious candidate source
for neutrinos that comes to mind is the sun as it provides sufficient neutrino fluxes and the
distance between Earth and sun is well known. The sun produces neutrinos in the energy range
from a few hundred keV to MeV and the corresponding oscillation length can be expressed
as

𝐿osc
𝑗𝑘 ≈ 249.87 ( 𝐸

MeV
) (10−5 eV2

|𝛥𝑚2
𝑗𝑘|

) km . (5.108)

For the solar neutrino energies, we therefore obtain oscillation lengths on the order of several up
to a few hundred kilometres. Since the region in which neutrinos are produced within the sun
is already significantly larger than that, we can infer by criterion (iii) that the average over all
contributing neutrinos from the sun already erases all oscillations. Moreover, since 𝐿osc

𝑗𝑘 ≪ 𝐿,
also the energy resolution condition (ii) suggests that all oscillations will be averaged out. It
is, therefore, impractical to use solar neutrinos for the search for GW induced decoherence
effects.

This also implies that for the search for more suitable candidate neutrino sources, we need
to consider sources from outside our solar system. Here, Supernovae are extensively studied
neutrino sources producing neutrinos in the MeV energy range [168, 231–239], and therefore,
represent a possible candidate. Unfortunately, utilising Supernovae for the detection of GW
induced decoherence faces the same and even worse problems as using solar neutrinos since
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the propagation distance is several orders of magnitude larger making also WP decoherence a
relevant effect [168].

Consequently, we can also exclude Supernovae from our list of possibly interesting sources. This
commands us to consider ultra high energy neutrinos starting at a few TeV up to EeV energies
as they can occur for example in neutrinos emitted from pulsars [240–246] or blazars [247–254].
Blazars—or active galactic nuclei—have the immediate disadvantage that they are located
outside of our own Galaxy, and hence, are too far away to allow for the observation of neutrino
oscillations. For example considering the blazar TXS 0506+056 at an approximate distance
of 𝐿 ≈ 1.75 Gpc [255] that has been identified as the source of an ultra high energy neutrino
event by IceCube [256], we would need a relative energy binning of 𝛿𝐸 ∼ 10−8 % at 𝐸 = 1 EeV.
Moreover, due to the large distance to the source, neutrino fluxes are presumably too small
for an actual analysis of the oscillation pattern.

Candidate sources that still remain interesting in the light of conditions (i) to (iv) are
pulsars from our Galaxy, like for example the Cas A (𝐿 = 3.5 ± 0.2 kpc [257]), Crab (𝐿 =
1.90+0.22

−0.18 kpc [258]) or Vela pulsars (𝐿 = 294+76
−50 pc [259]). Neutrinos produced in the vicinity

of these stellar objects can reach very high energies on the order of 𝒪(PeV) [244] or higher
depending on the properties of the pulsar. Considering the Vela pulsar as an example, this
would imply a relative energy resolution of 𝛿𝐸 ∼ 10−5 % at 𝐸 ∼ 1 TeV for 𝛥𝑚2

21, which is still
out of reach for current and near-future neutrino telescopes, but might be achievable in the far
future. Furthermore, pulsars are very compact objects and neutrinos are produced within its
magnetosphere [260] or the surrounding pulsar wind nebula by strongly accelerated protons
scattering off of other protons or X-rays from the pulsar’s surface. Depending on the physical
properties of the given pulsar the neutrino production region can be considered sufficiently
small such that oscillations are not completely averaged out and all conditions (i) to (iv) are
fulfilled assuming sufficiently narrow energy binning. Moreover, due to the relatively high
estimated neutrino fluxes of 𝛷𝜈 ∼ 30km−2yr−1 [244] sufficiently high event counts at future
100 km2 neutrino telescopes can be expected. A potential problem when considering pulsars
as neutrino sources are the rather large uncertainties of the distance between the Earth and
the corresponding pulsar. In any analysis, the neutrino baseline would introduce an additional
nuisance parameter that needs to be fitted simultaneously with the other model parameters
reducing the potential sensitivity of the corresponding effect.

In summary, the prospects to observe oscillating astrophysical neutrinos are rather bleak, but
we have identified galactic pulsars as the most promising candidate sources as soon as the
relative energy resolution and binning can be chosen smaller than 𝛿𝐸 ∼ 10−5 %. Thus, utilising
astrophysical neutrinos for the observation of any non-standard decoherence effect resulting
in the same standard decoherence limit shown in Equation (5.101) are rather unrealistic in
the near future. This is mainly due to the energy binning and production region criteria (ii)
and (iii) formulated in the last section. If, however, a neutrino source at smaller distances
(𝐿 = 𝒪(10 lyr)) emitting very high energy neutrinos (𝐸 = 𝒪(100 PeV)) are found the situation
might change drastically as the respective relative threshold energy resolution would be
𝛿𝐸thr = 𝒪(1 %) which seems already much more promising.
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5.4.3 Neutrino Oscillations Influenced by Coherent Gravitational Waves

Let’s assume for now that we can indeed find an astrophysical neutrino source providing a
sufficient flux of ultra high energy neutrinos at Earth and being able to choose our relative
energy binning 𝛿𝐸 such that we would expect to observe neutrino oscillations according
to the standard flat spacetime prediction. In this case, our neutrino experiment would be
sensitive to new decoherence effects resulting in the standard decoherence limit like for example
decoherence induced by GWs. As already briefly introduced in Section 5.3, this effect is caused
by the time-dependent neutrino baseline variation due to the GW passing through the neutrino
path. Since we usually accumulate neutrino data over the course of several years all detected
neutrinos will have travelled different spacetime distances from the source to the detector, and
hence, the oscillation pattern is averaged depending on the magnitude of the relative baseline
deviation.

The baseline variation induced by the GW is described by

𝛥𝐿(𝑇D) ∶= 𝐿(𝑇D) − 𝛥𝑋 ≈ −1
2

𝛥𝜏(𝑇D)

∫
0

d𝜏 ℎ∥(𝑐0(𝜏; 𝑇D)) + 𝛥𝐿0(𝑇D) , (5.109)

with the parallel projection of the GW tensor and the propagation time correction

ℎ∥(𝑥) = 𝛥𝑋𝑘𝛥𝑋𝑙

𝛥𝑋2 ℎ𝑘𝑙(𝑥) , (5.110)

𝛥𝐿0 = 1
2

⎡⎢
⎣

⟨∂0ℎ∥ ∘ 𝑐0⟩ − ⟨𝜏 ↦
𝜏

∫
0

d𝜏 ′

𝛥𝜏
∂0ℎ∥(𝑐0(𝜏 ′))⟩⎤⎥

⎦
𝛥𝑋2 , (5.111)

respectively. Note that we have absorbed the expansion parameter 𝜀 into the GW tensor to
simplify our notation. This expression is still given in terms of the unphysical coordinate
distance 𝛥𝑋 that cannot be observed directly in any experiment measuring the distance
between the source and the detector. Instead, such a distance measurement yields a physical
reference length 𝐿⋆ evaluated at the reference time 𝑇 ⋆

D. It is therefore much more meaningful
for our setup to formulate the neutrino baseline with respect to this reference length, i.e.

𝐿(𝑇D) = 𝐿⋆ + 𝛥𝐿(𝑇D) − 𝛥𝐿(𝑇 ⋆
D) . (5.112)

This becomes especially important when considering GWs that do not vary significantly during
the detection time interval. In this case, the length stays approximately constant and the
gravitationally modified oscillation probability should reduce to the flat spacetime prediction
evaluated at 𝐿⋆.

From Equation (5.112), we can infer that a neutrino-based GW detector would be sensitive to
the amplitude of the relative baseline deviation

ℎ ∶= 𝛥𝐿⋆

𝐿⋆ , 𝛥𝐿⋆ ∶= max
𝑇D∈[𝑇D1,𝑇D2]

|𝐿(𝑇D) − 𝐿⋆| , (5.113)
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typically called the strain of the GW. In order for the time averaging procedure, applied to
the flavour transition probability, to yield a significant impact, it is crucial that the maximal
baseline deviation is comparable to the oscillation length, i.e.

𝛥𝐿⋆ ≳ 𝐿osc
𝑗𝑘 ⇔ ℎ ≳

𝐿osc
𝑗𝑘

𝐿⋆ . (5.114)

The minimal strain an experiment can be sensitive to is, therefore, given by ℎmin ∶= 𝐿osc
𝑗𝑘 /𝐿

and can be directly related to the relative threshold energy width ℎmin = 2𝜋𝛿𝐸thr by Equa-
tion (5.105).

Thus, in order for neutrino oscillation experiments to compete with currently used laser
interferometry experiments that are sensitive to strains on the order of ℎ ∼ 10−20 and
lower, we would at least need a relative energy resolution of the same order of magnitude,
i.e. 𝛿𝐸 ∼ 10−18 % which is at best unrealistic. We can hence conclude that using neutrino
oscillation experiments to detect coherent GW signals from a single source is highly impractical
at present as well as future neutrino telescopes.

5.4.4 Neutrino Oscillations Influenced by a Stochastic Gravitational Wave
Background

Besides coherent GW signals from single sources, the SGWB produced by a multitude of
different sources throughout the history of the Universe is an interesting phenomenon that
has also been studied already in the context of neutrino oscillations [220, 222–227]. In the
light of the results of the previous sections, it is, however, questionable if the transition from
coherent to a stochastic superposition of GW signals will indeed improve the sensitivity of
neutrino experiments to GW influences. To investigate this in more detail, we adopt the
same framework discussed in Reference [227] and perform a quantitative, statistical analysis
including the effects of WP separation as well as the impact of finite energy binning in order
to estimate the sensitivity of neutrino experiments on the SGWB. Apart from these adversary
effects, we assume ideal conditions for our neutrino toy experiment in order to provide an
estimate of the maximally achievable sensitivity in any conceivable experiment. We thus
neglect any systematic effects, effects of energy and directional reconstruction, the uncertainty
of the neutrino baseline and assume abundant neutrino event counts also in the ultra high
energy bins, as described in more detail below.

Within the framework of Reference [227], the impact of the SGWB on neutrino oscillations is
parametrised by the decoherence function7

𝒟SGWB
𝑗𝑘 (𝐸, 𝐿) ∶= − ( 2𝐻0

8𝜋𝐿osc
𝑗𝑘

)
2 𝑓max

∫
𝑓min

d𝑓
𝑓5 𝛺SGWB(𝑓) sin2(𝜋𝑓𝐿) , (5.115)

7Here, we adopt the same notation and conventions as described in Section 2.3.3.
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where 𝐻0 is the Hubble rate today and 𝛺SGWB(𝑓) is the differential fractional energy density of
the SGWB with respect to the GW frequency 𝑓. Equation (5.115) is derived in a semiclassical
approach to neutrino oscillations in the presence of a stochastically perturbed spacetime [224].
This approach is based on the Hamilton–Jacobi equation for neutrinos in a curved background
that is also tightly connected to the derivation of the Stodolsky phase [191]. Since we have
already shown before that our master Equation (5.48) reproduces this semiclassical limit
for sufficiently narrow WPs, we consider this approach to be sufficiently congruent with our
approach8 without further proof.

In accordance with Reference [227], we parametrise the SGWB spectrum as

𝛺sgwb(𝑓) = |𝐴∗|2 2𝜋2

3𝐻2
0

𝑓2
yr ( 𝑓

𝑓yr
)

1−𝛾

, (5.116)

where we choose 𝑓yr = 1 yr−1 ≈ 31.7 nHz as the reference frequency, 𝛾 denotes the spectral
index and 𝐴∗ the strain amplitude. Since the integrand in 𝒟SGWB

𝑗𝑘 is strongly suppressed in
the ultraviolet, we can safely consider the limit 𝑓max → ∞ as has been done in Reference [227].
Therefore, the remaining free model parameters are 𝐴∗, 𝛾 as well as the infrared (IR) cutoff
frequency 𝑓min of the SGWB. To estimate the most stringent exclusion limits that can
potentially be achieved using neutrino experiments, we assume an idealised toy setup in
the following. In this setup, neutrinos are detected from an astrophysical point-source at
distance 𝐿 and accumulated in energy bins of equal width 𝛥𝐸. Moreover, we consider the
ultra high energy scenario implicitly defined in Reference [227] corresponding to neutrinos from
a hypothetical source at a distance 𝐿 = 50 lyr with energies 𝐸 ∈ [1, 100] PeV and a relative
energy bin width 𝛿𝐸 = 0.1 % at 𝐸 = 100 PeV.

The likelihood of our simple counting experiment is given by the product of Poisson distribu-
tions

ℒ(𝐴∗, 𝛾, 𝑓min|𝑋⃗) =
3

∏
𝑏=1

𝑛bins

∏
𝑙=1

𝑁𝑏𝑙(𝐴∗, 𝛾, 𝑓min)𝑋𝑏𝑙

𝑋𝑏𝑙!
exp (−𝑁𝑏𝑙(𝐴∗, 𝛾, 𝑓min)) , (5.117)

where 𝑛bins is the total number of energy bins, 𝑏 denotes the detected neutrino flavour,
𝑁𝑏𝑙(𝐴∗, 𝛾, 𝑓min) is the theory prediction of 𝜈𝑏 events in bin 𝑙 given the input parameter set
(𝐴∗, 𝛾, 𝑓min) and 𝑋𝑏𝑙 is the experimentally measured 𝜈𝑏 event count in bin 𝑙. Since we are
conducting a toy experiment, the pseudo-data vector 𝑋⃗ is generated according to the standard
prediction, i.e. for 𝐴∗ = 0, without the influence of the SGWB. This way we are able to estimate
potential exclusion limits on the SGWB parameter space by performing a log likelihood ratio
test.

8To properly account for the SGWB in our formalism, we would need to average the neutrino oscillation
probability over all possible GW configurations according to some probability density, like e.g. a Gaussian
noise distribution, in order to accurately represent the fact that each neutrino detected over a certain time
period has been immersed in a different GW background.
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For the theory prediction, we assume a fixed total number of events of 𝑁tot = 2 × 104 across
all bins and compute the bin wise event counts using the probability density

𝜌𝑏𝑙 = ∑
𝑎

𝐸𝑙+1

∫
𝐸𝑙

d𝐸 𝜑𝑎(𝐸)𝑃𝑎𝑏(𝐸, 𝐿) , (5.118)

for neutrino flavour 𝑏 to be detected in energy bin 𝑙. Here, we use a simple flat, 𝜈𝑒-only, power-
law spectrum 𝜑𝑎 ∝ 𝛿𝑎𝑒𝐸−2 for the initial neutrino distribution. We employ this kind of flat
spectrum in order to avoid strong suppression in the high energy bins that are most sensitive
to the effect such that we prepare a close to ideal setup for the detection of the effect. A more
realistic spectral index for the neutrino energy distribution would for example be 𝜑 ∼ 𝐸−3.2

as found by the IceCube collaboration for the blazar NGC-1068 [261]. The assumption of an
initially pure electron neutrino beam is again inherited from Reference [227].

In the following, we carry out two different likelihood ratio tests by either fixing the minimal
frequency 𝑓min to values in 𝑓min ∈ {10−18, 10−17, 10−16, 10−15} Hz or by assuming a flat SGWB
spectrum, i.e. 𝛾 = 3 . For both cases, we define the negative log likelihood ratio by

𝛬 ∶= −2 ln (
sup(𝐴∗,𝛾,𝑓min)∈𝛯0

ℒ(𝐴∗, 𝛾, 𝑓min)
sup(𝐴∗,𝛾,𝑓min)∈𝛯 ℒ(𝐴∗, 𝛾, 𝑓min)

) , (5.119)

where 𝛯0 and 𝛯 are the null hypothesis and full parameter spaces, respectively. In case we fix
the minimal frequency of the spectrum to 𝑓⋆

min, we have 𝛯 ≡ ℝ2 × {𝑓⋆
min}. Assuming a flat

SGWB spectrum, on the other hand, implies 𝛯 ≡ ℝ × {3} × (0, ∞). The null hypothesis space
always contains only one point corresponding to the tested parameter configuration. Hence, in
the limit of large event counts, Wilk’s theorem states that 𝛬 is 𝜒2 distributed with two DOFs
for both scenarios.

The results for the likelihood ratio test in the (𝛾, 𝐴∗) plane are presented in Figure 5.2. The
green ellipses represent the 68 % (dark green) and 95 % (light green) credible regions obtained
by the NANOGrav collaboration [219] using their 15 year data set. The other blueish and
black lines indicate the 68 % CL contours we obtain for our test statistics, cf. Equation (5.119),
for different fixed minimal frequencies 𝑓min ∈ {10−18, 10−17, 10−16, 10−15} Hz within the toy
neutrino setup outlined above. The parameter region to the upper right, corresponding to higher
strains and larger spectral indices, are excluded. For these parameter configurations, oscillation
averaging due to the SGWB leads to a significant deviation of the expected event counts from the
standard expectation. Since in Reference [227] the same scenario and parameter configurations
are considered, we can directly compare our results to those obtained in Reference [227].
While the qualitative behaviour of the exclusion limits approximately matches that seen in
Reference [227], we obtain much weaker bounds on the SGWB parameters in our approach.
In Reference [227], the exclusion contours are derived by setting 𝒟SGWB

𝑗𝑘 (𝐸thr, 𝐿) ≡ 1 for a
chosen threshold energy 𝐸thr = 100 PeV. The reason for the discrepancy between their and our
results is the limit 𝐿 ≫ 1/𝑓min assumed in Reference [227] that does not apply for 𝐿 = 50 lyr
used here. In the first part of their analysis they do not specify a value for the baseline 𝐿,
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Figure 5.2: Shown in light blue to black are the 68 % CL exclusion contours for
the spectral index 𝛾 and strain amplitude 𝐴∗ assuming various minimal frequencies
𝑓min ∈ {10−18, 10−17, 10−16, 10−15}. If no SGWB induced decoherence is observed
in an experiment with 𝐿 = 50 lyr, 𝐸 ∈ [1, 100] PeV and bin widths 𝛥𝐸 ∼ 0.1 PeV
all parameter configurations to the right of these contours are excluded. Moreover,
we report the 68 % and 95 % credible regions obtained by the NANOGrav collabo-
ration [219] in dark and light green, respectively.

but later on they discuss threshold energy resolutions of 𝛿𝐸(𝐸thr = 100 PeV) ∼ 0.1 %. The
implied baseline 𝐿 = 50 lyr is much smaller than any of the inverse frequencies leading to a
significant cancellation in the exact expression for 𝒟SGWB

𝑗𝑘 , drastically reducing the significance
of the corresponding neutrino experiment. Note that the results shown in Figure 5.2 are
obtained in an extremely idealised scenario of a very high energy neutrino source very close
to Earth providing abundant event counts similar to those obtained in atmospheric neutrino
experiments. Moreover, we assume an optimistic relative energy binning of 𝛿𝐸 ∼ 0.1 % which
is at least one order of magnitude below what current experiments can achieve. In the light of
these ideal conditions, it becomes clear that neither current nor near-future neutrino telescopes
will be sensitive to SGWB effects in the neutrino oscillation pattern. These poor prospects
are further substantiated by the fact that the obtained constraints correspond to a statistical
significance of at most 1.5 𝜎 which is far below the level needed for the discovery of a new
effect. This significance can only be improved by increasing the neutrino event counts. Indeed,
bounds derived from the CMB, see e.g. Reference [262], even already exclude the parameter
region that would be allowed in our approach. Assuming SGWB parameters on the exclusion
contours, the respective energy fractions 𝛺SGWB become exceedingly large, surpassing those
allowed by cosmological observations by several orders of magnitude.

Considering much smaller IR cutoff frequencies 𝑓min ∈ [10−12, 10−9] Hz, neutrinos in the MeV
energy range would be needed to yield any observable effect. On astrophysical scales, the most
prominent candidate sources of neutrinos in the said energy range are supernovae implying WP
widths of 𝜎𝑋 ∼ 0.1 pm [263]. As already discussed in Section 5.4.2, decoherence due to WP
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Figure 5.3: The black line indicates the 68 % CL exclusion contour for the same
hypothetical experimental setup as in Figure 5.2 in the minimal frequency 𝑓min
and strain amplitude 𝐴∗ plane for a flat SGWB frequency spectrum, i.e. 𝛾 = 3.
All parameter configurations to the upper left of the contour are excluded if no
effect due to the SGWB is observed.

separation has already occurred at these energies and baselines. Coherence can in principle
be restored in the so-called catch-up effect [168] as the neutrino system crosses the boundary
between the vacuum and Earth matter as well as the boundaries of the different density layers
within the Earth. However, this will only lead to oscillations within the different layers of
Earth matter starting from a fully decohered initial state even in the standard scenario. Since
the propagation through Earth proceeds over very small distances, the SGWB can be neglected
for the description of in-matter oscillations and therefore, the detected neutrino event counts
will always coincide with the standard prediction. Moreover, if non-adiabatic matter effects
can be neglected the energy averaging due to finite bin widths implies a relative threshold
resolution of

𝛿𝐸thr ∼ 4.17 × 10−10 ( 𝐸
MeV

) (10−5 eV2

𝛥𝑚2
𝑗𝑘

) ( lyr
𝐿

) % , (5.120)

in order to resolve the neutrino oscillations. In addition to that, also baseline uncertainties
would further reduce the sensitivity of neutrino experiments to the SGWB.

Lastly, in Figure 5.3 we also show the 68 % exclusion contour in the 𝑓min–𝐴∗ plane for cutoff
frequencies NANOGrav is sensitive to. Here, we fix 𝛾 = 3, i.e. we assume a flat SGWB
spectrum that is compatible with the NANOGrav best fit. We obtain that the neutrino toy
experiment under consideration would be sensitive to strain amplitudes 𝐴∗ ∼ 0.1 and poses no
competition for PTA based SGWB detectors.
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5.5 Prospects of Observing Gravitational Effects in Neutrino
Experiments

Now that we have shown that neither GWs nor weak static gravitational fields can have an
observable effect in current or near-future neutrino experiments, we take a more systematic
approach and discuss why this statement can be extended to: The influence of gravitational
fields on the neutrino flavour transition probability can be neglected for all neutrino experiments
as long as oscillations of astrophysical neutrinos cannot be observed. The simple reasoning
behind this is that all present and near-future neutrino detectors will be located on or near
Earth, i.e. are immersed in very weak, approximately static gravitational fields. The only
way how neutrinos, detected in such an experiment, would experience any kind of strong
gravitational field is if they originate from an astrophysical source that either causes the strong
field itself or if neutrinos pass through such a field on their way to Earth.

In case neutrinos are produced near Earth, the flavour transition probability is very well
approximated by the flat spacetime formula, as discussed in Section 5.3. In the opposite
scenario, where neutrinos experience strong gravitational fields, and hence, are produced far
away from Earth, it is currently and also in the foreseeable future impossible to resolve their
flavour oscillations because of the criteria formulated in Section 5.4.1. These criteria are based
on the flat spacetime formula, but they remain valid even in the context of gravitational fields
for which the master Equation (5.48) for the flavour transition amplitude applies. This is
because we can write the oscillation phase in a way analogous to the respective flat spacetime
expression, as demonstrated explicitly in Equation (5.67) for Gaussian neutrino WPs. For
general Lorentz-invariant WPs 𝜑(𝑝, 𝑃 ) centered around the mean momentum 𝑃, we equivalently
obtain

𝒜𝑎𝑏 = ∑
𝑗

𝑈 ∗
𝑎𝑗𝑈𝑏𝑗 ∫ d3 ⃗𝑝

(2𝜋)32𝑝0 𝜑D∗
𝑗 (𝑝, 𝑃D𝑗)𝜑S

𝑗 (𝑝, 𝛬𝑃S𝑗)𝑒−𝑖𝐿𝜇𝑝𝜇
𝑗

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
=⟨𝜓D

𝑗 ,𝜓S
𝑗 ⟩

, (5.121)

where the only difference to the Minkowski spacetime formula is that the mean momenta at the
source are red- or blue-shifted according to the Lorentz transformation 𝛬, and the spacetime
distance vector 𝐿𝜇 contains information about the geometry. The dependence of the oscillation
phase on the physical distance, however, remains the same as in flat spacetime. It could now,
for example, be that the oscillation pattern with respect to the neutrino energy 𝐸 is influenced
by the curvature of spacetime in that lower energy neutrinos travel along different geodesics
than higher energy neutrinos. This would manifest itself as an additional energy dependence
in the relation between the mean propagation time 𝐿0 and the propagation distance 𝐿. In
this case, one can use the smallest baseline, a neutrino from the given energy spectrum has
travelled, in order to estimate the energy binning threshold. In astrophysical applications,
this minimal propagation distance is usually still much larger than all oscillation lengths, and
therefore, oscillations are averaged due to finite energy resolution and binning and also due to
the effect of WP separation.

137



5 Neutrino Oscillations in Curved Spacetime

Therefore, the only observable influence of gravity would be a change of the decoherence limit
of the flavour transition probability. As we have seen in Chapter 4, QG could indeed cause
such a modification of the decoherence limit. In the majority of cases, this, however, is not
true for classical gravity since in the large baseline limit, we can omit all oscillating terms in
the oscillation probability and get

𝑃𝑎𝑏 → ∑
𝑗

|𝑈𝑎𝑗|2|𝑈𝑏𝑗|2

𝑁
∬ d2(𝒯S, 𝒯D) |⟨𝜓D

𝑗 , 𝜓S
𝑗 ⟩|2 , (5.122)

in close analogy to the flat spacetime scenario. The last overlap integral enforces the usual
momentum conservation relation 𝑃D𝑗 ∼ 𝛬𝑃S𝑗 as well as the condition ⃗𝑣𝑗𝐿0 ∼ 𝐿⃗, where ⃗𝑣𝑗 is the
mean velocity of the 𝑗-th neutrino mass eigenstate. The integral, therefore, only contributes
a real valued suppression factor for each term of the sum. If all mass eigenstates have quasi
degenerate masses, they also have very similar WPs and all terms of the sum approximately
contain the same suppression factor |⟨𝜓D

𝑗 , 𝜓S
𝑗 ⟩|2 ≈ |⟨𝜓D

𝑘 , 𝜓S
𝑘⟩|2. Consequently, these suppression

factors can be pulled out of the sum over 𝑗 and cancel against the same contributions appearing
in the normalisation 𝑁. Thus, what remains of 𝑃𝑎𝑏 is the flat spacetime decoherence limit
shown in Equation (5.101).

By the same argument, it is also reasonable to assume the same behaviour for the more general
oscillation formula shown in Equation (5.8), in terms of the Bogoliubov coefficients, as long as
neutrino WPs are sufficiently localised such that we can employ the use of the equivalence
principle. The only way this can be modified by gravity is if the mass eigenstates follow very
different geodesics or the mass eigenstate WPs are spread out over a region larger than the
local curvature radius. Both scenarios require areas of strong curvature in the vicinity of
the path between source and detector. If the mass eigenstates were produced with the same
four-velocities, the equivalence principle demands that all mass eigenstate geodesics exactly
coincide with each other. The kinematics of the production process, however, imply that
neutrinos of different masses are produced with different four-velocities. In the quasi degeneracy
limit, 𝛥𝑚2

𝑗𝑘 ≪ 𝐸2,—that we assume to apply—these four-velocity differences are very small,
but arbitrarily strong gravitational fields can, in principle, lead to arbitrarily diverging mass
eigenstate geodesics. In addition to that, as soon as the curvature is strong enough to
amplify the small deviations between the different mass eigenstate WPs, the different terms in
Equation (5.101) are multiplied by different suppression factors |⟨𝜓D

𝑗 , 𝜓S
𝑗 ⟩|2 ≠ |⟨𝜓D

𝑘 , 𝜓S
𝑘⟩|2 and

the decoherence limit is modified.

A conceivable example would be a neutrino source in the vicinity of a very small black hole
where some mass eigenstates trajectories are bend towards the horizon while others are not.
This, however, represents an extreme special case and does not apply to the majority of
astrophysical neutrino sources, i.e. the accretion discs around super massive black holes (see
e.g. Reference [264] for a recent overview of astrophysical neutrino sources). Furthermore, also
the presence of small black holes near the neutrino path would give rise to strong curvature
effects. Due to the inherent smallness of these objects and the low black hole densities
compared to stellar densities (see e.g. Reference [265]), a neutrino–black hole encounter is
rather improbable for a given point-source.
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5.6 Summary and Conclusion

We have considered neutrino flavour transitions in globally hyperbolic spacetimes and have
discussed why the independent neutrino oscillation probability can only be well-defined if
gravitational particle production is negligible for the energy modes measured in an experiment.
The main reason for this is that in the presence of significant gravitational particle production,
the interaction topologies can become more complicated than the simple one-neutrino-exchange
diagram. This invalidates the underlying single particle picture and prevents the necessary
factorisation of the production, propagation and detection processes, since these sub-processes
cannot be considered to be independent anymore. We have then focused on scenarios where
gravitational particle production is indeed negligible and have derived a general formula for
the neutrino flavour transition process.

Since this master formula is difficult to be further simplified without restricting to a specific
spacetime, we have then considered a narrower but still quite general class of scenarios. In
particular, we have required that, at any given time during propagation, curvature effects
can be safely neglected on a region containing all neutrino WPs. This also implies that all
neutrino mass eigenstate geodesics need to stay sufficiently close to each other. The latter
assumption is justified by the equivalence principle and can only be violated if spacetime
curvature is strong enough to significantly amplify the very small initial mass eigenstate
velocity differences due to the production process. We find that the qualitative behaviour
of neutrino oscillations remains very similar to the flat spacetime case. The only difference
is that now parallel transport effects, such as redshift, are included within the oscillation
probability and the physical distance appearing in the oscillation phase depends on possibly
more complicated geodesic mean trajectories than in Minkowski spacetime. This dependence
can in principle induce observable effects by altering the neutrino oscillation pattern.

We have then applied this approximated formula for the flavour transition amplitude to the
case of linearised gravity and have specifically discussed the consequences for the explicit
examples of static—i.e. Newtonian—gravitational fields, and GW spacetimes. For Newtonian
gravity, we find that the coherence length receives gravitational corrections and the initial
neutrino energy distribution is redshifted. Apart from that, the oscillation pattern remains
the same as in flat spacetime. In the case of time-dependent fields, like for example in the
presence of GWs, the physical distance also becomes time-dependent, representing a potential
new source of decoherence. For current or near-future Earth-bound or atmospheric neutrino
oscillation experiments, however, these effects are too minuscule to be observable.

In a detailed analysis, we show that it is currently impossible to observe effects on neutrino
flavour transitions, induced by either coherent GWs or the SGWB, despite contrary claims
in the Literature [224, 227]. To show this, we have developed a set of criteria that need to
be met in order to be able to observe any new decoherence effect that does not alter the
standard decoherence limit 𝑃𝑎𝑏 → ∑𝑗 |𝑈𝑎𝑗|2|𝑈𝑏𝑗|2. Furthermore, in order to investigate the
claims of Reference [227] that SGWB effects could indeed be observable in near-future neutrino
experiments, we have applied an idealised statistical analysis to the framework presented
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5 Neutrino Oscillations in Curved Spacetime

in References [224, 227]. In doing so, we incorporate the effects of the previously discussed
observability conditions but neglect systematic effects as well as the large uncertainties of
measured cosmological distances.

Even for ultra high energy neutrinos, the most constraining effect in this regard is the rapid
oscillating behaviour of 𝑃𝑎𝑏 within the finite width energy bins. This is caused by the
exceedingly large astrophysical baselines 𝐿 and is equivalent to the oscillation length 𝐿osc

𝑗𝑘 being
much smaller than the propagation distance 𝐿, leading to a complete averaging of oscillations.
To overcome this effect, we find that the relative energy bin width needs to be reduced to at
least 𝛿𝐸 ∼ 10−5 % when observing neutrinos in the PeV range from Galactic pulsars. Moreover,
we find the latter to be the most promising candidate sources for decoherence searches in
astrophysical neutrinos.

Finally, inspired by these results, we apply our approximated formula for the flavour transition
amplitude in order to show that any gravitationally induced effect can be safely neglected
at current and near-future neutrino experiments. This is again mainly due to the reason
that currently no oscillations can be observed in astrophysical neutrinos and because ultra-
relativistic or quasi degenerate non-relativistic mass eigenstates follow geodesics that are too
similar to each other in order to yield a different decoherence limit than the standard one.
Observing a different decoherence limit in astrophysical neutrinos either implies the presence
of regions of strong curvature near the neutrino path or new physics, like e.g. a violation of
the equivalence principle.
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6 Conclusion and Outlook

In this thesis, we have demonstrated that neutrino flavour transitions are a powerful and
versatile tool in fundamental physics. From cosmology to multimessenger astronomy to collider
experiments, neutrino flavour dynamics offer key insights into a wide range of new physics
scenarios. As each chapter already includes detailed summaries, we now briefly highlight the
main results and place them in a broader context.

In Chapter 3, we have examined the cosmological impact of a light sterile neutrino with altered
dispersion relations (ADRs) and a feeble Yukawa coupling to axion-like particle (ALP) dark
matter (DM). Our focus has been on how this additional light degree of freedom (DOF)
influences early Universe observables such as the cosmic microwave background (CMB) and
the helium abundance from big bang nucleosynthesis (BBN), as well as its effects on structure
formation at later stages of the cosmic evolution.

Using the density matrix formalism to consistently account for neutrino oscillations and
interactions with the thermal plasma, we have shown that the ALP-induced, time-dependent
sterile neutrino mass can suppress its early-time population while still permitting active–sterile
oscillations today. This demonstrates that a light sterile neutrino with ADRs still remains a
viable explanation of the short baseline (SBL) anomalies without necessarily coming in conflict
with cosmological observations or the results of long baseline (LBL) and atmospheric neutrino
oscillation experiments.

The deep connection between neutrino physics and cosmology is further pronounced by the
latest Dark Energy Spectroscopic Instrument (DESI) data release [266, 267]. When combining
CMB observations with late-time expansion data, fitting the standard cosmological-constant-
cold-dark-matter (𝛬CDM) model with three light neutrinos results in a neutrino mass sum
that conflicts with laboratory constraints by up to 3𝜎 [268]. In contrast, fitting the data with
evolving dark energy (DE) models—such as the 𝜔0𝜔𝑎CDM model—significantly reduces this
tension, highlighting the crucial role of neutrino physics in shaping a consistent cosmological
standard model.

If future data confirm this discrepancy with 𝛬CDM, it would be compelling to explore how
bounds on sterile neutrino mass and mixing parameters change, assuming different evolving
DE models. First analyses on this subject have been conducted for example in References [269,
270]. Like active neutrinos, light sterile neutrinos act as radiation before last scattering but
become non-relativistic earlier than their lighter counterparts, potentially affecting structure
formation more strongly. This makes them a DM component, that can be constrained by
DESI’s late-time expansion and baryon acoustic oscillation measurements.
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In parallel with these model-dependent cosmological probes, upcoming results from the
Karlsruhe Tritium Neutrino (KATRIN) [271, 272] and Princeton Tritium Observatory for
Light, Early Universe, Massive Neutrino Yield (PTOLEMY) [273, 274] experiments could
reveal crucial, model-independent insights about the absolute neutrino mass scale, the existence
of mostly sterile mass eigenstates and the properties of the cosmic neutrino background (C𝜈B).
Integrating these experimental findings into the analyses of cosmological data may not only
enhance our understanding of neutrino physics, but also offer new perspectives on the nature
of DE—potentially redefining the cosmological standard model.

Beyond early Universe physics, neutrinos may also offer a window into the fundamental nature
of spacetime, as discussed in Chapter 4. There, we have explored phenomenological quantum
gravity (QG) models predicting a flavour-independent decoherence signature in ultra-high-
energy neutrinos that have travelled over astrophysical distances. These models are motivated
by the idea that QG interactions may violate global charges [154, 155]. Extending this concept,
we have proposed that QG effects could induce transitions between neutrinos and hypothetical
dark fermions, leading to a uniform transition probability 𝑃𝑎𝑏 → 1/𝑛𝑓, where 𝑛𝑓 is the total
number of participating fermion species. Candidates for such dark fermions include light sterile
neutrinos—as the one discussed in Chapter 3—or potentially heavier species, depending on
the extent of Poincaré symmetry violation in QG.

With state-of-the-art neutrino telescopes, like IceCube at the south pole, the Cubic Kilometre
Neutrino Telescope (KM3NeT) detector in the Mediterranean as well as the proposed Pacific
Ocean Neutrino Experiment (P-ONE) in the pacific ocean, we are at the dawn of ultra-
high-energy neutrino astronomy. Over the coming decades, these observatories will collect
atmospheric and astrophysical neutrino events—like the recent 𝐸𝜈 ∼ 220 PeV neutrino event
reported by the KM3NeT collaboration [275]—to study neutrino properties and the mechanisms
behind cosmic particle acceleration. This effort is supported by collider-based neutrino
experiments such as the Forward Search Experiment (FASER) [276, 277] and Scattering
and Neutrino Detector at the Large Hadron Collider (SND@LHC) [277, 278] that refine our
understanding of hadronic neutrino production. Together, these developments open new
possibilities for detecting exotic decoherence effects, like those discussed in Chapter 4, offering
novel insights into the quantum nature of spacetime and a hypothetical fermionic dark sector.

Promising targets include neutrino point sources like the active galactic nucleus NGC 1068 [261].
Identifying multiple standard-candle sources with similar neutrino production mechanisms
would enable flux dip searches, as proposed in Section 4.2, reducing uncertainties rooted in
neutrino flux modelling. These analyses will also benefit from atmospheric neutrino studies,
where the additional distance information helps to distinguish between competing new physics
scenarios, as shown in Section 4.3.

Neutrino flavour dynamics may be influenced not only by QG effects but also by classical gravity.
This is due to the fact that the interference between mass eigenstate wave packets (WPs)
strongly depends on their individual trajectories, which are, in turn, determined by the global
spacetime geometry. However, as discussed in Chapter 5, such effects are only significant
for astrophysical neutrinos, since Earth’s gravitational field is too weak to cause observable
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consequences. For astrophysical neutrinos, flavour oscillations are nearly impossible to resolve,
leaving a gravitationally altered decoherence limit as the only detectable signature. This
requires the presence of regions with extreme curvature, leading to a significant distortion of
the shape or average geodesics of neutrino mass eigenstate WPs. If electromagnetic (EM) or
gravitational wave (GW) data can rule out classical curvature as the cause of such effects,
any observation of an altered decoherence limit would point to new physics, as considered in
Chapter 4.

For the opposite scenario where neutrinos originate from or traverse extreme gravitational
environments, such that the assumptions underlying the weak-field approximation—cf. Sec-
tion 5.2—are violated, it is worthwhile exploring if the more general expression for the flavour
transition amplitude from Section 5.1 can be further evaluated by employing path integral
techniques. Moreover, in order to extend the framework developed in Chapter 5 to account for
even more extreme scenarios, we propose treating the entire production–propagation–detection
process within the formalism of interacting quantum field theory (QFT) in curved space-
time. This is, for example, necessary as soon as gravitational particle production becomes
non-negligible, or if the production, propagation, and detection processes cannot be treated
independently from each other anymore.
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A Appendix - Theoretical Foundations

In this appendix chapter, we provide supplemental material for the discussion of the theoretical
foundations of this thesis, outlined in Chapter 2. In Section A.1, we start with a detailed
discussion of the semiclassical Boltzmann equation, introduced in Section 2.2.

A.1 Full Collision Term for the Boltzmann Equation

The collision terms introduced in Equation (2.44) are given by [31]

𝒞𝑖[𝑡, 𝑝, {𝑓𝑗}𝑗] = ∑
𝒫

1
𝐸𝑖

[∏
𝑙≠𝑖

∫ 𝑔𝑙
(2𝜋)3

d3𝑘⃗𝑙
2𝐸𝑙

] (2𝜋)4𝛿(4) (∑
𝑗∈𝐼𝒫

𝑘𝜇
𝑗 − ∑

𝑓∈𝐹𝒫

𝑘𝜇
𝑓 )

× {|ℳ(𝐼𝒫 → 𝐹𝒫)|
2

∏
𝑗∈𝐼𝒫

𝑓𝑗(𝑡, 𝑘𝑗) ∏
𝑓∈𝐹𝒫

(1 ± 𝑓𝑓(𝑡, 𝑘𝑓))

− |ℳ(𝐹𝒫 → 𝐼𝒫)|
2

∏
𝑓∈𝐹𝒫

𝑓𝑓(𝑡, 𝑘𝑓) ∏
𝑗∈𝐼𝒫

(1 ± 𝑓𝑗(𝑡, 𝑘𝑗))} .

(A.1)

Here, we sum over all processes 𝒫 involving the particle 𝑖 with momentum 𝑝 in the corresponding
final state 𝐹𝒫. We account for the corresponding back reaction, where the particle 𝑖 with
momentum 𝑝 is in the initial state 𝐼, by subtracting the rate for the inverse process in the
second term in curly braces. The forward directed process 𝐼 → 𝐹 hence produces the particle 𝑖
with momentum 𝑝 while the inverse process 𝐹 → 𝐼 annihilates the particle 𝑖 with momentum
𝑝 from the particle ensemble. This may happen either due to scattering of the same particle
to a different momentum state 𝑝′ or by decay or scattering processes resulting in entirely
different particle species. Moreover, for each accompanying particle state 𝑙 in the initial and
final states we integrate over the respective phase space and multiply by the corresponding
internal number of DOFs 𝑔𝑙. The probabilities of the respective processes are determined by
the spin averaged squared matrix elements |ℳ|2, the momentum conserving delta function
as well as by the phase space distribution functions for all participating particles. For each
particle in the initial state of a process we simply need to include a factor of the appropriate
phase space density 𝑓𝑗 parametrising the availability of the corresponding particle. In contrast
to that, for final state particles, we include the so-called bose enhancement factors (1 + 𝑓𝑓) or
Pauli blocking factors (1 − 𝑓𝑓) depending on whether the corresponding particle is of bosonic
or fermionic type, respectively. In the former case an already occupied final state attracts new
particles while in the latter case an occupied final state suppresses the production of the same
state.
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Particles fulfilling the Boltzmann limit 𝐸𝑖 ≫ 𝑇, where 𝑇 is the temperature of photons1, are
sufficiently suppressed such that the blocking and enhancement factors can be approximated
by 1 ± 𝑓 ≈ 1. This is for example the case if 𝑚𝑖 ≫ 𝑇.

Moreover, if a process is CP or T symmetric the corresponding matrix elements for the
forward and backward reactions are equal to each other simplifying the respective collision
term. . Then, in Sections A.2 to A.4, we present extended computations and discussions on
the quantum field theoretical approach to neutrino oscillations, also called the external WP
formalism. Afterwards in Section A.5, we perform detailed computations of the neutrino flavour
transition amplitude and probability for the example of Gaussian neutrino WPs considered
within the quantum mechanical internal WP approach to neutrino oscillations. This topic is
introduced in Section 2.3.2. Finally, we list the full expressions for matter attenuation terms
in the effective flavour space approach to neutrino oscillations in Section A.6.

A.2 Lehmann–Symanzik–Zimmerman Reduction of the
Macroscopic Amplitude

Applying the Lehmann–Symanzik–Zimmerman (LSZ) reduction formula to the process shown
in Figure 2.1 yields the following expression for the associated amplitude at lowest order in

1Photons are chosen as the reference particle species as they are massless, and hence, represent exact radiation.
Moreover, from the CMB we know that photons almost exactly follow their equilibrium distribution due to
the very fast EM interactions.
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the skeleton expansion
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(A.2)

In fact, the simple left-handed currents describing the weak interactions of hadrons in the
formula for the amplitude need to be replaced by the appropriate, more complicated hadronic
currents as described in Reference [54]. As this is of no further significance for the following
discussion, we stick to this simple picture in order to simplify the calculations.

As one can easily see, the amplitude above separates into one neutrino detection and one
neutrino production complex solely connected by the neutrino propagator. By substituting in
the momentum space representation of the boson propagators and rearranging the integrals
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and phase factors, we arrive at the expression
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(A.3)

where we introduce the short form for the Lorentz-invariant phase space measures

d3 ̃𝑞 ∶= d3 ⃗𝑞
(2𝜋)32𝑞0 . (A.4)

Next, we can execute all spacetime coordinate integrals of all vertices apart from those to
which the neutrino propagator is attached. Of course we could also decompose the neutrino
propagator in the same fashion as we have decomposed the boson propagators, but for the
further calculation it will be useful to apply a different procedure to 𝑆𝑗.

From the remaining vertex integrals we get momentum conservation delta functions as usual
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allowing us to also execute all explicit internal propagator integrals to get
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2𝑋D𝐹

2 ∫ d4𝑧2 𝑒𝑖(𝑘′
2+𝑘′

1−𝑞′
1)𝑧2

× ∬ d3 ̃𝑞1 d3 ̃𝑞2 𝜑S
𝑝( ⃗𝑞1, 𝑄⃗1)𝜑S

𝑎( ⃗𝑞2, 𝑄⃗2) ∫ d3𝑘̃1 𝜑S∗
𝑛 (𝑘⃗1, 𝐾⃗1)

× 𝑒−𝑖𝑞2𝑋S𝐼
2 +𝑖𝑘1𝑋𝑆𝐹

1 −𝑖𝑞1𝑋S𝐼
1 ∫ d4𝑦2 𝑒−𝑖(𝑘1−𝑞1−𝑞2)𝑦2

× [𝑢̄𝑝
𝑟′

1
(𝑘′

1) 𝑔√
2

𝛾𝜇𝑃𝐿𝑢𝑛
𝑠′

1
(𝑞′

1)] 𝐷̃𝑊
𝜇𝜈(𝑘′

1 − 𝑞′
1) [𝑢̄𝑏

𝑟′
2
(𝑘′

2) 𝑔√
2

𝛾𝜈𝑃𝐿]

× ∑
𝑗

𝑈𝑏𝑗𝑆𝑗(𝑧2 − 𝑦2)𝑈 ∗
𝑎𝑗

× [ 𝑔√
2

𝛾𝜎𝑃𝐿𝑢𝑎
𝑠2

(𝑞2)] 𝐷̃𝑊
𝜎𝜌(𝑘1 − 𝑞1) [𝑢̄𝑛

𝑟1
(𝑘1) 𝑔√

2
𝛾𝜌𝑃𝐿𝑢𝑝

𝑠1
(𝑞1)] .

(A.5)

Even though the momentum space WPs of the external particles are not given by delta
functions, we assume they are still strongly peaked in momentum space. Therefore, we can
evaluate the weakly momentum-dependent, incomplete matrix elements,

𝑀̃S(𝑞1, 𝑞2, 𝑘1) ∶= 𝑔2

2
[𝛾𝜎𝑃𝐿𝑢𝑎

𝑠2
(𝑞2)] 𝐷̃𝑊

𝜎𝜌(𝑘1 − 𝑞1) [𝑢̄𝑛
𝑟1

(𝑘1)𝛾𝜌𝑃𝐿𝑢𝑝
𝑠1

(𝑞1)] , (A.6)

𝑀̃D(𝑞′
1, 𝑘′

1, 𝑘′
2) ∶= 𝑔2

2
[𝑢̄𝑝

𝑟′
1
(𝑘′

1)𝛾𝜇𝑃𝐿𝑢𝑛
𝑠′

1
(𝑞′

1)] 𝐷̃𝑊
𝜇𝜈(𝑘′

1 − 𝑞′
1) [𝑢̄𝑏

𝑟′
2
(𝑘′

2)𝛾𝜈𝑃𝐿] , (A.7)

at the mean momenta of the WPs and pull them out of the momentum integrals. Note
that these partial matrix elements are fully independent of the properties of the neutrino.
Furthermore, we define the source and detector overlap functions,

𝕍S(𝑦2) ∶= ∭ d3 ̃𝑞1 d3 ̃𝑞2 d3𝑘̃1 𝜑S
𝑝( ⃗𝑞1, 𝑄⃗1)𝜑S

𝑎( ⃗𝑞2, 𝑄⃗2)𝜑S∗
𝑛 (𝑘⃗1, 𝐾⃗1)

× 𝑒−𝑖𝑞2𝑋S𝐼
2 +𝑖𝑘1𝑋S𝐹

1 −𝑖𝑞1𝑋S𝐼
1 𝑒−𝑖(𝑘1−𝑞1−𝑞2)𝑦2 ,

(A.8)

𝕍D(𝑧2) ∶= ∭ d3 ̃𝑞′
1 d3𝑘̃′

1 d3𝑘̃′
2 𝜑D

𝑛 ( ⃗𝑞′
1, 𝑄⃗′

1)𝜑D∗
𝑝 (𝑘⃗′

1, 𝐾⃗′
1)𝜑D∗

𝑏 (𝑘⃗′
2, 𝐾⃗′

2)

× 𝑒𝑖𝑞′
1𝑋D𝐼

1 −𝑖𝑘′
1𝑋D𝐹

1 −𝑖𝑘′
2𝑋D𝐹

2 𝑒𝑖(𝑘′
2+𝑘′

1−𝑞′
1)𝑧2 ,

(A.9)

representing the product of the Fourier transforms of the momentum space WPs, i.e. the
position space WPs,

𝜒𝜓(𝑥; ⃗𝑃 ) ∶= ∫ d3 ̃𝑝 𝜑𝜓( ⃗𝑝, ⃗𝑃 )𝑒−𝑖𝑝𝑥 . (A.10)

Therefore, we can also write them as

𝕍S(𝑦2) = 𝜒S
𝑝 (𝑧2 − 𝑋S𝐼

1 ; 𝑄⃗1) 𝜒S
𝑎 (𝑧2 − 𝑋S𝐼

2 ; 𝑄⃗2) 𝜒S∗
𝑛 (𝑧2 − 𝑋S𝐹

1 ; 𝐾⃗1) , (A.11)

𝕍D(𝑧2) = 𝜒D
𝑛 (𝑦2 − 𝑋D𝐼

1 ; 𝑄⃗′
1) 𝜒D∗

𝑝 (𝑦2 − 𝑋D𝐹
1 ; 𝐾⃗′

1) 𝜒D∗
𝑏 (𝑦2 − 𝑋D𝐹

2 ; 𝐾⃗′
2) . (A.12)
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The full amplitude can then be expressed as

𝒜𝑎𝑏 = ∑
𝑗

𝑈 ∗
𝑎𝑗𝑈𝑏𝑗 ∬ d4𝑧 d4𝑦 𝕍D(𝑧)𝕍S(𝑦)

× 𝑀̃D(𝑄′
1, 𝐾′

1, 𝐾′
2)𝑆𝑗(𝑧 − 𝑦)𝑀̃S(𝑄1, 𝑄2, 𝐾1) .

(A.13)

Here, the overlap functions indicate the regions in spacetime where the external particles meet
each other, and therefore, contain the information about the relative position of the neutrino
source and detector. As we assume them to be macroscopically separated from each other the
spacetime regions 𝑈S/D where 𝕍S/D are significantly different from zero are disjoint.

The reasoning above indeed works for any neutrino production–propagation–detection process
with an arbitrary number of external particles, as in we have not used the individual properties
of the specific process under consideration in any step: For every external particle we get one
momentum space integral, WP and spacetime shift phase. The correlation function of the
neutrino production–propagation–detection process always separates into one production and
detection complex connected by a single neutrino propagator attached to one vertex of each
complex. Applying the LSZ reduction procedure to this correlator then leads to the incomplete
production and detection matrix elements and accompanying phase factors for the external
particles. Executing all vertex integrals, except those to which the neutrino propagator is
attached, enforces momentum conservation and allows the definition of the overlap functions
containing the products of (scalar) position space wave functions of all external particles.

A.3 From the External to the Internal Wave Packet Approach

We show that the flavour transition amplitude given in Equation (2.90) can be rewritten
as an amplitude describing the propagation of a superposition of free single-particle state.
To this end, we mainly use the fact that by construction the spacetime regions, 𝑈S and 𝑈D,
where the overlap volumes, 𝕍S and 𝕍D, are significantly different from zero, are spatially
macroscopically separated. Note that, however, these regions need not necessarily also be
separated macroscopically in the time direction. This will be enforced by the causal structure
of the amplitude itself, i.e. the amplitude vanishes if the average world line of the exchanged
neutrino cannot connect the regions, 𝑈S and 𝑈D.

To see this, we use that the vacuum neutrino propagator can be expressed in two different
ways

𝑆𝑗(𝑧, 𝑦) = ∑
𝑠

∫ d3 ⃗𝑝 [𝛩(𝑧0 − 𝑦0)𝜉𝑗
𝑠𝑝⃗(𝑧) ̄𝜉𝑗

𝑠𝑝⃗(𝑦) − 𝛩(𝑦0 − 𝑧0)𝜖𝑗
𝑠𝑝⃗(𝑦) ̄𝜖𝑗

𝑠𝑝⃗(𝑧)] (A.14)

= lim
𝜀→0

∫ d4 ⃗𝑝
(2𝜋)4 𝑖 /𝑝 + 𝑚

𝑝2 − 𝑚2 + 𝑖𝜀
𝑒−𝑖𝑝(𝑧−𝑦) . (A.15)

In the following, we call the first form the on-shell form, that is formulated in terms of the
neutrino and antineutrino mode functions, 𝜉 and 𝜖, respectively, whereas we call the second

149



A Appendix - Theoretical Foundations

form the off-shell form. First by using the off-shell form of the propagator, we can use the
findings from References [53, 54] that the antiparticle contribution essentially vanishes for
spatially macroscopically separated source and detection vertices. We can see this as follows:
First, shifting the origins of the coordinate systems within the vertex integrals around the
respective production and detection mean vertices yields

𝒜𝑎𝑏 = lim
𝜀→0

∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∫ d4𝑝

(2𝜋)4 ∬ d4𝑧′ d4𝑦′ 𝕍′
D(𝑧′)𝑒−𝑖𝑝𝑧′𝕍′

S(𝑦′)𝑒𝑖𝑝𝑦′

× 𝑀̃D({𝑄′
𝐵}, {𝐾′

𝐷}) /𝑝 + 𝑚𝑗

𝑝2 − 𝑚2
𝑗 + 𝑖𝜀

𝑒−𝑖𝑝(𝑋D−𝑋S)𝑀̃S({𝑄𝐴}, {𝐾𝐶}) .
(A.16)

Here, 𝕍′
S/D are the shifted overlap volumes centered around the origin of the primed coordinate

systems. Integrating them together with the phase factors yields [54]

̃𝛿(4)
S (𝑝 − 𝑃S) ∶= ∫ d4𝑦′ 𝕍′

S(𝑦′)𝑒𝑖𝑝𝑦′ , (A.17)

̃𝛿(4)
D (𝑝 + 𝑃D) ∶= ∫ d4𝑧′ 𝕍′

D(𝑧′)𝑒−𝑖𝑝𝑧′ . (A.18)

The functions ̃𝛿(4)
S/D play the role of smeared delta functions enforcing approximate four-

momentum conservation at the production and detection vertices. In total the amplitude then
becomes

𝒜𝑎𝑏 = lim
𝜀→0

∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∫ d4𝑝

(2𝜋)4

̃𝛿(4)(𝑝 − 𝑃S) ̃𝛿(4)(𝑝 + 𝑃D)𝑒𝑖𝑝⃗𝐿⃗

𝑝2 − 𝑚2
𝑗 + 𝑖𝜀

𝑒−𝑖𝑝0(𝑋0
D−𝑋0

S)

× 𝑀̃D({𝑄′
𝐵}, {𝐾′

𝐷}) (/𝑝 + 𝑚𝑗) 𝑀̃S({𝑄𝐴}, {𝐾𝐶}) ,
(A.19)

where we have defined the spatial distance vector 𝐿⃗ ∶= 𝑋⃗D − 𝑋⃗S. Since 𝐿⃗ is large per
construction, the associated phase factor oscillates rapidly erasing all off-shell contributions of
the neutrino propagator under the integral. Only the particle and antiparticle pole contribute at
leading order in the 1/|𝐿⃗| expansion as can be shown using the Grimus–Stockinger theorem [51].
Depending on the exact structure of the process, the energy conservation part of the smeared
delta functions then selects whether the particle or the antiparticle pole contributes to the
overall amplitude. In the currently considered scenario, of course, the particle pole is picked
up.
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Using the on-shell representation of the propagator this immediately translates to

𝒜𝑎𝑏 = ∑
𝑗

𝑈 ∗
𝑎𝑗𝑈𝑏𝑗 ∬ d4𝑧 d4𝑦 𝕍D(𝑧)𝕍S(𝑦)

× {𝛩(𝑧0 − 𝑦0) ∑
𝑠

∫ d3 ⃗𝑝 𝑀̃D({𝑄′
𝐵}, {𝐾′

𝐷})𝜉𝑗;𝑠𝑝⃗(𝑧) ̄𝜉𝑗;𝑠𝑝⃗(𝑦)𝑀̃S({𝑄𝐴}, {𝐾𝐶})

− 𝛩(𝑦0 − 𝑧0) ∑
𝑠

∫ d3 ⃗𝑝 𝑀̃D({𝑄′
𝐵}, {𝐾′

𝐷})𝜖𝑗;𝑠𝑝⃗(𝑧) ̄𝜖𝑗;𝑠𝑝⃗(𝑦)𝑀̃S({𝑄𝐴}, {𝐾𝐶})}

(A.20)

≈ ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝑠
∫ d3 ⃗𝑝 ∬ d4𝑧 d4𝑦 𝕍D(𝑧)𝕍S(𝑦)𝛩(𝑧0 − 𝑦0)

× 𝑀̃D({𝑄′
𝐵}, {𝐾′

𝐷})𝜉𝑗;𝑠𝑝⃗(𝑧) ̄𝜉𝑗;𝑠𝑝⃗(𝑦)𝑀̃S({𝑄𝐴}, {𝐾𝐶}) .
(A.21)

In order to be able to define effective neutrino WPs, we next evaluate the Heaviside function
at the mean production and detection times and pull it out of the integrals, i.e.

𝒜𝑎𝑏 ≈ 𝛩(𝑋0
D − 𝑋0

S) ∑
𝑗

𝑈 ∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝑠
∫ d3 ⃗𝑝 ∬ d4𝑧 d4𝑦 𝕍D(𝑧)𝕍S(𝑦)

× 𝑀̃D({𝑄′
𝐵}, {𝐾′

𝐷})𝜉𝑗;𝑠𝑝⃗(𝑧) ̄𝜉𝑗;𝑠𝑝⃗(𝑦)𝑀̃S({𝑄𝐴}, {𝐾𝐶}) .
(A.22)

Here, we use that the amplitude approximately vanishes for all 𝑈S and 𝑈D that are spatially
macroscopically separated, but close to each other in time, i.e. in all cases where the Heaviside
function could not be simply pulled out of the integral. This is indeed the case as the integral

𝐷𝑗(𝑧 − 𝑦) ∶= ∑
𝑠

∫ d3 ⃗𝑝 𝜉𝑗;𝑠𝑝⃗(𝑧) ̄𝜉𝑗;𝑠𝑝⃗(𝑦) , (A.23)

is exponentially suppressed at space-like distances, and therefore, approximately vanishes for
large 𝐿⃗ but small 𝑋0

D − 𝑋0
S ≪ |𝐿⃗|.

The final step in the transition from the external to the internal WP approach now is to
expand the generic mode functions 𝜉 in terms of the mode functions accustom to the observers,
𝑂S and 𝑂D, at the source and detector, respectively. As in the main text, we call them 𝜉S and
𝜉D and we assume them to give rise to equivalent notions of particles as the one defined by 𝜉.
This requirement implies

⟨𝜉S
𝑗;𝑠𝑝⃗, 𝜖D

𝑗;𝑠′𝑝⃗′⟩ ≡ ⟨𝜉S
𝑗;𝑠𝑝⃗, 𝜖𝑗;𝑠′𝑝⃗′⟩ ≡ ⟨𝜉D

𝑗;𝑠𝑝⃗, 𝜖𝑗;𝑠′𝑝⃗′⟩ ≡ 0 , (A.24)

and analogously for the scalar products with 𝜉 ↔ 𝜖. From this we furthermore infer that the
identity on the one-particle sub-spaces of all mode constructions can be expressed as

𝟙|1-particle[⋅] = ∑
𝑠

∫ d3 ⃗𝑝 ⟨𝜉S
𝑗;𝑠𝑝⃗, ⋅⟩𝜉S

𝑗;𝑠𝑝⃗ (A.25)

= ∑
𝑠

∫ d3 ⃗𝑝 ⟨𝜉D
𝑗;𝑠𝑝⃗, ⋅⟩𝜉D

𝑗;𝑠𝑝⃗ (A.26)

= ∑
𝑠

∫ d3 ⃗𝑝 ⟨𝜉𝑗;𝑠𝑝⃗, ⋅⟩𝜉𝑗;𝑠𝑝⃗ , (A.27)
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being equivalent to the statement that the different particle modes fulfil a completeness relation
on all spaces spanned by the different mode functions. Using this property, we can insert two
identities within Equation (A.22) and get

𝒜𝑎𝑏 ≈ 𝛩(𝑋0
D − 𝑋0

S) ∑
𝑗

𝑈 ∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝑠
∫ d3 ⃗𝑝 ∬ d4𝑧 d4𝑦 𝕍D(𝑧)𝕍S(𝑦)

× 𝑀̃D({𝑄′
𝐵}, {𝐾′

𝐷}) (∑
𝑟

∫ d3 ⃗𝑞 ⟨𝜉D
𝑗;𝑟 ⃗𝑞, 𝜉𝑗;𝑠𝑝⃗⟩𝜉D

𝑗;𝑟 ⃗𝑞(𝑧))

× (∑
𝑟′

∫ d3 ⃗𝑞′ ⟨𝜉𝑗;𝑠𝑝⃗, 𝜉S
𝑗;𝑟′ ⃗𝑞′⟩ ̄𝜉S

𝑗;𝑟′ ⃗𝑞′(𝑦)) 𝑀̃S({𝑄𝐴}, {𝐾𝐶})

(A.28)

= 𝛩(𝑋0
D − 𝑋0

S) ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝑟𝑟′

∬ d3 ⃗𝑞 d3 ⃗𝑞′ ∬ d4𝑧 d4𝑦 𝕍D(𝑧)𝕍S(𝑦)

× (𝑀̃D({𝑄′
𝐵}, {𝐾′

𝐷})𝜉D
𝑗;𝑟 ⃗𝑞(𝑧)) ( ̄𝜉S

𝑗;𝑟′ ⃗𝑞′(𝑦)𝑀̃S({𝑄𝐴}, {𝐾𝐶}))

× (∑
𝑠

∫ d3 ⃗𝑝 ⟨𝜉D
𝑗;𝑟 ⃗𝑞, 𝜉𝑗;𝑠𝑝⃗⟩⟨𝜉𝑗;𝑠𝑝⃗, 𝜉S

𝑗;𝑟′ ⃗𝑞′⟩)

(A.29)

= 𝛩(𝑋0
D − 𝑋0

S) ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝑟𝑟′

∬ d3 ⃗𝑞 d3 ⃗𝑞′ ∬ d4𝑧 d4𝑦 𝕍D(𝑧)𝕍S(𝑦)

× (𝑀̃D({𝑄′
𝐵}, {𝐾′

𝐷})𝜉D
𝑗;𝑟 ⃗𝑞(𝑧)) ( ̄𝜉S

𝑗;𝑟′ ⃗𝑞′(𝑦)𝑀̃S({𝑄𝐴}, {𝐾𝐶})) ⟨𝜉D
𝑗;𝑟 ⃗𝑞, 𝜉S

𝑗;𝑟′ ⃗𝑞′⟩ .
(A.30)

Now defining the effective internal neutrino WPs as

𝛷S
𝑗;𝑟′( ⃗𝑞′) ∶= ∫ d4𝑥 𝕍S(𝑥) ̄𝜉S

𝑗;𝑟′ ⃗𝑞′(𝑥)𝑀̃S({𝑄𝐴}, {𝐾𝐶}) , (A.31)

𝛷D
𝑗;𝑟( ⃗𝑞) ∶= ∫ d4𝑥 𝕍D(𝑥)𝑀̃D({𝑄′

𝐵}, {𝐾′
𝐷})𝜉D

𝑗;𝑟 ⃗𝑞(𝑧) , (A.32)

yields the simple expression

𝒜𝑎𝑏 ≈ 𝛩(𝑋0
D − 𝑋0

S) ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝑟𝑟′

∬ d3 ⃗𝑞 d3 ⃗𝑞′ 𝛷D
𝑗;𝑟( ⃗𝑞)𝛷S

𝑗;𝑟′( ⃗𝑞′)⟨𝜉D
𝑗;𝑟 ⃗𝑞, 𝜉S

𝑗;𝑟′ ⃗𝑞′⟩ . (A.33)

A.4 Neutrino Oscillation Probability in the External Wave
Packet Approach

It can be shown that the squared amplitude of the production–propagation–detection process
assumes the form [54]

|𝒜𝑎𝑏|2 = ∫ d𝐸(2𝜋)4𝛿S(𝑞 − 𝑃S)|𝑀S|2𝒱S
∏𝑛𝐼

𝐴=1 2𝑄0
𝐴 ∏𝑛𝐹

𝐶=1 2𝐾0
𝐶

(2𝜋)4𝛿D(𝑞 + 𝑃D)|𝑀D|2𝒱D
∏𝑚𝐼

𝐵=1 2𝑄0′
𝐵 ∏𝑚𝐹

𝐷=1 2𝐾0′
𝐷

× 𝒫̃𝑎𝑏(𝐸; 𝑋S, 𝑋D)
|𝑋⃗D − 𝑋⃗S|2

,
(A.34)
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where 𝐸 is the neutrino energy, 𝑞 the neutrino four-momentum and 𝛿S/D are the smeared
momentum conserving delta functions in the source and detector with the mean four-momenta
of the produced and detected effective neutrino WPs,

𝑃 𝜇
S = ∑

𝐴
𝑄𝜇

𝐴 − ∑
𝐶

𝐾𝜇
𝐶 , 𝑃 𝜇

D = ∑
𝐵

𝑄𝜇′
𝐵 − ∑

𝐷
𝐾𝜇′

𝐷 . (A.35)

Furthermore, 𝒱S/D represents the overlap factor of the external WPs in the source / detector
depending on the mean spacetime coordinates 𝑋S/D𝐼/𝐹

𝐴 and mean momenta of the external
particles. Moreover, |𝑀S/D|2 are the full production / detection matrix elements and 𝒫̃𝑎𝑏 is
the progenitor of what will result in the oscillation probability.

Now, in order to obtain the experimentally measurable event count we average |𝒜𝑎𝑏|2 over
the mean momenta, mean positions and spin configurations of all initial state particles using
the phase space densities 𝑓𝜓(𝑠, ⃗𝑃 , 𝑋), defined such that when integrated over phase space the
particle number of species 𝜓 at time 𝑋0 is obtained, i.e.

𝑁𝜓(𝑋0) = ∑
𝑠

∬ d3𝑋⃗ d3 ⃗𝑃
(2𝜋)3 𝑓𝜓(𝑠, ⃗𝑃 , 𝑋) . (A.36)

The mean positions 𝑋⃗ are identical with the spacetime shifts that we have embedded into the
definition of the external WPs as starting / ending points before and after the collisions. For
the final state particles we integrate and sum over all spins, momenta and positions except the
mean particle momenta in the detector which we assume to be registered by the experiment.
The differential count rate is then given by

d𝑁𝑎𝑏 = ∑
spins

𝑛𝐼

∏
𝐴=1

∫ d3𝑋⃗S𝐼
𝐴 ∫ d3𝑄⃗𝐴

(2𝜋)3 𝑓S
𝐴(𝑠𝐴, 𝑄⃗𝐴, 𝑋S𝐼

𝐴 )

×
𝑚𝐼

∏
𝐵=1

∫ d3𝑋⃗D𝐼
𝐵 ∫ d3𝑄⃗′

𝐵
(2𝜋)3 𝑓D

𝐵(𝑠𝐵, 𝑄⃗′
𝐵, 𝑋D𝐼

𝐵 )

×
𝑛𝐹

∏
𝐶=1

∫ d3𝑋⃗S𝐹
𝐶 ∫ d3𝐾⃗𝐶

(2𝜋)3

𝑚𝐹

∏
𝐷=1

∫ d3𝑋⃗D𝐹
𝐷

d3𝐾⃗′
𝐷

(2𝜋)3 |𝒜𝑎𝑏|2 .

(A.37)

Note that (in our idealised model) we do not have to include a time integral for each par-
ticle coordinate as we assume the only processes happening is the neutrino production–
propagation–detection process, and hence, knowing the average positions and momenta of any
particle species at a fixed time 𝑋0

𝐴 is sufficient, as all the particle dynamics is encoded within
𝒜𝑎𝑏.

Next, we disassemble the overlap factors [54],

𝒱S = 𝑁S ∫ d4𝑦 ∏
𝐴

|𝜒𝐴(𝑦 − 𝑋S𝐼
𝐴 ; 𝑄𝐴)|2 ∏

𝐶
|𝜒𝐶(𝑦 − 𝑋S𝐹

𝐶 ; 𝐾𝐶)|2 , (A.38)

𝒱D = 𝑁D ∫ d4𝑧 ∏
𝐵

|𝜒𝐵(𝑧 − 𝑋D𝐼
𝐵 ; 𝑄′

𝐵)|2 ∏
𝐷

|𝜒𝐷(𝑧 − 𝑋D𝐹
𝐷 ; 𝐾′

𝐷)|2 , (A.39)
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in order to further evaluate Equation (A.37) and to extract the oscillation probability. As
discussed already for the similar overlap functions 𝕍S/D, the integrands of 𝒱S/D are different
from zero only in the small overlap region around the mean impact points 𝑋S/D defined by
the external spacetime points,

{𝑋ext} ∶= {𝑋S𝐼
𝐴 } ∪ {𝑋S𝐹

𝐶 }⏟⏟⏟⏟⏟⏟⏟
{𝑋S

ext}

∪ {𝑋D𝐼
𝐵 } ∪ {𝑋D𝐹

𝐷 }⏟⏟⏟⏟⏟⏟⏟
{𝑋D

ext}

. (A.40)

By pulling out the spacetime integrals, d4𝑦 and d4𝑧, from 𝒱S and 𝒱D, respectively, we can
execute all newly introduced spatial integrals over the 𝑋⃗ext using only a few approximations.
To this end, note that for fixed production and detection coordinates 𝑦, 𝑧 and a given mean
momentum configuration only those positions 𝑋⃗ext contribute that lead to world lines of the
external particles going through the close neighbourhood of 𝑦 and 𝑧, respectively. Indeed, by
using the shift symmetry [54] of the integrands of equations (A.38) and (A.39) in the 𝑋ext along
the world lines of the WPs, we can approximate 𝑋S

ext ≡ 𝑦 and 𝑋D
ext ≡ 𝑧 in all other functions

in d𝑁𝑎𝑏. In doing so, we assume that the phase space densities and 𝒫̃𝑎𝑏({𝑋ext})/|𝑋⃗D − 𝑋⃗S|2
only change significantly for variations in all external spacetime points on the order of the
source or detector volumes. After these approximations only the squared position space WPs
of the external particles depend on the external spacetime points and executing them leads to
a factor of 𝑁−1

S/D cancelling the corresponding normalisation factors [54] appearing in 𝒱S/D. In
total we arrive at

d𝑁𝑎𝑏 = ∑
spins

∫ d4𝑦 ∫ d4𝑧 ∫ d𝐸 ∫ d𝒫S (𝑦) d𝒫D𝐹
∫ d𝒫D𝐼

(𝑧)𝒫̃𝑎𝑏(𝐸; 𝑦, 𝑧)
| ⃗𝑧 − ⃗𝑦|2

, (A.41)

where the Lorentz-invariant production and detection forms,

d𝒫S (𝑦) ∶=
𝑛𝐼

∏
𝐴=1

d3𝑄⃗𝐴
(2𝜋)32𝑄0

𝐴
𝑓S

𝐴(𝑠𝐴, 𝑄⃗𝐴, 𝑦)
𝑛𝐹

∏
𝐶=1

d3𝐾⃗𝐶
(2𝜋)32𝐾0

𝐶

× (2𝜋)4𝛿S(𝑞 − 𝑃S)|𝑀S|2 ,
(A.42)

d𝒫D𝐼
(𝑧) ∶=

𝑚𝐼

∏
𝐵=1

d3𝑄⃗′
𝐵

(2𝜋)32𝑄0′
𝐵

𝑓D
𝐵(𝑠𝐵, 𝑄⃗′

𝐵, 𝑧)(2𝜋)4𝛿D(𝑞 + 𝑃D)|𝑀D|2 , (A.43)

d𝒫D𝐹
∶=

𝑚𝐹

∏
𝐷=1

d3𝐾⃗′
𝐷

(2𝜋)32𝐾0′
𝐷

, (A.44)

contain the information about the production and detection kinematics and dynamics.

A further simplification commonly assumed is that the phase space functions of the external
in-state particles only depend weakly on time corresponding to a steady influx of particles. In
the following, we hence approximate them as step functions of the form [54]

𝑓S
𝜓(𝑠, ⃗𝑃 , 𝑦) = 𝛩(𝑦0

2 − 𝑦0)𝛩(𝑦0 − 𝑦0
1) ̃𝑓S

𝜓(𝑠, ⃗𝑃 , ⃗𝑦) , (A.45)

𝑓D
𝜓 (𝑠, ⃗𝑃 , 𝑧) = 𝛩(𝑧0

2 − 𝑧0)𝛩(𝑧0 − 𝑧0
1) ̃𝑓D

𝜓 (𝑠, ⃗𝑃 , ⃗𝑧) , (A.46)
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that are only different from zero during the livetime interval of the source and the detector,
i.e. 𝑇S ∶= 𝑦0

2 −𝑦0
1 and 𝑇D ∶= 𝑧0

2 −𝑧0
1 , respectively. Using this assumption the time integrals over

detector and source livetimes only affect the probability progenitor and we finally get [54]

d𝑁𝑎𝑏 = 𝑇D ∑
spins

∫ d𝐸 ∫ d3 ⃗𝑦 ∫ d3 ⃗𝑧 ∫ d𝒫S ( ⃗𝑦)
2(2𝜋)3| ⃗𝑧 − ⃗𝑦|2

d𝒫D𝐹

2
∫ d𝒫D𝐼

( ⃗𝑧)

×

𝑦0
2𝑧0

2

∬
𝑦0

1𝑧0
1

d𝑦0 d𝑧0

𝑇D
𝒫̃𝑎𝑏(𝐸; 𝑦, 𝑧) .

(A.47)

The last factor containing the double time integral of 𝒫̃𝑎𝑏 yields the final oscillation “probabil-
ity” [54] 𝒫𝑎𝑏(𝐸; ⃗𝑦, ⃗𝑧), whereas the production and detection integrals can be interpreted as a
differential incident flux of neutrinos and a differential detection cross section, respectively.
Moreover, we can divide d𝑁𝑎𝑏 by the detection time interval in order to obtain the total
differential event rate

d𝛤𝑎𝑏 ∶= d𝑁𝑎𝑏
𝑇D

= ∫ d𝐸 ∫ d3 ⃗𝑦 ∫ d3 ⃗𝑧 𝛷S(𝐸, ⃗𝑦)
4𝜋| ⃗𝑧 − ⃗𝑦|2

𝒫𝑎𝑏(𝐸; ⃗𝑦, ⃗𝑧) d𝜎D (𝐸, ⃗𝑧, {𝐾⃗′
𝐷}) , (A.48)

with the incident neutrino flux and differential detection cross section,

𝛷S(𝐸, ⃗𝑦) = ∫ d𝒫S (𝐸, ⃗𝑦)
(2𝜋)2 , (A.49)

d𝜎D (𝐸, ⃗𝑧, {𝐾⃗′
𝐷}) =

d𝒫D𝐹

2
∫ d𝒫D𝐼

(𝐸, ⃗𝑧, {𝐾⃗′
𝐷}) . (A.50)

With this we have arrived at the last result of this section and it implies many critical insights
that we discuss in the following.

The total rate (A.48) factorises only if all neutrino mass eigenstates are quasi degenerate
in mass with almost identical effective WPs. In this case the incident neutrino flux as well
as the detection cross section become approximately independent of the produced neutrino
mass eigenstate. Otherwise the detection and production dynamics could not be disentangled
from the propagation part that leads to the oscillation probability. Moreover, one needs to
integrate over the source and detector volumes in order to obtain the measured event counts
as experimentalists usually do not explicitly resolve or use the position and time data of
the neutrino production / detection vertices for oscillation analyses. Only if the source and
detector are much smaller compared to the scale on which 𝒫𝑎𝑏 varies significantly, one can
extract 𝒫𝑎𝑏 from d𝛤𝑎𝑏 by dividing by the initial flux and the detection cross section. This is
because, only in this case it is well justified to evaluate 𝒫𝑎𝑏 at some reference point within
source and detector and pull it out of the respective integrals. This smallness condition is
usually fulfilled for the detector (unless very low energy neutrinos are considered), but it may
be violated for very large neutrino sources like, for example, the sun.

Furthermore, if the detector moves significantly relative to the source during the propagation
time of the neutrino the time integral must be rewritten as an integral along the world lines of
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detector and source respectively. Also the initial flux ∝ |𝑋⃗D(𝜏D) − 𝑋⃗S(𝜏S)|−2 then depends
on time and cannot be disentangled from the probability anymore. However, if the baseline
changes significantly only with respect to the neutrino oscillation length but is negligible
compared to the average baseline one can approximately evaluate the in-flux at this average
baseline and only integrate the oscillation probability progenitor 𝒫̃𝑎𝑏 again.

If one can extract 𝒫𝑎𝑏 it is still not guaranteed that it fulfils the unitarity condition

∑
𝑏

𝒫𝑎𝑏 = 1 , (A.51)

as has been shown in Reference [54]. This is only the case if the detector exposure time is
offset from the source livetime interval by roughly the propagation distance 𝐿 ∶= |𝑋⃗D − 𝑋⃗S|
and if 𝑇D is shorter than 𝑇S. In case both are equal, they need to be much larger than the
inverse energy uncertainty of the effective neutrino WP. The simple reasoning behind these
criteria is that the detector needs to be exposed to a stream of neutrinos as otherwise the
counting rate will always be smaller than expected.

Redefining the oscillation probability by factoring out the responsible suppression function [54]
𝑆0 from 𝒫𝑎𝑏 = 𝑆0𝑃𝑎𝑏 and absorbing it into the source flux 𝛷S results in the usual (approxi-
mately) normalised oscillation probability 𝑃𝑎𝑏 and in the expression (2.103) for the interaction
rate. This probability then includes coherence damping effects due to WP separation, possible
resolution of which mass eigenstate has propagated as well as mismatch of the produced and
detected effective neutrino momenta. The latter effect may be neglected as this kind of process
only contributes significantly to the count rate in case of very broad momentum space WPs of
the external particles contradicting assumptions we made previously. This is because only
then the widths of the smeared delta functions at production or detection are sufficiently large
such that a miss-match between 𝑃S and 𝑃D is not strongly suppressed.

A.5 Internal Wave Packet Approach for Gaussian Wave Packets

The flavour transition amplitude in the internal WP approach to neutrino oscillations in flat
spacetime and in vacuum is given by

𝒜𝑎𝑏 = ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∫ d3 ⃗𝑝 𝛷D∗

𝑗 ( ⃗𝑝)𝛷S
𝑗 ( ⃗𝑝′)𝑒−𝑖(𝐸𝑝𝑇 −𝑝⃗𝐿⃗) , (A.52)

where we use the simple Gaussian momentum space WPs,

𝜙S
𝑗 ( ⃗𝑝, ⃗𝑃𝑗) = (2𝜋𝜎2

S𝑗)
− 3

4 exp (−1
4

( ⃗𝑝 − ⃗𝑃𝑗)2

𝜎2
S𝑗

) , (A.53)

𝜙D
𝑗 ( ⃗𝑝, 𝑄⃗𝑗) = (2𝜋𝜎2

D𝑗)
− 3

4 exp (−1
4

( ⃗𝑝 − 𝑄⃗𝑗)2

𝜎2
D𝑗

) , (A.54)

156



A.5 Internal Wave Packet Approach for Gaussian Wave Packets

centered around ⃗𝑃𝑗 (𝑄⃗𝑗) with width 𝜎S𝑗 (𝜎D𝑗) at the neutrino source (detector).

In the following, we explicitly perform all steps of the calculation necessary to obtain the
flavour transition probability. The main steps of this procedure are to perform the momentum
space integral appearing within 𝒜𝑎𝑏 followed by a double time integral over the production and
detection time coordinates, i.e. 𝑇S and 𝑇D, respectively. Due to the time translation symmetry
of the physical system, the amplitude only depends on the time difference 𝛥𝑇 ∶= 𝑇D − 𝑇S and
one can show that the double integral over the neutrino production and detection intervals,

𝐼(𝑇S1, 𝑇S2; 𝑇D1, 𝑇D2) ∶=

𝑇S2

∫
𝑇S1

d𝑇S

𝑇D2

∫
𝑇D1

d𝑇D |𝒜𝑎𝑏(𝑇D − 𝑇S)|2 , (A.55)

reduces to a simple integral over the relative time coordinate 𝛥𝑇 ∶= 𝑇D − 𝑇S. We start by
proving this claim in the next section using only the assumption of time translation invariance
such that the proof remains valid in arbitrary stationary spacetimes.

A.5.1 Reduction of the Double Time Integral

In order to approximate the double integral (A.55) by a simpler, one-dimensional integral,
consider the time coordinate transformation

𝜆 ∶ ℝ2 → ℝ2 , 𝜆(𝑇S, 𝑇D) ∶= (𝑇D − 𝑇S
𝑇D + 𝑇S

) , (A.56)

𝜆−1 ∶ ℝ2 → ℝ2 , 𝜆−1(𝛥𝑇 , ̄𝑇 ) ∶= 1
2

(
̄𝑇 − 𝛥𝑇
̄𝑇 + 𝛥𝑇) , (A.57)

to an absolute and a relative time coordinate, i.e. ̄𝑇 and 𝛥𝑇, respectively. The Jacobian of
this transformation is given by

d𝜆 (𝑇S, 𝑇D) = (−1 1
1 1) ⇔ det(d𝜆) ≡ −2 . (A.58)

Using the standard rules for integration by substitution

∫
𝑉

d𝑛 ⃗𝑣 𝑓(𝜆( ⃗𝑣)) = ∫
𝜆(𝑉 )

d𝑛𝑢⃗ 𝑓(𝑢⃗)|det(d𝜆−1 (𝑢))| , (A.59)
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and that 𝜆(ℝ2) = ℝ2, we get

𝐼(𝑇S1, 𝑇S2; 𝑇D1, 𝑇D2) =

𝑇S2

∫
𝑇S1

d𝑇S

𝑇D2

∫
𝑇D1

d𝑇D |𝒜𝑎𝑏(𝑇D − 𝑇S)|2 (A.60)

= ∬
ℝ2

d2(𝑇S, 𝑇D) |𝒜𝑎𝑏(𝑇D − 𝑇S)|2𝜒(𝑇S, 𝑇D) (A.61)

= ∬
ℝ2

d2(𝛥𝑇 , ̄𝑇 )
2

|𝒜𝑎𝑏(𝛥𝑇 )|2𝜒 (
̄𝑇 − 𝛥𝑇

2
,

̄𝑇 + 𝛥𝑇
2

) , (A.62)

for the integral (A.55). The indicator function 𝜒 of the integration region is simply given by

𝜒(𝑇S, 𝑇D) = 𝛩(𝑇D2 − 𝑇D)𝛩(𝑇S2 − 𝑇S)𝛩(𝑇D − 𝑇D1)𝛩(𝑇S − 𝑇S1) . (A.63)

Next, we use the function 𝜒 in order to determine the new region of integration. In our case,
it will be beneficial to choose the ̄𝑇 integration as the inner integration since it can be trivially
executed. Its bounds then explicitly depend on 𝛥𝑇 and the old bounds of integration. The
indicator function defines the following constraints for the integration variables:

⎧{{
⎨{{⎩

𝑇D2 − 𝑇D ≥ 0
𝑇S2 − 𝑇S ≥ 0
𝑇D − 𝑇D1 ≥ 0
𝑇S − 𝑇S1 ≥ 0

⎫}}
⎬}}⎭

⇔

⎧{{
⎨{{⎩

2𝑇D2 − ( ̄𝑇 + 𝛥𝑇 ) ≥ 0
2𝑇S2 − ( ̄𝑇 − 𝛥𝑇 ) ≥ 0

̄𝑇 + 𝛥𝑇 − 2𝑇D1 ≥ 0
̄𝑇 − 𝛥𝑇 − 2𝑇S1 ≥ 0

⎫}}
⎬}}⎭

. (A.64)

Adding the first and last and the second and third constraints yields the new bounds of
integration for 𝛥𝑇, i.e.

𝑇D1 − 𝑇S2 ≤ 𝛥𝑇 ≤ 𝑇D2 − 𝑇S1 . (A.65)

For the absolute time coordinate, we then get the constraints
̄𝑇 − (2𝑇D1 − 𝛥𝑇 ) ≥ 0 ∧ ̄𝑇 − (2𝑇S1 + 𝛥𝑇 ) ≥ 0 , (A.66)

(2𝑇D2 − 𝛥𝑇 ) − ̄𝑇 ≥ 0 ∧ (2𝑇S2 + 𝛥𝑇 ) − ̄𝑇 ≥ 0 , (A.67)

translating to:
̄𝑇min(𝛥𝑇 ) ≤ ̄𝑇 ≤ ̄𝑇max(𝛥𝑇 ) , (A.68)
̄𝑇min(𝛥𝑇 ) = max (2𝑇D1 − 𝛥𝑇 , 2𝑇S1 + 𝛥𝑇) , (A.69)
̄𝑇max(𝛥𝑇 ) = min (2𝑇D2 − 𝛥𝑇 , 2𝑇S2 + 𝛥𝑇) . (A.70)

Using these designations, the integral becomes

𝐼(𝑇S1, 𝑇S2; 𝑇D1, 𝑇D2) =

𝑇D2−𝑇S1

∫
𝑇D1−𝑇S2

d𝛥𝑇 |𝒜𝑎𝑏(𝛥𝑇 )|2
̄𝑇max(𝛥𝑇 )

∫
̄𝑇min(𝛥𝑇 )

d ̄𝑇
2

(A.71)

=

𝑇D2−𝑇S1

∫
𝑇D1−𝑇S2

d𝛥𝑇 |𝒜𝑎𝑏(𝛥𝑇 )|2
̄𝑇max(𝛥𝑇 ) − ̄𝑇min(𝛥𝑇 )

2
. (A.72)
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In order to simplify the following discussion while still maintaining generality of our results,
we assume synchronised time windows of neutrino production and detection. This means
that for a given time span 𝜏 of neutrino production, the detector is assumed to operate for
precisely that amount of time such that the slowest and fastest, significantly contributing
neutrino modes are able to travel from the source to the detector. Any excess production
or detection time for that either the produced neutrino arrives at a switched off detector or
where no new neutrinos arrive at the still running detector will not contribute to the result
and we can simply omit them.

This consideration is justified by the analytical structure of the squared transition amplitude:
In general it can be decomposed into the form,

|𝒜𝑎𝑏(𝛥𝑇 )|2 = ∑
𝑗,𝑘

𝑎𝑗𝑘(𝛥𝑇 ) , (A.73)

where for each index combination (𝑗, 𝑘) the function 𝑎𝑗𝑘 has exactly one sharply peaked global
maximum at a certain time 𝛥𝑇𝑗𝑘 = 𝐿/ ̄𝑣𝑗𝑘 corresponding to the weighted average between
the times the 𝑗-th and 𝑘-th mass eigenstate WPs need to enter the detector. The associated
average velocity ̄𝑣𝑗𝑘 ∼ 1 and width of the maximum are determined by the inherent properties
of the WPs, as we will see in following sections for the explicit example of Gaussian WPs. For
now, we leave them implicit and only impose rather general assumptions on their properties.
The key insight, however, is that the different terms contributing to the squared amplitude are
only significantly different from zero in a small window around 𝛥𝑇𝑗𝑘, and hence, the condition
𝛥𝑇 ∼ 𝐿 is enforced within the uncertainties of the WPs. This enables us to define a minimal
and maximal propagation time 𝛥𝑇𝑎 < 𝛥𝑇𝑏, the fastest and slowest momentum modes need in
order to reach the detector, respectively. More precisely, these times are defined such that the
significant support of all 𝑎𝑗𝑘 falls into this window, i.e.

𝛥𝑇𝑎 ∶= min
𝑗𝑘

{min {𝛥𝑇 ∶ |𝑎𝑗𝑘(𝛥𝑇 )| ≥ 𝛿}} , (A.74)

𝛥𝑇𝑏 ∶= max
𝑗𝑘

{max {𝛥𝑇 ∶ |𝑎𝑗𝑘(𝛥𝑇 )| ≥ 𝛿}} , (A.75)

where 𝛿 ≪ 1 is some chosen precision parameter defining the degree of approximation. An
illustration of the minimal and maximal propagation times is shown in Figure A.1. Now, we
use this discussion to redefine our time coordinate system such that

𝑇S1 = 0 , 𝑇S2 = 𝜏 , 𝑇D1 = 𝛥𝑇𝑎 , 𝑇D2 = 𝜏 + 𝛥𝑇𝑏 ≈ 𝜏 + 𝛥𝑇𝑎 , (A.76)

where 𝜏 is the approximate time span of neutrino production. Since we consider ultra-relativistic
neutrinos the times 𝛥𝑇𝑎 and 𝛥𝑇𝑏 are very close to each other, and hence, fulfil 𝛥𝑇𝑏 −𝛥𝑇𝑎 ≪ 𝜏
if 𝛿 is not chosen too small.

Next, exploiting the aforementioned properties of the squared amplitude and substituting
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Figure A.1: Illustration of the definition of the time window [𝛥𝑇𝑎, 𝛥𝑇𝑏] between
the arrival of the fastest and slowest neutrino momentum modes in terms of the
envelope |𝑎𝑗𝑘| of the different terms contributing to the amplitude |𝒜𝑎𝑏|2.

everything into our expression for the integral, we get

𝐼(0, 𝜏; 𝛥𝑇𝑎, 𝜏 + 𝛥𝑇𝑏) =

𝛥𝑇𝑎

∫
𝛥𝑇𝑎−𝜏

d𝛥𝑇 |𝒜𝑎𝑏(𝛥𝑇 )|2(𝜏 + 𝛥𝑇 − 𝛥𝑇𝑎)

+ 𝜏

𝛥𝑇𝑏

∫
𝛥𝑇𝑎

d𝛥𝑇 |𝒜𝑎𝑏|2(𝛥𝑇 )

+

𝛥𝑇𝑏+𝜏

∫
𝛥𝑇𝑏

d𝛥𝑇 |𝒜𝑎𝑏|2(𝛥𝑇 )(𝜏 − (𝛥𝑇 − 𝛥𝑇𝑏))

(A.77)

≈ 𝜏

𝛥𝑇𝑏

∫
𝛥𝑇𝑎

d𝛥𝑇 |𝒜𝑎𝑏|2(𝛥𝑇 ) (A.78)

≈ 𝜏
∞

∫
−∞

d𝛥𝑇 |𝒜𝑎𝑏|2(𝛥𝑇 ) , (A.79)

since we have agreed to approximate |𝒜𝑎𝑏(𝛥𝑇 )|2 ≈ 0 for 𝛥𝑇 ≤ 𝛥𝑇𝑎 or 𝛥𝑇 ≥ 𝛥𝑇𝑏. This
leaves us with the main result of this section, i.e.

𝑃𝑎𝑏(𝐿) ≈
∫∞
−∞

|𝒜𝑎𝑏(𝛥𝑇 , 𝐿)|2 d𝛥𝑇
∫∞
−∞

∑𝑏 |𝒜𝑎𝑏(𝛥𝑇 , 𝐿)|2 d𝛥𝑇
. (A.80)
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A.5.2 Computing the Momentum Integral

Now, we return to our specific example of Gaussian shaped neutrino WPs. In this setup the
flavour transition amplitude reads

𝒜𝑎𝑏 = ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∫ d3 ⃗𝑝 (2𝜋𝜎D𝑗𝜎S𝑗)

− 3
2

× exp (−1
4

( ⃗𝑝 − 𝑄⃗𝑗)2

𝜎2
D𝑗

− 1
4

( ⃗𝑝 − ⃗𝑃𝑗)2

𝜎2
S𝑗

− 𝑖(𝐸𝑝𝑇 − ⃗𝑝𝐿⃗)) .
(A.81)

In order to be able to solve the momentum space integral, we expand the exponent,

𝜀𝑗( ⃗𝑝) ∶= −1
4

( ⃗𝑝 − 𝑄⃗𝑗)2

𝜎2
D𝑗

− 1
4

( ⃗𝑝 − ⃗𝑃𝑗)2

𝜎2
S𝑗

− 𝑖(𝐸𝑝𝑇 − ⃗𝑝𝐿⃗) , (A.82)

to quadratic order around the maximum ̄ ⃗𝑝𝑗 of the envelope of the integrand. Due to the
monotonicity of the real exponential function, this maximum can also be obtained from setting
the derivative of the real part of the exponent to zero, i.e.

0 = ∇𝑝⃗Re(𝜀𝑗)( ⃗𝑝)∣
𝑝⃗= ̄𝑝⃗𝑗

. (A.83)

This yields

∇𝑝⃗Re(𝜀𝑗)( ⃗𝑝) = −1
2

⃗𝑝 − 𝑄⃗𝑗

𝜎2
D𝑗

− 1
2

⃗𝑝 − ⃗𝑃𝑗

𝜎2
S𝑗

⇒ ̄⃗𝑝𝑗 =
⃗𝑃𝑗𝜎2

D𝑗 + 𝑄⃗𝑗𝜎2
S𝑗

𝜎2
S𝑗 + 𝜎2

D𝑗
. (A.84)

Then, the second order Taylor polynomial of the full exponent function reads

𝜀𝑗( ⃗𝑝) ≈ ̄𝜀𝑗 − 𝑖( ̄⃗𝑣𝑗𝑇 − 𝐿⃗)𝑇( ⃗𝑝 − ̄⃗𝑝𝑗) − 1
2

( ⃗𝑝 − ̄⃗𝑝𝑗)
𝑇𝛴𝑗( ⃗𝑝 − ̄⃗𝑝𝑗) , (A.85)

̄𝜀𝑗 = −1
4

⃗𝛥2
𝑗

𝜎2
S𝑗 + 𝜎2

D𝑗
− 𝑖( ̄𝐸𝑗𝑇 − ̄⃗𝑝𝑗𝐿⃗) , (A.86)

where we have defined the following quantities:

⃗𝛥𝑗 ∶= 𝑄⃗𝑗 − ⃗𝑃𝑗 , (A.87)

̄𝐸𝑗 ∶= √ ̄⃗𝑝2
𝑗 + 𝑚2

𝑗 , (A.88)

̄ ⃗𝑣𝑗 ∶=
̄⃗𝑝𝑗
̄𝐸𝑗

, (A.89)

𝛴𝑗 ∶= 𝟙
2

( 1
𝜎2

S𝑗
+ 1

𝜎2
D𝑗

) + 𝑖𝑇
̄𝐸𝑗

(𝟙 − ̄⃗𝑣𝑗 ⊗ ̄⃗𝑣𝑗) , (A.90)
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representing the deviation of the mean momenta at the source and in the detector, the mean
energy, the mean group velocity and the position space overlap covariance matrix of the
produced and detected 𝑗-th mass eigenstate WP, respectively. That the latter quantity indeed
serves this purpose becomes obvious after completing the square in the exponent and after
executing the resulting Gaussian integration. Before, we proceed to do exactly this we first
need to examine the properties of 𝛴𝑗. First, note that 𝛴𝑗 is symmetric since it emerges from
the Hessian of 𝜀𝑗. Furthermore, its real part,

Re(𝛴𝑗) = 𝟙
2

( 1
𝜎2

S𝑗
+ 1

𝜎2
D𝑗

) , (A.91)

is positive definite simultaneously proving that we indeed have found a maximum of Re(𝜀𝑗).
One eigenvector of 𝛴𝑗 can be expressed as

⃗𝑠𝑗
∥ =

̄⃗𝑝𝑗

| ̄⃗𝑝𝑗|
∝ ̄⃗𝑝𝑗, ̄⃗𝑣𝑗 , (A.92)

whereas the remaining two eigenvectors are just given by any set of mutually orthonormal, non-
zero vectors, ( ⃗𝑠𝑗

⟂,1, ⃗𝑠𝑗
⟂,2), fulfilling ⃗𝑠𝑗

⟂,𝑎 ⋅ ⃗𝑠𝑗
∥ = 0. Since we consider ultra-relativistic neutrinos,

we always have ⃗𝑠𝑗
∥ ≠ 0.

Moreover, the eigenvalues associated with these eigenvectors read

𝜎2
∥𝑗 = 1

2
( 1

𝜎2
S𝑗

+ 1
𝜎2

D𝑗
) + 𝑖 𝑇

̄𝐸𝑗
(1 − ̄𝑣2

𝑗 ) , (A.93)

𝜎2
⟂𝑗 = 1

2
( 1

𝜎2
S𝑗

+ 1
𝜎2

D𝑗
) + 𝑖 𝑇

̄𝐸𝑗
, (A.94)

where the latter eigenvalue is degenerate and corresponds to both, ⃗𝑠𝑗
⟂,1 and ⃗𝑠𝑗

⟂,2. Since all of
the above eigenvalues are non-zero, 𝛴𝑗 is invertible with (symmetric) inverse,

𝛴−1
𝑗 = 1

𝜎2
∥𝑗

⃗𝑠𝑗
∥ ⊗ ⃗𝑠𝑗

∥ + 1
𝜎2

⟂𝑗

2
∑
𝑎=1

⃗𝑠𝑗
⟂,𝑎 ⊗ ⃗𝑠𝑗

⟂,𝑎 . (A.95)

With these technical details at hand, we are now ready to complete the square in 𝜀𝑗:

𝜀𝑗( ⃗𝑝) ≈ ̄𝜀𝑗 − 1
2

(𝑖( ̄⃗𝑣𝑗𝑇 − 𝐿⃗)𝑇( ⃗𝑝 − ̄⃗𝑝𝑗) + ( ⃗𝑝 − ̄⃗𝑝𝑗)
𝑇𝛴𝑗( ⃗𝑝 − ̄⃗𝑝𝑗)) (A.96)

= ̄𝜀𝑗 − 1
2

{2𝑖( ̄⃗𝑣𝑗𝑇 − 𝐿⃗)𝑇𝛴−1
𝑗 𝛴𝑗( ⃗𝑝 − ̄⃗𝑝𝑗) + ( ⃗𝑝 − ̄⃗𝑝𝑗)

𝑇𝛴𝑗( ⃗𝑝 − ̄⃗𝑝𝑗)

− ( ̄⃗𝑣𝑗𝑇 − 𝐿⃗)𝑇𝛴−1
𝑗 ( ̄⃗𝑣𝑗𝑇 − 𝐿⃗) + ( ̄⃗𝑣𝑗𝑇 − 𝐿⃗)𝑇𝛴−1

𝑗 ( ̄⃗𝑣𝑗𝑇 − 𝐿⃗)}
(A.97)

= ̄𝜀𝑗 − 1
2

( ̄⃗𝑣𝑗𝑇 − 𝐿⃗)𝑇𝛴−1
𝑗 ( ̄⃗𝑣𝑗𝑇 − 𝐿⃗)

− 1
2

[𝑝 − ̄⃗𝑝𝑗 + 𝑖𝛴−1
𝑗 ( ̄⃗𝑣𝑗𝑇 − 𝐿⃗)]

𝑇
𝛴𝑗 [𝑝 − ̄⃗𝑝𝑗 + 𝑖𝛴−1

𝑗 ( ̄⃗𝑣𝑗𝑇 − 𝐿⃗)] .
(A.98)
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Substituting this back into the amplitude results in

𝒜𝑎𝑏 = ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 (2𝜋𝜎D𝑗𝜎S𝑗)

− 3
2 exp ( ̄𝜀𝑗 − 1

2
( ̄⃗𝑣𝑗𝑇 − 𝐿⃗)𝑇𝛴−1

𝑗 ( ̄⃗𝑣𝑗𝑇 − 𝐿⃗))

× ∫ d3 ⃗𝑝 exp (−1
2

[ ⃗𝑝 − ⃗𝑏𝑗]
𝑇

𝛴𝑗 [ ⃗𝑝 − ⃗𝑏𝑗]) ,
(A.99)

⃗𝑏𝑗 ∶= ̄⃗𝑝𝑗 − 𝑖𝛴−1
𝑗 ( ̄⃗𝑣𝑗𝑇 − 𝐿⃗) . (A.100)

Next, we perform an orthogonal integral transformation

⃗𝑞 ∶= 𝑂𝑇
𝑗 ⃗𝑝 , 𝑂𝑗 ∶= ⃗𝑠𝑗

∥ ⊗ ⃗𝑠𝑗
∥ +

2
∑
𝑎=1

⃗𝑠𝑗
⟂,𝑎 ⊗ ⃗𝑠𝑗

⟂,𝑎 , (A.101)

that diagonalises 𝛴𝑗, reducing the remaining integral to the form

∫ d3 ⃗𝑝 exp (−1
2

[𝑝 − ⃗𝑏𝑗]
𝑇

𝛴𝑗 [𝑝 − ⃗𝑏𝑗])

= ∫ d3 ̃⃗𝑞 exp (−1
2

[ ⃗𝑞 − 𝑂𝑇
𝑗

⃗𝑏𝑗]
𝑇

𝑂𝑇
𝑗 𝛴𝑗𝑂𝑗 [ ⃗𝑞 − 𝑂𝑇

𝑗
⃗𝑏𝑗])

(A.102)

= ∫ d𝑞∥ exp ⎛⎜
⎝

−1
2

[𝑞∥ − 𝑏𝑗
∥]

2

𝜎2
∥𝑗

⎞⎟
⎠

2
∏
𝑎=1

∫ d𝑞⟂,𝑎 exp ⎛⎜
⎝

−1
2

[𝑞⟂,𝑎 − 𝑏𝑗
⟂,𝑎]

2

𝜎2
⟂𝑗

⎞⎟
⎠

(A.103)

= √ (2𝜋)3

det𝛴𝑗
, (A.104)

with

𝑏𝑗
∥ ∶= ⃗𝑠𝑗

∥ ⋅ ⃗𝑏𝑗 , 𝑏𝑗
⟂,𝑎 ∶= ⃗𝑠𝑗

⟂,𝑎 ⋅ ⃗𝑏𝑗 . (A.105)

Thus, we finally arrive at

𝒜𝑎𝑏 = ∑
𝑗

𝑈 ∗
𝑎𝑗𝑈𝑏𝑗 (𝜎3

D𝑗𝜎3
S𝑗det(𝛴𝑗))

− 1
2 exp (−𝑖( ̄𝐸𝑗𝑇 − ̄⃗𝑝𝑗𝐿⃗))

× exp (−1
4

⃗𝛥2
𝑗

𝜎2
S𝑗 + 𝜎2

D𝑗
− 1

2
( ̄⃗𝑣𝑗𝑇 − 𝐿⃗)𝑇𝛴−1

𝑗 ( ̄⃗𝑣𝑗𝑇 − 𝐿⃗)) .
(A.106)

In terms of the eigenvalue decomposition of the covariance matrix 𝛴𝑗, this result can be
written as

𝒜𝑎𝑏 = ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 (𝜎3

D𝑗𝜎3
S𝑗𝜎2

∥𝑗𝜎
4
⟂𝑗)

− 1
2 exp (−𝑖( ̄𝐸𝑗𝛥𝑇 − ̄𝑝𝑗𝐿∥𝑗))

× exp (−1
4

⃗𝛥2
𝑗

𝜎2
S𝑗 + 𝜎2

D𝑗
− 1

2
( ̄𝑣𝑗𝛥𝑇 − 𝐿∥𝑗)2

𝜎2
∥𝑗

− 1
2

𝐿2
⟂𝑗

𝜎2
⟂𝑗

) ,
(A.107)

where 𝐿∥𝑗 = | ⃗𝑠𝑗
∥ ⋅ 𝐿⃗| and 𝐿⟂𝑗 = √( ⃗𝑠𝑗

⟂,1 ⋅ 𝐿⃗)2 + ( ⃗𝑠𝑗
⟂,2 ⋅ 𝐿⃗)2.
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A.5.3 Computing the Time Integral

Using the approximation 𝐿⃗ ≈ 𝐿⃗∥𝑗, the squared flavour transition amplitude reads

|𝒜𝑎𝑏(𝐿⃗, 𝛥𝑇 )|2 = ∑
𝑗,𝑘

𝑈∗
𝑎𝑗𝑈𝑏𝑗𝑈𝑎𝑘𝑈∗

𝑏𝑘 (𝜎3
S𝑗𝜎3

D𝑗𝜎3
S𝑘𝜎3

D𝑘)
− 1

2

× exp (−
⃗𝛥2
𝑗

4(𝜎2
S𝑗 + 𝜎2

D𝑗)
−

⃗𝛥2
𝑘

4(𝜎2
S𝑘 + 𝜎2

D𝑘)
+ 𝑖𝛥𝑝𝑗𝑘𝐿)

× exp ( − 1
2

Tr(ln 𝛴𝑗) − 1
2

Tr(ln 𝛴𝑘)∗ − 𝑖𝛥𝐸𝑗𝑘𝛥𝑇

−
(𝐿 − ̄𝑣𝑗𝛥𝑇 )2

2𝜎2
∥𝑗

− (𝐿 − ̄𝑣𝑘𝛥𝑇 )2

2𝜎2∗
∥𝑘

) .

(A.108)

Here, we have already gathered all time-dependent parts in the last exponential factor. Now,
in order to solve the 𝛥𝑇 integral, present in Equation (A.80), needed to obtain the oscillation
probability, we expand the exponent function,

𝛯𝑗𝑘(𝛥𝑇 ) ∶= −1
2

Tr(ln 𝛴𝑗) − 1
2

Tr(ln 𝛴𝑘)∗ − 𝑖𝛥𝐸𝑗𝑘𝛥𝑇

−
(𝐿 − ̄𝑣𝑗𝛥𝑇 )2

2𝜎2
∥𝑗

− (𝐿 − ̄𝑣𝑘𝛥𝑇 )2

2𝜎2∗
∥𝑘

,
(A.109)

up to second order around the time 𝛥𝑇𝑗𝑘 that maximises the envelope of the time integrand.
Thus, this time is defined by

0 !=
dRe(𝛯𝑗𝑘)

d𝛥𝑇
∣
𝛥𝑇 =𝛥𝑇𝑗𝑘

. (A.110)

To simplify our notation, we introduce the leading order position uncertainty,

𝛩2
𝑗 ∶= Re(𝜎2

∥𝑗) = 1
2

( 1
𝜎2

S𝑗
+ 1

𝜎2
D𝑗

) , (A.111)

as well as the WP spreading coefficients,

𝜒∥𝑗(𝛥𝑇 ) ∶= 𝛥𝑇
̄𝐸𝑗𝛩2

𝑗
(1 − ̄𝑣2

𝑗 ) , 𝜒⟂𝑗(𝛥𝑇 ) ∶= 𝛥𝑇
̄𝐸𝑗𝛩2

𝑗
. (A.112)

In terms of these quantities, the effective position space widths simply read

𝜎2
∥𝑗(𝛥𝑇 ) = 𝛩2

𝑗 (1 + 𝑖𝜒∥𝑗(𝛥𝑇 )) , (A.113)

𝜎2
⟂𝑗(𝛥𝑇 ) = 𝛩2

𝑗 (1 + 𝑖𝜒⟂𝑗(𝛥𝑇 )) , (A.114)

164



A.5 Internal Wave Packet Approach for Gaussian Wave Packets

and the time-dependent exponent becomes

𝛯𝑗𝑘(𝛥𝑇 ) = −3
2

ln 𝛩2
𝑗 − 3

2
ln 𝛩2

𝑘 − 𝑖𝛥𝐸𝑗𝑘𝛥𝑇

− 1
2

[ln(1 + 𝑖𝜒∥𝑗) + ln(1 − 𝑖𝜒∥𝑘)] − [ln(1 + 𝑖𝜒⟂𝑗) + ln(1 − 𝑖𝜒⟂𝑘)]

−
(𝐿 − ̄𝑣𝑗𝛥𝑇 )2

2𝛩2
𝑗 (1 + 𝜒2

∥𝑗)
(1 − 𝑖𝜒∥𝑗) − (𝐿 − ̄𝑣𝑘𝛥𝑇 )2

2𝛩2
𝑘(1 + 𝜒2

∥𝑘)
(1 + 𝑖𝜒∥𝑘)

(A.115)

= −3
2

ln 𝛩2
𝑗 − 3

2
ln 𝛩2

𝑘 − 𝑖𝛥𝐸𝑗𝑘𝛥𝑇

− 1
2

[ln(√1 + 𝜒2
∥𝑗) + ln(√1 + 𝜒2

∥𝑘) + 𝑖 arctan(𝜒∥𝑗) − 𝑖 arctan(𝜒∥𝑘)]

− [ln(√1 + 𝜒2
⟂𝑗) + ln(√1 + 𝜒2

⟂𝑘) + 𝑖 arctan(𝜒⟂𝑗) − 𝑖 arctan(𝜒⟂𝑘)]

−
(𝐿 − ̄𝑣𝑗𝛥𝑇 )2

2𝛩2
𝑗 (1 + 𝜒2

∥𝑗)
(1 − 𝑖𝜒∥𝑗) − (𝐿 − ̄𝑣𝑘𝛥𝑇 )2

2𝛩2
𝑘(1 + 𝜒2

∥𝑘)
(1 + 𝑖𝜒∥𝑘) .

(A.116)

The real part of 𝛯𝑗𝑘 is, therefore, given by

Re(𝛯𝑗𝑘)(𝛥𝑇 ) = −3
2

ln 𝛩2
𝑗 − 3

2
ln 𝛩2

𝑘 − 1
2

[ln(√1 + 𝜒2
∥𝑗) + ln(√1 + 𝜒2

∥𝑘)]

− [ln(√1 + 𝜒2
⟂𝑗) + ln(√1 + 𝜒2

⟂𝑘)]

−
(𝐿 − ̄𝑣𝑗𝛥𝑇 )2

2𝛩2
𝑗 (1 + 𝜒2

∥𝑗)
− (𝐿 − ̄𝑣𝑘𝛥𝑇 )2

2𝛩2
𝑘(1 + 𝜒2

∥𝑘)
.

(A.117)

The next steps are tedious but straight forward:

1. Determine the maximum 𝛥𝑇𝑗𝑘 of Re(𝛯𝑗𝑘).

2. Expand 𝛯𝑗𝑘 up to quadratic order around 𝛥𝑇𝑗𝑘.

3. Complete the square and perform the Gaussian time integral.

For simplicity, we perform them in the stationary WP approximation, i.e. with 𝜒⟂/∥𝑗 ≈ 0. In
this case, we simply get

Re(𝛯𝑗𝑘)(𝛥𝑇 ) = −3
2

ln 𝛩2
𝑗 − 3

2
ln 𝛩2

𝑘 −
(𝐿 − ̄𝑣𝑗𝛥𝑇 )2

2𝛩2
𝑗

− (𝐿 − ̄𝑣𝑘𝛥𝑇 )2

2𝛩2
𝑘

, (A.118)

and its maximum is located at

𝛥𝑇𝑗𝑘 = 𝐿
̄𝑣𝑗𝑘

, ̄𝑣𝑗𝑘 ∶=
𝛩2

𝑗 ̄𝑣2
𝑘 + 𝛩2

𝑘 ̄𝑣2
𝑗

𝛩2
𝑗 ̄𝑣𝑘 + 𝛩2

𝑘 ̄𝑣𝑗
. (A.119)
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Since in this approximation 𝛯𝑗𝑘 is indeed exactly quadratic in 𝛥𝑇, Taylor expanding it up to
second order in (𝛥𝑇 − 𝛥𝑇𝑗𝑘) does not introduce any more truncation error and we get

𝛯𝑗𝑘(𝛥𝑇 ) = −3
2

ln 𝛩2
𝑗 − 3

2
ln 𝛩2

𝑘 − 𝑖
𝛥𝐸𝑗𝑘

̄𝑣𝑗𝑘
𝐿 −

( ̄𝑣𝑗 − ̄𝑣𝑘)2

𝛩2
𝑗 ̄𝑣2

𝑘 + 𝛩2
𝑘 ̄𝑣2

𝑗

𝐿2

2

− 𝑖𝛥𝐸𝑗𝑘(𝛥𝑇 − 𝛥𝑇𝑗𝑘) − 1
2

(
̄𝑣2
𝑗

𝛩2
𝑗

+ ̄𝑣2
𝑘

𝛩2
𝑘

) (𝛥𝑇 − 𝛥𝑇𝑗𝑘)2 .
(A.120)

Moreover, completing the square yields

𝛯𝑗𝑘(𝑇 ) = − 3
2

ln 𝛩2
𝑗 − 3

2
ln 𝛩2

𝑘 − 𝑖
𝛥𝐸𝑗𝑘

̄𝑣𝑗𝑘
𝐿 −

( ̄𝑣𝑗 − ̄𝑣𝑘)2

𝛩2
𝑗 ̄𝑣2

𝑘 + 𝛩2
𝑘 ̄𝑣2

𝑗

𝐿2

2

−
(𝛥𝐸𝑗𝑘)2

2
(

̄𝑣2
𝑗

𝛩2
𝑗

+ ̄𝑣2
𝑘

𝛩2
𝑘

)
−1

+ 𝛥𝜏2 ,
(A.121)

where

𝛥𝜏2 ∶= 𝛥𝑇 − 𝛥𝑇𝑗𝑘 + 𝑖𝛥𝐸𝑗𝑘 (
̄𝑣2
𝑗

𝛩2
𝑗

+ ̄𝑣2
𝑘

𝛩2
𝑘

)
− 1

2

. (A.122)

The final Gaussian time integral then results in

𝐼 ∶=
∞

∫
−∞

d𝛥𝑇 |𝒜𝑎𝑏(𝛥𝑇 )|2 (A.123)

= ∑
𝑗,𝑘

𝑈 ∗
𝑎𝑗𝑈𝑏𝑗𝑈𝑎𝑘𝑈∗

𝑏𝑘 (𝛩2
𝑗 𝜎S𝑗𝜎D𝑗𝛩2

𝑘𝜎S𝑘𝜎D𝑘)− 3
2

× exp (−
⃗𝛥2
𝑗

4(𝜎2
S𝑗 + 𝜎2

D𝑗)
−

⃗𝛥2
𝑘

4(𝜎2
S𝑘 + 𝜎2

D𝑘)
+ 𝑖𝛥𝑝𝑗𝑘𝐿 − 𝑖

𝛥𝐸𝑗𝑘

̄𝑣𝑗𝑘
𝐿)

× exp ⎛⎜
⎝

−
( ̄𝑣𝑗 − ̄𝑣𝑘)2

𝛩2
𝑗 ̄𝑣2

𝑘 + 𝛩2
𝑘 ̄𝑣2

𝑗

𝐿2

2
−

(𝛥𝐸𝑗𝑘)2

2
(

̄𝑣2
𝑗

𝛩2
𝑗

+ ̄𝑣2
𝑘

𝛩2
𝑘

)
−1

⎞⎟
⎠

×
∞

∫
−∞

d𝛥𝜏 exp(−1
2

(
̄𝑣2
𝑗

𝛩2
𝑗

+ ̄𝑣2
𝑘

𝛩2
𝑘

) 𝛥𝜏2)

(A.124)

= ∑
𝑗,𝑘

𝑈 ∗
𝑎𝑗𝑈𝑏𝑗𝑈𝑎𝑘𝑈∗

𝑏𝑘 (𝛩2
𝑗 𝜎S𝑗𝜎D𝑗𝛩2

𝑘𝜎S𝑘𝜎D𝑘)− 3
2 ⎛⎜⎜

⎝

2𝜋
̄𝑣2
𝑗

𝛩2
𝑗

+ ̄𝑣2
𝑘

𝛩2
𝑘

⎞⎟⎟
⎠

1
2

× exp (−
⃗𝛥2
𝑗

4(𝜎2
S𝑗 + 𝜎2

D𝑗)
−

⃗𝛥2
𝑘

4(𝜎2
S𝑘 + 𝜎2

D𝑘)
+ 𝑖𝛥𝑝𝑗𝑘𝐿 − 𝑖

𝛥𝐸𝑗𝑘

̄𝑣𝑗𝑘
𝐿)

× exp ⎛⎜
⎝

−
( ̄𝑣𝑗 − ̄𝑣𝑘)2

𝛩2
𝑗 ̄𝑣2

𝑘 + 𝛩2
𝑘 ̄𝑣2

𝑗

𝐿2

2
−

(𝛥𝐸𝑗𝑘)2

2
(

̄𝑣2
𝑗

𝛩2
𝑗

+ ̄𝑣2
𝑘

𝛩2
𝑘

)
−1

⎞⎟
⎠

.

(A.125)
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Next, we define the coherence length of the 𝑗𝑘-oscillation,

𝐿coh
𝑗𝑘 ∶=

√
2

√𝛩2
𝑗 ̄𝑣2

𝑘 + 𝛩2
𝑘 ̄𝑣2

𝑗

| ̄𝑣𝑗 − ̄𝑣𝑘|
, (A.126)

the critical energy resolution,

𝜎2
𝐸𝑗𝑘 ∶= (

̄𝑣2
𝑗

𝛩2
𝑗

+ ̄𝑣2
𝑘

𝛩2
𝑘

) , (A.127)

as well as the effective momentum uncertainties,

𝜎2
𝑃𝑗 = 2(𝜎2

S𝑗 + 𝜎2
D𝑗) , (A.128)

leading to a much cleaner expression for the time integrated amplitude

𝐼 = ∑
𝑗,𝑘

𝑈∗
𝑎𝑗𝑈𝑏𝑗𝑈𝑎𝑘𝑈∗

𝑏𝑘 (𝛩2
𝑗 𝜎S𝑗𝜎D𝑗𝛩2

𝑘𝜎S𝑘𝜎D𝑘)− 3
2 ⎛⎜⎜

⎝

2𝜋
̄𝑣2
𝑗

𝛩2
𝑗

+ ̄𝑣2
𝑘

𝛩2
𝑘

⎞⎟⎟
⎠

1
2

× exp (𝑖𝛥𝑝𝑗𝑘𝐿 − 𝑖
𝛥𝐸𝑗𝑘

̄𝑣𝑗𝑘
𝐿)

× exp ⎛⎜
⎝

−
⃗𝛥2
𝑗

2𝜎2
𝑃𝑗

−
⃗𝛥2
𝑘

2𝜎2
𝑃𝑘

− ( 𝐿
𝐿coh

𝑗𝑘
)

2

− 1
2

(
𝛥𝐸𝑗𝑘

𝜎𝐸𝑗𝑘
)

2
⎞⎟
⎠

.

(A.129)

Now, in order to exploit the assumption of quasi-degenerate neutrino mass eigenstates, we
define the reference neutrino mass scale 𝑚̄2 fulfilling |𝑚2

𝑗 − 𝑚̄2| ≪ 𝑝2. Here, 𝑝 is the reference
momentum associated with the mass 𝑚̄ and that is compatible with the kinematics of the
neutrino production and detection processes. Moreover, we define the respective energy
𝐸 ∶= √𝑝2 + 𝑚̄2 and assume equal WP widths for all mass eigenstate WPs, i.e.

𝜎2
S ≡ 𝜎2

S𝑗 , 𝜎2
D ≡ 𝜎2

D𝑗 , (A.130)

for all 𝑗. The quasi-degeneracy condition also implies that the deviations of the mean momenta
̄𝑝𝑗 from 𝑝 are also small. This allows us to expand all quantities to first order in

| ̄𝑝𝑗 − 𝑝|
𝑝

≪ 1 ,
|𝑚2

𝑗 − 𝑚̄2|
𝑝2 ≪ 1 . (A.131)

In this approximation, the energy differences, for example, read

𝛥𝐸𝑗𝑘 ≈
𝛥𝑚2

𝑗𝑘

2𝐸
+ 𝛥𝑝𝑗𝑘𝑣 , 𝑣 ∶= 𝑝

𝐸
. (A.132)

Moreover, for the oscillation phase and coherence length, we get

𝛷𝑗𝑘 ∶=
𝛥𝐸𝑗𝑘

̄𝑣𝑗𝑘
− 𝛥𝑝𝑗𝑘 ≈

𝛥𝑚2
𝑗𝑘

2𝑝
, 𝐿coh

𝑗𝑘 ≈ 𝛩 ∣
𝛥𝑚2

𝑗𝑘

4𝐸2 − 𝑚̄2

2𝐸2
𝛥𝑝𝑗𝑘

𝑝
∣
−1

, (A.133)
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respectively. Finally, the production and detection coherence exponent reads

1
2

(
𝛥𝐸𝑗𝑘

𝜎𝐸𝑗𝑘
)

2

≈ 1
2

(
𝛥𝐸𝑗𝑘

𝜎𝐸
)

2

, (A.134)

with 𝜎2
𝐸 ∶= 2𝑣2/𝛩2.

A.6 Matter Attenuation Terms in the Effective Flavour Space
Approach to Neutrino Oscillations

The exact expressions for the attenuation terms, 𝛤(𝑥, 𝐸) and ̄𝛤 (𝑥, 𝐸), in equations (2.144)
and (2.145) read [66, 72]

𝛤(𝑥, 𝐸) = 1
2

∑
𝑎

Pr𝜈𝑎
(𝐸)

𝜆NC
𝑎 (𝑥, 𝐸) + 𝜆CC

𝑎 (𝑥, 𝐸)
, (A.135)

̄𝛤 (𝑥, 𝐸) = 1
2

∑
𝑎

Pr ̄𝜈𝑎
(𝐸)

𝜆̄NC
𝑎 (𝑥, 𝐸) + 𝜆̄CC

𝑎 (𝑥, 𝐸) + 𝛿𝑎𝑒𝜆̄GR
𝑒 (𝑥, 𝐸)

, (A.136)

where Pr𝜈𝑎
is the projector onto the 𝑎-th flavour eigenstate and 𝜆NC

𝑎 (𝑥, 𝐸) and 𝜆CC
𝑎 (𝑥, 𝐸)

denote the neutral and charged current (CC) interaction lengths of the 𝑎-th neutrino flavour
computed in References [279–283]. For electron antineutrinos in common matter, i.e. electrons
and nucleons, also the mean free path 𝜆̄GR

𝑒 for the Glashow resonance, i.e. for the process
̄𝜈𝑒 + 𝑒− → 𝑊 −, becomes important at very high energies [280] 𝐸 = 𝒪(PeV).

Moreover, the neutrino collision terms can be written as

𝒞[𝑥, 𝐸, 𝜌, ̄𝜌] = ∑
𝑎=𝑒,𝜇,𝜏

𝒞NC
𝑎 [𝑥, 𝐸, 𝜌, ̄𝜌] + ∑

𝑎=𝑒,𝜇,𝜏
𝒞CC

𝜏𝑎 [𝑥, 𝐸, 𝜌, ̄𝜌] , (A.137)

𝒞NC
𝑎 [𝑥, 𝐸, 𝜌, ̄𝜌] = Pr𝜈𝑎

(𝐸)
∞

∫
𝐸

d𝐸′ 1
𝜆NC

𝑎 𝜎NC
𝑎 (𝐸′)

∂𝜎NC
𝑎 (𝐸′, 𝐸)

∂𝐸
Tr[Pr𝜈𝑎

(𝐸′)𝜌(𝐸′)] , (A.138)

𝒞CC
𝜏𝑎 [𝑥, 𝐸, 𝜌, ̄𝜌] = Pr𝜈𝑎

(𝐸)Br𝜏𝑎

∞

∫
𝐸

d𝐸𝜏

∞

∫
𝐸𝜏

d𝐸′ 1
𝜆̄CC

𝜏 (𝑥, 𝐸′)𝜎̄CC
𝜏 (𝐸′)

∂𝜎̄CC
𝜏 (𝐸′, 𝐸𝜏)

∂𝐸𝜏

× 1
̄𝛤 lep
𝜏 (𝐸𝜏)

∂ ̄𝛤 lep
𝜏 (𝐸𝜏, 𝐸)

∂𝐸
Tr[ ̄Pr𝜈𝜏

(𝐸′) ̄𝜌(𝐸′)] , (𝑎 = 𝑒, 𝜇)

(A.139)

𝒞CC
𝜏𝜏 [𝑥, 𝐸, 𝜌, ̄𝜌] = Pr𝜈𝜏

(𝐸)
∞

∫
𝐸

d𝐸𝜏

∞

∫
𝐸𝜏

d𝐸′ 1
𝜆CC

𝜏 (𝑥, 𝐸′)𝜎CC
𝜏 (𝐸′)

∂𝜎CC
𝜏 (𝐸′, 𝐸𝜏)

∂𝐸𝜏

× 1
̄𝛤 all
𝜏 (𝐸𝜏)

∂ ̄𝛤 all
𝜏 (𝐸𝜏, 𝐸)

∂𝐸
Tr[Pr𝜈𝜏

(𝐸′)𝜌(𝐸′)] .

(A.140)
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The term 𝒞NC
𝑎 describes neutral current scatterings 𝜈𝑎(𝐸′) → 𝜈𝑎(𝐸) with the associated

differential cross section d𝜎NC
𝑎 . The other terms correspond to the CC production and

subsequent decay of 𝜏 leptons that fuels off of 𝜈𝜏 and ̄𝜈𝜏 in the beam and leads to the
regeneration of all active flavour components with different probabilities. Here, d𝜎CC

𝜏 is the
differential cross section for the CC production of 𝜏 due to 𝜈𝜏 scattering off of ambient matter,
d𝛤 lep

𝜏 is the differential decay width of the decay of 𝜏 into any leptonic mode in the lab-frame
and Br𝜏𝑎 is the branching ratio for a leptonically decaying 𝜏 to produce 𝜈𝑎. Furthermore, d𝛤all

𝜏
is the differential 𝜏 decay width into any final state. A detailed study of the 𝜏 decay widths
and distributions is presented in Reference [284].

Lastly, the antineutrino collision terms are given by

̄𝒞[𝑥, 𝐸, 𝜌, ̄𝜌] = ∑
𝑎=𝑒,𝜇,𝜏

̄𝒞NC
𝑎 [𝑥, 𝐸, 𝜌, ̄𝜌] + ∑

𝑎=𝑒,𝜇,𝜏

̄𝒞CC
𝜏𝑎 [𝑥, 𝐸, 𝜌, ̄𝜌] + ∑

𝑎=𝑒,𝜇,𝜏

̄𝒞GR
𝑒𝑎 [𝑥, 𝐸, 𝜌, ̄𝜌] ,

(A.141)

̄𝒞GR
𝑒𝑎 [𝑥, 𝐸, 𝜌, ̄𝜌] = ̄Pr𝜈𝑎

(𝐸)
∞

∫
𝐸

d𝐸′ 1
𝜆GR

𝑒 𝜎GR
𝑒 (𝐸′)

∂𝜎GR
𝑒 (𝐸′, 𝐸)

∂𝐸
Tr[Pr𝜈𝑎

(𝐸′)𝜌(𝐸′)] , (A.142)

and all other terms with a neutrino analogue are easily obtained from the corresponding terms
by exchanging all barred with unbarred quantities and vice versa. The last term ̄𝒞GR

𝑒𝑎 that only
applies to antineutrinos originates from the Glashow resonance and quantifies the resonant
production of antineutrinos of any flavour. Here, d𝜎GR

𝑒 is the differential cross section for the
process ̄𝜈𝑒 + 𝑒− → 𝑊 − → 𝜈𝑎 + ℓ−

𝑎 .
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This appendix chapter provides the full list of all differential equations solved for the analysis
presented in Chapter 3. In addition to that, we also discuss our numerical methods in
Section B.4, as well as the choice of initial conditions for the solution of the quantum kinetic
equations (QKEs) in Section B.3.

B.1 Neutrino Collision Terms

In the integration of the QKEs, the dominant scattering processes are:

1. 𝜈𝑒𝑒− ⟷ 𝜈𝑒𝑒−

2. 𝜈𝑒𝑒+ ⟷ 𝜈𝑒𝑒+

3. 𝜈𝑒 ̄𝜈𝑒 ⟷ 𝑒−𝑒+

We only include the collision terms corresponding to these processes in the solution of the
QKEs. The collision terms for the neutrino–electron scattering reads [100]

𝒞1[𝑡, 𝑝, 𝜚] = 32𝐺2
𝐹

𝑝
∫ d3 ⃗𝑝1

(2𝜋)32𝐸1

d3 ⃗𝑝2
(2𝜋)32| ⃗𝑝2|

d3 ⃗𝑝3
(2𝜋)32𝐸3

(2𝜋)4𝛿4(𝑝𝜇 + 𝑝𝜇
1 − 𝑝𝜇

2 − 𝑝𝜇
3 )

× {𝑔2
𝑅(𝑝𝛼𝑝𝛼

3 )(𝑝1𝛽𝑝𝛽
2 ) + 𝑔2

𝐿(𝑝𝛼𝑝𝛼
1 )(𝑝2𝛽𝑝𝛽

3 ) − 𝑔𝐿𝑔𝑅(𝑝𝛼𝑝𝛼
2 )𝑚2

𝑒}

× 𝛷1(𝑡, 𝑝𝜇, 𝑝𝜇
1 , 𝑝𝜇

2 , 𝑝𝜇
3 ) ,

(B.1)

the collision term for neutrino–positron scattering reads [100]

𝒞2[𝑡, 𝑝, 𝜚] = 32𝐺2
𝐹

𝑝
∫ d3 ⃗𝑝1

(2𝜋)32𝐸1

d3 ⃗𝑝2
(2𝜋)32| ⃗𝑝2|

d3 ⃗𝑝3
(2𝜋)32𝐸3

(2𝜋)4𝛿4(𝑝𝜇 + 𝑝𝜇
1 − 𝑝𝜇

2 − 𝑝𝜇
3 )

× {𝑔2
𝐿(𝑝𝛼𝑝𝛼

3 )(𝑝1𝛽𝑝𝛽
2 ) + 𝑔2

𝑅(𝑝𝛼𝑝𝛼
1 )(𝑝2𝛽𝑝𝛽

3 ) − 𝑔𝐿𝑔𝑅(𝑝𝛼𝑝𝛼
2 )𝑚2

𝑒}

× 𝛷2(𝑡, 𝑝𝜇, 𝑝𝜇
1 , 𝑝𝜇

2 , 𝑝𝜇
3 ) ,

(B.2)

and the collision term for neutrino–neutrino annihilation reads [100]

𝒞3[𝑡, 𝑝, 𝜚] = 32𝐺2
𝐹

𝑝
∫ d3 ⃗𝑝1

(2𝜋)32| ⃗𝑝1|
d3 ⃗𝑝2

(2𝜋)32𝐸2

d3 ⃗𝑝3
(2𝜋)32𝐸3

(2𝜋)4𝛿4(𝑝𝜇 + 𝑝𝜇
1 − 𝑝𝜇

2 − 𝑝𝜇
3 )

× {𝑔2
𝐿(𝑝𝛼𝑝𝛼

3 )(𝑝1𝛽𝑝𝛽
2 ) + 𝑔2

𝑅(𝑝𝛼𝑝𝛼
2 )(𝑝1𝛽𝑝𝛽

3 ) + 𝑔𝐿𝑔𝑅(𝑝𝛼𝑝𝛼
1 )𝑚2

𝑒}

× 𝛷3(𝑡, 𝑝𝜇, 𝑝𝜇
1 , 𝑝𝜇

2 , 𝑝𝜇
3 ) .

(B.3)
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The statistical functions are defined by

𝛷𝑖(𝑡, 𝑝𝜇, 𝑝𝜇
1 , 𝑝𝜇

2 , 𝑝𝜇
3 ) ∶= 𝛷+

𝑖 (𝑡, 𝑝𝜇, 𝑝𝜇
1 , 𝑝𝜇

2 , 𝑝𝜇
3 ) − 𝛷−

𝑖 (𝑡, 𝑝𝜇, 𝑝𝜇
1 , 𝑝𝜇

2 , 𝑝𝜇
3 ) , ∀𝑖 ∈ {1, 2, 3} , (B.4)

𝛷+
1 (𝑡, 𝑝𝜇, 𝑝𝜇

1 , 𝑝𝜇
2 , 𝑝𝜇

3 ) ∶= 𝑓𝑒−(𝑡, 𝑝3)(1 − 𝑓𝑒−(𝑡, 𝑝1)){ℙ𝑒𝜚(𝑡, 𝑝3)ℙ𝑒, 𝟙 − 𝜚(𝑡, 𝑝)} , (B.5)
𝛷−

1 (𝑡, 𝑝𝜇, 𝑝𝜇
1 , 𝑝𝜇

2 , 𝑝𝜇
3 ) ∶= (1 − 𝑓𝑒−(𝑡, 𝑝3))𝑓𝑒−(𝑡, 𝑝1){ℙ𝑒(𝟙 − 𝜚(𝑡, 𝑝3))ℙ𝑒, 𝜚(𝑡, 𝑝)} , (B.6)

𝛷+
3 (𝑡, 𝑝𝜇, 𝑝𝜇

1 , 𝑝𝜇
2 , 𝑝𝜇

3 ) ∶= 𝑓𝑒−(𝑡, 𝑝2)𝑓𝑒+(𝑡, 𝑝3){ℙ𝑒(𝟙 − 𝜚(𝑡, 𝑝1))ℙ𝑒, 𝟙 − 𝜚(𝑡, 𝑝)} , (B.7)
𝛷−

3 (𝑡, 𝑝𝜇, 𝑝𝜇
1 , 𝑝𝜇

2 , 𝑝𝜇
3 ) ∶= (1 − 𝑓𝑒−(𝑡, 𝑝2))(1 − 𝑓𝑒+(𝑡, 𝑝3)){ℙ𝑒𝜚(𝑡, 𝑝1)ℙ𝑒, 𝜚(𝑡, 𝑝)} , (B.8)

where 𝑓𝑒± are the phase space distributions of electrons and positrons, respectively. The
functions 𝛷±

2 can be easily obtained from 𝛷±
1 by replacing all 𝑓𝑒− by the corresponding 𝑓𝑒+ .

Lastly, the effective left- and right-handed couplings are 𝑔𝐿 = 1/2 + 𝑔𝑅 and 𝑔𝑟 = sin2 𝜃w, and
𝐸𝑖 = √𝑝2

𝑖 + 𝑚2
𝑒 denotes the electron and positron energy.

B.2 Evolution of the Photon Temperature

From the cosmic continuity Equation (2.38), i.e.

̇𝜌tot(𝑡) = −3𝐻(𝜌tot(𝑡) + 𝑃tot(𝑡)) , (B.9)

we can derive an evolution equation for the photon temperature by explicitly executing the
time derivative of those energy densities depending on 𝑇𝛾 and solving after the inner derivative

̇𝑇𝛾. Before we apply this procedure to the energy density discussed in Section 3.3, we first
consider the case where all particle species contributing to 𝜌tot are ultra-relativistic and in
thermal equilibrium with each other, and hence, all depend on 𝑡 only through 𝑇𝛾. In this case,
the total energy density can be written as

𝜌tot(𝑡) = 𝐶𝑇 4
𝛾 (𝑡) , (B.10)

and the time derivative yields

̇𝜌tot(𝑡) = d𝜌tot
d𝑇𝛾

d𝑇𝛾

d𝑡
= 4𝐶𝑇 3

𝛾 (𝑡) ̇𝑇𝛾 = 4𝜌tot(𝑡)
̇𝑇𝛾

𝑇𝛾
. (B.11)

Furthermore, we have 𝑃tot = 𝜌tot/3 and the cosmic continuity equation becomes

4𝜌tot(𝑡)
̇𝑇𝛾

𝑇𝛾
= −3𝐻(𝑡) (1 + 1

3
) 𝜌tot(𝑡) = −4𝐻(𝑡)𝜌tot(𝑡) ⇔

̇𝑇𝛾

𝑇𝛾
= −𝐻(𝑡) . (B.12)

Since the time derivative transforms to

d
d𝑡

= d𝑥
d𝑡

d
d𝑥

= 𝑎(𝑡) ̇𝑎(𝑡)
𝑎(𝑡)

d
d𝑥

= 𝑥𝐻 d
d𝑥

, (B.13)
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using the new time variable 𝑥 = 𝑎(𝑡), the temperature evolution can ultimately be written
as

𝑥𝐻𝑇 ′
𝛾 = −𝐻𝑇𝛾 ⇔ 𝑇 ′

𝛾 = −
𝑇𝛾

𝑥
, (B.14)

which has the solution 𝑇𝛾(𝑥) = 𝑇𝛾(𝑥0)𝑥0/𝑥.

Now that we have shown that in the ultra-relativistic, equilibrium case the photon temperature
decreases with growing scale factor as expected, we can proceed to the more general case,
where the total neutrino energy density has a more complicated 𝑥-dependence and the charged
leptons do follow their equilibrium distribution, but may not be ultra-relativistic, i.e.

𝜌tot(𝑥) = 𝜌𝛾(𝑇𝛾(𝑥)) + 𝜌𝜈,tot(𝑥) + ∑
𝛼

𝜌𝛼(𝑇𝛾(𝑥)) , (B.15)

with

𝜌𝛾(𝑇𝛾(𝑥)) = 𝑔𝛾
𝜋2

30
𝑇 4

𝛾 (𝑥) , (B.16)

𝜌𝛼(𝑇𝛾(𝑥)) = 𝑔𝛼
2𝜋2 ∫

∞

0
d𝑝 𝑝2𝐸𝛼

𝑒
𝐸𝛼

𝑇𝛾(𝑥) + 1
, (B.17)

𝑃𝛼(𝑇𝛾(𝑥)) = 𝑔𝛼
6𝜋2 ∫

∞

0
d𝑝 𝑝4

𝐸𝛼 (𝑒
𝐸𝛼

𝑇𝛾(𝑥) + 1)
. (B.18)

Taking the derivative of each partial energy density depending on 𝑥 only through 𝑇𝛾 yields

𝜌′
𝛼 = d𝜌𝛼

d𝑇𝛾
𝑇 ′

𝛾 , (B.19)

d𝜌𝛼
d𝑇𝛾

= 𝑔𝛼
2𝜋2𝑇 2

𝛾
∫

∞

0
d𝑝 𝑝2𝐸2

𝛼
𝑒

𝐸𝛼
𝑇𝛾

(𝑒
𝐸𝛼
𝑇𝛾 + 1)

2 . (B.20)

In total we, thus, have

𝑥𝐻𝜌′
tot = −3𝐻(𝜌tot + 𝑃tot) (B.21)

⇔ 𝑥 [
d𝜌𝛾

d𝑇𝛾
𝑇𝛾 + ∑

𝛼

d𝜌𝛼
d𝑇𝛾

𝑇𝛾]
𝑇 ′

𝛾

𝑇𝛾
+ 𝑥𝜌′

𝜈,tot = −3(𝜌tot + 𝑃tot) , (B.22)

and finally get

𝑇 ′
𝛾 = −

𝑇𝛾

𝑥
3(𝜌tot + 𝑃tot) + 𝑥𝜌′

𝜈,tot

𝛯(𝑥)
, (B.23)

𝛯(𝑥) = 4𝜌𝛾 + ∑
𝛼

𝑔𝛼
2𝜋2𝑇𝛾

∫
∞

0
d𝑝 𝑝2𝐸2

𝛼
𝑒

𝐸𝛼
𝑇𝛾

(𝑒
𝐸𝛼
𝑇𝛾 + 1)

2 . (B.24)
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B.3 Choice of Initial Conditions

In the following, we discuss and justify the choice of initial conditions for the integration of
the QKEs that can be summarised as:

𝑥0 = 0.01 , 𝜚(𝑥0, 𝑦) ≡ (exp(𝑦) + 1)−1 ⋅ ℙ𝑒 , 𝑇𝛾(𝑥0) = ̄𝑇 (𝑥0) , (B.25)

where the initial comoving temperature simply evaluates to ̄𝑇 (𝑥0) = 1 MeV/𝑥0 = 100 MeV.
The primary reason behind the choice of these initial conditions for any given 𝑥0 is the
assumption that no initial population of sterile neutrinos (𝜚𝑠𝑠(𝑥0) ≡ 0), and hence, also no
active–sterile correlations (𝜚𝑒𝑠(𝑥0) ≡ 0) exist as they can only be produced indirectly by
active–sterile oscillations in the underlying model. Moreover, active neutrinos are in thermal
equilibrium with the Standard Model (SM) plasma due to rapid weak interactions at least
until 𝑇𝛾 ≥ 1 GeV. This justifies that the phase space distributions of active neutrinos are
essentially given by the Fermi–Dirac distribution. Furthermore, as we prove in this section,
the structure of the QKEs also implies that rapid weak interactions between active neutrinos
and other SM particles suppress active–sterile oscillations, meaning that 𝜚 ∝ ℙ𝑒 is maintained
as long as this condition is fulfilled. Therefore, the desired choice for the initial time 𝑥0 is the
latest value at which the initial conditions (B.25) still represent a good approximation in order
to reduce numerical efforts.

Suppression of Active–Sterile Oscillations We start by rewriting the QKEs (3.31) in
the form

𝑥𝐻(𝑥)∂𝜚
∂𝑥

= −𝑖[𝐻̂(𝑥, 𝑦), 𝜚(𝑥, 𝑦)] + {𝛤 +(𝑥, 𝑦), 𝟙 − 𝜚(𝑥, 𝑦)} − {𝛤 −(𝑥, 𝑦), 𝜚(𝑥, 𝑦)} , (B.26)

where the gain and loss terms 𝛤 + and 𝛤 − encode the production and annihilation rates of
neutrinos in the primordial plasma, respectively. We suppress the explicit dependence of the
gain and loss terms on the phase space density matrix (PSDM) for notational convenience. In
order to analyse the structure of these equations in more detail, it is convenient to expand all
matrix valued quantities in the basis of SU(2) generators

𝜏𝜇 = 1
2

𝜎𝜇 , (B.27)

where 𝜎𝑘 are the Pauli matrices for 𝑘 = 1, 2, 3 and 𝜎0 = 𝟙. This is possible since all appearing
matrices 𝜚, 𝐻̂ and 𝛤 ± are hermitian and can be represented as real vectors, i.e.

𝐴 =∶ 𝑎𝜇𝜏𝜇 = 1
2

( 𝑎0 + 𝑎3 𝑎1 − 𝑖𝑎2
𝑎1 + 𝑖𝑎2 𝑎0 − 𝑎3

) , 𝑎𝜇 = 2Tr(𝐴 ⋅ 𝜏𝜇) , 𝐴 ∈ ℍ(2) . (B.28)

Using this basis, the QKEs can be cast into the form

𝑥𝐻∂𝜌0
∂𝑥

= 2𝛾+ − (𝛾+ + 𝛾−)(𝜌0 + 𝜌3) , (B.29)

𝑥𝐻∂ ⃗𝜌
∂𝑥

= ℎ⃗ × ⃗𝜌 − (𝛾+ + 𝛾−) ⃗𝜌 + (2𝛾+ − (𝛾+ + 𝛾−)𝜌0) ⃗𝑒3 , (B.30)
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with the following vector representations of the PSDM, Hamiltonian and gain and loss terms:

𝜚 =∶ 𝜌𝜇𝜏𝜇 , 𝐻̂ =∶ ℎ𝜇𝜏𝜇 , 𝛤 ± =∶ 𝛾±⏟
>0

(𝜏0 + 𝜏3) , (B.31)

where we define ⃗𝑎 ∶= (𝑎1, 𝑎2, 𝑎3) and use 𝛤 ± ∝ ℙ𝑒 = 𝜏0 + 𝜏3. In this representation, it is
obvious that the flavour oscillations originate from the commutator term. To further discuss
the impact of the collisions, we first consider the evolution equations for the correlation
elements of the PSDM, i.e.

𝑥𝐻
∂𝜌𝑗

∂𝑥
= (ℎ⃗ × ⃗𝜌)𝑗 − (𝛾+ + 𝛾−)𝜌𝑗 , 𝑗 = 1, 2 . (B.32)

In the rapid interaction regime 𝛾+ + 𝛾− ≫ |ℎ⃗|, these equations result in an exponential
damping of the active–sterile correlations, and hence, also impede the associated oscillations
since the evolution of 𝜚𝑠𝑠 ≡ (𝜌0 − 𝜌3)/2 is governed solely by the oscillations and the damped
off-diagonal elements:

𝑥𝐻∂𝜚𝑠𝑠
∂𝑥

= −1
2

(ℎ⃗ × ⃗𝜌)3 = −(ℎ1𝜌2 − ℎ2𝜌1)
2

. (B.33)

Therefore, rapid weak interactions suppress active–sterile oscillations, and thereby, also the
population of sterile neutrinos. Lastly, the electron neutrino density 𝜚𝑒𝑒 ≡ (𝜌0 + 𝜌3)/2 evolves
as

𝑥𝐻∂𝜚𝑒𝑒
∂𝑥

= 1
2

(ℎ⃗ × ⃗𝜌)3 + 2𝛾+(1 − 𝜚𝑒𝑒) − 2𝛾−𝜚𝑒𝑒 . (B.34)

Neglecting contributions from oscillations at very rapid interaction rates 𝛾± ≫ 𝑥𝐻, the
structure of these terms coincides with that of the usual classical Boltzmann equation, and
therefore, also has the same equilibrium limit. In total this proves all statements made above
leading to the choice of initial conditions for a given, suitable initial time 𝑥0.

Choice of the Initial Time In order to assess the validity of the initial conditions in
Equation (B.29) at a starting point 𝑥0, corresponding to temperatures 𝑇𝛾 < 1 GeV, we need
to solve the QKEs from a save starting point, like 𝑇𝛾( ̃𝑥0) = 10 GeV, down to 𝑥0. At this new
starting point, we know that our assumption of rapid neutrino interactions is true. In the
following, we do this for 𝑥0 = 0.01 for a representative set of model configurations considered
in this work. In this high temperature range 𝑇𝛾 ∈ [100 MeV, 10 GeV] many more ultra-
relativistic SM particles—like quarks and heavy leptons—participate in the weak interactions
with neutrinos, and hence, only considering the subset of processes described in Section 3.3.1
would underestimate the true values of the interaction rates. This, however, always results in
a conservative estimate of 𝑥0 that is smaller or equal to the true value one would obtain using
the full set of collision terms. Hence, we proceed our estimation of 𝑥0 using the partial set
of rates, as it is also done e.g. in Reference [101]. This is actually a good approximation as
electron–neutrino processes are already rapid enough to maintain full thermal equilibrium of
𝜈𝑒 with the plasma and to suppress neutrino oscillations.
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Table B.1: Representative benchmark points used for the validity check of the
adopted initial conditions summarised in Equation (B.25).

Model 𝑚𝜙 / eV 𝑚𝑠0 / eV 𝑏

ADR-only - - 10−17

ADR-only - - 10−6

ADR-only - - 10−4

ADR+ALP ( ̂𝑝1) 10−20 50 10−17

ADR+ALP ( ̂𝑝2) 10−12 250 10−17

Moreover, since we are mainly interested in those models leading to a strongly suppressed
sterile neutrino production even long after 𝑥0, i.e. that produce SM-compatible values of
𝛥𝑁eff and 𝑌4He, we establish the following rule for when to accept the validity of the initial
conditions (B.25): If a model, assuming the initial conditions from Equation (B.25), leads to
SM-compatible values for 𝛥𝑁eff and 𝑌4He at the end of the full integration, it needs to fulfil
the initial conditions precisely at 𝑥0 when starting the integration from the much smaller
value of ̃𝑥0 = 10−4. In contrast to that, if the considered model already fails to produce
SM-compatible values for our main quantities given the initial conditions in Equation (B.25),
it would especially fail to do so if 𝜚𝑠𝑠 ≠ 0 at 𝑥0. This is because a preexisting population of 𝜈𝑠
at 𝑥0 always increases the disagreement of the central cosmological parameters and their SM
values at the end of the full integration.

We present our results for all components of the PSDM for a representative set of models,
listed in Table B.1, in Figure B.1. Inspecting the behaviour of the electron neutrino density
𝜚𝑒𝑒(𝑥0, 𝑦), shown in the upper left hand panel of Figure B.1, proves that the electron neutrino
density indeed follows its equilibrium value at 𝑥0 for all models. In contrast to that, we
find that there exist models (ADR-only with 𝑏 = 10−17) for that 𝜚𝑠𝑠, as well as the real and
imaginary part of 𝜚𝑒𝑠 are not sufficiently negligible, but still small compared to the equilibrium
distribution 𝑓eq

𝜈 . Fortunately, the affected models are those that also fail to provide proper
mixing suppression after 𝑥0, and hence, do not result in SM-compatible values of our central
quantities 𝛥𝑁eff, 𝑚eff

𝑠 and 𝑌4He. In all other cases, i.e. where either the shortcut parameter or
the additional sterile mass contribution from the scalar field are sufficiently large to suppress
𝜈𝑠 population, the initial conditions (B.25) represent a good approximation. For the purposes
of our analysis it is, thus, sufficient to use (B.25) for all models, but we stress that for a
precision estimate of 𝛥𝑁eff—or any other observable depending on 𝜚—it is mandatory to start
the QKE evolution earlier than 𝑥0 = 0.01.
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Figure B.1: All components of the PSDM evaluated at 𝑥0 = 0.01 after integrating
the QKEs from ̃𝑥0 = 10−4, plotted against the dimensionless momentum 𝑦 for the
representative set of models shown in Table B.1.
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B.4 Numerical Solution of the QKEs

The QKEs, as well as the differential equation for the evolution of the photon temperature, are
solved using the GNU Scientific Library [285] in combination with C++. We use a fixed step
size Burlisch-Stoer algorithm with 𝑁 ∼ 104 time steps between 𝑥0 = 0.01 and 𝑥fin = 50.

The computation of the interaction terms involve (multiple) integrations for which we employ
the closed Newton–Cotes formula of order 6, suggesting a number of 𝑁𝑦 = 109 equally spaced
points for the momentum space grid. If the neutrino density matrices need to be evaluated at
momenta between the grid points, we use a cubic Steffen spline [286] to ensure a monotonically
in- or decreasing interpolation between the reference points.

B.5 Boltzmann Equation for the Neutron Fraction

According to Reference [21], the Boltzmann equation for the neutron fraction 𝑋𝑛 reads

𝑥𝐻(𝑥)d𝑋𝑛
d𝑥

(𝑥) = 𝜆𝑝𝑛(𝑥) (1 − 𝑋𝑛(𝑥)) − 𝜆𝑛𝑝(𝑥)𝑋𝑛(𝑥) , (B.35)

where the thermal reaction rates, 𝜆𝑝𝑛 and 𝜆𝑛𝑝, can be further subdivided into partial rates,
i.e.

𝜆𝑛𝑝(𝑥) = 𝜆𝑛+𝑒+→𝑝+ ̄𝜈𝑒
+ 𝜆𝑛+𝜈𝑒→𝑝+𝑒− + 𝜆𝑛→𝑝+ ̄𝜈𝑒+𝑒− , (B.36)

𝜆𝑝𝑛(𝑥) = 𝜆𝑛+𝑒+←𝑝+ ̄𝜈𝑒
+ 𝜆𝑛+𝜈𝑒←𝑝+𝑒− + 𝜆𝑛←𝑝+ ̄𝜈𝑒+𝑒− . (B.37)

Moreover, the corresponding partial rates are given by

𝜆𝑛+𝜈𝑒→𝑝+𝑒−(𝑥) = 𝐴
∞

∫
0

𝑝2
𝜈𝑝𝑒𝐸𝑒[1 − 𝑓𝑒(𝐸𝑒, 𝑇𝛾(𝑥))]𝜚𝑒𝑒 (𝑥, 𝑝𝜈

𝛬
𝑎(𝑥)) d𝑝𝜈 , (B.38)

𝜆𝑛+𝑒+→𝑝+ ̄𝜈𝑒
(𝑥) = 𝐴

∞

∫
0

𝑝2
𝑒𝑝𝜈𝐸𝜈 [1 − 𝜚𝑒𝑒 (𝑥, 𝑝𝜈

𝛬
𝑎(𝑥))] 𝑓𝑒(𝐸𝑒, 𝑇𝛾(𝑥)) d𝑝𝑒 , (B.39)

𝜆𝑛→𝑝+𝑒−+ ̄𝜈𝑒
(𝑥) = 𝐴

𝑝0

∫
0

𝑝2
𝑒𝑝𝜈𝐸𝜈 [1 − 𝜚𝑒𝑒 (𝑥, 𝑝𝜈

𝛬
𝑎(𝑥))] [1 − 𝑓𝑒(𝐸𝑒, 𝑇𝛾(𝑥))] d𝑝𝑒 . (B.40)

Here, 𝑓𝑒(𝐸, 𝑇𝛾) and 𝜚𝑒𝑒(𝑥, 𝑦) represent the electron and electron neutrino phase space dis-
tributions, respectively, and 𝑝𝑒 and 𝑝𝜈 denote the 𝑒− and 𝜈𝑒 momenta. Moreover, 𝐸𝑒 is the
electron energy, 𝛥𝑚 = 𝑚𝑛 − 𝑚𝑝 is the neutron–proton mass splitting, and in order to enforce
four-momentum conservation the following relations must hold:

1. Equation (B.38): 𝐸𝑒 = 𝐸𝜈 + 𝛥𝑚

2. Equation (B.39): 𝐸𝜈 = 𝐸𝑒 + 𝛥𝑚
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3. Equation (B.40): 𝐸𝜈 = 𝛥𝑚 − 𝐸𝑒

The constant 𝐴 is computed from the lifetime of the neutron in its rest frame 𝜏𝑛 and amounts
to

𝐴 ≈ {0.0157(𝛥𝑚)5𝜏𝑛}−1 . (B.41)

The proton-to-neutron reaction rates 𝜆𝑝𝑛 are obtained from Equations (B.38) to (B.40) by
replacing 𝑓 → 1 − 𝑓 for all phase space distribution functions. Lastly, the upper bound of
integration in Equation (B.40) is given by 𝑝0 = √𝛥𝑚2 − 𝑚2

𝑒.

B.6 Full Set of Differential Equations

For completeness, we list the full set of differential equations in the form in which they are
integrated simultaneously in our code. The central variables are defined in Section 3.2, i.e.

𝑥(𝑡, 𝑝) = 𝑎(𝑡) , 𝑦(𝑡, 𝑝) = 𝑎(𝑡) 𝑝
𝛬

, (B.42)

with 𝛬 = 1 MeV and the scale factor normalised such that 𝑎(𝑡0) = 𝛬/𝑇𝛾(𝑡0) at the initial time
𝑡0. The target quantities for that we solve in our implementation are the PSDM 𝜚(𝑥, 𝑦), the
neutron fraction 𝑋𝑛(𝑥) as well as the dimensionless photon temperature

𝑧 ∶= 𝑥
𝑇𝛾

𝛬
. (B.43)

To be precise, we solve the differential equations for the PSDM and the dimensionless photon
temperature simultaneously between 𝑥0 = 0.01 and 𝑥fin = 50, whereas we solve the differential
equations for the neutron fraction 𝑋𝑛 between ̂𝑥0 and ̂𝑥fin such that 𝑇𝛾( ̂𝑥0) = 5 MeV and
𝑡( ̂𝑥fin) = 300 s. The full expressions of the differential equations in terms of the dimensionless
variables read

d𝑧
d𝑥

(𝑥) = 𝑧(𝑥)
𝑥

(1 −
3[ ̃𝜌tot(𝑥) + ̃𝑃tot(𝑥)] + 𝑥d ̃𝜌𝜈,tot

d𝑥 (𝑥)
̃𝛯(𝑥)

) , (B.44)

∂𝜚
∂𝑥

(𝑥, 𝑦) = 𝑚Pl
𝛬

√ 3
8𝜋 ̃𝜌tot(𝑥)

{−𝑖𝑥2[ ̂𝐻̃(𝑥, 𝑦), 𝜚(𝑥, 𝑦)] + 1
𝑥4

̃𝐶[𝑥, 𝑦, 𝜚(𝑥, 𝑦)]} , (B.45)

d𝑋𝑛
d𝑥

(𝑥) = 𝑚Pl
𝛬

√ 3
8𝜋 ̃𝜌tot(𝑥)

1
𝑥4 {𝜆̃𝑝𝑛(𝑥) (1 − 𝑋𝑛(𝑥)) − 𝜆̃𝑛𝑝(𝑥)𝑋𝑛(𝑥)} . (B.46)

Equation (B.44) is the evolution equation for the photon temperature, Equation (B.45)
specifies the QKEs and Equation (B.46) is the differential equation for the neutron fraction.
In the following, we list the precise definitions of all quantities and functions appearing in
Equations (B.44) to (B.46).
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Quantities for the Photon Temperature Evolution The dimensionless energy densities
̃𝜌 appearing in Equations (B.44) to (B.46) are defined as

̃𝜌tot ∶= ∑
𝑖∈ℛ

̃𝜌𝑖 , ̃𝜌𝜈 ,tot ∶= ∑
𝑖∈𝒱

̃𝜌𝑖 , ̃𝜌𝑖 ∶= 𝑔𝑖
2𝜋2

∞

∫
0

d𝑦 𝑦2 ̃𝐸𝑖(𝑥, 𝑦) ̃𝑓(𝑥, 𝑦) , (B.47)

with the set of contributing radiation species ℛ ∶= {𝛾, 𝑒, 𝜈1, 𝜈2, 𝜈3, 𝜈4} and the set of neutrino
species 𝒱 ∶= {𝜈1, 𝜈2, 𝜈3, 𝜈4}. Moreover, the pressure is defined as

̃𝑃 = ∑
𝑖∈ℛ

̃𝑃𝑖 , ̃𝑃𝑖 = 𝑔𝑖
2𝜋2

∞

∫
0

d𝑦 𝑦2 ( 𝑦2

3 ̃𝐸𝑖(𝑥, 𝑦)
) ̃𝑓(𝑥, 𝑦) , (B.48)

and the respective phase space distribution functions read

̃𝑓𝜈𝑖
(𝑥, 𝑦) ≈ 𝜚m

11(𝑥, 𝑦) , 𝑖 ∈ {1, 2, 3} , ̃𝑓𝜈4
(𝑥, 𝑦) ≈ 𝜚m

22(𝑥, 𝑦) , (B.49)

̃𝑓𝑒(𝑥, 𝑦) ∶= (1 + exp(
̃𝐸(𝑥, 𝑦)
𝑧(𝑥)

))
−1

, ̃𝑓𝛾(𝑥, 𝑦) ∶= (1 − exp( 𝑦
𝑧(𝑥)

))
−1

, (B.50)

where 𝜚m
𝑖𝑗 denote the components of the PSDM in the mass eigenstate basis. Furthermore, the

dimensionless one-particle energy for a particle of mass 𝑚 reads

̃𝐸(𝑥, 𝑦) ∶= √𝑦2 + (𝑥𝑚
𝛬

)
2

. (B.51)

Finally, the function ̃𝛯 reads

̃𝛯(𝑥) = 4 ̃𝜌𝛾(𝑥) + 𝑔𝑒
2𝜋2

∞

∫
0

d𝑦 𝑦2
̃𝐸2(𝑥, 𝑦)
𝑧(𝑥)

exp ( 𝐸̃(𝑥,𝑦)
𝑧(𝑥) )

(1 + exp ( 𝐸̃(𝑥,𝑦)
𝑧(𝑥) ))

2 . (B.52)

In the limit where all particle masses are negligible and all species are in thermal equilibrium
with the plasma or do not contribute at all to the energy density, we get d𝑧 / d𝑥 ≡ 0.

Quantities for the Quantum Kinetic Equations In addition to the Planck mass 𝑚Pl and
the total dimensionless energy density ̃𝜌tot, the QKEs contain the dimensionless Hamiltonian

̂𝐻̃(𝑥, 𝑦) ∶= 1
2𝑦

𝑀̂2

𝛬2 − 8
√

2(𝐺F𝛬2)𝑦
3𝑥6 ( 𝛬2

𝑚2
𝑊

̃𝜌𝑒 + 𝛬2

𝑚2
𝑍

̃𝜌𝜈𝑒
) ℙ𝑒 − 𝑏 𝑦

2𝑥2 ℙ𝑠 , (B.53)

as well as the dimensionless collision term

̃𝐶[𝑥, 𝑦, 𝜚] = 4(𝐺F𝛬2)2

(2𝜋)2𝑦2

3
∑
𝑖=1

̃𝑐𝑖[𝑥, 𝑦, 𝜚] . (B.54)
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The partial collision terms are given by

̃𝑐1[𝑥, 𝑦, 𝜚] = ∬ d2(𝑦1, 𝑦3) 𝑦1
̃𝐸1

𝑦3
̃𝐸3

̃𝛷1(𝑥, 𝑦, 𝑦1, 𝑦2, 𝑦3)

× {𝑔2
𝑅𝜅1(𝑦, 𝑦1, 𝑦2, 𝑦3) + 𝑔2

𝐿𝜅2(𝑦, 𝑦1, 𝑦2, 𝑦3)

− 𝑔𝐿𝑔𝑅𝑥2 𝑚2
𝑒

𝛬2 𝜅3(𝑦, 𝑦1, 𝑦2, 𝑦3)}∣
𝑦2=𝑦+𝐸̃1−𝐸̃3

,

(B.55)

̃𝑐2[𝑥, 𝑦, 𝜚] = ∬ d2(𝑦1, 𝑦3) 𝑦1
̃𝐸1

𝑦3
̃𝐸3

̃𝛷2(𝑥, 𝑦, 𝑦1, 𝑦2, 𝑦3)

× {𝑔2
𝐿𝜅1(𝑦, 𝑦1, 𝑦2, 𝑦3) + 𝑔2

𝑅𝜅2(𝑦, 𝑦1, 𝑦2, 𝑦3)

− 𝑔𝐿𝑔𝑅𝑥2 𝑚2
𝑒

𝛬2 𝜅3(𝑦, 𝑦1, 𝑦2, 𝑦3)}∣
𝑦2=𝑦+𝐸̃1−𝐸̃3

,

(B.56)

̃𝑐3[𝑥, 𝑦, 𝜚] = ∬ d2(𝑦2, 𝑦3) 𝑦2
̃𝐸2

𝑦3
̃𝐸3

̃𝛷3(𝑥, 𝑦, 𝑦1, 𝑦2, 𝑦3)

× {𝑔2
𝐿𝜅1(𝑦, 𝑦1, 𝑦2, 𝑦3) + 𝑔2

𝑅𝜅4(𝑦, 𝑦1, 𝑦2, 𝑦3)

+ 𝑔𝐿𝑔𝑅𝑥2 𝑚2
𝑒

𝛬2 𝜅5(𝑦, 𝑦1, 𝑦2, 𝑦3)}∣
𝑦2=𝐸̃2+𝐸̃3−𝑦

,

(B.57)

with the kinematics functions

𝜅1(𝑦, 𝑦1, 𝑦2, 𝑦3) = 2(𝑦 ̃𝐸1 ̃𝐸2 ̃𝐸3𝐷1(𝑦, 𝑦1, 𝑦2, 𝑦3) − ̃𝐸1 ̃𝐸2𝐷2(𝑦1, 𝑦2; 𝑦, 𝑦3)

− 𝑦 ̃𝐸3𝐷2(𝑦, 𝑦3; 𝑦1, 𝑦2) + 𝐷3(𝑦, 𝑦1, 𝑦2, 𝑦3)) ,
(B.58)

𝜅2(𝑦, 𝑦1, 𝑦2, 𝑦3) = 2(𝑦 ̃𝐸1 ̃𝐸2 ̃𝐸3𝐷1(𝑦, 𝑦1, 𝑦2, 𝑦3) + 𝑦 ̃𝐸1𝐷2(𝑦, 𝑦1; 𝑦2, 𝑦3)

+ ̃𝐸2 ̃𝐸3𝐷2(𝑦2, 𝑦3; 𝑦, 𝑦1) + 𝐷3(𝑦, 𝑦1, 𝑦2, 𝑦3)) ,
(B.59)

𝜅3(𝑦, 𝑦1, 𝑦2, 𝑦3) = 𝑦 ̃𝐸2𝐷1(𝑦, 𝑦1, 𝑦2, 𝑦3) − 𝐷2(𝑦1, 𝑦3; 𝑦, 𝑦2) , (B.60)

𝜅4(𝑦, 𝑦1, 𝑦2, 𝑦3) = 2(𝑦 ̃𝐸1 ̃𝐸2 ̃𝐸3𝐷1(𝑦, 𝑦1, 𝑦2, 𝑦3) − 𝑦 ̃𝐸2𝐷2(𝑦, 𝑦2; 𝑦1, 𝑦3)

− ̃𝐸1 ̃𝐸3𝐷2(𝑦1, 𝑦3; 𝑦, 𝑦2) + 𝐷3(𝑦, 𝑦1, 𝑦2, 𝑦3)) ,
(B.61)

𝜅5(𝑦, 𝑦1, 𝑦2, 𝑦3) = 𝑦 ̃𝐸1𝐷1(𝑦, 𝑦1, 𝑦2, 𝑦3) + 𝐷2(𝑦2, 𝑦3; 𝑦, 𝑦1) , (B.62)
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and the statistical functions as defined in Appendix B.1 with the replacements 𝑓 → ̃𝑓. Moreover,
the so-called Dolgov–Hansen–Semikoz (DHS)-integrals [287] are given by

𝐷1(𝑦1, 𝑦2, 𝑦3, 𝑦4) ∶= 4
𝜋

∞

∫
0

d𝜆
𝜆2

4
∏
𝑙=1

sin(𝜆𝑦𝑙) , (B.63)

𝐷2(𝑦1, 𝑦2; 𝑦3, 𝑦4) ∶= 4
𝜋

∞

∫
0

d𝜆
𝜆4

2
∏
𝑘=1

sin(𝜆𝑦𝑘)
4

∏
𝑙=3

[𝜆𝑦𝑙 cos(𝜆𝑦𝑙) − sin(𝜆𝑦𝑙)] , (B.64)

𝐷3(𝑦1, 𝑦2, 𝑦3, 𝑦4) ∶= 4
𝜋

∞

∫
0

d𝜆
𝜆6

4
∏
𝑙=1

[𝜆𝑦𝑙 cos(𝜆𝑦𝑙) − sin(𝜆𝑦𝑙)] , (B.65)

and can be computed analytically as shown in Reference [126]. Note that our conventions
for the DHS-integrals match those in References [126, 287], and hence, differ from the ones
employed in Reference [100]. The DHS-integrals from Reference [100] can be obtained by
multiplying ours by 4, changing sign of 𝐷2 and swapping (𝑦1, 𝑦2) ↔ (𝑦3, 𝑦4) in the argument
of 𝐷2. Moreover, the dimensionless energy ̃𝐸𝑖 for a neutrino coincides with its dimensionless
momentum 𝑦𝑖, i.e. ̃𝐸𝑖 = 𝑦𝑖.

Quantities for the Evolution Equation of the Neutron Fraction Finally, we present
the dimensionless interaction rates appearing within the evolution equation of the neutron
fraction:

𝜆̃𝑛𝑝(𝑥) = 𝜆̃𝑛+𝑒+→𝑝+ ̄𝜈𝑒
+ 𝜆̃𝑛+𝜈𝑒→𝑝+𝑒− + 𝜆̃𝑛→𝑝+ ̄𝜈𝑒+𝑒− , (B.66)

𝜆̃𝑝𝑛(𝑥) = 𝜆̃𝑛+𝑒+←𝑝+ ̄𝜈𝑒
+ 𝜆̃𝑛+𝜈𝑒←𝑝+𝑒− + 𝜆̃𝑛←𝑝+ ̄𝜈𝑒+𝑒− , (B.67)

with

𝜆̃𝑛+𝜈𝑒→𝑝+𝑒−(𝑥) = ̃𝐴
∞

∫
0

𝑦2
𝜈𝑦𝑒 ̃𝐸𝑒[1 − ̃𝑓𝑒(𝑥, 𝑦𝑒)]𝜚𝑒𝑒 (𝑥, 𝑦𝜈) d𝑦𝜈 , (B.68)

𝜆̃𝑛+𝑒+→𝑝+ ̄𝜈𝑒
(𝑥) = ̃𝐴

∞

∫
0

𝑦2
𝑒𝑦2

𝜈 [1 − 𝜚𝑒𝑒 (𝑥, 𝑦𝜈)] 𝑓𝑒(𝑥, 𝑦𝑒) d𝑦𝑒 , (B.69)

𝜆̃𝑛→𝑝+𝑒−+ ̄𝜈𝑒
(𝑥) = ̃𝐴

𝑦0

∫
0

𝑦2
𝑒𝑦2

𝜈 [1 − 𝜚𝑒𝑒 (𝑥, 𝑦𝜈)] [1 − 𝑓𝑒(𝑥, 𝑦𝑒)] d𝑦𝑒 , (B.70)

and the inverse reaction rates can be obtained by replacing 𝑓 ↔ 1 − 𝑓. Furthermore, using the
definitions

𝛥𝑚̃ ∶= 𝛥𝑚
𝛬

, ̃𝐴 ∶= 𝛬4𝐴 , 𝑦0 ∶= 𝑥𝑝0
𝛬

, (B.71)

energy conservation implies
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B Appendix - Altered Dispersion Relations

1. In 𝜆̃𝑛+𝜈𝑒→𝑝+𝑒− : ̃𝐸𝑒 = 𝑦𝜈 + 𝑥𝛥𝑚̃

2. In 𝜆̃𝑛+𝑒+→𝑝+ ̄𝜈𝑒
: 𝑦𝜈 = ̃𝐸𝑒 + 𝑥𝛥𝑚̃

3. In 𝜆̃𝑛→𝑝+𝑒−+ ̄𝜈𝑒
: 𝑦𝜈 = 𝑥𝛥𝑚̃ − ̃𝐸𝑒

The original quantities are defined in Appendix B.5.
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C Appendix - Quantum Gravitational Decoherence

This appendix chapter contains important supplemental material for the considerations in
Chapter 4. The contents of Sections C.1 and C.2 are important for the derivation of the
neutrino oscillation probability in vacuum, assuming the phenomenological QG model described
in Section 4.1. Then, in Section C.3 we derive and discuss the neutrino flux at Earth produced
by a source that emits unstable primary particles that decay into neutrinos. Finally, in
Section C.4, we compute the differential energy distribution for neutrinos emerging from beta
decay. This is important for our considerations of cosmic neutron sources in Section 4.2.

C.1 Basis Matrix Decomposition

The set of hermitian 𝑁 × 𝑁 matrices,

ℍ(𝑁) ∶= {𝐴 ∈ ℂ𝑁×𝑁 ∶ 𝐴† = 𝐴} , (C.1)

forms a vector space over ℝ and can be equipped with an inner product

⟨𝐴, 𝐵⟩ ∶= 2Tr [𝐴 ⋅ 𝐵] , ∀𝐴, 𝐵 ∈ ℍ(𝑁) . (C.2)

The dimension of this vector space is dim(ℍ(𝑁)) = 𝑁2. For the considerations of this work it
is convenient to decompose all hermitian matrices in terms of a certain set of basis matrices,

{𝜆𝐴 ∶ 𝐴 = 0, … , 𝑁2 − 1} , (C.3)

𝜆0 = 1√
2𝑁

𝟙 , (C.4)

𝜆𝐴 = 𝛼𝐴
2

[ ⃗𝑒𝐽(𝐴) ⊗ ⃗𝑒𝐾(𝐴)] +
𝛼∗

𝐴
2

[ ⃗𝑒𝐾(𝐴) ⊗ ⃗𝑒𝐽(𝐴)] , 𝐴 = 1, … , 𝑁(𝑁 − 1) , (C.5)

𝜆𝑁(𝑁−1)+𝑚 = 1
√2𝑚(𝑚 + 1)

{
𝑚

∑
𝑗=1

[ ⃗𝑒𝑗 ⊗ ⃗𝑒𝑗] − 𝑚 [ ⃗𝑒𝑚+1 ⊗ ⃗𝑒𝑚+1]} , (C.6)

where 𝑚 = 1, … , 𝑁 − 1 and the index functions 𝛼𝐴, 𝐽(𝐴) and 𝐾(𝐴) read

𝛼𝐴 = {
1 , 𝐴 odd
−𝑖 , 𝐴 even

, (C.7)

𝐽(𝐴) =
𝑁−1
∑
𝑎=1

𝛩 (⌊𝐴 + 1
2

⌋ − 1 −
𝑎−1
∑
𝑏=1

(𝑁 − 𝑏)) , (C.8)

𝐾(𝐴) = 𝐽(𝐴) + ⌊𝐴 + 1
2

⌋ −
𝐽(𝐴)−1

∑
𝑎=1

(𝑁 − 𝑎) . (C.9)
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C Appendix - Quantum Gravitational Decoherence

Here, 𝛩 is the Heaviside step function with the convention 𝛩(0) = 1. The zeroth matrix of
this set just represents the scaled identity matrix while the next 𝑁(𝑁 − 1) matrices each
correspond to the real and imaginary parts of the off-diagonal entries of a hermitian matrix
in an alternating fashion. For 𝑁 = 3, for example, they are simply given by the off-diagonal
SU(3) generators

𝜆1 = 1
2

⎛⎜
⎝

0 1 0
1 0 0
0 0 0

⎞⎟
⎠

, 𝜆2 = 1
2

⎛⎜
⎝

0 −𝑖 0
𝑖 0 0
0 0 0

⎞⎟
⎠

, (C.10)

𝜆3 = 1
2

⎛⎜
⎝

0 0 1
0 0 0
1 0 0

⎞⎟
⎠

, 𝜆4 = 1
2

⎛⎜
⎝

0 0 −𝑖
0 0 0
𝑖 0 0

⎞⎟
⎠

, (C.11)

𝜆5 = 1
2

⎛⎜
⎝

0 0 0
0 0 1
0 1 0

⎞⎟
⎠

, 𝜆6 = 1
2

⎛⎜
⎝

0 0 0
0 0 −𝑖
0 𝑖 0

⎞⎟
⎠

. (C.12)

The index functions, 𝐽(𝐴) and 𝐾(𝐴), always ensure that 𝐽(𝐴) < 𝐾(𝐴) and that the non-zero
element in the upper triangle of the off-diagonal 𝜆𝐴 traces the upper triangle row-wise. Finally,
the remaining diagonal basis matrices 𝜆𝐴 with 𝐴 > 𝑁(𝑁 − 1) are traceless and for 𝑁 = 3
they are given by

𝜆7 = 1
2

⎛⎜
⎝

1 0 0
0 −1 0
0 0 0

⎞⎟
⎠

, 𝜆8 = 1
2
√

3
⎛⎜
⎝

1 0 0
0 1 0
0 0 −2

⎞⎟
⎠

. (C.13)

It is now straight forward to show that the 𝜆𝐴 form an orthonormal basis (ONB) by computing
all mutual scalar products. Since all 𝜆𝐴 with 𝐴 ≥ 1 are traceless, it is obvious that they are
orthogonal to 𝜆0, i.e.

⟨𝜆0, 𝜆𝐴⟩ = 2Tr [𝜆0𝜆𝐴] = √ 1
2𝑁

Tr [𝜆𝐴] = 0 . (C.14)

Moreover, the zeroth basis element is properly normalised,

⟨𝜆0, 𝜆0⟩ = 2Tr [𝜆2
0] = 2

2𝑁
Tr [𝟙] = 1 . (C.15)
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C.1 Basis Matrix Decomposition

The scalar products of two off-diagonal basis matrices with 1 ≤ 𝐴, 𝐵 ≤ 𝑁(𝑁 − 1) yield

⟨𝜆𝐴, 𝜆𝐵⟩ = 2Tr( {𝛼𝐴
2

[ ⃗𝑒𝐽(𝐴) ⊗ ⃗𝑒𝐾(𝐴)] +
𝛼∗

𝐴
2

[ ⃗𝑒𝐾(𝐴) ⊗ ⃗𝑒𝐽(𝐴)]}

× {𝛼𝐵
2

[ ⃗𝑒𝐽(𝐵) ⊗ ⃗𝑒𝐾(𝐵)] + 𝛼∗
𝐵
2

[ ⃗𝑒𝐾(𝐵) ⊗ ⃗𝑒𝐽(𝐵)]} )
(C.16)

= 1
2

[𝛼𝐴𝛼𝐵𝛿𝐾(𝐴)𝐽(𝐵)Tr ( ⃗𝑒𝐽(𝐴) ⊗ ⃗𝑒𝐾(𝐵))

+ 𝛼𝐴𝛼∗
𝐵𝛿𝐾(𝐴)𝐾(𝐵)Tr ( ⃗𝑒𝐽(𝐴) ⊗ ⃗𝑒𝐽(𝐵))

+ 𝛼∗
𝐴𝛼𝐵𝛿𝐽(𝐴)𝐽(𝐵)Tr ( ⃗𝑒𝐾(𝐴) ⊗ ⃗𝑒𝐾(𝐵))

+ 𝛼∗
𝐴𝛼∗

𝐵𝛿𝐽(𝐴)𝐾(𝐵)Tr ( ⃗𝑒𝐾(𝐴) ⊗ ⃗𝑒𝐾(𝐵)) ]

(C.17)

= 1
2

[(𝛼𝐴𝛼𝐵 + 𝛼∗
𝐴𝛼∗

𝐵)𝛿𝐾(𝐴)𝐽(𝐵)𝛿𝐽(𝐴)𝐾(𝐵)

+ (𝛼𝐴𝛼∗
𝐵 + 𝛼∗

𝐴𝛼𝐵)𝛿𝐽(𝐴)𝐽(𝐵)𝛿𝐾(𝐴)𝐾(𝐵)] .
(C.18)

Since 𝐽(𝐴) < 𝐾(𝐴) the first term can never contribute since otherwise 𝐾(𝐴) = 𝐽(𝐵) <
𝐾(𝐵) = 𝐽(𝐴) contradicting the construction. Moreover, in the second term 𝐽(𝐴) = 𝐽(𝐵) and
𝐾(𝐴) = 𝐾(𝐵) can only happen for either the same off-diagonal matrix, i.e. 𝐴 = 𝐵, or for two
neighboring matrices with ⌊(𝐴 + 1)/2⌋ = ⌊(𝐵 + 1)/2⌋. In the first case, we simply get

⟨𝜆𝐴, 𝜆𝐴⟩ = 2|𝛼𝐴|2

2
= 1 , (C.19)

and

⟨𝜆𝐴, 𝜆𝐵⟩ = ±𝑖 − 𝑖
2

= 0 , ⌊𝐴 − 1
2

⌋ = ⌊𝐵 − 1
2

⌋ ∧ 𝐴 ≠ 𝐵 , (C.20)

in the latter case. In all other cases, the inner product also vanishes proving the mutual
orthonormality of the off-diagonal matrices.
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For pairings of off-diagonal and diagonal matrices, we find

⟨𝜆𝐴, 𝜆𝑁(𝑁−1)+𝑚⟩ = 2
√2𝑚(𝑚 + 1)

Tr( {𝛼𝐴
2

[ ⃗𝑒𝐽(𝐴) ⊗ ⃗𝑒𝐾(𝐴)] +
𝛼∗

𝐴
2

[ ⃗𝑒𝐾(𝐴) ⊗ ⃗𝑒𝐽(𝐴)]}

× {
𝑚

∑
𝑗=1

[ ⃗𝑒𝑗 ⊗ ⃗𝑒𝑗] − 𝑚 [ ⃗𝑒𝑚+1 ⊗ ⃗𝑒𝑚+1]} )
(C.21)

= 1
√2𝑚(𝑚 + 1)

(
𝑚

∑
𝑗=1

𝛼𝐴𝛿𝐾(𝐴)𝑗Tr ( ⃗𝑒𝐽(𝐴) ⊗ ⃗𝑒𝑗)

+
𝑚

∑
𝑗=1

𝛼∗
𝐴𝛿𝐽(𝐴)𝑗Tr ( ⃗𝑒𝐾(𝐴) ⊗ ⃗𝑒𝑗)

− 𝑚𝛼𝐴𝛿𝐾(𝐴)(𝑚+1)Tr ( ⃗𝑒𝐽(𝐴) ⊗ ⃗𝑒𝑚+1)

− 𝑚𝛼∗
𝐴𝛿𝐽(𝐴)(𝑚+1)Tr ( ⃗𝑒𝐾(𝐴) ⊗ ⃗𝑒𝑚+1) )

(C.22)

=
[𝛼𝐴 + 𝛼∗

𝐴]
√2𝑚(𝑚 + 1)

(
𝑚

∑
𝑗=1

𝛿𝐾(𝐴)𝑗𝛿𝐽(𝐴)𝑗 − 𝑚𝛿𝐾(𝐴)(𝑚+1)𝛿𝐽(𝐴)(𝑚+1)) . (C.23)

This expression can only be non-zero iff 𝐽(𝐴) = 𝐾(𝐴) which is not possible by construction.
Hence, off-diagonal and diagonal 𝜆𝐴 are orthogonal.

Finally, we prove the mutual orthonormality of the traceless diagonal 𝜆𝐴, i.e.

⟨𝜆𝑁(𝑁−1)+𝑘, 𝜆𝑁(𝑁−1)+𝑚⟩ = 2
√2𝑘(𝑘 + 1)√2𝑚(𝑚 + 1)

Tr ({
𝑘

∑
𝑙=1

[ ⃗𝑒𝑙 ⊗ ⃗𝑒𝑙] − 𝑘 [ ⃗𝑒𝑘+1 ⊗ ⃗𝑒𝑘+1]}

× {
𝑚

∑
𝑗=1

[ ⃗𝑒𝑗 ⊗ ⃗𝑒𝑗] − 𝑚 [ ⃗𝑒𝑚+1 ⊗ ⃗𝑒𝑚+1]})

= 1
√𝑘𝑚(𝑘 + 1)(𝑚 + 1)

(
𝑘

∑
𝑙=1

𝑚
∑
𝑗=1

𝛿𝑙𝑗Tr ( ⃗𝑒𝑙 ⊗ ⃗𝑒𝑗) − 𝑚
𝑘

∑
𝑙=1

𝛿𝑙(𝑚+1)Tr ( ⃗𝑒𝑙 ⊗ ⃗𝑒𝑚+1)

−𝑘
𝑚

∑
𝑗=1

𝛿𝑗(𝑘+1)Tr ( ⃗𝑒𝑘+1 ⊗ ⃗𝑒𝑗) + 𝑘𝑚𝛿(𝑚+1)(𝑘+1)Tr ( ⃗𝑒𝑘+1 ⊗ ⃗𝑒𝑚+1))

= 1
√𝑘𝑚(𝑘 + 1)(𝑚 + 1)

(
min (𝑚,𝑘)

∑
𝑗=1

1 − 𝑚𝛩(𝑘 − (𝑚 + 1)) − 𝑘𝛩(𝑚 − (𝑘 + 1)) + 𝑚2𝛿𝑚𝑘) .

Without loss of generality, let 𝑚 ≤ 𝑘 in the following. Then, we get

⟨𝜆𝑁(𝑁−1)+𝑘, 𝜆𝑁(𝑁−1)+𝑚⟩ =
(𝑚 − 𝑚𝛩(𝑘 − (𝑚 + 1)) + 𝑚2𝛿𝑚𝑘)

√𝑘𝑚(𝑘 + 1)(𝑚 + 1)
= {

1 , 𝑚 = 𝑘
0 , 𝑚 < 𝑘

. (C.24)
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C.1 Basis Matrix Decomposition

This also proves that the 𝜆𝐴 form a linearly independent set of vectors. That they indeed
form a complete basis is easy to see by taking an arbitrary hermitian matrix 𝐴 ∈ ℍ(𝑁) with
entries 𝑎𝑗𝑘. Obviously, the 𝑎𝑗𝑘 fulfil 𝑎𝑗𝑘 = 𝑎∗

𝑘𝑗 and 𝐴 can be decomposed into a diagonal and
an off-diagonal part by using the canonical basis on ℂ𝑁×𝑁, i.e.

𝐴 =
𝑁

∑
𝑗,𝑘=1

𝑎𝑗𝑘 [ ⃗𝑒𝑗 ⊗ ⃗𝑒𝑘] (C.25)

= ∑
𝑗

𝑎𝑗𝑗 [ ⃗𝑒𝑗 ⊗ ⃗𝑒𝑗]
⏟⏟⏟⏟⏟⏟⏟

𝐴diag

+ ∑
𝑗<𝑘

(𝑎𝑗𝑘 [ ⃗𝑒𝑗 × ⃗𝑒𝑘] + 𝑎∗
𝑘𝑗 [ ⃗𝑒𝑘 × ⃗𝑒𝑗])

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐴off

. (C.26)

We can yet introduce another set of 𝑁2 matrices,

𝛽𝑗𝑗 ∶= [ ⃗𝑒𝑗 ⊗ ⃗𝑒𝑗] , 𝑗 = 1, … , 𝑁 , (C.27)
𝛾𝑗𝑘 ∶= [ ⃗𝑒𝑗 ⊗ ⃗𝑒𝑘] + [ ⃗𝑒𝑘 ⊗ ⃗𝑒𝑗] , 1 ≤ 𝑗 < 𝑘 ≤ 𝑁 , (C.28)
̃𝛾𝑗𝑘 ∶= 𝑖 [ ⃗𝑒𝑗 ⊗ ⃗𝑒𝑘] − 𝑖 [ ⃗𝑒𝑘 ⊗ ⃗𝑒𝑗] , 1 ≤ 𝑗 < 𝑘 ≤ 𝑁 . (C.29)

These matrices are linearly independent and we can use them to write the arbitrary matrix 𝐴
as

𝐴 =
𝑁

∑
𝑗=1

𝑎𝑗𝑗𝛽𝑗𝑗 + ∑
𝑗<𝑘

Re(𝑎𝑗𝑘)𝛾𝑗𝑘 + ∑
𝑗<𝑘

Im(𝑎𝑗𝑘) ̃𝛾𝑗𝑘 . (C.30)

Therefore, the dimension of ℍ(𝑁) is indeed 𝑁2 and since |{𝜆𝐴 ∶ 0 ≤ 𝐴 ≤ 𝑁2 − 1}| = 𝑁2 and
all 𝜆𝐴 are linearly independent we have successfully constructed a basis of ℍ(𝑁).

The last property, we prove in this section is the total antisymmetry of the structure constants
𝑓𝐴𝐵𝐶 defined by

[𝜆𝐴, 𝜆𝐵] =∶ 𝑖 ∑
𝐶

𝑓𝐴𝐵𝐶𝜆𝐶 . (C.31)

We can use the orthonormality of the 𝜆𝐴 to write the structure constants as

𝑓𝐴𝐵𝐶 = −𝑖⟨[𝜆𝐴, 𝜆𝐵], 𝜆𝐶⟩ . (C.32)

The antisymmetry in the first two indices, 𝑓𝐴𝐵𝐶 = −𝑓𝐵𝐴𝐶, is inherited from the antisymmetry
of the commutator and for the total antisymmetry we therefore only have to prove the
antisymmetry property in the last two indices, 𝑓𝐴𝐵𝐶 = −𝑓𝐴𝐶𝐵, since then we automatically
get

𝑓𝐴𝐵𝐶 = −𝑓𝐴𝐶𝐵 = 𝑓𝐶𝐴𝐵 = −𝑓𝐶𝐵𝐴 . (C.33)
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The antisymmetry in the last two indices can be shown as follows:

𝑓𝐴𝐵𝐶 = −𝑖⟨[𝜆𝐴, 𝜆𝐵], 𝜆𝐶⟩
= −2𝑖Tr((𝜆𝐴𝜆𝐵 − 𝜆𝐵𝜆𝐴)𝜆𝐶)
= −2𝑖Tr(𝜆𝐶𝜆𝐴𝜆𝐵 − 𝜆𝐶𝜆𝐵𝜆𝐴)
= −2𝑖Tr(𝜆𝐶𝜆𝐴𝜆𝐵 − 𝜆𝐴𝜆𝐶𝜆𝐵)
= −2𝑖Tr((𝜆𝐶𝜆𝐴 − 𝜆𝐴𝜆𝐶)𝜆𝐵)
= 2𝑖Tr([𝜆𝐴, 𝜆𝐶]𝜆𝐵)
= 𝑖⟨[𝜆𝐴, 𝜆𝐶], 𝜆𝐵⟩ = −𝑓𝐴𝐶𝐵 .

C.2 Neutrino Oscillation Probability in Vacuum in the
Presence of Maximally Flavour Violating Quantum Gravity

The neutrino oscillation probability in the density matrix formalism is computed by taking
the trace of the product of the evolved, initial density matrix and the density matrix of the
detected state. Thus, the probability for an initial neutrino of flavour 𝜈𝑎 to be detected as a
neutrino of flavour 𝜈𝑏 is given by

𝑃𝑎𝑏(𝐿) = Tr [ℙ𝑏𝜌𝑎(𝐿)] , (C.34)

where ℙ𝑏 is the projector onto flavour 𝜈𝑏 and 𝜌𝑎(𝐿) solves the evolution Equation (4.1) with
initial condition 𝜌𝑎(0) = ℙ𝑎. The dissipator under consideration is explicitly parametrised
as

𝐷[𝜌(𝑥)] = 𝐷WP[𝜌(𝑥)] + 𝐷QG[𝜌(𝑥)] , (C.35)

𝐷WP[𝜌(𝑥)] = − ∑
𝑗≠𝑘

d𝛤 WP
𝑗𝑘 (𝑥)
d𝑥

𝛱𝑗𝜌(𝑥)𝛱𝑘 , (C.36)

𝐷QG[𝜌(𝑥)] = −
𝑛2

𝑓−1

∑
𝐴,𝐵=1

𝛾𝐴
𝐵 ( 𝐸

𝐸0
)

𝑛

⟨𝜆𝐵, 𝜌(𝑥)⟩𝜆𝐴 , (C.37)

and therefore contains the effect of WP separation as well as the impact of QG DOFs on the
neutrino system. The QG dissipator is already conveniently parametrised in terms of the
basis matrices 𝜆𝐴 introduced in Section C.1. Next, we also translate all other components of
Equation (4.1) into this representation ultimately allowing us to write it as a vector valued
ordinary differential equation.
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C.2 Neutrino Oscillation Probability in Vacuum in the Presence of Maximally Flavour
Violating Quantum Gravity

In the following, we work in the mass basis. The WP dissipator in the 𝜆𝐴 basis becomes

[𝒟WP]𝐴𝐵 = ⟨𝜆𝐴, 𝐷WP[𝜆𝐵]⟩ (C.38)

= − ∑
𝑗≠𝑘

d𝛤 WP
𝑗𝑘 (𝑥)
d𝑥

⟨𝜆𝐴, 𝛱𝑗𝜆𝐵𝛱𝑘⟩ (C.39)

= − ∑
𝑘>𝑗

d𝛤 WP
𝑗𝑘 (𝑥)
d𝑥

⟨𝜆𝐴, 𝛱𝑗𝜆𝐵𝛱𝑘 + 𝛱𝑘𝜆𝐵𝛱𝑗⟩ . (C.40)

As we have 𝑗 ≠ 𝑘 none of the diagonal 𝜆𝐵 contribute to this sum and only the off-diagonal
ones yield a non-zero dissipator matrix element. Moreover, for any off-diagonal dissipator
matrix, we get

𝛱𝑗𝜆𝐵𝛱𝑘 + 𝛱𝑘𝜆𝐵𝛱𝑗 = [𝜆𝐵]𝑗𝑘 ⃗𝑒𝑗 ⊗ ⃗𝑒𝑘 + [𝜆𝐵]𝑘𝑗 ⃗𝑒𝑘 ⊗ ⃗𝑒𝑗 , (C.41)

which is non-zero iff 𝐽(𝐵) = 𝑗 and 𝐾(𝐵) = 𝑘 and then this procedure yields

𝛱𝑗𝜆𝐵𝛱𝑘 + 𝛱𝑘𝜆𝐵𝛱𝑗 = 𝜆𝐵𝛿𝐽(𝐵)𝑗𝛿𝐾(𝐵)𝑘 . (C.42)

In total, we therefore get

[𝒟WP]𝐴𝐵 = − ∑
𝑘>𝑗

d𝛤 WP
𝑗𝑘 (𝑥)
d𝑥

𝛿𝐽(𝐵)𝑗𝛿𝐾(𝐵)𝑘𝛿𝐴𝐵 = −
d𝛤 WP

𝐽(𝐵)𝐾(𝐵)(𝑥)
d𝑥

𝛿𝐴𝐵 . (C.43)

Furthermore, the initial and final density matrices, i.e. the flavour projectors, in the mass basis
read

[ℙ𝑎]𝑚 = 𝑈†[ℙ𝑎]𝑓𝑈 (C.44)
= ∑

𝑗𝑘
∑
𝑏𝑐

𝑈∗
𝑏𝑗𝛿𝑎𝑏𝛿𝑎𝑐𝑈𝑐𝑘 ⃗𝑒𝑗 ⊗ ⃗𝑒𝑘 (C.45)

= ∑
𝑗𝑘

𝑈∗
𝑎𝑗𝑈𝑎𝑘 ⃗𝑒𝑗 ⊗ ⃗𝑒𝑘 . (C.46)

In terms of the SU(𝑛𝑓) basis, this corresponds to the following vector components:

𝜋0
𝑎 = √

2
𝑛𝑓

, 𝜋1
𝑎 = Re(𝑈 ∗

𝑎2𝑈𝑎1) , (C.47)

𝜋2
𝑎 = Im(𝑈 ∗

𝑎2𝑈𝑎1) , 𝜋3
𝑎 = Re(𝑈 ∗

𝑎3𝑈𝑎1) , (C.48)

𝜋4
𝑎 = Im(𝑈 ∗

𝑎3𝑈𝑎1) , 𝜋2𝑛𝑓−1
𝑎 = Re(𝑈 ∗

𝑎3𝑈𝑎2) , (C.49)

𝜋2𝑛𝑓
𝑎 = Im(𝑈 ∗

𝑎3𝑈𝑎2) , 𝜋𝑛𝑓(𝑛𝑓−1)+1
𝑎 = |𝑈𝑎1|2 − |𝑈𝑎2|2 , (C.50)

𝜋𝑛𝑓(𝑛𝑓−1)+2
𝑎 = |𝑈𝑎1|2 + |𝑈𝑎2|2 − 2|𝑈𝑎3|2√

3
, 𝜋𝑛𝑓(𝑛𝑓−1)+𝑘

𝑎 = √ 2
𝑘(𝑘 + 1)

, ∀𝑘 ≥ 3 . (C.51)
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All other components vanish.

Next, the full evolution equation in the mass basis and SU(𝑛𝑓) vector representation becomes

d𝜚𝐴(𝑥)
d𝑥

= ∑
𝐵

(𝒞𝐴
𝐵 + 𝒟𝐴

𝐵(𝑥)) 𝜚𝐵(𝑥) , (C.52)

𝒞𝐴
𝐵 ∶= −𝑖⟨𝜆𝐴, [𝐻̂, 𝜆𝐵]⟩ = − ∑

𝐶
ℎ𝐶𝑓𝐶𝐴𝐵 , (C.53)

𝒟𝐴
𝐵(𝑥) ∶= [𝒟WP]𝐴𝐵(𝑥) + [𝒟QG]𝐴𝐵(𝑥) , (C.54)

where 𝑓𝐴𝐵𝐶 are the totally antisymmetric structure constants of the basis 𝜆𝐴 and ℎ𝐴 ∶=
⟨𝜆𝐴, 𝐻̂⟩. Since we work in the mass basis, it is, however, simpler and much more instructive to
consider the action of the commutator matrix in terms of the entries of the Hamiltonian, i.e.

[𝐶[𝜌]]mass
𝑗𝑘 ∶= [−𝑖[𝐻̂, 𝜌]]mass

𝑗𝑘 (C.55)

= −𝑖 ∑
𝑙

([𝐻̂]mass
𝑗𝑙 [𝜌]mass

𝑙𝑘 − [𝜌]mass
𝑗𝑙 [𝐻̂]mass

𝑙𝑘 ) (C.56)

= −𝑖 ∑
𝑙

(𝐸𝑗𝛿𝑗𝑙[𝜌]mass
𝑙𝑘 − [𝜌]mass

𝑗𝑙 𝐸𝑙𝛿𝑙𝑘) (C.57)

= −𝑖𝛥𝐸𝑗𝑘[𝜌]mass
𝑗𝑘 (C.58)

= 𝛥𝐸𝑗𝑘(−𝑖Re𝜌𝑗𝑘 + Im𝜌𝑗𝑘) . (C.59)

This expression is only non-zero for 𝑗 ≠ 𝑘, i.e. only the off-diagonal elements of 𝜌 contribute to
the result. Consequently, 𝒞𝐴

𝐵 ≡ 0 for 𝐵 = 0, 𝑛𝑓(𝑛𝑓 − 1) + 1, … , 𝑛2
𝑓 − 1. Moreover, all diagonal

elements of [𝐶[𝜌]]mass vanish implying 𝒞𝐴
𝐵 ≡ 0 for 𝐴 = 0, 𝑛𝑓(𝑛𝑓 − 1) + 1, … , 𝑛2

𝑓 − 1. This is
also obvious from the antisymmetry of the matrix 𝒞𝐴

𝐵. The next crucial observation is that
only [𝜌𝑗𝑘]mass contributes to [𝐶[𝜌]]mass

𝑗𝑘 . Let 𝐿 be the index of the real, off-diagonal matrix 𝜆𝐿
with non-zero components at the 𝑗, 𝑘 entry with 𝑘 > 𝑗 without loss of generality. Then on the
one hand, we can write

[𝐶[𝜌]]mass
𝑗𝑘 = Re[𝐶[𝜌]]mass

𝑗𝑘 + 𝑖Im[𝐶[𝜌]]mass
𝑗𝑘 (C.60)

= [𝒞 ⃗𝜚]𝐿[𝜆𝐿]𝑗𝑘 + [𝒞 ⃗𝜚]𝐿+1[𝜆𝐿+1]𝑗𝑘 (C.61)
= [𝒞 ⃗𝜚]𝐿 − 𝑖[𝒞 ⃗𝜚]𝐿+1 , (C.62)

where we make use of the fact that [𝜆𝐿]𝑗𝑘 = 1 and [𝜆𝐿+1]𝑗𝑘 = −𝑖, and on the other hand we
have

[𝐶[𝜌]]mass
𝑗𝑘 = 𝛥𝐸𝑗𝑘(Im𝜌𝑗𝑘 − 𝑖Re𝜌𝑗𝑘) (C.63)

= −𝛥𝐸𝑗𝑘𝜌𝐿+1 − 𝑖𝛥𝐸𝑗𝑘𝜌𝐿 . (C.64)

Comparing coefficients yields

( [𝒞 ⃗𝜚]𝐿
[𝒞 ⃗𝜚]𝐿+1

) = ( 0 −𝛥𝐸𝑗𝑘
𝛥𝐸𝑗𝑘 0 ) ( 𝜚𝐿

𝜚𝐿+1
) . (C.65)
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C.2 Neutrino Oscillation Probability in Vacuum in the Presence of Maximally Flavour
Violating Quantum Gravity

Hence, the commutator matrix 𝒞 can be decomposed into a block-diagonal matrix of the
form

𝒞 = 01×1 ⊕ ⎡
⎢
⎣

𝑛𝑓(𝑛𝑓−1)
2

⨁
𝐿=1

−𝛥𝐸𝐽(2𝐿)𝐾(2𝐿)𝜖
⎤
⎥
⎦

⊕ 0(𝑛𝑓−1)×(𝑛𝑓−1) , (C.66)

𝜖 = ( 0 1
−1 0) . (C.67)

Here, one value of 𝐿 corresponds to the pair of real and imaginary off-diagonal basis matrices
and has to be scaled by two when plugged into the index functions, 𝐽 and 𝐾, introduced in
Section C.1, in order to yield the correct indices.

From now on we only consider diagonal QG dissipators and define the full matrix operator of
the right hand side of the Lindblad equation as

ℰ(𝑥) ∶= 𝒞 + 𝒟WP(𝑥) + 𝒟QG . (C.68)

In this scenario, ℰ(𝑥) commutes with itself for different distances 𝑥, since in all non-trivial
(2 × 2) blocks induced by 𝒞 𝒟WP(𝑥) is proportional to the identity and 𝒟QG is constant and
diagonal. Thus, the full solution to the Lindblad equation is given by

⃗𝜚(𝑥, 𝑥0) = exp (∫
𝑥

𝑥0

d𝑥′ ℰ(𝑥′)) ⃗𝜚0 , (C.69)

for initial state ⃗𝜚(𝑥0, 𝑥0) = ⃗𝜚0.

The oscillation probability can then be computed from

𝑃𝑎𝑏(𝐿) = Tr[ℙ𝑏𝜌𝑎(𝐿)] = ⟨ℙ𝑏, 𝜌𝑎(𝐿)⟩
2

=
⃗𝜋𝑇
𝑏 exp (∫𝐿

0
d𝑥 ℰ(𝑥)) ⃗𝜋𝑎

2
. (C.70)

Since ℰ is block diagonal with non-trivial blocks that are at most (2 × 2), we can solve this
system of equations analytically. Let 𝑆𝐿 be the matrix that diagonalises the matrix

ℰ𝐿 ∶= (−d𝛤𝐽(2𝐿)𝐾(2𝐿)
d𝑥 − 𝛤2𝐿−1 −𝛥𝐸𝐽(2𝐿)𝐾(2𝐿)

𝛥𝐸𝐽(2𝐿)𝐾(2𝐿) −d𝛤𝐽(2𝐿)𝐾(2𝐿)
d𝑥 − 𝛤2𝐿

) , (C.71)

i.e. ̃ℰ𝐿 = 𝑆−1
𝐿 ℰ𝐿𝑆𝐿, for 𝐿 = 1, … , 𝑛𝑓(𝑛𝑓 − 1)/2. The probability then decomposes into the

following sum:

𝑃𝑎𝑏(𝐿) =
𝜋0

𝑏 𝜋0
𝑎

2
+ 1

2
∑

𝐴∈{1,2,𝑛𝑓}
[ ⃗𝜋𝑏]𝑇𝐴𝑆𝐴𝑒∫𝐿

0
d𝑥 ̃ℰ𝐴(𝑥)𝑆−1

𝐴 [ ⃗𝜋𝑎]𝐴

+
𝑛𝑓−1

∑
𝑘=1

𝜋𝑛𝑓(𝑛𝑓−1)+𝑘
𝑏 𝜋𝑛𝑓(𝑛𝑓−1)+𝑘

𝑎

2
𝑒−𝛤𝑛𝑓(𝑛𝑓−1)+𝑘𝐿 .

(C.72)
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Using the explicit form of the vector representations for the flavour projectors given by (C.47)
and

𝑆𝐿 ∶= (
−𝑖𝜔𝐽(2𝐿)𝐾(2𝐿) + 𝛥𝛤2𝐿

𝛥𝐸𝐽(2𝐿)𝐾(2𝐿)
𝑖𝜔𝐽(2𝐿)𝐾(2𝐿) + 𝛥𝛤2𝐿

𝛥𝐸𝐽(2𝐿)𝐾(2𝐿)

1 1
) , (C.73)

̃ℰ𝐴(𝑥) = (−𝑖𝜔𝐽(2𝐿)𝐾(2𝐿) − ̄𝛤2𝐿 0
0 𝑖𝜔𝐽(2𝐿)𝐾(2𝐿) − ̄𝛤2𝐿

) , (C.74)

̄𝛤2𝐿 ∶= 𝛤2𝐿 + 𝛤2𝐿−1
2

, (C.75)

𝛥𝛤2𝐿 ∶= 𝛤2𝐿 − 𝛤2𝐿−1
2

, (C.76)

𝜔𝐽(2𝐿)𝐾(2𝐿) ∶= √(𝛥𝐸𝐽(2𝐿)𝐾(2𝐿))2 − (𝛥𝛤2𝐿)2 , (C.77)

[ ⃗𝜋𝑎]𝑇𝐴 ∶= (𝜋2𝐴−1
𝑎 𝜋2𝐴

𝑎 ) , (C.78)

results in the oscillation probability (4.14).

C.3 Derivation of the General Neutrino Flux Formula

We derive the general formula for the flux 𝜙𝑏(𝐸, 𝐿, 𝛺) of neutrinos of flavour 𝜈𝑏 and energy 𝐸
at a given distance 𝐿 from a source S under a solid angle 𝛺 in a coordinate system with origin
at S. We assume the source to emit unstable, primary particles 𝜂 featuring decay modes with
one neutrino in the final state. The term flux here refers to the number of particles 𝑁 per unit
area 𝐴, time 𝑡, solid angle 𝛺 and energy 𝐸, i.e.

𝜙 ≡ 1
𝐴

∂4𝑁
∂𝑡∂𝐸∂2𝛺

. (C.79)

In order to prepare the derivation of the neutrino flux formula in terms of the flux of primary
particles at the surface of the source with radius 𝑅S, we first consider the relation between the
flux of stable particles at a distance ℓ from the surface of the source and at the surface of S.

Distance Behaviour of Fluxes of Stable Particles The total flux of stable particles in
a solid angle region 𝑈 ⊂ 𝑆2, where 𝑆2 is the unit sphere is constant on the surface of any two
balls with radii 𝑅1 and 𝑅2, i.e.

𝛷tot(𝑅1, 𝑈) ∶= 𝑅2
1 ∫

𝑈

𝜙(𝑅1, 𝛺) d2𝛺 = 𝑅2
2 ∫

𝑈

𝜙(𝑅2, 𝛺) d2𝛺 = 𝛷tot(𝑅2, 𝑈) . (C.80)

Here, we use that the surface measure on the sphere with radius 𝑅 is 𝑅2 d2𝛺. Since this
relation holds for arbitrary 𝑈 and 𝜙(𝑅, 𝛺) ≥ 0, we can identify the integrands and get

𝜙(𝑅2, 𝛺) = 𝑅2
1

𝑅2
2

𝜙(𝑅1, 𝛺) . (C.81)
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C.3 Derivation of the General Neutrino Flux Formula

For the case of fluxes of the type

𝜙(𝑅, 𝛺) ≡ {
𝜙0(𝑅) , 𝛺 ∈ 𝑈0

0 , 𝛺 ∈ 𝑆2 ∖ 𝑈0
, (C.82)

we can furthermore derive

𝜙(𝑅2, 𝛺) = 𝑅2
1

𝑅2
2

𝜙(𝑅1, 𝛺) = 1
|𝑈0|

𝑅2
1

𝑅2
2

∫
𝑈0

𝜙(𝑅1, 𝛺) d2𝛺 = 𝛷tot(𝑅1)
|𝑈0|𝑅2

2
. (C.83)

This especially also holds for isotropic fluxes corresponding to the case 𝑈0 = 𝑆2 and |𝑈0| = 4𝜋.

Furthermore, we can define a probability density for the emission of a particle 𝜂 with energy
𝐸𝜂 on the surface of the source by

𝑝em.(𝐸𝜂, 𝑅S, 𝛺𝜂) =
𝑅2

S
𝛷tot

𝜂
𝜙𝜂(𝐸𝜂, 𝑅S, 𝛺𝜂) . (C.84)

We normalise this density suh that it is a proper probability density with respect to the surface
measure of the unit sphere. The normalisation condition then reads

1 =

𝐸max
𝜂

∫
𝐸min

𝜂

∫
𝑆2

𝑝em.(𝐸𝜂, 𝑅S, 𝛺𝜂) d2𝛺 d𝐸𝜂 , (C.85)

with

𝛷tot
𝜂 =

𝐸max
𝜂

∫
𝐸min

𝜂

∫
𝑆2

𝜙𝜂(𝐸𝜂, 𝑅S, 𝛺𝜂)𝑅2
S d2𝛺 d𝐸𝜂 . (C.86)

In the following, we employ the law of total probability in order to derive a reliable formula
relating the final neutrino flux 𝜙𝑏(𝐸, 𝐿, 𝛺) to the flux of primary particles at the surface of the
source. The main requirement we impose is that at 𝐿 → ∞ the summed, final neutrino flux is
given by the sum of all total fluxes of the primary particles times their individual branching
ratio to decay into any neutrino, i.e.

lim
𝐿→∞

𝛷tot
𝜈 (𝐿) = lim

𝐿→∞
∑

𝑏

∞

∫
0

𝐿2 ∫
𝑆2

𝜙𝑏(𝐸, 𝐿, 𝛺) d2𝛺 d𝐸 (C.87)

= ∑
𝜂∈S

𝛷tot
𝜂 ∑

𝑎
∑

𝑋
ℬ𝑟(𝜂 → 𝜈𝑎 + 𝑋) . (C.88)

Here, we sum over all possible additional final states 𝑋 accompanying the neutrino production.
This means we expect the neutrino flux to be equal to the flux of primary particles that have
decayed into neutrinos after emission.

193



C Appendix - Quantum Gravitational Decoherence

Law of Total Probability For discrete probability spaces 𝛺, the law of total probability
states that we may express the probability for an event 𝐴 by

𝑃(𝐴) = ∑
𝑛∈𝐼

𝑃(𝐴|𝐵𝑛)𝑃 (𝐵𝑛) , (C.89)

where {𝐵𝑛}𝑛∈𝐼 is a countable family of events that partition the probability space of all events
while mutually excluding each other. Furthermore, 𝑃(𝐴|𝐵𝑛) is the conditional probability that
A happens given 𝐵𝑛 has happened. In other words, we can reduce the task of evaluating 𝑃(𝐴)
into several steps if it happens that computing 𝑃(𝐵𝑛) as well as 𝑃(𝐴|𝐵𝑛) is much simpler.
For continuous probability spaces this generalises to

𝑃(𝐴) = ∫
ℝ2

𝑃(𝐴|𝑋 = 𝑥)𝑝𝑋(𝑥) d𝑛𝑥 , (C.90)

where 𝑋 is a random variable taking on values in ℝ𝑛 with corresponding probability density
function 𝑝𝑋.

In order to find the flux 𝜙𝑏(𝐸, 𝐿, 𝛺), we sum over all contributions of primary particles 𝜂
emerging from the source and multiply by the probability for any of the primary particles
from this set to cause the desired 𝜈𝑏(𝐸) at 𝐿⃗(𝐿, 𝛺), i.e.

𝜙𝑏(𝐸, 𝐿, 𝛺) d𝐸 𝐿2 d2𝛺 = ∑
𝜂∈S

𝛷tot
𝜂 (𝑅S)ℙ(𝜂 → 𝜈𝑏(𝐸, 𝐿, 𝛺)) d𝐸 d2𝛺 . (C.91)

The non-trivial task is now to find the probability density ℙ. At this point the law of total
probability comes into play and we use it to break the total process of 𝜂 emission, decay,
neutrino emission and neutrino propagation down into its constituents.

First, we divide the full probability into that for the emission of 𝜂 and the conditional
probability of detection of 𝜈𝑏 if 𝜂 was indeed emitted, i.e.

ℙ(𝜂 → 𝜈𝑏(𝐸, 𝐿, 𝛺)) =

𝐸max
𝜂

∫
𝐸min

𝜂

∫
𝑆2

𝑝em.(𝐸𝜂, 𝑅S, 𝛺𝜂)

× ℙ(𝜂 → 𝜈𝑏(𝐸, 𝐿, 𝛺)|𝜂(𝐸𝜂, 𝑅S, 𝛺𝜂)) d2𝛺𝜂 d𝐸𝜂 .

(C.92)

As instructed by the law of total probability, we sum over all possible configurations of primary
particles.

Next, we take the newly appearing conditional probability and break it further down into
smaller pieces, i.e. the probability for 𝜂 to decay and the probability for the definitely decayed
𝜂 to produce 𝜈𝑏(𝐸, 𝐿, 𝛺)

ℙ(𝜂 → 𝜈𝑏(𝐸, 𝐿, 𝛺)|𝜂(𝐸𝜂, 𝑅S, 𝛺𝜂))

=
∞

∫
0

𝑝dec.
𝜂 (ℓ)ℙ(𝜂 → 𝜈𝑏(𝐸, 𝐿, 𝛺)|𝜂(𝐸𝜂, 𝑅S, 𝛺𝜂) dec. at 𝑅S + ℓ) dℓ .

(C.93)
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The decay probability density is simply given by the usual exponential decay law, i.e.

𝑝dec.
𝜂 (ℓ) = 𝑒− ℓ

𝜆𝜂

𝜆𝜂
, (C.94)

with the mean free path 𝜆𝜂 = 𝑝𝜂𝜏𝜂/𝑚𝜂 of 𝜂 in the reference frame under consideration.

The remaining conditional probability can then finally be expressed in terms of the probability
for the decaying 𝜂 to produce a neutrino of flavour 𝜈𝑎 with energy 𝐸, emitted such that it
would arrive at 𝐿⃗(𝐿, 𝛺) times the probability for it to oscillate into the final flavour summed
over all initial flavours. This yields

ℙ(𝜂 → 𝜈𝑏(𝐸, 𝐿, 𝛺)|𝜂(𝐸𝜂, 𝑅S, 𝛺𝜂) dec. at 𝑅S + ℓ)

= ∑
𝑎=𝑒,𝜇,𝜏

𝑝spec.
𝜂𝑎 (𝐸𝜂, 𝑅S + ℓ, 𝛺𝜂; 𝐸, 𝐿, 𝛺)𝑃𝑎𝑏(𝐸, |𝐿⃗(𝐿, 𝛺) − ⃗𝑙(𝑅S + ℓ, 𝛺𝜂)|) . (C.95)

Here, 𝑝spec.
𝜂𝑎 encodes the spectral and angular distributions of the emitted neutrino in the decay

𝜂 → 𝜈𝑎 and is explicitly given by

𝑝spec.
𝜂𝑎 (𝐸𝜂, 𝑅S + ℓ, 𝛺𝜂; 𝐸, 𝐿, 𝛺) = ̃𝑝spec.

𝜂𝑎 (𝐸𝜂, 𝛺𝜂; 𝐸, 𝜔̃(𝛺)) |d𝛺𝜔̃(𝛺)| (C.96)

̃𝑝spec.
𝜂𝑎 (𝐸𝜂, 𝛺𝜂; 𝐸, ̃𝛺) = ∑

𝑋

∞

∫
0

∫
𝑆2

1
𝛤 ′

𝜂

∂3𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′∂2𝛺′ (𝐸′, 𝛺′)

× 𝐸2𝛿(3)( ⃗𝑝(𝐸, ̃𝛺) − 𝜆⃗( ⃗𝑝′, 𝛬𝜂)) d2𝛺′ d𝐸′ .

(C.97)

This quantity, thus, corresponds to the differential decay width d𝛤′
𝜂→𝜈𝑎+𝑋 of the process

𝜂 → 𝜈𝑎 + 𝑋 normalised to the total decay width of 𝜂 𝛤 ′
𝜂 evaluated in its rest frame, summed

over all unobserved, additional final states 𝑋 and then properly transformed into the lab frame.
The transformation to the lab frame is carried out by integrating over all possible energy and
solid angle configurations in the rest frame of the decaying particle and enforcing that the
momentum in the lab frame matches the Lorentz transformed momentum

𝜆⃗( ⃗𝑝′, 𝛬𝜂) ∶= (𝛬𝜂)𝑘
𝜇𝑝′𝜇 , 𝑝′0 ∶= | ⃗𝑝′| , (C.98)

where 𝛬𝜂 is the Lorentz transform from the rest frame of the primary particle to the lab frame.
Moreover, the direction ⃗𝑒𝑟( ̃𝛺) of the neutrino in the lab frame is defined with respect to the
point of decay at (𝑅S + ℓ) ⃗𝑒𝑟(𝛺𝜂). This has to be translated to 𝛺, i.e. the source centered solid
angle, we are using in the remaining expression. The bijection 𝜔̃ that achieves this translation
is defined by the requirement

⃗𝑒𝑟(𝜔̃(𝛺)) !=
𝐿 ⃗𝑒𝑟(𝛺) − (𝑅S + ℓ) ⃗𝑒𝑟(𝛺𝜂)
|𝐿 ⃗𝑒𝑟(𝛺) − (𝑅S + ℓ) ⃗𝑒𝑟(𝛺𝜂)|

, (C.99)

and therefore depends on the information about the distance vector connecting the point of
𝜈𝑎 emission and 𝜈𝑏 detection. Here, we also the define the unit vectors depending on the solid
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angle 𝛺 via

⃗𝑒𝑟(𝛺) ∶= ⎛⎜
⎝

cos(𝜑) sin(𝜃)
sin(𝜑) sin(𝜃)

cos(𝜃)
⎞⎟
⎠

, 𝛺 = (𝜑, cos(𝜃)) . (C.100)

The Jacobian of 𝜔̃, i.e. d𝛺𝜔̃, is then used to ensure that 𝑝spec. is properly normalised, i.e.

∞

∫
0

∫
𝑆2

𝑝spec.
𝜂𝑎 (𝐸𝜂, 𝑅S + ℓ, 𝛺𝜂; 𝐸, 𝐿, 𝛺) d2𝛺 d𝐸

= ∑
𝑋

∞

∫
0

∫
𝑆2

1
𝛤 ′

𝜂

∂3𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′∂2𝛺′ (𝐸′, 𝛺′)

×
∞

∫
0

∫
𝑆2

𝐸2𝛿(3)( ⃗𝑝(𝐸, 𝜔̃(𝛺)) − 𝜆⃗( ⃗𝑝′, 𝛬𝜂)) |d𝛺𝜔̃(𝛺)| d2𝛺 d𝐸 d2𝛺′ d𝐸′

(C.101)

= ∑
𝑋

∞

∫
0

∫
𝑆2

1
𝛤 ′

𝜂

∂3𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′∂2𝛺′ (𝐸′, 𝛺′)

×
∞

∫
0

∫
𝑆2

𝐸2𝛿(3)( ⃗𝑝(𝐸, ̃𝛺) − 𝜆⃗( ⃗𝑝′, 𝛬𝜂)) d2 ̃𝛺 d𝐸 d2𝛺′ d𝐸′

(C.102)

= ∑
𝑋

∞

∫
0

∫
𝑆2

1
𝛤 ′

𝜂

∂3𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′∂2𝛺′ (𝐸′, 𝛺′)

× ∫
ℝ3

𝛿(3)( ⃗𝑝(𝐸, ̃𝛺) − 𝜆⃗( ⃗𝑝′, 𝛬𝜂)) d3 ⃗𝑝 d2𝛺′ d𝐸′

(C.103)

= ∑
𝑋

∞

∫
0

∫
𝑆2

1
𝛤 ′

𝜂

∂3𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′∂2𝛺′ (𝐸′, 𝛺′) d2𝛺′ d𝐸′ (C.104)

= ∑
𝑋

ℬℛ(𝜂 → 𝜈𝑎 + 𝑋) , (C.105)

which does not depend on the primary particle energy and solid angle since branching ratios are
Lorentz-invariant and can be simply computed in the rest frame of the decaying primary. Here,
also the reason for the 𝐸2 factor becomes obvious: It is used to yield the proper integration
measure to cancel the delta function when integrating over observed neutrino energies and
solid angles.

196



C.3 Derivation of the General Neutrino Flux Formula

This concludes our derivation and the full formula for the neutrino flux reads

𝜙𝑏(𝐸, 𝐿, 𝛺) =
𝑅2

S
𝐿2 ∑

𝜂∈S
∑

𝑎=𝑒,𝜇,𝜏

𝐸max
𝜂

∫
𝐸min

𝜂

∫
𝑆2

∞

∫
0

𝜙𝜂(𝐸𝜂, 𝑅S, 𝛺𝜂)𝑒− ℓ
𝜆𝜂

𝜆𝜂

× 𝑝spec.
𝜂𝑎 (𝐸𝜂, 𝑅S + ℓ, 𝛺𝜂; 𝐸, 𝐿, 𝛺)𝑃𝑎𝑏(𝐸, |𝐿⃗ − ⃗ℓ|) dℓ d2𝛺𝜂 d𝐸𝜂 .

(C.106)

Next, we show that the main contribution of the 𝛺𝜂 integral stems from the region 𝛺𝜂 ≈ 𝛺
for highly boosted primaries, i.e. 𝐸min

𝜂 ≫ 𝑚𝜂. To this end we consider the spectral energy and
angular distribution in more detail.

C.3.1 Properties of the Spectral and Angular Primary Decay Distribution

Before we consider the case of strongly boosted, unpolarised primary particles, i.e. 𝐸min
𝜂 ≫ 𝑚𝜂,

representing the most common case when considering astrophysical neutrinos, we study the
behaviour of 𝑝spec. under Lorentz transformations. In particular, we claim that probabilities
computed from 𝑝spec. are invariant under changes of the frame of reference in the sense that
the probability to find the emitted neutrino in a certain energy range ℰ ⊂ (0, ∞) and angular
region 𝑈 ⊂ 𝑆2 in one frame of reference is the same as to find it in the properly transformed
regions in any other frame of reference. To show this, consider an arbitrary Lorentz transform
𝛬𝜇

𝜈 and let

𝜆̂ ∶ (0, ∞) × 𝑆2 → (0, ∞) × 𝑆2 , (C.107)

be the associated transformation on the energy and solid angle space. We then find

ℙspec.⋆
𝜂 [(𝐸⋆, 𝛺⋆) ∈ 𝜆̂(ℰ × 𝑈)]

∶= ∫

𝜆̂(ℰ×𝑈)

̃𝑝spec.
𝜂𝑎 (𝐸⋆

𝜂, 𝛺⋆
𝜂; 𝐸⋆, 𝜔̃⋆(𝛺⋆)) |d𝛺⋆ 𝜔̃⋆(𝛺⋆)| d3(𝐸⋆, 𝛺⋆) (C.108)

= ∫

𝜔⋆(𝜆̂(ℰ×𝑈))

̃𝑝spec.
𝜂𝑎 (𝐸⋆

𝜂, 𝛺⋆
𝜂; 𝐸⋆, ̃𝛺⋆) d3(𝐸⋆, ̃𝛺⋆) (C.109)

= ∫

𝜆̂−1(𝜔⋆(𝜆̂(ℰ×𝑈)))

̃𝑝spec.
𝜂𝑎 (𝐸𝜂, 𝛺𝜂; 𝐸, ̃𝛺) d3(𝐸, ̃𝛺) (C.110)

= ∫

𝜔−1(𝜆̂−1(𝜔⋆(𝜆̂(ℰ×𝑈))))

̃𝑝spec.
𝜂𝑎 (𝐸𝜂, 𝛺𝜂; 𝐸, 𝜔̃(𝛺)) |d𝛺𝜔̃(𝛺)| d3(𝐸, 𝛺) (C.111)

= ℙspec.
𝜂 [(𝐸, 𝛺) ∈ 𝜔−1 ∘ 𝜆̂−1 ∘ 𝜔⋆ ∘ 𝜆̂(ℰ × 𝑈)] . (C.112)

The newly introduced function 𝜔(⋆) is defined to extend the action of 𝜔̃ to the three dimensional
energy–solid angle space. Thus, it performs the transformation between the source centered
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and decay point centered solid angles, 𝛺(⋆) and ̃𝛺(⋆), respectively, while leaving the energy
invariant. It is evident that these transformations need to fulfil

𝜔⋆ ∘ 𝜆̂ ≡ 𝜆̂ ∘ 𝜔 , (C.113)

since first performing a Lorentz transformation and then translating between the different solid
angle prescriptions must yield the same outcome as first translating between the different solid
angle prescriptions in the original frame of reference and then applying the Lorentz transform.
Consequently, also 𝜔 = 𝜆̂−1 ∘ 𝜔⋆ ∘ 𝜆̂ holds and we have

ℙspec.⋆
𝜂 [(𝐸⋆, 𝛺⋆) ∈ 𝜆̂(ℰ × 𝑈)] = ℙspec.

𝜂 [(𝐸, 𝛺) ∈ (ℰ × 𝑈)] . (C.114)

Furthermore, we have used that

̃𝑝spec.
𝜂𝑎 (𝐸⋆

𝜂, 𝛺⋆
𝜂; 𝐸⋆, ̃𝛺⋆) d3(𝐸⋆, ̃𝛺⋆)

= ∑
𝑋

∞

∫
0

∫
𝑆2

1
𝛤 ′

𝜂

∂3𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′∂2𝛺′ (𝐸′, 𝛺′)

× 𝛿(3)( ⃗𝑝(𝐸⋆, ̃𝛺⋆) − 𝜆⃗( ⃗𝑝′, 𝛬⋆
𝜂⏟

𝛬𝛬𝜂

))𝐸⋆2 d3(𝐸⋆, ̃𝛺⋆) d2𝛺′ d𝐸′ .

(C.115)

= ∑
𝑋

∞

∫
0

∫
𝑆2

1
𝛤 ′

𝜂

∂3𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′∂2𝛺′ (𝐸′, 𝛺′)

× 𝛿(3) (𝜆⃗( ⃗𝑝(𝐸, ̃𝛺), 𝛬) − 𝜆⃗( ⃗𝑝′, 𝛬𝛬𝜂)) d3 ⃗𝑝⋆ d2𝛺′ d𝐸′ .

(C.116)

= ∑
𝑋

∞

∫
0

∫
𝑆2

1
𝛤 ′

𝜂

∂3𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′∂2𝛺′ (𝐸′, 𝛺′)

× 𝛿(3) ( ⃗𝑝 − 𝜆⃗−1(𝜆⃗( ⃗𝑝′, 𝛬𝛬𝜂), 𝛬)) d3 ⃗𝑝 d2𝛺′ d𝐸′ .

(C.117)

= ∑
𝑋

∞

∫
0

∫
𝑆2

1
𝛤 ′

𝜂

∂3𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′∂2𝛺′ (𝐸′, 𝛺′)

× 𝛿(3) ( ⃗𝑝(𝐸, ̃𝛺) − 𝜆⃗( ⃗𝑝′, 𝛬−1𝛬𝛬𝜂)) 𝐸2 d3(𝐸, ̃𝛺) d2𝛺′ d𝐸′ .

(C.118)

= ̃𝑝spec.
𝜂𝑎 (𝐸𝜂, 𝛺𝜂; 𝐸, ̃𝛺) d3(𝐸, ̃𝛺) , (C.119)

holds. Here, we have made use of the connection between the representations of the Lorentz
transform 𝛬 on the energy–solid angle space and the three momentum space, i.e.

⃗𝑝⋆ ∶= ⃗𝑝(𝐸⋆, 𝛺⋆) = ⃗𝑝(𝜆̂(𝐸, 𝛺)) = 𝜆⃗( ⃗𝑝(𝐸, 𝛺), 𝛬) . (C.120)

Moreover, the Lorentz transform on three vectors is a group homomorphism in the following
sense:

𝜆⃗(𝜆⃗( ⃗𝑝, 𝛬1), 𝛬2) = 𝜆⃗( ⃗𝑝, 𝛬2𝛬1) , (C.121)
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which can be easily shown using its definition, i.e.

𝜆𝑘(𝜆⃗( ⃗𝑝, 𝛬1), 𝛬2) = (𝛬2)𝑘
𝜇(𝛬1)𝜇

𝜈𝑝𝜈 = (𝛬2𝛬1𝑝)𝑘 = 𝜆𝑘( ⃗𝑝, 𝛬2𝛬1) , (C.122)

since

(𝛬1)0
𝜈𝑝𝜈 = |𝜆⃗( ⃗𝑝, 𝛬1)| , (C.123)

holds for light-like vectors 𝑝. Lastly, we have utilised the fact that the neutrinos are assumed
to be massless in the computation of the decay width, and hence, the appearing integration
measures fulfil

𝐸2 d3(𝐸, 𝛺) = d3 ⃗𝑝 , (C.124)

and

𝛿(3)( ⃗𝑝⋆ − ⃗𝑞⋆) d3 ⃗𝑝⋆ = 2𝐸⋆𝛿(3)( ⃗𝑝⋆ − ⃗𝑞⋆)d3 ⃗𝑝⋆

2𝐸⋆ (C.125)

= 2𝐸𝛿(3)( ⃗𝑝 − 𝜆−1( ⃗𝑞⋆, 𝛬))d3 ⃗𝑝
2𝐸

(C.126)

= 𝛿(3)( ⃗𝑝 − 𝜆−1( ⃗𝑞⋆, 𝛬)) d3 ⃗𝑝 . (C.127)

C.3.2 Neutrino Fluxes from Ultra-Relativistic, Unpolarised Primary
Particles

Now that we know that the spectral probability distribution defines a proper probability
measure yielding the same probabilities for equivalent neutrino energy and directional configura-
tions, we consider the most common application: Neutrinos from the decay of ultra-relativistic,
unpolarised primary particles. In this case we can show that the spectral probability is only
significantly different from zero in a small region around 𝛺𝜂 ≈ 𝛺 or 𝜔̃(𝛺𝜂) ≈ 𝜔̃(𝛺) when
considering the situation in the decay centered coordinate system. We first consider the
solid angles in the latter coordinate system in the following since the direction of neutrino
momentum is naturally defined in this system.

The crucial observation needed to proof our claim is that the differential decay width in the rest
frame of the decaying particle has a definite cutoff at 𝐸′ = 𝑚𝜂. Indeed 𝐸′ < 𝑚𝜂 is enforced
in general. The rest frame 𝛴′ and the arbitrary frame where 𝜂 moves with ⃗𝑝𝜂 = | ⃗𝑝𝜂| ⃗𝑒𝑟( ̃𝛺𝜂)
are related by the Lorentz transformation 𝛬 ∶= 𝛬−1

𝜂 , i.e.

𝛬𝜇
𝜈(𝐸𝜂, ̃𝛺𝜂) = ⎛⎜

⎝

𝐸𝜂
𝑚𝜂

− |𝑝⃗𝜂|
𝑚𝜂

⃗𝑒𝑇
𝑟 ( ̃𝛺𝜂)

− |𝑝⃗𝜂|
𝑚𝜂

⃗𝑒𝑟( ̃𝛺𝜂) 𝟙 + ( 𝐸𝜂
𝑚𝜂

− 1) ⃗𝑒𝑟( ̃𝛺𝜂) ⃗𝑒𝑇
𝑟 ( ̃𝛺𝜂)

⎞⎟
⎠

, (C.128)

𝑝′𝜇 = 𝛬𝜇
𝜈(𝐸𝜂, ̃𝛺𝜂)𝑝𝜈 . (C.129)
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The condition 𝑚𝜈 ≤ 𝐸′ < 𝑚𝜂 can therefore be expressed as

𝑚𝜈 ≤
𝐸𝜂

𝑚𝜂
𝐸 −

| ⃗𝑝𝜂|
𝑚𝜂

| ⃗𝑝| ⃗𝑒𝑇
𝑟 ( ̃𝛺𝜂) ⃗𝑒𝑟( ̃𝛺) < 𝑚𝜂 (C.130)

⇔
1 − 𝑚2

𝜂
𝐸2

𝜂

𝐸𝜂
𝐸

√1 − 𝑚2
𝜈

𝐸2 √1 − 𝑚2
𝜂

𝐸2
𝜂

< ⃗𝑒𝑇
𝑟 ( ̃𝛺𝜂) ⃗𝑒𝑟( ̃𝛺) ≤

1 − 𝑚𝜂𝑚𝜈
𝐸𝜂𝐸

√1 − 𝑚2
𝜈

𝐸2 √1 − 𝑚2
𝜂

𝐸2
𝜂

. (C.131)

Both boundaries are close to one in the limit 𝑚𝜂/𝐸𝜂, 𝑚𝜈/𝐸 ≪ 1, which we easily see by Taylor
expanding them to second order in these quantities, leading to

1 − 𝑚2
𝜂

𝐸2
𝜂

𝐸𝜂
𝐸

√1 − 𝑚2
𝜈

𝐸2 √1 − 𝑚2
𝜂

𝐸2
𝜂

≈ 1 + 𝑚2
𝜈

2𝐸2 − (
𝐸𝜂

𝐸
− 1

2
)

𝑚2
𝜂

𝐸2
𝜂

, (C.132)

1 − 𝑚𝜂𝑚𝜈
𝐸𝜂𝐸

√1 − 𝑚2
𝜈

𝐸2 √1 − 𝑚2
𝜂

𝐸2
𝜂

≈ 1 − 1
2

(
𝑚𝜂

𝐸𝜂
+ 𝑚𝜈

𝐸
)

2

. (C.133)

Furthermore, neglecting the neutrino mass entirely, we get

1 −
𝑚2

𝜂

2𝐸2
𝜂

− (
𝐸𝜂

𝐸
− 1)

𝑚2
𝜂

2𝐸2
𝜂

< ⃗𝑒𝑇
𝑟 ( ̃𝛺𝜂) ⃗𝑒𝑟( ̃𝛺) ≤ 1 −

𝑚2
𝜂

2𝐸2
𝜂

, (C.134)

enforcing ̃𝛺𝜂 ≈ ̃𝛺, since 𝐸𝜂/𝐸 ≳ 1.

According to the relation between solid angles centered about the decay point of 𝜂, i.e. ̃𝛺, and
those computed with respect to the source centered frame 𝛺, defined by Equation (C.99), we
can easily translate ̃𝛺𝜂 ∶= 𝜔̃(𝛺𝜂) to 𝛺𝜂:

⃗𝑒𝑟(𝜔̃(𝛺𝜂)) ∶=
𝐿 ⃗𝑒𝑟(𝛺𝜂) − (𝑅S + ℓ) ⃗𝑒𝑟(𝛺𝜂)
|𝐿 ⃗𝑒𝑟(𝛺𝜂) − (𝑅S + ℓ) ⃗𝑒𝑟(𝛺𝜂)|

= ⃗𝑒𝑟(𝛺𝜂) ⇔ 𝛺𝜂 ≡ ̃𝛺𝜂 . (C.135)

Thereby, we get ̃𝛺 ≈ ̃𝛺𝜂 = 𝛺𝜂 and consequently

⃗𝑒𝑟( ̃𝛺) =
𝐿 ⃗𝑒𝑟(𝛺) − (𝑅S + ℓ) ⃗𝑒𝑟(𝛺𝜂)
|𝐿 ⃗𝑒𝑟(𝛺) − (𝑅S + ℓ) ⃗𝑒𝑟(𝛺𝜂)|

!= ⃗𝑒𝑟(𝛺𝜂) , (C.136)

which can only be fulfilled for 𝛺 ≡ 𝛺𝜂 ≡ ̃𝛺 and 𝑅S + ℓ < 𝐿.
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C.3 Derivation of the General Neutrino Flux Formula

Using these findings, we can rewrite the spectral probability density as

𝑝spec.
𝜂𝑎 (𝐸𝜂, 𝑅S + ℓ, 𝛺𝜂; 𝐸, 𝐿, 𝛺)

= ∑
𝑋

∞

∫
0

∫
𝑆2

1
𝛤 ′

𝜂

∂3𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′∂2𝛺′ (𝐸′, 𝛺′)

× 𝐸2𝛿(3)( ⃗𝑝(𝐸, 𝜔̃(𝛺)) − 𝜆⃗( ⃗𝑝′, 𝛬𝜂)) |d𝛺𝜔̃(𝛺)| d2𝛺′ d𝐸′

(C.137)

≈ ∑
𝑋

∞

∫
0

∫
𝑆2

1
𝛤 ′

𝜂

∂3𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′∂2𝛺′ (𝐸′, 𝛺′)

× 𝛿(𝐸 − 𝐸∗(𝐸′, 𝛺′; 𝐸𝜂, 𝛺𝜂))𝛿(2)
𝛺̃

(𝜔̃(𝛺) − ̃𝛺𝜂) |d𝛺𝜔̃(𝛺)| d2𝛺′ d𝐸′

(C.138)

= ∑
𝑋

∞

∫
0

∫
𝑆2

1
𝛤 ′

𝜂

∂3𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′∂2𝛺′ (𝐸′, 𝛺′)

× 𝛿(𝐸 − 𝐸∗(𝐸′, 𝛺′; 𝐸𝜂, 𝛺𝜂))𝛿(2)
𝛺 (𝛺 − 𝜔̃−1( ̃𝛺𝜂)) d2𝛺′ d𝐸′

(C.139)

= ∑
𝑋

∞

∫
0

∫
𝑆2

1
𝛤 ′

𝜂

∂3𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′∂2𝛺′ (𝐸′, 𝛺′)

× 𝛿(𝐸 − 𝐸∗(𝐸′, 𝛺′; 𝐸𝜂, 𝛺𝜂))𝛿(2)
𝛺 (𝛺 − 𝛺𝜂) d2𝛺′ d𝐸′ ,

(C.140)

where we have used that the three dimensional delta distribution can be translated to spherical
coordinates by

𝛿(3)( ⃗𝑝(𝐸, 𝜔̃(𝛺)) − 𝜆⃗( ⃗𝑝′, 𝛬𝜂)) = 𝛿(𝐸 − 𝐸∗)𝛿(2)
𝛺̃

( ̃𝛺 − ̃𝛺∗) , (C.141)

𝛿(2)
𝛺̃

( ̃𝛺 − ̃𝛺∗) = 𝛿 (𝜑̃ − 𝜑̃∗) 𝛿 (cos( ̃𝜃) − cos( ̃𝜃∗)) , (C.142)

and where (𝐸∗, ̃𝛺∗) = 𝜆̂(𝐸′, 𝛺′) are the Lorentz transformed energy and solid angle in the
coordinate system centered around the decay point. Moreover, we have used that ̃𝛺∗ ≈ ̃𝛺𝜂 for
ultra-relativistic primary particles as discussed above.
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With this, we can finally simplify the general formula for 𝜙𝑏 to

𝜙𝑏(𝐸, 𝐿, 𝛺) ≈ ∑
𝜂∈S

∑
𝑎=𝑒,𝜇,𝜏

𝐸max
𝜂

∫
𝐸min

𝜂

𝐿−𝑅S

∫
0

∫
𝑆2

𝜙𝜂(𝐸𝜂, 𝑅S, 𝛺𝜂)𝑅2
S

𝐿2
𝑒− ℓ

𝜆𝜂

𝜆𝜂
𝑃𝑎𝑏(𝐸, 𝐿 − ℓ)

× ∑
𝑋

∞

∫
0

∫
𝑆2

1
𝛤 ′

𝜂

∂3𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′∂2𝛺′ (𝐸′, 𝛺′)

× 𝛿(𝐸 − 𝐸∗(𝐸′, 𝛺′; 𝐸𝜂, 𝛺𝜂))𝛿(2)
𝛺 (𝛺 − 𝛺𝜂) d2𝛺′ d𝐸′ d2𝛺𝜂 dℓ d𝐸𝜂

(C.143)

≈ ∑
𝜂∈S

∑
𝑎=𝑒,𝜇,𝜏

𝐸max
𝜂

∫
𝐸min

𝜂

𝐿

∫
0

𝜙𝜂(𝐸𝜂, 𝑅S, 𝛺)𝑅2
S

𝐿2
𝑒− ℓ

𝜆𝜂

𝜆𝜂
𝑃𝑎𝑏(𝐸, 𝐿 − ℓ)

× ∑
𝑋

∞

∫
0

∫
𝑆2

1
𝛤 ′

𝜂

∂3𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′∂2𝛺′ (𝐸′, 𝛺′)

× 𝛿(𝐸 − 𝐸∗(𝐸′, 𝛺′; 𝐸𝜂, 𝛺𝜂)) d2𝛺′ d𝐸′ dℓ d𝐸𝜂

(C.144)

=∶ ∑
𝜂∈S

∑
𝑎=𝑒,𝜇,𝜏

𝐸max
𝜂

∫
𝐸min

𝜂

𝐿

∫
0

𝜙𝜂(𝐸𝜂, 𝑅S, 𝛺)𝑅2
S

𝐿2
𝑒− ℓ

𝜆𝜂

𝜆𝜂

× 𝑃𝑎𝑏(𝐸, 𝐿 − ℓ)𝜋𝜂𝑎(𝐸𝜂, 𝐸) dℓ d𝐸𝜂 ,

(C.145)

where we have used 𝐿 − 𝑅S ≈ 𝐿 to simplify the upper integration boundary of the ℓ integral
and we define the purely spectral emission probability

𝜋𝜂𝑎(𝐸𝜂, 𝐸) ∶= ∑
𝑋

∞

∫
0

∫
𝑆2

1
𝛤 ′

𝜂

∂3𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′∂2𝛺′ (𝐸′, 𝛺′)

× 𝛿(𝐸 − 𝐸∗(𝐸′, 𝛺′; 𝐸𝜂, 𝛺𝜂)) d2𝛺′ d𝐸′ .

(C.146)

Next, we exploit the fact that the primary particles are unpolarised and that, consequently,
the spin averaged decay width in the rest frame of the decaying particle is independent of the
neutrino emission angle. In in the rest frame of the particle 𝜂 the differential decay width then
simplifies to

∂3𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′∂2𝛺′ (𝐸′, ̃𝛺′) = 1
4𝜋

∂𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′ (𝐸′) . (C.147)
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This further reduces the expression for the purely spectral emission probability to

𝜋𝜂𝑎(𝐸𝜂, 𝐸) ∶= ∑
𝑋

∞

∫
0

∫
𝑆2

1
𝛤 ′

𝜂

1
4𝜋

∂𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′ (𝐸′)𝛿(𝐸 − 𝐸∗(𝐸′, 𝛺′; 𝐸𝜂, 𝛺𝜂)) d2𝛺′ d𝐸′ (C.148)

= ∑
𝑋

∞

∫
0

1
𝛤 ′

𝜂

1
4𝜋

∂𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′ (𝐸′) ∫
𝑆2

𝛿(𝐸 − 𝐸∗(𝐸′, 𝛺′; 𝐸𝜂, 𝛺𝜂)) d2𝛺′ d𝐸′ (C.149)

= ∑
𝑋

∞

∫
0

1
𝛤 ′

𝜂

∂𝛤 ′
𝜂→𝜈𝑎+𝑋

∂𝐸′ (𝐸′)
1

∫
−1

𝛿(𝐸 − 𝐸∗(𝐸′, 𝐸𝜂, cos 𝜃′
𝜂𝜈))

d cos 𝜃′
𝜂𝜈

2
d𝐸′ , (C.150)

since the Lorentz transformed rest frame energy only depends on the relative angle 𝜃′
𝜂𝜈 between

the rest frame neutrino momentum and the boost direction. This way the 𝜑′
𝜂𝜈 integral can be

transformed trivially.

Finally, with the definition

d𝛤𝜂𝑎 ∶= ∑
𝑋

d𝛤𝜂→𝜈𝑎+𝑋 , (C.151)

and for isotropic emission of primary particles, i.e

𝜙𝜂(𝐸𝜂, 𝑅S, 𝛺)𝑅2
S

𝐿2 ≡
4𝜋𝜙𝜂(𝐸𝜂, 𝑅S)𝑅2

S
4𝜋𝐿2 =

𝛷S
𝜂

4𝜋𝐿2 , (C.152)

from the source, we arrive at the expression shown in Equation (4.26).

C.4 Neutrino Energy Distributions from Beta Decay

We compute the differential decay width for beta decay with respect to the neutrino energy
and emission angle in the neutron rest frame 𝛴′ i.e.

∂3𝛤 ′
𝑛𝑒

∂𝐸′∂2𝛺′ (𝐸′, 𝛺′) = 1
2𝑚𝑛

| ⃗𝑝′
𝜈|

2(2𝜋)3 ∫
d3 ⃗𝑝′

𝑝

(2𝜋)32𝐸′
𝑝

∫ d3 ⃗𝑝′
𝑒

(2𝜋)32𝐸′
𝑒

× |ℳ|2(𝑝′
𝑛 → 𝑝′

𝑝, 𝑝′
𝑒, 𝑝′

𝜈)(2𝜋)4𝛿(4)(𝑝′
𝑛 − 𝑝′

𝑝 − 𝑝′
𝑒 − 𝑝′

𝜈) .
(C.153)

In writing Equation (C.153) we have used that the Lorentz-invariant phase space measure for
the neutrino momentum can be written as

d3 ⃗𝑝′
𝜈

(2𝜋)32𝐸′ = d2𝛺 d| ⃗𝑝′
𝜈| | ⃗𝑝′

𝜈|2

(2𝜋)32𝐸′ = d2𝛺 d ⃗𝐸′
𝜈

| ⃗𝑝′
𝜈|

2(2𝜋)3 . (C.154)

To explicitly evaluate the differential width, we first compute the squared, spin averaged,
Lorentz-invariant matrix element in an arbitrary frame of reference and then use the kinematics
in the neutron rest frame to perform the phase space integrals.
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C.4.1 Beta Decay Matrix Element

We compute the beta decay matrix element within Fermi theory with spectator quarks. To
effectively account for the internal structure of the nucleons, we simply modify their vector
and axial couplings to the weak gauge bosons

ℒ𝑁
𝐶𝐶 = 𝑔

2
√

2
𝑉𝑢𝑑 ̄𝑝(𝑥)𝛾𝜇(𝑔𝑉 − 𝑔𝐴𝛾5)𝑛(𝑥)𝑊 +

𝜇 (𝑥) + h.c. . (C.155)

In Fermi theory, we approximate the gauge boson propagators by

𝐷𝜇𝜈(𝑥 − 𝑦) ≈ 𝑖
𝑚2

𝑊
𝜂𝜇𝜈 . (C.156)

In this approximation, the matrix element becomes

𝑖ℳ = (−𝑖𝑔)
2
√

2
𝑉𝑢𝑑 [𝑢̄𝑝

𝑠𝑝
(𝑝𝑝)(𝑔𝑉 − 𝑔𝐴𝛾5)𝛾𝜇𝑢𝑝

𝑠𝑛
(𝑝𝑛)] 𝑖

𝑚2
𝑊

𝜂𝜇𝜈
(−𝑖𝑔)
2
√

2
× [𝑢̄𝑝

𝑠𝑒
(𝑝𝑒)(1 − 𝛾5)𝛾𝜈𝑣𝑝

𝑠𝜈
(𝑝𝜈)]

(C.157)

= −𝑖𝑔2

8𝑚2
𝑊

𝑉𝑢𝑑 [𝑢̄𝑝
𝑠𝑝

(𝑝𝑝)(𝑔𝑉 − 𝑔𝐴𝛾5)𝛾𝜇𝑢𝑝
𝑠𝑛

(𝑝𝑛)] [𝑢̄𝑝
𝑠𝑒

(𝑝𝑒)(1 − 𝛾5)𝛾𝜇𝑣𝑝
𝑠𝜈

(𝑝𝜈)] (C.158)

= −𝑖𝐺𝐹√
2

𝑉𝑢𝑑 [𝑢̄𝑝
𝑠𝑝

(𝑝𝑝)(𝑔𝑉 − 𝑔𝐴𝛾5)𝛾𝜇𝑢𝑝
𝑠𝑛

(𝑝𝑛)] [𝑢̄𝑝
𝑠𝑒

(𝑝𝑒)(1 − 𝛾5)𝛾𝜇𝑣𝑝
𝑠𝜈

(𝑝𝜈)] . (C.159)

Next, we square the absolute value of 𝑖ℳ and perform the spin average to get

|ℳ|2 = 16𝐺2
𝐹|𝑉𝑢𝑑|2 {(𝑔𝑉 + 𝑔𝐴)2(𝑝𝑛 ⋅ 𝑝𝜈)(𝑝𝑝 ⋅ 𝑝𝑒) + (𝑔𝑉 − 𝑔𝐴)2(𝑝𝑛 ⋅ 𝑝𝑒)(𝑝𝑝 ⋅ 𝑝𝜈)

− (𝑔2
𝑉 − 𝑔2

𝐴)𝑚𝑛𝑚𝑝(𝑝𝑒 ⋅ 𝑝𝜈)} .
(C.160)

C.4.2 Phase Space Integrals for Three Body Decays

Next, we perform the phase space integrals for three body decay processes in the rest frame
of the decaying particle. In this section, we drop the conventional prime on all rest frame
quantities for notational convenience. We start with Equation (C.153) collect all constant
factors and trivially perform the proton momentum integral by making use of the momentum
conserving delta function and get

∂3𝛤𝑛𝑒
∂𝐸∂2𝛺

(𝐸, 𝛺) = 2
(4𝜋)5𝑚𝑛

∫ d3 ⃗𝑝𝑒
| ⃗𝑝𝜈|

𝐸𝑒𝐸𝑝
|ℳ|2𝛿(𝐸𝑛 − 𝐸𝑝 − 𝐸𝑒 − 𝐸)∣

𝑝⃗𝑝=−(𝑝⃗𝑒+𝑝⃗𝜈)
. (C.161)

Next, we perform a rotation in the electron neutrino momentum integral such that its 𝑧-axis
aligns with the neutrino momentum. Afterwards, we write the electron momentum integral
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in spherical coordinates and reformulate the energy conserving delta as a constraint for the
electron angle

𝛿(𝐸𝑛 − 𝐸𝑝 − 𝐸𝑒 − 𝐸)

= 𝛿 (𝐸𝑛 − √𝑚2
𝑝 + ⃗𝑝2

𝑒 + ⃗𝑝2
𝜈 + 2| ⃗𝑝𝑒|| ⃗𝑝𝜈| cos 𝜃 − 𝐸𝑒 − 𝐸)

(C.162)

= 𝛿 (𝐸𝑛 − √𝑚2
𝑝 − 𝑚2

𝑒 + 𝐸2
𝑒 + 𝐸2 + 2| ⃗𝑝𝑒|| ⃗𝑝𝜈| cos 𝜃 − 𝐸𝑒 − 𝐸) (C.163)

=
𝐸𝑝

| ⃗𝑝𝑒|| ⃗𝑝𝜈|
𝛿(cos 𝜃 − cos 𝜃⋆) , (C.164)

cos 𝜃⋆(𝐸, 𝐸𝑒) =
𝑚2

𝑛 − 𝑚2
𝑝 + 𝑚2

𝑒 + 2(𝑚𝑛(𝐸𝑒 + 𝐸) − 𝐸𝑒𝐸)
2| ⃗𝑝𝑒|𝐸

. (C.165)

In total, we get

∂3𝛤𝑛𝑒
∂𝐸∂2𝛺

(𝐸, 𝛺) = 2
(4𝜋)5𝑚𝑛

∫ d| ⃗𝑝𝑒| ∫ d2𝛺 | ⃗𝑝𝑒|
𝐸𝑒

|ℳ|2𝛿(cos 𝜃 − cos 𝜃⋆) (C.166)

= 1
(4𝜋)4𝑚𝑛

∞

∫
𝑚𝑒

d𝐸𝑒

1

∫
−1

d cos 𝜃 |ℳ|2𝛿(cos 𝜃 − cos 𝜃⋆) (C.167)

= 1
(4𝜋)4𝑚𝑛

∞

∫
𝑚𝑒

d𝐸𝑒

∞

∫
−∞

d cos 𝜃 |ℳ|2𝛿(cos 𝜃 − cos 𝜃⋆)

× 𝛩(1 − cos 𝜃)𝛩(1 + cos 𝜃)

(C.168)

= 1
(4𝜋)4𝑚𝑛

∞

∫
𝑚𝑒

d𝐸𝑒 |ℳ|2𝛩(1 − cos 𝜃⋆)𝛩(1 + cos 𝜃⋆) . (C.169)

From the Heaviside functions we can infer the new boundaries of integration for the electron
energy, i.e.

𝐸±
𝑒 = 𝑚𝑛 − 𝐸

2𝑚𝑛

2𝐸𝑚𝑛 − [𝑚2
𝑛 − 𝑚2

𝑝 + 𝑚2
𝑒]

2𝐸 − 𝑚𝑛
± 𝛿𝐸𝑒 , (C.170)

𝛿𝐸𝑒 = 𝐸
2𝑚𝑛(2𝐸 − 𝑚𝑛)

× √(2𝐸𝑚𝑛 − 𝑚2
𝑛 + (𝑚𝑝 − 𝑚𝑒)2)(2𝐸𝑚𝑛 − 𝑚2

𝑛 + (𝑚𝑝 + 𝑚𝑒)2) .
(C.171)

Furthermore, using the conservation of energy and the constraint 𝐸𝑒 ≥ 𝑚𝑒, we can infer the
end point of the neutrino energy spectrum

𝐸max
𝜈 ∶=

(𝑚𝑛 − 𝑚𝑒)2 − 𝑚2
𝑝

2(𝑚𝑛 − 𝑚𝑒)
≈ 0.8 MeV . (C.172)
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In total, the differential decay width becomes

∂3𝛤𝑛𝑒
∂𝐸∂2𝛺

(𝐸, 𝛺) = 𝛩(𝐸max
𝜈 − 𝐸)

(4𝜋)4𝑚𝑛

𝐸+
𝑒

∫
𝐸−

𝑒

|ℳ|2 d𝐸𝑒 . (C.173)

As expected, this result does not depend on the emission angle of the neutrino which is because
there exists no preferred physical direction as we have averaged over the spin of the unpolarised
neutrons.

Consequently, the differential decay width with respect to the neutrino energy reads

∂𝛤𝑛𝑒
∂𝐸

(𝐸, 𝛺) = 𝛩(𝐸max
𝜈 − 𝐸)

(4𝜋)3𝑚𝑛

𝐸+
𝑒

∫
𝐸−

𝑒

|ℳ|2 d𝐸𝑒 . (C.174)

C.4.3 Final Form of the Beta Decay Matrix Element in the Neutron Rest
Frame

Lastly, for completeness, we explicitly evaluate the scalar products appearing in the matrix
element squared, i.e.

𝑠1 ∶= 𝑝𝑛 ⋅ 𝑝𝜈 , 𝑠2 ∶= 𝑝𝑝 ⋅ 𝑝𝑒 , 𝑠3 ∶= 𝑝𝑛 ⋅ 𝑝𝑒 , 𝑠4 ∶= 𝑝𝑝 ⋅ 𝑝𝜈 , 𝑠5 ∶= 𝑝𝑒 ⋅ 𝑝𝜈 , (C.175)

in terms of the neutrino and electron energies, 𝐸 and 𝐸𝑒, respectively, in the rest frame of the
decaying neutron. The first and third are trivial and yield

𝑠1 = 𝐸𝑚𝑛 , 𝑠3 = 𝐸𝑒𝑚𝑛 . (C.176)

For the second and fourth, we first exploit the relations

𝑝𝑝 ⋅ 𝑝𝑒 =
(𝑝𝑝 + 𝑝𝑒)2 − 𝑚2

𝑝 − 𝑚2
𝑒

2
, 𝑝𝑝 ⋅ 𝑝𝜈 =

(𝑝𝑝 + 𝑝𝜈)2 − 𝑚2
𝑝

2
, (C.177)

which in combination with energy and momentum conservation can be recast as

𝑠2 =
𝑚2

𝑛 − 𝑚2
𝑝 − 𝑚2

𝑒 − 2𝑚𝑛𝐸
2

, 𝑠4 =
𝑚2

𝑛 − 𝑚2
𝑝 + 𝑚2

𝑒 − 2𝑚𝑛𝐸𝑒

2
. (C.178)

The fifth is again trivial to express in terms of the electron and neutrino energies, i.e.

𝑠5 ∶= 𝐸 (𝐸𝑒 − √𝐸2
𝑒 − 𝑚2

𝑒 cos 𝜃∗(𝐸, 𝐸𝑒)) , (C.179)

but it still represents a special case as it contains the cosine of the angle between the electron
and neutrino that we have already determined to be given by Equation (C.165).
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In total, the squared matrix element then reads

|ℳ|2 = 8𝐺2
𝐹|𝑉𝑢𝑑|2𝑚𝑛{(𝑔𝑉 + 𝑔𝐴)2𝐸(𝑚̄2

− − 2𝑚𝑛𝐸)

+ (𝑔𝑉 − 𝑔𝐴)2𝐸𝑒(𝑚̄2
+ − 2𝑚𝑛𝐸𝑒)

− (𝑔2
𝑉 − 𝑔2

𝐴)𝑚𝑝 (4𝐸𝐸𝑒 − (𝑚̄2
+ + 2𝑚𝑛(𝐸𝑒 + 𝐸))) } ,

(C.180)

in terms of 𝐸 and 𝐸𝑒 with

𝑚̄2
± ∶= 𝑚2

𝑛 − 𝑚2
𝑝 ± 𝑚2

𝑒 . (C.181)
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D Appendix - Neutrino Oscillations in Curved
Spacetime

This appendix chapter provides mathematical discussions for the consideration of strongly
localised neutrino position space WPs in curved spacetime, cf. Section D.1. Furthermore in
Section D.2, we present additional discussions and calculations for the neutrino oscillation
probability in the scenario of linearised gravity. Here, we also focus on the explicit example of
Gaussian neutrino WPs to be able to compare our results to those obtained in Section 2.3.2.

D.1 Parallel Transported Infinitesimal Coordinate Change

Consider a smooth curve 𝑐 ∶ 𝐼 → ℳ on a smooth pseudo-Riemannian manifold (ℳ, 𝑔)
equipped with the unique, torsion free and metric compatible Levi–Civita connection ∇. We
denote the parallel transport of tangent vectors rooted at 𝑐(𝜏1) to 𝑐(𝜏2) along the curve 𝑐 by
𝑃 𝑐

𝜏1→𝜏2
∶ 𝑇𝑐(𝜏1)ℳ → 𝑇𝑐(𝜏2)ℳ. For an arbitrary point1 𝑥0 ∶= 𝑐(𝜏0) on the curve, we consider

another point 𝑦0 in its vicinity. This point 𝑦0 represents any point within the region 𝑈𝜈,
containing all neutrino WPs, intersected with the Cauchy surface 𝛴 where we evaluate the
scalar product of position space wave functions. Moreover, let 𝑈𝑝 ⊂ ℰ𝑝 ⊂ 𝑇𝑝 with 0 ∈ 𝑈𝑝 be
the region on that the exponential function at the point 𝑝 ∈ ℳ,

exp𝑝 ∶ ℰ𝑝 ⊂ 𝑇𝑝ℳ → ℳ , (D.1)

is a diffeomorphism on its own image 𝑉𝑝 ∶= exp𝑝(𝑈𝑝). Since per construction the neutrino
WPs are sufficiently localised and close to each other, we have 𝑦0 ∈ 𝑉𝑥0

. Let now 𝜀 > 0 such
that 𝑦0 ∈ 𝑉𝑐(𝜏0+𝛿𝜏) for all 𝛿𝜏 ∈ (−𝜀, 𝜀), then the function

𝜁 ∶ (−𝜀, 𝜀) → 𝑈0 ⊂ 𝑇𝑥0
ℳ , 𝜁(𝛿𝜏) = 𝑃 𝑐

𝜏0+𝛿𝜏→𝜏0
exp−1

𝑐(𝜏0+𝛿𝜏)(𝑦0) , (D.2)

is well-defined. Moreover, since 𝜁 maps an open interval of ℝ into 𝑇𝑥0
ℳ ≃ ℝ𝑛 also taking the

difference quotients necessary to compute derivatives is well-defined. Furthermore, since 𝑐 is
smooth, exp𝑥 and exp−1

𝑥 smoothly depend on their foot point 𝑥 and the parallel transport also
smoothly depends on its starting point and vector-valued argument, all derivatives of 𝜁 exist
and its Taylor series is well-defined. Thus, for the Taylor expansion we obtain

𝜁(𝛿𝜏) = 𝜁(0) + d𝜁
d𝛿𝜏

∣
𝛿𝜏=0

𝛿𝜏 + 𝒪(𝛿𝜏2) , (D.3)

1We choose a slightly different indexing than in the main text in order to streamline our notation.
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on (−𝜀, 𝜀), as usual.

The zeroth order coefficient simply evaluates to

𝜁(0) = 𝑃 𝑐
𝜏0→𝜏0⏟

Id𝑇𝑥0ℳ

exp−1
𝑐(𝜏0) ∘ exp𝑐(𝜏0)⏟⏟⏟⏟⏟⏟⏟

Id𝑈0

(𝑧0) = 𝑧0 , (D.4)

and, hence, coincides with the tangent vector 𝑧0 itself. Translated back to the actual physical
setting of neutrino WPs considered in the main text, this means that at zeroth order in 𝛥𝜏
the normal coordinates at the next point of propagation along the geodesic coincide with those
at the current point.

Next, the first derivative of 𝜁 at 𝛿𝜏 = 0 can be rewritten as a covariant derivative, i.e.

𝜁(0) = d
d𝛿𝜏

∣
𝛿𝜏=0

𝑃 𝑐
𝜏0+𝛿𝜏→𝜏0

exp−1
𝑐(𝜏0+𝛿𝜏)(𝑦0) = ∇

d𝛿𝜏
∣
𝛿𝜏=0

exp−1
𝑐(𝜏0+𝛿𝜏)(𝑦0) . (D.5)

Therefore, the task is now to determine the first covariant derivative at 𝛿𝜏 = 0 of the vector
field

𝑉 ∶ (−𝜀, 𝜀) → 𝑇 ℳ , 𝑉 (𝛿𝜏) ∶= exp−1
𝑐(𝜏0+𝛿𝜏)(𝑦0) , (D.6)

which is equivalent to asking the question: How does the initial velocity vector of a (shortest)
geodesic connecting 𝑐(𝜏0 + 𝛿𝜏) and 𝑦0 change when nudging 𝛿𝜏 away from zero? To be able to
do so, we first construct a geodesic variation

𝜎 ∶ [0, 1] × (−𝜀, 𝜀) → ℳ , 𝜎(𝑡, 𝛿𝜏) ∶= exp𝑐(𝜏0+𝛿𝜏)(𝑡𝑉 (𝛿𝜏)) , (D.7)

that exactly formalises the aforementioned procedure of nudging on 𝛿𝜏. Consequently, 𝛿𝜏 is
the variational parameter and 𝑡 is the affine parameter of the geodesic 𝑡 ↦ 𝜎(𝑡, 𝛿𝜏) for fixed
𝛿𝜏. The geodesic variation is sketched in Figure D.1. That the curve 𝑡 ↦ 𝜎(𝑡, 𝛿𝜏) is indeed a
geodesic trivially follows from the properties of the exponential function and we have

𝜎(0, 𝛿𝜏) = exp𝑐(𝜏0+𝛿𝜏)(0) = 𝑐(𝜏0 + 𝛿𝜏) , (D.8)

𝜎(1, 𝛿𝜏) = exp𝑐(𝜏0+𝛿𝜏)(𝑉 (𝛿𝜏)) = exp𝑐(𝜏0+𝛿𝜏)(exp−1
𝑐(𝜏0+𝛿𝜏)(𝑦0)) ≡ 𝑦0 , (D.9)

∂𝜎
∂𝑡

≡ 𝑉 (𝛿𝜏) . (D.10)

In addition to that, because 𝜎 is a geodesic variation, the variational vector field

𝐽 ∶ [0, 1] → 𝑇 ℳ , 𝐽(𝑡) ∶= ∂𝜎
∂𝛿𝜏

(𝑡, 0) , (D.11)

of 𝜎 fulfils the Jacobi equation

∇2

d𝑡2 𝐽(𝑡) = −𝑅 (𝐽(𝑡), ∂𝜎
∂𝑡

(𝑡, 0)) ∂𝜎
∂𝑡

(𝑡, 0) . (D.12)
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𝑐

𝑋𝑗

𝑋𝑗+1

𝑄

Figure D.1: Illustrated are the geodesic variation in red and its Jacobi vector
field in blue. The variation of the geodesic is induced by varying its initial starting
point along the curve 𝑐 between 𝑐(𝜏0) and 𝑐(𝜏0 + 𝛥𝜏).

According to the explicit definition of 𝜎, its first covariant derivative at 𝑡 = 𝛿𝜏 = 0 reads

∇𝐽
d𝑡

(0) = ∇
d𝑡

∂𝜎
∂𝛿𝜏

(0, 0) = ∇
d𝛿𝜏

∂𝜎
∂𝑡

(0, 0) = ∇𝑉
d𝛿𝜏

(0) , (D.13)

which is exactly the quantity we wish to evaluate. In switching the ordering of covariant and
partial differentiation, we implicitly use that ∇ is torsion-free.

The detour we take by defining the geodesic variation 𝜎, thus, enables us to compute the first
derivative of 𝑉 using the geometric properties of Jacobi vector fields. Jacobi fields, as solutions
of Equation (D.12), are uniquely determined by their initial conditions, 𝐽(0) and ∇𝐽/d𝑡(0), or
in our case by their boundary values, 𝐽(0) and 𝐽(1), as long as the corresponding foot points
of the respective tangent spaces—𝑥0 and 𝑦0 in our scenario—are in the diffeomorphic region
𝑉𝑥0

of exp𝑥0
. Per construction, this is the case and the boundary values are given by

𝐽(0) = ∂𝜎
∂𝛿𝜏

(0, 0) = d𝑐
d𝜏

, 𝐽(1) = ∂𝜎
∂𝛿𝜏

(1, 0) = ∂
∂𝛿𝜏

[𝛿𝜏 ↦ 𝑦0] ≡ 0 . (D.14)

Therefore, solving Equation (D.12) and evaluating ∇𝐽/d𝑡 at 𝑡 = 0 would provide us with the
desired quantity ∇𝑉 /d𝛿𝜏 at 𝛿𝜏 = 0 and concludes the Taylor expansion.

Unfortunately, this task is impossible to solve for general geometries and arbitrarily far
separated boundary points, 𝑥0 and 𝑦0. However, we are primarily interested in 𝑥0 and 𝑦0
located closely to each other since the distance between 𝑥0 and 𝑦0 is bounded by the diameter
𝜎𝑥 of 𝑈𝜈 ∩ 𝛴. As already argued before, we assume 𝜎𝑥 to be small compared to the smallest
curvature radius within 𝑈𝜈 ∩ 𝛴. To exploit this assumption, we express Equation (D.12) in an
advantageous tangent basis along the curve 𝑡 ↦ 𝜎(𝑡, 0) and approximate the Riemann tensor by
its value at 𝑥0. For our basis, we choose a set of parallel vector fields 𝐸𝜇 along 𝑡 ↦ 𝜎(𝑡, 0)—these
are different from the 𝐸𝜇 in the main text—with initial conditions 𝐸𝜇 = ∂/∂𝑧𝜇

0 making them
orthonormal with respect to the metric 𝑔 at every point along the curve, i.e. 𝑔(𝐸𝜇, 𝐸𝜈) = 𝜂𝜇𝜈.
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Here, ∂/∂𝑧𝜇
0 is the local inertial tangent basis at 𝑥0 that coincides with the same tangent basis

chosen in the main text. Writing all required quantities in this basis yields

∇2

d𝑡2 𝐽(𝑡) = ∇2

d𝑡2 𝐽𝜇(𝑡)𝐸𝜇(𝑡) = ∇
d𝑡

d𝐽𝜇(𝑡)
d𝑡

𝐸𝜇(𝑡) = d2𝐽𝜇(𝑡)
d𝑡2 𝐸𝜇(𝑡) , (D.15)

∂𝜎
∂𝑡

(𝑡, 0) = 𝑧𝜇
0 𝐸𝜇(𝑡) , (D.16)

𝑅 (𝐽(𝑡), ∂𝜎
∂𝑡

(𝑡, 0)) ∂𝜎
∂𝑡

(𝑡, 0) = 𝑅𝜇
𝜎𝜆𝜈(𝜎(𝑡, 0))𝑧𝜎

0 𝑧𝜆
0 𝐽𝜈(𝑡)𝐸𝜇(𝑡) , (D.17)

where we make heavy use of the parallel property of the 𝐸𝜇. Next, we use 𝑅𝜇
𝜈𝜎𝜆(𝜎(𝑡, 0)) ≈

𝑅𝜇
𝜈𝜎𝜆(𝑥0) which leads to the approximated Jacobi equation in coordinate form, i.e.

d2𝐽𝜇(𝑡)
d𝑡2 = −𝑅𝜇

𝜎𝜆𝜈(𝑥0)𝑧𝜎
0 𝑧𝜆

0 𝐽𝜈(𝑡) =∶ 𝐴𝜇
𝜈𝐽𝜈(𝑡) . (D.18)

In order to solve this system of homogeneous, linear, ordinary differential equations with
constant coefficients, we first note that the matrix 𝐴 is symmetric within the Minkowski
bilinear form, i.e.

𝐴𝜇𝜈 ∶= 𝜂𝜇𝜎𝐴𝜎
𝜈 = −𝑅𝜇𝜌𝜆𝜈(𝑥0)𝑧𝜌

0𝑧𝜆
0 = −𝑅𝜈𝜆𝜌𝜇(𝑥0)𝑧𝜌

0𝑧𝜆
0 = 𝐴𝜈𝜇 , (D.19)

and can therefore be diagonalised via a Lorentz transformation 𝛬 ∈ 𝑂(1, 3). The eigenvalues
of 𝐴 are then proportional to the sectional curvatures of the manifold at 𝑥0 in terms of the
eigenbasis of 𝐴:

𝐸𝜇 = 𝛬𝜇
𝜈 ̃𝐸𝜈 , (D.20)

̃𝐴𝜇
𝜈 = 𝛬𝜎

𝜇𝐴𝜎
𝜌𝛬𝜌

𝜈 = −𝜂𝜇𝜎𝑔( ̃𝐸𝜎, 𝑅( ̃𝐸𝜈, 𝑧0)𝑧0) , (D.21)

where ̃𝐴𝜇
𝜈 is only different from zero for 𝜇 = 𝜈.

Given the boundary conditions 𝐽(0) = d𝑐(𝜏0)/d𝜏 and 𝐽(1) = 0 Equation (D.18) is solved by

̃𝐽𝜇(𝑡) =
sinh (√ ̃𝐴[𝜇](1 − 𝑡))

sinh (√ ̃𝐴[𝜇])

d ̃𝑐𝜇

d𝜏
, (D.22)

where ̃𝐴[𝜇] denotes the 𝜇-th eigenvalue of 𝐴 and the brackets indicate that we do not sum over
the index they enclose. For a zero eigenvalue we understand Equation (D.22) such that we
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take the limit ̃𝐴[𝜇] → 0. This finally enables us to compute the derivative of 𝐽 at 𝑡 = 0, i.e.

∇𝐽
d𝑡

(0) = [𝛬−1]𝜇𝜈
d ̃𝐽𝜈

d𝑡
𝐸𝜇(0) (D.23)

= −[𝛬−1]𝜇𝜈
̃𝐴[𝜈] coth ( ̃𝐴[𝜈])

d ̃𝑐𝜈

d𝜏
𝐸𝜇(0) (D.24)

≈ −[𝛬−1]𝜇𝜈 (𝛿𝜈
𝜌 +

̃𝐴𝜈
𝜌

3
) d ̃𝑐𝜌

d𝜏
𝐸𝜇(0) (D.25)

= − (𝛿𝜇
𝜌 +

𝐴𝜇
𝜌

3
) d𝑐𝜌

d𝜏
𝐸𝜇(0) (D.26)

= −d𝑐
d𝜏

+ 1
3

𝑅𝑥0
(d𝑐

d𝜏
, 𝑧0) 𝑧0 , (D.27)

where we have used that 𝑅(⋅, 𝑧0)𝑧0 is a small quantity by construction.

In total, we get

𝜁(𝛿𝜏) ≈ 𝑧0 − (d𝑐
d𝜏

− 1
3

𝑅𝑥0
(d𝑐

d𝜏
, 𝑧0) 𝑧0) 𝛿𝜏 , (D.28)

and finally using the smallness of 𝜎𝑥 by also neglecting terms of quadratic order in the normal
coordinates times the curvature tensor components yields

𝜁(𝛿𝜏) = 𝑧0 − d𝑐
d𝜏

𝛿𝜏 + 𝒪(𝑅max𝜎2
𝑥, 𝛿𝜏2) , (D.29)

which coincides with the flat spacetime result as expected by the equivalence principle.

D.2 Linear Gravity: Mean Propagation Time

To find the temporal peak of the envelope of the integrand of ℐ𝑗𝑘, we define the exponent
function

𝛯𝑗𝑘(𝛥𝑇 , 𝜀) = Re(𝛯𝑗𝑘)(𝛥𝑇 , 𝜀) + 𝑖Im(𝛯𝑗𝑘)(𝛥𝑇 , 𝜀) , (D.30)

Re(𝛯𝑗𝑘)(𝛥𝑇 , 𝜀) = −
( ⃗̃𝑃S𝑗 − ⃗𝑃D𝑗)2 + ( ⃗̃𝑃S𝑘 − ⃗𝑃D𝑘)2

4(𝜎2
S + 𝜎2

D)

− Re(𝜎2
∥𝑗)

( ̄𝑣𝑗𝐿0 − 𝐿)2

2|𝜎2
∥𝑗|2

− Re(𝜎2
∥𝑘)( ̄𝑣𝑘𝐿0 − 𝐿)2

2|𝜎2
∥𝑘|2

,
(D.31)

Im(𝛯𝑗𝑘)(𝛥𝑇 , 𝜀) = −(𝐿0𝛥 ̄𝐸𝑗𝑘 − 𝐿𝛥 ̄𝑝𝑗𝑘)

+ Im(𝜎2
∥𝑗)

( ̄𝑣𝑗𝐿0 − 𝐿)2

2|𝜎2
∥𝑗|2

− Im(𝜎2
∥𝑘)( ̄𝑣𝑘𝐿0 − 𝐿)2

2|𝜎2
∥𝑘|2

,
(D.32)
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and observe that the envelope of the integrand is exactly given by exp(Re(𝛯𝑗𝑘)). Note that
the exponent 𝛯𝑗𝑘 may also depend on the detection time 𝑇𝐷, but we suppress this dependence
on all quantities in the following. Finding the maximum of the envelope of the intgerand with
respect to 𝛥𝑇 therefore amounts to finding the maximum of Re(𝛯𝑗𝑘) which we do order by
order in 𝜀, i.e. by using the ansatz

𝛥𝑇 ⋆
𝑗𝑘 = 𝛥𝑇 ⋆

𝑗𝑘,0 + 𝜀𝛥𝑇 ⋆
𝑗𝑘,1 + 𝒪(𝜀2) . (D.33)

The zeroth order solution 𝛥𝑇 ⋆
𝑗𝑘,0 needs to fulfil

0 =
∂Re(𝛯𝑗𝑘)

∂𝛥𝑇
(𝛥𝑇 ⋆

𝑗𝑘,0, 0) , (D.34)

and the first order correction 𝛥𝑇 ⋆
𝑗𝑘,1 can be obtained explicitly as

𝛥𝑇 ⋆
𝑗𝑘,1 = − {

∂2Re(𝛯𝑗𝑘)
∂𝛥𝑇 2 (𝛥𝑇 ⋆

𝑗𝑘,0, 0)}
−1

∂2Re(𝛯𝑗𝑘)
∂𝜀∂𝛥𝑇

(𝑇 ⋆
𝑗𝑘,0, 0) . (D.35)

In the ultra-relativistic approximation, the 𝒪(𝜀0) maximum yields

𝛥𝑇 ⋆
𝑗𝑘,0 = 𝛥𝑋 (1 +

𝑚2
𝑗 + 𝑚2

𝑘

4𝐸2 −
𝛥𝑝𝑗𝑚2

𝑗 + 𝛥𝑝𝑘𝑚2
𝑘

2𝐸3 −
(𝛥𝑚2

𝑗𝑘)2

8𝐸4 −
𝑚4

𝑗 + 𝑚4
𝑘

16𝐸4 )

+ 𝒪(𝜀3
UR) .

(D.36)

This is just the same result we have obtained in Section 2.3.2 plus higher order corrections.

To compute the higher order correction 𝛥𝑇 ⋆
𝑗𝑘,1, we first decompose all relevant quantities into

a 𝜀 = 0 component and the respective first order 𝜀 correction, i.e.

𝜀𝛿𝛥𝑇 (𝛥𝑇 ) + 𝒪(𝜀2) ∶= 𝐿0(𝛥𝑇 ) − 𝛥𝑇 , (D.37)
𝜀𝛿𝛥𝑋(𝛥𝑇 ) + 𝒪(𝜀2) ∶= 𝐿(𝛥𝑇 ) − 𝛥𝑋 , (D.38)

𝜀𝛿 ⃗𝑃S𝑗(𝛥𝑇 ) + 𝒪(𝜀2) ∶= ̃⃗𝑃S𝑗(𝛥𝑇 ) − ⃗𝑃S𝑗 . (D.39)

The decomposition of the mean momentum at the source also induces an associated 𝜀-
decomposition of the total mean momentum ̄ ⃗𝑝𝑗 and the group velocity ̄ ⃗𝑣𝑗, i.e.

̄ ⃗𝑝𝑗 = ̄⃗𝑝𝑗0 + 𝜀𝛿 ̄⃗𝑝𝑗(𝛥𝑇 ) + 𝒪(𝜀2) , (D.40)
̄ ⃗𝑣𝑗 = ̄⃗𝑣𝑗0 + 𝜀𝛿 ̄⃗𝑣𝑗(𝛥𝑇 ) + 𝒪(𝜀2) , (D.41)

with

̄ ⃗𝑝𝑗0 ∶=
𝜎2

D
⃗𝑃S + 𝜎2

S
⃗𝑃D

𝜎2
S + 𝜎2

D
, ̄𝐸𝑗0 ∶= √ ̄⃗𝑝2

𝑗0 + 𝑚2
𝑗 , ̄⃗𝑣𝑗0 ∶=

̄⃗𝑝𝑗0
̄𝐸𝑗0

, (D.42)
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and

𝛿 ̄⃗𝑝𝑗(𝛥𝑇 ) = 𝜎2
D

𝜎2
S + 𝜎2

D
𝛿 ⃗𝑃S𝑗(𝛥𝑇 ) , 𝛿 ̄⃗𝑣𝑗(𝛥𝑇 ) = (𝟙 − ̄⃗𝑣𝑗0

̄ ⃗𝑣𝑇
𝑗0)

𝛿 ̄⃗𝑝𝑗(𝛥𝑇 )
𝐸0

𝑗
. (D.43)

For simplicity, we drop the bar on all mean quantities from now on. As argued in the main
text we approximate ⃗ℓ ∥ ⃗𝑝𝑗, ⃗𝑣𝑗 with ⃗ℓ ∶= 𝐿⃗/𝐿. Therefore, only the absolute values of the mean
momentum and group velocities appear in all equations. The associated 𝒪(𝜀) corrections
read

| ⃗𝑝𝑗| = | ⃗𝑝𝑗0| + 𝜀 𝛿 ⃗𝑝𝑗 ⋅ ⃗ℓ⏟
𝛿𝑝𝑗

+𝒪(𝜀2) , | ⃗𝑣𝑗| = | ⃗𝑣𝑗0| + 𝜀 𝛿 ⃗𝑣𝑗 ⋅ ⃗ℓ⏟
𝛿𝑣𝑗

+𝒪(𝜀2) , (D.44)

respectively, where we have used that ⃗𝑝𝑗0/| ⃗𝑝𝑗0| = ⃗𝑣𝑗0/| ⃗𝑣𝑗0| = ⃗ℓ + 𝒪(𝜀). Finally, after employing
the ultra-relativistic expansion we arrive at

𝛥𝑇 ⋆
𝑗𝑘,1 = −𝛿𝛥𝑇 (𝛥𝑇 ⋆

𝑗𝑘,0) + [1 +
𝑚2

𝑗 + 𝑚2
𝑘

4𝐸2 ] 𝛿𝛥𝑋(𝛥𝑇 ⋆
𝑗𝑘,0)

+
𝛿𝑣𝑗(𝛥𝑇 ⋆

𝑗𝑘,0) + 𝛿𝑣𝑘(𝛥𝑇 ⋆
𝑗𝑘,0)

2
𝛥𝑋 .

(D.45)

Substituting this result into the corrected neutrino propagation time 𝐿0 yields

𝐿0(𝛥𝑇 ⋆
𝑗𝑘) = 𝛥𝑇 ⋆

𝑗𝑘 + 𝜀𝛿𝛥𝑇 (𝛥𝑇 ⋆
𝑗𝑘,0) (D.46)

= 𝛥𝑋 (1 +
𝑚2

𝑗 + 𝑚2
𝑘

4𝐸2 −
𝛥𝑝𝑗𝑚2

𝑗 + 𝛥𝑝𝑘𝑚2
𝑘

2𝐸3 −
(𝛥𝑚2

𝑗𝑘)2

8𝐸4 −
𝑚4

𝑗 + 𝑚4
𝑘

16𝐸4 )

− 𝜀 (𝛿𝛥𝑇 (𝛥𝑇 ⋆
𝑗𝑘,0) − [1 +

𝑚2
𝑗 + 𝑚2

𝑘

4𝑝2 ] 𝛿𝛥𝑋(𝛥𝑇 ⋆
𝑗𝑘,0)

−
𝛿𝑣𝑗(𝛥𝑇 ⋆

𝑗𝑘,0) + 𝛿𝑣𝑘(𝛥𝑇 ⋆
𝑗𝑘,0)

2
𝛥𝑋)

+ 𝜀𝛿𝛥𝑇 (𝛥𝑇 ⋆
𝑗𝑘,0) + 𝒪(𝜀2, 𝜀𝜀2

UR, 𝜀3
UR)

(D.47)

= (1 +
𝑚2

𝑗 + 𝑚2
𝑘

4𝐸2 +
𝛿𝑣𝑗(𝛥𝑇 ⋆

𝑗𝑘,0) + 𝛿𝑣𝑘(𝛥𝑇 ⋆
𝑗𝑘,0)

2

−
𝛥𝑝𝑗𝑚2

𝑗 + 𝛥𝑝𝑘𝑚2
𝑘

2𝐸3 −
(𝛥𝑚2

𝑗𝑘)2

8𝐸4 −
𝑚4

𝑗 + 𝑚4
𝑘

16𝐸4 )

× (𝛥𝑋 + 𝜀𝛿𝛥𝑋(𝛥𝑇 ⋆
𝑗𝑘,0)) + 𝒪(𝜀2, 𝜀𝜀2

UR, 𝜀3
UR) .

(D.48)

In deriving the expression for 𝛥𝑇 ⋆
𝑗𝑘,1, we have used that the amplitude is only significantly

different fro zero as long as the transported neutrino source momentum coincides with the
detected mean momentum, i.e. when

̃⃗𝑃S𝑗 ≡ ⃗𝑃D𝑗 , (D.49)
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holds. We enforce this relation after obtaining the solution for 𝛥𝑇 ⋆
𝑗𝑘,1, causing all contributions

originating from the momentum deviation terms, present in Re(𝛯𝑗𝑘), to vanish. That this is
the case can be easily seen by considering the expressions

∂2Re(𝛯𝑗𝑘)
∂𝛥𝑇 2 (𝛥𝑇 ⋆

𝑗𝑘,0, 0) ⊃ − ̃⃗𝑃
′′

S𝑗 ⋅
( ̃⃗𝑃S𝑗 − ⃗𝑃D𝑗)

𝜎2
𝑃

∣
𝜀=0

−
̃⃗𝑃
′

S𝑗 ⋅ ̃⃗𝑃
′

S𝑗

𝜎2
𝑃

∣
𝜀=0

= 0 , (D.50)

∂2Re(𝛯𝑗𝑘)
∂𝜀∂𝛥𝑇

(𝛥𝑇 ⋆
𝑗𝑘,0, 0) ⊃ −

∂ ̃⃗𝑃
′

S𝑗

∂𝜀
⋅

( ̃⃗𝑃S𝑗 − ⃗𝑃D𝑗)

𝜎2
𝑃

∣
𝜀=0

− ̃⃗𝑃
′

S𝑗 ⋅
∂ ̃⃗𝑃S𝑗

∂𝜀
∣
𝜀=0

= 0 . (D.51)

Here, we only need to enforce the equality (D.49) in the first term in the second quantity
in order for it to vanish. All other terms are already zero in general. Moreover, we have
introduced the effective momentum resolution 𝜎2

𝑃 ∶= 2(𝜎2
S + 𝜎2

D).

Next, we evaluate the real and imaginary parts of 𝛯𝑗𝑘 at the maximum 𝛥𝑇 ⋆
𝑗𝑘. To this end, we

first evaluate the quantity

𝑣𝑗𝐿0(𝛥𝑇 ⋆
𝑗𝑘) − 𝐿(𝛥𝑇 ⋆

𝑗𝑘) = [ (1 −
𝑚2

𝑗

2𝐸2 +
3𝑚4

𝑗

8𝐸4 +
𝛥𝑝𝑗𝑚2

𝑗

𝐸3 )

× (1 +
𝑚2

𝑗 + 𝑚2
𝑘

4𝐸2 + 𝜀
𝛿𝑣𝑗 + 𝛿𝑣𝑘

2
−

𝛥𝑝𝑗𝑚2
𝑗 + 𝛥𝑝𝑘𝑚2

𝑘

2𝐸3

−
(𝛥𝑚2

𝑗𝑘)2

8𝐸4 −
𝑚4

𝑗 + 𝑚4
𝑘

16𝐸4 ) − 1]𝐿(𝛥𝑇 ⋆
𝑗𝑘) + 𝒪(𝜀2, 𝜀𝜀2

UR, 𝜀3
UR) ,

(D.52)

yielding

𝑣𝑗𝐿0(𝛥𝑇 ⋆
𝑗𝑘) − 𝐿(𝛥𝑇 ⋆

𝑗𝑘) = [−
𝛥𝑚2

𝑗𝑘

4𝐸2 + 𝜀 (
𝛿𝑣𝑗 + 𝛿𝑣𝑘

2
) +

𝛥𝑝𝑗𝑚2
𝑗 − 𝛥𝑝𝑘𝑚2

𝑘

2𝐸3

+
𝛥𝑚4

𝑗𝑘

8𝐸4 − (
𝛥𝑚2

𝑗𝑘

4𝐸2 )
2

⎤⎥
⎦

𝐿 + 𝒪(𝜀2, 𝜀𝜀2
UR, 𝜀3

UR) .

(D.53)

=∶ 𝛥𝑣+
𝑗𝑘𝐿(𝛥𝑇 ⋆

𝑗𝑘) + 𝒪(𝜀2, 𝜀𝜀2
UR, 𝜀3

UR) , (D.54)

and similarly for

𝑣𝑘𝐿0(𝛥𝑇 ⋆
𝑗𝑘) − 𝐿(𝛥𝑇 ⋆

𝑗𝑘) = [+
𝛥𝑚2

𝑗𝑘

4𝐸2 + 𝜀 (
𝛿𝑣𝑗 + 𝛿𝑣𝑘

2
) −

𝛥𝑝𝑗𝑚2
𝑗 − 𝛥𝑝𝑘𝑚2

𝑘

2𝐸3

−
𝛥𝑚4

𝑗𝑘

8𝐸4 + (
𝛥𝑚2

𝑗𝑘

4𝐸2 )
2

⎤⎥
⎦

𝐿 + 𝒪(𝜀2, 𝜀𝜀2
UR, 𝜀3

UR) .

(D.55)

=∶ 𝛥𝑣−
𝑗𝑘𝐿(𝛥𝑇 ⋆

𝑗𝑘) + 𝒪(𝜀2, 𝜀𝜀2
UR, 𝜀3

UR) , (D.56)
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with

𝛥𝑣±
𝑗𝑘 = ∓

𝛥𝑚2
𝑗𝑘

4𝐸2 + 𝜀 (
𝛿𝑣𝑗0 + 𝛿𝑣𝑘0

2
) ±

𝛥𝑝𝑗𝑚2
𝑗 − 𝛥𝑝𝑘𝑚2

𝑘

2𝐸3 ±
𝛥𝑚4

𝑗𝑘

8𝐸4 ∓ (
𝛥𝑚2

𝑗𝑘

4𝐸2 )
2

. (D.57)

For the full real part, we obtain

Re(𝛯𝑗𝑘)(𝛥𝑇 ⋆
𝑗𝑘) = − (

(𝛥𝑣+
𝑗𝑘)2

(1 + 𝜒2
𝑗 (𝐿0)2)

+
(𝛥𝑣−

𝑗𝑘)2

(1 + 𝜒2
𝑘(𝐿0)2)

)
𝐿2(𝛥𝑇 ⋆

𝑗𝑘)
2𝛩2

+ 𝒪(𝜀2, 𝜀𝜀2
UR, 𝜀3

UR) ,
(D.58)

where we have used the explicit expressions for the effective neutrino WP widths

𝜎2
∥𝑗 = 𝛩2 (1 + 𝑖𝜒𝑗𝐿0) , 𝛩2 = 1

2
( 1

𝜎2
S

+ 1
𝜎2

D
) , 𝜒𝑗 =

(1 − 𝑣2
𝑗 )

𝐸𝑗𝛩2 . (D.59)

With 𝛩2 = 2𝜎2
𝑋, we arrive at

Re(𝛯𝑗𝑘)(𝛥𝑇 ⋆
𝑗𝑘) = − (

𝐿(𝛥𝑇 ⋆
𝑗𝑘)

𝐿coh
𝑗𝑘

)
2

+ 𝒪(𝜀2, 𝜀𝜀2
UR, 𝜀3

UR) , (D.60)

where the coherence length is given by

𝐿coh
𝑗𝑘 = 2

√
2𝜎𝑋 [

(𝛥𝑣+
𝑗𝑘)2

(1 + 𝜒2
𝑗 (𝐿0)2)

+
(𝛥𝑣−

𝑗𝑘)2

(1 + 𝜒2
𝑘(𝐿0)2)

]
− 1

2

. (D.61)

Next, the imaginary part can be subdivided into the usual oscillation phase and a sub-leading
part related to the WP spreading, i.e.

Im(𝛯𝑗𝑘)(𝛥𝑇 ⋆
𝑗𝑘, 𝜀) = 𝛥𝛷𝑗𝑘(𝐿) + 𝛥𝜑𝑗𝑘(𝐿) , (D.62)

𝛥𝛷𝑗𝑘(𝐿) ∶= −𝐿0𝛥𝐸𝑗𝑘 + 𝐿𝛥𝑝𝑗𝑘 , (D.63)

𝛥𝜑𝑗𝑘(𝐿) ∶= Im(𝜎2
∥𝑗)

(𝑣𝑗𝐿0 − 𝐿)2

2|𝜎2
∥𝑗|2

− Im(𝜎2
∥𝑘)(𝑣𝑘𝐿0 − 𝐿)2

2|𝜎2
∥𝑘|2

. (D.64)

For completeness we now compute both appearing terms, but we only retain the main oscillation
phase in the main text, as the other term 𝛥𝜑𝑗𝑘 is small compared to 𝛥𝛷𝑗𝑘. The energy
difference at second order in the ultra-relativistic approximation is given by

𝛥𝐸𝑗𝑘 = 𝛥𝑝𝑗𝑘 +
𝛥𝑚2

𝑗𝑘

2𝐸
−

𝛥𝑚4
𝑗𝑘

8𝐸3 −
𝛥𝑝𝑗𝑚2

𝑗 − 𝛥𝑝𝑘𝑚2
𝑘

2𝐸2 + 𝒪(𝜀2, 𝜀𝜀2
UR, 𝜀3

UR) , (D.65)

and plugging it into the expression for the phase 𝛥𝛷𝑗𝑘 yields

𝛥𝛷𝑗𝑘(𝐿) = − (𝛥𝐸𝑗𝑘 [1 +
𝑚2

𝑗 + 𝑚2
𝑘

4𝐸2 ] − 𝛥𝑝𝑗𝑘) 𝐿 + 𝒪(𝜀2, 𝜀𝜀2
UR, 𝜀3

UR) (D.66)

= −
𝛥𝑚2

𝑗𝑘

2𝐸
(1 −

𝛥𝑝𝑗 + 𝛥𝑝𝑘

2𝐸
) 𝐿 + 𝒪(𝜀2, 𝜀𝜀2

UR, 𝜀3
UR) , (D.67)
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where we have used that 𝛥𝐸𝑗𝑘 already is of 𝒪(𝜀UR). Lastly, the WP spreading correction
yields

𝛥𝜑𝑗𝑘(𝐿) ≈ 𝐿2𝐿0

8𝜎4
𝑋

(
𝜒𝑗(𝛥𝑣+

𝑗𝑘)2

(1 + 𝜒2
𝑗 (𝐿0)2)

−
𝜒𝑘(𝛥𝑣−

𝑗𝑘)2

(1 + 𝜒2
𝑘(𝐿0)2)

) . (D.68)

It is evident that the factor in parentheses is at least of order 𝒪(𝜀3
UR) and hence can be safely

neglected.
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