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Abstract

Motivated by mathematical models for tumor growth, the work conducted in this
thesis is focused on stabilization techniques for unfitted finite element methods
(FEMs). In such models, appropriate transmission conditions are imposed on the
possibly evolving sharp interface between the subdomains occupied by the tumor
and surrounding tissue. To avoid frequent remeshing, an unfitted FEM may be
employed that uses a fixed background mesh together with an implicit description
of the geometry. However, the presence of small cut cells can lead to numerical
instabilities, poor conditioning of the system matrix and loss of accuracy caused by
small cut cells. To deal with this issue, we introduce a new ghost penalty based on
the difference between two consistent discretizations of the Laplacian operator.

The proposed projected-gradient stabilization is straightforward to implement and
provides an implicit extension of the solution beyond the physical domain. We show
that the bilinear form of the stabilization term is symmetric and establish second
order convergence in 𝐿2 for the solution of the discrete problem. To overcome
difficulties associated with numerical integration over sharp embedded interfaces, a
diffuse-interface description based on a level set representation is developed. Results
of several numerical examples support the theoretical analysis and illustrate the
performance of the proposed unfitted FEM. Since the lumped-mass 𝐿2 projection
that we use for gradient recovery is at most second-order accurate, we introduce
nodal averaging as an alternative projection operator for the stabilization term to
attain optimal-order accuracy for higher-order polynomial approximations. The
stabilization concept is then extended to unfitted FEMs for elliptic interface prob-
lems with discontinuous coefficients, for which analogous stability and convergence
results are obtained. Moreover, the proposed stabilization is incorporated into an
unfitted FEM for a convection–diffusion problem with an embedded interface, and
its effectiveness is demonstrated by a numerical example.

The unfitted FEM with projected-gradient stabilization is applied to a mathematical
model for tumor growth. Using formal asymptotic expansions, a thin-rim limit
problem for a tumor growth model is derived. In the thin-rim limit, the pressure
satisfies a Poisson equation with a Robin boundary condition in a time-dependent
domain whose evolution is governed by a forced mean curvature flow. In the case
of stationary, rotationally symmetric solutions, the weak-star convergence of the
pressure solution in 𝐿∞ is proven. A generalized thin-rim limit problem is discretized
using the proposed stabilized unfitted FEM. The obtained numerical results exhibit
good qualitative agreement with results published in the literature and illustrate
convergence properties of the proposed method.
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1 Introduction

A wide range of processes in nature, medicine, physics, and other applications can
be modeled using partial differential equations (PDEs). The variables involved in
such models represent velocities, concentrations, or other quantities associated with
phases or species. An important application for PDEs is the mathematical modeling
and simulation of tumor growth. As emphasized by Gatenby and Gawlinski in
[GG03], tumor growth involves nonlinear interactions across multiple spatial and
temporal scales. Hence, intuition and qualitative reasoning alone are insufficient to
completely understand the behavior of tumors. Mathematical models combined with
accurate numerical methods enable investigations of tumor dynamics without the
need for costly or ethically challenging experiments. Depending on the underlying
model, these simulations can incorporate a wide variety of biological influences or
even predict the response of tumors to therapeutic interventions; see, e.g., [Pre03].

Starting in the first half of the 20th century, modeling tumor growth became
increasingly popular (cf. [AM04]). Since the early developments, interest in this
field has increased steadily, with a substantial rise in activity beginning in the
1990s, leading to many publications. Many of these publications build upon the
framework established by Burton ([Bur66]), Greenspan ([Gre72; Gre74; Gre76]), and
McElwain ([MP77; MM78]). In the early 2000s, a variety of modeling approaches
emerged. Examples include mixture-theoretic models treating the tumor as a solid
phase embedded in a liquid environment (cf. [BP03]), two-phase flow models in
which the tumor comprises two interacting phases (cf. [Byr+03]), and incompressible
fluid models where the tumor is explicitly treated as a viscous fluid (cf. [HMS05]).
Around the same time, additional biological aspects were incorporated into the
mathematical models. For instance, the inclusion of tumor angiogenic factors led to a
variety of models describing the vascularization of a tumor; see, e.g., [DP00; CLN03;
ZWC05; HMS06; SBP13; XVG16]. Other approaches considered the interaction
between tumor cells and the immune system; see, e.g., [BP00; AB12]. Each of these
extensions increased the biological accuracy of the models but also added significant
mathematical and computational complexity. A step toward linking macroscopic
tumor behavior with microscopic cell-level processes was achieved through multiscale
formulations. Lowengrub ([Low+10]), Peng ([Pen+17]), and Carraro ([Car+21])
proposed two-phase models that describe the tumor and the extracellular matrix as
distinct phases. Coupling macroscopic evolution equations with cell-scale dynamics,
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1 Introduction

the models capture how local interactions and cellular mechanisms on the microscale
can influence the tumor dynamics.

A recent model for nutrient-driven tumor growth was introduced by Eyles and
coauthors in [Eyl19; EKS19]. Building on earlier models by Ward ([WK97]) and
King ([KF06]), they developed a simplified yet tractable formulation that captures
key mechanisms such as nutrient uptake, proliferation, cell death, and necrotic core
formation. The objective of this model is not biological accuracy but rather the
development of a mathematical framework to which additional biological complexity
can be added. Edelmann et al. ([EKL25]) refined this model to facilitate theoretical
studies of numerical discretization.

In the last years, phase-field approaches for tumor growth models gained popularity
(cf. [Haw+13; CGH15; FGR15; Gar+16; GT22; Tra24]). These formulations couple
the governing tumor equations with a Cahn–Hilliard-type phase-field model. This
yields a diffuse-interface representation of the tumor boundary. Therefore, these
models offer several advantages, including straightforward handling of topological
changes. However, for certain applications, particularly those in which the interface
between healthy and tumorous tissue needs to be sharply localized, a diffuse-interface
approximation may be inappropriate. In such cases, the numerical method must
resolve a sharp tumor boundary and impose appropriate transmission conditions on
it. Several strategies for the accurate numerical treatment of conditions on sharp
interfaces and boundaries exist in the literature. A widely used approach, also used
in this thesis, is to employ an unfitted finite element method (FEM) with suitable
stabilizations.

1.1 State of the art

Unfitted FEMs, which employ a fixed and often structured background mesh, offer
significant benefits in terms of computational cost. Their flexibility has made them
increasingly popular for solving PDEs posed on domains with discontinuous material
properties or evolving geometries (cf. [Bor+18]). Throughout this section, the term
interface refers to both genuine interfaces and domain boundaries. A wide variety
of unfitted discretization techniques has been proposed in the literature. These
methods include the immersed boundary method (cf. [LL97; Pes00; MI05]), the
extended FEM (XFEM) (cf. [CSB02; ABI12; BGN13; Leh15]), as well as many
other approaches.

Based on Nitsche’s idea [Nit71], symmetric unfitted Nitsche FEMs have been
introduced for various elliptic PDEs (cf. [HH02; CB09; BET11; Wad+13; HLZ14;
Cho24]). These methods impose interface and boundary conditions weakly through
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1.1 State of the art

surface integrals. However, a drawback of unfitted Nitsche formulations is their
sensitivity to small cut cells. Such cut configurations often yield ill-conditioned
system matrices and may cause numerical instabilities. To mitigate these effects,
stabilization terms can be incorporated, giving rise to the cutFEM methodology.
Among several possible stabilizations (cf. [Bur12; BHL18]), a widely used approach
is the ghost penalty (GP) stabilization introduced by Burman in [Bur10]. In the GP
framework, a stabilization term penalizing the difference between the solution and its
projection into the finite element space is added on patches consisting of a moderate
number of elements surrounding the interface. These patches are constructed in
such a way that every cut cell belongs to one of them. Subsequently, Burman et al.
(see [BH10; BH12; BH14; Mas+14; Bur+15; BCM15; Pre+23]) adapted the concept
of continuous interior penalty (CIP) (cf. [BE07]) to stabilize unfitted methods
against small cut cells. The stabilization is applied on the same patches as in the
original GP approach but penalizes jumps of the normal derivative across facets.
The resulting GP stabilization using CIPs can also be used to stabilize convective
terms (cf. [BE07]) and is therefore effective in many contexts. However, these
stabilizations do not readily accommodate limiters for enforcing discrete maximum
principles (DMPs). High-order extensions of cutFEM have been developed in recent
years (cf. [BE18; MSW18; Bur+21; Wah21]). To extend the GP approach to time-
dependent problems, Lehrenfeld and Olshanskii ([LO19]) applied the stabilization on
a wider strip of elements around the interface. Recently, Olshanskii and von Wahl
([OW25]) demonstrated that a global application of GP stabilization is required
to attain certain stability properties. Many of these approaches are supported by
theoretical studies, including optimal a priori error estimates and bounds for the
condition number.

A different GP-type approach was proposed by Badia and coauthors in [BNV22].
Using the concept of aggregate finite elements (cf. [BVM18]), they penalized the
difference between the gradient of the solution and the gradient of its projection into
the aggregate finite element space. Codina and coauthors also used the difference
between gradients and projected gradients to stabilize against cut cells (see [Cod+23]).
For the Navier–Stokes equation they define a subdomain consisting of cut elements
and their interior neighbors and penalize the difference between the gradients of the
pressure and velocity with their 𝐿2 projected counterparts on the subdomain.

A potential difficulty of unfitted approaches lies in the computation of surface
integrals. However, these integrals can be approximated by volumetric integrals
using approximate Dirac delta functions; see, e.g., [ETT05; Hys06; Sme06; Tei+07;
ZT10; Tei+11; KT16; KT18]. To use these approximations, the quantities appearing
in the surface integral must be extended in the normal direction, typically using
constant extrapolation. Such extensions can be computed either with PDE-based
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1 Introduction

techniques (cf. [Che+97; AS99; UK18]) or through closest-point search algorithms
as in [KB22].

Another promising approach recently emerging from the unfitted Nitsche method is
the shifted-boundary method (SBM) (see [MS18a; MS18b; ACS20; Li+20; ACS21;
Sau+21; Yan+24]), which belongs to the class of surrogate boundary methods.
Instead of operating on small cut cells, the SBM applies surrogate boundary con-
ditions on facets shared by cut and uncut elements. Facets sufficiently close to
the true boundary are chosen to construct a surrogate boundary lying either com-
pletely inside or completely outside the physical domain. After determining the
closest point on the true boundary, the transfer of data to the shifted boundary
is accomplished by a Taylor expansion (cf. [MS18a; MS18b; ACS20]). A similar
strategy for jump conditions on genuine interfaces is described in [Li+20]. The SBM
is conceptually simple and supported by rigorous theoretical results (cf. [MS18a;
ACS21; Ant+24]), including high-order extensions (cf. [ACS22]). Nonetheless, the
closest-point projection required for mapping to the true boundary can be computa-
tionally demanding, and the convergence rate may degrade for certain geometries.
To reduce this sensitivity, [Yan+24] proposes constructing the surrogate boundary
in a manner that allows it to cross the true boundary locally.

1.2 Outline and originality of the thesis

We conclude this chapter with an outline of the thesis. In Chapter 2, we introduce
an elliptic boundary value problem (BVP) and an elliptic interface problem as
model problems and apply a fitted FEM to discretize them. The chapter ends with
an overview of techniques to incorporate interfaces in numerical methods. Topics
discussed in this chapter are well established in the literature. We present the
unfitted Nitsche method for elliptic BVPs as described in the literature in Chapter 3.
Using the idea proposed in [OBK25], we introduce an alternative to the common GPs
and analyze the convergence of the resulting unfitted FEM. Although the analysis
follows the structure of [OBK25], all derivations were carried out independently by
the author. We further formulate a diffuse-interface variant using the narrow-band
extension based on level set functions introduced in [KB22]. The chapter concludes
with numerical examples that illustrate the performance, stability, and accuracy of
the proposed approach. Following the same structure, Chapter 4 extends these ideas
to elliptic interface problems. This chapter is based on the publication [OBK25].
The numerical analysis in the paper was originally performed by Prof. Maxim
Olshanksii and is detailed here by the author of this thesis. In Chapter 5, we
apply the stabilized unfitted FEM to a mathematical model for tumor growth.
Following [EKS19], we introduce a nutrient-driven tumor growth model and derive
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1.2 Outline and originality of the thesis

its thin-rim limit. For stationary, rotationally symmetric configurations, we provide
a rigorous proof showing that the pressure component of the tumor model converges
to the solution of the thin-rim limit problem. The limit problem is generalized
by decoupling the curvature term from the boundary condition and discretized
using an unfitted FEM. Finally, we compare numerical results obtained with our
method to those reported in [EKS19], demonstrating the validity and robustness
of the proposed discretization. We wrap up this thesis with the conclusions in
Chapter 6. The key results of this thesis are summarized and several directions for
future research are outlined.

Throughout the preparation of this thesis, the large language model ChatGPT5 was
used for linguistic refinement. Sentences written by the author were reformulated
by artificial intelligence. These reformulations were critically reviewed and revised
by the author, ensuring clarity, precision, and conformity with academic writing
standards. All scientific research, theoretical analysis, and numerical work were
conducted solely by the author and his coworkers.
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2 Model problems and interface description

This chapter introduces the stationary model problems used in Chapters 3 and 4,
the concept of finite element discretizations, as well as different techniques to handle
time-dependent interfaces numerically. The chapter is structured into three sections.
Section 2.1 introduces the Poisson equation as the model problem for second-order
elliptic boundary value problems (BVPs). We derive the weak formulation and
construct a fitted finite element method (FEM) on a mesh aligned with the geometry.
The section concludes with a convergence result for the solution of the discrete
problems.

In Section 2.2, we turn our attention to an elliptic interface problem in which the
diffusion coefficient exhibits a jump across a smooth embedded interface. The model
problem is introduced in the strong and weak form, and discretized using a fitted
finite element approach. This approach uses a mesh that is aligned with both the
outer geometry and the embedded interface.

The final section has a completely different focus. In Section 2.3 we give an overview
of some numerical techniques to handle interfaces numerically. Even though the
numerical treatment of interfaces can be neglected in the case of stationary problems
with analytically given interfaces, handling interfaces accurately becomes important
for problems, in which the governing equation or the domain is time dependent.

Together, these three sections provide the context for the methods introduced in
subsequent chapters.

2.1 Elliptic boundary value problem

Following the presentation in [Eva10], we introduce the Poisson equation as a
model problem for an elliptic BVP. Let 𝛺 ⊂ ℝ𝑑, 𝑑 = 1, 2, 3, be a bounded domain
with boundary 𝛤 = ∂𝛺. For functions 𝑓 ∶ 𝛺 → ℝ, 𝑔 ∶ 𝛤 → ℝ, and 𝜇 ∶ 𝛺 → ℝ
with 𝜇 ≥ 𝜇0 > 0 smooth, the elliptic BVP under consideration is given by: Find
𝑢 ∶ 𝛺 → ℝ such that

−∇ ⋅ (𝜇∇𝑢) = 𝑓 in 𝛺, (2.1a)
𝑢 = 𝑔 on 𝛤 . (2.1b)

7



2 Model problems and interface description

The boundary condition in (2.1b) is called a Dirichlet boundary condition. Alter-
natively, one may prescribe a Neumann boundary condition 𝜇∂n𝑢 = 𝑔 or a Robin
boundary condition 𝑢 + 𝜇∂n𝑢 = 𝑔, where ∂n is the normal derivative. In what
follows we restrict our attention to the Dirichlet BVP.

Classical theory requires solutions of (2.1) to satisfy 𝑢 ∈ 𝐶2(𝛺) ∩ 𝐶(𝛺) (cf. [Sch24]),
which in turn demands 𝑓 ∈ 𝐶(𝛺) and 𝑔 ∈ 𝐶(𝛤). However, this might not be satisfied
by given data. To solve the elliptic BVP in a more general setting, we introduce
the weak formulation of the problem. Assume that 𝑓 ∈ 𝐿2(𝛺) and 𝑔 ∈ 𝐿2(∂𝛺). We
call 𝑢 ∈ 𝐻1(𝛺) a weak solution of (2.1) if 𝑢 = 𝑔 on 𝛤 and

∫
𝛺

𝜇∇𝑢 ⋅ ∇𝜙dx = ∫
𝛺

𝑓𝜙dx ∀𝜙 ∈ 𝐻1
0 (𝛺). (2.2)

This weak formulation is obtained by multiplying the partial differential equa-
tion (PDE) (2.1a) with a test function 𝜙 ∈ 𝐻1

0 (𝛺), integrating over 𝛺 and using
integration by parts.

To construct a numerical scheme for the elliptic BVP, we consider the weak form
(2.2). Following [LT08], we first assume that 𝛺 is a polytope. Let 𝒯ℎ denote
a conforming triangulation fitted to 𝛺, that is, 𝛺 = ⋃𝐾∈𝒯ℎ

𝐾. The mesh-size
parameter ℎ is defined as ℎ = min𝐾∈𝒯ℎ

ℎ𝐾 with ℎ𝐾 = diam 𝐾. Let 𝑉ℎ be the finite
element space of continuous, piecewise affine functions defined on 𝒯ℎ. Precisely,

𝑉ℎ = {𝑣ℎ ∈ 𝐶(𝛺) ∶ 𝑣ℎ|𝐾 ∈ 𝑃1(𝐾) ∀ 𝐾 ∈ 𝒯ℎ}.

For the discrete problem, we require two subspaces of 𝑉ℎ. The test function 𝜙 in
(2.2) vanishes on 𝛤, and we reflect this property in the discrete space

𝑉ℎ,0 = {𝑣ℎ ∈ 𝑉ℎ ∶ 𝑣ℎ|𝛤 = 0}.

Likewise, the finite element approximation to the solution satisfies the boundary
condition 𝑢 = 𝑔. The corresponding space is defined as

𝑉ℎ,𝑔 = {𝑣ℎ ∈ 𝑉ℎ ∶ 𝑣ℎ|𝛤 = 𝑔}.

We can now formulate the discrete elliptic BVP as follows: Find 𝑢ℎ ∈ 𝑉ℎ,𝑔 such
that

∫
𝛺

𝜇∇𝑢ℎ ⋅ ∇𝜙ℎdx = ∫
𝛺

𝑓𝜙ℎdx ∀𝜙ℎ ∈ 𝑉ℎ,0. (2.3)

We now drop the assumption that the domain 𝛺 is a polytope and assume that 𝛺 is
a convex domain with smooth boundary. In this case, an exact fitted triangulation

8



2.2 Elliptic interface problem

is not available. However, by selecting suitable points on 𝛤, we can construct a
triangulation 𝒯ℎ of 𝛺, such that 𝛺 ∖ ⋃𝐾∈𝒯ℎ

𝐾 is of order 𝑂(ℎ2).

The following theorem states that the solution of the discrete problems converge to
the weak solution of the elliptic BVP.

Theorem 2.1. Assume that 𝑢ℎ ∈ 𝑉ℎ,𝑔 solves (2.3) and let 𝑢 ∈ 𝐻2(𝛺) be a solution
of (2.2). Then,

‖𝑢ℎ − 𝑢‖0,𝛺 ≤ 𝐶ℎ2 ‖𝑢‖2,𝛺 ,

where 𝐶 is a constant independent of the mesh size.

For a proof of this theorem, see, e.g., [LT08, Thm. 5.4]

Remark 2.1. Instead of using piecewise affine functions, we can define the finite
element spaces with higher-order polynomial approximations. If the domain is a
polytope, polynomial approximations of degree 𝑝 yield convergence of order 𝑝 + 1 for
the solution of the discrete problem.

2.2 Elliptic interface problem

In the previous section, we assumed that the diffusion coefficient is smooth in the
entire domain. We now drop this smoothness assumption and allow the diffusion
coefficient to be piecewise constant.

Let 𝛺 ⊂ ℝ𝑑, 𝑑 ∈ {1, 2, 3}, be a bounded Lipschitz domain, subdivided into two
disjoint subdomains 𝛺1 and 𝛺2 by a smooth embedded interface 𝛤. Denote by n the
unit normal to 𝛤 pointing outward from 𝛺1. For a function 𝑣 ∶ 𝛺 → ℝ, we denote
by 𝑣𝑘 its restriction to 𝛺𝑘, 𝑘 = 1, 2. We define the jump [[𝑣]] = 𝑣1 − 𝑣2 of 𝑣 across 𝛤
and the weighted average {𝑣} = 𝜅1𝑣1 + 𝜅2𝑣2, with nonnegative weights 𝜅1 and 𝜅2
depending on x ∈ 𝛤. For a vector field v(x), the jump [[v]] = (v1 − v2) ⋅ n and the
average {v} = (𝜅1v1 +𝜅2v2) ⋅n are defined in the normal direction n. Let 𝜇𝑘 > 0 be
constant diffusion coefficients in the corresponding subdomains, 𝑓𝑘 ∶ 𝛺𝑘 → ℝ, and
𝑔 ∶ ∂𝛺 → ℝ. Consider the following elliptic interface problem: Find 𝑢𝑘 ∶ 𝛺𝑘 → ℝ,
𝑘 = 1, 2, such that

−∇ ⋅ (𝜇∇𝑢) = 𝑓 in 𝛺𝑘, 𝑘 = 1, 2, (2.4a)
𝑢 = 𝑔 on ∂𝛺, (2.4b)

[[𝑢]] = 0 on 𝛤 , (2.4c)
[[𝜇∇𝑢]] = 0 on 𝛤 , (2.4d)

9



2 Model problems and interface description

where

𝜇 = {
𝜇1 in 𝛺1,
𝜇2 in 𝛺2.

To derive the weak formulation, we multiply (2.4a) with test functions 𝜙𝑘 ∈ 𝐻𝑘,
where 𝐻𝑘 = {𝜙 ∈ 𝐻1(𝛺𝑘) ∶ 𝜙|∂𝛺∩∂𝛺𝑘

= 0} and integrate over the corresponding
domain 𝛺𝑘. Integration by parts yields

∫
𝛺1

𝜇1∇𝑢1 ⋅ ∇𝜙1dx − ∫
𝛤

𝜇1∇𝑢1 ⋅ n𝜙1d𝑠 + ∫
𝛺2

𝜇2∇𝑢2 ⋅ ∇𝜙2dx + ∫
𝛤

𝜇2∇𝑢2 ⋅ n𝜙2d𝑠

= ∫
𝛺1

𝑓1𝜙1dx + ∫
𝛺2

𝑓2𝜙2dx ∀𝜙1 ∈ 𝐻1, 𝜙2 ∈ 𝐻2.

Owing to the interface condition (2.4d), the interface terms cancel. This yields
the following weak problem: Find 𝑢 ∈ 𝐻𝑔, where 𝐻𝑔 = {𝜙𝑘 ∈ 𝐻1(𝛺𝑘) ∶ 𝜙|∂𝛺 =
𝑔 ∧ 𝜙1|𝛤 = 𝜙2|𝛤} such that

∫
𝛺1

𝜇1∇𝑢1 ⋅ ∇𝜙1dx + ∫
𝛺2

𝜇2∇𝑢2 ⋅ ∇𝜙2dx

= ∫
𝛺1

𝑓1𝜙1dx + ∫
𝛺2

𝑓2𝜙2dx ∀𝜙1 ∈ 𝐻1, 𝜙2 ∈ 𝐻2.

To construct a fitted FEM for the elliptic interface problem, we consider a conforming
triangulation 𝒯ℎ of 𝛺. We assume that 𝒯ℎ is fitted to the interface, meaning that
the induced subtriangulations 𝒯ℎ,1 and 𝒯ℎ,2 provide conforming triangulations of
𝛺1 and 𝛺2, respectively. This assumptions imply a 𝑑 − 1-dimensional triangulation
of 𝛤 by facets of elements within 𝒯ℎ. As in the previous section, let 𝑉ℎ denote the
finite element space of piecewise affine functions defined on 𝒯ℎ, that is,

𝑉ℎ = {𝑣ℎ ∈ 𝐶(𝛺) ∶ 𝑣ℎ|𝐾 ∈ 𝑃1(𝐾) ∀ 𝐾 ∈ 𝒯ℎ}.

We again define the subspaces 𝑉ℎ,0 and 𝑉ℎ,𝑔 as above. The discrete interface problem
then reads as: Find 𝑢ℎ ∈ 𝑉ℎ,𝑔 such that

∫
𝛺

𝜇∇𝑢ℎ ⋅ ∇𝜙ℎdx = ∫
𝛺

𝑓𝜙ℎdx ∀𝜙ℎ ∈ 𝑉ℎ,0.

Note that the diffusion coefficient 𝜇 is constant in the subdomains and discontinous
across 𝛤.
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2.3 Interface description

2.3 Interface description

The model problems (2.1) in Section 2.1 and (2.4) in Section 2.2 involve stationary
domain boundaries and interfaces. However, in many practical applications, the
geometry of the domain or the position of the interface varies in time. To address
such situations, different numerical techniques, handling evolving boundaries and
interfaces in time-dependent problems, have been developed. Throughout this
section, the term interface refers to both genuine interfaces and domain boundaries.
Following [Bas17; Bän+23], we provide an overview over some of these techniques
and introduce the employed approach below.

A common classification distinguishes between interface tracking methods and
interface capturing methods.

Interface tracking methods describe the interface explicitly by mesh-related quantities.
Consequently, the mesh follows the movement of the interface. In contrast, interface
capturing methods represent the interface implicitly, typically through an auxiliary
scalar field. Before discussing specific approaches, we summarize some advantages
and limitations of these two classes of methods.

Using an explicit representation of the evolving geometry, interface tracking methods
enable accurate evaluation of geometric quantities, such as curvature, and typically
pose no difficulties when incorporating boundary conditions or material discontinu-
ities. Because the mesh moves with the interface, these methods are well suited for
moderate interface deformations. However, they struggle with topological changes,
and large deformations may lead to severely distorted cells, which in turn may
necessitate remeshing.

Interface capturing methods have become standard tools in many applications. They
can accommodate complex deformations, arbitrary topological changes, and large
interface motions. Their main challenges lie in preserving geometric properties, such
as volume, and in achieving accurate evaluations of curvature and related quantities.
Several enhanced formulations have been proposed to address these difficulties.

In what follows, we discuss representative methods from each category in more
detail.

2.3.1 Interface tracking methods

In interface tracking methods, the interface 𝛤(𝑡) is represented explicitly. We
distinguish between two main classes within this category: moving mesh methods
and front tracking methods.

11



2 Model problems and interface description

Moving mesh methods In moving mesh methods, the computational mesh is fitted
to the interface, meaning that the discrete approximation of 𝛤(𝑡) aligns with element
facets. The mesh is moved in accordance with the interface evolution (cf. [Bän01]).
This explicit representation allows straightforward treatment of boundary conditions
and discontinuities. In addition, it enables accurate computation of geometric
quantities, especially when curved elements are used. Moving mesh approaches can
also resolve small gaps between interfaces. Their drawbacks include the limited
ability to handle large deformations and the difficulty of treating topological changes.
Furthermore, mesh motion may lead to highly distorted or small elements, requiring
remeshing to maintain acceptable mesh quality. To reduce the impact of these
problems, one may use an arbitrary Lagrangian-Eulerian approach; see, e.g., [HLZ81;
DGH82; FN99; FN04; Boi+11]. In these approaches, only the nodes on the interface
are moved with the velocity of the phase while the rest of the mesh is moved with
an independent velocity to reduce deformations of the mesh.

Front tracking methods In front tracking methods, an interface mesh is introduced
that is independent of the background mesh, allowing the interface to cut through
background elements in an arbitrary manner; see, e.g., [UT92; Try+01; BG14;
BG17]. This increases flexibility compared with moving mesh methods and enables
larger deformations while still permitting accurate computation of geometric quan-
tities. However, large interface deformations still might require reparametrization
or remeshing of the interface. Additionally, the handling of boundary or interface
conditions in the governing equation becomes more involved. Moreover, surface
integrals must be evaluated by exchanging information between the interface mesh
and the background mesh. Extensions of the classical approach are discussed in
[TSZ11], considering multi-physics settings with adaptive interface management,
and in [Gli+98], developing front-tracking methods to treat topological changes.

2.3.2 Interface capturing methods

In contrast to interface tracking methods, interface capturing methods use indicator
functions to describe the interface implicitly. Below, we briefly discuss the phase-field
method, the volume-of-fluid method, and the level set method as three representatives
of this class.

Phase-field method The phase-field method differs from the other approaches
discussed here in that it regularizes the interface and introduces a smooth transition
layer of thickness 𝜀; see, e.g. [Jac01; Eck+09; Li+09]. This regularization smooths
all involved variables, which is advantageous from both numerical and modeling
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2.3 Interface description

perspectives. In addition, the phase-field method is able to handle arbitrary do-
main deformations and topological changes; see, e.g., [Jam+99; PP01]. However,
accurately resolving the diffuse interface layer requires sufficiently fine meshes or
high-order approximations, which may result in large numbers of degrees of freedom
and, consequently, large linear systems. A key advantage of the phase-field formu-
lation is that no sharp interface needs to be tracked, allowing the use of standard
discretization techniques. Its principal limitation is that error estimates deteriorate
exponentially as 𝜀−1. For a more detailed explanation of the phase-field method we
refer to [Ste09; DF20].

Volume-of-fluid method A second interface capturing method is the volume-of-
fluid method introduced by Hirt and Nichols in [HN81]. A discontinuous indicator
function 𝜓 ∶ 𝛺 × ℝ+ → [0, 1] is used to describe the volume fraction of one particular
phase within a mesh element (see [HN81; SZ99]). Therefore, we have 𝜓 = 1 when
only this particular phase is present within a cell and 𝜓 = 0 when the phase is not
present. In mesh elements intersected by the interface we have 𝜓 ∈ (0, 1). Note
that instead of giving a sharp description of the interface, this method identifies the
cells intersected by the interface. Extensions of the method to handle topological
changes and large deformations of the interface are available in the literature (cf.
[WW00; SW08]).

Level set method In the level set method, introduced by Osher and Sethian (see
[OS88; SSO94; AS95; Che+97; OF01; Set01; SS03; OF06]) and based on an idea
published in [DT06], the interface is represented implicitly by a level set function
𝜙 ∶ 𝛺 × ℝ+ → ℝ. Without loss of generality, we assume that 𝛤(𝑡) corresponds to
the zero level set of 𝜙(⋅, 𝑡), that is, 𝛤(𝑡) = {𝑥 ∈ 𝛺 ∶ 𝜙(𝑥, 𝑡) = 0}. The level set
method is a flexible and widely used approach that can handle essentially arbitrary
deformations and topological changes (see [SD98; Gib+07; TMB07]). On the other
hand, accurate computations of geometric quantities and maintaining desirable
properties such as volume conservation is challenging. For instance, the computation
of mean curvature is not straightforward. However, different approaches to compute
the mean curvature from a level set function have been developed (cf. [Hys06;
Hys07; GR11; TK12; RE14]). In addition, recently developed extensions of the
level set method can deal with conservation of volume; see, e.g., [Kee+11; Kuz14;
QKK19; QHK20]. Implementing the level set method robustly requires care, as
several algorithmic components must work consistently. For example, in many
cases an approximate signed distance function (SDF) is needed in the context of
level set algorithms. Even though many level set algorithms do not preserve the
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signed distance property, various redistancing approaches to reconstruct an SDF
are available in the literature; see, e.g., [BK13; Reu13; BK14; Bas17; BKS17].

Additionally, there exist hybrid methods combining the advantages of the different
methods; see, e.g., [BW13; BW14]. Since every method has its own advantages
and drawbacks, the optimal choice for the numerical interface handling depends on
the application. For further details on the methods we refer to the literature, e.g.,
[DDE05; DE13; BS20; BGN20; DF20]. Whenever an interface treatment method is
required in the remainder of this thesis, we employ the level set method.
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3 Projected gradient stabilization in unfitted finite
element methods for elliptic boundary value
problems

Solving boundary value problems (BVPs) in complex geometries poses significant
challenges. As discussed in Chapter 2, when using classical fitted finite element
methods (FEMs), the computational mesh needs to be aligned with the boundary to
ensure accuracy. The computational cost of constructing such a mesh increases with
the complexity of the geometry, and the constructed mesh might contain elements
that are either very small or exhibit a very acute angle. These possibly irregular
meshes also add to the computational cost during the assembly of the matrices.
Solving partial differential equations (PDEs) in time-dependent domains increases
the computational cost even further. The displacement of the boundary requires
a moving-mesh approach or remeshing at each time step to keep the mesh facets
aligned with the boundary. To prevent the violation of essential mesh criteria,
regular remeshing is also needed in the context of moving-mesh approaches. This
frequent remeshing in fitted FEMs increases the complexity and computational costs
and can lead to instabilities.

An effective alternative to fitted FEMs, overcoming these limitations through an
implicit representation of the interface, is provided by unfitted FEMs. In contrast
to fitted FEMs, these methods rely on a fixed mesh that remains unchanged
throughout the computations, rather than aligning the mesh with the boundary.
Different techniques, such as level sets or phase-field indicator functions, can be
used to represent the boundary. This implicit treatment of the boundary within
a fixed mesh eliminates the need for remeshing in time-dependent problems and
allows us to use fixed meshes even for complex geometries.

Unfitted FEMs are particularly advantageous for PDEs in evolving domains; however,
we restrict ourselves to the stationary problem. This restriction is motivated by
the observation that the time discretization behaves analogously to that of other
FEMs. By doing so, we eliminate temporal complexities and can focus on the spatial
aspects and establish theoretical foundations. The elliptic BVP under consideration
in a fictitious domain formulation reads as follows.
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3 PG stabilization in unfitted FEM for elliptic BVPs

Let 𝛺 ⊂ ℝ𝑑, 𝑑 ∈ {1, 2, 3}, be a bounded Lipschitz domain. Within 𝛺, let 𝛺+ ⊂ 𝛺
represent a subdomain bounded by a smooth interface 𝛤, where 𝛤 satisfies 𝛤 ∩∂𝛺 = ∅
and has an outward-pointing unit normal vector denoted by n. Find sufficiently
smooth 𝑢 ∶ 𝛺+ → ℝ such that

−𝛥𝑢 = 𝑓 in 𝛺+, (3.1a)
𝑢 = 𝑔 on 𝛤 . (3.1b)

Here, it is assumed that 𝑓 and 𝑔 are sufficiently smooth functions satisfying all
necessary compatibility conditions (cf. [Eva10]).

The remainder of this chapter is structured as follows. In Section 3.1, we discretize the
elliptic BVP using the unfitted Nitsche FEM. Section 3.2 introduces a stabilization
term based on projected gradients; a detailed analysis is then provided in Section 3.3.
A diffuse-interface variant of the method is proposed in Section 3.4 to overcome
challenges related to the integration over sharp interfaces that are not resolved by
the mesh. The chapter concludes with a discussion of numerical results in Section 3.5
and a high-order extension of the method in Section 3.6.

3.1 Unfitted Nitsche method

In this section, we construct a numerical scheme to solve the elliptic BVP (3.1).
Therefore, we consider a conforming triangulation 𝒯ℎ of the domain 𝛺. For simplicity,
we assume that the triangulation is fitted to the fictitious domain 𝛺, meaning that
⋃𝐾∈𝒯ℎ

𝐾 = 𝛺. Since the BVP is defined in 𝛺+ ⊂ 𝛺 and not in 𝛺 itself, this
assumption does not impose any restriction.

For any 𝛿 > 0, we define the subtriangulation 𝒯ℎ(𝛿) consisting of all simplices that
overlap with a 𝛿-neighborhood of the subdomain 𝛺+. This subtriangulation is given
by

𝒯ℎ(𝛿) = {𝐾 ∈ 𝒯ℎ ∶ ∃ x ∈ 𝐾 s.t. dist(x, 𝛺+) ≤ 𝛿}.

Using this subtriangulation, we define the mesh-dependent domain

𝛺+,ℎ(𝛿) = int ( ⋃
𝐾∈𝒯ℎ(𝛿)

𝐾) .

By definition, we have 𝛺+ ⊆ 𝛺+,ℎ(𝛿) for all 𝛿 ≥ 0. For 𝛿 = 0, the domain 𝛺+,ℎ(0)
corresponds to the union of all simplices that have a nonempty intersection with
the subdomain 𝛺+, i.e., 𝛺+,ℎ(0) = ⋃𝐾∩𝛺+≠∅ 𝐾.
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3.1 Unfitted Nitsche method

We denote by 𝑉ℎ(𝛿) the finite element space consisting of piecewise affine functions
associated with the subtriangulation 𝒯ℎ(𝛿). This finite element space is formally
defined as

𝑉ℎ(𝛿) = {𝑣ℎ ∈ 𝐶(𝛺+,ℎ(𝛿)) ∶ 𝑣ℎ|𝐾 ∈ 𝑃1(𝐾) ∀ 𝐾 ∈ 𝒯ℎ(𝛿)}.

Following [Nit71; BET11; Cho24], the standard Nitsche FEM for solving the elliptic
BVP (3.1) reads as follows: Find 𝑢ℎ ∈ 𝑉ℎ(0) such that

∫
𝛺+

∇𝑢ℎ ⋅ ∇𝜙ℎdx − ∫
𝛤

𝑢ℎ∇𝜙ℎ ⋅ nd𝑠 − ∫
𝛤

𝜙ℎ∇𝑢ℎ ⋅ nd𝑠 + ∫
𝛤

𝛼𝑢ℎ𝜙ℎd𝑠

= ∫
𝛺+

𝑓𝜙ℎdx − ∫
𝛤

𝑔∇𝜙ℎ ⋅ nd𝑠 + ∫
𝛤

𝛼𝑔𝜙ℎd𝑠 ∀𝜙ℎ ∈ 𝑉ℎ(0).
(3.2)

Here, the interior penalty parameter 𝛼 > 0 is piecewise constant and depends on
the local mesh size ℎ𝐾 = diam(𝐾) for any simplex 𝐾 in the triangulation 𝒯ℎ(𝛿).
The local parameter is given by 𝛼𝐾 = 𝛼0ℎ−1

𝐾 , where 𝛼0 is chosen to be sufficiently
large and independent of the mesh size.

Remark 3.1. The weak form (3.2) involves integration over cut cells. To evaluate
these integrals numerically, there are different methods in the literature. These
methods often involve the computation of coordinates and weights of quadrature points
by means of moment-fitting (see, e.g., [MKO13; BSM20; GD22]) or an adaptive
subcell integration (see, e.g., [Vog06; DH20]). On the other hand, a sufficiently
smooth boundary can be approximated by a polygon that converges to the boundary
with 𝑂(ℎ2). Then the integrals can be calculated directly on the subcells.

Using the bilinear form

𝑎(𝑢, 𝜙) = ∫
𝛺+

∇𝑢 ⋅ ∇𝜙dx − ∫
𝛤

𝑢∇𝜙 ⋅ nd𝑠 − ∫
𝛤

𝜙∇𝑢 ⋅ nd𝑠 + ∫
𝛤

𝛼𝑢𝜙d𝑠 (3.3)

and the linear form

𝑏(𝜙) = ∫
𝛺+

𝑓𝜙dx − ∫
𝛤

𝑔∇𝜙 ⋅ nd𝑠 + ∫
𝛤

𝛼𝑔𝜙d𝑠, (3.4)

we can write (3.2) as the abstract problem

𝑎(𝑢ℎ, 𝜙ℎ) = 𝑏(𝜙ℎ) ∀𝜙ℎ ∈ 𝑉ℎ(0). (3.5)
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3.2 Projected gradient stabilization

The finite element formulation (3.5) is theoretically well posed. However, it is
prone to numerical instabilities arising from the presence of simplices in 𝒯ℎ(0)
that intersect the physical domain 𝛺+ only minimally. These small cut cells can
affect both the stability and the accuracy of the numerical scheme. To address this
issue, a ghost penalty (GP) stabilization technique was introduced in [Bur10]. A
stabilization term mitigating the effects of the critical cut cells is added to simplices
that are either directly adjacent to or intersected by the boundary 𝛤, leading to
improved stability. In [LO19], the idea of GP stabilization is extended to a broader
strip of elements. Instead of considering only the elements adjacent to 𝛤, this method
incorporates all elements within a distance 𝛿 from the boundary of 𝛺+. This provides
a robust implicit extension in the context of Eulerian finite element discretizations,
enhancing the handling of dynamic problems with evolving domains.

As an alternative to the GP stabilization, we introduce a stabilization technique
based on projected gradients. This allows us to address both instabilities caused
by small cut cells and the proper extension of 𝑢ℎ into 𝛺+,ℎ(𝛿) for 𝛿 > 0. For
𝑢, 𝜙 ∈ 𝐻1(𝛺+,ℎ(𝛿)) we introduce the projected gradient (PG) stabilization term

𝑠ℎ(𝑢, 𝜙) = ∫
𝛺+,ℎ(𝛿)

(∇𝑢 − g(𝑢)) ⋅ ∇𝜙dx. (3.6)

Here, g(𝑢) represents the lumped-mass 𝐿2 projection of the generally discontinuous
gradient ∇𝑢 ∈ 𝐿2(𝛺+,ℎ(𝛿)) into the finite element space 𝑉ℎ(𝛿).

Using the nodal basis of 𝑉ℎ(𝛿), we can compute g(𝑢) locally. Denote by {𝛹𝑗}𝑗=1,…,𝑁ℎ
the nodal basis in 𝑉ℎ(𝛿) with 𝑁ℎ = dim(𝑉ℎ(𝛿)). Then we define

g(𝑢) =
𝑁ℎ

∑
𝑗=1

g𝑗(𝑢)𝛹𝑗,

where the coefficients g𝑗(𝑢) are computed as

g𝑗(𝑢) =
∫
𝛺+,ℎ(𝛿)

𝛹𝑗∇𝑢dx

∫
𝛺+,ℎ(𝛿)

𝛹𝑗dx
. (3.7)

Note that the computation of the coefficients involves integration only over elements
sharing the node x𝑗 where 𝛹𝑗(x𝑗) = 1. The algebraic structure of this stabilization
term relies solely on gradient and lumped-mass matrices. This is discussed in greater
detail in Remarks 3.3 and 3.5.
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3.2 Projected gradient stabilization

Adding this stabilization term to the abstract finite element formulation given in
(3.5), we obtain the sharp-interface formulation: Find 𝑢ℎ ∈ 𝑉ℎ(𝛿) such that

𝑎(𝑢ℎ, 𝜙ℎ) + 𝑠ℎ(𝑢ℎ, 𝜙ℎ) = 𝑏(𝜙ℎ) ∀𝜙ℎ ∈ 𝑉ℎ(𝛿). (3.8)

Remark 3.2. In finite element formulations for convection-dominated transport
problems, projection-based stabilization terms of the form (3.6) are widely used to
mitigate the numerical instabilities arising from convection terms (cf. [CB97; CB02;
JKL06; JK10]). Consequently, the stabilizing effect of such terms can be naturally
extended and used in applications involving convective terms.

One main reason to apply stabilization globally rather than restricting it to a narrow
band around the interface is its broader applicability and robustness. A global
approach not only simplifies implementation by removing the need to determine
whether an element lies within the narrow band, but also ensures uniform stability
across the computational domain. Although GP stabilization in unfitted FEM is
traditionally applied within a narrow region near the interface, global definitions of
GPs have also been introduced in previous works (cf. [BCM15; MSW18]).

The recent report [OW25] highlights that a global formulation of GP stabilization is
essential for ensuring specific stability properties when dealing with moving interfaces.
This insight further supports the decision to adopt a global approach for stabilization
in dynamic scenarios.

Remark 3.3 (Algebraic representation). To analyze the algebraic structure of
the stabilization term, we consider the standard Lagrangian nodal basis in the
finite element space. Let 𝐿 represent the matrix corresponding to the bilinear form
(∇⋅, ∇⋅)𝐿2(𝛺+,ℎ(𝛿)).

Similarly, 𝐵 denotes the gradient matrix associated with the bilinear form

(∇𝑣ℎ, wℎ)𝐿2(𝛺+,ℎ(𝛿))

with 𝑣ℎ ∈ 𝑉ℎ(𝛿), wℎ ∈ (𝑉ℎ(𝛿))𝑑. Additionally, we define 𝑀 as the lumped-mass
matrix corresponding to the finite element space (𝑉ℎ(𝛿))𝑑.

The stabilization term 𝑠ℎ(⋅, ⋅), when expressed at the algebraic level, takes the form

𝐿 − 𝐵𝑇𝑀−1𝐵.

This formulation shows that, at the algebraic level, the stabilization term is represented
as the difference between 𝐿, which represents a standard Laplacian discretization,
and 𝐵𝑇𝑀−1𝐵, which corresponds to a mixed finite element discretization of the
Laplacian operator.
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3.3 Analysis of the projected gradient stabilization

Let us now conduct a detailed analysis of our unfitted FEM with PG stabilization and
establish several of its properties. Since the PG stabilization for elliptic BVPs closely
resembles the stabilization introduced in [OBK25] for elliptic interface problems, we
follow the proof of stability and convergence of the unfitted FEM therein.

For this analysis, we assume that the mesh is shape regular and quasi-uniform and
impose a constraint on the extension width 𝛿. We require the extension width to
adhere to the relation 𝛿 ≤ 𝐶ℎ, where 𝐶 is a constant of order 𝑂(1). For readability
and to simplify notation, explicit references to 𝛿 will be omitted throughout this
section when referring to extended domains and finite element spaces. This allows us
to focus on core aspects of stability and convergence without unnecessary distractions
by technical details. In subsequent calculations, we understand projections and
inner products componentwise whenever the arguments involve vector fields.

Following (3.7), we define the lumped 𝐿2 projection operator 𝒫ℎ ∶ 𝐿2(𝛺+,ℎ) → 𝑉ℎ,
mapping functions 𝑣 ∈ 𝐿2(𝛺+,ℎ) into the finite element space 𝑉ℎ, as

𝒫ℎ𝑣 =
𝑁ℎ

∑
𝑗=1

g𝑗(v)𝛹𝑗, g𝑗(𝑣) =
∫
𝛺+,ℎ

𝑣𝛹𝑗dx

∫
𝛺+,ℎ

𝛹𝑗dx
. (3.9)

Then we can write the bilinear form (3.6) associated with the PG stabilization term
as

𝑠ℎ(𝑢, 𝑣) = ∫
𝛺+,ℎ

(∇𝑢 − 𝒫ℎ∇𝑢) ⋅ ∇𝑣dx, 𝑢, 𝑣 ∈ 𝐻1(𝛺+,ℎ). (3.10)

Remark 3.4. A similar stabilization term was used in [Cod+23, Eq. (19)] to
stabilize an unfitted FEM for the Navier–Stokes equations. The difference to (3.10)
is that the lumped-mass 𝐿2 projection operator 𝒫ℎ is replaced by a consistent-mass
𝐿2 projection operator 𝒫𝑐𝑢𝑡

ℎ on a subdomain. However, no numerical analysis for
that stabilization is available.

To improve readability, we omit constants that are independent of the mesh size
and the position of the interface within the mesh. If 𝑎 ≤ 𝑐𝑏 holds with a constant
𝑐 depending only on the shape regularity of the mesh, we denote this relation by
𝑎 ≲ 𝑏. To indicate that 𝑎 and 𝑏 are equivalent up to a multiplicative constant, we
use the notation 𝑎 ≃ 𝑏 when both relationships 𝑎 ≲ 𝑏 and 𝑏 ≲ 𝑎 are satisfied.

Before we proceed with the analysis of the stabilization, we introduce a lumped
inner product and derive some identities involving the lumped 𝐿2 projection 𝒫ℎ.
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3.3 Analysis of the projected gradient stabilization

Therefore, let 𝑀 = (𝑚𝑖𝑗)𝑁
𝑖,𝑗=1 denote the finite element mass matrix associated with

the nodal basis of 𝑉ℎ. We define the lumped mass matrix 𝑀 as the diagonal matrix
where each diagonal entry is a row sum of the mass matrix 𝑀, i.e., 𝑚̃𝑖𝑖 = ∑𝑁

𝑗=1 𝑚𝑖𝑗.
For linear Lagrange elements, we find that 𝑚𝑖𝑗 ≥ 0, and the definitions of 𝑀 and 𝑀
imply

w𝑇(𝑀 − 𝑀)w =
𝑁

∑
𝑖=1

𝑁
∑

𝑗=𝑖+1
𝑚𝑖𝑗(w𝑖 − w𝑗)2 ∀w ∈ ℝ𝑁. (3.11)

Hence, the matrix 𝑀 − 𝑀 is positive semi-definite. For 𝑤ℎ, 𝑣ℎ ∈ 𝑉ℎ, we denote the
corresponding coefficient vectors in the Lagrange basis of 𝑉ℎ as w, v ∈ ℝ𝑁. A result
derived from (3.11), and widely recognized in the literature (cf. [BH08, Proposition
1]), is given by

∑
𝐾∈𝒯ℎ

ℎ2
𝐾 ‖∇𝑤ℎ‖2

0,𝐾 ≲ w𝑇(𝑀 − 𝑀)w ≲ ∑
𝐾∈𝒯ℎ

ℎ2
𝐾 ‖∇𝑤ℎ‖2

0,𝐾 , (3.12)

where ℎ𝐾 = diam(𝐾) is the local mesh size.

We define a lumped 𝐿2 inner product

(𝑤ℎ, 𝑣ℎ)ℓ = w𝑇𝑀v,

where w, v are the coefficient vectors corresponding to 𝑤ℎ, 𝑣ℎ ∈ 𝑉ℎ. For 𝑤ℎ ∈ 𝑉ℎ
and 𝑔 ∈ 𝐿2(𝛺+,ℎ) with 𝑣ℎ = 𝒫ℎ𝑔 we obtain

(𝑤ℎ, 𝒫ℎ𝑔)ℓ = w𝑇𝑀v =
𝑁

∑
𝑖=1

w𝑖𝑚̃𝑖𝑖v𝑖 =
𝑁

∑
𝑖=1

w𝑖 (∫
𝛺+,ℎ

𝛹𝑖dx)
∫
𝛺+,ℎ

𝑔𝛹𝑖dx

∫
𝛺+,ℎ

𝛹𝑖dx

= ∫
𝛺+,ℎ

𝑁
∑
𝑖=1

w𝑖𝛹𝑖𝑔dx = (𝑤ℎ, 𝑔)0,𝛺+,ℎ
.

This gives us the identity

(𝑤ℎ, 𝒫ℎ𝑔)ℓ = (𝑤ℎ, 𝑔)0,𝛺+,ℎ
∀𝑤ℎ ∈ 𝑉ℎ, 𝑔 ∈ 𝐿2(𝛺+,ℎ). (3.13)

Using this identity for the scalar components of wℎ = 𝒫ℎ∇𝑣 and g = ∇𝑢 we
derive

(𝒫ℎ∇𝑣, 𝒫ℎ∇𝑢)ℓ = (𝒫ℎ∇𝑣, ∇𝑢)0,𝛺+,ℎ
. (3.14)

These last two identities play a crucial role in the proofs of the following lemmas.

Now we can proceed with the analysis of the PG stabilization. We start with the
following result for the bilinear form of the PG stabilization.
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3 PG stabilization in unfitted FEM for elliptic BVPs

Lemma 3.1. The bilinear form 𝑠ℎ(𝑢, 𝑣) is symmetric and satisfies

𝑠ℎ(𝑢, 𝑢) ≃ ‖∇𝑢 − 𝒫ℎ(∇𝑢)‖2
0,𝛺+,ℎ

+ ℎ2 ‖∇𝒫ℎ(∇𝑢)‖2
0,𝛺+,ℎ

∀ 𝑢 ∈ 𝐻1(𝛺+,ℎ). (3.15)

Proof. Using (3.14), we obtain for the bilinear form 𝑠ℎ(𝑢, 𝑣) of the stabilization

𝑠ℎ(𝑢, 𝑣) =(∇𝑢 − 𝒫ℎ∇𝑢, ∇𝑣)0,𝛺+,ℎ
− (∇𝑢 − 𝒫ℎ∇𝑢, 𝒫ℎ∇𝑣)0,𝛺+,ℎ

+ (∇𝑢 − 𝒫ℎ∇𝑢, 𝒫ℎ∇𝑣)0,𝛺+,ℎ

=(∇𝑢 − 𝒫ℎ∇𝑢, ∇𝑣 − 𝒫ℎ∇𝑣)0,𝛺+,ℎ
+ (∇𝑢 − 𝒫ℎ∇𝑢, 𝒫ℎ∇𝑣)0,𝛺+,ℎ

=(∇𝑢 − 𝒫ℎ∇𝑢, ∇𝑣 − 𝒫ℎ∇𝑣)0,𝛺+,ℎ
+ (𝒫ℎ∇𝑢, 𝒫ℎ∇𝑣)ℓ

− (𝒫ℎ∇𝑢, 𝒫ℎ∇𝑣)0,𝛺+,ℎ
.

(3.16)

Then the symmetry follows directly since the right-hand side is symmetric.

To prove the equivalence stated in (3.15), we first establish the relationship between
(𝑤ℎ, 𝑤ℎ)ℓ −(𝑤ℎ, 𝑤ℎ)0,𝛺+,ℎ

and ℎ2 ‖∇𝑤ℎ‖2
0,𝛺+,ℎ

for 𝑤ℎ ∈ 𝑉ℎ. Indeed, for any 𝑤ℎ ∈ 𝑉ℎ

we obtain

(𝑤ℎ, 𝑤ℎ)ℓ − (𝑤ℎ, 𝑤ℎ)0,𝛺+,ℎ
= w𝑇𝑀w − w𝑇𝑀w = w𝑇(𝑀 − 𝑀)w.

Using (3.12), along with the assumption of quasi-uniformity of the mesh, this
simplifies to

(𝑤ℎ, 𝑤ℎ)ℓ − (𝑤ℎ, 𝑤ℎ)0,𝛺+,ℎ
= w𝑇(𝑀 − 𝑀)w ≃ ∑

𝐾∈𝒯ℎ

ℎ2
𝐾 ‖∇𝑤ℎ‖2

0,𝐾 . (3.17)

This shows the equivalence for 𝑤ℎ ∈ 𝑉ℎ. For 𝑢 ∈ 𝐻1(𝛺+,ℎ), we use the expression
derived in (3.16) to represent the stabilization term as

𝑠ℎ(𝑢, 𝑢) =(∇𝑢 − 𝒫ℎ∇𝑢, ∇𝑢 − 𝒫ℎ∇𝑢)0,𝛺+,ℎ
+ (𝒫ℎ∇𝑢, 𝒫ℎ∇𝑢)ℓ

− (𝒫ℎ∇𝑢, 𝒫ℎ∇𝑢)0,𝛺+,ℎ
.

Since 𝒫ℎ∇𝑢 belongs to the finite element space (𝑉ℎ)𝑑, we can apply (3.17) compo-
nentwise and use the quasi-uniformity to estimate ℎ𝐾 by ℎ. This allows us to prove
the equivalence and conclude that the stabilization term satisfies the relationship
given in (3.15).

The symmetry of the bilinear form 𝑠ℎ(⋅, ⋅), combined with the equivalence established
in (3.15), leads to the following result.
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3.3 Analysis of the projected gradient stabilization

Corollary 3.2. The bilinear form 𝑠ℎ(⋅, ⋅) induces a semi-inner product on the space
𝐻1(𝛺+,ℎ).

After analyzing the structure of the bilinear form 𝑠ℎ(⋅, ⋅) associated with the PG
stabilization, we are now interested in the stability and approximation properties of
the projection operator 𝒫ℎ as defined in (3.9). These properties are essential for
understanding the behavior of 𝒫ℎ within the stabilization framework.

Lemma 3.3. The projection 𝒫ℎ is stable in 𝐿2(𝛺+,ℎ) and 𝐻1(𝛺+,ℎ), i.e.,

‖𝒫ℎ𝑣‖0,𝛺+,ℎ
≲ ‖𝑣‖0,𝛺+,ℎ

and ‖∇𝒫ℎ𝑤‖0,𝛺+,ℎ
≲ ‖∇𝑤‖0,𝛺+,ℎ

(3.18)

for any 𝑣 ∈ 𝐿2(𝛺+,ℎ), 𝑤 ∈ 𝐻1(𝛺+,ℎ). Furthermore,

‖𝑣 − 𝒫ℎ𝑣‖0,𝛺+,ℎ
≲ ℎ ‖∇𝑣‖0,𝛺+,ℎ

∀ 𝑣 ∈ 𝐻1(𝛺+,ℎ). (3.19)

Proof. Since the consistent mass matrix 𝑀 and the lumped mass matrix 𝑀, as defined
above, are spectrally equivalent (cf. [Wat87]), it follows that ‖𝑤ℎ‖ℓ ≃ ‖𝑤ℎ‖0,𝛺+,ℎ

for
any 𝑤ℎ ∈ 𝑉ℎ. Using this relationship for the projection operator 𝒫ℎ, we derive

‖𝒫ℎ𝑣‖2
0,𝛺+,ℎ

≲ ‖𝒫ℎ𝑣‖2
ℓ = (𝒫ℎ𝑣, 𝒫ℎ𝑣)ℓ.

Choosing 𝑤ℎ = 𝒫ℎ𝑣 and 𝑔 = 𝑣 in (3.13), and applying the Cauchy–Schwarz
inequality, we obtain

(𝒫ℎ𝑣, 𝒫ℎ𝑣)ℓ = (𝒫ℎ𝑣, 𝑣)0,𝛺+,ℎ
≤ ‖𝒫ℎ𝑣‖0,𝛺+,ℎ

‖𝑣‖0,𝛺+,ℎ
.

Consequently, this leads to

‖𝒫ℎ𝑣‖2
0,𝛺+,ℎ

≲ ‖𝒫ℎ𝑣‖0,𝛺+,ℎ
‖𝑣‖0,𝛺+,ℎ

.

This result proves the first inequality in (3.18).

In the next step, we establish the approximation result stated in (3.19). To this
end, let us first assume that 𝑣ℎ ∈ 𝑉ℎ ⊂ 𝐻1(𝛺+,ℎ). Denote by 𝜔(x𝑗) the domain
consisting of all simplices sharing the grid node x𝑗. Using the triangle inequality,
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3 PG stabilization in unfitted FEM for elliptic BVPs

we estimate

‖𝑣ℎ − 𝒫ℎ𝑣ℎ‖2
0,𝛺+,ℎ

= ∥
𝑁ℎ

∑
𝑗=1

𝑣ℎ(x𝑗)𝛹𝑗 −
𝑁ℎ

∑
𝑗=1

𝛹𝑗

∫
𝜔(x𝑗)

𝑣ℎ𝛹𝑗dx

∫
𝜔(x𝑗)

𝛹𝑗dx
∥

2

0,𝛺+,ℎ

= ∥
𝑁ℎ

∑
𝑗=1

𝛹𝑗
⎛⎜
⎝

𝑣ℎ(x𝑗) −
∫
𝜔(x𝑗)

𝑣ℎ𝛹𝑗dx

∫
𝜔(x𝑗)

𝛹𝑗dx
⎞⎟
⎠

∥

2

0,𝛺+,ℎ

≤
𝑁ℎ

∑
𝑗=1

∥𝛹𝑗
⎛⎜
⎝

𝑣ℎ(x𝑗) −
∫
𝜔(x𝑗)

𝑣ℎ𝛹𝑗dx

∫
𝜔(x𝑗)

𝛹𝑗dx
⎞⎟
⎠

∥

2

0,𝛺+,ℎ

=
𝑁ℎ

∑
𝑗=1

∥𝛹𝑗∥
2
0,𝛺+,ℎ

⎛⎜
⎝

𝑣ℎ(x𝑗) −
∫
𝜔(x𝑗)

𝑣ℎ𝛹𝑗dx

∫
𝜔(x𝑗)

𝛹𝑗dx
⎞⎟
⎠

2

.

Using the fact that ∥𝛹𝑗∥0,𝜔(x𝑗)
≃ ℎ𝑑/2, we obtain

‖𝑣ℎ − 𝒫ℎ𝑣ℎ‖2
0,𝛺+,ℎ

≤
𝑁ℎ

∑
𝑗=1

∥𝛹𝑗∥
2
0,𝛺+,ℎ

⎛⎜
⎝

𝑣ℎ(x𝑗) −
∫
𝜔(x𝑗)

𝑣ℎ𝛹𝑗dx

∫
𝜔(x𝑗)

𝛹𝑗dx
⎞⎟
⎠

2

≃ ℎ𝑑
𝑁ℎ

∑
𝑗=1

⎛⎜
⎝

𝑣ℎ(x𝑗) −
∫
𝜔(x𝑗)

𝑣ℎ𝛹𝑗dx

∫
𝜔(x𝑗)

𝛹𝑗dx
⎞⎟
⎠

2

= ℎ𝑑
𝑁ℎ

∑
𝑗=1

1

(∫
𝜔(x𝑗)

𝛹𝑗dx)
2 (𝑣ℎ(x𝑗) ∫

𝜔(x𝑗)
𝛹𝑗dx − ∫

𝜔(x𝑗)
𝑣ℎ𝛹𝑗dx)

2

.

We conclude

‖𝑣ℎ − 𝒫ℎ𝑣ℎ‖2
0,𝛺+,ℎ

≲ ℎ−𝑑
𝑁ℎ

∑
𝑗=1

(∫
𝜔(x𝑗)

𝑣ℎ𝛹𝑗dx − 𝑣ℎ(x𝑗) ∫
𝜔(x𝑗)

𝛹𝑗dx)
2

(3.20)

with the equivalence ∫
𝜔(x𝑗)

𝛹𝑗dx ≃ ℎ𝑑 due to the assumption of a quasi-uniform
mesh. To estimate the above terms, we consider each simplex 𝐾 ∈ 𝒯ℎ. Using a
transformation to a reference triangle, we estimate for any 𝐾 ∈ 𝒯ℎ and a grid node
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3.3 Analysis of the projected gradient stabilization

x𝑗 ∈ 𝐾

∣ ∫
𝐾

𝑣ℎ𝛹𝑗dx − 𝑣ℎ(x𝑗) ∫
𝐾

𝛹𝑗dx∣ = ∣ ∫
𝐾

(
𝑁ℎ

∑
𝑖=1

𝑣ℎ(x𝑖)𝛹𝑖) 𝛹𝑗 − 𝑣ℎ(x𝑗)𝛹𝑗dx∣

≲ ∣ℎ𝑑 ∫
𝐾̂

(
𝑁ℎ

∑
𝑖=1

𝑣ℎ(x𝑖) ̂𝛹𝑖) ̂𝛹𝑗 − 𝑣ℎ(x𝑗) ̂𝛹𝑗dx∣,

where ̂𝛹𝑗 is the basis function on the reference triangle corresponding to the global
physical basis function 𝛹𝑗. Using the Cauchy–Schwarz inequality and a norm
equivalence on the finite-dimensional space 𝑃 1(𝐾̂) we derive

∣ ∫
𝐾

𝑣ℎ𝛹𝑗dx − 𝑣ℎ(x𝑗) ∫
𝐾

𝛹𝑗dx∣ ≲ ℎ𝑑 ∥
𝑁ℎ

∑
𝑖=1

𝑣ℎ(x𝑖) ̂𝛹𝑖 − 𝑣ℎ(x𝑗)∥
0,𝐾̂

∥ ̂𝛹𝑗∥0,𝐾̂

≃ ℎ𝑑 ∥
𝑁ℎ

∑
𝑖=1

𝑣ℎ(x𝑖)∇ ̂𝛹𝑖∥
0,𝐾̂

∥ ̂𝛹𝑗∥0,𝐾̂
.

Using a subsequent transformation to the physical element, we conclude

∣ ∫
𝐾

𝑣ℎ𝛹𝑗dx − 𝑣ℎ(x𝑗) ∫
𝐾

𝛹𝑗dx∣ ≲ ℎ ‖∇𝑣ℎ‖0,𝐾 ∥𝛹𝑗∥0,𝐾
.

By summation over all simplices in 𝜔(x𝑗), we obtain with the triangle inequality

∣ ∫
𝜔(x𝑗)

𝑣ℎ𝛹𝑗dx − 𝑣ℎ(x𝑗) ∫
𝜔(x𝑗)

𝛹𝑗dx∣ = ∣ ∑
𝐾⊂𝜔(x𝑗)

∫
𝐾

𝑣ℎ𝛹𝑗dx − 𝑣ℎ(x𝑗) ∫
𝐾

𝛹𝑗dx∣

≤ ∑
𝐾⊂𝜔(x𝑗)

∣ ∫
𝐾

𝑣ℎ𝛹𝑗dx − 𝑣ℎ(x𝑗) ∫
𝐾

𝛹𝑗dx∣

≲ ∑
𝐾⊂𝜔(x𝑗)

ℎ ‖∇𝑣ℎ‖0,𝐾 ∥𝛹𝑗∥0,𝐾

≲ ℎ𝑑/2+1 ‖∇𝑣ℎ‖0,𝜔(x𝑗) .

Substituting this result into the right-hand side of (3.20) yields

‖𝑣ℎ − 𝒫ℎ𝑣ℎ‖2
0,𝛺+,ℎ

≲ ℎ−𝑑
𝑁ℎ

∑
𝑗=1

(ℎ𝑑/2+1 ‖∇𝑣ℎ‖0,𝜔(x𝑗))
2

= ℎ2
𝑁ℎ

∑
𝑗=1

‖∇𝑣ℎ‖2
0,𝜔(x𝑗) ≲ ℎ2 ‖∇𝑣ℎ‖2

0,𝛺+,ℎ
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and establishes (3.19) for 𝑣ℎ ∈ 𝑉ℎ. To extend the approximation result (3.19)
to arbitrary 𝑣 ∈ 𝐻1(𝛺+,ℎ), we consider the 𝐿2-orthogonal projection 𝒬ℎ𝑣 ∈ 𝑉ℎ.
Applying the triangle inequality, we obtain

‖𝑣 − 𝒫ℎ𝑣‖0,𝛺+,ℎ
≤ ‖𝒫ℎ(𝒬ℎ𝑣 − 𝑣)‖0,𝛺+,ℎ

+ ‖𝒫ℎ(𝒬ℎ𝑣) − 𝒬ℎ𝑣‖0,𝛺+,ℎ
+ ‖𝑣 − 𝒬ℎ𝑣‖0,𝛺+,ℎ

.

Leveraging the 𝐿2 stability of the operator 𝒫ℎ, together with the approximation
property in (3.19) for functions in 𝑉ℎ, we estimate

‖𝑣 − 𝒫ℎ𝑣‖0,𝛺+,ℎ
≤ ‖𝒫ℎ(𝒬ℎ𝑣 − 𝑣)‖0,𝛺+,ℎ

+ ‖𝒫ℎ(𝒬ℎ𝑣) − 𝒬ℎ𝑣‖0,𝛺+,ℎ
+ ‖𝑣 − 𝒬ℎ𝑣‖0,𝛺+,ℎ

≲ ‖𝒬ℎ𝑣 − 𝑣‖0,𝛺+,ℎ
+ ℎ ‖∇𝒬ℎ𝑣‖0,𝛺+,ℎ

+ ‖𝑣 − 𝒬ℎ𝑣‖0,𝛺+,ℎ
.

Additionally, we use the 𝐻1 stability and approximation properties of the 𝐿2-
orthogonal projection on quasi-uniform meshes (see [BS02; Cia02; EG04]) to show
that the right-hand side is bounded by ℎ ‖∇𝑣‖0,𝛺+,ℎ

. This proves that the approxi-
mation result given in (3.19) holds for all functions 𝑣 ∈ 𝐻1(𝛺+,ℎ).

To derive the second estimate in (3.18), we apply the triangle inequality in conjunc-
tion with the finite element inverse inequality (cf. [BCM15; EG21])

‖∇𝑣ℎ‖0,𝐾 ≲ ℎ−1 ‖𝑣ℎ‖0,𝐾 ∀𝑣ℎ ∈ 𝑉ℎ, 𝐾 ∈ 𝒯ℎ, (3.21)

to obtain

‖∇𝒫ℎ𝑣‖0,𝛺+,ℎ
≤ ‖∇(𝒫ℎ𝑣 − 𝒬ℎ𝑣)‖0,𝛺+,ℎ

+ ‖∇𝒬ℎ𝑣‖0,𝛺+,ℎ

≲ ℎ−1 ‖𝒫ℎ𝑣 − 𝒬ℎ𝑣‖0,𝛺+,ℎ
+ ‖∇𝒬ℎ𝑣‖0,𝛺+,ℎ

.

Using the 𝐻1 stability of the 𝐿2-orthogonal projection 𝒬ℎ and again the triangle
inequality we deduce

‖∇𝒫ℎ𝑣‖0,𝛺+,ℎ
≲ ℎ−1 ‖𝒫ℎ𝑣 − 𝒬ℎ𝑣‖0,𝛺+,ℎ

+ ‖∇𝒬ℎ𝑣‖0,𝛺+,ℎ

≲ ℎ−1 ‖𝒫ℎ𝑣 − 𝒬ℎ𝑣‖0,𝛺+,ℎ
+ ‖∇𝑣‖0,𝛺+,ℎ

≲ ℎ−1 ‖𝒫ℎ𝑣 − 𝑣‖0,𝛺+,ℎ
+ ℎ−1 ‖𝑣 − 𝒬ℎ𝑣‖0,𝛺+,ℎ

+ ‖∇𝑣‖0,𝛺+,ℎ
.

Finally, with the approximation property (3.19) and the approximation property of
𝒬ℎ, we conclude

‖∇𝒫ℎ𝑣‖0,𝛺+,ℎ
≲ ℎ−1 ‖𝒫ℎ𝑣 − 𝑣‖0,𝛺+,ℎ

+ ℎ−1 ‖𝑣 − 𝒬ℎ𝑣‖0,𝛺+,ℎ
+ ‖∇𝑣‖0,𝛺+,ℎ

≲ ‖∇𝑣‖0,𝛺+,ℎ
.
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In the next step, we localize the stabilization term to element patches. Let ℱℎ denote
the set of internal facets of the triangulation 𝒯ℎ, and denote by 𝜔(𝑓) = 𝐾 ∪ 𝐾′

the union of the two simplices 𝐾 and 𝐾′ that share a facet 𝑓 ∈ ℱℎ. Using
ℎ𝑓 = max{ℎ𝐾, ℎ𝐾′} as the local mesh size associated with the patch, we define the
localized stabilization term

𝑠𝑓
ℎ(𝑢, 𝑣) = ∫

𝜔(𝑓)
[(∇𝑢 − 𝒫ℎ∇𝑢) ⋅ (∇𝑣 − 𝒫ℎ∇𝑣)]dx + ℎ2

𝑓 ∫
𝜔(𝑓)

(∇𝒫ℎ∇𝑢) ∶ (∇𝒫ℎ∇𝑣)dx.

By summing these localized stabilization terms over all facets 𝑓 ∈ ℱℎ, and using
(3.15), we obtain

𝑠ℎ(𝑢, 𝑢) ≃ ∑
𝑓∈ℱℎ

𝑠𝑓
ℎ(𝑢, 𝑢) ∀ 𝑢 ∈ 𝐻1(𝛺+,ℎ). (3.22)

We are now ready to prove a key technical result.

Lemma 3.4. For arbitrary 𝐾1, 𝐾2 ∈ 𝒯ℎ such that 𝐾1 ∪ 𝐾2 = 𝜔(𝑓) for a facet
𝑓 ∈ ℱℎ, it holds

‖∇𝑢‖2
0,𝐾2

≲ ‖∇𝑢‖2
0,𝐾1

+ 𝑠𝑓
ℎ(𝑢, 𝑢) ∀ 𝑢 ∈ 𝐻1(𝛺+,ℎ), (3.23)

‖𝑢ℎ‖2
0,𝐾2

≲ ‖𝑢ℎ‖2
0,𝐾1

+ ℎ2𝑠𝑓
ℎ(𝑢ℎ, 𝑢ℎ) ∀ 𝑢ℎ ∈ 𝑉ℎ. (3.24)

Proof. The triangle inequality implies

‖∇𝑢‖0,𝐾2
≤ ‖∇𝑢 − 𝒫ℎ∇𝑢‖0,𝐾2

+ ‖𝒫ℎ∇𝑢‖0,𝐾2
. (3.25)

Let wℎ = 𝒫ℎ∇𝑢 ∈ (𝑉ℎ)𝑑. To estimate the second term on the right-hand side of
(3.25), we utilize Friedrichs’ inequality (cf. [HH02])

‖𝑣‖1,𝐾𝑖
≲ ℎ𝐾𝑖

‖∇𝑣‖0,𝐾𝑖
+ √ℎ𝐾𝑖

‖𝑣‖0,𝑓 ∀𝑣 ∈ 𝐻1(𝐾𝑖), 𝑖 = 1, 2 (3.26)

and Young’s inequality. This yields

‖𝒫ℎ∇𝑢‖2
0,𝐾2

= ‖wℎ‖2
0,𝐾2

≤ ‖wℎ‖2
1,𝐾2

≲ ℎ2
𝐾2

‖∇wℎ‖2
0,𝐾2

+ ℎ𝑓 ‖wℎ‖2
0,𝑓 .

Next, employing the finite element trace inequality (cf. [BH12; PE12; BCM15;
EG21])

‖𝑣ℎ‖0,∂𝐾 ≲ √ℎ𝐾 ‖∇𝑣ℎ‖0,𝐾 + (√ℎ𝐾)
−1

‖𝑣ℎ‖0,𝐾 ∀𝑣ℎ ∈ 𝑉ℎ, 𝐾 ∈ 𝒯ℎ, (3.27)
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3 PG stabilization in unfitted FEM for elliptic BVPs

and applying Young’s inequality again, we obtain

‖𝒫ℎ∇𝑢‖2
0,𝐾2

≲ ℎ2
𝐾2

‖∇wℎ‖2
0,𝐾2

+ ℎ𝑓 ‖wℎ‖2
0,𝑓

≲ ℎ2
𝐾2

‖∇wℎ‖2
0,𝐾2

+ ℎ2
𝐾1

‖∇wℎ‖2
0,𝐾1

+ ‖wℎ‖2
0,𝐾1

.

Using the 𝐿2 stability of 𝒫ℎ, we further estimate

‖𝒫ℎ∇𝑢‖2
0,𝐾2

≲ ℎ2
𝐾2

‖∇wℎ‖2
0,𝐾2

+ ℎ2
𝐾1

‖∇wℎ‖2
0,𝐾1

+ ‖wℎ‖2
0,𝐾1

≲ ℎ2
𝑓 ‖∇𝒫ℎ∇𝑢‖2

𝜔(𝑓) + ‖∇𝑢‖2
0,𝐾1

.

Throughout these estimates, we use the quasi-uniformity of the mesh to relate ℎ𝐾1
,

ℎ𝐾2
, and ℎ𝑓 to one another. Together with (3.25) and the definition of 𝑠𝑓

ℎ(⋅, ⋅) this
proves the result claimed in (3.23).

To prove (3.24), we begin by applying Friedrichs’ inequality (3.26) to estimate

‖𝑢ℎ‖2
0,𝐾2

≲ ℎ2
𝐾2

‖∇𝑢ℎ‖2
0,𝐾2

+ ℎ𝑓 ‖𝑢ℎ‖2
0,𝑓 .

Using (3.23), this leads to

‖𝑢ℎ‖2
0,𝐾2

≲ ℎ2
𝐾2

‖∇𝑢ℎ‖2
0,𝐾2

+ ℎ𝑓 ‖𝑢ℎ‖2
0,𝑓

≲ ℎ2
𝐾2

(‖∇𝑢ℎ‖2
0,𝐾1

+ 𝑠𝑓
ℎ(𝑢ℎ, 𝑢ℎ)) + ℎ𝑓 ‖𝑢ℎ‖2

0,𝑓 .

Next, using the finite element trace inequality (3.27), we refine the estimate to
conclude

‖𝑢ℎ‖2
0,𝐾2

≲ ℎ2
𝐾2

(‖∇𝑢ℎ‖2
0,𝐾1

+ 𝑠𝑓
ℎ(𝑢ℎ, 𝑢ℎ)) + ℎ𝑓 ‖𝑢ℎ‖2

0,𝑓

≲ ℎ2
𝐾2

𝑠𝑓
ℎ(𝑢ℎ, 𝑢ℎ) + ℎ2

𝐾1
‖∇𝑢ℎ‖2

0,𝐾1
+ ‖𝑢ℎ‖2

0,𝐾1
.

Finally, employing the finite element inverse inequality (3.21) we obtain

‖𝑢ℎ‖2
0,𝐾2

≲ ℎ2
𝐾2

𝑠𝑓
ℎ(𝑢ℎ, 𝑢ℎ) + ℎ2

𝐾1
‖∇𝑢ℎ‖2

0,𝐾1
+ ‖𝑢ℎ‖2

0,𝐾1

≲ ℎ2
𝐾2

𝑠𝑓
ℎ(𝑢ℎ, 𝑢ℎ) + ‖𝑢ℎ‖2

0,𝐾1
,

which completes the proof of the lemma.

Recall that the mesh-dependent domain 𝛺+,ℎ includes simplices that are entirely
contained within 𝛺+, as well as layers of simplices 𝐾 ⊄ 𝛺+ that intersect the
𝛿-neighborhood of 𝛤. Since we assumed that the extension width parameter 𝛿 is
bounded by 𝐶ℎ, we conclude that the number of such layers is finite and independent
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of the mesh size ℎ. In [LO19] it is shown that, due to the smoothness of ∂𝛺 and the
regularity of the mesh, any simplex 𝐾 ∈ 𝒯ℎ with 𝐾 ⊂ 𝛺+,ℎ can be reached from
a simplex strictly within 𝛺+ by traversing a finite number of facets. Additionally,
the number of pathways to 𝐾 originating from any interior simplex is uniformly
bounded. Using these observations together with estimates (3.22) and (3.23), we
obtain the coercivity result

‖∇𝑢‖2
0,𝛺+,ℎ

≲ ‖∇𝑢‖2
0,𝛺+

+ 𝑠ℎ(𝑢, 𝑢) ∀𝑢 ∈ 𝐻1(𝛺+,ℎ). (3.28)

This result is crucial for conducting stability and error analyses associated with our
unfitted finite element formulation. Additionally, the estimate provided in (3.24)
proves to be a valuable tool for the analysis of problems with evolving interfaces;
however, this specific application lies beyond the scope of this thesis.

Next, we turn our attention to the analysis of consistency. The consistency properties
of both the elliptic portion and Nitsche terms within our finite element formulation
are well established in the literature (cf. [Nit71; LT08; BH12]). Hence, our focus
will primarily be on investigating the new stabilization–extension term.

In the following step, we prove key results regarding the continuity and consistency
of the PG stabilization.

Lemma 3.5. We have

𝑠ℎ(𝑢, 𝑣) ≲ ‖𝑢‖1,𝛺+,ℎ
‖𝑣‖1,𝛺+,ℎ

∀ 𝑢, 𝑣 ∈ 𝐻1(𝛺+,ℎ), (3.29)

𝑠ℎ(𝑢, 𝑢) ≲ ℎ2 ‖𝑢‖2
2,𝛺+,ℎ

∀ 𝑢 ∈ 𝐻2(𝛺+,ℎ). (3.30)

Proof. By employing the Cauchy–Schwarz inequality and the triangle inequality, we
derive the estimate

𝑠ℎ(𝑢, 𝑣) = ∫
𝛺+,ℎ

(∇𝑢 − 𝒫ℎ∇𝑢) ⋅ ∇𝑣dx ≤ ‖∇𝑢 − 𝒫ℎ∇𝑢‖0,𝛺+,ℎ
‖∇𝑣‖0,𝛺+,ℎ

≤ (‖∇𝑢‖0,𝛺+,ℎ
+ ‖𝒫ℎ∇𝑢‖0,𝛺+,ℎ

) ‖∇𝑣‖0,𝛺+,ℎ
.

Using the 𝐿2 stability of the projection operator 𝒫ℎ (cf. Lemma 3.3) we obtain

𝑠ℎ(𝑢, 𝑣) ≤ (‖∇𝑢‖0,𝛺+,ℎ
+ ‖𝒫ℎ∇𝑢‖0,𝛺+,ℎ

) ‖∇𝑣‖0,𝛺+,ℎ
≲ ‖∇𝑢‖0,𝛺+,ℎ

‖∇𝑣‖0,𝛺+,ℎ

≤ ‖𝑢‖1,𝛺+,ℎ
‖𝑣‖1,𝛺+,ℎ

.
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This is the continuity estimate given in (3.29). Leveraging (3.15), the 𝐻1 stability
of the projection operator 𝒫ℎ, and the approximation property given by (3.19), we
establish the consistency result in (3.30). Indeed, we have

𝑠ℎ(𝑢, 𝑢) ≲ ‖∇𝑢 − 𝒫ℎ(∇𝑢)‖2
0,𝛺+,ℎ

+ ℎ2 ‖∇𝒫ℎ(∇𝑢)‖2
0,𝛺+,ℎ

≲ ℎ2 ∥∇2𝑢∥2
0,𝛺+,ℎ

≤ ℎ2 ‖𝑢‖2
2,𝛺+,ℎ

.

To formulate a convergence result, we define the norm

‖𝑣‖2
∗ = ‖𝑣‖2

1,𝛺+,ℎ
+ ℎ−1 ‖𝑣‖2

0,𝛤 + 𝑠ℎ(𝑣, 𝑣)

for 𝑣 ∈ 𝐻1(𝛺+,ℎ). This norm incorporates contributions from both the bulk and
boundary terms, as well as the stabilization term 𝑠ℎ(𝑣, 𝑣).

Given a function 𝑢 ∈ 𝐻1(𝛺+), there exists a bounded linear operator ℰ ∶ 𝐻1(𝛺+) →
𝐻1(ℝ𝑑) extending 𝑢 to a function ℰ𝑢 ∈ 𝐻1(ℝ𝑑). Furthermore, this operator is
also bounded when considered as an operator from 𝐻2(𝛺+) to 𝐻2(ℝ𝑑), as shown
in [Ste71]. For simplicity, and whenever no ambiguity arises, we will identify the
function 𝑢 with its extension ℰ𝑢 over the entire domain 𝛺.

The following theorem establishes our main convergence result.

Theorem 3.6. Let 𝑢 ∈ 𝐻2(𝛺+) be a solution of (3.1). We associate 𝑢 with its
extension ℰ𝑢. Assume 𝛿 ≲ ℎ for the extension width 𝛿. Let 𝑢ℎ be a solution to (3.8)
with sufficiently large 𝛼0. Then

‖𝑢 − 𝑢ℎ‖∗ ≲ ℎ ‖𝑢‖2,𝛺+
, (3.31)

‖𝑢 − 𝑢ℎ‖0,𝛺+
≲ ℎ2 ‖𝑢‖2,𝛺+

. (3.32)

Proof. Let 𝐼ℎ denote the nodal interpolation operator for 𝛺+,ℎ, i.e., 𝐼ℎ(𝑢) ∈ 𝑉ℎ.
Utilizing the coercivity property (3.28), standard arguments (see, e.g., [HH02; BH12;
BCM15]) can be applied to verify that the bilinear form

𝐴ℎ(𝑢, 𝑣) ∶= 𝑎(𝑢, 𝑣) + 𝑠ℎ(𝑢, 𝑣)

is uniformly coercive for 𝛼0 sufficiently large and that the bilinear form 𝑎(⋅, ⋅) is
continuous on the finite element space with respect to the norm ‖⋅‖∗. Specifically,
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3.3 Analysis of the projected gradient stabilization

𝐴ℎ(𝑣ℎ, 𝑣ℎ) ≳ ‖𝑣ℎ‖2
∗ for all 𝑣ℎ ∈ 𝑉ℎ and 𝑎(𝑢ℎ, 𝑣ℎ) ≲ ‖𝑢ℎ‖∗ ‖𝑣ℎ‖∗ for all 𝑢ℎ, 𝑣ℎ ∈ 𝑉ℎ.

Therefore, we derive the estimate

‖𝐼ℎ(𝑢) − 𝑢ℎ‖2
∗ ≲𝐴ℎ(𝐼ℎ(𝑢) − 𝑢ℎ, 𝐼ℎ(𝑢) − 𝑢ℎ)

=𝐴ℎ(𝐼ℎ(𝑢), 𝐼ℎ(𝑢) − 𝑢ℎ) − 𝐴ℎ(𝑢ℎ, 𝐼ℎ(𝑢) − 𝑢ℎ)
=𝐴ℎ(𝐼ℎ(𝑢), 𝐼ℎ(𝑢) − 𝑢ℎ) − (𝑎(𝑢ℎ, 𝐼ℎ(𝑢) − 𝑢ℎ)

+ 𝑠ℎ(𝑢ℎ, 𝐼ℎ(𝑢) − 𝑢ℎ))
=𝐴ℎ(𝐼ℎ(𝑢), 𝐼ℎ(𝑢) − 𝑢ℎ) − 𝑏(𝐼ℎ(𝑢) − 𝑢ℎ)
=𝐴ℎ(𝐼ℎ(𝑢), 𝐼ℎ(𝑢) − 𝑢ℎ) − 𝑎(𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ)

− 𝑠ℎ(𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ) + 𝑠ℎ(𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ)
=𝐴ℎ(𝐼ℎ(𝑢), 𝐼ℎ(𝑢) − 𝑢ℎ) − 𝐴ℎ(𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ)

+ 𝑠ℎ(𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ)
=𝐴ℎ(𝐼ℎ(𝑢) − 𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ) + 𝑠ℎ(𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ)
=𝑎(𝐼ℎ(𝑢) − 𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ) + 𝑠ℎ(𝐼ℎ(𝑢) − 𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ)

+ 𝑠ℎ(𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ),

(3.33)

where we use the fact that 𝑢ℎ solves (3.8) and 𝑢 is a solution of (3.1). Let us now
estimate the terms on the right-hand side of (3.33). In the first term we have by
the continuity of the bilinear form 𝑎(⋅, ⋅)

𝑎(𝐼ℎ(𝑢) − 𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ) ≲ ‖𝐼ℎ(𝑢) − 𝑢‖∗ ‖𝐼ℎ(𝑢) − 𝑢ℎ‖∗ .

Using the interpolation error estimate (cf., e.g., [BH12, Lemma 5] combined with
Lemma 3.5)

‖𝐼ℎ(𝑢) − 𝑢‖∗ ≲ ℎ ‖ℰ𝑢‖2,𝛺+,ℎ
(3.34)

and the 𝐻2 boundedness of the extension operator ℰ, which ensures ‖ℰ𝑢‖2,𝛺+,ℎ
≲

‖𝑢‖2,𝛺+
, we obtain

𝑎(𝐼ℎ(𝑢) − 𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ) ≲ ℎ ‖ℰ𝑢‖2,𝛺+,ℎ
‖𝐼ℎ(𝑢) − 𝑢ℎ‖∗

≲ ℎ ‖𝑢‖2,𝛺+
‖𝐼ℎ(𝑢) − 𝑢ℎ‖∗ .

(3.35)

For the second term in (3.33), we use the continuity property of 𝑠ℎ(⋅, ⋅) as given by
(3.29). We estimate

𝑠ℎ(𝐼ℎ(𝑢) − 𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ) ≲ ‖𝐼ℎ(𝑢) − 𝑢‖1,𝛺+,ℎ
‖𝐼ℎ(𝑢) − 𝑢ℎ‖1,𝛺+,ℎ

.
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By definition of the norm ‖⋅‖∗ and using similar arguments as for the first term, we
conclude for the second term

𝑠ℎ(𝐼ℎ(𝑢) − 𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ) ≲ ‖𝐼ℎ(𝑢) − 𝑢‖∗ ‖𝐼ℎ(𝑢) − 𝑢ℎ‖∗

≲ ℎ ‖𝑢‖2,𝛺+
‖𝐼ℎ(𝑢) − 𝑢ℎ‖∗ .

(3.36)

We use Corollary 3.2 to apply the Cauchy–Schwarz inequality in the third term on
the right-hand side in (3.33). This yields

𝑠ℎ(𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ) ≲ 𝑠1/2
ℎ (𝑢, 𝑢)𝑠1/2

ℎ (𝐼ℎ(𝑢) − 𝑢ℎ, 𝐼ℎ(𝑢) − 𝑢ℎ). (3.37)

Using the continuity property (3.29) of 𝑠ℎ(⋅, ⋅) and the definition of the norm ‖⋅‖∗,
we estimate

𝑠1/2
ℎ (𝐼ℎ(𝑢) − 𝑢ℎ, 𝐼ℎ(𝑢) − 𝑢ℎ) ≲ ‖𝐼ℎ(𝑢) − 𝑢ℎ‖1,𝛺+,ℎ

≲ ‖𝐼ℎ(𝑢) − 𝑢ℎ‖∗ . (3.38)

Furthermore, leveraging the consistency property (3.30) and the 𝐻2 boundedness
of the extension operator ℰ, we find

𝑠1/2
ℎ (𝑢, 𝑢) ≲ ℎ ‖𝑢‖2,𝛺+

. (3.39)

Substituting (3.38) and (3.39) into (3.37), we obtain

𝑠ℎ(𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ) ≲ ℎ ‖𝑢‖2,𝛺+
‖𝐼ℎ(𝑢) − 𝑢ℎ‖∗ . (3.40)

Collecting all results from (3.33), (3.35), (3.36), and (3.40), we conclude

‖𝐼ℎ(𝑢) − 𝑢ℎ‖2
∗ ≲ ℎ ‖𝑢‖2,𝛺+

‖𝐼ℎ(𝑢) − 𝑢ℎ‖∗ .

The triangle inequality, together with this estimate, the interpolation error estimate
(3.34), and the 𝐻2 boundedness of the extension operator, yields

‖𝑢 − 𝑢ℎ‖∗ ≤ ‖𝑢 − 𝐼ℎ(𝑢)‖∗ + ‖𝐼ℎ(𝑢) − 𝑢ℎ‖∗ ≲ ℎ ‖𝑢‖2,𝛺+
.

This proves (3.31).

To prove (3.32), we now employ a duality argument. Let 𝑧 be the solution of the
dual problem

−𝛥𝑧 = 𝑢 − 𝑢ℎ in 𝛺+,
𝑧 = 0 on 𝛤 .

(3.41)
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It is well known (cf. [Eva10, 6.3.2. Thm. 4]) that 𝑧 ∈ 𝐻2(𝛺+) and the stability
estimate

‖𝑧‖2,𝛺+
≲ ‖𝑢 − 𝑢ℎ‖0,𝛺+

(3.42)

holds. By 𝐼ℎ(𝑧) we denote the nodal interpolant of 𝑧, where 𝑧 may be extended to
the entire domain 𝛺 if necessary. The interpolation operator 𝐼ℎ possesses standard
approximation properties, which will be used in the subsequent steps of the proof.

To proceed, we multiply the first equation in (3.41) by 𝑢 − 𝑢ℎ and integrate by parts.
This yields

‖𝑢 − 𝑢ℎ‖2
0,𝛺+

= 𝑎(𝑧, 𝑢 − 𝑢ℎ). (3.43)

Since 𝑢 is the solution of the continuous problem (3.1), and 𝑢ℎ is the solution of the
discrete problem (3.8), we have

𝑏(𝐼ℎ(𝑧)) = 𝑎(𝑢, 𝐼ℎ(𝑧)),

and
𝑏(𝐼ℎ(𝑧)) = 𝑎(𝑢ℎ, 𝐼ℎ(𝑧)) + 𝑠ℎ(𝑢ℎ, 𝐼ℎ(𝑧)).

By subtracting the last equation from the previous one, we obtain

0 = 𝑎(𝑢 − 𝑢ℎ, 𝐼ℎ(𝑧)) − 𝑠ℎ(𝑢ℎ, 𝐼ℎ(𝑧)).

Substituting this result into (3.43), yields

‖𝑢 − 𝑢ℎ‖2
0,𝛺+

= 𝑎(𝑢 − 𝑢ℎ, 𝑧 − 𝐼ℎ(𝑧)) + 𝑠ℎ(𝑢ℎ, 𝐼ℎ(𝑧)). (3.44)

For the first term on the right-hand side of (3.44), we use the continuity property of
𝑎(⋅, ⋅), which gives

𝑎(𝑢 − 𝑢ℎ, 𝑧 − 𝐼ℎ(𝑧)) ≲ ‖𝑢 − 𝑢ℎ‖∗ ‖𝑧 − 𝐼ℎ(𝑧)‖∗ .

Next, we apply the interpolation error estimate for 𝐼ℎ(𝑧). Using this and the 𝐻2

boundedness of the extension operator ℰ, we find

‖𝑧 − 𝐼ℎ(𝑧)‖∗ ≲ ℎ ‖ℰ𝑧‖2,𝛺+,ℎ
≲ ℎ ‖𝑧‖2,𝛺+

.

Substituting this into the previous inequality and using the stability result (3.42)
yields

𝑎(𝑢 − 𝑢ℎ, 𝑧 − 𝐼ℎ(𝑧)) ≲ ℎ ‖𝑢 − 𝑢ℎ‖∗ ‖𝑢 − 𝑢ℎ‖0,𝛺+
. (3.45)

For the second term on the right-hand side of (3.44) we use the Cauchy–Schwarz
inequality to obtain

𝑠ℎ(𝑢ℎ, 𝐼ℎ(𝑧)) ≲ 𝑠1/2
ℎ (𝑢ℎ, 𝑢ℎ)𝑠1/2

ℎ (𝐼ℎ(𝑧), 𝐼ℎ(𝑧)). (3.46)
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3 PG stabilization in unfitted FEM for elliptic BVPs

Using the triangle inequality, (3.29), and (3.30) we estimate

𝑠1/2
ℎ (𝑢ℎ, 𝑢ℎ) ≲ 𝑠1/2

ℎ (𝑢 − 𝑢ℎ, 𝑢 − 𝑢ℎ) + 𝑠1/2
ℎ (𝑢, 𝑢) ≲ ‖𝑢 − 𝑢ℎ‖1,𝛺+,ℎ

+ ℎ ‖ℰ𝑢‖2,𝛺+,ℎ
.

The 𝐻2 boundedness of the extension operator ℰ and the definition of the ‖⋅‖∗ norm
yield

𝑠1/2
ℎ (𝑢ℎ, 𝑢ℎ) ≲ ‖𝑢 − 𝑢ℎ‖∗ + ℎ ‖𝑢‖2,𝛺+

. (3.47)

Using the same arguments as before, we estimate

𝑠1/2
ℎ (𝐼ℎ(𝑧), 𝐼ℎ(𝑧)) ≲ 𝑠1/2

ℎ (𝐼ℎ(𝑧)−𝑧, 𝐼ℎ(𝑧)−𝑧)+𝑠1/2
ℎ (𝑧, 𝑧) ≲ ‖𝐼ℎ(𝑧) − 𝑧‖1,𝛺+,ℎ

+ℎ ‖𝑧‖2,𝛺+
.

For the term ‖𝐼ℎ(𝑧) − 𝑧‖1,𝛺+,ℎ
, we use the interpolation error estimate (3.34) and

the 𝐻2 boundedness of the extension operator ℰ. This gives

‖𝐼ℎ(𝑧) − 𝑧‖1,𝛺+,ℎ
≲ ℎ ‖𝑧‖2,𝛺+

.

Thus
𝑠1/2

ℎ (𝐼ℎ(𝑧), 𝐼ℎ(𝑧)) ≲ ℎ ‖𝑧‖2,𝛺+
.

Using the stability result (3.42), we conclude

𝑠1/2
ℎ (𝐼ℎ(𝑧), 𝐼ℎ(𝑧)) ≲ ℎ ‖𝑢 − 𝑢ℎ‖0,𝛺+

. (3.48)

By substituting the intermediate results from (3.47) and (3.48) into (3.46), we obtain

𝑠ℎ(𝑢ℎ, 𝐼ℎ(𝑧)) ≲ (‖𝑢 − 𝑢ℎ‖∗ + ℎ ‖𝑢‖2,𝛺+
)ℎ ‖𝑢 − 𝑢ℎ‖0,𝛺+

. (3.49)

Combining the results from (3.44), (3.45), and (3.49), we arrive at

‖𝑢 − 𝑢ℎ‖2
0,𝛺+

≲ℎ ‖𝑢 − 𝑢ℎ‖∗ ‖𝑢 − 𝑢ℎ‖0,𝛺+
+ (‖𝑢 − 𝑢ℎ‖∗ + ℎ ‖𝑢‖2,𝛺+

)ℎ ‖𝑢 − 𝑢ℎ‖0,𝛺+

≲(‖𝑢 − 𝑢ℎ‖∗ + ℎ ‖𝑢‖2,𝛺+
)ℎ ‖𝑢 − 𝑢ℎ‖0,𝛺+

.

Finally, using (3.31), we have

‖𝑢 − 𝑢ℎ‖2
0,𝛺+

≲ ℎ2 ‖𝑢‖2,𝛺+
‖𝑢 − 𝑢ℎ‖0,𝛺+

,

which proves (3.32).
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3.4 Diffuse-interface approximation

Remark 3.5 (Some algebraic properties). In what follows we use the notation
introduced in Remark 3.3 and a standard nodal basis. Let 𝐴 denote the matrix
corresponding to the non-stabilized bilinear form 𝑎(⋅, ⋅). The matrix representation
of the finite element formulation (3.8) is given by

𝐴 + 𝐿 − 𝐵𝑇𝑀−1𝐵.

Since 𝐵𝑇𝑀−1𝐵 is positive semi-definite, 𝐴 + 𝐿 − 𝐵𝑇𝑀−1𝐵 ≤ 𝐴 + 𝐿 in the spectral
sense. The coercivity of the bilinear form 𝑎(⋅, ⋅), along with the definition of the
norm ‖⋅‖∗, implies that there exists a constant 𝑐 > 0, independent of the mesh size ℎ
and boundary position within the mesh, such that

𝑐(𝐴 + 𝐿) ≤ 𝐴 + 𝐿 − 𝐵𝑇𝑀−1𝐵 ≤ 𝐴 + 𝐿.

This spectral equivalence guarantees that all eigenvalues of 𝐴 + 𝐿 − 𝐵𝑇𝑀−1𝐵 are
bounded above and below by a scaled version of those in 𝐴 + 𝐿.

On a quasi-uniform mesh, this spectral equivalence implies that the condition number
of the matrix associated with the finite element formulation (3.8) scales like 𝑂(ℎ−2),
which is consistent with typical second-order elliptic problems discretized using finite
elements.

Furthermore, the matrix 𝐴 + 𝐿 exhibits a standard sparsity structure, which can be
efficiently utilized to develop suitable preconditioners for solving the algebraic system.

3.4 Diffuse-interface approximation

Numerical integration over embedded surfaces in finite element discretizations can
often be challenging. For instance, it may be necessary to compute coordinates and
weights for quatrature points for each segment of the discretized surface. Doing so
increases the complexity of the numerical implementation. To avoid these difficulties
and reduce computational cost, we adopt the methodology for diffuse-interface
approximations in [KB22] and follow the detailed explanation therein. Throughout
this section, we assume that 𝛺+ is a smooth domain fully embedded within 𝛺.

The position of the boundary 𝛤 ⊂ 𝛺 is assumed to be described by a continuous
level set function 𝜑 ∈ 𝐶(𝛺). The level set function is positive within 𝛺+ and
negative outside of it, i.e., in 𝛺\𝛺+. Hence, 𝛤 = {x ∈ 𝛺 ∶ 𝜑(x) = 0}. In an
𝑂(1) neighborhood of 𝛤, we assume that the level set function is smooth and that
its gradient satisfies |∇𝜑| ≥ 𝑐 > 0. Then, the vector field n = − ∇𝜑

|∇𝜑| defines an
extended unit normal pointing into the exterior of the domain 𝛺+.
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3 PG stabilization in unfitted FEM for elliptic BVPs

We approximate the integrals over the boundary 𝛤 by volumetric integrals using a
smoothed Dirac delta function 𝛿𝜀. This technique is discussed in greater detail in
prior works such as [ETT05; ZT10; KB22]. For the smoothing process, we introduce
a small parameter 𝜀 > 0 that determines the accuracy of the approximation to the
Dirac delta distribution 𝛿(𝜑) = lim𝜀↘0 𝛿𝜀(𝜑). Various definitions of smoothed delta
functions are given in [ZT10].

Given a function 𝑞 ∈ 𝐶(𝛺), we approximate the surface integral ∫
𝛤

𝑞(x)d𝑠 by a
volumetric integral of the form ∫

𝛺
𝑞(x)𝛿𝜀(𝜑(x))dx. To compute these approximations,

we must extend quantities defined on the interface 𝛤 into both the interior of 𝛺+
and the exterior region 𝛺\𝛺+. To remain consistent with the weak formulation, we
employ constant extrapolation in the normal direction. Specifically, the extrapolation
of a quantity 𝑞 at a quadrature point x𝑄 ∈ 𝒪(𝛤) is performed via a closest-point
search and evaluation of 𝑞 at that closest point.

To motivate the closest-point search algorithm used in this approach, suppose that
the level set function 𝜑 is an exact signed distance function (SDF). In this case, let
n𝑄 = −∇𝜑(x𝑄) denote the extended outward-pointing unit normal vector at x𝑄.
Then, for a point x𝑄 ∈ 𝛺, the closest point x𝛤 on the interface 𝛤 is determined by

x𝛤 = x𝑄 + 𝜑(x𝑄)n𝑄,

since 𝜑(x𝛤) = 0.

Recall that 𝒯ℎ denotes the triangulation of 𝛺 and 𝑉ℎ denotes the finite element
space corresponding to 𝒯ℎ. Now, let 𝜑ℎ ∈ 𝑉ℎ be an approximate SDF. In this
case, the extended outward-pointing normal vector to 𝛺+ at a point x𝑄 can be
approximated by n𝑄 = −∇𝜑ℎ(x𝑄). An approximate closest point on the interface,
denoted by x∗

𝛤, can then be determined using a line search along

̂x(𝜉) = x𝑄 + 𝜉 sign(𝜑ℎ(x𝑄))n𝑄, 𝜉 ∈ ℝ.

Note that ̂x(0) = x𝑄. For 𝜉∗
𝛤 = |𝜑ℎ(x𝑄)|, we have ̂x(𝜉∗

𝛤) = x∗
𝛤. Since, for an exact

SDF 𝜑, the closest point is x𝛤 = x∗
𝛤, this provides a good approximation to the true

closest point x𝛤.

To evaluate the quantity 𝑞 at x∗
𝛤, we need to determine x∗

𝛤 and the mesh element
𝐾𝛤 such that x∗

𝛤 ∈ 𝐾𝛤. For this purpose, we employ the following algorithm to
efficiently locate x∗

𝛤 on a given mesh (see [KB22]):

• Let 𝜑̂ℎ(𝜉) = 𝜑ℎ(x̂(𝜉)).

• Set 𝜉0 = 0.
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3.4 Diffuse-interface approximation

• For 𝑖 = 1, 2, …, let x̂(𝜉𝑖) with 𝜉𝑖 > 𝜉𝑖−1 be the next intersection of x̂(𝜉) with
the boundary ∂𝐾 of a mesh cell 𝐾 ∈ 𝒯ℎ. Exit the loop when 𝜑̂ℎ(𝜉𝑖−1)𝜑̂ℎ(𝜉𝑖)
becomes negative for 𝑖 = 𝑚𝑄.

• Solve a linear equation to find the root 𝜉𝛤 ∈ [𝜉𝑚𝑄−1, 𝜉𝑚𝑄
] of 𝜑̂ℎ.

• Set x𝛤 = x̂(𝜉𝛤).

In addition to determining the approximate closest point x∗
𝛤, the algorithm identifies

the mesh cell 𝐾𝛤. The construction of the sequence {x̂(𝜉𝑖)}
𝑚𝑄
𝑖=0 for a given point

x𝑄 = x̂(0) on a triangular mesh is illustrated in Fig. 3.1. Starting at x̂(𝜉𝑖−1), which
lies within a mesh cell 𝐾 ∈ 𝒯ℎ, we can efficiently locate the next intersection point

̂x(𝜉𝑖) and its adjacent mesh cell 𝐾′ ∈ 𝒯ℎ in the direction of the interface navigation
vector p𝑄 = sign(𝜑ℎ(x𝑄))n𝑄. By definition, the points ̂x(𝜉𝑚𝑄−1) and ̂x(𝜉𝑚𝑄

) lie
within the same mesh cell. The construction of the monotone sequence { ̂x(𝜉𝑖)}

𝑚𝑄
𝑖=0

can be performed efficiently, particularly when the quadrature point x𝑄 lies in a
narrow band around 𝛤. For affine finite elements, the root 𝜉𝛤, which corresponds to
the closest point on the interface, can be computed efficiently using a closed-form
expression, because along the line segment connecting these two points, 𝜑̂ℎ behaves
as a linear function. This ensures computational efficiency and accuracy in locating
both the closest point and the corresponding mesh cell.

x𝑄

̂x(𝜉1)
̂x(𝜉2)

̂x(𝜉3)

̂x(𝜉4)

x𝛤

Figure 3.1: Closest point search for a quadrature point x𝑄.

Remark 3.6. In the proposed algorithm, it is not necessary for 𝜑ℎ to be an approx-
imate SDF. The extended outward-pointing normal vector n𝑄 at a quadrature point
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3 PG stabilization in unfitted FEM for elliptic BVPs

x𝑄 can alternatively be constructed using other interface representation techniques,
such as a volume-of-fluid function or a phase-field indicator function. This flexibility
allows the algorithm to accommodate various methods of describing the interface
while maintaining both efficiency and robustness.

Let ℰcp denote the closest-point extension operator, which maps a quantity 𝑞 at a
quadrature point x𝑄 to its value at the corresponding approximate closest point x∗

𝛤
on the interface, i.e., ℰcp𝑞(x𝑄) = 𝑞(x∗

𝛤). The diffuse-interface formulation, serving
as a counterpart to the sharp-interface formulation in (3.8), is expressed as

∫
𝛺+,ℎ(𝛿)

((1 + 𝐻(𝜑ℎ))∇𝑢ℎ − g(𝑢)) ⋅ ∇𝜙ℎdx

− ∫
𝛺

ℰcp(𝑢ℎ∇𝜙ℎ ⋅ n)𝛿𝜀(𝜑ℎ)|∇𝜑ℎ|dx − ∫
𝛺

ℰcp(𝜙ℎ∇𝑢ℎ ⋅ n)𝛿𝜀(𝜑ℎ)|∇𝜑ℎ|dx

+ ∫
𝛺

𝛼ℰcp(𝑢ℎ𝜙ℎ)𝛿𝜀(𝜑ℎ)|∇𝜑ℎ|dx

= ∫
𝛺+,ℎ

𝑓𝜙ℎdx − ∫
𝛺

ℰcp(𝑔∇𝜙ℎ ⋅ n)𝛿𝜀(𝜑ℎ)|∇𝜑ℎ|dx

+ ∫
𝛺

𝛼ℰcp(𝑔𝜙ℎ)𝛿𝜀(𝜑ℎ)|∇𝜑ℎ|dx.

(3.50)

We obtain this formulation by substituting the definitions in (3.3), (3.4), and (3.6)
into (3.8) and using the volumetric approximations for surface integrals. Using
the Heaviside function 𝐻(𝜑ℎ), which depends on the level set function, we can
approximate the integral over 𝛺+ as an integral over 𝛺+,ℎ.

3.5 Numerical results

In this section, we present the results of numerical experiments we conducted to
evaluate the performance of the unfitted FEM with PG stabilization for solving the
elliptic BVP (3.1) in two spatial dimensions. The study considers various geometries
for the subdomain 𝛺+ and different choices of the right-hand side 𝑓. The 𝐿2 error
of an unfitted finite element approximation within the domain 𝛺 is defined as

‖𝑢 − 𝑢ℎ‖0,𝛺+
= √∫

𝛺
𝐻(𝜑ℎ)𝑢ℎdx,

with a Heaviside function 𝐻(𝜑ℎ) based on the level set description.
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3.5 Numerical results

In the tests involving the diffuse-interface approximation a Gaussian regularization
of the Dirac delta function is used. Moreover, following [ZT10], we set

𝛿𝜀(𝜑) = 1
𝜀

√𝜋
9

exp (−𝜋2𝜑2

9𝜀2 ) ,

where 𝜀 = 𝑂(ℎ).

All computations were carried out using a custom C++ implementation based on the
open-source finite element library MFEM [DK10b; And+21; And+24]. Visualization
was performed with GlVis [DK10a] and ParaView [AGL05; Aya15].

3.5.1 Quasi-1D test problem

The first experiment considers a quasi-one-dimensional configuration of the BVP
(3.1), in which the boundary of 𝛺+ is rectangular. The corresponding Test Problem
(TP) is defined as follows.

Test Problem 3.1. Let 𝛺 = (0, 1)2 and 𝛤 = {0.51} × (0, 1). For 𝑓(𝑥, 𝑦) = 2 and
𝑢𝑒𝑥(𝑥, 𝑦) = (𝑥 − 0.01)(𝑥 − 1.01) find 𝑢 such that

𝛥𝑢 = 𝑓 in (0, 0.51) × (0, 1),
𝑢 = 𝑢𝑒𝑥 on {0, 0.51} × (0, 1),

∂𝑛𝑢 = 0 on (0, 0.51) × {0, 1}.

We performed grid convergence studies for the sharp- and diffuse-interface formu-
lations of the unfitted Nitsche method with PG stabilization. In particular, we
analyzed the sensitivity of numerical results to the extension width parameter 𝛿.

For the sharp-interface method, simulations were carried out with 𝛿 = 0 and 𝛿 = 6ℎ.
In the diffuse-interface variant, we used 𝛿 = 6ℎ and 𝛿 = diam 𝛺. Results obtained
with these stabilized methods are compared to those of the unstabilized unfitted
Nitsche method corresponding to the weak formulation (3.5). The 𝐿2 errors and
experimental orders of convergence (EOCs) for uniform grids are summarized in
Table 3.1. For reference, the first column of Table 3.4 reports the results of the
unstabilized method.

Additionally, we tested the sharp-interface version with 𝛿 = 0 and the unstabilized
unfitted Nitsche method on successively refined quasi-uniform grids. The coarsest
grid used in this study is illustrated in Fig. 3.2, while the corresponding 𝐿2 error
behavior is summarized in Table 3.2. Across all cases, second-order convergence was
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3 PG stabilization in unfitted FEM for elliptic BVPs

observed consistently. Furthermore, numerical results exhibited minimal dependence
on the value of 𝛿. Numerical solutions computed on a uniform grid with ℎ = 1/1024

are shown in Fig. 3.3. No spurious oscillations are observed near the embedded
boundary.

Table 3.1: TP 3.1, 𝐿2 convergence history of stabilized methods on uniform
meshes.

ℎ−1 sharp EOC sharp EOC diffuse EOC diffuse EOC
𝛿 = 0 𝛿 = 6ℎ 𝛿 = 6ℎ 𝛿 = 𝑑𝛺

128 3.32e-05 3.32e-05 3.12e-05 3.12e-05
256 8.60e-06 1.95 8.60e-06 1.95 8.15e-06 1.94 8.25e-06 1.92
512 1.96e-06 2.13 1.96e-06 2.13 1.94e-06 2.07 1.94e-06 2.09
1024 5.17e-07 1.92 5.17e-07 1.92 5.14e-07 1.92 5.14e-07 1.92
2048 1.35e-07 1.94 1.35e-07 1.94 1.35e-07 1.93 1.35e-07 1.93
4096 2.87e-08 2.23 2.87e-08 2.23 2.87e-08 2.23 2.89e-08 2.22

Table 3.2: TP 3.1, 𝐿2 convergence on quasi-uniform meshes.

ℎ−1 Nitsche EOC sharp, 𝛿 = 0 EOC
10 1.38e-03 3.21e-03
20 3.76e-04 1.88 8.96e-04 1.84
40 1.03e-04 1.87 2.40e-04 1.90
80 2.36e-05 2.13 5.87e-05 2.03
160 6.49e-06 1.86 1.54e-05 1.93
320 1.48e-06 2.13 3.72e-06 2.05
640 4.07e-07 1.86 9.67e-07 1.94

3.5.2 Circular domain test problem

The second TP examines the proposed PG stabilization on a circular subdomain.

Test Problem 3.2. Let 𝛺 = (0, 1)2 and 𝜑(𝑥, 𝑦) = 0.25 − √(𝑥 − 0.5)2 + (𝑦 − 0.5)2.
Define 𝛺+ = {(𝑥, 𝑦) ∈ 𝛺 ∶ 𝜑(𝑥, 𝑦) > 0} and 𝛤 = ∂𝛺+. For 𝑓(𝑥, 𝑦) = 0 and
𝑢𝑒𝑥(𝑥, 𝑦) = (𝑥 − 0.5)2 − (𝑦 − 0.5)2 find 𝑢 such that

𝛥𝑢 = 𝑓 in 𝛺+,
𝑢 = 𝑢𝑒𝑥 on 𝛤 .

Grid convergence studies were carried out for both sharp and diffuse-interface
formulations with the same values of 𝛿 as in the previous test. For comparison
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3.5 Numerical results

Figure 3.2: Coarse quasi-uniform mesh with 𝛥𝑥 = 0.1 and 𝛥𝑦 = 0.02.

purposes, we also performed simulations using the unstabilized unfitted Nitsche
method. The 𝐿2 errors and EOCs for the stabilized methods on uniform grids are
presented in Table 3.3, while the results for the unstabilized unfitted Nitsche method
are provided in Table 3.4 (second column).

In all cases, we see second-order convergence, with numerical results showing minimal
sensitivity to variations in 𝛿. Numerical solutions obtained using a uniform grid
with ℎ = 1/1024 are illustrated in Fig. 3.4. As expected, there are no oscillations at
the boundary of 𝛺+, confirming stability and accuracy of the proposed method.

Table 3.3: TP 3.2, 𝐿2 convergence history of stabilized methods on uniform
meshes.

ℎ−1 sharp EOC sharp EOC diffuse EOC diffuse EOC
𝛿 = 0 𝛿 = 6ℎ 𝛿 = 6ℎ 𝛿 = 𝑑𝛺

128 6.97e-06 8.92e-06 8.86e-06 1.24e-05
256 1.82e-06 1.94 2.14e-06 2.06 2.11e-06 2.07 3.27e-06 1.92
512 4.63e-07 1.97 5.08e-07 2.07 4.96e-07 2.09 8.33e-07 1.97
1024 1.16e-07 2.00 1.22e-07 2.06 1.16e-07 2.10 2.06e-07 2.02
2048 2.85e-08 2.03 2.92e-08 2.06 2.63e-08 2.14 4.97e-08 2.05
4096 6.82e-09 2.06 6.92e-09 2.08 5.47e-09 2.27 1.14e-08 2.12

3.5.3 Trapezoidal domain test problem

In the final TP, we solve the elliptic BVP on a trapezoidal domain as proposed
in [ACS20].
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3 PG stabilization in unfitted FEM for elliptic BVPs

(a) Sharp interface, 𝛿 = 0. (b) Sharp interface, 𝛿 = 6ℎ.

(c) Diffuse interface, 𝛿 = 6ℎ. (d) Diffuse interface, 𝛿 = diam 𝛺.

Figure 3.3: Numerical solutions to TP 3.1 on a uniform grid with ℎ = 1/1024. The
boundary is represented by the dshed gray line.

Test Problem 3.3. Let 𝛺 = (0, 1)2 and 𝜑(𝑥, 𝑦) = 1/√
104(−10𝑥+2𝑦 +4). Let 𝛺+ =

{(𝑥, 𝑦) ∈ 𝛺 ∶ 𝜑(𝑥, 𝑦) > 0} and 𝛤 = ∂𝛺+. For 𝑓(𝑥, 𝑦) = 4𝜋2(cos(2𝜋𝑥) − sin(2𝜋𝑦))
and 𝑢𝑒𝑥(𝑥, 𝑦) = 𝑦 sin(2𝜋𝑥) − 𝑥 cos(2𝜋𝑦) find 𝑢 such that

𝛥𝑢 = 𝑓 in 𝛺+,
𝑢 = 𝑢𝑒𝑥 on 𝛤 .

In this tTP, the zero level set intersects ∂𝛺 arbitrarily. Therefore, we focused
exclusively on the sharp-interface version of our unfitted Nitsche method with PG
stabilization to study grid convergence. The extension width parameter 𝛿 was
chosen to be consistent with the values used in the previous example. The 𝐿2 errors
and EOCs for the unstabilized unfitted Nitsche method and the stabilized sharp
interface method with 𝛿 = 0 and 𝛿 = 6ℎ on uniform grids are presented in Table 3.5.
Additionally, we tested the unstabilized Nitsche method and the unfitted FEM with
PG stabilization (𝛿 = 0) on successively refined quasi-uniform meshes. The coarsest
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3.5 Numerical results

Table 3.4: TP 3.1–3.2, 𝐿2 convergence history of unstabilized Nitsche method on
uniform meshes.

ℎ−1 TP 3.1 EOC TP 3.2 EOC
128 1.20e-05 2.66e-06
256 3.27e-06 1.88 6.82e-07 1.96
512 6.10e-07 2.42 1.71e-07 2.00
1024 1.81e-07 1.75 4.25e-08 2.01
2048 5.14e-08 1.82 1.03e-08 2.04
4096 8.01e-09 2.68 2.42e-09 2.09

quasi-uniform mesh is shown in Fig. 3.2. In Table 3.6, we list the 𝐿2 errors and
EOCs.

As expected, we see second-order convergence in all configurations. There is minimal
sensitivity of numerical results to the extension-width parameter 𝛿. In Fig. 3.5 we
show numerical solutions obtained using a uniform grid with ℎ = 1/512. Similarly to
the previous case, we see no oscillations at the boundary of 𝛺+.

Table 3.5: TP 3.3, 𝐿2 convergence history on uniform meshes.

ℎ−1 Nitsche EOC 𝛿 = 0 EOC 𝛿 = 6ℎ EOC
16 5.14e-03 9.59e-03 9.60e-03
32 1.33e-03 1.95 2.71e-03 1.82 2.81e-03 1.77
64 3.32e-04 2.00 6.97e-04 1.96 7.12e-04 1.98
128 8.30e-05 2.00 1.79e-04 1.96 1.78e-04 2.00
256 2.05e-05 2.02 4.39e-05 2.03 4.40e-05 2.02
512 5.15e-06 1.99 1.07e-05 2.04 1.07e-05 2.04

Table 3.6: TP 3.3, 𝐿2 convergence on quasi-uniform meshes.

ℎ−1 Nitsche EOC sharp, 𝛿 = 0 EOC
10 5.44e-03 8.30e-03
20 1.39e-03 1.97 2.33e-03 1.83
40 3.57e-04 1.96 6.16e-04 1.92
80 1.04e-04 1.78 1.60e-04 1.94

3.5.4 Conditioning of the system matrix

In addition to assessing convergence rates, we investigated the dependency of the
condition number of the system matrix on the placement of the boundary of 𝛺+
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3 PG stabilization in unfitted FEM for elliptic BVPs

(a) Sharp interface, 𝛿 = 0. (b) Sharp interface, 𝛿 = 6ℎ.

(c) Diffuse interface, 𝛿 = 6ℎ. (d) Diffuse-interface, 𝛿 = diam 𝛺.

Figure 3.4: Numerical solutions to TP 3.2 on a uniform grid with ℎ = 1/1024. The
boundary is represented by a black line.

within the mesh. For this study, we applied both the unstabilized unfitted Nitsche
method and our proposed sharp interface method with PG stabilization (using 𝛿 = 0)
to TP 3.1. We kept the mesh fixed and placed the boundary 𝛤 at 𝑥 = 0.5 + 10−𝑗

for 𝑗 = 2, 3, … , 8. By this placement, we decreased the size of the cut cells due to
closer alignment between the boundary 𝛤 and mesh edges. The computed condition
numbers for both methods are listed in Table 3.7. For the unstabilized unfitted
Nitsche method, we see that the condition number increases significantly as cut
cells become smaller. In contrast, for our stabilized sharp interface method with
𝛿 = 0, the condition number remains uniformly bounded across all configurations.
This result demonstrates the algebraic stability of our approach compared to the
instability of the unfitted Nitsche method without stabilization.
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3.5 Numerical results

(a) sharp interface, 𝛿 = 0 (b) sharp interface, 𝛿 = 6ℎ

Figure 3.5: Numerical solutions to TP 3.3 on a uniform grid with ℎ = 1/512. The
boundary is represented by a white line.

Table 3.7: Scaled condition numbers 𝜅ℎ2 of the system matrix for different
distances between the mesh cell boundary and boundary.

dist(∂𝐾, 𝛤) 1e-08 1e-07 1e-06 1e-05 1e-04 1e-03 1e-02
Nitsche 1.43e13 1.43e11 1.43e09 1.42e07 1.36e05 9.47e02 3.22
𝛿 = 0 2.89 2.89 2.89 2.89 2.87 2.75 2.04

3.5.5 Comparison to shifted-boundary method

Finally, we compare the grid convergence behavior of the proposed sharp-interface
version of our unfitted Nitsche method with PG stabilization to that of the shifted-
boundary method (SBM) (cf. [MS18a; ACS20; ACS21; Sau+21; Yan+24]). For
this comparison, the SBM was applied to solve Test Problems 3.2 and 3.3. We ran
grid convergence studies for both TPs on uniform meshes and for TP 3.3 on quasi-
uniform meshes as in previous tests. The 𝐿2 errors and EOCs on uniform meshes
are reported in Table 3.8, while the errors and EOCs for the quasi-uniform meshes
are reported in Table 3.9. On average, second-order convergence was observed for all
test problems. However, for the test problem involving a circular interface (TP 3.2),
an unstable convergence rate was observed for the SBM. In contrast, the unfitted
Nitsche method with PG stabilization achieved stable second-order convergence.
To mitigate the instability in convergence rates for the SBM, one can include or
exclude certain cut elements based on their volume fraction within the interior
part of the domain (cf. [Yan+24]). Even though this approach improves stability,
additional complexity is introduced. Specifically, excluded cut cells may require
extrapolation of solution values up to the true boundary to maintain accuracy.
This extrapolation step can pose challenges in implementation and may impact
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computational efficiency.

Table 3.8: TP 3.2 and 3.3, 𝐿2 convergence history for the SBM on uniform meshes.

ℎ−1 TP 3.2 EOC TP 3.3 EOC
128 3.20e-04 4.13e-04
256 5.53e-05 1.78 7.98e-05 2.37
512 1.14e-05 2.28 1.82e-05 2.13
1024 2.15e-06 2.41 4.36e-06 2.06
2048 4.59e-07 1.23 1.07e-06 2.03
4096 1.38e-07 1.73 2.68e-07 2.00

Table 3.9: TP 3.3, 𝐿2 convergence history for the SBM on quasi-uniform meshes.

ℎ−1 TP 3.3 EOC
10 1.53e-02
20 3.81e-03 2.01
40 9.56e-04 1.99
80 2.39e-04 2.00

3.6 High-order finite elements

Even though the unfitted Nitsche method with PG stabilization presented thus far
achieves second-order accuracy, we can extend it to higher-order accuracy with minor
adjustments. The accuracy is currently limited by the lumped-mass 𝐿2 projection
used in the stabilization, since it remains second-order accurate even for higher-order
finite elements. By replacing the lumped-mass 𝐿2 projection operator by a more
accurate projection operator, we are able to achieve higher-order accuracy. One
suitable alternative is nodal averaging. In this approach, we compute the coefficients
g𝑗(𝑢ℎ) of g(𝑢ℎ) in (3.6) as averages of one-sided limits of gradients. For an arbitrary
node x𝑗 let 𝒯𝑗 denote the set of all elements 𝐾 ∈ 𝒯ℎ(𝛿) that share the node x𝑗. We
define the coefficents as

g𝑗(𝑢ℎ) = 1
∑𝐾∈𝒯𝑗

|𝐾|
∑

𝐾∈𝒯𝑗

|𝐾|∇𝑢ℎ|𝐾(x𝑗). (3.51)

In the case of affine elements, the definitions of the coefficients in (3.7) and (3.51)
are equivalent. However, for higher-order finite elements, using nodal averaging
ensures optimal accuracy, cf. [Don18; KQ20].
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3.6 High-order finite elements

Let us now demonstrate that optimal-order accuracy can be achieved with PG
stabilization for higher-order finite elements, when the coefficients defined in equa-
tion (3.51) are used. Therefore, we investigate the grid convergence of our sharp-
interface method with 𝛿 = 0 and compare it to the unstabilized unfitted Nitsche
method. Since the solutions of our previous test problems are quadratic in 𝑥 and 𝑦,
we have to define a new TP. For this purpose, we consider the following TP.

Test Problem 3.4. Let 𝛺 = (0, 1)2 and 𝛤 = {0.51} × (0, 1). For 𝑓(𝑥, 𝑦) = 𝑥2 and
𝑢𝑒𝑥(𝑥, 𝑦) = 𝑥4/12 find 𝑢 such that

𝛥𝑢 = 𝑓 in (0, 0.51) × (0, 1),
𝑢 = 𝑢𝑒𝑥 on {0, 0.51} × (0, 1),

∂𝑛𝑢 = 0 on (0, 0.51) × {0, 1}.

The 𝐿2 errors and EOCs for polynomial degrees 𝑝 = 1, 2, 3 are presented in Ta-
ble 3.10 for the unstabilized unfitted Nitsche method and in Table 3.11 for the
sharp interface version of our unfitted Nitsche method with PG stabilization. We
observed convergence rates of approximately 𝑝 + 1 in all cases. This demonstrates
that optimal accuracy for both methods is attained when higher-order finite ele-
ments are employed. Hence, the PG stabilization is effective in achieving high-order
convergence rates.

Table 3.10: TP 3.4, 𝐿2 convergence history of the unstabilized Nitsche method
on uniform meshes for different polynomial approximations.

ℎ−1 𝑝 = 1 EOC 𝑝 = 2 EOC 𝑝 = 3 EOC
16 4.75e-05 9.38e-07 8.40e-09
32 1.59e-05 1.58 1.06e-07 3.14 3.91e-10 4.43
64 4.13e-06 1.94 1.20e-08 3.14 2.89e-11 3.75
128 9.62e-07 2.10 1.83e-09 2.71
256 2.76e-07 1.80

47



3 PG stabilization in unfitted FEM for elliptic BVPs

Table 3.11: TP 3.4, 𝐿2 convergence history of our stabilized sharp interface
method with 𝛿 = 0 on uniform meshes for different polynomial approximations.

ℎ−1 𝑝 = 1 EOC 𝑝 = 2 EOC 𝑝 = 3 EOC
16 1.06e-04 9.52e-07 1.96e-07
32 3.33e-05 1.67 1.07e-07 3.15 1.26e-08 3.96
64 8.83e-06 1.92 1.21e-08 3.14 6.37e-10 4.31
128 2.19e-06 2.01 1.83e-09 2.73
256 5.89e-07 1.89
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4 Projected gradient stabilization in unfitted finite
element methods for elliptic interface problems

In this chapter, we turn our attention to elliptic interface problems as introduced
in Chapter 2. For accurate resolution of discontinuities across the interface, fitted
finite element methods (FEMs), as presented in Chapter 2, require the mesh to be
aligned not only with the outer geometry, but also with the internal interface. As
discussed in Chapter 3, constructing meshes fitted to the outer geometry can already
be challenging. Additionally, aligning the mesh with the internal interface further
increases the computational cost. In Chapter 3, we also discussed the need for
remeshing when using fitted FEMs to solve elliptic boundary value problems (BVPs)
within evolving domains. The same challenge arises for elliptic interface problems
with evolving interfaces or domains, which increases the overall complexity and can
negatively affect efficiency and stability.

Unfitted FEMs, also known as embedded or cut FEMs, can be used to overcome
these difficulties. While in fitted FEMs the mesh is aligned with the geometry,
in their unfitted counterparts, a fixed mesh is constructed independently of the
domain and/or interface geometry. Hence, the interface may intersect the mesh
arbitrarily. Then, suitable numerical techniques are employed to enforce the interface
conditions weakly while preserving accuracy. This approach removes the need for
mesh alignment or remeshing, making unfitted FEMs useful when solving elliptic
interface problems with complex or evolving geometries.

Building upon the foundation laid in Chapter 3, we develop and analyze a stabilized
unfitted FEM for elliptic interface problems. Stabilization is essential for ensuring
the robustness and stability of the discrete formulation, particularly in the presence
of small cut cells that might otherwise cause ill-conditioning. As in the preceding
chapter, we restrict our attention to the stationary problem to focus on the key
aspects of spatial discretization and stabilization. Time discretization of evolving
problems can be performed analogously to classical fitted FEMs, but without the
need for remeshing.

Let 𝛺 ⊂ ℝ𝑑, 𝑑 ∈ {1, 2, 3}, be a bounded Lipschitz domain. The domain 𝛺 is
subdivided into two disjoint subdomains 𝛺1 and 𝛺2 by a smooth embedded interface
𝛤. Denote by n the unit normal to 𝛤 pointing outward from 𝛺1. Recall that for a
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function 𝑣 ∶ 𝛺 → ℝ, we denote by 𝑣𝑘 its restriction to 𝛺𝑘, 𝑘 = 1, 2. As introduced in
Section 2.2, we define the jump [[𝑣]] = 𝑣1 − 𝑣2 of 𝑣 across 𝛤 and the weighted average
{𝑣} = 𝜅1𝑣1 + 𝜅2𝑣2, with nonnegative weights 𝜅1 and 𝜅2 depending on x ∈ 𝛤. For a
vector field v(x), the jump [[v]] = (v1 −v2)⋅n and the average {v} = (𝜅1v1 +𝜅2v2)⋅n
are defined in the normal direction n.

In this chapter, we consider the elliptic interface problem

−∇ ⋅ (𝜇∇𝑢) = 𝑓 in 𝛺𝑘, 𝑘 = 1, 2, (4.1a)
𝑢 = 0 on ∂𝛺, (4.1b)

[[𝑢]] = 0 on 𝛤 , (4.1c)
[[𝜇∇𝑢]] = 0 on 𝛤 , (4.1d)

where

𝜇 = {
𝜇1 in 𝛺1,
𝜇2 in 𝛺2,

with constant diffusion coefficients 𝜇𝑘 > 0 and a source term 𝑓 ∈ 𝐿2(𝛺).

This chapter has already been published in [OBK25] and is structured as follows.
We construct an unfitted FEM based on Nitsche’s method for solving the elliptic
interface problem (4.1) in Section 4.1. A stabilization term addressing potential
algebraic instabilities is introduced and analyzed in Sections 4.2 and 4.3, respectively.
A diffuse-interface variant is presented in Section 4.4 to handle difficulties associated
with the integration over sharp, unresolved interfaces. Section 4.5 reports the
results of numerical studies illustrating the performance of the proposed methods.
We conclude the chapter with an extension to convection–diffusion problems in
Section 4.6, followed by a high-order extension in Section 4.7.

4.1 Unfitted Nitsche method

To develop a numerical method for solving (4.1), let 𝒯ℎ be a regular, conforming
triangulation of the domain 𝛺. For simplicity, we assume that the triangulation is
fitted to 𝛺, that is,

⋃
𝐾∈𝒯ℎ

𝐾 = 𝛺.

In general cases, we can use the fictitious domain approach as in Section 3.1 to avoid
fitting the triangulation to the domain. Then, in addition to the steps below, we
have to follow the steps outlined in Section 3.1 to construct the numerical scheme.
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4.1 Unfitted Nitsche method

For any 𝛿 ≥ 0, we define the subtriangulations

𝒯ℎ,𝑘(𝛿) = {𝐾 ∈ 𝒯ℎ ∶ ∃ x ∈ 𝐾 such that dist(x, 𝛺𝑘) ≤ 𝛿}, 𝑘 = 1, 2,

consisting of all simplices intersecting a 𝛿-neighborhood of the respective subdo-
main 𝛺𝑘. The corresponding mesh-dependent domains are denoted by 𝛺ℎ,𝑘(𝛿) and
can be defined as

𝛺ℎ,𝑘(𝛿) = int( ⋃
𝐾∈𝒯ℎ,𝑘(𝛿)

𝐾), 𝑘 = 1, 2.

By construction, 𝛺𝑘 ⊂ 𝛺ℎ,𝑘(𝛿) for all 𝛿 ≥ 0. In particular, when 𝛿 = 0, the closure
of 𝛺ℎ,𝑘(0) is the union of all simplices that have a nonempty intersection with the
subdomain 𝛺𝑘.

Let 𝑉ℎ,𝑘(𝛿) denote the finite element spaces of continuous, piecewise affine functions
defined on the triangulations 𝒯ℎ,𝑘(𝛿), i.e.,

𝑉ℎ,𝑘(𝛿) = {𝑣ℎ ∈ 𝐶(𝛺ℎ,𝑘(𝛿)) ∶ 𝑣ℎ|𝐾 ∈ 𝑃1(𝐾) ∀ 𝐾 ∈ 𝒯ℎ,𝑘(𝛿), 𝑣ℎ = 0 on ∂𝛺∩∂𝛺ℎ,𝑘}.

Following [HH02], we formulate the standard Nitsche FEM for the elliptic interface
problem (4.1) as follows: Find 𝑢ℎ,𝑘 ∈ 𝑉ℎ,𝑘(0), 𝑘 = 1, 2, such that

∫
𝛺1

𝜇1∇𝑢ℎ,1 ⋅ ∇𝜙ℎ,1dx + ∫
𝛺2

𝜇2∇𝑢ℎ,2 ⋅ ∇𝜙ℎ,2dx − ∫
𝛤
[[𝑢ℎ]]{𝜇∇𝜙ℎ}d𝑠

− ∫
𝛤
{𝜇∇𝑢ℎ}[[𝜙ℎ]]d𝑠 + ∫

𝛤
𝛼[[𝑢ℎ]][[𝜙ℎ]]d𝑠

= ∫
𝛺1

𝑓1𝜙ℎ,1dx + ∫
𝛺2

𝑓2𝜙ℎ,2dx ∀ 𝜙ℎ,𝑘 ∈ 𝑉ℎ,𝑘(0), 𝑘 = 1, 2.

(4.2)

The averages are defined using element-wise constant weights 𝜅1, 𝜅2 representing
the volume fractions

𝜅𝑘|𝐾 = |𝐾 ∩ 𝛺𝑘|
|𝐾|

, 𝑘 = 1, 2 (4.3)

of cut elements 𝐾 ∈ 𝒯ℎ. The interior penalty parameter 𝛼 depends on the local
mesh size ℎ𝐾 = diam(𝐾) and is given by 𝛼|𝐾 = 𝛼0ℎ−1

𝐾 , where 𝛼0 = 𝑂(1) is a
sufficiently large constant.

For convenience, we introduce for 𝑢, 𝜙 ∈ 𝐻1(𝛺1) × 𝐻1(𝛺2) the bilinear form

𝑎(𝑢, 𝜙) = ∫
𝛺1

𝜇1∇𝑢1 ⋅ ∇𝜙1dx + ∫
𝛺2

𝜇2∇𝑢2 ⋅ ∇𝜙2dx

− ∫
𝛤
[[𝑢]]{𝜇∇𝜙}d𝑠 − ∫

𝛤
{𝜇∇𝑢}[[𝜙]]d𝑠 + ∫

𝛤
𝛼[[𝑢]][[𝜙]]d𝑠,

(4.4)
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and the linear form

𝑏(𝜙) = ∫
𝛺1

𝑓1𝜙1dx + ∫
𝛺2

𝑓2𝜙2dx (4.5)

to write (4.2) as the abstract problem

𝑎(𝑢ℎ, 𝜙ℎ) = 𝑏(𝜙ℎ) ∀ 𝜙ℎ ∈ 𝑉ℎ,1(0) × 𝑉ℎ,2(0). (4.6)

Recalling the definitions of jumps and averages, the interface terms can be written
as

[[𝑢ℎ]]{𝜇∇𝜙ℎ} + {𝜇∇𝑢ℎ}[[𝜙ℎ]] − 𝛼[[𝑢ℎ]][[𝜙ℎ]]
=𝑞1(𝑢ℎ,1, 𝑢ℎ,2, 𝜙ℎ,1) − 𝑞2(𝑢ℎ,1, 𝑢ℎ,2, 𝜙ℎ,2),

where

𝑞1(𝑢1, 𝑢2, 𝜙1) =(𝑢1 − 𝑢2)(𝜅1𝜇1∇𝜙1) ⋅ n + (𝜅1𝜇1∇𝑢1 + 𝜅2𝜇2∇𝑢2)𝜙1 ⋅ n
− 𝛼(𝑢1 − 𝑢2)𝜙1,

(4.7a)

𝑞2(𝑢1, 𝑢2, 𝜙2) =(𝑢2 − 𝑢1)(𝜅2𝜇2∇𝜙2) ⋅ n + (𝜅1𝜇1∇𝑢1 + 𝜅2𝜇2∇𝑢2)𝜙2 ⋅ n
+ 𝛼(𝑢2 − 𝑢1)𝜙2.

(4.7b)

Using this notation, we can express the finite element formulation (4.6) as a system
of two coupled problems: For 𝑘 = 1, 2, find 𝑢ℎ,𝑘 ∈ 𝑉ℎ,𝑘(0) such that

∫
𝛺1

𝜇1∇𝑢ℎ,1 ⋅ ∇𝜙ℎ,1dx − ∫
𝛤

𝑞1(𝑢ℎ,1, 𝑢ℎ,2, 𝜙ℎ,1)d𝑠

= ∫
𝛺1

𝑓1𝜙ℎ,1dx ∀ 𝜙ℎ,1 ∈ 𝑉ℎ,1(0),
(4.8a)

∫
𝛺2

𝜇2∇𝑢ℎ,2 ⋅ ∇𝜙ℎ,2dx + ∫
𝛤

𝑞2(𝑢ℎ,1, 𝑢ℎ,2, 𝜙ℎ,2)d𝑠

= ∫
𝛺2

𝑓2𝜙ℎ,2dx ∀ 𝜙ℎ,2 ∈ 𝑉ℎ,2(0).
(4.8b)

In the following sections, we consider stabilized versions of (4.6). To formulate
these versions as a system of two coupled problems, we can follow the same steps as
previously to express (4.6) as (4.8).
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4.2 Projected gradient stabilization

As discussed in Section 3.2, the finite element formulation (4.6) is well posed but
prone to numerical instabilities arising from the presence of small cut cells. Over
the past years, various stabilization techniques have been proposed to mitigate these
effects; see, e.g., [Bur10; LO19].

As an alternative to traditional ghost penalty (GP) stabilization, we employ the
projected gradient (PG) stabilization technique introduced for BVPs in Section 3.2.
Using this approach, we can stabilize against small cut cells while simultaneously
extending the solutions 𝑢ℎ,𝑘 into 𝛺ℎ,𝑘(𝛿) for 𝛿 > 0. The PG stabilization term for
elliptic interface problems is defined by

𝑠ℎ(𝑢, 𝜙) = ∫
𝛺ℎ,1(𝛿)

𝜇1(∇𝑢1 − g1(𝑢1)) ⋅ ∇𝜙1dx

+ ∫
𝛺ℎ,2(𝛿)

𝜇2(∇𝑢2 − g2(𝑢2)) ⋅ ∇𝜙2dx,
(4.9)

with 𝑢, 𝜙 ∈ 𝐻1(𝛺ℎ,1(𝛿)) × 𝐻1(𝛺ℎ,2(𝛿)).

Here, g𝑘(𝑢𝑘) denotes the lumped-mass 𝐿2 projection of the generally discontinuous
gradient ∇𝑢𝑘 ∈ (𝐿2(𝛺ℎ,𝑘(𝛿)))𝑑 into the finite element space (𝑉ℎ,𝑘(𝛿))𝑑 for 𝑘 =
1, 2. We compute the projections g𝑘(𝑢𝑘) locally using the nodal basis functions
{𝛹𝑗}𝑗=1,…,𝑁ℎ,𝑘

of 𝑉ℎ,𝑘(𝛿), where 𝑁ℎ,𝑘 = dim(𝑉ℎ,𝑘(𝛿)). Then

g𝑘(𝑢𝑘) =
𝑁ℎ,𝑘

∑
𝑗=1

g𝑗,𝑘(𝑢𝑘)𝛹𝑗, 𝑘 = 1, 2,

and the coefficients g𝑗,𝑘(𝑢𝑘) are explicitly calculated as

g𝑗,𝑘(𝑢𝑘) =
∫
𝛺ℎ,𝑘(𝛿)

𝛹𝑗∇𝑢𝑘dx

∫
𝛺ℎ,𝑘(𝛿)

𝛹𝑗dx
, 𝑘 = 1, 2, (4.10)

where the integration involves only simplices sharing the node x𝑗 with 𝛹𝑗(x𝑗) = 1.

By incorporating the PG stabilization term (4.9) into the finite element formula-
tion (4.6), we obtain the stabilized formulation: Find 𝑢ℎ,𝑘 ∈ 𝑉ℎ,𝑘(𝛿), 𝑘 = 1, 2, such
that

𝑎(𝑢ℎ, 𝜙ℎ) + 𝑠ℎ(𝑢ℎ, 𝜙ℎ) = 𝑏(𝜙ℎ) ∀ 𝜙ℎ ∈ 𝑉ℎ,1(𝛿) × 𝑉ℎ,2(𝛿). (4.11)
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4 PG stabilization in unfitted FEM for elliptic interface problems

Remark 4.1. As discussed in Remark 3.2, projection-based stabilizations are widely
used in finite element formulations for convection-dominated transport problems.
Therefore, it is natural to employ the same stabilization when extending the present
approach to convection–diffusion equations. In Section 4.6, a numerical example
illustrating this extension is provided.

To stabilize consistently across the entire domain, we apply the stabilization globally
in 𝛺ℎ,𝑘 rather than restricting it to a narrow band around the interface. Another,
equally important, motivation is the simplicity and robustness of the implementation.
Even though in most unfitted FEMs the GP stabilization is defined locally within a
narrow band adjacent to the interface, global formulations have also been reported in
the literature; see, e.g., [BCM15; MSW18]. In particular, the recent article [OW25]
shows that a global definition of the GP may be necessary to preserve the stability
of the numerical scheme in problems involving moving interfaces. This observation
further supports our choice of a global stabilization strategy.

Remark 4.2 (Algebraic representation). Let us now examine the algebraic structure
of the stabilization term. To this end, we consider the standard Lagrangian nodal
basis associated with the finite element spaces under consideration. Let 𝐿 denote the
matrix corresponding to the bilinear form

(∇⋅, ∇⋅)𝐿2(𝛺ℎ,1) + (∇⋅, ∇⋅)𝐿2(𝛺ℎ,2).

By construction, 𝐿 is a block-diagonal matrix composed of two standard finite element
Laplacians, each defined on 𝛺ℎ,𝑘 and subject to mixed boundary conditions.

Let 𝐵 denote the discrete gradient matrix associated with the bilinear form

(∇𝑣ℎ, wℎ)𝐿2(𝛺ℎ,1) + (∇𝑣ℎ, wℎ)𝐿2(𝛺ℎ,2),

where 𝑣ℎ ∈ 𝑉ℎ,1 × 𝑉ℎ,2 and wℎ ∈ 𝑉 𝑑
ℎ,1 × 𝑉 𝑑

ℎ,2. Furthermore, let 𝑀 represent the
lumped mass matrix corresponding to the finite element space 𝑉 𝑑

ℎ,1 × 𝑉 𝑑
ℎ,2.

Written in this notation, the matrix representation of the stabilization form 𝑠ℎ(⋅, ⋅)
is given by

𝐿 − 𝐵𝑇𝑀−1𝐵.

Thus, at the algebraic level, the stabilization can be interpreted as the difference
between the standard finite element Laplacian 𝐿 and the mixed finite element
discretization 𝐵𝑇𝑀−1𝐵 of the Laplacian operator. This interpretation highlights
the close relationship between the projection-based stabilization and the underlying
differential operator.

54



4.3 Analysis of the projected gradient stabilization

Remark 4.3. For 𝛿 = diam(𝛺), which is a valid choice, the extended subdomains
𝛺ℎ,𝑘(𝛿), 𝑘 = 1, 2, coincide with 𝛺. In that case, the spaces 𝑉ℎ,𝑘(𝛿), 𝑘 = 1, 2, coincide
with the finite element space for the entire domain. This version of the method is
particularly easy to implement in an existing finite element code because it reduces
to solving two coupled subproblems on the same mesh.

4.3 Analysis of the projected gradient stabilization

In this section, we analyze the stabilized FEM (4.11) and establish several funda-
mental properties of the PG stabilization. For the purposes of this analysis, we
assume that the mesh is shape regular and quasi-uniform. Furthermore, for the
extension width 𝛿, we impose the condition 𝛿 ≤ 𝐶ℎ, where 𝐶 ≥ 0 is a constant of
order 𝑂(1). To streamline notation, explicit references to 𝛿 are omitted in what
follows when describing extended domains and finite element spaces. In subsequent
calculations, we understand projections and inner products componentwise whenever
the arguments involve vector fields.

Following (4.10), we define the operator 𝒫ℎ,𝑘 ∶ 𝐿2(𝛺ℎ,𝑘) → 𝑉ℎ,𝑘, which maps-
functions 𝑣 ∈ 𝐿2(𝛺ℎ,𝑘) into the finite element space. The operator is expressed
as

𝒫ℎ,𝑘𝑣 =
𝑁ℎ,𝑘

∑
𝑗=1

g𝑗,𝑘(𝑣)𝛹𝑗, g𝑗,𝑘(𝑣) =
∫
𝛺ℎ,𝑘

𝑣𝛹𝑗dx

∫
𝛺ℎ,𝑘

𝛹𝑗dx
, 𝑘 = 1, 2. (4.12)

The bilinear form associated with the PG stabilization term (4.9) employs projections
given by g𝑘(𝑢𝑘) = 𝒫ℎ,𝑘∇𝑢𝑘 and can be written as

𝑠ℎ(𝑢, 𝑣) =
2

∑
𝑘=1

𝑠ℎ,𝑘(𝑢𝑘, 𝑣𝑘),

𝑠ℎ,𝑘(𝑢, 𝑣) = ∫
𝛺ℎ,𝑘

(∇𝑢 − 𝒫ℎ,𝑘∇𝑢) ⋅ ∇𝑣dx, 𝑢, 𝑣 ∈ 𝐻1(𝛺ℎ,𝑘).
(4.13)

Remark 4.4. A very similar stabilization term was used in [BNV22, Eq. (23)]. The
difference to (4.13) is that the projection operator 𝒫ℎ,𝑘 is replaced by an extension
operator 𝒫𝑎𝑔

𝑘 . In addition, the symmetric form

𝑠ℎ,𝑘(𝑢, 𝑣) = ∫
𝛺ℎ,𝑘

𝛾(∇𝑢 − 𝒫𝑎𝑔
𝑘 ∇𝑢) ⋅ (∇𝑣 − 𝒫𝑎𝑔

𝑘 ∇𝑣)dx, 𝑢, 𝑣 ∈ 𝐻1(𝛺ℎ,𝑘)

of the stabilization term with a penalty parameter 𝛾 is employed. As we show in
Lemma 4.1 below, our PG stabilization is also symmetric and positive semidefinite.
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4 PG stabilization in unfitted FEM for elliptic interface problems

We start with the proof of the following result.

Lemma 4.1. The bilinear form 𝑠ℎ,𝑘(𝑢, 𝑣) is symmetric and satisifies

𝑠ℎ,𝑘(𝑢, 𝑢) ≃ ∥∇𝑢 − 𝒫ℎ,𝑘∇𝑢∥2
0,𝛺ℎ,𝑘

+ℎ2 ∥∇𝒫ℎ,𝑘(∇𝑢)∥2
0,𝛺ℎ,𝑘

∀ 𝑢 ∈ 𝐻1(𝛺ℎ,𝑘). (4.14)

Proof. Follows from Lemma 3.1 for 𝑠ℎ,𝑘(⋅, ⋅).

The results from Lemma 4.1 imply that 𝑠ℎ,𝑘(⋅, ⋅) induces a semi-inner product.

Corollary 4.2. The bilinear form 𝑠ℎ,𝑘(⋅, ⋅) induces a semi-inner product on the
space 𝐻1(𝛺ℎ,𝑘).

In the second step, we study the stability and approximation properties of the
projection operator 𝒫ℎ,𝑘, as defined in (4.12).

Lemma 4.3. The mapping 𝒫ℎ,𝑘 is both 𝐿2 and 𝐻1 stable, i.e.,

∥𝒫ℎ,𝑘𝑣∥
0,𝛺ℎ,𝑘

≲ ‖𝑣‖0,𝛺ℎ,𝑘
and ∥∇𝒫ℎ,𝑘𝑤∥

0,𝛺ℎ,𝑘
≲ ‖∇𝑤‖0,𝛺ℎ,𝑘

for any 𝑣 ∈ 𝐿2(𝛺ℎ,𝑘), 𝑤 ∈ 𝐻1(𝛺ℎ,𝑘), 𝑘 = 1, 2. Furthermore,

∥𝑣 − 𝒫ℎ,𝑘𝑣∥
0,𝛺ℎ,𝑘

≲ ℎ ‖∇𝑣‖0,𝛺ℎ,𝑘
∀ 𝑣 ∈ 𝐻1(𝛺ℎ,𝑘).

Proof. Follows from Lemma 3.3 for 𝒫ℎ,𝑘.

We now proceed to estimate 𝑠ℎ,𝑘(𝑢, 𝑢) from below by a sum of local stabilization
terms associated with element patches. Therefore, let ℱℎ,𝑘 denote the set of internal
facets within the subtriangulation 𝒯ℎ,𝑘, and define 𝜔(𝑓) = 𝐾 ∪ 𝐾′ as the union of
two simplices sharing a facet 𝑓 ∈ ℱℎ,𝑘. We define ℎ𝑓 = max{ℎ𝐾, ℎ𝐾′} as the local
mesh size corresponding to the patch and introduce the localized stabilization

𝑠𝑓
ℎ,𝑘(𝑢, 𝑣) = ∫

𝜔(𝑓)
[(∇𝑢 − 𝒫ℎ,𝑘∇𝑢) ⋅ (∇𝑣 − 𝒫ℎ,𝑘∇𝑣)]dx

+ ℎ2
𝑓 ∫

𝜔(𝑓)
(∇𝒫ℎ,𝑘∇𝑢) ∶ (∇𝒫ℎ,𝑘∇𝑣)dx.

Then, (4.14) leads to the estimate

𝑠ℎ,𝑘(𝑢, 𝑢) ≳ ∑
𝑓∈ℱℎ,𝑘

𝑠𝑓
ℎ,𝑘(𝑢, 𝑢) ∀ 𝑢 ∈ 𝐻1(𝛺ℎ,𝑘). (4.15)

We are now ready to prove a key technical result.
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4.3 Analysis of the projected gradient stabilization

Lemma 4.4. For arbitrary 𝐾1, 𝐾2 ∈ 𝒯ℎ,𝑘 such that 𝐾1 ∪ 𝐾2 = 𝜔(𝑓) for a facet
𝑓 ∈ ℱℎ,𝑘, the following estimates hold:

‖∇𝑢‖2
0,𝐾2

≲ ‖∇𝑢‖2
0,𝐾1

+ 𝑠𝑓
ℎ,𝑘(𝑢, 𝑢) ∀ 𝑢 ∈ 𝐻1(𝛺ℎ,𝑘), (4.16)

‖𝑢ℎ‖2
0,𝐾2

≲ ‖𝑢ℎ‖2
0,𝐾1

+ ℎ2𝑠𝑓
ℎ,𝑘(𝑢ℎ, 𝑢ℎ) ∀ 𝑢ℎ ∈ 𝑉ℎ,𝑘. (4.17)

Proof. Follows from Lemma 3.4 for 𝑠𝑓
ℎ,𝑘(⋅, ⋅).

Recall that the mesh-dependent domains 𝛺ℎ,𝑘 are composed of simplices fully
contained within 𝛺𝑘, as well as layers of simplices 𝐾 ⊄ 𝛺𝑘 that intersect the
𝛿-neighborhood of the interface 𝛤. Under the assumption that 𝛿 is bounded by 𝐶ℎ,
the number of layers is finite and independent of the mesh size ℎ. As detailed in
Section 3.3, under our assumptions any simplex 𝐾 ∈ 𝒯ℎ ∩ 𝛺ℎ,𝑘 can be reached from
a strictly interior simplex by traversing a finite number of facets. Additionally, the
number of paths to 𝐾, originating from any interior simplex, remains uniformly
bounded. This observation, along with estimates (4.16) and (4.15), yields the
coercivity result

‖∇𝑢‖2
0,𝛺ℎ,𝑘

≲ ‖∇𝑢‖2
0,𝛺𝑘

+ 𝑠ℎ,𝑘(𝑢, 𝑢) ∀𝑢 ∈ 𝐻1(𝛺ℎ,𝑘). (4.18)

This coercivity property plays a crucial role when conducting stability and error
analyses for the proposed method. In addition, estimate (4.17) is particularly useful
for analyzing problems with evolving interfaces. However, such problems are beyond
the scope of this thesis. We now proceed to analyze consistency. While consistency
results for both the elliptic terms and Nitsche contributions in the finite element
formulation are well established in standard theory (cf. [Žen90; CZ98; HH02]), our
focus here is on analyzing the novel stabilization–extension term introduced in
[OBK25].

In the following step, we present continuity and consistency results for the PG
stabilization term.

Lemma 4.5. We have

𝑠ℎ,𝑘(𝑢, 𝑣) ≲ ‖𝑢‖1,𝛺ℎ,𝑘
‖𝑣‖1,𝛺ℎ,𝑘

∀ 𝑢, 𝑣 ∈ 𝐻1(𝛺ℎ,𝑘), 𝑣 ∈ 𝐻1(𝛺ℎ,𝑘), (4.19)

𝑠ℎ,𝑘(𝑢, 𝑢) ≲ ℎ2 ‖𝑢‖2
2,𝛺ℎ,𝑘

∀ 𝑢 ∈ 𝐻2(𝛺ℎ,𝑘). (4.20)

Proof. Follows from Lemma 3.5 for 𝑠ℎ,𝑘(⋅, ⋅).
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4 PG stabilization in unfitted FEM for elliptic interface problems

To formulate a convergence result, we introduce the norm

‖𝑣‖2
∗ =

2
∑
𝑘=1

{‖𝑣𝑘‖2
1,𝛺ℎ,𝑘

+ ℎ−1 ‖𝑣𝑘‖2
0,𝛤 + 𝑠ℎ,𝑘(𝑣𝑘, 𝑣𝑘)}

for 𝑣 ∈ 𝐻1(𝛺ℎ,1) × 𝐻1(𝛺ℎ,2).

There exists a bounded linear operator ℰ = ℰ𝑘 ∶ 𝐻1(𝛺𝑘) → 𝐻1(ℝ𝑑) that extends
𝑢𝑘 ∈ 𝐻1(𝛺𝑘) to a function ℰ𝑢𝑘 ∈ 𝐻1(𝛺). As shown in [Ste71], this operator is
also a bounded operator from 𝐻2(𝛺𝑘) to 𝐻2(ℝ𝑑). Where no ambiguity arises,
we identify 𝑢𝑘 with its extension ℰ𝑢𝑘 defined over the domain 𝛺 and associate
𝑢 ∈ 𝐻1(𝛺1) × 𝐻1(𝛺2) with its double extension ℰ𝑢 = (ℰ𝑢1, ℰ𝑢2).

The theorem below formulates the main convergence result for the proposed ap-
proach.

Theorem 4.6. Assume that 𝑢 ∈ 𝐻2(𝛺1) × 𝐻2(𝛺2) solves problem (4.1). We
associate with 𝑢 its double extension ℰ𝑢 = {ℰ𝑢1, ℰ𝑢2}. Assume 𝛿 ≲ ℎ for the
extension width 𝛿. Let 𝑢ℎ be a solution to (4.11). Then, for 𝛼 sufficiently large,

‖𝑢 − 𝑢ℎ‖∗ ≲ℎ
2

∑
𝑘=1

‖𝑢‖2,𝛺𝑘
, (4.21)

‖𝑢 − 𝑢ℎ‖0,𝛺+
≲ℎ2

2
∑
𝑘=1

‖𝑢‖2,𝛺𝑘
. (4.22)

Proof. Let 𝐼𝑘 denote the nodal interpolation operator for 𝛺ℎ,𝑘 and 𝐼ℎ(𝑢) ∈ 𝑉ℎ,1×𝑉ℎ,2
the componentwise nodal interpolant of 𝑢, i.e., 𝐼ℎ(𝑢) = {𝐼1(ℰ𝑢1), 𝐼2(ℰ𝑢2)}. Owing to
(4.18), standard arguments (cf. [HH02; BH12; Bur+15]) yield that, for 𝛼 sufficiently
large, the bilinear form

𝐴ℎ(𝑢, 𝑣) = 𝑎(𝑢, 𝑣) + 𝑠ℎ(𝑢, 𝑣)

is uniformly coercive and that the bilinear form 𝑎(⋅, ⋅) is continuous on the finite
element space with respect to the norm ‖⋅‖∗. Specifically, 𝐴ℎ(𝑣ℎ, 𝑣ℎ) ≳ ‖𝑣ℎ‖2

∗ for all
𝑣ℎ ∈ 𝑉ℎ and 𝑎(𝑢ℎ, 𝑣ℎ) ≲ ‖𝑢ℎ‖∗ ‖𝑣ℎ‖∗ for all 𝑢ℎ, 𝑣ℎ ∈ 𝑉ℎ. Following the arguments
leading to (3.33), we therefore have

‖𝐼ℎ(𝑢) − 𝑢ℎ‖2
∗ ≲𝐴ℎ(𝐼ℎ(𝑢) − 𝑢ℎ, 𝐼ℎ(𝑢) − 𝑢ℎ)

=𝑎(𝐼ℎ(𝑢) − 𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ) + 𝑠ℎ(𝐼ℎ(𝑢) − 𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ)
+ 𝑠ℎ(𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ),

(4.23)
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where we use the fact that 𝑢ℎ solves (4.11) and 𝑢 is a solution of (4.1). In the
next step, we use the continuity of the bilinear form 𝑎(⋅, ⋅), the interpolation error
estimate (cf., e.g., [BH12, Lemma 5] combined with Lemma 4.5)

‖𝐼ℎ(𝑢) − 𝑢‖∗ ≲ ℎ
2

∑
𝑘=1

‖ℰ𝑢‖2,𝛺ℎ,𝑘
, (4.24)

and the 𝐻2 boundedness of the extension operator ℰ, ensuring ∑2
𝑘=1 ‖ℰ𝑢‖2,𝛺ℎ,𝑘

≲

∑2
𝑘=1 ‖𝑢‖2,𝛺𝑘

. Using these results, we estimate the first term on the right-hand side
of (4.23) as

𝑎(𝐼ℎ(𝑢) − 𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ) ≲ (ℎ
2

∑
𝑘=1

‖𝑢‖2,𝛺𝑘
) ‖𝐼ℎ(𝑢) − 𝑢ℎ‖∗ . (4.25)

For the second term in (4.23), we use the continuity property (4.19) of 𝑠ℎ(⋅, ⋅), the
definition of the norm ‖⋅‖∗, and similar arguments as for the first term to conclude

𝑠ℎ(𝐼ℎ(𝑢) − 𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ) ≲ (ℎ
2

∑
𝑘=1

‖𝑢‖2,𝛺𝑘
) ‖𝐼ℎ(𝑢) − 𝑢ℎ‖∗ . (4.26)

We use Corollary 4.2 to apply the Cauchy–Schwarz inequality in the third term
on the right-hand side of (4.23). Together with the properties (4.19) and (4.20) of
𝑠ℎ(⋅, ⋅), the definition of the norm ‖⋅‖∗, and the 𝐻2 boundedness of the extension
operator ℰ, we find

𝑠ℎ(𝑢, 𝐼ℎ(𝑢) − 𝑢ℎ) ≲ ℎ
2

∑
𝑘=1

‖𝑢‖2,𝛺𝑘
‖𝐼ℎ(𝑢) − 𝑢ℎ‖∗ . (4.27)

Collecting (4.23), (4.25), (4.26), and (4.27), we conclude

‖𝐼ℎ(𝑢) − 𝑢ℎ‖2
∗ ≲ (ℎ

2
∑
𝑘=1

‖𝑢‖2,𝛺𝑘
) ‖𝐼ℎ(𝑢) − 𝑢ℎ‖∗ .

This estimate, together with the triangle inequality, the interpolation error estimate
(4.24), and the 𝐻2 boundedness of the extension operator, proves (4.21).

To prove (4.22), we now employ a duality argument. Let 𝑧 be the solution of the
following dual problem:

−∇ ⋅ (𝜇∇𝑧) = 𝑢 − 𝑢ℎ in 𝛺,
𝑧 = 0 on ∂𝛺,

[[𝑧]] = 0 on 𝛤 ,
[[𝜇∇𝑧]] = 0 on 𝛤 .

(4.28)
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It is well known, see [Kel74], that 𝑧 ∈ 𝐻2(𝛺1) × 𝐻2(𝛺2) and

2
∑
𝑘=1

‖𝑧‖2,𝛺𝑘
≲ ‖𝑢 − 𝑢ℎ‖0,𝛺 . (4.29)

Denote by 𝐼ℎ(𝑧) ∈ 𝑉ℎ,1 ×𝑉ℎ,2 the componentwise nodal interpolant of (the extension
of) 𝑧. The interpolation operator 𝐼ℎ possesses standard approximation properties,
which will be utilized in subsequent steps of the proof.

To proceed, we multiply the first equation in (4.28) by 𝑢 − 𝑢ℎ and integrate by parts.
Following the derivation of (3.44), this yields

‖𝑢 − 𝑢ℎ‖2
0,𝛺 = 𝑎(𝑢 − 𝑢ℎ, 𝑧 − 𝐼ℎ(𝑧)) + 𝑠ℎ(𝑢ℎ, 𝐼ℎ(𝑧)), (4.30)

since 𝑢 is the solution of the continuous problem (4.1), and 𝑢ℎ is the solution of the
discrete problem (4.11).

For the first term on the right-hand side of (4.30), we use the continuity of 𝑎(⋅, ⋅),
the interpolation error estimate for 𝐼ℎ(𝑧), and the 𝐻2 boundedness of the extension
operator ℰ. This yields

𝑎(𝑢 − 𝑢ℎ, 𝑧 − 𝐼ℎ(𝑧)) ≲ ℎ ‖𝑢 − 𝑢ℎ‖∗ ‖𝑢 − 𝑢ℎ‖0,𝛺 . (4.31)

We use the Cauchy–Schwarz inequality in the second term on the right-hand side of
(4.30) to obtain

𝑠ℎ(𝑢ℎ, 𝐼ℎ(𝑧)) ≲ 𝑠1/2
ℎ (𝑢ℎ, 𝑢ℎ)𝑠1/2

ℎ (𝐼ℎ(𝑧), 𝐼ℎ(𝑧)). (4.32)

Using the triangle inequality, (4.19), (4.20), and the 𝐻2 boundedness of ℰ, we deduce

𝑠1/2
ℎ (𝑢ℎ, 𝑢ℎ) ≲ ‖𝑢 − 𝑢ℎ‖∗ + ℎ

2
∑
𝑘=1

‖𝑢‖2,𝛺𝑘
. (4.33)

Using the same arguments as before, together with the interpolation error estimate
(4.24) and the stability result (4.29), we estimate

𝑠1/2
ℎ (𝐼ℎ(𝑧), 𝐼ℎ(𝑧)) ≲ ℎ ‖𝑢 − 𝑢ℎ‖0,𝛺 . (4.34)

By substituting (4.33) and (4.34) into (4.32), we obtain

𝑠ℎ(𝑢ℎ, 𝐼ℎ(𝑧)) ≲ (‖𝑢 − 𝑢ℎ‖∗ + ℎ
2

∑
𝑘=1

‖𝑢‖2,𝛺𝑘
) ℎ ‖𝑢 − 𝑢ℎ‖0,𝛺 . (4.35)
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4.3 Analysis of the projected gradient stabilization

Combining (4.30), (4.31), and (4.35), we arrive at

‖𝑢 − 𝑢ℎ‖2
0,𝛺 ≲ℎ ‖𝑢 − 𝑢ℎ‖∗ ‖𝑢 − 𝑢ℎ‖0,𝛺 + (‖𝑢 − 𝑢ℎ‖∗ + ℎ

2
∑
𝑘=1

‖𝑢‖2,𝛺𝑘
) ℎ ‖𝑢 − 𝑢ℎ‖0,𝛺

≲(‖𝑢 − 𝑢ℎ‖∗ + ℎ
2

∑
𝑘=1

‖𝑢‖2,𝛺𝑘
)ℎ ‖𝑢 − 𝑢ℎ‖0,𝛺 .

Using (4.21), we obtain

‖𝑢 − 𝑢ℎ‖2
0,𝛺 ≲ (ℎ2

2
∑
𝑘=1

‖𝑢‖2,𝛺𝑘
) ‖𝑢 − 𝑢ℎ‖0,𝛺 ,

which proves (4.22).

Remark 4.5 (Some algebraic properties). Using the notation introduced in Re-
mark 4.2 and employing a standard nodal basis, let 𝐴 denote the matrix corresponding
to the (non-stabilized) bilinear form 𝑎(⋅, ⋅). The matrix representation of the finite
element problem (4.11) is

𝐴 + 𝐿 − 𝐵𝑇𝑀−1𝐵.

Since 𝐵𝑇𝑀−1𝐵 is positive semidefinite, it follows that

𝐴 + 𝐿 − 𝐵𝑇𝑀−1𝐵 ≤ 𝐴 + 𝐿

in the spectral sense. Moreover, by the coercivity of 𝑎(⋅, ⋅) and the definition of the
norm ‖⋅‖∗, there exists a constant 𝑐 > 0, independent of the mesh size ℎ and of the
position of the interface within the mesh, such that

𝑐(𝐴 + 𝐿) ≤ 𝐴 + 𝐿 − 𝐵𝑇𝑀−1𝐵 ≤ 𝐴 + 𝐿

holds in the spectral sense. Hence, the eigenvalues of 𝐴 + 𝐿 − 𝐵𝑇𝑀−1𝐵 are bounded
from above and below by scaled versions of the eigenvalues of 𝐴 + 𝐿. This result
implies that, for a quasi-uniform mesh, the condition number of 𝐴 + 𝐿 − 𝐵𝑇𝑀−1𝐵
scales as 𝑂(ℎ−2). Furthermore, the matrix 𝐴 + 𝐿 possesses a standard sparsity
pattern, which can be efficiently exploited when constructing suitable preconditioners
for the linear systems arising from the finite element discretization.
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4 PG stabilization in unfitted FEM for elliptic interface problems

4.4 Diffuse-interface approximation

The method presented so far uses integration over sharp embedded interfaces.
However, in Section 3.4 we discussed difficulties arising from such integrations in
the context of unfitted finite element discretizations. To overcome these difficulties,
we use the methodology presented in Section 3.4.

Let us assume that the interface 𝛤 ⊂ 𝛺 is the zero level set of an level set function
𝜑 ∈ 𝐶(𝛺), i.e., 𝛤 = {x ∈ 𝛺 ∶ 𝜑(x) = 0}. Within 𝛺1, the level set function 𝜑 is
assumed to be positive, and in 𝛺2 it is negative. We further assume that 𝜑 is smooth
within an 𝑂(1) neighborhood of 𝛤 and that its gradient satisfies |∇𝜑| ≥ 𝑐 > 0 within
this region. Under these assumptions, an extended unit normal to 𝛤, pointing
outward from 𝛺1, is defined by the vector field n = − ∇𝜑

|∇𝜑| .

To integrate a quantity 𝑞 over 𝛤, we use smoothed Dirac delta functions 𝛿𝜀(𝜑),
as introduced in Section 3.4, to approximate the surface integral ∫

𝛤
𝑞(x)d𝑠 by the

volumetric integral ∫
𝛺

𝑞(x) 𝛿𝜀(𝜑(x)) |∇𝜑(x)|dx. To ensure consistency with the weak
form, we use constant extrapolation in normal direction from the interface. Using
the closest point extension operator ℰcp defined in Section 3.4 to extend the interface
terms (4.7), we also have consistency with the jump conditions (4.1c) and (4.1d).
Specifically,

ℰcp𝑞1(𝑢1, 𝑢2, 𝜙1) − ℰcp𝑞2(𝑢1, 𝑢2, 𝜙2) = 0 for x ∈ 𝛺

if

[[𝑢]] = [[𝜇∇𝑢]] = [[𝜙]] = 0 at x𝛤(x) ∈ 𝛤 .

Consequently, the contribution of the diffuse Nitsche integrals to the weak formula-
tion vanishes when the jump conditions are satisfied.

Let 𝜑ℎ ∈ 𝑉ℎ denote an approximation to 𝜑 in the finite element space. A diffuse-
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4.5 Numerical results

interface counterpart to the sharp-interface formulation (4.11) is given by

∫
𝛺ℎ,1(𝛿)

𝜇1((1 + 𝐻(𝜑ℎ))∇𝑢ℎ,1 − g1(𝑢ℎ)) ⋅ ∇𝜙ℎ,1dx

− ∫
𝛺

ℰcp(𝑢ℎ,1, 𝑢ℎ,2, 𝜙ℎ,1)𝛿𝜀(𝜑ℎ)|∇𝜑ℎ|dx

+ ∫
𝛺ℎ,2(𝛿)

𝜇1((2 − 𝐻(𝜑ℎ))∇𝑢ℎ,2 − g2(𝑢, ℎ)) ⋅ ∇𝜙ℎ,2dx

+ ∫
𝛺

ℰcp(𝑢ℎ,1, 𝑢ℎ,2, 𝜙ℎ,2)𝛿𝜀(𝜑ℎ)|∇𝜑ℎ|dx

= ∫
𝛺1

𝑓1𝜙ℎ,1dx + ∫
𝛺2

𝑓2𝜙ℎ,2dx ∀{𝜙ℎ,1, 𝜙ℎ,2} ∈ 𝑉ℎ,1(𝛿) × 𝑉ℎ,2(𝛿).

(4.36)

This formulation is obtained by substituting the definitions in (4.4), (4.5), and (4.9)
into (4.11) and approximating the surface integrals by volumetric integrals. Using
the Heaviside function 𝐻(𝜑ℎ), depending on the level set function, we can express
the integral over 𝛺𝑘 as an integral over 𝛺ℎ,𝑘.

4.5 Numerical results

This section presents results of numerical experiments for the unfitted FEM with PG
stabilization applied to the elliptic interface problem (4.1) in two spatial dimensions.
We consider several configurations of the diffusion coefficient 𝜇, the right-hand side
𝑓, boundary conditions, and interface geometries. The 𝐿2 error for an unfitted finite
element approximation on 𝛺 is defined by

‖𝑢ℎ − 𝑢‖0,𝛺 = √∫
𝛺

(𝐻(𝜑)𝑢ℎ,1 + (1 − 𝐻(𝜑ℎ))𝑢ℎ,2 − 𝑢)2 dx,

with a Heaviside function 𝐻(𝜑) based on the level set description.

Following [ZT10], we use an Gaussian approximation of the Dirac delta function in
the tests involving the diffuse-interface approximation. Hence,

𝛿𝜀(𝜑) = 1
𝜀

√𝜋
9

exp (−𝜋2𝜑2

9𝜀2 ) ,

where 𝜀 = 𝑂(ℎ).

All computations were performed using a custom C++ implementation based on the
open-source finite element library MFEM [DK10b; And+21; And+24]. Visualization
was carried out with GlVis [DK10a] and ParaView [AGL05; Aya15].
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4 PG stabilization in unfitted FEM for elliptic interface problems

4.5.1 Straight interface and smooth solution

In the first numerical test, we apply the proposed methods to a Test Problem (TP)
featuring a smooth exact solution and a straight interface. The TP is defined as
follows.

Test Problem 4.1. Let 𝛺 = (0, 1)2 and 𝛤 = {(𝑥, 𝑦) ∈ 𝛺 ∶ 𝑥 = 0.51}. Set
𝜇1 = 10−8, 𝜇2 = 1 and 𝑓1 = 2 ⋅ 10−8, 𝑓2 = 2. For 𝑢𝑒𝑥 = {𝑢1, 𝑢2} with

𝑢1(𝑥, 𝑦) = (𝑥 − 0.01)(1.01 − 𝑥) = 𝑢2(𝑥, 𝑦),

find 𝑢 such that
−∇ ⋅ (𝜇∇𝑢) = 𝑓 in 𝛺,

𝑢 = 𝑢𝑒𝑥 on {0, 1} × (0, 1),
∂𝑛𝑢 = 0 on (0, 1) × {0, 1},
[[𝑢]] = 0 on 𝛤 ,

[[𝜇∇𝑢]] = 0 on 𝛤 .

This TP is called quasi-one-dimensional since the exact solution is independent of
𝑦. In addition to the convergence rate, we studied the dependence of the 𝐿2 error
on the extension-width parameter 𝛿. We ran simulations of the sharp-interface and
diffuse-interface variants of the unfitted FEM with PG stabilization on successively
refined uniform grids. For the sharp-interface formulation, we used 𝛿 = 0 and
𝛿 = 6ℎ, while for the diffuse-interface formulation, we used 𝛿 = 6ℎ and 𝛿 = 𝑑𝛺,
where 𝑑𝛺 = diam(𝛺). The 𝐿2 errors and experimental orders of convergence are
reported in Table 4.1. For comparison, we also ran simulations with the Hansbo &
Hansbo (H2) method (see [HH02]), corresponding to (4.6); we list the results in the
first two columns of Table 4.5. In addition, we tested the sharp-interface version
with 𝛿 = 6ℎ on a sequence of quasi-uniform meshes. The coarsest of these meshes is
shown in Fig. 3.2. The results obtained on quasi-uniform meshes are summarized
in Table 4.2. We see almost no dependence on the extension-width parameter 𝛿.
The observed experimental order of convergence (EOC) is approximately two in all
cases. Numerical solutions obtained on a uniform mesh with ℎ = 1/1024 are shown
in Fig. 4.1. In all cases, we see a smooth transition without any oscillations between
𝑢1 and 𝑢2 at the interface.

4.5.2 Straight interface and non-smooth solution

The second example features a non-smooth exact solution with a kink across
the interface, while using the same domain and interface as the previous TP.
Following [HH02], we define the TP as follows.
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4.5 Numerical results

Table 4.1: TP 4.1, 𝐿2 convergence history of stabilized methods on uniform
meshes.

ℎ−1 sharp EOC sharp EOC diffuse EOC diffuse EOC
𝛿 = 0 𝛿 = 6ℎ 𝛿 = 6ℎ 𝛿 = 𝑑𝛺

128 4.02e-05 4.02e-05 4.02e-05 4.02e-05
256 1.01e-05 1.99 1.01e-05 1.99 1.01e-05 1.99 1.01e-05 1.99
512 2.54e-06 1.99 2.54e-06 1.99 2.54e-06 1.99 2.54e-06 1.99
1024 6.35e-07 2.00 6.35e-07 2.00 6.35e-07 2.00 6.35e-07 2.00
2048 1.59e-07 2.00 1.59e-07 2.00 1.59e-07 2.00 1.59e-07 2.00
4096 3.96e-08 2.01 3.99e-08 1.99 3.98e-08 2.00 3.99e-08 1.99

Test Problem 4.2. Let 𝛺 = (0, 1)2 and 𝛤 = {(𝑥, 𝑦) ∈ 𝛺 ∶ 𝑥 = 0.51}. Set 𝜇1 = 0.5,
𝜇2 = 3 and 𝑓1 = 𝑓2 = 1. For 𝑢𝑒𝑥 = {𝑢1, 𝑢2} with

𝑢1(𝑥, 𝑦) = 9
14

(𝑥 − 0.01) − (𝑥 − 0.01)2,

𝑢2(𝑥, 𝑦) = 5
84

+ 9
84

(𝑥 − 0.01) − 1
6

(𝑥 − 0.01)2,

find 𝑢 such that
−∇ ⋅ (𝜇∇𝑢) = 𝑓 in 𝛺,

𝑢 = 𝑢𝑒𝑥 on {0, 1} × (0, 1),
∂𝑛𝑢 = 0 on (0, 1) × {0, 1},
[[𝑢]] = 0 on 𝛤 ,

[[𝜇∇𝑢]] = 0 on 𝛤 .

The analytical solution 𝑢(𝑥, 𝑦) equals 𝑢1 for 𝑥 ≤ 0.51 and 𝑢2 for 𝑥 ≥ 0.51, remains
independent of 𝑦, and exhibits a kink at 𝑥 = 0.51. Using the same configurations as
in the previous example, we ran grid-convergence studies. The 𝐿2 errors and EOCs
obtained on uniform grids for our stabilized method are reported in Table 4.3. For
comparison, the results for the unstabilized H2 method are listed in Table 4.5. In
addition to the test on uniform meshes, we ran simulations on quasi-uniform meshes.
The results obtained on these meshes are listed in Table 4.2. In all cases, we observe
second-order 𝐿2 convergence with almost no dependence on the extension-width
parameter 𝛿. Figure 4.2 displays numerical solutions obtained with ℎ = 1/1024. In
all cases, we see good agreement of 𝑢1 and 𝑢2, without any oscillations, at the
interface.
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4 PG stabilization in unfitted FEM for elliptic interface problems

Table 4.2: TP 4.1 and 4.2, 𝐿2 convergence of the sharp-interface method with
𝛿 = 0 on quasi-uniform meshes.

ℎ−1 TP 4.1 EOC 4.2 EOC
10 4.23e-03 3.09e-03
20 1.15e-03 1.88 8.36e-04 1.89
40 2.98e-04 1.94 2.16e-04 1.95
80 7.60e-05 1.98 5.50e-05 1.97
160 1.92e-05 1.98 1.39e-05 1.98
320 4.82e-06 1.99 3.48e-06 2.00
640 1.21e-06 1.99 8.72e-07 2.00

Table 4.3: TP 4.2, 𝐿2 convergence history of stabilized methods on uniform
meshes.

ℎ−1 sharp EOC sharp EOC diffuse EOC diffuse EOC
𝛿 = 0 𝛿 = 6ℎ 𝛿 = 6ℎ 𝛿 = 𝑑𝛺

128 2.91e-05 2.91e-05 2.67e-05 2.67e-05
256 7.31e-06 1.99 7.31e-06 1.99 8.29e-06 1.69 8.29e-06 1.69
512 1.83e-06 2.00 1.83e-06 2.00 1.38e-06 2.59 1.38e-06 2.59
1024 4.57e-07 2.00 4.57e-07 2.00 4.16e-07 1.73 4.16e-07 1.73
2048 1.03e-07 2.15 1.03e-07 2.15 9.79e-08 2.09 9.79e-07 2.09
4096 2.29e-08 2.17 2.29e-08 2.17 2.75e-08 1.83 2.75e-08 1.83
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4.5 Numerical results

(a) Sharp interface, 𝛿 = 0. (b) Sharp interface, 𝛿 = 6ℎ.

(c) Diffuse interface, 𝛿 = 6ℎ. (d) Diffuse interface, 𝛿 = diam 𝛺.

Figure 4.1: Numerical solutions (𝑢 in pink, extended 𝑢1 in purple, extended 𝑢2 in
orange) to TP 4.1 on a uniform grid with ℎ = 1/1024. The interface is represented
by the dashed grey line.

4.5.3 Circular interface and non-smooth solution

To demonstrate the efficiency for arbitrary interfaces, let us now apply the unfitted
FEM with PG stabilization to a fully two-dimensional configuration with a circular
interface, cf. [HH02].

Test Problem 4.3. Let 𝛺 = (−1, 1)2 and let 𝛤 be the zero level set of the signed
distance function (SDF) 𝜑(𝑥, 𝑦) = 0.75 − √𝑥2 + 𝑦2. Set 𝜇1 = 1, 𝜇2 = 103 and
𝑓1 = 𝑓2 = 4. For 𝑢𝑒𝑥 = {𝑢1, 𝑢2} with

𝑢1(𝑥, 𝑦) = 𝑥2 − 𝑦2,

𝑢2(𝑥, 𝑦) = 𝑥2 − 𝑦2

1000
− 0.5625

1000
+ 0.5625,
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4 PG stabilization in unfitted FEM for elliptic interface problems

(a) Sharp interface, 𝛿 = 0. (b) Sharp interface, 𝛿 = 6ℎ.

(c) Diffuse interface, 𝛿 = 6ℎ. (d) Diffuse interface, 𝛿 = diam 𝛺.

Figure 4.2: Numerical solutions (𝑢 in pink, extended 𝑢1 in purple, extended 𝑢2 in
orange) to TP 4.2 on a uniform grid with ℎ = 1/1024. The interface is represented
by the dashed grey line.

find 𝑢 such that
−∇ ⋅ (𝜇∇𝑢) = 𝑓 in 𝛺,

𝑢 = 𝑢𝑒𝑥 on ∂𝛺,
[[𝑢]] = 0 on 𝛤 ,

[[𝜇∇𝑢]] = 0 on 𝛤 .

To study the grid convergence of both the sharp- and diffuse-interface versions of
the proposed method with PG stabilization, we ran simulations on successively
refined grids using the same parameter settings as above. The 𝐿2 errors and EOC
on uniform meshes are reported in Table 4.4. For comparison, the results obtained
with the unstabilized H2 method under identical conditions are listed in the last
two columns of Table 4.5. In all cases, we observed second-order 𝐿2 convergence.
Numerical solutions obtained with the diffuse-interface formulation using 𝛿 = 6ℎ
and 𝛿 = 𝑑𝛺 on a uniform mesh with ℎ = 1/512 are displayed in Figs. 4.3 and 4.4,
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4.5 Numerical results

respectively. Both solutions show good agreement of 𝑢1 and 𝑢2 along the circular
interface without the occurrence of spurious oscillations.

Table 4.4: TP 4.3, 𝐿2 convergence history of stabilized methods on uniform
meshes.

ℎ−1 sharp EOC sharp EOC diffuse EOC diffuse EOC
𝛿 = 0 𝛿 = 6ℎ 𝛿 = 6ℎ 𝛿 = 𝑑𝛺

128 2.74e-04 2.96e-04 2.90e-04 3.30e-04
256 6.87e-05 2.00 7.16e-05 2.05 6.86e-05 2.08 8.15e-05 2.02
512 1.72e-05 2.00 1.76e-05 2.02 1.61e-05 2.09 1.97e-05 2.05
1024 4.31e-06 2.00 4.35e-06 2.02 3.60e-06 2.16 4.56e-06 2.11

Table 4.5: TP 4.1 – 4.3, 𝐿2 convergence history of the H2 method on uniform
meshes.

ℎ−1 TP 4.1 EOC TP 4.2 EOC TP 4.3 EOC
128 1.03e-05 7.47e-06 1.08e-04
256 2.59e-06 1.99 1.86e-06 2.01 2.69e-05 2.01
512 6.48e-07 2.00 4.64e-07 2.00 6.72e-06 2.00
1024 1.62e-07 2.00 1.15e-07 2.01 1.69e-06 1.99
2048 4.05e-08 2.00 1.93e-08 2.57
4096 9.55e-09 2.08 4.64e-09 2.06

4.5.4 Conditioning of the system matrix

In addition to accuracy, we analyzed the sensitivity of the condition number of
the system matrix to the interface placement within the mesh. We applied the
unstabilized H2 method and the sharp-interface version of our unfitted FEM with
PG stabilization using 𝛿 = 0 to TP 4.1. To assess the sensitivity, we modified the
placement of the interface, placing it at 𝑥 = 0.5 + 10−𝑗 for 𝑗 = 2, 3, … , 8, while
keeping the mesh fixed. This placement decreased the size of the cut cells by closer
alignment between the interface and the mesh edges. The condition numbers for both
methods are listed in Table 4.6. For the unstabilized H2 method, we see significant
increases in the condition number as the cut cells become smaller, whereas for the
method with PG stabilization the condition number remains uniformly bounded.
This demonstrates the stabilizing effect of the bilinear form 𝑠ℎ(⋅, ⋅).
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4 PG stabilization in unfitted FEM for elliptic interface problems

(a) extended 𝑢1 (b) 𝑢 (c) extended 𝑢2

Figure 4.3: Numerical solutions to TP 4.3 (uniform mesh, ℎ = 1/512, diffuse-
interface method, 𝛿 = 6ℎ). First row: top views, the interface is represented by a
black/white line. Second row: elevation is proportional to the value of the plotted
function.

Table 4.6: Scaled condition numbers 𝜅ℎ2 of the system matrix for different
distances between the mesh-cell boundary and the domain boundary.

dist(∂𝐾, 𝛤) 1e-08 1e-07 1e-06 1e-05 1e-04 1e-03 1e-02
H2 5.48e13 5.56e11 5.56e09 5.51e07 5.05e05 2.81e03 16.37

𝛿 = 0 22.32 22.32 22.32 22.31 22.23 21.49 15.99
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4.5 Numerical results

(a) extended 𝑢1 (b) 𝑢 (c) extended 𝑢2

Figure 4.4: Numerical solutions to TP 4.3 (uniform mesh, ℎ = 1/512, diffuse-
interface method, 𝛿 = 𝑑𝛺). First row: top views, the interface is represented by
a black line. Second row: elevation is proportional to the value of the plotted
function.
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4 PG stabilization in unfitted FEM for elliptic interface problems

4.6 Stationary convection-diffusion problem with steep
gradients

In Remark 4.1, we stated that PG stabilization can be naturally extended to
problems involving convective terms. Let us now demonstrate this using a stationary
convection-diffusion problem with steep gradients. We consider the partial differential
equation (PDE)

v ⋅ ∇𝑢 − ∇ ⋅ (𝜇∇𝑢) = 0 in 𝛺𝑘, 𝑘 = 1, 2,
𝑢 = 𝑔𝐷 on ∂𝛺,

[[𝑢]] = 0 on 𝛤 ,
[[v𝑢 − 𝜇∇𝑢]] = 0 on 𝛤 ,

where v ∈ ℝ𝑑 is a constant velocity and 𝑔𝐷 denotes Dirichlet data on ∂𝛺.

To extend the sharp-interface formulation, we add the convective contribution

v ⋅ [∫
𝛺1

∇𝑢ℎ,1𝜙ℎ,1dx + ∫
𝛺2

∇𝑢ℎ,2𝜙ℎ,2dx]

to the left-hand side of (4.11). In contrast to pure elliptic interface problems, we
now have to introduce a parameter for the stabilization term. Following [VRK25],
we scale the stabilization term 𝑠ℎ(⋅, ⋅) by

𝛽ℎ = max {1, |v| ℎ
2𝜇

} . (4.37)

In Example 2 of [JK07], a widely recognized benchmark for stationary convection-
diffusion problems is introduced. This problem involves the domain 𝛺 = (0, 1)2 and
the velocity vector v = (cos(−𝜋/3), sin(−𝜋/3))⊤. The Dirichlet boundary data for
this problem are given by

𝑔𝐷(𝑥, 𝑦) = {
0 if 𝑥 = 1 or 𝑦 ≤ 0.7,
1 otherwise.

Thus, 𝑔𝐷 is discontinuous at (𝑥0, 𝑦0) = (0, 0.7). The interface 𝛤 = {(𝑥, 𝑦) ∈ 𝛺 ∶
𝑎𝑥 + 𝑏𝑦 = 𝑐} is the straight line through (𝑥0, 𝑦0) parallel to v. While in the original
setup the diffusion coefficient is constant in 𝛺, we choose piecewise-constant diffusion
coefficients with 𝜇1 = 10−3 in 𝛺1 = {(𝑥, 𝑦) ∈ 𝛺 ∶ 𝑎𝑥 + 𝑏𝑦 < 𝑐} and 𝜇2 = 10−8 in
𝛺2 = {(𝑥, 𝑦) ∈ 𝛺 ∶ 𝑎𝑥 + 𝑏𝑦 > 𝑐}.
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4.6 Stationary convection-diffusion problem with steep gradients

Numerical solutions computed on a uniform mesh with ℎ = 1/1024 are depicted
in Fig. 4.5. In the plots of the solutions obtained without stabilization and with
constant stabilization, we see oscillations in the entire domain, while for 𝛽ℎ computed
with (4.37) oscillations occur only in layers at the boundary and interface. These
results highlight that failure to adequately stabilize discrete convective terms leads
to global spurious oscillations even when the effects caused by small cut cells
are cured. On the other hand, stabilizing against cut cells with the proposed
parameter 𝛽ℎ also effectively stabilizes the convective terms and confines violations
of the discrete maximum principle (DMP) to localized layers of elements with steep
gradients. Hence, no further modifications of the discretized weak form are needed.
In addition to the localization, the 3D plots in Fig. 4.5 show that the magnitude of
undershoots and overshoots is reduced. If strict adherence to the DMP is essential,
one may remove such violations entirely using algebraic flux-correction techniques;
see, e.g.,[Kuz12; BJK16; Loh+17; HKA19; KQ20; KH23].

(a) no stabilization, 𝛽ℎ = 0 (b) 𝛽ℎ = 1 (c) 𝛽ℎ = max {1, |v|ℎ/2𝜇}

Figure 4.5: Numerical solutions to the stationary interface convection-diffusion
problem (uniform mesh, ℎ = 1/2048, 𝛿 = 0). First row: top views, the interface is
represented by a white line. Second row: elevation is proportional to the value of
the plotted function.
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4 PG stabilization in unfitted FEM for elliptic interface problems

4.7 High-order finite elements

Let us now conclude this chapter with a high-order extension. As discussed in
Section 3.6, the approach using lumped-mass 𝐿2 projection achieves at most second-
order accuracy. Following the idea for the high-order extension in PG stabilization
for elliptic BVPs, we replace the lumped-mass 𝐿2 projection by nodal averaging to
attain higher-order accuracy. Then, the coefficients g𝑗,𝑘(𝑢𝑘) of g𝑘(𝑢𝑘) in (4.9) are
computed by averaging one-sided limits of the gradient ∇𝑢𝑘. Let 𝒯𝑗 denote the set
of all 𝐾 ∈ 𝒯ℎ(𝛿) sharing the node x𝑗. We define

g𝑗,𝑘(𝑢𝑘) = 1
∑𝐾∈𝒯𝑗

|𝐾|
∑

𝐾∈𝒯𝑗

|𝐾|∇𝑢𝑘|𝐾(x𝑗), 𝑘 = 1, 2. (4.38)

Recall that for affine elements the definitions for the coefficients in (4.10) and (4.38)
coincide. However, for higher-order finite elements, employing nodal averaging
ensures optimal accuracy.

Let us now demonstrate that optimal-order accuracy is attainable when using PG
stabilization with high-order finite elements. Since the solutions of the previous TPs
are piecewise quadratic in 𝑥 and 𝑦, we define a new TP with a piecewise quartic
solution and a straight interface.

Test Problem 4.4. Let 𝛺 = (0, 1)2 and 𝛤 = {0.51} × (0, 1). For 𝜇1 = 0.5, 𝜇2 = 2,
𝑓1(𝑥, 𝑦) = 4(𝑥 − 0.01)2, 𝑓2(𝑥, 𝑦) = 108/11(𝑥 − 0.01)2 and 𝑢𝑒𝑥 = {𝑢1, 𝑢2} with

𝑢1(𝑥, 𝑦) = 7
12

(𝑥 − 0.01)2 − 2
3

(𝑥 − 0.01)4,

𝑢2(𝑥, 𝑦) = 25
176

+ 47
176

(𝑥 − 0.01)2 − 9
22

(𝑥 − 0.01)4,

find 𝑢 such that
−∇ ⋅ (𝜇∇𝑢) = 𝑓 in 𝛺,

𝑢 = 𝑢𝑒𝑥 on {0, 1} × (0, 1),
∂𝑛𝑢 = 0 on (0, 1) × {0, 1},
[[𝑢]] = 0 on 𝛤 ,

[[𝜇∇𝑢]] = 0 on 𝛤 .

We used (4.38) to compute the coefficients and ran grid-convergence studies for the
H2 method and the sharp-interface method with PG stabilization using 𝛿 = 0. The
𝐿2 errors and EOCs for polynomial degrees 𝑝 = 1, 2, 3 are listed in Table 4.7 for the
unstabilized method and in Table 4.8 for the stabilized method. In all scenarios, we
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4.7 High-order finite elements

see a convergence rate of 𝑝 + 1. This indicates that optimal-order convergence is
attained for both methods when high-order finite elements are used. Therefore, PG
stabilization is effective also for high-order finite element approximations.

Table 4.7: TP 4.4, 𝐿2 convergence history of the unstabilized Nitsche method on
uniform meshes for different polynomial approximations.

ℎ−1 H2 EOC H2 EOC H2 EOC
𝑝 = 1 𝑝 = 2 𝑝 = 3

32 1.67e-04 9.79e-07 3.60e-09
64 4.19e-05 1.99 1.24e-07 2.98 2.26e-10 3.99
128 1.05e-05 2.00 1.56e-08 2.99 1.42e-11 3.99
256 2.63e-06 2.00 1.95e-09 3.00
512 6.57e-07 2.00

Table 4.8: TP 4.4, 𝐿2 convergence history of our stabilized sharp-interface method
with 𝛿 = 0 on uniform meshes for different polynomial approximations.

ℎ−1 sharp EOC sharp EOC sharp EOC
𝑝 = 1 𝑝 = 2 𝑝 = 3

32 6.51e-04 9.92e-07 6.05e-09
64 1.70e-04 1.94 1.24e-07 3.00 3.86e-10 3.97
128 4.35e-05 1.97 1.56e-08 2.99 2.45e-11 3.99
256 1.10e-05 1.98 1.95e-09 3.00
512 2.77e-06 1.99
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5 Modeling and simulating tumor growth

In Chapter 1, we already discussed the importance of mathematical models to
understand tumor dynamics. Taking different influences into account, these models
provide insights into different aspects of the tumor growth. In order to fully
understand tumor growth, it is not sufficient to formulate mathematical models. It
is important to study these models both analytically and numerically. Theoretical
studies of the models allow simplifications, yield general predictions and can be
used to verify the models. In contrast, numerical studies give us the opportunity to
make concrete predictions for specific data. However, before such simulations can
be applied in biology or medicine, the numerical schemes must be verified.

In this chapter, we focus on a tumor growth model introduced in [EKS19]. The
model describes the nutrient-driven evolution of a tumor while neglecting other
influencing factors. In this model, the tumor is taken to consist of two main regions.
The inner region, also called the necrotic core, lacks nutrients required for growth
and therefore contains mainly dead tumor cells. This necrotic core is surrounded by
a thin rim of actively proliferating cells. It is important to note that we do not seek
biological accuracy here. We rather establish properties of simple formulations and
show how numerical methods can be applied to such problems. While adding to the
complexity, additional influencing factors can be incorporated into the model.

In Section 5.1, we introduce the tumor model and employ the concept of formal
asymptotic expansions to derive a thin-rim limit model. A rigorous proof for
this limit process is given in Section 5.2 for stationary rotationally symmetric
solutions. We discretize a generalized form of the thin-rim limit problem using
an unfitted finite element method (FEM) in Section 5.3 and adopt the projected
gradient (PG) stabilization introduced in Chapter 3. The chapter concludes with
numerical examples in Section 5.4. Using some of the test cases introduced in
[EKS19], we compare the numerical solutions obtained with our unfitted FEM with
PG stabilization to the results obtained with the parametric finite element scheme
and the diffuse interface scheme introduced in [EKS19]. In addition, we study the
convergence of our method numerically.
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5 Modeling and simulating tumor growth

5.1 Modeling tumor growth

Let 𝑈 ⊂ ℝ𝑑 be a bounded domain. Within 𝑈, let 𝛺(𝑡) be a smooth bounded,
time-dependent domain that remains compactly contained. By 𝛤(𝑡) we denote
the boundary of 𝛺(𝑡) and by n the outer unit normal. We define the space-
time domain as 𝑍 = {(𝑥, 𝑡) ∶ 𝑥 ∈ 𝛺(𝑡)}, with its spatial boundary denoted by
∂𝑍 = {(𝑥, 𝑡) ∶ 𝑥 ∈ 𝛤(𝑡)}.

Let 𝑛 and 𝑚 denote the volume fractions of living and dead tumor cells, respectively.
In addition, denote by 𝑐 the nutrient concentration. Following [EKS19], we can
formulate a dimensionless model that describes tumor growth as

∂𝑡𝑛 + ∇ ⋅ (v𝑛) = (𝑘𝑏(𝑐) − 𝑘𝑑(𝑐))𝑛 in 𝑍, (5.1a)
∂𝑡𝑚 + ∇ ⋅ (v𝑚) = 𝑘𝑑(𝑐)𝑛 − 𝜀𝜆𝑚 in 𝑍, (5.1b)

𝑛 + 𝑚 = 1 in 𝑍, (5.1c)
𝜀2∇ ⋅ (𝐷(𝑛)∇𝑐) = 𝐾(𝑐)𝑛 in 𝑍, (5.1d)

v = −∇𝑝
𝜇(𝑛; 𝜀)

in 𝑍, (5.1e)

𝑛(⋅, 0) = 1 in 𝛺(0), (5.1f)
𝑐 = 1 on ∂𝑍, (5.1g)
𝑝 = −𝜀2𝛾(𝑛)𝜅 on ∂𝑍, (5.1h)

𝑞n = v ⋅ n on ∂𝑍. (5.1i)

Biological interpretations of the functions and variables are provided in Table 5.1.

This model describes the nutrient-driven birth and death of tumor cells, as well as
the degradation of necrotic cells. Since the nutrient transport occurs on a faster time
scale than proliferation and death of cells, we treat this problem as quasi-steady.
The dynamic evolution of the tumor is driven by the pressure within the tumor.

In (5.1), we introduced the scaling parameter 𝜀 leading to a distinguished limit
model as 𝜀 → 0. Additionally, we assume

𝜇(𝑛; 𝜀) ∼ 𝜇0(𝑛) for 𝑛 = 𝑂(1), 𝑛 > 0, 𝜇(0; 𝜀) ∼ 𝜀𝜇1 as 𝜀 → 0, (5.2)

with a constant 𝜇1 to converge to that limit. This assumption is justified by the
observation that necrotic material exhibits significantly lower viscosity compared to
living tissue.

Before we derive a limit model by employing formal asymptotic expansions, we
establish bounds for the densities of living tumor cells 𝑛 and necrotic tumor cells
𝑚.
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5.1 Modeling tumor growth

Table 5.1: Biological interpretations in (5.1).

𝑛 volume fraction of living tumor cells
𝑚 volume fraction of dead tumor cells
𝑐 nutrient concentration within the tumor
𝛺(𝑡) tumor area
𝛤(𝑡) tumor boundary
𝑘𝑏 cellular birth rate (increasing in 𝑐)
𝑘𝑑 cellular death rate (decreasing in 𝑐)
𝜀𝜆 degradation rate of dead cells
𝐾(𝑐)/𝜀2 nutrient consumption rate
𝐷(𝑛) nutrient diffusivity
𝜇(𝑛; 𝜀) tissue viscosity
𝜀2𝛾(𝑛) cell-cell adhesion
v velocity field of the tissue movement
𝑝 tissue pressure within the tumor
𝜅 mean curvature of tumor boundary, negative for spheres
n unit outward normal of the tumor boundary
𝑞n normal velocity of the tumor boundary
𝜀 scaling parameter

Proposition 5.1. If 0 ≤ 𝑛 ≤ 1 for 𝑡 = 0, then

0 ≤ 𝑛 ≤ 1 almost everywhere in 𝛺(𝑡).

Proof. By adding equations (5.1a) and (5.1b), and using the constraint (5.1c), we
obtain

∇ ⋅ v = 𝑘𝑏(𝑐)𝑛 − 𝜀𝜆(1 − 𝑛). (5.3)

Substituting this into (5.1a) yields

∂𝑡𝑛 + v ⋅ ∇𝑛 = −𝑘𝑑(𝑐)𝑛 + 𝑛(1 − 𝑛)(𝑘𝑏(𝑐) + 𝜀𝜆). (5.4)

Let 𝑓 ∶ ℝ → ℝ be an arbitrary Lipschitz function. For the time derivative of the
integral of 𝑓(𝑛) over the domain 𝛺(𝑡) + we obtain

d
d𝑡

∫
𝛺(𝑡)

𝑓(𝑛) = ∫
𝛤(𝑡)

𝑓(𝑛)v ⋅ n + ∫
𝛺(𝑡)

𝑓 ′(𝑛)∂𝑡𝑛

= ∫
𝛺(𝑡)

𝑓 ′(𝑛)∂𝑡𝑛 + ∇ ⋅ (𝑓(𝑛)v)

= ∫
𝛺(𝑡)

𝑓 ′(𝑛)(∂𝑡𝑛 + ∇𝑛 ⋅ v) + 𝑓(𝑛)∇ ⋅ v.
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5 Modeling and simulating tumor growth

Substituting (5.3) and (5.4) into this expression yields

d
d𝑡

∫
𝛺(𝑡)

𝑓(𝑛) = ∫
𝛺(𝑡)

[−𝑘𝑑(𝑐)𝑛𝑓 ′(𝑛) + 𝑘𝑏(𝑐)𝑛 ((1 − 𝑛)𝑓 ′(𝑛) + 𝑓(𝑛))

+𝜀𝜆(1 − 𝑛) (𝑛𝑓 ′(𝑛) − 𝑓(𝑛))] .
(5.5)

To establish bounds for 𝑛, we first choose 𝑓(𝑛) = (𝑛 − 1)+ = max(0, 𝑛 − 1).
Substituting this specific choice into (5.5), we obtain

d
d𝑡

∫
𝛺(𝑡)

(𝑛 − 1)+ = ∫
𝛺(𝑡)

− (𝑘𝑑(𝑐)𝑛 − 𝜀𝜆(1 − 𝑛)) 𝜒{𝑛>1} ≤ 0,

where 𝜒{𝑛>1} is the indicator functions that equals 1 when 𝑛 > 1 and 0 otherwise.
Since the time derivative of the integral is nonpositive, it follows that 𝑛 ≤ 1 almost
everywhere in 𝛺(𝑡) for all 𝑡 > 0 if 𝑛 ≤ 1 almost everywhere in 𝛺(0). To derive a
lower bound for 𝑛 we choose 𝑓(𝑛) = (−𝑛)+ = max(0, −𝑛). Substituting this into
(5.5), we find

d
d𝑡

∫
𝛺(𝑡)

(−𝑛)+ = ∫
𝛺(𝑡)

(𝑘𝑑(𝑐)𝑛 − 𝑘𝑏(𝑐)𝑛) 𝜒{𝑛<0}

= ∫
𝛺(𝑡)

− (𝑘𝑑(𝑐) − 𝑘𝑏(𝑐)) (−𝑛)+

≤ ∫
𝛺(𝑡)

(𝑘𝑑(𝑐) − 𝑘𝑏(𝑐))− (−𝑛)+.

This implies that if 𝑛 ≥ 0 holds almost everywhere in 𝛺(0), this property remains
valid for all subsequent times 𝑡 > 0. Combining these two bounds for 𝑛, we
obtain 0 ≤ 𝑛 ≤ 1 almost everywhere in 𝛺(𝑡), provided these bounds are satisfied
initially.

This proposition, together with (5.1c), gives us the same result for the density of
dead tumor cells 𝑚.

Corollary 5.2. If 0 ≤ 𝑚 ≤ 1 holds for 𝑡 = 0, then

0 ≤ 𝑚 ≤ 1 almost everywhere in 𝛺(𝑡).

Let us now derive the limit problem as 𝜀 → 0. We follow the derivation given
in [EKS19] and refine some of the arguments therein. Before we start, we note
that the asymptotic structure of the problem consists of two distinct regions: a
boundary layer near the tissue edge and a core region. In this framework, nutrient
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5.1 Modeling tumor growth

consumption leads to a concentration of living tumor cells within the boundary
layer, while dead tumor cells dominate in the necrotic core region.

In a first step, we perform a time rescaling 𝑡 ⇝ 𝑡
𝜀 . This rescaling also implies

v ⇝ 𝜀v, 𝑞n ⇝ 𝜀𝑞n, and 𝑝 ⇝ 𝜀2𝑝. For clarity, we introduce new variables for these
rescaled quantities. We write

𝑝 = 𝜀2𝑃 , v = 𝜀V, 𝑞n = 𝜀𝑄n.

We observe that 𝑄n depends only on the position along the interface and on time 𝑡.
Furthermore, 𝑄n is assumed to be constant in the normal direction away from the
interface 𝛤(𝑡).

Using this rescaling in (5.1), we obtain

𝜀∂𝑡𝑛 + 𝜀∇ ⋅ (V𝑛) = (𝑘𝑏(𝑐) − 𝑘𝑑(𝑐))𝑛 in 𝑍, (5.6a)
𝜀∂𝑡𝑚 + 𝜀∇ ⋅ (V𝑚) = 𝑘𝑑(𝑐)𝑛 − 𝜀𝜆𝑚 in 𝑍, (5.6b)

𝑛 + 𝑚 = 1 in 𝑍, (5.6c)
𝜀2∇ ⋅ (𝐷(𝑛)∇𝑐) = 𝐾(𝑐)𝑛 in 𝑍, (5.6d)

V = −𝜀∇𝑃
𝜇(𝑛; 𝜀)

in 𝑍, (5.6e)

𝑛(⋅, 0) = 1 in 𝛺(0), (5.6f)
𝑐 = 1 on ∂𝑍, (5.6g)
𝑃 = −𝛾(𝑛)𝜅 on ∂𝑍, (5.6h)

𝑄n = V ⋅ n on ∂𝑍. (5.6i)

In particular, this implies

−𝜀2∇ ⋅ 1
𝜇(𝑛; 𝜀)

∇𝑃 = 𝜀∇ ⋅ V = 𝑘𝑏(𝑐)𝑛 − 𝜀𝜆(1 − 𝑛), (5.7)

𝜀∂𝑡𝑛 + 𝜀V ⋅ ∇𝑛 = −𝑘𝑑(𝑐)𝑛 + 𝑛(1 − 𝑛)(𝑘𝑏(𝑐) + 𝜀𝜆). (5.8)

The second equality in (5.7) is derived by adding equation (5.6a) to equation (5.6b),
while the first equality in (5.7) is obtained by calculating the divergence of the
velocity field from equation (5.6e). To derive equation (5.8), we substitute the
second equality from (5.7) into equation (5.6a).

We now consider a family of solutions to (5.6), characterized by a smooth evolution
of domains (𝛺𝜀(𝑡))𝑡>0 with smooth boundaries 𝛤𝜀(𝑡), normal velocity fields 𝑄n,𝜀,
and functions 𝑛𝜀, 𝑚𝜀, V𝜀, 𝑃𝜀, and 𝑐𝜀 defined on the spatial domain 𝑍𝜀.
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5 Modeling and simulating tumor growth

To study the asymptotic behavior as 𝜀 → 0, we assume that the solution components
can be expressed using formal asymptotic expansions. Specifically, we represent
𝑛𝜀(𝑥, 𝑡) away from the interface 𝛤𝜀(𝑡) by an outer expansion

𝑛𝜀(𝑥, 𝑡) = 𝑛(0)
𝑜 (𝑥, 𝑡) + 𝜀𝑛(1)

𝑜 (𝑥, 𝑡) + 𝜀2𝑛(2)
𝑜 (𝑥, 𝑡) + …

where 𝑛(𝑖)
𝑜 (𝑥, 𝑡) are smooth functions representing successive terms in the expan-

sion.

In addition, we assume that 𝑛𝜀(𝑥, 𝑡) can be described by an inner expansion

𝑛𝜀(𝑥, 𝑡) = 𝑛(0)(𝜉, 𝑦, 𝑡) + 𝜀𝑛(1)(𝜉, 𝑦, 𝑡) + 𝜀2𝑛(2)(𝜉, 𝑦, 𝑡) + …

within a small neighborhood of 𝛤𝜀(𝑡). Here, 𝑦 denotes the projection of the point 𝑥
onto the interface 𝛤𝜀(𝑡), while

𝜉 = 𝑑𝜀(𝑥, 𝑡)
𝜀

,

where 𝑑𝜀(𝑥, 𝑡) = − dist(𝑥, 𝛤𝜀(𝑡)), is the negative distance of 𝑥 to the interface, scaled
by 𝜀 > 0.

A similar formal expansion, again with respect to 𝛤𝜀(𝑡), is assumed for the other
solution components 𝑚𝜀(𝑥, 𝑡), V𝜀(𝑥, 𝑡), 𝑃𝜀(𝑥, 𝑡), and 𝑐𝜀(𝑥, 𝑡).

Finally, we assume that 𝛤𝜀(𝑡) converges to some smooth evolution of hypersurfaces
(𝛤 (𝑡))𝑡>0. Consequently, the signed distance function (SDF) 𝑑𝜀(𝑥, 𝑡) can be expressed
as 𝑑𝜀(𝑥, 𝑡) = 𝑑0(𝑥, 𝑡) + 𝑂(𝜀), where 𝑑0(𝑥, 𝑡) represents the negative distance to 𝛤(𝑡).
We will see below that only the zeroth-order term 𝑑0 and geometric quantities of
𝛤(𝑡) contribute up to the relevant order. For simplicity, we omit explicit references
to 𝜀-dependence in these quantities and write, for example, 𝑑 instead of 𝑑𝜀.

Using the fact that ∂𝑡𝑑(𝑥, 𝑡) = −𝑄n(𝑦(𝑥), 𝑡), we obtain for the time derivative of
the inner expansion of 𝑛𝜀

𝜀∂𝑡𝑛𝜀 = ∂𝜉𝑛(0)∂𝑡𝑑 + 𝑂(𝜀) = ∂𝜉(−𝑄n𝑛(0)) + 𝑂(𝜀).

Additionally, using 𝑉n(𝜉, 𝑦, 𝑡) = V(0)(𝜉, 𝑦, 𝑡) ⋅ n(𝑦, 𝑡), where 𝑉n represents the normal
component of the velocity at leading order, yields

𝜀∇ ⋅ (V𝜀𝑛𝜀) = 𝜀(∂𝜉(V𝜀𝑛𝜀)) ⋅ ∇𝜉
= n ⋅ ∂𝜉(𝑛(0)V(0)) + 𝑂(𝜀) = ∂𝜉(𝑛(0)𝑉n) + 𝑂(𝜀).
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Introducing 𝑊n(𝜉, 𝑦, 𝑡) = 𝑉n(𝜉, 𝑦, 𝑡) − 𝑄n(𝑦, 𝑡), equations (5.6a)–(5.6c) then yield in
terms of inner expansions to leading order

∂𝜉(𝑊n𝑛(0)) = (𝑘𝑏(𝑐(0)) − 𝑘𝑑(𝑐(0)))𝑛(0), (5.9a)
∂𝜉(𝑊n𝑚(0)) = 𝑘𝑑(𝑐(0))𝑛(0), (5.9b)

𝑛(0) + 𝑚(0) = 1, (5.9c)

and in particular
∂𝜉𝑊n = 𝑘𝑏(𝑐(0))𝑛(0). (5.10)

According to the definition above, 𝑊n depends solely on the signed distance 𝜉 to
the interface 𝛤(𝑡). In contrast, 𝑉n and 𝑃 depend not only on the distance to the
interface but also on the position along the interface and the time 𝑡. This is a
consequence of the decoupling of 𝑃 and hence of the Galilean invariance of the
problem.

Using an analogous expansion for the nutrient diffusion, we obtain

𝜀2∇ ⋅ (𝐷(𝑛𝜀)∇𝑐𝜀) = ∂𝜉(𝐷(𝑛(0))∂𝜉𝑐(0)) + 𝑂(𝜀).

Substituting this result into equation (5.6d), we find

∂𝜉(𝐷(𝑛(0))∂𝜉𝑐(0)) = 𝐾(𝑐(0))𝑛(0).

Next, assuming 𝑛(0) > 0 and using (5.2), we derive from (5.6e)

V(0) = −1
𝜇0(𝑛(0))

𝜀∂𝜉𝑃 (0)∇𝜉 = −1
𝜇0(𝑛(0))

∂𝜉𝑃 (0)n.

Consequently, the normal component of the velocity is

Vn = −1
𝜇0(𝑛(0))

∂𝜉𝑃 (0), (5.11)

and by (5.7)

−∂𝜉 ( 1
𝜇0(𝑛(0))

∂𝜉𝑃 (0)) = 𝑘𝑏(𝑐(0))𝑛(0).

The boundary conditions (5.6g)–(5.6i) imply at 𝜉 = 0

𝑐(0) = 1, 𝑃 (0) = −𝛾(𝑛(0))𝜅, 𝑊n = 0.

Using equation (5.9a) together with (5.10), we obtain for 𝑛(0)(0) = 𝑛(0)(0, 𝑦, 𝑡) from
the boundary conditions

(𝑘𝑏(1) − 𝑘𝑑(1))𝑛(0)(0) = (∂𝜉(𝑊n𝑛(0)))(0)
= (∂𝜉𝑊n)(0)𝑛(0)(0) + 𝑊n(0)(∂𝜉𝑛(0))(0)
= 𝑘𝑏(1)𝑛(0)(0)𝑛(0)(0).

83



5 Modeling and simulating tumor growth

From this, and using equation (5.9c), we deduce

𝑛(0)(0) = 𝑘𝑏(1) − 𝑘𝑑(1)
𝑘𝑏(1)

, 𝑚(0)(0) = 𝑘𝑑(1)
𝑘𝑏(1)

.

In what follows we write 𝛾0 for 𝛾(𝑛(0)).

For simplicity, we drop the index (0) and denote the derivative with respect to 𝜉 by
a prime. We derive the system

𝑊n𝑛′ = 𝑘𝑏(𝑐)𝑛(1 − 𝑛) − 𝑘𝑑(𝑐)𝑛,
𝑊 ′

n = 𝑘𝑏(𝑐)𝑛,
−(𝐷(𝑛)𝑐′)′ = −𝐾(𝑐)𝑛,

to be solved in the domain (−∞, 0), subject to the boundary conditions

𝑛(0) = 𝑘𝑏(1) − 𝑘𝑑(1)
𝑘𝑏(1)

, 𝑐(0) = 1, 𝑊n(0) = 0, 𝑊 ′
n(0) = 𝑘𝑏(1) − 𝑘𝑑(1).

Formally, this is the required number of boundary conditions for a well-posed system.
We therefore expect unique solutions 𝑛, 𝑊n, 𝑐, and 𝑚 = 1 − 𝑛 that depend solely on
𝜉.

For these solutions, we anticipate the following asymptotic behavior as 𝜉 → −∞:

𝑛 → 0, 𝑚 → 1, 𝑐 → 𝑐∞, 𝑊n → −𝑄,

where 𝑐∞ > 0 and 𝑄 > 0 are positive constants that must be determined as part of
solving the system.

Let us now turn our attention to the pressure 𝑃. By (5.11) we have

𝑃 ′ = −𝜇0(𝑛)𝑉𝜈.

Integrating this equation over (𝜉, 0) yields

−𝛾0𝜅 − 𝑃 (𝜉) = ∫
0

𝜉
−𝜇0(𝑛)𝑉n.

Using the relation 𝑉n = 𝑄n + 𝑊n we obtain

𝑃 (𝜉) = ∫
0

𝜉
𝜇0(𝑛(𝜁))(𝑄n + 𝑊n(𝜁))d𝜁 − 𝛾0𝜅

= 𝑄n ∫
0

𝜉
𝜇0(𝑛(𝜁))d𝜁 + ∫

0

𝜉
𝜇0(𝑛(𝜁))𝑊n(𝜁)d𝜁 − 𝛾0𝜅,
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5.1 Modeling tumor growth

since 𝑄n is independent of 𝜉. For 𝜉 → −∞ we have

𝑃 → 𝑎𝑄n − 𝑏 − 𝛾0𝜅,

with positive constants

𝑎 = ∫
0

−∞
𝜇0(𝑛(𝜁))d𝜁, 𝑏 = − ∫

0

−∞
𝜇0(𝑛(𝜁))𝑊n(𝜁)d𝜁.

This completes the inner expansion.

We now proceed with the outer expansion, focusing on the region far from the
interface 𝛤(𝑡). In this outer region, the living tumor cell density 𝑛 is small in orders
of 𝜀, which implies 𝑛(0)

𝑜 = 0. This is indeed justified since 𝑛 → 0 for 𝜉 → −∞ in
the inner expansion. Consequently, we derive the governing equations for the outer
variables to leading order as

∇ ⋅ V(0)
𝑜 = −𝜆, (5.12)

V(0)
𝑜 = −∇𝑃 (0)

𝑜

𝜇1
, (5.13)

and
𝛥𝑐(0)

𝑜 = 0.

The solutions in this outer region are expected to smoothly transition into those of
the inner region near 𝛤(𝑡), ensuring consistency between both expansions. Therefore,
matching with the inner expansion gives us the boundary conditions 𝑐(0)

𝑜 = 𝑐∞
and

V(0)
𝑜 ⋅ n = 𝑄n − 𝑄, (5.14)

𝑃 (0)
𝑜 = 𝑎𝑄n − 𝑏 − 𝛾0𝜅. (5.15)

Thus, by dropping the subscript index 𝑜 and superscript index (0), we have for 𝑐
that it is constant with 𝑐 = 𝑐∞. Translating (5.12)–(5.13) and (5.14)–(5.15) by 𝑏,
we obtain for the tissue pressure 𝑃

𝛥𝑃 = 𝜆𝜇1 in 𝛺(𝑡),
𝑄n = V ⋅ n + 𝑄 on 𝛤(𝑡),

𝑃 = 𝑎𝑄n − 𝛾0𝜅 on 𝛤(𝑡).
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Rewriting the boundary conditions and using (5.13) yields

𝛥𝑃 = 𝜆𝜇1 in 𝛺(𝑡), (5.16a)
𝑃
𝑎

+ 1
𝜇1

∂n𝑃 + 𝛾0𝜅
𝑎

= 𝑄 on 𝛤(𝑡), (5.16b)

𝑄n = 𝑃
𝑎

+ 𝛾0𝜅
𝑎

on 𝛤(𝑡). (5.16c)

Finally, with 𝑢 = 𝑃, 𝛼 = 𝑎, 𝑉 = 𝑄n, 𝛽 = 𝛾0/𝑎 and scaling such that 𝜇1 = 𝜆 = 1 we
derive

𝛥𝑢 = 1 in 𝛺(𝑡), (5.17a)

∇𝑢 ⋅ n + 𝑢
𝛼

+ 𝛽𝜅 = 𝑄 on 𝛤(𝑡), (5.17b)

𝑉 = 𝑢
𝛼

+ 𝛽𝜅 on 𝛤(𝑡). (5.17c)

The biological interpretations of the variables in this thin-rim limit are listed in
Table 5.2.

Table 5.2: Biological interpretations in (5.17).

𝑢 tissue pressure within the tumor
𝛺(𝑡) tumor area
𝛤(𝑡) tumor boundary
𝑉 normal velocity of the tumor boundary
𝜅 mean curvature of the tumor boundary, negative for spheres
n unit outward normal of the tumor boundary
𝛼,𝛽, 𝑄 positive constants depending on (5.1)

To analyze the behavior of the tumor model described by (5.1), we focus on studying
the thin-rim limit problem (5.17). A finite element discretization of this limit
problem is presented in Section 5.3. Subsequently, numerical studies demonstrating
the behavior and properties of the mathematical model are performed in Section
5.4.

5.2 Rigorous proof of the thin-rim limit in stationary
rotational symmetric case

We now aim to prove the convergence of solutions of (5.1) to solutions of (5.17).
For this rigorous proof, we restrict ourselves to the case of stationary rotationally
symmetric solutions and specific choices for the rates.
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5.2 Rigorous proof of the thin-rim limit

We begin with the derivation of the stationary rotationally symmetric form of (5.1)
and assume that 𝑅min ≤ 𝑅 = 𝑅𝜀 ≤ 𝑅max for 𝜀 > 0. First, we derive the rotationally
symmetric form of (5.1). As in Section 5.1, we apply a time rescaling 𝑡 ⇝ 𝑡

𝜀 and
let 𝑍 denote the space-time domain 𝑍 = {(𝑟, 𝑡) ∶ 𝑟 ∈ (0, 𝑅(𝑡))}, where 𝑟 represents
the radial coordinate. For rotationally symmetric solutions of equation (5.6), we
consider functions depending only on 𝑟 and 𝑡. We formulate (5.6) in the rotationally
symmetric form as

𝜀∂𝑡𝑛 + 𝜀1
𝑟

∂𝑟(𝑟𝑣𝑛) = (𝑘𝑏(𝑐) − 𝑘𝑑(𝑐))𝑛 in 𝑍,

𝜀∂𝑡𝑚 + 𝜀1
𝑟

∂𝑟(𝑟𝑣𝑚) = 𝑘𝑑(𝑐)𝑛 − 𝜀𝜆𝑚 in 𝑍,

𝑛 + 𝑚 = 1 in 𝑍,

𝜀2 1
𝑟

∂𝑟(𝑟𝐷(𝑛)∂𝑟𝑐) = 𝐾(𝑐)𝑛 in 𝑍,

𝑣 = −𝜀∂𝑟𝑝
𝜇(𝑛; 𝜀)

in 𝑍,

𝑛(⋅, 0) = 1 in (0, 𝑅(0)),
𝑐(𝑅(⋅), ⋅) = 1 in (0, ∞),

𝑝(𝑅(⋅), ⋅) = 𝛾(𝑛) 1
𝑅(⋅)

in (0, ∞),

𝑞(⋅) = 𝑣(𝑅(⋅)) in (0, ∞).

Here, we write 𝑛 = 𝑛𝜀(𝑟, 𝑡) and similarly for 𝑚, 𝑐, and 𝑝. The radial velocity field is
denoted by 𝑣 = 𝑣(𝑟, 𝑡), which now depends only on the radial coordinate 𝑟 and time
𝑡. To simplify notation in the following presentation, we denote radial derivatives
by a prime. Owing to the rotational symmetry and regularity assumptions, the
conditions

𝑐′(0) = 𝑝′(0) = 0

hold at the center 𝑟 = 0. These boundary conditions reflect the fact that there is no
flux at the center of symmetry in a radially symmetric configuration.
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In the case of stationary solutions, we derive

𝜀1
𝑟

(𝑟𝑣𝑛)′ = (𝑘𝑏(𝑐) − 𝑘𝑑(𝑐))𝑛 in (0, 𝑅), (5.18a)

𝜀1
𝑟

(𝑟𝑣𝑚)′ = 𝑘𝑑(𝑐)𝑛 − 𝜀𝜆𝑚 in (0, 𝑅), (5.18b)

𝑛 + 𝑚 = 1 in (0, 𝑅), (5.18c)

𝜀2 1
𝑟

(𝑟𝐷(𝑛)𝑐′)′ = 𝐾(𝑐)𝑛 in (0, 𝑅), (5.18d)

𝑣 = −𝜀𝑝′

𝜇(𝑛; 𝜀)
in (0, 𝑅). (5.18e)

These equations are subject to the boundary conditions

𝑐(𝑅) = 1, 𝑝(𝑅) = 𝛾(𝑛) 1
𝑅

, 𝑣(𝑅) = 0, (5.19a)

𝑐′(0) = 𝑝′(0) = 0. (5.19b)

By adding (5.18a) to (5.18b) and using the identity (5.18c), we derive

𝜀1
𝑟

(𝑟𝑣)′ = 𝑘𝑏(𝑐)𝑛 − 𝜀𝜆(1 − 𝑛) in (0, 𝑅). (5.20)

On the other hand, for the limit system (5.16) without rescaling we derive in the
case of stationary solutions

𝛥𝑃 = 𝜆𝜇1 in 𝛺,
𝑃 = −𝛾0𝜅 on 𝛤 ,

0 = 𝑄 − 1
𝜇1

∂n𝑃 on 𝛤 .

Therefore, in the rotational symmetric case, these equations reduce to

1
𝑟

(𝑟𝑃 ′)′ = 𝜆𝜇1 in (0, 𝑅∗), (5.21a)

𝑃 (𝑅∗) = 𝛾0
𝑅∗

, (5.21b)

𝑃 ′(𝑅∗) = 𝜇1𝑄, (5.21c)
𝑃 ′(0) = 0. (5.21d)

In what follows, we make some assumptions on the coefficients. In particular, we
assume that
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5.2 Rigorous proof of the thin-rim limit

(A1) 𝐷 is uniformly bounded from above and below,

(A2) 𝑘𝑏(𝑐) = 𝐻(𝑐 − 𝑐𝑏) with 1 > 𝑐𝑏 > 0,

(A3) 𝑘𝑑(𝑐) = 1 − 𝜎𝐻(𝑐 − 𝑐𝑑) with 1 > 𝑐𝑑 > 𝑐𝑏 > 0, 1 > 𝜎 > 0,

(A4) 𝐾(𝑐) = 𝜔(𝑐) + 𝛽𝑘𝑏(𝑐) with 𝜔(0) = 0, 𝜔(𝑐) > 0 for 𝑐 > 0, and 𝜔(𝑐) < 0 for
𝑐 < 0,

(A5) 𝜇(𝑛; 𝜀) = 𝜇0𝑛 + 𝜀𝜇1.

Remark 5.1. These assumptions are motivated by a similar tumor growth model
postulated in [WK97]. The proof of Theorem 5.3 will indeed show that some
assumptions like (A1)–(A5) are necessary for the validity of the result.

Let us now introduce the concept of weak-star convergence. For a Banach space
𝑋, we denote the dual space of 𝑋, i.e., the space of linear functionals on 𝑋, by
𝑋′ = ℒ(𝑋; ℝ). For a sequence in 𝑋′ we define weak-star convergence as follows;
see, e.g., [Alt16]).

Definition 5.1. Let (𝑥′
𝑘)𝑘∈ℕ ⊂ 𝑋′. The sequence converges weak-star to 𝑥′ ∈ 𝑋′

for 𝑘 → ∞ if for all 𝑥 ∈ 𝑋

𝑥′
𝑘(𝑥) → 𝑥′(𝑥) for 𝑘 → ∞.

We write
𝑥′

𝑘
∗

⇀ 𝑥′ for 𝑘 → ∞.

Next, we use the concept of weak-star convergence in the space 𝑋′ = 𝐿∞(0, 𝑅) as
the dual space of 𝐿1(0, 𝑅).

We are now ready to formulate our key result.

Theorem 5.3. Let Assumptions (A1)–(A5) hold. Assume that 𝑅min ≤ 𝑅 = 𝑅𝜀 ≤
𝑅max, 0 ≤ 𝑛𝜀 ≤ 1, and 𝑛𝜀(𝑅) > 0 for 𝜀 > 0. For the sequence of the pressure
component (𝑝𝜀)𝜀 of solutions of (5.18) subject to (5.19) there exists a subsequence,
also denoted by (𝑝𝜀)𝜀, such that for 𝜀 → 0 we have

𝑝𝜀
∗

⇀ 𝑝

in 𝐿∞(0, 𝑅), where 𝑝 is a translation of the solution 𝑃 of (5.21) and 𝑄 compatible
to (5.18) and (5.19) is given.
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The assumptions on 𝑛 are motivated by the biological interpretation of this variable
as well as by Proposition 5.1. Particularly, 𝑛 ≤ 1 follows directly from the proof of
Proposition 5.1.

We also obtain results for the convergence of other components of the solutions;
these results are given below. To improve readability and ensure clarity, we divide
the proof of Theorem 5.3 into several parts. First, we prove certain properties
and bounds for the components of the solutions of (5.18). These results serve as
foundations to deduce the convergence to solutions of the limit problem (5.21).

In the following lemmas, we assume that 𝑚, 𝑛, 𝑐, 𝑝, 𝑣 are the components of the
solution of (5.18). For brevity, we omit the general assumptions on 𝑅 and 𝑛 in the
lemmas; however, these assumptions are the same as in Theorem 5.3. We begin
with an explicit representation for the nutrient concentration 𝑐 and establish some
properties.

Lemma 5.4. Let Assumptions (A1), (A2), and (A4) hold. The nutrient concentra-
tion 𝑐 is monotone increasing and is explicitly given as

𝑐(𝑟) = 1 − 1
𝜀2 ∫

𝑅

𝑟

1
𝐷(𝑛(𝑠))𝑠

∫
𝑠

0
𝜌(𝐾(𝑐)𝑛)(𝜌)d𝜌d𝑠. (5.22)

In addition, 0 ≤ 𝑐 ≤ 1.

Proof. Integrating equation (5.18d) over the interval (0, 𝑟), we obtain

𝜀2(𝐷(𝑛)𝑐′)(𝑟) = 1
𝑟

∫
𝑟

0
𝜌(𝐾(𝑐)𝑛)(𝜌)d𝜌.

Performing an additional integration of this result over the interval (𝑟, 𝑅), we derive
the explicit representation

𝑐(𝑟) = 1 − 1
𝜀2 ∫

𝑅

𝑟

1
𝐷(𝑛(𝑠))𝑠

∫
𝑠

0
𝜌(𝐾(𝑐)𝑛)(𝜌)d𝜌d𝑠.

This expression establishes (5.22).

To show that 𝑐 ≥ 0 holds, assume there exists a point 𝑟1 > 0 such that 𝑐(𝑟1) = 0.
Then it follows from Assumptions (A4) and (A2) that 𝐾(𝑐(𝑟1)) = 𝜔(𝑐(𝑟1)) = 0.
Furthermore, assume 𝑐(𝑟) ≤ 0 for 0 ≤ 𝑟 < 𝑟1 and hence 𝐾(𝑐(𝑟)) = 𝜔(𝑐(𝑟)) ≤ 0.
Using the explicit representation of 𝑐′ and Assumption (A1), we find 𝑐′(𝑟) ≤ 0 for
0 ≤ 𝑟 < 𝑟1. This implies 𝑐(𝑟) = 0 for 0 ≤ 𝑟 < 𝑟1. Next, assume we have 0 < 𝑟1 < 𝑟2
with 𝑐(𝑟1) = 𝑐(𝑟2) = 0, 𝑐(𝑟) < 0 for 𝑟1 < 𝑟 < 𝑟2 and 𝑐(𝑟) ≥ 0 for 0 < 𝑟 ≤ 𝑟1. Then
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we have with the explicit representation of 𝑐′ and Assumption (A1) that 𝑐′(𝑟1) ≥ 0.
This is a contradiction to the assumption. Since the boundary condition (5.19a)
gives 𝑐(𝑅) > 0, we conclude that 𝑐(𝑟) ≥ 0 for 0 ≤ 𝑟 ≤ 𝑅.

Additionally, the explicit representation of 𝑐(𝑟) implies that 𝑐(𝑟) is monotone in-
creasing in 𝑟. Hence, the maximum is reached at 𝑅 = 𝑟. Since the boundary
condition (5.19a) specifies 𝑐(𝑅) = 1, we conclude 𝑐(𝑟) ≤ 1 for all 𝑟 ∈ (0, 𝑅). Com-
bining these results establishes the bounds 0 ≤ 𝑐 ≤ 1

Additionally, (5.22) implies

𝑐(𝑟) = 1 − 1
𝜀2 ∫

𝑅

0
𝜌𝐾(𝑐(𝜌))𝑛(𝜌) ∫

𝑅

max(𝑟,𝜌)

1
𝑠𝐷(𝑛(𝑠))

d𝑠d𝜌 (5.23)

Now we focus on the velocity. Before we derive bounds for 𝑣, we note that integrating
(5.20) over (0, 𝑟) yields

𝜀𝑟𝑣(𝑟) = ∫
𝑟

0
𝑠𝑘𝑏(𝑐(𝑠))𝑛(𝑠) − 𝑠𝜀𝜆(1 − 𝑛(𝑠))d𝑠. (5.24)

Lemma 5.5. Let Assumptions (A1)–(A4) apply. For the radial velocity 𝑣 there
exists 𝑣min independent of 𝜀, such that 𝑣min ≤ 𝑣 ≤ 0.

Proof. Integrating equation (5.18a) over (0, 𝑟), we obtain

𝜀𝑟(𝑣𝑛)(𝑟) = ∫
𝑟

0
𝑠(𝑘𝑏(𝑐(𝑠)) − 𝑘𝑑(𝑐(𝑠)))𝑛(𝑠)d𝑠. (5.25)

The monotonicity of 𝑐(𝑟), combined with the assumptions (A2) and (A3), implies
that 𝑘𝑏(𝑐(𝑠)) − 𝑘𝑑(𝑐(𝑠)) is monotone increasing in 𝑠. Using the boundary condition
(5.19a), together with equation (5.25), we obtain

0 = ∫
𝑅

0
𝑠(𝑘𝑏(𝑐(𝑠)) − 𝑘𝑑(𝑐(𝑠)))𝑛(𝑠)d𝑠.

This integral equality implies that there exists a 𝑐∗ ∈ (𝑐(0), 𝑐(𝑅)) such that

{
𝑘𝑏(𝑐) − 𝑘𝑑(𝑐) < 0 𝑐 < 𝑐∗,
𝑘𝑏(𝑐) − 𝑘𝑑(𝑐) ≥ 0 𝑐 > 𝑐∗.

Thus, there exists a minimal point 𝑟∗ ∈ (0, 𝑅), where 𝑐(𝑟∗) = 𝑐∗. In view of
this result, the right-hand side of equation (5.25) is decreasing for 𝑟 < 𝑟∗ and
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nondecreasing for 𝑟 > 𝑟∗, while for 𝑟 = 0 and 𝑟 = 𝑅, due to the boundary conditions,
the right-hand side is equal to zero. Since 𝑛(𝑟), 𝑟, 𝜀 ≥ 0, it follows from (5.25) that
𝑣(𝑟) ≤ 0.

In (5.24), we estimate

𝜀𝑟𝑣(𝑟) = ∫
𝑟

0
𝑠𝑘𝑏(𝑐(𝑠))𝑛(𝑠) − 𝑠𝜀𝜆(1 − 𝑛(𝑠))d𝑠

≥ ∫
𝑟

0
−𝑠𝜆𝜀d𝑠 = −𝜀𝜆𝑟2

2
.

Dividing through by 𝑟 > 0, we find

𝑣(𝑟) ≥ −𝜆𝑟
2

.

Since 𝑟 ≤ 𝑅, this implies
𝑣(𝑟) ≥ −𝜆𝑅

2
.

Thus, the velocity field 𝑣 is bounded below by −𝜆𝑅
2 .

The lemma above, together with Assumptions (A2) and (A3), establishes the
existence of a point 𝑟𝑏 such that 𝑐(𝑟𝑏) = 𝑐𝑏, where 𝑟𝑏 < 𝑅. Additionally, since
𝑐𝑑 ≥ 𝑐𝑏 is assumed, it establishes also the existence of 𝑟𝑑 < 𝑅 such that 𝑐(𝑟𝑑) = 𝑐𝑑.
Indeed, we find that 𝑐∗ in Lemma 5.5 is 𝑐𝑏. In particular, for 𝑐 < 𝑐𝑏 we have
𝑘𝑏(𝑐) − 𝑘𝑑(𝑐) = −1 ≤ 0 and for 𝑐 > 𝑐𝑏 we obtain 𝑘𝑏(𝑐) − 𝑘𝑑(𝑐) = 𝜎𝐻(𝑐 − 𝑐𝑑) ≥ 0.
Since 𝑐(𝑅) = 1 > 𝑐𝑑 ≥ 𝑐𝑏, Lemma 5.4 then establishes the existence of 𝑟𝑑. We
proceed with investigating some properties of the density of living tissue cells 𝑛.

Lemma 5.6. The density of living tissue cells 𝑛 at the boundary is given as

𝑛(𝑅) = 𝜎 + 𝜀𝜆
1 + 𝜀𝜆

. (5.26)

Proof. Using equation (5.18a) together with (5.20), we obtain

𝑛(𝑟)(𝑘𝑏(𝑐(𝑟))𝑛(𝑟) − 𝜀𝜆(1 − 𝑛(𝑟))) = (𝑘𝑏(𝑐(𝑟)) − 𝑘𝑑(𝑐(𝑟)))𝑛(𝑟) − 𝜀(𝑣𝑛′)(𝑟),

which then yields

𝜀(𝑣𝑛′)(𝑟) = 𝑘𝑏(𝑐(𝑟))𝑛(𝑟)(1 − 𝑛(𝑟)) + 𝜀𝜆𝑛(𝑟)(1 − 𝑛(𝑟)) − 𝑘𝑑(𝑐(𝑟))𝑛(𝑟). (5.27)

Since 𝑣(𝑅) = 0 and 𝑐(𝑅) = 1, substituting 𝑟 = 𝑅 into equation (5.27) gives

0 = 𝑘𝑏(1)𝑛(𝑅)(1 − 𝑛(𝑅)) + 𝜀𝜆𝑛(𝑅)(1 − 𝑛(𝑅)) − 𝑘𝑑(1)𝑛(𝑅),
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Factoring out 𝑛(𝑅), we obtain

𝑛(𝑅) (𝑘𝑏(1)(1 − 𝑛(𝑅)) + 𝜀𝜆(1 − 𝑛(𝑅)) − 𝑘𝑑(1)) = 0.

This implies either 𝑛(𝑅) = 0, which is a contradiction to the assumption 𝑛(𝑅) > 0,
or

𝑘𝑏(1)(1 − 𝑛(𝑅)) + 𝜀𝜆(1 − 𝑛(𝑅)) − 𝑘𝑑(1) = 0,

which then simplifies to

𝑛(𝑅) = 𝜎 + 𝜀𝜆
1 + 𝜀𝜆

.

This proves (5.26).

In a next step we use Lemma 5.4 to derive further properties for the density of
living tissue cells 𝑛.

Lemma 5.7. Let Assumptions (A1), (A2), and (A4) hold. Then,

∫
𝑅

𝑟𝑏

𝜌
𝑅

(𝑅 − 𝜌)𝑛(𝜌)d𝜌 ≤ 𝐶𝜀2.

Proof. The explicit representation (5.23) for 𝑐 implies at 𝑟 = 0 that

𝑐(0) = 1 − 1
𝜀2 ∫

𝑅

0
𝜌𝐾(𝑐(𝜌))𝑛(𝜌) ∫

𝑅

𝜌

1
𝑠𝐷(𝑛(𝑠))

d𝑠d𝜌.

Since 𝑐(0) ≥ 0 by Lemma 5.4, this implies

1 ≥ 1
𝜀2 ∫

𝑅

0
𝜌𝛽𝐻(𝑐(𝜌) − 𝑐𝑏)𝑛(𝜌) ∫

𝑅

𝜌

1
𝑠𝐷(𝑛(𝑠))

d𝑠d𝜌

≥ 𝐶 1
𝜀2 ∫

𝑅

𝑟𝑏

𝜌𝑛(𝜌) ∫
𝑅

𝜌

1
𝑠

d𝑠d𝜌

≥ 𝐶 1
𝜀2 ∫

𝑅

𝑟𝑏

𝜌
𝑅

(𝑅 − 𝜌)𝑛(𝜌)d𝜌.

Thus we conclude

∫
𝑅

𝑟𝑏

𝜌
𝑅

(𝑅 − 𝜌)𝑛(𝜌)d𝜌 ≤ 𝐶𝜀2.
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Lemma 5.8. There holds

0 ≤ ∫
𝑅

0
𝑘𝑏(𝑐(𝑟))𝑛(𝑟)𝑟d𝑟 = ∫

𝑅

0
𝑘𝑑(𝑐(𝑟))𝑛(𝑟)𝑟d𝑟 ≤ 𝜀𝜆𝑅2

2
.

Proof. Since we assume that 𝑛 ≥ 0 holds, we derive from (5.20) by integration over
(0, 𝑅)

0 = ∫
𝑅

0
𝑟(𝑘𝑏(𝑐(𝑟))𝑛(𝑟) − 𝜀𝜆(1 − 𝑛(𝑟)))d𝑟 ≥ ∫

𝑅

0
𝑘𝑏(𝑐(𝑟))𝑛(𝑟)𝑟d𝑟 − 𝜀𝜆𝑅2

2
.

This allows use to deduce the upper bound

∫
𝑅

0
𝑘𝑏(𝑐(𝑟))𝑛(𝑟)𝑟d𝑟 ≤ 𝜀𝜆𝑅2

2
.

On the other hand, since 𝑛 ≤ 1 holds by our assumption, we obtain from (5.20)

0 = ∫
𝑅

0
𝑟(𝑘𝑏(𝑐(𝑟))𝑛(𝑟) − 𝜀𝜆(1 − 𝑛(𝑟)))d𝑟 ≤ ∫

𝑅

0
𝑘𝑏(𝑐(𝑟))𝑛(𝑟)𝑟d𝑟.

Integration of (5.18a) over (0, 𝑅) gives together with the boundary condition (5.19a)

0 = ∫
𝑅

0
(𝑘𝑏 − 𝑘𝑑)(𝑐(𝑟))𝑛(𝑟)𝑟d𝑟.

This implies the same inequalities for 𝑘𝑑.

After establishing several results for the density of living tumor cells 𝑛, we now
focus on analyzing the critical point 𝑟𝑏, where the nutrient concentration 𝑐 satisfies
𝑐(𝑟𝑏) = 𝑐𝑏. In a next step, we show that the distance between 𝑟𝑏 and 𝑅 is of order
𝑂(𝜀).

Lemma 5.9. Let Assumptions (A1)–(A4) apply. Then 0 ≤ 𝑅 − 𝑟𝑏 ≤ 𝐶𝜀 with a
positive constant 𝐶 independent of 𝜀.

Proof. As shown in Lemma 5.8, we have

∫
𝑅

0
𝑘𝑑(𝑐(𝑟))𝑟𝑛(𝑟)d𝑟 = ∫

𝑅

0
𝑘𝑏(𝑐(𝑟))𝑟𝑛(𝑟)d𝑟.
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Using Assumption (A2), we obtain

∫
𝑅

0
𝑘𝑑(𝑐(𝑟))𝑟𝑛(𝑟)d𝑟 = ∫

𝑅

𝑟𝑏

𝑟𝑛(𝑟)d𝑟.

This implies, together with the assumption 𝑛 ≤ 1 that

∫
𝑅

0
𝑘𝑑(𝑐(𝑟))𝑟𝑛(𝑟)d𝑟 ≤ 𝑅(𝑅 − 𝑟𝑏).

Using Lemma 5.8 we deduce
0 ≤ 𝑅(𝑅 − 𝑟𝑏).

Owing to the assumption that 𝑅min ≤ 𝑅 ≤ 𝑅max, we conclude 0 ≤ 𝑅 − 𝑟𝑏.

To derive the second bound, we use the explicit representation of 𝑐 given in (5.23)
togehter with the Assumptions (A1) and (A2) to estimate

𝑐𝑏 =1 − 1
𝜀2 ∫

𝑅

0
𝜌𝐾(𝑐(𝜌))𝑛(𝜌) ∫

𝑅

max(𝑟𝑏,𝜌)

1
𝑠𝐷(𝑛(𝑠))

d𝑠d𝜌

≤1 − 1
𝜀2 ∫

𝑅

0
𝜌𝐾(𝑐(𝜌))𝑛(𝜌)𝑅 − max(𝑟𝑏, 𝜌)

𝑅𝐷max
d𝜌

≤1 − 𝑐0
𝜀2 (𝑅 − 𝑟𝑏)𝐾(𝑐𝑏) ∫

𝑅

𝑟𝑏

𝜌𝑛(𝜌)d𝜌

≤1 − 𝐶
𝜀

(𝑅 − 𝑟𝑏)𝐾(𝑐𝑏),

where the last estimate follows by Lemma 5.8. This shows the second bound of the
lemma.

In the next step we give a representation for the pressure 𝑝.

Lemma 5.10. Let Assumptions (A1)–(A4) apply. The pressure 𝑝 is given as

𝑝(𝑟) = 𝛾(𝑛(𝑅))
𝑅

+ 1
𝜀2 ∫

𝑅

𝑟

𝜇(𝑛(𝑠), 𝜀)
𝑠

∫
𝑠

0
𝜌(𝑘𝑏(𝑐)𝑛 − 𝜀𝜆(1 − 𝑛))(𝜌)d𝜌d𝑠.

Furthermore, 𝑝 is monotone increasing.

Proof. Using (5.18e) and (5.24), we obtain

−𝜀2𝑝′(𝑟) = 𝜇(𝑛, 𝜀)
𝑟

∫
𝑟

0
𝜌(𝑘𝑏(𝑐)𝑛 − 𝜀𝜆(1 − 𝑛))(𝜌)d𝜌.
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Next, integrating this expression for 𝑝′ over (𝑟, 𝑅) and using the boundary condition
(5.19a), we derive

𝑝(𝑟) = 𝛾(𝑛(𝑅))
𝑅

+ 1
𝜀2 ∫

𝑅

𝑟

𝜇(𝑛(𝑠), 𝜀)
𝑠

∫
𝑠

0
𝜌(𝑘𝑏(𝑐)𝑛 − 𝜀𝜆(1 − 𝑛))(𝜌)d𝜌d𝑠

= 𝛾(𝑛(𝑅))
𝑅

+ 1
𝜀2 ∫

𝑅

0
𝜌(𝑘𝑏(𝑐)𝑛 − 𝜀𝜆(1 − 𝑛))(𝜌) ∫

𝑅

max{𝜌,𝑟}

𝜇(𝑛(𝑠), 𝜀)
𝑠

d𝑠d𝜌,

and conclude

𝑝(0) = 𝛾(𝑛(𝑅))
𝑅

+ 1
𝜀2 ∫

𝑅

0
𝜌(𝑘𝑏(𝑐)𝑛 − 𝜀𝜆(1 − 𝑛))(𝜌) ∫

𝑅

𝜌

𝜇(𝑛(𝑠), 𝜀)
𝑠

d𝑠d𝜌.

Since 𝑝′ = −𝜇(𝑛,𝜀)
𝜀 𝑣 ≥ 0 holds by Lemma 5.5, 𝑝 is monotone increasing and therefore

bounded from above by 𝑝(𝑅) which is given by the boundary condition.

We are now in a position to establish some convergence results. Recall that in the
above Lemmas we omitted the index 𝜀 of 𝑅, 𝑛, 𝑣, and 𝑝. Let 𝑛𝜀, 𝑣𝜀 and 𝑝𝜀 denote
the components of the solution. In what follows we assume that 𝑅 = 𝑅𝜀 converges
to some 𝑅∗. We begin with first convergence results for the density of the living
tumor cells.

Lemma 5.11. Let Assumptions (A1)–(A4) apply. There exists a subsequence of
the sequence of solutions (𝑛𝜀)𝜀, denoted by (𝑛𝜀)𝜀 again, such that

∫
𝑅𝜀

0

𝑠
𝜀

𝑛𝜀(𝑠)𝜂(𝑠)d𝑠 → 𝜗(𝜂) = 𝛼𝜂(𝑅∗) ∀𝜂 ∈ 𝐶0(0, 𝑅max)

holds for 𝜀 → 0 with 𝛼 = lim𝜀→0 ∫𝑅𝜀

0
𝑠
𝜀𝑛𝜀(𝑠)d𝑠.

Proof. We have by (5.18a) and the assumption 𝑐𝑑 ≥ 𝑐𝑏

− ∫
𝑟𝑏

0

𝑟𝑛𝜀(𝑟)
𝜀

𝜂(𝑟)d𝑟 = ∫
𝑟𝑏

0
(𝑟𝑣𝜀𝑛𝜀)′(𝑟)𝜂(𝑟)d𝑟

= − ∫
𝑟𝑏

0
(𝑟𝑣𝜀𝑛𝜀)(𝑟)𝜂′(𝑟)d𝑟 + 𝑟𝑏𝑣𝜀(𝑟𝑏)𝑛𝜀(𝑟𝑏)𝜂(𝑟𝑏).
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Since 𝑣𝜀 is nonpositive and uniformly bounded from below by Lemma 5.5, it follows

∫
𝑟𝑏

0
(𝑟𝑣𝜀𝑛𝜀)(𝑟)𝜂′(𝑟)d𝑟 ≤ − max |𝜂′| ∫

𝑟𝑏

0
(𝑟𝑣𝜀𝑛𝜀)(𝑟)d𝑟

and
∫

𝑟𝑏

0
(𝑟𝑣𝜀𝑛𝜀)(𝑟)𝜂′(𝑟)d𝑟 ≥ max |𝜂′| ∫

𝑟𝑏

0
(𝑟𝑣𝜀𝑛𝜀)(𝑟)d𝑟.

Using Lemma 5.5, we estimate

∫
𝑟𝑏

0
(𝑟𝑣𝜀𝑛𝜀)(𝑟)𝜂′(𝑟)d𝑟 ≤ max |𝜂′|𝜆𝑅𝜀

2

2
∫

𝑟𝑏

0
𝑟𝑛𝜀(𝑟)d𝑟,

∫
𝑟𝑏

0
(𝑟𝑣𝜀𝑛𝜀)(𝑟)𝜂′(𝑟)d𝑟 ≥ − max |𝜂′|𝜆𝑅𝜀

2

2
∫

𝑟𝑏

0
𝑟𝑛𝜀(𝑟)d𝑟.

Hence Lemma 5.8 implies

−𝐶𝜀 ≤ ∫
𝑟𝑏

0
(𝑟𝑣𝜀𝑛𝜀)(𝑟)𝜂′(𝑟)d𝑟 ≤ 𝐶𝜀.

Since 𝑟𝑏 → 𝑅∗ by Lemma 5.9, we have

∫
𝑅𝜀

0

𝑟𝑛𝜀(𝑟)
𝜀

𝜂(𝑟)d𝑟 → 𝛼𝜂(𝑅∗).

This completes the proof of the lemma.

In addition to this convergence of the weighted density of living tumor cells, we can
also establish a convergence result for a different weighted density incorporating the
cellular birth rate 𝑘𝑏.

Lemma 5.12. Let Assumptions (A1)–(A4) apply. For the sequence (𝑛𝜀)𝜀 there
exists a subsequence, also denoted by (𝑛𝜀)𝜀, such that

∫
𝑅𝜀

0

𝑠
𝜀

𝑘𝑏(𝑐𝜀(𝑠))𝑛𝜀(𝑠)𝜂(𝑠)d𝑠 → ̃𝛼𝜂(𝑅∗) ∀𝜂 ∈ 𝐶0([0, 𝑅max + 1]),

holds for 𝜀 → 0 with ̃𝛼 = lim𝜀→0 ∫𝑅𝜀

0
𝑠
𝜀𝑛𝜀(𝑠)𝑘𝑏(𝑐𝜀(𝑠))d𝑠.

Proof. In Lemma 5.8 we have already shown that 1
𝜀 ∫𝑅𝜀

0
𝑠𝑘𝑏(𝑐𝜀(𝑠)𝑛𝜀(𝑠)d𝑠 is uniformly

bounded. Hence, ∫𝑅𝜀

0
𝑠
𝜀𝑘𝑏(𝑐𝜀(𝑠))𝑛𝜀(𝑠)𝜂(𝑠)d𝑠 is also uniformly bounded. Now let 𝜂
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be an arbitrary function in 𝐶0
𝑐 ([0, 𝑅∗)). Since 𝑟𝑏,𝜀 → 𝑅𝜀 by Lemma 5.9 and therefore

𝑟𝑏,𝜀 → 𝑅∗, there exists an 𝜀0 > 0 such that for 𝜀 < 𝜀0 we have 𝜂 = 0 in (𝑟𝑏,𝜀, 𝑅𝜀).
Then we conclude

∫
𝑅𝜀

0

𝑠
𝜀

𝑘𝑏(𝑐𝜀(𝑠))𝑛𝜀(𝑠)𝜂(𝑠)d𝑠 → 0.

Now let 𝜂 be an arbitrary function in 𝐶0
𝑐 ((𝑅∗, ∞)). Then we have

∫
𝑅𝜀

0

𝑠
𝜀

𝑘𝑏(𝑐𝜀(𝑠))𝑛𝜀(𝑠)𝜂(𝑠)d𝑠 = 0.

This gives the concentration at 𝑅∗.

We now establish convergence for the velocity 𝑣𝜀.

Lemma 5.13. Let Assumptions (A1)–(A4) hold and set 𝑣𝜀 ≡ 0 in (𝑅𝜀, 𝑅max + 1).
For the sequence of velocity solutions (𝑣𝜀)𝜀 there exists subsequence, denoted by (𝑣𝜀)𝜀
again, such that for 𝜀 → 0

𝑣(𝑟) → −𝜆𝑟
2

in 𝐿𝑞(0, 𝑅∗) for 𝑞 < ∞.

Proof. By (5.20) we have

𝑟𝑣(𝑟) = ∫
𝑟

0
𝑠𝑘𝑏(𝑐(𝑠))𝑛(𝑠)

𝜀
− 𝑠𝜆(1 − 𝑛(𝑠))d𝑠

and thus

∫
𝑅𝜀

0
|(𝑟𝑣𝜀(𝑟))′|d𝑟 ≤ 𝐶 < ∞.

Hence the mapping 𝑟 ↦ 𝑟𝑣𝜀(𝑟) is uniformly bounded in 𝑊 1,1(0, 𝑅max + 1) and
therefore 𝑟𝑣𝜀(𝑟) → ̃𝑣(𝑟) ∈ 𝐵𝑉 (0, 𝑅max + 1) in 𝐿𝑞(0, 𝑅max + 1), where 𝑞 < ∞ and
𝐵𝑉 (0, 𝑅max + 1) is the space of functions of bounded variation on (0, 𝑅max + 1).

Using (5.24) together with Lemma 5.12, we obtain

̃𝑣(𝑟) = −𝜆𝑟2

2

for 𝑟 < 𝑅. Hence 𝑣(𝑟) → −𝜆𝑟/2.
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The lemma above allows us to compute ̃𝛼 in Lemma 5.12. In particular, Lemma 5.11,
together with the boundary condition 𝑣𝜀(𝑅𝜀) = 0 and (5.24) imply ̃𝛼 = 𝜆𝑅2/2.

We conclude the proof of Theorem 5.3 by proving weak-star convergence of 𝑝𝜀 in
the following lemma.

Lemma 5.14. Let Assumptions (A1)–(A5) apply. Let 𝑝 ∈ 𝐶∞(0, 𝑅∗) be a solution
of

1
𝑟

(𝑟𝑝′(𝑟))′ = 𝜆𝜇1

satisfying the boundary conditions

𝑝′(0) = 0, 𝑝(𝑅∗) = 𝛽 + 𝛾0𝑅−1
∗

with a constant
𝛽 = lim

𝜀→0
∫

𝑅𝜀

𝑟

𝜇0𝑛𝜀(𝑠)
𝜀

𝑣𝜀(𝑠)d𝑠 < ∞.

Then there exists a subsequence of (𝑝𝜀)𝜀, also denoted by (𝑝𝜀)𝜀, such that for 𝜀 → 0

𝑝𝜀
∗

⇀ 𝑝

in 𝐿∞(0, 𝑅max).

Proof. We have

𝑝𝜀(𝑟) = ∫
𝑅𝜀

𝑟

𝜇(𝑛𝜀(𝑠), 𝜀)
𝜀

𝑣𝜀(𝑠)d𝑠 + 𝛾(𝑛𝜀(𝑅𝜀))
𝑅𝜀

= ∫
𝑅𝜀

𝑟
𝜇1𝑣𝜀(𝑠)d𝑠 + ∫

𝑅𝜀

𝑟

𝜇0𝑛𝜀(𝑠)
𝜀

𝑣𝜀(𝑠)d𝑠 + 𝛾(𝑛𝜀(𝑅))
𝑅𝜀

→ ∫
𝑅∗

𝑟
𝜇1𝑣(𝑠)d𝑠 + lim

𝜀→0
∫

𝑅𝜀

𝑟

𝜇0𝑛𝜀(𝑠)
𝜀

𝑣𝜀(𝑠)d𝑠 + 𝛾0
𝑅∗

.

The convergence of the first integral follows from Lemma 5.13, while the conver-
gence of 𝛾(𝑛𝜀(𝑅𝜀)) to 𝛾0 = 𝛾(𝜎) follows directly since 𝑛𝜀(𝑅𝜀) → 𝜎 by Lemma 5.6.
Additionally, the convergence of

∫
𝑅𝜀

𝑟

𝜇0𝑛𝜀(𝑠)
𝜀

𝑣𝜀(𝑠)d𝑠

for 𝜖 → 0 follows, since the integral is uniformly bounded. This limit, denoted by 𝛽,
is independent of 𝑟 by the same arguments as in Lemma 5.11.
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Furthermore, (5.18e) implies

𝑝′
𝜀(𝑟) = −𝜇0𝑛𝜀(𝑟)

𝜀
𝑣𝜀(𝑟) − 𝜇1𝑣𝜀(𝑟)

and hence Lemma 5.13 implies

𝑝𝜀(𝑟) → 𝜇1𝜆𝑟2

4
+ 𝑝(0) = 𝑝(𝑟).

This implies the convergence of 𝑝𝜀 to a solution of

1
𝑟

(𝑟𝑝′(𝑟))′ = 𝜆𝜇1

with the boundary conditions 𝑝′(0) = 0 and 𝑝(𝑅∗) = 𝛽 + 𝛾0𝑅−1
∗ .

The weak-star convergence shown in Lemma 5.14 together with a translation by 𝛽
establishes the convergence claimed in Theorem 5.3.

In addition to this convergence result, we can calculate the radius of the limit
problem from given model data. For given parameters 𝑄 and 𝜆 we obtain

𝑅∗ = 2𝑄
𝜆

.

Since 𝑄 is defined as the limit of the boundary value for 𝑣𝜖, this equation implies
the convergence of 𝑅𝜀 to 𝑅∗ for at least a subsequence under the assumption that
𝑅𝜀 is uniformly bounded. To prove the first statement, 𝑅∗ = 2𝑄/𝜆, we use the first
derivative of 𝑃

𝑃 ′(𝑟) = 1
𝑟

𝑅𝜇1 (𝑄 − 𝜆𝑅∗
2

) + 𝜆𝜇1
2

𝑟.

Since the solution is radially symmetric, 𝑃 ′(0) = 0 and therefore

𝑅∗𝜇1 (𝑄 − 𝜆𝑅∗
2

) = 0.

This condition can hold only if

𝑅∗ = 2𝑄
𝜆

.

Hence, the equation for the radius holds.
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5.3 Finite element discretization

In this section, we introduce a generalization of the thin-rim limit problem (5.17).
The generalization is achieved by introducing a parameter 𝛾 ∈ ℝ, which allows us to
remove the mean curvature term from the Robin boundary condition while retaining
it in the interface evolution. The resulting generalized model is given by

𝛥𝑢 = 1 in 𝛺(𝑡), (5.28a)

∇𝑢 ⋅ n + 𝑢
𝛼

+ 𝛽𝜅 = 𝑄 on 𝛤(𝑡), (5.28b)

𝑉 = 𝑢
𝛼

+ (𝛽 + 𝛾)𝜅 on 𝛤(𝑡). (5.28c)

As discussed in Section 2.3, computing the curvature from a level set representation
can be challenging. Several approaches have been proposed in the literature; see,
e.g, [Hys06; Hys07; GR11; TK12; RE14]. These methods rely either on recovery
strategies for the gradient (cf. [ZZ92a; ZZ92b]) or on the evaluation of Laplace–
Beltrami derivatives. To avoid the direct computation of the mean curvature, we
restrict ourselves to the case 𝛽 = 0. Nevertheless, we retain 𝛽 in the following
construction of the numerical scheme.

Before we discretize the system, we first introduce the geometric setting. We assume
that there exists a fixed computational domain 𝑈 ⊂ ℝ𝑑 such that the evolving
domain 𝛺(𝑡) remains compactly contained in 𝑈 and that 𝛤(𝑡) ∩ ∂𝑈 = ∅.

Let 𝜑 ∶ 𝑈 → ℝ denote a level set function representing the interface 𝛤(𝑡), with

𝜑(x) < 0 for x ∈ 𝛺(𝑡), 𝜑(x) = 0 for x ∈ 𝛤(𝑡), 𝜑(x) > 0 elsewhere.

The kinematic condition for the tumor boundary yields the level set evolution
equation

∂𝑡𝜑 + 𝑉n ⋅ ∇𝜑 = 0.

Substituting the velocity law (5.28c) and noting that n = ∇𝜑
|∇𝜑| , we obtain

∂𝑡𝜑 + ((𝛽 + 𝛾)𝜅 + 1
𝛼

𝑢) |∇𝜑| = 0. (5.29)

Since 𝜅 = −∇ ⋅ ∇𝜑
|∇𝜑| , the evolution of 𝜑 is governed by

∂𝑡𝜑 − (𝛽 + 𝛾)|∇𝜑|∇ ⋅ ( ∇𝜑
|∇𝜑|

) = −|∇𝜑|
𝛼

𝑢.

101



5 Modeling and simulating tumor growth

To extend the evolution into the whole domain, we have to define a proper extension
of 𝑢. We define ℰ̃cp as the closest-point extension operator, mapping a scalar quantity
𝑞 defined on 𝑈 to its value at the closest point x𝛤 on the interface, ℰ̃cp𝑞(x) = 𝑞(x𝛤).
Using this extension, we derive

∂𝑡𝜑 − (𝛽 + 𝛾)|∇𝜑|∇ ⋅ ( ∇𝜑
|∇𝜑|

) = −|∇𝜑|
𝛼

ℰ̃cp𝑢.

We impose homogeneous Neumann boundary conditions on ∂𝑈 when 𝑈 is sufficiently
large. Hence,

𝛥𝑢 = 1 in 𝛺(𝑡),

∇𝑢 ⋅ n + 𝑢
𝛼

+ 𝛽𝜅 = 𝑄 on 𝛤(𝑡),

∂𝑡𝜑 − (𝛽 + 𝛾)|∇𝜑|∇ ⋅ ( ∇𝜑
|∇𝜑|

) = −|∇𝜑|
𝛼

ℰ̃cp𝑢 in 𝑈,

∇𝜑 ⋅ n = 0 on ∂𝑈.

Multiplying with sufficiently smooth functions 𝜙 ∈ 𝐻1(𝑈) and 𝜓 ∈ 𝐻1(𝛺(𝑡)) and
integrating, we obtain

∫
𝛺(𝑡)

∇𝑢 ⋅ ∇𝜓dx + ∫
𝛤(𝑡)

1
𝛼

𝑢𝜓d𝑠 = ∫
𝛺(𝑡)

−𝜓dx + ∫
𝛤(𝑡)

(𝑄 − 𝛽𝜅)𝜓d𝑠, (5.30a)

∫
𝑈

∂𝑡𝜑
|∇𝜑|

𝜙 + (𝛽 + 𝛾)∇𝜑 ⋅ ∇𝜙
|∇𝜑|

dx = ∫
𝑈

ℰ̃cp𝑢
𝛼

𝜙dx. (5.30b)

To begin with the discretization, consider a conforming triangulation 𝒯ℎ of 𝑈. For
simplicity, we assume that 𝒯ℎ is fitted to 𝑈, i.e., ⋃𝐾∈𝒯ℎ

𝐾 = 𝑈. We define the
time-dependent subtriangulation

𝒯ℎ(𝛺(𝑡)) = {𝐾 ∈ 𝒯ℎ ∶ 𝐾 ∩ 𝛺(𝑡) ≠ ∅},

consisting of all simplices intersecting 𝛺(𝑡), and time-dependent domain

𝛺ℎ(𝑡) = int( ⋃
𝐾∈𝒯ℎ(𝛺(𝑡))

𝐾).

Let 𝑉ℎ denote the finite element space of continuous piecewise affine functions
defined on the triangulation 𝒯ℎ. This finite element space is defined by

𝑉ℎ = {𝑣ℎ ∈ 𝐶(𝑈) ∶ 𝑣ℎ|𝐾 ∈ 𝑃1(𝐾) ∀ 𝐾 ∈ 𝒯ℎ}.
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Denote by 𝑉 ′
ℎ(𝑡) finite element space of continuous piecewise affine functions defined

on the sub-triangulation 𝒯ℎ(𝛺(𝑡)). The semi-discrete form of (5.30) then reads as:
For 𝑡 > 0 find (𝑢ℎ(⋅, 𝑡), 𝜑ℎ(⋅, 𝑡)) ∈ 𝑉 ′

ℎ(𝑡) × 𝑉ℎ such that

∫
𝛺(𝑡)

∇𝑢ℎ ⋅ ∇𝜓ℎdx + ∫
𝛤(𝑡)

1
𝛼

𝑢ℎ𝜓ℎd𝑠

= ∫
𝛺(𝑡)

−𝜓ℎdx + ∫
𝛤(𝑡)

(𝑄 − 𝛽𝜅ℎ)𝜓ℎd𝑠 ∀𝜓ℎ ∈ 𝑉 ′
ℎ(𝑡),

(5.31a)

∫
𝑈

∂𝑡𝜑ℎ
|∇𝜑ℎ|

𝜙ℎ + (𝛽 + 𝛾)∇𝜑ℎ ⋅ ∇𝜙ℎ
|∇𝜑ℎ|

dx = ∫
𝑈

ℰ̃cp𝑢ℎ

𝛼
𝜙ℎdx ∀𝜙ℎ ∈ 𝑉ℎ. (5.31b)

We now discretize in time using time steps 0 = 𝑡0 < 𝑡1 < 𝑡2 < … and a semi-implicit
approach (cf. [DD00; Bän+23]). The discrete problem reads as: For 𝑛 ∈ ℕ, find
(𝑢𝑛

ℎ, 𝜙𝑛
ℎ) ∈ 𝑉 ′

ℎ(𝑡𝑛) × 𝑉ℎ such that

∫
𝛺(𝑡𝑛)

∇𝑢𝑛
ℎ ⋅ ∇𝜓ℎdx + ∫

𝛤(𝑡𝑛)

1
𝛼

𝑢𝑛
ℎ𝜓ℎd𝑠

= ∫
𝛺(𝑡𝑛)

− 𝜓ℎdx + ∫
𝛤(𝑡𝑛)

(𝑄 − 𝛽𝜅𝑛
ℎ)𝜓ℎd𝑠 ∀𝜓ℎ ∈ 𝑉 ′

ℎ(𝑡𝑛),
(5.32a)

∫
𝑈

𝜑𝑛
ℎ − 𝜑𝑛−1

ℎ
(𝑡𝑛 − 𝑡𝑛−1)|∇𝜑𝑛−1

ℎ |
𝜙ℎ + (𝛽 + 𝛾)

∇𝜑𝑛
ℎ ⋅ ∇𝜙ℎ

|∇𝜑𝑛−1
ℎ |

dx

= ∫
𝑈

ℰ̃cp𝑢𝑛−1
ℎ

𝛼
𝜙ℎdx ∀𝜙ℎ ∈ 𝑉ℎ,

(5.32b)

where 𝑢0
ℎ is the solution of (5.32a) for 𝑡0 = 0 and 𝜑0

ℎ is an approximation in 𝑉ℎ to
the level set function corresponding to 𝛤(0).

In (5.32a) we integrate over 𝛺(𝑡𝑛), 𝑛 ≥ 0. It might be possible that 𝛺(𝑡𝑛) intersects
some simplex 𝐾 ∈ 𝒯ℎ(𝛺(𝑡𝑛)) only minimally. As already discussed in the previous
chapters (cf. Sections 3.2 and 4.2), this integration over small cut cells can lead to
instabilities. To avoid these, we adopt the PG stabilization technique introduced for
Dirichlet boundary value problems (BVPs) in Chapter 3 and for elliptic interface
problems in Chapter 4. Therefore we add the stabilization term defined in (3.10)
in Chapter 3 with 𝛺+,ℎ = 𝛺ℎ(𝑡𝑛) to the left hand side in (5.32a). Using this
stabilization, we obtain for 𝑛 ≥ 0

∫
𝛺(𝑡𝑛)

∇𝑢𝑛
ℎ ⋅ ∇𝜓ℎdx + ∫

𝛤(𝑡𝑛)

1
𝛼

𝑢𝑛
ℎ𝜓ℎd𝑠 + ∫

𝛺ℎ(𝑡𝑛)
(∇𝑢𝑛

ℎ − 𝒫ℎ∇𝑢𝑛
ℎ) ⋅ ∇𝜓ℎdx

= ∫
𝛺(𝑡𝑛)

−𝜓ℎdx + ∫
𝛤(𝑡𝑛)

(𝑄 − 𝛽𝜅𝑛
ℎ)𝜓ℎd𝑠 ∀𝜓ℎ ∈ 𝑉 ′

ℎ(𝑡𝑛),
(5.33)
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where 𝒫ℎ is defined as in (3.9) in Chapter 3.

To complete the construction of the numerical scheme, we give some more details on
the computations of the mean curvature 𝜅ℎ and the extension ℰ̃cp𝑢ℎ. To compute
the initial mean curvature 𝜅0

ℎ of 𝛤(0), we employ an 𝐿2 projection approach (see
[Hys07]). Let {𝛹𝑗}𝑗=1,…,𝑁ℎ

denote the nodal basis of 𝑉ℎ. Assuming that 𝜙(x, 0) is
an SDF, the coefficients 𝜅0

𝑖 of 𝜅0
ℎ = ∑𝑁ℎ

𝑖=1 𝜅0
𝑖 𝛹𝑖 satisfy

𝜅0
𝑖 =

∫
𝑈

∇ ⋅ (∑𝑁ℎ
𝑗=0 n0

𝑗 𝛹𝑗) 𝛹𝑖dx

∫
𝑈

𝛹𝑖dx
, n0

𝑗 =
∫
𝑈

∇𝜑(⋅, 0)𝛹𝑗dx
∫
𝑈

𝛹𝑗dx
. (5.34)

At each time step, we can either compute 𝜅ℎ directly or update it using a discrete
version of the weak form of (5.29) reading as

∫
𝑈

𝜑𝑛+1
ℎ − 𝜑𝑛

ℎ
(𝑡𝑛+1 − 𝑡𝑛)|∇𝜑𝑛

ℎ|
𝜙ℎ + (𝛽 + 𝛾)𝜅𝑛+1

ℎ 𝜙ℎdx = ∫
𝑈

ℰ̃cp𝑢𝑛
ℎ

𝛼
𝜙ℎdx.

Using mass lumping, we compute the coefficients

𝜅𝑛+1
𝑖 = 1

∫
𝑈

(𝛽 + 𝛾)𝛹𝑖dx
(∫

𝑈

ℰ̃cp𝑢𝑛
ℎ

𝛼
𝛹𝑖dx − ∫

𝑈

𝜑𝑛+1
ℎ − 𝜑𝑛

ℎ
(𝑡𝑛+1 − 𝑡𝑛)|∇𝜑𝑛

ℎ|
𝛹𝑖) . (5.35)

The strategy used in Section 3.4 is not suitable for computing the extension ℰ̃cp𝑢ℎ,
since the closest point search is efficient only within a narrow band. Instead, we
employ a continuous Galerkin counterpart of the method proposed in [UK18]. The
extension problems then reads as: Find 𝑢∗

ℎ ∈ 𝑉ℎ such that

− ∫
𝑈

(∇𝜑 ⊗ ∇𝜑)∇𝑢∗
ℎ ⋅ ∇𝜙ℎdx − ∫

𝛤(𝑡𝑛)
𝜂(𝑢∗

ℎ − 𝑢𝑛
ℎ)𝜙ℎd𝑠 = 0 ∀𝜙ℎ ∈ 𝑉ℎ. (5.36)

We then define ℰ̃cp𝑢𝑛
ℎ = 𝑢∗

ℎ.

The complete algorithm operates as follows:

1) Compute the initial mean curvature 𝜅0 from (5.34).

2) Solve (5.33) for 𝑢0
ℎ at 𝑡0 = 0.

3) Compute the extension of 𝑢𝑛
ℎ using (5.36).

4) Update the level set function 𝜑ℎ by (5.32b).

5) Update the mean curvature using (5.35).
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6) Compute the updated solution 𝑢𝑛
ℎ from (5.33).

7) Repeat Steps 3)–6) for successive time steps.

In the case 𝛽 = 0, steps 1) and 5) are skipped.

5.4 Numerical results

In this section, we present the results of numerical studies we performed to assess
the performance of the finite element approximation introduced in the previous
section. The study considers a qualitative comparison of the results with those
obtained in [EKS19] as well as a grid convergence study.

We used a custom C++ implementation based on the open-source finite element
library MFEM [DK10b; And+21; And+24] for all simulations. The solutions were
visualized the numerical solutions with ParaView [AGL05; Aya15].

5.4.1 Qualitative comparison

We performed simulations using similar configurations as used in [EKS19]. A uniform
grid with ℎ = 1/256 and a time step size 𝛥𝑡 = 1e−3 was employed. In both examples,
we set 𝑄 = 1.0 and use an initial elliptic geometry with height 1.0 and length 0.5.

The results obtained for (𝛼, 𝛽, 𝛾) = (0.1, 0, 0.1) and (𝛼, 𝛽, 𝛾) = (1.0, 0, 0.1) are shown
in Figs. 5.1 and 5.2, respectively. In both cases, we observe close agreement with
the results in [EKS19]. The minimal and maximal values for the tissue pressure
𝑢ℎ produced by our method lie in comparable ranges to the values obtained with
the parametric and diffuse-interface approaches presented in [EKS19]. Moreover,
the evolution of the domain exhibits closely related qualitative features. For all
three methods, the diameter and the fingering effects exhibit comparable parameter-
dependent behavior. These observations indicate that the unfitted FEM with PG
stabilization introduced here yields results that are consistent with those produced
by both the diffuse-interface method and the parametric finite element scheme
proposed in [EKS19].

5.4.2 Grid-convergence study

In addition to the qualitative comparison, we studied the grid convergence of the
proposed method. We chose (𝛼, 𝛽, 𝛾) = (0.1, 0, 0.1), 𝑄 = 1.0, and the same initial
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(a) 𝑡 = 0 (b) 𝑡 = 3 (c) 𝑡 = 7

Figure 5.1: Numerical solutions to the thin-rim limit model obtained with 𝛼 = 0.1
and 𝛾 = 0.1. Top row: Tissue pressure and zero level set (black line) with 𝑢ℎ = 0
in 𝑈\𝛺(𝑡𝑛). Bottom row: Tissue pressure in 𝛺(𝑡𝑛).

geometry as in the previous subsection. Simulations were carried out on successively
refined uniform grids with 𝛥𝑡 ≈ ℎ2/10 up to the time 𝑇 = 0.1024.

The 𝐿2 error between two solutions for the tissue pressure at refinement levels ℎ
and 2ℎ is defined as

err(𝑢ℎ(𝑇 )) = (∫
{𝜑ℎ(𝑇 )≥0}

(𝑢ℎ(𝑇 ) − 𝑢2ℎ(𝑇 ))2dx)
1/2

.

Likewise, the 𝐿2 error between two level set functions on subsequent grids is given
by

err(𝜑ℎ(𝑇 )) = (∫
𝑈

(𝜑ℎ(𝑇 ) − 𝜑2ℎ(𝑇 ))2dx)
1/2

.
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(a) 𝑡 = 0 (b) 𝑡 = 30 (c) 𝑡 = 45

Figure 5.2: Numerical solutions to the thin-rim limit model obtained with 𝛼 = 1.0
and 𝛾 = 0.1. Top row: Tissue pressure and zero level set (black line) with 𝑢ℎ = 0
in 𝑈\𝛺(𝑡𝑛). Bottom row: Tissue pressure in 𝛺(𝑡𝑛).

Table 5.3: 𝐿2 convergence history on uniform meshes, 𝛼 = 0.1 and 𝛾 = 0.1.

level err(𝜑ℎ) EOC err(𝑢ℎ) EOC
1 2.26e-01 1.35e-03
2 1.28e-01 0.82 3.88e-04 1.70
3 2.68e-02 2.26 9.81e-04 1.98
4 1.37e-02 0.92 2.25e-05 2.12

The 𝐿2 errors and experimental orders of convergence (EOCs) for the tissue pressure
𝑢ℎ and the level set function 𝜑ℎ are listed in Table 5.3. We observe second order
convergence for the tissue pressure and an average convergence order of approximately
1.5 for the level set function. Since the temporal discretization uses a first-order
operator splitting, this exceeds the expected first-order convergence.
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6 Conclusions

Motivated by tumor growth models, this thesis focused on stabilization techniques
for unfitted finite element methods (FEMs). After briefly introducing the model
problems and fundamental concepts, we presented and analyzed a stabilization
method for unfitted FEMs. The approach modifies the discrete formulation of
elliptic boundary value problems (BVPs) and interface problems by adding a bilinear
form based on projected gradients. We provided a detailed theoretical analysis
of the resulting unfitted FEMs and verified the theoretical results in numerical
experiments. Finally, we examined a tumor growth model introduced in [EKS19].
In addition to theoretical considerations, we applied the proposed unfitted FEM to
a thin-rim limit model.

In this chapter, we summarize the ideas and results of the thesis. Moreover, we
outline several directions for future research within the scope of this work.

6.1 Summary

In Chapter 3, we presented a stabilization technique for unfitted FEMs for elliptic
BVPs, relying on gradient projections. After a brief introduction to the unfitted
Nitsche method (see [Nit71; BET11; Cho24]) in Section 3.1, we formulated the
projected gradient (PG) stabilization for affine finite elements in Section 3.2. The
subsequent Section 3.3 presented an in-depth analysis for the unfitted FEMs with
PG stabilization. In Lemma 3.1 and Corollary 3.2, we proved that the bilinear
form associated with the stabilization term is symmetric and induces a semi-inner
product. This property enabled the proof of Theorem 3.6, establishing an 𝑂(ℎ2)
error estimate in the 𝐿2 norm for the solution of the discrete problem. Next,
Section 3.4 introduced a diffuse-interface approximation to replace surface integrals
over sharp embedded boundaries by volumetric approximations. To this end, we
used regularized delta functions and a closest-point extension algorithm from [KB22]
to compute volumetric integrals based on level set descriptions. The numerical
experiments in Section 3.5 illustrate the stabilizing effects of the method. Different
extension widths were used to study their influence on the error and to compare
diffuse-interface and sharp-interface variants of the method. We also compared the
condition number of the system matrix for the unfitted Nitsche method with that
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of the proposed unfitted FEM with PG stabilization. The chapter concluded with a
comparison to the shifted-boundary method (SBM) (see [MS18a; ACS20; ACS21])
and an extension to higher-order elements in Section 3.6.

Following [OBK25], Chapter 4 adapted the concept of PG stabilization to elliptic
interface problems. Using the same structure as in the previous chapter, we started
with a brief introduction to unfitted FEMs for interface problems in Section 4.1
(see [HH02]). The stabilization method introduced in [OBK25] was presented in
Section 4.2 and analyzed in Section 4.3. Using tools developed in Chapter 3, we
proved an 𝑂(ℎ2) a priori error estimate in the 𝐿2 norm for the solution of the discrete
problem in Theorem 4.6. Section 4.4 introduced a diffuse-interface formulation that
replaces interface integrals by volumetric approximations. The numerical results
in Section 4.5 support the theoretical analysis. In particular, we demonstrated
numerically that the condition number of the system matrix for the unfitted FEM
with PG stabilization is independent of the position of the interface relative to the
background mesh. Moreover, in Section 4.6, we applied the method to a convection–
diffusion interface problem. To suppress spurious oscillations arising from convection,
we introduced a stabilization parameter following [VRK25]. The chapter ended with
an extension to higher-order elements in Section 4.7.

The PG stabilization introduced fits naturally into the class of ghost penalty (GP)
stabilizations. In contrast to other GP approaches, such as continuous interior
penalty (CIP), the proposed method for affine finite elements operates, on the
algebraic level, with standard FEM matrices and is therefore straightforward to
implement within existing FEM codes. Another important advantage of the PG
approach is its natural extension to convection–diffusion interface problems. The
PG stabilization term can be shown to stabilize not only against small cut cells,
but also to stabilize convective terms (cf. [VRK25]). Moreover, algebraic flux
correction techniques can be incorporated straightforwardly, without requiring any
modifications of the underlying scheme.

In Chapter 5, we focused on a tumor growth model. Following [EKS19], Section 5.1
introduced a mathematical model for tumor growth and derived a thin-rim limit
model using the method of formal asymptotic expansions. In Section 5.2, the case
of stationary rotationally symmetric solutions was studied in detail. In this setting,
Theorem 5.3 established weak-star convergence of solutions in 𝐿∞. The proof was
decomposed into several lemmas and worked out thoroughly. Establishing the
weak-star convergence in a specific setting, we took a step toward a mathematical
justification of the formal asymptotic expansions presented in [EKS19] and [Eyl19].
Section 5.3 introduced a generalized thin-rim model. We discretized it with an
unfitted finite element approach. To mitigate adverse effects caused by small cut
cells, we incorporated PG stabilization. The numerical experiments in Section 5.4
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confirmed the effectiveness of the method. Using two different parameter sets,
we compared our results with those from [EKS19]. For a particular parameter
set, we conducted a grid convergence study and observed average experimental
orders of convergence (EOCs) of approximately 1.5 for the interface and 2 for the
tissue pressure in the 𝐿2 norm. In contrast to the parametric and diffuse-interface
method presented in [EKS19], our proposed approach does not rely on an explicit
discretization of the tumor, thereby eliminating the need for frequent remeshing
during the time integration.

6.2 Outlook

Various topics for future research projects arise from the results presented here. Since
the methods presented in Chapters 3 and 4 rely on the same underlying concept
and exhibit strong similarities, many of the corresponding research topics are closely
related. The numerical results in Sections 3.5 and 4.5 suggest that the condition
number of the system matrix is independent of the interface or boundary position
within the background mesh. A rigorous theoretical study of this observation
remains open. In Sections 3.6 and 4.7, we modified the stabilization technique to
achieve higher-order accuracy. The numerical experiments indicate that optimal-
order convergence is obtained. However, the proofs in Sections 3.3 and 4.3 rely
on properties specific to affine finite elements and the lumped-mass 𝐿2 projection.
Consequently, these arguments do not extend directly to higher-order elements
and nodally averaged gradients. Developing an optimal-order a priori analysis for
higher-order versions of the method therefore remains an important topic.

Another possible direction is the extension of the method to other classes of partial
differential equations (PDEs). While we used projected gradients to stabilize the
effects of small cut cells for elliptic PDEs, the concept was originally introduced for
the stabilization of convective terms (see [CB97; CB02; JKL06; JK10; VRK25]). As
noted in Remarks 3.2 and 4.1, incorporating PG stabilization into unfitted FEMs for
convection dominated transport problems is a natural next step. Similarly, applying
the technique to unfitted FEMs for parabolic PDEs is a reasonable and potentially
fruitful direction.

Turning to the tumor growth setting of Chapter 5, one possible research topic is
to establish stronger regularity properties for the solutions. For the thin-rim limit
model (5.17), we expect 𝐻2 regularity for the pressure. It would be interesting to
derive analogous regularity statements for the pressure variable in the full tumor
growth model (5.1). Such results may enable convergence statements in spaces of
higher regularity. In Section 5.2, convergence was proven only for the special case
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of stationary rotationally symmetric solutions. Since the formal asymptotics in
Section 5.1 applies to the general case, it is reasonable to conjecture that convergence
can be shown in the general setting as well.

Once the applicability of unfitted FEMs with PG stabilization to hyperbolic and
parabolic PDEs has been established, a further research direction is the application
of the method to the full tumor growth model (5.1). However, since this model
does not account for all mechanisms relevant to tumor growth, such an investigation
represents only an initial step. To gain deeper insight into tumor dynamics, the
method should eventually be applied to more comprehensive models that incor-
porate additional biological processes. Moreover, realistic simulations will require
three-dimensional computations. While the theoretical results in this thesis are
independent of the number of spatial dimensions, an efficient implementation in
2D/3D will require investigating optimization opportunities from a high-performance
computing perspective. In addition parallelization and GPU acceleration, it would be
worthwhile to develop customized algorithms for boosting performance. Remarks 3.5
and 4.5 discussed the structure of the algebraic system obtained from the unfitted
FEMs with PG stabilization. For example, the system matrices exhibit sparsity
patterns, potentially allowing for the design of tailored sparse preconditioners to
improve solver performance.
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