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Abstract

Although automated driving is often viewed as a future technology, it is already part of
many peoples’ everyday lives. Driver assistance systems can support the driver in various
tasks, such as lane keeping or parking. Moreover, commercially available systems can
relieve the driver from the driving task under certain conditions. Many practical problems
have been solved, but there are still open questions and room for improvement in safety
and performance. Still, computationally efficient implementations are sought that can
achieve consistent behavior and far-sighted decisions. The underlying control problem
is structured hierarchically into modules to reduce the computational complexity. The
behavior and motion planning modules select the best maneuver and trajectory for the
controlled vehicle to achieve safety, progress, and comfort.
This work formalizes the task of both modules in a single continuous-time optimal con-
trol problem. The problem incorporates preferences via the cost functional and allows
the consideration of constraints due to environmental limitations, targets, and vehicle
dynamics. In addition, an integer variable encodes the different maneuver options. Re-
quirements on the optimal control problem elements are derived to ensure compliance
with driving objectives and to enable stability for the given target. Stability is provided
by a terminal set, designed along safe and desirable regions of the state space. The
terminal set is combined with the terminal cost for far-sighted maneuver decisions. The
vehicle’s future trajectory is described by polynomial splines, leveraging the differential
flatness property of the applied vehicle model. The spline is contained in the convex
hull of its basis forms’ coefficients, which are used to find a feasible solution subject to
continuous-time constraints. A two-stage solution algorithm is proposed to solve the
resulting mixed-integer problem efficiently. The first stage comprises a sampling-based
algorithm that discretizes the time and state space to form a graph encoding nonuniform
candidate splines. A shortest-path search algorithm selects the optimal candidate and the
corresponding maneuver. While it finds a continuous-time feasible solution considering
the integer variable, the computational complexity grows excessively with the required
accuracy. Thus, a numerical optimization-based algorithm is introduced in the second
stage. It solves a nonlinear program, incorporating the first stage’s cost and constraints.
A shrinking horizon approach based on nonuniform splines is proposed to enable recursive
feasibility and convergence to the terminal set. Consequently, the first stage can always
supply a feasible initial guess. This property increases the algorithm’s robustness to
disturbances, especially if the solution from the previous time step is infeasible.
The two algorithms are evaluated in multiple simulated highway scenarios. It is shown
that the vehicle can be controlled to a distant target while successfully circumnavigating
multiple other vehicles. Simultaneously, the driving objectives are mostly fulfilled. While
reducing the trajectories’ degrees of freedom impedes the progression toward the target,
it does not compromise stability and safety.
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Nomenclature

The following introduces the symbols, acronyms and abbreviations used in this work.
Generally, all symbols are introduced in their respective context.
Polygons �,4, � denote placeholder variables and are substitutes for context-dependent
single and multiple variables. The placeholders �,�,O are bound to specific contexts
introduced below. In contrast, the running indices j, n, l, ι, µ are elements of the natural
numbers.
Variables and functions are distinguished into scalar-valued and vector-valued. Lower or
uppercase, italic, bold, or Greek letters a,A, a,A, λ,Λ are used for scalar variables and
functions. Vector variables and functions are underlined

¯
a,

¯
A,

¯
a,

¯
A,

¯
λ,

¯
Λ. If not omitted for

brevity, functions �(·) are distinguished with an argument from variables �. All functions
s�(·) denote polynomial splines in basis form. The coefficients

¯
c�, breakpoints

¯
k�, knots

¯
k�, order ρ�, continuities

¯
w�, and basis splines

¯
b� of the corresponding s�(·) share the

same subscript. Sets and spaces are denoted by blackboard bold or Zapf Chancery letters
A,A. Accents usually indicate a variation of a variable or function without accents. The
following accents are reserved for special purposes:

�̌ variable or function lower bound,
�̂ variable or function upper bound,
�̄ variable or function symmetric upper bound,
�̆ number of vector elements, set cardinality, or space dimensionality.

Placeholders
� Placeholder indicating a spline resulting from a sum
� Placeholder indicating a spline resulting from a product
�,4, � General placeholder variables
O Placeholder for O = x, y direction indices

Notation
�′ First position derivative �′ := d�

dzx(·)...
� Third order time derivative

...
� := d3�

dt3

�̈ Second order time derivative �̈ := d2�
dt2

�̇ First order time derivative �̇ := d�
dt

Reference Frames
p� Frénet coordinate frame
v� Vehicle coordinate frame
w� World coordinate frame

iv



Nomenclature

Sets
B Basis spline evaluations resulting from all breakpoint combinations

of the global planner
C State space nonlinear system
C0 Feasible state space nonlinear system
Dj Neighboring lane identifiers at the position of node

¯
Nj

Dṽ,j Successor state candidates of node
¯
Nj in x-direction at target

velocity ṽ
Dx,Dy Directional sets of discrete successor states in x- and y-direction
Dẋ,j Successor state candidates of node

¯
Nj in x-direction at velocity

candidates Zẋ
Dx̃,j Successor state candidates of node

¯
Nj in x-direction along the

target trajectory behind the other vehicles
Dy,j Successor state candidates of node

¯
Nj in y-direction in the neigh-

boring lane centers
H Constraint splines
H̃ Current constraint splines
Ih Indices of the lower bounded spline coefficients
j,nIb Indices corresponding to nonzero basis splines along a spline seg-

ment between nodes
¯
Nj and

¯
Nn

Ik̆,x, Ik̆,y Feasible breakpoint number in x- and y-direction
IN,o Open node indices
IN,s Successor node indices
IT Local target indices
Iχ Feasible time intervals for maximum breakpoints χ
Ĩ� Indices of s�(·) coefficients in the optimization variables
Kj,x,Kj,y Successor breakpoint candidates of node

¯
Nj in x- and y-direction

Kx,Ky Time samples in x- and y-direction
L Transformed state space
N Natural numbers
Nj Lower bounded natural numbers Nj = {n ∈ N | n ≥ j ∈ N}
R Real numbers
R+ Positive real numbers
jS� S

¯
k�,¯

w�,ρ�
at time step tj

S
¯
k�,¯

w�,ρ�
Set of polynomial splines sρ�,¯w�

(·, ·,
¯
k�)

T Coefficient transformations for all breakpoint combinations
T Nonlinear system terminal set
Td Global target terminal equilibrium states
Tj Local targets j ∈ IT in nonlinear system terminal set
T̃ Transformed terminal set
T̃ x,d, T̃ y,d Transformed states representing the global target in x- and y-

direction
T̃ x,m, T̃ y,m m = −2,−1, . . . , ηov transformed local targets in x- and y-direction
U Input space nonlinear system
U0 Feasible input space nonlinear system

v



Nomenclature

X Breakpoint sequence lengths
Z Output space nonlinear system
Zv,x,m Initial x-velocities of the m = 1, 2, . . . , ηov other vehicles
Zẋ x-velocity samples

Scalar Valued Variables
āy Symmetric bound on vehicle y-acceleration
ǎidm,m, âidm,m Lower and upper bounds on acceleration of the m = 1, 2, . . . , ηov

other vehicles according to intelligent driver model
ã Desired acceleration of the intelligent driver model
ãd Desired deceleration of the intelligent driver model
¯̃ax, ¯̃ay Symmetric bounds on velocity induced x- and y-acceleration
cf , cr Tire cornering stiffnesses at vehicle front and rear tires
c̆� Coefficient number of spline s�(·)
ξ̄ψ Symmetric bound on vehicle yaw angle
ξ̌v, ξ̂v Lower and upper bounds on velocity
dlc Left-most lane center’s y-position in Frénet frame
dmc Middle lane center’s y-position in Frénet frame
drc Right-most lane center’s y-position in Frénet frame
δ Distance bound on initial state
δj Controllability index of the nonlinear system output zj(·)
∆k Breakpoint interval
∆ǩ Minimum breakpoint interval
∆t Simulation time increment
∆x,∆y Semi-axis length for the ego vehicle in x- and y-direction
∆x,m,∆y,m Semi-axis lengths of the m = 1, 2, . . . , ηov other vehicles in x- and

y-direction
∆z̃x Jam distance to the leading vehicle of the intelligent driver model
◦
∆y Semi-axis length for the prediction uncertainty in y-direction
e Acceleration exponent of the intelligent driver model
ε Distance bound on the autonomous system’s state trajectory
εx, εy Dual mode control activation threshold in x- and y-direction
ˆ̃Fx Transformed terminal cost upper bound in x-direction
g Gravitational acceleration
γ Arc length
h̆ Number of inequality constraints
h̃ Current edge feasibility
H Prediction horizon
ηov Number of other vehicles
ηx, ηy Number of state samples in x- and y-direction
iter Maximum number of iterations
ι General running index
j General running index
Jv Vehicle moment of inertia
k̆� Number of knots along spline s�(·)
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Nomenclature

k̆xy Number of combined breakpoints
k̆� Breakpoint number along spline s�(·)
K̆x, K̆y Cardinality of time samples Kx and Ky
κ̄p Reference path curvature symmetric bound
κ̄′

p Reference path curvature rate symmetric bound
l General running index
lf , lr Distances from vehicle center of gravity to the front and rear tire
lv Distances between front and rear wheel
l̃ Current edge cost
j,nl̃ Cost for transition between nodes

¯
Nj and

¯
Nn

j,nl̃x, j,nl̃y Directional costs for transition between nodes
¯
Nj and

¯
Nn in x-

and y-direction
λ0 Minimum cost descent factor
λ1 Terminal cost upper bound factor
m Terminal set and vehicle index
mv Vehicle mass
µ General running index
µad Friction coefficient for adhesion
n General running index
N̆ Number of nodes
r̄v Symmetric bound on velocity ratio
ρ� Order of spline s�(·)
š�, ŝ� Lower and upper bounds on s�(·)
t, τ Time
thw Desired time headway
t̆ Number of time steps in

¯
t

◦
thw Time headway for the prediction uncertainty in x-direction
t̃hw Desired time headway
Tx, Ty Control horizons in x- and y-direction
Ťx, Ťy Lower bounds on control horizons in x- and y-direction
T̃x, T̃y Maximum segment lengths of a splines in x- and y-direction with

three breakpoints
ǔa, ûa Lower and upper bounds on acceleration input
vch Characteristic velocity
ṽ Desired velocity of the ego vehicle
ṽm Desired velocity of the m = 1, 2, . . . , ηov other vehicles’ intelligent

driver model
wj,x, wj,y Cost weights on squared jerk in x- and y-direction
wT,x, wT,y Cost weights on control horizons in x- and y-direction
ωu Order of nonlinear system input time derivatives
ωz Order of system ouput time derivatives
x Abscissa
χ Maximum number of breakpoints along a breakpoint sequence
y Ordinate
ψov Symmetric bound on other vehicle heading angle
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Nomenclature

zy,l, zy,r Left and right lane bounds’ y-position in Frénet frame
z̄y Symmetric bound on nonlinear system output in y-direction
z̆ Dimensionality of nonlinear system output space
ˇ̇zx, ˆ̇zx Lower and upper bounds on nonlinear system output time deriva-

tive in x-direction
¯̇zy Symmetric bound on nonlinear system output time derivative in

y-direction
˜̇zx x-velocity sample

Vector Valued Variables

¯
Az Transformed system state matrix
j,nBx, j,nBy Basis spline evaluations along segment between nodes

¯
Nj and

¯
Nn

in x- and y-direction
j

j,nBx,
j

j,nBy Basis spline evaluations at current breakpoint k̃1,x,j along the seg-
ment between nodes

¯
Nj and

¯
Nn in x- and y-direction

n
j,nBx,

n
j,nBy Basis spline evaluations at current breakpoint k̃1,x,n along the seg-

ment between nodes
¯
Nj and

¯
Nn in x- and y-direction

¯
Bv Transformed system input matrix
4

¯
B� Basis spline evaluations

¯
b�(

¯
τ�)

¯
c� Coefficients of spline s�(·)

j,n¯
c̃x, j,n¯

c̃y Spline coefficients between nodes
¯
Nj to

¯
Nn in x- and y-direction

j¯
c̃x, j¯

c̃y Coefficients of node
¯
Nj in x- and y-direction

¯
c̃x,¯

c̃y Spline coefficients of current edge in x- and y-direction

¯
ξ0 Initial nonlinear system state

¯
ξ′ Nonlinear system state at next time step
∆

¯
k Interval between the nodes’ current and next breakpoints

¯
k� Knots of spline s�(·)

¯
k̃� Knot averages of spline s�(·)

¯
k�4 Combined knots of splines s�(·) and s4(·)

¯
k0H Single segment between initial breakpoint and prediction horizon
j¯
k� Breakpoints of spline js�(·) at time step tj

j¯
kxy Combined breakpoints of splines jsx(·) and

j
sy(·) at time step tj

¯
k� Breakpoints of spline s�(·)

¯
k�4 Combined breakpoints of splines s�(·) and s4(·)

¯
k̃x,j, ¯

k̃y,j Breakpoint sequences at node
¯
Nj in x- and y-direction

¯
ΛTx

Lagrange multipliers terminal manifold in x-direction

¯
N Graph nodes

¯
o Optimization variables

¯
p Nodes’ predecessor indices

¯
q
x
,
¯
q
y

Polynomial coefficients in x- and y-direction

¯
t Monotonously increasing time sequence

¯
T¯
b�

¯
b4

Coefficient transformation from basis of spline s�(·) to basis of
spline s4(·)

viii



Nomenclature

j,n¯
T̃¯
b�

¯
b4

Coefficient transformation from basis of spline s�(·) to basis of
spline s4(·) between nodes

¯
Nj and

¯
Nn

¯
τ� Monotonously increasing time sequence along spline s�(·)

¯
V N Costs at nodes

¯
N

j ¯
w� Continuities along breakpoints of spline js�(·) at current time step

tj

¯
w� Continuities at breakpoints of spline s�(·)

¯
w�4 Combined continuities of splines s�(·) and s4(·)

¯
χ
x
,
¯
χ
y

Nodes’ placements along the breakpoint sequence of a candidate
spline in x- and y-direction

¯
zx,0,¯

zy,0 Transformed system state initial boundary values in x- and y-
direction

¯
zx,T,¯

zy,T Transformed system state terminal boundary values in x- and y-
direction

˜
¯
zj Transformed state prediction beyond the prediction horizon
˜
¯
zm,j Other vehicle prediction beyond the prediction horizon

¯
z̃x,j,¯

z̃y,j States corresponding to node
¯
Nj in x- and y-direction

Scalar Valued Functions
aidm,m(·) Acceleration of the m = 1, 2, . . . , ηov other vehicles according to

intelligent driver model
ax(·), ay(·) Vehicle accelerations in x- and y-direction
ãx(·), ãy(·) Accelerations from constant velocity in Frénet frame in x- and

y-direction
αf(·), αr(·) Front and rear tire slip angles
αj(·) Monotonously increasing functions j = 1, 2, 3, 4
β1(·) Positive definite function
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vehicle
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leading vehicle
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F (·) Terminal cost
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1
Introduction to Optimal Control for

Automated Driving

1.1. Motivation

The possibility of automating the driving task promises to improve the issues faced in
today’s traffic. In Germany, 291 890 personal injuries have been reported in road traffic
in 2023 [Fed24]. Another issue is the time lost due to traffic congestion on highways and
in cities. The highest time lost per driver in traffic congestions, with 148 h on average in
2021, is observed in London [Pis21]. Shared automated vehicles are expected to reduce
the demand for individual mobility [FK14], resulting in lower traffic densities and air
pollution. Furthermore, shared vehicles require less parking space, potentially reducing
the issue of cruising for parking [Sho06].

level 0

no
automation

level 1

driver
assistance

level 2

partial
automation

level 3

conditional
automation

level 4

high
automation

level 5

full
automation

driving task automated partially driving task automated entirely

Figure 1.1.: Overview on automated driving levels [SAE21].

The degree of automation is categorized into six levels [SAE21], shown in figure 1.1. The
adaptive cruise control and the lane-keeping assistant are examples of level 1 automations.
When engaged in combination, they may fall into level 2. Also, parking assistants can
perform the control task in longitudinal and lateral directions, enabling the vehicle to drive
into a parking spot. However, the driver still has to monitor level 1 and 2 automations.
Starting at level 3, the driver is relieved from the task for a limited time. A certified level
3 automation is available to consumers already [Mer23]. A level 4 automation operates in
an operational design domain (ODD) without driver intervention. Serveral companies, like
Waymo [Lie25] and Cruise [Bel21], are offering level 4 automated taxi services, providing
evidence of the technology’s applicability on a large scale. Because of the large scale,
incidents involving the automated vehicles occur in public [She24]. However, companies
only grant limited access to performance data and technology, so the limitations cannot
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Chapter 1. Introduction to Optimal Control for Automated Driving

be fully assessed independently. Thus, research addressing open questions in the field
of automated driving is still required at public institutions, like universities. A level
5 automation has to perform the driving task safely in any ODD without any driver
intervention, which has yet to be achieved.

1.2. Automated Driving as Optimal Control Problem

The problem of automated driving can be understood as a control problem. Based on the
estimated environment state and the target, the steering, throttle, and brake commands
are determined repeatedly to stabilize the automated vehicle in the given target. Therefore,
it is necessary to know the road network, stay on the road, and avoid collisions with vehicles
and obstacles. Simultaneously, traffic rules have to be considered while implementing a
compromise between progress toward the target and the passengers’ comfort perception.
An optimal control problem (OCP), like problem 1.2.1, is one way to formalize the control
problem.

Problem 1.2.1 (Optimal control problem): The OCP seeks a function of the control
inputs

¯
u : R 7→ U in the control input space U and the vehicle state

¯
ξ : R 7→ C in the state

space C as solutions to

min
¯
ξ(t),

¯
u(t),T

F
(
¯
ξ(T)

)
+
∫ T

0
l
(
¯
ξ(τ),

¯
u(τ)

)
dτ, (1.2.1)

subject to

¯
hξ
(
¯
ξ(t),

¯
u(t)

)
≥ 0, ˙

¯
ξ(t) =

¯
f
ξ

(
¯
ξ(t),

¯
u(t)

)
, t ∈ [0, T],

¯
ξ(T) ∈ T ,

¯
ξ(0) =

¯
ξ0.

(1.2.2)

The constraints (1.2.2) usually consider a model of the control system, which is frequently
described by an ordinary nonlinear and continuous differential equation in the automated
driving context. The function

¯
f
ξ

: C × U 7→ C maps the state and input to the state’s
time derivative. In addition, the constraints consider the current vehicle state

¯
ξ0 ∈ C

and ensure the state at the trajectory end is located in the compact terminal set T ⊂ C.
The terminal set also includes the vehicle’s target. The inequality constraint function

¯
hξ : C × U 7→ Rh̆ with h̆ ∈ N0 constraints keeps the trajectory collision-free, enforces
limitations on the control input and states, and fulfills further design-specific criteria. The
cost functional comprises the continuous running cost l : C × U 7→ R+ and the continuous
terminal cost F : C 7→ R+. The running cost implements the passengers’ preferences
for comfort and progress. The terminal cost guides the control algorithm through the
terminal set to the target by providing a cost-to-go estimate beyond the control horizon
T ∈ R+. The shapes of other vehicles and obstacles considered in the constraints separate
the free space, so multiple options exist to traverse the state space toward the destination.
The options introduce a combinatorial aspect to the control problem. A controller that
solves the OCP in each time step, allowing a reaction to environmental changes, is called
model predictive control (MPC).
Due to its complexity, the control problem is usually simplified by decomposing it into
subproblems. The subproblems are solved by specialized algorithms. An unidirectional
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1.3. Research Questions and Contributions
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Figure 1.2.: Hierarchy for automated vehicle control.

information flow results in a modular, hierarchical algorithm structure. Figure 1.2 shows
a possible structure of the control hierarchy, based on [Pad+16]. Each module acquires
a less abstract representation of the automated vehicle’s next action from the left to the
right. The route planning module determines a path through the road network, passing
targets along the path sequentially to the behavior module. The targets are called global
targets (GTs). The behavior module’s task is to specify a maneuver, encoded as an local
target (LT). A sequence of LTs guides the vehicle between steady behaviors toward the
current GT. Because the GT is also an LT, the GT resembles the last element along the
sequence. The targets are composed of a lateral and a longitudinal component. The lateral
component specifies a lane to drive in. The longitudinal one specifies the velocity to drive
or the vehicle to follow. The motion planning module determines the concrete execution
of the maneuver in terms of the future trajectory. Finally, the feedback control module
provides control inputs, so the automated vehicle tracks the given solution trajectory. In
this work, the automated vehicle controlled by the developed MPC is referred to as the
ego vehicle (EV).
The requirements each module has to fulfill, as well as their interfaces, are specific to the
control hierarchy implementation. Thus, the hierarchical framework should be understood
as a guideline to structure the overall control problem. While the modules operate with
a top-down information flow, each one has to be designed considering the requirements
and limitations of the subsequent module. The behavior module should not command a
maneuver the motion planning module cannot execute. Conversely, the behavior module
should not reject a maneuver in the motion planner’s capabilities.

1.3. Research Questions and Contributions

This work aims to design and implement an MPC for solving the tasks of the behavior and
motion planning modules formalized in an OCP. The problems considered in the MPC
design are condensed into the following overarching research questions:

1. How can an OCP be designed to consider the objectives and rules of automated
highway driving while stabilizing the EV in a target not reachable within the planning
horizon?
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2. How can an OCP that includes discrete and continuous decision variables be solved
efficiently?

3. How does the control performance scale with the algorithm complexity?

In answering the research questions, this work describes contributions in the following
areas:

Spline-Based problem formulation

The solution trajectory and all inequality constraint functions are parameterized by poly-
nomial splines in basis form. Since this work only refers to polynomial splines, such
functions are called splines for brevity. The parameterization leverages the differential
flatness property of a dynamic vehicle model to ensure a dynamically feasible trajectory
while avoiding errors due to numerical integration. Since the splines always stay in the
convex hull spanned by their control points, the constraints are fulfilled at all times if
the splines’ control points are feasible. However, the spline parameterization limits the
OCP to a polynomial constraint and cost formulation in dependence on the trajectory.
This work proposes a spline-based formulation of the OCP, considering the objectives and
constraints required for automated driving in normal highway scenarios. The trajectory
is described in a road-aligned reference frame, introducing nonpolynomial functions to
the constraint formulation. A simplification of the constraints to polynomial functions is
proposed while preserving feasibility.

Stabilizing terminal set and cost

The GT might not be reachable in the control horizon if other vehicles are present. A
disconnected terminal set is designed to satisfy the need for progress and comfort equally
under the given environment restrictions. Each subset resembles an LT in case the current
GT is out of reach. The terminal cost is designed under simplifying assumptions to guide
the decision on the current LT to progress toward the GT.

Recursive feasibility

The solution trajectory is planned in a shrinking horizon manner. It is truncated at
each time step to preserve the remaining part of the previous solution trajectory using a
nonuniform spline parameterization. Thus, the MPC is guaranteed to return a feasible
trajectory under nominal conditions if a feasible solution exists at the initial time step.
Still, the algorithm can improve the trajectory if a better solution exists. In addition,
a strategy for removing the splines’ breakpoints is proposed accounting for a minimum
distance between breakpoints.

Hierarchical combination

The MPC has to efficiently solve an OCP for discrete and continuous decision variables
while achieving a high control performance. Therefore, two solution algorithms are im-
plemented and combined hierarchically. At the first stage of the hierarchy, the global
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1.4. Outline

planner (GP) decomposes the state space and time into a discrete set. Subsequently, the
solution trajectory and the LT are found in a graph of candidate trajectories. The GP
can efficiently solve the combinatorial task. However, the GP’s computational complexity
is only tractable with a low-density discretization of a low-dimensional state space. In the
second stage, the local planner (LP) provides a more accurate solution to a given LT. The
LP solves a nonlinear program (NLP) that is subject to the same cost and constraints
as the GP. Therefore, the GP can always provide a feasible initial guess to the NLP,
allowing an efficient and reliable optimization. A solution trajectory selection combines
the advantages of both stages by assessing the solution trajectories’ cost and feasibility.
The selection maintains a feasible solution even if one of the stages fails to find a feasible
trajectory.

1.4. Outline

The following outline provides an overview of the individual chapters and their contribu-
tions to this work:

Chapter 2 provides an overview of the literature addressing the problem of trajectory
planning for automated highway driving. However, the mentioned literature does not
consider the semi-infinite constraints arising in a continuous-time OCP. Solution methods
to semi-infinite programs (SIPs) are introduced, focussing on works utilizing the convex
hull property of a spline trajectory parameterization and its application to robotics and
automated driving.

Chapter 3 introduces the simulation environment and the coordinate frames used in the
subsequent chapters. It also provides the required background on system stability. The
notion of differential flatness is introduced and used to invert a dynamic vehicle model.
Afterward, an introduction to splines in basis form is provided. The splines enable a
feasible solution to SIPs with a finite constraint set.

Chapter 4 transforms the general OCP into a SIP, describing the optimal EV trajectory.
Initially, the development criteria for the trajectory planning algorithm are introduced.
The criteria include driving objectives, stability conditions, and complexity requirements.
The general OCP is concretized by defining the terminal set, the running cost, and the
incorporation of other vehicles. The trajectories in the OCP are parameterized with
splines, allowing it to be transformed into a SIP.

Chapter 5 defines the semi-infinite state and input inequality constraints in the SIP.
Nonlinear equations due to the vehicle model are conservatively approximated by polyno-
mial functions, aiming at a spline-based constraint parameterization. The approximation
compromises the feasible space and the complexity of the constraint function.

Chapter 6 describes the numerical optimization-based LP and the transformation of the
SIP into an NLP. The state and input constraints are parameterized with splines that
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are coupled with additional equality constraints. A breakpoint adaption strategy in a
shrinking horizon control scheme is introduced to ensure the planner’s recursive feasibility
during the convergence into the current LT. Finally, the chapter evaluates the LP’s control
performance and stability properties in two highway scenarios.

Chapter 7 describes the sampling-based GP, which decomposes the state space and the
time into discrete sets. The sets implicitly define a graph of candidate trajectories, which
are explored by a shortest-path search algorithm considering the same cost and constraints
as the LP. The graph search enables the selection of the current LT by integrating the
guiding terminal cost into the node expansion process.

Chapter 8 introduces the terminal cost using simplifying assumptions on the future
motion of the other vehicles to converge to the GT likely. The cost definition is based on
stabilizing control sequences, determined for four scenes that terminate in the GT. The
GP’s ability to select reasonable LTs and its complexity and performance are analyzed in
open-loop control on several highway scenario variations.

Chapter 9 combines the LP and the GP in a two-stage algorithm. The LP’s recursive fea-
sibility is retained, and the GP’s solution trajectory and LT are leveraged for initialization.
The two-stage algorithm’s control performance, system stability, and computational com-
plexity are analyzed in closed-loop control in several highway scenario variations. Based
on the results, the algorithm’s compliance with the development criteria is discussed.

Chapter 10 concludes this work with a summary of the concepts and results presented
in the previous chapters and suggests potential future works.
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2
Related Work

This work formalizes the tasks of the behavioral layer and the motion planner as OCPs,
while other works take different approaches. Some authors propose defining the behavioral
layer with hand-crafted rules. Rules have the advantage of allowing the direct implemen-
tation of the expert’s desired behavior. The rules are implemented in a state machine
[Zie+14b] or in dependence on the vehicle state [Nil+16]. Still, the expert might be
uncertain about the desired behavior and its quantification. Thus, learning the rules from
demonstrations by approximating the solution to a classification problem [Val+17] can be
more intuitive.

The task of the motion planner can also be understood as a classification task. Do et al.
[Do+13] select spline control points from obstacle boundaries of maximum distance from
a separating plane. Alternatively, a regression problem is solved to approximate human
demonstrations. Therefore, the parameters of a function are determined that maps from
the vehicle environment to the output trajectory [Ban+19].

The mentioned approaches may be intuitive when formalizing the driving task. However, a
generalization beyond the considered scenarios that ensures safety at sufficient performance
is challenging. Thus, several contributions in the behavior and motion planning literature
propose algorithms to solve an OCP formalization. The first section 2.1 provides an
overview of the related work proposing OCPs and online solution algorithms in the
context of automated driving. In line with this work’s contributions, the focus is placed on
contributions in the used solution algorithm and the integration of the environment model,
the vehicle model, and the passenger preferences in the OCP. Conversely, contributions
focusing on replicating human driving behavior [Nau+20], distributed control [Xie+22],
interaction-aware planning [Sad+16], path planning [Zie+08], and robust or stochastic
MPC [Brü+18] are out of scope. Also, contributions generating a solution trajectory or
target based on offline approximations to OCP solutions without an additional selection
algorithm, like in [Mog+21], are not considered.

Ensuring a collision-free and dynamically feasible solution trajectory is a challenge in
MPC design. Such constraints are generally time-continuous, requiring the solution to
a SIP. Section 2.2 provides an overview of methods for solving SIPs. A special focus is
placed on applications in robotics and automated driving that employ the convex hull
property of a spline-parameterized trajectory.
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Chapter 2. Related Work

2.1. Trajectory Planning for Automated Driving

Solution methods for the OCP described in problem 1.2.1 are categorized into three groups
[Die+06]: direct methods, indirect methods, and dynamic programming (DP).
The direct methods transcribe the OCP into a finite-dimensional optimization problem
by discretizing the state and input trajectories over time. A numerical optimization
algorithm solves the problem. Established direct methods include direct single shooting,
direct multiple shooting, and direct collocation. The resulting optimization problems
differ in sparsity, the number of constraints, and optimization variables.
Indirect methods solve the OCP by deriving a boundary value problem (BVP) from the
necessary optimality conditions [Föl94]. Pontryagin’s maximum principle [Pon+62] allows
the incorporation of inequality constraints. While the indirect methods may achieve a
more accurate solution than the direct methods, changes in the active constraints require
reformulating the BVP. In addition, numerically solving BVPs with strong nonlinear
dependencies can be a challenging.
DP relies on a recursive solution of subproblems to the OCP, following the principle of
optimality [Bel54]. The Hamilton-Jacobi-Bellman (HJB) equation provides the necessary
condition in the continuous-time case, resulting in a partial differential equation. However,
the computational complexity of numerical solution algorithms grows exponentially with
the state space dimensionality.
The trajectory planning literature for automated driving frequently implements a solution
algorithm by combining the three methods. This review categorizes the literature based
on the solution algorithms’ characteristics into numerical optimization and sampling,
similar to the taxonomy proposed in [Pad+16; Gon+16; Cla+20]. The additional category
hierarchical algorithms combines the algorithms from the previous categories hierarchically.

2.1.1. Numerical Optimization

The solution algorithms of the first category employ numerical optimization, which resem-
bles the application of the direct methods. A challenge in automated driving is designing
differentiable cost and constraint functions that accurately model vehicle dynamics, objec-
tives, and the environment. The choice of optimization algorithm depends, among other
things, on the function types. The increasing function complexity improves accuracy but
raises computational effort.
Nonlinear constraints and cost permit a nonlinear vehicle model, like a four-wheel dynamic
model [Car+13] or the dynamic single-track model [Sch+18], which is required at high
vehicle speeds and accelerations. Nonlinear functions also enable nonlinear transforma-
tions, like the projection of the vehicle configuration on a reference path [WL12]. Instead
of a nonlinear differential equation, one can consider a nonlinear model via its differential
flatness property, which many vehicle models exhibit. Leveraging the property reduces
the number of optimization variables and the effort for numerical integration. A linear
model is chosen in [Zie+14a], and the vehicle’s nonholonomic properties are enforced
with nonlinear constraints. The environment is modeled accurately with polygonal chains.
The resulting NLP is generally solved using one of the free available sequential quadratic
programming (SQP) [BW12] or interior point implementations [WB05]. Some works pro-
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pose an optimization algorithm tailored to their problem, like an adapted SQP algorithm
[Car+13].
The previously mentioned works consider strictly enforced hard constraints. Alternatively,
constraints can be considered soft by introducing them as penalty terms into the cost func-
tion. Thus, they are not guaranteed to hold but allow solving the NLP efficiently. Also,
they cannot fail to converge due to an infeasible problem formulation. Some works formu-
late an unconstrained NLP by encoding the environment model as a potential field, which
is integrated with a dynamic double-track model into the cost function [Göt+15]. Other
works [Kel+14; Ulb+17] assume a differentially flat vehicle model, similar to [Zie+14a].
The potential field is also combined with a spline parameterization to reduce the number
of optimization variables [Göt+17].
Although NLPs can be solved efficiently they might be too computationally expensive.
Alternatively, the less complex quadratic program (QP) uses a quadratic cost function
and linear constraints. One possibility for an environment design is the direct formulation
with linear constraints [Nil+15]. Planning in the Frénet frame [Ple17] reduces the environ-
mental complexity on curved roads. Another approach decomposes the motion into two
sequentially solved QPs [Nil+17]. Successive linearization utilizes the optimal trajectory
from the previous time step to locally linearizing nonlinear constraints [Yi+16; Don+20].
All the mentioned works find the local optimal solution with gradient-based optimization
algorithms. However, the discrete decisions necessary for driving introduce multiple locally
optimal solutions. Integer variables can encode the decisions to activate piecewise linear
constraints in a mixed-integer quadratic program (MIQP). The integer variables decide
on which side to overtake other vehicles [Par+15] or to incorporate traffic rules [Qia+16a].
However, the number of possible QPs grows exponentially with the number of integer
variables. Consequently, only problems with few integer variables are tractable for online
solutions.

2.1.2. Sampling

Algorithms from the second category sample states or inputs from probability density
functions. A graph of trajectory segments is constructed to find the optimal solution with
a shortest-path search algorithm. While the solution is the global optimal one among the
candidates, the computational effort scales poorly with state space dimensionality. The
following sections distinguish between graph search and incremental search approaches.

Graph Search

The graph search approaches draw a finite set of samples, resembling nodes in a graph
of candidate trajectories. In the most basic form, the initial state is connected to a
set of terminal states, resulting in a graph of depth one. Some works discretize the
input acceleration and steering angle to form tentacle-shaped trajectories composed of
circular paths and linear velocities [Hun+08]. Others propose discretizing the average
tire slip and the steering angle to generate trajectory candidates by simulating a dynamic
vehicle model [Kel+15]. If the state space is discretized, the trajectory candidates can
be steered toward specific regions in the state space. Werling et al. [Wer+12] connect
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the vehicle state to a discretized terminal manifold in the Frénet frame with polynomials
of degree five. The polynomials are determined efficiently by solving a linear equation
system and are optimal in a squared-jerk manner [Tak+89]. The latter fact ensures
time-consistent planning results, while terminal cost supports convergence into a given
target. Rathgeber et al. [Rat+15] use polynomials of degree seven similarly. In contrast,
the trajectories are evaluated for feasibility in the Frénet frame, assuming a low road
curvature. The generation of more complex trajectory parameterizations with additional
degrees of freedom involves solving QPs. Multiple QPs can be solved for optimal spline
candidates, which are checked for feasibility using the differential flatness of the kinematic
bicycle model [Sch+16]. Lateral polynomial candidates are generated by [Lim+21], similar
to [Wer+12]. Conditioned on the respective lateral candidates, QPs yield the longitudinal
candidates constrained to a longitudinal driving corridor. Several publications solve
NLPs to find solution candidates. Multiple collision-free and dynamically feasible driving
corridors are identified in [Sch+23]. An NLP is solved for each corridor to find the optimal
trajectory. Adajania et al. [Ada+22] simultaneously solve for multiple splines, subject to
dynamic and collision constraints via a tailored parallelized optimization algorithm.
Planning algorithms may connect the samples to a more complex graph, frequently result-
ing in a lattice shape. The most basic shortest-path search explores the graph exhaustively
in a breath-first manner. State samples are connected offline by polynomial segments to
form a lattice on a reduced state space in [ZS09], which is searched online. In [Lie22],
the lateral states form a lattice, while the longitudinal ones form a tree. QPs are solved
for spline candidate trajectories, considering the differential flatness of a dynamic vehicle
model. The shortest-path search can be focussed on promising parts of the graph via a
priority queue of nodes to process. The direct implementation of the DP principle priori-
tizes the nodes by the cost from the start [Qia+16b]. An additional cost-to-go estimate is
leveraged by the A* search algorithm [Har+68] and its variants. Likhachev and Ferguson
[LF09] propose an anytime variant of A* to find a feasible solution quickly. The search is
guided by two cost-to-go heuristics, which are chosen depending on the obstacle density.
A Hybrid A* algorithm [Dol+08] is applied by [Aja+18], guided by a cost-to-go estimate
based on the shortest path in a simplified graph.

Incremental Search

Graph search approaches may produce suboptimal solutions due to their resolution com-
pleteness. Incremental search algorithms, which are frequently probabilistically complete,
refine the graph with new state samples. Thus, they find a solution if one exists, given
sufficient time, which is limited in practice. In works for on-road trajectory planning, vari-
ants of the rapidly exploring random tree (RRT) algorithm [LaV98] are frequently applied.
Contributions in this category focus on integrating the vehicle model and the probability
density function design to guide the search in structured environments. Kuwata et al.
[Kuw+09] propose the closed-loop RRT. Samples are drawn from Gaussian distributions,
adapted to the environment model and the intended maneuver. A linear segment connects
the tree’s next node to the state sample. The line is turned into a dynamically feasible
trajectory by simulating a controlled kinematic vehicle model. L. Ma et al. [Ma+15] ex-
tend the ideas, and reduce the running time by connecting the tree directly with the goal
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state. In addition, the algorithm is initialized with maneuver-specific offline-generated
trees. A different incremental approach is proposed by [Die+23]. They sample actions
from a stochastic policy learned on human demonstrations, which are applied to a world
model to generate the next state. In addition, the control horizon is extended by a learned
terminal cost function.

2.1.3. Hierarchical Algorithms

Combining sampling and numerical optimization algorithms hierarchically takes advantage
of their opposite properties. The solution of a planning algorithm is passed to the next one
for improvement and to simplify the problem to solve. This section reviews contributions
that combine sampling and numerical optimization hierarchically.
Some approaches simplify the trajectory planning task by finding the optimal path first
and assigning time information later. A two-step path planning algorithm is used by
[Qia+16b]. First, the best piecewise linear collision-free path is found in a lattice. The
path initializes a soft-constrained NLP to determine the optimal spline parameters via
derivative-free local optimization. Finally, the optimal velocity is determined by solving
another NLP subject to dynamic constraints. The path and velocity optimization is
also designed hierarchically by [Fan+18]. First, the optimal path is found in a lattice of
polynomial path segments via a DP search, which is refined by solving a QP considering
a piecewise linear driving corridor. Then, the optimal velocity trajectory is found in a
lattice on discrete times and positions, and improved similarly by solving a QP. Luo et al.
[Luo+22] decompose the environment into trapezoidal cells. The cell edges form a graph
of piecewise linear paths. The optimal path and the corresponding corridor act as an
initial guess to a QP to find the optimal spline path. The velocity optimization follows the
two-stage approach in [Fan+18]. In contrast, the trajectory is fully spline parameterized
in [Luo+22].
While the path-velocity decomposition can achieve low computational complexity, the
accuracy of the solution is limited. Therefore, approaches are proposed that efficiently
solve for the trajectory in a combined manner. In the first stage proposed in [Lim+18],
the optimal sequence of linear path and velocity segments is found in a lattice. The second
stage solves an NLP to find the optimal trajectory with additional degrees of freedom
in a collision-free corridor. Yi et al. [Yi+19] propose first exploring all homotopy classes
in dynamic traffic in the sense of [Ben+15]. All trajectories connecting the same start
and end states, which can be continuously deformed into each other, are homotopic and
belong to the same homotopy class [Hat01, pp. 25–26]. Then, the optimal trajectory in
each homotopy class is obtained with numerical optimization. The optimal trajectory
among all homotopy classes is selected. An NLP is solved if a critical situation occurs,
considering a dynamic vehicle model and more accurate vehicle shapes. In contrast to
other contributions, a selection mechanism is proposed by [KD16] to decide on the initial
guess for the second stage. Either the result of the first stage or the previous optimal
trajectory is passed to the second stage. The decision is based on the solution trajectory
cost in the current scene. The first stage uses the algorithm from [Wer+12], while the
second stage employs nonlinear numerical optimization to find the optimal polynomial,
considering the same cost and similar constraints. However, the terminal cost is only
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designed as a short-term cost estimate beyond the horizon and does not allow far-sighted
maneuver decisions. Also, the degrees of freedom are limited to polynomial trajectories.
Some contributions propose applying an incremental search algorithm in the first stage.
The RRT* algorithm [KF10] is applied to find the optimal path based on the previously
optimal one [Le+19] . An NLP is solved to refine the initial path and to obtain the optimal
velocity. A suboptimal and collision-free trajectory, which is composed of piecewise linear
segments, is found by [Li+20] with RRT*. A QP is solved by considering a collision-free
corridor, to achieve a dynamically feasible trajectory.

In summary, many efficient trajectory planning algorithms for automated driving are
proposed. The hierarchical combination of algorithms can reduce the computational effort
of the distinct algorithms while improving the robustness. The combination of algorithms
from different categories aiming at a low computational complexity has received much
attention. However, the proposed stages consider different constraints and, with the
exception of [KD16], different cost. Thus, the initialization of the second stage is likely
suboptimal or even infeasible. Additionally, the potential lack of a solution at any stage
and recursive feasibility are not addressed. Maneuver decisions of global optimal solution
algorithms are usually based on the running cost, but do not leverage terminal cost. To the
best knowledge of the author, no approach guides the maneuver decisions by systematically
derived terminal cost in a hierarchical algorithm.

2.2. Semi-Infinite Programming for Spline-Based Trajectory
Planning

The majority of the trajectory planning literature for automated driving does not address
the continuous-time nature of the constraints in equation (1.2.2). Inequality constraints
are enforced at discrete time steps, but the feasibility between them is not guaranteed. The
OCP becomes a SIP if it is transcribed to an optimization problem with a finite number of
variables, while retaining the continuous-time constraints. However, the problem cannot be
solved directly by an optimization algorithm. This section reviews numerical methods for
solving SIPs, focusing on their application in optimal control for robotics and automated
driving using the spline convex hull property. Reemtsen and Görner [RG98] distinguish
between discretization, local reduction, semi-continuous, and hybrid methods. An overview
of methods considered in this review is provided in figure 2.1.
The discretization methods solve a sequence of finite-dimensional optimization problems
with an evolving time grid. The grids are pre-determined or adapted based on previous
solutions, converging to the SIP solution as the grid density increases. Exchange methods
[HK93, sec. 7.1] are a type of discretization method where grid points are added and
removed in each iteration. Discretization methods typically achieve an approximate
solution outside the feasible set with a given accuracy. Also, they are applicable to a wide
range of SIPs without the need to modify the directly transcribed optimization problem.
However, solving a SIP becomes computationally expensive if a high accuracy is required
due to the large constraint set. Two algorithms, [Het86] and [Ree91; Vaz+01], employing
the discretization method are applied in [Vaz+04] to control a robotic manipulator in
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Figure 2.1.: Overview on solution methods for SIPs.

minimum time. Both algorithms are used to solve nonlinear SIPs. The algorithms are
based on a sequence of increasingly refined time grids defined a-prior. Semi-infinite linear
constraints, resulting from an unmanned aerial vehicle (UAV) flight corridor, are enforced
by [Che+16] on an iteratively refined grid. The grid points are located at the constraints’
extrema. In this case, a zero constraint violation is achieved for a sufficiently dense grid.
The local reduction methods rely on the principle of local reduction [HJ78]. The principle
states the necessary conditions for locally approximating the SIP active constraint set
with a finite set of constraints. The finite set is given by the global minimizers of the
semi-infinite inequality constraints with respect to time. The solution to the reduced
problem coincides with the solution to the SIP. While the local reduction methods can
achieve a more accurate solution than the discretization methods, solving for the global
minimizers of the constraint functions may be intractable. One can distinguish between
locally convergent and globalized methods. Locally convergent methods require an initial
guess near a SIP local minimizer, so local optimization is sufficient for convergence. New
constraint evaluation points are determined in each iteration after solving the reduced
problem. Globalized methods determine a new reduced problem in each iteration after
searching for all local constraint minima. The current global constraint maximizers are
adapted locally in an inner loop while solving the reduced problem. The work [Due+17]
implements the globalized reduction to plan a collision-free trajectory among circular
obstacles. Polynomials approximate the constraints on a finite set of time intervals.
The semi-continuous methods include all methods that neither rely on local reduction
nor on a time grid. Generally, they achieve an approximate solution inside the feasible
set by solving a time integral or bounding the constraint minimizers. Sums-of-squares
(SOS) decomposition is applied to enforce the positivity of linear constraints that bound
a polynomial trajectory and its time derivatives [HL06]. The decomposition results in a
semi-definite program subject to linear matrix inequalities. The approach is generalized
to splines by [Lou+10]. Interior point methods introduce the time integral over a barrier
function into the cost, which diverges as the constraints become violated. This approach
is applied in [Zha+24] to plan collision-free trajectories for a robotic manipulator. Schoels
et al. [Sch+20] apply forward reachability analysis to inflate a circular robot shape at
each time interval on a grid. The inflated shape considers all reachable robot positions,
assuming a bounded velocity and acceleration. Formulating collision constraints on a
swept volume can also be considered a semi-continuous method. The linear interpolation
between convex shapes performed by [Sch+13] prevents the collision of a robot manipulator
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with the environment. Interval analysis [Moo66; AM00] is used to bound the constraint
functions’ extrema on a discrete set of time intervals [Len+11]. The convex hull property
of a spline trajectory in basis form [Boo01, B-spline prop. (ix)] is used for solving SIPs
by formulating linear constraints on the spline coefficients [Sur+10]. The authors also
propose a basis function segmentation to express the splines’ time derivatives in terms
of the spline coefficients. Thus, bounding linear transformations of the spline coefficients
result in a QP to find an inner approximation to the SIP solution. The approach is
extended to polynomial constraints, so a QP is retained at the cost of solution accuracy.
A spline interpolation is proposed by [Loo+15b] to describe polynomial constraints with
equivalent splines in basis form, which may yield an NLP. Spline derivatives are computed
via a linear transformation resulting from the differentiation property [Boo01, B-spline
prop. (viii)]. They also introduce degree elevation and knot insertion to increase the
solution accuracy. While not exhaustive, the overview highlights methods commonly used
in robotics and automated driving.
Since reduction-based methods are most efficient near the optimal solution, combining
them with one of the other methods to a hybrid one seems reasonable. The combination
is typically performed in multiple phases. The results of the earlier phases are used in the
locally convergent methods in the later phases.
The following sections review recent works on applying the convex hull property to solve
SIPs resulting from OCPs in the context of robotics and automated driving. The works
are organized in the solution algorithm categories introduced in the preceding section 2.1.

2.2.1. Numerical Optimization

The methods for polynomial constraint formulation proposed in [Loo+15b] are applied to
the parameterization of a holonomic mobile robot’s position [Mer+17]. They contribute
a minimum-time OCP, transcribed into an NLP, considering semi-infinite constraints on
the position’s time derivatives and the robot shape. The latter constraints are imple-
mented with convex obstacle shapes via a spline parameterized separating hyperplane.
Time scaling is applied to pre-compute the coefficient transformations in the constraint
formulations. A trajectory parameterization designed for nonholonomic vehicles retains
polynomial collision constraints while considering the robot’s orientation [Mer+18b]. The
application is extended to minimum time control of a robotic manipulator and a UAV
in a constrained three-dimensional environment [PP17]. The work [Sto+16] also applies
separating hyperplanes to find the optimal collision-free trajectory for a UAV. In contrast
to the work of [Mer+17], each spline segment is assigned a separating hyperplane subject
to optimization. The solution to an NLP is compared with the less accurate solution
to a MIQP [Sto+15]. Separating hyperplanes are also used to enforce non-convex input
constraints to a UAV in combination with a piecewise linear approximation to polynomial
constraints [Sto+17].
Restricting the trajectory to pre-computed corridors is frequently used to implement col-
lision avoidance computationally efficiently. The following approaches assign a corridor
to each spline segment in advance. Rousseau et al. [Rou+19] constraint the trajectory
to a sequence of convex corridors, connecting different kinds of waypoints for UAV cin-
ematographic flight. The minimum-time OCP is transcribed into an NLP, where each
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breakpoint is subject to optimization. The work of [FX23] uses quadratic input constraints
and piecewise linear corridors, resulting in a quadratically constrained quadratic program
(QCQP). A QP describes the optimal spline trajectory of a mobile robot in a piecewise
linear corridor in [KF18]. The problem is extended to a QCQP with semi-infinite quadratic
state and input constraints [KF17].
The spline convex hull property is also applied to solve SIPs in the context of automated
driving. A corridor of connected cubes in a voxel-based spatio-temporal semantic envi-
ronment representation is built by [Din+19b]. A Bézier polynomial is assigned to each
cube. Their coefficients are constrained inside their respective cubes and consider kine-
matic semi-infinite constraints, resulting in a QP. The idea of spatio-temporal corridors is
extended to more accurate prism shapes [Deo+23]. The nonholonomic vehicles’ spline pa-
rameterization [Mer+18b] is applied to automated highway driving in [Dor+21], resulting
in an NLP.

2.2.2. Sampling

Several works propose solving OCPs in the robotic domain, subject to semi-infinite con-
straints on a discretized state space. The work [Nat+24] extends the ideas in [Nat+21]
to an efficient parallelized trajectory planning algorithm for a robotic manipulator. The
Hybrid-A* search is performed on the state space’s subspace. An NLP with a minimum-
time quadratic cost is solved for the optimal spline using the time scaling approach each
time a new state is visited during the search. In [Tan+19], the optimal trajectory for a
UAV is found on a voxel grid with a shortest-path search. Each node expansion selects a
voxel and adds the corresponding coefficient to a uniform spline. The distance between
neighboring voxels shrinks with decreasing distance to obstacles to reduce the UAV’s
velocity. Collision and kinematic constraints are checked on the Bézier coefficients of
each segment. A RRT-based search for spline coefficients of a mobile robot trajectory is
proposed in [Sun+21]. Each node expansion adds a new coefficient to a spline candidate,
starting with the determination of the kinematically feasible set for the next coefficient.
The next coefficient is chosen as the closest feasible one to the sampled position, which
exceeds a minimum distance to obstacles. In addition, the node expansion can steer
toward the goal state by choosing the coefficient with minimum cost-to-go to the goal
state.

2.2.3. Hierarchical Algorithms

This section reviews hierarchical trajectory planning algorithms, their solution algorithms,
and approaches to reducing the distinct algorithms’ complexity. In [Mer+18a], a path
is planned through a warehouse to define a local corridor, which includes the relevant
obstacles. The path is also used as an initial guess for the minimum-time NLP described
in [Mer+18b], which is solved in the second stage. A path planning problem is solved
by [Tor+19] to decompose the environment into polygonal collision-free corridors for
a UAV. A MIQP is solved to find the optimal allocation of Bézier coefficients to the
polygonal regions. A three-stage approach is proposed in [Li+23], addressing a UAV
flight in unknown environments. The first stage plans a path through a voxel grid to
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initialize the second stage, which solves an NLP considering soft collision, velocity, and
acceleration constraints. The third stage solves another NLP to ensure dynamic feasibility
with nonuniform breakpoints. While segments can be retained to enable time consistent
planning results, this may reduce the MPC’s control performance and responsiveness to
disturbances.
If the first stage solves a path planning problem, the result is likely far from optimal or
even infeasible for the second stage. Thus, solving a trajectory planning problem at the
first stage can reduce the computational effort of the second stage even further. A non-
linear optimization algorithm especially benefits from a good initial guess. In the second
stage of the algorithm proposed in [TH22a], an NLP is solved for the optimal trajectory
of a UAV, initialized with the result of the first stage. In the first stage, the authors apply
an A* shortest-path search to find the optimal spline coefficients, considering semi-infinite
dynamic and collision constraints. A separating hyperplane between each obstacle and
each spline segment guarantees a collision-free trajectory, as in [Sto+16]. The solution
accuracy is improved with the minimum volume (MINVO) basis [TH22b], which reduces
the distance between the splines and their convex hull. A three-stage algorithm is pro-
posed in [Zho+19], similar to [Li+23]. In contrast, they solve for a dynamically feasible
and collision-free trajectory with Hybrid A* in the first stage. Subsequently, the initial
trajectory is refined by solving an NLP, subject to soft constraints, followed by a time
adjustment in the third stage. A QP with constraints on Bézier polynomial coefficients in
the second stage is solved in [Gao+18], which is based on a corridor of connected cubes.
They propose a fast marching method [Set99] in the first stage to find the minimum-time
UAV trajectory in a voxel grid. The work is extended in [Din+19a]. The first stage is
replaced by an A* search, where each node represents a sequence of spline coefficients. A
corridor is found by inflating a sequence of balls to maximum size. The second stage solves
a more complex QCQP to refine the initial trajectory. Since no Bézier coefficients are
used, additional coefficients are added iteratively to ensure a collision-free trajectory. The
sampling algorithm from [Tan+19] resembles the first stage in the hierarchical algorithm
of [Tan+21]. They include the corridor representation from [Din+19a] and solve a QCQP.
In contrast to [Din+19a], they enforce constraints on Bézier polynomial coefficients. A
four-stage planning algorithm is proposed in [WG23]. The first stage finds the shortest
path toward the goal in a voxel grid, which is used to identify keypoints to guide the
search for feasible spline coefficients in the second stage. The third stage solves a QCQP
with constraints on the splines’ MINVO basis coefficients. In line with [Zho+19], the fi-
nal stage’s time adjustment guarantees a dynamically feasible connection to the goal state.

Compared to the number of contributions in the robotic domain, only a few exist in the
context of automated driving. No contribution approximates the nonlinear constraints on
the state and input in the vehicle’s Frénet frame with polynomial functions, so feasibility is
preserved. Consistent result trajectories are only ensured by fixing entire spline segments,
like [Li+23]. No publication explicitly addresses recursive feasibility in a shrinking horizon
manner, which requires a nonuniform spline parameterization. A large portion of the
related work considers a hierarchical algorithm. Some solve the same OCP in each stage,
like [TH22a]. Still, no cost- and feasibility-based solution selection strategy is known that
achieves consistent planning results and is robust to planning algorithm failure.
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3
Fundamentals

This chapter introduces the required coordinate frames and describes the simulation
environment. Then, the notion of Lyapunov stability is introduced in the context of
this work. The following section specifies the vehicle model considered in the OCP while
showing its differential flatness property in the lane-center-aligned Frénet coordinate frame.
Finally, the required background on splines in basis form is provided.

3.1. Introduction of Coordinate Frames

This section introduces the three used coordinate frames to represent the environment
and the planned vehicle motion, which are shown in figure 3.1.
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Figure 3.1.: Visualization of the coordinate frames used in this work.

Cartesian world coordinate frame: The Cartesian world coordinate frame originates with
a fixed configuration in the world. The elevation in the world is assumed negligible for the
trajectory planning task. Thus, the vehicles move in a plane with the abscissa wx ∈ R
and the ordinate wy ∈ R.

Cartesian vehicle coordinate frame: vx ∈ R and vy ∈ R denote the axes of the Cartesian
vehicle coordinate frame. The origin is located in the controlled vehicle’s center of gravity
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(COG), and the abscissa is aligned with its longitudinal direction. The leading superscript
v� indicates the definition of a variable or function in the vehicle coordinates.

Frénet lane center coordinate frame: The vehicle motion in lane-structured environments
is usually oriented along the lane center paths. Curved roads increase the complexity of
the OCP when defined in a fixed Cartesian frame, as the allowed driving area is described
by a non-convex shape. The distance along the center of a reference lane v

p¯
p : R 7→ R2 is

denoted by γ ∈ R. By defining the OCP in a coordinate frame px ∈ R and py ∈ R aligned
to the reference path, the targets, and the driving area are expressed tangential and
normal to a lane center. The leading superscript p� indicates the definition of a variable
or function in the Frénet coordinate frame. The position trajectory v

v¯
p(t) is transformed

from the vehicle frame to the Frénet frame by a shortest distance projection onto the
reference lane center. The function γ∗ : R 7→ R denotes the arc length of the vehicle
position in dependence on time:

γ∗(t) := arg min
γ

∥∥∥ v

p¯
p(γ)− v

v¯
p(t)

∥∥∥2

2
. (3.1.1)

The origin of the Frénet frame is located next to the origin of the EV frame. The function
p
v¯
p(t) =

[
p
vpx(t) p

vpy(t)
]ᵀ

: R 7→ R2 denotes the projection of the vehicle’s position on the
reference path:

p
vpx(t) = γ∗(t)− arg min

γ

∥∥∥ v

p¯
p(γ)

∥∥∥2

2
, (3.1.2)

p
vpy(t) = v

p¯
nᵀ
(

p
vpx(t)

) [
v

v¯
p(t)− v

p¯
p
(
γ∗(t)

)]
. (3.1.3)

Functions involving the reference path’s gradient are defined in dependence on the Frénet
frame x-position. v

p¯
n : R 7→ R2 maps the arc length to the path’s normal. The lane-

relative orientation p
vψ : R 7→ R equals the difference between the vehicle orientation and

the reference path orientation v
pψ : R 7→ R:

p
vψ(t) = v

vψ(t)− v
pψ
(

p
vpx(t)

)
. (3.1.4)

3.2. Simulation Environment

The control algorithm interacts with the CARLA simulator [Dos+17]. All experiments
are carried out on a custom map, which includes a section of the A45 highway between
interchange Dortmund-West and Dortmund-Eichlinghofen [Aze+22]. The EV travels in
the southern direction along the three-lane road. An aerial view of the section is provided
in figure 3.2. Two starting points s1 and s2 are used, shown in the magnified regions. The
considered highway section is composed of three lanes with lateral positions d� ∈ R for
the left-most, the middle, and the right-most center � = lc,mc, rc relative to the center
of the right-most target lane.
The other vehicles’ velocities are controlled by the intelligent driver model (IDM) [Tre+00].
The used parameters are specified in table A.1. In addition to the original model, upper
and lower bounds on the acceleration are introduced. The EV and all other vehicles
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Figure 3.2.: Section of the A45 used for simulation with magnified starting areas, indications of
the EV’s initial pose, and labels for the distinct lanes.

are represented by an Audi A2, which is one of the models provided by the CARLA
simulation. Polygonal chains represent lane boundaries and lane centers. The positions
along the chains are queried from the simulator at fixed distances in front and behind the
EV. As the EV moves along the road, the positions are not necessarily aligned with the
ones from the previous time step, introducing uncertainty in the other vehicles’ Frénet
frame position estimate. The lane center paths are assumed parallel. Although the
assumption excludes highway entries and exits, it simplifies the otherwise curved lane
boundaries and centers to lateral offsets from the reference path in the Frénet frame.
Robustness of driving automations is necessary for a successful application and is a research
topic in itself. The simulation and the environment representation are idealized, neglecting
the uncertainty due to, for example, the environment sensing and perception. Thus, this
work focuses on the control algorithm’s performance in reaction to the road structure
and other vehicles’ behavior. Still, the transformation between the Cartesian and the
Frenét frames is approximated due to the polygonal lane representation and can, foremost,
introduce a longitudinal error. The returned reference trajectory is executed precisely, so
the vehicle state always coincides with the next state along the planned trajectory.

3.3. System Stability

The next GT along the route to the destination is passed from the route planning to the
behavior module. The vehicle is stabilized in the GT using the implicit control law

¯
cj :

[tj, tj+1)× C0 7→ U0. The MPC approximates the solution to problem 1.2.1 at each time
step of a monotonously increasing time sequence

¯
t ∈ Rt̆ of length t̆ ∈ N0. The time sequence

is growing with the time increment ∆t ∈ R+, so tj+1 = tj + ∆t for j = 0, 1, . . . , t̆ − 1.
The solution is the optimal state and input open-loop trajectory

¯
ξ∗ : [0, T]× C0 7→ C0 and

¯
u∗ : [0, T]× C0 7→ U0. The inequality constraints

¯
hξ
(
¯
ξ(t),

¯
u(t)

)
≥ 0 implicitly define the

feasible state and input sets C0 ⊂ C and U0 ⊂ U . The control law returns the segment
t ∈ [tj, tj+1) along the open-loop input trajectory

¯
cj
(
t,

¯
ξ0

)
:=

¯
u∗
(
t− tj,

¯
ξ0

)
. Starting

from a feasible initial state
¯
ξ0 ∈ C0, the EV’s closed-loop state and input trajectories
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¯
ξ
c

: N0 7→ C0 and
¯
uc : N0 7→ U0 have to stay feasible in each time step with

¯
ξ
c
(j) :=

¯
ξ0 +

j∑
n=0

∫ tn+1

tn ¯
f
ξ

(
¯
ξ(τ),

¯
cn
(
τ,

¯
ξ(τ)

))
dτ, j = 0, 1, . . . , t̆− 1, (3.3.1)

¯
uc (j) :=

¯
cj
(
tj,

¯
ξ
c
(j)

)
, j = 0, 1, . . . , t̆− 1. (3.3.2)

3.3.1. Asymptotic Stability

In addition to staying in the feasible state space, the controller has to render the GT
an asymptotically stable equilibrium. The GT is generally defined as a closed subset
Td ⊂ T ⊂ C0 of the feasible state space. Asymptotic stability applies if the definitions 3.3.1
and 3.3.2 hold for the GT.

Definition 3.3.1 (Local stability [Raw+22, def. B.4]): The set Td is locally stable for
the given system on the state space C if

∥∥∥
¯
ξ0

∥∥∥
Td
< δ is bounded by δ ∈ R+ for each ε ∈ R+,

so
∥∥∥
¯
ξ
c
(j)
∥∥∥

Td
< ε at all time steps j ∈ N0.

Definition 3.3.2 (Attraction [Raw+22, def. B.5]): The set Td is attractive for the given
system on the state space C if

∥∥∥
¯
ξ
c
(j)
∥∥∥

Td
→ 0 with j →∞ for all

¯
ξ0 ∈ C.

The local stability property requires each closed-loop trajectory originating from a bounded
initial state to stay in a region close to the equilibrium. In combination with the attraction
property, the closed-loop trajectory has to converge toward the equilibrium. The MPC
achieves asymptotic stability in the nominal case if the OCP’s minimum cost

V
(
¯
ξ0

)
:= F

(
¯
ξ∗
(
T,

¯
ξ0

))
+
∫ T

0
l
(
¯
ξ∗
(
τ,

¯
ξ0

)
,
¯
u∗
(
τ,

¯
ξ0

))
dτ (3.3.3)

resembles a Lyapunov function.

Definition 3.3.3 (Lyapunov function [Raw+22, def. 2.12]): The function V : C 7→ R+ is
a Lyapunov function for the set Td if it is bounded by continuous, strictly increasing, and
unbounded functions αn : R+ 7→ R+, n = 1, 2, 3 with αn(0) = 0

α1
(∥∥∥

¯
ξ
c
(j)
∥∥∥

Td

)
≥ V

(
¯
ξ
c
(j)

)
≥ α2

(∥∥∥
¯
ξ
c
(j)
∥∥∥

Td

)
. (3.3.4)

The positive definite and continuous function β1 : R+ 7→ R+ bounds the descent
V
(
¯
ξ
c
(j + 1)

)
− V

(
¯
ξ
c
(j)

)
≤ −β1

(∥∥∥
¯
ξ
c
(j)
∥∥∥

Td

)
. (3.3.5)

The scaled running cost with λ0 ∈ (0, 1] resembles a suitable upper bound [GP11, th. 4.11]
β1
(∥∥∥

¯
ξ
c
(j)
∥∥∥

Td

)
:= λ0l

(
¯
ξ
c
(j),

¯
uc(j)

)
. (3.3.6)

3.3.2. Stabilizing Conditions

The conditions on the minimum cost translate to conditions on the OCP elements, where

¯
ξ′ ∈ C0 denotes the state for a feasible input trajectory

¯
u(t) ∈ U0 at the end of the interval

t ∈ [0,∆t]:

¯
ξ′ :=

¯
ξ0 +

∫ ∆t

0 ¯
f
ξ

(
¯
ξ(τ),

¯
u(τ)

)
dτ. (3.3.7)
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Definition 3.3.4 (Stability conditions [Raw+22, ass. 2.14]): A function
¯
u(t) ∈ U0 exists

on the interval t ∈ [0,∆t] and for each
¯
ξ0 ∈ T , so

¯
ξ′ ∈ T , and the terminal cost decrease

with
F
(
¯
ξ′
)
− F

(
¯
ξ0

)
≤ −l

(
¯
ξ0, ¯

u(0)
)
. (3.3.8)

Also, the running cost is bounded from below for all
¯
ξ0 ∈ C0 yielding a feasible trajectory

to equation (1.2.2):
l
(
¯
ξ0, ¯

u (0)
)
≥ α2

(∥∥∥
¯
ξ0

∥∥∥
Td

)
. (3.3.9)

The terminal cost is bounded from above for all
¯
ξ0 ∈ T :

F
(
¯
ξ0

)
≤ α3

(∥∥∥
¯
ξ0

∥∥∥
Td

)
. (3.3.10)

The equations (3.3.4) and (3.3.9) establish the bound V
(
¯
ξ
c
(j)
)
≥ l

(
¯
ξ
c
(j) ,

¯
uc (j)

)
. The

running cost is usually suitable if it is a positive definite quadratic function of the state
and input [Raw+22, p. 115]. The equation (3.3.10) ensures F

(
¯
ξ
c
(j)
)
≥ V

(
¯
ξ
c
(j)
)

if

¯
ξ
c
(j) ∈ T . If equation (3.3.8) applies, the required descent in equation (3.3.5) is achieved.

Therefore, the terminal cost resembles a Lyapunov function for a distinct locally stabilizing
control law [GP11, sec. 5.3].

3.4. Vehicle Model

The vehicle model shall achieve sufficient accuracy for normal highway driving situations.
Kinematic models rely on geometric constraints and assume zero tire sideslip, which is
sufficient at velocities below 18 km h−1 [Raj06, p. 21]. Polack et al. [Pol+17] indicate the
applicability at higher velocities if the lateral acceleration is limited to 4.9 m s−2 on dry
roads. However, it is not clear how far the results generalize to different models. Dynamic
models consider the forces on the vehicle and are therefore more accurate at higher
velocities. The linearized single-track model assumes low sideslip and steering angles,
and it considers the over- or understeering behavior sufficiently accurate up to 4 m s−2

lateral acceleration [Mey15, p. 202]. Higher accelerations may require a nonlinear model.
Thus, sufficient accuracy is expected from the linearized single-track model described in
section 3.4.2.
This work uses differential flatness [Fli+92; Fli+95] to describe the vehicle’s motion with
differentiable functions, avoiding integration errors. The concept of differential flatness is
introduced, followed by the linear single-track model and its flat output inversion. The
time argument is omitted for brevity.

3.4.1. Differential Flatness

The differential flatness property allows to derive the state and input of a system

˙
¯
ξ =

¯
f
ξ

(
¯
ξ,

¯
u
)
,

¯
z =

¯
f
z

(
¯
ξ
)
, (3.4.1)

from finitely many derivatives of the flat output and vice versa. The function
¯
f
z

: C 7→ Z
maps the state to the output trajectory

¯
z : R 7→ Z in the output space Z with dimZ = z̆.
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The nonlinear system (3.4.1) is called differentially flat if a diffeomorphism
¯
Ψ : C 7→ L

exists with the transformed state trajectory
¯
z : R 7→ L:

¯
z =

¯
Ψ
(
¯
ξ
)
⇔

¯
ξ =

¯
Ψ−1 (

¯
z) , (3.4.2)

¯
z =

[
z0 . . . z

(δ0−1)
0 z1 . . . z

(δ1−1)
1 . . . zz̆−1 . . . z

(δz̆−1−1)
z̆−1

]ᵀ
. (3.4.3)

The controllability indices δι ∈ N0 denote the minimum time derivative of the ι =
0, 1, . . . , z̆ − 1 output elements zι, so an output directly depends on at least one element
of the system input. The nonlinear system’s output is described by the transformed linear
and time-invariant ordinary differential equation with the transformed input trajectory

¯
v : R 7→ Rz̆, transformed state trajectory

¯
z, and transformed state space L:

˙
¯
z =

¯
Az¯

z +
¯
Bv¯

v. (3.4.4)

The linear system is characterized by the matrices
¯
Az ∈ R˘

¯
ξ×˘

¯
ξ and

¯
Bv ∈ R˘

¯
ξ×˘

¯
z. The

output
¯
z is called flat output for the differentially flat system. The functions

¯
Φξ :

Z × Z × . . .×Z 7→ C and
¯
Φu : Z × Z × . . .×Z 7→ U map from finitely many ωz ∈ N0

output time derivatives to the nonlinear system’s state and input:

¯
ξ =

¯
Φξ

(
¯
z, ˙

¯
z, . . . ,

¯
z(ωz)

)
,

¯
u =

¯
Φu

(
¯
z, ˙

¯
z, . . . ,

¯
z(ωz)

)
. (3.4.5)

In addition, a function
¯
Φz : C × U × U × . . .× U 7→ Z exists that maps the nonlinear

system state and finitely many ωu ∈ N0 input time derivatives to the flat output:

¯
z =

¯
Φz

(
¯
ξ,

¯
u, ˙

¯
u, . . . ,

¯
u(ωu)

)
. (3.4.6)

3.4.2. Vehicle Motion Model

This section describes the linearized single-track model according to [Mey15, ch. 11-
12] assuming a constant velocity and steering angle. The model captures the velocity-
dependent turn rate neglected by kinematic models. The single-track model results from
equations describing the equilibria of forces in the x- and y-direction and the moment
equilibrium:

cFy sin βv − cFx cos βv + rFx + fFx cos δv − fFy sin δv = 0, (3.4.7)

cFy cos βv + cFx sin βv − rFy − fFx sin δv − fFy cos δv = 0, (3.4.8)
Jv

v

vψ̈ −
(

fFy cos δv + fFx sin δv
)
lf + rFylr = 0. (3.4.9)

Figure 3.3 shows the free-body model and essential quantities of the single-track model.
The functions �FO : R 7→ R describe the forces acting on the front and rear tires and
the COG � = f, r, c in O = x, y direction. The front tire rotates in the plane by the
steering angle δv : R 7→ R. The vehicle velocity vv : R 7→ R+ deviates by the sideslip
angle βv : R 7→ R from the vehicle’s longitudinal axis. The vehicle’s inertia Jv ∈ R+

counteracts the moments at the front and rear tires � = f, r, placed at distances l� ∈ R+

from the COG. The force along the COG’s direction of motion cFx = mvax depends on
the vehicle’s longitudinal acceleration ax : R 7→ R and its mass mv ∈ R+. The force in
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cFy

cFx

vv

Jv
v

vψ̈

βv
v
vψ

fFx

fFy

vf

αf δv

rFx

rFy

vr

αr

vx

vy

lr lf

Figure 3.3.: Free-body model of a single-track vehicle model. At t = 0 s, the COG is located
in the origin of the current vehicle frame, and the velocity is aligned with the frame’s abscissa.
With growing time t > 0 s, the COG and the velocity vector move along the vehicle’s future
trajectory.

the y-direction yields cFy = mvv
2
vκv. The curvature κv : R 7→ R is proportional to the

course rate κv = ( v

vψ̇ + β̇v)/vv.
In contrast to the kinematic model, the velocities v� : R 7→ R+ of the dynamic model’s
front and rear tires � = f, r are not aligned with their orientation. The tire slip angles
α� : R 7→ R describe the orientation deviation. The lateral tire force almost grows linearly
with the slip angle �Fy ≈ c�α�, considering the cornering stiffness c� ∈ R+ for tire slip
angles |α�| < 4◦. The tires’ and the COG’s velocity components tangential and normal
to the vehicle’s longitudinal axis coincide. The tangential components are given by

vv cos βv = vf cos (δv − αf) , vv cos βv = vr cosαr. (3.4.10)

In the normal direction, the rotational velocity is considered in addition to the translational
one:

vv sin βv + lf
v

vψ̇ = vf sin (δv − αf) , −vv sin βv + lr
v

vψ̇ = vr sinαr. (3.4.11)

The quotients of the directional velocity components at each tire yield

tan(δv − αf) = tan δv − tanαf

1 + tan δv tanαf
= lf

v

vψ̇ + vv sin βv

vv cos βv
, (3.4.12)

tanαr = lr
v

vψ̇ − vv sin βv

vv cos βv
. (3.4.13)

Assuming tanα� ≈ α�, tan δv ≈ δv, tan(δvα�) ≈ 0, � = f, r, cos βv ≈ 1, and sin βv ≈ βv
yields

δv − αf = βv + lf
v

vψ̇

vv
, αr = lr

v

vψ̇

vv
− βv. (3.4.14)

The linearized equations are substituted into linearizations of equations (3.4.8) and (3.4.9),
assuming fFx sin δv ≈ 0. Stationary circular driving with v̇v = 0, β̇v = 0, and v

vψ̈ = 0
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results in a linear differential equation of order one:

mvvv
v

vψ̇ − cr

 v

vψ̇

vv
lr − βv

− cf

δv − βv − lf
v

vψ̇

vv

 = 0, (3.4.15)

crlr

 v

vψ̇

vv
lr − βv

− cf lf

δv − βv − lf
v

vψ̇

vv

 = 0. (3.4.16)

The equations are solved for the heading rate with the characteristic velocity vch ∈ R+

and the wheelbase lv = lf + lr:

v

vψ̇ = vch
2

vch2 + v2
v

vv

lv
δv, (3.4.17)

vch =

√√√√ cfcrl2v
mv(crlr − cf lf)

. (3.4.18)

Steady-State Yaw Dynamics in the Frénet Frame

The vehicle shall be controlled relative to the road course, requiring a differential equation
with states in the Frénet frame. Therefore, the equation (3.1.3) is differentiated with
respect to time using v

p ˙
¯
n ( p

vpx) = −κp ( p
vpx) v

vṗx
v
p¯
t ( p

vpx):

p
vṗy = v

p ˙
¯
nᵀ ( p

vpx)
(

v

v¯
p− v

p¯
p ( p

vpx)
)

+ v
p¯
nᵀ ( p

vpx)
(

v

v ˙
¯
p− v

p ˙
¯
p ( p

vpx)
)

= vv sin p
vψ. (3.4.19)

Since the reference path’s normal and tangential are perpendicular, their scalar product
becomes zero. The condition always holds if d

dt

[
v
p¯
tᵀ ( p

vpx)
(

v
v¯
p− v

p¯
p ( p

vpx)
)]

= 0. The
equation is solved for the velocity in the x-direction:

p
vṗx = vv cos p

vψ

1− κp( p
vpx) p

vpy
. (3.4.20)

The derivation of velocities in the Frénet frame is described in more detail in section A.1.
The first time derivative of equation (3.1.4) becomes p

vψ̇ = v

vψ̇ − κp ( p
vpx) p

vṗx, where the
reference path’s yaw rate is proportional to its curvature κp : R 7→ R. The substitution of
equation (3.4.17) yields

p

vψ̇ = vch
2

vch2 + v2
v

vv

lv
δv − κp ( p

vpx) p
vṗx. (3.4.21)

Thus, this work follows a similar approach to [Lie22] and describes the vehicle motion
using the steady-state yaw rate dynamic model. The vehicle’s position, the yaw angle,
and the velocity represent the state values

¯
ξ =

[
ξx ξy ξψ ξv

]ᵀ
=
[
p
vpx

p
vpy

p
vψ vv

]ᵀ
.

The longitudinal acceleration and steering angle are chosen as the inputs
¯
u =

[
ua uδv

]ᵀ
=[

ax δv
]ᵀ

to the nonlinear differential equation:

ξ̇x = ξv cos ξψ
1− κp( p

vpx)ξy
, ξ̇y = ξv sin ξψ,

ξ̇ψ = vch
2

vch2 + ξ2
v

ξv
lv
uδv − κp ( p

vpx) ξ̇x, ξ̇v = ua.

(3.4.22)
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Circle of Forces

The introduced model neglects the boundness of the absolute tire forces. The absolute
force acting on the COG cannot exceed the adhesive force between the tires and the road
[Mey15, ch. 11.5]: √

cFx
2 + cFy

2 ≤ µadmvg. (3.4.23)

The adhesive force depends on the friction coefficient µad ∈ R+ and the vertical force
due to the gravitational acceleration g. Thus, the longitudinal and lateral forces are
interdependent in the limit of adhesion. The limit is described geometrically by Kamm’s
circle. The friction coefficient depends mainly on the road surface, which is assumed to
be dry, resulting in µad = 1.

3.4.3. Flat Output

The position resembles the output
¯
z =

[
zx zy

]ᵀ
= p

v¯
p of the nonlinear vehicle model. The

first time derivatives are given in equation (3.4.22) with żx = ξ̇x and ży = ξ̇y. The second
time derivatives yield

z̈x = żx

(
ua
ξv

+
κ′

p(zx)żxzy + κpży

1− κp(zx)zy

)
− ży

ξ̇ψ
1− κp(zx)zy

, (3.4.24)

z̈y = ua
ży
ξv

+ żxξ̇ψ
(
1− κp(zx)zy

)
, (3.4.25)

and depend via ξ̇ψ on uδv and ua, resulting in a relative degree of two. Thus, the mapping
from the state and input of the nonlinear model to the flat output trajectory is established.
The inverse mapping to the nonlinear system state trajectories is given by

ξx = zx, ξv =
√
ż2
x

(
1− κp(zx)zy

)2
+ ż2

y ,

ξy = zy, ξψ = arctan ży

żx
(
1− κp(zx)zy

) ,
ξ̇ψ =

(
z̈yżx − z̈xży

)
(1− κp(zx)zy) + żxży

(
κ′

p(zx)zyżx + κp(zx)ży
)

ξ2
v

.

(3.4.26)

Also, the inputs are derived:

ua =
z̈xżx

(
1− κp(zx)zy

)2
+ z̈yży − ż2

x

(
1− κp(zx)zy

)(
κ′

p(zx)zyżx + κp(zx)ży
)

ξv
,

uδv =
lv
(
ξ̇ψ + κp(zx)żx

)
(ξ2
v + vch

2)
vch2ξv

.

(3.4.27)

A dynamic extension increases the transformed system’s order, such that the transformed
state vector yields

¯
z =

[
¯
zᵀ
x ¯

zᵀ
y

]ᵀ
. The system state

¯
zO : R 7→ R3 in the O = x, y is

composed of the directional system output derivatives
¯
zO =

[
zO żO z̈O

]ᵀ
. Therefore,

the transformed input becomes
¯
v =

[
vx vy

]ᵀ
=
[...
z x

...
z y
]ᵀ

. The directional transformed
input vO : R 7→ R equals the jerk.
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The inverse mapping enables a problem formulation equivalent to problem 1.2.1 using the
transformed states, inputs, and a linear differential equation. The nonlinear system inputs
can be reconstructed and used as feedforward control for the feedback module. Nonlinear
state and input constraints are applied to functions of the transformed states and inputs.
The lateral acceleration ay : R 7→ R is limited to |ay| ≤ āy = 4 m s−2, rendering the
single-track model sufficiently accurate. In addition, a small steering angle is assumed
when linearizing the geometric relations in equation (3.4.14). The steering angle at āy
obtained with v

vψ̇ = ay/ξv is shown in figure 3.4 in dependence on the vehicle velocity for
different characteristic velocities and wheelbase lengths. According to [Ise22, fig. 7.12], the
characteristic velocity remains in the limits vch ∈ [68 km h−1, 112 km h−1]. The wheelbase
is usually limited to lv ∈ [2.5 m, 3 m]. The steering angle increases to maintain the same
lateral acceleration with a longer wheelbase and lower characteristic velocity. Above
60 km h−1, the steering angle stays below 4.5°, regardless of vehicle parameters. Because
this work aims at high operational velocities under normal driving conditions, steering
limitations are unnecessary. However, lower speeds may require a steering angle constraint
to maintain model accuracy.

30 40 50 60 70 80 90 100 110 120 130

5

10

vv/km h−1

δ v
/

◦

lv\vch 68 km h−1 112 km h−1

2.5 m
3 m

Figure 3.4.: Visualization of the steering angle required to obtain the maximum lateral accelera-
tion of 4 m s−2.

3.5. Background on Splines in Basis Form

Polynomial functions are used frequently to parameterize the input and state trajectory
of differentially flat systems. The degrees of freedom can be increased by the sequential
connection of multiple polynomials at the k̆ ∈ N2 breakpoints

¯
k ∈ Rk̆ to a spline sρ,

¯
w :

R× Rc̆ × Rk̆ 7→ R. The spline’s order of continuity at the inner breakpoints is limited
to

¯
w ∈ Nk̆−2

0 . The c̆ ∈ N0 coefficients
¯
c ∈ Rc̆ include the polynomial parameters either

explicitly or implicitly. The shorthand s�(t) := sρ�,¯
w�

(t,
¯
c�, ¯

k�) is introduced, where a
common subscript � identifies the spline order, continuity, coefficients, and breakpoints.
Splines in basis form are equivalent to splines but use a truncated power basis. The basis
is constructed recursively from truncated powers, called basis splines (B-splines). The
B-splines

¯
bρ,

¯
k(t,¯

k) with j = 0, 1, . . . , c̆−1 elements bj,ρ,
¯
k : R 7→ [0, 1] are defined on k̆ ∈ N2

knots
¯
k ∈ Rk̆ [Boo72]. The B-splines form a basis for the space of piecewise polynomials

S
¯
k,

¯
w,ρ if the knots are repetitions of the l = 0, 1, . . . , k̆ − 2 breakpoints kl < kl+1 [CS66,

th. 4]:

¯
k =

[
k0 k0 . . . k0︸ ︷︷ ︸

ρ

k1 k1 . . . k1︸ ︷︷ ︸
ρ−w0

. . . kk̆−1 kk̆−1

]ᵀ
. (3.5.1)
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Each of the ι = 1, . . . , k̆−2 inner breakpoints appears ρ−wι−1 ≥ 0 times. This work applies
clamped splines, so the outer breakpoints are repeated ρ times. The basis dimensionality
c̆ = k̆ − ρ = dim(S

¯
k,

¯
w,ρ) depends on the number of breakpoints and the spline order.

The B-spline’s order grows with the recursion depth. A shorthand
¯
b�(t) :=

¯
bρ�,¯

k�
(t,

¯
k�)

is introduced for B-splines of order ρ� and with knots
¯
k�. Starting at the order ρ = 1,

the B-splines in the n = 0, 1, . . . , k̆ − 2 knot intervals are given by piecewise constant
functions:

bn,1,
¯
k(t) =

1 if kn ≤ t < kn+1,

0 otherwise.
(3.5.2)

B-splines of higher order ρ > 1 are constructed from a combination of lower-order B-splines
with l = 0, 1, . . . , k̆ − ρ − 1 [Boo01, B-spline prop. (i)]:

bl,ρ,
¯
k(t) = t− kl

kl+ρ−1 − kl
bl,ρ−1,

¯
k(t) + kl+ρ − t

kl+ρ − kl+1
bl+1,ρ−1,

¯
k(t). (3.5.3)

Due to the recursive definition, each B-spline overarches ρ+1 breakpoints. Thus, B-splines
are nonzero and positive on the interval t ∈ [kl, kl+ρ ]. Also, each B-spline is a partition of
unity [Boo01, B-spline prop. (iv)]:

c̆−1∑
j=0

bj(t) = 1, t ∈ [k0, kk̆−1]. (3.5.4)

The basis form of a piecewise polynomial function s(t) ∈ S
¯
k,

¯
w,ρ is a linear combination of

B-splines and the coefficients [Boo01, def. (51)]:

s(t) =
c̆−1∑
n=0

cnbn(t) =
l∑

n=l−ρ+1
cnbn(t), t ∈ [kl, kl+1], l = ρ − 1, ρ, . . . , k̆ − ρ − 1. (3.5.5)

Equation (3.5.5) states that only ρ coefficients and B-splines are required to define a spline
segment between two breakpoints. With an increasing order of continuity, the knots are
composed of fewer breakpoints. In the extreme case of maximum continuity, the number
of segments and knot intervals coincide. Otherwise, the number of segments is smaller, so
coefficients are shared among neighboring segments. As a consequence of equation (3.5.4),
the spline function is a convex combination of its coefficients [Boo01, B-spline prop. (ix)]
and bounded on the l = ρ − 1, ρ, . . . , k̆ − ρ − 1 knot intervals [Boo01, cor. 2] to

min {cl−ρ+1, cl−ρ+2, . . . , cl} ≤ s(t) ≤ max {cl−ρ+1, cl−ρ+2, . . . , cl}, t ∈ [kl, kl+1]. (3.5.6)

The coefficients are represented intuitively in figure 3.5 using the control points (k̃n, cn)
at the knot averages

¯
k̃ ∈ Rc̆:

k̃j := 1
ρ − 1

j+ρ−1∑
n=j+1

kn, j = 0, 1, . . . , c̆− 1. (3.5.7)

The control points form convex hull around each spline segment.
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Figure 3.5.: Visualization of a spline in basis form of order ρ = 6 with continuity w0 = 3.

The goal is to formulate semi-infinite inequality constraint functions in problem 1.2.1 with
splines in basis form and exploiting equation (3.5.6) to guaranteed feasibility. The con-
straints are functions of the EV trajectory involving basic algebraic operations. Due to the
equivalence between polynomials and splines in basis form, the sum, product, derivative,
and integral of splines are still splines. Thus, splines describe polynomial constraints of
the transformed state trajectory exactly. The operations and their implementation with
splines in basis form are introduced in the following.

Differentiation

The spline derivative ṡ(t) := d
dt s(t) ∈ S¯

k,
¯
w−1,ρ−1 has a reduced order and continuity

compared to the initial spline. The derivative’s coefficients are determined by divided
differences [Boo01, B-spline prop. (viii)]:

d
dt s(t) = d

dt

c̆−1∑
n=0

cnbn(t) = (ρ − 1)
c̆−1∑
n=1

cn − cn−1

kn+ρ−1 − kn
bn,ρ−1,

¯
k(t) (3.5.8)

The coefficient transformation
¯
T¯
b�

¯
b4
∈ Rc̆4 ×Rc̆� from spline s�(t) to spline s4(t) enables

a compact formulation. 4 is another placeholder variable indicating the use of the same
or a different subscript. In the derivative case, the matrix

¯
T¯
b
˙
¯
b
∈ Rc̆−1 × Rc̆ is constructed

based on equation (3.5.8). The derivative spline is calculated with ṡ(t) =
(

¯
T¯
b
˙
¯
b¯
c
)ᵀ

¯
bρ−1,

¯
k(t)

and

¯
T¯
b
˙
¯
b

:= (ρ − 1)



1
k1−kρ

1
kρ −k1

0 · · · 0 0
0 1

k2−kρ+1
1

kρ+1−k2
· · · 0 0

... ... . . . . . . ... ...
0 0 0 · · · 1

kk̆−1−kc̆

1
kc̆−kk̆−1

 . (3.5.9)

Integration

An equivalence transformation of equation (3.5.8) defines the spline integral sI(t) :=∫
s(t) dt ∈ S

¯
k,

¯
w+1,ρ+1 [Boo01, p. 127].

¯
cI ∈ Rc̆+1 denotes the coefficients of the spline
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integral:
d
dt

c̆∑
n=0

cn,Ibn,ρ+1,
¯
k(t) =

c̆−1∑
n=0

ρ
cn+1,I − cn,I
kn+ρ − kn

bn(t) =
c̆−1∑
n=0

cnbn(t). (3.5.10)

A comparison of coefficients yields the equation (3.5.11) with n = 0, 1, . . . , c̆ − 1. The
coefficient c0,I resembles the initial value of the integral. It is defined to zero for all
subsequent spline integrals.

cn = ρ
cn+1,I − cn,I
kn+ρ − kn

⇔ cn+1,I = cn,I + 1
ρ

(kn+ρ − kn) cn (3.5.11)

In line with the differentiation, the spline integral reads sI(t) =
(
¯
T¯
b

¯
bI¯

c
)ᵀ

¯
bρ+1,

¯
k(t) + sI(0).

The corresponding transformation
¯
T¯
b

¯
bI
∈ Rc̆+1 × Rc̆ is constructed from equation (3.5.10):

¯
T¯
b

¯
bI

:= 1
ρ



0 0 0 · · · 0
kρ − k0 0 0 · · · 0
kρ − k0 kρ+1 − k1 0 · · · 0

... ... ... . . . ...
kρ − k0 kρ+1 − k1 kρ+2 − k2 · · · kk̆−1 − kc̆−1

 . (3.5.12)

Sum and Product

Also, the sum and product of two splines yield a spline. Loock, Pipeleers, and Swevers
[Loo+15a] provide the required steps, which are presented subsequently. If the operations
are applied to two splines s�(t) and s4(t), the corresponding knots

¯
k� and

¯
k4 must

be combined to the combined knots
¯
k�4. The combination is accomplished by a sorted

and strictly increasing union of the respective breakpoints
¯
k�4 =

¯
k� ∪< ¯

k4 . The ι =
1, 2, . . . , k̆�4−2 combined breakpoint continuities are determined by comparison with the
j = 1, 2 . . . , k̆� − 2 and n = 1, 2, . . . , k̆4 − 2 operand splines’ breakpoints:

wι−1,�4 =


min{wj−1,�, wn−1,4} if kι,�4 = kj,� = kn,4,
wj−1,� if kι,�4 = kj,�,
wn−1,4 if kι,�4 = kn,4.

(3.5.13)

The basis of the sum s�(t) = s�(t) + s4(t) is defined by the combined breakpoints
¯
k� :=

¯
k�4 and combined continuities

¯
w� :=

¯
w�4. The sum spline’s order is determined by ρ� :=

max{ρ�, ρ4}. The placeholder � indicates the subscript of the sum spline. The coefficients
of the operands must be transformed to their combined basis. The transformations
are derived by interpolating the sum spline along a monotonously increasing sequence

¯
τ� ∈ Rc̆� :

s�(τj,�) = s�(τj,�) + s4(τj,�), j = 0, 1, . . . , c̆� − 1 (3.5.14)
eq. (3.5.5)⇒ �

¯
Bᵀ

�¯
c� = �

¯
Bᵀ

�¯
c� + �

¯
Bᵀ

4¯
c4, (3.5.15)

⇔
¯
c� =

(
�

¯
B−1

�
�

¯
B�

)ᵀ
︸ ︷︷ ︸

=:
¯
T¯

b�

¯
b�

¯
c� +

(
�

¯
B−1

�
�

¯
B4

)ᵀ
︸ ︷︷ ︸

=:
¯
T¯

b4

¯
b�

¯
c4. (3.5.16)
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The matrix �

¯
B� := [

¯
b�(τj,�)]j=0,1,...,c̆�−1 ∈ Rc̆�×c̆� includes the evaluations of all B-splines

with subscripts � = �,4,�.
The basis of the product s�(t) = s�(t)·s4(t) is defined by the same breakpoints

¯
k� :=

¯
k�4

and continuities
¯
w� :=

¯
w�4 as the spline sum. In contrast, the order yields ρ� := ρ� +

ρ4 − 1. The placeholder � indicates the subscript of the product spline. The coefficients
of s�(t) are determined analogously to the sum coefficients using an interpolation at
monotonously the increasing points

¯
τ� ∈ Rc̆� . The symbol ◦ denotes the Hadamard

product and � the Khatri-Rao product:

s�(τj,�) = s�(τj,�) · s4(τj,�), j = 0, 1, . . . , c̆� − 1, (3.5.17)
eq. (3.5.5)⇒ �

¯
Bᵀ

�¯
c� = �

¯
Bᵀ

�¯
c� ◦ �

¯
Bᵀ

4¯
c4, (3.5.18)

=
(
�

¯
B� � �

¯
B4

)ᵀ
(
¯
c� ⊗ ¯

c4), (3.5.19)

⇔
¯
c� = �

¯
B−ᵀ

�

(
�

¯
B� � �

¯
B4

)ᵀ
︸ ︷︷ ︸

=:
¯
T¯

b��
¯
b4

¯
b�

(
¯
c� ⊗ ¯

c4). (3.5.20)

The matrix �

¯
B� := [

¯
b�(τj,�)]j=0,1,...,c̆�−1 ∈ Rc̆�×c̆� includes the evaluations of all B-

splines with subscripts � = �,4,�. In the product case only a single transformation

¯
T¯
b��

¯
b4

¯
b�

∈ Rc̆�×c̆�c̆4 is derived to map the Kronecker product of the operators’ coefficients
to the coefficients of the product spline. The equality between equation (3.5.18) and
equation (3.5.19) follows from the Kronecker product rules [Hen+83].
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4
Development of the Spline-Based

Semi-Infinite Program

The provided background and problem 1.2.1 establish the components of a SIP that
formalizes the optimal trajectory for automated highway driving. In the beginning, the
development criteria that provide a guideline for the subsequent design decisions are in-
troduced. Considering the criteria, a variational formalization of the optimal trajectory
is proposed, leveraging the flat output of the model described in section 3.4. In addition,
the GT, the terminal set, the cost functional, and the incorporation of other vehicles
are concretized. A spline trajectory parameterization is proposed, rendering the problem
finite-dimensional in the decision variables but not in the constraints. The spline param-
eterization allows for finding an approximation of the SIP solution with a finite number
of constraints. Because each spline segment is contained in a convex null, formed by the
coefficients, the approximate solution is feasible for the semi-infinite constraints.

4.1. Development Criteria

The trajectories of the planning algorithm shall result in a desirable behavior of the EV for
the vehicle passengers. Therefore, criteria and guidelines for development and evaluation
are derived. The criteria are organized into automated driving objectives, system stability,
complexity, and performance.

4.1.1. Automated Driving Objectives

An MPC in application to automated driving has to consider multiple contradicting
objectives. The objectives are either implemented in the constraints or considered in the
cost. An overview of relevant objectives and metrics for highway driving is provided below.

Progress

Vehicle passengers desire to reach their destination as fast as possible. Therefore, consid-
ering the travel time, a route planner usually finds the optimal path through the road
network [Bas+16]. The subsequent behavior and motion planning modules should maxi-
mize the progress toward the GTs along the route to minimize the time to the destination.
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Different progress metrics exist in the literature, categorized into time- and distance-based
metrics.
Time-based metrics, which are used in [Wer+12; Rat+15], consider the time into a
terminal set. The terminal set is spanned laterally by a region about a lane center. In the
longitudinal direction, the terminal set contains the target velocity or a save trajectory
behind the leading vehicle.
Distance-based metrics measure a distance-related quantity toward an LT. The squared
deviation from a reference velocity and the target lane center is used in [Zie+14a]. Fass-
bender et al. [Fas+17] consider the distance toward a position behind a leading vehicle.
The deviation from a goal position and heading angle is used by [Göt+17].

Passenger Comfort and Safety

When approaching an LT, the vehicle passengers desire a comfortable driving experience.
However, no unique definition of driving comfort exists. It can generally be understood as
the absence of uneasiness and anxiety [Bel18]. Simultaneously, a feeling of well-being is
present in connection with the vehicle and the execution of a maneuver. Several factors that
favor passenger comfort in maneuver execution are mentioned in [Elb+15] and discussed
subsequently.
The vehicle’s acceleration, braking, and steering controls induce horizontal forces onto
the passengers, which have to withstand the forces to maintain posture. Winkel et al.
[Win+23] investigate the relation between discomfort and vehicle motion. The study
observes force perception as directional, amplitude, and frequency-dependent. Usually,
the driving comfort decreases with an increasing force amplitude. Passengers are more
sensitive to lateral forces than longitudinal forces. Motion planning algorithms consider
forces frequently via a trajectory’s acceleration or jerk [Nau+20].
Another factor contributing to discomfort is motion sickness. Motion sickness results from
a discrepancy in perceived force and visually observed environment motions. Two models
are applied in the motion planning literature to reduce motion sickness. In [Hti+20], the
motion sickness dose value [Int97] is subject to minimization. Steinke and Konigorski
[SK22] propose a less complex OCP derived from the linearization of the subjective vertical
conflict model [Wad+10]. The time integral over the squared jerk is shown to approximate
the effect of considering the subjective vertical conflict model in the cost function.
The vehicle passengers must be willing to trust the vehicle automation. Therefore, the
automation has to convey the impression of safe operation to the passengers. Maintaining
a sufficient distance from other vehicles while performing maneuvers consistently and
continuously can contribute to the impression. A time headway of at least 2 s should be
maintained, as the feeling of discomfort grows significantly with a decreasing distance
below this threshold [Lew+10]. Announcing the next maneuver via vestibular feedback
can also improve the impression of safety [Lan18].
Simultaneously, vehicle automations should behave like a defensive human driver [Bas+17].
Human-like trajectories are characterized by a high degree of continuity and alignment
with the road [Elb+15]. However, formalizing all effects via rules is not practical. Instead,
inverse reinforcement learning can determine a cost function from observed human-driven
vehicles [Nau+20].
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Traffic Rules

Applying an automated vehicle on public roads requires the algorithmic consideration of
traffic rules. This work considers the German traffic rules [Deu13b, StVO]1 that apply to
highway-like environments and fall under the behavior and motion planners’ responsibility.
The passenger preferences for progress and comfort are subordinated to the traffic rules,
which introduces a prioritization of objectives. The following rules are considered in the
development:

1. Vehicles have to use the right-most lane if possible [Deu13b, §7 I StVO].

2. Other vehicles have to be overtaken on the left side [Deu13b, §5 I StVO].

3. Vehicles have to keep a sufficient distance to the front vehicle to avoid a collision in
case of sudden breaking [Deu13b, §4 I StVO].

4. The velocity limit has to be obeyed.

Although the German traffic rules do not specify a minimum distance, fees are charged
below a time headway of 0.9 s to the leading vehicle [Deu13a, BABRiGeschwV]2. In this
work, the EV velocity is limited to the recommended velocity of 130 km h−1 [Deu78, §1
III BKatV]3. Although no lower velocity limit exists, vehicles driving on highways have
to be capable of driving at least 60 km h−1 [Deu13b, §18 I StVO].

4.1.2. System Stability

The EV shall be stabilized in the GT that is provided by the route planning module. The
stability requirement imposes conditions on the design choices of the terminal set, the
cost, the vehicle, and environment model.

Environment and Vehicle Model

Future motions must be planned so that the vehicle can follow closely, which demands
the consideration of a sufficiently accurate motion model in the OCP constraints (1.2.2).
The model choice depends on the ODD. This work focuses on normal highway driving
situations, where the tires adhere to the road. In contrast, the OCP design may not
consider exceptional situations, like evasive maneuvers and traffic jams. The vehicle
model, the traffic rules, and other vehicles restrict the EV to the feasible state space C0.
A vehicle can only apply a limited acceleration and steering angle, which is considered by
U0. In contrast to urban environments, highways are characterized by parallel and wide
lanes of low curvature, large longitudinal inter-vehicle distances, and high velocities. Thus,
the accuracy requirements for the environment model are considered lower on highways.

1 Straßenverkehrs-Ordnung (StVO) 2 Bundesautobahn-Richtgeschwindigkeits-Verordnung
(BABRiGeschwV) 3 Bußgeldkatalog-Verordnung (BKatV)
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Cost and Terminal Set

In the automated driving context, the stability conditions introduced in section 3.3.1
demand continuous progress of the EV toward the GT. The minimum cost (3.3.3), which
has to grow monotonously and bounded with a growing distance from the target, measures
the progress. Also, the minimum cost has to descent over time until reaching the GT.
Definition 3.3.4 states the requirements on the OCP components. The running cost
is a positive definite, resembling a contiuous lower bound on the minimum cost. The
terminal cost provides a contiuous upper bound for the minimum cost in the terminal set.
Simultaneously, it is a Lyapunov function for a stabilizing control law for the GT.
The terminal set extends the GT, which is important for automated driving since other
vehicles might prevent reaching the GT on a tractable control horizon. On multi-lane
highways, the terminal set is composed of distinct regions the EV can safely follow for
an extended duration. Such regions may encompass the neighboring lane center paths
and staying at a safe distance behind a leading vehicle. If the GT is not reachable in the
control horizon, the EV transitions between the regions to progress toward the GT. Such
a design is advantageous if a queue of slower-driving vehicles occupies the target lane. The
EV has to switch to the left lane for an overtaking maneuver until the target lane becomes
free. Then, it can change back to the target lane. The distinct regions are called LTs
and render the terminal set a union T = ⋃

n∈IT Tn of finitely many disconnected subsets
Tn ⊂ C0 with IT ⊂ N.
However, the disconnected terminal set renders the terminal cost discontinuous, so it
cannot provide a continuous upper bound for the minimum cost. Furthermore, the
terminal cost descent property (3.3.8) is insufficient for transitions between the LTs since
the EV has to leave the terminal set, which violates the assumptions in definition 3.3.4.
Thus, stabilizing conditions on the terminal cost are defined in the following, considering
the discontinuity.
Assume the EV is in a state

¯
ξ
c
(j), so it reaches the current LT

¯
ξ
c
(j + 1) ∈ Tn with n ∈ IT

at the next time step. In addition, no progress toward Td is possible by staying in the
current LT, and the EV has to approach a new LT Tl, l ∈ IT \ {n}. The next open-loop
state trajectory

¯
ξ∗
j+1 : [0, T] 7→ C0 with

¯
ξ∗
j+1(t) :=

¯
ξ∗
(
t,

¯
ξ
c
(j+ 1)

)
has to fulfill

¯
ξ∗
j+1(T) ∈ Tl.

The substitution of the minimum cost (3.3.3) in the minimum cost descent (3.3.5), the
next open-loop state trajectory and the corresponding input

¯
u∗
c,j+1 : [0, T] 7→ U0 with

¯
u∗
c,j+1(t) :=

¯
u∗
(
t,

¯
ξ
c
(j + 1)

)
yield the condition

F
(
¯
ξ∗
j+1(T)

)
+
∫ T

0
l
(
¯
ξ∗
j+1(t), ¯

u∗
c,j+1(t)

)
dt+

− F
(
¯
ξ∗
j
(T)

)
−
∫ T

0
l
(
¯
ξ∗
j
(t),

¯
u∗
c,j(t)

)
dt ≤ −λ0l

(
¯
ξ
c
(j),

¯
uc(j)

)
,

(4.1.1)

⇔ F
(
¯
ξ∗
j+1(T)

)
− F

(
¯
ξ∗
j
(T)

)
≤ −

∫ T

0
l
(
¯
ξ∗
j+1(t), ¯

u∗
c,j+1(t)

)
dt+

− λ0l
(
¯
ξ
c
(j),

¯
uc(j)

)
+
∫ ∆t

0
l
(
¯
ξ∗
j
(t),

¯
u∗
c,j(t)

)
dt+

∫ T

∆t
l
(
¯
ξ∗
j
(t),

¯
u∗
c,j(t)

)
dt︸ ︷︷ ︸

=0

,
(4.1.2)

λ0→0⇒ F
(
¯
ξ∗
j+1(T)

)
− F

(
¯
ξ∗
j
(T)

)
< −

∫ T

0
l
(
¯
ξ∗
j+1(t), ¯

u∗
c,j+1(t)

)
dt. (4.1.3)
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The running cost for trajectories contained in the terminal set at t > ∆t is assumed to
be zero l

(
¯
ξ∗
j
(t),

¯
u∗
c,j(t)

)
= 0. Equation (4.1.3) is a sufficient condition because it neglects

the last term in the right-hand-side of equation (4.1.2). The condition demands that
the terminal cost descent bounds the transition cost between the LTs from above. The
condition is plausible because a new LT is only approached if it yields a lower overall
cost than the terminal cost along the current LT. The terminal cost upper bound (3.3.10)
applies if an open-loop trajectory and a factor λ1 ∈ R+ exist on a possibly infinite control
horizon T →∞ such that

¯
ξ∗
(
T,

¯
ξ
c
(j)
)
∈ Td and

F
(
¯
ξ
c
(j)
)
≤ λ1

∫ T

0
l
(
¯
ξ∗
(
t,

¯
ξ
c
(j)
)
,
¯
u∗
(
t,

¯
ξ
c
(j)
))

dt. (4.1.4)

In the presence of other vehicles, it is difficult to design terminal cost fulfilling equa-
tions (4.1.3) and (4.1.4) due to the vehicles’ uncertain future motion. This work aims to
design the terminal cost as a heuristic. Assumptions are imposed on the other vehicles’
behavior, so the EV is guided towards the GT via the LTs. The terminal cost prioritizes
the LTs selection. A lower terminal cost promises a higher control performance in the con-
vergence to the GT. Even if the terminal cost does not achieve the desired cost reduction,
the terminal constraints and positive definite running cost ensure convergence toward the
terminal set.

4.1.3. Complexity and Performance

The time until the OCP’s solution is available depends on the problem’s complexity and
the solution algorithm design. The algorithm’s running time is essential because the
deviations from the nominal state cannot be considered during the computation of the
optimal trajectory. Thus, the behavior and motion planning modules usually have to
provide their results in a fixed time interval. This real-time constraint is specific to the
modules’ tasks and the hardware, so a generally applicable time interval cannot be given.
Still, 100 ms is commonly used as upper limit for the motion planning module’s running
time in experimental automated vehicles [Kuw+09; Li+16]. Ziegler et al. [Zie+14a] report
an even longer time of 500 ms.
This work does not aim to fulfill a specific real-time constraint but focuses its design on
obtaining an OCP solution efficiently. The goal is finding a reasonable compromise between
the OCP’s complexity and the resulting control performance, while the nominal stability
shall be mostly invariant to the problem complexity. In turn, models of the vehicle motion,
the environment, and the objectives should only be as complex as necessary. Since the
lanes are assumed parallel and of low curvature, the environment in the Frénet frame yields
a simple representation. The solution method for the OCP should result in a problem with
a few decision variables and constraints. Simultaneously, the problem sparsity shall be
used for an efficient solution [Die+06]. Generally, the iterations required until convergence
are reduced with an initial guess close to the optimal solution. Limiting the maximum
allowed iterations also limits the optimization algorithm’s running time. However, a tight
iteration limit might prevent the algorithm from finding a feasible solution. Graph search
algorithms use the DP principle [Bel54] to reduce the search complexity. Since they rely
on a finite number of candidate trajectories, the candidates should be distinct to cover a
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large portion of the state space and thus increase the chance of finding a feasible solution
[GK11].

4.2. Variational Problem

The criteria proposed in the previous section are used to formulate the transformed OCP
in problem 4.2.1, based on problem 1.2.1.

Problem 4.2.1 (Transformed optimal control problem): Reformulation of problem 1.2.1
which seeks the transformed states and inputs as solutions to

min
¯
z(t), Tx,

¯
v(t), Ty ,
m ∈ IT

F̃
(
¯
zx(H),

¯
zy(H)

)
+

∑
O=x,y

∫ TO

0
l̃O
(
¯
zO(t),vO(t)

)
dt (4.2.1)

subject to

¯
h
(
¯
zx(t),¯

zy(t)
)
≥

¯
0, t ∈ [0, H],

¯
zO(0) =

¯
zO,0, O = x, y,

¯
zO(t) ∈ T̃ O,m, t ∈ [TO, H], O = x, y,

˙
¯
z(t) =

¯
Az¯

z(t) +
¯
Bv¯

v(t), t ∈ [0, H].

(4.2.2)

The inequality constraints depend on the transformed state vector and are described by
the transformed inequality constraint function

¯
h : R3 × R3 7→ R˘

¯
h. Similarly, transformed

terminal cost F̃ : R3 × R3 7→ R+ and transformed running cost l̃O : R3 × R 7→ R+ in
O = x, y direction are introduced. Further constraints fix the trajectory’s initial state
to the initial values

¯
zO,0 ∈ R3 in O = x, y direction and the trajectory’s end to the

transformed terminal set T̃ . In contrast to the previous problem formulation, the terminal
set is explicitly considered by disconnected subsets T̃ x,m × T̃ y,m ⊂ T̃ . They represent
the LTs. The current LT is subject to optimization and introduces an integer variable
m ∈ IT = {−2,−1, . . . , ηov}. In contrast to problem 1.2.1, a fixed prediction horizon
H ∈ R+ is used. The terminal set must be reached and retained at the control horizons
TO ∈ [0, H) in O = x, y direction. Consequently, the trajectory can reach the terminal set
at different times in each direction. The terminal constraint and the running cost choices
are explained below. In addition, the inequality constraints enabling clearance from other
vehicles are specified.

4.2.1. Global Target

The MPC has to ensure progress along the route toward the destination and a comfortable
ride for the passengers, as pointed out in section 4.1.1. The GT is assumed to be time-
invariant and given along the right-most lane center. Driving along the target lane center
with maximum velocity ξ̂v ∈ R+ maximizes progress and passenger comfort simultaneously
on a straight road if vehicle vibrations are neglected. Still, choosing a lower target velocity
ṽ ∈

[
ξ̌v, ξ̂v

]
between the upper and lower velocity bounds ξ̌v ∈

[
0, ξ̂v

]
might be necessary

for safety reasons and comfort on curved roads. The GT in the x-direction is described
by the set T̃ x,d = {

¯
zx(t)|żx(t) = ṽ ∧ z̈x(t) = 0}. The right-most lane center resembles the
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target lane center T̃ y,d =
{[

0 0 0
]ᵀ}

. The choice is an incentive for the EV to return
to the right-most lane if possible, which is motivated by the first traffic rule stated in
section 4.1.1.

4.2.2. Terminal Set

The terminal set extends the GT to a region of the state space where a stabilizing
control law exists to keep the EV in the terminal set and stabilize the vehicle in the
GT asymptotically. The control horizon required to plan a trajectory into the GT might
become intractable in the presence of other vehicles. Thus, the EV may stay in the
terminal set for an extended time duration. In addition, the terminal set design should
consider the same comfort and progress objectives as the GT. The lane-structured highway
environment motivates a disconnected terminal set.
If the target lane center is occupied, the EV may track the centers of the possibly unoccu-
pied other lanes. Simultaneously, the EV can track the target velocity if no other vehicle
is in front. Thus, each LT is composed of two sets determined by

T̃ x,m = T̃ x,d, m = −2,−1, 0, (4.2.3)
T̃ y,m =

{[
d� 0 0

]ᵀ}
, (m,�) = (−2, lc), (−1,mc), (0, rc), (4.2.4)

assuming the absence of other vehicles. If other vehicles are present, they might require
the EV to follow at a desired time headway thw ∈ R+. Each other vehicle m = 1, 2, . . . , ηov
provides a target trajectory zx̃,m : R 7→ R determined by zx̃,m(t) = zx,m(t) − thwżx,m(t).
The EV shall track the trajectory in combination with the vehicles’ associated lane center
dm(t) : R 7→ R. Thus, the EV still maximizes the progress toward the destination while
keeping a safe distance to the vehicle in front. The LTs considering the other vehicles as
leading vehicles are defined by

T̃ x,m =
{[
zx̃,m(t) żx̃,m(t) z̈x̃,m(t)

]ᵀ
| t ∈ [0, H]

}
, m = 1, 2, . . . , ηov, (4.2.5)

T̃ y,m =
{[
dm(t) 0 0

]ᵀ
| t ∈ [0, H]

}
, m = 1, 2, . . . , ηov. (4.2.6)

The union of all LTs is the transformed terminal set T̃ = ⋃
m=−2,−1,...,ηov

(
T̃ x,m × T̃ y,m

)
.

New vehicles can appear at the control horizons as the EV follows the terminal set. Thus,
a receding horizon is used to guarantee the feasibility of the planned trajectory on a fixed
prediction horizon. The distinct control horizons allow the MPC to find the optimal time
instances for reaching the terminal set. The terminal control law defines a sequence of
LTs toward the GT, assuming the existence of feasible trajectories to implement the LT
transitions. Such trajectories usually exist in the absence of other vehicles or if other
vehicles behave defensively and give way to the EV. The LT sequences are defined a-priori
in dependence on the current vehicle state, the terminal state, and the other vehicles’
states. The terminal cost conditions (4.1.3) and (4.1.4) are fulfilled if the terminal cost
bound the minimum cost for each LT transition from above. If the assumptions do not
apply, the EV cannot make progress toward the GT. However, safety is not affected
since all LTs include save and desirable states. Detailed descriptions of the sequences,
assumptions, and the terminal cost are given in section 8.1.
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Chapter 4. Development of the Spline-Based Semi-Infinite Program

4.2.3. Running Cost

The running cost shall be minimum for trajectories implementing a desirable compromise
between progress and comfort. In addition, a continuous lower bound (3.3.9) must exist.
Simultaneously, the running cost should include a low number of features to limit the
OCP’s complexity.
In this work, the transformed running cost is chosen from the class of linear quadratic
minimum-time problems and considers the transformed states and inputs in the O = x, y

direction. Such problems can yield an analytic solution [VL91] that favors a high control
performance with a few optimization variables in special cases. The comfort aspect is
considered by the squared jerk. The time required to reach the terminal set is included
to consider the desire for progress:

l̃O
(
¯
zO(t),vO(t)

)
= wT,O + wj,O

...
z 2
O(t), O = x, y. (4.2.7)

The weights w�,O ∈ R+ on the cost features time and jerk � ∈ {T, j} in O = x, y direction
allow the implementation of preferences. The weighted time to the terminal set provides a
continuous lower bound wT,O ≤ l̃O

(
¯
zO(t),vO(t)

)
in the sense of equation (3.3.9). Assuming

the existence of a feasible LT sequence to the GT, the minimum time transitions establish
a lower bound for the minimum cost to the GT, so the right-hand side of equation (3.3.4)
is fulfilled.

4.2.4. Other Vehicles

The trajectory planner has to take other vehicles into account. The CARLA simulation
provides the rectangular vehicle shapes, which are transformed into the Frénet frame. The
lanes’ radii are large in comparison to the vehicles, so their rectangular shapes are preserved
approximately during the transformation. In highway scenarios, a limited heading angle
deviation from the reference path can be expected. Vehicles in the HighD dataset [Kra+18]
do not exceed a heading angle limit of ψov = 7◦ relative to the lane center at velocities
beyond 60 km h−1, shown in section A.5. Similar to [Ada+22], the limited heading angle
motivates to enclose the vehicle shapes with axis-aligned ellipses. The ellipses are defined
by their semi-axis lengths for the EV ∆O ∈ R+ and the m = 1, 2, . . . , ηov other vehicles
∆O,m ∈ R+ in O = x, y direction. The latter ones are represented by the inner-most ellipse
in figure 4.1. The Minkowski sum of the EV ellipse with the other vehicles’ ellipses enables
an efficient collision check [ZS10]. The Minkowski sum reduces to summing the ellipses’
semi-axes for axis-aligned ellipses [YC15]. The result is represented by the dashed ellipse
in figure 4.1.
The motion of the other vehicles’ shapes must be predicted to avoid collisions. Recently,
many contributions with data-driven models [Hua+22] have been made to the field of
trajectory prediction for automated driving. In highway driving, phases of constant velocity
are observed frequently [AL17]. Thus, a constant velocity prediction is assumed sufficient
for the scope of this work. However, deviations from the prediction are likely, possibly
rendering a previously feasible trajectory infeasible. Following the idea of Schwarting
et al. [Sch+18], the vehicle shapes are inflated with a growing uncertainty ellipse around
the nominal trajectory prediction. While the approach does not guarantee a collision-
free trajectory, it increases the chance of the recursive feasibility property to hold. In
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ψov

ψov∆x,m

∆y,m

∆x

∆y

ε∆x,m(t)

ε∆y,m(t)

Figure 4.1.: Visualization of the ellipse shape design assuming a limited heading angle. The
other vehicles’ ellipses are inflated considering the EV shape and prediction uncertainty.

addition, the shape inflation induces a safety distance, considering the passengers’ desire
for safety. Therefore, the inflations ε∆O,m : R 7→ R+ are introduced for all other vehicles
m = 1, 2, . . . , ηov, represented by the dotted ellipse in figure 4.1. The inequality constraints
preventing overlap between the EV’s and the other vehicles’ ellipses are described by(

zx,m(t)− zx(t)
)2

∆̃x,m(t)
+

(
zy,m(t)− zx(t)

)2

∆̃y,m(t)
≥ 1, m = 1, 2, . . . , ηov, (4.2.8)

with the squared semi-axis lengths ∆̃O,m(t) =
(
∆O + ∆O,m + ε∆O,m(t)

)2
for O = x, y.

4.3. Polynomial Spline Trajectory Parameterization

A finite-dimensional problem must be inferred from problem 4.2.1 to find a solution
numerically. The solution to problem 4.3.1, obtained analytically [Tak+89], provides a
trajectory parameterization enabling a high control performance with few variables.

Problem 4.3.1 (Simplified optimal control problem): In the absence of inequality con-
straints, considering a given LT and fixed control horizons, problem 4.2.1 becomes two
independent problems in the O = x, y direction. The problems are described by

min
vO(t),

¯
zO(t)

∫ TO

0
wT,O + wj,OvO

2(t) dt (4.3.1)

subject to
˙
¯
zO(t) =

¯
Az¯

zO(t) +
¯
BvvO(t), t ∈ [0, TO],

¯
zO(0) =

¯
zO,0,

¯
zO(TO) =

¯
zO,T.

(4.3.2)

The solution is obtained via the Lagrange functions LO : R× R3 × R3 7→ R with Lagrange
multipliers

¯
ΛO : R 7→ R3 in the O = x, y direction:

LO

(
vO(t),

¯
zO(t), ˙

¯
zO(t)

)
= wT,O + wj,Ov2

O(t) +
¯
Λᵀ

O(t)
(

˙
¯
zO(t)−

¯
Az¯

zO(t)−
¯
BvvO(t)

)
(4.3.3)

= wT,O + wj,Ov2
O(t) + Λ0,O(t)

(
ż0,O(t)− z1,O(t)

)
+

+ Λ1,O(t)
(
ż1,O(t)− z2,O(t)

)
+ Λ2,O(t)

(
ż2,O(t)− vO(t)

)
.

(4.3.4)
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Firstly, the necessary condition for the optimal input is applied [Föl94, eq. (2.53)]. The
arguments of the Lagrangian functions are omitted for brevity:

∂LO

∂vO(t) = 2wj,OvO(t)− Λ2,O(t) = 0, O = x, y. (4.3.5)

Secondly, the Euler-Lagrange equations yield conditions for the Lagrange multipliers
[Föl94, eq. (2.52)]:

∂LO

∂¯
zO(t) −

d
dt

∂LO

∂˙
¯
zO(t) = −

¯
Az

ᵀ

¯
ΛO(t)− ˙

¯
ΛO(t) =

¯
0, O = x, y,

=
[
−Λ̇0,O(t) −Λ0,O(t)− Λ̇1,O(t) −Λ1,O(t)− Λ̇2,O(t)

]ᵀ
, O = x, y.

(4.3.6)

Equation (4.3.6) requires Λ̇0,O(t) = 0. Thus, the first Lagrange multiplier is constant and
defined to Λ0,O(t) = 2wj,Oq0,O with the parameters

¯
q
O
∈ R6 in O = x, y direction. The

equations (4.3.5) and (4.3.6) yield the optimal solution to problem 4.3.1 as polynomials
of degree five:

[
¯
zO(t)

¯
ΛO(t)

]
=



1
120t

5 1
24t

4 1
6t

3 1
2t

2 t 1
1
24t

4 1
6t

3 1
2t

2 t 1 0
1
6t

3 1
2t

2 t 1 0 0
2wj,O 0 0 0 0 0
−2wj,Ot −2wj,O 0 0 0 0
wj,Ot

2 2wj,Ot 2wj,O 0 0 0

¯
q
O
, O = x, y. (4.3.7)

The polynomial trajectories are optimal for problem 4.2.1 if the neglected constraints are
inactive. Otherwise, the trajectories are suboptimal and the degrees of freedom must
be increased to improve the solution accuracy. Additional degrees of freedom can be
introduced by connectiong multiple polynomials to splines. A spline of order six is still
optimal for problem 4.3.1 since it extends the function class of fifth-degree polynomials.
Furthermore, by applying Potryagin’s maximum principle [Rat16, sec. 4.5.2], the class of
spline functions is shown to be optimal for a state-bounded version of problem 4.3.1.

Problem 4.3.2 (Semi-infinite program): The spline parameterization zO(t) := sO(t) of
the trajectories in O = x, y direction introduces

¯
cO,

¯
kO, and k̆O ∈ Ik̆,O for finite sets

Ik̆,O ⊂ N2 as decision variables. The constraints for collision avoidance and the bounds on
the state and input trajectories apply to the whole prediction horizon. Thus, the spline
parameterization renders problem 4.2.1 a SIP described by

min
TO, ¯

cO, ¯
kO,

k̆O ∈ Ik̆,O,

O = x, y,
m ∈ IT

F̃
(
¯
sx(H),

¯
sy(H)

)
+

∑
O=x,y

∫ TO

0
l̃O
(
¯
sO(t), ...sO(t)

)
dt (4.3.8)

subject to

¯
h
(
¯
sx(t),¯

sy(t)
)
≥

¯
0, t ∈ [0, H],

¯
sO(0) =

¯
zO,0, O = x, y,

¯
sO(t) ∈ T̃ O,m, t ∈ [TO, H], O = x, y.

(4.3.9)
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The functions
¯
sO : R 7→ R3 also include the first and second time derivatives in O =

x, y direction
¯
sO(t) :=

[
s

(j)
O (t)

]ᵀ
j=0,1,2

. The infinite constraint set must be reduced to
a finite one to solve problem 4.3.2 numerically. The works presented in section 2.1
discretize the inequality constraints over time. The discretization method renders the
constraints in problem 4.3.2 finite-dimensional, but it is likely to yield an infeasible
approximate solution to problem 4.3.2. A solution of sufficient accuracy would require an
intractable number of constraints. Systematic approaches to the solution of SIPs include
discretization, reduction-based, semi-continuous, and hybrid methods. The methods are
briefly reviewed in section 2.2. Solution algorithms employing a semi-continuous method
are proposed frequently in works from robotic and automated driving fields. In contrast
to the discretization methods, they yield a feasible solution to the SIP. Simultaneously,
semi-continuous methods avoid the computational complexity and possible convergence
issues of the reduction-based and hybrid methods.
Therefore, this work uses a semi-continuous method based on the splines’ convex hull.
The inequality constraints in equation (4.3.9) demand the positivity of the constraint
functions. Positive spline coefficients certify feasibility if the constraints are replaced by
spline functions that are equivalent to or lower bounding the constraint functions.
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5
Polynomial Constraint Formulation

This chapter specifies the semi-infinite inequality constraints in problem 4.3.2 while includ-
ing the vehicle model from section 3.4.2 and the collision constraints (4.2.8) as polynomial
functions of the spline-parameterized transformed state trajectory. However, the mapping
from the flat output to the vehicle state in the equation (3.4.26) introduces nonlinear
functions. Although the constraints are approximated, feasibility is preserved at the cost
of control performance. The time argument is omitted in the following to simplify the
notation. Table A.5 quantifies the bounds on the state and input trajectories and the
reference path, which are introduced in this chapter. Parts of this chapter have been
published in [Dor+23].

5.1. Velocity Constraints

The traffic rules motivate an upper bound on the EV’s velocity to not exceed the allowed
speed limit. The lower velocity bound increases the feasible space for the applied constraint
approximations. The velocity ξv from equation (3.4.26) is squared to obtain the polynomial
constraints

ξ̌2
v ≤ ż2

x

(
1− κp(zx)zy

)2
+ ż2

y ≤ ξ̂2
v . (5.1.1)

The right inequality is transformed to demand positivity. In combination with the sub-
stitution ż2

y := ż2
x

(
1− κp(zx)zy

)2
tan2 ξψ, resulting from the division of equation (3.4.19)

by equation (3.4.20), the transformation results in equation (5.1.2). Still, the constraint
depends on κp(zx), which is not yet parameterized. A polynomial curvature approxima-
tion would require frequent parameter updates to maintain accuracy. However, parameter
estimations render the curvature inconsistent and invalidate recursive feasibility. Instead,
a constant symmetric upper bound κ̄p ∈ R+ is assumed. Additional bounds are introduced
for the heading angle ξ̄ψ ∈ R+ and the position z̄y ∈ R+. Substituting the trajectories with
their respective bounds yields equation (5.1.3), which is a lower bound to the left-hand
side of equation (5.1.2). Finally, the inequality is solved for the upper bound ˆ̇zx ∈ R+ in
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5.2. Lateral Acceleration Constraints

equation (5.1.4).

ξ̂2
v − ż2

x

(
1− κp(zx)zy

)2 (
1 + tan2 ξψ

)
≥ 0 (5.1.2)

⇒ ξ̂2
v − ż2

x(1 + κ̄pz̄y)2
(
1 + tan2 ξ̄ψ

)
≥ 0 (5.1.3)

⇔ żx ≤ ˆ̇zx = ξ̂v

(1 + κ̄pz̄y)
√

1 + tan2 ξ̄ψ
(5.1.4)

The lower bound ˇ̇zx ∈ R+ is derived similarly. The left inequality in equation (5.1.1) is
transformed into equation (5.1.5). The functions are substituted with their respective
bounds to obtain equation (5.1.6). In contrast to the upper bound constraint, the substi-
tution ży := 0 is applied. Then, equation (5.1.6) is solved for ˇ̇zx to get equation (5.1.7).

ż2
x

(
1− κp(zx)zy

)2
+ ż2

y − ξ̌2
v ≥ 0 (5.1.5)

⇒ ż2
x(1− κ̄pz̄y)2 − ξ̌2

v ≥ 0 (5.1.6)

⇔ żx ≥ ˇ̇zx = ξ̌v
1− κ̄pz̄y

(5.1.7)

5.2. Lateral Acceleration Constraints

The lateral acceleration is derived from the yaw rate in equation (3.4.26). After adding
the yaw rate v

pψ̇ = κp(zx)żx along the reference path and the multiplication with the
vehicle velocity, the equation yields the lateral acceleration ay = ξv

(
ξ̇ψ + κp(zx)żx

)
. Next,

the lateral acceleration is multiplied by ξv, resulting in the inequalities

−āyξv ≤ ξ2
v

(
ξ̇ψ + κp(zx)żx

)
≤ āyξv. (5.2.1)

The right inequality in equation (5.2.1) is transformed into a positivity constraint, where
ξ̇ψ is substituted from equation (3.4.26). The expression is further simplified with the
function ãy : R 7→ R, which includes the curvature rate κ′

p : R 7→ R:

ãy = κp(zx)ξ2
v + ży

(
κ′

p(zx)żxzy + κp(zx)ży
)
, (5.2.2)

eq. (3.4.26)⇒ ξ2
v ξ̇ψ := (z̈yżx − z̈xży)

(
1− κp(zx)zy

)
+ żx

(
ãy − κp(zx)ξ2

v

)
. (5.2.3)

The positivity constraint finally yields equation (5.2.4). The left-hand side is lower bounded
by substituting a lower bound ξv := żx

(
1−κp(zx)zy

)
on the velocity to get equation (5.2.5).

āyξv − ãyżx − (z̈yżx − z̈xży)
(
1− κp(zx)zy

)
≥ 0 (5.2.4)

⇒
[

(āy − z̈y)
(
1− κp(zx)zy

)
− ãy

]
żx +

(
1− κp(zx)zy

)
z̈xży ≥ 0 (5.2.5)

Similar to the velocity constraints, bounds on the involved trajectories are substituted to
lower bound the left-hand side of the equation (5.2.5). Aiming at a reasonable compromise
between performance and complexity, the functions contributing to a high constraint
sensitivity are retained, including z̈x, żx, and z̈y. The function ãy is substituted with
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its bound ¯̃ay ∈ R+, considering the curvature rate bound κ̄′
p ∈ R+: ãy := ¯̃ay = κ̄pξ̂

2
v +

¯̇zy
(
κ̄′

p ˆ̇zxz̄y + κ̄p ¯̇zy
)
. Two cases are considered due to a sign switch of z̈x:

(
(āy − z̈y) (1− κ̄pz̄y)− ¯̃ay

)
żx − (1 + κ̄pz̄y)z̈x ¯̇zy ≥ 0, if z̈x ≥ 0, (5.2.6)(

(āy − z̈y) (1− κ̄pz̄y)− ¯̃ay
)
żx + (1 + κ̄pz̄y)z̈x ¯̇zy ≥ 0, if z̈x < 0. (5.2.7)

The left inequality in equation (5.2.1) yields the lower bound constraint in equation (5.2.8)
after the transformation to a positivity constraint and the substitution of equation (5.2.3).
The substitution ξv := żx

(
1− κp(zx)zy

)
results in equation (5.2.9).

āyξv + ãyżx + (z̈yżx − z̈xży)
(
1− κp(zx)zy

)
≥ 0 (5.2.8)

⇒
[

(āy + z̈y)
(
1− κp(zx)zy

)
+ ãy

]
żx +

(
1− κp(zx)zy

)
z̈xży ≥ 0 (5.2.9)

Like the upper bound constraint, the left-hand side of equation (5.2.9) is lower bounded
by substituting bounds on the involved functions and preserving z̈x, żx, and z̈y. Two cases
are considered for the lower bound:(

(āy + z̈y) (1− κ̄pz̄y)− ¯̃ay
)
żx − (1 + κ̄pz̄y)z̈x ¯̇zy ≥ 0, if z̈x ≥ 0, (5.2.10)(

(āy + z̈y) (1− κ̄pz̄y)− ¯̃ay
)
żx + (1 + κ̄pz̄y)z̈x ¯̇zy ≥ 0, if z̈x < 0. (5.2.11)

5.3. Longitudinal Acceleration Constraints

The absolute acceleration at the tires cannot exceed the friction force in equation (3.4.23),
which bounds the acceleration input in dependence on the maximum lateral acceleration
in equation (5.3.1). The breaks are assumed to utilize the full acceleration potential,
resulting in the lower bound −ǔa ∈ R+ in equation (5.3.2).

|ua| ≤
√

(µadg)2 − āy2 (5.3.1)

⇒ ǔa = −
√

(µadg)2 − āy2 (5.3.2)

The available engine torque limits the forward acceleration capability, inducing a distinct
upper bound ûa ∈ R+. The acceleration input to the vehicle from equation (3.4.27) is
bounded by

ǔaξv ≤
[
z̈x
(
1− κp(zx)zy

)2
− ãx

]
żx + z̈yży ≤ ûaξv. (5.3.3)

The function ãx : R 7→ R simplifies the expression:

ãx = żx
(
1− κp(zx)zy

)(
κ′

p(zx)żxzy + κp(zx)ży
)
. (5.3.4)

The right inequality in equation (5.3.3) is transformed into a positivity constraint. The
velocity ratio rv : R 7→ R

rv = ży
żx

=
(
1− κp(zx)zy

)
tan ξψ (5.3.5)
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enables the substitution ży := żxrv. In addition, the substitution ξv := ξ̌v = żx
(
1 −

κp(zx)zy
)
, resulting from equation (5.1.5), is applied to equation (5.3.3). All terms are

divided by żx to get

ûa
(
1− κp(zx)zy

)
+ ãx − z̈yrv − z̈x

(
1− κp(zx)zy

)2
≥ 0. (5.3.6)

The final constraint expression is obtained similar to section 5.2 by underestimating the
left-hand side of equation (5.3.6) with bounds on the involved functions, so z̈x and z̈y
remain. The substitution ãx := −¯̃ax = −ˆ̇zx (1 + κ̄pz̄y)

(
κ̄′

p ˆ̇zxz̄y + κ̄p ˆ̇zy
)

uses the bound
¯̃ax ∈ R+. Since z̈y can switch sign, two cases are considered. The substitution rv :=
r̄v = (1 + κ̄pz̄y) tan ξ̄ψ yields equation (5.3.7) with the bound r̄v ∈ R+. The second case,
considered in equation (5.3.8), uses rv := −r̄v.

ûa (1− κ̄pz̄y)− ¯̃ax − z̈yr̄v − z̈x(1 + κ̄pz̄y)2 ≥ 0, if z̈y ≥ 0, (5.3.7)
ûa (1− κ̄pz̄y)− ¯̃ax + z̈yr̄v − z̈x(1 + κ̄pz̄y)2 ≥ 0, if z̈y < 0. (5.3.8)

The left inequality in equation (5.3.3) is also reformulated to a positivity constraint and
undergoes the same substitutions of ży and ξv as the upper bound. After eliminating żx,
the lower bound constraint becomes

−ǔa
(
1− κp(zx)zy

)
− ãx + z̈yrv + z̈x

(
1− κp(zx)zy

)2
≥ 0. (5.3.9)

In contrast to the upper bound, ãx := ¯̃ax applies. Equations (5.3.10) and (5.3.11) result
from the substitution of the respective velocity ratio bounds rv := −r̄v and rv := r̄v:

−ǔa (1 + κ̄pz̄y)− ¯̃ax − z̈yr̄v + z̈x(1 + κ̄pz̄y)2 ≥ 0, if z̈y ≥ 0, (5.3.10)
−ǔa (1 + κ̄pz̄y)− ¯̃ax + z̈yr̄v + z̈x(1 + κ̄pz̄y)2 ≥ 0, if z̈y < 0. (5.3.11)

The feasible accelerations are depicted in figure 5.1 for different velocities. The constraints
on ua are linear. The constraints on ay are bilinear due to a multiplication of żx with z̈y.
Consequently, the feasible state space grows with the velocity.

−8 −7 −6 −5 −4 −3 −2 −1 0 1 2 3

−2

0

2

z̈x(t)/m s−2

z̈ y
(t

)/
m

s−
2

130 km h−1 110 km h−1 90 km h−1 70 km h−1 50 km h−1

Figure 5.1.: The areas mark the connected feasible acceleration sets at different velocities żx.
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5.4. Other Vehicle Constraints

The vehicle shapes are described by axis-aligned ellipses assuming a limited heading angle
deviation from the reference path, as described in section 4.2.4. The other vehicles’ shapes
are inflated with the EV shape and a growing prediction uncertainty. The collision con-
straints require the origin to stay outside the other vehicles’ ellipses, which are translated
by the EV position. An equivalence transformation obtains polynomial constraints for
the m = 1, 2, . . . , ηov other vehicles:

(zx − zx,m)2

∆̃x,m

+ (zy − zy,m)2

∆̃y,m

− 1 ≥ 0, (5.4.1)

⇔ (zx − zx,m)2 ∆̃y,m + (zy − zy,m)2 ∆̃x,m − ∆̃x,m∆̃y,m ≥ 0. (5.4.2)

A linear increase in the ellipses semi-axes lengths is assumed to parameterize the uncer-
tainty inflations ε∆O,m with O = x, y:

ε∆x,m = ˆ̇zx
◦
thw

t

H
, (5.4.3)

ε∆y,m =
◦
∆y

t

H
. (5.4.4)

The approach is similar to the linear growing position covariance around the predicted
trajectories proposed by [Sch+18]. In the x-direction, the maximum inflation

◦
thw ∈

[0, thw ˇ̇zx/ˆ̇zx) at the prediction horizon end still allows to follow a leading vehicle at the
minimum feasible velocity. The maximum lateral inflation

◦
∆y ∈ R+ is limited so that

the EV can pass another vehicle on a neighboring lane. The parameters involved in the
collision constraints are given in table A.8.
As the planned trajectory reaches a lane center at t ∈ [Ty, H], it has to stay in the lane
center until the prediction horizon’s end. Thus, it is sufficient to check for a collision with
the next vehicle in front in equation (5.4.5) and to the rear in equation (5.4.6) on the
same lane in the x-direction. The constraints demanding clearance of the elliptical shapes
apply to the time interval t ∈ [0,max{Tx, Ty}].

zx,m − zx −
√

∆̃x,m ≥ 0, next front vehicle m = 1, 2, . . . , ηov (5.4.5)

zx − zx,m −
√

∆̃x,m ≥ 0, next rear vehicle m = 1, 2, . . . , ηov (5.4.6)

5.5. Heading Angle Constraints

The collision constraints assume a limited heading angle deviation from the reference path.
While the heading of the other vehicles cannot be controlled, the EV’s heading angle ξψ
from equation (3.4.26) shall not exceed the symmetric bound ξ̄ψ ∈ R+:

−ξ̄ψ ≤ arctan ży

żx
(
1− κp(zx)zy

) ≤ ξ̄ψ. (5.5.1)

The upper bound constraint (5.5.2) is derived from the right inequality in equation (5.5.1).
The functions κp(zx) := κ̄p and ży := z̄y are substituted to lower bound the left-hand side
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5.5. Heading Angle Constraints

of the equation (5.5.2), yielding the constraint expression (5.5.3). Thus, the heading angle
constraint is a linear function of żx and ży.(

1− κp(zx)zy
)
żx tan ξ̄ψ − ży ≥ 0 (5.5.2)

⇒ (1− κ̄pz̄y) żx tan ξ̄ψ − ży ≥ 0 (5.5.3)

The lower bound constraint is derived from the left inequality in equation (5.5.1). The
substitutions applied to the upper bound constraint are applied to the lower bound
equation (5.5.4) to obtain equation (5.5.5).(

1− κp(zx)zy
)
żx tan ξ̄ψ + ży ≥ 0 (5.5.4)

⇒ (1− κ̄pz̄y) żx tan ξ̄ψ + ży ≥ 0 (5.5.5)
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6
Local Optimal Trajectory Planning

The spline-based trajectory parameterization from section 4.3 is used to parameterize the
constraints in chapter 5. Consequently, the problem 4.3.1 is reformulated to a sparse NLP,
which is solved at the core of the LP. The solution achieves a high control performance and
resembles an inner approximation to problem 4.3.2 for a given LT. The convergence to an
LT is guaranteed by a shrinking horizon approach. It ensures recursive feasibility under
nominal conditions. The stability, complexity, and control performance are demonstrated
in two scenarios. Parts of this chapter have been published in [Dor+23].

6.1. Requirements

In the hierarchy of automated driving in figure 1.2, the motion planning module finds a
trajectory toward an LT defined by the preceding behavior module. In this chapter, the
behavior module is assumed to exist. It provides one of the m ∈ IT LTs T̃ x,m× T̃ y,m ⊂ T̃
to the LP. Furthermore, it provides an initial guess in the form of a suboptimal spline
trajectory. The trajectory terminates in the LT and may be infeasible for the given
constraints. The goal is to develop and implement a trajectory planning algorithm, which
returns a locally optimal trajectory. The planner shall achieve a high control performance
during convergence into the selected LT at a low computational complexity.

6.1.1. Stability Requirements

The terminal cost in the equation (4.3.8) estimates the cost-to-go to the GT. The terminal
cost is assumed sensitive to m ∈ IT but not to the spline coefficients and breakpoints.
Thus, the NLP does not have to consider the terminal cost in its cost function.
Even if the stability requirements in definition 3.3.4 and section 4.1.2 are fulfilled, stability
might still not hold when using a spline-based trajectory parameterization. If the pa-
rameterization is not considered correctly, the EV possibly visits states where no feasible
solution exists and recursive feasibility does not hold.

Definition 6.1.1 (Recursive feasibility [GP11, p. 49]): If at a time step j ∈ N0 a state

¯
ξ
c
(j) ∈ C0 is feasible for problem 1.2.1, the next closed-loop state

¯
ξ
c
(j + 1) ∈ C0 remains

feasible.
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6.2. Spline-Based Optimal Control Problem

Consequently, a solution to problem 1.2.1 always exists if the initial state yields a feasible
solution. Thus, recursive feasibility is a necessary condition for asymptotic stability.
Recursive feasibility applies if the segments t ∈ [∆t,H + ∆t] of the current open-loop
trajectories

¯
ξ∗
j
(t) ∈ C0 and

¯
u∗
c,j(t) ∈ U0 at time step j ∈ N0 are still feasible solutions at

the next state
¯
ξ
c
(j + 1). The terminal part t ∈ [H,H + ∆t] is an extension along the

terminal set, so
¯
ξ∗
j
(t) ∈ T . In this case, the optimal solution is not necessary and initial

feasibility suffices for asymptotic stability [Sco+99, th. 1]. The desired property may not
be achieved in all situations if a uniform spline trajectory parameterization is applied.
Instead, a nonuniform spline parameterization is proposed to refine the breakpoints, so
the set of feasible splines from the previous time step is retained [Boo01, eq. XI(16)].

6.1.2. Performance and Complexity Requirements

The initial guess and the terminal set determine the homotopy class of the LP’s solution
trajectory. The LP’s task is to improve the initial guess in the given homotopy class.
The requirement for a locally optimal solution motivates the application of a numerical
optimization algorithm. In contrast to sampling-based algorithms, algorithms based on
numerical optimization generally scale better with the degrees of freedom and are not
restricted to a discrete set of solutions.
The semi-infinite constraints of problem 4.3.2 are formulated as polynomial functions of
the spline parameterized trajectory in chapter 5, aiming at a finite-dimensional optimiza-
tion problem. Thus, the constraint functions are still splines in basis form. Requiring
positive spline coefficients achieves a feasible solution to problem 4.3.2. Ensuring the re-
cursive feasibility property does not allow time scaling, as applied by [Mer+18b]. However,
a nonuniform parameterization denies an offline computation of the coefficient transfor-
mations. Thus, the transformations are performed efficiently online while solving the
NLP.

6.2. Spline-Based Optimal Control Problem

Problem 4.3.2 is turned into a finite-dimensional OCP in the framework of the LP, as de-
scribed by problem 6.2.1. Therefore, all time-dependent functions are parameterized with
spline functions. The inequality constraints introduced in chapter 5 are parameterized by
splines as well. Demanding the positivity of their coefficients ensures constraint feasibility
at all times.

Problem 6.2.1 (Nonlinear program): For a given transformed LT with index m ∈ IT,
the spline parameterization of the constraints from chapter 5 and the involved trajectories
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Chapter 6. Local Optimal Trajectory Planning

result in

min
¯
o,

¯
kx,¯

ky

∑
O=x,y

∫ TO

0
wT,O + wj,Os...O2(t,

¯
c...O2 , ¯

kO) dt, (6.2.1)

subject to

ˇ̇zx ≥ ¯
cẋ ≥ ˆ̇zx, c0,O(ι) = zι,O,0,

¯
g
O(l)(¯

cO(l) ,¯
cO(l−1) , ¯

kO) =
¯
0,

−¯̇zy ≥ ¯
cẏ ≥ ¯̇zy, ι = 0, 1, 2, O = x, y, l = 1, 2, 3, O = x, y,

∆y +
¯
cy ≤ zy,l,

¯
g
O,m,ι

(
¯
cO(ι) , ¯

kO) =
¯
0,

¯
gb(

¯
o,

¯
kx, ¯

ky) =
¯
0,

−∆y +
¯
cy ≥ zy,r, ι = 0, 1, 2, O = x, y, oj ≥ 0, j ∈ Ih,

kn,xy − kn−1,xy ≥ ∆ǩ, n = 0, 1, . . . , k̆xy − 1

(6.2.2)

State bounds Boundary conditions Derivative constr.

Spline
constr.

Breakpoint constr.

The optimization variables are composed of all spline coefficients
¯
o ∈ R˘

¯
o and the break-

points
¯
kx and

¯
ky. Thus, the variables include the coefficients of the EV position trajectory

and its time derivatives z(j)
O (t) := sO(j)(t) up to the 3rd order j = 0, 1, 2, 3 in the O = x, y

direction. The variables also include the coefficients related to the inequality constraint
splines. The NLP is implemented via the Python [RD09] interface of the open-source
automatic differentiation framework CasADi [And+18]. The gradients are supplied to the
interior point optimization algorithm Interior Point Optimizer (IPOPT) [WB05], which
solves sparse large-scale optimization problems efficiently. IPOPT uses the linear solver
Multifrontal Massively Parallel Solver (MUMPS) [Ame+00] to compute the update for the
optimization variables. Section A.3 provides the non-default IPOPT parameter choices.
The parameters used in the NLP formulation are summarized in table A.6. The constraints
of problem 6.2.1 and the corresponding spline functions are detailed below.

Breakpoint Constraints

The EV motion is described in O = x, y direction by the splines sO(t) with the breakpoints

¯
kO. The second-last breakpoints provide the control horizons TO := kk̆O−2,O. Both
breakpoint vectors share the same initial time k0,O := 0 and prediction horizon kk̆O−1,O :=
H. The implementation of constraints involving the trajectories in both directions requires
a combination of the breakpoints to

¯
kxy :=

¯
kx ∪< ¯

ky in a sorted, strictly increasing manner.
The assumption of a strictly increasing sequence

¯
kxy mentioned in section 3.5 holds because

of the minimum breakpoint interval ∆ǩ ∈ R+. The optimization algorithm cannot change
the ordering of the breakpoints and their count, which are determined by the initial guess.

Derivative Constraints

New splines are introduced for j = 1, 2, 3 time derivatives of the position trajectory. The
splines’ coefficients are subject to optimization and coupled by the transformations

¯
T¯
b
O(j−1)

¯
b
O(j)

,
introduced in equation (3.5.9). The transformations are considered in the constraint
functions

¯
g
O(j) : Rc̆

O(j) × Rc̆
O(j−1) × Rk̆O 7→ Rc̆

O(j) in O = x, y direction:

¯
g
O(j)(¯

cO(j) ,¯
cO(j−1) , ¯

kO) =
¯
cO(j) − ¯

T¯
b
O(j−1)

¯
b
O(j) ¯

cO(j−1) . (6.2.3)
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6.2. Spline-Based Optimal Control Problem

The derivative splines maintain distinct coefficients, but they share the same breakpoints

¯
kO(j) :=

¯
kO.

State Bounds

The spline coefficients are bounded to impose limits on the EV velocity and position.
Bounds are applied to the x- and y-velocity, and the y-position. The latter represents the
left zy,l ∈ [−z̄y, z̄y] and right zy,r ∈ [−z̄y, zy,l] non-traversable lane boundaries, so the EV
stays in the drivable road area.

Boundary Conditions

Additional equality constraints ensure that the planned trajectory starts at the initial state
and ends in one of the m = −2,−1, . . . , ηov LTs. The initial condition demands the equality
c0,O(ι) = zι,O,0 for the order ι = 0, 1, 2 time derivatives in O = x, y direction. The equality
constraints

¯
g
O,m,ι

: Rc̆
O(ι) × Rk̆O 7→ R2 ensure that the terminal spline segment is retained in

the selected LT. The LTs in the x-direction, which follow the m = 1, 2, . . . , ηov other vehicle
target trajectories, are described by the splines sx̃,m(t) = sx,m(t)− thw ṡx,m(t). zx̃,m(t) :=
sx̃,m(t) denotes the spline parameterization of the target trajectories and zx,m(t) := sx,m(t)
the parameterized predicted motion in the x-direction. The remaining LTs, m = −2,−1, 0,
include the target velocity. As an exception, the terminal constraint

¯
g
x,0,0 : Rc̆

O(ι) × Rk̆O 7→
R maps to a scalar value.

¯
g
x,m,ι

(
¯
cx(ι) , ¯

kx) =
[
sx(ι)(t)− s(ι)

x̃,m(t)
]ᵀ
t=Tx,H

, m = 1, 2, . . . , ηov, ι = 0, 1, 2 (6.2.4)

¯
g
x,m,0(¯

cx, ¯
kx) = sx(H)− sx(Tx)− (H − Tx)ṽ, m = −2,−1, 0 (6.2.5)

¯
g
x,m,1(¯

cẋ, ¯
kx) =

[
sẋ(Tx) sẋ(H)

]ᵀ
− ṽ, m = −2,−1, 0 (6.2.6)

¯
g
x,m,2(¯

cẍ, ¯
kx) =

[
sẍ(Tx) sẍ(H)

]ᵀ
, m = −2,−1, 0 (6.2.7)

The LTs in the y-direction either include the lane centers with a lateral offset dm(t) in
equation (6.2.8), associated with the other vehicles m = 1, 2, . . . , ηov, or one specific center
� = lc,mc, rc in equation (6.2.9). The equation (6.2.10) ensures the absence of a lateral
motion beyond Ty.

¯
g
y,m,0(¯

cy, ¯
ky) =

[
sy(t)− dm(t)

]ᵀ
t=Ty ,H

, m = 1, 2, . . . , ηov (6.2.8)

¯
g
y,m,0(¯

cy, ¯
ky) =

[
sy(t)− d�

]ᵀ
t=Ty ,H

, (�,m) = (lc,−2), (mc,−1), (rc, 0) (6.2.9)

¯
g
y,m,ι

(
¯
cy(ι) , ¯

ky) =
[
sy(ι)(t)

]ᵀ
t=Ty ,H

, m = −2,−1, . . . , ηov, ι = 1, 2 (6.2.10)

Spline Constraints

The coefficient transformations in the more complex polynomial constraints introduced in
chapter 5 are not computed explicitly. Because the splines are nonuniform and the break-
points are subject to optimization, the equation systems determining the transformations
of the spline sum (3.5.15) and product (3.5.19) cannot be precomputed but must be solved
online. An efficient online solution is achieved by integrating the transformations in the
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Chapter 6. Local Optimal Trajectory Planning

NLP. Instead of solving the linear equation systems separately in each iteration of the
optimization algorithm, the spline interpolations from the equations (3.5.14) and (3.5.17)
are introduced as equality constraints:

s�(k̃j,�)− s�(k̃j,�)− s4(k̃j,�) = 0, j = 0, 1, . . . , k̆� − 1 (6.2.11)
s�(k̃j,�)− s�(k̃j,�) · s4(k̃j,�) = 0, j = 0, 1, . . . , k̆� − 1. (6.2.12)

Each sum or product of two splines s�(t) and s4(t) is interpolated at the knot averages

¯
k̃� of the new interpolating splines s�(t) with � = �,�. The latter splines’ coefficients are
included in the optimization variables oj with the indices j ∈ Ĩ� ⊂ N0. Simultaneously, the
equations’ (6.2.11) and (6.2.12) left-hand sides are included in

¯
gb : R˘

¯
o × R˘

¯
kx × R˘

¯
ky 7→ R˘

¯
g

b .
The order ρ�, breakpoints

¯
k�, and continuities

¯
w� of the new splines are determined accord-

ing to the rules for the spline sum and product introduced in section 3.5. The proposed
implicit coefficient transformation increases the number of constraints and optimization
variables compared to an explicit calculation. However, a sparse problem formulation is
obtained.
Aiming at a suitable computational complexity, the number of interpolation sites should
be low, while their locations are easily determined. Simultaneously, the interpolation error
resulting from numerical errors must be sufficiently small. The knot averages (3.5.7) are
a suitable choice in practice [Boo01, p. 192]. The interpolation error tends to increase
with the spline order, which should be limited for that reason. Also, the minimum time
interval ∆ǩ cannot be chosen arbitrarily small. Otherwise, the NLP becomes degenerate
due to the mutual proximity of interpolation points. The splines that contribute to the
constraint implementation are introduced below.

Other vehicles are considered in the equation (5.4.2). At first, the position differences
between the EV’s trajectory and the other vehicles’ predictions are described by the splines
s∆O,m(t), which are squared subsequently to s∆O2,m(t):

s∆O,m(t) = sO(t)− sO,m(t), O = x, y, m = 1, 2, . . . , ηov, (6.2.13)
s∆O2,m(t) = s2

∆O,m(t), O = x, y, m = 1, 2, . . . , ηov. (6.2.14)

sÒ,m(t) describe the products of the ellipses’ squared semi-axis lengths ∆̃O,m(t) := s∆̃,O,m(t)
in O = x, y direction with the squared position differences:

sx̀,m(t) = s∆x2,m(t)s∆̃,y,m(t), m = 1, 2, . . . , ηov, (6.2.15)
sỳ,m(t) = s∆y2,m(t)s∆̃,x,m(t), m = 1, 2, . . . , ηov. (6.2.16)

The ellipse extends are splines of order ρ∆̃,O,m = 3 with breakpoints
¯
k∆̃,O,m =

¯
k0H =[

0 H
]ᵀ

. The sum of equations (6.2.15) and (6.2.16) yields sxy,m(t), which is added to the
product of the negative semi-axis lengths ∆̃x,m(t)∆̃y,m(t) := s∆̃,xy,m(t) of order ρ∆̃,xy,m = 5
to get the final collision constraints sov,m(t):

sxy,m(t) = sx̀,m(t) + sỳ,m(t), m = 1, 2, . . . , ηov, (6.2.17)
sov,m(t) = sxy,m(t)− s∆̃,xy,m(t), m = 1, 2, . . . , ηov. (6.2.18)
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6.2. Spline-Based Optimal Control Problem

The inequality constraints demand positivity of the n = 0, 1, . . . , ˘
¯
cov,m−ρov,m−1 coefficients

cn,ov,m, which are equal to oj with j ∈ Ĩov,m ⊂ Ih. Therefore, each other vehicle m =
1, 2, . . . , ηov introduces six sets of equality constraints and six sets of spline coefficients to
the optimization variables. The last ρov,m coefficients are unbounded because they enclose
the terminal segment, where the simplified collision constraints (5.4.5) and (5.4.6) apply.
The collision constraints along the terminal segment only consider the m = 1, 2, . . . , ηov

other vehicles’ extend in the x-direction, which are described by the splines
√

∆̃x,m(t) :=
sε̃,x,m(t) := s2,

¯
0(t,

¯
cε̃,x,m, ¯

k0H). The constraint considering the next rear vehicle entering the
target lane is described by sov,r(t). Similarly, sov,f(t) resembles the constraint corresponding
to the next front vehicle:

sov,r(t) = s∆x,m(t)− sε̃,x,m(t), next front vehicle m = 1, 2, . . . , ηov, (6.2.19)
sov,f(t) = −s∆x,m(t)− sε̃,x,m(t), next rear vehicle m = 1, 2, . . . , ηov. (6.2.20)

Only the l = c̆ov,� − 6, c̆ov,� − 5, . . . , c̆ov,� − 1 coefficients cl,ov,�, that enclose the terminal
segments, are lower bounded variables oj with j ∈ Ĩov,� ⊂ Ih and � = r, f.

Heading angle bounds are implemented using the splines sψ̂(t) and sψ̌(t), which represent
the upper (5.5.3) and the lower bound (5.5.5) constraints:

sψ̂(t) = tan ξ̄ψ
(
1− κ̄pz̄y

)
sẋ(t) + sẏ(t), (6.2.21)

sψ̌(t) = tan ξ̄ψ
(
1− κ̄pz̄y

)
sẋ(t)− sẏ(t). (6.2.22)

The splines’ coefficients coincide with the variables oj with j ∈ Ĩ� ⊂ Ih and � = ψ̌, ψ̂.

Lateral acceleration constraint implementation of equations (5.2.6) and (5.2.7), and
equations (5.2.10) and (5.2.11) involve a product and a sum. The product yields two
intermediate splines distinguishing between the cases sÿ(t) ≥ 0 with sâ,ỹ(t) and sÿ(t) < 0
with sǎ,ỹ(t):

sâ,ỹ(t) =
[(
āy − sÿ(t)

)
(1− κ̄pz̄y)− ¯̃ay

]
sẋ(t), (6.2.23)

sǎ,ỹ(t) =
[(
āy + sÿ(t)

)
(1− κ̄pz̄y)− ¯̃ay

]
sẋ(t). (6.2.24)

Subsequently, the constraint splines are calculated with four sets of equality constraints.
The case sẍ(t) ≥ 0 is implemented for the upper and lower bound constraints � = â, ǎ

with s�,y,p(t). Similarly, s�,y,n(t) consider the cases sẍ(t) < 0 and � = â, ǎ:

s�,y,p(t) = s�,ỹ(t)− (1 + κ̄pz̄y)z̄ẏsẍ(t), � = â, ǎ, (6.2.25)
s�,y,n(t) = s�,ỹ(t) + (1 + κ̄pz̄y)z̄ẏsẍ(t), � = â, ǎ. (6.2.26)

The constraint splines’ coefficients correspond to the j ∈ Ĩ�,y,4 ⊂ Ih variables oj, with
� = â, ǎ and 4 = p, n.
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Longitudinal acceleration constraints must also distinguish four cases, but they do
not require intermediate splines. The splines sâ,x,p(t) and sâ,x,n(t) consider the cases
sẍ(t) ≥ 0 and sẍ(t) < 0, respectively, for the acceleration upper bound constraints in
equations (5.3.7) and (5.3.8). The same applies to the lower bound constraints (5.3.10)
and (5.3.11), which are parameterized by the splines sǎ,x,p(t) and sǎ,x,n(t):

sâ,x,p(t) = ûa (1− κ̄pz̄y)− ¯̃ax − sÿr̄v − sẍ(1 + κ̄pz̄y)2, (6.2.27)
sâ,x,n(t) = ûa (1− κ̄pz̄y)− ¯̃ax − sÿr̄v + sẍ(1 + κ̄pz̄y)2, (6.2.28)
sǎ,x,p(t) = ǔa (1− κ̄pz̄y)− ¯̃ax + sÿr̄v − sẍ(1 + κ̄pz̄y)2, (6.2.29)
sǎ,x,n(t) = ǔa (1− κ̄pz̄y)− ¯̃ax + sÿr̄v + sẍ(1 + κ̄pz̄y)2. (6.2.30)

The coefficients of all transformed splines are part of the optimization variables oj with
j ∈ Ĩ�,x,4 ⊂ Ih, with � = â, ǎ and 4 = p, n.

Cost function involves the squared jerk s...O2(t) = s2...
O(t) in O = x, y direction. Thus,

two additional sets of equality constraints are dedicated to determining the squared jerk
coefficients.

It is sufficient to provide an initial guess for the splines’ sx(t) and sy(t) coefficients and
breakpoints despite the introduction of additional spline coefficients in the optimization
variables. The coefficient transformations involved in the spline sums, products, and
derivatives, that are implemented via equality constraints in the NLP, are performed
explicitly with the position splines’ initial coefficients before starting the optimization.
Thus, coefficients for all spline functions fulfilling the previously introduced equality
constraints are provided to IPOPT.

6.3. Breakpoint Adaption

The nonuniform spline trajectory parameterization enables the recursive feasibility prop-
erty required in section 6.1.1 if the nominal case applies. The nominal case refers to scenes
where the vehicle motion and the environment evolve as expected by the respective model
assumptions. Although the nominal case does not hold in practice, the recursive feasibility
prevents problem 6.2.1 to not yield a solution due to the splines’ limited degrees of freedom
or a too short control horizon. An empty feasible set occurs most likely without recursive
feasibility if the feasible set at the previous time step is small already. A trajectory near
the acceleration bounds, barely avoiding an obstacle, is an exemplary situation where a
small feasible set occurs. Also, a constraint that becomes active at the end of a short
control horizon might require a solution that violates the input limitations.
Terminal equality constraints are one option for avoiding the issue of a short control
horizon [GP11, p. 88]. However, the constraints require a sufficiently long control horizon,
so the trajectory ends in the terminal set. A termination in the GT likely requires an
intractable control horizon, but a trajectory terminating in one of the LTs is assumed
feasible. Still, the splines’ breakpoints must comply with additional conditions to achieve
recursive feasibility. Consider jsO : R 7→ R, the feasible spline trajectory jsO(t) ∈ jSO,
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and the spline space jSO in O = x, y direction at one of the j ∈ 0, 1, . . . , t̆− 1 time steps
tj. The space jSO := S

¯
kO,¯

wO,ρO
includes all splines at tj with breakpoints

¯
kO := j¯

kO,
continuity

¯
wO := j ¯

wO, and of order ρO. If the existence of j+1sO(t) ∈ j+1SO at the next
step is guaranteed, the recursive feasibility from definition 6.1.1 applies. The condition is
fulfilled if jSO ⊆ j+1SO as a consequence of a knot refinement [Boo01, eq. XI(16)]. Thus,
the feasible spline trajectory from tj would be among the solutions at tj+1. Concretely,
the breakpoints

j+1¯
kO =

[
jk0,O jk0,O + ∆t jk1,O . . . TO H + ∆t

]ᵀ
(6.3.1)

are obtained by inserting a breakpoint jk0,O + ∆t in j¯
kO. Until the next time step, the

EV travels along the initial segment jsO(t) = j+1sO(t) with t ∈ [ jk0,O, jk0,O + ∆t]. All
subsequent segments are subject to optimization. Still, the breakpoints and coefficients
from the previous step can be recovered. Since the OCP relies only on the current vehicle
state and does not require knowledge of the previous states, j+1k0,O can be dropped from
the breakpoints j+1¯

kO. The planning algorithm operates in a shrinking horizon manner
toward the control horizons. The initial segment is shortened by ∆t in each time step.
If the nominal case applies, a feasible initial guess is always derived from the previous
solution. The feasible solution is sufficient for stability and can provide a backup solution
if IPOPT does not converge. The proposed knot refinement does not allow a uniform
spline parameterization, which is applied frequently in the literature. Another consequence
of the knot refinement is an increasingly tight convex hull [Boo01, props. XI(12)] and a
relaxation of the feasible set.
As the initial segment shrinks, the length of the terminal segment is increased by ∆t to
maintain a constant prediction horizon. In general, an increase in the distance between
breakpoints means an increase in the distance between spline coefficients and the spline
function. A growing convex hull for the constraint functions is avoided by designing the
terminal set, so the constraint splines and their coefficients always coincide along the
terminal segment. Therefore, the polynomials along the terminal segment reduce to linear
functions. Since the velocity is always constant in the terminal set, the condition is fulfilled
for all constraints introduced in section 5.2 except for the other vehicle constraints (5.5.5),
which are deactivated along the terminal segment.
In close vicinity to the terminal set, the control horizons become small. However, the
sensitivity of the result trajectory to disturbances becomes larger with a shrinking control
horizon. The increased sensitivity can result in an undesired oscillation around the LT. A
dual-mode control strategy is applied in the sense of [MM93], assuming the existence of a
robust trajectory tracking control law for the O = x, y direction. Instead of the LP, the
tracking controller would stabilize the EV if the distance to one of the m = −2,−1, . . . , ηov
LTs ‖

¯
zO‖T̃ O,m

≤ εO surpasses a threshold εO ∈ R+. Below the threshold, the EV state is
projected onto the current LT to provide a reference trajectory along the terminal set for
the tracking controller. As the controller is not applied in the current implementation,
the EV state is instead placed in the LT to exactly follow the reference trajectory.
The NLP requires a minimum distance ∆ǩ between breakpoints. A further shortening
of the initial spline may violate the minimum interval when the breakpoints are close
together. Consequently, breakpoints are removed in the shrinking process to maintain
feasibility. The process is depicted in figure 6.1, starting with the exemplary splines 0sO(t)
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Figure 6.1.: Process of breakpoint removal on the shrinking horizon toward the LT to retain
recursive feasibility despite a lower bound on the breakpoint interval. The top part shows splines
representing trajectories in the x- and y-direction at time step t0. The bottom part shows the
development of the splines’ breakpoints over the time steps until reaching the control horizon
Ty.

in O = x, y direction. The breakpoints are adapted over the j = 0, 1, . . . , t̆− 1 time steps
tj. The splines jsO(t) are not depicted explicitly since they coincide with 0sO(t) on the
shrinking control horizons. The splines are fixed to the terminal set at the breakpoints
0k2,O = TO and are extended along their terminal segment until the prediction horizon.
The breakpoints are combined to

j¯
kxy = j¯

kx ∪< j¯
ky.

Between each time step, the initial segment of both splines shortens by ∆t. After two
steps, the minimum interval constraint is violated at t2. Truncating the initial segment off
2sx(t) retains the recursive feasibility property. Therefore, a breakpoint is inserted along
2
sy(t), which becomes the new initial breakpoint 2k0,xy. The former initial segment is

not subject to optimization and is removed at t3. In the subsequent steps, the trajectories
shrink until the next breakpoint in the y-direction is replaced by the common initial
breakpoint at t6. At t7, the terminal breakpoint in the x-direction is replaced with a
common initial breakpoint. After j ≥ 8, jsx(t) is only composed of a single polynomial.
The same applies to

j
sy(t) after j ≥ 9.
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6.4. Evaluation

The local planner fulfills several desirable properties, including recursive feasibility and
continuous-time feasibility. However, the recursive feasibility property is only guaranteed
to hold in the nominal case. The properties are demonstrated in two highway scenarios at
the starting point s2, shown in figure 3.2. The first one is an overtaking scenario to the left
lane, where nominal conditions almost apply. Introducing additional breakpoints increases
the trajectory’s degrees of freedom to show the possible benefit in control performance
and the increase in computational complexity. In the second scenario, the EV starts in the
same initial scene and follows a leading vehicle in the right-most lane. The leading vehicle
violates the constant velocity assumption and accelerates to a higher speed. Nevertheless,
convergence to the LT can be achieved. Both scenarios have a duration of 8 s at a time
increment of ∆t = 0.1 s. A prediction horizon of H = 10 s is used.

−80 −60 −40 −20 0 20 40 60 80 100 120 140 160 180 200 220
−20

−10

0 t = 0 s

vx/m

v
y
/m

EV:90 V1 :125V2 :120
V3 :90V4 :90

V5 :70V6 :80

open-loop trajectory 1st scn. open-loop trajectory 2nd scn. H/2 H

Figure 6.2.: Initial scene with the planned trajectories for the scenario left overtaking (1st scenario)
and the scenario right vehicle following (2nd scenario). The EV is indicated by EV: żx/km h−1

and the m = 1, 2, . . . , 6 other vehicles by Vm : żx,m/km h−1.

The initial scene in both scenarios is depicted in figure 6.2. The EV is located in the
middle lane and surrounded by six other vehicles. The vehicles V1 and V2 are in the
left lane, targeting 122 km h−1. The EV is surrounded by V3 and V4 on the middle lane,
which keep their current velocity. The target velocity of V5 and V6 is 80 km h−1.
The cost function’s decrease over the simulation time is used as a metric to analyze the
EV’s convergence toward the LT. The decrease is quantified by the function λ̃ : R 7→ R,
which is based on the cost descent requirement (3.3.5), using the upper bound (3.3.6). In
contrast, equality is assumed in equation (6.4.1), rendering λ̃(tj) the current cost descent
factor over the j = 0, 1, . . . , t̆− 1 steps:

λ̃(tj) :=
V
(
¯
ξ
c
(tj,

¯
ξ0)
)
− V

(
¯
ξ
c
(tj+1,

¯
ξ0)
)

l
(
¯
ξ
c
(tj,

¯
ξ0), ¯

uc(tj,¯
ξ0)
) . (6.4.1)

The factor provides insights into the convergence properties toward the LT for a given
scenario. Four cases are distinguished for the current cost descent factor:

1. λ̃(tj) ≤ 0: According to definition 3.3.3, the planning algorithm’s cost is not a
Lyapunov function for the LT on the visited states

¯
ξ
c
(tj,

¯
ξ0). The previous time

step’s solution becomes infeasible, and the EV might not progress toward the LT.
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2. λ̃(tj) ∈ (0, 1): The cost descent is lower than expected by the principle of optimality.
The previous time step’s solution becomes infeasible, but the optimization algorithm
still finds a solution trajectory to progress toward the LT.

3. λ̃(tj) = 1: The cost value decreases as expected by the principle of optimality. The
previous time step’s solution is still feasible, resulting in time consistent open-loop
trajectories.

4. λ̃(tj) > 1: The cost value decreases faster than expected by the principle of optimal-
ity. The previous time step’s solution is still feasible, and the feasible state space is
relaxed so that the optimization algorithm can improve on the initial guess.

Scenario 1: Left Overtaking

In the first scenario, the EV changes to the left lane and accelerates to 122 km h−1. V3
continues at 90 km h−1 and activates the respective collision constraints. Two trajectory
parameterizations are compared. The first one uses three breakpoints for each spline
trajectory, referred to as the 3bp configuration. The second configuration, called 4bp,
uses four breakpoints. The initial guess is provided by a squared jerk optimal polynomial
interpolation between the initial EV state and the LT. In the x-direction, a polynomial
of degree four provides a trajectory toward the target velocity. A spline with three
breakpoints is formed by attaching a second polynomial, following the target velocity at
the control horizon end, until the prediction horizon is reached. The initial spline in the
y-direction is formed similarly. The first polynomial segment of degree five terminates
in the target lane center and is extended along the same lane center. The initial control
horizon in the x-direction amounts to 8 s and in the y-direction to 9 s since a long control
horizon increases the chance of a dynamically feasible initial guess. Still, the resulting
spline might result in a collision. The initial guess for the 4bp configuration is obtained
by inserting an additional breakpoint at H/2.
The initial guess for both breakpoint configurations violates the collision constraints from
V3. The constraint violation amounts to min{cj,ov,3|j = 0, 1, . . . , c̆ov,3 − 1} = −3.77 with
the 3bp configuration. An additional breakpoint reduces the distance of the constraint
spline from its convex hull, resulting in a lower constraint violation of min{cj,ov,3|j =
0, 1, . . . , c̆ov,3 − 1} = −2.38 when using 4bp. The 4bp configuration results in lower
open-loop cost than 3bp, as reported in table 6.1. Open-loop cost refers to the cost
of the LP’s result trajectory as measured by the cost function (4.3.8). The additional
degrees of freedom allow longer control horizons in the x- and y-direction, which can be
observed by comparing the open-loop x-velocity and y-acceleration trajectories in figure 6.3.
Consequently, the required acceleration and jerk values are reduced, achieving lower overall
cost. Simultaneously, an additional breakpoint increases the OCP complexity. Table 6.1
reports the number of constraints, optimization variables, and required iterations until
IPOPT converges for both breakpoint configurations at t = 0 s. The additional breakpoint
increases the number of constraints and variables. The 3bp configuration requires a higher
number of iterations until convergence since the feasible set is reduced to the boundary
of the unoccupied space and the feasible x-acceleration, leading to numerical problems
during the computation of the next iterates with IPOPT due to the strict relative interior
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(d) y-acceleration trajectories of 4bp configuration.

Figure 6.3.: Initial open-loop and closed-loop trajectories for the left overtaking scenario.

assumption [WB05, sec. 3.5]. Still, the computational cost per iteration is higher in the
4bp case.

Table 6.1.: Performance and complexity metrics evaluated on the initial scene of the overtaking
scenario and closed-loop cost.

config. performance metrics complexity metrics
cost closed-loop cost open-loop constraints variables iterations

3bp 17.48 20.11 1483 1466 29
4bp 17.12 17.36 2205 2196 27

In the following 6.3 s, the EV converges toward its target lane center and target veloc-
ity using the 3bp configuration, as shown in figure 6.3. The open-loop cost decreases
monotonously in each time step, inducing a positive current cost descent factor in fig-
ure 6.4. In the first 0.9 s, the current cost descent factor is greater than one. A value
beyond one indicates an inconsistency between the planned trajectories, resulting in a de-
viation between the open-loop and closed-loop trajectories, visible in figures 6.3a and 6.3c.
The shrinking horizon approach decreases the distance between the splines and their con-
vex hulls, resulting in a relaxed feasible space. IPOPT uses the additional space to find a
lower-cost trajectory. The increase from λ̃(0 s) to λ̃(0.1 s) hints at a suboptimal solution
due to the issues during the update step computation. After 0.9 s, the front vehicle no
longer influences the trajectory, making the subsequent results time consistent. When the
EV is near the target velocity and target lane center, it is placed in the LT. Thus, the
cost is reduced to zero, resulting in a discontinuous increase in the current cost descent
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factor beyond one after 5.9 s.
In contrast, the 4bp configuration initially yields a lower current cost descent factor in
figure 6.4 than the 3bp configuration, which reduces to one after 0.2 s. Thus, subsequent
open-loop trajectories are more consistent compared with the 3bp results, and the initial
open-loop trajectory is closer to the closed-loop trajectory in figures 6.3b and 6.3d. Due to
the additional degrees of freedom and the less conservative convex hull, the front vehicle
does not influence the open-loop trajectories as much.
The deviations between the closed-loop trajectories are smaller than those between the
open-loop trajectories of the 3bp and 4bp configurations in figure 6.3. However, the 4bp
configuration reaches the target only 0.1 s later. Also, the difference in closed-loop cost in
table 6.1 is smaller than the initial open-loop cost difference. The closed-loop cost refers to
the time integral over the transformed running cost (4.2.7) resulting from the closed-loop
trajectory until reaching the LT. The 3b configuration results in a higher jerk in both
directions, which is due to the higher-cost open-loop trajectories in the first time steps.
As inequality constraints on the spline coefficients are not active in the later time steps,
the additional breakpoint is not beneficial, enabling a similar closed-loop performance.
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Figure 6.4.: Current cost descent factors due to the 3bp and 4bp configurations in the overtaking
scenario.

Scenario 2: Right Vehicle Following

In the second scenario, the EV shall follow V5 on the right lane at a time headway
of thw = 2.5 s using the 3bp configuration only. In the y-direction, the initial guess is
determined in line with the previous scenario but targets the center of the right lane. In
the x-direction, a polynomial of degree five interpolates between the EV state and the
target trajectory behind the lead vehicle at 8 s. An additional polynomial segment is
attached, extending the initial trajectory along the LT until the prediction horizon. In
contrast to the first scenario, the initial guess is feasible.
In the following 4.2 s, the EV approaches the target lane center and desired time headway
with a positive current cost descent factor, as shown in figure 6.5. However, in figure 6.6a,
the leading vehicle violates the constant velocity assumption and accelerates toward a
velocity of 80 km h−1. Thus, time consistent open-loop trajectories with a current cost
descent factor of one are not possible. In addition, the disturbance induced by the leading
vehicle acceleration prevent an asymptotic convergence to the LT in the x-direction.
Consequently, the current cost descent factor becomes negative between 4.2 s and 4.6 s.
Still, the EV closes up to the desired position after 4.6 s, as the leading vehicle settles
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Figure 6.5.: Current cost descent factors due to the 3bp configuration in the vehicle following
scenario.

at its target velocity. At 5.5 s, the desired distance behind the leading vehicle is reached,
which results in a discontinuous change of the current cost decent factor. Since the control
horizon in x-direction is longer than in the y-direction, the disturbed target trajectory
also influences the lateral convergence. The influence is observable in figure 6.6b, resulting
in a deviation between the initially planned and the closed-loop trajectory. The target
lane center is reached at 6.3 s, after reaching the target trajectory.
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(a) x-velocity trajectories of the EV and V5.
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(b) y-velocity trajectories of the EV.

Figure 6.6.: Initial open-loop and closed-loop trajectories for the vehicle following scenario.

The two scenarios show the applicability of the LP to highway scenarios assuming a given
LT. In the first scenario, the recursive feasibility property and the convergence in the
vicinity of another vehicle are demonstrated, resulting in a feasible initial guess for the
NLP throughout the scenario. Additional breakpoints can improve the control performance
if inequality constraints are active. Since the polynomial segments are optimal for the
chosen cost functional, the benefit vanishes with the increasing distance from the impeding
vehicle. On the other hand, additional breakpoints increase the NLP’s complexity and
should be applied only if an improvement in closed-loop control performance is expected.
The second scenario demonstrates the ability to follow a leading vehicle at a desired
time headway. Although the leading vehicle’s motion and prediction do not coincide,
convergence to the LT is achieved. However, the recursive feasibility property is not
guaranteed to hold under disturbances, which might prevent finite-time convergence or
even finding a feasible solution in the worst case. Implementing more complex maneuvers
toward the LT requires a strategy to switch the LT. A target switch is also required if
other vehicles render the current LT infeasible. The LP may not find a feasible solution
and relies on an alternative LT with a corresponding initial guess.
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Global Optimal Trajectory Planning

The LP described in chapter 6 provides the local optimal solution for the given trajec-
tory parameterization. However, whether the local optimal solution is globally optimal
depends on the LT. The LP retains the trajectory end in the current LT, which can be
restrictive in the case of disturbances. This chapter introduces the GP, which takes over
the responsibilities of the behavior module to address the mentioned limitations. Aiming
at a hierarchical combination of the LP and the GP, the latter explores the LTs with a
sampling-based algorithm while considering the same constraints and running cost as the
LP. Parts of this chapter have been published in [DB24].

7.1. Requirements

The GP guides the vehicle toward the GT, which is described by the target velocity and
the target lane given by the preceding route planning module. The best spline trajectory
among the candidates and the corresponding LT are passed to the next module. In the
hierarchical combination, the GP’s focus is placed on LT exploration instead of finding a
solution trajectory with high control performance.

7.1.1. Stability Requirements

The GP’s ability to make far-sighted maneuver decisions is implemented via the terminal
cost. Ideally, the terminal cost is the minimum cost-to-go from the prediction horizon to
the GT. However, the future motion of other vehicles is uncertain. Therefore, the terminal
cost is designed as a heuristic based on assumptions about the future motion of other
vehicles while considering the cost design requirements from section 4.2. The asymptotic
convergence toward the GT is only assured if the assumptions apply. Still, a sufficient
control performance might be achieved if the assumptions are fulfilled in approximation.
Recursive feasibility of the GP is desired but not required in combination with the LP. If
the GP cannot achieve a cost descent, the LP can still rely on its previous result trajectory.
Thus, inconsistent maneuver selections are avoided due to missing recursive feasibility.
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7.1.2. Performance and Complexity Requirements

The exploration of LTs is usually performed via a graph-based decomposition of the feasible
state space. The graph consists of nodes and connecting edges to encode a discrete set
of candidate trajectories. The structured highway environment motivates a deterministic
discretization that depends on the vehicle state and the dynamic terminal set. Aiming
at a combination with the LP, the GP does not have to closely approximate the optimal
solution. Instead, the nodes’ distribution and connectivity must be sufficiently distinct to
provide multiple solution candidates.
A shortest-path search evaluates the graph edge candidates for feasibility. The candidate
generation and evaluation are performed frequently, requiring an implementation of low
complexity. Simultaneously, leveraging the DP principle reduces the number of required
trajectory segments. Still, all candidates have to be explored in the worst case.

7.2. Graph Search

In the context of this work, the graph encodes the trajectory candidates as splines in basis
form. The nodes represent the splines’ breakpoints, while the edges correspond to the
spline segments. Each j = 0, 1, . . . , N̆ − 1 node

¯
Nj ∈ R3×4, with a maximum number

of N̆ ∈ N0 nodes, carries information on the time and the state at the corresponding
breakpoint. According to equation (3.5.5), only a subset of a candidate spline’s coefficients
and breakpoints are required to evaluate a spline segment. Thus, a node and an edge
contribute to multiple candidate trajectories. The information contained in a node has
to be sufficient to define a spline segment with two subsequent nodes. Following the LP
implementation, the candidate trajectories are parameterized by clamped splines of order
six with a continuity up to the second time derivative. Consequently, each spline segment
depends on six coefficients and B-splines. The knot vector comprises the breakpoints with
a multiplicity of six for the initial and final breakpoints. The intermediate breakpoints
are replicated three times. Each B-spline of order six is defined using seven knots, where
successive B-splines share the same six knots. Thus, a spline span involving six B-splines
requires information on twelve knots per direction or four breakpoints per direction at
maximum. Each node

¯
Nj :=

[
¯
z̃x,j ¯

k̃x,j ¯
z̃y,j ¯

k̃y,j
]

(7.2.1)

contains half of the required information for a spline segment.
The transformed state in O = x, y direction is described by

¯
zO(k̃1,O,j) :=

¯
z̃O,j ∈ R3.

However, only including the breakpoint related to the state is not sufficient. Instead, the
vectors

¯
k̃O,j ∈ R3 in O = x, y direction store a part of a candidate spline’s breakpoints

with µ = 0, 1, 2 elements k̃µ,O,j ∈ [0, H]. k̃1,O,j is the time at the corresponding state

¯
z̃O,j. In addition, the vector contains the breakpoint corresponding to the jth node’s
predecessor

¯
Nn, k̃0,O,j = k̃1,O,n, and the successor’s

¯
Nl breakpoint, k̃2,O,j = k̃1,O,l. In turn,

the successors and the predecessors maintain the current node’s breakpoint k̃2,O,n = k̃1,O,j
and k̃0,O,l = k̃1,O,j. The assignment of breakpoints to nodes is illustrated in figure 7.1.
It shows the ι = 0, 1, . . . , 5 B-splines bι,O(t) required to evaluate the first segment of a
spline sO(t) in the O = x, y direction between the breakpoints k0,O = 0 s and k1,O = 3 s.
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The B-splines b4,O(t) and b5,O(t) also depend on k2,O = 7 s. The first two breakpoints are
stored in a node

¯
Nj. For edge evaluation, the successor node

¯
Nl has to contribute k2,O.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7
0

0.5

1

t/s

b ι
,O

(t
)

k̃0,O,j = k̃1,O,j = k̃0,O,l k̃2,O,j = k̃1,O,l k̃2,O,l

Figure 7.1.: Visualization of B-splines required for the segment between k0,O = 0 s and k1,O = 3 s,
and the assignment of breakpoints to adjacent nodes

¯
Nj and

¯
Nl for the O = x, y direction.

The sequence of candidate breakpoints must be strictly increasing except at a trajectory’s
start and end. If

¯
Nj is an initial node, it contains the initial state. The sequence elements

are restricted to k̃0,O,j = k̃1,O,j = 0 in the O = x, y direction. Similarly, if
¯
Nn is a terminal

node, the sequence elements are k̃1,O,n = k̃2,O,n = H. A node
¯
Nl is a pre-terminal node in

one or both O = x, y directions with k̃2,O,l = H and k̃1,O,l 6= H. Thus, the successor in
the respective direction is a terminal node. All terminal nodes must connect to the final
node

¯
k̃x,j =

¯
k̃y,j = H. The final node does not contribute to a candidate trajectory but

represents the possibly distant GT. All other nodes are intermediate nodes.

7.2.1. Shortest-Path Search

The candidate trajectories are explored efficiently with a shortest-path search algorithm.
Table A.7 provides an overview on the algorithm parameters and the used quantities.
The strictly increasing breakpoint sequences render the graph directed and acyclic. The
j = 0, 1, . . . , N̆ − 1 cost Vj,N ∈ R+ assigned to the nodes

¯
N =

[
¯
N0 ¯

N1 . . .
¯
NN̆−1

]
are non-negative. In algorithm 7.2.1, the Dijkstra algorithm [Dij59] is applied for the
shortest-path search. This algorithm performs a forward search from the initial nodes
with the initial state (

¯
zx,0,¯

zy,0). The algorithm expands each node in the graph at most
once and prioritizes the node with the minimum cost to an initial node for expansion.
Node expansion refers to the process of determining a node’s successors. In contrast
to the A* search, the Dijkstra algorithm does not rely on a cost-to-go heuristic. The
heuristic may require substantial computational resources for a sufficiently accurate cost
estimate. Among other things, the algorithm 7.2.1 relies on the transformed terminal set
T̃ , a set of B-spline evaluations B, and a set of coefficient transformations T. The latter
two are computed offline using all possible breakpoint sequences. The nodes’ minimum
cost predecessor is stored in

¯
pN ∈ NN̆.

The open set IN,o ⊂ N0 is created in line 2 and filled with the indices of the initial nodes.
All nodes are initialized with zeros, and the initial state and the successors’ breakpoints
are assigned to the initial nodes. The open set is maintained until termination and
contains the indices of nodes to expand. The algorithm selects the minimum cost node
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Algorithm 7.2.1.: Find the shortest path in an implicit graph.

1: function shorestPath(
¯
N,

¯
V N, T̃ ,B,T,¯

pN,¯
zx,0,¯

zy,0, ¯
χ
x
,
¯
χ
y
)

2: IN,o ← initialNodes(
¯
N,

¯
zx,0,¯

zy,0) . initialize open set nodes
3: while IN,o 6= ∅ do
4: j ← arg minn∈IN,o

{Vn,N} . select lowest cost node from open set
5: if

¯
k̃x,j ==

¯
k̃y,j == H then . is final node

6: return j . return the final node’s index
7: IN,o ← IN,o \ {j} . remove current node from open set
8: IN,s ← getSuccessors(j,

¯
N, T̃ ,

¯
χ
x
,
¯
χ
y
) . potential successors

(algorithm 7.2.2)
9: for n ∈ IN,s do

10:
¯
c̃x,¯

c̃y ← coefficients(j, n,
¯
N,B) . current coefficients (section 7.3.1)

11: h̃ ← feasible(j, n,
¯
N,

¯
c̃x,¯

c̃y,T) . segment feasibility (algorithm 7.3.1)
12: l̃ ← cost(j, n,

¯
N,

¯
c̃x,¯

c̃y,T) . segment cost (section 7.3.3)
13: if h̃ and Vj,N + l̃ < Vn,N then
14: Vn,N ← Vj,N + l̃ . update cost to successor
15: pn,N ← j . update predecessor
16: IN,o ← IN,o ∪ {n} . add successor to open set

in line 4 for expansion to implement a prioritized breadth-first search considering the DP
principle [Sni06]. If the selected node is a final node, the algorithm terminates in line 6
and returns the node’s index. The node sequence of minimum cost is collected using the
stored predecessors

¯
pN by backtracking the shortest path from the final node to the initial

node. In line 8, the node expansion process starts by storing the potential successor node
indices in IN,s ⊂ N0. The search algorithm tracks the nodes’ placement

¯
χ
O
∈ NN̆

0 along a
breakpoint sequence in O = x, y direction. An initial node

¯
Nj starts with χj,x = χj,y = 0

after the node initialization in line 2. The potential successors’ coefficients are determined
and stored in

¯
c̃x ∈ R6 and

¯
c̃y ∈ R6. Line 11 evaluates the current segment’s feasibility

according to the inequalities in equation (6.2.2), using the computed coefficients. The
variable h̃ ∈ {true, false} indicates if the spline segment is feasible. The segment’s cost
is stored in l̃ ∈ R+. The potential successors become actual successors if the corresponding
spline segments are feasible and if the new paths to the successor nodes induce a lower
cost than the current cost. If the conditions apply, the potential successors become the
actual ones, and their cost and predecessor are updated. Finally, the successors are added
to the open set for expansion.
The jth node’s potential successors are determined by the algorithm 7.2.2. Line 4 retrieves
the current breakpoint of the nodes’ after the next ones, which are required to classify the
expansion direction and to determine the successors’ states accordingly. The

¯
Nn successor

node’s breakpoints
¯
k̃O,n are drawn from the combination of the sets Kj,O ⊂ (0, H] in

O = x, y direction in line 6 until all combinations are processed. If the successor node is a
final node, its index is returned immediately. The successor states are generated based on
the current node’s state and the successor nodes’ breakpoints.
In line with the LP, the GP searches over nonuniform splines. In contrast, the segment
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Algorithm 7.2.2.: Determine the potential successor nodes IN,s for the current node
¯
Nj .

1: function getSuccessors(j,
¯
N, T̃ ,

¯
χ
x
,
¯
χ
y
)

2: IN,s ← ∅
3: n ← j + 1
4: Kj,x,Kj,y ← nextBreakpoints(

¯
Nj, χj,x, χj,y) . get breakpoints (section 7.2.2)

5: while Kj,x ×Kj,y 6= ∅ do
6:

¯
k̃x,n, ¯

k̃y,n ← drawBreakpoints(Kj,x ×Kj,y, ¯
Nj) . draw breakpoints and

remove from Kj,x ×Kj,y
7: if

¯
k̃x,n ==

¯
k̃y,n == H then . is final node

8: return {n} . return final node
9: Dx ← nextStatesX(

¯
Nj, ¯

k̃x,n, T̃ ) . next states (algorithm 7.2.3)
10: Dy ← nextStatesY(

¯
Nj, ¯

k̃y,n, T̃ ) . next states (algorithm 7.2.4)
11: if k̃1,x,j < k̃1,y,j then . expansion x-direction
12:

¯
k̃y,n, Dy, χn,x ← ¯

k̃y,j, {¯
z̃y,j}, χj,x + 1

13: else if k̃1,x,j > k̃1,y,j then . expansion y-direction
14:

¯
k̃x,n, Dx, χn,y ← ¯

k̃x,j, {¯
z̃x,j}, χj,y + 1

15: while Dx ×Dy 6= ∅ do
16:

¯
z̃x,n,¯

z̃y,n ← drawSample(Dx ×Dy) . draw state pair and remove from
Dx ×Dy

17: IN,s ← IN,s ∪ {n} . update successors
18: n ← n+ 1
19: return IN,s

number of uniform splines would be coupled to the time discretization. A dense discretiza-
tion induces many short spline segments. However, if one desires long segments, a sparse
time discretization is required, which can be insufficient for the task. In this application,
spline segments of varying lengths are beneficial for achieving a high control performance
with a low number of breakpoints because the polynomials are optimal for the squared
jerk cost. Also, the additional breakpoint variations due to the nonuniformity render a
sparse state space discretization sufficient to explore the feasible state space.
The constraints that depend on the breakpoints in both directions require a combination
of breakpoint sequences during the node expansion. Each node expansion preserves the
parameters relevant for a combined spline segment, requiring a node to expand in only
the x- or the y-direction, or in both directions simultaneously. Figure 7.2 illustrates the
breakpoint combination with a sequence of node expansions for two exemplary break-
point vectors

¯
kx and

¯
ky, which are combined to

¯
kxy according to the rules for breakpoint

combination in section 3.5. The j = 0, 1, 2, 3 nodes
¯
Nj describe the corresponding candi-

date spline. The bottom part of figure 7.2 shows the node connections and the involved
breakpoint sequences. The initial node includes the breakpoints

¯
k̃x,0 =

[
0 0 k1,x

]ᵀ
and

¯
k̃y,0 =

[
0 0 k1,y

]ᵀ
. The first node expansion from

¯
N0 to

¯
N1 covers the com-

bined segment [k0,xy,k1,xy] because the current breakpoint is the same for both directions
k0,xy = k̃1,y,0 = k̃1,y,0. Thus, the node

¯
N0 is expanded in both directions, so the next node
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includes the breakpoint sequences
¯
k̃x,1 =

[
0 k1,x k2,x

]ᵀ
and

¯
k̃y,1 =

[
0 k1,y k2,y

]ᵀ
. The

second node expansion from
¯
N1 to

¯
N2 covers the combined breakpoint segment [k1,xy,k2,xy].

The second node’s breakpoints do not share the same current breakpoint. While the first
segment in the x-direction includes the next combined segment [k1,xy,k2,xy] ⊂ [k0,x,k1,x],
the first segment in the y-direction does not [k1,xy,k2,xy] 6⊂ [k0,y,k1,y]. Instead, the next
segment in the y-direction [k1,xy,k2,xy] ⊂ [k1,y,k2,y] covers the next combined segment.
Consequently, the node

¯
N1 is only expanded in the y-direction to

¯
k̃y,2 =

[
k1,y k2,y k2,y

]ᵀ
.

The breakpoints
¯
k̃x,2 =

¯
k̃x,1 and the corresponding state

¯
z̃x,2 =

¯
z̃x,1 in the x-direction

are preserved. The third node expansion is performed only in the x-direction since the
last segment [k2,xy,k3,xy] ⊂ [k1,y,k2,y] is already covered in the y-direction. Thus, the
breakpoints

¯
k̃y,3 =

¯
k̃y,2 and states

¯
k̃y,3 =

¯
k̃y,2 are preserved. Still,

¯
N2 is located at k1,x

and requires an expansion to k2,x with
¯
k̃x,3 =

[
k1,x k2,x k2,x

]ᵀ
. The decision for the

k0,y = 0 k1,y k2,y

k0,x = 0 k1,x k2,x

k0,xy = 0 k1,xy k2,xy k3,xy

¯
k̃x,0 → ¯

k̃x,1

¯
k̃y,0 → ¯

k̃y,1

¯
k̃x,1 → ¯

k̃x,2 =
¯
k̃x,1

¯
k̃y,1 → ¯

k̃y,2

¯
k̃x,2 → ¯

k̃x,3

¯
k̃y,2 → ¯

k̃y,3 =
¯
k̃y,2

¯
kxy

¯
kx

¯
ky

¯
N0 → ¯

N1

¯
N1 → ¯

N2

¯
N2 → ¯

N3

t

shared breakpoint breakpoint x-direction breakpoint y-direction

Figure 7.2.: Visualization of directional node expansion and the determination of the successor
nodes’ breakpoints.

expansion direction is implemented in algorithm 7.2.2 by comparing the jth nodes’ current
breakpoints in the x- and y-direction. If both current breakpoints are equal, an expansion
in both directions is performed with two sets of new successor states DO ⊂ R3 in O = x, y

direction. The determination of successor states is described in section 7.2.3. In line 16 of
algorithm 7.2.2, the successor states are combined to create the potential successor nodes
that are added to IN,s.

7.2.2. Time Discretization

The breakpoints of candidate trajectories are drawn from a discrete set of times along the
planning horizon. The planning horizon is discretized to K̆O ∈ N2 equidistant intervals in
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O = x, y direction, resulting in the discrete sets

Kx =
{
j

K̆x

H + ∆ǩ | j = 1, . . . , K̆x − 1
}
∪ {0, H}, (7.2.2)

Ky =
{
j

K̆y

H | j = 0, 1, . . . , K̆y

}
. (7.2.3)

Except for the initial time and the prediction horizon, all elements of Kx are shifted by
∆ǩ to ensure feasibility for the minimum breakpoint interval from the constraints (6.2.2).
The length of spline segments connecting two elements from KO must be in the intervals
Iχ ⊂ (0, H). Each interval corresponds to a maximum number of breakpoints χ ∈ X ⊂ N2
along a candidate spline. The set X is a design choice, enabling the planning algorithm to
explore candidate splines of varying segment lengths. The next breakpoints k̃2,O,n ∈ Kj,O
in O = x, y direction of the jth node’s successor

¯
Nn are drawn from

Kj,O =
{
(k̃2,O,j + ∆k) ∈ KO | ∆k ∈ Iχ, χj,O < χ− 3, χ ∈ X

}
∪

∪ {H | χ− 3 ≤ χj,O < χ, χ ∈ X} . (7.2.4)

If the successor node becomes a pre-terminal node in any direction, so χj,O = χ− 3 and
χn,O = χ − 2, the successor’s next breakpoint k̃2,O,n ∈ Kj,O = {H} must be placed at
the prediction horizon. The same applies if the successor node is a terminal node with
χj,O = χ − 2 and χn,O = χ − 1 or a final node with χj,O = χ − 1 and χn,O = χ. In the
special case of the open set initialization in algorithm 7.2.1 at line 2, Kj,O determines the
current node’s next breakpoint k̃2,O,j ∈ Kj,O with χj,O = −1 in O = x, y direction.

7.2.3. State Discretization

The computational complexity of sampling-based planning algorithms is sensitive to the
state space dimensionality. Following Ziegler and Stiller [ZS09], the complexity of the
graph search algorithm is reduced in this work by restricting states in the y-direction
to having zero velocity and acceleration. Also, the acceleration in the x-direction must
be zero. In contrast to [ZS09], the x-position is not discretized explicitly. If a node is
designated to follow a leading vehicle, the x-position is given by the leading vehicle’s
predicted trajectory. Otherwise, the x-position is determined to minimize the squared jerk
cost for a given velocity. Thus, the terminal position z0,x(Tx) of problem 4.3.1 is subject
to optimization. The solution to the adapted variational problem requires satisfying the
transversality condition [Föl94, eq. (2.46)] with the corresponding Lagrange multipliers

¯
ΛTx
∈ R2:

¯
0 =

¯
Λx(Tx)−

d
d
¯
zx(Tx)

[
z1,O,T − z1,x(Tx) z2,O,T − z2,x(Tx)

]
¯
ΛTx

, (7.2.5)

= [Λ0,x(Tx) Λ1,x(Tx) + Λ0,Tx Λ2,x(Tx) + Λ1,Tx ]ᵀ . (7.2.6)

Since
¯
ΛTx

is free to choose, only the first element resembles a new condition:

Λ0,x(Tx) = 2wj,Oq0,O = 0, (7.2.7)
⇔ q0,O = 0. (7.2.8)
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In combination with the Euler-Lagrange equation’s necessary conditions (4.3.5) and (4.3.6),
the first row and column in the matrix of equation (4.3.7) become obsolete. Thus, the
solution is a polynomial of degree four p4 : R× R3 × R 7→ R as a function of time, the
initial state, and the terminal velocity assuming a zero terminal acceleration.
The set of the successor nodes’ state depends on the current node’s and the successor nodes’
breakpoints. Generally, the states are sampled to comply with the boundary constraints
in equation (4.3.9). The initial nodes are placed at the initial state

¯
zO,0 in O = x, y

direction, which is accomplished at the start of the shortest-path search. Pre-terminal
nodes establish a connection to the terminal set. The subsequent terminal nodes retain
the terminal segment in the terminal set. Intermediate nodes are meant to explore the
state space beyond the terminal set.

Algorithm 7.2.3.: Obtain the successor nodes’ states in the x-direction.

1: function nextStatesX(
¯
Nj, ¯

k̃x,n, T̃ )
2: if k̃1,x,n 6= H and k̃2,x,n 6= H then . intermediate node
3: return Dẋ,j ∪ Dx̃,j
4: else if k̃2,x,n == H and k̃1,x,n 6= H then . pre-terminal node
5: return Dṽ,j ∪ Dx̃,j
6: else if k̃1,x,n == H and (

¯
z̃x,j,¯

z̃y,j) ∈ T̃ then . terminal node and in terminal set
7: return

{[
z̃0,j,x + ∆kj z̃1,j,x z̃1,j,x 0

]ᵀ}
8: else . terminal node and outside terminal set
9: return ∅

Algorithm 7.2.3 details the selection of the successors’ states in the x-direction. If the
successors are intermediate nodes, the corresponding candidate trajectories can follow
a leading vehicle (7.2.9) or reach states of constant velocity (7.2.10). The velocity set
Zẋ =

{
ˇ̇zx + j

ηx
(ṽ − ˇ̇zx) | j = 0, 1, . . . , ηx

}
decomposes the interval between the minimum

feasible velocity and the target velocity into ηx ∈ N0 equidistant intervals. The optimal
position to a given velocity is obtained from the fourth-degree polynomial. ∆kj :=
k̃2,x,j − k̃1,x,j denotes the time interval between the jth current node’s and the subsequent
nodes’ breakpoints.

Dx̃,j =
{[
zx̃,m(k̃2,x,j) żx̃,m(k̃2,x,j) z̈x̃,m(k̃2,x,j)

]ᵀ
| m = 1, 2, . . . , ηov

}
(7.2.9)

Dẋ,j =
{[
p4(∆kj,¯

z̃x,j, ˜̇zx) ˜̇zx 0
]ᵀ
| ˜̇zx ∈ Zẋ

}
(7.2.10)

If the successors are pre-terminal nodes in the x-direction, they must be located in the
terminal set. Thus, the nodes are placed at the target velocity or behind a leading vehicle
with equation (7.2.9). The state at the target velocity is contained in Dṽ,j:

Dṽ,j =
{[
p4(∆kj,¯

z̃x,j, ṽ) ṽ 0
]ᵀ}

. (7.2.11)

If the successors are terminal nodes in the x-direction, the trajectory must stay in the
current node’s LT. Thus, the successor node

¯
Nn is placed in front of

¯
Nj, assuming a

constant velocity along the terminal set. Line 9 considers the case where the successor
nodes are terminal, but the current one is not in the terminal set. In this case, the
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Algorithm 7.2.4.: Obtain the successor nodes’ states in the y-direction.

1: function nextStatesY(
¯
Nj, ¯

k̃y,n, T̃ )
2: if k̃1,y,n 6= H then . not terminal node
3: return Dy,j
4: else if k̃1,y,n == H and (

¯
z̃x,j,¯

z̃y,j) ∈ T̃ then . terminal node and in terminal set
5: return

{
¯
z̃y,j

}
6: else . terminal node and outside terminal set
7: return ∅

corresponding candidate trajectory cannot comply with the boundary conditions, so no
node expansion is performed.
The successors’ states in the y-direction are obtained considering the same cases as in the
x-direction without a distinct pre-terminal node case. If the successors are not terminal
nodes, the trajectories must reach one of the current node’s neighboring lane centers
(7.2.13). The lane identifiers are obtained from equation (7.2.12), depending on the
current node’s associated lane.

Dj =


{lc,mc, rc}, if z̃0,y,j in middle lane
{lc,mc}, if z̃0,y,j in left-most lane
{mc, rc}, otherwise

(7.2.12)

Dy,j =
{[
d� 0 0

]ᵀ
| � ∈ Dj

}
(7.2.13)

If the successors are terminal nodes and the current node is located in the terminal set,
the current y-position is retained to keep the terminal segment in the terminal set. Finally,
if a terminal node is present but not located in the terminal set, no feasible successor state
can be returned.

Consequently, the y-positions and x-velocities are distributed along a regular grid, while
the shortest-path search also performs connection attempts to the terminal set. The
x-position is chosen optimally and not discretized explicitly, which likely provides feasible
polynomial segments and reduces the search complexity. Thus, a set of distinct candidate
trajectories of high control performance can be generated, which explores all LTs.

7.3. Edge Evaluation

After obtaining the potential successor nodes, the current node is connected to its suc-
cessors. The connection process decides whether to establish a connection to a potential
successor based on the feasibility and cost of the connecting spline segments. The required
operations are detailed in this section.

7.3.1. Segment Coefficients

A prerequisite is the computation of the spline coefficients defining the transformed seg-
ments, inferred from the states at the current node

¯
Nj and the predecessor’s

¯
Nn states in
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Algorithm 7.3.1.: Test feasibility of a spline segment between
¯
Nj and its potential successor

¯
Nn.

1: function feasible(j, n,
¯
N,

¯
c̃x,¯

c̃y,T)
2: H̃ ← H
3: if k̃1,x,j == k̃1,y,n == H then . successor is a terminal node in both directions
4: H̃ ← {sov,f(t), sov,r(t)} . test terminal collision constraints at terminal node
5: for s�(t) ∈ H̃ do
6:

¯
c̃� ← constraint

(
¯
Nj, ¯

Nn,¯
c̃x,¯

c̃y,T, s�(t)
)

. constraint coefficients
7: if not all(š� ≤ ¯

c̃� ≤ ŝ�) then
8: return false . spline segment infeasible
9: return true . spline segment feasible

O = x, y direction
¯
z̃O,l = l

j,n¯
Bᵀ

O j,n¯
c̃O. Therefore, the B-splines corresponding to an edge

between the l = j, n nodes are evaluated at the nodes’ breakpoints:

l
j,n¯
BO :=

[
bι,O(k̃1,x,l) bι,Ȯ(k̃1,x,l) bι,Ö(k̃1,x,l)

]ᵀ
ι∈ j,nIb

∈ R6×3, l = j, n, O = x, y. (7.3.1)

j,n¯
c̃O =

[
n¯
c̃O

ᵀ
l¯
c̃O

ᵀ
]ᵀ

comprises the coefficients associated with the individual j = n, l

nodes l¯
c̃O ∈ R3 in O = x, y direction. The set j,nIb ⊂ N0 contains the indices of

the nonzero B-splines on the segment under evaluation. The combination of B-spline
evaluations at the nodes’ breakpoints yields an invertible matrix j,n¯

BO =
[

j
j,n¯
BO

n
j,n¯
BO

]ᵀ
,

enabling the computation of the edges’ coefficients j,n¯
c̃O = j,n¯

B−ᵀ
O

[
¯
z̃ᵀ
x,j ¯

z̃ᵀ
x,n

]ᵀ
. The

matrices n,l¯
B−ᵀ

O ∈ B are computed offline for all possible breakpoint sequences in O = x, y

direction to reduce the computational effort during the graph search.

7.3.2. Segment Feasibility

One requirement for adding a potential successor
¯
Nn of the current node

¯
Nj to the

graph is the feasibility of a candidate spline segment between
¯
Nj and

¯
Nn, subject to the

state bounds and spline constraints in equation (6.2.2). Algorithm 7.3.1 evaluates the
coefficients

¯
c̃� ∈ Rρ� along the current segment associated with the constraint splines

s�(t) ∈ H̃. If the current spline segment is a terminal segment, it is sufficient to consider
the simplified collision constraints. Otherwise, bounds on the velocity, the y-position, the
ellipse collision constraints, the heading angle limitations, and the acceleration constraints
are evaluated, which are described in chapter 5. The time arguments are omitted for
brevity:

H =
{
sȮ, sy, sψ̂, sψ̌, sov,m, s�,O,p, s�,O,n | m = 1, 2, . . . , ηov, � = â, ǎ, O = x, y

}
. (7.3.2)

Line 6 in algorithm 7.3.1 determines the segment coefficients corresponding to a constraint
spline, where the required coefficient transformations are performed explicitly. In contrast,
the NLP implements the transformations implicitly with

¯
gb(

¯
o,

¯
kx, ¯

ky) =
¯
0. The matrices

¯
T¯
b�

¯
b4

, introduced in section 3.5, are used to implement the spline products, sums, and
derivatives involved in the constraint formulation. In application to a single spline segment,
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only the relevant submatrix
j,n¯
T̃¯
b�

¯
b4
∈ T ⊂ Rρ4×ρ� is computed. The operations are defined

analogously to section 3.5:

j,n¯
c̃� =

j,n¯
T̃¯
b�

¯
b� j,n¯

c̃� +
j,n¯
T̃¯
b4

¯
b� j,n¯

c̃4, (7.3.3)

j,n¯
c̃� =

j,n¯
T̃¯
b��

¯
b4

¯
b�

( j,n¯
c̃� ⊗ j,n¯

c̃4), (7.3.4)

j,n¯
c̃�̇ =

j,n¯
T̃¯
b�

¯
b�̇ j,n¯

c̃�. (7.3.5)

Like the inverted B-spline evaluations, the coefficient transformations are computed of-
fline and stored in T, considering all possible breakpoint sequences. After obtaining the
coefficients, they are checked for compliance with the upper ŝ� ∈ R and lower bounds
š� ∈ R imposed on the corresponding spline s�(t). The bounds š� = 0 and ŝ� →∞ are
associated with s�(t) ∈ (H̃ ∪ {sov,f(t), sov,r(t)}) \ {sẋ(t), sẏ(t), sy(t)}. The vehicle width
and the lane bounds are considered in šy = zy,r + ∆y and ŝy = zy,l − ∆y. In addition,
šẋ = žẋ, ŝẋ = ẑẋ, šẏ = −z̄ẏ, and ŝẏ = ẑẏ coincide with the respective velocity bounds.

7.3.3. Segment Cost

In addition to a spline segment’s feasibility, the transition cost j,nl̃ ∈ R+ between the
nodes

¯
Nj and

¯
Nn is determined:

j,nl̃ :=
F̃ (

¯
z̃x,j,¯

z̃y,j) if
¯
k̃x,n =

¯
k̃y,n = H,

j,nl̃x + j,nl̃y otherwise.
(7.3.6)

If the node
¯
Nn is not a final node, the cost is determined based on the nodes’ states

and breakpoints. The cost along a spline segment is the sum of the cost in the O = x, y

direction j,nl̃ := j,nl̃x + j,nl̃y with j,nl̃O ∈ R+. The directional costs are defined in line
with the running cost from equation (6.2.1):

j,nl̃O :=
0 if k̃1,O,n = H,

wT,O
(
k̃1,O,n − k̃1,O,j

)
+ wj,O j,n

c̃5,I,
...
O2 otherwise,

O = x, y. (7.3.7)

The costs become zero if the successor node is a terminal node to ensure a cost decrease
with the shrinking control horizon. Otherwise, the weighted sum of the time along the
spline segment and the squared jerk integral is returned. The cost calculation requires the
segment coefficients of the squared jerk integral sI,

...
O2(t) =

∫ TO
0 s...O2(t) dt in the O = x, y di-

rection. A transformation
j,n¯
T̃¯
bO

¯
b...
O
∈ T applied to the position trajectories’ spline coefficients

yields the third time derivative coefficients in equation (7.3.8). Subsequently, the squared
jerk integral coefficients are obtained by equation (7.3.9), with two additional matrices
implementing the spline product

j,n¯
T̃¯
b...
O�

¯
b...
O

¯
b...
O2 ∈ T and the time integration

j,n¯
T̃¯
b...
O2

¯
bI,

...
O2 ∈ T.

The last element of
j,n¯

c̃I,
...
O2 ∈ R6 yields the squared jerk integral over the segment under

evaluation.
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The selection of LTs is guided by the terminal cost, which are integrated in the segment
cost in section 7.3.3 if a node expansion exceeds the prediction horizon. This chapter
defines the terminal cost such that the EV is stabilized in the GT according to the require-
ments in section 7.1.1. The cost impose assumptions on the other vehicles’ future motion
to enable far-sighted decisions at low computational cost. The GP’s ability to select rea-
sonable LTs is demonstrated subsequently in open-loop at two overtaking scene variations.
The computational complexity and control performance of several GP configurations are
evaluated to identify a suitable compromise. Parts of this chapter have been published in
[DB24].

8.1. Terminal Cost

The terminal cost is applied as the segment cost in equation (7.3.6) if the successor node is
a final node. The terminal cost is an estimate of the cost-to-go from the prediction horizon
into the GT. According to the criteria in section 4.1.2, the terminal cost has to upper
bound the transition cost between LTs in the sense of equation (4.1.3). The condition
ensures the GP selects an LT on the trajectory to the GT if feasible. Simultaneously,
equation (4.1.4) demands a terminal cost design, so a continuous upper bound for the
terminal cost exists.
Starting at the prediction horizon, the cost-to-go estimate proposed in this section assumes
that the EV approaches the GT by visiting the LTs. The cost extrapolation is a sum of
the costs induced by transitions among LTs that, under simplifying assumptions, end in
the GT. The LTs explicitly considered for the terminal cost calculation include the target
velocity and the neighboring lane centers but not the target trajectories behind other
vehicles. Problem 8.1.1 estimates the cost for the transition between the current LT to
the next LT.

Problem 8.1.1 (Local target transition): The minimum cost Ṽ ∗
3 : R3 × R3 7→ R+ from

the current to the next LT, considering only candidate trajectories with maxX = 3

73



Chapter 8. Local Target Selection

maximum breakpoints in the graph, is given by

Ṽ ∗
3

(
¯
zx(H),

¯
zy(H)

)
= min

Tx,Ty

∑
O=x,y

∫ TO

0
wT,O + wj,O

...
p 2

5(t,¯
zO,0,¯

zO,T) dt, (8.1.1)

subject to
Ťx ≤ Tx ≤ H,

¯
zx,0 =

[
0 z1,x(H) 0

]ᵀ
,

¯
zy,0 =

[
drc 0 0

]ᵀ
,

Ťy ≤ Ty ≤ H,
¯
zx,T =

[
p4(x,¯

zx,0, ṽ) ṽ 0
]ᵀ
,

¯
zy,T =

[
dmc 0 0

]ᵀ
,

TO ∈ Kn,O, O = x, y.

(8.1.2)

The GP’s solution trajectory ends with the terminal node
¯
Nj. When the EV reaches

the state at the terminal node
¯
Nj, the state becomes the initial state of the new initial

node
¯
Nn. Ṽ ∗

3

(
¯
z̃x,j,¯

z̃y,j
)

is the minimum segment cost from
¯
Nn to a new LT at the target

velocity. Candidate trajectories can only terminate in the current or the neighboring
lanes. Since the middle and right-most lanes are usually the widest, the cost of changing
between them is assumed to overestimate the cost of changing to the left-most lane. The
kinematic constraints from chapter 5 impose lower bounds ŤO ∈ [0, H] in the O = x, y

direction. For the selected boundary conditions, which demand a transition between two
equilibria, a growing control horizon only reduces the trajectory’s time derivative magni-
tudes. Section A.6 shows the property graphically. In the x-direction, the acceleration
decreases with the growing control horizon, while the velocity and acceleration decrease in
the y-direction. Thus, the set of kinematically feasible control horizons is bounded from
above only by the prediction horizon, resulting in

Ṽ ∗
3

(
¯
zx(H),

¯
zy(H)

)
< ˆ̃Vx

(
¯
zx(H)

)
+ ˆ̃Vy

(
¯
zy(H)

)
, (8.1.3)

ˆ̃VO
(
¯
zO(H)

)
:=
∫ T̃O

0
wT,O + wj,O

...
p 2

5(t,¯
zO,0,¯

zO,T) dt, O = x, y. (8.1.4)

Considering only GP configurations including splines with three breakpoints X = {3},
equation (8.1.4) provides an upper bound on the transition cost between adjacent LTs.
The maximum segment length T̃O := maxKn,O is chosen as the control horizon in O = x, y

direction. The upper bound holds for any combination of cost weights. With a growing
control horizon TO → ∞, the jerk decreases monotonously ...

p 5(t,¯
zO,0,¯

zO,T) → 0. Thus,
as wT,O → 0, the optimal control horizon for problem 8.1.1 increases until reaching T̃O.
Conversely, as wj,O → 0, the optimal control horizon approaches the minimum feasible
one, which renders T̃O suboptimal. Since the splines’ time derivatives only decrease with
a growing TO, a feasible solution at TO = T̃O exists if one exists at TO < T̃O.
Candidate trajectories are composed of multiple segments with lower distinct cost if
maxX > 3. However, in the presence of other vehicles, a trajectory composed of multiple
segments may yield a higher cost than a single polynomial. Multiple segment trajectory
candidates can exceed the introduced cost bound, and opportunities for progressing toward
the next LT may be missed. The upper bound is retained for splines with multiple segments
by scaling the polynomial cost bound with the maximum possible number of segments. The
scaling may render the cost estimation conservative, which introduces a certain robustness
against other vehicles that require a multi-segment trajectory to reach the next LT. On
the other hand, growing terminal cost decrease the importance of the running cost and
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the control performance in convergence to an LT. The transformed terminal cost is a sum
of the scaled terminal cost F̃O : R3 7→ R+ in the O = x, y direction

F̃ (
¯
z̃x,j,¯

z̃y,j) = (maxX − 2)
(
F̃ x(¯

z̃x,j) + F̃ y(¯
z̃y,j)

)
(8.1.5)

in dependence on the state
¯
z̃O,j at the terminal node

¯
Nj. The directional terminal costs

are defined based on the upper cost bounds (8.1.4). A control sequence from the state
at each terminal node is constructed to the GT, assuming inactive collision constraints,
to fulfill the terminal cost descent (4.1.3) and the upper bound (4.1.4). Four cases are
distinguished, which are defined below.

Definition 8.1.1 (Right lane change to target velocity): The
¯
Nj terminal node’s velocity

fulfills z̃1,x,j ≥ ṽ, and the definitions 8.1.3 and 8.1.4 do not apply. The directional terminal
costs are defined to

F̃ x(¯
z̃x,j) := ˆ̃Vx(¯

z̃x,j), (8.1.6)

F̃ y(¯
z̃y,j) :=


0 if drc = z̃0,y,j,
ˆ̃Vy(¯

z̃y,j) if dmc = z̃0,y,j,

2 ˆ̃Vy(¯
z̃y,j) otherwise.

(8.1.7)

Definition 8.1.1 applies to terminal states that reach or exceed the target velocity. Simul-
taneously, the EV is not in danger of violating the left-overtaking rule in definition 8.1.4,
and the EV does not drive too close behind another vehicle, as in definition 8.1.3. The
cost estimate (8.1.7) depends on the terminal state’s associated lane. Two lane changes
are required from the left-most lane to get into the right-most target lane, yielding a cost
bound of 2 ˆ̃Vy(¯

z̃y,n). The right-most lane is reached from the middle lane with a single
lane change. An exemplary scenario is depicted in figure 8.1. The terminal state

¯
z(H) is

located on the left-most lane, while one of the m = 1, 2, . . . , ηov vehicles travels sufficiently
far ahead to not interfere with the EV’s motion. The vehicle’s transformed state trajectory
is indicated by

¯
zm : R 7→ R6. The EV’s transformed state prediction beyond the predic-

tion horizon is described by ˜
¯
zl :=

[
¯
zᵀ
x(H + lT̃x) ¯

zᵀ
y(H + lT̃y)

]ᵀ
at multiples l ∈ N0 of the

maximum segment lengths. According to the assumptions underlying definition 8.1.1, the
target velocity and the middle lane are reached at t = H+ T̃O, O = x, y. After t = H+2T̃O
and the second lane change, the EV enters the GT in the right lane.

¯
zm(0)

¯
z(0) ¯

z(H)

˜
¯
z1

˜
¯
z2

EV location other vehicle location

Figure 8.1.: Exemplary scenario showing the control sequence underlying the terminal cost
according to definition 8.1.1.
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Definition 8.1.2 (Left lane change for overtaking): The terminal node
¯
Nj is located

behind a leading vehicle with
¯
z̃x,j ∈ T̃ x,m and

¯
z̃y,j ∈ T̃ y,m for any m = 1, 2, . . . , ηov. In

addition, z̃1,x,j < ṽ, dlc 6= z̃0,y,j, and the impeding vehicle case in definition 8.1.4 does not
apply. The directional terminal costs are defined to

F̃ x(¯
z̃x,j) := ˆ̃Vx(¯

z̃x,j), (8.1.8)

F̃ y(¯
z̃y,j) :=

3 ˆ̃Vy(¯
z̃y,j) if dmc = z̃0,y,j,

4 ˆ̃Vy(¯
z̃y,j) otherwise.

(8.1.9)

Definition 8.1.2 considers scenes where the terminal state follows a leading vehicle in the
middle or right lane while driving slower than the target velocity. Other vehicles are
arranged, so the EV is not in danger of violating the left overtaking rule implemented with
definition 8.1.4. The cost estimate assumes that the EV changes to the left-most lane,
where definition 8.1.1 applies. Depending on the terminal state’s associated lane, one or
two lane changes are required to reach the left-most lane, followed by two additional lane
changes due to definition 8.1.1. The lane change costs are accumulated in equation (8.1.9).
Figure 8.2 shows a scenario where the conditions of definition 8.1.2 apply. The state at
the prediction horizon

¯
z(H) is located on the target trajectory behind another leading

vehicle. Starting from the right-most lane, two lane changes are performed to reach the
left-most lane. Because no other vehicle is located in the middle lane, definition 8.1.1
would already apply at t = H, so a lane change to the left-most lane is not executed.

¯
zm(0)

¯
zm(H)

¯
z(0)

¯
z(H)

˜
¯
z1

˜
¯
z2

EV location other vehicle location LT behind leading vehicle

Figure 8.2.: Exemplary scenario showing the control sequence underlying the terminal cost
according to definition 8.1.2.

Definition 8.1.3 (Impeding vehicle): One of the m = 1, 2, . . . , ηov other vehicles travels
in front zx,m(H) ≥ z̃0,x,j of the

¯
Nj terminal nodes’ lane dm(H) = z̃0,y,j. In addition, the

target position behind the other vehicle does not exceed the distance traveled at the target
velocity zx̃,m(H) ≤ ṽH, and żx,m(H) < ṽ. With ˆ̃Fx ∈ R+, the direction terminal cost yield

F̃ x(¯
z̃x,j) := ˆ̃Fx, (8.1.10)

F̃ y(¯
z̃y,j) :=


4 ˆ̃Vy(¯

z̃y,j) if drc = z̃0,y,j,

3 ˆ̃Vy(¯
z̃y,j) if dmc = z̃0,y,j,

2 ˆ̃Vy(¯
z̃y,j) otherwise.

(8.1.11)

The definitions 8.1.1 and 8.1.2 provide terminal cost for situations where the terminal
state does not reach the GT. However, situations can occur where another slower-driving
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8.1. Terminal Cost

vehicle blocks the path along the GT. Retaining the target velocity on the target lane
may be the best option according to definitions 8.1.1 and 8.1.2 since they induce zero
terminal cost. Because the planning algorithm checks for collision on a receding horizon,
the previously optimal trajectory can become infeasible if zm,x(H) ≤ ṽH. Depending
on the candidate trajectories’ degrees of freedom, the GP may find a spatially shorter
trajectory into the GT to avoid a collision with the front vehicle. Consequently, the GP’s
result alternates between trajectories of different lengths until the definitions 8.1.1 or 8.1.2
apply. The definition 8.1.3 is introduced to resolve such situations in an anticipatory
manner. If a vehicle in front of the terminal state is sufficiently close, the vehicle’s target
position can already be in collision zx̃,m(H) ≤ ṽH, and the EV has to leave the GT. The
cost in the x-direction is simplified to a constant value ˆ̃Fx to overestimate the segment cost
for the transition to a new LT and the subsequent cost of the definitions 8.1.1 and 8.1.2.
A scenario where definition 8.1.3 applies is illustrated in figure 8.3. The GP’s candidate
trajectory enters the target lane behind a slower-driving vehicle. The EV is assumed to
follow the vehicle in front or to change to the left-most lane after the prediction horizon.
The m = 1, 2 . . . , ηov other vehicle states beyond the prediction horizon are described by
˜
¯
zm,l :=

[
z(ι)
m,x(H + lT̃x) z(ι)

m,y(H + lT̃y)
]ᵀ
ι=0,1,2

with l ∈ N0.

¯
zm(0)

¯
zm(H) ˜

¯
zm,1

¯
z(0)

¯
z(H)

˜
¯
z1

ṽH

EV location other vehicle location LT behind leading vehicle

Figure 8.3.: Exemplary scenario showing the control sequence underlying the terminal cost
according to definition 8.1.3.

Definition 8.1.4 (Left impeding vehicle): One of the m = 1, 2, . . . , ηov other vehicles
travels in front zx,m(0) > 0 and on one of the

¯
Nj terminal nodes’ left lanes dm(H) > z̃0,y,j.

In addition, target position behind the same leading vehicle’s does not exceed the distance
traveled at the target velocity zx̃,m(H) ≤ ṽH, and żx,m(H) < ṽ. The directional terminal
costs are given by the equations (8.1.10) and (8.1.11).

The definition 8.1.4 ensures that other vehicles are overtaken on the left side. The
conditions are similar to definition 8.1.3 but require the other vehicles to be on the
terminal nodes’ left lanes instead of the current one. In contrast to definition 8.1.3, where
another vehicle is in front of the terminal position, another vehicle is in front of the
initial position zx,m(0) > 0. If the reference position beind a leading vehicle is closer than
zx̃,m(H) ≤ ṽH, the trajectory resulting from a constant target velocity passes the target
position and is in danger of overtaking the vehicle on the right side. A scenario fulfilling
the conditions is shown in figure 8.4. The costs are the same as in definition 8.1.3 because
the assumptions for resolving the situation are the same.
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¯
zm(0)

¯
zm(H) ˜

¯
zm,1

¯
z(0)

¯
z(H)

˜
¯
z1

ṽH

EV location other vehicle location LT behind leading vehicle

Figure 8.4.: Exemplary scenario showing the control sequence underlying the terminal cost
according to definition 8.1.4.

8.2. Complexity and Performance Analysis

The application of the GP requires a sufficiently dense discretization of the state space and
time. In addition, the trajectory parameterization must have sufficient degrees of freedom.
Since the GP shall be part of a hierarchical algorithm that includes the LP in the second
stage, searching a graph for the best solution close to the optimal one in the continuous
space is not required. Instead, the GP shall identify LTs enabling progress toward the GT
and a corresponding feasible initial guess for the LP. This section analyzes the influence of
the breakpoint number and the spline segment lengths on the GP’s control performance
and complexity. The aim is to find a configuration to likely progress toward the GT at a
reasonable computational effort.
The GP’s result trajectories are analyzed in different scenes at the starting point s2,
shown in figure 3.2, to design the discretization. While a closed-loop analysis provides
more accurate inference, it is more computationally demanding. Additional factors, such
as the cost design and the accuracy of the other vehicles’ predictions would also influence
the results. Two scene variations, consisting of twenty-nine highway scenes each, are
considered for the following analysis. The m = 1, 2, . . . , ηov vehicles’ positions zx,m(0) and
velocities żx,m(0) corresponding to each scene are drawn uniformly from a set of positions
and velocities Zv,x,m ⊂ R+. The vehicles’ initial position intervals for both scene variations
are marked along the lane centers in figure 8.5. The first scene variation, called SC-3V,
includes three vehicles. The EV is placed in the middle lane, considering the right-most
lane at ṽ = 122 km h−1 the GT. Vm labels the other vehicles. Vehicle V1 is placed behind
or in front of the EV in the left lane and travels at a velocity between 100 km h−1 and
120 km h−1. Thus, V1 is faster than the EV but slower than the EV’s target velocity.
Vehicle V2 starts at different locations in front of the EV in the middle lane while driving
with the same initial velocity. The second scene variation, SC-2V, includes two vehicles
in total. The initial lane, the target lane, and the target velocity of SC-3V are retained.
V3 is in the right lane, driving slower and at different positions in front of the EV. The
scenes are selected such that many of the GP’s candidate trajectories are likely to collide
with the other vehicles’ predictions, allowing to observe the effect of the discretization and
the degrees of freedom on the open-loop control performance. The vicinity to the other
vehicles is crucial when assessing the performance advantage due to additional breakpoints
since a polynomial trajectory is optimal in the absence of obstacles.
The discretization of time, y-position and x-velocity are chosen, so a suitable performance
is expected in the considered scene variations. The time is discretized in the O = x, y
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Figure 8.5.: Road layout, the initial position, and the initial velocity intervals for the m = 1, 2, 3
vehicles Vm : Zv,x,m/km h−1 for the generation of the scene variations SC-3V and SC-2V. The
vehicles V1 and V2 belong to SC-3V. V3 is used in SC-2V. The EV, which is part of all scene
variations, is indicated by EV: żx/km h−1.

direction to KO = {0 s, 1 s, . . . , 10 s}. The y-position’s discretization includes the current
and neighboring lane centers. The x-velocity is discretized equidistantly with 14.25 km h−1

between the minimum feasible and the target velocity to obtain Zẋ with five elements.
The spline segment lengths in table 8.1 defines the feasible breakpoint sequences. In total,
four different configurations are considered. The configuration 3bp-10 allows trajectory
candidates with two or three breakpoints. The two-breakpoint sequence connects the
initial nodes directly with the terminal nodes and is only considered by the GP if the EV
is located in the terminal set. The initial segment length of candidate trajectories with
three breakpoints is contained in I3. In total, ten possible breakpoint sequences exist in
each direction. Three additional configurations consider four breakpoints with intervals
from I4 for the first two segments. The number of feasible breakpoint sequences grows with
the feasible segment lengths. As the configuration complexity increases, the discrete set of
candidate trajectories becomes increasingly refined. Thus, each configuration performs at
least as well as those with fewer breakpoint sequences. Simultaneously, the complexity of
the graph search for the same scene grows with an increase in the number of breakpoints.

Table 8.1.: Ranges of the allowed breakpoint intervals and the resulting number of candidate
breakpoint sequences.

configurations I3/s I4/s breakpoint sequence number

3bp-10 [1,9] ∅ 10
4bp-13 [1,9] [4,5] 13
4bp-20 [1,9] [3,6] 20
4bp-31 [1,9] [2,7] 31

The number of edges added to the graph in the search process is used as a hardware-
independent complexity metric. A node expansion, described in algorithm 7.2.1, essentially
includes the determination of potential successor nodes, evaluating the corresponding edges’
feasibility and cost, and performing the update of predecessors and cost. The constraint
evaluation, which involves the matrix multiplications for spline coefficient transformations,
is terminated early if a segment is infeasible. If the current segment is feasible, the

79



Chapter 8. Local Target Selection
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variations SC-3V.
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(b) Control performances and edge counts in scene
variations SC-2V.

Figure 8.6.: Shows the open-loop control performance and complexity metrics for all twenty-nine
scenes from SC-3V and SC-2V and for all variations of the GP configuration. The data are
partitioned into four groups between the 0 %, 25 %, 50 %, 75 %, and 100 % quantiles. In addition,
the observations are grouped into the LTs selected by the GP.

constraint evaluation is the most computationally expensive step. Only feasible edges are
added to the graph, requiring the evaluation of the cost and processing all constraints.
Thus, the computational complexity is the same for all feasible edges except for the
terminal segments with their reduced constraint set. In contrast, the number of infeasible
edges is not considered since they are discarded mostly early in the constraint evaluation
due to their kinematic infeasibility without checking the expensive collision constraints.
The performance is assessed via the cost of the solution trajectory V (

¯
ξ0). The open-

loop cost allows a conclusion to the closed-loop performance only in scenarios where the
assumptions underlying the cost design are fulfilled, and the terminal cost is a tight upper
bound on the minimum cost-to-go.
Figures 8.6a and 8.6b show the cost distributions and the number of edges for each
configuration and scene variation. Four groups partition the data at 25 % intervals to
summarize the quantitative properties of the cost and complexity distributions. In addition,
the LT corresponding to each observation is indicated. The number of observations for
each LT and GP configuration is summarized in tables 8.2a and 8.2b to complement
the partially overlapping marks in figures 8.6a and 8.6b. In general, one can observe a
monotonous increase in the number of edges with the growing configuration complexity.
However, the growing complexity does not necessarily result in a cost reduction.
The cost is complexity invariant in the lower quartile for both scene variations. The
optimal trajectory is a single polynomial segment, mostly ending in the feasible LT of
minimum terminal cost. The respective LT (LT0-3V ) in SC-3V, which is selected in six
cases, is at the target velocity and requires overtaking to the left lane. Simultaneously,
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Table 8.2.: Provides an overview on the number of selected LTs in figure 8.6 for each GP
configuration.

(a) Counts of LT selections for each GP configura-
tion in scene variations SC-3V.

LTs 3bp-10 4bp-13 4bp-20 4bp-31

LT0-3V 6 6 6 6
LT1-3V 2 2 4 4
LT2-3V 2 10 8 9
LT3-3V 5 0 0 0
LT4-3V 14 11 11 10

(b) Counts of LT selections for each GP configura-
tion in scene variations SC-2V.

LTs 3bp-10 4bp-13 4bp-20 4bp-31

LT0-2V 21 29 29 29
LT1-2V 8 0 0 0

it is located in front of V1. An exemplary scene is depicted in figure 8.7a. In two cases,
the GP selects V1 as the leading vehicle (LT1-3V ), which is the option with the second
lowest terminal cost. All trajectories from the lower quartile in SC-2V terminate in the
GT on the right-most lane and end at the target velocity (LT0-2V ). Figure 8.8a shows a
corresponding scene.
All fourteen result trajectories of maximum cost in the SC-3V scenes due to 3bp-10 target
the right-most lane (LT4-3V ) and are prone to violating the right overtaking rule. One
scene is shown in figure 8.7b. An additional breakpoint enables the GP to follow V2
(LT2-3V ) instead in four cases with 4bp-31 and three cases with 4bp-13 and 4bp-20. The
corresponding costs are distributed close to the configurations’ respective median.
A fourth breakpoint also improves the 3bp-10 results between the upper and lower quartiles.
In five scenes with the 3bp-10 configuration, the GP targets the left lane behind V1 at
the target velocity (LT3-3V ), like in figure 8.7c. V1 is sufficiently close to be classified as
an impeding vehicle, resulting in the second-highest terminal cost. LT2-3V is selected in
two additional cases. All four breakpoint configurations select LT2-3V instead of LT3-3V.
However, only 4bp-31 and 4bp-20 can reduce the cost in the two additional cases by
targeting LT1-3V instead of LT2-3V.
In contrast to the SC-3V scenes, the cost beyond the lower quartile from the SC-2V scene
variations continuously improve with increasing configuration complexity. In the twenty-
one corresponding cases, the GP with a 3bp-10 configuration chooses a trajectory toward
the middle lane (LT1-2V ), shown in figure 8.8b. In the same scenes, all four breakpoint
configurations plan a trajectory to LT0-2V, resulting in lower overall cost. Although all
four breakpoint configurations share the same LT, their increasing complexity reduces the
overall cost due to lower running cost.
Because of the prioritized shortest-path search, the number of graph edges depends on the
number of feasible candidate trajectories and their cost distribution in the current scene.
If the number of edges added is low, the optimal solution may be among the branches with
the lowest cost. Also, many branches can become infeasible early in the search process
if the feasible set is small. The overall number of edges is greater in figure 8.6b than in
figure 8.6a for the same breakpoint configurations. Since SC-2V only considers a single
other vehicle, the graph has a higher number of feasible branches to explore. For the same
reason, figure 8.6b shows a higher number of edges for the low-cost cases. The other vehicle
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(b) Scene showing a right lane change inducing left impeding cost and V (
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Figure 8.7.: Exemplary scenes from SC-3V. The EV is indicated by EV: żx/km h−1 and the
m = 1, 2 other vehicles with Vm : żx,m/km h−1.

is located on the right lane close in front of the EV, interfering with fewer trajectories
than in the cases of higher cost. In contrast, the variation in the number of edges is higher
in figure 8.6a, as two vehicles can render more trajectory candidates infeasible. The lowest
edge count is observed in the minimum and maximum cost cases. Either the minimum
cost trajectory toward the target lane is found quickly, or most trajectory candidates are
eliminated early.
The highest increase in the median complexity is observed in SC-3V scenes from 3bp-10 to
4bp-13 with 8.13 times more edges. The increase saturates as the number of breakpoints
increases with 4.57 times between 4bp-13 and 4bp-20, and 3.39 times between 4bp-20 and
4bp-31. In contrast, the median complexity increase in SC-2V scenes is lower since more
splines that are composed of three breakpoints are feasible candidates. The increase
between the configurations of lowest complexity amounts to 3.98 times. Between the four
breakpoint configurations, the edge count increases by 3.47 and 2.63 times.

82



8.2. Complexity and Performance Analysis

0 20 40 60 80 100 120 140 160 180 200 220
−20

−10

0

vx/m

v
y
/
m EV:70 V3 :70

trajectory 3bp-10 trajectory 4bp45 H/2

(a) Scene showing a right lane change to the target velocity, with minimum cost V (
¯
ξ0) = 18.2 for all

configurations

0 20 40 60 80 100 120 140 160 180 200 220 240

−20

−10

0

vx/m

v
y
/
m EV:70

V3 :70

(b) Scene showing lane keeping to the target velocity and V (
¯
ξ0) = 27.8 for 3bp-10. The 4bp45

configuration approaches the GT with V (
¯
ξ0) = 24.5.

Figure 8.8.: Exemplary scenes from SC-2V. The EV is indicated by EV: żx/km h−1 and the other
vehicle with V3 : żx,m/km h−1.

In conclusion, the computational complexity of the graph search grows for all scenes
with increasing configuration complexity. The increase in complexity decreases with a
growing number of candidate breakpoints. Simultaneously, an increasing traffic density
also increases the change in the number of edges between the different configurations. Since
the polynomial segments are optimal for the running cost, the open-loop performance
only benefits from the increased complexity if other vehicles render trajectories with
three breakpoints infeasible. While an increase in complexity among the four breakpoint
configurations reduces the running cost for SC-2V, a benefit for the terminal cost is
observed only in about 10 % of the SC-3V scenes in figure 8.6a. In total, the 4bp-
13 configuration already reduces the terminal cost in 16 scenes compared to 3bp-10.
Simultaneously, the 4bp-45 achieves a terminal cost reduction in only one additional scene.
Therefore, 4bp-13 is chosen as a suitable performance-complexity compromise among the
four breakpoint configurations for the evaluation in the next chapter.
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9
Analysis of Two-Stage Trajectory Planning

in Highway Scenarios

The LP and the GP are combined in a two-stage hierarchical algorithm. The GP considers
the combinatorial nature of problem 4.3.2 and provides a feasible but suboptimal trajec-
tory and an LT to the LP. The LP either refines the solution from the previous time step
or the GP’s solution. The properties of the distinct planning algorithms are evaluated
in the previous chapters. The following evaluation aims to analyze the hierarchical algo-
rithm’s closed-loop performance, the stability, and the control performance’s sensitivity
to the trajectories’ degrees of freedom. Therefore, two planner configurations resulting in
different computational complexities are applied in closed-loop to several highway scenario
variations. Finally, the planning algorithm’s ability to implement the development criteria
from section 4.1 is assessed.

9.1. Two-Stage Trajectory Planner

The GP and the LP are planning algorithms with complementary properties. A combina-
tion of both algorithms in a hierarchical manner is proposed, in line with the automated
driving control hierarchy in figure 1.2, to mitigate their respective disadvantages. Subse-
quently, the properties of the distinct planning algorithms and those of the hierarchical
combination are discussed, followed by the implementation of the hierarchical planner.
Parts of this section have been published in [DB24].

9.1.1. Planner Properties

The GP searches over a discrete set of candidate trajectories and yields the global optimal
trajectory available in the resolution of the state space and time discretization. The
resulting trajectory is feasible considering the constraints introduced in chapter 5. Due
to its discrete nature, the GP approximates the solution to problem 4.3.2 and decides
implicitly on the next maneuver, the number of spline breakpoints, and their ordering.
The choice of the solution trajectory is based on the running and terminal cost, which
guide the EV into the GT. However, the state space decomposition is not designed for
recursively feasible results. In addition, the GP likely returns a suboptimal trajectory due
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9.1. Two-Stage Trajectory Planner

to its limited resolution.
In contrast, the LP returns the local optimal trajectory for a given LT by solving the
NLP in problem 6.2.1. The nonlinear optimization relies on an initial guess for the
optimization variables, which reduces the iterations until convergence with a decreasing
distance from the optimal solution. A feasible initial guess increases the likelihood of a
successful convergence because the iterations can approach a stationary infeasible point
otherwise. The LP uses a shrinking horizon toward the LT to ensure recursive feasibility
in the nominal case. Disturbances can invalidate the recursive feasibility and may require
selecting another LT.
The combination of the GP and the LP is performed hierarchically. The GP selects the
global optimal trajectory among its candidates. The LP either improves its previous
solution or improves the feasible GP solution locally. Thus, the EV converges toward the
GT while the control performance during the LT convergence is invariant to the GP’s
resolution. The LP preserves recursive feasibility, so the currently selected maneuver is not
aborted due to insufficient state space or time discretization. Moreover, if disturbances
invalidate the recursive feasibility, the GP likely provides a feasible initial guess.

9.1.2. Planner Combination

The structure of the two-stage planning algorithm is depicted in figure 9.1. The GP
is located at the top of the hierarchy and passes its solution trajectory to the initial
selection module. In addition to the GP’s trajectory, the breakpoint adaption provides the
transformed trajectory from the previous time step. The initial selection module passes
the feasible trajectory of minimum cost to the LP and to the solution selection module.
The LP solves problem 6.2.1, starting with an initial guess on the optimization variables
based on the given trajectory. Subsequently, the solution selection module receives the
optimal LP trajectory and the initial trajectory. Like the initial selection, the solution
selection decides on the solution trajectory considering the trajectories’ cost and their
feasibility.

Initial selection module chooses the transformed trajectory as the initial trajectory if
the trajectory is feasible for the constraints (6.2.2) and its cost (4.3.8) is lower than the
cost of the GP solution trajectory. The transformed trajectory is likely selected if the
disturbances are low and the current maneuver is retained, even if the GP decides on
a different one. Depending on the discretization and the scenario, the GP may switch
between LTs frequently. Thus, the initial selection contributes to the consistency of the
two-stage planner’s solution. If the GP does not find a solution or none of the available
trajectories is feasible, the transformed trajectory is also selected. The initial selection
chooses the GP trajectory if it yields lower cost or disturbances render the transformed
trajectory infeasible. The former case likely applies if a new LT of lower terminal cost than
the current one becomes reachable in the GP’s graph. Thereby, the two-stage planner still
enables convergence toward the GT. In addition, it provides a suboptimal backup solution
which the LP subsequently improves.
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Figure 9.1.: Overview on the modules of the two-stage planning algorithm.

Solution selection module returns the LP trajectory only if it is feasible and costs less
than the initial trajectory or if the initial trajectory is infeasible. Otherwise, the initial
trajectory is selected if feasible. Thus, the solution selection handles a failed IPOPT
convergence, which is essential if the optimization algorithm’s iterations are limited. The
initial guess guarantees convergence toward the LT if the recursive feasibility applies. If
it does not apply, the GP supplies a suboptimal solution for the LP to improve in the
next step. In contrast to the initial selection, the solution selection module only returns a
solution if a feasible one is available. Otherwise, the planning algorithm might trigger a
backup strategy to retain the vehicle’s safety.

9.2. Experiment Setup

The two-stage planning algorithm is applied to five scenarios of 85 s duration each. The
initial x-positions, the initial velocities, and the desired velocities of six other vehicles and
the EV are drawn independently from continuous uniform distributions. The distributions
are visualized in figure 9.2. The EV uses the starting point s1, which marks also the target
lane on the three-lane highway in figure 3.2. The target velocity is ṽ = 122 km h−1. The
six other vehicles are distributed such that two are in each lane center. The distribution
of each vehicle’s initial and target velocity is the same. The vehicles on the left-most lane
drive at the highest velocity beyond the EV’s desired speed. The vehicles in the middle
lane are slower than the EV’s target velocity but faster than the vehicles in the right-most
lane. All vehicles from the middle and the right-most lane start in front of the EV.
The other vehicles’ placement and velocities require the EV to leave its initial lane and
overtake via the left-most lane to reach the GT. Vehicle V2 starts behind the EV. Thus,
the planning algorithm must decide whether to perform the lane change to the left-most
lane in front or behind V2. The inter-vehicle gaps in the middle and right-most lanes vary
among the scenarios, depending on the difference between the vehicles’ desired velocities.
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Figure 9.2.: Initial velocity and position intervals along the lane centers. The EV is indicated by
EV: Zv,x,0/km h−1 and the m = 1, 2, . . . , 6 other vehicles with Vm : Zv,x,m/km h−1. Determin-
istic positions are marked with the actual vehicle shape.

If the gaps are sufficiently large, the EV merges in between to reach the GT quicker. Each
scenario can be decomposed into three phases. The first phase, called initial lane changes,
denotes the time from the scenario start until reaching the left-most lane. The second one,
called left transition, involves passing the other vehicles via the left-most and the middle
lane. The final sequence of lane changes toward the GT are the final lane changes.
In the following, two configurations of the two-stage planning algorithm are evaluated.
The configurations 3bp-10 and 4bp-13 are the same as in the section 8.2 with the same
prediction horizon of H = 10 s. The 4bp-13 configuration is identified in section 8.2 as a
good performance-complexity trade-off for the GP. 4bp-13 is of higher complexity than
3bp-10 since it considers trajectories with four breakpoints in addition to those generated
with 3bp-10. The IPOPT iteration limit iter ∈ R+ is set to iter = 20, which is found a
suitable compromise between the complexity of the local optimization and the resulting
control performance gain. An analysis of the achieved cost reduction and feasibility rate,
depending on the maximum iterations, is provided in section A.7.

9.3. Evaluation

The configurations 3bp-10 and 4bp-13 are applied to the same five scenarios generated with
the initial state distributions in figure 9.2. An overall impression of the control performance
is provided in figure 9.3. The closed-loop cost is computed as in section 6.4 by integration
of the transformed running cost (4.2.7) evaluated at the closed-loop trajectory over time.
In contrast, the time integral ends as the GT is reached the first and the second time.
The cost is reported in section 6.4 as the sum of the comfort and progress costs achieved
before reaching the GT for the first time. The marks are a combination of two mark sets.
The inner marks denote the scenario. The algorithm configuration is indicated by the
enclosing circle or square shape. Both configurations reach the GT before the simulation
ends at least once, except from 3bp-10 in scenario 2. In scenario 0, the EV leaves the
GT after reaching it the first time to achieve convergence a second time later in the
simulation. In all scenarios, the 4bp-13 configuration results in lower closed-loop comfort,
and progress costs than 3bp-10. Reaching the GT earlier with 4bp-13 mainly contributes
to the cost differences. The highest difference is observed for scenario 3, and the lowest
one for scenario 0.
The marks of 4bp-13 can be separated into a set of low-cost scenarios below a closed-loop
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Figure 9.3.: Closed-loop cost values for comfort and progress when reaching the GT. In addition,
the contours of the closed-loop cost are shown. The table on the right side provides the closed-
loop cost when reaching the GT the first and the second time as a sum of comfort and progress.

cost of 70 and a set of high-cost scenarios beyond 70. Scenario 2 is described in detail as
an example of a high-cost scenario. Afterward, the qualitative difference between scenario
2 and the low-cost scenarios is pointed out.
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Figure 9.4.: Initial double lane change from the right-most to the left-most lane during the
initial lane changes phase in scenario 2 with application of 4bp-13. The EV is indicated by
EV: żx(t)/km h−1 and the m = 1, 2, . . . , 6 other vehicles with Vm : żx,m(t)/km h−1.

In scenario 2, the initial lane changes start with the EV on the right-most lane behind the
slower V5. Figure 9.4 shows two scenes from the initial lane changes phase. In the first 4 s,
the planning algorithm decides to follow V5, resulting in a deceleration. Simultaneously,
the distance toward V3 on the middle lane is reduced. At t = 4 s, the planning algorithm
initiates a lane change because following V3 yields a lower overall cost than following V5.
As soon as the EV enters the middle lane at t = 7.1 s, the algorithm further reduces the
terminal cost by changing to the left-most lane. V2 travels faster than the target velocity.
Thus, the optimal trajectory reaching the target velocity behind V2 yields zero terminal
cost in the x-direction. The left-most lane center is reached at t = 12.5 s.
The left transition phase starts on the left-most lane, where the target velocity is finally
reached at 16 s. Two scenes from the phase are visualized in figure 9.5. V4 maintains
a higher velocity than V3. Thus, the gap between the two vehicles grows over time. At
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Figure 9.5.: Lane changes between the left-most lane and the middle lane during the left transition
phase with application of 4bp-13. The EV is indicated by EV: żx(t)/km h−1 and the m =
1, 2, . . . , 6 other vehicles with Vm : żx,m(t)/km h−1.

t = 18.6 s, the gap is sufficiently large to initiate a lane change to the middle lane. The EV
cuts in front of V3 with a time headway of about 0.51 s, so V3 decelerates to maintain its
desired time headway. According to the terminal cost assumptions, only one additional
lane change from the middle to the right-most lane is required to reach the GT. However,
the right lane is still occupied by V6. Simultaneously, the EV approaches V4 until it
is considered an impeding vehicle at t = 24.6 s. A lane change to the left is the best
maneuver in this situation since continuing to the target lane either causes a collision
with V6 or violates the left overtaking rule. The EV reenters the left-most lane center
at t = 30.2 s behind V2. The left-most lane is tracked until the end of the left transition
phase at t = 45 s. The target velocity is retained during the changes between the left-most
and the middle lane, as shown in figure 9.6b. In contrast, the velocity due to 3bp-10 is
lower because the EV follows V5 for an extended duration.
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Figure 9.6.: Closed-loop trajectories of the EV in scenario 2.

The planning algorithm initiates the final lane changes phase at t = 45.1 s. In the following
seconds, the EV cuts in front of V4 with a time headway of 0.47 s and plans a trajectory
into the GT as it reaches the middle lane. The target lane is finally reached at t = 53.9 s
and tracked until the scenario ends. Scenes from the second-last and the last lane change
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are show in figure 9.7.
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Figure 9.7.: Double lane change to the GT during the final lane changes phase in scenario 2 with
application of 4bp-13. The EV is indicated by EV: żx(t)/km h−1 and the m = 1, 2, . . . , 6 other
vehicles with Vm : żx,m(t)/km h−1.

One of the main qualitative differences between the high-cost scenarios 2 and 4 is observed
during the left transition phase. In scenario 4, the EV does not switch to the middle lane
but stays in the left-most lane until the phase ends. The reason is that V4 starts 88 m
closer in front of the EV, so the gap between V3 and V4 is too small for the EV to merge
into. Another difference to scenario 2 is a 2.2 s earlier lane change initiation to the middle
lane in the initial lane changes phase. However, the EV spends more time following V3
until V4 overtakes the EV on the left-most lane. The increased cost in scenario 4 is due
to the higher jerk in the initial lane changes phase and the phase’s extension by 2.5 s.
In all three 4bp-13 lower-cost scenarios, the EV reaches the GT earlier. In scenario 1, V4
starts 81 m closer to the EV compared to scenario 2. Simultaneously, V4 drives slower
than in the scenarios 2 and 4. Consequently, the EV overtakes the vehicles in the middle
lane more quickly, so the final lane changes phase to the target lane ends 12.1 s earlier
than in scenario 2. During the scenarios 0 and 3 the gap between the V3 and V4 grows
sufficiently large for the EV to merge into it. In contrast to scenario 2, V6 travels at a lower
velocity while the EV decelerates less during the initial lane changes phase. Thus, the EV
overtakes V6 before changing from the left-most to the middle lane. Simultaneously, V4
converges to an 8 km h−1 higher velocity in scenario 0 and an 18 km h−1 higher velocity in
scenario 3 compared to scenario 2. Consequently, V4 is not considered impeding while
the EV changes to the middle lane. The circumstances reduce the duration of the left
transition phase from 32.4 s in scenario 2 to 14.4 s in scenario 0 and 23.7 s in scenario 3.
Thus, the EV reaches the target lane 12.8 s and 16.1 s earlier than in scenario 2 without
overtaking V4.
In contrast to the other scenarios, the EV reaches the GT a second time in scenario 0.
Figure 9.8 shows a scene at the beginning of the second initial lane changes phase at
t = 44.5 s. Because V4 still cruises at a lower speed than the EV’s desired one, the EV
catches up. The left overtaking rule requires another double lane change to overtake V4.
Afterward, the remaining time is sufficient to reach the GT a second time at t = 83.2 s.
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Figure 9.8.: Shows the initial lane changes phase after first reaching the GT in scenario 0 with
application of 4bp-13. The EV is indicated by EV: żx(t)/km h−1 and the m = 1, 2, . . . , 6 other
vehicles with Vm : żx,m(t)/km h−1.

In all scenarios, the EV accelerations are feasible and stay within |ax(t)| ≤ 2.83 m s−2 and
|ay(t)| ≤ 1.35 m s−2. Most of the time, the EV time headway toward its leading vehicle
always exceeds 1.9 s. When the EV merges behind V2 at the end of the initial lane changes
phase the time headway drops to 0.47 s in all scenarios. The current cost descent factor
(6.4.1) always stays positive except for three situations. In the first situation, the EV
follows the initial leading vehicle V5 in the scenarios 2 and 4. The acceleration performed
by V5 impedes the convergence toward its target trajectory over a limited time. The
second situation occurs when the vehicle in front is considered impeding, as with V3 in
scenario 2. In this case, a cost increase encourages a lane change or following the impeding
vehicle. In the third situation observed in scenario 4 the planning algorithm attempts a
lane change during the initial lane changes phase in front of V2. However, the lane change
is aborted because the trajectory onto the left-most lane is rendered infeasible 0.4 s after
the lane change initiation. Instead, the EV continues to follow V3 and terminates the
initial lane changes phase behind V2.
Applying the 3bp-10 configuration increases the closed-loop cost in all scenarios compared
to 4bp-13. The reason in all scenarios, except for scenario 0, is an extension of the initial
lane changes phase due to a delayed change to the middle lane. The delay ranges between
5.9 s and 58.7 s compared to the respective scenarios using the 4bp-13 configuration. The
highest one is observed in scenario 2, preventing the convergence to the GT in 85 s.
Figure 9.6a shows the y-position in scenario 2. The EV stays 58.7 s longer on the initial
lane due to the 3bp-10 configuration because the planning algorithm cannot find a feasible
trajectory to follow V3 at the desired time headway. Simultaneously, the impeding vehicle
terminal cost applies to the trajectories that reach the target velocity behind V3. Thus,
the EV follows V5 until V3 is sufficiently far in front to no longer be considered impeding.
In figure 9.6b, one can also observe the resulting lower velocity. The time until the distance
to V3 is sufficient depends on the velocity difference between V3 and V5. The difference
is maximum in scenario 3, resulting in the lowest delay. Afterward, the EV tracks the
middle lane until V3 is considered impeding. The cost increase triggers the lane change
to the left-most lane. The EV behavior in the scenarios 0 and 3 is in line with the 4bp-13
configuration. The gap between V3 and V4 is sufficiently large for the EV to merge in
between, followed by a lane change to the target lane. In the other scenarios, V4 must
also be overtaken to reach the GT.
The 3bp-10 configuration performs closest to 4bp-13 in scenario 0. V3 starts at a distance
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of 77 m in front of the EV, which is the longest distance among all scenarios. Consequently,
the GP’s optimal trajectory at t = 0 s follows V3, and no delay occurs from following V5.
Still, the reduced degrees of freedom and feasible set delay the subsequent lane changes.
The GT is reached for the first time with a 1.5 s delay and a second time 0.4 s later
compared to the 4bp-13 in scenario 0.
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Figure 9.9.: Occurrences of jerks in the x- and y-directions. Each pair of bars is labeled with the
difference between the occurrences from the 3bp-10 and the 4bp-13 configurations.

The 4bp-13 configuration performs better in terms of progress and comfort than 3bp-10.
However, the comfort advantage is less profound in comparison. The comfort cost increases
for the 3bp-10 configuration results from the EV settling behind the leading vehicles V3
and V5 during the initial lane changes phase. The settling between the maneuvers due to
the 3bp-10 configuration require a higher jerk compared to a quick sequence of initial lane
changes, as performed by 4bp-13. Also, following V5 for an extended period increases the
difference between the minimum and maximum velocity in two scenarios. While the jerk
stays below 0.2 m s−1 in most cases also with 3bp-10, figure 9.9 shows a tendency toward
higher jerk values in the x-direction. The execution of the distinct phases requires a higher
jerk in the y-direction in most cases with both configurations. However, the difference is
too small to induce a clear difference in the occurrences shown in figure 9.9. Thus, the main
comfort difference is due to the jerk increase in the x-direction. The acceleration from the
EV perspective stays within |ax(t)| ≤ 3.2 m s−2 and |ay(t)| ≤ 1.52 m s−2 for all scenarios
and configurations. The extreme accelerations for the 4bp-13 configuration are about
0.37 m s−2 and 0.17 m s−2 lower than for 3bp-10 in the x- and y-direction, respectively.
The 3bp-10 configuration tends to keep a higher time headway toward the leading vehicles
than 4bp-13. The effect prominently occurs when merging behind V2, resulting in the
minimum time headway of 1.02 s. In contrast, the 4bp-13 configuration leads to a minimum
time headway of 0.48 s. The time headway toward the rear vehicles does not drop below
0.69 s with 3bp-10 and 0.47 s with 4bp-13. The reason for the increased distances is twofold.
First, the EV arrives later on the left-most lane, so the distance to V2 is larger. Second,
the lower breakpoint number reduces the feasible set. Thus, lane changes are performed
with a greater distance toward the other vehicles.
In three scenarios, the EV settles with 3bp-10 in the LT behind V5, while this is observed
with 4bp-13 in only one scenario. In the vicinity of the LT, the current cost descent factor
turns negative for a limited time due to the acceleration of V5. Still, the convergence into
the terminal set is not prevented. Otherwise, no situations with a negative current cost
descent factor are observed.
The complexity of the LP and the GP are assessed via the number of performed iterations
and the number of edges in the graph after the termination of the Dijkstra algorithm.
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Figure 9.10.: Occurrences of complexity measures accumulated over all scenarios.

Their occurrences in all scenarios are shown in figure 9.10. The 4bp-13 configuration
requires more iterations and adds more edges to the graph in most cases. The maximum
iterations increase by a factor of 1.33, while the maximum number of edges is 3.41 times
higher compared to 3bp-10. The increased number of breakpoints also increases the
runtime complexity per iteration and graph node. If an additional breakpoint is used, the
NLP due to 4bp-13 includes more optimization variables and constraints, requiring more
operations to find a new search direction. In addition, the number of possible successor
edges increases, demanding more feasibility checks and cost evaluations. An iteration
count near zero is frequently observed due to an almost optimal initial guess from the
previous time step. Thus, the 99 % quantile is about four times smaller than the iter = 20
maximum iterations. The highest iteration counts occur only in scenes where the GP
solution is selected to perform a new maneuver. In contrast to the iterations, the number
of edges is more evenly distributed, so the 99 % quantile is closer to the maximum. For
the 4bp-13 configuration, two modes are visible at about 500 and 1300 edges. The first
mode results from scenes yielding a trajectory terminating in the GT. Generally, more
edges are required if the resulting trajectory has a non-zero terminal cost, which is the
case for the occurrences around the second mode.

9.4. Discussion of Development Criteria

This work aims to develop a trajectory planning algorithm capable of considering the
automated driving objectives. The objectives include progress toward a target, comfort,
and obeying the traffic rules. Simultaneously, the algorithm shall stabilize the EV in the
GT, which may not be reachable within the planning horizon. The required computations
shall be low while providing a sufficient control performance.

Driving Objectives

Generally, the proposed planning algorithm considers most of the automated driving
objectives. Progress and comfort are preferences and therefore encoded in the cost function,
which impacts the transition between LTs. Although additional breakpoints can improve
the overall closed-loop performance, the performance is mostly invariant to the number of
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breakpoints in convergence to an LT. The result is explained by the running cost design
in combination with the optimal trajectory parameterization, which is used in several
related works in automated driving applications. The progress and the comfort measure
improve with the planning algorithm’s ability to select a suitable LT. The evaluation
provides evidence that the planning algorithm makes reasonable maneuver decisions for
the proposed terminal cost when using multiple polynomial segments. The terminal cost
resembles an advantage compared to the related work. It allows the planning algorithm to
optimally choose the LT without tuning parameters in the running cost. Instead, sufficient
conditions are formulated, the terminal cost has to fulfill, to achieve convergence to the
GT. Due to the LP’s recursive feasibility and integration with the GP, time-consistent
planning results are achieved. In addition, the optimization in the LP refines the GP’s
results despite a limited number of iterations, which is further analyzed in open-loop in
section A.7. However, the improvements achieved in open-loop do not fully translate to
the closed-loop performance, which is investigated further in section A.8. The consistent
maneuver execution allows quick transitions between LTs, so the EV spends most of its
time in the terminal set, where maximum longitudinal progress to a distant destination is
achieved with maximum comfort. Still, the maneuver decisions are limited by the terminal
cost’s accuracy. The limitation becomes apparent especially with low degrees of freedom.
The high terminal cost due to an impeding vehicle on the left lane prevents progress
toward the GT despite the availability of feasible lane change trajectories. The evaluation
also shows the planning algorithm’s capability to consider the traffic rules. The maximum
velocity and the left overtaking rule are not violated in closed-loop. Since the latter rule
is implemented via the terminal cost, it does not reduce the feasible space. While the EV
keeps a sufficient distance from other vehicles most of the time, the observed minimum
time headway toward the leading and trailing vehicles is problematic for perceived and
actual safety. The problem could be addressed by a velocity-dependent vehicle shape
inflation at the cost of control performance.

Stability

The terminal set is designed with the automated driving objectives in mind, so they are
fulfilled if the EV is stabilized in the terminal set. The constraints considered in the OCP
are derived from a dynamic vehicle model, rendering the planned trajectory likely feasible
for an actual vehicle. An advantage over related work is the feasible inner approximation
of the semi-infinite nonlinear constraints with a finite number of polynomial functions
to achieve dynamically feasible trajectories in the Frénet frame. Another advantage is
the LP’s recursive feasibility, which guarantees the convergence to an LT in the nominal
case. Disturbances can impede the convergence, which occurs when the constant velocity
prediction does not hold. Assuming the other vehicles thrive to reach a steady-state, the
convergence might be impeded only for a limited time. In the scenarios evaluated in
section 9.3, the terminal cost enables finite-time convergence toward the GT, although
the underlying assumptions are not always fulfilled. Thus, the terminal cost is attested
stabilizing properties under nominal conditions, but also a certain robustness. Even
if no progress is achieved toward the GT, the vehicle’s safety is not compromised as
long as the EV tracks one of the LTs. Still, the restrictive terminal set design can be
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problematic in dense traffic if low degrees of freedom prevent a sufficient exploration of
LTs. Such configurations would benefit from a more sophisticated impeding vehicle cost
and a terminal region about the target velocity and lane centers. Werling et al. [Wer+12]
introduce an extended terminal set enclosing their LTs. The extended terminal set could be
applied to the problem at hand if the terminal cost also estimates the cost for reaching the
selected LT and the GT. The hierarchical combination of the GP and the LP improves the
overall planning algorithm’s robustness. Even if the LP does not find a feasible solution,
the GP can provide a suboptimal one. Conversely, due to the LP’s recursive feasibility,
it is likely to retain a feasible trajectory toward its LT, even if the GP should fail. Still,
additional tests in more adversarial scenarios are necessary to determine the limitations
of the algorithm design.

Complexity

Although the planning algorithms are designed for computational efficiency, enhancements
are necessary to enable a real-time application. Considering the time increment used in
the closed-loop simulation, the LP and the GP combination must surpass a running time
of 100 ms, which is also assumed by [Kuw+09]. An impression of the running time1

is provided in section A.9. In 99 % of the cases, the running time of the hierarchical
combination stays below 210 ms with the 4bp-13 configuration and below 72 ms with
the 3bp-10 configuration. While the latter complies with the time limit often, there are
still extreme cases where the limit is exceeded, requiring the reduction of the algorithms’
worst case complexity. Instead of IPOPT, applying an SQP algorithm seems promising
in combination with a proper iteration limit. Mercy, Parys, and Pipeleers [Mer+18b]
report an eleven times reduced average running time of blockSQP [Jan15] compared to
IPOPT, which are used to solve their spline-parameterized trajectory planning problem.
The observation may apply to the problem at hand since an SQP can generally better
leverage a warm start [NW06, pp. 416, 550]. The NLP can be simplified by removing
the breakpoints from the optimization variables. Thus, computing gradients for the B-
splines would be avoided, which is currently required in the majority of the equality
constraints. Although a worse control performance can be expected when choosing a new
maneuver and in cases of disturbances, the result may be sufficient most of the time, as
indicated by section A.8. Applying the A* algorithm with a cost-to-go heuristic seems a
straightforward improvement for the shortest-path search. However, finding an accurate
and admissible heuristic of low computational complexity that also considers the terminal
cost is not straightforward. Still, limiting the number of node expansions in the Anytime
A* algorithm [Lik+03], which is designed to find a suboptimal solution quickly, can reduce
the worst-case complexity. The hierarchical algorithm could cope with the suboptimal
solution if the disturbances are sufficiently low and the LTs are still explored sufficiently.

1 The running time measurements were carried out on Ubuntu 22.04 with AMD Ryzen 5 3600 CPU at
3.6 GHz and 16 GB RAM.
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The problem of decision-making and motion planning for automated driving is frequently
understood as an OCP. It allows compromising objectives while considering the vehicle’s
state and input limitations. Sampling-based and numerical optimization-based solution
algorithms applied in an MPC fashion provide sufficient control performance in many
scenarios. The sampling algorithms are capable of approximating the global optimal
solution to the OCP, considering the problem’s combinatorial nature. However, a highly
accurate solution generally requires a high computational effort. In contrast, most numer-
ical optimization algorithms yield a local optimal solution, which is achieved efficiently
and with high accuracy. The dichotomy of properties motivates a two-stage hierarchical
combination of both algorithm classes to fulfill the behavior and motion planning modules’
tasks. However, the OCP is usually neither developed systematically to achieve conver-
gence toward a distant target nor is the planned motion guaranteed to be feasible. In this
work, a two-stage planning algorithm is developed to fully leverage the advantages of both
algorithm classes and implement driving objectives, stability criteria, and computational
complexity criteria. The hierarchical algorithm is composed of two separate planning
algorithms. The LP adopts numerical optimization, and the GP uses a sampling strategy.
Both algorithms are based on the same OCP which is transformed via a spline trajectory
parameterization to a SIP. The spline convex hull property enables an approximation of
the SIP, so solution feasibility is retained. The distinct planning algorithms are evaluated
to verify their intended properties. The performance of their hierarchical combination is
validated in simulated highway scenarios. A summary of the concepts and results is given
below.

Local Planner

The LP relies on the IPOPT numerical optimization algorithm to provide high control
performance during convergence to a given LT defined by a lane center and a target
velocity or leading vehicle. An NLP is formulated providing a feasible approximate solution
to the SIP. A set of terminal constraints requires the trajectory to reach the LT. The
differential flatness of a dynamic vehicle model is exploited, enabling the optimal spline
parameterization of the planned trajectory in the Frénet frame. The splines’ breakpoints
and coefficients are subject to optimization. The LP compromises comfort and progress via
a linear quadratic minimum-time cost function, where the time in the x- and y-directions
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are optimized individually. The constraints resulting from limitations on the model input,
road boundaries, and other vehicles are formulated as polynomial functions of the spline
trajectory. Consequently, the constraints are spline functions, allowing the exploitation
of the convex hull property to enforce semi-infinite constraints in a finite-dimensional
optimization problem. A breakpoint adaption strategy is proposed to ensure recursive
feasibility toward the LT in the absence of disturbances. The splines’ nonuniformity
prevents determining the involved spline coefficient transformations prior to optimization.
The transformations are implemented efficiently by coupling additional constraint splines
with equality constraints.
The convergence of the LP-controlled vehicle is analyzed in two highway scenarios. The
scenarios show recursive feasibility and practical stability despite a mismatch between other
vehicle predictions and their actual motion in the longitudinal direction. In addition, the
influence of the breakpoint number on the complexity and control performance is evaluated.
Adding breakpoints to the spline trajectory considerably increases the NLP complexity.
On the other hand, additional breakpoints improve the open-loop control performance
in situations close to occupied regions of the state space. However, improvements in
open-loop performance may not equally carry over to the closed-loop performance.

Global Planner

While the LP is designed for high control performance toward an LT, it cannot decide on
a suitable LT itself to make progress toward a possibly distant GT. The LTs, which also
include the GT, form a disconnected terminal set. The terminal cost is introduced as the
upper bound on the minimum cost-to-go to guide the selection of LTs. The EV progresses
to the GT if the assumptions underlying the terminal cost design are met. The GP
approximates the solution to the SIP by finding the optimal trajectory with the Dijkstra
shortest-path search algorithm in a graph. The state space and nonuniform time dis-
cretizations implicitly define the graph. In line with the LP, the candidate trajectories are
parameterized by spline functions, which are selected using the same constraints and run-
ning cost considered by the LP. The constraint and cost evaluation is performed efficiently
segment-wise with precomputed coefficient transformations and B-spline evaluations.
Four GP configurations of different complexity are compared in several highway scenario
variations. The observed open-loop control performance and complexity measures are
used to select a suitable compromise for the application in a hierarchical combination.
The evaluation shows that candidate trajectories with four breakpoints outperform those
with three breakpoints in open-loop control performance since additional maneuver op-
tions become available. However, the performance saturates with increasing breakpoint
combinations while the complexity increases further.

Hierarchical Planner

The LP and the GP are combined in a two-stage hierarchical planning algorithm to
leverage the advantages of both algorithms. The GP shall approximate the global optimal
solution to the SIP, making discrete decisions on the number and order of breakpoints,
and the LT. Instead of passing the GP’s solution to the LP directly, it is compared with
the LP’s solution from the previous time step. The LP receives the feasible trajectory of
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minimum cost and the corresponding LT, which are utilized to warm start IPOPT. Thus,
the recursive feasibility property is preserved. Simultaneously, a new LT is selected if it
yields a lower cost. If disturbances render the previous time step’s solution infeasible, the
GP still provides a feasible backup trajectory. Subsequently, the LP solution is compared
with the initial trajectory to account for the possibility of an infeasible result due to a
failed convergence of the optimization algorithm.
The capabilities of the hierarchical planning algorithm are demonstrated in closed-loop
simulation. In the simulated highway scenario variations, the EV has to overtake several
other vehicles to reach the GT. The results are analyzed for compliance with the driving
objectives, the ability to stabilize the vehicle in the GT, and the compromise of computa-
tional effort and control performance attained. The consideration of candidate trajectories
with four breakpoints achieves convergence toward the GT with consistent planning results
and comprehensible maneuver decisions. The planning algorithm implements a suitable
compromise between progress and comfort while obeying the traffic rules most of the time.
Exceptions occur while merging in front or behind other vehicles, where the time headway
can drop below 0.9 s. A breakpoint configuration with only three breakpoints considerably
reduces the computational effort. On the other hand, the restrictive terminal set and the
terminal cost design diminish progress toward the GT. Still, the desired stability properties
are retained regardless of the configuration and despite a tight limit on the maximum
IPOPT iterations.

Outlook

The results show the applicability of the proposed trajectory planning algorithm to control
an automated vehicle in highway scenarios. Still, several enhancements and experiments
are necessary to ensure stability and sufficient control performance in various scenarios
for an implementation on an automated vehicle. The current implementation cannot
provide a sufficiently tight bound on the computational effort suitable for a real-time
application. Reducing the number of optimized breakpoints in combination with an SQP
seems promising for reducing the LP’s computational complexity. Simultaneously, the
worst-case complexity of the GP can be reduced with an upper limit on the expanded nodes
in combination with an anytime shortest-path search. Although the expansion limit may
avert a solution from being found, the planning algorithm could be applied safely in the
hierarchical combination. Another issue apparent in the results is the low time headway
distance while merging in front or behind other vehicles. Although an obstacle shape
inflation is used already, it does not implement a sufficient safety margin in closed-loop.
A more sophisticated design of the obstacle shapes can provide robustness guarantees by
imposing worst-case assumptions on the other vehicles’ future motion. The challenge is to
find a representation that still enables a solution of sufficient control performance. Since
the planning algorithms provide an inner approximation to the SIP solution, they yield a
feasible but suboptimal trajectory. Breakpoint insertion, degree elevation [Loo+15a], and
a MINVO basis [TH22b] are options to reduce the approximation error. Currently, the
recursive feasibility guarantee relies on a constant velocity prediction of the other vehicles.
The limitation can be addressed by enforcing the constraints along the terminal segment
with a local reduction or the convex hull property with a subsequent hull refinement.
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The assumptions underlying the terminal cost enable a reasonable maneuver choice if
the trajectories’ degrees of freedom are sufficiently high. However, the progress toward
the GT is sensitive to the number of breakpoints, especially in the presence of impeding
vehicles on the neighboring lanes. A more accurate cost estimation and a less restrictive
terminal set would improve the control performance in these cases. The enhancements
require validation in additional experiments. The experiments should consider different
sources of uncertainty commonly encountered in automated highway driving. Common
sources of uncertainty are vehicle perception, other traffic participants, and vehicle model
inaccuracy.
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A
Appendix

A.1. Frénet Frame Velocities

This section provides additional steps to calculate the Frénet frame velocities introduced
in section 3.4.2. The time argument is omitted for brevity. The first time derivative of the
Frénet frame y-position p

vṗy = d
dt

[
v
p¯
nᵀ (γ∗)

(
v
v¯
p− v

p¯
p (γ∗)

) ]
is expanded and simplified:
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= vv sin p
vψ.

(A.1.1)

Equation (A.1.2) is a consequence of the vehicle projection v
p¯
p (γ∗) always being the

position of the shortest distance from v
v¯
p. Thus, the x-position’s first time derivative

becomes

d
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= 0, (A.1.2)
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(A.1.3)

⇔ p
vṗx = vv cos p

vψ

1− κp p
vpy

. (A.1.4)

A.2. Intelligent Driver Model

The IDM is a microscopic traffic and car-following model [Tre+00]. It determines the
m = 1, 2, . . . , ηov other vehicles’ acceleration aidm,m : R 7→ R in dependence on their
current velocity and the gap ∆zx,m : R 7→ R+ to the respective leading vehicle on the
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A.3. Nonlinear Optimization Algorithm

same lane:

aidm,m(t) = ã

[
1−

(
żx,m(t)
ṽm

)e
−

∆z̃x,m
(
żx,m(t),∆żx,m(t)

)
∆zx,m(t)

], (A.2.1)

∆z̃x,m
(
żx,m(t),∆żx,m(t)

)
= ∆z̃x + t̃hwżx,m(t) + żx,m(t)∆żx,m(t)

2
√
ããd

. (A.2.2)

aidm,m(t) results from scaling the desired acceleration ã ∈ R+ depending on the ratios of
the respective vehicle’s state to the target velocity ṽm ∈ R+ and the desired gap ∆z̃x,m :
R+ × R+ 7→ R+. The acceleration exponent e ∈ [1,∞) determines the acceleration’s
decrease when approaching ṽm for a leading vehicle far ahead. If e→∞, the acceleration
is linear. If e = 1, the ṽm is approached asymptotically. The desired gap ∆z̃x,m :
R+ × R+ 7→ R+ includes the jam distance ∆z̃x ∈ R+, the desired time headway t̃hw ∈ R+,
and the desired deceleration ãd ∈ R+ as additional parameters. For this work, the model
is extended by

z̈x,m(t) =


ǎidm,m if aidm,m(t) < ǎidm,m,

âidm,m if aidm,m(t) > âidm,m,

aidm,m(t) otherwise,
(A.2.3)

to keep the acceleration within the bounds ǎidm,m ∈ R and âidm,m ∈ R. The used parameter
values are listed in table A.1. The target velocity is drawn from a uniformly distributed
set ṽm ∈ Zv,x,m that is specified in sections 6.4 and 9.2.

Table A.1.: Parameters of the IDM for the m = 1, 2, . . . , ηov other vehicles.

description variable unit value

minimum acceleration ǎidm,m m s−2 −8
maximum acceleration âidm,m m s−2 3
acceleration exponent e 1 4
desired time headway t̃hw s 2
jam distance ∆z̃x m 9
desired acceleration ã m s−2 0.73
desired deceleration ãd m s−2 1.67

A.3. Nonlinear Optimization Algorithm

Problem 6.2.1 is solved with the IPOPT algorithm [WB05]. The primal-dual interior-
point algorithm is designed to solve large-scale nonlinear optimization problems. It handles
inequality constraints via a barrier function. The barrier problem is solved with a damped
Newton’s method, which involves solving a linear equation system to obtain the direction
for the next iteration. MUMPS [Ame+00] solves the linear equation system in this work.
The solver obtains a solution efficiently by leveraging the problem’s sparsity and the
parallelization of computations. The C++ implementation of IPOPT is invoked via the
Python interface of the CasADi toolbox [And+18]. The latter supplies the exact sparse
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gradient information. Table A.2 lists the termination criteria for the IPOPT algorithm.
An issue in the application of interior-point algorithms is their limited warm-starting

Table A.2.: IPOPT non-default parameters for algorithm termination. If not stated otherwise,
the max_iter parameter is set to the given value.

description parameter value

abs. tol. acc. compl. conditions acceptable_compl_inf_tol 1 · 104

abs. tol. acc. constraint violation acceptable_constr_viol_tol 1 · 10−4

abs. tol. acc. dual infeasibility acceptable_dual_inf_tol 1 · 104

rel. tol. acc. convergence acceptable_tol 1 · 10−4

abs. tol. compl. conditions compl_inf_tol 1 · 104

abs. tol. constraint violation constr_viol_tol 1 · 10−4

rel. tol. convergence tol 1 · 10−4

abs. tol. dual infeasibility dual_inf_tol 1
acc. iterates before termination acceptable_iter 5
maximum number of iterations max_iter 500

capabilities. Since the barrier functions require the optimization variables to obey their
bounds strictly, IPOPT requires the initial guess to keep a minimum distance to the
bounds. The parameters in table A.3 keep any modifications to the initial guess and the
constraints low, so only a few iterations are needed to find the optimal solution from a
good initial guess. Further non-default parameters are listed in table A.4.

Table A.3.: IPOPT non-default parameters that are important for warm-starting.

description parameter value

initial bound relaxation factor bound_relax_factor 1 · 10−9

initial barrier parameter mu_init 1 · 10−9

rel. distance primal variables warm_start_bound_frac 1 · 10−9

abs. distance primal variables warm_start_bound_push 1 · 10−9

abs. distance dual variables warm_start_mult_bound_frac 1 · 10−9

rel. distance slack variables warm_start_slack_bound_frac 1 · 10−9

abs. distance slack variables warm_start_slack_bound_push 1 · 10−9

apply warm start warm_start_init_point yes
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Table A.4.: IPOPT additional non-default parameters.

description parameter value

heuristic for infeasibility detection expect_infeasible_problem no
update strategy barrier parameter mu_strategy adaptive
maximum gradient after NLP scaling nlp_scaling_max_gradient 1

A.4. Configurations

This section specifies the planning algorithms’ configurations used in the previous chap-
ters. Table A.5 lists the values for the bounds on the EV states and the reference path
configuration, which are used in chapter 5 for the polynomial constraint formulation.
The polynomial constraints are designed to approximate the state and input constraints
conservatively while preserving a feasible space.

Table A.5.: Bounds on reference path configuration and vehicle states.

description variable unit value

symmetric bound reference path curvature κ̄p m−1 1.39 · 10−3

symmetric bound reference path curvature rate κ̄′
p m−2 5 · 10−6

symmetric bound vehicle y-acceleration āy m s−2 4
lower bound vehicle x-acceleration ǎx m s−2 −8
upper bound vehicle x-acceleration âx m s−2 3.5
symmetric bound Frenét yaw angle ξ̄ψ ° 8.2
lower bound vehicle x-velocity ξ̌v km h−1 60
upper bound vehicle x-velocity ξ̂v m s−2 130
symmetric bound Frenét y-position z̄y m 9.375

The parameters in table A.6 are used in the design of problem 6.2.1 and the terminal set.
The target velocity ṽ deviates from ξ̂v to avoid many infeasible trajectory candidates in
the GP when the EV state is close to the target velocity.

Table A.6.: Parameters used in the problem 6.2.1 formulation.

description variable unit value

target velocity ṽ m s−1 122
prediction horizon H s 10
desired time headway t̃hw s 2.5
weight squared jerk in x-direction wj,x m2 s−5 1
weight squared jerk in y-direction wj,y m2 s−5 1
weight squared jerk in x-direction wT,x s−1 1
weight squared jerk in y-direction wT,y s−1 1
minimum breakpoint interval ∆ǩ s 0.21
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The configuration of the GP’s time and state space decomposition is provided in ta-
ble A.7. The parameters aim at a sparse discretization while providing a sufficient control
performance in highway scenarios.

Table A.7.: Parameters used by the GP.

description variable unit value

transformed terminal cost upper bound in x-direction ˆ̃Fx 1 100
time samples x-direction K̆x 1 10
time samples y-direction K̆y 1 10
x-velocity samples ηx 1 5
three breakpoint interval lengths I3 s [1, 9]
four breakpoint interval lengths I4 s config. dependent
breakpoint sequence lengths X 1 config. dependent

The vehicle shapes are modeled in section 4.2.4 with axis-aligned ellipses. The semi-axis
lengths of the EV, of the other vehicles, and the dimension of the uncertainty ellipses
are given in table A.8. The semi-axis lengths in the y-direction are designed so that
two vehicles can drive next to each other on neighboring lanes. The semi-axes in the
x-direction still enable the EV to follow a leading vehicle at the desired time headway.

Table A.8.: Parameters defining the EV and the other vehicles’ shapes.

description variable unit value

EV semi-major axis ∆x m 5.21
EV semi-minor axis ∆y m 1.3
other vehicles’ semi-major axis ∆x,m m 3.77
other vehicles’ semi-minor axis ∆y,m m 1.3
uncertainty semi-minor axis

◦
∆y m 1.8

uncertainty semi-major axis time headway
◦
thw s 1

A.5. Highway Heading Angles

The environment model describes the vehicle shapes with axis-aligned ellipses, assuming
a limited heading angle deviation from the reference path. The HighD dataset [Kra+18],
which includes recordings of 110 000 vehicle trajectories along straight highway segments,
is used to choose a suitable limit. The occurrences of heading angles are reported in
figure A.1. The choice ψov = 7◦ overestimates the observed heading angles and retains a
sufficient feasible set.
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Figure A.1.: Heading angle occurrences in the HighD dataset at velocities beyond 60 km h−1.

A.6. Polynomial Derivatives

The terminal cost introduced in section 8.1 relies on an overestimation of the time integral
over the running cost for transitions between LTs. It is assumed that kinematic constraints
only yield a lower bound on the transition time. The property is fulfilled, because the
LTs resemble velocity or acceleration equilibria. Thus, the higher order time derivatives
converge to zero with an increasing time interval. This section depicts the properties of
polynomials of degrees five and four. The boundary conditions on the first and second
order time derivatives of a fifth degree polynomial are zero in figure A.2. In addition, the
elements in the derivative coefficient transformation in equation (3.5.9) only decrease with
a growing breakpoint difference. Thus, the polynomials’ time derivatives have to converge
to zero with a growing transition time.
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Figure A.2.: Polynomial time derivatives in basis form with boundary conditions at zero starting
from the first time derivative.

In the case of the degree four polynomial, the boundary conditions on the second time
derivative are zero, shown in figure A.3. Thus, time derivates beyond the first one approach
zero as the segment length diverges.
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Figure A.3.: Polynomial time derivatives in basis form with boundary conditions at zero starting
from the second time derivative.

A.7. Two-Stage Trajectory Planner Open-Loop Analysis

The LP improves the GP’s result trajectory in the two-stage planning algorithm described
in section 9.1. In addition, the GP provides a feasible backup trajectory if IPOPT fails to
converge to a feasible solution. Thus, the maximum iterations iter can be safely reduced
for a lower computational complexity. However, the benefit of the LP may vanish if iter
becomes too low. This section analyses the influence of iter on the LP’s ability to improve
the GP’s solution in open-loop and identifies a suitable iteration limit. The subsequent
evaluation is performed on the scenes from section 8.2 with the 4bp-13 configuration. In
contrast to the two-stage combination, the GP’s solution is unconditionally passed to
the LP as the initial guess for this experiment. A variation of the maximum iterations
iter ∈ {10, 15, 20, 25, 30} is assessed for all scenes.
The IPOPT algorithm can violate constraints during the optimization. Although a feasible
initial guess is always provided, a termination before meeting the convergence criteria
may return an infeasible trajectory. No large cost difference is observed among the
feasible solutions in the same scene. Thus, the rate of feasible solutions is selected as
the performance metric to compare the maximum iterations. The rates of infeasible
and feasible solutions from all fifty-eight scenes are reported in figure A.4 for different
breakpoint numbers. Trajectories with three breakpoints in each direction are referred to
by 6bp. The ones with three breakpoints in one direction and four breakpoints in the other
are denoted by 7bp. 8bp refers to trajectories with four breakpoints in each direction.
In general, the feasible solution rate increases with iter. For iter = 10, none of the 8bp
trajectories result in a feasible solution, and most of the 7bp ones are infeasible. However,
a higher control performance benefit might be achieved due to the local optimization with
a growing number of breakpoints. The number of successfully solved 8bp problems is
nonzero at iter = 15 and keeps growing together with the 7bp trajectories at iter = 20. At
iter = 25, all 6bp problems are solved successfully. On the other hand, no improvement
is achieved for the 8bp problems. The improvement in solved problems continues for
iter = 30, where only a portion of the 8bp trajectories remains infeasible.
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Figure A.4.: Rate of infeasible and feasible IPOPT solutions in 58 scenes due to different maximum
iterations. The rates are categorized according to the sum of breakpoints in the x- and y-direction
into six (6bp), seven (7bp) and eight (8bp) breakpoints.

With growing iter, the rate of solved problems saturates. The best compromise between
the number of solved problems and iter is chosen using the quotient of the number of
solved 8bp and 7bp problems per maximum iteration. The 6bp are not considered because
they are expected to yield comparably minor performance improvements due to the local
optimization. The quotient is maximum at iter = 20 with 1.25. The lower iteration limits
of iter = 15 and iter = 10 result in 0.6 and 0.3. The ratio decreases also to 0.64 and 0.7 for
the higher limits of iter = 25 and iter = 30, respectively.
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Figure A.5.: Cost improvement over the initial guess for iter = 20. The improvement is categorized
according to the sum of breakpoints in the x- and y-direction into six (6bp), seven (7bp) and
eight (8bp) breakpoints.

The cost improvement achieved with iter = 20 over the initial guess for all 43 feasible
solutions is visualized in figure A.5. The 7bp trajectories result in the highest improvement
with a maximum of 2.55. The majority of trajectories are composed of six breakpoints,
which achieve a high control performance already before the local optimization. Although
the 8bp trajectories have the most degrees of freedom, they rarely exceed the cost improve-
ment due to 7bp. The observation is explained by the limited scene variations considered.
The highest gain in open-loop control performance is observed in scenes where the solu-
tion trajectory follows a leading vehicle. However, the solutions in those scenes do not
benefit from an additional breakpoint in the y-direction. If a lane change is required while
following a leading vehicle, it can always be performed directly with a single polynomial
segment.
Figure A.6 provides a qualitative example of a 8bp trajectory with a 1.2 times cost
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Figure A.6.: Trajectory with 1.2 times cost improvement corresponding to the scene in figure A.7.
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Figure A.7.: Scene with 1.2 times cost improvement. The EV is indicated by EV: żx(t)/km h−1

and the other vehicle with V3 : żx,3(t)/km h−1.

improvement. The corresponding scene from SC-2V is shown in figure A.7, where the
EV overtakes a slower-driving vehicle in the right-most lane. The acceleration in both
directions has to be zero at the second breakpoint of the GP solution. The corresponding
y-position has to follow one of the lane centers. In contrast, the LP can move the second
breakpoint continuously in the state space and in time. Thus, a trajectory of lower
acceleration and jerk is achieved while the control horizon is mostly retained.
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Figure A.8.: Scene with 2.55 times cost improvement. The EV is indicated by EV: żx(t)/km h−1

and the m = 1, 2 other vehicles with Vm : żx,m(t)/km h−1.

The scene from SC-3V with the highest observed cost improvement of 2.55 times is
depicted in figure A.8. The EV follows the vehicle in front since the vehicle on the left-
most lane prevents a lane change to the left. A high terminal cost prevents overtaking on
the right-most lane. Figure A.9 only shows the velocity and acceleration in the x-direction
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Figure A.9.: Trajectory with 2.55 times cost improvement corresponding to the scene in figure A.8.

because the planned trajectory stays on the middle lane. According to the GP solution
trajectory, the EV has to slow down to 50 km h−1, followed by an acceleration to 75 km h−1

to reach the desired time headway behind vehicle 2. The LP finds a trajectory of lower
acceleration and reduces the control horizon by 2.44 s.

A.8. Disabled Local Optimization

Section A.7 shows that the LP improves the GP’s solution trajectory if IPOPT converges
in the iteration limit. This section analyzes how far the open-loop improvement carries
over to the closed-loop performance. Therefore, the evaluation in section 9.3 is extended by
a configuration with disabled local optimization. The configuration 4bp-13-0it is the same
as 4bp-13, except for iter = 0. Thus, the LP does not improve the GP’s solution. Either the
GP’s solution trajectory or the trajectory from the previous time step is returned by the
two-stage planning algorithm. The configuration is applied to the same five scenarios from
section 9.2. The corresponding closed-loop cost is reported in figure A.10 and compared
with the 4bp-13 configuration. Except for scenario 4 and the second GT arrival in scenario
0, the cost is always higher for 4bp-13-0it. The cost increase is small compared to the cost
due to the 3bp-10 configuration in figure 9.3.
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Figure A.10.: Closed-loop comfort and progress cost when reaching the GT the first time. In
addition, the contours of the closed-loop cost are shown. The table on the right side provides
the closed-loop cost as sum of comfort and progress.

The largest cost difference is observed in scenario 3. The lower cost of the 4bp-13 con-
figuration results mainly from a reduced jerk in the first 8.8 s of the initial lane changes
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phase. The absence of improvement due to the LP leads to a deviation from the 4bp-13
closed-loop trajectory, yielding a higher acceleration and jerk in both directions, which is
visible in figure A.12. At t = 5.3 s, the planning algorithms select the initial guess from
the GP because the previously planned trajectory is infeasible. A discontinuity is visible
in the x-acceleration trajectory with 4bp-13-0it in figure A.12a. The missing optimization
induces a subsequent increase in cost and a negative current cost descent factor. On the
other hand, the LP with 4bp-13 enables a lower performance drop.
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Figure A.11.: Scenes from the initial lane changes phase of scenario 3 using 4bp-13. The EV is
indicated by EV: żx(t)/km h−1 and the m = 1, 2, . . . , 6 other vehicles with Vm : żx,m(t)/km h−1.
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Figure A.12.: EV closed-loop trajectory in the first 8.8 s of scenario 3.

Two scenarios are observed where 4bp-13-0it achieves lower cost than 4bp-13. The trajec-
tory refinement of the LP with 4bp-13 even contributes to the cost increase in scenario
0. At t = 44.5 s, depicted in figure A.13, both planning algorithms track vehicle 4 on
the middle lane, which would be considered impeding otherwise. The planned velocities
are shown in figure A.14a. The open-loop cost due to 4bp-13 is lower than the cost from
4bp-13-0it, but the EV has to leave the target velocity. However, the middle lane is reached
0.8 s later, and a lane change to the left-most lane is initiated while the solution trajectory
reaches the target velocity again. During the 0.8 s interval, the acceleration in figure A.14b
induces nonzero comfort cost and a time penalty for not staying at the target velocity,
which increases the closed-loop cost for 4bp-13.

130



A.8. Disabled Local Optimization

In scenario 4, no such suboptimal behavior is observed. The closed-loop cost due to the
4bp-13 configuration is smaller most of the time. Still, both configurations reach the GT
simultaneously. However, the jerk induced by the dual mode strategy, which is described
in section 6.3 and sets the vehicle into the terminal set, is higher with 4bp-13 and causes
a higher cost at the simulation end. The results might change for a different dual mode
activation threshold. Thus, for cost differences in the order of 10−1, it is unclear whether
the planning algorithm configuration causes the performance differences.
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Figure A.13.: Scenes from the initial lane changes phase of scenario 3 using 4bp-13. The EV is
indicated by EV: żx(t)/km h−1 and the m = 1, 2, . . . , 6 other vehicles with Vm : żx,m(t)/km h−1.
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Figure A.14.: Open-loop and closed-loop trajectories showing a suboptimal outcome of the local
optimization in scenario 0.

In all scenarios, the maximum observed absolute accelerations increase by no more than
0.03 m s−2 and the absolute jerk by no more than 0.09 m s−3 compared to 4bp-13. The
difference in the minimum time headway from 4bp-13 is below 0.02 s. An overall increase
or decrease in the time headway is not present. A negative cost decent factor, not observed
with the 4bp-13 configuration, occurs with 4bp-13-it in scenario 0 while following vehicle
3, which is shown in figure A.15. The LP’s lower cost trajectories keep the current cost
descent factor in figure A.16 positive but below one, while the metric turns negative for a
limited time with the 4bp-13-0it configuration.
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Figure A.15.: Scene while following vehicle 3 in the initial lane changes phase of scenario 0 using
4bp-13. The EV is indicated by EV: żx/km h−1 and the m = 1, 2, . . . , 6 other vehicles with
Vm : żx,m/km h−1.

6 6.1 6.2 6.3 6.4 6.5 6.6 6.7 6.8 6.9 7 7.1 7.2 7.3 7.4 7.5

−1

0

1

t/s

λ̃
(t

)

4bp-13
4bp-45-0it

Figure A.16.: Cost descent while following vehicle 3 in scenario 0.

In summary, the 4bp-13-0it configuration achieves a similar behavior and quantitative per-
formance compared with 4bp-13. Still, the results indicate a disadvantage if disturbances
are present since the planning algorithm has to rely on the GP’s suboptimal solution in
cases where the previous solution becomes infeasible. While overall stability and progress
toward the GT are barely affected, acceleration and jerk can increase compared to the
results from the 4bp-13 configuration in the same situation. However, the performance
difference might increase if the disturbances become more severe. A higher cost difference
can also be expected if the trajectory parameterization is not the optimal solution to
problem 4.3.1. Nevertheless, a LP of lower computational complexity than the 4bp-13
configuration might yield a similar control performance. For instance, the LP must not
optimize all breakpoints but could focus on refining the spline coefficients.

A.9. Time Complexity

Figure A.17 provides an impression of the observed running times in connection with
the five scenarios from the evaluation in section 9.3. Figure A.17a shows occurrences of
wall times spent in IPOPT during the optimization in the LP. Figure A.17b depicts the
wall times required for the GP’s shortest-path search algorithm. The sum of the wall
times from each simulation time step is shown in figure A.17b. The measurements were
carried out on Ubuntu 22.04 with AMD Ryzen 5 3600 CPU at 3.6 GHz and 16 GB RAM.
However, the measurements should be interpreted cautiously because no repetitions are
performed. Also, the measurements consider only the time of the spend in IPOPT and in
the shortest-path search algorithm. The preparations and postprocessing steps performed
in the planning algorithms are not included.
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(b) Wall time shortest path search with maximum of 55 ms for 3bp-10 and 187 ms for 4bp-13.
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(c) Sum of IPOPT and shortest path search wall times assuming sequential execution.

Figure A.17.: Wall time occurrences for solving the trajectory planning problems occurring in
the five scenarios in section 9.3 with the 4bp-13 and 3bp-10 configurations.

Most of the running times resulting from the 4bp-13 and 3bp-10 configurations in fig-
ure A.17a are below 100 ms. However, the worst cases due to 4bp-13 are exceptionally
high. Generally, the higher number of constraints and optimization variables due to 4bp-13
increase the average running time per iteration by about 2 times at the 99 % quantile.
Based on the iteration counts reported in figure 9.10a, the average running time per iter-
ation is 20.4 ms. In contrast, the average running time per iteration amounts to 9.75 ms
for the 3bp-10 configuration.
The shortest-path search algorithm is implemented with the Numba toolbox [Lam+15],
which compiles the Python implementation just in time. The implementation does not
leverage parallel computations. In most cases, the graph search is more time-intensive
than the local optimization, but it it requires less time in the worst cases.
The sum of the two distinct planning algorithms’ running times is a lower bound on
the running times achievable with a two-stage combination, if further computations are
neglected. The distributions of the combined running times’ occurrences are reported in
figure A.17c At the 99 % quantile, the overall running times due to the 4bp-13 configuration
are about three times higher than those due to the 3bp-10 configuration. The factor lies
between the ones from the LP with 2.6 and the GP with 3.7. During closed-loop simulation,
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an additional breakpoint in the x-direction is used more frequently than in the y-direction.
Thus, limiting the number of breakpoints in the y-direction from four to three could
resemble a good compromise between a reduced GP control performance and a reduced
running time.
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A.10. Usage of generative AI - Affidavit

� not at all

� for correcting, optimizing, or restructuring the entire work (This eliminates the need
for explicit marking of individual passages or sections, as this type of usage refers to
the entire written work. Explicit marking in the text is not necessary, as this serves
as the global indication.)

� Code optimization: Optimization or restructuring of software function

� Code generation: Creating entire software functions from a detailed functional
description.

� Substance generation in code: Generating entire software source code

� Media optimization: Correction, optimization, or restructuring of entire passages

� Media generation: Creating entire passages from given content.

� Substance generation in media: Generating entire sections

� More, namely:

I assure that I have provided all usages completely. Missing or incorrect information may
be considered an attempt to deceive.

place, date Philip Dorpmüller
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