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Abstract
We study the limit behaviour of singularly-perturbed elliptic functionals of the form

1
Fr(u, v) =/v2 fk(x,Vu)dx—i——/ gr(x, v, & Vv)dx,
A & JA

where u is a vector-valued Sobolev function, v € [0, 1] a phase-field variable, and & > 0 a
singular-perturbation parameter; i.e., & — 0, as k — +o00. Under mild assumptions on the
integrands f; and gx, we show thatif f; grows superlinearly in the gradient-variable, then the
functionals .% I'-converge (up to subsequences) to a brittle energy-functional; i.e., to a free-
discontinuity functional whose surface integrand does not depend on the jump-amplitude of
u. This result is achieved by providing explicit asymptotic formulas for the bulk and surface
integrands which show, in particular, that volume and surface term in .%; decouple in the
limit. The abstract I'-convergence analysis is complemented by a stochastic homogenisation
result for stationary random integrands.

Mathematics Subject Classification 49J45 - 49Q20 - 74Q05

1 Introduction

Since the seminal work of Modica and Mortola [48, 49] and of Ambrosio and Tortorelli [7, 8],
singularly-perturbed elliptic functionals have proven to be an effective tool to approximate
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free-discontinuity problems in a variety of situations. Elliptic-functionals based approxi-
mations have been successfully used, e.g., for numerical simulations in imaging or brittle
fracture (see, e.g., [18-20]), in cavitation problems [43, 44], and to define a notion of regular
evolution in fracture mechanics [10, 41], just to mention few examples. Besides being an
approximation tool, these kinds of functionals are also commonly employed to model a range
of phenomena where “diffuse” interfaces appear (see, e.g., [15, 16, 30, 31, 37, 38, 51, 52,
55]), or as instances of gradient damage models (see, e.g., [34, 45, 53]).

In this paper we study the I'-convergence, as k — 400, of general elliptic functionals of
the form

i (u, v) :/ ¥ (v) fk(x,Vu)dx—i-i/ grk(x, v, e, Vv)dx, (1.1)
A Ek JA

where ¢ \{ O is a singular-perturbation parameter. The set A C R” is open bounded and
with Lipschitz boundary, u: A — R" is a vectorial function, v: A — [0, 1] is a phase-field
variable, and ¥ : [0, 1] — [0, 1] is an increasing and continuous function satisfying ¥ (0) =
0, ¥ (1) = 1,and ¥ (s) > O for s > 0. For every k € N, the integrands f;: R" x R"*" —
[0, 400) and g : R" x[0, 1]xR" — [0, +00) belong to suitable classes of functions denoted
by F and G, respectively (see Sect.2.2 for their definition). The requirement ( f;) C F and
(gx) C G in particular ensures the existence of an exponent p > 1 such that for every k € N
and every x € R":

cllél? < fu(x, &) < c2l§1P, (1.2)

for every & € R™*" and for some 0 < ¢; < ¢p < +00, and
C3(|1 -l + |w|p) <grlx,v,w) < C4(|1 -’ + |w|p), (1.3)

for every v € [0, 1] and w € R", and for some 0 < ¢3 < ¢4 < +00. As a consequence, the
functionals % are finite in W17 (A; R™) x WP (A) and are bounded both from below and
from above by Ambrosio-Tortorelli functionals of the form
AT, —/ p / <(1 —vP - p)
r(w,v) = | Y)|Vu|?dx + ——+¢ [Vv|¥)dx. (1.4)
A A &k

Therefore if (i, vi) C WhP(A; R™)x WP (A)is a pair satisfying sup; F (u, vg) < +00,
the lower bound on .%; immediately yields vy — 1 in LP(A), as k — +o00. On the other
hand, |Vuy| can blow up in the regions where vy is asymptotically small, so that one expects
a limit # which may develop discontinuities. In [7, 8] Ambrosio and Tortorelli showed that
functionals of type (1.4) provide a variational approximation, in the sense of I'-convergence,
of the free-discontinuity functional of Mumford-Shah type given by

/A|W|P dx + ¢, H" 1 (S), (1.5)

where now the variable u belongs to the space of generalised special functions of bounded
variation GSBVP(A; R™). As in the case of the Modica-Mortola approximation of the
perimeter-functional [48, 49], the effect of the singular perturbation, slf - [Vu|?,in (1.4) is
that of producing a transition layer around the discontinuity set of u, denoted by S,,. Similarly,
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the pre-factor ¢, > 01is related to the cost of an optimal transition of the phase-field variable,
now taking place between the value zero, where i vanishes, and the value one. Another
similarity shared by the Modica-Mortola and the Ambrosio-Tortorelli approximation is that
they are essentially one-dimensional, that is, in both cases the n-dimensional analysis can
be carried out by resorting to an integral-geometric argument, the slicing procedure, which
allows to reduce the general situation to the one-dimensional case.

A relevant feature of the Ambrosio-Tortorelli approximation is that the “regularised” bulk
and surface terms in (1.4) separately converge to their sharp-interface counterparts in (1.5).
This kind of volume-surface decoupling can be also observed in a number of variants of (1.4).
Indeed, this is the case, e.g., of the anisotropic functionals analysed in [36], of the phase-field
approximation of brittle fracture in linearised elasticity in [29], of the second-order variants
proposed in [11, 26], and of the finite-difference discretisation of the Ambrosio-Tortorelli
functional on periodic [12] and on stochastic grids [13]. More specifically, in [11, 26, 29, 36]
the volume-surface decoupling is obtained by means of general integral-geometric arguments
which can be employed thanks to the specific form of the approximating functionals. On the
other hand, in [12, 13] the interplay between the singular perturbation and the discretisation
parameters makes for a subtle problem for which an ad hoc proof is needed. In [12] this proof
relies on an explicit geometric construction which, however, is feasible only in dimension
n = 2. In fact, more refined arguments are necessary to deal with the case n > 3, as shown
in [13]. Namely, in [13] the limit volume-surface decoupling is achieved by resorting to
a weighted co-area formula, which is reminiscent of a technique introduced by Ambrosio
[5] (see also [24, 27, 42, 54]). This procedure allows to identify an asymptotically small
region where the phase-field variable v; can be modified and set equal to zero while the
corresponding u; makes a steep transition between two constant values. In this way, a pair
(uk, vg) is obtained whose bulk energy vanishes while the surface energy does not essentially
increase.

In the present paper we show that the volume-surface decoupling illustrated above takes
place also for the general functionals .7, whose integrands f; and g combine both a k and
an x dependence, and satisfy (1.2) and (1.3). Moreover, being the dependence on x only
measurable, the case of homogenisation is covered by our analysis as well, as shown in this
paper. We remark that the generality of the functionals does not allow us to use either the
slicing or the blow-up method to establish a I'-convergence result for .%, as it is instead
customary for phase-field functionals of Ambrosio-Tortorelli type. Our approach is close in
spirit to that of [27] and combines the localisation method of I'-convergence [23, 32] with a
careful local analysis which eventually allows us to completely characterise the integrands
of the I'-limit thus proving, in particular, that volume and surface term do not interact in the
limit.

The volume-surface decoupling has been extensively analysed in the case of free-
discontinuity functionals, starting with the seminal work [5]. It has then been proven that a
decoupling takes place in the case of free-discontinuity functionals with periodically oscil-
lating integrands [24], for scale-dependent scalar brittle energies both in the continuous [42]
and in the discrete case [54], for general vectorial scale-dependent free-discontinuity func-
tionals [27, 28], and, more recently, also in the setting of linearised elasticity [40]. The clear
advantage of having such a decoupling is that limit volume and surface integrands can be
determined independently from one another, by means of asymptotic formulas which are
then easier to handle, e.g., computationally. Moreover in [42] it is shown that the noninter-
action between volume and surface is crucial to prove the stability of unilateral minimality
properties in the study of crack-propagation in composite materials. The same applies to the
case of the evolution considered in [41], where this feature plays a central role in proving that

@ Springer



199 Page4of 54 A.Bachetal.

the regular quasistatic evolution for the Ambrosio-Tortorelli functional converges to a qua-
sistatic evolution for brittle fracture in the sense of [39]. These considerations also motivate
the analysis carried out in the present paper.

The main result of this paper is contained in Theorem 3.1 and is a ['-convergence and
an integral representation result for the I'-limit. Namely, in Theorem 3.1 we show that if f
and gy satisfy rather mild assumptions, (see Sect. 2.2 for the complete list of hypotheses)
together with (1.2) and (1.3), then (up to subsequences) the functionals .%; I"-converge to a
free-discontinuity functional of the form

Z (u) =/ foo(x,Vu)dx—i-/ oo (x, vy) dH" 1, (1.6)
A SuNA

where now u € GSBV?(A; R™) and v, denotes the generalised normal to S,,. We observe
that the surface term in .# is both inhomogeneous and anisotropic, however it does not depend
on the jump-opening [1] = u™ — u™; in other words, .Z is a so-called brittle energy. The
form of the surface term in (1.6) is one of the effects of the volume-surface limit decoupling
mentioned above, which is apparent from the asymptotic formulas defining f and goo. In
fact, in Theorem 3.1 we also provide formulas for f, and go.. Namely, we prove that

1
foo(x, &) =limsup lim — inf/ fr(y, Vu)dy (1.7)
p—0 k=Foo p 0 (x)

where the infimum in (1.7) is taken over all functions u € Wl’p(Qp(x); R™) withu(y) =&y
near 0 Q ,(x). The surface energy density is given instead by

8oo(x,v) =limsup lim L inf i gk(y, v, e Vv)dy (1.8)
p—0 k=00 "1 ek Jou o)
where the cube Q;(x) is a suitable rotation of Q,(x) and the infimum in v is taken in
a u-dependent class of functions. More precisely, the infimum in (1.8) is taken among all
v E WI’P(Q‘;)(x)), with 0 < v < 1, for which there exists u € Wl'P(Q}j(x); R™) such
that vVu =0 a.e. in Q;(x) and (4, v) = (uy, 1) in U N{|(y —x) - v| > &} where U is a
neighbourhood of 9 Q) (x), and uy is the jump function given by

er if (y—x)-v=>0,

”"(y)z{o if (y—x)-v <0

In (1.8) the boundary datum (u}, 1) cannot be prescribed in the vicinity of {y € R": (y —
x) - v = 0} due to the discontinuity of «} and to the fact that v must be equal to zero (and not
to one) where u jumps. However, this mixed Dirichlet-Neumann boundary condition can be
replaced by a Dirichlet boundary condition prescribed on the whole boundary of Q7 (x), up
to replacing u} with a regularised counterpart defined, e.g., as in (1), Sect. 2.1.

In view of the growth conditions (1.2) satisfied by fi and the properties of 1/, the constraint
vVu = 0 satisfied a.e. in Q;’,(x) is equivalent to

/ V@) fily. Yy dy = 0,
0y ()

which makes apparent why the bulk term in % does not contribute to g~,. We notice, however,
that due to the nature of the problem, the variable u must enter in the definition of g, so that
in this case a decoupling is not to be intended as in the case of free-discontinuity functionals
[27].
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To derive the formula for f., we follow a similar strategy as in [21] and use the co-area
formula in the Modica-Mortola term in (1.1) to show that, in the set where v is bounded
away from zero, .7 behaves like a sequence of free-discontinuity functionals whose volume
integrand is fi. Then, we conclude by invoking the decoupling result for free-discontinuity
functionals proven in [27]. In fact, we notice that (1.7) coincides with the asymptotic formula
for the limit volume integrand provided in [27]. The proof of (1.8) is more subtle and is
substantially different, e.g., from that in [13]. Namely, to prove (1.8) we need to modify a
sequence (ux, vi) with bounded energy in the cube Q;’,(x) to get a new sequence with zero
volume energy which can be used as a test in (1.8), hence, in particular, the modification
to (uy, vx) shall not increase the surface energy. In the case of the discretised Ambrosio-
Tortorelli functional considered in [13], the discrete nature of the problem allows for a
construction which is not feasible in a continuous setting. In our case, instead, we follow an
argument which is close in spirit to a construction in [41]. This argument amounts to partition
the set where Vuy # 0 and to use the bound on the energy to single out a set of the partition
with small measure and small volume energy. Then in this set the function v is modified
by suitably interpolating between the value zero and two functions explicitly depending on
uy. The advantage of this interpolation is that it allows to easily estimate the increment in
surface energy in terms of the volume energy and at the same time to define a test pair for
(1.8). Eventually, to prove that the increment in surface energy is asymptotically negligible
we need to use that p > 1. We notice that the assumption p > 1 is optimal in the sense that
if fx is linear in the gradient variable; i.e., (1.2) holds with p = 1, then it is well known [2,
4] that the corresponding Ambrosio-Tortorelli functional I"-converges to a free-discontinuity
functional whose surface energy explicitly depends on [u«], this dependence being the result
of a nontrivial limit volume-surface interaction.

Our general analysis is then applied to study the homogenisation of damage models; i.e.,
to deal with the case of integrands fj and g of type

fite, &)= £(2.8) and gur v w) = g(vw), (19)

for some f € F and g € G. More specifically, in Theorem 3.5 we prove a homogenisation
result for %, with fi and gi as in (1.9), without requiring any spatial periodicity of the
integrands, but rather assuming the existence and spatial homogeneity of the limit of certain
scaled minimisation problems (cf. (3.9) and (3.10)). Eventually, we show that the assumptions
of Theorem 3.5 are satisfied, almost surely, in the case where the integrands f and g are
stationary random variables and derive the corresponding stochastic homogenisation result,
Theorem 8.4. Thanks to the decoupling result, Theorem 3.1, the stochastic homogenisation
of the bulk term readily follows from [35]. On the other hand, the treatment of the regularised
surface term requires a new ad hoc analysis which shares some similarities with that developed
for random surface functionals [3, 25, 28]. We also mention here the recent paper [46, 50]
where the stochastic homogenisation of Modica-Mortola functionals with a stationary and
ergodic gradient-perturbation is studied.

To conclude we notice that our analysis also allows to deduce a I'-convergence result
for functionals with oscillating integrands of type (1.9) when the heterogeneity scale does
not necessarily coincide with the Ambrosio-Tortorelli parameter &, but is rather given by a
different infinitesimal scale §; > 0. In this case, though, the asymptotic formulas provided
by Theorem 3.1 would fully characterise the homogenised volume energy but not the surface
energy. In fact, in this case a full characterisation of the homogenised surface integrand
requires a further investigation which, in particular, shall distinguish between the regimes
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ex < & and g > dx. A complete analysis of this type, in the spirit of [9], goes beyond the
purpose of the present paper and is instead the object of the ongoing work [14].

Outline of the paper This paper is organised as follows. In Sect.2 we collect some notation
used throughout, introduce the mathematical setting and the functionals we are going to anal-
yse, moreover we prove some preliminary results. In Sect. 3 we state the main results of the
paper, namely, the I'-convergence and integral representation result (Theorem 3.1), a conver-
gence result for some associated minimisation problems (Theorem 3.4), and ahomogenisation
result without periodicity assumptions (Theorem 3.5). In Sect.4 we prove some properties
satisfied by the limit volume and surface integrands (Proposition 4.1 and Proposition 4.5).
In Sect.5 we implement the localisation method of I'-convergence proving, in particular, a
fundamental estimate for the functionals .%; (Proposition 5.1) and a compactness and inte-
gral representation result for the I'-limit of .%; (Theorem 5.2). In Sect.6 we characterise
the volume integrand of the I'-limit (Proposition 6.1) and in Sect.7 the surface integrand
(Proposition 7.4), thus fully achieving the proof of the main result, Theorem 3.1. In Sect. 8
we prove a stochastic homogenisation result for stationary random integrands (Theorem 8.4).
Eventually in the Appendix we prove two technical lemmas which are used in Sect. 8.

2 Setting of the problem and preliminaries

In this section we collect some notation, introduce the functionals we are going to study, and
prove some preliminary results.

2.1 Notation

The present subsection is devoted to the notation we employ throughout.

(@) m > 1and n > 2 are fixed positive integers; we set Ry := R™ \ {0};

(b) "=y = (1, ..., v) R V24 412 = l}andS" L=y e "1 4v;0 > 0},
where i(v):= max{z e{l,...,n}:v; #0}

(c) £" and and H"~! denote the Lebesgue measure and the (n — 1)-dimensional Hausdorff
measure on R”, respectively;

(d) A denotes the collection of all open and bounded subsets of R” with Lipschitz boundary.
If A, Be Aby A CC B we mean that A is relatively compact in B;

(e) Q denotes the open unit cube in R"” with sides parallel to the coordinate axis, centred at
the origin; for x € R" and r > 0 we set Q,(x) := rQ + x. Moreover, Q' denotes the
open unit cube in R”~! with sides parallel to the coordinate axis, centred at the origin,
for every r > 0 we set Q}.:=rQ’;

(f) for every v € S*~! let R, denote an orthogonal (n x n)-matrix such that R,e, = v; we
also assume that R_, Q = R, Q forevery v € S"~ LR, e Q" ifv e S" 1 NQ", and
that the restrictions of the map v +— R, to S" !"are continuous. For an explicit example
of amap v — R, satisfying all these properties we refer the reader, e.g., to [27, Example
A7,

(g) forx e R",r >0,and v € S"~1, we define 0/ (x) == R,0,(0) + x.

(h) for & € R™*" we let ug be the linear function whose gradient is equal to &; i.e., ug (x) :=
&x, forevery x € R";

(i) forx e R",z € R”, and v € S"~! we denote with uy xo the piecewise constant function
taking values 0, ¢ and jumping across the hyperplane I[1"(x) := {y € R": (y—x)-v = 0};
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ie.,

v ¢ if (y—x)-v=0,
() =1
0 if (y—x)-v<0,
when ¢ = e; we simply write u} in place of u , ;
(G) letueC I(R), veC I(R), with 0 < v < 1, be one-dimensional functions satisfying the
following two properties:

i vy =0inR;
ii. (u), v()) = (X(@©0,400) (1), 1) for [¢] > 1.

(k) forx € R" and v € S*~! we set
iy (y) :=u((y —x)-ver, v(y):=v((y—x)-v);

() forx e R", v eS" 1, ¢ e R and ¢ > 0 we set

i) =u(ty —x) - v)g, DY 0)=v(Ey —x) ).

v

in place of u} ,, .

. We notice that in particular,

When ¢ = e; we simply write i}
Wy =y, Uy =0y

(m) for a given topological space X, B(X) denotes the Borel o- algebra on X. If X = R,
withd € N, d > 1 we simply write B in place of B(R?). For d = 1 we write B.

For every £"-measurable set A C R” we define LO(A; R™) as the space of all R™-valued
Lebesgue measurable functions. We endow L°(A; R™) with the topology of convergence
in measure on bounded subsets of A and recall that this topology is both metrisable and
separable.

Let A € A; in this paper we deal with the functional space SBV (A; R™) (resp.
GSBV (A; R™)) of special functions of bounded variation (resp. of generalised special func-
tions of bounded variation) on A, for which we refer the reader to the monograph [6]. Here
we only recall that if u € SBV (A; R™) then its distributional derivative can be represented
as

Du(B):f de+f [u] ® v, dH" !, 2.1
B BNS,

forevery B € B".In(2.1) Vu denotes the approximate gradient of # (which makes sense also
foru € GSBYV), S, the set of approximate discontinuity points of u, [u] := u™ — u™ where
u™ are the one-sided approximate limit points of « at S,, and v, is the measure theoretic
normal to S,.

Let p > 1; we also consider

SBVP(A;R™) :={u € SBV(A; R™): Vu € LP(A; R™") and H"~'(S,) < +o0},
and
GSBVP(A;R™) :={u € GSBV(A; R™): Vu € LP(A; R™") and H"~1(S,)) < +00}.

We recall that GSBV?(A; R™) is a vector space; moreover, if u € GSBVP(A; R™) then
we have that ¢ (u) € SBVP(A; R™) N L*®(A; R™), for every ¢ € CLl. (R™; R™) (see [33]).

Throughout the paper C denotes a strictly positive constant which may vary from line to
line and within the same expression.
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2.2 Setting of the problem

Let p € (1, +00); letcy, c2, ¢3, ca, L1, Ly be given constants such that0 < ¢; < ¢2 < 400,
0<c3<cq4 <+400,0< Ly, Ly <+o0.Let F:= F(p,cy,ca2, L1) denote the collection
of all functions f: R" x R™*" — [0, +00) satistying the following conditions:

(fl) (measurability) f is Borel measurable on R” x R™*";
(f2) (lower bound) for every x € R” and every § € R™*"

cllEl” < f(x.8);
(f3) (upper bound) for every x € R" and every & € R"*"
fx.8) < clgP;
(f4) (continuity in &) for every x € R" we have
|f( &) = f &) < Li(1+ &7 + 1817716 - &l

for every &1, & € R™*";

Moreover, G := G(p, c3, c4, L) denotes the collection of all functions g: R” x R x R" —
[0, +00) satisfying the following conditions:

(g1) (measurability) g is Borel measurable on R” x R x R";
(g2) (lower bound) for every x € R”, every v € R, and every w € R”

(1 —v” + w|?) < g(x, v, w);
(g3) (upper bound) for every x € R", every v € R, and every w € R"
g, v, w) < ca(|1 — vl + |w|?).
(g4) (continuity in v and w) for every x € R" we have
g, vi wn) = gCx, vz, w)l = La((1+ 017+ ool ur = val
(14 T P70 ol g = wo )

for every vy, v2 € R and every wi, wy € R";

(¢5) (monotonicity in v) for every x € R" and every w € R”, g(x, -, w) is decreasing on
(—o00, 1) and increasing on [1, +00);

(¢6) (minimum in w) for every x € R” and every v € R it holds

g(x,v,0) < g(x, v, w)
for every w € R".
Remark 2.1 Let x € R"; we notice that gathering (f2) and (f3) readily implies that
f(x,&) =0 ifand only if & =0. (2.2)
Moreover, from (g2) and (g3) we deduce that
g(x,v,w) =0 ifand only if (v, w) = (1, 0). 2.3)
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Let ¢: R — [0, +00) be continuous, decreasing on (—oo, 0], increasing on (0, +00), such
that (1) = 1, and ¥ (v) = 0 iff v = 0.

For k € Nlet (fx) C F and (gx) C G and let () be a decreasing sequence of strictly
positive real numbers converging to zero, as k — +00.

We consider the sequence of elliptic functionals .Z : LO(R"; R™) x LO(R") x A —
[0, +00] defined by

/A Y (v) fr(x, Vu)dx

T, A= o [agt v aVo)dr if (u,v) € WHP(A;R™) x WHP(A),
0<wv<l,
400 otherwise .
(24)

Remark 2.2 Assumptions (f2)—(f3) and (g2)—(g3) imply that for every A € A and every
(u,v) € WhP(A; R™) x WI-P(A),0 < v < 1itholds
) ) LT T
c1 | v)|Vul?dx 4+ c2 ——+e¢, VP Jdx < F(u, v, A)
A A €

k
1 —v)? _
<o [ woIvur e [ <ﬂ+s,f 1|Vv|f’> dx;
A A Ek

that is, up to a multiplicative constant, the functionals .7 are bounded from below and from
above by the Ambrosio-Tortorelli functionals

(2.5)

ATk(u,v):=/ ¥ () |[Vul? dx+/ <M+e,ﬁ’*‘|wv’> dx.
A A

&k
Remark 2.3 For later use, we notice that the assumptions on v, f; and g ensure that for every
A € A the functionals .% (-, -, A) are continuous in the strong W17 (A; R™) x WP (A)
topology.

Forevery A € A,u € LOR"; R™) and v € LO(R") it is also convenient to write
Fr(u, v, A) = FE(u, v, A) + F$ (v, A),
where 77 : LO(R"; R™) x LO(R") x A —> [0, +-00] and .7 : LO(R") x A —> [0, +00]

denote the bulk and the surface part of .7, respectively; i.e.,

f W) fe(x, Vu)dx if (u, v) € WhP(A; R™) x WhP(A), 0<v < 12
A .

FL(u, v, A= (2.6)

+00 otherwise

and

1
7/ gr(x, v, & Vo)dx ifve WhP(A), 0<v <1,
€k JA

Fi(v, A)i= @7

+00 otherwise.

For p > 2¢p,x e R", £ e R™*" and v € S"—! we consider the following two minimisation
problems

m? (ug, Q,(x)):=inf(Ff u, 1, Q,(x)): u € WHP(Q,(x); R™), u = ug near dQ,(x)}
(2.8)
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199 Page 10 of 54 A.Bachetal.

and

m‘,‘C,N(u;, Q;(x))::inf{f,f(v, Q;(x)): v € Wy p(x, V)], (2.9)
where

Ay p(x,v) = {v e WHP(QV(x), 0<v < 1: Fue WHP(Q)(x): R™)
with v Vu = Oae.in Q,(x)
and (u,v) = (u¥, 1) near 8Q;(x) in{|(y —x)-v| > sk}}. (2.10)

We observe that in (2.8) by “u = ug near dQ,(x)” we mean that the boundary datum is
attained in a neighbourhood of d 9, (x). Whereas in (2.10) the boundary datum is prescribed
only in

UN{y eR": [(y —x)-v| > e},
for some neighbourhood U of 9 Q;(x).

Remark 2.4 Clearly, the class of competitors <7, ,(x,v) is nonempty. Indeed, the pair
(ﬁ;,sw Y gk) defined as in (1), with ¢ = g, satisfies both

@@y, . 0y ) =y, 1) in {|(y —x)-v| > e} and v}

X8k VX, &

Vux o5 = =0.

X,Ek

Thus the restriction of ¥ _ to Q (x) belongs to o7, ,(x, v).

In view of (2.2) and )E)Ekthe properties satisfied by 1, we also observe that in (2.10) the
constraint
vVu =0 ae.in Q; (x)
can be equivalently replaced by
T, v, Q) (x)) = 0.
Hence, in particular, for every x € R", ¢ e R, v € S*1, p > 2, and k € N we have

Tl gy Vb QL)) = FL(OY L QL)) @11

Finally, for every x € R” and every £ € R"*" we define

fl(x, &)= hmsup—hmlnfmk(ug Qp(x)), (2.12)
p—0

f(x, &) = hmsuplhmsupmk(ug 0,(x)), (2.13)
p—0 p" k——+00

while for every x € R”" and every v € S"~! we set

1
g'(x,v) :=lim sup = hmmfmkN(ux, Q x)), (2.14)
p—0
1
g’ (x,v) := limsup — — llmsupmkN(ux,Qp(x)). (2.15)
p—0 P k—+00
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2.3 Equivalent formulas for g’ and g”

For later use, in Proposition 2.6 below, we prove that g’ and g” can be equivalently defined
by replacing the boundary conditions in (2.14)—(2.15) with suitable Dirichlet boundary con-
ditions on the whole boundary of Q} (x). More precisely, we consider the minimum values

defined as follows: For every x € R", v € S"1 and A € A we set

mi(ﬁz’gk, A):=inf{F; (v, A): v € &/ (i1}, V) (2.16)
where
A (@Y . A) = {ve WP(A), 0<v<1:3ueWP(AR"
withvVu = Qae.in A
and (4, v) = (ﬁ;'gk, M sk) near 0A}, 2.17)
with (i} . vy o) asin (D).

Remark 2.5 Let A € Abe such that A = A’ x I with A’ ¢ R"~! open and bounded and
I C R open interval. Let v € S"~! and set A, := R, A, with R, as in (f). For every k € N
we have

1=y 5 ()P ’ ’
[ (st )ar < [ [ (@=varr+vor)aa

&k
< . LA, (2.18)

where
1

Cy = / (@ =v@)? + IV O)1) dr = / (1= v@)" + V'(1)]") dt < +o0.
R

-1

In particular from (g3), Remark 2.4, and (2.18) we infer

m (@) ., A) < FE@Y 0 Ay) < caCy L1 (A). (2.19)
We are now in a position to prove the following equivalent formulation for g’ and g”. We
observe that the most delicate part in the proof of this result is to show that a suitable Dirich-
let boundary datum can be prescribed on the whole 9 Q; (x) while keeping the nonconvex

constraint v Vu = 0 a.e. in Q;(x).

Proposition 2.6 For every p > 2¢r, x € R", and v € S"! let my (it} e Q;(x)) be as
in(2.16) with A = Q (x). Then we have

1
g'(x,v) = limsup ——
0o P

lkiminf m ity . O, (X)),
p— ——+00

1
g’ (x,v) = limsup — T limsupmg @iy, , O (X)),
00 P kS0

where g', g" are as in (2.14) and (2.15), respectively.

Proof We only prove the equality for g, the proof of the equality for g” being analogous.
Letx € R" and v € S*~! be fixed and set

1
g’ (x,v):=limsup
= P

hm inf my (it} ., Q) (x)).
p—0 >+
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Fig. ; The cubes p B (x), Q;(x), Q2}1+a)p("7) and in gray the sets Ry (dark gray) and {d} < 1} (light
gray

In view of Remark 2.4 we readily have
g, v) < g'(x,v), (2.20)

for every x € R" and every v € §"~ I To prove the oppos1te inequality, let p > 0 and
o € (0, 1) be fixed and let k € N be such that gy < 2 , for every k > k. Let moreover
vk € g, p(x, v) be such that

TR (g, Qp(x) < my (uy, Q) (x) + p". (2.21)
Then, there exists uy € Wl’”(Q;(x); R™) satisfying v Vug = 0 a.e. in Q"j) (x) and
(g, vi) = (uy, 1) = (i o, 0y ) in U NIy —x) - v] > ek}, (2.22)

where Uy is a neighbourhood of 9 Q;(x).

Starting from (uy, vx) € W P(Q”(x) R™y x Wl p(Q (x)) we are now going to
define a new pair (ug,v;) € wl (Q(Ha)p(x) R™) x Wl ”(Q(Ha (x)) with 7 €
m/(uX’Sk, Q(1+a) (x)). Moreover, we will do this in a way such that .7 (U, Q (+a)p (x)) will
be bounded from above by .7} (v, Q (x)) and hence, thanks to (2.21), by mkyN(ux, Q (x)).

To this end, let B; € (0, 2¢) C (0, p) be such that Q‘[’,(x) \Q;_ﬂk (x) C Uy and set
Re=Ry((Q)\ Q)-p,) X (—ek. o)) +x
where R, is as in (f). By construction we have that

(Q)\ Q) 5 D)\ Re C Uk N{I(y — x) - v > &) (2.23)

(see Fig.1). Now let ¢ € CCI(Q;) be a cut-off function between Q;*ng and Q;,; ie
0<¢r <1,and ¢y = 1on Q;)*ﬁk' Eventually, for y = (y/, yn) € Q}’Ha)p(x) we define
the pair (iiy, Ux) by setting

T = (R = 0) () + (1= g (RTG = 20)) ), ()
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and

min{vi(y), de(y)}  in Q) (x),

o) = {min{ﬁ;,gk(y),dk(y)} i Q) a0 (¥) \ 2 ().

where dk(y):=i dist(y, Ry).-
Clearly 1y, € Wl*”(Q(”1 +a)p (x); R™), moreover, thanks to (2.22) the function Uy belongs
1, v
to W ”(Q(Ha)p (+
Ve |Vig| < v|Vur| = 0 ae. in Qz—ﬂk (x); similarly in Q‘(’Ha)p(x) \ Q,(x) there holds
V| Viig| < v, |Vi? . | = 0. Finally, thanks to (2.22) and (2.23), in Q‘;)(x)\az_ﬁk (x)\ R

(x)). Furthermore, it holds v Viiy = 0 ae. in Q‘(’l tayp (). Indeed,

X, & X, &
we have Vi, = Viiy ., = 0, while, by definition, Vr = 01in Ry.

Since moreover di > 1in Qf ) (xX) \§;+2£k (x), we also have (ik, Ux) = (it} . Uy )
in Q{4 () \ Q) 4, (). and hence Ty € o (@Y . Ofyyq, () fork = k.

Then, to conclude it only remains to estimate .7} (g, Q‘(’] +a) p(x)). To this end, we start
noticing that T4 = vy in Q) (x) N {dx > 1}, T = 0! ,, in (O} 14, () \ 0, () N {dx > 1},
while in Q;’) (x) N {dr < 1} we have

IA

1 ~ - 1 1
—grk(y, Vk, &k VUr) < —gi(y, vk, ek Vop) + —gi(x, di, e, Vdy)
Ek Ek Ek

2cy
Ek ’

IA

1
— 8k (y, vk, &k V) +
Ek

where the last estimate follows from (g3). Similarly, in (Q(Vl-Hx)p (x)\ @; x)) N{dr < 1}
we have

1 - - 1 — — 2cy
;gk(y, Uk, EkVUE) < ggk(y, Uy g0 8KVU o) + o
Thus, from (2.3) and (2.19) we infer
FLWe Q1o @) < T (W, QL)) + FE @Y 2 Oy () \ Q1)

2
+ %:E”({dk <1}) (2.24)

< ZL Wk, Q)(0)) + caCy L Q11 \ Q) + C(Br + e)p™ 2.

Then, thanks to (2.21), dividing both sides of (2.24) by ((1 + a)p)*~!, since B < 2¢; we
obtain

MLy Ol ) 1 (m,i,Nm;, 0 (x))
(+@pyT = Aay T\ po
p el +a) = 1)+ %) (2.25)

Eventually, from (2.25) passing first to the liminf as k — +o00 and then to the limsup as
p — 0 we deduce

(14" g (x,v) < g'(x, V) +caCo((1+ )" = 1),

which, together with (2.20), thanks to the arbitrariness of o« > 0 yields g'(x, v) = g'(x, v).
o
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3 Statements of the main results

In this section we state the main results of this paper, namely, a I"-convergence and inte-
gral representation result (Theorem 3.1), a converge result for some associated minimisation
problems (Theorem 3.4), and a homogenisation result without periodicity assumptions (The-
orem 3.5).

3.1 -convergence

The following result asserts that, up to subsequences, the functionals .%; I'-converge to
an integral functional of free-discontinuity type. Furthermore, it provides asymptotic cell
formulas for the volume and surface limit integrands. These asymptotic cell formulas show,
in particular, that volume and surface term decouple in the limit.

Theorem 3.1 (I"-convergence) Let (fy) C F, (gx) C G and let Fy be the function-
als as in (2.4). Then there exists a subsequence, not relabelled, such that for every
A € A the functionals Fi(-, -, A) T-converge in LO(R"; R™) x LO(R") to Z (-, -, A) with
F: LO®R": R™) x LY(R") x A —> [0, +00] given by

/ foo(x,Vu)der/ 8o (e, 1) dH"! ifu € GSBVP(A; R™),
A SuNA

Fu,v, A):= v=1lae inA,

+o00 otherwise,

where foo: R" x R™" — [0, 400) and goo: R" X S*1 [0, 400) are Borel functions.
Moreover, it holds:

i. fora.e. x € R" and for every & € R™*"

fOO(xas) = f/(sz) = f”(an)a

with f, f" as in (2.12) and (2.13), respectively;
ii. forevery x € R" and every v € S"~!

goo(x, 1) = g'(x,v) = g"(x,v),
with g/, g" as in (2.14) and (2.15), respectively.

Remark 3.2 The choice of considering functionals .%; which are finite when the variable v
satisfies the bounds O < v < 1 is a choice of convenience and it is not restrictive. Indeed,
in view of (g5) and (g6) and of the properties of v, the functionals .%; decrease under the
transformation v — min{max{v, 0}, 1}. Hence a I"'-convergence result for functionals .7}
defined on functions v with values in R can be easily deduced from Theorem 3.1.

The proof of Theorem 3.1 will be achieved in four main steps which are addressed in
Sects. 4, 5, 6, and 7, respectively. Firstly, we show that the functions f/, f”, g/, and g” satisfy
a number of properties and, in particular, they are Borel measurable (see Proposition 4.1 and
Proposition 4.5). In the second step, we prove the existence of a sequence (k;), with k; —
+00 as j — 00, such that for every A € A the corresponding functionals i, (-, -, A)
I'-converge to a free-discontinuity functional which is finite in GSBV?(A; R™) x {1} and
is of the form

/ f(x, Vu)dx +/ $(x, [u], v,) dH" L, 3.1
A SuNA
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for some Borel functions f and g (see Theorem 5.2).

In the third step we identify f by showing that it is equal both to f” and f” (see Proposi-
tion 6.1). Eventually, in the final step we identify g by proving that it coincides with both g’
and g” (see Proposition 7.4). The representation result for ¢ implies, in particular, that the
surface term in (3.1) does not depend on [u].

The following result is an immediate consequence of Theorem 3.1 and of the Urysohn
property of I'-convergence [32, Proposition 8.3].

Corollary 3.3 Let (fx) C F, (gr) C G and let F. be the functionals as in (2.4). Let f', f”
be as in (2.12) and (2.13), respectively, and g’, g’ be as in (2.14) and (2.15), respectively.
Assume that

F(x,8) = f'(x,6) = foolx,&), fora.e x € R" and for every &€ € R™*"
and
g'(x,v) =g"(x,v) = goo(x,v), foreveryx € R" and everyv € S" 1,

for some Borel functions fso: R" x R™ " — [0, 400) and goo: R* x "~ — [0, +-00).
Then, for every A € A the functionals % (-, -, A) I'-converge in LO(R™: R™) x LO(R™) to
F(, -, A) with F: LYR™; R™) x LOR") x A —> [0, +-00] given by

/ Soo(x, Vu)dx + / oo, v,,)d?—["_1 ifue GSBVP(A;R™),
A S.NA

F(u,v, A):= v=1aeinA

+00 otherwise.
3.2 Convergence of minimisation problems
In view of Theorem 3.1 and Corollary 3.3 we are in a position to prove the following result on
the convergence of certain minimisation problems associated with .%. Other minimisation

problems can be treated similarly.

Theorem 3.4 (Convergence of minimisation problems) Assume that the hypotheses of Corol-
lary 3.3 are satisfied. Let ¢ > 1, let h € L1(A; R™), and set

My, := inf {fk(u, v, A) +/A lu — h|9dx: (u,v) € LOR"; R™) x LO(R”)}.
Then My — M as k — +00 where
M := min :ﬁ(u, 1, A) +/;x lu —h|?dx: u e GSBVP(A; R™) N LY(A; R’")}. (3.2)
Moreover if (uy, vi) C LO(R"; R™) x LOY(R") is such that
lim (ﬁk(uk, Uk, A) +/A lug — h|?dx — Mk> =0, 3.3)

k—+00

then vy — 1in LP(A) and there exists a subsequence of (uy) which converges in LY(A; R™)
to a solution of (3.2).
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Proof Let (ug, vy) C LO(R™; R™) x LO(R") be as in (3.3). Then the convergence vy — 1
in L?(A) readily follows by (g2), whereas the lower bound in (2.5) on the functionals %
together with [36, Lemma4.1] give the existence of a subsequence (uk_,.) C (uy) withu K > u

in LO(A; R™), for some u € GSBVP(A; R™). Eventually, the convergence My — M, the
improved convergence u k> u in L9(A; R™), and the fact that u is a solution to (3.2) follow
arguing as in [34, Theorem 7.1], now invoking Corollary 3.3. O

3.3 Homogenisation

In this subsection we prove a general homogenisation theorem without assuming any spatial
periodicity of the integrands f and gi. This theorem will be crucial to prove the stochastic
homogenisation result Theorem 8.4.
In order to state the homogenisation result, we need to introduce some further notation.
For feF,geG Ae A andu € WHP(A; R™) set

FP(u, A) ::/ f(x, Vu) dx, (3.4)
A
while for v € WP (A) with 0 < v < 1 set
F (v, A) = / g(x, v, Vv)dx. (3.5)
A

Let A € A; for x € R" and € € R™*" we define
m? (ug, A):=inf{Z(u, A): u € WHP(A; R™), u = ug near A}, (3.6)
while for z € R”, v € S*~!, and uy asin (k) (with x = z) we set
ms(ﬁ‘;, A) :=inf{F(v,A): v € 427(12;, A)}, 3.7

where o/ (4}, A) is asin (2.17), with u; ¢ and 4 ¢, Teplaced, respectively, by uy and v (that
is,x =zand g, = 1).
We are now ready to state the homogenisation result; the latter corresponds to the choice

X X
file, &) = (=€) and glxv.w) =g = v,w), (3:8)
Ek Ek
with f € F and g € G. We stress again that we will not assume any spatial periodicity of f
and g.

Theorem 3.5 (Deterministic homogenisation) Let f € Fandg € G. Letalsom® (ug, Or(rx))
be as in (3.6) with A = Q,(rx) and m*(u),, Q) (rx)) be as in (3.7) with z = rx and

A = QV(rx). Assume that for every x € R", & € R™*" v € §"~! the two following limits

m’ (ug, Q,(rx))

lim = fhom (€), (3.9)
r—-+00 r

fjm e O (7)) ("”"_Q{ T _: ghom). (3.10)
r——+00 rh

exist and are independent of x. Then, for every A € A the functionals Fy(-, -, A) defined
in (2.4) with fi and gi as in (3.8) T-converge in L°(R"; R™) x LY%(R") 1o the functional
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Fhom (-, A), with Fnom : LO(R™; R™) x LOR") x A —> [0, +00] given by

/ Shom (V) dx +/ &hom (Vi) dr! ifue GSBVP(A;R™),
A A

yhom(us v, A): v=1lae inA

+00 otherwise.

Proof Let f/, f” be as in (2.12), (2.13), respectively, and g, g” be as in (2.14), (2.15),
respectively. By virtue of Corollary 3.3 it suffices to show that

from@) = f'(x,8) = f"(x, ), ghom(V) = g'(x,v) = g"(x,v), (G.1D)

forevery x e R", & e R™*" and v € sn-1,
We start by proving the first two equalities in (3.11). To this end, fix x € R", & € R™*",
p>0andk € N. Take u € WhP(Q,(x); R™) and let uy, € leP(Qﬁ(é); R™) be defined
ek

as up(y) = Lu(eky) We notice that u = ug near dQ,(x) if and only if uy = ug near

30, ( ~). Moreover, a change of variables gives Fhw, 1, 0,(x) = el ZP(uk, Q2 (;‘—k))
€k
P

from Wthh setting ry : =, we immediately deduce

n

m} (ug, Qp(x)) = efm® (ue, Qi(%&)) = %mb(ug, O, (rk%)),

and thus (3.9) applied with x replaced by x/p yields
mf (g, Qp()) . m’(ug, On (i 7))

R R
Eventually, by (2.12) and (2.13) we get f/'(x, &) = f"(x, &) = fhom (&), for every x € R",
£ e Rm*n
‘We now prove the second two equalities in (3.11). To this end, for fixedx € R",v € s
p>0andk € N,letv € %(ﬁ;,sk’ Q;(x)); then there exists u € W“’(Q;(x); R™) such
that

vVu =0 ae.in Q”(x) and (u,v) = ) near BQ (x). (3.12)

(Mx Sk’ x Sk

Define (ug, vi) € Wh ”(Q () R™) x wh ”(Q” (z0) as ur(y) = ug(exy), vi(y) ==
v(ery). Then (3.12) is equwalent to

vr Vup =0 aean ( )and (ug, ve) = (" , v ) near aQ ( )

ek ek
thatis, vy € o7 (4" , Q" ( )) Further, by a change of variables we immediately obtain that
£k
TP, Qp(x)) = g lﬂs (vk, 0% (E"—k)) . Hence, again setting ry : :;, we infer
ek

1

mk(ux &’ Qp(-x)) = 8”

- g p m
w' (1% 0% (3) = oy 3. 0 2))

Hence invoking (3.10) applied with x replaced by x/p we get

_ s (v v X
Comi@,, 0ny ™ 0n(ng)
lim ————~—— = lim ; = Zhom (V).
k—+00 ,()n_1 k—+00 r;?
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Eventually, Proposition 2.6 gives g’ (x, v) = g”(x, V) = ghom(v), foreveryx € R, v € §"~!
and thus the claim. O

4 Propertiesof f',f"”,g’, g"

This section is devoted to prove some properties satisfied by the functions f/, f”, g’, and g”
defined in (2.12), (2.13), (2.14), and (2.15), respectively.

Proposition 4.1 Let (fi) C F, then the functions f' and f" defined, respectively, as in (2.12)
and (2.13) satisfy properties 2.2-(f3). Moreover they also satisfy (f4), albeit with a different
constant L1 > 0.

Proof The proof readily follows from [27, Lemma A.6]. O

Remark 4.2 As shown in [27, Lemma A.6], hypothesis (f4) in the definition of the class F
can be weaken to obtain a larger class of volume integrands F which is closed, in the sense
that if (fx) C F then f/, f” € F.

Before proving the corresponding result for g’, g’ we need to prove the two following
technical lemmas.

Lemmad4.3 Let p,§, e > O with p > § > 2¢&;. Set
my (@), , O (0):=inf{F (v, Q4 (x): v e @), Q%))
where
i) .. V() = {ve WP (Q)(x)),
0 <wv<l1:3ueWP(Qx):R") withvVu =0
ae. in Q4(x) and (u,v) = (i) .. 0y,) in Q4(x)\ Q,_s(x)},

) are as in (1). Moreover; let g, g : R" x "1 — [0, +00] be the functions

and (i), Sk, vy ™
defined as

g,(x,v) = ;r;g%clm infmy’ (ux e Qp(0) = lgn Llfl“f m}’ s(ux e Qp(0),

(x V) = 1r>1f lim supmi‘s(ux e Qp(x)) = lm})hm supmk (ux e Q x). &1
k—+o00 k—+o00

Then the restrictions of g;), g;,’ to the sets R" x S’j__l andR" xS"~" are upper semicontinuous.

Proof We only show that the restriction of the function g;) to the set R" x ’S\’rl is upper
semicontinuous, the other proofs bemg analogous

Letp > 0, x € R*, and v € S” be fixed. Let 8’ > 8, since 7% (ity ¢ Qp(x)) C
A UM g Q;’) (x)), we immediately obtain that in (4.1) the infimum in 6 > 0 coincides with
the limit as § — 0, which in particular exists. Thus, for fixed n > 0 there exists §, > 0 such
that

. 5,0 = /
lim inf mj:? (i} o, Q) () < g, (6. v) + 1, 4.2)

for every § € (0, §;). Fix 89 € (0, 8—”), hence by (4.2) we get

lim inf ™ @}, Q) () < ) (x,v) + . (4.3)
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) A Tyj
TN S ———— iz . -,
...... i .
— S,
p— 30
)
i The cubes Q5L Qs 1 Q;j (x), and in gray the sets Ry ; (dark gray) and {d; < 1} (light

gray)

Now let vy € &0 (@) ., Q) (x)) be such that

X,E°
FE (og, Q1) <m0, 04 () +n, 4.4)
hence, in particular, vy Vup = 0 a.e. in Q/‘; (x), for some uy € Wl’p(Q;(x); R™); further
(o vg) = (@4 50 ) 0 (QL0)\ Q)35 (0)). 4.5)

Now let (xj,v;) C R" x gﬁ_l be a sequence converging to (x, v). Thanks to the continuity
of the map v — R, there exists j = j(89) € N such that for every j > ] we have

Qb 55, () C Q)5 (xj) and Q)7 i (x)) C Qb 45 (x). (4.6)

We now modify (ug,vr) to obtain a new pair (ug,Vx) € WI'P(Q;j(xj);Rm) x
WP (Q (xj)) with B € &% (iiy) ¢ Q (x;)) for any j > j and any § € (0,80). To
this end, set

Jn
hi,j==¢r +1x — x| + 7/0|V —vjl

and
—
Rkvj::RV<(Q:o—350+2sk \ Qp35,) X (= hajs hk»j)) +x,
(see Fig.2). o
Upon possibly increasing j, we can assume that Ry ; C Q;—380+25k )\ Q;_350 (x), for

every j > J. Thus, setting d (y)::ﬁ dist(y, R, ;) and using (4.6), for g; < %0 we also have

{di < 1) C Q) 25,0\ Qs () C 0,15 (x)\ Q55 (x))- (4.7)
Now let ¢ € CSO(Q;_%OHSk) be a cut-off between Q;_%O and Q;_350+2£k; ie,0<q <

land g = 1in Q’p_350. Fory € Q;j (x;) we set
(= (R = )k ) + (1= (R = 20)) )i, )
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and

min {ve(y), dk (N} in Q35 (0),

U ()= [min {08 0 ). de ()} 10 Q) () \ Q) _s5, (1)

. ~ ~ . v ~ —Vj ~ =Vj .
By construction, we have uy = uy, vp < v in Qp_350(x) and ug = lyj g, Vk < Uxjg 10

;j (x;)\ Q}’)73 So-+26x (x); therefore, in particular, it holds

0 < U |Vig| < v|Vur| =0 ae.in QZ_%O(X)

~ ~ _\Jj _Vj . \}j v (48)
0 < 0|Vl < ij,£k|vuxj-,£k| =0 ae.in Qp (xj) \ Qp—350+2£k('x)'
Moreover, for y € (Q;_350+25k (x) \@;_350 (x)) \fk,j we have
[y =) vl =R (y = x) - enl > i j > & (4.9)

Then, by applying the triangular inequality twice, also noticing that Q) (x) C Bﬁp(x), we
T
obtain
| = x)) vl > hej = | =] =y = xllv = vj| = & (4.10)
In view of (4.5), gathering (4.9) and (4.10) we infer that
W= = e U= h, = e 0 (Q) 35426, )\ @3y (0) \ R
Hence 3 € W''P(Q, (x)) and Viiy = 0in (Q"_s5 ., () \ O, 35 (1)) \ Re,j. Since

moreover Uy = 0 in Ry j, we immediately obtain that 7 Viiy = 0 in Q;_3 so2e, )\

0,35, (x), which in view of (4.8) yields

U Viig =0 ae.in Q) (x;).

Eventually, since in Q;j (x)H\ Q‘;)_3 5

that (@, Tk) = (it} e Dx).e) in @ (x)) \ @, 5, (x)), hence also in Q) (x;) \ Q,(x))

for every 8 € (0, 80). In particular, 3 € &/°(iiy] ¢, Q' (x;)) for any § & (0, 89). Now it

(x) wehave v = ﬁ;i & ifdy > 1, from (4.7) we deduce

only remains to estimate .7 (U, Q;’ (x;)). Arguing as in Proposition 2.6, we get
TE W, Q) (x))) < T (wi, Q5(0)) + Fi (U)o O (1)) \ Q35 ()
2¢4
+8—£ ({dr < 1}). “4.11)
k
Moreover, the second inclusion in (4.6) together with (2.3) and (2.19) implies that
TE O e Q) )\ Q)35 (X)) < T () 2 Q) (6 \ Q)5 (X))

=L (Q)\ Q) sy)) = Coop" 2, (@12)

also
2¢4 , des 1y —
;E ({d < 1}) < ;C (Q)—380-14e, \ Qp—380-261) (i j + 1)

< Chij(p —380)" 2 + Oer) , (4.13)

as k — +o0.
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Since U € % (iiy] ¢, Q' (x;))forany s € (0, 80), by combining (4.4) and (4.11)~(4.13),
we get

m} iy e Q) () <m0 @Y L Q8 () + 1+ CB0 + hy, )" 2 + Ole). (4.14)
as k — +o0. Using (4.3) and taking in (4.14) first the liminf as k — 400, then the limit as
8 — 0, and finally the limsup as j — 400 gives

lim supg;)(xj, vj) < g;](x, V) + 25 + Céop" 2,

Jj—>+oo
since limj limy Ay, j = 0. Therefore, letting 5o — O the upper semicontinuity of g;) restricted
to §”+—1 x R follows by the arbitrariness of n > 0. O

Lemma 4.4 Letg' and g" be asin(2.14) and (2.15), respectively, and let g, g, be asin (4.1).
Then for every x € R" and every v € S"~! it holds

1
g'(x,v) = lim sup ﬁg;(x, v) and g"(x,v) = lim sup lgp(x V).
p—0 P p—0

Proof We prove the statement only for g/, the proof for g” being analogous. We notice that
since 7% (. Qf, x)) C d(ﬁ;,gk, 0, (x)) forevery & € (0, p), we clearly have

1
g'(x,v) < limsup —— g/ (x, v),
p—0 P

therefore to conclude we just need to prove the opposite inequality. This can be done by
means of an easy extension argument as follows. For fixed p > 0, x € R", and v € Nt
and for every k € N such that g, € (0, 2) let vy € 42%(12;,81(, Q;(x)) satisfy

T (e, @, () <my(iy ., Qp(x)) + p", (4.15)

and let u; € lel’(QZ (x); R™) be the corresponding u-variable. Let « > 0 be arbitrary;
thanks to the boundary conditions satisfied by (uy, vir) we can extend the pair (uy, vg) to

Q) 4)p (¥) by setting (ug, vi):=(uy o, VY ) in Q)4 () \@; (x). Then (2.3) and (2.19)
yield
T W O 4oy 00) < T (Ws Q5(0)) + T (32,12 (O 400y () \ O (1)

(4.16)
T 0k, Q5 () + caCy (1 4+ a)" ™ = 1))p" .

Moreover, for § € (0, ap) we have v € 7% ("

Yoeps Q‘(’1+a)p(x)), thus (4.15) and (4.16) give

1 l
inf lim inf g * @, Q) oy (1) < M@ 0 Q)0 + 0" +eaCul( )" = 1)p"

Hence, dividing the above inequality by ((1 + «) )"~ and taking the limsup as p — 0,

thanks to Proposition 2.6 we obtain

1
(1 +a)" 1hmsup —— g, (x,v) < g (x, V) + G (L + )" = 1)),
p—>

thus we conclude by the arbitrariness of « > 0. O

We are now ready to state and prove the following proposition which establishes the
properties satisfied by g’ and g”.
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Proposition 4.5 Let (gx) C G; then the functions g’ and g" defined, respectively, as in (2.14)
and (2.15) are Borel measurable and satisfy the following two properties:

(1) (symmetry) for every x € R" and every v € S"~! it holds
gx,v) =g, —v), g'(x,v)=g"{x, —v); 4.17)
(2) (boundedness) for every x € R" and every v € S"~! it holds

ciep < 8'(x,v) < cacp, c3cp < g (x,v) < cacy, (4.18)
I—p
where ¢, :=2(p — I)T].

Proof We prove the statement only for g’, the proof for g” being analogous.

We divide the proof into three steps.

Step 1: g’ is Borel measurable. Let p > 0 and let g; be the function defined in (4.1).
Arguing as in the proof of Lemma 4.4 we deduce that the function p — g’p (x,v) —c4Cyp" !
is nonincreasing on (0, +-00). From this it follows that

lim g/, (x,v) > g, (x,v) > lim g (x,v),
o= p— o P ol—pt o
for every x € R”, v € §"7!, and every p > 0. Thus, if D is a countable dense subset of
(0, +00) we have

, 1 , 1
hr;ljgp Fg; (x,v) = 111;1:(1)11) o gp(x,v)
peD

and hence by Lemma 4.4 we get

1
g'(x,v) = limsup —— g/ (x, v).
p—0 P

peD

Therefore the Borel measurability of g’ follows by Lemma 4.3 which guarantees, in particular,
that the function (x, v) g}, (x, v) is Borel measurable for every p > 0.

Step 2: g’ is symmetric in v. Property (4.17) immediately follows from the definition of
¢ and from the fact that u? = —u; " + ¢ a.e. and Q‘[’)(x) = Q;”(x) (see (f)), which implies
in particular that v € o7, ,(x, v) with corresponding u € W”’(Q; (x); R™) if and only if
v € W p(x, —v) with corresponding w:= —u + ey € Wl’P(Q;"(x); R™).

Step 3: g’ is bounded. To prove that g’ satisfies the bounds in (4.18) we start by observing
that thanks to (g2) and (g3) we have

1—v)?
63/ <ﬂ+85 1|Vu|p> dx < FE (v, Q) (x))
Q) (x)

Ek
1 —v)? _
<o f (! el ‘|Vv|") dx,
oy \

forevery v € Wl*P(Q}j (x))withO <v < lae.in Q}’, (x). Therefore to establish (4.18) it is
enough to show that

lim my ,(x,v) =cpp" ", (4.19)
k——+o0
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for every x € R" and p > 0, where

. . (1 - v)p p—1 p .
my ,(x, v):=min ——+¢ VP |dy:ve gy p(x,v) .
0% ()

&k

Letx e R", v e S"!, p > 0, and let k € N be such that 2¢; < p. By the homogeneity and
rotation invariance of the Ambrosio-Tortorelli functional we have

my ,(x,v) = mak,p(O, en),

Let » > 0O be arbitrary; reasoning as in the construction of a recovery sequence for
the Ambrosio-Tortorelli functional we find a sequence (i, v,) C WVP(Q 0(0); R™) x
W]*”(Q,,(O)) satisfying vy Vuy = 0 a.e. in Q,(0), (u, vi) = (uf)”, 1) in {|y,| > & T} for
some 7, > 0 and

1 — )P _
lim sup/ (ﬂ + elf 1|Vvk|p) dx = (cp + 77),0"_1. (4.20)
k=400 J0,0) &k

Then, using a similar argument as in the proof of Proposition 2.6, we can modify vy to obtain
a function vy € Wl”’(Qp(O)) satisfying 7y = 11in Q,(0) \ Qp—e, (0) N {|yn| > &x} and

Y
f ) <7( 8:") +ef 1|Vvk|1’>dx
0,(0)

1—v)P _
5/ (ﬂﬂ,{’ 1|Vvk|P> dx + Cerp" 2. 4.21)
0,0 &k

In particular, since v € <, ,(0, e,), gathering (4.20)-(4.21), by the arbitrariness of > 0
we conclude that

lim supmy ,(0, e,) < c,,p”’l. (4.22)

k— 400

We now turn to the proof of the lower bound. By the Fubini Theorem we have

1 —v)? _
/Q@) <i( e 1|w|p)dx
P

/’ /7 ( a- v(x xn))P f‘lwv(x’,xn)lp) dx, dx’ (4.23)

/ / ((l—v(x xn))p+85—1‘wp>dxndx/.
)y 0x,

Then, if v € o7, ,(0, e,) the corresponding u coincides with ug” in a neighbourhood of

[S1Y N‘h

aiQp(O):z{(x’, X)) eRIUX R X €0, xy = ig}.

Since it must hold that vVu = 0 a.e. in Q,(0), then almost every straight line intersecting
9t0 0 (0) and parallel to e, also intersects the level set {v = 0}. Indeed, for £ laex' e Q;
the pair (uy (1), vy (1)):=(u(x’, 1) - e1, v(x', 1)) belongs to WP (=5, 8) x WhP(=5.4)
and satisfies

du(x’, 1) 1 P p
v (O (1) = V(&' =2 o1 = 0 for Llae. 1 € (- > 5), (4.24)

n
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as well as v (£5) = 1, uy(—5) = 0, and uy(5) = 1. Since u, € Wl’p(—g, £), the
boundary conditions satisfied by u,- imply the existence of a subset of (— g, g) with positive
£!-measure on which u;, # 0, hence v,y = 0 in view of (4.24). In particular, for £ ae.
x' € O, there exists s € (=45, §) such that v(x’, 5) = 0.

Therefore, the Young Inequality

p—1

(1 — v, x2))? e v, xn) |7 2( P )Tp%(l_v(x/’xn))p—l Jv(x’, xp) ’
&k dxy, p—1 9xy
applied for £"-ae. x’" € Q;) together with the integration on (—g, g) give
2
fz ((1 — v, x0))? e dv(x’, xn) ") dx,
_§ Ek 0xp
:/‘ ((1—v(X’,xn))” e dv(x’, xn) ") dx,
_% Ek axn
P
2 (1 =v(x', x0))P —1]dv(x’, P
+/ (( U(X xn)) +6‘If 1 U(X xn) )dx”
s Ek 0xp
PN
> 2(7) ,ﬁ/ (1-nPtdt=cp, (4.25)
p—1 0
for £ 1-ae. x' € Q). Thus, gathering (4.23) and (4.25) we get

l—v)?
/Q © (% + ek lWv'p) de z epp"™,
P

for every v € @, (0, e,). Passing to the infimum on v and to the liminf as k — +o00 we
get

lim inf my_, (0, e,) > cpp" ", (4.26)
k—+o00

for every p > 0. Eventually, by combining (4.22) and (4.26) we get (4.19), and hence (4.18).
O

5 IN-convergence and integral representation

In this section we show that, up to subsequences, the functionals .%; I'-converge in
LOR™; R™) x LO(R") to an integral functional of free-discontinuity type. This result is
achieved by following a standard procedure which combines the localisation method of
['-convergence (see e.g., [32, Chapters 14-18] or [23, Chapters 10, 11]) together with an
integral-representation result in SBV [17, Theorem 1]. Though rather technical, this proce-
dure is by now classical. For this reason here we only detail the adaptations of the theory to
our specific setting, while we refer the reader to the literature for the more standard aspects.

We start by showing that the functionals .7 satisfy the so-called fundamental estimate,
uniformly in k.

Proposition 5.1 (Fundamental estimate) Let .7 be as in (2.4). Then, for every n > 0 and
for every A, A’, B € Awith A CC A’ there exists a constant M,, > 0 (also depending
on A, A', B) satisfying the following property: For every k € N and for every (u,v) €
WLre(A; Ry x WhP(A)), (0, 7) € WHP(B;R™) x WhP(B), 0 < v, < 1, there exists a
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pair (4, 0) € WHP(AU B; R™) x WHP(A U B) with 0 < § < 1 such that (4, 9) = (u, v)
ae inA, (,0) = (4,V) a.e.in B \X/ and

Fi (1,0, AUB) < (1 +n)(Fx(u, v, A') + F (4,7, B))
+M77(||u _ﬁl|Lp(S;Rm) +8k ) (51)

where S:=(A" \ A)N B.

Proof Fixk e N,n >0and A, A, B€ AwithA cC A.LetN e Nand Aj,...,Ay1| €
A with

ACCA| CC...CCAyy CCA.
Foreachi =2,..., N + 1 let ¢; be a smooth cut-off function between A;_; and A; and let

M = , max. IV @illoo.

Let (1, v) and (i, D) be as in the statement and consider the function w € LO(R") defined
by

w = min{v, v},

clearly0 < w < 1.Fori =3, ..., N wedefine (&', o') € WHP(AUB; R™) x WP (AUB)
as follows

i—1v+ (1 —gi—Dw inA;_y,
i =qgiu+(1—¢)u and 9" :={w inA; \ Aj_1,
Giv1w+ (1 — @iV inR"\ A;.
Then, setting S;:=A; \ A;_1 and taking into account the definition of (ii’, 7') we have
Fi(@', 9, AUB) < Fr(u, v, Al 2) + Fi(u, 0, i1 N B) + Zi(@', w, S; N B) 52)
+ Fx (@, 0, Six1 N B) + Zx (@, V, B\ Ajy1). .

We now come to estimate the three terms in (5.2) involving the sets S;_1, S;, and S;41. We
start observing that thanks to (f3) and (f2), exploiting the definition of w and the fact that i
is increasing, we have

F(w, 9, 81N B) < 02/ Y)IVul? dx < ZF (v, S NB).  (53)
Si—1NB Cl

Analogously, there holds
FLE, 0, S0 N B) < SFL@W, T, Si1 0 B). (5.4)
c1

We complete the estimate of the bulk part of the energy by noticing that on S; N B we have

\Vid' [P < 3P~ (Vi Plu — &P + |Vul” + |Vii|?)
< 3PN (MP|u — |7 + |Vul? + Vi)
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Integrating over S; N B, using (f3) and (f2), the definition of w, and the monotonicity of v,
we infer

FL@ w, ;N B) < Cz/ W (w)|Vid' |? dx
SiNB

§c23p_1f (w(v)wuv’+w(5)|vﬁ|P)dx+3P—1MPcz/ lu — P dx (5.5)
SiNB SiNB

3p-le
- 2

(Z2(u, v, SN B) + FP@, 7,8, N B)) + 3p_1Mpc'2f lu — |” dx.
C1 SiNB

It remains to estimate the surface term in .%;. Thanks to (g3) it holds

(M +e,f*1|Vw|P> dx. (5.6)

Fi(w, SiNB) < 04/
Ek

SiNB

We now want to bound the right-hand side of (5.6) in terms of .7} (v, S; N B) + .7} @, S;NB).
To this end we first observe that by definition of w we have

[Vw|? < |Vv|]? +|VD]? and (1 —w)? <1 —v)”+ 1 -, (5.7
Thus, thanks to (g2), (5.6) becomes
Fi(w, SN B) < C—“(,/f,j(u, Si N B) + .7 (v, S; N B)). (5.8)
3

Moreover, it holds

. 1 — Ve
FL@', (Si—1 U Siy1) N B) 564/ ( )

( ,f*l|vﬁf|P) dx. (5.9)
(Si—1USi+1)NB €k

By the definition of ' and by the convexity of z — (1 — z)? forz € [0, 1], 0n S;_; N B we
have
(1= = (@11 =) + (I — @i (1 — w))”
<(1—v)"+ 1 —w)? <2((1—v)? + (1 =D)P),
where in the last step we used again (5.7). Similarly, there holds
V"7 < 3771 (1VgilP v — w]” + | Vul” + [Vw|)
<3P H(MP v = TP 4+ 2(V|? + |VT|P)).
Since analogous arguments hold on S;; N B, from (5.9) and (g2) we deduce
T, (SiZ1 U Sip1) N B) <377 12 (@k(v (Si—1 USix1) N B)
+ 7 (v, (Si—1U Si+1) N B)) (5.10)

_ —1 ~
+ 37 1M”C4/ 7 v — 7P dx.
(Si—1USi+1)NB

Now set M:= ((l+3p71)c2 (1+3p712)c4) then, summing up in (5.2) overall i, gathering (5.3)-
(5.5), (5.8), and (5. 10) by averaging we find an index i* € {3, ..., N} such that

Fe@" 9", AUB) <

Zﬂk(” ', AU B)
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o~

M
(l—l-Ni)(%((u v, A + F (U, ,B))

3p=lpyp 3p=lyr _ -
+7C2/|u—u|”dx+7c4/8,f "o — %P dx.
S

N N-2
Thus, upon choosing N large enough so that = < 7, since 0 < v, v < 1 we obtain (5.1)
by setting (0, 0):=(i'", ?") and M,y: 3” IMP (c2 + 2C4£"(S)) O

On account of the fundamental estimate, Proposition 5.1, we are now in a position to prove
the following I"-convergence result.

Theorem 5.2 Let % be as in (2.4). Then there exist a subsequence (L%(j) of (%) and a
Sfunctional F : LOR™: R™) x LO(R") x A —> [0, +00] such that for every A € A the
functionals ﬁkj (-, -, A) T-converge in LO(R"; R™) x LO(R™) to Z(-, -, A). Moreover, F
is given by

/ Fx, Vu) dx +/ 80, [ul, vi) dH"™" ifu € GSBVP(A;R™), v =lace. in A,
F(u,v,A):=13Ja SuNA
+00 otherwise,

with f: R" x R™*" — [0, +00), §: R" x R x S"=! — [0, +-00) given by

N 1
Sf(x,§) :=lim SBIP 7m(us, 0p(x)), (5.11)
p—
g(x, ¢, v) —hmsup m(ux;, Q (x)), (5.12)
p—

for every x € R, & € R"™", ¢ € R" and v € S" !, where for A € A and
i€ SBVP(A; R™)

m(ii, A):=inf{F(u,1,A): u € SBVP(A; R™), u = it near A} .
Proof Let #', Z": LO(R"; R™) x LO(R") x A —> [0, +00] be the functionals defined as

F'(-, -,A)::F-Eminfﬂk(-, A and F"(., -, A):=I-limsup.Z (-, -, A).
—>+00

k—~400

In view of Remark 2.2 we can invoke [36, Theorem 3.1] to deduce the existence of a constant
C > 0 such that

1 n—1 /
E(/A Vul? dx + 77N ($0 N A) = F . 1, 4)
<7"(u, 1, A) (5.13)
< C(/A Vul? dx + 77N (5,0 4)),
forevery A € A and every u € GSBV?(A; R™); moreover
F'(u,v, A) = F"(u,v, A) = +oo ifeither u ¢ GSBVP(A;R™) or v # 1.(5.14)
By the general properties of I'-convergence we know that for every A € A fixed the func-

tionals .#'(-, -, A) and .Z"(-, -, A) are LO(R"; R™) x LO(R") lower semicontinuous [32,
Proposition 6.8] and local [32, Proposition 16.15]. Further, the set functions .%'(u, v, -) and
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F"(u, v, -) are increasing [32, Proposition 6.7] and .%’(u, v, -) is superadditive [32, Propo-
sition 16.12].

Invoking [32, Theorem 16.9] we can deduce the existence of a subsequence (k;), with
kj — 400 as j — o0, such that the corresponding .#’ and .Z" also satisfy

sup  F(u,v, A = sup  F'(u,v, A) = Fu,v,A), (5.15)
A'CCA,AeA A'CCA, A'eA

forevery (u, v) € LOR"; R™) x LO(R") and for every A € A. We notice that the set function
Z (u, v, -) given by (5.15) is inner regular by definition. Moreover .# satisfies the following
properties: the functional .#(-, -, A) is LO(R™; R™) x LO(R") lower semicontinuous [32,
Remark 15.10] and local [32, Remark 15.25], while the set function .% (u, v, -) is increasing
and superadditive [32, Remark 15.10].

Thanks to the fundamental estimate Proposition 5.1 we can appeal to [32, Proposition 18.4]
to deduce that .% (u, v, -) is also a subadditive set function. Here the only difference with a
standard situation is that the reminder in (5.1) is infinitesimal with respect to the L? (R"; R™)
convergence in u while we are considering the I'-convergence of .7, in LOR™; R™) x
LO(R™). However, this issue can be easily overcome by resorting to a truncation argument
together with a sequential characterisation of .7 (see e.g., [32, Proposition 16.4 and Remark
16.5]), which holds true on SBV?(A; R™) N L*°(A; R™). Hence, we can now invoke the
measure-property criterion of De Giorgi and Letta (see e.g., [32, Theorem 14.23]) to deduce
that for every (u, v) € LO(R"; R™) x LO(R") the set function .% (u, v, -) is the restriction to
A of a Borel measure.

Furthermore, (5.13) together with [32, Proposition 18.6] and Proposition 5.1 imply that

Fw,1,A) = F(u,1,A) = F"(u,1,A) if ue GSBVP(A;R™),

while, gathering (5.13) and (5.14) we may also deduce that

Fu,v,A) =F (u,v,A) =.F"(u,v, A) = 400 ifeither u ¢ GSBVP(A;R™) or v # 1.

As a consequence, (-, -, A) coincides with the I'-limit of .F; (-, -, A) on LOR™; R™) x
LOR™), for every A € A.

By [17, Theorem 1] and a standard perturbation and truncation argument (see e.g., [27,
Theorem 4.3]), for every A € Aand u € GSBV?(A; R™) we can represent the I'-limit .7
in an integral form as

y(u,l,A)=/f(x,W)dx+f 8Cx, [ul, vy) dH" L,
A S.NA

for some Borel functions f and g. Eventually, thanks to (5.13), it can be easily shown that f
and g are given by the same derivation formulas provided by [17, Theorem 1], that is, they
coincide with (5.11) and (5.12), respectively. ]

6 Identification of the volume integrand

In this section we identify the volume integrand f . Namely, we prove that f coincides with
both f’ and f”, given by (2.12) and (2.13), respectively. This shows, in particular, that the
limit volume integrand f depends only on fk, and hence only on .%, ,ﬁ’ .
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Proposition 6.1 Let (fx) C F and (gr) C G. Let (k) and f be as in Theorem 5.2. Then it
holds

Fo, &) =6, 8= &, &),

fora.e. x € R" and for every & € R™*" where " and " are, respectively, as in (2.12) and
(2.13) with k replaced by k ;.

Proof For notational simplicity, in what follows we still let k denote the index of the sequence
provided by Theorem 5.2.
By definition f’ < f”, hence to prove the claim it suffices to show that

f(x,8) < f(x,8) < f(x,8), 6.1)

for a.e. x € R" and for every § € R™*". We divide the proof of (6.1) into two steps.

Step 1: In this step we show that f(x,&) > f”(x, &) for a.e. x € R" and for every
£ € Rmxn,

By Theorem 5.2 we have that

/fm&m=9%JAL 62)
A

for every A € A and for every £ € R".

Now let x € R” be arbitrary, let A € A be such that x € A, and let p > 0 be so small that
Q,(x) C A. By I'-convergence we can find (uy, vy) C LO(R™; R™y x LO(R™) which is a
recovery sequence for .7 (ug, 1, A); i.e., (ug, vr) C WLP(A; R™) x WLP(A),0 < v <1,
(ux, vr) converges to (ug, 1) in measure on bounded sets and

lim  F(ug, vi, A) = F(ug, 1, A). (6.3)
k——+00

Moreover, by (g2) we also have vy — 1 in LP(A).
‘We notice that (uy, vy ) also satisfies

kEI—Eoo Fi(uk, vk, Qp(x)) = F(ug, 1, Qp(x)) . (6.4)
Indeed, thanks to (6.2) we have
Fug, 1,A) = Flug, 1, 0p(x)) + Flug, 1, A\ Q,(x)).
Therefore, again by I'-convergence we get
Him inf (g, vk, Qp(x)) = F(ug, 1, Qp(x))
and
}{il_l)ljrlggk(uk, Uk A\ 0, (%) = Flug, 1, A\ Q,(x)).

Hence (6.4) follows by (6.3).
We now estimate separately the surface and bulk term in .%;. We notice that by Young’s
Inequality we have

— 1 (1 —vp)? 1 ,_
E;—L?fL+E%IWWWZU—wV”WWL
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Hence, thanks to (g2), by using the co-area formula we get that

1
%wk,Qp(x))m/ (1—vk)f’—1|Vvk|dy=c3f A= 1 1 = B EL ) dr,
0

0p(x)
where E,’{,p::{y € 0p(x): v(y) < t}. Now let n € (0, 1) be fixed and " € (7, 1); then by
the mean-value Theorem we deduce the existence of r = 7 (k, p, n, ), f € (1, n’) such that

" _
TR (0, Qp(x)) = 3 / A= deH" 0 E} ).
n

Set wy := Uk Xn since ux € WP (A; R™) and E,’; o is a set of finite perimeter, we have

\E[
that wy € GSBVP(A; R™) and H"~!(Sy,) < H"~'(3*E}_,). Moreover, since vz — 1 in
L?(A) we have that [Z"(E,’; p) — 0ask — 400 so that wy — ug in measure on bounded
sets. Eventually, since .7 is increasing as set function, using the fact that 1 is increasing we
obtain

Fic(ug, vk, Qp(x) = FF (ug, v, Qp(x)) + Fi (v, Qp(x))

' _
> Y () fi(y, Vug) dy +c3/ (=P tde " 0" E] )
0y (D\Ef, n

n/
v [ A Veodya [ a-0ran s,
Qp(x) n
where the last inequality follows from the definition of wy.
In view of 2.2—(f4) the right-hand side belongs to the class of functionals considered in
[27]. Then, thanks to [27, Theorem 3.5 and Theorem 5.2 (b)] we have

lim Zi e, v, 0p(0) = ¥ () f £y £)dy,
k—+00 0,(x)

where f” is given by (2.13).
Hence appealing to (6.4) gives

Fug, 1, 0,(x)) = wn)/g RGO

Then, by dividing both terms in the above inequality by p” and using (6.2), we obtain

1 . 1
— f(y,%‘)dyzl/f(n)pfn/

p (&) dy.
P" S0, 0,()

Thus invoking the Lebesgue differentiation Theorem together with the continuity in & of f
and f” (see [17] and Proposition 4.1) we deduce that

fo,8) = v f/(x,8),

for a.e. x € R”, for every § € R™*", and for every n € (0, 1). Eventually, since v is
continuous and v (1) = 1, the claim follows by letting n, n" — 1.

Step 2: In this step we show that f(x, &) < f/(x,¢&) for every x € R" and for every
& € R™" The proof is similar to that of [27, Theorem 5.2]. However, we repeat it here for
the readers’ convenience.

@ Springer



I'-convergence and stochastic homogenisation of... Page310of54 199

Letx € R", & € R™*", p > 0,and n > 0 be fixed. By (2.8) for every k € N fixed we can
find uy € Wl'p(Qp(x); R™) with ux = ug near 0 Q,(x) such that

TP (g, 1, Qp () < m (g, Qp(x)) + 1" . 6.5)
Combining (6.5) with (f2) and (f3) yields

CHIVHENL g, eyipmny = T ks 1, Q) = p"(c2lE1P + ), (6.6)

where the second inequality follows by taking u¢ as a test in the definition of m,}{’ (g, Qp(x)).
Let now (k;) be a diverging sequence such that

lim ﬁf_(uk., L, Qp(x)) = liminfﬁ,f(uk, I, 0p(x)).
jotoo N k—+00

Since uy ; —ug € WO1 P(Q o (x); R™), the uniform bound (6.6) together with the Poincaré
Inequality provide us with a further subsequence (not relabelled) and a function u €
W1P(Q,(x); R™) such that u,—~u weakly in W'7(Q,(x); R™). Then, by the Rellich
Theorem Ug, = u in LP(Q,(x); R™). We now extend u and uy to functions w, wy €

Wll’p(R”; R™) by setting

ocC

_u in Q,(x), e up in Q,(x),
T |ue inRT\ Q,(x), ©lue inR"\ Q,(x),

respectively; clearly, w = ug in a neighbourhood of 9Q(i4y),(x) and wg;, — w in
Lf;c (R™; R™). Hence by I'-convergence, by (2.3) and (6.5) we get

m(ug, Q4np X)) < F(w, 1, Q4ppx)) < jEIJIrloo Ty (Wij s 1, Q14 (X))
< lim (. Qo) + c2lElP (1 +1)" —1)p"
Jj—+oo
< liminfm} (ug, Q,(x)) + np" + c2 €7 ((1 + )" — 1) p".
k——+00

Eventually, dividing by p", passing to the limsup as p — 0, and recalling the definition of
f and f’ we get

+n)"f(x,8) < f/(x, &) +n+clel”(A+n" —1),

and hence the claim follows by the arbitrariness of n > 0. O

7 ldentification of the surface integrand

In this section we identify the surface integrand g. Namely, we show that ¢ coincides with
both g’ and g”, given by (2.14) and (2.15), respectively. This shows, in particular, that the
limit surface integrand g is obtained by minimising only the surface term .%;. We notice,
however, that in this case the presence the bulk term ?,f affects the class of test functions
over which the minimisation is performed (cf. (2.9)—(2.10)).

We start by proving some preliminary lemmas. The first lemma concerns the approxima-
tion of a minimisation problem involving the I'-limit .%.
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Lemma 7.1 (Approximation of minimum values) Let (fy) C F and (gx) C G. Let p > 0O;
forx e R, ¢ e R" v eS| andk € N such that 2e;, < p set

mk(ﬁ;’;,g,(, Q;(x)) = inf{F(u, v, Q;(x)): (u,v) € Wl’p(Q;(X); R™) x Wl’p(Q;(X)),
0<v<l (u,v)= (ﬁ;’uk, D;,Sk) nearaQ;(x)}.

Let (kj) be as in Theorem 5.2 and g be as in (5.12). Then for every x € R", ¢ € Ry, and
v e SV it holds

o . r .. _
§(x, ¢, v) = hr;ljlolp o 1}_1213;5 my; (i g ey Qp ()
= lim sup l1m sup my; (a) e Q (x)). (7.1)

p—0 P ]—>+OO

Proof For notational simplicity, in what follows we still denote with k the index of the
(sub)sequence provided by Theorem 5.2.

We divide the proof into two steps.

Step 1: In this step we show that

g(x, ¢, v) < limsup

hm 1nf my (i), Lo 0, (x)), (7.2)
p—0 P

forevery x e R", z € R, and v € $" 1.

Let p > 0 and > 0 be fixed; by definition of my (&z" .
WP (QY (x); R™) x WP (QY (x)) such that (ug, vg) = (i}
ofBQ (x) and

Q” (x)) there exists (ug, vi) C

x.en 0 Vx v.e,) in a neighbourhood

Frlug, v, Q4 (x)) < m(@@l ¢, . Q40 + " (7.3)

Since the pair (! ) is admissible for my (iz” Q;’) (x)), then (2.11) and (2.19)

readily give

X{F’X€k X, &’

Oh () < Fa() ¢ o Dy oo Qp () = FE@Y 4, Qp(x)) < caCyp" ! (74)

By atruncation argument (see e.g., [23, Lemma 3.5] or [27, Lemma 4.1]) it is not restrictive to

=V
my ity e O

assume that supy, ||uk ||L00(Q;(X);Rm) < +00. We now extend uy to a WIL’Cp (R™; R™)-function
by setting

o[ 0.
T\, R\ Q0.

x{sk

then, clearly, sup; ||wg|| o @®n:rRm) < +00. Now let (k;) be such that

llm T ;s vk Q) (%)) = hm 1nf Tk, v, Qp(x)).

]—)
In view of (7.4), (2.5), and the uniform L°°(R"; R™)-bound on wg; we can invoke [36,

Lemma 4.1] to deduce the existence of a subsequence (not relabelled) such that

(g, v6,) = (1) in LE (R™R™) x LY (RY),

loc loc

for some u € L':)C (R™; R™) also belonging to SB VP(Q‘(’Hn)p (x); R™). Moreover, we also
have u = u), e in a neighbourhood of 9 Ql()l+n)p (x), so that

m(”;,g» Q‘()H_n)p(x)) <7ul, Q]()1+,7)p(x))- (1.5)
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Eventually, by I'-convergence together with (7.3) we obtain

f(uv 1s Q1()1+7]),0('x)) 5 hmlnfca/\k] (wkjv Ukj5 QFI‘F'])P('X))

< lim Fp (up; e, Q) (0)) + caCy (L4 )" = 1p" !
j—> loe)
-1 -1 -1
= lim inf me (@ ¢ 0 Q) (1) + 10" +eCy(M+m)" = 1)p" .

Thus, using (7.5), dividing the above inequality by p” ! and passing to the limsup as p — 0
we obtain

1
(+m" e, ¢, ) < limsup —y liminf me(iy g g, O (1) 1+ eaC((1 40" t-1),
p—

hence (7.2) follows by the arbitrariness of n > 0.
Step 2: In this step we show that

lim sup

- lim supmy (i), . Q)(x)) < &(x. ¢, v), (7.6)
p—0 k—+00

forevery x e R", ¢ e R}, v € S"—1 and p > 0. To this end, we fix n > 0 and we choose
u € SBVP(Q,(x); R™) with u = u;’g near 9 Q) (x) and

T, 1, 0,(x) <m(uy ., Q) (x)) + 1. (7.7)

We extend u to the whole R" by setting u = u}, ¢ in R" \ @} (x). Then, by I'-convergence
there exists a sequence (uy, vg) converging to (u, 1) in measure on bounded sets such that

Jim Fiu, v, 05(0) = F . 1. Qp ). (7.8)

We notice, moreover, that thanks to a truncation argument (both on u and uy) and to the
bound (g2), it is not restrictive to assume that (ux, vr) converges to (u, 1) in Lp SR R™) X
loc (R™). We now modify the sequence (ug, vx) in such a way that it satlsﬁes the boundary
conditions required in the definition of my (it} Lo (0] p(x)). This will be done by resorting
to the fundamental estimate Proposition 5.1. Namely, we choose 0 < p" < p’ < p such that
u= u” on Q”(x) \ QV,,(x) and we apply Proposition 5.1 with A = Q“,,(x) A = Q" (x),
Q (x)\ Q »(x). In this way, we obtain a sequence (iig, Ux) C W]l P (R R™M) x
Wlocp(R") converging to (u, v) in LP(Q (x); Rm)xLP(Q (x)) such that (zzg, Ux) = (ug, vg)
in Q‘;),,(x), (ﬁk, ﬁk) = (ﬁ;,é"gk x gk) m Q (x) \ Q /(x), and

lm Sup i (G, 3, Q) = (1 -+ ) lim sup (Fiu, v, 0} ()

k——+o00 k— 400
L@y Oy \ () (7.9)
<(A+nFw 1, 0)x) +caCy L' (Q),\ Q).

where the second inequality follows from (7.8) and (2.19) together with (2.3), respectively.
Eventually, since (itx, Ux) is admissible in the definition of my (12;, Coer Q;’) (x)), gather-
ing (7.7) and (7.9) we deduce that

limsupmy (i} ;.. Q4 (x) < (1 +m)(m@y ., Q) (x)) +n) + Cp" " = (p")" .

k—+00
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Then letting p” — p, by the arbitrariness of n > 0 we get

lim sup mg @ ., Qy(x)) < m(ul ;. O}(x)), (7.10)
k—+00
therefore (7.6) follows by dividing both sides of (7.10) by p"~! and passing to the limsup as
p — 0. O

Remark 7.2 Thanks to the (W'P(A;R™) x WP(A))-continuity of Zi(-, -, A) (cf.
Remark 2.3), a standard convolution argument shows that (7.1) holds also true if the minimi-
sation in my is carried over C'(Q} (x); R™) x C'(Q} (x)).

The following lemma shows that if v is “small” in some region, then it can be replaced
by a function which is equal to zero in that region, without essentially increasing .7} .

Lemma7.3 Let (g) CG Ae A ve WHP(A), and n € (0, 1) be fixed. Let v € WHP(A)
be defined as

v:=min{((1 + /nv —nT, v} (7.11)
Then for a.e. x € A we have
VI(x) =0 iff v(x) < l +nﬁ and  v(x) =v(x) iff v(x) >/ (71.12)
Moreover, V" satisfies
FLT A) < (L + ) F (v, A), (7.13)

where ¢ > 0 is independent of v and A and such that ¢, — 0 asn — 0.

Proof A direct computation shows that ((1 4 /n)v — n)* < vifand only if v < /1 and
that (14 /mv—mn)T =0ifand only if v < #; i.e., (7.12) is satisfied. Thus it remains
to show that (7.13) holds true. To this end we introduce the sets

n

1+ .1

n
A”::{xGA:vx <
W=y

so that v = v in A\(A" U B"); we have

] and B”::{xGA: <v(x)<ﬁ},

1 1
FL" A) = — / gk(x,0,0)dx + — gk (x, V", g Vo) dx
Ek JAn Ek

B
1
+— grk(x, v, e, Vv) dx. (7.14)
Ek JA\(ATUBM)
We start by estimating the first term on the right-hand side of (7.14). Since v < ﬁ <n<l
in A", using (g4) and (g6) we get
2(x,0,0) < ge(x,v,0) 4+ La(1 + v Hp
2Lon »
< gk(x, v, &k Vv) +2Lon < gk (x, v, &Vv) + W(l —v)¥,
-1
in A", which together with (g2) yields
1 2L 1
~ | e(x,0,0)dx < (1 n 72”)—/ gk (X, v, & V) dx . (7.15)
ek Jan c3(L=mP/ e Jan

@ Springer



I'-convergence and stochastic homogenisation of... Page350f54 199

We now come to estimate the second term on the right-hand side of (7.14). By definition, we
have v = (1 + . /mMv —n < v < /i in B, thus from (g4) we deduce that

—1
gk (x, V", & V) < gilx, v, &, V) + Lo (1 + 207 ) (n — /iv)

» o 1 (7.16)
+ Lo(L4ef  [VulP~ 4+ &) [Vu|P7 e [V — V',
in B". Furthermore, since v < /7 < 1in B”, it also holds
(1+2ﬂp74)(n—\/ﬁv) <3n < 37”(1 -v)’, (7.17)
(1 —mr
and similarly
N -1
[V — Vol = /5| V| < T VPV
1 —v)? _
< (L), (7.18)
1 —ymr! €k

where the last estimate follows by Young’s inequality. Eventually, we also have
el (IVolP~! + [V |P ) |[Vu = V| = el (1 + (1 + /)P~ ) /alVol?
< el (142771 /mIVolP. (7.19)
Gathering (7.16)—(7.19), dividing by &; and using (g2) give
i gr(x, V", g, Vo) dx < i/ gk(x, v, & Vv)dx
ek Jpn

&k Ja (7.20)

1
+c,]—/ gk (x, v, &, Vv)dx,
&k JBn

wherecn::%2 max{(lf%p +(l+2"’1)\/ﬁ, H%}.Then, since (1-n)” > (1—/m?

for n € (0, 1), gathering (7.14), (7.15), and (7.20) we obtain
Fr" A) < (1 +cp))F (v, A).
Since ¢;, — 0 as n — 0 this concludes the proof. O

With the help of Lemma 7.1 and Lemma 7.3 we are now in a position to identify the surface
integrand g.

Proposition 7.4 Let (fx) C F and (gx) C G let (kj) and § be as in Theorem 5.2. Then, it
holds

g(xv C’ U) = g/(x’ l)) = g”(x7 U) B

foreveryx e R", ¢ e R, and v € S"1 where g’ and g are, respectively, as in (2.14) and
(2.15), with k replaced by k;.

Proof For notational simplicity, in what follows we still denote with k the index of the
sequence provided by Theorem 5.2.
By definition we have g’ < g”; hence to prove the claim it suffices to show that

g (x,v) <8x, ¢, v) < g'(x,v), (7.21)
forevery x € R”, ¢ € R, and v € $"~!. We divide the proof of (7.21) into two steps.
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Step 1: In this step we show that g(x, ¢, v) > g”(x, v), for every x € R", ¢ € R, and
ve sl
In view of Lemma 7.1 we have

A . |- _
§(x, ¢, v) = limsup —— limsupmy (it} . ., Q) (x)).
p—0 P k—+4o00

Thanks to Remark 7.2 the minimisation in the definition of my (iz, tex? Q‘/’) (x)) can be carried

over C l-pairs (uk, vk). Now let p > 0 and n € (0, 1) be fixed and for every k such that
26 < p let (ug, v6) C C1(Q}(x); R™) x C1(Q}(x) satisfy

(s i) = @) 44y 2 L) i U, (7.22)
where Uy is a neighbourhood of 9 Q;(x) and
Frlug, ve, Q) < mp(@ .. 04(0) + mp" 1, (7.23)
then, (7.4) readily gives
T (e, vi, Q) (x)) < Cp"™' (7.24)

We now modify vy in order to obtain a new function vy for which there exists a corresponding
iy, such that the pair (i, V) satisfies both

(. T = Y, 1) in U N {1(y = x) - v| > &), (7.25)
where ﬁk is a a neighbourhood of 9 Q;(x), and the constraint
U Viy =0 ae.in Q;’) (x). (7.26)

In this way we have % (i, Vg, 0,(x) = F} Uk, Q) (x)) with Uk € gy p(x, V).

The modification as above shall be performed without essentially increasing the energy
Fk.

To this end, set u; := (u,i, coup)and ¢ o= (;’1, ..., ¢™). Since ¢ € R we can find
i €{l,...,m}sothat ¢' # 0; without loss of generality we assume that ¢’ > 0. We now
consider the open set

S,f = [y €0,(x):0< ui(y) < ;i].

Moreover, let o € (0, 1) be fixed and consider the following partition of S ,f :

hY —1
S/f = U S/f,z
=0
with
¢, = 1{y e Q) z% <ub(y) < (z+1)%} €=0,....,h] =2,
Stig—1 = (v € Qpe): (hf = Dy <up(y) <&’}

and h{ € N to be chosen later.
Then, there exists ¢ = E(k, p,o0)€ef0,..., hZ — 1} such that

. 1 .
L (cvoorvar+a =) ay = o [ (v +a-o) dya2n
k

— 0
hk Slf
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where S 1= N
Therefore, gatherlng (2), (7.24), and (7.27) yields

n—1

pr oY ()| Vuk|? dy + (1 — o) L"(S) < P ——C(0 + (1 —0)p). (7.28)
S k
In view of (7.22) we have that

SENUL Iy —x)-v| < &) N Uy (7.29)

In this way any modification to v performed in the set Sp will not affect the boundary con-
ditions. In order to modify vy in S,f , we introduce an aux111ary function v which mterpolates

in a suitable way between the values O and 1 in Sk . To this end, we set y;:=(£ + Z)W and

Tk::ﬁl—[{, and we define v € leP(QZ(x)) as follows:
k
ub — oy — 1 )
min{w, 1} in {1l >y + ),
Tk
U =130 inf{ye — o < up < vk +ul,

v — T —ul o
mln{ik,l in {u}( < Yk — T},
Tk

Eventually, we let UZ IS Wl’p(Q;(x)) be the function defined in (7.11) in Lemma 7.3,
with vy in place of v and we define Uy € WLP(Q/”) (x)) as

Vg = min{vZ, O ).
We notice that by definition

=1 inQp(0)\ S,

so that in particular 7 = v/ in Q) (x) \ :S;,f ; moreover,
Te=0 in{y— 1w <ul <y + ).
By the regularity of u}( we can find & > 0 (possibly small) such that
{y € Qp(x): dist(y, {u; > n)) < &) C{y € Qp(x): up(v) > v — wh

Then, we define ), € Wl’P(Q‘;)(x); R™) as

dist(y, {ul o '
B (y) <1 — W)el if dist(y, {u}, > w}) < &,

0 otherwise .
Thus the pair (ix, D) belongs to whp (Q; (x); Rmyx wlp (Q‘;J (x)) and by construction sat-

isfies (7.26). Moreover, (7.29) together with (7.22) ensures that (7.25) is satisfied. Eventually,
we have

— Zi Wk, @, (). (7.30)

1
TN Q) =
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To conclude the proof it only remains to show that, up to a small error, .7 (g, Q;(x)) is
a lower bound for Z (uy, vy, QZ (x)). To this end we consider the following partition of

0% (x):
St={ye Q) v () =M}, SFi={ye 0h®: vy > tk(};
then, appealing to (7.13) in Lemma 7.3, we deduce

- 1 1 . .
T Wk, Q) (x)) = o _/1 gy, v, ex Vo) dy + o /2 gk (v, r, &k V) dy
0y s
k . k (7.31)
< (I + e F (v, Q) (%)) + p /2 8r(y, Uk, ek Vg) dy,
Sk

where ¢; — 0 as n — 0. Hence, it remains to estimate the second term on the right-hand
side of (7.31).
To this end, we start noticing that

N
St C {v > } 7.32
k k> 1T NG (7.32)
Indeed, since vk > 0ae.in S? > by definition of vk we readily get (7.32).
Therefore, by (g3), using that 0 = 1 in Q (x)\ Sp we obtain

(1 —0)P

-I-Sk |Vvk|p)
Ek

gk(y, Ok, e Vig) dy < 64/ (

S;

1 —0p)? Cliea
=C4/ ~ <Q+£,f 1IVvkl”> dy
s2nsy &k

(P P=l qpo N\
<cy4 (£ ) + & 7 ( ik) ./ 5, 1/,(Uk)lvmpdy) ’
Ek w(m) é‘ SZOS]?

(7.33)

gk

where the last inequality follows by (7.32), the definition of ¥, and the monotonicity of .
From (7.28) we deduce both that

nl o
L£rsP <C 7.34
G =cs (1_0“’) (7.34)
and

n—1

f Y@Vl dx < 2
S2NSk hi

Hence, gathering (7.33), (7.34), and (7.35) we obtain

(1 . ;Up). (1.35)

i/ (v, 0k, ex Vi) dy < Ceg p" ! L( o +p)
RS A - ehf \ =0
-0
+Ky (k)™ (14 TP)) (7.36)
with K := 4p(¢(1+n\/ﬁ)(§i)p)_l- Now set A := LE;@’J where
he _i( o >% o)
K g \1-0/ )
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Using that hY < h9 < hY 4 1 we infer

1 he o \5! o \—=
*/ gk(y’ﬁk’SkVﬁk)dySCC4P’1_1<~7k+Kn>(( )” +,0< ) ”).
&k Js? hy =1 1—0o 1—0o

Plugging (7.36) into (7.31) gives
1

. 1
77k W Qp () < (1 €y) g Ficlutk, vie 0 (3)
p—1 1

() o) ) o

where I?,] := Cc4(1 + K;;). We notice that ¢;, — 0 as n — 0, while I?,] — +ooasn — 0.
Finally, by combining (7.23), (7.30), and (7.38) we get

NG Q1) = (1 ) (i, ) +1)
=1k o o1 Loew Xp
e (L0 Vo
+K, <(ﬁ) +o(7) ) (7.39)
Eventually, the claim follows by passing to the limit in (7.39) in the following order: first as

k — +oo, thenas p — 0,0 — 0, and finally as n — 0.
Step 2: In this step we show that

g, tv) =g/ (),

forevery x € R", ¢ € R and v € S"=1. Thanks to (5.12), in view of Lemma 7.1 and
Proposition 2.6 it suffices to show that

M) o o0 QL00) < Mm@, . 0)(x). (7.40)
for every ¢ > 0, where my (i} , . Q}‘)(x)) is defined in (2.16). To prove (7.40) let v €

A (Y g s Q;’, (x)) with corresponding u € Wl’”(Q;(x); R™) and notice that the pair (i, v)

with 0:=(u - €1)¢ is an admissible competitor for my, (. toex? Q‘;)(x)). Therefore, we obtain

me (@) ¢ oy QL(0) < Fi(@, v, Q4(0) = F (v, QL (x)),

from which we deduce (7.40) by passing to the infimum in v € o/ (i}, s Q}j (x)). m]

Remark 7.5 We observe that the second term in the right hand side of (7.39) is infinitesimal
as p, 0 — 0 thanks to the fact that p > 1. We notice, moreover, that in (7.39) the presence
of the exponent p in the reminder is a consequence of the p-growth of the volume integrand
fx- Indeed if g satisfied conditions (g2)—(g4) with p replaced by some exponent g € (1, p],
then arguing as in the proof of Proposition 7.4, in place of (7.36) we would get

1 R A
*/ gk(y, Uk, e Vi) dy
& Js?

_ 1 o _ l—o0 \%/ o B
= Car™ (5 (725 +0) + Koo (16 2%0) (7 40) 7).
k

with K;) := 49y ( 1+’7ﬁ)(§")‘1)’1. Then, an easy computation shows that choosing ] =
Li¢ |, with kY given by (7.37), exactly yields (7.39).
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We are now in a position to prove the main result of this paper, namely, Theorem 3.1.

Proof of Theorem 3.1 The proof follows by combining Proposition 4.1, Proposition 4.5, The-
orem 5.2, Proposition 6.1, and Proposition 7.4. O

8 Stochastic homogenisation

In this section we study the I"-convergence of the functionals .%; when f; and gi are random
integrands of type

filw, x,8) = f(w, sz S), gr(w, x, v, w) = g<w, gﬁk v, w>,

where o belongs to the sample space 2 of a probability space (2, 7, P).
Before stating the main result of this section, we need to recall some useful definitions.

Definition 8.1 (Group of P-preserving transformations) Let d € N, d > 1. A group of
P-preserving transformations on (€2, 7, P) is a family (t;),.z« of mappings 7;: Q — Q
satisfying the following properties:

(1) (measurability) t, is 7-measurable for every z € 74
(2) (invariance) P(t;(E)) = P(E), forevery E € 7 and every z € 74,
(3) (group property) 7o = idg and 7,4, = 7, o T forevery z, 7' € 74,

If, in addition, every (t;),czq¢-invariant set (i.e., every £ € 7 with 7,(E) = E for every
z € Z%) has probability 0 or 1, then (z;) ez4d is called ergodic.

Leta:=(ay,...,aq), b:=(b1,...,bg) € 74 with a; < b; foralli € {1,...,d}; we define
the d-dimensional interval
la,b) :={x €Z%: a; <xi <bjfori=1,...,d)
and we set
Zg:={la,b):a,beZ% a; <b; fori=1,...,d}.

Definition 8.2 (Subadditive process) A discrete subadditive process with respect to a group
(t7),ez¢ of P-preserving transformations on (£2,7, P) is a function u: Q@ x 7y — R
satisfying the following properties:

(1) (measurability) for every A € Z; the function  +— w(w, A) is 7 -measurable;

(2) (covariance) foreveryw € Q, A € Zy,and 7 € 7% we have ww, A+z2) = pu(r;(w), A);

(3) (subadditivity) for every A € Z; and for every finite family (A;);c; C Zy of pairwise
disjoint sets such that A = U< A;, we have

wlw, A) < Z,u(a), A;) forevery w € ;
iel
(4) (boundedness) there exists ¢ > 0 such that 0 < u(w, A) < c£4(A) for every w € Q and
Aely.

Definition 8.3 (Stationarity) Let (t;),cz» be a group of P-preserving transformations on
(2,7, P). We say that f: Q x R" x R™" — [0, +00) is stationary with respect to
(fz)zEZ" if

f(wvx +Z»§) = f(‘rz(a)),x,%‘)
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foreveryw € Q,x e R",z € Z" and & € R™*",
Analogously, we say that g: @ x R” x R x R" — [0, +00) is stationary with respect to
(t2)zezn if

g, x +z,v,w) = g(rz(w), x, v, w)
foreveryw € Q,x e R", z € Z",v € [0, 1] and w € R".
In all that follows we consider random integrands f: Q x R" x R™*" — [0, 4-00)
satisfying

(F1) fis(7 ® B" @ B"™*")-measurable;
(F2) f(w, -, ) € Fforevery w € Q;

and random integrands g: 2 x R" x R x R" — [0, +00) satisfying

(G1) gis (T ® B" ® B® B")-measurable;
(G2) g(w, -, -, -) € Gforevery w € Q.

Let f and g be random integrands satisfying (F1)—(F2) and (G1)-(G2), respectively. We
consider the sequence of random elliptic functionals .7 () : LOR"; R™)x LO(R") x A —>
[0, +o0] given by

Fr(w)(u, v, A)::/ v() f <a), 1, Vu) dx + i g (w, i, v, sva> dx, (8.1)
A Ek A

Ek Ek

if (u,v) € WhP(A; R™) x Wl’p(A), 0 < v < 1 and extended to +00 otherwise. We also

let Z%(w) be as in (3.4) and .Z° (w) as in (3.5), with f(-,-)and g(-, -, -) replaced by
f(w, -, -)and g(w, -, -, ), respectively. Moreover, for v € Q2 and A € A we set
m’ (ug, A):=inf{Z’ (), A): u € WIP(A; R™), u = ug near A} (8.2)
and
m (iiy, A):=inf{F°(w)(v, A): v € (i1}, A)}, (8.3)

where <7 (i1}, A) is as in (2.17) with u? in place of b_‘;ak" ie.,with g, = 1.

Eventually, we extend the definition of mZ) (ug,-),m (i, -), and o7 (ug, -) toany A C R"
with int A € A by setting m? (ug, A):=m’ (ug, int A), m$ (i?, A):=mS (i?, int A), and
(g, A):=2/ (idg, int A).

We are now ready to state the main result of this section.

Theorem 8.4 (Stochastic homogenisation) Let f and g be random integrands satisfying (F1)—
(F2) and (G1)—(G2), respectively. Assume moreover that f and g are stationary with respect
to a group (t;);ezn of P-preserving transformations on (2,7, P). For every w € Q2 let
Fk(w) be as in (8.1) and mf), m;, be as in (8.2) and (8.3), respectively. Then there exists
Q' e T, with P(Q') = 1 such that for every v € ', x € R", & € R"*", v € §"! the limits

m (s, 0, (%)) _ m, (s, 0, (0)

r—I}I-ir-loo n rl}I—Poo ; = fhom(w’ é;') , (84)
S (5V v mS _V, v 0
im Mol QX)) lim M0 &rO) _ ) (8.5)
r—-+00 pn—1 r—+00 pn=l

exist and are independent of x. The function fhom: 2 x R™*" — [0, +00) is (T ® B™*")-
measurable and ghom : 2 X "1 = [0, +00) is (T ® B(S""))-measurable.
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Moreover, foreveryw € Q' andforevery A € Athefunctionals F(w)(-, -, A) I'-converge
in LOR™; R™) x LO(R™) 1o the functional Fnom(®)(-, -, A) with From (@) : LOR"; R™) x
LOR") x A —> [0, +00] given by

/fhom(w,w)dH/ Shom (@, i) AH"™ ifu € GSBVP(A;R™),
A SuNA

Fhom (@) (u, v, A):= v=1lae in A

+00 otherwise.

If, in addition, (1;);c7n is ergodic, then fhom and gnhom are independent of w and

1
Jhom(§) = lim */Qmﬁ,(ug,Qr(O))dP(w),

r—+4o00

, 1
ghom(v) = lim -2

f m;, (i, 0,(0))dP(w),
Q
thus, Fhom s deterministic.

The almost sure I"-convergence result in Theorem 8.4 is an immediate consequence of
Theorem 3.5 once we show the existence of a 7-measurable set Q' C Q, with P(Q) =1,
such that for every @ € Q' the limits in (8.4)—(8.5) exist and are independent of x. Therefore,
the rest of this section is devoted to prove the existence of such a set.

8.1 Homogenisation formulas

In this subsection we prove that conditions (F1), (F2), (G1), and (G2) together with the
stationarity of the random integrands f and g ensure that the assumptions of Theorem 3.5
are satisfied almost surely.

The proof of the following result is based on the pointwise Subbaditive Ergodic Theorem
[1, Theorem 2.4] applied to the function (w, I) mﬁ’o (ug, I), which defines a subadditive
process on €2 X 7, as shown in [47, Proposition 3.2].

Proposition 8.5 (Homogenised volume integrand) Let f satisfy (F1)—(F2) and assume that it
is stationary with respect to a group (t;);czn of P-preserving transformations on (2, T, P).
Forw € Qletm? be asin (8.2). Then there exists Q' € T, with P(Q) = 1 and a (T @ B™*")-
measurable function fhom: 2 x R™*" — [0, +00) such that

i T 00D) _ ms. 0,0)

r—>+00 r r—+00 r

= fhom(w, %')

Joreveryw € Q/, x € R" and every § € R™*"_ [If, in addition, (1;),czn is ergodic, then fhom
is independent of @ and given by

1
Jhom(§) = lim */Qmﬁ,(ug,Qr(O))dP(w)-

r—+4o00

Proof The proof follows by [47, Proposition 3.2] arguing as in [35, Theorem 1] (see also
[47, Corollary 3.3]). O

We now deal with the existence of the homogenised surface integrand gpom. Unlike the

case of fhom, the existence and x-homogeneity of the limit in (8.5) cannot be deduced by
a direct application of the Subadditive Ergodic Theorem [1, Theorem 2.4]. In fact, due to
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the x-dependent boundary datum appearing in m{, (i1, ., Q; (rx)) (cf. (8.3)), the proof of the
x-homogeneity of gnhom is rather delicate and follows by ad hoc arguments, which are typical
of surface functionals [3, 28].

The proof of the existence of gnom Will be carried out in several step. In a first step we prove
that when x = 0 the minimisation problem (8.3) defines a subadditive process on 2 X Z,,_1.
To do so we follow the same procedure as in [28, Section 5] (see also [3, 22]). Namely, given
v e S" ! welet R, be an orthogonal matrix as in (f). Then {R,e;: i =1,... ,n— 1}isan
orthonormal basis for 1", further R, € Q"*",if v € sl n Q". Now let M,, > 2 be an
integer such that M, R, € Z"*"; therefore M, R, (z’,0) € T1" N Z" for every 7’ € /i

Let I € 7,1, ie., I = [a,b) witha,b € /iy Starting from / we define the n-
dimensional interval I, as

1
I,:=M,R,(I x [—c,c)) where ci=3 . _max (b —ap). (8.6)

1,..., n—1

i=

Correspondingly, for fixed v € s"1n Q" we define the function w,: 2 x Z,,—1 — R as

1 _
(o, I):=Fmi)(u8,ly), (8.7)
v
where m{ (i1, [,) is as in (8.3) withx =0 and A = I,.
The following result asserts that p, defines a subadditive process on Q2 x Z,,_1.

Proposition 8.6 Let g satisfy (G1)-(G2) and assume that it is stationary with respect to a
group (t;),ezn of P-preserving transformations on (2, T, P). Let v € S"~' N Q" and let
Wy XT,_1 > Rbeasin(8.7). Then there exists a group of P-preserving transformations
(fzv/)z’eZ'H on (2, T, P) such that ., is a subadditive process on (2, T, P) with respect to
(t))yezn-1. Moreover, it holds

0 < py(w, I) < esCy L"), (8.8)

for P-a.e. w € Q2 and for every I € Z,,_.

Proof Let v € S"~1 N Q" be fixed; below we show that ., satisfies conditions (1)—(4) in
Definition 8.2, for some group of P-preserving transformations (‘L’ZU,) ezn—1-

We divide the proof into four steps, each of them corresponding to one of the four condi-
tions in Definition 8.2.

Step 1: measurability. Let I € T,_; and let I, C R” be as in (8.6). Let v € W'P(I,)
be fixed. In view of (G1) the Fubini Theorem ensures that the map o +— #%(w)(v, I,) is
T -measurable. On the other hand the space wblr(r,)is separable, hence the set of functions

@y, 1,) = {ve WP(L,), 0 <v <1, v="=0) near 81, and Ju € Wh/(I,; R™),
u = iy near d1,, suchthat v Vu =0a.e.in [,}
defines a separable metric space, when endowed with the distance induced by the W7 (1,)-
norm. Then, by the continuity of .7#* (w)(:, I,) with respect to the strong wlkp (I,)-topology,
the infimum in the definition of m{ (i}, 1,,) can be equivalently expressed as an infimum on
a countable subset of .o/ (12(‘;, 1,,), thus ensuring the 7-measurability of @ — m;, (ﬁg, 1,) and

consequently that of w — u, (w, I), as desired.
Step 2: covariance. Let 7' € 7" ! be fixed. Let I € Z,,_1; by (8.6) we have

I+ Z/)u =1+ MvRv(Z/7 =1+ Z:)’
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where z), := M,R,(z’,0) € Z" N I1". Then, by (8.7) we get
no_ 1 s =V ’
w(w, I +27) = el my, (g, Iy + 2),). (8.9
v

Now let v € &/ (i), I, + z;) with its corresponding u € WLP (Il 4 z,; R™). Setting
V(x):=v(x 4 z) for x € I,, a change of variables together with the stationarity of g yield

F () (v,int (I, + 7)) = / glw, x,v,Vv)dx = / glw,x + 7,0, Vo) dx

I\;+Z{, I,
= f §(tzy (@), x, T, V) dx = F° (v, () (T, int I,).
I,
Set () regn-1 = (tz) yegn—1; We notice that (t))) czn-1 is well defined since z;, € Z" and

it defines a group of P-preserving transformations on (€2, P, 7). Then, the equality above
can be rewritten as

F(w)(v,int (I, + 7)) = F () () (@, int ). (8.10)

Moreover, if we set u(x):=u(x + z|,) for x € I,, then Vi = 0 a.e. in [, while since
z), € IT", we also have

(@, 9) = (g +2,), 9 ¢ +21)) = (i@g, )

near d1,; i.e., U € &/ (ig), 1,). Thus, gathering (8.9) and (8.10), by the arbitrariness of v we
infer

(@, I +2) = pu(zh (@), 1),

and hence the covariance of u, with respect to (rz",) Jezn—1.

Step 3: subadditivity. Letw € Q,1 € Z,_j,and let{Iy, ..., Iy} C Z,_1 be a finite family
of pairwise disjoint sets such that / = Ui I;. Let n > 0 be fixed; foreveryi = 1,..., N let
v; € WP((1;),) be admissible for m, (itg, (I;)y) and such that

T (@) (v, int (I)y) < my, (g, (I)v) + 1. (8.11)
Therefore for every i = 1, ..., N there exists a corresponding u; € WLP((1;),: R™) such
that
v;Vu; =0 ae.in (f;), with (u;, v;) = (g, vy) near d(I;),.
We define

Vi in (Ii)v,i:l,...,N, u;i in (I,')U,iZI,...,N,
Vi= 1 _ . u:=\y._ .
vy in 1, \ ;U iy in I, \ UJ; (1),

so that (1, v) € WhP(1,) x WhP(I,; R™) and
vVu =0 ae.in [, with (u,v) = (i, iy) near d1,.
Therefore v € &/ (ﬁ(‘;, 1,)). Furthermore, we have

N N
FH (@), int 1)) = Y F (@) (i, int (1)) + -7 @) (55 int (1, \ | JT)v). (8.12)

i=1 i=1
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Since M, > 2 and ¢ > % in (8.6), it follows that {y € I,: |y - v| < 1} C {J;(I;)y. Thus,
vy = 1in I\ {J; (I;), which, thanks to (2.3), gives

N
T () (05, int (1, \ | J )W) =0

i=1
Eventually, gathering (8.11)—(8.12) we obtain

N N
m}, iy, I,) < 7 (@) (v, int1,) = Y F (@) (vi.int (I;)y) < Y mi, @@, (1)) + N,
i=1 i=1
thus the subadditivity of u, follows from (8.7) and the arbitrariness of n > 0.
Step 4: boundedness. Let w € Q and I € Z,,_. Then (8.6) and (2.19) readily imply

1
0=<uy(w, )= sz(ﬁﬁ, L) < eaCy LN (D).

v

m}

Having at hand Proposition 8.6, with the help of Lemma A.1 and Lemma A.2 we now prove
the following result, which establishes the almost sure existence of the limit defining gnom
when x = 0.

Proposition 8.7 (Homogenised surface integrand for x = 0) Let g satisfy (GI1)—(G2) and
assume that it is stationary with respect to a group (t;).ezn of P-preserving transformations
on (2,7, P). For w € Q let m, be as in (8.3). Then there exist Q € T with P(Q) = 1land
a (T @ BES" 1) measurablefunctlon Zhom : 2 x S — [0, +00) such that

lim m;, (i, Q) (0))

r—+00 pn—1

= ghom (@, V) (8.13)

for every w € Q and every v € S"”'. Moreover, Q and ghom are (t;),ezy -translation
invariant; i.e., T,(Q) = Q for every z € 7" and

&hom (Tz (@), V) = ghom (@, V), (8.14)

for everyz € 7", for every w € , and every v € S"~ 1. Therefore, if (t7)zezn is ergodic then
Zhom 1S independent of w and given by

ghom (V) = —13—}—00 1

/m (i, 0;(0)) dP(w). (8.15)

Proof We divide the proof into three steps.

Step 1: existence of the limit for v € "' NQ". Let v € S"~! N Q" be fixed. Thanks
to Proposition 8.6 we can apply the Subadditive Ergodic Theorem [1, Theorem 2.4] to the
subadditive process w, defined on (€2, 7, P) by (8.7). Then choosing I = [—1, D1 we
get the existence of a set Q, € 7, with P(2,) = 1, and of a 7-measurable function
gv: Q2 — [0, +00) such that

to(w, jI)
j—too (2j)n1

for every w € Q,. By (8.7), since I, = 2M, Q" (0) this yields

S (up, j2M, Q" (0
gv(@) = lim mw(u(). J »0"(0))
j—>+o0 (j2M,)r—1

gv(w),

) (8.16)
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for every w € Q,,. Let (r;) be a sequence of strictly positive real numbers with r; — +o0,
as j — 400, and consider the two sequences of integers defined as follows:

- il . rj
" '_2MU<L2M‘,J l) and 7 '_ZM”QzMVJ"'z)'

Let j € N be such that r; > 4(1 + M,), and thus rj_ > 4. We clearly have

Q) ,(0) CC 0;(0) cC Q; ,(0) cC Q7. (0),

hence we can apply Lemma A.1 with x = X = 0 first choosing r = ri and 7 = r; to get

my, @, 0,0 Moo @O0 gy iy 1)

— < — s (8.17)
r;l ! (rj )n71 rj
and thenr =r; and 7 = r;' to obtain
_ 5 (@), 0V, (0

n—1 - + n—1 v
rj (}"] ) J

Clearly, r;r —rj <4Myandr; —r; < 4M,, thus, if @ € Q,, thanks to (8.16), passing to
the limsup in as j — +o0 in (8.17) gives
mg, (ig, Q7 (0))

n—1
J

lim sup
Jj—+0o0 r

< gv(w), (8.19)

while passing to the liminf in as j — 400 in (8.18) yields

m (i@}, 0}, (0))
n—1
J

lim inf
Jj=+00 r

> gv(w). (8.20)

Hence gathering (8.19) and (8.20) gives for every w € 2, the existence of the limit along
(r;) together with the equality
my, (i, Q7 (0))

lim > ().

j—4o0 Pl

J
Therefore setting

Q= ﬂ Qy,

veSt—1nQr
clearly gives Q € T as well as P(Q) = 1; moreover we have
mS _V’ v 0
(@) = lim o0 2 O)
r—>+00 r

for every w € Q and every v € "~ N Q.
Step 2: existence of the limit for v € S"~! \ Q". Consider the two functions 8:8: 2 X

S"=! — [0, +00] defined as

m’ (if, OF (0
g(w, v):=liminf m,, (g 0,(0) )), g(w, v):=limsu
=3 n—1
r—+00 r r—+00

my, (i, 0;(0))
p—————.

yn—1
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By the previous step we have that g(w, v) = g(w, v) = g, (w), forevery w € Q and for every
v e "' NQ". Therefore, if we show that the restrictions of the functions v > g(w, v) and
v > g(w, v) to the sets S" ! are continuous, by the density of S" 'nQ*in S" ' we can
readily deduce that g(w, v) = g(w, v) = gy(w) for every w € € and every v € "1, and
thus the claim.

Then it remains to show that g(w, -) and g(w, -) are continuous in ’S\'j;l. We only prove
that g(w, -) is continuous in ’S\’j: ! , the other proofs being analogous. To this end, let v € ’S\'f l,
(vj) C g’_’[l be such that v; — v, as j — +o00. Then, for every a € (0, %) there exists
Jo € N such that the assumptions of Lemma A.2 are satisfied for every j > j,. Thus,
choosing x = 0 and V = v; in (A.7) we obtain

_V]

M, (g« Q] yoy (0 — car ™! < m (@), QL) < M@y, O, (0) + car ",

where ¢y, — 0, as @ — 0. Therefore, by definition of g passing to the limsup as r — +oo
we get the two following inequalities

I+ )" g, v) <@, v) +cq, (8.21)
(1—a)" ' g(w,v) > g(@,v) —cq- (8.22)

Passing to the limsup as j — +o00 in (8.21) and to the liminf as j — +oo in (8.22) and
eventually letting « — 0 we infer

limsup g(w, v;j) < g(w,v) < llmmfg(a) Vi),
j—>+oo —>+o0

and hence the claim.
Forevery w € Qand v € "~ ! set

Z(w,v) if weQ,
w,V) = ~ 8.23
hom (@, V) {Q% if weQ\Q, (823
then, for every » € € and every v € S"~! we have
m’ (i}, 0
ghom (@, V) = lim m, (. 9r 0 (8.24)
r—+400 =1
Moreover
o+ g(w, v) is 7-measurable in 5, forevery v € sr-1
and

v — g(w, v) is continuous in S"i_l, for every w € Q.

Therefore the restriction of g to Qx /S\’F is measurable with respect to the o -algebra induced

in Q x S" ! by 7 ® B(S"~ 1) thus, finally, ghom is (7 ® B(S"~ 1)) measurable on € x S~ 1.
Step 3: (t;),ezn-translation invariance. Let z € 2", w € Q and v € S" ! be fixed. Let
r>4andv e o/ (uy, Q7 (0)) with

F () (v, 0, (0) <mg (g, Q7 (0)) + 1. (8.25)
Set U(y) := v(y + z); by the stationarity of g we have
T (0)(v, 0,(0) = 7 (r;(w)) (¥, Q] (~2)),

@ Springer



199 Page 48 of 54 A.Bachetal.

further, since v € <7 (i ., Q) (—2z)), by (8.25) we immediately get

my @, Q)(=2)) < my (g, Q;(0)) + 1. (8.26)

Now let r, 7 be such that 7 > r and
0}2(~2) CC Q}(0) and dist(0. 11"(=2)) = 7.

therefore applying Lemma A.1 with x = —z and ¥ = 0 we may deduce the existence of a
constant L > 0 such that

m}, @, QX0) <m} @, Q¥ (~2) + LIzl + Ir =7 + 1))V (827

Hence, gathering (8.26) and (8.27) we obtain

s —v’ Y0 S (V v —7
M6 QRO miGy, 0;O) +1 | L(zl+Ir=FI+1) oo

7n—1 - pn—1 7
An analogous argument, now replacing w with 7, (w) and z with —z, yields

m (iiy, QL(0)) _ my (g, 07(0)) +1 N L(lzl +r =71+ 1)

- < e ~ (8.29)
Taking in (8.28) the limsup as ¥ — +o00 and the limit as r — +o00 gives
m; (g, 0F(0))
limsup —= 0 ET < g (@, v), (8.30)
F— 400 rn=
while taking in (8.29) the limit as 7 — 400 and the liminf as » — +o0 entails
m; (g, 0;(0)

ghom (@, v) < lim inf —= "= 8.31)

r—+00 rn

Eventually, by combining (8.30) and (8.31) we both deduce that 7, (w) € € and that

&hom (T2 (@), V) = ghom(®, V),

foreveryz € Z,w € Q,and v € S"~!. Then, we observe that thanks to the group properties
of (t;);ez» we also have that w € TZ(EZ), for every z € Z". Indeed we have w = 7, (71—, (w))
and 7_;(w) € Q.

If (t;);ez» is ergodic, then the independence of w of the function of ghom is a direct
consequence of (8.14) (cf. [28, Corollary 6.3]). Furthermore, (8.15) can be obtained by
integrating (8.24) on 2 and using the Dominated Convergence Theorem, thanks to (8.8) (see
also (8.7)). O

The following result is of crucial importance in our analysis as it extends Proposition 8.7
to the case of an arbitrary x € R". More precisely, Proposition 8.8 below establishes the
existence of the limit in (8.13) when x = 0 is replaced by any x € R"; moreover it shows
that this limit is x-independent, and hence it coincides with (8.13).

The proof of the following proposition can be obtained arguing exactly as in [28, The-
orem 6.1] (see also [3, Theorem 5.5]), now appealing to Proposition 8.7, Lemma A.1, and
Lemma A.2. For this reason we omit its proof here.
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Proposition 8.8 (Homogenised surface integrand) Let g satisfy (G1)—(G2) and assume that it
is stationary with respect to a group (t;);czn of P-preserving transformations on (2, T, P).
For w € Q let mi, be as in (8.3). Then there exists Q' € T with P(Q') = 1 such that

im Mol 07(rx))

r—>-+o00 rn—l

= ghom (@, V) (8.32)

for every w € Q, every x € R", and every v € "1, where gnom is given by (8.13). In
particular, the limit in (8.32) is independent of x. Moreover, if (t;) czr is ergodic, then ghom
is independent of w and given by (8.15).

We conclude this section with the proof of Theorem 8.4.

Proof of Theorem 8.4 The proof follows by Theorem 3.5 now invoking Proposition 8.5 and
Proposition 8.8. O
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Appendix
In this last section we state and prove two technical lemmas which are used in Sect. 8.1.
ForA € A,x € R", and v € S""!, in what follows m® (uY, A) denotes the infimum value
given by (3.7).
LemmaA.l Letg € G letv e "1, x,X e R", and ¥ > r > 4 be such that
- r
() 0, ,(x) CC QF(X), (i) dist(x, TT"(x)) < T
Then there exists a constant L > 0 (independent of v, x, X, r,T) such that

m’ (%, QX)) <m’ (@@, Q) (x)) + L(|x — F| + |r — 7 + 1)7" 2. (A.1)
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Proof To prove (A.1) we are going to perform a construction which is similar to that used in
Proposition 2.6.
Letv e §" !, n > 0be fixed and let v € </ (uy, Q) (x)) with

F(v, 0, (x)) <m’(iy, Q) (x)) + 1. (A2)
Letu € WI*P(Q‘,’ (x); R™) correspond to the v as above; i.e., vWu = 0 a.e. in Q) (x) and
(u,v) = (uy, vy)a.e.in U, where U is a neighbourhood of 9 Q; (x). Let moreover 8 € (0, 1)
be such that Q) (x) \@Lﬂ (x) cU.Letx € R" and ¥ > r > 4 satisfy (i)—(ii). We set
x—X)-v xX—X)-v X—x)-v
I( ) vl [(x — %) |>>+x+( ) ;

R::RU((Q;\@,_ﬁ) x(-1- S e

where R, be as in (f) (see Fig.3a). Then let ¢ € C2°(Q)) be a cut-off function between
Q;_ﬂ and Q);ie,0<¢ <1l,and¢p =1on Q;_ﬂ. Eventually, for y = (3, y») € Q%(¥)
we define the pair (i, U) by setting
H(y) = @((R] (v =) () + (1 = o(R] (v = ) Nitk(y),
Sy o [MIBR0)AW) in 01,
min{#¥(y), d(y)} in QE(¥)\ O, (x),

where d(y):=dist(y, R). Clearly, u € Wl'p(Qg(f); R™), moreover, by construction we
have

(y—x)-v[ > 1 and [(y —%)-v| > 1 forevery y € (Q'(x)\ Or_p(x)) \ R.
Hence, the boundary conditions satisfied by v imply that
V=Y =11in (Q)()\ 0, 4(x)\R.
thus 7 € WP (QL(R)).

Thanks to (ii) and to the fact that r > 4 we have R C Q,(x) sothat {d < 1} C Q‘,’+2 (x).

Therefore, in view of (i) we get that v = v¥ in a neighbourhood of 3 Q% (%), further i’ = % in
0L (x) \@: (x). Then, to show that v'is admissible for m* (1%, Q7 (X)) it only remains to check
that ¥ Vil = 0 a.e. in Q%(X). Clearly, U Vil = 0 a.e. in R. On the other hand, in Q) (x) \ R
we have U|Vii| < v|Vu| = 0, while in (Q%(X) \ Q}(x)) \ R we get |Vii| < v¥|Vitk| =0,
and hence the claim.

Eventually, arguing as in Proposition 2.6 we obtain

TV, 0R®) < F° (v, QX)) + F° (52, Q2() \ 0y (1)) +2e4L"({d < 1}). (A3)
Thanks to (2.3) and (2.19) we have
TS (32, Q2@ \ 0y () < e4CL" 105\ 0,) < CIr — 772, (A4)
moreover
£'({d < 1}) = C(lx =X + DB + Dr" 2. (A.5)

We observe that both in (A.4) and (A.5) the positive constant C > 0 does not depend on any
of the parameters and on v. Therefore, gathering (A.2) and (A.3) we finally obtain

m’ (i}, Q¥(X)) < F*(V, 03(X)) < m* (@@, Q) (x)) + L(Ix = X| + |r —F| + 1)7"72 +n,
for some L > 0 independent of x, X, r, 7, v, thus (A.1) follows by the arbitrariness of > 0.

[}
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Y (ra)= I
7 (ra) { &
1+a)r
(a) The sets Qy_g(x), QY(x), Q¥(Z) and in gray (b) The sets Qy_4(rz), Q' (rz), Q’(;1+Q)T(rm) and
the sets R (dark gray) and {d < 1} (light gray). in gray the sets R (dark gray) and {d < 1} (light
gray).
Fig.3 The sets used in the construction of (i, ) in Lemma A.1 and Lemma A.2
LemmaA.2 Let g € G, leta € (0, %) and v,V € S be such that
~ o
max |Rye; — Ryei| + v —7] < —, (A.6)
l<i<n—1 Jn

where R, and Ry are orthogonal (n x n)-matrices as in (f). Then there exists a constant
¢ > 0 (independent of v,V), with ¢, — 0 as a — 0, such that for every x € R" and every
r > 2 we have

5 AT -1
m’ (u;‘}x’ Q:1+ot)r (rx)) —car"T =

m’ (i), Q) (rx))
e . (A7)
m.Y (ur)” Q}’l_a)r(rx)) + Car”

Proof We only prove that

m’ (i), Q) 4oy, (7)) — car™ ™" < m’ (i), OV (rx)). (A.8)

for some ¢y > 0, with ¢, — 0, as o — 0; the proof of the other inequality is analogous.
Letx € R", r > 2, and set rai::(l =+ «o)r. We notice that condition (A.6) readily implies
that

Q)_(rx) CC Q}(rx) CC QY. (rx). (A9)

Moreover, we let r be so large that Q) 2(rx) ccC Q"+ (rx). This allows us to use a similar

argument as in the proofs of Proposition 2.6 and Lemma A.1, which we repeat here for the
readers’ convenience.

Let n > 0 be fixed and let v € WI'P(Q;’ (rx)) be a test function for m®(it),, Q) (rx))
satisfying

F' (v, Q) (rx)) < m° @y, Q¥ (rx)) + 1. (A.10)

Therefore we know that there exist u € W”’(Q‘; (rx); R™) and a neighbourhood U of
9 Q; (rx) such that

(u,v) = (4y,,v,,) in U and vVu =0 ae.in Q}(rx). (A.11)
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Now let 8 € (0, 1) be such that Q) (rx) \@:7/3(”) C U and set
R:= RV<Q; \ Qg x (1 —ar, 1 +ar)) +rx,

where R, is as in (f) (see Fig.3b). Let ¢ € C2°(Q,.) be a cut-off function between Q;fﬁ and
"; we define

7 = g ((RL 5 = r0) Jue) + (1= o((RI v = ) ) )l ).

3 = min{vSy),d(y)} in QY(rx), B
y) = min{vy, (y),d(y)} in Q:;(Vx)\Q:(rx),

where d(y) := dist(y, R). We now observe that in view of (A.6) and (A.11), by definition
of R we get

v=1 =05, =1 in (Q)(rx)\ Qy_p(rx) \ R,
so that v e W“’(Qf;r (rx)). Since Q) ,(rx) CC QZ;* (rx), arguing as in Lemma A.1 it is
easy to check that the pair (i, v) € W”’(Q‘r’+ (rx); ]R’”) X W]'/’(Q‘r’+ (rx)) also satisfies
(@, 7) = @', v’,) near 8in (rx) and TVZ =0 ae.in Qfa+ (rx).

v
rx’

Therefore, v is admissible for m*® (i Qf+ (rx)). Then, using the same arguments as in
o

Proposition 2.6 we deduce
F, Q) < F° (0. Q) (rx)) + F* (0. Q) (rx) \ Q) (r)) + 2¢4L" ({d < 1))

o e (A.12)

< FW, 07 (rx) + T Uy, @ (1) \ Qpp (r)) 4+ 2¢4L7({d < 1)),

where to obtain the second inequality we used the first inclusion in (A.9). Furthermore by (2.3)
and (2.19) we have

F, 07, 0\ Oy, (1) < esCoL (0L () \ Q) (r))
=Gy (14 o) = (1 =) Hr"! (A.13)
whereas
L£'{d < 1) < CB+ Dr"2ar < Car"™!, (A.14)

for some C > 0 independent of x, v, and r. Thus, gathering (A.10), (A.12), (A.13),
and (A.14), thanks to (A.11) we infer

m’ @y, Q7 (rx)) < m’ @y, Q)(rx)) + car™™" 41,

where cy:=c4Cy ((1 +a) 1 —(1 —oz)"_l)—l—ch. Eventually, (A.8) follows by the arbitrariness
of n > 0. O
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