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Abstract

New research approaches of sciences like statistics and toxicology have been coming up
through rapid development in the last years. However, those research approaches often
refer to only one of the two sciences, not considering important aspects of the other disci-
pline. Especially in the crucial part of planning an experiment, the laboratory routine in
toxicology does not consider optimal design theory of statistics, although there is already
much research present, which could help to improve the research results. This demon-
strates a huge gap between practical applications in toxicological research and existing
statistical theory. On the one hand, this gap exists due to the missing statistical methods
specifically tailored to toxicological applications, and on the other hand, if those statistical
methods exist, they are not reported in a clear manner for non-statisticians. The conse-
quences for toxicological experiments are a waste of observations, or even worse animals,
and non-optimal results in terms of precision. Therefore, this is an important aspect in the
field of statistics and toxicology, which needs to be addressed. Optimal design approaches
specifically tailored to toxicology must be developed and reported appropriately.

This cumulative thesis is based on three works, that all present optimal design approaches
for diverse toxicological applications. The first manuscript highlights the importance of
considering optimal design approaches for classical cytotoxicity experiments in a user-
friendly manner. Here, different optimal design approaches are compared to typically used
designs in practice based on an extensive case study. Moreover, a guideline for cytotoxicity
experiments and an R-Shiny software tool are presented, which both facilitate the planning
of upcoming cytotoxicity experiments. In the second manuscript a new design approach
for the precise estimation of effective dose sets in drug combination studies is developed.
For that matter, the performance of the corresponding developed criterion is investigated
in a simulation study based on various scenarios including a case study. Finally, a new
design approach for the analysis of high-dimensional gene-expression data is developed in
the third manuscript. While two of the manuscripts are already published, the second one
is attached in its current, unpublished form.
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Introduction






1. Motivation

One of the most famous quotes in toxicology, attributed to Paracelsus, is: “The dose
alone makes a thing [not] a poison” (originally in German: “Allein die Dosis macht, dass
ein Ding (k)ein Gift sei”) (Paracelsus, 1965). This quote highlights the crucial aspect of
dose-response analysis, specifically regarding how dose levels influence the (toxic) effects
of a substance. Although the assertion that only the dose affects toxicity is now consid-
ered outdated (Bédeker and Moebus, 2024), as other factors like e.g. exposure time can
also influence toxicity, it nonetheless illustrates a fundamental principle of toxicological
analysis. In most contexts, the dose of a substance remains the primary factor of interest,
prompting researchers to investigate the relationship between different dose levels and
their corresponding responses precisely.

The dose-response relationship is investigated in various different fields. One important
application area is the development of new drugs, where specifically the “best” dose for
a therapy is of interest (Ting et al., 2017). Besides, toxicity is often studied in preclinical
settings or outside of pharmaceutical contexts (Hothorn, 2016). All fields share a common
goal: to measure the dose-response relationship as precisely as possible and to extract the
most information from it.

For that matter, alert thresholds or effective doses are a primary concern, to detect which
dose level leads to a specific amount of the maximal effect. For instance, in a typical
toxicological cell experiment, where cell viability is measured, an alert threshold can be
defined by the absolute effective dose EDs5q, which refers to the dose at which exactly 50%
of the cells die.

Given the numerous possible applications mentioned above, dose-response analysis and
the ongoing improvement of the associated methods are very important. In this thesis
three current challenges related to optimal design theory in toxicology are presented and
discussed, new methods are developed to address the corresponding research gaps and
improve future experiments.

The first important challenge is referring to the design of typical dose-response experi-
ments in general. The current state of the statistical methodological research regarding
the design of experiments is not yet reflected in the laboratory routine (see Kappenberg et
al., 2023). Kappenberg et al. (2023) reviewed all papers of 2021 in three journals selected
out of the top toxicological journals and examined the methods for planning, executing
and analyzing dose-response analyses. From a total of 5670 dose-response analyses, not
one referred to some statistical consideration of the experimental design. Furthermore,
the applied experimental designs were often not clearly stated at all. Instead, laboratory
routines typically employ equidistant or log-equidistant designs based on dilution factors,
despite the fact that arbitrary concentration choices are feasible in cytotoxicity experi-
ments. In contrast to this, there is extensive theoretical research on optimal designs (see
Pukelsheim (2006), Dette et al. (2008) among many others) that demonstrates how fewer
observations are needed in an experiment, when planning the experimental design in an
optimal way. Hence, optimal design of experiments lead to reduced costs and, in animal
studies, a decrease in the number of animals required.
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Due to the fact that statistical concepts are often very complex and not necessarily cus-
tomized for toxicological contexts, they are often not known in practice and additionally
quite difficult to apply for practitioners. Furthermore, there are very few user-friendly
tools available to implement the concepts of optimal experimental design (Holland-Letz
and Kopp-Schneider, 2021). This large gap between practical application and existing
theory in development must be bridged by more toxicology-related statistical research.

Recently, interest has shifted from examining the effects of a single substance only to
exploring the combined effects of two substances, leading to the second important aspect of
this thesis dealing with dose-combination experiments. Such preclinical dose-combination
studies serve as the foundation for corresponding clinical trials in humans (Chou, 2008). In
these cases, while the dose-response relationship for each individual substance is often well
understood, the combined effect remains unknown. There are different ways to describe
the interaction of two substances. Established strategies are for example isobologram
or combination index analysis as well as response surface models (see e.g., Zhao et al.
(2010), Foucquier and Guedj (2015) and Holland-Letz and Kopp-Schneider (2018)). While
isobole analysis and combination index methods reduce the interaction analysis to a one-
dimensional linkage, response surface analysis allows for the investigation of the dose-
response shape across all dose combinations within the design space. Hence, Zhou et al.
(2024) propose modeling drug combination response data with response surface models.

Research has already been conducted on how to optimally design drug-combination studies
based on the classical D-optimality criterion (see e.g. Papathanasiou et al., 2019), which
aims for precise estimation of the overall response surface. Similar to analyses involving
a single substance, specific threshold levels, referred to as effective doses ED,,, are also
of interest in drug-combination settings. These effective doses correspond to achieving a
specific percentage p% of the maximum effect within the design space of interest. Due to
the two-dimensional nature of the problem, multiple combinations of doses can yield this
specific amount p, resulting in contour lines on the response surface. The key question then
arises: Which design should be selected when specific threshold levels are being targeted?

The third challenge covered in this thesis arises from high-dimensional toxicological data
sets. In the last decades the scope in toxicological research enhanced with the field of
gene expression analysis leading to a large amount of data. In gene expression analysis,
the focus is on how information from genes is utilized to synthesize specific products
within an organism. Here, the translation of the genetic information into such products,
e.g. proteins, is of interest. In detail, the genetic information, contained in each cell of
an organism and referred to as deoxyribonucleic acid (DNA), compresses the information
for the translation of products in each cell and therefore contributes to the phenotype
of the organism (Berg et al., 2018). Therefore, gene expression serves as a link between
the genotype - the genetic information - and the resulting phenotype, which corresponds
to the observable characteristics. By analyzing such genetic information, we can gain a
deeper understanding of biological processes and diseases.

According to Baldi and Hatfield (2011), DNA microarray analyses were primarily con-
ducted for this purpose, allowing for the simultaneous examination of all genes in a cell
using a gene chip. Under predefined conditions, the level of gene expression for each gene
is determined simultaneously. This leads to new challenges in the design aspect, since
one design is required for evaluating thousands of genes simultaneously. Here, a precise
estimation of the concentration-response relationship of all genes is of interest. Another
challenging aspect after conducting the experiment is the large amount of data due to the
high-dimensionality.
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The works presented in this thesis address the three challenges mentioned earlier in various
ways. To tackle these challenges, the design of experiments is explored in one-dimensional,
two-dimensional, and high-dimensional settings in each article, respectively. The first ar-
ticle highlights the importance of optimal designs in practice, presenting them in a user-
friendly manner. It focuses on cytotoxicity experiments, where multiple concentration
choices are available for designing experiments. However, practitioners often rely on dilu-
tion factors when selecting the design of the experiment. This article compares commonly
used design approaches in practice with those derived from optimal design theory through
an extensive case study. Through data-driven analyses and visualizations, the importance
of employing optimal designs is demonstrated for practitioners. Additionally, the article
provides guidelines for upcoming cytotoxicity experiments and introduces a user-friendly
software tool to facilitate the calculation of optimal designs.

The second article tackles the challenge of making appropriate design choices for drug-
combination studies. A new design criterion is introduced, aimed at achieving precise
estimations of effective dose levels within a two-dimensional framework. This article de-
velops concepts from optimal design theory, including equivalence theorems, efficiency
bounds and analytical results. Additionally, the new design approach is compared to es-
tablished factorial and ray designs as well as D-optimal designs across various scenarios,
including a detailed case study.

Finally, the third paper addresses the challenge of designing toxicological experiments in-
volving high-dimensional gene-expression data. In this work, concepts from optimal design
theory are adapted to high-dimensional contexts. A new criterion is developed specifically
for estimating a large number of concentration-response curves. The newly developed
design, called simultaneous inference design, is compared to various other approaches,
including established methods such as log-equidistant and equidistant designs. This com-
parison is based on a real case study and includes both theoretical evaluations based on
efficiencies and practical assessments conducted through a large simulation study.

The thesis is structured as follows: Chapter 2 presents the statistical background nec-
essary for understanding the three articles in detail. The concepts described here are
well-established and have been developed prior to this research. All newly contributed
methods are based on these concepts. Chapter 3 offers summaries of all articles included
in this thesis. Finally, Chapter 4 provides a comprehensive discussion of these contribu-
tions. Additionally, all articles are attached at the end.






2. Statistical Methods

In the following chapter, the central statistical methods employed in this thesis are pre-
sented to provide the statistical background necessary for understanding all three articles.

Throughout this thesis, the terms “dose” and “concentration” are used interchangeably.
From an applied perspective, these terms describe different biological contexts. However,
in terms of the mathematical relationship within the model, there is no distinction between
dose and concentration. Consequently, the term “dose” is mostly used within this thesis.

2.1. Dose-response modeling

In numerous scientific fields, including toxicology and clinical research, it is essential to
accurately determine the relationship between the dose of a substance and its effect (see
Proctor et al. (2017), Vorrink et al. (2018), Brecklinghaus et al. (2022) among many
others). The effect, which can be any metric effect of interest, is here referred to as
response. For instance, in toxicology, one often measures cell viability, expressed as the
percentage of living cells. To analyze the relationship of the dose and its response, dose-
response experiments are conducted.

Dose-response experiments persist of n different measurement levels xq,..., 2, € X,
where X’ defines the design space. At each measurement level x; for i = 1, ..., n multiple
measurements r; can be obtained, while the total number of observations in such an exper-
iment equals N = »" | r;. This thesis considers one-dimensional measurement levels cor-
responding to a single dose level x; € [0, Zmax] C R of a substance X of interest, as well as
two-dimensional measurement levels represented by x; = (v;, w;) € [0, Vmaz] X [0, Wiax] C
R?, which refer to dose combination levels of the substances V' and W, respectively. The
design spaces are defined as either one-dimensional or two-dimensional and are bounded
by the placebo dose(s) of 0 and the maximum considered dose levels Zyax, Umax, Wmax- FOr
simplicity, we refer to these as dose-response experiments, which may pertain to either
one-dimensional doses or two-dimensional dose combinations, depending on the context.

The experimental design of a dose-response experiment can then be denoted as an exact
design (Fedorov and Leonov, 2013), with

wl .. mn
En = oo, T |
N N

In the design context the measurement levels x; are also called support points of the
design {y with corresponding weights % for i = 1,...,nand > " w; = 1.

Assuming that the weights of an exact design converge asymptotically to weights w; €

(0,1] with A}im % =w; foralli = 1,...,n, we can denote the (continuous) design £ as
—00

a probability measure with mass w; at each design point x; € X, as indicated by Kiefer
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(1974). This is represented by

The distinction between a design £ and the exact design &y lies in the fact that £ is
independent of the total number of observations N and the weights w; vary continuously
within the interval (0, 1].

To gather information about the effect of the substance(s) of interest after conducting a
dose-response experiment, the following functional relationship is assumed:

Y;:T](m“e)—FEU 1=1,...,n, jzl,...,’l"i, BEGZRP, (21)

which corresponds to a (non)linear regression model, where ¢;; are independent random
variables such that ¢;; ~ N(0,0?) with ¢ > 0 unknown. The function 7 : X x R? — R
describes the assumed dose-response shape and @ the corresponding p-dimensional model
parameter.

For specific experimental data the corresponding dose-response shape can be estimated
based on the Maximum Likelihood Estimation of the model parameter 8 (Casella and
Berger, 2024). The Maximum Likelihood Estimation method aims for the best-fitting
estimates by maximizing the likelihood of the functional relationship, thereby ensuring
the highest probability that the observed data points align with the model.

First the likelihood needs to be specified. For the regression model in (2.1) the corre-
sponding likelihood is defined as

£(8,0%ly,z) = H 1_1 fyijlz:, 0) = H 1_1 —2202 exp {— (yij _ ;75;"’ 0)) } ’

i=1 j=1 i=1j=1

since we assume that the response values Y;; are independent and follow a normal distri-
bution N (n(x;, 0),0?%) for i = 1,...,n with density function f(y;;|x;, 0). Here, the vector
of responses is denoted as y = (Y11, - .., Ynr,) and the vector of dose levels is denoted as
x = (x1,...,x,). Let 6 define a function of y and x, where the likelihood attains its
maximum with @(y|z) for a fixed y. Mathematically this means

@(y|w) = arg max £(0, 0%y, x).
0co

Following Casella and Berger (2024) the Maximum Likelihood Estimator (short: MLE)
of @ then is defined as O(Y|a) for the sample of random variables Y = (Yi,...,Y,,, ).
The corresponding Maximum Likelihood estimate is attained with the realized value of
the estimator based on the experimental data.

Note that o also needs to be estimated for the Maximum Likelihood estimate 8, but can
be estimated separately (for details see Casella and Berger, 2024). For simplicity, we will
denote the MLE in the following as 8 instead of (Y |x).

Besides, different methods to estimate the model parameter @ exits. Apart from the Max-
imum Likelihood estimation another popular approach is the Least-Squares estimation
(short: LS estimation). When estimating the model parameter with the LS estimation,
the parameter estimate 01 shows the smallest quadratic deviance of the considered data
points (Fedorov and Leonov, 2013). In case of normally distributed data points, like we
assume in (2.1), the MLE and ordinary Least-Squares estimator coincide.
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Another property of the MLE is that, under standard regularity conditions and in case
of identifiability of @, it can be assumed that the MLE 6 is asymptotically normally
distributed with:

VN(9-6) B N(0,M71(¢,8)), (2.2)

while D stands for convergence in distribution (Jennrich, 1969). On the one hand, this im-
plies that the asymptotic mean is equal to zero, indicating that the Maximum Likelihood
Estimator is consistent. On the other hand, it signifies that the asymptotic variance of
the Maximum Likelihood Estimator  is directly related to the corresponding information
matrix, which is defined as

o = [ 2w (Lwo) dew,

for normally distributed errors € ~ A(0,0?) as assumed in (2.1). It is important to note
that the information matrix depends on both the parameter @ and the chosen design &.

A specific example of dose-response modeling is the four-parameter log-logistic model
(short: 4pLL-model), which is commonly used in the context of one-dimensional dose-
response analysis. Following Ritz et al. (2015) the 4pLL-model is defined as

d—c
1 + exp(b(log(z) — log(e))

where z refers to the dose level within the design space X C R. The lower and upper
asymptotes are described by ¢ and d, respectively, whereas the steepness of the curve is
described with parameter b. The parameter e refers to the effective concentration ECsg, the
dose where 50% of the maximal effect is achieved. For practical applications, the 4pLL-
model is implemented in the R package drc (Ritz et al., 2015). Here, a least-squares
estimation of the model parameter is used for estimating the model parameter.

n(x,0) =c+ . 0= (bcde)T, (2.3)

The 4pLL-model is often referred to as the sigmoid Emax model, which represents a
different parameterization of this model. According to Macdougall (2006), the sigmoid
Emax model is defined as follows:

n(z,0) = By + ———ox 0 = (Eo, Emax, ECs0, 1)7, (2.4)

where Eq corresponds to the placebo effect, E, .« denotes the maximal effect, EDs5q rep-
resents the effective dose, where p of the maximal effect is achieved, and the steepness
is described with h. Although the model formulas appear different, both models (2.3)
and (2.4) yield the same model curve (see Kappenberg (2021) for details). In practice,
the sigmoid Emax model can be fitted using the DoseFinding package in R (Bornkamp
et al., 2024). Note that due to different optimization functions used in both R packages
there can be numerical differences for the models.

Given that the biological relationship frequently results in a sigmoidal pattern, and the
4pLL-model (also known as the sigmoid Emax model) effectively captures this behavior
with its sigmoidal shape, it is one of the most widely used dose-response models (Goutelle
et al., 2008). However, alternative models such as linear, exponential, Emax, or quadratic
models are also potential options (see e.g. Bretz et al., 2005).

It should be noted that calculating estimates for nonlinear regression functions can lead to
difficulties. In the mentioned examples of the 4pLL-model/ sigmoid Emax model, it may
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occur that the corresponding likelihood cannot be computed due to underlying computa-
tionally singular information matrices when the slope parameter is chosen to be very high
(Mielke, 2016). Additionally, it should be mentioned that the likelihood changes very little
numerically at higher slope parameters, as the likelihood function exhibits an extremely
flat slope around its maximum (see again Mielke (2016)). Consequently, it is sensible to
constrain the slope parameter when estimating parameters in practice.

2.2. Optimal design theory

A main challenge before conducting an experiment in general is how the corresponding
design should be chosen. The field of optimal design of experiments provides statistical
methods to calculate optimal designs for diverse experimental settings. In this thesis
optimal design theory for dose-response modeling (see Section 2.1) is presented.

When an experiment is planned the main intention is to maximize the information gain,
which corresponds to achieving most precise results. Since we assume an underlying func-
tional relationship between dose and response with (2.1), this means a precise estimation
of the model implicating a precise estimation of the corresponding model parameter 6.
Since the primary objective of estimating is to achieve an unbiased estimate, which is
asymptotically accomplished by (2.2), the next goal is to be most precise. Thus, a mini-
mal variance is of interest.

The link between the asymptotic variance of the MLE and the corresponding information
matrix (see (2.2) for details) can be utilized to identify optimal design choices. Those
result in minimal variance referred to minimizing the inverse of the information matrix
M~1(£,0) or equally maximizing the information gain by maximizing M (¢, @). Here, the
challenge occurs, that the variance in fact can be expressed via the information matrix,
but is is not directly clear when this variance gets minimal (or the information maximal),
since there is no total order for matrices. There exits only a partial order, called Loewner
ordering. According to Pukelsheim (2006), the Loewner ordering is defined on the set of
k x k symmetric matrices denoted with Sym(k). Two matrices A, B € Sym(k) can be
ordered with the Loewner ordering denoted with >, if the following holds

A> B & A-B>,0 < A—BecNNDk),

where NND(k) denotes the set of non-negative definite k x k matrices. The problem is,
there are matrices, which are not comparable with the Loewner ordering given that neither
A <; B or B <; A holds true. Due to this lack of a total order for matrices, the minimal
variance based on the information matrix cannot be calculated directly. Criteria are used
to specify an order of such matrices by utilizing their properties.

On one hand such criteria need to offer the ability to link the matrices to real values, such
that we can use the order of the real numbers to identify a design with a corresponding
information matrix as optimal, and on the other hand those criteria need to provide a
unique extreme value such that the optimal design can be identified explicitly. Mathemat-
ically this means optimality criteria are based on concave or convex functions depending
on the context. If minimizing the variance expressed with M~1(€, 8) is of interest, a convex
criterion can provide a unique minimum. Pukelsheim (2006) emphasizes that the primary
aspect of optimal design of experiments is maximizing information gain, which is linked
to maximizing the information matrix M (&, #). Consequently, a criterion, which aims for
such a maximization results, should be a concave function to provide a unique maximum.

10
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For simplicity, the following section only refers to concave criteria that maximize informa-
tion in terms of the information matrix M (&, @) itself. Due to the functional relationship
between the asymptotic variance and the inverse of the information matrix, all concepts
of concave criteria can also be transferred to this relationship and corresponding convex
criteria.

Following Pukelsheim (2006) optimal design criteria are defined as functions that assign
a real value to each information matrix based on its characteristics. The set of all possible
information matrices is denoted with the following set

M:={M(£,0): €=},

where = corresponds to the set of all possible designs for the design space X. The set M
corresponds to a convex subset of the set of non-negative definite p x p matrices NND(p)
(Pukelsheim, 2006). Specifically, a criterion ¢ is defined as a concave and differentiable
function ¢ : NND(p) — R. Given the inherent order of real numbers and the concavity
of the criterion, the design leading to the unique maximal information (expressed via
the information matrix) can be calculated explicitly based on such criteria. Therefore, the
objective to maximize the information based on the criterion ¢ on all possible information
matrices yields the optimal design. More precisely, this means a design £* is p-optimal, if
and only if
&= arggerzlax ©(M(£,0)).

Following Pukelsheim (2006), a concave criterion ¢ is directly related to the convex analog
with 1/¢. Thus, the concavity of the information criterion ¢ (or indirect the convexity of
1/¢) allows for the application of convex optimization methods to identify the optimal
design within the convex set of all possible information matrices M.

In the case of a linear regression function n(x, 0) = 87 g(x), with g(z) = (g1 (), ..., g,(x))
being a vector of basis functions, like e.g. polynomials, the information matrix does not
depend on the parameter 6. This is because the defining gradient Zn(x, 8) = g(x) does
not depend on € in this context. However, when the function 7 in (2.1) is nonlinear, this
dependence arises, and the information matrix becomes a function of 6. For this scenario,
Chernoff (1953) introduced the concept of locally optimal designs. The optimal design &
is calculated based on an initial estimate of the parameter 6. This approach yields the
theoretically most precise estimation when this initial estimate coincides with the true
value 6. Conversely, if the parameter is misspecified, the corresponding locally optimal
design &, may lead to a poor performance.

The calculation of optimal designs can be quite complicated due to the underlying convex
optimization problem. Therefore, it is beneficial to verify whether a design is p-optimal
in a more pragmatic manner for practical purposes. In this context, equivalence theorems
are highly useful for assessing optimality. These show that the maximum has been found
for £ with M (&*,0). Since the concavity of the criterion ¢ ensures that the maximum
is unique, it only needs to be shown that it is indeed a maximum. For a maximum all
directional derivatives must be less than or equal to zero.

Mathematically, this means, according to Silvey (1980) a design £* is p-optimal, if and
only if the Fréchet derivative of ¢ evaluated in M* = M (£*,0) is less or equal to zero for
all directions F, with E being an information matrix of the Dirac measure at xy, denoted
as Oz, i.6. B = xoxl € {M(0y,,0) : &y € X} =: D. In detail, this means

Fo(M*,E) =lim o((1 —e)M" +cE) —(M") <0 VE € D. (2.5)
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2.2. Optimal design theory

It is sufficient to show the inequality for all E' € D since the set of all possible information
matrices M is the convex hull of the set of all Dirac information matrices D.

The quality of a design £ in comparison to a -optimal design £* in general can be quan-
tified with the corresponding efficiency. Following Pukelsheim (2006), the corresponding
efficiency is defined by

(£, 6)

p(£,0)’
whose value lies in [0, 1] by definition. With the efficiency, the ability of design £ to utilize
the information can be expressed in a percentage.

B, (¢,0) =

In most application scenarios, it can be assumed that there is variability among different
experiments, which may arise from different laboratory settings or day-to-day effects.
Since designing new dose-response experiments requires an initial estimate of the model
parameter @, relying on a rough estimate often results in misspecifications of the true
parameter due to this variability. Consequently, this highlights the necessity for more
robust designs.

For a predefined prior distribution 7 of 8 € © (Pseudo)-Bayesian designs can assure more
robustness based on the different parameter values within the considered distribution.
Following Pronzato and Walter (1985) and Chaloner and Larntz (1989) a design & is
Bayesian @-optimal for the criterion ¢, if it maximizes

W(E) = / 2(¢.6) dn(6)

for all possible designs ¢ € = in the design space.

After introducing the key concepts of optimal design theory in general for a criterion
v, we will now focus on a specific example: the D-optimality criterion, which is often
addressed in this thesis. Following Chernoff (1953) and Pukelsheim (2006), a design £p is
called locally D-optimal for estimating the parameter 8 € RP, if it maximizes the concave
functional

¢op(£,0) = det(M<§70)>1/p

among all designs £ on the design space X. Here, maximizing the determinant of the
information matrix corresponds to maximizing the information gain in general. Therefore,
the D-optimality aims for a precise estimation of the complete parameter .

Furthermore the relationship of concave and convex criteria can be illustrated easily based
on the D-optimality criterion. According to the definition of the D-optimality, the criterion
is concave and aims for maximizing the information gain, resulting in a unique maximum
accomplished by the D-optimal design &p. If instead minimizing the variance is of interest,
the criterion can easily be transformed to a convex criterion, which aims for minimizing
the determinant of the dispersion matrix with det(A/~'(¢,0))'/? and leads to the same
unique minimum &p (Pukelsheim, 2006).

In practical applications the calculation of such D-optimal designs is often based on meta
heuristic algorithms, which do not guarantee convergence to an extreme value. Therefore,
it is desirable to verify whether a design is locally D-optimal with a corresponding equiv-
alence theorem. For that matter, it can be validated if a design &p is locally D-optimal
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by checking whether the inequality

0
— 2T —
~ 09" 56"
is satisfied for all © € X (see Fedorov and Leonov, 2013). In other words this shows that

the D-optimal design £p maximizes the criterion ¢p via calculating the Fréchet derivative
of ¢p. In detail, the inequality (2.6) is an example of inequality (2.5).

d(x,¢p, 0) (x,0)M~*(£p, 0) x,0) —p<0 (2.6)

The quality of another design & compared to the D-optimal design &p can then be assessed
by its D-efficiency, which is defined by

L ¢D<§70)

EH@D (57 0) : @D(gD; 0)7

whose value lies in [0,1] by definition. The better the design £ is in terms of the D-
optimality criterion, the greater is its efficiency. Additionally, the efficiency of the D-
optimality is directly linked to the portion of additional observations needed for the non-
optimal design compared to the optimal design (Fedorov and Leonov, 2013). In detail
(1/Eff,, (£,0) — 1) x 100 % more observations are needed for a non-optimal design com-
pared to the D-optimal design £. For instance this corresponds to 25% more observations
needed for a non-optimal design with a D-efficiency of 0.8.

2.3. Particle swarm optimization

The particle swarm optimization (short: PSO) is an iterative and metaheuristic algorithm
for optimization problems. It is often used for complex optimization problems, like they
can occur in optimal design theory (Chen et al., 2022). Originally the idea of the PSO
was proposed by Kennedy and Eberhart (1995) and is based on nature’s concepts. To
be precise, the behavior of a swarm, e.g. birds searching for the best nesting site, serves
as the basis for the concept of the PSO and also contributes to its name. Just as in the
example of birds searching for the best nesting site, the PSO seeks an optimum in a given
optimization problem. For that matter, two fundamental ideas are the basis of the PSO.
On the one hand, the position of objects of the swarm, which in the example correspond
to individual birds, influences the PSO, while each object’s position could be the potential
optimal solution. On the other hand, the movement /velocity of the swarm objects is part
of the PSO. This movement is influenced by different factors: the own velocity of each
object (bird), the velocity of the swarm (bird flock) and random components. Due to this
concept the movement of the total swarm should be directed towards the optimum, which
then can be identified.

Nowadays, there are also other metaheuristic algorithms defined on similar principles as
the PSO, e.g. the imperialist competitive algorithm (see Atashpaz-Gargari and Lucas,
2007 for details), which is also frequently used for in terms of the calculation of optimal
designs (see e.g. Masoudi et al., 2017). However, for the sake of brevity, this thesis will
focus on explaining the PSO.

According to Clerc (2006), the PSO of an optimization problem, based on a criterion of
interest, can be mathematically described based on the following principles. Unless stated
otherwise, the following refers to Clerc (2006).

First, the number of considered objects in the swarm P, in the following denoted as
particles, and the number of iterations 7" needs to be fixed in advance. The PSO then
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includes the number of particles specified in each iteration step, while it ends with the
last iteration step. Consequently, the higher both numbers are, the more likely it is that
the optimum can be found by the PSO. However, the number of iterations as well as the
number of particles influences the runtime of the algorithm, which can exceed quickly.
Therefore, depending on the considered optimization problem, a tradeoff between a high
number of particles and iterations as well as a short runtime needs to be found.

In case of a z-dimensional problem in the problem space Z = [Ziin, Tmax] . € R?, each ar-
ticle has positions «; with @«; = (x;1,...,2;.) and velocities v; with v; = (v;1,...,v;,).
In the beginning both the positions as well as the velocities of each particle are assigned
randomly based on a uniform distribution in [(Zmin — Zmax)/2; (Tmax — Tmin)/2]-

In the progress of the algorithm the position of each particle changes based on certain
impacts due to its velocity. For that matter, following Kennedy and Eberhart (1995) two
components, a cognitive component and a social component, influence the velocity of the
particles similar to the phenomenon in nature. The cognitive component incorporates
the best criterion value of particle i achieved until iteration ¢t € {1,...,T} denoted with
Poestia(t), where d € {1,...,z}, and therefore shows the cognitive learning from former
iterations of the particle. The social component is based on the best criterion value of all
particles achieved until iteration ¢, denoted with gpesta(t). In each iteration, the quality
of each particle’s position is evaluated based on the criterion of interest. The best value
for each particle, as well as the swarm’s overall best value, is updated in each iteration.
Each particle position is then updated in the iteration step with incorporating both the
social and the cognitive component via

Ii7d(t + 1) = xz‘,d(t) + ’l)i7d(t + 1)
with

Ui,d(t + 1) == Ui,d(t)
+ C1 - Rand (0, 1) . (pbesti,d(t) — Ii7d(t))
+co- Rand(O, 1) : (gbestd(t) — Tid t))

With ¢; - Rand(0, 1) and ¢; - Rand(0, 1) the velocity is also influenced randomly with a
random number denoted with Rand(0, 1). According to Clerc (2006), the constant values
c1 and ¢y can be specified individually for each optimization problem. However, values
leading to a better and faster implementation can only be found via experimental trial.

For practical applications it is also desirable to restrict the movement of the particles to
the search space Z of interest. It should be prohibited that particles move outside the
search space, with adjusting the particles x; 4(t) € [Zmin, ZTmax) i €ach iteration ¢ with

'Ui,d(t) ~—0
xi,d(t) < Zmin = xi,d(t) <— Tmin
Tia(t) > Tmax = Tia(t) < Tmax.

On the basis of this principles the position of the particles are adjusted in each iteration,
while the final result of the PSO is given in the last iteration 7" with the positions d =
1,..., D leading to the best value gpestq(7), respectively.

Based on the random movement of the particles often a broad exploration of the search
space is possible. Therefore, there is also a high probability for finding the optimal criterion
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value. However, there is no convergence guarantee of the PSO. Nevertheless, the PSO is a
good method to solve non-linear and multidimensional optimization problems efficiently
(Shi et al., 2019). Especially, in terms of optimization problems regarding optimal designs,
the optimality of the final PSO result can also be validated via an equivalence theorem
(see Section 2.2 for details).
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3. Summary of the Articles

3.1. Article 1: Design of optimal concentrations for in
vitro cytotoxicity experiments

The first article provides important aspects of research in statistics and toxicology by
emphasizing the importance of optimal designs in practice. There exists a huge gap be-
tween the current status in applicable statistical methods and the everyday laboratory
routine. A recent literature review of Kappenberg et al. (2023) for three top toxicological
journals, showed that no statistical considerations were made in laboratory routine in
terms of the design choice. Often equidistant or log-equidistant designs based on specific
dilution factors are used in practice, although other concentration choices would be re-
alizable in cytotoxicity experiments. In contrast to this, there is already much research
present, showing that optimal designs lead to the most precise estimation by using less
observations than non-optimal designs.

The aim of this paper was to bridge the gap between theory and toxicological applica-
tion. We emphasize the importance of optimal designs in practice by showing the impact
of different design choices in a practical way based on an extensive case study. Further-
more, we provide a guideline for the design of upcoming cytotoxicity experiments and
a user-friendly software tool for a direct calculation of the corresponding optimal choice
of concentrations. Two different scenarios are considered: one in which prior knowledge
of the substance of interest is directly available, and another in which there is no prior
knowledge about the substance itself, but information exists regarding related substances.

In detail, we analyzed an extensive case study of the toxic substance valproic acid (short:
VPA) persisting of four experiments with 50 concentrations each for the scenario with
pre-existing knowledge of the test substance. This data set, which is extremely large and
untypical in a toxicological setting, was used to specify a reliable reference curve for
the concentration-response relationship of VPA via a four-parametric log-logistic model
(4pLL-model). The specified references curve enabled the comparison of different choices
of concentrations by calculating the corresponding precision to this reference curve. To
be precise, in a simulation study new cytotoxicity experiments were imitated by sampling
data points from the large VPA data set in each simulation step, so we maintain a realistic
selection of observations. Two often used design approaches in laboratory routine, i.e. a
log-equidistant design approach and an approach based on biological arguments, both
based on dilution factors, were compared to a Bayesian D-optimal design approach (short
called: Bayesian design) from optimal design theory. Furthermore, the different design
approaches were compared for different numbers of concentrations, i.e. four to seven, and
different numbers of technical replicates at the specific concentrations, i.e. three or six
each. The precision of the considered designs was then measured for the new model fit
of each simulation step by comparing this model fit to the reference curve via the Root
Mean Squared Error (short: RMSE).



3.1. Article 1

The results clearly show that the Bayesian optimal design approach leads to the high-
est precision to the reference curve for all numbers of concentrations. Additionally, the
Bayesian design with seven concentrations shows also the highest precision of the alert
concentration ECs, compared to the reference ECsy. The log-equidistant design leads to
a much less precise estimation and high variability when incorporating four to six con-
centrations. It improves when the seventh concentration is added. The design based on
biological experience is also inferior to the Bayesian design approach in terms of general
precision to the reference curve and a precise estimation of the ECsg.

Besides, we analyzed how many observations are needed for the different designs to achieve
a precise estimation of the ECgy. For all numbers of concentrations the Bayesian design
requires the smallest sample size, so the smallest number of technical replicates at each
concentration, while the biologically motivated design and the log-equidistant design re-
quire more than 2 or 4 times more observations in total to achieve the same precision,
respectively.

In addition to the analysis of the different design approaches in general, we investigated
with another simulation study, how a sequential setup of an experiment influences the
precision of the different design approaches. Here, the sequential approach consists of a
pre-experiment and a main experiment. For the pre-experiment, all three different design
approaches are considered, while the main experiment is designed based on the infor-
mation gathered from the pre-experiment using a Bayesian design, as this method has
demonstrated the best results in previous analyses. The analysis demonstrates that the
results are not improved by a sequential approach, if the experiment is planned in an
optimal way in the first step already, i.e. for the VPA data set the Bayesian or the log-
equidistant design with seven concentrations. If instead the design based on biological
arguments is used, an improvement by the sequential approach is clearly visible. The se-
quential approach tends to be more advantageous when the design of the pre-experiment
is suboptimal.

Moreover, we analyzed how different design approaches perform for new substances, where
only limited prior knowledge is available based on other related substances but not for
the substance itself. A large data set of 104 different but related substances was used to
calculate a Bayesian design for the substance VPA, without knowledge of the substance
itself. A theoretical simulation study then compared the ability to estimate the VPA dose-
response relationship of the Bayesian design without prior knowledge of VPA to the three
different design approaches. As well as in the scenario with pre-existing knowledge, the
Bayesian design even without prior knowledge of VPA shows a higher precision than the
design based on biological arguments, both in terms of general precision as well as the
precision of the EC5y. Besides, we analyzed the performance of the Bayesian design based
on the 104 substances for all substances considered in the data set. Our results show, that
it outperforms the traditional used design approaches for the majority of substances in
this scenario.

Based on both scenarios and their corresponding analyses, we developed a guideline for
upcoming in vitro cytotoxicity experiments. To ensure an easy calculation of the optimal
concentrations, we also provide a useful software tool in form of an R Shiny App. In
this R Shiny App users can calculate optimal concentrations for upcoming cytotoxicity
experiments themselves via providing basic prior knowledge, like e.g. the maximal con-
sidered concentration and information about the effective concentrations EC;q and ECsg.
Additionally the user is able to compare the calculated optimal concentrations to other
concentration levels in terms of their quality with an interactive tool.
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3.2. Article 2

In summary, the first article highlights the importance of employing optimal design ap-
proaches in practice. Additionally, it establishes a crucial foundation for bridging the
gap between theory and practical application by presenting the results in a user-friendly
manner and offering valuable tools.

3.2. Article 2: Optimal designs for identifying effective
doses in drug combination studies

The second article addresses optimal design theory for drug combination studies. In such
drug-drug-interaction studies, the dose-response relationship of the single drug therapies
are often well known, while the interaction effect remains unknown. There are different
ways to describe the interaction effect of two substances, established methods are isobolo-
gram analysis or methods based on the combination index (see Lee et al. (2007) for details).
Furthermore, response surface models as proposed by Zhou et al. (2024) can be used to
model the response effect in drug combination studies. Due to the two-dimensional setup
of such studies new challenges arise because of the more complex setup than in classical
one-dimensional dose-response experiments.

For this research article response surface models of the following form are considered
to model the common dose-combination relationship of two substances C' and D with
concentrations ¢ and d:

n((c,d),0) = 0o+ nc(c,0c) + np(d, 0p) +vne(c, 0c)np(d,0p) , 0 = (6o,0c,0p,7)",

where 6y corresponds to the common placebo effect, no(-,0¢) and np(-,0p) denote the
regression functions of the substances C' and D, respectively. The interaction effect is
defined with v € [—1,1], indicating a positive interaction of the substances for v > 0, a
negative interaction for 7 < 0 and no interaction effect for v = 0.

Due to the more complex model setup compared to classical one-dimensional dose-response
analyses, this increased complexity also raises additional challenges in the design as-
pect. There is already research present for classical D-optimal designs for drug combi-
nation studies (Papathanasiou et al., 2019), which aims to achieve precise estimations
for the entire dose-response relationship of both substances. Similar to one-dimensional
dose-response analyses in such analyses also effective doses are of interest, indicating at
which doses a specific amount of the maximal effect is achieved. In contrast to the one-
dimensional setting, where the effective dose can be identified with one specific dose, in
the dose-combination setting a set of multiple dose-combinations leads to a specific ef-
fect level of interest. The corresponding response effect at those effective doses results in
contour lines on the response surface.

We propose a design criterion, called Multivariate Effective Dose (short: MED) criterion
aiming for a precise estimation of those contour lines and therefore the precise estimation
of the effective doses in the two-dimensional drug combination setting. In detail, the new
developed design approach minimizes the asymptotic variance at contour lines of interest.
We establish the design criterion for k£ > 1 contour lines of interest. Besides, we provide an
equivalence theorem and efficiency bounds for validating the optimality of MED designs
in practice.

Furthermore, we compare the performance of the newly developed MED design approach
to typically established design approaches in practice. Here, factorial designs and ray
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designs, as well as D-optimal design approaches, are evaluated against the MED design
through efficiencies for a theoretical comparison and across various simulation scenarios.
For both, a real case study is used as a basis, while the simulation study was also extended
with additional scenarios. All scenarios vary in their dose-combination relationship, where
different dose-response models can be incorporated, as well as their contour levels of
interest.

In detail, the theoretical comparison via efficiencies based on the case study shows the
superiority of the MED design to the other designs. Especially the considered factorial and
ray designs lead to an inferior performance, although the considered factorial design uses
even more dose combination levels than the MED design. The D-optimal design shows a
reasonable performance depending on the choice of contour levels.

Additionally to the theoretical comparison, the performance of the design approaches was
also investigated in practical simulation studies. In particular, different dose-combination
relationships as well as different effect levels of interest were considered in three different
scenarios: One with no visible interaction effect within the designs space, a second one with
a clear positive interaction effect, resulting in a monotonic dose-combination relationship,
and a third scenario with a negative interaction effect. The last scenario exhibits a non
monotonic dose-combination relationship and to that effect a more complex structure of
the contour lines of interest.

The different considered designs exhibit varying performances depending on the simula-
tion scenario. Each design approach is compared using an equal number of observations
in each simulation scenario to ensure comparability, while the number and selection of
dose combination levels varies among them based on the design approach. In all scenar-
ios the MED design approach outperforms the other considered design approaches. In
cases with monotonic response surfaces within the design space, e.g. the first and sec-
ond scenario, the D-optimal design showed a worse performance compared to the locally
MED-optimal design, but it was also able to estimate the multivariate effective doses of
interest accurately. In the situation where contour lines were achieved only at high dose
combinations, the D-optimal design struggled to capture effects as effectively as the lo-
cally MED-optimal design. Furthermore, the considered ray designs show a clearly worse
performance in estimating the effect levels than the MED design in most scenarios.

However, in the third scenario, which assumes a negative interaction effect resulting in
contour lines divided in distinct sets, the considered ray designs as well as the considered
factorial design show a reasonable performance. For this scenario, the D-optimal design
demonstrates an inferior ability to estimate the contour lines of interest compared to all
other design approaches, even for higher sample sizes.

Additionally, we propose a robust design approach for our new developed MED criterion.
Often, dose-combination experiments are conducted for two drugs, which are well-known
before the experiment, but their interaction effect remains unknown. Therefore, we inves-
tigated the performance of the locally MED-optimal designs as well as a Bayesian version
for different values of the interaction effect v. Our results actively demonstrate, using the
robust Bayesian approach, when the interaction effect is uncertain before conducting the
experiment and the contour lines of interest vary depending on the interaction effect ~.
In this case a misspecification of the interaction effect can lead to less effectively estimat-
ing the contour lines of interest. If sufficient prior knowledge of the interaction effect is
known beforehand or the multivariate effective doses of interest are not affected much by
the value of v, a locally MED-optimal design is sufficient even if the interaction effect is
slightly misspecified.
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Overall, the second article introduces a novel design approach for drug-combination stud-
ies and addresses the previously mentioned second research gap by presenting new method-
ologies relevant to current drug-combination research. The proposed design approach for
estimating the multivariate effective doses outperforms the established design approaches
in various scenarios. Additionally, it is highly flexible and can be applied to various set-
tings, involving different interaction effects and diverse dose-response shapes for the indi-
vidual substances. We also provide code for practitioners to facilitate its implementation.

3.3. Article 3: Designs for the simultaneous inference of
concentration—response curves

The third article focuses on optimal experimental designs for high-dimensional gene ex-
pression data. In these analyses, large numbers of genes are evaluated simultaneously,
which represents new challenges in the design process. Specifically, it considers the con-
text of microarray analyses, where thousands of genes are assessed concurrently on a single
gene chip. The challenge lies in the fact that theoretically, each gene would require its
own optimal design, i.e. individual concentration levels. However, the experimental setup
with all genes on one chip does not allow for different settings for each gene. Instead, it
requires a single set of concentrations to analyze all genes at once. This raises the question
of how to select concentrations for such microarray analyses to accurately estimate the
concentration-response relationship for the majority of genes. This article contributes to
the field of optimal design of experiments by proposing a specific design criterion that
aims for a precise estimation of all considered genes simultaneously.

Therefore, we developed a new design criterion based on the concept of Bayesian opti-
mal designs (see Section 2.2 for details) for a precise estimation of a various number of
concentration-response curves. In our criterion a prior distribution 7 needs to be specified,
which represents weights for different concentration-response relationships with incorpo-
rating their nonlinear concentration-response parameter estimates @ in the set ©4 of all
considered concentration-response curves. The design for the simultaneous inference is
then defined as:

W) =Y w0 (£,0), (3.1)

0€Oa

aiming for high D-efficiency values on all considered concentration-response curves with
corresponding parameters in Og.

Furthermore, another new design approach based on the cluster algorithm k-means is
proposed. In this method, the optimal concentrations from the considered concentration-
response curves are used to compute a common design for all curves collectively by clus-
tering these optimal concentrations.

The newly developed design approaches are compared to other existing design methods
both theoretically, in terms of efficiencies, and practically, through a simulation study
based on a case study by Krug et al. (2013). Here, 15 233 genes evaluated for the substance
valproic acid (VPA) are considered in the analysis. To describe each gene’s dose-response
relationship a four-parametric log-logistic (4pLL) model was fitted for each gene.

In this analysis, the focus is on evaluating the performance of different design approaches
in accurately assessing the majority of genes. Established design approaches, such as
equidistant and log-equidistant designs, are included in the comparison alongside the
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original design used in the case study. The newly developed criterion for the simultaneous
inference was used to calculate an optimal design, called simultaneous inference design,
which was constructed based on a prior distribution of all considered genes in the data set.
For that matter, in a first step the dose-response relationship of all considered genes was
investigated in terms of their EC;, values and the steepness of the corresponding curve.
It was analyzed which parameter combinations of the genes were highly represented in
the data set based on a 5 x 5 division for the parameter combinations of interest. Here,
the majority of all genes showed parameters combinations in only seven of 25 considered
areas. Consequently, one representative gene was included for each considered area in
the parameter set ©. Additionally, the corresponding weights of the corresponding prior
distribution 7 were calculated based on the relative frequency of genes in those areas.

The simultaneous inference design, which was calculated based on the criterion in (3.1),
outperformed all other considered design approaches in the theoretical as well as the
practical evaluations. While other methods, particularly the k-means approach and the
equidistant design, demonstrated competitive performance relative to the simultaneous
inference design, the original design performed worse, and the log-equidistant design ex-
hibited very limited effectiveness. Although the simultaneous inference design for the case
study was based solely on seven representative genes, it outperformed the other designs,
highlighting a significant advantage over the k-means approach, which incorporates all
optimal designs for all considered genes.

This article clearly demonstrates the importance of incorporating optimal design theory
in high-dimensional settings. We present a criterion for the simultaneous inference of
multiple concentration-response curves. A significant advantage of this newly developed
criterion is its flexibility, allowing it to be adapted to various contexts. Furthermore, the
design criterion for the simultaneous inference can be employed if specific gene groups are
of interest by incorporating specific information in the prior distribution for the design
criterion.
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4. Discussion and Outlook

In this thesis, three manuscripts dealing with optimal design theory in the context of dose-
response analysis in toxicology were presented. In detail, different aspects of optimal design
theory regarding dose-response analysis are investigated. The first manuscript investigates
classical cytotoxicity experiments focused on the effects of a single substance. The second
manuscript explores the two-dimensional case and its corresponding optimal designs for
the combination of two substances. Finally, the last paper examines high-dimensional
cases related to gene expression analysis of one substance but a large number of genes.
Each project presents its own challenges and opportunities for further development.

The first paper highlights the importance of considering optimal designs in practice. A
Bayesian design approach from optimal design theory is compared to traditionally used
designs in practice, like log-equidistant designs or designs based on biological arguments.
The superiority of the Bayesian design is demonstrated based on an extensive case study
of valproic acid (VPA). In detail, this large data set is used to specify a reference curve by
fitting a four-parametric log-logistic (4pLL) model. The 4pLL model was selected based on
prior knowledge of the dose-response relationship of VPA and its status as the most widely
used model in dose-response analyses (Goutelle et al., 2008). Here, other model choices are
also possible. Additionally, one could consider model selection techniques like the multiple
comparison and modeling approaches proposed by Bretz et al. (2005) or even model
averaging methods (Claeskens and Hjort, 2008). In this context, model selection involves
choosing a specific model from a set of predefined candidate models, while model averaging
results in a weighted sum of prespecified candidate models. In case of model selection, the
prior knowledge which serves as a basis for the Bayesian optimal design, would change
according to the selected model. However, the methods presented in the paper can be
easily adapted to accommodate different model choices. When using model averaging to
specify the reference curve for VPA| the process becomes slightly more complex but can
still be adapted via incorporating this in an adjusted prior for a Bayesian design or with
using related methods from optimal design theory, such as composite designs (see e.g.
Pukelsheim, 2006). Nonetheless, the advantages of optimal designs should also be evident
with these alternative approaches, as the theory of optimal design has already been shown
to yield more precise estimations for optimal designs compared to non-optimal ones.

Furthermore, the viability of the data points is assumed to be characterized with ho-
moscedastic errors across all concentrations when fitting the dose-response relationship
in the first article. Typically, variability tends to be higher at lower concentrations and
decreases noticeably at higher concentrations. One could incorporate this via using mixed-
effect models and consider optimal design theory based in this context (see e.g. Seurat
et al., 2021). In order to illustrate the idea of optimal experimental designs in general
and bridge the gap between theory and practice without introducing excessive complexity
we decided to provide information for the most commonly used and known model. For
similar reasons, we also decided to base all concepts on the D-optimality criterion. Other
criteria like A-optimality or c-optimality (Pukelsheim, 2006) could also be relevant in such
contexts (see e.g. Holland-Letz, 2017).



4. Discussion and Outlook

The second article provides a new design criterion, which enables a precise estimation
of multivariate effective doses in drug-combination studies. Here, the criterion is devel-
oped based on the assumption of response-surface modeling, where the common effect is
expressed via the response effect of the single substances and an additional interaction
effect of the product of both effects. This enables a precise estimation of the response
effect within the whole designs space, not only at the measured dose-combinations. Nev-
ertheless, there are various methods to model the joint effect of two substances, such
as isobolograms or combination indices (see e.g., Zhao et al. (2010) and Foucquier and
Guedj (2015)). While these methods lack the ability to estimate the effects for all pos-
sible combinations of both substances, they are less complex due to their reduction to a
one-dimensional linkage. For instance, Holland-Letz and Kopp-Schneider (2018) provide
optimal design theory for the combination index of two substances. Additionally, the joint
effect of substances can be modeled using one-dimensional dose-response models for fixed
proportions of both substances. Holland-Letz et al. (2020) demonstrate that the combined
effect can be approximated using commonly employed log-logistic models, provided that
either full additivity or a reasonably simple interaction can be assumed for the mixture.
This approach could also serve as a basis for investigating mixtures involving more than
two substances.

Due to the complexity of the response surface model assumed in Article 2, extending the
approach to accommodate higher numbers of substances may not be feasible. However, it
offers the explicit advantage of estimating the response effects in detail across the entire
design space and therefore enables the estimation of all possible multivariate effective dose
combinations. Furthermore, based on its two-dimensional setting and its flexibility, the
assumed model can be adapted to other contexts where relationships can be expressed
through regression functions. Consequently, optimal designs could be explored also for
specific effects based on dose and exposure time as two influencing variables in the pro-
posed approach in Article 2.

The third article demonstrates the relevance of considering optimal design approaches
also for high-dimensional settings. Here, microarray gene expression analyses are con-
sidered, where thousand of genes are evaluated simultaneously on gene chips. This kind
of analyses claim one design for the entire analysis, although each gene could be eval-
uated most precisely with its own optimal design. Therefore, we developed a design for
the simultaneous inference of a large number of concentration-response curves, aiming
for a precise estimation of the majority of all considered genes. We also analyzed the
performance of the simultaneous inference design compared to traditional used designs
like equidistant and log-equidistant designs with theoretical comparisons via efficiencies
and practical comparisons via a simulation study, both based on a case study proposed
by Krug et al. (2013). For both comparisons, the theoretical and practical analysis, the
simultaneous design showed superior performance.

The developed criterion for the simultaneous inference is based on prior knowledge of the
concentration-response relationship of the genes. Therefore, a sufficient prior knowledge is
required for the calculation of the simultaneous inference design, which may limit its usage.
Nevertheless, if prior knowledge is available, e.g. for reproducibility analyses or based on
results from literature, the design leads to more precise results than traditionally used
designs. For the example of VPA it especially outperformed the log-equidistant design.

Furthermore, this paper only includes genes in the analysis that exhibited a reasonable
dose-response signal modeled using the 4pLL model. Similar to the one-dimensional anal-
ysis in the first article, this could be extended to various dose-response shapes via model
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selection or model averaging techniques (see again Claeskens and Hjort, 2008). The pro-
posed criterion for simultaneous inference of concentration-response curves can be adapted
to incorporate different dose-response models, demonstrating its flexibility in this context.
Additionally, the structure of the criterion allows for emphasizing genes with specific pa-
rameter constellations. In this context, it would be interesting to analyze the performance
of the criterion when specific gene groups are of interest.

Recently, another method known as RNA sequencing has emerged for analyzing gene
expression data. This technique measures the entire transcriptome, which includes all
transcripts derived from DNA. In contrast, microarray analyses focus only on predefined
genes. Rao et al. (2019) highlights the advantages and disadvantages of both methods.
Although the benefits of RNA sequencing are considerable, including its ability to provide
a more comprehensive analysis of the entire transcriptome, this also results in much larger
data sets. Additionally, there is a lack of optimized and standardized protocols for RNA
sequencing (see again Rao et al. (2019)). Therefore, microarray analyses remain relevant
today and are addressed within this thesis, even though RNA sequencing has become the
predominant method for gene expression analysis.

Summarizing, all three proposed articles provide a strong foundation for advancing re-
search in both statistics and toxicology. The relevance of optimal designs of experiments
is demonstrated, ranging from one-dimensional experiments to high-dimensional analyses.
In addition, further interesting ideas for future research projects have emerged from each
of the projects.
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Abstract

Concentration-dependent cytotoxicity experiments are frequently used in toxicology. Although it has been reported that an
adequate choice of concentrations improves the quality of the statistical inference substantially, a recent literature review
of three major toxicological journals has shown that the corresponding methods are rarely used in toxicological practice. In
this study the performance of different sets of concentrations, also called designs, are analyzed, while the overall goal is to
promote the advantages of optimal design procedures and to present a user-friendly guideline for planning new cytotoxicity
concentration-response experiments. We compare the frequently used log-equidistant design to a Bayesian design, which is
constructed by methods of optimum design theory. Using both a dense data set of concentration-cytotoxicity data of valproic
acid (VPA) and regular assay data of 104 substances, the performance of the different designs is analyzed in two scenarios,
where detailed previous knowledge on VPA is available or not. The results show that it is critical to apply a specific design
strategy to determine optimal concentrations for cytotoxicity testing. In particular, the Bayesian design technique with and
without incorporating pre-existing knowledge of a specific test substance resulted in a more precise statistical inference than
the other used designs. Finally, we present a guideline for upcoming experiments and an accessible user-friendly Shiny app
(see http://shiny.statistik.tu-dortmund.de:8080/app/occe).

Keywords Optimal design - D-optimal design - Bayesian optimal design - Concentration-response experiments

Introduction as the concentration of a substance that reduces vitality to

50% of solvent controls. In further studies, also the lowest
Concentration-dependent cytotoxicity tests are frequently ~ concentrations that begin to cause cytotoxicity are analyzed
used in toxicology (Vorrink et al. 2018; Brecklinghaus etal. by determining EC,,-values (Brecklinghaus et al. 2022b;
2022a; Proctor et al 2017; Khetani et al. 2013; Gu et al. Ghallab et al 2022). An important challenge of in vitro cyto-
2018). These tests usually serve to determine the ECs,-value  toxicity testing is the choice of adequate test concentrations.

Here, two scenarios should be differentiated, depending
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on the availability of previous established EC,,- and ECs,
-values.

If EC,,- and ECs,-values are known from previous stud-
ies this can be used to plan the cytotoxicity experiment as a
one-step procedure. We compare three procedures to select
sets of experimental concentrations, also called designs,
when prior knowledge on the EC,, and ECsj is available.
First, the log-equidistant design technique can be applied,
where the highest solubility or maximal concentration is
multiplied or divided by the same factor. Second, the log-
equidistant design technique can be combined with biologi-
cal arguments so that, e.g., around the ECs,-value smaller
distances of concentrations are chosen. Third, the pre-exist-
ing knowledge about the EC,,- and ECy-value can serve as
a basis for a determination of optimal test concentrations
using a (pseudo) Bayesian design technique (see Chaloner
and Larntz 1989). This technique has been developed within
the broad research field of optimal design of experiments
(ODE), which provides methods on planning and conducting
experiments in a way that maximizes the efficiency of the
data-generating process. Hereby, the major goal is to obtain
the most informative and precise statistical results with the
smallest necessary resources. In the context of toxicological
experiments, this means identifying the smallest necessary
number of different concentrations, their allocations and the
necessary number of replicates.

Despite these advantages, the techniques provided by
ODE, in particular the Bayesian technique, are rarely used
for planning toxicological experiments. Instead, the log-
equidistant technique is frequently applied to obtain sets of
test concentrations in practice (see Kappenberg et al. 2023).
This is also due to the fact, that the influence of the test
concentrations on the quality of data and thus on the quality
of the statistical analysis is usually unknown. As a result,
the design of test concentrations is often neglected during
the planning of an experiment (see again Kappenberg et al.
2023). Besides, the limited availability of online tools for the
calculation of optimal test concentrations based on Bayes-
ian or other ODE techniques makes its application difficult
for practitioners (Holland-Letz and Kopp-Schneider 2021).

To compare the performance of the three different design
techniques in concentration-cytotoxicity experiments, refer-
ence cytotoxicity data for a single test substance was pro-
duced with an unusually high number of concentrations and
biological replicates. The test substance under consideration
was valproic acid (VPA). VPA is a medium soluble com-
pound with well-documented human hepatotoxicity and high
clinical relevance. Besides it has been used as a positive
control in previous studies (Albrecht et al. 2019). The curve
fitted to this atypically large data set is assumed to represent
the true concentration-cytotoxicity relationship of VPA,
hereafter referred to as reference curve. Then the quality of
each considered design was assessed by comparing it against

@ Springer

the reference curve, thereby using only a subset of the full
VPA data set that corresponds to the design.

An additional research question of this study was the
analysis of a sequential approach with a pre-experiment fol-
lowed by a main experiment. Here, the data from the pre-
experiment serve as prior information for the determination
of the design that should be used in the main experiment.
Each of the considered design techniques was used to plan
the pre-experiment. Based on the corresponding subsets
of the large data set, it was investigated, if the experiment
could be improved by the sequential approach. Moreover, it
was analyzed which of the design techniques led to the best
results if used as a design in the pre-experiment.

So far, the proposed design techniques all require pre-
existing knowledge about the properties of the considered
test substance. However, this information may not be avail-
able in some situations, for example when a new substance
is tested. To address such research situations, a second sce-
nario was considered where available data of other, related
test compounds were used as less specific prior knowledge.
More precisely, already existing concentration-dependent
cytotoxicity data of 104 other compounds that had been
tested by the same cytotoxicity assay were used to construct
(less specific) prior information about the test substance.
This prior information was used to apply the different design
techniques. In particular, a Bayesian design was constructed
that could be used both for experiments on the test sub-
stance VPA itself and for experiments on all other consid-
ered substances.

Finally, we present a guideline with easy-to-apply
methods for one-step and sequential strategies of toxicity
testing. Furthermore, we provide a Shiny app for a user-
friendly calculation of optimal concentrations for upcoming
experiments.

Materials and methods
Test compounds

For this study a compound set with a total of 104 com-
pounds, composed mostly of pharmaceuticals, was utilized.
Details on the compounds, supplier, utilized solvents and
concentrations are provided in Supplement Data.

Cytotoxicity testing in HepG2 cells

The HepG?2 cell line (ATCC number: HB-8065™) was used
for the cytotoxicity tests as described previously (Breckling-
haus et al. 2022a; Albrecht et al. 2019). Briefly, the cells
were cultured in 4.5 g/L glucose Dulbecco’s modified eagle’s
medium (PAN Biotech GmbH, Aidenbach, Germany P04-
04500) supplemented with 10% heat inactivated fetal calf
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serum (PAN Biotech GmbH, Aidenbach, Germany 3702-
P103009) and 100 U/ml Penicillin/0.1 mg/ml Streptomycin
(PAN Biotech GmbH, Aidenbach, Germany P06-07100).
Approximately 15000 cells were seeded in black 96-well
plates (Greiner bio-one, Frickenhausen, Germany, REF
655986) coated with 0.25 mg/ml rat tail collagen (Roche
Diagnostic Mannheim, 10 mg, Cat. No. 11171179001). No
cells were seeded into the outermost columns and rows.
These wells were filled with phosphate buffered saline to
counteract evaporation effects. After 16-20 h incubation at
37°C and 5% CO, the medium was exchanged and exposure
to the test compounds was started. For each test compound a
vehicle control was included. The cells were exposed to the
test compounds for 48 h at 37 °C and 5% CO,. At the end
of the exposure period, the medium was removed, the cells
were washed three times with phosphate buffered saline and
100 pl/well of 1:5 CellTiter-Blue (short: CTB) reagent (Pro-
mega, Cat. No. G8081) in medium were added. As a back-
ground control wells with CTB mixture without cells was
included. The cells were further incubated at 37 °C and 5%
CO, until a color change from blue to purple was observed
in the vehicle controls. The fluorescence was measured with
the Tecan Infinite M200 Pro plate reader (software i-control,
version 1.7.1.12) utilizing the excitation wavelength 540 nm
and emission wavelength 594 nm. Prior to curve fitting the
mean of the background control wells was subtracted from
all samples. Each compound was tested in at least three
biological replicates with at least three technical replicates.
The raw data for all compounds are provided in Supplement
Data. In the following analysis the dense data set of VPA is
referred to as VPA data set, besides the collection of data
of 104 compounds investigating Drug-induced liver injury
(short: DILI) effects is referred to as DILI data set. A part
of the DILI data set was already published before (Albre-
cht et al. 2019). Since the blue resazurin contained in the
CellTiter-Blue reagent is metabolized by vital cells to the
pink resorufin, the concentration dependent change in the
measured fluorescence corresponds to a change in viability
of the cells.

Statistical methods

All analyses were performed using the statistical software R,
version 4.2.2 (R Core Team 2022) and Julia, version 1.9.3
(Bezanson et al. 2017), especially the Julia package Kirstine.
jl (Sandig 2024).

Modelling cytotoxic concentration-response data

The concentration-response relationships of the substances
investigated within the paper are expected to follow a sigmoi-
dal course, so that the corresponding concentration-response
data is always fitted to a four-parametric log-logistic model,

hereinafter also referred to as 4pLL-model. Following Ritz
et al. (2015), a 4pLL-model consists of four parameters and is
defined by the non-linear regression function

+ d—c
1 + exp (b(log(x) — log(e)))’

0 =(b,c,d,e),
(D

where x is a concentration within the concentration range
X = [0, x,,.].- The lower and upper asymptotes are repre-
sented by the parameters ¢ and d, whereas the parameter
b describes the steepness of the curve. Furthermore, the
parameter e describes the turning point of the curve, i.e.
the concentration on the S-shaped curve halfway between
candd.

Let now {x,...,xg} be a set of selected concentra-
tions, where x, € X¥=[0,x,,,] and K € N. This set will
be denoted by design in the following. We assume that
n replicates yy,...,Y;, are produced at each concentra-
tion x;, of the design during the experiment such that
the resulting concentration-response dataset is given by
{(xk,ykj)|k =1,....K,j=1,...,n}.

For the fit of a 4pLL model to the dataset, least squares (LS)
estimation is used. More precisely, the LS estimate 6 is defined
as the parameter value that minimizes the quadratic distance
between the data and the function in (1), i.e.

nx,0)=c

K n
§ minimizes Z Z(ykf —n(x;,0)).

k=1 j=1

The fitted 4pLL function is then given by #(x, é). To meas-
ure the precision of the fitted 4pLL function, the covariance
matrix of the LS-estimate 8, denoted by Cov (9), is con-
sidered. As the direct calculation of this covariance matrix
is difficult due to the non-linearity of the 4pLL function,
an approximation is used. Following Jennrich (1969), the
covariance matrix can be approximated by the inverse of
the information matrix M(x,, ..., xx, 8) which is given by

K

M(xp, ... xg,0)= )

k=1

2 02, )T @
Here, %n(xk, 0) denotes the gradient of the regression func-
tion, i.e. of the function given in (1), and 6 is the unknown
true parameter of the model. Consequently, the precision of
the LS estimate  (and thus the precision of the model fit)
depends both on the unknown parameter € and the concen-
trations involved in the design. Note that the variance does
not depend directly on the responses, but on the concrete
model assumption made in advance. Therefore, no obser-
vations are needed to determine concentrations that result
in a precise estimator of @ if prior knowledge of the model
parameter 6 is available. For the sake of simplicity, we first
assume that the unknown parameter 6 is given by a fixed
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value 6, € R*. Then, the target of optimal design theory
is to determine the design {x,, ..., xx}, that results in the
best precision of the LS estimate given that 8 = 6. This
optimization problem is equivalent to the maximization
of the information matrix M(x, ..., xg, 6,) with respect to
Xy, ..., X and K € N. As matrices cannot be ordered, real-
valued functions of the information matrix M(x,, ..., xg, 0,)
have to be incorporated to solve the optimization problem.
Different real-valued functions can be used here, whereas
the most popular real-valued function is the determinant (see
for instance Pukelsheim 2006). More precisely, a design is
called locally D(eterminant)-optimal if it maximizes

log(det(M (xy, ..., xg,0,)))

among all designs on the concentration range X = [0, x,,, ]
(see Chernoff 1953 among many others). The D-optimal
design minimizes the volume of the confidence ellipsoid
for the complete parameter 6 (see again Pukelsheim 2006).
Kiefer (1974) proved that the D-optimal design also mini-
mizes the maximum (asymptotic) variance of the estimated
regression curve within X, i.e. the expression

d _ 0
max =" (5, OM ™! (31, ..., g, 0) =5 (x, 0).

Consequently, optimizing based on the D-optimality crite-
rion results in a design that has a good overall performance.

If a real-valued function of the parameter 0, i.e. u(6),
is of special interest, optimality criteria can be defined
to measure the approximate variance of the correspond-
ing estimator x(6). More precisely, a design is then called
locally c-optimal (with ¢ = %M(O)) if it minimizes its
asymptotic variance

SH OM ™ (xy, ... 0) 3 (0)

among all designs on the concentration range X. Here M~
denotes the generalized inverse of M. Although using c-opti-
mal designs results in the precise estimation of u(@), an esti-
mation of the complete parameter § might not be possible
if this design is used. For instance, the c-optimal design for
estimating the effect at concentration x consists of one con-
centration, namely x,. While the observations at concentra-
tion x, can be used to estimate 7(x,, 8), they are insufficient
to fit the complete regression curve 7(x, 8) (Silvey 1980).
One possibility to overcome this problem is to consider
compound optimality criteria (McGree et al. 2008) com-
bine different optimality criteria, such as the D-optimality
criterion and a c-optimality criterion of interest. However,
the compound criteria can become very complex and the
c-optimality criterion has to be defined individually. Due to
these pitfalls, we decided to use the D-optimality criterion
for the further analysis.
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Note that D-optimal designs depend on the choice of the
parameter value 6, and are therefore called locally D-opti-
mal designs. When less specific prior knowledge about the
unknown parameter 6 is available, the concept of locally
D-optimal designs can be extended to Bayesian D-optimal
designs (Chaloner and Larntz 1989). Assume prior informa-
tion about € is available in the form of different potential val-
ues, e.g., 0, ..., 0p. Then a design is called Bayesian D-opti-
mal (for the prior 8, ..., 8p) if it maximizes the function

P
=

with respect to x;,...,xx and K € N. Consequently, the
resulting Bayesian D-optimal design maximizes the aver-
age of all potential determinants of the different possible
information matrices. While we restrict ourselves to the
case, where the potential parameter values obtain uniform
weight (i.e. ll)), other weightings are possible using more

log(det(M(xy, ..., Xk, Hj)))

o=

complex prior distributions. During the study, the calcula-
tion of Bayesian D-optimal designs using a uniform prior on
a given set of potential parameter values is called Bayesian
design technique.

In cytotoxicity-testing, it is of interest at which concen-
trations a prespecified fraction of cells is damaged. Under
the assumption that the concentration-response relationship
is described by a 4pLL-model, these concentrations can be
identified using the model fit of the data. More precisely,
standardizing the upper asymptote d to 100%, as it is often
done in cytotoxicity experiments (see Kappenberg et al.
2020), the concentration at which the fitted regression func-
tion 5(x, §) attains 50% defines the value, at which exactly
50% of all cells were damaged. This value is denoted by the
(absolute) ECs,-value. Note that the definition can easily be
extended. For other percentages p% € [0, 100]%, the (abso-
lute) EC,-value is defined by thei concentration at which the
fitted regression function #(x, 8) equals p%, i.e. at which
exactly p% of the cells were damaged.

Results

Design of an experiment with pre-existing
knowledge about VPA

Construction of the concentrations for VPA data

Before a cytotoxicity experiment is conducted, the set of
concentrations has to be fixed. For the determination of the
sets of concentrations used to generate the dense dataset
of the test substance valproic acid (VPA) (see Supplement
Data) three different design techniques were applied.
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The here applied design techniques require pre-existing
knowledge about the test substance VPA, which was pro-
vided in form of data from three former experiments. More
precisely, the highest possible soluble concentration was
identified by 46.4 mM, resulting in the concentration range
X =[0,46.4] mM. Moreover, potential regions of EC,,- and
EC;-values were given by [0.373, 0.756] mM and [6.0, 7.0]
mM, respectively. Finally, it was assumed that the effect at
the solvent control is equal to 100, whereas the response/
effect converges to zero if the concentration tends to infinity.

The three different design techniques were initially used
to determine designs, which consist of four different con-
centrations. Applying the log-equidistant design technique,
the design was constructed by a dilution factor of ten start-
ing with the highest solubility 46.4 mM=~ 10°/3> mM. This
procedure resulted in the set of concentrations given by
{0,0.464,4.64,46.4} mM, which is called log-equidistant
design in the following. Combining the log-equidistant
technique with biological arguments led to the set of con-
centrations given by {0, 1, 10,46.4} mM, which is called
IfADo design in the following. Note that the IfADo design
also includes a second concentration that is greater than 5
mM, which was chosen based on previous knowledge on
the relatively high ECs,. Finally, the Bayesian design tech-
nique (cf. “Statistical methods”) was used. Hereby, it was
assumed that the unknown concentration-response relation-
ship of VPA could be described by a 4pLL-model. Addi-
tional necessary prior information about the parameters of
the 4pLL-model was obtained by pre-existing knowledge:
the asymptotes of the true concentration-response relation-
ship were set to c = 0 and d = 100 and three potential values
each were provided for the EC,;- and ECs-levels, respec-
tively. The corresponding potential parameter values b and e
were calculated for the 3 X 3 combinations of the EC,,- and
ECy,-values resulting in a prior distribution of 9 potential
model parameters. The corresponding curves are presented
in Fig. 1. The resulting Bayesian D-optimal design, denoted
by Bayesian design in the following, is given by the set of
concentrations {0, 1.229,9.334,46.4} mM.

To compare designs with different numbers of concentra-
tions, the initial designs (log-equidistant, IfADo and Bayes-
ian) were extended progressively to sets of five, six, and
seven concentrations (see Table 1). Hereby, the log-equi-
distant design was first extended by a dilution factor of ten,
which resulted in adding the concentration 0.0464 mM. As a
progressive dilution of ten for more than five concentrations
was inappropriate, the log-equidistant design was extended
using a dilution factor of 10'/3 for 4.64 mM and then for 46.4
mM instead, resulting in the concentrations (10)!/3 = 2.154
mM and then (10)*/3 = 21.54 mM. The IfADo design was
extended by a dilution factor of ten to designs with five and
six concentrations, respectively. Finally, the concentration
(10)*/3 = 21.54 mM was also added to the IfADo design.
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Fig. 1 Model curves of prior distribution based on EC,y- and ECs,
-values of the pre-experiments of VPA with information of the cor-
responding parameters of the 4pLL-models. Using different model
curves as prior information, we can ensure robustness

The Bayesian design was extended to reduce the absolute
distances between the different concentrations. Therefore,
the gaps between the present concentrations of the Bayesian
design were filled up with additional concentrations from
largest to lowest determined by the available concentration
closest to the midpoints of the present concentrations, in
particular with 21.54 mM, 5.432 mM, and finally with 0.486
mM.

The log-equidistant, the IfADo, and the Bayesian designs
were incorporated in the new experiments planned with sets
of 50 concentrations. Those 50 concentrations further com-
prise the concentrations of locally D-optimal designs corre-
sponding to the parameter combinations displayed in Fig. 1
(see Chernoff 1953 for details) and concentrations incorpo-
rated due to biological arguments. The data set, especially
the values of the 50 different concentrations can be found in
the Supplement (see Supplement Data).

Definition of a reference curve for VPA data

In routine toxicity testing, concentrations are often defined
by a log-equidistant design, which means that the concen-
trations are multiplied by the same dilution factor. In a first
step, we studied whether the Bayesian design or the log-
equidistant design leads to better model precision.

A precondition for the comparison of the precision of
the different design techniques is a reference curve. The
reference curve was obtained from cytotoxicity analyses of
the test compound valproic acid (VPA) in six independent
experiments with 50 concentrations each and all data points
were fitted together to a 4pLL-model (Fig. 2). The pur-
pose of using many concentrations and experiments was to
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Table 1 Designs under

- . X Design fiConc Concentrations
consideration with
concentrations (in mM) IfADo 4 0 1 10 46.4
included in the VPA data set IfADo 5 0 01 | 10 46.4
IfADo 6 0 0.01 0.1 1 10 46.4
IfADo 7 0 0.01 0.1 1 10 21.54 46.4
Log-equidistant 4 0 0.464 4.64 46.4
Log-equidistant 5 0 0.0464 0.464 4.64 46.4
Log-equidistant 6 0 0.0464 0.464 2.154 4.64 46.4
Log-equidistant 7 0 0.0464 0.464 2.154 4.64 21.54 46.4
Bayesian 4 0 1.229 9.334 46.4
Bayesian 5 0 1.229 9.334 21.54 46.4
Bayesian 6 0 1.229 5.432 9.334 21.54 46.4
Bayesian 7 0 0.486 1.229 5.432 9.334 21.54 46.4
both methods, the highest soluble concentration (46.4 mM)
0 was used as a starting point for dilutions.

. Experment To simulate specific scenarios that could represent indi-
. N ) . M- vidual experiments, three or six of the 30 observations
. .o PRI (cytotoxicity) were randomly chosen for each selected con-
S T :: L ‘ : centration. With these specific scenarios, real concentration-
2 | L .3 * response experiments were mimicked using actual data

§100{ F——t—t—————F¢—Su8 . ¥ . . .. . .
g .o b Z;fi N points, allo.wmg for realistic variances and errors at different
o« § 3 \- H % concentration levels to be accurately reflected. For each sce-
o SN i i nario, a 4pLL-model was fitted to the corresponding concen-
tration-cytotoxicity data, further named ‘scenario specific
estimated curve’ (SSEC). An example of the construction of
. a SSEC is shown in Fig. 3A. This simulation procedure was
performed 3000 times for each design. To assess model pre-

0 1 2 4 6 10 2030 46

Concentration [mM]

Fig.2 Cytotoxicity values for the six independent experiments of the
VPA data set, 4pLL reference curve presented in black

approximate the true concentration—cytotoxicity relationship
that theoretically would be approached when the number of
experiments and concentrations grows to infinity.

Bayesian design leads to a higher model precision
compared to a log-equidistant design

In the following, the different presented design techniques
to plan a cytotoxicity experiment are compared. First, the
Bayesian design technique is compared to the frequently
used log-equidistant design. To study the performance of
both methods in the context of the different number of used
concentrations, we consider designs with 4, 5, 6, or 7 con-
centrations based on the two design techniques, whereby
the solvent control (where the VPA concentration was zero)
is also counted as concentration (see Table 1). Note that for
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cision in a practical manner, each SSEC was compared to the
reference curve by calculating the Root Mean Squared Error
(RMSE). The RMSE, represented by the area between the
two curves (Fig. 3B), was used to make the differences easier
to interpret. Additionally, we analyzed the maximal distance
of the SSECs from the reference curve, as the D-optimality
criterion is connected to the G-optimality criterion that seeks
to minimize the maximal asymptotic variance (see “Model-
ling cytotoxic concentration-response data”). The smaller
the RMSE/maximal distance, the higher the similarity of an
SSEC to the reference curve. The resulting 3000 RMSEs for
each design are summarized by box plots (Fig. 4), whereas
the corresponding box plots of the maximal distances are
depicted in Figure S1 in the Supplement Figures.

The results demonstrate consistently lower RMSEs
(better) for the Bayesian design compared to the log-equi-
distant design strategy (Fig. 4). This is obtained for 4, 5, 6
as well as 7 concentrations and is consistent if three or six
replicates were chosen. However, the difference in RMSEs
between the Bayesian and the log-equidistant design strat-
egy decreases if 7 concentrations are chosen, compared
to the scenarios with 4-6 concentrations. This difference
is explained by the fact that the critical concentration of
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Fig.3 A Example illustrating A
the construction of a SSEC

using the Bayesian design with

five concentrations. The gray

points depict all possible cyto-

toxicity values within the VPA

dataset, while the blue data
points represent three randomly
selected cytotoxicity values,
each representing a technical
replicate. B Visualization of
the RMSE of an exemplary
SSEC compared to the refer-
ence curve. The greater the area
between the two curves is, the
higher is the RMSE, indicating
a greater deviation from the
reference curve
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Fig.4 RMSE-values grouped by design, number of concentrations
and used replicates for SSECs. Small RMSE values indicate higher
precision of the design

21.54 mM becomes involved in both designs only when
7 concentrations are applied. Since the Bayesian design
already includes higher concentrations when 4, 5, and 6
concentrations are chosen (explained in more detail in
the discussion, see “Discussion and conclusion”), the
improvement of model precision was higher for the log-
equidistant design. Considering the maximum distance
(see Figure S1 in Supplement Figures) similar results can
be observed.

1

2

4 6 10 203046 0 1 2 46 10 203046
Concentration [mM]

In laboratory routine, concentrations for cytotoxicity test-
ing are often chosen based on previous experience or pub-
lished data of a test substance, whereby smaller distances of
concentrations are chosen in the concentration range of the
expected ECs,. Usually, the choice of these concentrations
is not based on a mathematical procedure but on previous
knowledge, for example, former experiments showing in
which concentration range a substance begins to be cyto-
toxic. Based on the experience of former experiments (see
Albrecht et al. 2019), the concentrations of the so-called
“IfADo design” were chosen in laboratory routine and also
listed in Table 1.

The IfADo design technique is outperformed by the
Bayesian design technique in terms of RMSE. While for
4 concentrations the mean RMSE of the IfADo design is
only slightly higher (worse) than the RMSE of the Bayesian
design, the latter is superior if 5, 6, or 7 concentrations are
used (Fig. 4).

Moreover, the influence of the different design techniques
on the precision of the ECsy-value (defined as the concen-
tration that reduces vitality to 50% of the solvent control)
was analyzed using the scenario-specific simulation. More
precisely, we calculated the EC;-values of the 3000 SSECs
for each design and compared them with 7.147 mM, which
is the EC5j-value of the reference curve. The results are pre-
sented in Fig. 5, where the red lines represent the EC5-value
of the reference curve. For the interpretation of the results, it
is important to consider both the median and the interquan-
tile ranges (IQR) of the ECs,-values.

In general, the Bayesian design approach leads to the
most precise ECs,-estimations compared to the other design
approaches although the Bayesian design is not constructed
for that purpose. Considering the cases in which the number
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Fig.5 ECs,-values grouped by design, number of concentrations and
used replicates for SSECs. The red line corresponds to the reference
ECjs. The closer the ECsp-values of the SSECs are to the reference
value, the more precisely the ECss are estimated

of different concentrations is 6 or 7, the Bayesian ECs,
median is closer to the reference than the one of the log-
equidistant design. For 4 and 5 concentrations, the median
EC,, obtained by the Bayesian design shows a higher devia-
tion from the reference than the EC5, median obtained using
the concentrations of the log-equidistant design (Fig. 5).
Besides, the IQRs of the ECs,-values based on the Bayes-
ian design technique are smaller than the ones based on the
log-equidistant design technique in the situation of fewer
than 7 concentrations. Comparing the designs consisting of
7 concentrations, the IQRs are of a similar size.

The precision of the ECs, based on the IfADo design is
worse than the one of the Bayesian and the log-equidistant
design techniques. In particular, the IfADo design leads
to a substantial deviation of the median ECs to the refer-
ence independent of the number of different concentrations
involved.

The number of outliers produced, if the different design
techniques are used, is also an indicator of the quality of the
experiment. Considering both the RMSE-values (see Fig. 4)
and the ECyj-values (see Fig. 5), the outliers for the Bayes-
ian design technique are lower than for the log-equidistant
design technique, independent of the number of concentra-
tions used. Therefore, the Bayesian design leads to RMSEs
and EC;-values with substantially lower variability.

In toxicological experiments sometimes a sequential
design of an experiment consisting of a pre-experiment
and a main experiment is necessary. Therefore, a sequential
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design approach, involving a preliminary experiment fol-
lowed by a main experiment, was evaluated to determine
whether it could enhance the precision of concentration-
dependent toxicity testing. The preliminary experiment is
used to obtain knowledge about the EC-value and the ECs
-value of the test substance. This information is then utilized
to refine the design of the main experiment, with the goal
of obtaining more detailed insights into the cytotoxicity of
the substance. It was investigated if the sequential proce-
dure improves the performance of the different considered
design techniques. The performance of the log-equidistant
design and the IfADo design is improved by the sequential
approach, whereas the performance of the Bayesian design
is not affected. However, the sequential IfADo approach
remains worse than the non-sequential Bayesian approach.
The results indicate that a sequential experiment is not
required when concentrations are initially selected using the
Bayesian technique. For a comprehensive description of the
analysis setup and detailed results, refer to the Supplement
Sequential analysis.

Bayesian design requires the smallest sample size

An important aspect of planning a cytotoxicity experiment
is the choice of a sample size that ensures a pre-specified
statistical quality of the experiment. An appropriate quality
indicator is the length of the confidence interval (LCI) of the
estimate of the EC5,-value. The LCI decreases if the sample
size increases, while its value also depends on the variance
of the data and the used design, i.e. the set of considered
concentrations. Therefore, using the variance of the VPA
data set (see Fig. 2), the dependence between the required
sample size and the resulting LCI was investigated for all
designs displayed in Table 1.

The Bayesian design technique requires a substantially
smaller sample size than the other design techniques to
achieve the same precision in terms of LCI (see Fig. 6 and
Suppl. Figure S2). In Fig. 6, the whole relation between the
sample size and the LCIs is visualized for the three different
designs with seven concentrations, while the corresponding
visualizations for the designs with smaller numbers of dif-
ferent concentrations can be found in Supplement Figure S2.
The performance of the different designs can be compared
by fixing a value for the LCI. For instance, if an LCI of 5
should be achieved and the Bayesian design with seven con-
centrations is used, a sample size of 25 is sufficient, while a
five times larger sample size of 123 is necessary to achieve
an LCI of 5 using the seven concentrations of the log-equi-
distant design. The corresponding required sample size of
the IfADo design with seven concentrations is 63.

The LCI depends on the reference curve and the different
concentrations in each considered design. This implies that
increasing the number of concentrations does not necessarily
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Fig.6 The relation between the Bayesian IfADo Log—equidistant
sample size and the length of 10.0 10.0 10.0
the confidence interval (LCI)
of the EC5;-value is shown
grouped by design. The blue
lines indicate the number of 75 75 75
observations required to achieve
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decrease the LCI when the concentrations have already been
optimally selected for a smaller set of concentrations (see
Suppl. Figure S2).

Summarizing, the Bayesian design technique leads to the
same precision with less experimental effort compared to the
two other design techniques.

Design of an experiment without prior knowledge
of a test compound

Often, an cytotoxicity experiment has to be planned for a test
substance for which no direct prior information is available.
In this situation, less precise information about the behav-
ior of related test compounds can be used, e.g., based on
historical data. The case in which no information about the
new substance can be gained rarely occurs. Furthermore,
the design of an experiment without any prior information
involves different statistical methods, which are not included
in this study for the sake of brevity. Thus, this study focuses
on the optimal design of a cytotoxicity experiment of a new
(unknown) test substance where information about related
test compounds is available.

Construction of a universal Bayesian design based on DILI
data

Often, the cytotoxicity of a test substance has to be inves-
tigated without direct prior knowledge that can be used to
design the experiment. In this situation, a sequential proce-
dure that consists of a pre- and a main experiment is inevita-
ble. Then, an important question is how the pre-experiment
should be designed without direct prior information.

We investigated if the concentrations of the pre-experi-
ment should be defined by a log-equidistant design, which
is frequently used in routine cytotoxicity testing, or if the
concentrations should be obtained by the Bayesian design

technique using less informative prior knowledge. One
option to generate this prior information is using available
information about compounds that are assumed to be similar
to the test compound under consideration.

For the substance under investigation, VPA, data of 103
other substances within a DILI data set (see Supplement
Data) were used as (less informative) prior knowledge to
construct a Bayesian design with seven concentrations. For
each tested substance, determining the highest considered
concentration depends on various limiting factors. The high-
est concentration is influenced by the highest solubility, as
well as the pH value, and the requirement to include at least
one concentration with no observable effect. As the concen-
tration-response data of the different substances within the
DILI data set vary substantially in the highest considered
concentrations, the substance-specific data had to be normal-
ized by dividing the set of originally used concentrations
by the respective corresponding highest concentration. This
normalization resulted in the same concentration range of all
103 substances, namely &;, = [0, 1]. The resulting data set
is called the normalized DILI data set in the following. For
each of the 103 substances within the normalized DILI data
set the corresponding concentration-response data were fit-
ted to a 4pLL-model. For 77 compounds the resulting model
fits showed a goodness-of-fit value above 0.55 (see Albrecht
et al. 2019), thus a convenient 4pLL-model fit was assumed
here. The data of the remaining 26 substances were excluded
from the further analysis, as they were inappropriate for the
construction of suitable prior knowledge. Considering the
distribution of the (normalized) EC,, and ECs,, a major part
of substances resulted in small values, respectively (Fig. 7).
Only one substance, Troglitazone, had a normalized ECs
-value greater than 1 corresponding to an original ECs, value
greater than its highest considered concentration used in the
experiment. Therefore, Troglitazone was excluded from fur-
ther analysis. Summarizing, parameter estimations of the
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Fig.7 A Histogram of all
EC,-values of the considered
substances in relation to the
maximal concentration x,,,,
Histogram of all ECyj-values
of the considered substances in
relation to the corresponding
highest considered concentra-
tion X,
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4pLL-models fitted to 76 substances of the normalized DILI
set served as prior distribution for the Bayesian design tech-
nique, whereby the corresponding 76 parameter combina-
tions were equally weighted. The concentration range for
the Bayesian design technique was also standardized to the
concentration range X, = [0, 1].

The number of concentrations was fixed to seven to
develop a design that shows a high model precision and
can easily be managed in a laboratory routine experi-
ment. The resulting Bayesian design with prior infor-
mation of the DILI data set (short: BayesianDILI) con-
sisting of seven concentrations is then given by the set:
{0, 0.0300, 0.0623,0.1351,0.3206,0.5177, 1}. Note that the
maximal concentration of this design is 1 and therefore nei-
ther directly applicable for the different substances within
the original DILI set nor for VPA. To obtain an appropriate
design for the substance under consideration the design has
to be multiplied by the specified maximal concentration. For
the example of VPA with a highest considered concentration
of 46.4 mM, the BayesianDILI is then transformed to the
design consisting of the concentrations 0, 1.392, 2.891, 6.2
69, 14.876, 24.021, 46.4 mM.

BayesianDILI design outperforms IfADo design
for the example of VPA

If no prior knowledge about a test substance is available,
an important question is how the corresponding experiment
should be planned. The lack of prior information requires
a sequential procedure consisting of a pre-experiment and
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a main experiment. The purpose of the pre-experiment is
to gain some knowledge about the test substance, which
then can be used for the design of the main experiment. The
design of the pre-experiment itself is often chosen based
on previous experience in laboratory routines. Besides a
log-equidistant design technique is often applied, where
the concentrations are chosen by a specified dilution factor.
However, the application of a Bayesian design technique
might be more suitable for the design of the pre-experiment.

In the following, it is investigated if a Bayesian technique
based on indirect prior knowledge is superior to the currently
established design strategies for planning a pre-experiment.
More precisely, in the situation where the new substance is
given by VPA, the BayesianDILI design given by the set
{0,1.392,2.891,6.269, 14.876,24.021, 46.4} mM (see previ-
ous Section) is compared to the log-equidistant, the IfADo
and the Bayesian design with seven concentrations (see
Table 1). For the comparison, simulations are performed
based on the experimentally performed VPA dataset.

As this dataset does not include exactly the concentra-
tions of the BayesianDILI design, the seven concentrations
closest to the experimentally determined (“true”) concentra-
tions were selected. The resulting set of seven concentrations
is given by {0, 1.229,2.154,6.331, 10.287,21.54, 46.4} mM,
which is called BayesianDILI_VPA design in the further
analysis. Similar to previous analyses, the SSECs for the
BayesianDILI_VPA design were calculated and compared
to the reference curve in terms of RMSE and ECy-values in
each simulation step. The resulting values were then com-
pared to the RMSEs and the ECs,-values of the SSECs of
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the log-equidistant, IfADo, and Bayesian design for VPA
with seven concentrations (see Table 1). To prevent any
ambiguity, the Bayesian design for VPA will be referred
to as BayesianVPA in the following analysis. Note that the
BayesianVPA design by construction has an advantage
over the BayesianDILI_VPA design, because it is based
on explicit prior knowledge about the substance VPA (see
“Construction of the concentrations for VPA data”), whereas
no knowledge about VPA itself was used to construct the
BayesianDILI_VPA design (see “Construction of a universal
Bayesian design based on DILI data”).

The results demonstrate a good performance of the
BayesianDILI_VPA design compared to the three other
design strategies, which incorporated direct prior knowledge
about the new substance (Fig. 8A and B). This is obtained
both for the RMSEs and the ECyy-values. In particular,
the BayesianDILI_VPA design leads to RMSEs which lie
between the RMSEs of the IfADo design and the ones of
the BayesianVPA/log-equidistant design. Furthermore, the
variability of the RMSE-values of the BayesianDILI_VPA
design is lower than the variability of the other designs,
indicated by smaller interquartile ranges. Concerning the

Fig.8 A RMSE-values grouped A

by design, number of concen-

trations and used replicates for 25
SSECs. Small RMSE values

indicate higher precision of the

design. The BayesianDILI_VPA

design performs better than the

IfADo design although it does

not incorporate prior knowledge 20
about the test compound VPA

itself. B ECy,-values grouped

by design, number of concen- .
trations and used replicates for :
SSECs. The red line corre- 15
sponds to the reference ECy,.
The closer the ECs-values of
the SSEC:s are to the reference
value, the more precisely the
ECsq-values are estimated. The
BayesianDILI_VPA design 10
outperforms the log-equidistant

and IfADo design regarding

the mean precision of the ECs

-values, although it does not

incorporate prior knowledge

about the test compound VPA 5
itself

RMSE

ECjs, the BayesianDILI_VPA design results in a median
estimate which lies below the ECs, of the reference curve,
but which is still better than the ones based on the IfADo
design and the log-equidistant design, respectively (see
Fig. 8B). Finally, the variability of the estimated EC5, based
on the BayesianDILI_VPA design is low compared to the
log-equidistant design and only minor outliers are present.

BayesianDILI designs outperforms original
and log-equidistant design for 76 substances of the DILI
data set

In the following, the dependence of different design tech-
niques on the quality of cytotoxicity experiments is inves-
tigated for substances of the DILI assay (except for VPA).
More precisely, we considered the 76 substances of the DILI
assay that served as prior information for the construction
of the BayesianDILI design. Hereby, the BayesianDILI
design was compared to the design originally used in the
DILI assay for each substance (see Supplement Data) and
to the frequently used log-equidistant design. For that pur-
pose, the BayesianDILI design was rescaled based on the
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substance-specific highest considered concentration (see *
Construction of a universal Bayesian design based on DILI
data” for details). Whereas the log-equidistant design with
seven concentrations was constructed by using a dilution
factor of 10 starting from the substance-specific highest
considered concentration and is called log10 design in the
following analysis. Since designs with different numbers of
concentrations are not directly comparable, the sample size
of all designs was fixed to the sample size of the original
design using a rounding procedure (Pukelsheim and Rieder
1992).

For each substance, the performance of the different
designs, i.e. the BayesianDILI, log10 and original design
was analyzed using a simulation study. In contrast to the
previous data-driven simulation, this analysis is based on
computer-simulated data due to the limited availability of
large datasets for the DILI substances. During the computer-
based simulation, we assume normally distributed homo-
scedastic errors for all observations. This approach allows
us to theoretically generate observations based solely on
the model assumptions, eliminating the need for extensive
experimental data. While this ensures greater comparability
between simulations, it comes at the cost of losing the practi-
cal advantages of using real-world data, such as robustness
and real-life applicability. However, the benefit of theoretical
simulations lies in their flexibility and control over experi-
mental conditions. This allows us to analyze the considered
designs under idealized conditions and provides insights that
might be challenging to obtain from empirical data due to
variability issues. More precisely, this computer-based simu-
lation is based on 1000 repetitions, which were conducted
for each scenario, i.e. for each of the 76 substances using
either the corresponding BayesianDILI, the original, or the
log10 design. One simulation step consisted of the follow-
ing intermediate steps: First, a 4pLL model was fitted to the
original data of the considered substance and fixed as a refer-
ence curve for further analysis. Moreover, the corresponding
substance-specific pooled variance was calculated based on
the original data. Then new data was simulated using the
responses of the reference curve at the concentrations of
the considered design together with additive normally dis-
tributed random errors, whose variance coincided with the
substance-specific pooled variance. Finally, a 4pLL model
(SSEC) was fitted to the simulated data and compared to
the substance-specific reference curve using the RMSE (see
Fig. 3B for an illustration of this procedure).

The resulting mean RMSE-values over the 1000 simula-
tion steps of all 76 substances are shown for the Bayesi-
anDILI design on the y-axis versus the log10 design on the
x-axis, where each dot represents one substance (Fig. 9).
Values below the bisecting dashed line indicate a better
performance of the BayesianDILI design compared to the
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Fig.9 The Scatterplot shows RMSE-values corresponding to the sim-
ulation results of 76 substances regarding BayesianDILI and log10
design. Each dot represents one substance. The BayesianDILI design
outperforms the log10 design for 75 of 76 substances

15
c
=2
310
Esl .
=
[a)]
c
8 . : .
o
- (R
m D .:- o
PRI .
SR
0
0 5 10 15

Original design

Fig. 10 The Scatterplot shows RMSE-values corresponding to the
simulation results of 76 substances regarding BayesianDILI and the
original used design. Each dot represents one substance. The Bayesi-
anDILI design outperforms the original design for the majority of
substances

log-equidistant one. Similarly, values above the dashed line
show a better performance of the log10 design.

The simulation results show significantly lower mean
RMSE:s for the BayesianDILI design compared to the log10
design for 75 of 76 substances, with the exception of one
compound (Griseofulvin) (Fig. 9). While the mean RMSEs
based on the BayesianDILI design vary between 0 and 10,
the values of the mean RMSEs based on the log10 design
are up to four times higher.

The mean RMSEs of the BayesianDILI design are also
smaller than the RMSEs of the original design in the DILI
assay (Fig. 10). More precisely, the original design outper-
forms the BayesianDILI design only for three of 76 sub-
stances. These three substances show a rather high toxicity
due to their maximal concentration.
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Based on the simulation results, the mean distance of
the EC5j-values to the ECy4-values of its reference curve
was calculated for each substance under consideration and
design technique. For the sake of comparability between
all 76 substances, the EC5j-values were normalized by the
maximal concentration of each substance, respectively.
Congenial to the analysis of the RMSE-values, the mean
ECs,-values based on the BayesianDILI design are con-
sistently smaller than the ones based on the original and
the log10 design (Suppl. Figure S3 and S4).

Guideline for the design of cytotoxicity experiments

In cytotoxicity testing, careful consideration must be given
to the experimental design, as the concentrations used have a
significant impact on the precision of the statistical analysis.
In the following, a guideline for the design of cytotoxicity
experiments is presented based on our findings (Fig. 11).
The recommended procedure for an arbitrary cytotoxicity
experiment is presented distinguishing between the scenar-
ios with and without pre-existing direct knowledge about
the test substance (Fig. 11). Furthermore, the proceeding
based on the guideline is described for the example of the
substance tolcapone (Fig. 12).

Fig. 11 Recommendation for
the planning of new cytotoxicity
experiments based on the
findings of this study. *To
ensure a more robust design
accounting for uncertainty a
deviation factor D can be
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Fig. 12 Recommended
procedure for the example

of tolcapone (TOLC) for the
scenario without explicit prior
knowledge of the test substance

In the following the individual steps of this guideline will

be discussed.

Step 0: Research if cytotoxicity information of the test
compound is already available. The aim of this initial step

@ Springer
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is to find out if the specific test compound has already been

previously concentration-dependently tested for cytotox-

icity. It is not necessary that the test conditions and the
tested cell types are identical to the planned experiment.
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However, the more similar the test conditions are, the
better.

If cytotoxicity information about the test substance is
known due to previous experiments of the test substance,
one proceeds to Step I A: Use information about EC,
and ECs. In this step the alert concentrations can either
be identified by reported values or calculated based on
previous cytotoxicity data by, e.g. the 4pLL model (Ritz
et al. 2015).

Step 1 B: Express level of uncertainty with deviation
factor D. A deviation factor D has to be fixed to reflect the
possible range of EC,,- and ECy)-values. More specifi-
cally, all values in [1/D-EC,,,D-EC,,] and
[1/D - ECs, D - ECsy] are assumed to be possible values
for the EC, and the EC,, respectively. Hereby, the devia-

tion factor D can be chosen within [1, ég“* ], in which the
50

highest deviation factor is limited by the maximally con-
sidered concentration (x,,,,) and the ECy,. In this case, it
is assumed to be possible that the ECs, value and the maxi-
mally considered concentration coincide. It should be con-
sidered that the deviation factor does not represent an
exact natural parameter but to a certain degree includes
the subjective assessment of the investigator.

If the information about the substance is precise, a devia-
tion of D = 1 will be chosen. Setting D = 1 would represent
an unusual situation, in which a) the substance has already
been tested with the same cytotoxicity assay and cell line;
and b) the EC,- and EC5-values do not vary between inde-
pendent experiments (experiments performed on different
days). As a consequence a higher deviation factor D > 1 will
be justified in practice. If the previous experiments used the
same cytotoxicity test and cell line, the investigator should
quantify the deviation factor by the corresponding confi-
dence intervals of independent experiments (for example the
basis of the deviation factor will be 2, 3 or 5 if the confidence
interval ranges 2, 3 or 5 fold for the individual experiments).
This value will be multiplied by an additional factor, e.g., 2
if a different cell line or different experimental conditions
(for example a deviating incubation time) were used. The
additional factor increases the more the new assay design
deviates from the original assay design used to obtain the EC
-values. If the quality of previous data justifies a small devia-
tion factor, the shape of the concentration-response curve
will be determined more precisely.

In Step 2: Plan one main experiment with Bayesian design
using Shiny App OCCE the provided Shiny app OCCE (see
http://shiny.statistik.tu-dortmund.de:8080/app/occe) can be
used. For this purpose EC,, ECs,, the maximally considered
concentration x,,,,, deviation factor D (from Step 1) and the
number of concentrations (N) that should be tested will be
entered. The result will be a list of N concentrations that
should be used to conduct the main experiment (Step 3).

In the absence of previous knowledge about the test sub-
stance of interest, continue with Step I: Research if cytotox-
icity of related test compounds is already available. Here
related compounds can be substances which belong to a
same chemical class and were tested by the similar cyto-
toxicity test.

Step Il A: Use historical data and determine Bayesian
design. The purpose of this step is to enable a higher density
of concentrations around the range where EC,,- and ECs
-values can be expected. For the calculation a statistician
should be consulted.

Step Il B: Determine the range of cytotoxicity by a log-
equidistant approach (“worst case”). This “worst case”
refers to a situation where almost no information concerning
cytotoxicity is available. In this worst case we still know a
very wide concentration range, e.g. 1071%to 10 M. The cyto-
toxicity of almost all substances occurs in this range. This
means that preliminary experiments have to be performed
to narrow down the region of interest. For this purpose an
equidistant approach for example with factors of 10 or 100
can represent a useful first step.

Step III: Preliminary experiment of test compound.
Acceptable uncertainty? In principle, the preliminary experi-
ment can lead to a scenario where a lower concentration will
show no toxicity at all while the next higher concentration
will show 100% toxicity. In this case the above described
deviation factor (D) may support the decision whether to
directly move to Step 1 or to perform additional preliminary
experiments. The concept of the deviation factor can be used
to quantify the level of uncertainty by using the range of the
confidence intervals of the preliminary experiments. If the
deviation factor leads to an exceedance of the maximally
considered concentration an additional preliminary experi-
ment should be considered. In general a statistician should
be consulted for the calculation of the adaptive designs in
this step.

In the following the procedure based on the guideline is
described by the example of the substance tolcapone (TOLC)
(Fig. 12). In this example it is assumed that no prior knowl-
edge of the substance is available in Step 0. Accordingly, one
proceeds with Step 1. Since data of 20 related compounds
to tolcapone, tested with the same cytotoxicity assay, are
available in this example, the corresponding EC, ;- and ECs
-values are used to construct distributions for possible EC,,-
and ECs-values of the test substance TOLC. Based on this
a Bayesian design is constructed for the preliminary experi-
ment in Step III. The corresponding uncertainty is assumed
to be acceptable since the preliminary experiment showed
a confidence interval of the EC, of a nearly 2-fold range.
Accordingly, the cytotoxicity information of the preliminary
experiment (EC,, ECs, D, x,,,,) is used in Step 1. Entering
these values in the OCCE app while aiming for five different
concentrations results in the calculation of the following five
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optimal concentrations: 0, 0.022, 0.046, 0.098, 0.316 (mM)
(Step 2). The main experiment with at least three technical
replicates can then be performed with the corresponding
concentrations (Step 3).

Shiny app OCCE (optimal concentrations
for cytotoxicity experiments)

Often the calculation of optimal concentrations for an
upcoming cytotoxicity experiment requires deeper knowl-
edge in software programming. To make the calculations
easily accessible to everyone, we have developed a Shiny
app (see http://shiny.statistik.tu-dortmund.de:8080/app/
occe). This Shiny app called Optimal Concentrations for
Cytotoxicity Experiments (short: OCCE) enables the calcu-
lation of optimal concentrations for user-specified situations.
First the unit of measurements and the maximally considered
concentration for the compound of interest needs to be sup-
plied. Additionally a prior guess of the alert concentrations
EC,, and ECs, as well as a corresponding deviation fac-
tor (for details see “Guideline for the design of cytotoxicity
experiments”) has to be entered (for an example see Fig. 13).
Then the user can specify the desired number of concen-
trations N for the calculation. Afterwards the resulting N
optimal concentrations based on the supplied knowledge are
calculated and returned as a list. Furthermore, details of the
parameters and the calculation methodology are given.
Apart from the calculator of optimal concentrations, the
OCCE app includes a tool for comparing specific concen-
trations to the optimal concentrations. In particular, the
efficiency of a user-specified design can be evaluated by

Fig. 13 Example of supplied
cytotoxicity information in
Shiny app OCCE. The resulting
optimal concentrations for this
example are 0, 2.821, 6.099,
13.503, 40 (mM)

Millimolar (mM)
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this app. The higher the efficiency is, the better the cho-
sen design is. This allows for the evaluation of the quality
of other designs in comparison to the optimal concentra-
tions. If, for instance, the exact calculated concentration of
2.821 mM is difficult to measure in practice, the user can
assess the impact of adjusting the concentration to 3 mM
(see Fig. 14). A design with an efficiency over 80% is clas-
sified as a good design, while an efficiency of 70 to 80% is
sufficient and a design below 70% should not be used to plan
a new experiment.

Discussion and conclusion

This study introduces designs for cytotoxicity experiments
for two scenarios: On the one hand, where pre-existing
knowledge of the test substance is available and on the other
hand, where this is not the case.

For the first scenario, the performance of three different
design techniques (log-equidistant, IfADo, and Bayesian)
was investigated by the example of valproic acid (VPA).
Based on pre-existing knowledge of the EC,, and ECj,
designs with 4-7 concentrations were constructed for each
technique, respectively.

To ensure a comparable assessment of the different
designs, a reference curve for VPA was determined based on
experiments with an unusually high number of 50 different
concentrations with 3—6 technical replicates. This reference
curve was used to quantify the degree of deviation obtained
for the different design techniques in terms of the RMSE and
precision of the ECsy,
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Fig. 14 Visualization of the influence of the choice of concentra-
tions based on the corresponding efficiency. A Optimal concentra-
tions result in a corresponding efficiency of 100%. B A different set

The results show that the Bayesian design technique leads
to a higher model precision compared to the other techniques
for all numbers of concentrations. The Bayesian design leads
to RMSEs and ECs;-values with substantially lower vari-
ability and therefore better reproducibility of experimental
results. Besides, the log-equidistant design with four to six
concentrations leads to high deviations from the reference
curve. When incorporating the seventh concentration into
the log-equidistant design, it performs considerably bet-
ter. In contrast to this, no substantial improvement is vis-
ible for using more concentrations in the IfADo design.

of concentrations result in a high efficiency of 97.2%. C Different set
of concentrations result in a low efficiency of 66.9% and lead to a non
sufficient design

Furthermore, the Bayesian design technique requires by far
the smallest sample size for achieving the same precision of
the EC5, estimate as the other designs.

In addition, the influence of a pre-experiment for the
three different design techniques was considered. When
the pre-experiment was designed with the Bayesian or log-
equidistant design with seven concentrations, no sequen-
tial approach consisting of a pre- and a main experiment
was necessary, because the gained information was already
sufficient in the one-step procedure and not improved by
splitting the experiments. For the IfADo design with seven
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Fig. 15 The precision of the log-equidistant design is largely influ-
enced (improved) by inclusion of the specific concentration 21.45
mM. A Visualization of the RMSE of an example SSEC for the log-
equidistant design with six concentrations compared to the reference

concentrations in the pre-experiment, an improvement using
the sequential approach was visible. In general, the sequen-
tial approach tends to be superior, if the design of the pre-
experiment is suboptimal.

Whereas the pre-existing knowledge in this scenario is
based on the EC,,- and ECyy-values of previous experi-
ments identified with 0.373, 0.5645, 0.756 and 6, 6.5, 7 mM,
respectively, the EC,, and ECs, observed in the VPA data set
are identified with 2.58 and 7.15 mM, so that the previous
knowledge deviates from the reference curve in this analysis.
Therefore, the designs based on this previous knowledge
can be confounded and improved by incorporating adjusted
previous knowledge. Nevertheless, the Bayesian technique
performed better compared to the other design techniques.

For the second scenario, a large data set consisting of
76 substances (not including VPA) was used to construct a
design, called BayesianDILI design, which is based on less
specific prior knowledge of these substances. The Bayesi-
anDILI design can be adjusted for each test compound in
the DILI data set and related compounds by utilizing the
corresponding highest considered concentration. The per-
formance of this design was compared to the three former
design techniques on VPA data. Here, the BayesianDILI
design tailored to VPA, called BayesianDILI_VPA, per-
formed considerably better than the IfADo design, although

@ Springer

120
80
40
= Reference curve
Example SSEC for log—equidistant 7
0

0 1 2 46 10 203046
Concentration [mM]

curve. B Visualization of the RMSE of an example SSEC for the log-
equidistant design with seven concentrations compared to the refer-
ence curve

it did not use specific prior knowledge of the test substance.
The BayesianVPA and log-equidistant design showed a
higher model precision compared to the BayesianDILI_VPA
design, due to their construction on more specific prior
knowledge of VPA. In terms of the precision of the ECy,
the BayesianDILI_VPA design performed worse than the
BayesianVPA design but even better than the log-equidistant
or IfADo design. It should be considered that the ECy, of
VPA does not represent the median of the ECy-values of all
investigated substances, because VPA is comparatively less
toxic. The BayesianDILI design could show better results for
substances where the ECs, is closer to the median.
Considering the performance of the BayesianDILI design
for the 76 substances, that were used for its construction, a
computer-based simulation study was performed. Hereby,
the BayesianDILI design was compared to log-equidistant
designs and the original designs used in the DILI data set
in terms of RMSE for each substance, respectively. For the
vast majority of substances the BayesianDILI design shows
a higher model precision than the log-equidistant and origi-
nally used design in terms of the RMSE. The analysis of the
precision of the ECy, showed coherent results. Note that the
BayesianDILI design was developed based on prior informa-
tion of these 76 substances. However, the prior information
of a particular substance entered only with weight 1/76 to



Archives of Toxicology

the prior distribution, so the results also indicate a good
performance of the BayesianDILI design for the scenario of
no pre-existing knowledge. It should be noted that a Bayes-
ian design could have also been constructed with less prior
information. However, the quantity and the quality of the
prior knowledge increases the efficiency of the Bayesian
design technique.

Apart from the Bayesian technique, the log-equidistant
design with seven concentrations showed a high model pre-
cision, at least for VPA. Nevertheless, it has to be noted that
this results from incorporating the specific concentration
21.45 mM. In Fig. 15 the improvement of the model preci-
sion when incorporating the seventh concentration in the
log-equidistant design is shown exemplarily for one SSEC.

In this study, we considered only designs with equal num-
bers of replicates at each concentration for practical reasons.
However, this limits the calculation of optimal designs, as
they are not inherently equally weighted by definition.

Furthermore, we prioritized a user-friendly approach
by extending the Bayesian design using a simple midpoint
interpolation technique. While other methods, such as opti-
mizing additional concentrations based on the criterion
value, could have been applied, they would likely yield simi-
lar concentrations. Our approach ensures that the original
Bayesian design concentrations are preserved while broadly
covering the design space. This is advantageous in practice,
as it facilitates the identification of the entire concentration-
response curve.

The results clearly demonstrate the advantages of using
techniques of optimal design theory in practice. The usage
of the Bayesian technique with and without incorporating
pre-existing knowledge of a specific test substance resulted
in the most precise statistical inference of the corresponding
experiments. Here, the approach is used for mostly hepato-
toxic substances, but it can be easily adjusted to different
substance sets.

To provide an easy calculation tool, we developed a Shiny
app that allows users to easily determine optimal concentra-
tions for future cytotoxicity experiments. Additionally, this
Shiny app enables the comparison of various concentrations
against the optimal values.

Supplementary Information The online version contains supplemen-
tary material available at https://doi.org/10.1007/s00204-024-03893-1.
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Sequential approach improves IfADo design

Concentration-dependent toxicity testing might be improved by using a sequen-
tial procedure, in which the main experiment is done after the conduction of
a pre-experiment. The pre-experiment is used to obtain knowledge about the
EC;g-value and the ECsg-value of the test substance. Based on this informa-
tion, the main experiment is performed to gain detailed knowledge about the
cytotoxicity of the test substance.

To analyze the influence of the choice of the design conditions the design
is varied in the pre-experiment with three possibilities (log-equidistant, IfADo
and Bayesian) with seven concentrations each. Based on the VPA data set
scenario specific estimated curves (SSECs) as described in Section Results were
calculated 3000 times with three observations at each concentration. Based
on each of those SSECs the confidence intervals of the corresponding ECi
and ECgq are calculated. With the help of this, parameter combinations were
constructed to incorporate uncertainty and a prior distribution is established
based on the parameter combinations. Afterwards a Bayesian D-optimal design
with seven concentrations can be developed based on this prior distribution
(which is unique for each SSEC) assuming equal weights. To make sure the
resulting concentrations are available in the VPA data set, the concentrations
of the SSEC specific Bayesian design were fixed to the seven different nearest
available concentrations of the data set. The main experiment then is conducted
with these specific concentrations resulting from the Bayesian technique. In a
last step, three observations per concentration were drawn randomly from all
data points available in the data set to imitate a main experiment. Additionally,
a 4pLL-model is fitted to the new data points. This model then can be compared
to the reference curve via RMSE and precision of the ECgq. Note that the other
design techniques were not used for the design of the main experiment, as they
performed worse than the Bayesian design technique with seven concentrations
in the previous analyses.

The RMSEs and ECsg-value of the sequential approach were compared to
the RMSEs and the EC5g-value of the non-sequential procedure, in which a main
experiment with six replicates at each concentration was conducted based on
either the Bayesian, log-equidistant or IfADo design with seven concentrations.
Note that for the sake of comparability, the number of replicates was chosen
such that both the non-sequential and the sequential procedures result in the
same total sample size.

The performance of the log-equidistant design and the IfADo design is im-
proved by the sequential approach, whereas the performance of the Bayesian
design is not affected (see Fig. 1). More precisely, the results show that nei-
ther the median RMSE nor the median ECsg-value is improved by the sequen-
tial approach if the pre-experiment had already been based on the Bayesian
technique. In contrast, the RMSEs and the ECsp-values of the IfADo design
were improved substantially by the sequential procedure compared to the non-



sequential approach. However, the sequential IfADo approach remains worse
than the non-sequential Bayesian approach. Focusing on the log-equidistant
design, the sequential approach reduces the number and extension of outliers in
terms of RMSEs and ECsg-values.

RMSE per design (6 replicates in total) ECso—values per design (6 replicates in total)

30

Lnd

Sequential design Non-sequential design Sequential design Non-sequential design

151 Reference ECsq

RMSE
ECsp [mM]

Design E2 Bayesian B8 IfADo B8 Log—equidistant

Figure 1: IfADo and log-equidistant design are improved by the sequential de-
sign procedure in terms of precision and reduction of outliers.

A: RMSE-values for sequential and non-sequential approach grouped by pre-
experimental condition (different designs), B: ECsg-values for sequential and
non-sequential approach grouped by pre-experimental condition (different de-
signs). The red line corresponds to the reference ECsxg.
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Figures

Maximum distance grouped by design, number of concentrations and used replicates
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Figure S1: Maximum distance grouped by design, number of concentrations,
and the use of replicates. This figure presents only an extract of the data,
excluding extreme outliers across all designs.
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Figure S2: The relation between the sample size and the length of the confidence
interval (LCI) of the ECsp-value is shown grouped by design and number of
concentrations. The blue lines indicate the number of observations required
to achieve a specific level of precision for the EC5¢ (LCI). To achieve the same
precision of the ECs5o the Bayesian design requires considerably less observations
than the other two design techniques.
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Figure S3: An extract of the simulation results from all 76 test compounds is
shown regarding the precision of the ECsq for the BayesianDILI compared to the
log10 design. The precision is measured by the mean distance of the simulated
ECs50-values compared to the reference ECsy for each substance. Each dot
represents one substance. For the sake of comparability, too extreme values are
not shown in this plot. The BayesianDILI design outperforms the logl0 design
for the majority of substances.
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ABSTRACT

We consider the optimal design problem for identifying effective dose combinations within drug com-
bination studies where the effect of the combination of two drugs is investigated. Drug combination
studies are becoming increasingly important as they investigate potential interaction effects rather
than the individual impacts of the drugs. In this situation, identifying effective dose combinations that
yield a prespecified effect is of special interest. If nonlinear surface models are used to describe the
dose combination-response relationship, these effective dose combinations result in specific contour
lines of the fitted response model.

We propose a novel design criterion that targets the precise estimation of these effective dose
combinations. In particular, an optimal design minimizes the width of the confidence band of the
contour lines of interest. Optimal design theory is developed for this problem, including equivalence
theorems and efficiency bounds. The performance of the optimal design is illustrated in several
examples modeling dose combination data by various nonlinear surface models. It is demonstrated
that the proposed optimal design for identifying effective dose combinations yields a more precise
estimation of the effective dose combinations than commonly used ray or factorial designs. This
particularly holds true for a case study motivated by data from an oncological dose combination
study.

Keywords Confidence band; Drug combination; Multivariate effective doses; Nonlinear surface modeling;
Optimal design

1 Introduction

In various disciplines of pharmaceutical development, analyzing potential drug-drug interactions is fundamental, and
drug combination studies are becoming increasingly relevant (see e.g., Chou [2008] and Mokhtari et al. [2017] among
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many others). In general, the detection of positive drug-drug interactions might result in an increased efficacy, reduced
adverse events, and cost reduction. For this purpose, one focus of dose combination studies is on identifying dose
combinations that achieve a prespecified effect.

However, little research is available on modeling dose combination-response data and designing experiments for dose
combinations in practice [Holland-Letz and Kopp-Schneider, 2018]. Often, the individual dose-response relationships
of the monotherapies are known, but their combination is of particular interest, especially when the mode of action
is unknown. In this situation, there are different approaches to specify the type of interaction, i.e. whether there is
synergism, additivity, or antagonism of the investigated drugs, which correspond to a positive interaction, no interaction,
or a negative interaction, respectively (see e.g., Loewe [1927], Bliss [1939] and Lee et al. [2007]). Here, common
strategies are, for example, the curve-shift analysis, isobolograms, combination indices, and universal surface response
analysis (see e.g., Zhao et al. [2010] and Foucquier and Guedj [2015]). While modeling the drug-drug interaction based
on the combination index or isobolograms results in a one-dimensional linkage not capturing the response effect itself
at each possible dose combination, dose response surface modeling enables an estimation of the drug-drug interaction
across the entire design space based on the response effect. Therefore, Zhou et al. [2024] proposes to model dose
combination response data using specific nonlinear surface models. The two-dimensional setting of the surface models
introduces new challenges. Similar to traditional one-dimensional dose-response experiments, researchers are interested
not only in modeling the effects across the entire design space but also in evaluating specific effective doses, which are
defined as the dose combinations that achieve a predetermined level of the effect. In the one-dimensional setting, the
dose that results in a specified effect level is unique, in particular, if the response is strictly increasing in the dose. In the
two-dimensional setting, multiple dose combinations yield a specific effect level, forming contour lines on the surface
model, even if the response is strictly increasing in both doses. Therefore, a design that facilitates precise estimation of
these effective dose combinations in drug combination studies is needed.

This paper aims to construct efficient designs for identifying effective dose combinations using nonlinear surface models.
Although the theoretical and practical considerations of optimal designs for different kinds of classical one-dimensional
dose-response models are well established (see, e.g., Bretz et al. [2010], Dette and Schorning [2016] and Bornkamp
et al. [2009]), there is less research on the design of drug combination experiments. Ray designs, whose dose levels
correspond to fixed proportions of the mixture of substances, are frequently used in drug combination studies (see e.g.,
Straetemans et al. [2005] and Rgnneberg et al. [2021]). Therefore, Almohaimeed and Donev [2014] established locally
D-optimal designs for specific ray designs. Holland-Letz and Kopp-Schneider [2018] consider optimal experimental
designs for estimating the drug combination index based on Loewe additivity. Besides, Papathanasiou et al. [2019]
consider nonlinear surface models to describe the dose combination response relationship across the whole design space
but mainly address the design problem by using the classical D-optimality criterion instead of explicitly targeting the
precise estimation of effective dose combinations. To address this gap, we propose a new and flexible design criterion
that aims to estimate effective dose combinations in drug combination studies accurately.

The paper is structured as follows. First, a suitable definition of effective dose combinations will be given in Section 2,
where we will also present surface modeling as used in drug combination studies. In Section 3, we will introduce the
optimal design theory in the context of drug-combination studies aiming to estimate the effective dose combinations
accurately. More precisely, an optimal design minimizes the L -norm of the variance of the prediction for the effect at
the effective dose-combinations. Note that a similar approach is proposed by Miller et al. [2007] for the one dimensional
set-up, but can not be directly extended to the present situation of dose combination studies. For the present context, we
will provide equivalence theorems and a lower bound for the efficiencies that can even be used if the optimal design is
unknown.

In practice, the derived optimal designs should result in more precise predictions of the effective dose-combinations.
Therefore, Section 4 and Section 5 are devoted to illustrating the advantages of the derived optimal designs in specific
scenarios of dose combination studies. Based on a real case study, we will compare the performance of the derived
optimal designs against established designs such as factorial and ray designs and classical locally D-optimal design.
The considered design approaches will be compared theoretically, based on efficiencies, and practically through a
simulation study. In addition to the case study, further scenarios of dose combination studies that, in particular, reflect
different types of interactions and surface models will be evaluated within a simulation framework.

Finally, we examine the robustness of the developed design approach. In drug combination studies, monotherapies are
often known in advance, while the interaction effect may not be clearly defined before conducting the drug combination
experiment. Therefore, we consider robust designs for various values of the interaction effect. Additionally, we
investigate the capability of the resulting designs to provide precise estimates of the effective doses across different
scenarios and assess their performance under these varying conditions.
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Table 1: Possible choices of the one-dimensional regression functions for n¢ and 7p in the dose combination model (1).
Note that the placebo parameter of the depicted regression functions from Bornkamp et al. [2009] is removed, as it is
already part of the dose combination model (1).

Model Formula Parameters

Linear f(d,0f) =dd O =296

Exponential f(d, 8y) = El(exp(g) —-1) 0y =(Eq,90)

Emax f(d,07) = Emaxgpteg 0t = (Emax, ED50)
sigmoid Emax  f(d,0;) =E _d 0t = (Emax, EDs0, h)

max EDQO +dh

2 Modeling dose combination data

We consider the effect of the combination of two different substances, denoted by C' and D, by modeling it with the
nonlinear regression model

Yl'j :n((ci;di)a9)+5ij fOI'i: 1,‘..,’/7,;]': 1,...,’[“7;,

where ¢;; are independent random variables such that £;; ~ A(0,02), 0 > 0. This means that observations are taken
at n different dose combinations (¢1,d1),. .., (¢, d,), which vary in the design space (i.e., the dose combination
space) Z = Xo X Xp = [0, cmax] X [0, dmax] € R? and r; observations are taken at each (c;,d;), i = 1,...,n.
Let N = ! | r; denote the total sample size. The regression model 1 and the m-dimensional parameter ¢ are
used to describe the relationship between the response and the dose combination. We assume that the function
((¢,d),0) — n((c,d),0) is continuously differentiable both in (¢, d) and in 6.

Natural choices for the regression function 7 include the regression functions used to describe the dose-specific effect of
the individual substances. More precisely, let no( -, 0¢), 0c € ©c C R™C, and np(-,0p), 0p € Op C R™P be the
parts of the individual regression functions describing the dose-specific effect of the substances C' and D, respectively.
Then we define the regression function for the dose combination

n((c,d),0) = 6o + nc(c,0c) + np(d,0p) +ne(c,0c)np(d, 0p) , (1)

where the parameter § = (6y, 6¢, 0p,~y) consists of the individual parameters 6¢ and 6p of the regression functions
nc and 7¢, a joint placebo parameter 6y and the parameter v € R that describes potential dose-independent interaction
effects between the two substances. Note, that due to identifiability reasons the parameters 6 and 8 do not contain a
substance specific parameter for the placebo-effect. The interaction effect is positive if v > 0, whereas v < 0 indicates
a negative interaction. If v = 0, there is no interaction between the two substances. Summarizing, for the regression
function 7 in (1) it holds for the dimension of the parameter 6 that m = 2 4+ m¢ + mp. In clinical and toxicological
applications popular choices for the function n¢ and np are the linear, exponential, Emax, or sigmoid Emax model,
as described by Bornkamp et al. [2009] and presented in Table 1. Note that the functions depicted in Table 1 are
continuously differentiable, hence also 7 is differentiable.

For asymptotic arguments we assume that limy _, o 7N = w; € (0,1) and collect this information in the matrix

52((017611) (Cnadn)>_

w1 Wn

Following Kiefer [1974], we refer to £ as an approximate design on the design space Z. This means that the dose
combinations (c;, d;) define the different experimental conditions where observations are to be taken, and the weights
w; represent the relative proportion of observations at the corresponding dose combination (¢;, d;). If an approximate
design is given and N observations can be taken, a rounding procedure proposed by Pukelsheim and Rieder [1992] is
applied to obtain integers r; from the not necessarily integer valued quantities Nw;. Assume that observations are taken

according to an approximate design £. Under certain assumptions of regularity, the distribution of 6 is asymptotically
normal [Jennrich, 1969]. Moreover, the distribution of the predicted effect at a specific dose combination (¢, dp) is
also asymptotically normal, with

m(n(<co,d0), ) n(<co7d0),9)> 2 N(O,w((co,do),g, 9)).
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D s . .
Here, — denotes convergence in distribution and the function ¢ is defined by

((eo. o) 6) = (ggnl(ennd)8)) 3 (€.0) (gyn((endo).0)). @

where M(f,H):/Z%n((c,d),B) <§9n((c,d),9)> df((c,d)) 3)

is the information matrix corresponding to the design &, and %n((c, d), 8) is the gradient of 7 with respect to the
parameter § € R™. The matrix M~ (€, 0) is the generalized inverse of the information matrix, whereby the design £
has to satisfy %77((00, dp),0) € range(M (&,0)).

Therefore, the asymptotic variance of the prediction n((co,dp), ) at a prespecified dose combination is given by
©((co,dp), &, 0). The asymptotic behavior in (2) can be used to construct an asymptotic confidence interval for the
prediction of the effect at the dose combination (cg, do). More precisely, the confidence interval for the level (1 — ) is
given by

o

N ¥
where 6 and 6 denote the maximum likelihood estimates of the parameters o and 6, 2, _,, /2 denotes the (1 — a/2)-
quantile of the standard normal distribution and the function ¢ is given in (2).

U((CO»dO):é) :tzlfa/2 1/2((007d0)aé) ) )

2.1 Effective doses in dose combination studies

In classical dose-response experiments where the effect of one substance is investigated, special interest lies on effective
doses (ED) that result in a certain percentage of the maximal effect. In particular, following Bretz et al. [2010], the
ED,-dose at which p% (0 < p < 100) of the maximal effect is achieved is defined by

ED, = min{x € (a, b ‘ ];L((Z’g)) = 1}070}, 5)

where h(z,0) = f(z,0) — f(0,0) and f(z,0) is the considered regression function, which depends on both the dose =
and the unknown parameter 0. Note that using the definition in (5) results in a unique ED,,. If the regression function
f (=, 0) is additionally strictly increasing, the effect level p is attained at exactly one dose.

However, in the two-dimensional setting of dose combination studies, there is no unique ED,,-dose combination,
even if the regression function 7((c,d), 8) is strictly increasing in both doses ¢ and d. Instead, several different
dose combinations (¢, d) € Z yield the same effect, resulting in contour lines on the surface model. Extending the
one-dimensional definition of the ED,, in (5), the set of multivariate effective doses for achieving p% (0 < p < 100) of
the maximum effect in the considered design range Z = [0, ¢iax] X [0, dmax| can be defined by

n((c,d),0) — mingey.ap)ez n((c0, o), 0) _ p}
Rmax - 100 ’

MED, (6) = {(c, ez ‘ ©)

where the R,,,x denotes the maximal effect of the response in the design space and is given by

Rmax: ,d,0 - i ,d,@.
e 0) = i nl(ed.6)
Note that the MED,,(¢) defined in (6) depends on the parameter . For the sake of brevity, we denote the multivariate
effective doses for p % of the maximal effect with MED,,.

Example 1. Consider the situation where dose combinations of the substances C' and D that achieve p; = 80% and
p2 = 90% of the maximal effect are of interest in a dose combination study. Further, assume that the dose combination
response relationship can be described by an interaction model (1), where the individual regression functions are given
by Emax models with parameter 6 = (80,3) and 6p = (120, 10), respectively. The interaction effect is given by
~ = 0.02. The corresponding combination response surface model is shown in Figure 1 (a). The dose combinations
that result in 80% and 90% of the maximal effect, thus the sets MEDgy and MEDyg, are marked by the red and orange
(contour) line, respectively (Figure 1 (b)).
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Figure 1: Response surface and multivariate effective doses for the model from Example 1.

3 Optimal design theory for identifying sets of effective doses in drug combination studies

Dose combination studies aim to identify the dose combinations (c, d) € MED,, for prespecified values for p%. Using
(4) the pointwise confidence band of the prediction of effects at the dose combinations contained in the MED,, is given

by

VN

where the asymptotic variance function ¢((c, d), &, é) is defined in (2). The smaller the width of this confidence band
is, the more precise the prediction of the effect at dose combinations (c, d) contained in MED,, becomes, which in
turn leads to a precise identification of the MED,,. Consequently, from a design perspective, a good design £ should
minimize the width of the confidence band in (7) at each dose combination (¢, d) € MED,,. This corresponds to a
minimization of the asymptotic variance in (2) concerning the design £. Unfortunately, a simultaneous minimization is
only possible in rare and probably unrealistic settings. We therefore propose a design criterion to minimize a L4-norm
of the function ¢, ¢ € [1,00). More precisely, let p1,...,pr € (0,100) be k > 1 prespecified percentages and

C(9) = Ule MED,,, # 0 the joint set of the corresponding MED-sets. Then, we can use the L,-norm

{n«c, 0,0) £ 210 js—Tmg2((c,d). ,0) ] (c.d) € MEDP}, @

1
q

oniep, (€.0) = [ / o ((c.d),€,0)dulc. d) ®)
legoy Je(o

of the function ¢ defined in (2), where 1 denotes an appropriate measure on the design space Z and l¢(gy = (C (9)) >0
the corresponding value of the measure p evaluated at the set C'(¢). Typical choices for the measure 1 are the uniform
distribution on the set C'(f) or discrete measures on the design space Z (as later chosen in the simulation study in
Section 5.2). Note that the function in (8) is similar to the I-criterion that is discussed in [Fedorov and Leonov, 2013,
p- 58].

Definition 2. Let p1,...,px € (0,100), k > 1, ¢ € [1,00). Then a design £* is called locally MED,-optimal for the &
effective dose combinations MED,,, . .., MED,, and the parameter 6, if it satisfies 27 ((c, d),0) € range(M (£*,0))

for all (¢, d) € Ule MED,, and if it minimizes the function ¢nEp, (&, 6) in (8) over the space of all approximate
designs € on Z with 21((c,d), §) € range(M (€, 0)) for all (¢, d) € (Ji_, MED,,.

A central tool of optimal design theory is the equivalence theorem, which is frequently used to check the optimality
of candidate designs determined numerically by meta-heuristic algorithms whose convergence is not guaranteed (see
e.g. Kennedy and Eberhart [1995], Masoudi et al. [2019], Sandig [2024] among many others). Moreover, equivalence
theorems can be used to reduce the infinite dimensional optimization problems arising in optimal design theory to
finite dimensional ones. Due to the convexity of the L,-norm, the criterion derived in (8) is convex with respect to
the design £. Thus, we can derive the corresponding equivalence theorem (Theorem 3) that can be used to check the
MED,-optimality of a given design £*. Note that Theorem 3 consists of two parts. The first part is derived for the
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case where the information matrix M (£*, 0) of the design £* is non-singular. However, there might be cases where
the information matrix M (£*, 6) of the MED,,-optimal design £* is singular. For instance, this situation can arise if
only k£ = 1 set of effective concentrations, denoted as MED,, is of interest. In Section 4, the statement of the theorem
is used to check the optimality of the numerically determined designs. The proof of Theorem 3 can be found in the
Appendix.

Theorem 3. 1. Let £ be an approximate design on Z such that the corresponding information matrix M (£*,6)
is non-singular. The design £ is locally MED 4-optimal if and only if the inequality
* - 1 * *
/ o (D 0™ (0, o) ). €°,0) diesd) e, (€7,0) <O ©)
c(o

: 0 ro d
Wltha((Co,d()),(C, d)a£79) = <8977((C7 d)76)> M 1(579) (8077((007610)7‘9)) )
holds for all (co,dy) € Z. Moreover, equality is achieved in (9) for all (¢, d) in the support of the design &*.

2. Let & be an approximate design on Z such that the corresponding information matrix M (£*,0) is singular.
The design £* is locally MED 4-optimal if and only if there exists a generalized inverse G € R™*™ of M (£*,0)
such that the inequality

/C(G) (@((Cv d)7€*70)>q71a2 ((607d0)7 (C, d),f*,e) d,LL(C, d) - QZSI%/IED,2 (‘5*70) <0 (10)

with oz((cmdo),(c7 d),{,@) = (38077((07 d),9)> GTM(§,9)G <889n((607d0)’0>) ,

holds for all (co,do) € Z. Moreover, equality is achieved in (10) for all (¢, d) in the support of the design £*.

Remark 4. If the L;-norm is used in (8), the criterion, ¢\EDp,, simplifies to an A-optimality criterion (see e.g.
[Pukelsheim, 2006, p. 137]). More precisely, ¢vep, can be rewritten by

/C(e) (5977(((:, d),e)>TM—(£,9) (88077((0, d),@)) du(c,d)
/c(e) tr {M‘(&H) <88977((C, d)ﬁ)) <§9n((c, d),9)>T] dp(e, d)

tr[M‘(f,O) /c<9) <§9n((c,d)79)) <§9n(<c, dm))Tdﬂ(c,d)] —tr [M(£,6)B],

=:B

where the design ¢ has to satisfy range(B) C range(M (€, 0)).

Remark 5. In order to investigate the quality of a (not necessarily optimal) design & for the purpose of identifying
effective dose combinations, we consider the ¢\Ep, -efficiency

__ dmED, (£7,0)
" ¢mED, (&, 0)

The quantity eff ., has an intuitive interpretation. Consider an experiment with [N observations that will be
performed according to the approximate design £*. Then %QZ)MEDQ (£*,0) can be interpreted as the approximate value
of the mean predictive variance based on the experiment. Now, suppose ¢ is a different design, for which we could take
M observations instead. Both approaches will result in the same mean predictive variance if, and only if

émED, (£5,0) N

omED, (6,0) M’

In other words, when £ has an efficiency of e, we would need to take a factor of 1/e more observations to obtain the
same precision as under the locally MED ;-optimal design £*.

eff grmp, (§) € (0,1]. an

Corollary 6. For an arbitrary design £ we have
max \I}(Sa (CO7 dO))

(co,do)€Z

émED, (§)

eH¢hIEDq =1 =t elb(¢), (12)
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where U (&, (co,do)) corresponds to the left hand side of inequality (9) if the information matrix is non-singular, or
respectively of inequality (10) in Theorem 3 for the singular case. Consequently, elb(&) is a lower bound for the
efficiency of a design £ in terms of V. Notably, the lower bound does not depend on the optimal design £*.

The statement in (6) follows, for example, from rearranging Equation (2.63) in [Fedorov and Leonov, 2013, p. 67],
which is applicable here because the MED ,-criterion in (8) is convex and Theorem 3 holds.

So far, the optimality criterion for identifying an effective dose combination depends on the unknown, but true parameter
0. Thus, the corresponding locally optimal designs require a-priori information about the parameter vector. In dose
combination studies, preliminary knowledge regarding the individual dose-response relationships and the corresponding
parameters might be available from earlier dose-finding studies. Moreover, locally optimal designs can be applied as
benchmarks for commonly used designs and can serve as starting points for constructing more robust designs with
respect to model assumptions. A robust version of the ¢nED, -Criterion can be developed following a Pseudo-Bayesian
approach (see e.g. Pronzato and Walter [1985], Chaloner [1989] and Chaloner and Larntz [1989]). More precisely, let
7 be a prior distribution of the unknown parameter § € O, then a design £* is called Bayesian MED;-optimal, if it
minimizes the function

= / dmED, (€, 0)dm(0) (13)
e
for all possible designs £ € =, where = denotes the set of all possible approximate designs on the design space Z.

For the Bayesian version of the MED,-criterion, analogous versions of the equivalence theorem in Theorem 3 and
efficiency bounds such as in Corollary 6 can be derived.

4 Case study

In oncological research, test substances are examined to investigate whether they can reduce the growth of tumors. For
this reason, the Tumor Growth Inhibition (TGI) [%] is often used as the primary endpoint. When TV, ; ; denotes the

tumor volume of animal j = 1,...,n, in treatment group ¢ = 1,...,datday ¢t = 0,..., T, then TGI, ; ; is defined as
TVii;—TVo,;
TGL,; ;= (1- 2] 0% -100 %.
o < med;; (TVy,0,;) — med;(TVo,0,5) ’

Here, t = 0 refers to measurements at baseline and ¢ = 0 indicates the negative control and placebo group.

Hence, a TGI value of 100% denotes a stasis with no observable tumor growth, whereas a TGI value greater than 100%
signifies a reduction (regression) in the tumor volume. The following example of a mouse experiment consists of two
test drugs C' and D, with 3 and 4 dose levels and corresponding negative control observations within the design region
Z =[0,20] x [0,7]. In addition to these data from the monotheraples some combinations are used and the TGI is
measured. The correspondmg design, denoted as original design, is displayed in Appendix Table 4.

The data set for this example is derived from 4 pooled experiments of a tumor model, maintaining important parameters
such as cell line, strain, and route of administration consistent across all experiments. TGI is evaluated on day 21 and
normalized against the control group in each of the experiments. By pooling these experiments, we achieve a relatively
high total sample size for preclinical experiments with unbalanced sample sizes in the individual dose groups.

The corresponding data set was utilized to fit a dose combination model as defined in (1). First, an investigation was
conducted to determine which dose-response model best describes the monotherapies. This was achieved by applying
the multiple comparison and modeling approach from Bretz et al. [2005] exclusively to the data points representing
each monotherapy. Based on the test statistic, the optimal model selected for both substances was the sigmoid Emax
model. Then, all data points were used to fit a model via maximum likelihood estimation for the corresponding
dose combination model, where the corresponding maximum likelihood estimate was determined with 6y = 19.05,
Emax,c = 111.10, EDso.c = 5.83, h¢ = 2.86, Emax,p = 410.82, EDsg,p = 20.00, hp = 0.78, v = —0.0075. A
visualization of the model and the corresponding data points is given in Figure 2. Please note that the interaction effect -y
is slightly negative (v = —0.0075), such that the negative interaction would be visible in the plotted response structure
only for much higher dose combinations outside the design space Z. This may be attributed to the predominance of data
points from the monotherapies in the case study, with only a limited number of measurements for dose combinations
(c,d) € Z, where the individual doses c, d are not the placebo doses.
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Figure 2: Drug combination surface model for the TGI in % for case study data with sigmoid Emax model for both
substances. Additionally, the corresponding data points are displayed in orange.

5 Numerical results

In the following sections, we will compare the performance of various design approaches from both theoretical and
practical perspectives. The theoretical comparison focuses on efficiencies of the different design approaches, while the
practical aspect is explored through simulation studies.

We will compare conventional designs, such as factorial and ray designs, against the derived MED ;-optimal designs in
terms of their precision in estimating effective dose combinations. For the comparison, we restrict ourselves to the
Ly-norm resulting in locally MEDq-optimal designs to which we refer as MED-optimal designs for the sake of brevity.
The considered factorial or ray designs are visualized in the Appendix Figure 11. Additionally, we will compare these
designs to the corresponding locally D-optimal designs. The initial comparison will be based on the real case study
introduced in Section 4, followed by evaluations across further simulation scenarios in which we consider various dose
combination response relationships with different types of interaction.

To find MED-optimal designs in practice, we use the Julia package Kirstine.jl [Sandig, 2024], where we implement (8)
and (9) via a custom design criterion. For the measure 1+ we choose a uniform discrete distribution on a finite number of
points in C(6), which we obtain by first evaluating the response function on a grid, and then interpolating the contour
lines with the marching squares algorithm [Lorensen and Cline, 1987]. To verify that a numerically obtained designs is
(almost) optimal, we compute the efficiency lower bound (12) obtained in Corollary 6 via the maximum of ¥ over a
101 x 101-point grid on Z. For all considered MED-optimal designs, the corresponding efficiency bound is at least 0.99
(see the tabulated designs in the Appendix). The subsequent simulations and analyses were performed in R [R Core
Team, 2024]. Our code and the computed designs can be found in Zenodo at [Schiirmeyer and Sandig, 2025].

5.1 Efficiency-based comparison for the case study data

It is well established that the selection of dose combinations has a direct impact on the estimation precision. However,
it is crucial to investigate the extent of this influence. The quality of different designs in terms of their ability to
estimate the effective dose combinations can be theoretically assessed based on their associated ¢mpp-efficiency in
(11) (see Remark 5 for details). In this context, a higher ¢ymep-efficiency indicates a superior design with respect to the
corresponding MED-criterion.

In the following, the performance of the different design approaches is compared theoretically based on their corre-
sponding ¢mep-efficiencies for the parameter estimate of the case study data (see Section 4 for details). In this context
a precise estimation of the effective dose combinations leading to 10% and 50% of the maximal effect in terms of TGI
is of interest, to investigate a beginning TGI and a bisection of the TGI in terms of the maximal effect within the design
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Figure 3: Visualization of the considered locally MED-optimal designs and D-optimal design for the case study, which
includes their support points represented by dots, with their areas corresponding to their weights.

space. Furthermore, a second set of effective concentrations is of interest to define the magnitude of the maximal effect
of the TGI, i.e. where 20% and 80% of the maximal effect are achieved.

More precisely, we consider conventional designs as the factorial 4 x 4 design or the ray designs and the locally
MED-optimal design for the effective doses MED;y and MEDj( using the parameter estimate of the case study.
Furthermore, we compare the designs to the corresponding locally D-optimal design. Note that two sigmoid Emax
models describe the case study data the best. In this case a factorial 3 x 3 is no appropriate choice, since it is not
able to capture the dose combination-response effect based on this design. Especially, the monotherapies cannot be
captured with only three dose combinations, when a four-parametric model such as the sigmoid Emax model is assumed.
Consequently, we do not include the factorial 3 x 3 design in the following analysis. Additionally, the considered locally
MED-optimal designs and the D-optimal design are illustrated in Figure 3, along with the corresponding contour lines
of interest. The locally MED-optimal design results in dose combinations with higher weight near the contour lines of
interest, while the D-optimal design aims to capture the overall response-relationship.

The efficiencies of all considered designs, evaluated according to the multivariate effective dose criterion on different
sets of contour lines, are presented in Table 2. By definition, the highest efficiencies across the different criteria are
achieved by their corresponding optimal designs. For a precise estimation of effective doses at the 10% and 50% levels,
the D-optimal design demonstrates the next highest efficiency, followed by the locally MED-optimal design for the
20% and 80% contour levels, and then the original design. However, all three designs exhibit efficiencies that are
at most 60%, indicating an insufficient performance compared to the optimal one. Furthermore, an efficiency of at
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Table 2: ¢nED, -efficiencies of the considered designs for different effect levels based on the case study.

. Levels
Design
(10,50)  (20,80)

Ray 4/2 0.07 0.09
Ray 4/4 0.06 0.08
Factorial 4 x 4 0.04 0.06
Original 0.34 0.47
D-optimal 0.6 0.8
MED (10, 50) 1.00 0.19
MED (20, 80) 0.52 1.00

most 60% for all other designs demonstrates, that theoretically more than 65% more observations are necessary for all
considered designs to achieve the same precision as the locally MED(10, 50)-optimal design. The factorial design and
both ray designs show very low efficiencies, demonstrating inadequate capability to estimate those contour lines and
thus determine the corresponding effective concentrations accurately.

For the MED-criterion on other contour lines, i.e. 20% and 80%, similar results can be seen. Notably, the D-optimal
design shows an efficiency of 80%, reflecting a good performance in this setting. Additionally, the original design
shows a higher efficiency than in the first setting, indicating a better ability to identify these contour lines. However,
its efficiency remains below 50%, indicating an insufficient performance. For the original design, twice as many
observations are required to achieve theoretically the same precision as the corresponding locally MED-optimal design.
The locally MED-optimal design for the first set of contour lines (i.e. 10% and 50%) exhibits an efficiency below
20% demonstrating poor performance. This indicates that a misspecified design performs poorly for contour lines or
other settings. Note that the robustness of locally MED-optimal designs is considered in Section 5.3. However, the
commonly used factorial and ray designs perform even worse.

5.2 Simulation study

We perform a simulation study to compare the different design approaches for different types of interaction and different
dose-combination response relationships. In particular, we investigate how precisely the contour lines of the effective
dose combinations can be estimated for the different design approaches with the existing variability of the data points.

The considered parameters and designs of the scenarios are shown in Table 3. Additionally, the scenario specific
response surface relationships are visualized in Figure 4. The scenarios exhibit distinct differences in their response
surfaces. Scenario 1 is motivated by the case study (see Section 4) and shows no visible interaction of the two considered
substances within the design space due to the slightly negative interaction effect of v = —0.0075. Here, the contour
levels of 10% and 50% can be achieved by doses from each monotherapy. Conversely, Scenario 2 demonstrates a clear
positive interaction, where the contour levels of 80% and 90% can only be achieved by dose combinations that are both
genuinely greater than dose combinations including placebo doses. Scenario 3 shows a clear negative interaction within
the design space, resulting in a visibly non-monotonic surface. The corresponding contour lines for Scenario 3 yield
distinct sets due to the structure of its response surface.

We consider different total sample sizes N € {27,36,45,90, 152} for all scenarios. For some designs, e.g., the
factorial 3 x 3 design, this leads to an equal number of observations at each dose combination for every choice of N.
For all the remaining designs, an efficient rounding procedure of Pukelsheim and Rieder [1992] is used to obtain integer
numbers at each dose combination. For all scenarios under consideration, s = 1000 simulation iterations are performed,
where the different design approaches are compared in terms of their precision.

The general structure of the simulation setup remains the same for all scenarios and consists of the following steps:

At first, the initial model and parameter setting is specified for each scenario, respectively (see Table 3). In detail, this
corresponds to the assumed combination model 7((c, d), 6;) and the parameter setting 6;. For each simulation truth
N new data points with normally distributed errors ¢ ~ A(0, o2) of the given variance o2 are sampled at the dose
combination levels of the considered design. Then, the same dose combination model assumed is fitted to the new data

points in simulation step s, resulting in the model fit ((c, d), 65 ). For this model the k effective dose combinations sets
MED,, are calculated for the scenario’s levels p;, ¢ = 1, ..., k. In the next step, the Root Mean Squared Error (RMSE)

10
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Table 3: Parameter specification of different simulation scenarios.

Scenario 1 Scenario 2 Scenario 3
Model basis Case study Example Choice Example Choice
Model C sigmoid Emax Emax sigmoid Emax
Model D sigmoid Emax Emax Emax
Design space [0,20] x [0,7] [0,10] x [0,12]  [0,10] x [0,12]
True 6y 19.05 0 0
True 0¢ (111.10,5.83,2.86)  (80,3) (80,3,1.5)
True 0p (410.82,20.00,0.78) (120, 10) (120, 10)
True v —0.0075 0.02 —0.02
Contour levels (p1, p2) (10, 50) (80,90) (50,80)
Error sd ocs =24 o =30 o=11
Factorial 3 x 3 - v -
Factorial 4 x 4 v v v
Ray 3/2 - v -
Ray 4/2 v - v
Ray 3/3 - v -
Ray 4/4 v - v
D-optimal v v v
MED-optimal v v v
Misspecified MED-optimal v - -

(a) Scenario 1

(b) Scenario 2

(c) Scenario 3

Figure 4: Response-surface models for the three considered scenarios with considered contour lines.

is calculated for all contour lines of interest via

k l; 2
1 1
RMSE = ) l_z<pi_77((cjvdj)ia9t)>
i=1 vi=1
with (¢;,d;); € MED,,(f,) fori=1,....kandj=1,...,1I;.

where [; denotes the length of the set MED,,, (és) that is calculated based on a grid, : = 1, ..., k. By means of this, the
precision of the estimated effects at the MED sets is measured for each simulation step in comparison to the initial
“true” model.

It is important to note that due to the complex model setup, there may be computational issues when fitting the model or
computing the MED sets for the new simulated data points during the simulation step. These cases were excluded from
further analysis. If such cases occurred in the analysis, this will be stated.

11
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Figure 5: Extract of simulation RMSE values in Scenario 1 (case study) regarding the 10% and 50% contour levels
for N = 27 measurements. The locally MED(10, 50)-optimal design outperforms all other designs, especially the
traditionally used factorial design and both ray designs. The locally MED(10, 50)-optimal design shows the smallest
RMSE-values and therefore the highest precision for prediction at the set of effective dose combinations. Additionally,
the smallest variability can be seen by the locally MED(10, 50)-optimal design.

Analyzing Scenario 1 shows how well the different designs perform in the practically motivated setting of the case
study (see again Section 4). Since the case study serves as the source for this scenario, the initial parameter setting
corresponds to the model fit of the case study. The corresponding results for the simulation study of Scenario 1 can be
seen exemplarily for 27 measurements in Figure 5, where the precision of estimating the 10% and 50% contour lines is
shown via the corresponding RMSE values.

Both locally MED-optimal designs demonstrate strong performance, particularly when compared to the traditional fac-
torial design or the ray designs. The locally MED-optimal design, specifically tailored for estimating the corresponding
10% and 50% contour lines, exhibits the smallest median RMSE value and variability, outperforming all other design
approaches. Furthermore, the locally D-optimal design shows the next best performance. The locally MED-optimal
design for the 20% and 80% contour lines also performs well and outperforms the factorial design and the ray designs.
Overall, the factorial design and the ray designs are clearly inferior to the other design approaches in this context, as
indicated by their higher RMSE values and variability. However, it is important to note that both ray designs achieve
higher precision than the factorial 4 x 4 design, despite utilizing fewer dose combination levels.

A similar pattern is observed for the other sample sizes. The locally MED-optimal design for estimating the 10% and
50% contour line outperforms the other designs for all numbers of observations. As the number of measurements
increases, both the RMSE values and the variability of all designs decrease, indicating higher precision for all designs
(see Appendix Figure 14). Nevertheless, the factorial or ray designs remain inferior to the other design approaches.
The misspecified locally MED-optimal design for the contour lines of 20% and 80% also outperforms the original
design for higher sample sizes in terms of the median RMSE values and ranks third best in this case. Additionally, it is
important to note that the factorial 4 x 4 design and both ray designs result in very large outliers, particularly for small
sample sizes.

Furthermore, it should be noted that issues may arise when fitting the models during the simulation due to the model’s
complexity. Across all NV and all replications, one model could not be estimated for all simulations if the locally
D-optimal design, the original design, or a ray design was used. Additionally, four problematic simulation steps were
observed in the factorial design. Given that 1000 simulation steps are performed for each different sample size and only
a few problematic steps were encountered in total, these can be considered negligible. The misspecified design showed
more problematic simulation iterations with 3 to 64 issues for estimating the model. Here, the number decreased with
increasing the sample size. The locally MED-optimal design tailored to the contour lines 10% and 50% did not exhibit
any problems when estimating the models during the simulation steps.

12
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Figure 6: Extract of simulation RMSE values in Scenario 2 (two Emax models) regarding the 80% and 90% contour
levels for N = 27 measurements. The locally MED-optimal design outperforms all other designs. It shows the smallest
RMSE-values and therefore the highest precision of the set of effective dose combinations.

In the second scenario a combination of two Emax models with a clear positive interaction effect is considered (see
Figure 4). Here, the precise estimation of high effective doses leading to 80% and 90% of the maximal effect is of
interest. Similar to the first scenario, the different design approaches (see Table 3 and Appendix Table 5) are compared.
Additionally, the locally MED-optimal and D-optimal designs are displayed in Appendix Figure 12.

The precision of the considered design approaches regarding the contour lines of interest in scenario 2 is shown in Figure
6 for the case of 27 measurements. Clearly, the locally MED-optimal design outperforms all other designs, seen by the
lowest RMSE values, indicating the highest precision. The next highest precision is achieved by the D-optimal and the
factorial 4 x 4 design. Both designs show a similar performance, with a slightly lower variability of the D-optimal
design. Furthermore, the factorial 3 x 3 design ranks fourth in this scenario, but is considerably less effective than the
locally MED-optimal design. In fact, the median RMSE value for the factorial 3 x 3 design exceeds the 75% quartile
of the locally MED-optimal design. Both ray designs exhibit much higher RMSE values and greater variability than all
other designs, indicating that they are not suitable for estimating MED curves in this scenario.

While precision generally improves with an increasing number of measurements used in the simulation, both ray designs
then still perform poorly relative to other approaches (see Appendix Figure 15). Specifically, the Ray 3/2 design shows
RMSE values more than three times higher than those of the locally MED-optimal design. Although the Ray 3/3 design
yields smaller RMSE values than Ray 3/2, it remains clearly inferior to both factorial designs and especially to the
locally MED-optimal design.

In this scenario, no issues regarding model fit were encountered for any of the design choices in the simulation study.

The third scenario differs from the first two in the structure of the combination model. On the one hand, here a sigmoid
Emax model and a Emax model are considered, and on the other hand, a clearly negative interaction is visible in the
plot of the response surface (see Figure 4).

For this scenario, the considered designs are displayed with their support points and corresponding weights in Appendix
Table 6. Additionally, a visualization of the considered locally MED-optimal and D-optimal design can be found in
Appendix Figure 13.

The corresponding comparison for estimating the contour lines 50% and 80% of the maximal effect is shown for 27
measurements in Figure 7. In this scenario, the mean RMSE values of all designs exhibit much more similar values
than in the previous scenarios. However, the locally MED-optimal design still shows the smallest RMSE values. The
D-optimal design is the only approach that shows a high variability in this scenario, indicating its inability to estimate
the contour lines of interest precisely. The corresponding 75% quartile of the D-optimal design reaches up to twice the
value of the 75% quartile of the other design approaches. The factorial 4 x 4 design and the ray designs perform very
similarly in this setting, although they differ in the number of dose combination levels used per design. In particular, the
factorial design uses 16 dose combinations, whereas the different ray designs use 8 and 10.

13
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Figure 7: Extract of simulation RMSE values in Scenario 3 (sigmoid Emax and Emax model) regarding the 50% and
80% contour levels for N = 27 measurements. The locally MED-optimal design shows the lowest median RMSE
value.

As the number of measurements N increases (see Appendix Figure 16), the D-optimal design demonstrates an
improvement in mean RMSE values, accompanied by a reduction in variability, as indicated by the smaller whiskers
of the boxes. However, it still exhibits the highest variability among all design approaches. The differences of the
locally MED-optimal design to the other design approaches becomes even more clear with increasing N, highlighting
its superior performance. Although the factorial design and both ray designs exhibit higher precision with considerably
lower RMSE values, their results remain very similar to one another, even at larger sample sizes.

Two problematic replications were identified for the factorial design out of all the simulation iterations considered. The
other designs resulted in successfully estimated the models and contour lines of interest in each step.

5.3 Robustness analysis

In dose combination experiments, the dose-response relationships of the single substances are often well-known from
former experiments, but the interaction effect is unknown. Thus, it is reasonable to account for different possible
values of the interaction effect v when planning the drug combination experiments. To ensure robustness, Bayesian
designs can be used to reflect the uncertainty about the interaction effect. In this section, the performance of the locally
MED-optimal design itself and its corresponding Bayesian version defined in (13) is investigated in terms of their
ability to estimate effective dose combinations most precisely.

First, we investigate a setting where the interaction effect is not precisely known but is assumed to be non-negative. We
constructed a locally MED-optimal design for the simulation truth v = 0.02 and a locally MED-optimal design for the
misspecified value v = 0.05. Moreover, the Bayesian MED-optimal design for different non-negative values of v was
calculated using the definition in (13).

In detail, we investigate the parameter setting of the second scenario (Table 3). Here, the considered design approaches
are evaluated in terms of their ability to estimate the 80% and 90% contour lines most precisely when the true parameter
setting corresponds to #; with an interaction effect v = 0.02.

To imitate the case of not knowing the real interaction effect before conducting a dose combination experiment, but
assuming the interaction effect to be greater or equal to zero, we consider a uniform prior on {0,0.01,0.02} for the
interaction effect . The corresponding Bayesian MED-optimal design is displayed in Appendix Figure 18 and Table 7.
Additionally, the resulting contour lines for the different values of + are shown in Appendix Figure 17. Although the
response-surface is substantially different for the different choices of the interaction effect, the contour lines in this case
look quite similar. Due to this fact, the Bayesian MED-optimal design has very similar support points to both locally
MED-optimal designs in this case.
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Figure 8: Extract of RMSE values for the robustness analysis of Scenario 2 (two Emax models) grouped by design and
total sample size for the robustness analysis of MED designs. All designs show a similar ability to estimate the contour
lines for p; = 80 and po = 90 in this setting.

In a simulation study we compare the three different designs (Appendix Table 7) in terms of their ability to estimate the
80% and 90% contour lines precisely. Figure 8 shows the RMSE values of the 80% and 90% curves for different sample
sizes. All designs seem to perform quite similar, as the median RMSE value as well as their corresponding variability
seen by the corresponding box show similar values across the designs. The misspecified locally MED-optimal design,
which assumed an interaction effect of v = 0.005 instead of v = 0.02 performs slightly worse for small sample sizes,
but shows a similar performance to the other approaches in case of higher sample sizes. This can be explained by the
fact, that the MEDs also look similar in this setting for different values of ~, although the corresponding surfaces differ.

Besides, there were no numerical difficulties to estimate the Bayesian MED or the correct specified locally
MED-optimal design, respectively. The misspecified locally MED-optimal design instead showed a few problematic
simulation iterations ranging from 12 to 46, while the number of problematic iteration steps decreased with increasing
sample size.

To further explore the capabilities of a Bayesian MED optimal design in settings where the contour lines exhibit
substantially different structures, we examined the previously considered parameter settings with alternative contour
lines of interest, specifically at 10% and 30%. In this context, the contour lines distinctly vary based on different choices
of the interaction effect (see Appendix Figure 19 and Appendix Figure 20).

The ability of the correctly specified locally MED-optimal design, the misspecified version with v = 0.005, and the
corresponding Bayesian design (see Appendix Table 7) to accurately estimate the true 10% and 30% contour lines is
examined in another simulation study structured similarly to the previous one (see Section 5.2). Figure 9 illustrates the
precision of the 10% and 30% contour lines for the different design approaches. Unlike in the previous setting, the
misspecified locally MED-optimal design exhibits noticeable higher RMSE values compared to the other designs, and
this trend persists even with larger sample sizes. The locally MED-optimal design demonstrates the highest precision,
closely followed by its Bayesian version.

Furthermore, there were no difficulties to estimate the Bayesian MED or both locally MED-optimal designs.

In a second setting, we explore the capabilities of the Bayesian MED design when the interaction effect remains
uncertain and a broader range of values for ~y is considered. We choose a uniform prior on {—0.02,0.01,0,0.01, 0.02}
for ~.
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Figure 9: Extract of RMSE values for the robustness analysis of Scenario 2 (two Emax models) with simulation
truth v = 0.02 grouped by design and total sample size for the robustness analysis of MED designs. The locally
MED-optimal design and the Bayesian MED design show a similar ability to estimate the contour lines for p; = 10 and
p2 = 30 in this setting, while the misspecified design shows higher RMSE values.

In this scenario, the true (not known before) dose combination relationship is assumed to exhibit a negative interaction
effect with , = —0.01. The corresponding contour lines are displayed in Appendix Figure 21 and exhibit widely
different shapes. A locally MED-optimal design is calculated for the simulated truth of 74 = —0.01 and a misspecified
v = 0.02 as well as the Bayesian MED design for the considered prior. The designs are displayed in Appendix Figure
22 and Table 8. Note that the missspecified design was originally constructed for the simulated truth in Scenario 2.

Figure 10 illustrates the precision of the 80% and 90% contour lines for the second setting in this robustness analysis. In
this case, the locally MED-optimal design, which was tailored to the true parameter setting, performs best as expected
and can be treated as the gold standard. The misspecified locally MED-optimal design exhibits considerably higher
RMSE values, indicating a lower ability to estimate the contour lines accurately. Conversely, the Bayesian MED-optimal
design, which accounts for a range of different values of the interaction effect v, demonstrates excellent performance in
this context, nearly on par with the locally optimal design.

Besides, there were no difficulties to estimate the Bayesian MED or both locally MED-optimal designs.
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Figure 10: Extract of RMSE values for the robustness analysis with simulation truth vy = —0.01 (two Emax models)
grouped by design and total sample size for the robustness analysis of MED designs. The locally MED-optimal design
and the Bayesian MED design show a similar ability to estimate the contour lines for p; = 80 and py = 90 in this
setting, while the misspecified design shows clearly higher RMSE values.

6 Discussion and conclusion

Identifying effective dose combinations that achieve a prespecified percentage of the maximal effect has recently become
more relevant in drug-combination studies. However, so far, the optimal design of drug-combination experiments is
based on the established classical D-optimality criterion (see Papathanasiou et al. [2019]) or criteria related to therapeutic
indices, such as the drug combination index (see Holland-Letz and Kopp-Schneider [2018]). The disadvantage of
these designs is that they may result in an imprecise estimation of effective dose combinations, as given by contour
lines, if nonlinear surface models are used to describe the dose combination response relationship. Therefore, we
propose a novel design approach for drug-combination experiments that directly addresses the precise estimation of
effective dose combinations. Here, MED,, denotes the set of dose combinations resulting in p% of the maximum effect,
i.e. the contour line of a nonlinear surface model at p%. We define a design as optimal for identifying effective dose
combinations if it minimizes the L,-norm of the variances of the confidence band describing the effect at the dose
combinations contained in MED,,.

For this novel criterion, we provide optimal design theory via equivalence theorems and some further analytic results.
In an extensive simulation study, we compare the performance of the MED-optimal design with commonly used
designs, including factorial and ray designs. The analysis also incorporates D-optimal designs. One of the simulation
scenarios is based on a real case study. Here, a data set of four pooled mouse experiments was used to investigate the
dose-response relationship of two oncological substances.

Additionally, we explore further simulation scenarios that examine situations where the interaction between the two
drugs is either negative or positive. These variations lead to distinct response surface relationships and different shapes
of the resulting contour lines.

In all scenarios, the optimal designs for identifying effective dose combinations demonstrate strong performance, often
outperforming the other designs considerably. In some scenarios, the locally D-optimal design also leads to effectively
estimating the contour lines. However, it struggles if the scope is the identification of effective dose combinations for
higher effect levels p. In this case, the contour lines of the nonlinear surface model are primarily located within the
inner part of the design space. This inner part corresponds to combinations with both doses different from placebo,
often not captured well by the dose combinations included in the locally D-optimal design. Furthermore, in monotonic
settings, the ray designs capture the effects less effectively if higher contour lines are of interest. However, for drug
combinations with adverse interaction effects and, therefore, for non-monotonic surface models, the factorial design and
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both ray designs perform pretty well. Nevertheless, the optimal design for identifying dose combinations still shows the
highest precision in estimating the contour lines of interest.

Given that prior knowledge of single-substance dose-response relationships often exists before conducting dose
combination studies, while the interaction effects are unknown, we propose a robust version of the developed criterion
using a (pseudo) Bayesian approach. More precisely, instead of assuming a specific value for the interaction effect,
several possible values for the interaction effect are incorporated via a prior distribution. Performance comparisons
in simulation studies reveal that the Bayesian approach enhances robustness, particularly if the prior knowledge
about the interaction effect is less informative. In this case, the contour lines of the surface model vary considerably,
and a potentially misspecified locally optimal design for identifying effective dose combinations is inferior to the
corresponding Bayesian optimal design. However, if the prior distribution is informative, reflecting a specific direction
of the type of interaction, the differences between the locally optimal and the Bayesian optimal design are minor.
Here, the contour lines of interest show slight variation with different values of the interaction effect v, and both the
locally optimal designs (under slight misspecification) and the corresponding Bayesian design perform similarly. In
situations where the effect is uncertain before conducting the experiment, and with varying contour lines depending on
the interaction effect ~y, the Bayesian optimal designs should be preferred over a potentially misspecified version of the
locally optimal design for identifying effective dose combinations.

We emphasize that, even in the one-dimensional case, the confidence interval for the effective doses can be quite large
in practical settings. Due to various uncontrollable factors in the laboratory, the effective doses can vary, even between
two experiments with similar setups [Jiang and Kopp-Schneider, 2014]. This underscores the inherent variability of the
ED itself. This issue can also arise in two-dimensional settings and is a persistent challenge. However, the developed
criterion focuses on minimizing the asymptotic variance of the effective dose combinations, which also results in the
minimal variability of the estimation of the effective doses.

The proposed design approach is very flexible, allowing to adapt to any nonlinear surface model, including non-
monotonic regression functions for the individual drugs under consideration. We focused on identifying multivariate
effective dose combinations that lead to p% of the maximal effect. However, the approach can be easily be extended to
any contour line of interest. To facilitate the application of the developed optimality criterion by practitioners, code
examples are provided in Zenodo at [Schiirmeyer and Sandig, 2025].

The criterion is based on an L,-norm where ¢ € [1, 00) has to be fixed in advance. We analyzed the performance of the
optimal designs for various selected values of ¢, finding that, for example, ¢ = 2 outperformed ¢ = 1. However, we did
not investigate the performance of higher values of q. We leave the quantification of the benefits associated with using
higher values of ¢, as well as the extension of ¢ = oo aligning with the supremum norm L., and an exploration of their
advantages, for future research.
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Appendix

Proof of Theorem 3

We follow the principal idea of the proof of Dette and Schorning [2016]. First, we consider the case where M (£*, 6) is
non-singular. Consequently, it holds that Z1((c,d), ) € range(M (£*,0)). Let
M ={M(,0)|¢isadesignon Z}

be the set of information matrices, where M (&, 0) is defined in (3). Note that M is a subset of all non-negative definite
(p x p)-matrices. For a combination (¢, d) € Z, we introduce the function

B (erd) s M [0,00), G, (e.) = wn((e:d).6) M (e, ), ), (14

and the function

(B(M, (¢, d))) du((c d))) . (1)
(@]

Note that the functions in (14) and (15) are obtained by adapting the functions defined in (2) and (8). Because of the
convexity of ¢yEp, (With respect to &) and the convexity of the set M, the function ngED is also a convex function.
Moreover, a design is £* is locally MED ,-optimal if and only if the correspondmg 1nformat10n matrix M* = M (£*,0)

minimizes the function ¢ on the set M. Because of the convexity of ¢MED , the design £* is locally MED,, optlmal if

and only if the directional derivative of ¢>MEDq evaluated in M* is nonnegative for all directions £y = E — M*, where
FE € M. Given that M is the convex hull of the set

D = {M(5(00’d0),9) | (Co,do) (S Z},

where §(c,,q,) is the Dirac measure at the combination (co, do), it is sufficient to prove the inequality for all ' € D.

éMEDq : M — [0,00), <73MED(, (M) = </c

We now provide a step-by-step proof where we calculate the directional derivative aéMEDq (M*, Ey) of éMEDq (M)
in direction Ey € M. If ¢ > 1, the L,(x)-norm (of a non-negative function) is differentiable. Combined with the chain
rule, we obtain

11
q

ddnmD, (M, o) = (/C(g) (@M, (e, d)))" du((c, d)))

' /c(a) (2", (e.d))"" 0p(M", Eo, (c;d)) du((c.d)). (16)

where 8¢ (M*, Ey, (c, d)) denotes the directional derivative of 3(M*, (¢, d)) in direction E; for a specific combination
(¢,d) € C C Z. The next step depends on whether the information matrix is singular.

1. If the matrix M* = M (£*, 6) is non-singular, the function (-, (¢, d)) is differentiable in M/* and the directional

derivative 9¢ (M *, Ey, (c, d)) is well-defined. To calculate 8¢(M *, Eo, (c, d)), we follow the definition in Silvey
[2013]

05(M, Ep, (c.d)) = lim é(@(M* 1 eEo) — $(M*))

= tim = D (e, ), 0)7 (M* +<B0) ™ — (M*)™) ((e,d),0)

=4'(0)

forg(e) := 75 9 n((c,d),0)T (M* +eFy)~! %n((e, d), 6). With the rules from matrix differential calculus [Magnus and
Neudecker, 1999, pp. 148, 151, 176] we compute

dly] = (e, ), 07 AL +<Eo) '] (e, ), 6)

((c,d), )" (M* +eEo) ™' d[M* + cEo| (M* + 5E0)_1%n((c, d),0)

(e, d),0)T (M* + o) Bo(M* + eBo) ™ (. ), ) ],
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hence we have
9(0) = — (e, d),0)T ) B (M)~ (e, 6).

We continue with the original derivative,
- . 0
6@((M » Fo, (C7 d)) = %U((Ca d)7 9)

= (e,

T () B (M) ) (e d).6)

() A = B)(M) ) (e,d), )
= agn((e.d).0)" () B %n((a, d),0)
0

- @n((c, d),e)T(M*)*l%]((c, d), 0) .

T

If By = E — M*, where E = M(d¢,.,44,0) € D, the partial derivative further reduces to

05 ((M*, o, (c,d)) = &*((co, do), (¢, d), M*) = ¢(M, (c,d)), an
where the function ¢ is given by

- 0 T, 10

CM((CO, dO)a (Ca d)7 Ma 9) = @W((Ca d)7 9) M %7]((007 d0)7 9)
Using (16) in combination with (17), we obtain:

dénimp, (M, Eo)

i1
q

= (/ (@(M*v (c, d)))qdﬂ<(cv d))) / (@(M*v (c, d)))q_lga(M*v (c,d)) du((c,d))
c() c(9)

- (/ (B(M*, (e, d)))* dp((c, d>>)
c(o)

~ / (B, (e,d))) "6 (M*  (cor do). (e, d)) duu((c, d))
(o)

11
q

1
q

- ( / <¢<M*7<c,d>>>qdu<<c7d>>)
c(0)

—(/ (@(M*7(c7d)))qdu((c7d))> (/ eé(M*,(c,d))du((c,d)))
c(o) C(0)

'/c(e) (B(M*, (¢, d),0) a2 ((co, do), (¢, d), M*, 8) du((c, )

= dmED, (M*) {1 — (D, (M*)) 1 /c(e)

ﬁ((COa do), (c,d), M*) du((c, d)):| )

where the function f is given by

B((co, do), (¢, d), M) = (3(M, (¢, d),0))""a>((co, do), (¢, d), M, 6).

Consequently, a design £* is MED,-optimal if and only if for the corresponding information matrix M (£*,6) the
inequality

/C 20 o). . M) desd) = (o, (M) <0

holds for all (cg, dp) € Z or in terms of the design if and only if the inequality

/C(G) (ap((c, d)? g*v 0))(1710‘2((007 dU)’ (Cv d)v 5*’ 6) d:UJ(Cv d) - (¢MEDq (5*7 9))q <0 (18)
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holds for all (¢o,dp) € Z. This proves the first part of the first assertion. It needs to be proven that equality holds for
any support point (cg, dp) € supp(£*). Therefore, we assume the opposite, that there is strict inequality in (18). This
leads to

/Z/C(e) (‘P((C, d)af*’e))lkloﬂ((coydo), (e, d),g*,@) du(e,d) dé((co,do)) < (¢1\4EDq (5*70))11. (19)
Using that
| 02t do) (). 0) di(e0. )

z
n((e.d),0)" M 0 ((cos do), 0)n((co, do),0) " M (&, 0 ((c, d), 0) d&((co, do))
= n((c, d), H)TM_l(f, O)M(E,0)M (¢, 9)77((07 d),0
= n((c,d),8)" M~1(&,0)n((c, d), ),
the left-hand side of inequality (19) can be rewritten by:

/Z /C (et d),€%.0))" " 0 ((co, o). (e, ), £, ) dpu(c, d) dE((co, do)) = (daimp, (€7, 6))".

Consequently, equality must hold in (18) for (cg, dp) € supp(£*).

2.If M* = M(&*,0) is singular and satisfies the range inclusion
%n((c, d),0) € range(M(£*,0)) forall (c,d) € C(6),

the function @( -, (co, do)) is not differentiable in M ™ resulting in the non-differentiability of éMEDq. However, in
this case, a similar result like in the first part of the theorem is obtained using the concept of convex analysis and
subgradients. More precisely, the matrix M * minimizes the function ¢y\ED, over all M € M if and only if there exists

a subgradient NV of Q;MED(, such that
[N Eg] > 0 (20)

for all directions Ky = £ — M*, where £ € M. Following [Pukelsheim, 2006, p. 170], the set of all subgradients of
the function 4,5( -, (co, do)) in M* is given by

D3 (o (e.) = { (e . 0)6 (e, .0) 67 | G e ).

where (M™*)~ is the set of all generalized inverses of M*. Due to the differentiability of the L,-norm the set of all
subgradients of ¢yED, in M ™ is given by

Do, 0 = { ([ ) (pr )} dufic.a)

/ (GO0, (e, )" "N du((c, d) ‘ NeDgZ(M*,(c,d))}.
c(9)

i1
q

ey

The first assertion of the second part of the theorem follows by using (20) with (21). The proof of the second assertion
is analogous to the proof given in the first part. O
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Tables

Table 4: Considered designs with information of used dose combination levels and corresponding weights based on
case study data (see Section 4). K denotes the number of distinct dose combinations, and for the numerically obtained
designs, elb is the lower bound on their efficiency from (12) in Corollary 6.

Design K 1—elb Doses and Corresponding Weights
(0.0,0.0) (0.0,2.33) (0.0,4.67) (0.0,7.0) (6.67,0.0) (13.33,0.0)
1/8 1/8 1/8 1/8 1/8 1/8
Ray4/2 8 (20.0,0.0) (20.0,7.0)
1/8 1/8
(0.0,0.0) (0.0,2.33) (0.0,4.67) (0.0,7.0) (6.67,0.0) (6.67,2.33)
1/10 1/10 1/10 1/10 1/10 1/10
Ray4/4 10 (13.33,0.0) (13.33,4.67) (20.0,0.0) (20.0,7.0)
1/10 1/10 1/10 1/10
(0.0,0.0) (0.0,2.33) (0.0,4.67) (0.0,7.0) (6.67,0.0) (6.67,2.33)
1/16 1/16 1/16 1/16 1/16 1/16
Factorial 6.67,4.67) (6.67,7.0) (13.33,0.0) (13.33,2.33) (13.33,4.67) (13.33, 7.0
16
44 1/16 1/16 1/16 1/16 1/16 1/16
(20.0,0.0) (20.0,2.33) (20.0,4.67) (20.0,7.0)
1/16 1/16 1/16 1/16
(0.0,00) (5.0,0.0) (10.0,0.0) (20.0,0.0) (0.0,0.3) (0.0,1.0)
original 19 0.22 0.11 0.11 0.16 0.05 0.05
g (0.0,3.0) (10.0,3.0) (20.0,3.0) (0.0,7.0) (5.0,7.0) (20.0,7.0)
0.05 0.05 0.05 0.09 0.03 0.03
(0.0,00) (0.0,0.4) (0.0,7.0) (0.0,3.13) (3.66,0.0) (3.8,0.44)
D- 0 0.105 0.099 0.125 0.125 0.097 0.073
optimal (7.67,0.01) (20.0,0.0) (20.0,7.0)
0.126 0.125 0.125
(0.0,00) (0.0,0.3) (0.0,7.0) (0.0,2.61) (3.14,0.0) (3.59,1.99)
MED 0 6ox10-s . 0049 0.178 0.012 0.175 0.107 0.125
(10, 50) : (3.67,0.48) (6.18,0.38) (6.86,0.0) (20.0,0.0) (20.0,7.0)
0.107 0.109 0.115 0.013 0.01
(0.0,00) (0.0,7.0) (0.0,0.46) (1.16,4.23) (3.27,3.5) (3.55,0.55)
MED 2 asxio-r 001 0.051 0.144 0.168 0.005 0.099
(20, 80) 3 (3.66,0.0) (7.57,2.54) (9.15,0.35) (9.4,0.0) (20.0,0.01) (20.0,7.0)
0.097 0.151 0.045 0.057 0.137 0.035
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Table 5: Considered designs with information of used dose combination levels and corresponding weights for Scenario 2.
K denotes the number of distinct dose combinations, and for the numerically obtained designs, elb is the lower bound
on their efficiency from (12) in Corollary 6.

Design K 1-—elb Doses and Corresponding Weights
(0.0,0.0) (0.0,6.0) (0.0,12.0) (5.0,0.0) (10.0,0.0) (10.0,12.0)
Ray 3/2 6 1/6 1/6 1/6 1/6 1/6 1/6
(0.0,0.0) (0.0,6.0) (0.0,12.0) (5.0,0.0) (5.0,6.0) (10.0,0.0)
1/7 17 1/7 17 1/7 1/7
Ray 3/3 7 (10.0,12.0)
1/7
(0.0,0.0) (0.0,6.0) (0.0,12.0) (5.0,0.0) (5.0,6.0) (5.0,12.0)
Factorial 9 1/9 1/9 1/9 1/9 1/9 1/9
3x3 (10.0,0.0) (10.0,6.0) (10.0,12.0)
1/9 1/9 1/9
(0.0,0.0) (0.0,4.0) (0.0,8.0) (0.0,12.0) (3.33,0.0) (3.33,4.0)
1/16 1/16 1/16 1/16 1/16 1/16
Factorial 6 (3.33,8.0) (3.33,12.0) (6.67,0.0) (6.67,4.0) (6.67,8.0) (6.67,12.0)
Ax4 1/16 1/16 1/16 1/16 1/16 1/16
(10.0,0.0) (10.0,4.0) (10.0,8.0) (10.0,12.0)
1/16 1/16 1/16 1/16
(0.0,0.0) (0.0,12.0) (3.27,12.0) (3.29,5.92) (10.0,0.0) (10.0,5.88)
MED s ss 10T 0004 0.019 0.313 0.084 0.02 0.337
(80, 90) : (10.0, 12.0)
0.223
(0.0,0.0) (0.0,12.0) (1.94,12.0) (1.94, 12.0) (1.94, 12.0) (2.15, 4.22)
0.164 0.166 0.057 0.085 0.001 0.059
. (2.15,4.22) (2.2,4.2) (10.0,3.85) (10.0,0.0) (10.0,3.85) (10.0, 3.85)
D-optimal 13 0.003 0.001 0.003 0.165 0.03 0.109
(10.0,12.0)
0.157
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Table 6: Considered designs with information of used dose combination levels and corresponding weights for Scenario 3.
K denotes the number of distinct dose combinations, and for the numerically obtained designs, elb is the lower bound
on their efficiency from (12) in Corollary 6.

Design K 1—elb Doses and Corresponding Weights
(0.0,0.0) (0.0,4.0) (0.0,8.0) (0.0,12.0) (3.33,0.0) (6.67,0.0)
1/8 1/8 1/8 1/8 1/8 1/8
Ray4/2 8 (10.0,0.0) (10.0,12.0)
1/8 1/8
(0.0,0.0) (0.0,4.0) (0.0,8.0) (0.0,12.0) (3.33,0.0) (3.33,4.0)
1/10 1/10 1/10 1/10 1/10 1/10
Ray4/4 10 (6.67,0.0) (6.67,8.0) (10.0,0.0) (10.0,12.0)
1/10 1/10 1/10 1/10
(0.0,0.0) (0.0,6.0) (0.0,12.0) (5.0,0.0) (5.0,6.0) (5.0,12.0)
Factorial 1/9 1/9 1/9 1/9 1/9 1/9
3% 3 (10.0,0.0) (10.0,6.0) (10.0,12.0)
1/9 1/9 /9
(0.0,0.0) (0.0,4.0) (0.0,8.0) (0.0,12.0) (3.33,0.0) (3.33,4.0)
1/16 1/16 1/16 1/16 1/16 1/16
Factorial | (3.33,8.0) (3.33,12.0) (6.67,0.0) (6.67,4.0) (6.67,8.0) (6.67,12.0)
44 1/16 1/16 1/16 1/16 1/16 1/16
(10.0,0.0) (10.0,4.0) (10.0,8.0) (10.0,12.0)
1/16 1/16 1/16 1/16
(0.0,0.0) (0.0,12.0) (0.11,4.58) (0.78,3.07) (1.01, 12.0) (1.66,0.0)
MED 0 0.003 0.031 0.07 0176 0.067  0.082  0.129
(50, 80) : (4.33,0.0) (6.4,12.0) (10.0,4.12) (10.0,0.0) (10.0,12.0)
0176~ 0.033  0.145  0.046  0.045
(0.0,0.0) (0.0,3.75) (0.0,12.0) (1.11,0.0) (3.79,0.0) (10.0,0.0)
D- - 0.143 0143 0142 0.143  0.143  0.143
optimal (10.0,12.0)
0.143

Table 7: Considered designs in robustness analyses setting 1 with information of used dose combination levels and
corresponding weights. Additionally, the MED (80, 90) design for 7 = 0.02 from Table 5 was included in the
robustness analysis. K denotes the number of distinct dose combinations, and elb is the lower bound on their efficiency
from (12) in Corollary 6.

Design K 1—elb Doses and Corresponding Weights
MED (0.0,12.0) (0.0,0.0) (3.03,5.58) (3.04,12.0) (10.0,0.0) (10.0,5.67)
(80,90) 7 43%10~7 0.021 0.006 0.131 0.307 0.02 0.331
5 _ 0.005 ’ (10.0,12.0)

’ 0.184
Bavesian (0.0,0.0) (0.0,12.0) (2.91,5.41) (3.03,12.0) (10.0,0.0) (10.0, 5.63)
M]gD 7 12x10-° 0.006 0.022 0.111 0.305 0.021 0.33
(80,90) ' (10.0,12.0)

’ 0.205
MED (0.0,0.0) (0.0,12.0) (0.0,4.88) (1.54,3.18) (1.6,12.0) (1.99,0.0)
(10,30) 9 6.0x10-° 0.13 0.187 0.061 0.27 0.027 0.039
o 0.02 o (10.0, 3.02) (10.0,0.0) (10.0,12.0)

=5 0.032 0.238 0.016
MED (0.0,0.0) (0.0,12.0) (0.0,3.98) (1.53,3.04) (2.05,0.0) (10.0,0.0)
(10,30) 7 42%10-1 0.139 0.064 0.23 0.259 0.22 0.076
5 _ 0.005 ’ (10.0,12.0)

’ 0.012
Bavesian (0.0, 3.82) (0.0,12.0) (0.0,0.0) (1.39,12.0)(1.6,3.26) (1.97,0.0)
M]%]D 9 0.0031 0.18 0.117 0.121 0.022 0.207 0.168
(10,30) ' (10.0,0.0) (10.0,2.8) (10.0,12.0)

0.146 0.024 0.015
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Table 8: Considered designs in robustness analyses setting 2 with information of used dose combination levels and
corresponding weights. Additionally, the MED (80, 90) design for v = 0.02 from Table 5 was included in the robustness
analysis. K denotes the number of distinct dose combinations, and elb is the lower bound on their efficiency from (12)

in Corollary 6.
Design K 1-—elb Doses and Corresponding Weights
MED (0.0,0.0) (0.0,12.0) (0.0,3.88) (1.74,12.0) (1.94,0.0) (2.34,4.67)
(80, 90) 9 4.0 x 10-6 0.018 0.107 0.014 0.167 0.017 0.233
ol X (10.0,0.0) (10.0, 3.49) (10.0, 12.0)
"= 0.068 0.218 0.158
Bavesian (0.0,0.0) (0.0,5.35) (0.0,12.0) (2.16,4.22) (2.32,12.0) (2.68,0.0)
MgD 9 0.0014 0.016 0.05 0.076 0.109 0.211 0.036
(80.90) : (10.0,0.0) (10.0,4.61) (10.0,12.0)
’ 0.095 0.227 0.18
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Figure 11: Showcase visualization of the considered factorial designs and ray designs. The considered number of
support points can differ depending on the considered setting.
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Figure 12: Visualization of the considered designs and contour lines in Scenario 2, which includes their support points
represented by dots, with their sizes corresponding to their weights.

Dose D

10.0

7.5

5.0

2.5

0.0

e <}
K
@
d I o 1 (]
0.0 2.5 5.0 7.5 10.0
Dose C

Dose D

(a) Locally MED-optimal design with MEDso and MEDg sets.

10.0

7.5

5.0

2.5

0.0

] ]
@ [ | ° | I ]
0.0 2.5 5.0 7.5 10.0

Dose C
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Figure 13: Visualization of the considered designs and contour lines in Scenario 3, which includes their support points
represented by dots, with their sizes corresponding to their weights.
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Figure 14: Extract of RMSE values grouped by design and total number of observations used in the simulation steps of
Scenario 1. The locally MED(10, 50)-optimal design shows the smallest RMSE values for all considered sample sizes
compared to all other designs, especially the traditionally used factorial design and both ray designs.
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Figure 15: Extract of RMSE values grouped by design and total number of observations used in the simulation steps of
Scenario 2. The locally MED-optimal design outperforms all other designs for all numbers of measurements. In detail
it shows the smallest RMSE-values and therefore the highest precision of the set of effective doses.
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Figure 16: RMSE values grouped by design and total number of observations used in the simulation steps of Scenario 3.
The locally MED-optimal design outperforms all other designs for all numbers of measurements. In detail it shows the
smallest RMSE-values and therefore the highest precision of the set of effective doses.
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Figure 17: Visualization of MEDgg and MEDy sets for robustness analysis setting 1 in case of different values of the
interaction effect .
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(a) Locally MED-optimal design with MEDgo and MEDg sets (b) Bayesian MED-optimal design.

for misspecified v = 0.005.

Figure 18: Visualization of the considered designs in the robustness analysis setting 1, which includes their support
points represented by dots, with their sizes corresponding to their weights.
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Figure 19: Visualization of MED;y and MEDj3 sets for robustness analysis setting 1 in case of different values of the
interaction effect .
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for misspecified v = 0.005.

Figure 20: Visualization of the considered Bayesian designs in robustness analysis setting 1, which includes their
support points represented by dots, with their sizes corresponding to their weights.
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Figure 21: Visualization of MEDg and MEDyg, sets for the second setting in the robust analysis in case of different
values of the interaction effect ~.
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Figure 22: Visualization of the considered Bayesian designs in robustness analysis setting 2, which includes their
support points represented by dots, with their sizes corresponding to their weights.
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TDepartment of Statistics, TU Background: Animportant problem in toxicology in the context of gene expression
Dortmund University, Dortmund, data is the simultaneous inference of a large number of concentration-response rela-
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tionships. The quality of the inference substantially depends on the choice of design

of the experiments, in particular, on the set of different concentrations, at which
observations are taken for the different genes under consideration. As this set has to be
the same for all genes, the efficient planning of such experiments is very challeng-

ing. We address this problem by determining efficient designs for the simultaneous
inference of a large number of concentration-response models. For that purpose, we
both construct a D-optimality criterion for simultaneous inference and a K-means pro-
cedure which clusters the support points of the locally D-optimal designs of the indi-
vidual models.

Results: We show that a planning of experiments that addresses the simultaneous
inference of a large number of concentration-response relationships yields a sub-
stantially more accurate statistical analysis. In particular, we compare the performance
of the constructed designs to the ones of other commonly used designs in terms

of D-efficiencies and in terms of the quality of the resulting model fits using a real data
example dealing with valproic acid. For the quality comparison we perform an exten-
sive simulation study.

Conclusions: The design maximizing the D-optimality criterion for simultaneous
inference improves the inference of the different concentration-response relationships
substantially. The design based on the K-means procedure also performs well, whereas
a log-equidistant design, which was also included in the analysis, performs poorly

in terms of the quality of the simultaneous inference. Based on our findings, the D-opti-
mal design for simultaneous inference should be used for upcoming analyses dealing
with high-dimensional gene expression data.

Keywords: Optimal design, Gene expression, Nonlinear regression, High-dimensional
data

Introduction
An important problem in toxicology in the context of gene expression microarray
data is the simultaneous inference of a large number of concentration-response rela-

tionships. While gene expression of each gene is observed individually within the
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exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a copy of this licence, visit http://
creativecommons.org/licenses/by/4.0/. The Creative Commons Public Domain Dedication waiver (http:/creativecommons.org/publicdo-
main/zero/1.0/) applies to the data made available in this article, unless otherwise stated in a credit line to the data.
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concentration—response experiments, the corresponding different experimental condi-
tions, i.e. the concentrations, have to be the same for all genes. Therefore, the crucial
question is how the different conditions should be allocated in order to reduce the costs
of the expensive gene expression experiments while achieving a high informativeness of
the resulting data.

Concerning the statistical analysis based on these experiments, the concentration—
response relationships are typically modelled by nonlinear parametric curves to obtain
certain parameters of interest for the individual genes, such as alert concentrations or
the effect of a prespecified concentration on certain genes (see [1-3], among many oth-
ers). Moreover, in each of these cases, the quality of the described inference substantially
depends on the choice of the set of different conditions, at which observations are taken
simultaneously for all genes. Thus, this paper is devoted to the construction of efficient
sets of experimental conditions, also called optimal designs, that can be used for the
simultaneous inference of a large number of nonlinear concentration—response curves.

Although determining optimal experimental designs for parametric curves has found
considerable interest in the literature for the individual analysis of concentration—
response relationships [4] and especially for the sigmoid Emax model [5-7], there is
only a few literature on optimal design theory for multiple parametric curves. Dette and
Schorning [8] constructed designs for the comparison of two different concentration—
response curves, whereas Feller et al. [9] determine Determinant-optimal (D-optimal)
designs for several concentration—response curves which share some parameters, but
in both cases the resulting optimal designs are individually determined for each curve
under consideration. Dror and Steinberg [10] developed robust designs based on a
K-means algorithm for multiple experiments, but in the context of multivariate general-
ized linear models, which cannot directly be adapted to the situation considered in this
paper. In the setting of high-dimensional microarray data, Dong et al. [11] introduced
a procedure to obtain the maximally informative next experiment (MINE) for a high-
dimensional linear model, in which the number of model parameters exceeds the sam-
ple size significantly. Recently, MINE was further investigated and extended to nonlinear
models by Bouffier et al. [12] as well as McGee and Buzzard [13], respectively. Neverthe-
less, the MINE procedure is not applicable to the setting of this paper, as neither sequen-
tial approaches nor high-dimensional model parameters are included.

Instead, the design criteria developed in this paper aim for non-sequential designs that
are efficient for all parametric concentration—response curves in terms of D-optimality.
Therefore, the resulting designs for simultaneous inference contain information both
about the allocation of the concentrations and about the relative amount of observations
that should be taken at each concentration, respectively. In particular, we construct a
D-optimality criterion for simultaneous inference by adapting the approach of Bayesian
optimality criteria introduced by Chaloner [14] in combination with D-efficiencies (see
[15], among many others). Although the resulting criterion is similar to the ones used in
the case of one concentration—response curve, where the uncertainty of the true param-
eter is incorporated, its target is different, as it addresses the precise simultaneous infer-
ence of a large number of different curves. In a second approach, we use the large set of
locally D-optimal designs obtained by considering the different curves individually and
construct a cluster design based on a K-means cluster algorithm. In contrast to [10] the
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resulting algorithm is based on the approximate designs and directly applicable to the
situation of concentration—response modelling.

Further, we demonstrate that the resulting optimal designs yield a substantially more
accurate statistical analysis, using an application of our developed methods on a gene
expression data set provided by Krug et al. [16]. In this study the expression level of
54,675 genes exposed to valproic acid (short: VPA) is measured at eight different con-
centrations (including placebo), and we show that using the developed optimal designs
results in significantly more precise model fits of the concentration—response curves
than using the eight original concentrations. Moreover, we compare the optimal designs
with commonly used designs in practice, in particular with the equidistant and log-equi-
distant design. Thereby, we illustrate that the log-equidistant design is clearly insufficient
for such analyses, while the equidistant design performs well.

The criteria developed in this paper depend on prior knowledge on the genes, in par-
ticular on the distribution of the corresponding nonlinear parameters within the con-
centration—response modelling. Possible application scenarios are experiments where
prior knowledge is available either from previous experiments or from results on similar
experiments given in the literature. In the latter setting, our approach is especially useful
when the aim of the planned experiment is the reproduction of a former experiment in
another laboratory.

Furthermore, a huge advantage of our approach is its flexibility. If a different substance
with different characteristics is of interest, our method is directly adjustable to the new
setting. Besides there is no restriction on the prior knowledge used for the developed
criteria. For example, if only specific previously known gene groups are of interest this
can be incorporated in the prior distribution in order to construct a design for simulta-
neous inference for these specific gene groups.

The remaining paper is structured as follows. First we introduce the situation under
consideration and present two new methods for constructing optimal designs for simul-
taneous inference in the section “Methods” Then we evaluate the performance of the
developed methods on a real data example (VPA data set, see [16]). While the sec-
tion “Designs for simultaneous inference of VPA-data” provides a detailed explanation
of the construction of optimal designs based on this data set, in the section “Comparison
of the designs” the performance of these new designs is compared to the original design
and to commonly used designs in practice, in particular the equidistant and log-equi-
distant design. Here, we both analyse the theoretical efficiencies of the different designs
under consideration and the results of an extensive simulation study. Finally, some con-
clusions and an outlook are given.

Methods

Classical optimal design theory

We assume that the same parametric model can be used to fit a curve describing the
concentration—response relationship of each gene. More precisely, we assume that the
data of each gene can be described by a nonlinear regression model

Yij=n&i,0)+e; j=1,...,ri; i=1...,n (1)
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where &; are independent centered normally distributed random variables, that is,
gj ~ N (0,02). This means that observations are taken at n concentrations xi, .. .,y
which vary in the design space X = [0,xmax] C R and r; observations Yji,. .., Y}, are
taken at each concentration #; (j = 1, ..., n). Moreover, let N = Y[, r; denote the total
sample size. In general, a regression model 5 (-, 0) with a p-dimensional parameter vector
0 € ® C R? is used to describe the dependence between the concentration (of a toxic
compound) and the response.

Following Kiefer [17], we define an approximate design & as probability measure with
mass w; at the different support points x; € X, which we denote by

Y A2 T 771
§= <w1 w,,)'
If an approximate design is given and N observations can be taken, a rounding proce-
dure [18] is applied to obtain integers r; (i = 1,...,n) from the not necessarily integer
values quantities w;N, respectively. Then, under common assumptions of regularity

and the assumption limy_, % =w; (i=1,...,n) the maximum likelihood estimator
6=,... ,ép)T satisfies

VNG —0) B N©,02M L, 6))

as N — oo, where the symbol D, denotes weak convergence. The matrix M(&,0) is
called information matrix of the design £ and is defined by

M( 9)—/ 0 ( 9)(8 ( 9)>Td()
&, _Xa?nx’ 301 &(x),

where %n(x,@) is the gradient of the regression function n(x,6) with respect to the
parameter 6 € R”. Note that the gradient %n(x, 0) depends on the unknown but true
parameter vector, if the considered model 7(x,0) is nonlinear. The information matrix
M(&,0) is a measure of the information gained if the design & is used. Consequently,
designs that result in a large information matrix M (&, 6) in some sense, are appropriate.
In practice, several criteria are measuring the quality of a design regarding the resulting
information matrix and one of the most popular ones is the D-optimality criterion (see
[17]). To be precise, a design &; is called locally D-optimal, as it is proposed by Cher-
noff [19], for estimating the parameter 6 when it maximizes the concave functional

¥p(&,0) = det(M(&,0))"/? (2)

among all designs & on the design space X, indicating the dependence of the D-optimal
design on the parameter 6. One key advantage of working with approximate designs and
concave criteria is that convex optimization theory can be applied. As a consequence,
a general equivalence theorem is available to verify whether a design is locally optimal
among all designs. In particular, the locally D-optimality of a design &, can be validated
by checking whether the inequality

0 0
d(x,&5,0) = WT(x,mM*l(s;,@)@n(x,@) -p<0 (3)
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is satisfied for all x € X (see [20]).
In order to investigate the quality of a (non-D-optimal) design &, we consider its D-effi-
ciency which is defined by

Vp(£,0)

Eff; ,0) =
P60 = 6 @)

(see [21], among many others), and whose value is within the interval [0, 1] by defini-
tion. The better the design & in terms of the D-optimality criterion ¥p is, the greater is its
D-efficiency. Note that the D-efficiency also depends on the unknown parameter 6, if the
model in (1) is nonlinear.

Optimal designs for simultaneous inference

In the situation of the paper, let G € N be the number of different genes considered in the
experiment. Then G corresponding different concentration—response curves (with dif-
ferent true parameter vectors) of the form (1) have to be fitted simultaneously using the
same design £. Due to the dependence of the locally D-optimal designs on the unknown
parameters, there is no locally D-optimal design which is appropriate for the simultane-
ous estimation of the G different curves. In particular, let 8 # 0 be two parameter
vectors of two different curves. Then the D-efficiency of the locally D-optimal design &,
might be low if used for estimating the curve where 8® is the actual true parameter vec-
tor and vice versa.

Consequently, a design is required that provides high D-efficiencies for all G param-
eter vectors and we introduce an optimality criterion that addresses this need. More
precisely, let m be a discrete distribution on the set ®g which contains the different
parameter vectors of the G different considered curves. Then a design &g _ is called
D-optimal for the simultaneous inference (short version: simultaneous D-optimal) if

W(E ) = Y 7(O)EMpE,0),

0eBg

(5)

is maximized by &, . among all designs & on the design space X'. Moreover, it can be
checked if a given design £ is simultaneous D-optimal by checking whether the inequality

s(x,&,m) = Z 7 (0)Eftp(&,0)d(x,£,6) <0

QEG‘)G

(6)

is satisfied for all x € X, where the function d(x, &, 0) is defined in (3). A Proof of this
statement is given in the Additional file 1. Note that criteria that are of similar form as
(5) were first introduced by Pronzato and Walter [22], Chaloner [14] as well as Chaloner
and Larntz [23] and are also known as Bayesian or robust optimality criteria. These cri-
teria are classically used if there is less knowledge about the unknown parameter value
of one parametric curve which should be estimated. In this case a prior distribution, 7,
on the parameter space © is used to average the locally D-optimality criterion given in
(2) with respect to different parameter values (see [24, 25], among others). Although the
criteria are similar to the one defined in (5), we emphasize that the target of the latter
mentioned is the finding of a design that results in good efficiencies for the G different
parametric curves. In particular, the simultaneous D-optimality criterion prevents being
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affected by different sizes of the G different information matrices by standardizing via
the D-efficiencies.

Also, the simultaneous D-optimality criterion becomes more complex, the more com-
plex the set ®¢ and the corresponding distribution 7 are. This might result in numerical
problems when the corresponding simultaneous D-optimal design has to be calculated
for a great number G of different parametric curves. One approach is the reduction of
the support of the distribution 7 to a smaller set ® C O that represents the complete
set ®g appropriately.

Another approach for the construction of an appropriate design in the situation of
simultaneous inference is motivated by a K-means cluster algorithm originally pro-
posed by Hartigan and Wong [26]. More precisely, denote the support of a design & by
supp (§) and let supp (§;) be the support of the locally D-optimal design for estimat-
ing the parameter 0%, 6 € ®g. Moreover, denote the intersection of all supports by
Co = ﬂgzl supp (§;) and the union of all supports by C = ngl supp (§;). Fixing the
number of different experimental conditions to L € N=?, the K-means design with L dif-

ferent experimental conditions is determined in four consecutive steps:

1. Determine L < L different elements cy, . . ., cjinCpandset K =L — L

2. Divide the set C \ Cp into K disjoint sets Cj, ..., Cx that satisfy Ullleck =C\ Cy,
using the K-means algorithm with Euclidean distance. Moreover, calculate the center
of the set Cy by

fork =1,...,K, respectively, where #A denotes the number of different elements in
a discrete set A.

3. Repeat the second step J times. In the j-th step, sort the resulting cluster centers and
denote them by ¢; (1) < --- < ¢j (). Calculate the mean of the k-th ordered center by

1 J
G==> G
] i=1

forallk =1,...,K.

4. The K-means design with L different experimental conditions is given by the proba-
bility measure with equal masses % at the different experimental conditions ¢y, . .., ¢
(see 1.step) and ¢y, . . ., Ck (see 3. step). It is denoted by

a= (00T,
L I 1L L
Equal weights are used for the K-means design with L experimental conditions & for
simplicity, other weights that incorporate the distribution of the different parameter val-
ues of the G different parametric curves can also be used. The third step of the algo-
rithm is included to obtain robustness with respect to the resulting clusters. Moreover,

the algorithm can be further improved by using methods provided by Apon et al. [27]
among many others.
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Note that Dror and Steinberg [10] proposed a similar heuristic approach for construct-
ing robust exact optimal designs based on a K-means algorithm for multivariate gener-
alized linear models. While [10] use a rough grid over the parameter space and exact
designs, all considered model parameters are included in our approach. Moreover, our
approach is based on the corresponding locally D-optimal approximate designs. While
the number of clusters K is variable in the algorithm of [10], we fix the number of clus-
ters in advance to a fixed K.

Although the K-means design is based on locally D-optimal designs, and therefore on
convex design criteria, it is not possible to derive sufficient and necessary conditions of
the form (6) to check the optimality of the K-means design.

The sigmoid Emax model

In the context of gene expression data, the concentration—response relationship often
shows a sigmoidal course. Therefore, the regression model in (1) is frequently used with
the sigmoid Emax function as regression function 71(-,0) (see [28]). For a concentra-
tion x € X = [0, xmax] and a parameter vector 8 = (Eg, Emax, ECs0, /1) € R%, the sigmoid
Emax function is defined by

xh - Emax

x,0) =E¢p + ————-,
1 0 xh—|—EClg0

(7)

where the parameter Eq describes the effect at the placebo concentration, x = 0, and
the parameter Epax specifies the maximal effect associated with the considered com-
pound. Moreover, the parameter ECsg denotes the mean effective concentration, which
describes the concentration at which 50% of the maximal effect associated with the com-
pound is attained and the hill parameter / quantifies the slope of the regression function
[28].

The sigmoid Emax function in (7) is nonlinear in the parameters ECsp and /4 such that
its information matrix M(§,0) and the locally D-optimal design £&* depend on these
parameters. Due to the complexity of the sigmoid Emax function, the locally D-opti-
mal designs maximizing the criterion in (2) cannot be determined analytically. However,
results are available about the structure of the locally D-optimal design: In particular,
Wang and Yang [7] proved that the locally D-optimal design consists of four different
support points, while Li and Majumdar [6] derived that two of these support points
equal the boundary points of the design space X = [0, ¥max]. Using Lemma 5.1.3. stated
in [29] the locally D-optimal design &* for the sigmoid Emax model is of the form

£* = 0 x %3 Xmax
—10.25 0.25 0.25 0.25 )’
where x2,x3 € X have to be calculated numerically in dependence on 6.

Designs for simultaneous inference of VPA-data

In the following sections, the construction of designs for simultaneous inference is illus-
trated by an application on a gene expression data set, called VPA-data [16]. In the sec-
tion “Data’; the VPA-data set is described, whereas the section “Data preprocessing and
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analysis” provides a description of the initial data preprocessing and analysis steps. In
the section “Construction of K-means and D-optimal design for simultaneous inference’,
we construct both the K-Means design and the simultaneous D-optimal design aiming
for a precise inference of the concentration—response relationships of the VPA-data. All
analyses were performed using the statistical software R, version 4.2.2 [30].

Data

In a study proposed by Krug et al. [16] human embryonic stem cells were exposed to val-
proic acid (short: VPA). Originally the neurotoxicity was evaluated by conducting exper-
iments with Affymetrix Human Genome U133 Plus 2.0 gene chips. The gene expression
values for 54,675 probe sets were evaluated in a crude form. For the sake of clarity, the
probe sets are simply considered as genes in the following. The design space X of poten-
tial concentrations is given by X = [0,1000] and the responses were measured at the
concentrations 25, 150, 350, 450, 550, 800, and 1000 uM conducted three times with
different experiments. Additionally, the placebo concentration 0 was executed six times.
Thus, 27 measurements at 8 different concentrations are available for each gene. The
corresponding approximate design denoted as original design &ig is given by

2 1 1 1 1 1 1 1

0 25 150 350 450 550 800 1000
Sorig =
9 9 9 9 9 9 9 9

Data preprocessing and analysis

First, the data of the 54,675 genes are examined with respect to their biological activ-
ity. More precisely, we use the multiple contrast test of the multiple contrast procedure
method (MCP-Mod) introduced by Bretz et al. [31] to detect genes whose concentra-
tion—response relationship follows a sigmoid Emax model defined by (7) to ensure
a convenient model fit. Although we are reducing the data set we are not interested
in a dimensionality reduction of the data set or identifying specific gene sets. Such
approaches have been proposed by Azadifar et al. [32] and Rostami et al. [33], but are
not considered in this paper. The MCP-Mod procedure requires specifications for the
nonlinear parameter values of the used model, which are the ECsg and /# parameter in
case of the sigmoid Emax model. Following Duda et al. [34], we fix these parameters to
ECs0 = 450 and /# = 5.118. Note that no adjustment for multiple testing was conducted.
In contrast to multiple testing procedures, which aim at controlling the type I error, our
goal is to develop and analyse methods on a huge number of genes. In doing so we want
to identify all genes with a sensible sigmoidal model course. Thus we set the significance
level to & = 0.01. According to the MCP-Mod procedure 33,884 genes are not signifi-
cant, which implies these cannot be modelled properly by the sigmoid Emax model and
biological activity cannot be assumed for these genes. For 20,791 genes, the sigmoid
Emax model is significant, which indicates that biological activity and a convenient sig-
moid Emax model fit can be assumed.

We now concentrate on the analysis of the remaining 20,791 genes and the correspond-
ing concentration—response relationships. In particular, we fit a regression model of the
form (1) with the sigmoid Emax function (7) to the data of each gene using maximum-
likelihood estimation. The estimation is provided by the function fitMod contained in
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the R-package DoseFinding [35] with corresponding predefined parameter restric-
tions for the nonlinear parameters ECsg € [0,1500] and % € [0.05, 10]. In the case of a
fitted EC5o > 1000, the concentration at which 50% of the maximal effect is attained lies
outside the design space X = [0, 1000]. From the point of view of experimental design,
the constellation of an ECsp-value outside the design space is not reasonable and will
result in an insufficient model fit independent from the design. In particular, the model
fits will nevertheless aim for an estimate of ECs inside the design space. Thus, we restrict
ourselves to the analysis of the concentration—response curves whose estimated param-
eter 0 is contained in the parameter space ® = R x R x [0,1000] x [0.05,10] C R%. Fur-
thermore, we removed data of other 85 genes, as their parameter combinations lead to
numerical instabilities in the further analysis. Summarizing, the data set is reduced to
G = 15,233 genes and we store the corresponding parameter estimates of the data set in
a reduced parameter space O, defined by

O¢ = {6 = (Eo, Emax EC50, 7T |3g € {1,...,15233} : 6¢ € O} (8)

We now focus on the distribution of the nonlinear parts of the parameter estimations,
that is (ECs0, #)T and analyse the distribution of the values contained in the two-dimen-
sional set

O¢ = {(ECs0, T | Jg € {1,...,15233} : 6¢ € O}, 9)

on ® = [0,1000] x [0.05,10]. Figure 1 illustrates the distribution of the steepness /# and
the ECs of every fitted sigmoid Emax model on © displaying a (5 x 5)-grid classification
on O of the parameter estimates contained in .

Due to the contrast levels an accumulation for genes with high steepness parameters
independent of the ECsg-value is clearly visible through the darker areas. In particular,
for 31.7% of all genes the estimated steepness parameter is given byft = 10, which is the
upper bound for / within the parameter space ®. For 56.2% of the considered genes it
holds /1 € (2,10). Concentrating on the ECsg-values (independent from /), 84.5 % of the
estimates take values in the interval (200, 800). Both small values i.e. ECsy < 200, and
high values, i.e. ECso > 800, are rarely present (7.7% and 7.8%).
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Fig. 1 Heatmap of steepness h and ECsq of @, encircled areas correspond to frequencies higher 5%
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Table 1 Representative parameter vectors 6’ of parameter set ®; and corresponding weight
distribution 77 for the representated areas with frequencies higher than 5%

Representated Area ®; ECso h 7(09)
(200,400] x (2,4] 9! 298.81 2.53 0.1192
(400,600] x (2,4] 92 575.00 3.77 0.1633
(600, 800] x (2,4] 93 758.84 2.72 0.0897
(400,600] x (4,6] o4 469.36 4.00 0.1225
(200,400] x (8,10] 9° 310.60 10.00 0.2009
(400,600] x (8,10] 9o 501.97 10.00 02172
(600, 800] x (8,10] 97 747.88 10.00 0.0872
1.00-

0.75+
—  Repr. 1 (ECsp,h)"=(299,2.5)
2 == Repr.2 (§50,G)T=(575,3.8)T
S Repr. 3 (ECs0,h)'=(759,2.7)"
3 0.50- - Repr.4 (ECso.)= (469,4)7
7 - 4 (Ebson
2 —-- Repr. 5 (ECs0,h)'= (311,10)7
- Repr. 6 (ECso,h)'= (502,10)T
Repr. 7 (ECso,h)"= (748,10)"
0.25-
0.00+
0 250 500 750 1000
concentration

Fig. 2 Sigmoid Emax model fits to the representative parameter vectors given in Table 1 where the linear
parameters are fixed toEg = Tand Eqnax = —1, respectively

Note that each of the seven areas in Fig. 1, which are encircled in black, indicates
a frequency of more than 5% and the union of these seven areas constitutes 61% of
the parameter estimates contained in ®g. Therefore, we concentrate on the analy-
sis of these areas, which are listed with corresponding representative estimates in
Table 1. Note that the representative parameter estimates were drawn randomly
from each of the seven areas, respectively, and that we denote the set of these vec-
tors by ®7 = {91,...,67}.

In Fig. 2 the resulting estimated sigmoid Emax curves of the seven representa-
tive parameter estimates are shown, where the Ep and Ep.x values are set to 1 and
—1, respectively, for the sake of comparability. We observe that the representative
parameter estimates result in both curves that are saturated within the design space
X =10,1000] (i.e. representatives 4 and 6) and in curves that are still significantly
decreasing at the upper bound of the design space X (see representative 1, 2, 3).
Thus, the determination of a design that is suitable for the joint estimation of these
different curves is demanding and we concentrate on that task in the following

section.

Page 10 of 21
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Construction of K-means and D-optimal design for simultaneous inference

For the construction of the K-means design and the simultaneous D-optimal design, the
locally D-optimal designs based on the G = 15,233 different parameter estimations in ©g
are necessary. Moreover, the locally D-optimal designs for these parameters are needed
for the calculation of the D-efficiencies defined by (4). Consequently, we first determined
the locally D-optimal designs using the results of its principle structure stated in the sec-
tion “The sigmoid Emax model” In particular, in the present situation the locally D-opti-
mal design Sf’;opt for a particular parameter 68 = (Eo» Emaxr Es0, ljz)T € Qg is of the form

ég _ 0 x x3 1000
Dopt 0.25 0.25 0.25 0.25 /) °

The additional support points x3,x3 were calculated numerically in dependence of 6¢
using the particle swam optimization-algorithm (PSO), which is a heuristic optimization
algorithm (see [36] for details). To check the D-optimality of the designs obtained by
PSO, the inequality of the corresponding Equivalence Theorem given in (3) was checked,
respectively. Note again that it holds S](gopt # Egopt for 6¢ # 6¢, in general and a design
that is D-optimal for 6¢ might not be appropriate for the parameter 6¢ (see the sec-
tion “Optimal designs for simultaneous inference” and “The sigmoid Emax model” for
details).

For the construction of an equally weighted K-means design, we follow the procedure
described in the section “Optimal designs for simultaneous inference”. Imitating the
property of the original design given in Table 2, which has 8 support points with the
placebo concentration weighted twice, the total number of different support points for
the K-means design is fixed to L = 9. Due to the structure of the 15,233 different locally
D-optimal designs the intersection of all supports is given by Cp = {0, 1000}, such that
L = 2. Thus, the clustering is done for K =9 — 2 = 7 clusters on the set C \ Cy which
contains the support points of the different locally D-optimal designs without the con-
centrations 0 and 1000. The resulting equally weighted K-means design with 9 support
points (short: K-means design) can be found in Table 2 where the support points are

rounded to integers for the sake of readability.

Table 2 Considered designs with information of used concentrations and corresponding weights

Design Notation  Concentrations and corresponding weights
Original &orig 0 25 150 350 450 550 800 1000
2 1 1 1 1 1 1 1
9 9 g 9 9 9 9 9
Equidistant Eequi 0 125 250 375 500 625 750 875 1000
1 1 1 1 1 1 1 1 1
9 9 3 3 9 9 9 9 9
Log-equidistant Eiog 0 1 3 7 19 52 139 373 1000
1 1 1 1 1 1 1 1 1
9 9 9 9 9 9 9 9 9
K-means Exmeans 0 89 209 326 428 536 652 798 1000
1 1 1 1 1 1 1 1 1
9 9 9 9 9 9 9 9 9
Simultaneous D-optimal &g, 0 145 280 345 457 575 656 781 1000
017 0.05 0.12 0.12 0.11 014 003 0.06 0.20
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For the determination of the simultaneous D-optimal design in (5), a discrete distri-
bution 7 on ®¢ is necessary. The choice of the uniform distribution on the parameter
set ©¢ given by (8) is not appropriate in the case under consideration, as the number of
different parameter estimates contained in this set is huge (G = 15,233) and the corre-
sponding D-optimality criterion for simultaneous inference becomes numerically insta-
ble. Therefore, we recall the seven areas and the corresponding representative parameter
estimates presented in Table 1 instead. We set the support of the considered distribution
7 to the set ®; = {#1,...,07}, which are the representative parameter estimates of the
seven significant parameter areas (see Table 1). For 0 € ®5, the probability 7 (6) = 77(6)
is set to the readjusted relative frequency of the corresponding area, which is listed in
the last column of Table 1. For 6 € ©¢ \ Oy, it then follows 77(6) = 0.

Using PSO based on the distribution 777, we obtain the simultaneous D-optimal design
given in Table 2 where the support points are again rounded to integers for the sake of
readability. Note that the optimality of the design &g, can be checked by plotting the
function s(x, £e,, 77) given in (6) (see Additional file 1: Figure S1).

In the section “Comparison of the designs’, the K-means design, the simultaneous
D-optimal design and the original design are compared concerning different measures of
performance. Furthermore, we include an equidistant and a log-equidistant design with
nine support points on the design space X = [0, 1000] in the analysis, since such designs
are commonly used in the context of gene expression data (see [37, 38], among many
others). While Pinheiro and Bornkamp [39] argued that the log-equidistant design is
superior to the equidistant design if used for the analysis of one concentration—response
curve, we investigate whether this also holds true in the context of the simultaneous
analysis of gene expression data.

All designs under consideration are shown in Table 2, an illustration of them is con-
tained in the Additional file 1: Figure S2.

Comparison of the designs

In the following sections, the performances of the different designs depicted in Table 2
are investigated when they are used for the estimation of the 15,233 concentration—
response curves. In the section “Comparison with respect to the D-efficiencies’, the
designs are compared with respect to their D-efficiencies, whereas in the section
“Comparison using a simulation study” the designs are used to simulate new concen-
tration—-response data for each of the 15,233 genes. Based on this data, new concentra-
tion—response curves are estimated and compared to the curves obtained by the original
VPA-data.

Comparison with respect to the D-efficiencies
As stated in the section “Optimal designs for simultaneous inference’, the performance
of a given design & can be measured using the D-efficiency Effp(&,6) defined in (4),
where 0 € O is the assumed true parameter vector. The greater the D-efficiency is, the
better the corresponding design performs.

We analyse the D-efficiencies of the designs depicted in Table 2 for all parameter vec-
tors contained in O, i.e. the parameter set containing the G = 15,233 significant param-
eter vectors for the corresponding genes (see Eq. (8) and the section “Data preprocessing
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Fig. 3 D-efficiencies of the different designs under consideration assuming the different parameter vectors
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Table 3 Descriptive parameters of the D-efficiencies regarding each design, minimum, 0.25%- and
0.75%-quantiles, median, mean and maximum

Design Min 0.25% Median Mean 0.75% Max
Simultaneous D-optimal 0.000 0.721 0.801 0.745 0.879 0.933
Equidistant 0.000 0.701 0.777 0716 0.824 0.852
K-means 0.000 0.721 0.789 0.732 0.836 0.861
Log-equidistant 0.000 0.019 0.091 0.228 0415 0.843
Original 0.000 0.624 0.778 0.682 0.812 0.852

and analysis” for details). In Fig. 3, the resulting D-efficiencies are presented as box plots
for each considered design, respectively. Whereas Table 3 depicts the corresponding
benchmark D-efficiencies. i.e. their minima, maxima, quantiles, medians and means.
Based on the D-efficiencies the log-equidistant design performs worst, whereas the
simultaneous D-optimal design performs best.

More precise, the log-equidistant design &j,; has a D-efficiency smaller than 0.5 for
more than 75% of the parameter vectors contained in the parameter set ©®g and a median
D-efficiency of 0.09, which indicates a bad performance with respect to the D-optimality
criterion for most of the considered parameter vectors.

In contrast 75% of the D-efficiencies of the simultaneous D-optimal design are greater
than 0.72 and its median efficiency is equal to 0.80. In particular, the maximal D-efficien-
cies of the equidistant, original and K-means design are smaller than the 75%-quantile
of the simultaneous D-optimal design, respectively. Thus, for 25% of all genes the simul-
taneous D-optimal design provides higher D-efficiencies than the maximal D-efficiency
of the other designs, respectively. Nevertheless, the K-means design also results in high
D-efficiencies, 75% of the D-efficiencies are greater than 0.72 and its median is given by
0.79. The D-efficiencies of the equidistant design are similar to the D-efficiencies of the
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K-means design, which can be explained by the similar structure of these designs. Note
that both designs are equally weighted and their support points are similarly distributed
over the design space & = [0,1000] (cf. Table 2 and Figure S2, see Additional file 1).
Considering the original design, 75% of its D-efficiencies are greater than 0.62.

Note that there are several outliers for all designs under consideration. We investi-
gated that parameter vectors that lead to very small D-efficiencies of the original design
result in significantly small D-efficiencies of the other designs and almost vice versa. In
particular, parameter combinations with EC59 < 200 and large steepness / > 8 lead to
small D-efficiencies independent from the design.

Although the simultaneous D-optimal design performs best, when the D-efficiencies
are compared without restrictions, a worse performance could be possible for parameter
vectors 6, that are not part of the seven areas included in the distribution 7. Therefore,
we also investigate the D-efficiencies of the different designs grouped by the nonlinear
parameters of the sigmoid Emax model, i.e. EC5¢ and /4. Analogously to the overall analy-
sis the simultaneous D-optimal design shows the highest D-efficiencies for most of the
groups: Only for a few parameter constellations, that were not considered in the con-
struction of the design, lower D-efficiencies occurred. Regarding the remaining consid-
ered designs, the structure of their D-efficiencies was similar to the one in the overall
analysis, respectively. A detailed description and additional figures of the grouped analy-
sis can be found in the Additional file 1.

Summarizing the simultaneous D-optimal design performs best with respect to the
D-efficiencies, whereas the log-equidistant design performs worst. The K-means and
the equidistant design perform well, resulting in similar D-efficiencies for the consid-
ered cases. The original design results in D-efficiencies which are in principle allocated
between the ones of the log-equidistant and the equidistant design.

Comparison using a simulation study

In this section, we report the results of a simulation to investigate the performance
of the different designs in Table 2 in scenarios that imitate concentration-response
experiments for the 15,233 significant genes contained in the VPA-data set. In the sec-
tion “Simulation study setup’, we introduce the design of the simulation study, including
its assumptions and scenarios. Further, we describe the normalized root mean square
error (NRMSE) which is used to evaluate the performance of the different designs within
the study. In the section “Simulation results’, we summarize the results of the simulation
study with respect to the NRMSE.

Simulation study setup

Imitating the original data set of Krug et al. [16], we investigate the performance of
the five different designs if used for the simultaneous estimation of the concentration—
response relationships corresponding to the 15,233 significant genes of the data set. We
consider simulation parameters denoted in Table 4.

More precisely, we consider six different sample sizes N = 18,27, 36, 45,63, 90 for
each design given in Table 2. For the equidistant, log-equidistant and K-means design
varying the sample size N leads to equal repetitions at every concentration, as these
designs are equally weighted, whereas for the original design, there are twice as much
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Table 4 Simulation parameters

Parameter Variation/Value

Sample size N € {18,27,36,45,63,90}
Design Sorig: Sequir Elogequir Ekmeans: §6;
Gene gefl,..., 15233}

Model parameter 09 e0:=1{0,..., 915233}
Simulation step je{l,..., 500}

o 0.2 - |Fhaxl

repetitions at placebo (x = 0) as at the remaining non-placebo concentrations. In case
of unequal repetitions as attained for the simultaneous D-optimal design the procedure
of efficient rounding according to Pukelsheim and Rieder [18] is used to obtain integer
numbers of repetitions.

Further, we assume that the concentration-response relationship of each significant
gene g is described by the nonlinear regression model (1), where the regression function
is given by the sigmoid Emax model in (7) with the corresponding true parameter given
by the estimate 08 € O given by (8). The errors in model (1) are assumed to be normally
distributed with standard deviation o = 0.2 - IE}gnax\, where E3. is the maximal effect
of gene g, respectively. This results in S = 5 - 6 = 30 different scenarios in total, and for
each scenario, we obtain data from 15,233 concentration—response relationships.

We used Ny, = 500 simulation runs for each scenario and in each simulation step, the
sigmoid Emax model is fitted to the data of each gene separately.

We use the Root Mean Squared Error (RMSE) to evaluate the performance of the dif-
ferent designs. For a given scenario S (out of the S = 30 scenarios), let n(-, éjgs) denote the
estimated sigmoid Emax model with corresponding estimated model parameter éf; for
the data generated for gene g in simulation j (g = 1,...,15233, j = 1,...,500). Moreo-
ver, let n(-,0¢) denote the data generating sigmoid Emax model of the g-th significant
gene. Following Cheema [40], the RMSE (of the S-th scenario for the g-th gene) is then

given by
1 Nsim | 1000 5
RMSE(g, 5) = —_— ( ,05) — ,,Qg) ,
&3S Nigim = 1001 lz_; n(x; }5) n(x; )

where xo, . . ., %1000 are given by the sequence 0,1, ...,1000 € &". There is high variability
in the ranges of the expression values across genes, which is not accounted for by the
RMSE. For example, if we consider two genes with the same RMSE value of 2, but with
different response ranges, e.g. 4 and 10, the RMSE value for the gene with larger range
shows a higher model precision compared to the gene with a smaller range, although
this is not reflected directly by the RMSE. In order to obtain comparability between the
curves associated to the different genes, it is useful to standardize the RMSE. This is
achieved by dividing the RMSE by E3.ax, which is the maximal range of the curve corre-
sponding to gene g. Thus, it holds:
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RMSE(g,S
NRMSE(g, S) = T@’) (10)
Note that the smaller the NRMSE is, the closer the fitted model is to the true concentra-
tion—response relationship.

Simulation results

In the section “Results of the different designs with fixed sample size’, we present the
results for the different designs contained in Table 2, where the sample size is fixed to the
sample size N = 27, which coincides with the sample size of the original data set (see the
section “Data” for details). In the section “Variation of sample size’, we analyse the influ-
ence of the sample size on the performance of the different designs.

A B
0.09 1
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0.08 1
w J
g 0.2
] |
i
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0.06 1
—
0.0- 0.05 1
E.-O7 é;equi ékmeans E_'Iog &orig <‘::'(37 éequi &kmeans éorig E.'opt

Fig. 4 A NRMSEs for each gene with respect to the different designs. B NRMSEs for each gene with respect
to the different designs, where the values of the log-equidistant designs and the outliers are removed

Table 5 Descriptive parameters of the D-efficiencies regarding each design, minimum, 0.25%- and
0.75%-quantiles, median, mean and maximum

Design Min 0.25% Median Mean 0.75% Max
Simultaneous D-optimal 0.060 0.067 0.069 0.071 0.071 0.209
Equidistant 0.053 0.068 0.070 0.070 0.072 0.198
K-means 0.056 0.067 0.069 0.070 0.071 0.174
Log-equidistant 0.042 0.116 0.135 0.161 0.194 0.355
Original 0.059 0.072 0.075 0.076 0.078 0.151

Locally D-optimal 0.053 0.065 0.067 0.067 0.069 0.147

Page 16 of 21
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Results of the different designs with fixed sample size

In the left part of Fig. 4, we display the NRMSE defined by (10) for the 15,233 curves with
box plots grouped by the different designs under consideration. Also Table 5 depicts cor-
responding benchmark values of the NRMSEs like minima, maxima, quantiles, medians
and means.

It is clearly visible that the NRMSEs corresponding to the log-equidistant designs are
greater than the NRMSEs of the other designs. In particular, almost 50% of the considered
genes have an NRMSE, that is almost twice as large as for the other designs. Moreover, the
NRMSEs obtained with the log-equidistant design, are extremely varying compared to the
others. Thus, it follows that using the log-equidistant design is not reasonable for the data
at hand and we restrict ourselves to the analysis of the NRMSEs obtained for the original,
the equidistant, the K-means, and the simultaneous D-optimal design, respectively. For that
purpose, we also remove the outliers, as no structure of these could be detected in depend-
ence of the design choice. Further analyses resulted in observations similar to the ones for
the D-efficiencies: In particular, outliers occur mostly for extreme parameter combinations
suchasECsp < 2and /% > 8.

The right part of Fig. 4 shows the NRMSEs without outliers grouped by all designs apart
from the log-equidistant design. Additionally, the NRMSE of the locally D-optimal design
of each gene g is provided, respectively. Note that the locally D-optimal designs, in general
called &, lead to the smallest NRMSEs and constitute the best choice for evaluating each
gene separately. Nevertheless, these designs are not applicable in the experiment under
consideration, which is done simultaneously for all genes. Consequently, the box plot of the
NRMSEs based on the locally D-optimal designs has to be interpreted as benchmark.

Apart from the locally optimal designs, the best results with respect to the NRMSE are
achieved by the simultaneous D-optimal design and the K-means, followed by the NRMSEs
of the equidistant design. For instance, the median is 0.069 for both &g, and &jeans and
0.070 for the equidistant design. These designs result in NRMSEs that are close to the ones
of the locally D-optimal designs, which indicates a good performance with respect to the
NRMSE. Finally, the original design results in larger NRMSEs than the other designs. In
particular, the lower quartile of NRMSEs is given by 0.072, which is even greater than the
upper quartiles of the equidistant, K-means, and simultaneous D-optimal design.

Similarly to the theoretical analysis of the D-efficiencies in the section “Comparison with
respect to the D-efficiencies’, we investigated the NRMSEs grouped by the parameters ECsg
and /. Summarizing, the comparison of the RMSEs of the designs (stratified to different
parameter constellations) leads to similar results as within the total analysis. A detailed
description and corresponding figures can be found in the Additional file 1.

Summarizing, the designs constructed in the section “Construction of K-means and
D-optimal design for simultaneous inference” outperform the original design with respect
to the NRMSEs. Moreover, the equidistant design, which has support points similar to the
ones of the K-means design, results in appropriate NRMSEs, whereas for the log-equidis-
tant design NRMSEs are substantially higher in comparison to all other designs. Both the
simultaneous D-optimal design and the K-means result in the best NRMSEs and therefore
in the best simultaneous inference of the 15,233 concentration—response relationships.
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Variation of sample size

We consider the NRMSEs of the different designs when the sample size N is varied, that
is N = 18,27, 36,45, 63,90. In Fig. 5, we display the NRMSEs grouped by design and the
total sample sizes.

For all considered designs the NRMSEs are decreasing with increasing sample size,
which implies an increase in the precision of the corresponding model fits. In particu-
lar, the median NRMSEs of all designs are located within 0.084 and 0.092 for N = 18
measurements and decrease to values between 0.038 and 0.042 for N = 90. Thus, the
NRMSEs are almost reduced to half of the values by increasing the sample size, if the
sample size is multiplied by 4. This effect is well explained by the convergence rate of the
maximum likelihood estimator, which is +/N. It follows, that the absolute reduction of
the NRMSE:s is higher for smaller sample size, in particular, if N = 27 observations are
used instead of N = 18. Thus, in the situation under consideration, it is reasonable to
consider at least N = 27 observations.

Comparing the NRMSEs of the original design to the NRMSEs of the simultaneous
D-optimal design (or the equidistant and K-means design, respectively), the follow-
ing can be observed: The NRMSEs of the original design for N = 36 are similar to the
NRMSEs of the simultaneous D-optimal design for N = 27. Similar observations are
possible if the sample sizes are increased step wisely. That means that at least 9 more
observations are necessary, if the original design is used, in order to achieve the preci-
sion of the simultaneous D-optimal design.

0.3

NRMSE

0.0
18 27 36 45 63 90
Number of measurements
‘ §@7 E E,-equi E ékmeans E &Iog E E,‘orig

Fig. 5 NRMSE values for each gene regarding different designs with varying number of measurements
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Conclusion and outlook

This paper introduced two ways to construct designs that address the problem of the
simultaneous inference of a large number of concentration—response relationships:
the K-means design which is based on locally D-optimal designs of individual concen-
tration—response curves and the D-optimal design for simultaneous inference which
incorporates the distribution of the nonlinear parameters of the different concentra-
tion—response curves. In order to investigate the performance of these designs, we
used the VPA-data set by Krug et al. [16] and constructed the corresponding designs
for the relevant concentration—response relationships contained in this data set. Then
the designs were compared to the design that was originally used for generating the
VPA-data set and to an appropriate log-equidistant and an equidistant design. The
comparison was done in terms of D-efficiencies and in terms of the performance for
the simultaneous estimation of 15,233 concentration—response curves in a simulation
study (imitating the original VPA-data).

In terms of D-efficiency and terms of the simulation study, we observed similar
results: the simultaneous D-optimal design results in the most precise model fits for
the different curves under consideration, the model fits obtained if the K-means and
the equidistant design used are also appropriate. The log-equidistant design performs
worse and the corresponding precision of the model fits is the lowest. Consequently,
it is not recommendable to use the log-equidistant design if a large number of differ-
ent concentration—response relationships (with considerably different shapes) should
be estimated.

In general, it follows that the simultaneous D-optimal design improves the infer-
ence substantially. While the K-means design also performs well in the situation
under consideration, it might be less feasible due to its construction. The construc-
tion of the simultaneous D-optimal design is straightforward by including a rough
distribution of the nonlinear parameter values. Note that the equidistant design also
performs well with respect to the considered measures in the situation under con-
sideration, but it might perform worse in others. The advantage of the simultaneous
D-optimal design is its flexibility: it can easily be adapted to the situation at hand,
based on a distribution which can be predefined by the user.

The paper is based on the assumption that all concentration—response relationships
are modelled appropriately by the same nonlinear regression function (with varying
parameters). Different parametric regression functions could be assumed and the
distribution of the occurrence of these curves could be included in the D-optimality
criterion for simultaneous inference. Moreover, we restrict ourselves to the D-opti-
mality criterion, other criteria could also be used to construct a design for simul-
taneous inference, e.g. addressing the precise estimation of the ECs values or the
prediction of responses at predefined concentrations. We leave the extension of these
approaches to future research.

Supplementary Information
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Leonie Schiirmeyer, Kirsten Schorning and Jorg Rahnenfiihrer

Equivalence Theorem for the D-optimal design
for simultaneous inference

For the proof of statement (6) methods of convex analysis have to be used (see
Silvey (1980) for details). As the criterion ¥ is concave due to the concavity
of ¥p, a design & maximizes V¥ if and only if its derivative in £* in direction
(1 —a)&* + a&, is smaller or equal to zero for all x € X. In particular, the
derivative of the criterion ¥ (£, 7) evaluated in a design £ in direction (1 — o) £+
af, has to be calculated, where £, is the design that puts weight “1” to an
arbitrary but fixed point z € X.

In the situation of the criterion (&, ) we consider the derivative:

)+ aly) — ¥ (€, )

[e%

9] . U((1-
870(\11(57 7T) - ili%
Applying classical rules of differentiation, this term can be rewritten by:
—w Em=> —t= wD (€.6) (E1)
i= o (5

where %wp (51, ) is the derivative of the D-optimality criterion ¢p (§,0) =
(det (M(&,0)))? in £ in direction (1 — a)¢ + a&, it holds:

5ot (€:6) = (det(M1(6,6)) !
| det (M (1~ )€ + ag,)) — det (M(5,6)

a—)O «

<det<M(£ 0)))7 " det (M(¢,0))
o 08 (MH(E,0) {M (&, 0) — M(£,0)})

a—0 (%

(E2)

where the last equality follows by the fact that det(A+H)—det(A) = det(A)tr(A~

for matrices A, H € RP*P_ for H small enough.

LH),



Rewriting M (&,,0) = (%n(x, 9)) (%n(x, 9))T, (E2) can be reformulated by:

1
p
{<§9n(x79)>TM_1(&9) (aaon(xﬁ)) p}

=~ (det(M(£,0))) 7 d(,€.6),

where d(z, £, 0) is given by the function depicted in (3). Inserting (E2) in formula
(E1), we obtain %‘l/(é,w) = s(x,&, ), where s(x,&, ) is given in (6).



Additional Figures
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Figure S1: The plot shows the function s(z,&e,,77) in (6). Since the function
is non-positive on the design space X = [0,1000], the design £, is D-optimal
for simultaneous inference.
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Figure S2: Support points of all considered designs with information of corre-
sponding weights by size



Comparison of the different designs grouped by

parameter EC5y and h

Comparison of the D-efficiencies grouped by parameter ECs;,

and h

In the left panel of Figure S3 the relative D-efficiencies grouped by design and
ECs5¢ are shown, where the outliers are removed for the sake of clarity. The
corresponding plot including outliers can be found in Figure S4A. Note that we
could not observe any structure in the outliers with respect to the design.
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Figure S3: A: D-efficiency values for each gene regarding different designs di-
vided by parameter h, B: D-efficiency values for each gene regarding different
designs divided by parameter ECgq. The outliers are removed in both Figures.



The simultaneous D-optimal design leads to the greatest D-efficiencies for
ECs0 € (200, 800]. Note that for 84.5% of the 15233 considered curves it holds
ECs0 € (200, 800] and that the support of the used distribution 77 only contains
EC5¢ within (200, 800], such that this effect is not surprising. For EC5o < 200
(7.7% of all genes), the simultaneous D-optimal design still performs well com-
pared to the other designs with respect to the medium D-efficiencies. Consid-
ering the complete distribution of D-efficiencies the equidistant design results
in the best D-efficiencies, although the D-efficiencies are small for all consid-
ered designs if EC5¢ < 200. If EC59 > 800 (7.8% of all genes), the simulta-
neous D-optimal design and the log-equidistant design result in the smallest
D-efficiencies. In this case, the equidistant design and the original designs per-
form best, as these designs contain two support points that are close to the
assumed ECgg, which are 875,1000 and 800, 1000, respectively.

In the right panel of Figure S3 the relative D-efficiencies grouped by design
and the steepness parameter h are shown, where the outliers are also removed
for the sake of clarity. The corresponding plot including outliers can be found
in Figure S4B. Note that we could not observe any structure in the outliers
with respect to the design. For all groups with h > 2 (87.9% of all genes), the
simultaneous D-optimal design leads to the greatest D-efficiencies compared to
the other designs, both with respect to the medians and the lower quartiles. The
original design’s D-efficiencies are substantially smaller for h > 2, whereas the
equidistant and the K-means design have similar D-efficiencies that lie between
the ones of the original and the simultaneous D-optimal design. For h < 2
(12.1% of genes), the original design results in the highest D-efficiencies. In
particular, the lower quartile of the D-efficiencies of the original design is greater
than the upper quartiles of the D-efficiencies of the equidistant, log-equidistant
and the K-means design. The D-efficiencies of the simultaneous D-optimal
design are most varying, with minimal value 0.07 and highest D-efficiency 0.91
for h < 2. This effect is explained by considering the discrete distribution 77
that is used for the construction of &;: m7(f) = 0 for all § = (ECsg, h) with
h < 2, which means, it does not aim for high D-efficiencies for h < 2.
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Figure S4: A: D-efficiency values for each gene regarding different designs di-
vided by parameter h, B: D-efficiency values for each gene regarding different
designs divided by parameter ECgq

Simulation results grouped by parameter EC;, and h

In the left part of Figure S5 the NRMSEs are shown grouped by ECsy and design,
where the outliers are removed for the sake of clarity. The corresponding plot
including outliers can be found in Figure S6A. Note that we could not observe
any structure in the outliers with respect to the design.

If ECsp € [200,600), the box plots of the NRMSEs are similar to the ones
of the general analysis for all designs under consideration. In particular, the
simultaneous D-optimal design and the K-means still perform best, whereas
the NRMSEs of the equidistant design are slightly larger. If EC5o € [600, 1000),
the NRMSE based on the equidistant design are the smallest compared to the
other designs. Note that we observed a similar behaviour of the D-efficiencies of
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Figure S5: A: NRMSE values for each gene regarding different designs with 27
measurements and grouped by parameter EC5(, B: NRMSE values for each gene
regarding different designs with 27 measurements and grouped by parameter h.
The outliers are removed in both Figures.

the equidistant design for that case. For small EC5g-values, that is ECso < 200,
the considered designs result in higher NRMSE in general, whereas the ranking
of the NRMSEs with respect to the designs stays almost the same. In particular,
the equidistant, the K-means and the simultaneous D-optimal design still have
similar NRMSEs, whereas the equidistant slightly outperforms the others. The
original design performs worse with respect to the NRMSE independent from
the restriction on the ECsp-value.

In the right part of Figure S5, the NRMSEs are shown grouped by h and the
design, where the outliers are removed for the sake of clarity. The corresponding



plot including outliers can be found in Figure S6B. Note that we could not
observe any structure in the outliers with respect to the design. As for the
ECs5p, the NRMSES of the different designs are only slightly varying if considered
restricted to h. In particular, the simultaneous D-optimal design results in
higher varying NRMSEs with a median equal to 0.069 and 0.75%-quantile at
0.073, for h < 2. Note that we observed a similar effect for the corresponding
D-efficiencies, which could be explained by the fact that values h < 2 were not
considered for the construction of this design. If h € (8,10], the original design
results in higher varying NRMSEs. Note that this effect was also observed for
the corresponding D-efficiencies of that design (see Figure S3.B).
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Figure S6: A: NRMSE values for each gene regarding different designs with 27
measurements and grouped by parameter EC5q, B: NRMSE values for each gene
regarding different designs with 27 measurements and grouped by parameter h
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