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A B S T R A C T

The concept of Rao-Blackwellization is employed to improve predictions of artificial neural
networks by physical information. The error norm and the proof of improvement are transferred
from the original statistical concept to a deterministic one, using sufficient information on
physics-based conditions. The proposed strategy is applied to material modeling and illustrated
by examples of the identification of a yield function, the identification of driving forces for
quasi-brittle damage and rubber experiments. Sufficient physical information is employed, e.g.,
in the form of invariants, parameters of a minimization problem, isotropy and differentiability.
It is proven how intuitive accretion of information can yield improvement if it is physically
sufficient, but also how insufficient or superfluous information can cause impairment. Oppor-
tunities for the improvement of artificial neural networks are explored in terms of the training
data set, the networks’ structure and output filters. Even crude initial predictions are remarkably
improved by reducing noise, overfitting and data requirements.

1. Introduction

1.1. Motivation: Connecting artificial neural networks and physical information

The aim of this work is to incorporate sufficient physical information into an artificial neural network (ANN) by a statistical
concept, namely, Rao-Blackwellization. It stands out by the possibility to provide guaranteed improvements even for crude
estimators. This statistical concept of Rao-Blackwellization remains to be explored from the viewpoint of deterministic physical
modeling. In general, the combination of physical knowledge and analytical or numerical methods has nevertheless a rich tradition.
The development of specialized finite elements, as one classical example, has often been driven by knowledge about the physical
system of interest, e.g., reduced integration to avoid locking problems for nearly incompressible materials or shell structures with
plane-stress states [1,2]. Also multi-scale problems can benefit from efficient information transfer, e.g., see a physics-based adoption
of the Rao–Blackwell concept to capillary effects in [3]. The present focus of application is oriented towards ANN-based material
modeling, because it benefits strongly from information-based improvement strategies.

More recently, the emerging field of data-based models and ANNs in particular are found to be enhanced by physical information.
One of the first combinations of artificial neural networks and physical modeling is the work of Forssell and Lindskog [4] for tank
level modeling. An early work in the field of constitutive modeling of solid mechanical systems is from Liang and Chandrashekhara
[5] for elastomeric foams. Bhadeshia [6] stated that ‘‘it is not clear how a neural network trained on the output of physical models
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actually captures the principles of the physical models and more tests need to be done to study the long-range extrapolation behavior
of such models’’, indicating the rising interest in hybrid neural network modeling. The introduction of physics-informed neural
networks (PINNs) [7,8] was a significant step to solve forward and inverse problems by involving nonlinear partial differential
equations. Since then, several variations and extensions have been proposed such as the physics-informed PointNet (PIPN) [9],
extended physics-informed neural networks (XPINNS) [10] or the application to continuum micromechanics [11]. [12] provides a
review on applications and variations of PINNs.

Linka et al. [13] also support data-driven constitutive modeling by continuum-mechanics knowledge in a unified network
pproach referred to as constitutive artificial neural networks (CANNs). Information on the physical problem helps to reduce the
equired data set as was also demonstrated by Tang et al. [14]. The data-driven approach suggested by Kirchdoerfer and Ortiz [15]
nd the application to parameter identification in [16] show a stronger orientation towards the material behavior, i.e., directly to
xperimental material data and pertinent constraints with conservation laws. A clear motivation for improvements of data-driven
pproaches can generally be seen in the traditional ideas of model order reduction, e.g., by training of scale separation [17] or
educed homogenization, e.g., for transient diffusion problems [18]. Settgast et al. [19] demonstrate the usefulness of a hybrid
ulti-scale neural network approach for the description of yield functions and evolution equations. This also applies to uncertain
ata and reliability analysis, for instance, during the design stage of artificial neural networks for real-time predictions of mechanized
unneling processes [20].

.2. The more physical information, the better the prediction?

While utilizing such physical information can yield an improvement, this is not granted, though. Even worse, an unfortunate
mplementation of physically sound constraints into an ANN or other frameworks may lead to poorer predictions. Before a strategy
s derived on the basis of Rao-Blackwellization, this should be introduced clearer by a simplified example. The final example of this
tudy will later also discuss the now evident limitations for the practical use of digital image correlation (DIC) data with ANNs in
umerical simulations.

Let us assume a nearly-incompressible polymer with Poisson’s ratio 𝜈 below but close to 0.5. Experimental data of a stretched
bicycle tube patch is shown in Fig. 1. Longitudinal strain (𝜀𝑥𝑥) is determined from reliable displacement measurements at the clamped
ends. The limited image resolution and edge detection, however, causes low sensitivity for lateral strain. Lateral strains (𝜀𝑦𝑦) are thus
obtained via DIC at multiple regions of the image. As a result, the 𝜀𝑦𝑦 component thus contains multiple yet noisy points for each
stretched state, e.g., approximately of the format 𝜀𝑦𝑦 = −𝜈𝜀𝑥𝑥+𝜖 with a normal-distribution error 𝜖 ∼  (0, 𝜎2). Some of this data may
ven exceed the physically sound limits of incompressible and auxetic materials. In a first attempt, only the physically sound data
ase shall be treated as remaining sufficient information. This means disregarding data that exceeds the incompressible and auxetic
imits as a pre-processing step (𝜈 = 0.5 and 𝜈 = 0, shaded regions in Fig. 1). Clearly, there exist established (statistical) methods for
ealing with noisy data. Nevertheless, the straightforward implementation of a physically sound constraint should illustrate how it
an impair the later prediction; by biasing the noisy data set in this introductory example.

Removing this unphysical data worsens the prediction for a subsequent linear regression. The Poisson’s ratio is 𝜈 = 0.23 for the
educed set of physically admissible data points. Accounting for all data, also the unphysical one, yields a more realistic prediction
f 𝜈 = 0.43. This is closer to the typical value of soft polymers. Obviously, simply imposing physically sound side constraints does
ot guarantee improvement. The accessibility of this introductory example fortunately allows to understand the obvious misuse
f physical information. Applying the physical constraints to the noise 𝜖 of the original data adds a bias, which affects later ANN
raining or fitting.

More complex physical systems described by ANNs, however, often do not allow such a clear interpretation. Sources of
ncertainties are plentiful and so are the possibilities to implement physical information into ANNs, e.g., into their training data,
heir structure or their hyperparameters. To apply physical knowledge may be well justified. But asking

• what information to incorporate?
• when to incorporate this information?
• how to incorporate this information?

re questions that are not easily assessed. They motivate the present study. It will be shown how intuitive assumptions such as
sotropy can help to improve the generation of ANNs, but also where limitations may arise if superfluous or biased information is
ransferred. The present approach specifically questions the unconditional benefits of physical information by providing a scheme
hat yields an improvement if sufficient information is incorporated in the form of a conditional average as illustrated in the later
xamples.

.3. Rao-Blackwellization of physical models: sufficient information for guaranteed improvement

In addition to significant developments in physics-based ANNs, strategies of efficiently employing information have also been
laborated in the area of statistical modeling. The specific inspiration for the present work is the so-called Rao–Blackwell(-
olmogorov) theorem [21–24]. It relies on knowledge about sufficient information. More precisely, it states that the conditional
xpectation of an initial estimator, given a sufficient statistic, is a better estimator. It can be proven mathematically that the new
stimator, which employs sufficient information, is never worse. This optimality condition and the construction scheme for the new
2

stimator will help to answer the questions raised above.
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Fig. 1. Uniaxial stretch of a bike-wheel rubber sample: Poisson’s ratio approximation based on original data vs. data not exceeding incompressible and auxetic
limits. An example of DIC-calculated displacements is given by red lines superposed on the sample on the right. Longitudinal strain (𝜀𝑥𝑥) is determined from
clamp displacement, lateral strain (𝜀𝑦𝑦) is derived from DIC data over multiple regions.

It should be underlined that the Rao–Blackwell theorem is defined in a statistical framework and cannot be applied directly
to a deterministic modeling framework. The present work hence combines the mathematical structure of Rao-Blackwellization
with sufficient physics information for the enrichment of artificial neural networks. It is important to note that the proposed,
new combination will harness information about the physical model [3] instead of statistical models [25]. Referring to the term
Rao-Blackwellization should therefore not be misleading towards the original concept, but should acknowledge the original idea.

The focus will be on material models in the framework of solid continuum mechanics. By doing so, the presented approach
complements existing approaches of physics-based ANNs in three different ways. It

• does not ask for more information but just for sufficient information,
• mathematically introduces a rigorous error measure and
• can be applied even to crude initial predictions.

A first result is clearly the sufficiency criterion, i.e., using just a sufficient set is preferable. Even more so, however, Rao-
Blackwellization exceeds that intuitive guideline by providing a proof and a scheme for the improvement of estimators. This
is considered particularly beneficial for scenarios with incomplete data sets and where the format of the solution is secondary,
i.e., data-based solutions such as ANNs used in practice.

Before we present the structure of the following chapters, we find it helpful to distinguish the proposed approach from
other statistical methods. The present approach combines three research areas: the problem of deterministic physical models,
ANNs as a means for their prediction and Rao-Blackwellization for a guaranteed improvement. The adopted concept of Rao-
Blackwellization emerges from frequentist inference, which matches the idea of deterministic physical models with fixed and unique
parameters. The consideration of uncertain parameter distributions exceeds the present focus and is often accounted for by Bayesian
approaches. Gaussian process regression models, for example, allow the implementation of Gaussian processes [26] in the form of
a nonlinear, nonparametric regression tool [27] in the area of data-based material modeling [28,29]. Methods for model discovery
from regression analysis such as symbolic regression [30,31] also share the goal of variable selection. In contrast to the current
employment of external/physics-based knowledge, however, they are oriented towards extracting the underlying relationships from
the data set. Lasso (least absolute shrinkage and selection operator) regularization [32,33] also aims at the discard of irrelevant
or redundant variables by coefficient penalization. It does not follow the presented scheme of physics-based conditional averaging,
though, but instead can support feature selection and interpretable models based on the available data. Within the statistical context
of the original Rao–Blackwell theorem, the transfer of further properties like completeness and unbiased predictions may even lead to
uniqueness and optimality of the improvement in the sense of the Lehmann–Scheffé theorem [22]. A more comprehensive transfer to
physical problems may then be achieved for applications like homogenization theory when inferring macroscopic properties from the
induced microscopic distributions; for instance, relating sufficiency to injective information transfer across the scales, completeness
to surjectivity and unbiased predictions to convergence based on representative volume elements and scale separation laws. Another
distinction shall be emphasized with respect to the general incorporation of physics-based constraints. The Rao–Blackwell scheme is
intended to improve existing predictions using sufficient information. The scheme itself and its purpose hence complement but do not
3
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substitute approaches that employ constraints for the initial generation of ANNs (e.g., penalization or special architectures [12,13])
or other types of physics-related information (e.g., the second law of thermodynamics).

The present work will first establish a formal framework for Rao-Blackwellization of physical models in Section 2. It includes an
ntroductory example based on the micro-sphere model and introduces general concepts for ANNs. The general concepts are then
urther investigated and highlighted by three examples. Section 3 provides an analytical example for predicting a yield function
tilizing a description via invariants. It points out how physics-based Rao-Blackwellization can cure noisy data as well as under-
r overfitted ANN models, if applied to the ANN output. A damage model based on a variational minimization problem allows to
ompare different realizations of the proposed improvement strategy in Section 4 in terms of modifications of ANN output, data and
tructure. Finally, the numerical adoption in Section 5 utilizes isotropic elasticity for the simulation of rubber samples based on DIC
nd force–displacement data. This example emphasizes data processing and augmentation via physics-based Rao-Blackwellization.
verall, each example highlights different aspects of how sufficient information can improve ANNs from data generation, to the
NN structure and its output.

. Transferring Rao-Blackwellization from statistical models to deterministic material models

.1. Adaption of the Rao-Blackwellization framework to material models

Statistical modeling and physical material modeling both share the main challenge of predicting unknown quantities. They
re also similar as they both follow the strategy of employing a governing set of mathematical equations supported by modeling
ssumptions and assessed by error norms. The specific implementations and nomenclature yet differ, which is why we first explain
he key differences that are relevant to adapt the Rao–Blackwell theorem.

While a statistical model builds upon a sample space (e.g. tensile specimen copies), the material model builds upon physical,
eterministic configurations (e.g. stress states or microstructures). Statistical model parameters can be mean and standard deviation
f sustained force, whereas material model parameters can be Young’s modulus and Poisson’s ratio. In the present context, these
re regarded to be fixed deterministic values. On the one hand, a statistical estimator predicts an estimate of a given quantity from
bserved data (e.g. a sample mean force). On the other hand, an analogy in deterministic material modeling may be the prediction of
n unknown Poisson’s ratio but also predictions of stresses or strains work within this framework. Finally, a possible error measure
f a statistical estimator can be defined by the expected value E of the mean squared error. A similar mean squared error can be

introduced in material modeling by performing an average A of the mean squared error over a set of physical configurations. The
specific, necessary mathematical definitions and implementation are derived in the following and the interested reader is referred
to [3] for more details, where physics-based Rao-Blackwellization is applied to information transfer in multi-scale problems instead
of ANN-based processing.

To become more specific in terms of material modeling, we start from a prediction of an unknown quantity 𝜃 that depends on
the physical state 𝜔 ∈ 𝛺. For instance, we may want to distinguish elastic loading (𝜃 < 0) from plastic loading (𝜃 = 0) and from
inadmissible stress states (𝜃 > 0) for a given stress tensor (𝜔 = 𝝈). Moreover, we assume from a physical constraint that there
is sufficient information  for the prediction of the unknown. For instance, we can assume that the effective macroscopic plastic
yielding of polycrystals can often be approximated on the basis of the deviatoric stress norm ( = ‖𝝈dev

‖). Note that we do not
need to know how the exact relationship 𝜃(𝜔) looks like. The aim is to find a better one, which is achieved in three steps:

1. Let 𝜃0(𝜔) be any starting prediction.
2. Let  be sufficient information to determine 𝜃.
3. Then, the new prediction

𝜃1(𝑠) = A
(

𝜃0 | = 𝑠
)

= 1
|𝛺𝑠| ∫𝛺𝑠

𝜃0(𝜔) d𝜔, (1)

is the conditional average value of 𝜃0’s predictions for all 𝜔 such that (𝜔) = 𝑠. This prediction is never worse in the sense of
the averaged mean squared error

1
|𝛺|

∫𝛺
(𝜃1 − 𝜃)2 d𝜔 ≤ 1

|𝛺|
∫𝛺

(𝜃0 − 𝜃)2 d𝜔. (2)

Therein, 𝛺𝑠 ∶= {𝜔 ∈ 𝛺 |(𝜔) = 𝑠} is the subdomain, where (𝜔) takes the constant value 𝑠. |𝛺| ∶= ∫𝛺 1 d𝜔 and |𝛺𝑠| ∶= ∫𝛺𝑠 1 d𝜔
are used for normalization.

n brief, 𝜃1 may be interpreted as a conditional averaging of the initial prediction 𝜃0 over constant values 𝑠 of the sufficient
information . This interpretation is different from the statistical use of an expected value. What is most important, the physical
constraint tells us that the prediction of 𝜃 must be fully determined by prescribing 𝑠. For instance, two stress states 𝝈𝐼 and 𝝈𝐼𝐼 must
be both elastic or both plastic if they have the same deviatoric stress norm, ‖𝝈dev

𝐼 ‖ = 𝑠𝐼 = 𝑠𝐼𝐼 = ‖𝝈dev
𝐼𝐼 ‖. The adopted Rao–Blackwell

theorem thus averages over such states for the new prediction. As a first key result, we did not only obtain a strategy to incorporate
physical knowledge — it is guaranteed not to worsen our initial prediction. A fundamental property of this scheme is that the error
does not grow. The proof is sketched in Appendix A.
4



Computer Methods in Applied Mechanics and Engineering 423 (2024) 116848G.-L. Geuken et al.

p
d
i
i

t
f
s
w
o
i
s
p

i
r
t
𝑛

d

2.2. Notes on the practical implementation of sufficient information

The strategy employs three steps – initial estimator, sufficient set, improved estimator – each with individual practical
eculiarities. Various initial predictions can be tested in application, e.g., neural networks trained with different initial weights,
ata or transfer functions. The initial prediction can even be a crude one, while two special cases would trivially not yield an
mprovement in the sense of a strict inequality (2); namely, the correct prediction (it cannot be improved further) and an already
mproved prediction (due to idempotency).

For the second step of the scheme, identifying a sufficient set is just the necessary information for the improvement scheme
o properly work. While sufficiency in statistics is proven based on the statistical model properties (c.f. the Fisher-Neyman
actorization [24,34]), sufficiency for the material model’s predictions is based on knowledge about the physical behavior. Note that
ufficiency does not imply sufficient information in every detail. Instead and like the statistical motivation, sufficiency is understood
ith respect to a model. Obvious sources determining a sufficient set in material modeling can be assumptions like isotropy, linearity
r hyperelasticity. Conservation laws, observer invariance or the second law of thermodynamics can also reveal whether a parameter
s allowed to have an impact on another. Other sources of sufficiency can be the parameters of a set of governing equations, which
ufficiently fix the unknown solution. A dimensional or homogenization analysis can moreover help to reduce the set of required
arameters for prediction. This list is not exhaustive and shall provide a few ideas for practical application.

Having sufficient information at hand, Eq. (1) defines the third step, i.e., the improved prediction. In the ideal case, the integral
n (1) is evaluated analytically but may be unattainable in practice. In such cases, a numerical approximation of the scheme is
equired. The idea is to transform the continuous parameterization of 𝑠 into discrete intervals. The discretization highly depends on
he range of 𝑠, which may be unbounded or bounded by physical constraints. An intuitive approach for the latter case is to introduce
+ 1 intervals

𝑠𝑖 =
[

𝑠min +
𝑖

𝑛 + 1
(

𝑠max − 𝑠min
)

, 𝑠min +
𝑖 + 1
𝑛 + 1

(

𝑠max − 𝑠min
)

)

, (3)

with 𝑖 = 0,… , 𝑛. With these at hand, the integral can be replaced by a sum over all data points 𝑚, which fall into the interval 𝑠𝑖, to
etermine the new model

𝜃1(𝑠𝑖) =
1
𝑚

𝑚
∑

𝑗=1
𝜃0

(

 (𝜔) ∈ 𝑠𝑖
)

. (4)

As one result, the numerical approximation of the improved prediction may not fully inherit the optimality condition. It remains a
compromise between interval stepping and averaged data, limited by data availability and computational capacities.

2.3. Introductory example for Rao-Blackwellization of physical constraints: the micro-sphere model

An example from the area of micro-sphere modeling [35] of rubber shall make the concept of Rao-Blackwellization with physical
constraints comprehensible. It is purely analytical and not combined with artificial neural networks or numerical evaluations yet.
Statistical considerations of micro-sphere modeling (such as Langevin statistics and random-walk of chain segments) are also omitted
for better distinction of physics-based Rao-Blackwellization from statistics-based Rao-Blackwellization. Like all examples presented
herein, the introductory example follows the same three steps:

1. initial estimator 𝜃0,
2. sufficient information ,
3. improved estimator 𝜃1.

For the sake of simplicity, the symbols 𝜃0,  and 𝜃1 will be used in all examples without further modification of the notation.
Consider a rubber network of polymer chains that undergoes macroscopic deformation described by the right Cauchy–Green

tensor 𝐂, Fig. 2. The task is to predict an effective, quadratic stretch of the underlying polymer chains 𝜆2𝑐 . This effective stretch is
commonly required for the energy functions of rubber models [35,36]. We now have to pick some information from 𝐂 to predict
𝜆2𝑐 .

While there are a few obvious ad-hoc choices, some even considering superposed microstructural fluctuations, we deliberately
start with a poor initial estimator. The initial estimator predicts the effective quadratic stretch of the polymer chains by the
11-component only of some Cartesian coordinate system

𝜃0 = 𝐶11 = 𝐞1 ⋅ 𝐂 ⋅ 𝐞1. (5)

This initial estimator is the first step of Rao-Blackwellization but only acceptable for uni-axial stretch. It clearly fails for biaxial
tension, for instance. We would therefore like to reduce the error for all possible deformation states.

We now further assume that the assumption of isotropy is a valid physical approximation, e.g., based on fabrication conditions
and experimental indication. The second step of Rao-Blackwellization then requires the sufficient information under this constraint.
For an isotropic model, it is sufficient to know the three (rotational) invariants of the strain tensor 𝐂. These invariants thus constitute
the sufficient set

{ 𝐶 𝐶 𝐶}
5

 = 𝐼1 , 𝐼2 , 𝐼3 . (6)
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Fig. 2. Example of Rao-Blackwellization within the chain-based micro-sphere framework: chain stretch from one in three directions. Improvement is based on
sufficient information under the assumption of rotational invariance.

The third step of Rao-Blackwellization now yields the improved prediction by averaging over the domain of deformation states,
where the sufficient set is constant. This subdomain of deformation states, where  = {𝐼𝐶1 , 𝐼

𝐶
2 , 𝐼

𝐶
3 } is constant, is given by just the

rotations 𝐐 of the strain tensor:

𝛺𝑠 ∶ =
{

all 𝐂 with same values of invariants 𝐼𝐶1 , 𝐼
𝐶
2 , 𝐼

𝐶
3
}

=
{

𝐐𝑇 ⋅ 𝐂 ⋅𝐐 ∶ ∀𝐐 ∈ SO(3) and starting 𝐂 with invariants 𝐼𝐶1 , 𝐼
𝐶
2 , 𝐼

𝐶
3
}

.

The improved estimator hence reads (see [35] for the algebra of the last step)

𝜃1(𝐼𝐶1 , 𝐼
𝐶
2 , 𝐼

𝐶
3 ) =

∫𝛺𝑠(𝐼𝐶1 ,𝐼𝐶2 ,𝐼𝐶3 ) 𝜃0(𝐶11) d𝜔

∫𝛺𝑠(𝐼𝐶1 ,𝐼𝐶2 ,𝐼𝐶3 ) 1 d𝜔
=

∫𝛺𝑠(𝐼𝐶1 ,𝐼𝐶2 ,𝐼𝐶3 ) 𝐞1 ⋅ 𝐂 ⋅ 𝐞1 d𝜔

∫𝛺𝑠(𝐼𝐶1 ,𝐼𝐶2 ,𝐼𝐶3 ) 1 d𝜔

=
∫ 2𝜋
0 ∫ 𝜋0 𝐞1 ⋅𝐐𝑇 (𝜗, 𝜑) ⋅ 𝐂 ⋅𝐐(𝜗, 𝜑) ⋅ 𝐞1 sin 𝜗 d𝜗 d𝜑

∫ 2𝜋
0 ∫ 𝜋0 1 sin 𝜗 d𝜗 d𝜑

=
∫ 2𝜋
0 ∫ 𝜋0 (𝐐(𝜗, 𝜑) ⋅ 𝐞1) ⋅ 𝐂 ⋅ (𝐐(𝜗, 𝜑) ⋅ 𝐞1) sin 𝜗 d𝜗 d𝜑

4𝜋

=
𝐶11 + 𝐶22 + 𝐶33

3
=
𝐼𝐶1
3
. (7)

The improved estimator thus simplifies to a third of the first invariant 𝜃1 = 𝐼𝐶1 . This is just the wanted effective, quadratic stretch
2
𝑐 for the limit case of the eight-chain Arruda-Boyce model when derived from the micro-sphere framework [35,36]. Application to
ther powers of the stretch, e.g. a linear estimation, may yield to different weighting factors and we refer to [35] for details on the
icro-sphere approach. Moreover, [37] contains an alternative analytical example for rubber elasticity based on the formulation of
rincipal stretches and [38] for the contraction of nanowires.

Rao-Blackwellization however stands out from a micro-sphere approach by some significant characteristics and another scope of
pplication. Instead of developing an entire framework, it just employs an initial estimator (even an improper one is possible) and
nowledge about sufficient information on the unknowns (which is the point where the additional physics enter the prediction).
his makes it a suitable tool for situations where a complete physical framework is not provided, e.g., predictions based on artificial
eural networks as demonstrated by the following scenarios.

.4. Incorporating sufficient physical information into ANNs via Rao-Blackwellization

The proposed physics-based Rao-Blackwellization implies the use of conditional averages based on a sufficient set of information,
ut it can be applied to an ANN framework in various ways. Three characteristic possibilities are chosen to illustrate this process.
ll of them will be demonstrated in detail in the following examples, but the main ideas shall already be sketched here, too:

• Filtering the ANN output:
The first option, filtering the ANN output, is directly in line with the three steps of Rao-Blackwellization. The initial prediction
𝜃0 is the ANN output given the physical state 𝜔 as input. Knowing sufficient information  for the problem at hand, Eq. (1)
defines the improved prediction 𝜃1. Since the analytical integration of ANN outputs can become impractical, a numerical
approximation is often necessary as described in Section 2.2. This strategy is an option for scenarios, in which neither the
ANN nor the data can be modified.

• ANN training data augmentation:
Rao-Blackwellization also allows to directly work on the training, validation and test data of an ANN as a second option.
It implies that the initial prediction of the ANN should yield the same output for data points that share the same values
6
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of sufficient parameters. For instance, to be more precise, the Rao–Blackwell theorem offers training data augmentation to
improve a given data set if the number of parameters 𝑛 of  is smaller than the number of parameters 𝑛𝜔 of 𝜔. Less information
would be needed. In that case 𝑛𝜔-𝑛 parameters of 𝜔 can be chosen freely for a fixed value (𝜔) = 𝑠. This allows to augment
additional data points in the 𝛺 space. They will differ in terms of the input data format, but they will share the same sufficient
information and hence the same output labels as the original data points they have been derived from. This option is applicable
and not costly if the ANN structure is fixed, e.g., in existing numerical frameworks, but when the data can be modified.

• Adapting the ANN structure:
The third option modifies the initial ANN structure and replaces the input layer of the ANN to directly process the set of
sufficient information . This automatically ensures a constant output for the sufficient set , because fluctuations are not
possible by design. It is referred to as adapting or optimizing the ANN structure in this study. This fundamental adaption may
be regarded to be the strongest enforcement of the Rao-Blackwellization concept. It does not necessarily yield the best results,
though. A counterexample is given in Section 4, where all three options are compared.

. Illustrating Rao-Blackwellization effects on an ANN - Example of an elasto-plastic predictor step

To introduce the application of the proposed output filter strategy to an ANN, the yield function defining the transition between
fully elastic and an elasto-plastic state is to be identified. Accordingly, the ANN shall predict whether a deformation will fall into

he elastic regime or not. Point of departure is the classic von Mises yield criterion in the two-dimensional stress space

𝛷vM(𝜎1, 𝜎2) =
√

𝜎21 + 𝜎
2
2 − 𝜎1 𝜎2 − 𝜎𝑌 (8)

hat is formulated in the principal stresses 𝜎1 and 𝜎2 and can be motivated for shear-dominated plasticity in crystals. The analytical
tarting point will also serve as a reference solution and eases an interpretation of the later improvement. The material’s yield stress
s chosen to be 𝜎𝑌 = 1MPa. Considering an elastic predictor step within a numerical implementation (e.g., the return-mapping
cheme), the different states can be identified as

𝛷vM(𝜎1, 𝜎2) →

{

≤ 0 (elastic)
> 0 (inadmissible ⇒ elasto-plastic corrector).

(9)

.1. Initial ANNs distinguishing elasticity from plasticity

The initial ANN, 𝜃0, shall predict whether a given stress pair (𝜎1, 𝜎2) corresponds to a purely elastic step or not. We test three
initial ANNs of different sizes, which are layer-wise: 2-5-1, 2-10-5-1 and 2-200-200-60-1. The aforementioned stress pair is the input
and all neurons are fully connected to the neighboring layers and activated by the hyperbolic tangent (tanh) function. The output
of the last layer is moreover processed such that the discrete distinction between elasticity and plasticity is numerically labeled by
0 and 1 in the form (cf. Eq. (9))

𝑜 =

{

0 if 𝜃0(𝜎1, 𝜎2) ≤ 0 (elastic)
1 if 𝜃0(𝜎1, 𝜎2) > 0 (inadmissible ⇒ elasto-plastic corrector).

(10)

Data was generated from the analytical solution in the range of 𝛺 = [−1.75MPa,+1.75MPa]2 for training (144 data points),
validation (144 data points) and testing, see Fig. 3. Training and validation data was moreover superposed with random noise
to highlight the influence of imperfect data. Stress states that fall into the range [−0.03MPa,+0.03MPa] of the yield function were
assigned randomly. For the test data, the stress domain 𝛺 was discretized by 𝛥𝜎 = 0.01MPa, leading to 123 201 test data points.
No regularization of the input data is required in this example by working with units of MPa. The networks have been finally
trained via the Stochastic Gradient Descent (SGD) method for 1500 epochs. The network performance was evaluated by the mean
squared error of the respective data sets during training and testing. A detailed summary of the ANN hyperparameters and settings
is provided in Appendix B for all examples. The initial ANN of size 2-5-1 shows a significant error due to its simplicity that causes
underfitting. Unphysical predictions can be observed in the form of separated and non-convex elastic regimes, see the initial (gray)
performance in Fig. 4. The 2-10-5-1 network performs much better, matching both the qualitative and the quantitative prediction of
the elastic–plastic regimes. The 2-200-200-60-1 network achieves an even lower error in the training set, but the validation and test
set errors are higher compared to the 2-10-5-1 case. This overfitting behavior is caused by the high number of degrees of freedom.
Given the initial prediction of all networks (𝜃0), all three shall be optimized via physics-based Rao-Blackwellization.

3.2. Sufficient physical information for the yield condition

Motivated by slip in crystals, for instance, we assume that the onset of plasticity is dictated by the deviatoric stress norm. For
the present principal stresses and analytical reference, it writes

(𝜎1, 𝜎2) ∶= ‖𝝈dev
‖ =

√

𝜎21 + 𝜎
2
2 − 𝜎1 𝜎2 (11)

and completely determines whether the material undergoes elastic or plastic deformation. It is thus sufficient to distinguish between
both cases under this assumption. The simple, underlying analytical solution in (9) is provided here as an idealized benchmark to
be met for better interpretation of the results. Unpredictable solutions follow in the later examples. Also note at this point that we
do not need to know how this sufficient information relates to the prediction. The Rao–Blackwell scheme only receives an imperfect
7

ANN as an initial predictor and the sufficient set of information.
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Fig. 3. Visualization of training and validation data for the ANNs distinguishing elastic and plastic predictor steps. The test data covers the entire depicted
stress domain with a fine discretization of 𝛥𝜎 = 0.01MPa and is therefore not visualized by markers.

.3. Improved ANNs distinguishing elasticity from plasticity

The improved ANNs, 𝜃1, are calculated as, cf. (1),

𝜃1(𝜎dev) = 1
|𝛺𝜎dev | ∫𝛺𝜎dev

𝜃0 d𝜎, (12)

𝛺𝜎dev =
{

{𝜎1, 𝜎2} ∈ [−1.5MPa,+1.5MPa]2 with ‖𝝈dev(𝜎1, 𝜎2)‖ = 𝜎dev} . (13)

They hence only depend on a single scalar value 𝜎dev. They derive from the initial ANNs (depending on (𝜎1, 𝜎2)) by conditional
averaging over all stress states with the same effective stress value 𝜎dev, which are denoted by the subdomain 𝛺𝜎dev . Potential
eduction of the input parameters is already an important outcome for the application to neural networks.

The initial ANNs provide discrete distributed data but no solution that allows for an explicit analytical integration. We thus
pproximate the stress domain of the improvement scheme numerically by a discretization with intervals 𝜎dev

𝑖 = [(𝑖 − 0.5) 𝑑𝑠, (𝑖 + 0.5)
𝑠], 𝑖 = 0,… , 𝑛. The integral is then replaced by a sum over all 𝑚 data points that fall into the range of 𝜎dev

𝑖 . Interpolation is used
or empty intervals and the interval number is limited to 𝑛 = 1750. Just like for the initial ANNs, the output of the new ANNs is
lso rounded to 0 or 1 to obtain a clear distinction between elastic and plastic predictors, respectively.

Physics-based Rao-Blackwellization improves all initial networks’ output (sizes 2-5-1, 2-10-5-1 and 2-200-200-60-1) significantly
n terms of the cost function and the shape of the flow curves, Fig. 4. Underfitting of the smallest network initially caused completely
nphysical predictions that are now well solved by a single, convexified elastic domain. The error dropped by a factor of 8. Also
verfitting of noise in the largest network is now successfully suppressed by an error improvement of more than factor 3. Even the
ery good prediction of the middle-sized network was further improved notably by a factor of 15 in terms of the cost function.
he physics-based Rao–Blackwell strategy hence shows clear improvements of all ANNs. Smoothing of noise and overfitting are two

llustrative outcomes in this first example.

. Improvement of ANNs by output filtering vs. data augmentation vs. structure adaption: example of quasi-brittle damage

Rao-Blackwellization can be applied at different steps of the ANN evolution, though practical operational conditions may
imit these options. On the one hand, the ANN structure may be fixed when embedded into a standardized software package or
respecified by convexity or symmetry requirements [39,40]. On the other hand, further data acquisition may be unavailable due
o confidentiality or experimental limitations. Even intuitive design approaches such as data pre-/post-processing may be restricted
or various practical reasons. The presented physics-based Rao-Blackwellization scheme must then be adopted to the options of the
roblem at hand. We will compare three different options in this example as introduced in Section 2.4, namely, filtering the initial
NN output, augmentation of the training data and adaption of the ANN structure.

To compare the three different options for improvement, we employ ANNs to the modeling of quasi-brittle damage. A common
ormulation for the energy density of an elastic material undergoing quasi-brittle damage, e.g., for phase-field formulations, depends
n strain 𝜺 and damage variable 𝛼 as [41]

𝑊 = 𝜓(𝜺, 𝛼) +𝑤1
(

𝑤(𝛼) + 𝑙2‖∇𝛼‖2
)

. (14)

he first term is the elastic energy density decreasing with damage 𝛼. The terms inside the brackets correspond to the fracture energy
s far as phase-field theory is concerned. In a more general setting, it is responsible for regularization, cf. [42]. Basic phase-field
8
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Fig. 4. Mean squared errors determined by the test set and yield functions for different network sizes before and after Rao-Blackwellization.

fracture models however still require an adaption to capture asymmetric tension-compression behavior. We follow the approach
of De Lorenzis and Maurini [41] by a decomposition of the elastic energy that also determines the driving force for the damage
variable. It takes the form

𝜓(𝜺, 𝛼) = 𝑎(𝛼)𝜓D(𝜺) + 𝜓R(𝜺) with 𝜓D(𝜺) + 𝜓R(𝜺) = 𝜓0(𝜺). (15)

Therein, 𝜓R is the residual elastic energy and only 𝜓D is coupled to damage. In the theory of structured deformations [43], the
elastic energy of the undamaged material 𝜓0(𝜺) is decreased by the evolution of inelastic deformations 𝜼, the so-called structured
deformations. They are constrained to be in a convex set 𝜀 in order to account for the structure of admissible micro-cracks. The
elastic energy of the fully damaged body, given 𝜓0(𝜺) and 𝜀, is found by the minimization problem:

𝜼̄(𝜺) = arg min
𝜼∈𝜀

𝜓0(𝜺 − 𝜼), (16)

𝜓R(𝜺) = min
𝜼∈𝜀

𝜓0(𝜺 − 𝜼) = 𝜓0(𝜺 − 𝜼̄(𝜺)). (17)

Accordingly, the idea is similar to that of eigenfracture, cf. [44]. Under certain assumptions, such as a linear elastic and isotropic
pristine material behavior, the minimization problem can be specified to

𝜼̄(𝜺) = arg min
𝜼

{𝜅
2

tr(𝜺 − 𝜼)2 + 𝜇‖𝜺dev − 𝜼dev‖
2, 𝜼 ∈ Sym: tr(𝜼) ≥ 𝛾‖𝜼dev‖

}

, (18)

wherein 𝜅 is the bulk modulus, 𝜇 is the shear modulus and 𝛾 is a free parameter, which controls the ratio between the compressive
and the tensile strength in uni-axial loading conditions. The ANNs are employed to predict the resulting energy proportions, 𝜓D and
𝜓R. The training data is obtained from the solution provided in [41] and, for better comparison, we assume plane strain-states from
now on.

4.1. Initial ANN structure for energy prediction

All of the following ANNs have a network size of 3-50-50-50-20-2, except for the structure-optimized ANNs (see Section 4.3),
with a Rectified Linear Unit (ReLu) activation function and are trained for 10 000 epochs via the SGD method with a learning rate
9
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of 0.01 and a batch size of 1, in order to ensure comparability. Also, five ANNs have been trained for each variant to account for
random weight initialization and local minima during training.

The initial ANN takes the strain components 𝜀11, 𝜀22 and 𝜀12 as input parameters. The test data set comprises all possible
combinations of the three strain components in the range of [−0.1,+0.1] with a discretization of 𝛥𝜀 = 0.001. Due to the view on
practical constraints, three different training data sets with a different amount of data points were generated based on the three
strain components, with each component in the range of [−0.1,+0.1] for comparison. The data distribution is illustrated in Fig. 5
(bottom).

4.2. Sufficient set from variational minimization problem

As an additional focus of investigation, this example will highlight the role of sufficiency. Three types of sufficient information
will be distinguished for the variant of structure improvement. Firstly, non-sufficient information lacks some part of the sufficient
set. Secondly, sufficient information fully determines the unknown parameter. Thirdly, minimally sufficient information is not only
sufficient but cannot be reduced further without becoming non-sufficient.

From the minimization problem (18) one can conclude that one sufficient set is given by

 =
{

‖

‖

𝜺dev‖‖ , tr(𝜺)
}

. (19)

Fixing the deviatoric norm and the trace of the strains will determine the evolution of the inelastic deformations and finally the
individual energy contributions 𝜓R and 𝜓D. Again, we do not need to know how this relationship looks like. This moreover allows
to specify a non-sufficient, a minimal sufficient and a non-minimal sufficient set, reading

1 =
{

‖

‖

𝜺dev‖‖
}

(non-sufficient), (20)

2 =
{

‖

‖

𝜺dev‖‖ , tr(𝜺)
}

(minimal sufficient), (21)

3 =
{

‖

‖

𝜺dev‖‖ , tr(𝜺), 𝜀11
}

(non-minimal sufficient). (22)

Note that the initial ANN input is also a non-minimal sufficient set 4 = {𝜀11, 𝜀22, 𝜀12}.

4.3. Improved output, data and structure in comparison

4.3.1. Methodological implementation
The first option for improvement by Rao-Blackwellization is the output filter. The ANN output is improved by a conditional

averaging of the initial ANN’s predictions over constant minimal sufficient states of 2. As the ANN output is discrete, a numerical
approximation is necessary for the integral calculations as described in Section 2.2. First, a new data set is created for the
discretization, here called the filter data set. It comprises all possible combinations of the three strain components in the range
of [−0.1,+0.1] (same as the test set) with a discretization of 𝛥𝜀 = 0.0005 (half of the test set). While finer discretizations
provide a better approximation of Eq. (4), the values already reached the Random-Access Memory limit (without consideration
of more sophisticated, memory saving programming) causing significantly higher computational cost compared to the following
two methods. The {‖

‖

𝜺dev‖‖ , tr(𝜺)}-domain of the minimal sufficient set is moreover discretized by a rectilinear grid in ranges of
‖

‖

𝜺dev‖‖ ∈ [0, 0.2] and tr(𝜺) ∈ [−0.2, 0.2] with discretization steps of 𝛥 ‖
‖

𝜺dev‖‖ = 0.001 and 𝛥tr(𝜺) = 0.001. With that at hand, new
improved predictions were calculated according to Eq. (4) for the discretized domain and evaluated for the test set. Interpolation
for empty areas was not required in this specific case.

As a second option, Rao-Blackwellization dictates the possibility of data augmentation as introduced in Section 2.4, to employ
the knowledge that the minimal sufficient set suffices. It allows to chose one strain component independently while the other two
are fixed for given values of ‖

‖

𝜺dev‖‖ and tr(𝜺). Theoretically, infinitely many data points could be augmented in the initial strain
space with this method. In practice, the amount should be limited in order to keep the training time reasonable. Therefore we apply
the following procedure for each initial training data set:

1. Loop over each data point 𝑖 in the set and compute ‖

‖

𝜺dev‖‖ and tr(𝜺)
2. Loop over all strain components 𝑗 (from 𝜀11, 𝜀22 and 𝜀12)
3. Loop over all elements 𝑘 in list [−0.1,−0.075,−0.05,−0.025, 0, 0.025, 0.05, 0.075, 0.1]
4. Set strain component 𝑗 to list element 𝑘 and compute both other strain components such that the strain state takes the values

‖

‖

𝜺dev‖‖ and tr(𝜺) for data point 𝑖
5. Assign the energy values of point 𝑖 to the augmented data point
6. End all loops
7. Add all augmented data points to the initial data set

The list of strain values in step 4 was chosen in accordance with the smallest initial data set. The new augmented training data
sets are illustrated in Fig. 5 (bottom). Based on those training sets, again, ANNs (with the same settings as the initial ANNs) were
trained and evaluated on the test set.

The third tested possibility to employ Rao-Blackwellization is to optimize the ANN structure. More specifically, we adapt the
input layer and train ANNs which receive the minimal sufficient set 2 instead of the three strain components. As part of a second
variation, we do the same with the non-sufficient set 1 and the non-minimal sufficient set 3. All three variants of ANNs are
trained on the same initial training data points as the initial ANNs, only with a different parameterization. The training data points
10

parameterized in 2 are illustrated in Fig. 5 (bottom).
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Fig. 5. Comparison of mean squared test errors of the initial, output filtered, data-augmented as well as structure-optimized ANNs. Standard deviations are
provided based on five, randomly assigned initial weight distributions. Corresponding training data sets for the initial ANNs are depicted in the upper row, the
ones of the data augmentation in the middle and the ones for the ANNs structure-optimized by 2 in the lower row.
11
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4.3.2. Results and discussion
Filtering the output and training data augmentation always yields to improvements in terms of the mean squared error, with

aximum factors of 2.2 (output filtering) and 2.6 (data augmentation) for the largest training data set, see Fig. 5 (dark gray and white
ars compared to light gray bars). Throughout all training data sets, training-data augmentation leads to better results compared
o the output filter method. The observed behavior can be explained by the fact that the data augmentation method extrapolates
he training data values in the strain component space, thereby covering more of the test data space. Data augmentation is only
utperformed by structure optimization of the first layer for the smallest and largest data. For the largest training data set, which
as the same parameter range as the test data, the structure-optimized ANN shows a 4.7 times lower error compared to the initial
nd a 1.8 times lower error compared to the data augmentation ANN.

Two practical limitations emerge along with the generally favorable results of the physics-based Rao–Blackwell scheme. Firstly,
he smallest data set is simply too small in order to represent the test data properly. It leads to unsatisfactory predictions for all
trategies, despite the observed improvement. Secondly, the structure-optimized ANN trained on the medium-sized data set performs
ven worse than the initial ANN. This usually contradicts the error inequality of the analytical definition, but the slight deviation
an be explained by a poorer numerical extrapolation and possible local minima. Another reason worth mentioning is that the initial
nput is already a non-minimal sufficient set such that an improvement cannot be guaranteed here.

The comparison of different kinds of sufficiency shows a poor performance for the non-sufficient set 1. This result can be
expected, but it also underlines quantitatively how well the sufficient set performs compared to a non-sufficient one. For the non-
minimal sufficient set 3, the error is similar to that of the minimal sufficient set, except for the largest training data set, where
the error is slightly higher. One possible explanation for this increased error is that the ANN cannot fully eliminate the influence
of the dispensable parameter 𝜀11. The presented employment of physics-based Rao-Blackwellization thus clearly helps to efficiently
se knowledge about sufficient, but not superfluous, physical information.

In conclusion for the present example of damage energy prediction, physics-based Rao-Blackwellization should be applied via
tructure optimization if the training data set covers the entire parameter range. It should be used for data augmentation instead,
f the training data set covers a smaller parameter range than required by the intended application. Without prior indication, the
hanges of the proposed scheme range between numerically negligible deviations and clear improvements.

. When physical information can improve ANNs and when it cannot: Experimental example of isotropic elasticity

This example resumes the introductory motivation in Fig. 1, where a rash implementation of physical constraints was shown to
orsen a prediction. We now expand the introductory case to a complete ANN prediction of isotropic rubber elasticity trained on
IC data of a highly-elastic 3D-printed TPU (Thermoplastic Polyurethane, Ultimaker 95A) specimen under plane-stress conditions.
he principle of utilizing isotropy or homogeneity is already well-known from analytical invariant formulations as well as data-
riven predictions, e.g., for PINNs and CANNs [8,13,14]. Here, we will analyze how the employment of isotropy, homogeneity
nd differentiability follows naturally from physics-based Rao-Blackwellization. At the same time, we will show that the improper
mployment of auxetic and incompressible limits is not advocated by this strategy and how the modifications perform when
omparing numerical predictions with original experimental data.

.1. Initial data set

The initial state is determined by the raw strain and stress data obtained from tensile stretch experiments (in a Kammrath &
eiss tensile module) with simultaneous picture recording for DIC (via Veddac Strain software), see Fig. 6. Data is recorded for

ncreasing steps of clamp displacement. Piola–Kirchhoff stress values are derived from corresponding force measurements and initial
ross-sectional area. Strain data is determined from DIC for 275 subregions evenly distributed in the central region of the specimen.
he initial state of the slender and soft specimen showed buckling after mounting via clamps, which was also the initial state for
he DIC evaluation. The reference state for the problem at hand was however later set to the zero force level after some stretching.
his caused a zero strain level in average but also fluctuations of the DIC strain field, as it refers to a previous reference figure.

Considering analytical model descriptions, this data could be used to fit a hyperelastic isotropic model. Application to an ANN
nstead requires further adaption. The stress and strain data does not cover the entire domains, e.g., in terms of other load directions.
n ANN trained only on the raw data will thus not only perform poorly. It will simply fail, e.g., already prohibiting convergence
f mechanical equilibrium when used as a material model in a finite element framework. Among multiple options to adapt the
NN (e.g., see the previous examples improving ANNs in terms of training data, structure or output filters), this example will apply
hysics-based Rao-Blackwellization directly to the experimental data to better discuss the assumptions employed to the model.

.2. Data augmentation by sufficient and other physical knowledge

A sufficient information set depends on the respective model (both physical or statistical) and can only be obtained by knowledge
bout the underlying assumptions. Each assumption can then yield constraints of the ANN. As shown above, the constraints can be
ealized via Rao-Blackwellization in different ways such as constraining the output with a filter or constraining the input layer. This
s in accordance with other technical interpretations of ANN constraints, e.g., in the form of penalty terms [8,12]. The focus of the
ollowing investigation will be put more on the physics and thus on the model assumptions and less on the technical constraints as
nalyzed in the previous example.

To prepare the improvement step of physics-based Rao-Blackwellization, we want to examine six assumptions for the further
12

iscussion:



Computer Methods in Applied Mechanics and Engineering 423 (2024) 116848G.-L. Geuken et al.
Fig. 6. Experimental set-up (top) and comparison of stress and strain fields determined in the experiment as well as in the finite element simulations for
𝑢 = 0.577 mm clamp displacement (bottom). Experimental strain fields are obtained from DIC and stress values are calculated from force and area measurements
with free lateral boundary conditions, respectively.

1. A homogeneous stress state sufficiently determines a homogeneous strain state and vice versa for each deformation state,
2. the isotropic material dictates material invariance under rotations,
3. the stress–strain relations are continuously differentiable,
4. the loading state remains plane-stress,
5. the material is not incompressible,
6. the material is not auxetic.

It should be emphasized that modeling assumptions naturally show deviations from the real system, some of which can be obvious
and some less obvious. In the present example, the force measurements are almost tacitly assigned to stress values inside the central
region of the specimen. Strains are however recorded via DIC and show heterogeneous fluctuations that can arise from material
imperfections but also from the evaluation algorithm and limited pixel resolution, for instance. Such incoherent data structure can
pose a practical challenge for the questions raised in the motivation: what information to incorporate, when to do it and how to do
it correctly? Physics-based Rao-Blackwellization provides a reliable answer for those assumptions that yield sufficient information.

5.3. Improved ANN material models and incompatible model assumptions

5.3.1. Employing model assumptions
The first model assumption of the above list implies that the (assumed) homogeneous stress state must fully determine the

(equally assumed homogeneous) strain state in the central region of the specimen. The specimen shape was accordingly chosen
to provide a homogeneous field until the onset of necking, which is not assumed nor observed for the present load regimes.
Fluctuations of the DIC-based strain data nevertheless occur and are treated by physics-based Rao-Blackwellization. It dictates for
every deformation step, that the sufficient stress value is assigned to a strain value determined from the conditionally averaged-based
estimator as defined in (1). Here, the conditional average relates to the condition of a stress level and thus becomes equal to a simple
strain average for each load state. This yields to a unique stress–strain path, for example, cf. Fig. 7.

The second model assumption ensures isotropic material behavior and can be used for data augmentation, because stresses and
strains sufficiently determine each other, modulo rotations. In the sense of physics-based Rao-Blackwellization, new stress–strain
data pairs {𝝈⋆, 𝜺⋆} are thus generated by rotating a measured pair {𝝈, 𝜺} by rotation matrix 𝑹 as

𝜺⋆ = 𝑹𝑇 (𝜗) ⋅ 𝜺 ⋅𝑹(𝜗), (23)
13
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𝝈⋆ = 𝑹𝑇 (𝜗) ⋅ 𝝈 ⋅𝑹(𝜗). (24)

The rotation angle 𝜗 ranges from 0 to 2𝜋 − 𝛥𝜗 in discrete steps of 𝛥𝜗 = 𝜋∕18. Realizing the Rao–Blackwell scheme via data
augmentation is preferred here and in the next step, because it was superior in the aforementioned example for extrapolation
tasks of a limited starting data set. Other alternatives such as invariant-based formulations are possible for elastic [45] and inelastic
materials [46] as also used in the previous examples. The data augmentation of strain values is nevertheless chosen here to better
highlight the effect of data processing in detail. This can be particularly relevant for ANNs that are closer to direct experimental
observations [14] and which may not allow a retrospective filter of input or output for their improvement.

The third model assumption does not only guarantee a continuous tangent stiffness. Physics-based Rao-Blackwellization implies
that the elastic tangent in the tension regime sufficiently also determines the behavior under compression around the origin.
Compression states are not substantially triggered, neither for training data nor for its evaluation. They are thus obtained, up to
1.016% compression strain, by flipping tension states via linear regression. This expansion remains in the linear regime and fully
covers the compressive states that appear during the simulation tests.

The fourth model assumption allows to neglect out-of-plane contributions of the stress tensor as information. Accordingly, the
transverse contraction in the third direction is also implicitly ignored by only resolving and predicting the two-dimensional state
by design of the ANN structure. A three-dimensional extension could be obtained by the same procedure and rotations in the full
three-dimensional space, but the comparison to experimental DIC data is facilitated for the plane stress case.

The fifth and sixth model assumptions of the above list cannot be applied to the original data in the present context of
physics-based Rao-Blackwellization, because they cannot be utilized for sufficient information transfer. This should of course not be
understood as an evaluation of their importance or relevance. These two assumptions are physically sound and should be considered
for the solution of mechanical problems with standard materials. Their incompatibility yet indicates that their incorporation into
the Rao–Blackwell scheme cannot guarantee an improvement, which was already indicated by the introductory example and will
be examined quantitatively now.

A combination of all the above assumptions is hence not suggested by physics-based Rao-Blackwellization. We will thus compare
two improvements of the data set for ANN training. The first data set is improved by assumptions 1–4 and shall simply be labeled
as ‘‘RB’’. The second data set additionally considers assumptions 5 and 6 by removing unphysical data and shall be labeled as
‘‘RB+inc+aux’’.

5.3.2. ANN-based finite element simulation compared to experimental reference
The improved data sets are used to train an ANN, ‘‘RB’’ and ‘‘RB+inc+aux’’ respectively, which serves the role of a material

model routine in finite element simulations. Note that the raw data set would not yield any feasible result due to the severe lack
of training data in the stress and strain domains. The crude initial estimator, in the sense of physics-based Rao-Blackwellization,
thus simply fails already by not being able to perform a practicable finite element simulation. The ANNs have a network size of
3-10-10-10-10-3 with a ReLu activation function and are trained via the SGD method for various epochs with adaptive learning
rates and batch sizes. Input of the ANNs are the strain values 𝜀𝑥𝑥, 𝜀𝑦𝑦 and 𝜀𝑥𝑦 (due to the symmetry of the strain and stress tensor
both respective, off-diagonal components are equal). The training process yields functional ANNs on the material point level for the
finite element simulations. The original experimental setting is finally simulated for evaluation of the ANN performance. Therefore,
the specimen is meshed via triangular and quadrilateral elements with linear ansatz functions. Boundary conditions are applied
according to the depicted boundary value problem, see Fig. 6.

Interestingly, both ANNs yield very similar longitudinal strain (𝜀𝑥𝑥) predictions. These also match the experimental results well.
Also the lateral stress in the central specimen region is similar between the ANNs. Both adopted well to the stress-free boundary
condition that is also already represented by the original data. A first noticeable difference appears at the clamped ends, though. The
‘‘RB+inc+aux’’ ANN, additionally disregarding incompressible and auxetic limits, predicts neutral to compressive instead of more
realistic tensile conditions.

The strongest deviation between both ANNs, ‘‘RB’’ and ‘‘RB+inc+aux’’, appears for longitudinal stress and lateral strain. The
first is already indicated by the stress–strain curve in Fig. 7. Examining the raw data in detail, indicates a systematic error due to
limiting DIC resolution. It shifts the strain origin for individual pixels while maintaining the overall course correctly. But again,
we want to mimic a scenario that does not allow a retrospective correction of the experimental setup and focus in the present
work on improvement with physics-based information instead. While the qualitative evolution is still captured by both ANNs, only
the ‘‘RB’’ case based on clean physics-based Rao-Blackwellization allows for a reliable quantitative prediction of the stress–strain
relationships. Omitting incompressible and auxetic states almost halves the elastic tangent in some strain states, caused by the
strain bias as already discussed in the introduction. The lateral strain shows another severe difference between the ANNs, because
insensitive training data becomes more relevant and depends even more on reliable data processing, cf. Fig. 6. To be more specific
in terms of the −𝜀yy∕𝜀xx ratio, the ‘‘RB+inc+aux’’ case shows a deviation of 119% from the experimental data for 0.577 mm clamp
displacement. The deviation of the pure improvement case ‘‘RB’’ is only 7.25% and hence 16 times smaller.

Eventually, these results show that the physics-based Rao-Blackwellization can be successfully used with model assumptions that
allow to transfer sufficient information into a finite-element framework. The original experiment is numerically well captured when
relying on the pure improvement algorithm. It cannot incorporate all assumptions such as incompressible and auxetic limits, yet it
clearly indicates whether such information is not suitable and should be left out — guaranteeing improvement even for crude initial
estimators or data availability.
14
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Fig. 7. Raw stress–strain data under uniaxial tension from experimental data and application of assumptions 1 (homogeneity) and 3 (differentiability) and curves
predicted by the ANNs trained with different model assumptions, RB vs. RB+inc+aux.

6. Conclusion

The concept of Rao-Blackwellization was adapted from its statistical origin to deterministic physical problems. It has been
successfully used to improve ANN predictions in the context of material modeling. The basic idea is to unify an ANN’s prediction
over sufficient information sets. Identifying sufficient information is the key input for this strategy. It can be obtained from various
sources for the problem at hand, for instance: parameters of governing equations fixing the solution, fundamental laws, assumptions
like isotropic or quasi-static problems and dimensional analysis. The improvement scheme can then be employed into the ANN by
output filtering, training data augmentation or structure adaption.

Complementing existing approaches to incorporate physical knowledge, the proposed strategy provides an error norm and a
guarantee in the form of an error inequality. The presented examples showed various opportunities for the improvement of ANNs.
The classification example of an elasto-plastic predictor demonstrated how the scheme suppresses noise and overfitting by post-
processing of the output. The example of quasi-brittle damage underlined why sufficient information is required for guaranteed
improvement and compared output filtering to data augmentation and structure optimization. Finally, the DIC measurements of
flexible, 3D-printed TPU demonstrated that isotropy, homogeneity and differentiability can support the ANN training. The proposed
strategy can thus support intuitive as well as less intuitive modeling assumptions. It was shown at the same time, though, that
even sound physical assumptions can lead to poorer predictions if they are not supported by a clear improvement scheme such as
Rao-Blackwellization.

The present strategy thus complements the scope of existing approaches such as PINNs or CANNs by focusing on the information
used, not on the form of the solution. As a first relevant feature, it is guaranteed not to worsen the initial prediction. Secondly,
it can improve even crude initial estimators and is thus suitable for situations with an incomplete data basis. Thirdly and more
practically, it can be applied flexibly to data, structure or integration of the ANN. These results shall also promote further exchange
between statistical modeling and material modeling. Follow-up studies will aim at mathematical aspects such as the impact of
parameterization on individual error weighting and numerical inaccuracies. Future work will moreover apply the scheme to
information transfer in multi-scale problems, for example, obtaining sufficient information from homogenization of mechanical
systems and scale separation [3,47–50]. From a statistical perspective, a more comprehensive transfer in the sense of the Lehmann–
Scheffé theorem [22] and the consideration of statistical distributions instead of fixed deterministic model parameters can constitute
15
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Appendix A. Proving how the new prediction never gets worse

The following proof is not fully rigorous in a mathematical sense as some properties are tacitly assumed. Most importantly, we
assume that there is a relationship (e.g., between stress and yield behavior) and that integrals are well defined. More information
about such peculiarities can be found in [21–24]. These assumptions are however weak when considering well-defined material
models with finite deformation energies, limited deformation ranges and rates. The key idea of the following proof closely follows the
original Rao–Blackwell theorem and is based on a split of the parameterization into sufficient parameters and remaining parameters
not affecting the unknown of interest.

Suppose the correct model prediction is given by 𝜃⋆, then the error of the initial prediction is defined as

𝛿0 =
1
|𝛺|

∫𝛺
(𝜃0 − 𝜃⋆)2 d𝜔. (A.1)

This can be rewritten as
1
|𝛺|

∫𝛺
(𝜃0 − 𝜃⋆)2 d𝜔 = 1

|𝛺|
∫𝛺

(𝜃0 − 𝜃1 + 𝜃1 − 𝜃⋆)2 d𝜔 (A.2)

using the improved model 𝜃1 and with the binomial theorem

1
|𝛺|

∫𝛺
(𝜃0 − 𝜃⋆)2 d𝜔 = 1

|𝛺|
∫𝛺

(𝜃0 − 𝜃1)2 d𝜔 + 1
|𝛺|

∫𝛺
(𝜃1 − 𝜃⋆)2 d𝜔 + 2

|𝛺|
∫𝛺

(𝜃0 − 𝜃1) (𝜃1 − 𝜃⋆) d𝜔 (A.3)

follows. To show that the last term of the right-hand side of (A.3) vanishes, the integral over the domain 𝛺 is split into two parts.
One integrating over the domain 𝛺𝑠, where (𝜔) = 𝑠 is constant, and another integrating over the remaining parameterization of
the physical state 𝛺𝑡. This leads to

1
|𝛺|

∫𝛺
(𝜃0 − 𝜃1) (𝜃1 − 𝜃⋆) d𝜔 = 1

|𝛺𝑡| ∫𝛺𝑡

1
|𝛺𝑠| ∫𝛺𝑠

(𝜃0 − 𝜃1) (𝜃1 − 𝜃⋆) d𝜔 d𝑠 (A.4)

and, because 𝜃1 is constant in 𝛺𝑠,

1
|𝛺|

∫𝛺
(𝜃0 − 𝜃1) (𝜃1 − 𝜃⋆) d𝜔 = 1

|𝛺𝑡| ∫𝛺𝑡
(𝜃1 − 𝜃⋆)

1
|𝛺𝑠| ∫𝛺𝑠

(𝜃0 − 𝜃1) d𝜔 d𝑠. (A.5)

Considering only the inner integral and splitting it up, one obtains

1
|𝛺𝑠| ∫𝛺𝑠

(𝜃0 − 𝜃1) d𝜔 = 1
|𝛺𝑠| ∫𝛺𝑠

𝜃0 d𝜔 − 1
|𝛺𝑠| ∫𝛺𝑠

𝜃1 d𝜔. (A.6)

This integral vanishes, since

1 𝜃0 d𝜔 −
𝜃1 1 d𝜔 = 𝜃1 − 𝜃1 = 0 (A.7)
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Table B.1
ANN hyperparameters for the different examples.

Example Network size Activation function Training algorithm Learning rate Batch size

Elasto-plastic predictor 2-5-1
2-10-5-1
2-200-200-60-1

Tanh SGD Adaptive Adaptive

Quasi-brittle damage 1/2/3-50-50-50-20-2 ReLua SGD 0.01 1

Isotropic elasticity 3-10-10-10-10-3 ReLua SGD Adaptive Adaptive

a Last layer has a linear activation function.

by definition of 𝜃1. Now, resubstitution of (A.7) in Eqs. (A.5) and (A.4) and solving (A.3) for the error of the improved model 𝜃1
finally leads to

1
|𝛺|

∫𝛺
(𝜃1 − 𝜃⋆)2 d𝜔 = 1

|𝛺|
∫𝛺

(𝜃0 − 𝜃⋆)2 d𝜔 − 1
|𝛺|

∫𝛺
(𝜃0 − 𝜃1)2 d𝜔

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
≥0

. (A.8)

Since the second term of the right-hand side is always greater or equal to zero, it is confirmed that 𝜃1 results in a lower or equal
error compared to the one of the initial model 𝜃0

1
|𝛺|

∫𝛺
(𝜃1 − 𝜃⋆)2 d𝜔 ≤ 1

|𝛺|
∫𝛺

(𝜃0 − 𝜃⋆)2 d𝜔 (A.9)

and the proof is complete. Also note that this scheme is idempotent and another Rao-Blackwellization of 𝜃1 does not lead to further
improvement 𝜃2, since

𝜃2 = A
(

𝜃1 | = 𝑠
)

= 1
|𝛺𝑠| ∫𝛺𝑠

𝜃1 d𝜔 = 𝜃1. (A.10)

Appendix B. Overview of ANN hyperparameters

Table B.1 summarizes the ANN hyperparameters for every example. They were chosen according to convergence studies and by
taking into account problem specific requirements. For the elasto-plastic predictor example the Tanh delivers a suitable activation
function due to its bounded output. For the two other examples the common ReLu function provided the best result when combined
with a linear activation of the last layer.
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