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Abstract

In this PhD thesis, we study oriented geometric spanners, a directed variant of the
classical spanner problem that models one-way networks.

Given a point set P in a metric space and a real number t ≥ 1, an oriented
t-spanner is an oriented graph

−→
G = (P,

−→
E ), where for each pair p, q ∈ P , the

shortest closed walk in
−→
G that contains p and q is at most a factor t longer than the

perimeter of the smallest triangle in P containing p and q. The oriented dilation
of

−→
G is the minimum t for which

−→
G is an oriented t-spanner.

This thesis encompasses all currently known results on oriented spanners. In
particular, we address the following problems:

Oriented dilation. We prove All-Pairs-Shortest-Paths-hardness for the problem
of computing the oriented dilation of a given metric graph. We provide algorithms to
compute the oriented dilation in cubic time and to approximate it in subcubic time.
We bound the worst-case dilation t of a minimum dilation spanner by 1.5 ≤ t ≤ 5/3
for metric and 2

√
3− 2 ≤ t ≤ 5/3 for Euclidean point sets.

Graph orientation. We prove NP-hardness for deciding whether a given undi-
rected graph can be oriented such that the dilation of the orientation is below a
given threshold. We present a greedy algorithm that orients a given set of triangles.
The resulting oriented graph, whose edge set consists of these triangles, contains
for each input triangle ∆ a closed walk of length at most twice the perimeter of ∆.
This algorithm is, for example, used to orient a triangulation or a complete graph.
Special attention is given to the orientation of complete graphs, i.e., tournaments.
Our best algorithm computes a tournament with dilation 5/3 in O(n3) time for n
points in a metric space.

Spanner construction. Given a point set, we aim to construct oriented span-
ners that satisfy certain sparseness criteria. For points in R, a sparse 1-spanner is
straightforward. As a one-dimensional equivalent of plane spanners on points in
convex position, we study graphs with a one-page book embedding. We greedily
construct a one-page plane 5-spanner in O(n log n) time and a minimum one-page
plane spanner in O(n7) time. We show that a (1+ε′)-approximation of the minimum
oriented triangulation on a given point set implies a (1 + ε)-approximation of the
minimum dilation triangulation. Further, given the parameters t and m, it is NP-
hard to compute a minimum oriented t-spanner with at most m edges. We present
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an orientation of the greedy triangulation that yields an oriented O(n)-spanner
for arbitrary and an O(1)-spanner for convex point sets. For higher-dimensional
spaces, we present an algorithm that extracts a linear-sized subgraph of a given
tournament with dilation t by increasing the dilation only by a small ε > 0. Com-
bining this with our results on tournaments, we construct a (5/3+ ε)-spanner with
O(n) edges in O(n3) time and O(n2) space for n points in a metric space that
admits a well-separated pair decomposition. For points in a Euclidean space of
constant dimension, we present a construction of a (2+ε)-spanner with O(n) edges
in O(n log n) time and O(n) space. Further, we consider the average oriented dila-
tion, defined as the sum over the oriented dilation of all pairs of points divided by
the number of pairs. We provide an algorithm computing an oriented spanner with
O(n) edges and average dilation 1 + ε for sufficiently large point sets.

Relation to other models. We compare oriented dilation with other models.
Specifically, we prove that an oriented spanner is related to an (undirected) 1-
edge fault-tolerant spanner, i.e., a graph G that guarantees under the failure of an
arbitrary edge pq that for each pair of points a shortest path in G \ pq is at most a
factor t longer than the shortest path in the complete graph without the edge pq.
We prove that the greedy triangulation is a 1-edge fault-tolerant O(n)-spanner for
arbitrary and an O(1)-spanner for convex point sets.
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Chapter 1
Introduction

Geometric spanners are a fundamental concept in computational geometry and
graph theory, bridging geometric structures with their graph representations. Ge-
ometric graphs naturally model numerous real-world infrastructures such as trans-
portation systems, power grids and communication networks. In these applications,
ensuring fast connectivity between all points is essential. While the complete graph
provides optimal connectivity, its quadratic size is often impractical. Consequently,
geometric spanners are sparse subgraphs that approximate pairwise distances.

Formally, given a point set P and a parameter t, a directed t-spanner G = (P,E)
contains for each pair p, q ∈ P a path from p to q whose length is at most a factor t
longer than their shortest path in the complete bi-directed graph on P . The smallest
such factor t is called the dilation of G.

Since their introduction in 1989 [78], the research landscape on geometric span-
ners has expanded from simple sparseness criteria to complex multi-objective con-
straints, including planarity [26], resilience to node or connection failure [22, 28,
69], embedding in terrains [2, 12], or directionality [5].

Although geometric spanners have been studied for decades (see [74] for a sur-
vey), directed versions have only been considered more recently. This is surprising
given their broad range of applications from wireless ad-hoc networks [29, 82] to
robot motion planning [41] and road networks [9, 46]. Beyond mere directionality,
limitations in space or resources, as well as safety requirements often necessitate
strictly unidirectional edges. Examples include transportation infrastructures with
one-way streets or rail tracks, air traffic with predefined unidirectional airways,
and communication systems enforcing asymmetric data transmission to reduce in-
terference or enhance security. In industrial contexts, pipelines and conveyor belts
represent physical restrictions to one-way flow, while robot motion planning benefits
from directed paths that minimize congestion and simplify collision avoidance.

This motivates our study of oriented graphs as spanners, i.e., directed spanners−→
G = (P,

−→
E ) where (p, q) ∈

−→
E implies (q, p) /∈

−→
E . Under this restriction, if an edge

(p, q) is added, the dilation in the opposite direction is never 1. Even worse, given a
set of three points, where p and q are very close to each other and the third point is
far away from both, any oriented graph has arbitrarily high dilation for either (p, q)
or (q, p) (see Figure 1.1). Thus, considering the dilation of an oriented graph

−→
G as

the maximum ratio of the shortest path between any pair of points in
−→
G to their

direct distance would not tell us much about the quality of the spanner. To obtain
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1 Introduction

meaningful results, we introduce the oriented dilation, defined as the maximum
ratio over all pairs p, q ∈ P of the shortest closed walk in

−→
G through p and q and

their shortest cycle in the complete undirected graph on P .

p

q

r

Figure 1.1: If p and q are very close to each other and r is far away from both, any
oriented graph has arbitrarily high directed dilation.

This new measure is similar to the notion of dilation in roundtrip spanners [36, 37]
that have been considered in the setting of (non-geometric) directed graph spanners;
but roundtrip spanners require a starting graph, and using the complete bi-directed
geometric graph would not give meaningful results.

By extending geometric spanners to oriented graphs, we uncover a rich land-
scape of research questions. During four years of doctoral research, we investigated
how orientations affect classic spanner constructions and designed new algorithms
tailored for this oriented setting. This dissertation presents our results.

1.1 Contributions

We study several fundamental problems within the setting of oriented spanners, ad-
dressing questions about their construction and structural properties. Specifically,
we consider three main problems:

• Oriented dilation: How can we compute or approximate the oriented di-
lation of a given oriented graph? What are lower and upper bounds on the
worst-case dilation?

• Graph orientation: How can we orient a given undirected graph to optimize
its oriented dilation?

• Spanner construction: How can we construct oriented spanners on a given
point set that satisfy additional properties like sparseness or planarity?

For each of these problems, we analyze their computational complexity and pro-
vide algorithmic solutions.

1.1.1 Computing the Oriented Dilation (Chapter 3)

The hardness of computing the dilation of a given (un)directed graph is a long-
standing open question, and only cubic time algorithms are known [55]. It is
conjectured that computing the (un)directed dilation is as hard as the all-pairs
shortest paths problem (APSP). Using Dijkstra’s algorithm, it can be computed in
O(nm+n2 log n) time, where n is the number of points and m the number of edges.
Fast approximations are known in general and for specific graph classes [74].
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1.1 Contributions

We prove APSP-hardness for computing the dilation of a given oriented graph in
a metric space. Since the APSP-problem is believed to need truly cubic time [79], it
is unlikely that the oriented dilation can be computed in subcubic time. Computing
it naively is possible in O(n3) time for n points. Note that for graphs with m =
O(n) edges, this is slower than computing the dilation of an undirected graph. We
complement this with a subcubic-time approximation. For this, we present a data
structure that, given two points p, q ∈ P , returns a point r ∈ P \ {p, q} such that
the triangle ∆pqr approximates the minimum perimeter triangle of p and q in P .

1.1.2 Orienting Undirected Graphs (Chapter 4)

A natural approach to construct oriented spanners is to first compute a suitable
undirected graph and then orient it. However, it is unlikely that this leads to
efficient algorithms, as we prove NP-hardness for computing the minimum dilation
orientation of a given undirected graph.

We present an algorithm that orients a set of triangles such that the resulting
oriented graph contains for each input triangle a closed walk whose length is at most
twice its perimeter. Among other applications, we use this algorithm for orienting
a triangulation or a complete graph.

Bounding the worst-case dilation provides fundamental insights into how well dis-
tances can be preserved under certain constraints. While in the undirected setting
the complete graph trivially is a 1-spanner, this does not hold for oriented spanners.
We present example point sets to derive lower bounds and analyze tournaments,
i.e., orientations of complete graphs, to obtain upper bounds. Our results show
that the worst-case dilation t of a minimum dilation spanner satisfies 1.5 ≤ t ≤ 5/3
for metric and 2

√
3− 2 ≤ t ≤ 5/3 for Euclidean point sets.

1.1.3 Constructing Oriented Spanners (Chapters 5 to 7)

Our general goal is to obtain spanners with a linear number of edges, which can be
achieved by bounding the number of edges explicitly or by restricting to a class of
sparse graphs like plane graphs [26]. As a first step towards plane spanners, we study
spanners on one-dimensional point sets. Then, we study oriented triangulations.
Finally, we study sparse spanners in higher-dimensional spaces.

Table 1.1 offers an overview of all spanner constructions presented in this thesis,
including their dilation guarantees and construction times. We say that a spanner is
a minimum (oriented) spanner if it minimizes the dilation under given restrictions.

One-dimensional point sets (Chapter 5). While obtaining a sparse 1-spanner
on a one-dimensional point set is straightforward, already for five points such a
spanner has no plane embedding with the leftmost and rightmost point on the
outer face. Therefore, we restrict our attention to a graph class that is closer to the
plane graph for two-dimensional point sets: one-page book embeddings.

As a one-page plane spanner is outerplanar, this particular class of graphs is also
motivated by the problem of finding a minimum plane spanner for points in convex
position (see Chapter 6). We present a greedy algorithm that returns an oriented
5-spanner with a one-page book embedding in O(n log n) time for n points in R.

3



1 Introduction

Further, we provide a dynamic program, that returns a minimum one-page plane
spanner in O(n7) time. As a natural extension, we present an oriented 2-spanner
with a two-page book embedding.

Plane spanners (Chapter 6). The problem of computing the minimum undi-
rected spanner restricted to the class of plane straight-line graphs is known as the
minimum dilation triangulation problem; its hardness is still open [46, 51], but
it is conjectured to be NP-hard [27]. By reducing from this problem, we prove a
computational lower bound for computing a minimum oriented triangulation. In
particular, we show that a (1+ε′)-approximation of the minimum oriented triangu-
lation on n′ points in T (n′, ε′) time implies a (1+ε)-approximation of the minimum
dilation triangulation on n points in T (4n2, ε− δ) time for any 0 < ε < 1 and any
0 < δ < ε2. Therefore, it is unlikely that minimum plane oriented spanners can be
constructed in polynomial time.

While the computational complexity remains unresolved, much work has focused
on bounding the dilation of triangulations. Xia [88] bounded the dilation of the
Delaunay triangulation by 1.998. To date, this is the best known upper bound on
the minimum dilation in general. For convex point sets, an upper bound of 1.88
is presented in [15]. Bounding the worst-case dilation of the minimum dilation
triangulation is an open problem [46]. (See [26] for a survey on plane spanners.)

Das and Joseph [39] showed that all triangulations that fulfill the α-diamond
property are undirected O(1)-spanners. One example of such a triangulation is the
greedy triangulation, for which we present an orientation that yields an oriented
O(n)-spanner. This is tight, since there is a point set for which every orientation of
its greedy triangulation has dilation Ω(n). For points in convex position, we prove
that the greedy triangulation results in a plane oriented t-spanner with t < 27.14·tg,
where tg is an upper bound on the undirected dilation of the greedy triangulation.
This raises the question whether all triangulations fulfilling the α-diamond property
also provide oriented spanners. We answer this question negatively.

To ensure resilience against edge or vertex failures in geometric networks, prior
work has studied fault-tolerant spanners [1, 17, 69, 77]. Given the parameters t
and k, an undirected graph G = (P,E) is called a k-edge fault-tolerant t-spanner,
if for every edge set E′ ⊂ E with |E′| = k, the shortest path in G \E′ between any
pair of points is at most a factor t longer than their shortest path in the complete
graph on P without the edges in E′.

We identify a close connection between oriented dilation and the dilation of a
spanner under the failure of k = 1 edges. Building on this, we present the first
results on plane fault-tolerant spanners: For n points in the Euclidean plane, the
greedy triangulation is a 1-edge fault-tolerant O(n)-spanner for arbitrary point sets
and an O(1)-spanner for convex point sets. Moreover, the same point sets that yield
lower bounds on the oriented dilation of different α-diamond property triangulations
also imply corresponding lower bounds on fault-tolerance.
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1 Introduction

Sparse spanners (Chapter 7). It is known that computing a minimum undi-
rected spanner with at most n − 1 edges, i.e., a minimum dilation tree, is NP-
hard [34]. More general, given a point set and a parameter m ≥ n− 1, computing
a minimum undirected spanner with at most m edges is NP-hard [51, 58].

The corresponding question for oriented spanners asks for the minimum dilation
cycle, for which we prove NP-hardness. In particular, it is NP-hard to compute the
minimum oriented spanner with at most m edges.

For undirected spanners of linear size and small dilation, the greedy spanner was
presented in 1990 [6], giving a t-spanner of size O(n) for any constant t. The well-
separated pair decomposition (WSPD), introduced by Callahan and Kosaraju in
1995 [30], can be used to obtain a (1 + ε)-spanner with O(n) edges in near-linear
construction time. (For a survey on sparse constant dilation spanners see [74].)

We cannot hope to obtain oriented spanners with dilation close to 1: There are
point sets in a Euclidean space where no oriented t-spanner exists for t < 2

√
3−2 ≈

1.464. We present an algorithm that, given a t-tournament and an additional prop-
erty about short cycles, computes a sparse (t+ε)-spanner in O(n3) time. Our algo-
rithm applies to point sets in any metric space that admits a linear-size WSPD, such
as the Euclidean space [30], or metric spaces with constant doubling dimension [84].
Plugging in our results for tournaments, an oriented (5/3 + ε)-spanner with O(n)
edges can be computed in O(n3) time and O(n2) space. Increasing the dilation
but significantly improving upon runtime and space requirements, we construct an
oriented (2+ε)-spanner for Euclidean point sets with O(n) edges in O(n log n) time
and O(n) space.

Since the maximum oriented dilation is not robust to outliers and in the worst
case is bounded below by 1.46, we also consider average oriented dilation, i.e., the
sum of the oriented dilation of all pairs of points divided by the number of pairs.
Average dilation has been considered before in the context of undirected spanners:
An undirected spanner with average dilation 1 + O((log n/n)1/(2d+1)) and linear
edge number can be computed in O(n log n) time [44]. We provide an algorithm
computing a sparse oriented spanner with average dilation 1 + ε for point sets in a
Euclidean space of constant dimension d: More concretely, our algorithm gives an
oriented spanner with average dilation at most 1+O(1/s+sd/n) with O(sdn) edges
in O(sdn log n) time and O(sdn) space, where s is any sufficiently large number that
may depend on n.

1.2 Projects Featured in this Thesis
This thesis is a self-contained presentation of all our papers on oriented spanners
existing to date. The results have been rearranged and grouped according to their
thematic context rather than by their original publications, allowing a clearer pre-
sentation of related findings. In this section, each paper is briefly introduced indi-
vidually, listed in the chronological order in which these results were obtained.

“Oriented Spanners” [AK4]
This paper introduces the model of oriented spanners. We show that computing a
minimum oriented dilation spanner with a given number of edges is NP-hard. Fur-
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1.2 Projects Featured in this Thesis

ther, we prove that computing the minimum oriented dilation triangulation on a
given point set is at least as hard as computing the minimum dilation triangulation.
We prove that for convex point sets the greedy triangulation results in a plane ori-
ented O(1)-spanner. For n points in R, we present a dynamic program to compute
a graph with a one-page book embedding and minimum oriented dilation that runs
in O(n7) time, and a greedy algorithm that returns a 5-spanner in O(n log n) time.
For two-page book embeddings, we present a sparse 2-spanner.

This paper is published in ESA’23 and in Algorithmica. Parts of this paper
were presented at EuroCG’23. This research was done in collaboration with Kevin
Buchin, Joachim Gudmundsson, Aleksandr Popov, Carolin Rehs, André van Rens-
sen and Sampson Wong.

“Oriented Dilation of Undirected Graphs” [AK7]

We show that given an undirected graph, it is NP-hard to decide whether the
edges can be oriented in a way that the oriented dilation of the resulting graph is
below a given threshold. Further, for four points in a metric space, we present a
tournament with dilation 1.5. Proving tightness, we present a set of four points,
where every tournament has dilation 1.5. This improves the known lower bound
for the worst-case minimum dilation.

This paper was presented at EuroCG’24. The NP-hardness proof is published
in [AK6]. This research was done in collaboration with Kevin Buchin, Carolin Rehs
and André Schulz.

“Experimental Analysis of Oriented Spanners on One-dimensional Point
Sets” [AK5]

In this paper, we study oriented spanners on one-dimensional point sets that have
a one- and two-page book embedding. We model the problem of computing such
minimum dilation spanners as satisfiability problem. We utilize this formulation
for computational experiments on such spanners, resulting in several interesting
insights. We present a lower bound on the worst-case minimum dilation of 1+Φ and√
2 for oriented spanners with a one- and two-page book embedding, respectively,

where Φ is the golden ratio.

This paper is published in CCCG’24. This research was done in collaboration
with Kevin Buchin, Guangping Li and Carolin Rehs. As the author did not im-
plement the experiments, this thesis includes only the lower bounds and other
structural insights presented in this paper.

“Computing Oriented Spanners and their Dilation” [AK6]

In this paper, we construct a sparse oriented (2 + ε)-spanner in O(n log n) time
for n points in a Euclidean space of constant dimension. Our construction uses
the well-separated pair decomposition and an algorithm that efficiently computes a
(1+ε)-approximation of the minimum perimeter triangle in the point set containing
two given query points. We show that, in general, computing the orientation of an
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1 Introduction

undirected graph that minimizes its oriented dilation is NP-hard, even for point
sets in the Euclidean plane. We further prove that even if the oriented graph is
already given, computing its oriented dilation is APSP-hard for metric graphs. We
complement this result with an approximation of the oriented dilation of a given
graph in subcubic time for points in a Euclidean space of constant dimension.

This paper is published in SoCG’25 and is under revision for DCG. Parts of
this paper were presented at EuroCG’25. This research was done in collaboration
with Kevin Buchin, Anil Maheshwari, Saeed Odak, Carolin Rehs, Michiel Smid and
Sampson Wong. This work was supported by a fellowship of the German Academic
Exchange Service (DAAD).

“Sparse Oriented Spanners in Metric Spaces” [AK1]
We present an algorithm that computes a tournament with dilation 5/3 on any
metric point set. Moreover, for point sets of size n in metric space that admits a
linear-size WSPD, we show that given a tournament with dilation t and an addi-
tional property about short cycles, a sparse (t + ε)-spanner can be computed in
O(n3) time. Together with our results on tournaments, we obtain a (5/3 + ε)-
spanner of size O(n) in O(n3) time and O(n2) space. Finally, for Euclidean spaces,
we present a construction algorithm for oriented spanners with average dilation 1+ε.

This paper is published in ESA’26. This research was done in collaboration with
Sujoy Bhore, Ahmad Biniaz, Kevin Buchin, Jean-Lou De Carufel, Anil Maheshwari,
Saeed Odak, Carolin Rehs and Michiel Smid. This work was supported by Tu.hosts,
a competitive funding program for PhD students at TU Dortmund University.

“Fault-Tolerance and Oriented Dilation of the Greedy Triangula-
tion” [AK2]
We show that the greedy triangulation is a 1-edge fault-tolerant O(n)-spanner for
any point set of size n and an O(1)-spanner for convex point sets. This is tight,
due to the existence of a point set whose greedy triangulation has dilation Ω(n)
under the failure of a single edge. For further prominent triangulations, we provide
lower bounds on their fault-tolerance. Additionally, we present an orientation of
the greedy triangulation that yields a plane oriented O(n)-spanner.

This paper was presented at EuroCG’26. This research was done in collaboration
with Prosenjit Bose and Kevin Buchin.

1.3 Other Publications during PhD
This section describes briefly two other publications the author contributed to,
which will not be discussed further in this thesis.

“Algorithms for Distance Problems in Continuous Graphs” [AK8]
We studied the problem of computing the diameter and the mean distance of a
continuous graph, i.e., a connected graph where all points along the edges, instead
of only the vertices, must be taken into account.
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1.3 Other Publications during PhD

In this paper, we use geometric techniques to obtain subquadratic time algo-
rithms to compute the diameter and the mean distance of a continuous graph for
two well-established classes of sparse graphs. We show that the diameter and the
mean distance of a continuous graph of constant treewidth k can be computed in
O(n logO(k) n) time, where n is the number of vertices. We also show that comput-
ing the diameter and mean distance of a continuous planar graph with n vertices
and F faces takes O(nF log n) time.

This paper is published in WADS’25 and submitted to TALG. This research was
done in collaboration with Sergio Cabello, Delia Garijo, Fabian Klute, Irene Parada
and Rodrigo Silveira.

“On Small Pair Decompositions for Point Sets” [AK3]
We studied the problem of computing a well-separated pair decomposition (WSPD)
with minimum size, i.e., the minimum number of pairs.

In this paper, we show constant approximation algorithms in low-dimensional
Euclidean space and doubling metrics. This problem is computationally hard even
in R2 and hard to approximate in general metric spaces. We also introduce a new
pair decomposition, removing the requirement that the diameters of the paired sets
should be small. Surprisingly, we show that in a general metric space, one can
compute such a decomposition of size O(nε log n), which is dramatically smaller
than the quadratic bound for WSPDs. In Rd, the bound improves to O(dn

ε log
1
ε ).

This paper is published in ESA’26 and presented in part at EuroCG’26. This
research was done in collaboration with Kevin Buchin, Jacobus Conradi, Sariel
Har-Peled, Abhiruk Lahiri, Lukas Plätz, Carolin Rehs and Sampson Wong.
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Chapter 2
Preliminaries

Let (P, | · |) be a finite metric space, where the distance between any two points
p and q in P is denoted by |pq|. By Rd, we denote a Euclidean space of constant
dimension d.

For two distinct points p and q, we use pq for an undirected edge adjacent to p
and q. By (p, q), we denote a directed edge from p to q. For a graph G = (P,E)
and an edge set E′ ⊆ E, let G \ E′ be the graph G′ = (P,E \ E′).

A walk is defined as a sequence of points and edges of a graph. The length of a
walk Π is the sum of the lengths of its edges and denoted by |Π|. A walk is called
closed if it starts and ends at the same point. A cycle is a walk where all edges
and points except the start and end point are distinct. A path is a walk where all
points and edges are distinct.

For two distinct points p and q in P and a graph G = (P,E), we denote by
dG(p, q) the shortest path from p to q in G and by CG(p, q) the shortest closed
walk containing p and q in G. If such a walk does not exist, then |CG(p, q)| = ∞.
Analogously, |dG(p, q)| = ∞ implies that G is not connected.

The perimeter of the triangle spanned by the points p, q, r is written as |∆pqr|.
For two distinct points p, q ∈ P , we use ∆∗(p, q) to denote a shortest cycle through
p and q in the complete undirected graph on P . For point sets in a metric space,
this is a minimum perimeter triangle in P containing p and q, i.e., the triangle ∆pqr

where r = argmin
r∈P\{p,q}

|pr|+ |qr|. For an edge pq of a triangulation T , let ∆T (pq) be a

minimum perimeter face of T adjacent to pq.
An oriented graph

−→
G = (P,

−→
E ) is a directed graph such that for any two distinct

points p and q in P , at most one of the two directed edges (p, q) and (q, p) is in
−→
E .

In other words, if (p, q) is in
−→
E , then (q, p) is not in

−→
E .

Definition (oriented dilation). Let (P, | · |) be a finite metric space and let
−→
G be an

oriented graph with vertex set P . For two distinct points p, q ∈ P , their oriented
dilation is defined as

odil−→
G
(p, q) =

|C−→
G
(p, q)|

|∆∗(p, q)|
.

The oriented dilation of
−→
G is defined as odil(

−→
G) = max

p,q∈P
odil(p, q). We call

−→
G an

oriented t-spanner if odil(
−→
G) ≤ t.

11



2 Preliminaries

Note that, undirecting an oriented spanner with constant oriented dilation does
not yield an undirected spanner. Consider an oriented graph on four points, where
the edges form a cycle visiting all points (see Figure 2.1). The oriented dilation of
this spanner is 2. Placing two opposite points arbitrarily close to each other, the
dilation of those two points in the underlying undirected graph is arbitrarily high.

p1

p3

p2 p4

Figure 2.1: An oriented 2-spanner. If p1 and p3 are arbitrarily close to each other
and p2 and p4 equally far away, the underlying undirected graph has arbitrarily
high undirected dilation.

Since the dilation of a graph is not robust to outliers, considering the average
dilation of a graph may provide more meaningful information on the network.

Definition (oriented average dilation). Let (P, | · |) be a finite metric space and let
−→
G be an oriented graph with vertex set P . The oriented average dilation of

−→
G is

defined as
1(︁
n
2

)︁ ∑︂
p,q∈P

odil−→
G
(p, q).

We call
−→
G = (P,

−→
E ) an orientation of an undirected graph G = (P,E), if for

each undirected edge pq ∈ E it holds either (p, q) ∈
−→
E or (q, p) ∈

−→
E .

We often orient triangles consistently, meaning that their oriented edges form
a cycle. If one edge of a triangle is already oriented, there is exactly one way to
complete the consistent orientation. If two edges pq and pr of a triangle ∆pqr are
already oriented, consistency requires that they form either the path p → q → r or
its reverse.

By Kn, we denote the complete undirected graph on a point set of size n. An
orientation

−→
K of the complete undirected graph K(P ) on P is called a tournament

on P . A tournament with oriented dilation at most t is called a t-tournament.

2.1 The Well-Separated Pair Decomposition
Callahan and Kosaraju [30] introduced the well-separated pair decomposition
(WSPD) as a tool to solve various distance problems on multidimensional point
sets. Intuitively, it breaks all

(︁
n
2

)︁
pairs of points down to O(n) subsets that approx-

imate the complete graph.
For a real number s > 0, two point sets A and B form an s-well-separated pair,

if A and B can each be covered by balls of the same radius, say ρ, such that the
distance between the balls is at least s · ρ. An s-well-separated pair decomposition
of size m for a point set P is a sequence of s-well-separated pairs {Ai, Bi}, such
that for all 1 ≤ i ≤ m it holds that Ai ∩ Bi = ∅ and for any two points p, q ∈ P ,
there is a unique index i such that p ∈ Ai and q ∈ Bi, or p ∈ Bi and q ∈ Ai.

The following properties are used repeatedly in this paper.
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2.2 Approximate Nearest Neighbor Queries

WSPD-Property 1 (Smid [83]). Let s > 0 be a real number and let {A,B} be an
s-well-separated pair. For points a, a′ ∈ A and b, b′ ∈ B, it holds that

(i) |aa′| ≤ 2/s · |ab|, and

(ii) |a′b′| ≤ (1 + 4/s) · |ab|.

Callahan and Kosaraju [30] showed a fast WSPD-construction based on a split tree.

WSPD-Property 2 (Callahan and Kosaraju [30]). Let P be a set of n points in
Rd, where d is a constant, and let s > 0 be a real number. An s-WSPD for P
consisting of O(sdn) pairs can be constructed in O(n log n+ sdn) time.

In Section 7.4, we process the well-separated pairs in a certain order: We sort
the pairs {Ai, Bi} ascending by the distances of two representatives a ∈ Ai and
b ∈ Bi. Such an ordering is common in inductive proofs for WSPD based algorithms
(see [83]). These proofs make use of of the subsequent property, which follows
directly from WSPD-Property 1.

WSPD-Property 3. Let P be a point set in Rd, where d is a constant, and let
s > 4 be a real number. Let {Ai, Bi} for 1 ≤ i ≤ m denote the pairs of an s-WSPD
for P , sorted by ascending distance between arbitrary points ai ∈ Ai and bi ∈ Bi.
For p, q two distinct points in P , let {Aj , Bj} and {Ak, Bk} be well-separated pairs
such that p ∈ Aj and q ∈ Bj and p, q ∈ Ak. By construction, it holds j < k.
(Note that index j is unique, while multiple indices may satisfy the condition for k.)

Those results are for point sets in a Euclidean space Rd, where d is a constant.
The WSPD has been generalized to more general metric spaces, such as the unit-
disk graph metric [50], or metric spaces with constant doubling dimension [60, 84].

2.2 Approximate Nearest Neighbor Queries
For approximate nearest neighbor queries, we want to preprocess the points in a
metric space (P, | · |), such that for any query point q, we can report quickly its
approximate nearest neighbor in P . That is, if q∗ is closest point to q in P , then
the query algorithm returns a point q′ in P such that |qq′| ≤ (1 + ε) · |qq∗|. Such a
data structure is offered in [10] for Euclidean point sets:

Lemma 2.1 (Arya, Mount, Netanyahu, Silverman and Wu [10]). Let P be a set of
n points in Rd, where d is a constant. In O(dn log n) time, a data structure of size
O(dn) can be constructed that supports the following operations:

• Given a real number ε > 0 and a query point q in Rd, return a (1 + ε)-
approximate nearest neighbor of q in P in O(d/εd log n) time.

• Inserting a point into P and deleting a point from P in O(d log n) time.
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Chapter 3
Computing the Oriented Dilation

Computing the dilation of a given graph is related to the all-pairs shortest paths
problem (APSP). By using the well-known cubic-time algorithm for APSP by Floyd
and Warshall [48, 86] (and computing the minimum perimeter triangles naively),
the dilation of a given oriented graph with n points can be computed in O(n3) time.

For points in R, we prove in Chapter 5 that computing the oriented dilation on
such graphs is possible in O(n2 log n) time in general (follows from Lemma 5.1)
and in O(n) time for special graph classes on one-dimensional point sets (combine
Lemmas 5.4 and 5.5).

In Section 3.1, we prove APSP-hardness for this computation problem on metric
graphs. Since APSP is believed to run in truly cubic time [79], it seems unlikely that
the oriented dilation can be computed in subcubic time. In Section 3.2, we present
a (1 + ε)-approximation of the minimum perimeter triangle of two given query
points in O(log n) time. This query is used in Section 7.3 to efficiently compute
a sparse (2 + ε)-spanner. In Section 3.3, we combine this approximation with the
well-separated pair decomposition to approximate the oriented dilation of a given
graph in subcubic time.

3.1 Hardness

Our hardness proof is a subcubic reduction from MinimumTriangle, which is
the problem of finding a minimum weight cycle in an undirected weighted graph,
where the minimum weight cycle is a triangle. For two computational problems
A and B, a subcubic reduction is a reduction from A to B where any subcubic
time algorithm for B implies a subcubic time algorithm for A (for a more thorough
definition see [85]). We use the notation A ≤3 B to denote the existence of such a
reduction from A to B.

Vassilevska Williams and Williams [85] proved APSP-hardness for detecting
whether a weighted graph has a triangle of negative edge weight. Following their
proof, we prove APSP-hardness of the more specific problem MinimumTriangle
(for details see Appendix A).

Theorem 3.1 (APSP ≤3 MinimumTriangle). Let G be an undirected graph with
weights in [7M, 9M ] with M ∈ Z+ whose minimum weight cycle is a triangle. It is
APSP-hard to find a minimum weight triangle in G.
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3 Computing the Oriented Dilation

By reduction from MinimumTriangle, we prove APSP-hardness for ODIL,
which is the problem of computing the oriented dilation of a given metric graph.

Theorem 3.2 (APSP ≤3 Odil). Let
−→
G be an oriented graph in a metric space.

It is APSP-hard to compute the oriented dilation of
−→
G .

Proof. Due to Theorem 3.1, it is sufficient to prove MinimumTriangle ≤3 Odil.
Let G = (P,E) be an undirected graph on n points with weights w : E →

[7M, 9M ] with M ∈ Z+ in which the minimum weight cycle C of G is a triangle.
Note that the weights of G fulfill the triangle inequality.

We define a metric space (P ′, | · |) with P ′ = P ∪{u, v} by the following: For each
missing edge of a complete graph on P , we assign its weight to be 14M . Therefore,
we obtain a metric with distances in [7M, 14M ]. Then, we add the points u and
v with distance 15M to each point in p ∈ P . To preserve the metric, we increase
the distance of every tuple by 15M . So, the resulting metric space (P ′, | · |) has the
following distances:

• |pq| = w(p, q) + 15M for pq ∈ E,

• |pq| = 14M + 15M = 29M for pq /∈ E, and

• |up| = |vp| = |vu| = 15M + 15M = 30M for p ∈ P .

This construction is visualized in Figure 3.1.

u v

Figure 3.1: Graph construction in the proof of Theorem 3.2: Given an undirected
graph on P (black), we add two points u, v with a large distance to all other points
and augment it to a complete graph (red, dashed). The oriented graph

−→
G (blue)

ensures that every shortest closed walk containing p and q in P visits u and v.

Let
−→
G = (P ′,

−→
E ) be an oriented graph with

−→
E = {(p, u), (v, p) | p ∈ P}∪{(u, v)}.

We prove that the weight w(C) of the minimum triangle C in G can be computed
by computing odil(

−→
G). In particular, we show that w(C) = 180M

odil(
−→
G)

− 45M .

We proceed by computing the oriented dilation of
−→
G . We first note that all edges

of
−→
G have weight 30M .
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3.2 The Minimum Perimeter Triangle

The shortest closed walk of u or v and a point p ∈ P is a triangle of length

|C−→
G
(u, p)| = |C−→

G
(v, p)| = |C−→

G
(u, v)| = 3 · 30M = 90M.

Their minimum perimeter triangle contains two edges of length 30M (and one edge
that is at least 22M long). Therefore, their dilation is

odil(u, p) =
|C−→

G
(u, p)|

|∆∗(u, p)|
≤ 90M

2 · 30M
= 1.5.

Analogously, it holds that odil(v, p) ≤ 1.5 for p ∈ P . For u and v, it holds that
odil(u, v) = 1, because every triangle in P ′ through u and v is a closed walk in

−→
G .

For two distinct points p, q ∈ P , the shortest closed walk containing p and q visits
u and v. It has length |C−→

G
(p, q)| = 6 · 30M = 180M . For their minimum perimeter

triangle holds |∆∗(p, q)| ≤ 3 · 29M = 87M . Since we have

odil(p, q) =
|C−→

G
(p, q)|

|∆∗(p, q)|
≥ 180M

87M
> 2

for all p, q ∈ P , a worst-case pair of
−→
G must be a pair in P . Therefore, the oriented

dilation of the constructed graph
−→
G is

odil(
−→
G) = max

p,q∈P

|C−→
G
(p, q)|

|∆∗(p, q)|
=

180M

min
p,q,r∈P

|pq|+ |qr|+ |pr|
.

Since C is a triangle in P and w(C) ≤ 27M , it holds that

min
p,q,r∈P

|pq|+ |qr|+ |pr| = min
p,q,r∈P

w(p, q) +w(q, r) +w(p, r) + 3 · 15M = w(C) + 45M.

Therefore, the oriented dilation of
−→
G is determined by the minimum weight cycle C.

Consequently, given odil(
−→
G), the length of C is w(C) = 180M

odil(
−→
G)

− 45M .

The most expensive operation in our reduction is defining the metric on
O(n2) pairwise distances. Following the definitions in [85], all instances have size
O(n2 polylog(M)) and all operations take subcubic time. Thus, computing the ori-
ented dilation of an oriented metric graph is at least as hard as finding a minimum
weight triangle in an undirected graph, which is APSP-hard.

3.2 The Minimum Perimeter Triangle
Let P be a set of n points in Rd, and let p and q be two distinct points in P . The
smallest triangle ∆∗(p, q) through p and q can be computed naively in O(n) time.

The following approach answers such a query in O(n1−c) time, for some small
constant c > 0 that depends on the dimension d. Note that computing ∆∗(p, q) is
equivalent to computing the smallest real number ρ > 0, such that the ellipsoid⌜⃓⃓⎷ d∑︂

i=1

(pi − xi)2 +

⌜⃓⃓⎷ d∑︂
i=1

(qi − xi)2 ≤ ρ
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3 Computing the Oriented Dilation

contains at least three points of P .
For a fixed real number ρ, we count the number of points of P in the above

ellipsoid: Using linearization, see Agarwal and Matoušek [3], we convert P to a
point set P ′ in a Euclidean space whose dimension depends on d. The problem then
becomes that of counting the number of points of P ′ in a query simplex. Chan [32]
has shown that such queries can be answered in O(n1−c) time, for some small
constant c > 0. This result, combined with parametric search, see Megiddo [73],
allows us to compute ∆∗(p, q) in O(n1−c) time.

For many applications, including our (2+ε)-spanner construction (see Section 7.3),
an approximation of the minimum triangle is sufficient. The following lemma shows
that a WSPD with respect to s = 2/ε provides a (1 + ε)-approximation. So, if the
WSPD is already computed, a suitable approximation is given without additional
computational costs.

Lemma 3.3. Let s > 0 be a real number and let {A,B} be an s-well-separated pair
in the point set P . Assume that |B| ≥ 2. Let b, b′ be two distinct points in B.

1. For any point a ∈ A, we have |∆abb′ | ≤ (1 + 2/s)|∆∗(a, b)|.

2. Assume that |A| ≥ 2. For any two distinct points a, a′ ∈ A, it holds that
|∆∗(a, b)| ≤ (1 + 4/s)|∆∗(a′, b′)|.

Proof. By the triangle inequality, we have

|∆∗(a, b)| ≥ 2|ab|.

Again using the triangle inequality, we have

|∆abb′ | = |ab|+ |bb′|+ |ab′| ≤ |ab|+ |bb′|+ |ab|+ |bb′| = 2|ab|+ 2|bb′|.

Using WSPD-Property 1, we conclude that

|∆abb′ | ≤ (2 + 4/s)|ab| ≤ (1 + 2/s)|∆∗(a, b)|.

Since the minimum perimeter triangle of any two points is always shorter than
another triangle through those points, we apply WSPD-Property 1 to conclude that

|∆∗(a, b)| ≤ |∆abb′ | = |ab|+ |bb′|+ |ab′|
≤ (1 + 4/s)|a′b′|+ 2/s|a′b′|+ (1 + 2/s)|a′b′| = (2 + 8/s)|a′b′|
≤ (1 + 4/s)|∆∗(a′, b′)|.

Note that Lemma 3.3 applies for every well-separated pair where at least one of
the subsets contains at least two points. If both subsets have size one, we approxi-
mate the minimum perimeter triangle by the following query (see Algorithm 3.1):

1. We compute an approximate nearest neighbor p′ of p. As we search for a point
which is not q, we first delete and later reinsert q in the point set. The data
structure presented in [10] supports insertion and deletion (see Lemma 2.1).
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3.2 The Minimum Perimeter Triangle

2. If p′ is “far” from p, then ∆pqp′ is a suitable approximation of ∆∗(p, q).

3. Otherwise, we check a constant number of cells around p. For each cell, we
find a suitable point xc and return the smallest triangle ∆pqxc over all cells.

Algorithm 3.1 (1 + ε1)-Approximation of the Minimum Perimeter Triangle.
Require: Query points p, q ∈ P , positive reals ε1 < 2, ε2, ε3, α > 2, data struc-

ture M to approximate nearest neighbors
Ensure: Triangle ∆ such that |∆| ≤ (1 + ε1)|∆∗(p, q)|
p′ = (1 + ε2)-approximate nearest neighbor of p (with p′ ̸= q)
if |pp′| > α|pq|, then return ∆pqp′

else
Let B be the hypercube with sides of length 3α|pq| that is centered at p and
divided into cells with sides of length of ε3|pq|
for each cell in B do

xc = (1+ε2)-approximate nearest neighbor of the cell center (which is neither
p nor q)

return the triangle ∆pqxc with the minimum perimeter across all cells

Lemma 3.4. Let P be a set of n points in Rd and let 0 < ε1 < 2 be a real number. In
O(dn log n) time, the set P can be preprocessed into a data structure of size O(dn),
such that, given any two distinct query points p and q in P , a (1+ε1)-approximation
of the minimum perimeter triangle ∆∗(p, q) can be computed in O(d/εd1 log n) time.

Proof. The data structure is the approximate nearest neighbor structure of Arya,
Mount, Netanyahu, Silverman and Wu [10] (see Lemma 2.1). The query algorithm
is presented in Algorithm 3.1. Let the constants in this algorithm be equal to
ε2 = ε1/2, α = 4/ε1, and ε3 =

2
3
√
d
· ε1.

Let p and q be two distinct points in P . We prove that Algorithm 3.1 returns a
(1 + ε1)-approximation of ∆∗(p, q).

Let r be a point in P \{p, q} such that |∆pqr| = |∆∗(p, q)|. Let p′ be the (1+ ε2)-
approximate nearest neighbor of p in P \ {p, q} that is computed by the algorithm.
By the triangle inequality, it holds

|∆pqp′ | = |pq|+ |qp′|+ |pp′| ≤ 2|pq|+ 2|pp′|. (⋆)

Case 1: |pp′| > α|pq|
Consider Figure 3.2. Let p∗ be the exact nearest neighbor of p in the set P \ {q}.

Since p′ is a (1 + ε2)-approximate nearest neighbor of p in P \ {q}, and since
2|pr| ≤ |∆∗(p, q)|, we have

|pp′| ≤ (1 + ε2)|pp∗| ≤ (1 + ε2)|pr| ≤ (1 + ε2)|∆∗(p, q)|/2.

Combining this inequality with Equation (⋆) and the assumption that |pp′| > α|pq|,
we have

|∆pqp′ | ≤ (2 + 2/α)|pp′| ≤ (1 + 1/α)(1 + ε2)|∆∗(p, q)|.
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3 Computing the Oriented Dilation

Since ε2 = ε1/2, α = 4/ε1 and ε1 < 2, we have

|∆pqp′ | ≤ (1 + ε1/4)(1 + ε1/2)|∆∗(p, q)| = (1 + 3ε1/4 + ε21/8)|∆∗(p, q)|
≤ (1 + ε1)|∆∗(p, q)|.

p q

r

p∗

p′

ε 2
|p

p
∗ |

Figure 3.2: Visualization of Case 1 in the proof of Lemma 3.4: Let p′ be a
(1 + ε2)-approximated nearest neighbor of p. The triangle ∆pqp′ is a (1 + ε1)-
approximation of ∆∗(p, q) = ∆pqr.

Case 2: |pp′| ≤ α|pq|
Consider the hypercube B with sides of length 3α|pq| that is centered at p as

shown in Figure 3.3.
We first prove that the third point r of ∆∗(p, q) lies in B. Using Equation (⋆),

the assumption that |pp′| ≤ α|pq|, and the fact that α ≥ 2, we have

|∆∗(p, q)| ≤ |∆pqp′ | ≤ (2 + 2α)|pq| ≤ 3α|pq|.

Since 2|pr| ≤ |∆∗(p, q)|, it follows that |pr| ≤ 3α/2|pq| and, therefore, r ∈ B.
Let C be the cell of B that contains r, let c be the center of C, let c∗ be the exact

nearest neighbor of c in P \ {p, q}, and let xc be the (1 + ε2)-approximate nearest
neighbor of c that is computed by the algorithm. We first prove an upper bound
on the distance |rxc| of

|rxc| ≤ |rc|+ |cxc| ≤ |rc|+ (1 + ε2)|cc∗| ≤ |rc|+ (1 + ε2)|rc| = (2 + ε2)|rc| ≤ 3|cr|.

Since r and c are in the same ε3|pq|-sized cube and ε3 =
2

3
√
d
ε1, it follows that

|rxc| ≤ 3 ·
√
d/2 · ε3|pq| = ε1|pq| ≤ ε1/2 · |∆∗(p, q)|.

where the last inequality 2|pq| ≤ |∆∗(p, q)| follows from the triangle inequality.
Let ∆pqxc′ be the triangle that is returned by the algorithm. It holds that

|∆pqxc′ | ≤ |∆pqxc | ≤ |pq|+ |qr|+ |rxc|+ |xcr|+ |rp| = |∆∗(p, q)|+ 2|rxc|
≤ (1 + ε1)|∆∗(p, q)|.

The algorithm performs two deletions, two insertions, and 1 + (3α/ε3)
d = O(1)

approximate nearest neighbor queries. Each such operation takes O(d/εd3 log n)
time (see Lemma 2.1 [10]). Thus, the entire query takes O(d/εd1 log n) time.
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Figure 3.3: Visualization of Case 2 in the proof of Lemma 3.4: The third point r
of ∆∗(p, q) lies in the cell centered at c. Since ∆pqxc′ is returned, we have |∆pqxc′ |
≤ |∆pqxc | where xc′ and xc are (1+ ε2)-approximated nearest neighbors of c′ and c.

3.3 Approximating the Oriented Dilation
To compute the dilation, testing all

(︁
n
2

)︁
point tuples seems to be unavoidable.

However, to approximate the oriented dilation, we show that, as for undirected
dilation (see [55, 74]), it is sufficient to compute the dilation of a suitable linear
sized selection of pairs of points.

This selection is obtained by the WSPD. For each pair, our algorithm approxi-
mates their oriented dilation by approximating their minimum perimeter triangle
and shortest closed walk. (Note that a shortest closed walk through p and q is sim-
ply the union of a shortest path from p to q and a shortest path from q to p.) The
maximum approximated dilation over all pairs is an approximation of the oriented
dilation of the given graph. See Algorithm 3.2 for details.

Theorem 3.5. Let P be a set of n points in Rd, let
−→
G be an oriented graph on P ,

and let ε > 0 be a real number. Assume that, in T (n) time, we can construct a data
structure such that, for any two query points p and q in P , we can return, in f(n)

time, a k-approximation to the length of a shortest path in
−→
G between p and q. We

can compute a value odil in O(T (n) + 1/εdn(d log n+ f(n))) time, such that

(1− ε) · odil(
−→
G) ≤ odil ≤ k · odil(

−→
G).

Proof. Let the constants in Algorithm 3.2 be equal to ε1 = ε/2 and s = 20/ε. Let
t∗ be the dilation of the given oriented graph

−→
G on P . We prove that

(1− ε) · t∗ ≤ odil ≤ k · t∗,

where odil is the value returned by Algorithm 3.2.
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3 Computing the Oriented Dilation

Algorithm 3.2 Approximation of the Oriented Dilation.

Require: Oriented graph
−→
G = (P,

−→
E ), positive reals ε, ε1, s, parameter k

Ensure: Value odil , such that (1− ε) odil(
−→
G) ≤ odil ≤ k odil(

−→
G)

Compute s-WSPD with the pairs {Ai, Bi} for 1 ≤ i ≤ m
Compute the data structure on P from [10] to approximate nearest neighbors
odil = 1
for i = 1 to m do

Ai = Pick min(|Ai|, 2) arbitrary points in Ai

Bi = Pick min(|Bi|, 2) arbitrary points in Bi

for each ab ∈ Ai × Bi do
|d(a, b)| = k-approximated length of a shortest path from a to b in

−→
G

|d(b, a)| = k-approximated length of a shortest path from b to a in
−→
G

∆abr′ = (1 + ε1)-approximation of ∆∗(a, b) by Algorithm 3.1
odil = max

(︂
|d(a,b)|+|d(b,a)|

|∆abr′ |
, odil

)︂
return odil

Upper bound. For each well-separated pair {Ai, Bi}, Algorithm 3.2 considers
up to four pairs ab in Ai×Bi and approximates the length of a shortest closed walk
C−→

G
(a, b) through a and b and their minimum perimeter triangle. It holds that

odil = max
ab∈Ai×Bi
1≤i≤m

k|C−→
G
(a, b)|

(1 + ε1)|∆∗(a, b)|
≤ k · max

ab∈Ai×Bi
1≤i≤m

odil(a, b) ≤ k · odil(
−→
G) = k · t∗.

Lower bound. Let p, q ∈ P be a worst-case pair in
−→
G , i.e., odil(p, q) = t∗. Let

{Ai, Bi} be the well-separated pair with p ∈ Ai and q ∈ Bi. We distinguish cases
based on whether p and/or q are picked by Algorithm 3.2 while processing the pair
{Ai, Bi} or not.

Case 1: Neither p nor q is picked by Algorithm 3.2
Let a ∈ Ai \ {p} and b ∈ Bi \ {q} be the points picked by Algorithm 3.2.
First, we bound the length of a shortest closed walk containing p and q by

|C−→
G
(p, q)| ≤ |C−→

G
(p, a)|+ |C−→

G
(a, b)|+ |C−→

G
(b, q)|

≤ t∗|∆∗(p, a)|+ |C−→
G
(a, b)|+ t∗|∆∗(b, q)|.

Since p and q are both not picked, this implies |Ai| ≥ 3 and |Bi| ≥ 3. Therefore,
|∆∗(p, a)| is at most the perimeter of any triangle with vertices p, a, and one other
point in Ai. Each of the three edges of such a triangle can be bounded using
WSPD-Property 1. It holds that

|∆∗(p, a)| ≤ 3 · 2/s · |pq| ≤ 3/s|∆∗(p, q)|,

where the last inequality |∆∗(p, q)| ≥ 2|pq| follows from the triangle inequality.
Analogously, we bound |∆∗(b, q)| by 3/s|∆∗(p, q)|. It follows that

|C−→
G
(p, q)| ≤ 2 · 3/s · t∗|∆∗(p, q)|+ |C−→

G
(a, b)| = 6/s|C−→

G
(p, q)|+ |C−→

G
(a, b)|.

22



3.3 Approximating the Oriented Dilation

We use |∆∗(a, b)| ≤ (1 + 4/s)|∆∗(p, q)| (due to Lemma 3.3) to bound

|C−→
G
(p, q)| ≤ s

s− 6
· |C−→

G
(a, b)| = s

s− 6
odil(a, b)|∆∗(a, b)|

≤ s+ 4

s− 6
· odil(a, b)|∆∗(p, q)|.

Since t∗ =
|C−→

G
(p,q)|

|∆∗(p,q)| , this leads us to a lower bound of the dilation of a and b,
which is

odil(a, b) ≥ s− 6

s+ 4
· t∗ ≥ (1− 10/s) t∗.

For the picked points a and b, Algorithm 3.2 computes an approximation of
C−→

G
(a, b) and a (1 + ε1)-approximation of ∆∗(a, b). It holds that

odil ≥
|C−→

G
(a, b)|

(1 + ε1)|∆∗(a, b)|
≥ (1− ε1) odil(a, b) ≥ (1− ε1) (1− 10/s) t∗.

Since ε1 = ε/2 and s = 20/ε, we conclude that

odil ≥ (1− ε/2)2 · t∗ ≥ (1− ε)t∗.

Case 2: Either p or q is picked by Algorithm 3.2
W.l.o.g., let p be picked for Ai and b ∈ Bi \ {q} be picked for Bi.
Since q is not picked for Bi, it holds |Bi| ≥ 3. Analogously to Case 1, we show

|C−→
G
(p, q)| ≤ |C−→

G
(p, b)|+ |C−→

G
(b, q)|

≤ |C−→
G
(p, b)|+ 3/s · t∗|∆∗(p, q)|

≤ s+ 4

s− 6
· odil(p, b)|∆∗(p, q)|,

which leads to
odil ≥ (1− ε1) odil(p, b) ≥ (1− ε)t∗.

Case 3: Both p and q are picked by Algorithm 3.2
Since Algorithm 3.2 computes an approximation of C−→

G
(p, q) and (1+ε1)-approx-

imation of ∆∗(p, q), it holds that

odil ≥
|C−→

G
(p, q)|

(1 + ε1)|∆∗(p, q)|
≥ (1− ε1) odil(p, q) ≥ (1− ε)t∗,

where the last inequality follows from ε1 = ε/2.

The preprocessing is dominated by computing the data structure for answer-
ing approximate shortest path queries and a well-separated pair decomposition in
O(T (n) + n log n + sdn) time (WSPD-Property 2). For each of the O(sdn) pairs,
we consider up to four pairs ab and approximate their minimum perimeter triangle
in O(sdd log n) time (compare to Lemma 3.4). The runtime to approximate the
length of a shortest closed walk through a and b depends on the runtime f(n) of
the used path approximation. Therefore, the oriented dilation of a given graph can
be approximated in O(T (n) + sdnd log n+ sdnf(n)) time.
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3 Computing the Oriented Dilation

The precision and runtime of our dilation approximation depend on approximat-
ing the length of a shortest path between two query points. The point-to-point
shortest path problem in directed graphs is an extensively studied problem (see
[53] for a survey). Alternatively, shortest path queries can be preprocessed via ap-
proximate APSP (see [42, 81, 90]). For planar directed graphs, the authors in [8]
present a data structure built in O(n2/r) time, such that the exact length of a
shortest path between two query points can be returned in O(

√
r) time. Setting

r = n2/3 minimizes the runtime of our algorithm to O(n4/3). It should be noted
that even with exact shortest path queries (k = 1) the computed value remains an
approximation due to the approximation of the minimum perimeter triangle.
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Chapter 4
Orienting Undirected Graphs

A natural approach to construct an oriented spanner is to first compute a suitable
undirected graph and then orient it. For instance, we obtain a plane oriented
spanner by orienting a greedy triangulation (see Section 6.2). Also in Sections 7.3
and 7.4, we first construct a sparse undirected graph and then orient it greedily.

In Section 4.1, we show that, in general, it is NP-hard to decide whether the
edges of an arbitrary graph can be oriented in such a way that the oriented dilation
of the resulting graph is below a given threshold, even for Euclidean graphs.

In Section 4.2, we present the above mentioned greedy orientation algorithm used
in Sections 6.2, 7.3 and 7.4.

As our NP-hardness construction does not hold for complete graphs, in Sec-
tion 4.3, we look into tournaments. Our best construction for arbitrary metric
point sets of size n is a 5/3-tournament in O(n3) time. In Section 7.2, we present
an algorithm that sparsifies a dense graph, combining this algorithm with our 5/3-
tournament leads to a sparse (5/3 + ε)-spanner (see Section 7.3).

While in the undirected setting, the complete graph is a 1-spanner, this is not
always true for oriented graphs. Since adding edges can only decrease or preserve
the dilation, analyzing the oriented dilation of tournaments bounds the minimum
oriented dilation. In Section 4.4, we show that the worst-case dilation t of the
minimum dilation tournament is bounded by 1.5 ≤ t ≤ 5/3 for metric point sets
and 2

√
3− 2 ≤ t ≤ 5/3 for points in a Euclidean space.

4.1 Hardness
In this section, we prove that, given an undirected graph, it is NP-hard to find its
minimum dilation orientation.

Theorem 4.1. Let G be an undirected graph whose vertex set is a finite set of
points in a metric space. Given a real number t′, it is NP-hard to decide if there
exists an orientation

−→
G of G with oriented dilation odil(

−→
G) ≤ t′. This is even true

for point sets in the Euclidean plane.

Proof. We reduce from the NP-complete problem planar 3-SAT [71]. We start with
a planar Boolean formula φ in conjunctive normal form with an incidence graph Gφ

as illustrated in Figure 4.1. This graph can be embedded on a polynomial-size grid
whose cells have unit length [52, 71]. In this proof, we construct a graph G based
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4 Orienting Undirected Graphs

on Gφ such that there is an orientation
−→
G of G with odil(

−→
G) ≤ t′ for t′ := 1.043 if

and only if φ is satisfiable.

x1 x2 x3 x4

x1 ∨¬x2 ∨¬x3

x2 ∨ ¬x3 ∨ x4

Figure 4.1: Example: Incidence graph of a planar 3-SAT formula
φ = (x1 ∨ ¬x2 ∨ ¬x3) ∧ (x2 ∨ ¬x3 ∨ x4) embedded on a square grid.

First, we add (a polynomial number of) grid points on the edges such that all
edges have length 1. Then, every point p with grid coordinates (x, y) is replaced
by a so-called oriented point, which is a pair of points P = {t(p), b(p)} with top
t(p) = (x, y+ ε

2) and bottom b(p) = (x, y− ε
2) with ε := 10−6. Note that p .denotes

the original point respectively grid coordinates, while P refers to the associated
oriented point as a single conceptual unit.

We extend the definition of the dilation to oriented points as follows. We define
odil(P, P ′) as the maximum dilation between one point of P and one of P ′, i. e.,

odil(P, P ′) = max{odil(t(p), t(p′)), odil(b(p), t(p′)), odil(t(p), b(p′)), odil(b(p), b(p′))}.

Analogously, by ∆∗(P, P ′), we denote the minimum triangle containing one of
{t(p), b(p)} and one of {t(p′), b(p′)}. To bound odil(P, P ′), we repeatedly use

2|pp′| ≤ |∆∗(P, P ′)| ≤ 2|pp′|+ 2ε.

We add an edge between t(p) and b(p), its orientation encodes whether the point
represents “true” or “false”. Within this proof, we assume without loss of generality
that an edge directed from b(p) to t(p), i.e., an upward edge, represents “true”,
while a downward edge represents “false”. If this is not the case, we can simply flip
the orientation of all edges.

Our construction consists of the following ingredients:

• Wire: Connects two oriented points and propagates their orientation: in any
orientation of

−→
G with dilation at most t′, both points must have the same

orientation.

• Tree of knowledge: A tree of wires that fixes whether upwards or downwards
represents “true” across the entire construction.

• K2,2 gadget: Connects all pairs of oriented points P, P ′ that are neither wire-
neighbours nor part of a clause gadget, guaranteeing odil(P, P ′) ≤ t′ irrespec-
tive of their orientation. Thus, they never dominate odil(

−→
G).
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4.1 Hardness

• Clause gadget: Connects the three wires corresponding to the literals of a
clause and enforces that in any orientation with dilation at most t′, at least
one wire must match the orientation of the tree of knowledge (i.e., at least
one literal is “true”).

Wire gadget. Since grid points are replaced by oriented points, also the edges
in the plane embedding of our formula graph Gφ are replaced. We add edges
between top-bottom and bottom-top of each pair of oriented points whose original
points are adjacent (see Figure 4.2). Note that wires propagate the orientation of
oriented points: if two neighbors along a wire have different orientations, we have
odil(P, P ′) ≥ 2− ε > 1.043, since their shortest closed walk visits another point. If
they have the same orientation, it holds odil(P, P ′) ≤ 1 + 2ε ≤ t′.

To switch a signal (for a negated variable in a clause), we start a wire by top-
top and bottom-bottom edges as shown in Figure 4.3 and then continue with the
standard wire.

Figure 4.2: A wire where oriented points are oriented upwards.

Figure 4.3: A wire where the orientation is switched to negate the signal.

Tree of knowledge. To ensure that all clause gadgets encode the same orien-
tation of oriented points as “true”, we add a tree of knowledge. This is a tree with
vertices on a unit grid shifted by (0.5, 0.5) relative to the grid of Gφ. Again, we use
wires as edges. The tree has two leaves per clause (see Figure 4.4). W.l.o.g., we
assume that all its oriented points of the tree of knowledge are oriented upwards
(thus “true”).

x1 x2 x3 x4

Figure 4.4: Gφ (blue) and its underlying grid together with a tree of
knowledge (red).
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4 Orienting Undirected Graphs

K2,2 gadget. All oriented points, which are not neighbors along a wire, are
linked by the four possible edges between top-top, bottom-bottom, top-bottom and
bottom-top (compare to Figure 4.5). This ensures odil(P, P ′) ≤ 1 + ε ≤ t′ for
non-neighboring points.

For an oriented point P , the shortest closed walk containing t(p) and b(p) visits
the closest point p′ of p. Therefore, it holds that odil(t(p), b(p)) ≤ 1 + 2ε, both if p
and p′ are neighbors (shortest closed walk is through a wire) and not (through K2,2).

Figure 4.5: K2,2 for oriented points with same orientation (left) and different
orientation (right).

Adding these K2,2 gadgets does not affect the functionality of wires: Let p and
p′ be neighbors and p∗ a third point. Since p∗ has at least distance (0.5, 0.5) to p
and p′, a walk from p to p′ visiting p∗ has at least length 1 +

√
2− 2ε > 1.043. For

ε = 10−6, we have odil(P, P ′) > t′ if P and P ′ have a different orientation. Thus,
a wire cannot be shortcut by K2,2 gadgets (compare to Figure 4.6).

1

ε

≥ 1
2

≥ 1
2

Figure 4.6: K2,2 gadgets (green) do not affect the functionality of a wire (blue):
The shortest closed walk through the K2,2 gadgets is longer than 1 +

√
2− 2ε > t′

irrespective of its orientation.

Clause gadget. For each clause, the tree of knowledge has two leaves l1 and l2,
which are connected by a clause gadget instead of a K2,2 gadget. The clause gadget
connects the leaves through the three incoming wires corresponding to the literals
of the clause. Its geometry ensures that odil(L1, L2) > t′, if all three wires are
oriented downwards (all literals are “false”) and odil(L1, L2) ≤ t′, if at least one
wire is oriented upwards (the clause is “true”).

Figure 4.7 shows the two leaves and Gφ at a clause. We may assume that Gφ is
embedded as shown, in particular leaving the area directly above the clause empty.

The points l (left), b (bottom) and r (right) are the endpoints of the paths in Gφ

from the variables to the clause. As shown in Figures 4.7 and 4.8, they are placed
such that they lie just inside an ellipse with l1 and l2 as foci, and without any other
points in the ellipse.

As shown in Figure 4.9, the five oriented points inside the ellipse are connected
by the edges t(l1)b(p) and t(p)b(l2) for p ∈ {l, b, r} and the edge t(l2)b(l1). Note
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4.1 Hardness

that there is no K2,2 between the leaves and the wire endpoints, but there is one
between all other non-neighboring points (except the leaves), including between L,
B and R (see Figure 4.9).

This creates three possible closed walks containing L1 and L2, each passing
through one of {L,B,R}. If one of {L,B,R} is oriented upwards, the edges of the
clause gadget can be oriented so that the corresponding walk yields odil(L1, L2) ≤ t′.

As shown in Figures 4.8 and 4.9, for each of {l, b, r} there is a satellite point
sl, sb, sr located on the corresponding path between the variable and the clause.
Each satellite lies close to l, b, r, but outside the ellipse. Their purpose is to ensure
that the oriented dilation of L1 (and L2) and each of {L,B,R} is below t′, even if
these are oriented downwards. Consequently, we enforce odil(

−→
G) = odil(L1, L2).

empty area

Figure 4.7: Embedded clause.

l1 l2

l b r

sl sb
sr

Figure 4.8: Clause gadget.

1
1
2

1
2

δ′

δ′′

δ
B

SB

R

SRSL

L

L1 L2

Figure 4.9: Detailed clause gadget. K2,2 gadgets are indicated by green
parallelograms. For visibility, the satellite points are drawn slightly offset instead
of exactly below their corresponding literals.

To impose odil(
−→
G) = odil(L1, L2), the points l, b, r and their satellites must

be placed carefully. Consider Figure 4.9. The clause is embedded such that the
horizontal distances between l and b, between and b and r, are 1, while the horizontal
distances between l1 and l, and between r and l2, are 1/2. The vertical distance
from l1 (and l2) to l and r is 1/2, while their vertical distance to B is 1/2 + δ. Let
δ′ denote the distance |lsl| = |rsr| and let δ′′ = |bsb|. In the following, we set values
for δ, δ′ and δ′′, which determines the exact placement of l, b, r and their satellites.

First, δ′ has to be set such that the satellite is not in the ellipse, but the dilation
of a leaf and L or R is bounded by t′, even if the shortest closed walk is through

29



4 Orienting Undirected Graphs

the K2,2 between the leaf and the satellite. Thus, we set δ′ := 0.0152 and achieve

odil(L1, L) ≤
2|l1sl|+ 2|sll|+ 5ε

2|l1l|
≤ |l1l|+ |lsl|+ δ′ + 4ε

|l1l|

≤ 1 +
2δ′ + 3ε√︂(︁
1
2

)︁2
+
(︁
1
2

)︁2 ≤ 1 + 2
√
2δ′ + 5ε ≤ 1.043.

Analogously, we can upper bound odil(L2, L), odil(L1, R) and odil(L2, R) by 1.043.
As can be seen in Figures 4.8 and 4.9, the point b has to be shifted by (0,−δ)

such that it is only just contained in the ellipse. Thus, δ has to be set such that
|l1b|+ |bl2| ≤ |l1l|+ |ll2|. This is true for δ := 0.1335:

|l1b|+ |bl2| = 2

√︄(︃
1

2
+ δ

)︃2

+

(︃
3

2

)︃2

≤ |l1l|+ |ll2| =

√︄(︃
1

2

)︃2

+

(︃
1

2

)︃2

+

√︄(︃
1

2

)︃2

+

(︃
5

2

)︃2

.

The wire from below to B is disrupted by a δ′′ close satellite which is not contained
in the ellipse, to ensure that the dilation of the leaves and B is bounded by t′,
even if the shortest closed walk is through the K2,2 to the satellite. Thus, we set
δ′′ := 0.0304 and achieve

odil(L1, B) ≤ 2|l1sb|+ 2|sbb|+ 5ε

2|l1b|
≤ |l1b|+ 2δ′′ + 3ε

|l1b|
= 1 +

2δ′′ + 3ε√︂(︁
1
2 + δ

)︁2
+
(︁
3
2

)︁2
≤ 1 +

2δ′′ + 3ε√
2 + δ

≤ 1 +
2δ′′ + 3ε√

2
≤ 1 +

√
2δ′′ + 3ε ≤ 1.043

Since odil(L1, B) = odil(L2, B), it also holds that odil(L2, B) ≤ 1.043.
If L has the same orientation as the tree of knowledge, the dilation is

odil(L1, L2) ≤
|l1l|+ |ll2|+ |l1l2|+ 6ε

2|l1l2|

=

√︂(︁
1
2

)︁2
+
(︁
1
2

)︁2
+

√︂(︁
1
2

)︁2
+
(︁
5
2

)︁2
+ 3

6
+ ε ≤ 1.043.

The same holds if R has the same orientation as the tree of knowledge.
If B has the same orientations as the tree of knowledge, the dilation is

odil(L1, L2) ≤
|l1b|+ |bl2|+ |l1l2|+ 6ε

2|l1l2|
=

2

√︂(︁
1
2 + δ

)︁2
+
(︁
3
2

)︁2
+ 3

6
+ ε ≤ 1.043.

If L, B and R have a different orientation than the tree of knowledge (i.e., every
literal is “false”), by triangle inequality there are the following possible shortest
closed walks through L1 and L2 which leads to three lower bounds for odil(L1, L2):
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4.1 Hardness

• A closed walk is from L1 to the satellite of L (or R symmetric) to L2 and
back to L1:

odil(L1, L2) ≥
|l1sl|+ |sll2|+ |l1l2|

2|l1l2|+ 2ε

≥

√︂
(12 + δ′)2 +

(︁
1
2

)︁2
+

√︂(︁
1
2 + δ′

)︁2
+
(︁
5
2

)︁2
+ 3

6
· (1− ε) > 1.043.

• A closed walk is from L1 to the satellite of B to L2 and back to L1:

odil(L1, L2) ≥
|l1sb|+ |sbl2|+ |l1l2|

2|l1l2|+ 2ε

≥
2

√︂(︁
1
2 + δ + δ′′

)︁2
+
(︁
3
2

)︁2
+ 3

6
· (1− ε) > 1.043.

• A closed walk is from L1 to L to B to L2 (or symmetric through B to R) and
back to L1:

odil(L1, L2) ≥
|l1l|+ |lb|+ |bl2|+ |l1l2|

2|l1l2|+ 2ε

≥

√︂(︁
1
2

)︁2
+
(︁
1
2

)︁2
+

√
δ2 + 1 +

√︂(︁
1
2 + δ

)︁2
+
(︁
3
2

)︁2
+ 3

6
· (1− ε)

> 1.043.

Thus, we obtain the following conditions:

• If one of the oriented points L, B, R has the same orientation as the tree
of knowledge (i.e., the literal is “true”), the dilation between L1 and L2 is
smaller than t′ := 1.043.

• If all of the oriented points L, B, R have the opposite orientation of the tree
of knowledge (i.e., all literals are “false”), the shortest closed walk containing
L1 and L2 either leaves the ellipse or takes at least two points from {L,B,R}
and thus their dilation is greater than t′.

Therefore, formula φ is satisfiable if and only if there exists an orientation of our
constructed graph with dilation at most 1.043.

Size of the construction. The reduction runs in polynomial time in |φ|. The
incidence graph Gφ can be embedded on a grid of polynomial size with unit-length
cells [52, 71], and subdividing its edges to unit length introduces only polynomially
many additional grid points. The tree of knowledge is likewise a subdivided grid
graph and therefore contributes only polynomially many further points. Each clause
gadget adds a constant number of points per clause. Replacing every grid point by
an oriented point doubles the number of points. So, it remains polynomial in |φ|.
Each of the polynomial number of original unit-length edge is replaced by a wire of
two edges and each clause adds only a constant number of additional edges. Each
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point of the subdivided grid has a polynomial number of non-adjacent points, and
a K2,2 gadget adds four edges for every such non-adjacent pair. Thus, the total
number of edges remains polynomial as well. Consequently, both the number of
points and edges of the constructed graph G are polynomial in |φ|, and G can be
constructed in polynomial time.

Remark. In the algebraic model the oriented dilation is computable in cubic time
(for details see Chapter 3). However, establishing containment in NP for the prob-
lem of deciding whether there is an orientation of a given graph with dilation at
most t′ requires the Turing model. Here, computing the oriented dilation reduces to
the square-root sum problem [75], for which it is open whether it lies in NP.

Following the construction in the proof of Theorem 4.1, Figure 4.10 illustrates
the graph for the formula φ = (x1 ∨ ¬x2 ∨ ¬x3) ∧ (x2 ∨ ¬x3 ∨ x4).

x1 x2 x3 x4

Figure 4.10: Graph constructed for φ = (x1 ∨ ¬x2 ∨ ¬x3) ∧ (x2 ∨ ¬x3 ∨ x4). For
visibility, oriented points are placed diagonally instead of vertically. Only for one
point, all K2,2 gadgets are indicated by green parallelograms. If the oriented point
at the end of the wire from x1 (blue) is, as indicated, oriented the same way as the
tree of knowledge (red), this corresponds to setting x1 to “true”, resulting in an
oriented closed walk in the clause gadget (yellow) that gives a dilation smaller
than 1.043.
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4.2 Greedy Orientation

4.2 Greedy Orientation
Given a set of triangles, we orient these greedily in a consistent manner (compare
to Algorithm 4.1):

1. Sort the input triangles in ascending order by their perimeter.

2. In this order, orient each triangle clockwise or anti-clockwise if possible; oth-
erwise, we skip this triangle.

3. At the end of the algorithm, orient all remaining edges arbitrarily.

By this, we orient the undirected graph whose edge set consists of these triangles.
Shortest closed walks in the resulting oriented graph are bounded relatively to the
input triangles.

Algorithm 4.1 Greedy 2-Orientation.
Require: Set P of n points, list L of m triangles ∆pqr in P

Ensure: Orientation
−→
G = (P,

−→
E ) of the undirected graph whose edge set consists

of all edges of the triangles in L
Sort the triangles ∆pqr in L ascending by perimeter
for each ∆pqr do

if no edge of ∆pqr is oriented then
Orient (p, q) arbitrarily and orient ∆pqr consistently according to (p, q)

else
Orient ∆pqr consistently, if this is still possible; otherwise, skip ∆pqr

Orient the remaining edges arbitrarily

Lemma 4.2. Let (P, | · |) be a finite metric space with n points. Let L be a list
of m triangles ∆pqr in P . Let G = (P,E) be the undirected graph whose edge set
consists of all edges of the triangles in L. In O(m logm) time, we can compute
an orientation

−→
G of G, such that for any two distinct points p, q ∈ P it holds

|C−→
G
(p, q)| ≤ min

∆pqx∈L
2|∆pqx|.

In particular, there exists a cycle C in
−→
G through p and q which consists of at

most four edges and whose length is |C| ≤ min
∆pqx∈L

2|∆pqx|.1

Proof. We prove that Algorithm 4.1 computes such an orientation
−→
G = (P,

−→
E ).

Let p and q be two distinct points in P . Let r be a point in P \ {p, q} such that
|∆pqr| = |∆∗(p, q)|. If there is no such triangle in L, then |C−→

G
(p, q)| = ∞.

If ∆pqr is oriented consistently then

|C−→
G
(p, q)| = |∆pqr| ≤ min

∆pqx∈L
2|∆pqx|.

Otherwise, pr and qr were already oriented, when Algorithm 4.1 processed ∆pqr.
Their orientation is either (p, r) and (q, r) or (r, p) and (r, q). We show the first
case, the other case is analogous.

1The number of edges is relevant for the proof of Lemma 7.5.
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Since pr and qr are oriented before Algorithm 4.1 processed ∆pqr,
−→
G contains a

consistently oriented triangle ∆prx and a consistently oriented triangle ∆qry with
x, y ∈ P \{p, q, r}. Due to the greedy order, the perimeter of both is at most |∆pqr|.

Case 1: pq is oriented as (p, q)

Then
−→
G contains the cycle

C = p → q → r → x → p

of length

|C| = |pq|+ |qr|+ |rx|+ |xp| ≤ |∆pqr|+ |∆prx| ≤ 2|∆pqr|.

Thus, |C−→
G
(p, q)| ≤ min

∆pqx∈L
2|∆pqx|.

Case 2: pq is oriented as (q, p)

Then
−→
G contains the cycle

C = q → p → r → y → q

of length

|C| = |pq|+ |qr|+ |ry|+ |yq| ≤ |∆pqr|+ |∆qry| ≤ 2|∆pqr|.

Thus, |C−→
G
(p, q)| ≤ min

∆pqx∈L
2|∆pqx|.

Sorting the triangles costs O(m logm) time. Each triangle has three pointers
to its edges, so accessing and orienting an edge takes O(1) time. Thus, the total
runtime is O(m logm).

4.3 Tournaments
The complete graph is an interesting graph class due to its rich structure and
properties.

Observation. Let (P, | · |) be a finite metric space and
−→
K a tournament on P . For

two distinct points p, q ∈ P , the shortest closed walk C−→
K
(p, q) is a cycle.

Inputting all
(︁
n
3

)︁
triangles in a given point set P of size n, Algorithm 4.1 orients

the complete graph on P in O(n3 log n) time (compare to Lemma 4.2). To improve
the runtime, we precompute the minimum perimeter triangle for any pair of points
in P in O(n3) time. With these O(n2) triangles as input Algorithm 4.1 computes
a 2-tournament in O(n2 log n) time.

Corollary 4.3. For every metric space (P, | · |) with n points, a 2-tournament on P
can be computed in O(n3) time.

In Section 7.3 we construct a sparse (2 + ε)-spanner in O(n log n) time for point
sets in a Euclidean space Rd. By orienting the remaining edges randomly, we can
compute a (2 + ε)-tournament in O(n2) time.
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Corollary 4.4. Given a set P of n points in Rd, where d is a constant and a real
number 0 < ε < 2, a (2 + ε)-tournament on P can be constructed in O(1/εdn2)
time.

Using a more complex greedy procedure, we improve upon the dilation of 2. We
offer an algorithm that computes a 5/3-tournament on any metric point set of size
n also in O(n3) time. At the end of this section, we show the tightness of the
approximation factor of this algorithm.

The 2-tournament is achieved by greedily orienting the minimum perimeter tri-
angles of all pairs of points in ascending order of their perimeter (compare to Algo-
rithm 4.1). The following algorithm has a different greedy strategy: We process all
pairs of points sorted by distance and orient adjacent triangles consistently. This
seemingly minor modification leads to a substantial change in the structure and
properties of the resulting graph.

For the remainder of this section, we prove the following theorem.

Theorem 4.5. For every metric space (P, | · |) with n points, a 5/3-tournament
−→
K

on P can be computed in O(n3) time.
In particular, for any two distinct points p, q ∈ P , there is a cycle C in

−→
K through

p and q which consists of at most four edges and whose length is |C| ≤ 5/3|∆∗(p, q)|.2

Algorithm 4.2 Tournament with Dilation 5/3.
Require: Set P of n points in a metric space
Ensure: Tournament on P with dilation 5/3

Set m =
(︁
n
2

)︁
Sort the m pairs of distinct points in P in non-decreasing order of their distances
Denote the sorted sequence by p1q1, p2q2, . . . , pmqm
for i = 1, 2, . . . ,m do

if piqi has not been oriented yet then
if there is a triangle incident to piqi that can be oriented consistently then

Orient piqi s.t. the smallest triangle ∆piqip′ with p′ ∈ P \ {pi, qi} can be
oriented consistently

else
Orient piqi arbitrarily

for each p ∈ P \ {pi, qi} do
Orient ∆piqip consistently, if possible, otherwise skip it

The algorithm that computes such an orientation is given in Algorithm 4.2. We
sort all m =

(︁
n
2

)︁
pairs of points ascending by their distance. In this order, we orient

the current pair and, if possible, every adjacent triangle consistently. Observe that
this algorithm orients all m edges of the complete graph on P . It is clear that the
running time is O(n3).

We proved a loop invariant for the outer loop of Algorithm 4.2. Since it is not
used to show that a 5/3-tournament is returned, the result is moved to Appendix B.

The following observation is used repeatedly in the proof of Lemma 4.7.
2The number of edges is relevant for the proof of Corollary 7.3.
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Observation 4.6. If a pair pq is oriented in the i-th iteration, then

• |piqi| ≤ |pq|,

• at least one of pi and qi is in {p, q}, and

• if exactly one of {pi, qi} is in {p, q}, say pi ∈ {p, q}, then
−→
G contains the

consistently oriented triangle ∆pqqi.

By
−→
E i, we denote the set of edges that have an orientation at the beginning of

the i-th iteration of the outer loop.

Lemma 4.7. Let p and q be two distinct points in P . Let
−→
K = (P,

−→
E ) be the

tournament returned by Algorithm 4.2. It holds that

odil−→
K
(p, q) ≤ 5/3.

Proof. Let r be a point in P \ {p, q} such that |∆pqr| = |∆∗(p, q)|. We prove that
−→
K contains a cycle through p and q whose length is at most 5/3|∆pqr|.

Let pq be oriented in the z-th be the iteration. W.l.o.g., let pz be in {p, q}.
We consider the order in which the edges of ∆pqr get an orientation. In particular,

we distinguish whether pq is oriented as first, second, or third.

Case 1: pq is the first edge of ∆pqr that gets an orientation
From the algorithm follows that

|pzqz| ≤ min(|pq|, |qr|, |pr|) ≤ 1/3|∆pqr|.

If pz = p and qz /∈ {p, q}, then
−→
K contains the consistently oriented triangle ∆pqqz

of length

|∆pqqz | ≤ 2|pq|+ 2|pzqz| ≤ |∆pqr|+ 2/3|∆pqr| = 5/3|∆pqr|.

The same holds for pz = q and qz /∈ {p, q}.
If pq = pzqz, then ∆pqr is oriented consistently (in iteration z). In this case,

−→
K

contains a cycle through p and q, whose length is equal to |∆pqr| ≤ 5/3|∆pqr|.

Case 2: pq is the second edge of ∆pqr that gets an orientation
Either ∆pqr is oriented consistently or we have |pzqz| ≤ min(|pq|, |qr|, |pr|). For

the latter, we can show analogously to Case 1 that
−→
K contains a cycle through p

and q, whose length is at most 5/3|∆pqr|.

Case 3: pq is the third edge of ∆pqr that gets an orientation
Let pr be oriented in iteration x and qr be oriented in iteration y. W.l.o.g., we

assume x ≤ y ≤ z, i.e., let pr be oriented as the first and qr as the second.
For (p, r), (r, q) ∈

−→
E z or (r, p), (q, r) ∈

−→
E z, either ∆pqr is oriented consistently or

it holds that |pzqz| ≤ min(|pq|, |qr|, |pr|) and
−→
K contains the oriented cycle ∆pqqz ,

whose length is at most 5/3|∆pqr|.
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For (p, r), (q, r) ∈
−→
E z or (r, p), (r, q) ∈

−→
E z, it is sufficient to show just one; the

other case is symmetric, because, if we reverse the direction of all edges of
−→
K , then

the resulting tournament has the same dilation.
Assumption 1: For the remainder of this proof, we assume that (p, r), (q, r) ∈

−→
E z.

If pxqx = pr, then ∆pqr is oriented consistently (in iteration x).
Assumption 2: For the remainder of this proof, we assume that exactly one of px
and qx is in {p, r}. W.l.o.g., let px ∈ {p, r} and qx /∈ {p, r}.

We distinguish the cases according to the orientation of pq.

Case 3.a: pq is oriented as (p, q)

Then
−→
K contains the cycle

C = p → q → r → qx → p.

For px = p and qx /∈ {p, r} (see Figure 4.11), we have

|C| = |pq|+ |qr|+ |rqx|+ |qxp|
≤ |pq|+ |qr|+ |rp|+ |pqx|+ |qxp| = |∆pqr|+ 2|pxqx|.

The same holds for px = r and qx /∈ {p, r}. Since pr is the first edge of ∆pqr that
gets an orientation, it follows from the algorithm that

|pxqx| ≤ min(|pq|, |pr|, |qr|) ≤ 1/3|∆pqr|.

This gives us |C| ≤ 5/3|∆pqr|.

p = px q

r

qx Edge Oriented in iteration
(p, r) x (Case 3)
(q, r) y (Case 3)
(p, q) z (Case 3.a)

Figure 4.11: Case 3.a for px = p and qx /∈ {p, r}. It holds that |pxqx| ≤ 1/3|∆pqr|.
The length of the red cycle is at most 5/3|∆pqr|.

Case 3.b: pq is oriented as (q, p)

If exactly one of py and qy is in {q, r}, say py ∈ {q, r}, then
−→
K contains the cycle

C = q → p → r → qy → q.

For py = q and qy /∈ {q, r} (see Figure 4.12), we have

|C| = |qp|+ |pr|+ |rqy|+ |qyq|
≤ |qp|+ |pr|+ |rq|+ |qqy|+ |qyq| = |∆pqr|+ 2|pyqy|.

The same holds for py = r and qy /∈ {q, r}.
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p q = py

r qy
qx Edge Oriented in iteration

(p, r) x (Case 3)
(q, r) y (Case 3)
(q, p) z (Case 3.b)

Figure 4.12: Case 3.b for py = q and qy /∈ {q, r}. It holds that |pyqy| ≤ 1/3|∆pqr|.
The length of the red cycle is at most 5/3|∆pqr|.

Since at the beginning of the y-th iteration pr is the only oriented edge in ∆pqr,
it holds that

|pyqy| ≤ min(|pq|, |pr|, |qr|) ≤ 1/3|∆pqr|.

So, if exactly one of {py, qy} is in {q, r}, then |C| ≤ 5/3|∆pqr|.
Assumption 3: For the remainder of this proof, we assume that pyqy = qr.

This also implies that x < y (i.e., pr and qr are not oriented in the same iteration).
At the beginning of the y-th iteration, qr is unoriented. The first if-clause orients

qr such that a triangle ∆qrp′ with p′ ∈ P \ {q, r} is oriented consistently. (There
is such a triangle, since at the beginning of iteration y it is still possible to orient
∆pqr consistently). Due to the algorithm, we have |rp′|+ |p′q| ≤ |rp|+ |pq|.

If p′ = p, then ∆pqr is oriented consistently in iteration y.
Assumption 4: For the remainder of this proof, we assume that p′ ̸= p.

Consider Figure 4.13. If p′ ̸= p, then
−→
K contains the cycle

C = q → p → r → p′ → q

of length
|C| = |qp|+ |pr|+ |rp′|+ |p′q| ≤ 2|pq|+ 2|pr|. (∗)

Since 2|pq| ≤ |∆pqr| and 2|pr| ≤ |∆pqr|, if either |pq| or |pr| is bounded by 1/3|∆pqr|,
then we have |C| ≤ 5/3|∆pqr|.

p q = qy

r = py p′

qx Edge Oriented in iteration
(p, r) x (Case 3)
(q, r) y (Case 3)
(q, p) z (Case 3.b)

Figure 4.13: Case 3.b for pyqy = qr. It holds that |pyqy| ≤ 1/3|∆pqr|. If
|pq| ≤ 1/3|∆pqr|, |pr| ≤ 1/3|∆pqr| or |qr| > 1/6|∆pqr|, then the length of the red
cycle is at most 5/3|∆pqr|.

Further, we have

|C| ≤ 2|pq|+ 2|pr| ≤ 2|∆pqr| − 2|qr|.
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So, if |qr| ≥ 1/6|∆pqr|, then |C| ≤ 5/3|∆pqr|.
Assumption 5: For the remainder of this proof, we assume that |qr| < 1/6|∆pqr|.

Then, for all i < y holds that

|piqi| ≤ |pyqy| = |qr| < 1/6|∆pqr|.

We distinguish whether px = p or px = r (recall qx /∈ {p, r}).

Case 3.b.i: px = r

It holds that (q, qx) ∈
−→
E x, otherwise qr is oriented in iteration x (or earlier),

which contradicts that qr is oriented in iteration y.
If |qqx| < |pzqz|, then, since (qx, p), (q, qx) ∈

−→
E x, pq is oriented in the iteration

where qqx is the current pair, which contradicts that pq is oriented in iteration z.
If |qqx| ≥ |pzqz|, we have

|pzqz| ≤ |qqx| ≤ |qr|+ |rqx| = |pyqy|+ |pxqx| ≤ 2/6|∆pqr|.

For pq = pzqz, applying |pq| ≤ 1/3|∆pqr| to Equation (∗) gives us a cycle con-
taining p and q, whose length is at most 5/3|∆pqr|.

If pz = p and qz /∈ {p, q}, then
−→
K contains the consistently oriented triangle ∆pqqz

of length

|∆pqqz | ≤ 2|pq|+ 2|pzqz| ≤ |∆pqr|+ 4/6|∆pqr| = 5/3|∆pqr|.

The same holds for pz = q and qz /∈ {p, q}.

Case 3.b.ii: px = p

It holds that (qx, q) ∈
−→
E x, otherwise pq is oriented in iteration x (or earlier),

which contradicts that pq is oriented in iteration z.
Let qqx be oriented in iteration w with w < x. At least one of pw and qw is in

{q, qx}. W.l.o.g., let pw be in {q, qx}.
We distinguish whether pwqw = qqx or qw /∈ {q, qx} and pw is either qx or q.

Case 3.b.ii.A: pwqw = qqx
Then, qr is oriented in iteration w, which contradicts that qr is oriented in

iteration y > w.

Case 3.b.ii.B: pw = qx and qw /∈ {q, qx}
We distinguish the cases according to the orientation of qwp.

Case 3.b.ii.B.I: qwp is oriented as (p, qw)

Consider Figure 4.14. In this case,
−→
K contains the cycle

C = q → p → qw → pw → q

of length

|C| = |qp|+ |pqw|+ |qwpw|+ |pwq|
≤ |qp|+ |ppw|+ |pwqw|+ |qwpw|+ |pwp|+ |pq|
≤ 2|pq|+ 2|pwqw|+ 2|pxqx| ≤ |∆pqr|+ 4/6|∆pqr| = 5/3|∆pqr|.
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p = px q = qy

r = py p′pw = qx

qw

Edge Oriented in iteration
(p, r) x (Case 3)
(q, r) y (Case 3)
(q, p) z (Case 3.b)
(qx, q) w (Case 3.b.ii)

Figure 4.14: Case 3.b.ii.B.I: qwp is oriented as (p, qw). For all i ≤ y, it holds that
|piqi| ≤ |∆pqr|/6 (such edges have a filled arrow tip). The length of the red cycle is
at most 5/3|∆pqr|.

Case 3.b.ii.B.II: qwp is oriented as (qw, p)
If |qwp| < |pzqz|, then pq is oriented in the iteration where qwp is the current pair,

which contradicts that pq is oriented in iteration z.
If |qwp| ≥ |pzqz|, we have

|pzqz| ≤ |qwp| ≤ |qwpw|+ |pwp| = |qwpw|+ |pxqx| ≤ 2/6|∆pqr|.

For pq = pzqz, applying |pq| ≤ 1/3|∆pqr| to Equation (∗) gives us a cycle con-
taining p and q, whose length is at most 5/3|∆pqr|.

If pz = p and qz /∈ {p, q}, then
−→
K contains the consistently oriented triangle ∆pqqz

of length

|∆pqqz | ≤ 2|pq|+ 2|pzqz| ≤ |∆pqr|+ 4/6|∆pqr| = 5/3|∆pqr|.

The same holds for pz = q and qz /∈ {p, q}.

Case 3.b.ii.C: pw = q and qw /∈ {q, qx}
It holds that (p, qw) ∈

−→
Ew, otherwise pq is oriented in iteration w, which contra-

dicts that pq is oriented in iteration z > w. Further, it holds that (r, qw) ∈
−→
Ew,

otherwise qr is oriented in iteration w, which contradicts that qr is oriented in
iteration y.

Let rqw be oriented in iteration v with v < w. At least one of pv and qv is in
{r, qw}. W.l.o.g., let pv be in {r, qw}.

We distinguish whether pvqv = rqw or qv /∈ {r, qw} and pv is either qw or r.

Case 3.b.ii.C.I: pvqv = rqw
It holds that (q, qw) ∈

−→
E v, otherwise qr is oriented in iteration v.

Let qwq be oriented in iteration u with u < w. Since qwq = pwqw and u < w,
exactly one of {pu, qu} is in {q, qw}, say pu ∈ {q, qw}. So,

−→
K contains the cycle

C = q → p → qw → qu → q.

For pu = q and qu /∈ {q, qw} (compare to Figure 4.15), we have

|C| = |qp|+ |pqw|+ |qwqu|+ |quq|
≤ |qp|+ |pq|+ |qqw|+ |qwq|+ |qqu|+ |qupu|
≤ 2|pq|+ 2|puqu|+ 2|pwqw|
≤ |∆pqr|+ 4/6|∆pqr| = 5/3|∆pqr|.
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The same holds for pu = qw and qu /∈ {q, qw}.

p = px

r = qv = py p′qx

pv = qw

qu

q = pu
= pw = qy

Edge Oriented in iteration
(p, r) x (Case 3)
(q, r) y (Case 3)
(q, p) z (Case 3.b)
(qx, q) w (Case 3.b.ii)
(p, qw) < w (Case 3.b.ii.C)
(r, qw) v (Case 3.b.ii.C)
(q, qw) u (Case 3.b.ii.C.I)

Figure 4.15: Case 3.b.ii.C.I for pu = q and qu /∈ {q, qw}. For all i ≤ y, it holds that
|piqi| ≤ |∆pqr|/6 (such edges have a filled arrow tip). The length of the red cycle is
at most 5/3|∆pqr|.

Case 3.b.ii.C.II: pv = qw and qv /∈ {r, qw}
If qvq is oriented as (qv, q) (consider Figure 4.16), then

−→
K contains the cycle

C = q → p → qw → qv → q

of length

|C| = |qp|+ |pqw|+ |qwqv|+ |qvq|
≤ |qp|+ |pq|+ |qqw|+ |pvqv|+ |qvpv|+ |pvq|
≤ 2|pq|+ 2|pvqv|+ 2|pwqw|
≤ |∆pqr|+ 4/6|∆pqr| = 5/3|∆pqr|.

p = px q = pw = qy

r = py p′

qx

pv = qw

qv Edge Oriented in iteration
(p, r) x (Case 3)
(q, r) y (Case 3)
(q, p) z (Case 3.b)
(qx, q) w (Case 3.b.ii)
(p, qw) < w (Case 3.b.ii.C)
(r, qw) v (Case 3.b.ii.C)

Figure 4.16: Case 3.b.ii.C.II if qvq is oriented as (qv, q). For all i ≤ y, it holds that
|piqi| ≤ |∆pqr|/6 (such edges have a filled arrow tip). The length of the red cycle is
at most 5/3|∆pqr|.

If qvq is oriented as (q, qv), then |rp′| + |p′q| ≤ |rqv| + |qvq|, because at the
beginning of the y-th iteration, qr (= pyqy) is oriented such that the triangle ∆qrp′

is oriented consistently (instead of ∆qrqv). So,
−→
K contains the cycle

C = q → p → r → p′ → q
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of length

|C| = |qp|+ |pr|+ |rp′|+ |p′q|
≤ |qp|+ |pr|+ |rqv|+ |qvq|
≤ |qp|+ |pr|+ |rq|+ 2|qvq|
≤ |∆pqr|+ 2(|qvpv|+ |pvq|) = |∆pqr|+ 2|pvqv|+ 2|pwqw|
≤ |∆pqr|+ 4/6|∆pqr| = 5/3|∆pqr|.

Case 3.b.ii.C.III: pv = r and qv /∈ {r, qw}
It holds that (qv, p) ∈

−→
E v, otherwise pr is oriented in iteration v, which contra-

dicts that pr is oriented in iteration x. Further, it holds that (qv, q) ∈
−→
E v, otherwise

qr is oriented in iteration v, which contradicts that qr is oriented in iteration y.
Let pqv be oriented in iteration u with u < v.
If puqu = pqv, then it holds that

|pr| ≤ |pqv|+ |qvr| = |puqu|+ |qvpv| ≤ 2/6|∆pqr|.

Applying |pr| ≤ 1/3|∆pqr| to Equation (∗) gives us a cycle containing p and q,
whose length is at most 5/3|∆pqr|.

If exactly one of {pu, qu} is in {p, qv}, say pu ∈ {p, qv}, then
−→
K contains the cycle

C = q → p → qu → qv → q.

For pu = p and qu /∈ {p, qv} (consider Figure 4.17), we have

|C| = |qp|+ |pqu|+ |quqv|+ |qvq|
≤ |qp|+ |puqu|+ |qup|+ |pr|+ |rqv|+ |qvr|+ |rq|
= |∆pqr|+ 2|puqu|+ 2|pvqv|
≤ |∆pqr|+ 4/6|∆pqr| = 5/3|∆pqr|.

The same holds for pu = qv and qu /∈ {p, qv}.

p = px q = pw = qy

r = py p′

qx

pv = qw

qv
Edge Oriented in iteration
(p, r) x (Case 3)
(q, r) y (Case 3)
(q, p) z (Case 3.b)
(qx, q) w (Case 3.b.ii)
(p, qw) < w (Case 3.b.ii.C)
(r, qw) v (Case 3.b.ii.C)
(qv, p) u (Case 3.b.ii.C.III)
(qv, q) < v (Case 3.b.ii.C.III)

Figure 4.17: Case 3.b.ii.C.III for pu = p and qu /∈ {p, qv}. For all i ≤ y, it holds
that |piqi| ≤ |∆pqr|/6 (such edges have a filled arrow tip). The length of the red
cycle is at most 5/3|∆pqr|.
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4.4 Bounding the Minimum Dilation

Lemma 4.7 implies that the returned tournament
−→
K has oriented dilation of at

most 5/3. It follows from the proof that for any two distinct points p and q in P ,
there exists a cycle through p and q in

−→
K , whose length is at most 5/3|∆∗(p, q)|

and that contains at most four edges. This is tight, since any tournament on four
points has a pair that is not incident on any cycle of length 3. This completes the
proof of Theorem 4.5.

We finish this section by giving an example of a set of four points in the Euclidean
plane, such that the tournament computed by Algorithm 4.2 has oriented dilation
equal to 5/3.

Consider Figure 4.18. Let p1, p2 and p3 be collinear and |p1p2| = |p2p3| = 1. Let
p2, p3, and p4 form an equilateral triangle with unit length. Algorithm 4.2 starts
with p1p2 and orients ∆p1p2p3 and ∆p1p2p4 consistently. Now, the edge p3p4 remains
to be oriented. Since p3p4 is not neighboring any triangle that can be oriented
consistently any more, p3p4 is oriented arbitrarily. Let (p4, p3) be its orientation.
We have

odil(p2, p4) =
|p2p4|+ |p4p1|+ |p1p2|

|∆p2p3p4 |
=

2 +
√
3

3
≈ 1.244, and

odil(p3, p4) =
|p4p3|+ |p3p1|+ |p1p2|+ |p2p4|

|∆p2p3p4 |
= 5/3.

The dilation of any other pair is 1. Thus, the dilation of the returned graph is 5/3.

p1

p4

p2

p3

Figure 4.18: Set of four points and its tournament computed by Algorithm 4.2.
The edge (p3, p1) is curved for clarity though it represents a straight segment from
p3 to p1. Its dilation is t = odil(p3, p4) = 5/3. The shortest closed walk through p3
and p4 is shown in red.

4.4 Bounding the Minimum Dilation
There are point sets for which no oriented 1-spanner exists. Even more, there is a
point set of four points in the plane for which no 1.465-spanner exists.

Observation 4.8. There are point sets in Euclidean space for which no oriented
t-spanner exists for t < 2

√
3− 2 < 1.465.

Proof. We show that t = 2
√
3 − 2 holds for every t-tournament on the point set

P = {p1, p2, p3, p4} where p1, p2 and p4 form an equilateral triangle centered at p3.
Taking into account mirroring and rotation, Figure 4.19 lists all strongly con-

nected orientations of the complete graph on P . For each tournament, we give the
oriented dilation of each pair of points. Every shown graph has dilation 2

√
3−2.
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p1 p2

p4

p3

odil p1 p2 p3

p4 1 2
√
3− 2 1

p3 1 1
p2 1

p1 p2

p4

p3

odil p1 p2 p3

p4 6
√
3− 9 1 1

p3 2
√
3− 2 1

p2 6
√
3− 9

p1 p2

p4

p3

odil p1 p2 p3

p4 1 2
√
3− 2 1

p3 1 1
p2 1

p1 p2

p4

p3

odil p1 p2 p3

p4 6
√
3− 9 1 1

p3 2
√
3− 2 1

p2 6
√
3− 9

Figure 4.19: All tournaments on the point set, where p1, p2 and p4 form an
equilateral triangle centered at p3.

Lemma 4.10 gives a lower bound on the minimum dilation of metric point sets.
The following properties of the complete graph on four points and its tournaments
are used repeatedly in the proof of Lemma 4.10.

Observation 4.9. For every undirected complete graph K4, it holds that

• K4 contains
(︁
4
3

)︁
= 4 triangles,

• every pair of these triangles shares exactly one edge, and

• every strongly connected orientation of K4 contains exactly two consistently
oriented triangles.

Lemma 4.10. For any metric point set P of size 4 there is a 3/2-tournament on P .
This bound is tight.

Proof. We prove that the following algorithm computes a tournament
−→
K with di-

lation odil(
−→
K) ≤ 3/2 for the point set P = {p1, p2, p3, p4}:

1. Let ∆p1p2p3 be the shortest and ∆p1p2p4 the second shortest triangle of the
four triangles in K4. Orient ∆p1p2p3 and ∆p1p2p4 consistently. That is always
possible (compare to Observation 4.9).

2. Orient the remaining edge p3p4 such that the length of the shortest oriented
cycle containing p3 and p4 is minimized.

We distinguish cases by the orientation of the edge p3p4, meaning
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4.4 Bounding the Minimum Dilation

• |C−→
K
(p3, p4)| = |p1p2|+ |p2p3|+ |p3p4|+ |p1p4| if

|p1p3|+ |p2p4| ≤ |p2p3|+ |p1p4|, or (4.1)

• |C−→
K
(p3, p4)| = |p1p2|+ |p2p4|+ |p3p4|+ |p1p3| if

|p1p3|+ |p2p4| > |p2p3|+ |p1p4|. (4.2)

We show the first case, the other case can be proven analogously.
Since ∆p1p2p3 and ∆p1p2p4 are the shortest triangles and oriented consistently, the

dilation of every pair of points is 1, except the pair p3p4. So, we prove

odil(
−→
K) = odil(p3, p4) =

|p1p2|+ |p2p3|+ |p3p4|+ |p1p4|
min(|∆p3p4p1 |, |∆p3p4p2 |)

≤ 3/2.

Assume |∆p3p4p2 | ≤ |∆p3p4p1 | otherwise the names of the points belonging to the
shortest and second shortest triangle can be swapped. Since ∆p1p2p3 and ∆p1p2p4

are the two shortest triangles, it holds that

|p1p2|+ |p1p4| ≤ |p3p4|+ |p2p3|, and (4.3)
|p1p2|+ |p1p3| ≤ |p3p4|+ |p2p4|. (4.4)

Summing up Equations (4.1), (4.3) and (4.4), we achieve

2|p1p3|+ 2|p1p2|+ |p2p4| ≤ 2|p3p4|+ 2|p2p3|+ |p2p4|
⇔ 2 (|p1p3|+ |p1p2|+ |p2p4|+ |p3p4|) ≤ 4|p3p4|+ 2 (|p2p3|+ |p2p4|)

∆-ineq.
≤ 3 (|p3p4|+ |p2p3|+ |p2p4|)

⇔ odil(p3, p4) =
|p3p4|+|p1p3|+|p1p2|+|p2p4|

|p3p4|+|p2p3|+|p2p4| ≤ 3/2.

For tightness, we show there is a point set P of size 4, such that every tournament
on P has dilation 3/2. The following metric gives such a point set: |p1p3| = |p2p3| =
|p3p4| = 1 and |p1p2| = |p1p4| = |p2p4| = 2. Taking into account mirroring and
rotation, Figure 4.20 lists all tournaments on P . All of them have dilation 3/2.

1

1 2

1

2

2

1

1 2

1

2

2

1

1 2

1

2

2

1

1 2

1

2

2

Figure 4.20: A metric point set where every strongly connected orientation of the
complete graph on P is a 3/2-tournament.

Observation 4.8 and Lemma 4.10 present lower bounds on the largest possible
dilation of any oriented minimum dilation spanner. Our algorithm to compute a
5/3-tournament for any metric point set (Theorem 4.5) offers an upper bound:

Proposition 4.11. For any metric space (P, | · |) the dilation t of a minimum
dilation spanner on P is at most 5/3.
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Chapter 5
One-Dimensional Point Sets

In this chapter, we focus on points in the one-dimensional Euclidean space R. We
embed the points on a horizontal line with the minimum point leftmost, and the
maximum point rightmost. One-dimensional point sets are indexed in increasing
order, i.e., p1 is the leftmost and pn the rightmost point.

First, we prove that for spanners on one-dimensional point sets only the dilation
of a linear number of candidate pairs needs to be checked.

Lemma 5.1. Let P be a set of n points in R and let
−→
G be an oriented graph on P .

It holds

odil(
−→
G) = max

1≤i≤n−1
1≤j≤n−2
1≤k≤n−3

(odil(pi, pi+1), odil(pj , pj+2), odil(pk, pk+3)).

Proof. Let pℓ, pr be any two distinct points in P such that ℓ < r.
As the cases r = ℓ + 1, r = ℓ+ 2 and r = ℓ+ 3 are given by the Lemma’s

statement, the statement is proven for r < ℓ+ 4 or ℓ > n− 3.
For r ≥ ℓ+ 4 and ℓ ≤ n− 3, by induction on r − ℓ, we show

odil(pℓ, pr) ≤ max
1≤j≤n−2
1≤k≤n−3

(odil(pj , pj+2), odil(pk, pk+3)).

Since the union of C−→
G
(pℓ, pℓ+2) and C−→

G
(pℓ+2, pr) forms a closed walk containing

pℓ and pr, the length of their shortest closed walk is bounded by

|C−→
G
(pℓ, pr)| ≤ |C−→

G
(pℓ, pℓ+2)|+ |C−→

G
(pℓ+2, pr)|.

Further, for r ≥ ℓ+4, the length of the minimum perimeter triangle of pℓ and pr is
two times the distance between them, i.e., |∆∗(pℓ, pr)| = 2|pℓpr|. This permits

odil(pℓ, pr) =
|C−→

G
(pℓ, pr)|

2|pℓpr|
≤

|C−→
G
(pℓ, pℓ+2)|+ |C−→

G
(pℓ+2, pr)|

2|pℓpℓ+2|+ 2|pℓ+2pr|

≤ max

(︃ |C−→
G
(pℓ, pℓ+2)|

|∆∗(pℓ, pℓ+2)|
,
|C−→

G
(pℓ+2, pr)|

|∆∗(pℓ+2, pr)|

)︃
= max(odil(pℓ, pℓ+2), odil(pℓ+2, pr)).

Recursively, this bounds the dilation of any tuple pℓ, pr with r ≥ ℓ+ 4.
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5 One-Dimensional Point Sets

Lemma 5.1 directly leads to an oriented 1-spanner with 3n− 6 edges.

Corollary 5.2. For every set P of n points in R, the graph
−→
G = (P,

−→
E ) with

−→
E = {(pi, pi+1), (pj+2, pj), (pk+3, pk) | 1 ≤ i ≤ n− 1, 1 ≤ j ≤ n− 2, 1 ≤ k ≤ n− 3}

is an oriented 1-spanner on P (see Figure 5.1).

p1 p2 p3 p4 p5
p8p6 p7

p6 p3
p8

p7

p4

p5

p2

p1

Figure 5.1: Oriented 1-spanner on a point set in R and its plane embedding in R2.

In R2, plane (straight-line) spanners are of particular interest [26]. The natu-
ral one-dimensional analogue to plane graphs are one- and two-page book embed-
dings [11, 35, 45, 89].

A one-page book embedding [11, 35, 45] of a graph corresponds to an embedding
of the vertices as points on a horizontal line with the edges drawn without crossings
as circular arcs above the line; and also below in a two-page book embedding. In such
a (one- or two-page) book embedding, for consecutive points on the line, we may
draw their edge straight on the line. We call a graph one-page plane (respectively
two-page plane) if it has a one-page (resp. two-page) book embedding.

In particular, one-page plane graphs are outerplanar graphs and correspond to
plane straight-line graphs if we embed the points on a (slightly) convex arc instead
of a line. Two-page plane graphs are a subclass of planar graphs, since any planar
graph has a four-page book embedding [89].

As we argue next, the graph given in Corollary 5.2 has no two-page book embed-
ding with the given one-dimensional embedding (and thus also no one-page book
embedding). This follows from an even stronger statement:

Observation 5.3. The graph
−→
G = (P,

−→
E ) on n > 4 points and

−→
E = {(pi, pi+1), (pj+2, pj), (pk+3, pk) | 1 ≤ i ≤ n− 1, 1 ≤ j ≤ n− 2, 1 ≤ k ≤ n− 3}

has no plane embedding with the first and last point on the outer face (see Figure 5.1).
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Proof. Suppose the graph has such an embedding. It has 3n − 6 edges, but no
edge between the first and last point for n > 4. Thus, adding this edge preserves
planarity, which contradicts that a planar graph has at most 3n− 6 edges.

Interestingly, the graph of Corollary 5.2 is planar. We construct a stack trian-
gulation by adding points from left to right. The first three points form a triangle.
Then, we inductively add the next point into the triangle formed by the previous
three points. See Figure 5.1.

Since Lemma 5.1 directly leads to a 1-spanner with a three-page book embedding
(i.e., a crossing-free embedding using a third half-plane) on any point set in R, only
one- and two-page plane spanners are interesting to study.

5.1 Page Planarity

A maximal one-page plane graph is a one-page plane graph
−→
G = (P,

−→
E ) such that

for every edge e /∈
−→
E , the graph

−→
G′ = (P,

−→
E ∪{e}) is not one-page plane. A maximal

two-page plane graph is defined analogously.
A forward edge (pi, pi+1) between consecutive points is called a baseline edge and

a backwards edge (pj , pi) with i < j a back edge. A natural restriction of oriented
graphs for one-dimensional point sets is to include a baseline and all other edges are
back edges. We call such a graph a one-page-plane-baseline graph, for short 1-PPB
graph. Analogously we define 2-PPB graphs.

Throughout this thesis, baseline edges are always assumed present in a 1- or
2-PPB graph; hence we define such graphs solely by their back edges.

The pairs that have to be considered to compute the dilation of an oriented
spanner on a one-dimensional point set (compare to Lemma 5.1) can be reduced
even further for page plane graphs with a baseline:

Lemma 5.4. Let P be a point set in R of size n and let
−→
G be a 1- or 2-PPB graph

on P . It holds that

odil(
−→
G) = max

1≤i≤n−2
1≤j≤n−3

(odil(pi, pi+2), odil(pj , pj+3)).

Proof. We show odil(pj , pj+1) ≤ max(odil(pj , pj+2), odil(pj−1, pj+1)). Combining
this with Lemma 5.1 completes the proof of this lemma.

The third point of the minimum perimeter triangle ∆∗(pj , pj+1) is pj−1 or pj+2.
For graphs with baseline, it holds that

|C−→
G
(pj , pj+1)| ≤ |C−→

G
(pj , pj+2)| and |C−→

G
(pj , pj+1)| ≤ |C−→

G
(pj−1, pj+1)|.

If ∆∗(pj , pj+1) contains pj+2, the dilation is bounded by

odil(pj , pj+1) =
|C−→

G
(pj , pj+1)|

|∆∗(pj , pj+1)|
=

|C−→
G
(pj , pj+1)|

2|pjpj+2|
≤

|C−→
G
(pj , pj+2)|

|∆∗(pj , pj+2)|
= odil(pj , pj+2).

Otherwise, we can show analogously that odil(pk, pk+1) ≤ odil(pk−1, pk+1).
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5 One-Dimensional Point Sets

Lemma 5.4 holds for every page plane graph, even if it is not maximal.
Further, we offer additional structural insights on the shape of the shortest closed

walk containing the worst-case pair of a 1- or 2-PPB graph.

Lemma 5.5. Let P be a point set in R and
−→
G = (P,

−→
E ) a 1- or 2-PPB graph on P .

Let pi, pj be two distinct points in P with j ∈ {i + 2, i + 3}. Let pℓ with ℓ ≤ i be
leftmost point in C−→

G
(pi, pj) and pr with j ≤ r be the rightmost point in C−→

G
(pi, pj).

The closed walk C−→
G
(pi, pj) consists of the baseline edges from pℓ to pr, i.e., the

edges (pm, pm+1) with ℓ ≤ m ≤ r − 1, and a path Π from pr to pℓ with either

(a) Π = (pr, pℓ) (see Figure 5.2a),

(b) Π = (pr, pk), (pk, pℓ) with i < k < j (see Figure 5.2b), or

(c) Π = (pr, pi+1), (pi+1, pi+2), (pi+2, pℓ) (see Figure 5.2c).

Note that, due to planarity, Case c arises only if
−→
G is a 2-PPB graph and j = i+3.

Further, if
−→
G is maximal, for Case a holds either Π = (pr, pi) or Π = (pj , pℓ).

pi pjpl pr

(a) Π = (pr, pℓ)

pi pjpkpl pr

(b) Π = (pr, pk), (pk, pℓ) with i < k < j

pi pi+3pl prpi+1 pi+2

(c) Π = (pr, pi+1), (pi+1, pi+2), (pi+2, pℓ)

Figure 5.2: C−→
G
(pi, pj) consists of the baseline from pℓ to pr and a path Π from pr

to pℓ with j ∈ {i+ 2, i+ 3} and ℓ ≤ i < j ≤ r.

Proof. By definition, every 1- or 2-PPB graph includes a baseline. Note that a
shortest closed walk through pi and pj is simply the union of a shortest path from
pℓ to pr and a shortest path from pr to pℓ. As the baseline provides a shortest
path from pℓ to pr, we now construct a shortest path Π from pr to pℓ to complete
C−→

G
(pi, pj).

If (pr, pℓ) ∈
−→
E , it holds Π = (pr, pℓ), thus Case a.

For (pr, pℓ) /∈
−→
E , we consider the first edge of Π. Since pr is the rightmost point

in C−→
G
(pi, pj), this edge must be a back edge (pr, pk) and therefore k < r. Note that

k > i, otherwise pℓ is not the leftmost point in a shortest closed walk through pi
and pj . Furthermore, k < j, otherwise pr is not the rightmost point.

For j = i + 2 (and therefore k = i + 1), if (pi+1, pi+2) is the second edge in
Π, then pr is not rightmost point in a shortest closed walk through pi and pj .
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Therefore, a back edge (pk, pk′) with k′ < i is the second edge in Π (see Figure 5.2b).
Since pℓ is the leftmost point in C−→

G
(pi, pj), this implies k′ = ℓ and therefore Π =

(pr, pi+1), (pi+1, pℓ), thus Case b.
If j = i+3 and k = i+2, analogous, the second edge in Π is a back edge (pk, pk′)

with k′ ≤ i. Again, it holds that Π = (pr, pi+2), (pi+2, pℓ), thus Case b.
For j = i+ 3 and k = i+ 1, if the second edge in Π is a back edge (pk, pk′) with

k′ ≤ i, it holds Π = (pr, pi+1), (pi+1, pℓ), thus Case b. Otherwise, if the second edge
is (pi+1, pi+2), it holds Π = (pr, pi+1), (pi+1, pi+2), (pi+2, pℓ), thus Case c.

Combining Lemmas 5.4 and 5.5, computing the oriented dilation of a 1- or 2-PPB
spanner is possible in O(n) time, if the shortest incoming and outgoing back edge
of any point is accessible in constant time.

5.2 One-Page Plane Spanners
As noted above, one-page plane graphs correspond to plane straight-line graphs if
we interpret the point set as being convex. Thus, they are not only of interest in
their own right but also aid us in constructing oriented plane spanners in R2.

Lemma 5.6 shows that a 1-PPB graph has at most the same dilation as an oriented
graph with the same edge set but another orientation. For the remainder of this
chapter, we focus exclusively on 1-PPB graphs rather than on general one-page
plane graphs. This restriction is justified by Lemma 5.6, which implies that it does
not affect the minimum attainable dilation. Consequently, the construction of one-
page plane spanners is simplified. In particular, computing a minimum dilation
1-PPB graph yields a minimum one-page plane spanner (see Section 5.2.3).

Lemma 5.6. Let P be a point set in R of size n and let
−→
G = (P,

−→
E ) be a one-page

plane graph on P . Let
−→
G′ = (P,

−→
E′) be a 1-PPB graph, where E′ contains the

baseline edges and for every edge in
−→
E the same edge but oriented according to the

conditions of a 1-PPB graph. It holds that odil(
−→
G′) ≤ odil(

−→
G).

Proof. W.l.o.g., we assume that for all i with 1 ≤ i ≤ n − 1 either (pi, pi+1) or
(pi+1, pi) is in

−→
E , since adding these would only decrease the dilation while

−→
E′

contains the baseline anyway. Let Gu = (P,Eu) be the underlying undirected
graph of

−→
G . Let p and q be two distinct points in P and let C−→

G
(p, q) be their

shortest closed walk in
−→
G . Let pℓ be the leftmost and pr be the rightmost point of

C−→
G
(p, q), respectively. Consider the edges in Gu corresponding to C−→

G
(p, q), that is

Eu
C = {pipj ∈ Eu | (pi, pj) ∈ C−→

G
(p, q) or (pj , pi) ∈ C−→

G
(p, q)}.

We define the inclusion maximal edges in this set as those edges, which are not
covered by longer edges, that is imax(Eu

C) = {pipj ∈ Eu
C | pi′ , pj′ ∈ P with i′ ≤ i <

j ≤ j′ : pi′pj′ /∈ Eu
C}. For this set, we can state that

i) For all pipj ∈ imax(Eu
C) we have j > i+ 1, because an edge pipi+1 cannot be

inclusion maximal, since the interval between pi and pi+1 has to be covered
by at least two edges to allow a connected graph.

ii) The edges in imax(Eu
C) partition an interval [pℓ, pr], as

−→
G is one-page plane

and thus C−→
G
(p, q) would be disconnected otherwise.
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By using only the inclusion maximal and baseline edges, it follows that the orien-
tation of Eu

C given by
−→
G′ includes a closed walk of length 2|pℓpr| and thus

|C−→
G′(p, q)| ≤ 2|pℓpr| ≤ |C−→

G
(p, q)|.

Therefore, the oriented dilation of p and q in the 1-PPB
−→
G′ is smaller or equals

their oriented dilation in
−→
G .

The restriction, given Lemma 5.4, on pairs to check for computing the oriented
dilation can be tightened for 1-PPB graphs:

Lemma 5.7. Let P be a point set in R of size n and let
−→
G = (P,

−→
E ) be a 1-PPB

graph on P . It holds odil(
−→
G) = max

1≤i≤n−2
(odil(pi, pi+2)).

Proof. Let
−→
G be a 1-PPB spanner. For any point pj ∈ P , we will show that

odil(pj , pj+3) ≤ max(odil(pj , pj+2), odil(pj+1, pj+3)).

By Lemma 5.4, this completes the proof of this lemma.
For graphs with baseline, we have |C−→

G
(pj+1, pj+3)| ≤ |C−→

G
(pj , pj+3)|.

If |C−→
G
(pj , pj+3)| = |C−→

G
(pj+1, pj+3)|, it holds that

odil(pj , pj+3) =
|C−→

G
(pj , pj+3)|

|∆∗(pj , pj+3)|
=

|C−→
G
(pj+1, pj+3)|
2|pjpj+3|

≤
|C−→

G
(pj+1, pj+3)|

2|pj+1pj+3|
= odil(pj+1, pj+3).

If |C−→
G
(pj , pj+3)| > |C−→

G
(pj+1, pj+3)|, the leftmost point of C−→

G
(pj+1, pj+3) is pj+1.

This implies |C−→
G
(pj , pj+2)| = |C−→

G
(pj , pj+3)| and therefore

odil(pj , pj+3) =
|C−→

G
(pj , pj+3)|

|∆∗(pj , pj+3)|
=

|C−→
G
(pj , pj+2)|

2|pjpj+3|
≤

|C−→
G
(pj , pj+2)|

2|pjpj+2|
= odil(pj , pj+2).

The maximum of odil(pj+1, pj+3) and odil(pj , pj+2) upper bounds both cases.

Lemma 5.7 holds for every 1-PPB graph, even if it is not maximal.

5.2.1 Bounding the Dilation of One-Page Plane Graphs

Due to planarity, every one-page plane graph
−→
G on a point set P with |P | > 3

contains a tuple pi, pi+2 ∈ P where C−→
G
(pi, pi+2) ̸= ∆∗(pi, pi+2). So, there is no

one-page plane 1-spanner on any point set P with |P | > 3.

ε 1 1 ε

Figure 5.3: One-page
plane (1 + ε)-spanner.

However, there are point sets with a one-page plane
(1 + ε)-spanner. Let

−→
G = (P,

−→
E ) be a 1-PPB graph on

five points with the distances |p2p3| = |p3p4| = 1 and
|p1p2| = |p4p5| = ε for an arbitrary small ε > 0 and with
the back edges (p5, p3) and (p3, p1) (see Figure 5.3). It
holds that odil(

−→
G) = odil(p2, p4) =

2+2ε
2 = 1 + ε.

In the following, we study the worst-case (i.e., supremum of) the minimum dila-
tion taken over all point sets. We present an instance of six points, which gives a
lower bound on the dilation of minimum one-page plane spanners of 2.618.
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5.2 One-Page Plane Spanners

Observation 5.8. There are point sets in R where no one-page plane t-spanner
exists for t < 1 + Φ− δ, where Φ is the golden ratio Φ = 1.618033 . . . and δ > 0 is
an arbitrarily small value.

Proof. Given δ > 0, we define a point set P such that for every 1-PPB t-spanner on
P holds t ≥ 1+Φ− δ. Let P be a set of six points in R with the following pairwise
distances: |p1p2| = |p5p6| = Φ, |p2p3| = |p4p5| = ε and |p3p4| = 1 for a small ε > 0
(depending on δ).

It suffices to look at all maximal 1-PPB graphs on P . We list those and, since P
is symmetric, prune out every graph, which has an axial symmetric copy. Further,
we ignore the graph that contains (p5, p1),(p5, p3) and (p3, p1) as it is trivially not
optimal. Computing the dilation of every remaining graph (listed in Figure 5.4), we
conclude that a minimum 1-PPB spanner on P has dilation t = 1+Φ+ε

1+ε < 1+Φ. For
an arbitrary small ε > 0, this value approaches the bound arbitrarily closely.

p1 p2 p3 p4 p5 p6

1Φ ε Φε

(a) t = 1 +max
(︁
1+Φ+ε
Φ+ε , ε

1+ε

)︁
≥ 1 + Φ+ε

1+ε

p1 p2 p3 p4 p5 p6

1Φ ε Φε

(b) t = 1 +max
(︁
1+Φ+ε
Φ+ε , Φ+ε

1+ε

)︁
≥ 1 + Φ+ε

1+ε

p1 p2 p3 p4 p5 p6

1Φ ε Φε

(c) t = 1 + 2Φ+ε
1+ε ≥ 1 + Φ+ε

1+ε

p1 p2 p3 p4 p5 p6

1Φ ε Φε

(d) t = 1 + Φ+ε
1+ε < 1 + Φ

Figure 5.4: Remaining candidates for a minimum 1-PPB spanner on the point set
of size 6 with distances |p1p2| = |p5p6| = Φ, |p2p3| = |p4p5| = ε, |p3p4| = 1. Graphs
with the same dilation t are drawn in one subfigure with different colored edges.
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5 One-Dimensional Point Sets

5.2.2 Constant Dilation One-Page Plane Spanners
A first approach to construct a one-page plane oriented spanner is orienting the
greedy triangulation. We show that this leads to a maximal 1-PPB 5-spanner.

In Chapter 6, we analyze plane spanners on points in R2. The proof, that an
orientation of the greedy triangulation yields a constant dilation spanner on convex
point sets, adapts and builds upon our proof for one-page plane graphs.

Algorithm. Algorithm 5.1 computes a maximal 1-PPB graph by starting with
the baseline and greedily adding back edges sorted increasing by length while pre-
serving planarity. The first added edge is the shortest edge between two points with
exactly one point in between. Imagine we delete the point that was in-between.
Then again, we add the shortest edge with exactly one point in between, and so
on, until only two points are left. This deletion is implemented by a list L, which
initially contains the entire point set. We delete a point p from L when we add an
edge that covers p. In order to quickly compute the shortest edge that covers p, its
length is stored in a priority queue for each point p in L. The resulting graph is an
orientation of the greedy triangulation.

Algorithm 5.1 Greedy One-Page Plane 5-Spanner.
Require: Point set P = {p1, . . . , pn} in R (numbered from left to right)
Ensure: One-page plane 5-spanner on P−→

E = {(pi, pi+1) | 1 ≤ i ≤ n− 1} // start with the baseline
L = doubly linked list with the elements p1, . . . , pn
T = empty priority queue – T stores tuples (p, v) where p is a pointer to a point
in L and the value v = L(p).next − L(p).prev (distance of p’s neighbors in L,
which is the length of the edge which covers p)
for i = 2 to n− 1 do

add (pi, |pi−1pi+1|) to T // initially all edges with 1 point in between
while T ̸= ∅ do

p = T.extractMin()
pℓ = L(p).prev
pr = L(p).next
−→
E =

−→
E ∪ {(pr, pℓ)}

// p is covered by (pr, pℓ), which is the current shortest edge
delete p in L and T
update the values in T of pℓ and pr

return −→
G = (P,

−→
E )

In the proof of Theorem 5.9, we use the concept of a blocker.

Definition (blocker). Let
−→
E be the greedily computed edge set. Since the resulting

graph
−→
G = (P,

−→
E ) is maximal, (pj , pi) /∈

−→
E for i + 2 ≤ j implies that there is a

shorter edge in
−→
E which intersects (pj , pi). (The greedy algorithm added this edge

first and discarded (pj , pi) in a later iteration.) For the shortest edge intersecting
(pj , pi), we say it blocks (pj , pi). For the blocker (pk, pm) holds either k > j and
i < m < j or m < i and i < k < j.
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5.2 One-Page Plane Spanners

Theorem 5.9. Given a set P of n points in R, a one-page plane 5-spanner on P
can be constructed in O(n log n) time.

Proof. Let
−→
G = (P,

−→
E ) be the maximal 1-PPB spanner constructed by Algo-

rithm 5.1. For any pair of points pi, pi+2 ∈ P , we show odil(pi, pi+2) ≤ 5. Due
to Lemma 5.7, this guarantees that

−→
G is a 5-spanner.

If (pi+2, pi) ∈
−→
E , it holds that odil(pi, pi+2) = 1.

For (pi+2, pi) /∈
−→
E , we assume that (pi+2, pi) is blocked by an edge incident to a

point right of pi+2. The case that (pi+2, pi) is blocked from the left is analogous.
Let (b1, pi+1) be the edge that blocks (pi+2, pi) (see Figure 5.5). Due to maxi-

mality, b1 is the leftmost point with a back edge to pi+1. Since (b1, pi+1) blocks
(pi+2, pi), it holds that

|pi+1b1| ≤ |pipi+2|. (5.1)
In the following, we determine the leftmost and the rightmost point of C−→

G
(pi, pi+2)

and their distances to pi and pi+1.
Let b1, . . . , bj be the points with a back edge to pi+1 ordered from left to right

(see Figure 5.5). So, bj is the rightmost point with a back edge to pi+1.

pi+1 pi+2 b1 bj−1 bjpi

≤ |pipi+2|

Figure 5.5: Let b1, . . . , bj be the points with a back edge to pi+1. Note that there
may be points between bj and bj−1, but then maximality implies (bj , bj−1) ∈

−→
E .

For each 2 ≤ k ≤ j, the edge (bk, pi+1) blocks (bk−1, pi) (see Figure 5.6). There-
fore, it holds that |pi+1bk| ≤ |pibk−1|, which bounds their distance by

|bk−1bk| ≤ |pipi+1|. (5.2)

pi+1 bk−1 bkpi

≤ |pipi+1|≥ |pi+1bk|

Figure 5.6: (bk, pi+1) blocks (bk−1, pi) for 2 ≤ k ≤ j.

Further, for 2 ≤ k ≤ j − 1, the greedy algorithm added (bk, pi+1) to
−→
E and

discarded (bk+1, bk−1) (compare to Figure 5.7). Thus, their distance is bounded by

|pi+1bk| ≤ |bk−1bk+1|. (5.3)

Now, we use these equations to bound the length of the shortest closed walk in−→
G containing pi and pi+2. Let pℓ be the leftmost and pr the rightmost point of
C−→

G
(pi, pi+2). We do a case distinction on the position of pℓ.
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5 One-Dimensional Point Sets

pi+1 bk−1 bk

≤ |pi+1bk+1|

bk+1

Figure 5.7: (bk, pi+1) blocks (bk+1, bk−1) for 2 ≤ k ≤ j − 1.

Case 1: ℓ = i

Due to maximality, it holds that r = j (see Figure 5.8). Therefore, we have

|C−→
G
(pi, pi+2)| = 2|pibj | = 2(|pipi+1|+ |pi+1bj−1|+ |bj−1bj |).

If j ≥ 3, using Equations (5.2) and (5.3), gives us

|pi+1bj−1| ≤ |bj−2bj | = |bj−2bj−1|+ |bj−1bj | ≤ 2|pipi+1| ≤ 2|pipi+2|.

Otherwise, it holds that j < 3. If j = 2, we apply Equation (5.2) to bound
|b1b2| ≤ |pipi+1|. So, for 1 < j < 3 and b0 = pi+1, we also have

|pi+1bj−1| ≤ |pi+1b1|+ |pipi+1|
Eq. (5.1)

≤ 2|pipi+2|.

This provides the dilation

odil(pi, pi+2) =
|C−→

G
(pi, pi+2)|

|∆∗(pi, pi+2)|
=

2|pibj |
2|pipi+2|

≤ |pipi+1|+ 2|pipi+2|+ |bj−1bj |
|pipi+2|

Eq. (5.2)
≤ 2|pipi+2|+ 2|pipi+1|

|pipi+2|
≤ 4.

pi+1 bj−1 bjpi

≤ |pipi+1|

bj−2

≤ |bj−2bj | ≤ 2|pipi+1|

Figure 5.8: Case 1: If ℓ = i, then r = j.

Case 2: ℓ < i

The maximality of
−→
G implies (pi+1, pℓ) ∈ C−→

G
(pi, pi+2). In this case, since b1 is

the leftmost point with a back edge to pi+1, it holds that pr = b1 (see Figure 5.9).
By definition, (pi+1, pℓ) is the blocker of (bj , pi). Thus, we have

|pℓpi+1| ≤ |pibj | ≤ 4|pipi+2|, (5.4)
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5.2 One-Page Plane Spanners

where the last step follows from Case 1. Therefore, the dilation is

odil(pi, pi+2) =
|C−→

G
(pi, pi+2)|

|∆∗(pi, pi+2)|
=

2|pℓb1|
2|pipi+2|

=
|pℓpi+1|+ |pi+1b1|

|pipi+2|
Eq. (5.1), (5.4)

≤ |pipi+1|+ 4|pipi+2|
|pipi+2|

≤ 5.

pi+1 pi+2 b1 bjpi

≤ |pipi+2|

pℓ

≤ |pibj | ≤ 4|pipi+2|

Figure 5.9: Case 2: If ℓ < i, then r = 1. Note that (pi+1, pℓ) blocks (bj , pi).

By maintaining the points in a doubly linked list and the relevant distances in a
priority queue the runtime of Algorithm 5.1 is O(n log n).

Figure 5.10 illustrates a greedily constructed spanner
−→
G with oriented dilation

t = 5−7ε
1+ε for a small ε > 0. This configuration is ε-close to the proven upper

bound of 5. Furthermore, the figure shows a t′-spanner on the same point set with
t′ = 2−2ε

1+ε < t. Thus, Algorithm 5.1 does not necessarily return a minimum spanner.

p3 p4 p5 p6 p7p2p1 ε1 1− 3ε 1− ε 1− ε3− 5ε

p3 p4ε1 1− 3ε 1− ε 1− ε3− 5ε p5 p6 p7p2p1

Figure 5.10: Above: Spanner constructed by Algorithm 5.1 with dilation t = 5−7ε
1+ε .

Below: Spanner on the same point set with dilation t′ = 2−2ε
1+ε < t. For both, the

worst-case pair is p2p4.

5.2.3 Minimum One-Page Plane Spanners
Next, we focus on minimum dilation one-page plane spanners. Due to Lemma 5.6,
it suffices to look at maximal 1-PPB graphs to construct minimum one-page plane
spanners in general. Given a point set P in R, the following dynamic program
computes a maximal 1-PPB spanner

−→
G = (P,

−→
E ) with minimum oriented dilation.

Idea. Due to one-page planarity, a point set {pℓ, . . . , pr} can be separated into
two (almost) independent subproblems, {pℓ, . . . , pk} and {pk, . . . , pr}, by adding
the edges (pr, pk) and (pk, pℓ) to a split point pk between pℓ and pr (consider Fig-
ure 5.11a). Due to Lemma 5.7, the dilation t of the minimum spanner on {pℓ, . . . , pr}
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5 One-Dimensional Point Sets

is t = max (t′, t′′, odil(pk−1, pk+1)), where t′ is the minimum dilation for {pℓ, . . . , pk}
and t′′ is the minimum dilation for {pk, . . . , pr}. We test all candidates for pk to min-
imize t. Computing odil(pk−1, pk+1) requires the length of C−→

G
(pk−1, pk+1) which

is, since (pr, pk), (pk, pℓ) ∈
−→
E , the union of C−→

G
(pk, pk+1) and C−→

G
(pk−1, pk). By the

construction holds |C−→
G
(pk−1, pk)| = 2|pkrpk|, where pkr is the rightmost point with

(pk, pkr) ∈
−→
E , and analogously, we have |C−→

G
(pk, pk+1)| = 2|pkpkℓ |, where pkℓ is

the leftmost point with (pkℓ , pk) ∈
−→
E . To include those two values in the dynamic

program, we consider the subproblem of computing odil(ℓ, ℓ′, r′, r), which denotes
the oriented dilation of the subgraph on {pℓ, . . . , pr} under the assumption that
(pℓ′ , pℓ) ∈ C−→

G
(pℓ, pl+1) and (pr, pr′) ∈ C−→

G
(pr−1, pr).

pℓ pℓ′ pkℓ
pkr

pk prpr′

(a) Split at pk, recursion on both sides

pℓ=r′ pℓ′ pkr
pr−1 pr

(b) Split at pr−1, just left recursion

pℓ pkℓ
pl+1 pr=ℓ′pr′

(c) Split at pl+1, just right recursion

Figure 5.11: Visualization of the recursion of the dynamic program.

Recursion. We add (pr, pℓ) and distinct cases by the indices ℓ, ℓ′, r′ and r.

(a) For ℓ′ < r and r′ > ℓ, we test every point pk with ℓ + 2 ≤ k ≤ r − 2 and
recurse on {pℓ, . . . , pk} and {pk, . . . , pr} (compare to Figure 5.11a). We test
every point pkr with ℓ ≤ kr ≤ k−2 as leftmost point of C−→

G
(pk−1, pk) and every

point pkℓ with k + 2 ≤ kℓ ≤ r as rightmost point of C−→
G
(pk, pk+1). We choose

the combination kr, k, kℓ that minimizes the dilation

odil(ℓ, ℓ′, r′, r) = min
kr,k,kℓ

max
(︂
odil(ℓ, ℓ′, kr, k), odil(k, kℓ, r

′, r),
|pkrpkℓ |

|pk−1pk+1|

)︂
.

(b) For r′ = ℓ (and ℓ′ < r), maximality implies that (pr−1, pℓ) is in the back edge
set (compare to Figure 5.11b). Thus, we recurse on {pℓ, . . . , pr−1}. As leftmost
point for C−→

G
(pr−2, pr−1) we choose the point pkr that minimizes the dilation

odil(ℓ, ℓ′, r′, r) = min
ℓ≤kr≤r−3

max
(︂
odil(ℓ, ℓ′, kr, r − 1),

|pℓpr|
|pr−2pr|

)︂
.

(c) Analogous, for ℓ′ = r (and r′ > ℓ), we consider recursively {pℓ+1, . . . , pr}
(compare to Figure 5.11c). We test every point pkℓ as rightmost point for
C−→

G
(pℓ+1, pℓ+2) to minimize the dilation

odil(ℓ, ℓ′, r′, r) = min
ℓ+3≤kl≤r

max
(︂
odil(ℓ+ 1, kℓ, r

′, r),
|pℓpr|
|pℓpℓ+2|

)︂
.
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5.3 Two-Page Plane Spanners

Termination. Each recursion terminates with a forbidden subproblem (ℓ, ℓ′, r′, r)
or with a set of three points. Invalid combinations are

i) ℓ′ < ℓ+ 2, r′ > r − 2 or ℓ > r which contradicts the definition of the indices,

ii) r < ℓ+ 2 which implies |P | < 3, or

iii) ℓ′ < r, r′ > ℓ and ℓ′ > r′ which contradicts planarity.

If ℓ′ = r and r′ = ℓ, due to maximality, it holds that |P | = 3. The only (and
optimal) solution for a set of three points is the triangle ∆pℓpl+1pr=l+2

.

Runtime and Space. The dynamic program goes through all O(n7) combina-
tions of ℓ, ℓ′, kr, k, kℓ, r′ and r. By storing the dilation of each subproblem (ℓ, ℓ′, r′, r),
choosing the optimal combination of k, kr and kℓ does not take additional time. By
back tracking, the edge set of a minimum 1-PPB spanner is calculated in O(n7) time
and O(n4) space.

We conclude that this dynamic program returns a minimum 1-PPB graph.

Theorem 5.10. Given a set P of n points in R, a minimum one-page plane spanner
on P can be computed in O(n7) time and O(n4) space.

5.3 Two-Page Plane Spanners
Lemma 5.6 states that a 1-PPB graph has smaller or equal dilation than an oriented
graph with the same edge set but another orientation. This statement does not hold
for two-page plane graphs: Figure 5.12 shows for the same point set a two-page plane
(1 + ε)-spanner and a minimum 2-PPB spanner with dilation 2 + ε. However, due
to their rich structure, we frequently restrict to 2-PPB graphs. Note that these
results do not imply results for general two-page plane graphs.

p5 p6ε1 p7 p8εp1 p2ε p3 p4ε1 1ε1

(a) Minimum 2-PPB graph
−→
G = (P,

−→
E ) with oriented dilation t = odil(p3, p6) =

2+2ε
1+2ε .

p5 p6ε1 p7 p8εp1 p2ε p3 p4ε1 1ε1

(b) Two-page plane graph
−→
G′ = (P,

−→
E′), where the edges in

−→
E′ are incident to the same

vertices as in
−→
E , but the orientation may be different. The dilation of

−→
G′ is

t′ = odil(p3, p6) =
1+2ε
1+ε . For ε < 1/

√
2, it holds t′ < t.

Figure 5.12: A minimum 2-PPB spanner and a general two-page plane graph on
the same point set with smaller dilation.
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5.3.1 Bounding the Dilation of Two-Page Plane Graphs

By definition, no two-page plane 1-spanner exists for sets of at least four points.
We present an instance of six points, which bounds the minimum dilation of 2-PPB
spanners by 1.414.

Observation 5.11. There are one-dimensional point sets where no 2-PPB t-
spanner exists for t <

√
2.

Proof. Let P be a set of six points in R with the following pairwise distances:
|p1p2| = |p3p4| = |p5p6| = 1 and |p2p3| = |p4p5| = 1/

√
2. We show that for every

2-PPB t-spanner for P holds t ≥
√
2.

In the following, we formalize the evaluation of all possible 2-PPB spanners on P .
Let the Boolean variable xji encode if the back edge (pj , pi) is in the edge set

−→
E or

not. By this, every 2-PPB spanner on 6 points is encoded as 10-bit string. Since
maximality decreases dilation, it suffices to look at maximal 2-PPB graphs. Every
maximal 2-PPB graph on six points contains (p6, p1) and exactly 6 further edges.
To ensure two-page planarity, we take into account to the following rules:

• x41 + x52 + x63 ≤ 2

• x31 + x41 + x42 + x52 + x53 ≤ 4

• x31 + x41 + x42 + x62 + x63 ≤ 4

• x31 + x51 + x52 + x63 + x62 ≤ 4

• x41 + x51 + x52 + x62 + x64 ≤ 4

• x41 + x51 + x53 + x63 + x64 ≤ 4

• x41 + x52 + x53 + x62 + x64 ≤ 4

• x42 + x52 + x53 + x63 + x64 ≤ 4

Further, we prune the list of all bit encodings by the rule

xji + xj′j = 2 =⇒ xj′i = 0 for i+ 1 < j < j′ − 1,

because (pj′ , pi) does not decrease the dilation if (pj′ , pj) and (pj , pi) are in
−→
E .

x31 x41 x42 x51 x52 x53 x62 x63 x64 x61 graph
1 0 0 0 1 1 1 1 1 1 1

2 0 0 1 1 1 1 1 1 0 1

3 0 1 1 1 0 1 1 1 0 1
4 0 1 1 1 1 1 0 0 1 0
5 0 1 1 1 1 1 1 0 0 1
6 1 0 1 1 1 0 0 1 1 0
7 1 1 0 1 0 0 1 1 1 0
8 1 1 1 0 0 1 0 1 1 0
9 1 1 1 1 0 0 0 1 1 0
10 1 1 1 1 1 0 0 0 1 0
11 1 1 1 1 1 0 1 0 0 1

Table 5.1: Pruned bit-string encodings of candidates for a minimum 2-PPB graph.
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5.3 Two-Page Plane Spanners

The remaining candidates for a minimum 2-PPB graph are listed in Table 5.1.
Note that, as the point set is symmetric, under mirroring and rotation the graphs
in line 1 and 11 as well as line 2 and 5 are the same. Computing the dilation of
every remaining graph (see Figure 5.13), we conclude a lower bound of t ≥

√
2.
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√
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Figure 5.13: Remaining candidates for a minimum 2-PPB graph on the point set
of size 6 with distances |p1p2| = |p3p4| = |p5p6| = 1 and |p2p3| = |p4p5| = 1/

√
2

and their dilation t.

5.3.2 Constant Dilation Two-Page Plane Spanners

There exists a two-page plane 2-spanner on every one-dimensional point set.

Theorem 5.12. For every set P of n points in R, the graph
−→
G = (P,

−→
E ) with the

back edges (pi+2, pi) for 1 ≤ i ≤ n − 2 is a two-page plane 2-spanner on P (see
Figure 5.14).
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5 One-Dimensional Point Sets

pi−1 pi pi+1 pi+2 pi+3 pi+4

Figure 5.14: Part of a two-page plane 2-spanner.

Proof. Since (pi+2, pi) ∈
−→
E for 1 ≤ i ≤ n−2, it holds that odil(pi, pi+2) = 1 and also

odil(pj , pj+1) = 1 for 1 ≤ j ≤ n− 1. Due to Lemma 5.1, proving odil(pk, pk+3) ≤ 2

for 1 ≤ k ≤ n− 3, completes the proof that
−→
G is a 2-spanner on P .

We consider the closed walk

C = pk+3 → pk+1 → pk+2 → pk → pk+1 → pk+2 → pk+3.

Therefore, we have

odil(pk, pk+3) =
|C−→

G
(pk, pk+3)|

|∆∗(pk, pk+3)|
≤ |C|

|∆∗(pk, pk+3)|

=
|pk+1pk+3|+ |pk+1pk+2|+ |pkpk+2|+ |pkpk+3|

2|pkpk+3|

=
2|pkpk+3|+ 2|pk+1pk+2|

2|pkpk+3|
= 1 +

|pk+1pk+2|
|pkpk+3|

≤ 2.

Theorem 5.12 implies that Lemma 5.7 does not hold for two-page plane graphs.
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Chapter 6
Plane Spanners

Planar graphs are a very widely applied graph class and planarity provides many
useful properties for network design. Since adding edges can only reduce the di-
lation, computing a minimum plane spanner is equivalent to finding a minimum
triangulation.

To construct plane oriented spanners, we analyze orientations of triangulations
with constant undirected dilation. Das and Joseph [39] proved that every triangu-
lation that fulfills the α-diamond-property has constant dilation.

Definition (α-diamond property). Let α be a real number with 0 < α < π/2. Let
G = (P,E) be a plane undirected graph. We say that G fulfills the α-diamond
property, when for each edge e ∈ E at least one of the two isosceles triangles with
base edge e and base angle α, does not contain any points of P .

The currently best upper bound on the dilation t of such a triangulation is t ≤
8(π−α)2

α2 sin2(α/4)
[25]. The following triangulations fulfill the α-diamond property:

• the minimum weight triangulation for α = π/4.6 [43],

• the Delaunay triangulation for α = π/4 [66], and

• the greedy triangulation for α = π/6 [25].

In Section 6.1, we show that computing a plane oriented spanner with mini-
mum dilation is as hard as computing a minimum dilation triangulation. In Sec-
tion 6.2, we prove that a suitable orientation of the greedy triangulation yields an
O(n)-spanner in general and an O(1)-spanner for points in convex position. In
Section 6.3 we provide lower bounds on the dilation of the orientation of other
prominent triangulations, namely the Delaunay, minimum dilation and minimum
weight triangulation. In Section 6.4, we transfer our results to 1-edge fault-tolerant
spanners, i.e., spanners that guarantee a certain dilation under the failure of one
arbitrary edge. We prove that the greedy triangulation is a 1-edge fault-tolerant
O(n)-spanner in general and an O(1)-spanner for points in convex position.

6.1 Hardness
We study the problem of computing a minimum oriented triangulation on a given
point set. The computational complexity of the equivalent undirected problem is
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6 Plane Spanners

a long-standing open problem [27, 46, 51]. To the best of our knowledge, it is not
even known whether a PTAS for this problem exists, and for several closely related
problems no FPTAS exists, unless P = NP [51]. The following relative hardness
result shows that the existence of an FPTAS for computing a minimum oriented
triangulation implies an FPTAS for computing a minimum dilation triangulation.

By scaling, w.l.o.g., we may assume that the distance of the closest pair is 1.
Theorem 6.1. Let P be a set of n points in R2. We assume that the distance of
a closest pair in P is 1. Assume we can compute a (1 + ε′)-approximation of a
minimum oriented triangulation on a given set of n′ points in T (n′, ε′) time. For
any 0 < ε < 1 and any 0 < δ < ε2, we can compute a (1 + ε)-approximation of the
minimum dilation triangulation on P in T (4n2, ε− δ) time.
Proof. We reduce from the minimum dilation triangulation problem.

We replace each point in P by a c1ε/n-small gadget as depicted in Figure 6.1.
The gadget consists of 3 ·

⌈︁
4n
3

⌉︁
points, positioned along a line in small triangles.

The distance between two such triangles is c2ε/n
2. Each triangle is an equilateral

triangle with length c3ε
2/n2. Let P ′ be the constructed point set.

Orienting each triangle consistently ensures an oriented dilation of 1 for points of
the same triangle. By adding at least two edges between two triangles to get back
and forth, the dilation of any two distinct points in the same gadget is less than

2c2ε/n
2 + 2 · 3c3ε2/n2

2c2ε/n2
≤ 1 +

3c3
c2

ε. (6.1)

Thus, adding the edges as shown in Figure 6.1 does not influence the minimum
oriented dilation of the whole graph.

c 3
ε
2 /
n

2

c3ε
2/n2 c2ε/n

2

c2ε/n
2

Figure 6.1: Construction in the proof of Theorem 6.1: We replace each point with
the shown gadget.

Consider Figure 6.2. As a gadget consists of 3 · ⌈4n3 ⌉ points, there are at least 2n
points along the top and bottom of each gadget. This leaves us with room for two
edges to every one of the at most n− 1 adjacent points, one in each direction. By
sorting all original points in clock-wise order around each point, we can place up
to n edge pairs without disturbing planarity.

Let the oriented graph
−→
T be a (1 + ε′)-approximation of a minimum oriented

triangulation on P ′ and T be the corresponding undirected graph on P . We first
show that with a suitable choice of ε′ and the constants c1, c2 and c3 the trian-
gulation T is a (1 + ε)-approximation of a minimum dilation triangulation on P .
Then, we analyze the runtime of this approximation depending on the runtime of
computing

−→
T .

Let
−→
T min be the minimum oriented triangulation on P ′ and T ∗ be the minimum-

dilation triangulation on P . We will show
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6.1 Hardness

Figure 6.2: Left: Minimum dilation triangulation on a given point set.
Right: Constructed point set and its minimum oriented triangulation. For clarity,
we replaced each point only by the necessary amount of triangles instead of 7
triangles per gadget.

i) dil(T ) ≤ (1 + c4ε) odil(
−→
T ), and

ii) odil(
−→
T min) ≤ (1 + c5ε) dil(T

∗),

where dil(·) denotes the undirected dilation. The constants c4 > 0 and c5 > 0 are
specified in the following steps and depend on c2 and c3. We will show that c4 and
c5 can be chosen arbitrarily close to 0.

Step i) dil(T ) ≤ (1 + c4ε) odil(
−→
T )

Let p, q ∈ P be a worst-case pair in T , i.e., dil(T ) = |dT (p,q)|
|pq| . Let p′ and q′ be two

arbitrary points in P ′ from the gadgets belonging to p and q and C−→
T
(p′, q′) their

shortest closed walk in the minimum oriented triangulation on P ′.
Let C be a closed walk through p and q in T constructed from C−→

T
(p′, q′) by the

following: for each edge (u′, v′) in C−→
T
(p′, q′),

• if u′ and v′ are in the same gadget, we ignore (u′, v′), and,

• otherwise, we add uv to C, where u and v are the corresponding points in P .

Note that C can be the same path from p to q and back again. Due to the c1ε/n-sized
gadgets, each edge in C is at most 2c1ε/n+2c3ε

2/n2 longer than its corresponding
edge in C−→

T
(p′, q′). Since the path has at most n− 1 edges, it holds that

|C| ≤ |C−→
T
(p′, q′)|+ n · (2c1ε/n+ 2c3ε

2/n2) ≤ |C−→
T
(p′, q′)|+ 2(c1 + c3)ε.

Since C is a closed walk through p and q, it holds that

|dT (p, q)| ≤ |C|/2.

Therefore, since |pq| ≥ 1, we have

dil(T ) =
|dT (p, q)|

|pq|
≤ |C|

2|pq|
≤

|C−→
T
(p′, q′)|+ 2(c1 + c3)

2|pq|
.
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6 Plane Spanners

The third point of ∆∗(p′, q′) is next to p′ or q′ in the same triangle of its gadget.
Thus, it holds that

|∆∗(p′, q′)| ≤ 2|p′q′|+ 2 · 2c3ε2/n2

≤ 2(|pq|+ 2c1ε/n+ 2c3ε
2/n2) + 4c3ε

2/n2

≤ 2|pq|+ (4c1 + 8c3)ε.

The definition gives us

odil(
−→
T ) ≥ odil−→

T
(p′, q′) =

|C−→
T
(p′, q′)|

|∆∗(p′, q′)|
.

When this is plugged in, we have

dil(T ) ≤ odil(
−→
T ) · |∆∗(p′, q′)|+ 2(c1 + c3)ε

2|pq|

≤ odil(
−→
T ) · (2|pq|+ (4c1 + 8c3)ε) + 2(c1 + c3)ε

2|pq|

≤ odil(
−→
T ) ·

(︃
1 +

(3c1 + 5c3)ε

|pq|

)︃
≤ (1 + (3c1 + 5c3)ε) odil(

−→
T )

≤ (1 + c4ε) odil(
−→
T ).

Step ii) odil(
−→
T min) ≤ (1 + c5ε) dil(T

∗)

Let p′ and q′ be a worst-case pair in
−→
T min, i.e., odil(

−→
T min) =

|C−→
T min

(p′,q′)|
|∆∗(p′,q′)| . Let p

and q be the corresponding points in P . It holds that

|∆∗(p′, q′)| ≥ 2|p′q′| ≥ 2(|pq| − 2c1ε/n− 2c3ε
2/n2).

Note that C−→
T min

(p′, q′) is simply the union of a shortest path from p′ to q′ and
a shortest path from q′ to p′ in

−→
T min. Let Π1 and Π2 be the corresponding paths

in T . By construction holds that

|Π1| ≤ |dT (p, q)|+ n · 2c1ε/n+ 2c3ε
2/n2 ≤ |dT (p, q)|+ (2c1 + 2c3)ε

and analogously |Π2| ≤ |dT (q, p)|+ (2c1 + 2c3)ε.

(Otherwise T contains two shorter paths which belong to a closed walk in
−→
T min

that is shorter than |C−→
T min

(p′, q′)|.)
Since |dT (p, q)| = |dT (q, p)| for undirected graphs, we have

odil(
−→
T min) =

|C−→
T min

(p′, q′)|
|∆∗(p′, q′)|

≤ 2|dT (p, q)|+ 2(2c1 + 2c3)ε

2(|pq| − 2c1ε/n− 2c3ε2/n2)

≤ |dT (p, q)|+ (2c1 + 2c3)ε

|pq|
· |pq|
|pq| − 2c1ε/n− 2c3ε2/n2

≤ |dT (p, q)|
|pq|

+
(2c1 + 2c3)ε

|pq|
≤ dil(T ∗) + (2c1 + 2c3)ε

≤ (1 + c5ε) dil(T
∗).

66



6.2 The Greedy Triangulation

Since odil(
−→
T ) ≤ (1 + ε′) · odil(

−→
T min), combining i) and ii) gives us

dil(T ) ≤ (1 + c4ε) · (1 + c5ε) · (1 + ε′) dil(T ∗)

= (1 + c4ε+ c5ε+ ε′ + c4 · c5ε2 + c4εε
′ + c5εε

′ + c4 · c5ε2ε′) dil(T ∗)

≤ (1 + 2(c4 + c5 + c4 · c5)ε+ ε′) dil(T ∗).

Note that c4 and c5 are positive constants given by c1, c2, c3 and also the gadget
size c1ε/n is given by c2 and c3. By choosing the positive constants c2 and c3
arbitrarily small, we achieve

dil(T ) ≤ (1 + δ + ε′) dil(T ∗)

for any arbitrary small 0 < δ < ε2.
Recall that, when choosing c2 and c3, we ensure that the ratio c3/c2 is sufficiently

small. In particular, it must be chosen such that it does not dominate the oriented
dilation of our construction (compare to Equation (6.1)).

We conclude that approximating a minimum oriented triangulation on P ′ picks
the edges that correspond to a minimum dilation triangulation on P up to a factor of
ε. Let T (n, ε′) be the runtime to compute a (1+ε′)-approximation of the minimum
oriented triangulation on a given point set. Then, since |P ′| = 3 ·

⌈︁
4n
3

⌉︁
· n and

ε′ = ε − δ, our construction is a (1 + ε)-approximation for the minimum dilation
triangulation with runtime T (4n2, ε− δ).

Theorem 6.1 shows that if the minimum dilation triangulation cannot be effi-
ciently approximated within a factor α, then the minimum oriented triangulation
also cannot be efficiently approximated within a factor α − δ for arbitrary small
δ > 0. Furthermore, a (F)PTAS for the minimum oriented triangulation prob-
lem would imply a corresponding algorithm for the minimum dilation triangulation
problem.

6.2 The Greedy Triangulation
Given the relative hardness of computing a minimum oriented triangulation, we
next investigate whether plane oriented O(1)-spanners exist. Our main result for
points in the plane is an orientation of the greedy triangulation that is an O(n)-
spanner and for convex point sets (i.e., point sets for which the points lie in convex
position) another orientation that is an O(1)-spanner.

Greedy Triangulation. The greedy triangulation of a point set is obtained by
considering all pairs of points by increasing distance, and by adding the straight-
line edge if it does not intersect any of the edges already added.

Computing the greedy triangulation on a set of n points takes O(n log n) time.
For a convex point set, if the order of the points along the convex hull is given, this
can be done in linear time [67].
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11111 1 + ε

δ

δ′δ′

p1

p2

p3

pn

Figure 6.3: Greedy triangulation for a non-convex point set. It is also a minimum
weight triangulation.

We first observe that restricting to convex point sets is necessary to obtain con-
stant oriented dilation. Consider the greedy triangulation T = (P,E) on the fol-
lowing non-convex point set P = {p1, . . . , pn}. As shown in Figure 6.3, we place the
points p3, . . . , pn on a very flat parabola. By arbitrarily decreasing the y-distances
δ, δ′ > 0, we can reduce the construction to an almost one-dimensional problem.
The x-distance of each consecutive pair of points pi, pi+1 is 1 for 2 ≤ i < n. We
place p1 slightly right of p2 such that the x-distance is 1 + ε for a small ε > 0.
Therefore, the x-distance of p1 to pi is ε-larger than x-distance of p2 to pi+1 for
3 ≤ i < n. By this, the greedy triangulation added p2pi+1 ∈ E and discarded
p1pi /∈ E for 3 ≤ i < n. Further, we place p1 slightly below p2 so that, due to pla-
narity, p1 is only adjacent to p2 and pn. Since p1 has degree 2, for any orientation−→
T of T , every shortest closed walk containing p1 visits p1, p2 and pn. From this
construction, for any orientation

−→
T and δ, δ′, ε < 1, it follows that

odil(
−→
T ) ≥ odil(p1, p3) ≥

|p1pn|
|∆p1p2p3 |

≥ n− 1 + ε

7
.

Therefore, every orientation of this greedy triangulation has oriented dilation Ω(n).

6.2.1 Plane Spanner for Arbitrary Point Sets
We first prove new insights on the undirected greedy triangulation. We bound the
perimeter of a face adjacent to an edge pq in the triangulation by a multiple of the
minimum perimeter triangle of p and q in P , where the factor is linear in the degree
of p and q. We use this result to prove that a certain orientation of the greedy
triangulation yields an oriented O(n)-spanner for any point set of size n. These
results can be improved for convex point sets (see Section 6.2.2).

Lemma 6.2. Let P be a point set in R2. Let T = (P,E) be a greedy triangulation
and pq ∈ E. It holds

|∆T (pq)| = O(degT (p) + degT (q)) · |∆∗(p, q)|.

Proof. The idea of our proof is to “find” a face in T adjacent to pq and then bound
its perimeter.

Let r be a point in P \ {p, q} such that |∆pqr| = |∆∗(p, q)|. We consider the
shortest path dT (p, r) from p to r in T . Since the greedy triangulation fulfills the
α-diamond property [39], it holds |dT (p, r)| = O(1) · |pr|.
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6.2 The Greedy Triangulation

Case 1: q /∈ dT (p, r)
Let b0 be the point, such that pb0 is the first edge in dT (p, r). So, b0 is distinct

from p and q (b0 = r is possible). Since pb0 ∈ dT (p, r), it holds |pb0| ≤ |dT (p, r)| =
O(|pr|).

W.l.o.g., we assume that p lies left the edge qb0 (compare to Figure 6.4).
Let b0, b1, . . . , bk, bk+1 be the points adjacent to p in clockwise order with q = bk+1.

If k = 0, then ∆pqb0 is a face of T . Further, for all 1 ≤ i ≤ k, let bi not lie in ∆pqbi−1
.

First, we give an intuition for the properties of this sequence, i.e., that bi is
adjacent to p and lies not in ∆pqbi−1

: Consider Figure 6.4. Since pbi−1 ∈ E, if
qbi−1 ∈ E, then the triangle ∆pqbi−1

is a face of T and we do not need to consider
any further points. Then, by bounding the length of pbi−1 (see below), we can
bound |∆T (pq)| ≤ |∆pqbi−1

|.
Otherwise, if qbi−1 /∈ E, by construction of the greedy triangulation, there is an

edge bb′ ∈ E that blocks qbi−1. It holds either b = p and then b′ = bi (properties
fulfilled) or b lies inside of ∆pqbi−1

. For the latter case, if ∆pqb is a face of T , then we
have |∆T (pq)| ≤ |∆pqb| ≤ |∆pqbi−1

|. Otherwise, at least one in {pb, qb} is blocked.
The edge qb may be blocked by an edge pp′, where p′ lies right of the edge qbi−1.
In this case, we have p′ = bi and the properties are fulfilled. Any other option to
block pb or qb requires a point b′′ inside of ∆pqb. This point takes the role of b and
the argumentation repeats until we found a face of T (whose perimeter is bounded
by |∆pqbi−1

|) or there is an edge pbi, where bi lies not in ∆pqbi−1
.

p

q

b0
=
O
(1)|pr| bk

bi

bi−1

x

rdT (p, r)

≤ |pb0|+ k|pq|

b

b′

≤
|qb

i−
1
|

b′′

≤ |qb
′′ | ≤

|pb i−
1
|+

|pq|

Figure 6.4: Sketch of Case 1 in the proof of Lemma 6.2.

Consider bk, the last point in our sequence. Either the triangle ∆pqbk is a face of
T , or inside of ∆pqbk lies a point x such that ∆pqx is a face of T . In both cases, we
can bound |∆T (pq)| by |∆pqbk |, since it holds that

|∆T (pq)| ≤ |∆pqx| ≤ |∆pqbk |.

We show that |∆T (pq)| ≤ |∆pqbk | = O(degT (p)) · |∆∗(p, q)|.
For all 1 ≤ i ≤ k, the edge pbi ∈ E is the blocker of some edge qq′ where q′ lies

in ∆pqbi−1
(bi−1 = q′ is possible). Since qq′ lies in ∆pqbi−1

, we have

|pbi| ≤ |qq′| ≤ max(|pq|, |pbi−1|, |qbi−1|) ≤ |pq|+ |pbi−1|.

Applying this repeatedly gives us

|pbi| ≤ |pq|+ |pbi−1| ≤ . . . ≤ i · |pq|+ |pb0| ≤ i · |pq|+O(|pr|) = O(i) · |∆∗(p, q)|.
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6 Plane Spanners

Since k ≤ deg(p), this leads to

|∆T (pq)| ≤ |∆pqbk | ≤ 2|pbk|+ 2|pq|
≤ O(deg(p)) · |∆∗(p, q)|+ |∆∗(p, q)| = O(deg(p)) · |∆∗(p, q)|.

Case 2: q ∈ dT (p, r)
Since pq ∈ E, the first edge in the shortest path dT (p, r) is pq. Let b0 be the

point, such that qb0 is the second edge in dT (p, r). So, b0 is distinct from p and q
(b0 = r is possible). Since qb0 ∈ dT (p, r), it holds |qb0| ≤ |dT (p, r)| = O(1) · |pr|.

We argue analogously to Case 1, but with switched roles for p and q.
W.l.o.g., we assume that q lies left of pb0. Let b0, b1, . . . , bk, bk+1 be the points

adjacent to q in clockwise order with p = bk+1. Further, for all 1 ≤ i ≤ k, let bi not
lie in ∆pqbi−1

. Either ∆pqbk is a face of T or inside of ∆pqbk lies a point x such that
∆pqx is a face of T and thus

|∆T (pq)| ≤ |∆pqx| ≤ |∆pqbk |.

We show that |∆pqbk | = O(degT (q)) · |∆∗(p, q)|.
Analogously to Case 1, for all 1 ≤ i ≤ k, we have

|qbi| ≤ |pq|+ |pbi−1| ≤ . . . ≤ i · |pq|+ |qb0| ≤ i · |pq|+O(1) · |pr| = O(i) · |∆∗(p, q)|.

Since k ≤ deg(q), this leads to

|∆T (pq)| ≤ |∆pqbk | ≤ 2|qbk|+ 2|pq|
≤ O(deg(q)) · |∆∗(p, q)|+ |∆∗(p, q)| = O(deg(q)) · |∆∗(p, q)|.

As both cases are upper bounded by the maximum of degT (p) and degT (q), we
conclude

|∆T (pq)| = O(degT (p) + degT (q)) · |∆∗(p, q)|.

We use Algorithm 4.1 to orient the greedy triangulation. Given the triangular
faces of a triangulation T = (P,E) as input, for the resulting orientation

−→
T holds

|C−→
T
(p, q)| ≤ 2|∆T (pq)| for any two distinct points p, q with pq ∈ E. Note that this

guarantee holds only for pairs with pq ∈ E (compare to Lemma 4.2). To prove that
orienting a greedy triangulation by Algorithm 4.1 yields an oriented O(n)-spanner,
it remains to bound |C−→

T
(p, q)| for pq /∈ E.

Theorem 6.3. Let P be a set of n points in R2. A plane oriented O(n)-spanner
on P can be computed in O(n log n) time.

Proof. Let T = (P,E) be the greedy triangulation of P and
−→
T its orientation

computed by Algorithm 4.1, given the faces of T as input triangles. For two distinct
points p, q ∈ P , we will show that odil(p, q) = O(n).

For pq ∈ E, as the degree of any point is in O(n), combining Lemmas 6.2 and 4.2
guarantees

|C−→
T
(p, q)| ≤ 2|∆T (pq)| = O(n) · |∆∗(p, q)|

and therefore odil(p, q) = O(n).
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6.2 The Greedy Triangulation

For pq /∈ E, we consider a shortest (undirected) path dT (p, q) from p to q in T .
Let p0, p1, . . . , pk be the points along this path with p0 = p and pk = q. Due
to Lemma 4.2, for each edge pipi+1 ∈ E along this path there exists a shortest
closed walk in

−→
T of length |C−→

T
(pi, pi+1)| ≤ 2|∆T (pipi+1)|. The union of all these

closed walks along the path dT (p, q) is a closed walk containing p and q (compare
to Figure 6.5). Applying Lemma 6.2 bounds

|C−→
T
(p, q)| ≤

∑︂
pipi+1∈dT (p,q)

|C−→
T
(pi, pi+1)| ≤

∑︂
pipi+1∈dT (p,q)

2|∆T (pipi+1)|

=
∑︂

pipi+1∈dT (p,q)

O(deg(pi) + deg(pi+1)) · |∆∗(pi, pi+1)|.

p

p2
p1

p3

q
C−→
T
(p, p1)

C−→
T
(p1, p2)

C−→
T
(p2, p3)

C−→
T
(p3, q)

Figure 6.5: Sketch of the proof of Theorem 6.3. We orient T such that for each
undirected triangular face of T there exists a shortest closed walk in the
orientation

−→
T of bounded length. The union of these closed walks along the

undirected path dT (p, q) is a closed walk through p and q.

For all 1 ≤ i ≤ k − 1, we have

|∆∗(pi, pi+1)| ≤ |∆pi−1pipi+1 | ≤ 2|pi−1pi|+ 2|pipi+1| ≤ 2|dT (p, q)|.

Since the greedy triangulation fulfills the α-diamond property [39], it holds that
|dT (p, q)| = O(1)|pq|. We summarize

|C−→
T
(p, q)| ≤

∑︂
pipi+1∈dT (p,q)

O(deg(pi) + deg(pi+1))|∆∗(pi, pi+1)|

≤
∑︂

pipi+1∈dT (p,q)

O(deg(pi) + deg(pi+1)) · 2|dT (p, q)|

≤
∑︂

pi∈dT (p,q)

O(deg(pi)) · |pq| ≤ |pq| ·
∑︂
p′∈P

O(deg(p′)) = O(|E|) · |pq|,

where the last step uses the handshaking lemma. As |E| = O(n) for triangulations,
we have

odil(p, q) =
|C−→

T
(p, q)|

|∆∗(p, q)|
≤ O(n) · |pq|

|∆∗(p, q)|
= O(n).

The greedy triangulation on a given set of n points can be computed in O(n log n)
time. Due to Lemma 4.2, orienting its O(n) faces takes O(n log n) time.

71



6 Plane Spanners

6.2.2 Plane Spanner for Convex Point Sets

In contrast, for convex point sets, we present an orientation of the greedy triangu-
lation that yields an O(1)-spanner.

Lemma 6.2 bounds the perimeter of ∆T (pq) by a multiple of the minimum perime-
ter triangle through p and q. As this factor depends on the degree of p and q, it
can be linear in the number of points. We show a constant bound for convex point
sets. The proof works similarly to the proof of the dilation of the greedy one-page
plane spanner (see Theorem 5.9).

Lemma 6.4. Let P be a convex point set in R2. Let T = (P,E) be a greedy
triangulation and pq ∈ E. It holds |∆T (pq)| = O(|pq|).

Proof. Let r be a point in P \ {p, q} such that |∆pqr| = |∆∗(p, q)|. We consider the
shortest path dT (p, r) from p to r in T . Analogously to the proof of Lemma 6.2,
we distinguish cases based on q /∈ dT (p, r) or q ∈ dT (p, r). Since the latter case is
straightforward by just exchanging the roles for p and q (compare to Lemma 6.2),
we only prove q /∈ dT (p, r).

Let b0 be the point, such that pb0 is the first edge in dT (p, r). For q /∈ dT (p, r),
b0 is distinct from p and q (b0 = r is possible).

Analogously to Lemma 6.2, we consider a “sequence of blockers”. Due to con-
vexity, all these blockers are adjacent to p. Compare to Figure 6.6. Let the points
b1, . . . , bk be ordered such that pbi ∈ E blocks qbi−1. Since pbk is the last edge
in this sequence and due to the convexity of P and the maximality of E, it holds
qbk ∈ E. So, the triangle ∆pqbk is a face of T . In the following, we show that
|∆pqbk | = O(|pq|).

≤
|pq
| ·
γ

>
|pq|

· γ

p

q

b0

dT (p, r)

r

=
O
(1)|pr|

b1

bj

bj+1

bk

Figure 6.6: “Sequence of blockers”: b1, . . . , bk where pbi ∈ E is the blocker of qbi−1.
∆pqbk is a face of T .

Note that, since we define the blocker of an edge as the shortest edge that inter-
sects it, for all 1 ≤ i ≤ k − 1, we have

|pbi| ≤ |pbi+1| (6.2)
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6.2 The Greedy Triangulation

(pbi is the blocker of qbi−1 and thus pbi+1 is a longer edge that intersects qbi−1).
Analogously to Lemma 6.2, we can show

|pbi| ≤ |qbi−1| ≤ |pq|+ |pbi−1| ≤ . . . ≤ i · |pq|+ |pb0| ≤ i · |pq|+O(|pr|),

where the last step follows from the fact that the greedy triangulation fulfills the
α-diamond property [39] and thus |pb0| ≤ |dT (p, r)| = O(1) · |pr|. So, the length of
a blocker is increasing linearly in the number of blockers. However, we will show
that this sequence contains only a constant number of “long blockers”.

Let γ > π be an arbitrary constant. We call an edge long if its length is larger
than |pq| · γ. Let bj with 1 ≤ j ≤ k be the point such that pbj is the last short
blocker, i.e.,

|pbj | ≤ |pq| · γ and
|pbj+1| > |pq| · γ.

With this, we bound the length of the last blocker in the sequence by

|pbk| ≤ |qbk−1| ≤ |pq|+ |pbk−1| ≤ . . . ≤ (k− j) · |pq|+ |pbj | ≤ (k− j+γ) · |pq|. (6.3)

It is possible that already the first blocker pb1 is long. Therefore, it remains to
prove that the number of long blockers, which is k − j, is constant.

Due to convexity and planarity, pbi+1 ∈ E implies bibi+2 /∈ E. This means the
greedy algorithm added pbi+1 and discarded bibi+2 in later iteration. Therefore, for
1 ≤ i ≤ k − 2, we have

|pbi+1| ≤ |bibi+2|. (6.4)

We lower and upper bound the sum of the pairwise distances |bibi+2| for j ≤ i ≤
k − 2. Combining these bounds will lead to an upper bound on k − j, which is the
number of long blockers.

Consider Figure 6.7. By convexity, the points bj , . . . , bk are contained within a
semicircle centered at p (in particular, the entire set {b0, b1, . . . , bk, q} lies inside
this semicircle). As the lengths of the blockers increase (compare to Lemma 6.2),
pbk is the longest edge in {pbj , . . . , pbk}. Thus, the radius of this semicircle is |pbk|.

As the segments bibi+2 for j ≤ i ≤ k − 2 overlap, we partition them into two
separate sums, one over even indices and one over odd indices. Each of these
partial sums is bounded above by the circumference of the semicircle. This gives us

k−2∑︂
i=j

|bibi+2| ≤ 2 · π · |pbk| ≤ 2π · (k − j + γ) · |pq|.

Applying Equations (6.2) and (6.4), leads to a lower bound of

k−2∑︂
i=j

|bibi+2| ≥
k−2∑︂
i=j

|pbi+1| ≥
k−2∑︂
i=j

|pbj+1| > (k − 1− j) · |pq| · γ,

where the last step uses that pbj+1 is the first long blocker.
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p
bk

bk−1

bk−2

bj+2

bj+1

bj

bj+3

Figure 6.7: The points bj , . . . , bk lie in a semicircle with center p and radius |pbk|.
We sum up all pairwise distances bibi+2 for j ≤ i ≤ k − 2 separately for even and
odd i (red and blue).

Combining this upper and the lower bound, it follows that the number k − j of
long blockers is bounded by a function dependent on γ:

(k − 1− j) · |pq| · γ <

k−2∑︂
i=j

|bibi+2| ≤ 2π · (k − j + γ) · |pq|

⇐⇒ k − j <
2πγ

γ − 2π
+ 1 for γ > 2π.

For γ = O(1), it holds that k − j = O(1). Thus, the length of the last blocker
pbk is bounded by a constant times |pq|.

Inserting this in Equation (6.3), we conclude

|∆T (pq)| ≤ |∆pqbk | ≤ 2(|pq|+ |pbk|) ≤ 2|pq|+ 2(k − j + γ)|pq| = O(|pq|).

Now, we consider how to orient the greedy triangulation such that the oriented
dilation is constant in the undirected dilation. Since the dual graph of a triangu-
lation on a convex point set is a tree, we can orient it such that each face in the
orientation is confined by an oriented cycle. We call this a consistent orientation.
If the neighborhood of each point is sorted and accessible in constant time, such an
orientation can be computed in linear time.

Theorem 6.5. Let P be a convex point set in R2 of size n, where the points are
sorted along the convex hull. A plane oriented O(1)-spanner on P can be computed
in O(n) time.

Proof. Let T = (P,E) be the greedy triangulation of P and
−→
T = (P,

−→
E ) its consis-

tent orientation (which is unique up to reversing all edges).
Note that T is an undirected graph, whereas

−→
T is oriented. For two distinct

points p, q ∈ P , we will show |C−→
T
(p, q)| = O(|pq|). Since |∆∗(p, q)| ≥ 2|pq|, this

gives us odil(p, q) = O(1).
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For pq ∈ E, Lemma 6.4 guarantees

|C−→
T
(p, q)| = |∆T (pq)| = O(|pq|).

For pq /∈ E, we consider the shortest (undirected) path dT (p, q) from p to q
in T . Let p0, p1, . . . , pk be the points along this path with p0 = p and pk = q.
Since the greedy triangulation fulfills the α-diamond property [39], it holds that
|dT (p, q)| = O(1) · |pq|.

Due to the consistent orientation, for each edge pipi+1 ∈ dT (p, q) the adjacent
minimum perimeter face ∆T (pipi+1) is oriented consistently. Due to Lemma 6.4,
the length of this shortest closed walk through pi and pi+1 in

−→
T is bounded by

O(1)|pipi+1|. The union of all these closed walks along the path dT (p, q) is a closed
walk containing p and q. This gives us

|C−→
T
(p, q)| ≤

∑︂
pipi+1∈dT (p,q)

O(|pipi+1|) = O(1)|dT (p, q)| = O(1) · |pq|.

Given the order of the n points along the convex hull, the greedy triangulation
can be computed in O(n) time [67]. If the neighborhood of each point is sorted and
accessible in O(1) time, a consistent orientation can be computed in O(n) time.

The aim of this proof was to show that the consistent orientation of the greedy
triangulation provides a plane constant dilation spanner at all. Let tg be the smallest
upper bound on the undirected dilation of a greedy triangulation. The proven
constant factor is minimized as

min
γ>2π

2 + 2(k − j + γ)

2
tg < min

γ>2π

(︃
1 +

2πγ

γ − 2π
+ 1 + γ

)︃
· tg = (2+8π)tg < 27.14 · tg,

(for details compare to Lemma 6.4 and Theorem 6.5).

Corollary 6.6. Let P be a convex point set in R2. Let tg be the undirected dilation
of a greedy triangulation T on P . By orienting T consistently, we get a plane
oriented t-spanner on P with t < 27.14 · tg.

6.3 Other Triangulations
As the greedy triangulation leads to a plane oriented O(n)-spanner for n points
and O(1)-spanner for convex point sets, the question arises whether the α-diamond
property implies the existence of oriented spanners.

Minimum Weight Triangulation. The minimum weight triangulation has the
α-diamond property [43] but does not yield an O(1)-spanner in general. This can be
seen by the example that was presented for the greedy triangulation in Figure 6.3.
By essentially the same argument, the minimum weight triangulation has the same
edges incident to p1, which results in an oriented dilation of Ω(n). Whether the
minimum weight triangulation is an oriented O(n)-spanner or O(1)-spanner for
convex point sets, we leave as an open problem.
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6 Plane Spanners

Delaunay Triangulation. For the Delaunay triangulation the situation is even
worse. The Delaunay triangulation has the α-diamond property [66] and is the
basis for many undirected plane spanner constructions [26]. However, for n ≥ 4 its
oriented dilation can be arbitrary large, no matter how we orient its edges, even for
convex point sets.

Figure 6.8 shows the Delaunay triangulation T of a convex point set of size 4. For
any orientation of T , the shortest closed walk through p2 and p4 contains p1. We
place p2, p3, p4 arbitrarily close to each other without decreasing the radius of the
circle through them. By placing p1 in the circle and sufficiently far away from p2, p3
and p4, the oriented dilation odil(p2, p4) ≥ |p2p1|+|p1p4|

|∆p2p3p4 |
can be made arbitrarily large.

The example can be modified to include more points without changing odil(p2, p4).

p4
p3

p2

p1

Figure 6.8: Delaunay triangulation for a convex point set. It is also a minimum
dilation triangulation.

Minimum Dilation Triangulation. Essentially the same example as for the De-
launay triangulation shows that there are convex point sets for which any orientation
has arbitrarily large oriented dilation. In Figure 6.8, consider the case in which we
have fixed all positions except for the y-coordinates of p2 and p4. Let y0 be the
y-coordinate of p3, and let y0 + ε be the y-coordinate of p2 and p4. By decreas-
ing ε > 0, we can make sure that the minimum dilation triangulation chooses the
same diagonal as the Delaunay triangulation, since the undirected dilation between
p2 and p4 by the path through p3 becomes arbitrarily close to 1. However, as in
the Delaunay triangulation, the oriented dilation between p2 and p4 can be made
arbitrarily large.

Considering the Delaunay and minimum dilation triangulation, we conclude that
the α-diamond property is not sufficient to find plane oriented spanners.

Greedy Triangles Triangulation. Algorithm 4.1 computes an oriented spanner
by sorting the input triangles by perimeter and orienting them in this order consis-
tently whenever this is still possible. A natural question is whether a similar greedy
strategy could produce a triangulation with small oriented dilation.

Given a set of n points, we construct an undirected triangulation as follows. Sort
all

(︁
n
3

)︁
triangles by perimeter and then add the edges of the triangle to the current

edge set E if none of them intersects with an edge in E.
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At first glance, this approach appears promising. However, the triangulation
presented in Figure 6.3 is returned by this algorithm. Therefore, this construction
is also an Ω(n)-spanner. In contrast to the minimum weight triangulation, which is
difficult to analyze due to its global optimization objective, it might be promising to
prove also an upper bound of O(n) on the oriented dilation of the greedy triangles
triangulation on non-convex point sets.

6.4 Relation to Fault-Tolerant Spanners

In communication as well as road networks, the system should be resilient to edge (or
vertex) failures, e.g., a connection is turned off or a road is closed for construction.
Despite the failure of one or more vertices or edges, the spanner should retain its
key properties – such as short paths between pairs of points.

Formally, given a point set P and parameters t and k, a k-edge fault-tolerant
t-spanner G = (P,E) is a subgraph of the complete undirected graph on P such
that for every edge set E′ ⊂ E of size |E′| = k, the shortest path in G \E′ between
any pair of points is at most a factor t longer than their shortest path in K(P )\E′.
The latter describes the shortest path “under the circumstances” [74].

Definition (Fault-tolerant spanner). Given k ∈ N, an undirected graph G = (P,E)
is called a k-edge fault-tolerant t-spanner if

t = max
E′⊆E, |E′|=k

p,q∈P

|dG\E′(p, q)|
|dK(P )\E′(p, q)|

.

Fault-tolerant spanners were introduced in [69] and have since gained a lot of
interest [1, 17, 77]. Lukovszki [72] proved that every spanner that is resilient to
vertex faults is also resilient to edge faults. There is a simple algorithm to transform
any t-spanner into a k-fault-tolerant t-spanner [74]. Further, for a fixed k, we
can compute a sparse k-fault-tolerant spanner [69, 70]. However, none of these
constructions guarantees a plane graph.

In the following, we consider 1-edge fault-tolerant spanners. In this case, the
dilation simplifies to

max
pq∈E

(︃ |dG\pq(p, q)|
min

r∈P\{p,q}
(|pr|+ |rq|) = |∆∗(p, q)| − |pq|

, max
p′,q′∈P\{p,q}

|dG\pq(p
′, q′)|

|p′q′|

)︃
.

We observed that oriented and 1-edge fault-tolerant spanners are quite related
models: Both, the dilation of a spanner under the failure of an edge pq and the ori-
ented dilation of two points p, q in a given oriented graph, depend on the perimeter
of the smallest triangle in P containing p and q (see also Lemma 6.8).

However, undirecting an oriented spanner with constant oriented dilation does not
lead to a fault-tolerant spanner with bounded dilation (compare to Figure 6.9). But,
in the following, we prove that orienting a suitable 1-edge fault-tolerant spanner,
namely the greedy triangulation, yields an oriented spanner with (up to a constant
factor) the same dilation (see Theorems 6.9 and 6.10).
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p1

p3

p2 p4

Figure 6.9: An oriented 2-spanner. If p1 and p3 are very close to each other and p2
and p4 arbitrarily far away, the underlying undirected graph is not fault-tolerant.

Plane 1-Edge Fault-Tolerant Spanners
Using the same gadgets as in Theorem 6.1, we can prove that computing a minimum
plane 1-edge fault-tolerant spanner is at least as hard as computing the minimum
dilation triangulation. Recall Figures 6.1 and 6.2. As each edge in the minimum
dilation triangulation corresponds to two (now undirected) edges, the failure of one
such edge does not change the dilation. The dilation of points in the same gadget
under the failure of one edge is less than 1 + ε.

Corollary 6.7. An FPTAS for computing a minimum dilation 1-edge fault-tolerant
triangulation would imply an FPTAS for minimum dilation triangulation.

To analyze the 1-edge fault-tolerance of a triangulation, we use the following:

Lemma 6.8. Let T = (P,E) be a triangulation that is an undirected constant
dilation spanner, i.e., |dT (p,q)|

|pq| = O(1) for all p, q ∈ P . The dilation t of T under

the failure of an edge pq ∈ E is t = O
(︂

|∆T (pq)|
|∆∗(p,q)|

)︂
.

Proof. Let φ = |∆T (pq)|
|∆∗(p,q)| , so |∆T (pq)| = φ|∆∗(p, q)|. Note that φ ≥ 1.

The dilation of the pair pq under the failure of pq is

|dT\pq(p, q)|
|dK(P ))\pq(p, q)|

=
|∆T (pq)| − |pq|
min

r∈P\{p,q}
|pr|+ |rq|

≤ |∆T (pq)|
|∆∗(p, q)| − |pq|

=
φ|∆∗(p, q)|

|∆∗(p, q)| − |pq|
≤ 2φ.

Now, we bound the dilation of a pair p′q′ ̸= pq under the failure of pq, which is
|dT\pq(p

′,q′)|
|p′q′| . We show |dT\pq(p

′, q′)| = φ · O(|p′q′|) to complete the proof.
Let dT (p

′, q′) be the shortest path from p′ to q′. Since T is an undirected O(1)-
spanner, it holds |dT (p′, q′)| = O(1) · |p′q′|.

If pq /∈ dT (p
′, q′), then we have dT\pq(p

′, q′) = dT (p
′, q′). It holds that

|dT (p′, q′)| = O(|p′q′|) ≤ φ · O(|p′q′|).

If pq ∈ dT (p
′, q′), we may assume, w.l.o.g., that this path from p′ to q′ visits p

before q. So, we have

|dT (p′, q′)| = |dT (p′, p)|+ |pq|+ |dT (q, q′)|.

The length of the shortest path from p′ to q′ in T \ pq is bounded by

|dT\pq(p
′, q′)| ≤ |dT (p′, p)|+ |∆T (pq)| − |pq|+ |dT (q, q′)| ≤ |dT (p′, q′)|+ φ|∆∗(p, q)|.
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Since ∆∗(p, q) is the minimum perimeter triangle of p and q, it holds that

|∆∗(p, q)| ≤ |∆pqq′ | ≤ 2(|pq|+ |qq′|).

Further, since pq ∈ dT (p
′, q′), it holds that

|pq|+ |qq′| ≤ |pq|+ |dG(q, q′)| ≤ |dT (p′, q′)| = O(|p′q′|).

Thus, the dilation of the pair p′q′ under the failure of pq is

|dT\pq(p
′, q′)|

|p′q′|
≤ |dT (p′, q′)|+ φ|∆∗(p, q)|

|p′q′|
=

O(|p′q′|) + φ · O(|p′q′|)
|p′q′|

= O(1) · φ.

Due to Lemma 6.8, for a given triangulation T = (P,E), an upper bound on t
such that T is a 1-edge fault-tolerant t-spanner can be computed as

t = O
(︃
max
pq∈E

|∆T (pq)|
|∆∗(p, q)|

)︃
.

Hence, if an asymptotic bound suffices, the dilation under the failure of exact one
edge can be evaluated efficiently: For each edge pq ∈ E, it is sufficient to compare
the (at most two) triangles of T that are adjacent to pq with a minimum perimeter
triangle in P that contains p and q. This takes O(n) time per edge.

In contrast, the best known approach to compute the exact dilation requires
computing the undirected dilation of the graph T ⊂ pq for every edge pq ∈ E. No
nontrivial lower bound for computing the dilation of a given graph is known, but
the problem is conjectured to be APSP-hard [55]. Since Dijkstra’s algorithm runs
in O(n) time on planar graphs [62], this leads to a runtime of O(n2) for solving
APSP on triangulations. Consequently, if an asymptotic bound suffices, the above
approach saves up to a factor of O(n) in runtime.

Lemma 6.8 applies for any triangulation that is an undirected constant dilation
spanner. Since every triangulation that fulfills the α-diamond property has constant
dilation [39], we consider several popular triangulation with this property.

Greedy Triangulation. As for oriented spanners, the lower bound on the fault-
tolerance of the greedy triangulation is Ω(n) for non-convex point sets: Consider
the greedy triangulation T presented in Figure 6.3. The dilation of T \ p1p2 is

t ≥ |p1pn|+ |pnp3|
|p1p3|

≥ n− 1 + ε+ n− 2

2 + ε+ δ + δ′
= Ω(n).

Thus, it is a 1-edge fault-tolerant Ω(n)-spanner on the shown point set.

As the maximum degree is n− 1, Lemma 6.2 gives us |∆T (pq)| ≤ O(n)|∆∗(p, q)|
for any pq ∈ E. Applying Lemma 6.8 leads to an upper bound for any point set.

Theorem 6.9. Let P be a point set in R2 of size n. The greedy triangulation on
P is a 1-edge fault-tolerant O(n)-spanner on P .

Combining Lemmas 6.4 and 6.8 leads to a constant dilation for convex point sets.

Theorem 6.10. Let P be a convex point set in R2. The greedy triangulation on P
is a 1-edge fault-tolerant O(1)-spanner on P .
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Minimum Weight Triangulation. The same example as for the greedy trian-
gulation in Figure 6.3 is also a minimum weight triangulation. By essentially the
same argument, the minimum weight triangulation is a 1-edge fault-tolerant Ω(n)-
spanner. Whether the minimum weight triangulation is a 1-edge fault-tolerant
O(n)-spanner, we leave as an open problem.

Delaunay Triangulation. We consider the convex point set and its Delaunay
triangulation T presented in Figure 6.8. If the edge p2p3 fails, the shortest path
from p2 to p4 visits p1. The dilation t of T under the failure of the edge p2p3
is t ≥ |p1p2|+|p1p4|

|p2p4| . We can place p2, p3, p4 arbitrarily close to each other without
decreasing the radius of the circle through them. If we do so, t can be made
arbitrarily large. The example can be extended with more points without changing
this lower bound. Note that in this example, the value |∆T (p2p3)|

|∆∗(p2,p3)| can be arbitrarily
large. So, there are convex point sets for which the Delaunay triangulation is not
fault-tolerant.

Minimum Dilation Triangulation. As for oriented spanners, we can argue that
the triangulation of the convex point set presented in Figure 6.8 is also a minimum
dilation triangulation. As for the Delaunay triangulation, the dilation under the
failure of the edge p2p3 can be made arbitrarily large. So, there are convex point
sets for which the minimum dilation triangulation is not fault-tolerant.

We conclude that a triangulation that fulfills the α-diamond property does not
imply a plane fault-tolerant spanner.
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Chapter 7
Sparse Spanners

In this chapter, we construct oriented spanners with a linear number of edges for
point set in higher-dimensional spaces. The well-separated pair decomposition is a
key tool of our constructions.

In Section 7.1, we show that, given t and m, it is NP-hard to decide if there is
an oriented t-spanner on a given point set with at most m edges. Next, we explore
constructions by sparsifying a dense graph while (almost) preserving its dilation.
In Section 7.2, we present an algorithm that extracts a sparse (t+ε)-spanner out of
a given t-tournament. Combined with our results on tournaments (see Section 4.3),
we derive in Section 7.3 the formal result: a sparse (5/3 + ε)-spanner computable
in O(n3) time for n points in any metric space that admits a WSPD. Since this
method depends on computing tournaments, its runtime and space complexity are
relatively high. Our main result is a (2 + ε)-spanner with O(n) edges in O(n log n)
time for point sets in a Euclidean space of constant dimension. In Section 7.4,
we move beyond worst-case dilation and construct a sparse oriented spanner with
average dilation 1 + ε for sufficiently large Euclidean point sets.

7.1 Hardness
We show that computing a minimum sparse spanner is NP-hard.

Theorem 7.1. Given a point set P in Rd with d ≥ 2 and the parameters t and m,
it is NP-hard to decide if there is an oriented t-spanner on P with at most m edges.

Proof. We prove the problem is NP-hard even for a point set in the plane R2,
which implies the result for all d ≥ 2. We reduce from the NP-complete Hamilton
circuit problem for grid graphs [63]. We start with a polynomial-size node-induced
subgraph G of a grid whose cells have side length one. Let P be its point set and
set n = |P |. We choose m = n and t = n · c, where c is a rational number such that

1

2 +
√
2
≤ c <

1

2 +
√
2
+

0.1

n
<

1

2 +
√
2
+

1

n
·
√
2− 1

2 +
√
2
.

To choose t, it is sufficient to compute the first O(log(n)) digits of c, which is
possible in polynomial time.

We will show that there is an oriented t-spanner on P with at most m edges if
and only if G has a Hamiltonian cycle.

81



7 Sparse Spanners

First, we show that if G has a Hamiltonian cycle, then there is such a spanner.
Let EHC be the edges of a Hamiltonian cycle in G. We bound the dilation of the
oriented graph

−→
G′ = (P,

−−→
EHC) with |

−−→
EHC | = n edges. Since the edges of

−→
G′ form a

Hamiltonian cycle, a shortest closed walk of any point tuple is this cycle. Further,
all its edges have length 1.

As the points in P are embedded on a grid whose cells have side length one,
w.l.o.g., we may assume the existence of an “L-shaped” point triple p1, p2, p3 ∈ P
with |p1p2| = |p2p3| = 1 and |p1p3| =

√
2. If no such triple exists, G is a one-

dimensional path and the Hamilton circuit problem for this graph class is trivial.
Therefore, we have

min
p,q∈P

|∆∗(p, q)| = 2 +
√
2.

Thus, the dilation t of
−→
G′ is

max
p,q∈P

|C−→
G′(p, q)|

|∆∗(p, q)|
≤ n · 1

2 +
√
2
≤ t.

Now, we show that if G has no Hamiltonian cycle, then there is no oriented t-
spanner on P with at most m edges. Any strongly connected oriented graph on P
with m = n edges must be a cycle. Again, a shortest closed walk of any pair of
points is this cycle C. So, the dilation t of the graph

−→
G′ = (P,

−→
C ) is

max
p,q∈P

|C−→
G′(p, q)|

|∆∗(p, q)|
=

∑︁
e∈

−→
C

|e|

min
p,q∈P

|∆∗(p, q)|
.

Since G has no Hamiltonian cycle,
−→
G′ must contain an edge whose length is at

least
√
2. Therefore, the dilation t of

−→
G′ is at least

∑︂
e∈

−→
C

|e|
2 +

√
2
≥ n− 1 +

√
2

2 +
√
2

> t.

7.2 Sparsification of Tournaments
In this section, we show how to compute a sparse subgraph of a given tournament
whose dilation is negligibly larger. Algorithms to orient complete graphs such that
the oriented dilation is small are presented in Section 4.3.

Given a tournament on a point set P that contains for every two distinct points
p, q ∈ P an oriented cycle with O(1) edges whose length is at most t|∆∗(p, q)|, we
compute a sparse (t + ε)-spanner. Thus, we reduce the number of edges from

(︁
n
2

)︁
to O(n) while increasing the dilation only by a given parameter 0 < ε < 2. The
idea is to extract a linear number of cycles in the tournament, each containing O(1)
edges, such that for each pair of points exists a sufficiently short closed walk passing
through them.

The algorithm that computes such an orientation is given in Algorithm 7.1. It
first computes the WSPD for the given point set. For each well-separated pair, we
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7.2 Sparsification of Tournaments

Algorithm 7.1 Sparse (t+ ε)-Spanner.
Require: Set P of n points, constant c ∈ N, positive real numbers ε < 2, t ≥ 1, s,

and a tournament
−→
K on P such that for any pair p, q ∈ P there is an oriented

cycle through p and q with at most c edges and length at most t|∆∗(p, q)|
Ensure: (t+ ε)-spanner for P with O(n) edges

Compute an s-WSPD {Ai, Bi} for 1 ≤ i ≤ m = O(n)
−→
E = ∅
for i = 1 to m do
Ai = Pick min(|Ai|, 2) arbitrary points of Ai

Bi = Pick min(|Bi|, 2) arbitrary points of Bi

for each ab ∈ Ai × Bi do
Regarding (a, b) or (b, a) ∈

−→
K , compute the shortest path Π in

−→
K with at

most c− 1 edges from b to a (or resp. from a to b)
Add all edges of Π and (a, b) (resp. (b, a)) to

−→
E

return oriented graph
−→
G = (P,

−→
E )

add up to four cycles with at most c edges. Therefore, we run the Bellman-Ford
algorithm for only c−1 iterations, to compute the shortest path in

−→
K with at most

c−1 edges between two given points. Note that the returned graph
−→
G is a subgraph

of
−→
K . Since we add at most four cycles with c = O(1) edges for m well-separated

pairs,
−→
G has O(m) edges.

We pick up to two points of A and up to two points of B for each well-separated
pair {A,B}. In particular, picking two points is only necessary, if a set has exactly
size 2. Choosing two points for any set that contains at least two points, causes a
minor computational overhead, but improves the readability of the proof.

Now, we show that Algorithm 7.1 constructs a sparse oriented (t+ε)-spanner. As
the WSPD is the only limiting component in this algorithm, Algorithm 7.1 works
for metric spaces that admit a WSPD.

Theorem 7.2. Let (P, | · |) be a metric space with n points that admits a WSPD
with m pairs constructible in T (n) time. Let c ∈ N be a constant and t ≥ 1 and
0 < ε < 2 be real numbers. Let

−→
K be a tournament on P such that for any p, q ∈ P

there is an oriented cycle through p and q with at most c edges and length at most
t|∆∗(p, q)|. An oriented (t+ ε)-spanner for P with O(cm) edges can be constructed
in O(mcn2 + T (n)) time using O(n2) space.

Proof. Let
−→
G = (P,

−→
E ) be the graph returned by Algorithm 7.1. Let s = 10t/ε+6.

For any two distinct points p, q ∈ P , we will prove odil(p, q) ≤ t + ε. The proof is
by induction on the rank of |pq| in the sorted sequence of all

(︁
n
2

)︁
pairwise distances.

If pq is a closest pair, then the WSPD contains the pair {{p}, {q}}. Therefore,
the algorithm added an oriented cycle through p and q whose length is at most
t|∆∗(p, q)| to

−→
E . Hence, we have odil(p, q) ≤ t ≤ t+ ε.

Assume that pq is not a closest pair. Let {A,B} be the well-separated pair with
p ∈ A and q ∈ B. Let A ⊆ A and B ⊆ B be the sets selected by Algorithm 7.1
during processing the pair {A,B}. There are three cases.
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7 Sparse Spanners

Case 1: p /∈ A and q /∈ B
Since p is not picked for A, it holds |A| ≥ 3. Analogously, it holds |B| ≥ 3. Let

a, a′ ∈ A \ {p} be the points picked for A and b, b′ ∈ B \ {q} for B. We will prove

|C−→
G
(p, q)| ≤ |C−→

G
(p, a)|+ |C−→

G
(a, b)|+ |C−→

G
(b, q)| ≤ (t+ ε) · |∆∗(p, q)|.

Due to WSPD-Property 1, it holds that |pa| < |pq| and |bq| < |pq|. Thus, we
apply induction to bound |C−→

G
(p, a)| and |C−→

G
(b, q)|. Since a ∈ A and b ∈ B, the

returned graph
−→
G contains an oriented cycle through a and b whose length is at

most t|∆∗(a, b)|. This gives us

|C−→
G
(p, q)| ≤ (t+ ε)|∆∗(p, a)|+ t|∆∗(a, b)|+ (t+ ε)|∆∗(b, q)|.

Using WSPD-Property 1, it holds that

|∆∗(p, a)| ≤ |∆paa′ | ≤ 3 · 2/s · |pq| ≤ 3/s|∆∗(p, q)|,

where the last inequality |∆∗(p, q)| ≥ 2|pq| follows from the triangle inequality.
Analogously, |∆∗(b, q)| is bounded by 3/s|∆∗(p, q)|. By Lemma 3.3, we bound
|∆∗(a, b)| ≤ (1 + 4/s)|∆∗(p, q)|.

Since s = 10t+6ε
ε , we achieve in total

|C−→
G
(p, q)| ≤ 2(t+ ε)3/s|∆∗(p, q)|+ t(1 + 4/s)|∆∗(p, q)| =

(︃
t+

10t+ 6ε

s

)︃
|∆∗(p, q)|

≤ (t+ ε)|∆∗(p, q)|

and therefore odil(p, q) ≤ t+ ε.

Case 2: p ∈ A and q /∈ B or p /∈ A and q ∈ B
We show the scenario in which p ∈ A and q /∈ B. The other case is analogous.

Since q is not selected for B, it holds |B| ≥ 3. Analogously to Case 1, we show that

|C−→
G
(p, q)| ≤ |C−→

G
(p, b)|+ |C−→

G
(b, q)|

≤ t(1 + 4/s)|∆∗(p, q)|+ (t+ ε)3/s|∆∗(p, q)| =
(︃
t+

7t+ 3ε

s

)︃
|∆∗(p, q)|

≤ (t+ ε) · |∆∗(p, q)|

for s = 10t+6ε
ε and therefore odil(p, q) ≤ t+ ε.

Case 3: p ∈ A and q ∈ B
Since p and q are picked points, the algorithm adds an oriented cycle through p

and q whose length is at most t|∆∗(p, q)|. Therefore, we have odil(p, q) ≤ t ≤ t+ ε.

For each of the m well-separated pairs, we consider up to four pairs of points. For
each, we compute their shortest path with at most c−1 edges. By using the Bellman-
Ford algorithm, this takes O(c(|P |+ |E|)) time, where |E| = O(n2) is the number
of edges. The input, a tournament on n points, requires O(n2) space. Hence, a
(t+ ε)-spanner can be computed in O(mcn2 + T (n)) time and O(n2) space. Each
well-separated pair contributes O(c) edges resulting in O(cm) edges in total.
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Note that the runtime of Algorithm 7.1 may depend on the construction time and
size of the WSPD. For all metrics where a subquadratic-size WSPD is known, it can
be constructed in o(n2) time. While linear-size WSPDs are known for Euclidean [30]
and doubling metrics [84], it is open whether the unit-disk graph metric admits a
WSPD with O(n) pairs [61].

7.3 Sparse Constant Dilation Spanners

In Section 4.3, we present an orientation of the complete graph on a given point set P
such that for any p, q ∈ P there is an oriented cycle through p and q whose length
is at most 5/3|∆∗(p, q)| and which has at most four edges. Therefore, combining
Theorems 4.5 and 7.2 leads to a sparse (5/3 + ε)-spanner.

Corollary 7.3. Let (P, | · |) be a metric space with n points that admits a WSPD
with O(n) pairs constructible in O(n3) time. Given a real number 0 < ε < 2, an
oriented (5/3+ ε)-spanner for P with O(n) edges can be constructed in O(n3) time
and O(n2) space.

However, this algorithm is computationally expensive, as it relies on shortest-path
queries in a complete graph. In the following, we present a spanner construction
that achieves a significant reduction in runtime while increasing the dilation by at
most 1/3. We construct a sparse oriented (2+ ε)-spanner in O(n log n) time by the
following steps:

1. Compute the WSPD on the given point set.

2. For two points of each well-separated pair, approximate a minimum perimeter
triangle containing those points with our algorithm based on approximate
nearest neighbor queries that is presented in Section 3.2.

3. Orient the undirected graph, whose edge set consists of edges of approximated
triangles, using the greedy algorithm presented in Section 4.2.

In Step 3, we use the greedy orientation algorithm, which provides a 2-approxi-
mation with respect to the input triangles (see Algorithm 4.1 and Lemma 4.2). The
input consists of the (1+ε)-approximated triangles obtained in Step 2. Note that in
this case, Lemma 4.2 guarantees odil−→

G
(p, q) ≤ 2+2ε only for two points p, q whose

minimum perimeter triangle is approximated in Step 2. For such a triangle ∆pqr,
the dilation odil−→

G
(p, r) and odil−→

G
(q, r) can be arbitrarily large.

Algorithm 7.2 is a detailed version of the above described spanner construction.
The algorithm and its analysis work similar to our (t + ε)-spanner construction

(see Section 7.2), as both use the WSPD to obtain a suitable set of pairs of points to
consider. The key difference is that Algorithm 7.1 requires a tournament as input
and then extracts a sparse subgraph, while Algorithm 7.2 first constructs a sparse
undirected graph and then orients it.

Now, we show that Algorithm 7.2 constructs a sparse oriented (2 + ε)-spanner
for point sets in a Euclidean space Rd:
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7 Sparse Spanners

Algorithm 7.2 Sparse (2 + ε)-Spanner.

Require: Set P of n points in Rd, positive reals ε < 2, ε1, s
Ensure: (2 + ε)-spanner for P with O(n) edges

Compute an s-WSPD {Ai, Bi} for 1 ≤ i ≤ m = O(n)
Compute the data structure on P from [10] to approximate nearest neighbors
L = ∅
for i = 1 to m do

Ai = Pick min(|Ai|, 2) arbitrary points in Ai

Bi = Pick min(|Bi|, 2) arbitrary points in Bi

for each ab ∈ Ai × Bi do
∆abr′ = (1 + ε1)-approximation of ∆∗(a, b) computed by Algorithm 3.1
Add ∆abr′ to L

return oriented graph generated by Algorithm 4.1

Theorem 7.4. Given a set P of n points in Rd and a real number 0 < ε < 2,
an oriented (2 + ε)-spanner for P with O(1/εd n) edges can be constructed in
O(d/εd n log n) time and O(1/εd n) space.

Proof. Let the constants in Algorithm 7.2 be equal to ε1 = ε/4 and s = 72/ε. Let
−→
G be the returned graph. We will prove that |C−→

G
(p, q)| ≤ (2 + ε) · |∆∗(p, q)| for

any two distinct points p, q ∈ P . The proof is by induction on the rank of |pq| in
the sorted sequence of all

(︁
n
2

)︁
pairwise distances.

If p, q is a closest pair, then {{p}, {q}} is a well-separated pair. Therefore, a
(1 + ε1)-approximation of ∆∗(p, q) is added to the list L of triangles, that define
the edge set of

−→
G , and, due to Lemma 4.2 and ε1 = ε/4, we have

|C−→
G
(p, q)| ≤ 2 · (1 + ε1)|∆∗(p, q)| ≤ (2 + ε)|∆∗(p, q)|.

Assume that p, q is not a closest pair. Let {A,B} be the well-separated pair with
p ∈ A and q ∈ B. Let A ⊆ A and B ⊆ B be the sets selected by Algorithm 7.2
during processing the pair {A,B}. We distinguish cases based on whether p and/or
q are picked.

Case 1: p /∈ A and q /∈ B
This implies |A| ≥ 3 and |B| ≥ 3. Let a ∈ A and b ∈ B be picked. We will prove

|C−→
G
(p, q)| ≤ |C−→

G
(p, a)|+ |C−→

G
(a, b)|+ |C−→

G
(b, q)| ≤ (2 + ε) · |∆∗(p, q)|.

A sketch of this proof is visualized in Figure 7.1.
Due to WSPD-Property 1, it holds that |pa| < |pq| and |bq| < |pq|. Thus, we

apply induction to bound |C−→
G
(p, a)| and |C−→

G
(b, q)|. Since a and b are picked points,

due Lemma 4.2,
−→
G contains a closed walk through a and b whose length is at most

(2 + 2ε1)|∆∗(a, b)|. This gives us

|C−→
G
(p, q)| ≤ (2 + ε)|∆∗(p, a)|+ (2 + 2ε1)|∆∗(a, b)|+ (2 + ε)|∆∗(b, q)|.
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p

a

a′
b′

q

b

A Br′

Figure 7.1: Visualization of Case 1 in the proof of Theorem 7.4: Let ∆abr′ be a
(1 + ε1)-approximation of ∆∗(a, b).

Since |A| ≥ 3, |∆∗(p, a)| is at most the perimeter of any triangle with vertices
p, a, and one other point in A. Each of the three edges of such a triangle can be
bounded using WSPD-Property 1. It holds that

|∆∗(p, a)| ≤ 3 · 2/s · |pq| ≤ 3/s · |∆∗(p, q)|, (7.1)

where the last inequality |∆∗(p, q)| ≥ 2|pq| follows from the triangle inequality.
Analogously, we bound |∆∗(b, q)| by 3/s|∆∗(p, q)|. By Lemma 3.3, we bound
|∆∗(a, b)| ≤ (1 + 4/s)|∆∗(p, q)| and achieve in total

|C−→
G
(p, q)| ≤ 2(2 + ε) · 3/s|∆∗(p, q)|+ (2 + 2ε1)(1 + 4/s)|∆∗(p, q)|.

Since ε1 = ε/4, ε < 2 and s = 72/ε, we conclude that

|C−→
G
(p, q)| ≤

(︃
2 +

ε

2
+

20 + 8ε

s

)︃
|∆∗(p, q)|

≤ (2 + ε/2 + 36/s) |∆∗(p, q)| = (2 + ε)|∆∗(p, q)|.

Case 2: p ∈ A and q /∈ B or p /∈ A and q ∈ B
We show the scenario in which p ∈ A and q /∈ B. The other case is analogous.

W.l.o.g., let p be picked for A and a distinct point b be picked for B.
Analogously to Case 1, for ε1 = ε/4, ε < 2 and s = 72/ε, we have

|C−→
G
(p, q)| ≤ |C−→

G
(p, b)|+ |C−→

G
(b, q)|

≤ (2 + 2ε1)|∆∗(p, b)|+ (2 + ε)|∆∗(b, q)|
≤ (2 + 2ε1) (1 + 4/s) |∆∗(p, q)|+ (2 + ε)3/s|∆∗(p, q)|
≤ (2 + ε)|∆∗(p, q)|.

Case 3: p ∈ A and q ∈ B
An approximation of ∆∗(p, q) is added to L and then, due to Lemma 4.2 and

ε1 = ε/4, we have

|C−→
G
(p, q)| ≤ 2 · (1 + ε1)|∆∗(p, q)| ≤ (2 + ε)|∆∗(p, q)|.

The initialization is dominated by computing a WSPD in O(n log n+ sdn) time
and O(sdn) space [30] (WSPD-Property 2). We use the data structure of Arya,
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Mount, Netanyahu, Silverman and Wu [10] to approximate nearest neighbors. Its
construction takes O(dn log n) time and it uses O(dn) space (see Lemma 2.1).
For each of the O(sdn) pairs, we consider at most four pairs of points and ap-
proximate their minimum perimeter triangles. Therefore, computing the list L of
O(sdn) triples costs O(sddn log n) time (see Lemma 3.4) and orienting those costs
O(sdn log n) time (Lemma 4.2). Therefore, a (2 + ε)-spanner can be computed in
O(sddn log n) time and O(sdn) space.

7.4 Average Dilation Spanners
This section presents a construction of a sparse oriented spanner with average di-
lation 1 + ε for sufficiently large point sets in a Euclidean space. Our algorithm
consists of the following steps:

1. Compute the WSPD on the given point set.

2. For each singleton-singleton pair {{p}, {q}}, approximate ∆∗(p, q) by our al-
gorithm using approximate nearest neighbor queries presented in Section 3.2.

3. Orient the undirected graph whose edge set consists of all edges of the ap-
proximated triangles, using the greedy algorithm presented in Section 4.2.

4. Sort all well-separated pairs ascending by the distance of two representatives
per pair.

5. For each non-singleton-singleton pair, we add at most five oriented edges.

Note that Algorithm 3.1 returns a (1+ε)-approximation of the minimum perime-
ter triangle of two query points. However, for this spanner construction a 2-
approximation is sufficient and therefore used for simplification.

While Steps 1–3 follow Algorithm 7.2, the essential difference is that Step 2 was
applied uniformly to all well-separated pairs, resulting in a worst-case (and average)
dilation of 2+ ε. In contrast, the proposed algorithm treats singleton-singleton and
non-singleton-singleton pairs separately.

For singleton-singleton pairs, a dilation of 1+ε is impossible once their minimum
perimeter triangles overlap and their consistent orientations conflict. Even when
using a (1+ ε)-approximation for each triangle, such conflicts may occur. However,
since they are only a small portion of all well-separated pairs, their effect on the
average dilation is negligible, as long as their dilation is constant.

For non-singleton-singleton pairs, the edges oriented in Step 5 form a closed walk
through points from both sets, ensuring a worst-case dilation of 1 + ε. The main
challenge is preserving previously constructed closed walks: orienting an edge for
one pair must not alter any walk belonging to previous pairs. This is ensured by
our processing order (Step 4) together with structural properties of the WSPD.

Algorithm 7.3 provides a detailed version of the described construction.
To show that a spanner with average dilation 1 + ε is returned, first we bound

the worst-case dilation of any two distinct points p, q. Let {Ai, Bi} be the unique
pair such that p ∈ Ai and q ∈ Bi or p ∈ Bi and q ∈ Ai. We bound the dilation of p

88



7.4 Average Dilation Spanners

Algorithm 7.3 Sparse Average Dilation Spanner.
Require: Set P of n points in Rd, sufficiently large real number s
Ensure: Oriented spanner on P with average dilation 1 + O(1/s + sd/n) and
O(sdn) edges
Compute an s-WSPD {Ai, Bi} for 1 ≤ i ≤ m; assume |Ai| ≤ |Bi| for all i
Compute the data structure on P from [10] to approximate nearest neighbors
L = ∅
for each singleton-singleton pairs {{p}, {q}} do
∆pqr = 2-approximation of ∆∗(p, q) by Algorithm 3.1
Add the point triple (p, q; r) to L

Orient the edges of the triangles in L by the greedy orientation Algorithm 4.1
Sort all well-separated pairs {Ai, Bi} by ascending distance of any ai ∈ Ai and
bi ∈ Bi

for each {Ai, Bi} with |Bi| ≥ 2 (in sorted order) do
Choose two arbitrary points of Bi. Let b, b′ be those points.
Choose min(|Ai|, 2) arbitrary points of Ai. Let a (and a′, if |Ai| > 1) be those
points.
Note: The following may change orientations of edges, set by the greedy
algorithm.
if |Bi| = 2 then

if bb′ is not oriented yet then Orient bb′ arbitrarily
Orient ∆abb′ consistently preserving the orientation of bb′ (and adjusting the
orientation of ab and ab′ if necessary)
if |Ai| = 2 then Orient ∆a′bb′ consistently preserving the orientation of bb′

else
Set the following orientations: (a, b), (b, a′), (a′, b′), (b′, a)

and q according to whether {Ai, Bi} is a singleton-singleton pair or not. Later, we
sum up the dilation for both types to bound the average.

Lemma 7.5. Let p and q be two distinct points in P . Let
−→
G be the graph returned

by Algorithm 7.3. For a sufficiently large number s ≥ 30, it holds

• odil(p, q) ≤ 16, if {{p}, {q}} is a well-separated pair, and

• odil(p, q) = 1 +O(1/s), otherwise.

Proof. Let {Ai, Bi} be the well-separated pair with p ∈ Ai and q ∈ Bi or p ∈ Bi and
q ∈ Ai. W.l.o.g., let p ∈ Ai and q ∈ Bi and |Ai| ≤ |Bi|. Our proof uses induction
on the sorted order of the well-separated pairs.

Base case. The pair {A1, B1} is a closest pair in P . Therefore, {A1, B1} is the
singleton-singleton pair {{p}, {q}}.

Let
−→
G′ = (P,

−→
E′) be the oriented graph returned by Algorithm 4.1 (ran after the

first for-loop). So,
−→
G′ is an orientation of the undirected graph whose edge set

consists of all edges of the approximated triangles of all singleton-singleton pairs of
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the WSPD. By construction, the shortest closed walk in
−→
G′ containing p and q has

at most four edges (due to Lemma 4.2). W.l.o.g., let

C−→
G′(p, q) = p → q → x → y → p,

for x, y ∈ P \ {p, q}. Further, due to Lemma 4.2, we have

|C−→
G′(p, q)| = |pq|+ |qx|+ |xy|+ |yp| ≤ 4|∆∗(p, q)|.

Since there is a unique pair {Ai, Bi} such that p ∈ Ai and q ∈ Bi, the edge pq is
oriented by the first loop and is not changed later. But the orientation of edges qx,
xy, and py may flip (at most once) in the second loop (see Figure 7.2).

Assume the orientation of xy is flipped during the second for-loop, i.e., (x, y) ∈
−→
E′

and (y, x) ∈
−→
E . We will show that

−→
G contains a path from x to y whose length is

at most (3 + 8/s)|xy|.
Let {Aj , Bj} be the well-separated pair such that y ∈ Aj and x ∈ Bj or x ∈ Aj

and y ∈ Bj . We assume |Aj | ≤ |Bj |. If the orientation of xy is flipped, then both
x and y must have been chosen while processing the pair {Aj , Bj}. Moreover, this
can only happen during the second loop, implying that |Bj | ≥ 2. W.l.o.g., let y be
chosen for Aj , say y = a, and x be chosen for Bj , say x = b. Let b′ be the other
point chosen for Bj and a′ for Aj , if |Aj | > 1.

If |Bj | = 2, then the triangle ∆xyb′ is consistently oriented in
−→
G . Applying

WSPD-Property 1, there is a path from x to y in
−→
G of length

|xb′|+ |b′y| ≤ 2/s|xy|+ (1 + 4/s)|xy| = (1 + 6/s)|xy| ≤ (3 + 8/s)|xy|.

If |Bj | > 2, then (y, x), (x, a′), (a′, b′), (b′, y) ∈
−→
E . Applying WSPD-Property 1,

−→
G contains a path from x to y of length

|xa′|+ |a′b′|+ |b′y| ≤ (1 + 2/s)|xy|+ (1 + 4/s)|xy|+ (1 + 2/s)|xy| = (3 + 8/s)|xy|.

We conclude that, if (x, y) ∈
−→
E′ and (y, x) ∈

−→
E , then

−→
G contains a path from x

to y whose length is at most (3 + 8/s)|xy|.

y = a

a′
b′

x = b

Ai Bi

p
q

Figure 7.2: Illustration of the base case of Lemma 7.5.
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p

a

a′
b′

q

b

Ai Bi

Case 1

p

a

a′
b′

b = q

Ai Bi

Case 2

p = a

a′
b′

q

b

Ai Bi

Case 3

p = a

b′

b = q

Ai Bi

a′

Case 4 for |Ai| = 2 and |Bi| = 2

Figure 7.3: Illustration of cases in the inductions step of Lemma 7.5.

We proved the statement for the edge xy. The same argumentation applies for
the edges qx and yp. Thus, a shortest closed walk in

−→
G through p and q has length

|C−→
G
(p, q)| ≤ |pq|+ (3 + 8/s) · (|qx|+ |xy|+ |yp|) ≤ (3 + 8/s)|C−→

G′(p, q)|

≤ (3 + 8/s) · 4|∆∗(p, q)|.

For s ≥ 8, we have

odil(p, q) ≤ (3 + 8/s) · 4 ≤ 4 · 4 = 16.

Induction step. Let b (and b′, if |Bi| > 1) be chosen for Bi and let a (and a′,
if |Ai| > 1) be chosen for Ai. Note that for |Bi| ≥ 2, it holds either (a, b), (b′, a) ∈
−→
E or (b, a), (a, b′) ∈

−→
E . (The latter is only possible for |Ai| ≤ 2.) Note that,

since there is a unique well-separated pair {Ai, Bi} with p ∈ Ai and q ∈ Bi, the
orientations of ab and b′a are not changed in any later iteration. We will show that
these edges lead to a closed walk in

−→
G through p and q. In particular, we show

|C−→
G
| ≤ (1 + 148/s)|∆∗(p, q)|, which gives us odil(p, q) ≤ 1 +O(1/s).

We distinguish cases based on whether p and/or q are chosen by the algorithm
while processing the pair {Ai, Bi} (compare to Figure 7.3).

Case 1: p /∈ {a, a′} and q /∈ {b, b′}
In this case, it holds that |Ai| ≥ 3 and |Bi| ≥ 3. We will show

|C−→
G
(p, q)| ≤ |C−→

G
(p, a)|+ |ab|+ |C−→

G
(b, q)|+ |C−→

G
(b, b′)|+ |b′a| ≤ (1+148/s)|∆∗(p, q)|.

Due to the order of the pairs (see WSPD-Property 3), we apply induction to
bound |C−→

G
(p, a)|. Since 1 + 148/s ≤ 16 for s ≥ 30, we bound

|C−→
G
(p, a)| ≤ 16|∆∗(p, a)|
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7 Sparse Spanners

regardless whether p, a is a singleton-singleton pair or not. Analogously, we bound
|C−→

G
(b, q)| and |C−→

G
(b, b′)|. We apply WSPD-Property 1 to bound |ab| and |b′a|. So,

we have

|C−→
G
(p, q)| ≤ 16|∆∗(p, a)|+(1+4/s)|pq|+16|∆∗(b, q)|+16|∆∗(b, b′)|+(1+4/s)|pq|.

Since |Ai| ≥ 3, |∆∗(p, a)| is at most the perimeter of any triangle with vertices
p, a, and one other point in Ai. Each of the three edges of such a triangle can be
bounded using WSPD-Property 1. It holds that

|∆∗(p, a)| ≤ 3 · 2/s · |pq| ≤ 3/s · |∆∗(p, q)|,

where the last inequality |∆∗(p, q)| ≥ 2|pq| follows from the triangle inequality.
Analogously, we bound |∆∗(b, q)| and |∆∗(b, b′)| each by 3/s|∆∗(p, q)|. We conclude

|C−→
G
(p, q)| ≤ 3 · 16 · 3/s · |∆∗(p, q)|+ (1 + 4/s)|∆∗(p, q)| = (1 + 148/s)|∆∗(p, q)|.

Case 2: p /∈ {a, a′} and q ∈ {b, b′}
In this case, it holds that |Ai| ≥ 3 and therefore |Bi| ≥ 3. W.l.o.g., let q = b. We

will show

|C−→
G
(p, q)| ≤ |C−→

G
(p, a)|+ |ab|+ |C−→

G
(b, b′)|+ |b′a| ≤ (1 + 148/s)|∆∗(p, q)|.

Since |Ai| ≥ 3 and |Bi| ≥ 3, we are in the set up as in Case 1. Therefore, length
of |C−→

G
(p, q)| in Case 1 is an upper bound for this case.

Case 3: p ∈ {a, a′} and q /∈ {b, b′}
In this case, it holds that |Ai| ≥ 1 and |Bi| ≥ 3. W.l.o.g., let p = a. We show

|C−→
G
(p, q)| ≤ |ab|+ |C−→

G
(b, q)|+ |C−→

G
(b, b′)|+ |b′a| ≤ (1 + 148/s)|∆∗(p, q)|.

Since q /∈ {b, b′}, it holds |Bi| ≥ 3. So, analogously to Case 1, we bound |C−→
G
(b, q)|

and |C−→
G
(b, b′)| each by 16 · 3/s|∆∗(p, q)|. We conclude

|C−→
G
(p, q)| ≤ 2 · 16 · 3/s|∆∗(p, q)|+ (1 + 4/s)|∆∗(p, q)| ≤ (1 + 148/s)|∆∗(p, q)|.

Case 4: p ∈ {a, a′} and q ∈ {b, b′}
In this case, it holds that |Ai| ≥ 1 and |Bi| ≥ 1. W.l.o.g., let p = a and q = b.
If |Bi| = 1 and thus |Ai| = 1, then {{p}, {q}} is a singleton-singleton pair.

Note that for the proof of the base case we only used the fact that {{p}, {q}} is
a singleton-singleton pair (not that pq is the closest pair). Therefore, the same
argumentation as in the base case applies here. Hence, it holds odil(p, q) ≤ 16.

For |Bi| = 2, the triangle ∆abb′ is oriented consistently when processing the pair
{Ai, Bi}. Note that, if bb′ is oriented already, this does not change its orientation.
Let {Aj , Bj} be the pair such that b ∈ Aj and b′ ∈ Bj or b′ ∈ Aj and b ∈ Bj . Due to
the order of the pairs, it holds j < i (WSPD-Property 3). Therefore, the orientation
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7.4 Average Dilation Spanners

of bb′ is not changed in any later iteration and thus ∆abb′ , consistently oriented in−→
G , is a closed walk in

−→
G containing p and q. Applying WSPD-Property 1, we have

|C−→
G
(p, q)| ≤ |∆abb′ | = |ab|+ |bb′|+ |b′a|

≤ (1 + 4/s)|pq|+ 2/s|pq|+ (1 + 2/s)|pq| = (2 + 8/s)|pq|
≤ (1 + 4/s)|∆∗(p, q)| ≤ (1 + 148/s)|∆∗(p, q)|.

If |Bi| ≥ 3, then, analogously to Case 3, we bound

|C−→
G
(p, q)| ≤ |ab|+ |C−→

G
(b, b′)|+ |b′a|

≤ 16 · 3/s|∆∗(p, q)|+ (1 + 4/s)|∆∗(p, q)| ≤ (1 + 148/s)|∆∗(p, q)|.

Theorem 7.6. Given a set P of n points in Rd, where d is a constant, and a
sufficiently large real number s ≥ 30, an oriented graph for P with average dilation
1 +O(1/s+ sd/n) and O(sdn) edges can be constructed in O(sdn log n) time using
O(sdn) space.

Proof. Let
−→
G be the graph returned by Algorithm 7.3. Due to Lemma 7.5, we

have odil−→
G
(p, q) ≤ 16 for a singleton-singleton pair and odil−→

G
(p, q) ≤ 1 + O(1/s)

otherwise. Let m = O(sdn) be the number of well-separated pairs. Let m′ ≤ m be
the number of singleton-singleton pairs. It holds∑︂

p ̸=q

odil(p, q) ≤ 16m′ +

(︃(︃
n

2

)︃
−m′

)︃
(1 +O(1/s)) ≤ 16m+

(︃
n

2

)︃
(1 +O(1/s))

= O(sdn) + (1 +O(1/s))

(︃
n

2

)︃
.

Therefore, the average dilation of
−→
G is

1(︁
n
2

)︁ ∑︂
p ̸=q

odil(p, q) ≤ 1 +O(1/s+ sd/n).

Computing a WSPD costs O(n log n + sdn) time and O(sdn) space [30]. We
use the data structure of Arya, Mount, Netanyahu, Silverman and Wu [10] to
approximate nearest neighbors. Its construction takes O(dn log n) time and it uses
O(dn) space (see Lemma 2.1). For each of the O(sdn) singleton-singleton pairs, we
approximate ∆∗(p, q) in O(d log n) time. Therefore, computing the list L of O(sdn)
triples costs O(sdn log n) time (Lemma 3.4) and orienting those costs O(sdn log n)
time (Lemma 4.2). We sort the O(sdn) pairs of the WSPD in O(sdn log n) time.
For each of the O(sdn) non-singleton-singleton pairs, we add oriented edges in O(1)
time. Therefore, Algorithm 7.3 takes O(sdn log n) time and O(sdn) space.

Depending on the choice of s, Theorem 7.6 offers different guarantees. For exam-
ple, if ε is a constant and s = Θ(1/ε), the average dilation is 1+ε+O(1/n) and the
number of edges is O(n). If s = n1/(d+1), the average dilation is 1 +O(1/n1/(d+1))
and the number of edges is O(n(2d+1)/(d+1)) = o(n2). If s = (log log n)1/d, the
average dilation is 1 + O(1/(log log n)1/d) = 1 + o(n) and the number of edges is
O(n log log n).
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Chapter 8
Discussion

Our work initiated the study of oriented spanners. We established a new research
direction and obtained insightful initial results, but several questions remain open.
In this chapter, we outline directions for future research and highlight challenges
for different problem variants.

Other dilation models. While undirected dilation compares the shortest path be-
tween two points p and q in a graph with their distance, oriented dilation compares
the shortest closed walk through p and q in an oriented graph to the shortest cycle
in the complete undirected graph Kn. An analogous measure for an undirected
graph G, called cyclic dilation, would compare the shortest cycle in G to a shortest
cycle in Kn. Can we efficiently compute sparse graphs of low cyclic dilation?

The dilation of an undirected spanner under the failure of k edges is similar to
oriented dilation for k = 1. Our results on plane oriented spanners also yielded new
insights into computing plane 1-edge fault-tolerant spanners. Also our reduction
from minimum (undirected) dilation triangulation to minimum oriented triangu-
lation carried over directly. It would be interesting to investigate whether other
results on oriented spanners transfer to fault-tolerant spanners.

Another measure of interest would be detour dilation, which is close to fault-
tolerance. It compares the shortest path in G \ pq with the minimum perimeter
triangle of p and q. Low detour dilation is a necessary condition for low oriented
dilation as well as low 1-edge fault-tolerance, and actually at the core of our analysis
of the greedy triangulation. Is there a triangulation with constant detour dilation?
Can it be oriented to obtain constant oriented dilation?

Computing the dilation. We prove that computing the oriented dilation is APSP-
hard for oriented graphs in a metric space. We complement this by a subcubic
approximation algorithm whose runtime and approximation factor depend on ap-
proximating the length of a shortest path between two given points. Improving such
approximations would also benefit our sparsification algorithm that yields a sparse
(5/3+ε)-spanner. Hence, developing faster methods to approximate shortest paths
in directed or oriented graphs is an interesting open problem.

Computing the oriented dilation of metric graphs seems to be dominated by
computing the minimum perimeter triangle. In contrast, for Euclidean graphs, the
minimum perimeter triangle of two given points can be computed in o(n) time.
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8 Discussion

This raises the question: Is computing the oriented dilation of a Euclidean graph
easier than for general metric graphs?

The hardness of computing the undirected dilation remains a long-standing open
problem. Our hardness proof for oriented dilation is a reduction from Minimum-
Triangle, i.e., finding a minimum-weight cycle (which is a triangle) in an undi-
rected graph. Since this reduction depends on the specific definition of oriented
dilation, it cannot be adapted to undirected dilation, but the proof may extend to
other dilation measures discussed above.

Bounding the dilation. We bounded the worst-case dilation t of the minimum
spanner on any metric point set by 3/2 ≤ t ≤ 5/3. Metric point sets of size 4 have
a tight bound of 3/2. For points in a Euclidean space, the best known bounds are
2
√
3−2 ≤ t ≤ 5/3. Also this lower bound follows from a point set of size 4; whether

this bound is tight remains open. A first step to prove tightness would be showing
that our 3/2-tournament is optimal for any metric point set of size 4. For both
Euclidean and metric space, the question arises whether a larger point set leads to
a minimum spanner with higher dilation.

We also analyzed the dilation of the minimum spanner for specific graph classes,
such as graphs on one-dimensional point sets with a one- or two-page book embed-
ding. We bounded the worst-case dilation t of the minimum one-page plane spanner
by 1 + Φ ≤ t ≤ 5, where Φ denotes the golden ratio. For two-page plane spanners
with a baseline, we have

√
2 ≤ t ≤ 2.

Closing these gaps is work in progress. The search for worst-case examples using
randomly generated point sets appears to be exhausted (see [AK5] for point sets
in R; moreover, an undergraduate thesis under our supervision analyzed minimum
dilation tournaments on small point sets embedded in R2 and R3).

Plane spanners. We presented how to orient the greedy triangulation such that it
yields an oriented O(n)-spanner for arbitrary point sets in R2 and an oriented O(1)-
spanner for points in convex position. Furthermore, we observed a strong connection
between oriented spanners and 1-edge fault-tolerant spanners. We proved that
the greedy triangulation is a 1-edge fault-tolerant O(n)-spanner for arbitrary and
O(1)-spanner for convex point sets. For both oriented and fault-tolerant spanners,
an interesting question arises: Do other triangulations satisfying the α-diamond
property also have linear dilation? We analyzed other prominent triangulations,
such as the Delaunay and minimum dilation triangulation, and concluded that the
α-diamond property is not sufficient for plane oriented and fault-tolerant spanners.

This raises the question of whether plane oriented or fault-tolerant spanners with
constant dilation even exist on non-convex point sets. If constant dilation cannot
be attained in general, what is the smallest dilation that can be guaranteed?

Sparse spanners. We constructed a sparse oriented (2+ε)-spanner. Our algorithm
computes such a spanner efficiently in O(n log n) time and O(n) space for n points
in a Euclidean space of constant dimension. To obtain sparse oriented spanners with
dilation less than 2, we showed how to sparsify a t-tournament while increasing the
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dilation to at most t+ε. The result is a (5/3+ε)-spanner in O(n3) time using O(n2)
space. This makes computing minimum dilation tournaments even more relevant.

However, relying on tournaments inherently leads to algorithms that require
quadratic space and at least quadratic running time. A natural question is whether
this can be avoided. Can we compute a sparse oriented spanner with dilation less
than 2 using subquadratic space? Or even using subquadratic (or for now, merely
subcubic) running time?

Average dilation spanners. We presented an algorithm that computes a sparse ori-
ented spanner with average dilation 1+ ε for sufficiently large Euclidean point sets.
Despite its practical relevance, average dilation remains largely unexplored com-
pared to the traditional worst-case measure. We hope that our results will inspire
further investigation into algorithms and constructions that achieve low average
dilation, as well as a deeper theoretical understanding of how average performance
relates to other spanner properties.

Besides computing oriented spanners with small average dilation, there are other
intriguing problems related to average dilation. For example, as done in [33] for
undirected trees, cycles, and plane graphs, an interesting open problem is to com-
pute or approximate the average dilation of a given (oriented) graph.

Orienting undirected graphs. Several of our constructions, namely a 2-tourna-
ment, a plane O(n)-spanner, a sparse (2+ ε)-spanner and an oriented spanner with
average dilation 1 + ε, rely on first computing a suitable undirected graph and
then orienting it. For those applications, we presented an orientation algorithm
that returns an oriented graph, whose edge set consists of a given set of triangles,
contains for each input triangle a closed walk of length at most twice its perimeter.

All those applications can be improved by optimally orienting the underlying
undirected graph. However, we dismiss this approach by proving that, given an
undirected graph, finding its minimum dilation orientation is NP-hard, even for
Euclidean graphs. The complexity of this problem when restricting the graph class
remains open. In particular: Is the problem NP-hard for planar or complete graphs?

A promising direction for future research is to develop orientation algorithms that
guarantee improved approximation factors. Our 5/3-tournament does not extend
to these settings, because our current proof of its dilation critically depends on the
orientation of a complete graph.

Generalization to metric spaces. Our (5/3 + ε)-spanner construction works for
point sets in any metric space admitting a WSPD. Such metrics include the Eu-
clidean space [30], the unit-disk graph metric [50], and metric spaces with constant
doubling dimension [84]. Our construction of a sparse (2+ε)-spanner and a spanner
with oriented average dilation 1 + ε only apply for points in the Euclidean space,
since both rely on an approximation of the minimum perimeter triangle that is
specifically designed for the Euclidean setting. Developing such an approximation
for broader classes of metric spaces would improve both constructions1.

1Since the submission of this thesis, we have designed such an approximation for spaces with
constant doubling dimension, extending both constructions accordingly. See [AK1] for details.
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8 Discussion

Bounded-degree spanners. In communication networks, the number of connec-
tions per node might be limited. This motivates the study of bounded-degree span-
ners. For undirected spanners in general, a tight degree bound of 3 is known [38,
74]. For bounded-degree plane spanners, closing the gap between the best known
upper bound of 4 [64] and the lower bound of 3 [16, 38] is an open problem (see [7]
for an overview on constructions of bounded-degree plane spanners).

Similarly, one may study oriented spanners with bounded degree. Most known
constructions of bounded-degree spanners are based on the Delaunay triangulation
(see [19, 23, 24, 64] for examples). However, we presented a point set for which
any orientation of its Delaunay triangulation has unbounded oriented dilation. As
the Delaunay triangulation is equivalent to a variant of the half-Θ6-graph [18], a
natural starting point for constructing oriented bounded-degree spanners could be
directed Θ-graphs [5, 20, 21]. This raises several questions: Which additional edges
must be inserted into a directed Θ-graph with constant dilation to achieve small
oriented dilation? How can bi-directed edges in such constructions be replaced?

Flexible constructions. Low dilation and a small number of edges are conflict-
ing optimization objectives. Moreover, computing low or even minimum dilation
spanners is computationally expensive. Thus, for undirected spanners, there are
efficient algorithms providing a trade-off between the dilation t and the number of
edges. The most prominent construction is the greedy spanner, which returns a
sparse t-spanner for any given t ≥ 1 [74]. In contrast, for oriented spanners only
a few constructions are known, each guaranteeing a specific dilation. Therefore, it
would be interesting to design constructions that provide a trade-off similar to the
undirected case.

Light spanners. Another optimization goal is to compute small dilation spanners
whose summed edge lengths, i.e., the weight of the spanner, is low. For undirected
spanners, the weight is evaluated relative to the weight of the minimum spanning
tree. Given a parameter t, computing the minimum weight t-spanner on a given
Euclidean point set is NP-hard [31]. Among the various constructions of undirected
light spanners [56, 57, 65, 68], the lightness of the greedy spanner stands out as the
most well-established result [40, 74].

The equivalent for oriented spanners is to compare the weight of the spanner with
the minimum length Hamiltonian cycle. The problem of computing the shortest
cycle that visits all given points is the traveling salesperson problem, which is known
to be NP-hard, even in the Euclidean plane [76]. This already makes the evaluation
of the weight of an oriented spanner hard. However, since the length of the minimum
Hamiltonian cycle is at most twice the weight of a minimum spanning tree [80], the
same notion of lightness can be justified as in the undirected setting. With this
definition, analogous to our approach for constructing plane spanners, a natural
strategy is to first compute an undirected graph with low weight and subsequently
orient its edges.

Dynamic spanners. An interesting extension of our work concerns dynamic mod-
els, where edges or points may be inserted or deleted over time.
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For maintaining bounded dilation of undirected spanners under point updates,
several fully dynamic spanner constructions are known [13, 14, 49, 54].

Related is edge augmentation, where one seeks a set of k edges whose addition
minimizes the dilation of the resulting graph. For small k, several algorithms are
known [47, 59, 87]. Edge deletion has been far less explored, existing results cover
only restricted classes of undirected graphs [4]. Deleting edges naturally relates to
fault-tolerant spanners, as both aim to preserve low dilation under structural loss.

Since adding k edges to an empty graph or deleting k edges from the complete
graph is NP-hard for both undirected and oriented spanners, the augmentation and
reduction problems are also NP-hard. Exploring their parameterized complexity
appears promising.

Dynamic oriented spanners introduce additional challenges beyond those encoun-
tered in undirected settings: Updates affect not only the edge set but also edge ori-
entations. Designing algorithms that maintain an oriented spanner during point or
edge updates therefore requires efficient handling of both structural and directional
changes. It remains open whether techniques from dynamic undirected spanners can
be adapted to this setting or whether fundamentally new approaches are needed.

Bi-directed edges. In many applications, it is desirable to reduce the number of
bi-directional edges, although avoiding them entirely may not be necessary. This
opens up a range of questions concerning the trade-off between dilation and the
number of bi-directed edges.

One natural problem is as follows: Given a parameter t, compute the directed
t-spanner that minimizes the number of bi-directed edges (without restricting the
number of oriented edges). A related parameterized variant allows at most k bi-
directed edges. A natural approach would be to first construct an oriented spanner
and then selectively bi-direct k edges. Does this lead to small dilation spanners
with such restrictions?

Similarly, given an oriented spanner, how many edges must be made bi-directional
to decrease its oriented dilation? Since not every point set admits an oriented 1-
spanner, it would also be insightful to ask how many edges of a tournament need
to be bi-directed to achieve a 1-spanner. Proving upper and lower bounds for these
trade-offs could provide valuable theoretical insights.

A further variant motivated by practical settings considers graphs with certain
one-way edges fixed in advance: Given a graph where some edges are marked as
“one-way”, compute an orientation of these edges that minimizes the dilation while
bi-directing all other edges. For which graph classes can this be done efficiently?
For which is this problem NP-hard?
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Appendix

A Subcubic Equivalences Between Path, Matrix, and
Triangle Problems

In [85], Vassilevska Williams and Williams prove for a list of various problems that
either all of them have subcubic algorithms, or none of them do. This list includes

• computing a shortest path for each pair of points on weighted graphs (known
as APSP),

• finding a minimum weight cycle in an undirected graph with non-negative
weights (called MinimumCycle), and

• detecting if a weighted graph has a triangle of negative edge weight (called
NegativeTriangle).

Theorem (NegativeTriangle ≤3 MinimumCycle [85]). Let G be an undirected
graph with weights in [1,M ] with M ∈ Z+ ∪∞. Finding a minimum weight cycle
in an undirected graph with non-negative weights is at least as hard as deciding if a
weighted graph contains a triangle of negative weight.
Proof. The following proof is restated from [85]. Let G = (V,E) be a given undi-
rected graph with weights w : E → [−M,M ]. We define an undirected graph
G′ = (V,E), which is just G, but with weights w′ : E → [7M, 9M ] defined as
w′(e) = w(e)+8M . Any cycle C in G with k edges has length w′(C) = 8Mk+w(C),
and it holds that 7Mk ≤ w′(C) ≤ 9Mk. Therefore, every cycle C with at least four
edges has length w′(C) ≥ 28M and any triangle ∆ has length w′(∆) ≤ 27M < 28M .
Thus, a minimum weight cycle in G′ is a minimum weight triangle in G.

Since the minimum weight cycle in the constructed graph G′ in the proof above
is a triangle, we immediately obtain the following theorem.
Theorem 3.1 (APSP ≤3 MinimumTriangle). Let G be an undirected graph with
weights in [7M, 9M ] with M ∈ Z+ whose minimum weight cycle is a triangle. It is
APSP-hard to find a minimum weight triangle in G.

B Loop Variant for Algorithm 4.2 (5/3-Tournament)
The following result is a loop invariant for the outer loop of Algorithm 4.2. It is not
used to show that Algorithm 4.2 returns a 5/3-tournament, however, we present
this result here to give more insights on this algorithm.
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In the following, we number the iterations of the outer loop as 1, 2, . . . ,m. For
each i = 1, 2, . . . ,m+ 1, define

• Pi = {pk | 1 ≤ k < i} ∪ {qk | 1 ≤ k < i}, and

•
−→
E i to be the set of edges that have an orientation at the beginning of the i-th
iteration of the outer loop. If i = m+ 1 then

−→
E i is the set of all m oriented

edges of the complete graph, as computed by the algorithm.

Lemma. For each i = 1, 2, . . . ,m+ 1, the following holds. Let a and b be any two
distinct points in P \ Pi, and let c be any point in Pi. Then, it holds that

• (a, c) ∈
−→
E i if and only if (b, c) ∈

−→
E i, and

• (c, a) ∈
−→
E i if and only if (c, b) ∈

−→
E i.

Proof. The proof is by induction on i. If i = 1, then both Pi and
−→
E i are empty,

and the statement vacuously holds.
Let i be such that 1 ≤ i ≤ m and assume that the statement in the lemma holds

for 1, 2, . . . , i (i.e., up to the beginning of the i-th iteration of the outer loop). We
show that the statement also holds for i+1 (i.e., at the end of the i-th iteration of
the outer loop).

Let a and b be two distinct points in P \ Pi+1, and let c be a point in Pi+1. We
prove that, if (a, c) is contained in

−→
E i+1, then (b, c) is also contained in

−→
E i+1. The

other claims in the lemma can be proved in a symmetric way.
Assume that (a, c) ∈

−→
E i+1. Let k be the smallest integer such that (a, c) ∈

−→
E k+1.

Then, 1 ≤ k ≤ i and the pair ac is oriented as (a, c) in the k-th iteration of the
outer loop.

Consider the k-th iteration of the outer loop. We may assume, w.l.o.g., that the
pair pkqk is oriented as (pk, qk). It follows from the algorithm that {a, c}∩{pk, qk} ̸=
∅. Thus, since a ̸∈ Pk+1, the point c is in {pk, qk}.

We claim that c = pk. If this is not the case, then c = qk. Since pkqk is oriented
as (pk, qk), it then follows from the algorithm that the pair ac is oriented as (c, a).
This is a contradiction.

First assume that k < i. Since both a and b are in P \ Pk+1, c ∈ Pk+1, and
(a, c) ∈

−→
E k+1, it follows from the induction hypothesis that (b, c) ∈

−→
E k+1. Since

−→
E k+1 ⊆

−→
E i+1, we conclude that (b, c) ∈

−→
E i+1.

It remains to consider the case when k = i. Thus, the pair ac is oriented during
the i-th iteration of the outer loop and c = pi. The edges of the triangle (a, c, qi)
are oriented as a → c → qi → a.

Let ℓ be an integer with 1 ≤ ℓ < i. We show that the pair bc is not oriented during
the ℓ-th iteration of the outer loop. Assume that this pair is oriented during this
iteration. It follows from the algorithm that {b, c} ∩ {pℓ, qℓ} ̸= ∅. Since b ̸∈ Pi+1,
the point b is not in {pℓ, qℓ}. Thus, c ∈ {pℓ, qℓ}. First assume that bc is oriented as
(b, c). Then (b, c) ∈

−→
E ℓ+1. Since both a and b are in P \ Pℓ+1 and c is in Pℓ+1, the

induction hypothesis implies that (a, c) ∈
−→
E ℓ+1, which contradicts our choice of k

(which is i). The second case is when bc is oriented as (c, b). Then, again by the
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induction hypothesis, (c, a) ∈
−→
E ℓ+1, which is a contradiction, because ac is oriented

as (a, c).
Consider the i-th iteration of the outer loop. If we can show that, at the end of

this iteration, bc is oriented as (b, c), then (b, c) ∈
−→
E i+1.

If, at the beginning of the i-th iteration, the pair qib is not oriented, or it is
oriented as (qi, b), then it follows from the algorithm that bc is oriented as (b, c).

It remains to consider the case when, at the start of the i-th iteration of the outer
loop, the pair qib is oriented as (b, qi). We show that this cannot happen. Let j be
the iteration of the outer loop during which qib is oriented. Then 1 ≤ j < i and
{b, qi} ∩ {pj , qj} ̸= ∅. Since b ̸∈ Pj+1, the point qi is in {pj , qj}.

If pjqj is oriented as (pj , qj), then qi = pj . Since pj ∈ Pj and neither a nor b is
in Pj+1, it follows from the induction hypothesis that the pair apj is oriented as
(a, pj). This is a contradiction, because pj = qi.

If pjqj is oriented as (qj , pj), then qi = qj . Since qj ∈ Pj and neither a nor b is
in Pj+1, it follows from the induction hypothesis that the pair aqj is oriented as
(a, qj). This is a contradiction, because qj = qi.
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