A Poisson-Ramsey Growth Model

Creative Destruction, Endogenous Cycles and Growth

Klaus Wälde *

Department of Economics, University of Dortmund

44221 Dortmund, Germany

� waelde@pop.uni-dortmund.de

June 1999

Creative destruction due to new technologies causes both long-run growth and short-run business fluctuations. The creative part ofnew technologies pushes the economyon a higher productivitylevelwhile the destructive part implies partialobsolescence ofold production units. Obsolescence due to each new technologyinduces an adjustment period during which growth rates are initiallyhigh but graduallyfall. At some endogenouslydetermined point, research for the next technologystarts. Once the new technologyis discovered, the next cycle starts. This is shown in a continuous time

Ramseygrowth modelwhere savings can be used for financing deterministic capital accumulation and stochastic Poisson driven R&D for new technologies.

1. Introduction

Technologicalprogress allows firms to use factors ofproductions more efficiently. A new technologypushes outward an economy’s production possibilitycurve which ceteris paribus leads to an increase ofthe socialwelfare level. Technologicalprogress also implies obsolescence ofold production units, however. Not allproduction units are compatible with new technologies or can be upgraded. This is the creative destruction mechanismemphasized bySchumpeter (1942), Aghion and

Howitt (1992), Caballero and Hammour (1996) and many others.

Taking these two aspects together allows to develop a view ofbusiness cycles that endogenously explains whygrowth rates incessantlyfluctuate over time. An economynever finds itselfon a balanced growth path but permanentlyadjusts its capitalstock to new technologies. Long-run positive growth is caused bytechnologicalprogress, the creative aspect ofcreative destruction.

Fluctuating growth rates result fromobsolescence ofa part ofold production units which requires adjustment to new technologies. This is the destructive aspect ofcreative destruction. In order to jointlyanalyse these aspects, the present paper combines a standard Ramseygrowth modelof riskless capitalaccumulation with uncertain R&D. Focusing on a centralplanner problemallows to neglect all aggregation issues and to concentrate on central cycle generating mechanisms.

Consider a centrallyplanned economywhere the planner can allocate savings to capital accumulation or to financing R&D. Capitalaccumulation is a riskless activityas it mainlyrequires to copyexisting production units. Allocating resources to R&D implies research for a new technology

* I would like to thank Lutz Arnold, Giuseppe Bertola, Vincenzo Denicolò, Peter Funk, Heinz Holländer, Christian

Kleiber and Manfred Stadler for helpful discussions and seminar participants at the European UniversityInstitute,

Florence, the Universityof Cologne and the Universityof Tübingen for comments. Financial support bythe

Graduiertenkolleg " Allokationstheorie, Wirtschaftspolitik und kollektive Entscheidungen " of the Deutsche

Forschungsgemeinschaft is gratefullyacknowledged. I also thank Walter Krämer for his invitation and discussions and the Sonderforschungsbereich "Komplexitätsreduktion in multivariaten Datenstrukturen" for hospitalityand financial support.

which, ifdeveloped, increases totalfactor productivityofthe production process. At the same time, it implies obsolescence ofa certain part ofold production units. Research is associated with uncertainty about the point in time when a new technology will be found 1 .

Transitionaldynamics in a pure Ramseygrowth modelare well-understood. When the capital stock implies an interest rate below the time preference rate, capitalis accumulated. In the absence of sources ofgrowth as e.g. technologicalprogress or population growth, growth comes to a halt. Now imagine a new technologyis introduced which increases totalfactor productivitybut also reduces the stock ofcapitalthat can be used under this new technology. The new steadystate ofthe economy then implies a higher consumption level. This steadystate, however, is onlygraduallyreached as new capitalneeds to be accumulated. This permanent adjustment to new steadystates is one wayhow to think of origins of business cycles.

The investment choice is endogenous and therebythe length and amplitude ofa cycle. The planner’s problemconsists in both choosing the optimalconsumption leveland the optimalallocation ofsavings to investment projects. As capitalaccumulation and technologicalprogress are complements, successfuldevelopment ofa new technologyis followed bya period where investment is concentrated on capitalaccumulation. Equivalently, periods ofcapitalaccumulation that implya decrease in returns to capitalaccumulation are followed byperiods ofR&D. In fact, in the modelto be presented below, savings willexclusivelybe focused on either capitalaccumulation or R&D. The economy constantly alternates between exclusive capital accumulation and exclusive R&D.

Investment under uncertaintyusuallyimplies that a certain share ofsavings are invested into the riskless asset while the remaining share goes into the riskyasset. While the propertyofthe present modelmight therefore appear unusualat first sight, it is the result ofa propertyofan uncertain R&D project which strictlydistinguishes uncertain R&D fromuncertain capitalaccumulation (as e.g.

Bourguignon, 1974; Bismut, 1975; Merton, 1975; Eaton, 1981). An R&D project as modelled here is characterized byuncertaintyabout the point in time where research for a new technologyactually leads to development ofa new technology. The gain from increasing investment into R&D is the decrease in the expected length oftime untilthe new technologyis discovered. Whatever the amount ofinvestment into R&D, however, the value ofthis new technologyis some fixed amount. The new technologyrises totalfactor productivitybysome given factor and this increase in totalfactor productivity yields some endogenous but fixed value. Since the payoff froma successfulproject has this propertyand since the probabilityof finding a new technologyis linear in investment, the economy will exhibit this dichotomy in capital accumulation or R&D finance.

A typicalhistoryofour economywillthen be as follows. Starting with some capital level, the planner willfind it profitable to allocate allresources to capitalaccumulation. Decreasing returns to capitalthen implythat capitalaccumulation loses in profitabilityrelative to financing R&D. At some point in time, expected returns fromfinancing R&D exceed certain returns fromallocating capital and allinvestment willbe allocated to R&D. For some time, research willnot implydevelopment but at some uncertain point in time, a new technologywillhave been found, totalfactor productivity rises and the economy starts accumulating capital again.

There are severalcompeting theories used to understand cyclicalbehaviour. One group ofmodels stresses the fact that models ofdeterministic optimalgrowth can exhibit cyclicaland chaotic dynamics 2 . Nishimura and Yano (1995) show the possibilityofchaotic behaviour ofconsumption or

GDP on equilibriumpaths in a modelwith fixed coefficient technologies and utilities linear in consumption. Boldrin and Deneckere (1990) in a modelwith fixed coefficients in the capitalgood sector and a Cobb-Douglas technologyin the consumption good sector find that chaotic dynamics are observed ifimpatience is veryhigh and differences in the productivityoflabour and capitalare verylarge. Benhabib and Nishimura (1985) have derived sufficient conditions for the existence of

1 Shell (1966) argues as well that capital accumulation and R&D differ in the degree of riskiness in the way modelled here.

2 Earlier papers studied cyclical and chaotic time paths in non-optimal models of growth (e.g. Grandmont, 1985).

cycles in a two sector discrete-time modelwith generaltechnologies. In the context ofthe new growth theory, Benhabib and Farmer (1994) have demonstrated that increasing returns to scale (on the aggregate leveldue to externalities or on a firm level in a monopolistic competition framework) lead for certain parameter values to cycles around a steadystate. The mechanismsuggested here differs fromthose in that it allows for standard neoclassicalproduction functions (without producing chaotic behaviour, however), that the mechanism is extremelyeasyto understand froman intuitive point ofview and that the occurrence ofcycles is not restricted to some range ofparameter values.

Stochastic approaches to cycles can be divided into self-fulfilling prophecymodels (Azariadis, 1981;

Farmer and Guo, 1994; Gali, 1994; Drugeon and Wigniolle, 1996) and the RBC literature (Kydland and Prescott, 1982; for in introduction cf. Cooper, 1997, and the special issue in Oxford Review of

Economic Policy, Muellbauer, 1997).

The cycle generating mechanismpresented here can best be understood as a mix ofself-fulfilling prophecies and RBC modelaspects. With self-fulfilling prophecies approaches it shares the property that, for some parameter values, beliefs are required to select among severalpossible equilibrium paths. In order to obtain cycles, however, no randomization between equilibriumpaths is required.

On one path, the economyis on a cyclicalgrowth path, on another path, it is on a smooth path.

Hence, in the present model, expectations are fulfilled forever, cycles and jumps are anticipated and rational. With (a part ofthe) RBC models, the present modelshares the jump in totalfactor productivity. This jump, however, is not exogenous but the point in time when this jump occurs is endogenously determined through investment decisions of the central planner.

Reproaching the exogeneityofshocks would do injustice to the RBC literature since their main scope is to reproduce empiricalregularities in shock driven artificialeconomies without being primarilyconcerned with the origin ofthose shocks. Nevertheless, byproviding a mechanismto understand the origin ofshocks and the determinants ofthe length between two shocks, the present modelpotentiallyallows to provide further insight into the nature ofbusiness cycles. No attempt, however, is made at this stage to confront the present model with data.

A recent interesting studyofwaves ofinnovative activityand market entrybased on learning-by-doing is byStein (1997). Each market entrybya new firmrises the probabilityof future market entries. Young incumbents can more easilybe replaced than old incumbents as the latter have lower distribution costs due to learning-by-doing. Innovations willtherefore tend to occur in waves. In this approach, however, optimalbehaviour ofhouseholds is treated in a verysimple way. In the present approach, optimal behaviour on the demand side is central. 3

This paper adds to the literature on dynamic stochastic macro models. This literature has mainly used discrete time methods (for an overview and a verythorough treatment cf. Stokeyand Lucas with Prescott, 1989). Continuous time methods were introduced byMerton (1969, 1971, 1990) (cf.

also Sethiand Taksar, 1988) and growth models were analyzed byBourguignon (1974), Merton

(1975), Bismut (1975) and Eaton (1981). More recently, Obstfeld (1994) has studied the growth increasing effects ofincreasing internationalrisk-sharing. Turnovsky(1993) has studied the effects of changes in the mean rate and variance ofmonetarygrowth rate and oftax policies on both the growth rate ofan economyand socialwelfare. The link between creative destruction, endogenous cycles and long-run growth, however, has not been studied. OptimalcontrolofPoisson processes beyond partialequilibriumexamples in Merton (1971) has not been studied either. For an introduction to continuous time methods under uncertaintycf. Dixit and Pindyck (1994) and

Turnovsky (1995, part IV).

3 Bental and Peled (1996) present a model that shares some equilibrium properties of the model presented below.

Theyfocus on specific utilityand production functions (logarithmic and Cobb-Douglas), however, and analyse their effects in an discrete time 2-period OLG framework. Jovanovic and Rob (1990) studythe endogenous determination of major discoveries and subsequent refinement but theyviewtheir analysis more in an industry rather than an economywide context. Further, the modelling approach chosen here is more closelylinked to standard models of growth.

2. The model

2.1. The economy

The economyconsists ofthree sectors. The first sector produces the consumption good C by employing capital K C and labour L C . It is subject to discontinuous technologicalprogress 4 which increases totalfactor productivity A g . Each new technologyincreases g byone and totalfactor productivity by A > 1. The technology of the consumption good sector reads

C A G K L C C = g , 1 6

. ( 1 )

The technology G ( . ) has positive first and negative second derivatives and is characterized by constant returns to scale.

In the second sector, an investment good is produced (machines) that can be used for increasing the economy’s stock ofcapital. Production equallyrequires capital K I and labour L I and the technology is given by

I G K L I I = ,

1 6

. ( 2 )

Capitalaccumulation is a riskless activityas it essentiallyrequires to copyalreadyexisting production units.

In the third sector, research for new technologies is undertaken. R&D is directed at developing new production units. When a new production unit has been developed, it represents a capitalstock of v ³ 0 whose totalfactor productivityexceeds totalfactor productivityofthe previous vintage by

A . It is further assumed that after a successfuldevelopment ofa new technology, a certain share s of the previous vintage can be upgraded and therefore has a higher totalfactor productivityas well. The remaining capitalstock (which might be zero) becomes obsolete. Denoting by

2

7

� . ( 8 )

This is a stochastic differentialequation where uncertaintyresults froma Poisson process q . During a

smallperiod oftime d t , the capitalstock ofvintage g increases deterministicallybythe share 1 - q of

totalsavings F A C × - - 1 6 g allocated to capitalaccumulation. When R&D is undertaken, the capital

stock is also subject to abrupt changes. With q denoting the Poisson process resulting from

investment in R&D projects, d q is the increment ofthis process. A successfulR&D project implies

d q = 1. The capitalstock then changes by � K K - and productivityin the consumption good sector

rises by A . When no investment in R&D takes place or when R&D fails, the increment is zero,

d q = 0.

Note that the arrivalrate is linear in investment q g F A C × - - 1 6

in R&D. This assumption is

necessaryifone wants to understand the R&D sector (in a decentralized economy) as a multitude of

firms that produce under perfect competition. Increasing or decreasing returns in the arrivalrate (just

as increasing or decreasing returns to scale) are not easilyreconciled with perfect competition. This

linearitywillbe crucialfor the results derived below but, in the light ofthis perfect competition

requirement, is a natural assumption.

2.2. The central planner’s choice

The centralplanners objective is to maximize a socialwelfare function given the above

technologies. Letting the value of the optimal program at t be denoted by V K , g

1 6

, her objective is

7 In the case of ambiguity, round brackets include arguments of functions; squared brackets always indicate a

multiplication operation.

V K e u C

C t

t

, max

, g t t

t q t r t e 1 6 1 62 7

1

6 1 6

<

A = - - ¥

I

d ( 9 )

subject to (3) and (8) . The planner maximizes expected utilityfromdiscounted consumption flows by

choosing a streamofconsumption { C ( t )} and allocation { q ( t )} ofsavings to financing R&D and

capitalaccumulation. The expectations operator is e and r denotes the time preference rate. The

share q ( t ) is constrained to lie between zero and unitywhere q = 1 means that allsavings are

allocated to R&D 8 . The instantaneous utilityfunction is increasing in consumption with decreasing

slope,

u C ’

1 6

> 0 , u C ’ ’

1 6

< 0 . ( 10 )

The planner’s maximization problemcan be expressed bythe Bellman equation (cf. e.g. Dixit and

Pindyck, 1994)

r g g q l q g g

q g g V K u C V K F A C F A C V K V K

C

, max ’ , � , ,

,

1 6 1 6 1 6 1 6 1 64 9 2 7 1 6

J

L

= + - × - + × - + - - - 1 1 .

( 11 )

The expression to be maximized is given bythe sumofinstantaneous utility u ( C ), the value of

additionalunits ofcapitaland the expected value ofa new technology. The value ofadditionalunits

ofcapitalis given bythe marginalvalue ofthe current stock ofcapital V K’ , g

1 6

times the share 1 - q

ofsavings allocated to accumulation ofphysicalcapitaltimes savings F A C× - - 1 6 g . The expected

value ofa new technologyequals the product ofthe arrivalrate ofnew technologies (7) and the gain

fromholding a capitalstock � K suitable for production with the next technology g + 1 as compared

to the value of holding the current capital stock under technology g .

The first order condition for consumption can be written after dropping the vintage arguments 9 as

u C A V K bA V K V K ’ ’ �

1 6 1 6 2 7 1 6

= - + - - - 1 q q g g . ( 12 )

Marginalutilityfromconsumption todayis the q -weighted sumofmarginalutilityfromconsumption

in the future. Higher future consumption either comes froma higher capitalstock or a better

technology. The value ofmore capitalthrough less consumption is given bythe value ofan

additionalunit ofcapital, V K’

1 6

, times the instantaneous increase in the capitalstock byreducing

consumption byone unit 1 - - q g A . The impact ofless current consumption on future technologies

is captured bythe increase in the probabilityofa research success q g bA - times the gain in the value

of the optimal program if research is indeed successful, V K V K �

2 7 1 6

- .

The derivative of (11) with respect to the share q invested in R&D,

d

d q g × = - + - × - -

;

@ 1 6 2 7 1 6

4 9 1 6

V K b V K V K F A C ’ � , ( 13 )

is a function independent ofthe share q itself. Therefore, except for some K *, where the planner is

indifferent, q = 0 or q = 1. Assuming that net savings are positive 10 , F A C × > - 1 6 g ,

8 If we allowed for q > 1 , we would technologicallyallowcapital to be decumulated, retransformed into the

aggregate good which is then used for the R&D process. While standard in models of optimal growth where capital

can be "eaten up" we exclude this byassumption. On equilibrium paths as studied belowthe planner would never

want to set q above unity. A negative q would implynegative resource allocation to the R&D process. This is

clearly technologically unfeasible.

9 No ambiguityarises as K always denotes the current capital stock and � K denotes the capital stock available for the

next vintage.

10 We restrict attention to this case. An extension is straightforward.

6 q

q

q

=

Î

=

* K Û -

<

=

>

%

&

K

’ K

(

)

K

* K

0

0 1

1

, � ’ b V K V K V K

2 7 1 6 1 6

( 14 )

The planner allocates allnet savings to capitalaccumulation ( q = 0) when the marginalvalue of

capitalexceeds the discrete increase ofthe value ofcapitaltimes the marginalarrivalrate, while all

savings net ofcapitaldepreciation are allocated to R&D ( q = 1) when the derivative (13) is positive.

Depreciation ofcapitalat rate d implies that some production ofinvestment goods always takes

place. When q = 1, net capitalaccumulation, which by (6) and (7) equals

d K F K L A C

= - - - 1 q g 1 6 1 6 4 9

, , is zero. By (5) , however, I = d K .

This complete specialization is a surprising result, at first sight. We are used to fromportfolio

choice literature that an individual invests always at least some amount ofher wealth into the risky

asset. Here, there are three reasons for this bang-bang property. First, the paper studies financing

riskyR&D and not financing riskyinvestment. Riskyinvestment is characterized bypayoffs that are

proportionalto investment where the factor ofproportionalityis the uncertain return. The higher

investment, the higher the expected payoff. Bycontrast, riskyR&D is characterized byfixed payoffs

and incentives to invest in R&D at allstemfromthe impact ofinvestment on the arrivalrate. This is

a property of any R&D project, both in this central planner framework and in a decentralized setup.

Second, this bang-bang propertyis a result ofthe linearityofthe arrivalrate in q . As mentioned

before, this is a standard assumption which is required here ifone wants a technologyfor R&D that

can be replicated by decentralized competition between many firms.

A third, technical, reason for this bang-bang behaviour is the continuous time framework used

here. In discrete time, an interior solution results both fromriskyinvestment and riskyR&D, as was

shown in Wälde (1998, ch. 8). This paper also shows that R&D is characterized byfixed payoffs

when R&D is financed by many individuals in a decentralized economy 11 .

It is intuitivelyclear what would happen ifone ofthese conditions was not satisfied. Condition

(14) would hold as an equalityfor some range ofthe capitalstock and not onlyfor a specific K * .

More importantly, the share q ofsavings allocated to R&D would increases, the higher the

economy’s capitalstock: As returns to investment in capitalaccumulation fall, more and more

resources would be shifted towards investing in R&D. Hence, the probabilityper unit oftime that a

new technologyis found would increase in the economy’s capitalstock. Eventually, when a new

technologyis found, the share q would fallagain 12 . Hence, qualitatively, this shift from investing in

capitalaccumulation to investing in R&D takes place more smoothlybut in a similar way. The strong

prediction ofthe modelshould therefore be seen as a usefuldevice that simplifies the derivation of

results and not as a one-to-one mapping of reality.

Deterministic regime

When the share ofsavings invested into R&D are zero, q = 0, the first order condition for

consumption (12) simplifiesto

u C A V K ’ ’

1 6 1 6

= - g . ( 15 )

The optimalconsumption level is reached when marginalutilityfromconsumption equals the

marginalvalue ofcapital. This condition is frequentlyfound in deterministic setups where it usually

appears in a formlike u C’

1 6

= m , where m is the Hamiltonian multiplier which stands for the marginal

valuation ofan additionalunit ofthe associated state variable (cf. e.g. Kamien and Schwartz, 1991),

just as here. The Keynes-Ramsey rule is the familiar one,

11 If the utility function was not additive over time, an interior solution might also obtain.

12 Such a prediction can be shown to follow from a model with uncertain investment rather than uncertain R&D.

7

- = × - u C

u C

C F t K

’ ’

’

1 6

1 6

1 6

d dr ( 16 )

and the resource constraint (8) becomes

d d K F A C t

= × - - 1 6 g . ( 17 )

Switch to the stochastic regime

As long as gains froman additionalunit ofcapitalexceed expected gains froma new technology,

the economyis in the deterministic regime. When the share derivative (13) holds with equality, the

planner switches from q = 0 to q = 1. In its current formulation, however, condition (13) is oflittle

use since the value function is not known. Assuming that the economystarts with a capitalstock K 0

that implies that capital is accumulated, i.e. q = 0 13 , one can express this condition in a formthat is

more intuitive and that can be used for a simple phase diagram analysis. Defining

W º A u C K u C K ’ � ’

2 7

3

8 1 6 2 7

( 18 )

as the ratio ofmarginalutilityafter the development ofa new technologywhen the capitalstock will

be given by � K and marginal utility at current consumption, the Appendix proves the following

Theorem 1 (Optimal investment decision)

q r l =

%

&

’

(

)

* Û

>

=

%

&

’

(

)

* + - -

0

1

1 1 F s K W . ( 19 )

The centralplanner allocates allsavings to deterministic capitalaccumulation ( q = 0) when the

marginalproduct ofcapital is sufficientlyhigh. Sufficientlyhigh in this context means that it must be

higher than the time preference rate plus the (adjusted) arrivalrate where the arrivalrate (7) is

evaluated at current output and consumption. The planner is willing to accumulate an additionalunit

ofcapital, i.e. q = 0 , when the return to saving capitalexceeds the time preference rate plus the

(adjusted) arrivalrate. More capital increases utilityofthe planner onlyifshe is compensated for her

impatience and for the risk that this capital stock eventually becomes obsolete.

The degree to which the arrivalrate is adjusted depends on the share s ofcapitalthat becomes

useless under the new technology. When the entire capitalstock is useless under the new technology,

i.e. s = 1, adjustment for risk is given bythe arrivalrate l . The interest rate which must be

guaranteed when accumulating more capital is then given by r l + . The sumofthe time preference

rate and the arrivalrate is known to be the discount factor that is used byhouseholds when

discounting an income streamthat ends at some exponentiallydistributed point in time, where l is

the parameter of the exponential distribution 14 .

When the arrivalofa new technologydoes not implythat the entire old capitalstock becomes

obsolete, i.e. when s < 1, the arrivalrate is adjusted bythe instantaneous change in marginalutility W

due to the new technology. Depending on the sign of 1 1 - - s W , the economystops accumulating

capitalat an interest rate that is higher or lower than the time preference rate. When s is sufficiently

close to unity, the adjusted arrivalrate is close to the arrivalrate. As the obsolescence parameter s

falls, and with W sufficientlyhigh 15 , 1 1 - - s W becomes negative and the arrivalofnew technologies

induces individual to accumulate more capital than in a purely deterministic world.

13 The economycould start with a capital stock that implies that the planner allocates all savings to R&D. Once a

new technology has been developed, we are back to q = 0.

14 Compare e.g. Blanchard (1985), Grossman and Helpman (1991b) or Aghion and Howitt (1992) among others.

15 Note that W is endogenous and therefore not independent of s . In equilibrium, however, W is constant.

8

A further propertyofthe switch fromthe deterministic to the stochastic regime is that no

consumption jump takes place 16 .

Stochastic regime

When all investment is channelled into R&D, q = 1, and the planner is indifferent, we know from

the above theorem (19) that marginalproductivityofcapitalequals the sumofthe time preference

rate and the adjusted arrivalrate. The economyis in a (transitory) stationarystate. The capitalstock

is determined byhistory, i.e. equals the stock ofcapitalat the moment the economyallocates all

savings to R&D.

The consumption levelat everymoment in time is determined bythe consumption first order

condition (12) . In the stochastic regime where q = 1, this condition reads

u C bA V K V K ’ �

1 6 2 7 1 6

= - - g . ( 20 )

It says to choose consumption in the stochastic regime such that the expected gain froma new

technologyjust matches marginalutility. The trade-offis therefore not between consumption today

and capital investment todaybut between consumption todayand the chance ofhaving a better

technology in the future.

Switch to the deterministic regime

The switch fromthe stochastic stationaryregime to the deterministic regime takes place as soon

as a new technologyhas been developed. Allsavings willbe allocated to capitalaccumulation, q = 0,

after the development ofa new technologyas long as the new capitalstock is sufficientlysmallgiven

the new technology. What remains to be found out is how consumption changes.

Replacing the value ofthe capitalstock byutilityfromcurrent consumption plus marginalutility

times savings divided by r , the optimalitycondition for consumption on the R&D line (20) can be

expressed alternatively as (cf. appendix)

r

g g g g g

bA u C u C A u C F K L A C u C A u C F K L A C -

+ - + -

= + -

�

!

"

$

# - + - ’ � ’ � � , � ’ ,

1 6 2 7 2 7 2 7 1 6 1 6 1 6

� C i = 0

� K = 0

K � K

R&DlineR&Dpath

K

C i

� C i

C i

C i

TP

Figure 1 : A phase diagram illustration

The axes show the stock of capital K and the productivity adjusted level of consumption,

C A C i = - g . ( 22 )

The zero-motion lines have the familiar form

� K = 0 Û C F K L i = , 1 6

, ( 23 a)

� C i = 0 Û r = F K L K ,

1 6

. ( 23 b)

These zero-motion lines show the advantage for the presentation ofresults ofthe assumption that technologicalprogress is restricted to the consumption good sector. Iftechnologicalprogress increased totalfactor productivityin the investment good and in the R&D sector as well, the zero motion line for consumption would depend on the current vintage g . Further, the R&D line would

10 also be vintage-dependent. An analysis would then require a variable transformation for capitalas well. This would yield some additional insights (discussed in section 4.2) but makes presentation of results cumbersome.

Now draw the line on which the centralplanner finds it profitable to invest allsavings in R&D.

This R&D line follows from (19) and reads with (7) , q = 1 and the productivity adjustment (22) ,

C F

F b s i K = × -

-

- -

1 6 r

1 1 W

. ( 24 )

This line goes through the steadystate. For 1 1- <s W , it lies below the zero motion line for capital accumulation to the left ofthe steadystate, where the marginalproductivityofcapitalexceeds the time preference rate, and above it to the right. This reverses when 1 1- >s W . We willassume in what follows that 1 1 - < s W which holds for s sufficientlyclose or equalto one. This implies that the stock ofcapitalat which the economystops accumulating capitalsince the interest rate is too low is smaller than the capital stock in a deterministic Ramsey economy.

The shape ofthis R&D line can be understood bynoting that on this line the centralplanner is indifferent between accumulating an additionalunit ofcapitaland financing R&D. First, the R&D line must contain the steadystate ofthe deterministic system. Consumption growth under the deterministic regime is zero when the marginalproductivityofcapitalequals the time preference rate.

At the intersection point ofthe R&D line and the zero motion line for consumption, this indifference requires that the arrivalrate be zero since onlywith a zero arrivalrate (expected) consumption growth is zero and equals deterministic consumption growth. Since the arrivalrate is zero onlyif consumption equals total output, the R&D line must go through the steady state.

Second, when R&D is started at a low levelofcapital, the marginalproduct ofcapital is fairly high and a high arrivalrate l is required to obtain this indifference, i.e. equalityin (19) . Since output is lower as wellwith a low stock ofcapital, consumption must fallfaster than output to increase an arrivalrate that is monotonicallyincreasing in investment, as in (7) . This means that the earlier an economystarts with R&D (i.e. the lower the capitalstock at the moment R&D starts), the more

(more than proportionally) consumption has to be reduced.

Finally, the R&D line is steeper the lower totalfactor productivity b in R&D. For a given capital stock, a lower b requires more savings into R&D, i.e. lower consumption, in order to make the planner indifferent between capital accumulation and R&D.

3.2. Dynamic evolution of the economy

Since this diagramdiffers fromthe Ramseygrowth modelonlyin the R&D line, trajectories in this diagramare identical in both models, apart, ofcourse, on and below the R&D line. It is known that the saddle path ofthe Ramseygrowth modelcan have different forms. A high elasticityof substitution that induces consumers to hardlysmooth consumption leads to a quick accumulation of capitaland therefore a saddle path that is convex. Inversely, with a low intertemporalelasticityof substitution, the saddle path would be close to the zero motion line for capitalaccumulation (as drawn) (cf. e.g. Barro and Sala-I-Martin, 1995, ch. 2.6).

This means that the "saddle path" ofthe present model(denoted traditionalpath 17 in figure 1 ) may intersect the R&D line. Since there exists a traditionalpath for anyinitialcapitalstock � K , which implies that for K sufficientlylow, the traditionalpath lies between the R&D line and the zero motion line for capitalaccumulation, a sufficient condition for intersection is that the limit ofthe slope ofthe traditionalpath as it approaches the steadystate is higher than the slope ofthe R&D line in the steadystate. This certainlyholds when the elasticityofsubstitution is sufficientlyhigh. In this case,

17 The term saddle path would not be appropriate in the present context since this is not a traditional two-dimensional differential equation system with a unique steadystate which can be approached byjumping on the stable arm of the system only.

no trajectoryexists that leads to the steadystate without crossing the R&D line. Ifit does not intersect, the traditionalpath is one possible equilibriumpath ofthis economy, i.e. a path that satisfies all optimality and equilibrium conditions.

Now assume the economystarts with some initialcapitalstock suitable for production with the current vintage, � K . The economycan jump on the traditionalpath bychoosing the appropriate consumption level C i

TP and approach the long-run steadystate ifthe traditionalpath lies above the

R&D line (as drawn). Since investment in R&D is zero on the traditionalpath and since the steady state is never reached, the economy will never start investing in R&D.

Ifthe economystarts with a consumption levelsuch as � C i , the economyfollows standard laws of motion and accumulates physicalcapital, given an invariant technologyvintage g . Returns to investment in riskless capitalaccumulation fallsuch that eventuallythe centralplanner willfind it optimalto use savings for R&D finance. This is when the economyhits the R&D line and allsavings are invested into R&D, q = 1. The economywilltherefore stop growing, consumption willbe constant and research for new technologies is undertaken. The aggregate capitalstock at this point is denoted by K and willbe called the R&D capitalstock. Eventually, a new technologyis found and the economy starts with a new initial capital stock � K . Growth starts again.

3.3. The existence of an equilibrium path with growth and cycles

This section proves the existence ofan equilibriumpath with self-replicating cycles and growth which is the equivalent ofthis modelto a balanced growth path in standard models ofgrowth. An equilibriumpath is a feasible path that satisfies alloptimalityconditions. Let us take as a candidate for such a path the R&D path drawn in figure 1 . Let the initialand the finalcapitalstock be linked by

(3) . This path is an equilibriumpath ifthe consumption jump condition (21) implies that the consumption levelafter development ofa new technologyis given by � C i . Ifthis is the case, starting at � C i implies bythe laws ofmotion (16) and (17) ending at C i and restarting at � C i after successful development of a new technology and so on ad infinitum.

The existence ofsuch a path can be proven under weak parameter restrictions. We now first provide a proofofa theoremand then illustrate the proofofthe theoremwhich shows the very simple idea behind it. Implicitly, this proofassumes that the consumption jump condition implies a vintage independent relationship between productivityadjusted consumption levels before and after

R&D. In order to see that this is the case under standard assumptions about the utilityfunction, rewrite the consumption jump condition (21) , byusing productivityadjusted consumption levels according to (22) and by rearranging, as r

g g g g

g g b

u A A C u A C

A u A C

A

u A A C u A C

F K L C F K L C

i i i

i i

i i =

-

+ - - -

�

’

’ �

’

� , � ,

4 9 4 9

4 9

4 9

4 9

2 7 1 6

.

It is clear that with a utilityfunction ofthe iso-elastic, u C C

0

5

= a s , or logarithmic type, u C C

0 5

= a ln , allterms including the vintage argument g cancelout and we are left with a link between consumption before and after R&D of � C g C i i = 2

1 6 which is independent of g . In what follows, we will make

Assumption 1 (Consumption jumps)

Consumption jumps are characterized by a stable, i.e. vintage independent, relationship,

� , C f C i i = ×

1 6

, � C C i i < . 18

18 We will see in the decentralized economyof section 4 that such a relationship indeed holds for weak parameter restrictions.

12

Theorem 2 (Existence of an equilibrium path with growth and cycles)

Assume that the consumption jump condition (21) predicts that jumping fromthe steadystate back to � K implies that the new consumption level � C i lies above the consumption level C i

TP that puts the economyon the traditionalpath, f C C C C st st i i i

TP

. . , � �

2 7

= Þ >

0 . Then, there exists an equilibrium path with self-replicating cycles as the R&D path drawn in figure 1 .

The Theoremand its proof(cf. appendix) can be nicelyillustrated with the help of figure 1 . The assumption says that the consumption jump condition implies that jumping fromthe steadystate back (or froma value veryclose to the steadystate as in the steadystate, investment is zero and therefore new technologies can not be invented) to � K implies that the resulting consumption level � C i lies above the consumption level C i

TP on the saddle path. Choosing an initialconsumption levelclose to C i

TP therefore can not put the economyon an equilibriumpath with self-replicating cycles as after development ofa new technologythe economyfinds itselfabove the saddle path and willnever again invest in R&D.

Likewise, ifthe economystarts with a consumption levelthat is verylow (close to zero or zero), it willend up with a negative consumption levelafter one innovation. This follows fromthe implication ofthe consumption jump condition that � C C i i < . As there is a monotonous continuous increasing link between the initialconsumption level � C and the consumption levelafter the first innovation, the assumption and this finding implythat there exists at least one consumption level � * C for which the economyfinds itselfon an equilibriumpath with positive expected long-run growth rates and short-run fluctuations.

3.4. Equilibrium properties

On an equilibriumR&D path, the initialcapitalstock is constant across vintages. The initial consumption level, however, rises fromvintage to vintage by A . This follows directlyfromthe definition of C in (6) . The same is true for the consumption and capitalstocks at the end ofan R&D path. No result is available for consumption before and after the development ofa new technology. It falls in the phase diagram but it increases as g increases. Either effect may dominate.

The capitalstock at the beginning ofa cycle must be smaller than at the end ofa cycle. Hence, the destructive part is a necessarycondition for cycles to obtain. Ifthe introduction ofnew technologies did not cause obsolescence ofold production units, the modelwould be similar to Aghion and

Howitt (1992) extended for an explicit studyofhousehold behaviour. Imagine that parameters are such that (8) implies � K K = . Then the economywould permanentlystayon the R&D line, once it is reached, and total output and consumption would grow whenever a new technology is developed.

Investment into R&D follows a stronglycyclicalprocess. Ifresearch was not onlyrequired for the development ofnew technologies but also for how to best adapt technologies for a particular industryor firm, R&D expenditure would be observed allover the time and not onlyat specific points of the cycle.

As figure 1 shows, the economyis characterized bymultiple equilibria. In addition to the equilibriumpath with growth and cycles whose existence was just proven, the traditionalsaddle path is an equilibriumpath as well. Apart froma singular case, welfare ofthese two paths differ. It can be conjectured that the path with growth and cycles Pareto dominates the traditionalpath that leads to a steadystate. We therefore assume that the centralplanner would indeed chose the path with long-run growth and cycles.

4. Decentralization

This section presents a decentralized version ofthe above model. Allequilibriumproperties will be preserved, notablythe zero-one decision for R&D which keeps the decentralized version very tractable as well. The consumption jump condition willbe much simpler. The underlying economic behaviour suggests, however, that the decentralized equilibrium is not socially optimal.

Assume a large number ofhouseholds whose preferences are identicalto those ofthe central planner in (9) . Given the technologies (1) - (4) described above, it can be shown along the lines of

Wälde (1999b) that a household’s budget constraint reads d d d a ra w i e t

i

J

sa q = + - - + -

�

�

�

� 0 5 v .

The wealth ofhouseholds is denoted by a on which interests r are paid. Wage income is given by w while i and e are R&D and consumption expenditure, respectively. Aggregate investment into R&D is denoted by J ; the rest of the notation is as above.

One ofthe common places ofeconomics is that R&D in a decentralized economyrequires some formofimperfect competition as this allows those investing in R&D to recover their investment in

R&D. This budget constraint shows that R&D and perfect competition can be reconciled ifthe outcome ofR&D is not onlya better technologybut also some tangible good, v in this case. Factor payments to those that own the new production unit v cover R&D payments made before, even under perfect competition.

The household’s solution ofit’s maximization problemyields the same dichotomyas above, provided that households can be described bythe concept ofa representative agent and that the

R&D sector, i.e. the arrivalrate in (4) , is characterized byconstant returns to scale, as is common for perfectlycompetitive economies. Investment therefore follows (a proofand further discussion can be found in Wälde, 1999b) i ra w e

r s =

+ -

%

&

’

(

)

* Û - - - -

>

=

%

&

’

(

)

*

0

1 1 0 r l W .

An aggregation ofthese optimalityconditions leads to exactlythe same equations ofmotion as in the centralplanner’s economy. In the deterministic regime, aggregate consumption follows (16) , the capitalstock follows (17) and both variables are constant in the stochastic regime. When the stochastic regime ends, i.e. after a new technologyhas been found, the new aggregate capitalstock is

(and ofcourse has to be) given by (3) . The onlybut veryinteresting difference between the centralized and decentralized equilibrium lies in the jump ofconsumption after the discoveryofa new technology. To see this, consider a household’s Bellman equation r g g l g g

V a u c V a ra w i e I V a V a e i a , max , � , ,

,

1 6 1 6 1 6 1 6 1 6 1 6

=

B

= + + - - + + -1 and compute the derivative with respect to the share q . This gives d d i

u c V a ra w i e V a V a V a b p

V a a a

I

a

1 6 1 6 1 6 1 6

= B 1 6 1 6

+ + - - + - = - + l v

� �