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Abstract

Machine learning, particularly deep learning, has achieved remarkable success in areas such as
image recognition, natural language processing, and speech recognition. However, for structured
or tabular data, tree ensemble approaches, such as random forests and gradient boosted trees, often
outperform deep learning-based approaches. Although they perform strongly, tree ensembles are
in general considered to be black boxes, because the complexity of combining multiple decision
trees makes it difficult to trace the reasoning behind individual predictions. Recent advancements
in Explainable Artificial Intelligence have presented heuristic post-hoc explanation methods like
LIME and SHAP. Nevertheless, these methods often rely on a model’s input-output behavior and
therefore only approximate how it internally arrives at its predictions. As a result, there is an
urgent need for efficient and precise approaches to explaining ensembles, especially in domains
where safety or fairness is critical.

To tackle the interpretability gap, this thesis explores compilation-based techniques that trans-
form an entire tree ensemble into a single, semantically equivalent structure such as a directed
acyclic graph. This single graph representation reveals the ensemble’s underlying logic, making it
amenable to formal analysis. Once compiled, the model’s internal logic becomes more transpar-
ent, allowing efficient generation of formal explanations, as well as support for verification tasks
such as pre- and postcondition checks and model equivalence checking. One significant advantage
is that, after the one-time cost of building the unified representation, subsequent explanations can
be generated efficiently. This makes the proposed solutions particularly well-suited for real-time
or interactive settings where many explanations are requested in sequence.

The main focus of this thesis is efficiency and scalability. Existing compilation-based ap-
proaches can be very expensive on large ensembles. To address this, the thesis introduces novel
compilation algorithms and optimizations, significantly reducing transformation time and mem-
ory usage while maintaining exact equivalence with the original tree ensemble. The experimental
results show over an order of magnitude speedup in model compilation and multiple orders of
magnitude in explanation generation compared to state-of-the-art solver-based approaches.

Furthermore, the thesis introduces a user-friendly, web-based tool (Forest GUMP) that allows
non-experts to train, visualize, verify, and explain tree ensembles interactively. Overall, these
contributions advance the field of explainable AI by delivering efficient, formally grounded, and
practical solutions for tree ensemble interpretability and explainability.
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Chapter 1

Introduction

Machine learning has seen significant growth in recent years, with deep learning models [7] draw-
ing much of the attention due to their successes in tasks like image recognition [8], natural lan-
guage processing [9], and speech recognition [10]. Yet, for structured or tabular data, tree en-
semble methods like random forests [11] and gradient boosted trees [12] frequently outperform
other approaches [13, 14, 15]. This trend is reflected on Kaggle [16], a leading platform for
data science competitions, where gradient boosting libraries like XGBoost [17] frequently power
many of the top-ranked solutions [18]. By aggregating the predictions of multiple decision trees,
tree ensembles generally offer robust predictive performance [19]. However, despite each indi-
vidual decision tree’s interpretability, a forest or boosted ensemble of trees is typically perceived
as a black-box model, raising concerns about transparency and trustworthiness in safety-critical
domains [20, 21, 22].

In machine learning, a black-box model refers to a model or system where the inputs and
outputs are observable but the internal mechanisms that lead to the outputs remain opaque [21,
22]. Although these models achieve high accuracy and handle complex problems effectively, their
lack of interpretability raises concerns, especially in critical applications where accountability and
fairness are important [23, 24]. In healthcare, for example, a black-box model might predict a
patient’s likelihood of developing a disease with high accuracy, but without understanding the
reasons behind the prediction, doctors cannot fully trust the model or use its insights to guide
treatment [25, 26]. Similarly, in finance, a black-box model used to assess creditworthiness might
deny a loan application without revealing the reasons behind the decision, potentially leading to
unfair outcomes or regulatory violations [27, 28]. These examples highlight the importance of
interpretability to ensure that such models are deployed responsibly and ethically [29, 30].

To address interpretability challenges, a range of Explainable Artificial Intelligence (XAI)
techniques has emerged [22, 23, 31]. These approaches aim to make machine learning models
more transparent without compromising predictive power [32]. For example, feature importance
methods highlight the variables most influential on a model’s prediction [11], while visualization
tools offer intuitive ways to see how a model processes inputs [33]. Post-hoc explanation meth-
ods such as Local Interpretable Model-Agnostic Explanations (LIME) [20] and SHapley Additive
exPlanations (SHAP) [34] provide simplified, human-readable explanations for individual predic-
tions, enabling better understanding among end-users. Such tools are especially useful in domains
like healthcare and finance, where understanding a model’s decision-making process is essential
for building trust and ensuring ethical use [26, 27].

Despite their utility, post-hoc explanation methods such as LIME and SHAP are inherently
heuristic. These methods rely on analyzing the input-output relationships of a model rather than
reasoning about its internal mechanisms, such as its structure or learned parameters. As a result,
the explanations they provide can only be approximate. To overcome these limitations, more
formal explainability approaches have been proposed. Two notable post-hoc formal methods are
abductive [35, 36, 37] and inflated explanations [38]. Abductive explanations identify minimal
subsets of feature assignments sufficient to produce a specific prediction. In the context of ran-
dom forests, for instance, these explanations pinpoint the smallest set of input features that, once
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(a) A random forest learned on the Iris dataset.
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(b) A DAG that is semantically equivalent to the random forest in Figure 1.1a.

Figure 1.1: A random forest and a semantically equivalent DAG obtained by applying the ADD-
based approach [42] to the random forest.

fixed, guarantee the output for a particular instance. Typically, algorithms for generating abduc-
tive explanations rely on formal reasoning tools such as Boolean Satisfiability (SAT) [38, 39],
Satisfiability Modulo Theories (SMT) [40], or Maximum Satisfiability (MaxSAT) [41] solvers,
where the model’s decision logic is encoded into logical constraints. Inflated explanations [38]
extend abductive explanations by specifying an interval for each feature that cannot be increased
without changing the prediction, which can provide additional insights into the model’s decision-
making process.

This dissertation explores the potential of compilation-based explainability approaches, which
aim to translate a machine learning model’s decision process into an interpretable representa-
tion, often using logical formulas or another compact structure. Such representations can en-
able more efficient computation of explanations and provide deeper insights into the model’s
decision-making.

One interesting compilation-based method is presented in [42], where a random forest is
transformed into a single, semantically equivalent Algebraic Decision Diagram (ADD), a gen-
eralization of Binary Decision Diagrams (BDDs) whose leaves may store arbitrary values rather
than simple Booleans. In other words, for every input instance, the ADD returns the exact same
prediction as the original random forest. To illustrate, consider the small random forest of four
decision trees shown in Figure 1.1a, trained on the Iris dataset. Typically, one would need to trace
the root-to-leaf path of each tree to see how the forest arrives at its predictions, which can turn
into a complicated process even for moderately sized ensembles. When the random forest makes
a prediction, each tree votes for a class, and the class with the most votes is returned.

Figure 1.1b shows a directed acyclic graph (DAG), obtained by applying the ADD-based ap-
proach [42], that is semantically equivalent to the entire random forest. In this particular case, the
graph actually coincides with the first decision tree, which means that for all inputs, the aggre-
gated votes of the four trees match the outcomes of the first tree alone. Therefore, each leaf in
the DAG corresponds to the final class label that the random forest would predict, allowing one to
follow a single path to see precisely how the model classifies an instance. Having a single, unified

2



structure significantly reduces the complexity of interpreting the model compared to traversing
separate decision paths.

Although such a compact visualization is appealing for small random forests, real-world mod-
els often result in much larger DAGs, making them difficult to inspect directly. Nevertheless, once
a semantically equivalent DAG or ADD exists, one can still compute explanations relatively easily
by tracing paths within that structure. The challenge, however, lies in the construction of these rep-
resentations, which can be extremely expensive. In the worst case, compiling a random forest of
n trees T1, . . . , Tn can take O(|Tk|n) time, where |Tk| denotes the number of nodes in the largest
tree. In fact, the experimental results in this thesis show that compilation alone can be excessively
time-consuming: for instance, on one particularly large random forest, the existing approach [42]
required over two hours, whereas our new method needed only 20 seconds. Motivated by these
scalability challenges, the central focus of this dissertation is to develop more efficient and widely
applicable compilation techniques. By significantly reducing the time required to transform tree
ensembles into a single graph-based representation, our approach can handle larger models and
enable efficient explanation generation, as well as a range of additional analyses.

For a more complete understanding of this approach, we now compare it with solver-based
(SMT/SAT) methods for generating explanations. SMT/SAT-based methods typically construct
and solve logical formulas on demand: to generate an explanation, the model’s decision rules
must be encoded into a SAT or SMT instance, which is then handed off to a solver. While this
can work well for single queries, it becomes increasingly costly when multiple explanations need
to be derived, because each request requires a fresh solver invocation over a potentially large
logical encoding.

In contrast, compilation-based approaches incur a one-time transformation cost: the entire
tree ensemble is converted into a single, semantically equivalent structure (for example, a DAG or
ADD). Although this transformation can be expensive, once it is completed, generating multiple
explanations or performing different forms of analysis becomes extremely efficient. This makes
compilation-based techniques especially advantageous in scenarios where numerous explanations
are likely to be requested, such as interactive systems.

Interestingly, our experiments show that even for a single explanation request, the overhead
of constructing a DAG may be outweighed by its benefits. In some cases, we can compile the tree
ensemble and produce a single explanation faster than a state-of-the-art SMT/SAT-based approach
can compute an explanation. As a result, compilation-based methods offer a balanced trade-off
between upfront cost and subsequent performance, effectively scaling to a variety of real-world
use cases where interpretability on demand is critical.

These advantages can be leveraged through novel techniques that transform entire tree en-
sembles into single, semantically equivalent graphs. In this dissertation, we introduce a set of
compilation-based methods that significantly reduce the cost of generating explanations and en-
able additional forms of analysis. By focusing on both random forests and gradient boosted trees,
we illustrate how these techniques maintain predictive accuracy while offering interpretability on
demand. The approaches that we will introduce in this dissertation transform a tree ensemble,
e.g., a random forest or gradient boosted trees, into a single semantically equivalent graph. This
transformation has several advantages:

• Applicability of single-tree algorithms: The resulting semantically equivalent graph en-
ables the application of algorithms traditionally designed for individual decision trees. As
a result, generating abductive or inflated explanations for complex models (like random
forests or gradient boosted trees) becomes straightforward, avoiding the need for special-
ized modifications or custom methods.

• Efficient explanation generation: The resulting semantically equivalent graph enables
extremely efficient generation of abductive and inflated explanations. In our evaluation,

3



Chapter 1. Introduction

we show that, once the transformation has been performed, one can generate explanations
several orders of magnitude faster compared to state-of-the-art solutions.

To demonstrate the effectiveness of these contributions, we now highlight their concrete im-
pact in terms of compilation speedups, reduced model sizes, and faster generation of explanations.
Specifically, we achieve the following performance improvements:

• Speeding up ADD-based compilation for random forests: By incorporating our pro-
posed optimizations into the method from [42], which transforms random forests into
ADDs, we achieve a 3.62× speedup.

• Introducing a new depth-first search (DFS)-based transformation: We present a novel
approach based on DFS that generates a DAG instead of an ADD. On average, this DFS-
based method is 20.49× faster and produces a representation 2.63% smaller than the opti-
mized ADD-based approach [42].

• Advancing compilation for gradient boosted trees: We propose a new method for trans-
forming gradient boosted trees, improving upon our earlier ADD-based approach [3]AP by
51.98× in speed and producing DAGs that are 8.22% smaller.

• Accelerating explanation generation for random forests: In comparison to the state-
of-the-art SAT-based solution [38], for random forests our approach generates abductive
explanations 7314× faster and inflated explanations 687× faster.

• Delivering efficient explanations for gradient boosted trees: Our method outperforms
the MaxSAT-based solution [41] by 21140× in abductive explanation speed and uniquely
supports inflated explanations1. Although inflated explanations are harder to compute, we
still generate them 2544× faster than [41] can compute abductive explanations.

1.1 My Contributions

In this dissertation, I present four key contributions that advance the field of explainability for
tree ensemble models. My contributions focus on improving compilation-based methods to make
explainability more efficient and scalable, while also enabling comprehensive analyses and intu-
itive visualization of the compiled representations. To provide an overview of my contributions
and their relationships, Figure 1.2 illustrates the key components and the flow of the proposed
methods. Specifically, this dissertation delivers the following contributions:

Contribution 1: Novel Techniques to Compile Tree Ensembles into a Single Graph
Representation

The first contribution of this dissertation is a set of novel compilation techniques that trans-
form tree ensembles into a single, semantically equivalent graph representation. While previous
work [42] has demonstrated how to convert random forests into ADDs, I advance this research in
two key ways:

1. I adapt the ADD-based approach to support gradient boosted tree models, making it appli-
cable to a wider range of ensembles.

1To our knowledge, no other approach supports inflated explanations for boosted trees, so we compare our method’s
inflated-explanation time to the abductive-explanation time of [41] for reference.
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Figure 1.2: Overview of my contributions.

2. I propose an alternative compilation strategy that generates a single DAG representation
based on DFS applicable to both random forests and gradient boosted trees. This DFS-
based method significantly reduces the transformation time compared to the ADD-based
approaches, enabling the compilation and analysis of larger random forests and gradient
boosted trees that would otherwise be infeasible.

This unified structure enables algorithms originally designed for individual decision trees or
DAGs, such as explanation generation and verification, to be applied efficiently to large ensem-
bles. In contrast to operating on the original forest/ensemble, working on a single DAG sub-
stantially reduces the overhead of repeated computations, enabling the efficient generation of
explanations and other forms of analysis.

Contribution 2: Methods to Improve the Scalability of the Compilation Techniques

The second contribution addresses a key challenge of compilation-based explainability: scalabil-
ity [43]. Applying these methods to large models is often impractical due to high computational
costs. To overcome this bottleneck, I introduce several optimization techniques that accelerate
the transformation process and lower peak memory requirements. These methods can be incorpo-
rated into both the ADD-based strategies [42] and the novel DFS-based approach. By combining
these optimizations with various heuristic techniques, the compilation process is significantly ac-
celerated. Thus, my work contributes to making explainability methods for tree ensemble models
more practical and applicable in real-world scenarios.

Contribution 3: Methods to Analyze the Compiled Representations

My third contribution is a suite of analysis techniques that directly utilize the compiled rep-
resentations. In [3]AP, I demonstrate how to derive abductive and inflated explanations from
these unified structures, revealing the factors influencing the model’s decisions. Furthermore,
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in [2]AP, I show how this single DAG or ADD representation can be leveraged for tasks such as
pre-/postcondition verification and equivalence checking of different random forests. These tech-
niques provide insights into model behavior while enabling robustness analysis through verifying
pre-/postconditions.

Contribution 4: Web-Based Tool for Exploring Compiled Ensemble Models

Finally, I introduce a set of visualization techniques and a web-based platform designed to make
these compiled representations more intuitive for non-domain experts. Traditional tree ensembles,
like random forests and gradient boosted trees, are frequently employed by users without extensive
backgrounds in machine learning. To address this audience, I developed an interactive platform
that provides a user-friendly interface to (i) train random forest models, (ii) perform all intermedi-
ate compilation steps based on [42], (iii) generate explanations, (iv) verify pre-/postconditions, (v)
check model equivalences, and (vi) export the resulting compiled models in various programming
languages (e.g., Java, Python, C++). This platform simplifies access to robust and interpretable
ensemble models by providing both explainability and transparency through user-friendly visual-
izations and automated tools.

In sum, these contributions collectively advance the state-of-the-art in explainable machine learn-
ing by improving the efficiency, scalability, and interpretability of tree ensemble models. By
introducing novel compilation strategies, practical optimization techniques, advanced analyses,
and user-friendly visualization tools, this dissertation enables more transparent deployment of en-
semble models in practical applications.

1.2 Context of Attached Publications

This dissertation forms part of a cumulative thesis, consisting of previously published articles co-
authored with fellow researchers. While the publications are listed on page v and vi, with details of
my individual contributions provided in accordance with the doctoral degree requirements of TU
Dortmund, this section offers a broader explanation of how these works relate to the overarching
theme of this dissertation and its research objectives.

Forest GUMP: A Tool for Explanation ([1]AP)

This paper introduces Forest GUMP, a tool for explainability and verification of random forests.
[1]AP leverages the ideas from [42] to compile random forests into ADDs. Through an inter-
active interface, users can (i) train random forest models, (ii) inspect intermediate steps of the
ADD-based compilation process, and (iii) generate explanations. Additionally, the system sup-
ports exporting the compiled representations to various programming languages (e.g., C++, Java,
Python). Overall, [1]AP demonstrates the feasibility of turning theory into practice by allowing
non-expert users to analyze and interpret complex models.

Forest GUMP: a tool for verification and explanation ([2]AP)

This paper is an extended version of [1]AP that introduces verification and equivalence checking
features in Forest GUMP. We show how, once the random forest has been transformed into an
ADD, one can perform pre-/postcondition verification, and check the equivalence of two random
forests. We extend the tool Forest GUMP by adding these features and show by means of examples
how these features can be used.
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Computing Inflated Explanations for Boosted Trees: A Compilation-Based
Approach ([3]AP)

This paper extends the techniques introduced in [42] to compile boosted trees into a single se-
mantically equivalent ADD. We also show how the ADD can then be used to generate abductive
and inflated explanations for the predictions of the boosted trees. We evaluated our approach on
boosted trees learned on real-world data sets and showed that our approach is able to generate
explanations several orders of magnitude faster than the state-of-the-art.

Voting-Based Shortcuts through Random Forests for Obtaining Explainable
Models ([4]AP)

Focusing on scalability, [4]AP presents a series of optimizations aimed at reducing the inter-
mediate representation size and the associated computational overhead in the ADD compilation
process. These optimizations are divided into semantic-preserving and non-semantic-preserving
categories. Semantic-preserving techniques preserve exact equivalence with the original random
forest but can only be applied after half of the trees have been compiled. In contrast, non-semantic-
preserving techniques may slightly alter the forest’s behavior but can be used at any point in the
compilation process, and as a result trimming the intermediate representation earlier in the pro-
cess. For both categories, [4]AP evaluates the effect on prediction accuracy and compilation time,
concluding that these optimizations significantly accelerate compilation while causing negligible
reductions in model accuracy.

An Efficient Compilation-based Approach to Explaining Random Forests Through
Decision Trees ([5]AP)

[5]AP proposes a novel approach to compile a random forest directly into a single semantically
equivalent DAG based on DFS. Unlike prior work that is based on ADDs, this method performs
a depth-first traversal of the forest, following the root of the subsequent tree once a leaf node
is reached, while creating a new decision tree at the same time. Additionally, we present an
approach based on abstract interpretation that enables the application of early stopping before
half of the trees have been compiled while still preserving semantics. Our experiments show
that this approach reduces transformation time by more than an order of magnitude compared to
previous methods [42], confirming its suitability for large-scale random forests.

Enhancing Performance Through Control-Flow Unmerging and Loop Unrolling on
GPUs ([6]AP)

While not directly related to AI explainability, [6]AP was my first work involving extensive exper-
imental evaluations and compiler optimizations. Here, we proposed a GPU compiler optimization
that combines control-flow unmerging with loop unrolling to achieve speedups by enabling the
application of subsequent optimizations such as constant folding and read elimination. Imple-
menting this approach in LLVM and evaluating it on CUDA benchmarks resulted in performance
gains of up to 81%. Although [6]AP primarily addresses general-purpose computing, the lessons
learned proved invaluable for enhancing the scalability of the compilation-based explainability
tools developed in this dissertation. On a high level, the approaches introduced in Chapter 4 align
closely with the transformations discussed in this paper, demonstrating their usefulness in diverse
compilation scenarios.
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Additional Unpublished Contributions

While this dissertation builds upon previously published research, it also introduces entirely new
techniques that have not appeared in prior work. In particular, Section 4.3 extends the approach
from [5]AP to handle gradient boosted trees, including novel early stopping methods specifically
tailored to this type of ensemble. This novel approach allows one to transform gradient boosted
trees into a single semantically equivalent DAG several orders of magnitude faster than the ADD-
based approach presented in [3]AP. Additionally, Section 4.1.8 presents an additional optimization
to [5]AP that reduces both the transformation time and the size of the resulting DAG.

1.3 Organization of this Dissertation

This dissertation is organized as follows: Chapter 2 introduces the necessary background. Chap-
ter 3 reviews the existing method from [42] for compiling random forests into Algebraic Decision
Diagrams (ADDs) and presents its adaptation for gradient boosted trees. Chapter 4 describes
a DFS-based procedure for generating a DAG representation of both random forests and gradi-
ent boosted trees, avoiding the use of ADDs. Chapter 5 examines methods for deriving abductive
and inflated explanations from the compiled representations and demonstrates pre-/postcondition-
based verification and equivalence checking. Chapter 6 introduces Forest GUMP, a web applica-
tion for the explainability and verification of random forests. Chapter 7 provides an overview of
related work in the field, and Chapter 8 concludes the thesis by suggesting directions for further
research.
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Chapter 2

Background

In this chapter, we provide the necessary background information for the subsequent chapters. We
start by introducing the basic concepts of classification problems and tree ensembles. We then dis-
cuss logic-based explanations, focusing on abductive explanations and inflated explanations. Fi-
nally, we introduce Decision Diagrams, specifically Algebraic Decision Diagrams (ADDs), which
are extensively used throughout this thesis.

2.1 Classification Problems

In this section, we introduce the relevant concepts similar to previous work in this area [41]. For
some natural number n ∈ N, let [n] := {1, . . . , n} be the set of all natural numbers less than or
equal to n.

This thesis is concerned with classification problems where F = {1, . . . ,m} denotes the set
of features and C = {1, . . . ,K} the set of classes. Each feature j ∈ F is characterized by a
domain Dj , which for the purposes of this thesis is assumed to be a numerical domain, e.g., a
subset of R1. The feature space is defined as F := D1×D2× · · ·×Dm. A sample or an instance
is a specific point v⃗ = (v1, . . . , vm) ∈ F in the feature space. We use x⃗ = (x1, . . . , xm) ∈ F,
for an arbitrary point in the feature space. The value of a feature j ∈ F is denoted as xj where
xj ∈ Dj . In general, when referring to the value of a feature j ∈ F , we will use a variable xj ,
with xj taking values from Dj . A classifier implements a total classification function τ : F→ C.

2.2 Tree Ensembles

Tree ensembles are machine learning models that combine multiple decision trees to form a sin-
gle, more powerful classifier. By combining multiple decision trees, tree ensembles avoid is-
sues commonly observed in individual decision trees, such as overfitting, and in general achieve
higher predictive accuracy. Two widely used types of tree ensembles are random forests [11]
and gradient boosted trees [12]. In this section, we introduce these methods, and explain their
underlying mechanisms.

2.2.1 Decision Trees

A decision tree [44] is a machine learning model that makes predictions through a sequence of
feature-based decisions for classification or regression tasks. Decision trees consist of two types
of nodes: internal nodes, which represent a decision based on a feature, and leaf nodes which are
associated with the model’s decision. In this thesis, the decisions of an internal node are of the
form xj < t where xj is a feature and t ∈ Dj is a threshold value. Internal nodes have exactly
two successor nodes where based on the result of the decision, either the true- or false branch is

1The ideas and methods introduced in this thesis also extend naturally to categorical domains.

9



Chapter 2. Background

x < 3

Class
A

Class
B

y < 2

Class
B

Class
C

x < 5

y < 5

Class
A

Class
B

Class
C

Figure 2.1: A random forest with 3 decision trees. Dotted edges represent false branches, while
solid edges represent true branches.

followed. For classification tasks, each leaf is associated with a class c ∈ C which represents the
prediction of the tree for instances that reach them.

Decision trees have several strengths, such as their simplicity, interpretability, and ease of
visualization, which is why they are generally regarded as white-box models [22]. However, they
are prone to overfitting the training data, resulting in high variance and reduced generalization
performance on unseen data.

2.2.2 Random Forests

Random forests [11] are a tree ensemble method that uses bootstrap aggregating (bagging) to form
a classifier from several decision trees. In this approach, each decision tree T1, . . . , Tn is trained
on a bootstrap sample of the training data. A bootstrap sample is obtained by sampling a number
of instances with replacement from the original training data. By combining the predictions of
multiple trees, random forests reduce the variance of the model and improve the predictive power.

Given an input instance x⃗, each decision tree Ti in the random forest produces a prediction
Ti(x⃗) ∈ C, where i = 1, . . . , n. The final prediction ŷ is then obtained by aggregating these
individual predictions through majority voting:

ŷ = argmax
c∈C

n∑︂
i=1

I(Ti(x⃗) = c),

where I(·) is the indicator function that returns 1 if the condition is true and 0 otherwise.

Example 1. Figure 2.1 shows a random forest consisting of three trees used to predict Class
A, Class B, or Class C. Dotted edges represent false branches, while solid edges represent true
branches. For the input v⃗ = (x = 4, y = 6), the votes of the three trees would be Class A, Class
B, and Class B. Since Class B receives the majority of the votes, this would be the final prediction
of the random forest.

2.2.3 Gradient Boosted Trees

Gradient boosted trees [12] are another popular tree ensemble method that combines multiple
trees to form a single classifier, often referred to as a gradient boosted tree model. In contrast
to random forests, where the decision trees are learned independently, gradient boosted trees are
learned iteratively aiming to correct the errors of the previously learned trees.
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Figure 2.2: A gradient boosted tree model with two trees per class.

Multiclass Classification: For a classification task with K > 2 classes, the model learns
n ∈ N>0 trees for each class j ∈ [K]. We denote the i-th tree for class j by T j

i , where i ∈ [n].
Each decision tree is associated with a specific class j, and the leaves of the trees are associated
with a real-valued score.

For an input x⃗ ∈ F, the total weight (score) assigned to class j is:

wj(x⃗) :=
n∑︂

i=1

T j
i (x⃗).

The model’s prediction is the class with the highest total weight:

ŷ = arg max
j∈[K]

wj(x⃗).

Example 2. Figure 2.2 shows a gradient boosted tree model with two trees per class. For the
input v⃗ = (x = 6, y = 2.5), the trees for Class A would return w1(v⃗) = 0.9 + 0.5 = 1.4, the
trees for Class B would return w2(v⃗) = 0.8 + (−0.2) = 0.6, and the trees for Class C would
return w3(v⃗) = 0.2 + 0.0 = 0.2. Since the sum of weights for Class A is the highest, this is the
final prediction of the gradient boosted tree model.

Binary Classification: For binary classification with two classes, i.e., a positive and a neg-
ative class, a common approach is to learn a single sequence of n trees, where each tree Ti(x⃗)
outputs a real-valued score. The overall score for an input x⃗ is:

score(x⃗) =
n∑︂

i=1

Ti(x⃗),

A common approach is to apply the logistic (sigmoid) function,

σ
(︁
score(x⃗)

)︁
=

1

1 + e−score(x⃗)

to obtain a probability in (0, 1). The final classification is obtained by thresholding this proba-
bility at 0.5, or equivalently, by predicting the positive class if score(x⃗) > 0 and the negative
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Figure 2.3: A gradient boosted tree model for binary classification consisting of three trees.

class otherwise.

Example 3. Figure 2.3 presents a gradient boosted tree model for binary classification with three
trees. When given the input v⃗ = (x = 2.5, y = 3, z = 4), each tree outputs a real value, and
these values are summed to produce a single score:

score(v⃗) = 0.4 + 0.1 + (−0.2) = 0.3.

Next, we apply the sigmoid function to convert this score into a probability:

σ(0.3) ≈ 0.57.

Since 0.57 exceeds the threshold of 0.5, the model predicts the positive class for this instance.

2.3 Logic-based Explanations

In this thesis, we focus on explanation methods that must satisfy specific logical requirements.
The explanations considered here come with a rigorous formal definition, enabling mathematical
reasoning and precise derivations.

One well-known type of formal explanation is the Abductive Explanation (AXp) [35]2. An
AXp for a sample v⃗ ∈ F is an inclusion-minimal set of feature-value pairs sufficient to preserve
the model’s prediction for v⃗.

Definition 1 (Abductive Explanation [35]). For an instance v⃗ ∈ F, an abductive explanation
(AXp) is an inclusion-minimal subset X ⊆ F such that:

∀x⃗ ∈ F.

(︄⋀︂
j∈X

(xj = vj)

)︄
=⇒ τ(x⃗) = τ(v⃗) .

Abductive explanations are not unique, i.e., given a fixed sample v⃗ there can exist multiple X
satisfying the above equation.

Example 4. Given the random forest in Figure 2.1 and the input v⃗ = (x = 4, y = 6), we already
determined that the random forest’s prediction is Class B in Example 1. The only abductive
explanation that exists is X = {x, y} because we can change the random forest’s prediction to
another class by removing either x or y. If we remove x from X , Class A might win, as x can take
on any value and thus receive one vote each from the first and third tree, e.g., if x = 6. Similarly,
if we remove y from X , Class C might win because for y = 1 it would receive one vote each from
the second and the third tree.

2These are also known as PI explanations [36] and sufficient reasons [37].
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Building on abductive explanations, the concept of inflated explanations [38] was introduced
to specify not only which features are sufficient but also which ranges of values they may take
while preserving the prediction. This extension provides deeper insight into the model’s deci-
sion process.

Definition 2 (Inflated Explanation [38]). For an instance v⃗ ∈ F with AXp X ⊆ F , an inflated
(abductive) explanation (iAXp) is a tuple (X ,X), where X contains for each feature j ∈ X a set
Ej ⊆ Dj with vj ∈ Ej , satisfying:

∀x⃗ ∈ F.

(︄⋀︂
j∈X

(xj ∈ Ej)

)︄
=⇒ τ(x⃗) = τ(v⃗) (2.1)

When j is a numerical feature, Ej must be an interval. Additionally, each Ej must be inclusion-
maximal in the sense that any trivial extension of Ej within the allowed bounds Ej ⊆ Dj violates
Equation (2.1).

Example 5. Given the random forest in Figure 2.1 and the input v = (x = 4, y = 6), one inflated
explanation is (X = {x, y},X = (Ex = (−∞, 5),Ey = [5,∞))). These intervals ensure that the
predicate x < 5 is true, and the predicates y < 5 and y < 2 are false, which ensures that Class B
receives one vote each from the second and third tree. The truth value of x < 3 does not matter
in this case since Class B already receives two votes from trees 2 and 3, which is enough to win
the majority vote. This is why the lower bound of x is −∞.

2.4 Decision Diagrams

In this section, we introduce Binary Decision Diagrams (BDDs) and ADDs. We explain their
core properties, describe their role in efficiently representing complex functions, and motivate
why they are important for the remainder of this thesis.

2.4.1 Binary Decision Diagrams

Binary Decision Diagrams [45, 46, 47] are a widely used data structure for the compact repre-
sentation, and efficient manipulation of Boolean functions, i.e., functions of the form {0, 1}n →
{0, 1}. A BDD is a directed acyclic graph (DAG) consisting of internal nodes and leaf nodes.
An internal node is associated with a Boolean variable xi and has two outgoing edges repre-
senting the two possible values of xi. The leaf node represents either true or false (or 1 and
0). In this thesis, the term BDD is used synonymously with Reduced Ordered Binary Decision
Diagrams (ROBDDs). ROBDDs have the following properties:

• Reduced: Isomorphic subgraphs are merged, and nodes whose children are isomorphic are
deleted as well.

• Ordered: There exists a fixed order in which the variables x1, . . . , xn are tested along any
path from the root to a leaf node. On any path, each variable is tested at most once.

By satisfying these properties, ROBDDs provide a canonical representation of a Boolean function
for a fixed variable order, i.e., for each Boolean function there exists a unique ROBDD represent-
ing that function. This enables e.g., to check the equivalence of two BDDs efficiently [48].

Example 6. Figure 2.4 shows three BDDs that all represent the Boolean function x1∨x2∨x3. The
leftmost BDD is neither ordered nor reduced. It is not ordered because on one path x2 appears
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Figure 2.4: Three BDDs representing the same function.

before x3, while on another path x3 appears before x2. It is also not reduced, since multiple
isomorphic subgraphs (e.g., all leaves labeled 1) are not merged.

By swapping x3 with x2 on the right side of the leftmost BDD, one obtains the middle BDD,
which is now an ordered BDD. Finally, the rightmost BDD is both ordered and reduced, making
it the canonical representation of x1 ∨ x2 ∨ x3 for the variable ordering x1 < x2 < x3.

To manipulate BDDs, e.g., to create the conjunction f ∧ g or disjunction f ∨ g of two BDDs,
one can use binary aggregation. Given two BDDs f and g, the time complexity of binary aggre-
gation is O(|f | · |g|).

Definition 3 (Binary Aggregation [47]). Given a binary operation • ∈ O, it is possible to lift this
operation on the BDD level such that for BDDs f, g : {0, 1}n → {0, 1} and all inputs x⃗ ∈ {0, 1}n
the following holds

(f •A g)(x⃗) := f(x⃗) • g(x⃗)

Just like binary operations, monadic operations, such as negation ¬f , can also be lifted
to BDDs.

Definition 4 (Monadic Aggregation [47]). Given a unary operation • ∈ O, it is possible to lift this
operation on the BDD level such that for a BDD f : {0, 1}n → {0, 1} and all inputs x⃗ ∈ {0, 1}n
the following holds (︁

•A(f)
)︁
(x⃗) := •

(︁
f(x⃗)

)︁
While BDDs can represent Boolean functions in a compact way, in the worst case the size of

a BDD is still exponential in the number of variables [47].

2.4.2 Algebraic Decision Diagrams

Algebraic Decision Diagrams (ADDs) [49] generalize BDDs [47] from the boolean to any al-
gebraic co-domain. ADDs represent functions {0, 1}n → A where A is the carrier set of an
algebraic structure (A,O) with operations O. ADDs have the same properties as BDDs, i.e., they
are reduced and ordered, and just as for BDDs, one can use binary and monadic aggregation to
construct new ADDs.

Example 7. Figure 2.5 shows an example of three ADDs. The first ADD represents the function
2x1 + 2x2, whereas the second ADD represents the function x3. The third ADD represents their
product, i.e., (2x1 + 2x2) · x3, which can represent it more compactly than a decision tree.
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Figure 2.5: An example of two ADDs representing the functions 2x1 + 2x2 and x3, and their
product (2x1 + 2x2) · x3.

2.4.3 Predicate-based Decision Diagrams

Traditionally, ADDs operate on Boolean variables, in contrast to the decision trees of a tree en-
semble which operate on predicates, such as x < 5. While Boolean variables are independent of
each other, the truth value of one predicate can influence that of another predicate. For example, if
we know that x < 5 is true, we can infer that x < 6 is also true. We can extend BDDs and ADDs
to operate on predicates as described in [42] by keeping track of a mapping between Boolean
variables and predicates, e.g., x < 5 would be mapped to x1 while x < 6 would be mapped to x2.
This mapping alone is not sufficient because it is possible to create ADDs that contain infeasible
paths. We will discuss in detail approaches that can deal with infeasible paths in Section 3.1.1.
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Chapter 3

Transforming Tree Ensembles into
Algebraic Decision Diagrams

This chapter introduces techniques for transforming random forests and gradient boosted trees
into Algebraic Decision Diagrams (ADDs). In Section 3.1, we summarize the work of [42] on
converting random forests into semantically equivalent ADDs. Section 3.2 then presents opti-
mizations that accelerate this transformation [4, 5]AP, and Section 3.3 evaluates both the original
approach and our optimizations.

Next, we present our method for transforming gradient boosted trees into ADDs [3]AP which
extends the ADD-based technique [42]. Section 3.5 introduces optimizations similar to those in
Section 3.2, adapted specifically for gradient boosted trees, and we evaluate their performance in
Section 3.6.

3.1 Transforming Random Forests into Algebraic Decision
Diagrams

In this section, the work of Gossen and Steffen [42] is summarized, as it forms the foundation for
the subsequent approach transforming gradient boosted trees into ADDs. In addition to summa-
rizing their approach, we also provide in-depth examples on how their approach works, and we
discuss their infeasible path elimination in more detail.

Let us consider a random forest R composed of T1, . . . , Tn decision trees. As previously
discussed, the evaluation of a random forest follows the majority vote principle. According to
[42], this voting procedure can be encoded in an ADD defined over the vector space NK , where
K is the number of classes. First, each individual decision tree is transformed into an ADD by
replacing each leaf node with a unit vector e ∈ NK , where e has a 1 in the position corresponding
to the predicted class and 0 elsewhere. Formally, if a tree leaf predicts class c ∈ [K], it is replaced
with the vector e satisfying ec = 1 and ej = 0 for j ̸= c. Once each decision tree Ti has been
transformed into an ADD Ai, they can be aggregated into a single ADD, the Voting ADD, by
lifting vector addition to the ADDs:

AV = A1 +A · · ·+A An

Essentially, given an input AV returns a voting vector e that represents the number of votes each
class receives from the decision trees T1, . . . , Tn. Finally, we can apply the argmax function1 to
obtain the Majority Vote ADD AMV

AMV = argmax(AV )

1When two classes receive the same number of votes, the argmax function returns the class with the lower index.
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Figure 3.1: An overview of the transformation of a random forest into an ADD.

The Majority Vote ADD AMV encodes the semantics of the random forest R:

R(x) = ci ⇐⇒ AMV (x) = i for all x ∈ F

Example 8. Figure 3.1 illustrates this procedure for a random forest with three decision trees T1,
T2, and T32. In the first step, the decision trees T1, T2, and T3 are transformed into ADDsA1,A2,
and A3 where the classes Class A, Class B, and Class C are represented by the vectors [1, 0, 0],
[0, 1, 0], and [0, 0, 1] respectively. In the second step, the ADDs A1 and A2 are added and the
resulting ADD would return the sum of votes each class receives from the first two trees, e.g., if
x < 4 and y < 4 the ADD returns the voting vector [0, 1, 1] indicating that Class B and Class C
both receive a vote. Next, this ADD is added with A3, resulting in the Voting ADD that returns
the number of votes from the three trees. Now, that all ADDs have been aggregated, it is possible
to apply the argmax function, which replaces each vector with the winning class. Finally, the
argmax function is applied to obtain the Majority Vote ADD, and standard ADD-reduction rules
are then used to simplify the ADD.

When we take a closer look at the ADD (A1 +A A2) +A3 in Figure 3.1, we can see that the
2Dotted edges represent false branches, while solid edges represent true branches.

18



3.1. Transforming Random Forests into Algebraic Decision Diagrams

Algorithm 1 Infeasible Path Elimination for ADDs.
1: procedure ELIMINFEASPATHS(ADD A)
2: pc← newHyperrectangle(all features ↦→ (−∞,+∞))
3: return ELIMINFEASPATHSRECURSIVE(A, pc)
4: end procedure
5: procedure ELIMINFEASPATHSRECURSIVE(ADD A, Hyperrectangle pc)
6: if A.ISLEAF() then
7: return A
8: end if
9: feat← A.FEATURE

10: thr← A.THRESHOLD

11: lower← pc[feat].lower
12: upper← pc[feat].upper
13: // Case 1: comparison is always false if lower >= threshold
14: if lower ≥ thr then
15: return ELIMINFEASPATHSRECURSIVE(A.FALSECHILD(), pc)
16: else if upper ≤ thr then
17: // Case 2: comparison is always true if upper <= threshold
18: return ELIMINFEASPATHSRECURSIVE(A.TRUECHILD(), pc)
19: else
20: // Case 3: both branches are feasible; explore both
21: pc[feat].upper← thr
22: trueSubtree← ELIMINFEASPATHSRECURSIVE(A.TRUECHILD(), pc)
23: pc[feat].upper← upper
24: pc[feat].lower← thr
25: falseSubtree← ELIMINFEASPATHSRECURSIVE(A.FALSECHILD(), pc)
26: pc[feat].lower← lower
27: return NEW ADD(feat, thr, trueSubtree, falseSubtree)
28: end if
29: end procedure

path ¬(y < 4) ∧ (y < 2) is not feasible because if y ≥ 4, then y < 2 cannot be true. The next
subsection deals with eliminating such infeasible paths.

3.1.1 Infeasible Path Elimination

In this section, we discuss the infeasible path elimination introduced in [42] in more detail as it is
crucial for understanding the efficiency of the approach. By removing paths that cannot be taken
due to the predicates encountered along them, this technique removes redundancy from the ADD
and often reduces its size, accelerating the transformation. It is also crucial as it enables efficient
analysis of random forests, as we will later see in Chapter 5.

To keep track of whether a path is feasible or infeasible, we use a hyperrectangle representa-
tion of the path condition, pc. Each feature x is associated with an interval [l, u] that restricts the
possible values of x. Initially, for every feature we allow all real numbers (−∞,∞).

Algorithm 1 shows how the infeasible path elimination can be implemented for ADDs3. The
algorithm takes an ADD A and a path condition pc as input and returns a new ADD that does not
contain infeasible paths. The algorithm traverses the ADD in a depth-first manner. When a leaf

3Note that ADDs are automatically reduced and reordered.
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Figure 3.2: The ADD of Figure 3.1 and the same ADD after infeasible path elimination.

node is reached, no pruning is needed, and the algorithm simply returns the leaf node.
For an internal node with predicate feature < threshold, we check its satisfiability. Let lower

and upper be the current hyperrectangle bounds for feature.

• Case 1: If lower ≥ threshold, then the condition can never be satisfied, so we discard the
“true” branch and traverse only the “false” branch.

• Case 2: If upper ≤ threshold, then the condition is always satisfied, so we discard the
“false” branch and traverse only the “true” branch.

• Case 3: Otherwise, both branches are feasible, and we must traverse both branches. We
temporarily modify upper and lower in pc before each recursive call, and then restore it
again afterwards.

Essentially, the algorithm follows every path in the ADD that is feasible and reconstructs the
ADD with the infeasible paths removed. So, the time it takes to eliminate infeasible paths depends
on the number of feasible paths in the ADD.

There are different ways in which the infeasible path elimination can be applied. One can
either apply it at the end of the transformation, i.e., after the majority vote ADD has been created.
Alternatively, one can apply it after each aggregation. In many cases, it is beneficial to apply the
infeasible path elimination after each aggregation, as it can reduce the size of the ADD and thus
accelerate the whole transformation process.

Example 9. Figure 3.2 shows the ADD (A1 +A A2) + A3 of Figure 3.1, and the same ADD
after the infeasible path has been eliminated by applying Algorithm 1. Essentially, the false edge
of y < 4 can be rerouted to [3, 0, 0] since y < 2 is false if y < 4 is false. This results in the
elimination of two nodes, the node labeled y < 2 and the leaf node [2, 1, 0] as those are not
reachable anymore.

In some cases, the infeasible path elimination can also increase the size of the ADD, though
the average length of the paths is reduced. Consider the ADD in Figure 3.3 where the infeasible
path elimination is applied. The path x < 5 ∧ y < 8 ∧ x ≥ 6 is infeasible since x < 5 implies
x < 6. The ADD after the infeasible path elimination is shown in Figure 3.4 which contains one
additional node.

3.1.2 Class Characterizations

The behavior of the majority vote ADD is semantically equivalent to that of the initial random
forest, but if one is interested only in a specific class, there is a more efficient representation
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of the random forest’s behavior for that class. In [42] the concept of the class characterization is
introduced. Given the majority vote ADD and a class c of interest, we can easily create a BDDBc,
the class characterization BDD for class c, that returns 1 when the prediction of the random forest
is c and 0 otherwise. We obtain Bc by lifting the following monadic operation to the majority
vote ADD:

δc(c
′) =

{︄
1 if c = c′,

0 otherwise.

The main advantage of the class characterization is that it provides a more compact representation
of the random forest’s behavior for a specific class.

Example 10. Figure 3.5 shows a majority vote ADD and the class characterizations for the three
classes Class A, Class B, and Class C. Each class characterization is smaller than the majority
vote ADD since there are predicates that are only necessary to differentiate between two classes.
For Class A the predicate z < 8 is redundant since it is only used to differentiate between Class B
and Class C. The same holds for Class B and predicate z < 9 and, Class C and predicate y < 6.
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Figure 3.5: A majority vote ADD and the class characterization for the three classes.
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Algorithm 2 RF2ADD: Transforming a random forest into an algebraic decision diagram.

1: procedure RF2ADD(Random Forest T1, . . . , Tn)
2: // Step 1: Convert each tree into an ADD
3: for i← 1 to n do
4: Ai ← DT2ADD(Ti)
5: end for
6:

7: // Step 2: Aggregate the individual ADDs into a Voting ADD
8: AV ← A1

9: for i← 2 to n do
10: // Aggregate ADDs by adding the voting vectors from Ai.
11: AV ← AV +A Ai

12: // Eliminate infeasible paths (cf. Algorithm 1).
13: AV ← ELIMINFEASPATHS(AV )
14: end for
15:

16: // Step 3: Apply majority vote to obtain the final classification ADD
17: AMV ← ARGMAX(AV )
18:

19: // Step 4: Generate class characterizations if per-class analysis is desired
20: for i← 1 to K do
21: Bi ← δi(AMV )
22: end for
23: return (AMV , B1, . . . , BK)
24: end procedure

3.1.3 End-to-End Implementation

Algorithm 2 combines all the steps discussed so far into a single procedure, taking as input a
random forest T1, . . . , Tn, and iteratively transforms it into an ADD. The algorithm consists of
four main steps:

1. Each decision tree Ti is transformed into an ADD Ai.

2. The individual ADDs are aggregated into a single ADD, the Voting ADD AV . After each
aggregation, ELIMINFEASPATHS removes infeasible paths.

3. The argmax function is applied to obtain the majority vote ADD AMV .

4. For each class i ∈ [K], the class characterization is constructed.

In the end, the algorithm returns the majority vote ADD AMV and the class characterizations
B1, . . . , BK .

3.2 Early Stopping for Random Forests

One limitation of compilation-based approaches, such as the one presented in the previous section,
is their scalability. As illustrated in Figure 3.1, the intermediate ADD AV can be significantly
larger than the final ADDAMV . This section presents optimizations aimed at controlling the size
of the intermediate ADD, reducing both transformation time and peak memory consumption.
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Figure 3.6: Ratio of the size of AV to the size of AMV for 19 random forests [4]AP.

Figure 3.6 motivates such optimizations. It shows the ratio |AV |
|AMV | for 19 random forests,

which we will examine in Section 3.3. In one instance, AV is 141 times larger than AMV . For
9 of these random forests, the intermediate ADD is at least 10 times larger than the final ADD.
Thus, there is substantial opportunity for optimization.

The optimizations presented in this section are based on the observation that for a class to win
the majority vote, it is sufficient for the class to receive more than half of the votes. We leverage
this observation in the following way. Given the ADDs A1, . . . ,An representing the decision
trees T1, . . . , Tn of a random forest, and let

Pk = A1 +A . . . +A Ak

be the partial aggregation of the first k ADDs. The core idea is to detect scenarios in which
the winner can no longer be overtaken or a runner-up can no longer close the gap, enabling some
votes to be skipped. In other words, once a class is guaranteed to win or guaranteed to lose, further
counting of its votes is unnecessary. To implement this, the voting vector domain is extended to
include the symbols⊤ and⊥ in addition to the natural numbers N, where⊤ indicates a guaranteed
winner and ⊥ indicates a guaranteed loser. This extension reduces the size of intermediate ADDs
by removing unneeded predicates.

Example 11. Figure 3.7 demonstrates the approach of replacing the most probable class entry
with ⊤ and setting all other entries to ⊥. Let A1 . . . ,A25 denote the decision trees of a random
forest each represented as an ADD. The leftmost ADD in the figure represents the partial voting
ADD A1 +A . . .+A A17, with the remaining 8 trees yet to be aggregated.

In this leftmost ADD, the predicate y < 6 exists solely to distinguish between the voting
vectors [14, 1, 2] and [15, 1, 1]. We already know that class c1 will ultimately win because there
are only eight remaining votes that could go to c2 or c3. The same reasoning applies to the voting
vector [14, 2, 1]. Therefore, these voting vectors can be replaced by [⊤, ⊥, ⊥]. Once identical
leaves are merged and redundant nodes removed, the ADD shrinks from seven nodes to three.

Example 12. Figure 3.8 demonstrates the benefit of replacing the votes of classes that can no
longer win with ⊥. The ADD on the left corresponds to A1 +A · · ·+A A18, while A19, . . . ,A25

remain to be added. Because c3 and c4 can receive at most seven votes, they cannot catch up

23



Chapter 3. Transforming Tree Ensembles to Algebraic Decision Diagrams

x < 7

[14, 2, 1] [14, 1, 2] [15, 1, 1]

[6, 5, 6]
x < 4

y < 6

x < 7

[ , , ] [ , , ] [ , , ]

[6, 5, 6]
x < 4

y < 6

x < 7

[ , , ][6, 5, 6]

Figure 3.7: Example illustrating how replacing the winning class entry with ⊤ triggers simplifi-
cations by eliminating unnecessary nodes in the ADD.

to c1 when c1 already has 11 votes. Therefore, we replace their entries with ⊥. The resulting
simplifications are analogous to those shown in Figure 3.7.
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Figure 3.8: Replacing entries of classes that can no longer win with ⊥ eliminates unnecessary
nodes in the ADD.

3.2.1 Stochastic Problem Description

As each decision tree provides exactly one vote, the space of possible voting vectors, after the first
k ADDs have been aggregated, is defined as

Ωk :=

{︄
ω ∈ {0, . . . , k}K

⃓⃓⃓⃓
⃓

K∑︂
i=1

ωi = k

}︄

which contains
(︁
k+K−1

k

)︁
distinct vectors. Given a voting vector ω ∈ Ωk one can use this informa-

tion to estimate the probability of class i winning. We can first compute the set of possible voting
vectors after the remaining n− k votes have been collected. This is expressed as:

ω +Ωn−k =

{︄
ω + v

⃓⃓⃓⃓
⃓

K∑︂
i=1

vi = n− k, vi ∈ N

}︄
⊂ Ωn

To compute the probability that class i wins, given the current voting vector ω, we consider
all possible ways the remaining n − k votes could be distributed. For each possible distribution
v ∈ Ωn−k, we evaluate:

1. The probability of reaching the outcome ω + v, denoted P (ω + v | ω), given the current
votes ω.

2. The probability that class iwins if the final voting vector is ω+v, denoted P (R = i | ω+v).
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By summing over all possible distributions of the remaining votes, we combine these two factors
to obtain the overall probability of class i winning given ω:

P (R = i | ω) =
∑︂

v∈Ωn−k

P (ω + v | ω)P (R = i | ω + v)

After all remaining votes have been collected, the probability that class i will win is 1 if i has
the highest vote count in ω′, and 0 otherwise.

P (R = i | ω′) =

{︄
1 if argmaxj ω

′
j = i,

0 otherwise.

Given a voting vector ω, we define two functions φ⊤ : Ωk × [K] → (N ∪ {⊤,⊥})K and
φ⊥ : Ωk × 2[K] → (N ∪ {⊤,⊥})K as:

(︁
φ⊤(ω, j)

)︁
i
:=

{︄
⊤ if i = j,

⊥ otherwise.(︁
φ⊥(ω, J)

)︁
i
:=

{︄
⊥ if i ∈ J,
ωi otherwise.

These functions work as follow:

• φ⊤: Given a voting vector ω and a position j, it turns the entry at position j to ⊤ and all
others entries to ⊥. This function can be applied to declare j as the winning class.

• φ⊥: Given a voting vector ω and some positions J , it turns all entries at these positions to
⊥. This function can be applied to declare all classes in J as losing classes.

Assuming that we have a probability function that returns the probability of class i winning
given ω, we define a function ψ : Ωk × [0, 1]2 → (N ∪ {⊤,⊥})K for early stopping as:

ψ(ω, α, β) :=

⎧⎪⎨⎪⎩
φ⊤(ω, i) if ∃!i : P (R = i | ω) > α,

φ⊥(ω, I) if I = { i | P (R = i | ω) < β },
ω otherwise.

This function can be applied even if the probability of a class winning is not 1 or a class losing is
0. Given a voting vector ω, and two thresholds α and β, ψ returns φ⊤(ω, i) if there is exactly one
entry i whose probability of winning is larger than α. If no such i exists, ψ turns all entries with a
winning probability lower than β to ⊥ by applying φ⊥. Reasonable values satisfy β ≤ 0.5 ≤ α.4

3.2.2 Semantics-Preserving Early Stopping

General Rules: When one class i ∈ [K] has more than half of the n total votes, it is guaranteed
to win. Similarly, when a class i has fewer than ⌈ nK ⌉ − (n − k) votes, it cannot win. Formally,
these rules ensure that for every possible configuration of uncounted votes, P (R = i | ω + v) is
always 1 or 0, respectively. Therefore, i may immediately be marked with ⊤ or ⊥.

Example 13. Consider a random forest with n = 12 trees and K = 3 classes. Suppose the
current voting vector is ω = [7, 1, 0], corresponding to k = 8 votes that have already been cast.

4If multiple classes i satisfy P (R = i | ω) > α, one could either choose the one with the highest probability or wait
for more votes in the hope that the picture will then be clearer.
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Because only 4 votes remain, the first class is guaranteed at least 7 total votes, while the other two
classes can obtain at most 5 and 4 votes, respectively. Thus, the first class must win. Applying the
general rules to ω therefore results in [⊤, ⊥, ⊥].

Example 14. Again let n = 12 and K = 3, and suppose ω = [v1, v2, 0] with v1 + v2 = 9 (so
k = 9) and 3 votes remaining. The third class can gain at most 3 additional votes, so it cannot
surpass whichever of v1 or v2 is leading (which is at least 5). Therefore, the third class is certain
to lose, and applying the general rules to ω results in [v1, v2, ⊥].

Specific Rules: Extending the general rules, one can also incorporate the votes of the other
classes. When ωi > ωj+(n−k) for all j ̸= i, then class iwill win. Similarly, when ωi+(n−k) <
ωj for some j, then class i will definitely lose. While the general rules above imply these specific
cases, the converse is not necessarily true.

Example 15. Let n = 12 trees and K = 4 classes, and suppose the current voting vector is
ω = [5, 3, 2, 1] with k = 11 votes already cast. There is only 1 vote remaining, so the class with
5 votes cannot be overtaken by any other class (even though it does not exceed n

2 = 6). Therefore,
the general rules do not apply here, but the specific rules indicate that the first class is guaranteed
to win. Thus, ω simplifies to [⊤, ⊥, ⊥, ⊥].

Example 16. Consider a random forest with n = 60 trees and K = 3 classes, and suppose
ω = [28, 7, 0] with k = 35 votes counted. Although 28 does not exceed half of 60, so the general
rules cannot confirm a winner, the third class starting at 0 cannot receive enough votes to surpass
28 (it can receive at most 25 additional votes). Therefore, the specific rules ensure that the third
class is certain to lose, and ω becomes [28, 7, ⊥].

3.2.3 Non-Semantics-Preserving Early Stopping

While the general and specific rules always preserve semantics, they can only be applied once
at least half of the trees have been aggregated. However, it would be advantageous to allow
early stopping before half of the trees have been aggregated, as this would reduce the size of the
intermediate ADDs. Although such early stopping might produce outcomes that are not strictly
semantics-preserving, this is not always the case.

To illustrate, consider the random forest in Figure 3.9. If Class B receives a vote from the
first tree, we know x < 3 must hold. From this, it follows that x < 4 and x < 5 must also
be true which guarantees that Class B receives a vote from each of the remaining two trees. So
in this case, we could have determined Class B to be the winner after having only collected one
vote. In general, a voting vector in an ADD is only reachable under certain conditions, and these
conditions restrict the possible votes that the remaining trees can cast.

In the following, we will introduce two, not necessarily semantics-preserving, early stopping
approaches. The main idea behind both approaches is to estimate the probability function P (R =
i | ω) in order to apply ψ which uses thresholds to apply early stopping.

Lookup Table

Our first non-semantics-preserving approach is data-driven. The general idea is to use the training
data and the random forest itself in order to estimate how likely it is for a class to win/lose after k
votes. We propose to create two lookup tables W and L that are three dimensional:

• W (i, h, k) counts how often class i eventually wins the majority vote (among all n trees) in
the training set, given that after the first k trees it has h votes.
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Figure 3.9: A random forest where early stopping can be applied before half of the trees have been
aggregated.

• L(i, h, k) counts how often class i eventually loses the majority vote in the training set,
given that after the first k trees it has h votes.

Given a sample x ∈ F, each decision tree Ti is queried to obtain a sequence of votes

V = (v1, v2, . . . , vn) ∈ [K]n ,

where each vi ∈ [K] is the class predicted by tree Ti. We then aggregate those votes into a voting
vector ω, whose i-th entry ωi indicates the number of trees voting for class ci. To analyze partial
outcomes (e.g., after observing only the first k trees), we define:

ω≤k :=
k∑︂

i=1

evi ∈ Ωk

By definition, the random forest’s final prediction for the sample x (after all n votes) is given by

R(x) = argmax
i∈[K]

ω≤ni

i.e., the class receiving the highest vote count in the final vector ω≤n.
We use the intermediate voting vectors ω≤1, . . . , ω≤n from each training sample to fill the

two tables W and L. If the random forest classifies x as i = R(x), then for each k ∈ [n]:

1. We increment the entry (i, ω≤ki , k) in W by 1 to indicate that class i won.

2. For every other class j ̸= i, we increment the entry (j, ω≤ki , k) in L by 1 to indicate that
these classes lost.

Repeating this procedure for each sample in the training set fully populates W and L.
We can now use these tables to estimate the probability of class i winning given a voting

vector ω with k = ∥ω∥1 as follows

P (R = i | ω) ≈ W (i, ωi, ∥ω∥1)
W (i, ωi, ∥ω∥1) + L(i, ωi, ∥ω∥1)

.

provided that W (i, ωi, ∥ω∥1) + L(i, ωi, ∥ω∥1) > 0. This ratio captures how often class i won in
the training set whenever it had ωi votes out of k at some intermediate stage, relative to how often
it lost in that same scenario.

We now instantiate ψ using our look-up table probabilities and refer to the resulting early
stopping function as ψLUT . In other words, ψLUT uses the same piecewise definition as ψ, but
replaces P (R = i | ω) with the empirical estimates derived from the tables W and L.

27



Chapter 3. Transforming Tree Ensembles to Algebraic Decision Diagrams

Machine Learning-Based Approach

Although the lookup table-based approach provides a straightforward way to estimate the prob-
ability that a class will win given a voting vector ω, it can suffer from overfitting. Consider the
case of W (i, h, k) = 1 and L(i, h, k) = 0, i.e., there was exactly one training sample where class
i won while receiving h out of k votes. In this case, the probability estimation would be 1, even
though this may be not very accurate.

As an alternative, we propose a machine learning-based approach that utilizes tables W and
L to create a dataset that can then be used to learn a machine learning model. To predict the
probability P (R = i | ω), the machine learning model uses the following three features:

• Feature 1: The class i.

• Feature 2: The number of votes class i received.

• Feature 3: The total number of votes it could have received, i.e., k = ∥ω∥1.

To build the training dataset, we take each tuple (i, h, k) fromW and createW (i, h, k) copies,
using (i, h, k) as the input features and assigning each copy a target label of 1. Similarly, for each
(i, h, k) in L, we replicate it L(i, h, k) times with the same input features (i, h, k) but a target
label of 0. This way, the frequency of each partial voting scenario (and its outcome) is accurately
reflected in the final training set.

Example 17. Given a random forest with 4 trees and three classes, given a sample where the
decision trees predict the classes V = (c1, c1, c2, c3), the training data would look as follows.

Feature 1 (i) Feature 2 (k) Feature 3 (ω≤ki ) Target

1 1 1 1

2 1 0 0

3 1 0 0

1 2 2 1

2 2 0 0

3 2 0 0

1 3 2 1

2 3 1 0

3 3 0 0

1 4 2 1

2 4 1 0

3 4 1 0

Given the training dataset, any supervised learning model f such as logistic regression, re-
gression tree, or a neural network can be learned. The probability of class iwinning given a partial
voting vector ω≤k can then be estimated as follows:

f(i, ω≤ki , k) ≈ P (R = i | ω≤k)
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Algorithm 3 Abstract Interpretation of a Decision Tree [5]AP.

1: procedure ABSINTDT(Node t, Path condition pc)
2: if t is a leaf then
3: return {t.class}
4: end if
5: if pc =⇒ (t.feature < t.threshold) then
6: return ABSINTDT(t.true, pc)
7: else if pc =⇒ ¬(t.feature < t.threshold) then
8: return ABSINTDT(t.false, pc)
9: else

10: trueClasses← ABSINTDT(t.true, pc)
11: falseClasses← ABSINTDT(t.false, pc)
12: return trueClasses ∪ falseClasses
13: end if
14: end procedure

In the same way as ψLUT , we can now instantiate ψ with this probability estimation to obtain a
new probabilistic early termination function ψML.

3.2.4 Abstract Early Stopping

Finally, we present an abstract-interpretation-based method [50] that preserves semantics even
when fewer than half the votes have been collected. Previously, we mentioned that the voting
vectors of an ADD are only reachable under certain conditions, and that these conditions restrict
the possible votes that the remaining trees can cast. Instead of pessimistically assuming that
at all times each decision tree may predict any class, we employ an analysis based on abstract
interpretation [50]. Specifically, we use the conditions under which a voting vector can be reached
to more precisely determine the maximum number of votes each class can potentially receive from
the remaining trees. Although this analysis is computationally more expensive than our previously
described semantics-preserving early stopping approaches, it enables early stopping before half
of the trees have been aggregated while still preserving semantics.

The main idea is that given an ADD, for each path ending in a leaf with voting vector ω, we
keep track of the path condition that leads to this path and then for each decision tree that still has
to be aggregated, we infer which classes can possibly receive a vote. Algorithm 3 shows how to
compute the set of reachable classes in a decision tree given a path condition.

The algorithm takes as input the node t of a decision tree and a path condition pc. If node
t is a leaf, the algorithm returns the singleton set containing the leaf’s class. Otherwise, the
algorithm checks which branches are feasible given the path condition pc5. If only the true branch
is satisfiable, i.e., pc =⇒ (t.feature < t.threshold), the algorithm recurses on that branch
and returns its set of reachable classes. Analogously, if only the false branch is satisfiable, i.e.,
pc =⇒ ¬(t.feature < t.threshold), it recurses on the false branch and returns its result. If
both branches are satisfiable, it combines the reachable classes of the true and false branches by
taking their union.

Example 18. Figure 3.10 shows an ADD that represents the aggregation of the first two decision
trees of a random forest, and the remaining three decision trees of a random forest that still have
to be aggregated. For the four paths in the ADD, the three remaining decision trees would return

5Note that satisfiability checks and path condition tracking may be done in the same manner as for the infeasible path
elimination discussed in Section 3.1.1. However, for clarity, we present a simplified approach here.
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x < 5

y < 4y < 2

[0,0,2] [2,0,0][0,1,1] [1,1,0]

x < 6

x < 4z < 1 y < 3

Figure 3.10: An ADD representing the aggregation of 2 decision trees, and 3 additional decision
trees that still have to be aggregated.

the following reachable classes using Algorithm 3:

1. x ≥ 5 ∧ y ≥ 2: {c1, c2, c3}, {c3}, and {c1, c3}.

2. x ≥ 5 ∧ y < 2: {c1, c2, c3}, {c3}, and {c1}.

3. x < 5 ∧ y ≥ 4: {c1}, {c1, c3}, and {c3}.

4. x < 5 ∧ y < 4: {c1}, {c1, c3}, and {c1, c3}.

Algorithm 4 shows how Algorithm 3 can be used to apply early stopping before half of the
trees have been aggregated while still preserving semantics. It takes as input a random forest
T1, . . . , Tn, an index i representing the number of decision trees that have already been aggre-
gated, a voting vector votes , and the path condition pc that led to the voting vector. The algorithm
first initializes two arrays safeVotes and maybeVotes that are used to keep track for each class
how many votes are guaranteed and how many votes are potentially received from the remaining
decision trees Ti+1, . . . , Tn.

Next, the algorithm calls ABSINTDT(Tj .root, pc) for each decision tree Tj that has not yet
been aggregated to determine the classes reachable under the given path condition pc. There are
two possible cases:

• If exactly one class is reachable, it is guaranteed to receive a vote from that tree, so the
algorithm increments the number of guaranteed votes for that class by 1 (Line 8).

• If more than one class is reachable, each of these classes could potentially receive a vote,
so maybeVotes is incremented by 1 for each such class (Line 11).

After computing safeVotes and maybeVotes , the algorithm first determines the class with the
highest amount of guaranteed votes (Lines 15 - 21). Specifically, it sums each class’s current
votes votes [c] with its guaranteed votes safeVotes [c] to find the maximum guaranteed total. Let
that class be idxMax .

Finally, the algorithm checks if idxMax can be overtaken by any other class when includ-
ing potential votes. To do so, it verifies whether its guaranteed votes is strictly larger than
votes [c] + safeVotes [c] + maybeVotes [c] for every other class c. If so, the algorithm returns
idxMax (Line 30) indicating that idxMax is going to win. Otherwise, the algorithm returns “un-
sure” (Line 26) indicating that additional votes are needed before a decision can be made.

The following examples illustrate how Algorithm 4 operates on the ADD and decision trees
shown in Figure 3.10.

Example 19. For the path x < 5 ∧ y < 4, we have already determined that the set of reachable
classes are {c1}, {c1, c3}, and {c1, c3} for the remaining three trees. Algorithm 4 uses these sets
to compute:

safeVotes = [1, 0, 0], maybeVotes = [2, 0, 2].
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Algorithm 4 Abstract Early Stopping.

1: procedure ABSES(Random Forest T1, . . . , Tn, Index i, Array votes, Path condition pc)
2: Initialize: Array safeVotes [1 . . .K] of integers with 0
3: Initialize: Array maybeVotes [1 . . .K] of integers with 0
4: for j ← i+ 1 to n do
5: reachableClasses ← AbsIntDT(Tj .root, pc)
6: if |reachableClasses | = 1 then
7: c← GETSINGLEELEMENT(reachableClasses)
8: safeVotes [c] = safeVotes [c] + 1
9: else

10: for c ∈ reachableClasses do
11: maybeV otes[c] = maybeV otes[c] + 1
12: end for
13: end if
14: end for
15: maxSafe , idxMax ← −∞,−1
16: for c← 1 to K do
17: totalVotesSafe ← votes [c] + safeVotes [c]
18: if totalVotesSafe > maxSafe then
19: maxSafe , idxMax ← totalVotesSafe , c
20: end if
21: end for
22: for c← 1 to K do
23: if c ̸= idxMax then
24: totalVotesMaybe ← votes [c] + safeVotes [c] +maybeVotes [c]
25: if totalVotesMaybe ≥ maxSafe then
26: return “unsure”
27: end if
28: end if
29: end for
30: return idxMax
31: end procedure

Given that x < 5 ∧ y < 4 leads to the voting vector [2, 0, 0], class c1 is guaranteed to receive at
least 3 votes. Since this already exceeds half of the trees, c1 can be declared the winner without
further aggregation.

Example 20. For the path x < 5 ∧ y ≥ 4, the remaining three trees have the following reachable
classes: {c1}, {c1, c3}, and {c3}. Algorithm 4 uses these sets to compute:

safeVotes = [1, 0, 0], maybeVotes = [1, 0, 2].

Given that x < 5 ∧ y < 4 leads to the voting vector [1, 1, 0], class c1 is guaranteed to receive at
least 2 votes, but class c3 might receive 2 votes as well. Because no class is definitively in the
lead, early stopping is not possible, and the algorithm returns “unsure”.

While Algorithm 4 only declares a class as the winner when it is guaranteed to win, it may
still return “unsure” in situations where a winner could be determined. This is a consequence of
the algorithm processing the remaining decision trees independently and assuming that each class
might receive all of its potential votes, even though this may not be possible in practice. One
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could of course design a complete method that accounts for dependencies between the remaining
decision trees, though this comes at the expense of increased computational overhead, which may
not justify the gain in precision.

Although abstract early stopping is more precise than our “general” and “specific” rules pre-
sented in Section 3.2.2, it is also computationally more expensive. When we take a look at Al-
gorithm 4, we can see that the algorithm basically consists of three for-loops. The second and
third for-loops run exactly K times and only perform constant time operations inside the loop, so
their time complexity O(K). The first loop runs O(n) times and inside the loop the ABSINTDT
function is called. The function ABSINTDT visits each reachable leaf in the given tree Tj , which
has time complexity O(|Tj |) in the worst case, if all leaves are reachable. Inside the for loop there
is another for loop that loops over the reachable classes but the number of reachable classes can
at most be as large as the number of leaves in Tj . The runtime complexity of the outer loop is
O(n · k) where k is the size of the decision tree with the largest size.

Because abstract early stopping requires the path condition, it is best applied during the in-
feasible path elimination, which already traverses all paths and keeps track of their conditions. In
Algorithm 1, when the current node is a leaf, ABSES is called (Line 7). If ABSES can determine a
winner, it returns a voting vector with that class’s entry set to⊤. Otherwise, if it returns “unsure”,
the leaf node remains unchanged. By integrating abstract early stopping with the infeasible path
elimination, we avoid traversing all paths in the ADD a second time.

3.3 Evaluation: Transforming Random Forests into ADDs

In this section, we evaluate the ADD-based approach presented in the previous section for trans-
forming random forests into ADDs. We evaluated our approach on a machine with an Intel(R)
Xeon(R) Gold 6152 CPU 2.10 GHz with 502 GB of RAM. We implemented our approach in Java
using the ADD-Lib [51], a Java library for decision diagrams. The random forests used for this
evaluation are exactly those that were used in the evaluation of [4]AP. Essentially, we are perform-
ing the same evaluation with the difference that we now additionally evaluate the early stopping
approach based on abstract interpretation presented in Section 3.2.4.

Table 3.1 summarizes the datasets and the corresponding random forests, which were trained
with 15, 25, 50, or 100 trees, each with a maximum depth of 4, and an 80%/20% train/test split.

We perform measurements with 6 different configurations:

1. baseline: Implements the procedure from Section 3.1 (Algorithm 2).

2. GEN: Extends baseline with the general rules (Section 3.2.2).

3. SPC: Extends baseline with the specific rules (Section 3.2.2).

4. AbsES: Extends baseline with abstract interpretation (Section 3.2.4).

5. LUT: Extends baseline with the lookup table (Section 3.2.3), setting α = 1 and β = 0 in
the function ψLUT .

6. ML: Extends baseline with the machine learning based approach (Section 3.2.3), using an
XGBoost [17] model trained on the partial voting vectors. Here, we set α = 0.999 and
β = 0.001 in ψML.

3.3.1 Experimentation Results

We address the following research questions to evaluate our approach:
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Table 3.1: Overview of datasets and the compiled ADD (#F = Number of features, #I = Number
of test instances, #C = Number of classes, #T = Number of trees, #N = Number of
nodes in the random forest, #P = Number of unique predicates, D = Maximum depth,
%A = Accuracy of the random forest on test set).

Dataset #F #I #C #T #N #P D %A
ann-thyroid 21 1426 3 25 555 146 4 98
appendicitis 7 22 2 50 722 207 4 90
banknote 4 270 2 100 1998 614 4 97
ecoli 7 66 5 100 2532 379 4 90
glass2 9 33 2 25 445 159 4 87
ionosphere 34 70 2 15 247 101 4 87
iris 4 30 2 100 1200 94 4 93
magic 10 3781 2 25 747 349 4 82
mofn-3-7-10 10 205 2 100 2904 10 4 85
new-thyroid 3 43 3 100 1452 237 4 100
phoneme 5 1080 2 100 2836 957 4 78
ring 20 1480 2 25 625 287 4 83
segmentation 19 42 7 15 329 148 4 92
shuttle 9 11600 7 50 1296 205 4 99
threeOf9 9 103 2 100 1364 9 4 100
twonorm 29 1480 2 15 465 225 4 90
waveform-21 21 1000 3 15 465 214 4 80
wine-recog 13 36 3 25 399 152 4 97
xd6 9 103 2 100 2904 9 4 90

• RQ1: Do our optimizations reduce the size of the voting ADDs?

• RQ2: Do our optimizations reduce the time it takes to compile a random forest into
an ADD?

• RQ3: Do our probabilistic optimizations preserve the accuracy of the original ran-
dom forest?

RQ1: A key motivation for employing early stopping is to limit the size of intermediate ADDs,
which are larger than the final majority vote ADD. Constraining their size not only lowers peak
memory usage but also reduces overall computation time.

To address RQ1, we measured the size of the intermediate ADDs after each aggregation step,
specifically, once infeasible paths had been eliminated (see Line 13 in Algorithm 2). Figure 3.11
shows the number of nodes in the vector ADD for each configuration at this point in the process.

Under the baseline configuration, the intermediate ADD tends to grow consistenly as ad-
ditional ADDs are joined. In contrast, our five proposed optimizations almost always produce
smaller intermediate ADDs across all datasets. In particular, for GEN and SPC, the ADD size
only starts to shrink once at least half of the trees have been joined, because the general and
specific rules cannot be applied earlier. On the other hand, LUT, ML, and AbsES often provide
substantial reductions before half of the trees are joined. For LUT and ML, this is attributed to the
high probability of a class winning when it received a majority of the initial votes. For AbsES,
this shows that our abstract interpretation can indeed often determine the winner before half of
the trees have been joined.

For many datasets, e.g., banknote, ecoli, iris, mofn-3-7-10, new-thyroid, phoneme, threeOf9,
and xd6, our optimizations actually reduce the size of the ADD as more ADDs are joined. For
other datasets, although the ADD may still grow, it does so more slowly and remains considerably
smaller than under the baseline. Interestingly, applying LUT often stabilizes the ADD size or

33



Chapter 3. Transforming Tree Ensembles to Algebraic Decision Diagrams

10 20
(Num. trees=25)

ann-thyroid

0

200000

400000

600000

20 40
(Num. trees=50)

appendicitis

0

2

4

6

1e6

25 50 75 100
(Num. trees=100)

banknote

0

200000

400000

600000

800000

25 50 75 100
(Num. trees=100)

ecoli

0

1

2

3

1e7

10 20
(Num. trees=25)

glass2

0

200000

400000

600000

800000

5 10 15
(Num. trees=15)

ionosphere

0

100000

200000

300000

400000

25 50 75 100
(Num. trees=100)

iris

0

5000

10000

15000

20000

25000

30000

10 20
(Num. trees=25)

magic

0.00

0.25

0.50

0.75

1.00

1.25

1.50
1e6

25 50 75 100
(Num. trees=100)

mofn-3-7-10

0

100

200

300

400

25 50 75 100
(Num. trees=100)

new-thyroid

0.0

0.5

1.0

1.5

1e6

25 50 75 100
(Num. trees=100)

phoneme

0.0

0.5

1.0

1.5

1e7

10 20
(Num. trees=25)

ring

0

200000

400000

600000

800000

5 10 15
(Num. trees=15)

segmentation

0

1

2

3

4
1e7

20 40
(Num. trees=50)

shuttle

0.0

0.2

0.4

0.6

0.8

1.0 1e7

25 50 75 100
(Num. trees=100)

threeOf9

0

100

200

300

400

5 10 15
(Num. trees=15)

twonorm

0.00

0.25

0.50

0.75

1.00

1.25
1e7

5 10 15
(Num. trees=15)

waveform-21

0

1

2

3

4

5

6
1e6

10 20
(Num. trees=25)

wine-recog

0.0

0.5

1.0

1.5

2.0

1e7

25 50 75 100
(Num. trees=100)

xd6

0

100

200

300

400

500 AbsES
LUT
GEN
baseline
ML
SPC

Figure 3.11: Size of intermediate ADDs during the aggregation process.

only increases it marginally (see appendicitis, banknote, glass2, heart-c, iris, mofn-3-7-10, new-
thyroid, threeOf9). Overall, these size reductions greatly decrease peak memory usage and show
the effectiveness of our optimizations.
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Figure 3.12: Speedups over baseline for the transformation of the random forest to the ADD.

Appendix B, Section B.1, presents detailed results on the class characterization sizes for each
class and configuration.

RQ2: Although we have observed that our optimizations reduce the size of the intermediate
ADDs, we also need to determine whether these size reductions translate into faster transformation
times. Because ADD aggregation scales polynomially with ADD size, it is reasonable to expect
that smaller intermediate ADDs will result in shorter transformation times.

Figure 3.12 presents the speedups achieved by each optimization relative to the baseline. For
LUT, the execution time includes the overhead of constructing the lookup table, and for ML, it
includes the overhead of training the XGBoost model. Overall, reducing ADD size does indeed
lead to improved execution times: the geometric mean speedups for AbsES, LUT, GEN, ML, and
SPC are 3.62×, 51.63×, 1.89×, 2.44×, and 2.18×, respectively.

For many datasets, LUT achieves the highest speedup of around 103 for appendicitis and
new-thyroid, due to the relatively stable size of intermediate ADDs (see Figure 3.11). The AbsES
early stopping method, which uses abstract interpretation, generally outperforms both GEN and
SPC because it is more precise and can therefore stop earlier. However, for segmentation, SPC is
slightly better than AbsES, indicating that the additional cost of AbsES’s precision may not always
pay off in terms of speed.

In datasets with more than two classes, SPC typically outperforms GEN. Meanwhile, if we
disregard datasets with very low ADD construction times, ML is generally competitive with or
slightly better than SPC, though not by a large margin.

Finally, ML performs poorly on mofn-3-7-10, threeOf9, and xd6, because the overhead of
learning the XGBoost model exceeds the baseline ADD transformation time, making it slower
than simply using the baseline method.

These results show that our optimizations not only reduce the size of the intermediate ADDs
but also accelerate the transformation process.
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Figure 3.13: Difference in test accuracy compared to the random forest [4]AP.

RQ3: Given the significant speedups provided by LUT and ML, we must ensure that these prob-
abilistic optimizations do not compromise the accuracy of the original random forest. Figure 3.13
shows the difference in test-set accuracy after applying LUT and ML6.

On average, LUT and ML introduce accuracy differences of −0.8% and −0.16%, respec-
tively. In five datasets, both optimizations result in no loss in accuracy at all, and in six additional
datasets, ML also causes no drop in accuracy. Overall, the loss in accuracy is relatively small for
most datasets.

In some datasets, however, the accuracy loss exceeds 1%. These cases involve very few test
samples (fewer than 100), so even a small number of misclassifications can cause a noticeably
larger difference in percentage terms. Interestingly, for certain datasets, e.g., ann-thyroid, ban-
knote, ring, our probabilistic optimizations slightly improve accuracy. This gain can occur if the
probabilistic simplifications result in a model that generalizes better to unseen data.

In general, there is a trade-off between improving performance (e.g., reducing ADD con-
struction time) and maintaining accuracy. Increasing the aggressiveness of the probabilistic early
stopping strategy by decreasing α and/or increasing β can deliver further performance benefits
but may also lead to larger accuracy drops. Therefore, these parameters must be tuned carefully
to balance speed and accuracy in a way that is acceptable for the target application.

3.4 Transforming Gradient Boosted Trees into Algebraic
Decision Diagrams

In this section, we extend the approach introduced in the previous sections to gradient boosted
trees. We begin by giving an overview of the transformation procedure, explain how the early
stopping approach (cf. Section 3.1) can be generalized to gradient boosted trees, and finally eval-
uate our method. We explicitly separate the binary and multiclass classification scenarios, because
they require different transformations and allow for individual optimization techniques.

3.4.1 Binary Classification

For binary classification, gradient boosted trees consist of n decision trees T1, . . . , Tn, where each
leaf contains a real-valued score. The model prediction is obtained by summing the leaf values
across all trees and then applying the sigmoid function

σ(z) =
1

1 + e−z

6Since AbsES, GEN, and SPC preserve the exact semantics of the random forest, their accuracy difference is always
0%.
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to convert the summed score into a probability. If the sigmoid function returns a value greater
than 0.5, the instance is classified as class 1, otherwise as class 0.

The main idea of the transformation is to convert each decision tree T into an ADD A and
then sum the ADDs to obtain a single ADD representing the entire gradient boosted ensemble.
Afterwards, the sigmoid function is applied to the resulting ADD, and subsequently a function
that maps the real-valued output to a binary class label is applied.

Each Ti can be transformed into an ADD Ai by following the same procedure as for random
forests (see Section 3.1), with the difference that the leaf nodes contain real-valued scores instead
of voting vectors. After transforming each Ti into an ADD Ai, a single ADD A+ is created
such that

A+(x⃗) = w(x⃗) =
n∑︂

i=1

Ti(x⃗) .

This ADD is obtained by adding the ADDs of the individual trees:

A+ = A1 +A . . .+A An

where +A is standard addition lifted onto ADDs. As with the aggregation of ADDs for a random
forest, we can apply infeasible path elimination immediately after each aggregation step.

Once A+ has been constructed, a probabilistic output is derived by applying the sigmoid
function, as follows:

Aσ(x⃗) = σA(A+(x⃗)) =
1

1 + e−A+(x⃗)
.

Subsequently, a function that maps the real-valued output to a binary class label is applied to
the resulting ADD:

G(z) =

{︄
1 if z > 0.5,

0 otherwise.

However, because σ(z) > 0.5 precisely when z > 0, the separate sigmoid-then-threshold
step can be replaced by a single application of the Heaviside (step) function H , defined as

H(z) =

{︄
1 z > 0,

0 otherwise.

Therefore, we may write
Abin(x⃗) = HA

(︁
A+(x⃗)

)︁
,

where A+(x⃗) is the summed score of all trees. By applying H as a unary function directly to
A+, we obtain an ADD that outputs the class label (0 or 1) for each input x⃗. This “one-step”
thresholding simplifies both the conceptual and computational process.

Example 21. To illustrate the approach, consider the gradient boosted tree model in Figure 3.14a
consisting of three trees for binary classification. These trees T1, T2, and T3, can straightforwardly
be transformed into ADDs A1, A2, and A3. Because none of the ADD reduction or reordering
rules apply in this particular case, the resulting ADDs maintain the same structure as their respec-
tive trees.

Figure 3.14b shows the result of adding A1 and A2 using the operator +A. This ADD re-
turns the sum of weights from T1 and T2 for any given input. Next, ADD A3 is added to this
intermediate ADD, resulting in A+ (Figure 3.14c).

Finally, we can apply the Heaviside function H toA+ resulting in ADDAbin (Figure 3.14d).
For any given input, Abin returns either 0 or 1, thus reproducing the original gradient boosted
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(a) A gradient boosted tree model for binary classification consisting
of three trees.
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(c) The result of A+ = A1 +A A2 +A A3.
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(d) ADD Abin = HA(A+).

Figure 3.14: Visualization of the intermediate results of Algorithm 5.
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Figure 3.15: The ADD of Figure 3.14d after it has been reduced.

tree model’s prediction. Figure 3.15 shows the same ADD after reduction, illustrating how much
smaller it becomes once redundant nodes are eliminated.

Algorithm 5 combines all steps discussed so far into a single procedure, that takes gradient
boosted trees T1, . . . , Tn as input, and outputs Abin.

3.4.2 Multiclass Classification

We now consider the multiclass classification setting, where a gradient boosted model consists of
n decision trees per class:

T 1
1 , . . . , T

1
n , . . . , T

K
1 , . . . , T

K
n .

Each group of n trees is dedicated to predicting the score for one of the K classes. Just as for bi-
nary classification, each decision tree T j

i is transformed into an ADDAj
i . It is also straightforward

to add the ADDs of the individual trees for each class to obtain a single ADD A+
j representing

the gradient boosted trees for class j:

A+
j = Aj

1 +A Aj
2 +A · · · +A Aj

n .

After obtaining the ADDs A+
j for each class j ∈ [K], the next step is to construct a single

ADD AK that returns the class with the highest total score in the gradient boosted classifier E:

AK(x⃗) = E(x⃗) = argmaxj∈[K]wj(x⃗) .

There are different ways to achieve this. One way would be to first combine the ADDs A+
j

into a single ADD where each leaf contains a vector of scores, with one score per class. Then,
the argmax function is applied to the resulting ADD. Another way would be to apply the argmax
function iteratively to the ADDs A+

j . This can be done by applying the argmax function to the
first two ADDs, then applying the argmax function to the result and the next ADD, and so on. The
leaves of the resulting ADDs need to contain the class label with the highest score and the score
itself. This second approach is more efficient in terms of memory and computation time.

To implement the iterative method, one first adapts A+
j so that it stores both the score for

class j and the class label itself. Next, a function ◦ is defined that, given two tuples (w1, c1) and

39



Chapter 3. Transforming Tree Ensembles to Algebraic Decision Diagrams

Algorithm 5 Transforming gradient boosted trees for binary classification into an algebraic deci-
sion diagram.

1: procedure BINARYBOOST2ADD(Gradient Boosted Trees T1, . . . , Tn)
2: // Step 1: Convert each tree into an ADD
3: for i← 1 to n do
4: Ai ← DT2ADD(Ti)
5: end for
6:

7: // Step 2: Sum the individual ADDs
8: A+ ← A1

9: for i← 2 to n do
10: A+ ← A+ +A Ai

11: // Eliminate infeasible paths (cf. Algorithm 1).
12: A+ ← ELIMINFEASPATHS(A+)
13: end for
14:

15: // Step 3: Apply the Heaviside function to obtain a binary classification ADD
16: Abin ← HA(A+)
17: return Abin

18: end procedure

(w2, c2), returns the tuple with the larger score:

◦
(︁
(w1, c1), (w2, c2)

)︁
=

{︄
(w1, c1) if w1 ≥ w2,

(w2, c2) otherwise.

We lift this function to ADDs and apply it to the ADDs A+
j iteratively:

AwK = A+
1 ◦A A

+
2 ◦A . . . ◦A A

+
K

ADDAwK returns for each instance the class label with the highest score and the score itself.
Since the specific score is not needed once we have identified the highest-scoring class, the score
can be discarded by lifting the H#A function to AwK , which only keeps the class label:

AK = H#A(AwK)

Having obtained ADD AK , we can use the techniques described in Section 3.1.2 to create
class characterizations for all classes.

Algorithm 6 summarizes the transformation of gradient boosted trees for multiclass classifi-
cation into an ADD. Note that infeasible paths are eliminated in Line 13 and in Line 20 as this
keeps the ADDs small and accelerates the transformation process.

3.5 Early Stopping for Gradient Boosted Trees

One way to reduce the computational cost of transforming boosted trees into ADDs is to stop the
transformation process early for certain inputs, similar to the strategy used for random forests in
Section 3.2. However, when dealing with gradient boosted trees, each leaf contains a real-valued
weight (or “score”), and therefore the implementation of early stopping requires slightly different
considerations.
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Algorithm 6 Transforming Gradient Boosted Trees for Multiclass Classification into an ADD

1: procedure MULTICLASSBOOST2ADD({T j
1 , . . . , T

j
n}Kj=1)

2: // Step 1: Convert each tree into an ADD
3: for j ← 1 to K do
4: for i← 1 to n do
5: Aj

i ← DT2ADD(T j
i )

6: end for
7: end for
8: // Step 2: Sum the ADDs for each class
9: for j ← 1 to K do

10: A+
j ← A

j
1

11: for i← 2 to n do
12: A+

j ← A
+
j +A Aj

i

13: A+
j ← ELIMINFEASPATHS(A+

j )
14: end for
15: end for
16: // Step 3: Compute argmax among classes
17: AwK ← A+

1

18: for j ← 2 to K do
19: AwK ← AwK ◦A A+

j

20: AwK ← ELIMINFEASPATHS(AwK)
21: end for
22: AK ← H#A(AwK)
23: return AK

24: end procedure

3.5.1 Early Stopping for Binary Classification

Given gradient boosted trees T1, . . . , Tn, we define the sum of the first m trees’ scores for an
input x⃗ as

Sm(x⃗) =

m∑︂
i=1

Ti(x⃗), for m = 1, . . . , n.

In binary classification, the final prediction is determined by the sign of Sn(x⃗): if Sn(x⃗) > 0, the
model predicts class 1 and class 0 otherwise.

During inference, we do not necessarily need to evaluate all n trees if we can determine the fi-
nal sign of Sn(x⃗) in advance. Suppose that at stepm (having evaluated T1(x⃗), T2(x⃗), . . . , Tm(x⃗)),
we know that:

Sm(x⃗) +W (m+ 1) > 0,

where W (m+ 1) is the minimal possible sum of the remaining trees Tm+1, . . . , Tn. In this case,
even under a worst-case scenario for the remaining trees (i.e., each contributing its minimal leaf
weight), the total score would still exceed 0. Early stopping can therefore be applied, and the
prediction is class 1. On the other hand, if

Sm(x⃗) +W (m+ 1) ≤ 0,

where W (m + 1) is the maximal possible sum of the remaining trees, then the total weight will
not exceed 0, so class 0 can be predicted without evaluating further trees.
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Algorithm 7 Computing the minimum and maximum reachable weights in a tree.

1: procedure ABSMINMAX(Current node t in tree T , Path condition pc)
2: if t is a leaf then
3: return (t.weight, t.weight)
4: else
5: if pc =⇒ (t.feature < t.threshold) then
6: return ABSMINMAX(t.true, pc)
7: else if pc =⇒ ¬(t.feature < t.threshold) then
8: return ABSMINMAX(t.false, pc)
9: else

10: (minTrue,maxTrue)← ABSMINMAX(t.true, pc)
11: (minFalse,maxFalse)← ABSMINMAX(t.false, pc)
12: return (min(minTrue,minFalse),max(maxTrue,maxFalse))
13: end if
14: end if
15: end procedure

Each tree Ti is first analyzed to compute its minimum and maximum leaf weights:

wi = minleaf∈Ti{leaf.weight}, wi = maxleaf∈Ti{leaf.weight}.

Subsequently, the following suffix sums are precomputed once, prior to initiating the transforma-
tion process:

W (i) =
n∑︂

k=i

wk, W (i) =
n∑︂

k=i

wk.

and stored for each i ∈ [n]. Constructing these values has time complexityO(n ·k), where k is the
maximum size of any single tree (since determining each wi and wi requires O(k), and building
the suffix arrays requiresO(n)). To apply early stopping during the transformation, one can adapt
+A to return ⊤ if Sm(x⃗) +W (m+ 1) > 0, and ⊥ if Sm(x⃗) +W (m+ 1) ≤ 0, holds.

3.5.2 Abstract Early Stopping for Binary Classification

While the early stopping approach described in the previous section is inexpensive computation-
ally, it could be more precise. Similarly to the abstract early stopping in random forests presented
in Section 3.2.4, abstract interpretation can be employed to determine whether early stopping can
be applied more precisely. The main idea is to consider the path condition when computing the
minimum and maximum weights that can be reached in the remaining trees instead of computing
W and W once at the beginning. The motivation behind this is that we always assume the worst-
case scenario when computing W and W , i.e., we assume that it is possible to reach all minimum
and maximum weights in the remaining trees.

Algorithm 7 shows how to compute the minimum and maximum reachable weights in a tree
T given a path condition pc. If the current node t is a leaf, the minimum and maximum reachable
weights are both equal to the weight of the leaf. Otherwise, if it is possible to infer from the path
condition if the check of the feature is true (t.feature < t.threshold) or false (t.feature ≥
t.threshold), the algorithm recursively calls itself with the corresponding child node. If it is not
possible to infer either case, the algorithm calls itself with both children and combines the results.

To integrate early stopping using this abstract approach, each path from the root to a leaf is
traversed while tracking the path condition, analogous to infeasible path elimination (see Sec-
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tion 3.1.1). When a leaf node is reached, the maximum and minimum sums of weights in the
remaining trees are computed by calling Algorithm 7 for each unprocessed tree. The early stop-
ping conditions from Section 3.5.1 can then be checked. For efficiency reasons, the infeasible path
elimination can be combined with the application of abstract early stopping since the infeasible
path elimination has to visit all paths anyway and we apply the infeasible path elimination after
each aggregation.

3.5.3 Early Stopping for Multiclass Classification

This section discusses early stopping for multiclass classification. The ADDs A+
j can become

quite large, especially when the number of trees per class or the number of nodes in the trees
is high. Therefore it is crucial to use early stopping to stop the transformation early if possible.
In the multiclass setting, only a path condition-based early stopping strategy is presented here,
leveraging path conditions to refine the bounds on reachable weights.

Recall that the following computation must be performed:

AwK = A+
1 ◦A A

+
2 ◦A . . . ◦A A

+
K .

Remember that we adapt A+
i to not only return the weight but also the class. We can think

of the resulting ADD of A+
1 ◦A A

+
2 as the ADD that for an input returns the class with the larger

weight and the weight itself. If it can be shown that one class’s weight exceeds all reachable
weights in the remaining ADDs, that class is guaranteed to win. Similarly, if all remaining classes
have weights provably greater, the current class can be discarded.

If we want to know whether all reachable weights in the remaining ADDs are larger or smaller,
we can also just compute the minimum and maximum reachable weight in the remaining ADDs.
To compute the maximum and minimal reachable weight in an ADD given a path condition, we
can simply adapt Algorithm 7 to work on ADDs. Algorithm 8 shows how given the leaf (w, c)
of the ADD A+

1 ◦A A
+
2 ◦A . . . ◦A A

+
i , and the path condition leading to that leaf, one can check

if we can apply early stopping. The algorithm determines whether all reachable weights in the
remaining ADDs are smaller or larger. If all weights are smaller, then we know that the class c
will definitely win, so the algorithm returns⊤c. If all weights are larger, we know that some other
class among i + 1 . . .K will win, so the algorithm returns ⊥. Otherwise, the algorithm returns
(w, c) indicating that early stopping cannot be applied yet.

For ADDs, early stopping for multiclass classification without the path condition is not par-
ticularly beneficial. In principle, one could apply early stopping in two ways:

• During the aggregation, i.e., while computing of A+
1 ◦A A

+
2 . However, this would require

a custom ADD implementation specifically tailored to this use case, which is not practical
due to its complexity

• After the aggregation, which, without a path condition, would be very imprecise and there-
fore not particularly helpful. Without a path condition, one must assume all weights are
reachable at all times, meaning early stopping is only applicable if one weight is strictly
smaller than all others across all classes (or vice versa).

Though, in Chapter 4 we present an alternative approach that does not make use of ADDs that
allows for the application of early stopping for multiclass classification without using the path
condition.
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Algorithm 8 Early Stopping for Multiclass Classification

1: procedure ADDMCEARLYSTOPPING(ADDs A+
1 , . . . ,A

+
K , Index i, Path Condition pc,

Weight w, Class c)
2: allSmaller, allLarger← True, True
3: for j ← i+ 1 to K do
4: (absMin, absMax)← ABSMINMAX(A+

j , pc)
5: allSmaller← allSmaller and (absMax < w)
6: allLarger← allLarger and (absMin > w)
7: if ¬allSmaller and ¬allLarger then
8: break
9: end if

10: end for
11: if allSmaller then
12: // Class c is the winner
13: return ⊤c

14: end if
15: if allLarger then
16: // Another class among i+ 1 . . .K will definitively win
17: return ⊥
18: end if
19: return (w, c)
20: end procedure

3.6 Evaluation: Transforming Gradient Boosted Trees into
ADDs

In this section we evaluate our approach for transforming gradient boosted trees into ADDs. We
evaluated our approach on a machine with an Intel(R) Xeon(R) Gold 6152 CPU 2.10 GHz with
502 GB of RAM. Our implementation is written in Java using the ADD-Lib [51], a java library
for decision diagrams.

Each gradient boosted model was trained with 50 trees per class using an 80%/20% train/test
split. The maximum depth is set to either 3 or 4 for all gradient boosted tree models. Table 3.2
provides an overview of the datasets and the learned tree ensembles.

Experimentation Results

In this evaluation, we evaluate the time it takes to transform the gradient boosted tree models into
ADDs, and the sizes of the ADDs. We perform measurements with the following configurations:

• ADD: The ADD-based approach as described in Section 3.4 without early stopping.

• ES: The ADD-based approach with early stopping, as described in Section 3.5.1 for binary
classification.

• PCES: The ADD-based approach with path condition-based early stopping (Section 3.5.2
for binary classification and Section 3.5.3 for multiclass classification).

Transformation time: Tables 3.3 and 3.4 list the time (in seconds) required to compile each
gradient boosted model into an ADD. For ADD, the transformation times range from 0.01 sec-
onds for promoters to 4062.44 seconds for ann-thyroid. We can also see that early stopping and
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Table 3.2: Overview of datasets and the learned tree ensembles (#F = Number of features, #C
= Number of classes, #N = Number of nodes in the tree ensemble, #P = Number of
unique predicates in the tree ensemble, D = Maximum depth, %A = Accuracy on test
set).

Dataset #F #C #N #P D %A
ann-thyroid 21 3 1302 113 3 100
appendicitis 7 2 328 48 3 91
divorce 54 2 88 16 3 100
ecoli 7 5 2370 184 3 85
glass2 9 2 540 107 4 88
promoters 58 2 39 1 3 100
shuttle 9 7 2026 143 3 100
threeOf9 9 2 72 3 3 100
wine-recog. 13 3 552 76 3 97
zoo 16 7 772 16 4 83

path condition-based early stopping almost always improve the transformation time (except for
promoters where the transformation time is low already).

In most cases, PCES is more effective than ES. For appendicitis, for example, ADD needs
10.14 s, while ES and PCES finish in 4.51 s and 1.06 s, respectively (speedups of 2.25× and
9.56×). Similarly, for glass2, ES provides a speedup of 2.99×, and PCES achieves 18.53×. For
the binary datasets, the geometric mean speedups for ES and PCES are 1.43× and 2.77×, which
shows that both optimizations are effective at accelerating the transformation, with PCES being
more effective.

Table 3.3: Transformation time in seconds for binary classification datasets, with speedup over
ADD in parentheses.

Dataset appendicitis divorce glass2 promoters threeOf9 GeoMean
ADD 10.14 0.101 1057.39 0.012 0.019
ES 4.51 (2.25×) 0.076 (1.33×) 354.12 (2.99×) 0.019 (0.63×) 0.018 (1.06×) 1.43×

PCES 1.06 (9.56×) 0.086 (1.17×) 57.07 (18.53×) 0.017 (0.71×) 0.017 (1.12×) 2.77×

For multiclass datasets, the geometric mean speedup for PCES is 1.77×. Although the zoo
dataset shows a slight time increase (from 212 ms to 218 ms), all other cases, especially those with
longer baseline times (ann-thyroid, ecoli, shuttle), benefit significantly.

Table 3.4: Transformation time in seconds for multi classification datasets, with speedup over
ADD in parentheses.

Dataset ann-thyroid ecoli shuttle wine-recog. zoo GeoMean
ADD 4062.44 2808.10 700.69 125.02 0.212
PCES 2719.29 (1.49×) 798.20 (3.52×) 243.35 (2.88×) 106.77 (1.17×) 0.218 (0.97×) 1.77×

Size: Tables 3.5 and 3.6 summarize the final ADD sizes, i.e., the number of nodes in the
ADD. For the binary class datasets (Table 3.5), sizes range from 3 to 312644 nodes. Note that
ADD and ES result in identical sizes, whereas PCES sometimes produces slightly larger ADDs
(e.g., appendicitis and glass2).

For multiclass datasets (Table 3.6), the sizes vary from 290 up to 166284. For most datasets,
there are only slight differences between ADD and PCES, except for shuttle where the ADD
produced by PCES is 10.51% smaller compared to the ADD produced by ADD. In Chapter 5, we
investigate whether these size differences impact explanation generation times.
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Table 3.5: Number of nodes in the ADD for each binary classification dataset, with percentage
changes relative to ADD in parentheses.

Dataset appendicitis divorce glass2 promoters threeOf9
ADD 8287 332 312 644 3 3
ES 8287 (0.0%) 332 (0.0%) 312 644 (0%) 3 (0.0%) 3 (0.0%)

PCES 8465 (+2.15%) 332 (0.0%) 313 093 (+0.14%) 3 (0.0%) 3 (0.0%)

Table 3.6: Number of nodes in the ADD for each multiclass dataset, with percentage changes
relative to ADD in parentheses.

Dataset ann-thyroid ecoli shuttle wine-recog. zoo
ADD 162 056 102 640 60 251 29 742 290
PCES 166 284 (+2.6%) 103 462 (+0.8%) 53 921 (-10.51%) 28 860 (-2.97%) 290 (0.0%)

Appendix B, Section B.2, presents detailed results on the class characterization sizes for each
class and configuration.
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Chapter 4

Transforming Tree Ensembles into
Decision Trees

In this chapter, we present an alternative approach to transform random forests and gradient
boosted trees into a unified structure. Instead of relying on Algebraic Decision Diagrams (ADDs),
we directly construct decision trees and directed acyclic graphs (DAGs) as the target models. We
achieve this by performing a depth-first search (DFS)-based traversal of the trees of the ensemble
while creating a new tree at the same time.

First, we discuss some of the inefficiencies of the ADD-based approach.

• The ADD-based approach iteratively constructs large intermediate results that are larger
than the final output (cf. Figure 3.8). Constructing these intermediate results is costly in
both time and space.

• Infeasible path elimination is only possible as a post-process. Although it can substantially
reduce the size of the ADDs, the approach first builds a structure containing infeasible paths
and then incurs additional cost to remove them.

• The infeasible path elimination is repetitive in certain scenarios, as the same sub-paths
might be visited multiple times. For instance, in the ADD-based approach for random
forests (Section 3.1), the first two ADDs are aggregated, infeasible paths are removed, and
then the result is aggregated with a third ADD. When infeasible paths are eliminated after
this aggregation, the traversal restarts from the root, possibly revisiting sub-paths that were
already processed in the first step.

• Maintaining ADDs in an ordered form is computationally expensive. Although standard
ADD libraries enforce ordering after each operation, this overhead offers limited benefit for
the scenarios considered in this dissertation.

• For gradient boosted trees, the score ADDsA+ are often essentially tree-shaped in practice,
since real-valued weights rarely allow subtree sharing.

• For some optimizations, it is advantageous to store additional node-level information. Stan-
dard ADD libraries do not directly support this, and storing metadata externally (e.g., in a
hash map) can introduce significant overhead.

The core idea of our new approach is to directly construct the final result by traversing the
ensemble’s trees recursively while creating a new tree at the same time. This procedure avoids
certain inefficiencies of the ADD-based method:

• By directly constructing the final result, the approach avoids creating large intermediate
results.

• The target model is a DAG without explicit variable ordering, avoiding the overhead asso-
ciated with maintaining a strict ordering.
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Algorithm 9 RF2DT: Transforming a random forest into a single decision tree [5]AP.

1: procedure RF2DT(Random forest T1, . . . , Tn, Current node ti in tree Ti, Array votes)
2: Create new node newNode
3: if ti is a leaf then
4: // Increase vote count for the class in the current leaf
5: votes[ti.class]← votes[ti.class] + 1
6: if i = n then
7: // If processing the last tree, assign the majority class
8: newNode.class← argmaxclass votes
9: else

10: // Recursively process next tree in the list
11: newNode← RF2DT(T1, . . . , Tn, Ti+1.root, votes)
12: end if
13: votes[ti.class]← votes[ti.class]− 1
14: else
15: newNode.feature← ti.feature
16: newNode.threshold← ti.threshold
17: newNode.true← RF2DT(T1, . . . , Tn, ti.true, votes)
18: newNode.false← RF2DT(T1, . . . , Tn, ti.false, votes)
19: end if
20: return newNode
21: end procedure

• Infeasible paths are detected and avoided during traversal, eliminating the need for an ex-
pensive post-processing step.

• A custom DAG data structure allows integration of additional node-level information, en-
abling domain-specific optimizations.

• In the case of boosted trees, where subtrees rarely share weights, decision trees can be used
instead of DAGs, removing the overhead of attempting to merge identical subtrees.

This approach applies to both random forests and gradient boosted trees. Section 4.1 intro-
duces our algorithm [5]AP, which transforms random forests into decision trees, followed by an
evaluation in Section 4.2. Similarly, Section 4.3 extends this method to gradient boosted trees,
with its evaluation presented in Section 4.4.

4.1 Transforming Random Forests to Decision Trees

This section explains how to transform a random forest into a single decision tree. The transfor-
mation traverses each tree in the ensemble while constructing a new unified tree at the same time.
We begin with a straightforward implementation before presenting various optimizations.

4.1.1 Baseline Transformation Method

Algorithm 9 shows a basic procedure for converting a random forest into a single decision tree.
The algorithm’s inputs include a random forest T1, . . . , Tn, the current node ti from the i-th tree,
and an array votes that tracks class votes.

• At the start, a new node is created (Line 2).
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(b) A single decision tree resulting from our transformation process.

Figure 4.1: Two figures illustrating the transformation process from random forest into a single
decision tree.

• If ti is a leaf, the corresponding class count in votes is incremented (Line 5).

• If ti is a leaf in the final tree Tn, the algorithm determines the majority class and assigns it
to the new node as its class (Line 8). Otherwise, it recursively processes the next tree in the
ensemble (Line 11), then backtracks by decrementing the class vote (Line 13).

• If ti is an inner node, a new node with the same feature and threshold is created (Lines 15–
16), and the procedure is applied recursively to both true and false successors (Lines 17–18).

Example 22. We illustrate the transformation process with a simple example. Consider the ran-
dom forest consisting of three decision trees in Figure 4.1a1, which is the same random forest as in
Figure 3.1. Applying our transformation process to this random forest results in a single decision
tree, as shown in Fig. 4.1b, which given an input directly returns the majority vote class. Each
node in the resulting tree is annotated with a vote vector [vA, vB, vC ], where each entry indicates
how many votes have been collected for each class A, B, and C.

Consider the rightmost path in the decision tree in Fig. 4.1b. When we follow the true edge
of x < 4 in the first tree, we reach the leaf node with class Class B, so the vote count for Class B
is increased by one, resulting in the voting vector [0, 1, 0]. We now continue with the second tree,
where we follow the true edge of y < 4 and reach the leaf node with class Class C, so the vote
count for Class C is increased by one to [0, 1, 1]. Finally, we reach the last tree, where we follow
the true edge of x < 4 and subsequently the true edge of x < 3 and reach the leaf node with class
Class B, so the vote count for Class B is increased by one to [0, 2, 1]. Since we are processing the
last tree, we create a leaf node with the majority class, which is Class B in this case.

1Dotted edges represent false branches, while solid edges represent true branches.
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While Algorithm 9 is simple, it is not very efficient. The algorithm visits each node in the first
tree once, then for each leaf node in the first tree, it visits each node in the second tree and so on.
Each operation in the algorithm runs in constant time except the recursive calls, and the argmax
in Line 8 which takesO(K) time. The runtime can be expressed asO(|T1|+(|T1| · |T2|)+((|T1| ·
|T2| · |T3|)) . . .), which is equivalent to the following summation:

O(

n∑︂
i=1

i∏︂
j=1

|Tj |)

The trees of a random forest are often similar in size, so an upper bound for the runtime complexty
is O(|Ti|n) for some i. Since the algorithm creates a copy of each visited node (except the leaf
nodes of every tree except the last one), an upper bound for the space complexity is O(|Ti|n)
as well. In the remainder of this section, we present several optimizations that aim to make the
computation efficient in practice.

4.1.2 Optimizations

There are several ways in which we can optimize the transformation algorithm.

• Using a DAG: Although Algorithm 9 constructs a decision tree, merging identical subtrees
into a single DAG node (via hashing) can significantly reduce memory usage. This intro-
duces some overhead during construction but can benefit analyses that operate on the final
model.

• Infeasible Path Elimination: The infeasible path elimination discussed in Section 3.1.1
can be incorporated to skip any subtrees shown to be unreachable under the path condition.
This reduces the number of paths that the algorithm has to traverse and can significantly
accelerate the transformation process and reduce the size of the resulting model.

• Early Stopping: Methods from Chapter 3 (Section 3.2.2 and Section 3.2.4) can stop the
transformation when a class is guaranteed to win, therefore avoiding unnecessary traversal
of subsequent trees.

• Dynamic Tree Ordering: A heuristic that processes smaller trees first can further reduce
transformation time, particularly when early stopping conditions are often satisfied.

• Tree Simplification: Pre-simplifying each tree using the path condition (Algorithm 10) can
eliminate redundant predicates and reduce the number of feasible paths.

• Class Characterizations: We can also generate class characterizations for the decision-
tree-based approach presented in this chapter. Similar to Section 3.1.2, the idea is to pick
the class of interest c and replace any leaf containing c with a leaf of value 1, and all other
leaves with 0. This converts each resulting leaf into a simple binary outcome and simplifies
the analysis to a single “is class c or not” question. Afterward, we perform standard DAG
optimizations, merging identical subtrees and removing any redundant nodes, to obtain a
more compact representation.

4.1.3 Using a DAG

Algorithm 9 uses a decision tree as the target model, though there can be many common subtrees
that could be unified to a single tree. By using a DAG, one could reduce the amount of memory
needed and potentially accelerate algorithms that perform analyses on the target model by avoid-
ing redundant computations in identical subtrees. Our approach works in the following way. We
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Figure 4.2: The DAG obtained by applying our optimizations.

use a hash map to keep track of all unique subtrees. Every time a new subtree has been created
(after Line 18), we check whether the newly created subtree already exists. If it does exist, we
return the subtree stored in the hash map. Otherwise, we put the newly created subtree into the
hash map and return it. Overall, this can have a slightly negative effect on the transformation time
caused by the overhead of using the hash map, though it can greatly reduce the amount of memory
needed.

4.1.4 Infeasible Path Elimination

The infeasible path elimination presented in Section 3.1.1 for ADDs can be applied straightfor-
wardly to the approach presented in this section. For the ADD-based approach it was applied as
a post-process, e.g., after each aggregation or after the majority vote ADD has been created. For
the approach presented in this section, the transformation and infeasible path elimination can be
performed at the same time. It is crucial to reduce the number of paths that our approach has to
traverse. E.g., in Figure 4.1b the x < 4 predicate appears twice on each path as it is both in the
first and third tree. When we follow the false edge of x < 4 in the first tree, we do not need to
follow the true edge of the x < 4 node in the third tree. The same holds when we follow the true
edge of x < 4.

Figure 4.2 illustrates the impact of applying infeasible path elimination and DAG merging on
the random forest in Figure 4.1a, producing a smaller DAG.

4.1.5 Early Stopping

The early stopping approaches presented in Chapter 3 can also be applied in a straightforward way
to the approach presented in this section. The semantics-preserving early stopping approaches
presented in Section 3.2.2, i.e., our “general”, and “specific” rules can be applied whenever Al-
gorithm 9 visits a leaf. These semantics-preserving early stopping approaches only require the
current number of votes and the number of trees in total which our approach always keeps track of.

The abstract early stopping approach presented in Section 3.2.4 can also be applied straight-
forwardly. If we add the infeasible path elimination to our approach, the algorithm will have to
keep track of the path condition, so whenever a leaf node is reached, Algorithm 4 can be run to
apply abstract early stopping.

Applying early stopping in our approach is crucial because it limits the number of nodes that
must be visited. However, when a DAG-based representation is used, early stopping does not
reduce the final model size. This happens because early stopping is applied only if a particular
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class is guaranteed to win, which implies that all leaves in that sub-DAG would map to the same
class label. Therefore, those identical leaves can be collapsed into a single leaf node in the DAG.
For example, in Figure 4.1b, if Class A accumulates two votes while the other classes have none,
every leaf reachable at that point corresponds to Class A. In such a situation, the internal node
x < 4 can be replaced by a single Class A leaf, avoiding further branching and maintaining the
overall DAG size.

4.1.6 Abstract Early Stopping Heuristic

The abstract early stopping method in Section 3.2.4 has time complexity O(n · k), where k is
the largest tree still to be processed. While the potential savings can be large when abstract early
stopping is applicable, we only want to try to apply it if it is likely to be applicable. Therefore, we
implemented a simple heuristic that decides whether to try to apply abstract early stopping that
works as follows:

• The heuristic only tries abstract early stopping if less than half of the trees have been pro-
cessed. Otherwise, non-abstract early stopping is applied. The motivation behind this is
that the earlier abstract early stopping can be applied, the higher the savings. Non-abstract
early stopping is cheaper, i.e. O(K) where K is the number of classes.

• The heuristic only tries abstract early stopping if the leading class holds at least 70% of the
potential votes.

4.1.7 Tree Order Heuristic

While our procedure processes the random forest trees in the given order, the trees can be pro-
cessed in any sequence, and this sequence can significantly affect both transformation time and
the size of the resulting model. Multiple strategies can be considered:

• Static ordering: Determine a fixed order for processing all trees before the transforma-
tion begins.

• Dynamic ordering: Decide, during the transformation, which tree to process next based on
current conditions or heuristics.

We propose a greedy dynamic heuristic that leverages the path condition to decide which
tree to process next. Whenever a leaf is reached in the current tree and a subset of unprocessed
trees T ′ ⊂ {T1, . . . , Tn} remains, the heuristic evaluates, for each t′ ∈ T ′, how many leaves are
reachable under the current path condition. The algorithm then proceeds with the tree in T ′ that
has the smallest number of reachable leaves.

The motivation is to minimize the number of paths to traverse, which reduces both runtime
and model size. Additionally, recall that some early stopping methods (Section 3.2) require at
least half of the trees to have been processed to be applied. Also, remember that for a random
forest with trees T1, . . . , Tn where each tree Ti has mi leaf nodes, the tree resulting from our
approach will have

∏︁n
i=1mi leaf nodes. Processing smaller trees early may allow early stopping

to take effect more quickly, avoiding unnecessary processing of larger trees. Each additional tree
processed increases the likelihood of satisfying early stopping criteria.

A slight overhead arises from both tracking which trees have already been processed and
computing the number of reachable leaves for each remaining tree at every leaf node. If m is the
size of a tree, determining its reachable leaves under the current path condition costs O(m) time.
However, prioritizing smaller trees helps keep this overhead manageable.
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Algorithm 10 Simplifying a tree under a given path condition.
1: procedure SMPLFY(Node t, Path condition pc)
2: newNode ← new Node()
3: if t is a leaf then
4: newNode.class ← t .class
5: return newNode
6: end if
7: if pc =⇒ (t .feature < t .threshold) then
8: return SMPLFY(t .true, pc)
9: else if pc =⇒ ¬(t .feature < t .threshold) then

10: return SMPLFY(t .false, pc)
11: else
12: trueChild ← SMPLFY(t .true, pc)
13: falseChild ← SMPLFY(t .false, pc)
14: if trueChild and falseChild are leaves and trueChild .class = falseChild .class then
15: newNode.class ← trueChild .class
16: else
17: newNode.feature ← t .feature
18: newNode.threshold ← t .threshold
19: newNode.true ← trueChild
20: newNode.false ← falseChild
21: end if
22: return newNode
23: end if
24: end procedure

Finally, this heuristic highlights the adaptability of the path-based transformation approach
described in this chapter, as incorporating an order-based heuristic is straightforward. In contrast,
the ADD-based aggregation method from Chapter 3 operates on pairs of ADDs and does not
naturally support such ordering heuristics.

4.1.8 Tree Simplification

One important goal is to reduce the number of paths that must be traversed. Consider a random
forest with 50 trees and assume we are currently processing tree T5. Each leaf node in T5 poten-
tially leads to the exploration of all feasible paths in the remaining trees T6, . . . , T50. Ideally, we
want to minimize these paths to avoid exponential growth in the traversal.

A useful strategy is to simplify a tree before processing it, leveraging the path condition. The
core idea is to generate a new, simplified decision tree by applying the following simplification
rule:

if a then B else B =⇒ B

While standard decision trees are typically learned without such redundancies, certain predicates
might become redundant under a given path condition. In those cases, applying the above rule
can be advantageous. Specifically, if the condition implies a is always satisfied (or always false),
then one branch becomes irrelevant.

Applying this simplification rule has the following effect on our transformation algorithm:

• By eliminating redundant predicates, the number of leaf nodes in the simplified tree de-
creases, which reduces the number of recursive calls that must be performed.

• Although our algorithm unifies common sub-trees to a DAG, applying the simplification
rule can significantly reduce the size. This is a result of the infeasible path elimination.

53



Chapter 4. Transforming Tree Ensembles into Decision Trees

x < 5

y < 4 z < 6

Class
A

Class
A

Class
B

y < 3

Class
A

Class
C

x < 5

y < 4 z < 6

Class
A

Class
A

Class
B

Class
A

x < 5

y < 4

Class
A

Class
B

Class
A

x < 5

Class
A

Class
A

Class
A

(1) (2) (3) (4)

Figure 4.3: Example of tree simplification with path condition {x ∈ [−∞,+∞), y ∈
[−∞, 2), z ∈ [−∞,+∞)}.

When our algorithm recursively processes the then branch, the predicate a is added to the
path condition, while processing the else branch adds ¬a, potentially resulting in distinct
subtrees that cannot be unified.

• A minor downside of the simplification is that neither a nor ¬a are added to the path con-
dition, which might slightly increase the time for the recursive call as there may be more
feasible paths. However, the benefit of reducing the number of paths that we have to traverse
usually outweighs this downside.

Algorithm 10 shows how a simplified decision tree can be created given a decision tree and a
path condition pc. The procedure SMPLFY work as follows:

1. If the node t is a leaf, we simply create and return a new leaf node with the same class label.

2. Otherwise, if the path condition implies that t .feature < t .threshold is always true (i.e.,
pc =⇒ (t .feature < t .threshold)), the false branch can be skipped and the true branch is
simplified recursively.

3. If instead pc =⇒ ¬(t .feature < t .threshold) is always true, then the true branch is
skipped and only the false branch is simplified recursively.

4. If neither branch is implied by the path condition, both children are simplified recursively.
After simplification, if both children are leaves with the same class label, they are unified
to a single leaf.

By repeatedly applying this procedure from the root down to every child, a simplified tree is
obtained.

Example 23. Figure 4.3 shows how a decision tree can be simplified using Algorithm 10 with
the path condition {x ∈ [−∞,+∞), y ∈ [−∞, 2), z ∈ [−∞,+∞)}. In the first step, the subtree
rooted at y < 3 can be replaced with the leaf node Class A since y ∈ [−∞, 2) =⇒ y < 3 and so
the false branch is infeasible. In the second step, the subtree rooted at z < 6 can be replaced with
Class A since both successors are Class A. In the third step, just as y < 3, the subtree rooted at
y < 4 can be replaced with Class A. Finally, the root node can be replaced with Class A since both
successors are Class A. So, the resulting decision tree consists only of a single leaf node Class A.
If we had not performed this simplification, the transformation algorithm would have to process
all remaining trees for the three reachable leaf nodes Class A. Instead, now it has to process all
remaining trees only once.
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Algorithm 11 Transforming a random forest into a DAG with optimizations [5]AP.
1: procedure RF2DTOPT(Random forest T1, . . . , Tn, Current node ti in tree Ti, Array votes, Path condition pc, Hash map

uniqueMap)
2: Create new node newNode
3: if ti is a leaf then
4: // Increase vote count for the class in the current leaf
5: votes[ti.class]← votes[ti.class] + 1
6: if i = n then
7: // If processing leaf in the last tree, create leaf with the majority class
8: newNode.class← argmaxclass votes
9: else

10: safeWinner ← earlyStop(T1, . . . , Tn, ti, votes, pc)
11: if safeWinner ̸= “unsure” then
12: newNode.class← safeWinner
13: else
14: // Simplify next tree in the list and pass it to the recursive call
15: nextTreeSimplified← SMPLFY(Ti+1.root, pc)
16: newNode← RF2DTOPT(T1, . . . , Tn, nextTreeSimplified, votes, pc, uniqueMap)
17: end if
18: end if
19: // After recursive call, decrease the vote count
20: votes[ti.class]← votes[ti.class]− 1
21: else
22: if pc =⇒ ti.feature < ti.threshold then
23: newNode← RF2DTOPT(T1, . . . , Tn, ti.true, votes, pc, uniqueMap)
24: else if pc =⇒ ¬(ti.feature < ti.threshold) then
25: newNode← RF2DTOPT(T1, . . . , Tn, ti.false, votes, pc, uniqueMap)
26: else
27: newNode.feature← ti.feature
28: newNode.threshold← ti.threshold
29: pct ← pc ∧ (ti.feature < ti.threshold)
30: newNode.true← RF2DTOPT(T1, . . . , Tn, ti.true, votes, pct, uniqueMap)
31: pcf ← pc ∧ ¬(ti.feature < ti.threshold)
32: newNode.false← RF2DTOPT(T1, . . . , Tn, ti.false, votes, pcf , uniqueMap)
33: if newNode.true == newNode.false then
34: newNode← newNode.true
35: end if
36: end if
37: end if
38: if uniqueMap.contains(newNode) then
39: return uniqueMap.get(newNode)
40: else
41: uniqueMap.put(newNode, newNode)
42: return newNode
43: end if
44: end procedure

4.1.9 Optimized Approach

Algorithm 11 contains the previously presented optimizations, except for the dynamic tree order
heuristic. In addition to the random forest T1, . . . , Tn, the node currently being processed ti,
the votes array, the algorithm now also has the path condition pc and a hash map uniqueMap,
which stores all unique DAGs, as the input. In comparison to our simple approach presented in
Algorithm 9, the algorithm contains the following changes:

• When the currently processed node is a leaf, in Line 10 early stopping is applied. This can
either be the abstract early stopping approach (see Algorithm 4) or the non-abstract early
stopping approach. If early stopping is successful, the class of the newly created node can
be set to the winning class (Line 12).

• If early stopping cannot be applied, the algorithm now first simplifies the next tree to be
processed before performing the recursive call (Line 15).

• When the current node is an inner node, the algorithm checks, just like the infeasible path
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elimination introduced in Section 3.1.1, if only the true or only the false successor are
feasible, and only proceeeds with the feasible successor.

• If both successors are feasible, the algorithm recursively processes both successors. It then
checks whether both successors are the same, and if that is the case, the new node is set to
the result of the recursive call with the true successor.

• Before returning the result, the algorithm first checks whether the DAG rooted at the newly
created node already exists. If it does the algorithm returns the instance stored in the hash
map. Otherwise, it puts the new unique DAG into the hash map and then returns the result.

4.2 Evaluation: Transforming Random Forests into Decision
Trees

In this section, we evaluate the techniques introduced in the previous section. We compare
these techniques with the ADD-based approach presented in Section 3.1 and we use exactly the
same random forests that have been trained on datasets from the UCI Machine Learning Repos-
itory [52]. Our implementation was done in Java and we performed the evaluation on the same
machine that was used for the evaluation in Section 3.3, an Intel(R) Xeon(R) Gold 6152 CPU
2.10 GHz with 502 GB of RAM.

All configurations discussed here integrate infeasible path elimination and the DAG-based
optimization by default, as described in Sections 3.1.1 and 4.1. The following list summarizes the
additional features that differentiate each configuration:

• DFS: Our baseline approach (Algorithm 9), already incorporating infeasible path elimina-
tion and the DAG construction.

• ES: The baseline extended with early stopping based on the “specific rules” introduced in
Section 3.2.2.

• AbsES: The baseline plus abstract early stopping (Algorithm 4).

• HEUR: The baseline plus a heuristic that decides whether to apply abstract early stopping
(Section 4.1.6).

• ORD: The HEUR configuration extended by the tree-ordering heuristic, which processes
next the tree with the fewest reachable leaves (Section 4.1.7).

• +S: Each of the above five configurations can be further combined with tree simplifica-
tion (Subsection 4.1.8). For instance, DFS+S corresponds to the baseline approach with
tree simplification.

4.2.1 Experimentation Results

Our evaluation aims to address the following research questions:

• RQ1: Are our optimizations effective in terms of improving transformation time and
size of the resulting DAG?

• RQ2: Can our DFS-based approach transform random forests into a DAG more effi-
ciently than the ADD-based approach?
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RQ1: To answer RQ1, we analyse the transformation time, i.e., the time it takes to transform a
random forests into a DAG, and the size of the resulting DAG.

Transformation Time: Figure 4.4 illustrates the speedup of all configurations relative to the
DFS baseline. In nearly all cases, our optimizations, i.e., early stopping, heuristic ordering, and
tree simplification, result in significant improvements. Configurations marked with +S perform
significantly better than their non-simplified counterparts. For instance, HEUR+S achieves the
highest geometric mean speedup (5.22×), followed by ORD+S (4.62×).

The largest speedups can be observed for datasets such as magic, phoneme, and twonorm,
where ORD+S achieves factors of 51.84×, 59.65×, and 16.4×, respectively. In the ring dataset,
DFS does not complete within 72 hours, whereas approaches like ORD+S finish in only 7.4
seconds, mainly due to tree simplification.

In contrast, segmentation sees limited improvement. Additionally, small datasets (e.g., mofn-
3-7-10, threeOf9, xd6) may show minimal slowdowns with certain optimizations, but the absolute
time remains under 30 ms, so this is not a practical concern.

Size: Table 4.1 shows the size of the final DAGs. Because ES, AbsES, and HEUR do not affect
the DAG size, we limit our size comparisons to DFS, ORD, and their +S variants. Each entry
shows the relative change from DFS.

On average, ORD produces DAGs 190.19% larger than DFS, due to the changed processing
order that reduces subtree-sharing opportunities. Meanwhile, DFS+S results in DAGs 33.19%
smaller than DFS, and ORD+S results in DAGs 9% smaller. Several datasets show especially
large differences. For instance, magic, ring, segmentation, twonorm, and waveform-21 can more
than double in size when using ORD. However, ORD also completes faster for many of these
datasets, indicating a trade-off between model size and transformation time.

Tree simplification substantially reduces both size and runtime. For example, DFS+S reduces
the final DAG size by more than 50% in datasets like ann-thyroid, magic, phoneme, ring, and
twonorm, with a particularly strong effect on ring (−93.32%). ORD+S typically produces larger
DAGs than DFS+S, yet still smaller than or comparable to DFS. Overall, these results confirm
that tree simplification results in significant benefits, and the order-based heuristic can speed up
transformations when memory overhead is not the primary concern.

Appendix B (Section B.1), presents detailed results on the class characterization sizes for
each class and configuration.

RQ2: For RQ2, we compare our DFS-based approach against the most efficient ADD-based
variant. We found that AbsES was the fastest ADD-based configuration, whereas HEUR+S per-
formed best among our DFS-based strategies. Table 4.2 summarizes the results.

Overall, the DFS-based approach consistently outperforms the ADD-based approach in terms
of transformation time. The geometric mean speedup is 20.49×. For example, for ecoli the
DFS-based approach is 52 times faster and reduces the transformation time from 1089 to only
20.87 seconds.

On average, the DFS-based approach results in a 2.63% reduction in the final DAG size. For
many datasets, the DFS-based approach results in significant savings, such as ann-thyroid, ecoli,
new-thyroid, phoneme, and wine-recog, ranging between 20% and 36%. However, there are also
instances where the DFS-based approaches produces larger DAGs, such as for ionosphere, ring,
and twonorm. Despite these outliers, the overall trend indicates that, in addition to speeding up
compilation, the DFS-based approach often provides a smaller or comparably sized final model.
This combination of faster runtime and compact representation makes the DFS-based method a
promising alternative for large-scale or time-sensitive tasks.
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Figure 4.4: Speedups over DFS. Baseline times, i.e., transformation time of DFS in seconds, are
shown in parentheses next to dataset names.

Table 4.1: Number of nodes in the resulting DAGs.
Dataset DFS ORD DFS+S ORD+S
ann-thyroid 399 123 752 390 (+88.51%) 168 791 (-57.71%) 240 857 (-39.65%)
appendicitis 1 943 572 2 931 476 (+50.83%) 1 161 957 (-40.22%) 1 307 657 (-32.72%)
banknote 75 318 84 462 (+12.14%) 46 417 (-38.37%) 44 700 (-40.65%)
ecoli 1 096 500 1 181 757 (+7.78%) 848 456 (-22.62%) 853 732 (-22.14%)
glass2 530 575 859 870 (+62.06%) 322 062 (-39.30%) 400 259 (-24.56%)
ionosphere 486 411 1 064 976 (+118.95%) 319 255 (-34.37%) 706 200 (+45.19%)
iris 1823 1765 (-3.18%) 1734 (-4.88%) 1436 (-21.23%)
magic 1 728 499 5 920 778 (+242.54%) 605 848 (-64.95%) 964 578 (-44.20%)
mofn-3-7-10 22 23 (+4.55%) 24 (+9.09%) 26 (+18.18%)
new-thyroid 81 797 86 085 (+5.24%) 66 287 (-18.96%) 63 038 (-22.93%)
phoneme 1 977 030 2 340 429 (+18.38%) 954 830 (-51.70%) 988 824 (-49.98%)
ring 5 089 861 106 994 692 (+2002.11%) 340 078 (-93.32%) 974 490 (-80.85%)
segmentation 9 862 431 22 309 988 (+126.21%) 8 341 151 (-15.43%) 19 300 003 (+95.69%)
shuttle 443 504 580 946 (+30.99%) 367 195 (-17.21%) 418 842 (-5.56%)
threeOf9 3 3 (0.00%) 3 (0.00%) 3 (0.00%)
twonorm 37 524 747 223 709 342 (+496.16%) 11 170 913 (-70.23%) 37 589 007 (+0.17%)
waveform-21 5 348 612 18 727 728 (+250.14%) 2 769 993 (-48.21%) 7 122 294 (+33.16%)
wine-recog 7 801 905 15 506 552 (+98.75%) 6 293 801 (-19.33%) 9 914 530 (+27.08%)
xd6 67 68 (+1.49%) 65 (-2.99%) 63 (-5.97%)

Mean +190.19% −33.19% −9.00%

Finally, we also tested the method from [53], which transforms a random forest into a seman-
tically equivalent, minimal-size decision tree. However, due to its high memory requirements, it
was only able to complete on banknote, iris, mofn-3-7-10, new-thyroid, threeOf9, and xd6. For
these six datasets, our method was between 30× and 832× faster, and produced smaller models
by using DAGs instead of decision trees.
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Table 4.2: Compilation time and size comparison of ADD- and DFS-based approaches.
Dataset Transformation Time Speedup DAG Size Size Reduction (%)

ADD DFS ADD DFS
ann-thyroid 31.36 1.715 18.29× 212 766 168 791 -20.67%
appendicitis 224.463 9.202 24.39× 1 148 415 1 161 957 +1.18%
banknote 17.357 0.58 29.93× 58 747 46 417 -20.99%
ecoli 1089.779 20.879 52.19× 1 134 199 848 456 -25.19%
glass2 30.276 1.322 22.90× 448 542 322 062 -28.20%
ionosphere 726.348 32.761 22.17× 268 210 319 255 +19.03%
iris 0.647 0.054 11.98× 1805 1734 -3.93%
magic 52.166 3.515 14.84× 662 797 605 848 -8.59%
mofn-3-7-10 0.094 0.009 10.44× 15 24 +60.00%
new-thyroid 36.812 1.005 36.63× 98 191 66 287 -32.49%
phoneme 548.798 12.346 44.45× 1 495 068 954 830 -36.13%
ring 80.331 10.94 7.34× 200 528 340 078 +69.59%
segmentation 2236.004 91.331 24.48× 9 177 945 8 341 151 -9.12%
shuttle 191.587 4.294 44.62× 484 730 367 195 -24.25%
threeOf9 0.078 0.006 13.00× 3 3 0.00%
twonorm 2299.646 170.141 13.52× 9 334 318 11 170 913 +19.68%
waveform-21 536.906 23.659 22.69× 3 464 949 2 769 993 -20.06%
wine-recog 2060.718 68.784 29.96× 9 148 528 6 293 801 -31.2%
xd6 0.121 0.015 8.07× 46 65 +41.3%

Aggregate 20.49× −2.63%

4.3 Transforming Gradient Boosted Trees into Decision Trees

In this section, we show to extend the approach of transforming random forests into a single
decision tree (see Section 4.1) to the case of gradient boosted trees. The main difference between
random forests and gradient boosted trees is that, in the latter, leaf nodes hold real-valued weights
rather than class labels. We handle the case of binary and multiclass classification separately since
there are differences in the structure of the trees that enable distinct optimizations.

4.3.1 Binary Classification

A gradient boosted tree model for binary classification consist of n trees T1, . . . , Tn. The
way a gradient boosted tree model makes its prediction, given an input, is to obtain the weights
predicted by the individual boosted trees, sum them up, apply the sigmoid function, and choose
class 1 if the result is larger than 0.5 and 0 otherwise2.

The proposed approach again traverses every path while creating a copy of each tree structure.
The main difference is the treatment of the leaves. Since the leaves of a boosted tree hold real-
valued weights, the approach accumulates the weights as it traverses the sequence of trees. When a
leaf node in the last tree is reached, the class label of the new leaf node is set to 1 if the accumulated
weight is greater than 0 and 0 otherwise.

Algorithm 12 describes the approach for transforming gradient boosted trees T1, . . . , Tn into
a single decision tree. The algorithm takes as inputs the boosted trees T1, . . . , Tn, the current node
ti in tree Ti (initially the root node of T1), and the accumulated weight w, which is initialized with
0. If the current node ti is a leaf, the weight of the leaf is added to the accumulated weight. If Ti
is the last tree, the class of the new node is set to 1 if the accumulated weight is greater than 0 and
0 otherwise. Otherwise, the algorithm is called recursively with the root of the next tree Ti+1 and
the updated accumulated weight. If the current node is not a leaf, the feature, and threshold of
the current node are copied to the new node. The algorithm then recursively calls itself with the
children of the current node, and assigns the results to the true and false children of the new node.
In the end, the new node is returned.

The time and space complexity of Algorithm 12 is the same as for Algorithm 9, although
here the winning class can be determined by checking the sign of the cumulative weight instead

2In Section 3.4.1 we noted that one can equivalently check whether the summed value is larger than 0.
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Algorithm 12 Transforming gradient boosted trees for binary classification into a single decision
tree.

1: procedure BT2DT(Gradient Boosted Trees T1, . . . , Tn, Current node ti in tree Ti, Accumu-
lated weight w)

2: Create new node newNode
3: if ti is a leaf then
4: w ← w + ti.weight
5: if i = n then
6: newNode.class← 1 if w > 0 else 0
7: else
8: newNode← BT2DT(T1, . . . , Tn, Ti+1.root, w)
9: end if

10: else
11: newNode.feature← ti.feature
12: newNode.threshold← ti.threshold
13: newNode.true← BT2DT(T1, . . . , Tn, ti.true, w)
14: newNode.false← BT2DT(T1, . . . , Tn, ti.false, w)
15: end if
16: return newNode
17: end procedure

x < 3

-0.5

y < 5 y < 4

-0.4 0.3 0.4

z < 3 x < 2

0.1 -0.1 -0.2 0.1

Figure 4.5: A gradient boosted tree model for binary classification consisting of three trees.

of applying an argmax.
Optimizations from Section 4.1.2, such as the elimination of infeasible paths, the unification

of identical sub-trees to produce DAGs, and early stopping, can also be employed.

Example 24. Figure 4.5 shows a gradient boosted tree model for binary classification that consists
of three trees3. By applying Algorithm 12 to this model, one obtains the single decision tree shown
in Figure 4.6. In Figure 4.6, the accumulated weight is displayed below the horizontal line at the
time each node is created.

We illustrate the transformation by examining the rightmost path. Initially, the algorithm
copies the root node of the first tree, which has the predicate x < 3. In the beginning, the
accumulated weight is 0.0. The algorithm then visits the true child node y < 4, so the accumulated
weight remains 0.0. The next true child node is a leaf node with weight 0.4, which increases the
accumulated weight to 0.4.

The algorithm proceeds with the second tree, whose root node is z < 3. This node is copied,
and the accumulated weight is still 0.4. The true child of this node is a leaf with weight −0.1,
causing the accumulated weight to decrease to 0.3.

Finally, the algorithm visits the root of the last tree, labeled x < 2, and copies it. Its true
child is a leaf node with weight 0.1, leading to an accumulated weight of 0.4. Since the final

3This is the same gradient boosted tree model shown in Figure 3.14a in Section 3.4.1
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Figure 4.6: The decision tree resulting from applying Algorithm 12 to the gradient boosted tree
model in Figure 4.5.

accumulated weight exceeds 0, the class of the resulting leaf is set to 1.
After transforming this tree into a DAG, the resulting DAG, shown in Figure 3.15, is identical

to the one produced using the ADD-based approach.

4.3.2 Binary Classification with Early Stopping

As with the ADD-based approach, early stopping is applicable and improves the efficiency of the
transformation. The transformation introduced in the previous section can be extended by using
the early stopping strategy in Section 3.5.1. Algorithm 13 shows how to modify Algorithm 12 for
this purpose.

Before initiating the transformation, suffix sums W and W must be computed (see Sec-
tion 3.5.1). Recall that for each i ∈ [n], these arrays respectively store the maximum and
minimum sums of weights that can be obtained by the remaining boosted trees Ti, . . . , Tn. If
w+W [i+1] > 0, the class of the new node can safely be set to 1 because the cumulative weight
cannot become negative. Analogously, if w+W [i+1] ≤ 0, the class 0 is assigned, given that the
cumulative weight cannot exceed 0 in the subsequent trees.

For the gradient boosted tree model in Figure 4.5, the array W is [−0.8,−0.3,−0.2], and W
is [0.6, 0.2, 0.1]. Using these arrays, one can immediately conclude that class 0 wins if the −0.5
or −0.4 leaves in the first tree are reached, because the remaining trees contribute at most 0.2, so
the final sum of weights cannot exceed 0. Similarly, if the leaf with weight 0.4 is reached in the
first tree, class 1 wins, since the minimum possible contribution from subsequent trees is −0.3,
resulting in a total of at least 0.1. Only for the leaf with weight 0.3 no immediate decision can be
made, as neither bound fully rules out the possibility of crossing the 0 threshold.

Binary Classification with Abstract Early Stopping

The abstract early stopping approach for binary classification boosted trees (Section 3.5.2) can
also be applied to the decision-tree-based procedure described here. Algorithm 14 shows how to
modify the transformation to use abstract early stopping.

Whenever a leaf node is reached, the minimum and maximum reachable weights in the re-
maining trees are computed with ABSMINMAX (Algorithm 7). These bounds are then employed
to decide whether early stopping is possible, analogous to Algorithm 13. This approach is more
precise but also more computationally expensive, since each call to Algorithm 7 has time com-
plexity O(k), where k is the number of nodes in a tree, and the for-loop in Algorithm 14 adds
a factor of n for n boosted trees, resulting in a time complexity of O(n · k). Thus, it is often
advantageous to compute these bounds only when early stopping is likely.
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Algorithm 13 Transforming gradient boosted trees for binary classification into a single decision
tree with early stopping.

1: procedure BT2DTES(T1, . . . , Tn, Current node ti in tree Ti, Accumulated weight w)
2: Create new node newNode
3: if ti is a leaf then
4: w ← w + ti.weight
5: if i = n then
6: newNode.class← 1 if w > 0 else 0
7: else if w +W [i+ 1] > 0 then
8: newNode.class← 1
9: else if w +W [i+ 1] ≤ 0 then

10: newNode.class← 0
11: else
12: newNode← BT2DTES(T1, . . . , Tn, Ti+1.root, w)
13: end if
14: else
15: newNode.feature← ti.feature
16: newNode.threshold← ti.threshold
17: newNode.true← BT2DTES(T1, . . . , Tn, ti.true, w)
18: newNode.false← BT2DTES(T1, . . . , Tn, ti.false, w)
19: end if
20: return newNode
21: end procedure

Abstract Early Stopping Heuristic

In order to decide when it is worthwhile to compute the minimum and maximum reachable
weights at each leaf node, a heuristic is required. One possibility is to use the abstract early
stopping approach only when fewer than half of the trees have been processed. In these earlier
stages, pruning large subtrees can result in significant reductions for the remaining transformation
steps, compensating for the additional overhead of the abstract analysis. However, nodes in later
trees are visited more often and therefore early stopping is also employed more often. The cost
of repeatedly computing precise bounds can become prohibitive if it does not frequently result
in pruning. In these later stages, the simpler early stopping approach from Section 4.3.2 is often
more efficient, as its overhead is smaller.

4.3.3 Multiclass Classification

The case of gradient boosted trees for multiclass classification is now considered. In this setting,
there are n trees per class, resulting in n ·K trees in total, where K is the number of classes. The
proposed approach is divided into two steps:

1. Combine the trees of each class into a single tree, resulting in K trees (one per class). Each
such tree outputs the sum of the weights for its class.

2. Merge these K trees into a single decision tree that outputs the class with the highest to-
tal weight.
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Algorithm 14 Transforming gradient boosted trees for binary classification into a single decision
tree using abstract early stopping.

1: procedure BT2DTABSES(T1, . . . , Tn, Current node ti in tree Ti, Accumulated weight w,
Path condition pc)

2: Create new node newNode
3: if ti is a leaf then
4: w ← w + ti.weight
5: minWeight,maxWeight← (0, 0)
6: for j ← i+ 1 to n step 1 do
7: (∆min,∆max)← ABSMINMAX(Tj .root, pc)
8: (minWeight,maxWeight)← (minWeight+∆min,maxWeight+∆max)
9: end for

10: if w +minWeight > 0 then
11: newNode.class← 1
12: else if w +maxWeight ≤ 0 then
13: newNode.class← 0
14: else if i = n then
15: newNode.class← 1 if w > 0 else 0
16: else
17: newNode← BT2DTABSES(T1, . . . , Tn, Ti+1.root, w, pc)
18: end if
19: else
20: newNode.feature← ti.feature
21: newNode.threshold← ti.threshold
22: newNode.true← BT2DTABSES(T1, . . . , Tn, ti.true, w, pc)
23: newNode.false← BT2DTABSES(T1, . . . , Tn, ti.false, w, pc)
24: end if
25: return newNode
26: end procedure

4.3.4 Score Decision Trees

The first step combines the n trees of each class into a single score tree where every leaf outputs
the sum of the weights of those n trees. This is similar to the transformation of boosted trees
for binary classification (Algorithm 12), except that the leaf nodes store the accumulated weight
rather than a final class. Algorithm 15 shows how to transform the trees of a single class into one
tree. When a leaf node in the last tree is reached, the weight of the new leaf node is set to the
accumulated weight, and the class is recorded.

The infeasible path elimination from Section 4.1.2 can also be applied here. Identical sub-
trees can be unified to form DAGs, although in practice, real-valued leaves often limit merging
opportunities.

Example 25. Algorithm 15 is illustrated by applying it to the gradient boosted tree model of
Figure 4.7. E.g., the leaf reached by the path y < 5 ∧ x < 5 in the tree for Class C is 0.5 because
the sum of weights contained in the leaves along that path are 0.2 and 0.3. Note that infeasible
paths are already removed, e.g., x < 3 =⇒ x < 4, so no copy of x < 4 is created when it is
visited after following the true edge of x < 3.
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Algorithm 15 Transforming the boosted trees of a class into a single decision tree.

1: procedure BT2SCOREDT(T1, . . . , Tn, Current node ti in tree Ti, Accumulated weight w,
Class c)

2: Create new node newNode
3: if ti is a leaf then
4: w ← w + ti.weight
5: if i = n then
6: newNode.weight← w
7: newNode.class← c
8: else
9: newNode← BT2SCOREDT(T1, . . . , Tn, Ti+1.root, w, c)

10: end if
11: else
12: newNode.feature← ti.feature
13: newNode.threshold← ti.threshold
14: newNode.true← BT2SCOREDT(T1, . . . , Tn, ti.true, w, c)
15: newNode.false← BT2SCOREDT(T1, . . . , Tn, ti.false, w, c)
16: end if
17: return newNode
18: end procedure
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Figure 4.7: A gradient boosted tree model and the results of applying Algorithm 15 to this model.

4.3.5 Majority Vote Decision Trees

Algorithm 16 presents the merging process, which operates on the score trees T1, . . . , TK ,
the current node ti in tree Ti, the current maximum weight w (initialized to −∞), and the class c
associated with that maximum weight (initialized to ⊥). When a leaf node is reached, its weight
is compared with the current maximum w. If it is greater, w and c are updated. If the current tree
is not the last tree, the algorithm proceeds with the root of Ti+1. When a leaf in the last tree is
reached, the new leaf node is assigned class c.

Example 26. Figure 4.8 illustrates the result of applying Algorithm 16 to the score trees from
Figure 4.7. Each internal node appears in the same color as its corresponding node in Figure 4.7,
while each leaf node is colored according to the winning class along that path. For clarity, each
node is annotated with a box containing the current maximum weight observed at that position,
as well as the class to which that weight belongs.

Left-most path: Initially, the maximum weight is −∞ and the class is ⊥. Following the
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Algorithm 16 Transforming the score decision trees into a single decision tree.

1: procedure MULTICLSBT2DT(Score decision trees T1, . . . , TK , Current node ti in tree Ti,
Weight w, Class c)

2: Create new node newNode
3: if ti is a leaf then
4: if ti.weight > w then
5: w ← ti.weight
6: c← ci
7: end if
8: if i = K then
9: newNode.class← c

10: else
11: newNode← MULTICLSBT2DT(T1, . . . , TK , Ti+1.root, w, c)
12: end if
13: else
14: newNode.feature← ti.feature
15: newNode.threshold← ti.threshold
16: newNode.true← MULTICLSBT2DT(T1, . . . , TK , ti.true, w, c)
17: newNode.false← MULTICLSBT2DT(T1, . . . , TK , ti.false, w, c)
18: end if
19: return newNode
20: end procedure

false branches of x < 3 and x < 4, a leaf node with weight 1.4 is reached. Since 1.4 > −∞,
the algorithm updates the maximum weight to 1.4 and sets c to cA. Next, the algorithm proceeds
with the root node of Class B and follows the false branch twice arriving at a leaf with weight 1.5.
Because 1.5 > 1.4, the maximum weight and winning class are updated to 1.5 and cB . Finally,
following the false branches of y < 5 and x < 5 in the score tree of Class C leads to a leaf with
weight−0.4, which is less than the current maximum. No update is performed, and since this leaf
appears in the last class’s tree, the final leaf node in the new decision tree is assigned the winning
class cB .

Right-most path: Following the true branch of x < 3 in the first tree, ends in a leaf with
weight−0.3 which is the new maximum. Continuing with the root node of Class B and following
its true branch leads to another leaf with weight −0.3. Since this is equal to the current maximum
(and earlier classes are prioritized if weights are tied), the algorithm does not perform an update.
Note that for the remaining tree (Class C), the path constraints x < 3 and y < 2 imply x < 5
and y < 5, so a leaf with weight 0.5 is reached. Since 0.5 > −0.3, the maximum weight and
winning class are now updated to 0.5 and cC . Reaching the final leaf, the algorithm assigns the
newly created leaf node to cC

Overall, each path in the final merged tree corresponds to a sequence of branching decisions
across the K classes, and the leaf node reflects whichever class receives the largest accumulated
weight. Figure 4.9 shows the tree of Figure 4.8 after common sub-trees have been merged (for
clarity, the leaf nodes are not merged).

4.3.6 Multiclass Early Stopping

Score decision trees for multiclass classification can become quite large if the number of trees per
class or the number of nodes in each tree is high. Early stopping is therefore crucial to improving
efficiency, and multiple approaches, both with and without taking the path condition into account,
are proposed.
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Figure 4.8: Result of applying Algorithm 16 to the score decision trees of Figure 4.7.
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Figure 4.9: A simplified version of the decision tree from Figure 4.8.

Precomputation of Reachable Weights: Our key observation is that if we know, for any
node of a score decision tree, the minimum and maximum weight that can be reached below it,
then we can safely prune subtrees that cannot affect the final decision. This information enables
constant-time checks for two scenarios:

1. All possible weights below the current node are strictly smaller than the best weight seen
so far along the path. In this case, the current class cannot win, so we can stop exploring
this entire subtree.

2. We are processing the last class’s tree, and all possible weights below the current node are
strictly greater than the best weight seen so far. In this scenario, the current class will win
along every continuation of this subtree, so we can immediately assign the current class as
the winning class without further traversal.

To enable constant-time checks of these two conditions, we precompute for each node the min-
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Algorithm 17 Transforming score decision trees into a single decision tree using early stopping.
1: procedure MULTICLSBT2DTES(Score decision trees T1, . . . , TK , Current node ti in tree Ti, Weight w, Class

c)
2: Create new node newNode
3: if ti is a leaf then
4: if ti.weight > w then
5: w ← ti.weight
6: c← ci
7: end if
8: if i = K then
9: newNode.class← c

10: else
11: newNode← MULTICLSBT2DTES(T1, . . . , TK , Ti+1.root, w, c)
12: end if
13: else
14: if i = K ∧ ti.minRW > w then
15: newNode.class← ci
16: else if ti.maxRW < w then
17: if i = K then
18: newNode.class← c
19: return newNode
20: end if
21: newNode← MULTICLSBT2DTES(T1, . . . , TK , Ti+1.root, w, c)
22: else
23: // Same as Algorithm 16 Lines 14-17.
24: end if
25: end if
26: return newNode
27: end procedure

imum and maximum reachable weights in its subtree and store these values in the fields minRW
and maxRW. This precomputation requires only one traversal per score decision tree, with a time
complexity of O(n) for a tree of n nodes. Afterwards, retrieving the minimum or maximum
reachable weight for any node takes O(1).

Algorithm with Early Stopping: Whenever a non-leaf node is reached:

• If it is a node in the last tree and its minimum reachable weight minRW is larger than the
maximum weight observed so far, the procedure terminates at this node, and a new leaf
node is created with the class assigned to the current class.

• If the maximum reachable weight maxRW is smaller than the maximum weight observed
so far, the current class cannot win. If the current tree is the last tree, a new leaf node with
the class assigned to c is created. Otherwise, the next score decision tree is traversed.

If neither condition is satisfied, we continue with the standard recursive procedure as before.

4.3.7 Path-Sensitive Multiclass Early Stopping

Path conditions can result in tighter bounds for minRW and maxRW by ruling out unreachable
leaves. Although precomputing minRW and maxRW once per tree is relatively inexpensive, path-
sensitive computation allows pruning even more aggressively, at the cost of additional overhead.

Two Additional Forms of Early Stopping: Before exploring a tree Ti, we recompute or
refine minRW and maxRW for all reachable nodes under pc. This already allows us to apply early
stopping earlier since minRW and maxRW are more accurate.

We also add two additional forms of early stopping:

67



Chapter 4. Transforming Tree Ensembles into Decision Trees

Algorithm 18 Transforming the score decision trees into a single decision tree using path
condition-based early stopping.
1: procedure MULTICLSBT2DTPCES(Score decision trees T1, . . . , TK , Current node ti in tree Ti, Weight w,

Class c, Path Condition pc)
2: Create new node newNode
3: if ti is a leaf then
4: HANDLELEAFCASE(ti, w, c, i,K, newNode, T1, . . . , TK , pc)
5: else
6: if i = K ∧ ti.minRW > w then
7: newNode.class← ci
8: else if ti.maxRW < w then
9: if i = K then

10: newNode.class← c
11: return newNode
12: end if
13: computeAbsMaxMin(Ti+1, pc)
14: newNode← MULTICLSBT2DTPCES(T1, . . . , TK , ti+1.root, w, c, pc)
15: else if i < K ∧ ti.maxRW < −0.5 then
16: maybeNode← CHECKSNR(T1, . . . , TK , i, pc, w, c, ti.maxRW )
17: if maybeNode ̸= null then
18: return maybeNode
19: end if
20: else if ti.minRW > w ∧ ti.minRW > 1 then
21: maybeNode← CHECKGIR(T1, . . . , TK , i, pc, w, c, newNode, ti.minRW )
22: if maybeNode ̸= null then
23: return maybeNode
24: end if
25: else
26: newNode.feature← ti.feature
27: newNode.threshold← ti.threshold
28: pct = pc ∧ (ti.feature < ti.threshold)
29: newNode.true← MULTICLSBT2DTPCES(T1, . . . , TK , ti.true, w, c, pct)
30: pcf = pc ∧ ¬(ti.feature < ti.threshold)
31: newNode.false← MULTICLSBT2DTPCES(T1, . . . , TK , ti.false, w, c, pcf )
32: end if
33: end if
34: return newNode
35: end procedure

1. Safe Pruning of “Loser” Subtrees: In Algorithm 17 in Line 16, the check ti.maxRW <
w can never be true for the first tree since w is initialized with −∞. Though, in the first
tree it can be possible that c1 will never win at some subtree ti if ti.maxRW is sufficiently
small. Suppose the current class’s maxRW under path condition pc is α. If there is at least
one future tree Tj (j > i) whose reachable weights under pc are all strictly greater than α,
then class ci is guaranteed to lose on this path. We can thus skip the entire subtree of ti and
continue with the next tree Ti+1.

2. Early Determination of a “Winning” Subtree: In Algorithm 17 in Line 14, we only
check if ti.minRW > w if the current tree is the last tree. If we additionally check that the
current node’s minRW under pc cannot be exceeded by any tree remaining to be processed,
we can also apply early stopping if i < K.

On-Demand Computation of Bounds: We implement the path-sensitive approach by call-
ing computeAbsMaxMin(Ti, pc) on-demand, whenever a tree Ti is to be processed. This func-
tion recomputes minRW and maxRW for nodes reachable under the current path condition pc.
Although it adds some additional cost, tighter bounds frequently result in substantial savings by
pruning entire subtrees.

Algorithmic Sketch: Algorithm 18 maintains the structure of Algorithm 17 but includes:
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Algorithm 19 Leaf-case handling.

1: procedure HANDLELEAFCASE(ti, w, c, i,K, newNode, T1, . . . , TK , pc)
2: if ti.weight > w then
3: w ← ti.weight
4: c← ci
5: end if
6: if i = K then
7: newNode.class← c
8: else
9: computeAbsMaxMin(Ti+1, pc)

10: newNode← MULTICLSBT2DTPCES(T1, . . . , TK , ti+1.root, w, c, pc)
11: end if
12: end procedure

• A path condition pc that collects the feature constraints along the current path.

• Calls to computeAbsMaxMin(Ti+1, pc) (e.g., Lines 4 and 13) before processing the next
tree Ti+1.

• Two helper functions:

– CHECKSNR (Algorithm 20), which checks if there is at least one future tree whose
path-feasible weights all exceed the current subtree’s maxRW.

– CHECKGIR (Algorithm 21), which checks if no future tree can surpass the current
class’s minRW.

Heuristic Thresholds: Although we could always check for possible early stopping by in-
voking CHECKSNR or CHECKGIR, in the worst case these functions might visit every node in
all remaining trees. In practice, path conditions help reduce this cost, but it can still be expen-
sive to run these checks at every step. To mitigate this overhead, we introduce simple numeric
thresholds (e.g., maxRW < −0.5 or minRW > 1) that help us decide when these checks are likely
to succeed. While these thresholds are simple, they work well in practice by avoiding expensive
computations when early stopping is unlikely to be triggered. In real-world settings, they can be
tuned to balance the runtime overhead against the potential gains from early pruning.

Putting It All Together: By tightening bounds via the path condition and adding these extra
early stopping checks, we can prune large portions of the merged tree. While this introduces
some overhead (e.g., multiple calls to computeAbsMaxMin), the net effect typically reduces
the final tree size and transformation time. Therefore, in scenarios with many large boosted trees,
path-sensitive early stopping can significantly improve overall efficiency.

4.4 Evaluation: Transforming Gradient Boosted Trees into
Decision Trees

In this section, we evaluate the various optimizations to transforming gradient boosted trees into
decision trees. We compare our approach to our ADD-based approach presented in Section 3.4
and evaluate the impact of our optimizations and heuristics on the transformation time and the
size of the resulting decision tree.

We want to answer the following research questions:
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Algorithm 20 Checks if there is at least one tree in Ti+1, . . . , TK whose reachable weights are all
larger than maxRW .

1: procedure CHECKSNR(T1, . . . , TK , i, pc, w, c,maxRW )
2: for j ← i+ 1 to K step 1 do
3: if smallerNotReachable(Tj , pc,maxRW ) then
4: computeAbsMaxMin(Ti+1, pc)
5: return MULTICLSBT2DTPCES(T1, . . . , TK , Ti+1.root, w, c, pc)
6: end if
7: end for
8: return null
9: end procedure

Algorithm 21 Check if all reachable weights in trees Ti+1, . . . , TK are smaller than minRW .

1: procedure CHECKGIR(T1, . . . , TK , i, pc, w, c, newNode,minRW )
2: foundGreater ← false
3: for j ← i+ 1 to K step 1 do
4: if greaterIsReachable(Tj , pc,minRW ) then
5: foundGreater ← true
6: break
7: end if
8: end for
9: if ¬foundGreater then

10: newNode.class← ci
11: return newNode
12: end if
13: return null
14: end procedure

• RQ1: Are our optimizations effective in terms of improving transformation time and
size of the resulting DAG?

• RQ2: Can our DFS-based approach transform gradient boosted trees into a DAG
more efficiently than our ADD-based approach?

4.4.1 Experimental Setup

We evaluated our approach on a machine with an Intel(R) Xeon(R) Gold 6152 CPU 2.10 GHz
with 502 GB of RAM. We implemented our approach in Java and used exactly the same gradient
boosted trees as in Section 3.6 to ensure a fair comparison.

4.4.2 Experimentation Results

All configurations discussed here integrate infeasible path elimination and the DFS-based op-
timization by default. The following list summarizes the additional features that differentiate
each configuration:

• DFS: Our approach without early stopping (Algorithm 12 for binary classification, and
Algorithms 15 and 16 for multiclass classification).

• ES: Our approach with early stopping (Algorithm 13 for binary classification, and Algo-
rithm 17 for multiclass classification).
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Table 4.3: Number of nodes in the DAG for each binary classification dataset.

Dataset appendicitis divorce glass2 promoters threeOf9

DFS/ES/PCES/HEUR 7 744 350 267 799 3 3

Table 4.4: Number of nodes in the DAG for each multi-classification dataset, with percentage
changes relative to DFS in parentheses.

Dataset ann-thyroid ecoli shuttle wine-recog. zoo

DFS 179 260 112 208 73 300 27 722 264
ES 144 866 (-19.1%) 104 863 (-6.5%) 60 519 (-17.4%) 27 830 (+0.3%) 257 (-2.6%)

PCES 128 834 (-28.1%) 90 717 (-19.1%) 47 527 (-35.1%) 27 661 (-0.2%) 250 (-5.3%)

• PCES: Our approach with path condition-based early stopping (Algorithm 14 for binary
classification, and Algorithm 18 for multiclass classification).

• HEUR: Our approach with the heuristic for abstract early stopping.

RQ1: Are our optimizations effective in terms of improving transformation time
and size of the resulting DAG?

Transformation Time: First, we examine the time required to transform the gradient boosted
trees to a DAG for each configuration. Figure 4.10 shows the speedup over the DFS-configuration.
The first 5 datasets are binary classification datasets, while the other 5 datasets are multiclass
classification datasets. Note that the HEUR-configuration only exists for binary classification.

For binary classification (appendicitis, glass2, divorce, promoters, and threeOf9), ES, PCES,
and HEUR result in improvements over DFS, with significant speedups for appendicitis and
glass2. Specifically, PCES achieves a speedup of 1.59× on appendicitis, whereas ES achieves
a speedup of 2.2× on glass2. Although results are more mixed on the remaining datasets (due
to their very low overall transformation times), the geometric mean speedups for ES, PCES, and
HEUR are 1.12×, 1.07×, and 1.37×, respectively.

For multiclass classification (ann-thyroid, ecoli, shuttle, wine-recog, and zoo), the effect of
early stopping is more significant. Both ES and PCES improve upon DFS in all cases, except for
PCES on zoo. On ann-thyroid, wine-recog, and zoo, ES outperforms PCES, while on ecoli and
shuttle, PCES provides higher speedups. The geomean speedups for ES and PCES are 2.14× and
1.79×, indicating that both methods effectively reduce the transformation time for these datasets.

Size: We next evaluate how these configurations affect the size of the resulting DAG. Ta-
ble 4.3 reports the DAG sizes (in terms of node count) for the binary classification datasets. As
mentioned in Section 4.3.2, the size remains unchanged in ES, PCES, and HEUR relative to DFS.
For instance, the DAGs for promoters and threeOf9 each contain only one inner node and two
leaves (i.e., three total nodes), while glass2 generates a large DAG of 267,799 nodes but still
completes in under two seconds using ES.

Table 4.4 presents absolute and relative DAG sizes for the multiclass datasets. Overall, ES
and PCES reduce the DAG size compared to DFS, apart from a slight increase (0.3%) for wine-
recog under ES. Consistent with the higher precision of PCES, it generally leads to even greater
size reductions (e.g., up to−35.1% on shuttle), demonstrating that our optimizations are effective
at limiting the final DAG complexity.

Appendix B (Section B.2), presents detailed results on the class characterization sizes for
each class and configuration.
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Figure 4.10: Speedup over the DFS configuration.

Table 4.5: Transformation times and DAG sizes for the ADD- vs. DFS-based approaches.

Dataset Transformation Time Speedup Size Size Reduction (%)
ADD DFS ADD DFS

ann-thyroid 2719.291 1.091 2492.48× 166284 128834 -22.52%
appendicitis 1.062 0.121 8.78× 8465 7744 -8.52%
divorce 0.086 0.009 9.56× 332 350 5.42%
ecoli 798.2 0.731 1091.93× 103462 90717 -12.32%
glass2 57.076 1.818 31.39× 313093 267799 -14.47%
promoters 0.017 0.003 5.67× 3 3 0.0%
shuttle 243.351 0.65 374.39× 53921 47527 -11.86%
threeOf9 0.017 0.003 5.67× 3 3 0.0%
wine-recog 106.772 0.376 283.97× 28860 27661 -4.15%
zoo 0.218 0.037 5.89× 290 250 -13.79%

Aggregate 51.98× −8.22%

RQ2: Can our DFS-based approach transform gradient boosted trees into a DAG
more efficiently than our ADD-based approach?

Finally, we compare our DFS-based approach to the ADD-based technique in terms of transfor-
mation time and the resulting DAG size. We selected PCES as the best-performing ADD-based
method and used HEUR for binary datasets and PCES for multiclass datasets in the DFS-based
approach. Table 4.5 shows that the DFS-based procedure achieves a geometric mean speedup of
51.98×, indicating substantially faster transformation than the ADD-based approach. In partic-
ular, ann-thyroid and ecoli show major speedups, dropping from thousands of seconds to under
two seconds of transformation time.

A likely explanation for the high transformation times in the ADD-based approach is the
overhead associated with computing

AwK = A+
1 ◦A A

+
2 ◦A . . . ◦A A

+
K
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Appendix C provides detailed results of the intermediate ADD sizes before and after infeasible
path elimination. In some instances, the ADD is reduced to just 1% of its original size once
the elimination has been applied. In contrast, the DFS-based approach avoids this problem by
performing infeasible path elimination on the fly.

Regarding DAG size, the DFS-based configurations also reduce node count by 8.22% on
average relative to the ADD-based baseline. For instance, ann-thyroid and ecoli show size reduc-
tions of 22.5% and 12.3%, respectively. The only exception is divorce, where a 5.42% increase is
observed. Overall, the combination of significantly faster compilation times and smaller or com-
parable DAG sizes makes this DFS-based solution an alternative for efficient transformations.
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Chapter 5

Analyzing Tree Ensembles

In this chapter, we present how to generate explanations, verify pre-/postcondition-based queries,
and check the equivalence of two tree ensembles. All of these approaches leverage the trans-
formation techniques introduced in the previous chapters. By converting a tree ensemble into a
single, semantically equivalent directed acyclic graph (DAG), we simplify the process of analyz-
ing tree ensembles.

In Section 5.1, we describe how to generate abductive and inflated explanations, followed by
an evaluation of these methods in Section 5.2. Then, in Section 5.3, we describe our approach
for verifying pre- and postcondition-based queries, as well as for checking the equivalence of two
tree ensembles.

5.1 Explaining Tree Ensemble Decisions

We now describe how to generate abductive [35] and inflated explanations [38] for tree ensembles
by leveraging our transformation-based approaches. We assume that a random forest or gradient
boosted tree has already been transformed into a DAGG using the approaches presented in Chap-
ters 3 and 4. Furthermore, for each class ci, we assume that a corresponding class characterization
graph Gci has been constructed. These graphs enable us to unify the explanation process for both
random forests and gradient boosted trees. This section is largely based on the work presented
in [3]AP.

5.1.1 Generating Abductive Explanations

We begin by describing how to generate Abductive Explanations (AXps), which also provides a
basis for generating inflated explanations. To do so, we employ the method from [54].

Given an input instance v⃗, we determine its predicted class G(v⃗) by traversing the DAG G
from the root to a leaf. Suppose the prediction is class ci. The features referenced in the predicates
along this traversal form what is called the path explanation [55] of v⃗. A more concise path
explanation can be obtained by considering the path taken by v⃗ in Gci (the class characterization
graph for class ci), since it contains only those predicates necessary to distinguish class ci from
all other classes.

It is possible to compute an abductive explanation in polynomial time for decision graphs [54].
Since the graph constructed by our approach is itself a type of decision graph, we can apply that
algorithm directly. The procedure requires an initial seed of features A ⊆ F , leaving F \A as the
unset variables. Although one could take A = F (the entire feature set), we instead initialize A to
the path explanation of v⃗. Moreover, the algorithm checks whether each feature in A is necessary
and removes any that are not. This path explanation is typically smaller than the full set F and
thus provides a more efficient seed. However, in the worst case, it can be as large as F .
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5.1.2 Generating Inflated Explanations

We now describe how to generate inflated explanations for tree ensembles by extending the SMT-
based approach from [38] to operate on a single graph. As before, we assume that for each class
ci, a class characterization graph Gci has already been constructed.

Consider an input instance v⃗ ∈ F with predicted class ci = G(v⃗). UsingGci , we first compute
an abductive explanation, which provides a minimal set of necessary features X ⊆ F . Our goal
is then to inflate each feature’s range to make the explanation as large as possible, while still
preserving the model’s prediction of ci.

Let feature j ∈ F be a fixed feature. Suppose d1, . . . , dm are the thresholds used by the deci-
sion trees for feature j in ascending order. These thresholds partition the domainDj into intervals

(d0, d1), [d1, d2), . . . , [dm, dm+1),

where d0 = −∞ and dm+1 =∞. Within a single interval, all feature values are indistinguishable
to the ensemble, since the decision trees do not split further within that range.

We construct an initial interval assignment Ej for each feature j as follows:

• If j ∈ X , then Ej is the unique interval [dk, dk+1) containing vj (the value of j in v⃗).

• If j /∈ X , we initialize Ej to [d0, dm+1), i.e., the entire range of possible values for feature j.

Because X is an AXp for v⃗, this initial assignment preserves the prediction ci, but the intervals
may not be maximal yet.

Inflation Process

To inflate an interval Ej , we iteratively increase its lower or upper bound to include neighboring
threshold ranges, stopping whenever the assignment would allow a different class to become
feasible. Specifically, at each step we check if Equation (2.1) still holds for the updated interval.
We use the decision graph Gci to perform this check efficiently. If expanding an interval Ej

would make it possible to reach a leaf labeled 0 (representing a class other than ci), we revert to
the previous interval. Otherwise, we keep the larger interval and continue.

Algorithm 22 shows how to verify Equation (2.1): it performs a depth-first search on Gci to
see if there is a path leading to a 0-valued leaf. If such a path exists, the current interval assignment
would no longer guarantee class ci.

Algorithm 23 then systematically inflates each interval by attempting to lower and raise
its bounds.

• Algorithm 24 searches thresholds downward to find the smallest feasible lower bound.

• Algorithm 25 searches upward among thresholds to find the largest feasible upper bound.

Instead of a linear search, one could also use binary search, which is better in the worst-case, but
linear search can terminate faster in the best case.

By the end of this inflation procedure:

• Each feature j ∈ X has an interval Ej that cannot be further extended without losing the
guarantee of predicting ci.

• Features j /∈ X remain at their full range [d0, dm+1), indicating that these features do not
affect the class ci for this explanation.

Therefore, the final assignment Ej satisfies Equation (2.1) for all j and forms a valid inflated
explanation under Definition 2.

Below, we highlight several practical considerations for improving performance:
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Algorithm 22 Checking the validity of equation (2.1) [3]AP.

1: procedure PATHTOZERO(Gci , (X ,X))
2: if Gci .isLeaf() then
3: return Gci .isZero()
4: end if
5: j ← Gci .feature
6: d← Gci .threshold
7: [dl, du)← Ej

8: Gci
t ← Gci .trueChild

9: Gci
f ← Gci .falseChild

10: if dl ≤ d < du then
11: return PathToZero(Gci

t , (X ,X)) OR PathToZero(Gci
f , (X ,X))

12: else if d ≤ dl then
13: return PathToZero(Gci

f , (X ,X))
14: else
15: return PathToZero(Gci

t , (X ,X))
16: end if
17: end procedure

• Search Order: We process features X in a fixed order, expanding each interval indepen-
dently. The order in which the features are processed can affect the final inflated explana-
tion, and the efficiency of its computation.

• Binary vs. Linear Search: Let m be the number of thresholds used by the tree ensemble
for a specific feature. While linear search can terminate immediately after encountering
a single failure, binary search ensures O(logm) complexity for finding bounds. One can
choose based on the typical size of m.

• Caching Results: Since the graph Gci is a DAG, it is possible to visit the same node twice
during one call of Algorithm 22. Although one could cache visited nodes (since each node
is unique in our DAG structure), in practice we found the overhead of maintaining a visited
set outweighed any performance gains.

5.2 Evaluation: Generating Abductive and Inflated
Explanations for Tree Ensembles

Now, we evaluate our approach for generating abductive and inflated explanations using the ADD-
based and depth-first search (DFS)-based transformations from Chapters 3 and 4. Our main objec-
tive is to measure how efficiently these methods can generate explanations once a tree ensemble
has been transformed into its DAG representation.

Implementation Details and Measurement Setup: All runtimes reported here exclude
the one-time overhead of transforming a tree ensemble into the DAG. This separation isolates the
cost of explanation generation alone and enables more straightforward comparisons. Moreover,
the transformation cost can be amortized when many explanations are required, especially for
datasets with larger numbers of instances. The random forests and gradient boosted trees used for
the evaluation are exactly those that were also used to evaluate the transformation techniques in
Sections 3.3, 3.6, 4.2 and 4.4.
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Algorithm 23 Inflating explanations [3]AP.

1: procedure INFLATEINTERVALS(Gci , v⃗)
2: X ← AbductiveExplanation(Gci , v⃗)
3: X← ∅
4: for j ∈ F \ X do
5: Ej ← [d0, dm+1)
6: X← X ∪ (j,Ej)
7: end for
8: for j ∈ X do
9: Ej ← [dk, dk+1)

10: X← X ∪ (j,Ej)
11: end for
12: for j ∈ X do
13: k0 ← InflateLowerBound(Gci , (X ,X),Ej)
14: Ej ← [dk0 , dk+1)
15: k1 ← InflateUpperBound(Gci , (X ,X),Ej)
16: Ej ← [dk0 , dk1)
17: end for
18: end procedure

Algorithm 24 Find smallest lower bound [3]AP.

1: procedure INFLATELOWERBOUND(Gci , (X ,X), Ej = [dk, dk+1))
2: for k′ = k − 1 down to 0 do
3: Ej ← [dk′ , dk+1)
4: if PathToZero(Gci , (X ,X)) then
5: return k′ + 1
6: end if
7: end for
8: return 0
9: end procedure

Our implementation is written in Java, and for each instance (in both training and test sets), we
run 10 “warm-up” iterations (to let the JVM optimize common execution paths), followed by 40
timing runs. We then take the median of these 40 runs as the final time for that instance. Finally,
we aggregate the medians across all instances (e.g., by averaging or reporting maxima/minima)
to evaluate overall performance.

5.2.1 Generating Explanations for Random Forests

We now evaluate our approach for generating abductive and inflated explanations by applying it
on the DAGs obtained by applying our ADD-based and DFS-based approaches from Chapters 3
and 4 to random forests. With this evaluation, we want to answer the following research questions:

• RQ1: Do our optimizations affect the generation of abductive/inflated explanation
with the ADD-based approach?

• RQ2: Do our optimizations affect the generation of abductive/inflated explanation
with the DFS-based approach?

• RQ3: Can our approaches generate explanations for random forests efficiently?
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Algorithm 25 Find largest upper bound [3]AP.

1: procedure INFLATEUPPERBOUND(Gci , (X ,X), Ej = [dk′ , dk+1))
2: for k′′ = k + 2 to m+ 1 do
3: Ej ← [dk′ , dk′′)
4: if PathToZero(Gci , (X ,X)) then
5: return k′′ − 1
6: end if
7: end for
8: return m+ 1
9: end procedure

Table 5.1: Average time (in milliseconds) and speedup comparisons for abductive explanations
generated using the ADD-based approach.

Dataset
ADD
Avg.

BWL
avg.

Speedup
BWL

SWL
Avg.

Speedup
SWL

AbsES
Avg.

Speedup
AbsES

ann-thyroid 0.0007 0.0007 0.98× 0.0007 0.98× 0.0007 0.98×
appendicitis 0.0017 0.0016 1.09× 0.0016 1.09× 0.0018 0.95×
banknote 0.0005 0.0005 0.97× 0.0005 0.98× 0.0005 0.97×
ecoli 0.0013 0.0012 1.04× 0.0012 1.08× 0.0011 1.11×
glass2 0.003 0.0029 1.04× 0.0027 1.10× 0.0032 0.94×
ionosphere 0.0353 0.033 1.07× 0.0328 1.08× 0.0341 1.03×
iris 0.0007 0.0006 1.21× 0.0006 1.11× 0.0007 0.94×
magic 0.0046 0.0048 0.97× 0.0049 0.95× 0.0048 0.97×
mofn-3-7-10 0.0003 0.0003 1.10× 0.0004 0.94× 0.0003 1.02×
new-thyroid 0.0012 0.0014 0.88× 0.0015 0.83× 0.0014 0.83×
phoneme 0.0006 0.0007 0.99× 0.0006 1.01× 0.0006 1.02×
ring 0.0045 0.0045 1.00× 0.0045 0.99× 0.0045 1.00×
segmentation 0.0086 0.0084 1.02× 0.0082 1.05× 0.0088 0.98×
shuttle 0.0003 0.0003 1.06× 0.0003 1.04× 0.0003 1.04×
threeOf9 0.0006 0.0004 1.33× 0.0006 0.94× 0.0003 1.90×
twonorm 0.0493 0.0499 0.99× 0.0496 0.99× 0.0471 1.05×
waveform-21 0.0132 0.0131 1.01× 0.0128 1.03× 0.0133 1.00×
wine-recog 0.1278 0.1329 0.96× 0.1302 0.98× 0.1299 0.98×
xd6 0.0005 0.0006 0.93× 0.0006 0.92× 0.0005 1.05×
Geomean 1.03× 1.00× 1.02×

RQ1: Do our optimizations affect the generation of abductive/inflated explanation
with the ADD-based approach?

First, we want to see whether our transformation optimizations affect the generation of abduc-
tive/inflated explanations with our ADD-based approach. We compare the time it takes to gener-
ate abductive and inflated explanations by applying the algorithms presented in this section on the
ADDs obtained with our ADD-based transformation approach. The four configurations are ADD
(our baseline), BWL, SWL, and AbsES. We do not evaluate ML and LUT as these optimizations
are not semantics-preserving.

Abductive Explanations with the ADD-based approach (Table 5.1): Table 5.1 reports
the average runtime (in milliseconds) for producing abductive explanations across all training
and test instances of each dataset. All datasets require under 1 ms on average to generate an
abductive explanation. Since runtimes are already so low, none of the optimizations lead to large
improvements in absolute terms. The geometric mean speedups for BWL, SWL, AbsES are 1.03×,
1.00×, and 1.02× respectively. Improvements become more noticeable only in a few specific
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Table 5.2: Average time (in milliseconds) and speedup comparisons for inflated explanations gen-
erated using the ADD-based approach.

Dataset
ADD
Avg.

BWL
avg.

Speedup
BWL

SWL
Avg.

Speedup
SWL

AbsES
Avg.

Speedup
AbsES

ann-thyroid 0.0043 0.0043 1.00× 0.0042 1.01× 0.0043 0.99×
appendicitis 0.039 0.0366 1.07× 0.0312 1.25× 0.0377 1.03×
banknote 0.0156 0.0164 0.95× 0.0157 0.99× 0.0161 0.97×
ecoli 0.0422 0.0367 1.15× 0.0346 1.22× 0.0345 1.22×
glass2 0.0657 0.0624 1.05× 0.0633 1.04× 0.0603 1.09×
ionosphere 0.1069 0.1059 1.01× 0.1051 1.02× 0.1102 0.97×
iris 0.0088 0.0099 0.89× 0.0105 0.83× 0.0085 1.03×
magic 0.0955 0.0946 1.01× 0.0965 0.99× 0.0918 1.04×
mofn-3-7-10 0.0009 0.0008 1.06× 0.0009 0.95× 0.0009 1.02×
new-thyroid 0.0117 0.0126 0.93× 0.0123 0.95× 0.0123 0.95×
phoneme 0.1844 0.184 1.00× 0.1816 1.02× 0.1866 0.99×
ring 0.0268 0.0261 1.02× 0.027 0.99× 0.0265 1.01×
segmentation 0.0649 0.0639 1.01× 0.0639 1.01× 0.0653 0.99×
shuttle 0.0011 0.001 1.05× 0.001 1.05× 0.001 1.03×
threeOf9 0.0011 0.0009 1.17× 0.0012 0.91× 0.0007 1.49×
twonorm 0.9019 0.9055 1.00× 0.8979 1.00× 0.8671 1.04×
waveform-21 0.2204 0.2216 0.99× 0.2197 1.00× 0.2262 0.97×
wine-recog 1.335 1.2749 1.05× 1.2328 1.08× 1.2223 1.09×
xd6 0.0017 0.0016 1.03× 0.0015 1.12× 0.0015 1.11×
Geomean 1.02× 1.02× 1.05×

cases, such as iris, where BWL and SWL are 1.21× and 1.11× faster, and threeOf9, where AbsES
shows a 1.9× speedup. Even in those cases, the overall computation time remains well below
1 ms, so the absolute gains are modest.

Inflated Explanations with the ADD-based approach (Table 5.2): Table 5.2 shows the
average runtime for generating inflated explanations, which are more complex to produce than
abductive explanations. Although inflated explanations are harder to generate than abductive
explanations, most datasets require under 1 ms of computation with the ADD-based approach.
The only exception is wine-recog, which averages approximately 1.33 ms. The geometric mean
speedups for BWL, SWL, and AbsES are 1.02×, 1.02×, and 1.05×, respectively. Some datasets
see greater relative improvements, such as ecoli, where speedups of up to 1.22× are observed,
and threeOf9, which achieves a 1.49× improvement with AbsES. Even in these cases, the total
time stays well below 1 ms.

Overall, since runtimes are already extremely low, selecting a specific optimization (from
BWL, SWL, and AbsES) does not significantly affect performance in practice.

RQ2: Do our optimizations affect the generation of abductive/inflated explanation
with the DFS-based approach?

We perform the same experiments as in RQ1, except that we now use our DFS-based approach
to transform random forests into DAGs and then use these DAGs to generate abductive and in-
flated explanations.

We only compare the configurations DFS, ORD, DFS+S, and ORD+S, as the configurations
DFS, ES, AbsES, and HEUR all produce exactly the same DAG.

Abductive Explanations with the DFS-based approach (Table 5.3): Table 5.3 shows
the average time it takes to generate abductive explanations with our DFS-based approach. Sim-
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Table 5.3: Average time (in milliseconds) and speedup comparisons for abductive explanations
generated using the DFS-based approach.

Dataset
DFS
Avg.

ORD
avg.

Speedup
ORD

DFS+S
Avg.

Speedup
DFS+S

ORD+S
Avg.

Speedup
ORD+S

ann-thyroid 0.0062 0.0043 1.45× 0.0023 2.76× 0.0007 8.51×
appendicitis 0.0109 0.0091 1.20× 0.0086 1.28× 0.0056 1.94×
banknote 0.0005 0.0004 1.06× 0.0006 0.79× 0.0005 0.99×
ecoli 0.0021 0.0026 0.78× 0.0021 0.97× 0.0027 0.78×
glass2 0.0063 0.0058 1.09× 0.0064 0.98× 0.0042 1.49×
ionosphere 0.1165 0.0828 1.41× 0.0572 2.04× 0.0376 3.09×
iris 0.0006 0.0009 0.67× 0.0007 0.88× 0.0007 0.80×
magic 0.0247 0.0101 2.44× 0.0262 0.94× 0.0039 6.28×
mofn-3-7-10 0.0004 0.0004 1.05× 0.0003 1.41× 0.0003 1.59×
new-thyroid 0.0016 0.0016 0.98× 0.0015 1.05× 0.0013 1.20×
phoneme 0.0023 0.0016 1.44× 0.0025 0.94× 0.003 0.78×
ring 0.5686 0.0402 14.14× 4.4099 0.13× 0.0289 19.71×
segmentation 0.023 0.0211 1.09× 0.023 1.00× 0.0203 1.13×
shuttle 0.0017 0.0014 1.20× 0.0017 0.99× 0.0014 1.20×
threeOf9 0.0004 0.0004 1.15× 0.0004 1.22× 0.0003 1.31×
twonorm 0.3062 0.1099 2.79× 0.7155 0.43× 0.1309 2.34×
waveform-21 0.0621 0.0312 1.99× 0.1348 0.46× 0.0411 1.51×
wine-recog 0.0677 0.0575 1.18× 0.0304 2.23× 0.0259 2.61×
xd6 0.0007 0.0006 1.31× 0.0007 1.10× 0.0005 1.53×
Geomean 1.44× 0.96× 1.91×

ilar to the results of our ADD-based approach, we can see that we can leverage our DFS-based
approach to generate abductive explanations efficiently. For all datasets and configurations the
time it takes to generate an abductive explanation is less than 1 ms, except for the ring dataset
with the DFS+S configuration.

We can see slight differences between the configurations. The order based heuristic seems to
accelerate the generation of abductive explanations, as ORD and ORD+S are 44% and 91% faster.
In contrast, DFS+S is slightly slower on average, i.e., 4% slower than DFS+S. One likely reason
for the speedup in ORD and ORD+S is that they use a smaller initial seed of features on average
(see Appendix A.1 for details), reducing the cost of generating explanations.

Some datasets, such as ring, show particularly large gains for ORD+S (e.g., 19.71×), while
others (e.g., ecoli) show more modest or even negative speedups.

Inflated Explanations with the DFS-based approach (Table 5.4): Table 5.4 shows the
average time it takes to generate inflated explanations with our DFS-based approach. While the
time it takes to generate inflated explanations is higher, since it is a harder problem, our approach
is still efficient at generating explanations. In most cases, it still takes less than 1 ms, e.g., for
ORD+S only for the twonorm dataset it takes longer than 1 ms to generate an inflated explanation.

Similar to abductive explanations, ORD and ORD+S are more efficient at generating in-
flated explanations, achieving speedups of 2.18× and 2.94× respectively. Meanwhile, DFS+S
is slightly slower, leading to a slowdown of 0.87.

The ring dataset is particularly interesting, because it takes DFS and DFS+S 12.56 and 61.71
milliseconds on average to generate an inflated explanation, while ORD and ORD+S are 64.81×
and 95.23× times faster with 0.19 and 0.13 ms respectively.

In summary, if the primary concern is to generate explanations as quickly as possible, the
combined ORD+S approach offers the most significant speed improvements on average across
our tested datasets.
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Table 5.4: Average time (in milliseconds) and speedup comparisons for inflated explanations gen-
erated using the DFS-based approach.

Dataset
DFS
Avg.

ORD
avg.

Speedup
ORD

DFS+S
Avg.

Speedup
DFS+S

ORD+S
Avg.

Speedup
ORD+S

ann-thyroid 0.0768 0.0408 1.88× 0.0602 1.28× 0.0079 9.73×
appendicitis 0.7839 0.3287 2.38× 0.7854 1.0× 0.192 4.08×
banknote 0.1137 0.067 1.70× 0.1053 1.08× 0.0381 2.98×
ecoli 0.223 0.1522 1.47× 0.2513 0.89× 0.1612 1.38×
glass2 0.5032 0.278 1.81× 0.5323 0.95× 0.1578 3.19×
ionosphere 1.3258 0.6608 2.01× 0.4967 2.67× 0.2809 4.72×
iris 0.0067 0.0098 0.68× 0.0053 1.26× 0.0051 1.31×
magic 1.779 0.2246 7.92× 4.3389 0.41× 0.1287 13.83×
mofn-3-7-10 0.0011 0.001 1.05× 0.0008 1.35× 0.0008 1.41×
new-thyroid 0.045 0.0351 1.28× 0.0342 1.31× 0.0235 1.92×
phoneme 0.4388 0.1418 3.09× 0.4435 0.99× 0.192 2.29×
ring 12.565 0.1939 64.81× 61.7171 0.20× 0.1319 95.23×
segmentation 0.4007 0.3589 1.12× 0.5152 0.78× 0.4472 0.90×
shuttle 0.0224 0.015 1.50× 0.0646 0.35× 0.0282 0.80×
threeOf9 0.001 0.0008 1.30× 0.0007 1.32× 0.001 0.97×
twonorm 18.9836 4.0028 4.74× 42.57 0.45× 4.5863 4.14×
waveform-21 2.224 0.7864 2.83× 4.4828 0.50× 0.8834 2.52×
wine-recog 1.3979 1.1822 1.18× 0.8484 1.65× 0.4356 3.21×
xd6 0.0017 0.0013 1.35× 0.0016 1.06× 0.0013 1.32×
Geomean 2.18× 0.87× 2.94×

RQ3: Can our approaches generate explanations for random forests efficiently?

Tables 5.5 (abductive explanations) and 5.6 (inflated explanations) compare the efficiency of three
methods for generating explanations:

• rfxpl: The SAT-based state-of-the-art approach presented in [38].

• ADD: The ADD-based method with the AbsES configuration.

• DFS: Our DFS-based method with the ORD+S configuration.

For the ADD-based approach, we take the times obtained with the AbsES version, while for the
DFS-based approach we take the times obtained with the ORD+S configuration, as these were
the fastest at generating explanations. Each table shows, for each dataset, the total number of
instances (#inst.) and, for each method, the maximum, minimum, and average time (in millisec-
onds) required to generate an explanation. We also report the speedup of the ADD-based approach
and DFS-based approach over rfxpl.

Abductive Explanations (Table 5.5): In Table 5.5, we compare abductive explanations gen-
erated by rfxpl, ADD, and DFS. Overall, both ADD and DFS significantly outperform the SAT-
based rfxpl approach, often by orders of magnitude. The geometric mean of the speedups across
all datasets is approximately 7314× for ADD and 4771× for DFS. For instance, in the iris dataset,
the average time for rfxpl is around 52 ms, whereas ADD and DFS each require only 0.0007 ms
on average, resulting in speedups on the order of tens of thousands. Datasets such as banknote,
ecoli, and mofn-3-7-10 show similarly large or even higher speedups.

A few cases show more moderate speedups, e.g., segmentation, ionosphere, twonorm, but
even there, DFS and ADD typically reduce explanation times to well under a millisecond on
average. Overall, these results confirm that both ADD and DFS can efficiently generate abductive
explanations, with ADD’s AbsES variant offering the largest overall speed gains.
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Table 5.5: Average time (in milliseconds) and speedup comparisons for abductive explanations
generated using rfxpl, and ADD- and DFS-based approaches.

rfxpl ADD DFS
Dataset #inst. max. min. avg. max. min. avg. Speedup max. min. avg. Speedup
ann-thyroid 7129 32.0 6.0 14.61 0.021 0.0004 0.0007 20799.65× 0.027 0.0002 0.0007 20029.19×
appendicitis 106 16.0 6.0 10.96 0.016 0.0004 0.0018 6091.04× 0.0132 0.0009 0.0056 1944.58×
banknote 1348 45.0 9.0 23.94 0.0064 0.0002 0.0005 48126.34× 0.0122 0.0002 0.0005 49647.29×
ecoli 327 195.0 57.0 111.31 0.0153 0.0003 0.0011 97952.63× 0.014 0.0006 0.0027 41891.09×
glass2 162 7.0 1.0 5.3 0.0373 0.0004 0.0032 1650.36× 0.0228 0.0006 0.0042 1257.70×
ionosphere 350 6.0 0.0 3.45 1.3672 0.0008 0.0341 100.92× 0.9251 0.0016 0.0376 91.53×
iris 149 71.0 39.0 52.74 0.0108 0.0004 0.0007 71268.88× 0.0068 0.0002 0.0007 71813.38×
magic 18905 32.0 0.0 9.68 0.1163 0.0004 0.0048 2037.89× 0.0687 0.0006 0.0039 2466.95×
mofn-3-7-10 1024 41.0 10.0 22.38 0.0066 0.0001 0.0003 65600.38× 0.0043 0.0001 0.0003 83621.27×
new-thyroid 215 108.0 47.0 66.4 0.0316 0.0004 0.0014 45984.90× 0.008 0.0004 0.0013 49552.44×
phoneme 5349 92.0 22.0 43.75 0.0077 0.0001 0.0006 69421.76× 0.019 0.0005 0.003 14818.30×
ring 7400 21.0 1.0 8.25 0.0256 0.0001 0.0045 1842.16× 0.7578 0.0013 0.0289 286.03×
segmentation 210 15.0 3.0 10.56 0.1767 0.0008 0.0088 1204.17× 0.2325 0.0015 0.0203 521.05×
shuttle 58000 184.0 46.0 101.14 0.018 0.0002 0.0003 319528.65× 0.0758 0.0003 0.0014 72413.09×
threeOf9 512 27.0 5.0 13.12 0.0022 0.0002 0.0003 42063.52× 0.0021 0.0001 0.0003 39904.21×
twonorm 7400 16.0 0.0 5.55 1.3541 0.0009 0.0471 117.90× 1.5613 0.0012 0.1309 42.42×
waveform-21 5000 20.0 3.0 8.77 0.2328 0.0006 0.0133 661.14× 1.0744 0.0008 0.0411 213.36×
wine-recog 178 26.0 5.0 12.91 1.343 0.0006 0.1299 99.36× 0.3152 0.0011 0.0259 497.64×
xd6 512 35.0 10.0 19.5 0.0281 0.0001 0.0005 37649.34× 0.0092 0.0001 0.0005 39833.33×
Geomean 7314.95× 4771.36×

Table 5.6: Average time (in milliseconds) and speedup comparisons for inflated explanations gen-
erated using rfxpl, and ADD- and DFS-based approaches.

rfxpl ADD DFS
Dataset #inst. max. min. avg. max. min. avg. Speedup max. min. avg. Speedup
ann-thyroid 7129 45.0 9.0 23.38 0.4079 0.001 0.0043 5399.88× 1.025 0.0007 0.0079 2963.32×
appendicitis 106 62.0 19.0 28.81 0.7515 0.0039 0.0377 763.42× 2.9882 0.0033 0.192 150.06×
banknote 1348 182.0 92.0 127.89 0.3376 0.0009 0.0161 7935.17× 0.3678 0.0008 0.0381 3356.25×
ecoli 327 1382.0 546.0 805.59 0.9118 0.001 0.0345 23371.03× 1.7956 0.0079 0.1612 4997.93×
glass2 162 16.0 3.0 10.72 0.9542 0.001 0.0603 177.89× 0.6826 0.0026 0.1578 67.96×
ionosphere 350 10.0 1.0 4.78 5.4881 0.0031 0.1102 43.34× 6.5652 0.0067 0.2809 17.01×
iris 149 155.0 77.0 110.17 0.0944 0.0014 0.0085 12926.07× 0.0342 0.0011 0.0051 21674.95×
magic 18905 57.0 7.0 23.66 4.9371 0.0012 0.0918 257.62× 2.1353 0.006 0.1287 183.84×
mofn-3-7-10 1024 41.0 10.0 22.68 0.0107 0.0004 0.0009 25713.09× 0.0101 0.0003 0.0008 29566.71×
new-thyroid 215 382.0 193.0 284.34 0.1651 0.003 0.0123 23105.24× 0.1012 0.0054 0.0235 12120.29×
phoneme 5349 632.0 161.0 261.0 15.3799 0.0005 0.1866 1398.58× 5.0266 0.0124 0.192 1359.47×
ring 7400 32.0 4.0 15.18 0.9635 0.0004 0.0265 572.53× 5.404 0.006 0.1319 115.08×
segmentation 210 34.0 17.0 24.2 1.4175 0.0054 0.0653 370.5× 5.1711 0.0069 0.4472 54.1×
shuttle 58000 325.0 115.0 211.29 0.0475 0.0004 0.001 204269.46× 0.3537 0.0019 0.0282 7486.81×
threeOf9 512 28.0 4.0 13.05 0.0051 0.0005 0.0007 17863.97× 0.0056 0.0005 0.001 12956.46×
twonorm 7400 21.0 2.0 9.84 76.4441 0.0024 0.8671 11.35× 51.433 0.0362 4.5863 2.15×
waveform-21 5000 32.0 10.0 19.53 7.4995 0.0014 0.2262 86.34× 15.7674 0.0107 0.8834 22.11×
wine-recog 178 41.0 17.0 26.63 11.5938 0.0014 1.2223 21.79× 8.4068 0.0065 0.4356 61.15×
xd6 512 38.0 9.0 19.73 0.0401 0.0005 0.0015 13199.33× 0.0207 0.0006 0.0013 15098.86×
Geomean 1537.85× 666.02×

Inflated Explanations (Table 5.6): Table 5.6 extends the comparison to inflated explana-
tions. Again, rfxpl requires substantially more time in most datasets, whereas both ADD and DFS
often run in just fractions of a millisecond. The geometric mean of speedups for ADD is about
687×, and for DFS is about 297×, indicating both methods are still consistently faster than rfxpl,
although by a somewhat smaller margin on average than in the abductive scenario.

Nonetheless, the speedups remain impressively high for specific datasets. For example, in
mofn-3-7-10, DFS achieves up to 29566× faster average performance compared to rfxpl, and in
iris we see a speedup of more than 104×. In some cases, e.g., twonorm, waveform-21, the over-
head for inflated explanations is larger, resulting in more modest, but still substantial, speedups.

To summarize the results regarding generating explanations for random forests:

1. Both ADD and DFS approaches consistently outperform the SAT-based rfxpl across all
tested datasets, for both abductive and inflated explanations.

2. ADD in the AbsES configuration is the fastest among the tested methods in the abductive
setting, with a geometric mean speedup of roughly 7314×.
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3. Inflated explanations incur a bit more overhead than abductive explanations, but ADD and
DFS still maintain large speedups over rfxpl.

Overall, these results demonstrate the scalability and efficiency of the ADD- and DFS-based
techniques compared to the state-of-the-art SAT-based approach, making them well-suited for
generating explanations efficiently in real-world scenarios.

For additional information on abductive explanation sizes and the initial feature seed A, see
Appendix A, Section A.1.

5.2.2 Generating Explanations for Gradient Boosted Trees

We now evaluate our approach for generating abductive and inflated explanations by applying
it on the DAGs obtained by applying our ADD-based and DFS-based approaches from Chap-
ters 3 and 4 to gradient boosted trees. With this evaluation, we want to answer the following
research questions:

• RQ1: Do our optimizations affect the generation of abductive/inflated explanation
with the ADD-based approach?

• RQ2: Do our optimizations affect the generation of abductive/inflated explanation
with the DFS-based approach?

• RQ3: Can our approaches generate explanations for gradient boosted trees efficiently?

RQ1: Do our optimizations affect the generation of abductive/inflated explanation
with the ADD-based approach?

We first take a look at the time it takes to generate abductive and inflated explanations with our
ADD-based approach to see how the optimizations affect the generation of explanations. For
ADDs we only compare the baseline configuration with the PCES because ES produced the same
ADDs for the binary datasets and it cannot be applied to multiclass datasets.

Abductive and inflated explanations with the ADD-based approach (Table 5.7): Ta-
ble 5.7 shows the effect of the PCES optimization on the time required to generate both abduc-
tive and inflated explanations with our ADD-based approach for gradient boosted trees. For all
datasets, it always takes less than 1 ms on average to generate abductive and inflated explana-
tions. Overall, the geomean values at the bottom of the table indicate that PCES achieves a mean
speedup of 1.00× for abductive explanations and 0.96× for inflated explanations, indicating that
PCES is, on average, slightly slower than the baseline ADD across these particular datasets. Nev-
ertheless, there are individual cases, such as the threeOf9 dataset, where PCES outperforms the
baseline (e.g., 1.38× speedup for abductive explanations). The variability in results highlights
that the benefits of PCES can depend on dataset characteristics and the specific structure of the
underlying gradient boosted trees. Therefore, PCES may be well-suited for specific applications,
while in other contexts, the baseline ADD could remain competitive or offer better performance.

RQ2: Do our optimizations affect the generation of abductive/inflated explanation
with the DFS-based approach?

Now, we evaluate our DFS-based approach. The configurations that we evaluate are DFS, ES, and
PCES. For binary datasets all configurations produce the same DAG, so we only evaluate DFS for
binary datasets.
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Table 5.7: Average time (in milliseconds) and speedup comparisons for abductive and inflated
explanations generated using the ADD-based approach for gradient boosted trees.

Abductive Inflated

Dataset
ADD
Avg.

PCES
Avg.

PCES
Speedup

ADD
Avg.

PCES
Avg.

PCES
Speedup

ann-thyroid 0.0012 0.0014 0.85× 0.0231 0.0314 0.74×
appendicitis 0.001 0.001 0.92× 0.0058 0.0064 0.92×
divorce 0.0008 0.0008 0.94× 0.0021 0.0022 0.96×
ecoli 0.0037 0.0036 1.05× 0.1722 0.1706 1.01×
glass2 0.0033 0.0033 1.01× 0.036 0.0341 1.05×
promoters 0.0002 0.0002 0.90× 0.0006 0.0006 0.91×
shuttle 0.0009 0.0008 1.08× 0.2592 0.2484 1.04×
threeOf9 0.0003 0.0002 1.38× 0.0006 0.0005 1.22×
wine-recog 0.052 0.0523 0.99× 0.1664 0.1618 1.03×
zoo 0.0014 0.0015 0.97× 0.0038 0.0046 0.82×
Geomean 1.00× 0.96×

Table 5.8: Average time (in milliseconds) and speedup comparisons for abductive and inflated
explanations generated using the DFS-based approach for gradient boosted trees.

Abductive Inflated

Dataset
DFS
Avg.

ES
avg.

Speedup
ES

PCES
Avg.

Speedup
PCES

DFS
Avg.

ES
Avg

Speedup
ES

PCES
Avg.

Speedup
PCES

ann-thyroid 0.0057 0.0061 0.94× 0.0006 10.38× 0.0601 0.0645 0.93× 0.0094 6.36×
appendicitis 0.001 - - - - 0.0068 - - - -
divorce 0.0007 - - - - 0.0023 - - - -
ecoli 0.0023 0.0023 0.98× 0.002 1.13× 0.1165 0.1286 0.91× 0.0863 1.35×
glass2 0.0021 - - - - 0.0286 - - - -
promoters 0.0002 - - - - 0.0006 - - - -
shuttle 0.001 0.001 0.95× 0.0011 0.91× 0.168 0.2015 0.83× 0.1738 0.97×
threeOf9 0.0002 - - - - 0.0005 - - - -
wine-recog 0.0431 0.0512 0.84× 0.0493 0.87× 0.1403 0.1611 0.87× 0.1543 0.91×
zoo 0.0014 0.0017 0.79× 0.0017 0.82× 0.0046 0.0043 1.08× 0.0039 1.18×
Geomean 0.9× 1.5× 0.92× 1.55×

Abductive and inflated explanations with the DFS-based approach (Table 5.8): Ta-
ble 5.8 shows time required to generate both abductive and inflated explanations with our DFS-
based approach for gradient boosted trees. Overall, we can see that our DFS-based approach
always takes less than 0.1 ms for abductive explanations and less than 1 ms for inflated explana-
tions. For abductive explanations, the optimizations do not have a large effect except for PCES on
the ann-thyroid dataset where it is 10.38 times faster. For inflated explanations, the results look
similar where PCES is 6.36× and 1.35× faster on the ann-thyroid and ecoli datasets. Overall,
these results show that PCES enables the most efficient generation of explanations.

RQ3: Can our approaches generate explanations for gradient boosted trees
efficiently?

Tables 5.9 (abductive explanations) and 5.10 (inflated explanations) compare the efficiency of four
methods for generating explanations:

• SMT: The SMT-based approach presented in [40].

• MaxSAT: The MaxSAT-based approach presented in [41]1.

• ADD: Our ADD-based method with the baseline configuration.

• DFS: Our DFS-based method with the PCES configuration.
1While there are also other approaches to generating abductive explanations such as [56] that is able to achieve slight

performance improvement over [41], our approach remains significantly faster by several orders of magnitude
compared to [41].
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Table 5.9: Average time (in milliseconds) and speedup comparisons for abductive explanations
generated using the SMT-, MaxSAT-, ADD- and DFS-based approaches.

SMT MaxSAT ADD DFS
Dataset #inst. max. min. avg. max. min. avg. max. min. avg. Speedup max. min. avg. Speedup
ann-thyroid 7129 1430.9 26.0 60.0 653.6 37.3 77.1 0.5224 0.0001 0.0014 54392× 0.468 0.0001 0.0006 139887×
appendicitis 106 483.1 18.0 60.0 78.4 21.0 35.2 0.0053 0.0003 0.001 33772× 0.0057 0.0005 0.0009 37145×
divorce 150 82.6 23.7 40.0 17.7 4.5 9.0 0.0231 0.0004 0.0008 11051× 0.0038 0.0003 0.0006 15471×
ecoli 327 4716.8 76.9 510.0 1120.5 268.4 719.2 0.0334 0.0004 0.0036 202106× 0.009 0.0005 0.002 362535×
glass2 162 1605.1 27.9 220.0 251.6 116.6 177.5 0.0127 0.0006 0.0033 54393× 0.0117 0.0006 0.0021 85932×
promoters 106 84.1 16.3 40.0 0.8 0.2 0.4 0.0013 0.0002 0.0002 1895× 0.0041 0.0002 0.0003 1583×
shuttle 58000 9144.2 136.9 450.0 1596.9 74.7 239.3 0.0284 0.0003 0.0008 284138× 0.0257 0.0002 0.0011 222820×
threeOf9 512 43.6 3.9 10.0 1.0 0.0 0.4 0.0013 0.0001 0.0002 2197× 0.0016 0.0001 0.0003 1501×
wine-recog 178 254.1 33.7 60.0 150.7 37.1 67.2 0.2429 0.0006 0.0523 1285× 0.1848 0.0007 0.0493 1362×
zoo 59 2049.5 104.6 350.0 58.9 5.6 16.4 0.0074 0.0006 0.0015 11210× 0.0104 0.0005 0.0017 9865×
Geomean 18115× 21140×

For the ADD-based approach, we take the times obtained with the baseline version, while for
the DFS-based approach we take the times obtained with the PCES configuration, as these were
the fastest at generating explanations. Each table shows, for each dataset, the total number of
instances (#inst.) and, for each method, the maximum, minimum, and average time (in millisec-
onds) required to generate an explanation. We also report the speedup of the ADD-based approach
and DFS-based approach over MaxSAT.

We used the same set of 21 gradient boosted tree models from [41]. Because our transforma-
tion approaches exceeded a reasonable time limit on 11 of these models, we limit our evaluation
to the 10 that could be handled witin a reasonable time limit. Optimizing our approach to handle
these more challenging models remains an open challenge for subsequent research.

Abductive Explanations (Table 5.9): In Table 5.9, we compare the abductive explanations
generated by SMT, MaxSAT, ADD, and DFS. Overall, both ADD and DFS significantly outper-
form SMT and MaxSAT, often by orders of magnitude. The geometric mean of the speedups
across all datasets is approximately 18115× for ADD and 21140× for DFS. For instance, in the
ecoli dataset, the average time for MaxSAT is around 719 ms, whereas ADD and DFS each require
only about 0.002–0.0036 ms on average, resulting in speedups on the order of tens of thousands.
Datasets such as shuttle, ann-thyroid, and glass2 show similarly large or even higher speedups.

A few cases show more moderate speedups, e.g., wine-recog, promoters, threeOf9, but even
there, DFS and ADD achieve speedups of more than 3 orders of magnitude. Overall, these re-
sults confirm that both ADD and DFS can efficiently generate abductive explanations for gradient
boosted trees, with DFS’s PCES variant offering the largest overall speed gains.

Inflated Explanations (Table 5.10): Table 5.10 extends the comparison to inflated expla-
nations. The SMT, and MaxSAT approaches cannot be used to generate inflated explanations,
and we are not aware of any tool that, as of today, is able to generate inflated explanations. In-
stead, we compare the time it takes ADD and DFS to generate inflated explanations to the time
it takes SMT and MaxSAT. Note that generating inflated explanations is harder than generating
abductive explanations.

Even though generating inflated explanations is harder, ADD and DFS still outperform SMT
MaxSAT significantly. The geometric mean of speedups for ADD is about 1976×, and 2544× for
DFS, indicating both methods are still consistently faster than MaxSAT. For datasets such as ecoli
and glass2 where it takes MaxSAT 719 and 177 milliseconds respectively, ADD and DFS show
significant speedups of more than 4000×.

For a few datasets such as promoters, threeOf9 and wine-recog the speedups are slightly
lower, but they are still higher than two orders of magnitude. Overall, we can say that although
we compare our approaches for generating inflated explanations with approaches that generate ab-
ductive explanations, our approaches are still significantly faster which shows that our approaches
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Table 5.10: Average time (in milliseconds) and speedup comparisons for inflated explanations
generated using the SMT-, MaxSAT-, ADD- and DFS-based approaches. The times
for the SMT-, and MaxSAT-based approaches are those for generating abductive ex-
planations, as these tools are are unable to generate inflated explanations.

SMT MaxSAT ADD DFS
Dataset #inst. max. min. avg. max. min. avg. max. min. avg. Speedup max. min. avg. Speedup
ann-thyroid 7129 1430.9 26.0 60.0 653.6 37.3 77.1 13.2012 0.0004 0.0314 2458× 11.5587 0.0004 0.0094 8161×
appendicitis 106 483.1 18.0 60.0 78.4 21.0 35.2 0.0449 0.0018 0.0064 5535× 0.0478 0.0017 0.006 5874×
divorce 150 82.6 23.7 40.0 17.7 4.5 9.0 0.0128 0.0013 0.0022 4100× 0.0101 0.001 0.002 4555×
ecoli 327 4716.8 76.9 510.0 1120.5 268.4 719.2 1.3361 0.0019 0.1706 4214× 0.852 0.0019 0.0863 8334×
glass2 162 1605.1 27.9 220.0 251.6 116.6 177.5 0.1997 0.0047 0.0341 5205× 0.2163 0.0035 0.0286 6203×
promoters 106 84.1 16.3 40.0 0.8 0.2 0.4 0.0035 0.0004 0.0006 617× 0.0038 0.0004 0.0007 586×
shuttle 58000 9144.2 136.9 450.0 1596.9 74.7 239.3 4.4883 0.0033 0.2484 963× 3.9662 0.0027 0.1738 1376×
threeOf9 512 43.6 3.9 10.0 1.0 0.0 0.4 0.0033 0.0002 0.0005 842× 0.0042 0.0002 0.0006 684×
wine-recog 178 254.1 33.7 60.0 150.7 37.1 67.2 0.677 0.0076 0.1618 415× 0.4292 0.0078 0.1543 435×
zoo 59 2049.5 104.6 350.0 58.9 5.6 16.4 0.037 0.0011 0.0046 3579× 0.02 0.0012 0.0039 4182×
Geomean 1976× 2544×

are well-suited for generating inflated explanations.
To summarize the results regarding generating explanations for gradient boosted trees:

1. Both ADD and DFS consistently outperform the SMT- and MaxSAT-based approaches
across all tested datasets, for both abductive and inflated explanations.

2. DFS in the PCES configuration is the fastest among the tested methods in the abductive
setting, with a geometric mean speedup of roughly 21140×.

3. Inflated explanations incur a bit more overhead than abductive explanations, but ADD and
DFS still maintain large speedups over SMT and MaxSAT.

For additional information on abductive explanation sizes and the initial feature seed A, see
Appendix A, Section A.2.

Compilation-based vs. Solver-based Approaches: The experimental results presented
in this chapter illustrate the main strengths and limitations of our compilation-based methods for
generating explanations of tree ensembles. On one hand, once a random forest or gradient boosted
tree has been successfully transformed into a compact, semantically equivalent DAG, computing
both abductive and inflated explanations becomes highly efficient, often faster by orders of mag-
nitude compared to solver-based approaches (SMT, SAT, MaxSAT). This speedup is particularly
valuable when multiple explanation queries or different kinds of analysis are required, or when
fast, nearly instantaneous feedback is needed. In such situations, the one-time cost of transforming
the model is offset by the ability to answer queries very quickly afterward.

On the other hand, the transformation itself can be expensive or even infeasible for some large
or structurally complex models. In our experiments on 21 gradient boosted trees, for example, we
could only compile 10 models within a reasonable time. For the remaining 11 models, the com-
pilation process was prohibitively slow or infeasible given standard resource limits. In contrast,
solver-based methods, which focus on just a single explanation or a small number of them at a
time, do not require a full semantic unification of the model and therefore can handle these very
large ensembles, even though at a slower per-query speed.

These observations highlight a fundamental trade-off between one-time compilation versus
on-demand encoding into a solver:

• Compilation-Based Strengths:

– Fast Query Answering After Compilation: Once a model is transformed into a
DAG or ADD, each explanation query can be performed efficiently.
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– Interactive/Real-Time Scenarios: In settings where users frequently request expla-
nations, e.g., interactive systems, compilation-based methods can greatly reduce the
response time and make repeated querying feasible at scale.

– Support for Analyses Beyond Explanations: The compiled representation can also
be reused for other queries (e.g., model equivalence, pre-/postcondition checks) with-
out having to invoke a solver again.

• Solver-Based Strengths:

– No Large Upfront Cost: Solver-based approaches simply encode the current expla-
nation query into a SAT or SMT instance. This makes them more suitable if the model
is very large and only a small number of explanation queries need to be answered.

– Robustness for Hard-to-Compile Models: For ensembles that are difficult or impos-
sible to transform within practical time/memory limits, solver-based methods provide
a fallback. Their local, query-focused approach avoids the exponential explosion that
can occur when attempting to combine all trees into a single structure.

An ideal workflow might combine the two approaches by leveraging their strengths. For smaller
or moderately sized models, compilation-based methods are effective by offering rapid, repeated
queries. For extremely large or complex models, solver-based methods can still provide explana-
tions, although more slowly, without the risk of infeasible compilation times. Future work could
refine this synergy even further by introducing partial or approximate compilation techniques for
large ensembles, or by identifying structural properties that help predict whether a given model
can be compiled efficiently (see Section 8.1 for more details).

5.3 Verification of Tree Ensembles

In this section, we sketch possible approaches to verifying queries that specify both pre- and post-
conditions for random forests and gradient boosted trees, leveraging the transformations presented
in Chapters 3 and 4. This section is largely based on the work presented in [2]AP.

5.3.1 Formulating Verification Queries

Let M : F→ K be a tree ensemble model. A verification query typically consists of:

• Precondition ϕ(x⃗): We constrain each feature xi (for i ∈ F ) to lie within a fixed inter-
val [li, ui]:

ϕ(x⃗) ≡
⋀︂
i∈F

(︁
li ≤ xi ≤ ui

)︁
.

This corresponds to an axis-aligned hyperrectangle in F (one interval per feature).

• Postcondition ψ(y): This formula specifies an acceptable subset of classes in K. For
example, ψ might assert that y belongs to a particular subset S ⊆ K, i.e.,

ψ(y) ≡ y ∈ S.

The verification goal is to prove that, under the specified precondition,

∀x⃗ ∈ F, ϕ(x⃗) =⇒ ψ
(︁
M(x⃗)

)︁
,

88



5.3. Verification of Tree Ensembles

i.e., there is no x⃗ in the region defined by ϕ that causes M to produce an output violating ψ.
Equivalently, we want to show

¬
(︂
∃x⃗ ∈ F : ϕ(x⃗) ∧ ¬ψ

(︁
M(x⃗)

)︁)︂
.

A particularly important special case is local robustness, where we verify that small perturba-
tions around a given reference input x⃗ref ∈ F do not change the model’s prediction. Specifically,
we define

ϕx⃗ref , δ(x⃗) ≡
⋀︂
i∈F

(︁
xi ∈

[︁
xref,i − δi, xref,i + δi

]︁)︁
,

where each δi ≥ 0 specifies the maximum allowable perturbation for feature i. If all δi are
the same value δ, then ϕx⃗ref , δ describes an L∞-ball. If they differ, we obtain an axis-aligned
hyperrectangle that can account for varying feature scales or sensitivities.

The postcondition ψ then enforces that the predicted class remains the same as M
(︁
x⃗ref
)︁
.

Formally, verifying local robustness requires showing:

∀x⃗ ∈ F, ϕx⃗ref , δ(x⃗) =⇒ M(x⃗) =M
(︁
x⃗ref
)︁
,

which ensures that no point within these bounds leads to a different prediction.

5.3.2 Verifying Queries via Compilation-Based Approaches

In [2]AP, we proposed an approach for solving verification queries by transforming random forests
into ADDs. The main idea is to incorporate the precondition into the path condition that is used
to eliminate infeasible paths (see Section 3.1.1). Recall that the path condition is simply a hyper-
rectangle, which, in the infeasible path elimination, is initialized with (−∞,∞) for each feature.
To solve verification problems, we can instead initialize the path condition with the precondition,
which is also simply a hyperrectangle. Concretely:

1. Initialize the path condition to be the hyperrectangle specified by ϕ(x⃗).

2. Apply any of our tree ensemble into ADD (or tree ensemble into DAG) transformations,
ensuring that only those paths consistent with ϕ(x⃗) remain in the model.

3. Check whether all leaves of this reduced model satisfy ψ. If every leaf meets the postcon-
dition, the verification succeeds. If any leaf violates ψ, the verification fails.

Because this method incorporates the precondition at an early stage, it keeps the size of the DAG
small and the transformation efficient. However, this approach may be less efficient when the user
needs to solve multiple verification queries, each with different pre-/postconditions.

5.3.3 Verifying Queries via Compilation-Based Approaches for Multiple
Queries

When verifying a large number of queries, repeatedly transforming the tree ensemble into an
ADD/DAG for each pre-/postcondition can become expensive. Instead, we can:

1. Use our standard transformation algorithm once to convert the entire tree ensemble into a
DAG representation, without initially restricting the domain via a precondition.

2. For a new query ⟨ϕ, ψ⟩, traverse the DAG to identify all feasible paths under ϕ.

3. For each feasible leaf node, check if it satisfiesψ. If all such leaves satisfyψ, the verification
query holds. Otherwise, if at least one leaf violates ψ, the query fails immediately.
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Although it requires an initial DAG transformation step, this method can be advantageous if one
is interested in solving many verification problems on the same model: the one-time cost of DAG
construction can be amortized over all subsequent queries.

In summary, both methods rely on our transformation approaches (Chapters 3 and 4), but they
differ in when and how the precondition ϕ(x⃗) is introduced and in how they scale to scenarios
involving a large number of verification queries. If we only have a single query, incorporating the
precondition from the start reduces the DAG size. On the other hand, if we must answer many
distinct queries, building the DAG once without constraints can be more efficient overall, because
we can quickly evaluate each new pre-/postcondition against that same DAG.

5.3.4 Verifying Equivalence of Tree Ensembles

In addition to verifying pre-/postcondition queries, a common scenario is to check whether two
different tree ensembles always produce the same predictions. Such scenarios occur when a model
is transformed, e.g., pruned or otherwise compressed, and one wants to ensure that the new,
smaller model remains functionally equivalent to the original. For instance, [57] demonstrates
a pruning approach for boosted trees that preserves the model’s predictive behavior.

Equivalence between two ensembles M1,M2 means that both models predict the same class
for every input x⃗ ∈ F. Formally, we want to show

∀x⃗ ∈ F, M1(x⃗) = M2(x⃗).

Equivalently, we seek to rule out the existence of any x⃗ such that M1(x⃗) ̸= M2(x⃗). In [2]AP,
we proposed an approach for verifying the equivalence of two random forests RF1 and RF2.
Concretely, we define the function

δeq(c, c
′) =

{︄
true if c = c′,

false otherwise.

The following steps outline how we use this function to check equivalence:

1. Transform RF1 and RF2 into ADDs A1 and A2 using our ADD-based transformation ap-
proach.

2. Combine A1 and A2 via δeq, resulting in a new ADD Aeq. Conceptually, Aeq(x⃗) evaluates
to true if and only if RF1(x⃗) and RF2(x⃗) produce the same class.

3. Eliminate all infeasible paths in Aeq to obtain a reduced diagram A′eq.

4. Check the result:

• If A′eq ≡ true , then for every feasible path, the outputs of RF1 and RF2 match.
Therefore, RF1 and RF2 are equivalent.

• Otherwise, if there exists any leaf that evaluates to false , we have a concrete coun-
terexample where RF1 and RF2 disagree on at least one input x⃗.

This approach can also be applied to gradient boosted trees by using the techniques introduced
in Section 3.4 to transform them into ADDs. Additionally, one could use the transformation-based
approaches from Chapter 4 (which do not use ADDs) to verify the equivalence of two ensembles.
A straightforward way would be:

1. Transform the ensemble to a DAG.

2. Convert this DAG into an ADD.
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3. Apply the δeq-based procedure on the resulting ADD.

Another way to verify equivalence, which avoids an explicit δeq-based combination, is de-
scribed below:

1. Transform M1 and M2 (which may be random forests or gradient boosted trees) into DAGs
G1 and G2.

2. For each path in G1 that ends in a leaf, record (i) the path condition and (ii) the resulting
predicted class c.

3. Check whether there exists a path in G2 that is feasible under the same path condition but
leads to a different class c′ ̸= c.

• If such a path in G2 exists, there is a counterexample where M1 and M2 disagree.

• If no disagreeing path exists for any path condition of G1, then M1 and M2 predict
the same class for all feasible inputs, and are therefore equivalent.

Comparison of Equivalence-Checking Approaches. When verifying the equivalence of
two ensembles, the choice between the δeq-based approach and the path-based approach involves
a trade-off in efficiency. On the one hand, the δeq-based method combines both models into a
single ADD and prunes infeasible paths before checking for a ‘false’ leaf. This can simplify
later analyses if one needs a unified data structure or wants to answer further equivalence-related
queries. However, constructing and simplifying the combined ADD may be expensive upfront,
especially if the models are large.

On the other hand, the path-based approach can potentially discover mismatches quickly: by
iterating over each path in G1 and testing it against G2, one may stop immediately once a single
path is found to produce conflicting class labels. While this early-exit capability can be highly
efficient when a counterexample is easy to find, enumerating many paths to confirm a complete
absence of mismatches may become more costly than using a single unified structure. Therefore,
which approach is more efficient often depends on whether one expects a mismatch (and expects
to detect it fast) or needs a definitive proof of equivalence that benefits from conducting all checks
within a single combined diagram.
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Chapter 6

Forest GUMP: A Tool For Explainability

In this chapter, we present Forest GUMP, a tool for explainability and verification of random
forests. Forest GUMP1 (Generalized Unifying Merge Process) illustrates how algebraic aggre-
gation can be leveraged to optimize, verify, and explain random forests. We designed it to be
accessible to everyone, including users without a background in IT or machine learning, by im-
plementing it as a simple-to-use web application. The tool demonstrates the methods described in
Section 3.1 to transform random forests into ADDs, and then use the ADD for explanation, verifi-
cation, and equivalence checking. The following sections are largely based on the work presented
in [1]AP and [2]AP.

6.1 Overview of Forest GUMP

As shown in Figure 6.1, Forest GUMP’s user interface is divided into two main areas. On the left
side, users can perform the following tasks:

• Upload or select a dataset: Users may upload a custom dataset or choose from one of six
provided datasets. The chosen dataset will be used to train the random forest (cf. (1) in
Figure 6.1).

• Set hyperparameters: Users can specify parameters such as the number of decision trees
to be learned (cf. (2) in Figure 6.1).

• Select an aggregation method: Multiple aggregation methods are available, including
those introduced in Section 3.1 (cf. (3) in Figure 6.1). Users can also enable and configure
the elimination of infeasible paths (stepwise or after merging all ADDs).

• Classify a sample: By entering feature values, users can classify a new instance. The
path from root to leaf will be highlighted in green (satisfied predicates) and red (unsatisfied
predicates) to illustrate the decision process.

• Check equivalence: One can verify the equivalence of two random forests.

• Verify with pre-/postconditions: One can apply pre-/postcondition-based verification to
the learned random forest.

• Export the model: The currently visualized ADD can be exported to Java, C++, Python,
GraphViz’s dot format, or as an SVG file for local viewing (cf. (4) in Figure 6.1).

On the right side, Forest GUMP displays the chosen representation of the random forest as an
Algebraic Decision Diagram (ADD). The gray rectangle (cf. (5) in Figure 6.1) indicates the root
of this ADD, and zoom controls (cf. (6) in Figure 6.1) help navigate larger diagrams. In the top-
left corner (cf. (7) in Figure 6.1), the interface shows both the total number of nodes and the length

1A running instance of Forest GUMP is available at https://gitlab.com/scce/forest-gump.
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Figure 6.1: Overview of Forest GUMP. The visualized ADD is our solution to the class character-
ization problem (cf. Sect. 6.2.3) for the class Iris-Setosa (10 nodes, highlighted path
of length 5) [2]AP.

Figure 6.2: The execution history in Forest GUMP: The
user can re-execute previous setups and export
the history as CSV [2]AP.

Figure 6.3: Users can choose to up-
load their own dataset or
select one of six exem-
plary datasets [2]AP.

of the currently highlighted path. A history of all visualized representations can be accessed at
the bottom-right (cf. (8) in Figure 6.1).

6.2 Forest GUMP in Action

In this section, we will first illustrate the complexity of understanding a random forest’s decision,
and then illustrate the effects of the three explainability problems and the verification methods.
The three explainability problems are:

• Model Explanation: The problem of making the model as a whole interpretable is solved
in terms of an ADD that specifies precisely the same classification function as the original
Random Forest (cf. Section 3.1).

• Class Characterization: The problem, given a class c, characterizing the set of all samples
that are classified by the Random Forest as c. This problem is solved in terms of a BDD
which precisely characterizes this set of samples (cf. Section 3.1.2).
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Figure 6.4: A random forest consisting of 20 individual decision trees (191 nodes, the longest path
consists of 9 nodes). Note that each decision tree is represented as an ADD and that
all ADDs share common subfunctions, i.e. it is essentially a shared ADD forest. The
actual random forest, where nothing is shared, contains 284 nodes [2]AP.

Figure 6.5: An extract of the model explanation. The ADD is constructed from the most frequent
label abstraction of the aggregated random forest following an elimination of all in-
feasible paths (310 nodes, the longest path with length 19, the highlighted path has a
length of 9) [2]AP.

• Outcome Explanation: The problem of explaining a concrete classification. In Forest
GUMP, this is solved by highlighting the path in the ADD that corresponds to the classifi-
cation of the concrete sample and removing redundant predicates.

6.2.1 Learning a Random Forest

To begin, we need a trained random forest. In Forest GUMP, users can either upload their own
dataset in the Attribute-Relation File Format (ARFF) [58] or select one of six preloaded datasets
to start immediately (see Figure 6.3).

After choosing a dataset, the user must specify several hyperparameters to train the random
forest (Figure 6.4):

• Number of trees: how many decision trees to learn within the forest.

• Bagging size: the fraction of samples used to learn each tree.

• Seed: a random seed to ensure the results can be reproduced.
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Additionally, Forest GUMP provides two optional settings:

• Elimination of infeasible paths, which can significantly reduce the size of the resulting
ADDs (see Section 3.1.1).

• Predicate order optimization, which can also greatly impact the size of the ADDs. By
default, the predicate order is fixed, but users can enable Forest GUMP to optimize the
predicate order which can result in more compact diagrams.

A random forest trained on the Iris dataset is shown in Figure 6.4. It consists of 20 trees2, and
was trained with the bagging size set to 100% and the seed set to 58.

When classifying a new input, each tree predicts a class label by traversing from its root to a
leaf. The forest’s final decision is the label predicted most frequently. While understanding how a
large ensemble of trees arrives at a specific decision can be challenging in standard practice, Forest
GUMP offers tools and visualizations that make this process more transparent. In the following
sections, we illustrate how to leverage these capabilities to better understand, explain, and verify
random forests.

6.2.2 Model Explanation

A concise white-box model corresponding to the random forest in Figure 6.4 can be constructed
using the approach presented in Section 3.1. This addresses the Model Explanation Problem by
transforming the black-box ensemble into a single ADD.

Figure 6.5 illustrates the result, producing a model with 310 nodes. Although this model may
still appear overwhelming at first glance, it enables direct tracing of the classification steps. For the
Iris dataset, the diagram reveals that at most 19 decisions (involving petal and sepal features) are
required to reach a conclusion. These decisions constitute our set of predicates, whose conjunction
forms a solution to the Outcome Explanation Problem. However, more succinct explanations can
be found in the class characterization BDD discussed in the following section.

To demonstrate how the model explains specific outcomes, consider a sample with the fea-
tures petallength = 2.4, petalwidth = 1.8, sepallength = 5.9, sepalwidth = 2.5. The
outcome explanation given by the model explanation consists of the following 9 predicates (in
Figure 6.5 satisfied predicates are highlighted in green, unsatisfied predicates are highlighted in
red):

¬(petalwidth < 0.75) ∧ ¬(petalwidth < 1.7) ∧

(petallength < 4.95) ∧ (sepalwidth < 2.65) ∧

(petallength < 4.85) ∧ (sepallength < 5.95) ∧

¬(petalwidth < 1.75) ∧ (petallength < 2.6) ∧

(petallength < 2.45)

This single-model approach is already an improvement over inspecting 20 separate decision trees,
but as the following sections show, we can optimize it further.

6.2.3 Class Characterization

The class characterization problem is especially interesting because it reverses the classification
perspective. Whereas the direct question is, “Given a sample, what is its predicted class?”, the

2Note that this is a shared representation where each decision tree is represented by its own root in the shared ADD
structure.
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Figure 6.6: The Forest GUMP verification interface, where users can define a precondition and a
postcondition.

reverse question is, “Given a class, what are the characteristics of all the samples belonging to
this class?”. Section 3.1.2 describes how to construct a class characterization BDD for a given
majority-vote ADD.

Figure 6.1 shows a BDD that characterizes all samples guaranteed to be classified as Iris-
Setosa. This reversal of the learned classification function has practical utility. For instance, in
marketing research, where customers are profiled and matched to product offerings, reversing the
mapping allows the marketing team to identify all customers considered most likely to favor a
given product.

Figure 6.1 shows the highlighted path for the same sample petallength = 2.4, petalwidth =
1.8, sepallength = 5.9, sepalwidth = 2.5. Here, each node is colored in green in case the
predicate holds and in red otherwise. Unlike the model explanation path of length 9, this BDD
path has length 5:

¬ (petalwidth < 0.75) ∧ (petallength < 4.95) ∧

(petallength < 4.85) ∧ (petallength < 2.6) ∧

(petallength < 2.45)

6.2.4 Outcome Explanation Problem

The classification formula from the class characterization BDD precisely captures why the sample
belongs to the specified class. Even though the BDD is relatively succinct overall, we can still
see redundancies within the specific local path. For example, the predicate petallength < 2.45
implies petallength < 2.6, petallength < 4.85 and petallength < 4.95. This redundancy
results from the requirement in BDDs that predicates must be listed in a strict, fixed order. By
removing these redundant predicates, we obtain a minimal outcome explanation for this sample:

¬(petalwidth < 0.75) ∧ (petallength < 2.45).

In Forest GUMP, these redundant predicates appear in blue (see Figure 6.1). Thus, we have
distilled the path from 9 predicates in the original model explanation, down to 5 predicates in the
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class characterization BDD, and finally to just 2 predicates in the minimal outcome explanation.

6.2.5 Verification

In Section 5.3 we presented an approach for solving pre-/postcondition based verification prob-
lems using ADDs, which is also supported in Forest GUMP. Once an ADD has been constructed,
the user can specify a precondition and a postcondition via the interface shown in Figure 6.6. The
precondition is defined as a list of predicates, each comprising a feature, a comparison operator
(e.g., ==, <, ≤, >, or ≥), and a numeric value. The precondition is then the conjunction of these
predicates, which can be represented as a hyperrectangle. The postcondition is simply a subset of
all classes present in the majority vote ADD, which the user selects. After the user provides the
pre- and postcondition, clicking the Verify button constructs the ADD using the δeq operator, as
described in Section 5.3.
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Related Work

In this chapter, we review related work on explainability approaches for tree ensemble meth-
ods. We categorize these approaches into heuristic methods that approximate model behavior,
logic-based methods that apply formal reasoning, and compilation-based techniques that trans-
form models into interpretable forms. We also provide an overview of methods for tree ensemble
verification, and discuss tools for explainability.

7.1 Heuristic Explainability Approaches

Heuristic approaches, such as LIME [20], SHAP [34], and Anchor [59], aim to explain the predic-
tions of black-box models by approximating their decision boundaries or behaviors, either locally
(around specific instances) or globally (across the entire input space). These methods are typically
model-agnostic and can be applied to a wide range of machine learning models, including random
forests and gradient boosted trees. However, because they rely on approximations, the explana-
tions they provide may fail to capture the full complexity of the underlying model, potentially
leading to incomplete or misleading explanations.

Recent work has highlighted the limitations of heuristic approaches and underscored the need
for more rigorous, logic-based explainability methods. For example, [60, 61] demonstrate that
existing definitions of SHAP values can result in misleading conclusions about feature impor-
tance. Furthermore, while interpretable models, such as decision trees, are often recommended to
enhance transparency [62, 63, 64], other studies [55, 65] have shown that, in practice, the paths in
a decision tree can exhibit what is known as explanation redundancy. In such cases the logically
sound explanation for a prediction is more succinct than the path itself suggests. This redundancy
highlights the potential for more compact and precise explanations than those offered by many
heuristic approaches, motivating the development of logic-based techniques for interpretability.

7.2 Logic-based Explainability Approaches

Unlike heuristic methods, logic-based approaches aim to provide formal and rigorous explana-
tions by considering the internal structure of the model. One popular example is the use of abduc-
tive explanations [35, 36, 37], which identify minimal subsets of feature assignments sufficient
to obtain a particular prediction. In the context of tree ensembles, abductive explanations pin-
point the smallest set of input features that, once fixed, guarantee the same outcome for a specific
instance, thus highlighting which features are truly essential.

To generate abductive explanations, algorithms often rely on formal reasoning tools such as
SAT [66], SMT [67], or MaxSAT [68] solvers. In these methods, the model’s decision behavior
is encoded into logical constraints, and the solvers are then used to determine minimal satisfy-
ing assignments that correspond to valid explanations. For example, [39] presents a SAT-based
method tailored to random forests, while [41] introduces a MaxSAT solver approach for boosted
trees. An optimization over the latter method, aimed at improving the transformation efficiency,
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is discussed in [56].
Another class of logic-based explanations is that of inflated explanations, introduced in [38].

Whereas abductive explanations focus strictly on identifying a minimal set of necessary features,
inflated explanations additionally specify an interval around each feature value that cannot be
altered without changing the prediction. By including these intervals, the method offers additional
information about each feature’s contribution to the prediction. In [38], the authors describe
an SAT-based approach to compute such explanations for random forests. A related concept,
named general sufficient reasons [69], likewise extends the granularity of abductive explanations
by providing more information about the conditions under which a prediction holds.

Beyond abductive and inflated explanations, numerous other logic-based methods have been
proposed. For example, δ-relevant sets [70, 71] and probabilistic abductive explanations [72,
73] identify subsets of features that ensure a specific prediction with high probability. These
approaches are motivated by use-cases where abductive explanations can be too large to be in-
terpreted effectively. Similarly, [74] tackles the challenge posed by an exponential number of
minimal abductive explanations in tree ensembles by introducing algorithms to compute preferred
majoritary reasons. These reasons take into account user-defined preferences, thus focusing on
explanations that are more likely to be interpretable and aligned with human cognitive constraints.

The availability of multiple valid abductive explanations can further complicate interpretabil-
ity. To address this, [75] proposes aggregating these explanations into robust feature-importance
scores through game-theoretic and causal-strength techniques, offering robustness against ad-
versarial attacks that exploit methods such as SHAP and LIME. In [76], the authors introduce
a Counter-Example Guided Abstract Refinement (CEGAR) framework that generates example-
based abductive explanations covering multiple reference instances and outlines how to derive
subset-minimal explanations.

Beyond explanation methods tailored to classification-based tree ensembles, there has also
been work on explaining tree ensembles for regression tasks. For instance, [77] leverages Mixed-
Integer Linear Programming (MILP) constraints to derive contrastive explanations for boosted
regression trees, while [78] applies a MILP-based technique to generate abductive explanations.

Although we focused on abductive and inflated explanations in this thesis, the directed acyclic
graphs (DAGs) produced by our transformations are applicable to generating other logic-based
explanation approaches as well.

7.3 Compilation-based Explainability Approaches

Another class of methods addresses interpretability by transforming complex models, such as tree
ensembles or neural networks, in a more tractable or interpretable form, for example as decision
diagrams or decision trees. This approach is closely related to the broader field of knowledge
compilation [79], in which logical formulas or probabilistic models are compiled into target lan-
guages that allow certain queries to be answered efficiently. However, these techniques can be
computationally demanding and often struggle to scale to very large models [43].

One early example in the Bayesian network setting is [80], which compiles Bayesian net-
work classifiers into decision graphs to enable model-level reasoning. Similarly, [81] proposes a
compilation-based approach for binary neural networks into Binary Decision Diagrams or Sen-
tential Decision Diagrams [82, 83, 84], allowing efficient analysis of the compiled models.

In the case of tree ensembles, [42, 85, 86, 87, 88] show how to compile random forests into
Algebraic Decision Diagrams (ADDs). A closely related line of work focuses on transforming
random forests into semantically equivalent but more compact decision trees. For example, [53]
proposes an approach that leverages dynamic programming to transform a random forest into a
single, minimal-size decision tree. This transformation aims to preserve the predictive behavior of
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the original ensemble while resulting in a more transparent model structure. Given that finding a
strictly minimal decision tree is NP-hard, [53] also provides heuristic algorithms that are typically
faster but do not guarantee minimality.

In [89, 90, 91, 92], the authors present various approaches to transform piecewise linear neural
networks into semantically equivalent decision trees. Their transformation approaches are based
on symbolic execution and are similar to our transformation approaches presented in Chapter 4.
The authors leverage their approach for interpretability and verification of neural networks.

Early Stopping: Early stopping is a common regularization technique used during the training
of gradient boosted trees and neural networks to mitigate overfitting. By monitoring the perfor-
mance on a validation set, the training process is terminated when further improvement stagnates,
which prevents excessive optimization on the training data. To the best of our knowledge, no
compilation-based approaches utilize early stopping in the same manner as our method during the
compilation process. A related concept is presented in [93], where the authors propose a deep
neural network architecture that enables early exits from the network to make predictions when
high confidence is achieved. However, this does not directly tackle the complexity of compiling
the entire model into an interpretable format. In contrast, in Chapters 3 and 4, we introduce a form
of early stopping specifically tailored to the transformation of tree ensembles into DAGs, termi-
nating the compilation process as soon as the final prediction can be determined with certainty,
therefore avoiding unnecessary computation while preserving semantics.

7.4 Tree Ensemble Verification

A variety of methods have been proposed to verify the robustness and correctness of tree ensemble
models [94, 95, 96, 97, 98, 99]. One class of approaches formulates the verification problem as a
MILP that can be solved with off-the-shelf MILP solvers [94, 100]. Another line of work relies
on SMT solvers to establish robustness guarantees [96, 101]. A third category employs abstract
interpretation to derive safe over-approximations of the ensemble’s behavior, enabling formal
verification [102, 97, 98].

In contrast, our approach transforms the entire tree ensemble into a single, semantically equiv-
alent DAG. This DAG representation enables direct verification of the model by leveraging analy-
sis techniques that operate on graph structures while preserving the exact behavior of the original
ensemble.

7.5 Visualization Techniques

A number of approaches have focused on visual representations and interactive interfaces for
tree-based models to further enhance interpretability.

In [103], the authors propose an XAI protocol for tree-based models that supports iterative
interactions between users and models. The approach allows users to validate, correct, and extend
the model’s knowledge using their domain expertise. Conversely, it also aids users in refining
their own understanding through insights derived from the model’s predictions.

PyXAI [104] is a Python library designed for working with decision trees, random forests,
and boosted trees. It provides functionality for generating logic-based explanations, including ab-
ductive and contrastive explanations. The library also supports incorporating domain knowledge
to refine and correct learned models. As stated by the authors, their tool ‘is suited to users who
are not machine learning specialists’ [104], a principle that also serves as a key motivation for
Forest GUMP.
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In this context, Forest GUMP advances the state of the art by offering a platform for the ex-
plainability and verification of random forests. By leveraging ADDs, Forest GUMP transforms
complex tree ensembles into a single interpretable representation. It enables tasks like model ex-
planation, equivalence checking, and verification against pre-/postconditions through an intuitive
web interface.
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Chapter 8

Conclusion and Future Work

In this thesis, we addressed a central challenge in machine learning: improving the transparency
of high-performing yet opaque tree ensemble models. Motivated by the shortcomings of tradi-
tional black-box solutions (e.g., LIME and SHAP) that only offer approximate explanations, we
introduced compilation-based approaches to transform random forests and gradient boosted trees
into a single semantically equivalent directed acyclic graph (DAG). This unified representation is
often interpretable on its own while also supporting formal analyses such as abductive and inflated
explanations, pre-/postcondition verification, and equivalence checks.

The main challenge lies in the transformation process, which can be extremely expensive for
large and complex ensembles. In fact, existing approaches [42] sometimes take hours to compile
the entire model, limiting real-world applicability. To mitigate this challenge, we introduced a
range of optimization techniques. Early stopping optimizations terminate the compilation when-
ever sufficient information is collected to determine the outcome, potentially cutting the overhead
significantly while preserving either exact or near-exact semantics, depending on the applica-
tion’s precision needs. Additionally, we compared Algebraic Decision Diagram (ADD)-based
approaches against a novel depth-first search (DFS)-based method that does not rely on ADDs,
enabling optimizations that were unavailable to the previous state of the art.

Once the transformation procedures were finalized, we investigated how to exploit the result-
ing DAG for various analytical tasks. In particular, abductive and inflated explanations become
straightforward to compute from the DAG without specialized algorithms, and our experiments
show performance gains of several orders of magnitude. We also showcased how this single struc-
ture supports pre-/postcondition verification and equivalence checks. Building on these ideas, we
presented Forest GUMP, a web application that provides interactive compilation, explanation gen-
eration, verification, code export, and more, all within a user-friendly framework.

Despite the significant progress in scaling our compilation approach and transforming large
models more rapidly than previous methods, there are still situations where certain ensembles
prove too large or complex to be feasibly compiled. In those instances, solver-based approaches
that encode each query individually may be more practical because they avoid the overhead of
unifying the entire model, even if each query runs more slowly. For models that can be compiled,
however, our methods excel at delivering many explanations or rapid feedback. Future research
may explore hybrid strategies that combine partial or approximate compilation with solver-based
reasoning, further extending the range of model sizes and complexities that can be handled.

Before closing, we review the main performance gains of the methods discussed in this thesis:

• Speeding up ADD-based compilation for random forests: By incorporating our pro-
posed optimizations into the method from [42], which transforms random forests into
ADDs, we achieve a 3.62× speedup.

• Introducing a new DFS-based transformation: We present a novel approach based on
DFS that generates a DAG instead of an ADD. On average, this DFS-based method is
20.49× faster and produces a representation 2.63% smaller than the optimized ADD-based
approach [42].
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• Advancing compilation for gradient boosted trees: We propose a new method for trans-
forming gradient boosted trees, improving upon our earlier ADD-based approach [3]AP by
51.98× in speed and producing DAGs that are 8.22% smaller.

• Accelerating explanation generation for random forests: In comparison to the state-
of-the-art SAT-based solution [38], for random forests our approach generates abductive
explanations 7314× faster and inflated explanations 687× faster.

• Delivering efficient explanations for gradient boosted trees: Our method outperforms
the MaxSAT-based solution [41] by 21140× in abductive explanation speed and uniquely
supports inflated explanations1. Although inflated explanations are harder to compute, we
still generate them 2544× faster than [41] can compute abductive explanations.

In conclusion, the techniques outlined in this thesis substantially advance the explainability
and verification of tree ensemble models. Our approach simplifies complex ensemble logic into
concise, query-efficient DAG representations, enabling greater transparency and trustworthiness
in AI systems. While certain scalability challenges remain, the proposed methods offer a robust
foundation for future optimizations and analyses, with the potential to extend the applicability of
machine learning in safety-critical and regulated domains.

8.1 Future Work

This section outlines several potential directions that build upon the methods and results presented
in this thesis. While the proposed compilation techniques and analyses have been extensively
evaluated on both random forests and gradient boosted trees, additional research opportunities
remain for extending these approaches to other model classes, refining existing optimizations,
and enhancing tool support.

Compiling Different Input Models

The compilation techniques introduced in this thesis primarily target classification-focused ran-
dom forests and gradient boosted trees. However, adapting these transformations to other machine
learning models represents a promising direction for future research. In particular, random forests
or gradient boosted trees for regression tasks (i.e., models that predict continuous values rather
than discrete classes) could be compiled into ADDs or DAGs with only minor adjustments. For
random forests, each tree outputs a continuous value, and the final prediction is given by the av-
erage (or sum) of all individual tree outputs. For gradient boosted trees, the final output often
corresponds to the sum of each tree’s prediction, which can similarly be encoded in a single,
semantically equivalent DAG.

Such expansions would enable explanation generation and formal verification for a wider
range of models, including those involving real-valued targets. For example, abductive/con-
trastive explanations for regression-based ensembles [77] could be directly computed once the
entire model is transformed into a single DAG, making analyses of large ensembles significantly
more efficient and straightforward.

Exploring Additional Explanation Types

The analyses performed in this thesis, i.e., abductive and inflated explanation generation, pre-
/postcondition-based verification, and equivalence checking, represent only a subset of the pos-

1To our knowledge, no other approach supports inflated explanations for boosted trees, so we compare our method’s
inflated-explanation time to the abductive-explanation time of [41] for reference.
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sible operations on tree-based models. A wide variety of additional explanation types exist, in-
cluding contrastive and probabilistic abductive explanations [72], which would be interesting to
explore in future work.

For abductive explanations, there can exist exponentially many different explanations [74].
Instead of computing a single abductive explanation, one might aim to identify a minimal-size
explanation. Although such a requirement generally increases computational complexity, the ad-
vantages of our unified DAG representation could prove beneficial in keeping these costs low.
Contrastive explanations, which aim to determine why one outcome occurs instead of another,
could also be straightforwardly integrated into the existing DFS-based framework, without the
need for specialized algorithms.

As new explanation methodologies continue to emerge, the ability to compile models into
compact DAGs enables straightforward and efficient computation of these explanations. In partic-
ular, the overhead of generating the DAG is incurred only once regardless of the analysis method,
highlighting the advantages of DAG-based representations for potentially expensive or sophisti-
cated analyses.

Additional Optimizations

Despite the efficiency gains realized through early stopping and other compilation-based tech-
niques, compiling extremely large random forests and gradient boosted trees remains challenging.
Further scaling could be achieved by dividing an ensemble into multiple sub-models and compil-
ing each subset of trees into a separate DAG. For instance, a random forest containing 100 trees
might be partitioned into four groups of 25 trees, each compiled into its own DAG.

Although this multi-DAG strategy may increase the complexity of subsequent analyses (e.g.,
abductive or inflated explanation generation), it represents a viable trade-off between initial com-
pilation cost and analysis overhead. Given that the approach developed in this thesis can generate
explanations within milliseconds, a modest increase in runtime might be acceptable if it enables
the handling of larger-scale models. Investigating further heuristics, e.g., directly computing a
class characterization combined with a parallel implementation to accelerate the compilation pro-
cess, represents another direction for future optimization research.

Visualization and Tool Support

Chapter 6 introduced Forest GUMP, a platform that enables the practical application of the pro-
posed ADD-based transformations for random forests. Several extensions to this tool could be
envisioned. First, supporting gradient boosted trees would broaden its applicability beyond the
current random forest focus. Second, additional compilation methods (like those in Chapter 4)
could be incorporated to offer a wider array of transformation strategies.

Forest GUMP already provides outcome explanations (as in [42]), but adding support for
abductive and inflated explanations would extend the tool’s range of analyses. Enhanced visual-
ization tools could also be introduced to help users interpret and interact with the compiled DAGs,
increasing accessibility for end-users without formal-methods expertise.

Overall, these directions suggest a wealth of opportunities for future research, including sup-
port for additional input models, new analysis capabilities, further optimizations, and improved
tool support. By extending the scope of DAG-based compilation and analysis, the methods pro-
posed in this thesis have the potential to address emerging challenges in AI explainability and
verification for increasingly complex machine learning models.
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List of Abbreviations

ADD Algebraic Decision Diagram

AXp Abductive Explanation

BDD Binary Decision Diagram

DAG directed acyclic graph

DFS depth-first search

LIME Local Interpretable Model-Agnostic Explanations

MaxSAT Maximum Satisfiability

MILP Mixed-Integer Linear Programming

ROBDD Reduced Ordered Binary Decision Diagram

SAT Boolean Satisfiability

SHAP SHapley Additive exPlanations

SMT Satisfiability Modulo Theories

XAI Explainable Artificial Intelligence
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Appendix A

Abductive Explanation Sizes

A.1 Random Forests

Tables A.1 and A.2 compare the absolute size of abductive explanations (Table A.1) and the
relative size (Table A.2) for several methods: the SAT-based approach (rfxpl), the ADD-based
approach (ADD), and the DFS-based approach (DFS), along with the proposed optimizations
(BWL, SWL, AbsES, ORD, etc.). Table A.1 shows how large the explanations are on average
for each dataset, while Table A.2 provides the ratio of each method’s explanation size relative
to rfxpl, making it clear which methods produce larger or smaller explanations compared to the
SAT-based baseline.

Tables A.3 and A.4 focus on the initial seed of features, i.e., the features on the root-to-leaf
path for each instance (see Section 5.1.1). Table A.3 presents the average number of features
encountered along that path, whereas Table A.4 shows how each method’s path length compares
to the ADD baseline. This path length is particularly important because it defines the starting set
of features (A) from which abductive explanations are derived.

Table A.1: Random Forests: Average size of abductive explanations.
ADD DFS

Dataset rfxpl ADD BWL SWL AbsES DFS ORD DFS+S ORD+S
ann-thyroid 2.59 8.68 8.68 8.68 8.68 2.6 2.61 2.61 2.56
appendicitis 3.69 6.47 6.47 6.47 6.47 3.76 3.66 3.8 3.76
banknote 2.09 2.78 2.78 2.78 2.78 2.06 2.06 2.06 2.07
ecoli 3.49 4.56 4.56 4.56 4.56 3.41 3.52 3.5 3.55
glass2 4.8 5.98 5.98 5.98 5.96 4.72 4.82 4.69 4.75
ionosphere 12.13 13.3 13.3 13.3 13.27 10.54 9.52 10.54 9.67
iris 2.06 3.01 3.01 3.01 3.01 2.06 2.06 2.06 2.06
magic 4.98 6.91 6.91 6.91 6.91 4.06 4.26 4.05 4.0
mofn-3-7-10 2.31 2.45 2.45 2.45 2.45 2.3 2.3 2.3 2.3
new-thyroid 2.83 4.6 4.6 4.6 4.6 2.99 2.99 2.99 2.99
phoneme 2.51 3.92 3.92 3.92 3.92 2.61 2.59 2.58 2.62
ring 9.44 12.17 12.17 12.17 12.2 - 8.96 8.92 8.94
segmentation 8.27 11.69 11.69 11.69 11.69 8.26 8.21 8.26 8.23
shuttle 2.79 4.6 4.6 4.6 4.6 2.77 2.88 2.77 2.76
threeOf9 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
twonorm 9.47 12.44 12.44 12.44 12.44 9.24 9.21 9.12 9.0
waveform-21 7.03 9.71 9.71 9.71 9.71 6.84 6.97 6.88 6.81
wine-recog 4.67 8.4 8.4 8.4 8.4 6.08 5.68 6.1 5.6
xd6 3.36 4.88 4.88 4.88 4.88 3.27 3.27 3.26 3.27

A.2 Gradient Boosted Trees

Similar to the random forests results, we now compare abductive explanation sizes and root-
to-leaf path lengths for gradient boosted trees. Tables A.5 and A.6 report absolute and relative
explanation sizes (here, relative to the SMT approach), while Tables A.7 and A.8 focus on the
average number of features along the path from root to leaf.
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Table A.2: Random forests: Ratio of each method’s abductive explanation size to the rfxpl base-
line.

ADD DFS
Dataset ADD BWL SWL AbsES DFS ORD DFS+S ORD+S
ann-thyroid 3.35 3.35 3.35 3.35 1.01 1.01 1.01 0.99
appendicitis 1.75 1.75 1.75 1.75 1.02 0.99 1.03 1.02
banknote 1.33 1.33 1.33 1.33 0.99 0.99 0.99 0.99
ecoli 1.31 1.31 1.31 1.31 0.98 1.01 1.0 1.02
glass2 1.25 1.25 1.25 1.24 0.98 1.01 0.98 0.99
ionosphere 1.1 1.1 1.1 1.09 0.87 0.79 0.87 0.8
iris 1.46 1.46 1.46 1.46 1.0 1.0 1.0 1.0
magic 1.39 1.39 1.39 1.39 0.81 0.86 0.81 0.8
mofn-3-7-10 1.06 1.06 1.06 1.06 1.0 1.0 1.0 1.0
new-thyroid 1.62 1.62 1.62 1.62 1.06 1.05 1.06 1.05
phoneme 1.56 1.56 1.56 1.56 1.04 1.03 1.03 1.04
ring 1.29 1.29 1.29 1.29 - 0.95 0.95 0.95
segmentation 1.41 1.41 1.41 1.41 1.0 0.99 1.0 1.0
shuttle 1.65 1.65 1.65 1.65 0.99 1.03 0.99 0.99
threeOf9 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
twonorm 1.31 1.31 1.31 1.31 0.98 0.97 0.96 0.95
waveform-21 1.38 1.38 1.38 1.38 0.97 0.99 0.98 0.97
wine-recog 1.8 1.8 1.8 1.8 1.3 1.22 1.31 1.2
xd6 1.45 1.45 1.45 1.45 0.97 0.97 0.97 0.97

Geomean 1.44× 1.44× 1.44× 1.44× 0.99× 0.99× 0.99× 0.98×

Table A.3: Random forests: Average number of features on path.

ADD DFS
Dataset ADD BWL SWL AbsES DFS ORD DFS+S ORD+S
ann-thyroid 8.83 8.83 8.83 8.83 6.18 4.16 6.22 3.1
appendicitis 6.66 6.66 6.66 6.66 6.97 6.18 6.85 6.38
banknote 3.31 3.31 3.31 3.31 3.2 3.55 3.23 3.24
ecoli 5.17 5.17 5.17 5.17 4.64 5.79 4.98 5.72
glass2 7.23 7.23 7.23 7.21 7.09 7.19 7.05 7.23
ionosphere 15.27 15.27 15.27 15.24 16.3 14.07 15.68 13.47
iris 3.68 3.68 3.68 3.68 3.87 2.74 3.87 2.42
magic 8.02 8.02 8.02 8.02 7.49 8.12 7.65 6.7
mofn-3-7-10 4.3 4.3 4.3 4.3 3.83 3.92 3.83 3.92
new-thyroid 5.0 5.0 5.0 5.0 5.0 4.73 4.98 4.74
phoneme 4.35 4.35 4.35 4.35 4.29 4.43 4.08 4.67
ring 15.14 15.14 15.14 15.17 - 14.39 15.39 13.38
segmentation 12.31 12.31 12.31 12.31 11.55 10.83 11.55 10.85
shuttle 4.6 4.6 4.6 4.6 5.06 5.6 5.06 5.37
threeOf9 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
twonorm 15.11 15.11 15.11 15.11 15.86 15.85 15.11 14.5
waveform-21 11.93 11.93 11.93 11.93 12.05 12.37 11.85 11.57
wine-recog 10.69 10.69 10.69 10.69 10.53 8.73 10.53 8.52
xd6 5.57 5.57 5.57 5.57 6.01 5.33 5.82 5.16
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Table A.4: Random forests: Ratio of each method’s average path length (number of features) to
the ADD baseline.

ADD DFS
Dataset BWL SWL AbsES DFS ORD DFS+S ORD+S
ann-thyroid 1.0× 1.0× 1.0× 0.7× 0.47× 0.7× 0.35×
appendicitis 1.0× 1.0× 1.0× 1.05× 0.93× 1.03× 0.96×
banknote 1.0× 1.0× 1.0× 0.97× 1.07× 0.97× 0.98×
ecoli 1.0× 1.0× 1.0× 0.9× 1.12× 0.96× 1.1×
glass2 1.0× 1.0× 1.0× 0.98× 0.99× 0.98× 1.0×
ionosphere 1.0× 1.0× 1.0× 1.07× 0.92× 1.03× 0.88×
iris 1.0× 1.0× 1.0× 1.05× 0.74× 1.05× 0.66×
magic 1.0× 1.0× 1.0× 0.93× 1.01× 0.95× 0.83×
mofn-3-7-10 1.0× 1.0× 1.0× 0.89× 0.91× 0.89× 0.91×
new-thyroid 1.0× 1.0× 1.0× 1.0× 0.95× 1.0× 0.95×
phoneme 1.0× 1.0× 1.0× 0.99× 1.02× 0.94× 1.07×
ring 1.0× 1.0× 1.0× - 0.95× 1.02× 0.88×
segmentation 1.0× 1.0× 1.0× 0.94× 0.88× 0.94× 0.88×
shuttle 1.0× 1.0× 1.0× 1.1× 1.22× 1.1× 1.17×
threeOf9 1.0× 1.0× 1.0× 1.0× 1.0× 1.0× 1.0×
twonorm 1.0× 1.0× 1.0× 1.05× 1.05× 1.0× 0.96×
waveform-21 1.0× 1.0× 1.0× 1.01× 1.04× 0.99× 0.97×
wine-recog 1.0× 1.0× 1.0× 0.98× 0.82× 0.98× 0.8×
xd6 1.0× 1.0× 1.0× 1.08× 0.96× 1.05× 0.93×
Geomean 1.00× 1.00× 1.00× 0.98× 0.93× 0.97× 0.89×

Table A.5: Gradient boosted trees: Average size of abductive explanations.

ADD DFS
Dataset SMT MaxSAT ADD ES PCES DFS ES PCES
ann-thyroid 1.52 1.42 1.46 - 1.46 1.55 1.55 1.43
appendicitis 3.61 3.48 3.41 3.41 3.41 3.17 3.17 3.17
divorce 5.41 4.38 3.64 3.64 3.64 3.24 3.24 3.24
ecoli 3.4 3.4 3.44 - 3.44 3.48 3.48 3.49
glass2 4.66 4.64 4.42 4.42 4.42 4.18 4.18 4.18
promoters 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
shuttle 3.7 3.28 3.22 - 3.22 3.23 3.23 3.24
threeOf9 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
zoo 4.14 3.74 4.47 - 4.47 4.19 4.19 4.14
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Table A.6: Gradient boosted trees: Ratio of each method’s abductive explanation size to the SMT
baseline.

ADD DFS
Dataset MaxSAT ADD ES PCES DFS ES PCES
ann-thyroid 0.93 0.96 - 0.96 1.02 1.02 0.94
appendicitis 0.96 0.94 0.94 0.94 0.88 0.88 0.88
divorce 0.81 0.67 0.67 0.67 0.6 0.6 0.6
ecoli 1.0 1.01 - 1.01 1.02 1.02 1.03
glass2 1.0 0.95 0.95 0.95 0.9 0.9 0.9
promoters 1.0 1.0 1.0 1.0 1.0 1.0 1.0
shuttle 0.89 0.87 - 0.87 0.87 0.87 0.88
threeOf9 1.0 1.0 1.0 1.0 1.0 1.0 1.0
zoo 0.9 1.08 - 1.08 1.01 1.01 1.0

Geomean 0.94× 0.94× 0.90× 0.94× 0.91× 0.91× 0.90×

Table A.7: Gradient boosted trees: Average number of features on path.

ADD DFS
Dataset ADD ES PCES DFS ES PCES
ann-thyroid 2.65 - 2.65 6.06 6.06 2.43
appendicitis 5.43 5.43 5.43 4.75 4.75 4.75
divorce 4.91 4.91 4.91 4.9 4.9 4.9
ecoli 4.78 - 4.78 5.1 5.1 5.12
glass2 7.15 7.15 7.15 6.44 6.44 6.44
promoters 1.0 1.0 1.0 1.0 1.0 1.0
shuttle 4.38 - 4.34 4.32 4.32 4.38
threeOf9 1.0 1.0 1.0 1.0 1.0 1.0
wine-recog 6.78 - 6.79 6.74 6.74 6.77
zoo 7.0 - 7.0 7.54 7.64 7.64

Table A.8: Gradient boosted trees: Ratio of each method’s average path length (number of fea-
tures) to the ADD baseline.

ADD DFS
Dataset ES PCES DFS ES PCES
ann-thyroid - 1.0× 2.28× 2.28× 0.91×
appendicitis 1.0× 1.0× 0.88× 0.88× 0.88×
divorce 1.0× 1.0× 1.0× 1.0× 1.0×
ecoli - 1.0× 1.07× 1.07× 1.07×
glass2 1.0× 1.0× 0.9× 0.9× 0.9×
promoters 1.0× 1.0× 1.0× 1.0× 1.0×
shuttle - 0.99× 0.99× 0.99× 1.0×
threeOf9 1.0× 1.0× 1.0× 1.0× 1.0×
wine-recog - 1.0× 0.99× 0.99× 1.0×
zoo - 1.0× 1.08× 1.09× 1.09×
Geomean 1.00× 1.00× 1.07× 1.07× 0.98×
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Appendix B

Class Characterization Sizes

B.1 Random Forests

Explanation of Tables B.1–B.8. These tables present the class characterization sizes for the
random forests evaluated in Sections 3.3 and 4.2 under the proposed optimizations. The sec-
ond column shows the total size of the final ADD/DAG, while the subsequent columns list each
class’s characterization size, with the percentage in parentheses indicating its fraction of the final
model size. For example, “Class 0 = 139288 (65.47%)” indicates that the Class 0 characterization
consists of 139288 nodes, which represents 65.47% of the model’s total size.

Table B.1: Class characterization sizes for random forests for the ann-thyroid dataset.

Config. DAG Class 0 Class 1 Class 2
ADD
AbsES 212766 139288 (65.47%) 92185 (43.33%) 207314 (97.44%)
LUT 114228 67324 (58.94%) 59582 (52.16%) 107698 (94.28%)
GEN 210832 137551 (65.24%) 91906 (43.59%) 205379 (97.41%)
ADD 210832 137551 (65.24%) 91906 (43.59%) 205379 (97.41%)
ML 181102 105575 (58.30%) 87575 (48.36%) 174139 (96.16%)
SPC 210832 137551 (65.24%) 91906 (43.59%) 205379 (97.41%)
DFS
ES 399123 237095 (59.40%) 192421 (48.21%) 385129 (96.49%)
ORD 752390 464027 (61.67%) 336571 (44.73%) 725922 (96.48%)
ES+S 168791 111174 (65.86%) 72860 (43.17%) 163639 (96.95%)
ORD+S 240857 173845 (72.18%) 84119 (34.92%) 229866 (95.44%)

Table B.2: Class characterization sizes for random forests for the ecoli dataset.
Config. DAG Class 0 Class 1 Class 2 Class 3 Class 4
ADD
AbsES 1134199 473228 (41.72%) 794761 (70.07%) 342562 (30.20%) 193953 (17.10%) 496353 (43.76%)
LUT 1026 429 (41.81%) 932 (90.84%) 678 (66.08%) 27 (2.63%) 197 (19.20%)
GEN 1112004 467556 (42.05%) 777373 (69.91%) 331511 (29.81%) 190268 (17.11%) 489221 (43.99%)
ADD 1112296 467918 (42.07%) 777465 (69.90%) 331385 (29.79%) 190518 (17.13%) 489206 (43.98%)
ML 465828 366708 (78.72%) 289234 (62.09%) 126001 (27.05%) 26939 (5.78%) 131455 (28.22%)
SPC 1109022 465834 (42.00%) 775668 (69.94%) 331115 (29.86%) 190218 (17.15%) 487529 (43.96%)
DFS
ES 1096500 444462 (40.53%) 798158 (72.79%) 335058 (30.56%) 181391 (16.54%) 466361 (42.53%)
ORD 1181757 501579 (42.44%) 829175 (70.16%) 357477 (30.25%) 203597 (17.23%) 509703 (43.13%)
ES+S 848456 344197 (40.57%) 610092 (71.91%) 254929 (30.05%) 147355 (17.37%) 367112 (43.27%)
ORD+S 853732 351680 (41.19%) 588813 (68.97%) 253302 (29.67%) 156552 (18.34%) 386272 (45.25%)

125



Appendix B. Class Characterization Sizes

Table B.3: Class characterization sizes for random forests for the iris dataset.

Config. DAG Class 0 Class 1 Class 2
ADD
AbsES 1805 534 (29.58%) 1720 (95.29%) 1362 (75.46%)
LUT 51 10 (19.61%) 50 (98.04%) 49 (96.08%)
GEN 1802 523 (29.02%) 1718 (95.34%) 1361 (75.53%)
ADD 1802 523 (29.02%) 1718 (95.34%) 1361 (75.53%)
ML 1384 272 (19.65%) 1307 (94.44%) 978 (70.66%)
SPC 1802 523 (29.02%) 1718 (95.34%) 1361 (75.53%)
DFS
ES 1823 493 (27.04%) 1746 (95.78%) 1407 (77.18%)
ORD 1765 498 (28.22%) 1706 (96.66%) 1321 (74.84%)
ES+S 1734 486 (28.03%) 1667 (96.14%) 1319 (76.07%)
ORD+S 1436 417 (29.04%) 1380 (96.10%) 1054 (73.40%)

Table B.4: Class characterization sizes for random forests for the new-thyroid dataset.

Config. DAG Class 0 Class 1 Class 2
ADD
AbsES 98191 96797 (98.58%) 24921 (25.38%) 75374 (76.76%)
LUT 390 388 (99.49%) 56 (14.36%) 339 (86.92%)
GEN 94752 93356 (98.53%) 24612 (25.98%) 72223 (76.22%)
ADD 94752 93356 (98.53%) 24612 (25.98%) 72223 (76.22%)
ML 36687 26677 (72.72%) 6354 (17.32%) 28173 (76.79%)
SPC 94747 93351 (98.53%) 24612 (25.98%) 72218 (76.22%)
DFS
ES 81797 80718 (98.68%) 20590 (25.17%) 62773 (76.74%)
ORD 86085 84954 (98.69%) 21699 (25.21%) 65885 (76.53%)
ES+S 66287 65320 (98.54%) 17869 (26.96%) 49813 (75.15%)
ORD+S 63038 62050 (98.43%) 16961 (26.91%) 47375 (75.15%)

Table B.5: Class characterization sizes for random forests for the segmentation dataset.
Config. DAG Class 0 Class 1 Class 2 Class 3 Class 4 Class 5 Class 6
ADD
AbsES 9177945 3210555 (34.98%) 2401751 (26.17%) 3500737 (38.14%) 6215994 (67.73%) 3024966 (32.96%) 2885906 (31.44%) 997034 (10.86%)
LUT 9161 5939 (64.83%) 5 (0.05%) 7279 (79.46%) 2087 (22.78%) 7525 (82.14%) 4 (0.04%) 6 (0.07%)
GEN 9174027 3210472 (35.00%) 2400791 (26.17%) 3497814 (38.13%) 6211830 (67.71%) 3023990 (32.96%) 2884890 (31.45%) 996339 (10.86%)
ADD 9174027 3210472 (35.00%) 2400791 (26.17%) 3497814 (38.13%) 6211830 (67.71%) 3023990 (32.96%) 2884890 (31.45%) 996339 (10.86%)
ML 2736407 319999 (11.69%) 377556 (13.80%) 995540 (36.38%) 1899603 (69.42%) 824561 (30.13%) 708676 (25.90%) 232789 (8.51%)
SPC 9216490 3232465 (35.07%) 2419053 (26.25%) 3520514 (38.20%) 6251387 (67.83%) 3068395 (33.29%) 2891019 (31.37%) 1008230 (10.94%)
DFS
ES 9862431 2991678 (30.33%) 1860568 (18.87%) 4090934 (41.48%) 6504728 (65.95%) 4141799 (42.00%) 2935420 (29.76%) 1138192 (11.54%)
ORD 22309988 6743286 (30.23%) 3761766 (16.86%) 8584273 (38.48%) 13602388 (60.97%) 9098427 (40.78%) 5995684 (26.87%) 2603727 (11.67%)
ES+S 8341151 2540151 (30.45%) 1617964 (19.40%) 3346095 (40.12%) 5472974 (65.61%) 3507507 (42.05%) 2444290 (29.30%) 968464 (11.61%)
ORD+S 19300003 5831829 (30.22%) 3421259 (17.73%) 7333447 (38.00%) 11811932 (61.20%) 7916756 (41.02%) 5109501 (26.47%) 2133934 (11.06%)

B.2 Gradient Boosted Trees

As in the previous section, these tables show class characterization sizes for gradient boosted
trees under the proposed optimizations. The second column provides the total size of the final
ADD/DAG, and the subsequent columns give each class characterization size, along with its per-
centage of the overall model. For instance, “Class 0 = 139288 (65.47%)” indicates that the Class 0
diagram consists of 139288 nodes, which represents 65.47% of the model’s total size.
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B.2. Gradient Boosted Trees

Table B.6: Class characterization sizes for random forests for the shuttle dataset.
Config. DAG Class 0 Class 1 Class 2 Class 3 Class 4 Class 5
ADD
AbsES 484730 287270 (59.26%) 206 (0.04%) 192695 (39.75%) 348562 (71.91%) 169758 (35.02%)
LUT 13790 2735 (19.83%) 46 (0.33%) 5565 (40.36%) 6581 (47.72%) 969 (7.03%) 13226 (95.91%)
GEN 478586 282374 (59.00%) 207 (0.04%) 192231 (40.17%) 346189 (72.34%) 165154 (34.51%)
ADD 478586 282374 (59.00%) 207 (0.04%) 192231 (40.17%) 346189 (72.34%) 165154 (34.51%)
ML 69863 48760 (69.79%) 24779 (35.47%) 46238 (66.18%) 20546 (29.41%)
SPC 477618 282042 (59.05%) 206 (0.04%) 191630 (40.12%) 345802 (72.40%) 164474 (34.44%)
DFS
ES 443504 269112 (60.68%) 247 (0.06%) 178149 (40.17%) 315069 (71.04%) 149636 (33.74%)
ORD 580946 362438 (62.39%) 242 (0.04%) 238720 (41.09%) 417086 (71.79%) 184515 (31.76%)
ES+S 367195 227275 (61.89%) 229 (0.06%) 147709 (40.23%) 261686 (71.27%) 119576 (32.56%)
ORD+S 418842 254420 (60.74%) 233 (0.06%) 174352 (41.63%) 300631 (71.78%) 136859 (32.68%)

Table B.7: Class characterization sizes for random forests for the waveform-21 dataset.

Config. DAG Class 0 Class 1 Class 2
ADD
AbsES 3464949 2913108 (84.07%) 2540810 (73.33%) 2111047 (60.93%)
LUT 2766328 2267391 (81.96%) 1971188 (71.26%) 1826336 (66.02%)
GEN 3382403 2849085 (84.23%) 2478054 (73.26%) 2048336 (60.56%)
ADD 3382382 2849064 (84.23%) 2478057 (73.26%) 2048310 (60.56%)
ML 3157854 2434283 (77.09%) 2112672 (66.90%) 2125694 (67.31%)
SPC 3382041 2849444 (84.25%) 2478921 (73.30%) 2048493 (60.57%)
DFS
ES 5348612 4004112 (74.86%) 3904922 (73.01%) 3717370 (69.50%)
ORD 18727728 13851842 (73.96%) 12814761 (68.43%) 12945995 (69.13%)
ES+S 2769993 2101337 (75.86%) 2024991 (73.10%) 1947810 (70.32%)
ORD+S 7122294 5224057 (73.35%) 4958112 (69.61%) 4869780 (68.37%)

Table B.8: Class characterization sizes for random forests for the wine-recog dataset.

Config. DAG Class 0 Class 1 Class 2
ADD
AbsES 9148528 4546431 (49.70%) 8633723 (94.37%) 6208418 (67.86%)
LUT 502 360 (71.71%) 444 (88.45%) 232 (46.22%)
GEN 9124128 4534845 (49.70%) 8608889 (94.35%) 6194715 (67.89%)
ADD 9124141 4534845 (49.70%) 8608902 (94.35%) 6194728 (67.89%)
ML 1179552 783326 (66.41%) 989703 (83.90%) 666383 (56.49%)
SPC 9124186 4534841 (49.70%) 8608949 (94.35%) 6194788 (67.89%)
DFS
ES 7801905 4011244 (51.41%) 7387077 (94.68%) 5082841 (65.15%)
ORD 15506552 7595292 (48.98%) 14510164 (93.57%) 9859062 (63.58%)
ES+S 6293801 3159437 (50.20%) 5938057 (94.35%) 4244379 (67.44%)
ORD+S 9914530 4416620 (44.55%) 9226630 (93.06%) 6807420 (68.66%)
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Appendix B. Class Characterization Sizes

Table B.9: Class characterization sizes for gradient boosted trees for the ann-thyroid dataset.

Config. DAG Class 0 Class 1 Class 2
ADD
ADD 162056 149857 (92.47%) 12205 (7.53%) 161217 (99.48%)
PCES 166284 149857 (90.12%) 16433 (9.88%) 165140 (99.31%)
DFS
DFS 179260 160868 (89.74%) 18391 (10.26%) 178393 (99.52%)
ES 144866 126474 (87.30%) 18391 (12.70%) 144185 (99.53%)
PCES 128834 126474 (98.17%) 2359 (1.83%) 128719 (99.91%)

Table B.10: Class characterization sizes for gradient boosted trees for the ecoli dataset.
Config. DAG Class 0 Class 1 Class 2 Class 3 Class 4
ADD
ADD 102640 33229 (32.37%) 64548 (62.89%) 41117 (40.06%) 27731 (27.02%) 52098 (50.76%)
PCES 103462 33725 (32.60%) 64511 (62.35%) 40738 (39.37%) 28065 (27.13%) 53167 (51.39%)
DFS
DFS 112208 38568 (34.37%) 62029 (55.28%) 46315 (41.28%) 26623 (23.73%) 61852 (55.12%)
ES 104863 31923 (30.44%) 60240 (57.45%) 46894 (44.72%) 26502 (25.27%) 60083 (57.30%)
PCES 90717 28219 (31.11%) 54668 (60.26%) 43838 (48.32%) 21632 (23.85%) 50112 (55.24%)

Table B.11: Class characterization sizes for gradient boosted trees for the shuttle dataset.
Config. DAG Class 0 Class 1 Class 2 Class 3 Class 4 Class 5 Class 6
ADD
ADD 60251 31612 (52.47%) 17154 (28.47%) 7746 (12.86%) 31069 (51.57%) 26804 (44.49%) 7373 (12.24%) 1866 (3.10%)
PCES 53921 29563 (54.83%) 14329 (26.57%) 7257 (13.46%) 25663 (47.59%) 25055 (46.47%) 6523 (12.10%) 2012 (3.73%)
DFS
DFS 73300 31711 (43.26%) 16981 (23.17%) 17359 (23.68%) 28225 (38.51%) 37028 (50.52%) 6854 (9.35%) 4668 (6.37%)
ES 60519 27672 (45.72%) 13351 (22.06%) 14253 (23.55%) 27077 (44.74%) 29765 (49.18%) 6778 (11.20%) 4439 (7.33%)
PCES 47527 25291 (53.21%) 10695 (22.50%) 8286 (17.43%) 21463 (45.16%) 23855 (50.19%) 5856 (12.32%) 3077 (6.47%)

Table B.12: Class characterization sizes for gradient boosted trees for the wine-recog dataset.

Config. DAG Class 0 Class 1 Class 2
ADD
ADD 29742 27113 (91.16%) 29292 (98.49%) 3724 (12.52%)
PCES 28860 26265 (91.01%) 28352 (98.24%) 3708 (12.85%)
DFS
DFS 27722 25173 (90.81%) 27180 (98.04%) 3258 (11.75%)
ES 27830 25282 (90.84%) 27180 (97.66%) 3616 (12.99%)
PCES 27661 25105 (90.76%) 27179 (98.26%) 3744 (13.54%)

Table B.13: Class characterization sizes for gradient boosted trees for the zoo dataset.
Config. DAG Class 0 Class 1 Class 2 Class 3 Class 4 Class 5 Class 6
ADD
ADD 290 57 (19.66%) 12 (4.14%) 58 (20.00%) 140 (48.28%) 77 (26.55%) 48 (16.55%) 135 (46.55%)
PCES 290 57 (19.66%) 12 (4.14%) 58 (20.00%) 140 (48.28%) 77 (26.55%) 48 (16.55%) 135 (46.55%)
DFS
DFS 264 52 (19.70%) 11 (4.17%) 55 (20.83%) 125 (47.35%) 92 (34.85%) 64 (24.24%) 123 (46.59%)
ES 257 52 (20.23%) 12 (4.67%) 55 (21.40%) 120 (46.69%) 105 (40.86%) 77 (29.96%) 118 (45.91%)
PCES 250 52 (20.80%) 19 (7.60%) 47 (18.80%) 112 (44.80%) 110 (44.00%) 81 (32.40%) 110 (44.00%)
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Appendix C

Transforming Gradient Boosted Trees into
Algebraic Decision Diagrams

Explanation of Tables C.1–C.5. Each table shows intermediate ADD sizes for a given dataset as
we constructAwK = A+

1 ◦A · · ·◦AA
+
K . For i = 1, the size of ADDA+

1 is shown. For i > 1, each
row i corresponds to the result of joining A+

i with the diagram from the previous step. For both
ADD and PCES, the Join column shows the size immediately after combining partial diagrams,
while the Elim column shows the size after removing infeasible paths. For PCES, the infeasible
path elimination is combined with path condition-based early stopping, allowing the size to be
reduced even for i = 1. Finally, the % column is simply Elim size

Join size · 100 for that step, so it indicates
what fraction of the post-Join size remains after elimination in each iteration. Note that in the final
join (i = K), rather than storing both the weight and the class in each leaf, only the class with
the highest weight is kept, because the weight is no longer needed once the final classification
outcome has been determined.

Table C.1: Sizes of the intermediate results during the construction of AwK for ann-thyroid.

Size ADD PCES
Join Elim % Join Elim %

1 491 783 491 783 100.0 491 783 481 636 97.94
2 30 666 933 735 254 2.40 30 379 029 302 835 1.00
3 974 118 162 056 16.64 932 633 166 284 17.83

Table C.2: Sizes of the intermediate results during the construction of AwK for ecoli.

Size ADD PCES
Join Elim % Join Elim %

1 57 065 57 065 100.0 57 065 21 964 38.49
2 75 813 237 365 169 0.48 19 784 889 187 339 0.95
3 111 223 219 409 184 0.37 40 702 909 131 425 0.32
4 27 496 974 485 369 1.77 6 636 720 104 905 1.58
5 12 502 242 102 640 0.82 3 161 712 103 462 3.27
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Appendix C. Transforming Gradient Boosted Trees into Algebraic Decision Diagrams

Table C.3: Sizes of the intermediate results during the construction of AwK for shuttle.

Size ADD PCES
Join Elim % Join Elim %

1 443 312 443 312 100.0 443 312 155 499 35.08
2 1 651 135 457 026 27.68 979 089 171 757 17.54
3 879 140 448 405 51.0 588 715 162 354 27.58
4 8 333 636 618 133 7.42 3 572 731 252 079 7.06
5 14 696 053 806 804 5.49 5 267 784 139 683 2.65
6 3 117 642 846 511 27.15 387 524 64 011 16.52
7 110 955 60 251 54.3 53 811 53 921 100.2

Table C.4: Sizes of the intermediate results during the construction of AwK for wine-recog.

Size ADD PCES
Join Elim % Join Elim %

1 28 444 28 444 100.0 28 444 22 690 79.77
2 11 456 364 330 506 2.88 10 048 932 82 659 0.82
3 51 395 29 742 57.87 34 788 28 860 82.96

Table C.5: Sizes of the intermediate results during the construction of AwK for zoo.

Size ADD PCES
Join Elim % Join Elim %

1 79 79 100.0 79 79 100.0
2 120 120 100.0 120 120 100.0
3 163 147 90.18 163 147 90.18
4 165 165 100.0 165 165 100.0
5 338 306 90.53 338 306 90.53
6 633 633 100.0 633 258 40.76
7 290 290 100.0 290 290 100.0
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