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Keywords: Shear-dominated deformation (SHDD) is pivotal in sheet metal forming; however, comprehensive
Plastic anisotropy modeling of plastic anisotropy in SHDD, specifically shear anisotropy considering both yield
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stress and plastic flow, has been inadequately addressed in existing literature. In this work, a
generalized constitutive framework is introduced on the basis of stress triaxiality-dependent state
variable to accurately emulate plastic anisotropy and the physics-based shear constraint in SHDD.
The framework is capable to seamlessly integrate with existing yield criteria, preserving
computational efficiency and versatility. Notably, the yield function, anisotropic parameters, and
their optimization or analytical determination for the non-shear deformation state remain unal-
tered. When integrated with the Hill48 yield function, featuring either one or two anisotropic
parameters within the generalized constitutive framework, precise characterization of yield
strength and plastic flow in SHDD is achieved. The applicability of the framework extends to
various anisotropic yield functions such as the widely employed Yld2k-2d and the sixth-order
polynomial (Poly6) function as a class of associated flow rule-based yield functions, and one
non-quadratic yield function for non-associated flow rule scenarios. Experimental validation with
two engineering sheet metals, high-strength dual-phase steel DP980 and high-strength aluminum
alloy AA7075-T6, was conducted. Comparative analyses with several recently proposed yield
criteria, especially Poly6-18p, highlighted the efficiency of the proposed constitutive framework.
Furthermore, this study explores intrinsic shear constraints, particularly the absence of through-
thickness strains under in-plane shear stress. Additionally, it offers an enhanced description of
plastic anisotropy in shear yield stress within the general framework, providing valuable insights
into the complexities of SHDD.
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1. Introduction

Sheet metal often experiences complex stress states during advanced forming processes. The enhancement of accurate plasticity
modeling not only improves high-fidelity finite element (FE) simulations but also contributes to the advancement of digital twin
applications in industries such as automotive and aerospace. Moreover, the utility of high-precision plasticity models extends to
generating substantial amounts of precise and representative virtual data, particularly beneficial for machine learning-based models.

Numerous phenomenological constitutive models have been proposed and employed to characterize the anisotropic behavior of
metal sheets under complex loading conditions. Notable contributions in this field have been made by Hill and Barlat, as extensively
documented in literature (Barlat et al., 2005, 1997, 2003; Barlat et al., 2011, 2013, 1991; Barlat et al., 2007, 2020; Hill, 1948, 1979,
1990). Additionally, several high-precision and high-flexibility anisotropic plasticity models have been introduced (Banabic et al.,
2003; Hu et al., 2017b; Lou et al., 2013; Mu et al., 2024; Yoon et al., 2005, 2014; Yoshida et al., 2013). Over an extended period, the
stress state-dependent damage and fracture behavior of metal sheets have been extensively investigated (Baral et al., 2024; Li et al.,
2019; Mirnia and Vahdani, 2020; Shang et al., 2021; Shen et al., 2024; Zheng et al., 2023). However, recent attention has been directed
towards the stress state dependency of plastic anisotropy in advanced sheet metals, as highlighted in recent studies (Fuhg et al., 202.3;
Hou et al., 2023b; Hu et al., 2023; Lou et al., 2022; Park et al., 2024). As elucidated by Brosius et al. (2018), complex stress states
beyond simple uniaxial tension (UT), such as biaxial tension (BT), plane strain tension (PST), and simple shear (SH), are evident in
forming processes like deep drawing of a cross-cup. Due to this, complex yield functions rather than Hill48 (Hill, 1948), which only
uses data from the UT test, are used nowadays. Advanced yield functions such as Yld2k-2d (Barlat et al., 2003) based on the associated
flow rule (AFR) are able to consider the UT and equi-biaxial tension (EBT) conditions. In the AFR, the plastic potential is assumed to be
identical to the yield surface. Consequently, yield stresses and plastic flow directions are generally used simultaneously as inputs to
optimize or determine the anisotropic parameters. The exponent of the yield function (Barlat et al., 2005; Hou et al., 2023c, 2020) or
other yield surface shape parameters (Cazacu, 2018; Drucker, 1949; Hou et al., 2022b; Zhang and Lou, 2023; Zhou et al., 2023) are
used to indirectly regulate the PST state. Hou et al. (2022a) proposed for the first time a new modeling approach of directly using the
anisotropic yield stress pairs in the PST state along three loading directions (0°, 45° and 90° to the rolling direction (RD) of sheet
metals) to analytically identify the anisotropic parameters. This modeling approach was applied to a fourth-order polynomial yield
function under the non-associated flow rule (NAFR-Poly4). Note that for the PST state in Hou et al. (2022a) and this work, the minor
stress component was assumed to be 0.5 of the major stress component. The NAFR effectively captures plastic anisotropy by employing
distinct yield stress and plastic potential functions, offering greater versatility compared to the AFR. The anisotropic parameters in the
yield stress function are typically calibrated using yield stresses, while the plastic potential function parameters are calibrated
separately using plastic flow directions, such as r-values (Lankford coefficients). It should be noted that in the application of the NAFR,
it is critical to avoid crossover between yield stress and r-value in parameter determination of yield stress function and plastic potential
function. Failure to do so will result in physically inappropriate parameter calibration for either the yield stress function or the plastic
potential function. Recently, Mu et al. (2024) developed a modified anisotropic Hill48 yield criterion that accounts for loading in any
principal stress direction, accurately describing the continuous evolution of stresses under UT, EBT, and near PST conditions. Wu et al.
(2024) introduced a distortional hardening model capable of capturing the three stress states (UT, PST, and SH) on the plastic work
contours of TWIP980 steel.

Among various stress states, SH is the crucial one for sheet metal deformation (Brosius et al., 2018; Dick and Korkolis, 2015;
Grolleau et al., 2022; Han et al., 2022, 2024; Hou et al., 2021; Meyer et al., 2020; Rousselier, 2022; Sato et al., 2023). It should be noted
that this study focuses on simple shear deformation rather than pure shear when describing shear loading. Simple shear more accu-
rately represents the conditions typically used in experimental characterization of sheet materials under shear loading. Additionally, at
low strain levels (below 20%), pure shear and simple shear can be considered equivalent (Boogaard, 2002). Fig. 1 shows the 3D yield
surface in the 611-022-012 stress space (plane stress condition) and different stress states on the yield surface. The stress components of
material under SH along different loading directions are also expressed in Fig. 1. Unlike other stress states, SH with a stress triaxiality of
zero not only exhibits anisotropy but also symmetry: 7o = 799 and 745 = 7135. In addition, as stated by Abedini et al. (2018), many
phenomenological yield functions may lead to non-physical artifacts in SH region. These non-physical artifacts manifest as non-zero
hydrostatic stress or through-thickness strains generated under in-plane shear stress, which violate the fundamental definition of the
shear loading condition. Fortunately, these artifacts were removed with a newly proposed shear calibration constraint, which was
imposed on the Y1d2k-2d yield function. Later, this additional shear calibration constraint was adopted by Zhang et al. (2022a) in their
proposed plastic potential (anisotropic Drucker function) based on the NAFR to enforce the simulated shear stress at zero hydrostatic
pressure.

Regarding the strength difference and plastic anisotropy of sheet metals in the shear-dominated deformation (SHDD), several
plasticity models have been proposed. A yield function with four parameters was proposed by Bassani (1977) to approximate a wide
range of transversely isotropic yield loci, considering the yield stresses under SH and EBT during calibration. The normalized third
stress invariant (of an isotropic material) is identical for SH and PST. Hence, yield stresses under SH and PST loadings present a fixed
positive linear relationship in the pressure-insensitive Hosford72 or Drucker49 yield functions (Hou et al., 2023b). To describe the
strength difference among SH, PST and UT, Lou et al. (2020, 2022) considered the pressure effect in two isotropic
stress-invariant-based NAFR yield functions. Barlat and Lian (1989) initially proposed using two yield stresses under SH along different
loading directions, namely osyo and ospss, to calibrate the parameters of the well-known anisotropic non-quadratic Barlat-Lian89 yield
function. Fig. 2 illustrates the predicted yield loci, yield stresses, and r-values of AA2090-T3 under UT using the Raemy yield criterion
(Raemy et al., 2017, 2018) with varying numbers of coefficients. While the predictions in the first and third quadrants remain almost
consistent across all variants, notable discrepancies arise in the predicted yield locus in SHDD. Therefore, calibrating the shape of the
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Fig. 1. 3D yield surface, various stress states, and derivation of SH deformation.
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Fig. 2. Characterization of yield behavior using the Raemy2018 yield criterion (Raemy et al., 2018) employing a two-dimensional Fourier series
with varying numbers of coefficients: (a) yield loci in the normal plane, (b) uniaxial flow stresses, and (c) r-values of AA2090-T3 (copyright).

yield locus in SHDD becomes imperative, particularly in advanced forming processes characterized by such deformation.

Several advanced anisotropic plasticity models incorporate the SH yield stresses during the calibration step. Hu et al. (2021)
proposed an analytical method to determine 16 anisotropic parameters with one yield stress under SH for a sixth-order polynomial
(Poly6) yield function. He et al. (2022) introduced an enhanced version of the Yld2k-2d yield function by incorporating an additional
term to describe the yield stress and plastic flow around SH. Hu et al. (2023) developed an analytical Poly6-18p yield function by
considering both SH and PST states, where two yield stresses under SH are included in the analytical determination of parameters. A
new anisotropic-asymmetric yield function based on the NAFR was proposed by Hou et al. (2023b) to cover wider stress states in sheet
metal forming, where both the yield stress and plastic flow under SH can be considered. In Table 1, existing isotropic and anisotropic
plasticity models along with their respective features including calibration related to SH are summarized. It should be noted that
recently Zhang and Lou (2024) introduced a five-parameter isotropic stress-invariant-based yield function, which includes an optional
parameter determination utilizing the yield stress under SH loading. However, the current version does not account for plastic
anisotropy in yield stress under SH state. Most recently, Zheng and Yoon (2024) proposed a new isotropic yield criterion under the
NAFR to model the initial yield and hardening behavior across six distinct stress states including SH. They further extended this to an
anisotropic model by replacing the von Mises effective stress term with a modified Hill48 yield function. While the model accurately
predicts anisotropic yield and flow stress in the UT state, it struggles to capture the loading direction dependence in the SH state.

The developments and advancements outlined in Table 1 stand as noteworthy contributions to the plasticity community. However,
despite these strides, several research gaps remain. Notably, none of the existing models can effectively deliver both accurate pre-
dictions of full plastic anisotropy under SH loading conditions and evade the non-physical artifacts of SH elucidated by Abedini et al.
(2018). Consequently, there emerges a clear imperative to develop a plasticity model that effectively describe SHDD, offering both
high precision and flexibility. The proposed stress triaxiality-dependent general framework for SHDD, namely STGF-YLD-SH, in
Table 1 provides solutions to address the research void related to SHDD.

This work was divided into the following sections. The newly proposed general plasticity framework for SHDD was introduced in
Section 2. The application of the new general framework to an isotropic stress-invariant-based yield function proposed by Hou et al.
(2022b) and its verification are clarified in Section 3. Section 4 presents several interesting case studies of the general framework,
showcasing its efficacy in modeling various materials and wide loading conditions. Besides, in Section 5, the crucial role of a governing
function on the yield locus around SH was explored, shedding light on its effect on the convexity of yield surface. The calibration and
validation of the proposed general plasticity framework based on the experimental data are presented in Section 6. Section 7 discusses
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Table 1
Plasticity modeling of SHDD in sheet metals.
Plasticity model Iso- or anisotropic Flow rule SH related calibration SH constraint
. AFR
Bassani (1977)
AFR
Budiansky (1984)
Bai and Wierzbicki (2008) AFR
Lou et al. (2020) IS0 NAFR OSH No
Lou et al. (2022) NAFR
Zhang and Lou (2024) NAFR
Zheng and Yoon (2024) NAFR
AFR s No
Barlat and Lian (1989) OSHO, OSH45
AFR No
Ferron et al. (1994) OSH45
AFR ) No
Vegter and Boogaard (2006) OSHO, OSH45
AFR Y T
Abedini et al. (2018) / es (rsuas )
AFR No
Hao and Dong (2020) OsHo
AFR 5 No
Hu et al. (2021) ANISO OSHO OSH4S
AFR B No
Du et al. (2022) OSHO> OSH45
AFR ) N
He et al. (2022) OSH45, T'SH45 [
AFR s No
Hu et al. (2023) OSHO; OSH45
NAFR 5 T No
Hou et al. (2023b) OSH45; T'sH45
NAFR No
Zheng and Yoon (2024) OSH45
The present STGF-YLD-SH ISO or ANISO AFR or NAFR OSHO> OSH22.5, OSH45 Yes (rspas = — 1)

the intrinsic shear constraint, adjustable modeling of SH plastic anisotropy and simultaneous capture of shear anisotropy and
tension-compression asymmetry (TCA) within the general framework. Overall, this study endeavors to provide a robust and
comprehensive solution (framework) to address the SHDD in sheet metals, contributing to the advancement of plasticity modeling.

2. A general plasticity framework for shear-dominated deformation

In this work, a novel yet simple general framework for SHDD, i.e., STGF-YLD-SH, was developed as follows:
(I>(o‘) ZW'(DSH(6)+(1—Q))'CDTc(O'):6y(gp), (1)

where ®(o) represents the whole yield function in terms of the Cauchy stress tensor 6, @ is a weighting factor or state variable, ®gy(6)
and ®@r¢ (o) are two distinct yield functions used to separately describe the yield behavior of materials under SHDD and tension (and
compression) loading conditions. The material experiences elastic deformation when ®(¢) is below the reference yield stress oy,
transitioning to plastic deformation when ®(¢) equals oy. €, denotes the equivalent plastic strain, namely EPS. The expressions for the
yield function ®sy(6) and ®r¢(6) are provided in a general form:

®o(6) = ¢o(6,10,py) © = SH or TC, @

where O is an important subscript SH or TC to represent the SHDD or tension (compression) state. Theoretically, any isotropic or
anisotropic yield function ¢¢ under the AFR or NAFR can be used to capture the yield behavior under the corresponding state. ng and
Pe are the exponent constant and parameter vector, respectively. If the studied material exhibits TCA, then the yield function with
TCA, such as CB2004 (Cazacu and Barlat, 2004) or CPB2006 (Cazacu et al., 2006), can be set to ®rc(6). The weighting factor » was set
as a function of the stress triaxiality # with two mathematical constraints under plane stress condition initially:

1, wheny=0
w=g(n) = : ®
0, when [f| >1/3
The stress triaxiality 7 is calculated as follows (Hu et al., 2017a):
Om
= 4
=z “@
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1
Om :g(o'] + 03 ‘Ft)';;)7 (5)
= 3 2 2 2
s =15 (s3+s3+53), 6)
si=0i—o0m, =123, (7)

where oy, and Gy, are the mean stress and von Mises effective stress, respectively, o1, 02, and o3 are the principal stresses, s1, sz, and s3
are the principal deviatoric stresses. It is noted that the local shape of yield surface predicted by Eq. (1) will be affected by the form of
the employed governing function g(#), which will be further discussed in Section 5.

Fig. 3 clarifies the schematic concept of the proposed plasticity model framework for TCA in the previous work (Hou et al., 2023a)
as well as for the modeling of SHDD in this work.

Remark #1: as depicted in Fig. 3a, the symmetric yield loci of @1 (represented by the orange dashed curve) and ®¢ (sky-blue
dashed curve) are juxtaposed in the normal plane for comparison. In the first quadrant of stress space, where y = 1, the yield locus
corresponds to predictions from ®r; conversely, in the third quadrant with g = 0, the yield locus corresponds to calculations
derived from ®c. This signifies that the disparity in plastic deformation exhibited by the material under tensile and compression
loading conditions can be accurately described by the plasticity framework presented in Fig. 3a. An advantageous aspect of this
framework is the independent characterization of plastic anisotropy in tension-dominated deformation and the calibration of
model parameters in ®r, distinct from the description of compression-dominated deformation and parameter calibration in ®¢
(Hou et al., 2023a). These aspects can be calibrated and validated separately beforehand and subsequently integrated within the
framework using the weighting factor u. Furthermore, depending on variations in the complexity of tensile and compression
loading experiments and the precision required during the sheet metal forming process, the tension-dominated yield function (®r)
can adopt relatively intricate or advanced formulations rather than ®c. Notably, the transition of the yield locus between the
second and fourth quadrants is nonlinearly governed by the weighting factor y, varying from O to 1. The relationship between the
weighting factor y and stress triaxiality n was meticulously established in the work by Hou et al. (2023a) to guarantee the convexity
and smoothness of the yield locus or surface.

Remark #2: within the current plasticity model framework (STGF-YLD-SH) depicted in Fig. 3b, the yield stress and plastic flow of
SHDD are accurately characterized. A specific yield criterion, i.e., ®rc, is either chosen or proposed to effectively capture the yield
behavior including yield stress and r-values of sheet metals under tension and compression. Notably, the focus lies solely on
delineating the plastic anisotropy in the first and third quadrants, obviating the necessity to consider its characteristics in SHDD (i.
e., the second and fourth quadrants in Fig. 3b). On the contrary, the plastic anisotropy in SH is described using a specialized yield
function, denoted as ®gy (illustrated by the sky-blue dashed curve). In this study, either the Hill48 or Poly4 yield function is
employed, and a detailed discussion is provided in Section 7.2 (see Table 7). The comprehensive yield function is constructed as a
linear combination of ®r¢ and ®sy, with a weighting factor w governing this combination. The transition of the yield locus from SH

A generalized, computationally versatile plasticity model framework

O =pudr+(1—pde P =wDgy + (1 — w)Dpc

Fig. 3. Conceptual overview of the proposed generalized plasticity model framework aimed at addressing (a) TCA as discussed in Hou et al.
(2023a), and (b) SHDD in this present work.
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to tension or compression is regulated by the evolution of  as a function of stress triaxiality #, as outlined in Eq. (3). The governing
function g(n), subject to mathematical constraints, influences the local shape and curvature of the yield locus around SH loading
conditions. Specifically, when subjected to SH loading (5 = 0), = 1, aligning with the predictions from ®gy. Conversely, in
regions dominated by tension or compression, @ = 0, indicating that the yield behavior of material is described by ®1¢ merely.
Consequently, this newly proposed plasticity model framework (STGF-YLD-SH) adeptly characterizes the plastic anisotropy of
materials under both tension (or compression) and SH deformation simultaneously. Moreover, this framework is adaptable to
various yield criteria, including isotropic and anisotropic criteria, as well as the AFR and NAFR plasticity models.

3. Application to the isotropic stress-invariant-based yield function (STGF-SI-Hou22-SH)

This section presents the application of the isotropic stress-invariant-based yield function within the proposed STGF-YLD-SH
framework. Hou et al. (2022b) introduced an isotropic stress-invariant-based yield function, denoted as the SI-Hou22 model:

2730\ V> g2\
fsi-touz2(J2,J3,¢) = (27 — 40) 'J;/Z : (1 - CJ%) = our- (€))
2

The shape-dominating parameter ¢ was introduced to accommodate the influence of J; on yield behavior. The constant exponent n
and the reference yield stress under UT along the RD are also defined. Remarkably, when the exponent factor n is set to 8, the modeling
boundary of the yield surface reaches its maximum, demonstrating a vast variation range of yield stress under plane strain (PS) and SH
conditions. Therefore, the exponent factor n of SI-Hou22 was set to 8. The SI-Hou22 model is adept at representing the convex yield
surfaces of various materials. The limits of ¢ to ensure the convexity of yield surface is [ — 28.9, 5.47]. The normalized yield stresses
under PST and SH conditions are dependent on c, derived as follows:

o o 27 — 4c\'/1®
PS 7ﬂ:< ) ) ©

25UT oyr 31

As elucidated by Hou et al. (2022b), the calculated yield stresses under PST and SH exhibit a broad and adjustable range based on
different c. However, accurately describing the distinct initial yielding and strain hardening behaviors between SH and PST remains
challenging. The predicted yield stresses under PST and SH conditions are delineated by a positive linear relationship, as expressed in
Eq. (9). Henceforth, the STGF-YLD-SH framework was implemented in SI-Hou22 to delineate the distinctive yield behavior under SH
and PST loadings:

O(6) = o for_nouz2 (J2, I3, Csn) + (1 — @) - fsr-nouz2(J2, J3, €1c) = 0v (), (10)

where two different shape-dominating parameters csy and cr¢ are introduced. Two illustrative instances of the 3D yield surface, as
characterized by the STGF-SI-Hou22-SH yield function, are depicted in Fig. 4. These 3D yield surfaces were analytically calculated
using a spherical coordinate system to account for all types of 3D stress states. In Fig. 4a, the yield surface demonstrates notably low
yield stress under PST loading conditions and exceptionally high yield stress under SH loading conditions. Moreover, it is evident that
the yield surface exhibits minimal local curvature in the PST state, whereas it demonstrates significant curvature in the SH state.
Conversely, Fig. 4b exhibits the result diametrically opposite to those observed in Fig. 4a. The depiction in Fig. 4 elucidates that the
novel STGF-SI-Hou22-SH yield function can effectively characterize the shape of a distinct yield surface, a depiction unattainable
through the original SI-Hou22 yield function.

(@) 2 05 ¢y, =—28.9 & ¢;. =5.47 (b)2 09 ¢y, =547 & ¢ =—28.9
=) S
S 0 2
o~ N
5'-0.5) 03
14 1
1 0.5
30.5 S
~ 8]
S0 = "
c c
= os 3-05
' 011/ 0UTO 4 011/0UTO
1 1
-1 -0.5 0 - -1 0.5 0 s

Fig. 4. Visualization of the 3D yield surface using the STGF-SI-Hou22-SH yield function showcasing materials with stress state-dependent yield
stress: (a) characterized by low ops and high ogy, and (b) featuring high ops and low ogy.
7
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Fig. 5 presents a two series of yield loci calculated by the STGF-SI-Hou22-SH yield function with various csy, where the other shape-
dominated parameter ctc is set to two limiting values: 5.47 in Fig. 5a and —28.9 in Fig. 5b. The yield loci in the normal plane, presented
in Fig. 5, were analytically calculated using a polar coordinate system to generate the biaxial loadings. The predicted yield stress under
SH loading (osy) decreases with increasing csy, irrespective of crc. Thus, the STGF-SI-Hou22-SH yield function demonstrates inde-
pendent descriptions of yield stress under both SH and PST loadings. To effectively illustrate the influence of two independent pa-
rameters csy and crc, the SPR value is newly defined as twice the ratio of the principal stress under SH to that under PS:

SPR = 2%, an
Ops

The SPR contour of the STGF-SI-Hou22-SH at various csy € [—28.9, 5.47] and cr¢ € [—28.9, 5.47] is presented in Fig. 6. The STGF-
SI-Hou22-SH attains an adaptive range of yield surface shapes with SPR values ranging from 0.81 to 1.23, a significantly widened
range compared to the SI-Hou22 yield function, which maintains a fixed SPR value of 1. The fixed SPR value of 1 in SI-Hou22 is visually
represented by the red dashed line. The magenta solid curve and blue dashed curve in Fig. 6 correspond to Fig. 5a (where ctc = 5.47)
and Fig. 5b (where c;c = — 28.9), respectively.

The experiment data of an isotropic AA7075-T6 sheet from Lou et al. (2020) was used to validate the developed STGF-SI-Hou22-SH
yield function. The combined Swift-Voce hardening law was utilized to describe the strain hardening curves of AA7075-T6 under
various loading conditions (Table 2). Note that 0.5 was set as the combining factor between Swift and Voce hardening laws. The two
shape-dominating csy and cr¢ evolving in terms of EPS (g,) in the isotropic STGF-SI-Hou22-SH yield function can be analytically
determined as follows:

con (@) = {27 _an (@) 16} , (12)

4 oyT (E'p

and

= 1 11 [ 0es (&) '
erc(e) = 5 [2773 (m> } (13)

The predicted yield loci at various EPS, i.e., 0.00, 0.03, 0.09, and 0.30, are presented in Fig. 7a. Given the unavailability of flow
stress data for EBT from Lou et al. (2020), it is assumed to be equal to that under UT loading. The predicted results match very well with
the experimental data in Fig. 7a. The curvature of the yield locus for the investigated AA7075-T6 decreases in the PST and SH region as
EPS increases, which was accurately described by the STGF-SI-Hou22-SH. The yield stress vs. EPS curves under various stress states are
depicted in Fig. 7b, and the evolution of shape-dominating parameters csy and crc in terms of EPS are presented in Fig. 7c. Inter-
estingly, both csy and crc increase with increasing EPS. cr¢ increases rapidly at small strains and then slowly increases to a saturated
value. This is consistent with the reduced curvature of the yield locus in the PST region of AA7075-T6 in Fig. 7a.

4. Application to existing anisotropic yield functions

In this section, the application of the STGF-YLD-SH framework to various anisotropic yield functions will be investigated. The
formulations of these yield functions along with the procedure for parameter identification will be detailed.

4.1. Anisotropic non-quadratic yield function (STGF-Yld2k-2d-SH)

Barlat et al. (2003) proposed the non-quadratic Yld2k-2d yield function with 8 anisotropic parameters under the AFR for plane
stress condition. Here, Yld2k-2d was employed in the proposed stress triaxiality-dependent general framework for SHDD, namely
STGF-Yld2k-2d-SH. The yield function ®r¢(6) in Eq. (1) when constructing STGF-Y1d2k-2d-SH is defined as (Barlat et al., 2003):

© N 1m
o) - (P57) (14)
¢ =1X1—X2|", (15)
¢ =12X"2 + X1 " + |2X"1 + X'o|", (16)

where X}< and X}; (k = 1,2) are the principal values of the second-order tensors (X and X") based on two linear transformations of the
plane stress deviator. The principal values are calculated:

1

Xl ==

(X171 +X )+ X1 —X22)2+4X122

1
2

; 17
1 a7
2

(X114 X22) =21/ (X1 — X90)* + 4X3

N = N

X2:



(@g1s (b)e 15
QD QD 28.9
N N1 Csy = — .
g g
g
$ 05 - 0.5 -
» »
© ©
< 01 o 0 1
1 =,
o (@)
—-0.5 —-0.5 1
© p®]
() ()
N N
g -1 1 g -1 1
B Ctc = 5.47 ’5 Ctc = —28.9
Z -1 .5 T T T T T Z -1 .5 T T T T T
15 -1 -05 O 0.5 1 1.5 15 -1 -05 O 0.5 1 1.5
Normalized RD vyield stress, 41 /0yTo Normalized RD yield stress, 11 /0yTo
Fig. 5. Yield loci in the normal plane predicted by the STGF-SI-Hou22-SH yield function illustrating variations with different values of crc: (a) crc = 5.47 and (b) ¢cr¢ = — 28.9.

‘Ip 32 NOH ‘X

8SIHOI ($20Z) €8I AN0USD] Jo [DUMOL [DUOHDIIIU]



Y. Hou et al. International Journal of Plasticity 183 (2024) 104158

SPR

22 M 1.23 1-20

% ax = 1.

‘ 0

Fig bl Min = 0.81 1.15

1.2 1.10

O,

SPR=2— 1.05
O-PS

1.00
0.95
0.90

0.85

Fig. 6. Effect of parameters ctc and csy on the SPR value (= 20gy/0ops) calculated by the STGF-SI-Hou22-SH yield function.

Table 2
Parameters of AA7075-T6 in the combined Swift-Voce hardening law under various states.

. e 1
Combined Swift-Voce law 5(Ep) =3 {st (Ep n eo)llsv 4 [Asv ~ (Asy — Bsy) -exp( _ Cstp)]}

Parameter Ksy (MPa) € nsy Asy (MPa) Bsy (MPa) Csv

uT 871.15 0.0422 0.1630 748.44 536.35 10.592
PS 792.30 0.0414 0.1680 679.77 565.36 10.455
SH 761.40 0.0479 0.1574 731.44 555.83 12.662

A , 1 ; ; .
X' :E(Xll +X22)+§\/(X11—X22)2+4X1§

. 18

, 1, , 1 , p— " 18

X'y :§(X11 +X'32) —5\/()(11 = X'n)" +4X,5
The two tensors X' and X" are obtained from:

X1 | on Lun L'y O o1
Xop|=L|6n|=|Ln Ln 0 02 |, (19)
Xlz 012 0 0 L/66 012
X1 o1 L'y L'tz O o1

‘2| =L |02 | =|L'21 L2z O 022 |, (20)
X'12 012 0 0 L'ss| 012

where 011 and o3, are the stress components along the RD and transverse direction (TD), respectively, and o132 is the in-plane shear
stress component. The components of the linear transformation tensors, L' and L', are expressed with a set of Yld2k-2d parameters
(a1 ~ ag):

L'y 2 0 0

L,12 1 -1 0 0 25}

L’z] :g 0 -1 0 as |, (21)
L’zz 0 2 0 ay

_Ll66 0 0 3

[L'11 -2 2 8 -2 0ffas

L' 1|1 -4 -4 4 0f|a

Ln|=g|4 —4 -4 1 0l|a (22)
L5 2 8 2 -2 0||as

| L'e6 0 0 0 0 9||as

The Y1d2k-2d function can capture the yield stresses and r-values under UT along the RD, 45° to the RD (diagonal direction, DD),

10
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and TD as well as EBT simultaneously. The exponent m can be determined based on the crystal structure or the measured yield stresses
under PST loading. The 8 parameters require calibration with the experimental data as presented in Eq. (23) to minimize the error
function in Eq. (24).

[6uro Ouras Oureo Oper Tuto Turas Tureo Tesr) D> Dan ~ asl, (23)
2 cal. al. cal. al.
O rea. o re
UTi-45 UTi-45 EBT EBT
Err:Z <7exp, 71‘+ e fID + exp_71'+ exp.*1‘7 (24)
izo \I0uTi4s5 UTi-45 OBT EBT

where ‘cal.” and ‘exp.’ in the superscripts indicate the calculated and experimental results, respectively.
The yield function ®gy(6) in Eq. (1) to capture SH loading is newly proposed as a simple quadratic function:

CIJSH(O') = \/(7%1 + O'%Z — N1011022 + 37120'%2, (25)

where n; and n, are two parameters related to SH, which can be directly identified from yield stresses under SH along two loading
directions, namely ogp4s and ogpo:

0 2 1 /o 2
m = (U—TO) -2, ny= 7( UTO) . (26)
OSH45 3\ 0sno

4.2. Anisotropic polynomial yield function (STGF-Poly6-SH)

The proposed framework can also adopt complex yield functions ®r¢(6) to improve the prediction accuracy. A sixth-order poly-
nomial yield function, Poly®6, is used as ®1¢(6) to model yield stresses and r-values under a wide range of stress states (Du et al., 2022):
1/6
a16%) + 4205, 025 + U301, 0%, + 403,03, + As041 0%, + 0501105, + 705,

4 3 2 2 3 4 2
+(a8611 + (190'110'22 + a100'110'22 + a110'110'22 + a120'22)0'12

(I)TC (O') = ) (27)

2 4
+(a13011 + 14011022 + Cl15(7§2)(712

6
+al6(’12

where g; (i =1 ~ 16) are model parameters. By combining the Poly6 function in Eq. (27) and the quadratic function in Eq. (25) within
the proposed framework, namely STGF-Poly6-SH, a comprehensive and accurate representation of the anisotropic yield stresses and
r-values of sheet metals under both tension and shear were achieved.

Regarding the parameter identification of Poly6 function, a new analytic calibration program was introduced in this work for the
Poly6 yield function.

(1) Firstly, the parameters related to yield locus in the normal plane, i.e., a; ~ ay, are calculated based on the experimental data of
6yTo, T'uTo> OUT0, T'UT90, OEBT, TEBT, and opgro (OT OpsTo0):

a; =1, (28a)
—6ryro
aQ=—-7 28b
2 roro + 1 (28b)
6
a = ("UTO) , (28¢)
OUT90
6ryr9o
Qg = ———ay, 28d
6 P—— (28d)

and regarding ogpr and rgpr, we have

6
[
( UTO) =a; +0a; +as + a4 +as + as + ay, (293)
OEBT

a, + 2as + 3a4 + 4as + 5as + 6a;

X 29b
6a; + 5a, + 4as + 3a4 + 2as + as (29b)

TgpT =

Under the PST loading (6;:0> = 2) along the RD and TD, the yield stresses, i.e., opsto and opsroo, can be calculated. Based on the
Poly®6 yield function in Eq. (27), we have

6
64 (:U—TO> = 64a; + 32a; + 16asg + 8a4 + 4asg + 2a6 + ay, (30a)
PSTO

12
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6
64 (m) — @ +2a; + 4asr + 8as + 16asr + 32as + 64a;. (30b)

OPST90

By combining Egs. (28)-(30), the anisotropic parameter, a; and as, can be solved:
(D based on the yield stress under PST along the RD, i.e., opsto:

6 6
ouTo et — 5 (Guro 1 5
=16 — —— | — ) —1la; —4a; — =ag — —

aar (O'PSTO) * (rEBT + 1) (O'EBT) @ a2 2a6 4a7

6 6 ) (313)
OuTo 4rggr — 8 (ouro 5 17
asg = 16| —— — ) [—) —8a; —2a; — -as — —«a
o (UPSTO) * <rEBT +1 ) (UEBT) ! S R
(II) or based on the yield stress under PST along the TD, i.e., opst9o:
6 6
agr = 16( ouro ) + (4 — 8rEBT> (U—UTO) — zal — §a2 — 2a — 8ay
OPST90 resr + 1 OEBT 4 2
6 6 . (31b)
ouTo 1 — 5reer [ Outo 5 1
asr =16 ——a; — =y — 4a¢ — 11a;
o (UPSTQO) * <rEBT +1 > (O_EBT) 4 27 6 7

In this work, in order to give an accurate and balanced prediction of the yield stress under PST along different loading directions, an
average value is calculated as the identified parameter as follows:

1
as = ) (asg + asr)
1 ) (32)
as = 3 (asg + asr)
ie.,
6 6 6
(JUTO) < OuTo ) 1 (1 —+ 7rEBT> (UUTO> 61 13 5 37
a; =8 +8|l——) —5|——> - ——ay — G — =
OpsTo OpsT90 2\ rggr +1 ) \Orsr 8 4 4 8 3)
a — 8(6UT0)6 i 8< [285\0) )6 1 (7 + rEBT> (O'UT())6 37(1 5(1 13a6 61(1
*~ "\ owsto OpSTI0 2 \rgsr +1/ \omr 8 ' 4° 4 8’
Then the parameter a, is calibrated as shown in Eq. (34):
o 6
a; = (ﬂ) — (@ +ax+as+as+as+ay). (34)
OEBT

(2) Secondly, there is an independent parameter a;¢, which is related to the vertex of the yield surface. Hu et al. (2021) suggested that
the ospo value corresponding to the SH condition along the RD can be used to determine a;¢ as a straightforward means:

6
Q6 = (m) . (35)

However, the shear anisotropy can be accurately captured by the quadratic osy function (Eq. (25)) within the proposed plasticity
framework. Additionally, Eq. (26) provide direct parameter calibration for shear anisotropy. Consequently, a novel identification
method without SH data was introduced here to determine a;¢, enhancing the accuracy in describing yield stress anisotropy of sheet
metal under PST loading. A preset a;¢ value from 20 to 40 is assigned, based on which the remaining eight parameters (ag ~ a;5) can be
determined from the UT data. Hou et al. (2020) reported that advanced high-strength steels and Al alloys usually exhibit a strong
orientation dependence in the Lankford coefficient rather than yield stress. Hence, five r-values and three UT yield stresses are used in
this work for the identification of ag ~ a;s. Please refer to Hou et al. (2023a) for details. After that, the yield stress under PST loading
along the DD, i.e., opstss, can be directly calculated as follows:

OpsTas = 46[:0 RSV (36)
(a1 +a; +as+as4+as+ag +a7)3 +((13 + a9 + ayo + an +a12)3
+(aiz + a4 + a15)3* + ae

Finally, a simple traversal loop with an interval of 0.1 is employed to identify the value of a;¢ that satisfies the requirements of the
Poly6 yield surface convexity and minimizes the prediction error of opsrss, thereby achieving the calibration of all 16 anisotropic
parameters.

By combining Eqgs. (25) and (27) within the STGF-Poly6-SH framework, an accurate representation of plastic anisotropy covering a
wide range of stress states was achieved. For comparison, Table 3 summarizes several recent studies on the Poly6 yield function in the
past three years. Only the newly proposed STGF-Poly6-SH can consider yield stress or plastic flow direction for all listed loading
conditions, especially the yield stress under PST along the DD and the direction of plastic strain rate under EBT loading. Note that all

13
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the Poly®6 yield functions in Table 3 have the same calibration strategy regarding the UT data to identify these 12 parameters: a;, az, de,
az, and ag~a;s. Compared with Poly6-18p proposed by Hu et al. (2023), the novel framework STGF-Poly6-SH with 18 parameters
shows higher accuracy in describing the anisotropy of yield stress under PST loading. It will be verified by experimental data in Section
6. Moreover, the proposed framework offers adjustable flexibility for shear anisotropy across varying degrees of yield stress in metal
sheets, which will be further discussed in Section 7.2.

The STGF-Poly6-SH framework offers a distinct advantage over the STGF-Yld2k-2d-SH by providing an analytical method for
identifying anisotropic parameters. This advantage enhances its suitability for sheet metals with prominent anisotropic hardening
behavior under proportional loadings.

4.3. Non-associated anisotropic non-quadratic yield function (STGF-NAFR-Min16-SH)

The newly proposed framework STGF-YLD-SH can also be applied to the NAFR. Min et al. (2016) developed a non-quadratic yield
function under the NAFR considering anisotropic hardening for sheet metals, namely Min2016, where the shear anisotropy of sheet
metals cannot be considered. In this sub-section, as an example of the NAFR, Min2016 was used in the proposed framework
(STGF-NAFR-Min16-SH) to describe the anisotropic plastic deformation regarding the flow stresses and evaluation of r-values covering
stress state of SH. The yield stress function is expressed as follows (Min et al., 2016):

Drc(6) = [a,(Us + Us)" + ay(Uy — Up)" + by (2U5)"] """, (37)
with
U, = %. (38a)
011 — Cy0o2\ 2
U, = \/(711 5 t 22) + (dy612)27 (38b)

where the four parameters (ay, by, cy, and dy) can be identified from four yield stresses, i.e., ouro, our4s, oureo, and ogsr, based on Eq.
(39):

a,+by =1, (39a)
¢, = Um0 (39b)
0uT9

(ouro/0wBT)" — (1 - Cy)n

14c—(1-¢)"
y ( Y)

1+c " 1+c "
ay<Ty+)() +ay( 5 y—){) +(1-ay)(2p)"

ay =

s (39C)

<(7UT0 ) 7 (39d)

OuT45

with

1-¢,\?
1= ( 2y) +d. (40)

The plastic potential function in Min2016 is expressed as (Min et al., 2016):

1/m
Yrc(6) = [ap (Vi + Vo)™ +ay(Vi — Vo)™ + b, (2V2)"] 7, (41)
with
Table 3
Representation of plastic anisotropy considering stress states in the Poly6 yield functions.
Plasticity model SH PST EBT UT (56+7r) or (76+5r)
OSHO OSH45 OPSTO OPpST45 OPSTI0 OEBT TEBT OUTO ~OUT90 Tyto~TuT90

The present STGF-Poly6-SH framework
Hu et al. (2023) Poly6-18p

Du et al. (2022)

Hu et al. (2021) Poly6-1

Hu et al. (2021) Poly6-IT

* Ot
I I
LR b O 4
LI -
* 2
* ot
L R 2
* ot
* ottt
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v, = 011 + hptfzz7 (42a)
2
011 — Cp0Oa2)\ 2 2

V= \/(fp> + (dpo12)", (42b)
where the five parameters (ay, by, cp, dp,, and h;,) can be determined using Eq. (43) based on the four r-values: ryro, ryr4s, r'ureo, and rgpr:
a,+b,=1, (43a)
2 =1+r (43b)

ay(1+hy) +4(ay +2b,) (1 —¢p) e

ap(k1 +Kk2)" + ap(k1 — k2)™ + by (22)™

1+h =1+ ryms, (43¢)
2 [ap(k1 +x2)"™ " + ap (k1 — K2)™ ']
2 P P
(1 — CP)z m-1 m-1 m-1
+72K [Clp(Kl + Kg) — ap(K‘l — Kz) + 2bp(2K2) }
2
m m
ap (h,,;c,,) +a (hp ;Cp) + bpey
P
(43d)

% (k3 + ka) +2(cp — 1) (K3 — k4 + 2y

by [ (24h, —c,\™" By + ¢\
Tla(*5) vt

m-1 m-1
o (2 79) (20 o]

) =1+ ryro,

Tepr = F — o1 , (43e)
Ve (2t -a\" (to
2P 2 P 2
m-1 m-1
a0 () o]
2 2
with
PR L) (442)
4
1-¢\> 1
Ko = < 7] P) +Zd§, (44b)
hy +¢,\™"
K3 = ap T s (44C)
m—1
ks = @ (%) : (44d)

Considering the capture of shear anisotropy in yield stress of sheet metals, the yield stress function in Eq. (25) as ®sy(0) is coupled
with the Min2016 yield stress function (Eq. (37)) within the proposed STGF-NAFR-Min16-SH. While, a simple isotropic quadrant
function, i.e., Eq. (25) with two parameters of unity (n; =n, = 1), is combined with the Min2016 plastic potential function (Eq. (41))
within STGF-NAFR-Min16-SH to ensure the shear constraint reported in Abedini et al. (2018). The non-quadratic STGF-NAFR-Min16
model has 11 to-be-calibrated parameters in total when considering the shear anisotropy in yield stress, which requires a simpler
analytic procedure for parameter determination compared to the non-quadratic yield criteria under the AFR (e.g. STGF-Yld2k-2d-SH
with 10 parameters).

Regarding the numerical implementation of these plasticity models within the proposed framework into FE analyses, various al-
gorithms such as return mapping methods have been developed (Lee et al., 2023, 2012, 2005; Liu et al., 2023b; Scherzinger, 2017). To
enhance computational efficiency, Choi and Yoon (2019) proposed the Euler backward method based on finite difference method
(FDM) to compute the first and second derivatives of the complex yield stress and plastic potential functions. Recently, Hu et al. (2024)
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developed a simple, efficient, and user-friendly step size in FDM to calculate the derivatives of constitutive models, which has been
successfully applied in FE analysis. Readers can refer to these algorithms for the relevant implementation of complex yield functions,
such as STGF-NAFR-Min16-SH, to simulate the complicated sheet metal forming process.

5. Effect of weighting factor on the yield locus: convexity of the plasticity framework

In the proposed general framework, the weighting factor w is a function of stress triaxiality 7, reflecting the stress state-dependent
plastic anisotropy. Here a symmetric piecewise fifth-order (SPPoly5) function is newly proposed to describe the continuous variation of
:

0, <<
o =g(n) = 1 (45)
Ao+ Ml + Aalnl® + Aslnl® + Aalnl* + Aslnl®, 0 < Jn| < 3

W=
wl N

These six constants Ao~A1s in Eq. (45) were calibrated from six mathematical constraints in Egs. (46) and (47), which is illustrated in
Fig. 8 by the hollow points. The predicted variation of w as well as the absolute value of its first derivative in terms of 7, i.e., dw /dn, by
the SPPoly5 function within n € [-2 /3,2 /3] is plotted in Fig. 8.

w(n=0)=g(0)=1, SH loading
w(n=1/6) =g(1/6) = 0.6 ; (46)
w(n=1/3)=¢g(1/3) =0, UT loading

and
ow .
n (#=0) =0, SH loading
ow
oy 1=1/6)=4A , “7)
3_?7)(71 =1/3)=0, UT loading

where A represents the slope of @ vs.  curve (blue solid curve in Fig. 8) when # = 1/6, corresponding to the red hollow point No 5
(JA] = 3 for example). Note that, for simplicity, a value of 0.5 or 0.6 was assigned to w when # = 1/6, indicated by the blue hollow

point No 2 in Fig. 8. Substituting Eqs. (46) and (47) into Eq. (45), lengthy but straightforward calculations yield:

1.2 7
1.0 (0
~

3 - 5
5 0.8 - "g
B L 4 ©
& e.g. 0.6 o
o 0.6 =
£ -3 S
Ny (O]
204 A : [ 5 2
= E 2
0.2 - . L 4 <

00 J‘ _______________ \t: __I'TQ\\.—'@ T = O

-0.8 -06 -04 02 0 02 04 06 038
Stress triaxiality n

Fig. 8. Variation of weighting factor w and its derivative dw/dy as functions of stress triaxiality 5 in the SPPoly5 governing function constrained by
six mathematical conditions.
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o 0 1
P 0 0

b| | 24 ~1206

| =] 288 [MT| 12636 (48)
Py ~1080 —4730.4

2 1296 5832

To investigate the effect of the weighting factor w on the predicted yield locus and its convexity, three different values of A were
assigned to the SPPoly5 function to describe the evolution of w with respect to the variation of #, as shown in Fig. 9a. As a result, the
yield loci obtained using the proposed plasticity framework, which combines the Hosford72 yield function with an order of 8 as ®1¢(0)
and the von Mises yield function as ®sy (o), with three different evolutions of weighting factor w (see Fig. 9a), are compared in Fig. 9b.
The three yield loci are coincident in the first and third quadrants (Hosford72 yielding) and also coincide with the same yield point
under SH loading (von Mises yielding), i.e., when the biaxial loading angle ¢, is 135° or -45°. The influence of w is only reflected in the
yield locus with ¢, ranging from 90° to 135° (considering the symmetry) in Fig. 9b. The local slope ¢ of yield loci with ¢, between 90°
and 135° was calculated and compared in Fig. 9c to further investigate the effect of @ on the yield locus shape. Among them, only the &

(a) 1.2 (b) 1.5

1.0 1
3 m)
= —
S0.8 o 0.5 1
O [
O o
o 0.6 © (0 {uUcC
< y
50.4 £.05 -
o) w
©
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> Frc
0.0 . . 5 4Hos72s | eer
-04 -0.2 0 0.2 04 15 1 -05 0 05 1 1.5
Stress triaxiality n Yield stress along RD 444
(c)1.2 (d)éos Eo
SV b:‘-o 5 S 0
[%2]
1.0 o o
(_§ :?ov ;D
20.8
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o 50 Conc;ve. point
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. T T = = Uniaxial Tension
90 1 05 1 20 1 35 g\“'o o‘ll/o’uTO :E:::xisar:ecac:mpression
Biaxial loading angle ¢y, (°) A 1

Fig. 9. Effect of A in the SPPoly5 governing function: (a) variation of weighting factor w; (b) yield loci predicted by the framework employing
Hosford72 with an order of 8 for TC and von Mises yield function for SH; (c) variation of the yield locus slope for biaxial loading angle ranging from
90° to 135°; (d) 3D yield surfaces with concave areas identified using the M-GINCA method.
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vs. ¢, curve corresponding to A = —3 (blue solid curve) is continuously increasing, and the other two curves (A = —1and A = — 5)
have decreasing segments in different ¢, ranges. That is to say, the sign of its curvature changes when ¢, changes from 90° to 135°
Hence, both a too large A and a too small A will cause the yield locus to lose convexity in the blue shaded area in Fig. 9b. To further
demonstrate the influence of A on the convexity of the 3D yield surface, a modified geometry-inspired numerical convex analysis (M-
GINCA) method recently proposed by Du et al. (2024) was used to analyze the yield surface corresponding to the three evolutions of w.
The new M-GINCA method overcomes ambiguous identification results with the GINCA method proposed by Lou et al. (2024),
providing accurate and robust convexity identification through simple geometric analysis while maintaining user-friendliness. It was
found that in Fig. 9d, the yield surfaces with A = —1 and —5 are indeed concave under different loading conditions. In contrast, the
yield surface corresponding to A = —3 is convex, with no concave points observed. Because the employed yield functions are isotropic,
the concave band of the 3D yield surface aligns with the concave segment of the yield locus in the normal plane. Specifically, the
concave band of the yield surface for A = —1 and —5 in Fig. 9d corresponds to the concave angle band in Fig. 9c. Hence, it is worth
noting that the choice of a suitable A value in the SPPoly5 function plays a vital role in ensuring the convexity of the yield surface.

In conclusion, to ensure the convexity of the calculated yield surface, the following main considerations must be addressed. (1) It is
essential that the yield function used to describe the yield surface in the first and third quadrants, denoted as ®1¢(6), should inherently
be convex. (2) It is advisable to select the SPPoly5 function with an appropriate A to govern the relationship between w and 7. (3) The
predicted yield surface should be checked by the M-GINCA method. In Section 6, the convexity of all yield surfaces for the real ma-
terials when using different plasticity models was validated.

6. Calibration and verification

In this section, various automotive sheet metals, including a high-strength dual-phase steel and a high-strength Al alloy are
investigated to validate the proposed general framework and to provide valuable insights into the suitability of different models for
different materials and loading conditions. For comparison, other existing plasticity models in the literature were considered and
summarized in Table 4 to evaluate the predictive accuracy of the anisotropic plastic responses. For the non-quadratic Yld2k-2d,
EYld2k-2d, STGF-Yld2k-2d-SH, and STGF-NAFR-Min16-SH yield functions, an order of 6 was selected for BCC metals, and 8 for FCC
metals. The number of parameters in each yield function is also included in Table 4. The parameters of Hill48 and Poly6-18p are
analytically calibrated based on the experimental data, and the detailed equations refer to the corresponding references in Table 4. For
anisotropic yield functions where parameters cannot be identified analytically, various optimization algorithms can be employed to
determine the anisotropic parameters (Barlat et al., 2003; Du et al., 2021; Hu et al., 2017b; Min et al., 2021). It is essential to recognize
the challenges and risks associated with determining multiple parameters of the yield function through multivariable optimization (Li
et al., 2016). Some algorithms (like Newton-Raphson method) may yield results that are highly sensitive to the choice of initial guess
values, potentially causing the optimization process to converge to a local optimum and resulting in non-unique solutions. Numerous
studies have examined strategies for selecting multivariable optimization algorithms and appropriate initial values (Bandyopadhyay
et al., 2018; Rong et al., 2021; Zhang et al., 2022b). For simpler yield criteria, it is typical to use parameters derived from isotropic
conditions as initial values. In contrast, for more complex yield criteria, employing multiple sets of initial guesses based on literature
data for materials with similar properties (such as dual-phase steels or Al alloys) can enhance the robustness of the optimization
process. To minimize the potential influence of initial guesses on the optimization results, this study implemented an advanced
optimization algorithm that does not depend on the input of initial guesses, thus ensuring more consistent and reliable outcomes.
Specifically, the particle swarm optimization (PSO) method (Bonyadi and Michalewicz, 2017) was utilized to minimize the error
function for determining the parameters of the Yld2k-2d and EYld2k-2d models. The swarm consisted of 1000 particles, and ‘fmincon’
was set as the hybrid function in the PSO algorithm. The default values were set for the other swarm configurations in MATLAB.
Notably, in the particle swarm algorithm, there is no need to provide an initial value for the parameters to be optimized, i.e., the first
guess. The optimization range for each parameter of Yld2k-2d was set between [0, 2], while for EYld2k-2d, it was set between [ — 2, 2].
The optimized parameters of Yld2k-2d and EYld2k-2d are summarized in Appendix (Tables A1 and A2). If not particularly empha-
sized, the SPPoly5 function in Eq. (45) with a specific value of A, i.e., A = — 3, was used to represent the relationship between the
weighting factor w and the stress triaxiality .

6.1. Application to high-strength dual-phase steel DP980

The experimental data of DP980 at initial yielding (EPS = 0.002) are summarized in Table 5, sourced from Hou et al. (2020). The
yield stresses under EBT and PST loading conditions (along the RD and TD) were measured through biaxial tensile tests using

Table 4

The investigated plasticity models in this work.
Plasticity model Reference Flow rule Num. of parameters
Hill48 Hill (1948) AFR 3
Yld2k-2d Barlat et al. (2003) AFR 8
EYld2k-2d He et al. (2022) AFR 10
Poly6-18p Hu et al. (2023) AFR 18
STGF-Yld2k-2d-SH The present work AFR 10
STGF-Poly6-SH AFR 18
STGF-NAFR-Minl16-SH NAFR 6+5
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Table 5
Experimental data of DP980 from Hou et al. (2020).
DP980 Guro Guris Gurso Guras Guteo Gurrs Guteo GEsr

1.000 1.025 1.002 0.998 1.017 1.017 1.040 1.013
Grsto Grstas Gpstoo GsHo Gsuas
1.126 1.132 1.138 0.601 0.601
Tuto ruris Tut3o Tur4s TuTe0 rur7s rur9o TEBT
0.82 0.84 0.87 0.94 0.94 0.94 0.96 0.84

laser-deposited arm-strengthened cruciform specimens (Hou et al., 2018a, b; Min et al., 2022). Note that the yield stress under PST
along the DD is assumed to be the average value of the stresses along the RD and TD. The yield stresses under SH loading were
measured using in-plane torsion tests (Traphoner et al., 2021).

Fig. 10a presents a comparison of the predicted yield loci using various plasticity models with the experimental yield loci of DP980
in the normal plane. Hill48 slightly underestimates the yield stress of DP980 under EBT loading, while Hill48 and EYld2k-2d over-
estimate the yield stress of DP980 under PST along the TD. Yld2k-2d accurately describes the yield stress of DP980 under UT, EBT, and
PST loadings, but underestimates the yield stress of DP980 under SH loading along the DD. Fortunately, the three plasticity models
based on the proposed general framework (i.e., STGF-Yld2k-2d-SH, STGF-Poly6-SH, and STGF-NAFR-Min16-SH) along with Pol-
y6-18p, capture the yield locus of DP980 in the normal plane very well. The experimental and predicted yield loci of DP980 in the
diagonal plane are compared in Fig. 10b. Hill48, Yld2k-2d, and EYld2k-2d slightly underestimate the yield stress under SH along the
RD (SHO in Fig. 10b). Among all the investigated plasticity models in Table 4, only Poly6-18p overestimates the yield stress under PST
along the DD (PST45). The proposed general plasticity framework models (STGF-Yld2k-2d-SH, STGF-Poly6-SH, and STGF-NAFR-
Min16-SH) accurately describe the yield locus of DP980 in the diagonal plane. In conclusion, only the plasticity models within the
general framework are able to capture the yield stresses under various loading conditions, covering a wide range of stress states and
loading directions.

The comparison between predicted anisotropic yield stresses and r-values of DP980 under UT loading with experimental values is
presented in Fig. 11. Hill48 underestimates the yield stress of DP980 under UT along 45° to the RD, while other models accurately
capture the oyrs yield stress. EYld2k-2d, Poly6-18p, and STGF-Poly6-SH provide the most accurate descriptions of anisotropy in UT
yield stress. Although Yld2k-2d, STGF-Y1ld2k-2d-SH, and STGF-NAFR-Min16-SH produce the identical predictions of anisotropy in UT
yield stress, all underestimate the UT yield stress along 60° and 75° to the RD. In Fig. 11b, EYld2k-2d fails to accurately predict the UT
r-values of DP980, despite utilizing three r-values (ryro, rurss, and ryre) for parameter identification, similar to Hill48, Yld2k-2d,
STGF-Yld2k-2d-SH, and STGF-NAFR-Min16-SH. Conversely, the two Poly6 function, Poly6-18p and STGF-Poly6-SH, provide very
accurate descriptions of the r-value of DP980 under UT loading, as they employ 7 r-values for calibrating the anisotropic parameters.

Most importantly, Fig. 12 shows the comparison between predicted and experimental anisotropic yield stresses of DP980 under PST
and SH loadings. Hill48 overpredicts the yield stress of DP980 under PST loading along the TD in Fig. 12a, while EYld2k-2d over-
predicts the PST yield stress along both the RD and TD. The prediction results of Yld2k-2d, STGF-Y1d2k-2d-SH, and STGF-NAFR-Min16-
SH are relatively close, showing higher accuracy compared to Hill48 and EYld2k-2d. Poly6-18p accurately predicts the PST yield
stresses of DP980 along the RD and TD, but it overpredicts the PST yield stress along the DD, with a relative error of + 4.4%. Overall,
STGF-Poly6-SH exhibits the highest prediction accuracy for plastic anisotropy in PST yield stress of DP980. As shown in Fig. 12b, all
plasticity models provide reasonably symmetric predictions of the yield stress under SH loading for DP980. Considering prediction
accuracy, Yld2k-2d performs the worst, underestimating the SH yield stress of DP980 along 45° to the RD with a relative error of —
4.3%. Hill48, as a quadratic yield function, predicts the SH yield stress along 45° more accurately than Yld2k-2d. EYld2k-2d, proposed
by He et al. (2022) to improve the prediction accuracy of SH yield stress, provides an accurate description of the SH yield stress of
DP980 along 45°. However, it loses accuracy in predicting the SH yield stress along the RD (0°), performing worse than Hill48 (see
Fig. 12b). Poly6-18p accurately describes the SH yield stress along both 0° and 45° but exhibits an unreasonable wavy pattern in the
predicted planar anisotropy of the SH yield stress, which contradicts the experimental results of DP980 that show planar isotropy in SH
yield stress. In comparison, the three plasticity models (STGF-Yld2k-2d-SH, STGF-Poly6-SH, and STGF-NAFR-Min16-SH) based upon
the general framework developed in this work accurately capture the SH yield stress along both 0° and 45°, and the predicted variation
of the SH yield stress with increasing loading direction is more reasonable compared to Poly6-18p.

In conclusion, (1) the three proposed models based on the STGF-YLD-SH framework provide high-fidelity predictions of plastic
anisotropy in DP980 across a wide range of stress states. This includes accurately predicting the yield stress under PST and SH along
different loading directions, as well as the plastic flow direction (r-value) under UT. The accurate description of the plastic flow di-
rection under SH loading using STGF-YLD-SH will be further discussed in Section 7.1. (2) Compared with non-quadratic models like
Yld2k-2d and EYld2k-2d, Hill48 serves as a quadratic function with only three parameters. Despite its simplicity, Hill48 provides a
relatively accurate comprehensive prediction of the plastic anisotropy of DP980, offering the highest cost performance. This efficiency
makes Hill48 a popular choice for both basic research and industrial applications in describing the plastic deformation of DP steels. (3)
EYld2k-2d was proposed as an enhancement to Yld2k-2d for better accuracy under SH loading conditions through linear trans-
formations. However, EYld2k-2d loses accuracy in describing the r-values under UT loading of DP980 compared to the original Yld2k-
2d model. (4) Poly6-18p, the existing latest polynomial yield function designed to describe both PST and SH anisotropy, fails to
accurately predict PST yield stress of DP980 along 45° (see Fig. 12a). Additionally, it exhibits an unusual variation pattern in the planar
anisotropy of SH yield stress relative to the loading direction, as shown in Fig. 12b. These shortcomings are addressed in the newly
proposed STGF-Poly6-SH model.
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Fig. 10. Comparison of the predicted yield loci from various yield functions with experimental yield loci of DP980 in the (a) normal plane and (b)

diagonal plane.

6.2. Application to high-strength Al alloy AA7075-T6

The experimental data of AA7075-T6 at initial yielding are summarized in Table 6, sourced from Rahmaan et al. (2020).
Through-thickness compression tests with glued cubic specimens were performed to characterize the plastic deformation behavior of
AA7075-T6 under EBT loading conditions. The mini-shear specimen geometry developed by Peirs et al. (2012) was used in the tensile
tests to achieve SH deformation. Note that the PST yield stresses along three loading directions, i.e., Gpsto, 0pst45, and Gpsroo in Table 6,
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Fig. 11. (a) Yield stresses and (b) r-values of DP980 under UT along various angles to the RD calculated by the investigated yield functions.

predicted by the Yld2k-2d yield function, were assumed to be the experimental values of AA7075-T6 to calibrate and validate the
accuracy of various plasticity models in Table 4.

Fig. 13 presents the comparison between the experimental yield locus and the calculated yield loci in the normal and diagonal
planes from various plasticity models of AA7075-T6. Hill48 overpredicts the yield stress of AA7075-T6 in all three directions under PST
conditions. This overprediction is an inherent shortcoming of the quadratic yield criterion when applied to Al alloys, as has been
confirmed in previous studies (Hou et al., 2023c). Additionally, compared with other yield criteria, Hill48 significantly overestimates
the UT yield stress of AA7075-T6 along 90°, because it does not consider the yield stress 6yrgo When calibrating parameters based on
the AFR. Hill48 also overestimates the SH yield stress of AA7075-T6 along 45°, as shown in Fig. 13a. Yld2k-2d underestimates the yield
stress of AA7075-T6 under SH loadings along both 0° and 45°. EYld2k-2d overestimates the PST yield stress of AA7075-T6 along 45°
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Fig. 12. Yield stresses of DP980 under (a) PST and (b) SH loadings along various angles to the RD.

and 90°, even though it employs the same order, 8, for Al alloys as Yld2k-2d. The three newly proposed plasticity models based on the
STGF-YLD-SH framework and Poly6-p18 accurately describe the yield locus of AA7075-T6 in the normal plane as well as the SH yield
stress along different directions. However, Poly6-p18 overestimates the PST yield stress of AA7075-T6 along 45°, as shown in Fig. 13b.

Fig. 14 compares the predictions of different plasticity models for the planer anisotropy of yield stress and r-value of AA7075-T6
under UT loading. It can be seen that Hill48 overestimates the UT yield stress along 60°, 75°, and 90° to the RD. The largest error occurs
when predicting the 90° UT yield stress, with a relative error of +15% (see Fig. 14a). Although EYld2k-2d accurately describes the
r-values of AA7075-T6 under UT along 0°, 45°, and 90°, it loses accuracy when predicting r-values along other directions, as shown in
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Table 6
Experimental data of AA7075-T6 from Rahmaan et al. (2020).
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Fig. 13. Comparison of the predicted yield loci from various yield functions with experimental yield loci of AA7075-T6 in the (a) normal plane and

(b) diagonal plane.
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Fig. 14. (a) Yield stresses and (b) r-values of AA7075-T6 under UT along various angles to the RD.

Fig. 14b. This phenomenon regarding the flexible shapes of the r-value curve of EYld2k-2d was also reported by Hu et al. (2023) and Du
et al. (2023a). The two sixth-order polynomial plasticity models, STGF-Poly6-SH and Poly6-18p, have the highest prediction accuracy
for the UT yield stress and r-value of AA7075-T6. This is because more corresponding (UT) experimental data are used in the
anisotropic parameter calibration compared to Yld2k-2d, STGF-Yld2k-2d-SH, and STGF-NAFR-Min16-SH. Note that Hill48, Yld2k-2d,
STGF-Y1d2k-2d-SH, and STGF-NAFR-Min16-SH show a high error when predicting the r-value of AA7075-T6 under UT loading along
60° and 75°, with a relative error of +29.7% along 60°.

Fig. 15 shows the comparison of experimental and predicted anisotropic yield stresses of AA7075-T6 under PST and SH states along
various loading directions. Hill48 overestimates the PST yield stresses along all three directions (0°, 45°, and 90°) in Fig. 15a,
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yield functions.

consistent with the results in Fig. 13. The maximum error occurs at 90°, with a relative error of + 15.0%. EYld2k-2d overpredicts the
PST yield stress along both the DD (45°) and TD (90°). STGF-NAFR-Min16-SH provides an isotropic but accurate description of the PST
yield stress along 45° and 90°, but overestimates the yield stress along the RD (0°), as shown in Fig. 15a. The prediction results of
Y1ld2k-2d, STGF-Y1d2k-2d-SH, and STGF-Poly6-SH are relatively close, showing much higher accuracy compared to Hill48 and EY1d2k-
2d. Similar to the results of DP980, Poly6-18p accurately predicts the PST yield stresses of AA7075-T6 along the RD and TD but
overpredicts the PST yield stress along the DD, with a relative error of + 6.0%. All plasticity models provide symmetric predictions of
the yield stress under SH loading for AA7075-T6 in Fig. 15b. However, both Hill48 and Yld2k-2d perform poorly in terms of prediction
accuracy: Hill48 overestimates the SH yield stress of AA7075-T6, with a relative error of +7.8% along 45°; while Yld2k-2d
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underestimates the SH yield stress. EYld2k-2d improves the prediction accuracy of SH yield stress compared to its predecessor, Yld2k-
2d. Similar to the results of DP980, Poly6-18p captures the SH yield stress along both 0° and 45° but presents an unreasonable wavy
pattern in the predicted planar anisotropy of the SH yield stress. The prediction of this abnormal SH yield stress curve (magenta curve
in Fig. 15b) is related to the fact that Hu et al. (2023) introduced an eighth-order polynomial to construct the Poly6-18p, which
essentially increases the nonlinearity of the yield function. Comparatively speaking, the three plasticity models based upon the pro-
posed framework (STGF-Yld2k-2d-SH, STGF-Poly6-SH, and STGF-NAFR-Min16-SH) accurately describe the SH yield stress along
0° and 45°, and the predicted variation of the SH yield stress in Fig. 15b is more reasonable than Poly6-18p. One of the most important
contributions of the generalized, computationally versatile plasticity model framework is reflected here.

For a quantitative evaluation of the prediction for yield stresses and plastic flow under various stress states, the errors associated
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with the plasticity models investigated for DP980 and AA7075-T6 are summarized in Fig. 16. The average absolute relative error
(AARE) is defined in Eq. (49):

1 N
AARE:NZ

where Cal; and Exp; are the calculated and experimental results. N is the number of data sets. For example, when comparing the
predictions of plastic anisotropy under the UT state, N = 14, including 7 directional yield stresses and 7 directional r-values.

Some important conclusions can be drawn from Fig. 16. Firstly, as a polynomial yield function, STGF-Poly6-SH exhibits the lowest
AARE among all the investigated plasticity models for predicting plastic anisotropy features across all four stress states for both DP980
and AA7075-T6, with AAREs of 0.4% and 0.1%, respectively. Despite STGF-Poly6-SH and its control group Poly6-18p having the same
number (18, as summarized in Table 4) of anisotropic parameters, the overall prediction errors for both high-strength steel and high-
strength Al alloy sheets are consistently lower for STGF-Poly6-SH compared to Poly6-18p. This improved accuracy is attributed to the
fact that STGF-Poly6-SH, unlike Poly6-18p, can accurately predict the PST yield stress along 45° (DD), particularly for AA7075-T6, as
reflected in the comparison of PST prediction accuracy in Fig. 16b. Essentially, the accurate capture of PST-DD yield stress is due to the
novel and precise description of shear anisotropy developed through the STGF-YLD-SH framework, which offers greater flexibility.
This framework enables the proposal of an innovative anisotropic parameter calibration strategy for the 16 parameters of Poly6
function in STGF-Poly6-SH (see Section 4.2). This analytical calibration strategy is highly valuable and should be promoted in future
research on polynomial yield functions.

STGF-Y1d2k-2d-SH and STGF-NAFR-Min16-SH, as representatives of non-quadratic AFR and NAFR models respectively, provide
lower prediction errors than Hill48, Yld2k, and EYld2k-2d when considering comprehensive anisotropic predictions for all four stress
states. The main reason for their higher accuracy compared to EYld2k-2d—evident as the prediction error of STGF-Yld2k-2d-SH for
both DP980 and AA7075-T6 being around half that of EYld2k-2d—is that the prediction errors of STGF-Yld2k-2d-SH and STGF-NAFR-
Minl6-SH in three of the stress states (excluding EBT) are smaller than those of EYld2k-2d. Specifically, under the SH stress state,
EYld2k-2d accurately predicts the yield stress only along 45°, whereas the new models can accurately capture the SH yield stress along
both 0° and 45°. Furthermore, the newly proposed models, including STGF-Poly6-SH, demonstrate advantages and high flexibility in
predicting directional SH yield stress, which will be discussed in detail in Section 7.2. STGF-Yld2k-2d-SH and STGF-NAFR-Min16-SH
have almost the same level of prediction accuracy. However, compared to STGF-Yld2k-2d-SH, the parameters of STGF-NAFR-Min16-
SH can be identified analytically without the need for optimization or interpolation. This makes it more suitable for describing the
deformation-induced anisotropic hardening of metal sheets. Due to space constraints, the verification regarding anisotropic hardening
features will be studied in detail in the near future.
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Hill48, Yld2k-2d, EYld2k-2d, Poly6-18p, and the proposed STGF-YLD-SH.
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EYld2k-2d loses accuracy in predicting the PST yield stress of DP980 and the directional UT r-values of both materials. Conse-
quently, it has the largest prediction error for the plastic anisotropy of DP980 and AA7075-T6, even higher than Hill48 with only three
parameters, as shown in Fig. 16. Yld2k-2d demonstrates high accuracy in predicting PST yield stress because its order (m-value in
Table A1) can be adjusted for BCC and FCC microstructures. However, Yld2k-2d cannot account for the differences in the local shape of
the yield locus between SH and PST loadings. This limitation leads to inherent drawbacks in predicting SH anisotropy, particularly for
DP980 (Fig. 16a). Hill48 uses the r-values from three UT states to calibrate its three anisotropic parameters. Consequently, compared to
other investigated plasticity models, it cannot accurately predict the yield stress and plastic flow direction (rggr) of the two materials
under EBT conditions.

In comparison between the two investigated materials, the plastic anisotropy of dual-phase steel is easier to predict accurately, with
the overall prediction error of all models being almost within 2%, while the prediction error for high-strength Al alloy is within 8%. As
mentioned before, Hill48 and its related quadratic NAFR models (Hou et al., 2021; Li et al., 2024; Lian et al., 2018; Stoughton, 2002;
Stoughton and Yoon, 2004) are widely used in describing the anisotropy of steels. When it comes to the accurate description of the
plastic anisotropy of Al alloys, it is recommended to employ the non-quadratic yield functions (Hou et al., 2023c). Additionally, Al
alloys generally show obvious directional characterization under UT loading (Abd El-Aty et al., 2019; Du et al., 2023b; Liu et al.,
2023a), so it is recommended to adopt the newly proposed STGF-Poly6-SH model.

7. Discussion

In the previous section, the accuracy of the proposed plasticity model framework in describing the plastic anisotropy of the two
metallic sheets was verified. This section will analyze and discuss its description of plastic flow and its high flexibility in predicting
yield stress in SHDD.

7.1. Intrinsic shear constraint within the proposed general framework

Abedini et al. (2018) stated that some existing phenomenological yield functions lead to non-physical artifacts under SH loading.
This manifests as generated through-thickness strains at zero stress triaxiality (67 = — 02), indicating that the principal strain ratio
deviates from — 1. Fig. 17a defines the stress state angle « in the normal plane and the corresponding plastic flow direction $. The
relationship between the stress ratio and stress state angle («) is presented as follows:

% _ tana € [-1,1]. (50)
01

Note that when tana = 1, the material deforms under EBT; tana = 0 corresponds to UT loading; and tana = —1 corresponds to SH
loading. Based on various loading directions ¢ relative to the RD, the stress components can be calculated using the coordinate system
rotation:

on cos®p sin®p - cos?p sinp 1
o | =| sinp cos?p { ! } =01 | sin’p cos’p { rx} (51)
012 singcosp —cospsing singpcosp —cospsing

According to the normality rule for plastic deformation, which states that the plastic strain increment (plastic flow direction) is
normal to the surface of the plastic potential for a given stress state, we have
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where ®(o) is the plastic potential function, which is identical to the yield stress function in the AFR plasticity models including Hill48,
Yld2k-2d, EYld2k-2d, and Poly6-18p in this work.

Based on straightforward calculations or derivations rooted in the symmetry of the yield functions, it is evident that the ratio of
major and minor strains is —1 when the material undergoes SH deformation along the RD (0°) for all investigated plasticity models.
The material has a plastic flow direction exactly along the o1, axis, as illustrated in Fig. 17b. The direction of plastic flow under SH
along 45° to the RD (y45, DD), as defined in Fig. 17a, is predicted using various plasticity models and is compared in Fig. 17c. Only the
proposed models based on the general framework (STGF-YLD-SH) provide accurate predictions of y,5 = — 45° for both DP980 and
AA7075-T6, thereby preventing plastic strain in the thickness direction. EYld2k-2d can provide reasonable estimations of y,5 = — 45°
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for two materials because it imposes a constraint on SH plastic strain direction during parameter optimization, helping to prevent non-
physical artifacts such as through-thickness strains under SH-DD conditions. The other investigated plasticity models fall short in
accurately capturing y,; = — 45°, with even the recently proposed Poly6-18p significantly underestimating it for AA7075-T6.
Meanwhile, Hill48 overestimates y,5 for AA7075-T6, resulting in a relative error of + 12.1%.

Fig. 18 presents the predicted evolution of the plastic flow direction  in AA7075-T6 as a function of the loading direction ¢ and
stress state angle a. Both STGF-Poly6-SH and Poly6-18p accurately describe the plastic flow direction of AA7075-T6 under EBT
loading conditions. Specifically, STGF-Poly6-SH exhibits a consistent prediction of the plastic flow direction, i.e., y = — 45°, under SH
loading, irrespective of the loading direction ¢, as indicated by the dashed line corresponding to « = — 45° in Fig. 18a. This dem-
onstrates that the SH plastic flow direction predicted by STGF-Poly6-SH ensures that no plastic strain occurs along the thickness di-
rection when loaded under SH along any loading direction, strictly adhering to the fundamental assumption of SH deformation.
However, as shown in Fig. 18b, the plastic flow direction predicted by Poly6-18p for SH deformation varies with the loading direction.
This variability raises concerns about ensuring a ratio of primary and secondary strains of —1 under SH loadings, potentially leading to
plastic deformation in the thickness direction.
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Yo = —45°

atan(rggT)

(%)
o

N
[6)]

AA7075-TG

Flow direction g (°)

(b) Poly6-18p 5 (°)

Py )/O = _4‘50
< 50. atan(rggr)
Q.
c 25.
2 AA7075-T6
S 0.
=
5 -25.
T

-50 g1

0
<o 30 S 45
07/79 45 60X\ > — «0 K\
(e / "/0,7 90 -45 s S\ate

sre

Fig. 18. Effect of loading direction ¢ and stress state angle « on the plastic flow direction  of AA7075-T6, calculated using (a) STGF-Poly6-SH and
(b) Poly6-18p.
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To focus on the description of plastic flow under SH loading, Fig. 19 presents the variation of plastic flow direction with increasing
SH direction (¢) from 0° to 90° in AA7075-T6 predicted by different plasticity models. All models predict that the SH plastic flow
direction is symmetrical about ¢ = 45° loading, with predicted values y, at 0° and 90° being — 45°. These two special points
correspond to the vertex and nadir of the 3D yield surface, respectively. Theoretically, to ensure that the principal strain ratio in the SH
state is — 1, the plastic flow direction for SH deformation along any direction should be — 45°. However, as shown in Fig. 19, only the
newly proposed plasticity model based on the general framework guarantees this feature, while other models fail to do so, yielding
completely different prediction results. Hill48 overpredicts the direction of plastic flow under SH loading for AA7075-T6, while Y1d2k-
2d underestimates it. Notably, in Fig. 19c¢, although EYld2k-2d reasonably predicts the plastic flow direction for SH deformation along
45°, its predictions for other loading angles are poor, exhibiting a wave-shaped evolution pattern. In addition, Poly6-18p predicts
more complex variations in the SH plastic flow direction with changing loading angles, as indicated by the magenta curve in Fig. 19.

In conclusion, the proposed plasticity model framework provides a more accurate prediction of the plastic flow direction under SH
loading. This is attributed to the introduction of the novel function ®sy(s) in Eq. (25), which describes the SH stress and plastic flow
direction. Its derivatives with respect to the two principal strain components are exactly opposite (see Eq. (54)) when 617 = — 092,
corresponding to the SH condition.

0®@sy 2011 — M0

don 20y 54)
0Dsy _ 20623 — 611
0032 20gy

Additional SH constraints, considering plastic flow, can be incorporated during the calibration procedure to eliminate non-physical
artifacts observed in anisotropic yield functions such as Yld2k-2d, as studied by Abedini et al. (2018), He et al. (2022), and Zhang et al.
(2022a). However, introducing constraints may lead to over-constraint in anisotropic models, potentially reducing the prediction
accuracy of other anisotropic features. Fortunately, the proposed plasticity model based on STGF-YLD-SH independently describes the
SH anisotropy in yield stress and exhibits an intrinsic shear constraint, thus avoiding any impact on the calibration and validation of
the yield surface under other loading states.

7.2. Flexible modeling of plastic anisotropy in shear-dominated deformation

Section 4 introduces the novel STGF-YLD-SH framework, where a two-parameter Hill48-type function serves as the function ®gy(0)
in Eq. (1) to capture the shear anisotropy. Interestingly, the modeling accuracy of plastic anisotropy in SH yield stress within the STGF-
YLD-SH framework can be adjusted according to various metallic sheets or different mechanical characterization methods. Table 7 lists
three different options for the function ®gy (o). Hill48-2p, which serves as the example in Section 4, has been verified in Section 6.
Poly4-3p refers to a fourth-order polynomial yield function with three anisotropic parameters. All three options in Table 7 allow for
analytic parameter identification based on the SH yield stress along three directions: osyo, 6sa22.5, and ospss. Importantly, all three
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Fig. 19. Comparison of calculated plastic flow directions for AA7075-T6 under SH loading along various angles relative to the RD.
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Table 7
Modeling of shear plastic anisotropy by ®sy(o).
Plasticity model Equation ®gy (o) Parameter identification
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e 3(”51-10
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functions ensure the intrinsic shear constraint, as discussed in Section 7.1.

Fig. 20 compares the predicted yield loci under various normalized shear stress components (612) with an interval of 0.05 from 0 to
0.55 for AA7075-T6, calculated using STGF-Poly6-SH with two different SH-related functions: Hill48-1p and Poly4-3p. Note that the
artificial SH yield stress data assumed for AA7075-T6 are 6spo = 0.552, 6225 = 0.577, and 6545 = 0.580, with other experimental
data summarized in Table 6. There is no difference between the loci in the normal plane of these two yield surfaces in Fig. 20, because
the same SH yield stress along 45° (6suss) is used to calibrate the parameters of Hill48-1p and Poly4-3p ®gu(o), as shown in the
equations in Table 7. However, significant differences appear in the predicted yield locus at large shear stress components between
Fig. 20a (Hill48-1p) and Fig. 20b (Poly4-3p).

To further investigate the differences among the three options for ®gy (o) in describing the anisotropic SH yield stress, Fig. 21a
shows yield loci in the SH plane, corresponding to the sections in Fig. 20 for Hill48-1p and Poly4-3p. Hill48-1p predicts a larger SH
yield stress along 0° compared to Hill48-2p and Poly4-3p, which corresponds to the larger yield locus at the top (612=0.55) in
Fig. 20a. The predicted SH yield stress versus loading direction curves using Hill48-1p, Hill48-2p, and Poly4-3p are compared in
Fig. 21b. Compared to the “Exp.” data, the Poly4-3p function provides highest accuracy in capturing the planar anisotropy of SH yield
stress, while Hill48-2p underestimates the SH yield stress along 22.5°, and Hill48-1p overestimates the SH yield stress along 0° to the
RD of AA7075-T6.

In conclusion, the developed plasticity framework offers a novel strategy for modeling planar anisotropy in SH yield stress with
both flexibility and accuracy. For materials exhibiting pronounced planar anisotropy in yielding and hardening during SHDD, a high-
precision ®gy(6) function, such as Poly4-3p, can be employed. Conversely, if the focus is solely on the stress state-dependent yielding
and hardening behavior, a simpler function like Hill48-1p can be utilized to describe the SH stress of the material. This straightforward
®sy(6) function, Hill48-1p, is particularly suitable for characterizing SH stress data obtained through in-plane torsion testing
(Coppieters et al., 2022; Traphoner et al., 2021), as it measures the average response of the material subjected to SH loadings in various
directions.

7.3. Simultaneous description of shear anisotropy and TCA

To simultaneously capture the shear anisotropy and TCA of advanced lightweight metallic sheets, such as quenching and parti-
tioning (Q&P) steels, multi-weighting factors were introduced in this sub-section. The resulting and extended plasticity framework is
expressed as follows:

[

®(6) = wr - D1(6) + (1 — wr — 0c) - Psu(6) + ) - Dc(6) = oy (&), (55)

Guco (8
where ®r(6), ®c(6) and Psy (o) represent distinct yield functions used to separately describe the yield behavior of materials under
tension, compression, and shear, respectively. ®(6) is the overall yield function. 6yco denotes the normalized flow stress under UC
along the RD, oy is the reference flow stress under UT along the RD, and &, represents the equivalent plastic strain (EPS). wr and wc are
two weighting factors dependent on the stress triaxiality . Eq. (56) proposes a simple weight factor evolution law based on the
piecewise trigonometric function, i.e., the SINE-type function:

2
0, 7§§n§0 from EBC to SH

1 1 T 1
={ 24 s _Z <Z 56
wr 2+251r1(3m7 2)70<1173 from SH to UT, (56a)
1 2
1, §<n§§ from UT to EBT
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1, gg < L from EBC to UC
3 3
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2
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The predicted variation of the weighting factors as a function of 5, according to the SINE-type function in Eq. (56) withiny € [—
2/3,2/3], is illustrated in Fig. 22. The weighting factor for the SHDD yield function term ®gy(0) is calculated as wgy =1 — w1 — wc,
and its evolution is also shown in Fig. 22, exhibiting symmetry with respect to ;. To validate the extended plasticity framework in
predicting shear anisotropy and TCA, experimental data of QP1180, a third-generation advanced high-strength Q&P steel, from Zhang
and Lou (2023) was utilized. The flow stresses and r-values of QP1180 at a specific strain level (EPS = 0.08) are summarized in Table 8,
indicating significant TCA and shear anisotropy. Note that in this case, the Poly6 yield function from Eq. (27) was employed as @ (o),
where the stress-based Hill48 function was used for ®¢ (o), and Hill48-2p from Table 7 was applied for @y (6). Therefore, the inte-
grated yield function can be named as STGF-Poly6-SH&TCA. All anisotropic parameters were determined analytically based on the
yield stresses and r-values under various stress states listed in Table 8. For the calibration of ®1(¢) and ®sy(6) functions, please refer to
Section 4.2. The calibration of the stress-based Hill48 function for ®¢(c) can be found in our previous Part I paper (Hou et al., 2023a).

Fig. 23 compares the experimental yield locus with the predicted yield locus for QP1180 at EPS = 0.08, obtained using the STGF-
Poly6-SH&TCA model, in both the normal and diagonal planes. The extended plasticity framework effectively captures all the yield
stress pairs, accurately representing TCA features under uniaxial and biaxial loadings. To further verify the prediction accuracy of the
STGF-Poly6-SH&TCA model, Fig. 24 shows the comparison of plastic anisotropy of QP1180 in yield stress under various states (UT,
UC, PST, and SH), as well as the r-value under UT, against experimental results. The STGF-Poly6-SH&TCA model aligns exceptionally
well with the experimental data, demonstrating its effectiveness in capturing anisotropic yield stresses of QP1180 across different
stress states. Additionally, the model accurately describes the variation in plastic flow direction (r-value) with respect to the UT loading
direction, as illustrated in Fig. 24b.

Considering the progress of the present model framework (STGF-YLD-SH&TCA) in balancing accuracy, parameterization, and
experimental burden compared to previous models, the following key points highlight its advantages: (1) The STGF-Yld2k-2d-SH and
STGF-Poly6-SH models, which maintain the same number of anisotropic parameters, exhibit significantly lower overall prediction
errors (AARE) compared to the EYld2k-2d (He et al., 2022) and Poly6-18p (Hu et al., 2023) models, respectively. (2) This high level of
accuracy is achieved by modeling the yield behavior across various stress states using stress triaxiality (i.e., hydrostatic pressure
sensitivity) as the physical basis. This approach significantly reduces the non-linear relationship between model parameters and
experimental data by coupling distinct yield functions in an additive manner. The refined calibration process enabled by this coupling
ensures that the model parameters more effectively capture variations in yield stress across different stress states, ultimately enhancing
the overall predictive accuracy of the model. (3) A major advantage of the STGF-YLD-SH&TCA framework is its precise and cus-
tomizable description of SH yield (and flow) stress anisotropy. Moreover, it effectively avoids generating through-thickness strain
under SH conditions, which can be problematic in other models. (4) While the proposed framework offers enhanced accuracy and
flexibility, simpler models like Hill48 (Hill, 1948) or isotropic yield criteria (Cazacu, 2018) might be sufficient for traditional materials
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Fig. 22. Variation of weighting factor wr and w¢ as functions of stress triaxiality »# in the SINE-type governing function.
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Table 8
Experimental data of QP1180 from Zhang and Lou (2023).
QP1180 Suto Suris® Sutso” Sutas Suteo ™ Surrs* Gureo Gesr
EPS = 0.08 1.000 0.997 0.991 0.987 0.999 0.996 0.999 1.046
Guco Gucas Gucoo Grpc” Grsto Gpstas Gps1o0 GsHo Gshas
0.980 0.977 0.998 0.983 1.142 1.146 1.153 0.573 0.577
Tuto ruris”® rurso Turas Tuteo rurzs™® TuT90 Tepr”
0.860 0.877 0.913 0.940 0.943 0.929 0.920 0.915

" Xxury = Xuto - €os*p+ (4 - Xyras — Xuto — Xuteo) - €OS% - sin*¢ + Xyreo - Sin*e, x =G or r.
# o~
Yeerc = (Yurco + 2 Yurcas + Yurceo)/4, y =G orr.
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Fig. 23. Yield loci of QP1180 predicted by the proposed STGF-Poly6-SH&TCA model in (a) the normal plane and (b) the diagonal plane.

such as low-carbon steel. These simpler models can be seamlessly integrated into the proposed framework, allowing users to opt for
higher precision or lower experimental cost depending on their requirements. (5) The primary target applications of this framework
involve stress and strain analysis, as well as the precise prediction of component geometry deviations, particularly in manufacturing
processes where significant amounts of SHDD occur, such as in the automotive and aerospace industries. The high precision achieved
by this novel framework is particularly valuable in the realm of digital twin technology, where accurate material behavior predictions
are essential for applications requiring high fidelity and reliability.

8. Summary and conclusions

A generalized, computationally versatile plasticity model framework was developed to simulate the complex plasticity behavior,
particularly focusing on the plastic anisotropy of SHDD in sheet metallic materials. The main conclusions of the present work are
summarized below:

(1) A stress triaxiality-dependent weighting factor is introduced to combine two anisotropic yield functions additively. One
function describes yield behavior under tension, while the other addresses SHDD. The key advantage of this framework (STGF-
YLD-SH) is the independent calibration of two yield functions.

(2) The STGF-YLD-SH framework was applied to existing anisotropic yield functions and flow rules, such as Yld2k-2d and Poly6
under the AFR as well as Min2016 under the NAFR.

(3) The effect of the stress triaxiality-dependent weighting factor on the shape and convexity of yield surface was elucidated.
Comparative analysis suggests adopting the symmetric piecewise Poly5 function to describe the variation of the weighting
factor, achieving a convex yield surface.

(4) The STGF-YLD-SH framework was validated using experimental data of two automotive sheet metals DP980 and AA7075-T6.
Especially the framework naturally prevents non-physical artifacts such as through-thickness strains under SH condition. The
framework allows for flexible modeling of plastic anisotropy in SH yield stress by using different SH yield functions.
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Fig. 24. Plastic anisotropy of QP1180 in (a) yield stress under UT and UC, (b) r-value under UT, (c) yield stress under PST, and (d) SH conditions
predicted by the STGF-Poly6-SH&TCA model.

(5) The proposed framework was further extended to capture shear anisotropy and TCA simultaneously through employing two
weighting factors, namely STGF-YLD-SH&TCA. The robustness of this approach has been thoroughly verified using experi-
mental data of the QP1180 steel.
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Appendix: Identified parameters of Yld2k-2d and EYld2k-2d

Table Al

The calibrated parameters of Yld2k-2d for various materials.
Material ay az as as as Qe az ag m
DP980 1.013 0.926 0.987 0.973 1.006 0.978 0.967 0.958 6
AA7075-T6 0.910 1.061 0.931 0.974 1.015 0.966 0.997 1.026 8

Table A2

The calibrated parameters of EYld2k-2d for various materials.

Material ch chy n € Co6 ch chy [ oy Co6 m
DP980 1.010 -0.153 -0.006 0.806 1.074 -0.363 0.712 1.104 0.507 1.018
AA7075-T6 0.419 -0.546 0.493 1.214 0.966 -1.523 0.198 1.836 0.381 1.685 8
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