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Abstract
In this thesis we explore two complementary extensions of the Standard Model, corresponding
to a light new physics scenario featuring a (dark) vector boson, and a heavy new physics scenario
involving a scalar leptoquark. Focusing on their �avour-changing interactions and observables,
which provide highly sensitive probes of physics beyond the Standard Model, we employ the
framework of e�ective �eld theory to systematically analyse both setups. In the �rst part of
this thesis, we provide an overview of the Standard Model, �avour and e�ective �eld theories.
In the second part, we study the light dark vector boson model. We focus on �avour violating
interactions between the new vector and the Standard Model fermions, and analyse how such
interactions can arise from the Yukawa diagonalisation and the renormalisation group equations
at 1-loop. Then, we use experimental data and our theory calculation from two-body decays to set
constraints on the model parameters. Furthermore, we also use the tool of perturbative unitarity
to set bounds on the model. In the third part, we consider scalar leptoquarks, corresponding to a
heavy new physics model. Here, we compute the Wilson coe�cients to orderO(αs) for ∆F = 2
processes from matching the e�ective and full theories, which involves the calculation of 1-loop
amplitudes in the e�ective theory and 2-loop in the full theory. Finally, we analyse the 1-loop
corrections to the e�ective theory for ∆F = 1 processes. We focus on a particular computational
procedure involving Dirac traces, which requires a careful examination of the Dirac algebra in
di�erent γ5 schemes, and extract results in a general gauge and for di�erent IR regulators.
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Chapter 1

Introduction

The Standard Model (SM) of particle physics stands as one of the most successful models of
nature. From its development in the 1960s, to the discovery of the Higgs boson in 2012, the SM
has been proven to be the best and most complete theory for understanding subatomic physics
to date. Its success solidi�ed the quantum �eld theory (QFT) framework and its predictive power,
marking a triumphant achievement in the progress of science.

Despite its success, the SM is neither a “�nal” nor “complete” model. In the process of science, all
theories and models are continuously tested, and extended, modi�ed or developed accordingly.
Of course, the SM is no exception to this process, and current evidence establishes the need for
physics beyond the Standard Model (BSM). Current unexplained phenomena include Dark Matter
(DM), neutrino masses and the observed matter–antimatter asymmetry, none of which can be
explained within the SM. Moreover, there are puzzles in the SM itself, which are not necessarily a
problem but one would hope they will be resolved. For example, in the SM there is no explanation
for the notable hierarchy between the fermion masses and the elements of the quark mixing
matrix. Additionally, there is the so-called strong CP puzzle, namely the unexplained reason of
why the θ parameter in quantum chromodynamics (QCD) is so close to (or even exactly) zero.
Of course, there is also the more broad issue of trying to reconcile the SM and gravity under a
common framework.

The physics community has been and is investing much e�ort in researching these new physics
(NP) topics, with experimental and theoretical collaborations all around the world working to-
wards �nding BSM physics. So far no direct evidence for NP has been found, but the work con-
tinues. Two complementary approaches are taken to search for NP: the direct production of new
particles at high-energy colliders, and the indirect search for SM deviations in precision observ-
ables. At the high-energy frontier, experiments such as the LHC search for heavy BSM particles
with masses above the electroweak (EW) scale. Meanwhile at the precision (low-energy) frontier,
experiments such as BELLE-II use intense beams of particles and sensitive detectors to directly
produce and study new, weakly interacting particles that lie below the EW scale.

At the precision frontier, �avour physics plays a crucial role in testing the SM and searching for
BSM physics. Flavour physics is dedicated to studying the intricate interactions between the dif-
ferent types (�avours) of SM fermions, and how fermions change �avour in certain processes. In
particular and of central importance to this work are �avour-changing neutral currents (FCNCs),
processes where a quark changes its �avour (for example, from a strange quark to a down quark)
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without changing its electric charge. FCNCs are highly suppressed in the SM, making them very
sensitive to NP, and thus an excellent probe for BSM models. Therefore, potential contributions
from NP can lead to measurable deviations of the SM predictions while also indirectly probing
higher energy scales than direct searches. In this context, the appropriate framework is given by
e�ective �eld theories (EFTs), since FCNCs are most prominently observed in rare, low-energy
decays. Moreover, EFTs allow us to simplify and systematically study NP e�ects in a model in-
dependent way, that is, without committing to speci�c UV models. In this manner, one can link
BSM e�ects with low energy observables, since the EFT carries imprints of NP particles.

In this thesis, we investigate two distinct BSM models: one featuring heavy NP and another
involving light NP. The �rst model focuses on scalar leptoquarks (LQs), which are typically ex-
pected at the TeV scale, well above the EW scale. LQs are particles that directly couple to SM
quark and leptons, and are motivated by their potential to explain �avour anomalies (deviations
from the SM) as well as by their emergence in grand uni�ed theories. The second model con-
sists of light dark vectors (LDVs), with masses at the GeV scale. Recent null results in heavy NP
searches have shifted some focus towards scenarios where NP is light and weakly interacting.
LDVs—which encompass dark photons and Z ′ bosons—are compelling candidates for particle
DM. Together, these two models o�er complementary insights into NP e�ects in �avour observ-
ables, with LQs representing heavy NP, and LDVs representing light NP, each leaving distinct
imprints in the EFT description.

This thesis is based on Refs. [1, 2] and organised into three main parts. In Part I, we lay the
foundations by introducing the SM and discussing its essential aspects which underpin the sub-
sequent studies of the LQ and LDV models. In particular, we focus on the SM �avour interactions
and motivate how FCNCs serve as powerful probes in the search for BSM physics. Moreover, we
present the EFT framework, clearly distinguishing between the scenarios in which the NP is
heavy or light.

In Part II we study the LDVs. We �rst introduce the model under consideration, and analyse
how FCNC interactions between the LDV and SM fermions can be generated (at tree-level). We
then consider the FCNC of two-body decays for mesons and leptons with the LDV, and use our
theoretical computation together with experimental measurements to constrain the model. We
close this part with a theoretical requirement central to QFTs, namely the fact that probability is
conserved and therefore, QFTs are unitary. This yields non-trivial constraints on the amplitudes
of 2→ 2 processes, and we use such considerations to further analyse the model and deepen our
understanding of the setup.

In Part III, we begin by studying the e�ect of LQs on meson mixing via the appropriate EFT. In
the EFT, the LQs are integrated out of the theory and the mixing processes are mediated by four-
fermion operators. We then compute the QCD corrections to both theories, i.e., in the full theory
with LQs and the EFT, and demand both theories to be equal, which yields the relevant param-
eters encoding the LQ e�ects on the mixing processes. We later focus on the EFT for processes
where the �avour quantum number changes by one unit. We compute the QCD corrections to
the EFT as a function of general parameters, thereby generalising previous calculations. Finally,
we close the thesis with a detailed analysis of a novel procedure to compute loop amplitudes in
current–current EFT operators. This methodology can potentially simplify and speed up other-
wise cumbersome and complicated calculations.



PART I

The Standard Model, Flavour and Beyond
In this �rst part of the thesis, the relevant concepts needed to motivate and understand Part II
and Part III are introduced. Chapter 2 provides an overview of the SM, with a particular focus
on �avour physics and its role as a tool to explore BSM models. Then, in Chapter 3 EFTs are
introduced as the framework of the thesis, for both heavy and light BSM particles.





Chapter 2

The Standard Model

In this chapter we review the main aspects of the SM of particle physics relevant for Part II
and Part III. In Section 2.1, we introduce the particle content and interactions of the SM. In Sec-
tion 2.2, we discuss the Higgs mechanism for the bosonic sector, and in Section 2.3 we cover
the corresponding mechanism for fermions as well as the corresponding fermion–gauge boson
interactions in the EW sector. In Section 2.4, we brie�y review QCD, and �nally, in Section 2.5
we motivate �avour physics as an approach to study and search for NP. We use Greek indices
µ, ν, α, β, . . . for spacetime components, and Latin indices i, j, k, l, . . . for �avour indices. Ein-
stein’s summation convention is used throughout the thesis, i.e., repeated indices are summed
over. We also use Feynman slash notation, with /X ≡ γµXµ , ∀Xµ.

2.1. Field Content

The SM is the QFT that describes all known fundamental particles and their interactions, except
gravity. The interactions among SM �elds are governed by symmetry principles, which deter-
mine and constraint their form. Concretely, the SM is a gauge theory with the symmetry group

GSM = SU(3)c × SU(2)L × U(1)Y . (2.1)

The SU(3)c gauge group corresponds to QCD, and the SU(2)L×U(1)Y group to the EW sector.
A main ingredient of the SM is the explanation for particles having mass. This is accomplished
via the Higgs mechanism, which breaks down the EW group toU(1)em quantum electrodynamics
(QED) according to

SU(3)c × SU(2)L × U(1)Y → SU(3)c × U(1)em , (2.2)

while SU(3)c remains unbroken. The charges of �elds under the SU(3)c, SU(2)L and U(1)Y
groups are referred to as colour, weak isospin and hypercharge, respectively. TheU(1)em electric
charge Q of a particle is related to its weak isospin component T 3 and its hypercharge Y via the
Gell-Mann–Nishijima relation

Q = T 3 + Y with T 3 =
1

2
σ3 , (2.3)

where T 3 is the third SU(2)L generator and σ3 its corresponding Pauli matrix. The particle con-
tent of the SM consists of fermions with spin 1/2 and bosons with spin 1 or 0. The fermions are
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Table 2.1.: SM �eld content including the representation under the SM gauge group GSM =
U(1)Y × SU(2)L × SU(3)C . Di�erent fermion �avours (i = 1, 2, 3) as well as
the Higgs H are indicated in terms of their SU(2)L components that di�er by the
associated weak isospin T 3 and electric charge Q. Fermion subscripts L,R refer
to left-handed (LH) and right-handed (RH) chirality, respectively.

Field Flavours U(1)Y × SU(2)L × SU(3)C T 3 Q

Qi

u
d


L

,

c
s


L

,

t
b


L

(
1

6
, 2, 3

) +
1

2

−1

2

+
2

3

−1

3

uiR uR, cR, tR

(
2

3
, 1, 3

)
0 +

2

3

diR dR, sR, bR

(
−1

3
, 1, 3

)
0 −1

3

Li

νe
e


L

,

νµ
µ


L

,

ντ
τ


L

(
−1

2
, 2, 1

) +
1

2

−1

2

0

−1

eiR eR, µR, τR (−1, 1, 1) 0 −1

H

φ+

φ0

 (
1

2
, 2, 1

) +
1

2

−1

2

+1

0

divided into quarks and leptons, and the bosons into gauge bosons with spin 1 and the Higgs, the
only spin-0 scalar particle of the SM. The gauge bosons arise from the local gauge invariance and
mediate the interactions between particles. The SM �elds are classi�ed according to their charges
under the SM gauge groupGSM of Eq. (2.1), as summarised in Table 2.1. The HiggsH is aSU(2)L-
doublet and QCD singlet responsible for spontaneously breaking the EW sector down to QED, as
depicted in Eq. (2.2), after acquiring a non-trivial vacuum expectation value (VEV) v ≈ 246 GeV.
The fermions are classi�ed into colour charged quarks and colourless leptons. According to their
representation under SU(2)L, they are further distinguished between left-handed (LH) quark
doublets QL and right-handed (RH) singlets dR, uR, as well as LH lepton doublets LL and RH
singlets eR. Thus, LH and RH fermions carry di�erent charges under SU(2)L, rendering the SM
a chiral theory, a very particular feature of our physical world. The upper and lower SU(2)L
components of QL and LL correspond to LH up- and down-type quarks uL, dL as well as LH
neutrinos νL and charged leptons `L, respectively. Note that neutrinos in the SM do not have
a RH counterpart, as they would be uncharged under the SM group. Notably, the SM fermion
representations QL, uR, uR, LL, eR come in three di�erent copies called generations, families,
or �avours that share the same quantum numbers and only di�er in their masses. The �avours
are indicated by the i = 1, 2, 3 index in Table 2.1. Flavour physics [3–5] studies the properties
and interactions of the di�erent fermions, and plays a crucial role in understanding the SM and
potential NP. In this thesis we study extensions of the SM with particular �avour structures not
realised in the SM, and consider particular physical processes and tools to analyse such models.
For now we strict the discussion to the SM and its main features. The Lagrangian of the SM is
given by renormalisable operators of dimension d ≤ 4, where eight gluons Gaµ, a = 1, . . . , 8,
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three W b
µ, b = 1, 2, 3 and one1 hypercharge Bµ boson of SU(3)c, SU(2)L and U(1)Y , respec-

tively, mediate the interactions between the SM particles given in Table 2.1. Additionally, the
Higgs doublet interacts with the SM fermions through the Yukawa interaction. The Lagrangian
is given by

LSM = Lgauge + Lfermion + LHiggs + LYukawa , (2.4)

Lgauge = −1

4
W a
µνW

aµν − 1

4
BµνB

µν − 1

4
GaµνG

aµν , (2.5)

Lfermion = iQ̄i /DQi + iL̄i /DLi + id̄iR /Dd
i
R + iūiR /Du

i
R + iēiR /De

i
R , (2.6)

LHiggs = (DµH)† (DµH)− V (H) , (2.7)
LYukawa = −Q̄iHY ij

d d
j
R − Q̄iH̃Y ij

u u
j
R − L̄iHY ij

e e
j
R + h.c. (2.8)

where H̃ = iσ2H
? and the indices i, j denote the �avour, with summation over i, j being implicit.

We do not specify the Higgs potential V (H) for now, which will be discussed in the next section.
The �rst term of Eq. (2.4) contains the gauge boson kinetic terms, with

F aµν = ∂µA
a
ν − ∂νAaµ + gGf

abc
G AbµA

c
µ for F aµν ≡ {W a

µν , G
a
µν , Bµν} . (2.9)

In this expression, gG is the coupling of the corresponding gauge group; with G = {SU(3)c,
SU(2)L, U(1)Y } we denote gG = {gs, g, g′}, while fabcG are the respective group structure con-
stants. For an Abelian group, like U(1)Y , fabcU(1)Y

= 0, and thus no Bµ self-interactions are
present. The second and third terms of Eq. (2.4) contain the interactions of the fermions and
Higgs with the SM gauge bosons through the covariant derivative

Dµ =
(
∂µ − ig′YQBµ − igT aSU(2)W

a
µ − igsT aSU(3)G

a
µ

)
, (2.10)

which acts on the SM fermions and Higgs according to the charge assignments of Table 2.1. In
Eq. (2.10), YF are the hypercharges of each family of fermions, and T aG the generators of the
corresponding gauge group given by

T aSU(3) =
1

2
λa, a = 1, . . . , 8 λa ≡ Gell-Mann matrices ,

T aSU(2) =
1

2
σa, a = 1, 2, 3 σa ≡ Pauli matrices .

(2.11)

Notice the particular form of the interactions in Eq. (2.10) for each �eld, with the correspond-
ing charges of Table 2.1. All fermions interact with the hypercharge boson Bµ, while only LH
doublets (Q,L) interact with the W a

µ bosons of SU(2)L (the SM is chiral), and only the quarks
(Q, uR, dR) interact with the gluons Gaµ of SU(3)c, since the leptons and Higgs are colourless.
Additionally, the Higgs interacts with the SU(2)L × U(1)Y sector. Crucially, the hypercharges
Yf∀f are the same for every generation, that is, they are �avour universal. This is an important
feature of the SM that is not necessarily true for NP models. We will see an example of this in
Chapter 5.

No explicit mass terms for gauge bosons are allowed in the SM due to gauge invariance. This is
also the case for fermions since LH and RH �elds transform di�erently under SU(2)L, and thus
a mass term ∼ ψ̄LψR is forbidden. This is remedied by the Higgs mechanism, which allows for
the gauge bosons to gain mass after electroweak symmetry breaking (EWSB) through the Higgs
interactions in LHiggs of Eq. (2.4). Likewise, the Higgs mechanism gives mass to the SM fermions
through the Yukawa interaction LYukawa after EWSB. In the next two sections we focus on the
LHiggs and LYukawa respectively, and explain the relevant elements of the Higgs mechanism for
the bosons and fermions, where �avour plays a central role.

1The number of gauge bosons equals the dimensionality of their corresponding gauge group, given by dimSU(N) =
N2 − 1 and dimU(N) = N2.
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2.2. Electroweak Symmetry Breaking
In the SM, the masses of the EW bosons, as well as the fermions, are generated through EWSB.
This occurs when the EW gauge symmetry spontaneously breaks down to electromagnetism:

SU(2)L × U(1)Y → U(1)em . (2.12)

The Higgs–gauge Lagrangian before EWSB reads

LH = −1

4

(
W a
µν

)2 − 1

4
B2
µν + (DµH)† (DµH)− V (H) ,

V (H) = −m2H†H + λ
(
H†H

)2
.

(2.13)

For m > 0, λ > 0, the potential V (H) is minimised at

〈H†H〉 =
m2

2λ
=
v2

2
with v = m/

√
λ = 246 GeV . (2.14)

Then, the Higgs �eld acquires a nonzero VEV 〈H〉 = 1/
√

2(0, v)T . This vacuum state “breaks”
three of the generators of SU(2)L × U(1)Y , corresponding to T 1, T 2, and the orthogonal com-
bination of T 3 and Y . The unbroken generator is given by Q = T 3 + Y, which we identify as
the electric charge associated with U(1)em. According to Goldstone’s theorem, EWSB results in
three massless scalar �elds, πa (a = 1, 2, 3), known as the Goldstone bosons. Due to the SU(2)L
symmetry, they can be rotated away, and in unitary gauge, these Goldstone modes are absorbed
by the gauge �elds, providing them with mass. Meanwhile, the gauge boson associated with
U(1)em remains massless and is identi�ed with the photon Aµ. Let us parametrise the Higgs
�eld in unitary gauge as follows:

H =

 0

v√
2

+
h√
2

 , (2.15)

where the neutral real scalar �eld h is the physical Higgs boson. The masses of the gauge bosons
arise from the (DµH)† (DµH) term1 of the Lagrangian in Eq. (2.13). The covariant derivative
acting on the Higgs reads

DµH = ∂µH − igW a
µT

aH − i

2
g′BµH . (2.16)

With the parametrisation of Eq. (2.15) (and ignoring h terms), we �nd the following quadratic
gauge boson terms

(DµH)† (DµH) ⊃ g2v2

8

[(
W 1
µ

)2
+
(
W 2
µ

)2
+

(
g′

g
Bµ −W 3

µ

)2
]
. (2.17)

To diagonalise the mixed terms, the {Bµ,W 3
µ} bosons are rotated to the mass eigenstate basis

{Aµ, Zµ} according to the Weinberg rotation

Bµ
W 3
µ

 =

cos θW − sin θW

sin θW cos θW

Aµ
Zµ

 with tan θW =
g′

g
, (2.18)

1The Higgs h gets a mass term from the potential, V (H) =
1

2
m2
hh

2 +λvh3 +
λ

4
h4− λ

4
v4, with mh =

√
2λv = 125

GeV.
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where θW is the Weinberg angle. On the other hand, the charged bosons are identi�ed with
W±µ = 1/

√
2
(
W 1
µ ∓ iW 2

µ

)
, and the following mass spectrum is obtained

mZ =
gv

2 cos θW
, mW =

gv

2
, mA = 0 . (2.19)

Therefore, the Zµ,W±µ bosons have acquired a mass while the photon Aµ remains massless. In
the broken phase, the covariant derivative Dµ = ∂µ − igT aW a

µ − ig′Y Bµ reads

Dµ = ∂µ − i
g√
2

(
W+
µ T

+ +W−µ T
−)− i 1√

g2 + g′2

(
g2T 3 − g′2Y

)
Zµ − i

gg′√
g2 + g′2

(
T 3 + Y

)
Aµ

= ∂µ − i
g√
2

(
W+
µ T

+ +W−µ T
−)− i g

cos θW

(
T 3 −Q sin2 θW

)
Zµ − ieQAµ ,

(2.20)

with T± =
1

2

(
σ1 ± iσ2

)
. The electromagnetic coupling e and charge Q have been identi�ed

with Aµ according to

e =
gg′√
g2 + g′2

= g sin θW = g′ cos θW ,

Q = T 3 + Y .

(2.21)

It is instructive to count the degrees of freedom (DOF) before and after EWSB. Prior to the mech-
anism, the theory contains massless W a

µ , Bµ bosons, each with two physical polarisation states,
giving 2 × 4 = 8 DOF. Including the four real scalar �elds from the Higgs, the total number
of DOF is 12. After EWSB, the three Goldstone bosons arising from the Higgs �eld are “eaten”
by the gauge bosons, which then acquire a longitudinal polarisation. Consequently, the gauge
sector now contains 3 × 3 = 9 DOF from the massive bosons together with 2 DOF from the
(massless) photon, plus the Higgs boson h, preserving the total 12 DOF.

At energies much higher than the electroweak scale (E � mW ,mZ ), the Goldstone Boson Equiv-
alence Theorem (GBET) [6–8] asserts that the scattering amplitudes involving longitudinally po-
larised electroweak gauge bosons (W±L , ZL) are equivalent to those involving the corresponding
Goldstone bosons (π±, π0), up to corrections of order O(mW /E). This equivalence arises be-
cause, in the high-energy limit, the dominant contribution to the longitudinal polarisation of
massive gauge bosons behaves as if it were provided by the Goldstone bosons that are “eaten”
during EWSB. At high energies, the longitudinal W polarisation can be approximated by [9]
εµL(p) ∼ pµ/mW and the corresponding amplitude can be found scattering the Goldstone boson
via replacing Wµ

L → −∂µπ/mW , so thatM(WLWL → X) ' M(ππ → X), which consid-
erably simpli�es high-energy calculations. In Section 5.2 we will see an explicit example of the
GBET for an abelian massive vector. Importantly, scattering processes with longitudinal bosons
might (and do) grow with the energy (since εµL(p) ∼ pµ/mW ). This leads to a violation of unitar-
ity. Unitarity requires that the S matrix satis�es SS† = I, which in turn imposes that scattering
amplitudes must not grow uncontrollably with energy; otherwise, cross sections would increase
without bound, leading to a violation of probability conservation. For instance, processes such
as W+

LW
−
L → W+

LW
−
L would violate unitarity if the energy–growing terms were not precisely

canceled by the corresponding Higgs contributions. Indeed, the Higgs interactions that generate
the gauge boson masses also cancel the otherwise problematic energy–growing terms in scatter-
ing amplitudes. In fact, unitarity arguments impose an upper bound on the Higgs boson mass of
roughly mh . 1 TeV [10] to ensure perturbative consistency, which nowadays we know to be
in agreement with the observed value mh = 125 GeV. In Chapter 7, we will further explore the
implications of unitarity for a particular BSM setup.
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2.3. Fermion Masses and Interactions

The SM Lagrangian of Eq. (2.4) contains the SU(2)L × U(1)Y invariant Yukawa interaction

LYukawa = −Q̄iHY ij
d d

j
R − Q̄iH̃Y ij

u u
j
R − L̄iHY ij

e e
j
R + h.c. (2.22)

where the Higgs couples to LH doublets and RH SU(2)L singlets through the 3 × 3 Yukawa
couplings Y ij

f . The Yukawa interactions are responsible for generating fermion masses after
EWSB1. After symmetry breaking and using the Higgs parametrisation of Eq. (2.15), we �nd

LYukawa = − v√
2

(
d̄iLY

ij
d d

j
R + ūiLY

ij
u u

j
R + ēiLY

ij
e e

j
R

)(
1 +

h

v

)
+ h.c. (2.23)

The interaction in Eq. (2.23) can be diagonalised according to the singular value decomposition,
such that Yf = Uf ŶfK

†
f , where Uf ,Kf are unitary matrices and Ŷf is diagonal. Afterwards, we

perform the following �eld rede�nitions2

uL → UuuL , dL → UddL , eL → UeeL ,

uR → KuuR , dR → KddR , eR → KeeR ,
(2.24)

under which the Yukawa terms reduce to the fermion mass terms and fermion–Higgs interaction3

LYukawa =−
(
mi
dd̄
i
Ld

i
R +mi

uū
i
Lu

i
R +mi

eē
i
Le

i
R

)(
1 +

h

v

)
+ h.c. ,

mu =
v√
2
Ŷu = diag (mu,mc,mt) ,

md =
v√
2
Ŷd = diag (md,ms,mb) ,

me =
v√
2
Ŷe = diag (me,mµ,mτ ) .

(2.25)

We observe that the Higgs mechanism results in the fermions acquiring masses and �avour di-
agonal interactions to h. Thus, EWSB allows for the gauge bosons and fermions to acquire mass
terms, which are not (explicitly) allowed in the unbroken phase of Eq. (2.4). In the case of the
gauge sector (see Section 2.2), the diagonalisation is accomplished via the Weinberg rotation to
the {Zµ, Aµ} mass eigenstates. On the other hand, the Yukawa diagonalisation is implemented
by the singular value decomposition, and via the rotations of Eq. (2.24). This rotation trans-
forms the Lagrangian from the �avour basis (FB) to the mass basis (MB). In the FB, the quarks
and leptons are described in terms of their weak interactions and the Yukawa interactions are
non-diagonal. In the MB, on the other hand, they are described in terms of their physical states,
where the Yukawa interactions are diagonalised as given by Eq. (2.25).

Until now, we have considered the gauge–Higgs sector (in Section 2.2) and the Yukawa interac-
tions. Crucially, the Weinberg rotation and the “MB rotation” of Eq. (2.24) must also be applied
to the fermion–gauge boson interactions of the SM Lagrangian of Eq. (2.4). Before rotating to the

1Neutrino masses can be implemented via a Yukawa interaction ∼ L̄iYνH̃νR + h.c., but in the SM mν = 0 and thus
such a term is not considered.

2Notice that neutrinos do not have to be rotated since they do not appear in the Yukawa interaction.
3Since Ŷf are diagonal the Lagrangian is �avour diagonal.
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MB, the interactions of the SM fermions in the FB of Eq. (2.4) are given by (omitting the SU(3)c
interactions, which we discuss in Section 2.4)

LFB ⊃ ūiL
(
YQg

′ /B +
g

2
/W

3
)
uiL + d̄iL

(
YQg

′ /B − g

2
/W

3
)
diL + ūiR

(
Yug

′ /B
)
uiR + d̄iR

(
Ydg
′ /B
)
diR

+ ēiL

(
YLg

′ /B +
g

2
/W

3
)
eiL + ν̄iL

(
YLg

′ /B − g

2
/W

3
)
νiL + ēiR

(
Yeg
′ /B
)
eiR

+
g√
2
ūiL /W

+
diL +

g√
2
d̄iL /W

−
uiL +

g√
2
ν̄iL /W

+
eiL +

g√
2
ēiL /W

−
νiL

− v√
2
Y ij
d d̄

i
Ld

j
R −

v√
2
Y ij
u ū

i
Lu

j
R −

v√
2
Y ij
e ē

i
Le

j
R + h.c.

(2.26)

The �rst two lines correspond to theBµ,W 3
µ neutral currents (NCs) of quarks and leptons, respec-

tively. The charged currents (CCs) of quarks and leptons in the third line are already expressed
in terms of the W±µ = 1/

√
2
(
W 1
µ ∓ iW 2

µ

)
bosons. The last terms correspond to the Yukawa

interactions after EWSB. In the FB, the interactions of the fermions with the gauge bosons are
�avour diagonal, but the Yukawa terms are non-diagonal. In order to go to the MB, the diago-
nal Yukawa matrices are introduced according to Yf = Uf ŶfK

†
f together with the rotations of

Eq. (2.24). The e�ect of this rotation on the neutral currents is as follows1

LNC ⊃ d̄iLYQ /BdiL → d̄iL

(
U †dYQUd

)ij
/BdjL = d̄iLYQ /Bd

i
L ,

LNC ⊃ d̄iRYd /BdiR → d̄iR

(
K†dYdKd

)ij
/BdjR = d̄iRYd /Bd

i
R ,

LNC ⊃ d̄iL /W
3
diL → d̄iL

(
U †dUd

)ij
/W

3
djL = d̄iL /W

3
diL ,

(2.27)

where we have considered the down quarks, with the analogous results for the up quarks and
leptons. We see that the neutral interactions are una�ected by the rotations of Eq. (2.24) and
remain �avour diagonal in the MB. While theW 3

µ interactions (last line of Eq. (2.27)) are trivially
una�ected by the rotation, for the Bµ interactions (�rst two lines of Eq. (2.27)) this is a conse-
quence from the fact that the SM hypercharges Yf are �avour universal, that is, the same for
each of the three generations of each fermion family2. Mathematically, and with explicit �avour
indices, this means

Y ij
f |hypercharge = Yf I3×3 ∀f = Q, u, d, L, e , (2.28)

where the subscript hypercharge is to clarify that we are refering to the SM hypercharges and not
to the Yukawa matrices. Therefore, the rotation matricesUf ,Kf commute with the hypercharges
and the NCs remain �avour diagonal in the MB. As a result, �avour-changing neutral currents
(FCNCs) are forbidden in the SM. FCNCs are processes in which a quark changes its �avour
without altering its electric charge, mediated by neutral particles such as the Zµ. We just showed
that in the SM such processes are not possible (at tree-level), due to the �avour universality of
the hypercharges. This is not necessarily the case for NP models, and in Part II of this thesis we
will consider a BSM model in which the new charges are not �avour universal, which allows for
tree-level FCNC interactions. For the quark CCs, the rotation to the MB modi�es the Lagrangian
according to

LCC ⊃
g√
2
/W

+
ūiLV

ij
CKMd

j
L +

g√
2
/W
−
d̄iL(V †CKM)ijujL , (2.29)

1Kinetic terms are invariant under the rotations of Eq. (2.24).
2If this were not the case, the SM would be anomalous.
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where VCKM ≡ U †uUd is the Cabibbo–Kobayashi–Maskawa (CKM) matrix. Unlike for the NCs,
the charged interactions exchange up and down quarks of distinct �avour with [11]

|VCKM| =


|Vud| |Vus| |Vub|
|Vcd| |Vcs| |Vcb|
|Vtd| |Vts| |Vtb|

 =


0.97435 0.22500 0.00369

0.22486 0.97349 0.04182

0.00857 0.04110 0.99911

 . (2.30)

Note that the matrix is close to unity in the diagonal entries Vii ∼ 1, while Vi 6=j � 1. It is
instructive to write the CKM matrix in the Wolfenstein parametrisation [11]

VCKM =


1− λ2

2
λ Aλ3(ρ− iη)

−λ 1− λ2

2
Aλ2

Aλ3(1− ρ− iη) −Aλ2 1

+O(λ4) (2.31)

with λ = 0.22453 ± 0.00044, A = 0.836 ± 0.015, ρ = 0.122+0.018
−0.017, η = 0.355+0.012

−0.011. This
parametrisation elegantly reveals the hierarchical structure of the CKM matrix: its diagonal el-
ements are of order one, while the smallest o�-diagonal entries appear in the upper right and
bottom left corners. Thus, unlike FCNCs, �avour-changing charged currents (FCCCs) are possi-
ble in the SM, with the CKM controlling their strength. Crucially, the parameter η, corresponding
to the CKM matrix complex phase, is the source of CP-violation in the SM. Finally, the quark–
gauge boson interactions and quark masses in the MB read

LMB =
e

sin θW
ZµJ

Zµ + eAµJ
µ
em −

(
mdd̄LdR +muūLuR + L↔ R

)
+

e√
2 sin θW

[
W+
µ ū

i
Lγ

µV ijdjL +W−µ d̄
i
Lγ

µ
(
V ij
)†
ujL

]
,

(2.32)

where we have introduced the Zµ, Aµ bosons with the Weinberg rotation of Eq. (2.18), and the
�avour diagonal NCs are given as follows

Jµem = Qi
(
Q̄iγµQi + ūiRγ

µuiR + d̄iRγ
µdiR

)
= JYµ + J3

µ

JZµ = cos θWJ
3
µ −

sin2 θW
cos θW

JYµ

J3
µ = Q̄iγµT 3Qi =

1

2
ūiLγ

µuiL −
1

2
d̄iLγ

µdiL ,

JYµ = Q̄iYQγ
µQi + ūiRYuγ

µuiR + d̄iRYuγ
µdiR .

(2.33)

In the lepton sector, the situation is similar but the key di�erences are that there is only one
Yukawa term and that no RH neutrinos are present in the SM. As we have seen, after rotating to
the MB according to Eq. (2.24) the NCs remain �avour diagonal, since the lepton hypercharges
are also �avour universal. But for the charged interactions

LCC ⊃
g√
2
ν̄iL /W

+
U ijejL +

g√
2
ēiL /W

−
(U †)ijνjL , (2.34)

where UPMNS ≡ U †νUe is the Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix, which arises
after rotating eL according to Eq. (2.24) and νL → UννL. The PMNS matrix is the leptonic
analogous to the CKM matrix in the quark sector. But since no neutrino mass term is present in
the SM, the Uν matrix can be freely taken to be Uν = Ue such that UPMNS = I. Therefore, in the
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SM no PMNS matrix arises because there is no neutrino mass matrix to diagonalise, and there
is no mismatch between the neutrino �avour and mass basis. Consequently, �avour-changing
processes in the lepton sector are not induced, and the lepton–gauge boson interactions and
fermion masses

LMB =
e

sin θW
ZµJ

Zµ + eAµJ
µ
em − (meēLeR + L↔ R)

+
e√

2 sin θW

[
W+
µ ν̄

i
Lγ

µeiL +W−µ ē
i
Lγ

µνiL
]
.

(2.35)

Despite this, the observation of neutrino oscillations [12] indicates that neutrinos must possess
small masses, with

∑
mν ≤ 0.12 eV on the total neutrino mass [13]. Neutrino masses can

be generated through a Yukawa term upon including a RH neutrino in the SM, but to generate
a neutrino mass mν ∼ 0.1 eV a tiny Yukawa coupling is needed, with Yν ∼ 10−12. This is
unnaturally small compared to the Yukawa couplings of other leptons like the electron, with
Ye ∼ 10−6. This brings up the possibility that a di�erent mechanism generates the neutrino
masses. If the neutrinos are Majorana particles, i.e., their own antiparticle, a new mass term can
be written in the Yukawa sector

L ν
Yukawa = L̄iY ij

ν H̃ν
j
R −

1

2
M ij
R ν̄

ic
Rν

j
R + h.c. (2.36)

where νcR = Cν̄TR , with C being the charge conjugation matrix. After EWSB, the corresponding
mass matrix is diagonalised for MR � m = Yνv/

√
2, which results in heavy mH ∼ MR and

light eigenstates mL ∼ m2/MR. This process is known as the seesaw mechanism, and explains
the smallness of the neutrino masses by assuming heavy RH neutrinos. The need for neutrino
masses implies the existence of BSM physics, with the possibility of having RH neutrinos and
mass generation mechanisms that di�er from the SM Higgs mechanism. In this thesis we do not
focus on neutrino physics, but we note that it is a relevant topic for BSM physics, and we refer
the interested reader to Refs. [14, 15] for further details on the topic.

2.4. Quantum Chromodynamics

QCD is the theory of strong interactions, corresponding to the SU(3)c gauge group of the SM
symmetry group of Eq. (2.1). The strong force is what binds quarks together to form protons,
neutrons, and other hadrons. It is the strongest of the fundamental forces, but only operates at
very short distances (on the scale of atomic nuclei). QCD contains eight gluons Gaµ, a = 1, . . . , 8
which mediate quark interactions, as given in Eq. (2.10). The leptons and Higgs are uncharged
under QCD and thus do not participate in its interactions.

In QCD, quarks and gluons have a quantum number called colour. Quarks transform under the
fundamental representation of SU(3)c and come in one of three colours (red, blue or green),
and are represented as qα, where α = 1, 2, 3 is the colour index. Meanwhile, gluons carry a
combination of colour and anti-colour and transform under the adjoint representation of SU(3)c,
with eight possible combinations of colour and anti-colour. In sections Sec 2.2 and Sec 2.3 we
have seen that EWSB results in the gauge bosons and fermions acquiring mass, and discussed the
�avour interactions in the FB and MB. We learned that FCNCs are not present in the SM, while
FCCCs are possible through the CKM and PMNS matrices (if neutrinos are massive). While
quarks come in di�erent �avours, gluons are massless particles with �avour blind interactions.
The QCD Lagrangian reads

LQCD = −1

4
GAµνGAµν + q̄α(i/∂)qβδαβ −mq q̄αqα + gsq̄α /G

A
qβT

A
αβ , (2.37)
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whereα, β are colour indices andTαβ are theSU(3)c generators, as given in Eq. (2.11). No �avour
indices i, j are explicitly written for QCD because the interactions are �avour independent and
thus the interactions are �avour diagonal. Notice that we have written an explicit mass term for
the quarks in Eq. (2.37), which corresponds to the mass term generated after EWSB, as discussed
in Sec 2.3. Moreover, the QCD Lagrangian is readily in the MB, as it is trivially invariant under
the rotations of Eq. (2.24).

QCD exhibits a particular property known as con�nement. In nature, quarks and gluons are
never found in isolation, and are always con�ned in hadrons. This is because the strong force
becomes stronger as quarks move farther apart, making it energetically unfavorable for quarks
to separate. Additionally, QCD is asymptotically free, meaning that the theory becomes strongly
coupled at low energies, and weakly coupled at high energies. The reason for this behaviour is
that the β(gs) function of QCD, which encodes the change of the strong coupling gs with energy,
is negative. Indeed, at 1-loop

β(gs) =
dgs
dlogµ = − g3

s

(4π)2

(
11

3
Nc −

2

3
Nf

)
, (2.38)

where Nc is the number colours, Nf the number of �avours and µ is the energy scale. Since in
the SM Nc = 3, Nf = 6, the beta function is negative β(gs) < 0 and gs grows (decreases) at low
(high) energies. Asymptotic freedom renders perturbation methods viable for describing high
energy scattering, while low energy e�ects are non-perturbative and encapsulated in quantities
such as parton distribution functions (PDFs) and hadronic matrix elements. The factorisation of
high and low energy contributions in QCD amplitudes is a cornerstone of the theoretical frame-
work underpinning hadronic processes, which provides the foundation for precision predictions
in high-energy experiments.

In Part III of this thesis we are going to extend the SM with a new heavy scalar particle, the LQ.
This NP setup mediates quark–lepton interactions, which are not present in the SM. We will con-
sider the LQ to be charged under SU(3)c so that it interacts with quarks and gluons. Therefore,
the SM QCD Lagrangian of Eq. (2.37) will be modi�ed accordingly and we will consider the QCD
corrections for a speci�c process. These QCD corrections are essential for ensuring precision in
theoretical predictions [16]. At the heart of many BSM models, including those involving scalar
LQs, are processes that are sensitive to strong interactions. In such models, the associated QCD
corrections modify the observables of these processes. Without these corrections, predictions
could be o� by signi�cant margins, undermining comparisons between theory and experiment.
For instance, at particle colliders, where high energy interactions between protons or heavy ions
occur, accurate theoretical models that include QCD corrections are critical for extracting mean-
ingful experimental results, particularly when looking for deviations from SM predictions that
could indicate the presence of NP.

2.5. Flavour as a Guide for New Physics

In the previous sections we have established that FCNCs do not occur in the SM. On the other
hand, FCCCs arise in the quark sector via the CKM matrix, as dictated by the interactions in
Eq. (2.32). While FCNC processes are forbidden at tree level, they can still occur at loop level
through interactions involving the W±µ bosons. Loop amplitudes are suppressed by a factor of
1/(4π)2, making them much rarer than tree-level amplitudes. Furthermore, the CKM matrix pro-
vides an additional suppression: the o�-diagonal elements that connect di�erent quark �avours
are typically small, particularly for transitions involving quarks from the 1-3 generations. This
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Figure 2.1.: Feynman diagram depicting the SM contributions to the Bs mixing.

is evident from the values of the CKM matrix elements, as seen in Eq. (2.30). Another impor-
tant source of suppression comes from the Glashow–Iliopoulos–Maiani (GIM) mechanism [17],
which stems from the fact that FCNC amplitudes are proportional to the di�erences in the quark
masses involved in the loop ∼ (m2

q −m2
q′)/m

2
W . This is because if all quarks in a given sector

were degenerate, then there would be no �avour changingW±µ interactions1. Concretely, FCNCs
in the down (up) sector are proportional to mass-squared di�erences between the quarks of the
up (down) sector. Consequently, the GIM mechanism fails for down sector transitions whenever
contributions of the top quark dominate in the loops because mt > mW , while it further sup-
presses up-type FCNCs because md,s,b � mW . Schematically, an amplitude for a FCNC process
in the SM scales as

ASM
FCNC ∼ loop suppression× CKM suppression×

m2
q −m2

q′

m2
W

GIM mechanism , (2.39)

wheremq,mq′ are the masses of the quarks in the loop. As an example of the FCNC suppression
in the SM we consider Bs mixing, which we will study in Part III in the context of scalar LQs.
Bs mixing is the process in which a neutral Bs meson (composed of b, s quarks and written as
Bs = b̄s) oscillates between two di�erent states: a Bs meson and its antimeson B̄s. This is
a FCNC process in which the b and s quarks change �avour, and thus in the SM the process
occurs via 1-loop box diagrams with four CKM insertions, as shown Figure 2.1. The Bs mixing
amplitude in the SM reads (assuming mu = 0) [18–20]

ASM
Bs−B̄s ∝

g4

64π2m2
W

(
(V ?
tbVts)

2 S(xt)+2V ?
tbVtsV

?
cbVcsS(xc, xt)+(V ?

cbVcs)
2 S(xc)

)
〈O〉 , (2.40)

where 〈O〉 is the tree-level matrix element ofO = (b̄αγµPLsα)(b̄βγ
µPLsβ), and S(xi), S(xi, xj)

are the Inami–Lim functions [21] with xi ≡ m2
i /m

2
W , and the unitarity of the CKM matrix has

been used to substitute V ?
ubVus = −V ?

tbVts−V ?
cbVcs. The CKM factors in Eq. (2.40) all scale as λ4 in

terms of the Wolfenstein parameter, see Eq. (2.31). Therefore, since S(xt)� S(xc, xt) > S(xc)
we can approximate

ASM
Bs−B̄s ∝

g4

64π2m2
W

(V ?
tbVts)

2 S(xt)〈O〉 , (2.41)

rendering the top quark as the leading contribution, for which no GIM mechanism occurs because
xt ∼ 4. Of course, the amplitude is still loop and CKM suppressed, with V ?

tbVts ∼ λ2. This
behaviour is found among all FCNC processes in the SM. For example, theD0 = cūmeson mixing
is dominated by the strange quark according to (VusV

?
cs)

2xs ∼ λ2xs. Notice that althoughmb �
ms, this is not enough to compensate the smallness of the Vub, Vcb CKM elements. As another
example, the K0 = s̄d mixing is dominated by the charm quark with (VcdV

?
cs)

2xc ∼ λ2xc. In
general, the CKM factors in any FCNC amplitude appear as

ASM
FCNC ∝

∑
i=u,c,t

κiF (xi) or ASM
FCNC ∝

∑
i,j=u,c,t

κiκjF (xi, xj) , (2.42)

1Indeed, for degenerate masses the rotation Ud, Uu matrices of Eq. (2.24) that diagonalise the Yukawas can be freely
chosen so that the CKM reduces to the identity, VCKM = I.
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Figure 2.2.: Feynman diagram depicting the BSM contribution to the Bs mixing, with the NP
�eld depicted in blue.

where κi are the corresponding CKM contributions (κi = V ?
ibVis for Bs mixing, see Eq. (2.40)).

The �rst (left) possibility of Eq. (2.42) corresponds to two CKM insertions; this is the case for
processes such as the penguin mediated b → sγ, which scales as V ?

tsVtbxt ∼ λ2xt. The second
option, with four CKM insertions, is precisely the one of meson mixing. From Eq. (2.42), we
conclude that if the quarks are degenerate, the unitarity of the CKM matrix κu + κc + κt = 0
implies the vanishing of FCNC processes, and the GIM mechanism is exact. In summary, in the SM
FCNC processes are suppressed due to the speci�c �avour interactions (forcing loop amplitudes),
the quark masses (mq � mW , q 6= t) and the smallness of the CKM elements. These features are
particular to the SM, and do not necessarily hold in NP models. Let us assume a NP model with
tree level down-type FCNCs. In this scenario, Bs mixing is given by the diagram in Figure 2.2,
where the blue line indicates the new BSM �eld coupling to b, s quarks at tree level. Under this
assumption, the Bs mixing is not loop suppressed nor CKM suppressed. Therefore, ABSM

Bs−B̄s can
compete with the SM contribution ASM

Bs−B̄s . In other words, FCNC processes are sensitive to NP,
and are a mechanism to study and potentially discover BSM physics.

Historically, �avour physics has proven its success in developing the SM. The GIM mechanism
explained the suppression of FCNCs and predicted the existence of the charm quark—which was
experimentally validated at Stanford Linear Accelerator Center (SLAC) and the Brookhaven Na-
tional Laboratory during the so-called November Revolution of the early 1970s. Subsequently,
the observation of CP violation in the Kaon system posed a signi�cant challenge to the existing
framework of weak interactions. Initially, �avour mixing was described by the Cabibbo angle,
which accounted for transitions between the down and strange quarks in a two generation model.
However, the presence of CP violation indicated that a two generation SM could not accommo-
date the necessary complex phase that would allow for CP violation in the decay processes. This
was solved by extending the SM to include a third generation, with the formulation of the CKM
matrix. This framework was later corroborated by the discoveries of the bottom and top quarks.

One of the main topics in BSM physics is that of DM [22]. DM being a new particle not present in
the SM is one of the most widely discussed possibilities, with many proposed candidates such as
axions, dark photons and sterile neutrinos. These models typically assume a weakly interacting
particle coupled to the SM, rendering DM elusive and di�cult to detect in its nature. In Part II
of this thesis we are going to study a generic model encompassing dark photons and Z ′ mod-
els [23–25], and we will show that �avour physics sets very stringent constraints on the model.
Another promising NP model are scalar LQs, which we consider in Part III. LQs [26] are attrac-
tive candidates for BSM because they provide a direct connection between the quark and lepton
sectors–two areas that are otherwise treated as fundamentally separate in the SM. As hypothet-
ical particles carrying both baryon and lepton quantum numbers, LQs naturally arise in various
uni�ed theories such as Grand Uni�ed Theories (GUTs) [27–29]. One of the most compelling
motivations for considering LQs is their potential to account for anomalies observed in �avour
physics experiments. For instance, deviations from lepton �avor universality in rare B meson
decays [30], as reported by experiments like LHCb and Belle, suggest the presence of NP that
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Figure 2.3.: SM masses for quarks and charged leptons. The �rst matter generation (1) is lighter
than the second one (2), which in turn is lighter than the third generation (3).

could be mediated by LQs. Additionally, LQs have been proposed as a possible explanation for
the discrepancies observed in the muon anomalous magnetic moment [31].

Other open problems in the SM and beyond include the observed imbalance between matter and
antimatter in the universe, known as baryon asymmetry, incorporating gravity into the frame-
work and the strong CP problem. For the former, the (three) Sakharov conditions [?] must be
ful�lled, and while the SM does include mechanisms that satisfy these conditions to some ex-
tent, they are insu�cient to account for the observed baryon asymmetry and thus require BSM
physics. There are other issues within the SM itself, such as the �avour puzzle [32], which is not
a problem per se but an inquiry which might serve as a clue for the nature of the yet unknown
BSM physics. In the SM the fermion masses exhibit a clear hierarchical structure, in which the
�rst generation is lighter than the second one, and the latter is lighter than the third generation.
See Figure 2.3 for a representation of this structure. Moreover, the CKM matrix also presents a
hierarchical structure among generations, see Eq. 2.30. Since the masses and CKM matrix come
from the Yukawa interactions, why is there a hierarchical structure on the Yukawa couplings
when they all couple to the Higgs in the same manner? Notice that the Yukawa matrices are
independent of each other, and yet they show a similar hierarchical structure. This is certainly
not assumed to be arbitrary, and an explanation is expected.

Until now the discussion has focused on the quark sector, as it plays a central role in this thesis.
But leptons also o�er the possibility to test the SM and explore NP models. As discussed in
Section 2.3, charged lepton �avour violation (CLFV) is not present in the SM because neutrinos
are massless. But since the observation of neutrino oscillations (corresponding to neutral lepton
�avour violation), it is known that neutrinos must possess (tiny) masses, and therefore a UPMNS
matrix allows for CLFV processes such as µ → eγ, which arise equivalently to the SM process
b→ sγ with neutrinos in the loop and UPMNS vertices. CLFV is therefore expected to occur but it
is yet to be observed, with current theory estimates of Br(µ→ eγ) = 10−54, which lies beyond
any foreseeable experimental reach, with the current limit at Br(µ → eγ) < 10−13. The nature
of the mechanism giving mass to the neutrinos is of much importance in this research area (as
brie�y discussed in Section 2.3), with BSM models typically allowing for CLFV. See Ref. [33] for
a review on CLFV.

There is no doubt that the SM is incomplete, and BSM physics can be studied and searched for
with �avour physics. Additionally, �avour allows to deepen our understanding of the SM itself,
with highly accurate measurements and predictions. It is the hope of the community that through
theoretical, phenomenological and experimental research, NP will be discovered and understood
in connection to the SM.





Chapter 3

E�ective Field Theories

In this chapter we present a comprehensive review of the foundational aspects of EFTs in particle
physics. We begin with a broad overview in Section 3.1 that lays the groundwork for the sub-
sequent discussions. In Section 3.2, we introduce the weak e�ective theory (WET) framework
employed in Part III to address heavy new physics, whereas Section 3.3 is devoted to the EFT
approach applied in Part II for light new physics scenarios. For additional context and deeper
insights, we refer the reader to Refs. [19, 34–36].

3.1. Overview of EFTs in Particle Physics
An EFT is a framework in which physical phenomena is described by its relevant DOF at a certain
scale, without the need to know all the details of the potentially unknown fundamental theory.
For example, although special relativity is a more fundamental description of reality than New-
tonian mechanics, slow moving objects follow to great precision Newton’s law. This is because
Newtonian mechanics is the v � 1 limit of special relativity. As another example, the vibration
of the atoms in a macroscopic object is too fast to a�ect at all the movement of the object, and
the movement of the object is too slow to a�ect at all the vibration of its atoms, so both physical
processes can be studied independently. Therefore, the key element to EFTs is the the role of dis-
tinct scales, where di�erent physical phenomena are mostly independent of one another because
they operate at completely di�erent scales. It is interesting to note that scale separation is very
natural and real in the physical world, for instance, engineers designing bridges rely on Newto-
nian mechanics without delving into QFT because quantum e�ects are negligible at macroscopic
scales. It is therefore most convenient to only work with the DOF that are relevant at a particular
scale, otherwise the problem becomes more (and unnecessarily) complex.

In particle physics, an EFT is de�ned by distance or energy scales, with the dynamics at low en-
ergies not depending on the details of the dynamics at high energies. This is guaranteed by the
decoupling theorem of Appelquist–Carazzone [37], which states that the heavy DOF decouple at
energy scales much lower than their mass. By decoupling, it is meant that the contributions of
these heavy DOF are suppressed by inverse powers of the heavy scale (up to logarithmic correc-
tions). In essence, in the EFT approach any interaction respecting the symmetries of the theory
is included in the Lagrangian, which is given by a tower of operators where higher dimensional
d > 4 operators are suppressed by the large scale Λ

LEFT = LUV +
∑
d>4

∑
i

1

Λd−4
CiOdi . (3.1)
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Here, LUV denotes the renormalisable part of the Lagrangian, with operators of dimension d ≤ 4.
On the other hand, Odi denotes a local operator of dimension d > 4, composed of the dynamical
DOF at energies below Λ, and the index i runs over all possible operators of dimension d. The
couplings Ci are the Wilson coe�cients (WCs) and contain the short-distance contributions,
that is, the physics above Λ. The Lagrangian of Eq. (3.1) contains a series of e�ective vertices
multiplied by the e�ective coupling constants Ci. This series is known as the operator prod-
uct expansion (OPE), and allows to separate the long-distance and short-distance contributions
through the operators and WCs, respectively. The Odi operators are not renormalisable in the
traditional sense, meaning that the theory requires an in�nite number of counterterms to cancel
the divergences from loop amplitudes. However, in the EFT framework this is not problematic
because higher-dimensional operators are increasingly suppressed by inverse powers of the large
scale Λ, which serves as the expansion parameter. Consequently, these operators are included
in the relevant Green’s functions only to the extent necessary for calculations to a speci�c order
in the 1/Λ series. According to this line of reasoning, above the EW scale the SM Lagrangian of
Eq. (2.4) can be extended to the Standard Model E�ective Field Theory (SMEFT) [38]

LSMEFT = LSM +
∑
d>4

∑
i

1

Λd−4
NP

CiOdi , (3.2)

where LSM is the (renormalisable) SM Lagrangian, extended with higher dimensional operators
of d > 4. In the SMEFT no further �eld content than the one of the SM (speci�ed in Table 2.1)
is considered, and thus the Odi operators are built out of SM �elds. In this scenario, ΛNP is the
high energy scale at which BSM physics kicks in, which is still unknown but expected to be
around the TeV scale. This EFT approach allows for a controlled study of contributions from NP
above the EW scale, where lower-dimensional operators contribute more signi�cantly at ener-
gies accessible in current experiments, and higher-dimensional operators contribute with smaller
corrections. In this manner, SM deviations are systematically studied in a 1/ΛNP expansion. On
the other hand, for processes below the EW scale, the Wµ, Zµ, h bosons and the top quark are
integrated out of the SM. Then, the SM Lagrangian is reduced to the low–energy e�ective �eld
theory (LEFT)

LLEFT = LQED+QCD + LWET , (3.3)

where LWET is the weak e�ective �eld theory (WET) describing processes below the EW scale
that are purely or predominantly weak, as it is the case for FCNCs. The WET Lagrangian is given
by

LWET = −
∑
i

CiOi , (3.4)

where it is understood that Oi are higher dimensional operators, in agreement with the second
term in Eq. (3.1). In this case, Ci are dimensionful, as we have not factored out the high scale.
For practical purposes there is no loss in precision in using the WET for �avour physics rather
than the full SM, and it is computationally simpler. Therefore, even if the underlying theory of
a certain phenomena is known, EFTs can still be used and be helpful. The ‘bottom-up’ usage of
EFTs is for situations where the fundamental theory is unknown, such as the SMEFT. The ‘top-
down’ approach applies when the fundamental theory is known, and EFT is used to simplify
calculations or make them possible in the �rst place. A frequent and signi�cant example of the
WET is given by the Fermi theory, which applies to energies well below the EW scale. Consider
the amplitude for the beta decay d→ ν̄e + e+ u, which according to the EW theory reads

Afull =

(
ig√

2

)2

Vud (ūγαPLd) (ēγβPLνe)
−igαβ
q2 −m2

W

, (3.5)
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which we label as full because in this example the EW theory is the fundamental/underlying
model. The momentum transfer satis�es q2 � m2

W → q2/m2
W � 1 due to the small masses of

the fermions. Therefore, the W propagator can be expanded according to

1

q2 −m2
W

= − 1

m2
W

− q2

m4
W

+O(q2/m2
W ) . (3.6)

Keeping the �rst order term, the amplitude of Eq. (3.5) reads

Afull =
i

m2
W

(
ig√

2

)2

Vud (ūγαPLd) (ēγαPLνe) +O(q2/m2
W ) . (3.7)

This amplitude can be reproduced with the following e�ective Lagrangian

LFermi = −4GF√
2
Vud (ūγαPLd) (ēγαPLνe) , (3.8)

where GF is the Fermi constant (the WC for this EFT), and gives rise to the following amplitude
for d→ ν̄e + e+ u

AFermi = −i4GF√
2
Vud (ūγαPLd) (ēγαPLνe) . (3.9)

In order for this amplitude to reproduce the full amplitude Afull, the GF constant is identi�ed
with the EW parameters g,mW via the matching of the full and EFT amplitudes

Afull = AFermi +O(q2/m2
W ) ⇐⇒ GF =

√
2g2

8m2
W

=
1√
2v2

. (3.10)

Notice that the Fermi theory of Eq. (3.8) does not contain the W boson as a dynamical DOF, i.e.,
it has been integrated out. This process is depicted in Figure 3.1, and shows that the process
in the Fermi theory corresponds to a contact interaction with no propagating W . The Fermi
Lagrangian in Eq. (3.8) precisely looks like the WET one of Eq. (3.4), where LFermi contains a
four-quark operator of dimension d = 6

O6
Fermi = (ūγαPLd) (ēγαPLνe) . (3.11)

This operator contains the relevant DOF at scales q2 � m2
W , while the coe�cient GF ∼ 1/m2

W

depends on the W mass and encodes the high energy e�ects. Notice that taking into account
higher order terms in the W propagator expansion of Eq. (3.6), a tower of dimensionally in-
creasing operators is generated, which are further suppressed by powers of the high scale mW .
Indeed, at second order dimension-eight operators arise, which are suppressed by 1/m4

W . Thus,
increasing the precision of the EFT comes at the price of an increasing number of operators that
have to be considered.

In this example1 we have followed a top-down approach: starting with the EW theory we have
built the Fermi theory. While the Fermi theory is not strictly necessary—since the underlying
EW theory is already known—this example illustrates how working within the EFT framework
simpli�es calculations while remaining valid for q2 � m2

W . Historically, the development pro-
ceeded in the opposite direction: the Fermi theory was formulated before the SM and served as
a bottom-up approach to weak interactions. In this scenario, once the WCs are measured (i.e.,
the GF), the EFT can be tested by checking its predictions over a range of observables. On the

1The Bs mixing process considered in Section 2.5, given by Eq. (2.41), can be recovered with the EFT LBsmixing =
−G2

G/2π
2 (V ?tbVts)

2
CO where O = (b̄αγµPLsα)(b̄βγ

µPLsβ) and via matching C = m2
WS(xt). Thus, as in the

Fermi theory, for the Bs mixing the EFT (at �rst order) is described by dim-6 operators.
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du

e νe

qW
q2�m2

W−−−−−→

e νe

u d

O6
Fermi

Figure 3.1.: Feynman diagrams for the d→ ν̄e+ e+u process in the EW (left) and Fermi (right)
theory. At q2 � m2

W the W boson is integrated out and the process is given by
a contact operator O6

Fermi in the Fermi EFT.

other hand, if the underlying theory is known (or assumed), the parameters of the UV theory
are explicitly contained in the WCs. This latter situation is precisely the one of the Fermi theory
example. Since GF is matched to the EW parameters, and concretely to the mass of the W , by
measuring GF one can infer the mass of the W to be at the GeV scale. Of course, this was later
successfully proven to be the case. Therefore, while EFTs do not contain the heavy DOF as dy-
namical �elds (that is, not partaking in the Oi operators), the WCs depend on the parameters of
the heavy states and thus the EFT carries “imprints” of the UV theory.

3.2. The Weak E�ective Field Theory and Heavy New Physics

Below the EW scale the SM is broken down to the SU(3)c × U(1)em group. At such scales the
EW bosons and the top quark are not dyamical DOF, and are integrated out of the theory. As
previously stated, the EFT describing processes below the EW scale is the LEFT, which contains
QCD, QED and the WET. For the latter, its dynamics are described by the e�ective Lagrangian

LWET = −
∑
i

Ci(µ)Oi . (3.12)

In this Lagrangian, the WCs contain the high scale suppression according to Ci ∼ 1/Λd−4,
where Λ is typically a function of the masses and couplings of the heavy states (mW , g in the
previous Fermi theory example). Crucially, the WCs depend on the energy scale µ at which the
EFT is applied since distinct particles are integrated out at di�erent energy scales, and the WCs
contain the physics contributions from energy scales higher than µ. The µ scale corresponds to
the renormalisation scale, as it is through the renormalisation procedure (whih we discuss in the
next paragraphs) that the µ dependence of the theory is studied. Therefore, an amplitude for a
i→ f process is given by

A(i→ f) =
∑
i

Ci(µ) 〈f | Oi |i〉 |µ . (3.13)

In this manner, the OPE allows to separate the short distance contributions, corresponding to
Ci(µ), from the long distance contributions corresponding to the hadronic matrix elements 〈f |
Oi |i〉. The matrix elements also depend on the energy scale µ, as they contain the physics be-
low the µ scale. The WCs are computed perturbatively, for as long as µ is not too small QCD
can be treated perturbatively due to asymptotic freedom. On the other hand, matrix elements
are non-perturbative and other techniques must be used. Of particular signi�cance are lattice
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QCD calculations and sum rules. While these methods are not explicitly employed in this work,
several hadronic matrix elements used in this thesis are taken from various collaborations that
rely on these techniques. Crucially, the amplitude A computed within the EFT framework must
be independent of the renormalisation scale µ. This requires the µ-dependence of the WCs to
exactly cancel the µ-dependence of the hadronic matrix elements.

The µ dependence of the EFT is studied through the renormalisation of the theory. This method
absorbs ultraviolet (UV) divergences from loop diagrams into the unrenormalised parameters
(couplings, masses, etc) of the theory, known as bare parameters, through the renormalisation
factors (Z). This procedure ensures that physical observables remain �nite and well de�ned.
In carrying out this technique, the parameters obtain a µ dependence and the evolution of the
parameters as a function of µ (called running) is given by the renormalisation group equations
(RGEs), which encapsulate the quantum corrections across di�erent scales. Additionally, the
running enables for the resummation of large logarithms1 such as ln(µ/Λ), which arise when
there is a signi�cant scale separation between µ and the high-energy scale Λ. As an example of a
RGE, in Section 2.4 we discussed the beta function β(gs) of the strong coupling, which dictates its
µ dependence. For the WCs, the µ dependence is captured by a RGE governed by the anomalous
dimension matrix (ADM). In order to de�ne the ADM, we introduce the operator renormalisation
according to

O0
i = ZijOj , (3.14)

where the superscript 0 indicates the bare operator, and Zij is the renormalisation factor, which
is a matrix in operator space2. Note that Zij is independent of the high energy theory, as it
is a genuine factor belonging to the EFT. Thus, once Zij is computed, it can be used for any
underlying theory which is described by the EFT under consideration. The ADM is found from
the renormalisation factor according to (in matrix notation)

γ = Z−1 dZ

dlogµ =
αs
4π
γ(0) +

(αs
4π

)2
γ(1) + . . . , (3.15)

where γ(0) is the 1-loop ADM, γ(1) is the 2-loop ADM and so on. There is some arbitrariness
in the de�nition of the Z factors, which are �xed by the choice of a renormalisation scheme. In
this thesis we consider the minimal subtraction scheme (MS), in which only the poles (∼ 1/ε)
are subtracted. Expanding the Z factor of Eq. (3.14) in the strong coupling and using Eq. (3.15),
we �nd

Zij = δij +
αs
4π

1

ε
δZij +O(α2

s)→ γ
(0)
ij = −2δZij , (3.16)

where we have used the QCD beta function dαs/d log µ = −2εαs + O(α2
s). Crucially, the

Z factor contains the quark �eld renormalisation as well as the vertex corrections to the EFT
operators. For four-quark operators (such as the operator of Eq. (3.11) in the Fermi theory),
Z = Z2

qZ
′ where Zq is the quark �eld renormalisation (q0 =

√
Zqq) and Z ′ is the genuine EFT

renormalisation factor. After expanding Zq, Z ′ in the strong coupling we �nd

γ
(0)
ij = −2δZij = −2

(
2δZqδij + δZ ′ij

)
with δZq = −ξCF , (3.17)

where ξ is theRξ gauge parameter. The ADM dictates the running of the WCs3 through the RGE

µ
dCi
dµ

= γjiCj . (3.18)

1Speci�cally, the logarithms that appear from QCD radiative corrections are of the form αns (logΛ/µ)m withm ≤ n =
0, 1, 2, . . . The leading log (LL) resummation takes care of them = n logarithms, while the next to leading log (NLL)
takes care of the αs(αslogΛ/µ)n terms.

2This means that loop amplitudes from the insertion of a Oi operator are proportional to other operators Oj with
i 6= j, i.e., there is operator mixing. In Section 9.1.1 we will explicitly see this.

3The WCs are renormalised according to C0
i = Z−1

ji Cj , so that the bare and renormalised Lagrangian are equal.
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Initially, the EFT is constructed by integrating out heavy DOF at a high energy scale µH , and
the WCs are determined through a matching calculation, where the amplitudes of the full theory
and the EFT are equated (recall the Fermi example). The WCs are then evolved using the RGE of
Eq. (3.18), which governs the running from the high-energy scale down to lower scales through
the ADM. In some cases, when new DOF become relevant at intermediate scales, the theory
must be re-matched by integrating out additional heavy particles, and the WCs are recalculated
at this new scale. This procedure of successive matching and running allows the EFT to remain
valid at lower energies, ultimately leading to the determination of WCs at the relevant low-
energy scale, where physical observables can be computed. Through this approach, EFT provides
a systematic way to connect high-energy physics with low-energy observables, ensuring that
quantum corrections and operator mixing are properly accounted for across di�erent scales. At
leading order (LO) the di�erential equation Eq. (3.18) is solved with

C(µ) =

(
αs(Λ)

αs(µ)

) γ(0)T

2β0

C(Λ) with β0 = 11− 2

3
NF , (3.19)

where we have used the de�nition of the QCD beta function to �rst order, β(αs) = −2α2
sβ0/4π.

Generally, the evolution of the WCs is given by

C(µ) = U (Λ, µ)C(Λ) , (3.20)

where the evolution matrix U (Λ, µ) takes a more complicated form [19,39,40]. In Part III of this
thesis we employ the WET framework to describe the Bs mixing process, which was introduced
in Section 2.5 within the context of the SM. Due to the low energy scale at which neutral meson
mixing occurs, the SM EW particles (W , Z , Higgs, and top quark) are treated as non-dynamical
DOF and integrated out from the action. We will consider a full (fundamental) theory consisting
of scalar LQs, which mediate the Bs-mixing through box diagrams as in the SM, but with LQs in
the loop instead ofW bosons. Crucially, the LQs are taken to be heavy new physics (HNP) states
above the EW scale, and are also integrated out from the theory. FCNCs are then mediated by
four-quark WET operators of dimension six or higher (see, e.g. [41]), where the dynamical DOFs
are SM quarks (excluding the top).

3.3. E�ective Field Theory for Light New Physics

In the previous sections we have discussed EFTs with the notion that NP and/or the underlying
theory is composed of heavy states which are integrated out in the EFT. This is the case for
the SMEFT, as the ΛNP scale is above the EW scale where BSM physics is expected, and the
dynamical DOF are the SM �elds. The WET follows the same concept since the underlying
theory, the EW sector of the SM, is composed of particles with masses above the typical scale
for FCNCs. Additionally, if considering heavy BSM modes such as scalar LQs, these particles are
also integrated out of the EFT at E � mW . Therefore, no BSM particles have been considered
as dynamical DOF because they lie at or above the EW scale.

Another possibility is that NP particles are light and weakly coupled to the SM. This scenario is of
particular interest because so far no new particles have been found above the EW scale, and they
arise in distinct situations. Examples include sterile neutrinos and axions, which naturally appear
in the SM. They are attractive models for DM and albeit weakly coupled, the models are tested
in precision experiments for processes such as meson decays, where small deviations from SM
predictions can provide evidence of NP. The LDV, which we study in Part II, is a model in which
the SM is extended with a new boson V ′µ, taken to have a mass below the EW scale mV ′ ∼ O(1)
GeV.
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Under these assumptions and unlike for heavy states (e.g. LQs), new light particles (e.g. LDVs)
are dynamical DOF and thus part of the EFT operators Odi . The EFT approach is no di�erent
than discussed before, but unlike the previous EFTs where new (heavy) particles are integrated
out, low energy EFTs may include new light states that are not part of the SM and can directly
contribute to physical observables. Just as before, EFTs provide a framework to study the low
energy e�ects of NP without requiring detailed knowledge of the UV complete theory, as it is
understood that certain parameters, such as the masses of the new particles, can be generated
from an unknown high energy theory. The EFT Lagrangian for light new physics (LNP) includes
both (the relevant) SM operators and new operators involving the BSM light states, organised in
a power series suppressed by a high-energy scale Λ

LLNP = LSM + Lnew +
∑
d>4

∑
i

1

Λd−4
CiOdi , (3.21)

where Lnew includes the kinetic terms and interactions of the new particles, and Odi are the
operators containing the interactions of SM and BSM �elds while respecting the symmetries of
the model. With this approach, EFT provides a framework that captures the physics of a wide
range of UV complete theories in a model independent way, o�ering a systematic way to explore
NP at low energies.





Chapter 4

Conclusion

In this �rst part of the thesis we have reviewed the key elements of the SM to motivate and un-
derstand the upcoming two parts. We have explained the speci�c �avour structure of the SM,
which implies that FCNCs are suppressed and serve as probes for potential NP. In Part II we will
consider a BSM setup consisting of a LNP vector boson, the LDV, with a mass well below the
EW scale. Therefore, the theory is given by an EFT with the NP �eld being a dynamical DOF
coupled to SM fermions, as discussed in Section 3.3. It will be of special importance to recall the
discussion of Section 2.3, where the rotation of the SM interactions to the mass basis is accom-
plished according to the �eld rede�nitions of Eq. (2.24). Unlike for the SM, we will see that such
a rotation can potentially generate tree-level FCNCs between the LDV and SM fermions. The
model will be constrained using the phenomenology of two-body decays, where experimental
bounds are taken from distinct experimental collaborations while the theory calculation neces-
sitates non-perturbative hadronic matrix elements. Additionally, we will study how the RGEs of
the couplings can generate FCNC interactions via running from the high to the low scale. Finally,
we will consider the unitarity bounds which historically were applied to the SM, as we brie�y
discussed at the end of Section 2.2.

In Part III we will consider a HNP model consisting of scalar LQs. We will study the Bs mixing
process, which we introduced in Section 2.5 in the context of the SM. Since we assume the LQs
to have masses above the EW scale, the processes is described by the WET through dimension-
six four-quark operators, discussed in Section 3.2. We will compute the ADM and perform the
next-to-leaing order matching in αs between the EFT (corresponding to a 1-loop calculation) and
full theory (corresponding to a 2-loop computation). We conclude the thesis with an exhaustive
analysis of 1-loop calculations for four-quark operators, where we employ and examine a method
that requires particular care of the Dirac algebra.

Therefore, in this thesis we study both a LNP (the LDV) and a HNP model (e.g., LQs). Figure 4.1 il-
lustrates how NP can be organised in the mass–coupling plane. Traditionally, much of the e�ort
in collider physics has focused on the upper-right region of this plane, where NHP with siz-
able couplings are expected. Past experimental �ndings and theoretical expectations motivated
searches for BSM physics in the hundreds of GeV to multi-TeV range, where large couplings
would yield prominent signals. However, many portions of this parameter space have since
been excluded by high-energy experiments such as those conducted at the LHC. In contrast, the
lower-left region, which corresponds to LNP with feeble couplings, has only recently attracted
signi�cant attention. Often referred to as the “intensity frontier” or the “dark sector”, this region
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Figure 4.1.: Parameter space of couplings and masses for BSM models, where it highlights HNP
(top right) and LNP (bottom left). Figure taken from [42].

remained largely unexplored by traditional colliders that were optimized for heavy resonances.
As a result, novel experimental approaches—including beam-dump experiments, �xed-target se-
tups, and precision measurements—are now being developed to probe this largely uncharted
territory. Together, these two extremes de�ne the modern frontier in searches for BSM physics.
It is the aim of this thesis to study two models belonging to the two di�erent regions in Figure 4.1,
and illustrate the current progress and challenges in the search for NP.



PART II

Light New Physics
In this second part of the thesis we study light NP. Concretely, the model under consideration is
that of a LDV, i.e., a massive neutral boson V ′µ added to the SM with a mass well below the EW.
In Chapter 5, we use the low-energy EFT approach as discussed in Chapter 3, and introduce two
types of FCNC interactions between the LDV and SM fermions. In Chapter 6, we constrain the
FCNC couplings of the model by comparing the experimental data with the theory prediction for
the rates of two-body meson, baryon and lepton decays. In Chapter 7, we use the theoretical tool
of perturbative unitarity for 2 → 2 processes and further analyse the model by distinguishing
amplitudes that grow with energy, leading to a unitarity bound, from those that do not, which
instead give a perturbativity bound.





Chapter 5

Light Dark Vectors

In recent years, light new particles interacting very weakly with the SM have gained increased
interest. The so far negative results on searches for heavy particles above the EW scale at the
LHC and high-intensity experiments have increased the interest in less explored scenarios, with
additional DOF beyond the SM with masses at sub-GeV scales. Such particles can be motivated by
dynamics addressing the Strong CP Problem (in case of the QCD axion) or the origin of neutrino
masses (in case of sterile neutrinos), but probably the main motivation is the possibility that such
light particles could be connected to the origin of particle DM [22, 43].

In this context a popular scenario is the dark photon [23, 44], which is either itself DM or is the
only mediator (“Vector Portal”) between the SM and a hidden “dark sector”, which contains one
or several DM particles [45,46], see Ref. [24] for a review. The term “dark photon” usually refers
to a light vector particle coupled to the SM only via kinetic mixing or dipole operators and that
is often taken as the only new DOF. Instead, the term Z ′ is typically reserved for the vast model
space of theories of gauged U(1)′ extensions of the SM, where also a complete Higgs sector for
U(1)′ breaking is explicitly present, besides additional matter needed for anomaly cancellation,
see, e.g., Ref. [47] for a classi�cation. While the Z ′ vector boson is often taken to be heavy, with
a mass much above the EW scale, this particle can also be much lighter. The resulting coupling
patterns are often related to the underlying UV symmetries, see, e.g., Refs. [48–51], and can
leave imprints in low-energy phenomenology/anomalies in current data, e.g., in (g− 2)µ [52] or
in low-energy QCD [53]. Beyond perturbative models, light vector particles can also be in the
spectrum of light resonances of low-energy, dark strongly coupled sectors, see, e.g., Ref. [54].
To encompass all these cases, we employ the term “light dark vector” (LDV), which is a massive
vector boson with mass much below the EW scale, with su�ciently suppressed couplings to SM
particles such that it is stable on collider scales.

In this �rst chapter of Part II, we introduce and motivate the LDV model that we study later in
Chapter 6 and Chapter 7. In Section 5.1 we introduce the kinetic mixing, that is, the interaction
that acts as the “portal” between the visible (SM) and dark sector (DS). In Section 5.2, we explore
the connection between the Stueckelberg and Higgs mechanisms, which can generate the LDV
mass. In Section 5.3 and 5.4 we introduce the interactions between the LDV and the SM fermions,
motivating the generation of tree level FCNC couplings between the LDV and the SM fermions. In
Section 5.5, we focus on some possible UV models that motivate the low-energy (renormalisable)
interactions. Finally, in Section 5.6, we discuss the possibility that FCNC interactions between the
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B V ′

Figure 5.1.: Feynman diagram depicting the generation of kinetic mixing between the B boson
and LDV V ′ via a fermion loop.

LDV and the SM fermions are generated from the 1-loop RGEs via the running of the couplings
from the high to the low scale.

5.1. Light Dark Vectors with Kinetic Mixing

Consider two gauge bosons Bµ and V ′µ associated to two gauge groups U(1) and U(1)′, respec-
tively. The corresponding kinetic Lagrangian takes the form

Lkinetic = −1

4
BµνB

µν − 1

4
V ′µνV

′µν − ε

2
BµνF

′µν , (5.1)

where the last term is the kinetic mixing (KM) [23] between the �eld strength of Bµ and V ′µ

LKM = − ε
2
BµνV

′µν . (5.2)

Notice that this is a renormalisable dimension-four operator which respects the symmetries of the
theory. Phenomenological constraints on the KM parameter ε dictate that it remains extremely
small over a broad range of mass scales [24, 55]. In particular, astrophysical observations—such
as limits from stellar energy loss and supernova cooling—as well as cosmological data impose
upper bounds on ε that can be as stringent as ε . 10−12 for very light V ′. In the MeV–GeV mass
window, where LDVs are often probed via beam-dump experiments, rare meson decays, and
�xed-target searches, ε is typically restricted to values on the order of 10−3–10−4. For heavier
LDVs, EW precision measurements and collider experiments further limit ε to be at most a few
percent, with many models favoring values near 10−3–10−2. These small values of ε naturally
emerge if one considers the KM to be a loop induced e�ect, inherently suppressed by a factor of
1/(16π2). This is exempli�ed in Figure 5.1, where a heavy fermion charged under both U(1) and
U(1)′ generates the KM at 1-loop as given by [56, 57]

ε =
ggD
16π2

∑
i

qiq
′
ilogm

2
i

µ2
, (5.3)

where g, gD are the U(1), U(1)′ couplings and qi, q′i the charges of the fermion under U(1) and
U(1)′, respectively. Some other relevant examples for the generation of the KM include string
theory and supersymmetric theories [58–60]; see [61] for a review with di�erent models. In
this work we do not specify the origin of the KM, for our purposes it su�ces to notice that the
KM is a dimension four operator respecting the symmetries of the model and thus allowed in
the theory, and we simply consider it as given in Eq. (5.2) without loss of generality in our low
energy approach.

The importance of the setup lies on the fact that it is a relatively simple model with potential
implications for DM and BSM models [62], typically referred as dark photons or hidden photon
models. The KM acts as a vector portal connecting �elds charged under di�erent gauge groups,
connecting a “visible sector”, composed of SM �elds and neutral under U(1)′, and a NP dark
sector charged under U(1)′ but neutral under the SM.
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Let us consider the scenario in which the neutral vector V ′µ is added to the SM1. Before EWSB,
the EW gauge sector Lagrangian for SU(2)L × U(1)Y × U(1)′ reads (see Section 2.2)

L =− 1

4
W a
µνW

aµν − 1

4
BµνB

µν − 1

4
V ′µνV

′µν +
m2
V ′

2
V ′µV ′µ + LKM

+ (DµH)† (DµH) +m2H†H − λ
(
H†H

)2
,

(5.4)

where the �rst line includes the kinetic terms of the W a
µ , Bµ and V ′µ bosons, as well as the KM

between the hypercharge boson Bµ and V ′µ, as given in Eq. (5.2). Notice that we have included a
mass term for V ′µ (with mV ′ � vEW), which can be generated from the breaking of U(1)′ with
a dark Higgs or from the Stueckelberg mechanism [65–68], and is decoupled from the SM Higgs
sector. We discuss the V ′µ mass in the next Section 5.2. The KM in the Lagrangian of Eq. (5.4) is
diagonalised by the following rotationV ′µ

Bµ

→
 t 0

−εt 1

V ′µ
Bµ

 with t ≡ 1√
1− ε2

, (5.5)

which reduces to the shift Bµ → Bµ − εV ′µ at O(ε)2. We must now take into account the EWSB
of the SM group SU(2)L × U(1)Y which generates the masses of the EW bosons, as described
in Section 2.2. After diagonalising the KM, the covariant derivative of H takes the form

DµH = ∂µH − igW a
µτ

aH − i

2
g′
(
Bµ − εtV ′µ

)
H , (5.6)

which is shifted in the last term with respect to the SM one, see Eq. (2.16). After the Higgs
acquires a VEV and is parametrised in the unitary gauge according to Eq. (2.15), the gauge boson
quadratic terms in (DµH)†(DµH) read

(DµH)† (DµH) ⊃ g2v2

8

[(
W 1
µ

)2
+
(
W 2
µ

)2
+

(
g′

g
Bµ −W 3

µ −
εtg′

g
A′µ

)2
]
. (5.7)

Compared to the SM case of Eq. (2.17), the neutral B,W 3 sector changes due to the KM. There-
fore, when we rotate to the mass basis of the charged W±µ and neutral Zµ, Aµ, V ′µ bosons, the
former shall have the same masses as in the SM, while the masses of the neutral bosons change,
but Aµ must remain massless because U(1)em is unbroken. This is expected because the KM
occurs solely between the �eld strengths of U(1)Y and U(1)′, thereby a�ecting only the neutral
bosons. The mass matrix of the three neutral bosons Bµ,W 3

µ , V
′
µ reads as follows

M2 =
v2

4


g′2 −g′g −g′2tε
−g′g g2 g′gtε

−g′2tε g′gtε
4m2

V ′

v2
t2 + g′2ε2t2

 , (5.8)

and is diagonalised via the following rotation
Bµ

W 3
µ

V ′µ

→


cos θW − sin θW cos ξ sin θW sin ξ

sin θW cos θW cos ξ − cos θW sin ξ

0 sin ξ cos ξ



Aµ

Zµ

V ′µ

 . (5.9)

1Relevant references for the upcoming discussion are Refs. [51, 63, 64].
2The KM can also be diagonalised with the shift V ′µ → V ′µ − εBµ, known as the milli-charged scenario [69, 70]. Of
course, physical observables are independent on the diagonalisation and thus on the gauge basis.
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Here, θW is the Weinberg angle and ξ is given by

tan 2ξ = − 2ηsinθW
1− η2sin2θW − δ

with η = εt, δ ≡ m2
V ′/m

2
Z . (5.10)

The masses of the neutral gauge bosons are given by, up to O(ε),

mA = 0 ,

m2
Z ≡ m2

Z

(
1 +

ε2 sin2 θW
1− δ

)
,

m2
V ′ ≡ m2

V ′

(
1 + ε2

δ − 1 + sin2 θW
δ − 1

)
.

(5.11)

We see that the photon indeed remains massless. Notice that for ε = 0, that is, for no KM, the
rotation of Eq. (5.9) reduces to the SM Weinberg rotation of Eq. (2.18). We observe that the mass
of the Z boson gets an O(ε) shift respect its SM value. However, precision EW measurements
of the Z mass, such as those performed at LEP and SLD (with mZ = 91.1876 ± 0.0021 GeV
[11]), constrain any NP contributions to be extremely small. Consequently, while the theoretical
framework permits modi�cations tomZ that could be signi�cant, the experimental data requires
the KM parameter ε to be very small to ensure that any deviation from the SM prediction remains
within the narrow experimental uncertainty [71].

5.2. Massive Light Dark Vector, Proca and Stueckelberg
We now discuss the origin of the LDV mass mV ′ , concretely in the context of the Stueckelberg
mechanism and in relation to the Proca theory. The free Lagrangian of the LDV in Eq. (5.4)
corresponds to the Proca theory of a massive vector

LProca = −1

4
V ′µνV

′µν +
m2
V ′

2
V ′µV

′µ , (5.12)

which is not (explicitly) gauge invariant. The Stueckelberg trick introduces a scalar π, the Stueck-
elberg �eld, into Eq. (5.12) via the �eld rede�nition [65–68]

V ′µ → V ′µ −
∂µπ

mV ′
⇒ LSt = −1

4
V ′µνV

µν′ +
m2
V ′

2

(
V ′µ −

∂µπ

mV ′

)2

. (5.13)

The Stueckelberg Lagrangian LSt is now manifestly U(1)′ gauge invariant under

V ′µ → V ′µ + ∂µα(x) ,

π → π +mV ′α(x) .
(5.14)

The theories of Eq. (5.12) and Eq. (5.13) are physically equivalent, leading to the sameS-matrix [72].
The Stueckelberg transformation of Eq. (5.13) decomposes a massive vector �eld into the (two)
transverse and (one) longitudinal DOF corresponding to a (transverse) vector and a scalar �eld,
respectively. To be precise, the longitudinal mode of the massive vector is identi�ed with the
Stueckelberg �eld as follows (

V ′µ
)

long ≡ −
∂µπ

mV ′
. (5.15)

The physical equivalence between the Proca and Stueckelberg theories stems from the fact that
the Proca theory can be viewed as a gauge �xed abelian U(1)′ theory after spontaneous symme-
try breaking. The theory of a U(1)′ vector �eld V ′µ coupled to a complex scalar �eld S is given
by

L = −1

4
V ′µνV

′µν + (DµS)† (DµS)− V (S) , (5.16)



5.2. Massive Light Dark Vector, Proca and Stueckelberg 35

with Dµ = ∂µ − ig′V ′µ and V (S) = −m2|S|2 + λ/4|S|4. This theory is U(1)′ gauge invariant
under

S → eig
′α(x)S ,

V ′µ → V ′µ + ∂µα(x) .
(5.17)

After symmetry breaking, S acquires a VEV v′ =
√

4m2/λ. Using the polar parametrisation

S =
1√
2

(
v′ + h

)
e−iπ/v

′
, (5.18)

the Lagrangian of Eq. (5.16) reads

L =− 1

4
V ′µνV

′µν +
g′2

2
V ′µV

′µ (h+ v′
)2 − g′

v′
V ′µ
(
h+ v′

)2
∂µπ

+
1

2
∂µh∂

µh+
(v′ + h)2

2v′2
∂µπ∂

µπ − V (φ) ,

V (φ) =m2h2 +

√
λm

2
h3 +

λ

16
h4 .

(5.19)

We observe the following mass spectrum in the theory

mV ′ = g′v′, mh =
√

2m, mπ = 0 . (5.20)

The gauge �eld V ′µ and scalar h have acquired mass while π is massles, i.e., π is the Goldstone
boson. In the decoupling limit λ → ∞ and m → ∞ (while keeping v �xed), the radial mode h
decouples from the theory and the Lagrangian reads

L = −1

4
V ′µνV

′µν +
m2
V ′

2

(
V ′µ −

∂µπ

mV ′

)2

, (5.21)

which is precisely the Stueckelberg theory of Eq. (5.13). Therefore, the Stueckelberg theory cor-
responds to a broken U(1)′ theory in which the radial mode h has been decoupled. Moreover,
due to gauge invariance, given by Eq. (5.14), we can �x a gauge; choosing the unitary gauge
π = 0, Eq. (5.21) reduces to

L = −1

4
V ′µνV

′µν +
m2
V ′

2
V ′µV

′µ , (5.22)

which is the Proca Lagrangian of Eq. (5.12). Thus, starting with a U(1)′ gauge theory with sym-
metry breaking and taking the decoupling limit, we obtain the Stueckelberg theory. If we further
�x the unitary gauge such that the Goldstone π vanishes, we �nd the Proca theory. This sheds
light into the hidden gauge symmetry of the Proca theory; since a gauge is �xed, gauge invariance
is explicitly lost and only through the Stueckelberg transformation does it become manifest.

In order to �nd the propagators of the Stueckelberg theory of Eq. (5.13), we apply the gauge �xing
Rξ procedure. Then, the theory reads1

LSt = −1

4
V ′µνV

′µν +
m2
V ′

2

(
V ′µ −

∂µπ

mV ′

)2

− 1

2ξ

(
∂µV

′µ + ξmV ′π
)2
, (5.23)

1For an Abelian theory the ghost �eld trivially decouples, i.e., is a free �eld with no interaction withV ′ norπ. Therefore,
we do not include it in this discussion.



36 5. Light Dark Vectors

V ′
long

=

π

s ≫ m2
V ′

Figure 5.2.: Representation of the GBET: at high energies, the scattering of a longitudinal mas-
sive vector is equivalent to scattering the Goldstone boson.

such that the crossed V ′µ∂µπ terms conveniently vanish. Then, the propagators are given by

∆µν
V ′ |St =

−i
k2 −m2

V ′

(
gµν − kµkν

k2 − ξm2
V ′

(1− ξ)
)
,

∆π =
i

k2 − ξm2
V ′
.

(5.24)

On the other hand, the propagator for the Proca �eld of Eq. (5.12) is given by

∆µν
V ′ |Proca =

−i
k2 −m2

V ′

(
gµν − kµkν

m2
V ′

)
. (5.25)

This propagator can be obtained from the propagators of Eq. (5.24) through the Stueckelberg
relation V ′µ → V ′µ − ∂µπ/mV ′ in momentum space, i.e.,

∆µν
V ′ |Proca = ∆µν

V ′ |St +
kµkν

m2
V ′

∆π . (5.26)

The ξ dependence on the right hand side of Eq. (5.26) drops automatically, as it should because
the Proca theory has three physical DOF without (explicit) gauge invariance. We now turn our
attention to the GBET for the Stueckelberg theory. In an unbroken abelian theory such as QED,
amplitudes with an external vector boson (Mµ) satisfy the Ward identity kµMµ = 0, which
decouples the longitudinal modes and ensures the good high energy behaviour of the theory. In
the case of a spontaneously broken theory, longitudinal modes become physical. In that case, an
amplitude with an external vector boson of mass mV ′ satisfes

kµMµ = mV ′M(π) , (5.27)

whereM(π) is the amplitude where the external vector boson has been replaced by the Gold-
stone π. Considering the high energy limit k � mV ′ and taking the leading contribution of the
longitudinal εL polarisation of a massive vector, Eq. (5.27) reads

εµL =
kµ

mV
+O (mV /E)⇒ εµLMµ =M(π) . (5.28)

This is the GBET [72]: in the high energy regime, amplitudes with longitudinally polarised vector
bosons are equivalent to amplitudes where (all) the vectors have been replaced by the Goldstone
boson. Analogously, for the Stueckelberg theory of Eq. (5.21) with the propagators of Eq (5.24),
by choosing the Landau gauge1 ξ = 0 the vector boson becomes purely transverse, and the
longitudinal polarisation of V ′ is fully captured by π as in Eq. (5.15).

1In unitary gauge ξ → ∞, π decouples since mπ = ξmV ′ → ∞ and ∆µν
V ′ |St = ∆µν

V ′ |Proca. Therefore, ξ → ∞ is
equivalent to the gauge �xing π = 0 used to obtain Eq. (5.22).
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5.3. Light Dark Vector Coupled to SM Fermions

In Section 5.1 we focused on the gauge sector of the EW SM with KM to the LDV. We are now in-
terested in the gauge–fermion interactions, particularly in the scenario in which the LDV couples
to SM matter. The relevant Lagrangian is given by

L =− 1

4
W a
µνW

aµν − 1

4
BµνB

µν − 1

4
V ′µνV

′µν − ε

2
BµνV ′µν +

m2
V ′

2
V ′µV ′µ

+ g′JµYBµ + gJµ3 W
3
µ + LYukawa + LH

+ JµDV
′
µ + JµV ′µ +

1

Λ2
6

V ′µνJ
µν .

(5.29)

The �rst line corresponds to the gauge sector terms, with the kinetic terms for the EW and
U(1)′ gauge bosons, the KM between the U(1)Y , U(1)′ and the LDV mass term. The second
line contains the neutral SM interactions1, with the currents given in Eq. (2.33), as well as the
Yukawa and Higgs interactions of Eq. (2.22) and Eq. (2.13), respectively. The last line contains
the interactions2 of the LDV with the U(1)′ dark sector matter JµD , and with SM matter through
Jµ, Jµν . We do not specify the DS current JµD since we are interested in the Jµ, Jµν interactions
of the LDV with the SM matter. In this thesis, we consider the following interactions

Jµ = Q̄iCV
Qγ

µQj + ūiRC
V
u γ

µujR + d̄iRC
V
d γ

µdjR + L̄iCV
L γ

µLj + ēiRC
V
e γ

µejR ,

Jµν = Q̄iH̃CD
u σ

µνujR + Q̄iHCD
d σ

µνdjR + L̄iHCD
e σ

µνejR + h.c .
(5.30)

As discussed in Section 3.3, we adopt the low-energy EFT approach such that these are e�ective
interactions coming from an unspeci�ed UV theory. Therefore, such interactions are treated
phenomenologically and we do not detail how the U(1)′ symmetry is realised, and the charges
and couplings CV

f , C
D
f are treated as general free parameters. Then, the interactions of the LDV

with the SM are given by the most general operators that respect the unbroken part of the SM
gauge group, SU(3)c×U(1)em. The interaction JµV ′µ is a dimension-4 interaction with vectorial
Dirac structure (γµ), and we thus refer to it as the vector interaction. On the other hand, JµνV ′µν is
a Yukawa-like dimension-6 operator (and thus suppressed by the high scale as 1/Λ2

6) with dipole
structure (σµν ), so we refer to it as the dipole interaction.

The aim of this section is to analyse the e�ect of the EWSB and Yukawa diagonalisation on
the vector and dipole interactions, together with the KM diagonalisation. After EWSB, it was
argued in Section 2.3 that the Yukawa interactions are diagonalised via the �eld rede�nitions of
Eq. (2.24). The SM neutral currents JµY , J

µ
3 are una�ected by these rotations because the U(1)Y

hypercharges are �avour universal. But this is not necessarily true for the CV
f , C

V
F couplings of

the vector interaction. Let us examine the LH up quark interaction of Jµ; under the rotations of
Eq. (2.24) we have

ūiLγ
µ
(
CV
Q

)ij
ujLA

′
µ → ūiLγ

µ
(
U †uC

V
QUu

)ij
ujLA

′
µ . (5.31)

Therefore, if CV
Q is not �avour universal the Uu rotation matrices do not commute with CV

Q and
FCNC couplings between the LDV and SM matter are generated. Analogously, FCNC interactions

1Charged interactions are as in the SM, given by Eq. (2.29), since the LDV couples to neutral bosons and interactions.
2Interactions between the LDV and SM matter are possible through the mixing of the SM and dark Higgs, known as
Higgs portal. This generates Yukawa-like interactions between the LDV and SM fermions. Here, we assume that the
dark Higgs and SM Higgs are decoupled and thus such interactions are not present.
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are generated for the LH down quarks, RH quarks and leptons. Subsequently, we de�ne the
following FCNC couplings for the vector interaction

CVL
ij =

(
U †fC

V
F Uf

)ij
, CVR

ij =
(
K†fC

V
f Kf

)ij
, f = u, d, e, F = Q,L. (5.32)

Notice that we drop the F and f indices in the couplings. This is because while i, j = 1, 2, 3, one
can also understand the �avour indices as running through the fermions, that is, i, j = u, c, t for
up-quarks, i, j = d, s, b for the down-quarks and i, j = e, µ, τ for leptons. This is the convention
that we adopt from now on. For the Jµν dipole interaction, FCNCs are also generated via the
rotations of Eq. (2.24). Let us examine the following down quark interaction under the rotations
to the mass basis

v√
2
d̄iLC

D
d σ

µνdjR →
v√
2
d̄iL

(
U †dC

D
d Kd

)ij
σµνdjR . (5.33)

In this case, FCNC couplings are generated as long as the couplings CD
f are not aligned with the

SM Yukawas, since U †fYfKf = Ŷf . The FCNC dipole couplings read

CDR
ij =

(
U †fC

D
f Kf

)ij
, CDL

ij =
(
CDR
ij

)†
, f = u, d, e . (5.34)

Therefore, unlike in the SM, we have a setup in which tree-level FCNCs between the LDV and
SM fermions are possible. After the Yukawa diagonalisation, the LDV–SM interactions read1

Jµ = f̄ iLγ
µCVL

ij f
j
L + f̄ iRγ

µCVR
ij f

j
R ,

Jµν =
v√
2
f̄ iLCDR

ij σµνf jR +
v√
2
f̄ iRCDL

ij σ
µνf iL .

(5.35)

After the Yukawa diagonalisation, the KM and gauge diagonalisation is accomplished as de-
scribed in Section 5.1. The resulting interaction Lagrangian is given by

Lint =eJµemA
µ

+Zµ
(
e

cos ξ

sin θW
J
′Z
µ + sin ξ

(
JDµ + Jµ

))
+

1

Λ2
6

sin ξZµνJ
µν

+V ′µ

(
e

sin ξ

sin θW
JV
′

µ + cos ξ
(
JDµ + Jµ

))
+

1

Λ2
6

cos ξF ′µνJ
µν ,

(5.36)

with the following currents solely composed of SM matter

J ′Zµ = cos θWJ
3
µ − tan θWJ

Y
µ (sin θW + η tan ξ)

=
J3
µ

cos θW
(1 + η sin θW tan ξ)− tan θWJemµ (sin θW + η tan ξ) ,

JV
′

µ =JYµ tan θW

(
sin θW − η

cos ξ

sin ξ

)
− J3

µ cos θW

=Jemµ tan θW

(
sin θW − η

cos ξ

sin ξ

)
− J3

µ tan θW

(
1

sin θW
− η cos ξ

sin ξ

)
,

(5.37)

where Jµem, J
3
µ, J

µ
Y are given in Eq. (2.33). The angle ξ is given in Eq. (5.10), and η = tε. The �rst

line in the Lagrangian of Eq. (5.36) corresponds to the SM QED interaction, while the second one
corresponds to the Z boson interaction and the last one to the LDV interactions. Notice that the

1Notice that after EWSB, the dipole interaction becomes a dimension-�ve operator due to the Higgs VEV 〈H〉 ∼
(0, v)T .
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electromagnetic interaction remains as in the SM, since U(1)em is unbroken. On the other hand,
the Z couples to the DS matter and to the vector and dipole interactions due to the KM. But these
interactions are suppressed by the KM parameter according to sin ξ ∼ ξ � 1. In the limit of
ε� 1 the Lagrangian reads

Lint =eJµemAµ

+ Zµ
(

e

sin θW
J ′Zµ + ε

(
JDµ + Jµ

))
+

ε

Λ2
6

ZµνJ
µν

+ V ′µ
(

eε

sin θW
JV
′

µ + JDµ + Jµ

)
+

1

Λ2
6

F ′µνJ
µν +O(ε2) ,

(5.38)

with the corresponding currents

J ′Zµ = cos θWJ
3
µ − tan θW sin θWJ

Y
µ = JZµ ,

JV
′

µ =JYµ tan θW (sin θW − 1)− J3
µ cos θW .

(5.39)

Here, we see that J ′Zµ reduces to the SM current JZµ of Eq. (2.33). For no KM (ε → 0) the SM
decouples from the JµD, J

µ, Jµν currents and the A,Z interactions correspond to the SM ones,
while the LDV couples to the DS matter and the vector and dipole interactions. Indeed,

lim
ε→0

Lint =eJem
µ Aµ +

e

sin θW
JZµ Z

µ

+ V ′µJ
µ
D + V ′µJ

µ +
1

Λ2
6

F ′µνJ
µν ,

(5.40)

where the �rst line corresponds to the SM interactions. In this section we have seen a mechanism
in which FCNCs between the LDV and SM are generated (in Section 5.6 we will discuss another
possible source of FCNCs). Unlike in the SM, the Yukawa diagonalisation potentially allows for
�avour violation for the vector and dipole interactions, as long as their corresponding couplings
are not universal and not aligned to the SM Yukawas, respectively. Notice that the KM does not
generate any FCNCs—it merely shifts the boson �elds, enabling interactions between distinct
sectors. Indeed, the interaction V ′µJV ′µ of Eq. (5.36) does not contain any FCNCs since JV ′µ is
composed of the SM neutral currents JYµ , J3

µ. Therefore, in the upcoming analysis we do not
explicitly consider KM, as it only leads to a shift in the �avour-diagonal couplings after going to
the gauge mass basis, and can thus be understood as being absorbed in the diagonal couplings.
By working in this basis, our results also apply to models with KM, upon re-de�ning the �avour-
universal couplings. Therefore, the scope of this work is to go beyond KM and study FCNCs
between V ′µ and SM fermions.

5.4. Setup
After the previous sections we are now in position to introduce the speci�c model that we are
going to study. As previously stated, we extend the SM by a new, neutral, massive vector boson
V ′µ with a small mass mV ′ , which arises either by spontaneous symmetry breaking of, e.g., a
U(1)′ gauge symmetry or by the Stueckelberg mechanism [65,73,74] as discussed in Section 5.2.
We focus on the vector and dipole FCNC interactions written in the fermion mass basis, and
we further assume that a possible KM has been diagonalised such that V ′µ is also in the mass-
eigenstate basis. In the previous section we saw how FCNCs can be generated via rotating to the
Yukawa mass basis, with the vector and dipole currents of Eq. (5.35). Without loss of generality,
we can write the dipole and vector interactions as follows

LD =
1

Λ
V ′µν f iσ

µν
(
CDL
ij PL + CDR

ij PR
)
fj ,

LV =
mV ′

Λ
V ′µ f̄iγ

µ
(
CVL
ij PL + CVR

ij PR
)
fj ,

(5.41)
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where f denotes a fermion, i, j are �avour indices and the couplings satisfy the hermicity re-
lations CDL

ij = (CDR
ji )∗, CVL

ij = (CVL
ji )∗, CVR

ij = (CVR
ji )∗. Notice that in Eq. (5.41) the dipole

interaction is already written as a dimension-�ve operator below the EW scale. In order to match
it to the corresponding interaction of Eq. (5.35) above the EW scale, we �nd Λ2

6 = vΛ/
√

2. The
interactions of Eq. (5.41) are in the “L/R” basis but can also be written in a di�erent basis (“V/A”)
in which γ5 is explicit

LD =
1

Λ
V ′µν f iσ

µν
(
CD
ij + iCD5

ij γ5

)
fj ,

LV =
mV ′

Λ
V ′µ f iγ

µ
(
CV
ij + CV5

ij γ5

)
fj ,

(5.42)

with
(
CD
ij

)∗
= CD

ji,
(
CD5
ij

)∗
= CD5

ji ,
(
CV
ij

)∗
= CV

ji and
(
CV5
ij

)∗
= CV5

ji . The relations between
the “V/A” and the “L/R” bases are

CD
ij =

1

2

(
CDL
ij + CDR

ij

)
=

1

2

((
CDR
ji

)∗
+ CDR

ij

)
, CV

ij =
1

2

(
CVL
ij + CVR

ij

)
, (5.43)

CD5
ij =

i

2

(
CDL
ij − CDR

ij

)
=
i

2

((
CDR
ji

)∗ − CDR
ij

)
, CV5

ij =
1

2

(
CVR
ij − CVL

ij

)
. (5.44)

Notice themV ′/Λ prefactor in LV, which we did not include in Eq. (5.35) of the previous section.
Naively the vector interactions are dimension-four below the EW scale. However, such �avour-
violating couplings violateU(1)′ gauge invariance (�avour-violating currents are not conserved),
and thus must be proportional to some power of the U(1)′-breaking order parameter, which
we take as the VEV in the dark sector. Therefore, the �avour-violating vector couplings are
actually dimension-�ve or higher, depending on the underlying UV model. In perturbative UV
completions the lowest possible scaling is proportional to a single power of the dark VEV, which
upon including the dark gauge coupling becomes the LDV massmV ′ . By choosing a scaling that is
(at least) linear inmV ′/Λ, we ensure that the growth of amplitudes with longitudinally polarised
LDVs in initial and/or �nal states ∝ E/mV ′ as mV ′ → 0 is cancelled by the mV ′ dependence
in the interaction. This leads to �nite amplitudes in the mV ′ → 0 limit (see Refs. [75–79] for
related discussions), which are just the amplitudes with the corresponding Goldstone bosons
as initial/�nal states. An explicit example for a UV model that provides this linear scaling is
provided by Froggatt–Nielsen type models [80], discussed in Section 5.5. However, the linear
scaling with mV ′ is only one possibility. For example, in UV models in which SM fermions do
not carry U(1)′ charges the scaling can be quadratic in the dark VEV, as the coe�cients involve
additional powers of the U(1)′ breaking scale v′, ∝ mV ′v

′/Λ2. An explicit realisation of this
scenario is also discussed in Section 5.5. We emphasise that above the EW scale, the operators
must be expressed in a manifestly SU(2)L × U(1)Y invariant manner. For LV this is directly
the case after embedding the LH and RH fermions in the corresponding SU(2)L doublets and
singlets, respectively. Instead, the dipole operators in LD require an additional Higgs insertion
as written in Section 5.3,

LD6 =
1

Λ2
6

V ′µν
(
F iHC

D
ijσ

µνPRfj + h.c.
)
, (5.45)

with Fi and fj denoting here SU(2)L doublets and singlets, respectively.

5.5. UV Motivation of Vector Couplings
In this section we motivate the scaling behavior of the �avour-violating vector coupling in the
Lagrangian of Eq. (5.42), both by EFT considerations and explicit UV-complete models. In per-
turbative UV completions, the scaling is at least linear in the dark U(1)′ breaking scale, and we
will provide two example scenarios: one that gives linear and one that gives quadratic scaling.
We begin with the EFT discussion of the latter.
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5.5.1. EFT Discussion for Quadratic Scaling

For the EFT approach it is convenient to consider the coupling to the Goldstone boson π, rather
than the coupling of the dark vector V ′µ itself. They are related by the GBET as given in Eq. (5.15),
which states that at su�ciently high energies, the LDV coupling is dominated by its longitudinal
polarisation, and given by the scattering of the the Goldstone boson. Thus one can work out the
couplings of the Goldstone boson and recover the relevant LDV couplings by replacing ∂µπ →
−mV ′V

′
µ in the interaction Lagrangian.

We, therefore, consider the case where the dark U(1)′ gauge group is spontaneously broken by
some (SM singlet) scalar �eld S with charge +1 under the U(1)′. We take the gauge-less limit,
so that π is a true Goldstone boson, contained in S according to

S =
v′√

2
exp
(
iπ/v′

)
, (5.46)

where v′/
√

2 is the (real) VEV that breaks U(1)′, connected to the dark vector mass by mV ′ =
g′v′, and we have ignored the radial mode that obtains its mass around v′. This mode, together
with all UV �elds are taken to be much heavier than the EW scale, so that in the IR there is
only the SM and the Goldstone boson G ⊃ S, which is formally invariant under global U(1)′

transformations treating S as a spurion with charge +1. Writing down the general EFT for
this setup, it is clear that if SM �elds are not charged under U(1)′, the possible couplings of
the Goldstone to SM �elds must involve the same powers of S† and S. The �rst such bilinear
that gives a non-trivial combination containing the Goldstone is then S†

↔
∂ µS ⊃ iv′∂µG. This

implies that, e.g., RH down quarks can only couple to the Goldstone at the level of dimension-six
operators

L EFT
quadratic ⊃

cij
Λ2

(iS†
↔
∂ µS)

(
d
i
Rγ

µdjR

)
= −cij

Λ2
v′∂µπ

(
d
i
Rγ

µdjR

)
, (5.47)

where Λ is the UV scale and in general there is �avour violation in the (hermitian) EFT co-
e�cients, ci 6=j 6= 0. The coupling of the dark vector V ′µ in this setup is then recovered by
∂µπ → −mV ′V

′
µ, so is given by

L EFT
quadratic ⊃ cij

v′m′V
Λ2

V ′µ

(
d
i
Rγ

µdjR

)
. (5.48)

This analysis demonstrates that the interactions of dark vectors with SM �elds that are neutral
under the U(1)′ scale at least as m′V /Λ × v′/Λ. In particular, they involve an additional fac-
tor of the U(1)′ breaking scale as compared to Eq. (5.42). In Section 5.5.3 we will con�rm this
expectation in an explicit UV model.

5.5.2. EFT Discussion for Linear Scaling

In order to have LDV couplings with a linear scaling in the U(1)′ breaking scale, one necessarily
has to charge SM �elds under U(1)′. In this case the vector boson couples directly to the charged
�elds via the dimension-four operator, e.g., for RH down quarks

Llinear ⊃ g′V ′µ
(
dRγ

µXddR
)
. (5.49)

whereXd is the diagonalU(1)′ charge matrix. To see how o�-diagonal entries are generated, one
has to rotate to the mass basis, which is governed by the Yukawa couplings. From the discussion
in Section 5.3, it is clear that there is no �avour violation if Xd is universal. If instead charges
are non-universal, the mass matrix cannot be generic at the renormalisable level, i.e., it does not
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yield realistic fermion masses without breaking U(1)′. Therefore, insertions of S or S† have to
be considered to obtain realistic fermion masses.

Restricting for simplicity to two generations, and charging only d1
R with charge +1, i.e., Xd =

Diag(1, 0), XQ = XH = 0, the full Yukawa matrix requires higher-dimensional operators to
have full rank

L EFT
linear ⊃ −yiQiHd2

R − zi
S†

Λ
QiHd

1
R + h.c. (5.50)

Thus the down-quark Yukawa matrix is given by

Yd =

z1ε y1

z2ε y2

 with ε =
v′√
2Λ

. (5.51)

We can ignore here the Goldstone in S, since we already have the coupling of the gauge �eld
in Eq. (5.49), which leads to �avour-violating couplings with V ′ after rotating to the mass basis.
Nevertheless, we can also reproduce this coupling with the same arguments as above: in the
gauge-less limit, we rescale d1

R → d1
Re

iπ/v′ , which removes π from the Yukawa sectors. Ignoring
chiral anomalies, this rescaling only a�ects the kinetic terms, as it is a local U(1)′ transformation

L EFT
linear ⊃ id

1
R /∂d

1
R → −

∂µπ

v′
d

1
Rγ

µd1
R , (5.52)

which reproduces Eq. (5.49) upon ∂µπ → −mV ′Vµ = −g′v′Vµ.

We are left to diagonalise the Yukawa matrix Yd in Eq. (5.51), or rather Y †d Yd, in order to �nd the
mixing matrix Vd of RH down quarks, de�ned as U †dYdKd = Ŷd. In the limit when ε � 1, one
has

Kd ≈

 1 z2/y2ε

−z2/y2ε 1

 , (5.53)

where we have set y1 = 0 without loss of generality. Rotating the dark-vector couplings in
Eq. (5.49) to the mass basis de�ned by dR → KddR gives �nally

Llinear ⊃ g′V ′µ
(
dRγ

µK†dXdKddR

)
= g′V ′µ(K∗d)1i(Kd)1j

(
d
i
Rγ

µdjR

)
, (5.54)

so that indeed o�-diagonal couplings are generated proportional to g′(K∗d)11(Kd)12 ∼ g′ε ∼
m′V /Λ.

To summarise, we have demonstrated that vector interactions of dark vectors can indeed be pro-
portional to a single power of the U(1)′ breaking, and thus scale with the dark-vector mass as
in Eq. (5.49), if SM fermions have non-universal U(1)′ charges. This situation is quite generic in
models where SM Yukawa hierarchies are explained by non-anomalous abelian �avour symme-
tries, for example simple U(1)F Froggatt-Nielsen models [80], see e.g. Refs. [47] for examples of
such models without extra heavy fermions to cancel anomalies. It is well-known how to build
UV completions for such models [81,82], and below in Section 5.5.4 we will present an illustrative
example.
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Qi diR H S ψi
L ψi

R

SU(2)L 2 1 2 1 1 1

U(1)Y 1/6 −1/3 1/2 0 −1/3 −1/3

U(1)′ 0 0 0 1 −1 −1

Table 5.1.: Field content of a renormalizable model featuring quadratic scaling. We restrict the
discussion to the down-quark sector with two generations for SM quarks and heavy
vector-like fermions ψiL, ψiR, with i = 1, 2 carrying U(1)′ charges in addition to
the scalar S.

5.5.3. Explicit UV Model for Quadratic Scaling

We �rst construct an explicit renormalisable model for the scaling of vector interactions in
Eq. (5.42) quadratic in the dark U(1)′ breaking scale. We restrict the discussion for simplicity
to the down-quark sector with two generations. The �eld content is summarised in Table 5.1,
which is anomaly-free. The Lagrangian reads

L = Lkinetic + LYukawa + Lscalar + Lint-V ′ , (5.55)

with standard kinetic terms for all �elds and

LYukawa = −Y d
ijQ

i
HdjR −mψψ

i
Lψ

i
R − αijψ

i
Ld

j
RS
† + h.c. (5.56)

Lint-V ′ = −g′V ′µ
(
ψ
i
Lγ

µψiL + ψ
i
Rγ

µψiR

)
, (5.57)

Lscalar = m2
H |H|2 +m2

S |S|2 − λH |H|4 − λS |S|4 − λHS |H|2|S|2 . (5.58)

For a suitable choice of parameters, the last part in Lscalar gives a vacuum expectation value to
S, 〈S〉 = v′/

√
2, which sets the mass of the dark vector boson to

mV ′ = v′g′ , (5.59)

and induces a mixing between chiral quarks, dR, and vector-like fermions, ψ, from the mixing
term in LYukawa. In the limit of mψ � v′ � v we can integrate out the vector-like fermions
using their equations of motion neglecting their kinetic terms

ψiR = −αij
mψ

djRS
† , ψiR = 0 . (5.60)

Plugging this back into kinetic terms and Lint leads to the EFT

Lint ⊃ −g′V ′µ
S†S

m2
ψ

Cij

(
d
i
Rγ

µdjR

)
+
S†S

m2
ψ

Cij

(
id
i
R /∂d

j
R

)
+
Si∂µS

†

m2
ψ

Cij

(
d
i
Rγ

µdjR

)
, (5.61)

whereCij = (α†α)ij . Next we integrate out the radial mode by substitutingS with the Goldstone
parametrization in Eq. (5.46) and use the de�nition of the dark-vector mass to �nd

Lint ⊃ −V ′µ
mV ′v

′

2m2
ψ

Cij

(
d
i
Rγ

µdjR

)
+

(v′)2

2m2
ψ

Cij

(
id
i
R /∂d

j
R

)
+ ∂µπ

v′

2m2
ψ

Cij

(
d
i
Rγ

µdjR

)
, (5.62)

recovering the gauge-invariant1 combination V ′µ − ∂µπ/m′V . Without loss of generality we can
assume that Y d

ij is diagonal, so that we are already in the mass basis. Nevertheless, we do need
1In our conventions V ′µ → V ′µ + ∂µβ/g

′, S → exp(iβ)S, G→ G+ βv′, ψ → exp(−iβ)ψ.
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Qi d1R d2R H S ψL ψR

SU(2)L 2 1 1 2 1 1 1

U(1)Y 1/6 −1/3 −1/3 1/2 0 −1/3 −1/3

U(1)′ 0 1 0 0 1 0 0

Table 5.2.: Field content of a renormalizable model featuring linear scaling. We restrict the dis-
cussion to the down-quark sector with two generations for SM quarks and one
family of heavy vector-like fermions ψL, ψR uncharged under U(1)′.

to re-diagonalise the kinetic terms due to the second term in Eq. (5.62) induced in the EFT. In the
limit of v′ � mψ this is readily achieved by the rescaling diR → diR − (v′)2/(4m2

ψ)Cijd
j
R. This

leads to additional small corrections of O(1/m4
ψ) to the �nal dark-vector couplings, which can

be neglected, such that the leading couplings from the �rst term in Eq. (5.62) remain

Lquadratic = −mV ′v
′

2m2
ψ

CijV
′
µ

(
d
i
Rγ

µdjR

)
. (5.63)

These couplings are indeed quadratic in v′ and are in general �avour violating, Ci 6=j 6= 0. This
matches to the EFT term in Eq. (5.48) upon identifying Cij/m2

ψ = −2cij/Λ
2.

5.5.4. Explicit UV Model for Linear Scaling

We now construct an explicit renormalisable model for the minimal scaling of vector interactions
in Eq. (5.42) proportional to a single power of the dark-vector mass. We restrict the discussion
for simplicity to the down-quark sector with two generations. The �eld content is summarised
in Table 5.2, and is not anomaly-free. However, we can always introduce further suitably charged
chiral fermions in the RH up- and charged-lepton sector in order to cancel colour and electro-
magnetic anomalies, respectively. Note that ψR and d2

R carry the same quantum numbers.

The Lagrangian reads

L = Lkinetic + LYukawa + Lscalar + Lint-V ′ , (5.64)

with standard kinetic terms for all �elds and

LYukawa = −yiQiHd2
R − ziQiHψR −mψψLψR − αψLd1

RS
† + h.c. (5.65)

Lint-V ′ = g′V ′µd
1
Rγ

µd1
R , (5.66)

Lscalar = m2
H |H|2 +m2

S |S|2 − λH |H|4 − λS |S|4 − λHS |H|2|S|2 , (5.67)

where we have simply de�ned ψR to be that �eld having a mass term with ψL. This already gives
Eq. (5.49) and the �rst term in Eq. (5.50) from the EFT discussion, so it only remains to show that
integrating out ψL, ψR induces the second term in Eq. (5.50). The equations of motion for the
heavy fermions read, neglecting kinetic terms

ψL = − zi
mψ

QiH , ψR = − α

mψ
d1
RS
† , (5.68)

and, therefore, the resulting EFT Lagrangian term is

Llinear ⊃
ziα

mψ
QiHd

1
RS
† . (5.69)

This indeed reproduces Eq. (5.50) with the identi�cation of the UV scale as Λ = −mψ/α. The
remaining calculation follows the EFT discussion, which shows that in these type of UV models
the �avour violating couplings to V ′ scale indeed linearly with mV ′/Λ.
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5.6. Renormalization Group Equations

In Section 5.3, we demonstrated how FCNCs between the LDV and SM fermions can arise due to
the rotation to the Yukawa mass basis. Here, we explore an alternative scenario, where FCNCs
are induced via the running of the couplings as dictated by their RGEs. We assume a �avour-
universal UV theory, such that �avour-violating couplings emerge solely from the running be-
tween the high and low scale. Starting just below the UV scale Λ—assumed to be well above
the EW scale—we consider SU(2)L×U(1)Y -invariant vector and dipole interactions of V ′ with
the SM. The vector interactions follow the straightforward SU(2)L × U(1)Y generalization of
Eq. (5.41), while the dipole interactions are given in Eq. (5.45). To align new sources of �avour
violation with those in the SM, we impose �avour universality on the vector couplings, making
them proportional to the identity matrix in �avour space. Likewise, we take the dipole couplings
to be proportional to the SM Yukawa matrices, ensuring that both remain �avour-diagonal in
the mass basis (see Section 5.3). Consequently, FCNCs involving V ′ are induced solely by RGE
evolution down to the EW scale and remain proportional to the CKM matrix. Thus, in the IR,
�avour-violating couplings follow the paradigm of minimal �avour violation (MFV) [83]. The
relevant terms in the Lagrangian—comprising the SM Yukawa interaction, dipole, and vector
interactions with the LDV—are given by (omitting �avour indices):

LYukawa = −QYuH̃uR −QYdHdR + h.c. ,

LDipole =
1

Λ2
6

V ′µν

(
QCD

u σ
µνH̃uR +QCD

d σ
µνHdR + h.c.

)
,

LVector = V ′µ
(
QCVQγ

µQ+ uRC
V
u γ

µuR + dRC
V
d γ

µdR
)
,

(5.70)

with the SM Yukawa matrices Yf , f = u, d and 3 × 3 matrices CD
f , C

V
f . We do not consider

the lepton interactions because the running of the corresponding RGE does not induce �avour
violation. The reason is that while there are two SM Yukawa coupligns Yu, Yd in the quark sector,
there is only one Yukawa coupling Ye in the SM lepton sector. Therefore, the Ye combinations
that appear in the lepton RGE are trivially diagonalised after going to the mass basis, and no
�avour violation is induced. The one-loop RGE of the vector couplings proportional to the SM
Yukawas reads [84]

16π2
dCV

Q

d lnµ
= −YuCV

u Y
†
u − YdCV

d Y
†
d +

1

2

(
YuY

†
u + YdY

†
d

)
CV
Q +

1

2
CV
Q

(
YuY

†
u + YdY

†
d

)
,

16π2 dCV
u

d lnµ
= −2Y †uC

V
QYu + Y †uYuC

V
u + CV

u Y
†
uYu ,

16π2 dCV
d

d lnµ
= −2Y †dC

V
QYd + Y †d YdC

V
d + CV

d Y
†
d Yd .

(5.71)

For the one-loop RGE of the dipole couplings proportional to the SM Yukawas [84], we �nd

16π2 dCD
u

d lnµ
=

5

2
YuY

†
uC

D
u −

3

2
YdY

†
dC

D
u − CD

d Y
†
d Yu + 2CD

u Y
†
uYu

+ ncTr
[
YuY

†
u + YdY

†
d

]
CD
u ,

16π2 dCD
d

d lnµ
=

5

2
YdY

†
dC

D
d −

3

2
YuY

†
uC

D
d − CD

u Y
†
uYd + 2CD

d Y
†
d Yd

+ ncTr
[
YuY

†
u + YdY

†
d

]
CD
d .

(5.72)
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with nc = 3 denoting the number of colors. The one-loop running of the Yukawas is relevant
for the dipole analysis1 because the RG-evolved Yukawas contribute to the �avour-violating cou-
plings upon rotating to the quark mass-eigenstates at the EW scale [85]. The one-loop RGEs for
Yukawa running read [84]

16π2 dYu
d lnµ

=
3

2

(
YuY

†
uYu − YdY †d Yu

)
+ ncTr

[
YuY

†
u + YdY

†
d

]
Yu ,

16π2 dYd
d lnµ

=
3

2

(
YdY

†
d Yd − YuY †uYd

)
+ ncTr

[
YuY

†
u + YdY

†
d

]
Yd ,

(5.73)

5.6.1. Vector Interaction

We now focus on the vector interaction LVector of Eq. (5.70), and solve the corresponding RGEs
for the couplings CV

f . The RGEs of Eq. (5.71) are solved at leading logarithm, with the following
initial conditions at the high scale Λ

CV
Q(Λ) = cV

Q 13 , CV
u (Λ) = cV

u 13 , CV
d (Λ) = cV

d 13 , (5.74)

with cV
f ∈ R, such that the interactions are �avour diagonal at Λ (in the mass basis, see Section

5.3). Once the RGEs are solved for each coupling, the rotations of Eq. (2.24) are applied accord-
ingly to go to the mass basis. Finally, a matching is performed with the vector interaction of
Eq. (5.41) in the “L/R” basis. Following this procedure, the couplings at the low scale µ read(mV ′

Λ

)
CVL
u (µ) = cV

Q13 −
1

16π2

((
cV
Q − cV

u

)
ŶuŶ

†
u +

(
cV
Q − cV

d

)
VCKMŶdŶ

†
d V
†

CKM

)
log(Λ/µ) ,(mV ′

Λ

)
CVL
d (µ) = cV

Q13 −
1

16π2

((
cV
Q − cV

u

)
V †CKMŶuŶ

†
uVCKM +

(
cV
Q − cV

d

)
ŶdŶ

†
d

)
log(Λ/µ) ,(mV ′

Λ

)
CVR
u (µ) = cV

u 13 −
1

8π2

(
cV
u − cV

Q

)
Ŷ †u Ŷu log(Λ/µ) ,(mV ′

Λ

)
CVR
d (µ) = cV

d 13 −
1

8π2

(
cV
d − cV

Q

)
Ŷ †d Ŷd log(Λ/µ) . (5.75)

We see that through the RGEs �avour violating couplings are induced in both the up and down
LH quark sector, while the couplings of RH interactions CVR

u ,CVR
d are �avour diagonal. The

�avour violation in the LH sector is proportional to cV
Q − cV

u and cV
Q − cV

d . Therefore, if the UV
couplings are also universal among the di�erent sectors, i.e., cV

Q = cV
u = cV

d , there is no �avour
violation in the IR at one-loop, as in this case the LDV actually couples to the baryon-number
current, which is conserved at tree-level inducing �avour violation only at two-loop level [86].

We now discuss this fact in more detail. One can rewrite the vector interactions in Eq. (5.70)
for the case of �avour-universal UV boundary conditions in Eq. (5.74) in terms of the tree-level
conserved (but anomalous) U(1)B current JµB =

∑
i

(
Q̄iγµQi + ūiRγ

µuiR + d̄iRγ
µdiR

)
, and the

two non-conserved currents JµNd =
∑
i

d̄iRγ
µdiR, and JµNu =

∑
i

ūiRγ
µuiR. As all currents are

not conserved beyond tree-level, we take their coe�cients to be proportional to the LDV mass

Lint ⊃ −
(
QYuH̃uR +QYdHdR + h.c.

)
+
mV ′

Λ
V ′µ

[
CV
BJ

µ
B + CV

NdJ
µ
Nd + CV

NuJ
µ
Nu

]
, (5.76)

Matching to Eqs. (5.70) and (5.74) gives
mV ′

Λ
cV
B = cV

Q ,
mV ′

Λ
cV
Nd = cV

d − cV
Q ,

mV ′

Λ
cV
Nu = cV

u − cV
Q . (5.77)

1For the vector interaction, Yukawa corrections appear at the two-loop level, and thus we neglect these contributions.
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At the one-loop level there is no �avour violation proportional to CV
B . However, �avour viola-

tion does arise due to the non-conserved currents and is thus proportional to the di�erence of
couplings cV

Q− cV
u and cV

Q− cV
d . Rewriting Eq. (5.75) in terms of the UV coe�cients cV

B, c
V
Nd, c

V
Nu

with the proper LDV mass scaling gives(mV ′

Λ

)
CVL
u (µ) =

mV ′

Λ

[
cV
B13 +

1

16π2

(
cV
NuŶuŶ

†
u + cV

NdVCKMŶdŶ
†
d V
†

CKM

)
log(Λ/µ)

]
,(mV ′

Λ

)
CVL
d (µ) =

mV ′

Λ

[
cV
B13 +

1

16π2

(
cV
NuV

†
CKMŶuŶ

†
uVCKM + cV

NdŶdŶ
†
d

)
log(Λ/µ)

]
,(mV ′

Λ

)
CVR
u (µ) =

mV ′

Λ

[(
cV
B + cV

Nu

)
13 −

1

8π2
cV
NuŶ

†
u Ŷu log(Λ/µ)

]
,(mV ′

Λ

)
CVR
d (µ) =

mV ′

Λ

[(
cV
B + cV

Nd

)
13 −

1

8π2
cV
NdŶ

†
d Ŷd log(Λ/µ)

]
, (5.78)

and thus we see that �avour violation is proportional to the non-conserved currents. In Table 5.3
the leading �avour violation transitions are parametrised in terms of the Wolfenstein parameter λ
(see Eq. (2.31)) and Yukawa couplings, were we observe that bottom (top) contributions dominate
for the up (down) transitions.

i− j 2− 1 3− 2 3− 1

(CVL
u )i 6=j λ5y2

b λ2y2
b λ3y2

b

(CVL
d )i 6=j λ5y2

t λ2y2
t λ3y2

t

Table 5.3.: Parametric size of leading �avour-violating contributions to the low-energy vector
couplings of V ′ in the UV universal scenario, cf. Eq. (5.75). Here λ ≈ 0.23 denotes
the Wolfenstein parameter. Up-quark transitions (�rst line) are proportional to
the high-scale coupling cV

u − cV
Q = cV

Nu, down-quark transitions (second line)
are proportional to the high-scale coupling cV

d − cV
Q = cV

Nd, and all entries are
multiplied by log(Λ/µ)/(16π2).

5.6.2. Dipole Interaction

We now follow the same procedure for the dipole interaction of Eq. (5.70), for which the RGEs
are given in Eq. (5.72). For the UV universal setup that we consider, the initial conditions at the
UV scale Λ6 are

CD
d

∣∣
µ=Λ6

= cD
d Yd

∣∣
µ=Λ6

, CD
u

∣∣
µ=Λ6

= cD
u Yu

∣∣
µ=Λ6

, (5.79)

with cD
f ∈ C. By solving the RGE at leading-logarithmic accuracy and subsequently rotating to

the mass basis, we �nd the low-energy dipole couplings in the L/R notation of Eq. (5.41) with
f = u, d to be1

1

Λ
CDR
u (µ) =

v√
2Λ2

6

(
cD
u Ŷu −

1

16π2

(
3cD
u ŶuŶ

†
u Ŷu − cD

d VCKMŶdŶ
†
d V
†

CKMŶu
)

log(Λ6/µ)

)
,

1

Λ
CDR
d (µ) =

v√
2Λ2

6

(
cD
d Ŷd −

1

16π2

(
3cD
d ŶdŶ

†
d Ŷd − cD

u V
†

CKMŶuŶ
†
uVCKMŶd

)
log(Λ6/µ)

)
,

(5.80)
1Since the couplings at the UV scale Λ6 are aligned to the SM Yukawa matrices, a correction from the Yukawa RGE of
Eq. (5.73) is taken into account.
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where VCKM is the CKM matrix, and Ŷf = mf/v are the diagonal SM Yukawas. The LH couplings
CDL
f are related to the ones in Eq. (5.80) by hermitian conjugation, CDL

f = (CDR
f )†. Note that

�avour o�-diagonal entries are generated in both the up- and the down-quark sector at one-loop.
They are proportional to the CKM matrix and the UV coupling of the other sector, i.e., CDR

u ∝ cDd
andCDR

d ∝ cDu . Carrying out the matrix multiplications, one can identify the numerically leading
contribution to a given �avour transition. We show these leading contributions in Table 5.4 for
both sectors.

i− j 2− 1 1− 2 2− 3 3− 2 1− 3 3− 1

(CDR
u )i 6=j/Λ λ5y2

byc λ5y2
byc λ2y2

byt λ2y2
byt λ3y2

byt λ3y2
byt

(CDR
d )i 6=j/Λ λ5y2

t ys λ5y2
t ys λ2y2

t yb λ2y2
t yb λ3y2

t yb λ3y2
t yb

Table 5.4.: Parametric size of leading �avour-violating contributions at low-energy in the UV
universal scenario for dipole couplings, cf. Eq. (5.80). Here λ ≈ 0.23 denotes the
Wolfenstein parameter and yf = mf/v are SM Yukawas couplings. Up-quark
transitions (�rst line) are proportional to the high-scale coupling cD

d , down-quark
transitions (second line) are proportional to the high-scale coupling cD

u , and all
entries are multiplied by v/Λ2

6 log(Λ6/µ)/(16π2).



Chapter 6

Phenomenology of Two-Body Decays

6.1. Motivation and Searches

While constraints on light particles have been extensively studied in the context of colliders,
beam-dump experiments, astrophysics, and cosmology, their phenomenology at precision �avour
experiments has so far received less attention (see Ref. [75,87] for early studies). Even if �avour-
violating couplings may be considered more model-dependent than �avour-diagonal couplings,
they can provide for an e�cient production of light invisible particles from decays of SM leptons,
mesons or baryons. Interestingly, direct searches at laboratory experiments for such two-body
decays with missing energy have the potential to probe enormously large scales, as the relevant
Lagrangian interactions can be dimension-�ve, instead of dimension-six as in the case of heavy
NP. For example, in models with su�ciently light invisible bosons like the QCD axion, preci-
sion experiments are sensitive to scales as large as 1012 GeV from K → π + invis. searches
at NA62 [88], 1010 GeV from µ → e + invis. searches at MEG-II [89, 90], Mu3e [91], Mu2e or
COMET [92], and 108 GeV for b→ d/s transitions at Belle II [93].1

The aim of this chapter is to systematically study the �avour phenomenology of LDVs, both
in the quark and lepton sectors. We restrict the discussion to invisible particles, since after all
the main (only) motivation for these particles is the observed DM abundance, and we have in
mind scenarios where either the LDV is itself stable on cosmological scales or promptly decays
to stable DM particles. This analysis includes scenarios where the LDVs are just su�ciently long-
lived to appear as missing energy. This is particularly justi�ed for vector particles lighter than the
electron, as their decay into two photons is forbidden by the Landau–Yang theorem [98, 99]. As
we shall discuss, the resulting limits on �avour-violating interactions can be as strong as in the
axion case, which is not unexpected due to the GBET. In light of past and ongoing experimental
searches, it is thus important to systematically study the phenomenological di�erences between
light dark scalars and vectors originating from their distinct helicity and coupling structure.

Earlier works have focused on the case of �avour-violating dipole couplings of a massless dark
photon in µ→ e, s→ d and c→ u transitions [24, 100–105], or considered general interactions
and masses, but using only the available experimental limits on three-body decays to neutrinos
to study limits from s → d and b → s transitions [75, 106]. Here instead we consider the case
of a light vector particle, the LDV, with generic mass and either dipole or minimal couplings to

1For the �avour phenomenology of the QCD axion and light invisible axion-like particles see Refs. [75, 89, 93–97].
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j i
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V ′

B′

CD(5),V(5)
ij

Figure 6.1.: Illustrative Feynman diagrams with a �avour-violating qj → qi transition in two-
body decays of type P → P ′ + V ′, P → V + V ′, and B → B′ + V ′, in the left,
middle, and right panel, respectively.

SM fermions as discussed in Section 5.4, and recast available experimental data for two-body
kinematics in the case of hadron decays. For the case of minimal couplings to a light invisible
vector particle, lepton �avour-violating (LFV) decays have been studied in Refs. [107, 108], here
we also discuss dipole couplings and include lepton polarisation, which plays an important role
in separating signal from SM background. We derive bounds in the general parameter plane
of light-vector mass and the appropriate �avour-changing coupling by comparing theoretical
predictions for the decay rates to the experimental bounds from various �avour factories, such as
NA62 [109,110], BaBar [111,112], CLEO [113], Belle II [114,115], BES III [116], and TWIST [117].
Whenever not available (as in the case of, e.g., B → K/K∗/π + invis. or D → π + invis.
decays), we derive model-independent limits on the two-body decay rate as a function of the
invisible particle mass by recasting experimental data on the three-body decay with two invisible
neutrinos. Finally, we also analyse the scenario discussed in Section 5.6, in which FCNC couplings
are induced through the running of the RGEs. We use our results to convert limits on the �avour-
changing interactions into limits on �avour-diagonal UV couplings.

6.2. Quark Phenomenology of Light Dark Vectors

In this section we derive bounds on the �avour-violating couplings CD(5)
ij and CV(5)

ij in Eq. (5.42)
for the quark-�avour transitions: s → d, b → s, b → d, and c → u. We employ the following
three types of two-body decays containing the LDV as an invisible �nal state1

• P → P ′ + V ′: pseudoscalar meson to pseudoscalar meson and LDV,

• P → V + V ′ : pseudoscalar meson to vector meson and LDV,

• B → B′ + V ′: baryon to baryon and LDV.

Figure 6.1 shows representative Feynman diagrams for the three types of decays. Appendix C
contains the analytical expressions for the corresponding decays rates (including the dependence
on mV ′ ); the relevant form factors are collected in Appendix C.1. Comparing the decay rates to
the experimental upper limits on the branching ratios, we set upper bounds on the couplings
in the V/A basis2 of Eq. (5.42), i.e. on the set {CD

ij , CD5
ij , CV

ij , CV5
ij }. The limits are determined

as a function of the LDV mass, with range 0 ≤ m2
V ′ ≤ (mI − mF)2 ≡ m2

V ′max depending on
the masses of the initial (mI) and �nal (mF) states of the decay at hand. Crucially, the form
factors depend on the LDV mass and it is, therefore, essential to consider the full form-factor
parametrisation for an accurate analysis.

The available theoretical and experimental information is summarized in Table 6.1, where we col-
lect the references for the form factors and relevant experimental limits. Often the experimental

1Three-body decays and neutral meson mixing typically give weaker constraints, e.g., for example LHCb constraints
on B(s) → µµa cannot compete with Belle II limits [118].

2In Appendix B we show the bounds in the L/R basis.
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collaborations do not provide limits on two-body decays with missing energy. Yet, in some cases
there is enough information to extract this bound from available data. We indicate this case by
a subindex “r” in the last column of the table, and either use existing recasts in the literature or
perform our own recast, e.g., to �nd a bound on B → π/K/K∗ + invis. from BaBar data on the
corresponding three-body decays [111, 112], see Appendix A for details.

Concretely we use our recast forB → K(∗)+invis. only for LDV masses above 3 GeV. Note that
we can recast only the experimental results of the BaBar collaboration and cannot use the newer
Belle measurements, since the Belle collaboration does not provide the event count as a (binned)
function of the missing-momentum distribution. We use existing recasts for B → ρ + invis.
decays from LEP [119,120], B → K + invis. decays from Belle II [115,121] (this recast is limited
to masses below mV ′ = 3 GeV), B → K∗ + invis. decays from BaBar [112, 121] (below mV ′ =
3 GeV). For invisible baryon decays for which there is no analysis, we derive limits using the
total lifetime from the PDG [122] after subtracting all observed channels as in Ref. [93].

For the bound based on D → π + invis. decays we use the result of Ref. [93] for mV ′ ≈ 0,
obtained from recasting CLEO data on D → (τ → πν)ν [113]. We also perform a recast of
these data for LDV masses up to mV ′ ≈ 0.5 GeV (which is the upper range of the CLEO data
set), assuming the e�ciency in all bins to be the same as for mV ′ ≈ 0. Note that recasting
BES III data [123] on D → πνν gives weaker constraints [93], although this result does not use
the full experimental information. It would be interesting if BES III would provide an explicit
two-body recast of their full data set. The collaboration actually does this for the case of two-
body hyperon decays Λc → p+ invis., albeit only for “massless” invisible particles. Their signal
region in fact covers invisible masses up to 316 MeV, and leads to limits that are much stronger
than the ones obtained by saturating the total Λc lifetime [93]. As a conservative limit, to be
replaced by a dedicated experimental analysis, we multiply their limit for the massless case by a
factor 1/2 (since close to the endpoint of the signal region half of the signal events are lost due to
energy resolution). We use the resulting bound BR(Λc → pV ′) < 1.6 × 10−4 for LDV masses
up to 316 MeV, and take lifetime limits above 316 MeV. We notice that a search for the decay
D → π + X would not su�er from two-body SM backgrounds in contrast to hyperon decays,
where Λc → p+ γ contributes to the signal of a massless X , if the photon is missed.

To set constraints on the couplings {CD
ij , CD5

ij , CV
ij , CV5

ij } we consider dipole (LD) and vector in-
teractions (LV) separately, and turn on a single coupling at a time. We use the theory predictions
of Appendix C together with the form factors in Table 6.1 (see also Appendix C.1) to calculate
the decay rates as a function of the couplings and the LDV mass. The rates are then compared to
the experimental limits to obtain the bounds in the mass–coupling plane. We include statistical
and systematic uncertainties as follows. For the theory predictions we only use the systematic
uncertainties associated with hadronic form factors (these are the most relevant ones), while the
treatment of uncertainties of experimental limits depend on their nature: for decays where the
experimental collaborations provide two-body interpretations (or a theory recast exists), we add
the experimental and form-factor uncertainties in quadrature. In the case where we performed
our own two-body recast (as described in Appendix A), we treat theory uncertainties as Gaussian
uncertainties smearing the expectation values of the underlying Poisson probability distribution
functions.

Our results are summarized in Figures 6.2 and 6.3 in which we show the lower bounds on the
e�ective inverse coupling Λ/Cij for given LDV mass mV ′ . The plots are organized according
to the underlying �avour transition, i.e, s → d, b → s, b → d, and c → u and we separate
dipole {CD

ij , CD5
ij } (Figure 6.2) and vector couplings {CV

ij , CV5
ij } (Figure 6.3). Each plot shows the

bound on a single coupling for a given quark-�avour transition, with each line corresponding
to a particular hadronic decay, excluding the region below. Note that P → P ′ + V ′ decays are
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Quark Transition Hadronic Process Form Factors Experimental Limit

s→ d

K+ → π+ + V ′ [124, 125] NA62 [88, 109, 110]

Σ+ → p+ V ′ [105, 126–128] BES III [129], Lifetimer [93,
122]

Ξ− → Σ− + V ′ [105, 126–128] Lifetimer [93, 122]

Ξ0 → Σ0 + V ′ [105, 126–128] Lifetimer [93, 122]

Ξ0 → Λ + V ′ [105, 126–128] Lifetimer [93, 122]

Λ→ n+ V ′ [105, 126–128] Lifetimer [93, 122]

B+ → K+ + V ′ [130, 130] BaBarr [112], Belle IIr [115,
121]

b→ s B → K∗ + V ′ [130, 130] BaBarr [112, 121]

Λb → Λ + V ′ [131, 131] Lifetimer [93, 122]

B+ → π+ + V ′ [130, 132] BaBarr [111]

b→ d B → ρ+ V ′ [130, 130] LEPr [119, 120]

Λb → n+ V ′ [131, 133] Lifetimer [93, 122]

c→ u
D+ → π+ + V ′ [134, 135] CLEOr [93, 113]

Λc → p+ V ′ [136, 136] BES III [116], Lifetimer [93,
122]

Table 6.1.: Overview of considered hadron decays with invisibles in the �nal state. The �rst
column shows the underlying quark-�avour transition, the second the speci�c
hadronic process. The relevant vector and dipole form factors are taken from the
references in the third column. The last column contains the references for the
experimental upper limits on the respective branching ratios. A subindex “r” indi-
cates that a recast of experimental data was needed, see text and Appendix A for
details.

only sensitive to {CD
ij and CV

ij} couplings, which follows from parity conservation of the strong
interactions and the Lorentz structure of the form factors (see Appendix C.1). Also note that
dipole operators are dimension-six above the electroweak scale, so in fact the actual UV scale
probed is Λ6 =

√
vΛ/21/4 in all transitions.

6.2.1. Dark Dipole Interactions

s → d Transitions

The bounds on the dipole couplings {CD
sd, CD5

sd } are set by K → π+ invis. and hyperon decays,
cf. Table 6.1 and Figure 6.2. For the two-body decay K → π + invis. we use the bound provided
by the NA62 collaboration [110]. For baryon decays there is an upper limit from BES III [129] on
the decay Σ+ → p + invis. with a massless invisible. We estimate the potential reach for this
search by extending it to larger invisible masses by assuming that the same experimental limit



6.2. Quark Phenomenology of Light Dark Vectors 53

is valid for the whole kinematic range. This is indicated by a dashed orange line. For all other
baryon searches, we set upper limits on branching ratios indirectly as in Ref. [93] by subtracting
the measured branching fractions for all relevant hyperon decay channels from unity. Due to
this rather weak limit, K → π sets a much more stringent constraint than hyperon decays,
limiting the UV scale Λ/CD

ij to be at least of the order 1011 GeV. Note however that the search
for Σ+ → p + invis. strenghtens the upper limit by two orders of magnitude compared to the
conservative limit estimated with the total lifetime, and thus, out of all baryon decays, it yields
the strongest limit of order 107 GeV on the scale Λ/CD

ij .

Nevertheless baryon decays with missing energy are important for two reasons. The decays
to pseudoscalar, such as K → π, are only sensitive to the {CD

ij , CV
ij} couplings. Thus baryon

decays are crucial to constrain the axial coupling Λ/CD5
ij (of the order of a few ×107 GeV), as

there are no two-body decays to vector particles in s → d transitions. Moreover, the decay
rates of pseudoscalar processes are proportional to the LDV mass for the dipole interaction LD

(cf. Eq. (C.14)), and thus only baryon decays can constrain CD
ij for small LDV masses. This can

be see in Figure 6.2 (upper left panel), where the bounds on CD
sd from hyperon decays dominate

for LDV masses of mV ′ ≈ 0 yielding a limit of O(107 GeV) on the axial coupling Λ/CD5
ij . This

provides a strong motivation for explicit direct searches targeting baryon decays with invisible
�nal states.

b → s Transitions

The limits on the dipole couplings {CD
bs,CD5

bs } are set by B-meson decays B → K/K∗ + invis.
and baryon decays Λb → Λ + invis. The limits from the B-meson decays are obtained from
our own recast of BaBar data (cf. Appendix A), except for B+ → K+ + invis. for LDV masses
mV ′ < 3 GeV where we use the recast in Ref. [121] of the recent Belle II measurement of B+ →
K+νν [115]. We also use the recast in Ref. [121] of the BaBar measurement of B → K∗νν
[112] below LDV masses of 3 GeV. The limit on unobserved Λb decays such as Λb → Λ + invis.
is obtained by comparing the SM prediction for the total lifetime with the experimental one
inferred from all observed channels, ascribing the di�erence to the allowed value for the two-
body invisible decay [93]. As for s → d transitions, decays to pseudoscalar mesons such as
B+ → K+ can neither constrain the axial coupling CD5

bs , nor CD
bs for very small LDV masses.

Otherwise, however, they do dominate over the constraint from Λb → Λ.

In contrast to s → d transitions, there is also a decay with vector mesons in the �nal-state,
B → K∗, which constrains both the CD

bs and the CD5
bs couplings in the entire LDV mass range,

if kinematically allowed. Hence, B → K∗ decays are complementary to B → K decays in
constraining Λ/CD

bs, setting limits on the UV scale of the order 108 GeV, and also dominate the
bounds on Λ/CD5

bs of similar size, up to a small region where this channel is kinematically closed
and Λb → Λ decays set the strongest limit, of the order 107 GeV. Note that there is an upper limit
of order 108 GeV on Λ/CD

bs at around mV ′ ≈ 2 GeV coming from B → K + V ′ decays [121],
due to a 2.8σ excess in the latest Belle II measurement of B+ → K+νν [115].

b → d Transitions

The bounds on the dipole couplings {CD
bd,CD5

bd } are obtained from B-meson decaysB → π/ρ+
invis. and baryon decays Λb → n + invis. The limit on B → π decays is obtained from our
recast of BaBar data (cf. Appendix A), while a limit on B → ρ decays from LEP data [119] has
been derived in Ref. [120]. Analogously to b → s transitions, the pseudoscalar decay B → π
does neither constrain the axial coupling CD5

bd nor CD
bd for small LDV masses, while the decay to

vector mesons B → ρ does. Thus the two meson decays are complementary in setting limits on
Λ/CD

bd, of the order of 108 GeV, while B → ρ dominates the bounds on the limits on Λ/CD5
bd of
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similar size, except for LDV masses above the kinematic threshold where Λb → n decays take
over, constraining UV scales up to 107 GeV.

c → u Transitions

Finally, the constraints on the dipole couplings {CD
cu,CD5

cu } are set by D → π + invis. and the
baryonic process Λc → p + invis. For D → π and LDV masses mV ′ . 0.5 GeV, we performed
a recast of the CLEO data set (analogous to the B-decay recasts in Appendix A). The result is
shown as a solid, blue line in the bottom panel of Figure 6.2. CLEO has only collected data up to
masses of mV ′ ≈ 0.5 GeV, but we also show the potential bound that could be obtained above
this mass by extrapolating the bound for massless invisible particles [93] to the whole kinematic
range, which we indicate by a dashed blue line.

For Λc → p we show two limits in the bottom panel of Figure 6.2: solid, orange lines denote the
bound obtained from simply saturating the total Λc lifetime, i.e., BR(Λc → p + V ′) < 1, while
the green line indicates the 95% CL bound obtained from the BES III [116] result for “massless”
invisible particles, BR(Λc → p + V ) < 8.0 × 10−5 at 90% CL, which in fact covers invisible
masses up to 316 MeV and are multiplied by a factor 1/2, see the discussion in the beginning of
this section. We estimate the potential reach for a search extending to larger invisible masses by
assuming that the same experimental limit below 316 MeV is also valid above, and indicate this
extrapolation by a dashed, green line. We observe that the strongest limits on Λ/CD

cu are set by
the BES III search for a “massless” LDV in Λc → p decays, which are valid for mV ′ . 316 MeV
and are of the order of 107 GeV. Between 316 MeV . mV ′ . 500 MeV a limit of similar size
is obtained from D → π decays, recasting CLEO data on D → (τ → πν)ν. The only available
limit on LDV masses above 0.5 GeV arises from the total Λc lifetime, which sets limits of order
105 GeV. Naively extrapolating the limits from CLEO on D → π and BES III on Λc → p decays
to higher LDV masses instead suggests that present bounds could be strengthened by two orders
of magnitude, if BES III would either analyze the available searches for Λc → p decays with
extended signal regions, or use available data on D → πνν to set a limit on the two-body decay.

Currently only Λc → p decays are capable to set constraints on the axial coupling Λ/CD5
cu , of the

order of 105 GeV and 107 GeV for LDV masses above and below 316 MeV, respectively. Besides
extending the search for Λc → p + V ′ to higher LDV masses, this also motivates dedicated
searches for other processes such as D → ρ + invis. or Ds → K∗ + invis. at current or future
experiments.
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Figure 6.2.: Lower limits on quark-�avour violating dipole couplings Λ/|CD
ij | (left column) and

Λ/|CD5
ij | (right column) of the LDV for s → d, b → s, b → d, c → u transitions

@95% CL(s). See text for details.



56 6. Phenomenology of Two-Body Decays

6.2.2. Dark Vector Interactions

s → d Transitions

The limits on the vector couplings {CV
sd, CV5

sd } are shown in Figure 6.3. As for dipole couplings,
the relevant constraints arise from K → π and hyperon decays, see Table 6.1. Analogous to
the dipole case, the limit from BES III on the decay Σ+ → p + invis. for a massless invisible is
tentatively assumed to be valid for the whole kinematic range. The limit on the scale is indicated
by a dashed orange line. K → π decays dominate the limits on Λ/CV

sd, restricting UV scales
up to 1012 GeV, but cannot constrain the axial coupling Λ/CV5

sd , where hyperon decays set the
only available bounds of the order of 107 GeV. All limits are non-vanishing when the LDV mass
is taken to zero, which is due to the choice of the prefactor in LV linear in the LDV mass, see
Eq. (5.42). This corresponds to the gauge-less limit where the longitudinal polarization of the
LDV is essentially a Goldstone boson. With this scaling the �avour-violating decay is similar to
the SM decay t → Wb, which also remains �nite in the gauge-less g → 0 limit, since the top
quark dominantly decays to the charged Goldstone Higgs, which couples only via Yukawas to
the quarks. Di�erent choices for the prefactor, corresponding to speci�c UV completions, would
result in bounds that would vanish in the limit of massless LDVs, with a LDV mass dependence
that can obtained by rescaling the limits presented here.

b → s Transitions

The constraints on the vector couplings CV
bs, CV5

bs are obtained from B-meson decays B →
K/K∗ + invis. and the baryonic decays Λb → Λ + invis. B+ → K+ sets the strongest con-
straint on Λ/CV

bs of the order of 108 GeV, but cannot constrain the axial coupling Λ/CV5
bs . Here

the dominant constraints are set byB → K∗ decays, also of the order of 108 GeV, apart from the
region where this channel is kinematically closed and Λb → Λ takes over and sets limits on the
UV scales up to 106 GeV. Again there is an upper limit of order 1012 GeV on Λ/CV

bs at around
mV ′ ≈ 2 GeV coming from B → K + V ′ decays [121], due to a 2.8σ excess from the latest
Belle II measurement of B+ → K+νν [115].

b → d Transitions

The bounds on the vector couplings CV
bd, CV5

bd arise from B-meson decays B → π/ρ + invis.
and the baryonic decays Λb → n + invis.. Analogously to b → s transitions B → π decay sets
the strongest constraint on Λ/CV

bd of the order of 108 GeV, while Λ/CV5
bd is limited to about the

same values by B → ρ decays, up to LDV masses at the kinematic threshold where Λb → n
decays dominate the bound of order 106 GeV.

c → u Transitions

Finally, the bounds on the vector couplings CV
cu, CV5

cu are set by the decays D → π + invis.
and Λc → p + invis. Meson decays D → π dominate the bound on Λ/CV

cu of order 108 GeV,
while only baryon decays Λc → p can constrain the axial coupling Λ/CV5

cu at order 105 and
107 GeV, using the total lifetime and the extrapolation of the BES III measurement, respectively,
analogous to the dipole case. Again, it would be interesting if BES III could extend their search
for Λc → p+ V ′ to higher invisible masses, as this is expected to strengthen the present bound
on the UV scale by two orders of magnitude.
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Figure 6.3.: Lower limits on quark-�avour violating vector couplings Λ/|CV
ij | (left column) and

Λ/|CV5
ij | (right column) of the LDV for s → d, b → s, b → d, c → u transitions

@95% CL(s). See text for details.

6.3. Lepton Phenomenology of Light Dark Vectors
In this section we present the bounds on the �avour-violating couplings in Eq. (5.42) from LFV
decays ` → `′ + V ′ for the lepton-�avour transitions µ → e, τ → e, and τ → µ. There are
three main di�erences to the quark-sector analysis: i) there is no hadronic input required, ii)
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LFV Transition Experimental Limit

µ→ e TWIST [117], Jodidior [89,
137]

τ → e Belle II [114]

τ → µ Belle II [114]

Table 6.2.: The LFV transitions relevant for the two-body decays ` → `′ + V ′ and the corre-
sponding relevant experimental measurements. The subindex “r” indicates that a
recast of experimental data was needed.

the total decay rates only depend on the combination |CD
ij |2 + |CD5

ij |2 and |CV
ij |2 + |CV5

ij |2, and
iii) for the case of µ → e transitions one can pro�t from polarisation in order to suppress SM
background from Michel decays. This allows us to distinguish between CV

ij and CV5
ij using the

angular distribution of the outgoing electron.

Concretely, for µ→ ewe restrict the discussion to three benchmark scenarios, depending on the
angular dependence of the di�erential two-body LFV decay rate in the limit of me = mV ′ = 0

dΓ(µ→ e+ V ′)

d cos θ
∝ (1 +A cos θ) , (6.1)

where θ is the angle between the outgoing electron momentum and the muon polarisation. We
distinguish three benchmark cases: isotropic decays (A = 0), “V − A” structure A = −1, and
“V + A” structure A = +1. Clearly polarisation does not help to distinguish a LFV signal from
the SM background for the SM case A = −1. Thus one can only rely on the monochromatic
electron as the signal, which leads to weaker bounds than in the other cases A = 0,+1 [89].
Interestingly, many proposals have been put forward to look for this decay at present and future
high-luminosity muon facilities [89–92], which are sensitive also to invisible LDVs. We take
present constraints on LFV transitions from the references indicated in Table 6.2, and compare
them to the predictions for (polarised) lepton decay rates calculated in Appendix C.5.

µ → e Transitions

The bounds from µ→ e+ invis. decays on dipole and vector couplings are shown in Figure 6.4.
We derive them employing constraints from experiments conducted at TRIUMF, both by the
TWIST collaboration [117] in 2015 (left panel) and Jodidio et al. [137] in 1986 (right panel). For
the latter, we use the recast of Ref. [89]. The three curves in Figure 6.4 show the bounds for
the three benchmark scenarios for chiral structures, corresponding to CD

eµ = 0 or CD5
eµ = 0

for A = 0, and CD
eµ = ±iCD5

eµ for A ≈ ±1 in the upper panel, while in the lower panel they
correspond to CV

eµ = 0 or CV5
eµ = 0 for A = 0, and CV

eµ = ±CV5
eµ for A ≈ ±1. For couplings

that are not aligned to the SM, i.e., not “V − A”, the dominant constraints on LDVs lighter than
about 5 MeV are set by the Jodidio experiment, which limits UV scales of the order of 1010 GeV.
Heavier LDVs are constrained only by TWIST, setting limits of the order of few×109 GeV. LDVs
with “V−A” couplings are constrained by TWIST with bounds of the same order, exceeding the
corresponding Jodidio limits also in the light-mass regime.

τ → µ/e Transitions

The limits from Belle II on τ → µ/e + invis. decays constrain τ → e and τ → µ transitions
according to Figure 6.5, where we shows the bounds on the dipole Λ/CD

τ` (left panel) and vector
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Figure 6.4.: Upper panel: Lower limits on the dipole coupling for µ → e transitions Λ/|CD
eµ|

from TWIST [117] (left panel) and Jodidio et al. [89,137] (right panel). The bounds
are shown for three di�erent choices for CD5

eµ , corresponding to di�erent angular
distributions of the electron momentum, cf. Eq. (6.1): isotropic decay (A = 0),
alignment to SM decay “V −A” (A = −1) and “V +A” (A = +1). Lower panel:
Same for the vector coupling Λ/|CV

eµ|. See text for details.

couplings Λ/CV
τ` (right panel). Constraints on the axial couplings Λ/CD5

τ` and Λ/CV5
τ` are at the

same level, as the di�erence is suppressed by m`/mτ , cf. Appendix C.5. Bounds for τ → e and
τ → µ transitions are comparable, limiting UV scales of the order of few ×107 GeV for dipole
couplings, and few ×106 GeV for vector couplings.

6.4. Flavour-Violating LDVs from the Renormalization Group

In this section we study the phenomenologically interesting scenario in which �avour violation
is induced via the RGEs as discussed in Section 5.6, and set bounds on the UV couplings from the
previous �avour-violating decays. We discuss separately the case of dipole and vector couplings
in Section 6.4.1 and 6.4.2, respectively.

6.4.1. Dipole Interactions

We determine the experimental limits on the high-scale couplings cD
d and cD

u in Eq. (5.79) from
the limits on two-body meson decays discussed in Section 6.2. Note that the renormalisation
scale µ is set to the EW scale, since below there is no Yukawa running. As expected from the
high-level of �avour suppression inherent to the setup (see Table 5.4), the resulting bounds are
very mild and often weaker than the constraints from perturbative unitarity. For this reason
we only display in Figure 6.6 (left panel) the strongest bounds, which come from B → K∗ and
require Λ6 ∼ TeV for cD

u = 1 (for cD
d = 1 the limit on Λ6 is far below the EW scale and is

therefore not shown).
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Figure 6.5.: Upper panel: Lower limits on the dipole (left panel) and vector (right panel) couplings
for τ → e transitions Λ/|CD

τe|, Λ/|CV
τe| from Belle II [114] Lower panel:same for

τ → µ transitions Λ/|CD
τµ|, Λ/|CV

τµ|. Constraints on the axial couplings Λ/|CD5
τ` |

and Λ/|CV5
τ` | are essentially of the same size, as the di�erence is suppressed by

m`/mτ , cf. Appendix C.5.
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Figure 6.6.: Lower limits on the UV scale in the UV universal scenario for dipole (left panel) and
vector couplings (right panel), only showing the strongest constraints. See text
for details.
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6.4.2. Vector Interaction

The numerically leading contributions to a given (hermitian) �avour transition in LH interactions
are shown in Table 5.3 for both sectors. We display the resulting bounds on Λ in the right panel
of Figure 6.6 for cV

Nu = 1 (there is no constraint from cV
Nd at one-loop), which are of order

Λ ≥ 103 TeV forK → π transitions. These limits are weakened by about an order of magnitude
for LDV masses abovemK−mπ , where the dominant constraint comes fromB → K transitions.
In dashed green, we also show the limits coming from the �avour-violating contribution that is
induced at the two-loop level by the coupling of the LDV to the anomalous baryon current JµB .
The corresponding limit on the scale Λ has been obtained by rescaling the result for K → π of
Figure (1) from Ref. [86], giving Λ ≥ 3.5 TeV for cV

B = 1 and cV
Nu = cV

Nd = 0. This is about
three orders of magnitude weaker than the limit one obtains if the LDV also couples to currents
that are not conserved at tree-level, i.e., taking cVNu = cVNd = 1.





Chapter 7

Unitarity and Perturbativity

Constraints on light particles have been extensively studied in the context of colliders, beam-
dump experiments, astrophysics, and cosmology, as well as their phenomenology at precision
�avour experiments [1, 88, 93, 105]. Complementary, bounds from theoretical considerations
are also possible. In this context, we consider constraints from the unitarity of the S matrix,
which allows to set limits on the parameters of the theory. Early work can be traced back to
the Froissart–Martin bound [138, 139], the application of unitarity to the Fermi theory [140],
and to the introduction of the tree unitarity concept [72]. The technique was later pioneered
by Lee, Quigg and Thacker (LQT) [10], who set an upper bound of 1 TeV on the Higgs boson
mass from 2 → 2 boson scattering via partial waves [141]. The LQT bound was later improved
and extended by including fermion scattering [142–144]. Since then, the unitarity tool has been
extensively used to constrain NP models, such as supersymmetry [145–147], two Higgs doublet
models [148–150], DM models [151–154], BSM models tackling the g−2 anomaly [155,156], and
others [157–164]. For recent studies, see Refs. [165–167]. Moreover, partial wave analysis is a
tool that goes beyond unitarity, see Ref. [168], where anomalous dimensions are extracted from
partial waves.

In this chapter we set bounds from perturbative unitarity on �avour interactions between SM
fermions mediated by LDVs through the dipole and vector interactions, presented in Section 5.4.
For completeness we give the Lagrangian of the model again. Below the EW scale the lowest
dimensional interactions of the LDV are described by two classes of operators: dipole and vector
interactions. The Lagrangian of the theory is given by

L = Lkin + LV + LD ,

Lkin = −1

4
V ′µνV

′µν +
m2
V ′

2
V ′µV

′µ ,

LV =
mV ′

Λ
V ′µ f iγ

µ
(
CVij + CV 5

ij γ5

)
fj ,

LD =
1

Λ
V ′µν f iσ

µν
(
CDij + iCD5

ij γ5

)
fj ,

(7.1)

where V ′µν = ∂µV
′
ν − ∂νV ′µ is the LDV �eld strength, σµν = i

2 [γν , γν ], i 6= j denote SM quark
or lepton �avours, and the couplings are hermitian matrices in �avour space,

(
CD(V)
ij

)∗
= CD(V)

ji

and
(
CD5(V5)
ij

)∗
= CD5(V5)

ji .
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We shall consider the �avour and helicity structure of 2 → 2 processes. We keep non-zero
fermion masses, and take into account the tranverse and longitudinal polarisations for the mas-
sive LDV. We set bounds on the size of quark and lepton �avour violating transitions, and on
diagonal couplings. We also provide the analytical expressions for the energy growing partial
waves in the high energy regime, where s � m2

V ′ ,m
2
f . While the non-perturbative amplitudes

of the renormalisable (UV complete) theory must satisfy the unitarity condition, the amplitudes
on a perturbative theory do not necessarily have to. Large couplings can lead to a violation of
unitarity, and this signals the breakdown of the perturbative expansion. On the other hand, for
non-renormalisable or e�ective models, such as the SM wihout the Higgs or the Fermi theory,
the violation of unitarity signals the presence of NP. At the unitarity violation energy scale new
DOF become relevant and restore the unitarity of the theory.

7.1. Partial Wave Unitarity
In order to study the unitarity via partial waves, we consider the helicity amplitudes of a 2→ 2
process at tree-level with initial (�nal) two-particle states i = i1i2 (f = f1f2). We label the
helicity of each particle λi, so that the process reads

i1(λi1) + i2(λi2)→ f1(λf1) + f2(λf2) . (7.2)

The corresponding helicity amplitude is denoted by Tfi (s, cos θ), where θ is the scattering angle
and
√
s the center of mass energy. The partial amplitude/wave is de�ned as the projection [141,

145]

T jfi(s) =
β

1/4
i β

1/4
f

32πs

π∫
0

dθ sin θ djλiλf (θ)Tfi(s, θ) , (7.3)

with �xed angular momentum j. The function djλiλf (θ) is the d-Wigner function, see Appendix F,
and λi, λf denote the di�erence in the helicities of the initial and �nal state particles, respectively,
i.e. λi = λi1 − λi2 and λf = λi|i↔f . Further, βi denotes the Källén function

βi =
(
m2
i1 −

(√
s+mi2

)2)(
m2
i1 −

(√
s−mi2

)2)
, βf = βi|i↔f . (7.4)

The unitarity of the S-matrix implies, for each of the partial amplitudes,

1

2i

(
T jfi − T

j∗
if

)
=
∑
k

T j∗kf T
j
ki , (7.5)

with k running over intermediate states, see Appendix E for further details. Considering the
same initial and �nal states, i = f , and restricting the sum to two-particle states, yields

ImT jii =
∑
k

|T jki|2 ≥ |T
j
ii |2 . (7.6)

Since ImT jii ≤ |T
j
ii |, Eq. (7.6) implies

|T jii | ≤ 1 . (7.7)

This unitarity condition de�nes the Argand circle [145, 147] in the complex plane, in which all
partial waves have to lie in order to ensure the unitarity of the S-matrix. With such a condition,
the value of the energy at which the j-th partial wave crosses the unitarity limit, i.e., |T jii | = 1,
de�nes the unitarity violation scale, at which NP is expected to be relevant. The physical matrix
T jfi can be diagonalised, and the bound of Eq. (7.7) applies to its eigenvalues according to

|λmax| ≤ 1 , (7.8)
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where λmax corresponds to the largest eigenvalue, giving the strongest constraint. Using Eq. (7.8),
we set bounds on the couplings {CVij ,CV 5

ij ,CDij ,CD5
ij } of the Lagrangian in Eq. (7.1). In this work

we consider three types of processes:

ff → ff V ′f → V ′f V ′V ′ → f̄f (7.9)

where V ′ is the LDV and f the SM fermions. We take into account the �avour and helicity struc-
ture of these processes, keep the full fermion mass dependences and consider the longitudinal
polarisation of the LDV. Details on the calculation are illustrated in the next section. Regarding
the values of j in the partial amplitudes of Eq. (7.3), for ff → ff and V ′V ′ → f̄f , j takes integer
values j = 0, 1, . . . , while for V ′f → V ′f it takes half integer values j = 1/2, 3/2, . . . and typ-
ically, the lower j the stronger the bound that is obtained. Moreover, amplitudes that grow with
the energy ∝ (

√
s)α with α > 0 yield a genuine unitarity bound, while amplitudes that do not

grow with the energy yield a perturbativity bound. Therefore, we consider these two situations
separately, and set unitarity bounds in Section 7.4 and perturbativity bounds in Section 7.5, from
the three types of processes in Eq. (7.9).

7.2. Partial Wave Decomposition in Flavour and Helicity Space

In this section we outline the details of the calculation of the partial amplitudes de�ned in Eq. (7.3).
Following the discussion in Section 7.1, we consider the following 2→ 2 scattering processes at
tree level

ff → ff , V ′V ′ → f̄f , V ′f → V ′f , (7.10)

and their conjugated combinations. For now we consider only �avour-violating processes with
two �avours i, j with i 6= j, and at the end of the section we discuss the �avour-diagonal case.
Therefore, the amplitudes are proportional to c2

ij , where cij denotes any of the couplings in
Eq. (7.1), i.e., cij ≡ {CVij ,CV 5

ij ,CDij ,CD5
ij }. The relevant set of two-particle states is given by

{fifj , f̄ifj , fif̄j , f̄if̄j , f̄ifi, f̄jfj , V ′fi, V ′fj , V ′f̄i, V ′f̄j} , (7.11)

for �xed �avour indices i, j with i 6= j. Considering solely �avour violating transitions, the
three types of decays, cf. Eq. (7.10), factorise in �avour space and each of these sectors is to be
considered separately. The contributing channels to every process are given in Table 7.1, and
the scattering amplitudes in �avour space are given as shown in Table 7.2. Notice that for some
processes, some channels do not contribute to probing �avour violating couplings (cij) and are
instead only proportional to �avour diagonal couplings (cii).

In the scattering matrix of Table 7.2, the colour of each block/sector is selected to enhance visual
clarity; for example, when we write ff → ff , we mean the whole green transition matrix
in Table 7.2 with the corresponding �avour and helicity structure. The non-empty entries in
Table 7.2 are speci�ed by the size of their matrix amplitude in helicity space. The helicity of a
spin-1/2 fermion can take values λf = {±1/2}, while the helicity of a massive spin-1 vector,
like the LDV, can take the values λV ′ = {±1, 0}, where ±1 are the transverse modes and 0 the
longitudinal mode. Thus, the full transition amplitude given by Table 7.2 is a 57×57 block matrix
in helicity space, with sub-matrices from three distinct sectors: ff → ff (green), V ′f → V ′f
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Table 7.1.: Processes and channels considered. Not all channels in a certain process contribute to
probing �avour-violating couplings cij , i 6= j, as some channels have exclusively
diagonal �avour structure cii.

Process Channels c2
ij c2

ii

fifj → fifj t, u u t, u

f̄if̄j → f̄if̄j t, u u t, u

f̄ifj → f̄ifj s, t s s, t

f̄ifj → fif̄j s, u s, u s, u

V ′fi → V ′fi s, u s, u s, u

V ′f̄i → V ′f̄i s, u s, u s, u

V ′V ′ → f̄ifi t, u t, u t, u

Table 7.2.: Flavour violating transitions (i 6= j) corresponding to the processes in Eq. (7.10).
Non-zero entries are speci�ed by the size of the matrix amplitude in helicity space.
Every sector is assigned a colour for clarity, i.e., ff → ff (green), V ′f → V ′f
(blue) and V ′V ′ → ff̄ (orange).

fifj f̄ifj fif̄j f̄if̄j f̄ifi f̄jfj V ′V ′ V ′fi V ′fj V ′f̄i V ′f̄j

fifj 4× 4

f̄ifj 4× 4 4× 4

fif̄j 4× 4 4× 4

f̄if̄j 4× 4

f̄ifi 4× 9

f̄jfj 4× 9

V ′V ′ 9× 4 9× 4

V ′fi 6× 6

V ′fj 6× 6

V ′f̄i 6× 6

V ′f̄j 6× 6
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Table 7.3.: Flavour diagonal transitions (i = j). Non-empty entries are speci�ed by the size of
the matrix amplitude in helicity space, while empty entries are zero. Every sector is
assigned a colour for clarity, i.e., ff → ff, V ′V ′ → f̄f (yellow) and V ′f → V ′f
(blue).

fifi f̄ifi f̄if̄i V ′V ′ V ′fi V ′f̄i

fifi 4× 4

f̄ifi 4× 4 4× 9

f̄if̄i 4× 4

V ′V ′ 9× 4

V ′fi 6× 6

V ′f̄i 6× 6

(blue) and V ′V ′ → f̄f (orange). The corresponding helicity amplitudes for each of the three
types of processes at hand take the following form (independently of the �avour structure)1

T λ3λ4λ1λ2
(ff → ff) =


T ++

++ T +−
++ T −+

++ T −−++

T ++
+− T +−

+− T −+
+− T −−+−

T ++
−+ T +−

−+ T −+
−+ T −−−+

T ++
−− T +−

−− T −+
−− T −−−−

 , (7.12)

T λ3λ4λ1λ2

(
V ′f → V ′f

)
=



T 0+
0+ T 0−

0+ T ++
0+ T +−

0+ T −+
0+ T −−0+

T 0+
0− T 0−

0− T ++
0− T +−

0− T −+
0− T −−0−

T 0+
++ T 0−

++ T ++
++ T +−

++ T −+
++ T −−++

T 0+
+− T 0−

+− T ++
+− T +−

+− T −+
+− T −−+−

T 0+
−+ T 0−

−+ T ++
−+ T +−

−+ T −+
−+ T −−−+

T 0+
−− T 0−

−− T ++
−− T +−

−− T −+
−− T −−−−


, (7.13)

1The number of all possible helicity amplitudes for a process λ1 + λ2 → λ3 + λ4 is given by
(2s1 + 1) (2s2 + 1) (2s3 + 1) (2s4 + 1), where si is the spin of the corresponding particle.
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T λ3λ4λ1λ2

(
V ′V ′ → f̄f

)
=



T ++
00 T +−

00 T −+
00 T −−00

T ++
+0 T +−

+0 T −+
+0 T −−+0

T ++
−0 T +−

−0 T −+
−0 T −−−0

T ++
0+ T +−

0+ T −+
0+ T −−0+

T ++
0− T +−

0− T −+
0− T −−0−

T ++
++ T +−

++ T −+
++ T −−++

T ++
+− T +−

+− T −+
+− T −−+−

T ++
−+ T +−

−+ T −+
−+ T −−−+

T ++
−− T +−

−− T −+
−− T −−−−



. (7.14)

The notation is such that the lower (upper) indices indicate the initial (�nal) state, with the iden-
ti�cation λV ′ = {±1, 0} ≡ {±, 0}, λA = {±1} ≡ {±} for the vector boson polarisations and
λf = {±1/2} ≡ {±} for the fermion helicities. While with this notation many amplitudes have
the same labeling for di�erent processes, in the coming discussion it should be clear to which
process we are referring each time. Regarding the colours for processes with external LDVs, we
distinguish between three cases: both bosons have longitudinal polarisation (LL, blue), both have
transverse polarisation (TT, gray), and one is transverse while the other one is longitudinal (TL,
green). Such distinctions will be relevant for the coming discussion.

For �avour-diagonal interactions, corresponding to i = j, the situation is slightly di�erent to the
�avour violating case. For only diagonal interactions of Eq. (7.1), the set of two-particle states is
given by

{fifi, f̄ifi, f̄if̄i, V ′fi, V ′f̄i} , (7.15)

for a �xed �avour index i. The corresponding matrix amplitude in �avour space is given in
Table 7.3, with the non-empty entries of the table speci�ed by the size of the corresponding matrix
in helicity space, see Eq. (7.13). Unlike in the �avour-violating case, ff → ff and V ′V ′ → f̄f
mix in the transition matrix of Table 7.3. For �avour violating insertions, see Table 7.2, they are
separated because we only consider insertions with i 6= j, and thus V ′V ′ → f̄ifi and f̄ifj → f̄ifj
(and all other conjugated combinations) contribute to di�erent sectors. For i = j, it is clear that
they combine.

With such a setup, the �rst task corresponds to computing the helicity amplitudes Tfi (s, θ) for
a process i1(λi1) + i2(λi2) → f1(λf1) + f2(λf2). Details of the calculation can be found in
Appendix D. Once the helicity amplitudes are obtained, the partial amplitudes are computed ac-
cording to Eq. (7.3). Then, following Section 7.1, the transition matrices of Table 7.2 and Table 7.3
must be diagonalised in the �avour violating and diagonal case, respectively. Each sector (pro-
cess) yields eigenvalues, and the strongest bound on the corresponding coupling is found from
the largest eigenvalue λmax by demanding

|λmax| ≤ 1 . (7.16)

7.3. Energy Growth and Infrared Divergences

As discussed in the previous section, in our analysis we consider the following processes with
SM fermions f and the LDV V ′

ff → ff , V ′f → V ′f , V ′V ′ → f̄f , (7.17)
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as well as their conjugated ones. For the purpose of clarity in the coming discussion, we sim-
ply consider the processes in Eq. (7.17), since the following argument holds independently of
conjugation, �avour and helicity.

We wish to elucidate which processes grow with energy, meaning that their amplitude∝ (
√
s)α

with α > 0 at high energies. For such processes the unitarity Eq. (7.7) is violated above a certain
scale, as in the high energy regime amplitudes grow uncontrollably. In this scenario, a radial
Higgs-like mode would be needed in order to restore the unitarity of the theory, just as in the
EW sector of the SM [10]. On the other hand, processes which do not grow with energy can also
violate Eq. (7.7), e.g., for large couplings. In this case the interactions are strongly coupled and
perturbation theory breaks down. In the �rst scenario, the amplitudes yield a unitarity bound,
while in the second scenario they set a perturbativity bound.

In order to identify which processes in Eq. (7.17) have energy growing amplitudes (and thus set
a unitarity bound), we can use the sum rules derived from the Slavnov–Taylor identities (STI).
These relate the couplings of the interactions among each other to ensure the unitarity of the
theory when certain processes grow with the energy. We follow the analysis of Ref. [169], and
introduce a radial Higgs mode h coupled to the fermions and the LDV V ′

L =
∑
σ

Y σ
hffhf̄Pσf +

∑
σ

CV σV ′ffV
′
µf̄γ

µPσf +
1

2
gV ′V ′hV

′
µV
′µh , (7.18)

where the second term corresponds to the interaction LV of Eq. (5.41) in the L/R basis (up to the
mV ′/Λ prefactor) for a �xed fermion �avour, i = j. The index σ denotes the chirality, σ = L/R,
while the subindices in the couplings are introduced to illustrate their corresponding interaction.
We consider one single fermion with mass m for simplicity and stress that the discussion also
applies to a more general scenario with more fermion �avours. From the STI, the following sum
rule is obtained

gV ′V ′hY
σ
hff = −2m

(
CV σV ′ff

)2 − 2m
(
CV σ̄V ′ff

)2
+ 4m

(
CV σV ′ffC

V σ̄
V ′ff

)
, (7.19)

where σ̄ = σ|L↔R. Recall that Eq. (7.19) is a relation among couplings that guarantees the
cancellation of energy growing amplitudes, rendering the theory unitary at high energies. Tree-
level amplitudes from the processes ff → ff, V ′f → V ′f, V ′V ′ → f̄f are precisely of order
O((CV σV ′ff )2), with the couplings at such order being on the RHS of Eq. (7.19). According to
Eq. (7.19), energy growing amplitudes from the processes ff → ff, V ′f → V ′f, V ′V ′ → f̄f are
canceled by amplitudes of order O(gV ′V ′hY

σ
hff ), as dictated by the LHS of Eq. (7.19). Therefore,

ff → ff processes cannot grow with energy, because if that were the case such amplitudes could
not be canceled by amplitudes with gV ′V ′h, Y σ

hff vertices. Following this line of reasoning, it is
clear that the processes growing with energy are the ones with two external LDVs, V ′f → V ′f
and V ′V ′ → f̄f , which are taken care of by amplitudes with gV ′V ′h, Y σ

hff vertices where h is
propagating1. Therefore, in the high energy regime V ′f → V ′f and V ′V ′ → f̄f contain energy
growing amplitudes that allow to set a unitarity bound, while ff → ff sets a perturbativity
bound. For the LD interaction we cannot follow these arguments as it is a dim-5 operator in
the EFT and the STI do not apply to non-renormalisable interactions. By using a naive power
counting we expect all processes with LD insertions to grow with energy∝ (s/Λ2)α withα > 0.

An interesting observation can be made from the sum rule of Eq. (7.19). Amplitudes with two
LV vertices and two external V ′ grow with energy proportionally to the fermion mass, that is,
their amplitudes scale as ∝ m(

√
s)α with α > 0. Therefore, considering massive fermions is

1We will see in Section 7.4 that the amplitudes growing with the energy are the ones with longitudinally polarised V ′,
the sum rules do not specify which helicity amplitudes grow with the energy.
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necessary in order to account for the amplitudes that grow with energy. In our calculation we
indeed �nd such a behavior, albeit in a more complicated manner since we consider FCNCs. We
will discuss this �nding in more detail, for the time being we are content to note which processes
grow with energy without the need to explicitly compute any amplitudes.

We have seen that ff → ff processes with LV insertions cannot grow with the energy. But
infrared (IR) divergences can arise for such type of processes, which can manifest as energy
growing amplitudes, in contradiction with the sum rule Eq. (7.19). Concretely, for scattering
angles θ = 0 and θ = π, t, u channels in the high energy regime diverge respectively according
to1

Tt ∼
1

t
∼ 1

s (1− cos θ)
, Tu ∼

1

u
∼ 1

s (1 + cos θ)
. (7.20)

The behaviour of Eq. (7.20) typically manifests as a logarithmic term [157, 168] in the partial
wave, akin to the Bhabha and Moller scattetring in QED. As an example, we consider the t-
channel helicity amplitude of f̄f → f̄f with λf = 1/2, two vertices of LV and a propagating
LDV. The Proca propagator for the massive V ′ reads

∆µν
V ′ =

−i
k2 −m2

V ′

(
gµν − kµkν

m2
V ′

)
. (7.21)

Let us consider the high energy regime and take the fermions and LDV to be massless. Computing
the j = 0 partial wave according to Eq. (7.3) (for which d0

00 = 1) we �nd

T 0 ∼ 2 log

(
sin

θ

2

) ∣∣∣∣θ=π
θ=0

, (7.22)

which diverges at θ = 0. This singularity comes exclusively from the gµν piece in Eq. (7.21). The
kµkν piece is proportional to the fermion masses, and thus vanishes for massless fermions. But
even for massive fermions the divergence of Eq. (7.22) is present. Indeed, the divergence comes
from the singularity in the t-channel as illustrated in Eq. (7.20), where the LDV mass is set to
zero. If we consider keeping the LDV mass, the θ integration poses no issues and we obtain the
corresponding partial amplitude, which is found to have the following behaviour

T 0 ∼ log

(
s

m2
V ′

)
. (7.23)

According to Eq. (7.23), the process f̄f → f̄f grows with energy ∝ log s. The reason Eq. (7.23)
has this form is becausemV ′ acts as a regulator of the θ divergence in Eq. (7.22), so the divergence
moved from θ = 0 to mV ′ = 0. But we argued that ff → ff processes cannot have such a
behaviour, so the scaling with energy of Eq. (7.23) cannot be considered a unitarity problem, and
at high energies one should not extract unitarity constraints from amplitudes with the form of
Eq. (7.23). Since the singularity comes from the gµν term of the LDV propagator in Eq. (7.21), we
drop this term and consider only the kµkν term of the propagator [144, 153]. We are therefore
forced to keep non-zero fermion masses for the ff → ff amplitudes to not vanish. This discus-
sion is equivalent for the u-channel for which the divergence is at θ = π, and also for all other
processes with external fermions and a propagating LDV. We stress that this is what we do in the
case of unitarity in Section 7.4.1, in which only the corresponding energy growing amplitudes of
the V ′V ′ → f̄f, V ′f → V ′f processes are considered, while in the case of perturbativity, Sec-
tion 7.5, we actually do the inverse procedure and keep only the gµν piece of the LDV propagator,
and consider only transverse modes of V ′ for the V ′V ′ → f̄f, V ′f → V ′f processes. This is be-
cause energy growing amplitudes are directly linked to longitudinally polarised V ′, and thus, we

1See Appendix D for the kinematics of 2→ 2 processes.



7.4. Unitarity 71

Table 7.4.: We indicate which of the three sectors ff → ff, V ′V ′ → f̄f, V ′f → V ′f yield
unitarity and perturbativity bounds for the vector and dipole interactions.

Interaction Perturbativity Unitarity

LV All V ′V ′ → f̄f, V ′f → V ′f

LD × All

shall not consider these modes in our perturbativity analysis. In this scenario, even if amplitudes
of the form of Eq. (7.23) arise, we understand that these amplitudes are not to be taken as energy
growing amplitudes, i.e., they are not valid for

√
s → ∞. Notice that for the LD interaction of

Eq. (7.1), the kµkν piece of the LDV propagator does not contribute due to the Dirac structure,
LD ∝ σµν . For the dipole interaction we keep the gµν piece of the LDV propagator, which
yields no issues because the interaction is dim-5 in the EFT and all amplitudes genuinely grow
with energy for all processes. We must remark that when we say that V ′V ′ → f̄f, V ′f → V ′f
processes grow with the energy, we mean that some of the corresponding helicity amplitudes
of Eq. (7.13) grow with energy, but not all do. This is indeed what we �nd in our calculation,
and therefore (for LV) only some helicity amplitudes of the V ′V ′ → f̄f, V ′f → V ′f processes
yield a unitarity bound, but all three sectors yield a perturbativity bound since all contain he-
licity amplitudes that do not grow with energy. In the coming discussion we point out which
helicity amplitudes yield unitarity bounds. On the other hand, all amplitudes for all processes
grow with the energy for the LD interaction. See Table 7.4, where we specify which processes
yield unitarity bounds and which yield perturbativity for each interaction.

7.4. Unitarity

In this section we show the analytical expressions for the partial amplitudes of each sector that
grow with the energy, and set bounds on the corresponding couplings of the model in Eq. (7.1).
The expressions are given in the high energy regime s � m2

V ′ ,m
2
i ,m

2
j , and thus in powers of√

s.

7.4.1. Vector Interaction

We start discussing the unitarity amplitudes in the context of the interaction LV from Eq. (7.1).
From the discussion in Section 7.3, we expect that ff → ff processes do not grow with the
energy, and thus, do not yield a unitarity bound. This is con�rmed by our calculation in which
we �nd the ff → ff amplitudes to scale according to ∝ (

√
s)α with α < 0 in the high energy

regime. On the other hand, the processes V ′f → V ′f, V ′V ′ → f̄f with LDVs have energy
growing amplitudes ∝ (

√
s)α with α > 0. For these two processes, we have the colour assign-

ments LL, TL or TT depending on the helicities of the LDVs, see Eq. (7.13). We �nd that the LL
sector with two longitudinally polarised LDVs gives energy growing amplitudes. This can be
understood from the fact that longitudinal modes are enhanced in the high energy, that is, for
s � m2

V ′ → εL(k) ∼ k/mV ′ . In order to �nd the energy growing amplitudes we consider the
amplitude matrix of Table 7.2 and expand all amplitudes in the limit s � m2

V ′ ,m
2
i ,m

2
j . The

corresponding energy growing partial amplitudes are given as follows

• V ′V ′ → f̄f :
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(
T ++

00

)j=0
=
(
T −−00

)j=0
=

√
s

8
√

2πΛ2

√
(mi −mj)

2 |CVij |4 + (mi +mj)
2 |CV 5

ij |4 + 2|CVij |2|CV 5
ij |2

(
m2
i −m2

j cos 2 (φ1 − φ5)
)
.

(7.24)

• V ′f → V ′f :

(
T 0−

0+

)j=1/2
=
(
T 0+

0−
)j=1/2

=
√
s

16πΛ2

√
(mi −mj)

2 |CVij |4 + (mi +mj)
2 |CV 5

ij |4 + 2|CVij |2|CV 5
ij |2

(
m2
i −m2

j cos 2 (φ1 − φ5)
)
.

(7.25)

We observe that the amplitudes of Eq. (7.24)–(7.25) are proportional to the fermion masses, ap-
pearing as the di�erence (sum) for CVij(CV 5

ij ). Therefore, if we neglect the fermion masses (i.e.,
setting mi = 0∀i) no energy growing amplitudes are obtained and no unitarity bounds can be
set for the vector interaction. Moreover, for mi = mj the CVij contributions vanish. This high-
lights the importance of taking into account the distinct fermion masses in the amplitudes for the
�avour violating transitions. From these amplitudes we can infer the corresponding amplitudes
for the diagonal case by settingmi = mj

1. The leading amplitudes for the axial couplingCV 5
ii cor-

respond to the ones in Eq. (7.24)–(7.25), since they have a proportionality factor (mi+mj) = 2mi

for mi = mj . Recall that in the diagonal scenario the ff → ff and V ′V ′ → f̄f processes mix,
see Table 7.3 (yellow block), but since ff → ff processes do not yield unitarity issues, the
relevant amplitude in this mixing sector comes from the energy growing V ′V ′ → f̄f process,
given in Eq. (7.24), with mi = mj . On the other hand, the CVii terms of the leading amplitudes
Eq. (7.24)–(7.25) vanish for mi = mj as they have a prefactor (mi − mj). In this case, there
are no energy growing amplitudes in the high energy regime for CVii , and setting mi = mj is
e�ectively equivalent to considering massless fermions.

We wish to set unitarity bounds on the Λ/coupling combination. To this end and as discussed
in Section 7.2, the corresponding matrices of Table 7.2 have to be diagonalised and the strongest
bound is found from the largest eigenvalue according to Eq. (7.16). The largest eigenvalue of
the matrix amplitude corresponds to the V ′V ′ → f̄f sector’s largest eigenvalue. Notice from
the amplitudes of Eq. (7.24)–(7.25) that the V ′V ′ → f̄f amplitude is larger than the one of
V ′f → V ′f . We �nd the largest eigenvalue to be

|λmax| = 2
∣∣∣(T ++

00

)j=0
∣∣∣ = 2

∣∣∣(T −−00

)j=0
∣∣∣ . (7.26)

To extract a unitarity bound, we consider one coupling (CVij ,CV 5
ij ) at a time. Then, we apply the

unitarity condition |λmax| ≤ 1 discussed in Section 7.2, and we �x the value of
√
s so that we

demand the theory to be unitary up to the considered
√
s value. Therefore, the unitarity bound

on each coupling for a general �avour violating ij transition is given by∣∣∣∣∣ Λ

CVij

∣∣∣∣∣ ≥ (s2)1/4
√
mi −mj

4π
,∣∣∣∣∣ Λ

CV 5
ij

∣∣∣∣∣ ≥ (s2)1/4
√
mi +mj

4π
,

(7.27)

1We have of course checked that setting mi = mj yields the correct diagonal amplitudes by direct calculation of the
diagonal processes in Table 7.3.
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Table 7.5.: Lower unitarity bounds on Λ/coupling for the �avour violating vector interaction at
�xed

√
s = 1 TeV and

√
s = 10 TeV.

√
s = 1 TeV

√
s = 10 TeV

Sector Λ/CVij/GeV Λ/CV 5
ij /GeV Λ/CVij/GeV Λ/CV 5

ij /GeV

bs 15.16 15.51 47.95 49.04

bd 15.33 15.35 48.47 48.53

sd 2.23 2.35 7.07 7.43

cu 8.44 8.46 26.71 26.76

while for �avour diagonal transitions (mi = mj) we have the following unitarity bound on the
axial coupling CV 5

ii ∣∣∣∣ Λ

CV 5
ii

∣∣∣∣ ≥ (s2)1/4
√
mi

2π
, (7.28)

and no unitarity bound can be set for the diagonal CVii couplings. From the expressions in
Eq. (7.27) and Eq. (7.28) we set numerical bounds for di�erent �avour-violating and diagonal
transitions bd, bs, cu, sd, bb, ss, dd, cc, uu, see Table 7.5 and Table 7.6, respectively, for the ex-
plicit numerical bounds at �xed

√
s = 1 TeV and

√
s = 10 TeV. In Figure 7.1 we show the

bounds on the couplings for di�erent �avour violating transitions, and in Figure 7.2 we show the
bounds on the �avour diagonal couplingCV 5

ii . The plots are such that the region below the curves
are excluded by unitarity. As given by Eq. (7.27) and Eq. (7.28), the bounds are more stringent
for transitions with heavier quarks, i.e., bs (bb) gets a more constraining bound than sd (ss)in
the �avour-violating (diagonal) case. Moreover, since mb � md,s, for the bs and bd transitions
the bounds are practically identical (see the corresponding numerical bounds in Table 7.5). More
generally, notice that the bounds on CVij , CV 5

ij shown in Figure 7.1 and with the numerical values
in Table 7.5, are practically the same, since in every �avour-violating transition ij one quark is
considerably heavier than the other, and thus mi − mj ≈ mi + mj , rendering the bounds of
Eq. (7.27) equivalent for a �xed �avour transition. Crucially, the energy growing amplitudes of
Eq. (7.24)–(7.25), and thus, the unitarity bounds Eq. (7.27)–(7.28) are independent of the mass of
the LDV mV ′ . Therefore, the bounds derived here are valid for any value of the LDV mass (of
course, withmV ′ �

√
s) and solely controlled by the value of

√
s, with the fermion masses �xed

to their corresponding values for each transition. While the bounds from unitarity are much
weaker compared to the bounds from two body decays, discussed in Chapter 6, the unitarity
bounds are valid for all the range of mV ′ , as they do not have a kinematical endpoint unlike
the two body decays, as can seen in the plots of Section 6.2. Moreover, the unitarity analysis
employs a theoretical bound, and therefore no experimental input is needed to extract unitarity
constraints.

7.4.2. Dipole Interaction

For the dipole couplings of Eq. (7.1) all processes yield energy growing amplitudes since the oper-
ator is of dimension �ve. The corresponding amplitudes are the same for every �avour transition
and coupling (CDij , CD5

ij ) in the high energy limit, that is, independent of the fermion masses. Of
the three sectors LL, TL, TT, see Eq. (7.13), the leading amplitudes for V ′f → V ′f, V ′V ′ → f̄f
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Table 7.6.: Lower unitarity bounds on Λ/CV 5
ii for diagonal �avour transitions at �xed

√
s = 1

TeV and
√
s = 10 TeV.

√
s = 1 TeV

√
s = 10 TeV

Sector Λ/CV 5
ii / GeV Λ/CV 5

ii / GeV

bb 21.69 68.59

ss 3.24 10.25

dd 0.72 2.29

cc 11.96 37.81

uu 0.49 1.56
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Figure 7.1.: Unitarity bounds on the vector couplings CVij ,CV 5
ij as a function of

√
s for di�erent

�avour-violating quark transitions.
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Figure 7.2.: Unitarity bounds on the vector couplings CV 5
ii as a function of

√
s for di�erent

�avour-diagonal quark transitions.

correspond to the TT sector. This can be understood from the fact that longitudinal vector bo-
son polarisations are proportional to the LDV momenta at s � m2

V ′ → εL(k) ∼ k/mV ′ , and
thus LL, TL amplitudes are suppressed by the dirac structure σµν of the interaction LD. Just as
in the case of the vector interaction, we expand the matrix amplitudes of Table 7.2 in the limit
s� m2

V ′ ,m
2
i ,m

2
j . The corresponding energy growing amplitudes are given as follows

• V ′V ′ → f̄f :



7.4. Unitarity 75

(
T +−

++

)j=1
=
(
T −+

++

)j=1
=
(
T +−
−−
)j=1

=
(
T −+
−−
)j=1

=

s

12πΛ2

√
|CDij |4 + |CD5

ij |4 + 2|CDij |2|CD5
ij |2 sin (φ1D − φ5D) ,

(7.29)

• V ′f → V ′f :

(
T ++

++

)j=1/2
=
(
T −−−−

)j=1/2
=

s

4πΛ2

√
|CDij |4 + |CD5

ij |4 + 2|CDij |2|CD5
ij |2 sin (φ1D − φ5D) ,

(7.30)

• ff → ff :

For this sector there are two distinct leading amplitudes corresponding to distinct conjugated
processes, which are of the same order in the expansion, i.e. ∝ s. The leading amplitudes read(

T −−++

)j=0

ff→ff =
(
T ++
−−
)j=0

ff→ff =
(
T −−++

)j=0

ff̄→f̄f =
(
T ++
−−
)j=0

ff̄→f̄f =

3s

8πΛ2

√
|CDij |4 + |CD5

ij |4 + 2|CDij |2|CD5
ij |2 cos 2 (φ1D − φ5D) ,

(7.31)

while there is also the following partial amplitudes(
T ++

++

)j=0

f̄f→f̄f =
(
T −−−−

)j=0

f̄f→f̄f =
(
T −−++

)j=0

f̄f→f̄f =(
T ++
−−
)j=0

f̄f→f̄f =
(
T ++

++

)j=0

f̄f→ff̄ =
(
T −−−−

)j=0

f̄f→ff̄ =

s

8πΛ2

√
|CDij |4 + |CD5

ij |4 + 2|CDij |2|CD5
ij |2 cos 2 (φ1D − φ5D) ,

(7.32)

We observe that the leading amplitudes in every sector and process are independent of the
fermion masses and the LDV mass mV ′ . Therefore, unlike for the vector interaction LV, see
Eq. (7.24)–(7.25), for LD one can set the fermion masses to zero to �nd the unitarity bounds.
Therefore, for the diagonal mi = mj case the amplitudes are the same, except that now V ′V ′ →
f̄f and ff → ff processes mix as shown in Table 7.3. The leading amplitude for these mixing
processes corresponds to the ff → ff one given in Eq. (7.31). The largest eigenvalue among
the three sectors of Table 7.2 comes from ff → ff processes, which we �nd to be

|λmax| = 2
∣∣∣(T −−++

)j=0

ff→ff

∣∣∣ . (7.33)

Considering a coupling (CDij ,CD5
ij ) at a time and applying the unitarity condition |λmax| ≤ 1, we

�nd the unitarity bound on the Λ/coupling combination to be∣∣∣∣∣ Λ

CD(5)
ij

∣∣∣∣∣ ≥
(

3s

4π

)1/2

≈
√
s

2
, (7.34)

for both couplings and all �avour violating and diagonal transitions. Therefore, for the dipole
interaction the unitarity bound takes a very simple form and is totally controlled by the value of√
s, with no fermion mass dependence. In Table 7.7 we give the numerical bound on the size of

Λ/coupling for
√
s = 1 TeV and

√
s = 10 TeV. In Figure 7.3 we plot the bound as a function of√

s, where the region below the curve is excluded. As in the case of the vector interaction, the
unitarity bound of Eq. (7.34) is independent of the mV ′ mass, and thus, equal for all mV ′ values
(with mV ′ �

√
s).
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Table 7.7.: Lower unitarity bounds on Λ/coupling of the dipole interaction for
√
s = 1 TeV and√

s = 10 TeV for any ij �avour violating and diagonal transition.
√
s/ TeV Λ/CD(5)

ij / TeV

1 0.49

10 4.89
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Figure 7.3.: Unitarity bounds on the dipole couplings CDij ,CD5
ij as a function of

√
s. This bound

is valid for any �avour violating and �avour diagonal transition, as the corre-
sponding bound is independent of the fermion masses, see Eq. (7.34).

7.5. Perturbativity
In this section we discuss the perturbativity amplitudes and bounds, that is, partial amplitudes
that do not grow with the energy. In this scenario, we only have to consider the vector interac-
tion LV, since for the dipole interaction LD all amplitudes grow with the energy. Of the three
processes under consideration, all of the them yield perturbativity bounds, with ff → ff only
giving perturbaitivity and no unitarity bounds, because as discussed in Section 7.3, this sector
has no amplitudes that grow with the energy. Indeed, in the unitarity Section 7.4.1 we did not
consider ff → ff processes. In this section we consider only transverse modes of the LDV, and
therefore for the V ′f → V ′f, V ′V ′ → f̄f processes we only take into account the TT helicity
modes, see Eq. (7.13). For ff → ff , we keep the gµν piece from the LDV propagator, and drop
the kµkν/m2

V ′ piece corresponding to the longitudinal polarisation of V ′, see the discussion of
Section 7.3. This implies that some partial waves grow with ∝ log s, but since now we focus on
perturbativity and not in the high energy regime, we are safe to do this as long as we understand
the analysis of ff → ff to be valid up to some energy, i.e., not valid for

√
s → ∞. Crucially,

singularities appear for mV ′ = 0 in ff → ff , and thus we shall avoid considering a massless
LDV. Moreover, for each of the processes V ′f → V ′f , V ′V ′ → f̄f , and ff → ff , t and u
channels, see Table 7.1, exhibit kinematical singularities in the partial waves arising from the
θ integration. We circumvent these singularities by deriving the conditions on the masses and
energy values that de�ne a range free of such singular behavior. In the following, we give the
conditions for every sector, in both the �avour-violating and diagonal case:

• ff → ff :

s
(
s+m2

V ′ − 2m2
i − 2m2

j

)
(
m2
i −m2

j

)2
−m2

V ′s
< 0 , mV ′ > 0 for i 6= j. (7.35)
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s > 4m2 −m2
V ′ , mV ′ > 0 for i = j . (7.36)

• V ′f → V ′f :

− 1 >

(
m2
i −m2

V ′
)2

+ 2s
(
m2
V ′ +m2

i −m2
j

)
− s2

m4
i − 2m2

i

(
m2
V ′ + s

)
+
(
m2
V ′ − s

)2 > 1 , for i 6= j. (7.37)

− 1 >
2m2

V ′s+
(
m2 −m2

V ′
)2 − s2

m4 − 2m2
(
m2
V ′ + s

)
+
(
m2
V ′ − s

)2 > 1 for i = j , (7.38)

and the equivalent condition for i 6= j with mi ↔ mj .

• V ′V ′ → f̄f :

− 1 > −
m4
i − 2

(
m2
V ′ − s

)
m2
i +m4

V ′ + 2m2
V ′s− s

(
2m2

j + s
)

(
4m2

i − s
) (
s− 4m2

V ′
) > 1 , for i 6= j. (7.39)

− 1 >
2m2

V ′s+
(
m2
i −m2

V ′
)2 − s2

m4 − 2
(
m2
V ′ + s

)
m2 +

(
m2
V ′ − s

)2 > 1 , for i = j , (7.40)

and the equivalent condition for i 6= j with mi ↔ mj .

Additionally, s channel diagrams in the ff → ff sector present poles when the LDV mass is
on-shell, i.e., m2

V ′ = s. To regulate these divergences, we follow the approach of Ref. [159] and
discard the s channel amplitudes if the condition∣∣∣∣1− 1

x

∣∣∣∣ > 1

4
→ 0.8 > x > 1.33 with x =

m2
V ′

s
, (7.41)

is violated1. In that scenario, a bound can still be set from t and u channels. In our analysis, the
fermion masses are �xed according to the speci�c transition under consideration. Consequently,
singularities are avoided by choosing appropriate values of mV ′ and s (with mV ′ �

√
s) so that

the required conditions of Eq. (7.35)–Eq. (7.41) are met. We now focus on the case of massless
fermions, i.e., mi = mj = 0. In this case, the amplitudes can be fully parametrised in terms of
the single variable x ≡ m2

V ′/s, and the previous conditions reduce to

• x > 0 for ff → ff ,

• 1

2
< x < 1 for V ′f → V ′f ,

• x < 1

4
for V ′V ′ → f̄f .

Note that for zero LDV mass (corresponding to x = 0) we cannot set a bound because of the
prefactor in the vector interaction, see Eq. (5.42), from which the partial amplitudes scale as
T l ∼ m2

V ′coupling2/Λ2. Since we consider only transverse modes, all amplitudes vanish in
the limit mV ′ → 0. Taking mi = 0 ∀i, we set bounds on the combination Λ/coupling × mV ′

(where themV ′ factor accounts for the vector interaction prefactor) for both the o�-diagonal and
diagonal couplings as a function of x. Our analysis shows that the strongest bound arises from
the ff → ff sector2; hence, we present the bound from this sector in Figure 7.4, where the left
(right) plot corresponds to the bound on the o�-diagonal (diagonal) coupling. As discussed in
Section 7.2, in the diagonal case the processes ff → ff and V ′V ′ → f̄f mix; however, since the

1See Refs. [145, 165] for an alternative treatment of s channel poles.
2For massless fermions the j = 0 partial amplitudes of V ′V ′ → ff vanish, so j = 1 is the lowest admissible value.



78 7. Unitarity and Perturbativity

0.5 1.0 1.5 2.0

0.1

0.2

0.3

0.4

0.5

0.5 1.0 1.5 2.0

0.2

0.3

0.4

0.5
0.6

Figure 7.4.: Bound on the vector couplings CV(5)
ij (CV(5)

ii ) on the left (right) as a function of x ≡
m2
V ′/s from ff → ff . We show the bound from the j = 0 and j = 1 partial

waves, corresponding to the blue and orange lines, respectively.

Table 7.8.: Lower unitarity bounds on Λ/CV (5)
ij for the �avour violating vector interaction at

�xed
√
s = 100 GeV,

√
s = 1 TeV, and

√
s = 10 TeV. The bound at

√
s = 100 GeV

for mV ′ = 0.1 GeV is not applicable to the bd, bs sectors because the conditions
needed to avoid singularities are not satis�ed.

√
s = 100 GeV

√
s = 1 TeV

√
s = 10 TeV

mV ′/ GeV 0.1 1 10 0.1 1 10 0.1 1 10

ij 0.074 0.61 4.29 0.085 0.74 6.05 0.096 0.86 7.41

dominant bound is set by ff → ff (and V ′V ′ → f̄f is relevant only for x < 1/4), we consider
solely the ff → ff amplitudes to extract the bound1.

In Figure 7.4 the bounds from the j = 0 (blue) and j = 1 (orange) partial waves are displayed. In
the case of j = 0, no s channels contribute to the amplitudes, and thus the cut of Eq. (7.41) is not
needed. On the other hand, for j = 1 the s channels contribute and the cuts are implemented.
This can be seen in the plots, where the orange line (bound) jumps from 0.8 to 1.33, as within
this range s channel amplitudes are not considered. For the general �avour-violating scenario
with mi 6= mj , we �x

√
s = {0.1, 1, 10} TeV and choose values of mV ′ = {0.1, 1, 10} GeV, for

which the conditions needed to avoid singularities are satis�ed, except for the bd, bs sectors for
mV ′ = 0.1 GeV,

√
s = 100 GeV. Just as in the previous case with massless fermions, we �nd that

the strongest bound comes from ff → ff . This is because we are only considering transverse
modes, and the longitudinal modes for the V ′V ′ → f̄f, V ′f → V ′f contribute the most to the
bound.

1We have veri�ed that including the V ′V ′ → f̄f channel does not signi�cantly a�ect the bound. In particular, for
j = 0 the partial amplitudes cancel and do not contribute, while for j = 1 they yield considerably weaker bounds
than those from ff → ff .
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7.6. High Energy Amplitudes from the Stueckelberg Mechanism

As discussed in Section 5.2, the LDV V ′µ can acquire mass through the Stueckelberg mecha-
nism [65, 66]. By virtue of the GBET, in the high energy regime the longitudinal mode of V ′
is identi�ed with the scalar �eld π according to(

V ′µ
)

long ≡ −
∂µπ

mV ′
. (7.42)

Plugging in this relation into the interaction Lagrangian of Eq. (7.1), integrating by parts and
using the fermion equations of motion we �nd

(LV)long =
iπ

Λ
f̄i
(
CVij (mi −mj) + γ5CV 5

ij (mi +mj)
)
fj ,

(LD)long = 0 .
(7.43)

This Lagrangian reproduces the order O(π) amplitudes (such as Af → V ′f ) but not O(π2)
amplitudes (such as V ′f → V ′f ), since using the classical EOM only reproduces the theory to
linear order in the Goldstone [170, 171]. Using the classical EOM imposes on-shell conditions
that accurately capture only the leading linear contributions, while higher-order, non-linear ef-
fects are systematically neglected. This procedure, akin to a �eld rede�nition, preserves physical
observables order by order, but omits terms beyond the �rst order. Consequently, to work out
the form of the Lagrangian to second order one must perform the appropriate �eld rede�niton,
given by

fi →
(
e

iπ
mV ′

(CVij−CV 5
ij )

PL + e
iπ
mV ′

(CVij+CV 5
ij )

PR

)
fj , (7.44)

after which we �nd, additionally to the order O(π) interactions in Eq. (7.43), the O(π2) terms

(LV)long =− π2

2ΛmV ′
f̄i
(
(mi −mj) γ5

(
CV 5
ik CVkj + CVikCV 5

kj

)
+ (mi +mj)

(
CVikCVkj + CV 5

ik CV 5
kj

))
fj ,

− π2

ΛmV ′
f̄i
(
CVik − CV 5

ik

)
mk

(
CVkj + CV 5

kj

)
fj ,

(7.45)

corresponding to the vector interaction, since the �eld rede�nition does not generate dipole-like
interactions. The Lagrangian of Eq. (7.43) and Eq. (7.45) reproduce the leading partial amplitudes
given in Section 7.4. For LD the leading amplitudes of Eq. (7.29)–(7.32) are instead for transverse
polarisations of the LDV, as longitudinal modes vanish in the high energy regime due to the Dirac
structure of the interaction, i.e, LD ∝ σµν , and hence the result in Eq. (7.43). Therefore, using
the Stueckelberg trick leads to the correct leading amplitudes for LV (corresponding to LL), but
not for LD (corresponding to TT).

We emphasize that while the scattering of π interacting with the SM fermions as in Eq. (7.43) and
Eq. (7.45) must lead to the same contributions as the scattering of longitudinal LDVs in the high
energy, we computed all amplitudes with the theory of Eq. (7.1) corresponding to a massive Proca
vector, and did not consider the high energy regime except when extracting the analytical form
of the leading amplitudes in Section 7.4. We have computed the full amplitudes, and only when
needed we have taken certain limits of the amplitudes, such as the high energy limit to extract
the energy growing amplitudes in Section 7.4.1. In the case of perturbativity, we have taken
the complete amplitudes and numerically extracted the bound by diagonalising the matrices of
Table 7.2 and Table 7.3. The Stueckelberg mechanism and subsequent Eq. (7.43) serves as a check
of the calculation in the high energy regime, leading to the same amplitudes as for longitudinal
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V ′ in LV. Moreover, we have veri�ed that for the dipole TL, LL amplitudes vanish in the high
energy regime in agreement with Eq. (7.43).

The result of Eq. (7.43) for LV can also be obtained via the STI sum rules, in a similar way to the
analysis of Section 7.3. Consider the following interactions of the Goldstone π and V ′ with SM
fermions in the L/R basis of LV in Eq. (5.41)

L =
∑
σ

Y σ
πijπf̄iPσfj +

∑
σ

CV σij V ′µf̄iγµPσfj , (7.46)

with several fermion species i, j, and σ = L,R. The sum rule for the coupling of the Goldstone
boson to two fermions reads [169]

Y σ
πij = − i

mV ′

(
miCV

′σ
ij −mjCV

′σ̄
ij

)
, (7.47)

while Eq. (7.43) in the L/R basis reads

(LV)long. =
iπ

Λ
f̄i

(
PL

(
miCV

′L
ij −mjCV

′R
ij

)
+ PR

(
miCV

′R
ij −mjCV

′L
ij

))
fj . (7.48)

The couplings of Eq. (7.47) and Eq. (7.48) coincide up to the mV ′/Λ prefactor in LV and up
to a minus sign coming from demanding the cancellation of energy growing amplitudes. The
sum rule of Eq. (7.47) reproduces Eq. (7.48) because energy growing amplitudes correspond to
longitudinally polarised V ′ for LV, which are identi�ed as in Eq. (7.42).



Chapter 8

Conclusion

In this second part of the thesis we have considered a light NP vector boson, the LDV, coupled to
SM fermions. Following the EFT approach introduced in Section 3.3 we studied vector and dipole
like interactions. We have shown that FCNC interactions between the LDV and SM interactions
can arise after rotating to the SM Yukawa mass basis. Additionally, FCNC couplings can be
generated from the couplings RGEs via running from the (�avour diagonal) high scale to the low
scale.

In Chapter 6 we have systematically studied the �avour phenomenology of LDVs for two-body
decays. We have restricted our analysis to scenarios where the LDV is directly linked to DM,
and is either itself invisible or promptly decays to invisible particles, such that the LDV appears
as missing energy. We have calculated the resulting predictions for the decay rates of mesons,
baryons, and polarized leptons as a function of the LDV mass. These predictions were compared
to the experimental limits on various hadronic processes and LFV transitions. The limits on the
�avour-violating couplings are shown in Figures 6.2, 6.3, 6.4 and 6.5. Very stringent constraints
are obtained, reaching up to 1012 GeV in K → π decays, 108 GeV in B- and D-meson decays,
109 GeV in µ→ e decays, and 107 GeV in τ → µ/e decays for the vector interaction. Bounds on
dipole couplings are weaker, if viewed as dimension-six operators above the EW scale, but they
still probe UV scales of order 106 GeV in K → π and µ → e decays. Importantly, all channels
will be improved by present or near-future experiments, such as NA62, Belle II, BES III, MEG-II
or Mu3e. Moreover, baryon decays set the less constraining bounds, but are the only available
decays in some sectors (s → d, c → u) and couplings. No direct searches for baryon decays are
available (except for BES III [129] on the decay Σ+ → p + invis. albeit for massless vectors),
and our analysis motivates the need for direct searches via baryon decays. Finally, we have set
bounds on the diagonal UV couplings from the RGE-induced �avour-violation, see Figure 6.6.

In Chapter 7 we have employed partial wave unitarity to further analyse the model. We have com-
puted the helicity amplitudes of 2→ 2 processes with �avour-violation and diagonal couplings.
This required calculating the scattering matrices in �avour space, which were then diagonalised
to extract bounds on the couplings. Crucially, we distinguish between unitarity and perturbativ-
ity constraints: while the unitarity bounds are considerably weaker than those from two-body
decays, they lack a kinematical endpoint and therefore, constrain a broader region of parameter
space. Finally, we have examined the Stueckelberg mechanism and applied the GBET to deepen
our understanding of the model and the associated high energy amplitudes.





PART III

Heavy New Physics and EFTs
In this part of the thesis, we study a set of UV completions of the SM corresponding to heavy NP,
and the QCD corrections to four-fermion operators within the corresponding WET. In Chapter 9,
we consider a BSM setup featuring scalar LQs with general couplings to SM quarks and leptons.
The LQs are assumed to have masses well above the EW scale, and we analyse the ∆F = 2
mixing process using the WET introduced in Section 3.2. We match the full theory onto the
e�ective theory and compute the WCs up toO(αs)—which amounts to a two-loop calculation in
the full theory and a one-loop calculation in the WET. In Chapter 10 we examine two operators
of the WET for ∆F = 1 processes, focusing on the one-loop QCD corrections. We compute
the corresponding ADM and amplitudes. Moreover, we introduce a computational procedure
that extracts both the ADM and amplitudes, thereby avoiding the cumbersome rearrangement of
Dirac structures required by traditional methods. This new approach simpli�es the calculations
and has the potential to speed up the evaluation of loop corrections.





Chapter 9

Next-to-Leading-Order QCD Matching for ∆F = 2 Processes in Scalar
Leptoquark Models

In this chapter we study ∆F = 2 processes, that is, processes in which the �avour quantum
number changes by two units. For example, in the Bs mixing process introduced in Section 2.5,
it is the strangeness and bottomness quantum numbers that change by two units. Other rele-
vant processes include D0–D̄0, K0–K̄0 and Bs,d–B̄s,d mixing. These processes are forbidden
at tree level in the SM and occur only through loop diagrams, making them sensitive probes for
the �avour structure of the SM and NP models. For instance, precise measurements of the CP-
violating parameter εK in theK0−K̄0 system tightly constrain the imaginary parts of the CKM
products, while the mass di�erences ∆md and ∆ms in Bd and Bs mixing predominantly deter-
mine the magnitudes of the CKM matrix |Vtd| and |Vts|, respectively [172]. In the charm sector,
D mixing—with its suppressed SM contributions and minimal expected CP violation—o�ers an
excellent window for detecting small NP e�ects. Collectively, these ∆F = 2 processes not only
serve as rigorous tests of SM predictions but also signi�cantly restrict the parameter space of var-
ious BSM scenarios [18,19,173–175]. In particular, in this chapter we consider scalar LQs, which
are possible BSM particles that can arise in the context of Grand Uni�ed Theories [27–29]. What
makes them special, and de�nes them, are their direct couplings to SM leptons and quarks. LQs
were �rst systematically classi�ed in Ref. [176], where ten possible LQ representations under the
SM gauge group were found, of which �ve are scalar �elds (spin-0) and �ve are vector (spin-1)
particles; the complete scalar LQ Lagrangian and the corresponding set of Feynman rules has
been presented recently in Ref. [26]. While LQs have received varying degrees of attention in
the past, they have undergone a renaissance in recent years. This can be mainly attributed to
the emergence of the �avour anomalies, i.e. the deviations from the SM predictions observed in
several �avour observables.

Persistent tensions include the B-physics ratios RD(∗) , where B(B → D(∗)τν)/B(B → D(∗)`ν)
exceeds SM predictions by ∼ 2σ [177], and the muon g − 2, with a ∼ 3–4σ discrepancy be-
tween Fermilab’s measurement and SM theory [178]. These anomalies align with scalar or vector
LQs that couple preferentially to third-generation fermions. Meanwhile, earlierRK(∗) anomalies
(b → sµµ de�cits), once ∼ 4σ tensions, now stand at ∼ 2σ after LHCb’s Run 2 updates [179],
narrowing viable LQ parameter spaces. Similarly, the Bs → µ+µ− rate, initially ∼2σ below SM
predictions, now aligns within∼1σ [180], weakening scalar LQ motivations. Faded anomalies in-
clude the Kaon CP-violation parameter ε′/ε [181,182], and theW -boson mass anomaly, mitigated
by ATLAS/LHCb results favoring SM values [183]. LQs can address theRK(∗) andRD(∗) anoma-
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lies via LH couplings to b → sµ+µ− and b → cτν transitions, respectively, through tree-level
interactions that enhance lepton �avor universality violation [184–186]. They can also accom-
modate for the muon g− 2 anomaly via chirally enhanced couplings to muons and quarks [187].
However, these models require careful tuning of Yukawa couplings (e.g., λbτ ∼ O(1) for RD(∗) )
and mass scales (MLQ & 1−10 TeV) to evade constraints fromBs-mixing [188,189], electroweak
precision tests, and direct LHC searches [190].

QCD corrections play a pivotal role in the EFT framework for LQ models, ensuring precision
in connecting high-scale dynamics to low-energy �avour observables. These corrections gov-
ern the RGEs of WCs, which can amplify or suppress LQ contributions to processes like Bs-
mixing (∆ms) or rare decays (B → K(∗)µ+µ−). At low energies, logarithmic enhancements
from QCD loops and threshold corrections at the LQ mass scale modify matching conditions,
altering predictions for anomalies such as RK(∗) or RD(∗) . Precision demands rigorous control
of hadronic matrix elements (e.g., via lattice QCD or sum rules) to disentangle LQ signals from
SM backgrounds. Thus, incorporating QCD e�ects is indispensable for ensuring consistency be-
tween UV-complete LQ models, EFT interpretations, and experimental bounds while resolving
the interplay of �avour anomalies and high-energy phenomenology. The QCD corrections to LQ
production and decay at colliders have been known for a long time [191,192] and have been im-
proved to include NLO parton shower [193] or a large width [194]. Such QCD corrections have
also been included in recent analyses correlating the B anomalies to LHC searches [195–198].
However, the calculation for the analogous αs corrections to �avour observables is still incom-
plete. So far, only theO(αs) corrections to semi-leptonic processes [199] and `→ `′γ [200] have
been calculated, but the analogous two-loop matching for ∆F = 2 processes is still missing.
Here, specially in models aiming at an explanation of R(D(∗)), but also in models accounting
for b→ s`+`− [189, 201], Bs − B̄s mixing provides a crucial constraint that limits the possible
size of the NP contribution. In this chapter we calculate the next-to-leading order (NLO) QCD
matching for ∆F = 2 processes in scalar LQ models, together with the (known) two-loop QCD
evolution of the corresponding e�ective operators [202, 203], needed to reduce signi�cantly the
matching-scale uncertainty. This is particularly important in light of the increasingly tighter
constraints placed by ∆F = 2 processes on NP [188, 204, 205]. As a starting point, we consider
the following generic Lagrangian governing the couplings of scalar LQs Φ of mass M to leptons
` (charged leptons or neutrinos) and quarks q (up or down type)

L LQ
q` =

∑
a

q̄
(
ΓaLq` PL + ΓaRq` PR

)
`Φa + h.c. , (9.1)

with a = 1, 2, . . . running over the di�erent LQ �elds (several ‘copies’ of LQs belonging to the
same representation also allowed). In Section 9.1 we introduce the ∆F = 2 WET theory and
match the full theory onto the EFT at NLO. Moreover, we discuss the calculation of the ADM and
1-loop amplitudes in the WET. In Section 9.2, we give the LO WCs, and in Section 9.3 the NLO
calculation is discussed, where we renormalise the LQ theory and compute the 2-loop diagrams
in the full theory. Finally, in Section 9.4 we do a phenomenological analysis and analyse the
impact of the NLO corrections.

9.1. ∆F = 2 E�ective Field Theory and Matching

Due to the relatively low energy scale at which neutral meson mixing takes place, its physics can
be described by an EFT where SM EW-scale particles (W,Z , higgs and top) as well as the LQs 1

are not dynamical DOF and are integrated out from the action. Flavour-changing transitions are
1We assume that the LQs are heavier than the EW scale as indicated by LHC searches [206].
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then mediated by e�ective operators of dimension six or higher (see, e.g. Ref. [41]). The most
general set of (physical) dimension six operators for ∆F = 2 processes contains eight operators
(for a speci�c �avour transition)

L ∆F=2
e� = −

5∑
i=1

CiOi −
3∑
i=1

C ′iO′i . (9.2)

In the case of Bs − B̄s mixing, the operators in the so-called “SUSY” basis read explicitly [41]

O1 = (s̄αγ
µPLbα) (s̄βγµPLbβ) , O5 = (s̄αPLbβ) (s̄βPRbα) ,

O2 = (s̄αPLbα) (s̄βPLbβ) , O′1 = (s̄αγ
µPRbα) (s̄βγµPRbβ) ,

O3 = (s̄αPLbβ) (s̄βPLbα) , O′2 = (s̄αPRbα) (s̄βPRbβ) , (9.3)
O4 = (s̄αPLbα) (s̄βPRbβ) , O′3 = (s̄αPRbβ) (s̄βPRbα) .

whereα, β are colour indices. The corresponding expressions forK0−K̄0,D0−D̄0 andBd−B̄d
mixing follow by a simple exchange of �avours. The associated WCsC(′)

i can be calculated from a
given UV-complete theory by performing a matching calculation at the matching scale µ0, which
is of the order of the mass of the particles that are integrated out. The matching calculation is
done by equating the full-theory and the EFT amplitudes (expanded in αs) at the matching scale,
order by order in perturbation theory. In the EFT, the amplitude reads

Aeff =
∑
i,j

Ci

(
δij + α̂s rij +O(α2

s)
)
〈Oj〉(0) , (9.4)

where 〈Oi〉(0) are tree-level matrix elements, rij is the NLO (�nite) contribution and we have
de�ned α̂s ≡ αs/(4π). The amplitudes in the full theory at order O(αs) are the sum of the (one
loop) LO contributions (F (0)

i ) from the diagrams in Figure 9.1 and the NLO (two loop) contribu-
tions (F (1)

i ) from the two-loop diagrams shown in Figure 9.2. It can be written as

ALQ =
∑
i

(
F

(0)
i + α̂s F

(1)
i +O(α2

s)
)
〈Oi〉(0) , (9.5)

again in terms of tree-level matrix elements. Requiring the equality of EFT and full-theory am-
plitudes at the matching scale µ0 order-by-order in αs(µ0), and expanding the WCs in αs

Ci(µ0) = C
(0)
i (µ0) + C

(1)
i (µ0) +O(αs(µ0)2) , (9.6)

yields

C
(0)
i = F

(0)
i , (9.7)

C
(1)
i = α̂s F

(1)
i − α̂s

∑
j

F
(0)
j rji . (9.8)

The LO coe�cients C(0)
i = F

(0)
i are given in Section 9.2, by direct computation of the cor-

responding 1-loop box diagrams. The NLO C
(1)
i WCs are obtained from the evaluation of the

genuine two-loop Feynman diagrams and one-loop diagrams with counterterms, to be discussed
in Section 9.3. Below the matching scale, the renormalisation-scale dependence of the WCs is
determined by the ADM in the EFT according to the RGE

dCi
d log µ

= γjiCj =
(
α̂sγ

(0)
ji + α̂2

sγ
(1)
ji + · · ·

)
Cj . (9.9)
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Figure 9.1.: Feynman diagrams depicting the LO scalar LQ contributions to the Wilson coe�-
cients C(0)

i in Bs mixing.

In the next subsection we focus on the EFT calculation of the LO ADM γ(0) and the rij-matrix
needed at NLO according to Eq. (9.8). As outlined in Section 3.2, the 1-loop ADM is found by

γ
(0)
ij = −2

(
2δZqδij + δZ ′ij

)
with δZq = −ξCF , (9.10)

which we compute in the Feynman gauge ξ = 1.

9.1.1. 1-Loop EFT Calculation

In this subsection we focus on the calculation of the ADM and r-matrix at 1-loop in the EFT. The
former is needed for the running of the WC according to Eq. (9.9), while the latter is needed to
�nd the WC at NLO in αs according to Eq. (9.8). At the quark level, the Bs mixing is given by
the process bαs̄β → b̄γsδ . The �rst task corresponds to computing the tree-level matrix elements
〈Oi〉(0) for the dimension-six operators of Eq. (9.3), which are given by the contact diagrams of
Figure 9.3.

The tree-level matrix elements are given by 〈Oi〉(0) = 〈b̄γsδ| Oi |bαs̄β〉. For example, for O1 we
�nd

〈O1〉(0) = 2iδδαδγβ (ūδγµPLuα) (v̄βγ
µPLvγ)− 2iδβαδγδ (ūδγµPLvγ) (v̄βγ

µPLuα)

≡ 〈O1〉(0)|1 − 〈O1〉(0)|2 ,
(9.11)

and analogously for the other operators. Going to 1-loop in αs we consider the QCD corrections
to these amplitudes, where (some) the diagrams are depicted in Figure 9.4. The amplitudes carry a
loop integral that we calculate via dimensional regularisation (DR), in which divergences take the
from 1/ε. This means that we work in d = 4− 2ε dimensions and accordingly the Dirac algebra
is to be performed in d-dimensions. Then, one is forced to choose a γ5 scheme [207], since γ5 is
strictly de�ned in four dimensions. In this chapter we choose naive dimensional regularisation
(NDR), which assumes that the anticommutativity of the γ5 matrix with the Dirac matrices in four
dimensions also holds in d-dimensions, i.e., {γ5, γ

µ} = 0 [208]. In d-dimensions, the physical
basis {Oi} is incomplete, because certain strings of gamma matrices cannot be reduced/projected
back to the physical structures, which is needed to compute the amplitudes according to Eq. (9.4).
Then, evanescent operators Ei are introduced [209–211], which allow to project such structures
back to the physical basis {Oi} . By de�nition, evanescent operators vanish in four dimensions,
i.e. Ei = 0 in d = 4, and are thus to be understood as an artifact which arises in d = 4− 2ε 6= 4
calculations. We now wish to illustrate the calculation. We consider the 1-loop diagrams of
Figure 9.4, which we label asD1, D2 andD3 from left to right, respectively. We consider massless
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Figure 9.2.: A sample of two-loop diagrams and one-loop diagrams with counterterm insertions
(indicated by the cross), contributing to the NLO QCD matching for Bs − B̄s
mixing.
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bα sδ
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Figure 9.3.: Tree-level diagrams from the insertions of the EFT Oi operators in Eq. (9.3).
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Figure 9.4.: Sample of 1-loop diagrams with QCD corrections for ∆F = 2 processes from the
insertions of Oi. We name the diagrams D1, D2, D3 from left to right. The other
contractions, corresponding to the right diagram in Figure 9.3 can be obtained by
ūδ ↔ v̄β .

quarks and zero external momenta, which introduces IR divergences in the soft k → 0 region
of the loop momenta. In order to regularise these IR divergences, we give the gluons a �ctitious
mass λ. Therefore, the gluon propagator in the Feynman gauge ξ = 1 reads

∆ab
µν = i

−gµν
k2 − λ2

δab , (9.12)

where a, b are colour indices. In this manner, UV divergences are regularised as 1/ε while IR
divergences take the form logλ/µ, where µ is the renormalisation scale1. Moreover, we work in
the MS scheme [212], for which µ2 → µ2eγ/4π, so that γ and 4π factors are absorbed. With
insertions of O1, the diagrams Di of Figure 9.4 read2

D1 = g2
sCF δαδδβγ (ūδγ

νγργµPLγ
τγνuα) (v̄βγµPLvγ)

∫
µ2εkρkτ

k4 (k2 − λ2)
dk ,

D2 = g2
s

∑
a

T aδαT
a
βγ (ūδγµγ

τγνPLuα) (v̄βγ
νγργµPLvγ)

∫
µ2εkρkτ

k4 (k2 − λ2)
dk ,

D3 = −g2
s

∑
a

T aδαT
a
βγ (ūδγνγ

τγµPLuα) (v̄βγ
νγργµPLvγ)

∫
µ2εkρkτ

k4 (k2 − λ2)
dk ,

(9.13)

1Other regulators can be used to regularise the IR divergences, such as considering external momenta or quark masses.
We will see examples with distinct regulators in Chapter 10.

2We de�ne dk ≡ dk/(2π)d.
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where
∑
a

T aijT
a
kl = 1/2(δilδkj − 1/3δijδkl) and for D1 the colour structure has been reduced

according to
∑
a

T aδσT
a
σαδβγ = CF δδαδβγ with CF = 4/3. Notice that the three diagrams in

Eq. (9.13) have the same loop integral. Using DR the integral yields∫
µ2εkρkτ

k4 (k2 − λ2)
dk = i

gρτ
64π2

F with F ≡ 1

ε
− logλ

2

µ2
+

3

2
, (9.14)

where we have used kρkτ → (1/d)k2gρτ and the partial fraction decomposition

1

k2 (k2 − λ2)
= − 1

λ2

(
1

k2
− 1

k2 − λ2

)
. (9.15)

The �rst term (1/k2) is a scaleless integral which vanishes in DR, and the second integral is solved
with the usual DR formulas [213], to obtain the result of Eq. (9.14). The result contains a 1/ε UV
divergence and a IR divergence in the form logλ2/µ2, as well as a �nite piece corresponding to
the 3/2 factor. The next step is rearranging the strings of gamma matrices between the spinors
according to d-dimensional Cli�ord algebra to project back to the tree-level matrix element of
O1 given in Eq. (9.11)

DiagramD1

We �rst consider the D1 diagram of Eq. (9.13). In order to project back to the tree-level ampli-
tude of O1, the string of gamma matrices in the �rst bilinear (ūδγνγργµPLγτγνuα) is reduced
according to the Cli�ord algebra to (the ρ, τ Lorentz indices are contracted due to the gρτ metric
coming from the loop integral in Eq. (9.14))

γνγργµPLγργν = (2− d)2 γµPL , (9.16)

and the amplitude is projected back to the tree-level matrix element 〈O1〉(0) of Eq. (9.11), which
yields (with g2

s = 4παs)
D1 =

αs
6π

(1− 2ε)F〈O1〉(0)|1 . (9.17)

Thus, theD1 diagram is projected back to the physical basis with no problem. The corresponding
1-loop diagram with distinct contraction (found by ūδ ↔ v̄β in D1) gives the same result as D1

up to 〈O1〉(0)|1 ↔ 〈O1〉(0)|2.

DiagramD2

For the D2 diagram of Eq. (9.13) the situation is more complicated. First and unlike D1, which
involves a single color structure, D2 receives two distinct color contributions from T aδαT

a
βγ . Sec-

ondly, each spinor bilinear contains a string of three gamma matrices; however, their orders
di�er. Speci�cally, the �rst bilinear features the sequence γµγργν and the second one γνγργµ.
Therefore, the strings of gamma matrices must be ordered in the same manner. To do so, we use
the following identity on the matrices of the second bilinear

γνγργµ = −γµγργν + 2gρνγµ − 2gµνγρ + 2gνργν . (9.18)

After using this identity and simplifying further, the amplitude reads

D2 =
ig2
s

64π2
F
∑
a

T aδαT
a
βγ [− (γµγργνPL ⊗ γµγργνPL) + (20− 12ε) (γµPL ⊗ γµPL)] , (9.19)
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where we use the notation (Aµ1...µnPL ⊗Bµ1...µnPL) ≡ (ūδA
µ1...µnPLuα) (v̄βB

µ1...µnPLvγ).
To project back to the physical basis, observe that the colour structure δβγδαδ with (γµPL ⊗ γµPL)

can be identi�ed with 〈O1〉(0)|1, but this is not possible for the contribution with the colour struc-
ture δδγδαβ , because it does not have the same spinor structure as 〈O1〉(0)|2. Moreover, we also
cannot project back the structures with a string of three gamma matrices. In order to be able
to reduce such structures to the physical basis, we introduce the following evanescent opera-
tors [203]

E1 = (s̄αγµPLbβ) (s̄βγ
µPLbα)−O1 ,

E2 = (s̄αγµγνγρPLbα) (s̄βγ
µγνγρPLbβ)− (16− 4ε)O1 ,

E3 = (s̄αγµγνγρPLbβ) (s̄βγ
µγνγρPLbα)− (16− 4ε)O1 .

(9.20)

With these new operators, the amplitude reads

D2 =
αs

64π
F
[
(20− 12ε)〈E1〉(0)|1 − 〈E3〉(0)|1 −

1

Nc
(20− 12ε)〈O1〉(0)|1 +

1

Nc
〈E2〉(0)|1

]
.

(9.21)
Thus, the Ei operators allow to project the amplitudes back to the physical basis, in terms of
tree-level matrix elements of physical and evanescent operators. The corresponding 1-loop di-
agram with distinct contraction (found by ūδ ↔ v̄β in D2) yields the same result as D2 up to
〈O1〉(0)|1 ↔ 〈O1〉(0)|2, 〈Ei〉(0)|1 ↔ 〈Ei〉(0)|2. A few remarks are in order regarding the evanes-
cent operators. With the previous illustrative example at hand, we focus on the Ei of Eq. (9.20).
In four dimensions, the evanescent operators must vanish, since by de�nition Ei ∼ O(ε). For
E2, E3 this is the case upon using the Chisholm identity

γµγνγλ = γµgνλ − γνgµλ + γλgµν − iγσγ5εµνλσ , (9.22)

which holds in four dimensions. Importantly, the (16−4ε) term in theE2, E3 evanescent opera-
tors can be generally written as (16−aε) for any a, since theO(ε) pieces trivially vanish in four
dimensions (because then ε → 0). Therefore, the value of a can be understood as the scheme
dependence de�ning the evanescent operators, while the factor 16 is precisely �xed from four
dimensional Dirac algebra to guarantee the vanishing of Ei in d = 4. Of course, calculations
might (and do) depend explicitly on a, i.e., in our calculation changing the −4ε factor yields dis-
tinct results. In the case of the evanescent operators of Ref. [203] employed here, the a factors
are chosen/found according to the “Greek projections” [19], but other de�nitions (other a values)
are possible [211, 214]. Regarding the “origin” of the evanescent operators, the E2, E3 operators
arise from the fact that the strings of three gamma matrices appearing in the Di diagrams of
Eq. (9.13) cannot be reduced to the physical basis via d-dimensional Dirac algebra. Therefore,
such operators are called Dirac evanescent operators. The E1 operator in Eq. (9.20) also vanishes
in four dimensions, but for a di�erent reason thanE2, E3. In four dimensions, the so called Fierz
identities apply [203, 211, 214, 215], which allow to rearrange spinor contractions in products of
bilinears. For example, for O1 we have

O1 = s̄αγ
µPLbαs̄βγµPLbβ

Õ1 = s̄αγ
µPLbβ s̄βγµPLbα

⇒ O1 = Õ1 in 4d . (9.23)

In d-dimensions this is not the case anymore, and therefore the Fierz evanescent operator E1 is
de�ned according to

E1 = Õ1 −O1 , (9.24)
which automatically vanishes in four dimensions due to the corresponding Fierz identity. While
the “source” of distinct evanescent operators might di�er, one can understand all these operators
as being needed to project back the loop amplitudes to the physical basis in d-dimensions.
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DiagramD3

For the D3 diagram of Eq. (9.13) we also use the evanescent operators of Eq. (9.20), to �nd

D3 =
αs

64π
F
[

1

Nc
〈E2〉(0)|1 − 〈E3〉(0)|1

]
. (9.25)

Again, the corresponding 1-loop diagram with distinct contraction (found by ūδ ↔ v̄β in D3)
yields the same result as D3 up to 〈Ei〉(0)|1 ↔ 〈Ei〉(0)|2.

ADM and matrix r

Having computed the loop amplitudes from O1 insertions, we extract its ADM γ
(0)
11 and r11-

matrix components, given by Eq. (9.10) and Eq. (9.4), respectively. We obtain γ
(0)
11 = 4 and

r11 = −4/3 log λ/µ − 5. To determine the full ADM and r-matrix, the calculation previously
outlined must be done for all the operators in Eq. (9.3). Importantly, although we introduced the
evanescent operators E{1,2,3} in Eq. (9.20) for O1, additional evanescent operators are required
when evaluating the diagrams with insertions of O{2,3,4,5}. The complete set of evanescent op-
erators used in the calculation are found in Appendix A of Ref. [203], resulting in a total of eight
physical and twenty evanescent operators. After doing the corresponding calculation, the full
ADM and r-matrix are found to be1

γ(0) =



4 0 0 0 0

0 −28/3 4/3 0 0

0 16/3 32/3 0 0

0 0 0 −16 0

0 0 0 −6 2


, (9.26)

r =



4/3 0 0 0 0

0 44/3 −4/3 0 0

0 −16/3 −16/3 0 0

0 0 0 64/3 0

0 0 0 6 10/3


log(µ/λ)+



−5 0 0 0 0

0 1/3 −1 0 0

0 −15/2 −25/6 0 0

0 0 0 19/3 −3

0 0 0 −1/2 −7/6


,

(9.27)
for C1−5, with the ADMs and r-matrix elements for C ′1−3 equal to the ones for the C1−3 sector.
These results are in agreement with Refs. [202,216,217]. Notice that forO2,O3 andO4,O5 there
are mixing (o�-diagonal) terms in the ADM and r-matrix. This is because at 1-loop the insertion
of O2(O4) generates O3(O5) and vice-versa, i.e., there is operator mixing.

It is worth commenting on the ADM and r-matrix results of Eq. (9.26) and Eq. (9.27). The �rst
relevant point is that the ADM at 1-loop is scheme independent, meaning independent of the γ5

scheme and evanescent operators. This is because the ADM is obtained from the 1/ε terms, and
therefore it does not depend on the evanescent operators nor the d-dimensional Dirac algebra.
To see this, note that the 1-loop diagrams schematically scale as

D1-loop ∼ loop integral× Dirac algebra ∼
(

1

ε
+ �nite

)
× (�nite +O(ε)) , (9.28)

1Here and in the following all elements in the 2–3 sector will appear in gray in order to make it clear that they do not
play any role when C2,3 = 0, which is our case.
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and thus the resulting 1/ε pieces can be directly extracted without the need to use evanescent
operators. In other words, to �nd the ADM at 1-loop the Dirac algebra can be performed in four
dimensions and there is no need to use evanescent operators. For the r-matrix, it turns out that
the logarithmic IR piece is also scheme independent, because it comes from the �nite pieces of the
loop integral and Dirac algebra, but the “�nite” (logλ/µ independent) r-matrix piece is scheme
dependent because it arises from the loop integral divergence together with O(ε) pieces of the
d-dimensional Dirac algebra. Therefore, the r-matrix is γ5 scheme dependent and depends on the
used set of evanescent operators, as well as on the IR regularisation. Therefore, when doing such
calculations one must always specify the scheme that is used: the set of physical and evanescent
operators ({Ei} taken from Ref. [203]), the renormalisation scheme (e.g., MS in this case), the γ5

scheme (we use NDR) and the IR regularisation employed (�ctitious gluon mass). At this point
we wish to point out that the IR (logarithmic) piece of the r-matrix in Eq. (9.27) must cancel in
the matching of the C(1)

i at NLO as given by Eq. (9.8) with the (equivalent) IR contributions from
the 2-loop full theory contained in F

(1)
i . This can be understood by recognising that the full

and EFT theory must be equal in the IR (low-energy) regime, and thus must have the same IR
divergences. Crucially, for this to occur one must consistently regularise IR divergences in the
same manner in the full and EFT theories, i.e., introducing a gluon mass for both computations.
This cancellation of IR divergences between the full and EFT theory is non-trivial and serves as
a check of the calculation.

9.1.2. 2-Loop ADM

The NLO ADM γ(1) of Eq. (9.9) arises at 2-loops [202, 203]. It was derived in Ref. [203] using a
di�erent basis for physical operators (the “BMU” basis) than the “SUSY” basis of Eq. (9.3). The
WCs at NLO will be scheme-dependent, and it will be important to use the same scheme for γ(1)

in order to get scheme-independent observables. To obtain the 2-loop ADM in the “SUSY” basis
we use a change of basis, and thus we do not explicitly compute the 2-loop EFT amplitudes. The
“BMU" basis for physical operators reads,

Q =
(
QVLL

1 , QSLL
1 , QSLL

2 , QLR
1 , Q

LR
2 , Q

VRR
1 , QSRR

1 , QSRR
2

)T
, (9.29)

where the superscripts VLL, SLL, etc denote the sector of the corresponding operator. In order to
�nd the NLO ADM in the SUSY basis, we must rotate the BMU result in Ref. [203] to our basis.
The SUSY (O) and BMU (Q) bases are related in the following way

~O = R
(
~Q+W ~E

)
, (9.30)

where the Fierz-evanescent operators ~ET =
(
?,ESLL

1 , ?, ELR
1 , ?

)
are de�ned in Ref. [203] and

R =



1 0 0 0 0

0 1 0 0 0

0 −1/2 1/8 0 0

0 0 0 0 1

0 0 0 −1/2 0


, W =



0 0 0 0 0

0 0 0 0 0

0 8 0 0 0

0 0 0 −2 0

0 0 0 0 0


. (9.31)

(The corresponding results for the sectorO′1−3 vs VRR/SRR are the same as the 1–3 sector above.)
Due to the presence of evanescent operators ( ~E) and their mixing with the physical operators,
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the transformation for γ(1) from the BMU basis to the SUSY basis corresponds to a rotation plus
a change of scheme, given by (e.g. Refs. [218, 219])

γ
(1)
O = R

(
γ

(1)
Q −

[
rQ, γ

(0)
Q

]
− 2β0rQ

)
R−1 +

[
rO, γ

(0)
O

]
+ 2β0rO, (9.32)

where the matrices rO and rQ are de�ned in Eq. (9.4) in their corresponding bases. The LO
ADM γ(0) is scheme-independent and thus it holds that γ(0)

O = Rγ
(0)
Q R−1. We compute rQ from

scratch directly in the BMU basis (along the lines of Section 9.1.1), and obtain

rQ =



4/3 0 0 0 0

0 46/3 −1/6 0 0

0 40 −6 0 0

0 0 0 10/3 −12

0 0 0 0 64/3


log(µ/λ)+



−5 0 0 0 0

0 5/6 −1/8 0 0

0 −46/3 1/6 0 0

0 0 0 −7/6 1

0 0 0 3/2 19/3


.

(9.33)
where again we have indicated in gray the sector that does not impact our model. Using Eq. (9.32)
and taking γ(1)

Q from Ref. [203], we �nd

γ
(1)
O =



4f

9
− 7 0 0 0 0

0
220f

27
− 476

3
−4f

27
− 4

3
0 0

0 73 +
110f

27

359

3
− 218f

27
0 0

0 0 0
68f

9
− 1343

6
4f − 225

2

0 0 0
22f

3
− 99

71

3
− 22f

9


, (9.34)

where f is the number of active quark �avours. The SLL/SRR sector (in gray) can be repro-
duced using the formulas given in Section C.1 of Ref. [220], leading to a result in agreement
with Eq. (9.34).

9.1.3. Projections

In the previous section we have illustrated the calculation of the ADM and r-matrix to 1-loop in
αs. Upon choosing a γ5 scheme and completing the physical basis with evanescent operators, the
calculation can be carried out to obtain the corresponding ADM and r-matrix given in Eq. (9.26)
and Eq. (9.27). Inevitably and despite our e�orts to clarify the calculation, any attentive reader
must have noticed that the calculation is cumbersome, involving numerous diagrams associated
with distinct operators and tedious manipulations of the Dirac algebra. It is de�nitely not a trivial
task to carry out such calculations, and it is therefore worth exploring the possibility of doing the
calculation in a di�erent manner. Not only might this help in the computational task, di�erent
methodologies can also shed light into distinct aspects of the problem at hand. In the previous
discussion we employed what we call the “traditional” method, in which the Dirac algebra is
carried out in such a way that we rearrange, order and/or reduce the strings of gamma matrices
accordingly and project back to the physical basis (with the help of the evanescent operators).

Here we introduce a di�erent methodology, in which the rearrangement of the Dirac structures
is (explicitly) avoided. In the previous section we have argued that in order to compute the ADM
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and r-matrix, the 1-loop amplitudes from a concreteOi insertion are projected back to tree-level
matrix elements of physical and evanescent operators. Consequently, after the loop integration
and Dirac algebra is carried out, a generic 1-loop amplitude takes the form

〈Oi〉|1-loop =
∑
i

(
ai〈Oi〉(0) + bi〈Ei〉(0)

)
for Oi insertion . (9.35)

The ai coe�cients contain the 1/ε poles from which the ADM is found as well as the �nite
pieces corresponding to the r-matrix. For example, in the previous section where we computed
the 1-loop amplitude for O1, we found a1 = 2/3(1− 9ε)F . Therefore, we wish to extract the ai
coe�cients of Eq. (9.35). This can be accomplished with a projection Pi satisfying

Pi〈Oj〉(0) = δij +O(ε2)

Pi〈Ej〉(0) = O(ε2)

⇒ Pi〈Oj〉|1-loop = aiδij . (9.36)

Notice that we have speci�ed that the projections must be valid up toO(ε), with potentialO(ε2)
terms (or higher) being irrelevant because we work at 1-loop. The projector is de�ned according
to Pi|S = PAi ⊗ PBi , and amounts to performing the following replacements on an amplitude

Pi|S : vαūβ → PAi Sαβ , uαv̄β → PBi Sαβ , (9.37)

where Sαβ = {δαβ , Tαβ} are the two possible colour structures, and PA,Bi are composed of Dirac
structures. Notice that the projection acts on the Dirac (and colour) structures, while the loop
integral is to be performed as described in Section 9.1.1 with DR. Thus, the projection “replaces”
the Dirac algebra operations and rearrangements of the “traditional” method. As an example, let
us consider the projection on the tree-level matrix element of O1 as given in Eq. (9.11). We �nd

Pi|δ〈O1〉(0) = 2iNTr
(
PAi γµPLP

B
i γ

µPL
)
− 2iN2Tr

(
PAi γµPL

)
Tr
(
PBi γ

µPL
)
,

Pi|T 〈O1〉(0) = 8iTr
(
PAi γµPLP

B
i γ

µPL
)
,

(9.38)

for the colour structures δαβ and Tαβ , respectively1. Notice that we get two types of traces, i.e.,
Tr(. . . ) and Tr(. . . )Tr(. . . ), coming from di�erent contractions (spinor structures) in the ampli-
tude. We call these terms direct and crossed, respectively. The analogous projections arise for
the other physical and evanescent operators. Consequently, given a set of physical and evanes-
cent operators we construct the projectors such that the conditions on the tree-level amplitudes
of Eq. (9.36) are satis�ed. The projectors are built as a linear combination of “fundamental” pi
projectors according to

Pi =PAi ⊗ PBi ≡
∑
k

cikpk with

pk ={γµ1 . . . γµnPR ⊗ γµ1 . . . γµnPR, γµ1 . . . γµnPL ⊗ γµ1 . . . γµnPR, L↔ R} ,
(9.39)

where for clarity we focus on the Dirac structures and omit the colour index (structures), because
the colour and Dirac structures factorise. Of course, when giving a projector we shall specify
its corresponding (δαβ or Tαβ ) colour structure. Here, cik are the corresponding coe�cients
(numbers) of each pk structure, such that Pi are a linear combination of the fundamental pk
projections. In the case at hand of ∆F = 2 processes in the WET, there are eight physical
(Oi, i = 1, . . . , 8) and twenty evanescent operators (Ei, i = 1, . . . , 20). Therefore, we need eight

1Notice that the projection with Tαβ is recovered from the δαβ one via N2 → 0, N → 4.
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projectors Pi, i = 1, . . . , 8, one for each physical operator Oi in Eq. (9.3). The projectors can be
found perturbatively in ε by solving an algebraic system of equations,

Pi〈Qj〉(0) =
∑
k

cikpk〈Qj〉(0) ≡
∑
k

cikMkj =

{
δij j = 1, . . . , 8

0 j = 9, . . . , 28
(9.40)

where Qj = Oj , j = 1, . . . , 8;Qj = Ej−8, j = 9, . . . , 28. The matrix M is of order O(ε) and
thus we write M = M0 + M ε, while the coe�cients cik are also expanded to order O(ε), i.e.,
c = c0 + εcε, and thus (in matrix notation)

c0M0 = δQO ,

c0
(
M0 +M ε

)
+ εcεM0 = δQO ,

(9.41)

which are solved to �nd the c0, cε coe�cients for the corresponding fundamental pk structures.
The application of the projector on an amplitude according to Eq. (9.36) is implemented in a
straightforward manner in packages such as FeynCalc. This is the advantage of the projectors:
no (explicit) Dirac algebra nor rearrangement must be done, one simply applies the projector (Pi)
to an amplitude and the desired coe�cient (ai) is outputted. But there is a source of potential
issues in the NDR scheme, namely, the trace of an even number of Dirac matrices with γ5, such as
Tr(γµγνγργλγ5), which are ambiguous in d-dimensions. Notice that these traces (might) appear
in the crossed projections Tr(. . . )Tr(. . . ) of Eq. (9.38), while the direct ones Tr(. . . ) are free
of this issue because all Lorentz indices are contracted. In order to compute such traces, one is
forced to choose a scheme or prescription, such as ’t Hooft–Veltman (HV) or Larin [210,221–223].
In Chapter 10 we will discuss in more detail the projections, the problematic traces with the γ5

matrix and the di�erent schemes. For now, we simply state the procedure we used for the ∆F = 2
calculation. We carry out the calculation as follows1. We choose NDR and freely anticommute
γ5 to the right of the traces. For an even number of γ5 no issue arises because γ2

5 = I and
therefore, only traces with an odd number of γ5 yield ambiguous traces. Once this is done, the
traces Tr(γµ1 . . . γµ2nγ5), n ∈ Z are dealt with via the Larin scheme, in which γ5 is replaced
according to its de�nition

γ5 = − i

4!
εµνρσγ

µγνγργσ , (9.42)

where εµνρσ is the four dimensional antisymmetric Levi–Civita tensor, with ε0123 = −1, ε0123 =
+1. In the Larin scheme, contractions of Levi–Civita tensors are promoted to d-dimensions [222,
223, 226, 227]. With this procedure and solving the system of equations of Eq. (9.41), we �nd2

P1 = − 455i

2304
pδ1 −

193i

384
pT1 +

i

1152
pδ8 +

323i

12288
pT6 + ε

149i

256
pδ1 , (9.43)

P2 = −2520983i

273888
pδ2 +

1489i

45648
pδ7 −

655699i

45648
pT2 +

10229i

365184
pT7 +

7i

4608
pT10 (9.44)

− 105617i

1095552
pδ5 + ε

(
31272625i

1643328
pδ2 +

4117901i

136944
pT2

)
, (9.45)

P3 = −1257571i

136944
pδ2 +

373i

11412
pδ7 −

655645i

45648
pT2 +

10157i

365184
pT7 +

7i

4608
pT10 (9.46)

− 51817i

547776
pδ5 + ε

(
15625897i

821664
pδ2 +

2056349i

68472
pT2

)
, (9.47)

1We stress that HV is the only (known) consistent scheme [221,223–225] in DR. It correctly reproduces chiral anomalies
and avoids internal Dirac algebra contradictions, albeit counterterms must be introduced to preserve gauge invariance.
Yet, one can choose a di�erent scheme and obtain correct results, i.e., free of ambiguities. It is then crucial to cross-
check the calculations to ensure their validity.

2The projectors P ′1,2,3 projecting into C′1,2,3 are equal to P1,2,3 with the replacement PL ↔ PR.
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P4 = − i

16
pT3 +

i

144
pδ6 +

i

16
pT4 −

i

192
pT9 −

i

12
pδ4 − ε

(
3i

16
pT4 +

i

24
pδ3

)
, (9.48)

P5 = − 3i

16
pT4 +

i

48
pT3 −

i

36
p3 +

i

64
pT9 +

iε

16
pT4 , (9.49)

where the δ, T superscript denotes the colour structure of the corresponding fundamental pro-
jector pi, and the list of projectors pi reads:

p1 = γµPR ⊗ γµPR , p2 = PL ⊗ PL ,
p3 = γµPL ⊗ γµPR , p4 = PL ⊗ PR ,
p5 = σµνPL ⊗ σµνPL , p6 = γµγνγρPR ⊗ γµγνγρPR , (9.50)
p7 = σµνPL ⊗ σµνPR , p8 = γµγνγργσγλPR ⊗ γµγνγργσγλPR ,
p9 = γµγνγρPL ⊗ γµγνγρPR , p10 = γµγνγργσγλγδPL ⊗ γµγνγργσγλγδPL .

These projectors satisfy the conditions of Eq. (9.37), and when applied to the 1-loop EFT ampli-
tudes, the corresponding ADM and r-matrix of Eq. (9.26) and Eq. (9.27) are obtained, serving as
a check of the projection method. Recall that the ADM γ(0) at 1-loop is scheme independent and
can be found using four-dimensional Dirac algebra. Therefore, we have also checked that using
the projectors in d = 4 the γ(0) is obtained. While here we have focused on the EFT calculation,
the projectors can also be used in the full theory, where the amplitude must also be projected
back to the tree-level matrix elements of the EFT operator basis as given by Eq. (9.5). In this case,
applying the projections extracts the F (0)

i , F
(1)
i coe�cients and therefore, one can fully compute

the WCs at LO and NLO1 with projections, see Eq. (9.8).

9.2. Leading Order Wilson Coe�cients
We now discuss the LO O(α0

s) result for the WC C
(0)
i , as given by Eq. (9.8). The LO contribu-

tions originating from LQ exchange to the LO Wilson coe�cients C(0)
i arise from the one-loop

diagrams shown in Figure 9.1. These results, which are similar to the ones in the MSSM [216] or
2HDMs [228], are known [215, 229], and the non-zero WCs at the matching scale µ0 are given
by2

C
(0)
1 (µ0) =

1

128π2M2

∑
a,b

ΓRabΓ
R
ba

log(xa/xb)

xa − xb
, (9.51)

C
′(0)
1 (µ0) =

1

128π2M2

∑
a,b

ΓLabΓ
L
ba

log(xa/xb)

xa − xb
, (9.52)

C
(0)
4 (µ0) = − 1

32π2M2

∑
a,b

ΓLabΓ
R
ba

log(xa/xb)

xa − xb
, (9.53)

with
xa =

M2
a

M2
, ΓXab =

∑
`

ΓaXs` ΓbX∗b` . (9.54)

In these expressions we have introduced a generic mass M setting scale for the WCs. In the
degenerate case where Ma = M (for all a)

C
(0)
1 (µ0) =

1

128π2M2

∑
a

ΓRaaΓ
R
aa , C

′(0)
1 = C1

∣∣
R→L , C

(0)
4 (µ0) =

−1

32π2M2

∑
a

ΓLaaΓ
R
aa .

(9.55)
1The 2-loop diagrams in the full theory have UV divergences 1/ε and not 1/ε2 because the LO 1-loop amplitudes are
UV (and IR) �nite. The projectors are found up to O(ε) and thus can be applied in the full theory up to 2-loops.

2We have veri�ed LO WCs to check our calculation.
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Figure 9.5.: One-loop diagrams leading to the renormalisation of the LQ mass and the LQ cou-
pling to quarks and leptons.

Note that the C(0)
i do not depend explicitly on the matching scale µ0. However, they do carry an

implicit dependence through the scale dependence of the LQ masses Ma and the couplings ΓXab.
For the numerical analysis it will be reasonable to de�ne the parameters inside C(0)

i (µ0) as the
renormalised parameters at the scale µ0, i.e. Ma(µ0) and ΓXab(µ0). Formally, setting a di�erent
scale amounts to an αs correction to C(0)

i , and thus one could absorb the µ0 dependence into
C

(1)
i . However, since the renormalisation-scale dependence of Ma and ΓXab is known prior to

C
(1)
i (which we calculate in the next section), it is reasonable to include this implicit matching

scale dependence in C(0)
i already at LO.

9.3. Next to Leading Order

Having computed the LO WCs in the previous Section 9.2, we now discuss the calculation of
the WCs C(1)

i at NLO in αs for ∆F = 2. In Subsection 9.3.1, we discuss the renormalisation of
the theory, and give the corresponding counterterms and RGEs for the LQ mass and coupling.
In Subsection 9.3.2, we discuss the computation of the 2-loop amplitudes in the full theory and
�nally give the expressions of the NLO WCs in Subsection 9.3.3.

9.3.1. QCD Renormalisation of the LQ Lagrangian

In the presence of NLO QCD corrections, the LQ Lagrangian must be renormalized. Thus, the
couplings and �elds in Eq. (9.1) are to be understood as bare (divergent) quantities. Using multi-
plicative renormalisation, the Lagrangian reads

LLQ = ZΦ∂
µΦ∗∂µΦ− ZMM2Φ∗Φ

−ZG
4
GAµνGAµν + iZgsgs [Φ∗α∂

µΦβ − (∂µΦ∗α)Φβ)]GAµT
A
αβ − Z2

gsg
2
sΦ
∗
αΦβG

AµGBµ T
A
ασT

B
σβ

+Zq q̄α(i/∂)qβδαβ + Zgsgsq̄α /G
A
qβT

A
αβ +

[
ZΓ q̄

(
ΓaLq` PL + ΓaRq` PR

)
`Φ∗a + h.c.

]
, (9.56)

where we have considered massless quarks, only a single LQ as well as only one generation of
quark and leptons. However, as QCD is �avour blind, this trivially generalizes to the case of mul-
tiple generations of quarks and leptons as well as several LQ components. The renormalisation
constants Zi = 1 + δi contain the counterterms δi. At one loop order, these counterterms are
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�xed by subtracting the 1/ε poles originating from the diagrams shown in Figure 9.5 (as well as
the quark self-energy) within the MS scheme, resulting in

δM = −α̂sCF
1

ε
, δΦ = α̂sCF

2

ε
,

δΓ = −α̂sCF
1

ε
, δq = −α̂sCF

1

ε
,

δgs = −α̂s
(
−CF −

CA
2

)
1

ε
.

(9.57)

The renormalised LQ mass and the couplings thus obey a RGE that determines their renormalisation-
scale dependence:

dMa

d log µ
= −3CF α̂sMa +O(α̂2

s) ,

dΓaXq`
d log µ

= −3CF α̂sΓ
aX
q` +O(α̂2

s) , (9.58)

dα̂s
d log µ

= O(α̂2
s) ,

where α̂s ≡ αs/(4π) and CF = 4/3.

9.3.2. Calculation of the 2-Loop Contributions

In order to extract the NLO functions F (1)
i , we compute the O(αs) part of the (renormalised)

amplitude in the full theory A(bαs̄β → sδ b̄γ) at vanishing external momenta. We express this
part of the amplitude as a sum of the two-loop Feynman diagrams (Dx) and one-loop Feynman
diagrams with counterterms (Cx), shown in Figure 9.2,

iANLO
LQ =

∑
x∈{NLO diagrams}

(
Dx + Cx

)
. (9.59)

The counterterm diagrams have the structure of a one-loop box diagram with a 1/ε vertex or
propagator insertion, and thus the corresponding one-loop integral must be calculated up to and
including terms of order ε. The pairs (Dx + Cx) are UV-�nite, and can be written as

Dx + Cx = α̂sfx(mj , λ)(ūsδΓxubα)(v̄sβΓ̃xvbγ) + α̂sf
′
x(mj , λ)(ūsδΓ

′
xvbγ)(v̄sβΓ̃′xubα) . (9.60)

The parameter λ is the gluon mass that we have introduced to regularise IR divergencies in dia-
grams where the gluon connects the external (massless) quark legs. This is the same IR regulator
appearing in the EFT r-matrix of Eq. (9.27). In order to extract the functions F (1)

i we must write
the spinor structures in Eq. (9.60) as a linear combination of tree-level matrix elements 〈Oi〉(0).
We do this by applying the Dirac projectors Pi discussed in Section 9.1.3. In this way, the contri-
bution to the function F (1)

i from the pair (Dx + Cx) is given by

αsF
(1)
i

∣∣∣
x

= Pi[Dx + Cx] . (9.61)

The advantage of this approach is that the projection can be performed before evaluating the
loop integrals, transforming the integrands into scalar functions of the loop momenta. The scalar
two-loop integrals can now be computed as in Ref. [216]: First, loop momenta in the numerators
are reduced by expressing them in the form of the denominators; second, the denominators are
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decomposed using partial fraction, after which the integral can be expressed as a sum of terms
of the form

f(Mi, λ)

∫
ddq1 d

dq2

(2π)2d

1

(q2
1 −m2

1)n1(q2
2 −m2

2)n2 [(q1 − q2)2 −m2
3]n3

. (9.62)

The solution of these scalar integrals is known [230]. The contributions from each pair (Dx+Cx)

to the functions F (1)
i are separately UV-�nite, and this provides a non-trivial check of the two-

loop integrals (note that the individual expressions for the scalar integrals in Eq. (9.62) contain
1/ε and 1/ε2 poles). The results for the functions F (1)

i still depend on the IR regulator λ. This
dependence is cancelled in the combination F (1)

i −F
(0)
j rji, and constitutes yet another check of

the two-loop calculation.

All types of two-loop diagrams are shown in Figure 9.2. It is useful to classify these diagrams into
�nite, UV divergent and IR divergent ones. The �rst two diagrams are �nite and thus no renor-
malisation is required. The following two diagrams are UV divergent, and correspond precisely to
the one-loop renormalization of the LQ self-energy and vertex correction from Figure 9.5. Their
corresponding counterterm diagrams are shown in the last row of Figure 9.2. The remaining di-
agrams, in which the gluon connects external quarks, are IR divergent. Such diagrams carry the
(logarithmic) λ dependence which contributes to the function F (1)

i , and cancels in the matching
against the EFT λ dependence of the r-matrix.

9.3.3. Matching Results for the Wilson Coe�cients at NLO

The �nal results for the (non-zero) NLO Wilson Coe�cients C(1)
i at the matching scale are

C
(1)
1 (µ0) =

αsΓ
R
abΓ

R
ba

4608π3M2x2
ax

2
b(xa − xb)

2

×
[
x3
ax

2
b

(
30Li2 (1−Xa

b ) + log (Xa
b )
(
54 log

(
Xµ
b

)
+ 69

)
− 12log2 (Xa

b )− 5π2 + 36
)

−x4
axb
(
6Li2 (1−Xa

b ) + 3log2 (Xa
b ) + 36 log (Xa

b ) + π2 + 36
)

+6x5
a

(
6Li2 (1−Xa

b ) + 3log2 (Xa
b ) + π2

)
+ a↔ b

]
, (9.63)

C
(1)
4 (µ0) = − αsΓ

L
abΓ

R
ba

1152π3M2xaxb(xa − xb)2

×
[
x2
axb
(
12Li2 (1−Xa

b ) + 6 log (Xa
b )
(
4 log (Xa

b )− 3
(
log (Xµ

a ) + log
(
Xµ
b

))
+ 10

)
+ π2

)
−x3

b

(
π2 − 6Li2 (1−Xa

b )
)

+ a↔ b
]
, (9.64)

C
(1)
5 (µ0) = − αsΓ

L
abΓ

R
ba

384π3M2xaxb(xa − xb)2 (9.65)

×
[
x3
b

(
π2 − 6Li2 (1−Xa

b )
)

+ xax
2
b

(
12Li2 (1−Xa

b )− 12 log (Xa
b )− π2

)
+ a↔ b

]
,

with

Xa
b =

M2
a

M2
b

, Xµ
a =

µ2
0

M2
a

, xa =
M2
a

M2
. (9.66)

Note that the dependence on M drops out. In the equal LQ mass limit one has

C
(1)
1 (µ0) = αs

ΓRaaΓ
R
aa

4608π3M2

(
108 log

µ0

M
+ 34π2 − 273

)
, (9.67)

C
(1)
4 (µ0) = αs

ΓLaaΓ
R
aa

1152π3M2

(
72 log

µ0

M
+ 2π2 − 105

)
, (9.68)
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K0 − K̄0 D0 − D̄0 Bd − B̄d Bs − B̄s

B
(1)
P (µ) 0.506(17) 0.757(27) 0.913(86) 0.952(66)

B
(2)
P (µ) 0.46(3) 0.65(4) 0.761(76) 0.806(59)

B
(3)
P (µ) 0.79(5) 0.96(8) 1.07(22) 1.10(16)

B
(4)
P (µ) 0.78(5) 0.87(6) 1.040(87) 1.022(66)

B
(5)
P (µ) 0.47(4) 0.68(5) 0.96(10) 0.943(75)

Table 9.1.: Bag parameters calculated within lattice QCD, adapted from Refs. [231, 232]. The
renormalization scale is µ = 3, 3, 4.18, 4.18 GeV for P = {K0, D0, Bd, Bs}.

C
(1)
5 (µ0) = −αs

ΓLaaΓ
R
aa

384π3M2

(
2π2 + 3

)
. (9.69)

The result forC ′(1)
1 (µ0) is equal to that ofC(1)

1 (µ0) with the replacement ΓRab → ΓLab. The results
derived here can be easily translated into a matching to the SMEFT above the EW scale. For the
necessary formulas we refer to e.g. Ref. [205].

9.4. Phenomenological Analysis

Having computed the WCs at NLO, in Subsection 9.4.1 we compute the corresponding matrix
elements in the ∆F = 2 WET. Moreover, we provide the evolution matrix needed to run the
WCs from the high to the low scale. In Subsection 9.4.2 we study the matching scale dependence
of the WCs at NLO.

9.4.1. Numerical Results

Let us now derive simple numerical results from the analytic expressions obtained in the previous
section for K0 − K̄0, D0 − D̄0 and Bs,d − B̄s,d mixing as a function of the couplings Γ (for
µ0 = M ).

The relevant quantity is the matrix element of the ∆F = 2 e�ective Hamiltonian,

〈P 0|H∆F=2
eff |P̄ 0〉 =

∑
i

Ci(µ)〈Oi(µ)〉 , (9.70)

where 〈Oi(µ)〉 ≡ 〈P 0|Oi(µ)|P̄ 0〉 can be expressed in terms of non-perturbative “bag parame-
ters” B(i)

P (see e.g. Ref. [232]),

〈O(′)
1 (µ)〉 =

2

3
f2
PM

2
PB

(1)
P (µ) , (9.71)

〈O(′)
2 (µ)〉 = − 5

12

(
MP

mh(µ) +ml(µ)

)2

f2
PM

2
PB

(2)
P (µ) , (9.72)

〈O(′)
3 (µ)〉 =

1

12

(
MP

mh(µ) +ml(µ)

)2

f2
PM

2
PB

(3)
P (µ) , (9.73)

〈O4(µ)〉 =
1

2

[(
MP

mh(µ) +ml(µ)

)2

+
1

6

]
f2
PM

2
PB

(4)
P (µ) , (9.74)
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MK0 = 497.611(13) MeV [11] MD0 = 1.86484(5) GeV [11]

MBd = 5.27965(12) GeV [11] MBs = 5.36688(14) GeV [11]

mu(3 GeV) = 2.3(2) MeV †† md(3 GeV) = 4.4(2) MeV ††

ms(3 GeV) = 84.4(6) MeV †† mc(3 GeV) = 0.988(7) GeV [235]

mb(mb) = 4.18(3) GeV [11]

md(mb) = 4.1(2) MeV †† ms(mb) = 78.9(6) MeV ††

fK = 155.7(3) MeV [235] fD = 212.0(7) MeV [235]

fBd = 190.0(1.3) MeV [235] fBs = 230.3(1.3) MeV [235]

Table 9.2.: Set of inputs used in the numerical analysis. The inputs marked †† have been obtained
from the values at the scale of 2 GeV given in Ref. [235], by running them to 3 GeV
and 4.18 GeV using RunDec [236] at four loops in 4-�avour QCD.

〈O5(µ)〉 =
1

6

[(
MP

mh(µ) +ml(µ)

)2

+
3

2

]
f2
PM

2
PB

(5)
P (µ) , (9.75)

where P = {K0, D0, Bd, Bs} and (mh,ml) = {(ms,md), (mc,mu), (mb,md), (mb,ms)} are
running MS masses. The numerical values for the bag parametersB(i)

P (µ) are calculated using lat-
tice QCD and can be found in Refs. [231,232] 1. For convenience we list these numbers in Table 9.1
adjusted to the conventions used in Eqs. (9.71)–(9.75). The quoted results for the bag parameters
are given at the renormalization scales µ = {3, 3, 4.18, 4.18}GeV for P = {K0, D0, Bd, Bs},
and in the renormalization scheme of Ref. [203], which is the same one used here in the cal-
culation of the Wilson coe�cients. The numerical values of the various quantities appearing
in Eqs. (9.71)–(9.75) are collected in Table 9.2. The resulting numbers for the matrix elements
〈Oi(µ)〉 at the relevant renormalization scales are collected in Table 9.3.

In order to provide numerical formulas for the matrix element in Eq. (9.70) we also need the
matching result Ci(µ0) and the evolution matrix U(µ, µ0), de�ned by

Ci(µ) = U(µ, µ0)ijCj(µ0) . (9.76)

The evolution matrix is calculated by solving the RGE in Eq. (9.9) numerically, using the LO and
NLO ADMs in Eqs.(9.26) and (9.34). For the evolution of the strong coupling αs(µ) we use the
four loop result from RunDec [236]. We �nd

U(4.18 GeV, 1 TeV) =



0.794 0 0 0 0

0 1.886 −0.392 0 0

0 −0.079 0.520 0 0

0 0 0 2.909 0.666

0 0 0 0.114 0.902


, (9.77)

1Other recent determinations can be found in Refs. [188, 233, 234].
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K0 − K̄0 D0 − D̄0 Bd − B̄d Bs − B̄s

〈O(′)
1 (µ)〉 0.00202(0.00007) 0.079(0.003) 0.611(0.058) 0.967(0.068)

〈O(′)
2 (µ)〉 −0.0361(0.0024) −0.150(0.010) −0.508(0.051) −0.813(0.061)

〈O(′)
3 (µ)〉 0.0124(0.0008) 0.044(0.004) 0.142(0.030) 0.222(0.033)

〈O4(µ)〉 0.0739(0.0048) 0.252(0.018) 0.921(0.079) 1.367(0.092)

〈O5(µ)〉 0.0154(0.0013) 0.089(0.007) 0.498(0.052) 0.739(0.059)

Table 9.3.: Values for the matrix elements of ∆F = 2 operators, in units of GeV4. The renor-
malization scale is µ = {3, 3, 4.18, 4.18}GeV for P = {K,D,Bd, Bs}.

U(3 GeV, 1 TeV) =



0.775 0 0 0 0

0 2.034 −0.445 0 0

0 −0.089 0.484 0 0

0 0 0 3.299 0.798

0 0 0 0.148 0.898


. (9.78)

Note that the evolution for C ′1,2,3 is the same as the one for C1,2,3. For the LQ contribution to
the WCs at the matching scaleCi(µ0) = Ci(1 TeV) we use the formulas in Eqs.(9.55) and (9.67)–
(9.69) with M = µ0 = 1 TeV (the matching scale dependence will be discussed in the following
section). We �nd:

C1(1 TeV) = 7.92 · 10−10 ΓRaaΓ
R
aa

[
1LO + 0.05NLO

]
GeV−2 = 8.30 · 10−10 ΓRaaΓ

R
aa GeV−2 ,

C ′1(1 TeV) = 7.92 · 10−10 ΓLaaΓ
L
aa

[
1LO + 0.05NLO

]
GeV−2 = 8.30 · 10−10 ΓLaaΓ

L
aa GeV−2 ,

C4(1 TeV) = −3.17 · 10−9 ΓLaaΓ
R
aa

[
1LO + 0.07NLO

]
GeV−2 = −3.38 · 10−9 ΓLaaΓ

R
aa GeV−2 ,

C5(1 TeV) = −1.69 · 10−10 ΓLaaΓ
R
aa

[
0LO + 1NLO

]
GeV−2 = −1.69 · 10−10 ΓLaaΓ

R
aa GeV−2 .

(9.79)

Putting everything together, we have

〈K0|H∆F=2
eff |K̄0〉 =

[
(0.131± 0.004)(ΓLaaΓ

L
aa + ΓRaaΓ

R
aa) + (−84.5± 5.5)ΓLaaΓ

R
aa

]
· 10−11 GeV2 ,

〈D0|H∆F=2
eff |D̄0〉 =

[
(0.051± 0.002)(ΓLaaΓ

L
aa + ΓRaaΓ

R
aa) + (−2.91± 0.20)ΓLaaΓ

R
aa

]
· 10−9 GeV2 ,

〈Bd|H∆F=2
eff |B̄d〉 =

[
(0.41± 0.38)(ΓLaaΓ

L
aa + ΓRaaΓ

R
aa) + (−9.41± 0.81)ΓLaaΓ

R
aa

]
· 10−9 GeV2 ,

〈Bs|H∆F=2
eff |B̄s〉 =

[
(0.64± 0.04)(ΓLaaΓ

L
aa + ΓRaaΓ

R
aa) + (−13.98± 0.94)ΓLaaΓ

R
aa

]
· 10−9 GeV2 .

(9.80)

In a �rst approximation (neglecting logarithmic e�ects) these matrix elements scale like 1 TeV2/M2.
Thus after inserting the explicit expressions for the couplings Γ, they can be easily applied to set
bounds on LQ models.
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9.4.2. Dependence on the Matching Scale and Importance of NLO Corrections

The renormalisation-scale dependence of the WCs is given by RGE

[
∂

∂ log µ
+

dαs
d log µ

∂

∂αs
+

dMa

d log µ

∂

∂Ma
+

dΓaXq`
d log µ

∂

∂ΓaXq`
− γT

]
~C(µ) = 0 , (9.81)

where a sum over the indices a, q, ` and X = L,R is understood. It is easy to check that the
matching conditions given in Eqs. (9.51)–(9.53) and (9.63)–(9.65) satisfy this RGE up to higher
order O(α2

s) terms. More explicitly, using the beta functions in Eq. (9.58),

∂C
(1)
i

∂ log µ
= α̂s

[
3CFMa

∂C
(0)
i

∂Ma
+ 3CFΓaXq`

∂C
(0)
i

∂ΓaXq`
+ γ

(0)
ji C

(0)
j

]
. (9.82)

As discussed already in the previous section, even though the LO Wilson coe�cients C(0)
i do not

depend explicitly on the matching scale µ0, they do depend on it implicitly through the running
masses and couplings. This means we treat M(µ0) and ΓXij (µ0) as functions of the matching
scale µ0. Then, one can calculate the matrix element for the ∆F = 2 process in question, taking
into account that µ0 is at the same time the initial scale for the renormalization-group evolution
of the Wilson coe�cients down to the hadronic scale. The running of the masses and couplings
cancels the matching-scale dependence of physical observables order-by-order inαs(µ0). For the
evolution down to the hadronic scale we will use the NLO ADM also for the LO estimate (even
though this is higher order αs) since these results were known previously to our calculation.

In order to illustrate both the relative size of the NLO matching corrections and the reduction of
the matching-scale dependence of physical observables, we focus on the case of B̄s−Bs mixing
and consider the quantity

R(µ0) =
Ci(µb)〈Oi(µb)〉

C
(0)
i (µb)〈Oi(µb)〉|µ0=1 TeV

. (9.83)

The numerator inR depends on the matching scale µ0 via the starting scale of the RGE, the LQ
mass M(µ0), the LQ couplings to fermions ΓL,R(µ0) and the explicit µ0 dependence of C(1)

i ,
which contains a logarithm of the matching scale. In the denominator the matching scale is �xed
to the reference value µ0 = 1 TeV.

In Figure 9.6 we plot separately the contributions to R with ΓRΓL = 0, ΓRΓR = ΓLΓL and
ΓRΓR = ΓLΓL = 0, which are called R1 and R4,5, respectively, as they are related to the
corresponding Wilson coe�cients. We also show separately the LO and NLO contributions to
R. The LO e�ect is obtained by setting Ci = C

(0)
i in the numerator of Eq. (9.83), understanding

M and ΓL,R in the expression for C(0)
i as running parameters at the scale µ0 derived from their

reference values M(1 TeV) = 1 TeV and ΓL,R(1 TeV). We see that the LO result has a sizable
matching scale dependence, both in the C1 contribution (or equivalently C ′1) and in the C4,5

contribution. This scale dependence is, as expected and required, signi�cantly reduced once the
NLO matching e�ects are included. One can also see from Figure 9.6 that the NLO corrections
lead to an additive e�ect of the order of 5% (8%) for the case of C1 (C4,5).



106 9. Next-to-Leading-Order QCD Matching for ∆F = 2 Processes in Scalar Leptoquark Models

��� ��� ���� ���� ���� ���� ���� ����
����

����

����

����

����

����

����

��

���

��� ��� ���� ���� ���� ���� ���� ����

����

����

����

����

����

����

����

����

��

���

Figure 9.6.: Matching-scale dependence of the ratiosR1 andR4,5 for M(1 TeV) = 1 TeV. The
upper plot shows the case in which C1 is generated (the ΓRΓR contribution to
the mass di�erence), while the lower plot shows the case in which C4 and C5 are
generated (the ΓLΓR contribution to the mass di�erence).



Chapter 10

∆F = 1 Processes and Projections

In this last chapter we study ∆F = 1 processes, that is, processes in which a �avour quantum
number changes by one unit. Our interests lies in studying such processes via the WET, and
concretely we focus on the following ∆S = 1 current–current operators [237–239]

Q1 = (s̄αuβ)V−A (ūβdα)V−A , Q2 = (s̄αuα)V−A (ūβdβ)V−A , (10.1)

where V − A ≡ γα(1 − γ5). The aim is to study the 1-loop O(αs) corrections and examine
the method of projections to �nd the ADM and r-matrix, just as we did for ∆F = 2 in Section
9.1.3. In Section 10.1, we introduce the issue of ambiguous traces with the γ5 matrix and discuss
di�erent schemes. In Section 10.2, we compute the ADM and r-matrix using the “traditional”
approach, as demonstrated in Section 9.1.1 for ∆F = 2 processes. Here, we do the calculation
for various γ5 schemes and IR regulators. In Section 10.3 we reproduce the calculation using
projections (for di�erent γ5 schemes) and show that we obtain the correct ADM and r-matrices.
Moreover, we focus on the dependence of the calculation on the ambiguous traces and discuss
several options to speed up computations.

10.1. The Issue of γ5

The Dirac gamma matrices obey the Cli�ord algebra, satisfying the anticommutation relation

{γµ, γν} = 2gµν , (10.2)

where gµν is the metric tensor and µ, ν ∈ {0, 1, 2, 3}. Moreover, the γ5 matrix is de�ned as

γ5 = iγ0γ1γ2γ3 = − i

4!
εµνρσγ

µγνγργσ , (10.3)

where εµνρσ is the antisymmetric Levi–Civita tensor with ε0123 = −1, ε0123 = +1. As de�ned
in Eq. (10.3), the γ5 matrix is a four-dimensional object satisfying γ2

5 = I, γ†5 = γ5. Importantly,
the following relations hold in four dimensions

{γµ, γ5} = 0 ,

Tr (γµγνγργσγ5) = −4iεµνρσ ,

Tr (Γ1Γ2) = Tr (Γ2Γ1) ,

(10.4)
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where the last one is simply the cyclicity of the trace1. In d-dimensions it is inconsistent to
require these three properties simultaneously, and one must be abandoned. To see this, let us
consider the trace dTr (γµγνγργσγ5) in d-dimensions. After using the cyclicity of the trace and
anticommutation of the γ5 matrix with the gamma matrices we �nd [207, 223, 240]

(d− 4)Tr (γµγνγργσγ5) = 0 . (10.5)
Therefore, either d = 4 or the trace vanishes, which is in contradiction with the second identity
in Eq. (10.4). Hence, in d 6= 4 two of the equations in Eq. (10.4) are in contradiction with the third
one, and to extend the algebra to d-dimensions (at least) one of the properties is abandoned.
This γ5 issue is relevant to us when using the projection method in NDR, which assumes that
the anticommutativity of γ5 and the cyclicity of the trace hold, as in Eq. (10.4), which results in
Tr (γµγνγργσγ5) being ambiguous. Therefore, we must tackle this problem in our calculation.

Di�erent schemes/prescriptions have been proposed [241] in order to deal with this issue, albeit
the only one known to be mathematically well de�ned and consistent is the HV scheme [221,224,
225]. This scheme gives up the anticommutation property of γ5 with the gamma matrices, while
preserving gauge invariance and the Ward identities (after introducing appropriate counterterms)
as well as correctly reproducing the axial anomaly. Another scheme is the so called Larin scheme
[222, 242, 243], which replaces any instances of the γ5 matrix by its de�nition in Eq. (10.3) and
has been extensively used in multi-loop QCD calculations. Meanwhile, the NDR scheme [208]
assumes the anticommutativity of γ5 with the gamma matrices to hold in d-dimensions. This
scheme is a convenient choice for single Dirac lines and for Dirac traces with an even number of
γ5, because it is computationally straight forward and can lead to consistent results. But for an
odd number of γ5 an additional prescription is needed since traces like Tr (γµγνγργσγ5) (might)
appear. For example, some schemes abandon the cyclicity of the trace [214, 244], introducing
a “reading point” prescription. Although the HV scheme is the only known fully consistent
method, it is computationally expensive and more complicated than other schemes. Therefore,
using other schemes (such as NDR) might be preferable, but it is then essential to rigorously
cross-check calculations to ensure the validity of computations.

10.1.1. The ’t Hooft–Veltman Scheme

In the HV (also called BMHV) scheme the γ5 matrix is de�ned as in Eq. (10.3), and it is therefore
an intrinsically four-dimensional object. The d-dimensional space is split into four-dimensional
and d − 4 = −2ε subspaces (x = x̄ + x̂), where four-dimensional quantities are denoted with
bars (x̄ ∈ 4d) and −2ε dimensional “evanescent” quantities are hatted (x̂ ∈ −2ε). Therefore, the
metric tensor and gamma matrices take the form

γµ = γ̄µ + γ̂µ , gµν = ḡµν + ĝµν . (10.6)
In this scheme, the gamma matrices in the two subspaces have distinct (anti) commutation rela-
tions, with

{γ5, γ̄µ} = 0 , [γ5, γ̂µ] = 0 , {γµ, γ5} = 2γ̂µγ5 , (10.7)
while the metric acts as a projection on the 4d and −2ε sub-spaces,
{γ̄µ, γ̄ν} = 2ḡµν , {γ̂µ, γ̂ν} = 2ĝµν , ḡµρg

ρ
ν = ḡµν , ĝµρg

ρ
ν = ĝµν , ĝµρḡ

ρ
ν = 0 . (10.8)

By virtue of the Dirac algebra in the HV scheme, the chiral couplings (like the ones in Qi of
Eq. (10.1)) can be written as follows [245, 246]

PRγµPL = γ̄µPL , PLγµPR = γ̄µPR . (10.9)
It is clear that the HV is rather cumbersome due to the splitting of quantities into distinct sub-
spaces with di�erent Cli�ord algebra, and therefore, it might be desirable to use a simpler scheme.

1Moreover, Tr (γ5) = Tr (γµγνγ5) = Tr (γµ1 . . . γµnγ5) = 0 ∀n ∈ odd.
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10.1.2. The Larin Scheme

Larin’s approach [222, 242, 243] follows the HV scheme and also de�nes the γ5 matrix according
to Eq. (10.3), which is a four-dimensional object. But instead of splitting quantities into the d =
4− 2ε sub-spaces, it explicitly replaces any and all γ5 matrix by its de�nition, which results into
expressions without any explicit γ5. Therefore, Larin’s method is not really to be understood as a
γ5 scheme, but rather as a prescription on how to deal with strings of gamma matrices which also
contain γ5. In following this approach for calculations, one typically encounters contractions of
the Levi–Civita tensor, which yield

ε̄µνρσ ε̄αβγδ = −ḡµαḡνβ ḡργ ḡσδ ± . . . (10.10)

While this is a four-dimensional quantity, Larin’s scheme promotes the right-hand side to d di-
mensions [222, 223, 226, 227], i.e. e�ectively without the bars.

10.1.3. Naive Dimensional Regularisation

NDR [208] promotes the γ5 matrix as given by Eq. (10.3) to d dimensions, without introducing a
decomposition into sub-spaces. Furthermore, it assumes that γ5 anticommutes with the gamma
matrices, i.e., {γ5, γµ} = 0, and that the cyclicity of the traces holds. Since γ5 matrices can be
anticommuted, for an even number of γ5 matrices the traces pose no issue because γ2

5 = I. On the
other hand, issues arise whenever there is an odd number of γ5 matrices in a trace, because then
one encounters traces such as Tr (γµγνγργσγ5). In e�ect, NDR gives up the second property
in Eq. (10.4), and an additional prescription is required in order to proceed if any such traces
appear in the calculation at hand. Later on we use the projector methodology in the NDR scheme,
together with the so called NDR-Discard prescription, which simply sets to zero the problematic
traces, i.e.,

Tr (γµ1 . . . γµnγ5)→ 0 ∀n ∈ even . (10.11)

10.2. 1-loop QCD Amplitudes for ∆S = 1

We consider the 1-loop αs corrections to the current–current amplitudes from insertions of the
following ∆S = 1 four fermion operators [237]

Q1 = (s̄αuβ)V−A (ūβdα)V−A , Q2 = (s̄αuα)V−A (ūβdβ)V−A , (10.12)

with V − A ≡ γα(1 − γ5). The corresponding 1-loop diagrams are given in Figure 10.1. The
objective in this section is to compute the 1-loop ADM γ(0) as well as the r-matrix. We wish to
do so in the NDR and HV γ5 schemes, and for di�erent IR regulators. In this section we perform
the calculation in the “traditional” approach, that is, by performing the Dirac algebra as dictated
by the corresponding scheme (i.e., NDR or HV) and then projecting back to the tree-level matrix
elements of Qi. Relevant references to the following discussion are Refs. [40, 40, 218, 238, 239].
As in the case of ∆F = 2, the {Qi} operator basis of Eq. (10.12) is extended by evanescent
operators, which allow to project back the loop amplitudes to the physical operators. In this
case, the evanescent operators needed for the calculation are the following two [203, 247]

E1 = 4 (s̄αγ
µγνγρPLuβ) (ūβγµγνγρPLdα)− (16− 4ε)Q1 ,

E2 = 4 (s̄αγ
µγνγρPLuα) (ūβγµγνγρPLdβ)− (16− 4ε)Q2 .

(10.13)
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sβ dδ

uα uγ

sβ dδ

uα uγ

sβ dδ

uα uγ

Figure 10.1.: 1-loop diagrams for ∆S = 1 processes from the insertions of Qi. We have consid-
ered the process uαs̄β → uγ d̄δ . We name the diagrams D1, D2, D3 from left to
right, and each one has a multiplicity factor of two.

These are used in both the NDR and HV scheme1, where in both cases the gamma matrices inEi
are d-dimensional. We note that in the case of the HV scheme we have (using γµ = γ̄µ + γ̂µ)

γµγνγρ = γ̄µγ̄ν γ̄ρ + γ̂µγ̂ν γ̂ρ +
∑
perm.

γ̄µγ̄ν γ̂ρ +
∑
perm.

γ̄µγ̂ν γ̂ρ , (10.14)

where the last two terms have three terms each, compactly written as the sum indicating all possi-
ble permutations. This means that the operatorsEi of Eq. (10.13) in the HV scheme schematically
read (omitting �elds)

EHV
i
∼
= 4 (γ̄µγ̄ν γ̄ρPL) (γ̄µγ̄ν γ̄ρPL)− (16− 4ε)Qi + γ̂ pieces . (10.15)

In four dimensions, the evanescent operators vanish by virtue of the Chisholm identity (in both
NDR and HV)

γ̄µγ̄ν γ̄λ = γ̄µḡνλ − γ̄ν ḡµλ + γ̄λḡµν − iγ̄σγ5εµνλσ , (10.16)

while hatted quantities in the HV scheme are directly set to zero since they belong to the −2ε
subspace. We now write the general form of the 1-loop diagrams2 fromQ1 insertions, see Figure
10.1,

D1 = −4g2
sTβδTγα

∫ (
v̄βγµ(/k + /p+m)Γα(/k + /p+m)γνuα

)
(ūγΓαvδ)

µ2εdk

((k + p)2 −m2)2 ∆µν ,

D2 = −4g2
sCF δγαδβδ

∫ (
v̄βΓα(/k + /p+m)γµuα

) (
ūγγν(/k + /p+m)Γαvδ

) µ2εdk

((k + p)2 −m2)2 ∆µν ,

D3 = 4g2
sTβδTγα

∫ (
v̄βΓα(/k + /p+m)γµuα

) (
ūγΓα(/k + /p+m)γνvδ

) µ2εdk

((k + p)2 −m2)2 ∆µν ,

(10.17)

where Γα ≡ γαPL. Crucially, in the HV scheme, the external momenta p is taken to be four
dimensional, i.e., p̄. Moreover, the Dirac structures from the insertion of physical operators is
also four dimensional, Γα ≡ γ̄αPL in HV. Further, ∆µν corresponds to the Lorentz part of the
gluon propagator with a �ctitious gluon mass in Rξ gauge

∆µν = i
−gµν + (1− ξ)kµkν

k2

k2 − λ2
. (10.18)

1In [203] it is stated that, in NDR, the −4ε term in the evanescent operators is found via the “Greek projections”. If
we were to use this method in the HV scheme, we would not �nd −4ε but −12ε. But since O(ε) terms can be added
with no issue to an evanescent operators, rede�ning EHVi → EHVi + 8εQi yields the −4ε factor.

2We work in the MS scheme, i.e., µ2 → µ2eγ/4π and de�ne dk ≡ dk/(2π)d.
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In the expressions of Eq. (10.17) we have introduced the external momenta p, (identical) quark
masses m and a gluon mass λ. These are three distinct IR regulators, which we shall consider
independently from each other. Therefore, our analysis is divided into several cases, each isolat-
ing one of these regulators. For instance, when treating the external momentum as the sole IR
regulator, we set λ = m = 0. If we instead use either the quark mass or the gluon mass, the other
parameters are set to zero. This case by case approach allows us to clearly identify the individual
e�ects of each IR regulator. Since theQ2 operator of Eq. (10.12) only di�ers fromQ1 in its colour
structure, the 1-loop diagrams from the insertion of Q2 are the same as the ones in Eq. (10.17),
up to the following colour structure replacements

D1|Q2 = D1|Q1 with CF δβαδγδ ↔ TβδTγα ,

D2|Q2 = D2|Q1 with TβαTγδ ↔ CF δγαδβδ ,

D3|Q2 = D3|Q1 with TβαTγδ ↔ TβδTγα ,

(10.19)

while having the same Dirac and Lorentz structure as the diagrams in Eq. (10.17). Since we
consider the di�erent IR regulators independently, the loop integral in the amplitudes takes a
di�erent form in each case, while being the same integral for the three D1, D2, D3 diagrams in
each scenario. We now list these di�erent cases and how to compute the corresponding loop
integrals.

Fictitious gluon mass λ

The resulting loop integral reads

µ2ε

∫
dk
−gµν + (1− ξ)kµkν

k2

k2 − λ2

kσkτ
k4

, (10.20)

which is reduced via partial fraction decomposition to a (complicated) expression containing the
following massive tadpole integral ∫

dk

(k2 − λ2)2 , (10.21)

which is solved as given in Ref. [213]

External momenta p

The resulting integral reads

µ2ε

∫
dk
−gµν + (1− ξ)kµkν

k2

k2

(k + p)σ (k + p)τ
(k + p)4 . (10.22)

The integral is simpli�ed using partial fractioning and the resulting integrals are p-type integrals
which are solved according to Ref. [248]

J [α, β] =

∫
dk

k2α (k − p)2β
=

(p2)D/2−α−β

(4π)D/2
G(D,α, β) , (10.23)

with
G(D,α, β) =

Γ (D/2− α) Γ (D/2− β) Γ (α+ β −D/2)

Γ (α) Γ (β) Γ (D − α− β)
. (10.24)

Quark massesm

In this case the integral does not automatically factorise out from the Dirac structures, but after
simplifying the amplitude via partial fractioning the resulting integrals are massive tadpoles of
the form ∫

dk

(k2 −m2)α
, (10.25)
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which are solved according to Ref. [213].

Infrared rearrangement (IRA)

This is a di�erent method which we did not discuss in Eq. (10.17) because it does not rely on
automatically introducing an IR regulator. Instead, the starting point is the exact decomposition
[39, 249, 250]

1

(k + p)2 −m2
=

1

k2 −M2
+
m2 − p2 − 2kp−M2

k2 −M2

1

(k + p)2 −m2
, (10.26)

where k(p) is the loop (external) momenta,m is the mass of the propagating particle andM is an
auxiliary mass introduced to regularise IR divergences, taken to be the same in all the propagators
and diagrams. The auxiliary mass regulates all IR divergences and the renormalisation constants
and ADM can be extracted from the UV divergences of massive tadpole amplitudes. Moreover,
the identity Eq. (10.26) can be applied recursively. Let us consider the case in which we have
external momenta (otherwise the integral is scaleless), in which case the integral is given by

I = µ2ε

∫
dk
−gµν + (1− ξ)kµkν

k2

k2

(k + p)σ (k + p)τ
(k + p)4 . (10.27)

We apply the IRA identity of Eq. (10.26) once to every of the three propagator denominators.
Keeping only the UV pieces, we �nd1

I = µ2ε

∫
dk

(
−gµν + (1− ξ)kµkν

k2

)
(k + p)σ (k + p)τ

(
1

(k2 −M2)3
+ �nite

)
, (10.28)

which is reduced to a massive tadpole after partial fractioning and solved according to Ref. [213].
Notice that if we had kept all terms from the IRA identity in the integral, we would obtain the
same result as in the case with external momenta of Eq. (10.22). This is because the identity
Eq. (10.26) is exact. The key point is that by using IRA and keeping only the UV terms, 1/ε
terms are more easily extracted as the resulting integrals are massive tadpoles instead of p-type
integrals.

10.2.1. ADM and r-matrix at 1-loop

The ADM at 1-loop is found according to

γ
(0)
ij = −2

(
2δZqδij + δZ ′ij

)
with δZq = −ξCF . (10.29)

where the δZ ′ij pieces correspond to the coe�cient of the UV divergences of the current–current
diagrams of Figure 10.1, and δZq is the quark �eld renormalisation inRξ gauge. In both the NDR
and HV schemes we �nd the 1-loop ADM to be

γ(0) =

−2 6

6 −2

 , (10.30)

in agreement with Refs. [237, 239]. Therefore, we conclude that the 1-loop ADM is γ5 scheme
independent. This is to be expected because the ADM is found from the 1/ε divergences. As
argued in Section 9.1.1 for ∆F = 2, the ADM can be directly found by computing the Dirac
algebra in four dimensions, and this is also the case here. In other words, the divergent terms are

1If we expanded each propagator twice or thrice recursively, the UV piece would still be the same.
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una�ected byO(ε) terms from the Dirac algebra, and the di�erence in the Dirac algebra between
the NDR and HV schemes is precisely a O(ε) term, i.e.

Dirac algebra in NDR = Dirac algebra in HV +O(ε)terms , (10.31)

because in four dimensions they must coincide. On the other hand, the r-matrix is a�ected by
O(ε) terms and di�ers between the NDR and HV schemes. Recall that in the EFT, the amplitude
reads

Aeff =
∑
i,j

Ci

(
δij + α̂s rij +O(α2

s)
)
〈Qj〉(0) , (10.32)

where 〈Qi〉(0) are tree-level matrix elements, rij is the NLO (�nite) contribution and we have
de�ned α̂s ≡ αs/(4π). As discussed in Section 9.1.1, the inclusion of a IR regulator separates the
UV and IR divergences, where the IR divergences take a logarithmic form. The general form of
the r-matrix is given by

r = A log
ΛIR
µ

+ F , with ΛIR = {p, λ,m,M} , (10.33)

where A is the logarithmic prefactor, ΛIR is the corresponding IR regulator and F denotes the
�nite piece. As in the case of the ADM, the log term (given by the matrix A) is also scheme
independent, with

A =

−2

3
(8ξ + 3) 6

6 −2

3
(8ξ + 3)

 , (10.34)

for both the NDR, HV schemes and for all IR regulators. The reason that the IR term is scheme
independent is because it stems from the loop integral divergence. Schematically speaking, a
1-loop diagram scales as

D1-loop ∼ loop integral× Dirac algebra ∼
(

1

ε
+ log

ΛIR
µ

+ �niteI
)
× (O(ε) + �niteD)

∼ �niteD
ε︸ ︷︷ ︸
γ(0)

+ �niteD log
ΛIR
µ︸ ︷︷ ︸

A log ΛIR/µ

+
O(ε)

ε
+ �niteI�niteD︸ ︷︷ ︸

F

,

(10.35)

where the I(D) index indicates that such a term comes from the integral (Dirac algebra). There-
fore, we see that indeed the ADM and logarithmic IR term are scheme independent (i.e. can be
found with four-dimensional Cli�ord algebra) while the �nite pieces F are γ5 scheme dependent.
Next, we give the the F value for each IR regulator in the NDR and HV schemes.

10.2.2. rNDR for Di�erent IR Regulators

We collect the results in the NDR scheme for the pieceF of the r-matrix in Eq. (10.33) for di�erent
IR regulators. We set the logarithmic piece (which takes the same value in every scheme and for
all IR regulators) to zero by setting µ = ΛIR.

• With external momenta p:

r =

1

3
(15ξ + 7) ξ − 7

2ξ − 7
1

3
(6ξ + 7)

 . (10.36)

In the Landau gauge ξ = 0 we �nd r11 = r22 = 7/3, r12 = r21 = −7, which agrees with
Ref. [239].
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• With a gluon mass λ:

r =

1

6
(16ξ − 13) −11

2

−11

2

1

6
(16ξ − 13)

 . (10.37)

• With quark masses m:

r =

−
19

6
−5

2

−5

2
−19

6

 . (10.38)

• Via IRA:

r =

−1

3
(4ξ + 11) −1

−1 −1

3
(4ξ + 11)

 . (10.39)

10.2.3. rHV for Di�erent IR Regulators

We collect the results in the HV scheme for the piece F of the r-matrix in Eq. (10.33) for di�erent
IR regulators.

• With external momenta p:

r =

5ξ + 7 ξ − 5

2ξ − 5
1

3
(6ξ + 21)

 . (10.40)

In the Landau gauge ξ = 0 we �nd r11 = r22 = 7, r12 = r21 = −5, which agrees with
Ref. [239].

• With a gluon mass λ:

r =

1

6
(16ξ + 15) −7

2

−7

2

1

6
(16ξ + 15)

 . (10.41)

• With quark masses m:

r =

 3

2
−1

2

−1

2

3

2

 . (10.42)

• Via IRA:

r =

1

3
(3− 4ξ) 1

1
1

3
(3− 4ξ)

 . (10.43)
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10.2.4. Check of Results

In the previous sections we have computed the 1-loop ADM and the r-matrices in the NDR and
HV schemes with distinct IR regulators. We have checked the validity of our results for the
external momenta IR regulator in the Landau gauge ξ = 0 comparing to the results in Ref. [239].
A check for the other r-matrices with distinct IR regulators is also possible. The check is based
on the fact that the following quantity

∆r ≡ rHV − rNDR , (10.44)

is free from gauge (ξ) and IR dependences, and therefore takes the same value for di�erent IR
regulators and any gauge. Indeed, we �nd

∆r =

14/3 2

2 14/3

 , (10.45)

for every di�erence for the distinct IR regulators, which validates our results.

10.3. Projectors for ∆S = 1

Having computed the ADM and r-matrices with the “traditional” method, we wish to �nd pro-
jectors which are directly applied to the loop amplitudes and “extract” the relevant coe�cients to
�nd the ADM and r-matrix. The projectors are de�ned and found as discussed in Section 9.1.3.
Recall that projecting amounts to performing the following replacements on a given amplitude

vαūβ → PASαβ , uαv̄β → PBSαβ , (10.46)

where S = {δ, T} are the two possible colour structures. Thus, when applied to the tree level
matrix elements of Q1, Q2, we �nd1

P 〈Q1〉(0)|δ = 4iNTr (PBΓα) Tr (PAΓα) ,

P 〈Q2〉(0)|δ = 4iN2Tr (PBΓα) Tr (PAΓα) ,

P 〈Q1〉(0)|T = 16iTr (PBΓα) Tr (PAΓα) ,

P 〈Q2〉(0)|T = 0 ,

(10.47)

and analogously for the evanescent operators of Eq. (10.13). Recall that Γα = γαPL, where the
gamma matrix is four dimensional if working in the HV scheme, Γα|HV = γ̄αPL. Then, the
projectors are found by constructing them as a linear combination of “fundamental” projectors
pk ≡ PA ⊗ PB

Pi =
∑
k

cikpk , pk = {γµ1 . . . γµnPR⊗γµ1 . . . γµnPR, γµ1 . . . γµnPL⊗γµ1 . . . γµnPR, L↔ R} ,

(10.48)
satisfying the conditions

Pi〈Qj〉(0) = δij ,

Pi〈Ej〉(0) = O(ε2) ,
(10.49)

up to orderO(ε). Then, �nding the projections is reduced to solving an algebraic system of equa-
tions. When working in NDR, we know that problematic traces with γ5 such as Tr(γµγνγργσγ5)

1Notice that the projections with the T structure can be found from the δ projections by replacing N → 4, N2 → 0.
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might arise, which are ambiguous. We note that in HV this is not the case, as then the Dirac
algebra is well de�ned, no ambiguities appear and the calculation poses no issue. Therefore, we
focus on the projections on the NDR scheme, as we want to study the issues that might arise
from the traces with an odd number of γ5 matrices. Of course, applying projections in the HV
scheme is possible and we shall give the corresponding projectors.

Notice that already when constructing the projectors such problematic traces might (and do) ap-
pear, as one must trace according to Eq. (10.49) over the physical and evanescent Dirac structures.
Then, if the projectors are found according to a certain scheme and/or prescription, this must be
speci�ed so that when applying the corresponding projectors to certain amplitudes the same
scheme is employed in the calculation. In other words, the projectors are scheme dependent, i.e.,
they are not the same in NDR and HV, and even within NDR they di�er among prescriptions
that deal with the ambiguous traces in distinct ways. As previously discussed, in the HV scheme
we �nd the projectors with no problem as the algebra is carried out without ambiguities. In the
NDR scheme, traces with an even number of γ5 pose no issue because after anticommuting we
�nd γ2

5 = I. For an odd number of γ5 matrices, we also anticommute γ5 to the right, and we
are therefore left with traces of the type Tr (γµ1 . . . γµ2nγ5)n ∈ Z. It is then that we choose a
prescription for these traces, and the projectors are found accordingly by solving the system of
equations satisfying Eq. (10.49). Here, we choose the Larin and NDR-Discard schemes, discussed
in Section 10.1.2 and 10.1.3, respectively.

10.3.1. ’t Hooft–Veltman

In the HV scheme no γ5 issues arise, the Cli�ord algebra is consistent and we compute the pro-
jectors, which read

P1 =
47pT1
960i

− pδ2
192i

+ ε
7pT1
256i

+
pT3

5120i
,

P2 =
47pδ1
2160i

− pδ2
432i

+ ε

(
7pδ3

147456i
− 7pT1

768i

)
+

pδ3
11520i

− 47pT1
2880i

+
pδ2

576i
− pT3

15360i
,

(10.50)

with

pSk = {γσPR⊗γσPR, γσγργνPR⊗γσγργνPR, γσγργνγβγµPR⊗γσγργνγβγµPR}, S = {δ, T} .
(10.51)

The gamma matrices in pk are d-dimensional. These projectors are applied directly to the 1-loop
amplitudes, and the ADM and r-matrices for di�erent IR regulators given in Section 10.2.3 are
found.

10.3.2. NDR-Discard

If we choose NDR-Discard, see Section 10.1.3, we simply set to zero the ambiguous traces. In this
case, we obtain the following projectors

P1 =
pT2

384i
− pT1

96i
+ ε

(
5pT2
768i

− pT1
24i

)
,

P2 =
pδ2

864i
− pδ1

216i
+

pT1
288i

− pT11

1152i
+ ε

(
5pT2

1728i
− pδ1

54i
+
pT1
72i
− 5pT2

2304i

)
,

(10.52)

with
pSk = {γσPR ⊗ γσPR, γσγργνPR ⊗ γσγργνPR}, S = {δ, T} . (10.53)
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Applying these projectors directly to the 1-loop EFT amplitudes in Eq. (10.17) we �nd the correct
results for the ADM and NDR r-matrix of Section 10.2.2. We stress that NDR is an inconsistent
scheme, but here we see that it correctly reproduces the desired results. Thus, despite being an
algebraic inconsistent scheme these projections can be used to �nd the UV and �nite pieces for
the current–current operators. Moreover, since we are simply setting the problematic traces to
zero, this prescription is very convenient to speed up and handle calculations.

10.3.3. Larin

Using the Larin scheme, discussed in Section 10.1.2, we �nd the following projectors1

P1 =
pT2

256i
− 3pT1

64i
+ ε

15pT1
128i

,

P2 =
pδ2

576i
− pδ1

48i
+
pT1
64i
− pT2

768i
+ ε

(
5pδ2

1536i
− 5pT1

128i

)
,

(10.54)

with
pSk = {γσPR ⊗ γσPR, γσγργνPR ⊗ γσγργνPR}, S = {δ, T} . (10.55)

Using these projectors we obtain the corresponding NDR results for the ADM and r-matrix of
Section 10.2.2. Notice how, as expected, the projectors of Eq. (10.54) in the Larin and NDR-Discard
in Eq. (10.52) di�er in their form, albeit providing the same results. Therefore, as we previously
mentioned the projectors are scheme dependent and when given one must always specify the pre-
scription used, as applying the projectors to certain amplitudes can result in problematic traces
with γ5.

10.3.4. Cancellation of Ambiguous Traces

We have seen that despite using two di�erent schemes, NDR-Discard and Larin, the projectors
yield the same (NDR) results for the ADM and r-matrix. Therefore, since the two schemes take
di�erent values for the Tr (γµ1 . . . γµ2nγ5)n ∈ Z traces, the result must be independent of such
traces. While this might appear surprising at �rst, there are several ways to justify this fact:

1. We have computed the ADM and r-matrix using projections, but one can also do the cal-
culation via the “traditional” method, as we did in Section 10.2. This procedure does not
involve any traces, since the amplitudes of Eq. (10.17) do not have traces. Therefore, the
computation with projections must be free of ambiguities related to γ5 traces. This is in-
deed what we �nd.

2. The projectors can be de�ned as vαv̄β → PASαβ , uαūβ → PBSαβ , instead of using the
de�nition of Eq. (10.46). Then, P 〈Qi〉(0) ∼ Tr(PAΓαPBΓα) and analogously forEi, which
yields no problematic traces because all Lorentz indices are contracted. Again, this implies
that the calculation must be independent of the ambiguous γ5 traces, since we could have
de�ned the projections in a manner in which no issues arise.

3. We can compute the projectors keeping the ambiguous traces undetermined, with Tr
(
γµ1

. . . γµnγ5

)
≡ Tn, so that the projectors2 are a function of Tn. Such projectors ful�ll the

condition Eq. (10.49) for any value of Tn, ∀n. This indicates that the projectors are γ5

1If we take the Levi-Civita contractions in four dimensions, then the projectors will be the same as the ones in the
HV scheme. This is expected since the Larin scheme de�nes γ5 in the same manner as HV, but then promotes the
Levi-Civita contractions to d dimensions.

2We have these general projectors, but they have a cumbersome expression and thus we do not give them, as this is
simply a check to argue the independence of the projections on the γ5 ambiguous traces.
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scheme independent, in the following sense. Once the NDR scheme is chosen, ambiguous
traces appear but the projections are valid for any value of such traces because Eq. (10.49)
is satis�ed for any Tn.

In conclusion, our analysis indicates that the calculation is not a�ected by ambiguous traces
in NDR. Moreover, using NDR-Discard is the optimal choice, as it signi�cantly simpli�es the
calculations. Here we have computed the 1-loop ADM and amplitudes, but we wish to make the
observation that the conclusions and procedure hold at any loop order, i.e., beyond O(αs). To
argue this, we note that in QCD the gluon-fermion interactions are vector-like (with no γ5), and
thus even if beyondO(αs) order the current–current amplitudes have traces from fermion loops,
these do not contain γ5 and the calculation is free of ambiguities. Moreover, this also applies to
QED corrections, as QED is also a vector-like theory. Of course, in going to n-loops the projectors
must be valid up to O(εn) order, with the corresponding evanescent operators also containing
O(εn) terms.

10.3.5. Avoiding Ambiguous Traces

We wish to close this discussion exploring how one might avoid ambiguous traces in a calculation,
if those do actually generate a problem. In the analysis of ∆S = 1 we saw that albeit problematic
traces with γ5 appear, the calculation is independent of such traces in a given scheme. This is
a particular feature of the setup and calculation, and therefore such ambiguous traces might
generate problems in other cases. A possibility, which also applies to the ∆S = 1 discussed here,
is to consider a di�erent basis of operators. For example, if instead of working with the operators
of Eq. (10.12) we consider the Fierz basis1

Q̃1 = (s̄αdα)V−A (ūβuβ)V−A , Q̃2 = (s̄αdβ)V−A (ūβuα)V−A , (10.56)

then the amplitudes generated by these operators have a spinor structure such that the projec-
tions of Eq. (10.46) applied to the amplitudes are

P 〈Õi〉(0) ∼ Tr (PBγ
µPLPAγµPL) Oi ∈ {Q̃i, Ẽi} , (10.57)

and therefore no problematic traces arise because this is the direct projection and all Lorentz
indices are contracted. The projectors for the Fierz basis read

P̃1 = − p
T
1

64i
− ε 3pT1

128i
,

P̃2 =
pT1

192i
− pδ1

144i
+ ε

(
pT1

128i
− pδ1

96i

)
,

(10.58)

with
pS1 = γσPR ⊗ γσPR, S = {δ, T} . (10.59)

When using a di�erent basis, in this case the Fierz one, the results for the ADM and r-matrix in
the Q̃i basis have to be transformed to the Qi basis via a change of basis. Consider the following
change of basis

Q̃ = R (Q+WE) , (10.60)

where the matrix R de�nes the rotation of the change of basis in four dimensions, that is, Q̃ =
RQ in 4d. In d = 4 − 2ε evanescent operators must be taken into account and thus the WE

1We have also computed the ADM and r-matrices in this Fierz basis. The ADM is the same as in the Qi basis, given in
Eq. (10.30). The r-matrix in the Q̃i, Qi bases are related by rQ̃ = PrQP where P = o�diag(1, 1), i.e., by exchanging
the diagonal and o�-diagonal elements.
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term is added in the basis transformation. The ADM and r-matrix change of basis is given, up to
2-loop, by [218–220, 251, 252]

γ
(0)

Q̃
= Rγ

(0)
Q R−1 ,

γ
(1)

Q̃
= R

(
γ

(1)
Q −

[
rQ, γ

(0)
Q

]
− 2β0rQ

)
R−1 +

[
rQ̃, γ

(0)

Q̃

]
+ 2β0rQ̃ ,

(10.61)

with β0 = 11N/3− 2f/3. A relevant relation which also helps in such calculations is [239, 253]

γ
(1)
b = γ(1)

a +
[
∆r, γ(0)

]
+ 2β0∆r , (10.62)

where a, b indicate a γ5 scheme (NDR or HV), γ(1) is the ADM at 2-loops and ∆r = rb − ra.
Using this identity, one can compute quantities in the HV scheme, where no γ5 issues appear,
and then indirectly �nd the results in the NDR where potential γ5 issues can appear.





Chapter 11

Conclusion

In this �nal third part of the thesis we have considered a heavy NP particle, the scalar LQ, which
couples to SM quarks and leptons. Using the WET, we have studied ∆F = 2 processes (like Bs
mixing) and performed a matching calculation to extract the LO O(α0

s) and NLO O(αs) WCs,
corresponding to 2-loop (1-loop) amplitudes in the full theory (EFT). This calculation allows for
a consistent use of the existing 2-loop ADMs in the EFT and signi�cantly reduces the matching
scale uncertainty in the calculation of physical observables. We �nd that the NLO matching
corrections lead to a constructive e�ect of the order of 5% (8%) for the case ofC1 (C4,C5). We have
also provided easy-to-use semi-numerical formulas for the neutral meson mixing amplitudes (at
the meson level).

Another focus of this part has been the computation of the ADM and amplitudes at NLO in the
WET, for both ∆F = 2 and ∆F = 1 processes. We have introduced a projection method which
extracts the desired coe�cients from amplitudes, taking care of the corresponding Dirac alge-
bra. Although the method is conceptually straightforward, problematic traces involving an odd
number of gamma matrices with γ5 typically arise. Such traces are ambiguous in d-dimensions
in the NDR scheme, which keeps the anticommutativity of γ5 and the cylicity of the trace, and
one is forced to choose a scheme and/or prescription. In the case of ∆F = 2, we employed the
NDR scheme followed by the Larin prescription and veri�ed that we indeed obtain the correct
ADM and EFT amplitude when projecting. For ∆F = 1, the calculation (without projections)
has been done in the general Rξ gauge using various infrared regulators, in both the NDR and
HV schemes. Then, we have reproduced the results using the corresponding projections in each
scheme, showing that in NDR the caclulation is independent of the ambiguous traces. This im-
plies that for current–current EFT amplitudes, one can project and set the ambiguous traces to
zero (NDR-Discard), which simpli�es and speeds up the computation. To our knowledge, the cal-
culation of the r-matrix in the NDR and HV schemes, in general gauge, for di�erent IR regulators
and using projections has not been done before.





Chapter 12

Final Conclusion and Outlook

In this thesis we have undertaken a comprehensive investigation of two distinct BSM scenarios
using the powerful lens of �avour physics and EFTs. Our work has shown that FCNCs o�er
uniquely sensitive probes of NP. In Part I we have reviewed the foundations of the SM, highlight-
ing its �avour structure and motivating FCNCs as uniquely sensitive probes of NP. By establish-
ing the EFT framework, we laid out a systematic methodology to separate the e�ects of heavy
and light NP: heavy DOF are integrated out, while light DOF are retained as explicit dynamical
modes.

Part II has focused to the exploration of light NP in the form of LDVs, with masses at the GeV scale.
We have laid out the LDV model, analysed the generation of FCNC interactions between the
LDV and Standard Model fermions, and derived the corresponding phenomenological predictions
from two-body decays. Our analysis—which includes both tree-level e�ects and renormalisation
group evolution—constrains the parameter space of LDVs using data from rare meson and lepton
decays. This study demonstrates that �avour factories set very tight constraints on the scale of the
model, with bounds at the 103–105 TeV scale. Moreover, we have also followed a theoretical route
based on the unitarity of QFTs. Here, the calculation is a complex interplay between the �avour
and helicity structures of 2 → 2 scattering amplitudes. We have kept the calculation as general
as possible, keeping massive fermions. This leads to a violation of unitarity for longitudinal
LDVs, while perturbativity bounds are also part of the analysis. While the bounds from unitarity
are weaker than the ones from two-body decays, no kinematical endpoint is present for 2 →
2 scattering and more of the parameter space can be constrained. Furthermore, the unitarity
analysis has deepen our knowledge on massive vector models, highlighting the importance of
the di�erent polarisation modes and the GBET.

In Part III we turned our attention to heavy NP by focusing on scalar LQ models. Employing
the WET with four-fermion operators, we computed the WCs for ∆F = 2 processes at NLO in
QCD. Our detailed matching procedure between the full theory and the EFT highlights the critical
role of higher-order corrections in reliably translating NP e�ects into low-energy observables.
Additionally, we have presented a novel computational strategy, which potentially simpli�es
and speeds up the complicated loop calculations. Moreover, we have addressed the challenge
presented by the treatment of γ5 in d dimensions and shown that despite it, the methodology is
free of issues regarding ambiguous traces.

Overall, our work reinforces the importance of �avour observables as precise and powerful tools
to probe NP across di�erent energy scales. The complementary nature of the heavy (LQs) and



124 12. Final Conclusion and Outlook

light (LDVs) scenarios underscores that NP might manifest in diverse forms, each leaving dis-
tinctive signatures in low-energy processes.

Looking forward, further improvements in experimental precision—from facilities such as BELLE-
II and the LHC—along with advancements in precise theoretical computations, will continue to
re�ne the constraints on BSM models. Extensions of the present analysis to additional NP sce-
narios, as well as the inclusion of further observables, could provide deeper insights into the
underlying �avour structure of the BSM landscape. Ultimately, this thesis lays the groundwork
for future research aimed at uncovering the elusive dynamics that lie beyond the SM.
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Appendix A

Recast of Experimental Limits
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Figure A.1.: Upper 95 % CLs limits on the two-body branching ratios B → K/K∗/π + V ′, as
a function of the missing mass mmiss =

√
q2, obtained by recasting the experi-

mental three-body searches at BaBar [111, 112], see text for details.

Experimental collaborations often provide only limits on theP → P ′+invisible branching ratios
in terms of the three body decay P → P ′νν, as a function of the squared invariant mass of the di-
neutrino system q2. In order to get the experimental limits on the two body decaysP → P ′V , we
use the event count nB per q2-bin information, if provided by the experimental collaborations.
Only the BaBar experiment [111, 112] provides all information needed to perform a recast for
two-body decays B → K/K∗/π + V . For B → K(∗) and dark-vector masses mV ′ < 3 GeV,
we use the sophisticated recast of Ref. [121], otherwise we estimate upper limits on the Wilson
coe�cients in terms of the CLs method as explained below.

For a given Wilson coe�cient C , the number of signal events s in a q2-bin i is given as

s = BRi
P→P ′(C)×Ntot × εi , (A.1)

where Ntot is the total number of P mesons and εi the e�ciency associated to bin i. Further,
BRi

P→P ′(C) denotes the branching ratio of P → P ′ within the q2-bin i. The s + b likelihood
is then given as a Poisson distribution in the number of signal plus background events. The
e�ciency εi and total number of P mesons Ntot are included as global observables associated
to auxiliary measurements. The uncertainty on the signal, assumed to be Gaussian, is given by
the NP theoretical prediction and is dominated by the form-factor uncertainty. The systematic
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uncertainty on the background is implemented as a Gaussian distribution. With this in mind, we
denote the likelihood as L(x|C, ν) with x being the outcome, i.e., the observed data, C the pa-
rameter of interest, i.e., the Wilson coe�cient, and ν the nuisance parameters. As a test statistics
tC , we choose a one-sided pro�le likelihood. Note that the parameter of interest is actually |C|2
since the branching ratio only depends on |C|2 as we only consider one coupling at a time. The
p-value pC of the s+ b hypothesis for a given value of the Wilson coe�cient C is then given by

pC =

∞∫
tobsC

f(tC |C, ˆ̂ν(C)) dtC , (A.2)

where tobs
C denotes the value of the test statistics for the observed data, f denotes the pdf of the

test statistics tC , and ˆ̂ν(C) are the values of the nuisance parameter that maximise the likelihood
for a given C . The α% CLs limit on the Wilson coe�cient is then given by the value of C such
that

pC
p0

= 1− α

100
, (A.3)

where p0 denotes the p-value of the background only hypothesis. In order to evaluate Eq. (A.2),
one needs the pdf f of the test statistics tC for which we use the ROOT toolkit RooStats in order
to sample the distribution by means of a Monte Carlo method.

Taking the BR(P → P ′V ) as a parameter of interest instead of the Wilson coe�cient C , we can
determine a model independent limit BRexp(P → P ′V ) on the two body branching ratios, see
Figure A.1.



Appendix B

Limits in the L/R Basis

In this appendix we present bounds on the couplings in the L/R basis {CDR
ij , CDL

ij , CVR
ij , CVL

ij },
which are obtained from the limits in the V/A basis (discussed in Section 6.2 and 6.3)) using
Eq. (5.43). As the decay rates are symmetric with respect to CL ↔ CR the bounds on both
couplings are the same.

B.1. Quark Dipole Interactions
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Figure B.1.: Upper limits on quark-�avour violating dipole couplings Λ/|CDL
ij |, for s → d, b →

s, b→ d and c→ u transitions. Bounds on Λ/|CDR
ij | are identical.
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B.2. Quark Vector Interactions

0.00 0.05 0.10 0.15 0.20 0.25
1

10

10
2

10
3

10
4

10
5

10
6

0 1 2 3 4 5
1

10

10
2

10
3

0 1 2 3 4 5
1

10

10
2

0.0 0.5 1.0 1.5 2.0

10
-1

1

10

10
2

Figure B.2.: Upper limits on quark-�avour violating vector couplings Λ/|CVL
ij |, for s → d, b →

s, b→ d and c→ u transitions. Bounds on Λ/|CVR
ij | are identical.
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Figure B.3.: Upper panel: Lower limits on the dipole (left panel) and vector (right panel) cou-
plings for τ → e transitions Λ/|CDL(R)

τe |, Λ/|CVL(R)
τe | from Belle II [114]. Lower

panel: same for τ → µ transitions Λ/|CDL(R)
τµ |, Λ/|CVL(R)

τµ |.





Appendix C

Two-Body Decays to Light Dark Vectors

p−→ p′
−→

−→
q

{P,B, ℓ}

V ′

{P ′,V, B′, ℓ′}

Figure C.1.: Two-body decays {P,B, `} → {P ′,V, B′, `′} + V ′. The blob represents the non-
perturbative QCD e�ects for the hadronic decays.

In this appendix we present the full expressions for the two-body decays to a LDV that enter our
analysis, namely

• P → P ′ + V ′: pseudoscalar meson to pseudoscalar meson and LDV,

• P → V + V ′: pseudoscalar meson to vector meson and LDV,

• B → B′ + V ′: baryon to baryon and LDV,

• `→ `′V ′: lepton to lepton and LDV.

For the hadronic processes illustrative Feynman diagrams are shown in Figure 6.1, while through-
out this appendix we de�ne the two-body kinematics for all decays as in Figure C.1, namely as

SM(p)→ SM′(p′) + V ′(q) (C.1)

with q = p−p′ and q2 = (p−p′)2 = m2
V ′ . In the next subsection we collect the parametrization

of all the relevant form factors for the hadronic processes considered, and in the subsequent
subsections we present the expressions for the rates. The numerical values for the form-factors
are always taken from the most recent work referenced.

C.1. Form Factors
P → P ′ + V ′

For these decays the hadronic matrix elements for the vector and axial-vector currents read [130]

〈P ′(p′)|q′γµq|P (p)〉 = (p+ p′)µfPP
′

+ (q2) + (p− p′)µfPP ′− (q2) ,

〈P ′(p′)|q′γ5γ
µq|P (p)〉 = 0 .

(C.2)
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The corresponding matrix elements for tensor and pseudo-tensor currents read [130]

〈P ′(p′)|q′σµνq|P (p)〉 =
2

mP +mP ′

(
p′µpν − p′νpµ

)
fPP

′
T (q2) ,

〈P ′(p′)|q′σµνγ5q|P (p)〉 =
2i

mP +mP ′
εµνρσp′ρpσf

PP ′
T (q2) ,

(C.3)

where here and throughout we use the ε0123 = −ε0123 = +1 convention for the Levi-Civita
tensor.

P → V + V ′

For the pseudoscalar decays to two vectors with V denoting the vector-meson, the hadronic
matrix element for the vector and axial-vector currents are parametrized as [130]

〈V(p′, λ)|q′γµ (1∓ γ5) q|P (p)〉 = Pµ1 V1(q2)± Pµ2 V2(q2)± Pµ3 V3(q2)± PµPVP (q2) , (C.4)

where λ denotes the polarization of V . The kinematic functions read

PµP = i(ε∗ ·q)qµ , Pµ1 = 2εµαβγε
∗αp′βqγ ,

Pµ2 = i
[(
m2
P −m2

V
)
ε∗µ − (ε∗ ·q)

(
p′ + p

)µ]
, P µ3 = i(ε∗ ·q)

[
qµ − q2

m2
P −m2

V
(p′ + p)µ

]
,

(C.5)

where ε∗µ = ε∗µ(p′, λ) denotes the polarization vector of the outgoing V . The scalar form factors
can be further parametrized as

VP (q2) =
−2mV
q2

A0(m2
V ′) , V1(q2) =

−V (q2)

mP +mV
, V2(q2) =

−A1(q2)

mP −mV
,

V3(q2) =
mP +mV

q2
A1(q2)− mP −mV

q2
A2(q2) ≡ 2mV

q2
A3(q2) ,

(C.6)

with A3(0) = A0(0), which ensures �nite matrix elements at q2 = 0, i.e., for massless LDV. The
corresponding matrix elements for tensor and pseudo-tensor currents read [130]

〈V(p′, λ)|q′σµνq|P (p)〉 = −iε∗αTαµν(q2) ,

〈V(p′, λ)|q′σµνγ5q|P (p)〉 =
1

2
ε∗αεµνρσT

αρσ(q2) ,
(C.7)

where

Tαµν(q2) = εαµνβ
[(
pβ + p′β − qβ

m2
P −m2

V
q2

)
TPV1 (q2) + qβ

m2
P −m2

V
q2

TPV2 (q2)

]
+

2pα

q2
εµνβγpβp

′
γ

(
TPV2 (q2)− TPV1 (q2) +

q2

m2
P −m2

V
TPV3 (q2)

)
.

(C.8)

For vanishing momentum transfer q2 = 0, i.e., massless LDV, the scalar form-factors satisfy

TPV1 (0) = TPV2 (0) ≡ T , (C.9)

while the contribution proportional to T3(0) vanishes.
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B → B′ + V ′

For the baryon decays the matrix elements for vector and axial-vector currents are parametrized
by [131, 133, 136]

〈B′(p′)|q′γµq|B(p)〉 = uB′(p
′)

(
f1(q2)γµ − i

f2(q2)

mB
σµνq

ν +
f3(q2)

mB
qµ

)
uB(p) ,

〈B′(p′)|q′γµγ5q|B(p)〉 = uB′(p
′)

(
g1(q2)γµ − i

g2(q2)

mB
σµνq

ν +
g3(q2)

mB
qµ

)
γ5uB(p) ,

(C.10)

with uB(p) and uB′(p′) the spinor functions forB andB′ respectively. For Λ decays the values of
the form factors are taken from [131,133,136], while for hyperon decays they are taken from [126–
128].

The corresponding matrix elements for tensor and pseudo-tensor currents have the form [105,
254]

〈B′(p′)|q′σµνq|B(p)〉 = gBB
′

T uB′(p
′)σµνuB(p) ,

〈B′(p′)|q′σµνγ5q|B(p)〉 =
i

2
gBB

′
T εµναβuB′(p

′)σαβuB(p) ,
(C.11)

which is an approximation valid for m2
V ′ = 0, which we use for the hyperon decays. For the

baryon Λb → Λ, Λb → n, and Λc → p decays we use the available full parametrization, given
by [131, 136]

〈B′(p′)|q′iσµνqνq|B(p)〉 = uB′(p
′)

(
fTV

1 (q2)

mB

(
γµq2 − qµ/q

)
− fTV

2 (q2)iσµνqν

)
uB(p) ,

〈B′(p′)|q′iσµνqνγ5q|B(p)〉 = uB′(p
′)

(
fTA

1 (q2)

mB

(
γµq2 − qµ/q

)
− fTA

2 (q2)iσµνqν

)
γ5uB(p) .

(C.12)

Having collected all hadronic input used in the analysis we next present the full expressions for
the two-body rates. We show separately the contributions from dipole and vector interactions
with the LDV, c.f. Eqs. (5.42). For brevity we drop the argument in all form factors since it is
always q2 = m2

V ′ in two-body decays. To shorten the expression we also introduce the notations

κx ≡ m2
x/M

2 and λxy ≡ (1− κx − κy)2 − 4κxκy , (C.13)

withmx indicating the mass of the �nal-state particle x andM the mass of the decaying particle.

C.2. Partial Width for P → P ′ + V ′

The partial width for the decay P → P ′ + V ′ with an underlying q → q′ �avour-changing tran-
sition is given respectively for dipole and vector interaction by

Γ(P → P ′V ′)
∣∣∣
D

=
κγ′m

3
P

4πΛ2

λ
3/2
P ′V ′

(1 +
√
κP ′)2

|fPP ′T |2|CD
q′q|2 , (C.14)

Γ(P → P ′V ′)
∣∣∣
V

=
m3
P

16πΛ2
λ

3/2
P ′V ′ |fPP

′
+ |2|CV

q′q|2 , (C.15)

Note that due to the parity conservation of strong interactions the rate is independent of the
axial couplings CV5

ij and CD5
ij . Therefore, P → P ′ + V ′ decays are only sensitive to the CV(D)

ij

couplings. In the {L,R} basis, these decays are sensitive to both CDL(R)
ij ,CVL(R)

ij couplings.
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In the limit for massless LDV, the leading in mV ′ contributions to the decay rates read

lim
mV ′→0

Γ(P → P ′ + V ′)
∣∣∣
D

=
m2
V ′mP

4πΛ2
(1−√κP ′)3 |fPP ′T |2|CD

q′q|2 , (C.16)

lim
mV ′→0

Γ(P → P ′ + V ′)
∣∣∣
V

=
m3
P

16πΛ2
(1− κP ′)3 |fPP ′+ |2|CV

q′q|2 . (C.17)

While the rate originating from dipole interactions vanishes in the massless limit, the contribu-
tion of the vector interaction remains constant due to the linear scaling mV ′/Λ introduced and
discussed in Eq. (5.42).

C.3. Partial Width for P → V + V ′

The partial width for the decay P → V + V ′ with an underlying q → q′ �avour-changing tran-
sition is given respectively for dipole and vector interaction by

Γ(P → V + V ′)
∣∣∣
D

=
m3
P

2πΛ2
λ

1/2
VV ′

(
AD|CD

q′q|2 +AD5|CD5
q′q|2

)
,

Γ(P → V + V ′)
∣∣∣
V

=
m3
Pκ

2
γ′

8πΛ2
λ

1/2
VV ′

(
AV|CV

q′q|2 +AV5|CV5
q′q|2

)
,

(C.18)

with the coe�cients AX given by

AD = |TPV1 |2λVV ′ , (C.19)

AD5 = |TPV2 |2
8κV (1− κV )2 + κγ′ (1 + 3κV )2 − 2κ2

γ′(1 + 3κV ) + κ3
γ′

8κV

+ |TPV3 |2λ2
VV ′

κγ′

8κV (1− κV )2
− Re(TPV2 TPV∗3 )λVV ′

κγ′(1 + 3κV − κγ′)
4κV (1− κV )

, (C.20)

AV = |V |2 λVV ′(
1 +
√
κV
)2 , (C.21)

AV5 = |A1|2
κ3
γ′ − 2κ2

γ′(1 + 3κV ) + κγ′(1 + 3κV )2 + 8(1− κV )2κV

8κV
(
1−√κV

)2
+ |A3|2

λ2
VV ′

2κγ′ (1− κV )2 + Re(A1A
∗
3)

√
1 + κV

2
√
κV (1− κV )2λVV ′

(
1− κγ′ + 3κV

)
. (C.22)

In the limit of a massless LDV, the decay rates reduce to

lim
mV ′→0

Γ(P → VV ′)
∣∣∣
D

=
m3
P

2πΛ2
(1− κV )3 |T |2

(
|CD
q′q|2 + |CD5

q′q|2
)
,

lim
mV ′→0

Γ(P → VV ′)
∣∣∣
V

=
m3
P

16πΛ2
(1− κV )3

(
|A3|2|CV5

q′q|2 +
2κγ′ |V |2(√
κV + 1

)2 |CV
q′q|2

)
,

(C.23)

which illustrates that the sensitivity to CV
q′q weakens for very light LDVs.
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C.4. Partial Width forB → B′ + V ′

For baryon decays B → B′ + V ′ with an underlying q → q′ transition the contribution to the
partial width from the dipole and vector interaction read

Γ(B → B′V ′)
∣∣∣
D

=
m3
B

4πΛ2
λ

1/2
B′V ′

[ (
|fTV

1 |2Â−D1 + |fTV
2 |2Â−D2 + Â−D12Re(fTV

1 fTV∗
2 )

)
|CD
q′q|2

+
(
|fTA

1 |2Â+
D1 + |fTA

2 |2Â+
D2 + Â+

D12Re(fTA
1 fTA∗

2 )
)
|CD5
q′q|2

]
,

Γ(B → B′V ′)
∣∣∣
V

=
m3
B

16πΛ2
λ

1/2
B′V ′

[ (
|f1|2Â−V1 + |f2|2Â−V2 + Â−V12Re(f1f

∗
2 )
)
|CV
q′q|2

+
(
|g1|2Â+

V1 + |g2|2Â+
V2 + Â+

V12Re(g1g
∗
2)
)
|CV5
q′q|2

]
,

(C.24)

with the kinematic coe�cients

Â±D1 = κγ′
(
κ2
B′ + κB′

(
κγ′ − 2

)
± 6
√
κB′κγ′ − 2κ2

γ′ + κγ′ + 1
)
,

Â±D2 = 2κ2
B′ − κB′

(
κγ′ + 4

)
± 6
√
κB′κγ′ − κ2

γ′ − κγ′ + 2 ,

Â±D12 = 6κγ′ (
√
κB′ ∓ 1)

(
1 + κB′ ± 2

√
κB′ − κγ′

)
,

Â±V1 =
(
1 + κB′ ± 2

√
κB′ − κγ′

) (
1 + κB′ ∓ 2

√
κB′ + 2κγ′

)
,

Â±V2 = κγ′
(
1 + κB′ ± 2

√
κB′ − κγ′

) (
2 + 2κB′ ∓ 4

√
κB′ + κγ′

)
,

Â±V12 = 6κγ′
(
κB′ ± 2

√
κB′ − κγ′ + 1

)
(
√
κB′ ∓ 1) .

(C.25)

In the limit of a massless LDV, the rates reduce to

lim
mV ′→0

Γ(B → B′V ′)
∣∣∣
D

=
m3
B

2πΛ2
(1− κB′)3

[
|fTV

2 |2|CD
q′q|2 + |fTA

2 |2|CD5
q′q|2

]
,

lim
mV ′→0

Γ(B → B′V ′)
∣∣∣
V

=
m3
B

16πΛ2
(1− κB′)3

(
|f1|2|CV

q′q|2 + |g1|2|CV5
q′q|2

)
.

(C.26)

For hyperon decays we use the form factor parametrization of Eq. (C.11), valid for mV ′ = 0.
Nonetheless, we consider a massive LDV for the kinematics for completeness. The decay rate
reads

Γ(B → B′V ′)
∣∣∣
D

=
m3
B

4πΛ2
λ

1/2
B′V ′(g

BB′
T )2

(
Â−D|CD

q′q|2 + Â+
D|CD5

q′q|2
)
, (C.27)

with the kinematic coe�cients

Â±D =
(
κB′ ± 2

√
κB′ − κγ′ + 1

) (
2κB′ ∓ 4

√
κB′ + κγ′ + 2

)
. (C.28)

In the limit of a massless LDV, the rate reduces to

lim
mV ′→0

Γ(B → B′V ′)
∣∣∣
D

=
m3
B

2πΛ2
(1− κB′)3 |gBB′T |2

(
|CD
q′q|2 + |CD5

q′q|2
)
. (C.29)
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For a fully polarized initial B, the di�erential width read

dΓ(B → B′V ′)

d cos θ

∣∣∣∣
D

=
m3
B

8πΛ2
λ

1/2
B′V ′

[
(
|fTV

1 |2Â−D1 + |fTV
2 |2Â−D2 + Â−D12Re(fTV

1 fTV∗
2 )

)
|CD
q′q|2

+
(
|fTA

1 |2Â+
D1 + |fTA

2 |2Â+
D2 + Â+

D12Re(fTA
1 fTA∗

2 )
)
|CD5
q′q|2

− 2λ
1/2
B′V ′ cos θ

(
B̂D11Im(fTV

1 fTA∗
1 ) + B̂−D12Im(fTV

1 fTA∗
2 )

+B̂D22Im(fTV
2 fTA∗

2 ) + B̂+
D12Im(fTV

2 fTA∗
1 )

)
Re(CD

q′qC
D5∗
q′q )

− 2λ
1/2
B′V ′ cos θ

(
B̂D11Re(fTV

1 fTA∗
1 ) + B̂−D12Re(fTV

1 fTA∗
2 )

+B̂D22Re(fTV
2 fTA∗

2 ) + B̂+
D12Re(fTV

2 fTA∗
1 )

)
Im(CD

q′qC
D5∗
q′q )

]
,

dΓ(B → B′V ′)

d cos θ

∣∣∣∣
V

=
m3
B

32πΛ2
λ

1/2
B′V ′

[
(
|f1|2Â−V1 + |f2|2Â−V2 + Â−V12Re(f1f

∗
2 )
)
|CV
q′q|2

+
(
|g1|2Â+

V1 + |g2|2Â+
V2 + Â+
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(C.30)

with the kinematic coe�cients

B̂D11 = κγ′
(
κB′ + 2κγ′ − 1

)
, B̂D22 = 2κB′ + κγ′ − 2, B̂±D12 = −κγ′ (3

√
κB′ ± 1) ,

(C.31)
B̂V11 = κB′ + 2κγ′ − 1, B̂V22 = κγ′

(
2κB′ + κγ′ − 2

)
, B̂±V12 = κγ′ (3

√
κB′ ± 1) .

(C.32)

In the limit of a massless LDV, the rate reduces to

lim
mV ′→0

dΓ(B → B′V ′)

d cos θ

∣∣∣∣
D
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m3
B

4πΛ2
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2 fTA∗
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q′qC
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q′q ) + Re(fTV

2 fTA∗
2 )Im(CD
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D5∗
q′q )

) ]
,

lim
mV ′→0

dΓ(B → B′V ′)

d cos θ

∣∣∣∣
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m3
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32πΛ2
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∗
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q′q )

) )
.

(C.33)

C.5. Polarized Lepton Distributions and Rates
Next we consider the decays ` → `′ + V ′ for the case in which lepton-�avour violating dipole
or vector interactions with the LDV are present. In this case there is experimental sensitivity to
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the polarization of the initial lepton by the measurement of the angular distribution of the angle
θ, de�ned as the angle between the polarisation vector of ` and the three-momentum of `′. For
the di�erent LDV interactions we �nd for the di�erential width of a fully polarised initial `

dΓ(`→ `′V ′)

d cos θ

∣∣∣∣
D

=
m3
`

8πΛ2
λ

1/2
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−)
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`′`
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θ cos θ · Im(CD
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`′` )

]
,

dΓ(`→ `′V ′)

d cos θ
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32πΛ2
λ

1/2
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V5∗
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]
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(C.34)

with the kinematic coe�cients

ÃD
+ = 2 (1− κ`′)2 − κγ′ (1 + κ`′)− κ2

γ′ , ÃV
+ = (1− κ`′)2 + κγ′ (1 + κ`′)− 2κ2

γ′ ,

ÃD
− = −6

√
κ`′κγ′ , ÃV

− = −6
√
κ`′κγ′ , (C.35)

ÃD
θ = 2λ

1/2
`′V ′

(
2− 2κ`′ − κγ′

)
, ÃV

θ = 2λ
1/2
`′V ′

(
1− 2κγ′ − κ`′

)
.

In the limit of massless LDV, the polarised di�erential two-body rate reduces to

lim
mV ′→0

dΓ(`→ `′V ′)

d cos θ
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(C.36)

Finally, after integrating over θ and averaging over the initial- and �nal-state polarisations, the
total decay rates read

Γ(`→ `′V ′)
∣∣∣
D
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1/2
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, (C.37)

Γ(`→ `′V ′)
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1/2
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, (C.38)

which in the limit of massless LDVs reduces to

lim
mV ′→0

Γ(`→ `′V ′)
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∣∣2) . (C.39)





Appendix D

Kinematics of 2→ 2 and Polarisations

We present the kinematics of a generic 2 → 2 process. With the labelling 1 + 2 → 3 + 4, the
Mandelstam variables are de�ned as

s = (p1 + p2)2 = (p3 + p4)2 , t = (p1 − p3)2 = (p2 − p4)2 , u = (p1 − p4)2 = (p2 − p3)2 ,
(D.1)

where pi is the four-momenta of the i = {1, 2, 3, 4} particle. The Mandesltam variables satisfy

s+ t+ u =
4∑
i=1

m2
i , (D.2)

where mi is the mass of the i particle. In the center of mass frame (CM), the four momenta of
the particles read

p1 = (E1, ~pI) , p2 = (E2,−~pI) , p3 = (E3, ~pF ) , p4 = (E4,−~pF ) , (D.3)

where ~pI(F ) is the inital (�nal) momenta, and the CM energy is given by s = (E1 + E2)2 =

(E3 +E4)2. Using energy and momentum conservation along with the mass-shell conditions we
�nd the energy of each particle to be

E1 =
s+m2

1 −m2
2

2
√
s

, E2 =
s+m2

2 −m2
1

2
√
s

,

E3 =
s+m2

3 −m2
4

2
√
s

, E4 =
s+m2

4 −m2
3

2
√
s

,

(D.4)

while the magnitude of the initial and �nal momentum read

|~pI | =
1

2
√
s
β1/2

(
s,m2

1,m
2
2

)
, |~pF | =

1

2
√
s
β1/2

(
s,m2

3,m
2
4

)
, (D.5)

where β(s,m2
i ,m

2
j ) is the Källén function

β
(
s,m2

i ,m
2
j

)
=
(
m2
i −

(√
s+mj

)2)(
m2
i −

(√
s−mj

)2)
. (D.6)

The scattering angle θ between particles 1 and 3 in terms of the masses and Mandelstam variables
is given by the relation
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cos θ =
s(t− u) +

(
m2

1 −m2
2

) (
m2

3 −m2
4

)
β1/2

(
s,m2

1,m
2
2

)
β1/2

(
s,m2

3,m
2
4

) . (D.7)

In the high energy regime, t and u read

t =
s

2
(cos θ − 1) , u = −s

2
(cos θ + 1) , (D.8)

such that s + t + u = 0, i.e.,the masses are set to zero. Regarding the polarisation vectors, for
a spin-1 particle moving in the k̂ direction speci�ed by polar and azimuthal angles θ, φ with
four-momenta kµ = (k0,~k), the polarisation vectors read

εµ (k,±1) =
1√
2
e±iφ (0,∓ cos θ cosφ+ i sinφ,−i cosφ∓ cos θ sinφ,± sin θ) ,

εµ (k, 0) =

(
|~k|
mV ′

,
k0

mV ′
k̂

)
,

(D.9)

where ε (k,±1) are the two transverse polarisations and εµ (k, 0) the longitudinal polarisation.
Since the vector boson considered in Chapter 7 is the massive LDV V ′µ, we express the longi-
tudinal polarisation εµ (k, 0) explicitly in terms of the LDV mass mV ′ . For the polarisations of
fermions, we use suitable projectors for the spinor structures [9]. For a massive spin-1/2 particle
with mass m and four-momenta pµ = (p0, ~p), we de�ne the spin vector as

sµ =
2λ

m

(
|~p|, p0p̂

)
, with λ = ±1/2 . (D.10)

The spin vector satis�es sµpµ = 0, sµsµ = −1, and the helicity spinors are projected according
to

u (p, λ) ū (p, λ) =
1

2
(1 + γ5/s)

(
/p+m

)
,

v (p, λ) v̄ (p, λ) =
1

2
(1 + γ5/s)

(
/p−m

)
.

(D.11)



Appendix E

Unitarity Constraint

We prove the unitarity constraint on the partial waves |T jii | ≤ 1 given in Section 7.1. Introducing
S = I + iT , where T is the non-trivial (interacting) part of the S matrix, the unitarity condition
S†S = I reads

− i
(
Tfi − T ∗if

)
=
∑
k

∫
dΠLTkiT ∗kf , (E.1)

where dΠL is the Lorentz invariant phase space (LIPS), and the matrix elements of the scattering
are de�ned as 〈f | T |i〉 = (2π)4 δ (pi − pf ) Tfi. If the initial and �nal states i, f are two-particle
states, Eq. (E.1) reads (in the center of mass frame)

− i
(
Tfi − T ∗if

)
=
∑
k

pk
16π2

√
s

∫
dΩTkiT ∗kf . (E.2)

Considering the same initial and �nal states i = f , and the form of the total cross section σ for
a 2→ k process,

ImTii = β1/2
(
s,m2

1,m
2
2

)∑
k

σ (i→ k) , (E.3)

where β
(
s,m2

1,m
2
2

)
is the Källén function of the two-particle initial state, de�ned in Eq. (D.6).

The resulting Eq. (E.3) is the well known optical theorem. We wish to reproduce the equivalent
of Eq. (E.3) for the partial amplitudes. Consider the expansion of the helicity amplitudes Tfi(s, θ)
in terms of partial amplitudes T jfi(s) [141]

Tfi (s, θ) = 16πF
∑
j

(2j + 1) djλiλf (θ)T jfi(s)↔ T
j
fi(s) =

F−1

32π

π∫
0

dθ sin θdjλiλf (θ)Tfi (s, θ) ,

(E.4)
where F is a (dimensionless) parameter that depends on the masses and s. The starting point is
Eq. (E.2), which reads as follows with angular dependences

− i
(
Tfi (Ω)− T ∗if (Ω)

)
=
∑
k

pk
16π2

√
s

∫
dΩ′Tki

(
Ω′
)
T ∗kf

(
Ω′′
)
, (E.5)
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where Ω is the solid angle between the initial state i and �nal state f , Ω′ is the solid angle
between i and the intermediate state k, and Ω′′ is the solid angle between the �nal state f and k.
Introducing the partial waves, this expression reads1

− i
∑
j

(2j + 1) djλλ′(θ)
(
T jfi − T

j∗
if

)
=
∑
k

pkF
π
√
s

∫
dΩ′

∑
j,j′

(2j + 1)
(
2j′ + 1

)
dj
′

λλ′′(θ
′)djλ′λ′′(θ

′′)T j′ki T
j∗
kf ,

(E.6)

where λ, λ′, λ′′ are the helicities of the i, f, k states respectively (i.e., λ = λ1 − λ2, and so on).
We decompose the last d-Wigner function according to

djλ′λ′′(θ
′′) =

∑
m

djmλ′(θ)d
j
mλ′′(θ

′) , (E.7)

and after introducing it in Eq. (E.6) we employ the following orthogonality relation

j∫
−1

d cos θ′djmm′(θ
′)dj

′

mm′(θ
′) =

2

2j + 1
δjj′ , (E.8)

to obtain

−i
∑
j

(2j + 1) djλλ′(θ)
(
T jfi − T

j∗
if

)
= 4

∑
k

pkF√
s

∑
j

(2j + 1) djλλ′(θ)T
j
kiT

j∗
kf . (E.9)

This equality must hold for any value of l, and thus, for every partial amplitude we �nd

− i
(
T jfi − T

j∗
if

)
= 2

∑
k

pk√
pipf
T jkiT

j∗
kf . (E.10)

In agreement with Section 7.1, we have chosen F = s/β
1/4
i β

1/4
f . Considering i = f we �nd

ImT jii =
∑
k

pk
pi
|T jki|2 = |T jii |2 +

∑
k 6=i

pk
pi
|T jki|2 ≥ |T

j
ii |2 , (E.11)

which precisely yields Eq. (7.6), from which the unitarity condition |T jii | ≤ 1 is derived. Other
approaches to �nd the unitarity condition are possible, see [159, 161, 257].

1A full treatment including the φ angles is also possible. For simplicity we drop such dependence in this calculation so
that the dφ integration trivially yields a 2π factor; see [255, 256] for details.



Appendix F

Wigner d-function

The Wigner D-matrix is de�ned as the rotation operator between angular momentum eigen-
states [258, 259]

Dj
m′m (α, θ, γ) = 〈jm′| e−iαJze−iθJye−iγJz |jm〉 = e−im

′αdjm′m(θ)e−imγ , (F.1)

where j = 0, 1/2, 1, 3/2, . . . is the angular momentum, andm is its z componentm = −j,−j+
1, . . . , j. Ji are the Lie algebra generators and α, θ, γ the Euler angles. The matrix elements of
the Wigner (small) d-function are de�ned as

djm′m(θ) = 〈jm′| e−iθJy |jm〉 . (F.2)

The small d-Wigner function is given by1

djm′m(θ) =
√

(j +m′)! (j −m′)! (j +m)! (j −m)!

kmax∑
kmin

(−1)m
′−m+k (cos θ/2)2j+m−m′−2k (sin θ/2)m

′−m+2k

(j +m− k)! (j − k −m′)! (k −m+m′)!k!
,

(F.3)

where the sum runs from kmin = min(0,m − m′) to kmax = max(0, j + m, j − m′), running
over integer values of k such that none of the arguments of the factorials in the denominator are
negative. Some useful properties of the Wigner d-function are

djm′m(−θ) = djm′m(θ) ,

djm′m(θ) = dj−m,−m′(θ) ,

djm′m(θ) = (−1)m−m
′
djmm′(θ) ,

dj00(θ) = Pj (cos θ) ,

(F.4)

where Pj (cos θ) are the Legendre polynomials. The explicit form of some d-functions with spe-
ci�c m,m′ values can be found at [165].

1In Mathematica, the d-function is implemented with �ipped m′,m indices, that is, djm′m(θ) is generated by
WignerD[{j,m,m′}, θ].
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