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Kurzfassung

Die Hochtemperaturdynamik von Spinsystemen ist fiir einige moderne Forschungsbereiche
wie zum Beispiel Stickstoff-Fehlstellen-Zentren in Diamant oder Kernspinresonanz zentral.
Diese theoretische Doktorarbeit befasst sich mit einer dynamischen Molekularfeldtheorie,
genannt spinDMFT, mit welcher solche Systeme simuliert werden kénnen. Der geringe
numerische Aufwand der Methode erlaubt eine systematische Erweiterung auf Spincluster
(CspinDMFT), was die Genauigkeit, allerdings auch den numerischen Aufwand, erhoht.
Mit Hilfe von CspinDMFT wird die Dynamik von rdumlich ungeordneten Defektspins
auf einer Diamantoberfliche simuliert. Das Zusammenspiel von effektiver dipolarer
Anisotropie und rdumlicher Unordnung fithrt zu einem erheblichen Unterschied zwischen
den Zeitskalen der longitudinalen und transversalen Relaxation. Dieses Phénomen ist auch
experimentell beobachtet worden. In einem weiteren Teil dieser Arbeit werden spinDMFET
und eine Erweiterung auf nicht-lokale Korrelationen (nl-spinDMFT) verwendet, um
Kernspinresonanzmessungen wie zum Beispiel den freien Induktionszerfall oder Spinechos
zu simulieren. Die Ubereinstimmung mit experimentellen Daten fiir Kalziumfluorid
(CaF3) und Adamantan (C19Hjg) ist hervorragend. Ein interessanter Ausblick in diesem
Kontext ist die Erweiterung auf Magic-Angle-Spinning Experimente, die heutzutage
sehr relevant fir die Festkorper-Kernspinresonanzspektroskopie mit hoher Prézision
sind. Die zentrale Schlussfolgerung dieser Arbeit ist, dass spinDMFT einschliellich
der Erweiterungen zwar auf hohe Temperaturen beschrankt sind, in diesem Grenzfall
aber numerisch giinstige und sehr flexible Methoden darstellen, die auf viele Systeme
anwendbar sind.

Abstract

The high-temperature dynamics of spin systems is crucial in a number of modern research
areas such as nitrogen-vacancy centers in diamond and nuclear magnetic resonance. This
doctoral thesis deals with a dynamic mean-field theory, dubbed spinDMFT, that allows
for the simulation of such systems. The relatively modest computational expense of the
method permits an extension to spin clusters (CspinDMFT), which increases both the
accuracy and the computational effort. CspinDMFT is employed to simulate the dynamics
of randomly-distributed defect spins on a diamond surface. The interplay between effective
dipolar anisotropy and positional disorder results in a significant difference between the
timescales of longitudinal and transverse relaxation. This phenomenon has also been
observed experimentally. In another part of this work, spinDMFT and an extension to
non-local correlations (nl-spinDMFT) are used to simulate nuclear magnetic resonance
experiments such as the free induction decay and spin echoes. The agreement with
experimental data for calcium fluoride (CaF3) and adamantane (CioHyg) is excellent. An
interesting outlook in this context is the extension to magic-angle-spinning experiments
which are highly relevant in solid-state nuclear magnetic resonance spectroscopy with
high precision. The central conclusion of this thesis is that spinDMFT and its extensions
are limited to high temperatures, but offer computationally cheap and highly flexible
numerical methods which are applicable to a wide range of systems in this limit.
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The objective of condensed-matter physics is to measure, understand and predict the
behavior of solid and liquid matter. As such, it is a vast field of research with interdisci-
plinary links to a plethora of other sciences including chemistry, electrical engineering,
biology and medicine. In essence, matter consists of electrons and nuclei. Their micro-
scopic motions and interactions are well captured by the Schrédinger equation which is
known since 1926 . In a realistic solid-state system, this equation has to account
for the dynamics of oc 1023 electrons and nuclei. Therefore, although the problem can be
formulated straightforwardly, it cannot be solved by hand or even by machine without
substantial simplifications. This is what makes condensed-matter physics a challenging,
yet fascinating research area: The remarkable variety of materials, substances and phases
of matter that we encounter in our daily lives, that form the basis of many technologies,
and that even constitute our own bodies, can be boiled down to a comparably simple mi-
croscopic description. The phenomenon whereby the collective behavior of many entities
differs considerably from the behavior of an individual entity is known as “emergence”.
It is summarized simply yet accurately by Anderson’s famous quote “More is different”
[And72] and forms the basis of condensed-matter physics.

An important part of physics is to bridge the gap between experiment and theory. Hence,
it is essential to find a minimal yet sufficiently accurate theoretical model to capture the
experimentally observed behavior. This thesis is devoted to a specific class of models,
namely ensembles of interacting localized spins in the high-temperature limit. In the
strict sense, the term “spin” refers to an intrinsic particle property that interacts with
the observable reality through an associated magnetic moment. Nevertheless, the term is
often employed as a placeholder for the corresponding particle itself, especially in scenarios
where other properties, such as charge, are unimportant. In this case, an ensemble of
localized spins can be imagined as a collection of tiny magnets being nailed down on a
board. They cannot move, but they are allowed to rotate, which is inevitable due to their
mutual interactions resulting from their magnetic moments. The term “high-temperature
limit” corresponds to the regime where the thermal energy is significantly larger than
the interaction energies. Consequently, we consider no phase transitions and the spins
are disordered, i.e., randomly oriented. Where do we encounter localized spin ensembles
in nature?

While electrons do carry a spin, they are often either entirely delocalized, as in a metal,
or their spins effectively cancel each other out, as is the case in closed atomic shells
or covalent or ionic bonds. Nevertheless, there are rare systems where the electrons
should be delocalized according to band theory, but remain stationary due to their
mutual Coulomb interaction. Such materials are termed Mott insulators and can be
effectively described by a model of localized spins [Mot49]. Other examples of localized
spin ensembles include unpaired electrons or holes hosted by crystal defects, for instance,



1 Introduction

at dangling bonds or color centers. Besides this, also the atomic nuclei often carry a
well-localized spin resulting from the comprised protons and neutrons.

The dynamics of spin ensembles can be very subtle, even at high temperatures. But why
should we study them?

1.1 Nitrogen-vacancy centers and paramagnetic defect spins in
diamond

As a first example, we consider the experimental platform of nitrogen-vacancy (NV)
centers in diamond. This research area was pushed forward in the past decades due
to promising areas of application such as nanoscale magnetometry [Bal4-08} [Maz+08}
[Sch+11} [Sch+17] or quantum-information processing [Doh+13}; [Tam+14; [Bra+19]. In
their negative charge state, NV centers carry a spin of S = 1 and can be manipulated
and read out by optically detected magnetic resonance [JWO06; [Sch+14]. Due to their
stability even at room temperature, they serve as excellent quantum reporters of their
local environment. In order for the NV center to sense targets outside of the diamond,
it must be located close to the surface. However, the coherence time of shallow NV
spins is reduced because they interact with paramagnetic spins at the surface |[Gro+11]
|Gri+14} [Rom+15], as illustrated in Fig. [I.1. The latter likely result from localized
defects at the surface termination [San+19} [Sta+19], but their precise nature remains a
topic of discussion . Although they have been considered deleterious because
they cause decoherence, they can assist in sensing applications if they are appropriately
manipulated [Sus+14; [Coo+19; [Rez22; [Rez+23|. A detailed understanding of the surface-
spin dynamics could, for instance, help to clarify the nature of the underlying defects,
which is certainly important for technological applications. But this system is also relevant
from another perspective: Stemming from defects, the surface spins are randomly located
at the diamond surface. Such extrinsic randomness is fundamentally interesting because
it can hamper or even disrupt the process of thermalization in a quantum many-body
system as will be discussed in the next section.

defect spins

» *YPED LT WNOW e

Cutout of a diamond surface. The spin of a shallow NV center interacts
with an ensemble of spins stemming from randomly located surface defects.



1.2 Thermalization and localization

1.2 Thermalization and localization

Thermalization is a fundamental principle in statistical physics stating that an excited
many-body system evolves in time to arrive at a very generic ensemble of states called
thermal equilibrium. We can observe this phenomenon in everyday life, for example,
when we pour milk into our coffee and wait for the liquids to mix. The final state, a brown
broth, appears to be independent of the specific manner in which the milk was poured,
for example, the orientation of the cup or the trajectory of the milk as it entered the
surface of the coffee. Thermalization is generic and can be observed in far more abstract
scenarios such as spin ensembles. Despite its generality, the occurrence of thermalization
is particularly subtle from a microscopic point of view. In classical systems, it can be
understood by means of chaos theory and in quantum systems, it is partly explained by
the eigenstate thermalization hypothesis (ETH) [Sre94].

Nevertheless, there exist also rare systems in which thermalization is unexpectedly slow
or completely absent. In some of these, the presence of an extrinsic randomness plays
a pivotal role. In 1958, Anderson showed that transport properties in a lattice of non-
interacting electrons are considerably affected by a random on-site potential .
Under certain circumstances, the electrons become exponentially localized as indicated
in Fig. 1.2, panel (b), which leads to an insulator. The analogous phenomenon in the
presence of interactions is referred to as many-body localization (MBL) and has been
extensively studied in the past two decades [ZPP08; [Yao+14; |ASK15; NH15; [Sch+15
|Cho+16; [WRC18} |[Aba+19].

Esas'a'n'a's
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Electrons (gray spheres) in a potential landscape (black line) generated
by a one-dimensional (1D) crystal. (a) In a homogeneous crystal without electron-
electron interactions the eigenstates are delocalized Bloch waves (green). (b) Adding
a random potential leads to exponentially localized single-particle wave functions
(also green). The system describes an Anderson insulator. (¢) Adding an electron-
electron interaction (orange wiggly lines) to the Anderson model. Can localization
persist? Figure inspired by Ref. .

Amongst others, MBL manifests in the infinite lifetime of local excitations [SPA13a
HNO14]. It is, in fact, challenging to experimentally confirm such behavior, since the
system under study must be very well isolated for a long time [Aba+19} [Pan+20]. In
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theory, a particular issue is that finite-size calculations may not be representative of the
thermodynamic limit [EMB23}; [Pan+20]. It is therefore debated nowadays, whether or
where true MBL, in the sense of a complete absence of thermalization, exists
[SP23]. But it is undebated that an extrinsic randomness can immensely slow down
the process of thermalization which is sometimes referred to as “critical” or
“prethermal MBL” behavior. The defect-spin ensemble at the diamond surface
forms an experimental playground for studying this phenomenology. It should be noted
that a microscopic understanding of thermalization is of interest not only from a purely
theoretical perspective. Thermalization is closely related to decoherence which
remains one of the main challenges in the realization of quantum devices that are required,
for example, for a quantum computer [DiVOO} Jaz+19]. Hence, it is very beneficial to
study systems that thermalize unexpectedly slow or not at all.

1.3 Nuclear magnetic resonance

As previously mentioned, spins can also be carried by the atomic nuclei. Since nuclear
gyromagnetic ratios are smaller by a factor of about 1073 relative to the electron
gyromagnetic ratio, their influence on the physical and chemical properties of a material
or substance is negligible. Conversely, they allow for “spying” on the microscopic structure,
which is the principle of nuclear magnetic resonance (NMR) spectroscopy . Since
its foundation around 1940 [Rab+-38; BHP46; PTP46|, the field of NMR has continuously
developed and become extremely valuable in various contexts, such as structural biology
where NMR, spectroscopy provides detailed information about the structure of proteins
[Cas+02; [PV19], or diagnostic medicine where the NMR-related magnetic resonance
imaging (MRI) is used to examine tissue, for example, to detect cancer cells
ILD17; [Zha+24].

Particular strengths of NMR spectroscopy are its non-destructive nature and its ability to
reveal not only the compounds, but also the chemical structure of a substance, for example,
through the chemical shifts [LBJ02} [Mar+17} [PV19]. The schematic experimental setup
for this is illustrated in Fig. [1.3. In addition to the growing relevance of NMR, also the
demand for simulation software complementing the NMR, spectrometer has increased
[Con20]. Corresponding numerical algorithms face the notoriously difficult task of
simulating large ensembles of interacting localized sping'l

One of the most important interactions governing the dynamics of nuclear spins is
the direct dipole-dipole interaction. It is considered deleterious for NMR spectroscopy
because it broadens the spectral lines thus reducing the intrinsic resolution. Intrinsic
molecular motions in liquids or manually applied motions as in magic-angle
spinning (MAS) of solids [ABE58} [Low59} [Meh83] reduce this effect significantly, but
cannot eliminate it entirely [Mal+19} [Pen+19; [Cha+21} [Sim+23]. In this context, a
detailed microscopic understanding of the dynamics of dipolar spin ensembles is very
beneficial. It is noteworthy that nuclear spins are fully disordered at room temperature
due to their gyromagnetic ratios being small. Hence, the restriction to high temperatures

Tt should be noted that “localized” in this context refers to the locality of the spatial wave function of
the spins at a fixed time. Therefore, molecular motions are actually not ruled out when we refer to
localized spins.



1.4 Dynamic mean-field theory for spins at infinite temperature

in the framework of this thesis does not exclude NMR spectroscopy provided that the
sample under study is not considerably cooled down.

(b) 13C-FID () FT
1 R,-cCH
Ro—CHy
time frequenq;

Schematic and strongly-simplified procedure of structure determination
via NMR, spectroscopy. (a) The sample comprises molecules that contain carbon
and hydrogen atoms. One possible NMR measurement is the free induction decay
(FID) of C. To this end, a strong static field and dynamic fields at resonance
with the ®C-spins are applied (the fields are not shown in the figure). The carbon
spins respond by inducing a measurable oscillating current in the depicted coil. (b)
Sketch of the FID signal obtained by processing the current. (¢) The Fourier
transformation (FT) of the FID yields the NMR spectrum. The electrons in the
sample induce local variations of the magnetic field at the locations of the nuclei
shifting the resonance frequencies. This effect is called chemical shift. Different
structure components, here Ry —CH and Ry —CHs, correspond to different chemical
shifts and, thus, to different peaks in the spectrum.

1.4 Dynamic mean-field theory for spins at infinite temperature

The considered examples illustrate the relevance of high-temperature spin dynamics
for both fundamental physics and technological applications. As previously stated, the
theoretical study of quantum many-body systems is notoriously difficult due to the sheer
number of particles involved. Since this problem is long-standing and has been extensively
studied over many decades, a variety of approximation methods have been developed
over timeg?. Mean-field theories form a special category of approximations which are
justified in high-dimensional systems, see Fig. |1.4. The potential success of a mean-field
approximation is exemplified by the dynamic mean-field theory (DMFT) for itinerant
lattice fermions developed in the nineties .

? Il |2 ? -+ O Dimension
| | | |

finite-size approaches mean-field approaches

In contrast to approaches that operate on finite-size systems, mean-
field approaches perform better if the system is high-dimensional.

This thesis presents a dynamic mean-field theory for spin ensembles at infinite temperature,
which is dubbed spinDMFT. The key idea is to substitute a large spin ensemble by an
effective model describing a single spin in a dynamic Gaussian mean field. The variability
and efficiency of spinDMFT allow for extending it to spatial fluctuations. The extended

2Several approximation schemes for spin ensembles will be listed in Ch. [3/and in the beginning of Ch. |6
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method, designated as CspinDMFT, describes the dynamics of a cluster of spins in a
mean-field background and captures, for example, systems with positional disorder, see
Fig. [1.1. Besides this, spinDMFT is also capable of simulating NMR, experiments. To
this end, it needs to be extended in order to access non-local quantities such as spin pair
correlations. This extension is referred to as non-local spinDMFT, or nl-spinDMFET for
short. The main objective of this thesis is to derive and benchmark spinDMFT and its
extensions and apply them to the scenarios portrayed earlier.

The thesis is structured as follows. In Ch. 2, we introduce several spin models and discuss
experimental setups relevant for the chapters to come. We explain some fundamental
NMR measurements and present a recent experiment, which probes the spin dynamics
on a diamond surface by means of an NV center. Subsequently, in Ch. [3, we explain
the key idea of a mean-field and compare some important mean-field theories to one
another and to spinDMFT. Furthermore, we list and discuss some related approaches.
In Ch. 4] we derive spinDMFT and present its generic results for a Heisenberg, Ising
and XXZ model. Subsequently, we perform a benchmark by comparing spinDMFT to
brute-force methods. The extension to CspinDMFT is presented in Ch. |5, In Secs. 5.1
and 5.2, we derive and benchmark CspinDMFT for lattices and inhomogeneous systems.
Subsequently, we apply it to the aforementioned experimental scenario dealing with
dipolar defect spins on a diamond surface in Sec. 5.3l Thereby, we explicitly compare the
experimental measurements with the theoretical results and discuss them in the context
of MBL. Section (6] is devoted to NMR. We explain how spinDMFT and nl-spinDMFT
can be used to simulate NMR signals such as the FID or spin echoes. The methods are
tested by applying them to the examples of calcium fluoride and adamantane. Finally, we
conclude the thesis, provide an outlook and summarize the advantages and disadvantages
of the dynamic mean-field approach in Ch. 7.



The objective of this thesis is to establish spinDMFT and its extensions, which simulate
the dynamics of localized spin ensembles at high temperatures. In principle, the results
of such simulations can be compared to experimental findings in order to understand
phenomena from a microscopic point of view. However, performing such a comparison can
already be a challenge. We highlight two crucial aspects that must be considered: First,
it is essential to identify appropriate quantities that are accessible in both experiment
and theory. Second, one must find a model that adequately captures the experimental
situation. In this chapter, we aim to bridge the gap between experiment and theory, or,
similarly, between measurement and modeling. We explain different experimental scenarios
and highlight which quantities are important and can be measured. Concurrently, we
present spin models that capture the main physics in these scenarios.

The expectation value of an operator O is generally defined as
(0), =Tr (0p). (2.1)

where p is the density operator. For brevity, we will omit p as an index, if the state
we are referring to is either not specified or automatically clear from the context. This
and further conventions are summarized in App. |Al Generally, we consider the canonical
ensemble, which is given by

1 _ B
pun = o, 8= (kgT)™, Z=Tr <e BH) . (2.2)

Very important throughout this thesis is the case of infinite temperature, where the
thermal state simply reduces to

1
po =1, (2.3)

with d being the Hilbert space dimension.

This chapter is set up as follows. In Sec. |2.1, we introduce the microscopic quantities
important for this thesis. Subsequently, we discuss some fundamental spin models in
Secs. 2.2/ and [2.3| and derive the effective dynamics in case of a strong external magnetic
field in Sec. 2.4l Section |2.5|is devoted to NMR experiments and in Sec. 2.6, we consider
an experiment measuring the spin relaxation on a diamond surface.

2.1 Microscopic quantities

The most important quantities considered in this thesis are the spin expectation values

S (1) = (87 (1)), a € {,y,z}, (2.4)
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as well as the spin correlations

957 (11, t2) = (S5(11)S] (1)), o, B € {z,y,2}. (2.5)

Both carry crucial information about the static and dynamic behavior of a spin system:
The spin expectation value S¥(t) measures the average polarization of the spin component
«a at site ¢ and time ¢t. The spin correlation g%ﬂ (t1,t2) tells us how much the spin
component « at site ¢ and time ¢ is correlated to another spin component 3 at site j
and time ty. Its maximum possible value is S(S + 1)/3 assuming a single spin species
with length S. We distinguish between diagonal (a« = ) and off-diagonal correlations
(o # B), as well as between autocorrelations (i = j) and pair correlations (i # j). In case
of an easy-axis anisotropy, i.e., cylindrical symmetry, we distinguish between transverse
correlations (o = 8 perpendicular to the easy axis) and longitudinal correlations (« = 3
parallel to the easy axis). In case of infinite temperature (p = pp), some important
properties can be deduced:

The spins are disordered so that any spin expectation value vanishes,

S%(t) = 0. (2.6a)

Any correlation is invariant under time translation,

97 (t1,12) = g5 (1 — 12,0) = g (81 — 1), (2.6b)
if the Hamiltonian is not explicitly time dependent.

Any correlation is real,
Im (gfjﬁ (t)) = 0. (2.6¢)

Any correlation is symmetric except for time reversal,

g5l (1) = gi (). (2.6d)

If the Hamiltonian is bilinear in spin operators, time-reversal symmetry (T-
symmetry) holds in addition.

Of all correlations, only diagonal autocorrelations are non-zero at ¢t = 0,

S(S+1)
;7 (0) = 6;;0°° = (2.6¢)
assuming a single spin species S.

For later purposes, we define the normalized spin correlations

GP(t,ts) = —— ¢%P (11, 12), —1 <GPy, 1) < 1. (2.7)
K S(S+1)7% - w -
and the matrix representations
gzz g:py gxz

tite) = | gv® g ¢v* | (t1,t2), G..(t1,t2) = ——g (t1,t2). (2.8
g, (t1,t) Z” izy ZZZ (hte),  Gyltnte) = oy g, () (28)

ij



2.2 Heisenberg, XXZ and Hubbard model

[P%}]

We intentionally use the letters “g” or “G” for the spin correlations because they are
linked to Green’s functions. The retarded Green’s function, for example, describes the
linear response of a system to an external perturbation according to Kubo’s formalism

[Nol15|. In this context, it is defined as

Gl (t1,t2) = =10 (t1 — t2) ([A(t1), B(t2)]) g (2.9)

where B is the perturbation operator, A is the considered perturbed observable and peq
is the equilibrium state. Setting B = S? and A =S¢, the retarded Green’s function can
be directly related to spin correlations according to
t A

figo (f1:12) = 10 (1 — 1) (ggﬁ(tl,tg) - ﬁ“(tz,tl)) — 0. (210)
In case of infinite temperature, this expression is zero due to Eq. (2.6d). Physically, this
means that a weak magnetic field applied to a single site j does not affect the average
spin polarization at the same or at any other site. The situation may change when the
temperature is lowered, but spinDMFT and its extensions are developed exclusively for

infinite temperature. Hence, we do not consider Green’s functions, but work directly
with the spin correlations in the framework of this thesis.

The spin expectation values and the spin correlations are microscopic quantities, which
is immediately clear from their definitions Eqgs. (2.4) and (2.5), which involve only one
or two sites. In practice, measuring such quantities is challenging, because the applied
magnetic fields in experiment usually cannot address single spins exclusively. In Sec. |2.6,
we consider an experiment, where single electron spins on a diamond surface are addressed
indirectly through a shallow NV center. By means of this technique, the microscopic spin
autocorrelations are indeed measurable, but such setups are rather special. Often, one
has to let go of the microscopic quantities and instead consider macroscopic observables
such as the global magnetization

N
1
m" = N ngv o€ {$7y’2}' (211)
=1

An example for this is the free induction decay in NMR, see Sec. 2.5. Before explicitly
discussing experiments, we introduce some fundamental spin models in the following
sections.

2.2 Heisenberg, XXZ and Hubbard model

The Heisenberg model is one of the simplest models for describing the quantum-mechanical
interaction of localized spins. The interaction is given by the scalar product of the involved
spin operators making the model fully spin isotropic. The Hamiltonian reads [Noll5|

1 | Leiar  Lacat @ aras
Hico = 5 ;Jijsi 'S, = 2%:J,~j (2Si S; + 58787 +8; sj> , (2.12)

with arbitrary prefactors J;; defining the coupling strength. In this thesis, the Heisenberg
model is used as a toy model for establishing spinDMFT and CspinDMFT. We will also



2 Measurement and modeling of spin systems

consider the more general XXZ model. It is an extension of the above Hamiltonian by
an easy-axis anisotropy into the z-direction,

1
Hixz = 5 2 Ji (sgfs;c + 88! + ASij) , (2.13)
i,J

aquired by a prefactor A € R. Depending on the respective purpose, we will consider
these models with different geometries, e.g., nearest-neighbor (NN) couplings, J;;
d(;,j), or dipole-like couplings, J;; o ]ﬁz — ﬁj\_3. Besides the methodological benefit,
the Heisenberg model has direct physical relevance. It is employed, for example, to
describe spin glasses and many insulating magnetic materials such as the
antiferromagnet Manganese(II)-Oxide (MnO) [Noll5]. The antiferromagnetic Heisenberg
model is a limiting case of the Hubbard model, which is used to describe correlated
electrons in a crystal. We discuss the Hubbard model and the transition briefly in the
following paragraph.

If the electrons in a solid-state system are tightly bound at the nuclei!, their mutual
Coulomb interaction becomes important. This situation can be modeled by the one-band
Hubbard model. Its Hamiltonian in Wannier representation reads [Noll5]

Hyn = —t Y cle;, +U D nyn,. (2.14)
i

(i,3),0

with o € {1,l} denoting the spin, ¢ being the NN hopping amplitude and U being
the local strongly-screened Coulomb-interaction strength. The operator cg) annihilates
(creates) an electron at site ¢ and n, = cZTUcig measures the occupation number at site
1. Increasing the interaction strength U means reducing the probability of finding two
electrons at the same site. In case of half filling, that is, one electron per lattice site, one
expects a metal-insulator transition for decreasing ratio ¢/U. In the limit ¢/U — 0, each
site is only occupied by a single electron. The remaining dynamics consists of virtual
hopping-processes which allow two adjacent electrons of opposite spin to switch sites.
Since the electrons themselves are indistinguishable, one could alternatively say the spin
states of two adjacent electrons are exchanged. This is also called “flip-flop” process and
it is precisely what the terms S;FSj_ and S;Sj in the Heisenberg model in Eq. (2.12)
represent. By perturbation theory in ¢/U, it can be rigorously shown that the half-filled
Hubbard model maps to the Heisenberg model with J;; = —4t?/Ud; j~ [Czy08]. Due
to the negative sign, this transition leads to an antiferromagnetic ground-state. In this
thesis, we exclusively consider the high-temperature regime, where a global sign in the
Hamiltonian in Eq. (2.12) hardly matters. It is not relevant at all for the spin correlations

9P (t).

For later purposes, we briefly comment on the symmetries of the Heisenberg and XXZ
model. The Heisenberg model is spherically symmetric in spin space, which leads to the
following important properties?:

All components of the global magnetization are conserved,
[Hiso, m®] = 0, a € {z,y,z}. (2.15a)

'For example, in d-orbitals of transition metals.
2We consider the canonical ensemble and no spontaneous spin-symmetry breaking.
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2.3 Dipole-dipole model

All off-diagonal correlations vanish,
ggjﬂ(t) =0, a# B. (2.15b)
All diagonal correlations are equivalent,

95 (t) = g{/ (t) = 957 (t). (2.15¢)

The prefactor A in the XXZ model breaks the spherical symmetry if it deviates from one,
but rotational symmetry around z holds independent of the value of A\. Some important
properties of the XXZ model are:

The z-component of the global magnetization is conserved,

[Hxxz, m*] = 0. (2.16a)
All off-diagonal correlations vanish,
OE o # B. (2.16b)
The transverse diagonal correlations are equivalent,

955 (1) = g1 (). (2.16¢)

The Heisenberg model describes the exchange interaction resulting from movable electrons
in case of very strong mutual interactions as captured by the Hubbard model. In fact,
there exist many more examples of localized spin ensembles. In some systems, the spin-
carrying particles cannot move at all, but still interact with one another through their
associated magnetic moments. This scenario is captured by the dipole-dipole interaction
which will be discussed in the following section.

2.3 Dipole-dipole model

The direct dipole-dipole interaction is relevant, for example, in solid-state NMR :
A nuclear spin is spatially fixed at a certain lattice site ¢ and generates a dipolar
magnetic field at the site j of another nuclear spin and _vice versa. The interaction energy
depends on the orientation of the spin vectors, S and SJ and the relative distance vector

—

Ri; = R R;. This is captured by the Hamiltonian [ICzy08|; |81190|; |Lev01|]
1 = N\ (2 L I
HDD = 5 Z Jij (3 (Sz . TL,‘]‘) (Sj . nij> — Si . j) . (2.17)
7/7.]

with long-range couplings

[92]

[0YiY; _ _ Ry
Jij = — , Ri; = |Ryjl, =0 (2.18)
CRS ) g 7 Ry

11



2 Measurement and modeling of spin systems

Note that the spins are not necessarily of the same kind, i.e., the gyromagnetic ratios ;
and 7; may not be the same.

For describing magnetic phenomena of electrons in solids, the direct dipole-dipole interac-
tion is often neglected because it is weak compared to the exchange interaction described
in the previous section . There are, however, also materials with unpaired and
spatially separated electrons where the dipole-dipole interaction is relevant. Defect
electrons on a diamond surface are an example for this, see Sec. [2.6l

The Hamiltonian in Eq. (2.17) is anisotropic, but in a different way than the XXZ model.
In the XXZ model, the z-direction is distinguished from z and y, but the anisotropy
itself does not change from pair to pair of spins, i.e., A is independent of ¢ and j. In
the dipole-dipole model, no direction is per se distinguished. Indeed, performing a
rotation in spin and real space leaves the Hamiltonian in Eq. (2.17) invariant. If the
spins have fixed positions, however, the rotational symmetry in real space is broken.
Therefore, the coupling is anisotropic and, in contrast to the XXZ model, the anisotropy
varies from pair to pair of spins. This lack of rotational symmetries can lead to all nine
spin autocorrelations being non-zero. In experimental setups, the spins are typically
subject to a strong external magnetic field. This leads to an effective interaction in which
some symmetries are recovered again. We discuss how this is modeled in the following
section.

2.4 External magnetic fields and rotating-wave approximation

In the models presented so far, an external magnetic field can be easily added. To this
end, the Hamiltonian is extended by the Zeeman term Hyz, which couples each spin
operator linearly to the external field. Usually, the field axis is chosen parallel to the
z-axis yielding

Hy = -BY v8;=-) ws;. (2.19)

Here, B is the absolute of the magnetic field, ; is the gyromagnetic ratio and w; is the
Larmor frequency of spin 1.

If the strength of the field significantly exceeds the spin-spin interactions, one can make
use of the so-called rotating-wave approximation®| (RWA) [Lev01]. This can be understood
best in the Larmor-rotating frame, which rotates at the Larmor frequency of the spins.
To this end, we transform each spin vector according to

Si(t) — Siu(t) == UT (1)U, (¢) S;(0) UL () U (1), U, (t) = e tHzt (2.20)

Uiff(t) U g (t)

where “rf” stands for rotating frame. The operator U(t) describes the time evolution in
the laboratory frame. It is generated by H = Hy + Hyz, where Hy is the unperturbed
Hamiltonian, containing for example spin-spin interactions. Using the Schrédinger

3Also called secular approximation.
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2.4 External magnetic fields and rotating-wave approximation

equation, it can be shown that the effective time evolution U _g(t) is generated by the
effective Hamiltonian

Hegr(t) = UL(6/HU,(t) — Hy = UL (6 HoU, (). (2.21)

We eliminated the Zeeman term, but obtained an explicit time dependence which, at
the first glance, makes the situation much more complicated. We obtain couplings with
oscillating prefactors, for example,

Hefr(t) > cos(wit) cos(w;t)S7 ST (2.22)

If the magnetic field and thus the Larmor frequencies w; are very large, the time scale
of these oscillations is much shorter than the time scale associated with the spin-spin
interactions. In this case, the two types of dynamics can be separated. Aiming at the
slower, more relevant dynamics, it is justified to perform a time average of the effective
Hamiltonian. This corresponds to a first order truncation of the Magnus expansion
[Magb4; [Bla4-09; [AF11] and, in case of a single Larmor frequency, induces an error in the

order of F/w, where E is the typical energy scale of the system [ASK15; [S1i90|. Starting
from the spin-spin couplings in the laboratory frame, we obtain

STSY + SYSY, SiST, §i8! —— 0 (2.23a)
1
QT yQy T QT yQy
Sisy. S!s) 5(sZAstrsZ.sj) (2.23b)
QX yQy
§787 — SIS (2.23d)

In Egs. (2.23b) and (12.23c|), we distinguished between the homogeneous case, i.e., the
spins are of the same species and the heterogeneous case, i.e., the spins are different?
The Heisenberg model with homogeneous couplings is invariant under the transformation
in Eq. (2.23). For the dipole-dipole Hamiltonian in Eq. (2.17), we obtain

1 1 S
rf zZQz QT z2Qz
i, =5 > dy (2878; — 187 —8USY) = 53 dy; (3878 -8 §;)  (229)
i3 i,J
in the homogeneous case and
T 1 ZQZ
H = 5 > dij28;S; (2.25)
]

in the heterogeneous case [Lev01]. The secular couplings are given by’

T T

dij = 77’ (Sniij —-1) = % (3cos?®(¥y5) — 1) (2.26)
where 1;; refers to the angle between magnetic field and distance vector ﬁw The dipolar
dynamics become considerably simpler in the rotating frame after applying the RWA.

“We do not use the standard NMR, nomenclature (“homonuclear” and “heteronuclear”) because the

transformations are also used for electron spins in this thesis.
5The letter “d” is conventionally used for the secular couplings in NMR.

13



2 Measurement and modeling of spin systems

We end up with an XXZ model for the homogeneous and with an Ising model for the
heterogeneous case. Note that the Hamiltonians in Egs. (2.24) and (2.25) refer to the
rotating frame. If one is interested in the dynamics in the laboratory frame, one can use
the simple back transformation

Si(t) = Ulg()UL(D)S:(0) U, (1)U (1) = Q,(6)Sixe(1), (2.27a)
cosw;t sinw;t 0

Qz(t) = | —sinw;t cosw;t 0]. (2.27D)

N 0 0 1

The Hamiltonians in Egs. (2.24) and (2.25) are fundamental for NMR, which will be
briefly introduced in the section below. It is noteworthy that the error induced by the
RWA has been studied for spinDMFT in Ref. |Gra+21] (Sec. IV).

2.5 Nuclear magnetic resonance spectroscopy

NMR spectroscopy naturally falls into the scope of applications of spinDMFT, since it
deals with high-temperature spin dynamics. We will use spinDMFT and nl-spinDMFT
to simulate and understand NMR signals in Ch. 6l As a preparation, we briefly explain
the meaning of longitudinal and transverse relaxation and present some basic NMR
experiments in the following. This part of the section is based on Ref. which
provides a comprehensive introduction to the basics of NMR. Subsequently, we relate the
quantities measured in an NMR experiment to microscopic spin correlations.

We use the notation (¢), to refer to a radio-frequency (RF) pulse rotating by ¢ around
one of the main axes « € {x,y,z}. Applying this to a single spin corresponds to the
unitary transformation [SS04]

Dy (p) = e~ #5° 2(:08(g0/2)00 —isin(p/2)0?, (2.28)

Sz:l/

where 0% represents the Pauli matrix in a-direction.

2.5.1 Measuring the lifetime of a spin state: 7} and 7T,

The fundamental gist of NMR spectroscopy is to obtain information about the composition
and structure of a sample by resonantly addressing the contained nuclear spins. These
serve as reporters of their local environment due to several kinds of electro-magnetic
interactions. Important interactions in NMR are for example the chemical shift, the
dipole-dipole interaction, the J-coupling and the quadrupolar interaction (see Ref.
for details). Useful initial information about a sample can be gathered by measuring
relaxation processes, which are, in turn, connected to characteristic times. The most
important ones are (i) the longitudinal relaxation time (7)) and (ii) the transverse
relaxation time (75).

Nuclear spins are completely disordered at ambient conditions, since the available thermal
energy exceeds the dipolar interaction by far®l Hence, without any external perturbations,

5To grasp the orders of magnitude, we will provide an example below, see Eq. (2.29).
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2.5 Nuclear magnetic resonance spectroscopy

there is no nuclear spin magnetization in the considered sample. Longitudinal relaxation
can be observed for instance, if the sample is suddenly brought into an external magnetic
field, which causes the spins to align along the field axis. The characteristic time required
for the alignment is called 71, see Fig. 2.1 for an illustration’.

1F I Tl i |7 7 ', -

\ 4

<
<

£
S

tla.u.]

Schematic plot of T3 relaxation. The magnetic field is switched on at
t = 0 and my is the saturation magnetization.

In a transverse relaxation measurement, one considers the nuclear spins to be initially
polarized through an external magnetic field. Then, a (g)y—pulse in resonance with the
Larmor frequency of the nuclear spins is used to rotate the magnetization vector into the
transverse plane. There, it precesses around the field direction, which can be measured as
a current in a wire coil. Decoherence causes the amplitude of the measured oscillation to
decrease over time, see Fig. 2.2 The resulting signal is referred to as the free induction

decay.

tla.u.]

Schematic plot of T5 relaxation. The pulse is applied at t = 0 and my
is the saturation magnetization. The signal oscillates at the Larmor frequency.

T1 and 75 relaxation are fundamentally different. In 77 relaxation, the longitudinal mag-
netization changes, which inevitably requires an energy exchange between the considered
spins and some environment®. Therefore, longitudinal relaxation usually contains infor-
mation about the motion and rotation of molecules or atoms. 75 relaxation, on the other
hand, may occur without any energy exchange, since the transverse magnetization is no
conserved quantity. Therefore, T5 relaxation is often much faster than 77 relaxation. The
FID includes dephasing processes due to time-dependent fluctuations, gathered under the
term homogeneous broadening, and due to static field inhomogeneities, gathered under
the term inhomogeneous broadening. Homogeneous broadening results, for example,
from the flip-flop processes involved in the direct spin-spin interactions. Inhomogeneous

"One should note that the presented direct measurement of T} relaxation is impractical, because the
induced magnetization of the nuclei is a lot smaller than the diamagnetism of the electrons in the
sample. In practice, the method of inversion-recovery is used instead .

8This is because the secular homonuclear Hamiltonian in Eq. (2.24) commutes with the longitudinal
magnetization. Hence, the latter is conserved if the system contains no additional environments.
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2 Measurement and modeling of spin systems

broadening results from spatial fluctuations of the magnetic field, for example, due to
the chemical-shift anisotropy [Lev01].

By performing a spin-echo measurement”, the inhomogeneous broadening can be elimi-
nated. The idea is to flip the nuclear spins after some time in order to revert the effect of
the static dephasing. An exemplary pulse sequence is presented in Fig. [2.3. A complete
spin-echo experiment requires several measurements for different pulse spacings 7/2.
Subsequently, one plots the resulting signal at ¢ = 7 versus the total sequence time 7.
While static inhomogeneities are completely eliminated, the induced decoherence by
time-dependent fluctuations is typically slowed down relative to the FID signal. In this
context, the literature often distinguishes between the FID relaxation time T3 (which
includes inhomogeneous broadening) and the spin-echo relaxation time 75, see for example

Ref. [WD0G|.

(T‘-)x - echo

(3), -
2 2
i el
S — .

Exemplary spin-echo pulse sequence.

The concept of T7 and T5 relaxation originates from the field of NMR, but it is also
applied to electron magnetic moments. In Sec. |2.6, we consider dipolar defect electrons
on a diamond surface, where NMR-related methods are applied to investigate the spin
dynamics. In Ch. |6, we want to access the above presented measurements within the
mean-field framework of spinDMFT and its extensions. To this end, we need to express
the measurements by infinite-temperature expectation values, which will be done in the
following paragraph.

2.5.2 Expectation values in NMR experiments

Within a typical NMR experiment, three energy scales are well separated: the thermal
energy is much larger than the magnetic field energy which is, in turn, much larger than
the spin-spin interaction energy. Consider for example 'H spins with dipolar interactions
and a spacing of 0.2nm. Given that the typical fields used in NMR, are in the order of
10T, the energy scales differ by several orders of magnitude according to

En(300K) ~ 2.6 x 107%eV > mB~18x10%V > Jx62x10""eV,
(2.29)

This allows for several simplifications in a theoretical description. The difference between
the time scale of the Larmor precession and the spin-spin interaction allows one to
apply the RWA, which we presented in Sec. |2.4. Moreover, since the thermal energy
is immensely large, the density operator can be approximated by a first order Taylor
expansion according to [Cho+05} [ASK15; [SF18]

N, Ny
Zpm=exp | Y hy» Sii | m14+> > S5 hui=4BA<1,  (230)
o =1 o =1

9Sometimes also referred to as Hahn echo [Hah50].
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2.5 Nuclear magnetic resonance spectroscopy

where N, is the number of spins and -, is the gyromagnetic ratio of the spin species f.
In the following consideration, we provide the mathematical expressions for the presented
measurements and relate them to microscopic spin correlations. Conventionally, NMR
signals such as the FID are normalized to one at ¢ = 0. Hence, we leave out static
prefactors in the following consideration.

Homonuclear free induction decay

We consider a single spin species S. A measurement of the FID corresponds to a
measurement of the transverse polarization over time considering the spins to be initially

polarized into the transverse plane due to the (%)y—pulse. Therefore, the FID is given

by

F(t) X <mx(t)>l7th,L X Z(Six(t)>ﬂth,L7 Pth,L = % (1 + hzsf) . (2'31)

We consider the FID in the rotating frame, i.e., the time evolution is generated by the
secular Hamiltonian in Eq. (2.24). Using that the trace of a single spin operator vanishes,
see Eq. (2.6a)), the above expression can be simplified to

N

F(t) oc Y (ST(1)S5(0)po (2.32)

ij=1

which relates the FID to microscopic spin correlations at infinite temperature.

Heteronuclear free induction decay

We consider several spin species with pairwise different gyromagnetic ratios. The (g)y
-pulse addresses only one of these species, which is henceforth denoted by Sj. Since
off-diagonal correlations vanish, see Eq. (2.16b]), the polarization of the remaining species

of spins (S, with p # 1) can be neglected in the FID. We conclude

Ny

F(t) o< Z< fz(t) glc,j(0)>ﬂo (2.33)

i,j=1
which is equivalent to Eq. (2.32), but the time evolution now involves any secular couplings

between the different species of spins, see Egs. (2.24) and (2.25).

Spin echo

The spin echo is distinguished from the FID due to the additional (7),-pulse. The
resulting signal cannot be related to equilibrium spin correlations as above, but we will
see later that an explicit time dependence can be incorporated in spinDMFT and its
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2 Measurement and modeling of spin systems

extensions. The action of the (7),-pulse onto the addressed spin species S; can be
formally included by adding

Ny
Hpulse(t) = Zﬂ-é (t - g) Slll,z (234)
=1

to the Hamiltonian. The spin echo is the result of Eq. (2.33)), evaluated at t = 7 and
considering the adapted Hamiltonian for the time evolution.

2.6 Dipolar spin relaxation on a diamond surface

We consider a recent experiment [Rez22} [Rez+23} [Gra+23|, which uses a near-surface
NV center to probe the dynamics of defect spins on a diamond surface. The results of
this experiment will be compared to simulations by spinDMFT and extensions in Ch. |5.
Here, we briefly present the experimental setup and the measurement methods.

2.6.1 Experimental setup

The experimental setup essentially comprises the sample, a permanent magnet, a RF
setup and an optical setup. The sample under examination is '?C-enriched diamond
with shallow NV centers (located around 2 — 7nm below the surface). The diamond
surface hosts a dipolar ensemble of spins with S = 1/2 and gg &~ —2, which likely result
from localized defects |[Gro+11; |Gri+14; [San+19; [Sta+19]. Candidates are for example
electrons from dangling bonds [Dwy+22} [Cho+23]. Henceforth, we refer to these spins
as surface spins (S). In addition to them, there is a significant protonic noise source
(P) at the surface, which likely results from an intrinsic layer of surface water and/or
hydrocarbons [H&ab+15; |[Sta+15]. In experiment, a single NV center is employed as a
magnetic sensor to probe the surface spin dynamics. An exemplary cutout of the system
is displayed in Fig. 2.4/

The sample is subject to external magnetic fields during the measurements. A permanent
magnet establishes a static field of about 0.1 T at the surface. For any measurement
presented below, the field encloses the magic angle

1
Yy = arccos — ~ 54.7° 2.35

with the normal vector of the surface plane'’l In the experimental framework, the NV
spin and the surface spins are treated as two-level systems, each possessing distinct
transition frequencies. By means of the RF setup, the NV spin and the surface-spin
ensemble can be addressed independently by applying proper pulse sequences. The

0T he secular couplings in Eq. (2.26)) vanish at the magic angle which gives the latter a special meaning
in NMR . In the context of the considered experiment, however, the magnetic field is applied
along the axis of the NV center, which, coincidentally, encloses the magic angle with the surface
normal vector (the magic angle is also the angle enclosed by the diagonal of a cube and one of its
edges).
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2.6 Dipolar spin relaxation on a diamond surface

Figure 2.4: Cutout of the diamond surface. The NV spin is displayed in red, the
surface spins in green and the proton spins in orange. The external magnetic field
B encloses the magic angle ¥, with the normal vector 7 of the surface. All the
spins interact dipolarly with one another. The coupling of the NV spin to its most
important interaction partner is indicated by the wiggly line.

optical setup consists of a scanning confocal microscope which allows for addressing and
reading-out the spin state of the NV center. This forms the basis for all measurements.

The goal of the experiment is to employ the NV center to measure the autocorrelations
of a single surface spin. In the particular scenario considered in the experiment, the
NV spin couples primarily to this specific surface spin as indicated in Fig. The
autocorrelations of the surface spin are accessed by probing it through the NV spin using
the RF Setu. The dipolar coupling required for this procedure is determined using
a double-electron-electron-resonance (DEER) sequence (not shown here). When the
coupling is known, the to-us relevant surface-spin measurements can be performed using
the correlation-spectroscopy sequence depicted in Fig. 2.5, The gray box is a placeholder
for different pulse sequences with which different autocorrelations of the strongest-coupled
surface spin can be measured. Before discussing this in detail, we set up the model
Hamiltonian for the surface-spin dynamics in the following section.

NV

Figure 2.5: Correlation-spectroscopy sequence for probing an individual surface
spin using an NV center. The pulse spacing 7 is determined from the coupling
between the surface spin and the NV spin. The gray box between the pulse
sandwiches is a placeholder for different surface-spin measurements.

" This complicates the experimental procedure, but it is inevitable for measuring the autocorrelations
because the RF setup cannot address individual surface spins in contrast to the NV center.
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2 Measurement and modeling of spin systems

2.6.2 Hamiltonian in the rotating frame

We emphasize that the experiment is carried out at ambient conditions so that all the
spins are randomly oriented in the beginning. The total Hamiltonian of the spin dynamics
includes the dipolar interactions between the NV spin, the surface spins and the proton
spins as well as any couplings to external fields. It is experimentally verified that the
influence of the NV spin on the surface spins plays only a minor role during the time
evolution of the gray box in Fig. 2.5, Therefore, we neglect the NV spin for a description
of the surface-spin dynamics. The static field applied in all measurements is significantly
stronger than the dipolar fields experienced by the surface spins which allows to apply
the RWA to them'?| see Eqs. (2.24) and (2.25).

The microscopic nature of the proton noise is not entirely clear. Its effect on the surface
spins may be modeled by a semiclassical fluctuating field b7 (t) according to

HY p =) b7 (1)S;, (2.36)

which entails at least two additional parameters'®, the correlation time 7 and the
noise variance W2. In the framework of this thesis, we focus on those experimental
measurements where the proton noise is essentially canceled out by the applied pulses.
The reason for this restriction is that we want to have as few unknown degrees of freedom
as possible when comparing experiment and theory. The corresponding measurements
and their translation into observables are presented in the next section.

Without proton noise, only the dipolar interactions between the surface spins remain.
The rotating-frame Hamiltonian then reads
1

Y =W, = 03 dy (2S§s§. — 87T - sgsg) (2.37)
4,J

with the secular couplings d;; given in Eq. (2.26]). Since the spins are spatially constrained
to the surface, it is useful to introduce surface polar coordinates (R;j, ¢ij), see Fig. 2.6.

This allows the couplings to be rewritten as

1 pov3
2 47TR?]-

dij = —% cos (2¢i;) = cos (2¢ij) - (2.38)
For theoretical considerations it is clearly important to know, how the surface-spins are
spatially distributed. Their density strongly depends on the surface preparation [San+19
. For the diamond sample in the considered experiment, the surface-spin spacing
is measured to be 79 = 8(1)nm'¥ The locations of the surface defects depend on the
underlying diamond lattice, but since the lattice constant, a ~ 0.36 nm, is much smaller
than rg, the lattice structure is not expected to be directly important for the spin
dynamics. In theoretical considerations, the surface-spin locations are drawn randomly.
More details on this will be provided in Sec. [5.3.2.

12 g, for a relative distance of 5nm, the dipolar coupling between two surface spins is about 3-4 orders
of magnitude smaller than the external field.

13Note that these parameters are explicitly measured in Ref. [Rez+23].
' The spacing is related to the density by no = r5 2 = 0.016(4) nm
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2.6 Dipolar spin relaxation on a diamond surface

Sketch of the surface_'geometry The distance vector between the
spins ¢ and j is denoted by R;; = R; — R; and ¢;; is the angle between R” and
the z-direction.

2.6.3 Measuring the surface-spin autocorrelations

In this section, we briefly present the measurements including the applied pulse sequences
and translate them into observables. The relaxation processes and the characteristic
times are named in the same way as in NMR, see Sec. [2.5. However, one has to keep
in mind that the considered experiment measures the relaxation of a single surface spin
instead of the global spin polarization. As pointed out in the previous section, we focus
on those measurements, where the proton noise is essentially eliminated.

T5 relaxation

The T3 relaxation is measured using the spin-echo sequence in Fig. [2.7al The w-pulse flips
the surface spins relative to the proton noise so that the effect of the latter is reduced'®|
Then, the measurement approximately corresponds to the transverse autocorrelation
(S (¢)S%(0))™f considering the time evolution generated by HY. The relaxation process
takes place on the characteristic time scale T5, which is usually obtained by fitting, e.g.,
using a Gaussian or an exponential function depending on the shape of the signal®®l

)y, ¢ @  (3), (). Qy (%)
) e e |
. S e *
t
Sequence for the T» measurement. Sequence for the T1, measurement.

Pulse sequences applied to the surface spins in different relaxation
measurements. The sequences can be inserted into the placeholder of the correlation-
spectroscopy sequence in Fig. 2.5,

5Due to its time dependence, the proton noise is not completely eliminated by the spin echo. Its
remainder leads approximately to a modulation of the experimental data, which will be briefly
discussed in Sec. [5.3.3l

16The fit functions will be also provided in Sec. [5.3l
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2 Measurement and modeling of spin systems

Ti, relaxation

Within a spin-lock driving measurement, the proton noise can also be eliminated from the
longitudinal surface-spin dynamics. It should be noted that due to the strong static field
B in experiment, only the z-coupling between the surface spins and the noise persists
in RWA. The idea of spin-lock driving is to reduce this remaining coupling by applying
a drive field Bgrive perpendicular to B. This additional field rotates at the Larmor
frequency wr, around B and is thus static in the rotating frame according to

Harive(t) =y ) (= sin(wit)S] + cos(wit)S}) —— Hie =0y ) 87 (2.39)

with €y = v5Bgrive- We added the index y to ), because for our choice of coordinates,
the drive field points in the y-direction of the rotating frame. If a spin is polarized
into this direction, the drive field “locks” the spin in its direction by decreasing the
spin-noise coupling. Varying the strength of 2, allows one to adjust the effective strength
of the noise. If €1, is chosen large, the spin-noise coupling is eliminated. Then, we can
employ the RWA once more and describe the surface-spin dynamics elegantly in the
doubly-rotating frame. Using the transformations in Eq. (2.23) (with y and z swapped),
we obtain
g — 1 s lsqcsqc — S§¥g¥ ls%s% 2.40
S 22”22] ij+21j' ()
ij
As a consequence of the drive field, we obtain a surface-spin coupling similar to the
one in the original rotating frame. The only difference is that, now, the y-direction is
the easy axis and the couplings are globally reduced by a factor of 2. By means of the
pulse sequence shown in Fig. [2.7b| the longitudinal autocorrelation (SY(¢)SY(0))%* can
be measured. The relaxation process happens on the characteristic time scale 77,, which
can be extracted by an appropriate fit.

Summary of the surface-spin measurements

Due to the similarity of the Hamiltonians in Eqgs. (2.37) and (2.40), the transverse
autocorrelation is essentially the same in the singly-rotating and in the doubly-rotating
frame except for a factor of 2 in the time scale. The experimental setup also allows for
measuring 17 relaxation, i.e., the longitudinal relaxation in the singly-rotating frame.
But this relaxation is significantly affected by the proton noise so that we do not consider
it in the framework of this thesis. The main pieces of information from this section are
summarized in Tab. 2.1.

Summary of the surface-spin relaxation processes. The autocorrelations
refer to the infinite-temperature state.

transverse relaxation longitudinal relaxation
frame || Hamiltonian | time | autocorr. || Hamiltonian | time | autocorr.
rf Hléf T g:ca: Hléf + Hgf—P T, gzz
drf HJt 275 g™ HJt Ti, g%
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As pointed out in the introduction, the theoretical treatment of quantum many-body
systems is a notoriously difficult task. Mean-field theories form a prominent class of
approaches that are particularly successful in high-dimensional systems. Historically, the
first mean-field theories have been considered in classical systems, long before quantum
mechanics was established. An example for this is the mean-field approach by Curie
and Weiss around 1900 to describe the emergence of magnetic ordering
phenomena. Since the discovery of the Schrédinger equation in 1926, mean-field theories
have been applied also to quantum systems, see for example the Hartree-Fock theory
developed in the following decade [Foc30]. The Ginzburg-Landau theory for
superconductivity from 1950 demonstrates the success of mean-field theories
in qualitatively describing phase transitions. A first microscopic understanding of
superconductivity was provided a few years later by Bardeen, Cooper and Schrieffer
based on Hartee-Fock-related methods . With the computational resources
available nowadays, extended mean-field theories can capture many-body physics even on
a quantitative level, see for example the DMFT for strongly correlated fermion systems
developed in the nineties [Mul89; [MV89; |Geo+96]. Unexpectedly, the concept of a
mean field is also used in sciences unrelated to physics and chemistry, such as opinion
formation . This chapter is devoted to the general ideas of a mean-field theory
in condensed-matter physics and shall give an overview over mean-field and related
approaches.

In the first section, we discuss how a mean-field theory can be derived and justified in
general. Two examples for static mean-field theories and the DMFT for fermions are
presented in Secs. |3.2| to [3.4. Subsequently, we discuss several attempts to a DMFT
for spins and classify our own approach (spinDMFT) and its extensions in Sec. 3.5, In
Sec. 3.6, we list and briefly discuss several approaches related to spinDMFET.

3.1 Mean-field theories in condensed-matter physics

The starting point is a many-body Hamiltonian, H, which describes interacting particles,
for instance, electrons hopping from site to site on a lattice. Due to the mutual inter-
actions, the problem usually cannot be solved exactly and requires the application of
approximations such as a mean-field approach. Although there is no unique construction
scheme, most mean-field theories can be summarized by the two ingredients listed in
Fig. (3.1l
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3 Overview of mean-field and related approaches

many-body problem:

(1) The environment of a single site is replaced by
an averaged field, the so-called mean field.
This reduces the many-body problem to a
single-site problem, which is much easier to
solve.

(2) The mean field represents the averaged action
of a large number of sites. Its dynamics are
linked to those of the effective site which en- ;
tails a self-consistency problem, because o
the latter are known only a posteriori. mean-field

single-site problem:

Key ingredients of a mean-field approach.

Mean-field approaches can be formally derived from a variational principle
. To this end, one replaces the original many-body Hamiltonian H by a simpler,
soluble Hamiltonian Hy, which has to be expressed in terms of variational parameters.
The Bogoliubov inequality provides an upper bound for the free energy of H,

F < Fy + (H — Ho)o, (3.1)

where Fj is the free energy of Hy and (...)( is an expectation value with respect to the
thermal state of Hy. The strategy is, to minimize the right-hand-side of the inequality
by varying Hg. The minimal result is considered the mean-field approximation of H.
This procedure can be connected to the two key ideas presented in Fig. |3.1. The soluble
Hamiltonian Hy can describe the single-site problem and the minimization procedure
the self-consistency problem. The formulation via a variational principle appears to be
very general, but it should be noted that choosing a proper Hy and carrying out the
minimization is not necessarily straightforward.

Static mean-field approaches can be alternatively derived by neglecting any two-particle
correlations in the full many-body Hamiltonian H. This strategy automatically leads to
an effective model and a self-consistency condition as we will see in Secs. |3.2/and 3.3 In a
static mean-field approach, the environment of an individual site is automatically frozen
due to neglecting the two-particle correlations. In contrast to this, a dynamic mean-field
approach allows for time-dependent fluctuations of the environment. The corresponding
derivation and the resulting effective model is more involved as we will see in Sec. |3.4.

Mean-field theories are successful if the system dimension D is large, which can be
understood by a rather simple argument. Consider for example a lattice of localized
spins: From the perspective of an individual spin, the collective field of all of its neighbors
is very important, no matter the dimension. If D is large, the number of spins in this
field is also large. This implies that the fraction of this field resulting from a single
neighbor spin is rather unimportant compared to the rest of the field. Thus, it is plausible
that the removal of a single spin from the lattice has only a minor effect on its former
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3.2 Weiss mean-field theory for the Ising model

neighbors. This qualitative argument justifies decoupling a single spin from the rest of
the lattice, which is precisely what is done in a mean-field theory. Note that the crucial
quantity in this argument is the number of nearest neighbors, which is also referred to
as the coordination number and represented by the letter z. The dimension and the
coordination number are related, for example, z = 2D in a simple-cubic lattice. If z
or, equivalently, D is sent to infinity, the mean-field description often becomes exact.
However, for this limit to be physically meaningful, the Hamiltonian usually needs to be
rescaled. We will come back to this, when discussing specific examples in the following
sections.

3.2 Weiss mean-field theory for the Ising model

The Ising model describes a system of classical spins S; € {—1,1} on a lattice [Isi25

Pav+11]. Considering nearest-neighbor interactions, the Hamiltonian can be written
T

as

J 1
Hising = —5 > 885 = 3 > 8B, Bii=—JY 605 (32)
(,7) i J

where we consider ferromagnetic couplings (J > 0). The field B; describes the local
environment of spin S;. One way to derive a static mean-field model is to replace this
field by its expectation value. Alternatively, as described in the previous section, one can
neglect the two-particle correlations which entails

SiSj = (Si = (5i))(Sj — (55)) +5i(Sj) + (5:)Sj = (5)(S))
two-particle correlation (33)

~ Si(S5) 4 (S:)S; — (Si)(S;).

Applying this directly to the Hamiltonian leads to a simple effective model with a static
mean field B™ and decoupled spins,

1
Higl . = B™) " S; + Ey, B™ = 2 J(S), Eo:= 3zNJ(S)%  (34)

(2

From this, one can derive the self-consistency condition
(S) = tanh (2JB(S)) . (3.5)

which implies a critical temperature T, = J/kp separating a paramagnetic from a
ferromagnetic phase, see Fig. 3.2, The results are qualitatively the same, if the mean-field
approach is applied to the quantum Heisenberg model . For realistic
systems, the approach overestimates T¢,i; and the critical exponents are incorrect .
Furthermore, the Mermin-Wagner theorem is not obeyed. However, despite its simplicity,
the Weiss mean-field theory does provide a first qualitative description of the magnetic
phase transition.

'The factor 1/2 accounts for double countings of the coupling.
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3 Overview of mean-field and related approaches

Graphical solution of the 1 x
self-consistency problem described by
Eq. (3.5) for two different tempera- ttttttt
tures. The left-hand side and the right-
hand side of the equation are plotted w0 4
versus © == zJB(S). The black crosses
indicate the intersections, which cor- — tanh(z)
respond to solutions of Eq. (3.5)). For —— T > Terit
T < T, the ordered phase corre- T < Terit
sponds to a minimum of the free en- -1 . ! . .
ergy and is thus favored. -2 0 2

T

For a physically meaningful limit z — oo, the couplings need to be rescaled by 1/z so that
the mean field remains finit¢’. Then, it can be shown that the neglect of two-particle
correlations in Eq. (3.3) is, indeed, exact for z — oo [Bro60].

3.3 Hartree-Fock mean-field theory for the Hubbard model

The Hartee-Fock theory is a static mean-field theory for itinerant particles. Applied
to the fermionic Hubbard model, it is also known under the name Stoner model in the
literature [Noll5|. We recap the one-band Hubbard Hamiltonian from Sec. [2.2]

Hipn = —t » ¢, +U D nym,. (3.6)

Similar to Eq. (3.3), the interaction term can be approximated neglecting the two-particle
correlations according to

n,n, ~n, ) +n; ) — () (), (3.7)

which results in the effective Hamiltonian

¢ -
B, — Fo= > [t+ 05U e, =3 [eB) +Um) el ep . (39)

<7:7j>’0— E,O’
where & denotes the opposite spin direction of o, e(E) is the one-particle energy and Fjy

is a constant energy. The average occupation number can be determined self-consistently
by

) = = 3 (14 PP U0D) (3.9)
E

This equation implies a ferromagnetic state below a critical temperature, if the Stoner
criterion 1 < Up(ep) is met. The Stoner model captures itinerant ferromagnetism and

2The rescaling factor should be chosen in dependence on the phase of interest. If the focus lies on the
paramagnetic phase, the couplings should be scaled as 1/4/z to obtain a non-trivial limit z — oo

(Geo+96).
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3.4 Dynamic mean-field theory for strongly correlated fermion systems using the
example of the Hubbard model

the Stoner criterion captures the trend for some metals . However, the derived
effective model in Eq. (3.8) can be only valid if U is small. As discussed already in
Sec. [2.2, one expects a metal-insulator transition for increasing U in case of half filling.
This is clearly not captured by the one-particle model in Eq. (3.8). In fact, even the limit
z — oo does not make the approximation in Eq. (3.7) exact because in the Hubbard
model each electron has at maximum a single interaction partner per site, independent
of the coordination number. The situation changes, if one alters the model so that U
couples instead the electrons of neighboring sites to one another. Then, the Hartee-Fock
mean-field theory is indeed exact for z — oo, analogous to the Weiss mean-field theory
for localized spins . It is noteworthy that the Hartree-Fock theory and extensions

of it are still applied in quantum chemistry nowadays [HJOOO}; [EA07].

Itinerant-fermion models contain a non-trivial one-particle dynamics which fundamentally
separates them from spin models. For instance, there is no direct analogue to the Weiss
mean field B™ from Eq. (3.4) in the Stoner model. The fact that the mean-field approach
is static can be read off the self-energy?® ¥, = U(n,), which does not depend on the
frequency. This is different in the DMFT, which will be discussed in the next section.

3.4 Dynamic mean-field theory for strongly correlated fermion
systems using the example of the Hubbard model

The transition from static mean fields to dynamic mean fields complicates the mean-field
framework considerably. But it is necessary for an adequate description of systems, in
which the two-particle correlations are not negligible as assumed in Hartee-Fock theory.
Such strongly correlated electron systems are characterized by a competition between
the hopping and the mutual interaction of the electrons. In the Hubbard model, this
means that neither ¢ nor U are dominating. In this case, an effective one-particle picture
is not valid anymore so that even the otherwise very successful density-functional theory
(DFT) is not adequate®. Here, the DMFT can help out. Below, we briefly summarize its
main ingredients.

The first ingredient is again the limit z — oo or, equivalently, D — oco. In 1989, Metzner
and Vollhardt showed that, if the hopping amplitude is scaled as ¢/ VD, the Hubbard
model maintains a competition between hopping and interaction in the limit D — oo
. At the same time, the computation of ground-state properties greatly simplifies
because the self-energy becomes site-local,

EZ—JUJ(W) = 5¢j20(w) (3.10)
or, equivalently, momentum-independent.

3The self-energy summarizes the effect of the interaction. In the Stoner model, it corresponds to a
constant shift of the one-particle energies, see Eq. (3.8).

4DFT is widely used in physics and chemistry and its foundation by Walter Kohn has been awarded
with the Nobel prize in 1998 . The basic idea of DFT is to minimize an energy functional
of the electron density. The interaction energy in this functional consists of the classical interaction
term (Hartree) as well as an “exchange and correlation” term, which has to be guessed.
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3 Overview of mean-field and related approaches

The second ingredient is the mapping of the Hubbard model on a lattice to a single-
impurity Anderson model (STAM) |[And61]: Instead of the intractable lattice model, one
considers an effective model which captures a single site, the impurity, that couples to a
bath representing the remainder of the lattice. This is schematically displayed in Fig. (3.3
and formally described by the Hamiltonian

HSIAM - UCT 4 ¢ ¢+25V a,,a VO'+ZV ( a,,Co +Ca VO') ) (311)

where ¢, and cf, are the fermionic ladder operators of the impurity and a,, and a,T,U
are the ladder operators of the bath with v being the index of the bath orbitals. Note
that €, is distinguished from the one-particle energies G(E) of the Hubbard model. The
SIAM and the Hubbard model have the same local self-energy in the limit D — oo, if the
parameters €, and V,, are chosen appropriately . The condition for equivalence of
the models is given by |Geo+96; [KV04]

1 Vo l?
Go(w) [A] = _, Alw) =) , (3.12)
- w— o (A(w)) — €(k) —~ W — &y
where G is the local one-particle Green’s function. This formula clearly entails a self-
consistency problem because it contains the self-energy >, which is known only a posteriori.

It can be solved iteratively, if an impurity solver such as exact diagonalization (ED)

|CK94], numerical renormalization group (NRG) [AS05; BCP0§|, quantum Monte-Carlo
(QMC) [Gul+11] or dynamic density matrix renormalization group (DMRG) |[Geb+03
KRUO§| is provided.

time

0) ) [41)

| |
B
B P N
T f
B
| |

lectron bath

DMFT replaces the lattice of the Hubbard model by a single impurity
atom embedded in a bath of electrons as described by the SIAM. By exchang-
ing electrons with the bath, the central atom (gray) fluctuates among different
configurations, shown here as snapshots in time. The allowed atomic states are
[0),]4), 1) and |1}). The illustration shows an exemplary sequence of transitions
between the atom and the surrounding electronic reservoir. The hybridization V,,
specifies how likely a transition occurs. Figure inspired by Ref. [KVO04].

One of the great successes of DMFT is the qualitatively correct description of the Mott
metal-insulator transition. While band theory only describes the metallic phase and
atomic theory only describes the insulating phase, DMFT captures also the intermediate
case. In realistic materials, orbitals with itinerant electrons coexist with orbitals with
strongly correlated electrons. Therefore, DMFT is often combined with other approaches
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3.5 Dynamic mean-field theory for spins

such as the local-density approximation (LDAP) [Pav+11] or Hartree method [Dat+23]
in practice.

3.5 Dynamic mean-field theory for spins

As demonstrated in the above sections, it makes a considerable difference for the theoretical
complexity and for the validity of the results, whether a mean-field approach is static or
dynamic. Considering the step from Hartree-Fock to DMFT, the question arises if an
analogous step can be made starting from the Weiss mean-field theory as sketched in
Fig. 3.4.

static time-dependent some spatial
mean-fields fluctuations fluctuations

itinerant Hartree-Fock > DMFET — CDMFT

fermions MFT
localized .
i Weiss MF'T —_— ? —_— ?
spins

Stepping from a static to a dynamic mean-field theory and, subse-
quently, to a cluster dynamic mean-field theory. Similar to the fermionic case, a
DMEFT for localized spins and a corresponding cluster extension should exist.

Attempts and comparison to spinDMFT

We note that attempts for this have been made long ago. Related approaches have
been considered in the context of the Sherrington-Kirkpatrick model (SKM) which is
used to model spin glasses [SK75; [EAT5; [Fis75) [TAP77; [Kle79]. In 1980, Bray and
Moore considered an extension of the SKM (Heisenberg model with Gaussian-distributed
couplings) and derived a self-consistency problem from a minimization principle using

the replica method [BM80].

About twenty years later, this idea was taken up and reformulated slightly .
The newer description essentially breaks down to the simulation of a spin in a Gaussian
noise of which the moments are connected to the spin autocorrelations. As will be
seen in the next chapter, this is very close to what is done in spinDMFT. However,
one should note that the formerly considered spin-glass models are distinguished from
bare spin models, since any expectation values are additionally averaged with respect
to the distribution of the couplings (disordered models). The additional averaging is
advantageous, because in the framework of the replica approximation it can be carried
out before the quantum average which simplifies the problem. This trick cannot be used
in conventional spin models, where the couplings are fixed. Still, the closeness of the

SLDA is a specific approximation of the exchange and correlation term in DFT.

29



3 Overview of mean-field and related approaches

resulting effective model to the one in spinDMF'T is remarkable and should be kept in
mind. Note that spinDMFT has not yet been extended to finite temperatures, but the

approaches in Refs. |[GR98}; [GPS00| give an idea of how this could be attempted.

As pointed out in the previous section, a key aspect of the fermionic DMFT is that
the self-energy becomes local for D — oo. Similarly, a key aspect of spinDMFT is that
the two-spin correlations become local, that is, pair correlations are suppressed versus
autocorrelations for D — oo at infinite temperature. The subdominant role of pair
correlations has been recognized already in 1988 by Zobov .

After the development of the fermionic DMFT, Kuramoto and Fukushima proposed
a DMFT for spins (s-DMFT), which includes also finite temperatures and accesses
distinct phases . Their method is very general, but the mean-field description via
bosons makes it rather cumbersome. A solution of the self-consistency appears to be
computationally demanding without applying further approximations [OK13].

In view of the above approaches, the constraint of infinite temperature is certainly a
disadvantage of spinDMF'T. We emphasize, however, that due to the smallness of dipolar
couplings there are many experimental platforms, where infinite temperature is a valid
assumption. Being tailored to this regime makes spinDMFT computationally cheap and,
thus, open for extensions.

Cluster DMFT

Conventional mean-field theories result in an effective single-site model so that spatial
fluctuations are neglected by construction. It is possible to recover these fluctuations to
some extent, see for example the cellular DMFT which extends the fermionic DMFT to
clusters [Kot+01]. As indicated in Fig. 3.4} this is also a natural extension of mean-field

theories for spins [OK13; |Jin+16] and explicitly carried out for spinDMFT in Ch. |5

Bosonic DMFT

For the sake of completeness, we mention that there exist also DMFTs for bosonic systems,
for example, B-DMFT [BV08; [HT09; |And+11|. A particular challenge of this approach is
that the hopping amplitude has to be rescaled differently in the limit D — oo depending
on whether the system is in the Bose-Einstein condensate or not.

3.6 Mean-field-related methods

The main issue of dealing with a quantum many-body system is the exponential growth
of the Hilbert space. To tackle this, a common strategy is to decouple the system at the
quantum level. This can be, for example, a decoupling into cluster and environment,
but also a decoupling into many distinct clusters. Besides spinDMFT and its extensions,
there are many other examples for such kinds of approaches .
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3.6 Mean-field-related methods

For example in 2005, Witzel, de Sousa and Das Sarma considered the spectral diffusion
decay of an electron spin in a nuclear spin bath using a cluster-expansion (CE) method
[WSDO05f [WDO06|. The method involves a recursive strategy that separates the nuclear
spin bath into different clusters that independently contribute to the spin-echo signal.
Related to this approach are also the linked cluster-expansion (LCE) and
the cluster-correlation expansion (CCE) [YLO8} [YL09; (WYD14} [ZML20]. We note that
these methods focus on approximately star-like topologies, while mean-field theories are
justified for dense geometries, which is the opposite case. For the sake of completeness,
we mention that exactly star-like topologies are also accessible by DMRG although the

reachable maximum time is limited [Sch05f [SRU13].

Closely related to spinDMFT and its extensions is the hybrid quantum-classical simulation
by Starkov and Fine . Their method is tailored for NMR and accesses the
FID in dense spin lattices. In essence, the surrounding spins of a selected quantum cluster
are replaced by classical ones. The simulation of classical spins is, of course, far less
costly than the simulation of quantum spins. Calculations with up to 103 classical spins
and quantum cluster sizes of 9 spins are still feasible . The approach is extended
to the method of coupled quantum clusters in Ref. [SF20|. In this extension, the whole
system is separated into quantum clusters, which interact with one another through their
expectation values.

Related to spinDMFT are also approaches based on semi-classical Lindblad master
equations . However, the Lindblad formalism requires that system and bath
dynamics take place on different time scales. In contrast to this, the key aspect of
spinDMF'T is that the dynamics of a spin (system) happens on the exact same time scale
as the dynamics of the mean field (environment).

From a different perspective, also the truncated Wigner approximation (TWA) bears
similarities to spinDMFT . The TWA is based on the computation of
classical trajectories in phase space drawing the initial conditions from the Wigner
function, in which the quantum-mechanical uncertainty is built in. SpinDMFT and
its extensions also consider the initially correct quantum state, but due to the self-
consistency, some quantumness enters also into the dynamics®. But, the TWA is far less
constrained, for example concerning the temperature. It is applied to bosonic
and fermionic systems . Extensions of the TWA such as the generalized discrete
TWA (GDTWA) can also be powerful in describing spin dynamics [ZRS19]. However, a
systematic improvement of the TWA beyond classical trajectories is challenging.

Finally, we also mention the possibility to access spin systems by brute-force methods

such as the ED [FSWO08| and the Chebyshev-expansion technique (CET) [Wei+06; [AF11].

On the one hand, the reachable maximum times are very large, but on the other hand,
the results are subject to finite-size errors, especially, in high-dimensional systems. We
will come back to these methods, when benchmarking spinDMFT in Sec. [4.3.

SNote that this statement does not hold for the bare spinDMFT with S = 1/2, since the effective
mean-field model maps to a fully classical one. This is discussed in Sec. 4.1.7.
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This chapter is devoted to the derivation of spinDMFT followed by some benchmarking.
In the previous chapter, we discussed several mean-field and related theories that are
applicable to various physical systems. The scope of applications of spinDMFT is limited
to spin systems that are (i) dense and (ii) prepared at infinite temperature. The first
aspect is simply a rewording of the very general requirement that each particle must have
a large number of interaction partners. The dimension d or the coordination number z
serve as measures for this. In a manner analogous to the mean-field approaches presented
in the previous chapter, we demonstrate that our approach becomes exact for z — oo. The
second aspect entails considering the spins to be completely disordered, i.e., p = pg x 1.
This assumption applies, for example, to generic NMR, experiments.

First, we present the derivation of spinDMFT for a Heisenberg model with S = 1/2.
In Sec. 4.2, we show the generic numerical results considering different spin models.
Subsequently, we benchmark spinDMFT by comparing its results to the ones of several
brute-force methods for a Heisenberg model in Sec. |4.3. Afterwards, we briefly discuss
the application of the method to dipolar defect spins on a diamond surface in Sec. 4.3.1
and conclude the chapter in Sec. |4.4. Several contents of this chapter are based on

Ref. |Gra+21].

4.1 Derivation of spinDMFT for the Heisenberg model

4.1.1 Preparation

We consider an ensemble of N localized spins with S = 1/2 and Heisenberg couplings.
The spins are subject to a global magnetic field h and the system is considered completely
disordered. The Hamiltonian is given by

H— %ZJU@ §+nY S (4.1)

i3

with general couplings J;; = Jj; and J;; = 0. The moments of the coupling constants are
defined as

(TImi)" = Z (i)™ m € N*. (4.2)

J
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4.1 Derivation of spinDMF'T for the Heisenberg model

Of particular importance are the quadratic coupling constant, Jq,; = J2;, and the
quartic coupling constant, Jr; := Ju,;. Their ratio defines the effective coordination
number

Jq,i 4 1

Zoff,i = <JT1> , Zeff = ZZ: Zeff,i- (4.3)
It should be noted that by maintaining the index i, these definitions encompass lattices
with polyatomic bases or inhomogeneous systems. For spins on a lattice with a one-atomic
basis and nearest-neighbor (NN) couplings J;; = 5<i,j)J , one obtains zef; = 2eff = 2,
where z is the conventional coordination number. Consequently, z.s; may be regarded
as a generalization of z to long-range couplings. We consider z; to be a measure of
the density of a spin system, as illustrated in Fig. 4.1'l The coupling sums in Eq. (4.3)
are sometimes defined with a sum over the different directions considering Jis Jiyj and
ij in the literature . This affects zefr; only, if the couplings are anisotropic and
the anisotropy varies from one pair of spins to another, for example, as in the bare
dipole-dipole model presented in Sec. 2.3l

(a) O

Cutout of a square lattice (a) and an inhomogeneous spin system
(b) with dipolar couplings J oc R~3. The inhomogeneous system is generated by
randomly drawing the spin positions, with a constraint for the minimum distance
between two spins (gray circles cannot overlap). The effective coordination number
of the central spin (cs) iS Zefr,cs = Zerf = 5.3 for the square lattice and zeg,es ~ 3.5
(2efr = 3) for the inhomogeneous system in this example. This indicates that the
square lattice is denser than the inhomogeneous system. In contrast, the formal
spin density, or the number of spins per area, is identical in both cases.

Next, we define the operators of the local spin environments (henceforth local-environment
operators) of each spin,

J
With the help of the above definitions, we can rewrite the Hamiltonian according to
1 ..V z
H=§Zsi-vi+h§:si, (4.5)

'Note that there are various ways to define an effective coordination number, see Ref. |[Gra-+21].
According to the subsequent derivation, Eq. (4.3)) is the most reasonable definition.
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4 Dynamic mean-field theory for dense spin systems at infinite temperature

where the prefactor of 1/2 is required to avoid double counting.
We divide the derivation of spinDMFT into three steps:

(i) We identify the local spin environments and substitute them by classical dynamic
mean fields. We demonstrate that back actions of a single spin are negligible,
allowing the mean-field dynamics to be treated independently of the dynamics of
the considered single spin. The mean fields are defined as stochastic time-dependent
variables drawn from a random distribution. (Sec. 4.1.2))

(ii) We show that the random distribution is Gaussian. Furthermore, we explain how
local expectation values are computed in the mean-field framework. (Sec. 4.1.3)

(iii) We link the defining moments of the normal distributions to spin expectation values,
which, in turn, leads to a closed self-consisteny problem. (Sec. 4.1.4))

At several points in the derivation, statements about the scaling of spin correlations are
required. These statements are derived in Ref. (App. A) using the example
of a Bethe lattice with NN interactions. We do not repeat this analysis here, but we
provide a summary of the findings in Tab. |4.1l

Scaling of correlations on a Bethe lattice of disordered spins with
S = 1/2 and NN interactions . In this scenario, 2z = zef,; for all sites i.
The local-environment operators V; have been rescaled by a factor of 1/4/z for
the entirety of this analysis. The expression (4, j) represents the taxicab distance
between site ¢ and j. It is reasonable to posit that these scalings are also valid for
other lattices and larger spins.

correlation scaling
(S¢(t1)87 (t2)) 1
(S¢(t1)8F (t2)),  i#j )
(Ve (t1)V7 (t2)) 1
(VE(t)VE(t2)), A(,4) =1 21
(VE(t)VI(t2)), A@,g) > 1 || 2@+
(S%(t1) V2 (t2)) 2=l

(SHt)VE(t2)),  i#j | 2D

A remark on the rescaling of the local-environment operators in this consideration is in
order. As previously mentioned in Ch. 3, the Hamiltonian usually needs to be rescaled
before performing the limit 2 — oo or ze; — oo. In the disordered regime, a physically

meaningful limit necessitates finite values for Jq ;, which represents the energy scale of
the system?. This is ensured by the rescaling [Geo+96

H —

@H, (4.6)

2Conventionally, the rescaling is chosen such that free energy per site remains finite [Pav-+11]. However,
this approach is not successful here because the free energy is independent of the Hamiltonian at
T = 0.
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4.1 Derivation of spinDMF'T for the Heisenberg model

which can be directly transferred to the local-environment operators contained in H.
Note that for inhomogeneous systems or systems with polyatomic basis, we require that
Zefti X Zegr for all sites ¢. If this is not the case, it is necessary to distinguish between
different types of spins in the mean-field framework. In the following section, we present
the first step of the derivation.

4.1.2 Step (i): Mean-field substitution and single-site problem

In the initial step of spinDMFT, the local-environment operators are replaced by classical
fields similar to what is done in Weiss mean-field theory, see Sec.|3.2. This substitution
is justified, if each V; contains a multitude of contributions of comparable strength.
Analogous to the consideration in Ref. for the central spin model (CSM), this
can be substantiated further by means of the Frobenius norm of an operator,

1
JAJ? = - Tr (ATA) = (alA), (4.7)
which is equivalent to the T" = co autocorrelation of A. We compute the Frobenius norms

of a spin component and a component of the local-environment operator for arbitrary
spin S. For comparability, we consider the rescaled operator

. 1
CJqa

Ve, (4.8)

Using this definition, the norms of the components yield the same result,

o <o S(S+1
I = v = S ED (4.9

For a classical angular momentum, any commutator vanishes. Therefore, it is reasonable
to examine the commutator norms,

I[se. 87 = - 5&5)5(5; Y, (4.10a)

7 (A
S(S+1) 1
3 Zeffi

|[Ve, V212 = (1 - 6%) (4.10)
in order to identify classical behavior. In contrast to the component norms, the spin and
local-environment operator behave differently in this respect. The additional factor 1/zeg ;
clearly vanishes in the limit z.f; — 0o making \72 a classical field. This is undoubtedly
a compelling argument, but statements about the magnitude of the error of a classical
substitution can only be made on the basis of explicit benchmarks.

The phenomenon of the commutator norm being suppressed is related to the corre-
spondence principle in quantum mechanics. Quantities containing a large number of
constituents exhibit classical behavior. However, this does not imply that these quanti-
ties necessarily have to be static, as is assumed for the mean fields in standard Weiss
mean-field theory. Therefore, in spinDMFT, we consider time-dependent, classical mean
fields, denoted by Vj(t).
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4 Dynamic mean-field theory for dense spin systems at infinite temperature

Prior to establishing the dynamics, it is essential to discuss the impact of back actions of a
spin on its local environment. If these are substantial, the dynamics of ‘_/;(t) are dependent
of the dynamics of §i, which would significantly complicate the mean-field framework.
However, we recall that spinDMFT has been developed for dense spin systems, where
each spin has many interaction partners. In this case, a single spin is not important for
the dynamics of its surrounding spins and can, in principle, be left out. This is a standard
mean-field argument and also discussed, for example, in the cavity method .
Nevertheless, a rigorous mathematical formulation of this argument is challenging. We
provide a rigorous argument based on the observation that correlations between Si’B and
V¢ over time are suppressed by 1/, as detailed in Tab. |4.1. This implies that a spin
is completely uncorrelated with its local environment for infinite coordination number.
Consequently, we conclude that in a dense spin system, back actions are negligible and
the mean-field dynamics can be treated independently of the particular dynamics of a
single spin. We emphasize that if the system is inhomogeneous, the effective coordination
number zefr; needs to be large for all sites i. A counterexample to this is the CSM, where
Zeff; is large for the central spin, but equal to 1 for the bath spins. The omission of back
actions of the central spin inevitably results in a completely frozen bath. This assumption
is only valid for very short times [MERO02; [SRU13} [SRU14} [Stal4].

Based on the above arguments, we replace each local-environment field in the Hamiltonian
in Eq. (4.5) by an a priori given mean field V;(t), which leads to

o [Vl(t), s VN(t)] = m [@(t)} , (4.11a)
s [ﬁ(t)] = Vi(t) - S; + hS:. (4.11b)

Note that the factor /2 has been removed, since each spin-spin coupling contributes to
the mean field of both involved spins. The values ‘7@(75) cannot be deterministic, as this
would automatically break time translation invariance®, which is not physical. Therefore,
we treat V;(t) as a random variable and perform a stochastic average in all physical
expectation values. In this way, time translation invariance can be ensured, while allowing
for fluctuations of the mean fields.

We use the shorthand V; (tg, t1) to denote a single time series of the mean field at site ¢ from
time t; to t9. The series V (t2,t1) contains a specific Value of V at all possible times in the
interval ¢ € (t1,t2). For the sake of brevity, we use V; := V;(co, —00) henceforth. Clearly,
there is an infinite number of single time series, which have to be taken into account. In
a stochastic average, they are weighted by a probability functional p[ﬁl, e ,ﬁN], which
is yet unknown. We will later compute the moments of this functional by linking them
to expectation values of the local-environment operators. In principle, the functional
could be constructed from its moments, but without any specification, the number of
non-trivial moments required for this is infinite. However, as will be demonstrated in the
next section, the functional is Gaussian, which means that only the first two moments
need to be known.

It is important to note that the mean-field Hamiltonian given by Eq. (4.11) is decoupled
with respect to the sites. The original, 2"-dimensional lattice problem has been mapped

3Except for the trivial case, where the mean fields are static, but this scenario is ruled out here.
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4.1 Derivation of spinDMF'T for the Heisenberg model

to N two-dimensional single-site problems. Each of them describes a single spin evolving
under its own mean-field and the external field. In the next section, we will explain how
local averages can be computed in this framework.

4.1.3 Step (ii): Probability functional

The central argument in this step is that two spins at sites ¢ and j are only weakly
correlated. This assertion is particularly compelling for a dense spin system, in line with
the observation that the back actions of a single spin are negligible. To substantiate this
claim, we consider the Bethe lattice with NN interactions again, see Tab. |4.1. For this
system, it can be shown that the pair correlation (Sf‘(t)S? (0)) scales like z2=*(9) | where
A(i,7) is the number of NN links needed to go from site ¢ to j. This entails that in the
limit z — oo two distinct spins are not correlated to each other, even if they are neighbors
in the lattice. In light of this observation and the definition of the local-environment
operators in Eq. (4.4)), we conclude that each mean field consists of a large number of
essentially independent contributions. Consequently, we can utilize the central limit
theorem and deduce that their probability functional is Gaussian® Having identified the
mean-field distribution, we can now set up a strategy for computing averages.

We restrict ourselves to averages of operators O; that are local at a single site ¢. In the
framework of spinDMFT, the computation of any physical average requires two separate
averaging procedures. First, one computes the expectation value of the local quantum
degrees of freedom assuming a disordered state p; == 1;/djoc, Where djoc = 25 + 1 is the
Hilbert space dimension. This entails tracing over the local Hilbert space according to

Try (0;)

Oy == (04) po = (d>7 (4.12)
loc

The operator O; may contain time propagators which are computed from the local

mean-field Hamiltonian in Eq. (4.11b)) employing the Schrodinger equation

%Ui [%(t,to)} = —ig [ﬁ(t)] U; [ﬁi(t, to)} ) (4.13)

—

In this notation, U;[V;(t,t9)] describes the time propagator that propagates from tg to t.
In the following, we will consider the quantity O; to contain a single time evolution, so
that O; = Oi[ﬁi(t,to)].

In order to obtain a physical result, the quantum average must be followed by an average
with respect to the mean fields. This is achieved by integrating over the probability space
spanned by all mean fields at all times according to

6mf _ N -4 - — -
i = (H /DVk> P [Vl, ey VN} OZ [Vi(t, to):| s (4.14)
k=1

“We note that this is not strictly rigorous, since two spins being uncorrelated does not necessarily imply
that they are independent. Moreover, since there is no defining equation for V;(¢), it is not clear
how the central limit theorem is applied precisely. A rigorous mathematical proof of this may be
conducted in the future, for example, by considering a Bethe lattice.
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4 Dynamic mean-field theory for dense spin systems at infinite temperature

where mf stands for mean-field average. For a Gaussian probability functional, any
degrees of freedom that are not contained in O; can be integrated out easily, which leads
to

oM = /Df}i(tvtO)pmar [f}i(tatO)} O; [ﬁ‘(tyto)} : (4.15)

The marginal distribution ppar is also Gaussian and contains only the first and second
moments of the local mean field at site ¢ from time ¢y to . No moments of other
times or other mean fields are mixed into it. For the sake of completeness, we mention
that the correlations (V¢ (tl)Vf(t2)> for i # j are suppressed by at least 1/z relative to
(V&(t1)VP(t2)) on a Bethe lattice, see Tab. 4.1, Thus, the Gaussian probability functional
is separable with respect to the sites for z — co. It turns out that this property is not
required to make the mean-field average local.

If the first two mean-field moments are known, local averages can be computed by means
of Egs. (4.12) and (4.15)). The time-dependent spin expectation values vanish,

Si(t)™ =0, (4.16)

which is the exact result at infinite temperature. The spin autocorrelations can be
computed from

e8! ) =[x o (vipgseupgs?).

loc

(4.17)

—

X = Vi(tl,tg),

for t1 > to. We recall that a single time series of the mean field breaks time translation
invariance. This implies that the trace in the integral explicitly depends on ¢; and to and
not solely on the difference t; — to. However, if the first and second moments in pp,,, are
time translation invariant, then so is the entire integral which ultimately yields physical
results. Furthermore it should be noted that numerical calculations of the path integral
are done for discretized times. In the next section, we present the remaining ingredient
of spinDMEFT), i.e., the procedure to determine the moments of pya;.

4.1.4 Step (iii): Self-consistency

The marginal distribution pyar[X]| describes the probability for each single time series
of the mean field ‘7; As previously demonstrated, pmar is Gaussian so that only the
first two moments are required to fully determine it. The idea is to link these moments
to expectation values of the local-environment field \72-, from which the mean field \_/;
originated. Due to the considered infinite temperature, the first moments yield zero,

van™ = (ve@)) =o. (4.18)

(2
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4.1 Derivation of spinDMF'T for the Heisenberg model

This condition can be easily fulfilled. For the second moment, we obtain
V() = (Ve )V () = Z T (87 (LS (t2)  (4.19)
~ Z 2 (t1)S] (t2)) (4.19b)
~ Z 2 (t1)87 (t2))™". (4.19¢)

In Eq. (4.19b), we neglect pair correlations, since they are suppressed by the coordination
number in accordance with Tab. 4.1 . Note that this step requires not only
that z is large, but also that the number of shared neighbors of two spins is small, see
App. [B| for details. To obtain Eq. (4.19¢)), we replaced the exact autocorrelations with
autocorrelations in mean-field approximation which ultimately closes the self-consistency
loop: The spin autocorrelations are given by Eq. (4.17), which contains the distribution
Pmar and hence the mean-field moments. In turn, the computation of the moments requires
the knowledge of the spin autocorrelations according to Eq. (4.19)). This situation can
be solved numerically by an iteration procedure. This terminates the derivation of
spinDMFT. We discuss some properties of the formalism in the following sections.

4.1.5 Homogeneity in space

Once a mean field at a specific site is known, any local averages at this site can be
computed independently of the other sites according to Eq. (4.15). A single evaluation
of the path integral is computationally cheap. Note, however, that the derived self-
consistency condition links the dynamics of different sites with each other. Consequently,
for a general solution, N single-site problems have to be solved in parallel which is
computationally challenging for large N. In the case of translational invariance in
space, this issue is straightforwardly solved by setting the mean-field moments and spin
correlations at different sites equal. Then, only one single-site problem remains and the
self-consistency reduces to

Valt)VB(t) ™ = JA(S*(1)S% (t2))™, (4.20)

where we omitted the site indices, since they are redundant. The time evolution is
generated by the mean-field Hamiltonian

H [V(t)} —V(t)- S + hs*. (4.21)

Thus, the original lattice model has been finally reduced to a single-site model, see
Fig. 4.2 for an illustration. It should be noted that this reduced model can also be a valid
description if the spins do not sit on a regular lattice. In order for the self-consistency to
be reduced to a single site, the standard deviation of the quadratic coupling constant
needs to be small, that is,

\/Jb Z (Jqi—Jq)° < Jq. (4.22)
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4 Dynamic mean-field theory for dense spin systems at infinite temperature

This can also be valid in an inhomogeneous system, for example, if a strong repulsion
ensures a minimum distance between any pair of spins, see panel (b) in Fig. If
Eq. is not fulfilled, spatial dependencies are important and different sites need to
be distinguished. In this case, the coordination number may be too small for the entire
approximation to be valid. This issue will be discussed in Sec. 4.3.1].

time

Figure 4.2: In approximately homogeneous systems, spinDMFT reduces the full
lattice model to a single-site model with explicit time dependence. The single-site
model describes the evolution of a single spin S under a dynamic Gaussian mean
field V(t), which represents the effect of the remainder of the lattice.

In the context of this thesis, we consider only the spatially homogeneous self-consistency
condition in Eq. for spinDMFT. This implies that the only energy constant
governing the spin dynamics is the quadratic coupling constant Jg. It encompasses the
whole information about the geometry of the system.

4.1.6 Homogeneity in time

If the moments entering the distribution pp., in Eq. fulfill time translation
invariance, then so do the resulting autocorrelations. It is evident that the self-consistency
condition preserves this property so that solutions homogeneous in time exist. It is
probable that these are the only conceivable solutions, but this thesis does not investigate,
whether exceptions can occur. We stress that in the numerical evaluation, time translation
invariance should be enforced as it reduces the computational effort. This entails that,
effectively, any correlation function depends only on a single time, ¢ := t; — t5, according
to

(S%(1)8” (t2)) = (8*(t1 — t2)87(0)) = (8*(1)S7(0)). (4.23)
It should be noted that the formalism can be extended to systems where time translation

invariance is explicitly broken. In fact, the presented derivation is identical if we replace
h — h(t). An application of this is presented in the context of NMR in Ch. [6|

4.1.7 Classical spins

Another noteworthy observation is that the derived mean-field model would be identical
if we initially considered classical spins of the same average length. This is due to the
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4.1 Derivation of spinDMF'T for the Heisenberg model

fact that the mean-field Hamiltonian defined in Eq. (4.11b) contains the spin operator in
a linear fashion as does the equation of motion

—S(t) = V() x S(t). (4.24)

Employing the Ehrenfest theorem, we can deduce that the classical spin vector, S (t) =
(S(t)), has the exact same equation of motion. Since the mean field is already classical,
the derived mean-field model maps to a fully classical one. This entails that the classical
and quantum mechanical spin system converge to the same spinDMFT for infinite
coordination number. We emphasize, however, that this is not always the case. For
spins with S > 1/2, non-linear local terms can arise in the Hamiltonian, for example from
quadrupolar interactions ; . In this scenario, the quantum spinDMFT is
different from the classical one. It is worth noting that the semiclassical description has
a clear advantage over a fully classical one. It is straightforward to incorporate quantum
degrees of freedom into a model that still contains some quantumness. This is the key
idea of CspinDMFT which will be presented in Ch. |5.

4.1.8 Larger spins

Related to the above observation is that according to spinDMFT, the spin length .S is
unimportant for the form of the autocorrelations in a dense spin system with bilinear
spin-spin interactions (considering no external fields or quadrupolar terms). Changing
S means changing the maximum value S(S + 1)/3 of the autocorrelations. This value
clearly affects the strength of the mean fields, but it can be completely hidden in the
quadratic coupling constant according to

- S(S+1)
2 . 72
=047 (4.25)

The corresponding self-consistency condition reads
v (t) = J§ G(t), (4.26)

where G is the normalized autocorrelation introduced in Eq. (2.7) and we assumed
time translation invariance. If we measure the time in units of j@ L the normalized
autocorrelation looks exactly the same for any geometry and any spin length S. Note
that this is the case only if the single-site Hamiltonian is linear in spin operators. In
case of non-linear terms, e.g., S“S¢, the time evolution of a spin operator depends on its
length as elucidated in Sec. 4.1.7.

4.1.9 Summary of the self-consistency

To solve the self-consistency problem in Eq. (4.20)), we additionally need the single-
site mean-field Hamiltonian in Eq. (4.21) and the path integral for computing spin
autocorrelations in Eq. (4.17)). For a summary of the self-consistency, we restrict ourselves
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4 Dynamic mean-field theory for dense spin systems at infinite temperature

to models homogeneous in time and space. Analogous to the spin autocorrelations g®%(t),
we introduce the shorthands

TT LY Tz

0P (t) = Vo‘(t)VB(O)mf, v(t) = [ oW Zyz (t). (4.27)

VT Y FF

The iterative procedure for solving the self-consistency is presented in Fig. 4.3l Any details
of the considered spin model are encoded in the self-consistency condition through the
matrix P, which simply reads P = Jéé for the Heisenberg model. The procedure outlined
in Fig. 4.3|is applicable to any spin model that contains only spin-spin interactions of the
form S?SJ@ with ¢ # j including the homogeneous Zeeman term. In the case of multi-linear
or local bilinear terms, the formalism must be adapted. In the following section, we will
provide a brief overview of the numerical details.

(1) Make a guess for the second moments v*4(t).

(2) Compute the required autocorrelations from

(1)

g*P(t) = / py Puarl (UT [X] S“U[X] sﬂ)

dloc
. mean-field
with X :== V(t,0), t > 0 and ppay being Gaussian with moments
zero mean and second moments v*?(ty,t5). The time v (t)
propagators are generated from
— - 3 2
H V(1)) = V(1) -§ + hs” (2) (3)
spin
(3) Determine the second mean-field moments from the autocorrelations
self-consistency condition g°B(t)

= (4)
Go back to step (2) or ...

(4) ... stop, if the autocorrelations are sufficiently con- solution
verged.

General iteration procedure to solve the self-consistency problem in
case of a time translation invariant model.

4.1.10 Numerical implementation and error sources

The main ingredients of the numerical implementation are listed below.
The time is discretized into equidistant time points.

The path integral in step |(2)|of Fig. |4.3|is evaluated by Monte-Carlo simulation. For
this purpose, the mean fields over time are drawn from the multivariate Gaussian
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4.2 Generic results of spinDMF'T for S = 1/2

distribution pyar. This involves constructing and diagonalizing the corresponding
covariance matrix.

For each mean-field sample, we compute the time-varying Hamiltonian and, based
on this, the time evolution operator, which is required for the trace under the path
integral in step (2)l The usage of commutator-free exponential time propagators

(CFET) can be helpful |[AF11].

A suitable convergence criterion for stopping the iteration considers if the absolute
difference between the current autocorrelations and those of the previous iteration
step is below a predefined threshold.

Further details are provided in App. |C.1|and Ref. |Gra+21] (Section II., D.).

There are three distinct sources of numerical error in the above steps: the statistical error
from the Monte-Carlo simulation, the error from the time discretization, and the iteration
error from the self-consistency not being exactly converged. These errors are defined in
App.|C.1 and have been analyzed for different models in Ref. (App. B). Since
the computational cost of estimating these errors is small, they are tracked during each
individual simulation. This allows one to provide the numerical results along with an
absolute numerical error tolerance e. For optimal efficiency, the numerical parameters
such as the step width, dt, or the number of samples, M, should be chosen such that
the various numerical errors are of the same order of magnitude. The choice of these
parameters is also discussed in App. |C.1|

Finally, we stress that time translation invariance and symmetries of the considered spin
model should be always exploited in the implementation. This not only reduces the
computational effort, but also enhances the numerical accuracy. With all these factors
built in, the runtime for a spinDMF'T simulation is remarkably low. The algorithm
converges already after about 4 iteration steps requiring only a few minutes to finish on
a single CPU.

4.2 Generic results of spinDMFT for S =1/

In this section, we explain how spinDMFT is applied to various models and present
the results considering homogeneity in space and time. It is important to note that
these results are universal for different geometries because only a single energy scale,
namely, the quadratic coupling constant ng, occurs. The procedure is always the one
from Fig. |4.3, but with an adapted self-consistency condition. For all plots shown in this
and the next section, the absolute numerical error tolerance of the data from spinDMFT
is e =1073.

4.2.1 Heisenberg model

We begin by considering the Heisenberg model, for which the self-consistency condition is
given in Eq. (4.20). For zero magnetic field, we find that the off-diagonal autocorrelations
are zero while the diagonal ones are all equivalent. This is consistent with the symmetry
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4 Dynamic mean-field theory for dense spin systems at infinite temperature

relations for the Heisenberg model presented in Sec. 2.2 The diagonal autocorrelation,
Gp = G™ = GYY = G?*, is plotted in Fig. 4.4 versus the time together with a Gaussian
fit, which yields a standard deviation of o = 1.480(2) Jq L. The fit describes the behavior
at short times well. At ¢ ~ 3.Jq 1 the actual decay weakens a bit relative to the fit, which
is clearly visible in the log-vs-t> panel on the right-hand side.
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Universal diagonal autocorrelation of the Heisenberg model according
to spinDMFT and Gaussian fit in linear (a) and log-vs-t? representation (b).

We refrain from presenting the results for finite external field h, as they are directly
connected to the case without field. This is due to the fact that the field can be eliminated
in the Larmor rotating frame resulting in identical outcomes as those in Fig. 4.4 Equation
2.27 describes the process of transitioning from the rotating frame back to the laboratory
frame. Utilizing this, we obtain

cos(ht) —sin(ht) 0
G (t) = Go(t)' (1), Q' (t)= | sin(ht) cos(ht) 0], (4.28)
0 0 1

where G . denotes the autocorrelation tensor for finite external field and in the rotating
frame and Gy denotes the autocorrelation in the zero-field case, see Fig.[4.4. This behavior
is precisely reproduced by spinDMFT.

4.2.2 Ising model

We proceed to examine the Ising model, which is described by

1
HISing = 5 Z Jz]SzZSJZ (429)

The dynamics induced by this Hamiltonian are entirely classical, but by using spin
operators, we can apply our formalism in the exact same way as before. We obtain the
very simple self-consistency condition

J3

vE (1) = T30 (1) = 2, =2 (4:30)

44



4.2 Generic results of spinDMF'T for S = 1/2

while any other second mean-field moments are zero. The mean fields are entirely static
because the z-component of each spin is conserved. This allows the mean-field integral
in Eq. (4.17) to be solved analytically yielding

G™ (1) = exp <—;Jét2) . (4.31)

This result is consistent with the transverse autocorrelation for the Ising model on

complete graphs in the limit NV — oo, see Ref. [DL9I1].

4.2.3 Dipolar spins with rotating-wave approximation

In the presence of a strong magnetic field, the dipolar interaction reduces to the secular
Hamiltonian in Eq. (2.24)) in the Larmor rotating frame. The effective model corresponds
to the XXZ model with anisotropy A = —2 as detailed in Sec. |2.2. The application of
spinDMF'T is straightforward. We redefine the local-environment fields according to

0
0

IS

1
=10 (4.32)
0

o = O

\7} = Z dz’jQ §j,
J -2

Then, we carry out the mean-field substitution ending up with the same single-site
Hamiltonian as before, see Eq. (4.11b) (for h = 0). Any arguments that lead to the use
of Gaussian mean fields are also valid for the XXZ model. Assuming homogeneity in
space, we obtain

v (t) = J (D) g (1), Je = d, (4.33)
i

while any off-diagonal autocorrelations and moments vanish. The self-consistency condi-
tion implies two different autocorrelations, G** = GY¥ and G?*, see Fig. 4.5.
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Universal diagonal autocorrelations for dipolar spins in a strong
magnetic field according to spinDMFT and fits according to Eq. (4.34) in normal
(a) and logarithmic representation (b).
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4 Dynamic mean-field theory for dense spin systems at infinite temperature

These are well captured by the fit functions

F™(t) = exp (—; m 2) : o = 0.8891(3) J5 ', (4.34a)

F¥(t) = exp (—p [\/ﬂ 2 — yn\D L p=04321(6) Jg, = 0.647(3) J5'. (4.34b)

We emphasize the qualitative difference in the long-time behavior of F** and F%7,
Gaussian versus exponential. In the following section, we benchmark spinDMFT by
comparing it to other approaches.

4.3 Benchmarks for the Heisenberg model

As with other mean-field theories, spinDMFT is most accurate when applied to high-
dimensional systems. In such cases, purely classical spin simulations on finite-size systems
can be successful. These simulations consider up to 103 — 10* spins, so that errors from
finite-size effects are unimportant . However, a comparison between a classical
simulation and spinDMFT would not be a useful benchmark, as both approaches are
essentially classical. Our objective is to gain insight into the error resulting from neglecting
quantum fluctuations. Therefore, we prefer a comparison with brute-force quantum
algorithms, which are reliable for low-dimensional systems. This is the opposite case of
where spinDMFT is justified, but it is the best option for a benchmark at hand. Before
presenting the results, we will briefly list the employed methods.

The exact diagonalization method is well known: The Hamiltonian of a finite-size
system is directly diagonalized to obtain the time evolution, see Ref. for details.
The Chebyshev expansion technique expands the time-evolution operator in terms of
Chebyshev polynomials. It also operates on a finite-size system, but it is more efficient
than the ED in accessing larger system sizes. A brief description of the CET is provided
in Ref. , while more details can be found in Refs. . The iterated
equations of motion (iEoM) method iteratively approximates the time dependence of
an operator in the Heisenberg picture [Gra+21} [Ble21]. The approach operates on the
infinite-size system, but the computational cost increases exponentially with the number
of iterations which constrains the achievable accuracy for long times.

We begin by considering the Heisenberg model on a chain and a square lattice with NN
interaction J captured by the Hamiltonian

H=7)S;-§; (4.35)
(i.d)

Note that each NN coupling occurs exactly once in the summation. The quadratic
coupling constant reads

J& =2DJ?, (4.36)

where D € {1,2} is the system dimension. We display the autocorrelations from CET,
iEoM, ED and spinDMFT in Fig. [4.6| versus the time in units of Jq?.
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""'—SpinDMFT-\';"""""""""-1'0
—&— jEoM ]
ED L 0.6
3 7 [ ]
3 4
G 1 F 3 404

00F 1 b 0.0
[ e 1L ! A BRI B
0 2 4 6 8 0 2 6 8 10
tlJq"] tlJq"]

Autocorrelation results from different approaches for the Heisenberg
model on a chain (1D) and on a square lattice (2D) with NN interactions, see
Eq. (4.35). The CET results |[Ble24] were computed considering N = 18 sites,
periodic boundary conditions (PBC) and a relative error tolerance of ¢ = 1073.
The iEoM results were produced by performing m = 13 (1D) and m =7
(2D) iterations. The ED results were computed for N = 16 sites and PBC.

The CET and ED results were computed for distinct system sizes, N = 18 and N = 16.
Since they agree excellently in 1D and 2D (ND = N dimensions), it may be assumed that
finite-size effects are small for the considered scenarios. This is certainly a valid conclusion
in 1D because, in this case, the CET and the ED results match also with the iEoM, which
operates on the infinite-size system. In 2D, the iEoM diverges at ¢ ~ 3.5Jq L due to the
insufficient iteration order. The proximity of the CET and ED can be attributed to a
slow convergence of these approaches with the system size, rather than finite-size effects
being negligible. This statement is supported by Mazur’s inequality, which provides a
lower bound for the long-time average of the autocorrelation . Considering the
conservation of a component of the total spin, it can be shown that

N Y 1

lim T/o dt G*(t) > Giow = N (4.37)
This bound value describes the equilibrium state, where the initial polarization of a
single spin has spread over the whole system. As can be seen on the dashed line in
Fig. |4.6 (2DD), the ED and CET results rapidly approach the corresponding limit, i.e.,
it is plausible that they are converged in time but not in N. Therefore, the non-existent
decay after ¢ ~ 6.Jq 1'is likely a finite-size effect. We anticipate that the autocorrelations
will diminish further if IV is increased to oc.

Finally, we also compare the findings to spinDMFT. The initial decay of the autocor-
relation up to about ¢ ~ 3.Jg ! matches well with the other approaches in 1D and 2D.
However, after that time, the autocorrelation from spinDMFET displays a rapid decoher-
ence, while the genuine results in 1D contain revivals and a rather slow decay. Clearly, the
mean-field approximation is not justified for the spin chain, since the approach is based on
a 1/z-expansion and the chain corresponds to z = 2 only. In 2D, the discrepancy between
spinDMFT and the other approaches is already much smaller, even after ¢ ~ 3.Jq L. This
tendency is expected since the coordination number is increased to z = 4. As previously
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4 Dynamic mean-field theory for dense spin systems at infinite temperature

stated, the ED and CET results likely encompass finite-size effects so that the remaining
discrepancy should not be attributed solely to the mean-field approximation. In fact,
only the result from spinDMFT describes complete decoherence until G** = 0, which
is in principle expected in the infinite-size system according to thermalization. A more
quantitative picture of how well spinDMFT captures this decay will be presented in
Sec. |5.2, where we compare it to CspinDMFT.

As a second test, we consider the Heisenberg model on complete graphs, i.e., graphs
where all sites are connected to one another. In spinDMFT, this scenario leads to the
same autocorrelation as before except for a renormalized quadratic coupling constant. To
benchmark this, we also compute the autocorrelation by CET on a finite-size graph. Note
that if all couplings are considered to be identical, the model is highly symmetric which
leads to rather special autocorrelations. Consequently, the couplings J;; are randomly
drawn from a Gaussian distribution with zero first moments and the value of the second
moments chosen such that Jg; = Jq for all sites . The dynamics are then computed by
considering the Hamiltonian

Heq =Y Ji;Si- §;. (4.38)

1<j
For a fixed graph size N, the CET results are averaged over 100 sets of random couplings.
In order to ensure comparability, the couplings are always normalized such that Jq is

the same in all individual calculations. The results from the CET for different values of
N are displayed in Fig. |4.7| together with those from spinDMFT.
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(a) Autocorrelation results from CET for the Heisenberg
model on complete graphs compared to spinDMFT, see Eq. (4.38)). The relative
error tolerance of each CET computation is € = 1073. (b) Zoomed inset of panel
(a). The lower bounds of the long-time limits according to Eq. (4.37)) are shown by
dashed lines of the corresponding color.

As N is increased, the results converge to those of spinDMFT. The circles represent the
CET data extrapolated to N = 0o using a fit according to N~*/2 of the data for the three
largest values of N. In fact, spinDMFT is not the exact result for N — oo (z — 00),
since the contribution of pair-correlations to the mean-field is not suppressed by the
coordination number as explained in App. Bl Still, the extrapolated CET result matches
relatively well with spinDMFT. This further corroborates the foundation of spinDMFT.
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4.3 Benchmarks for the Heisenberg model

In the next section, we come back to the experiment described in Sec. 2.6/ and discuss
the results of spinDMFT for this scenario.

4.3.1 Dipolar relaxation of defect spins on a diamond surface

In Sec. 2.6, we presented a recent experiment [Rez+23} |Gréd+23| measuring the relaxation
of defect spins on a diamond surface. The measurement takes place in the doubly-
rotating frame, which corresponds essentially to the dynamics considered in Sec. |4.2.3,
except for a factor of 2 in the global time scale. We will present and discuss the results
of the experiment in detail in Sec. |5.3 At this point, it is sufficient to note that the
experiment observed an intriguing phenomenon: the transverse and longitudinal relaxation
processes occur on completely separated time scales. This behavior is attributed to the
inhomogeneous distribution of the spins on the surface.

In spinDMF'T, the relative time scale between the two relaxation processes is completely
independent of the system geometry. This is because the geometry is entirely hidden in
the coupling constant Jq, which affects only the global time scale. As can be seen in
Fig. [4.5] spinDMFT generally predicts the two decays to happen approximately on the
same time scale’, which disagrees qualitatively with the experiment.

One potential solution to this issue is to revisit the complete self-consistency problem in
Eq. (4.19)) and attempt to solve it without assuming homogeneity in space. This approach
would allow for the spin dynamics to vary from site to site, thereby allowing the geometry
to influence relaxation in a more nuanced manner. While this sounds like a reasonable
approach, we remind the reader that spinDMFT requires large coordination numbers to
be justified. If a considered inhomogeneous system exhibits strongly site-dependent spin
dynamics, this may coincide with each spin having only very few interaction partners.
To corroborate this, we present histograms of the effective coordination number in an
inhomogeneous system in Fig. 4.8, For the scenario in panel (a), the majority of spins
essentially have a single interaction partner. Therefore, spinDMF'T is not justified, even
in the absence of spatial homogeneity in Eq. (4.19). However, if the effective model is
fundamentally modified, a mean-field description may be valid again, see Ch. |5.

Note that by including a sizable minimum distance between each pair of spins, the
inhomogeneous system can be made much denser, see panel (b) of Fig. |4.8. But such a
strong constraint is not realistic for the experiment considered in Sec. [2.6/ and Sec. [5.3.

Yet, there is a difference in the form of the decay, Gaussian versus exponential.
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4 Dynamic mean-field theory for dense spin systems at infinite temperature
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Figure 4.8: Histograms of the effective coordination number for inhomogeneous
spin systems with dipole-like interactions, J oc R~3, in two dimensions. Panel (a)
refers to completely randomly drawn spin positions and panel (b) to randomly
drawn positions with a constraint for the minimum distance, Rmin = 0.5ng 1/2,
where ng is the spin density.

4.4 Chapter conclusion and outlook

SpinDMFT is a numerical method for accessing the infinite-temperature dynamics of
dense spin ensembles. Its validity has been analyzed by the benchmarks presented in
Sec. [4.3. One-dimensional systems are clearly not in the scope of the approach. In two
dimensions, it already provides a satisfactory approximation which has been demonstrated
for the square lattice with z = 4. In higher dimensions or for higher coordination numbers,
respectively, we expect it to be more accurate since it is justified by a !/z-expansion.
However, the particularly interesting scenario of a system with positional disorder
involves rather small coordination numbers as explained in the previous section. Hence,
the experiment introduced in Sec. is not captured by spinDMFT. It should be noted,
however, that the computational cost of spinDMFT is minimal. Consequently, there is
significant scope for extensions that enhance it, such as CspinDMFT or nl-spinDMFT,
which will be introduced in subsequent chapters. Comparisons of spinDMFT with its
extensions and with experimental data will serve as additional benchmarks.

We recall that spinDMFT is formulated exclusively for infinite temperature, i.e., com-
pletely disordered spins. This regime is relevant in several contexts such as NV centers in
diamond or NMR, see Ch. 1. Yet, it is very desirable to consider also finite-temperatures
and phase transitions in particular. Whether spinDMFT can be extended to this regime
is not clear, but related mean-field-approaches for spin glasses provide an idea of how

this might be accomplished [GR98}; (GPS00].

Besides this, it is already interesting to leave the regime of completely disordered spins.
Applying a strong magnetic field to a spin system can lead to a measurable polarization
even at high temperatures, i.e., far away from any spontaneous symmetry breaking. The
study of such a scenario is relevant, e.g., in NMR, see Ch. [6, or in the context of spin
diffusion [Zu+21]. However, a particular issue of spinDMF'T is that global conservation
laws, for example, the conservation of a global polarization, are not automatically
accounted for. In App. [F, we discuss this in detail and present a proposal and preliminary
results for an extension of spinDMFT that respects conservation laws.
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As pointed out in the previous chapter, spinDMFT is justified for dense spin systems,
that is, for large effective coordination numbers. The benchmarks for the square lattice
indicated that spinDMFT still captures z = 4 to a good approximation. If the considered
spin system is inhomogeneous or has, for example, a dimer structure, the coordination
number can be much smaller, z.is = 1 — 2. In such cases, the mean-field approximation
by spinDMFT is not justified anymore. Here, the extended approach, “CspinDMFT?”,
can help out.

In the first section, we present a brief derivation of CspinDMFT. The approach is
benchmarked on homogeneous and inhomogeneous systems in Sec. 5.2L In Sec. 5.3, we use
it to compute the dynamics of dipolar defect spins on a diamond surface and compare the
results to measurements from the experiment described in Sec. 2.6, While interpreting
the results, we also furnish a brief overview over the subject of thermalization and MBL
in Sec. 5.3.6l A chapter conclusion and an outlook is given in Sec. [5.4. Several contents

of this chapter are based on Ref. [Gra+23|'.

5.1 Derivation of CspinDMFT

5.1.1 Preparation

The idea of CspinDMFT is to improve the mean-field approach by considering more
than a single spin on the quantum level. This entails extending the single-site model in
spinDMFT to a multi-site model. The quantum-mechanically treated subset of spins is
termed cluster, hence the name Cluster-spinDMFT or short CspinDMFT. We present
the derivation for a spin ensemble with S = 1/2 at infinite temperature, described by a
Heisenberg model

1 LS
H= Z JiiSi - S, (5.1)
2¥)

with general couplings J;; = Jj; and J;; = 0. Our main goal is to compute the autocorre-
lations of a specific spin §1, henceforth referred to as the central spin. The first step is
to choose the cluster of spins, which we denote by I'. We require that §1 is part of the
cluster, but there are no strict rules for the remaining spins”. Of course, it makes sense
to include the spins in the proximity of §1 in I", but this can be done in many different
ways. We discuss and compare specific strategies for choosing the cluster in App. [D. In
the following, we assume the cluster to be given.

1We highlight the different naming of the cluster size, n vs. Nr, in this thesis and in the cited article.
2Note, for example, that I' does not need to retain any symmetries of the system.
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5 Cluster extension of spinDMFT

The derivation of CspinDMEFE'T is presented in three steps similar to the ones of spinDMFT":

(i) We identify the environments of each spin in the cluster and substitute them by
stochastic classical dynamic mean fields. We discuss, how CspinDMFT improves
spinDMFET if the cluster is chosen properly. (Sec.[5.1.2)

(ii) We show that the mean fields follow a multivariate Gaussian distribution and define
expectation values in the mean-field framework. (Sec. 5.1.3)

(iii) The defining moments of the Gaussian distribution are linked to spin expectation
values. We close the self-consistency by replacing out-of-cluster correlations by
in-cluster correlations. (Sec. |5.1.4)

The first step is presented in the following section.

5.1.2 Step (i): Mean-field substitution and multi-site model

For a given cluster I', the Hamiltonian can be divided into three parts,

1 .
H= 5 Z JZ]SZ . Sj (5.2&)
i,j€l
+3 8-> IS (5.2b)
il jgr
1 - o
+ 5 Z Jz'jSi . Sj. (5.20)
i,j¢I

The first term contains the intra-cluster couplings, which are treated exactly in CspinDMFT.
The second term contains the couplings between the spins in the cluster and the spins

in the environment, henceforth called border. We treat this kind of couplings on the

mean-field level. The third term contains only couplings between spins of the environ-

ment. Since they are decoupled from the cluster, they do not explicitly show up in

CspinDMEFE'T.

In Eq. (5.2b)), the local-environment operators of the spins in the cluster can be identi-
fied,

Jj¢r

Analogous to spinDMFT, we replace them by time-dependent mean fields V;(t) We
consider a separate mean field for each spin of the cluster, hence the subscript .

In spinDMFT, we justified the mean-field substitution by the large effective coordination
number of the system. Employing the Frobenius norm, we showed that the local-
environment operators behave classically in the limit zef; — 0o. Moreover, we argued
that in the same limit back actions of the spin onto its environment can be neglected.
In principle, these arguments work as well for the adapted operators in Eq. (5.3), but
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5.1 Derivation of CspinDMF'T

the moments of the couplings must be redefined such that they do not contain any
intra-cluster couplings,

(Tmd)™ =D (i)™, m e NT, iel. (5.4)
Jj¢r
This may increase or decrease zf; depending on the systems geometry. Consider, for
instance, a lattice of spin dimers as depicted in Fig. 5.1, panels (bl) and (b2).
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Two-dimensional spin ensembles and exemplary clusters I' considering
dipole-like interactions J = R~3. The spins that are not part of I are shown by the
smaller, black dots. Both plot rows show the same three geometries, but encode
different information. In panels (al-c1), the spins of the cluster are shown in color
depending on the ratio r, ; of zeg; in CspinDMFT (I' contains the colored spins)
over Zer,; in spinDMFT (I" contains only spin ). Accordingly, r, ; measures the
improvement of the effective coordination number, when extending spinDMFT to
CspinDMFT. In panels (a2-c2), the colors represent the absolute values of zefr; in
CspinDMFT. The central spin in the triangular lattice (a2) is not captured by the
color map, since its effective coordination number, zef; ~ 14.4, is very large.

In this scenario, the application of spinDMFT is not justified because z.i ~ 1 due to
the close neighbor spin in each dimer. However, for a dimer cluster (n = 2) the close
neighbor is treated quantum-mechanically and, thus, left out in the local-environment
operators leading to a much higher zq;. This advantage of CspinDMFT only pays out,
if the cluster is chosen cleverly, see App. [D. In regular lattices, this is only possible to a
limited extent. Here, zef; is increased for the central spin and decreased at the edge of T’
compared to Zefr; in spinDMFT. This can be well seen in the example of a triangular
lattice, see Fig. 5.1, panels (al) and (a2). However, as the effective number of spins in a
local-environment field is reduced, also its strength and the strength of the corresponding
mean-field is weakenend, which clearly improves the approximation. This weakening can
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5 Cluster extension of spinDMFT

be tracked by means of the ratios of the quadratic coupling constants, see Fig. 5.2. We
conclude that the mean-field substitution can be well justified even if the corresponding
Zeff,i is not very large. A more quantitative picture requires explicit benchmarks.
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Same as Fig. |5.1, but the colors represent the ratio TJq.i of Jq,; in
CpinDMFT (T contains the colored spins) and Jq,; in spinDMFT (I" contains
only spin i). Accordingly, j,,; measures the weakening of the mean-fields, when
extending spinDMFT to CspinDMFT.

Generally, we expect a better performance of CspinDMFT, if the system consists of
well-separable clusters of proximate spins. This is clearly the case for systems with
dimer or multi-spin bases, but inhomogeneous systems can also have this tendency, see
Fig. 5.1, panels (c1) and (c2), and Fig. 5.2, panel (c). In regular lattices, where the
spatial separability is not given, the effective coordination number is not very large at the
edge of the cluster. Hence, the improvement by passing from spinDMFT to CspinDMFT
is not expected to be considerable. But, we remind the reader that lattices in D > 1
are already well captured by spinDMFT. From that perspective, it is obvious that the
improvement cannot be enormous.

One should note that for the relevance of back actions, the environments of the spins
contained in V; and not the environments of the spins contained in I' are crucial. This
should be considered particularly in inhomogeneous systems, where the local environments
vary strongly from site to site. We emphasize, however, that the cluster can be considered
well separated from the environment if the values for zs; for the spins in I' are large.
Even in inhomogeneous systems, this coincides with the cluster being unimportant for
the dynamics of the environment. A counterexample for this would be a CSM with the
central spin replaced by a cluster of spins. In this case, zr; can be large, while at the
same time back actions are important. But such special systems are not considered in
the framework of this thesis.

Carrying out the mean-field substitution vV, — V;-(t), we arrive at a multi-site model
described by the Hamiltonian

— — 1 — — — —
gt Vl(t),...,vn(t)} =3 D0 JySi- 8+ Y8 Vi, (5.5)
ijer i€l

The remaining degrees of freedom are the 2" dimensions of the Hilbert space of the spins
and the continuous probability space of the n vector-valued mean fields, where n is the
cluster size. We proceed with the next step of the derivation.
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5.1 Derivation of CspinDMF'T

5.1.3 Step (ii): Probability functional

This step is essentially the same as in spinDMFT, see Sec. 4.1.3. Each mean field consists
of a large number of uncorrelated spins and thus follows a Gaussian distribution functional
according to the central limit theorem. In systems that consist of spatially well-separated
groups of spins, this argument has to be generalized. Some pairs of spins may be strongly
correlated, see for example the dimers in Fig. 5.1, panels (b1) and (b2). In such cases, the
Gaussian approximation is still valid, if we replace “uncorrelated spins” by “uncorrelated
contributions”, where a contribution may result from several spins.

As in spinDMFT, expectation values are computed by averaging over the quantum and
mean-field degrees of freedom. Note that any conceivable expectation value on the cluster
can be accessed. This includes, for example, pair correlations between two spins in T.
Formally, the equation for computing spin-spin correlations in mean-field approximation
reads

(821087 (12) (H / DX) Pl o

i (I )

(5.6)

X’L = 9’£(t17t2)7 Z)] S Fa

where pmaf’| is the Gaussian probability functional, dr = 2" is the local Hilbert space
dimension and Ur is the time evolution operator generated by the Hamiltonian in
Eq. (5.5). It should be noted that the mean fields can be correlated to one another, i.e.,
Pmar 1S Not necessarily separable with respect to the different X;. Below, we carry out
the last step of CspinDMFT.

5.1.4 Step (iii): Self-consistency

Eventually, we need to determine the first and second moments of the mean-field prob-
ability functional ppar. In analogy to spinDMFET, we link these moments to quantum
expectation values of the local-environment operators, from which the mean fields origi-
nate. Again, the first moments are zero due to infinite temperature,

Vam™ = (vee) =o. (5.7)

For the second moments, we obtain
—_——mf
VOV () = (VE)VE () = S Jipig(85(1)S5 (t2). (5.8)
p,q¢l’

The double sum contains correlation functions of spins outside of I', henceforth out-
of-cluster correlations, which are not directly accessible in the mean-field framework.
This issue also occurs in spinDMFT and is solved by neglecting pair correlations and

3As with spinDMFT, the index “mar” indicates the use of the marginal distribution, i.e., only the
moments of mean-fields on the cluster at times ¢ € [t1, t2] are relevant for it.
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5 Cluster extension of spinDMFT

by replacing any autocorrelation by the one of the central spin assuming translational
invariance in space.

The first of these approximations is not necessary here because, in principle, pair correla-
tions can be accessed in CspinDMFT. In fact, CspinDMFT is designed particularly for
systems with smaller coordination numbers where spinDMF'T is not justified and pair
correlations are relevant. Consequently, it is reasonable to drop this oversimplification.

The second approximation can be extended by approximating out-of-cluster correlations
by correlations of spins on the cluster (in-cluster correlations). To this end, we explicitly
distinguish lattices from inhomogeneous systems.

Self-consistency in lattice systems

In lattices, we can exploit translational invariance and map the out-of-cluster correlations
to their exact replicas in I', see for example Fig. 5.3l Clearly, this mapping leads to
ambiguities due to the occurrence of several correlation replicas in I'. One way to tackle
this is to replace out-of-cluster correlations by the average of all of their replicas?. This
is termed “correlation replica average” (CRav) and presented in Ref. (App. C,
2.).

Sketch of a square spin lattice with isotropic * * * * ‘ *
interactions (J depends solely on the relative distance . . . . . .
of two spins) and an exemplary cluster I'. ' We repre- a
sent in-cluster correlations by solid and out-of-cluster . . 4 3 . .
correlations by dashed lines between the involved spins. ‘><‘
Autocorrelations are shown in orange, NN pair correla- o e T LI
tions in blue and NNN pair correlations in black. Each ,
out-of-cluster correlation has several correlation replicas 7R TN
in T . . . . \\‘- Vv e

It should be noted, however, that the calculation of correlations requires significant
computational effort so that it is preferable to compute each kind of correlation only
once. Hence, we suggest the following alternative procedure:

(a) Categorize the correlations that are accessible in I' by different indices ¢ € C'. For
example in Fig. 5.3 there are three categories: autocorrelations (¢ = 0), NN pair
correlations (¢ = 1) and NNN pair correlations (¢ = 2).

(b) For each category, find a pair of spin indices in the cluster that represent the
category. We summarize this with the function f : C' — I'?> which assigns a category
index ¢ € C to a pair index {k,l} € I'2. Clearly, k = [ for an autocorrelation and
k #£ 1 for a pair correlation. For example in Fig. |5.3| the representative correlations
could be kI =11,12,13 for ¢ =0, 1, 2.

“In practice, these replicas are not always exactly the same because the cluster explicitly breaks some
symmetries of the lattice.
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5.1 Derivation of CspinDMF'T

(¢) Employ translational invariance to replace each out-of-cluster correlation by the
respective in-cluster correlation that represents the corresponding category. This
implies a function g : T2 — C, assigning a pair index {p,¢} € T'? to a category
index ¢ € C. Here, T is the complement of I, i.e., all spins that are not part of the
cluster. Out-of-cluster correlations that are not represented by any category are
replaced by zero. Considering Fig. 5.3| for example, pg = aa is mapped to ¢ = 0,
pq = uv is mapped to ¢ = 1 and pg = u/v’ is mapped to ¢ = 2.

Applying this to Eq. (5.8), we obtain

- 9
a B CR o B mf
Ve =3 (750) suesien™| (5.99)
2
(ngj) = Z JipJjq; R:g({p,q}) =c (5.9b)
p,g¢I:R

where CR stands for Correlation Replica and R is a sum condition to ensure the correct
mapping. This closes the self-consistency because the sum in Eq. (5.9a)) contains only
in-cluster correlations, which can be accessed through Eq. (5.6). Note that in case of a
bilinear Hamiltonian, the correlation functions are symmetric with respect to the sites,
see Eq. (2.6d). In this case, only one of the two in-cluster correlations, that is, {k,{} or
{l, k} should be considered for the categorization, as indicated in the example.

There are mostly several possibilities to choose the representative correlation in step |(b)k
In this thesis, we number the spins ascending according to the order in which they
were added to the cluster. Then, the representative correlation with pair index {k,[} is
always chosen by minimizing k£ and, subsequently, if there are still several options, by
also minimizing [.

Self-consistency in inhomogeneous systems

To access inhomogeneous systems, we pursue an analogous strategy by identifying
approximate replicas for each out-of-cluster correlation. This is not straightforward
because the correlations are a priori unknown. One way to tackle this is to find a
suitable quantity that classifies a correlation based on the a priori-given couplings. In
this way, the similarity between two different correlations can be roughly quantified. In
Ref. (App. C, 1.), we analytically derive such quantities for the Heisenberg
model from the leading order derivatives of the correlations, i.e., their short-time behavior.
In conclusion, pair correlations can be classified by the direct couplings of the involved
spins and autocorrelations by the quadratic coupling constant®,

ir . 2 . 2
shalr = J2 | 0= " g2, (5.10)
T

The similarity of two pair correlations or two autocorrelations, respectively, can be simply
measured by the modulus or squared difference of the corresponding coupling constant.

®Note that in this definition of the quadratic coupling constant, the sum runs over all spins in contrast
to the sum in Eq. (5.4).
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5 Cluster extension of spinDMFT

To map an out-of-cluster correlation go‘ﬁ(tl, t2), to an in-cluster correlation g@f(t1,t2),
we use the function f : T2 — I'? with

2
. pair palr
Mg 1}er? <qu Skl ) » PFY

f{p.q}) = R 5 (5.11)
In addition, we define a lower cutoff for 53" by
pair 1 . pair
Seqt ‘= & min_ s, . (5.12)

Any pair correlation in T2 with P < sf)‘;fr is considered too small to be relevant and is
thus set to zero. This prevents an over-weighting of the weakest pair correlation in I'.

Summarizing this and Eq. (5.11), the final closed self-consistency condition reads

mf

VeV ) = 3 (IS stes] 1), (5.13)
k,lel
(IS = % Jwa R: f(pa)) = (kD S R (5130)

P,g¢l:R

where CRA stands for Correlation-Replica Approximation and R ensures the correct
mapping. It should be noted that in contrast to Eq. (5.9), the sum in Eq. (5.13) runs
over all correlations in the cluster. Hence, the computational cost is increased compared
to a lattice system. As mentioned above, the correlation functions are symmetric with
respect to the two site indices, i.e., one should consider only one of the two in-cluster
correlations, {k, [} or {l,k}.

It is debatable whether the mapping induced by the CRA is indeed a good approximation.
The quantities in Eq. (5.10]) provide a reasonable classification of correlations, but it is
not realistic that each correlation is replaced by an appropriate replica, i.e., that the
difference between the replica and the true correlation is really small. We emphasize,
however, that the mean fields consist of large sums of correlations if the cluster is chosen
properly. Thus, errors from individual false mappings are expected to average out to
some extent. Moreover, we stress that the mean fields only make up for a part of the
dynamics. The other part is made up by the mutual interactions of the spins in the
cluster. Thus, deviations in the mean-field distribution translate into smaller deviations
in the correlation functions computed by Eq. (5.6). An explicit benchmark and an idea
to improve the CRA is proposed in Sec. [5.4.3.

Analogous to spinDMFT, the self-consistency problem of CspinDMFT is closed by
Eq. (5.9) or Eq. (5.13)). The full spin system is effectively reduced to a multi-site model
as shown in Fig. 5.4 which can be solved numerically by iteration. Thus, the derivation
of CspinDMFT is completed. We comment on the properties of the formalism in the
following subsection.
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5.1 Derivation of CspinDMFT
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Figure 5.4: CspinDMFT reduces the full spin system (here inhomogeneous) to a
multi-site model with explicit time dependence. The latter describes the evolution
of a few interacting spins §Z—, represented by green arrows, under dynamic Gaussian
mean fields ‘Z(t), represented by dark-gray clouds. These are correlated to one
another, which is indicated by the light-gray clouds. Due to the inclusion of several
sites, CspinDMFT retains some spatial fluctuations in contrast to spinDMFT,
which is illustrated in Fig.

5.1.5 Remarks and procedure

As in spinDMFT, the autocorrelations of CspinDMFT fulfill time translation invariance,
if the distribution pyay does. Therefore, solutions homogeneous in time exist. To reduce
the computational cost, time translation invariance should be enforced in any numerical
implementation. We stress that in contrast to spinDMFT, CspinDMFT does not map to
a model of classical spins. The cluster is treated exactly so that local quantum effects
are accounted for. Due to the self-consistency, these effects also influence the mean fields.
CspinDMFT can be extended to spins with S > 1/2. In contrast to spinDMFT, the spin
length cannot be completely “hidden” in coupling constants anymore. Due to the explicit
treatment of the cluster, we expect a generically different behavior for different spin
lengths S.

The procedure to compute the spin dynamics by CspinDMFT runs as follows:

(1) Choose an appropriate cluster I' according to the hybrid strategy, see App. @ The
maximum cluster size n™2* is limited by the available numerical resources.

(2) Define the mapping from out-of-cluster correlations to in-cluster correlations, which
is required for closing the self-consistency. By means of this mapping, compute the
coupling constants that occur in the self-consistency condition, see Eq. for
lattices and Eq. for inhomogeneous systems.

(3) Solve the self-consistency problem by iteration analogous to spinDMFT, see Fig.
Obviously, one needs to consider adapted equations in CspinDMFT. This includes
the effective Hamiltonian in Eq. , the expectation value in Eq. and the
self-consistency condition established in the previous step.

Note that the steps m and are independent of any expectation values and thus
numerically cheap. The computational cost of the iteration in step increases rapidly
with the cluster size (approximately as 237). However, as in spinDMFT, the algorithm
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5 Cluster extension of spinDMFT

converges after only ~ 4 iteration steps so that simulations with cluster sizes of n = 10 are
feasible. Differences compared to spinDMFT regarding numerical details are discussed in
App. |C.2l One key aspect is that the numerical error tolerances we will provide apply
solely to the explicitly depicted correlations and not to all correlations that enter the
self-consistency equations. Another aspect is that the statistical error decreases upon
increasing the cluster size. Hence, the simulation of a large cluster requires a much
smaller sample size M than in spinDMFT.

So far, the derivation of CspinDMFT has been carried out particularly for the Heisenberg
model. Extending it to the XXZ model requires to include the easy-axis anisotropy
in the effective Hamiltonian and in the self-consistency condition. This is done, for
example, in Sec. 5.3, where we consider dipolar spins on a diamond surface. It is worth
mentioning that, analogous to spinDMFT, the mean-field framework is very versatile.
The effective Hamiltonian in Eq. (5.5 can be altered considering different spin models
and extended to static or time-dependent magnetic fields. We emphasize, though, that
for such modifications one needs to reconsider the strategies used in steps|(1) and |(2).
For example, the quantities for the CRA, see Eq. (5.10), may need to be rederived.

The need for a cluster extension of spinDMFT has been noted also in Ref. [Mar+23].
The authors present an alternative cluster extension of spinDMFT, which they term
“cDMFT?”. The main differences between the approaches are that in cDMFT

the whole spin ensemble is separated into clusters,

no mapping of correlations is performed, i.e., all clusters of spins are simulated in
parallel,

the approach is carried out on the dimer level, i.e., the cluster size is 2.

Advantageously in CspinDMFT, the self-consistency demands the simulation of a single
cluster only so that simulations with considerably larger cluster sizes are feasible. Disad-
vantageously in CspinDMF'T, the mapping of correlations by means of the CRA forms
an additional approximation, which is not required in cDMFT.

5.2 Benchmarks for the Heisenberg model in two dimensions

We can check the validity of CspinDMFT by comparing it to brute-force methods.
Furthermore, the possibility to vary the cluster size allows for another kind of benchmark.
We can track the convergence of CspinDMFT as n is increased because the method
becomes exact for n — co. In this section, we consider both kinds of benchmarks for a
Heisenberg model on different geometries. We restrict ourselves to 2D systems, since the
dynamics in 1D is strongly constrained (see Sec. 4.3)) and three or more dimensions are
too demanding for the brute-force methods CET or ED.

At first, we consider the square lattice with NN interactions. In contrast to Sec. |4.3]
we consider only the CET for comparison, since the iEoM results are not sufficiently
converged and ED is indistinguishable from CET for comparable system sizes. The
results from CET and CspinDMFT are presented in Fig. 5.5/ versus the time in units of
J@l = 2J, where J is the NN coupling.
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(a) Autocorrelations from CET and CspinDMFT for the
Heisenberg model on a square lattice with NN interactions. The CET results
were computed considering N = 18 sites (PBC) and a relative error tolerance of
€ = 1073, The black dashed line represents the lower bound !/~ of the long-time
limit of the CET results according to Mazur’s inequality. The CspinDMFT results
are shown for the cluster sizes n = 1 (spinDMFT), n = 5 and n = 9, all with
an absolute numerical error tolerance of ¢ = 3 x 1072. (b) Cutout of the square
lattice around the central spin (cs). The spins in the clusters are displayed by the
large colored dots. A cluster always contains the next-smaller cluster plus some
additional spins, which are shown in the color of the respective curve in panel (a).

The striking part is that in contrast to spinDMFT (n = 1), the autocorrelations from
CspinDMFT (n = 5,9) do not immediately decay to zero. Instead, the initial rapid
decay is slowed down considerably after ¢ ~ 3.5 Jg 1. Correspondingly, CspinDMFT is
relatively close to CET up to about ¢ ~ 7.Jg 1 Afterwards, the CET does not decay
any further which is obvious from Mazur’s inequality providing a rigorous bound for the
long-time average in the finite-size system, see Eq. (4.37). This inequality does not apply
to CspinDMF'T, since polarization is not preserved in the cluster due to the interaction
with the mean fields. Therefore, the autocorrelations decay to zero in CspinDMFT, which
is qualitatively correct in the thermodynamic limit. The extent to which CspinDMFT
quantitatively captures the form of this decay remains an open question. The differences
between the results for n = 5 and n = 9 give an impression about the magnitude of the
remaining error.

In Fig. |5.6, we plot the different kinds of pair correlations computed by CspinDMFT for
n = 9. They all look qualitatively the same, showing one or two maxima followed by
a relatively slow decay. The position and magnitude of the maxima vary considerably.
This can be phenomenologically understood by assigning each maximum to a process
involving a specific number of spins. For more details, we refer to Ref. , where
a similar behavior is obtained for the pair correlations in calcium fluoride. We stress
that overall the pair correlations are significantly smaller than the autocorrelation and
therefore less relevant for the self-consistency. This is expected from the coordination
number, z = 4, and forms the basis for spinDMFT.
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Pair correlations computed by CspinDMFT for the Heisenberg model
on a square lattice with NN interactions. For a cluster of n = 9 spins, 5 different
categories of pair correlations are accessible. Each of these categories is plotted in
panel (a) and represented by a connection line of the same color in panel (b).

The results for the triangular lattice with NN interactions, see Fig. 5.7, look very similar
to the ones of the square lattice. The difference between the brute-force method (ED)
and CspinDMFT is larger at moderate times, t ~ 5.5 Jq 1 These differences are expected
to become smaller if the cluster size is increased further. But finite-size effects in the ED
can also be relevant in this time regime because the triangular lattice is more dense. The
latter aspect also explains why the convergence of CspinDMFET with the cluster size is
faster in this case.
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Same as Fig. 5.5, but for the triangular lattice and considering ED
with N = 16 sites (PBC) for comparison. Note that the last shell of the largest
cluster (n = 10) is incomplete due to the computational limitations.

Many of the spin systems considered in this thesis involve dipolar couplings, which is why
this case should be benchmarked as well. This has been done already in Ref.
for the triangular lattice. We refrain from showing this here, but emphasize that the
convergence is faster than for NN interactions, which is expected due to the higher
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5.2 Benchmarks for the Heisenberg model in two dimensions

effective coordination number z. ~ 6.76°. It is even more interesting to look at the
results for an inhomogeneous spin system because its coordination numbers are sometimes
much smaller. As a consequence, the specific choice of the cluster is very important. The
central-spin-based and cluster-based strategy have been analyzed for an inhomogeneous
system in Ref. . The ensuing results are not shown here because these strategies
are not used in this thesis. Instead, we consider the hybrid strategy, which is described
in App. DI We consider a Heisenberg model with randomly positioned spins in 2D and
couplings

3
Jij = Jo (”’) , (5.14)

rij
which correspond to dipolar ones, but without anisotropy. Here, rg is defined via the

spin density ng = ry 2 and Jp is the unit of the inverse time.

First, we consider an example configuration, where the central spin is rather weakly cou-
pled to the environment. The corresponding ensemble and the resulting autocorrelations
are displayed in Fig. 5.8 for varying cluster size n.
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(a) Autocorrelation results from ED and CspinDMFT for the Heisen-
berg model and randomly distributed spins with dipole-like couplings, see Eq. (5.14).
The central spin is rather weakly coupled to the environment, Jq ~ 0.8 Jy. The
ED results were computed considering N = 16 spins and the black dashed line
represents the lower bound !/~ according to Mazur’s inequality. The CspinDMFT
results are shown for varying cluster sizes from n =1 (spinDMFT) to n = 8, all
with an absolute numerical error tolerance of ¢ = 0.02. (b) Cutout of the considered
random ensemble. For a CspinDMFT simulation with cluster size n, the spins with
numbers 1 — n are added to the cluster. Note particularly the spatial proximity of
the spins No.5 and 6. Cutting this dimer in half leads to considerable errors in
CspinDMFT. The ED simulation includes the numbered spins as well as the spins
shown by orange dots.

The central spin couples most strongly to a group of five spins with indices 2—6, which are
added successively to the cluster by the hybrid strategy. The result for n = 2 considerably

5Note that the effective coordination number provided in Refs. |[Gra+21; (Gra+23] is different from the

one given here because a different definition has been used. In this thesis, we use the definition in
Eq. (4.3).
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5 Cluster extension of spinDMFT

deviates from the rest. This is not surprising because spin No. 2 affects the central spin
most strongly and its environment consists only of a few spins. Treating them completely
on the mean-field level is not a good approximation. We consider the results for n = 6 to
be much more reliable than for 1 < n < 6 because the whole group is included in the
cluster. Adding the spins No.7 and 8 hardly changes the result, so they can be treated
just as well on the mean-field level.

For cluster sizes n > 3, the short time behavior of CspinDMFT matches approximately
with the ED data, which indicates that the most important interaction partners of the
central spin are considered. The subsequent deviations between ED and CspinDMFT
are likely caused by finite-size effects in the ED. These are expected to be much stronger
here than for the lattices, because we cannot consider PBC| It is also worth mentioning
that the overall results are relatively close to what spinDMFT (n = 1) predicts. This
is because for the considered configuration, the central spin is only weakly coupled to
the environment leading already to a moderate coordination number, z.s ~ 3.9. Note
that the results for n = 2 deviate quite substantially from the rest. We conclude that the
border between cluster and environment has to be chosen appropriately for CspinDMFT
to yield a good approximation. For the considered example, the hybrid strategy suggests
a cluster size of n = 6, which is completely plausible from Fig. 5.8. In Fig. 5.9, some of
the pair correlations computed by CspinDMFT are displayed. Note that they become
very large, when the involved spins are close to each other. This is fundamentally different
in lattice systems, see Fig. |5.6| for comparison.
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Exemplary pair correlations computed by CspinDMFT with n =8
for the Heisenberg model in an inhomogeneous system with dipole-like interactions.
The considered configuration is the same as in Fig. 5.8, Each pair correlation
plotted in panel (a) is represented by a connecting line of the same color in panel

(b).

Second, we consider an example, where the central spin is more strongly coupled to the
environment, see Fig. 5.10.

"PBC could be implemented, but would not be plausible in the inhomogeneous system, since there is no
translational invariance.
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Same as Fig. |5.8 but for a different configuration with a central
spin that is more strongly coupled to the environment, Jq ~ 2.9 Jy.

In this case, ze &~ 3.4 so that spinDMF'T deviates more from ED and CspinDMFT for
large n. Qualitatively, we find the same behavior as in Fig. |5.8 but the autocorrelations
have a more complex structure. Overall, the autocorrelations converge more or less
monotonically to the result for n = 8 for increasing the cluster size. The results for
n = 2 and n = 5 fall out of line which is, again, not suprising because the spins No. 2
and 5 both only have a few important interaction partners. Particularly, the spins No. 5
and 6 couple very strongly to each other, Jsg ~ 23.1Jy so that it is not justified to
draw the border between cluster and mean field between these two spins. Hence, the
result for n = 5 deviates significantly from n = 4 and n = 6, although the spins No. 5
and 6 do not seem to be so important to be simulated quantum-mechanically for the
dynamics of the central spin, see the results for n = 4 compared to n > 6. For the sake
of completeness, we mention that cutting a strong dimer bond in half can also lead to
numerical problems because the corresponding mean field becomes very strong, which
can lead to large statistical and discretization errors®t Hence, this should be prevented.
Besides this, it is noteworthy that the hybrid strategy reasonably suggests to add all
n = 8 spins to the cluster.

We are aware that convergence plots always allow for several interpretations if no exact
results are available. It should be noted, however, that our arguments are consistent with
the expectation from the derivation of the mean-field approach, e.g., higher coordination
numbers lead to better approximations. Overall, we conclude that the hybrid strategy
for choosing the clusters performs well. Moreover, we consider the convergence of the
autocorrelation with the cluster size to be a reliable measure for the validity of the
approximation. Note that the creation of convergence plots is computationally cheap:
The computation for the largest cluster size, which is required anyway, is typically more
expensive than the computations for all smaller cluster sizes together.

8This behavior has been observed in other examples.
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5 Cluster extension of spinDMFT

5.3 Dipolar relaxation of defect spins on a diamond surface

In this section, we apply CspinDMFT to the experimental scenario discussed in Sec. [2.6,
which measures the dynamics of dipolar defect spins on a diamond surface [Rez22; [Rez+23;
. The main results of CspinDMFT have been published already in Ref. |Gra+23
considering the cluster-based strategy. Here, we will use the hybrid strategy given in
App. Dl

5.3.1 Adapted self-consistency condition

At first, we adapt the self-consistency condition to the specific problem under study.
As pointed out in Sec. 2.6, the 77, measurement, our main concern, takes place in the
doubly-rotating frame. In this case, the surface spins interact with one another according
to the Hamiltonian

1 1 1
Hg'" = B Zdij <2SfS;” —S/S7 + 28?8;) , (5.15a)
1:7.]'
Jij 1 p073
dij = —?U cos (2p45) = 547TR% cos (2¢i5) (5.15b)

which describes an easy-axis anisotropy in y-direction”. Completely analogous to the
Heisenberg model, we can derive the multi-site mean-field Hamiltonian

1
5 0 0
1 . - oL 2
HY'™ == 3" di;S] DS; + ) S Vi), D=0 -1 0], (5.16)
’ 2 £ = ; = 1
i,j€l el 0 0 3
as well as the self-consistency condition
———mf 2
VEOV0) =60 (D)2 37 (SR SH0SFO), B e fey sk (5.7)

kel

Note that the easy-axis anisotropy is encoded in the matrix D, of which only the diagonal
matrix elements D*® are non-zero. We use the mean-field coupling tensor JERA from the
CRA because the spin ensemble is inhomogeneous. This tensor is computed in the exact
same manner as for the Heisenberg model, see Sec. 5.1.4. Note that any off-diagonal
spin correlations («a # ) and mean-field moments are zero according to Eq. (2.16b). In
the next section, we discuss the locations of the spins, which are required to compute
the dipolar couplings d;; entering J CRA " Note that according the definitions above, d;j
directly replaces J;; in Sec. [5.1.4, i.e., no additional factors appear.

9The y-axis is intentionally chosen instead of the z-axis because the latter already defines the direction
of the singly-rotating frame, see Sec. 2.6
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5.3 Dipolar relaxation of defect spins on a diamond surface

5.3.2 Locations of the surface spins

Our aim is to compute the autocorrelations of the single surface spin, which is examined
in experiment. Henceforth, we refer to this spin as the central spin §1. According to
the discussion in Sec. [2.6.2 the positions of the surrounding spins have to be drawn
randomly. To enhance the comparability between experiment and theory, we consider
the following constraints:

(A) From Sec. 2.6.2, we adopt the spin density

no = (8(1)nm)~2 = 0.016(4) nm 2. (5.18)

(B) Besides the central spin, the positions of two more surface spins are determined in

experiment/'V]

o (0.22nm o ( L7nm o (—0.1nm (5.19)
"= 10170m )’ 2= _3.90m )’ 3=\ _5.50m )’ '

where 77 is the central-spin position.

(C) The spin with index 2 is the strongest-coupled neighbor of the central spin. The
corresponding coupling,

|dimax| = |d12| = 1.01307 x 107 %eV ~ 1.5391 ps ™ ?, (5.20)

is verified to be the maximum coupling to the central spin throughout the measure-
ments.

(D) Two spins are not allowed to have a distance smaller than
Tmin ~ 1 nm. (5.21)

This value is not derived from experimental measurements and can be varied in
future studies. It is beneficial to consider such a constraint because it excludes
rare configurations with strongly coupled spins which are numerically difficult to
investigate. The precise value of i, is not a determining factor for the results,
provided that it is much smaller than the spin spacing 79 = 8(1) nm. To illustrate
this point, we find that on average there are only about 26(3) out of ~ 5 x 10° pair
distances smaller than i in an ensemble of 10° spins without any constraints.

The central spin and its two closest neighbors are fixed by constraint |(B). The N — 3
remaining spin positions are drawn successively from a uniform random distribution in
a square of size L = \/N/ng (centered around 7' = (0 0)) to ensure the correct spin
density according to constraint |(A). If a new spin position violates the constraints |(C) or
(D)l the position is drawn again. The majority of spins enter the actual CspinDMFT
simulation only through the mean fields. Finite-size effects in the mean-field coupling
tensor are discussed in Ref. with the result that they are small already for
N ~ 103 spins. Note that the computational cost of computing the coupling tensor

9This is realized by adapted DEER measurements [Rez22} [Rez+23| and methods similar to those in

Ret. BT,
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is negligible and by no means comparable to the CspinDMFT simulation. Therefore,
we set N = 10* to be on the safe side. An exemplary configuration created by this
procedure is given in Fig. |5.11. The clover shape in gray represents the maximum-coupling
constraint |(C)| and results from the angle dependence of the couplings d;; o< cos(2¢;;),
see Eq. (5.15). It is worth mentioning that the area in which no other spins can be placed
according to the constraints is several times smaller than the area that three spins occupy
on average. Hence, the local density around the central spin is significantly larger than
the average density. However, due to the lack of information about the precise geometry,
it seems unreasonable to correct this increased density by any method.

Cutout of a typical distribution
of spins on the diamond surface (Seed No.0 in 16 | . ° -
the next section). Spin No. 1 is the central spin
and the spins No.2 and 3 are its fixed neigh-
bors according to constraint (B)l The remain- 8 *
ing spins are drawn randomly considering the
correct density (constraint |(A)]), the maximum-
coupling constraint for the central spin (con-
straint |(C)]), and the minimum-distance con- °
straint (constraint |(D))). The maximum-coupling sk i
constraint is indicated by the gray area. The °
minimum-distance constraint is indicated by set-
ting the dot radii of each spin to 0.5nm. In this —16 [ .
example seed, 4 further spins (green, No. 4-7) | |, | | |
are added to the cluster according to the hybrid 16 _8 0 S 16
strategy (n™®* =T7).

x[nm)]

The results of a recent experiment suggest that the surface spins can be mobile depending
on the surface treatment . The corresponding hopping rate has not been investi-
gated, but it is assumed to be much smaller than the rate of the dipolar relaxation'!. Even
in case of a small hopping rate, such processes would be relevant for any spin-relaxation
signals, since each data point involves a large number of consecutive measurements during
which the spin ensemble could reorganize. It should be noted that the existence of such
processes does not entail that all of the surface spins are moving. Some spins could
be better localized, for example, because the corresponding defect is located deeper
below the surface. The study in Ref. provides an upper bound of about 20 %
for the number of stationary surface spins. It should be noted, however, that in this
work, a different diamond sample with a different surface treatment was used'?. The
experiment to which we will compare the results of CspinDMFET explicitly verifies that
the central surface spin does not reorganize during the measurements. But considering
the hypothesis of mobile spins, it is possible that the experiment measures the relaxation
of the central surface spin in a configuration-averaged environment. We can reconstruct
this situation easily in theory. For this purpose, we introduce the configuration average

1t is argued that the hopping could be driven by the laser illumination required to polarize and read

out the NV spin between the measurements |[Dwy-+22|.
2The defect density, for example, is about three times smaller than the one given in constraint (A).
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5.3 Dipolar relaxation of defect spins on a diamond surface

and variance

Gl = L3 a0, (W) = o 30 (@ - o n) T (5.2

m

where G, is the resulting autocorrelation of a specific configuration m and K is the
number of considered configurations, henceforth called “seeds”. The standard error of
the mean defined by

aa ._L aa
0(1) = =R 0), (5.23)

is also important. We present the results from CspinDMFT as well as a comparison to
the experimental data in the next section. It should be noted that in the configuration
averages we will consider the two closest neighbors of the central spin to be localized as
well, although this has not been verified experimentally.

5.3.3 Main results

We perform CspinDMFET simulations for K = 30 random seeds for the ensemble surround-
ing the three fixed spins in experiment. The latter are always added to the cluster. Then,
we add further spins according to the hybrid strategy with a given value for n™*. We
recall that n™2* defines the maximum possible cluster size, i.e., the considered cluster for a
MaX spins. At first, we track the convergence of CspinDMFT
for the considered system. To this end, we consider the configuration-averaged results
Wd as n™#* is increased, see Fig. |5.12l

certain seed can containn < n
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Configuration-averaged central-spin autocorrelation simulated by
CspinDMFT for varying maximum cluster sizes n™?*. Panel (a) shows the trans-
verse and panel (b) the longitudinal autocorrelation. The transparent areas around
the curves represent the standard error of the mean, see Eq. (5.23). The absolute
numerical error tolerance of the configuration averages is € = 1072 for n™®* = 3
and € = 5 x 1073 for n™a* > 3, see the main text for more details on the numerics.

The transverse autocorrelation shows a rapidly decaying oscillation and is already well
converged if we only include the three spins fixed by the experiment in the cluster. In
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5 Cluster extension of spinDMFT

contrast, the longitudinal autocorrelation decays very slowly and shows considerable
shifts to larger values as the allowed cluster size is increased. For the considered range of
n™?* the size of these shifts does not seem to decrease with increasing n™#*. However,
we suspect that beyond some critical value for n™?*, the most important neighbor spins
of the central spin are added to the cluster in all of the seeds. Beyond this n™2*, the
shifts are expected to become smaller. Such a behavior has been already seen in the
benchmarks. Consequently, we expect the results for n™** = 7 to be closer to numerical
convergence than the plot suggests at first sight. This has to be verified in future studies
by considering larger cluster sizes, which can be achieved by investing more computational
resources or, preferably, by revising the CRA to gain performance. The latter aspect
will be discussed briefly in Sec. [5.4.3. Here, we will draw a qualitative picture. Note
that the overall functional behavior of the longitudinal autocorrelation does not change
upon inreasing n™#*. We obtain a rather steep drop of @Cf at short times followed by
a considerable decelaration after about 10 us. Before comparing this to the experiment,
we make a short remark on the numerics.

We track the absolute numerical error of an individual autocorrelation included in the
configuration average to be € < 5 x 1072 for n™® = 3 and € < 2.5 x 1072 for n™2* > 3.
An error of 5% or 2.5 % relative to the initial value of an autocorrelation appears large,
but only a small number of seeds actually gets close to this threshold. For example, for
n™X = 7 only 3 out of 30 seeds have a maximum error of ¢ > 10~2. This error results
mainly from the finite time discretization and tends to be larger if the mean fields involve
rapidly oscillating correlations'>. We can estimate the resulting error for the configuration
averages to be smaller, AQ < 5 x 1073, This is true for all maximum cluster sizes except
n™®* = 3 because here all three spins are fixed which sometimes leads to cuts of spin
dimers at the edge of the cluster. In 7 out of 30 seeds, the discretization error is very
large, AQ =~ 0.02 — 0.04, which leads to a moderate error of the configuration average,
e < 1072. Nevertheless, the numerical errors are much smaller than the standard error
of the mean shown by the transparent areas in Fig.|5.12. Hence, we conclude that they

are by no means relevant for the qualitative picture we are drawing.

In the previous section, we discussed the possibility that the surface spins are moving
on the surface. If this is true, the configuration average G2 is the most appropriate
quantity for a comparison between theory and experiment. The corresponding plot is
displayed in Fig. [5.13. The initial drop of the transverse autocorrelation matches well
with the experimental data. At larger times, CspinDMFT predicts a strongly damped
oscillation, which may be driven by the strong coupling between the central spin and
its neighbor (spin No. 2), since the period time of the oscillation T" ~ 4.8(5) ps is close
t0 27 /|dmax| = 4.1 ps. Because of the short time interval and the fluctuations and error
bars of the experimental data, it cannot be concluded whether these oscillations are also
present in experiment. The longitudinal autocorrelation matches well at short times
t < 10yps, i.e., the initial drop is seen in experiment and in theory and stops roughly
at G¥* ~ 0.6. Afterwards both signals decay on a much larger time scale than the
transverse autocorrelation. However, the speed of this decay differs considerably between
experiment and theory. Before discussing this in detail, we briefly address the scenario of
completely stationary surface spins.

3Note that decreasing the step width reduces the error, but the computations can become very demanding
in some cases.
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Figure 5.13: Comparison between the experimental data (crosses with
errorbars) and the results from CspinDMFT for n™®* = 7 (lines). The short-
lived transverse correlations are shown in orange and the long-lived longitudinal
correlations in blue. Panels (a) and (b) are in linear and panel (c) in logarithmic
representation. For a better view, we did not include each set of data into all of the
panels. The configuration averages G®@* from CspinDMFT are each surrounded
by two transparent areas. The light-colored areas each represent the variance of
the different seeds and the dark-colored areas the standard error of the mean, see
Eqgs. and . The absolute numerical error tolerance of the configuration
averages is € = 5 x 1073, In addition to the configuration averages, we also show the
CspinDMFT result for a specific seed (No. 24, shown in red), which matches well
with the experimental data. The time scale of the echo data has been multiplied
by a factor of 2 due to the conversion from singly to doubly-rotating frame as
explained in Sec. The fit functions and parameters are discussed in the main

text, see Egs. (5.24) to (5.28).
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If the spins are not moving at all, the experiment measures a certain fixed configuration
of the spins. In this case, it is not very surprising that the configuration average deviates
from the experimental data because GYY varies strongly from seed to seed, see the light-
blue area in Fig. 5.13. Indeed, we obtain a very good agreement with the experiment,
if we cherry-pick a specific seed (No.24) as indicated by the dashed red line. This seed
corresponds to the third-fastest decaying G¥Y of the K = 30 seeds'? For a large time
interval, the longitudinal result does not lie within the light-blue area which makes this
seed rather special. Still, we cannot rule out that it is representative of the experiment
due to the lack of knowledge about the geometry of the surrounding ensemble. We
conclude that a comparison between experiment and theory cannot go beyond a very
qualitative level if the spins are not moving'!

To quantify and summarize the results, it is useful to extract the characteristic relaxation
times 75 and Ty, by proper fits. As the transverse autocorrelation decays rapidly, a
Gaussian fit according to

P (ny) = o () (5.24)

is appropriate. To account for the not completely eliminated proton noise in the singly-
rotating frame, the experimental data are fitted by a modulated Gaussian,

40 . 4 (wLpt) Y2W?
=2 () Ty, Wywr,p] = f(1)[Th] exp § —— sin? | 2222 ) Jel (5.25)
9 4 Wi, p

where W? is the root-mean-square of the noise field and wr,p is the proton Larmor
frequency, which are both fit parameters. The modulation can be derived from the
experimentally measured power spectrum of the noise and the filter function of the spin
echo, see Ref. (App. D.1) for details. The power spectrum is composed of two
Lorentzians, one at zero frequency and one at the proton Larmor frequency. To derive
Eq. (5.25), both Lorentzians are replaced by d-distributions for simplicity/'®. Applying
these fits to the data yields the parameters

CspinDMFT : Ty = 0.62(1) ps, (5.26a)
experiment : Ty = 0.66(3)us, W =37(10)pnT, wpp =36(4)ps~ !, (5.26b)

and the black lines in Fig. 5.13, panel (b). The longitudinal results are fitted by an
exponential function with variable prefactor according to

Lt
FY%(t)[C,T1p) = Ce M, (5.27)
which yields the fit parameters

CspinDMFT : Ty, = 114(8) s, C = 0.536(2), (5.28a)
experiment : Ti, = 26(3) s, C =0.72(5), (5.28Db)

The speed of the decay is measured by the magnitude of G¥Y at the last accessible point in time.

5However, if the experimental measurement is repeated for randomly chosen NV centers that couple to
different surface-spin configurations, one could compare an unbiased configuration average instead of
specific seeds.

16This eliminates the noise correlation time 7 from the fit parameters.
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5.3 Dipolar relaxation of defect spins on a diamond surface

along with the black lines in Fig. [5.13| panel (a). In the CspinDMFT fit, we left out the
data up to tp = 10ps, i.e., we fit only the tail of the autocorrelation. It is noteworthy
that increasing o barely changes the outcome. The extracted characteristic relaxation
times are represented graphically in Fig. |5.14. The discrepancy between the experiment
and the configuration average of CspinDMFT essentially boils down to a factor of 4
in the 77, times. Despite this difference, the main observation in experiment, namely,
that the longitudinal autocorrelation is considerably slowed-down versus the transverse
one, is qualitatively captured by CspinDMFT. The same result has been obtained in

Ref. |Gra+23| using the cluster-based strategy.
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Comparison of the characteristic relaxation times between experiment
and CspinDMFT (n™®* = 7) determined by a Gaussian (75) and an
exponential fit (77,). The relaxation times are extracted from individual seeds
(crosses), from the configuration average (circles) and from the experiment (squares).
In addition, we included the relaxation times for a triangular lattice with the same
spin density for comparison (triangles), see Sec.|5.3.4. The results for the individual
seeds are separated from the rest by the thick black line. The error bars for the
individual seeds (mostly too small to be visible) and for the experimental data
result directly from the fitting procedure. The error bars for the configuration
averages form an estimate for the standard error of the mean, see Eq. (5.23)). The
error bars for the triangular lattice represent the variation resulting from changing
the tilting angle. The dashed red line highlights seed No. 24, which is particularly
close to the experimental results as can be seen in Fig. |5.13|

Due to the easy-axis anisotropy, a difference between Wd and @Cf is expected and
can already be seen in the results from spinDMFT, see Fig. 4.5'". However, in view
of the anisotropy factor of only 2 in the considered Hamiltonian, see Eq. (5.15a), it is
remarkable that the characteristic relaxation times 75 and 77, differ by two orders of
magnitude. Since such a large difference is not obtained by spinDMFT, we conclude that
the geometry and disorder in particular play an important role for this phenomenon. To
corroborate this statement, we consider the same spin model on a triangular lattice in
the next section.

"The model considered for this figure is the same as the one considered in the current chapter except for
a global factor of 2 in the Hamiltonian and z being the easy axis instead of y.
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5.3.4 Results on the triangular lattice

We recall that the dipolar couplings are angle dependent, see Eq. (5.15b). In the
inhomogeneous system, the z-axis (zero polar angle) is fixed by the provided positions of
three spins close to the NV center. But for a completely random ensemble, the choice of
the axis would not matter on average, because no direction is preferred. For a triangular
lattice, the situation changes. Here, the spin positions are all fixed so that there are
distinguishable directions. As a consequence, the results will depend on the relative angle
between the lattice and the zero polar angle with respect to the couplings. In other
words, the orientation of the lattice with respect to the clover matters. We capture this
by introducing the tilting angle pg. For g = 0, two opposite clover leaves are parallel
to one of the lattice axes, see Fig. 5.15, panel (b), for an illustration. Increasing g
means rotating the clover counterclockwise which corresponds to adapting the couplings
according to

J. .
dij = —% CcOos (2((,01']' + (p())) . (5.29)
Making use of the symmetry of the clover'® and the lattice, the relevant interval can be
reduced to ¢ € [0°,15°], i.e., this interval is representative of any possible orientation of

the clover. The autocorrelation results for ¢g = 0 and different cluster sizes n are shown
in Fig. [5.15l
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Convergence plot for the spin autocorrelations from CspinDMFT
on a triangular lattice with anisotropic interaction according to Eq. (5.15a)). The
solid lines with markers correspond to the longitudinal autocorrelations (G¥¥), and
the dash-dotted lines with markers correspond to the transverse autocorrelations
(G**). The absolute numerical error tolerance of the data is € = 10~2. The cluster
for each color in panel (a) includes all spins represented by the same color in panel
(b) plus the spins of the next-smaller cluster. The z-axis is parallel to one of the
lattice vectors, i.e., the tilting angle in Eq. (5.29) is ¢9 = 0. The clover in panel
(b) indicates the corresponding angular dependence of the couplings.

¥Note that the symmetry group of the clover defined by the couplings is D2, because the two pairs
of opposite leaves each correspond to a different sign, cos2p = — cos 2(p + 7/2). However, since the
autocorrelations are T-symmetric, this sign does not matter globally so that we effectively arrive at
Dy.
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5.3 Dipolar relaxation of defect spins on a diamond surface

Note that passing from spinDMFT (n = 1) to CspinDMFT leaves the transverse decay
almost untouched and makes the longitudinal decay a bit slower. The results for n =7
and n = 9 are barely distinguishable so that we consider n = 9 to be close to the
converged result. The spin density is set to the same value as in the inhomogeneous
system (see constraint [(A)) so that

3
a=1] \2[7“0 = 7.44nm. (5.30)

Thus, the time unit is fixed and the results can be provided in ps for a better comparability
with the ones of the previous section.

As can be seen in Fig. |5.16, the fits from the previous section work very well for
the triangular lattice. We also computed the autocorrelations for the tilting angles
o € {5°,10°,15°}, but found no qualitative differences to ¢g = 0. The convergence is
comparable and we can use the same fitting procedure.
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Autocorrelation results from CspinDMFT for n™®* =n =9 on a

triangular lattice with anisotropic interaction according to Eq. (5.15al) considering
a tilting angle of ¢y = 0 for the couplings in Eq. (5.29). The exponential fit
for GY¥¥ works very well as can be seen in the linearnormal (a) and logarithmic
representation (b). The Gaussian fit for G** is also valid except for the tiny revival
at about 15 ps.

The fit parameters are summarized in Tab. [5.1L From this we can estimate the average
ratio between the transverse and longitudinal relaxation time to be

<Tlp> = 4.6(2). (5.31)

Hence, the enormous difference between 75 and 77, in the inhomogeneous system is not
obtained for the triangular lattice.

®Note that this value is a bit higher than in Ref. |Gri+23]. We consider the results in this thesis to be
more reliable, since the simulated clusters are larger.
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5 Cluster extension of spinDMFT

Fit parameters for the autocorrelations of the triangular lattice for
different tilting angles ¢ considering the fit functions Eq. (5.24) and Eq. (5.27).
As in the previous section, G** is fitted by a Gaussian, see Eq. (5.24), and G¥Y by
an exponential function, see Eq. (5.27)). The fits are shown graphically in Fig. |5.16

%0 Ty T, C

0° || 5.369(9) | 26.46(8)| 0.443(2)
5o || 5.37(1) | 23.7(1) | 0.396(3)
10° || 5.39(1) | 25.0(1) | 0.468(3)
15° || 5.38(1) | 23.49(8)| 0.418(2)

5.3.5 Interpretation of the results

The takeaway of the previous section is that the geometry is pivotal for the discrepancy
between the two relaxation processes. However, the precise physical cause is to be
discussed. A crucial difference between the two directions is that the total longitudinal
polarization, mY, is rigorously conserved in contrast to the transverse components m*
and m®. This conservation law holds exactly in the considered spin model, but it is only
approximately fulfilled in CspinDMFT, since, over time, the cluster can lose polarization
to the mean-fields, which remain zero on average. The spin autocorrelations can be
interpreted as the decay of polarization of a single spin which has been polarized at ¢t = 0
according tg?"

G (1) = ASFOST Oy = 283 s pia= (1287, (532

If € {z, z}, the polarization can decay locally due to dephasing because it is not linked
to a global conservation law. In contrast, if the spin is polarized into the longitudinal
direction, the local polarization can only decay by being transported away from site i.
The positional disorder tends to form well-separated clusters of a few spins®!. Transport
processes may be quick within a single cluster, but are likely slowed-down beyond the
cluster in comparison to a lattice. To view this in greater detail, we plot the summed-up
polarization of the three fixed spins in transverse and longitudinal direction in Fig. |5.17.
A considerable amount of the longitudinal polarization is transferred from the central
spin to its two neighbors, which explains the previously recognized drop of G%’C at short
times. Upon adding the time-dependent polarization of the spins No. 2 and 3 this drop is
clearly smoothened as can be seen in panel (b). At the largest considered time, the three
fixed spins still carry about a third of the initial polarization. In contrast, the speed of
the transverse decay does not change upon adding the transverse polarization of spin
No. 2 and 3. These observations indicate that the global conservation of m¥ plays an
important role for the mechanism. This could be supported in future studies by adjusting
the model Hamiltonian, for example, by breaking the conservation law with an additional
anisotropy between the x- and z-direction.

20While this equation is mathematically correct, it should be noted that the provided fully polarized
state p;,o is not realistic in experiment. But the arguments work similarly for a partly polarized spin.

2n this context, the term “cluster” refers to a group of proximate spins and is distinguished from the
cluster in CspinDMFT. However, given that the cluster-finding algorithm in CspinDMFE'T explicitly
considers the spatial separation of spins, these definitions are at least similar.
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Configuration-averaged summed-up correlations of the central spin
with itself and its two closest neighbors from CspinDMFT for n™?* = 7. Panel (a)
shows the transverse and panel (b) the longitudinal direction. The standard error
of the mean of the configuration average is represented by the colored areas.

The provided picture qualitatively explains the difference between the two decay channels
and between the triangular and inhomogeneous system. It should be noted that the
argument does not explicitly require the positional disorder, but only the spatial separation
of the clusters. It is unclear, whether lattices of well-separated clusters would exhibit
the same behavior, or whether the lack of randomness leads to a faster longitudinal
relaxation. In the literature, slow transport processes in inhomogeneous systems are
often explained by means of resonance-counting models [Bur07} [Yao+14} [Kuc+18; |Rez22;
. The key idea for randomly-positioned spins is the following: The ensemble is
perceived as a collection of pairs of strongly-coupled spins, termed pseudospins. Two
distinct pseudospins resonate with each other if the mismatch of the intra-pseudospin
couplings is small compared to the inter-pseudospin couplings. By counting the number
of these resonances, generic conclusions for the transport properties are made. In
Ref. , for example, resonance counting is employed to determine under which

conditions (dimension, range of interaction) MBL can occur?.

The remarkable slowness of the longitudinal decay in experiment and in the numerical
results underlines that the process of thermalization is considerably weakened. Before
analyzing this further, we include a section on the state of research of the subjects
thermalization and MBL.

5.3.6 Excursus: Thermalization and many-body localization

Thermalization is a fundamental principle in statistical physics. It states that an isolated
many-body system out of equilibrium evolves in time to eventually arrive at a very
generic state, which can be described by a few macroscopic variables only. This generic
state is called thermal state and it can be mimicked, for example, by the microcanonical
ensemble. Although the occurrence of thermalization is standard textbook knowledge

22 According to this work, the critical dimension for random dipolar spins is D = 1.5, which would exclude
the considered surface-spin system from MBL.
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[Sch07], its microscopic origin in quantum systems is very subtle and remains subject of

current research [DAI+16].

The eigenstate thermalization hypothesis proposed by Deutsch and Srednicki provides a
deep understanding of how quantum thermalization may occur . It entails
that the expectation value of a typical observable with respect to a single eigenstate
of the Hamiltonian is representative of a thermal expectation value??. A typical out-of
equilibration state superposes and mixes the eigenstates of a small energy window in such a
way that expectation values of certain observables display the out-of equilibrium situation.
As time proceeds, the initial state dephases with respect to the energy eigenstates and
the initial coherence is lost. Then, the expectation value of any typical observable can be
described, either, by a sum of expectation values of eigenstates within a small energy
window (microcanonical ensemble), or, according to the ETH, by the expectation value
with respect to a single representative eigenstate of the Hamiltonian. A sketch of this
principle is provided in Fig. |5.18 The ETH has been tested and confirmed in various
finite-size systems [RDOO08 [DAI+16|, but conclusions for the thermodynamic limit are
never fully rigorous. Therefore, the ETH remains a hypothesis and it is not clear, whether
it is a necessary condition for thermalization [NH15} [DAI+16].

state: observable:
A E
out of |‘11> :i <0> — Z C.C ei(%—%)@
equilibrium: AE Cae™#" | Eq) o " °
+Cpe*?t | Eyp) Eo,E3€AE
+ ...
oift
A E
"I’> N ETH
- ~ 2 L
thermal: AE Cae™? | Eq) (0) ~ 20; CaOaa ~ Oy
+Cpe*?t | Ep) Pa€AE - (with E., € AE)
S .

Thermalization in an isolated quantum system from the point of
view of the energy eigenbasis. A typical out-of-equilibrium state (pure in this
example) superposes energy eigenstates of a subextensively small energy window
AFE. The Hamiltonian time evolution does not change the occupations, but
only the phases of the eigenstates. This entails that thermalization corresponds to
dephasing in the energy eigenbasis. For a typical observable O with matrix elements
Oap = (Eo| O|Eg), the initial phases may be coherent. For large enough times,
this coherence is entirely lost so that only the energy-diagonal matrix elements O,
contribute to the expectation value. The ETH states that the diagonal elements
do not vary much within the small energy window so that one may approximate
the expectation value by a single energy-diagonal matrix element O.. within the
energy window.

Aside from this, there are also several scenarios where thermalization is fundamentally
absent. In integrable systems, for example, the number of conserved quantities is so

23The word “typical” is vague, but cannot be circumvented. Indeed, one can always create exotic
observables for which the ETH cannot hold true, for example, the energy projectors.
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large that the dynamics is too constrained for the system to thermalize. Another class of
systems resists thermalization due to the existence of an extrinsic randomness or disorder.
In a pioneering paper from 1958, Anderson showed that diffusion is absent in certain
lattices with on-site disorder [And5§]. In this scenario, the single-particle wave functions
are exponentially localized so that the system is insulating. Remarkably, an arbitrarily
small variance of the disorder potential suffices for this phenomenon to occur in D < 2.
One should note, however, that the Anderson model considers no interactions between
the particles®?, so the robustness of the phenomenon must be questioned. Adding a small
perturbing interaction might lead to slow diffusion processes again [Aba+19|. Indeed,
localization has been observed experimentally [Sch+07; [Bil+08} [Roa+08], but mostly in
well-controllable, artificial systems such as optical lattices.

The absence of thermalization in presence of interactions is known as many-body local-
ization and is subject of today’s research . The phenomenology of MBL can
be characterized by the existence of quasi-local integrals of motion (LIOM) [SPA13a)
. The MBL phase exhibits an emergent integrability due to the existence of an
extensive number of LIOMs. From this point of view, the absence of thermalization
is easily understood: A local observable can have a considerable overlap with some of
the LIOMs. Since the Hamiltonian time evolution leaves the latter invariant, the local
observable will, at least partly, remain local even for infinite times. In contrast, we expect
any local observable to delocalize entirely in a thermalizing system. Further typical
signatures of the MBL phase are:

The ETH is not fulfilled [NH15} [Aba+19].

The energy-level statistics approaches a Poisson distribution, i.e., there is no
energy-level repulsion as in thermalizing systems |[Aba+19|.

The entanglement entropy of highly excited energy eigenstates grows by an area
law and not by a volume law as in thermalizing systems [NH15; [Aba+19].

Starting from a product state, entanglement grows logarithmically in time [SPA13b
IHNO14; [Luk+19f INH15; [Aba+19).

A system is called fully many-body localized (FMBL) if all of the many-body eigenstates
are localized. In FMBL systems, the MBL phase can, in principle, persist at arbitrarily

high temperatures |Alt18§].

A rich phenomenology can be derived under the initial assumption that the MBL phase ex-
ists. But rigorously proving the latter turns out to be very difficult. This is demonstrated,
for example, by the immense effort put into a proof considering a 1D transverse-field Ising
model in Ref. , which still required some additional assumptions. Indeed, MBL
has been studied mostly in 1D and using approximative schemes, for example real-space
renormalization group (RG) , DMRG ZPP08|; Ser+16[ or brute-force methods
in finite-size systems [Yao+14} [LLA16}; [SLZ20]. Ref. uses a tensor-network
approach to access a Bose-Hubbard model in 2D also finding signatures of the MBL
phase.

On the experimental side, it is very challenging to observe MBL because the system under
study must be very well isolated from the environment [NH15; [Aba+19]. The experiment

24Indeed, this makes the Anderson model integrable, since the single-particle energies are conserved.
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in Ref. , for example, considered the time evolution of a charge-density wave in
a system of ultracold fermions (Aubry-André model). For a sufficiently large disorder
width, the imbalance of charges survives for long times indicating the occurrence of
MBL. Another example is provided by Ref. , which observed non-thermalizing
behavior in an optical lattice of bosons (5’Rb atoms) in two dimensions.

While many studies in the past two decades corroborated the existence of the MBL phase,
it is highly questioned in several recent articles, whether or where the celebrated and
presumably observed MBL phase indeed exists [Sun+20; [SP21} [SP23} [Kie+22; [EMB23].
For example in 2023, Evers, Modak and Bera claimed that close to the potential MBL
transition, finite-size effects are expected to be very strong due to the existence of rare
ergodic bubbles that are not necessarily included in a small system cutout . Ina
slow process termed “creep”, these ergodic bubbles thermalize also almost localized regions
of the system which ultimately leads to many-body delocalization in the thermodynamic
limit. It is stated that many previous numerical and experimental studies did not account
for the occurrence of creep which partly invalidates the interpretations in these studies.
Evers et al. considered a model of spinless fermions on a chain (¢-V model with V' = 1)
according to

1532 L 1 L—1 ] )
H=—J > (cjci+1 +h.c.) +> e <ni — 2> +> (ni - 2) <ni+1 - 2) ., (5.33)
=1 i=1 i=1

where ¢; € [~W, W] represents a random on-site potential®’, Their studies do not rule
out MBL, but shift the critical disorder width at which it may occur to a rather large
value®®, Weit ~ 10. As detailed in Fig. [5.19, the authors predict a phase diagram with a
large prethermal MBL phase, in which diffusion is slow, but not fully absent.

thermal prethermal MBL true MBL?

=)

Wcrit

Schematic phase diagram of low-dimensional many-body systems
with extrinsic disorder W [EMB23} [Lon+23]. Whether true MBL exists, remains
an open question.

Another interesting article in this context is Ref. , which questions entirely
whether the MBL transition can be studied with nowadays available techniques and
resources. The authors provide arguments that, in experiments, slow transport is not
distinguishable from MBL at reachable times and on the numerical side, the reachable
system sizes are simply too small to draw conclusions about the thermodynamic limit.
Hence, the conclusion is drawn that it cannot be finally decided whether MBL exists or
not and if so, in which systems. But no matter if true MBL exists or not, it is anyway
interesting to look closer into the systems that exhibit at least precursors of this phase.
Even if thermalization ultimately takes place, the time scale can be enormously large.
This is not only interesting from a fundamental physical point of view, but perhaps also

2By means of a Jordan-Wigner transformation, this model can be mapped to an anisotropic Heisenberg
model in one dimension.
26For comparison, earlier studies predicted half as large or even smaller values, e.g., Werit ~ 5.4 [SLZ20].
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for technological applications because it allows one to maintain quantum information
locally for a very long time.

5.3.7 Interpretation of the results in the context of many-body localization

We note that the generic behavior of the correlations computed by spinDMFT and
CspinDMFT agrees with thermalization because they ultimately decay to zero”’. This
can be well seen in Sec. 4.2 and in all benchmarks in Sec. |5.2. In the inhomogeneous
system, the average correlation also decays, but the considered time window is simply too
small to draw conclusions about ¢ = co. The exponential fit we performed in Fig. |5.13)is
advantageous because it works acceptably well for experiment and theory and it allows
to boil the speed of the decay down to a single parameter T7,. However, considering
the logarithmic representation in panel (c), the curvature of the configuration average
seems to be slower than exponential. To capture this, we apply a stretched exponential
fit according to

k

- t -

FYY_ () [Tlp,k} :exp<T ) . Ty, =368(2)ps, k=0365(3), (5.34)
1p

which is shown graphically in Fig. |5.20.
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Configuration-averaged results from CspinDMFT for n™** =n =17
and fits. Panel (a) shows the linear and panel (b) the triple-log representation which
is helpful to identify stretched-exponential behavior. The configuration averages
G are each environed by two transparent areas. The light-blue area represents
the variance of the different seeds and the dark-blue area the standard error of the
mean. The transverse autocorrelation is fitted by a Gaussian according to Eq. (5.24)
and the longitudinal autocorrelation by a stretched exponential according to
Eq. (5.34) and a logarithm according to Eq. (5.35)). Both the stretched-exponential
and the logarithmic fit work out very well and are nearly indistinguishable from
one another.

2TNote that this is our only indicator. It is not possible to test the ETH in the mean-field framework,
since we have no access to energy eigenstates.
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5 Cluster extension of spinDMFT

Note that we still only use two fit parameters and that we consider the data on the whole
time interval for the fitting. Clearly the fit does not work at very short times, since
dg:y = 0 in contrast to the fit function, but the subsequent decay is captured very well
as can be seen in the linear and triple-log representation. In future studies, the maximum
time of the simulation may be increased to see whether the stretched-exponential behavior

continues for more than two powers of ten®S.

It is noteworthy that infinite-temperature autocorrelations are indeed measurable probes
of thermalization and if they decay slowly, this can be a notable characteristic of a
prethermal MBL regime [LBB19} [Lon+23|. As such, stretched-exponential behavior has
been observed numerically and experimentally in various spin systems with extrinsic
and/or positional disorder [Lon+23; [Dav+23; |(Cho+17a} [Kuc+18]. Here, we obtain
preliminary evidence of such behavior in a 2D system with positional disorder. We
emphasize that it would be desirable to increase the maximum cluster size as well as
the time interval for a better validation of our observations. Note, for example, that a
logarithmic fit according to

. ¢ .
R (1) [Tlp, r} = —rln <T1 ) . Ty, =701(12)ps, ¢ =01235(7),  (5.35)
p

works equally well as a stretched-exponential fit on the considered time interval as can
also be seen in Fig. 5.20. A reliable distinction of logarithmic and stretched-exponential
behavior requires at least one more power of ten in the time scale |[Lon-+23|.

5.4 Chapter conclusion and outlook

5.4.1 Simulating spin dynamics by CspinDMFT

CspinDMF'T extends spinDMFT by passing from a single-site to a multi-site model, as
illustrated in Fig.[5.4. The latter describes a cluster of spins in a background of correlated
Gaussian mean fields. A particular challenge of CspinDMFT is the formulation of a
closed self-consistency problem, since the mean fields are composed of a large number
of a priori unknown out-of-cluster correlations. In lattices, these correlations can be
straightforwardly mapped to their exact replicas in the cluster, while in inhomogeneous
systems, an approximate mapping scheme is given by the CRA. The benchmarks in
Sec. 5.2 demonstrate the rapid convergence of CspinDMFT with the cluster size n for
lattices. In inhomogeneous systems, the convergence can be slower in some cases, see
for example the results for defect spins on a diamond surface in Fig. |5.12. Nevertheless,
CspinDMFT is in qualitative agreement with the experiment showing a vast difference
between the transverse and longitudinal relaxation of these spins. It also confirms the
assumption that this difference is caused by the geometry, i.e., the positional disorder
of the spins. However, it should be noted that CspinDMFT does not capture the
experimental data quantitatively. In view of the fact that the difference between the

2¥Note that the mean-field sampling requires the diagonalization of a covariance matrix, the dimension of

which increases linearly with the maximum time. At some point, this will become the computational
bottleneck of the simulation.
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5.4 Chapter conclusion and outlook

longitudinal autocorrelation G¥¥“ in CspinDMFT and the experimental data increases
upon incrementing the maximum cluster size n™*, the presence of systematic errors is
very likely. These will be discussed in the following section.

5.4.2 Systematic error sources

In theory, a potential error source aside from the mean-field approximation itself is the
mapping of correlations using the CRA. The latter might be tested and adapted in
future studies as we will point out in the next section. Furthermore, there are several
potential error sources in experiment. For instance, the surface-spin state has to be
read out indirectly via optical detection of the NV spin. The latter clearly has further
interaction partners, which potentially disturb the obtained signals. Furthermore, the
Ti, relaxation takes place in the doubly-rotating frame, which implies two nested RWAs.
Imperfections in the field alignments and the applied pulses will certainly affect the
experimental data.

In addition, we recall that there are many uncertainties concerning the surface properties,
in particular, the geometry. For example, is it valid to place the spins one by one or
could their locations be correlated (beyond a minimum distance) to one another? Are
the spins mobile and, if so, which fraction of them? If some of the spins are mobile,
what is the corresponding hopping rate? If the spins move at a similar speed as the
speed of the dipolar relaxation, the hopping forms another relevant source of decoherence
which is not yet modeled. We remind the reader that the occurrence of MBL is very
unstable to weak thermalizing environments . It is plausible that this property
transfers also to a prethermal MBL phase. The appearance of any kind of thermal bath,
for example due to some surface spins being mobile or due to a remainder of the proton
noise, could lead to considerable discrepancies between experiment and the bare spin
model in Eq. (5.15). In view of all of these uncertainties, we consider the qualitative
agreement between experiment and theory to be fully satisfactory.

5.4.3 Testing and reformulating the correlation-replica approximation

The idea of the CRA formulated in Sec.5.1.4is to generate the mean fields in an inhomo-
geneous system by approximating the out-of-cluster correlations by in-cluster correlations.
The mapping required for this relies on quantities that classify the correlations based on
their short-time behavior. The CRA has two major drawbacks. The first and obvious
one is that the mapping of the correlations is not really accurate. We discussed that
the magnitude of the error induced by this could be small, but a numerical study for
confirmation has not yet been done. There is indeed a way to test the CRA. As detailed
in Fig. [5.21, one could simulate the correlation functions for a given seed A of the
inhomogenous system by constructing the mean fields from correlations that have been
self-consistently computed from another seed B. The geometry of the environment of a
cluster is essentially independent of the geometry of the cluster itself. Therefore, if the
CRA is accurate, it should not matter which set of correlations it is based on: one could
equally use the correlations of the cluster from seed A or from seed B or from any other
seed. The only important aspects are that the set of correlations used is sufficiently large
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5 Cluster extension of spinDMFT

to cover the variety of correlations occurring in the ensemble, and that the set results
from a well-converged self-consistent iteration. Consequently, by comparing the spin
correlations of the cluster of seed A computed in two different ways (using the correlations
of seed A for the CRA or using the correlations of seed B for the CRA), we obtain an
error estimate of the CRA. For a reliable test, this procedure should be repeated for
several pairs of seeds. Subsequently, if the CRA turns out to be too inaccurate, one could
improve it by introducing further classifying quantities, for example, based on higher
time derivatives of the correlations.

seed B: seed A:
mean-field mean-field mean-field
moments moments
/ > moments
Monte Monte
Carlo CRA Carlo CRA
spin Monte spin

correlations CRA Carlo correlations

converged alternative ? converged
spin correlations spin correlations ~  spin correlations

Testing procedure for the CRA. The crucial step is the arrow that
connects seed B with seed A. The converged correlations from seed B are used as
building blocks for the mean-fields of seed A employing the CRA. The simulated
alternative spin correlations can be compared to the converged spin correlations
resulting from a regular self-consistent iteration for seed A. If the CRA is accurate,
it should not make a big difference, whether we insert the correlations of the cluster
of seed A or seed B into it. Hence, this procedure can be used to estimate the
error of the CRA.

The second disadvantage of the CRA is the numerical effort implied by it. Although we
are mainly interested in the central spins autocorrelation, applying the CRA requires
computing all n(n+ 1)/2 correlations on the cluster of size n. If it is not important which
specific set of correlations is inserted to the CRA, i.e., if the above test is successful,
the computational cost of seed farming can be significantly reduced. To this end, one
should perform the entire self-consistent computation for one or a few seeds to obtain a
sufficiently large set of correlations. Subsequently, one performs the actual seed farming
by using this set to construct the second mean-field moments for the new simulations. In
this way, one needs to perform only one iteration step per seed (instead of about 4) and
compute only the central-spin autocorrelation for each seed. With such an extension, the
maximum cluster sizes and time scales could be considerably increased.

5.4.4 Extending the spin model

One of the advantages of spinDMFT and CspinDMF'T is their versatility. As demonstrated
in Ref. [Gra+21] (Sec. IV), a Gaussian on-site potential can be easily included in the
mean-field framework. In this way, one could also use CspinDMFT to simulate the
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5.4 Chapter conclusion and outlook

longitudinal relaxation in the singly-rotating frame (7}), which is affected by a proton-
noise source at the diamond surface. A comparison with the experimental data (|Rez22
Rez+23]) could provide a deeper insight into the obtained deviation between experiment
and theory in the doubly-rotating frame. Furthermore, it may be promising to consider
the relaxation of the NV spin directly, as this is probably easier to measure in experiment
[Rez22; Rez+23; IDwy+22]. The NV spin may be simply included in the simulations as
an additional special spin.
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The main goal of nuclear magnetic resonance spectroscopy is to understand the chemical
structure of a sample by resonantly addressing its nuclear spins. A brief introduction to
this topic has been given in Sec. [2.5, where we also introduced the FID and the spin echo
as basic NMR measurements. Theoretical calculations of such signals are challenging
due to the large number of particles involved. Finite-size simulations, such as ED
or CET [Wei+06; Ble21] are typically not reliable, as they only capture a few tens of
spins.

The short-time behavior of the FID of a regular crystal is well captured by its first
moments in the frequency domain'l As such, the importance of the second moments has
been elaborated by van Vleck already in the 1940s . Since that time, numerous
approaches to compute FIDs have been developed [LN57} [Tjo66} [JP73} [PL73} [PL74; [ECT75}
IBPS76} [Sha91} |[Jen95} [Fin97} [Zha+07; [Sav+14]. But despite their accuracy for the specific
considered example (usually calcium fluoride), they are not widely used at present. This
may be attributed to the challenges in applying and extending the corresponding method
to the scenario under study. With the nowadays available computational resources, fully
classical simulations , hybrid quantum-classical simulations and
coupled quantum-cluster simulations represent powerful alternatives to calculate
FIDs. However, one may question whether these approaches can be easily extended. It is
unclear if they can be successfully adapted to different measurement protocols, systems
with smaller coordination numbers, or interactions beyond the standard homonuclear
Hamiltonian.

The dynamic mean-field framework given by spinDMFT can prove to be an accurate and
flexible tool for the various possible setups in NMR spectroscopy, complementing the
currently used toolset . We recall that spinDMFT has been developed to access
the dynamics of spin ensembles at infinite temperature. This makes it less general than
other mean-field theories, but at the same time perfectly tailored to NMR because nuclear
spin ensembles are completely disordered at ambient conditions due to the smallness of
the nuclear gyromagnetic ratios. In Ref. , we established spinDMFT and its
extensions as alternative tools for simulating NMR signals. The mean-field framework is
not necessarily more accurate than the above-listed methods, but it appears to be highly
versatile due to its description via an effective Hamiltonian. This versatility has been
demonstrated in the above reference by considering two rather distinct examples. The
corresponding findings will be summarized in this chapter.

First, we introduce nl-spinDMFT to compute homonuclear FIDs in Sec. [6.1 and to apply
it to calcium fluoride in Sec. 6.2l In section Sec. [6.3, we use spinDMFT to compute NMR

!These correspond to time derivatives of the FID at t = 0 and are essentially nested sums of dipolar
couplings.
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6.1 Computing homonuclear free induction decays with non-local spinDMF'T

signals of 13C in adamantane. A conclusion and an outlook are provided in Sec. 6.4. As
indicated above, several contents of this chapter are based on Ref. [GHU24J?.

6.1 Computing homonuclear free induction decays with
non-local spinDMFT

6.1.1 The role of pair correlations

In Eq. (2.32), we related the FID to a double sum of spin correlations. The sum includes
autocorrelations as well as pair correlations at infinite-temperature. In the derivation
of spinDMF'T in Ch. 4, we used the fact that pair correlations are suppressed by the
coordination number and can be neglected if z is large |Gra+21}; [Zob88]. It turns out,
however, that the pair correlations appear in such large numbers in the FID that they
actually remain relevant. This can be seen directly in the example of a Bethe lattice, if
we reorder the correlation sum according to

F(t)oc p (S7()S5(0)) = p ({87 (1)S7(0)) + (87 (1)S5(0)) ) (6.1)
%; J Z%:(T ;j:A%:p*)

oxzP

x1/zP

The outer sum implies a factor of N and is thus not relevant to us. The first inner sum
runs over all sets of p-th nearest-neighbor sites. The second inner sum runs over all sites
j of a set, that is, all sites j with a relative distance of p = A(i, ) links with respect
to site ¢. In Tab. 4.1 we can read off that pair correlations, that extend over p links
on the Bethe lattice, are suppressed by 1/zP. At the same time, their multiplicity is zP.
Consequently, these factors cancel each other so that each order p is relevant for the FID
on a Bethe lattice. Thus, there is no argument to neglect them, neither on the Bethe
lattice nor for other geometries. Still, the FID can be accessed as will be discussed in the
next subsection.

It is noteworthy that the sum in Eq. (6.1)) is different from the sum by which the mean-
fields are constructed, see for example Eq. (4.19). In the latter sum, each spin correlation
acquires a coupling-dependent weight. If the couplings fall of quickly with the distance
and z is large, pair correlations are negligible for the mean-fields, although they are
not negligible for the FID. This has been demonstrated for the Bethe lattice with NN
interactions in Ref. and is discussed for a general lattice with NN interactions
in App. B. The physical explanation for this behavior is that the FID measures the far
field of the system, while a mean-field measures the local field at a single site.

*We highlight the different naming of the cluster size, n vs. I, and the order (introduced later), o vs. n,
in this thesis and in the cited article.
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6.1.2 Non-local spinDMFT

Strategy

The relevance of pair correlations rules spinDMFET out for the computation of the FID.
Concurrently, the usage of CspinDMFT appears to be an overkill, since spinDMFT already
reliably estimates the mean-fields if the coordination number is large. Consequently, we
proposed an in-between approach in Ref. , which separates the computation
of the mean-fields from the computation of the FID. As detailed in Fig. 6.1, step (1)
is to compute the spin autocorrelations self-consistently by spinDMFT. In step (2), we
compute the different spin correlations required for the FID by performing simulations
of quantum clusters in a mean-field background, which is constructed using the spin
autocorrelations from the first step. This step is referred to as nl-spinDMFT because
it efficiently accesses non-local spin correlations. We use the index ¢ to categorize the
different kinds of spin correlations similar to the idea of correlation replicas presented in
Sec. [5.1.4. Eventually, the calculated correlations are superposed to obtain the FID.

(1) second mean-field
self-consistency moments ‘\‘
(spinDMFT) \
spin ,/I
autocorrelations
A7 | R
2) second mean-field moments vf‘j"‘(t)

nl-spinDMFT

iC:O lczl iCZCmax

spin auto- and pair correlations GZ*(t)

\/

Free induction decay F(t)

Strategy to compute the FID using spinDMFT and nl-spinDMFT.
The dashed arrows correspond to computationally cheap operations. The solid
arrows correspond to computationally demanding Monte-Carlo simulations.

The simulations in step (2) are analogous to CspinDMFT, but we do not consider a
self-consistency loop anymore. In particular, we consider the mean-field Hamiltonian

1 0 O
1 S -
B =2 > diS]DS;+ ) | 8i Vi), D=0 107, (62
ijer iel 00 -2

where I'" denotes the cluster, which contains n spins. Note that we considered the
homonuclear Hamiltonian from Eq. (2.24) as the underlying spin model assuming a
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6.1 Computing homonuclear free induction decays with non-local spinDMF'T

secular dipolar interaction. We recall the definition of the secular couplings®,

1 -3 (i - 7i)° po Vv

dii(nig) =d» (1p) = . .
i(7B) Rij (7i5) 2 4m | R;513 (63)
The second mean-field moments are generally given by*
——————mf
VEOV(0) =6 (D*)? Y dindu(SE (18] (0)) (6.4)

k,l¢D

with a, 8 € {x,y, z}. It is important to note that the spins in ' are excluded from the
sum. This means that each spin contributes only once to the Hamiltonian in Eq. (6.2)),
either quantum mechanically or classically via the mean-fields. According to the scheme
in Fig. 6.1, our only building block for the mean-fields are the autocorrelations. Hence,
we neglect any non-local correlation so that we eventually obtain

—mf
VAWVE(0)  ~ 898 (D)2 T2 L (8%(1)8*(0)), (6.5a)
Thoyis = > dirdii. (6.5b)
k¢l

Similar to spinDMFT, this approximation is justified for large coordination numbers.
With this, the second mean-field moments can be straightforwardly computed from the
spin autocorrelations obtained in step (1). The remaining ingredient for step (2) is the
choice of the clusters.

Generating the clusters order by order

We remind the reader that different correlations are accessed by separate simulations of a
spin cluster in a mean-field background. For an optimal performance, the cluster should
be varied from simulation to simulation. A phenomenologically motivated procedure
for the choice of the cluster has been proposed in . The basic idea is that
the correlation (S§(¢)S$(0)) between site i and j does not only result from the direct
spin-spin coupling J;;, but also from indirect couplings via one or several intermediate
spins. In order to account for these effects, the intermediate spins have to be included in
the cluster®.

This is formalized by decomposing the pair correlation between site ¢ and j into different
contributions, each of them representing a path from ¢ to j on the lattice. We define an
order o of a contribution as the number of links on the corresponding path as illustrated
in Fig. 6.2. A valid link connects two sites that have a finite coupling between them,
e.g., in case of NN interactions we consider only links between nearest neighbors. In
case of long-range interactions, each site couples to an infinite number of sites. To keep

3For details, see Secs. 2.3/ and [2.4

“Note that any off-diagonal correlations (o # 8) and thus any off-diagonal mean-field moments are zero
due to Eq. (2.16b).

®Note that the mean-fields cannot generate correlations between two spins, since back actions of the
cluster on the mean-fields are neglected by construction.
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6 Simulating NMR experiments with spinDMFT and extensions

the number of paths per order tractable, we truncate long-range couplings at a certain
Jerit, i-€., we consider as relevant only those links that connect two sites k and [ with
|Jkt| > |Jerit|. The proposed procedure adds the presumably most important intermediate
spins order by order to the cluster starting from the lowest relevant order, o = 2. Note
that the spins i and j are added by default so that the first order (o = 1) is automatically
accounted for.

o=1: o=2: o=3:

J J k1 fj J
~—
k k2

Ii

Schematic plot of the first three orders. A process of order o consists
of o links, shown as black lines between site ¢ and j, which are shown as black dots.
The green dots represent intermediate sites, for which there are several options on
the lattice. Note that the intermediate sites can be ¢ and j themselves as indicated
in the order o = 3.

i=ky M

The procedure for the o-th order reads as follows:
Determine all paths from site ¢ to site j with o links.

Collect the sites of all paths in a set K. Add all spins in K to the cluster, if this
does not exceed the desired cluster size n, and proceed with the next order. If
adding all spins would exceed n, consider the next step instead.

Let f be the number of spins that are still missing in the cluster to reach its full
size n. Consider all possibilities to add f spins to K. For each possibility, compute

(Jifzo*j)zo(r) = Z d?]{,‘ldilk‘z tee dio_lj’ (66)
k:l,k:27...,ko_1EF

Here, k; can be any spin in the cluster with the f spins added (total size is n) and
one has to consider truncated couplings in case of long-range interactions. Then,
accept the cluster I' with the highest value for (Ji_zo_j)QO and stop the procedure.

Aside from the cluster size there is another free parameter in this procedure, namely, the
truncation parameter J..;. This parameter indirectly determines the number L of finite
couplings that correspond to a valid link. Henceforth, we will rather provide the value
for L since that is easier to interpret.

Summary

In summary, the following three steps have to be carried out:

(i) Categorize the correlations that enter into the FID by making use of the symmetries
of the system. In practice, one starts with the short-range correlations and ignores
any correlation that exceeds a certain maximum range |ﬁw‘ > Rmax. The different
categories are numbered from ¢ = 0, which corresponds to the autocorrelation, to a
maximum index ¢ = Cpax-

90



6.2 Free induction decay of calcium fluoride

(ii) Choose a proper cluster size n depending on the available numerical resources and
determine the clusters for each class ¢ by means of the procedure presented above.
Remember to truncate the dipolar couplings for this step.

(iii) Having the clusters determined, compute the coupling sums required for Eq. (6.5).
Then, perform the two steps of nl-spinDMFT to compute the correlations GZ* with
c €10,...,Cmax]. The latter are superposed to obtain the FID according to

Cmax

F(t) =Y meGe(t), (6.7)
c=0

where m, is the multiplicity of class ¢, i.e., how often the corresponding correlation
occurs in the lattice.

We consider an explicit example in the following.

6.2 Free induction decay of calcium fluoride

6.2.1 Modeling

Calcium fluoride, CaFs, is a crystal composed of calcium ions forming an fcc-lattice
and fluoride ions forming an sc-lattice, which is intertwined with the former. For NMR
purposes, only the fluoride nuclei 'F are relevant. They have a natural abundance of
100 % and carry a spin of S = 1/2. During the NMR experiment, the spin system is subject
to a strong external magnetic field leading to the secular Hamiltonian in Eq. (2.24)).
The secular couplings d;; o< (1 — 3 cos? ¥;j) depend on the angle ¥;; that is enclosed by
the magnetic field and the distance vector between site ¢ and j. Correspondingly, the
orientation of the magnetic field is crucial. In the following, we focus on the [100]-direction,
that is, the magnetic field is parallel to one of the crystal axes. As usual, we choose this
axis to be the z-axis. We apply nl-spinDMFT by following the three steps listed above.

6.2.2 Applying nl-spinDMFT
Step (i)

First, we categorize the correlations entering the FID. The more short-ranged a correlation
is, the earlier it becomes relevant in the FID. Consequently, we sort the correlations
with regard to the pair distance, that is, first the autocorrelations, second the NN pair
correlations, third the NNN pair correlations and so on. Due to the easy-axis anisotropy,
two pair correlations with the same pair distance may not be equivalent, for example, the
NN pair correlation with ﬁij || z is different from the one with Rij | z,y. Therefore, we
sort the pair correlations of equal distance once more, this time according to the modulus
of the pair coupling. This leads to the categorization presented in Tab. 6.1, wherein we
used the definition

2
HOVR

do = .
0 4mal,

(6.8)

The corresponding distance vectors are indicated by the orange lines in Fig. |6.3|
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List of correlations considered for the FID of CaF3-[100]. The first
entry (c = 0) is the autocorrelation, G&*(t) and the other entries correspond to
pair correlations, G (¢) with i # j. The second column contains an exemplary
distance vector, 7., between the two sites ¢ and j of the pair correlation and |d.|/dy
is the absolute of the direct spin-spin coupling with dg given in Eq. (6.8). By
m. we denote the multiplicity of the correlation, i.e., the number how often this
correlation occurs per site.

c 7:»;l—/asc |7e|/asc | |de|/do
0

1 (0 0 -1)| 1.0 2.0

2 /(-1 0 0|10 1.0

31 (-1 -1 0)| 1.4142 | 0.3535
4 || (-1 0 -1)| 1.4142 | 0.1768
5 (-1 -1 -1)| 1.732 0.0

6 0 0 -2)] 20 0.25

7 (- 0 0)| 20 0.125
8 - 0 -2)| 22361 | 0.1252
9 -2 -1 0) | 2.2361 | 0.0894

0 5 00 k)00 500 00 00 00 B N 00 00 it | 3

2

(-1

(-2
10 (-2 0 -1)| 2.2361 | 0.0358
11 (-1 -1 -2) | 2.4495 | 0.068
12 (| (-2 -1 -1) | 2.4495 | 0.034
13 (-2 -2 0) | 2.8284 | 0.0442
14 (-2 0 -2)| 28284 | 0.0221
15 (0 0 -3)|30 0.0741
16 (3 0 0) |30 0.037
17 (2 -2 -1)| 30 0.0247
18 (2 -1 -2)| 30 0.0124
19| (-1 0 -3)| 3.1623 | 0.0538

Step (ii)

We choose a cluster size of n = 9 spins. The clusters are chosen individually for each
correlation category listed in Tab. |6.1]according to the procedure presented in the previous
section. The dipolar couplings are truncated behind the nearest neighbors, which entails
L =6 (two times d = 2dy and four times d = dy). We display the resulting clusters in
Fig. 6.3l

Step (iii)
Step (1) of the strategy in Fig. |6.1] is very general because the converged results from

spinDMFT depend only on a single free parameter, the quadratic coupling constant.
Thus, we can simply adapt the correlations shown in Fig. |4.5 by setting

Jo = 3.655do, (6.9)

which results from a numerical evaluation of the coupling sum.
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Clusters for computing the FID of CaF3-[100]. The numbers corre-
spond to the category indices ¢ in Tab. 6.1l The black spheres connected by the
orange line represent the sites of the corresponding pair correlation. The green
spheres are the remaining sites of the cluster and the gray lines represent NN
connection lines and multiples of them.

In step (2) of Fig. 6.1, we compute each correlation categorized in Tab. 6.1 by performing
a simulation of the corresponding cluster shown in Fig. |6.3| considering a mean-field
background generated by the second moments given in Eq. (6.5)°. Some numerical details
of this procedure are given in App.|C.2 Having the pair correlations determined, the
FID is computed by Eq. (6.7) considering the multiplicities m. provided in Tab. 6.1.

6.2.3 Results

The resulting FID is shown in Fig. |6.4) versus the time for different values of cpax. In
addition, we plot the longitudinal magnetization

Cmax

M?(t) = meGE (1), (6.10)
c=0

which is conserved in the absence of any approximation. The deviation of M?#(t) from 1
is a measure for the accuracy of the approximation. The simulation results agree better

5Note that no self-consistency is considered in this step which entails that each simulation involves only
a single iteration step in which only the correlation of interest must be computed. This is in contrast
to the CRA considered in Ch. |5, which requires computing all n(n + 1)/2 correlations of a cluster of
size n per iteration step.
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6 Simulating NMR experiments with spinDMFT and extensions

and better with the experimental FID upon adding more correlations. At the same time,
M?#(t) becomes more and more constant as expected. For the final result, ¢pax = 19,
the agreement of the FIDs is remarkably good up to about ¢ = 40 ps demonstrating the
success of nl-spinDMFT.
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[ —— M?, nl-spinDMFT

“\‘0.5 L p
00Ff a /_\

[ [ ! ! ?max = 19|
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FID of CaF5-[100] simulated by nl-spinDMFT and measured in
experiment . The simulation results correspond to a cluster size of n = 9 and
increasing truncation value ¢payx from panel (a) to panel (e). In addition, we plot
the longitudinal magnetization provided in Eq. (6.10)). The absolute numerical error
tolerance of the individual spin correlations entering F and M? is e = 2 x 1073.
The experimental data were measured at 4 K where the lattice constant takes the
value as. = 2.724 A.

At larger times, the amplitude of the oscillation of the FID is slightly overestimated. We
can rule out numercial errors as the origin of this deviation, since they are about an order
of magnitude smaller. We also tried adding correlations beyond cpax = 19 by the same
method, but this yielded the same results. A plausible explanation for the deviation is
that the cluster size n is not sufficiently large. This is corroborated by the convergence
plot shown in Fig. [6.5. The simulation results clearly tend towards the experiment as
the cluster size is increased and the changes upon adding a single spin are significant.
We recall that pair correlations cannot be generated by the mean-fields because back
actions of the cluster are neglected by construction. The notable changes upon adding a
single spin mainly result from additional correlation processes that are made available by
extending the cluster. This can be also directly seen in the individual pair correlations as
demonstrated in Ref. (App. A). We expect more accurate simulation results at
moderate times, if the cluster size is increased further. The currently employed numerical
resources are only moderatd’. In future calculations, cluster sizes with 2 — 3 additional
spins are realistic.

"The computation of the entire FID requires in the order of 10® single-core hours and is perfectly
parallelizable.
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6.2 Free induction decay of calcium fluoride
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NMR signals of CaF2-[100] simulated by nl-spinDMFT and measured
in experiment [EL74]. Panel (a) shows the FID and panel (b) the longitudinal
magnetization according to Eq. (6.10). The simulation results have been produced
considering ¢pax = 19 and varying cluster sizes n shown by different colors. The
dotted line in panel (a) represents the experimental results. The dotted line in
panel (b) has not been explicitly measured, but it is the expected result in the
absence of any approximations.

In App. E.1, we present the simulation results for CaF9-[110] and CaF3-[111] and compare
them to experiment. The observations are qualitatively the same as for the [100]-direction,
that is, the approach performs excellent at short times and less well at moderate and
larger times. However, it should be noted that the deviations are even larger for the other
two directions. We attribute this observation to the fact that the coordination number is
much larger, ze[jcfl o' — 92 and zgcfl U — 995 versus z&? Ol — 4.9. This is counterintuitive,
because the mean-field approximation is generally better justified if z.y is large. But
we stress that the validity of the approximation depends strongly on the choice of the
clusters. The number of intermediate spins relevant for a pair correlation increases with
the coordination number. Hence, an appropriate, compact choice of the cluster becomes
more and more difficult for increasing z.g. At the same time, the local dynamics are
already well captured for CaF3-[100], so that the larger coordination numbers do not
offer an advantage in this regard. Consequently, we expect a sweet-spot for the validity

of nl-spinDMFT somewhere below Z&foo] =4.9.

6.2.4 Remarks on the procedure

The presented sorting scheme for the correlations leads to a unique categorization. Indeed,
each category contains indistinguishable correlations that need to be computed only once.
This is true for any crystals with monoatomic basis, but should be reconsidered in case
of a polyatomic basis.

The first step of the strategy to compute the FID is certainly reasonable in case of
moderate or high coordination numbers, z.¢ < 5. In these cases, spinDMFT yields a
good approximation for the autocorrelations® and, thus, also for the mean-fields. If

8This can be well seen in the convergence plot for the autocorrelation, see Ref. [GHU24] (App. A).
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6 Simulating NMR experiments with spinDMFT and extensions

Zoft 1s small, however, one should replace spinDMFT by CspinDMFET to increase the
accuracy of the self-consistency and, perhaps, to compute some of the pair correlations
already in step (1) in order to regard them for the mean-field background used in step
(2). The latter aspect requires an adaption of Eq. . This could be important, for
example, in a system of spin dimers such as silicon-enriched diamond with magnetic field

in [111]-direction [Ver+03} [SF20].

6.3 NMR signals of polycrystalline adamantane

6.3.1 Modeling

To demonstrate the versatility of the mean-field framework, we consider polycrystalline
adamantane, which forms another common test substance in NMR [Alv+10; [AAS11}
IAS11}[SAS11} [SAS12E [Hof22]. The adamantane molecule consists of carbon and hydrogen
atoms (Cy9Hjg), which are located at spherical shells around the center of mass of the
molecule as indicated in Fig. panel (b). There are two different spheres for carbon
(CA and CB) and two different spheres for hydrogen (HA and HB). As a simplified model,
we set all bond angles to the tetrahedral angle, « = 109.5°, and consider the atoms to be

located at the averaged sphere radii HH71E|

i = 2.60(3) A, rc = 1.68(12) A. (6.11)

For NMR purposes, the hydrogen nuclei *H (=~ 99.99 %) and the carbon nuclei 3C (~
1.11%) are relevant. Both carry a spin of S = 1/2. Henceforth, we denote the hydrogen
spins by S and the carbon spins by I. Since the carbon spins are so rare, we consider them
to be completely isolated from one another and to be irrelevant for the hydrogen-spin
relaxation.

Figure 6.6: (a) Sketch of the adamantane molecule (C19Hyg) with carbon atoms
in black (CA) and gray (CB) and hydrogen atoms in orange (HA) and green
(HB). CoM stands for center of mass. (b) Schematic representation of the spheres
at which the different sorts of atoms are located. The circles are to scale with
each other. (c) Sketch of crystalline adamantane. The molecules are fixed at the
fce-lattice points and rotate rapidly and randomly around their centers of mass.

9This is justified a posteriori: we will observe that even the considerable difference between ri and r¢
hardly matters for the coupling constants required for spinDMFT.
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6.3 NMR signals of polycrystalline adamantane

In line with the experiment in Ref. , we consider polycrystalline adamantane
at ambient conditions. In this case, the adamantane molecules form an fcc-lattice with
lattice constant ag.. = 9.426(8) A and four molecules per unit cell || Adamantane is
a plastic crystal, which entails that the centers of mass of the molecules are fixed, but
the molecules rapidly and randomly change their orientations as indicated in Fig. 6.6,
panel (c m These molecular rotations are isotropic and happen on a much smaller
time scale than the dipolar relaxation so that only their time average matters. This can
be easily modeled by replacing any secular couplings by their motional average. It can
be shown that this leads to the vanishing of all intramolecular couplings due to complete
averaging . To formalize the motional averaging for the intermolecular couplings,
we introduce the double indices (mX) =i, where m € {1,2,3,...} is the molecule and
X € {H, C} is the nucleus type. The averaged couplings read

dig " (1B) = iy x1) (maxa)  (71B) (6.12a)
dQ1dQs .
— (1 — 5m1m2) / W dd‘mlmZ_TXIﬁ(Ql)+TX2ﬁ(Q2)(nB), (6.12b)

where 21 and )y describe the solid angles of the two molecules and 7 describes the
orientation of the magnetic field. The orientation of a molecule is given by

sin ¥ cos
() =7i(Y,p) = | sindsingp | . (6.13)
cos

By @pmym, we denote the lattice vector from center to center of molecule and rx,,rx,
are the sphere radii according to Eq. (6.11). We emphasize that despite the motional
averaging, the orientation of the magnetic field with respect to the lattice is relevant for
the intermolecular couplings. Since we consider a polycrystalline substance, the final
NMR signal corresponds to an average over any possible orientation 7. This is called
powder average and denoted by the shorthand “pa” henceforth.

6.3.2 Hydrogen-spin dynamics

The hydrogen-spin dynamics within a single crystallite are captured by the homonuclear
Hamiltonian

5 > Ao Y. (-SIST-sisUaosisi). (6.14)

mi,mse 1€my,jEmMe

Computing the exact FID by nl-spinDMFT is not possible because a single molecule
contains already 16 spins, which exceeds the maximum possible cluster size. On the other
hand, the mean-field approximation itself is very well justified because the coordination
number of the system is immensely large in the absence of any intramolecular couplings.
Hence, we can at least compute the spin autocorrelations reliably by spinDMFT. To this
end, we require the quadratic coupling constant,

JQH 7ip) = Non Z ( (1H),(mH) a(ﬁB))Q, (6.15)

m>1
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6 Simulating NMR experiments with spinDMFT and extensions

where No i = 16 is the number of hydrogen atoms per molecule. This can been computed
numerically for different orientations 1ip, see Ref. (Sec. 4.) for details. The
obtained distribution p(Jq i) is shown in Fig. 6.7, panel (a). To determine the powder-
averaged spin autocorrelations, we simply superpose the generic results from Sec. [4.2.3
for different Jq 1(7ip) weighted by their distribution. The results of this procedure are
displayed in Fig. |6.7, panel (b), together with the experimentally measured FID.

— 71— 1.0
L — FID, exp.
0.15 | Gz Jos
[ G'zzpa
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0.10 ] g
Q L ]
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L 0.0
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2 Jq,i[ms™] t[ms]

(a) Distribution of the quadratic coupling constant, which varies from
crystallite to crystallite. The main difference between the distribution for hydrogen
and carbon results from their different gyromagnetic ratios, see the scaling of the z-
axis. (b) Powder-averaged spin autocorrelations simulated by spinDMFT compared
to the experimentally measured FID in polycrystalline adamantane.

Unsurprisingly, the FID drops notably faster than the transverse autocorrelation due
to the presence of pair correlations in the former. The same behavior has been seen for
calcium fluoride, see panel (a) of Fig. 6.4 The difference in the decays can be already
understood from the difference in the second time derivatives at t = 0, which are given
by —SJé /16 and —9J% /16 for autocorrelation and FID, respectively. Consequently, we
expect a good agreement between theory and experiment if pair correlations are added,
but as pointed out before this is not possible for numerical reasons within the current
formulation of nl-spinDMFT. The situation is much more favorable for the carbon NMR
signals which will be considered in the following section.

6.3.3 Carbon-spin dynamics

In principle, the NMR signals of carbon contain pair correlations as well, see for example
the general formula for heteronuclear FID, Eq. (2.33). However, due to the low 3C-
abundance, the carbon atoms can be considered completely isolated from one another
|\ making these pair correlations negligible. This allows us to compute the FID
and the spin-echo signal by spinDMFT. The dynamics of a carbon spin are captured by
the Hamiltonian

He = Hy + 217 Z d(lc)7(mH)ma Z SJZ, (6.16)

m>1 JjEM
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6.3 NMR signals of polycrystalline adamantane

assuming that the '3C nucleus sits on the molecule with index 1. Replacing the hydrogen
field by a dynamic mean-field V*(¢) leads to the effective Hamiltonian

o [W(t)} = V3 (1) (6.17)
including the condition
——————mf P P
VEVZ(0) = 4J3 ¢ (S7(1)S*(0)). (6.18)

It is noteworthy that the trick to separate the bath dynamics (‘H) from the central-spin
dynamics (*3C) is commonly used if back actions are neglible. The exact same semiclassical
model for the central-spin dynamics is, for example, considered in Ref. . But the
bath dynamics is computed by the CE method instead of spinDMFT in that reference.

Note that in Eq. (6.18), J&C and (S%(¢)S#(0)) both depend on 7ig. The quadratic
coupling constant Jq c(7p) is defined analogous to Eq. (6.15) and yields essentially the
same result except for a relative factor of r, = v¢/yu =~ 0.251 due to the different
gyromagnetic ratios. This can be seen in Fig. 6.7, where the corresponding distribution
p(r; 1JQ,C) is plotted!V. Therefore, we can calculate any powder-averaged NMR signal by
computing the corresponding signal for several .Jq ¢ and superpose the results considering
the density p(Jq,c) = p(ryJqu). Performing this leads to the FID and spin-echo signal
shown in Fig. 6.8, panel (a) and (b).
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(a) FID of rare carbon atoms in polycrystalline adamantane simulated
by spinDMFT and measured in experiment . Adding a phenomenological
static noise to the simulation leads to a remarkably good agreement (orange line).
Alternatively, one can add the chemical shifts (c.s.) measured in Ref. [Hof22]
to the simulation. This approach is more physically justified and yields a good
agreement as well (black line). (b) Carbon-spin-echo signal versus the sequence
time 7. The simulation results are independent of local static fields. Consequently,
the black line is representative of spinDMFT with and without noise or chemical
shifts.

'%To be on the safe side, we checked the equality of 7' Jq,c(is) and Jou(iip) also for individual
orientations 7ip observing the same behavior. The radii at which the atoms are located play only a

minor role for the quadratic coupling constant [GHU24|.
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6 Simulating NMR experiments with spinDMFT and extensions

We obtain a significant deviation for the FID, which is unexpected in view of the large
coordination number of the system. On the other hand, the agreement is excellent for the
spin-echo signal in panel (b). A possible explanation for this observation is the presence of
inhomogeneous broadening due to local fluctuations of the magnetic susceptibility. This
effect would amplify the dephasing of the carbon spins, while being precisely canceled
in the spin-echo signal [SLi90). In Ref. [GHU24], the inhomogeneous broadening
was phenomenologically modeled by adding a static Gaussian noise source coupling to
the carbon spins z-component. A good agreement was obtained for a noise width of
Whoise = 0.29(6) ms™!, the result of which is displayed in panel (a).

Yet the question of the source of the inhomogeneous broadening remains unanswered.
A plausible explanation for the discrepancy in the FIDs of experiment and theory is
the different chemical shifts of the two types of carbon, CA (from CH) and CB (from
CHz) 11. The chemical shift is induced by the electrons and essentially describes
a local variation of the global NMR field. It depends on the electronic environment of a
nuclear spin and therefore varies depending on the molecular bonds of the considered
atom. From Ref. , we extract the relative chemical shift between CA and CB at
room temperature,

A5(25 OC) = 5CA(25 OC) - (5@]3(25 OC) = 9.047 ppm, (619)
which translates to

Aw = A6 C 271 = 4.289 ms ™! (6.20)
TH

where 1y = 300 MHz is the 'H resonance frequency of the spectrometer in experiment
|| This value is close to the average quadratic coupling constant mpa =
4.403 ms~! and thus not negligible. Therefore, the chemical shifts need to be included
in the simulations. While the relative frequency between the two types of carbon is
known with relatively high precision according to Eq. (6.20)), the reference frequency wyet
required to compute the absolute chemical shifts in the rotating frame is not precisely
known in experiment?. Consequently, we regard the position of the chemical shifts
relative to the reference frequency as a fit parameter. It is determined by minimizing
the square error between theory and experiment. This procedure yields the absolute
chemical shifts

wea = —3.611(46) ms ™, wep = 0.678(46) ms™* (6.21)

along with the distribution sketched in Fig. |6.9. These can be straightforwardly included
in spinDMFT by simulating the adapted Hamiltonian

2 [V2(0)] =1 (V2(1) + wex) (6.22)
for CX € {CA,CB} and different values of the quadratic coupling constant so that the
powder average can be carried out. The simulation results are depicted in Fig. |6.8,
HTn Ref. 7 we listed also the chemical-shift anisotropy as a potential origin. This effect can be

relevant in a solid, but it is highly suppressed in a plastic crystal such as adamantane [Lev01| and,
therefore, probably not relevant here.

12At least it is not provided in Ref. [Alv+10|.
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panel (a). The inclusion of the chemical shifts leads to a very good agreement with
the experimental data demonstrating the validity of spinDMFT once more. In fact, the
agreement is even slightly better than for the Gaussian noise which was motivated only
phenomenologically. It should be noted that similar to inhomogeneous broadening, the
chemical shifts do not affect the spin echo, i.e., the result in panel (b) of Fig. 6.8 remains
unchanged. Furthermore, it is noteworthy that the chemical shift difference of the two
types of hydrogen is much smaller, Ad ~ 0.1 ppm, and thus irrelevant for the hydrogen
signal in Fig. 6.7

Gaussian noise

or chemical shift i Two different ways of in-
cluding static local fields in the simula-
Ak | tion. The Gaussian noise is phenomeno-

= logically motivated and has a width of
% - 1 Wnoise = 0.29(6)ms™!. The chemical
shift difference wca — wep results from
o\ the different electronic environments of

1o 1 CA (from CH) and CB (from CHy). The
values woa and wep with respect to
L . . . L - wret = 0 are provided in Eq. (6.21).

WCA Wref WCB

6.4 Chapter conclusion and outlook

6.4.1 Improvement of nl-spinDMFT

We already mentioned the possibility to extend step (1) of the strategy in Fig. |6.1| by
replacing spinDMFT with CspinDMFT. This is expected to be relevant for systems with
rather small effective coordination numbers zq. It turns out to be more important to
choose a proper cluster for each pair correlation. In particular, the size of the clusters
appears to play a significant role, as can be seen in the convergence plot in Fig. |6.5.
Larger cluster sizes could be reached by enhancing the efficiency of the entire cluster
simulation, for example, by employing quantum typicality [Whi09; [EF13} [Sta24]. In this
approach, the evaluation of a trace over the Hilbert space of the cluster would be replaced
by an expectation value with respect to one or a couple of pure states, which would
require much less computational effort. As previously mentioned, fully classical
or hybrid quantum-classical methods are very powerful for computing
the FID at high temperatures. The strength of nl-spinDMFT in capturing short-range
correlations in a systematically controlled way could be combined with these approaches
to develop a universal simulation tool. It is conceivable that long-range correlations
behave more classically because they involve many spins. Consequently, one could, for
example, simulate short-range correlations by nl-spinDMFT and long-range correlations
classically. The results can then be superposed using Eq. (6.7) to compute the FID.
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6.4.2 Advantages and disadvantages of the mean-field framework

As discussed in the introduction of this chapter, a variety of successful approaches to
compute FIDs exist. In the current formulation, nl-spinDMFT is not the most accurate
theory, especially at larger times because of the difficulty to describe long-range pair
correlations. Moderate (and perhaps small) coordination numbers, ze < 5, are accessed
well, but the results become less accurate for large zq; as can be seen in the cases of
CaF2-[110] and CaF3-[111], see App. E.1. We emphasize, however, that the limits of
spinDMFT and its extensions are by far not explored and some promising improvements
have been proposed in the previous section. Furthermore, we wish to highlight a significant
advantage of the mean-field framework. Due to its microscopic description via an effective
Hamiltonian it is highly versatile and can be extended to include magnetic fields or noises
of any kind as well as quadrupolar interactions. In addition, explicit time dependencies,
such as trains of pulses, can be readily incorporated as has been demonstrated by the
spin echo for the example of adamantane.

The presented examples serve as excellent benchmarks for the mean-field framework.
However, it should be noted that direct FID measurements as considered above are not
particularly relevant in modern solid-state NMR. In fact, the dipolar interactions lead to
line broadening in the NMR spectra which corresponds to relaxation in the time domain.
This is generally impractical when trying to gain insight into the chemical structure of
a sample. In the following section, we will briefly discuss a method to reduce the line
broadening in practice and how spinDMFT can be relevant in such a scenario.

6.4.3 Magic-angle spinning

MAS is a widely-used technique in solid-state NMR [ABE58; [Low59; Meh83]. The basic
idea is straightforward. In liquids, the rapid random molecular motions and rotations
average the anisotropic dipolar interactions to zero. The same effect can be achieved in
a solid by rotating the sample rapidly around a specific axis during the measurement
as detailed in Fig. 6.10. As a consequence, the secular couplings obtain a periodic time
dependence, d;; — d;;(t). If the rotation axis of the sample encloses the magic angle
Um &~ 54.7° with 7ip, it can be shown that the long-time average of d;;(t) vanishes
completely. Consequently, the dipolar relaxation becomes more or less irrelevant.

At
Basic setup of MAS. The

sample (gray cylinder) rotates around ~
the axis 7i,,, which encloses the magic Ny t‘
angle ¥, with the magnetic-field orien-
tation . The reachable spinning fre-
quencies nowadays are in the order of
100 — 200 kHz. U

This can be analyzed by capturing the effect of the time dependence in an effective-
Hamiltonian expansion, as is done in average-Hamiltonian theory (AHT) [Magb4; |[HW68
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[Pen+19], or in Floquet theory [SBE10} [Chd+21]. In both cases, the leading order contri-
bution of the dipolar interactions is eliminated. In practice, however, the effects of higher
orders are still visible as residual line broadening for realistic spinning frequencies. The
precise physics behind this is subject of ongoing research [Mal+19 |[Pen+19; |(Cha+21].

Indeed, the dynamic mean-field approach could be adapted to this scenario. One could,
for example, apply spinDMFT directly to the time-dependent secular Hamiltonian. While
this is conceptually straightforward, it may not be numerically feasible due to the necessity
of resolving the rapid spinning by the time discretization. An alternative is to apply
spinDMF'T and its extensions to an effective time-independent Hamiltonian generated
by AHT or Floquet theory. To date, spinDMFT has only been applied to bilinear spin
Hamiltonians, for which the mean-field substitution is straightforward. Higher orders
of the above-listed expansions contain also terms with three or more spin operators, for
example,

H =1 CorS; (S7S, —S,S)) (6.23)

p7q,”"

with constant Cpq,.. In order to address such terms, we remind the reader of a key
ingredient of the mean-field approach: Fields comprising a large number of uncorrelated
spins behave classically and follow a Gaussian distribution in accordance with the central
limit theorem. This statement can be simply extended to fields with constituents that
are multi-linear in spin operators. By employing this argument, the spin dynamics under
MAS could be accessed within the mean-field framework.

3This term arises in second order Floquet theory, if the secular Hamiltonian contains homonuclear
interactions as well as chemical shifts (local magnetic fields in z-direction) [Cha+21].
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This theoretical thesis was devoted to the development and application of a numerical
method in condensed-matter physics. We established a dynamic mean-field theory for
spins at infinite temperature, short spinDMFT . The key idea of the approach
is to capture a dense spin system by an effective single-site model which describes a spin
in a classical, dynamic mean-field following a Gaussian distribution. Relating the second
moments of this distribution to spin autocorrelations leads to a self-consistency problem
which can be solved numerically with minor computational effort. Apart from studying
spinDMFT, a considerable part of this thesis dealt with the extension to a cluster version,
dubbed CspinDMFE'T , and a non-local version, dubbed nl-spinDMF'T .
CspinDMF'T treats several spins quantum-mechanically which increases the accuracy
and allows for the study of inhomogeneous systems. Nl-spinDMFT efficiently accesses
pair correlations required to compute FIDs in the context of NMR.

Spin systems occur frequently in nature and are typically disordered at room temperature.
Hence, the seemingly abstract requirement for infinite temperature is a highly-relevant
scenario. Corresponding reseach areas such as NV centers in diamond or NMR have
been highlighted in the introduction (Ch. [1). Although spin models can be written
down straightforwardly, see Ch. |2, their simulation remains a notoriously difficult task
due to the exponentially large Hilbert spaces. Mean-field approaches form one class of
approximate methods that tackle this issue. As such, spinDMFT can be considered a
dynamic extension of Weiss mean-field theory|'| similar to the fermionic DMFT being a
dynamic extension to Hartee-Fock theory. As we pointed out in Ch. |3, there are other
mean-field theories and many different methods to deal with large spin systems, each
coming along with different advantages and disadvantages. Which method to use is
always a question of the specific scenario under study.

In Ch. |4, we presented the microscopic derivation of spinDMFT. Based on the limit
z — 00, we argued that the spin environments can be replaced by classical, time-dependent
mean-fields, that back actions of a single spin onto its mean-field are negligible, and
that the mean-fields follow a Gaussian distribution due to the central limit theorem. For
homogeneous systems, the derivation results in an effective single-site model as sketched
in Fig. 4.2. In this case, the only relevant energy scale is the quadratic coupling constant.
The form of the resulting autocorrelations solely depends on the spin model and not on
the geometry. This allowed us to provide universal results for the Heisenberg, Ising and
XXZ model. Subsequent benchmarks revealed that spinDMFT is already an acceptable
approximation on a square lattice with z = 4.

We emphasize that spinDMFT can be modified in many ways. For example, the assump-
tion of spatial homogeneity is actually not a requirement. The computational cheapness
of the approach allows for solving the self-consistency problem for several sites with

! Admittedly, for infinite temperatures only.
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distinct environments. Note that in contrast to CspinDMFT, the computational cost of
spinDMFT scales only linearly with the number of sites allowing for the explicit simulation
of moderately large systems. Employing this, one could use spinDMFT to simulate the
macroscopic spatial diffusion of a conserved spin polarization . This requires the
explicit inclusion of conservation laws in the approach as sketched in App. [Fl If this turns
out to be successful, one could also study systems with approximate conservation laws
by introducing a small conservation-breaking parameter [LLR17; [LLR18a; [LLR18b].

The self-consistency problem defined by spinDMFT yields solutions homogeneous in time?

However, time translation invariance can be broken by applying time-dependent external
fields. In this way, spinDMFT could be also used to study discrete time-crystalline
behavior [Cho+17b} [Zha+17]. Probably one of the greatest challenges to spinDMFT is
the extension to finite temperatures. Mean-field-approaches for spin glasses provide an

idea of how this may be accomplished |[GRI8; (GPS00]. A central ingredient will be to
formulate the approach in imaginary time.

Ch. 5| was devoted to the extension of spinDMFT to CspinDMFT, which was mainly
developed to access systems with positional randomness. The derivation is very similar
to spinDMFT. An additional important aspect is the choice of the cluster as well as the
adaption of the self-consistency conditions. For inhomogeneous systems, we introduced
the CRA which maps out-of cluster correlations to in-cluster correlations based on
similarity-measuring quantities. The CRA forms an additional approximation, but it has
the advantage that, in the end, only a single cluster needs to be simulated. Therefore,
simulations with a cluster size up to n = 10 are still feasible.

In Sec. 5.2, we benchmarked CspinDMFT and concluded that the accuracy increases
with the cluster size as long as the border between cluster and environment contains no
strong quantum bonds. Subsequently, we applied CspinDMFT to a spin ensemble with
positional randomness to capture the experiment described in Sec. 2.6, which uses an
NV center to probe the dynamics of defect spins on a diamond surface [Rez22; [Rez+23].
The simulation of the autocorrelations of a central surface spin yielded a vast difference
between the longitudinal and transverse relaxation, the same phenomenon that had been
observed experimentally. Still, theory and experiment could be compared only on a very
qualitative level. This is, amongst others, due to slow convergence of the numerics with
the cluster size, due to uncertainties regarding the surface geometry and due to large
fluctuations and error bars in the experimental data. The discrepancy between theory
and experiment is summarized by a factor of four in the characteristic relaxation time
of the theoretical, configuration-averaged, longitudinal autocorrelation relative to the
experimental one. Interestingly, the convergence plot implies an even slower relaxation
in theory for n — co. This suggests that the current modeling of the surface spins is not
completely adequate. It is conceivable that some spins are mobile and form
another fast channel of decoherence that is not captured by the model.

The key aspect explaining the difference between the two relaxations is a conservation law.
While the transverse polarization also undergoes dephasing, the longitudinal polarization
is globally conserved and can thus only decay locally by being transported to other spins.
Indeed, such a diffusive process can be moderately fast for the considered spin model on

2Although we cannot generally rule out solutions that spontaneously break time translation invariance.
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7 Conclusion

a different geometry, as we demonstrated with the example of a triangular lattice. But
the inhomogeneous system tends to form well-separated clusters® of spins between which
transfer of polarization can be suppressed. To validate this explanation, the geometry or
the spin model could be varied in future studies. Does a lattice of spatially separated
clusters of spins exhibit the same behavior as the inhomogeneous system? How stable
is the obtained phenomenon to perturbations that break the conservation law? What
role does the dimensionality of the system play? These and further questions could be
straightforwardly studied by CspinDMFT. We also like to mention that simulations of
the surface-spin ensemble including the NV spin should be possible in the framework of
CspinDMFT. In this way, the numerics could be compared with direct measurements of
the NV spin, which are probably more reliable.

In Sec. 5.3.6, we gave a brief overview of the state of research of many-body localization
concluding that it is not entirely clear where or whether the phase exists. Whether or
not MBL could be observed in the framework of CspinDMFT is also unclear because, for
instance, the cluster would need to be larger than the localization length, which is not
known a priori. Yet, the numerical results impressively show that CspinDMFT is capable
of describing very slow dynamics [Gréd+23; [Mar+23| and perhaps capturing a prethermal
MBL phase . Further research in this context should be preceeded by validating
and adjusting the CRA as described in Sec. [5.4.3. This is likely to significantly reduce
the computational effort so that larger cluster sizes and larger times can be reached. The
latter would allow to distinguish stretched-exponential from logarithmic behavior, both
of which currently fit the numerical data well, see Fig. |5.20 Besides this, it is worth
mentioning that the coupling between the cluster and the mean-fields is usually weak
compared to the couplings within the cluster, which suggests the usage of perturbation
theory. However, it is difficult to formulate the latter because there is no simple analogy
to Wick’s theorem for spin expectation values.

Ch. 6| was devoted to simulating NMR, signals. We showed that the FID of a dense spin
system includes pair correlations and we extended spinDMFT to nl-spinDMFT in order
to access them. The success of nl-spinDMFT has been demonstrated on the example
of a simple-cubic spin lattice hosted by CaFy. However, the results for CaF-[110] and
CaFy-[111] revealed a certain weakness of the mean-field approach. The reachable cluster
sizes are too small to access long-range correlations in case of large coordination numbers
reliably. Therefore, counterintuitively, FIDs in denser spin systems are accessed less well
by nl-spinDMFT. But having a detailed look into how pair correlations develop, one
might find a way to eliminate this issue in the future. An interesting observation in
this context is that small correlation effects add up linearly to a good approximation
. Furthermore, one can try to formulate a hybrid approach, in which short-range
correlations are simulated by nl-spinDMFT and long-range correlations by a fully classical
simulation. Considering the success of entirely classical simulations ; , it
is conceivable that such a combination yields accurate results for both short and long
times.

By considering the FID and the spin echo of *C in adamantane, we demonstrated the
versatility of the mean-field approach once more. The agreement with the experimental

3In this context, the term “cluster” refers to a group of proximate spins and not to the cluster in
CspinDMFT.
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results is remarkably good if the chemical shifts of the two kinds of carbon are added
to the simulation. We are convinced that many scenarios in NMR can be captured by
spinDMFT and its extensions. As such, we sketched how the mean-field approach can
be applied to the nowadays very relevant MAS experiments, see Sec. 6.4.3. Finally, we
mention that the usage of quantum typicality can reduce the computational effort of
nl-spinDMF'T enormously.

SpinDMFT and its extensions are now part of the large toolset of numerical methods in
condensed-matter physics. In order to decide, whether a method is suitable for solving a
certain problem, it is essential to know its advantages and disadvantages:

A strength of spinDMF'T is its versatility, which stems from the fact that the approach is
semiclassical’| and computationally cheap. Translational invariance in case of a lattice
can be straightforwardly included. Long-range interactions, which are particularly
challenging for brute-force methods, justify the application of spinDMFT even more due
to the increased effective coordination number. The mean-field approach can be adapted
to describe anisotropies, external fields or quadrupolar interactions’. Explicit time-
dependencies, for example, from trains of pulses can be incorporated without increasing
the numerical effort much. Therefore, spinDMFT is a suitable tool for exploring non-
equilibrium physics. Another noteworthy advantage of spinDMFT is its exactness in
the limit z — oo, a property it shares with other mean-field theories. As with the
self-energy in DMF'T, the spin correlations in spinDMFT become site-local in the limit
of an infinite coordination number justifying the description via an effective single-site
model. Therefore, the mean-field framework is expected to be successful especially in
high-dimensional systems where brute-force quantum simulations are not reliable. But
there are also several disadvantages.

Systems with small coordination numbers, e.g., chains or star-like topologies, are not
captured well. CspinDMFT can help out if the system can be well separated into clusters,
but the convergence with the cluster size can be slow. Another disadvantage of the
mean-field approach is that it does not automatically keep track of conservation laws. To
illustrate that, a polarization that is conserved in the exact system can be absorbed by
the mean-fields where it is immediately lost in spinDMFT, since they are zero on average®l
CspinDMFT and nl-spinDMFT allow for computing non-local correlations, but only over
a limited spatial range because of the neglect of back actions of the cluster onto the mean-
fields. In contrast to related mean-field approaches [KF98; (GRI8; |GPS00|, spinDMFT
and its extensions are currently formulated exclusively for the infinite-temperature regime.
Consequently, temperature-induced phase transitions are not accessible.

We emphasize, however, that some of these disadvantages may just be challenges that
can be overcome in future research. As previously mentioned, the applicability and
extendability of the method have yet to be fully explored. This thesis not only paves the
way for numerous applications of spinDMF'T to specific problems, but also provides a
foundation for further methodological research.

“In fact, spinDMFT is equivalent to a mean-field approach for classical spins in case of S = 1/2. But in
contrast to a fully classical model, additional quantum degrees of freedom are easily incorporated, as
is demonstrated by the cluster-extension CspinDMFT.

>The latter has not yet been tried out.

5Tt should be noted, however, that this behavior naturally follows from the neglect of back actions and
is thus well justified for large z.
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Units

We set h =1 in all equations.

Frequencies are provided in Hz and angular frequencies in s*.

Symbols

Matrices are indicated by doubly-underlined symbols, e.g., M.
Vectors are indicated by vector arrows, e.g., .

Quantum-mechanical operators are indicated by boldface symbols, e.g., O, except
for density operators, which are denoted by p.

The letter D is reserved for the real-space dimension and d for the Hilbert-space
dimension.

The letter v is reserved for frequencies and the letter w or Q for angular frequencies.

© (x) is the Heaviside function and d(x) is the delta distribution.

Conventions

108

Traces are denoted by “Tr”. If the trace is carried out only on a subspace, this is
indicated by an additional index, for example, Tr; denotes a local trace at site .

The expectation value of an operator O is generally defined as
(0), :==Tr(0p), (A.1)

with p being the density operator. For brevity, we occasionally omit p as an index,
if the state we are referring to is either not specified or automatically clear from
the context.



Besides the quantum average, there are five other types of averages in this thesis,
which are denoted by

0™ —  mean-field average, (A.2a)
o - configuration average, (A.2Db)
0™ —  motional average, (A.2c)
O™ —  powder average, (A.2d)
0™ —  time average, (A.2e)

where O is a placeholder for the function being averaged over.

In case of a lattice system, we occasionally use the notation

1, if i and j are nearest-neighbor (NN) sites,
(ig) = (A.3)

0, else.

Directional indices (mostly o, 8 € {z,y,2}) in Kronecker deltas are indicated by
upper indices, e.g., 6*7, for better distinction from other Kronecker deltas.

If a sum or integral has no limits, it runs over any possible value of the sum or
integral variable, e.g., an ensemble sum with sites i € {1,..., N} reads

N
Z = Z . (A.4)

Spin-spin interaction Hamiltonians are written as

H=23"h(i,j) = h(1,2)+h(1,3) +h(2,3). (A.5)

— for 3 sites
2,

The prefactor 1/2 accounts for double countings of the couplings. Self interactions,
h(i,), are always ruled out by setting the self couplings, e.g., J;;, to zero.

NN interaction sums are occasionally indicated by
1 1
52 =5 2 0 (A.6)
(4,9 63

Involved constraints on sums are occasionally denoted by a double dot according to
> (A7)
:C

Here, i is the index being summed over and C' represents the constraint.

For lattices, we denote the taxicab distance between two sites i and j by A(4,7). It
counts the minimum number of NN links required to move from i to j.
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A crucial ingredient of the derivation of spinDMF'T is that pair correlations are suppressed
by the inverse coordination number. This has been explicitly shown on a Bethe lattice
at infinite temperature, see Tab. |4.1| for the results and Ref. (App. A) for
more details. An extension to lattice systems has not yet been considered because
the occurrence of loops makes such a proof notoriously difficult. But, at least the
simplification of the second mean-field moments can be reconsidered easily, if we adapt
the general scaling arguments. We demonstrate this for lattices with NN interactions in
this appendix.

The second mean-field moments in case of NN interactions J;; = d; ;J are given by

AV ) Zém (85 ()87 (12)). (B.1)

This can be rewritten as

ﬁva(tl WE( (ta) Zé,“ (S (t1)S5 (t2))
‘,_/ x1
“26 5 (B.2)
+ Z 0.0y Ok,iy O 5.y (ST (t1)S) (t2)) + Z5<k,i>5(k,j>(1 — Ojky) (S5 (1)Sy, (t2)) -
0(% ! -~ (Xz%
2z 2(z—%)

The first sum contains the autocorrelations, which are not suppressed. The second sum
contains the pair correlations of two neighbors of site ¢ that are also neighbors to one
another. Such correlations are suppressed by 1/: and they do not occur in the mean-field
sums on a Bethe lattice because the latter is loop-free. Here, we consider a general lattice
and must take them into account. To determine their relevance, we introduce z < z as
the number of shared nearest neighbors of two NN sites as illustrated in Fig. [B.1. The
third sum contains the remaining pair correlations, which are suppressed by 1/z2.

The third sum can be generally neglected in the limit z — oo because it is suppressed
by at least 1/z relative to the autocorrelation sum. This has been used already in the
considerations for the Bethe-lattice. However, the second sum is suppressed only by Z/z
relative to the autocorrelation sum. This does not play a role in a square lattice, where
zZ = 0, but it is relevant in a triangular lattice, where Z = 2. Here, the neglect of pair
correlations in the mean-field sum is justified only by Z/z = 1/3 and not by 1/ = 1/6 as
one would have expected from the Bethe-lattice consideration. An extreme case for this
phenomenon is a spin system on complete graphs. In this case, Z/z = (z — 1)/z, so that
the neglect of pair correlations in the mean-field sum is not well justified. However, the
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benchmark on complete graphs in Sec. 4.3|indicates that the error from this approximation
is still not large.

(a) (b) ()

° ° ° ° ° o) ° D SN
(e ‘e
[ 2 *—O { ] [ *—0 L ]

¢Q—— 0
? J 7 7 ) )
v J

. o o o ¢ (&) o o) e

z=4and z2=0 z=6and z =2 z=6and z=2—-1=5

Mlustration of the number of shared nearest neighbors z in different
lattices. Panel (a) shows a square lattice, panel (b) a triangular lattice and panel
(c) a complete graph with N = 7. The two sites ¢ and j are nearest neighbors which
is indicated by the black connection line. The links from site ¢ to its remaining
neighbors are shown by green lines and the ones from site j to its remaining
neighbors by orange lines. The shared neighbors are highlighted by the dashed
circle.
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In this appendix, we discuss the implementation, the numerical errors and the choice
of the associated numerical parameters in spinDMF T, CspinDMFT and nl-spinDMFT.
Throughout the chapter, we assume time translation invariance, i.e., all correlations and
errors depend only on a single time ¢ := t; — t5. The time-inhomogeneous case is easily
accessible by replacing (t) — (¢,0) — (t1,t2).

C.1 spinDMFT

Implementation and computational cost

The iteration procedure for solving the self-consistency problem of spinDMF'T is given in
Fig. |4.3. Its numerical implementation is sketched by the pseudocode in Alg. |1.

Pseudocode for solving the self-consistency problem of spinDMFT.

(11 Guess the initial spin autocorrelations g?‘ﬁ (t)

0)
2 p=20
(31 do
[4] p—p+1
(5] determine vgf) (t) from g?p’B_ )(t) using the self-consistency conditions
(6] construct the covariance matrix from vof) (t) and diagonalize it
[7] draw M different mean-field samples over time
(8] for each mean-field sample X
[ol do
[10] for all time points #’
[11] do
[12] compute the short-step propagator U(t' + dt, t')[X]
[13] compute the full propagator U(¢'+4t, 0)[X] = U(¢'+4t, ') [X]U(¢, 0)[X]
[14] compute and store the autocorrelations g&’?(t’—i—&t)[)(]
[15] determine g&ﬁ) (t) for all times by averaging over the samples
[16] compute the iteration error Al(,) between the steps p and p — 1

(171 while Al > Alipreshold

First, the initial spin autocorrelations have to be guessed as described by line 1. A simple
choice is to set the diagonal correlations (v = ) to Gaussian or exponential functions in
time and the off-diagonal correlations (a # () to zero. The better the initial guess, the
faster the algorithm will converge. Note that one could also formulate a guess for the
mean-field moments as indicated in Fig. 4.3, but in practice, it is easier to guess the spin
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C.1 spinDMFT

autocorrelations, since they are fixed by g®#(0) = 6% /4 (for S = 1/2). The corresponding
mean-field moments are straightforwardly computed using the self-consistent equations.

The construction of the covariance matrix in line |6 is discussed in Ref. (Sec.
I, D and App. B, 4). Once constructed, the covariance matrix must be diagonalized to
obtain the set of eigenvalues and the corresponding orthogonal transformation. These two
can be used to draw time-correlated Gaussian mean-field samples in line 7', A detailed

description of this procedure is also given in Ref. [Gra+21] (Sec. II, D).

Due to the dynamic mean field, the Hamiltonian is explicitly time dependent which
complicates the computation of time propagators. The latter must be sliced into short-

step propagators, which describe the time evolution over a single time step d¢. These can
be computed efficiently by using CFETs [AF11]?:

UL, (¢ + ot t) = e, (Cla)
Ul op(t + 61, 1) = eTArtSAetaohs o oaphi=gsha  oighi—SAetasha  (CL1b)
where
o ot , i /
Aj=—i(2j - 1)§<H(t +ot) — (—1)YH(t )). (C.2)

The expression for A; results from approximating time integrals by the trapezoidal rule,
which has to be used because the mean field and thus the Hamiltonian is known only at
time ¢’ and ' 4 §t and not in between®. The exponents in Eq. (C.1) are always linear
combinations of the Pauli matrices in case of S = 1/2. Therefore, the exponentials can be
simplified according to

e 127 — cog (E) 0 isin (f) (1i-0) (C.3)
2 2

where ¢ is a real number, 7 is a normalized 3D vector and & = (¢%, 0¥, O'Z)T. This also

reveals two advantages of using CFETs: unitarity is automatically ensured, i.e., UTU =1,

and the Lie group structure of the spin is preserved. Multiplying the resulting short-step

propagators leads to the full time propagator as indicated in line 13| The square brackets

indicate that the propagators depend on a single mean-field sample X.

The algorithm for spinDMF'T contains three computational bottlenecks: the diagonaliza-
tion of the covariance matrix, the mean-field sampling and the time propagation. The
diagonalization only needs to be performed once per iteration step. Nevertheless, it
can consume a lot of computational resources if the number of time steps L is large,
since its computational cost roughly grows as O(d?), where d = 3(L + 1) is the matrix
dimension. The sampling of the mean field requires, amongst other things, a matrix-vector
multiplication, which grows only as O(d?). However, this multiplication must be done for
each sample, which results in an additional factor of M. The cost of computing the time

!This step requires a pseudo-random number generator. For all results in this thesis, we use the Mersenne
Twister generator mt19937 implemented in the C++ standard library.

2Note that the second order CFET is equivalent to the first order Magnus expansion.

3We assume that the discretization is fixed and equal for the mean-field moments and the spin autocor-
relations.
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C Implementation and sources of numerical error

propagators and autocorrelations is linear in M and L and is only relevant for rather

coarse discretizations®.

In the following subsections, we will provide the definition of the numerical errors, i.e.,
the statistical error X, the time-discretization error AQ, and the iteration error AI. We
will also discuss the choice of the numerical parameters, i.e., the sample size M, the step
width ¢, and the iteration-error threshold Alipreshold-

Statistical error and sample size

As mentioned previously, the spin autocorrelations are computed by Monte-Carlo simu-
lation, which involves a statistical error. The latter can be estimated in each iteration
step of a simulation with little computational cost. Suppose the single-sample spin
autocorrelation® GYP(t)[X] is given for a set of mean-field samples X. The statistical error
of the mean value, which reads

Rt) = 2 3 G N (C.4)
X

can be estimated by

o8(t) = \/AZZ(G“%)[X] — Gos(1))? (C5)

where M is the sample size. We define the general statistical error X of a simulation
result as the maximum value of Eq. (C.5) considering all directions «, 5 and times t.

There are several strategies for choosing an appropriate sample size M. In Ref.
(App. B, 1), it was shown analytically and numerically that the statistical error in
Eq. (C.5) converges to 1/v/3M in the limit t — co. For shorter times, %*?(¢) is typically
smaller than this limit. Based on this observation, we can formulate a conservative
estimate of the statistical error,

D c

QA

3

c=2. (C.6)

The choice of the parameter c is simply based on practical experience. Using Eq. (C.6),
an appropriate sample size can be determined by

ML

— 3?, (C.?)

where € is the desired error tolerance. Alternatively, the sample size can be changed
adaptively during the iterations which can increase the efficiency. This strategy has
only been tried out for CspinDMFT, but there is no reason why it should not work for
spinDMFET as well.

4Tt becomes more relevant, however, when the correlations have to be computed for pairs of times, t;
and t2, i.e., when time translation invariance does not hold.

5We remind the reader that the capital letter “G” is used for the normalized spin correlations, i.e.,
G*A(0) = §°°.
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C.1 spinDMFT

It is worth noting that the statistical fluctuations due to the Monte-Carlo simulation
can lead to small violations of the semidefiniteness of the covariance matrix required to
sample the mean field. This issue is simply solved by truncating the negative eigenvalues.

More information on this can be found in Ref. [Gra+21] (App. B, 1).

Time-discretization error and step width

Another key ingredient of the numerical implementation is the time discretization, which
entails another source of numerical error. Note that for the purposes of this thesis, the
time points in all simulations are chosen to be equidistant. Suppose the simulation results
Gi‘ﬁ (t) are given for two different discretizations, A = p (coarser) and A = v (finer), and
the number of time steps of v is an integer multiple of u. We define the quantity
AQeP

u—v

(t) =GP (t) = G ()] (C.8)

for all directions «, 8 and all times ¢ of the coarser discretization y. Its maximum value
is an estimate of the discretization error AQ,_, of pu.

A modified version of this error has been studied numerically in Ref. (App. B,
2%) and yields a dependence on 6¢2. This is consistent with the expectation from using
the trapezoidal rule to compute the exponents of short-step propagators as mentioned
earlier. It should be noted, however, that the prefactor of the error depends strongly on
the spin model under consideration. Furthermore, the dependence on 6t2 is only valid on
a finite interval, since the errors upper bound is 2 (due to the limits of the correlation)
and its lower bound is the statistical error (which is inherent in Eq. (C.8))).

In practice, the simulation of a given effective Hamiltonian must be performed for at
least two different step widths in order to estimate the discretization error. Comparisons
between different data sets and intuition can help to decide on an appropriate choice
of dt. For instance, if Larmor oscillations are expected to enter the mean field, one
should resolve each Larmor period by at least 5 — 10 time steps. In general, if the desired
tolerance € is exceeded by the discretization error, the step width should be successively
reduced until the tolerance is met. We recall that AQ,_,, refers to the discretization
error of the coarser discretization. The error of the finer discretization can be estimated

by

oty

2
AQ, = ((%u) AQpusy (C.9)

where 0t, and dt, are the corresponding step widths. In practice, we always show the
results of the finest discretization vpiy. Consequently, AQ = AQ,,,, is the relevant error
for the tolerance e. From our experience, we recommend decreasing 6t in powers of 2. It
is conceivable that the step width can be changed adaptively during the iteration steps
of a single simulation in order to maintain the tolerance €, but this has not been tested
yet.

5In that reference, we considered the time-averaged discretization error instead of Eq. (C.8), but the
behavior is essentially the same.
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C Implementation and sources of numerical error

Iteration error

The self-consistency problem posed by spinDMFT is solved iteratively, i.e., we introduce
an initial guess for the spin autocorrelations and improve it iteration by iteration as
explained in Alg. 1. The termination of this procedure after a finite number of steps
entails another source of numerical error, which we denote as the iteration error. Suppose
the Monte-Carlo-averaged results G‘(xqﬁ)) (t) of two adjacent iteration steps ¢ = p — 1 and
q = p are given. We define the quantity

AL = |G () = G (1) (C.10)

where “ta” stands for time average’. The maximum value of Al # with respect to the
directions «, 3 is considered the iteration error AI, of step p.

If the iteration error falls below a certain threshold value Alinreshold, the self-consistency
iteration is terminated. It is important to note that A, contains the statistical error.
Consequently, Alinreshold must be chosen larger than the latter for an efficient termination
condition. According to Eq. (C.6)), a reasonable choice for the threshold is

C
Alihreshold ‘= NCIT

(C.11)

Alternatively, Alihreshold could be defined directly by the estimated statistical error ¥ in
each iteration step, but this has not been tried yet.

General numerical error and error tolerance

The general numerical error ¢ is calculated a posteriori as the maximum of the statistical
error X and the discretization error AQ) estimated in the simulation. The iteration error
is considered implicitly, since it is directly linked to the statistical error via Eq. (C.11)).
If a data set is given an error tolerance €, we have explicitly checked that the estimated
general numerical error € does not exceed it.

The main numerical parameters of spinDMFT are the sample size M and the step width
6t. The proper sample size for a desired error tolerance can be estimated a priori by
Eq. (C.7)), while the proper step width can only be guessed. As an example, for the
generic result of the Heisenberg model, see Fig. 4.4, the sample size is M = 10° and
the step width is 6 = 2 x 1072 J5' (L = 10? steps), which leads to an error tolerance
€ < 1073. The corresponding computational cost is in the order of one core hour®.

"The average is taken over ¢ and t2 if time translation invariance does not hold.
8Note that the tolerance is relatively small. Increasing it by a factor of two reduces the computation
time approximately by a factor of 10.
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C.2 CspinDMF'T and nl-spinDMFT

C.2 CspinDMFT and nl-spinDMFT

Implementation and computational cost

The implementation of CspinDMFT is essentially the same as that of spinDMFT except
for the inclusion of an additional tensor dimension due to the different sites in the cluster.
This additional dimension enters the spin correlations, the mean-field moments and
the covariance matrix in CspinDMFT. The dimensionality of the latter is increased
by the cluster size n making its diagonalization and the subsequent sampling more
expensive. But the cost of computing a spin correlation increases even more because
it involves matrix-matrix products on the local Hilbert space, the dimension of which
is 2™ in CspinDMFT. The cost of computing these products grows with the cube of
the dimension, i.e., 25" = 8". The computation of the time propagators is also more
involved because Eq. (C.3) can no longer be used to evaluate the CFET exponentials.
In the current implementation of CspinDMEFT, these exponentials are computed by
diagonalizing the exponent, which is also computationally expensive’. Furthermore, the
self-consistency condition of CspinDMFT typically includes several spin correlations, all
of which must be computed in each iteration step. The number of these correlations
can be quite large, e.g., n(n + 1)/2 in case of the CRA (assuming T-symmetry and
ignoring the multiplicity due to the different directions «, 3). Because of all these aspects,
the computational bottleneck of CspinDMFT shifts more from the diagonalization and
sampling to the computation of spin correlations. This strongly motivates to minimize
the number of correlations computed per iteration step, see for example the proposed
improvement of the CRA in Sec. 5.4.3| or nl-spinDMFT, which will be briefly discussed
below.

The idea of nl-spinDMFT is to access the individual correlations required to compute
the FID by simulating a cluster in an a priori given mean-field background. The latter
is computed by spinDMFT, for which numerical details have already been discussed.
The implementation of nl-spinDMF'T is essentially the same as for CspinDMFT, but
no self-consistency is required, i.e., only a single iteration step is performed. It should
be noted, however, that each correlation that enters the FID requires an individual
simulation of a particular cluster. The computational effort (CE) of a FID-simulation
with respect to a self-consistent simulation by CspinDMFT is thus approximately given
by

CE(nl-spinDMFT) K#correlations for FID (nl-spinDMFT) (C.12)

CE(CspinDMFT) #iteration steps (CspinDMFT) ’
The factor K < 1 accounts for the fact that the self-consistency in CspinDMF'T requires
the computation of several correlations during each iteration step.

Adapted statistical and time-discretization error

The additional dimension due to the site dependence must also be regarded in the
numerical errors of CspinDMFT and nl-spinDMFT. This basically means to consider the

9Note that there are more efficient ways to evaluate exponentials of antihermitian operators, for example,
the Krylov technique [AF11|. This should be considered in future implementations of CspinDMFT.
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C Implementation and sources of numerical error

extended quantities

28(t) — 277 (1), AQSE, (1) — AQS L, (1). (C.13)

However, in many cases we are only interested in one or a small number of correlation
functions and not all of them. For example, in nl-spinDMFT, each individual simulation
aims at a single pair correlation only, i.e., the tuple ij is fixed. Therefore, only this
specific pair correlation is considered for the numerical errors.

In CspinDMF'T the situation is more subtle. Often, we are only interested in a single
correlation (usually ij = 11, see Ch. 5), but several more correlations are needed to
close the self-consistency. However, numerical errors entering the mean fields via the self-
consistency are negligible for the simulated spin correlations to a very good approximation.
Therefore, it is reasonable to consider only the correlations of interest (the ones that are
plotted and analyzed) as being relevant for the numerical errors. Nevertheless, the errors
of the remaining correlations that enter the self-consistency should at least be tracked. If
these errors are of a different order of magnitude, the numerical parameters should be
adjusted accordingly to be on the safe side!”

Another noteworthy aspect of CspinDMFT is that the mapping of correlations via the
CRA can lead to violations of the semidefiniteness of the covariance matrix beyond
statistical fluctuations. In practice, the resulting negative eigenvalues can nevertheless be
truncated as explained in Ref. (App. D, 1).

Adapted iteration error

In nl-spinDMF'T, an iteration error occurs only in the process of generating this mean-field
background by means of spinDMFT. This error was discussed before. In CspinDMFT,
the situation is more complicated. Similar to Eq. (C.13), we have to consider the extended
quantity

af aB
AISP = A (C.14)

While the statistical and discretization errors behave rather generically, the behavior
of the iteration error is difficult to predict. It is conceivable that it varies greatly from
correlation to correlation in certain examples. Since the correlations affect each other
through the self-consistency condition, the value of AI ii may not be representative of
the iteration error, not even for that of G i . However, if AT 8 is small for all pairs
of directions and all pairs of sites, this is a good indicator of numerical convergence.
Consequently, we define the iteration error Al, in CspinDMFT as the maximum of AI
for all a8 and ij, and terminate the iteration When Al, falls below a predefined threshold
Alinreshold- This implies that all correlations must converge. The threshold should be set
to the desired error tolerance. However, it is important to note that the iteration error
still contains the statistical error and is thus bounded from below. Thus, the threshold
can only be surpassed if the statistical error is sufficiently small. Notably, the required
sample size for this is typically considerably smaller for CspinDMFET than for spinDMFET,
as will be discussed in the subsequent section.

10Gjgnificant numerical errors in certain correlations can result, for example, from cutting strong dimer
bonds at the edge of the cluster, see Fig. |5.8|
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C.2 CspinDMF'T and nl-spinDMFT

Reduced sample size for larger clusters

As previously stated, the infinite-time value of the statistical error in spinDMFT can be
derived analytically. It is given by!'!

. o B

Jlim $9(t) = NG (C.15)
The basic idea of the derivation is to describe the time evolution of the spin vector
by a rotation matrix that rotates the spin in real space. With the help of this and
the assumption that all initial information in the system is lost at infinite time, it can
be deduced that all directions are equally probable, which explains the factor of 3 in
the square root. The additional factor M simply represents the difference between the
standard deviation of a single mean-field sample and the standard deviation of the
average over M samples (the latter being the proper statistical error of the Monte-Carlo
simulation).

This derivation can be extended to CspinDMFT. Here, the Hilbert space extends to
several spins (with S = 1/2) and the Hamiltonian is partly bilinear in spin operators as
can be seen for example in Eq. (5.5). The corresponding time evolution transforms a
single Pauli matrix into a linear combination of products of Pauli matrices at different
sites according to

adBOX = > cgmman(t)[x]ﬂa;“, aj € {0,z,y,2} Aje{l,...,n}, (C.16)

ALye.,Qn

where ¢/, (t)[X] are real-valued coefficients, n is the cluster size, and X represents a
single mean-field sampld'?. Note that this expression is completely general in the Hilbert
space of the cluster. Successive actions of the Liouville operator (commutations with the
Hamiltonian) connect all possible products of Pauli matrices with one other except for
the identity 0. Consequently, all coefficients can be finite except for CZO...O(t) [X], which

is strictly zero if v € {z,y,2} (7 =0 is trivial). In addition, we know that

@O = Y doa ON s s O (TTe ) [T]e) ] =0° (ca7)
N J J

For this to hold, only terms o< ¢ can survive in the double sum so that we can effectively

ignore all contributions except for a; = 3;,Vj arriving at

> (e P0) =1, (C.18)

QAly..,Qn

Similar to the procedure for spinDMFT, we now assume that any initial information
in the system is lost at infinite time. This is reasonable if the dynamic mean fields act
as a bath for the cluster removing information from it over time. However, no general
statement can be made about the time scale of this process. Following our assumption,

"See Ref. [Gra+21|] (App. B, 1) for the step-by-step derivation.

12Note that X comprises the time evolution of all n mean fields interacting with the cluster.
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C Implementation and sources of numerical error

all of the coefficients should behave equal on average at infinite time. Considering this
and ¢jy_o(t)[X] = 0, the normalization condition in Eq. (C.18) can be rewritten as

mf

tim (], . (ON) = . (C.19)

t—o00

Total information loss at infinite time also implies that every spin correlation vanishes so
that

mf

Jim G () = lim GEP(ON] = Jim Sy o o o™ =0, (C20)

By means of this, we obtain the single-sample standard deviation

) mf
Jim <agﬂ(t)) = lim (Gg;ﬁ(t)[x] - Gg;.ﬁ(t)) (C.21a)
gmf md
= lim (GPON) = Jim (g gaympo0®N]) - (C21D)
Together with Eq. (C.19), this yields

lim 02 (1) = ﬁ (C.22)

To compute the proper statistical error Ef‘jﬁ (t), this expression must be multiplied by
1/\/]\7 Including this factor, Eq. (C.22) reproduces the result of spinDMFT for n =1,
see Eq. (C.15). For m > 2, the formula can be tested numerically. To this end, we
consider a Heisenberg model with spins on a triangular lattice and couplings o< 1/r3. In
Fig. |C.1, the mean and the standard deviation of the central spins autocorrelation are
plotted against time.

As can be seen in panel (a), the mean does not change much upon increasing the cluster
size, which is not surprising due to the relatively large coordination number. As for the
results in Sec. 5.2, we obtain a fast convergence to zero, which justifies our assumption of
total information loss at infinite time in Eq. (C.20). The standard deviation shown in
panel (b) behaves differently. It is zero at t = 0 because the initial value of the correlation
is fixed. After that, it increases rapidly, followed by a slow convergence to a fixed value.
This value agrees with our prediction in Eq. (C.22) confirming the assumption of total
information loss once more. Interestingly, the statistical error in CspinDMFET (n > 2)
relaxes considerably slower than the autocorrelation, suggesting that information is
concealed in higher order correlation functions. Another surprising aspect of CspinDMFT
is that of{ peaks significantly above the limit at short times. Therefore, in contrast to
spinDMEFT, the bound cannot be used as a conservative estimate of the statistical error.
Nevertheless, the statistical error decreases significantly with the cluster size. We can
therefore conclude that simulations of larger clusters require smaller sample sizes.

As mentioned above, the statistical error should always be tracked in a simulation in
order to verify that the desired precision is achieved with the selected sample size. Instead
of choosing a fixed sample size in advance, one can adaptively change it based on the
statistical error computed at each iteration step. This strategy has been tested and
found to be very effective, but it comes at the cost of having no strict bound on the
computation time.
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C.2 CspinDMF'T and nl-spinDMFT

t1J5 "] t1J5"

Plot of the mean G7{ (a) and the single-sample standard deviation
o = /MX%¥ (b) of the central spins autocorrelation considering a Heisenberg
model on a triangular lattice with couplings oc R™3 and varying cluster sizes n.
The time is measured in units of the inverse quadratic coupling constant of the
lattice. The orange line results from spinDMFT (n = 1) and the remaining colored
lines (supported by markers for better distinction) result from CspinDMFT. The
dashed lines in panel (b) result from the predicted limit value from Eq. (C.22). For
the sake of completeness, we note that the statistical error of other correlations
(for n > 1) behaves qualitatively the same.

General numerical error

In spinDMFT, the general numerical error ¢ is calculated a posterior: as the maximum
of the statistical error ¥ and the discretization error AQ estimated in the simulation.
This is done exactly the same way in nl-spinDMFT. In CspinDMFT, however, we also
consider the iteration error for €, since the relation of the latter to the statistical error is
not entirely clear.
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One, if not the most important part of CspinDMF'T, is a reliable choice of the cluster,
which shall be discussed in this appendix. We recall that the main goal of the approach
is to estimate the autocorrelation of the central spin §1 as reliable as possible. In
accordance with the derivation of CspinDMFT in Sec. 5.1}, a successful cluster-finding
strategy considers the following two aspects:

The most important interaction partners of §1 are included in T'.
The border between I' and the environment does not contain strong couplings.

The first aspect is easily fulfilled by the central-spin-based strategy, which fills the cluster
with the spins that are strongest coupled to S;. The strength of a coupling is measured
by the modulus

AS = [T (D.1)

This strategy is certainly plausible in regular one-atomic lattices as detailed in Fig. |D.1,
panel (a)'. However, since it only considers the couplings with the central spin, there is
no control about the second aspect, i.e., the border between cluster and environment at
all. This can be problematic in inhomogeneous systems, for example, if spin dimers are
“cut” at the edge of T', see Fig. D.1], panel (b).

The cluster-based strategy circumvents this problem by adding the spins one by one to
the cluster. The next spin to be added is determined from maximizing the sum

A= 3 | (D.2)

el

with respect to k. In this way, strong couplings between cluster and environment are
prevented if the cluster size is chosen properly, see Fig. D.1, panel (¢). The drawback of
this strategy is that the clusters depend rather strongly on the initially added neighbors.
The latter contribute to the condition in Eq. (D.2) and therefore strongly bias the cluster
finding, see for example panel (d). This is sometimes in contrast to the first aspect, i.e.,
some relatively important interaction partners of the central spin are not added to the
cluster.

The central-spin-based and the cluster-based strategy have been derived and studied in
Ref. [Grd+23]. The conclusion was drawn that the cluster-based strategy performs a
bit better because of a quicker convergence of the central-spin autocorrelations with the
cluster size. It should be noted, however, that a quick convergence can be misleading

!The strategy can break down in the special case of NN interactions because the condition becomes
useless as soon as all neighbors of the central spin are part of the cluster. In this case, an additional
condition is needed.
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B: cluster-based = * + ||B: hybrid < [Anybrid e,

Triangular spin lattice (a) and two different seeds for an inhomo-
geneous spin system, denoted by A (b,c,f) and B (d,e), considering dipolar-like
interactions, J = R™3. The shorthand “cs” stands for central spin. The green dots
correspond to spins that are assigned to the cluster I' according to the different
strategies (names provided in the lower left corner of each panel). The cluster sizes
have been fixed to 13 in panel (a) and 20 in panels (b-f). Such large cluster sizes
are not realistic for an actual simulation, but they are advantageous for observing
the characteristics of the different strategies. In panel (a), the displayed cluster
is obtained for all considered strategies, if one considers the extra rule that all
strongest-coupled spins are added at once. Due to the radial symmetry of the
couplings, the cluster can be always separated from the environment by a sphere
in case of the central-spin-based strategy. This is indicated by the black circle
in panel (a) and (b). The red lines in panel (b) indicate “cuts” through dimers
of strongly-coupled spins emphasizing the disadvantage of the central-spin-based
strategy. This problem occurs only rarely in the cluster-based and hybrid strategy
and can be eliminated by varying the cluster size. The cluster-based strategy
has the drawback that it tends to push the cluster into a certain direction, see
especially panel (d). This does not happen in the hybrid strategy, which gives the
central spin a special weight, see panels (e) and (f).
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D Choosing an appropriate cluster in CspinDMFT

particularly for the cluster-based strategy. Spins that are far away from the central
spin are often preferred over nearby spins, but they hardly affect the central spins
autocorrelation. Considering the latter for different cluster sizes could mistakenly imply
numerical convergence although some presumably important, nearby spins of the central
spin are not yet added to the cluster. Therefore, a clear statement about the performance
of the strategies cannot be made. The convergence of the central-spin autocorrelation is
certainly a more reliable indicator in the central-spin based strategy. Yet it is important
to respect the local geometry when selecting a cluster, as is done in the cluster-based
strategy. Consequently, we propose an intermediate strategy that strives to balance both
strategies.

In the hybrid strategy, the next spin to be added is determined from maximizing

hybrid -
AP = (1= ) Tkl Hn =T k/D+NnZ|Jik|- (D-3)
el

Here, n is the current size of I, D is the system dimension and k is the power by which
the couplings decrease, i.e., k = 3 for dipolar interactions. The specific choice of pu,
results from the demand to keep the central spin equally important in the criterion as the
cluster size is increased. As a consequence, the cluster is built around the central spin, but
the border between cluster and environment is still minimized, see panels (e) and (f) of
Fig.|D.1. Note that the hybrid strategy can be used for both lattices and inhomogeneous
systems. For lattices, we define an extra rule that requires all spins with maximum
AWPrid t6 he added at once, i.e., the spins are added shell by shell. This prevents random
behavior during the construction of the cluster. In case of NN interactions, u, is simply
set to one.

We stress that the cluster size is limited by the available numerical resources. Due to the
importance of the border between cluster and environment it is not always the best option
to set n to the maximum possible value. In a system of spin dimers, for example, n should
be chosen even because otherwise a spin dimer would be cut in half. In inhomogeneous
systems, it is reasonable to create the cluster for several sizes n. Then, the best choice is
determined by minimizing?

— hybrid

P = r]?;lz( A (D.4)
with respect to n. A minimization of p,, corresponds to finding an optimal cut between
cluster an environment. Note that, overall, this quantity decreases with n so that larger
clusters are preferred. This is completely plausible because we expect better results for
the central spin, if n is larger. In lattice systems, this criterion yields the maximum
possible cluster size for all cases considered in this thesis. This is not astonishing because
the border between cluster and environment does not vary much in periodic lattices. All
calculations in this thesis are done with the hybrid approach unless stated otherwise.

2This criterion is different from the one used in Ref. |Gra+23].
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E.1 FID of calcium fluoride for other field directions

In this appendix, we provide the results for CaF2-[110] and CaF2-[111]. The procedure
is the same as in Sec. 6.2l We begin with sorting the pair correlations according to the
distance and, if the distance is equal, according to the modulus of the pair coupling,
see Tab. [E.1l and Tab. [E.2. Subsequently, we generate the clusters for each category,
see Fig. [E.1] and Fig. [E.3. Then, we calculate the pair correlations by simulating the
corresponding cluster in a mean-field background generated by spinDMFT. The results
are superposed to obtain the FID, which is plotted in Fig. |E.2|and Fig. E.4l As explained
in the main text, the choice of adequate clusters is more difficult for CaF3-[110] and CaFq
-|111] due to the larger coordination numbers. This explains the more notable deviations
from the experiment.

Sorted list of correlations considered for the FID. Same content as in
Tab. 6.1, but for CaFs-[110].

c F;r/asc |7el/ase | |de]/do | me
0 1
10 o -1)]10 1.0 2
211 0o 0] 10 0.5 4
3 (—1 - 0) 1.4142 | 0.7071 2
41 1 0) | 14142 | 0.3535 | 2
5 (—1 0 -1)| 1.4142 | 0.0884 8
6 -1 -1 -1)| 1.732 0.1924 | 8
71 0 o -2 20 0125 | 2
81 (-2 0 0)] 20 0.0625 | 4
9 -2 -1 0 2.2361 | 0.152 4
10 (-2 1 0) | 2.2361 | 0.0626 | 12
11| (2 0 -1)] 22361 | 0.0179 | 8
12 (2 -1 -1)| 2.4495 | 0.085 | 8
13 (-1 1 -2) | 2.4495 | 0.068 4
14 (2 1 -1)| 24495 | 0.051 | 8
15| (1 -1 -2) | 2.4495 | 0.0 4
16 (—2 -2 0) 2.8284 | 0.0884 2
171 (-2 2 0) | 2.8284 | 0.0442 2
18 (—2 0 -2)| 2.8284 | 0.0111 8
19 (2 -2 -1)] 30 0.0617 | 4
20| (2 2 -1)] 30 0.037 | 6
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E nl-spinDMFT
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Clusters to compute the correlations entering the FID. Same content
as in Fig. 6.3, but for CaF5-[110]. The dipolar couplings were truncated behind
the L = 8 strongest couplings.

1.0 | ———(e)

0sf \ :
0.6 F \ —— FID, experiment .

FID, nl-spinDMFT
L X —— M?, nl-spinDMFT ]
02F AN ]

'_0.2:...|...|...|...
0 20 40 60 80 100 120

t[ns] t[ns]

Free-induction decay of CaF2-[110] for different truncation values
Cmax- The experimental data were taken from Ref. [EL74]. Nl-spinDMFT captures
the experiment less well than for CaF5-[100] (see Fig. 6.4), but the agreement is
still satisfactory.
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Sorted list of correlations considered for the FID. Same content as in

E.1 FID of calcium fluoride for other field directions

Tab. 6.1, but for CaF,-[111].

¢ 7! /s 7el/ase | |del/do | me
01 (O 0 o0)|O00 0.0 1
1 (-1 0 0)]| 10 0.0 6
2 || (-1 -1 0) | 14142 | 0.3535 | 12
3 (-1 -1 -1)]| 1.732 0.3849 | 2
4 || (-1 -1 1) | 1.732 0.1283 | 6
512 0 0)] 20 0.0 6
6 || (-2 -1 0) | 22361 | 0.0716 | 24
71 (-2 -1 -1)] 24495 | 0.1134 | 6
8 (-2 1 1) | 2.4495 | 0.068 6
9 || (-2 -1 1) | 2.4495 | 0.0227 | 12
10 (-2 -2 0) | 2.8284 | 0.0442 | 12
11 (-2 -2 -1)]| 3.0 0.0658 | 6
12 (-2 -1 2)]| 3.0 0.0329 | 12
1313 0 0)|30 0.0 12
141 (-3 -1 0) | 3.1623 | 0.019 | 24
15 (-3 -1 -1)| 3.3166 | 0.0349 | 6
16| (-3 1 1) | 3.3166 | 0.0249 | 6
17 (-3 -1 1) | 3.3166 | 0.005 12
18 || (-2 -2 -2)| 3.4641 | 0.0481 | 2
19 (-2 -2 2) | 3.4641 | 0.016 6
20 || (-3 -2 0) | 3.6056 | 0.0197 | 24
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E nl-spinDMFT
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Clusters to compute the correlations entering the FID. Same content
as in Fig. 6.3, but for CaF3-[111]. The dipolar couplings were truncated after
the L = 14 strongest couplings. Some clusters do not look very compact, but
this is expected due to the magnetic-field direction. The two strongest couplings
are the ones in [111]-direction, see the entry |ds|/dy in Tab. [E.2. A clear and
unambiguous illustration of the clusters is difficult; we decided that showing only the
NN connection lines (and multiples of them) is the least confusing representation.
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Free-induction decay of CaF3-[111] for different truncation values
Cmax- The experimental data were taken from Ref. [EL74|. The agreement is worse
than for CaF5-[100] (see Fig. 6.4) and CaF3-[110] (see Fig. E.2).
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Throughout this thesis, spinDMFT is exclusively considered at infinite temperature, i.e.,
for completely disordered spins. In this limit, a global conservation law such as the total
spin conservation are not particularly relevant for the dynamics at a single site. However,
the situation changes drastically when a global polarization is introduced to the system.
This appendix presents some preliminary results of spinDMFT for this scenario. We use
the shorthand S* := S*(0) for spin operators at time ¢ = 0.

F.1 Violation of total spin conservation in the Heisenberg model

We consider an ensemble of N interacting spins with S = 1/2 described by the Heisenberg
model

1 - o
H= Z JiiSi - S; (F.1)
2¥)

The couplings J;; are not specified for now, but we assume a homogeneous spin system
with one-atomic basis. Analogous to the quadratic coupling constant Jq, we define the
linear coupling sum

Ju =T, = Z Jij. (F.2)
J

The system is considered in the paramagnetic regime B~! > J;, and prepared in a
polarized state’

L hy,s: n\"
p= et =i, Z = cosh§ , h = Bg. (F.3)

Since H commutes with the total spin §tot = Zl §i, it also commutes with the density
operator in Eq. (F.3). Hence, any spin expectation values are time independent. Trans-
ferring this situation to spinDMFT forms a problem because the naive mean-field model
does not conserve the total spin according to

o [Vl(t), o VN(t)] =38 V). (F.4a)
[§mt, Hmf] =3 Vi) x S £ 0. (F.4b)

'In experiment, such a state can be achieved by applying magnetic fields much stronger than the order
of magnitude of the couplings, i.e., B < Ji,, see for example NMR.
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F Preliminary results: Including a globally conserved polarization in spinDMFT

For non-zero mean-fields, this description always contains some leakage: From time to
time the spins and thus the mean-fields change their orientations leading to a decay of
the initial polarization®. Hence, spinDMFT violates the conservation law of the original
model. However, it is possible to include the total spin conservation by hand as will be
discussed the following section.

F.2 Including total spin conservation by hand

The idea is to split the observables of interest into a conserved and a time-dependent
fraction. For obvious reasons, the conserved fraction does not change over time, while
the time-dependent fraction is allowed to fluctuate. The latter can decay to zero on
average even if the whole observable doesn’t. This means that the fluctuating dynamics
could be captured by a semiclassical noise model that violates any conservation laws.

We follow the strategy proposed in Ref. [Uhr+14] and Ref. [SRU14| to formulate this

mathematically.

We begin by expressing the spin operator at an arbitrary site ¢ by a fraction of the total
spin operator and a fluctuating part, that is,

S5 = caStor + AST. (F.5)
The coefficients ¢, can be computed either by using the operator scalar product
(A[B) == Tr (ATBp> (F.6)

or, in this special case, simply by taking the sum over all N sites on both sides of the
equation, which yields

8o = caNSp + Y AS? (F.7)
i
Since the fluctuations AS* do not contain S¢; anymore by construction, we can deduce

(F.8)

Co —

1
N
and thus

1
7 = St + AST = m* + AS?, (F.9)

where m® is the polarization.

Now we apply spinDMFT to the Hamiltonian. To this end, we replace the environment
fields by time-dependent Gaussian mean-fields vV, > ‘_/;(t), the moments of which are
connected to quantum expectation values of the original fields. For the first moments,
we obtain

VEO" = (V1)) = JL(S") = 5°7 Jy.(8%) (F.10)

2This behavior is confirmed numerically (not shown).
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F.2 Including total spin conservation by hand

Following this procedure, it seems reasonable to use the autocorrelations of the fields
Vi(t) to define the second moments. However, the latter need to be real and symmetric
unlike the correlation functions

(AB) = Tr (ABp) # (BA), (F.11)

which are, in general, allowed to be non-symmetric and complex. This issue can be solved
by employing the anticommutator according to

<A7B>SC = %<{A7B}> = %<{B7A}> = <B7A>SC7 (F‘12)

where “sc” stands for symmetrized correlation®. With the aid of this, the second moments
yield

————mf
V)V (k) = (VE(t1), V] (t2))se = Y Jidjt (S} (11), 8] (2))se (F.13a)
kl

~ 09707 (8%)% (Jf — J&6i;) + J§0ij (8%(t1),8%(t2))se,  (F.13b)

where we used
(S(t1), 8] (t2))se = (87,8 )ses (F.14)

for k # 1, i.e., we neglect any evolving dynamical correlations between different sites®.
Moreover, we left out site indices in the expectation values of the final expression because
they are redundant according to translational invariance in space.

Replacing the environment fields by the mean fields leads to the Hamiltonian
B V(1) Un(0)] = D08 Vi), (F.15)
i

which has been already provided in the previous section. The dynamics described by this
semiclassical, effective model does not conserve the polarization, but it may capture the
fluctuating dynamics appropriately. Therefore, our strategy is to use it as an auxiliary
model to simulate the fluctuations. Henceforth, we distinguish between expectation values
of the auxiliary model (“aux”) and the mean-field model (“mf”). The latter corresponds to
the actual mean-field approximation of the exact system, i.e., it captures any observables
(not only the fluctuations) correctly for large z. The models are connected through

(AS (1)) = (AS(1))2w, (F.16a)
(AS(t1)ASP (t2))™F = (AS (1), ASP(tg))20x, (F.16b)

sC
To clarify this concept, we summarize the relationship between the exact model, the
mean-field model, and the auxiliary model in Fig. |F.1|

3A similar trick is used, for example, in the TWA, which also faces the issue of relating classical to

quantum observables [Pol10].

4This is plausible from the Bethe lattice consideration summarized in Tab. 4.1, but a rigorous extension
of the latter has not yet been done.
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F Preliminary results: Including a globally conserved polarization in spinDMFT

exact model mean-field model auxiliary model
fluctuations ~ fluctuations — fluctuations
(AA) <AA>mf (AA)aux
bare observables ~ bare observables ?é bare observables
(A) (At (A

Relationship between the different models introduced in the main
text.

The spin operators in Eq. (F.15) are fully decoupled from one another. Due to spatial
homogeneity, the auxiliary model can be reduced to a single-site,

™ V(1) =S Vi(t), (F17)
as usual in spinDMFT. In the next step, we close the self-consistency.

The first mean-field moments have been already determined in Eq. (F.10). To compute
the second moments, we approximate the exact correlations in Eq. (F.13) by correlations
of the mean-field model, which, in turn, can be expressed by correlations of the auxiliary
model. For o # z or 8 # z, we obtain

—————mf
V)V () = 6,8 (S7 (1), 8] (t2)) 2 (F.18a)
J2 5
= 0i30°7 1 + 01 JG (ASF (1), A (t)) 5™ (F.18b)
2 5P a B aux 1 a B aux
= 0, (T (ST (), 7 (1)) — = D (87 (1), 8 (1)
. . ! (F.18¢)
— e DS (), ) () + Sy (S50, 8] (1))
J Jk
= 0, ( (87 (1), 8 (12)20™ — (8%()) (87 (12))™™). (F.18d)

Note that expectation values at ¢ = 0 are equivalent in all models allowing to leave
out the index “mf” or “aux”, respectively. To get from Eq. (F.18b)) to Eq. (F.18c), we
inserted the fluctuations using Eq. (F.9) and, subsequently, the total spin (polarization),
which is not conserved in the auxiliary model. In the last step, we considered spatial
homogeneity and the thermodynamic limit, N — oco. In a similar fashion, we find

sz z z z aux z aux /Qz aux
VAV ()™ = JR(S) 4 6,303 ({8 (01), 8% (1) — (87(1))™ (8% (12))™ ). (F.19)
Alltogether, this yields the covariances
Cov [V(1), V()] = 61y 73 ( (87 (1), 87(12) 5 — (S°(10)) ™ (S (1)), (F.20)

for a, B € {x,y, z}. Note that they are zero for i # j, i.e., all sites are decoupled from
one another?,

5Tn Sec. 4.1.3 we discussed that correlations between different mean-fields do not matter for the single-
site model, since they do not enter the marginal distribution. Hence, the fact that the covariances
vanish for i # j is actually not required to decouple the sites.
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F.2 Including total spin conservation by hand

The auxiliary model in Eq. (F.17)) together with the self-consistency condition described
by Egs. (F.10) and (F.20) can be solved numerically by iteration. Afterwards, the true
spin correlations in mean-field approximation can be computed straightforwardly by

(S%(t1), 87 (t2))se" = (S (1), 87 (£2))2™ — (8% (1)) (87 (12))™™ + 6°%67%(8%)2. (F.21)

SC

It is noteworthy that this approach can alternatively be derived starting from the adapted
equation of motion,

%A§(t) — V() x AS(t) = V(¢) x <§(t) - rﬁ) , (F.22)
but this is not discussed further here. Moreover, one should note that mean-field model
and auxiliary model are equivalent for h = 0 because all spin expectation values vanish.

Hence, the disordered spinDMFT is reproduced in this case.

Aside from the polarization field h, the autocorrelations also depend on the linear and
quadratic coupling sums Jy, and Jgq, since the latter enter the self-consistency condition
in Egs. (F.10) and (F.20). As a consequence, the results will intricately depend on the
considered lattice. This is in contrast to the disordered spinDMFT, where only the overall
time scale Jg 1 is affected by the geometry. It should be noted that the ratio between the
coupling sums can be expressed by the coordination number of the lattice according to

L— (F.23)

Consequently, if the time is measured in units of Jg 1. the relevant parameters are
the coordination number z and the polarization field h. Preliminary results for the
autocorrelations of the presented approach are shown in Fig. [F.2| for a square lattice
with NN interactions, i.e., z = 4, and different polarization fields. Several aspects are
different with respect to the disordered spinDMFT. The polarization reduces the full
spherical symmetry to a cylindrical symmetry leading to a difference between the diagonal
autocorrelations, G = GYY (transverse, see panel (a)) and G** (longitudinal, see panel
(c)). An important feature is that G** does not decay to zero, but to a finite value
given by 4(8%)2 = tanh?(h/2Jq) due to the included conservation law. Furthermore, the
polarized state entails a non-zero off-diagonal correlation G*¥, which is plotted in panel

(b).

As a benchmark, we consider the results from ED on a finite-size system for comparison.
The agreement is very good at short times, which is not suprising since both approaches
are exact at ¢ = 0 and capture the static parts of the spin environments correctly.
Deviations between the approaches are clearly visible in all correlations after about
t=2Jq 1. The ED with N = 9 shows coherent oscillations over the whole time interval
which are not obtained in spinDMFT. Increasing the system size to N = 12 leads to a
significantly better agreement, although the deviations are still not small. To highlight
the relevance of finite-size errors in the ED, we also plotted the lower bound of the
long-time average of the longitudinal autocorrelation according to Mazur’s inequality,

1 /7 1 1 h
lim — Z() > — (1 4+ 4(N —1)(8*)?) = — (1+ (N — 1) tanh? — F.24
fim 7 | 670> 7 (14400 = D) = 7 (1409 - D 57 ). (R0

which slowly converges to the limit value of spinDMFT for N — co. We conclude that a
clear statement about the validity of the extension presented in this appendix cannot yet
be made.

133



F Preliminary results: Including a globally conserved polarization in spinDMFT

1.0

0.8 F

le

—02F

G

GZZ

0.4 |

02f

spinDMFT vs. ED with N =9

spinDMFT vs. ED with N =12

0.6 F
0.4 F
0.2 f

0.0 f

(a)

(d)

h/Jq =0
h/JQ =1
— hfJg =2

Jo0.4

11.0

Jos

402

10.0

4-02

o4

0.0l
0

J0.2

0.0

134

t[Jg"]

t[Jg"]

Autocorrelations from spinDMFT (solid lines) and from ED (dashed
lines) on a NN square lattice for different strengths of the initial polarization h.
The left column (a-c) shows spinDMFT in comparison to ED with N = 9 and the
right column (d-f) in comparison to ED with N = 12 (the spinDMFT results are
the same for both columns). Panels (¢) and (f) show also the lower bound of the

long-time average of the ED according to Mazur’s inequality (dashed black lines),
see Eq. (F.244).



F.3 Outlook

F.3 Outlook

This appendix entails several next steps. First, one can extend the above derivation
to the XXZ model with finite polarization in z-direction and benchmark this case as
well. In doing so, the system sizes for the ED should be increased beyond N = 12 for
more meaningful conclusions. If spinDMFET captures the scenario of an exactly conserved
polarization well, one can pass to the more subtle case of an almost conserved polarization.
This scenario is exemplified by an XXZ model

H— % S i (5787 + 818 + 2875 ) (F.25)
ij

with weak anisotropy 0 < |A — 1| < 1. The equation of motion of a component of the
polarization is given by

1-A
i[Hm) = —= Ui >edslsz (F.26)
i B

which implies a slow decay of the transverse components (« € {x,y}) in case of X being
close but unequal to 1. Equivalently to separating the observables into a conserved
and fluctuating part as described by Eq. (F.9), one can separate them into a slowly
and fastly evolving part. Under assumptions similar to the ones made in the Lindblad
formalism , e.g., well-separated time scales, one could derive an effective model
for the slow dynamics. An interesting aspect in this context is that, in contrast to the
Lindblad formalism, there is no separation into system and bath here, i.e., the slow and
fast dynamics are both experienced by the exact same spins.
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1.1 Cutout of a diamond surface. The spin of a shallow NV center interacts
with an ensemble of spins stemming from randomly located surface defects.
1.2 Electrons (gray spheres) in a potential landscape (black line) generated
by a one-dimensional (1D) crystal. (a) In a homogeneous crystal without
electron-electron interactions the eigenstates are delocalized Bloch waves
(green). (b) Adding a random potential leads to exponentially localized
single-particle wave functions (also green). The system describes an
Anderson insulator. (¢) Adding an electron-electron interaction (orange
wiggly lines) to the Anderson model. Can localization persist? Figure
inspired by Ref. [Aba+19]. . . . . . .. .. oo
1.3 Schematic and strongly-simplified procedure of structure determination
via NMR spectroscopy. (a) The sample comprises molecules that contain
carbon and hydrogen atoms. One possible NMR measurement is the
free induction decay (FID) of '3C. To this end, a strong static field and
dynamic fields at resonance with the 2C-spins are applied (the fields
are not shown in the figure). The carbon spins respond by inducing a
measurable oscillating current in the depicted coil. (b) Sketch of the FID
signal obtained by processing the current. (¢) The Fourier transformation
(FT) of the FID yields the NMR spectrum. The electrons in the sample
induce local variations of the magnetic field at the locations of the nuclei
shifting the resonance frequencies. This effect is called chemical shift.
Different structure components, here R{—CH and Ry—CHs, correspond
to different chemical shifts and, thus, to different peaks in the spectrum. .
1.4 In contrast to approaches that operate on finite-size systems, mean-field
approaches perform better if the system is high-dimensional. . . . . . . . .

2.1 Schematic plot of T relaxation. The magnetic field is switched on at t = 0
and myg is the saturation magnetization. . . . . . . ... ... ...
2.2 Schematic plot of T3 relaxation. The pulse is applied at ¢ = 0 and my is

the saturation magnetization. The signal oscillates at the Larmor frequency.

2.3 Exemplary spin-echo pulse sequence. . . . . . . .. ... ... ..

2.4 Cutout of the diamond surface. The NV spin is displayed in red, the surface
spins in green and the proton spins in orange. The external magnetic field
B encloses the magic angle ¥, with the normal vector 7 of the surface.
All the spins interact dipolarly with one another. The coupling of the NV
spin to its most important interaction partner is indicated by the wiggly
line. . . . .
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2.5 Correlation-spectroscopy sequence for probing an individual surface spin
using an NV center. The pulse spacing 7 is determined from the coupling
between the surface spin and the NV spin. The gray box between the
pulse sandwiches is a placeholder for different surface-spin measurements.

2.6 Sketch of the surface geometry. The distance vector between the Spins 4
and j is denoted by RZJ = R R and (;; is the angle between RZJ and
the x-direction. . . . . . . . ..o

2.7 Pulse sequences applied to the surface spins in different relaxation mea-
surements. The sequences can be inserted into the placeholder of the
correlation-spectroscopy sequence in Fig. 2.5, . . . .. ... oL

3.1 Key ingredients of a mean-field approach. . . . . . . ... ... ... ...
3.2 Graphical solution of the self-consistency problem described by Eq. (3.5)
for two different temperatures. The left-hand side and the right-hand side
of the equation are plotted versus z := 2.J/3(S). The black crosses indicate
the intersections, which correspond to solutions of Eq. (3.5). For T < Tg,it,
the ordered phase corresponds to a minimum of the free energy and is
thus favored. . . . . . . . oo
3.3 DMFT replaces the lattice of the Hubbard model by a single impurity
atom embedded in a bath of electrons as described by the SIAM. By
exchanging electrons with the bath, the central atom (gray) fluctuates
among different configurations, shown here as snapshots in time. The
allowed atomic states are |0),[]),|T) and [f)). The illustration shows an
exemplary sequence of transitions between the atom and the surrounding
electronic reservoir. The hybridization V,, specifies how likely a transition
occurs. Figure inspired by Ref. [KVO4]. . . . . . .. . ... ... ... ...
3.4 Stepping from a static to a dynamic mean-field theory and, subsequently,
to a cluster dynamic mean-field theory. Similar to the fermionic case, a
DMEFT for localized spins and a corresponding cluster extension should

4.1 Cutout of a square lattice (a) and an inhomogeneous spin system (b) with
dipolar couplings J o« R~3. The inhomogeneous system is generated by
randomly drawing the spin positions, with a constraint for the minimum
distance between two spins (gray circles cannot overlap). The effective
coordination number of the central spin (cs) is Zeffes = zeft ~ 5.3 for the
square lattice and zefres & 3.5 (zef = 3) for the inhomogeneous system
in this example. This indicates that the square lattice is denser than the
inhomogeneous system. In contrast, the formal spin density, or the number
of spins per area, is identical in both cases. . . . . . ... ... ... ...

4.2 In approximately homogeneous systems, spinDMF T reduces the full lattice
model to a single-site model with explicit time dependence. The single-site
model describes the evolution of a single spin S under a dynamic Gaussian

19

mean field V (£), which represents the effect of the remainder of the lattice. 40

4.3 General iteration procedure to solve the self-consistency problem in case
of a time translation invariant model. . . . . . . . . ... ... ... ...

4.4 Universal diagonal autocorrelation of the Heisenberg model according to
spinDMFT and Gaussian fit in linear (a) and log-vs-t? representation (b).
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4.7

4.8

5.1

5.2

5.3
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Universal diagonal autocorrelations for dipolar spins in a strong magnetic
field according to spinDMFT and fits according to Eq. (4.34) in normal
(a) and logarithmic representation (b). . . . . .. ... ... ... ... ..

Autocorrelation results from different approaches for the Heisenberg model
on a chain (1D) and on a square lattice (2D) with NN interactions, see
Eq. (4.35)). The CET results were computed considering N = 18
sites, periodic boundary conditions (PBC) and a relative error tolerance
of € = 1073. The iEoM results were produced by performing
m = 13 (1D) and m = 7 (2D) iterations. The ED results were computed
for N =16sitesand PBC. . . . . . . .. ... ..o oL

(a) Autocorrelation results from CET for the Heisenberg model
on complete graphs compared to spinDMFT, see Eq. (4.38)). The relative
error tolerance of each CET computation is € = 1073, (b) Zoomed inset of
panel (a). The lower bounds of the long-time limits according to Eq. (4.37)
are shown by dashed lines of the corresponding color. . . . . . . . .. ...

Histograms of the effective coordination number for inhomogeneous spin
systems with dipole-like interactions, J o< R™2, in two dimensions. Panel
(a) refers to completely randomly drawn spin positions and panel (b) to
randomly drawn positions with a constraint for the minimum distance,
Rpin = 0.5ng "2 where ng is the spin density. . . . . ... ... ...

Two-dimensional spin ensembles and exemplary clusters I' considering
dipole-like interactions J = R™3. The spins that are not part of I' are
shown by the smaller, black dots. Both plot rows show the same three
geometries, but encode different information. In panels (al-cl), the spins
of the cluster are shown in color depending on the ratio 7, ; of z; in
CspinDMFT (I' contains the colored spins) over ze; in spinDMFT (I'
contains only spin ¢). Accordingly, 7, ; measures the improvement of the
effective coordination number, when extending spinDMFT to CspinDMFET.
In panels (a2-c2), the colors represent the absolute values of zeg; in
CspinDMFT. The central spin in the triangular lattice (a2) is not captured
by the color map, since its effective coordination number, zef; ~ 14.4, is
very large. . . ... L

Same as Fig. 5.1, but the colors represent the ratio rj,; of Jq, in
CpinDMFT (I' contains the colored spins) and Jq; in spinDMFT (I'
contains only spin 7). Accordingly, Jqi measures the weakening of the
mean-fields, when extending spinDMFT to CspinDMFT. . . . . ... ...

Sketch of a square spin lattice with isotropic interactions (J depends solely
on the relative distance of two spins) and an exemplary cluster I'. We
represent in-cluster correlations by solid and out-of-cluster correlations by
dashed lines between the involved spins. Autocorrelations are shown in
orange, NN pair correlations in blue and NNN pair correlations in black.
Each out-of-cluster correlation has several correlation replicas in I". . . . .
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5.4

9.5

5.6

5.7

5.8

5.9

5.10

CspinDMFT reduces the full spin system (here inhomogeneous) to a
multi-site model with explicit time dependence. The latter describes the
evolution of a few interacting spins §i, represented by green arrows, under
dynamic Gaussian mean fields V;(t), represented by dark-gray clouds.
These are correlated to one another, which is indicated by the light-gray
clouds. Due to the inclusion of several sites, CspinDMFT retains some

spatial fluctuations in contrast to spinDMFT, which is illustrated in Fig. 4.2l [59

(a) Autocorrelations from CET and CspinDMFT for the Heisen-
berg model on a square lattice with NN interactions. The CET results
were computed considering N = 18 sites (PBC) and a relative error tol-
erance of € = 1073, The black dashed line represents the lower bound
1/N of the long-time limit of the CET results according to Mazur’s in-
equality. The CspinDMFT results are shown for the cluster sizes n =1
(spinDMFT), n = 5 and n = 9, all with an absolute numerical error
tolerance of ¢ = 3 x 1073. (b) Cutout of the square lattice around the
central spin (cs). The spins in the clusters are displayed by the large
colored dots. A cluster always contains the next-smaller cluster plus some
additional spins, which are shown in the color of the respective curve in
panel (a). . . . ...
Pair correlations computed by CspinDMFT for the Heisenberg model on a
square lattice with NN interactions. For a cluster of n = 9 spins, 5 different
categories of pair correlations are accessible. Each of these categories is
plotted in panel (a) and represented by a connection line of the same color
inpanel (b). . . . . ..
Same as Fig. 5.5, but for the triangular lattice and considering ED with
N = 16 sites (PBC) for comparison. Note that the last shell of the largest
cluster (n = 10) is incomplete due to the computational limitations.

(a) Autocorrelation results from ED and CspinDMFT for the Heisenberg
model and randomly distributed spins with dipole-like couplings, see
Eq. (5.14). The central spin is rather weakly coupled to the environment,
Jq =~ 0.8 Jy. The ED results were computed considering N = 16 spins and
the black dashed line represents the lower bound 1/N according to Mazur’s
inequality. The CspinDMFT results are shown for varying cluster sizes
from n =1 (spinDMFT) to n = 8, all with an absolute numerical error
tolerance of € = 0.02. (b) Cutout of the considered random ensemble. For
a CspinDMEF'T simulation with cluster size n, the spins with numbers 1 —n
are added to the cluster. Note particularly the spatial proximity of the
spins No. 5 and 6. Cutting this dimer in half leads to considerable errors
in CspinDMFT. The ED simulation includes the numbered spins as well
as the spins shown by orange dots. . . . . . . . . ... ... ... .....
Exemplary pair correlations computed by CspinDMFT with n = 8 for the
Heisenberg model in an inhomogeneous system with dipole-like interac-
tions. The considered configuration is the same as in Fig. |5.8] Each pair
correlation plotted in panel (a) is represented by a connecting line of the
same color in panel (b). . . ... ... Lo Lo L
Same as Fig. [5.8, but for a different configuration with a central spin that
is more strongly coupled to the environment, Jo ~2.9Jy. . ... ... ..
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5.11

5.12

5.13

5.14

List of Figures

Cutout of a typical distribution of spins on the diamond surface (Seed
No. 0 in the next section). Spin No. 1 is the central spin and the spins No. 2
and 3 are its fixed neighbors according to constraint (B). The remaining
spins are drawn randomly considering the correct density (constraint (A)),
the maximum-coupling constraint for the central spin (constraint [(C))), and
the minimum-distance constraint (constraint |(D)). The maximum-coupling
constraint is indicated by the gray area. The minimum-distance constraint
is indicated by setting the dot radii of each spin to 0.5 nm. In this example
seed, 4 further spins (green, No.4-7) are added to the cluster according to
the hybrid strategy (n™®* =7). . . . . .. ... ... .

Configuration-averaged central-spin autocorrelation simulated by CspinDMFT

for varying maximum cluster sizes n™?*. Panel (a) shows the transverse
and panel (b) the longitudinal autocorrelation. The transparent areas
around the curves represent the standard error of the mean, see Eq. (5.23).
The absolute numerical error tolerance of the configuration averages is
e =102 for n™* =3 and € = 5 x 1073 for n™* > 3, see the main text
for more details on the numerics. . . . . . .. ... Lo

Comparison between the experimental data (crosses with errorbars)
and the results from CspinDMFT for n™** = 7 (lines). The short-lived
transverse correlations are shown in orange and the long-lived longitudinal
correlations in blue. Panels (a) and (b) are in linear and panel (c) in
logarithmic representation. For a better view, we did not include each
set of data into all of the panels. The configuration averages Go°
from CspinDMFT are each surrounded by two transparent areas. The
light-colored areas each represent the variance of the different seeds and
the dark-colored areas the standard error of the mean, see Eqgs. (5.22)
and (5.23). The absolute numerical error tolerance of the configuration
averages is € = 5 x 1073, In addition to the configuration averages, we also
show the CspinDMFET result for a specific seed (No. 24, shown in red),
which matches well with the experimental data. The time scale of the echo
data has been multiplied by a factor of 2 due to the conversion from singly
to doubly-rotating frame as explained in Sec. |2.6.3. The fit functions and
parameters are discussed in the main text, see Eqgs. (5.24) to (5.28)).

Comparison of the characteristic relaxation times between experiment
and CspinDMFT (n™®* = 7) determined by a Gaussian (73)
and an exponential fit (77,). The relaxation times are extracted from
individual seeds (crosses), from the configuration average (circles) and from
the experiment (squares). In addition, we included the relaxation times for
a triangular lattice with the same spin density for comparison (triangles),
see Sec. |5.3.4. The results for the individual seeds are separated from the
rest by the thick black line. The error bars for the individual seeds (mostly
too small to be visible) and for the experimental data result directly from
the fitting procedure. The error bars for the configuration averages form an
estimate for the standard error of the mean, see Eq. (5.23). The error bars
for the triangular lattice represent the variation resulting from changing
the tilting angle. The dashed red line highlights seed No. 24, which is
particularly close to the experimental results as can be seen in Fig. [5.13| .
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5.15

5.16

5.17

5.18

5.19

5.20

Convergence plot for the spin autocorrelations from CspinDMFET on a
triangular lattice with anisotropic interaction according to Eq. (5.15al). The
solid lines with markers correspond to the longitudinal autocorrelations
(GYY), and the dash-dotted lines with markers correspond to the transverse
autocorrelations (G**). The absolute numerical error tolerance of the data
is € = 1072. The cluster for each color in panel (a) includes all spins
represented by the same color in panel (b) plus the spins of the next-
smaller cluster. The z-axis is parallel to one of the lattice vectors, i.e., the
tilting angle in Eq. (5.29) is ¢9 = 0. The clover in panel (b) indicates the
corresponding angular dependence of the couplings. . . . . . . . ... ...
Autocorrelation results from CspinDMFT for n™#* = n = 9 on a triangular
lattice with anisotropic interaction according to Eq. (5.15a) considering a
tilting angle of ¢y = 0 for the couplings in Eq. (5.29). The exponential
fit for GYY works very well as can be seen in the linearnormal (a) and
logarithmic representation (b). The Gaussian fit for G** is also valid
except for the tiny revival at about 15ps. . . . . . . ... ...
Configuration-averaged summed-up correlations of the central spin with
itself and its two closest neighbors from CspinDMFET for n™#* = 7. Panel
(a) shows the transverse and panel (b) the longitudinal direction. The
standard error of the mean of the configuration average is represented by
the colored areas. . . . . . . . . ...
Thermalization in an isolated quantum system from the point of view of the
energy eigenbasis. A typical out-of-equilibrium state (pure in this example)
superposes energy eigenstates of a subextensively small energy window AE.
The Hamiltonian time evolution does not change the occupations, but only
the phases of the eigenstates. This entails that thermalization corresponds
to dephasing in the energy eigenbasis. For a typical observable O with
matrix elements O,3 = (Eo| O |Es), the initial phases may be coherent.
For large enough times, this coherence is entirely lost so that only the
energy-diagonal matrix elements O, contribute to the expectation value.
The ETH states that the diagonal elements do not vary much within the
small energy window so that one may approximate the expectation value

by a single energy-diagonal matrix element O, within the energy window. [78

Schematic phase diagram of low-dimensional many-body systems with
extrinsic disorder W [EMB23; [Lon+23|. Whether true MBL exists, remains
an open question. . . . . ... L Lo L

Configuration-averaged results from CspinDMFT for n™** = n =7 and
fits. Panel (a) shows the linear and panel (b) the triple-log represen-
tation which is helpful to identify stretched-exponential behavior. The
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lation is fitted by a Gaussian according to Eq. (5.24) and the longitudinal
autocorrelation by a stretched exponential according to Eq. (5.34) and a
logarithm according to Eq. (5.35). Both the stretched-exponential and the
logarithmic fit work out very well and are nearly indistinguishable from
one another. . . . . . . ..o
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