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Abstract

Research questions and applications in the social and life sciences often involve ordi-
nal response data. Student performance is assessed through ordinal grades, patients
may express the perceived severity of their symptoms in ordinal levels and respon-
dents of questionnaires may voice their political views through rating given statements.
As such, the prediction of ordinal responses is relevant for many fields and can help,
e.g., identifying which students may benefit from educational support systems. Tradi-
tionally, ordinal responses have been modeled through parametric models such as the
proportional odds model. In light of the increasing quantities of data in these fields
as well as the continued proliferation of machine learning (ML) methods, recent years
saw the establishment of a new methodological stream of ordinal prediction methods
based on ML. These methods promise high predictive performance for settings in which
traditional parametric models may face difficulties (e.g., highly non-linear effects, high-
dimensional data). However, many of these ML methods were originally not specifi-
cally tailored towards ordinal responses. Therefore, several extensions and adaptations
of ML methods (particularly for tree-based methods) have been proposed to take ordi-
nality into account. A particularly promising approach based on Random Forest (RF)
is Ordinal Forest (OF; Hornung, 2019) which assigns numeric scores to the ordinal re-
sponse categories and uses the scores to train a regression RF. To determine suitable
score choices, OF performs a prior optimization step in which scores are optimized
w.r.t. their predictive performance.

This cumulative thesis based on three articles contributes to the growing literature on
ordinal prediction with RF as follows. The first article proposes the Ordinal Score Op-
timization Algorithm (OSOA) which is inspired by OF, but modifies its optimization
procedure through a non-linear optimization algorithm. Additionally, the first article
provides an encompassing comparison of RF-based ordinal prediction methods and a
proportional odds model based on simulation and real data previously lacking from
the literature. The second article proposes Frequency-Adjusted Borders Ordinal Forest
(fabOF), a novel RF-based ordinal prediction method which improves upon OF and
OSOA regarding predictive performance and computational runtime. This is achieved
through a new prediction approach and a custom heuristic that avoids expensive score



optimization. The third article introduces Mixed-Effects Frequency-Adjusted Borders
Ordinal Forest (mixfabOF) which adapts fabOF for prediction with hierarchical data
when observations are nested in clusters (e.g., students nested in classes). Both fabOF
and mixfabOF are implemented in an accompanying R package. This thesis further
contributes to the literature by extending and generalizing fabOF and mixfabOF to pre-
diction of (hierarchical) ordinal data with arbitrary regression-based ML methods. The
two resulting frameworks are showcased and achieve promising results, indicating their
powerful potential for developing new ordinal prediction methods in the future.



Zusammenfassung

Forschungsfragen und Anwendungen in den Sozial- und Lebenswissenschaften fiihren
oft zu ordinalen Daten. Beispielsweise wird die Leistung von Schiiler*innen in ordi-
nalen Noten bewertet, Patient*innen duflern die selbstempfundene Stérke ihrer Symp-
tome in ordinalen Stufen und Befragte driicken ihre politischen Ansichten durch das
Bewerten verschiedener Aussagen aus. Somit ist die Priadiktion ordinaler Daten von
groBBer Relevanz fiir diese Felder und kann z.B. dabei helfen zu identifizieren, welche
Schiiler*innen von zusitzlichen Lehrangeboten profitieren konnten. Traditionell wur-
den ordinale Daten durch parametrische Modelle wie das Proportional Odds Model
modelliert. Durch die zunehmend wachsenden Datenmengen und die fortschreitende
Verbreitung von Machine Learning (ML) Methoden entwickelte sich in den letzten
Jahren ein neuer Forschungsstrang von ML-basierten ordinalen Pridiktionsmethoden.
Diese Methoden versprechen hohe pridiktive Performanz selbst in Szenarien, die tra-
ditionelle parametrische Modelle vor Herausforderungen stellen (z.B. stark nicht-linear
Effekte, hochdimensionale Daten). Viele dieser ML-Methoden wurden urspriinglich
jedoch nicht explizit fiir ordinale Daten entwickelt. Daher wurden mittlerweile zahlre-
iche Erweiterungen und Adaptionen von ML-Methoden (inbesondere fiir baumbasierte
Methoden) entwickelt, um Ordinalitit beriicksichtigen zu konnen. Ein besonders vielver-
sprechender Ansatz, der auf Random Forest (RF) fuf}t, ist dabei Ordinal Forest (OF;
Hornung, 2019), in welchem den ordinalen Kategorien numerische Scores zugeord-
net werden, welche zum Trainieren eines regressions-basierten RF verwendet werden.
Um passende Scores zu finden, fiihrt OF zunichst einen Optimierungsschritt durch, in
welchem beziiglich der priadiktiven Performanz optimale Scores ermittelt werden.

Die vorliegende kumulative Dissertation, welche auf drei Artikeln basiert, tragt zu der
wachsenden Literatur zu ordinaler Priadiktion mit RF wie folgt bei. Im ersten Artikel
wird der Ordinal Score Optimization Algorithm (OSOA) vorgestellt, welcher von OF
inspiriert wurde, jedoch dessen Optimierungsprozedur durch einen nicht-linearen Opti-
mierungsalgorithmus modifiziert. Zusitzlich steuert der erste Artikel eine umfassende,
bis dahin in der Literatur fehlende Vergleichsstudie von RF-basierten Pridiktionsmeth-
oden und einem Proportional Odds Model auf Grundlage von simulierten und realen
Daten bei. Der zweite Artikel entwickelt Frequency-Adjusted Borders Ordinal Forest
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(fabOF), eine neue RF-basierte ordinale Pridiktionsmethode, welche eine Verbesserung
gegeniiber OF und OSOA hinsichtlich der Performanz und computationalen Laufzeit
erzielen kann. Dies wird erreicht durch die Verwendung einer neuen Préidiktionsstrate-
gie und einer Heuristik, welche die aufwindige Optimierung ersetzt. Im dritten Artikel
wird Mixed-Effects Frequency-Adjusted Borders Ordinal Forest (mixfabOF) vorgestellt,
welcher fabOF fiir die Pridiktion von hierarchischen Daten, in denen Beobachtungen in
Clustern gruppiert sind (z.B. Schiiler*innen innerhalb von Klassen), erweitert. Sowohl
fabOF als auch mixfabOF sind in einem begleitendem R-Paket implementiert. Diese
Dissertation trigt zusédtzlich zur Literatur bei, indem sie fabOF und mixfabOF fiir die
Préadiktion von (hierarchischen) ordinalen Daten mit beliebigen regressions-basierten
ML-Methoden erweitert und generalisiert. Die zwei daraus resultierenden Frameworks
werden anhand von Prototypen illustriert, welche eine vielversprechende Performanz
erzielen und somit das hohe Potenzial fiir die zukiinftige Entwicklung neuer ordinaler
Priadiktionsmethoden andeuten.
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1 Introduction

Ordinal response data are commonly encountered in the social and life sciences. For
example, students are awarded ordinal grades in school, survey respondents frequently
express their degree of agreement towards statements on ordinal rating scales, and pa-
tients may self-report their mental or physical health status using ordinal categories
(e.g., "poor*, "fair*, “good*). In contrast to nominal response categories, ordinal cate-
gories carry a natural order, e.g, poor < fair < good. However, the distances between
the categories are generally not meaningfully interpretable and categories are not neces-
sarily equidistant from another (Tutz, 2011). In principle, it is possible to use methods
for nominal response data for ordinal outcomes just as it is possible to assign numeric
scores to the ordinal categories such that they can be used with methods for metric
outcomes. Yet, both approaches fail to completely capture the essence of the ordi-
nal outcome and thus, developing and using methods specifically tailored for ordinal
data is preferred. Compared to methods for nominal responses, ordinal methods allow
for computing measures similar to metric data (e.g., rank correlations; Kendall, 1945)
as well as offer more parsimonious models with less parameters that are simpler to
interpret than their nominal counterparts (Agresti, 2010; Tutz, 2011). While ordinal
response data often have a quantitative background and assigning numeric scores to the
ordinal response categories is a viable modeling strategy, caution is advised when using
these (often arbitrary) numeric scores, e.g., for fitting ordinary least-squares regression:
resulting models can yield predictions below the lowest or above the highest category,
and can further lead to misleading results due to floor or ceiling effects caused by the
lower and upper limits of the category range (Agresti, 2010). In the context of statisti-
cal inference, metric models fitted to ordinal data may negatively impact type I and II
errors (Liddell & Kruschke, 2018). For further possible pitfalls resulting from applying
non-ordinal methods to ordinal response data, I refer to Agresti (2010) and Liddell and
Kruschke (2018).

One of the most widely used model classes of ordinal regression methods is represented
by the cumulative model (McCullagh, 1980) which assumes the ordinal response to
originate from an underlying latent numeric variable that one can only observe through
a set of thresholds. As a special case, the proportional odds model (McCullagh, 1980)



1 Introduction

has enjoyed high popularity ever since due to its simplicity and intuitive interpreta-
tions (Tutz, 2022). Broadly speaking, the proportional odds model can be thought of
as a series of logistic regression models holding at the same time (Tutz, 2022). In the
context of ordinal prediction, the advent of machine learning (ML) methods such as
Random Forest (RF; Breiman, 2001) has given rise to a parallel methodological stream
in more recent years. With data increasing in quantity and complexity in many ap-
plication fields including educational and behavioral sciences (see, e.g., Hilbert et al.,
2021; Ulitzsch et al., 2022), parametric models are increasingly pushed towards their
limits (see, e.g., Zahid & Tutz, 2013). ML methods, on the other hand, promise high
predictive performance even for high-dimensional data (see, e.g., Ferndndez-Delgado
et al.,, 2014). However, many classic ML methods, e.g., based on Classification and
Regression Trees (CART; Breiman et al., 1984) or RF, were designed for nominal or
metric outcomes. This is, for example, reflected in the splitrules used for partitioning
the predictor space when training the tree models. The two most common splitrules
are based on the Gini impurity for classification and on the sum of squared errors for
regression (for both, see Breiman et al., 1984, or Section 2.2.1 for more detail). Neither
can take the ordered categorical nature of ordinal responses into account. Consequently,
several workarounds and extensions have been proposed in the literature. Contributing
appropriate split criteria, Piccarreta (2007) adapted the Gini impurity for ordinal re-
sponses, while Archer (2010) and Galimberti et al. (2012) aimed to enforce the ordinal
response structure through suitable misclassification costs when using the generalized
Gini impurity measure.

Apart from modified splitrules, other approaches of adapting CART and RF to ordi-
nal data have also been introduced. Frank and Hall (2001) proposed transforming the
ordinal prediction task into a set of binary predictions tasks for which individual (bi-
nary) classification models can be trained. The predictions of the individual models
can then be combined for obtaining ordinal predictions. Similarly, Tutz (2021) uses a
set of binary RF classifiers to arrive at ordinal predictions following the logic of cu-
mulative models. Following the approach of assigning numeric scores to the ordinal
response categories, Kramer et al. (2000) used the numeric scores to train regression
trees, whereas Janitza et al. (2016) explored the use of Conditional Inference Forests
(Hothorn et al., 2006). A particularly promising approach was proposed by Hornung
(2019) through his Ordinal Forest (OF) method. OF trains a regression RF model on
the numeric scores, but instead of using arbitrary default scores, OF employs a prior
optimization step in which optimal scores for the categories are determined based on
the predictive performance achieved with them (Hornung, 2019). As such, OF does
not require the specification of numeric scores beforehand. Apart from RF, other ML



methods have been adapted for ordinal prediction as well, e.g., boosting algorithms
(Riccardi et al., 2014; Tutz & Hechenbichler, 2005), neural networks (e.g., Cao et al.,
2020; Cheng et al., 2008; Shi et al., 2023) and Support Vector Machine (Chu & Keerthi,
2007; Herbrich et al., 1999). However, this thesis focuses mainly on RF as it has been
shown to be particularly successful for use with tabular data (Ferndndez-Delgado et
al., 2014; Grinsztajn et al., 2022) as will be considered in this work, all while being
relatively robust regarding the choice of its hyperparameters (Probst et al., 2019). Fur-
ther it is currently among the most actively researched methods for ordinal prediction
originating from ML (Hornung, 2019; Janitza et al., 2016; Tutz, 2021).

The present cumulative thesis consists of three articles of which each proposes a RF-
based ordinal prediction method extending upon the current methodological landscape
of ordinal prediction. In the first article (Buczak et al., 2024), the Ordinal Score
Optimization Algorithm (OSOA) is proposed which is modeled after OF (Hornung,
2019), but replaces its optimization procedure through a non-linear optimization algo-
rithm. This modification was aimed at addressing the lacking ability of OF to focus
on promising candidate scores during the optimization process. The first article further
contributes to the literature by filling the gap for an encompassing comparison study
of the two methodological streams for ordinal prediction, namely parametric models
and RF-based prediction methods. To this end, the performance of a proportional odds
model and several RF-based prediction methods is assessed in diverse data settings to
obtain practical guidelines. The second article of this thesis (Buczak, 2025) proposes
Frequency-Adjusted Borders Ordinal Forest (fabOF) which is a novel RF-based ordinal
prediction method using a custom heuristic. Through its heuristic, fabOF avoids the ex-
pensive optimization procedure of OF as well as allows for more flexible modeling of
the categories. In the third article (Buczak, 2024), fabOF is extended to use with hier-
archical data through Mixed-Effects Frequency-Adjusted Borders Ordinal Forest (mix-
fabOF). This extension was aimed at filling the long-existing gap for RF-based ordinal
prediction methods for hierarchical data in parallel with and independently of Ordinal
Mixed-Effects Random Forest (OMERF; Bergonzoli et al., 2024). Through evaluation
via simulation and real data, mixfabOF is shown to yield performance benefits in the
presence of medium and strong random effect variability while also outperforming its
competitor OMERF. To enable widespread application and to foster future research,
I have additionally implemented fabOF and mixfabOF within the R package fabOF
which I made publicly available on GitHub (https://github.com/phibuc/fabOF). Despite
the articles’ focus on RF, the present thesis will also demonstrate that the presented
methodology can well be extended to other ML algorithms. To this end, I contribute
methodological extensions based on Extremely Randomized Trees (Geurts et al., 2006),


https://github.com/phibuc/fabOF
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Conditional Inference Forest (Hothorn et al., 2006) and XGBoost (Chen & Guestrin,
2016). As an additional contribution, I generalize fabOF and mixfabOF to introduce
two powerful frameworks that allow for extending any regression-based ML method
to prediction of (hierarchical) ordinal response data. Finally, I will provide a sketch
for how fabOF can also be extended to multivariate ordinal prediction, i.e, when the
outcome is vector-valued and it is of interest to take possible dependencies between the
outcome components into account.

The present thesis is structured as follows. In the subsequent Chapter 2, I will introduce
the statistical concepts and methods that this thesis and its articles are based on as well
as distill essential parts of the current literature on ordinal prediction with RE. In Chap-
ter 3, I will summarize the three main articles of this thesis including their motivation,
contributions and the insights learned from them. In Chapter 4, I will provide a brief
overview of the fabOF R package and showcase its main functionalities. In Chapter 5,
I will introduce the above-mentioned extensions and generalizations of fabOF and mix-
fabOF. Finally, I will discuss the contributions and limitations of the present thesis and
its articles as well as provide avenues for further research in Chapter 6.

10



2 Statistical Methods and Background

This section introduces the statistical concepts used in this thesis and the corresponding
articles, and provides an essential overview of the relevant methodological landscape.
While the main focus of this thesis is the prediction of ordinal response variables, I will
frequently also refer to frameworks and concepts from prediction in classification and
regression contexts. On an abstract level and without further restricting the response
type for now, the goal of statistical and machine learning is to infer a functional relation-
ship g : X — Y between a set of p predictors (or covariates) X = (X;,..., X)) € X
and an outcome (or target variable) Y € ). For now, it will be assumed that Y is uni-
variate. As the true function g is unknown, one can only determine an approximation
g. In the context of supervised learning, ¢ is estimated based on an annotated dataset
W e W = {X x Y} containing n observation pairs of the form (x;, y;)i—1, ., Wwhere
x; contains the predictor values and y; the ground truth of observation ¢, : = 1,...,n.
While Y refers to a general target variable of arbitrary scale, the scale of the outcome
will be of relevance in many instances in the following. To specify the respective scale
more clearly, Y € {¢;,..., ¢} will denote a nominal outcome with k categories
{e1, .., en), Y9 € {cy, ... e} with ¢ < ¢y < -++ < ¢ will denote an ordinal out-
come where the k categories are ordered, and Y™™ € R will denote a numeric outcome.

The methodological overview begins with cumulative ordinal regression models which
have long been used for ordinal response data. Subsequently, I will introduce ML
approaches based on Classification and Regression Trees (CART; Breiman et al., 1984)
and Random Forest (RF; Breiman, 2001) as another major methodological stream for
ordinal prediction. Because the third article of this thesis deals with RF-based ordinal
prediction in hierarchical data settings, this section will close with an introduction to
extensions of tree-based methods for hierarchical data.

2.1 Cumulative Ordinal Regression Models

Traditionally, ordinal response data have been modeled through parametric ordinal re-
gression models. Because the ordinal nature of the response can be conceptualized

11



2 Statistical Methods and Background

in different ways, several modeling approaches have emerged in the literature. Clas-
sic ordinal regression model types include cumulative models, sequential models and
adjacent-categories models (Tutz, 2011). Cumulative models assume the ordinal re-
sponse to originate from an underlying latent numeric outcome which can only be ob-
served through certain thresholds. Sequential models, on the other hand, assume that
one traverses the ordinal categories in a successive manner. For example, for reaching
the second category, one must have first passed through the first category. Adjacent-
category models model a binary decision between two adjacent categories (Tutz, 2011).

Since cumulative models are the most widely used type of models (Tutz, 2011) and
because many of the RF-based approaches introduced later are also motivated by the
assumption of an underlying numeric variable, I will mainly focus on cumulative mod-
els in the following.

Cumulative models as first introduced by McCullagh (1980) model the probability that

the ordinal outcome variable Y, takes at most category ¢,,r = 1, ..., k—1, for person
1 =1,...,n, given covariate vector x; through
P(Y™ < ¢les) = Fni) = F (1 + 2/ B), 2.1)

with —oo < 73 < .-+ < -1 < oo denoting the thresholds, F' denoting a strictly
increasing distribution function and 7;, denoting the linear predictor of person ¢ for the
r-th category (Tutz, 2011). A frequent choice for the distribution function F' is the
logistic distribution function, yielding the proportional odds model

, T
P(y;ordgcrkvi): eXp(nzr) — exp(’y,,—i—zcz E) 7 izl,...,n;rzl,...,k:—l
1 +exp(ny) 14+exp(y+ ) B)

(Tutz, 2011). The parameters of the model can be estimated via maximum likelihood
estimation. In R, proportional odds models (and other cumulative models) can be fit-
ted e.g., using the ordinal package (Christensen, 2022). Proportional odds models
are popular as they are relatively simple and offer intuitive interpretations. Their name
derives from the model’s property that comparing two populations regarding their cu-
mulative odds P(Y; < ¢.|x;)/P(Y; > c¢.|x;) does not depend on the categories, i.e.,
population effects are the same across all categories (Tutz, 2011). However, in many
scenarios the proportional odds model may be too simple to sufficiently model the data
at hand. Therefore, models for more complex settings have been proposed. For exam-
ple, McCullagh (1980) introduced the location-scale model which additionally accounts
for variance heterogeneity by including a scaling component. Tutz and Berger (2017)
account for heterogeneity in their location-shift model by letting the thresholds of the
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cumulative model vary across individuals. For settings in which it is likely that ef-
fects vary across categories, partial proportional or non-proportional odds models (see,
e.g., Brant, 1990; Peterson & Harrell, 1990) may be a better fit. For a more detailed
taxonomy of ordinal regression models, I refer to Tutz (2022).

2.2 Classification/Regression Trees and Random Forest

Apart from classic parametric models, tree-based ML methods are increasingly used
for ordinal prediction as well. As noted above (see Section 1), methods such as CART
(Breiman et al., 1984) and RF (Breiman, 2001) were originally not designed for ordinal
responses, but nonetheless constitute pivotal model classes on which several ordinal
prediction methods (including the methods proposed in this thesis) are based. There-
fore, I will briefly introduce CART and RF in the following.

2.2.1 Classification and Regression Trees

CART (Breiman et al., 1984) are a class of non-parametric decision tree models for
classification and regression tasks. The description and notation in the following are
largely inspired by Hastie et al. (2009). CART aim to partition the predictor space into
disjunct regions Ry, ..., Ry in which the outcome is modeled through a constant value
hy, 1.€.,

T
gearr () = Z hila,cr,
=1

(Hastie et al., 2009). Starting with the entire predictor space at its root, tree models
are grown by recursively splitting a given region of the predictor space along predic-
tor X, and split value w € R into two sub-regions R (v, w) = {X|X, < w} and
Rign(v,w) = {X|X, > w} assuming X, is a numeric predictor. For categorical
predictors, the two resulting regions are of the form Rjen(v, w) = {X|X, = @} and
Riigni(v, w) = {X|X, # W} where @ is a categorical label (Hastie et al., 2009). Due to
the resulting binary tree structure, the sub-regions of the predictor space are commonly
called nodes. CART greedily determine their splits based on the training dataset by
cycling through all available predictors and predictor values. For classification trees,
the optimal split is based on the Gini impurity (); which is given by

k
Qt = Zﬁtr (1 - ﬁtr) )
r=1
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where Py, denotes the relative frequency of category ¢, in node ¢t withr = 1,..., &k and
t =1,...,T (Hastie et al., 2009). The Gini impurity is minimal for pure nodes, i.e.,
when all observations belong to the same class. The optimal split variable X« and split
value w* are determined such that the combined Gini impurity of the resulting child
nodes is minimal, i.e., solving the optimization problem

(v*,w") = argmin { D Qe+ M@igm} :

v,w | Mparent TNparent
where njefi, Tighe and Nparene denote the number of observations in the left child node,
right child node and parent node, respectively (Hastie et al., 2009). Analogously, Qe
and Qrgne denote the impurity values of the left and right child nodes as induced by
split variable X, with split value w. For regression trees, on the other hand, splits
are determined such that the combined sum of squares in the resulting child nodes is
minimal. The optimal choices v* and w*, thus, are given by

(v*v w*) = arg min Z (y;lum - gRleﬂ(v,w))Q + Z (y;lum - gRrighl(v,w))Q

v,Ww

1:2; € Rjey (v,w) 1:224 € Ryjgn (v,w)

where Yr, . (v,w) a0d YR, (v.0) are the mean outcome values of all observations falling
into the left and right child node, respectively (Hastie et al., 2009). The splitting pro-
cedure continues until a stopping criterion is fulfilled. Common criteria include, e.g., a
minimum number of observations in a given node, a maximum tree depth or (for classi-
fication) the purity of a given node (Breiman et al., 1984). In the terminal nodes, the out-
come is modeled based on the outcome values of the observations falling into the node.

class)

For classification trees, the majority class is selected, i.e, h; = mode(y;

. . . | num .
for regression, the mean outcome is used, i.e., hy = np, Zm cr, Vi where npg, is the

number of observations in R;,t = 1,...,7T" (Hastie et al., 2009). While offering high
interpretability, CART models are prone to overfitting and suffer from high variability

:x;ER> while

(James et al., 2021). One possibility to approach the risk of overfitting is pruning the
tree based on some cost-complexity criterion (see, e.g., Breiman et al., 1984). An im-
plementation of CART is, e.g., available in the rpart package (Therneau & Atkinson,
2023). CART only constitutes one, albeit a particularly popular class of decision tree
models used in supervised ML. Alternative algorithms include C4.5 (Quinlan, 1993),
GUIDE (Loh, 2002), and Conditional Inference Trees (CTs; Hothorn et al., 2006). The
latter, for example, differ from CART in their split selection. While CART consider all
predictor variables and their realized values as potential split candidates, CTs first per-
forms an association test between the outcome variable and the predictors at each split.
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Only the predictor indicating the strongest association with the outcome is further con-
sidered for determining the optimal split point. This alternative splitting behavior aims
to address CART’s bias towards predictors with many possible split points (Hothorn
et al., 2000).

2.2.2 Random Forest

RF (RF; Breiman, 2001) is an ensemble ML method aggregating a set of L individual
tree models into a combined model. The subsequent description of RF and its notation
mostly follow Hastie et al. (2009). RFs aim to amend the overfitting and variability
issues of single CART models in two ways. First, the individual tree models are trained
on bootstrap samples of the data. The tree models are aggregated such that for clas-
sification, the predicted class is determined via majority voting over all tree models,
ie,

Q}Czlgss(wi) = mOde(Qf}?SS)eﬂ ..... Ls

where yf}g“ is the class label predicted by the /-th tree model for person i = 1,...,n
(Hastie et al., 2009). For regression, the mean of all tree predictions is computed, i.e.,

L
~num 1 ~num
ORF () = 7 Z?/i,e g
=1

where ;" is the (numeric) outcome value predicted by the {-th tree model for person
1 = 1,...,n (Hastie et al., 2009). Second, instead of taking all available predictors
as split candidates into account, only a random subset of size mt ry < p is considered
for every split. In this way, the individual tree models are de-correlated which can be
shown to reduce the overall variability of RF (Hastie et al., 2009). Commonly used im-
plementations in R include the randomForest package (Liaw & Wiener, 2002) and
the ranger package (Wright & Ziegler, 2017). RFs enjoy popularity due to their high
performance (see, e.g., Grinsztajn et al., 2022) while being relatively robust regard-
ing their hyperparameter choices (Probst et al., 2019). However, due to aggregating
over a large set of tree models, RFs lose the interpretability individual tree models pro-
vide. As a remedy, interpretable ML tools are often used to gain additional insight into
the prediction behavior of RF models (see, e.g., Molnar, 2022, for an introduction to
interpretable ML). A commonly used approach of studying the impact of individual
predictors is computing variable importance measures (Breiman, 2001, VIMs, ). VIMs
quantify the importance of the individual predictors on the predictive performance of
the model (Molnar, 2022). Permutation VIMs are a particular class of VIMs in which
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the importance of a predictor is assessed by comparing the original model performance
with the performance achieved when the values of the respective predictor are permuted
(Breiman, 2001). Since the permutation voids the original relation between the predic-
tor and the target variable, a notable performance decrease after permutation indicates
that the predictor is important for prediction. On the other hand, little to no performance
changes indicate that the predictor is less important (Molnar, 2022). In the presence
of highly correlated predictors, however, VIMs can be biased (see, e.g., Strobl et al.,
2008). To this end, Strobl et al. (2008) proposed conditional permutation VIMs which
restrict the permutation procedure to better preserve the original correlation structure in
the data. For more details, I refer to Strobl et al. (2008) and Debeer and Strobl (2020).

2.3 Ordinal Prediction with Random Forest

As indicated in Section 1, several adaptions and workarounds have been proposed to
use CART and RF for ordinal prediction. Out of these, two methods are particularly
relevant for this thesis and its articles: Ordinal Forest (OF; Hornung, 2019) and Split-
based Ordinal Forest (RFSp; Tutz, 2021). OF lays the foundational framework on
which the methods proposed in the three articles of this thesis stand. RFSp, on the
other hand, follows a different approach, but its approach of mimicking the cumulative
model through RF represents another key contribution to RF-based ordinal prediction.
Both methods will be described in the following.

2.3.1 Ordinal Forest

OF (Hornung, 2019) is a RF-based method for ordinal prediction based on assigning
numeric scores to the ordinal response categories. Similar to cumulative models, OF
assumes the ordinal response to be a coarsened version of an underlying numeric vari-
able. To approximate the numeric variable, OF partitions the [0, 1] interval such that
each ordinal category is assigned a numeric sub-interval and a representative numeric
score. For category r with numeric category borders b, and b, 1, the midpoint of the
respective interval (b,, b, 1] is used as the numeric score s, representing the category,
Le., s, = %, r = 1,..., k. After transforming the numeric scores and category
borders using the quantile function &~ of the standard normal distribution, the scores
are used as a proxy target variable to train a regression RF. For new observations, the RF
model outputs numeric predictions which can be translated back into ordinal category

predictions by checking into which category interval a given numeric prediction falls.
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More specifically, the numeric prediction g;';™ of the {-th tree model for observation 7 is

converted to §% = ¢, if g™ € (®71(b,), @7 (by11)] , 7 = 1,..., k (Hornung, 2019).

To determine suitable choices for the category borders, OF performs a prior optimiza-
tion step. The optimization procedure randomly generates a set of different partitions
of the [0, 1] interval (1000 per default). Each partition is evaluated by using it to fit
a regression RF and determining the model’s out-of-bag (OOB) performance, i.e., for
each observation only the tree models for which the given observation was not part of
the training data are used for computing the performance, respectively. The predictive
performance is assessed through Youden’s Index J (Youden, 1950) which leverages
sensitivity and specificity values. To this end, OF computes a category-specific variant
Jor Where

k
Jor = Z sensitivity, + specificity, — 1]

| =

{ie{L'“?n}:yizcr/\gizcr}
#{ie{lw"an}:yizcr}

#le{l,....n}yiF e NG # e}
#{i€{17"'7n}:yi#cr}

HM? Il

1
k

-1

(Hornung, 2019). Note that Jor does not take ordinality into account as it only con-
siders the specificity and sensitivity of the classification for each category. As such,
the outcomes y;,72 = 1,...,n, may be either nominal or ordinal, but for the latter the
ordered nature of the response is not reflected. The npey best performing partitions are
averaged into a final partition with

Tlbest
1
br - E br,au
Tpest a—1

where b, , is the r-th border of the a-th partition, r = 1,...,k+1anda = 1,..., Npey
(Hornung, 2019). Based on the final partition, a final regression RF model is trained
and returned, along with the final category borders for predicting new observations.
OF is implemented in the ordinalForest package (Hornung, 2022). For fitting
RF models, it relies on the RF implementation from the ranger package (Wright &
Ziegler, 2017).
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2.3.2 Split-based Ordinal Forest

RFSp (Tutz, 2021) is a RF-based method for ordinal prediction following the logic of
cumulative models. In contrast to OF, RFSp does not rely on assigning numeric scores
to the ordinal response categories. Instead, RFSp transforms the ordinal prediction
task into a series of binary prediction tasks. For » = 2,... .k, the binary prediction
tasks consist of classifying observations as belonging to categories ci,...,c._1 Or to
categories ¢, ..., cg, respectively (Tutz, 2021). For each task, a classification RF is
trained. For new observations, predicted response category probabilities are determined
by combining the cumulative probabilities obtained from the individual RF models. For
category ¢,_;, RFSp computes the predicted probability P(Y™ = ¢,_|x;) as

PP = ¢o|@y) = P(YV™ > coi|zy) — P(Y™ > ¢ |a;) (2.2)

withi = 1,...,nandr = 2, ...,k (Tutz, 2021). To this end, the condition P(Y;"¢ >
¢_1]x;) > P(Y > c.|a;) must hold for all » = 2,... k. If this condition does
not hold for a given situation, it is enforced through monotone regression tools (Tutz,
2021). The individual probabilities in Equation 2.2 can be obtained from the internally
fitted RF models, i.e., P(Yi"rd > ¢,|x;) is obtained from the RF model that classifies
observations as belonging to categories 1,...,¢,_1 or ¢,,...,c; wWith r = 2.... k
(Tutz, 2021). An implementation of RFSp is available from GitHub (https://github.
com/GerhardTutz/ScoreFreeTrees). For training the RF models, the implementation
relies on the randomForest package (Liaw & Wiener, 2002).

2.4 (Ordinal) Prediction for Hierarchical Data

In the social and life sciences, datasets often contain a hierarchical structure. For ex-
ample, students are commonly nested within classes or in longitudinal study designs,
multiple measurements are nested within the same person. Such structures introduce
dependencies into the data that should be accounted for (Gelman & Hill, 2006). In the
framework of (generalized) linear models, hierarchical structures are accounted for by
mixed-effects models that distinguish between global fixed effects and cluster-specific
random effects. In the classic linear mixed model (LMM), the normally distributed
outcome vector Y ; € R™ of cluster j is modeled as

Yj:Xj,8+ZjUj+€j,j:]_,...,m, (23)
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where 3 € RP denotes the fixed effects and u; € R? the random effects for cluster j
(Verbeke & Molenberghs, 2000). Likewise for cluster j, X ; € R™*? denotes the ma-
trix of fixed effect covariate values, Z; € R"7*? the matrix of random effect covariate
values, and g; € R™ the vector of error terms. The model assumes that u; ~ N (0, D)
with D € R as well as €; ~ N (0, R;). It is additionally often assumed that
R; = oI n;xn;- The random effects uy, . .., u,, and error terms €1, . . ., €, are further
assumed to be independent from another (Fahrmeir et al., 2021). The model parameters
are estimated via marginal maximum likelihood estimation (for more details, see Ver-
beke & Molenberghs, 2000), e.g., using the Expectation Maximization (EM) algorithm
(Dempster et al., 1977). In R, LMMs can be fitted using, e.g., the 1me 4 package (Bates
et al., 2015).

2.4.1 Cumulative Mixed Model

For ordinal regression models, extensions to hierarchical data have been proposed by
Hedeker and Gibbons (1994) and Tutz and Hennevogl (1996). The cumulative model
as introduced in Equation 2.1 can be extended to the Cumulative Mixed Model which
models the probability that the outcome YOrd of observation 7 in cluster j reaches at
most category ¢, through

P<Yi(jrd < clxij, zij, wj) = F (ijr) = F(% +x, B+z ) r=1,....k—1,

2.4)
where x;; and z;; are the fixed and random effect component covariate values of ob-
servation ¢ in cluster j withz = 1,... ,n;and j = 1,...,m (Tutz & Hennevogl, 1996).

Similar to the cumulative model, a common choice for [ is the logistic distribution
function, yielding the Cumulative Logit Mixed Model (CLMM)

exp(niyr)  exp (e + 58+ zju;)
I +exp(mr) 1+exp(y+ x)6 + zij u;)

PV < ey, 24, u;) =

withe=1,...,n;,j=1,...,mandr =1,... k—1 (Agresti, 2010). Specifiable ran-
dom effects include random simultaneous shifts of thresholds (comparable to random
intercepts), random slope effects and random thresholds (Tutz & Hennevogl, 1996).
The latter type of random effects refer to varying thresholds in all clusters instead of si-
multaneously shifting thresholds by a random cluster-specific shift constant. For more
details regarding the model estimation based on marginal maximum likelihood estima-
tion, I refer to Tutz and Hennevogl (1996) and Agresti (2010). In R, cumulative mixed
models can be fitted using, e.g., the ordinal package (Christensen, 2022) which of-
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fers a selection of different link functions.

2.4.2 Tree-based Prediction for Hierarchical Data

Extensions to hierarchical data have also been proposed for regression trees and regres-
sion RF. Most notably, Hajjem et al. (2011) proposed the Mixed Effects Regression
Tree (MERT; Hajjem et al., 2011) and Sela and Simonoff (2012) the Random Effects
Expectation Maximization (RE-EM) tree. Conceptually, both approaches replace the
linear fixed effect component X ;3 in Equation 2.3 by a non-linear function f(X ),
yielding the modified model

Y=[f(X;)+Zuj+e;, j=1,...,m (2:5)

(Hajjem et al., 2011). Both methods iterate between estimating the fixed and random
effect components of the modified model through a type of EM algorithm (Dempster
etal., 1977). MERT and RE-EM trees differ in how they specify and estimate the fixed
effect component. To estimate f(X ;), MERT trains a regression tree on the modified
outcome Yy ; from which the random effects have been canceled out, i.e.,

(Hajjem et al., 2011). While RE-EM trees also train a regression tree on the modi-
fied outcome, they only use the fitted tree model to extract the resulting partition of
the predictor space. The fixed effects are then estimated alongside the random effects
with a LMM. For the LMM model, the fixed effects structure only consists of a vari-
able indicating to which sub-region of the tree partition a given observation belongs
(Sela & Simonoff, 2012). MERT and RE-EM trees have both been extended to RF
through Mixed-Effects Random Forest (MERF; Hajjem et al., 2012) and REEMforest
(Capitaine et al., 2020), respectively. Similarly, extensions of regression trees and RF
for hierarchical data have been proposed for other response types (e.g., Fontana et al.,
2021; Hajjem et al., 2017; Pellagatti et al., 2021; Speiser et al., 2018, 2019). Salditt
et al. (2023) adapted MERT and RE-EM trees for gradient boosting.

2.4.3 Ordinal Mixed-Effects Random Forest
For ordinal response data, a similar extension to the methods presented in Section

2.4.2 was not available until Bergonzoli et al. (2024) recently proposed Ordinal Mixed-
Effects Random Forest (OMERF) in a pre-print. Building on the cumulative mixed
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model from Equation 2.4, OMERF operates on the level of the linear predictor 7;;,
(wherei = 1,...,n;,j = 1,...,mandr = 1,...,k — 1; cf. Equation 2.4.1) for
its estimation procedure (Bergonzoli et al., 2024). Since the true thresholds as well
as fixed and random effect component parameters are unknown, 7;;, must be initial-
ized beforehand for the estimation procedure. To this end, OMEREF fits a OF model
to the ordinal response using only the fixed effect component predictors. From the OF
model, cumulative predicted probabilities 7%31; for observation ¢ from cluster j taking
at most category c, are obtained. Using the link function F'~! (i.e., the inverse of the
distribution function F' from Equations 2.1 and 2.4), 7),;, is initialized as
nioj};:Ffl (ﬁgﬁ), 1=1,...,n557=1,....myr=1,... k-1,

where F'is chosen as the logistic distribution function akin to the CLMM (Bergonzoli et
al., 2024). Based on the initialized 778.1;, OMEREF transitions into its iterative estimation
procedure. Similar to MERT and RE-EM trees, the fixed effects linear predictor term
;3 is replaced by a non-linear function f(z;;) that is estimated through a RF model.
To this end, a RF model is fitted to the modified linear predictor 7j;;, = 70r — z,u;
where ; are the current random effect estimates for cluster j = 1,...,m (Bergonzoli
etal., 2024). The newly obtained fixed effect component estimate f (a;;) is then used as
an offset for a CLMM model which is fitted to the original ordinal response. As such,
new estimates for the random effects and thresholds are obtained. The estimation pro-
cedure iterates until the random effect estimates between two iterations do not differ by
pre-specified minimum change anymore (Bergonzoli et al., 2024). An implementation
of OMEREF is available from GitHub (https://github.com/giuliabergonzoli/OMEREF).
OMERF and the methodology presented in the third article of this thesis (Buczak, 2024)
were developed independently from each another.
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3 Summary of the Articles

3.1 Article 1: Comparing Tree Ensembles for Ordinal Prediction
with a Proportional Odds Model (J Classif, 2024)

The article summarized in the following is published in: Buczak, P., Horn, D., & Pauly,
M. (2024). Old but gold or new and shiny? Comparing tree ensembles for ordinal pre-
diction with a classic parametric approach. Journal of Classification (Advance Online
Publication), 1-27. https://doi.org/10.1007/s00357-024-09497-9

3.1.1 Motivation

The aim of the first article was two-fold: First, the current literature was lacking an
encompassing simulation study comparing the two methodological streams for ordinal
prediction presented in Section 2. Previous works had mostly focused on illustrating
their respective novel contributions without providing a systematic comparison of both
methodological streams (Hornung, 2019; Janitza et al., 2016; Tutz, 2021). Out of these
works, Tutz (2021) offered the most thorough comparison study by benchmarking sev-
eral ML-based approaches, parametric models and combined joint ensemble learners
on a number of real data examples. In his comparison, the author found that predictive
performance gaps occurred primarily between the groups of parametric and ML-based
methods as a whole. Within the group of ML-based approaches, the predictive perfor-
mance was mostly similar (Tutz, 2021). However, the comparison study in Tutz (2021)
was only based on real datasets and did not include simulation data for which the effect
structures were known and manipulable. For evaluating and comparing different meth-
ods, it is generally recommended to use a combination of simulation and real data (see,
e.g., Friedrich & Friede, 2024). Therefore, the first main objective of the first article
of this thesis was to fill this gap by performing an encompassing comparison study of
parametric and ML-based ordinal prediction methods using diverse simulation data and
a range of real datasets (Buczak et al., 2024).

The second aim of the article was to investigate whether in the context of score-based
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prediction with RF, the optimization of category scores as in OF (Hornung, 2019) leads
to consistent improvement in predictive performance over methods relying, e.g., on the
default scores 1,2,..., k. Since the optimization procedure of OF is associated with
a potentially high computational cost, answering this question could help in guiding
whether or not it is worth using in practical applications. For a direct comparison, OF
is compared to a naive OF version which relies on using the default scores 1,2,... k&
and category borders 0.5,1.5,...,k 4+ 0.5. Furthermore, we explored potential im-
provements to the optimization procedure of OF. Since OF’s optimization step relies on
evaluating the performance of pre-generated sets of interval partitions, the optimization
procedure cannot iteratively explore the search space of all possible partitions and focus
on promising regions. To allow for this, we therefore additionally introduced the Or-
dinal Score Optimization Algorithm (OSOA) which follows the logic of OF, but relies
on a non-linear optimization algorithm instead. I will briefly sketch OSOA in the next
section (Buczak et al., 2024).

3.1.2 Ordinal Score Optimization Algorithm

OSOA follows the general flow of OF as presented in Section 2.3.1. It is described
in more detail with pseudocode in Algorithm 1 as obtained from Buczak et al. (2024).
Similar to OF, the general idea is to assign numeric sub-intervals to the ordinal response
categories and to derive numeric category scores to be used to learn a regression RF. To
arrive at an optimal set of category borders, OSOA optimizes the internal target func-
tion EVALUATEBORDERS as described in pseudocode in Algorithm 2 (Buczak et al.,
2024). The target function receives a set of inner category borders (i.e., omitting the
outer borders b; and by, which are fixed to 0 and 1, respectively) and evaluates their
viability based on the OOB performance achieved with them. To this end, the numeric
category scores are determined as the midpoints of the category sub-intervals. The cat-
egory scores are used as a proxy target variable for fitting a regression RF. Following
OF, the scores are transformed through the quantile function of the standard normal dis-
tribution ®~!, yielding numeric values in the interval (—oo, 0o). From the RF model,
numeric OOB predictions can be obtained and converted back to ordinal category pre-
dictions using the (transformed) numeric category borders. Based on the ordinal OOB
predictions, the category-specific variant of Youden’s Index Jor as used in OF (cf. Sec-
tion 2.3.1) is computed and returned. To optimize the internal target function, OSOA
employs the non-linear optimization algorithm Sbplx from the NLopt library (Johnson,
2007) which is based on a variant of the Nelder-Mead optimization algorithm (Nelder
& Mead, 1965). As the category border sets generated during the optimization process
relate to the ordinal categories, only ordered sets should be considered, i.e., it must

24



3.1 Comparing Tree Ensembles and a Proportional Odds Model

hold that 0 < by < -+ < b < 1. As the Sbplx optimizer does not allow for inequality
constraints, the ordered structure of the category border sets is instead enforced through
the penalization of unordered sets. The optimizer runs as long as a maximum number
of iterations (max .eval) is reached or the performance improvement is smaller than
a pre-specified threshold €. Once the optimization terminates, OSOA fits the final RF
model based on the (transformed) optimal category borders, and returns both (Buczak
et al., 2024).

Algorithm 1 Ordinal Score Optimization Algorithm (OSOA; Buczak et al., 2024)

1: procedure OSOA (max.eval, )

2:
3:

4:

5:

6:

7:
8:

Assign fixed outer borders b; < 0 and b, 1

Assign starting inner borders <l~)2, . 5k> — (... 5

Run optimizer on EVALUATEBORDERS using (52, ceey 5k> as starting values
until max.eval is reached or performance improvement is smaller than
Extract optimal inner borders (b3, b%, . . ., b)

/ ’
by+bs  b5+bY bE+b
Compute final scores (s7,s3,...,5%,) < ( 1; = 2; 3.,k 2“1)

Fit final RF using (®~'(s}), ®7!(s5),..., 27 1(s}))
return Final RF and transformed borders (®~2(b;), ®~1(b3),..., 2~ (b1))

9: end procedure

Algorithm 2 Target function optimized internally in OSOA (Buczak et al., 2024)

1: procedure EVALUATEBORDERS(bo, . . ., by)
Require: 0 < by < ---<bp <1

2:

3:
4.

5:

/ /
b,+b by +b
Compute scores (S1, So, . .., Sg) < (172, %, o

Fit RF using transformed scores (®71(s1), ®71(sq),..., P (s1))
Obtain OOB predictions from fit and assign class labels based on transformed

/

borders (®~1(b}), @7 (b), ..., 27 (1))

Compute performance through Jor using class predictions and true class labels

6: end procedure

3.1.3 Evaluation Through Simulation and Real Data Experiments

To achieve the two objectives of the first article, we performed an extensive compari-
son study using simulated and real data. As prediction methods, we considered OSOA,
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(naive) OF, RFSp, CF and a proportional odds model (specified to include all covariates
as main effects). We aimed to create diverse data settings by using three data generat-
ing processes (DGPs) as well as three different response category distribution patterns.
The DGPs were characterized by an increasing amount of non-linear effects. Whereas
the first DGP contained only linear effects, DGPs 2 and 3 gradually replaced some of
the linear effects by non-linear effects. In this way, we were able to the performance
of the different prediction methods under varying effect structures where we expected
the proportional odds model to perform well for linear effect structures and ML-based
methods to have performance advantages for the more non-linear effect structures. It
further allowed us to study how robust the classic proportional odds model is to de-
viations from linear effect structures. Inspired by Hornung (2019), who explored the
effect of different response category distributions, we introduced further variety into the
data generation by using three different distribution patterns: a pattern with equally dis-
tributed categories, a pattern with prominent middle categories (referred to as wide mid-
dle pattern) and a pattern with prominent margin categories (referred to as wide margins
pattern). Apart from the simulation data, we also evaluated the prediction methods on
eight real datasets from different domains, e.g., psychology, (bio-)medicine and the so-
cial sciences. The datasets varied regarding their sample sizes, number of categories
and distribution of response categories. A handful of these datasets have already been
analyzed in Tutz (2021). Generally, our results from the simulation and real data ex-
periments echoed the findings of Tutz (2021) that differences between the prediction
methods mainly occurred between the group of RF-type methods and the proportional
odds model. Our comparisons revealed three key insights. First, despite the expected
performance advantage for RF-based methods in scenarios with strong non-linear ef-
fects, the proportional odds model remained quite competitive for small samples and
under limited non-linear effects. Second, the RF-type methods themselves only dis-
played small performance differences between each other. While CF and RF slightly
fell behind most of the time, OSOA, (naive) OF and RFSp often performed similarly.
Third, the benefit of score optimization performed in OF and OSOA was only situa-
tional. Both methods could improve upon naive OF for simulation data with the wide
middle response pattern as well as for six of the eight real datasets. However, the im-
provement was not consistent enough to warrant an unreserved recommendation of OF
and OSOA over naive OF, especially considering their computational costs (Buczak et
al., 2024).
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3.1.4 Methodological Outlook

Since the simulation and real data experiments revealed only a situational benefit of
score optimization as performed in OF and OSOA, the first article closed with a discus-
sion of possible reasons for the lack of consistent improvement. Apart from questioning
the reliance on Youden’s Index J (which is not an ordinal measure, but only a measure
of sensitivity and specificity) as the optimization target in OF and OSOA, we discussed
the role that the prediction procedure used in both methods could play. Since in OF
and OSOA the numeric predictions from the RF model are transformed back into or-
dinal categories at the tree-level, the actual score and category border values may have
limited impact if the nodes of the individual trees are often pure. Therefore, we hy-
pothesized, an alternative prediction scheme may prove beneficial where the numeric
predictions from the individual trees are first aggregated and the transformation back
into an ordinal response category occurs at the forest-level (Buczak et al., 2024). This
consideration was investigated in the second article of this thesis (Buczak, 2025).
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3.2 Article 2: Frequency-Adjusted Borders Ordinal Forest
(BJMSP, 2025)

The article summarized in the following is published in: Buczak, P. (2025). Frequency-
adjusted borders ordinal forest: A novel tree ensemble method for ordinal prediction.
British Journal of Mathematical and Statistical Psychology, 78(2), 594—616. https:
//doi.org/10.1111/bmsp.12375

3.2.1 Motivation

The results from the first article of this thesis revealed that the optimization procedures
employed in OF and OSOA yielded only situational benefits (Buczak et al., 2024). One
potential reason that was discussed in the article was the prediction scheme used in
OF and OSOA. Both methods predict an ordinal category for a given observation by
transforming the numeric predictions obtained from the internal regression RF model.
The numeric tree-level predictions are transformed into category labels using the nu-
meric category borders. As such, the transformation into ordinal category predictions
already occurs at the tree-level. In a second step, the individual category predictions
are aggregated via majority voting to arrive at a final prediction. The first article of this
thesis discusses that this prediction scheme may limit the impact of the actual numeric
score choices. Therefore, an alternative scheme is discussed in which the tree-level
numeric predictions are first aggregated by averaging. The resulting mean prediction
is in turn transformed into an ordinal category prediction at the forest-level (Buczak
et al., 2024). The second article of this thesis investigated the use of this alternative
prediction scheme. To differentiate between the two schemes, the second article coined
the terms transform-first-aggregate-after (TFAA) prediction for the original scheme in
OF and OSOA, and aggregate-first-transform-after (AFTA) prediction for the new pre-
diction scheme. Furthermore, the second article pointed out another limitation of OF
and OSOA: the link between category borders and scores. For both methods, category
scores are always determined as the midpoints of the category sub-intervals. However,
it is not clear whether this design decision represents an optimal choice. Decoupling
category borders and scores from one another may allow for more flexibility. Address-
ing the points above, the second article proposed Frequency-Adjusted Borders Ordinal
Forest (fabOF), a novel RF-based method for ordinal prediction, which relies on the
newly introduced AFTA prediction, and decouples the choice of category borders and
scores. I will cover fabOF in more detail in the next section.
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3.2 Frequency-Adjusted Borders Ordinal Forest

3.2.2 Frequency-Adjusted Borders Ordinal Forest

Sharing the score-based regression RF framework for ordinal prediction, fabOF differs
conceptually from OF and OSOA in three key aspects. First, fabOF relies on AFTA
prediction whereas OF and OSOA use TFAA prediction. Second, fabOF breaks the
direct link between category borders and scores present in OF and OSOA. Third, fabOF
employs a heuristic to derive its category borders instead of optimizing them. As such,
the computational runtime is notably decreased (Buczak, 2025).

The method is described in pseudocode in Algorithm 3 as obtained from Buczak (2025).
After assigning arbitrary numeric scores to the ordinal response categories (per default,
the scores 1,2,... k for k categories are used), a regression RF is trained using the
numeric scores as the target variable. Based on the RF model, numeric OOB predictions

Anum

Yi
the heuristic is to use these OOB predictions to determine the category borders such

.t = 1,...,n, for the observations in the training data are computed. The idea of

that the distribution of the predicted response categories approximately matches the
distribution expected in the general population. To this end, the cumulative relative
frequencies 7y, ..., Tx_1 of the ordinal categories up to category k in the training data
are computed. The cumulative relative frequencies are in turn used to determine the
quantiles ¢z, ..., qs,_, of the numeric OOB predictions y"™ for the corresponding
probabilities. The quantiles are used as the inner set of category borders b, .. ., by
while the margin borders are selected as s; and s;, since these constitute the minimum
and maximum value that can be predicted by the model, respectively. Finally, the RF
model and the category borders determined through the heuristic are returned (Buczak,
2025).

Algorithm 3 Frequency-Adjusted Borders Ordinal Forest (fabOF; Buczak, 2025)
1: procedure FABOF

2: Unless specified otherwise, use scores (s1, So, ..., Sg) < (1,2,..., k).

3: Train regression RF on numeric target y™™ € {s1,82,...,8x},i =1,...,n.

4: Compute numeric OOB predictions ;"",7 = 1, ..., n, using RF model.

5: For categories up to category k, compute cumulative relative frequencies
Ty eves Th_1-

6: Obtain quantiles gx,, ..., gz, _, of OOB predictions ¢*",7 = 1,...,n,
for probabilities 71, ..., Tg_1.

7: Assign category borders (by, bo, ..., by, bpi1) < (31, Qirys -3 Qs s sk).

8: return RF model and category borders

9: end procedure
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Variable Importance Measure

To aid interpretation, I additionally proposed a permutation VIM for fabOF. While Jan-
itza et al. (2016) proposed a VIM for ordinal prediction, their VIM relies on the RPS
which requires the availability of category probability predictions. Because fabOF only
transforms the numeric predictions at the forest-level, predicted probabilities for the or-
dinal categories are not available for fabOF. Therefore, a custom solution was necessary
for fabOF. Furthermore, the AFTA prediction scheme also hindered the computation of
variable importance values at the tree-level as is typical for RF. For fabOF, the predic-
tive performance based on ordinal performance measures can only be assessed at the
forest-level once the aggregated numeric predictions have been transformed back into
a category prediction. As a consequence, variable importance can only be computed
at the forest-level. In principle, this would result in each predictor being permuted
only once. To enhance the stability of the results, fabOF’s permutation VIM computes
the variable importance for each predictor based on a pre-specified number of repli-
cations and averages the individual importance values. In the article, each predictor
is permuted 100 times. The VIM assesses the predictive performance using Cohen’s
weighted Kappa (Cohen, 1968) with linear weights. For more information regarding
fabOF’s VIM I refer to Buczak (2025).

3.2.3 Evaluation Through Simulation and an Illustrative Data Example

I evaluated fabOF’s performance through a simulation study and an illustrative data
example on student performance in math (Cortez, 2014). In the article, fabOF was
compared to existing methods such as OF, OSOA, RFSp, RF, a CLM as well as custom
modifications of OF and OSOA that replaced the original TFAA prediction scheme by
AFTA prediction. For the simulation study, I used different DGPs to create diverse data
settings including a combination of linear and non-linear effects as well as a linear com-
bination of two different effect structures (Buczak et al., 2024, similar to). Additionally,
two different response category distribution patterns were used.

Overall, the simulation study revealed to promising results regarding fabOF. The pre-
dictive performance of fabOF was consistently higher than the performance of existing
(ordinal) prediction methods. The method closest in performance were AFTA-modified
OF and to some degree AFTA-modified OSOA. As such, the simulation study also re-
vealed the benefit that AFTA prediction can provide for existing methods such as OF
and OSOA. While the effects were more subtle for OSOA, OF in particular benefited
from the change in prediction scheme. AFTA-modified OSOA only slightly trailed
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3.2 Frequency-Adjusted Borders Ordinal Forest

fabOF and was also on par in some scenarios. The benefit of the frequency-adjusted
heuristic of fabOF was especially visible for data scenarios with imbalanced response
category frequencies. Another benefit of the heuristic was the notably reduced com-
putational runtime of fabOF compared to OF and OSOA. This was to be expected as
fabOF only fits a single RF model and does not rely on an extensive optimization proce-
dure. The promising findings from the simulation study were supported by the results
for the illustrative data example on math achievement. For the student achievement
data, fabOF reached the highest predictive performance for all three performance mea-
sures that were considered (Buczak, 2025).

Apart from the predictive performance of fabOF, I also evaluated fabOF’s permutation
VIM using the simulation data. The VIM was able to recover the important predictors
quite well. All influential predictors were correctly identified as such and achieved
higher importance values than the noise predictors whose importance values mostly fell
around 0. I additionally computed variable importance for the illustrative data example
and obtained results that were largely consistent with the educational research literature
(see Buczak, 2025, for more details).

3.2.4 Methodological Outlook

Generally, several avenues of further research opened up based on the work from the
second article of this thesis. First, the simulation and real data results revealed that
changing the prediction procedure from TFAA to AFTA prediction improved the pre-
dictive performance of OF. One could further study how the decoupling of category
borders and scores (as in fabOF) can also be considered within an optimization frame-
work. To this end, the second article discussed either optimizing both at the same time
which may pose an extensive optimization problem or optimizing them with an EM-
type (Dempster et al., 1977) estimation procedure where scores and borders are updated
iteratively while the other is fixed, respectively. Overall, since the structure of fabOF
is relatively modular, one could also investigate similarly extending other regression-
based ML methods to ordinal prediction by replacing the regression RF model within
the fabOF framework. This will be studied in detail in Section 5 of this thesis. The
second article of this thesis further discussed extending fabOF to ordinal prediction in
the context of hierarchical data. As hierarchical data structures commonly emerge from
applications in the social and life sciences, and these two fields at the same time fre-
quently are the source of ordinal response data, such an extension was deemed promis-
ing (Buczak, 2025). Therefore, the third article of this thesis (Buczak, 2024) developed
an ordinal prediction method for hierarchical data based on fabOF.
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3.3 Article 3: Mixed-Effects Frequency-Adjusted Borders Ordinal
Forest (OSF pre-print, 2024)

The article summarized in the following has been submitted to Multivariate Behavioral
Research and is under review at the time of publishing this thesis. The article has
been published as a pre-print: Buczak, P. (2024). Mixed-Effects Frequency-adjusted
borders ordinal forest: A tree ensemble method for ordinal prediction with hierarchical
data. OSF pre-print, version 1.1, 1-36. https://doi.org/10.31219/osf.io/nybwe

3.3.1 Motivation

So far, the methods considered and proposed in the first two articles of this thesis
(Buczak, 2025; Buczak et al., 2024) were concerned with ordinal prediction in non-
hierarchical data settings. However, applications in the social and life sciences often
yield data with hierarchical data structures. For example, students are usually nested
within classes and/or schools, while patients may be nested in hospitals. In longitu-
dinal study designs, multiple measurements are nested within the same person. If left
unaccounted for, the dependencies introduced through the hierarchical structure may
lead to unreliable uncertainty estimates (Gelman & Hill, 2006). While this particularly
concerns questions of inference, even for prediction purposes, the knowledge that ob-
servations are grouped in clusters represents information that prediction methods may
benefit from (Gelman, 2006). As described in Section 2.4, several tree-based prediction
methods have been extended for use with hierarchical data of various response types.
For ordinal response data, such an extension was not available for long. Therefore,
I developed and proposed Mixed-Effects Frequency-Adjusted Borders Ordinal Forest
(mixfabOF) in the third article of this thesis. The mixfabOF method extended fabOF
(Buczak, 2025) for ordinal prediction with hierarchical data based on the framework
used in MERF (see Section 2.4 Hajjem et al., 2012). Over the development course of
mixfabOF, Bergonzoli et al. (2024) independently proposed OMERF which similarly
considered ordinal prediction under hierarchical data structures with RF, but used a dif-
ferent approach (see Section 2.4 for a detailed description). I will present mixfabOF in
more detail in the next section.

3.3.2 Mixed-Effects Frequency-Adjusted Borders Ordinal Forest

The general flow of mixfabOF consists of the following three steps. First, numeric
scores are assigned to the ordinal response categories. Second, the EM-type estima-
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3.3 Mixed-Effects Frequency-Adjusted Borders Ordinal Forest

tion procedure employed in MERF is used. Third, based on the final RF model, cate-
gory borders for the ordinal response categories are derived. The method is described
in more detail in pseudocode in Algorithm 4 as obtained from Buczak (2024). After
assigning the numeric scores (per default, the scores 1,2, ... & are used), the estima-
tion procedure is initialized. For iteration it, mixfabOF fits a regression RF to the
current modified (numeric) outcome vector gf(‘;“g‘) from which the random effects have
been removed. Having updated the fixed effects component through the RF model, the
procedure turns to the random effects components and updates the estimated random
effects 1 (;+), random effect covariance matrix f)(it) as well as the residual variance
6-(2it)' These steps (cf. lines 5-13 with pseudocode in Hajjem et al., 2012) are equivalent
with the estimation procedure used in MERF. Similarly, mixfabOF uses the same gen-
eralized log-likelihood (GLL) criterion to check for the convergence of the estimation
procedure. The GLL criterion is given by

GLL(f,u;|y;"™) = Z{ (g — £ (X)) — Zyw;) ' Ry (y™ — £(X;) — Zju))

=1
+u D7 'u; + log | D| + log \Rj|}.
(3.1)

(Hajjem et al., 2012). For computing the criterion, the current estimates are used, re-
spectively. Once the relative change in the GLL criterion falls below a threshold value
0 (default value: 0.001), the estimation procedure terminates. If convergence is not
achieved, the estimation procedure is stopped after a maximum number of iterations
(default value: 100). Both default values were inspired by Salditt et al. (2023). Af-
ter the estimation procedure, the category borders by, . . ., by for the ordinal response
categories are determined. To this end, OOB predictions f (X,)oos,J =1,...,m,are
computed from the final RF model and combined with the final random effect predic-
tions to arrive at the numeric OOB-based predictions g;;"™,i = 1,...,n;,j =1,...,m,
for the training set. The iteration index has been omitted for the sake of readability. Em-
ploying the frequency-adjusted borders heuristic of fabOF, the quantiles ¢x,, ..., g, _,
of the OOB-based predictions ;" for probabilities 7y, . .., 7,1 corresponding to the
cumulative relative frequencies of the ordinal response categories in the training data
up to category k are computed. These quantiles are used as the inner category bor-
ders bo, . .., by while the outer borders b; and by, are set to —oco and oo, respectively
(Buczak, 2024).
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Algorithm 4 Mixed-Effects Frequency-Adjusted Borders Ordinal Forest (mixfabOF)
1: procedure MIXFABOF

2: Unless specified otherwise, assign scores (s1, So, ..., Sk) < (1,2,..., k).
3: Create y;"",j = 1,...,m, by assigning scores to ordinal response categories.
4: Setit = O,E(O) = Iannj,’lA,l,j’(O) = Onj,j = 1, .., .
5: while it <max.iter and not convergeddo
6: it=1it + lA
7 Update y'% ), f(ir) (X ;) and W ;)
8: :l:l;}](n;t) = y?um — Zj’&j}(itfl),j = ]_, o, M.
9: Obtain f(;) (X ;) by fitting a regression RF to g(}7) with covariates X.
-~ - o num ¢ .
10: Uj (i) = D(itfl)Z;Vj,(it—l) (y] - f(it) (X]>> yJ = 17 RN 2
~—1 ~ .
where V. 1y = Z;Dc 1yZ + 0671y Lo xn;-
11: Update (3'(2it) and ﬁ(it):

~

. I~ . . .

J(2it) ~ Zsj,(it)ej,(it) + O-(2it71) (”j - U(zitfl)trace (ij(it—l))) 7

P IR LT - Ty L -
D) = - Z {uj,(it)uj7(it) + <D(it—1) —Dge1)Z; Vj,(it_l)ZjD(it—n) } ;

where €; ic) = Y — fie) (X;) — ZjtUj (5.

12: Check convergence using GLL criterion.

13: end while

14: Compute numeric OOB predictions f(X ;j)oos with final RF model,
j=1,...,m.

15: Compute OOB-based predictions ;" = f(Xj)OOB +Zju;,j=1,...,m.

16: For categories up to category k, compute cumulative relative frequencies
7%1, ce 77}19—1-

17: Obtain prediction quantiles ¢z, . . ., gz,_, of OOB-based predictions ;3™ for
probabilities y,..., 1, ¢ =1,...,n;,7=1,...,m.

18:  Assign category borders (by, ba, . .., by, bet1) < (—00, Gays - - - Gy 00).

19: return RF model, final random effect estimates and category borders

20: end procedure
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Variable Importance Measure for mixfabOF

For interpretability, I also implemented a permutation VIM for mixfabOF. The VIM
was largely based on the permutation VIM introduced for fabOF in the second article
of this thesis (Buczak, 2025). It was adapted for use with mixfabOF in two ways. First,
the predictive performance takes the fixed and random effects components into account
as it is based on the numeric predictions

gim = f(xij)oos + 2y, i=1,...,n5 j=1,...,m,

(cf. line 15 in Algorithm 4) which are transformed into ordinal category predictions
using the computed category borders. In contrast to this, Pellagatti et al. (2021) and
Bergonzoli et al. (2024) only considered the fixed effects component for computing
variable importance. However, I would argue that it fits the spirit of the overarching
model which consists of fixed and random effects more aptly when both components
are used for computing variable importance instead of only considering the fixed effects
component. Second, to take the hierarchical nature further into account, mixfabOF’s
VIM also allows for restricting permutations to occur only within the same cluster.
Similar to the permutation proposed for fabOF, Cohen’s weighted Kappa (Cohen, 1968)
with linear weights is used to assess the predictive performance (Buczak, 2024).

3.3.3 Evaluation Through Simulation and an Illustrative Data Example

To evaluate mixfabOF, I performed a simulation study and used an illustrative data
example on math achievement. For the simulation setup, I mostly followed the simula-
tions from Hajjem et al. (2012) and Salditt et al. (2023) and adapted them for ordinal
prediction. The simulation data were characterized by a predominantly non-linear ef-
fect structure. For introducing variety into the data generation, the number of clusters,
the sizes of the clusters and the magnitude of the random effect variance were varied.
Similar to the other two articles of this thesis (Buczak, 2025; Buczak et al., 2024), 1
additionally varied the response category pattern. As benchmark prediction methods, I
used a CLMM, OMERE, fabOF, OF and a regular classification RF. For fabOF, OF and
RF, which do not account for hierarchical data structures, I included the cluster mem-
bership indicator as an additional predictor such that the full information is available
for the respective models as well (Buczak, 2024).

Overall, the simulation results were influenced the most by the magnitude of the ran-
dom effect variance. For a small random effect variance, mixfabOF, fabOF and OF were
close in performance while RF was slightly trailing behind these three. The CLMM fell
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behind notably due to the strongly non-linear effect structure (cf. results from Buczak
et al., 2024). OMEREF, on the other hand, suffered from high non-convergence rates
and inferior predictive performance in all simulation conditions. For medium random
effect variance, mixfabOF started to display performance advantages over the remain-
ing methods. This gap widened further for simulation settings with high random effect
variance. These promising findings were underlined when evaluating mixfabOF on
a data example stemming from the Trends in International Mathematics and Science
Study (TIMSS) 2019 data (Fishbein et al., 2021). For the analyzed dataset, mixfabOF
achieved the highest predictive performance followed by a CLMM and fabOF. Similar
to the simulation study, OMEREF suffered from convergence issues. To check for correct
usage of the method, I additionally performed a small simulation based on the simu-
lation setup in Bergonzoli et al. (2024). Benchmarking the same methods as above,
mixfabOF reached the best predictive performance in this additional simulation fol-
lowed by fabOF and OMERE. For this additional simulation, OMERF was not affected
by convergence issues (Buczak, 2024).

One possible explanation may be the number and sizes of the simulated clusters. While
Bergonzoli et al. (2024) only considered simulation settings with 10 clusters with 100
observations each (of which 20% were used for the test data), my simulation considered
settings of 100 clusters with 20-25 observations each (of which 10 were reserved for
the test data, respectively) and 250 clusters with 50-60 observations each (of which 25
were reserved for the test data, respectively). As such, it could be the case that OMERF
does not scale well for many clusters or clusters of smaller size. This is currently being
investigated for the preparation of a revised manuscript.

3.3.4 Methodological Outlook

The third article of this thesis only considered random intercept models in the simu-
lation and real data experiments. In principle, mixfabOF also supports more complex
random effect structures including random slope effects. Further work could study the
performance of mixfabOF for such random effect structures. As mixfabOF internally
relies on a LMM, it can currently take corresponding random effect types into account.
In particular, random effect structures known from cumulative mixed models such as
random thresholds cannot be reflected as of yet. Future work could investigate how
such types of random effects could be considered in the framework of mixfabOF. Per-
haps one could explore the possibility of cluster-specific category borders. The original
simulation in the third article of this thesis also lacked a simulation setting for which
new observations from unknown clusters were generated. Results from Salditt et al.
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(2023) indicate that for the prediction of unknown clusters, the performance advan-
tages observed for known clusters are likely to diminish. Similar to fabOF, mixfabOF
is also structured in a relatively modular fashion, i.e, one could replace the regression
RF used for estimating the fixed effects component through another regression-based
ML method. I will explore such extensions in more detail in Section 5.
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4 Computational Implementation

The methodology presented in the second and third articles of this thesis was imple-
mented in the fabOF R package available from GitHub (https://github.com/phibuc/
fabOF). In this section, I will briefly showcase the use of the package based on two
illustrative data examples. The first data example was used in the second article of this
thesis (Buczak, 2025) and pertains to predicting the math performance of Portuguese
students based on eleven predictors. The predictors include age, sex, interest in higher
education, parents’ education, study time, etc. The original data were first analyzed in
Cortez and Silva (2008) and made publicly available in Cortez (2014). To fit a fabOF
model to the data, I use the £abOF () function. It requires the specification of a model
formula and a respective dataset. All formulas compatible with the ranger package
(Wright & Ziegler, 2017) can be supplied. Optionally, specific numeric scores for the
ordinal response categories can be provided through the scores argument. By default,
the scores 1, ..., k for k categories will be used. Variable importance values (based on
the permutation VIM introduced in the second article of this thesis) can be requested
by setting importance = TRUE. The importance.reps argument steers how
many replications (i.e., permutations) are used for computing the importance values. As
such, this argument directly impacts the runtime of £abOF () should variable impor-
tance be requested. By default, 100 replications are performed for determining the vari-
able importance. As £abOF () internally calls ranger (), arguments for ranger ()
can be provided through the ranger.control argument offered by fabOF (). To
this end, a list containing named entries corresponding to ranger () arguments can
be specified, e.g. 1ist (num.trees = 500, mtry = 3). For all ranger ()
arguments that are not specifically provided, the default settings are used. In principle,
a hyperparameter tuning may be needed for obtaining optimal predictive performance.
For the sake of simplicity (and since RFs are also relatively robust regarding their hyper-
parameter choices; Probst et al., 2019), I use the default settings for ranger () in the
following. To showcase the permutation VIM, I additionally request the computation
of variable importance values (using the default of 100 replications).

R> fit_fabOF <- fabOF (formula = y ~ .,
data = dataset,
importance = TRUE)

39



https://github.com/phibuc/fabOF
https://github.com/phibuc/fabOF

4 Computational Implementation

Having trained the model, the corresponding print function can be used to obtain
some basic information about the model.

R> fit_fabOF
Frequency Adjusted Borders Ordinal Forest (fabOF)

Call:
fabOF (formula = y ~ ., data = dataset, importance = TRUE)
Number of trees: 500
Observations: 649
Covariates: 12

Target variable: vy
Categories: n = 100
201
154
112

(
(
(
(
(n = 82)
2
2

=]
Il

3
Il

)
)
)
)

3
I

345
171181 2.771268 3.191494 3.563543 5

Category scores:

1
2
3
4
5
1
Category borders: 1

The computed variable importance values can be accessed from the fitted object and
visualized as follows, for example:

R> barplot (sort (fit_fabOF$variable.importance),
horiz = TRUE, las = 1)

Figure 4.1 shows that the most important predictors are an interest in higher education,
mother’s education and study time. For a discussion of these findings, I refer to the
second article of this thesis (Buczak, 2025). Generally, these results were found to
be consistent with the educational research literature (see Buczak, 2025, for a more
detailed overview).

For the illustrative data example above, hierarchical data structures were not consid-
ered. However, if such structures are present in the data and a non-negligible amount of
random effect variation is to be expected, fitting a mixfabOF model may be more sensi-
ble. To showcase fitting a mixfabOF model, I am using the data example from the third
article in this thesis (Buczak, 2024). The data originate from the 2019 Trends in Inter-
national Mathematics and Science Study (TIMSS; Fishbein et al., 2021) study. I have
used a subset of 2773 German fourth-grade students from 191 different schools. The
aim was predicting the students’ math performance based on ten predictors including
age, sex and scales on liking of learning math, confidence in math, disorderly behavior
during math lessons, etc. For a more detailed description of the data, I refer to the third
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Interest higher educ. |
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Study time | |
School support [ ]
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Internet access [ |
Sex [
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Residence [ |
Father’s education [ ]
Parents’ cohab. status []
Paid tutoring |
{ w w w \

0.00 0.02 0.04 0.06 0.08

Permutation importance

Figure 4.1: Permutation variable importance values for student performance data. Note.
Figure inspired by Buczak (2025).

article of this thesis (Buczak, 2024).

The mixfabOF () function used for fitting mixfabOF models has a similar interface
as the fabOF () function. However, due to the EM-type estimation procedure, ad-
ditional considerations arise. Most importantly, the random effects structure must be
specified using the random argument. Generally, the syntax for specifying random ef-
fects is similar to syntax used in other popular packages for mixed models, e.g., 1me4
(Bates et al., 2015). In this case, I include a random intercept on the school id variable
which indicates the cluster membership of a given observation. Such a random intercept
model can be specified through random = ~ 1]id. The fixed effects structure is
specified using the formula argument. For controlling the EM-type estimation proce-
dure, the delta argument modulates the threshold for the relative change in the GLL
criterion (cf. Equation 3.1), while max . iter represents the maximum number of it-
erations permitted. The current default values delta = 0.001 and max.iter =
100 are inspired by Salditt et al. (2023). Similar to fabOF (), permutation variable
importance values can be requested based on importance. reps replications. The
implemented VIM respects the hierarchical data structure by considering fixed and ran-
dom effect components when computing predictions and their respective performance
(Buczak, 2024). To further acknowledge the hierarchical nature of the data, one can
optionally limit permutations to be performed only within the same cluster by setting
permute.clusterwise = TRUE. Note that this functionality is experimental at
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this stage. More research is needed to obtain recommendations on when this permu-
tation approach can yield benefits over the unrestricted permutation approach. As for
fabOF (), custom category scores can be provided via the scores argument and the
ranger.control argument can be used to directly provide arguments for ranger.

R> mixfabOF_fit <— mixfabOF (y ~ ASBGOl + ASDAGE + ASBGSLM

+ ASBGDML + ASBGICM + ASBGSEC
+ ASDG0O5S + ASBGSSB + ASBGSB
+ ASBGSCM,

data = dataset2,

random = ~ 1]id,

importance = TRUE,

permute.clusterwise = TRUE)

The resulting object can be inspected for further information. Variable importance val-
ues can be accessed analogously to fabOF objects as demonstrated above. For a corre-
sponding visualization and a discussion of the results, I refer to the third article of this
thesis (Buczak, 2024).

R> mixfabOF_fit
Mixed-Effects Frequency-Adjusted Borders Ordinal Forest (mixfabOF)

Call:

mixfabOF (y ~ ASBGOl1l + ASDAGE + ASBGSLM + ASBGDML + ASBGICM + ASBGSEC
+ ASDGO05S + ASBGSSB + ASBGSB + ASBGSCM, data = dataset2,

random = ~1|id, importance = TRUE, permute.clusterwise = TRUE)

Number of trees: 500

Observations: 2773

Covariates: 10

Target wvariable: vy

Fixed effects: y ~ ASBGOl + ASDAGE + ASBGSLM + ASBGDML + ASBGICM
+ ASBGSEC + ASDGO0O5S + ASBGSSB + ASBGSB + ASBGSCM

Random effects: ~ 1]id

Categories: 1 (n = 354)
2 (n = 598)
3 (n = 778)
4 (n = 681)
5 (n = 362)

Category scores: 1 2 3 4 5

Category borders: —-Inf 2.015757 2.696708 3.360551 4.01296 Inf
Converged: TRUE

Iterations: 3

In the future, the fabOF package could be expanded through further functionality. For
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example, one could add means of visualizing variable importance results or implement
convenience functions, e.g., for hyperparameter tuning. In light of the methodologi-
cal extensions of fabOF and mixfabOF in Section 5 one could also implement wrap-
per functions that allow for creating custom prediction methods based on the (Mixed-
Effects) Frequency-Adjusted Borders Ordinal Prediction Framework (see Section 5).
Moreover, one could add more functionality regarding the interpretability of fabOF and
mixfabOF (see Section 6.4 for a more detailed discussion).
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S5 Methodological Extensions

The three articles of this thesis (Buczak, 2024, 2025; Buczak et al., 2024) have demon-
strated that ordinal prediction is an interesting application field with much untapped
potential. In particular, fabOF (Buczak, 2025) and mixfabOF (Buczak, 2024) achieved
promising results. Apart from their predictive performance, another strength of fabOF
and mixfabOF is their modular algorithmic design. On a more abstract level, fabOF
leverages concepts of ordinal classification and regression by assigning numeric scores
to the ordinal response categories for training a regression RF and translating the nu-
meric predictions back into ordinal response categories through a heuristic based on
the response category distribution. As such, one could replace the internal RF model
by another regression-based ML model. This is relevant in so far as one cannot expect
RF to be the best performing method for each data application. Being able to replace
the regression RF model allows for tailoring the framework of fabOF towards potential
model requirements for a given application, and also allows for benchmarking multiple
different ML methods for determining the optimal method for the respective dataset.

In this section, I will therefore explore extensions of the frequency-adjusted borders
heuristic of fabOF to alternative RF algorithms such as Extremely Randomized Trees
(Extra-Trees; Geurts et al., 2006) and Conditional Inference Forest (Hothorn et al.,
2006) as well as the popular gradient boosting algorithm XGBoost (Chen & Guestrin,
2016). I will showcase all three extensions through a small simulation experiment that
demonstrates the promising potential of these prototypes. Building off these extensions,
I will further demonstrate that the fabOF algorithm can be generalized to a model-
agnostic variant that can be used as a blueprint for extending arbitrary regression-based
ML methods to ordinal prediction. Therewith, I provide a powerful framework for
developing new methodology for ordinal prediction. In a similar fashion, I will further
introduce a model-agnostic variant of the mixfabOF method which opens the possibility
of developing a wide array of ordinal prediction methods for hierarchical data. I will
showcase the model-agnostic generalization through a prototype based on XGB.

Finally, I will touch upon another interesting avenue for extending fabOF: multivari-
ate ordinal prediction. In some applications, it may be of interest to not only predict
a single, univariate outcome per person, but a vector-valued outcome for each person.
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For example, one may be interested in predicting multiple dimensions of self-reported
health status or the agreement towards several items on a rating scale. To this end, I
will provide a prototype sketch of how fabOF could be extended to multivariate pre-
diction tasks. Additionally, I will discuss some of the challenges associated with such
extensions that would need to be addressed when developing corresponding prediction
methods in the future.

5.1 Extensions for Extra-Trees and Conditional Inference Forest

5.1.1 Motivation

While the CART-based implementation of RF used in fabOF (and mixfabOF) is a pop-
ular and versatile choice, alternative implementations may be favorable depending on
the specific application at hand. If it is of particular interest to reduce the variabil-
ity of the resulting models, then the Extra-Trees (Geurts et al., 2006, ET) algorithm
could be considered. ET differs from the original RF algorithm (Breiman, 2001) in
two ways. First, instead of bootstrapping, the observations for the individual tree mod-
els are sampled without replacement. Second, instead of selecting the best split from
the randomly sampled subset of predictors, a random split value for these predictors is
used. Compared to RF, ET tends to decrease variance, but increase bias (Geurts et al.,
2006). Additionally, as noted in Section 2.2.1, CART-based trees have been shown to
favor predictors with many possible split points or missing values during the splitting
process (Hothorn et al., 2006). To amend this variable selection bias, Hothorn et al.
(2006) proposed their conditional inference framework for recursive partitioning. The
use of Conditional Inference Forest (CF) for ordinal prediction has been studied in Jan-
itza et al. (2016). While supporting ordinal responses, CFs internally transform the
ordinal response into a numeric variable for performing the association tests needed for
the splitting procedure. However, at least for the simulation and real data considered
in the first article of this thesis, CF often fell behind other RF-based learners regarding
the predictive performance. Therefore, it would be interesting to study whether an ex-
tension of the frequency-adjusted borders heuristic to CF can yield improvements over
the use of regular CF for ordinal prediction.

5.1.2 Extension Prototypes

For exploring the use of the frequency-adjusted borders heuristic for both ET and CF,
I introduce the two prototype extensions Frequency-Adjusted Borders Extra-Trees (fa-
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bET) and Frequency-Adjusted Borders Conditional Inference Forest (fabCF). They are
described with pseudocode in Algorithms 5 and 6 based on the fabOF pseudocode from
Buczak (2025). Conceptually, fabET and fabCF differ from fabOF only in the under-
lying RF model fitted to the numeric scores assigned to the ordinal response categories
and used to obtain numeric predictions for training data or new observations. As such
the regression RF model of fabOF is replaced by a regression ET model for fabET, and
by aregression CF model for fabCF, respectively. As both ET and CF allow for comput-
ing OOB predictions for the observations in the training data, the category borders can
still be computed — as in fabOF — from the OOB prediction quantiles of probabilities
corresponding to the cumulative relative frequencies of the ordinal response categories
in the training data (cf. Section 3.2.2). In the final step, the category borders as well as
the corresponding ET or CF model are returned, respectively.

Algorithm 5 Frequency-Adjusted Borders Extra-Trees (fabET)
1: procedure FABET

2: Unless specified otherwise, use scores (s1, S, ..., k) < (1,2,..., k).

3: Train regression ET on numeric target y™™ € {s1,82,...,8x},i =1,...,n.

4: Compute numeric OOB predictions y*™,7 = 1, ..., n, using ET model.

5: For categories up to category k, compute cumulative relative frequencies
Ty ey Mh—1-

6: Obtain quantiles gx,, ..., gz, _, of OOB predictions ¢;*",7 = 1,...,n,
for probabilities 7y, ..., Tx_1.

7: Assign category borders (by, bo, ..., by, bpi1) < (31, Qirys - oo s Qs s sk).

8: return ET model and category borders

9: end procedure

Algorithm 6 Frequency-Adjusted Borders Conditional Inference Forest (fabCF)
1: procedure FABCF

2: Unless specified otherwise, use scores (s1, S2, ..., Sk) < (1,2,..., k).

3 Train regression CF on numeric target y™™ € {s1,59,..., 8¢}, i =1,...,n.

4: Compute numeric OOB predictions ;™. 7 = 1, ..., n, using CF model.

5 For categories up to category k, compute cumulative relative frequencies
7AT17 Ce ,’ﬁ'k_l.

6: Obtain quantiles ¢z, , . . ., gz, _, of OOB predictions ¢"™,7i = 1,...,n,
for probabilities 7y, ..., Tx_1.

7: Assign category borders (b, b, ..., by, bes1) < (1, @iy - Qrprs Sk)-

8: return CF model and category borders

9: end procedure
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5.1.3 Simulation Setup

For showcasing both prototypes, I performed a small simulation experiment based on
parts of the simulation setup of the second article of this thesis (Buczak, 2025). To
this end, I simulated 2500 observations of 15 standard normally distributed predictors
Xi,...,X15. The predictors were simulated as uncorrelated. As in Buczak (2025), the
ordinal five-category outcome was simulated from a proportional odds model where
(omitting the person indices for readability) the linear predictor ' 3 was determined
by

1, e (-1,1
.’BT,B = 1 ( } + ]1352>0 + 075373 + 0255(]3 + 075.134
-1, z1 ¢ (-1,1]

+ 0.25 - ]1302>0.5/\x4§0.5 + 051'5 + 051'6

As such, six of the 15 predictors were influential, while the remaining nine predic-
tors were only noise. Similar to Buczak (2025), I have also considered two different
response category distribution patterns: a pattern with equally distributed categories
and a pattern with prominent middle categories. For generating these patterns, I have
used the same approach as in the second article of this thesis (Buczak, 2025) to which
I refer for further details. From the datasets generated as described above, 2/3 of
the data points were used for training the model while the remaining 1/3 data points
were used for evaluation. Predictive performance was assessed with Cohen’s weighted
Kappa (Cohen, 1968) as it is a commonly used measure for ordinal prediction (see, e.g.,
Ben-David, 2008; Hornung, 2019). Through different weighting schemes, deviations
between true and predicted categories can be accentuated differently (see Hornung,
2019, for a more detailed discussion). Common weight choices for ordinal prediction
include linear and quadratic weights (Ben-David, 2008; Hornung, 2019). As an ad-
ditional performance measure, I consider Kendall’s rank correlation (Kendall, 1948).
As a benchmark method for fabCF, I have included regular CF (supporting ordinal re-
sponses), while for fabET I have included multi-label classification ET and a naive
regression ET approach. Naive ET uses the default scores 1,2,3,4,5 and category
borders —oo, 1.5,2.5,3.5,4.5, 00 (cf. naive OF from the ordinalForest package;
Hornung, 2022). Additionally, I have included fabOF as a further benchmark method.
Since all approaches are RF-type algorithms which are relatively robust (see Probst et
al., 2019), I did not perform a hyperparameter tuning, but used the respective default
values instead. Since this simulation was only meant to be a proof-of-concept, I only
performed 100 replications.
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5.1.4 Simulation Results and Outlook

Figure 5.1 shows the results for the small simulation study. It can be seen that both
fabCF and fabET improved upon their counterparts, i.e., fabCF reached higher predic-
tive performance than regular CF, while fabET improved upon (multi-label classifica-
tion) ET and naive ET. The differences were particularly pronounced when the distribu-
tion of the response categories followed the wide middle pattern. Between CF and ET,
the relative improvement when applying the frequency-adjusted borders heuristic was
greater for ET which does not support ordinal responses compared to CF which already
supports ordinal responses to a degree. The performance of naive ET shows that it is
not a viable alternative to multi-label classification ET, and that further adjustment is
needed as realized by the heuristic in fabET. Even though all approaches stayed notably
or slightly behind fabOF in terms of predictive performance, this simulation experiment
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Figure 5.1: Predictive performance of fabCF and fabET extensions for different re-
sponse distribution patterns. Note. nET: naive Extra-Trees.
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demonstrates the promising potential of employing the frequency-borders heuristic for
other RF-type prediction methods.

Future work could build upon these findings to study the performance of fabET and
fabCF in more diverse data scenarios. This could include expanding the simulation
settings, introducing further data generating processes as well as benchmarking the
predictive performance on a variety of real datasets. In particular, it would be of interest
to study whether the beneficial properties for which ET (bias/variance trade-off) and CF
(avoidance of variable selection bias) are favored in certain data scenarios carry over
to fabET and fabCeF, respectively. This could help in working out their use cases and
establishing their position next to fabOF.

5.2 Extension for XGBoost

5.2.1 Motivation

The previous section provided a proof-of-concept for extending the frequency-adjusted
borders heuristic to other RF-type algorithms. However, the modularity of the fabOF
method also allows for employing ML methods apart from RF-type algorithms. De-
pending on the data application at hand, other MLL methods may lead to higher predic-
tive performance. Another powerful class of ML models are boosting methods which
are briefly presented in the following (influenced by the description in Hastie et al.,
2009). Boosting methods aim to iteratively combine models of a weak learner (e.g., a
regression tree) in an additive manner to arrive at an improved ensemble model ggoost ()
with

gboost(wi) = CﬁH (ZUZ‘; (9@) s 7 = 1, Lo,n,

Mh

=1
where (, € R denotes the coefficient of the ¢-th base learner model H (x;; 0;) with
parameters ¢, € ©,¢ = 1,... L (Hastie et al., 2009). The base learner models
are added iteratively such that a pre-specified loss function £ (y;, g(x;)) is optimized.
A common loss function for regression tasks is, e.g., the squared error loss function
Lo (Yir g(x:)) = (yi — g(=:))?, i = 1,...,n (Hastie et al., 2009). To limit the com-
putational complexity of the optimization, the coefficients and model parameters of
already added base models are fixed and only the coefficient (;, and model parameters
6, of the model to be added are optimized (also known as forward stagewise additive
modeling; Hastie et al., 2009). For the /-th step, the coefficient (, and base learner
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model parameters 6, are determined by
(Cer ) = argmin D £ (yi, ge-a(w:) + CH (@350)), (=1,..., L
Toi=1

(Hastie et al., 2009). The model is then updated through
gé(wJ = ngl(wz) +C€H(w179€)7 L= 17' <oy T (= 17 s 7L

(Hastie et al., 2009). A major class of boosting algorithms are gradient boosting al-
gorithms (Friedman, 2001) which use the gradient descent method for the stagewise
optimization procedure. Since the gradient of the loss function is only defined at the
training data points, a base learner model (e.g., a regression tree) is trained on the so-
called pseudo-residuals &;; with

éifz_[w} yi=1,....n; 0=1,...,L,
Og(:) 9=90-1

to approximate the negative gradient, while the corresponding step length is determined
via line search (Hastie et al., 2009). The number of added base learner models L, i.e.,
the number of boosting iterations, is a crucial parameter of boosting algorithms. If L is
set too high, the risk of overfitting increases (Hastie et al., 2009). For further reducing
the risk of overfitting, Friedman (2001) suggested the use of a learning rate parame-
ter v € (0, 1] which limits the impact of newly added tree models. Typically, optimal
choices for L and v are determined through a hyperparameter tuning. For more infor-
mation on gradient boosting, I refer to Friedman (2001) and Hastie et al. (2009). A par-
ticularly high performing and popular implementation of gradient boosting is XGBoost
(XGB; Chen & Guestrin, 2016). XGB additionally introduces several measures aimed
at reducing the risk of overfitting: employing a regularized loss function, shrinking the
influence of newly added trees (learning rate) and subsampling predictors similar to RF
(Chen & Guestrin, 2016). Furthermore, several techniques are used to make the split-
ting process of the tree models faster and more memory-efficient. For further details,
I refer to Chen and Guestrin (2016). XGB has been shown to achieve high predictive
performance on a variety of datasets and could often outperform RF and neural net-
works for tabular data (see, e.g., Grinsztajn et al., 2022; Shwartz-Ziv & Armon, 2022).
Therefore, extending the frequency-adjusted borders heuristic of fabOF to XGB seems
promising as it would potentially allow for harnessing the predictive power of XGB for
ordinal prediction. I will propose and evaluate a corresponding prototype method in the
following.
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5.2.2 Extension Prototype

For extending the frequency-adjusted borders heuristic to XGB, I introduce Frequency-
Adjusted Borders XGBoost (fabXGB) as described with pseudocode (based on pseu-
docode from Buczak, 2025) in Algorithm 7. Generally, fabXGB follows the flow of
fabOF, but replaces the internal regression RF model by a regression XGB model. In
contrast to the fabET and fabCF prototypes, fabXGB requires further adjustment as
XGB does not offer the possibility of computing OOB predictions. To avoid the possi-
ble risk of overfitting, fabOF’s heuristic was designed to determine its category borders
based on the OOB predictions such that it mimicks the use of an external dataset. If
OOB predictions are not available, one would therefore need to set aside a validation
subset of the data beforehand if the category borders are to be based on data not used
for training the respective model. However, neither the XGB model nor the category
borders could make use of the full information in the original data. This appears partic-
ularly impractical for small datasets. The alternative approach would be to rely on the
training data predictions to determine the class borders instead. While potentially being
more prone to overfitting, this solution appears more feasible when data is limited and
one aims to make use of the full information contained in the data. Another minor dif-
ference between fabXGB and fabOF lies in the selection of the outer category borders
by and by 1. While for the latter, s; and s, were viable choices, the XGB model could
output values smaller than s; or greater than s;. Therefore, fabXGB relies on —oo and
oo as outer borders, respectively.

Algorithm 7 Frequency-Adjusted Borders XGBoost (fabXGB)
1: procedure FABXGB

2: Unless specified otherwise, use scores (s, S, ..., Sg) < (1,2,..., k).
3 Train regr. XGB model on numeric target /"™ € {s1,S2,...,Sc}, 0 =1,...,n.
4: Compute numeric training predictions y;"™, ¢ = 1, ..., n, using XGB model.
5 For categories up to category k, compute cumulative relative frequencies
7%17 e 77%16—1'
6: Obtain quantiles gz, , . . ., gz, _, of predictions y"™, 7 =1, ..., n, for
probabilities 7y, ..., Tx_1.
Assign category borders (by, by, . .., by, byi1) < (=00, Gay, . - -, Qa5 00).
8: return XGB model and category borders

N

end procedure
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5.2.3 Simulation Setup

To showcase fabXGB, I have performed a simulation experiment similar to Section 5.1
in which I compared the predictive perfomance of fabXGB, multi-label classification
XGB, a naive regression XGB (i.e., a regression XGB model with category scores
1,2,..., k and category borders 0.5, 1.5, . . ., k+0.5) and fabOF. To this end, I have gen-
erated data according to the same data generating process as described in Section 5.1.3.
However, as XGB requires the specification of several hyperparameters, I have addi-
tionally performed a hyperparameter tuning. For the list of hyperparameters considered
for tuning as well as their respective search spaces, I refer to Table 6.1 in the Ap-
pendix. The hyperparameters were tuned using a 3-fold cross-validation on the training
data. From 500 randomly generated hyperparameter configurations, the configuration
leading the the highest cross-validated linearly weighted Kappa value was selected as
the optimal configuration. The optimal hyperparameter settings were then used to re-
train the model on the entire training data such that it could be evaluated on the test
data. For the sake of comparison, I have applied the same tuning procedure to fabOF
(see Table 6.1 in the Appendix for respective hyperparameters and search spaces). For
both fabXGB and fabOF, I used the default values of the implementations from the
xgboost (Chen et al., 2024) and the ranger (Wright & Ziegler, 2017) packages,
respectively. In particular, the squared error was used as the loss function for XGB’s
regression tree models. The simulation study was based on 100 replications.

5.2.4 Simulation Results and Outlook

Figure 5.2 shows that fabXGB outperformed XGB and naive XGB for all three per-
formance measures. The differences between between fabXGB and naive XGB were
most pronounced for Cohen’s weighted Kappa and less for Kendall’s rank correlation,
while the disparities between fabXGB and XGB were mostly consistent across the three
measures. Furthermore, fabXGB also achieved slightly higher predictive performance
than fabOF for the data considered here. As such, this simulation experiment (along
with the experiments for fabET and fabCF) demonstrates the promising potential of ex-
tending the frequency-borders heuristic to other ML methods. Particularly the results
for fabXGB indicate that the heuristic can well be extended to methods beyond RF.
To foster future research, I will therefore propose a model-agnostic extension variant of
the frequency-adjusted borders heuristic in the next section. Regarding fabXGB specifi-
cally, future work could investigate the performance of fabXGB more thoroughly based
on expanded simulation settings and real datasets. Since XGB requires the specification
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of many hyperparameters, future work could also investigate how sensitive fabXGB re-
acts to the choice of given hyperparameters, and whether, e.g., the transformation of
the numeric predictions into ordinal response categories somewhat affects the impact
of hyperparameter choices compared to regular XGB.
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Figure 5.2: Predictive performance of fabXGB extension for different response distri-
bution patterns. Note. nXGB: naive XGBoost.
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5.3 Frequency-Adjusted Borders Ordinal Prediction Framework

The previous sections have demonstrated that fabOF’s modular design can be success-
fully adapted for developing ordinal prediction methods based on ML methods other
than RF. Motivated by the promising results of the fabET, fabCF and fabXGB proto-
types, I therefore propose the Frequency-Adjusted Borders Ordinal Prediction Frame-
work, a model-agnostic framework that offers a blueprint for using the frequency-
adjusted borders heuristic with any regression-based ML method. The framework un-
derlines the broad applicability of the frequency-borders heuristic and can serve as a
reference for the development of a wide variety of ordinal prediction methods in future
work. It is described with pseudocode in Algorithm 8 inspired by fabOF’s pseudocode
in Buczak (2025). The framework follows the logic of fabOF and the extensions in-

Algorithm 8 Frequency-Adjusted Borders Ordinal Prediction Framework

1: Unless specified otherwise, use scores (s1, So, ..., Sk) < (1,2,...,k).
2: Train regression ML model on numeric target y!™ € {s1, S2,...,Sx},i = 1,...,n.
3: Compute numeric predictions y;"", ¢ = 1, ..., n, using ML model.
4. For categories up to category k, compute cumulative relative frequencies
Ty ey Th1-
5: Obtain quantiles gx,, ..., gz, _, of predictions ¢*",7 =1, ..., n, for
probabilities 7y, . .., Tr_1.
6: Assign category borders (by,bo, ..., bg, bry1) < (—oo, Qs s Qs s oo).

7: return ML model and category borders

troduced above, but leaves the internal ML model unspecified. Further, the type of
predictions used for determining the category borders is also left unspecified. When
available (as, e.g., in RF-type methods) OOB predictions can be used and would be
recommended. Otherwise, one can use the training predictions instead or rely on a
separate set of data. Future work would need to assess how prone to overfitting the
strategy of using the training predictions is. While the results from the small simula-
tion for fabXGB indicated promising results, a more encompassing simulation study is
needed in the future. Moreover, future research could employ the Frequency-Adjusted
Borders Ordinal Prediction Framework for other regression-based ML methods than
the ones considered in this thesis, e.g., support vector regression or neural networks.

Additionally, future work could also consider implementing custom VIMs akin to the
permutation VIM proposed for fabOF (see Buczak, 2025). To this end, one could use
the model-agnostic blueprint provided by Fisher et al. (2019) that served as the inspi-
ration for fabOF’s VIM. As such, future ordinal prediction models developed based
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on the Frequency-Adjusted Borders Ordinal Prediction Framework could be enhanced
with additional functionality regarding the models’ interpretability.

5.4 Mixed-Effects Frequency-Adjusted Borders Ordinal Prediction
Framework

In a similar fashion to how the the Frequency-Adjusted Borders Ordinal Prediction
Framework extended the frequency-adjusted borders heuristic to arbitrary regression-
based ML learners, one can likewise generalize mixfabOF (Buczak, 2024). Since
mixfabOF was designed with a comparable degree of modularity as fabOF, the in-
ternal regression RF model used to estimate the fixed effect component can well be
replaced by another ML method. This would allow for developing a wide variety
of ordinal prediction methods for hierarchical data which in turn helps in finding the
best fitting method for the data application at hand, e.g., regarding predictive perfor-
mance, the variance/bias trade-off or variable selection bias. To this end, I propose
the Mixed-Effects Frequency-Adjusted Borders Ordinal Prediction Framework. The
model-agnostic framework is described through pseudocode in Algorithm 9 as inspired
by mixfabOF’s pseudocode in Buczak (2024). It differs from the original pseudocode
of mixfabOF (cf. Algorithm 4) by replacing the regression RF model with an arbi-
trary regression-based ML model as well as leaving the type of predictions used for
the category borders unspecified. Similar to the Frequency-Adjusted Borders Ordinal
Prediction Framework (Section 5.3), one can either use OOB predictions (if available),
training predictions or predictions obtained from a separate set of data. For further dis-
cussion of this matter, I refer to Sections 5.2.2 and 5.3. The Mixed-Effects Frequency-
Adjusted Borders Ordinal Prediction Framework can be used to guide future research
of novel ordinal prediction methods that can take hierarchical data structures into ac-
count. It should be noted that similar to mixfabOF, the estimation of the random effects
component takes place at the numeric level, i.e., where the ordinal response categories
are represented through numeric scores. Consequently, the specifiable random effects
are currently limited to random effects known from a LMM. In particular, random ef-
fects originating from the ordinal regression literature such as random thresholds are
not supported as of yet (cf. discussion in Section 6).

As a proof-of-concept, I have implemented a prototype of Mixed-Effects Frequency-
Borders XGBoost (mixfabXGB) which is described through pseudocode in Algorithm 11
as inspired by pseudocode from Buczak (2024) in the Appendix. The mixfabXGB
prototype follows the Mixed-Effects Frequency-Adjusted Borders Ordinal Prediction
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Algorithm 9 Mixed-Effects Frequency-Adjusted Borders Ordinal Prediction Frame-
work

1: Unless specified otherwise, assign scores (s1, Sg, ..., Sk) < (1,2,..., k).

2: Create yj"", j = 1,...,m, by assigning scores to ordinal response categories.

3: Setlt—O,D(o)ZIannj,’lfl,jv(O):Onj,jZL...,m

4: while it <max.iter and not convergeddo

5: it=1it+1

6: Update y'% f(lt (X ;) and (1)

7 @Eu(r?t) y;" — Zjic—1),J = 1,.

8 Obtain f i) (X;) by ﬁttmg a regression ML model to y( ) and covariates X.

9: u](lt):D(lt I)Z V J(it—1) < Y; _f(it ( 4))7j:17"'7m7
whereVMitfl) ZD(lt 1)Z —1—0(2 Lnxn-

10:  Update &(21'15) and D(it):

U(lt = ZEJ (it) ej (it) +O(1t 1) (nj - &(Qit )trace (V (it— 1)>>
j 1

~ ~ ~ ~ =1 ~
D) = Z {UJ it) Z(it) + <D(it71) - D(itq)ZjTVj,(it_l)ZjD(itq))} ;
where EJJ (1t) = num f(lt ( ) — Zj'ﬁ%(it).
11: Check convergence usmg GLL criterion.

12: end while .

13: Compute numeric fixed effects predictions f(X ;) with final ML model,
J=1. .

14: Compute numeric predlctlons Uit =f(X;) + Zu;,j=1,...,m

15: For categories up to category k, compute cumulative relative frequencies

Tyeee s The1-

16: Obtain prediction quantiles ¢, . . ., g, , of numeric predlctlons g™ for
probabilities 71, ..., Tp—1, 1 =1,...,m5,5 =1,.

17: Assign category borders (by, by, . . . , by, bk+1) — (—oo, erl, /7 oo).

18: return ML model, final random effect estimates and category borders
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Framework and uses a regression XGB model as the internal ML model. Similar to
fabXGB, the numeric training predictions are used for obtaining the category borders.
I will showcase the mixfabXGB prototype through a small simulation study in the fol-
lowing.

5.4.1 Simulation Setup

The proof-of-concept simulation study for mixfabXGB was based on the simulation
framework from Hajjem et al. (2012), Salditt et al. (2023) as well as the third article of
this thesis (Buczak, 2024). To this end, I generated data for 100 clusters where the train-
ing data contained between 25 and 35 observations for each cluster, while the test data
contained a fixed count of 25 observations per cluster. I simulated nine standard nor-
mally distributed predictors X1, ..., Xo9 ~ N(0,1) with Cor(X,, X,y) = 0.4 Vv, v’ =
1,...,9 where v # v’ (omitting person and cluster indices for readability in this in-
stance). The numeric outcome for person ¢ in cluster j was simulated according to the
random intercept population model

Y = f(@ig) + uj + €ij,

where x;; denotes the covariate values and f(x;;) the fixed effects component for per-
son ¢ in cluster j, u; the random intercept of cluster j and ¢;; the corresponding error
term with ¢ = 1,...,n;,7 = 1,...,m. The fixed effect component was generated
through

f@ig) = 2a135 + 55 + 4 Ly im0+ 21og (|715]) 3,55

(Hajjem et al., 2011). Inspired by Salditt et al. (2023), the random intercepts u;, j =

1,...,m, were drawn from a normal distribution specified by with expected mean
ft, = 0 and variance 02 = r<c=. Values for ICC (intraclass correlation) were varied

between 0.25 and 0.5 to investigate medium and large random effect variability. The
error terms €;5,% = 1,...,n;,7 = 1,...,m, were drawn from a standard normal distri-
bution. The numeric outcome was transformed into an ordinal response by binning the
values into five ordinal categories. Similar to the simulation setups above, I investigated
two different response category distribution patterns: a pattern with equally distributed
categories and a pattern with prominent middle categories (wide middle). For more
details, on the specific binning values and how these patterns were created, I refer to
the third article of this thesis (Buczak, 2024). Contrary to the simulation of in Buczak
(2024), the cluster indicator variable was not included as a predictor since XGB only
supports numeric predictors. While workarounds such as dummy encoding would have
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5.4 Mixed-Effects Frequency-Adjusted Borders Ordinal Prediction Framework

been possible, this would have greatly inflated the number of predictors. As the pur-
pose of this simulation study was mainly to provide a proof-of-concept, I have therefore
refrained from such workarounds to limit the computational burden. I compared mix-
fabXGB with a multilabel classification XGB model, fabXGB and mixfabOF. Similar
to the simulation study in Section 5.2, I performed a hyperparameter tuning based on
a 3-fold CV using the training data. The data were split at the cluster-level such that
the folds were guaranteed to contain observations from all clusters. I considered the
same hyperparameters and respective search spaces as in Section 5.2 (cf. Table 6.1 in
the Appendix).

5.4.2 Simulation Results and Outlook

Since the response category distribution pattern did not notably impact the results, I
am only showing results for equally distributed categories in the following. For the
remaining results, I refer to Figure 6.1 the Appendix. Figure 5.3 shows that mix-
fabXGB could successfully improve upon XGB and fabXGB in the presence of medium
(ICC = 0.25) and more so for high (ICC = 0.5) random effect variability. Compared
to mixfabOF, mixfabXGB reached similar predictive performance values. These are
promising findings as they indicate the widely applicable potential of extending any
regression-based ML method to ordinal prediction with hierarchical data. Future work
could use the Mixed-Effects Frequency-Adjusted Borders Ordinal Prediction Frame-
work as a blueprint for developing analogous methods based on, e.g., ET and CF as
considered above, or further ML methods such as support vector regression, neural
networks, etc. Similarly, one could enhance the interpretability of such methods by
implementing custom permutation VIMs inspired by mixfabOF’s permutation VIM.
Regarding mixfabXGB in particular, future work could assess its performance in more
extensive simulation and real data experiments as well as investigate the impact of the
hyperparameters of the underlying XGB model (cf. fabXGB’s future work outlook in
Section 5.2.4.
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Figure 5.3: Predictive performance of mixfabXGB extension for equally distributed re-
sponse categories.
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5.5 Multivariate Frequency-Adjusted Borders Ordinal Forest

So far, all methods proposed in this thesis are concerned with predicting a univariate
ordinal response. In some applications, however, it may be of interest to predict an
outcome vector Y = (Y(l), e ,Y(d))T of dimensionality d > 2. For example, one
may be interested in predicting the performance of students in multiple related sub-
jects (e.g., mathematics and natural sciences) or the self-reported health status along
several dimensions (e.g., different symptoms of depression). In such cases, it is plau-
sible that the individual outcomes are correlated and therefore, it may be of interest to
capture these dependencies through a multivariate modeling and prediction approach.
In practice, multivariate prediction tasks are also often addressed by fitting d univari-
ate models which separately predict the individual outcome components. While this
represents a simple solution to the multivariate prediction problem, especially when
multivariate extensions of a given method do not exist, the dependencies between the
outcome components are ignored. Which of these approaches, i.e., multivariate pre-
diction or component-wise univariate prediction, yields better predictive performance
usually depends on the data. For RF-type methods, Schmid et al. (2023) compared both
approaches for several data situations. In their simulation study, the authors found that
for multivariate outcomes multivariate approaches mostly performed at least as well
as component-wise univariate approaches and often better (Schmid et al., 2023). Only
when the data generating processes differed between the components, component-wise
univariate approaches outperformed multivariate approaches. For the real datasets con-
sidered by the authors, the results were more mixed (Schmid et al., 2023).

One possible way of extending fabOF to the multivariate case is sketched in Algo-
rithm 10. This prototype will be referred to as Multivariate Frequency-Adjusted Bor-
ders Ordinal Forest (multifabOF) in the following. For each ordinal outcome compo-
nent, the ordinal categories are represented by numeric scores, respectively, leading to
a multivariate numeric outcome vector for each observation. Based on the numeric
outcome vectors, a multivariate RF model is trained. Multivariate regression trees
and RF have been studied, e.g., in De’ath (2002) and Segal and Xiao (2011). Im-
plementations in R include the randomForest SRC (Ishwaran & Kogalur, 2024) and
MultivariateRandomForest (Rahman, 2017) packages. The RF model is used
to compute OOB predictions ¢;"",i = 1,...n, for all observations. To determine the
category borders, the frequency-adjusted borders heuristic is employed for each ordinal
outcome component separately. As such, each ordinal outcome component is associ-
ated with a separate set of category borders b§">, ceey bgs)) 1 that can be used for obtaining

predictions for new observations.
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Algorithm 10 Multivariate Frequency-Adjusted Borders Ordinal Forest (multifabOF)
1: procedure MULTIFABOF

2: Unless specified otherwise, use scores (3(10), sgo), e s,i?) —(1,2,... k).

3: Create multivariate numeric target y;"™,¢ = 1, ..., n, based on assigned scores.

4: Train multivariate regression RF using y*™,7 = 1,.. ., n, as target.

5: Compute numeric OOB predictions y; ", 7 = 1, ... n, using RF model.

6: foroinl,...,ddo

7: For categories up to category k,, compute cumulative relative frequencies
ﬂo), Ces 7%,(;;)71 for outcome component o.

8: Obtain prediction quantiles qé‘i), ceey qu)n_l of component predictions
A?"m’(o),i =1,...n, for probabilities #\”, . .. ,ﬁ,ij)_l.

9: Assign outcome component category borders

<b§o>7 0 b, b,ﬁ‘:)+1> — (—oo, @ d) oo).
10: end for

11: return RF model and category borders
12: end procedure

For future work, the proposed multifabOF prototype could be implemented and evalu-
ated via simulation and on real data. In particular, it should be compared with a pre-
diction approach that fits d fabOF models to each of the d ordinal response vector com-
ponents. A key consideration for implementing multifabOF will likely be the selection
of the splitrule of the multivariate RF model. Different distance measures have been
studied to quantify the impurity of nodes for multivariate responses, e.g., Euclidean dis-
tance (Segal & Xiao, 2011), Mahalanobis distance (Larsen & Speckman, 2004), Earth
Mover and Mallows distance (both D’ Ambrosio et al., 2017). Future work could in-
vestigate which of these splitrules is particularly suitable for multifabOF. Additionally,
future work could explore further adjustments to the frequency-adjusted borders heuris-
tic to better reflect the multivariate nature of the outcomes considered in this section.
While the multifabOF prototype relies on a multivariate RF that can take dependencies
between outcome components into account, the category borders are not determined
in a strictly multivariate fashion as separate category borders are computed for each
ordinal component. Therefore, one could investigate how the frequency-adjusted bor-
ders heuristic can be reworked such that the category borders are also determined in
a multivariate manner, i.e., simultaneously for all ordinal outcome components. Once
successfully implemented, multifabOF could then be generalized to develop a model-
agnostic framework for multivariate ordinal prediction in the spirit of the frameworks
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5.5 Multivariate Frequency-Adjusted Borders Ordinal Forest

presented in Sections 5.3 and 5.4.

Nevertheless, the component-wise computation of category borders may lend itself for
adaptation in the context of mixed-outcome prediction where only d’ < d components
of the vector-valued outcome are ordinal while the remaining d — d’ components are
of another type (e.g., numeric, categorical). Mixed-outcome prediction tasks have been
investigated, e.g., in Dine et al. (2009) and Saha et al. (2017). In the case where the re-
maining outcome components are numeric for example, one could modify Algorithm 10
such that after fitting the multivariate RF model (lines 6-10 in pseudocode), category
borders are only determined for the d’ ordinal components. For predicting new observa-
tions, the numeric prediction vector obtained from the multivariate RF model is handled
such that only the corresponding d’ ordinal components are transformed back into the
respective ordinal categories through their individual set of category borders, respec-
tively. For more complex outcome combinations, future work could explore whether
existing approaches for mixed-outcome prediction such as Dine et al. (2009) could be
adapted for multifabOF.
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6 Discussion

The prediction of ordinal responses is an ever-occurring task in the life and social sci-
ences. Recent years saw the evolvement of a novel methodological stream of ordinal
prediction methods based on ML (e.g., Hornung, 2019; Janitza et al., 2016; Tutz, 2021)
which complements the more traditional stream of parametric models such as the pro-
portional odds model (McCullagh, 1980). The present thesis consisting of three articles
contributed to the literature on ordinal prediction by introducing three novel tree-based
prediction methods: the Ordinal Score Optimization Algorithm (OSOA; Buczak et al.,
2024), Frequency-Adjusted Borders Ordinal Forest (fabOF; Buczak, 2025) and Mixed-
Effects Frequency-Adjusted Borders Ordinal Forest (mixfabOF; Buczak, 2024). Fur-
ther, the first article of this thesis (Buczak et al., 2024) filled the need for an extensive
comparison study of tree ensemble methods for ordinal prediction and a parametric
model based on simulation and real data. All three methods proposed in the articles of
this thesis follow the underlying idea of Ordinal Forest (OF; Hornung, 2019) of repre-
senting the ordinal response categories through category-specific intervals and numeric
category scores. Using the numeric scores as a proxy outcome, a regression RF model
is fit whose (numeric) predictions can be translated back to ordinal response categories
via the category borders. While OF takes the ordinal nature of the responses better
into account than multi-label classification RF, it is also characterized by an extensive
optimization procedure for deriving suitable category borders and scores as well as a
rigid link between category borders and scores. The methods proposed in the three ar-
ticles of this thesis operate within the same framework as OF, but aim to progressively
improve upon its limitations. Whereas OSOA modifies OF’s optimization procedure
through a non-linear optimization algorithm, fabOF removes the need for an extensive
optimization altogether and decouples the category borders and scores for more flexi-
bility. Finally, mixfabOF extends fabOF to ordinal prediction with hierarchical data. 1
will discuss each of these methods as well as the generalizations and further extensions
additionally developed over the course of this thesis in more detail in the following.
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6.1 Ordinal Score Optimization Algorithm and Comparison of
Tree Ensembles with Parametric Model

The OSOA method proposed in the first article of this thesis (Buczak et al., 2024)
modified OF’s optimization procedure. Whereas the original optimization procedure of
OF first randomly generates a large number of category border sets and evaluates the
predictive performance achieved when using them. While OF tries to include diverse
category border candidates, the optimization procedure cannot react to the predictive
performance achieved by the individual category border sets and can only determine
which of the pre-generated candidates performed best. By employing a non-linear opti-
mization algorithm instead, the aim of OSOA was to modify the optimization procedure
of OF such that the optimizer could explore the solution space and focus on promising
regions. Having hoped that OSOA would consequently find better solutions which in
turn yield better predictive performance, we instead found that OF and OSOA achieved
mostly similar performance (Buczak et al., 2024). Furthermore, the benefit of the ex-
tensive optimization procedures in OF and OSOA was found to be situational as they
could not consistently outperform a naive OF model which relied on the numeric scores
1,2, ...,k with category borders 0.5, 1.5, ...,k 4+ 0.5. A possible reason for the lack-
ing benefit of the score optimization could be the prediction scheme of OF and OSOA
which already transforms the numeric predictions into ordinal predictions at the tree-
level and then aggregates the ordinal predictions at the forest-level. This may have
limited the impact of the numeric score choices if the terminal nodes in the underlying
regression trees were mostly pure, i.e., containing almost only observations from the
same ordinal category and thus with the same numeric score (Buczak et al., 2024). As a
remedy, An alternative prediction scheme was studied in the second article of this thesis
(Buczak, 2025). Another reason of the situational optimization benefit may lie in the
optimization criterion used for assessing the predictive performance of the candidate
category border sets. OF and OSOA both optimize Youden’s J (Youden, 1950) which
only takes the specificity and sensitivity of the classification behavior per response cat-
egory into account. As such, it is not a truly ordinal criterion. In particular, it does not
award category predictions closer to the true category with higher performance than cat-
egory predictions far from the true category. Therefore, future work should explore the

use of other optimization criteria which take the ordinality of the response into account
(Buczak et al., 2024).

Apart from proposing OSOA, the first article further contributed to the literature through
an encompassing comparison study of tree-based ensemble methods and a proportional
odds model for ordinal prediction. To this end, different data generating processes with
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varying compositions of linear and non-linear effects as well as varying response cate-
gory distribution patterns were employed. While tree ensemble methods outperformed
the proportional odds model for strong non-linear effects and for large sample sizes as
expected, the proportional odds model was also found to be quite competitive for small
non-linear effects and small sample sizes. For linear effects only, the proportional odds
model notably outperformed the tree ensemble methods as expected. The insights from
our comparison also allowed us to contribute general guidelines for approaching ordi-
nal prediction in practice (particularly when computational resources are limited) that
we hope prove useful for practitioners and researchers alike (Buczak et al., 2024).

6.2 Frequency-Adjusted Borders Ordinal Forest

The first article of this thesis indicated the need for further methodological development
and additionally laid out which aspects required further attention, particularly regarding
the prediction scheme used in OF and OSOA. Building on these insights, the second ar-
ticle of this thesis (Buczak, 2025) proposed fabOF which differs from OF and OSOA as
follows. First, it introduces an alternative prediction scheme. While OF and OSOA ob-
tained predictions for new observations by transforming the numeric predictions of the
internal RF model into ordinal response category predictions at the tree level and aggre-
gating them into a combined category prediction at the forest level, fabOF reverses the
order of transformation and aggregation. As such, the numeric predictions from the in-
ternal regression RF model are first aggregated to obtain a combined numeric prediction
which is transformed into an ordinal response category at the forest level. The former
approach was referred to transform-first-aggregate-after (TFAA) prediction, while the
latter was referred to aggregate-first-transform-after (AFTA) prediction (Buczak, 2025).

Apart from changing the prediction scheme, fabOF further decoupled the category bor-
ders and numeric scores. Whereas OF and OSOA linked the borders and scores such
that the category scores were always selected as the midpoints of the category inter-
vals, respectively, fabOF seperates borders and scores. This allows for more flexible
modeling of the category borders and scores (Buczak, 2025). Instead of employing a
computationally expensive optimization procedure for determining its category borders
and scores, fabOF relies on a frequency-based heuristic. To this end, default scores
of 1,2,...,k are assigned to the k ordinal categories, and used to fit a regression RF
model. The category borders are chosen as the quantiles of the numeric OOB predic-
tions obtained from the RF model for probabilities corresponding to the cumulative
relative frequencies of the ordinal response categories in the training data (Buczak,
2025).
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Through simulation and an illustrative data example, I could demonstrate that fabOF
can improve upon existing ordinal prediction methods in predictive performance as
well as computational runtime. The runtime advantage over methods such as Split-
based Ordinal Forest (Tutz, 2021) which fits £ — 1 RF models as well as OF and OSOA
which perform an expensive optimization is explained by the fact that fabOF only needs
to fit a single RF model. Regarding the performance advantage, a contributing factor
is the replacement of TFAA prediction through AFTA prediction. When similarly us-
ing OF with AFTA instead of TFAA prediction, I observed consistent improvement in
predictive performance (Buczak, 2025). Perhaps one explanation for this is that aggre-
gating the numeric predictions instead of transforming them at the tree-level already
helps in discerning finer differences between individual observations. From a method-
ological perspective, the numeric forest-level prediction may also be associated with
less variability than the individual numeric tree-level predictions. As such, it could
prove beneficial to not transform the numeric predictions into ordinal categories until
the forest-level. The simulation and real data experiments also revealed that fabOF’s
frequency-adjusted borders heuristic contributes to the observed performance advan-
tages. This could be explained by the fact that fabOF’s category borders are directly
informed by the empirical distribution of the ordinal response categories. As such, the
heuristic proved particularly useful for settings in which the response categories were
not distributed equally (Buczak, 2025).

6.3 Mixed-Effects Frequency-Adjusted Borders Ordinal Forest

In the third article of this thesis (Buczak, 2024), I extended fabOF to the case of ordinal
prediction for hierarchical data, i.e., when observations are nested within clusters. As
hierarchical data structures are a common occurrence in the social and life sciences,
developing a suitable ordinal prediction based on fabOF promised the potential of sub-
stantial applicability. The proposed mixfabOF method combines the Mixed-Effects
Random Forest (MERF; Hajjem et al., 2012) approach with the logic of fabOF. To
this end, the ordinal response categories are represented by the numeric default scores
1, ..., k and used within an Expectation Maximization (EM; see Dempster et al., 1977)
estimation procedure. The procedure alternates between estimating the fixed effects
component (through a regression RF) and the random effects component while assum-
ing the other as known, respectively. Based on the final RF fit and the final random
effects estimates, numeric predictions for the training data are computed and used to
obtain category borders in a similar manner as in fabOF (Buczak, 2024).

Through simulated and real data, I demonstrated that mixfabOF could improve upon
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fabOF and other methods for (hierarchical) ordinal prediction in the presence of medium
and strong random effect variability. This finding revealed the benefit of exploiting the
information contained in the hierarchical structure of such data for ordinal prediction
(Buczak, 2024). Since the frequency-adjusted borders heuristic of fabOF could be com-
bined with MERF in a quite modular fashion, the third article also demonstrated the
versatility of fabOF’s heuristic. Future work could study the performance of mixfabOF
for more complex random effect structures than the random intercept model considered
in the third article of this thesis. For example, a natural choice would be to use a random
slope model as well. While mixfabOF should likely not run into issues when including
random slopes, the underlying LMM does not allow for random effect structures that
are unique to ordinal regression models such as cluster-specific thresholds as described
in Tutz and Hennevogl (1996). To capture the spirit of such effect structures, one could
explore allowing for cluster-specific category borders (Buczak, 2024). In the context
of raters, for example, such an extension could potentially discover if two raters have
different latent thresholds for assigning certain ratings as the same numeric prediction
could be transformed into different ordinal categories based on the rater-specific cat-
egory borders. However, the challenge of such an extension would be the number of
observations required to estimate the category borders sufficiently well. Longitudinal
studies which often only include a limited amount of observations per person may con-
tain too few observations for profiting from such an extension. Thus, cluster-specific
category borders may perhaps be more useful in settings with large clusters such as
ecological momentary assessment (EMA) studies (see Shiffman et al., 2008, for an
introduction to EMA). Such studies collect continuous assessments (e.g., hourly) of
persons over a period of time. Therefore, EMA studies could be a viable context for
exploring the modeling of category-specific category borders in future work.

6.4 Computational Implementation and Interpretability

To make fabOF and mixfabOF available for researchers and practitioners, I have imple-
mented both in the R package fabOF which is available from GitHub (https://github.
com/phibuc/fabOF). The package currently contains functionality for fitting both mod-
els, computing predictions and displaying basic information about model objects (via
the print function). Additionally, I have implemented permutation variable impor-
tance measures (VIMs) for both methods based on Cohen’s weighted Kappa with linear
weights (Cohen, 1968). As interpretability is often of crucial interest, e.g., in psycho-
logical fields, variable importance can help amending the lack of interpretability of RF
models (Henninger et al., 2023). The evaluation of fabOF’s VIM in the second article
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of this thesis (Buczak, 2025) revealed satisfying performance as it consistently discov-
ered influential predictors over noise predictors. A similar evaluation of mixfabOF’s
VIM has not been performed yet, but is planned for the future. For mixfabOF’s VIM, 1
have included the possibility of permuting predictor values only within the same clus-
ter. The goal of this feature was to better reflect the hierarchical data structure. To
the best of my knowledge, a similar approach has not been employed yet for hierar-
chical RF extensions. For the illustrative data example of the third article, I did not
find notable differences between regular (i.e., unrestricted) and clusterwise permuta-
tion. Future work could compare the two permutation approaches in more detail. It
appears plausible that differences between the two could emerge, e.g., in the presence
of random slope effects, i.e., when there are cluster-specific effects on the predictors
instead of the intercept only.

Future work could also consider enhancing the interpretability of fabOF and mixfabOF
further. The VIMs implemented for fabOF and mixfabOF are both unconditional per-
mutation VIMs, i.e., they do not place restrictions on the internal permutations process.
In the case of highly correlated predictors, however, unconditional permutation VIMs
can be biased (Strobl et al., 2008). As a remedy, Strobl et al. (2008) proposed con-
ditional permutation VIMs which aim to preserve the original correlation structure of
the predictors by permuting only within certain subspaces of the predictor space. As
data from the life and social sciences commonly contain correlated predictors, the de-
velopment of conditional permutation VIMs for fabOF and mixfabOF could be a goal
of future work. As an alternative to conditional permutation VIMs, one could also con-
sider, e.g., the Conditional Predictive Impact (CPI) as proposed in Watson and Wright
(2021). The CPI allows for conditional independence testing by measuring the con-
tribution of predictors to the predictive performance in relation to a complementary
predictor subset (termed “knockoff™ data) which acts as a sort of control group (Wat-
son & Wright, 2021). This could aid in assessing the impact of individual predictors
as well as adding means of uncertainty quantification for the methods proposed in this
thesis (see also Section 6.6).

6.5 Methodological Extensions

The modular nature of the frequency-adjusted borders heuristic employed in fabOF did
not only allow extending fabOF (Buczak, 2025) to hierarchical data through mixfabOF
(Buczak, 2024), but further laid the foundation for developing more general frameworks
for ordinal prediction. To this end, I introduced the Frequency-Adjusted Borders Or-
dinal Prediction Framework as well as the Mixed-Effects Frequency-Adjusted Borders
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Ordinal Prediction Framework. Both frameworks generalize fabOF and mixfabOF to
allow for replacing the internal regression RF model with an arbitrary regression-based
ML method, respectively. As such, these frameworks offer a blueprint for quickly de-
veloping a wide array of ordinal prediction methods in the future. It is a well-known
paradigm of machine learning that no method performs best at all tasks ("’no free lunch®;
Wolpert & Macready, 1997) and that the optimal model is always data-dependent. To
this end, the possibility of specifying the internal ML model at will allows for tailoring
the prediction model to best meet the requirements of a given application. Regarding
fabOF, I introduced three prototypes based on Extra-Trees (ET; Geurts et al., 2006),
Conditional Inference Forest (CF; Hothorn et al., 2006) and XGBoost (XGB; Chen
& Guestrin, 2016) that each addressed different dimensions one may be interested in:
balancing the bias/variance trade-off, avoiding variable selection bias or potential in-
creases in predictive power (depending on the data at hand). To showcase these proto-
types, I performed a small simulation study in which the three prototypes outperformed
their original non-ordinal counterpart and their naive regression variants using scores
1,2, ...,k with category borders 0.5,1.5, ...,k + 0.5. While more thorough evalua-
tion is needed in future work, these early results indicate the powerful potential of the
Frequency-Adjusted Borders Ordinal Prediction Framework.

Additionally, I have implemented a prototype for Mixed-Effects Frequency-Adjusted
Borders Ordinal Prediction Framework based on XGB. The results revealed that the
prototype could achieve higher predictive performance in the presence of medium and
strong random effect variability when compared to non-hierarchical counterparts. These
promising findings invite further research into the Mixed-Effects Frequency-Adjusted
Borders XGB prototype as well as the development of other ordinal prediction methods
in the same vein. Such developments could equip researchers and practitioners with
a larger repertoire of viable tools for ordinal prediction of hierarchical data. In edu-
cational fields, for example, improving the capabilities of data-driven prediction could
have a beneficial impact on informing policy design and implementing student support
structures (Costa-Mendes et al., 2020; van der Scheer & Visscher, 2017).

Finally, I have sketched an extension of fabOF to the multivariate case, i.e., for vector-
valued outcomes. Developing such an extension in future work still needs to over-
come a few challanges, e.g., the selection of the splitrule for the multivariate RF model,
how category borders can be determined in a multivariate fashion instead of separately
for each outcome component or adapting the extension for mixed-outcome prediction.
However, it is certainly worth pursuing as appropriate methodology for multivariate or-
dinal prediction can help taking the full information of multivariate data, i.e., potential
dependencies between the individual outcome components into account. Depending on
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the data at hand, this can yield increases in predictive performance (see, e.g., Schmid
et al., 2023).

6.6 Limitations

While the methodology presented in this thesis displayed promising predictive perfor-
mance, its current lack of uncertainty quantification represents a limitation that needs to
be addressed in the future. One possibility to quantify uncertainty is through the com-
putation of prediction intervals as have been studied for RF, e.g., in Zhang et al. (2019)
and Ramosaj (2021). For adapting such prediction intervals to (mix)fabOF, one could
explore computing numeric prediction intervals for the internal regression RF model
and using the category borders to translate the prediction interval into a set of ordinal
response categories that meet the targeted uncertainty level. Alternatively, one could
investigate the use of conformal predictions (see, e.g., Vovk et al., 2022). Further, all
methods presented in the main articles of this thesis rely on RE. While tree-based meth-
ods such as RF can be successful for many prediction tasks (see Fernandez-Delgado
et al., 2014; Grinsztajn et al., 2022), the first article of this thesis has also revealed that
for effect structures mainly characterized by linear effects, parametric models such as
the proportional odds model can often outperform RF-based approaches. This is espe-
cially likely for smaller datasets as are commonly encountered in psychology and the
social sciences (see, e.g, Shen et al., 2011). Regarding the evaluation of the methods in
this thesis, the simulated datasets were mainly generated from proportional odds mod-
els or from binning linear regression outcomes. While these are common approaches
for simulating ordinal data (see, e.g., Hornung, 2019; Janitza et al., 2016), alternative
data generating models, e.g., including category-specific effects such as partial pro-
portional odds models (Peterson & Harrell, 1990) or further types of heterogeneity as
in location-scale (McCullagh, 1980) or location-shift (Tutz & Berger, 2022) models,
should also be investigated in future work. Furthermore, the main articles of this thesis
did not include a hyperparameter tuning for the RF-based prediction methods. While
this is in line with previous research from the field (see Hornung, 2019; Janitza et al.,
2016; Tutz, 2021) and RF is known to be relatively robust regarding hyperparameter
choices (Probst et al., 2019), a hyperparameter tuning should generally be preferred (if
the computational resources permit) in order to obtain optimal predictive performance.
However, combining the optimization approaches in methods such as OF, OSOA and
OMERF with an additional hyperparameter tuning would have greatly increased the
computational complexity. Due to the smaller number of replications, this may have
been less severe for the real data experiments. Nonetheless, I have still refrained from a
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hyperparameter tuning for the real datasets for reasons of consistency. In practice, the
benefit of a hyperparameter tuning will depend on the data at hand. For example, the
RF-based methods from the first article of this thesis likely would have benefitted from
tuning mt ry in simulation settings with many noise predictors. In the case of the addi-
tional results obtained when evaluating the XGB-based extension of fabOF (for which
a hyperparameter tuning of fabOF was performed as well), the impact of the hyperpa-
rameter tuning for fabOF was limited. A further limitation of this thesis is that it only
considered individual prediction methods. In an effort to combine the capabilities of
different model classes (e.g., parametric models and RF-based methods), Tutz (2021)
proposed creating joint ensembles of multiple prediction methods which are trained
separately and whose predicted category probabilities are aggregated according to a
weighting scheme that rewards high predictive performance for the given data. As such
ensembles have several degrees of freedom (e.g., regarding the choice of learners or the
computation of weights) and since fabOF, mixfabOF and all their extensions were not
designed to output predicted probabilities for the ordinal categories, ensemble learners
in the spirit of Tutz (2021) were not considered in this thesis.

6.7 Outlook and Conclusion

The presented extensions have indicated the versatility of the frequency-border heuristic
and its potential for wide ranging application. While the thesis and its included articles
focused on employing the heuristic in contexts where predictive performance was the
main goal, further application contexts are conceivable as well. For example, RF is
also used for imputing missing values, e.g., in missForest (Stekhoven & Biihlmann,
2011) and MICE Random Forest (van Buuren, 2018). Broadly speaking, these methods
employ RF for predicting the missing values of a predictor based on the remaining
predictors. Both have been studied in more detail and compared to other imputation
methods, e.g., in Thurow et al. (2021), Ramosaj et al. (2022) and Buczak et al. (2023).
In future work, one could explore replacing classic RF models with fabOF for imputing
missing values in ordinal predictors. Another field for which an application of the
frequency-adjusted borders heuristic of fabOF could be explored and is already planned
by Pauly and colleagues is causal ML. Causal ML methods such as causal forest (Wager
& Athey, 2018) aim to estimate heterogeneous treatment effects within the potential
outcomes framework (Rubin, 1974). Common use cases include, e.g., assessing the
effect of a medical treatment or an educational intervention, and how it potentially
differs for certain subgroups of the population. Typically, however, treatment effects
are estimated for continuous outcomes using the (conditional) average treatment effect
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as an estimand which is not meaningful for ordinal outcomes (Volfovsky et al., 2015).
Volfovsky et al. (2015) discuss possible estimands for ordinal outcomes on the observed
and latent scale. Future work could explore how they can be leveraged to develop an
ordinal causal forest model.

To conclude, this thesis along with its three articles contributed to the literature on
ordinal prediction with three RF-based prediction methods and an encompassing com-
parison study of tree ensemble methods and a proportional odds model (Buczak, 2024,
2025; Buczak et al., 2024). Two of the proposed methods have displayed particularly
promising predictive performance (Buczak, 2024, 2025) and were shown to be extend-
able to a wide range of other classic ML algorithms in this thesis. Combined with
the many avenues for further research sketched above, the present thesis demonstrated
that there remains much untapped potential the field of ordinal prediction. The thesis
further provided guidance on how some of this potential can be unlocked, and it addi-
tionally provided tools in the form of two general ordinal prediction frameworks that
can directly advance the field in the near feature.
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Abstract

Ordinal data are frequently encountered, e.g., in the life and social sciences. Predicting ordinal
outcomes can inform important decisions, €.g., in medicine or education. Two methodolog-
ical streams tackle prediction of ordinal outcomes: Traditional parametric models, e.g., the
proportional odds model (POM), and machine learning-based tree ensemble (TE) methods. A
promising TE approach involves selecting the best performing from sets of randomly gener-
ated numeric scores assigned to ordinal response categories (ordinal forest; Hornung, 2019).
We propose a new method, the ordinal score optimization algorithm, that takes a similar
approach but selects scores through non-linear optimization. We compare these and other TE
methods with the computationally much less expensive POM. Despite selective efforts, the
literature lacks an encompassing simulation-based comparison. Aiming to fill this gap, we
find that while TE approaches outperform the POM for strong non-linear effects, the latter
is competitive for small sample sizes even under medium non-linear effects.

Keywords Ordinal prediction - Proportional odds model - Random forest -
Score optimization

1 Introduction

Ordinal response data are often encountered in biomedical and psychological applications,
e.g., when assessing persons’ health status, rating of a set of choices or agreement towards
given statements. Despite the common assignment of numeric values, ordinal responses are
categorical variables whose categories are not necessarily equidistant, but (in contrast to
nominal responses) carry a natural order. Typically, ordinal responses have been modeled
through parametric models such as the cumulative model (particularly through its special
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case, the proportional odds model). For a general overview of the cumulative and further
parametric models, we refer to Tutz (2022).

Apart from parametric models, there has also been an increasing use of non-parametric
machine learning (ML) methods based on recursive partitioning, e.g., classification and
regression trees (CART; Breiman et al., 1984) as well as ensemble methods such as ran-
dom forest (RF; Breiman, 2001). While not accounting for the nature of ordinal responses
inherently, several variations of trees and RF tailored towards ordinal prediction have been
proposed. Piccarreta (2007) extended the Gini-Simpson split criterion to the ordinal case,
while Archer (2010) and Galimberti et al. (2012) used the generalized Gini impurity with
misclassification costs to incentivize respecting the ordered structure of the response. Buri
and Hothorn (2020) proposed model-based RFs for detecting changes in proportional odds.
Several further approaches are based on assigning numeric scores to the ordinal response cat-
egories, e.g., Kramer et al. (2000) used regression trees based on the numeric scores, while
Janitza et al. (2016) used conditional inference forest (CF; Hothorn et al., 2006). Despite
also using numeric scores, Hornung (2019) avoids pre-specification of scores in their ordinal
forest (OF) by using a two-stage approach based on regression RF where in the first step the
numeric scores to be assigned are optimized w.r.t. the predictive performance achieved when
using them.

Another possibility of avoiding the predicament of score assignment is re-formulating the
ordinal prediction task as a series of binary prediction tasks and aggregating the predictions
of the individual binary models into a combined prediction for the ordinal prediction task
(Frank & Hall, 2001). Similarly, Tutz (2021) proposed split-based ordinal RF (RFSp), a score-
free framework for using classifiers such as RF in a binarized fashion aimed at resembling
parametric models.

As such, one can identify two streams of methodology for ordinal classification: traditional
parametric models, such as the cumulative model, and the adaptation of modern tree ensem-
ble (TE) methods that have displayed high predictive power in other application contexts
(see, e.g., Grinsztajn et al., 2022), but are also characterized by an increased computational
complexity. While the recent literature on ordinal classification focused increasingly on the
latter stream, the attention attributed to parametric models has slightly fallen off as they are
often overlooked when evaluating ML-based prediction approaches (Tutz, 2021). This short-
coming in the literature impedes the development of recommendations for researchers and
practitioners as to which method may be preferable for their given prediction application.
While the works mentioned above benchmarked their methods to some capacity, there is a
lack of an encompassing simulation-based comparison of the ordinal TE methods with para-
metric methods in different scenarios to assess under which circumstances using TE methods
over a parametric model leads to improved predictive performance and, as such, is worth the
increased computational complexity. Furthermore, there is no extensive comparison of the
individual TE methods available in the current literature that would help obtaining more
general guidelines among the set of TE methods. In particular, it would be of interest to
study whether the approach of employing a computationally demanding score optimization
procedure as in OF justifies its computation costs when compared to other TE methods such
as regression RFs with non-optimized scores, classification RF, CF, and RFSp.

The aspects above have only been partially covered in the existing literature on ordinal
classification. Janitza et al. (2016) only compared score-based CF with a regular classification
RF. They did not find notable performance differences in their study with simulated and real
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datasets. Furthermore, they also did not identify a difference regarding the choice of numeric
scores. However, they have only compared the default scores 1, 2, ..., k for k categories
with the squared scores 12,22, ..., k%. Hornung (2019) compared their OF with a naive
OF variant using only default scores, classical RF, and a cumulative model (with probit
link) on five real datasets. The parametric model performed best for one dataset, while it
lagged severely behind for two datasets and was competitive for the remaining two datasets.
Regarding the TE methods, for two out of the five datasets, OF could outperform naive OF
and classical RF, while for the other three datasets, the three TE methods performed similarly.
In an additional simulation study, Hornung (2019) further compared OF, naive OF, and RF,
however, without including a parametric model. Regarding the benefit of optimizing scores,
they found that OF could improve the most over naive OF in scenarios where the middle
categories were distinctly more populated than the margin categories. The most complete
comparison, to our knowledge, was performed by Tutz (2021) who compared parametric
models, RFSp, OF, CF as well as ensembles comprised of combinations of these methods.
In their study, the author found that performance gaps usually only occurred between the
group of parametric models and the group of TE methods, while the different TE approaches
performed similarly when compared only among themselves. However, these comparisons
were only conducted on real datasets where one cannot directly control and manipulate the
data generating processes. This makes deducting more general recommendations difficult
because the actual effect structure present in the data is unknown. As such, it is generally
recommended to use both simulation and real data for evaluating and comparing different
methods (see, e.g., Friedrich & Friede, 2024).

We contribute to the literature above in two ways. First, we perform an extensive simula-
tion study including differing data generating processes with increasingly non-linear effects
and varying class distribution patterns to obtain recommendations for researchers and prac-
titioners as to when a parametric model or TE methods are preferable. Further, we study
whether optimizing numeric scores within a RF framework is worth the associated computa-
tional burden. To our knowledge, OF is currently the only method that optimizes its numeric
scores. However, its optimization procedure separates the generation of score sets from their
evaluation, i.e., all candidate score sets are first generated and evaluated afterwards. This
means that the optimization procedure cannot react to the performance of any given score
set, whereas iterative optimization approaches could take the performance of previously eval-
uated candidate score sets into account and specifically focus on exploring promising regions.
To this end, we additionally add to the literature on ordinal classification with score-based
RFs by proposing the ordinal score optimization algorithm (OSOA). Similar to OF, OSOA
optimizes the numeric scores of the ordinal categories. However, it aims to enhance the opti-
mization procedure of OF by employing a non-linear optimization algorithm based on the
popular Nelder-Mead method (Nelder & Mead, 1965).

After introducing the investigated methods in Sect. 2, we describe the setup of our sim-
ulation study as well as present our results in Sect. 3. Further, we analyze the performance
of all methods for real data examples in Sect.4. We close with a discussion of our findings,
potential avenues for future research, and a set of practical recommendations regarding the
different methods in Sect. 5.

2 Methods
In the following, we consider an ordinal classification problem where the aim is to predict a
response Y with ordinal categories 1, 2, ..., k. We assume that a dataset with n observations
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and p covariates is available that further contains the ground truth. We will now present the
methods considered for our comparison as well as introduce our newly proposed OSOA.
All methods are implemented in R (R Core Team, 2023). We will refer to their individual
implementations in the respective method description.

Cumulative Model

The cumulative model (McCullagh, 1980) is a parametric model which assumes that the
observed ordinal response manifests an underlying latent variable that is continuous and can
only be observed via thresholds that define the response categories. It models the probability
P(Y < r|x) that the ordinal outcome variable Y for an observation with covariate vector x
takes at most category r = 1, ...,k as

PO =rx) =F (v, +x7B).

where —00 < y; < -+ < Y = oo denote the thresholds and F is a strictly increasing
distribution function (Tutz, 2022). A common choice for F is the logistic function resulting
in the proportional odds model (Tutz, 2022), i.e.,

exp(yy +x'B)

PY <r|x) =
=) = T eptr +27)

(1)

which will also be used in this work. For our simulation, we fitted the proportional odds
model using the c1m function from the ordinal package (Christensen, 2022). As such,
we will be referring to proportional odds models in the context of ordinal prediction as CLM
(cumulative link model) in the remainder of this work.

Random Forest

RF (Breiman, 2001) is a ML ensemble method combining a multitude of classification or
regression trees into an aggregated model. In this work, RF was used as a standalone method
for multi-label classification as well as a building block of further methods introduced below
such as OF, OSOA, and RFSp. Popular implementations of RF in R include the ranger
package (Wright & Ziegler, 2017) and the randomForest package (Liaw & Wiener, 2002).

Conditional Inference Forest

In contrast to RF, CF relies on conditional inference trees (CTs; Hothorn et al., 2006) as its
base component. CTs determine splits by performing permutation tests to test the associa-
tion between the outcome variable and a given covariate. The covariate with the strongest
association is selected as the split variable, and the concrete split value is computed in a
second step. Through their conditional inference framework based on permutation tests, CTs
support nominal, ordinal, and metric response types. For ordinal outcomes, numeric scores
are mapped to the ordinal categories. Per default, the scores 1, 2, ..., k are used. CFs have
been investigated for use in ordinal classification in detail in Janitza et al. (2016). They are
implemented in the partykit package (Hothorn & Zeileis, 2015).
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Split-Based Ordinal Random Forest

RFSp (Tutz, 2021) is based on reformulating the ordinal response problem as considered in
the cumulative model into a series of binary response models that hold simultaneously. To
this end, k — 1 binary classification RFs are trained where each aims to classify whether
observations belong to categories 1, ...,r — 1 or to categories r, ..., k, respectively, with
r = 2, ..., k. The cumulative probabilities are then computed by aggregating the probabilities
obtained from the individual RF models. This allows for using RF while following the logic
of cumulative models and without having to rely on numeric scores. For our simulations,
we used the implementation from https://github.com/GerhardTutz/ScoreFreeTrees. There,
the individual RF models are trained using the RF implementation from randomForest
(Liaw & Wiener, 2002).

Ordinal Forest

OF (Hornung, 2019) is a score-based RF method for ordinal prediction. Though relying on
numeric scores for the regression forest internally, scores for the ordinal response categories
do not have to be specified beforehand as the method tries to find optimal scores in an
advance optimization step. To this end, OF generates partitions of the [0, 1] interval into k
sub-intervals corresponding to each ordinal category. The associated numeric scores are in
turn determined as the midpoint of the respective sub-intervals and are used to fit a regression
RF (using the implementation from ranger; Wright & Ziegler, 2017). Prediction of unseen
data is achieved by obtaining the numeric predictions from the RF fit and checking in which
class they fall based on the respective borders of the class intervals. The different partitions
are evaluated w.r.t. the out-of-bag (OOB) performance achieved when using them. While the
OF implementation in the ordinalForest package (Hornung, 2022) offers a choice of
performance measures, a balanced version of Youden’s Index J (Youden, 1950) is used by
default where for a binary classification task

TP TN
J = +
TP +FN ' TN + FP

Here, TP denotes the number of true positives, TN the number of true negatives, FP
the number of false positives, and FN the number of false negatives. In the balanced case,
Youden’s J is computed for each class and aggregated as a simple average. Thus, all classes
have the same weight irrespective of their individual sizes. The best performing scores are
combined into a single, final score set by averaging which is then used to fit the final RF
model. For studying the benefit of score optimization, we have also included a naive OF
variant in our simulations that fits a regression forest to the default scores 1, 2, ..., k with
class borders 0.5, 1.5, ..., @

— 1 = sensitivity + specificity — 1.

Ordinal Score Optimization Algorithm
Similar to OF, OSOA also assumes that the observed k response categories are a coarsened

version of an underlying numeric variable. To approximate this latent variable, OSOA follows
OF in partitioning the [0, 1] interval into class-specificsub-intervals [b,, b,11),r =1, ..., k,
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where each sub-interval is defined by its class borders b, and b, | withO = b; < by < --- <
br+1 = 1. Each ordinal response category is represented by the midpoint of its respective
sub-interval, i.e., by the numeric score s, = %, r=1,...,k. As in OF, these numeric
scores are used to train a regression RF. To determine optimal choices for the class borders
and thus for the class scores, OSOA follows OF in performing an optimization procedure, but
employs a different optimization approach. Because OF relies on pre-generating partitions
of the [0, 1] interval and then assessing their optimality, the procedure cannot react to the
performance of specific partitions during the optimization process. As such, it cannot iter-
atively explore the space of possible partitions and focus on promising regions. To address
this shortcoming, we propose OSOA which uses a non-linear optimization algorithm for
finding its class borders and scores. The method is described in pseudocode in Algorithm 1.
The general idea is to optimize the helper function evaluateBorders (Algorithm 2) that
takes a set of inner class borders by, . . ., by (the outer borders by and by are fixed as 0 and
1, respectively) as input and returns the OOB performance achieved with them. Internally,
evaluateBorders derives the numeric scores for the response categories from the pro-
vided class borders and fits a regression RF using the numeric scores as the target variable and
the corresponding covariates as predictors. As in OF, the numeric scores are first transformed
with the quantile function of the standard normal distribution ®~!. For fitting RFs, we are
using the implementation from the ranger package (Wright & Ziegler, 2017). From the RF
fit, OOB predictions are obtained and in turn converted into class labels by using the trans-
formed class borders. Finally, the predicted class labels derived from the OOB predictions
can be compared with the true class labels to compute the balanced version of Youden’s J
used in OF. The evaluateBorders function can be optimized using any derivative-free
non-linear optimization algorithm. In this work, we have used the Sbplx algorithm from the
NLopt library (Johnson, 2007). The Sbplx algorithm is based on the Subplex algorithm by
Rowan (1990) which is a variant of the Nelder-Mead algorithm (Nelder & Mead, 1965). Since
our algorithm follows Hornung (2019) in determining an optimal partition of the [0, 1] inter-
val, we also restrict candidate class borders during the optimization through a lower bound of
0 and an upper bound of 1. As the class borders relate to the ordinal categories, they need to
be sorted such that they match the order of the original categories. Hence, only sorted borders
should be considered. This can either be enforced through inequality constraints if they are
supported by the given optimizer or by disincentivizing unsorted solutions via penalization
in the evaluation step. As starting values for the optimization, we are using %, ey kk;l, ie.,
a partition with equally wide class intervals.

The optimizer will run until a pre-specified termination condition is fulfilled such as
reaching a maximum number of function evaluations max.eval or failing to exceed a
minimum performance improvement €. For our simulations, we set max .eval = 300 and
e = 1 x 10~*. Smaller values for ¢ would allow for finding finer differences, but in turn,
negatively impact the runtime, while larger values for ¢ would speed up the optimization
process, but lead to a potentially more imprecise result. Optimal settings for e and max . eval
depend on the given application context and should be chosen w.r.t. the desired preciseness
and the computational power available. The values selected here were chosen for showcasing
the method and were not optimized further. Once the optimization algorithm determines a
solution, the respective scores can be used to fit the final RF model and the final borders
which are both returned. For unseen data, predicted (numeric) values can be obtained from
the model’s individual trees and converted into class labels using the (transformed) borders.
The overall class prediction for a given observation can be determined by majority voting.
This prediction procedure is identical to the procedure employed in OF (cf. Hornung, 2022).
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Algorithm 1 Ordinal Score Optimization Algorithm.
procedure OSOA(max . eval, €)

Assign fixed outer borders b1 <= 0 and by < 1

Assign starting inner borders (52, e Ek> <~ (%, R k%l)

Run optimizer on evaluateBorders using (52, ceey 5k> as starting values until
max .eval is reached or the performance improvement is smaller than &

Extract optimal inner borders (b3, b}, ..., b,:)

b1+b%  bX+b%
* 2 2 3
) < ( 2 2

Compute final scores (s}, 3, ..., Chi

b/f+bk+1)
L, Ak
Fit f nal RF using <<I>_1 (1), @1 (s3), ..., & (s,:)>

return Final RF and transformed borders (dD_l (b1), o ! (bg), e, o ! (bk+1))
end procedure

Algorithm 2 Target function optimized internally in OSOA.

procedure EVALUATEBORDERS(b3, . . ., by)
Require: 0 < by <--- < b <1

b1+by> by+b b +br41
Computescores(sl,sz,...,sk)<—( 12 2. 22 3., > +

Fit RF using transformed scores (CID_l (s1), o1 (s2), ..., o! (sk)>

Obtain OOB predictions from fit and assign class labels based on transformed
borders (CID_l (by), @1 (by), ..., <I>_1(bk+1)>

Compute balanced Youden’s J using class predictions and true class labels
end procedure

3 Simulation Study
3.1 Simulation Setup

To compare the predictive performance of the different prediction methods, we have per-
formed a simulation study in which we generated datasets of varying characteristics. All
data were generated from proportional odds models as is a common choice for simulating
ordinal data (e.g., Janitza et al., 2016; Hornung, 2019) and aligns with the ordinal prediction
methods compared in this work, most of which implicitly or explicitly assume proportional
odds settings. We varied the number of observations, n, between 250, 750, and 2500. As
many ordinal data applications originate from (bio-)medicine, psychology or the social sci-
ences, we aimed to keep a mix of medium sample sizes to create realistic scenarios (see, e.g.,
Shen et al., 2011, for a review of sample sizes in psychology). The number of covariates,
p, was either 10 or 35. While the former setting reflects common application scenarios (cf.
the real data examples studied further below), the latter setting represents a compromise
between including a higher number of covariates and not putting the CLM which is known
to suffer from high dimensionality (Zahid & Tutz, 2013) too much at a disadvantage. We
would expect values such as 35 to be more commonly encountered when analyzing, e.g.,
large-scale assessment studies (see, e.g., Immekus et al., 2022). As increasing the number of
covariates to 35 only introduced further noise variables, the two settings also distinguished
between a setting with a high signal-to-noise-ratio (SNR) and a setting with a low SNR. The
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number of categories k was varied between 3, 5, and 7, as these commonly occur, e.g., in
questionnaires using Likert scale items. Out of the p covariates generated, seven had an effect
on the outcome. The influential covariates consisted of five normally distributed variables
X1,..., X5 ~N(0, 1) and two binary variables X¢, X7 ~ Bin(1, 0.5). The remaining p —7
covariates were normally distributed noise, i.e., X3, ..., X, ~ N(0, 1). All covariates were
simulated as uncorrelated. This design choice was made to limit the scope of the simulation
study in which we placed more focus on different effect structures and category response
distributions as explained below. For our simulation design, we were loosely inspired by
Janitza et al. (2016). However, apart from the normally distributed covariates, we addition-
ally included binary covariates and further included non-linear effects, whereas Janitza et
al. (2016) only studied linear effects. We simulated the outcome using the following three
different data generating processes (DGPs):

DGP lsz,B = 3x1 + x2 + 2x3 + x4 + x5 + x6 + X7,

- 3, xse(—1,1]
DGP2:x' B =3x; +xp +2x3 + + 2 X 1;<0.50x5>0.5 + X6 + X7,
_la X4 ¢ (_17 1]
T 2 3, x4 € (—1,1]
DGP3:x B =3x; +x2+2x3+ x5 + + 2 X 1y;<0.5/x5>0.5 + X6 + X7.
_17 X4 ¢ (_15 1]

The three DGPs were characterized by an increasing amount of non-linear effects. While
for DGP 1 all effects were linear, DGP 2 replaced two linear effects by non-linear effects. DGP
3 added an additional quadratic effect. Introducing an increasing amount of non-linear effects
allowed for investigating to which point the parametric model still sufficed compared to the TE
methods and at which point the TE methods started to outperform the parametric model and
should, hence, be preferred. Apart from varying the DGPs, we followed Hornung (2019) in
simulating the data according to different class distribution patterns as the author found this to
have impacted the methods they have studied. To extend the approach of using different class
distributions to more ordinal classificationmethods as well as to create more diverse scenarios
(Hornung, 2019, originally used equally distributed and randomly distributed classes), we
included three different class distribution patterns in our simulation. First, a pattern where the
classes were distributed approximately equally. Second, a pattern where the middle categories
were more populated than the margin categories. Third, a pattern where the margin categories
were more populated than the middle categories. Table 1 contains an overview of the relative
frequencies per class that we targeted for the different class distribution patterns. They were
derived by attaching linear weights to the categories depending on the distribution pattern,
e.g., for the pattern “wide middle” with five categories, the weights for categories were 1, 2, 3,
2,and 1. After dividing by the sum ofall weights, one arrives at 0.11,0.22,0.33,0.22,and 0.11.
The class distributions were obtained by selecting specific values for the thresholds yy, . . ., v
that approximately resulted in the intended relative frequencies for each combination of DGP,
number of categories, and class distribution pattern in a dataset of size 100 000. Since this was
a heuristic approach, the true class probabilities did not necessarily match the values in Table 1
exactly, hence the term “targeted relative frequencies.” The threshold values chosen for each
scenario are listed in Table 3 in Appendix A. Using the simulated linear predictor values
and respective thresholds in Eq. 1, the respective cumulative probabilities were computed,
transformed into class probabilities, and used for generating class labels from a multinomial
distribution.
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Table 1 Targeted relative

frequencies 7, r = 1,...,k Pattern k m 2 3 4 s 6 7
w.r.t. distribution pattern and Equal 3033 033 033 - B _ B
number of categories k
5 020 020 020 020 020 - -
7 0.14 0.14 0.14 0.14 0.14 0.14 0.14
Wide middle 3 025 0.50 025 - - - -
5 011 022 033 022 0.11 - -
7 0.06 0.13 0.19 025 0.19 0.13 0.06
Wide margins 3 040 0.20 040 - - - -
5 027 0.18 0.09 0.18 027 - -
7 021 0.16 0.11 0.05 0.11 0.16 0.21

Fully crossing the settings of DGP, class distribution pattern, number of observations,
covariates, and categories resulted in 162 conditions for evaluating the seven methods con-
sidered here. We performed 1000 replications, respectively. To evaluate the classification
performance, we split the generated dataset into a training set that contained % of the obser-

vations for fitting the model and a test set with % of the observations for validating the model.
The data partitions were determined by class-stratified sampling. As performance measures,
we used the weighted Kappa coefficient k,, (Cohen, 1968) with linear and quadratic weights
as well as Kendall’s 75 (Kendall, 1945) and Spearman’s tie-corrected p (Kendall, 1948). All
of these measures are specifically suited for assessing ordinal predictions. Cohen’s weighted
Kappa with linear and quadratic weights has frequently been used for evaluating ordinal
classification performance (see, e.g., Hornung, 2019; Ben-David, 2008). It is given by

k k k

k
DD WesPrs — D D WrsPrg
s=1

r=1 r=1s=1

Kw:

k k
1 - Z Z Wrs Prg
r=1s=1

where p?; is the observed proportion of instances for which r is the true category and s the
predicted category, while py is the analogous proportion that is expected by chance (Cohen,

1968). The respective weights are denoted by w,.s, where for linear weights, w!i" = 1 — lr=s|

rs k—1>
—s? . . . .
and quadratic weights, w?}lad =1- (llz_”;l)z is chosen. The different weights represent different

strategies for penalizing the class distances between predicted and true categories. For linear
weights, instances where the predicted categories are equal or close to the true categories are
associated with higher weights. For quadratic weights, relatively more weight is attributed
to predictions further away from the true category and less weight to predictions close to the
true category as compared to linear weights (Hornung, 2019).

To limit the computational burden of the simulation study, we did not perform a hyper-
parameter tuning for the RF-based methods and used default values instead as RF has been
shown to be relatively robust regarding parameter choices (Probst et al., 2019). This deci-
sion is in line with previous works from the field (Janitza et al., 2016; Hornung, 2019; Tutz,
2021). For consistency, we have set the number of trees to 500 for all RF methods as this is
a common default, e.g., in the ranger and randomForest packages, hence, overriding
the default number of trees (for the final forest) in the ordinalForest package that is
5000. In all other cases, the default values remained unchanged.
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3.2 Simulation Results

In the following, the results from the simulation study will be presented. From the 1134 000
simulation runs (across all 162 conditions, 7 prediction methods, and 1000 replications), we
had to exclude 138 runs that led to non-computable correlation values. All of these runs
occurred for n = 250 when the wide middle class pattern was used. In 135 of these runs,
CF was used as the learner, while naive OF (referred to as nOF in the following result
figures) was used in the remaining three. The correlation values were not computable due
to the model predicting the same class for all observations from the test set resulting in
non-existent variability. As such, these runs were excluded from the analysis. Since for
all DGPs and performance measures, the findings were consistent across all numbers of
categories considered, we are only showing the results for k = 5 categories. The results for
k = 3 and k = 7 categories are included in the Online Supplement. For the same reason,
we are only showing results for the weighted Kappa with linear weights and Kendall rank
correlation scores because the weighted Kappa with quadratic weights and Spearman rank
correlation scores led to similar findings, respectively. We also included results for the latter
two performance measures in the Online Supplement.

Results for DGP 1

Figure 1 shows the linearly weighted Kappa values the seven methods achieved for DGP 1
which only included linear effects. It can be seen that the CLM outperformed the TE methods
in all scenarios. With an increasing number of observations, the RF-based learners and CF
were able to catch up slightly, but still lagged behind the CLM notably. Overall, increasing the
number of observations reduced the variability of the Kappa values. An increase in the number
of variables led to a performance decrease that seems to have affected the TE methods more
than the CLM. When only comparing the TE learners, their performance was mostly similar.
For class distributions of equal size and wide margins, only minor differences between the
RF-based learners and CF emerged. Only when the class distribution was characterized by
a wide middle, the performances became more discernible. For this pattern, RFSp mostly
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Fig. 1 Linearly weighted Kappa values achieved by prediction methods on data generated according to DGP
1 with k = 5 categories, and varying sample sizes, dimensions, and class patterns
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performed best among the TE methods. Its performance advantage diminished, however,
with an increasing number of observations. For n = 2500 and p = 10, the remaining TE
methods achieved similar Kappa values again. On the other hand, CF and classical RF lagged
behind for most of the wide middle scenarios. Between OF, naive OF, and OSOA, OF and
OSOA performed similarly, while naive OF generally achieved slightly lower Kappa values.
When studying the other two class distributions patterns, however, naive OF was on par and
even slightly ahead of OF in some scenarios.

When looking at the Kendall rank correlation scores for DGP 1 (Fig. 6 in Appendix B),
similar findings resulted. The CLM achieved the highest correlation scores in all scenarios.
The TE methods performed mostly similar when classes were distributed equally or with
wide margins. When the middle categories were more populated than the marginal categories,
more differences between the TE methods became visible especially when the number of
observations was 250 or 750 and the number of variables was high. In these cases, RFSp
performed best among the TE learners and CF. Compared to using weighted Kappa with
linear weights, CF did not lag behind as much in the wide middle scenarios and was mostly
on par with the other TE methods. Further, OF could not achieve noticeable gains over the
naive OF. The two OF methods performed mostly similar in all scenarios along with OSOA.

Results for DGP 2

While DGP 1 only included linear effects, DGP 2 replaced some of these linear effects
and introduced non-linear effects instead. Figure 2 shows the linearly weighted Kappa values
achieved by the seven learners for DGP 2. Compared to DGP 1, the performance ofthe learners
was more similar and not as dominated by the CLM anymore. While for low observation
counts, the CLM was still ahead of the other learners, the differences were not as strong.
For an increasing number of observations, the CLM fell slightly behind most TE methods
when the number of variables was low. When the number of variables was high, the CLM
benefitted from the performance loss suffered by the TE learners. While the results for the
equal and wide margins class distribution pattern display similar trends, the wide middle
pattern discerns more differences between the learners, especially for a high number of
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Fig.2 Linearly weighted Kappa values achieved by prediction methods on data generated according to DGP
2 with k = 5 categories, and varying sample sizes, dimensions, and class patterns
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variables. RFSp performed consistently well in all wide middle scenarios (even under a high
number of variables). The CLM was competitive in cases where the number of observations
was either low or the number of variables was high. OF performed well for higher number of
observations, slightly but consistently outperforming naive OF in the wide middle scenarios.
On the other hand, naive OF performed slightly better than OF for the other two class
distribution patterns. For equally distributed classes, naive OF was among the best performing
methods for observation counts greater than 250. OSOA was close in performance to OF in
all scenarios. While the differences between the RF-based methods were overall rather subtle,
the performance of CF fell off in a number of scenarios, especially for class distributions
with a wide middle.

Figure 7 (Appendix B) showing the Kendall rank correlation scores achieved by the seven
learners echoes the findings for the weighted Kappa with linear weights. For the most part,
the CLM and all RF-based learners performed similarly. Using CF usually led to the lowest
correlation scores. In spite of the existence of non-linear effects, the CLM was competitive
in cases where observation counts were 250 or 750. For n = 2500, the CLM fell behind for
all class distribution patterns in the case of p = 10 covariates. For p = 35, the CLM was
competitive again since it did not suffer as much from the increase in dimensionality as the TE
methods. Overall, the differences between the different learners are even less pronounced than
when using the weighted Kappa with linear weights as the performance measure. Regarding
OF and naive OF, OF could only outperform naive OF in the wide middle scenario with 250
observations and 35 covariates. In the remaining scenarios, naive OF was either on par with
OF or very slightly ahead as in the case of classes that had wide margins or were distributed
equally. OSOA matched the performance of the former two methods in all scenarios without
deviating notably in any direction.

Results for DGP 3

Figure 3 shows the performance of the seven learners as measured by the weighted Kappa with
linear weights for DGP 3 where an additional quadratic effect was introduced. It can be seen
that while the CLM was still competitive for small sample sizes (n = 250), it fell slightly
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Fig.3 Linearly weighted Kappa values achieved by prediction methods on data generated according to DGP
3 with k = 5 categories, and varying sample sizes, dimensions, and class patterns
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behind all RF-based learners for 750 observations and even more for 2500 observations,
especially when the number of covariates was low. However, it was still ahead of CF in most
scenarios. As before, the results for equally distributed classes and classes with wide margins
were similar, while the scenarios with a wide middle revealed more differences between the
learners. For the latter class pattern, RFSp, OF, and OSOA were frequently among the best
performing methods. As for the two other data generating processes, OF and OSOA could
improve upon naive OF for class distributions with a wide middle, while naive OF performed
similarly or (slightly) better for classes that were populated equally or more strongly in the
margin categories. For equally distributed classes, naive OF was one of the best performing
learners. However, the differences between the RF-based learners (apart from CF) were again
mostly subtle.

Regarding the Kendall rank correlation scores, Fig. 8 (Appendix B) generally mirrors the
results obtained for the weighted Kappa. The CLM was competitive when the number of
observations was low, but fell with increasing sample sizes. Similarly, CF was commonly
outperformed by the RF-based methods and was on par with CLM, or in some scenarios
even behind. For the RF-based methods, the differences were once more subtle. As for the
previous data generating processes, OF and OSOA could not notably improve upon naive
OF.

3.3 Robustness of Data Generation

To study whether the results were sensitive to the generative model, we additionally reran
parts of the simulation for a generative model that created data according to a linear regres-
sion model and binned the outcome into ordinal response categories. As such, this generative
model mimicked the approach of transforming numeric outcomes to ordinal outcomes com-
monly used in practice. To this end, we generated the linear predictor term according to DGP
2 and added standard normal noise. The resulting numeric outcomes were binned such that
the targeted relative class frequencies in Table 1 were obtained. This was achieved by approx-
imating the empirical distribution function of the numeric outcome using 100 000 simulated
observations. As binning values, the respective quantiles leading to the targeted class distri-
bution pattern were selected. For instance, for the wide middle example mentioned above
with k = 5 categories and targeted relative frequencies of 0.11, 0.22, 0.33, 0.22, and 0.11,
respectively, we have selected the 11.11%, 33.33%, 66.66%, and 88.88% quantiles as binning
values. This approach was inspired by the simulation study in Hornung (2019). Using the
alternative generative model for DGP 2, we have obtained results (see Online Supplement)
that were consistent with the results described above which indicates that our findings are
robust w.r.t. the generative model used for simulation.

3.4 Runtime Comparison

Apart from the predictive performance, the required computation time should also be taken
into account when comparing the different methods. Figure 4 shows the time needed for train-
ing and predicting using a given method relative to the time needed for the CLM. This implies
that if absolute runtimes increase overall between conditions, but by the same factor for any
given method and the CLM, relative runtimes will be the same in both conditions. Relative
runtimes have the advantage of being less machine-specific than the absolute runtimes. The
CLM was chosen as the reference method as it represents the classical approach for ordinal
prediction as well as the computationally least expensive method. Note that the values have
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Fig.4 Computation time of TE prediction methods relative to CLM runtime. Values have been logarithmized
using base 10

been logarithmized using base 10. As such, a value of 0 means that a given method needed
the same time as the CLM, while a value of 2 means that the computation time of a given
method was larger by a factor of 100. Since the choices of DGP, number of categories (except
for RFSp in which the number of RF fits within RFSp scales linearly with the number of
categories), and class pattern had little impact on the relative runtime results, we are only
showing the runtime comparison for data generated according to DGP 2 with five categories
that were distributed equally. Regarding RFSp, we have decided for five categories as it posed
the middle ground of the different numbers of categories considered in our simulation. Since
all computations were performed on a compute cluster, it cannot be guaranteed that the indi-
vidual computations were performed on identical CPUs. Furthermore, we have restricted all
methods to only use a single core for computation which may have negatively impacted the
runtime of some methods due to not being able to employ parallelization for faster computa-
tions. Due to these limitations, our results should be interpreted as broad estimates rather than
exact benchmarks. When comparing the relative runtimes, one can see that for all methods,
the required runtime was higher by at least a factor of 10 compared to the CLM. From the
TE methods, the lowest runtimes were achieved by RF and naive OF which both fit a single
RF. As RFSp needed to fit four RF models, it required more runtime than RF and naive OF
as expected. In comparison, to the RF-based methods, CF needed relatively higher runtimes
for fitting a single model. As expected, the runtimes of OF and OSOA were quite high due to
the optimization step. Their computation time was between a 1000 and 10,000 times higher
than for the CLM. However, one should keep in mind that the runtime of OF and OSOA is
directly linked to the number of optimization iterations, i.e., the number of different score
sets evaluated in OF and the maximum number of evaluations in OSOA.

Regarding the impact of n and p, one can see that the relative computation times of the
TE methods increase for larger sample sizes. This means that the CLM’s runtimes were
less impacted by increased sample sizes than the runtimes of the TE methods. Increasing
the number of covariates did not result in a similar effect, indicating that the CLM scaled
similarly to the TE methods regarding the computation time.
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For practical implications, however, one should also consider the actual runtimes instead
of solely relying on the relative runtimes. For example, in the computationally most demand-
ing case of n = 2500 observations and p = 35 covariates, the CLM needed a median
time of 0.08s, RF 3.40s, naive OF 4.66s, RFSp 10.26s, CF 114.93s, OSOA 394.76s, and
OF 479.79s. Depending on the dataset and computational power at hand, the discrepancy
between, say, a CLM and naive OF or RFSp may be negligible for practical purposes as long
as one does not employ a hyperparameter tuning for the RF-based methods.

4 Real Data Examples

In addition to the simulation study, the seven methods were also evaluated on eight real
datasets. For our selection of datasets, we have strived for incorporating a variety of different
application domains and dataset characteristics. Therefore, we have included datasets from
psychology, (bio-)medicine, and the social sciences, as these are common application fields
for ordinal prediction. The datasets also vary regarding their size and target variable properties
(i.e., number of categories and their distribution). Table 2 provides an overview of the datasets.
Out of these eight datasets, five (Birthweight, Boston, Hearth, Medical Care, and Wine
Quality) were already analyzed in Tutz (2021), while the Mammography data were also
used in Janitza et al. (2016) and Hornung (2019). The Birthweight dataset is concerned with
predicting the birthweight of newborns. It was obtained from the MASS package. The original
numeric target variable was categorized according to Tutz (2021). For the Boston dataset, it
is of interest to predict the median value of owner-occupied homes in Boston. It was obtained
from the m1bench package (Leisch & Dimitriadou, 2021). The numeric target variable was
binned according to Tutz (2021). For the Hearth dataset, the goal is to predict the severity of
coronary artery disease. It was taken from the ordinalForest package (Hornung, 2022).
The Mammography dataset contains information about mammography experiences and was
taken from the TH. data package (Hothorn, 2023).

The Medical Care dataset originates from the US National Medical Expenditure Survey
from 1987. It was obtained from the AER package (Kleiber & Zeileis, 2008). We have
chosen the same subset of observations and covariates to predict the number of physician
office visits as well as the same target variable binning as Tutz (2021). The Student dataset
contains information about the final grade of students from a Portuguese language course. The
data was taken from the UCI Machine Learning Repository (Cortez, 2014). We have binned
the target variable that was originally on a 20-point scale into five categories (see Table 2).
As covariates, we have selected gender, age, region (rural vs. urban), parents’ cohabitation
status, mother’s education, father’s education, weekly study time, presence of educational
support from the school, presence of educational support from the family, partaking in paid
extra classes, interest in taking higher education as well as access to the internet at home.
The Wage dataset was obtained from the ISLR package (James et al., 2021). The goal is to
predict the wage of workers in the Mid-Atlantic region. The target variable was binned into
five categories for our analysis (see Table 2). Lastly, the task for the Wine Quality dataset
is predicting the quality score of wine. It was taken from Cortez et al. (2009). The original
categories were coarsened according to Tutz (2021). None of the obtained datasets contained
any missing values. To evaluate the seven learners, we performed a five-fold cross-validation
with 50 replications. For the learners, we used the same settings as in the simulation study
before.
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Table 2 Description of real datasets used for evaluation

Name Obs Cov Description and categories

Birthweight 189 8 Birth weight in grams
1: <2500 (n = 59), 2: 2500-3000 (n = 38)
3:3000-3500 (n = 45),4: > 3500 (n = 47)
Boston 506 13 Median value of owner-occupied homes in $1000
1: <15 (n =97),2: 15-19 (n = 78), 3: 19-22 (n = 109)
4:22-25 (n = 98), 5: 25-32 (n = 57), 6: > 32 (n = 67)
Hearth 294 10 Severity of coronary artery disease
1: no disease (n = 188), 2: degree 1 (n = 37)
3: degree 2 (n = 26), 4: degree 3 (n = 28), 5: degree 4 (n = 15)
Mammography 412 5 Last mammography visit
1: Never (n = 234), 2: Within a year (n = 104)
3: Over a year (n = 74)

Medical 1778 10 Number of physician office visits
Care

1: 0 (n =329),2: 1 (n = 183), 3: 2-3 (n = 362), 4: 4-6 (n = 398)
5:7-8 (n = 149), 6: 9-11 (n = 149), 7: > 11 (n = 208)
Student 649 12 Final grade in Portuguese language course
1: 0-10 (n = 100), 2: 10-11 (n = 201), 3: 12-13 (n = 154)
4:14-15 (n = 112), 5: 15-20 (n = 82)
Wage 3000 8 Wage of workers in Mid-Atlantic region in $100k
1: <75 (n = 430), 2: 75-100 (n = 913), 3: 100-125 (n = 789)
4:125-150 (n = 525), 5: > 150 (n = 343)
Wine 4898 6 Wine quality rating
Quality
l:<5m=183),2:5(n=1457),3: 6 (n = 2198)
4:7 (n =880),5: > 7 (n=180)

Figure 5 shows the values for the weighted Kappa with linear weights achieved by the
learners on the eight datasets. It can be seen that the CLM was notably outperformed on the
Boston, Mammography, and Wine Quality datasets. For the Medical Care data, the CLM,
however, achieved the best performance of all learners. For the remaining datasets, it was
competitive with the TE learners. When comparing the RF-based learners and CF, CF and the
classification RF could never outperform the other learners and were either on par or lagged
(slightly) behind. OF could improve upon naive OF for the Birthweight, Mammography,
Medical Care, Student, Wage, and Wine Quality datasets. The predictive performance of
OSOA was mostly aligned with the performance achieved by OF except for the Medical
Care data. RFSp was among the most consistently performing methods. It outperformed all
other learners on the Wage dataset and was competitive for the remaining datasets. Overall,
however, the performance differences between the RF-based learners were often on a small
scale apart from situational advantages or disadvantages for some methods, respectively. The
fluctuating hierarchies regarding the performance could not reveal a general advantage for
any method. When using Cohen’s Kappa with quadratic weights, a similar picture emerged
(see Online Supplement).
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Fig.5 Linearly weighted Kappa values achieved by prediction methods on real datasets

Figure 9 (Appendix B) shows the Kendall rank correlation scores achieved by the seven
learners. Overall, the result patterns resembled the findings for the weighted Kappa. The CLM
was outperformed on the Wine Quality and Mammography datasets as well as slightly on the
Boston dataset. For the Medical Care dataset, the CLM performed best and was competitive
for the remaining datasets. In contrast to the weighted Kappa with linear weights, CF was
lagging behind less compared to the RF-based learners for Kendall’s rank correlation scores.
OF could not notably outperform its naive counterpart. As before, OSOA’s performance
mostly fell between OF and naive OF. Generally, the differences between the RF-based
learners were mostly subtle. When taking all learners into account, the largest differences
were mostly caused by the CLM when it either performed particularly well as for the Medical
Care data or when it was not suitable as for the Wine Quality and Mammography datasets.
These findings were echoed when looking at the Spearman rank correlation scores. For the
latter results, we refer to the Online Supplement. While the predictive performance of the
individual methods was based on relative comparisons so far, for practical purposes, it is
also relevant to consider the absolute predictive performance of the methods. Figures 5 and
9 show that overall, the highest predictive performance was achieved on the Boston dataset
with Kendall rank correlations between 0.78 and 0.84, followed by the Wine Quality (only for
TE learners), Hearth, and Wage datasets. For the Birthweight, Student, Mammography, and
Medical Care data, the predictive performance values achieved were generally lower (e.g.,
for the latter two datasets, rank correlations lower than 0.34 were achieved for all methods),
indicating that these prediction tasks were more difficult.

5 Discussion

In this work, we provided an extensive comparison of the CLM and TE methods for ordinal
classification such as RF (Breiman, 2001), CF (Hothorn et al., 2006), (naive) OF (Hornung,
2019), and RFSp (Tutz, 2021). We further contributed a new method through our proposed
OSOA. OSOA employs a non-linear optimization algorithm for determining optimal numeric
scores to be assigned to the ordinal response categories within a regression RF framework.
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We studied all methods in a wide range of varying scenarios including three different DGPs
that were characterized by an increasing amount of non-linear effects. Inspired by Hornung
(2019), we further varied the class distributions using three different distribution patterns.
Creating such diverse data settings helped us investigating under which circumstances tra-
ditional parametric models such as the CLM are competitive with modern, computationally
more demanding TE methods, and at which point the latter offer a noticeable improvement
in predictive performance. Furthermore, by including different TE approaches such as clas-
sification RFs, binarized RFs, regression RFs with unoptimized scores as well as regression
RFs with optimized scores, we could study differences among the TE methods, particularly
regarding the question whether the computational cost of score optimization yields relevant
benefits. Our extensive comparison has revealed several important insights which we discuss
in the following.

Finding 1: CLM Remains Competitive for Small Sample Sizes and Limited Non-linear
Effects

Similar to the findings in Tutz (2021), our results were also mainly characterized by cases
in which the CLM either outperformed the other methods, was on par or notably lagged
behind. For the first DGP that included linear effects only, the CLM notably outperformed
all ML approaches. This was to be expected as the data generated from a proportional odds
model with the all-linear effect structure represented the optimal use case for the CLM. With
an increasing amount of non-linear effects, the CLM’s performance suffered in comparison
to the TE methods. However, it required quite strong non-linear effects for the CLM to be
outperformed. Especially for small sample sizes, the CLM was regularly competitive even in
the presence of non-linear effects. For larger sample sizes, the TE learners usually closed the
performance gap (when they lagged behind for smaller samples) or widened it (when they
were slightly ahead or on par for smaller samples), respectively. Our analysis of real datasets
revealed a similar pattern where the most discrepancies between the different methods were
caused by the performance of the CLM in relation to the TE methods.

Finding 2: TE Methods Reveal Only Small Differences Among Themselves

When comparing the TE methods, CF fell behind the RF-based learners once the DGPs
increasingly included non-linear effects. This was more prevalent when using the weighted
Kappa to assess the predictive performance and less when using rank correlation scores. The
differences between the RF-based methods themselves were mostly subtle. The latter finding
is in line with Tutz (2021). The performance of our newly proposed OSOA mostly matched
the performance of OF. When evaluating all methods on real datasets, we similarly found
small differences between the TE methods. The largest performance differences were mostly
caused by the CLLM that either performed particularly well on a dataset or was outperformed
notably by the set of RF-based methods.

Regarding the number of covariates, we observed the RF-based learners to incur a more
notable performance loss than the CLM. However, this effect could be attributed to a lacking
hyperparameter tuning. Even though RFs are relatively robust regarding their parameter
choices, the condition with a higher number of covariates added only noise to the model.
Consequently, only 7 of the 35 covariates affected the outcome. By using the default setting
(i.e., the square root of the number of covariates) for the hyperparameter mt ry that regulates
how many covariates are randomly sampled for consideration in a given split, RFs potentially
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had to rely often on noise variables only for splitting which ultimately harmed the predictive
performance.

Finding 3: Limited Benefit of Score Optimization in OF and OSOA

Regarding the question of whether optimizing scores in score-based methods such as OF and
OSOA nets a benefit over naive OF, our results were mixed. In our simulation, we found that
OF improved upon naive OF in cases where the distribution of classes was characterized by
dominant middle categories. As such, this supports the findings in Hornung (2019). For the
other distribution patterns where classes were distributed equally or a dominant margin cat-
egories were present, however, OF could not outperform naive OF. As OSOA’s performance
mostly aligned with OF, the findings above also hold when comparing OSOA to naive OF. For
the real datasets, OF and OSOA could improve upon naive OF for six out of eight datasets,
but the differences were often on a small scale. As such, the benefits of score optimization
were rather situational. While it can improve the predictive performance, it is not guaranteed
for any given dataset and the high runtimes demonstrated in the runtime comparison must
be kept in mind.

Limitations of Simulation Study

While we aimed to make our DGPs as diverse as possible by varying the amount of non-
linear effects and the distribution of the response categories, all datasets were generated
from models with identical effects across the categories. Future work could study DGPs
that include category-specific effects. To this end, it would also be sensible to analyze more
parametric models such as partial proportional odds models (see e.g., Brant, 1990; Peterson &
Harrell, 1990) or the more recently proposed location-shift model by Tutz and Berger (2022).
Additionally, all covariates were simulated as uncorrelated. While it is likely that in individual
simulation runs some correlations between covariates randomly occurred, systematically
varying the simulated correlation between covariates in future work may help illuminate
further differences between the ordinal prediction methods studied here. Furthermore, our
work only focused on datasets with relatively few covariates. For high-dimensional data,
classical parametric models may run into problems (see, e.g., Zahid & Tutz, 2013). As such,
it would be of interest to study how the findings from our comparison translate to high-
dimensional settings. Another limitation of our work is posed by the lack of hyperparameter
tuning for TE methods. Although this was in line with other works from the field (Janitza
et al.,, 2016; Hornung, 2019; Tutz, 2021) and despite RF’s relative robustness regarding
the parameter choice (Probst et al., 2019), a hyperparameter tuning could have amended
the performance loss suffered by the TE methods in the simulation scenarios with many
noise variables. Further, we did not optimize the parameters of OSOA as its inclusion in the
comparison study served more as a showcase. More fine tuning of OSOA’s parameters may
yield higher predictive performance or limit the computational burden of the optimization
procedure while potentially sacrificing only little predictive performance.

Combining Multiple Prediction Methods as Ensembles

While this work focused on comparing individual prediction methods to assess their respec-
tive viability in different data scenarios, Tutz (2021) proposed combining multiple prediction
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models (e.g., CLM, OF) into a joint ensemble prediction model. To this end, the individual
models are trained separately on the training data. For predicting new observations, the pre-
dicted response category probabilities of the individual models are aggregated via a weighted
mean. The weights are determined in an advance step where the prediction methods are eval-
uated separately on a subset of the training data and higher predictive performance (relative
to the other methods) results in a higher weight. For more details on the joint ensemble
approach, we refer to Tutz (2021). When running an ensemble consisting of a CLM, an OF
and a RFSp model on the real data examples, Fig. 10 (Appendix C) shows that the joint
ensemble achieved the highest linearly weighted Kappa values for two datasets, indicating
that this approach can yield benefits. For some datasets, the joint ensemble was partly held
back when one of its prediction models performed poorly on the given dataset (e.g., CLM for
the Wine Quality data). As such, the joint ensemble approach can be worthwhile to consider,
but requires a few design choices whose optimality is likely to vary between datasets, e.g.,
how many and which prediction methods should be included, what the optimal weighting
strategy is, etc. As the joint ensemble fits each prediction method multiple times (due to the
weight computation), this approach also leads to extended computational runtimes. Further-
more, if interpretability is of interest, then the ensemble approach loses the interpretability its
individual models potentially provide. However, if only the predictive performance is relevant
for the application at hand, then joint ensembles can be a sensible approach to employ.

Avenues for Further Methodological Research

A possible explanation for the lack of consistent improvement upon naive OF could be
that OF and OSOA are internally both optimizing a class balanced version of Youden’s J.
As Youden’s J is a measure reflecting sensitivity and specificity, it is not a performance
measure specifically tailored towards ordinal classification. As such, optimizing Youden’s J
may not necessarily result in a more optimal classification result from an ordinal perspective.
One could investigate whether optimizing other performance measures such as the weighted
Kappa would lead to more consistent improvement upon naive OF.

Specifically for OSOA, the proposed optimization procedure could further be enhanced
by including restarts which could help the optimizer in escaping local minima to possibly find
better solutions. Additionally, one could try to use multiple sets of starting score values for
initializing the optimization instead of only using scores derived from a partition of the [0, 1]
interval where all sub-intervals are of equal width. Furthermore, one could explore alternative
optimization approaches, e.g., evolutionary algorithms (EAs) such as the covariance matrix
adaptation evolution strategy (Hansen & Ostermeier, 1996). EAs keep a population of solu-
tion candidates which is continually optimized through recombining and mutating current
population members, or sampling new candidates from distributions influenced by current
candidates (for an introduction to EAs see e.g., Pétrowski & Ben-Hamida, 2017).

Another possible explanation for the lack of improvement achieved through score opti-
mization may be found in the prediction procedure of OF and OSOA. OF and naive OF
determine predictions for new observations by first obtaining the predicted numeric scores
from all trees. For each of the tree models, the predicted score is first transformed into a
class label by using the associated class borders. The final class prediction is then computed
by aggregating over all class labels via majority voting. As OSOA was modeled after OF in
this regard, it follows the same prediction procedure. However, since the individual trees in a
forest are usually grown without restricting their complexity too much, the resulting terminal
nodes may often be pure, i.e., contain (almost) only observations from a single category.
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Thus, the predicted value for observations falling into the terminal node would simply be the
numeric score assigned to the respective category, or a value very close to it in case the node is
not entirely pure. Since the predicted numeric score would be immediately transformed into
a class label and not processed for further aggregation in its numeric state, the actual numeric
score assigned to the respective category may have little impact on the overall prediction
behavior. In future work, one could investigate whether score optimization yields greater
benefits when first aggregating the numeric scores from the individual trees by averaging and
assigning a class to the aggregated prediction score.

Practical Recommendations

Practical machine learning applications often follow a workflow in which the data problem
at hand is not approached by only fitting a single prediction method, but instead comparing
several prediction methods on a subset of the data to determine which of the many prediction
methods available achieves the best performance for the given data. While it would be ideal
to compare as many methods as possible, this is often not feasible in practice due to limited
time and computational resources. Therefore, one typically resorts to benchmarking only a
selected set of prediction methods. Acknowledging this common compromise, we therefore
offer the following recommendations that may help arriving at a feasible set of methods to
compare for a given data situation. Our work demonstrated that while the RF-based methods
can outperform the CLM for non-linear effects and larger sample sizes, it required relatively
strong non-linear effects for causing a performance gap. Even in the presence of non-linear
effects, the CLM was competitive for small sample sizes. In line with Tutz (2021), we
therefore recommend always considering a parametric model as a benchmark model against
which other methods should be gauged. For small sample sizes and weak non-linear effects,
the parametric model may already suffice and even lead to better performance as the TE
methods often require a certain baseline of observations before they can achieve satisfying
performance. Having small sample sizes is not uncommon in fields like psychology and social
sciences, where ordinal responses are often encountered. For example, in their review of 1568
samples used in psychological publications between 1995 and 2008, Shen et al. (2011) found
a median sample size of 172 and a mean sample size of 690 observations. As the TE methods
often performed similarly and most differences in our comparison arose from performance
gaps between the CLM and the relatively homogeneous set of TE methods, we recommend
comparing the parametric benchmark model with a naive OF or RFSp. Classical RF was often
lagging slightly behind the other TE methods. The score optimization procedures of OF and
OSOA have been shown to be quite computationally demanding and their benefit was mostly
situational. Therefore, comparing a parametric model with a computationally less demanding
naive OF or RFSp model can give a first indication whether the application at hand is more
suited towards parametric models or TE methods. Should naive OF or RFSp outperform the
parametric model and should the distribution of the response categories be characterized by
dominant middle categories, employing a score optimizing TE method may be worthwhile
(if the computational resources permit). Regarding the TE methods, however, one should
further keep in mind that despite the RF’s robustness regarding its hyperparameter settings
(Probst et al., 2019), scenarios in which one expects a high rate of noisy covariates and a
low rate of influential covariates may warrant a hyperparameter tuning. This, in turn, would
increase the runtime even further and in combination with a score optimization approach as
in OF and OSOA may be less feasible for practical purposes.
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Instead of arriving at a prediction model based on the recommendations above, one can
also follow the joint ensemble approach from Tutz (2021) with the implications discussed
earlier. Since the joint ensemble performs a model selection process internally, it offers a
viable alternative to the benchmarking approach. In this case, our recommendations could

be used to guide which prediction models to include in the joint ensemble.

Appendix A: Threshold Values for Simulation Study

Table 3 Threshold values for combinations of DGP, class distribution pattern, and k

DGP Class pattern kK »n 12) Y3 Y4 5 Y6 Y7
DGP 1 Equal 3 -3 0.75 00 — - - —
5 —4.75 -2 0.25 3 00 -
7 —5.75 -35 —-1.75 —0.25 1.5 3.75 00
Wide margins 3 -2 0.25 00 — - - —
5 —3.75 —1.75 —0.5 1.75 -
7 —4.75 —2.75 -1.5 —0.75 0.5 2.5 00
Wide middle 3 —4 2 00 - - - -
5 —6.25 —2.75 1 4.5 00 -
7 -8 -5 -2.5 0.25 2.75 5.5 00
DGP 2 Equal 3 —5.25 —1.25 00 - - - -
5 -7 —4.25 -2 0.75 00 - -
7 -8 —5.75 —4 —2.25 -0.5 1.75 00
Wide margins 3 —4.25 -2 00 - - - -
5 —6 —3.75 =25 —0.25 00 -
7 -7 -5 —3.75 -3 —1.75 0.5 00
Wide middle 3 —6.25 0 00 — - - —
5 —8.75 —5.25 —1.25 2.5 00 -
7 —10 —7.25 —4.75 —1.75 1 4 00
DGP 3 Equal 3 —6 -2 00 - - - -
5 -8 —5.25 -3 —0.25 00 -
7 -9 —6.75 =5 —3.25 -1.5 0.75 00
Wide margins 3 —5.25 -3 o0 — — - -
5 -7 —4.75 -35 —1.25 00 - -
7 -8 —5.75 —4.5 —3.75 -2.5 —0.25 00
Wide middle 3 —17.25 —1 00 — - - -
5 —10 —6 -2 1.5 00 -
7 —11.25 —8.25 —55 -2.5 0 3 00
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Appendix B: Kendall Rank Correlation for Simulation and Real Data
Comparisons
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Fig.6 Kendall rank correlation scores achieved by prediction methods on data generated according to DGP 1
with k = 5 categories, and varying sample sizes, dimensions, and class patterns
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Fig. 7 Kendall rank correlation scores achieved by prediction methods on data generated according to DGP 2
with k = 5 categories, and varying sample sizes, dimensions, and class patterns
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Fig.8 Kendall rank correlation scores achieved by prediction methods on data generated according to DGP 3
with k = 5 categories, and varying sample sizes, dimensions, and class patterns
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Appendix C: Real Data Example Results for Joint Ensemble Learner
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1 | INTRODUCTION

Ordinal data are an everyday occurrence in psychology. School grades are strictly speaking ordinal,
rating scales used in questionnaires produce ordinal responses, and raters award ordinal scores to per-
formance in tasks or assessments. In statistical analyses, ordinal responses have long been modelled
using parametric models. A well-known parametric model class (containing, e.g., the proportional odds
model) are cumulative models, which assume that the ordinal response results from an underlying latent
variable that is only observable through thresholds (McCullagh, 1980). For a more general overview of
parametric models for ordinal response data, the reader is referred to Tutz (2022). Similarly, ordinal
regression can be approached from a Bayesian perspective. To this end, Johnson and Albert (1999)
and Agresti and Hitchcock (2005) provide an overview of Bayesian ordinal regression models. For a
tutorial on fitting ordinal regression models in the Bayesian framework, I refer the reader to Birkner
and Vuorre (2019). In the more traditional statistical modelling literature for psychology, efforts have
been made to popularize statistical models for ordinal data (e.g., Biirkner & Vuorre, 2019; Sénning
etal., 2024). At the same time, machine learning (ML) methods have been on the rise in these fields (e.g.,
Fife & D'Onofrio, 2022; Hilbert et al., 2021; Ulitzsch et al., 2022). These prediction-oriented methods
can easily handle large quantities of data, as are increasingly becoming available in the psychological
sciences (Hilbert et al., 2021; Ulitzsch et al., 2022). Prediction is often of crucial interest for these fields,
e.g., in aptitude-fit assessment for trying to predict which students might benefit from what support.
Further, there is a growing interest in predicting ordinal data, such as school grades (e.g., Costa-Mendes
et al., 2020) or creativity ratings (e.g., Buczak et al., 2022). These studies often rely on ML approaches
that do not provide inherent support for ordinal responses such as random forest (RF; Breiman, 2001).
To work around this limitation, different strategies have been proposed in the statistical and ML lit-
erature that enable the use of RF while accounting for the ordinal nature of the response. A common
approach is assigning numeric scores and category borders to the ordinal response categories and using
the scores as the outcome variable for training a regression RF and the category borders for predicting
new observations (Buczak et al., 2024; Hornung, 2019). While in principle one could assign default
scores of 1,2, ..., £ to the £ ordinal response categories, it is unclear if such a choice is optimal and rep-
resents the assumed underlying latent variable well. Thus, ordinal forest (OF; Hornung, 2019) and the
ordinal score optimization algorithm (OSOA; Buczak et al., 2024) both first aim to optimize the scores
that are assigned to the ordinal categories. Split-based ordinal forest (RFSp) proposed by Tutz (2021),
on the other hand, does not rely on using numeric scores for the ordinal response categories and instead
transforms the ordinal prediction task into a series of binary prediction tasks for which regular binary
classification RFs are trained respectively. Using the individual RF models, cumulative probabilities for
the ordinal response categories can be computed.

Apart from RF, other ML methods have been extended to ordinal prediction as well. Examples in-
clude boosting algorithms (Riccardi et al., 2014; Tutz & Hechenbichler, 2005), support vector machine
(Chu & Keerthi, 2007; Herbrich, 1999), and neural networks (e.g., Cao et al., 2020; Cheng et al., 2008;
Shi et al., 2023). While the ML literature generally offers a plethora of different methods, tree-based
methods have proven particularly effective for tabular data (Grinsztajn et al., 2022). As tabular data are
common in psychology, and RF is currently among the most actively researched tree-based methods for
ordinal prediction (e.g., Buczak et al., 2024; Hornung, 2019; Janitza et al., 2016; Tutz, 2021), this work
will focus mainly on the use of RF for ordinal prediction. A further practical benefit of RF is its rela-
tive robustness of hyperparameter choices, whereas other M. methods may require a computationally
expensive hyperparameter tuning beforehand (see Probst et al., 2019).

In their comparison studies, Tutz (2021) and Buczak et al. (2024) only found slight differences re-
garding the predictive performance of the different RF-based approaches. Further, Buczak et al. (2024)
found the benefit of optimizing the scores assigned to the ordinal response categories as in OF and
OSOA rather situational. The authors discuss possible reasons for the lack of consistent improvement
such as the prediction procedure used in both methods. In this work, I introduce a novel prediction pro-
cedure for score-based RFs as sketched in Buczak et al. (2024). Further, I point out that the direct link

9SUDDIT SuoWWo)) dANea1)) d|qeorjdde oy £q paurdaoT a1e so[onIe YV 98N Jo sajni 10y A1eiqi auljuQ) A3[IAY UO (SUONIPUOD-PUE-SWLI)/ W0 KA[Im Areiqiout[uo//:sdiy) suonipuo)) pue suld I, 9y 998 *[S70Z/#0/S 1] uo Areiqiy aurjuQ A9[IA\ ‘PUNUILO(] 19BISIOAIUN dYostuyaa | Aq ¢L ez 1 dswq/ | [1°01/10p/wod Kajim Kreiqioutjuo qnydAsdsdq//:sdny woiy papeojumo( ‘7 ‘ST0T ‘L1€84H0T



596 BUCZAK

between scores and category borders (one is always determined by the other) in OF and OSOA can be
another factor hindering improvement regarding predictive performance. To remedy this, I propose a
novel score-based RF method called Freguency-Adjusted Borders Ordinal Forest (fabOF) which builds on the
newly introduced prediction procedure and decouples the scores assigned to the ordinal response cat-
egories and the borders used for transforming the numeric predictions into ordinal categories. Instead
of a computationally expensive optimization procedure as in OF and OSOA, fabOF chooses its borders
using a heuristic based on the response category frequencies. Through simulation and an illustrative
data example, I will demonstrate that fabOF improves upon the predictive performance of existing
methods while requiring significantly less runtime than OF and OSOA, for example. Apart from pre-
dictive performance, explaining and interpreting results remains of crucial interest to psychological
researchers, even in primarily predictive settings (Henninger et al., 2023). Particularly in the context of
RF models, variable importance measures (VIMs) are a popular tool for quantifying the importance of
individual covariates on model predictions (Molnar, 2022). While Janitza et al. (2016) proposed a VIM
for ordinal prediction based on the ranked probability score (Epstein, 1969), their VIM is not applicable
to the newly proposed fabOF, thereby necessitating an alternative solution. Therefore, I additionally
introduce a custom VIM for fabOF that helps interpret the impact of individual covariates on fabOF
model predictions.

The remainder of this paper is structured as follows. In the next section, I will present prior work
on score-based RF approaches to ordinal prediction in more detail. Subsequently, I will contribute to
the literature by introducing the alternative prediction procedure as well as the newly proposed fabOF
method and its custom VIM. Further, I will evaluate fabOF as well as its permutation VIM through
simulation and showcase both using an illustrative data example. The work closes with a discussion and
potential avenues for further research.

2 | PRIOR WORK ON SCORE-BASED ORDINAL
PREDICTION WITH RANDOM FOREST

Assigning numeric scores to ordinal response categories is a common approach to extending existing
ML algorithms to the ordinal case. Kramer et al. (2000) used numeric scores for predicting ordinal
responses with regression trees. Piccarreta (2007), Archer (2010), and Galimberti et al. (2012) extended
split criteria in classification trees based on numeric scores. The conditional inference tree framework
by Hothorn et al. (2006) uses permutation tests to assess the association between the outcome variable
and covariates. In their framework, which supports nominal, ordinal, and numeric responses, ordinal
response categories are transformed into numeric scores that can be prespecified by the user. Janitza
et al. (2016) have studied in detail the use of conditional inference forests for ordinal classification. In
this work, a particular focus is placed on the score-based RF methods OF (Hornung, 2019) and OSOA
(Buczak et al., 2024).

Similar to the cumulative model, both methods assume that the ordinal response variable results
from an underlying latent numeric variable. However, instead of the original numeric values, one can
only observe a coarser version of the latent variable where individual observations take one of £ ordi-
nal categories. Both methods aim to approximate the latent variable by partitioning the [0, 1] interval
into £ category-specific subintervals characterized by the category borders 0 < by < by < -+ < b <1
These category intervals are represented by a numeric score where for the rth category, OF and OSOA
use the midpoint of the corresponding category interval [b,, b, 1) as its representative score s,, i.e.,
5= bt bt ,r=1,..., & (Buczak et al., 2024; Hornung, 2019). Finally, the numeric scores (and category
borders) are transformed using the quantile function of the standard normal distribution (probit func-

tion) and used to fit a regression RF model. As a toy example, consider the following partition of the
[0, 1] interval into five category subintervals: [0, 0. 2), [0. 2, 0. 4), [0. 4, 0. 6), [0. 6,0. 8) and [0. 8, 1]. Using the
midpoints of these intervals, the five categories would be represented by the numeric scores .1, .3, .5, .7,
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and .9 respectively. Transforming these scores (and category borders) using the probit function leads to
numeric values in the interval ( — 00, 00), which are in turn used to fit a regression RF that can output
numeric predictions for new observations. Numeric predictions are translated back into ordinal cate-
gories using the category borders. Ignoring the probit transformation for the sake of the toy example, a
numeric prediction of .15 for a given observation would fall into the first subinterval [0, 0. 2) and, thus,
translate to the first ordinal category.

However, this toy example only showcases one possible partition of the [0, 1] interval. In practice,
it is not known which partition best represents the unknown underlying variable. Therefore, OF and
OSOA employ an optimization procedure that aims to find the optimal partition regarding the pre-
dictive performance achieved with it. However, the two methods differ in their optimization strat-
egy. OF starts by generating random sets of partitions. For each partition, a regression RF is trained
using the numeric scores resulting from the respective partition as sketched in the toy example. The
RF fits are evaluated using their out-of-bag (OOB) performance (i.e., for each observation only the
trees which did not include the given observation in the training data are used for prediction and
performance evaluation) as measured by Youden's index | (Youden, 1950). The partitions leading
to the best performance are combined into a final partition that is used for fitting the final RF in a
second step (Hornung, 2019). OSOA similarly evaluates partitions by their predictive performance
using Youden's J. However, in contrast to OF, OSOA uses a non-linear optimization algorithm that
iteratively searches for an optimal partition. As such, the optimization procedure in OSOA can
explore promising regions in the solution space instead of relying on a pregenerated set of possible
partitions (Buczak et al., 2024).

For the non-linear optimization, OSOA relies on the Sbplx optimizer from the NLopt library
(Johnson, 2008), which is a variant of the Nelder—Mead method (Nelder & Mead, 1965). Relating
back to the toy example, OSOA would select the partition [0, 0. 2), [0. 2,0.4),[0.4,0. 6), [0. 6, 0. 8), and
[0.8,1] as its starting point and would aim to iteratively pivot towards an optimal partition. Similar
to OF, partitions are evaluated based on the predictive performance they achieve when training a
regression RF and assessing its OOB performance. The internal optimizer traverses the space of
possible partitions and aims to find the partition leading to the optimal value of Youden's index
J. As such, OF and OSOA both aim to optimize the same performance measure, but with dif-
ferent means. Apart from their different optimization approaches, OF and OSOA are equivalent.
In their comparison study, Buczak et al. (2024) found both methods to perform mostly similarly.
Furthermore, the authors found the benefit of the score optimization to be situational as OF and
OSOA could not consistently outperform a naive OF variant, which instead simply used the default
scores 1,2, ..., £ and category borders 0.5,1.5,..., £+ 0.5.

Discussing potential improvements for OF and OSOA, Buczak et al. (2024) suggest using an al-
ternative prediction procedure than the one currently employed. To predict new observations, both

methods use the approach described in pseudocode in Algorithm 1. For all Mose

. . . .. poum
dicted, each of the B trees is used to generate a numeric score prediction J; , withi=1,..., Moted and

4 observations to be pre-

Algorithm 1 Transform-first-aggregate-after (TFAA) prediction

Obtain numeric prediction g™ for observation ¢ = 1,. .., npeq from tree
j=1,...,B.
Transform g3} into category prediction g§;* using category borders by, ..., bgy1.

Determine aggregated category prediction via majority voting over all tree-level

category predictions, i.e., " = mode(g&", ..., §5a).
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J=1,.., B, Using the category borders b, ..., by, of the £ response categories, the numeric score pre-
. . poum . .. et .

diction J;  can be transformed into a category label prediction Jj; . For each observation, the category

label predictions from the B trees are aggregated via majority voting, resulting in the category label pre-

diction for observation 7, JA’ZC = mOdeO/ﬂ 5 -Jfﬁt). As this procedure first transforms the numeric score
predictions into a category label and then aggregates all predicted category labels into a single category
label prediction, it will be referred to as transform-first-aggregate-after (TFAA) prediction in what follows.

Buczak et al. (2024) argue that transforming numeric scores into category labels already at the
tree level may limit the impact of the actual choices of the numeric scores. Instead, the authors sug-
gest exploring an alternative prediction approach where the numeric predictions from the individual
trees are first aggregated by averaging and then transforming the aggregated numeric prediction
to a category label. I follow their suggestion and introduce aggregate-first-transform-after (AFTA) pre-
diction in the next section. Additionally, I address another limitation of OF and OSOA. For both
methods, scores and category borders are directly linked since the scores are always determined as
the midpoints of the category intervals. While always representing the categories by their midpoint
may seem intuitive, it is not necessarily a decision based on predictive performance for the given data
context. Therefore, separating category scores and borders from one another allows for additional
flexibility. To this end, I propose fabOF, a novel score-based RF method for ordinal prediction that
builds on AFTA prediction and determines its category borders separately from its category scores
in an adaptive way.

3 | NEW CONTRIBUTIONS TO SCORE-BASED ORDINAL
PREDICTION WITH RANDOM FOREST

3.1 | Aggregate-first-transform-after prediction

AFTA prediction is described in pseudocode in Algorlthrn 2. In contrast to TFAA prediction, the
Anum Z_ 1

tree-level numeric score predictions J; s Mpreds/ = 15 > B are first averaged to obtain an ag-

gregated numeric score prediction, i.e.,

m

B
jnum — _1 Z Saum
=1

By using the category borders, the aggregated score prediction can in turn be transformed into a category
label prediction 05 ; . In this work, I investigate the use of AFTA prediction for existing methods such as
OF and OSOA as well as for the newly proposed fabOF introduced in what follows.

Algorithm 2 Aggregate-first-transform-after (AFTA) prediction

Obtain numeric prediction g;3"™ for observation ¢ = 1,...,n from tree j = 1,..., B.

Snum

Compute aggregated numeric prediction "™ = % Z Uiy

Snum

Transform §M™™ into category prediction §5*' using category borders by, ..., bpy1.
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FREQUENCY-ADJUSTED BORDERS ORDINAL FOREST 599

3.2 | Frequency-adjusted borders ordinal forest

The new fabOF method follows (naive) OF and OSOA in assigning scores to ordinal categories and
using these to train a regression RF, which in turn outputs numeric score predictions for new observa-
tions that are transformed back into ordinal categories via category borders. However, in contrast to OF
and OSOA, fabOF relies on AFTA prediction and separates the choice of scores and category borders.
While in principle one could extend the optimization procedure of OF and OSOA to simultaneously
optimize scores and category borders, such an approach would greatly increase the complexity of the
optimization problem. Instead, fabOF employs a heuristic for deriving its category borders based on the
distribution of the ordinal response categories. This design decision is motivated by the results obtained
by Buczak et al. (2024) and Hornung (2019), both of whom indicate the response category distributions
affect the predictive performance of ordinal prediction methods. I will demonstrate through simula-
tion that combining AFTA prediction with the heuristic already leads to consistent improvements over
existing methods in many cases while using the default scores 1,2, ..., £ As such, fabOF does not make
use of a computationally expensive optimization step.

Algorithm 3 describes fabOF in detail. After assigning the default scores 1,2, ..., & to the ordinal
response categories, a regression RF is trained using the respective covariates as predictors and the
numeric score variable Y™™ as the target variable. From the RF model, numeric OOB predictions
j/?um, i=1,...,n for all observations are obtained. These numeric OOB predictions already constitute
the aggregation step from the AFTA prediction approach since OOB predictions are generated at the
tree level and then averaged into a combined OOB prediction for each observation. A key idea of fabOF
is to employ a heuristic that determines the category borders in a way that matches the distribution of
the predicted categories with the category distribution one would expect in the general population. To
this end, fabOF computes the cumulative relative frequencies 7z, 75, ..., @ _ 1 of the ordinal response
categories in the training data up to (but not including) category £. The inner set of category borders,
ie., by, ..., by, are then determined by the quantiles 9r,>9xy> > 9x,_, Of the OOB predictions for prob-
abilities 7, 75, ..., m, _1. The bounding borders, i.e., b; and b, 4, are set to 1 and £ respectively, as they

Algorithm 3 Frequency-Adjusted Borders Ordinal Forest (fabOF)

procedure FABOF

Assign scores (s, 82,...,8;) < (1,2,..., k).

Fit regression RF using numeric score variable Y™™ € {31, s9,..., S} as target
and respective covariates as predictors.

Obtain numeric OOB predictions g/"™,7 = 1,...,n, from RF model.

Compute cumulative relative frequencies my, mo, ..., mx_1 of ordinal response
categories up to (and not including) category k.

Compute quantiles gr,, Gy, - - -, Gr,_, of OOB predictions for probabilities
T, Ty e vy M1

Assign category borders (by,ba, ..., b, bry1) < (51, N A sk>.

return RF model and borders

end procedure
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600 | BUCZAK

represent the minimum and maximum prediction values possible. By assigning the respective quantiles
of the OOB predictions, the category borders are chosen such that the distribution of the predicted
categories approximates the category distribution in the training data. This implicitly assumes that the
training dataset is a suitable representation of the general population. The benefit of using the OOB
predictions for determining the borders, instead of, for example, predictions obtained using the entire
forest for each observation in the training set is that it reduces the risk of overfitting. As such, one can
mimic the process of adjusting the borders to perform well on unseen data without having to set aside a
separate set of data points solely to determine the appropriate borders. In the final step, fabOF returns
the trained RF model as well as the category borders for predicting new observations. The proposed
method is implemented in the R package £abOF, currently available via GitHub (https://github.com/
phibuc/fabOF).

Variable importance measure

While it can offer high predictive performance, a drawback of RF is its lack of interpretability
(Henninger et al., 2023). However, when used, for example, in the context of predicting student at-
tainment, it may not necessarily only be of interest to achieve high predictive model performance,
but also to learn which factors, i.e., covariates, play a particularly influential role in the process.
To aid interpretation of RF models in this regard, VIMs are often computed. VIMs aim to assess
the importance of covariates by quantifying their impact on the predictive performance of a RF
model (Molnar, 2022). A common class of VIMs are permutation VIMs (Breiman, 2001). To this
end, the values of a given covariate are permuted and the resulting loss in predictive performance
is measured. The logic behind permutation VIMs is that for important covariates, permuting the
values leads to a larger loss in predictive performance as compared to less important covariates,
because permutation voids the original information contained in the covariate (Molnar, 2022). As
tabOF directly builds on RF, variable importance can be used to enhance the interpretability of
fabOF as well. For ordinal prediction, Janitza et al. (2016) proposed a permutation VIM based on
the ranked probability score (RPS; Epstein, 1969). Similarly, OF as implemented in the ordinal-
Forest package (Hornung, 2022) offers the possibility of computing variable importance based on
the RPS or on classification accuracy (i.e., ignoring ordinality). However, the RPS operates on the
predicted ordinal response category probabilities, which are not available for fabOF. As such, a VIM
relying on the RPS cannot be used for fabOF. Instead, I propose a custom permutation VIM for
fabOF based on weighted Kappa as presented in pseudocode in Algorithm 4. It follows the classic
flow of permutation VIMs as described in Fisher et al. (2019), where for each of the p covariates, the
covariate values are permuted and the variable importance is computed as the difference in perfor-
mance when using the original and the permuted data respectively. To account for the ordinality of
the responses, weighted Kappa (Cohen, 1968) with linear weights (denoted by ') is used to measure
predictive performance.

Typically, VIMs for RFs are computed at the tree level such that for each tree variable importance
values for all covariates are obtained, which in turn are averaged, resulting in a single forest-level impor-
tance value for each covariate. Since fabOF does not transform its numerical predictions into ordinal
categories until the former are aggregated at the forest level, it is not feasible to compute variable im-
portance based on an ordinal loss function at the tree level with fabOF. Computing variable importance
at the forest level only, however, would mean that each covariate is permuted only once (as opposed
to once per tree as in the typical approach), which could lead to unstable results (cf. Molnar, 2022).
Therefore, fabOF's permutation VIM replicates the permutation process for each variable reps times
where reps is a prespecified parameter modulating the trade-off between stability of the VIM results
and computation time.

9SUDDIT SuoWWo)) dANea1)) d|qeorjdde oy £q paurdaoT a1e so[onIe YV 98N Jo sajni 10y A1eiqi auljuQ) A3[IAY UO (SUONIPUOD-PUE-SWLI)/ W0 KA[Im Areiqiout[uo//:sdiy) suonipuo)) pue suld I, 9y 998 *[S70Z/#0/S 1] uo Areiqiy aurjuQ A9[IA\ ‘PUNUILO(] 19BISIOAIUN dYostuyaa | Aq ¢L ez 1 dswq/ | [1°01/10p/wod Kajim Kreiqioutjuo qnydAsdsdq//:sdny woiy papeojumo( ‘7 ‘ST0T ‘L1€84H0T



FREQUENCY-ADJUSTED BORDERS ORDINAL FOREST 601

Algorithm 4 Permutation VIM for fabOF

lin
orig*

Compute original OOB model performance &,
forqin1,...,pdo
for vin1l,...,reps do
Permute values of variable ¢ in original data.

Compute OOB performance x,, based on predictions for permuted data.

lin lin
orig /{q,'u'

Compute VI,, =&

end for
reps

p
Compute variable importance for variable ¢ as VI, = -1 Vigy.
1

reps
1 -

end for

4 | SIMULATION STUDY 1: PREDICTIVE PERFORMANCE
4.1 | Simulation setup

To evaluate fabOF, I performed a simulation study that compared fabOF with existing ordinal predic-
tion methods such as (naive) OF, OSOA, RFSp, and a proportional odds model (referred to as CLM
and specified with all linear main effects) as well as modified versions of (naive) OF and OSOA which
employ AFTA prediction. For further computational details including software implementations and
parameter choices, I refer the reader to Appendix A. The simulation setup was inspired by the simula-
tion studies in Janitza et al. (2016) and Buczak et al. (2024). I simulated datasets with » € {750, 1500}
observations and p = 15 standard normally distributed and uncorrelated covariates. Six of the 15 covari-
ates were influential, while the remaining were noise variables. To create diverse data scenarios, I cre-
ated four different data-generating processes (DGPs). To this end, I used two linear predictor functions
g(x)and g,(x) with

1, xe(—11]
g1 (X) = 1 g ( 1 l] + 1X2>0 +O.75X3 +O.25X§ + 0.75X4 + 0.25 . 1X2>0.5/\X4S0.5 +O.5X5 + O.SXG,
-1, X1 - 1,

gz(X) :X’1+X2_X3_X4+X6.

DGP 1 was simulated from a proportional odds model using g, (x) as the linear predictor. As such, the
probability of the ordinal response Y taking at most category 7 =1, ..., £ was simulated as

Y < rfx) = exp(r, +£ (X))
- L+ exp(y, +4(x)

where y, is the respective threshold value with — oo <y, < +-+ <y, = 0. For DGP 2, I added standard
normal noise to g; (X), resulting in a linear regression model. The simulated numeric outcomes from the lin-
ear regression model were transformed into an ordinal response by binning. As binning is commonly used
in practice, DGP 2 was designed to correspond to this frequent use-case of ordinal prediction methods.
DGP 3 was simulated from a proportional odds model where the linear predictor g(x) was obtained as a
linear combination of g, (X)and g,(X), with
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602 BUCZAK

g(x)=0.6g(x) + 0.4g,(x).

For DGP 4, I replaced the normally distributed covariates Xz and X5 in DGP 1 by binary covariates. As
DGPs 1-3 only included normally distributed covariates, the aim of DGP 4 was to check whether the
presence of two binary covariates (one being influential, the other being noise) affects the performance of
the prediction methods. Both binary covariates were simulated from a Bernoulli distribution with probabil-
ity .5. To better reflect the original effect magnitude in DGP 1, I increased the effect of X5 from .5 to 1 for
DGP 4. The covariate X 5 remained a noise predictor for DGP 4. The effect sizes in g; (X)and g,(x) as well
as the mixture component approach and mixture parameter choice were inspired by Janitza et al. (2016).
Combining non-linear and linear effects as in g;(Xx) was inspired by Buczak et al. (2024). I introduced
further variety into the data generation using two different distribution patterns for the ordinal response
categories, similar to Hornung (2019) and Buczak et al. (2024). By choosing specific threshold and binning
values for the DGPs, I created a pattern of equally distributed categories, and a pattern with prominent
middle categories (referred to as wide middle pattern) emerged. For more details on creating the patterns,
see Appendix B.

The different prediction methods were evaluated using weighted Kappa with linear and quadratic
weights (see Appendix C for more details) as well as Kendall's rank correlation (Kendall, 1945). Both have
been used on ordinal prediction (e.g., Ben-David, 2008; Buczak et al., 2024; Hornung, 2019). To this end,
% observations were used to fit the prediction model while the remaining observations were used for eval-
uating the model on unseen data. Since fabOF determines its category borders based on the frequencies
of the ordinal response categories in the training data, it works on the assumption that the training data
are a suitable representation of the general population data. To study how fabOF reacts to a violation of
this assumption, I considered two different sampling procedures in the simulation. After generating an
initial sample of 10,000 observations (based on the DGP and response distribution pattern as specified
by the respective simulation condition), I either drew a category-stratified subsample or a random subsa-
mple without stratification of size 2 for the training set. The test set of = observations was sampled with
category stratification in both cases. This created two scenarios, where for the first scenario both training
and test sets were a suitable representation of the general population, while for the second scenario the
category distribution in the training set was (potentially) a misrepresentation of the category distribution
in the population sample. All conditions were simulated with 1000 replications. As the development of the
fabOF R package began at a later stage, a prototype implementation for fabOF was used in the simula-
tion. This prototype implementation uses the exact same routine as the internal functions of the £abOF
R package and differs only in its user interface and input handling. The prototype implementation is avail-
able from the corresponding OSF repository of this work at https://osf.io/fn8bg/.

4.2 | Simulation results

In the following section, I will present the results from the simulation for each DGP. From the simula-
tion parameters, the number of categories and the sampling procedure did not affect the results, while
the impact of an increased number of observations was mostly limited to reducing the variability of the
results as well as increasing the disparity between the CLM and the RF-based methods. Therefore, 1
will only show results for simulation scenarios with 7 = 750 observations, £ = 5 categories, and stratified
sampling of the training sets in the following due to space reasons. For the remaining results, I refer to
the Supporting Information.

Results for DGP 1

Figure 1 shows the results for DGP 1 for the two response category distribution patterns. For weighted
Kappa with linear and quadratic weights, fabOF generally reached the best performance alongside OF
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FIGURE 1 Predictive performance of all methods and modifications for data simulated from DGP 1 with » = 750, £ =5
, and stratified sampling for both response category distribution patterns. Approaches using aggregate-first-transform-after
prediction indicated through dark grey coloured boxplots with additional asterisk indicating modification of existing method.
CLM, cumulative link model (proportional odds); fabOF, Frequency-Adjusted Borders Ordinal Forest; nOF, naive ordinal
forest; OF, ordinal forest; OSOA, ordinal score optimization algorithm; RF, random forest; RESp, split-based ordinal forest.

with AFTA prediction. Overall, the existing ordinal prediction methods performed similarly in the
case of equally distributed response categories, while finer differences emerged for the wide middle pat-
tern. For the latter case, all existing methods except RFSp suffered from the imbalanced data scenario.
tabOF, on the other hand, held up quite well and gained more ground on most of the other methods.
When Kendall's rank correlation was used as the performance measure, the differences between the
individual methods (and modifications) were more subtle. For both response category distribution pat-
terns, fabOF as well as AFTA-modified OF and OSOA tended to achieve slightly higher correlation
scores than the remaining methods. Overall, the effect of AFTA prediction was rather mixed. While it
increased the performance of OF and tended to do so as well for OSOA, the effect direction for naive
OF was dependent on the performance measure.

Results for DGP 2

Figure 2 displays the results for DGP 2 for which, in contrast to DGP 1, the ordinal response was
generated by binning numeric responses simulated from a linear regression model. Overall, these
results mirror the results obtained for DGP 1. This is not surprising as the effect structure from
DGP 1 carried over to DGP 2, and the only difference between the two DGPs was the model used
for simulating the outcome. fabOF generally led to the best performance for weighted Kappa with
linear and quadratic weights as well as Kendall's rank correlation. The differences were more ap-
parent for weighted Kappa and the wide middle response category distribution pattern, while they
were smaller for Kendall rank correlation scores. The AFTA prediction modified versions of OF
and OSOA trailed only slightly behind fabOF and were also on par in some scenarios. While AFTA

A ‘T ‘STOT “L1€8FHOT

)//:sdny woiy popeo!

dsde

9SUDDIT SuoWWo)) dANea1)) djqeorjdde oy £q pauroaoT a1e sofonIe Y 98N Jo sajni 10y A1eiqr ouljuQ) A3[IAY UO (SUONIPUOD-PUEB-SWLI)/ W0 Kd[1m " A1eiqiout[uo,/:sdiy) suonipuoy) pue suLd I, 91 23S *[S70Z/H0/S 1] uo Areiqiy aurjuQ) A9[IA\ ‘PUNUILO(] 19BISIOAIUN dYostuyoa ] Aq G ez 1 dswq/[1[]°0]/10p/wod Kaim A



604 BUCZAK

®© Response pattern: equal Response pattern: wide middle

o 0.7 3 .

Q 1 .

Gl ! H . ! It .
X 0.6 +

il

Qo .

£05 % %l %I ; %
g) ' .

o

204 $ i 1 : I t
> . : [}

§ 0.3 H ! H

c H

5

CLM fabOF nOF nOF* OF OF* OSOAOSOA* RF RFSp CLM fabOF nOF nOF* OF OF* OSOAOSOA* RF RFSp

T e

CLM fabOF nOF nOF* OF OF* OSOAOSOA* RF RFSp CLM fabOF nOF nOF* OF OF* OSOAOSOA* RF RFSp

o
®

o
Y]

Quadratically weighted Kappa
o o
o (2]

c Response pattern: equal Response pattern: wide middle

kel H B . H .
To7 : | ! :
o

x

[

Sos ' ' . 1

= i . [ H . H

[ . .

% 04

X

CLM fabOF nOF nOF* OF OF* OSOAOSOA* RF RFSp CLM fabOF nOF nOF* OF OF* OSOAOSOA* RF RFSp
Method

FIGURE 2 Predictive performance of all methods and modifications for data simulated from DGP 2 with » = 750, £ = 5
, and stratified sampling for both response category distribution patterns. Approaches using aggregate-first-transform-after
prediction indicated through dark grey coloured boxplots, with additional asterisk indicating modification of existing method.
CLM, cumulative link model (proportional odds); fabOF, Frequency-Adjusted Borders Ordinal Forest; nOF, naive ordinal
forest; OF, ordinal forest; OSOA, ordinal score optimization algorithm; RF, random forest; RESp, split-based ordinal forest.

prediction benefited the predictive performance of OF and OSOA for all measures, it notably de-
creased the performance of naive OF for weighted Kappa and slightly increased it for Kendall's rank
correlation.

Results for DGP 3

Figure 3 shows the results for DGP 3 in which the outcome was simulated through a mixture dis-
tribution. Compared to DGP 1 and DGP 2, the results were more homogeneous between methods
while still adhering to the result patterns observed for DGPs 1 and 2. For weighted Kappa, the
best performance was achieved by fabOF and AFTA-modified OF. For Kendall's rank correlation,
all methods were much closer in performance while still displaying a slight advantage for methods
based on or modified with AFTA prediction. As before, only OF benefited consistently from the
AFTA modification, while the effects were mixed and mostly subtle for OSOA. For naive OF,
AFTA prediction greatly decreased predictive performance for weighted Kappa and slightly in-
creased it for Kendall's rank correlation.

Results for DGP 4

Figure 4 shows the results for DGP 4 in which the effect structure of DGP 1 was modified to in-
clude two binary covariates, of which one was influential and one was noise. In comparison to the
results for DGP 1, the inclusion of binary covariates did not affect the results to a notable degree. For
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FIGURE 3 Predictive performance of all methods and modifications for data simulated from DGP 3 with » = 750, £ = 5
, and stratified sampling for both response category distribution patterns. Approaches using aggregate-first-transform-after
prediction indicated through dark grey coloured boxplots, with additional asterisk indicating modification of existing method.
CLM, cumulative link model (proportional odds); fabOF, Frequency-Adjusted Borders Ordinal Forest; nOF, naive ordinal
forest; OF, ordinal forest; OSOA, ordinal score optimization algorithm; RF, random forest; RESp, split-based ordinal forest.

weighted Kappa, fabOF and AFTA-modified OF achieved the highest predictive performance, while
for Kendall's rank correlation, AFTA-modified OSOA was on par with the former two methods. For
the wide middle response pattern, fabOF's heuristic led to slight performance advantages when com-
pared to the pattern of equally distributed responses. Similar to the previous DGPs, AFTA prediction
increased OF's predictive performance for all measures while the results were more mixed for OSOA
and for naive OF.

4.3 | Runtime comparison

Buczak et al. (2024) have shown that apart from the predictive performance, the runtime of ordinal
prediction methods is important to consider as well, especially given the costly optimization procedures
in OF and OSOA. To this end, I also compared the computation time required by the methods dur-
ing the simulation in a similar fashion to that in Buczak et al. (2024). Note that since the computation
of the simulation was carried out using a compute cluster, it cannot be guaranteed that the individual
computations ran in perfectly comparable conditions (e.g., regarding the node selected by the clustet's
workload manager or regarding the overall workload of the cluster at a given time). Further, all methods
were restricted to only use one CPU for computation. This may have put methods relying on paralleliza-
tion at a disadvantage. However, all RF-based methods except for RFSp (which uses the randomFor-
est package; Liaw & Wiener, 2002) used the RF implementation from the same package (i.e., ranger;
Wright & Ziegler, 2017). In any case, the runtime results presented here should not be seen as an exact
comparison, but rather as a ballpark estimate. As the choice of DGP, category distribution pattern or
sampling strategy did not impact the runtime, I only show results for DGP 1 with equally distributed
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FIGURE 5 Logarithmized runtime (using base 10) relative to CLM for RF-based methods. Modification of (naive)
OF and OSOA with aggregate-first-transform-after prediction indicated through asterisk. CLLM, cumulative link model
(proportional odds); fabOF, Frequency-Adjusted Borders Ordinal Forest; nOF, naive ordinal forest; OF, ordinal forest;
OSOA, ordinal score optimization algorithm; RF, random forest; RESp, split-based ordinal forest.

response categories and stratified sampling. Further, I limit the number of categories to five. While
the other methods are not impacted by the choice of £ RFSp fits k-1 RF models. As such, the number
of categories is directly linked with the runtime of RFSp. For consistency with the presentation of the
simulation results above, I selected &£ = 5 for the runtime comparison here. For lower values of £, lesser
runtimes are to be expected, and for higher values of £, longer runtimes of RFSp are to be expected.
Figure 5 shows the relative runtimes of the RF-based methods when using the CLM as the reference
method (similar to Buczak et al., 2024). Relative runtimes have the advantage of being less dependent on
the machine used for computation. As the CLM is the computationally least expensive method from the
methods considered here, it serves as a sensible reference. For better visibility, the relative runtimes were
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FREQUENCY-ADJUSTED BORDERS ORDINAL FOREST 607

logarithmized with a base of 10. As such, values of 0 indicate that a given method required the same run-
time as the CLM in a given run, while a value of 1 indicates that a given method's runtime was larger than
the CLM runtime by a factor of 10. It can be seen that from the set of RF-based methods, fabOF achieved
the lowest runtimes together with RF and naive OF. As REFSp had to fit four RF models in this case, it
slightly trailed the three leading methods, as was to be expected. As already seen in Buczak et al. (2024), the
optimization procedures make OF and OSOA computationally quite expensive. However, their runtime is
also directly affected by the resources allotted to the optimization process (i.e., number of score sets for OF
or maximum number of evaluations for OSOA). For OF and OSOA, changing the prediction procedure
did not notably impact the runtime. This is not surprising as the bulk of the runtime is spent during the
optimization procedure and the prediction method is only used once at the very end with the final model.

While fabOF achieved even lower runtimes than RF and naive OF, the differences between these
three methods should not be overstated since the prototype fabOF implementation used for the simu-
lation did not use any form of input checking which might add more overhead. Still, the results show a
significant disparity in (relative) runtime between fabOF and OF which both were the best performing
methods (using AFTA prediction for OF) when considering predictive performance. Since fabOF only
needed to fit a single RF model and achieved results similar to those of OF with its extensive optimiza-
tion procedure, this represents a meaningful advantage of fabOF.

5 | SIMULATION STUDY 2: VARIABLE IMPORTANCE

Apart from evaluating the predictive performance of fabOF, I also evaluated the custom permutation VIM
of fabOF using simulation data. To investigate whether the VIM consistently discovered the influential
covariates, I computed the variable importance for data generated according to DGP 1 (including only nor-
mally distributed covariates) and DGP 4 (including 13 normally distributed and two binary covariates) from
the first simulation study. For each DGP, I simulated 100 datasets of size 1000 and computed the variable
importance using 100 permutation replications for a fabOF model consisting of 500 trees.

To visualize the results, I followed the iml package (Molnar et al., 2018), i.e., for each covariate
the range of importance values between the 5% and 95% quantiles are displayed with a dot indicating
the median variable importance. For DGP 1, Figure 6 shows that fabOF's VIM was able to recover
the influential covariates quite well. All six influential covariates X, ..., X, achieved notably higher
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FIGURE 6 Permutation variable importance values for data generated using DGP 1. Colour coding indicates whether

covariates were simulated as influential or as noise.
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FIGURE 7 Permutation variable importance values for data generated using DGP 4. Colour coding indicates whether

covariates were simulated as influential or as noise.

importance values than the noise variables X, ..., X|s. For the latter, importance values around 0 were
mostly observed.

For DGP 4 in which X5 and X5 were replaced by binary covariates, a similar picture emerged in
Figure 7. The permutation VIM was able to distinguish between influential and noise covariates fairly
well. Again, the noise covariates achieved importance values around 0 while all influential covariates
reached higher importance values. When comparing the importance of X5 for DGP 1 (where it was a
normally distributed covariate) and DGP 4 (where it was a binary covariate), it can be seen that the im-
portance values were slightly lower for the binary case. A potential explanation could be that the effect
magnitude was not translated equivalently when changing from to DGP 1 to DGP 4. Another explana-
tion may be that RFs are known to be biased towards covariates with many different split points, which
in turn can also affect VIM results (Strobl et al., 2007).

6 | ILLUSTRATIVE DATA EXAMPLE

Apart from simulation data, I also evaluated fabOF on the basis of an illustrative data example on stu-
dent performance in a language course from two Portuguese high schools. The original data were first
introduced in Cortez and Silva (2008). I used the dataset provided in Cortez (2014) for this work, which
consisted of 649 observations and 30 covariates with no missing values present. Further, I considered
the same subset of the data already analysed in Buczak et al. (2024), which used 12 of the 30 original
covariates. These included age, gender, residence (rural or urban), parental education status, parental
cohabitation status, educational support from the family and the school, taking of private tutoring,
internet access at home, and interest in pursuing higher education. The target variable is the final grade
in a Portuguese language course. The original grades ranging from 0 to 20 were binned using the same
binning values as in Cortez and Silva (2008), resulting in five categories: 0—9 (z = 100), 10—11 (» = 201),
12-13 (n = 154), 14-15 (n = 112), 16-20 (n = 82). For comparison, I used the same prediction methods
as in the first simulation study. Predictive performance was assessed using Cohen's weighted Kappa
(Cohen, 1968) with linear and quadratic weights as well as Kendall's rank correlation (Kendall, 1945). To
avoid overconfident performance values, I used a five-fold cross-validation (CV) with 50 replications,
where the ordinal prediction models were trained on the respective training set of the CV partition and
evaluated on the test set.
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Figure 8 shows that fabO[F achieved the highest weighted Kappa values for both linear and quadratic
weights, outperforming existing and AFTA-modified methods. For Kendall's rank correlation, fabOF
was slightly ahead as well, although the methods were closer in performance for this performance mea-
sure. For OF, AFTA prediction improved the predictive performance for all three measures. In the case
of OSOA, performance increased slightly for Kendall's rank correlation but remained mostly unaffected
for weighted Kappa. For naive OF, AFTA prediction slightly increased performance for Kendall's rank
correlation but notably decreased it for Cohen's weighted Kappa.

Overall, the increased predictive performance of fabOF over existing methods is a promising finding
as data-driven prediction of student performance can play a key role in informing policymaking and the
establishment of student support systems (Costa-Mendes et al., 2020; van der Scheer & Visscher, 2017).

For more detailed insights about the impact of individual covariates on the prediction of student
performance, I computed variable importance values using fabOF's custom permutation VIM (with
100 replications). Figure 9 shows that the most important variables are an interest in higher education,
mothet's education, and study time. These findings are largely consistent with the educational research
literature where interest in (higher) education has been found to be an important motivational variable
associated with student performance (Hidi & Harackiewicz, 2000). Parental education has also been
found to be a significant predictor of student achievement (e.g., W6Bmann, 2003), with mothers partic-
ularly impacting a child's educational attainment (Cabus & Ariés, 2016). The low importance of fathet's
education could potentially be partly explained by the relatively high correlation between mother's and
father's education (Kendall's 75 = 0.57). Including highly correlated variables can lead to importance
being split between them (Molnar, 2022). When removing mothet's education from the model, the
importance of father's education increases comparatively (see Supporting Information). Research about
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FIGURE 9 Permutation variable importance for student performance data.

the effect of study time on student achievement has been rather inconclusive, with some studies finding
positive effects but others studies only finding an effect when the relation was mediated by motivational
factors (see e.g., Keith, 1982; Masui et al., 2012; Rosario et al., 2012).

Overall, however, the presence of high correlations among some covariates indicates that the results
should be interpreted with caution. VIMs are known to be affected by high correlations between co-
variates (Strobl et al., 2008). As a remedy, Strobl et al. (2008) proposed conditional permutation VIMs,
which aim to preserve the original correlation structure in the data by restricting the way permutations
can be performed. Therefore, comparing the foregoing results to variable importance results from a
conditional VIM would be helpful to assess how reliable the interpretations are.

7 | DISCUSSION

In this work, I proposed fabOF, a novel method for ordinal prediction that adds to the methodo-
logical stream of ordinal prediction methods based on RF (Breiman, 2001), such as ordinal forest (OF;
Hornung, 2019), split-based ordinal random forest (RFSp; Tutz, 2021), and the ordinal score optimi-
zation algorithm (OSOA; Buczak et al., 2024). Through simulation and an illustrative data example
of student performance in a Portuguese language course (Cortez & Silva, 2008), I demonstrated that
tabOF shows promising predictive performance and can improve upon existing methods in many data
scenarios. Similar to OF and OSOA, fabOF assigns numeric scores to ordinal response categories and
fits a regression RF using numeric scores as the target variable. For unseen observations, the predicted
numeric scores from the RF fit are transformed into ordinal response categories using category borders
that reflect a partition of the assumed latent variable's domain. Whereas in OF and OSOA numeric
scores and category borders are directly linked (numeric scores are always chosen as the midpoint of the
respective category interval as defined by the category borders), fabOF separates the choice of scores
and category borders. Using default scores (i.e., 1,2, ..., & for £ categories), fabOF employs a heuristic
for deriving adaptive category borders based on the cumulative relative frequencies of the response cat-
egories in the data. A simulation study showed that this approach was particularly effective in scenarios
where response categories are not equally occupied. Furthermore, in comparison to OF and OSOA, the
heuristic eliminates the need for an extensive optimization procedure in fabOF.

Buczak et al. (2024) found that in real data applications, differences in comparative predictive per-
formance emerged, stressing the importance of evaluating ordinal prediction methods on various data-
sets. Apart from the student performance data covered in detail in this work, I have also benchmarked
fabOF on seven other datasets used in Buczak et al. (2024). These additional results are included in the
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Supporting Information. For a detailed description of the datasets, see Buczak et al. (2024). Compared
to the RF-based ordinal prediction methods, fabOF achieved the highest predictive performance or
places among the best performing methods for the majority of datasets. fabOF only fell behind notably
for one dataset. Further investigation would be needed to determine whether one could infer more
detailed reasons as to why fabOF did not perform well for this dataset or whether the data rather rep-
resented an outlier. Overall, however, these additional benchmarks underline the promising findings
obtained from the simulation study and the student performance data presented here. Future work
could also explore fabOF's performance in other data scenarios such as data generated from partial pro-
portional odds models (see e.g., Brant, 1990; Peterson & Harrell, 1990), where not all covariate effects
are global but some may instead differ across ordinal response categories.

Additionally, my simulation results indicate that the newly introduced prediction scheme of aggregat-
ing numeric score predictions at the tree level first and then transforming them to an ordinal response
category via category borders (referred to as AFTA) as opposed to the reverse order (referred to as
TFAA), which is currently employed in OF and OSOA, can yield benefits for OF and OSOA as well.
Particularly for OF, AFTA prediction could improve predictive performance across all measures. For
the simulation data, AFTA-modified OF often reached similar performance values compared to fabOF.
As both share the underlying regression RF framework, the same prediction scheme (AFTA) and both
aim to find a high-performing choice of category borders (through optimization or the heuristic), simi-
lar performance of these two approaches is likely commonly encountered. However, the simulation data
and the real data example have also shown that the additional flexibility of fabOF (category borders and
scores are decoupled from one another) and its frequency-based heuristic can lead to performance ad-
vantages depending on the data at hand. However, this does not imply that fabOF will always perform
at least as well as AFTA-modified OF as such statements are generally not tenable in machine learning,

To enhance the interpretability of fabOF, I additionally introduced a custom permutation VIM based
on Cohen's weighted Kappa (Cohen, 1968). Using simulated data, the permutation VIM was able to
recover the influential covariates quite well. The importance of noise covariates was mostly around
0, while the importance of influential covariates was notably higher. When applied to the illustrative
data example, findings that were largely consistent with the educational research literature emerged.
However, it is not clear how fabOF's permutation VIM reacts to highly correlated covariates as the sim-
ulation data only included covariates which were simulated as uncorrelated. Unconditional VIMs (i.e.,
VIMs which do not restrict the permutation process in any way) can be affected by highly correlated co-
variates (Strobl et al., 2008). For the illustrative data example, high correlations between covariates were
present. This should be taken into account when interpreting results. Future work could further eval-
uate fabOF's VIM in the presence of high correlations and consider the development of a conditional
permutation VIM, as proposed by Strobl et al. (2008). To preserve the original correlation structure of
the data, conditional permutation VIMs only permute covariates within certain regions of the covariate
space. Future work could also study how the number of replications affects the stability of fabOF's VIM
such that sensible compromises between stability and computation time can be derived.

Regarding methodological improvement of fabOF, future research could investigate further ap-
proaches to selecting appropriate category borders. For example, one could try to optimize category
borders in a way similar to the optimization procedure in OSOA (while keeping the default numeric
scores). In principle, one could also optimize numeric scores and category borders at the same time.
However, this may pose a complex optimization problem. A possible remedy for this could be to employ
a procedure in the spirit of the EM algorithm (Dempster et al., 1977), where the optimization procedure
iterates between optimizing one while keeping the other fixed.

A further avenue for future research may be motivated by the student performance data used in this
work. Typically, data from an educational context possess a hierarchical structure where individual observa-
tions are nested within groups, e.g., school classes. Another classic example of hierarchical data are longitu-
dinal studies where multiple assessments of each person are performed, so individual assessments are nested
within the respective individuals. Hierarchical data structures can introduce group-specific effects that
need to be accounted for in the modelling process, e.g., through the inclusion of additional group-specific
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random effects as in the (generalized) linear mixed model literature (see e.g., Hedeker & Gibbons, 1994;
Tutz & Hennevogl, 1996, for extensions to ordinal regression). To extend fabOF to hierarchical data, one
could adapt an approach similar to that of Hajjem et al. (2011) or Sela and Simonoff (2012), as was used
in multiple extensions of RF to hierarchical data for different response types (for an overview, see Hu &
Szymczak, 2023). Since ordinal data from psychological fields are often characterized by a hierarchical
structure, such an extension could be a promising endeavour for future work.
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APPENDIX A

COMPUTATIONAL DETAILS

All computations were performed using R (R Core Team, 2022) version 4.2.1 with the packages or-
dinalForest (Hornung, 2022) for fitting (naive) OFs, ranger (Wright & Ziegler, 2017) for fitting
multilabel classification RFs and ordinal (Christensen, 2022) for fitting proportional odds models
with the c1m () function. For OSOA I used the implementation provided by the authors in https://
osf.io/v64d9/, while for RFSP I used the implementation provided by the author in https://github.com/
GerhardTutz/ScoreFreeTrees. For all RF-based methods, I used 500 trees, which is the default value
for the RF implementations in the ranger (Wright & Ziegler, 2017) and randomForest (Liaw &
Wiener, 2002) packages. For other hyperparameters I used the default values as provided in the respec-
tive implementations. In particular, I refrained from performing a hyperparameter tuning as I mainly
compared RF-based methods among themselves, and RFs have been shown to be relatively robust re-
garding their choice of hyperparameters (Probst et al., 2019). This design choice is in line with previous
research from the field (e.g., Buczak et al., 2024; Hornung, 2019; Janitza et al., 2016; Tutz, 2021).

APPENDIX B

RESPONSE CATEGORY DISTRIBUTION PATTERNS AND THRESHOLD CHOICES
The two distribution patterns for DGPs 1, 3 and 4 from the simulation study were enforced through the
choice of threshold values using the same approach as in Buczak et al. (2024). To this end, I determined
threshold values for each DGP that for a simulated dataset of 100,000 observations approximately re-
sulted in the targeted relative frequencies per category as displayed in Table B1.

For DGP 2 in which data were simulated from a linear regression model and binned into ordinal
categories, the distribution patterns were obtained using specific binning values. To determine suitable
binning values, I followed the approach in Buczak et al. (2024) of approximating the empirical distribu-
tion function of the numeric outcome through 100,000 simulated observations. The quantiles matching
the intended relative frequencies per category in Table B1 were selected as binning values. Table B2
displays the values chosen as thresholds for DGPs 1, 3, and 4 as well as the binning values for DGP 2.

APPENDIX C

COHEN'S WEIGHTED KAPPA
Cohen's weighted Kappa (Cohen, 1968) k,, is given by

£ £ g £
_ Zr:l ZF1 wﬂpf’x_ Zr:l ZF1 w’”-rp;;
- & k&
1- Zrzl 25:1 wmp;x

where p? denotes the observed proportion of instances with true category r and predicted category s, and

w 5

2, denotes the proportion that is expected by chance (Cohen, 1968). Furthermore, , denotes the weight

TABLE B1 Targeted relative frequencies 7,7 =1, ..., £ based on number of categories £ and response category
distribution pattern.

Targeted relative frequencies

Categoties Pattern Ty Z> T3 T4 s g 7

k=5 Equal 0.20 0.20 0.20 0.20 0.20 - -
Wide middle 0.11 0.22 0.33 0.22 0.11 - -

k=17 Equal 0.14 0.14 0.14 0.14 0.14 0.14 0.14

Wide middle 0.06 0.13 0.19 0.25 0.19 0.13 0.06
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TABLE B2

Threshold/binning values for combinations of DGP, number of categories 4, and response category

distribution pattern.

DGP
DGP 1

DGP 2

DGP 3

DGP 4

Categories
k=5
k=7
k=5
k=1
k=5
k=17
k=5
k=17

Pattern
Equal

Wide middle
Equal

Wide middle
Equal

Wide middle
Equal

Wide middle
Equal

Wide middle
Equal

Wide middle
Equal

Wide middle
Equal

Wide middle

Threshold/binning values

—1.25
—0.95

—4.65
—4.25
—54

Y2

-1.75
—2.25
-2.5
—3.25
0.7
0.3

—0.5
-1.25
-1.5

—2.5

—2.3

—2.7

—3.7

Y3

—0.5
—0.25
—-1.6
-1.85
1.7

0.8
0.6
—0.25

0.25
-1.15
—1.35
—1.1
—0.6
—2.1
—2.35

Y4

1.75
—0.75
—0.35

2.8

3.5

1.5

1.8

1

2
-0.4

0.3
1.3
—1.25

-1

0.4
1.25

—0.3
0.4

Y6

1.4
2.65

3.1
44

1.5
2.65

0.9
2

Y7

assigned to instances with true category r and predicted category 5. Weights must be specified in advance
and act as a way of penalization regarding the distance between the true and predicted response category. In

this work, I have used linear and quadratic weights, given by

Wt =1

s

quad _

rs

|r— sl
k=1
|r—sl?
(k—1)?

as these are common choices for ordinal prediction (Ben-David, 2008; Buczak et al., 2024; Hornung, 2019).

Compared to quadratic weights, linear weights place higher weight on instances for which the predicted

categories are close or equal to the true categories. On the other hand, quadratic weights assign more

weight to instances with predicted categories further away from the true categories than linear weights
(Hornung, 2019).
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Abstract

Predicting ordinal responses such as school grades or rating scale data is a common task in
the social and life sciences. Currently, two major streams of methodology exist for ordinal
prediction: parametric models such as the proportional odds model and machine learning
(ML) methods such as random forest (RF') adapted to ordinal prediction. While methods
from the latter stream have displayed high predictive performance, particularly for data
characterized by non-linear effects, most of these methods do not support hierarchical data.
As such data structures frequently occur in the social and life sciences, e.g., students nested
in classes or individual measurements nested within the same person, accounting for
hierarchical data is of importance for prediction in these fields. A recently proposed ML
method for ordinal prediction displaying promising results for non-hierarchical data is
Frequency-Adjusted Borders Ordinal Forest (fabOF). Building on an iterative
expectation-maximization-type estimation procedure, I extend fabOF to hierarchical data
settings in this work by proposing Mixed-Effects Frequency-Adjusted Borders Ordinal
Forest (mixfabOF). Through simulation and a real data example on math achievement, I
demonstrate that mixfabOF can improve upon fabOF and other RF-based ordinal
prediction methods for (non-)hierarchical data in the presence of random effects.
Keywords: Ordinal Prediction; Hierarchical Data; Random Forest; Machine

Learning



Mixed-Effects Frequency-Adjusted Borders Ordinal Forest: A Tree Ensemble

Method for Ordinal Prediction with Hierarchical Data
Introduction

Ordinal responses are commonly encountered in the social and life sciences.
Students receive ordinal grades for their performance, participants in assessment studies
voice their preferences or agreement towards given statements on ordinal rating scales,
judges evaluate the performance, e.g., in creativity tasks, using ordinal scores. Historically,
there are two major streams of methodology developed for modeling and predicting ordinal
responses. First, the more traditional stream of parametric models, e.g., cumulative models
which assume that the observed ordinal responses are generated by an underlying latent
(numeric) variable that can only be observed through certain thresholds (McCullagh,
1980). A particularly popular special case of the cumulative model is the proportional odds
model (McCullagh, 1980) which intuitively can be thought of as a series of logistic models
holding simultaneously (Tutz, 2021). For a general overview of parametric models for
ordinal responses, see Tutz (2022). The second methodological stream has developed more
recently and involves using machine learning (ML) methods such as random forest (RF;
Breiman, 2001) for ordinal prediction (Buczak, 2024; Buczak et al., 2024; Hornung, 2019;
Janitza et al., 2016; Tutz, 2021). ML methods offer the prospect of high predictive
performance for large datasets as are becoming increasingly available in the social and life
sciences, e.g., through click-stream data (e.g., Ulitzsch et al., 2022), ecological momentary
assessment data (e.g., Kathan et al., 2022) or other types of digital phenotyping and
mobile sensing data (for an overview, see Montag & Baumeister, 2023). Another common
source of large datasets in these fields are large-scale assessment studies such as PISA,
PIRLS or TIMSS. A ML method that was recently proposed for ordinal prediction is
Frequency-Adjusted Borders Ordinal Forest (fabOF; Buczak, 2024). Similar to Ordinal
Forest (OF; Hornung, 2019) (and cumulative models), fabOF assumes the ordinal response

to originate from an underlying latent numeric variable. To approximate the latent



variable, fabOF represents each ordinal response category as a numeric interval and assigns
a representative numeric score to each category, respectively. Based on the numeric scores
and category interval borders, fabOF trains a regression RF and transforms the resulting
numeric predictions back into ordinal categories via the category borders. Whereas OF
relies on a computationally extensive optimization procedure to arrive at suitable values for
the scores and category borders, fabOF employs a heuristic based on the frequencies of the
ordinal response categories. Apart from the notable advantage in computational runtime,
Buczak (2024) has also demonstrated promising results regarding the predictive
performance of fabOF. However, as indicated by the author, the lacking support for
hierarchical data is a current limitation of fabOF. Hierarchical data structures occur when
individual observations can be grouped into clusters, e.g., students nested within school
classes or individual assessments nested within the same person in longitudinal study
designs. Such structures can induce cluster-specific effects into the data which, e.g., in the
case of (generalized) linear mixed models are accounted for by including cluster-specific
random effects (Molenberghs & Verbeke, 2000). In the context of ordinal regression,
extensions to hierarchical data have been proposed, e.g., in Hedeker and Gibbons (1994)
and Tutz and Hennevogl (1996). While several extensions of ML algorithms to hierarchical
data have been proposed for numeric outcomes (Capitaine et al., 2020; Hajjem et al., 2011,
2012; Pellagatti et al., 2021; Salditt et al., 2023; Sela & Simonoff, 2012), corresponding
extensions for ordinal responses have long been lacking. Only recently, Bergonzoli et al.
(2024) proposed Ordinal Mixed-Effect Random Forest (OMERF) building on the
framework of the Generalized Mixed-Effect Random Forest (GMERF; Pellagatti et al.,
2021). Developed independently in parallel and following a different approach, this work
extends fabOF to hierarchical data by proposing Mixed-Effects Frequency-Adjusted
Borders Ordinal Forest (mixfabOF). The newly proposed mixfabOF method follows the
logic of fabOF and combines it with the iterative estimation procedure of Mixed-Effects

Random Forest (MERF; Hajjem et al., 2012). Through simulation and an illustrative data



example on math ability of fourth grade students, I will demonstrate that mixfabOF
achieves higher predictive performance than fabOF and other non-hierarchical
RF-approaches for ordinal prediction in the presence of moderate and large random effects.
Furthermore, mixfabOF can improve upon OMERF in both, predictive performance and
computational runtime. These promising findings underline the usefulness of the proposed
mixfabOF method for ordinal prediction in hierarchical data scenarios as is common, e.g.,
in the context of educational achievement. To this end, improving predictive capabilities
can help in better informing the development of educational policies and student support
systems (Costa-Mendes et al., 2020; van der Scheer & Visscher, 2017).

The remainder of this work is structured as follows. In the next section, I will
provide an overview of previous research including RF-based methods for ordinal prediction
as well as extensions of classic MLL methods to hierarchical data for various outcome types.
Following this, I will introduce the newly proposed mixfabOF method and compare it with
other ordinal prediction methods in a simulation study and an illustrative data example.

This work will close with a discussion and potential avenues of further research.
Previous Research
Ordinal Prediction with RF

While enjoying popularity for classification and regression tasks, RF is lacking
inherent support for ordinal response data. As a remedy, several workarounds and
extensions to RF have been proposed. A commonly used approach is assigning numeric
scores to the ordinal response categories. In the context of decision trees, Kramer et al.
(2000) predicted ordinal responses using regression trees with numeric scores, while
Piccarreta (2007), Archer (2010) and Galimberti et al. (2012) built on numeric scores to
extend split criteria of classification trees to ordinal prediction tasks. Similarly, the
Conditional Inference Tree framework (Hothorn et al., 2006) also relies on numeric scores
for accommodating ordinal responses. The use of Conditional Inference Forests for ordinal

prediction has been studied in Janitza et al. (2016). While these approaches all either



implicitly assume a concrete set of scores (e.g., 1,2,...,k for k categories) or otherwise
expect a user-specified input of scores, Ordinal Forest (OF; Hornung, 2019) first employs
an optimization procedure to determine an optimal set of numeric scores to be used within
a regression RF context. An entirely score-free approach was proposed by Tutz (2021) who
introduced Split-Based Random Forest (RFSp). Instead of relying on regression RF, RFSp
transforms the ordinal prediction task into a series of binary prediction tasks for which
classification RFs are trained. The individual RF models are then used to obtain combined
predictions for the original ordinal prediction task in the spirit of cumulative models (Tutz,
2021). Tutz (2021) as well as Buczak et al. (2024) compared the different tree ensemble
methods with parametric models. Both studies found that the tree ensemble methods
performed mostly similarly, while the most pronounced differences occurred in relation to
the parametric model(s) depending on the data generating processes (e.g., non-linearity of
effects). As a compromise between parametric and ML models, Tutz (2021) proposed
therefore combining both types in a joint prediction ensemble consisting of multiple
individual prediction models. Regarding the optimization of the numeric scores assigned to
the ordinal response categories, Buczak et al. (2024) found that the optimization
procedures in OF and the authors’ own Ordinal Score Optimization Algorithm (OSOA)
yielded only situational benefits. Based on these findings, Buczak (2024) proposed
Frequency-Adjusted Borders Ordinal Forest (fabOF). Following OF, fabOF assumes the
ordinal response to be a coarser version of a latent numeric variable (similar to the
cumulative model) and expresses the ordinal categories as numeric intervals that partition
the assumed latent variable’s domain. Each category interval is represented by a numeric
score which is mapped to the ordinal response category and used to fit a regression RF. For
new observations, the numeric predictions from the internal regression RF model are
transformed into ordinal response categories through the category borders that define the
category intervals. Where OF and fabOF differ is in their choice of category borders and

scores. While OF uses an extensive optimization step to determine optimal settings, fabOF



avoids the optimization step and relies on a category frequency-based heuristic to derive its
category borders using arbitrary category scores (Buczak, 2024). After assigning numeric
scores (e.g., 1,2,...,k) to the ordinal response categories, a regression RF is trained using
the numeric scores as the target variable. From the RF model, numeric out-of-bag (OOB)
predictions for the training data are obtained, i.e., for a given observation, only trees for
which the observation was not used for training are used for prediction, respectively. To
determine the the category borders, fabOF uses the OOB predictions for computing
quantiles for probabilities matching the cumulative relative frequencies of the ordinal
response categories up to (but not including) category k. Buczak (2024) reported
promising findings regarding the predictive performance of fabOF and notably reduced
computational runtime compared to OF. However, the author also identified a lacking
support for hierarchical data structures as a current limitation of fabOF. This limitation is
currently also shared with OF, RFSp and OSOA, as these all rely on RF internally. While
RF as well as other classic ML methods were initially affected by this limitation, several
extensions to hierarchical data have been proposed as a remedy which will be presented in

the next section.
Extending Tree-based Methods to Hierarchical Data

Some of the earliest extensions of tree-based ML methods to hierarchical data were
proposed by Segal (1992) and De’ath (2002). Both authors accommodated hierarchical
data structures by extending univariate regression trees to multivariate regression trees
where all (univariate) observations of a cluster were treated as a combined multivariate
cluster observation vector. As such, only splits at the cluster-level could be performed
which, e.g., in a longitudinal setting would imply that all covariates need to be fixed in
time (Salditt et al., 2023). This limitation (also present in subsequent approaches, such as
Loh & Zheng, 2013) was addressed by the Mixed Effects Regression Tree (MERT; Hajjem
et al., 2011) and Random Effects Expectation Maximization (RE-EM) tree (Sela &

Simonoff, 2012) which allow for splitting at the observation- and cluster-level alike. Both



approaches operate within the linear mixed model (LMM) framework where the n
observations adhere to a hierarchical structure and are grouped into m clusters of sizes

N1y .oy Ny (With ny + -+ +n,, = n). It is assumed that the individual outcomes result from
a linear combination of (global) fixed effects and cluster-specific random effects. The classic

LMM (cf. Molenberghs & Verbeke, 2000) models the outcome vector y; of cluster j as

where B € RP? is the fixed effects vector and for cluster j, respectively, X ; € R"*? is the
matrix of fixed effect covariate values, Z; € R"*? is the matrix of random effect covariate
values, b; € R? is the vector of random effects, and e; € R™ is the vector of error terms,
j=1,...,m. It is assumed that b; ~ N (0, D) with D € R7? as well as €; ~ N (0, R;).
For R;, it is often assumed that R; = o’ njxn; (Fahrmeir et al., 2021). It is further
assumed that the random effects by, ..., b,, and error terms €4, ..., &, are independent
(Molenberghs & Verbeke, 2000).

Hajjem et al. (2011) and Sela and Simonoff (2012) both approach their extension of
regression trees to hierarchical data by modifying the model in Equation 1 and replacing
the linear fixed effects structure through a (non-linear) function f(X ;). This results in the
modified model

y; = f(X;)+2Z;bj+e5, j=1,...,m. (2)
For estimation, both approaches use the Expectation Maximization (EM) Algorithm
(Dempster et al., 1977) as can be used for the estimation of mixed models (see e.g., Laird
& Ware, 1982). To this end, the estimation procedure iterates between estimating the fixed
(i.e., f(X;)) and random effect components. However, MERT and RE-EM trees differ in
their specification and estimation of the fixed effects component. In MERT, f(X) is

estimated by fitting a regression tree to the modified outcome

@]:y]_Zjijj:]-vumy (3)

i.e., the outcome from which the random effect structure has been removed (Hajjem et al.,
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2011). RE-EM trees, on the other hand, fit a regression tree to the modified outcome only
to use the resulting partition to fit a LMM in which fixed effects are modeled locally (as
determined by the partition specified by the regression tree model) and random effects
globally (Sela & Simonoff, 2012). Both MERT and RE-EM trees have been extended for
use with RF through Mixed-Effects Random Forest (MERF; Hajjem et al., 2012) and
REEMforest (Capitaine et al., 2020). Capitaine et al. (2020) further proposed the inclusion
of a stochastic model component, resulting in further extensions, namely SMERT, SMERF,
SREEMtree and SREEMforest. For adapting MERT/MERF to response types from the
exponential family, Generalized Mixed Effects Regression Trees (GMERT; Hajjem et al.,
2017), Generalized Mixed-Effects Trees (GMET; Fontana et al., 2021) and Generalized
Mixed-Effects Random Forest (GMERF; Pellagatti et al., 2021) have been proposed. Using
a Bayesian approach for binary responses, Speiser et al. (2018) introduced Binary Mixed
Model (BiMM) trees which were extended to BiMM forests (Speiser et al., 2019).
Extensions of other ML, methods to hierarchical data in the spirit of MERT and RE-EM
trees have also been proposed for logistic regression (Lin & Luo, 2019) and gradient tree
boosting (Salditt et al., 2023). For an overview of most of the above methods, see Hu and
Szymczak (2023).

In the context of ordinal prediction for hierarchical data, Bergonzoli et al. (2024)
have recently proposed Ordinal Mixed-Effects Random Forest (OMERF) which builds on
the GMERF framework. OMERF initializes by fitting an OF model to the data, and then
iterates between fitting a RF and a CLMM. The Mixed-Effects Frequency-Adjusted
Borders Ordinal Forest (mixfabOF) method proposed in this work was developed
independently of OMERF, and instead combines the approaches of MERF and fabOF. I

will present mixfabOF in detail in the next section.
Mixed-Effects Frequency-Adjusted Borders Ordinal Forest

The general idea of mixfabOF is assigning numeric scores to the ordinal response

categories, performing the iterative estimation of fixed and random effects components
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known from MERF and deriving suitable category borders using the heuristic from fabOF.
The procedure is described in more detail with pseudocode in Algorithm 1. After assigning
numeric scores (e.g., default scores 1,. ..,k for k categories) to the ordinal response
categories, the score-based numeric outcome values y;"™,j = 1,...,m, are used to iterate
between estimating the fixed and random effects components. To this end, mixfabOF
follows the procedure proposed in MERF (cf. lines 7-14 of Algorithm 1 with pseudocode in
Hajjem et al., 2011). For the current fixed effects component, a regression RF is trained on
the current modified responses from which the random effects have been removed (cf.
Equation 3). Having updated the fixed effect component, the estimates for the random
effects, random effect variance and the residual variance are updated. The alternating
estimation procedure continues until convergence or a maximum number of iterations is
achieved. For assessing convergence, mixfabOF uses the generalized log-likelihood (GLL)
criterion employed in MERF (cf. Hajjem et al., 2012), i.e.,
GLL(f, bily™™) = i{ (y?um - f(X;) - Zjbj)T R;! (y?um - f(X;) - Zjbj)
0
+ b/ D7'b; + log | D| + log |R,-y}.

For a given iteration, the criterion is computed using the current estimates. When the
relative change in the GLL compared to the previous iteration is smaller than a threshold
value ¢, the iterative procedure is stopped. Following Salditt et al. (2023), mixfabOF uses
0 = 0.001. After the iterative estimation procedure, the frequency-adjusted borders
heuristic of fabOF is applied. To this end, numeric OOB-based predictions ¢;"™" for the
training data are computed using the final RF model’s numeric OOB predictions f (X )oos
and the final random effect estimates, i.e., ;™" = f(Xj)OOB + ngj,j =1,...,m. For
readability, the subscript indicating the final iteration has been omitted. Based on the
cumulative relative frequencies 7y, ..., m;_1 of the ordinal response categories up to (but
not including) category k, the respective quantiles ¢, (§""™), ..., ¢r,_, (™) of the

OOB-based predictions are determined. These quantiles are in turn assigned to the inner
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set of category borders whereas the lower and upper bound are set to —oo and oo,
respectively. Note that fabOF’s use of the lowest and highest numeric scores as bounds are
not possible here anymore since due to the inclusion of the random effects, values smaller or
larger than s; and s, can occur. Lastly, the final RF fit, the final random effect estimates
and the category borders are returned. New observations from known clusters are
predicted by first obtaining numeric predictions based on the fixed effects component RF
model and the random effect estimates. For observations from unknown clusters, only the
fixed effects component is used while the random effects component is set to zero (similar,
e.g., to the 1me4 package; Bates et al., 2015). In both cases, the numeric predictions are
transformed into ordinal response category predictions using the category borders.

An implementation of mixfabOF is available in the fabOF package which can be
obtained from GitHub (https://github.com/phibuc/fabOF). The implementation further
includes the possibility of computing variable importance values for the covariates
associated with the fixed effects. The custom permutation variable importance measure
(VIM) is based on the VIM introduced in Buczak (2024) and was adapted for use with
mixfabOF such that the hierarchical data context is accounted for. To this end, it
additionally allows for permuting in a clusterwise fashion, i.e., permutations are only
performed within the same cluster, respectively. Variable importance values can aid with
interpreting RF-based models as RF inherently suffers from a lack of interpretability
(Molnar, 2022). Permutation VIMs (Breiman, 2001) assess the impact of individual
covariates on the model’s predictive performance by randomly shuffling the values of a
given covariate, thus, voiding the information it contains. The importance of the covariate
is then determined by comparing the predictive performance achieved when using the
original data and the permuted data. The underlying logic is that a comparatively large
decrease in predictive performance indicates that the given covariate is important for the

model’s predictions (Molnar, 2022).
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Algorithm 1 Mixed-Effects Frequency-Adjusted Borders Ordinal Forest (mixfabOF)
1: procedure MIXFABOF

2: Unless specified otherwise, assign scores (si, Sa,...,sx) < (1,2,...,k).

num

3: Create y;"™,j = 1,...,m, by assigning scores to ordinal response categories.
4: SetTZO,D(O):Injxnj,i)jy(o):Onj,j:L...,m.
5: while » < max.iter and not converged do

6: r=r+1

7: Update g7, fA(T) (X ;) and IA)]-,(T):

8: gum =y — Ziby o1, j=1,...,m.
9: Obtain f(r) (X ;) by fitting a regression RF to response Yy and covariates X.
10: bi) = Do 2]V (y™ = iy (X)) 3 = L.ooom,
~—1 ~
11: where Vj,(rfl) = ZjD(,,_l)Zj + 6(2T71)Injxnj.
12: Update 6(2T) and ﬁ(r):
IR A 52 v
O'(,,,) = E Zl ,(7)€j (r) + 0(7“ 1) ( 0'(7, l)trace ( j,(T—l))) ,
J:
A 1 m ~ ~T A A TY —1 N
Dy =3, {bay(mb;,(r) + (D(M) —Dy-1Z; Vj,(r—l)ZjD(T1)>} :
7=1
13: where & Ej(r) = num f(r) ( ) Z; bJ (r)-
14: Check convergence using GLL criterion.

15: end while
16: Compute numeric OOB predictions f(Xj)OOB with final RF model, j =1,...,m.

17: Compute OOB-based predictions g™ = f(Xj)OOB + Zij,j =1,...,m.

18: For categories up to category k, compute cumulative relative frequencies mq, ..., T _1.
19: Obtain prediction quantiles g, (™), ..., @x,_, (g™"™") for probabilities 7, ..., m_;.

A num A num

20: Assign category borders (by, ba, ..., bk, bpi1) < (—oo, O (™), o Gy, (YY), oo).
21: return RF model, random effect estimates and category borders

22: end procedure
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Simulation Study
Simulation Setup

To evaluate mixfabOF, I performed a simulation study whose setup was largely
inspired by the simulation studies in Hajjem et al. (2011) and Salditt et al. (2023). I used
the same random intercept population model (cf. Salditt et al., 2023), i.e. the (numeric)

outcome y;; for observation ¢ in cluster j was modeled was
Yij = [ (@) + b + &4,

where f(x;;) is the fixed effects linear predictor, b; the random intercept effect of cluster j
and €;; the respective error term. As covariates, I simulated nine standard normally
distributed random variables Xj, ... Xq with all variables correlated to each other with a
correlation of p = 0.4. As in Hajjem et al. (2011), the fixed effects linear predictor was
simulated as

J(®ij) = 2wy + a3, + 4 Uy s0 + 21og (J25]) 2355

The random intercept effects were generated from a normal distribution with expected

mean p, = 0 and variance
) IcC
0, = —————
b 100’

where IC'C' (intraclass correlation) was varied between 0.05,0.25,0.50 as in Salditt et al.
(2023) to cover different magnitudes of random effect variance. The error terms were
simulated as standard normally distributed. To transform the numeric outcomes into
ordinal response categories, I assigned five categories based on specifically selected
threshold values. Using a similar approach as in Hornung (2019) and Buczak et al. (2024),
the threshold values were chosen such that in a simulated population of size 100 000 a
specific response category distribution pattern emerged. Analogously to Buczak (2024), I
considered a response pattern with equally distributed categories as well as a pattern with
prominent middle categories (denoted as wide middle pattern). For equally distributed

response categories, relative category frequencies of 0.20,0.20, 0.20, 0.20, 0.20 were targeted,
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while for the wide middle pattern relative category frequencies of 0.11,0.22,0.33,0.22,0.11
were targeted, respectively. The threshold values derived from this are displayed in

Table A1 (see Appendix A). The number of clusters was varied between 100 and 250. I
further followed Salditt et al. (2023) regarding cluster sizes. For simulation conditions with
100 clusters, the number of observations from each cluster in the training data was
randomly drawn from a discrete uniform distribution with bounds 10 and 15, while each
cluster contained 10 observations in the test data. For simulation conditions with 250
clusters, the number of observations from each cluster was randomly drawn from a discrete
uniform distribution with bounds 25 and 35, while each cluster contained 25 test
observations, respectively.

I compared mixfabOF to the following (ordinal) prediction methods: fabOF
(Buczak, 2024) as implemented in the fabOF package available from GitHub
(https://github.com/phibuc/fabOF), OF (Hornung, 2019) using the ordinalForest
package (Hornung, 2022), multi-label classification RF (Breiman, 2001) as implemented in
the ranger package (Wright & Ziegler, 2017), OMERF (Bergonzoli et al., 2024) using the
implementation provided by the authors on GitHub
(https://github.com/giuliabergonzoli/ OMERF) as well as a Cumulative Logit Mixed
Model (CLMM; see e.g., Tutz & Hennevogl, 1996) as implemented in the ordinal package
(Christensen, 2022). The CLMM was specified such that it included all linear main effects
as well as a random intercept. Since fabOF, OF and RF do not support hierarchical data
structures, I included the grouping variable as an additional covariate such that these
methods can make use of the grouping information. All computations were run using R
version 4.2.1 (R Core Team, 2023). For all RF-based methods, I used 500 trees as is a
common default value, e.g., in the ranger package. As the maximum number of iterations
for OMERF, I have selected 100 as is the suggested default setting by Bergonzoli et al.
(2024). T used the same maximum number of iterations for mixfabOF. For the remaining

parameters of the individual methods, I used the respective default values. I did not
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perform a hyperparameter tuning as RFs have been shown to be relatively robust regarding
their parameter settings (Probst et al., 2019). This design decision is in line with previous
works from the field of RF-based ordinal prediction (Buczak et al., 2024; Hornung, 2019;
Tutz, 2021). To assess the predictive performance of the different prediction methods, I
have used Cohen’s weighted Kappa (Cohen, 1968) with linear and quadratic weights as well
as Kendall’s rank correlation (Kendall, 1948) as performance measures. These measures
are commonly used in the context of ordinal prediction (e.g., Ben-David, 2008; Buczak

et al., 2024; Hornung, 2019). Similar to Cohen’s Kappa (Cohen, 1960), weighted Kappa is
a measure of agreement, in this case between the predicted and true response categories.
Through the weights, the ordinal nature of the response is reflected as the “distance”
between true and predicted categories is taken into account. Different weighting schemes
allow for accentuating deviations from the true categories differently (Hornung, 2019).
Linear and quadratic weights are among the most common choices for ordinal prediction
(Ben-David, 2008; Hornung, 2019). All simulation conditions were run with 1000

replications.
Simulation Results

In the following, the results from the simulation study will be presented. As the
choice of response category distribution pattern only had little impact on the results, I will
only be displaying results for the wide middle pattern here. For the remaining results, I
refer to the Supplement. In all conditions, OMERF suffered from high rates of
non-convergence. For small cluster sizes, OMERF converged in less than 1% of the runs,
while for large cluster sizes OMERF only converged in about 11% of the runs. As such,
this must be kept in mind when interpreting OMERF’s results. In contrast to OMERF,
mixfabOF converged in all simulation runs.

Figure 1 shows the results for data generated with /CC = 0.05, i.e., with small
random effect variability. For all performance measures, similar result patterns emerged. It

can be seen that the CLMM and OMERF fell notably behind the other methods. For the
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CLMM, this can be explained by the highly non-linear effect structure. Whereas for mostly
linear effects, parametric models tend to outperform RF-based approaches for ordinal
prediction, RF-based methods tend to perform better under non-linear effects (Buczak

et al., 2024). Regarding the remaining methods, RF slightly trailed mixfabOF, fabOF and
OF which performed mostly similarly. For settings with 100 clusters, however, fabOF and
mixfabOF tended to slightly outperform OF. As the random effect variability was low, the
similar performance of fabOF and mixfabOF was to be expected. Generally, increasing the
number of clusters and the size of the clusters led to reduced variability of the results for
all methods and to improved predictive performance for mixfabOF, fabOF, OF and RF.
For the CLMM and OMERF, predictive performance remained mostly unaffected by the

number of clusters and cluster sizes.
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Figure 1
Predictive performance of prediction methods based on number of clusters and cluster sizes

for ICC = 0.05.

Figure 2 shows the results for settings with moderate random effect variability
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(ICC = 0.25). Whereas for the low random effect variability conditions, mixfabOF, fabOF
and OF performed similarly, the increased random effect variability resulted in mixfabOF
pulling slightly ahead of fabOF and OF. This was most pronounced for settings with 250
clusters or large cluster sizes. Apart from this, the remaining findings from the low random
effect variability settings mostly carried over. RF slightly trailed behind mixfabOF, fabOF
and OF, while the CLMM and OMERF achieved notably lower predictive performance. As
before, increasing the number of clusters and the cluster sizes, resulted in a reduction of

variability and an improvement in predictive performance for mixfabOF, fabOF, OF and
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Figure 2

Predictive performance of prediction methods based on number of clusters and cluster sizes

for ICC = 0.25.

Figure 3 displays the results for the simulation conditions with high random effect
variability. It can be seen that mixfabOF achieved the highest predictive performance in all

scenarios. The further increase in random effect variability has resulted in a wider
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performance gap between mixfabOF and the two most competitive methods, fabOF and
OF'. As for the other two random effect variability settings, RF slightly lagged behind these
three predictions methods, while the CLMM and OMERF fell further behind. Similarly, an
increase in number of clusters and cluster sizes led to lower variability for all methods and

higher predictive performance for mixfabOF, fabOF, OF and RF. Overall, the findings
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Figure 3
Predictive performance of prediction methods based on number of clusters and cluster sizes

for ICC = 0.50.

from this simulation study are promising as mixfabOF displayed similar predictive
performance as fabOF for low random effect variability and improved upon the latter for
medium and high random effect variability for which it achieved the highest predictive

performance of all methods.
Runtime Analysis

Apart from the predictive performance of the different ordinal prediction methods,

their computational runtime is another factor warranting consideration. Buczak et al.
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(2024) have demonstrated that the computational runtimes of ordinal prediction methods
can vary notably. Therefore, I also performed a runtime analysis of the prediction methods
compared in this work similar to the one in Buczak et al. (2024). Because all computations
were performed on a compute cluster, the individual runs may not be perfectly comparable
regarding the CPU nodes assigned by the cluster’s workload manager or the current overall
workload of the cluster at any given time. Additionally, all computations were restricted to
using only a single CPU core which could have negatively impacted methods relying on
parallelization. However, many prediction methods considered here are based on the same
RF implementation from the ranger package (Wright & Ziegler, 2017), thus, benefiting
comparability. Overall, the following results should not be interpreted as precise runtime
comparisons, but rather as indications of the potential magnitudes of runtime differences
between the prediction methods. For the runtime analysis, I have selected the simulation
condition where data is generated using IC'C' = 0.25 and a wide middle response category
distribution pattern for 250 clusters of large size (i.e, leading to the largest datasets).
Figure 4 shows the computational runtimes of the individual methods relative to the
runtime of fabOF. Relative runtimes offer the benefit of being less dependent on the
machine used for running the experiments. As fabOF was the fastest method overall, I have
selected it as the reference method. For better visibility, I have logarithmized the relative
runtimes using base 10. Consequently, a value of 0 indicates a runtime equal to fabOF
while a value of 1 indicates a runtime larger than fabOF by a factor of 10. Since fabOF
internally fits a single regression RF, it was to be expected that RF came closest to fabOF
in runtime. For the data considered here, CLMM and mixfabOF required similar runtimes
with mixfabOF’s relative runtimes being slightly smaller on average and varying less. The
relative runtimes of OF and OMERF were notably larger. As OMERF internally fits an
OF model during its initialization, it can be seen that this step makes up a bulk of its
runtime. It should be noted that OF’s runtime is directly linked to the resources allotted

to its optimization process. While the default values were used here, reducing the number
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of score/category border sets generated during the optimization step, can reduce OF’s
runtime. Furthermore, as noted above, OMERF was affected by high non-convergence rates
in this simulation. Increasing OMERF’s maximum number of iterations may potentially

remedy these issues, but would in turn increase OMERF’s runtime even further.

Log. Relative Time

- — —

CLMM mixfabOF OF OMERF RF
Method
Figure 4
Computational runtime relative to fabOF for data with 250 clusters of large size. Values

have been logarithmized using base 10.

Illustrative Data Example

In addition to the simulation study, I have also evaluated mixfabOF on an
illustrative data example stemming from the Trends in International Mathematics and
Science Study (TIMSS) 2019 data (Fishbein et al., 2021). TIMSS surveys the achievement
of international fourth and eighth grade students in mathematics and science. For this
analysis, I focused on a subset of the original data including only German students. As in
Germany only data from fourth grade students is collected, the subset of the data
accordingly only contained fourth graders. The goal of the prediction task constructed for
this analysis was to predict the mathematical ability of students based on the students’ sex,
age, number of home study supports as well as their values on scales on disorderly behavior

during math lessons, instructional clarity in math lessons, sense of school belonging,
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bullying experiences, liking of learning math, confidence in math, and self-efficacy in
computer use. Only complete observations from schools with at least five observations were
considered, resulting in a sample size of 2773 students from 191 different schools. When
fitting a random intercept LMM without any covariates to the numeric outcome, an
estimated ICC of 0.23 resulted, indicating the presence of moderate random effect
variability. For creating the ordinal response, I binned the original numeric mean ability
score (ranging from 0-1000) into five ordinal categories: [0,450), [450, 500), [500, 550),
[550,600) and [600, 1000) with n; = 354, ny = 598, ng = 778, ny = 681 and n5 = 362. 1
compared mixfabOF with the same methods as in the simulation study using the same
settings. For the CLMM, all linear main effects and a random intercept were included. For
RF, fabOF and OF, the grouping factor was included as an additional covariate. Predictive
performance was assessed with a five-fold cross-validation (CV) using weighted Kappa with
linear and quadratic weights as well as Kendall’s rank correlation as performance measures.
The sampling of the CV folds was performed at the cluster-level such that observations
from each school were included in the training and the test data, respectively.

Figure 5 shows the predictive performance achieved by the different prediction
methods in 100 replications. It can be seen that mixfabOF generally reached the best
performance for all three performance measures. Comparing mixfabOF to the
non-hierarchical prediction methods (particularly to its direct counterpart fabOF'), the
results demonstrate the usefulness of accounting for hierarchical structures for the present
data. While performing better than the non-hierarchical OF and RF for weighted Kappa
with quadratic weights and Kendall’s rank correlation, OMERF falls behind mixfabOF,
fabOF and the CLMM for all performance measures. Similar to the simulation study,
OMERF was affected by convergence issues where for each run the maximum number of
iterations was reached at least once during the CV loop. The differences between
mixfabOF and the CLMM can likely be attributed to the nature of the underlying effects

(linear vs. non-linear). It is to be expected that the relation between the predictive
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Figure 5

Predictive performance achieved by prediction methods on TIMSS data.

performance of mixfabOF and the CLMM is modulated by the effect nature (Buczak et al.,
2024) and will likely vary across different datasets.

To examine the impact of the individual covariates on the predictive performance of
mixfabOF, I computed the permutation variable importance values obtained when fitting a
mixfabOF model to the entire dataset with clusterwise permutations. When allowing for
permutations across all clusters, the results were affected only slightly. Figure 6 shows that
the confidence in math scale is the most important covariate for the model’s predictive
performance. This is in line with results from the educational research literature which
identified math confidence and the related concept of math self-efficacy as important
predictors for math achievement (Jiang et al., 2013; Pitsia et al., 2017; Stankov et al.,
2012). While the other covariates achieved notably lower importance values, some caution

is advised when interpreting these results as some covariates displayed moderate to high
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degrees of correlation. For example, the Pearson correlation between “confidence in math”
and “like learning math” was 0.66. Unconditional VIMs as the one used here, are known to
be affected by highly correlated covariates (see, e.g., Molnar, 2022; Nicodemus et al., 2010;
Strobl et al., 2008). For assessing the reliability of the results, a comparison with results for
a conditional VIM (e.g., in the vein of Strobl et al., 2008) would be desirable. In contrast
to unconditional permutation VIMs, conditional permutation VIMs place restrictions on
the permutation process such that the original correlation structure between covariates is
better preserved (Strobl et al., 2008). Currently, there is no conditional VIM available for
mixfabOF. Since conditional VIMs as proposed by Strobl et al. (2008) operate on the
tree-level to determine permitted permutations and to compute the variable importance,
an analogous implementation for mixfabOF would require further adjustments. This is due
to the fact that mixfabOF does not transform its internal numeric scores used for
representing the ordinal categories back into ordinal category predictions until they have
been aggregated at the forest-level. As such, the variable importance cannot be evaluated
at the tree-level (see also Buczak, 2024, for a more detailed discussion). As a consequence,
implementing a conditional VIM for mixfabOF in future work would likely require a

different approach than the one proposed by Strobl et al. (2008).

Confidence in math _
L]
i
|
|
|
|

Age
Bullying experience
Home study supports

Disorderly behavior

Variable

Instructional clarity
Computer use
Like learning math

Sense of belonging |

Sex |
0.0 0.1 0.2
Permutation importance

Figure 6

Permutation variable importance values for mizfabOF model on TIMSS data.
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Discussion

In this work, I proposed Mixed-Effects Frequency-Adjusted Borders Ordinal Forest
(mixfabOF), an ordinal prediction method specifically tailored towards ordinal prediction
tasks with hierarchical data structures. The proposed methods extends
Frequency-Adjusted Borders Ordinal Forest (fabOF; Buczak, 2024) for use with
hierarchical data by adapting the iterative fixed and random effects estimation procedure
employed in Mixed-Effects Random Forest (MERF; Hajjem et al., 2012). To this end,
mixfabOF assigns numeric scores to the ordinal response categories and uses these scores to
iterate between fitting a regression random forest (RF; Breiman, 2001) to estimate the
fixed effects component and fitting a linear mixed model (LMM; see e.g., Molenberghs &
Verbeke, 2000) to estimate the random effects component. Having arrived at the final
estimates for the fixed and random effect components, mixfabOF follows fabOF in
determining the numeric category borders that are used for predicting new observations
based on the cumulative relative frequencies of the ordinal response categories in the data.
Through simulation and an illustrative example from the Trends in International
Mathematics and Science Study (TIMSS) 2019 study (Fishbein et al., 2021), I
demonstrated that mixfabOF can achieve higher predictive performance under medium
and high random effect variability than existing (ordinal) prediction methods such as
fabOF, Ordinal Forest (OF; Hornung, 2019) and multi-label classification RF.

Furthermore, mixfabOF achieved notably higher predictive performance for the
simulated and real data considered in this work than Ordinal Mixed-Effect Random Forest
(OMERF; Bergonzoli et al., 2024), which at the time of writing this work is (to my
knowledge) the only method for ordinal prediction of hierarchical data proposed so far.
Since OMERF relies on fitting an OF model internally, it is also affected by the
computational runtime of OF’s optimization procedure. As such, the runtime analysis
performed in this work also revealed significant runtime advantages of mixfabOF over

OMERF. However, some part of this disparity may be explained by the high rates of



26

non-convergence from which OMERF suffered in the simulation and real data experiments.
This may have potentially affected OMEREF’s predictive performance as well.
Experimenting with higher maximum numbers of iterations did not alleviate the
convergence issues. As such, I was not able to obtain an explanation for OMERF’s
behavior. Since OMERF is a very recent method, available references and recommendations
for OMERF are scarce. Therefore, an incorrect use of the implementation in this work
cannot be ruled out with complete certainty. To obtain an additional comparison and to
check for potential misuse of the method, I additionally performed a benchmark study on
the random intercept model used for simulation in Bergonzoli et al. (2024). Figure B1
shows that mixfabOF achieved the highest predictive performance for all performance
measures overall followed by OMERF and fabOF. For this data generating model, OMERF
converged in all 100 replications. As Bergonzoli et al. (2024) only used data where the
ordinal response consisted of three categories, perhaps the number of ordinal categories
affects the convergence rates of OMERF. Figure B2 indicates that despite OMERF’s
improved convergence rates, mixfabOF still required notably less runtime than OMERF
due to the computational runtime associated with fitting an OF model.

Apart from the RF-based approaches, I have also compared mixfabOF with a
Cumulative Logit Mixed Model (CLMM; see e.g., Hedeker & Gibbons, 1994; Tutz &
Hennevogl, 1996) in this work. While mixfabOF achieved higher predictive performance for
the simulated and real data, it should be noted that this is likely caused by the effect
structure of the data considered in this work. The data generating process in the
simulation was characterized by mostly non-linear effects. In their comparison of RF-based
ordinal prediction methods and a parametric model, Buczak et al. (2024) found that for
predominantly linear effects, RF-based methods fell behind the parametric model, while for
predominantly non-linear effects, the RF-based methods outperformed the parametric
model. As such, it is plausible to expect that for data adhering to a mostly linear effect

structure, the CLMM may outperform mixfabOF (and other RF-based prediction
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methods). Therefore, the choice between a CLMM and mixfabOF should be guided either
by prior knowledge or by benchmarking both methods on a subset of the data at hand.

While the simulation and illustrative data example only featured random intercept
models, mixfabOF can in principle also account for random slopes or other random effect
structures specifiable in an LMM. Future work could explore the use of mixfabOF for
random effect structures beyond the random intercept model. In the context of ordinal
regression models, e.g., the cumulative model (McCullagh, 1980), another type of random
effects that can occur are random thresholds, i.e., cluster-specific category thresholds (Tutz
& Hennevogl, 1996). As this type of random effect cannot be accounted for currently by
mixfabOF, future work could study how such effects can be translated to the framework
used by (mix)fabOF. One possibility could be to compute cluster-specific category borders
instead of computing global category borders based on all observations.

Overall, this work has demonstrated the usefulness of accounting for hierarchical
data structures in ordinal prediction tasks when using RF-based prediction methods. The
newly proposed mixfabOF method extends fabOF in a meaningful way and could improve
upon fabOF and other RF-based prediction methods for the data studied in this work. In
light of the growing quantities of data in the social and life sciences sparking a rising
interest in ML methods, these are promising findings that motivate further investigation

and methodological refinement.
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Appendix A

Thresholds for Simulation Study

Threshold values

ICC Response pattern " Y2 Y3 Y4 Vs
equal -0.08 2 361 6.06 o0

0.05
wide middle -1.71 141 42 762 o
equal -0.12 198 3.64 6.09 oo

0.25
wide middle -1.75 137 424 766 o
equal -0.22 195 3.71 6.16 oo

0.50
wide middle -1.85 1.3 431 7.76 o~

Table A1l

Threshold values based on ICC and response category distribution pattern settings.
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Appendix B

Comparison for Simulation Model from Bergonzoli et al. (2024)
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Figure B1
Predictive performance achieved by prediction methods on random intercept model

simulation data from Bergonzoli et al. (2024).
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Figure B2
Computational runtime relative to fabOF for random intercept model simulation data from

Bergonzoli et al. (2024). Values have been logarithmized using base 10.
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Appendix A - Hyperparameter Tuning

Table 6.1: Overview of hyperparameters and search spaces. Note. For description of hy-
perparameters see ranger (Wright & Ziegler, 2017) and xgboost (Chen

et al., 2024) packages.

Method Hyperparameter Support Search space
min.node.size {1,2,...} [(n-0.2)*] with X € [0,1]

(mix)fabOF  mtry {1,...,p} {1,...,p}
sample.fraction  [0,1] [0.2,1]
alpha [0, 00) 2* with \ € [—15, 15]
eta 0, 1] [0,1]

(mix)fabXGB max_depth {0,1,...} {1,...,30}
min_child_weight [0,00) 2* with \ € [—15,15]
nrounds {1,2,...} {50,...,300}
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Appendix B - Pseudocode for mixfabXGB

Algorithm 11 Mixed-Effects Frequency-Adjusted Borders XGBoost

1: procedure MIXFABXGB

2:

R A O

10:

11:

12:
13:
14:

15:
16:

17:

18:
19:

Q>

-D(it =

Unless specified otherwise, assign scores (s1, So, ..., Sk) < (1,2,..., k).
Create y;"",j = 1,...,m, by assigning scores to ordinal response categories.
Setit = O,D(O) = Iannj,’lA,l,j’(o) = Onj,j = 1, ..o, Mm.
while it <max.iter and not convergeddo
it=1t + lA
Update §'% ), fie) (X ;) and @ ;¢):
Yo = Y5 — LU ae-), ] = 1,...,m.
Obtain f(;+) (X ;) by ﬁttlng aregr. XGB model to y{i7) with predictors X.

'il/j(it) = D(it 1) Z' Vj(lt 1) (?Jj _fit)( ])) 7] =1,...,m,
Where ‘/‘7 (lt 1) — Z D(lt 1)Z +a—(lt 1)In]><n]~

Update &(2it) and ﬁ(it):

1 - X .
- Z (10)E5(ie) (2it71) <”j - U(zitfl)trace (ij(it—l))) ’

3

m 1 .
Z {Ug it UT(lt) <D(lt 1) — D(it—l)ZjTVj,(it_DZjD(it—l)) } )

1
m

where & 1) = Y™ — fiue) (X)) — Zjit se).

Check convergence usmg GLL criterion.

end while

Compute numeric fixed effects predictions f(X ;) with final XGB model,
j=1,.

Compute numeric predlctlons Y = f(Xj) +Zu;,j=1,...,m.

For categories up to category k, compute cumulative relative frequencies
7?('1, ce ,’ﬁ'k_l.

Obtain prediction quantiles ¢z, , . . ., ¢z,_, of numeric predictions ;3™ for
probabilities 7y, ..., 71, ¢ =1,...,n5,7=1,...,m.

Assign category borders (by, by, . . . ,bk, ka) — (—oo, Gys s Qg OO).

return XGB model, final random effect estimates and category borders

20: end procedure

182



Appendix C - Additional Results for mixfabXGB
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Figure 6.1: Predictive performance of mixfabXGB extension for wide middle response

category distribution pattern.
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