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Abstract

The increasing integration of renewable energy sources such as solar and wind energy cou-
pled with the rising demand for electricity poses a series of new challenges for modern
power grids. Maintaining a balance between fluctuating energy production and rising de-
mand is becoming increasingly difficult. At the same time, flexible devices such as battery
energy storage systems, thermostatically controlled loads, and electric vehicles are being
integrated into the system on an increasing scale. Used individually, a single device may
not offer significant flexibility. However, when combined with multiple devices, this com-

bination can act as a virtual power plant and help to stabilize grid operations.

In response to the need for methods that enable large-scale control, aggregation is intro-
duced in the literature as a viable solution. Aggregators can leverage the flexibility offered
by various devices to participate in energy markets. In this setting, the aggregator is the
only entity that knows the system specifics and has authority over contracted consumers’
devices. This fosters data protection and helps to prevent unauthorized access by third
parties.

A key challenge in aggregation-based control is, however, the precise quantification of
the aggregated flexibility. The flexibility of a device can be represented by a set of its
feasible power profiles, and the aggregated flexibility of multiple devices by the addition
of these individual flexibility sets. However, the set addition (Minkowski sum) is known to
be computationally prohibitive. As a result, approximation methods are an active field of
research.

Approximation strategies can be roughly categorized into inner and outer approximations.
Inner approximations are conservative, i.e., the feasible region is usually reduced, leav-
ing out potential power profiles. Outer approximations, on the other hand, overestimate
the potential feasible region and may contain infeasible power profiles. Auxiliary service
providers must ensure the fulfillment of the power profiles to avoid contractual penalties,
which favors inner approximations. However, as this thesis shows, state-of-the-art inner ap-
proximations suffer from objective-dependent performance, increased computational com-

plexity, and may exclude nominal power profiles, such as the idle state.

On this canvas, this thesis examines the concept of aggregation-based control and its po-
tential for providing ancillary services. First, common flexible devices in power grids are
identified and mapped to a convex storage model. The relationship between flexibility sets



Abstract

and their aggregation is analyzed, along with the associated challenges. The significance
of utilizing approximation techniques is emphasized, accompanied by a review of the ex-
isting literature. Additionally, an open-source benchmark is developed, and state-of-the-art

techniques are compared to identify the limitations of current methods.

Based on these observations, a vertex-based inner approximation for suitable polytopes is
proposed to overcome the deficiencies of existing methods. This method is then extended to
battery energy storage systems and tested against ten state-of-the-art inner approximation
methods to demonstrate its superior performance in terms of computational complexity and

accuracy across various objectives.

Furthermore, the proposed approach is extended to convex storage models that can be used
to represent a variety of practical devices. Numerical examples with different types of
flexibility and hierarchical aggregation settings are conducted to validate the extended ap-
proach. It is shown that the aggregated flexibility of multiple devices can be effectively
leveraged to lower the peak demand in residential areas. Finally, an efficient disaggrega-
tion strategy is proposed that does not require any optimization. These strategies are then
implemented in an open-source Python package, with example codes provided to showcase

the software tool’s functionality.

Ultimately, the results of this thesis support researchers and industry professionals by of-
fering algorithms that can effectively (dis-)aggregate the flexibility of multiple devices in
practical scenarios with accuracy and efficiency.

VI



Deutsche Kurzfassung

Die zunehmende Integration von erneuerbaren Energien wie Photovoltaik und Windenergie
in Verbindung mit der wachsenden Nachfrage nach Strom stellt moderne Stromnetze vor
wachsende Herausforderungen. Das Gleichgewicht zwischen schwankender Energieerzeu-
gung und steigender Nachfrage zu halten, wird immer schwieriger. Gleichzeitig werden
flexible Geridte wie Batteriespeicher, thermostat gesteuerte Lasten und Elektrofahrzeuge
in groBem Umfang ins System integriert. Ein einzelnes Gerdt mag nicht viel Flexibilitét
bieten, aber wenn mehrere Gerite kombiniert werden, kann ein virtuelles Kraftwerk entste-

hen, das dabei hilft, den Netzbetrieb zu stabilisieren.

Um einen sicheren und effizienten Netzbetrieb zu gewihrleisten, wurde in der Literatur
Aggregation als praktikable Losung vorgestellt. Aggregation erlaubt die Flexibilitdt ver-
schiedener Gerite zu nutzen, um an Energiemirkten teilzunehmen. Der Aggregator ist in
diesem Szenario die einzige Entitét, die die Systemdetails kennt und die Betriebsautoritit
iber die Gerite der Vertragsverbraucher besitzt. Dadurch wird der Datenschutz gegeniiber
Dritten gewihrleistet und unbefugter Zugriff verhindert.

Eine Herausforderung bei der aggregationsbasierten Steuerung besteht darin, die ag-
gregierte Flexibilitdt genau zu quantifizieren. Die Flexibilitét eines Geréts kann durch die
Menge seiner potenziellen Lastprofile dargestellt werden, und die aggregierte Flexibilitét
mehrerer Gerite durch die Addition dieser individuellen Flexibilititsmengen. Die Men-
genaddition, auch Minkowski-Summe genannt, ist jedoch im Allgemeinen nicht effizient
berechenbar, weshalb in der Literatur verschiedene Approximationsmethoden vorgeschla-

gen wurden.

Grob lassen sich zwei Arten von Approximationsstrategien unterscheiden: innere und
duBere. Innere Approximationen sind konservativ und reduzieren den zulédssigen Bereich,
wihrend dullere Approximationen den Bereich tiberschitzen und nicht zulédssige Profile en-
thalten konnen. Systemdienstleister bevorzugen in der Regel innere Approximationen, um
vertragliche Strafen zu vermeiden. Wie diese Arbeit jedoch zeigt, leiden moderne innere
Approximationen unter einer zielabhiingigen Leistung, erhohter Rechenkomplexitit und

konnen nominale Leistungsprofile, wie z.B. den Zustand des Nichtstuns, ausschlieen.

In diesem Kontext untersucht diese Dissertation das Konzept der aggregationsbasierten Be-

triebsfithrung und ihr Potenzial fiir die Bereitstellung von Regel- und Zusatzdiensten. Zu
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Deutsche Kurzfassung

Beginn werden flexible Gerite in Stromnetzen identifiziert und einem konvexen Speicher-
modell zugeordnet. In weiterer Folge wird die Beziehung zwischen Flexibilitdtsmengen
und ihrer aggregierten Flexibilitit analysiert sowie die damit verbundenen Herausforderun-
gen untersucht. Die Bedeutung der Nutzung von Ndherungsverfahren wird hervorgehoben,
begleitet von einem Uberblick iiber die bestehende Literatur. Dariiber hinaus wird ein
Open-Source-Benchmark fiir Ndherungsverfahren entwickelt, um die Einschrinkungen der
aktuellen Methoden zu identifizieren.

Auf der Grundlage dieser Beobachtungen wird eine eckpunktbasierte innere Approxima-
tion fiir Polytope vorgeschlagen um so die Schwichen bestehender Methoden zu {iiber-
winden. Diese Methode wird dann auf Batteriespeichersysteme erweitert und mit zehn
modernen inneren Approximationstechniken verglichen, um ihre Leistungsfihigkeit in
Bezug auf Rechenkomplexitit und Genauigkeit fiir verschiedene Szenarien zu demonstri-
eren.

Der vorgeschlagene Ansatz wird weiterhin auf konvexe Speicher-Modelle erweitert, die
zur Darstellung einer Vielzahl realer Systemkomponenten verwendet werden konnen. Nu-
merische Beispiele mit unterschiedlichen Arten von Flexibilitit validieren den erweiterten
Ansatz. Es wird gezeigt, dass die aggregierte Flexibilitit mehrerer Gerite genutzt wer-
den kann, um die Spitzenlast in Wohngebieten zu senken. SchlieBlich wird eine effiziente
Disaggregationsstrategie vorgeschlagen, die keine online Optimierung erfordert. Die en-
twickelten numerischen Verfahren sind in ein Open-Source-Python toolbox implementiert,
wobei Beispielcodes bereitgestellt werden, um die Funktionalitdt des Softwaretools zu
demonstrieren.

Das malgebliche Anliegen dieser Dissertation ist es, Forscher und Fachkrifte aus der In-
dustrie zu unterstiitzen, indem Algorithmen bereitgestellt werden, die es ermoglichen, die
Flexibilitdt mehrerer Gerite in realen Situationen genau und effizient zu aggregieren und

zu disaggregieren.
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The European Green Deal, launched by the European Commission in December 2019 (Eu-
ropean Commission, 2021), outlines an ambitious plan to transform the European Union
into a climate-neutral and sustainable economy by 2050. Central to the Green Deal’s vi-
sion are significant reductions in greenhouse gas emissions, a push for renewable energy,
enhanced energy efficiency, and the preservation of biodiversity, all with the ultimate aim
of achieving net-zero emissions by mid-century. This transformation is expected to drive
innovation, create green jobs, and position Europe as a global leader in environmental sus-
tainability. In line with this vision, Austria has committed to achieving climate neutrality
by 2040 and has outlined an ambitious plan to transition to renewable energy sources (IEA,
2020).

This thesis offers potential contributions toward these goals by proposing auxiliary ser-
vice strategies that can help reduce peaks in power grids and, consequently, minimize the
need for extensive power generation. The following chapter introduces key topics such as
flexibility in power grids, demand response strategies, and the aggregation of demand-side
flexibilities. Additionally, gaps in the current literature are identified, the research question

1s formulated, and the contributions are outlined.

1.1. Flexibility in Power Grids

The increasing integration of renewable energy resources such as solar and wind energy
coupled with the rising demand for electricity poses a series of new challenges for modern
power grids (Deguenon et al., 2023). As the energy consumption increases, it is becoming
increasingly difficult to balance fluctuating energy production with rising demand. Con-
ventional supply-side management strategies, such as the control of flexible generators by
system operators, are no longer suitable in view of the transforming energy landscape from
monopolies to distributed energy resources and competitive markets. At the same time,
flexible devices such as battery energy storage systems (BESSs), thermostatically con-
trolled loads (TCLs), and electric vehicles (EVs) are being integrated into the system on a
large scale, e.g., the share of air conditioning systems in Europe is estimated at 19% (IEA,
2023), while the market share of EVs in Austria is expected to reach around 38.5% in 2050

(Gryparis et al., 2020). Moreover, the number of registered flexible devices in Germany
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reached 1.8 million in 2022 (Bundesnetzagentur, 2023). Accommodating these flexibili-
ties on the demand side in addition to the flexibility on the supply side will be essential to

ensure reliable future grid operations.

Flexibility, in this context, refers to the device’s ability to respond to changes in demand,
supply, or other external factors: EVs are often inactive for long periods of time, such
as overnight or during daytime parking, which opens the possibility of modifying charg-
ing schedules. BESSs can store excess energy generated during peak times and release it
during periods of high demand. The power consumption of TCLs such as heating, ventila-
tion, and air conditioning (HVAC) systems can be modified without affecting the specified
room temperatures. By utilizing the potential flexibility of these devices, consumers can
adapt their electricity consumption and help to manage electricity demand more effectively,
which prevents unnecessary investments in generation, transmission, and distribution sys-

tems.

Demand response (DR) programs, which are broadly divided into incentive-based DR pro-
grams and price-based DR programs, are designed to take advantage of this potential flex-
ibility of consumer devices. Incentive-based DR programs offer consumers incentives to
change their power profile, e.g., direct load control, where consumers are registered to en-
able a system operator to control their appliances. Price-based DR programs, on the other
hand, charge consumers different prices at different times, e.g., time-of-use prices, critical
peak prices, and real-time prices. The purpose here is to encourage consumers to adjust
their energy consumption in line with price trends. For a comprehensive overview of DR

programs, we refer to Jordehi, 2019.

Used individually, a single device such as a BESS may not offer significant flexibility.
However, when paired with multiple other appliances, this combination can act as a virtual
power plant and assist in maintaining grid operations. Various methods can be utilized to
effectively manage a set of flexible appliances.

A straightforward method is to use a central control scheme, e.g., a system operator, which
directly controls and communicates with each device individually. Although effective, this
control scheme suffers from drawbacks, such as privacy issues, as the central control unit
requires system-specific information, e.g., user profile of EVs, and assigns power profiles
directly to individual devices. In addition, this method suffers from limited scalability, as
communication and the size of the control problem increase with the number of devices
(Oztiirk et al., 2022).



1.2. Aggregation of Demand-Side-Flexibilities

An alternative approach is to use distributed optimization methods, which can alleviate
scalability issues by clustering multiple devices into nodes. However, these methods often
require a predefined problem structure, i.e., restrictions on the objective function, cf. Boyd,
2010. Additionally, information must be exchanged between nodes, which can raise data
protection issues and result in communication overhead. Furthermore, not all distributed
optimization algorithms guarantee convergence. For recent reviews of distributed optimiza-
tion strategies and their applications, see Braun et al., 2018; Engelmann, 2022; Engelmann
et al., 2020, 2017, 2019; Yang et al., 2019; Zheng and Liu, 2022.

Yet, another approach involves the introduction of a third entity, e.g., an aggregator, which
coordinates the individual appliances via a central platform. This aggregator can leverage
the flexibility of various appliances to participate in energy markets, e.g., as part of demand

response programs.

1.2. Aggregation of Demand-Side-Flexibilities

Aggregators generally act as intermediaries between grid operators and consumers by mon-
itoring consumers’ devices, assessing the overall flexibility, and participating in energy
markets (Gkatzikis et al., 2013). In return for their participation, consumers receive finan-
cial incentives, lower energy costs, or other benefits. The aggregator, in this setting, is the
only entity that knows the system specifics and has authority over contracted consumers’
devices, which ensures data protection and prevents unauthorized access by third parties.
In addition, system operators are relieved from the burden of overseeing and controlling

numerous devices, which reduces the communication effort significantly.

Figure 1.1 depicts a typical scenario involving an aggregator. The flexibilities provided by
the devices on the right are collected and made accessible to third parties on the left by the
aggregator. This guarantees access to the potential flexibility while safeguarding critical
information.

A key challenge in aggregation-based control is, however, the precise quantification of the
aggregated flexibility. A device’s flexibility can be represented by a set of its potential
power profiles. These power profiles are typically modeled as piecewise constant func-
tions, 1.e., they are assumed to remain constant over designated time intervals, typically
15 minutes in power systems. This characteristic enables these functions to be expressed
as vectors in d-dimensional space. Consequently, the number of time periods dictates the

dimension of the flexibility sets.
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e TCLs
* Heat pumps
* Refrigerators
* Airconditioners

Advantages: .
o * Domestic water heaters
* Reduced communication effort
. . * BESSs
* Preservation of privacy « Evs

Aggregator

Figure 1.1.: Sketch of a system featuring flexible devices and an aggregator. The flexi-
bilities provided by the devices are aggregated and forwarded to purchasers.
Specific information is encapsulated and remains unknown to third parties.

Given flexibility sets X; C R, i = 1,..., n, the aggregated flexibility of multiple devices is
expressed as the sum of individual flexibility sets. This operation is commonly referred to

as the Minkowski sum, which is formally defined as

eBLX,- = {XGRdZ.X:ZX,', xiEXi}. (1.1)

i=1

However, since this addition is known to be computationally prohibitive (Tiwary, 2008),

numerous approximate quantification methods have been proposed in the literature.

Approximation strategies can be categorized into top-down and bottom-up approaches.
Top-down approaches estimate the aggregated flexibility directly using statistical methods,
machine learning or geometric projection techniques. Bottom-up approaches first approx-
imate the individual sets by, e.g., zonotopes, homothets, etc. Then, the approximated sets

are added instead of the original sets to obtain the approximate aggregate flexibility.

Approximation strategies can be further categorized into inner and outer approximations.
Inner approximations are conservative, i.e., the feasible region is usually reduced, leaving
out potential power profiles. Outer approximations, on the other hand, overestimate the

potential feasible region and may contain infeasible power profiles.
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Aucxiliary service providers must ensure the fulfillment of the power profiles to avoid con-
tractual penalties, which favors inner approximations. However, state-of-the-art inner ap-
proximations suffer from objective-dependent performance, increased computational com-
plexity, and may exclude nominal power profiles, such as the idle state (Oztiirk et al., 2022).
Indeed, the increased computational complexity limits the application potential of various
methods considerably. In addition, aggregation strategies are often designed for specific
devices, requiring both device-specific algorithm selection and, considering the objective-
dependent performance, objective-specific algorithm selection.

Given the aggregated flexibility in the system, the aggregator can market the set of feasible
power profiles in energy markets. Third parties, e.g., network operators, can select power
profiles that the aggregator then distributes (disaggregates) to the individual devices, i.e.,
the operation schedule of the devices is configured. This disaggregation is not unique, as
different individual power profiles can be combined to obtain a specific power profile in
the aggregated set. Consequently, this has led to the development of various methods in
the literature to decompose a selected power profile into its components. However, many
state-of-the-art disaggregation strategies, e.g., by Barot, 2017; Miiller et al., 2015, involve
solving optimization problems that require considerable computational effort.

1.3. Challenges

While the increasing integration of flexible devices into power grids presents significant
opportunities, it also introduces several challenges that must be addressed to fully harness
this potential. A key concern is the need for effective aggregation techniques that enable
multiple devices to function as a virtual power plant. However, accurately quantifying the
aggregated flexibility of multiple devices requires calculating the Minkowski sum, which
can be complex and challenging.

As a result, reliance on approximate quantification techniques has become necessary. For
the provision of auxiliary services, inner approximations are preferred to avoid penalties
associated with unmet power profiles. Nonetheless, current state-of-the-art inner approxi-
mations encounter several hurdles, including:

e Variable performance, i.e., the effectiveness of current approximations can differ

based on the specific objectives, leading to inconsistent performance.
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e Computational complexity, i.e., the methods often require significant computational
resources, particularly when navigating high-dimensional spaces, making them less

viable for day-ahead computations.

o Exclusion of nominal profiles, i.e., many existing techniques may overlook critical
power profiles, such as the idle state, which can undermine the overall flexibility.

e Disaggregation challenges, 1.e., techniques aimed at disaggregating frequently rely
on optimizations that are resource-intensive, further complicating their implementa-

tion in dynamic environments.

Given these challenges, a need exists for the development of accurate and scalable approx-
imation techniques to quantify the aggregated flexibility of flexible devices. Additionally,
effective disaggregation strategies must be established to ensure that these systems operate
efficiently and reliably within modern power grids.

1.4. Outline and Contributions

This thesis develops novel and performant (dis-)aggregation strategies that overcome the
challenges described in the introductory paragraph and enable aggregators to play a more

effective role in emerging energy markets.

Chapter 2 — Problem Statement and Modelling

Preliminaries, including the detailed modeling of flexible devices such as BESSs, TCLs,
and EVs are given in Chapter 2. It is shown that these models can be mapped to a convex
storage model. A guideline for the conversion of selected devices is developed and pro-
vided in the form of a compact table. In addition, the relationship between the set addition
and the aggregated flexibility is highlighted. Chapter 2 ends with an analysis of the com-

putational complexity of the set addition, and the necessity for approximate methods.

Chapter 3 — Approximation Strategies

Chapter 3 provides a comprehensive examination of approximate aggregation strategies
found in the literature. Additionally, an open-source benchmark is introduced, specifically

designed to evaluate these strategies. Thirteen state-of-the-art algorithms are implemented
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and tested within this framework. A thorough analysis is conducted, focusing on the limi-
tations of the existing algorithms. The results of this chapter have been published (Oztiirk
et al., 2022). The primary contribution of this chapter is a thorough analysis of existing
algorithms, along with the development of an open-source benchmark that highlights their
weaknesses.

Chapter 4 — Scalable Aggregation and Disaggregation

Based on these findings, a novel method for the approximate aggregation of convex storage
models is presented in Chapter 4. Section 4.1 proposes a novel aggregation strategy for
polytopes that satisfy two specific assumptions. Analytical results are derived, and their
implications are discussed. In particular, an important finding is that the proposed compu-
tations yield vertices within the aggregated set, introducing a new technique for computing
a subset of Minkowski sum vertices.

The proposed aggregation strategy is then extended to BESS with minimum final energy
restriction in Section 4.2, and tested within the previously developed benchmark against ten
state-of-the-art inner approximations. It is shown that the proposed method outperforms the
others in terms of computational complexity and accuracy for different objectives.

Section 4.3 extends the proposed aggregation strategy further to include convex storage
models that can be applied in various real-world contexts. To this end, two correction
algorithms are developed and thoroughly discussed. The extended algorithm is then tested
in practical settings, which include scenarios with a single aggregator utilizing one type
of flexibility, as well as scenarios with multiple aggregators and multiple flexibility types.
In these experiments, the flexibility provided by the devices is utilized to reduce the peak
demand in residential areas.

Section 4.4 concludes the aggregation-based control problem by introducing a novel disag-
gregation strategy. This strategy is compatible with all aggregation strategies proposed in
this thesis and can be computed efficiently without requiring any optimization. The results
of this chapter have been published (Oztiirk, Faulwasser, et al., 2024; Oztiirk, Kaspar, et al.,
2024; Oztiirk et al., 2025). The main contribution of this chapter is a broadly applicable
(dis-)aggregation strategy for convex storage models.
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Chapter 5 — Software Implementation

In Chapter 5, all previous findings are brought together to develop a comprehensive open-
source Python package for the (dis-)aggregation of flexible devices. The package is de-
scribed in detail together with class diagrams and the software architecture. Furthermore,
sample codes are provided and analyzed to ease the introduction to the software. The re-
sults of this chapter have been published (Oztiirk et al., 2025). The main contribution of
this chapter is a comprehensive open-source Python package designed for application in

real-world data environments.

Chapter 6 — Extensions towards Non-convexity and Uncertainty

Chapter 6 introduces further extensions to the aggregation strategy, starting with a dis-
cussion on aggregating non-convex sets and a review of existing literature on non-convex
aggregation methods. An improved algorithm is then presented to address the challenges
posed by non-convex sets. The chapter also explores aggregation in the context of uncer-
tainties, reviewing relevant literature and proposing an extension to address uncertainties
in practical applications. These extensions are currently being prepared for publication and

have not yet been submitted or published.

Chapter 7 — Conclusions and Perspectives

Finally, Chapter 7 addresses related topics such as grid-aware aggregation strategies, i.e.,
aggregation of flexible devices subject to grid constraints. The latest research findings
in this area are briefly presented and discussed, followed by concluding remarks and an

outline of potential directions for future research.



2. Problem Statement and Modelling

This chapter provides an overview of the mathematical basics used in this thesis. Initially,
a detailed analysis of common flexible devices within power grids is conducted, recalling
their mathematical characteristics. Subsequently, a comprehensive convex storage model
1s introduced along with a guideline on how to convert typical flexible devices into convex
storage models. This standardization simplifies future research, focusing attention solely
on the convex storage model. Finally, the concept of set addition is outlined, highlighting
its relationship with the aggregation of flexible devices and analyzing its computational

complexity.

2.1. Flexible Devices

This section provides detailed modeling of specific flexible devices in real-world scenarios.
Readers may skip this section if mathematical details are not required and proceed to the
next section, which discusses the convex storage model that applies to all devices covered
in this section.

In a discrete-time setting comprising d time intervals of length Az, the power in and out of a
device within each interval can be modeled by a vector x € R?, with the " element denoting
the power flow during time period z. Real-world devices are subject to constraints that re-
strict power flow, thereby defining the range of feasible power profiles. The constraints and
consequently the feasible power profiles are detailed below for common devices in practi-
cal applications, whereby the feasible regions are rewritten to emphasize the mathematical

similarities between the devices.

2.1.1. Battery Energy Storage Systems

A BESS, e.g., a stationary battery, is a device that can store and release energy on demand,

enabling flexible operation. These devices can be characterized by the parameter vector

(xmin’ Xmax Smin, Smax, a, Sinit, Sf)T € (_OO’ 0] X [0, 00)2 X (S min» OO) X (0, 1] X [S min» Smax]z,
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where Xnin, Xmax (KW) are the lower and upper power bounds for (dis-)charging, S min, S max
(kWh) the lower and upper bounds on the energy in the BESS, « the self-discharge factor,
S'init (kWh) the initial energy, and S  (kWh) the minimum final energy.

The energy stored at a given time period, S, is determined by the energy in the previous
time period, S ,_;, multiplied by the discharge factor, «, plus the energy (dis-)charged during
the current time period, x,At. This relationship can be expressed mathematically as

S[ = CYS[_I + x,At.

The discharge factor a reduces the energy in each time period, while x;At decreases the
energy in the storage if x; < 0, and increases the energy in the storage if x, > 0. Together
with the (dis-)charging limits, energy limits, and the specification of the initial energy, the
system dynamics and constraints of a BESS can be described as

Xmin < X < Xmau V2= 1,....d, (2.1a)
S,=aS. +xAtVt=1,....,d, (2.1b)
Smin <S: < Smaus ¥Vt =1,...,d—1, (2.1¢c)
Sr<Sq<Sms (2.1d)
So =S i (2.1¢)

Equations (2.1a), (2.1c), and (2.1d) impose limitations on the power flow and energy within
the BESS, (2.1b) defines the procedure for updating the energy level, and (2.1e) establishes
the initial energy. The above model can be subsumed to

Xin < X < Xmas V= 1,....d, (2.2a)
t
Smin < @'Sinit + Y @A < S, V=1, d - 1, (2.2b)
=1
d
Sy <aSimic+ )@ XA S (2.2¢)
=1

Note that this model does not account for (dis-)charging efficiencies, which depend on the
type of battery used (e.g., lead-acid, NiCd, Li-Ion, etc.). A comprehensive analysis of vari-
ous battery types and their efficiencies is provided by Anddjar Marquez et al., 2023. Includ-
ing these efficiencies leads to a more accurate model, but also introduces non-convexities,
as discussed in Chapter 6. Additionally, some researchers, including Zargari et al., 2023,

10
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have incorporated ramp constraints, which are omitted in this model.

2.1.2. Thermostatically Controlled Loads

TCLs such as air conditioning, refrigerators, heat pumps, and water heaters are appliances
that are specifically designed to regulate and maintain a desired temperature range. These

devices can be parameterized by a vector
(pmaXa R, C’ 77’ A, Qa, 0}’7 Qinit)T e [07 00)7 X [Hr - A7 9}’ + A]7

where ppax (KW) 1s the maximum power, R (K/kW) the thermal resistance, C (kWh/K) the
thermal capacitance, n the coeflicient of performance, A (K) the dead band, 6, (K) the am-
bient temperature, 6, (K) the set point temperature, and 6y,;; (K) the initial temperature.

The temperature change in a TCL is usually described by a linear time dependence on the
temperature difference, together with an additional term for the power consumption p € R?

and the demand g € Rio’ 1.€.,

0; — 6,1
At

= a6y — 6,1) + (% - bpt),

L
RC’

between cooling and heating. In the following, we use the plus sign for cooling and the

where a = and b = % Note that the + on the right-hand side is required to distinguish

minus sign for heating, unless otherwise specified and + appears. With this convention, the

system dynamics and constraints of a TCL can be described by

0<p/<pmax,Vt=1,...,d, (2.3a)

0, = (1 — aADO,_; + af At + At(% - bp,) Ni=1.....d, (2.3b)
A A

0,-2<0,<0,+2V=1... . . (2.3¢)
2 2

0o = Ginit- (2.3d)

Equation (2.3a) limits the power flow, (2.3b) provides a rule for updating the temperature,
(2.3c) requires the temperature to be within the dead band around the setpoint temperature,
and (2.3d) specifies the initial temperature. The power required to maintain the setpoint
temperature in the absence of a demand ¢, from the appliance is given by xy = i%. With

11
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the variable transformations

C9, -0,
Si= M, and x; = =(=p; + xo),
n

(2.3) can be rewritten for a cooling device as

X0 — Pmax < X < xo, Ve =1,...,d, (2.4a)
Si=aS i +xAt+ LA Ve=1,....d, (2.4b)
n
CA CA
- —<S,<—Vt=1,....d, (2.4¢)
21 21
So = Sinit, (2.4d)
where a = (1 — aAr), and S, = m The above equations can be subsumed to
xo—pmax<xt<xo,\7’t= 1,....,d, (2.5a)
CA At : CA At
- — a'” qT<aS1mt+Za’_TxTAt§——— o Tg ¥r=1,...,d.
27] n =1 =1 277 n =1
(2.5b)

The equations for a heating device can be derived equivalently and are expressed as

— X0 < Xt < Pmax — X0, VE=1,...,d, (2.6a)

CA At

——+—Za/ qT<chmn+Za X; t<—+—Za g, Vt=1,...,d.
(2.6b)

Note that these models assume continuous power flow, cf. (2.3a), which introduces a sim-
plification. A more accurate model functions at a fixed power level that can be switched on
or off, typically represented by a binary variable, cf. Zhao et al., 2017. For a recent review

of modeling thermostatically controlled loads, we refer to Tian et al., 2024.

2.1.3. Electric Vehicles

EVs can be described as BESSs with an additional binary availability vector A € {0, 1} and
a trip consumption vector g € Rio- When the EV is connected to a charging station, the

availability is set to one during this period; otherwise, it is set to zero. The behavior of the

12
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system is then governed by the following dynamics and constraints

AXmin < X < AXmax, VE=1,....,d, (2.7a)
S;=aS,.1 +xAt—-qAt,Nt=1,....,d, (2.7b)
Smin <S8/ < Sma, VE=1,...,d -1, (2.7¢)
Sr <854 < Smax (2.7d)
So = St (2.7¢)

Equations (2.7a), (2.7c) and (2.7d) pose limitations on the power flow and the stored energy,
(2.7b) provides an update rule for the energy in the storage, and (2.7¢) specifies the initial
energy. The above model can be subsumed to

AXmin < X < AXmax, V2= 1,....,d, (2.8a)

t t t
S min + Z @ T At < 'S i + Z @ XA LS max + Z o g At Nt=1,...,d -1,

=1 =1 =1
(2.8b)
d d d
S+ Z ad_TqTAt < @S it + Z @Tx AL < S pax F Z cxd_TqTAt. (2.8¢)
=1 =1 =1

Note that the lower limit for discharging is modeled by A;xp,, which accommodates
vehicle-to-grid (V2G) technology. If this is not desired, one can simply set xi, to zero.
Note also that the above model disregards the (dis-)charging efficiencies and is, therefore,
a simplification. The more accurate model with (dis-)charging efficiencies results in a non-

convex model and is briefly discussed in Chapter 6.

2.1.4. Pumped Hydro Energy Storages

In a pumped hydro energy storage (PHES), water is pumped from a lower reservoir to an
upper reservoir to increase its potential energy. This stored energy can then be converted
back into electrical energy when needed. Hydropower (including run-of-river, reservoir,
and pumped storage plants) plays a vital role in Austria’s electricity system — supply-
ing around 60 % of the country’s electricity generation (Ember, 2024). A PHES can be
characterized by the parameter vector

(Xmin»> Xmax> Rmin» Rmax, 1, Rinit)T € (—00,0] x [0, 00)4 X [Rmin> Rmax],

13
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where Xpin, Xmax (KW) are the lower and upper power bounds, Ryin, Rmax (m?) are the lower
and upper volume limits for the upper reservoir, Ry (m?) the initial water volume in the

upper reservoir, and 4 (m) the height between upper and lower reservoirs.

The power needed to move water from the lower reservoir to the upper reservoir, denoted
as x,; € Ry, along with the power x,, € R0 generated during turbine operation in time
period #, can be expressed as

my,gh )

Xpi = pA—t =pV,.8h,
Mg ,8h .

Xor = =1 = pVesgh,

where m,,;, mg; (kg) and Vp,t, ngt (m?/s) are the masses and volume flow rates of the water
pumped into or released from the upper reservoir in time period ¢, respectively, g = 9.81
(m/s?) is the gravitational acceleration, and p = 1000 (kg/m?) is the water density. We
define further the unit conversion parameter

Vor Voo 1
xp,t xg,t pgh

*

r’:

Using x; = x,; — Xg;, the system dynamics and constraints can be written as

Xmin < X < Xma, V2= 1., d, (2.10a)
R =R_i +n*x ALVt =1,....d, (2.10b)
Ruin < R, < R, VE = 1,...,d, (2.10c)
Ro = Rinit. (2.10d)

Equations (2.10a) and (2.10c) pose limitations on the power and water volume in the up-
per reservoir, (2.10b) provides an update rule for the volume in the upper reservoir, and
(2.10d) specifies the initial water volume in the upper reservoir. The above equations can

be subsumed to

Xmin < X < Xpax, VE=1,...,d (2.11a)
Ruin Rt < Ronax
B Y x A S T =1, d, (2.11b)
n & n

Note that the above model is expressed in SI units and that a conversion factor of 3.671-107°

must be taken into account when using the unit kWh. Also note that this model disregards

14
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the efficiencies in pumping and generation, i.e, it is assumed that energy is not lost during
these processes. Actual pump and turbine efficiencies are between 75 — 85% and 93 —
95%, respectively (Giesecke & Heimerl, 2014). For a more detailed model that takes these
efficiencies into account, we refer to Sass et al., 2020; Zhou et al., 2017.

2.2. Convex Storage Models

So far, the reader may have noticed the similarities between the previous models, which
raises the possibility of integrating these devices into one cohesive model. Hence, this
section focuses on that very objective: introducing a storage model that unifies the previous
models.

A storage model that encompasses the previous models can be described by the system

dynamics and constraints

x, <x <X, Vt=1,....d, (2.12)
Si=aS. 1 +xAtLVt=1,....d, (2.13)
S, <8, <8,¥t=1,....d, (2.14)
S0 = Sinie (2.15)

where x,%, 5,5 € R denote the lower and upper limits for the variables x and S, respec-
tively, Sinii € R denotes the initial energy, and @ € (0, 1] the self-discharge factor. This
model can be written as

X <x <% Vi=1,....d (2.16a)
t —

s, SatSinit+Za’_TxTAtsS,,Vt: 1,....d. (2.16b)
=1

Note that the power and energy limits in this model may change over time. Hence, by se-
lecting the limits and parameters appropriately, the previous models can be mapped to this
model. Table 2.1 lists the parameters that need to be selected for modeling the previously
discussed devices by the above storage model. The conversions outlined in Table 2.1 are
derived directly from the system dynamics and constraints discussed in the previous section

for the respective devices.
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. Table reproduced (Oztiirk et al., 2025).

Table 2.1.: Conversion table for convex storage parameters: x, x, S, S, @, and S i
S,

‘ ‘ 4 X St ‘ a ‘ S init ‘
Smin VE=1,...d -1,
BESS Xmin Xmax i Sf fort=d Smax a Sinit
. 0.—6, 0,6, CA At vt - CA _ Ar vt - A C(Oinit—8r)
TCL (cooling) | *7* = Pmax o =5y 5 2= ' "g, 5 FI LT, — %& =
. 0,—0; 0,—6, CA | At ot - CA | At vt 1— At | COni—br)
TCL (heating) TR Pmax + 7R Gy T e @ “qr oyt L= @ 4. ~RrRC T‘
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2.2. Convex Storage Models

The storage model defined by (2.16) results in a polyhedron, which we define as follows.
Let x,x,S ,S €eRY a€(0,1],and Sy, € R be given. Then, we define the following set as

the convex storage model

8(27 x’ i’ F’ a, Sinit) = {x € Rd : A(a//)x < b(z’ E’ i’ §’ a, Sinit)} . (217)

In the above definition, A € R*>? and b € R* are defined by
Ae) = (-LLTT,-T7)", (2.182)

_ 1 — 1 ’
b(x,x,S,S,a,Sii) = (—f,f, A_t(S = Sinitaa) " E(—Q + Sinitad)T) , (2.18b)

where a; = (a,a?,...,a%)7, I € R s the identity matrix, and I' € R is a Toeplitz ma-
trix! with first column and row defined by (1,a,...,a% ") and (1,0, ..., 0), respectively.
Additionally, the polyhedron above is bounded by the power constraints and is, therefore,

a polytope.

By mapping the previous devices to the convex storage model, we can focus our analysis
exclusively on this model. All (dis-)aggregation strategies that apply to the convex storage
model also apply to the previous devices.

It should also be noted that the application of the convex storage model is not limited
to the devices discussed above. Alternative energy storage systems, including flywheel
energy storage that harnesses angular momentum, chemical storage systems like hydrogen
storage, and mechanical systems such as compressed air energy storage, are also viable
options to consider. For a more comprehensive study on storage applications, we refer to
Andujar Marquez et al., 2023; Calero et al., 2023.

Finally, since the polytope representation of a BESS model (cf. (2.1)) will be referenced
later in the thesis, we provide a brief definition in this section. Given a parameter vector

P = (a'a Xmins Xmaxs Smin’ Smax, At)T € (O, 1] X R4 X (O, oo)’

'A Toeplitz matrix is defined as a matrix with constant diagonals that descend from left to right.
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2. Problem Statement and Modelling

we use the notation

B(S init, St p) = B(x, X, 8,5, @, Sinit), (2.19a)
X = Xminla, (2.19b)
X = Xmax 14, (2.19¢)
S = Sminly_ S0, (2.19d)
S = Smaxla, (2.19)

for the storage model defined in (2.17) with the above-specified bounds, which represents
a BESS model.

2.3. Flexibility Aggregation

Next, the concept of set addition, also known as Minkowski sum, is introduced and its
connection to the aggregation of flexible devices is examined. In addition, basic polytope
representations and their transformations are discussed. For a more detailed introduction to
polytopes, we recommend the textbook by Boyd and Vandenberghe, 2004, which provides
a comprehensive overview to the theory of convex sets and functions and forms the basis
for various applications in optimization and related fields.

2.3.1. Polytope Basics

In the previous section, it was shown that the set of feasible power profiles of selected
devices form polytopes. Polytopes are geometric objects characterized as the convex hull
of a finite collection of points or alternatively as the intersection of a finite number of half-
spaces. They can be described by their vertices, edges (the line segments that connect the
vertices), and facets (the surfaces that form their boundaries). Polytopes, being bounded
convex sets,” constitute a subcategory within the more general categories of polyhedra
and convex sets. In mathematical terms, a polytope can be expressed in either half-space
representation, i.e., with a matrix A € R”* and vector b € R™ as

P:{xeRd:Axsb},

2A set of points is convex if, for every pair of points within the set, the line segment connecting them is
entirely contained within the set.
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2.3. Flexibility Aggregation

or the vertex representation, i.e., with the set of its vertices V as

P = Conv(V) := {xeRd:x=Zavv, Za/v= 1, CYVZOVV}.

veV veV

The equivalence of these representations is established by the Weyl-Minkowski theorem,

which is often referred to as the Main theorem, cf. Ziegler, 1995.

The vertex representation can be derived from the half-space representation by determining
all potential intersections of d half-planes. This involves selecting d rows in A and b and
solving the resulting system of equations. Subsequently, any vector v that does not satisfy
the condition Av < b is discarded. Note that, since there are m half-planes, this method

involves solving (’;’l’) systems of equations.

Conversely, to convert the vertex representation into half-space representation, one must
identify half-planes defined by a normal vector a € R and an offset p € R. These half-
planes are formed by selecting subsets of d vertices from V. In total, there are ('Z') such
subsets, where |V| is the cardinality of V. Subsequently, all half planes that do not fulfill

the condition a™v < p, Yv € V must be removed.

The conversion from the half-space representation to the vertex representation is known
as vertex enumeration, while the reverse operation is known as facet enumeration. Unfor-
tunately, both of these problems are in general classified as NP-hard problems,® cf. Avis
et al., 2009.

2.3.2. Minkowski Summation

Given the feasible regions of n devices, the aggregated feasible region can be calculated by
adding the individual feasible regions, e.g., for polytopes #;, i = 1,...,n, the aggregated
feasible region is described by the Minkowski sum

n
O, Pi = {xeRd DX = in, X; 67)1}.
i=1

In the following, we briefly recall key properties of the Minkowski sum before discussing

its computation. Some of these properties will be referenced in later sections.

3NP-hard problems are a class of computational problems that are at least as difficult to solve as the hardest
problems in the complexity class NP (nondeterministic polynomial time).
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2. Problem Statement and Modelling

Property 1 (Identity and Annihilation). Let X ¢ R be given. Then the following hold:

e The zero set, which contains only the zero vector, acts as the identity element, i.e., for
any set X, we have X ®{0,} = X.

o The empty set annihilates other sets, i.e., for every set X, the sum of X and the empty
set is the empty set: X ® 0 = (.

Property 2 (Convexity). Let non-empty sets X; € R%, i = 1,...,n, be given. Then the
following hold:

o The convex hull of the Minkowski sum is the Minkowski sum of the convex hulls, i.e.,

Cony (EB?:lX,-> =@, Conv (X;).

o The Minkowski sum preserves convexity. If X;, i = 1,...,n, are convex sets, then

@', X; is convex.

Property 3 (Linearity with Scalars). Let X € RY, and u, A € R be given. Then, the follow-
ing hold:

o [f X is convex, and the scalars u, A > 0, the operation satisfies:

(u+ DX =uX e aX.

e Conversely, if the above property holds for all non-negative real numbers A, u, then

the set X is convex.

Property 4 (Distributive). Let sets X;, C R i=1,...,4, be given. Then, it holds that

(X1 UX2) @ (X3UXy) = (X1 @ X3) U (X @ Xy) U(X2® X3) U (Xy ®Xy).

Along with these properties, the Minkowski sum is both associative and commutative. For
simplicity, the symbol M will be used throughout the remainder of this text to represent the
Minkowski sum of sets. Having reviewed the fundamental properties, we can now proceed

with the computation of the Minkowski sum.
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2.3. Flexibility Aggregation

Given sets of vertices V;,i = 1,...,n, the Minkowski sum can be calculated by first adding

all pairs of vertices, i.e., forming the set

and then removing all redundant points, which is usually done by formulating linear pro-

grams (LPs), cf. Fukuda, 2004. Please note that this step necessitates
[VillVal- - - [Vl

additions, along with a corresponding number of LP solutions, as each point in V must be
verified. Figure 2.1 depicts the necessity of eliminating redundant computations, featuring
two polytopes, $; and $,, along with their Minkowski sum, denoted as M. Each polytope
consists of 5 vertices (indicated by red crosses), which results in a total of 25 potential
vertex combinations. However, since the Minkowski sum only has 5 vertices, not all pos-

X X
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(i it At B A X
10— 1 1
|
X ,
51-x% \\\ D R —X :
\\ I I |
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RN | !
. S |
_s- ST N
N |
\\ I
—10 \\\ !
—- 7y v
- P
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M % X
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Figure 2.1.: Polytopes #; and #; in dashed green and dashed-dotted black, and their
Minkowski sum M in solid orange. The vertices are shown as red crosses.
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2. Problem Statement and Modelling

sible combinations of polytope vertices lead to a vertex of the Minkowski sum and must
therefore be excluded. Note that the method described above can only be applied if the
polytopes are available in vertex representation. If this is not the case, all polytopes must
first be converted from the half-space to the vertex representation. Recall, however, that
this conversion is already classified as an NP-hard problem.

A general difficulty associated with calculating the Minkowski sum arises from the increase
in dimensionality (time periods), which leads to a significant rise in the number of vertices
in the Minkowski sum compared to the number of vertices in each individual set. This phe-
nomenon is illustrated in Fig. 2.2, where the average number of vertices of 50 polytopes is
plotted alongside the number of vertices in the Minkowski sum across five time periods. It
can be seen that the average number of vertices in the individual polytopes and the number
of vertices in the aggregated polytope differ significantly. While the average number of
vertices in the individual polytopes remains below 100 across five time periods, the aggre-
gated polytope contains more than 500 vertices. This substantial increase in the number
of vertices further complicates the computation of the Minkowski sum, especially consid-
ering that even simple polytopes, such as hypercubes, have 2¢ vertices in d-dimensional

500 4~ —@— aggregation of 50
mean individual

400 A

w

o

o
L

number of vertices
N
o
o
L

100 A

time periods

Figure 2.2.: Number of vertices with increasing time periods: The orange line represents
the average number of vertices in 50 polytopes, while the blue line shows the
number of vertices in the Minkowski sum of these 50 polytopes.
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2.3. Flexibility Aggregation

space. The computational complexity is illustrated in an example below for the case of a
hypercube, highlighting the immense increase in computation.

Example 1 (Hypercube). Assume n convex storage models (cf. (2.17)) with power con-
straints only, i.e., no energy constraints. This results in hypercubes with matrix dimensions
2d x d. In power systems, the half-space representation is typically given. Therefore, the
hypercubes must first be converted to the vertex representation in order to compute the
Minkowski sum. The following steps outline the computational requirements based on the
method described above:

e Solve n(zj) systems of linear equations (to compute all intersections of half-planes).

e Solve n ((%j) - 2d) LPs to remove redundant points (as hypercubes have 2¢ vertices).

e Compute 2™ additions.
e Solve 2™ LPs to remove redundant points.

Note that the second step is included for completeness. For hypercubes, the first step
already results in 2¢ intersections instead of (Zj), because the remaining systems are infea-

sible. Therefore, the second step is not necessary.

The example above demonstrates the numerical complexity for a simple case. It is evident
that these computations are not feasible, particularly for a day-ahead decision with d = 96
and large values of n. Note that convex storage models with energy constraints typically
have more than 2¢ vertices, further complicating the computations.

Yet, alternative approaches exist for accurately quantifying the aggregated flexibility.
Mukhi and Abate, 2023 introduce a method for aggregating simple EV models, reveal-
ing that the feasible regions of these models take the form of permutahedra. This enables
the identification of vertices within each device, which can then be used to calculate the

aggregated feasible region.

Similarly, Trangbaek et al., 2011 propose a recursive strategy to compute the vertices of a
simple storage unit by determining extreme bounds. The corresponding vertices are sub-
sequently combined to quantify the aggregated flexibility. However, this approach suffers
from combinatorial complexity, as it attempts to compute all vertices using a scheme that
may lead to redundant calculations. Trangbaek and Bendtsen, 2012 enhance and extend

this approach, deriving a half-space representation of the aggregated flexibility.
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2. Problem Statement and Modelling

Finally, Wen et al., 2022 develop a technique for calculating the aggregated flexibility
of simple storage models based on the Fourier-Motzkin elimination.* They first describe
the Minkowski sum in higher-dimensional space, followed by the elimination of variables
using the Fourier-Motzkin method. The repeated elimination of variables projects the
Minkowski sum into lower dimensions, resulting in the aggregated flexibility. In addition,

this approach can compute outer approximations if not all calculations are completed.

Generally speaking, the computation of the Minkowski sum is considered, however, an
NP-hard problem (Tiwary, 2008), and available methods either face similar computational
challenges or are limited to a narrow range of applications.

2.4. Summary

This chapter provided an in-depth examination of various flexible devices in power systems
and their modeling techniques. We demonstrated that devices such as BESS, TCL, EV, and
PHES can be effectively represented using a convex storage model. Table 2.1 guides the
reader in calculating the convex storage parameters from specific parameters. The chapter
also explored fundamental polytope representations, including half-space and vertex rep-
resentations, as well as their transformations. We discussed the concept of the aggregated
flexibility, which involves the Minkowski sum of individual flexibility sets, and analyzed

its computational complexity in detail.

“Fourier—Motzkin elimination, also known as the FME method, is a mathematical algorithm for eliminating
variables from a system of linear inequalities. It is used to reduce an n-variable problem to an equivalent
(n — 1)-variable problem, similar to Gaussian elimination but for a system of inequalities.
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3. Approximation Strategies

As the exact quantification of the aggregated flexibility is numerically intractable, various
approximate quantification strategies have been proposed in the literature. This diversity
makes it challenging for applicants to select the most suitable method for a particular sce-
nario. In addition, many existing approximations are only accessible via published papers,
which requires programming for practical application. Therefore, a comprehensive open-
source benchmark for approximation strategies is presented in this chapter. State-of-the-art
approximation techniques are implemented and evaluated with regard to their accuracy and

computational complexity using real data. The aim of this chapter is threefold:
e First, to provide the code for state-of-the-art approximation techniques.

e Second, to assist the reader in selecting the most suitable algorithm for their specific
application.

e Third, to highlight the shortcomings of existing approximation strategies.

The results of this chapter have been published (Oztiirk et al., 2022).

3.1. Overview of Approximation Strategies

Approximation strategies identified in the literature can be classified into two categories:
inner and outer approximations. Outer approximations are supersets of the Minkowski
sum, generally overestimating the feasible region, while inner approximations are sub-
sets that typically underestimate it. Additionally, a distinction is made between top-down
and bottom-up approaches. Top-down approaches estimate the Minkowski sum directly,
whereas bottom-up approaches estimate each set separately and then sum the approximated
sets to derive an approximation of the Minkowski sum.

The approximations revisited henceforth are organized in a mathematically coherent order:
first, the summation-based approximations; followed by the zonotope and homothet-based
approximations; and finally, the ellipsoid-based approximations. Further details about the
algorithms can be found in the referenced literature.
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3. Approximation Strategies

3.1.1. Outer Approximation by Right-Hand Summation

Barot, 2017; Barot and Taylor, 2017 propose a top-down outer approximation strategy. This
approach considers n flexibilities over d time periods, each characterized by an identical
matrix A € R™“ and individual vectors b; € R™, i = 1, ..., n. The aggregated flexibility can
then be approximated by a polytope defined by the matrix A and the sum of the individual

right-hand vectors, 1.e.,

{xeRd:Axsibi,}.

i=1

This procedure entails m(n — 1) summations, where m denotes the number of rows in the
matrix A. To enhance accuracy, a preconditioning (PC) step can be implemented. This

involves modifying the right-hand vectors prior to summation. For the k'™ row of A (denoted

40 - 1

20

X2

—20 1 -

—40 A -

=20 0 20 =20 0 20
X1 X1

Figure 3.1.: Ilustration of the preconditioning process. The polytope is represented in
violet. The half-planes of the polytope are shown on the left before precondi-
tioning and on the right after preconditioning.
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3.1. Overview of Approximation Strategies

as ay), the k™ entry of the right-hand vector b is recomputed by solving

by = max a] x (3.1a)

subject to Ax < b. (3.1b)

This recomputation shrinks the right-hand vector while preserving the feasible region,
cf. Fig. 3.1.

For n devices, the process requires solving mn LPs, each with m constraints and d variables.
The communication effort consists of transmitting two components to the auxiliary services
purchaser: the matrix A and the vector ), , b; representing the right-hand summation.
Finally, note that when the matrices differ, redundant constraints can be added to ensure

uniformity; thus, this approach is also applicable to devices with different A matrices.

3.1.2. Inner Approximation by Zonotopes

Miiller et al., 2019, 2015 employ a bottom-up approach based on zonotopes. Zonotopes
are centrally symmetric polytopes described by

Z(G,v,/_l):{xeRd:x:v+G/l,—/_1S/1§/_l},

where G is a matrix with normalized column vectors serving as generating directions, A is
a vector of scaling factors, and v € R? is the zonotope center. Following the approach of
Miiller et al., 2015, we choose the d unit vectors along with additional d — 1 vectors of the
form

(o,...,_L,L,...,o)T

V2 V2

as generating directions, i.e., G € R™?4-D and 1 € R?**!, To determine the matrix F of
zonotope normals, at most d” + d normals must be computed; thereafter, the offset vector u
is computed by shifting the zonotope hyperplanes to ensure that each one supports a given
polytope P = {x € R? : Ax < b}. This step is analogous to (3.1) and requires the solution
of at most d* + d LPs per device. The final step is to find inner approximating zonotopes
with respect to a given objective. The constraint that enforces a zonotope to be a subset of

a polytope P is provided in Miiller et al., 2019 as

ZG v, )P < Av+|AG|A<b
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3. Approximation Strategies

where |AG| is the elementwise absolute value of the matrix AG. Miiller et al., 2015 finds

optimal inner zonotopes by minimizing the distance between the offsets in a given norm

min ||u — 67(v, Dle (3.2a)

v,A
subject to Av + |AG|A < b (3.2b)
ix0, (3.2¢)

with € € {1, 2, co}. Here, u is the previously calculated polytope offset vector, and

07(v, ) (F)v+
z0 )=

is the zonotpe offsets in terms of the center v and the vector of scaling limits A. Miiller et

IFG

WG)_
1

al., 2019 propose a slightly different approximation where problem (3.3) is solved instead
of (3.2)

max w'Ad (3.3a)
v,A

subject to Av + |AG|A < b (3.3b)
10, (3.3¢)

2
d*+d
strategies, each with a distinct objective function, are illustrated in Fig. 3.2. In the top left,

with the weight w = il |FG]|, where i is the element-wise reciprocal of u. The different

the approach using the £, norm is shown; in the top right, the approach using the £; norm;
in the bottom left, the approach with the ¢, norm; and in the bottom right, the weighted

approach is presented.

Finally, the Minkowski sum of zonotopes can be efficiently calculated by summing the v;
and the A; for i = 1,...,n to obtain an inner approximation of the aggregated flexibility,

Z(G,Zn)vi,zn:zi].

i=1 i=1

1.e,

A maximum of (d” +d)n LPs with m constraints and d variables must be solved. In addition,
n LPs with 2d? + 4d + m — 1 constraints and d? + 4d — 1 variables for ¢; norm, n LPs with
2d* + 4d + m — 1 constraints and 3d variables for £, norm, n convex programs (CPs) with
2d — 1+ m constraints and 3d — 1 variables for ¢, norm and n LPs with 2d — 1 + m constraints
and 3d — 1 variables for the weighted approach, cf. (3.3) are solved. Note that we have used
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3.1. Overview of Approximation Strategies
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Figure 3.2.: Illustration of zonotope-based approximations. The top left shows the objec-
tive with the £, norm, the top right with the £; norm, the bottom left with the
¢» norm, and the bottom right illustrates the weighted approach.

the fact that the problems involving the ¢; and ¢, norms can be reformulated as LPs.

The communication effort consists of transmitting the matrix of generators G, the sum of
zonotope centers v;, and the sum of scaling limits A; to the auxiliary services purchaser.

3.1.3. Inner Approximation by Cuboid Homothets

Nazir et al., 2018 employ a bottom-up strategy based on homothets to compute an inner
approximation of the aggregate flexibility. Given a compact® convex set Py, a homothet of
Py is defined as the set

ﬂPo+t::{x€Rd:x=ﬁ{+t,{EPO},

A set in RY is said to be compact if it is both bounded and closed.
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3. Approximation Strategies

with a scaling factor 8 > 0 and a translation vector ¢ € R<; that is, a homothet of Py is a
scaled and translated version of #y. Following Nazir et al., 2018, the maximum volume

cuboid that fits in a selected polytope P = {x € R? : Ax < b} is defined as the prototype set

Py by solving
d
?}3{( g x; - X (3.4a)
subjectto ATx" —A"x" <b (3.4b)
xp<xt, for k=1,....d, (3.4¢)

where A;“j = max(0,A;;) and Al.‘j = max(0, —A;;). The objective (3.4a) can be equivalently
written as

d
max Z log(x] — x),
xtx- p

which leads to a CP. Subsequently, the edge distances 60 (x;—x;)fork € {1,2,...,d}and
the distance ratios pls = 5(1)/ 52 fork € {2,...,d} are calculated. The following optlmlzation

problem finds then the maximum volume homothet of #( in a given polytope

d
max l_[ xXp = X (3.5a)

X, X k=1
subjectto ATx" —A"x" <b (3.5b)
x, <xp, for k=1,...,d (3.5¢)
(x] = x7) = p} ((xf — x;), for k=2,....d. (3.5d)

Note that this procedure can be applied in multiple stages to cover more flexibility: In stage
zero, a maximum volume homothet of P is fitted into #. In stage one, maximum volume
homothets of P are fitted into regions not covered by the stage zero solution. This is done
by extending matrix A and vector b by a row of the half-space inequalities of the stage zero
solution multiplied by -1. Each stage s requires the solution of at most (2d)* optimization
problems, leading to a total of at most

(2d)s+1
Z(zd) Qd) -1 1

CPs per device. The procedure is shown for stages zero and one in Fig. 3.3.
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Figure 3.3.: Inner approximation with cuboid homothets. Solid line: feasible region of a
storage model, turquoise area: stage zero solution, bright red areas: stage one
solutions.

Finally, the distributive property of the Minkowski sum (cf. Property 4) is applied to derive
an inner approximation of the aggregated flexibility. Rather than first forming the union and
then calculating the Minkowski sum, the Minkowski sum is computed first, followed by
the union. The Minkowski sum of cuboid homothets is calculated by adding the right-hand
vectors in the half-space representation. Nazir et al., 2018 propose to use corresponding
combinations for axis-aligned cuboids, i.e., the k™ cuboid of the s stage in P; is added to
the k™ cuboid of the s stage in P;.

The total computational effort consists of solving n(2d)? CPs with (m + 2d — 1) constraints
and 2d variables for stage 0, n(2d)' CPs with (m + 2d — 1 + 1) constraints and 2d variables
for stage 1, and up to n(2d)* CPs with (m +2d — 1 + s) constraints and 2d variables for stage
s. In addition, one CP with m + d constraints and 2d variables has to be solved.

The communication effort consists of sending the matrix (I,-I)" € R24%d the vector
((xHT,=(x")T)T € R* of problem (3.4), and a maximum of (2d)**' — 1)(2d — 1)~! scaling
factors By and translations 7 to the purchaser of auxiliary services.
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3.1.4. Inner and Outer Approximation by Battery Homothets

Zhao et al., 2017 employ a battery model (cf. (2.19)) for the prototype set Py to obtain a
bottom-up, homothet-based inner approximation. The prototype matrix A, and the right-
hand vector b, are selected based on the average of individual battery parameters. To find
the maximum volume homothet of P in a polytope P = {x € RY : Ax < b} one solves

max 3 (3.6a)

Bt
subject to fPy +t C P (3.6b)
B> 0. (3.6¢)

Zhao et al., 2017 show that the solution to this problem is given by g* = Si* € R and

* = —;—: e RZif (s*,G*,r*) € R x R™™ x R? is the minimizer to
Is‘rgrrl s (3.7a)
subjectto GA, = A (3.7b)
Gb, < sb+ Ar (3.7¢)
§>0, G20, (3.7d)

where G > 0 is the element-wise inequality. To obtain a battery homothet outer approxi-

mation, one solves the problem

min 3 (3.8a)

B.t
subject to fPy +t D P (3.8b)
B> 0. (3.8¢)

This can be reformulated as

o (3.92)
subjectto GA, = A (3.9b)
Gb < pb, + At (3.9¢)
B>0,G=>0. (3.9d)

Both the inner and outer approximation strategies are shown in Fig. 3.4 along with a storage
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Figure 3.4.: Illustration of the approximation strategies based on battery homothets. The
inner approximation is shown in dashed-dotted blue, while the outer approxi-
mation is depicted in dashed green.

model £. Once an approximation for all #;, i = 1,...,n, is obtained, the Minkowski sum
of homothets is computed by simply adding the scaling factors and offsets (cf. Property 3)

to obtain an approximation to the aggregated flexibility, 1.e.,

(Zn:ﬂl] Po + an t;.
i=1 i=1

The overall computation effort is given by solving n LPs with 2m? + m + 1 constraints and
m? + d + 1 variables.

The communication effort consists of transmitting the matrix A, the vector b,, the sum of
scaling factors f;, and translations ¢; to the purchaser of the auxiliary services.
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3.1.5. Inner Approximation by Battery Homothet Projection

Zhao et al., 2016 employ a top-down approach to obtain an inner approximation based on
a homothet projection technique. The Minkowski sum of polytopes $;, i = 1,...,n can be

implicitly written as

An A, -A, ... -A, -A, z by
0 A O0.. 0 ol x b,

zeRY:| : S 4 N (3.10)
0 0 0 ... A 0] x bus
0 0 0 ... 0 At J\xs b1

where z = Y7, x;. We denote the left matrix as Q € R™4" and the right vector as p €
R™ . The battery model derived in Section 2.1.1 is used as the prototype set Py, where
the prototype matrix A, and right-hand vector b, are calculated using the average of the

individual battery parameters. For a fixed vector uy € R¥"D Jet
Py = {(x, up)T €RY A x < bp}

denote the corresponding lift of $y in dn-dimensional space. The problem of finding a
maximal homothet of £ in P = {x € R” : Qx < p} is formulated as

max 8 (3.11a)

Btug
subject to BPy + T C P (3.11b)
B >0, (3.11c)

where 7 = (¢7, 0;(,1_ l))T is the lift of ¢ in dn dimensional space by setting the additional

values to zero. This problem is transformed by the authors to the following LP

srénrrbo s (3.12a)
. [ 9n
subject to GA, = (3.12b)
021
GmsQ(r]+w (3.12¢)
s>0,G=>0, (3.12d)
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3.1. Overview of Approximation Strategies

where s = [—13, r= —é, 011 € R™9 and Q,; € R"Ddxd gre the sub matrices in Q corre-

sponding to the first d columns, and G > 0 indicates elementwise inequality.

The above formulation is conservative since only solutions contained in the homothet of P,

are allowed. However, for the approximation only the following condition is required:
VYu e pPo+t Ai(u) such that (u,ii(u)) € P

This can be cast into a robust optimization problem. The function ii(u) is used as a decision

rule which is assumed to be linear, i.e.,
iw(u) = Wu+V.

Using these ideas, the problem is restated as

scr;nrlvrll/v S (3.13a)

. I
subject to GA,, = Q( v ] (3.13b)
Gb, < Q( rV )+ sp (3.13¢)
§>0,G>0, (3.13d)

where I € R is the identity matrix. Upon solving this problem, the approximation is
simply given by
BPo +t.

The approximation, denoted as ‘A, 1s shown in Fig. 3.5 along with the Minkowski sum of

storage models, denoted as M.

The computation effort consists of solving a LP with nmd + nm + nm? + 1 constraints and
nm* +d + (n — 1)(d* + d) + 1 variables.

The matrix A, € R™", the vector b, € R", the scaling factor S € R, and the offset ¢ € R4

must be transmitted to the purchaser of the auxiliary services.
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Figure 3.5.: Illustration of the homothet projection strategy. The approximation is shown
in violet, while the Minkowski sum of storage models is represented in solid
black.

3.1.6. Inner Approximation by Ellipsoid Projection

The main idea of this approach, as presented by Barot, 2017, is to fit an ellipsoid with
maximum volume in the implicitly described higher-dimensional Minkowski sum (3.10)
with matrix Q and right-hand vector p.

An ellipsoid can be expressed as the image of the unit ball under an affine transformation,
Le.,
{Gu+h:lully < 1},

where the positive definite matrix G € R"™>" and the center h € R™ are partitioned as

G — GZ GXZ h — hZ
Gl G.) he |

with x = (x],...,x]_)'.
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3.1. Overview of Approximation Strategies

The volume of an ellipsoid is proportional to the determinant of G, hence the problem of
finding an ellipsoid with maximum volume in the implicitly described Minkowski sum can

be formulated as

rrGlahx log(det(G)) (3.15a)
subject to ||Ggill, + ¢/ h < p; for i=1,...,mn (3.15b)
G>0, (3.15¢)

where g; is the i row in Q and the notation G > 0 denotes a positive definite matrix.

Barot, 2017 proposes to maximize the determinant of the submatrix G, € R associ-
ated with the Minkowski sum rather than that of G, leading to the following semidefinite

program (SDP)
ncl;e}lx log(det(G,)) (3.16a)
subject to [|Gilla + ¢, h < p; for i=1,....mn (3.16b)
G > 0. (3.16¢)

Solving this problem yields an ellipsoid in the z-x-space which must be projected back to

the z-space. Once problem (3.16) is solved, the approximation is given by
{Gau+ Dyt lull, < 1} (3.17)

The computation effort consists of solving one SDP with mn constraints and (mn)? + dn
variables.

The communication effort consists of transmitting the matrix G, and the ellipsoid center 4,
to the purchaser of the auxiliary services.
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3. Approximation Strategies

3.1.7. Inner Approximation by Ellipsoid Projection with Linear
Decision Rule

Another top-down strategy based on ellipsoid projection technique is described by Zhen
and den Hertog, 2018. They define the inclusion constraint solely in the z-space

max log(det(G,)) (3.18a)
h;,y,G

h,+G
subjecttoVueBdHyeRd(”_]):Q( ¢ zu]ﬁp, (3.18b)
y

where 8¢ = {u € R? : ||ul|, < 1} is the d-dimensional unit ball, and Q and p are the matrix
and right-hand vector in the implicitly described Minkowski sum (3.10). This problem can
be interpreted as a robust optimization problem, where 4, € R? and G, € R¥ are the here
and now decision variables, and y € R¥"~D the wait and see variable. Assuming a linear
decision rule (LDR)

y=Vu+w,

the problem above can be reformulated as

hnvg%xv log(det(G,)) (3.19a)
T
. G. o R .
subject to qil| +9; <p;i fori=1,...,mn (3.19b)
\% ) w
G, > 0. (3.19¢)

Solving this problem yields an ellipsoid in z-space, which serves as an inner approximation
of the aggregate flexibility. The approximation itself is, similar to the previous approach,
given by (3.17). Figure 3.6 depicts both the projected method discussed in the previous
section and the enhanced version introduced in this section, within the Minkowski sum of

storage models, denoted as M.

The overall computation effort consists of solving a SDP with mn constraints and d’n + dn
variables.

The center h, and the matrix G, need to be transmitted to the purchaser of the auxiliary

services.
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Figure 3.6.: Illustration of the maximal volume ellipsoid approximation methods. The
projected ellipsoid is shown in dashed blue, the improved version with the
LDR formulation in dashed-dotted green, and the Minkowski sum of poly-
topes in solid black.

3.1.8. Further Approximation Strategies

We briefly review other aggregation strategies that do not fall within the categories outlined
above.

An alternative inner approximation is given by Appino et al., 2021, which initially add the
individual power and energy constraints, resulting in an outer approximation. In a sec-
ond step, the approximation of the aggregated flexibility is constructed, whereby feasible

disaggregation is guaranteed.

A top-down technique that employs Markov chains to evaluate the aggregated flexibility
of a collection of TCLs is proposed by Koch et al., 2011. The authors use a Linear Time-
Invariant (LTT) state space model to represent a collection of TCLs. The transition matrix is
derived analytically and compared to an identified matrix obtained through a Markov chain
construction process. The overall control mechanism is then implemented through a Model
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3. Approximation Strategies

Predictive Control (MPC) framework and tested in use cases with up to 1000 TCLs.

Another statistical approach is presented by Sajjad et al., 2016. This data-driven method
does not rely on specific models of flexible devices. The authors employ a Monte Carlo
simulation to generate aggregated load profiles. Statistical analysis is then conducted using
the maximum likelihood estimator, binomial distribution, and the central limit theorem to
characterize the aggregated flexibility. Use cases are presented for up to 150 individuals,
with one day divided into intervals of 10, 15, and 30 minutes.

NieBe et al., 2014 propose an agent-based approach for the dynamic aggregation of flexibil-
ities. In this framework, agents manage decentralized energy units and can form coalitions
to combine the capabilities of the units they oversee. Initially, agents create individual prod-
uct portfolios. In the second step, neighborhoods are formed based on a distance function.
Then, the neighborhoods begin to form coalitions to achieve a global goal. Finally, after
the coalition product is accepted on the market, agents divide the payoff received from
the product. The authors use the Combinatorial Optimization Heuristic for Distributed
Agents (COHDA) procedure to solve their scheduling problems. Additionally, a support
vector classifier is used to estimate the feasible regions, and a decoder to compute feasible
operation schedules. The proposed strategy is then tested within a smart grid simulation
framework using Mosaik.

Techniques that characterize the flexibility of heterogeneous storage units using the so-
called E-p transformation date bake to Evans, Tindemans, and Angeli, 2019; Evans, Tinde-
mans, Angeli, and Strbac, 2019; Evans et al., 2020. The authors demonstrate this technique
in various use cases, such as deriving the optimal policy to minimize unserved energy dur-
ing supply shortfall events.

3.2. Comparative Benchmarking

This section compares state-of-the-art approximation algorithms, starting with a summary
of their computational and communication costs, which are provided in a table for detailed
evaluation and analysis. Next, a comprehensive open-source benchmark for Minkowski
sum approximations is introduced, which is used to evaluate the described approximation
strategies. The benchmark also highlights identified shortcomings, discusses associated
challenges, and points to potential research opportunities. The code for the benchmark and

all referenced algorithms are available (Rheinberger, 2021b).
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3.2. Comparative Benchmarking

3.2.1. Overview of Communication and Computation Effort

In this section, we evaluate the overall communication and computational efforts of the
presented algorithms, with a specific focus on the storage model (2.16), i.e., the number of
rows, m, in A is 4d. Table 3.1 shows the overall computation and communication efforts of

the algorithms, which are directly derived from the descriptions in the previous section.

The communication effort of all algorithms is quadratic in d, with a factor varying between
1 and 4 and independent of n. The ellipsoid-based algorithms exhibit the lowest communi-
cation effort. On the other hand, the highest communication effort occurs when the Battery
Homothet algorithms or the Cuboid Homothets Stage 1 algorithm is used. For comparison,
the communication effort without aggregation involves sending n matrices A; € R*>*“ and

n vectors b; € R*, resulting in 4d%n + 4dn, which is a function of d and n.

The computational effort is shown in Table 3.1 in terms of LPs, CPs, and SDPs, as a
function of the number of devices n and the number of time periods d. We have specified
the problem dimensions in the columns Constraints and Variables. The computation effort
for the algorithm right-hand side (RHS) summation is left out, as this only requires the
summation of the right-hand vectors in the half-space representation. It can be seen that
the problem dimension increases with d and n for the projection-based algorithms, while
for the non-projection-based algorithms, the problem dimension is a function of d only.
Conversely, for the non-projection-based algorithms, the number of problems to be solved
increases with n, while for the projection-based algorithms, only one problem needs to be
solved.
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Table 3.1.: Communication effort (floating-point numbers sent to the auxiliary service purchaser) and computation effort as func-

tions of the number of devices n and the number of time periods d. Table reproduced (Oztiirk et al., 2022).

Algorithms Ref. Comm. effort| Problems Constraints Variables
RHS Summation Barot and Taylor, 2017 4d? + 4d - - -
RHS Summation with PC Barot, 2017 4d? + 4d 4dn LPs 4d d
LP 2d% +8d — 1 d> +4d -1
Zonotopes € Miiller et al., 2015 2d% +2d - 1 2n >
n(d- + d) LPs 4d d
LP 2d%> +8d -1 3d
Zonotopes Ce Miller et al, 2015 | 2d®+2d—1| %
n(d” +d) LPs 4d d
Cp 6d — 1 3d -1
Zonotopes €, Milleretal, 2015 | 2d2+2d—1| '~ °
n(d” +d) LPs 4d d
LP 6d -1 3d -1
Zonotopes weighted Miiller et al., 2019 2d> +2d -1 2n >
n(d” + d) LPs 4d d
Cp 6d — 1 2d
Cuboid Homothets Stage 0 Nazir et al., 2018 2d> +3d + 1 sl
1 CP 5d 2d
n CPs 6d — 1 2d
Cuboid Homothets Stage 1 Nazir et al., 2018 4d* +5d +1| 2nd CPs 6d 2d
1CP 5d 2d
Battery Homothets (OA) Zhao et al., 2017 4d® +5d + 1 n LPs 32d%> +4d + 1 164> +d + 1
Battery Homothets (1A) Zhao et al., 2017 4d*> +5d + 1 n LPs 32d? +4d + 1 16d*> +d + 1
Battery Homothet Projection with LDR Zhao et al., 2016 4d® + 5d + 1 I1LP 20d*n + 4dn + 1|d*(17n - 1) +dn + 1
Ellipsoid Projection Barot, 2017 d> +d 1 SDP 4dn d’n® + dn
Ellipsoid Projection with LDR Zhen and den Hertog, 2018 d>+d 1 SDP 4dn d*n + dn

sa13arens uoneuwrxoiddy ¢



3.2. Comparative Benchmarking

3.2.2. Benchmark Formulation

We develop a comprehensive open-source benchmark for evaluating approximate aggrega-
tion strategies. To this end, we consider residential areas with n households, where each
household is equipped with a stationary battery, modeled by

1T

1
B (S init,i> ~ Z )

ZSinit,ia pz) with Di = (1, Xmin,i> Xmax,i»s 07 Smax,ia

cf. (2.19). The battery parameters are sampled from intervals: S .« € [10.5, 13.5] (KWh),
Siniti € [0,10.5] (KkWh), xmax.; € [4,6] (kKW), and xpin; € [-6,-4] kW) Vi=1,...,n. We
assume that the residents have signed contracts with an aggregator that monitors and man-
ages the batteries. The flexibility, provided by the batteries, is utilized by the aggregator and
offered on energy markets. A third party (within the framework of the benchmark the grid
operator) acquires the flexibility offered, which is then used to fulfill various objectives.

Given an objective function f : R — R and an approximate aggregate flexibility A, the
buyer, i.e., the third party, solves the following problem

Zapprox = min f(x) (3.20a)

subject to x € A, (3.20b)

to determine the optimal power profile for the respective application. Given matrices A; and

right-hand vectors b;, cf. (2.18), the above problem can also be solved without aggregation
by a central controller within the exact feasibility region as follows

Zexact = I}cl}cn f(x) (3.21a)

subject to x = Z X; (3.21b)
i=1

A;x; < b, (3.21¢)

Furthermore, we define the solution for a scenario without any flexibility as zyo fiex == f(04)-

f(x)=c" (x + Z qi] At

i=1

The objectives
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for economic cost minimization and

f(x) =

X+iqi

i=1

(©9]

for peak power reduction are used within this study, where g; is the household demand and
¢ the energy price.

The publicly available half-hourly energy consumption data for households in Ireland from
July 2009 to December 2010 (Commission for Energy Regulation, 2012) are used for the g;
and the hourly day-ahead prices for the Germany-Austria-Luxembourg region from 2016
(Entsoe, 2015) for the c. Both data sets were resampled to quarter-hourly data and time-
synchronized with the publicly available code by Rheinberger, 2021a.

With these definitions and the data, we define the unused potential ratio (UPR) as a quality

criterion for inner approximations as

Zapprox — Zexact

UPR := (3.22)

Zno flex — Zexact.
The UPR is a measure for the degree of unused flexibility in the exact feasible region. If
the UPR is close to zero, then the approximate problem yields almost the same result as
the exact problem. Otherwise, if the UPR is close to 100%, then there is a large unused
potential in the exact feasible region available. Thus, an approximation with close to zero
UPR values is preferable. It is also possible that the UPR value exceeds 100%. In such
cases, using the solution that corresponds to no flexibility (,i.e., 0,) leads to better results
than solving the approximate problem (3.20). It should be noted that in this case, the
approximation is ineffective, as better results can be obtained without including flexibility.
To be of practical use, any approximation must at least outperform a scenario in which
there is no flexibility. Moreover, the absence of 0,; implies continuous use of the aggregate

storage, which may negatively impact the longevity of individual devices.

For outer approximations, we first solve the optimization problem defined in (3.20), which

*

approx that minimizes a given objective function. However,

results in an optimal solution x
this solution may be infeasible with respect to the exact flexibility, in which case an addi-
tional power exchange is needed to make the solution feasible. The corresponding Mini-
mum Imbalance Energy (MIE) can be computed by solving the central problem in (3.21)
using the objective

F) = I pr0x — X AL

approx
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Peak, cost, and MIE Village consisting of households with batteries, modeled as:

objectives 1 . 1\T
B (Siniti'ESinitir pl) i=1,.,nandp; = (1' Xmin,i» Xmax,i» 0, Smax,i :Z)
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min £ (x) f (Od)

n
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Figure 3.7.: Overview of the benchmark: The aggregator calculates the aggregated flex-
ibility that is sent to the grid operator. The grid operator calculates the opti-
mal value based on predefined objectives. A centralized controller solves the
same problem and a separate evaluation is performed without taking flexibil-
ity into account. The inputs for the benchmark consist of battery parameters,
the number of time periods and households, demand curves, and day-ahead
prices, while the output are the UPR and IER values.

Let xX ... be the optimal solution to this problem. If ||x} > 0, then we define the

1
exact exact
Imbalance Energy Ratio (IER)
MIE
IER = —/——— (3.23)
”xexactlll

as a quality criterion for outer approximations. The IER represents the MIE as a fraction of
the feasible aggregate energy used for that purpose. Note that the IER is a positive value,
and an outer approximation that achieves low IER values is preferable.

The UPR and IER can be computed within the benchmark for tuples (n, d) representing the
number of devices in the residential area and the number of time periods, respectively. Due
to random battery parameters, the calculations are performed (if not otherwise stated) five
times for each approximation and fixed tuple (n,d) by constructing five random villages.
An overview of the benchmark with inputs and outputs is shown in Fig. 3.7. Once the
objective function and the approximation method have been set, the UPR calculations are

carried out five times for a tuple (n,d). The median of five runs, i.e., the median of five
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UPR or IER values, is used for further analysis. Finally, the algorithms that require more
than 10 minutes for a tuple (n, d) are skipped to avoid excessive calculation times. A total

of thirteen approximations are implemented and benchmarked within this framework.

3.2.3. Benchmark Results

This section presents and analyzes the benchmark results for the previously discussed al-
gorithms. First, the results for the inner approximations are presented and discussed. Next,
the performance of the outer approximations is evaluated. Additionally, a detailed analysis
of the shortcomings of the approximation strategies is provided. These shortcomings will

then serve as the foundation for developing improved strategies in the following chapter.

Figure 3.8 displays the results obtained from the inner approximations for tuples
(n,d) € {20} x {4, 8, 12, 16, 20, 24}
in the first column and for tuples
(n,d) € {2,6, 10,20, 30,40, 50} x {12}

in the second column, i.e., with fixed number of devices and varying time periods and fixed
number of time periods and varying numbers of devices, respectively. The cost UPR values
are shown in the first row, the peak UPR values in the second row, and the computation

times in the third row.

The results show that only the Ellipsoid Projection, Ellipsoid Projection with LDR, and
Battery Homothets algorithms achieve peak UPR values below 100%. This indicates that
0,, which corresponds to no flexibility, performs better than the flexibility set provided by
the other algorithms. Furthermore, Fig. 3.8 shows that certain algorithms exhibit objective-
dependent performance, e.g., the Ellipsoid Projection with LDR algorithm ranks highest in
peak UPR but performs the poorest in cost UPR.

Moreover, as shown in Fig. 3.8, most inner approximation strategies display non-linear
behavior in computation time as the number of time periods increases. This limits their
computational efficiency, rendering them impractical for longer time frames, such as day-
ahead computations involving 15-minute intervals. In contrast, regarding the number of
devices, most inner approximations demonstrate linear behavior, except for the projection-

based algorithms, which show non-linear behavior.
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The results for the outer approximations are presented in Fig. 3.9. In the first column,

results for the tuples

(n,d) € {20} x {4, 8,12, 16, 20, 24}

are shown, while the second column displays results for tuples

(n,d) € {2,6, 10, 20, 30,40, 50} x {12}.

The first row indicates the cost IER values, the second row shows the peak IER values, and

the third row presents the computation times. The approximation strategy RHS Summation
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Figure 3.8.: Results for experiments with tuples (n,d) € {20} x {4, 8,12, 16,20, 24} in the
first column and experiments with tuples (n, d) € {2, 6, 10, 20, 30, 40, 50}x{12}
in the second column. The cost UPR values are shown in the first row, the
peak UPR values in the second row, and the calculation times in the third row.
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Figure 3.9.: Results for experiments with tuples (n,d) € {20} x {4, 8,12, 16,20, 24} in the
first column and experiments with tuples (n,d) € {2, 6, 10,20, 30,40, 50} X
{12} in the second column. The cost IER values are shown in the first row, the
peak IER values in the second row, and the calculation times in the third row.

with PC achieves the best results in both peak and cost IER, and ranks second best in

computation time. In contrast, the Battery Homothets algorithm yields the worst results
compared to the other two algorithms.
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3.3. Summary

This chapter provided a detailed examination of state-of-the-art approximation strategies.
Additionally, an open-source benchmark was proposed for testing these strategies. A to-
tal of thirteen approximation methods—ten inner and three outer approximations—were
evaluated within this framework. Our findings can be summarized as follows.

For outer approximations, the algorithm RHS summation with PC outperforms the others
in terms of peak and cost IER, while ranking second in computation time.

However, for providing ancillary services in energy markets, inner approximations are fa-
vored, as penalties are incurred if the promised power profiles are not met. On the other
hand, state-of-the-art inner approximations may exclude nominal power profiles, such as
the vector of zeros, resulting in a flexibility set that does not allow for the idle state, may
exhibit objective-dependent performance, and usually have prohibitive computational com-

plexity (with respect to time periods).

In addition, while bottom-up strategies generally exhibit linear time complexity with re-
spect to the number of devices, as each set is approximated individually before being added,
this linear behavior is not consistently observed in top-down strategies, e.g., the projection-
based strategies studied in this chapter exhibit non-linear time complexity with respect to

the number of devices, which suggests a preference for bottom-up strategies.

These insights indicate that there is a need for innovative inner approximation strategies
that prioritize a bottom-up approach, achieving high precision across various objectives
while also addressing the computational constraints of existing approximation methods.
In the subsequent chapters, we aim to elaborate on the development of such aggregation
strategies. All findings in this chapter have been published (Oztiirk et al., 2022).
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The preceding chapter highlighted the shortcomings of existing approximation techniques
and emphasized the need for innovative approaches. In this chapter, we propose a novel

aggregation strategy for convex storage models.

Section 4.1 develops a novel aggregation strategy for polytopes that fulfill two specific as-
sumptions. The assumptions are outlined, example polytopes that satisfy these assumptions
are given, and definitions of extreme actions within polytopes satisfying the assumptions
are defined.

In Section 4.2, the aggregation strategy is extended to BESS models. The enhanced strat-
egy is then compared with ten state-of-the-art aggregation algorithms using the established
benchmark, demonstrating superior performance in accuracy and computational complex-
ity across different objectives.

Section 4.3 further extends the aggregation strategy to convex storage models. Use cases
with one aggregator, multiple aggregators, and various flexibility types demonstrate the
applicability and scalability of the extended strategy.

Finally, Section 4.4 concludes the chapter by introducing a novel disaggregation strategy
for convex storage models. All findings presented in this chapter have been published
(Oztiirk, Faulwasser, et al., 2024; Oztiirk, Kaspar, et al., 2024; Oztiirk et al., 2025).

4.1. Aggregation Strategy for Special Polytopes

This section aims to develop a novel aggregation strategy. In Section 4.1.1, we present
an overview of the proposed approach, including its definition and example calculations.
First, the scope is restricted by introducing two assumptions. Then, extreme actions are de-
fined within polytopes that fulfill the assumptions. Corresponding extreme actions are then
added to compute extreme elements in the aggregated flexibility. Finally, the convex hull
of the summed extreme actions is defined as an approximation to the aggregated flexibility.
Following this, Section 4.1.2 details the properties of the computations and the aggregation

strategy, accompanied by the relevant proofs.
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4.1.1. Overview of Aggregation Strategy

Let x € R and t < d, then we define the projection of x into z-dimensional space as

Proj’(x) := (x1,...,x,04_,)7, where 0,_; is the d — t dimensional vector of zeros. We

consider the following assumptions for polytopes P c R:

Assumption 1 (Required Flexibility). If Proj'(x) € P fort € {1,...,d — 1}, then there exists
an € € R\{0} such that (x1,...,x1, & 04_¢+1))" € P. Furthermore, there exists an € € R\{0}
such that (,04_1)" € P.

Assumption 2 (Projection Feasibility). If x € P, then Proj'(x) € P forallt € {1,...,d—1}.
Furthermore, 0; € P.

The first assumption requires a minimum flexibility in each time period, and the second
requires that any projection of x be feasible, if x is feasible. The requirement that 0; € P
represents the extension of the projections beyond ¢t = 1. Figure 4.1 illustrates Assump-
tion 2, displaying two polytopes. The polytope on the left satisfies Assumption 2, while the
one on the right violates it. Both Assumptions are fulfilled, e.g., for the BESS model (2.1),
if

Xmax > 0, Xmin < 0, Smin < Smaxs @Sinit = Smin, and S 5 = S pin.

Subsequently, our aim is to find extreme vectors (extreme actions) within polytopes that
fulfill the Assumptions 1 and 2, which we define below.

Definition 1 (Extreme actions). Let polytopes P; ¢ R?, i € {1, ..., n} satisfy Assumptions 1
and 2. Then, for j € {~1, 1}¢ the vectors y/ € R? defined by

vl = i - max(ji - x € R (xn,0,)" € Py, (4.1)

4+ satisfied 4 violated

Proj!(x)
RV

N

X

v

Figure 4.1.: Illustration of Assumption 2. While the polytope on the left satisfies the as-
sumption, the polytope on the right does not.
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A
AN

-1,-1) (-1,1) _(1,-1) . (1,1
yi( )yi( yl_( )yi( )

Figure 4.2.: Tree structure for extreme action calculation: left branch with -1, right branch
with 1, and increasing time periods indicated by the arrow pointing down-

wards.
and
ylj[ = Jl‘ max{]t xeR: (y, - 1],X Od—t)T € Pl'}a (42)
fort € {2,...,d} are called extreme actions.
Note that j, = —1 in (4.1) and (4.2) is equivalent to replacing the maximization with a

minimization. Intuitively, the vectors are obtained by moving maximally in the positive
direction when j, = 1 and in the negative direction when j, = —1, cf. Fig. 4.3. Moreover,
the extreme actions can be organized in a tree structure as shown in Fig. 4.2. The following
example details the calculations outlined in Definition 1 for the BESS model.

Example 2 (Extreme Actions). Let a BESS model with minimum final energy S ; = S nin
be given. Then, for a vector j € {—1, 1}¢, the calculations in Definition 1 are equivalent to

Jjo_ . .
)’,-,1 = J1 -max {]1 -xeR: Xmin,i < X < Xmax,i» Smin,i < a’iSinit,i + xAt < Smax,i} ’

t—1
J =7 J
y,,_]t max{]t X € R Xmini £ X < Xmax,is Smlnt<a'S1n1tz+Za' Ty At+XAt<Smaxz}-

=1

Note that the constraints specified in these sets are merely the power and energy constraints
in (2.2). With the above expressions, the calculations can be easily carried out, e.g., for
S max,i =S init,i

~— . Consequently, either the maximum power
limit is selected, if possible, or the power level that fully charges the BESS.

ji = 1 wehave y/ | = max{xmax,,
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T x

Figure 4.3.: Left: vectors y(]_l’l), y(z_l’l) within the polytopes shown in dashed blue and

solid green, and the sum v":1) shown in the Minkowski sum M in dash-
dotted black. Right: all possible vectors v/, j € {—1, 1}? in the Minkowski
sum with the resulting set A in light-green.

Given extreme actions computed for polytopes P; fori = 1,...,n, we define the sum over
all extreme actions with a fixed j € {—1,1}¢ by

vi= 3yl (4.3)
i=1

Moreover, the convex hull of the set of summed extreme actions provides an inner approx-
imation of the Minkowski sum, i.e.,

A= Conv({v/: je{-1,1)). (4.4)

The set A can be described as a deformed cuboid, cf. Fig. 4.3, and it holds by definition that
A € M. Moreover, an intrinsic property of the summed extreme actions is that they form
distinct vertices of the Minkowski sum, which we will prove in the following. Furthermore,

the origin is shown to lie in ‘A.
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4.1.2. Main Mathematical Results

Readers may skip this section if mathematical details are not required and proceed with
Section 4.2, where the proposed aggregation strategy is extended to BESS models with
arbitrary final energy restriction. We begin by providing some common definitions that
will be used in the subsequent proofs.

Definition 2 (Proper Convex Combination). We say v € P is a proper convex combination
of pgePifv=tp+({1—-1t)gqg,withp #qgandre (0,1).

Definition 3 (Vertex). A vector v € P is called vertex if and only if it cannot be expressed

as a proper convex combination of elements in P.

Definition 4 (Convex Independent). A set of vectors is said to be convex-independent if no

vector in the set can be expressed as a convex combination of the others.

For a concise introduction to these definitions, as well as other equivalent definitions, we
refer to, e.g., Conforti et al., 2014; Matousek, 2002.

Lemma 1. Let polytopes P; c R, i € {1,...,n), fulfill the Assumptions 1 and 2. Further,
let v, V¢ e RY, j,k € {—1, 1} satisfy (4.3). Then, the following hold
1>0 forj, =1

1 v Vtrell,...,d},
<0 forj, =-1

2. if j # k, then v/ # V.

Proof. (Property 1) Fort = 2, e ,d we have v{ =, jrmax{j-xeR: (yl{[.t_l], x,0,)" €
P;}. By construction holds y{ € P;, and by Assumption 2 that Proj"l(y{ ) € P;, hence
(yl{[t_l],(), 0,_)" € P;. Therefore, if j; = 1, then max{x € R : (yj[l_l], x0,_)" €eP}>0Vi,
hence v/ > 0. Otherwise, if j, = —1, then — max{—x € R : (y/ x0T €ePl <0V,
thus vf <0.

i[t-1]°

For t = 1 we have v{ = >, ji-max{j -x € R: (x 0,1 € P} Assumption 2 gives
0, € ;, and by the same reasoning it follows that v1 >0if j; = land v] <0if j; = -1.

(Property 2) Suppose that v = v’ for k;, # j;. Wlthout loss of generality let j, = 1 and
k. = —1. Then, v/ = Y. 1)’t = Y% ¥ =k Since yt > 0 and y* < 0 (Property 1), we have
y/ = y* = 0 V i. This is, however, impossible as by Assumption 2 Proj'~ 1(y{ ) € P;, which
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implies that (y{ i1y 05 0,_,)" € P;. Furthermore, Assumption 1 ensures the existence of an

g € R\ {0} with (y{, 1p & 0,_,)" € P;, which gives at least two elements, and therefore

11’
max{x € R : (y/ ety % 00T € P} # —max{-x € R : (F,_;), %, 00)" € Pi}.

Thus, the assumption that v = v{ must be false, which yields v* # v{ .
For j # k, there exists an index ¢ with j, # k, and by the above reasoning holds v¥ # v{ ,

hence v/ # VK. m|

Lemma 1 states that the ™ coordinate of v/ is positive or zero if j, = 1, and negative or
zero if j, = —1. Furthermore, if j # k, then v/ # v*. Hence, the summed extreme actions
are distinct.

Lemma 2. Let polytopes P; c RY, i € {1, ..., n} with Minkowski sum M fulfill the Assump-
tions 1 and2 and p € RY. Further let v/ e Rd, j € (=1, 1} satisfy (4.3). Fort € {2,...,d},
if pr—11 = [t 1 and p; > vt with j, =1, or p; < vt with j, = —1, then p ¢ M. Furthermore,
if p1 >vl with j1 = 1 or p; <v1 with j, = —1, then p ¢ M.

Proof. Assume that p € M and t > 1, then there are p; € #; with p = i, pi, and
Pli-1] = Xy Pifi-1] = 2y Y] -1 = v[t ;- We distinguish between two cases: one where
all individual vectors in the summation up to coordinate ¢ — 1 are equal, and another where

at least one is different. Together, these cases exhaust all possibilities.

Case I: Let p;ij-1y = y [ 1] Vi If p, > v and j: = 1, then there is a k € {1,...,n} with
Drs > ykt Since pyp-1) =y, -1y @and ykl = max{x € R : (yk -1y % Ou- D€ Pk} it follows
that (pr.-11> Prs 0a-1)" & P, thus Proj'(py) ¢ P;. Assumption 2 yields py ¢ Py, which
contradicts the assumption p € M. If p, < v{ and j, = —1, then by similar reasoning it
follows that p ¢ M.

Case2: A1,k e {l,...,n} with p;;_1 # y;;[t_l] and py -1 # yi -1 Note that the negation
of Case 1 yields at least two indices [,k € {1,...,n}, and a m1n1mum 1ndex me{l,...,d}
with py, < y;,, and pr, > y;,,. Form # 1 we have Plim-1] = yl im_17 @nd yl 1] = Phim-1]-
If j,, = —1 then Proj”(p;) ¢ #; and by Assumption 2 p; ¢ P,. Otherwise, if j,, = 1, then
Proj”(px) ¢ P and by Assumption 2 p; ¢ P. For m = 1 we have that p;; < y{ , and
Pri >y, If ji = 1, then py ¢ Py. Otherwise, if j; = -1, then p; ¢ P;.

For ¢t = 1 holds that if p; > v{ and j; = 1, then there is an index k € {l,...,n} with
D1 > yil therefore Projl(pk) ¢ P and by Assumption 2 p; ¢ Py. Otherwise, if p; < v{
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and j; = —1, then by similar reasoning px ¢ Px. Hence, all cases lead to contradictions and
therefore p ¢ M. O

Lemma 2 states that there can be no vector in M that has 7 — 1 coordinates equal to v/ and a
value greater than v{ in the ™ coordinate if j, = 1. Similarly, there cannot be a vector with
equal # — 1 coordinates in M with a value less than v{ when j, = —1. This characteristic
behavior is also illustrated in Fig. 4.3.

Proposition 1. Let polytopes P; ¢ R, i € {1,...,n), fulfill the Assumptions 1 and 2.
Further, let vi € RY, j € {—1, 1}¢ satisfy (4.3), and A satisfy (4.4). Then, v/ is a vertex of A.

Proof. We prove the convex independence of the set of vectors {/ : j € {-1,1}9} by

induction over d. It then follows that v/ is a vertex in A.

Base case: (d = 1) In one-dimensional space, two distinct numbers v"" and v(! are com-

puted (cf. Lemma 1), which are convex independent by definition.

Induction hypothesis: Let the set of vectors {v/ : j € {~1, 1}¢} be convex independent for a
d € N.

Induction step: (d — d + 1) The d + 1 dimensional vectors are constructed by {v=D, y(:D
j € {~1,1}9}. Assume the set of vectors {v/>=D yU:D + j e {~1,1}9} is convex dependent.
Then, for some k € {—1, 1}, we can assume without loss of generality that

po= = Z ozjv(j’_l) + Z ij(j’l), (4.5a)
jel=1,1}4, j#k jel-1,1)4
Z @+ Z Bj=1, (4.5b)
je{—l,l}d,j;ék j{—l,]}"
@;.B; > 0. (4.5¢)

Projecting (4.5) to the first d coordinates gives

F=pake Y (@+BY,

jel=1,1)4, j#k
) .
(=B = > (aj+B,
jel(=1,1}4, j#k

where 0 < 5, < 1. We distinguish two cases: Sy < 1 and B¢ = 1.
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Case I: If B < 1, then 1 — B; > 0 and we have

(a;+B))
VK= — L i
je{—g};’,#k (=50
(@ +B)) >0
-8y
Z (@ +B)) L

Jel=1,1}9, j#k (1 _'Bk)

k

hence V¥ is convex combination of vectors in {y/ : j € {~1, 134} \ {v¥}, which contradicts the

induction hypothesis.

Case 2: If B = 1, thena; = B; = 0 Vj € {=1,1}¢ \ {k}, and it follows from (4.5)
that v&~D = y&D_which is impossible as the vectors are distinct by Lemma 1. These

contradictions show the convex independence of the vectors.

Since A = Conv({y/ : j € {—1, 1}%}), and v* for any k € {—1, 1}¢ is not a convex combination
of vectorsin {1/ : j € {—1, 1143\ {v¥}, it follows that V¥ is not a convex combination of vectors
in A \ {v}, which proofs that v* is a vertex of A. O

The proposition states that v/ is a vertex of A, and by Lemma 1, the elements of {v/ : j €
{~1, 1}9} are distinct. Thus, they are distinct vertices of A.

Proposition 2. Let polytopes P; ¢ R% i € {1,...,n}, with Minkowski sum M fulfill the
Assumptions 1 and 2. Further, let vi € R?, j € {—1,1}¢ satisfy (4.3), A satisfy (4.4), and
p,q € Mwithvl =tp+ (1 -1)g,t€(0,1), then, p,q € A.

Proof. This statement is obvious if M\ A = 0, i.e., M = A. Therefore, we temporarily
assume that M\ A # 0. We distinguish two cases: one where p, g € M\ A, and one where
p € M\ A and g € A (note that this case also includes g € M\ A and p € A), both of

which lead to a contradiction, leaving the only possible case p, g € A.

Case 1: Let p,qg € M\ A. Assume that v/ = tp + (1 — t)g with ¢ € (0, 1). Since v/ € A
and p,q ¢ A, it follows that p # v/ and ¢ # v/. Since t € (0, 1), it follows that p # g,
hence there are indices in {1,...,d} where the entries in p and g are different. Let m be
the minimum of these indices. For this index holds v{;, =tqn + ({1 — )pm, t € (0,1) and
p: # q;. Without loss of generality, suppose that p,, < g, then p,, < v,ﬁ, < ¢p. Since m 1is
the minimum index, we have equality in v, p and g for the indices {1,...,m—1}. If j,, = 1,
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then by Lemma 2 we have ¢ ¢ M. Otherwise, if j,, = —1, then by Lemma 2 we see that
p ¢ M. Therefore we have a contradiction in both cases and the assumption must be false.
Hence there are no p,qg € M\ A withv/ =tp+ (1 —t)gand t € (0, 1).

Case 2: Let p € M\ A and g € A. The proof for this case is almost a copy of the previous
one. Assume that v/ = tp + (1 — t)g with t € (0,1). Since p ¢ A, g € Aandt € (0,1)
it follows that v/ # p and p # ¢. Since p # g, there is a minimum index m where the
components of p and ¢q are different. For this index holds v{;, =tpm+ (1 -1)g, and q,,, # pp-
Without loss of generality assume that p,, < ¢,,. Since m is the minimum index, we have
equality in the indices {1,...,m — 1}. If j,, = 1, then it follows by Lemma 2 that g ¢ M
otherwise, if j,, = —1, then by the same reasoning it follows that p ¢ M. This shows that
there areno p € M\ Aand g € Awithv/ =tp + (1 —)gand t € (0, 1).

In conclusion, we see that the only possible case is p, g € A. This concludes the proof. O

Proposition 2 states that if v/ is a proper convex combination of elements p,g € M, then
P, g must be in A. We can now state our first main result, which shows that the readily com-
putable 2¢ vectors 1/ are indeed vertices of the Minkowski sum. Therefore, their convex

hull constitutes an inner approximation.

Theorem 1 (Extreme actions define distinct vertices). Let polytopes P; c R% i e {1,...,n},
with Minkowski sum M fulfill the Assumptions 1 and 2. Then, any v/ € R, j € {—1,1}9,
satisfying (4.3) is a distinct vertex of M.

Proof. Suppose that v/ is not a vertex of M, then v/ = tp + (1 — f)g with p,g € M,
p # g and t € (0,1). From Proposition 2 it follows that p,q € A, which gives v/ as a
proper convex combination of elements in A. Thus v/ cannot be a vertex of A, which
contradicts Proposition 1. Hence, the assumption that v/ is not a vertex of M must be false.
Combining this result with Lemma 1 shows that the sums of extreme actions are distinct
vertices of M. O

Theorem 1 implies that A (cf. (4.4)) is exact for cuboids since cuboids have 2¢ vertices and
v/ @ je{=1,1}9)] = 29, i.e., all vertices are computed, and the convex hull covers the entire
cuboid. In general, however, the polytopes defined in (2.17) and their Minkowski sum have
more than 29 vertices (cf. Figs. 2.1, 2.2, and 4.3), making any set Conv({y/ : j € J})
with J C {~1, 1} an inner approximation of the Minkowski sum. Moreover, the proposed

method is besides an inner approximation, also a bottom-up strategy, since the extreme
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actions (vertices) in each polytope are computed first and then combined to form distinct
vertices of the Minkowski sum. Finally, the origin lies in (A, as the following proposition

shows.
Proposition 3. Let the set A be defined by (4.4), then it holds that 0; € A.

Proof. Let {y/ : j € {—1,1}%} be the set of vectors defined by (4.3). By construction the set
of vectors can be rewritten as {01 v 1 j e (—1,1}971}, i.e., there are pairwise vectors
with equal first d — 1 coordinates. We define @ € R for these vectors as

(.ji_l)

R R

B (1) ="
Va ~Va

(jy_l) > _v(]’_l)

: (=1 D (=D (D : (D
Since v; <0,v; " 20,v; # v, ~cf. Lemma 1, and since v;” " — v, g we

have 0 < @ < 1. Using this « for the convex combination yields

T T

(1 - a4+ b = ((VEﬁi)l])T ,0) = ((V%’:ll]))T ,0) ;
which gives the projection of vectors v*1 vU=D into d — 1-dimensional space. This pro-
cedure can be applied to all pairwise vectors with equal first d — 1 coordinates to obtain
the projections of these as a convex combination in the d — 1-dimensional space. The same
condition, namely that there are pairwise vectors with equal d — 2 components, also holds
by construction for the projected vectors. Therefore, the procedure can be applied to these
vectors as well to project these into d — 2-dimensional space. Repeated application of the
same procedure results in projection onto 1-dimensional space. Finally, the zero vector can
be constructed as a convex combination of the summed extreme actions. Since each convex
combination of elements in A is an element of A, it follows that 0, € A. O

4.2. Extension to Battery Energy Storage Systems

We extend the proposed aggregation strategy to BESS models with arbitrary final energy
restrictions. The extended strategy is then compared against ten state-of-the-art inner ap-

proximations using the previously developed benchmark, cf. Section 3.2.2.
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4.2.1. Aggregation Strategy for Battery Energy Storage Systems

The model B(S init, S 1, p) defined in (2.19) may violate the Assumption 2 for arbitrary S ; €
[S min> S max], cf. Fig. 4.4. Therefore, the method proposed in Section 4.1 is not readily
applicable to this model and requires additional modifications. The aim of this section is
to present a corrective algorithm that allows the calculation of extreme actions within the
model B(S init, St, p)-

We start by noting that the model B(S iyit, S min» ), Which represents a BESS with minimum
final energy S ; = S in, fulfills the Assumptions 1 and 2. Hence, the method proposed in
Section 4.1 is applicable to this model.

Given an initial energy Si,;, a parameter vector p, and a j € {—1, 1}4, the corresponding
extreme action can be computed using Algorithm 1. The procedure iterates through the
components j; of j. If j, = 1, then Line 4 sets y{ tO Xmax 1f there is more than xp,,x At capacity
remaining in the BESS. Otherwise, y{ is set to the maximum power that can fit in the BESS
to ensure full charging. If j, = —1, then Line 6 sets y{ t0 Xmin 1f XminAf can be withdrawn
from the BESS. Otherwise, y{ is set to the power level that fully discharges the BESS.
Please be aware that this extreme behavior of charging and discharging in Algorithm 1 is
equivalent to the mathematics developed in Section 4.1.1.

Now, suppose that y/ satisfying Definition 1 is obtained for the model B(S init, S min» ) US-
ing, e.g., Algorithm 1. The set {x e R : (y{d_”, x)" € B(Sinit, S £, p)} is equivalent to

d-1

=1

Algorithm 1 (extremeActionBESS)

Require: S, p,je{-1,1}
Ensure: y/

1: yj — 0y

2: fort=1toddo

3: if j, = 1 then

j . S max—=(@'Sini+ X1 @ Ty AD)
4 y; < min (xmax, = Vi
5 else if j; = —1 then

j S min=(@'Sini+ X1} @ Ty AD)
6: Y, ¢ max | Xmin, — v .
7 end if
8: end for
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Algorithm 2 (correctivelncreaseBESS)

Require: Sini, S 7, p,y’ € B(Sinits S min» P)
Ensure: y’ .
1: if Sf > adSinit + Zle a’d_TyiAl‘ then

j : S ;@S i+ 47} eyl AD

2: y} < min (xmax, z ol
3 t—d-1 '
4. whileS; # @S + X7, @ y/At do
5 y{ < Xmax '

‘ j . S —(@?S it 2921 @ Ty AL
6: y}, < min (xmax, —=
7 t—1-1
8 end while
9: end if

Hence, if y/ ¢ B(Sinit, S 7, p), then S ¢ > oSy + 17, @ Ty! At since Y € B(S inits S mins D)
and the remaining inequalities are identical for both sets. Therefore, increasing the com-
ponents of y/ within the power constraints such that the inequality corresponding to S  is
satisfied yields y/ € B(S init, S 7, p).

This corrective increase is achieved with Algorithm 2. First, the 4" component of y/ is set
to the minimum of the maximum power x;,x and the power at which the minimum final
energy S s is reached in Line 2. Algorithm 2 terminates if S  is reached, otherwise the
d — 1™ component is set to the maximum power level in Line 5 and the 4™ component is set
to the minimum of the maximum power level and the power level at which § ¢ is reached
in Line 6. Algorithm 2 terminates if S f is reached, otherwise the process is repeated with
the d — 2" component and so forth until S / is reached. Essentially, Algorithm 2 corrects
the power profile backwards by increasing the energy in the BESS to reach the specified

minimum final energy S .

Figure 4.4 illustrates the correction process. The polytopes B(Sinit, S min, ) and
B(S init, S 7, p) are shown in dashed blue and solid green, respectively. The extreme actions
computed via Algorithm 1 within B(S init, S min, p) are indicated as black crosses. However,
one of the crosses at the bottom left is outside the polytope B(S init, S , p). To achieve
the desired energy level S ¢, the values must be increased, as indicated by the arrow and
the dot. The following lemma ensures that the corrected vectors are well-defined and that
Algorithm 2 terminates without errors.

Lemma 3. Let B(S i1, S yins p) With parameter vector p = (@, Xmins Xmaxs S mins S maxs AT

62



4.2. Extension to Battery Energy Storage Systems

- B(Sinit,sminap)
64 = B(Sinit, St.p) =

—4 —2 0 2 4 6
x1

Figure 4.4.: The set B(Sinit, S f, p) shown in solid green and the set B(S init, S min, p) In
dashed blue. The crosses in B(S init, S min, p) Show the extreme actions, and
the arrow with the dot visualizes the correction process.

fulfill the Assumptions 1 and 2. Further, let y/ € R?, j € {—=1,1}? satisfy Definition 1 for
B(S inits S min> p)- Then, Algorithm 2 terminates without errors, if B(S inir, S 1, p) # 0.

Proof. If y/ € B(Sinit, S f» p), then there is nothing to show. Hence, we assume that y/ ¢
B(S init, S 7, p). If the assignments in Lines 2 or 6 are applied with

S 1 = (@S + T4 Tyl AD

At S Xmaxo
then
d d-1 d d-1 _d—t=~j
; ; Sr—(@Sinit + 2 @ At)
a’dSinit " Z ad—rﬂm _ a'dSinit " Z ad—fﬂm + = init Atzr_l Yz Af = S
7=1 7=1

Therefore, Algorithm 2 terminates with y/ € B(S init, S r» p) 1if there is a correction index k
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such that one of the assignments in Lines 2 or 6 are applied with

Sy (! Slmt+ZTla At)

Ar < Xmax-
Assume
(Cl Smlt + Zd 1 a'd T)N#At)
Al’ > xmaX
for all correction indices k = 1,...,d, then also for k = 1. Therefore, S, > @S e +

Zf ia " Xmax At + XmaxAt. Since B(Sinie, S 1, p) # 0, there exists an x € B(Sinit, S 1, P)
with S ¢ < @S + 29, @ x,At. This gives @®Sini + X7 @ Xmax At < S < @S i +
>4 a®Tx, At hence Y7 a® " xma < 27, @?"x,, which implies that there is an index m

with xpax < X, and, therefore x € B(Sinit, S 7, p), contradicting x € B(S init, S 1, p).

Hence, we conclude that there exists an index for which the assignments in Lines 2 or 6 are

applied; therefore, Algorithm 2 terminates without errors. O

Note that the corrected vector is a vertex of B(Sinit, S £, p), as illustrated in Fig. 4.4. This
occurrence is not a mere coincidence, as demonstrated by the following theorem.

Theorem 2. Let B(S inits S min, P) C R with p = (&, Xomin, Xmax> S mins S max, AT fulfill the
Assumptions 1 and 2, and B(S juir, S 5, p) be nonempty. Further, let y/ € RY, j € {—-1,1}4
satisfy Definition 1 for B(S jnit, S min, ). Then, the corrected extreme action defined by
Algorithm 2 is a vertex of B(S jir, S ¢, p)-

Proof. For differentiation, we denote the corrected extreme action to y/ as /. Assume that
7/ is not a vertex of B(S init, S £, p), then there are w, g € B(S it S 7, p) With 37 = wr+q(1-1),
w # g and t € (0, 1). We consider two cases: 3/ = y/ and j/ # y/.

Case I: §/ = y/ and therefore y/ is not changed by Algorithm 2. Since w, g € B(Sinit, S 7, P)s
and B(Sinit, S £, P) S B(Sinit> S min, p) We have that w, g € B(Sinit, S min, p). Therefore, we
havey/ = / = wt+qg(1—-t), w # gand t € (0, 1). Hence, y/ is not a vertex of B(S init, S min» P)s

contradicting Theorem 1.

Case 2: 3/ # y/ and therefore y/ is changed by Algorithm 2. Since j/ # y/, there exists a
yff l]andjzfzi\fte{f ,d—1}. Sincew # g,
there is a minimum index m w1th Wim-1] = qim-1] and wy, # G- Without loss of generahty,

maximum correction index f with j/{f =

let w,, > gy,. If f > m, then ¥ y[n] y[m], hence w1 y[m_l] Gim-11 and Wy, > Vi, > G
From this, it follows that Proj™(w) ¢ B(S init> S min» P) Or Proj”(q) ¢ B(Sinit S min, p).- With
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Assumption 2 we have that w ¢ B(Sinit, S min» P) OF ¢ € B(S init> S min» ), Which contradicts
w,q € B(Sinit, S r, p). Hence, it holds that f < m. Moreover, )7{ =x,Vtelf,...,d -1}
holds. For m # d, the inequality 5/,];1 < g, implies that g ¢ B(Sini, S r, p). Hence m = d,
which gives gpz-17 = w1 = 5/{ d—l] and wy < j}é < g4. This is, however, impossible as
by Algorithm 2 holds @Sy + 39, @~ AL =S 7. Using w instead leads to @S iy +
Z‘f | o w At < S - Hence, we conclude w ¢ B(S init, S 7, p). O

Note that although the corrected extreme actions are vertices, there is no guarantee that they

are distinct vertices, i.e., different extreme actions can be corrected to the same vector.

Finally, given a set of extreme directions J C {—1, 1}¢, initial energy levels S i ;, minimum
final energy levels S ;, and parameter vectors p; fori = 1,...,n, Algorithm 3 can be used
to calculate the summed corrected extreme actions. In Line 2, the procedure iterates over
the devices, whereas in Line 3, it iterates through the extreme directions. The calculations
for the extreme actions are carried out in Line 6 and, if necessary, corrected in Line 7. For a
specific device, all extreme actions are then organized in a matrix Y in Line 8. These matri-
ces are then summed in Line 11 to obtain the matrix of summed corrected extreme actions.
The convex hull of the elements of this matrix finally constitutes an inner approximation to
the Minkowski sum of the polytopes B(Sniti, S - pi), i = 1,...,1.

Note that the corrected extreme actions are calculated for each j € J and for each
i = 1,...,n, therefore the computational complexity is given by |J|n. The set J thus

Algorithm 3 (Complete AlgorithmBESS)
Require: Sini;,Sripii=1,...,n, 7

Ensure: V
1: 'V« deljl
2: fori=1tondo
3 Y — Ogxq
4 k1
5 for j €J do
6: y «— extremeActionBESS(S inic.i, Pi» J)
7 y — correctlveIncreaseBESS(S initi> S f,i> Pi> V; )
8 Y[, k] « yl.
9 k—k+1
10: end for
11: VeV+Y
12: end for
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4. Scalable Aggregation and Dissaggregation

controls the accuracy and computational complexity of the proposed approximation strat-
egy. For high-dimensional spaces, e.g., d > 8, we propose to select the set of vectors J
by selecting g distinct elements in {—1, 1}¢, where g must be a function of time periods,
e.g., a hypercube has 2¢ vertices in d-dimensional space. If all 2¢ corrected extreme ac-
tions are computed within polytopes that fulfill the Assumptions 1, and 2, then it holds
that 0, € A, cf. Proposition 3, otherwise 0, needs to be appended to the matrix V if
@Siniei > S Vie(l,...,n.

Finally, note that the calculations related to the matrix of extreme actions Y; are inde-
pendent, enabling parallel computation. Additionally, these computations do not require
any commercial packages or optimizations, relying solely on basic instructions, making
them suitable for implementation on a standard microcontroller. The complete Python
code for the algorithm, including example calculations, is available (Oztiirk & Rheinberger,
2024).

4.2.2. Benchmarking

The experiments in this section aim to analyze the computational complexity and accuracy
of the proposed algorithm across varying numbers of time periods and devices. To this end,
we use the benchmark developed in the previous chapter to compare the proposed strategy
against ten state-of-the-art inner approximation methods. First, we establish the number of
extreme action computations. Then, the algorithm is tested within the benchmark.

The first experiment aims to determine the size of 7, cf. Algorithm 3. For this purpose,
UPR values are calculated ten times for tuples (n,d) € {100} x {24, 48,72, 96} with varying
numbers of vectors in /. The median of ten runs, i.e., the median of ten UPR values and
computation times, are shown in Fig. 4.5. It can be seen that the UPR values increase with
fixed || and increasing number of time periods, but decrease with increasing number of
vectors in || and fixed number of time periods. This reflects the fact that the vertices
increase as the number of time periods increases, e.g., a hypercube has 2¢ vertices in d-
dimensional space, implying that the size of J must be chosen as a strictly increasing
function of time periods. The peak power UPR in Fig. 4.5 is reduced quickly, while the
cost UPR is reduced more slowly. The computation time increases linearly with increasing
size of J, which reflects the fact that extreme actions are computed for each vector in 7.
At most, we have computation times of less than 10 seconds for experiments with up to 96

time periods and 100 devices. Thus, the maximum in Fig. 4.5, i.e., 8000 or 10000 extreme
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Figure 4.5.: UPR values and computation times for tuples (n,d) € {100} x {24,48,72,96}
with increasing number of vectors in .

directions, could be chosen. Putting these findings together, we choose a quadratic time
dependence, i.e., | J| = d*. Note that the vectors in J are selected at random, and only
those extreme actions that correspond to the vectors in J are computed. Moreover, with
this choice, the complexity of Algorithm 3 becomes |J|n = d’n, i.e., quadratic in time
periods and linear in the number of devices.

For the next experiment conducted in this section, the UPR values are computed for tu-
ples (n,d) € {2,6,10,20,30} x {4,8,12, 16, 20,24} according to the benchmark descrip-
tion in Section 3.2.2. Table 4.1 shows the maximum, i.e., worst case, peak, and cost

UPR as well as the maximum computation time across tuples (n,d) € {2,6, 10,20, 30} X
{4,8,12,16,20,24}.

In addition, Fig. 4.6 displays the results for tuples (n, d) € {30} x{4, 8, 12, 16, 24} in the first
column and for tuples (n, d) € {2, 6, 10, 20, 30} X {24} in the second column, i.e., with fixed
number of devices and varying time periods and fixed number of time periods and varying
number of devices, respectively. The cost UPR values are shown in the first row, the peak
UPR values in the second row and the computation times in the third row.

67



4. Scalable Aggregation and Dissaggregation

Table 4.1.: Max UPR values and max calculation time for 4, 8, 12, 16, 20, 24 time periods
and 2, 6, 10, 20, 30 batteries for different inner approximation methods. Table
reproduced (Oztiirk, Faulwasser, et al., 2024).

| Algorithm | Reference | Time (s)| UPR (%) |
| | | | Peak | Cost |
Cuboid Homothets Stage 0 Nazir et al., 2018 3.05 |[178.22/27.81
Battery Homothets Zhao et al., 2017 - - -
Battery Homothet Projection Zhao et al.. 2016 i i ]
with LDR ”
Zonotopes L, Miiller et al., 2015 233.74 |284.77|33.27
Zonotopes 1, Miiller et al., 2015 250.19 |190.98|27.78
Zonotopes I, Miiller et al., 2015 92.83 [121.53/30.83
Zonotopes weighted Miiller et al., 2019 88.57 |187.18|21.14
Cuboid Homothets Stage 1 Nazir et al., 2018 161.44 |176.67|26.56
Ellipsoid Projection with LDR| Zhen and den Hertog, 2018 173.16 | 20.21 |61.66
Ellipsoid Projection Barot, 2017 - - -
Proposed Vertex Generation | Oztiirk, Faulwasser, et al., 2024 | 0.24 546 | 791

Our proposed algorithm (Vertex Generation) demonstrates superior performance in terms
of accuracy (peak and cost UPR) and computation time compared to the other algorithms,
as shown in Table 4.1 and Fig. 4.6. The data in Table 4.1 also show that our Vertex Gen-
eration and the Ellipsoidal projection with LDR algorithms are the only ones that achieve
peak UPR values below 100%. This indicates that 0;, which corresponds to no flexibil-
ity, performs better than the flexibility set provided by the other algorithms. Addition-
ally, Table 4.1 shows that certain algorithms exhibit objective-dependent performance. For
instance, the Ellipsoid Projection with LDR algorithm ranks second in peak UPR but per-
forms the poorest in cost UPR. This is in contrast to our Vertex Generation algorithm, which
achieves the best results for both peak and cost UPR. Furthermore, most current algorithms
are limited in their computational complexity, making them impractical for longer time pe-
riods, e.g., day-ahead computations when 15-minute intervals are considered (Oztiirk et al.,
2022).

However, our algorithm allows for day-ahead computation, as shown in Table 4.2. For
this experiment, UPR values are calculated for tuples (n,d) € {50,100,...,500} x
{12,24,...,96}. The maximum cost UPR value across all tuples is 35.78, the maximum
peak UPR is 6.71 and the maximum calculation time is about 3 minutes. The highest UPR

value achieved in this experiment, using up to 500 devices and 96 time periods, surpasses
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Figure 4.6.: Results for experiments with tuples (n,d) € {30} x {4, 8,12, 16,24} in the
first column and experiments with tuples (n,d) € {2,6, 10,20,30} x {24}
in the second column. The cost UPR values are shown in the first row, the
peak UPR values in the second row, and the calculation times in the third row.
Figure reproduced (Oztiirk, Faulwasser, et al., 2024).

that of the other algorithms tested in the previous experiment, which only involved up to
30 devices and 24 time periods (cf. Table 4.1). Additionally, the cost UPR value obtained
in this experiment outperforms that of one of the other algorithms tested in the previous
experiment.

Lastly, we analyze the proposed method in contrast to utilizing a central controller as out-
lined in (3.21). When using a central controller, the data is directly transmitted to the
optimizing instance without passing through an aggregator. Consequently, all data is ac-
cessible to the optimizing instance, which manages the devices and communicates with
them directly. In addition, the central control scheme works within the exact feasible re-
gion, i.e., with perfect accuracy.

In an experiment with 500 devices and 96 time periods, the centralized controller achieved

computation times of 54.98 seconds for the cost objective and 96.58 seconds for the peak
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Table 4.2.: Maximum UPR values and maximum computation time for 12, 24, .. .,
96 time periods and 50, 100, .. ., 500 batteries. Table reproduced (Oztiirk,
Faulwasser, et al., 2024).

Algorithm | Reference | Time (s)| UPR (%) |

|
| | | | Peak | Cost |
| Proposed Vertex Generation | Oztiirk, Faulwasser, et al., 2024 | 204.43 | 6.71 |35.78|

objective. Gurobi (Gurobi Optimization, LLC, 2024) was used to solve the centralized op-
timization problem. Although this approach achieves better performance than the proposed
method (cf. Table 4.2), centralized control is impractical due to privacy concerns, the pur-

chasing entity’s need to maintain control, and the associated communication overhead.

4.3. Extension to Convex Storage Models

In this section, the aggregation strategy is further extended to incorporate convex storage
models. The extended algorithm is first introduced, followed by its application in numerical

experiments to demonstrate its accuracy and computational complexity.

4.3.1. Aggregation Strategy for Convex Storage Models

As outlined in Chapter 2, a wide range of practical devices can be mapped to the convex
storage model, cf. (2.17). Therefore, an algorithm capable of aggregating such a variety of
devices is desirable.

The algorithms developed so far have been successful in aggregating BESSs that maintain a
certain minimum final energy level. One of the main advantages of models such as BESS is
that they generally have constant energy and power limits, with exceptions only occurring
in the final time period, a scenario that was addressed in the previous chapter through a
corrective algorithm. In contrast, convex storage models usually have varying energy and
power limits. For instance, the power limits of EVs are zero when not connected to a
charging station and between the maximum and minimum power limits when connected.
Moreover, the trip consumption of EVs and the demand associated with TCLs result in

variable energy limits, cf. Table 2.1. Therefore, it is essential to extend the previously
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Algorithm 4 (CorrectedExtremeAction)

Require: x,%,S,S, S, a,j€{-1,1}
Ensure: y/

1: yj «— 0y

2: fort=1toddo

3: if j, = 1 then

4: y{ — max (min (E, S—(@'s inn+§t’;‘1 a"’yiAr)) ’ E,)

5: yj — correctiveIncrease(yj XX, S, E, S init, @, 1)

6: y/ « correctiveDecrease(y/, x, X, S, S, Sinit, @, 1)

7: else if j; = —1 then | A

: =

8: y! « min (max (gt, i’_(atsi“"%f' a yw)) ,E)

9: y/ « correctivelncrease(y/, x, X, S, S, Sinit, @, 1)
10: y/ « correctiveDecrease(y/, x, %, S, S, S init» @, 1)
11: end if
12: end for

developed algorithm to account for non-constant energy and power limits, which will be
achieved below through additional corrective algorithms.

The corrected extreme actions within the convex storage model can be computed via Algo-
rithm 4. The extensions compared to the previous procedure, cf. Algorithm 1, are twofold:
First, additional max and min operators are inserted in Lines 4 and 8 to ensure the power

constraints, and second, two correction algorithms are introduced in Lines 5, 6, 9, and 10

Case 1: aS;_; + XAt < S; Case 2: aS;_; + XAt > S,

D D
St aSi_q + X At
St St-1
aSi_1 + X At aSe—1 + XAt
St-1 St
O(St_l + &tAt §t

N~ N~

Figure 4.7.: Example cases, in which the energy constraints are violated. Left: the
case in which the energy in the storage is lower than the lower limit, while
right: the energy in the storage is higher than the upper limit. Figure repro-
duced (Oztiirk, Kaspar, et al., 2024).
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Algorithm 5 (correctivelncrease)

Require: y/, x,%, 5,5, S i, @, t
Ensure: y/ _
1 if § > a'Sipi + > _ @ TyiAt then

2: it i > first index with x; > 0 in reversed X,
i . S, ~(@' S+ 31} @yl A
3: Y/ i) € min (max( X s> —a s Xi-itl
4: ke—t—1i
5: while S # @ 1S init + ZT Lo yTAt do
6: forl—ktot—zdo oL
i . (= i A
7: Y] < max mln(xl,S’ (@S, S t)) Ez)
8: end for ] A
) j . S, ~(@Sin+ X @y AD | —
9: Yiigp € TIN (max( Xy v At s Xi—i+1
10: k—k-1
11: end while
12: end if

to account for the varying energy constraints.

The two cases in which correction is required are illustrated in Fig. 4.7. The case where
the energy in the storage is less than the lower bound, left in Fig. 4.7, is handled via the
corrective algorithm to increase the energy, cf. Algorithm 5. In Line 2, i is initialized with
the first index of reversed X, where x; > 0 applies. This step is mandatory to identify
the last index prior that allows for correction, i.e., positive power. Correction to increase
the energy must be carried out with strictly positive values and is not possible with indices
I > t—1i+ 1, as they are either zero or negative due to x; < 0. The power profile is then
changed backwards without constraint violations, starting with the index ¢ — i + 1 to reach
S .. Lines 3, 7, and 9 enforce the power constraints, i.e., it holds that x,_; |, < yt i S Xiird-
In Line 7, y/ is modified to increase the energy in the storage. Moreover, the equality in

Line 5 is enforced by the choice

S, - (@'S init + ZT L yTAt)
At

in Lines 3 and 9 as

B — (@St + X1} @yl
'S it + Z o TyIAL+ 2 5 At=S,.
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Algorithm 6 (correctiveDecrease)

Require: y/, x,%, 5,5, Siniv, @, t
Ensure: y/ .
1 if ) < &'Sinit + X', @ "ylAf then

2: it 7 > first index with x; < 0 in reversed x;,
‘ j - §i—(@'Sinie+ 3 @ TYIAY
3 Yiiy € MaX (mm (xl—i+1’ At Xy it
4: ke—1t—1i '
5: while S # 'Sini + X0, @' Ty;At do
6: for/=ktot—-ido / e
i . S —(a@'S ini __ - iA _
7: y;, < min | max (Ez’ St t+§,"la z t)),xl)
8: end for B 1 _
) j . (= S—(a'S i+ X & Tyl AL
9: Viciyr € MaX (mm (xf—”l ’ At > Zp—i+1
10: ke—k-1
11: end while
12: end if

The second case, right in Fig. 4.7, where the energy in the storage is greater than S, is
covered similarly in the corrective algorithm to decrease the energy, cf. Algorithm 6. These

corrections are called, if necessary, in Lines 5, 6, 9, and 10 of Algorithm 4.

The summed corrected extreme actions can then be computed via Algorithm 7. The cor-
rected extreme actions are computed in Line 6 within a for loop for fixed devices and

written to the matrix Y in Line 7. These matrices are then subsumed in Line 10 to obtain

Algorithm 7 (Complete Algorithm)

Require: x,x;,S.,S;,Smii@ii=1,...,n,9

Ensure: V
I: 'V« deljl
2: fori=1tondo
3 Y « delj'l
4 k1
5 for j € J do
6: y] « CorrectedExtremeAction(x;, x;, S i,f,-,Sinit,i, a;, )
7 Y[, k] « ylj
8 k—k+1
9 end for
10: VeV+Y
11: end for
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4. Scalable Aggregation and Dissaggregation

the matrix of summed corrected extreme actions.

Since the corrected extreme actions are calculated for each device | 7| times, the complexity
is n| |, i.e., linear in the number of devices and dependent upon || in the number of time
periods. Note that the extreme actions computed within convex storage models have not
been proven to be vertices. Furthermore, these extreme actions are in general non-unique.
This distinguishes them from the extreme actions computed within polytopes that fulfill
the Assumptions 1 and 2, which are distinct vertices of the Minkowski sum, cf. Theorem 1,
as well as from the extreme actions computed within the BESS, which are vertices in the
individual polytopes, cf. Theorem 2, but not necessarily distinct. In the following, this
extended algorithm will be used in numerical experiments to demonstrate its accuracy and
computational complexity.

4.3.2. Use Case — One Aggregator and One Flexibility Type

In our first experiment, we consider a residential area with 300 residents, where 90 in-
dividuals, 1.e., 30%, own a Nissan Leaf, cf. Table 5.2. We assume that the vehicles are

[ =
80 1 \ -7

60 T X /‘l

available EVs

100 A =
total EV charging

§ total EV trip consumption
V4

o 501

2

o

o

00:00 03:00 06:00 09:00 12:00 15:00 18:00 21:00
14-Dec

Figure 4.8.: Visualization of EV data. Top: Available EVs. Bottom: Total EV trip con-
sumption (orange) and total uncontrolled EV charging (gray).
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equipped with V2G technology and that the owners of the Nissan Leafs have agreed to
allow the aggregator to control the charging and discharging of their EVs. The aggregator
calculates the aggregated flexibility offered by the EVs and communicates the information
to a grid operator, who uses it to reduce the residential area’s peak demand. We assume a
discrete-time setting of one day divided into 15-minute intervals.

The data for the household demand, the EV trip consumption, the EV availability, and EV
charging are taken from (My Electric Avenue, 2015; Commission for Energy Regulation,
2012). Both data sets were resampled to quarter-hourly data and time-synchronized by a
publicly available code (Rheinberger, 2021a). Figure 4.8 shows the aggregated EV data,
with the total number of available EVs at the top and the total charging power together with
the total trip consumption at the bottom.

At start, the EV batteries are charged to 50%. At the end of the operating window, the EVs
must retain a minimum energy level, which is determined by subtracting the trip consump-
tion from the initial energy and adding the charged energy given by the data.

400 4 [ base load
' aggregation
- [0 centralized

350 A

= 300

250

200

150

total demand (kW

100

50

0
00:00 03:00 06:00 09:00 12:00 15:00 18:00 21:00
14-Dec

Figure 4.9.: Residential loads: the base load is shown in blue, the aggregated controlled
load in orange, and the central controlled load in green.
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To this end, the proposed aggregation-based approach is compared with a central controller.
Similar to the experiments in Chapter 4, we use a quadratic time dependence for the ex-

treme directions, i.e., | 7| = d* in Algorithm 7.

Figure 4.9 shows the total residential demand compared to the load curve achieved by the
centralized, as well as the aggregation-based approach. The peak demand is effectively
reduced to 283.08 kW by the proposed method and to 262.68 kW by the centralized ap-
proach. The calculation times are 35 seconds and 5 seconds for the proposed approach and

the centralized approach, respectively.

Please note that although the centralized approach performs slightly better, it compromises
privacy and requires additional communication effort. Our approach, on the other hand,
masks the data and reduces the communication effort significantly, i.e., only the aggrega-
tor communicates with the purchaser of the ancillary services. In addition, the proposed
method can be implemented on a simple microcontroller, while the central controller re-
quires special, possibly commercial, software.

4.3.3. Use Case — Multiple Aggregators and Multiple Flexibility Types

In our next experiment, we consider three residential areas, each with 100 residents and

local aggregators. Sensitive information within the local community is restricted and only
Aggregator 3 @ & &
Aggregator Aggregator 2 ( @
- AN A RAN AN
I le=s el - ‘f@% g fnd l

Aggregatorl ﬁ O&_ Oﬁl& ﬁ ﬁ. J

Figure 4.10.: Scenario with three residential areas and three local aggregators. The res-
idents may own EVs, BESSs, and TCLs (air conditioning). The collective
local flexibility is passed to a global aggregator, which in turn aggregates
and forwards them to a grid operator for ancillary services.

Grid Operator

Reduce peak dema nd
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known within the local community, i.e., it is not passed to third parties outside the residen-
tial area. The residents have signed contracts with local aggregators and can own BESSs,
EVs, and TCLs (air conditioning). The collective flexibility of these devices is aggregated
by the local aggregators and passed to a global aggregator. The global aggregator aggre-
gates the local aggregated flexibilities and offers the total flexibility to a system operator
for ancillary services, cf. Fig. 4.10.

The used system parameters are listed in Table 5.1 for the BESS, in Table 5.2 for the EVs,
and in Table 5.3 for the air-conditioning systems. The devices are selected at random
from these pre-programmed options. The data for the household demand, the EV trip
consumption, the EV availability, and EV charging are taken from (My Electric Avenue,
2015; Commission for Energy Regulation, 2012). Both data sets were resampled to quarter-

hourly data and time-synchronized by a publicly available code (Rheinberger, 2021a).

At the beginning, the EV batteries are charged to 50%, while the initial energy of the BESS
is randomly selected from the interval [%Smax,i, S maxil- At the end, EVs must maintain a
minimum energy level, which is determined by subtracting the trip consumption from the
initial energy and adding the charged energy given by the data. The BESS, on the other
hand, must retain the initial energy level at the end of the operating window.

We assume an ambient temperature of 30°C. The initial temperature and dead band of
air conditioners are selected uniformly from the intervals [19,20] (°C) and [3, 5] (°C),

respectively. The setpoint temperatures are set to 20°C for the air conditioners.

We define the penetration of a device in a residential area as the percentage of residents
that own this device. An EV penetration of 38%, cf. Parliament, 2019, a TCL penetration
of 19%, cf. IEA, 2023, and a BESS penetration of 1%?9, is assumed.

To this end, we compare the proposed hierarchical aggregation technique with a central
controller that utilizes the exact feasible region. A quadratic time dependence is used in

Algorithm 7 for the extreme directions, i.e., || = d>.

Figure 4.11 displays the total uncontrolled demand of the residential areas compared to the
load curve obtained with both the central controller and the aggregation-based approach.
The peak demand is effectively reduced to 277.15 kW by the proposed method and to
262.68 kW by the central controller. The calculation times are 44.5 seconds and 14.6 sec-

onds for the proposed approach and the central controller, respectively. Note that although

650,000 BESS installations from 2023 to 2022 in Germany, cf. Figgener et al., 2022 divided by the popu-
lation in Germany ~ 1%.
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Figure 4.11.: Residential loads: the base load is shown in blue, the aggregate controlled
load in orange, and the central controlled load in green.

the central controller performs better, it is only used for comparison purposes and is not
practical due to the lack of data security, and the increased communication effort for large-
scale problems.

4.3.4. Scalability

In this section, the algorithm’s scalability is demonstrated across different time periods and
devices. We consider a discrete-time scenario of one day divided into 15-minute intervals.
Our analysis focuses on residential areas where aggregators manage contracts with resi-
dents. These residents may own EVs, BESSs, and TCLs (air conditioning systems) that
can be controlled by the aggregator. The aggregator aggregates these flexibilities before
forwarding them to the grid operator for ancillary service purposes. The selection of data
for the devices is carried out as outlined in the preceding section.

We assess the effectiveness of the proposed algorithm via the modified unused potential
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ratio (UPRy)

< —Z
UPRM — approx exact, best ’ ( 4. 6)

Zexact, worst — <exact, best

where Zapprox 18 the solution of an optimization within the feasible region defined by the
proposed algorithm, Zexacr, best denotes the solution within the exact feasibility region com-
puted by a central controller, and Zexact, worst denotes the solution within the exact feasibility

region when the objective is maximization rather than minimization.

Note that we use the UPRy; rather than the UPR (cf. (3.22)), since z,o fiex Within the UPR
necessitates 0, to be within the feasibility region, which is typically not guaranteed for
convex storage models. With this modification, we note that the UPRy; is limited to a range
of 0 < UPRy; < 100%. A UPRy; value near zero suggests that the approximation closely
matches the output of the central controller. In contrast, when the UPRy, value nears 100%,
it indicates that a considerable amount of potential within the exact feasibility region is left

unused and not represented by the approximation.

In our experiments, we examine tuples
(n,d) € {50, 100, 250, 500, 750, 1000} x {24, 48,72, 96},

representing a maximum of 1000 devices and up to 96 time periods. To account for vari-
ability, we compute the UPRy, five times for each tuple (n, d) and use the median of these

—— centralized
—— aggregation

385835
CPU Time (s)

Figure 4.12.: Comparison of modified UPR (UPRy;) and CPU time across settings (n,d) €
{50, 100, 250, 500, 750, 1000} x {24, 48, 72,96}. The results for the central
control approach are shown in red, while those for the proposed method are
illustrated in blue.
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values. Furthermore, a quadratic time dependence is employed for the set of extreme di-
rections, i.e., | J| = 2¢. Our objective within the optimizations is to reduce the total peak
load in the residential area.

The results are shown in Fig. 4.12. The proposed approach achieves a maximum UPRy; of
22.76% and a computation time of 100.56 seconds. In contrast, the central control records
a maximum UPRy; of zero, as the central controller operates within the exact feasibility
region, with a maximum computation time of 84.7 seconds.

Note that, unlike the proposed aggregation strategy, the central controller requires com-
plete information and manages all devices directly. While this enables the use of the ex-
act feasible region, it also introduces challenges such as privacy concerns and excessive
communication overhead. These experiments demonstrate the scalability of our approach
across different time periods and devices, addressing a well-documented issue with current

approximation techniques.

4.4. Disaggregation Strategy for Convex Storage Models

This section concludes the aggregation-based control problem by introducing a novel
method for decomposing (disaggregating) given power profiles in the aggregated set into
their components in the individual sets. Disaggregation is the necessary second compo-
nent of aggregation-based control and is carried out by the aggregator in order to set power
profiles in the individual devices.

The aggregation for polytopes #; € R?,i = 1,...,n can be described as a mapping

n

FiPIXPaX - XPy> R F(xy, ..., %) :=Zx,-.

i=1

Disaggregation represents the inverse operation to aggregation and is in general a non-
unique operation, as different vectors can be combined to form the same vector in the
aggregated set. In mathematical terms, this means that the mapping above is not injec-
tive. Therefore, optimization problems are usually formulated and solved to obtain the
components of a certain power profile in the aggregated set, cf. Barot, 2017; Miiller et al.,
2015. This is, however, computationally expensive in higher-dimensional spaces and not
necessary for the proposed method.
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Given the approximate quantification of the aggregated flexibility, i.e., the matrix of
summed corrected extreme actions V, the aggregator offers the aggregated flexibility on
energy markets. The purchaser selects a desired power profile from the set of possible

power profiles, i.e., the following optimization problem is solved

min f(x) (4.7a)

a,X
subjectto x = Va (4.7b)
lfﬂa =1 (4.7¢)
a;j>0,¥jed. (4.7d)

The weight vector @ € RV is then sent back to the aggregator. The aggregator then needs
to distribute (disaggregate) the chosen power profile to the individual devices. Using the
identity V = ", ¥;, (4.7b) can be rewritten as

n n
x=Va= (Z Yi}a = ZYia/.
i=1 i=1
Hence, the contribution of device i is Y;a, which must be adjusted by the individual devices.
Note that the optimizing instance has no access to the device’s parameters and only receives
the matrix of summed corrected extreme actions V, which ensures privacy. Moreover, the

proposed strategy can be considered fair, as each device receives the same vector a.

Algorithm 8 outlines a procedure for computing the disaggregated power profiles of the
individual devices. In Line 2, the algorithm iterates through each device, placing the con-
tribution of device i, i.e., Y;a into the i column of the matrix P (Line 3). On completion,
the matrix P is returned, which contains the contribution of all devices in its columns.

Finally, note that the derived expression remains unchanged for scenarios with multiple ag-
gregators (hierarchical aggregation settings), as each aggregation level can be represented
by the summation of the previous levels. By applying this rule successively, the matrix

Algorithm 8 (Disaggregation)

Require: «,Y;,i=1,...,n
Ensure: P

1: P« 04,

2: fori=1tondo

3: Pl:,i] « Y«

4: end for
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Aggﬁgator
Aggregator (1 Aggregator (m)
(A
Aggregator (m,---,1) - Aggregator
Vm,~-,1 / \
Aggregator (m,---,r,1) --- Aggregator (m,---,r,l)

-Ej
Tovezaa) [

Figure 4.13.: Typical configuration for a hierarchical aggregation setting, where each ag-
gregator is associated with a matrix that represents the summed extreme
actions. At the bottom, storage devices are displayed along with their corre-
sponding device matrices. Figure reproduced (Oztiirk et al., 2025).

corresponding to the top-level aggregator V can be represented by the summation of the

device-level matrices.

Figure 4.13 illustrates a typical hierarchical aggregation structure, where the number of
indices corresponds to the hierarchical level: no indices for the top level, one index for
the subsequent level, etc. The matrix V corresponding to the top-level aggregator can be
expressed as V = } ", V;. Following the path to the device level aggregators, this can be

re-expressed as

)
Z Yl-,...,k,h,fa/.

Hence, the contribution of a specific device is given by the device’s matrix multiplied by

the weight vector a.
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4.5. Summary

This chapter introduced a novel (dis-)aggregation strategy for convex storage models. In
Section 4.1, we presented a method specifically designed for polytopes that satisfy two
particular assumptions. This procedure not only demonstrates that the calculations yield
distinct vertices of the Minkowski sum but also offers a novel approach for determining a
subset of Minkowski sum vertices.

Section 4.2 expanded the strategy to incorporate BESS with arbitrary final energy restric-
tions. The extended algorithm was benchmarked against ten state-of-the-art algorithms,
showcasing its superiority in computational complexity and accuracy across various objec-
tives. Moreover, the proposed algorithm effectively addressed significant issues found in
existing methods, including objective-dependent performance, computational limitations,

and the exclusion of nominal power profiles such as the idle state.

Section 4.3 further broadened the strategy to encompass convex storage models relevant to
a variety of real-world applications, with numerical examples validating its computational

efficiency and accuracy.

Lastly, Section 4.4 concluded the discussion on aggregation-based control by introducing

an efficient disaggregation strategy.

Overall, the proposed strategy is eflicient, accurate, overcomes the limitations of current
state-of-the-art algorithms, and outperforms selected algorithms in the developed bench-
mark. All findings presented in this chapter have been published (Oztiirk, Faulwasser, et
al., 2024; Oztiirk, Kaspar, et al., 2024; Oztiirk et al., 2025).
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5. Software Implementation

This chapter brings together the findings and algorithms from the previous chapters to in-
troduce a comprehensive software for the aggregation and disaggregation of convex storage
models. Initially, the software structure is presented through class diagrams, followed by
a discussion of the software architecture. Finally, to further clarify the concepts presented,

simple code examples are provided and discussed in detail.

The software is implemented in Python 3 and licensed under the MIT license. The Python
package is available for download from the Python Project Index (PyPl), cf. Kaspar, 2024b.
The source code and additional materials can be accessed on GitHub, cf. Kaspar, 2024a.
The results of this chapter have been published (Oztiirk et al., 2025).

5.1. Aggregation and Disaggregation Tool PyFlexAD

This section provides a brief introduction to the (dis-)aggregation tool PyFlexAD. First, the
software structure is outlined, followed by a discussion of the software architecture.

5.1.1. Software Structure

The proposed software is structured in upper and lower-level classes and supports multiple
types of energy storage systems, e.g., BESSs, EVs, TCLs, and PHESs. These models ex-
tend the more general EnergyStorage class, cf. Fig. 5.1. In order to calculate the general
parameters of an energy storage system, hardware and usage parameters must be provided,
cf. Table 2.1. Each subclass of EnergyStorage requires a specific set of parameters, e.g., to
instantiate the class ElectricVehicle instances of EVHardware and EVUsage are required.
For ease of use, the package already includes a sample of hardware parameters for EV
models from manufacturers like Tesla, Nissan, and Renault, cf. Table 5.2, Tesla and GEN-
ERAC for BESS, cf. Table 5.1, and generic air conditioning and water heater for TCL,
cf. Table 5.3.

The class Aggregator is a subclass of VirtualEnergyStorage. In addition to inheriting all
of its properties, it introduces additional methods for (dis-)aggregation, as illustrated in
Fig. 5.1. To perform aggregation, the aggregator requires instances of VirtualEnergyStor-

age.
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Table 5.1.: BESS hardware parameters. Table reproduced (Oztiirk et al., 2025).
Xmin (kW) Xmax (kW) S min (kWh) S max (kWh) a

Tesla Powerwall 2 -5 5 0 13.5 1
Tesla Powerwall 3 -11.5 11.5 0 13.5 1
Tesla Powerwall + -5.8 5.8 0 13.5 1
GENERAC PWRcell M3 -34 34 0 9 1
GENERAC PWRcell M4 -4.5 4.5 0 12 1
GENERAC PWRcell M5 -5.6 5.6 0 15 1
GENERAC PWRcell M6 -6.7 6.7 0 18 1

VirtualEnergyStorage objects can be generated from EnergyStorage instances by invoking
the method ro_virtual. When provided with compatible direction vectors, fo_virtual calcu-
lates the corresponding corrected extreme actions, cf. Algorihtm 4, and returns an instance
of VirtualEnergyStorage. The link to the device’s physical counterpart remains only via a
shared identification key.

The VirtualEnergyStorage objects can then be passed via a list to the Aggregator class.
The class method aggregate then directly sums up the corresponding corrected extreme
actions of a given list of VirtualEnergyStorage objects and returns an Aggregator instance.
Note that the number of extreme directions involved in the virtualization process directly
affects the number of calculated corrected extreme actions, and therefore determines the

<<Abstract>> VirtualEnergyStorage
EnergyStorage Sid: str
-id: str -vertices: NDArray
-load_profile: NDArray .
+get_id() : str

-gp: GeneralParameters
+get_vertices() : NDArray

+new(hardware: HardwareParameters, usage: UsageParameters) : EnergyStorage +calculate_load_profile(alpha: NDArray) : NDArray
T N

+get_id() : str

+to_virtual(algorithm: str, signal_vectors: NDArray) : VirtualEnergyStorage 4,_\

+calc_A_b() : Array[NDArray, NDArray]

+get_load_profile() : NDArray GeneralParameters

+set_load_profile(load_profile: NDArray) +x_lower: NDArray
+x_upper: NDArray

T +S_lower: NDArray

+S_upper: NDArray
+S init: float

StationaryBattery || ElectricVehicle ThermostaticLoadHeating +alpha: NDArray
+x0: float

PumpedHydroEnergyStorage ThermostaticLoadCooling Aggregator

-items: List<VirtualEnergyStorage>

+aggregate(items: List<VirtualEnergyStorage>, algorithm: str) : Aggregator
+disagregate(alpha: NDArray) : NDArray

Figure 5.1.: Diagram of main classes in the PyFlexAD package using UML notation. Fig-
ure reproduced (Oztiirk et al., 2025).
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<<Abstract>>
/ HardwareParameters ﬁ\
BESSHardware EVHardware TCLHHardware TCLCHardware PHESHardware
+max_discharging_power: float | | +max_discharging_power: float +C: float +C: float +max_discharging_power: float
+max_charging_power: float +max_charging_power: float +R: float +R: float +max_charging_power: float
+max_capacity: float +max_capacity: float +p: float +p: float +max_volume: float
+min_capacity: float +min_capacity: float +cop: float +cop: float +min_volume: float
+self_discharge_factor: float +self_discharge_factor: float +delta_h: float
<<Abstract>>
UsageParameters
+dt: float
/ +d: Int \

BESSUsage EVUsage TCLHUsage TCLCUsage PHESUsage
+initial_capacity: float +initial_capacity: float +theta_r: float +theta_r: float +initial_volume: float
+final_capacity: float +final_capacity: float +theta_a: float +theta_a: float +final_volume: float

+demand: NDArray +theta_0: float +theta_0: float
+availability: NDArray +Delta: float +Delta: float

+demand: NDArray

Figure 5.2.: Diagram of the parameter classes in the PyFlexAD package using UML nota-
tion. Figure reproduced (Oztiirk et al., 2025).

complexity and accuracy of the approximation.

To apply the optimized power profile to the physical energy storage devices via the ag-
gregated virtual storages, the aggregator performs the disaggregate method. This method
signals each of its virtual energy storages to execute the calculate_load_profile method
using the a-values provided by the optimizing entity. The disaggregated power profiles
are then forwarded to the corresponding physical devices. For the mathematical details of
disaggregation, see Section 4.4.

Alongside the classes depicted in Fig. 5.1 and 5.2, the package features two pre-built opti-

Table 5.2.: EV hardware parameters. Table reproduced (Oztiirk et al., 2025).

Xmin (KW)  Xmax (KW)  Spin (kWh) S pax (KWh)
Nissan Leaf 6.6kW AC -6.6 6.6 0 39
Tesla Model Y 11kW AC —-11 11 0 57.5
Tesla Model S P100D 16.5kW AC -16.5 16.5 0 95
Renault Zoe ZE40 R110 22kW AC -22 22 0 41
Renault Zoe ZE40 R110 40kW DC -40 40 0 41
Renault Zoe ZES50 R135 22kW AC -22 22 0 52
Renault Zoe ZE50 R135 41kW DC -41 41 0 52

e e el )
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Table 5.3.: TCL hardware parameters. Table reproduced (Oztiirk et al., 2025).
C (kWh/K) R (K/kW)  pmax (kW) 7

Generic air conditioner 2 2 5 2.5
Generic water heater 6 800 3 3

mization units designed for specific objectives: the VertexBasedPowerController and Ver-
texBasedCostController classes. Users can create instances of these classes and call the op-
timize method, which solves problem (4.7). This method requires an Aggregator instance

as input and produces the optimal aggregated power profile based on the set objective.

For comparison purposes, central control schemes with predefined objectives are imple-
mented to directly optimize using the A-matrices and b-vectors, cf. (3.21). The A matrices
and the b vectors required for the half-space representation can be computed by calling
the calc_A_b method for EnergyStorage objects, which applies (2.18). The optimal power
profiles can then be determined by employing the optimize method from instances of the
CentralizedPowerController and CentralizedCostController classes.

Furthermore, the package includes an exact aggregation strategy as detailed in (Fukuda,
2021). This method can be accessed by invoking the from_physical method on an Ag-
gregator object, which necessitates providing a list of physical devices and selecting the
algorithm option Algorithms.EXACT. However, bear in mind that the exact aggregation

only applies in low-dimensional spaces and is not applicable in higher dimensions.

Finally, the VirtualEnergyStorage also includes integrated methods for visualizing the en-
tire (dis-)aggregation process. By calling the plot_polytope_2d and plot_load_profile_2d
methods in combination, users can effectively visualize each step, from aggregation to
disaggregation. The method plot_polytope_2d displays the feasible region of the respec-
tive VirtualEnergyStorage, and the method plot_load_profile_2d displays the operating
point within the feasible region. Note that these methods are implemented only for two-
dimensional spaces and cannot be used in higher dimensions.

5.1.2. Software Architecture

This section outlines the software architecture, which is depicted in Fig. 5.3. The figure
illustrates the centralized and aggregation-based control mechanisms along with their re-

spective communication channels.
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The central control framework, depicted on the left, includes an optimizer that actively
monitors the physical devices, performs calculations, and sets load profiles. Since the
devices are directly controlled, information is shared openly, making it impossible to safe-
guard privacy. In addition, since the optimizer monitors all devices, communication re-

quirements increase as the number of devices increases.

In contrast, the aggregation-based control introduces a virtual layer that facilitates the vir-
tualization of devices. In this layer, the corrected extreme actions are determined and the
physical devices are represented exclusively with their corrected extreme actions. This
is achieved within the software by applying the to_virtual method on EnergyStorage ob-
jects, resulting in instances of VirtualEnergyStorage. A key advantage of this approach
is that, since extreme actions lack any device-specific information, privacy is maintained.
The aggregator, which is also a VirtualEnergyStorage, then sums the calculated corrected
extreme actions. Additionally, given that each Aggregator instance is a VirtualEnergyS-
torage object, hierarchical aggregation of aggregators is feasible. This structure allows for
initial technical aggregations to deliver flexibility services, which can then be followed by
market-driven aggregation to combine multiple technical aggregators into a portfolio with
enhanced flexibility resources, as depicted on the far right of Fig. 5.3. The aggregated cor-
rected extreme actions are then sent to the optimizing instance. This instance calculates

the weights, referred to as @, which are then forwarded by the aggregator to the individual

(- O\ [, )

( A
Enert - - — T
Markge); Optimizing laesd IE/Terl?yt Grid [N Optimizing b oo > Energy RFIeX|b|I|.ty
Entity arke Operator Entity Market [~ Requesting
Level Level Party
\ L t )
aggregated '
extreme actions |
( R
Aggregator
parameters Virtual extleme actions / aggregated
Aggregation extreme actions———_
load profile Level ¢ \
Virtual Virtual Virtual A Virtual Virtual
Energy Storage Energy Storage Energy Storage Energy Storage ) | Energy Storage
& ] | J
parawlveters load profile
(~ K N
Physical \| Physical
Device | BESS |- [ .. ]||[|Device [ BESs [ ev | [ 7cL ] -~ ]
Level
Level /) . J
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Figure 5.3.: Software Architecture: Left: Central control structure. Right: Proposed
aggregation-based control structure, featuring a virtual aggregation level at
the center and a hierarchical aggregation structure on the far right. Figure re-
produced (Oztiirk et al., 2025).
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devices.

Note that, because the optimizing entity engages only with the aggregator, the communi-
cation overhead is significantly reduced, i.e., from n communications to one. In addition,
it is crucial to emphasize that the aggregation process can only be executed when all de-
vices calculate the corrected extreme actions using the same set of extreme directions 7,

necessitating a uniform alignment of extreme directions across all devices.

5.2. Illustrative Code Examples

This section provides sample code for a range of potential applications and is intended to
aid users in effectively leveraging the implemented software tool. We begin with a simple
example that features a single type of flexibility along with one aggregator. Thereafter, a
more comprehensive example that incorporates hierarchical aggregation is presented. Note
that the examples provided here are merely a selection of the additional scripts available
(Kaspar, 2024a), which are intended to support users and ease the introduction to the soft-
ware. To create a more complex application, it is often sufficient to copy and combine the
codes from the basic examples provided.

5.2.1. Simple Aggregation

In the following example, the controller’s objective is to reduce the system’s peak power
consumption by utilizing the flexibility of energy resources. The Python code for this
example can be found in Appendix A. Readers are encouraged to review the code for a

more comprehensive understanding of the methods and classes discussed.

Our analysis involves two discrete time intervals, each lasting 15 minutes, and two BESS
devices. First, the processes involved in aggregation-based control are outlined. Then the
procedures for centralized control are discussed. Finally, the calculations are visualized

along with an exact aggregation strategy.

The necessary steps for aggregation-based control are as follows. Flexible devices are gen-
erated in Lines 23 and 24 by instantiating StationaryBattery objects, using the predefined
hardware parameters tesla.power_wall_2 and tesla.power_wall_3 together with selected
usage parameters. The extreme directions are generated in Line 27 by instantiating a Sig-

nalVectors object and passing the dimension d. The flexible devices are then virtualized in
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Lines 28 and 29 by calling the method to_virtual, which returns an instance of VirtualEn-
ergyStorage. During this step, the corrected extreme actions in the respective devices are
calculated, whereby the devices are represented exclusively by their corrected extreme ac-
tions. In Line 32, the aggregate class method is called to aggregate the virtual devices,
returning an instance of an Aggregator object. The aggregator is then passed to an instance
of VertexBasedPowerController in Line 41, which calculates the optimal power profiles by

calling the optimize method.

The required procedures for centralized control are outlined in Lines 36 and 37. In Line
36, an instance of CentralizedPowerController is generated. Then, in Line 37, the optimal
power profiles are calculated by calling the optimize method, which requires instances of
EnergyStorage.

For illustration purposes, the exact aggregation is computed in Line 33. The class method

Jrom_physical is called, which requires instances of EnergyStorage and the algorithm Al-
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Figure 5.4.: An illustration featuring two polytopes, one in dashed blue and the other in
dashed orange, along with their Minkowski sum in solid red, and the approxi-
mation in green. The operational points are indicated as dots within the corre-
sponding flexibilities, each matching the respective colors.
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gorithms. EXACT.

Figure 5.4 shows the output of plot_polytope_2d and plot_load_profile_2d in Lines 46 -
53. The two flexible devices are shown in dashed orange and dashed blue together with
their Minkowski sum in solid red and the approximation in green. The operating points

within the flexibilities are marked by dots in the respective colors.

In this example, the maximum peak power without any flexibility is 23.0 kW. When em-
ploying the approximate aggregation-based strategy, the peak power decreases to 18.11 kW.
With the central control approach that utilizes the exact feasible region, the peak power fur-
ther reduces to 16.0 kW.

5.2.2. Hierarchical Aggregation

The following example illustrates the application of the PyFlexAd tool in hierarchical ag-
gregation settings. We analyze five discrete time intervals, each lasting 15 minutes. The
objective of the controller is to reduce the overall peak of the system. First, the devices
and aggregators are defined. Next, the procedures required for aggregation-based control
are outlined. Following that, we discuss the processes involved in centralized control. The
Python code for this example can be found in Appendix B. Readers are encouraged to
review the code for a more comprehensive understanding.

First, we outline the procedures required for aggregation-based control. The first for loop
(Line 24) iterates through all stationary batteries from predefined options, cf. Table 5.1.
In a second for loop (Line 25), two devices are generated and stored in a list for a fixed
type. This list is then forwarded to an aggregator along with the algorithm option and
the signal vectors needed to compute the extreme actions (Line 27). Executing both loops
results in a list of seven aggregators, each containing two devices. This list of aggregators is
then forwarded to another aggregator (Line 29), representing the overall aggregation. The
controller for aggregation-based control is created based on the system’s power demand
(Line 42), and the optimized aggregated power profile is computed (Line 43). Note that

after this computation, each device holds the disaggregated power profiles.

Central control begins with the creation of the devices list (Line 26), which contains the
devices generated for the aggregation process. Upon completion of the two for loops, the
devices list holds two instances of seven predefined stationary battery options. Central con-
trol is then initiated using the system’s power demand (Line 38), and the optimal aggregated
power profile is computed (Line 39).
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Tesla Powerwall 3[2]

Tesla Powerwall+[1]

Tesla Powerwall+[2] Sub-Ag
Sub-Ag ator[3]
GENERAC PWRcell M3[1]
ptor
Sub-Agl
GENERAC PWR€cell M3[2]
Sub-Ag ator[5] Sub-Ag

GENERAC PWRcell M4[1]

GENERAC PWRcell M4[2]

ator[2]

GENERAC PWRcell M5[1]

Tesla Powerwall 3[1]

Tesla Powerwall 2[2]

a Powerwall 2[1]
Sub-Ag

SUBAg NERAC-RWRcell M6[2

ator[6] GENERAC PWRcell M6[1]

GENERAC PWRcell M5[2]

Figure 5.5.: Hierarchical aggregation setting used in the example computation, featuring
seven aggregators, each connected to two devices.

In this example, the peak power when using aggregation-based control is 18.71 kW,
whereas the peak power with the central controller is 15 kW. In comparison, the peak
power without flexibility is 100 kW. Thus, a significant decrease in peak power can be

achieved with both controllers. However, due to

the operation within the exact feasible

region, the central controller achieves slightly better results.

Finally, note that the tool provides a comprehensive visualization for hierarchical aggrega-
tion settings. The required code is illustrated in Lines 32 — 35. Figure 5.5 shows the output

of this function, visualizing a network graph with seven aggregators, each comprising two

stationary batteries.
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5.3. Summary

This chapter provided an in-depth introduction to a comprehensive, open-source Python
package designed for the (dis-)aggregation of convex storage models. The package was
fully described, with an emphasis on its core functionalities and features. A detailed expla-
nation of the underlying code structure was offered, including class diagrams that illustrate
the package’s architecture and its relationships between different components.

Furthermore, the communication channels between the package and the broader system
architecture were outlined, ensuring that users understand how the package interfaces with

external systems or processes.

To facilitate practical usage, the chapter presented several example calculations, accompa-
nied by visualizations that demonstrate the capabilities of the package. These examples
were supplemented by a comprehensive discussion of the code, offering clear and detailed
explanations of each part of the process. The results of this chapter have been published
(Oztiirk et al., 2025).
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Uncertainty

Now, we extend the proposed approach to cover non-convexity and uncertainty. We begin
by investigating the aggregation of non-convex sets, which more accurately reflect realis-
tic storage models. We introduce a non-convex storage model, analyze its implications,
and review the existing literature on non-convex aggregation strategies. Additionally, we

propose an extended strategy for aggregating non-convex storage models.

Next, we explore aggregation under uncertain conditions, illustrating how the feasible re-
gion evolves with varying data. We review the literature on aggregation strategies in un-
certain scenarios. Finally, we introduce an extension for aggregation in uncertain data
environments. The extensions proposed in this chapter are currently being prepared for

publication and have not yet been submitted or published.

6.1. Aggregation Strategies for Non-convex Sets

This section provides an overview of non-convex aggregation strategies. We begin with
an example of a non-convex storage model and discuss its implications. Then, the existing
research on non-convex aggregation strategies is outlined. Finally, an extended aggregation
strategy is proposed to capture non-convex storage models.

6.1.1. Introduction

In Section 2.2, a convex storage model was presented that disregards (dis-)charging effi-

ciencies. A more realistic storage model that includes (dis-)charging efficiencies can be
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described as follows, cf. Rheinberger et al., 2021

1
Si=aS; | +ncx At — —xPALVt=1,...d,
D

S,<8,<S,Vt=1,...d,
So = Sinit,

(6.1a)
(6.1b)
(6.1¢)

(6.1d)

(6.1¢)
(6.1f)

where x¢,x? € R? denote the (dis-)charging power and nc,7p € (0, 1] denote the

(dis-)charging efficiencies. All other values are specified in Section 2.2 and remain un-

changed. Note, that if (dis-)charging efficiencies are neglected in the above model, i.e.,

nc=np=1,and x = x¢

— xP, then (6.1) simplifies to the convex storage model (2.17).

1

o | Wi il

without x§x?

— With x{x? =0

0

0 1 2 3 4 5 6

7

Figure 6.1.: Storage model with (dis-)charging efficiencies. The model without comple-
mentary constraint is shown in orange and the model with complementary

constraint is shown in dotted blue.
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The complementary constraints (6.1c) prevent simultaneous (dis-)charging, which results
in a non-convex feasible region. Figure 6.1 illustrates this concept, where the storage model
without complementary constraints is shown in orange and the model with complementary
constraints in blue. The model with complementary constraints is non-convex, as lines
between points on the x? and xlc axes are not included in the blue set. However, a polytope,
and thus a convex set, is obtained if the complementary constraints are omitted while taking
the (dis-)charging efficiencies into account.

Let ag := (o, @2, ...,a%)7, I € R™ be the identity matrix, 0zxq € R¥? the matrix of zeros,
and T' € R a Toeplitz matrix with first column and row defined by (1, a, ..., )T and
(1,0,...,0), respectively. Then, the feasible region for the model without complementary

constraints and with (dis-)charging efficiencies is given by

= x¢ x¢ _
B(&a X, ia Sa a, Sinita nc, nD) = {(_XD) € de A (a” e, nD) ()CD] < b (&a .Xai

|
Q
%)
E.
N
~———

where A € R%*% and b € R% are defined by

1 054
-1 Oy
A(a,nc,np) = ded Ik
X
nel —%r
e E%F

_ 1 - 1 !
b (Ea X, Q, S,a Slmt) (_T 0;;, 0;’ > [(S - Sinitad)Ta Kl‘(_i + Sinitad)T) .

Note that this model is a superset of the non-convex model. In addition, two variables,
namely x? and x¢, must be considered for each time period ¢, resulting in a polytope in

2d-dimensional space. With this preliminary work, the non-convex model is given by

X 1n1ta nc, nD)

C
{(] WdAmnO%{ )b@}gs Smy§$=QW=LUW%,m$

1.e, the polytop constraints together with the complementary constraints. For models that
only allow for charging or discharging, the following d-dimensional polytopes are obtained
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BC (z,f, S, S, a, S i ne, 77D) = {xC eR?: A(a, nc,1Mp) :;Z <b (g, },Q,f, a,Sinit)} ,
(6.4a)

BP (ﬁ,},i,f, a,Sinit,nc,nD) = {xD eR?: A(a,nc, D) )(:g < b(g, %S,S, a,Sinit)}.
(6.4b)

Note that these models permit either charging or discharging, which means that the com-
plementary condition is inherently satisfied and does not require separate consideration. In
addition, these models are subsets of both the non-convex model (6.3) and the model with
(dis-)charging efficiencies without complementary constraints (6.2). The proposed method
can be applied to the models in (6.4) by merely adjusting the algorithms to accommodate
the new system dynamics and constraints. In the following, we provide a brief literature
review before proposing an extended algorithm for the aggregation of non-convex storage
models.

6.1.2. Related Literature

As outlined above, the aggregation of non-convex storage models poses significant chal-
lenges due to their non-convex nature and the time coupling inherent in storage devices.

As a result, the number of studies available on this topic is limited.

Taheri et al., 2022 propose a data-driven approach to bypass the exact calculations and es-
timate the aggregated flexibility of possibly non-convex sets. A convex quadratic classifier
is trained to approximate the feasible region by an ellipsoid, which is then further approxi-
mated by a polytope. The training data are generated by solving disaggregation problems,
1.e., finding a feasible power profile that is closest to a given power profile. Uncertain-
ties are taken into account by varying parameters and solving the disaggregation problem
multiple times. The authors propose to generate a balanced ratio of feasible and infeasible
power profiles for the training set. Consequently, this method cannot be classified as an
inner or outer approximation strategy. Non-convex TCL, BESS, and EV models are then

aggregated and further tested in numerical examples.
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6.1. Aggregation Strategies for Non-convex Sets

6.1.3. Extension

The current form of the proposed aggregation strategy does not apply to the non-convex
model (6.3). Nevertheless, it is possible to develop the proposed method even further to
capture these models as well. In the following, we first propose an aggregation strategy for
the models with (dis-)charging efficiency and without complementary constraints. Then,

we extend this strategy to capture non-convex storage models.

We start by formulating an approximation strategy for the Minkowski sum of storage mod-
els B(gi,}i,ii,gi, i, Sinit, i» 1C,i» nD,i) ,i = 1,...,n. The following proposition provides a
critical relationship.

oo . . iC _jD d

Proposition 4 (Convex aggregzilon). Let extreme actions y;", y; E_R calculated for the
storage models B¢ (zl-, Xis S 15 S is Wiy S init, i> NCin 77D,i) , B8P (1,-, XisS 15 S is @iy S init, i 1C.i» nD,i),
and the set of extreme directions J C {1,—1}¢ be given. Further, let the sum of extreme
actions be v'¢ = 3| y{,c’ viP = 3n y{’D. Then, it holds that

i
Conv ((V(;d ) , (V(;dD] 1 JE€ j) C

n
{x € RZd X = Z Xi, Xi € B(zia}ia ii’ §ia a;, Sinit,ia nc,i T]D,i)} . (65)
i=1

Proof. By design, it holds that y{’c e B¢ (gi,fi,i ,-,Ei, @i, S init, i nc,,-,nD,i). Therefore, it
follows that (y{"C,Od)T € B(gi,}i,ii,fi,ai,Sinit,i,nC,i,nD,i), and by a similar line of ar-
gument that (Od,y,j’D)T € B(Ei,xl‘,ﬁ WSS init,i,nC,ianD,i)- Since (Y{’C,Od)T, (Od,y,j’D)T
are elements in the storage model B(gi,ii, S ,-,Ei’ a;, S init,i,nc,,-,nD,i), it follows that
€07, (04, v*P)T are elements in the Minkowski sum of these models. Since
B (L., Xi, S i,gi, i, S initi> 1C.i» nD,i> is a polytope, and the Minkowski sum of polytopes re-
sults in a polytope, cf. Ziegler, 1995, it follows that any convex combination of elements
W€, 0.7, (04,v7P)T is also an element of the Minkowski sum. As a result, for any col-
lection of extreme directions J C {-1, 1}, the convex hull generated by the vectors

(€, 0.7, (04, v"P)T is contained within the Minkowski sum. O
The above result provides a convex inner approximation to the Minkowski sum of storage

models with (dis-)charging efficiencies and without complementary constraints. As indi-
cated in (6.3), the non-convex model consists of two parts: the polytope constraints and
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the complementary constraints. Since an approximation is obtained for the polytope con-
straints, we proceed below with the complementary constraints, which leads directly to an

inner approximation to the Minkowski sum of non-convex storage models.

Theorem 3 (Non-convex aggregation). Let models X (ﬁ, Xis S i S, ai,S init.is 11C.i> nD,,-) i =
1,....,n, a set of extreme directions J C {I, —1}¢,  and extreme actions
y{’c,y{’D e R? calculated for the models B (L.,E-,Q l.,§,~, i, S init, i,ﬂc,i,UD,i),
BP (gi,fi,S LS an S, init, ,,nc,i,nD,,-) be given. Further, let the sum of extreme actions
be vi€ = YL 1y]C viP=3n ylj’D. Then, it holds that

c Y (0
{(;)E Conv((vo ),(V:D) :jej] :xExP =0,V = 1,...,d} c
d

n

2d ., _ — ¢ <

{X eR™ 1 x= Z Xi, Xi € X(ﬁ, Xis S iy S is @iy S iniis MC.is 77D,i)}-
i=1

Proof. Suppose that we apply the complementary condition directly to the aggregated vari-

e[S e)-£5 o0

i=1 k=

ables, 1.e.,

Since both xc and x,’? . are positive values, this summation can only be zero, if and only
if x xk . = 0,¥i,k = 1,...,n. Therefore, applying the complementary constraints to the
aggregated variables 1nherent1y involves applying those same constraints to the individual
variables. The non-convex model is formulated by incorporating the polytope constraints
along with the complementary constraints, as referenced in (6.3). Proposition 4 offers
already an approximation to the polytope constraints. Accordingly, the set established in
Proposition 4, when augmented by the complementary constraints applied to the aggregated
variables, forms a subset of the Minkowski sum of non-convex storage models. O

The above relation provides an inner approximation to the Minkowski sum of non-convex
storage models. Note that optimal solutions within non-convex storage models are typ-
ically obtained by reformulating these models into a mixed-integer linear programming
(MILP) format (Pozo, 2023). This process involves the introduction of additional 2d bi-
nary variables per device, which significantly increases the computational complexity. Our
formulation, on the other hand, reduces the complexity by reducing the number of variables
from 2dn to 2d, which is independent of the number of devices.
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However, additional research is necessary to develop the algorithms for calculating the
extreme actions and to assess the accuracy and computational complexity of the proposed

approximation strategy.

6.2. Aggregation Strategies under Uncertain Data

This section examines the aggregation of flexible devices in the context of uncertain data.
Initially, we assess the impact of uncertainty using examples of convex storage models.
Following this, we present a review of the current literature on aggregation strategies in
uncertain data scenarios. Lastly, we explore potential solutions for applying the proposed
method in uncertain data environments.

6.2.1. Introduction

The convex storage model detailed in (2.17) includes various hardware data relevant to the
power and energy characteristics. In particular, the model contains power-related param-
eters, denoted as X and x, and energy-related parameters, denoted as S, S, and @. When
focusing solely on the power constraints, the result is a set of cuboids that define the feasi-
ble regions. Consequently, fluctuations in the power data cause variations in these cuboids.
Conversely, when only the energy-related data are considered, hyperplanes are formed that
intersect the cuboids. As a result, changes in the energy-related data lead to changes in
these hyperplanes.

This concept is depicted in Fig. 6.2. The left side displays the feasible region of a typi-
cal storage device in black, with storage devices that exhibit slightly different power data
shown in light blue. In the center, the same storage device is illustrated alongside oth-
ers with slightly altered energy data. The right side of the figure showcases storage devices
with variations in both energy and power data, alongside a robust storage option, which will
be relevant later in this section, highlighted in orange. In the following, we briefly review
the literature on aggregation strategies in uncertain data environments, before proposing an

extended algorithm.
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X2

Figure 6.2.: The black line represents a convex storage model. The blue lines depict stor-
ages exhibiting variations in power (left), energy (center), and both power and
energy (right). The orange shape illustrates the resulting polytope obtained
via robust pre-processing.

6.2.2. Related Literature

In this section, we briefly review aggregation strategies in the presence of uncertain data.

Jian et al., 2023; Zhang et al., 2024 introduce an inner approximation method for EVs under
uncertain conditions such as arrival and departure times, initial energy levels, and charging
requirements. The authors first group EVs with similar arrival and departure times into
clusters, which can be collectively accessed during their designated time intervals. A pro-
totype polytope is created by averaging the data, and homothets of this prototype are fit into
each cluster. The authors then efficiently reformulate the fitting problem and incorporate
chance constraints to address energy-related uncertainties. Zhang et al., 2024 propose fur-
ther projection techniques to standardize the cluster polytopes to the same dimension. In
addition, both studies propose disaggregation methods that do not require optimization.

Barot and Taylor, 2016 present an outer approximation method for problems involving
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6.2. Aggregation Strategies under Uncertain Data

linear, second-order cone, and semidefinite constraints. They account for uncertain data,
such as the charging efficiency of EVs and their charging requirements, by initially framing
these uncertainties as chance constraints and subsequently reformulating them into second-
order cone constraints. The EVs are modeled with consideration of charging efficiency, but
without incorporating V2G technology. The proposed strategy is then tested in a numerical
example involving 100 EVs over 5 time periods.

6.2.3. Extension

Our proposal for a potential extension is centered on the robust convex storage model il-
lustrated in Fig. 6.2. This storage is designed based on the least favorable data, such as the

minimum values of X;, the maximum values of x,, the minimum values of a, etc.

Algorithm 9 details a procedure for robust preprocessing. In Line 1, the least favorable
(i.e., minimum) self-discharge factor is selected. In Lines 3 — 6, within a for loop, the least
favorable values for x,, S, (i.e., the maximum of the lower power and energy limits) and the
least favorable values for X;, S, (i.e., the minimum of the upper power and energy limits)
are selected. The resulting polytope represents the most constricted feasible region, taking
into account the uncertainty in the data.

By applying this preprocessing to each polytope, we can determine the smallest feasible
regions possible. The robust convex storages can then be aggregated using the proposed
aggregation strategy, resulting in aggregated power profiles that remain feasible across all
potential realizations of the uncertain data. However, note that uncertainties regarding the
availability of EVs can reduce the dimensionality of the polytopes, which can lead to a

significant reduction in the feasible regions.

Algorithm 9 (RobustPreprocessing)

Require: {x}i=1,.. .k {Xiti=1,.. ko0 {8 iz 1ss S iz 1k {@iiz1, ks

Ensure: x,x,S5,S,«a
I: @ = min{a;}i=1,.. ks
2: fort=1toddo

3 X, = max{x; }i=1,.

4 Xy = mm{xi,t}izl ..... ks

5: i[ = max{il,[}lzl ,,,,, k3

6: S =min{S; }i=1,.

7: end for
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Algorithm 9 can be applied to robustly select the hardware parameters. For the remaining

usage parameter (S ;,;), the maximum and minimum values in {Sii¢;}i=1... .« Must be com-
> 6

puted. The maximum initial energy is then used whenever the minus sign appears with S jpj¢
in (2.18), and the minimum is used when the plus sign appears with §i,;; in (2.18), ensuring

a robust selection.

6.3. Summary

This chapter provided further extensions to the proposed aggregation strategy. It dis-
cussed the concept of non-convex sets using an example of a storage model that includes
(dis-)charging efficiencies and reviewed the relevant literature on the aggregation of non-
convex storage models. An extended strategy for aggregating non-convex storage models

was then proposed.

The chapter also addressed aggregation in uncertain data environments, presenting an intro-
ductory example and outlining the pertinent literature. Additionally, an extended strategy
for the aggregation in uncertain data environments was proposed. The proposed exten-
sions are currently in development and have not yet been submitted or published in any

journal.
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This chapter concludes the thesis. First, the concept of grid-aware aggregation is introduced
as a potential future research direction. Next, a comprehensive derivation of grid constraints
is provided, followed by a review of relevant literature on grid-aware aggregation strategies.

Finally, concluding remarks are drawn.

7.1. Grid-Aware Aggregation Strategies

In this section, aggregation is examined in greater detail in the context of grid constraints.
First, an introduction to grid constraints, based on the work of Frank and Rebennack, 2016,
is provided. Then, an overview of aggregation strategies that consider grid constraints is

presented.

7.1.1. Introduction

Electric power systems can be represented as a network of buses that are connected by
branches, such as transmission lines, cables, breakers, transformers, and other equipment

Bus 2 Bus 4
Branch (2,4)

! Branch (3,5)
Bus 3 Bus 5

Figure 7.1.: Example of a power network with five buses connected via branches.
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used in power systems, cf. Fig. 7.1. The primary function of this system is to transmit
electrical energy from generation units to loads. Buses are identified by nodes with index
k € N, while branches are identified as lines between nodes (k,[) € L, where k,/ € N. The
connectivity of a network can then be fully characterized by an undirected graph (N, £).

Each system bus k has an associated voltage V., which, when connected, generates a current
in each branch proportional to the branch’s admittance. Given the system admittance matrix
Y € CNXINI the bus voltages V € C™! in each bus, the injected current / € C'VI, and the

injected power § € C'VI can be described as

I=YV,
=Vol*=Vodv?*,

(o))

where S = Py +iQy, I* is the element-wise complex conjugate of I, and © is the element-
wise multiplication operator, also called the Hadamard product. Note that we use the nota-
tion i to represent the imaginary unit, rather than the j notation that is commonly found in

electrical engineering.

Using rectangular coordinates for the entries in the admittance matrix, i.e., Y, k1 = Gri+iByy,
and polar coordinates for the voltages, i.e., Vi = IVill(cos(6y) + i sin(S;)), together with the

trigonometric relations one gets

Sy=Pi+iQr=V; Z(Yk,lvl)*,\fk eEN,

leN
Py = IVl D IVill(Grs cos(@ — 67) + By sin(6x — 61)), Yk € N,
leN
Ok = I1Vell Y IVill(Grs sin(6k — 67) = Biycos(S — 61)), Yk € N.
leN

The equations above are called the power flow equations that are essential for establishing
the active and reactive power balances at each node. Flexibility options, such as BESSs, can
be incorporated into these equations by adding constraints and defining the active power
Py and reactive power Qy for the relevant case. Restrictions, such as branch voltage limits,

can be included by introducing additional constraints.

The power flow equations are non-linear and lead to non-convex feasible regions. As a
result, non-convex aggregation strategies are required to assess the aggregated flexibility
resulting from the flexibilities at each node. However, the equations also do not include

temporal coupling, which simplifies the calculations, especially in scenarios where no stor-
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age devices are present. Note that alternative formulations and liner approximations to the
power flow equations exist; detailed introductions can be found, e.g., Faulwasser et al.,
2018; Frank and Rebennack, 2016. In the following, we present aggregation and control
strategies in the literature that take grid constraints into account.

7.1.2. Related Literature

The non-linear characteristics of the power flow equations in conjunction with temporal
coupling in storage applications pose significant challenges. As a result, strategies that
effectively address both aspects are rare in current literature. Typically, the literature uses
a linear approximation of the power flow equations to simplify the integration of storage
systems, avoiding the complexities of non-linearities, as demonstrated by Jian et al., 2023;
Wen et al., 2024.

However, some strategies successfully address the non-linear power flow component. En-
gelmann et al., 2025 introduce a method that integrates the power flow equations by em-
ploying an approximate dynamic programming approach. Given a problem in tree struc-
ture, the problem is divided into subproblems and solved via a dynamic programming ap-
proach. The feasible regions of the subproblems are approximated, e.g., by an ellipsoidal
inner approximation. Numerical experiments show that this method can solve both AC and
DC optimal power flow problems with feasibility guarantees.

Another method, that could potentially complement our proposed aggregation strategy, is
detailed by Silva et al., 2018. In this study, the authors present a technique for estimating
the aggregated flexibility at the TSO-DSO (transmission system operator - distribution sys-
tem operator) level based on the flexibilities at each individual node. The flexibility area
consists of reactive and active power, i.e., there are two components in each time period.
Agents like aggregators could provide flexibility at each node. However, this flexibility is

associated with costs that the user is willing to pay.

Silva et al., 2018 minimize the objective @Ppso - tso +B0Opso — TS0, 1.€., a linear objective
function, together with non-linear power balance equations at each node. The « and S
values are varied, e.g., @ = xland 8 = 0, « = 0 and § = %1, as well as @ = %1
and 8 = =1, to compute eight distinct points that are located on the perimeter of the P-Q
feasibility region. This procedure is repeated, if necessary, when the points are close to
each other by changing the o and § values until a stooping criterion is reached. In addition,

the maximum cost that the user is willing to pay is included as a constraint. Adjusting
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this maximum cost results in varying levels of flexibility regions. Higher maximum costs
result in increased flexibility regions at the TSO-DSO level. In order to solve the resulting

optimization problems, a primal-dual interior point method is employed.

Note that non-convex feasibility regions usually lead to high computation times, and in the
proposed method this is accompanied by solving the optimization problem at least eight
times with different @ and g values. Nevertheless, this strategy could complement our pro-
posed method to account for the gird constraints. The feasible regions aggregated at each
node (computed by our method) can serve as input to this technique. The sequential exe-
cution of both strategies could effectively consolidate storage-like loads while considering

grid constraints.

7.2. Concluding Remarks

The increasing integration of renewable energy sources, coupled with rising demand,
presents significant challenges for modern power grids. Additionally, the market struc-
ture is shifting from centralized monopolies and generation to a model dominated by dis-
tributed energy resources and competitive markets. Simultaneously, flexible devices are
being integrated into the grid on a large scale, offering promising potential for the provi-
sion of ancillary services. While a single device may offer limited flexibility, when com-
bined with others, these devices can function as a virtual power plant, contributing to grid
stability. However, harnessing the aggregated flexibility of multiple devices requires the
computation of the set addition, which is computationally intractable. Several authors have
proposed approximation strategies to address this challenge. Nevertheless, state-of-the-art
approximation methods are often constrained by computational limitations, may exclude

nominal power profiles, and exhibit objective-dependent performance.

This thesis explored the aggregation-based control of multiple flexible devices in power
grids. Initially, the main challenges in aggregation-based control, such as accurately quan-
tifying the aggregated flexibility, were identified, and the need for approximate aggregation
strategies was highlighted. Subsequently, typical flexible devices in power grids were ex-

amined and represented within a convex storage model.

Next, a comprehensive open-source benchmark for evaluating aggregation strategies was
developed. State-of-the-art algorithms were implemented and thoroughly analyzed. The
limitations of current algorithms were identified, including the objective-dependent perfor-

mance, the exclusion of nominal power profiles, and the high computational complexity.
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A novel aggregation strategy was then proposed to harness the aggregated flexibility of
polytopes that fulfill two specific assumptions. The theoretical findings were outlined and
discussed in detail. The proposed aggregation strategy was further extended to BESS mod-
els. This proposed strategy was tested within the framework of the developed benchmark
and shown to outperform ten state-of-the-art inner approximations in terms of computa-
tional complexity and accuracy. Moreover, the proposed strategy was shown to overcome

the identified shortcomings of current strategies.

Subsequently, the proposed strategy was extended to convex storage models. The extended
strategy was then tested in numerical examples with one aggregator and one flexibility type,
as well as with multiple aggregators and multiple flexibility types. It was shown that the
proposed method can be used to reduce the peak demand in residential areas. Furthermore,
an efficient disaggregation strategy for convex storage models was proposed that does not

require any optimization.

The proposed strategy was then developed in a comprehensive open-source Python pack-
age. The package was explained in detail, including the software structure and architecture.
Practical code examples were provided and discussed in detail to facilitate the introduction
to the software tool.

Finally, related topics such as the aggregation of non-convex storage devices, and aggrega-
tion strategies under uncertain data were addressed. Potential extensions to the proposed

method for covering these scenarios were outlined as future research topics.

In summary, this thesis offered an in-depth analysis of aggregation-based control strate-
gies and presented novel algorithms for (dis-)aggregation, designed to assist researchers
and industry professionals in making informed decisions in settings with multiple flexible

devices.
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Appendix

A. Illustrative Code for Simple Aggregation

The following code demonstrates the application of the aggregation tool PyFlexAD in a
simple example featuring two stationary batteries. The aggregated flexibility is computed
and compared to a central control scheme, while the included plotting functions illustrate

W

O 0 9 N wn A

their application. This example is reproduced (Oztiirk et al., 2025).

import matplotlib.pyplot as plt
import numpy as np

import PyFlexAD.models.bess.tesla as tesla

from PyFlexAD.physical.stationary_battery import StationaryBattery

from PyFlexAD.physical.stationary_battery import BESSUsage

from PyFlexAD. virtual .aggregator import Aggregator

from PyFlexAD.math.signal_vectors import SignalVectors

from PyFlexAD. utils.algorithms import Algorithms

from PyFlexAD.optimization.vertex_based_power_controller import
VertexBasedPowerController

from PyFlexAD.optimization.centralized_power_controller import
CentralizedPowerController

nonon noan

settings
d = 2 # number of time intervals
dt = 0.25 # interval duration in hours

system_power_demand = np.array ([[23.0, 21.0]]) # total power demand in kW

algorithm = Algorithms .IABVG # virtualization and aggregation algorithm
S_ 0 =6.5 # initial battery capacity in kWh
S f=5.0 # final battery capacity in kWh

non noon

instantiate energy storage resources
usage = BESSUsage(initial_capacity=S_0, final_capacity=S_f, d=d, dt=dt)
bess_1 = StationaryBattery .new(hardware=tesla.power_wall_2, usage=usage)
bess_2 = StationaryBattery .new(hardware=tesla.power_wall_3, usage=usage)

non nnon

virtualize

direction_vectors = SignalVectors.new(d)

virtual_ess_1 = bess_I1.to_virtual (algorithm , direction_vectors)
virtual_ess_2 = bess_2.to_virtual (algorithm , direction_vectors)

" aggregate """

aggregator = Aggregator.aggregate ([ virtual_ess_1, virtual_ess_2], algorithm)

agg_exact = Aggregator.from_physical ([ bess_1, bess_2], algorithm=Algorithms .EXACT)

nonon noan

optimize power with centralized controller
centralized_controller = CentralizedPowerController (system_power_demand)
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A. Tllustrative Code for Simple Aggregation

cc_power = centralized_controller.optimize ([bess_1, bess_21])

nonon nonon

optimize power with vertex —based controller
vertex_controller = VertexBasedPowerController (system_power_demand)
vc_power = vertex_controller.optimize (aggregator)

exact_power = vertex_controller.optimize(agg_exact)

nonn nonn

plot polytopes
fig , axes = plt.subplots ()

aggregator.get_items () [0]. plot_polytope_2d (axes,line_style="——",label=r"$\mathcal {P}_1$"
)

aggregator.get_items () [0]. plot_load_profile_2d (axes,label=r"$OP_1$")

aggregator.get_items () [1]. plot_polytope_2d (axes,line_style="——",label=r"$\mathcal {P}_ 28"
)

aggregator.get_items () [1].plot_load_profile_2d (axes,label=r"$OP_2%")
aggregator.plot_polytope_2d(axes,label=r’$\mathcal{A}$’,color="b’ ,hatch="//",fill=True)
aggregator.plot_load_profile_2d (axes,label=r’$OP_1 + OP_2$’,color="g")
agg_exact.plot_polytope_2d(axes,label=r’$\mathcal{M}$’,color="r")
agg_exact.plot_load_profile_2d (axes, label=r’$OP_{exact}$")

axes.legend (loc="lower left")
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B. Illustrative Code for Hierarchical
Aggregation

The following code demonstrates the application of the aggregation tool PyFlexAD in
a hierarchical aggregation setting. The hierarchically aggregated flexibility is computed
and compared with a centralized control scheme that does not use a hierarchical structure.

The accompanying visualization function for plotting the hierarchical system is also shown.

import matplotlib.pyplot as plt

import numpy as np

from PyFlexAD.math.signal_vectors import SignalVectors

from PyFlexAD.models.bess import bess_models

from PyFlexAD.physical.stationary_battery import StationaryBattery
from PyFlexAD. utils.algorithms import Algorithms

from PyFlexAD. utils .network_graph import NetworkGraph

from PyFlexAD. virtual .aggregator import Aggregator

from PyFlexAD.optimization.vertex_based_power_controller import
VertexBasedPowerController

from PyFlexAD.optimization.centralized_power_controller import
CentralizedPowerController

non nnon

settings
d = 5 # number of time intervals

dt = 0.25 # interval duration in hours
n_entities = 2 # number of devices per aggregator

system_power_demand = np.array ([[50,100,70,60,50]]) # total power demand in kW

nonn noan

main

np.random. seed (2)

agg_list, dev_list = ([] for k in range(2))
signal_vectors = SignalVectors.new(d)
for index, bess_model in enumerate (bess_models):

esr_list_1 = [StationaryBattery.random_usage(hardware=bess_model, d=d, dt=dt, id=f
"{bess_model .name }[{i + 1}]") for i in range(n_entities)]

dev_list += esr_list_1

agg list += [Aggregator.from_physical (items=esr_list_1 , algorithm=Algorithms.IABVG
, signal_vectors=signal_vectors ,id=f"Sub—Aggregator[{index+1}]")]

agg = Aggregator.aggregate(agg_list, id="Aggregator", algorithm=Algorithms .IABVG)

"""plot network graph"""

graph = NetworkGraph. from_virtual ([agg, ])
graph.create_tree ()

_, ax = plt.subplots(figsize=(11,6)) #figsize=(10, 10)
graph.plot_tree (ax=ax, node_size=100, parent_node_size=500)
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noan

"""optimize power with centralized controller
centralized_controller = CentralizedPowerController (system_power_demand)

cc_power = centralized_controller.optimize(dev_list)

"""optimize power with vertex —based controller"""
vertex_controller = VertexBasedPowerController (system_power_demand)

vc_power = vertex_controller.optimize (agg)
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