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Abstract

This paper is concerned with an optimization problem which is governed by the
Kantorovich problem of optimal transport. More precisely, we consider a bilevel opti-
mization problem with the underlying problem being the Kantorovich problem. This
task can be reformulated as a mathematical problem with complementarity constraints
in the space of regular Borel measures. Because of the non-smoothness that is induced
by the complementarity constraints, problems of this type are often regularized, e.g.,
by an entropic regularization. However, in this paper we apply a quadratic regulariza-
tion to the Kantorovich problem. By doing so, we are able to drastically reduce its
dimension while preserving the sparsity structure of the optimal transportation plan
as much as possible. As the title indicates, this is the second part in a series of three
papers. While the existence of optimal solutions to both the bilevel Kantorovich prob-
lem and its regularized counterpart were shown in the first part, this paper deals with
the (weak-x) convergence of solutions to the regularized bilevel problem to solutions
of the original bilevel Kantorovich problem for vanishing regularization parameters.
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1 Introduction

In this paper, we consider a bilevel optimization problem with the Kantorovich problem
of optimal transport as its lower-level problem. Given two non-negative marginals
w1 € IM(Q2) and pyr € M(2,) which are defined on the compact domains €2 and
2, and have the same total mass and a continuous cost function ¢ € C (2] x 27), the
Kantorovich problem reads as follows:

inf K(r):= d
117} () /Qc(x) w(x) (KP)

s.t. we Il(ur, n2), m=0.
Herein, IT(u1, p2) denotes the set of feasible couplings of w1 and py defined by
(1, p2):={mr € M(Q1 x Q2): Pigw = p;, i = 1,2}, (D

where P; denotes the projection on the i-th variable and P;4m is the push forward
of P; w.r.t. w. The Kantorovich problem is a classical, well-established model for
optimizing transportation processes and we exemplarily refer to [ 1-4] for more details
on its mathematical background.

For the definition of the bilevel problem, the cost function is set to ¢ = ¢q €
C (21 x 27) and we fix the second marginal pu, = u‘zj, i.e., both ¢q and u‘zl are given
data. The upper-level optimization variables are  and 1 such that the overall bilevel
problem is given by

inf  J(m, pny)

T,

s.t. wp € ML), 7w e M2 x Q), (BK)

w1 =0, el = 1S lm@s),
7 solves (KP) with u, = ,ug and ¢ = cgq.

A potential application of such a bilevel problem could, for instance, be the identifi-
cation of the marginal | based on measurements of the transportation process. The
upper-level objective would then read J (r, u1) = J(7):=|lwr — nd||gm(D), where
D C Qp x  is a given observation domain and 79 € 9(D) denotes the mea-
sured transport plan in D, see Sect. 4.1. Another example for a problem of type (BK)
reads as follows: Let 21 = Q, =: Q, and let a completely continuous mapping
G : M) — L2(,) be given. Then, for 8 € [1, co) and v > 0, we consider

] 2 N
min = 1G () = zlly2q,) +v Welnr, 13) (WCP)

stoop1 €MLY, w1 =0, lwillog,) =1,

where Wg denotes the Wasserstein distance of order 8. Since this is just the B™ root
of the optimal value of the Kantorovich problem with transportation cost c(x1, x2) :=
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lx1 — x2||#, we are indeed faced with a problem of type (BK). In Sect. 4.2 below, we
will investigate an example of this problem class, where G is the solution operator of
an elliptic PDE.

For its numerical solution, the Kantorovich problem is frequently regularized in
order to avoid the “curse of dimensionality” caused by the discretization of the transport
plan on the product space €21 x 7. A prominent example is the entropic regulariza-
tion (see e.g. [5] for a convergence analysis in function space), which leads to the
well-known Sinkhorn algorithm, cf. [6, 7]. An alternative regularization approach was
proposed in [8], where the squared L?(€21 x 2)-norm of 7 is added to the objec-
tive of (KP), weighted with a regularization parameter y > 0. The advantageous
implications of this approach are similar to the ones caused by the entropic regular-
ization. First, the regularized counterpart of (KP) is a strictly convex problem so that
its solution is unique. Moreover, the regularization leads to a substantial reduction
of the dimension since the dual problem is equivalent to a (non-smooth) system of
equations in L2(521) X LZ(QQ) instead of Lz(Ql X €27).In [8], a semi-smooth Newton-
type method is employed to solve this system and the convergence for y N\ O (in a
more general framework covering the quadratic regularization) is investigated in [9].
A further advantage (in comparison to the entropic regularization) of the quadratic
regularization is that it better preserves the sparsity pattern of the optimal transport
plan as the numerical experiments in [8] demonstrate.

In view of the success of regularization techniques for the (numerical) solution
of the Kantorovich problem, it is reasonable to apply them in the bilevel context
too. As the title indicates, we follow the quadratic approach from [8] and replace
the Kantorovich problem in (BK) by its quadratically regularized counterpart. In this
context, the following questions naturally arise:

e Does the bilevel problem (BK,) and its regularized counterpart admit (globally
optimal) solutions?

e Do solutions of the regularized bilevel problems (or subsequences thereof) con-
verge to solutions of (BK,) for vanishing regularization parameter y \ 0?7

e How can we efficiently solve (discretized versions of) the regularized bilevel prob-
lems?

While the first question is addressed in the predecessor paper [10], the present paper
investigates the convergence behavior of such optimal solutions for y \ 0. So far, we
are only able to show that (subsequences of) optimal solutions converge (weakly-x) to
optimal solutions of the original problem (BK,) under fairly restrictive assumptions on
the data p.g and the structure of the objective. Nevertheless, at the end of the paper, we
will see that there are relevant examples, where these assumptions are fulfilled. At least
in finite dimensions, these assumptions can be weakened, as we show in the third part
of this series of papers, see [11]. The third question, concerning an efficient and robust
numerical solution of the regularized bilevel problems, is subject to future research.
Albeit regularized, the bilevel problems are still non-smooth, as the necessary and
sufficient optimality conditions associated with the regularized counterpart to (KP)
involve the max-operator, see [8, Theorem 2.11]. At the same time, this operator
promotes the desired sparsity of the solution and for this reason, a further smoothing
of the max-operator should be avoided. We expect that algorithms, which are tailored
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to bilevel problems with non-smooth lower-level problem, behave well in this setting,
see, for instance, the approaches in [12—14].

The remainder of this paper is organized as follows: After introducing some basic
notation and assumptions in the rest of this introduction, we collect some known
results on the Kantorovich problem, its quadratic regularization as well as the existence
results from the companion paper [10] in Sect. 2. The remaining part of the paper
is then devoted to the convergence analysis for vanishing regularization parameter
y N\ 0. First, in Sect. 3.1, we show that weak-* accumulation points of solutions of
the regularized bilevel problems are feasible for (BK,), i.e., in particular, the limit
of the sequence of transport plans solves the Kantorovich problem associated with
the limit of the marginals. Afterwards, in Sect. 3.2, we establish the optimality of
the weak-x* limit under additional assumptions. The paper ends with two application-
driven examples in Sect. 4, where the additional assumptions are fulfilled.

1.1 Notation and Standing Assumptions

Throughout the paper, the Euclidean norm of a vector a € R", n € N, is denoted by
|a|. Moreover, the open ball in R” of radius » > 0 centered in a is denoted by B(a, r).

Domains

Fordi,d> € N, let Q1 C R and Q> C R% be compact sets with non-empty interior.
We moreover suppose that their Cartesian product Q2:=; x 5 coincides with the
closure of its interior and has a Lipschitz boundary in the sense of [15, Def. 1.2.2.1].
The dimension of Q2 is d:=d; + d». By B(£2) we denote the Borel o-algebra on Q
and A is the Lebesgue measure on 28(£2). For 1 and 2, B(£2;) and A;,i = 1,2, are
defined analogously so that A = A1 ® A,. Furthermore, we abbreviate |Q21|:=A1(21),
[Q22]:=A2(22), and |Q[:=1(2).

Marginals

For some subset X C R?, we denote the Banach space of (signed) regular Borel
measures on the measurable space (X ,B(X )), in which B(X) refers to the Borel
o-algebra of the open sets of X, by 9(X). It consists of signed Borel measures
w:B(X) — R whose variation measures || are (inner and outer) regular. Its norm
is the total variation || i |lon(x):=In|(X). If X happens to be compact, then the Riesz-
Radon theorem ensures that M (X) = C(X)*, i.e., the dual space of the Banach
space of continuous functions can be identified with the Banach space of regular
Borel measures. By P;: Q21 x Q2 > (x1,x2) — x; € Q;,i = 1,2, we denote the
projection onto the i-th variable. For the ease of notation, we will denote projections
with different domains and ranges by the same symbol, i.e., e.g., P»: Q1 X Q1 >
(x1, y1) — y1 € 1. The respective domains and ranges will become clear from the
context. If n; € M(RQ) and wr € M(2y), the set of transport plans between the
marginals w1 and u; is given by

(1, m2):={m € M(Q): Prgmw = w1 and Prym = 2}, 2
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with the pushforward measure of 7 via the projection P;,i = 1, 2, being defined by
Piygmi=m o P71 B(Qy) — R.

Elements from IT(w;, o) are frequently called couplings of w1 and p;. Note that
IT(wy, no) = @ifand only if w1 (21) # n2(22). Throughout the paper, Mg € M(2)
is a fixed marginal satisfying Mg > 0 and, in order to ease notation, | ,u%|(§22) = 1.
The normalization condition is no restriction and can be ensured by re-scaling. In
order to shorten the notation, we write P(2;):={u € M(;): u >0, |u|(2;) =1},
i = 1, 2, for the set of probability measures on £2;.

Since 21, €27, and Q are compact, the pre-dual spaces of 91(€21), M (2»), and
M() are C(21), C(2), and C(2), respectively. We denote the associated dual
pairings by (u, v) and it will become clear from the context, which domain this refers
to.

Given a measure space (X, A, u), the Lebesgue space of p-times integrable func-
tions is denoted by LP(X, ), p € [l,00). If X C R*, n € N, is a Lebesgue
measurable set, 4 = B(X), and u is the Lebesgue measure, we write L” (X).

Cost Function

The cost function is assumed to satisfy ¢q € whr(Q), p > d, where, with a slight
abuse of notation, W17 () denotes the Sobolev space on int(£2). Note that, due to
the regularity of dQ2, W17 () is compactly embedded in C (), cf. e.g. [16, Theorem
6.3]. Thus, there exists a continuous representative of ¢4, which we denote by the same
symbol. We note that we will later introduce a relaxation of the bilevel Kantorovich
problem by adding the cost function ¢ as an additional optimization variable and
penalizing its deviation from c4 in the W !:”-norm. This provides additional flexibility
for the construction of a recovery sequence and serves as a preparation for the finite
dimensional case which is currently under investigation and will be discussed in [11].

Bilevel Objective
The functional 7 : 9(2) x M(R2;) — R is supposed to be lower semicontinuous
w.r.t. weak-* convergence and bounded on bounded sets, i.e., for every M > 0, it

holds that

sup{|J (rr, )| : G, ) llon@yxom) < M} < oo. 3)

At the very end of the paper, several examples for objectives fulfilling these assump-
tions will be given.

2 Preliminaries and Known Results

In comparison to the bilevel problem discussed in [10], we consider a slightly different
problem involving an additional constraint on the distance of supp(¢1) to the boundary
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0%21. This constraint is necessary to ensure that the mass of the mollified marginals
does not leave the domain in order to ensure their weak™ convergence, see Lemma 3.1,
but can be avoided by passing on to an equivalent problem on an enlarged domain,
see Lemma 2.5 below. Our bilevel problem including the additional constraint with
distance parameter p > 0 reads as follows:

inf  J(m, 1)
T,
s.t.py € P(Ry), dist(supp(ur), 921) > p, (BK,)

b4 eargmin{/ cqgdy: ¢ € H(ul,ug), <p20}.
Q

On the one hand, choosing p = 0, we recover our original bilevel problem from [10].
If, on the other hand, p is too large, it may happen that there is no w1 that satisfies
constraints in (BK,). Therefore, in the following, we tacitly assume that we can find
some p > 0in a way that the feasible set of (BK,) is non-empty. Let us again mention
that the lower-level problem only admits solutions provided that p; is a probability
measure like ug. To show the existence of a solution to this bilevel problem, we need
the following result:

Lemma 2.1 The set
Mi={p; € M(L1): pu1 =0, dist(supp(ur), 921) > p} 4

is closed w.r.t. weak-x convergence.
Proof Let a sequence {u},en C M be given such that p}—*uy in MM(R). It is

clear that weak-* convergence gives w1 > 0. For the remaining claim, we argue by
contradiction and assume that there is an x € supp(u1) with

x ¢ Ai={E € Qp: dist(&, 92) > p).

Due to the Lipschitz continuity of the distance function, A is closed and thus there is
anr > 0 such that B(x,r) N A = {J. By Urysohn’s lemma, there is thus a continuous
function ¢ € C(L21; [0, 1]) suchthat¢p =0on Aand ¢ = 1 on B(x, r/2) N 2. Since
x € supp(u1), this yields the desired contradiction:

0< B < [ @ dn© = lin [ st =o
1 1

where the last equality follows from ¢ = 0 on A O supp(u’). O

Proposition 2.2 Under our standing assumptions, the bilevel Kantorovich problem
(BK,) admits at least one globally optimal solution.
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Proof In[10, Theorem 3.2], the assertion is shown by means of the stability of transport
plans according to [2, Theorem 5.20] for an analogous bilevel problem without the
additional constraint dist(supp(u1), 9€21) > p. Since the set M from (4) is weakly-*
closed as seen in Lemma 2.1, the proof of [10, Theorem 3.2] readily carries over to
(BK)). O

Since we do not only need to mollify w1 but also ug, we have to require an additional
assumption on ,ug similar to the constraint on . in (BK)).

Assumption 2.3 There is a constant p > 0 such that dist(supp(,u,g), d082) > p.

As indicated above, by passing on to an enlarged domain, Assumption 2.3 as well
as the additional constraint in (BK,) can be avoided. For this purpose, let p > 0 be
as above and define Qf::Qi + B(0, p),i = 1,2 and Qp::Q’f X Qg. Since 2 has
a Lipschitz boundary by assumption, there exists an extension of ¢4 to 2° with the
same regularity, which we denote by cg e WP (QP), see [17, Theorem 7.25]. For the
upper level objective, we assume

Assumption 2.4 The objective 7 admits an extension to Qf X Qf with the same
properties as 7, i.e., there exists a functional 77 : 9(QP) x E))T(Qf) — R that
is lower semicontinuous w.r.t. weak-x convergence and bounded on bounded sets
and fulfills J°(w, u1) = J(7lg, nilg,) for all (7, i) € M(LP) x sm(szf) with
supp(r) € 2 and supp(u1) € ;.

Herein, w|g € 9(2) and puilg, € 9(21) denote the restrictions of 7 and
n1. Moreover, we denote the trivial extension of Mg to Qg by /,Lg € ‘,13(52’2) ), i.e.,
1h (B):=pS(B N Q) forall B € B(QD).

Lemma 2.5 Consider a bilevel Kantorovich problem of the form

inf 7 (7, ur)
T,

©)
sty € P(R), e argmin{/ cadg: ¢ € (w1, 1), ¢ 20},
Q

where ug € P(R22) need not necessarily satisfy Assumption 2.3. If J satisfies Assump-
tion 2.4, then (5) is equivalent to

inf J”(x, (1)
T,
st pr € PR, dist(supp(ur), 927) = p, ©6)

S argmin{f chdp: @ ey, 1y, ¢ > 0},
QP

where

(i, uh)i={m € MQP): 1(A x Q5) = ni(A) VA € B(Q)),
n(Q] x B) = u5(B) VB e B(Q)}.
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The above equivalence means that, if 1 and w solve (5), their extensions by zero,
denoted by u’f and 7t?, also solve (6), whereas, if ;1| and 7w solve (6), their restrictions
1ilq, and |q are solutions of (5), each time with the same optimal value.

Proof If i1 and 7 are feasible for (5), then ;1] and 7? satisfy dist(supp(uf), Q1) > p
and 7° € I1 p(u,f , ,ug ) by construction. Vice versa, if ;1 and 7 are feasible for (6),
then 1|, and m|q satisfy 7|o € H(M]lQI,Mg), since m € Il,(u1, ,u‘z)) implies

supp(r) C supp(pq) X supp(ug) = supp(u1lg,) X supp(,ug) C Q1 x 2. In addition,
if w1 satisfies the constraint on its support in (6), then

/ Cffdw=/0dd<p Vo e y(ur, 1h),
QP Q

where we again used that supp(¢) C 21 x €2 for all feasible transport plans. Thus the
objectives of the lower-level problems in (5) and (6) are the same, and consequently, the
same holds for the feasible sets of (5) and (6) (after extension by zero and restriction,
respectively). The claim of the lemma then follows, because the upper-level objectives
are identical on () x M (1) by Assumption 2.4. O

Lemma 2.5 shows that one can equivalently solve (6) instead of (5), provided that
Assumption 2.4 holds true. This has the advantage that (6) satisfies an assumption
analogous to Assumption 2.3 and guarantees the additional constraint on the distance
of supp(u1) to the boundary. Since the extensions J” and cg satisfy our standing
assumptions on upper level objective and transportation costs from Sect. 1.1 on the
enlarged domain by Assumption 2.4, we can therefore turn to (6) instead of (5). In
Sect. 4, we will state two examples, whose upper level objectives fulfill Assump-
tion 2.4. However, in order to keep the discussion concise, we will always focus on
the case where Assumption 2.3 is satisfied in the rest of this work and we will tacitly
assume it in the following.

2.1 Quadratic Regularization

We now turn to the quadratic regularization of (BK,). Let us first introduce the regu-
larized lower-level problem. Given a regularization parameter y > 0, two marginals
w1 € L2(Q1), ua € L?(25), and acost functionc € L%($2), we consider the following
regularized counterpart to (KP):

inf K, ()= /Q () 7 () A ) + By 1

s.t. m, € LZ(Q), 7y, >0 A-ae.in Q,

. (KP,)
7y (x1, x2)dA2(x2) = p1(x1) Ar-ae.in Q,
Q2

/ 7Ty (x1, x2)dA1(x1) = pa(x2) Az-a.e.in Qo.
Q
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Lemma 2.6 (/8, Lemma 2.1]) Problem (KP, ) admits a solution if and only if p; > 0
hica.e.in Qj, i = 1,2, and ||u1llp1 @,y = lr2llpiq,)- If a solution exists, then it is
unique.

Thanks to the above lemma, we can define the solution operator to (KP,,):

Syt LAQ) x Mo(Q) 3 (¢, 1. a) +> 7y € L), @

where

||Ml||L1(Ql) = ”/’L2”L1(Q2)7

8
Wi > 0Aj-a.e.in Q;,1 = 1,2}. ®)

Mo(Q):={ (11, 2) € L*(Q1) x L*():

What is more, if there exist constants ¢ > —oo and § > 0 such that ¢ > ¢ A-a.e.
in Qand u; > 8 A;-a.e.in ;, 1 = 1,2, then the dual problem to (KP, ) admits a
solution, too, see [8, Theorem 2.11] and Lemma 4.2 below. Similarly to the original
Kantorovich problem in (KP), this dual problem leads to a significant reduction of
the dimension, since it is an optimization problem in L2($21) x L%(§2,) rather than in
L2(2] x Q).

In order to ensure the existence of solutions to (KP, ) as well as the associated dual
variables for two given marginals u; € 91(€2;),i = 1, 2, we introduce the convolution
and constant shifting operators

)
T M) > i > @) * i + o € L), i=1.2. ©)
L

Herein, § > 0 is a smoothing parameter, gol‘.s e Cx (R%) denotes the (symmetric)
standard mollifier with ||<plfS ||L1(Rdl-) = 1 and support in B; (0, §) C R%,i=1,2.Asa
corollary of the classical convergence result for convolution of measures on the whole
space, see e.g. [18, Theorem 4.2.2], we obtain the following result. It illustrates the
utility of Assumption 2.3 and the additional constraint on 11 in (BK,).

Lemma2.7 Let A C RY, d € N, be compact and assume that sequences {|n}neN C
IM(A) and {8, }nen C RT are given such that j,—*u, 8, \ 0, and

dist(supp(u,), 9A) > p >0 Vn e N. (10)

Then % s p,—* @ in M(A) asn — 00.

Proof Let v € C(A) be arbitrary and denote A,:={x € A: dist(x, dA) > p}. Then
Fubini’s theorem along with (10) yields

/A V() (@™ # ) (x) dx = /A (0 V) (&) djun (8) — /A V(E)du®),

where we used the uniform convergence of ¢’ s v on the compact subset A pofint(A).
O
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We note that the restrictions on €2, namely non-empty interior and Lipschitz
boundary, are not required for Lemma 2.7 because A, C int(A) is ensured by
dist(supp un, dA) > p.

According to Lemma 2.6, (KP),) only admits a solution if the total mass of the
marginals is the same. In context of the bilevel problem (BK;S/ ) below, this is ensured for
the smoothed marginals by Assumption 2.3 and the additional constraint on supp(it1),
provided that § < p. Since these imply supp((pg * ug) C @ and supp((p‘f * ) C 2,
respectively, we obtain for every | € P (21) with dist(supp(u1), 921) > p that

||718(M1)||L|(Q,) =/S~2 90(1s *pupdip +6
i

= il +8 = el +8 = 15 Dl L1 )

(1)

and consequently, (KP,,) is well defined with the marginals ’]'1‘3 (u1) and ’2'2‘S (,ug). We
are now in the position to state the regularized version of (BK,):

: . 1 4
ﬂyl,r;l,tf;,c \7)/ (77)/’ M1, C)-—j(”y» M]) + I ”C - Cd”wl.p(Q)
8
st. ce WhP(Q), e P(Qr), dist(supp(ur), Q1) = p, (BKY)

my =Sy (e, TP (). T (u9)).

Here and in the following, with a slight abuse of notation, we denote the measure
induced by the L2-function 7, by means of the L*($2)-scalar product by the same
symbol. In comparison to (BK ), we do not only replace the lower-level Kantorovich
problem by its regularized counterpart, but also add the cost function ¢ to the set
of optimization variables. This is motivated by the so-called reverse approximation
property, which requires a set of optimization variables that is sufficiently rich as
also observed, e.g., in case of the optimization of perfect plasticity, see [19]. For this
reason, c is treated as an additional optimization variable to have more flexibility at
this point. In the companion paper [11], this will be the essential tool to establish the
reverse approximation property in finite dimensions. The penalty term in the upper-
level objective 7, will ensure that, in the limit, ¢ equals the given costs cq, see (14)
below.

Proposition2.8 Let y > 0 and § € (0, p] be fixed. There exists at least one globally
optimal solution to the regularized bilevel Kantorovich problem (BK‘; ).

Proof The existence of solutions for a slightly different problem has been shown in
[10, Theorem 4.7], which differs from (BK’;) as follows: First, the bilevel problem
in [10] does not contain the additional constraint on supp(u1), but, similarly to the
proof of Proposition 2.2, this constraint can easily be incorporated into the existence
proof using Lemma 2.1. Secondly, the bilevel problem is posed in Q’f X 5252 with
Qf :=Q; + B(0, 8),i = 1, 2. This ensures that the marginals ’Z’l‘S (p1) and ’2'28 (,ule) have
the same total mass. In our case, however, this is guaranteed by Assumption 2.3 and
the constraint on supp(u1) together with 6 < p, see (11). With the equality of the
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total mass of the marginals at hand, the remaining part of the existence proof is then
completely along the lines of [10, Theorem 4.7]. O

Remark 2.9 The restrictions on €2 other than compactness, in particular the Lipschitz
boundary, are only required in order to ensure the (compact) embedding W7 () —
C(S2) that is used in Proposition 2.2 ([10, Theorem 4.7]). If one can drop the term
ﬁ llc — cq ||I‘;, Lp(Q) and ¢ as an optimization variable, all arguments up to this point
are valid under the assumption that €21 and €2, are compact.

3 Convergence for Vanishing Regularization

In the following, we investigate the behavior of optimal solutions of the regular-
ized bilevel problem (BK‘;) for regularization parameters y, § tending to zero. For
this purpose, assume that we are given sequences of non-negative regularization and
smoothing parameters {yy }neN, {6n}neny C Ry satisfying y;,, 8, N\ 0 as well as

0<8,<p forallneN and ;/—Z—>0asn—>oo. (12)
n

The reason for the coupling of the parameters §,, and y, will become clear in the proof
of Proposition 3.3 below. To shorten the notation, we write (BK,,) instead of (BK?};)
for the regularized bilevel problem associated with y,, and §,,. Similarly, from now on,
we equip all entities and variables that depend on either y,, or §, (or both) only with
the index n, i.e., e.g. $,:=S,,, 7}”::’]’16" and so on. For each n € N, Proposition 2.8
ensures the existence of a solution (77,,, 17, ¢;) to (BK,). Owing to the feasibility of
i}, we find that || i [lon(q,) = 1. Moreover, the constraints in (KP, ) imply

7 llonce = / / o diy
Q J Q0

= [ TG drr = 197 gy N lomay + 80 < 1+
Q

(13)

for all n € N, where we make use of 7, > 0, (11), and (12). Hence, there is a
subsequence (denoted by the same symbol to ease notation) such that

(TTn, @)=, 1) in M() x M(Qy) asn — oo.

Furthermore, take an arbitrary, but fixed p; € P(21) and consider the regularized
optimal transport plans 7w, = S,(cq, 7" (1), T, (p,g)) for n € N. Then, the triple
(7, 1, cq) is feasible for (BK,,) and (77, 1) ,en is bounded in 9T(2) x M(L21), cf.
(13). The optimality of (7,, i}, ¢,) for (BK,,) thus yields

16n = callyyrp(qy < P Yu(T (tn, 1) = T (G, i) < yu ©
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for all n € N with some constant C > 0, because |7 | is bounded on bounded sets
by assumption. Hence, we obtain for the whole sequence {c,},en (and not just the
subsequence) that

én — cqg In WHP(Q) asn — oo. (14)

Now that we have found an accumulation point (7, fi1, ¢q) of the sequence of regular-
ized solutions {(7,, [, €x)}neN, We aim to show its optimality for the original bilevel
Kantorovich problem (BK ). We start with the feasibility of (7, ft1) for (BK,) in the
next subsection.

3.1 Feasibility of the Limit Plan

This subsection is devoted to showing that the accumulation point (77, fi1) is feasible
for the bilevel problem (BK,). This, in particular, requires to show that it is not only
feasible for (KP) but also optimal w.r.t. the cost c¢;. We start with its feasibility in the
following lemma.

Lemma3.1 Let {(,, 1], cp)lneny C IM(R) x M(21) x WLP(Q) be a sequence
of feasible points for the regularized bilevel problems (BK,), n € N. If (m, u1) €

M(Q) x M(Q) is a weak-x accumulatlon point of {(m,, uy)}, then m is a non-
negative coupling between 1 and Mz’ ie,m e Il(uy, Mg)

Proof In order to avoid double subscripts, we assume w.l.o.g. that the whole sequence
converges. The non-negativity of m, carries over to the weak-x* limit 7. It remains to
show that 7 is a coupling of 11 and ug. For this purpose, let ¢1 € C(€21) be arbitrary
but fixed. Then, the equality constraints in (KP,,) imply

(mr, p1 0 P1) = lirn (nn, ¢1 0 Pr)

= hm/ ¢1(X1)f 7, (X1, x2) dAz (x2) dAg(x7)

=nli)fgo/ﬂ 1) T/ () (x1) drg (x1)
1

=n1ggo/9 o1 (x1) (@] * uff
= (1, $1),

2, |/ ¢1(x1) dAg(x1)

where we use Lemma 2.7 and the additional constraint on supp(i1) in (KP,,) for the
passage to the limit. Since ¢ was arbitrary, this implies Pjgmr = w1 as desired. An
analogous argument for an arbitrary ¢ € C(22) shows Prym = u,g. O

We now come to a result which is required to show that the weak™® cluster point
7 is optimal for (KP). Its proof is based on the gluing lemma for measures and the
equivalence of convergence in the Wasserstein 1-metric and weak™ convergence of
measures on compact sets.
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Lemma3.2 Let {u}ien C ‘P(R1) be given such that p{—*u,. Moreover, let
e IM(uy, ug) be a non-negative coupling between p and pL‘zi. Then, there exists a
sequence of non-negative couplings m, € TI(uf, ug) that converges weakly-x to 1.

Proof The proof relies on the gluing lemma in combination with the equivalence
of weak-* convergence and convergence in the Wasserstein-1-distance on compact
domains. We first note that, according to [2, Theorem 4.1], for each n € N, there
exists an optimal coupling 6, € IT(uY, ;1) between pf and 11 with respect to the
metric cost [x; — y1| on 1 x Q1. Furthermore, thanks to the gluing lemma, see, e.g.,
[4, Lemma 5.5], there exist non-negative measures o, € 9M(21 x 21 x 27) such that
P1ou0, = 0, and Py3y0, = 7 for all n € N. Here and in the following,
Pjp: Q1 x Q1 x Q5 — Q1 x 2y, j.k=1,2,3, j<k, L=k—1
refers to the projection onto the coordinates j and k. Using this projection, we define
T =P13u0, € M(Q x Q).

Then, by construction, we obtain for all B € ‘B(2)

(P14702)(B1) = 0, (P53 (B1 x 22))
=o0,(B] X 21 X Q)

= 04 (Pp; (B x Q1)) = (P146,)(B1) = i (B1)
and analogously, for all B, € B(2,),
(Pay7)(B2) = 0,(Q1 x Q1 x Ba) = (Pay7)(Ba) = pu§(B2)
sothat 7z, € IT(uy, ,ug) as desired. Moreover, the non-negativity of m,, directly follows
from the non-negativity of o;,.
To show the weak-* convergence, we borrow an argument from the proof of [20,

Theorem 3.1]. For this purpose, define the mapping

Pi33: Q1 x Q1 x Q3 (x1, y1,x2) > ((x1,x2), (1. %2)) € @ x Q,
as well as ¢:=Pj32340;,. We observe that ¢ € (2 x ) and

(Pi40)(B) = £(B x Q) = 0 (Pi3p3(B x Q) = 0y (Py3' (B)) = 7 (B)
as well as

(P2#C)(B) = {(Q x B) = 04(Py333(Q x B)) = 0, (Py3' (B)) = 7(B)

for all B € B(R2) so that ¢ € II(w,, ). Again, the non-negativity of ¢ directly
follows from the non-negativity of o,,. Now we have everything at hand to estimate
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the Wasserstein-1-distance of 7, and 7:

0< W (my, ) = inf — y|dO(x,
< Wi(mp, ) ogéﬁlm,n)/gmu y[do(x, y)

< / I — y1dz(x, ¥)
QAxQ
< / [(x1, x2) — (y1, ¥2)| d(P1323407) ((x1, X2), (Y1, ¥2))
QAxQ
= / |x1 — y1ldoy(x1, y1, x2)
QI xQ X2
=/ [x1 — 11 d(Pragon) (x1, y1)
Q]XQ]

=/ lx1 — y11d6, = Wi(u', u1) = 0 asn — oo,
QxR

where we use ' —"*p1 by assumption and the equivalence of weak-* convergence
and convergence in the Wasserstein-1-distance on compact domains according to [2,
Theorem 6.9]. Using this equivalence once more finally yields 7,,—*7 in 2U(2) as
n — oo. O

Having everything together, we can now prove the feasibility of cluster points of
the sequence of regularized solutions for the non-regularized bilevel problem.

Proposition 3.3 Assume that the vanishing sequences {yn}nen and {8,}nen satisfy
(12). Let {(7rn, 1, cp) hnen C M(R) x M(Q1) x WP (Q) be a sequence of feasible
points for the regularized bilevel problems (BK,), n € N. If (7, 11, ¢q) € M(R) x
M(21) x WP (Q) is an accumulation point of this sequence w.r.t. weak-x convergence
in M() x M(21) and weak convergence in WP (Q), then (w, W1) is feasible for
(BK,), i.e., p1 € P(1), dist(supp(e1), 0221) > p, and w is optimal for (KP) with
respect to the marginals |11 and Mg as well as the cost function cq.

Proof In order to avoid double subscripts, we again assume w.l.o.g. that the whole
sequence converges. Since B (£21) as well as the set M from (4) are weakly-* closed,
see Lemma 2.1, the properties for x| follow immediately.

As we have already seen in Lemma 3.1, 7 is feasible for the Kantorovich problem
(KP) with respect to @1 and M§'~ So, it suffices to show the optimality of 7 for (KP).
To this end, recall the lower-level problems from the feasible sets of (BK,,) that are
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solved by m,:

. L Vn 2
I’I}Tln Icn(ﬂ')—‘/s;cnnd)‘« + 7”77:”[,2(9)

st. 1el*(Q), >0 iae. inQ,

0o . (KP,)
/Q 7 (x1, xp)dda(x) = T (W) (1) Aj-ae. in Qi
2

/ 7 (x1, x2)dA1 (x1) = T3 () (x2)  Ap-a.e. in Q.
Q

By [2, Theorem 4.1], we know that there is at least one solution of the Kantorovich
problem (KP) (associated with i, ,ug, and the limiting cost function cq4). Let us
consider an arbitrary solution 7* € 9(2) of (KP). Owing to Lemma 3.2, there exists
a sequence of non-negative couplings {7, },en between u} and ,ug that converges
weakly-* to ™. We then define

@n(x1, X2)1=0] (x1) @3 (x2), (x1,x2) € Q,

Sn Sn
andﬂ *7‘[ +—" = / dm*( —i——ELZQ.
=®n 1] 1| Q(ﬂn(é_ ) dm, (&) 1] 12| (€2)

Then, the non-negativity of r;* implies the positivity of ¥,'. Moreover, the definition
of ¥ in combination with Fubini’s theorem yields

1)
[T A (15)
o [€21]
J R R e e A1) (16)
o @l

so that ¥, is feasible for (KP,). For the objective of the Kantorovich problem, the
optimality of 7, for (KP,) yields

n—oo

_ . . . yn 2
foa. ) = lim (en, ) < imin [ om0t % Il
(7
< lim Sup/Qc,, Orda+ % ||19;||i2(m.

n—o0

Let us investigate the two addends on the right hand side of this inequality separately.
Since ¢,—~cq in W7 () and the embedding W7 () < C() is compact due to
p > d, ¢, converges uniformly to c¢q in Q. Let us define 2,:={x € Q: dist(x, 022) >
p}. Then, the uniform convergence of both ¢, and the convolution in compact subsets
of int(2) yields that

max
xX€RQ)

/an@)w(x — &) dA(§) — calx)
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Since supp(7r,;) C supp(uf) x supp(u ) C 2, this in combination with the definition
of ¥ and the weak-* convergence of 7, implies

/ o 97 dh = / / en(X) 9(x — EYAA(x) A (&)
(18)
-i-m/ cp(x)dA(x) = (cq, ).

For the second addend on the right hand side of (17), we obtain

19712y <2 / ( fg w(x—é)dn;f(%‘)z) dA(x) + 262

< 200allZ250.5, 170 Iane) + 260,

where the L?-norm of the standard mollifier is estimated by

2 _ n2 ny2
”(p””LZ(B(O,Bn)) - ”(01 ||L2(Bl(0 8.)) ”(02 ||L2(32(0 8.))

< 1_[ ”(pl ”LOO(B (O 5;1)) ”(pz ”L](B (0 8n)) < C8 dl d2 = C(S —d
i=1

with a constant C > 0. In view of the coupling of y,, and §,, in (12) and ||7r,f lon (@) = 1
for all » € N, we thus arrive at

B0 < C((Sd +782) = 0.

Inserting this together with (18) in (17) implies (cq, 7) < (cq, 7*) and, since 7 is
feasible for (KP) associated with 1, y,g, and cq, as seen above, while 7 * is optimal
for that problem, 7 is optimal, too, and thus (7, (1) is feasible for (BK,) as claimed.

O

Note that we only obtain the feasibility of the sequence ¥, in the above proof, if
the marginals are smooth and shifted, see (15) and (16). Therefore, even if the given
data ,ug is a function in L2(2,), we cannot use it in the regularized problems, but need
to consider 7' (pLz) instead.

Recall the sequence of solutions (7T,,, ji7, ¢;) to the regularized bilevel problems
from the beginning of this section. We already know that this sequence admits a weak-x
accumulation point. To be more precise (77, j17)—" (7T, ji1) in M(2) x M(L2) after
possibly restricting to a subsequence, while the whole sequence of cost functions ¢,
converges strongly in W17 () to c¢4. Thus, according to Proposition 3.3, the weak-x
limit (7, f11) is feasible for (BK,). As this observation holds for every accumulation
point, we immediately obtain the following

Corollary 3.4 Assume that the vanishing sequences {y, }nen and {8, }nen satisfy (12).
Suppose moreover that (w*, u¥) is a solution to the bilevel problem (BK ) that admits
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a recovery sequence in the following sense: There is a sequence (7,, |1} ;. C;)neN C
M(Q) x M(Q) x WhP(Q) satisfying

i) (), /JLT’n, ) is feasible for (BK,) for alln € N,

(i) Hmsup,,_, oo Tn (0, 17,5 ) < T (%, 1Y)

Then, every weak-* accumulation point (7, jL1) of the sequence of solutions
{(n, 1)) }nen to the regularized bilevel problem is also a solution to (BK ).

Proof As the feasibility of (77, f11) has already been established, we only need to prove
its optimality, which is a consequence of the existence of a recovery sequence and the
weak-* lower semicontinuity of 7. To this end, we index the weakly-* convergent
subsequence by the symbol 7.

J (@, i) < liminf 7 (,, )
n—o00

. . = -n - p
< liminf 7 G, 1) + -l = calyiog (19)
= liminf 7, (70, it} , €n)
n—oo
< lim sup jn(ﬂ;» MT,n, C;) <J@@*, /LT)-

n—o00

The optimality of (7*, u}) gives the result. O

Remark 3.5 Note that the first two inequalities in (19) in essence correspond to the
liminf-condition of I"-convergence of the bilevel objective. To be more precise, if we
denote the feasible set of (BK;,) by F,, C 9M(2) x M(R) X WLP() and define

Tn(t, 1, €)= Ju(w, 1, ©) + Ig, (0, 1, ©),

where Ir, denotes the indicator functional of F,,, then the weak-* lower semiconti-
nuity of J along with Proposition 3.3 gives that, for every sequence {(,, (1., cn)}
converging weakly-* to a point (7, 1, ¢q), there holds

J(m, n1) < lim inf 7, (7, M1,n, Cn),
n—00

where j(n, n1) = J (@, w1) + Ix(w, wy) and F denotes the feasible set of (BK)).
Note moreover that, since we are only interested in the convergence of minimizers,
we do not need a recovery sequence realizing the limsup-inequality for every tuple
(w, 1) € M(2) x M(L21), but just for one global minimizer of (BK,). Thus the
assumptions (i) and (ii) in Corollary 3.4 do not guarantee I"-convergence of j,, to J
(w.r.t. weak-* convergence), but are sufficient for our purpose.

The crucial task is now of course to establish the existence of a recovery sequence
satisfying the conditions (i) and (ii) in Corollary 3.4. So far, unfortunately, we are
not able to guarantee the existence of such a sequence in the general setting without
further assumptions. If, however, ,ug < A2 e(x1, x2) = h(x] — x2) with a strictly
convex function %, and J is even weak-x continuous, then a recovery sequence can
be constructed as we will see in the next section.
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3.2 Reverse Approximation in Case of Strictly Convex Costs and an Absolutely
Continuous Marginal

We now describe a scenario in which we can explicitly construct a recovery sequence
in the sense of Corollary 3.4.

Theorem 3.6 Suppose that, in addition to our standing assumptions, the following
hold true:

1. Q1 = Qo=:Q, (such that d\ = dr=:d,),

RS < A with =0 = A,

3. ca(x1, x2) = h(x1 — xp) with a function h : RY% — R that is strictly convex and
even symmetric, i.e., h(—&) = h(§€) forall § € R,

4. Additionally to its lower semicontinuity, J shall be upper semicontinuous w.r.t.
weak-* convergence in the first variable, i.e., if w,—*m in M(L), then, for every
w1 € M(2), there holds

[\S]

lim sup ._7(7[]17 /JLI) =< \7(77:’ H/l)

n—o0

In other words, J shall be continuous in its first variable w.r.t. weak™® convergence.
5. The null sequences {yn}nen and {8, }nen satisfy (12).

Then, a sequence of solutions {(T,, jL}, Cu)}neN of the regularized bilevel problems
(BK,), n € N, converges (up to subsequences) to an optimal solution of (BK,,).

Proof The assertion is a direct consequence of Corollary 3.4 and the uniqueness of the
transport plan under the additional assumptions. Let (7 *, u}) be an optimal solution of
the bilevel problem (BK,,). According to the generalized version of Brenier’s theorem
in [2, Theorem 2.44], the additional assumptions 1-3 ensure the existence of an optimal
transport map, which in turn yields a unique optimal transport plan that solves the
Kantorovich problem with marginals (/Lg, u}) and cost cq(x1, x2), i.e.,

min I /QCd(xz,xl)dfp(xl,xz): @ e TI(us, 1)), ¢ = O}.

For reasons of symmetry, 7 is a solution to the above problem if and only if 7z’ defined
by 7' (B| x By) = w(By x By), By, By € B(2), solves

min {f cater, 1) dp(er, ) g € i ud), 9 20) (kP
Q

such that the solution set of (KP*) is a singleton, too. Therefore, 77 * is the only solution
of (KP*).
Let us define the sequence

W=t ci=ca, mr=S(ca, T (). T3 (1)), n e N. (20
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By construction, (), MT,n’ cr) is feasible for (BK,) for every n € N. Since the
sequence {, } is bounded, there is a weakly-* convergent subsequence and, according
to Proposition 3.3, its limit, together with ,u,’]", is feasible for (BK,), i.e., it is a solution
of (KP*). Thus, by uniqueness, said weak-x limit equals 77* and a classical argument
by contradiction yields that the whole sequence (7, MT, . Ch) converges (weakly-*)

to (*, u}, ca). The presupposed weak-* continuity of 7 finally yields that

limsup J,, (7, 1} ,» ) = limsup J (wr,;, uf) < J (", n}) asn — o0
n—o0 n—oo

such that {(m,), ;ﬁ;’”, ch)nen is the desired recovery sequence. Corollary 3.4 then
yields the claim. O

Remark 3.7 An inspection of the proof of Theorem 3.6 shows that, under the assump-
tions of this theorem, there is no need for ¢ as additional optimization variable to
construct the recovery sequence, as c;, is set to ¢g in (20). Accordingly, the assertion
of Theorem 3.6 remains true, if one considers

inf  J(my, pn1)

Ty, ]
. S
sty € P(Qy), dist(supp(ir), Q1) > p, (BK; c))
my =8y (ca. TP (1), T3 (19)).

instead of (BK‘}S, ). In the finite-dimensional setting, however, it is exactly the additional
optimization variable ¢, which enables the construction of a recovery sequence, see
[11].

Consequently, one may drop the additional optimization over ¢ and the term # llc—

cd||[‘;/1_ ’Q) in the setting of Theorem 3.6. Then, the restrictions on the domain that

ensure the compact embedding WP (Q) < C(Q) are no longer necessary and one
may restrict to €21 and 2, being compact, see also Remark 2.9.

4 Two Application-Driven Examples
The additional assumptions in Theorem 3.6 are certainly rather restrictive, in particular

condition 4. Let us therefore end our considerations by giving two examples fulfilling
these assumptions.

4.1 Marginal Identification Problem
As an example for a bilevel Kantorovich problem, we have already mentioned the
problem of identifying the marginal 1| based on measurements of the transport plan
in an observation domain D C 2 in Sect. 1. The most natural choice for the upper-level
objective probably reads

T, w):=lw = 7oy + vl = pflome.)- 1)
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where 79 € 9(D) denotes the measurement of the transport plan, while M? € P(Ry)
is a guess for the unknown marginal 1¢1. Moreover, v > 0 is a given weighting param-
eter. However, an objective of this form does not satisfy condition 4 in Theorem 3.6.
To ensure this condition, let us assume that D is an open and bounded domain with a
Lipschitz boundary. Then, thanks to p > d by our standing assumptions, the embed-
ding WOl "P(D) <= Cy(D) is compact and so, by Schauder’s theorem, 9)t(D) embeds
compactly in W’I'P/(D)::Wol’p(D)*, where, as usual, p’ = p/(p — 1) denotes the
conjugate exponent. Note that the restriction operator from 9t(£2) to (D) is weak-*
continuous, since D is open by assumption. Therefore, for a given 7¢ € (D), an
objective of the form

T =l =y, )+ vl =l (22)

fulfills condition 4. A natural extension of 7 fulfilling Assumption 2.4 (in case that
Assumption 2.3 is not fulfilled) reads

~ / d,
TP w)=lm =7 v e = 1y s

where Q/, again denotes the enlarged domain and ,uff’p is the extension of yff by zero.
The W17’ (D)-norm can be evaluated with the help of the p-Laplacian. For this
purpose, denote by ¥ € WO1 "7 (D) the unique solution of

—div(Vy P 2vy) =7 — ¢ in w2 (D). (23)
Then, it is easily seen that

d
I =7yt py = SUp it
veW(%’p(D) ||VU||LP(D;]R4)

Sp IVYIP2Vyr - Vuda
= sup
er(}-p(D) ||VU||L17(D;]Rd)

-1
= VY1,

and hence, the objective from (22) becomes ||V HZP(D;Rd) +v|u — /L(ll”gm(g*). If

one aims to avoid the p-Laplace equation, one can resort to an equivalent norm based
on the Poisson equation on D. To this end, let n € (D) be given and consider

0 e W' (D), —np=7y inw P (D), 24)

where (=A@, v):= [, V- Vvdi, ¢ € Wol’p,(D), ve Wol’p(D),denotes the Laplace
operator.
Lemma 4.1 Let D be a bounded domain of class C'. Then there exists an exponent

p > d such that, for every n € IN(D), there exists a unique solution ¢ € Wol’p/(D) of
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(24). The associated solution operator denoted by G : M(D) — Wé P /(D) is linear
and compact.
If d < 3, the result also applies if D is only a bounded Lipschitz domain.

Proof According to [21, Theorem 4.6], there exists a p > d such that the Poisson
equation (24) admits a unique solution in WO1 *P(D) for right hand sides in W17 (D).!
The same assertion for Lipschitz domains can be found in [22] for the case d = 2 and
[23] for d = 3. By duality, there is thus a unique solution in ¢ € WO1 P /(D) to the
state equation in (24) for every right hand side in W_l’p/(D). Due to the continuous
embedding WOl "P(D) — Co(D) already mentioned above, there holds 9I(D) —
W—17"(D) and we obtain the existence and uniqueness of ¢ € Wé P /(D) for every

n € (D). The associated solution operator G is clearly linear and, by Banach’s
inverse theorem, continuous. The compactness of G follows from the compactness of

the embedding Wol’p(D) — Co(D). i

Unfortunately, the WP (D)-norm cannot be expressed by means of the solution
operator G, but it holds that

”r/”W—l,p/(D) < ”V(p”Lp’(Q;Rd) < ”G” ||TI||W—1_,;/(D)
and therefore,

M(D) > 0 = VGl gy

defines a norm equivalent to the W_l’pl(D)—norm. Since G is compact, an objective
of the form

7, . dyy 7' d
J(, p):=IVG(m — 7 )||Lp/(D;Rd) + vl — il (25)

satisfies the condition ,f‘ in :l:heorem 3.6. Thus, if we consider the bilevel Kantorovich
problem (BK,,) with 7 or 7, Theorem 3.6 applies. Let us shortly turn to the associated
regularized problems. For this purpose, recall the following result from [8]:

Lemma 4.2 ([8, Theorem 2.11]) Consider the regularized Kantorovich problem (KP,) )
with marginals i € L>(S4), i = 1,2, and a cost function ¢ € L*(2). Assume that
the marginals satisfy |nillp ) = r2llpiq,) and pi > 8 Ai-a.e.in Q4,1 = 1,2,
with a constant § > 0. Moreover, assume that there exists a constant ¢ > —o0 such
that ¢ > ¢ A-a.e. in Q. Then, m, € L%(Q) is a solution of (KPy ) if and only if there

I onC! -domains, this even holds for every p < oo, see [21, Theorem 4.6].
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exist functions oy € L*(Q1) and oy € L*(0) satisfying

1
Ty — —(@1®ay —c)p =0 A-a.e. in 2, (26a)
14
/ Ty (x1, x2)dA2(x2) = 1 (x1) Al-a.e. in Q, (26b)
Q)
f Ty (x1, x2)dA(x1) = na(x2) M-a.e. in 2. (26¢)
Q

Herein, (o] @ a2)(x1, x2):=a1(x1) + a2(x2) A-a.e. in Q2 refers to the direct sum of
o] € Lz(Ql) anday € Lz(Qz), while, for givenu € L2(), (u) 4+ (x):=max{u(x); 0}
A-a.e. in 2 denotes the pointwise maximum.

With this result at hand, we can erase the regularized optimal transport plan 7, from

5 . . .. . .
(BKS, ;) by using the necessary and sufficient conditions in (26). Let us exemplarily
consider (BK‘; o) With the objective from (25). The corresponding regularized bilevel

problem then reads as follows:

/
p

- d
min VoIl pgay TV 11— il

stora e LAR), w1 e P, ¢ Wel (D),
dist(supp(i1), 92%) > p,
—hp =L@ @m—cy—nt inW (D), 27)

/ (1 @ a2 — ca)+ (x1, x2)dhs(x2) = ¥ TP (1) (x1) ace. in Qs
Q.

/ (@1 ® @y — ca)+ (x1, X2)dAu(x1) = ¥ T3 (u9) (x2) a.e. in Q.
Qy

Remark 4.3 If one replaces the lower-level Kantorovich problem as in (BK,) by its
necessary and sufficient (and thus equivalent) optimality conditions, then an optimiza-
tion problem with complementarity constraints (MPCC) in 1(2) is obtained, see [10,
Section 3]. Problems of this type are challenging, since standard constraint qualifica-
tions are typically violated, even in finite dimensions. For this reason, regularization
and relaxation techniques are frequently applied, we only refer to [24] and the refer-
ences therein. In light of the above reformulation based on Lemma 4.2, the quadratic
regularization of the Kantorovich problem can be interpreted as a relaxation of the
complementarity constraints, too, since it is precisely the Moreau—Yosida regulariza-
tion of the dual Kantorovich problem as follows the considerations in [8, Section 2.2].
Indeed the Moreau—Yosida regularization of inequality constraints relaxes the comple-
mentarity constraints, but the associated regularized optimization problems typically
still contain a (moderately) non-smooth term, which is also observed here, in form of
the max-function involved in (27). Even though it complicates the (numerical) solu-
tion of (27), this is a desirable feature, as the max-function promotes the sparsity of
the optimal transport plan, cf. the numerical experiments in [8, Section 4.3]. A similar
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observation is also made in the context of optimal control of VIs such as the obstacle
problem, where the max-operator that arises from the Moreau—Yosida regularization
of the complementarity system can be further smoothed (see e.g. [25]) or tackled by
a semi-smooth Newton method (cf. [26]).

Concerning the convergence of solutions to (27) for regularization parameters tend-
ing to zero, Theorem 3.6 and Remark 3.7 imply the following result:

Corollary 4.4 Let D C S satisfy the assumptions from Lemma 4.1 and let 74 € (D)
be given. Moreover, assume that ,ug e LY(Q,) and that the transportation costs cq
Sfulfill condition 3 of Theorem 3.6. Then, for every sequence {(yy, 8,)}neN tending to
zero and fulfilling (12), there exists a subsequence of solutions to (27) denoted by
(i, af, ay, @) such that

= i in M), L@ ® &G — ca)r—*7 in M), @ — @ in Wy" (D)

1
14
and the limit (j11, 7, @) is a solution to the bilevel Kantorovich problem with the
objective from (25).

Though the transport plan has been erased from the regularized bilevel problem,
the quadratic regularization does not completely resolve the “curse of dimensionality”
associated with the Kantorovich problem, since it involves a PDE on D, which is a
subset of © and thus dim(D) = d; + d»>. By contrast, the next example provides a
substantial reduction of the dimension for the price however that one looses convexity.

4.2 Optimal Control in Wasserstein Spaces

For our second example of a problem fulfilling the assumptions of Theorem 3.6, we
suppose that ,.:=Q1 = 2, satisfies the same assumptions as Q = Q, x 4, i.e., it
shall coincide with the closure of its interior and shall have a Lipschitz boundary. As in
case of 2, we write Wol’q (Q*):zWé’q (int(£24)) for the Sobolev space with vanishing
trace. In order to have Lemma 4.1 at our disposal, we moreover assume that d,, < 3.
Furthermore, we fix v > 0, 8 > 1, and ¢ > d, and set ¢ = ¢/(qg — 1). We then
consider the following elliptic optimal control problem:

min 3 |1y = yal 72, +v We1, u9)”
Y1 *
1 ’
sty e Wy (), i€ PR, (OCP)
dist(supp(i1), 3R = p, —Ay =1 in WH(Q),
where Wg (11, ug) denotes the Wasserstein-S-distance between 1 and ug given by

L
B

Wg (i1, 19):=min U lx1 — x2? do(x1, x2): ¢ € TT(1y, 1S), ¢ > 0} . (28)
Q
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Moreover, yq € Lz(Q*) is a given desired state. Note that, again, due to ¢ > d,, there
holds M (int(2y)) — W*l)q/(gz*) with compact embedding such that the right hand
side in the Poisson equation in (OCP) is well defined. Thanks to the weak-* continuity
of the restriction from 9(2,) to M (int(£24)), the embedding I(L2,) in W_l’q,(Q*)
compact, too.

Remark 4.5 Depending on the application background, it might be favorable to mea-
sure the distance of the control 1 to a given prior u9 in the Wasserstein distance
instead of taking, e.g., the total variation norm |1 — u5|(£24). Optimal control prob-
lems in measure spaces with the total variation as control costs have intensively been
studied in literature, we only refer to [27-29] and the references therein. However, the
total variation might be a too strong norm for several applications, see, e.g., [30-32]
for beneficial properties of the Wasserstein distance.

Due to d, < 3 and our regularity assumptions on €2, Lemma 4.1 is applica-
ble and guarantees the existence of a unique solution y of the Poisson equation in
(OCP) for every 1 € 9M(L2,). The associated solution operator is again denoted by

G: M(QLy) — WOl 4 (£2x). Given this solution operator, we can erase the state y from
(OCP), which, together with (28), leads to the following reformulation:

min 7 (7, 11):i=5 1Gu1 = yall32q,, + vf k1 — x| drr(x1, x2)
T, * Q
(OCP) sty € P(Ry), dist(supp(u), 924) > p,

7T € arg min {/ Ix1 — x20P dp(x1,x2): @ € TI(w1, 19), ¢ = 0}
Q

min 3 |G (Pism) = yall32q, +v/ Ix1 — xal dor (x1, x2)
Q

s.t. e IM(R), dist(supp(Pram), 0R2) > p,

m e (Pigm, pu), 7 >0.

Again, as in case of the example in Sect. 4.1, there is a natural extension of the objective
to the enlarged domain satisfying Assumption 2.4, which reads

TP, 1) = 5 1G s = yallag,, + v/ x1 — x2|F drr (x1, x2).
QP

Note that the solution operator G is clearly also compact from Q2 to WOl 4 (£2x) so that
J? isindeed weakly-* lower semicontinuous (actually it is even weakly-* continuous)
and it clearly coincides with 7, if supp(;r) C Q2 and supp(p1) C Q4.

While the first reformulation of (OCP) is a bilevel problem of the form (BK,),
the second one is (astonishingly) a convex problem, which is of course a favorable
feature. However, as the transport plan is the optimization variable, we have to deal
with a problem in Q = Q, x Q.. Using Lemma 4.2, the quadratic regularization
allows us to avoid this “curse of dimensionality”. Abbreviating the transportation
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costs associated with the Wasserstein-f-distance by cq, i.e., cq(x1, x2) = |x1 — leﬁ,
the regularized counterpart to (OCP) reads:

. V
min % ”y - )’d”%z(g*) + ;/ Cd (C(] ® oy — Cd)+ da
Q

] !
sty € Wo (), an, e € L(R4), 1 € P(R),
dist(supp(p1), 92) = p,  —Ay = py in W (Q,),

/ (1 ® a2 — ca)4 (x1, x2)dhs(x2) = ¥ T (1) (x1) ace. in
Qu

(@1 ® 0y — ca) 4 (x1, X2)dhu(x1) = ¥ T (19)(x2) ae.in Q.
Qe

(OCP?)

We observe that this problem no longer contains any variable or constraint in €2, but
only quantities and constraints in €2,. However, the price we have to pay for this
reduction of the dimension is a loss of convexity, since (OCP;S/) is no longer a convex
problem due to the equality constraints including the max-function.

Remark 4.6 We point out that alternative regularization procedures like the entropic
regularization lead to similar non-convex equality constraints, see [5, Theorem 4.8].
Alternatively, one might replace the Kantorovich problem in the bilevel formulation
of (OCP) by its dual problem without any further regularization. At first glance, this
seems to be promising, since the dual Kantorovich problem is posed in C (£2,) x C(£24)
instead of M(2, x €2,) indicating the desired reduction of the dimension, see [2,
Theorem 5.10] for the derivation of the dual Kantorovich problem. However, the
bilevel problem then becomes a min-max-problem including a constraint in €2, X 2.
To summarize, it seems that a reduction of the dimension without increasing the
complexity of the problem is impossible.

Since the objective 7 in the bilevel formulation of (OCP) is linear in v, Theorem 3.6
is applicable, which yields the following

is a bounded Lipschitz domain. Let v > 0 and B > 1 be given and let ¢ > d be the
exponent from Lemma 4.1. Moreover, assume that Mg € L*(2,). Then, for a given a
sequence {(Vn, 0n)}nen tending to zero and fulfilling (12), there exists a subsequence
of solutions (OCP‘}S,) denoted by (jif, &y, &, y,) such that

Corollary 4.7 Suppose that 2, € R%, d,, < 3, is such that int(Q2,) = Q and int($2y)

A= in M), L@ © & — ca)e— T in M), T F in Wy (Qs)

and the limit (i1, y) is a solution of (OCP).

Proof We verify the assumptions of Theorem 3.6 for the reduced form of (OCP). First,
ca(x1, x2) = h(x; — x2):=|x1 — leﬂ is clearly symmetric and strictly convex (since
B > 1 by assumption) such that condition 3 is met. Moreover, the upper-level objective
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is even weak-* continuous due to the linearity of = +— fQ cqdm and the compactness
of G. Moreover, it is clearly bounded on bounded sets and therefore, 7 fulfills our
standing assumptions as well as condition 4. Thus, since ug <& Ay by assumption, all
hypotheses of Theorem 3.6 are fulfilled and the assertion follows by Remark 3.7. O

Remark 4.8 Due to the compactness properties of the solution operator of Poisson’s
equation, see Lemma 4.1, and the weak-* convergence of 7" (i) to i1 by Lemma 2.7,
the convergence result from Corollary 4.7 will also hold, if one replaces (1 by ’Tl‘S (1)
in the state equation in (OCP‘;), which results in —Ay = T]‘S (pe1). This has the
advantage that 11 does no longer directly appear in (OCP‘;) but only ’Tl‘S (m1), which
is however uniquely determined by «) and «; through the equality constraints in
(OCP;S,). One can therefore drop w1 as an optimization variable to obtain a problem
in o, oz, and y only.
Similarly, one can replace the objective in (27) by

V@17 gy TV ITE (1) = i llamee,)

without loosing the convergence result of Corollary 4.4. To see this, consider a
sequence of solutions associated with the regularized problems with this new objec-
tive, again denoted by (i}, &f, &, @,), where i converges weakly-* to ji1. Then
Lemma 2.7 along with the weak-* lower semicontinuity of the Radon-norm implies
that,

i1 = il < liminf |77 (&) — pfllanca,).

which gives the liminf-inequality from the proof of Corollary 3.4 for the new objec-
tive. To obtain the limsup-inequality for the recovery sequence from the proof of
Theorem 3.6, we again choose MT,n := ] as recovery sequence, cf. (20), and observe
that the strict convergence of the convolution, see e.g. [33, Theorem 4.36], implies

d d
177 (D) — willom@n = Iu] — u1illome,

which yields the desired limsup-inequality. In summary, this implies that ;£ can be
replaced by T{s (m1) in the optimization problem in (27), too. Again, in view of the
equality constraints in (27), T]‘S (w1) is uniquely determined by o and « so that p;
can again be dropped as optimization variable.

In particular, due to the non-smooth max-operator in its constraints, (OCP‘?,) itself
is a challenging problem. However, for instance by employing a further smoothing
of max, it might be possible to approximate (OCP‘}S,) by smooth infinite-dimensional
optimization problems, similarly to optimal control problems governed by Vs, see
Remark 4.3. In light of Corollary 4.7, this might open a way for a numerical solution
of (OCP) without “falling victim to the curse of dimensionality”. An efficient solution
of (OCPf,) would however go beyond the scope of this paper and is subject to future
research.
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