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Abstract

This thesis is concerned with the analysis and solution of integer optimization prob-
lems in function space with total variation regularization. We prove the existence
of optimal solutions and provide first-order optimality conditions. A function space
trust-region algorithm for the solution in the multi-dimensional case is proposed and
its convergence to stationary points is analyzed.

In order to compute lower bounds for the global optimization of integer optimiza-
tion problems with total variation regularization, we consider the relaxation that is
obtained by relaxing the integrality condition to box constraints. In order to apply
an outer-approximation algorithm in function space, we introduce a regularization
of the relaxation which includes a regularized total variation and a Tikhonov regu-
larization. We derive necessary and sufficient optimality conditions for an example
from optimal control and use them for the construction of an instance with known
optimal solution.

For the numerical solution of integer optimization problems with total variation
regularization, we introduce a novel discretization to recover the total variation in
the presence of integrality restrictions. Due to the restriction of the integer-valued
discretized input functions to prescribed finite-element meshes, the known discretiza-
tions from literature generally fail to recover the total variation of limit functions
correctly. Our novel discretization consists of two embedded meshes for the dis-
cretization of the input function and the discretization of the total variation term
whose mesh sizes are superlinearly coupled. In order to conserve compactness, we
add an additional constraint to the discretized problems that vanishes as the super-
linearly coupled mesh sizes are driven to zero. This constraint contains a constant
whose admissible range is determined and whose choice has a significant impact on
the numerical results. We propose an outer-approximation algorithm to solve the
discretized problems. Moreover, we transfer the discretization to the relaxation.

With our numerical experiments, we demonstrate the practicability of the pro-
posed discretizations and algorithms. In particular, we illustrate that our novel dis-
cretization scheme is able to recover the interfaces of level sets of limit functions
correctly while the anisotropic discretizations from literature lead to distortions.



Zusammenfassung

Diese Thesis befasst sich mit der Analyse und Losung von ganzzahligen Optimie-
rungsproblemen im Funktionenraum mit Totalvariationsregularisierung. Wir bewei-
sen die Existenz von optimalen Losungen und stellen Optimalitdtsbedingungen erster
Ordnung auf. Ein Trust-Region-Algorithmus zur Lésung im mehrdimensionalen Fall
wird vorgeschlagen und dessen Konvergenz zu stationdren Punkten wird analysiert.

Um untere Schranken fiir die globale Optimierung von ganzzahligen Optimie-
rungsproblemen mit Totalvariationsregularisierung zu berechnen, betrachten wir
die Relaxierung, die durch die Relaxierung der Ganzzahligkeitsbedingung zu Box-
Beschrankungen erhalten wird. Um einen &ufseren Approximationsalgorithmus im
Funktionenraum anzuwenden, fithren wir eine Regularisierung der Relaxierung ein,
die eine regularisierte Totalvariation und eine Tikhonov-Regularisierung enthalt. Wir
leiten notwendige und hinreichende Optimalitdtsbedingungen fiir ein Beispiel aus der
Optimalsteuerung her und verwenden diese fiir die Konstruktion einer Instanz mit
bekannter optimaler Losung.

Fiir das numerische Losen von ganzzahligen Optimierungsproblemen mit Total-
variationsregularisierung fiihren wir eine neuartige Diskretisierung ein, um die To-
talvariation in der Anwesenheit von Ganzzahligkeitsrestriktionen approximieren zu
kénnen. Aufgrund der Restriktion der ganzzahligen diskretisierten Eingabefunktio-
nen auf vorgegebene Finite-Elemente-Gitter schaffen es die bekannten Diskretisierun-
gen aus der Literatur im Allgemeinen nicht, die Totalvariation von Grenzfunktionen
korrekt zu approximieren. Unsere neuartige Diskretisierung besteht aus zwei einge-
betteten Gittern fiir die Diskretisierung der Eingabefunktion und die Diskretisierung
der Totalvariation, deren Gitterweiten superlinear gekoppelt sind. Um die Kompakt-
heitseigenschaft beizubehalten, fligen wir eine zusédtzliche Nebenbedingung zu den
diskretisierten Problemen hinzu, die verschwindet, wenn die superlinear gekoppelten
Gitterweiten gegen Null getrieben werden. Diese Nebenbedingung beinhaltet eine
Konstante, deren zuléssiger Bereich bestimmt wird und dessen Wahl einen signi-
fikanten Einfluss auf die numerischen Ergebnisse hat. Wir schlagen einen dufieren
Approximationsalgorithmus zur Losung der diskretisierten Probleme vor. Auflerdem
iibertragen wir die Diskretisierung auf die Relaxierung.

Mit unseren numerischen Experimenten demonstrieren wir die praktische Um-
setzbarkeit der vorgeschlagenen Diskretisierungen und Algorithmen. Insbesondere
veranschaulichen wir, dass unser neues Diskretisierungsschema dazu in der Lage ist,
die Schnittstellen der Niveaumengen von Grenzfunktionen korrekt wiederherzustel-
len, wiahrend die anisotropen Diskretisierungen aus der Literatur zu Verzerrungen
fiihren.
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Chapter 1

Introduction

Integer optimization problems in function space with total variation regularization
are of great interest, both from a mathematical and an application point of view.
Many applications can be modeled by means of integer optimization problems. This
includes for example material optimization, topology optimization, imaging, network

planning, and many more.

While in finite dimensions the existence of optimal solutions to integer optimiza-
tion problems is already guaranteed under very mild assumptions, this changes com-
pletely if the integer optimization problems are formulated in function space. The
reason for this is that the feasible sets of integer optimization problems in func-
tion space are generally not sequentially weakly-* closed in L°° such that the limits
of weakly-* convergent minimizing sequences in L°° might not be contained in it.
The total variation regularization can remedy this issue by enforcing compactness
on the minimizing sequence which yields the existence of convergent subsequences
with regard to a stronger convergence notion with respect to which the feasible set
is sequentially closed.

The total variation of an integer-valued function measures the perimeter of the
level sets of its input function scaled by the jump heights. Consequently, the total
variation regularization penalizes large perimeters as they for example result from
high frequency chattering functions. This ensures that the resulting optimal solutions
to integer optimization problems with total variation regularization can be imple-
mented in practice, where the level of detail that can be realized is often limited.

Integer optimization problems with total variation regularization are therefore a
powerful modeling tool, but they present some challenges in both theoretical analysis
and numerical implementation that will be addressed and tackled in this thesis.



1.1 Problem formulation

We now formulate the superordinate optimization problem that is subject of this
thesis. Throughout this thesis, we make the following assumptions, which are ex-
tended in the following chapters when required. The set @ C R, d € N, is assumed
to be a bounded Lipschitz domain. The superordinate problem reads

. ueI?El%l(lQ) J(u) = F(u) + aTV(u)

s.t.  wu(x) € U for almost all (a.a.) x € Q,

where U = {v1,...,vn} C Z is a non-empty and finite set of N € N integers with
v :=min{r : v € U} and 7 := max{v : v € U} and a > 0. For the function
F : L?(Q) — R, the following is assumed.

Assumption 1.1. The function F : L*(Q) — R is
(i) lower semicontinuous and

(ii) bounded from below, that is, there is some B € R such that
(1.1) F(u)> B

for all u € L?(Q) with v < u(x) < ¥ for almost all z € Q.

Moreover, TV : L1(Q) — [0, oc] denotes the total variation and is for u € L'(Q)
defined by

(TV) TV (u) = sup {/Q u(z) div ¢(x) dz : ¢ € CHQ;RY), H¢HLOO(Q;Rd) < 1}

with ||| oo (ra) = esssup,cq [[¢(2)[|2. We denote the space of functions of bounded
variation by

BV(Q) = {ue L'(Q): TV(u) < 0o} .
We denote the feasible set of (P) by
LE(Q) = {u e LYQ) : u(z) € U for a.a. x € Q}
and its subset of feasible solutions with finite objective value by

BVy(Q) :=BV(Q) N L{(Q).

10



1.2 Integer optimization with total variation regulariza-
tion in literature

Mixed-integer optimization problems in function space are of great interest in current
research. This is due to their wide range of real-life applications like optimal gear
shifting [54], traffic light optimization in road networks 57|, the control of transmis-
sion lines [56], the control of gas and fluid flow in networks [61], and material and
topology optimization [10,71,99].

Solution methods for integer optimization problems in function space are for ex-
ample trust-region algorithms [60], combinatorial integral approximation [64, 75,92,
93], multibang regularization 37, 73|, and outer-approximation algorithms [20].

Total variation regularization is a frequently used tool in the context of opti-
mization. This includes for example image denoising and deblurring [28, 46, 87, 90]
and image segmentation [47,88]. Also in the field of optimal control, total variation
regularization is subject to recent research, see for instance [24,26,36, 66].

The use of total variation regularization by means of constraints or penalty in
the context of integer optimization is therefore a highly demanded and topical re-
search field. Integer optimal control problems with total variation restriction in the
constraints are for example considered in [94]. A parabolic optimal control problem
with binary-valued controls whose total variation is restricted over the time horizon
is investigated in [16] and an outer-approximation method [17| and a branch-and-
bound algorithm [18| are proposed for its solution. Extended formulations for the
closed convex hull of feasible controls in function space [15,21] and after discretiza-
tion [19] have been investigated. In [70], a trust-region algorithm for the solution of
integer optimization problems with total variation regularization in the objective on
one-dimensional domains is introduced. The solution of the resulting subproblems is
addressed in [79,97].

Despite the many possible applications, research on integer optimization problems
with total variation regularization on multi-dimensional domains is still relatively
scarce. This is due to the associated complex theoretical analysis as well as the non-
trivial numerical implementation. We will fill this gap by developing holistic solution
methods that include optimality conditions, algorithms in functions space, computa-
tions of lower bounds, appropriate finite-element discretizations, and algorithms for
the solution after discretization.

1.3 Contribution

We will state first-order optimality conditions for (P) in terms of the application
of local variations to the level sets of the input function. We propose a trust-region
algorithm in function space to solve (P) in the multi-dimensional case d > 2. This
trust-region algorithm is a development of the trust-region algorithm stated in [70]

11



for the one-dimensional case. We will prove that the iterates of the algorithm con-
verge strictly in BV(Q) to a stationary point that fulfills the introduced first-order
optimality condition.

In order to solve (P) globally, the computation of lower bounds for the optimal
value of (P) is crucial. To this end, we consider the relaxation of (P) that is obtained
by relaxing the integrality constraint u(z) € U to box constraints v < u(z) < 7.
The optimal value of the relaxation yields a lower bound on the optimal value of
(P). In order to solve the relaxation, we will state an outer-approximation algorithm
that is applied to a regularization of the relaxation. This regularization contains
a regularized total variation term and a Tikhonov regularization. In contrast to
the total variation, the regularized total variation can be expressed by a unique
maximizer of its dual formulation. This fact is used for the calculation of tight cutting
planes for the outer-approximation algorithm. We will prove that the iterates of
the outer-approximation algorithm converge in L?(£2) to an optimal solution to the
regularized relaxation. Moreover, we will prove that the optimal solutions to the
regularized relaxations converge weakly to an optimal solution of the relaxation if the
regularization parameters are driven to zero. Additionally, we will state optimality
conditions for the relaxation in order to construct an instance with known optimal
solution for our numerical experiments.

In order to solve (P) numerically, we introduce a novel discretization scheme
for (P). The common discretizations of the total variation known from literature
generally fail to approximate the total variation term correctly in the presence of
integrality restrictions. This is due to their anisotropic behavior caused by the re-
striction to prescribed finite-element meshes. We therefore introduce a discretization
of the total variation and a corresponding discretization of (P) that involves the
coupling of two embedded finite-element meshes, the finer one for the discretization
of the input function and the coarser one for the discretization of the total varia-
tion. If the mesh sizes are coupled superlinearly, we are able to recover the total
variation term in the presence of integrality constraints. The replacement of the to-
tal variation by the discretized total variation in (P) is accompanied with the loss
of compactness when the superlinearly coupled mesh sizes are driven to zero. This
makes it necessary to add an additional constraint that restores compactness and
vanishes as the mesh sizes are driven to zero. This additional constraint involves a
constant whose admissible range is determined and which has a significant influence
on the numerical results as we demonstrate in our numerical examples. We prove
convergence of the discretized problem to (P) in the sense of I'-convergence if the su-
perlinearly coupled mesh sizes are driven to zero. Moreover, we state and analyze an
outer-approximation algorithm to solve the discretized optimization problems. We
also introduce discretizations of the relaxation and the regularized relaxation and
prove their convergence in the sense of I'-convergence if the mesh sizes are driven to

Zero.
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In our numerical examples we demonstrate the practicability of the established
algorithms. The instances used are from imaging and optimal control and fulfill the
assumptions made in this thesis. We also look at the practical implementation of
the discretizations and algorithms including a reformulation of the occurring finite-
dimensional subproblems as mixed-integer linear and quadratic programs that can be
solved with well-known off-the-shelf solvers. The presented numerical results demon-
strate the impact of our research findings. In particular, they demonstrate the ability
of the novel discretization of (P) with superlinearly coupled meshes to recover the
interfaces of level sets correctly and that the common discretizations from literature
fail to do so.

Publications

The results from Chapter 3 are published in the article [77]. The results in Chap-
ter 4 are self-contained but use concepts from the article [82], which is currently in
preparation and contains further results. Sections 5.1 to 5.3 and Sections 6.1 and 6.2
have been submitted for publication in article [95], which has been accepted for pub-
lication and is in the production process. In addition to the results in this thesis,
the article [96] has also been created and published during the PhD research of the
author.

1.4 Structure of this work

Chapter 2 provides the groundwork for the findings of this thesis that are elaborated
in the following chapters. In Chapter 3, we state the first-order optimality condition
for (P) and the trust-region algorithm formulated in functions space to solve (P) in
the multi-dimensional case. We introduce the relaxation of (P) and its regularization
in Chapter 4 and state the function space outer-approximation algorithm to solve the
regularized relaxation. Chapter 5 introduces the discretization of the total variation
in presence of integrality restrictions and the corresponding discretization of (P)
as well as an outer-approximation algorithm to solve the discretized problems. We
present numerical examples in Chapter 6 and draw a conclusion in Chapter 7.

13






Chapter 2

Preliminaries and notation

This chapter provides the tools that are required for the analysis and the solution
of optimization problem (P). In Section 2.1, we consider the space of functions of
bounded variation and define a suitable notion of convergence. Section 2.2 introduces
sets of finite perimeter and draws the connection to functions of bounded variation.
With the preparations from Section 2.1, we will prove the existence of optimal solu-
tions to (P) in Section 2.3. We introduce the space H(div; ) in Section 2.4 which
will play an essential role in the formulation of the regularized total variation and
the discretized total variation. The latter is discretized by means of Raviart—Thomas
functions which are introduced in Section 2.5.

2.1 Functions of bounded variation

The distributional gradient of a function of bounded variation is a finite Radon mea-
sure. In order to have the necessary analytical tools at hand, we collect some essential
definitions from measure theory as well as definitions and statements regarding a sen-
sible notion of convergence in the space of functions of bounded variation from [4].

We denote measure spaces by (X, ), where X is a nonempty set and € C P(X)
denotes the o-algebra.

Definition 2.1 (Borel o-algebra, [4, Def. 1.1]). Let X C R™. We define the Borel

o-algebra, denoted by B(X), as the smallest o-algebra that contains all open subsets
of X.

We define a measure and its total variation as follows.

Definition 2.2 (Measure and total variation, |4, Def. 1.4]). Let (X, &) be a measure
space. A measure on (X, &) is a mapping p : € — R"™ such that u(@) = 0 and for

15



any sequence {Fj }ren of pairwise disjoint elements of &, there holds

” (fj Ek> Y w(E).

k=1 k=1

The total variation |u| : £ — [0, 00] is for E € & defined by

o0 o0
|| (E) = sup {Z l(Ex)|l2 : Ex € € pairwise disjoint, E = U Ek} .
k=1 k=1

Definition 2.3 (Finite Radon measure, [4, Def. 1.40]). Let X C R be open with
Borel o-algebra B(X) and consider the measure space (X, B(X)). If u : B(X) — R™
is a measure according to Definition 2.2, then u is called a finite Radon measure. We
denote by M(X;R™) the space of all finite R™-valued Radon measures on X.

The relation between functions of bounded variation and finite Radon measures
is the following.

Proposition 2.4 ([4, Def. 3.1, Prop. 3.6]). Let u € L'(Q). The function u is a func-
tion of bounded variation in Q, that is, u € BV(), if and only if the distributional
derivative of u can be represented by a finite Radon measure Du = (Dyu, ..., Dgu)
n Q, that satisfies

0¢ = — T u(x >0
| w52 @z = = [ s@)aDuiz) voe o)

fori=1,...,d. Moreover, there holds
TV(u) = [Du|(2)

foruw e BV(Q).
The space BV(Q2) equipped with the norm

ullBv Q) = [lullp @) + TV (u)

is a Banach space. As discussed in Remark 3.12 in [4], the dual space of BV(Q) is
hard to characterize, which is the reason why we do not use weak convergence in
BV(2). Instead, we use that BV(Q) is the dual space of a separable space and that
the usual weak-* convergence corresponds to the following definition.

Definition 2.5 (Weak-* convergence, |4, Def. 3.11]). Let {ug}treny C€ BV(£2) be a
sequence and u € BV(2). We say that {uy}ren converges weakly-* in BV(Q) to u if

16



up — u in LY(Q) and Duy = Du in M(Q;R?), that is,

lim /ng(:z) dDuk(x):/QgZ)(:U) dDu(z)

k—o0

for all ¢ € Co(S2).

In Proposition 3.13 in [4], a simpler criterion for weak-* convergence in BV(Q2) is
stated.

Proposition 2.6 ([4, Prop. 3.13]). Let {uj}ren C BV(Q). Then up = u in BV(S)
as k — oo, if and only if {ug}ren is bounded in BV(Q) and up — u in L'(Q) as
k — oo.

Additionally, we define strict convergence in BV (£2).

Definition 2.7 (Strict convergence, [4, Def. 3.14]). Let {ug}ren € BV(2) be a
sequence and u € BV(Q). We say that {u}ren converges strictly in BV(2) to w if
ur, — u in L1(Q) and TV (uy) — TV (u) as k — oo.

The following compactness result will be essential to prove the existence of sub-
sequences that converge weakly-+ in BV(£2).

Theorem 2.8 (Compactness in BV, [4, Thm. 3.23|). If a sequence {u}ren is
bounded in BV (Q2), then it admits a subsequence that converges weakly-+ in BV ()
to some u € BV(2).

Proposition 2.9. The mapping TV : L*(Q) — [0, 00] is convex and lower semicon-
tinuous and therefore weakly lower semicontinuous.

Proof. The lower semicontinuity of TV : L(€2) — [0, 0] is proven in [4, Prop. 3.6].
To prove the convexity, let u,v € L'(2) and A € [0,1]. There holds

TV + (1 — A)o)
—sup{ [ (hule) + (1= No(a)) div o) o + 6 € CHOR, ol < 1
< xsup{ [ u(e)div(a) do 6 € CHORY, [0l ey < 1

= Nsup{ [ o) divoe)do s € CHOURY, [oll~(oine) < 1}
— ATV(u) + (1 — NTV(0).

17



2.2 Sets of finite perimeter

We want to give a brief introduction to the field of sets of finite perimeter which were
first introduced by Caccioppoli in [22]. The definitions and statements are mainly
from [4]. We are making the necessary preparations for the following chapters, but
we also want to go a little further in detail in order to gain sufficient understanding of
the subject matter. However, for a deeper insight, we refer to |72] in addition to [4].

As in Section 1.1, Q always denotes a bounded Lipschitz domain in R¢. Whenever
we need to define or state something on an open set that is not necessarily our
Lipschitz domain €2, we will denote the open set by A € R%. For a set E C R?, we
define the {0, 1}-valued indicator functional by xg : R? — {0,1}. For a Lebesgue-
measurable set £ C R? and an open set A C RY, we define the perimeter P(E, A)
of E in A according to Definition 3.35 in [4] by

P(E, A) = sup { /E divg(a) da : ¢ € CL(A;RY, [|9]] o (e < 1} .

If the set F is of finite perimeter P(E, A") in A’ for any open set A" C A such that
the set A’ is compact and fulfills A’ C A, we say that E is a set of locally finite
perimeter in A. A partition {E;}ier, I C N, of A is called a Caccioppoli partition if
Zie] P(Ei, A) < 0.

We denote the topological boundary of a set F by the usual notation F. The
reduced boundary of a Lebesgue-measurable set E C R? is denoted by 0*F and was
first introduced in [43].

Definition 2.10 (Reduced boundary, generalized outer normal, [4, Def. 3.54]). Let
E C R? be a Lebesgue-measurable set and A C R? be the largest open set such that
FE is locally of finite perimeter in A. The reduced boundary 0*F of E is the collection
of all points z € supp |[Dxg| N A such that the limit

exists in R? and satisfies |[ng(z)||2 = 1. The function ng : 9*E — S 1 = {y ¢ R¢:
llyll2 = 1} is called the generalized outer normal to E.

Sets of finite perimeter and functions of bounded variation are linked in the fol-
lowing way.

Theorem 2.11 ([4, Thm. 3.36]). Let A C R? be an open set and E C R? be a set of
finite perimeter in A. Then the distributional derivative Dxg of X is an R%-valued
finite Radon measure in A. There holds P(E,A) = |Dxg|(A) and the generalized

18



Gauss—Green formula
(2.1) /divqﬁ(m) dx—/nE(:r)-¢(x)d|DXE](x) Vo € CLA:RY)
E A

holds with Dxgp = —ng|DxE|.

The theorem of De Giorgi, Theorem 3.59 in [4] and originally in [41-43], gives
information about the structure of the reduced boundary. First, it states that the
reduced boundary 0*E of a Lebesgue-measurable set E C R? is countably (d — 1)-
rectifiable, that is, there exist countably many Lipschitz functions f; : R4~ — R,
1 € N, such that

0'E c | iR,

=1

see Definition 2.57 in [4], and there holds that
(2.2) |Dxg| =HLO'E,

where p L Ey for a measure p on (X,€) and a set E; € £ denotes the restriction
measure defined by pl E1(E2) = u(E1 N Ey) for Ey € &, see Definition 1.65 in [4].
Moreover, figuratively speaking, it states that the set ' zoomed in close to a point
xg € 0*FE looks like the half space induced by the hyperplane that is orthogonal to
the generalized outer normal ng(z¢) and the reduced boundary itself looks like the

orthogonal vector n(zg) to ng(zo). In particular, there holds

(2.3) lim 2O E N By(20))

=1,
JAN] wg—1p1

where B,(zo) = {z € R? : ||z — z¢l]2 < p} and wy_; is the Lebesgue measure of
the unit ball in R4, The mathematically complete statements and their proofs are
provided in Section 3.5 in [4] as well as Chapter 15 in [72].

The representation (2.2) yields that (2.1) in Theorem 2.11 can be rewritten as

(2.4) / div ¢(z) dz = / ng(z) - ¢(x) dHTHz) Yo e CLA;RY).
E O*E
We denote the Lebesgue measure of a set £ C RY by |E].

Definition 2.12 (Points of density ¢ and essential boundary, [4, Def. 3.60]). Let
E C R? be a Lebesgue-measurable set and ¢ € [0,1]. We denote the set of points
where E has density ¢ by

ENB
El = {xGRdzlimmp(xN:t}.
PO | By(w)|
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The essential boundary of E is defined by 9°E := R4\ (E° U E").

We note that the notations for the reduced boundary and the essential boundary
may differ in the literature. We use the notation from [72]. In [4], the essential
boundary of a set F is denoted by 0* E and the reduced boundary is denoted by FFE.
The following relations between the reduced boundary 0*F, the set F 2 of points of
density %, and the essential boundary 0°F hold.

Theorem 2.13 (Federer, [4, Thm. 3.61]). Let A C R? be an open set and E C R?
be a set of finite perimeter in A. There holds

PENACE? C O°FE
and
HI (A\ (E°UO*EUEY)) =0.

Theorem 2.14 ([4, Thm. 4.17]). Let A C R? be open and {E;}icr be a Caccioppoli
partition of A. Then

UE)'v ] 0" Eino*Ey)
iel ijel
i#]
contains He ' -almost all of A.

Lemma 2.15 ([77, Lem. A.3|). Let E, F C Q be sets of finite perimeter. Then there
holds

O"(FUF) CO°EUIF and 0" (E\ F) C 0°E U 0°F.
In particular, there holds
HITH O (EUF)) <HITYO*EUSF) and HH (8" (E\ F)) < HYO*E U O*F).

Proof. Let z € 8*(E U F). Then by Theorem 2.13, there holds that « has density 3
regarding F U F', and therefore

| (BUDOB@I 6
™\0 |Br($)| r\0 ‘B’f‘(‘r)|
and
1 FEUF)N B, FnNB,
r™\0 |Br(.%')| ™N\0 |BT(x)’
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Moreover,

1 . [(EUF)NB.(2)| _.. . .|IENB.(z)] |FNB.(z)
— = lim lim inf
AT B@ S RS B@ T 1B
and thus
|E N B (z)] |F'N B (z)] .
B 7" B 70 0

Therefore, x € 0°E' U 0°F. To prove 0*(E \ F') C 0°E U 0°F, we use that
RIN\(E\F)= R\ E)UF
and obtain

P(E\F)=0"RI\ (E\ F))
=" (RI\E)UF) Cc &R\ E)UH°F = 9°E U O°F.

The last claim follows from the monotonicity of H¢ ! and Theorem 2.13.

O

According to Section 3.9 in [4], the distributional derivative Du of a function

u € BV(Q) can be decomposed into an absolutely continuous part D*u with respect

to the Lebesgue measure and a singular part D®u with respect to the Lebesgue

measure. The singular part D*u can be decomposed further. To this end, we need to

define approximate limits of u and approximate jump points of .

Definition 2.16 (Approximate limit, [4, Def. 3.63]). The function u € L'(Q) has

an approximate limit at = € € if there exists some z € R such that

1
lim/ u(y) — z|dy = 0.
BB, @] oy

We then call z the approximate limit of u at x. The set 5, of points in which u has

no approximation limit is called approximate discontinuity set.
Let us denote for z,v € R? the half balls
B (z,v) = {y € By(x): (y —x)"v > 0}
and

B, (z,v) = {yeBy(z): (y— )T < 0}.

Definition 2.17 (Approximate jump point, [4, Def. 3.67]). Let u € L'(Q2) and
x € . Then x is an approximate jump point of u if there exist a,b € R and
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v e S ={yeR?: |yl = 1} such that a # b,

1
lim —— u(y) —aldy =0,
P15 o] Jogon "

and

lim ——— / —b|dy = 0.
PO \B v)] a:v)

The set of approximate jump points is denoted by .J,.

For the characteristic function xg of a set E C €, there holds S, , = 0°F and
Jyp CE 3 If Eis additionally of finite perimeter, then there holds 0*FE C J,, see
Example 3.68 in [4].

As stated in (3.89) and Definition 3.91 in [4], the singular part D%u of the distri-
butional derivative Du of a function u € BV () can be decomposed into two parts,
the Cantor part D¢u, defined by

Dy := D*ul (Q\ Sy),
and the jump part DJu, defined by
Diy = D%ul_J,.
In total, we may write
Du = D% + D + D’u.

The set of special functions with total variation SBV () was first introduced in [44]
and is a subset of BV(2) that contains the functions u € BV(€2) whose Cantor part
D¢y of Du is zero, that is,

Du = D% + D’u.

We are interested in the space SBV(2) because the feasible set BVy(£2) of (P) is
contained in it.

Lemma 2.18 ([77, Lem. 2.1|). (a) Letuw € BVy(Q). Then there exists a Cacciop-
poli partition {E1, ..., Exn} of Q such that u = Zf\il ViXE; -
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(b)

Let Ef\il vixg;, = u € BVy(Q) as in (a). Then it holds that

N—-1 N
(25) 00> TV(u) =|Dul(Q) = lvi — vi|HT (0" E; N 9" E;) and
=1 j=i+1
1 N
2. T > - P(E;, Q).
(2.6) V() 2 5 ; (Ei, Q)

Proof.  (a) By the coarea formula in BV, Theorem 3.40 in [4] and originally in [51],

there holds for u € BVy(Q2) that the sets
Fi={zecQ:ulz)>v,—ec} ={zeQ:ulx) >y}

with € € (0,1) and ¢ € {1,..., N} are of finite perimeter in €. Without loss
of generality, we may assume v; > ;4 for all i € {1,..., N — 1}. We define
By =F =u'({1n}) and E; .= F;\ F;_1 = u='({1;}) for alli € {2,...,N}.
This yields P(El,Q) = P(Fl,Q) < 00, P(EZ,Q) < P(E,Q) +P(FZ’,1, Q) < 00
forallie {2,...,N}, and u = Zfil ViXE; -

Let Zfil vixe, = u € BVy(Q). By means of Theorem 2.11 and (2.2), we
obtain for the distributional derivative Du of u

N N
(2.7) Du = Z ViDXEi = — Z VinEinfl L (8*EZ N Q),

i=1 =1

where the functions xpg, are considered elements of BV(2) and ng, denotes
the generalized outer normal of F; that is defined on 0* F;. Next, we prove the
identity

N

N-1
(2.8) Du= > (vj —vi)ng,HTL (0 E;N0*E; N Q).
i= +1

To this end, we observe that every x € 0*F; N2 is a point of density % for F;

by Theorem 2.13 and, consequently, cannot be a point of density 1 for any £},

j €{1,...,N}. We apply Theorem 2.14 to the right hand side of (2.7) and
obtain

N N
Dy =— ZVinEildel L (U O*E; N 8*Ej N Q),

i=1

=1

G ::A{ivj}

where we have used that x € € can be a point of density % for at most two of
the disjoint sets Ey, k € {1,...,N}. Using this observation again, we obtain
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that the sets Ay; ;1 are pairwise disjoint which implies

N-1 N
(2.9) Du = — Z Z (ving; + anE]-)Hd_l L(O*E,NO"E; NQ).
i=1 j=i+1
Then (2.8) follows because ng, = —ng, on 0*E; N 0*E;. Because every = €

0*E; N 0" E; has density % with respect to E; and E; and therefore density 1
with respect to €2, there holds x ¢ 0*Q C Q3. Since Q has Lipschitz boundary,
there holds H*~1(992\ 0*Q2) = 0 by Proposition 3.62 in [4]. In combination, we
get

HIL(9*E; N " E;) \ Q) = 0.

Moreover, because the Ay; ;3 are pairwise disjoint, the measures HA1 L Agjy
are pairwise singular. Thus we deduce from (2.8) with TV (u) = |Du|(£2) and
||nEZ (x)”g =1 for x € 0*E; that

N—-1 N
TV() =Y Y |vi—vH" (0" Ei N 9" Ey),
i=1 j=i+1

which gives (2.5). Moreover,

N-1 N
00> TV(u) =Y Y |vi—y|H(0"EiN0*E))

i=1 j=i+1
1 N N
>3 ) AT O ENGE))
i=1 j=1
J#i
1 1Y
> 527#—1(8*& nQ) = 5213(5,9),
=1 =1

which gives (2.6).

2.3 Existence of solutions to (P)

We will prove the existence of optimal solutions to our superordinate problem (P). For
sequences of feasible functions u € BVy(€2), we have boundedness in L>°(£2), which
shifts convergence in L'(f) to convergence in LP(Q) for 1 < p < oo. Moreover, we
prove that the limit is in L} (€2).
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Lemma 2.19 (Variant of [70, Lem. 2.2| and [95, Lem. 2.1]|). Let the sequence
{urtren C LY() converge to some u € LY () with v < ugp(x) < U for almost
all x € Q for all k € N. Then there holds v < u(x) < ¥ for almost all x € Q and
up — u in LP(Q) for all 1 < p < oco. If moreover {ug}reny C Li;(), there holds
u € L ().

Proof. There holds
ok =l < Nk =l e = 0P~ ey = 0

because || (ur — )P~ || oo (@) < maxy, e |v1 — 2Pt < oo for all k € N.

The convergence ux — u in LY(Q) for some u € L'(Q) implies the existence
of a subsequence {uy, }¢en that converges pointwise almost everywhere in © to u
according to Lemma 3.22 in [3]. Since v < uy,(x) < 7 for almost all z € Q for all
¢ € N, this yields v < u(x) < 7 for almost all z € Q.

Now let additionally ug(z) € U for almost all x € €2 for all k € N. Let z € Q
such that ug,(z) — u(x) as £ — oo. This yields the existence of some L € N such
that |ug,(z) — u(x)| < § for all £ > L and since U C Z, this implies the existence of
some v € U such that ug,(x) = v for all £ > L, that is, the sequence {uy,(x)}ren is
constant for all £ > L. Hence, there must hold u(z) € U which yields the claim. O

The feasible set BVy(€2) of (P) is sequentially weakly-* and strictly closed in
BV(Q) such that the limits of sequences of feasible functions that converge weakly-x
or strictly in BV(Q) are feasible for (P).

Lemma 2.20 (|70, Lem. 2.2|). The set BVy(Q) is sequentially weakly-x and strictly
closed in BV(Q)

Proof. Consider a sequence {ug}reny € BVy(Q2) that converges weakly- or strictly
in BV(€2). This yields in particular u — u in L' () for some u € BV (). The claim
then follows from Lemma 2.19. O

With these preparations, we can now prove the existence of minimizers for (P).

Theorem 2.21 (|70, Prop. 2.3|). Let Assumption 1.1 hold. The optimization problem
(P) admits an optimal solution.

Proof. The feasible set of (P) is non-empty because U is non-empty. Consider a
minimizing sequence {uy}ren for (P). Since F' and TV are bounded from below,
there holds that {TV (uy)}xen is bounded. Moreover, the feasible set BV (€2) of (P)
is bounded in L*(2) such that the sequence {ug}ren is bounded in L*°(€2) and
consequently in L!(Q). Together we obtain that {uy}ren is bounded in BV() such
that Theorem 2.8 yields the existence of a subsequence that converges weakly-* in
BV(€2) to some u € BV(€2). We may assume that the subsequence is already the
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whole minimizing sequence. In particular, the sequence {uy }ren converges in L1(£2).
By Lemma 2.19, it then converges in LP(Q2) for all 1 < p < oo such that we obtain by
Assumption 1.1 that F(u) < liminfy_,o F'(ux). By the lower semicontinuity of TV
according to Proposition 2.9, there also holds TV (u) < liminfy_, . TV (ux) such that
F(u)4+aTV(u) <liminfy o F(ug)+aTV(ug). Since the set BVy(Q) is sequentially
weakly-* closed in BV(2), there holds u € BVy(€2) such that w minimizes (P). O

2.4 The space H(div;(?)

This section is dedicated to the space H(div;€2). We base our definitions and no-
tations on [14, 100, 103]. For a start, we define the operator —div : L?(Q;R?) —
H=1(Q), where H~! denotes the dual space of H}(Q), as the adjoint operator to
V : HY(Q) — L%(Q;RY), that is, for given ¢ € L2(Q;RY), divep € H~H(Q) is defined
by

(div g, v) g1 g1 = — /Q ¢(x) - Vo(z)dr Vv e Hy(Q).
The Hilbert space H (div; ) is defined by
H(div; Q) == {¢ € L*(Q;RY) : div ¢ € L*(Q)}
and equipped with the scalar product

(¢7 ¢)H(div;§2) = (¢7 Qp)LQ(Q;Rd) + (le ¢, div w)LQ(Q)’

for ¢, € H(div;Q), which induces the norm

181y = /1912 oty + 1 div @l13q

for ¢ € H(div; Q). We define the space H2(99) := vo(H(£)), where 7o : H1(Q) —
L?(09) denotes the usual linear and continuous trace operator. Moreover, we define
H 7%(89) as the dual space of H %(89) Similarly to the trace operator 7p, one can
define the linear and continuous normal trace operator v, : H(div; Q) — H 7%(69)
by Lemma 1.2.2 in [100]|, where n denotes the outer unit normal to 2, such that

mé = (p-n)laa Vo€ CP(QRY).

By Lemma 1.2.3 in [100], Green’s formula

(2.10) (Y, Y0v) g-1/2 g1z = /qu(:lt) - Vo(x) dx—l—/ﬁv(m) div ¢(z) dz
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holds for all ¢ € H(div; ) and all v € HY(Q). We will often write

YU = Vo

for v € HY(Q),

Y = (¢ - n)|on

for ¢ € H(div; ), and

i 0o = [ 0(@)ofa) -nfa) aH @)
for v € HY(Q) and ¢ € H(div;). The space Hy(div;Q) is defined as the closure
of the set C°(Q;R%) with respect to the H(div;{2) norm. Since 2 is a bounded
Lipschitz domain, there holds

Ho(div; ) = {¢ € H(div;2) : (¢ n)loq = 0},

see Theorem 1.3 in [103] or (1.16) in [14]

2.5 Raviart—Thomas finite elements

Within this section, we assume the bounded Lipschitz domain Q ¢ R%, d € {1,2,3},
to be a finite union of axis-aligned intervals, squares, or cubes Q € Qj, of height h > 0.
We introduce the finite element spaces that we use for the discretization of the total
variation and the optimization problem (P). Raviart-Thomas finite elements will
play a central role for the discretization of the total variation. Raviart-Thomas finite
elements were first introduced in [89]. We adhere to the definitions and results in [11]
and refer to |11, 12, 14| for more details about the introduced finite-element spaces.
For each element ) € Q;, we define the space of polynomials of degree k; in z; on

Q by

P,?l(Q): p:Q%R:p(m):Zaiaﬁi ifd=1,

i<k

PIZ,kg(Q) =q4p:Q—R: p(ﬂf17$2) = Z aijﬁill‘% if d=2,
1<k1,j<k2

h . . . _ AW . _
Py ko ks (Q)=<p:Q—>R: plxy,x9,23) = Z aijg:nzlm%a:z; ifd=3.
i<kiy,j<ko,l<k3
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For the discretization of the input function u € BV(Q), we choose the space of
piecewise constant functions PO” that is defined by

Po" = {p e 17(9) : plg € PO(Q) forall Q € Q4 },

where P0"(Q) = P}(Q) ifd = 1, PO"(Q) = P}'y(Q) if d = 2, and P0"(Q) = Py o(Q)
if d = 3. For the discretization of the test functions ¢ € Hy(div;{2) for the dual
formulation of the total variation, we choose the conforming finite-element space
RTO" C H(div;Q), which is the lowest-order Raviart-Thomas space defined on
the mesh Qj,. The space RT0" contains piecewise linear functions ¢ whose normal
components ¢ - ng are continuous and constant on each facet E of the elements
Q € Qp, where ng denotes the respective outer unit normal vector to E. Note
that Raviart—Thomas functions are continuous in the case d = 1 in accordance with

H(div; Q) = H'(Q). Specifically, we define for each element Q € Qj,

RT0™MQ) :== P!(Q) for the case d =1,
RT0"(Q) := P['y(Q) x P{1(Q) for the case d = 2,and
RT0"(Q) = Pl'yx(Q) x P§10(Q) x Pi1(Q) for the case d = 3.

The lowest-order Raviart—-Thomas space is then defined by
RTO" = {¢ € H(div;Q) : ¢l € RT0M(Q) for all Q € Qh}
and its restriction to functions whose normal trace is zero on the boundary of €2 by
RTO = {qﬁ € RTO" : (¢-n)|on = 0} C Ho(div; Q),

where n denotes the outer normal of 2. Note that the restriction to axis-aligned
squares and cubes @) is mandatory for the above definition of Raviart—Thomas func-
tions. In the following, we aim to define an interpolation operator that maps a given
input function to RT0". To this end, we need to evaluate the normal trace of the
input function ¢ on each facet F' of a given element () € 9, separately. In general,
this is not possible for functions ¢ € H(div;{2) as we explain in the following. For a
facet I of an element ) € Qj, with outer unit normal ng, there holds

(2.11) /F 6(z) - no(x) dHI @) = [ (x) - ng(a)xr(x) A (x),

¢
0Q

which might be not well-defined because ¢-ng € H _%(8Q) but xp ¢ H %(862) since
there exists no v € H(Q) such that xr = Yv, see Section 2.5.1 in [11]. According
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to (2.5.1) in [11], it is sufficient to require that ¢ is an element of the space
W(Q) = {¢ € L*(Q;R?) : divp € L*(Q)}

with fixed s > 2 to make the integral (2.11) well-defined and finite. We do not want
to go into further detail at this point because for our purposes, it will be sufficient to
simply assume ¢ € W5 (Q; R?) which makes ¢ a Lipschitz continuous function that
immediately can be integrated over the facets of Q) without any further considerations
and refer to [11] for a more general definition of the interpolation operator.

We first define the local interpolation operator I : Wh(Q;R?) — RT0MQ)
following [11]. Let ¢ € W1°(Q;RY), then I¢ is uniquely defined by

(2.12) / (6(x) — Tod()) - ns plx) dHT(2) =0 ¥p e PO"
foralli =1,...,2d, where E;, i € {1,...,2d}, denote the 2d facets of Q and n; € R?
denote their corresponding outer normal vectors. Indeed, the above 2d equations
determine a unique Raviart—-Thomas function. To see this, we highlight that for a
given function ¢ € RT0"(Q) the normal trace ¢ - np along each facet E of the
element () is constant. This follows immediately from the definition of the facets of
the axis-aligned squares and cubes and their outer normal vectors. For example, let
Q = [0,1]? and consider its facet E = {1} x [0, 1] with outer normal ng = (1,0)7.
Then ¢(x1,22) = (a1, az)” +(c121, coxe)T is restricted to (ay, az)” +(c1, cax2)” along

T ng(x) = a1 + 1. Similar considerations

E with normal trace (a1 + ¢1, a2 + cox2)
yield that the normal trace is constant along arbitrary facets of the intervals or the
axis-aligned squares or cubes. For an arbitrary ¢ € W1h°(Q;R?) on the interval,
square, or cube Q = [y, f1] X« -+ X [ag, Bq] With a; < §; for i € {1,...,d}, the above

equations (2.12) can be rewritten as Ig¢(z) = (a1, ...,aq)T + (c121, . .., cqwq)’ with

1 _
a; + Bi ¢; = 7‘ld_1(EZ+)/Ez+ ¢(a}) -nz‘+d']-[d 1($)

1 -1
—0; — Q¢ = W(El_) /Ez P(z) -n;_ dH" (),
where E;_ = {x € Q|x; = a;}, that is, n;_ = —e;, and E;, = {z € Q|x; = B;}, that
is, n;, = e;, fori =1,...,d. The above equation system admits a unique solution and

therefore uniquely defines Ig¢. We define the global interpolation operator Ippgn :
Whe(Q;R?) — RT0" elementwise by the local interpolation operator, that is, for
given ¢ € WL2(Q;RY), we define (Ippgr¢)|g = Ig¢ for all Q € Qp,. We note
that Ippon¢ is indeed an element of RT0" because the normal traces of Ippn¢ are
continuous on the element boundaries. This is due to the fact that for two adjacent
squares or cubes (1 and ()2 there holds ng, = —ng, along the intersecting face.
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Lemma 2.22 (cf. [11, Prop. 2.1.2]). Let Q be a mesh on Q and let ¢ € L*(Q) such
that ¢|g € CH(Q;R?) for each Q € Q. Then there holds ¢ € H(div; Q) if the normal
traces ¢ - ng are continuous for all QQ € Q, where ng denotes the outer unit normal
vector to @ € Q.

Proof. The function ¢ is in H(div; ) if there is a function f € L?(Q2) such that
(2.13) —/ ¢(z) - Vou(zr)dr = / f(x)v(z)dz Yo e HHQ),
Q Q

that is, divg = f € L%Q). Since ¢g = dlg € CH(Q;R?), we may apply the
integration by parts formula on each Q € Q, which yields for v € H}(2) that

/qu(x) -Vo(z)de = Z

QEQ

/Q é(z) - Vo(z) dz

Sy /Q div do(a)ola) da + |  v)oa(a) mle) 4 (@),

QeQ

If the normal components are continuous, we have that

> /a o v(z)po(z) - ng(z) dH* ' (z) = 0

QeQ

because ng, = —ng, on Q1NQ2 with Q1 # Q2 and [5, v(z)¢(z) -n(x) dH ! (z) =0
due to v € H}(Q) such that (2.13) is fulfilled with f|g == diveg for all Q € Q. O

If ¢ € Wol’oo(Q;Rd), that is, if the trace of ¢ is zero on the boundary of Q we
obtain that Ippgn¢ € RTOR because ¢|sq = 0 and therefore (Igrgnd - n)|aq = 0.

By Proposition 2.5.1 in [11], the interpolation operator Ippgn : W1 (Q; RY) —
RT0" has the following approximation property.

Lemma 2.23 (cf. [11, Prop. 2.5.1]). Let ¢ € WL (Q;R?). There exists a constant
¢ > 0 such that

16 — Irror @l 2(raey < |Vl L2 (quraxay-

Functions ¢ € RT0" are piecewise linear on the elements @ € Q. This yields
that their divergence is piecewise constant on the elements ) € Qj. Moreover, the
divergence of the interpolated function Ippgn¢ coincides with the projection of the
divergence of the input function ¢ onto the piecewise constant functions. We denote
the projection operator onto P0" by Ilpgn : L'(Q) — PO".

Lemma 2.24 ([11, Prop. 2.5.2], [23, Lem. 3.5]). Let ¢ € W1 (Q;R?). There holds
diV [RTOh¢ = H_Poh le (;5
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Proof. For each Q € Q;, there holds

(IIpgr div @) | = 22| /Q div ¢(z) dz

| [ st no@ a @) - [ o) Vide
Q| | Jag Q
=0
= L x) - nolx d=1(g

(2£2)L x) - -nolx dil:c
& |Q|/8QIQ¢() o(z) AH ()

_ L x) - -ng(r =g — T) - x
- /mfcm() o) 4 (@)~ [ Io(w) - V14

Q) Q
=0
. 1
@10 2 / div Ioé(z) dz
= div Ig¢.
O
This immediately gives that for ¢ € WH°(Q;R?) there holds
(2.14) ” diV(¢ - IRTOh¢)HL2(Q) = H diV¢ - Hpoh div (ﬁHLQ(Q) —0ash \‘ 0.

The following result was proved in [11] but is also a corollary of Lemma 2.24 and
the Bramble-Hilbert lemma which is stated in Lemma 2.2.2 in [11].

Lemma 2.25 (cf. [11, Prop. 2.5.3]). Let ¢ € Wh°(Q; R%) with div ¢ € H'(Q), then
there exists a constant ¢ > 0 such that

| div(¢ — Iprord)ll2(@) < ch|V div @] L2 (qray-

A similar statement as the following proposition was proven in Lemma 3.6 in [23]
for the case d = 2. We adapt the proof for d € {1,2,3}. Similar results are proven
for tetrahedral meshes in Theorem 6.3 in |[2].

Proposition 2.26 (cf. [23, Lem. 3.6]). Let ¢ € WH(Q;RY). There exists a constant
C(¢) > 0 such that

¢ = Iprordll oo (ray < C(@)h.
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Proof. Since ¢ € W1H>(Q;R?), it is Lipschitz continuous by Theorem 4.5 in [50] with
a constant L(¢) > 0, that is,

[¢(x1) — d(x2)ll2 < L()[|1 — 2|2

for all 21, zo € Q. We denote ¢ == I'pron@. Consider an arbitrary but fixed @ € Qp.
Denote the extreme points of @ by ¢; € Q, i € {1,...,2%}, and the center of Q by
cg € Q. The triangle inequality yields

¢ — ¢h”L°°(Q;Rd) < | — (el L (@iray + ll¢(cq) — ¢h”L°°(Q;Rd)‘

By the Lipschitz continuity of ¢, there holds

=

16 = d(cQ)l L (@ray < L(9)—h.
By the convexity of the mapping = — [|¢"(z) — ¢(cq)||2, there holds that
16" = 6(cq)llieqms) = sup 16" (2) —d(cq)ll

= e 19" (a:) — ¢(cQ) 2
d
< L(¢)§h-

The last inequality follows from the fact that for each extreme point g; of ) there
holds for the components (;5? of ¢" and ¢; of ¢, j € {1,...,d}, that

o (q;) = 2/F ¢j(x) dH (),

where F;, j € {1,...,d}, are the appropriately numbered facets of ) adjoining ¢;,
which gives

162(g5) — d5(ca)] < L(®)la: — coll = L(qﬁ)\fh

for i € {1,...,2%}. In total, we obtain

Vd d
16 = Lrronll L= (@me) < L(9) (2 t3 | h
Hence, C(¢) = L(¢) (4 + %) yields the claim. -
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Chapter 3

Trust-region algorithm

In this chapter, we derive first-order optimality conditions for problem (P) and pro-
vide a trust-region algorithm in function space to solve (P). The considerations in
this chapter closely follow the article [77].

The trust-region algorithm extends the idea of the novel trust-region algorithm
introduced in |70] for the one-dimensional case to the multi-dimensional case. Hence,
we assume d > 2 within this chapter. For the one-dimensional case, we refer to [70].
A general overview on trust-region methods can be found in [39].

The subproblems that are associated to the trust-region algorithm have an objec-
tive function that linearizes F' and keeps the total variation term aTV exactly. The
feasible set of the trust-region subproblem, the so-called trust region, is a closed L!
ball with radius A > 0 around the most recently accepted iterate. After discretiza-
tion, this leads to mixed-integer linear programs as discussed in Chapter 6.

In the one-dimensional case, the trust-region subproblems can be solved efficiently
with the strategies from [79,97]. As noted in [70], optimizing (P) for fixed jump
heights of the input function corresponds to switching point optimization, for which
optimization techniques have been investigated in [45,80,91,102|. In contrast to that,
a proximal-gradient method was proposed in [79].

The multi-dimensional case is not covered by the mentioned works. Since the geo-
metric properties of the total variation on multi-dimensional domains fundamentally
differs from the one-dimensional case, much effort is needed to obtain similar results
for the multi-dimensional case.

This chapter is structured as follows. We start by introducing local variations
in Section 3.1, which can be used to perturb the interfaces of the level sets of the
input functions. In Section 3.2, we define local optimality and formulate a first-order
optimality condition in terms of perturbations with local variations. We state the
trust-region subproblems, prove the convergence of their objective functions in the
sense of I'-convergence with respect to convergence of the linearization point, and
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state the trust-region algorithm in Section 3.3. In Section 3.4, we prove that the
iterates of the trust-region algorithm converge to stationary points.

3.1 Local variations

Feasible input functions u € BVy(Q2) of the optimization problem (P) can be rewrit-
ten as

N
(3.1) u = ZViXEi
i=1

with a Caccioppoli partition {E1, ..., Ex} of Q by Lemma 2.18. The total variation
TV (u) of a function u € BVy () is according to (2.5) the sum of the 9! measures
of the intersections of the reduced boundaries 0*E; and 0*E; of two level sets E;
and E; at each time multiplied by the jump height of u from FE; to F;, that is,

N-1 N
TV() =Y > |vi—v[H" (0" E; N 0" Ey).
i=1 j=i+1

This motivates the idea to perturb the boundaries of the level sets F; and to analyze
the resulting effect on the objective function J(u) = F(u) + aTV(u). These per-
turbations will be generated by means of local variations, which are defined leaning
on [72].

Definition 3.1 ([77, Def. 3.1]). (a) A one parameter family of diffeomorphisms of
R? is a smooth function f : (—¢,&) x RY — R? for some ¢ > 0 such that for all
t € (—¢,¢), the function f;(-) = f(t,-) : R? — R? is a diffeomorphism.

(b) Let A € R? be open. Then the family (ft)te(—<,) is a local variation in A if
additionally to (a) we have fy(x) = x for all z € R? and there is a compact set
K C A such that {x € R?: fi(z) # 2} C K for all t € (—¢,¢).

(c) For alocal variation, we define its initial velocity by ¢ (z) = %(O, ) for z € R4
We will focus on the following type of local variations.

Proposition 3.2 ([77, Prop. 3.2]). Let ¢ € C(Q,RY). Let fy =1+t fort € R.
Then (fi)ie(—e,6) 15 a local variation in 2 with initial velocity ¢ for some € > 0.

Proof. We denote the matrix norm by [|Al|2 = supg,—1 [|Az||2 for A € R4*4_ There
holds

IV fi(x) = Il2 = [[tV(z)ll2 = LIV ()lla < [t]M
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with M = max,es ||V (z)|]2 < oo with S = supp Vi C Q due to 1) € C°(Q;RY)
and Vi € C°(Q; R¥?). If we now choose § € (0,1) and e < 2, there holds

IV fi(x) = 1Ill2 <6

for all t € (—¢,¢) such that Lemma A.2 yields that (f;);c(—c,) is a one parameter
family of diffeomorphisms. We have fo(z) = z for all z € R? and

{z € RY: fi(z) # x} C suppy C Q

for allt € R. Hence, (ft):c(—c ) is a local variation in Q with initial velocity %(0, x) =
Y(z) for x € RY. O

If we now apply a local variation ( ft)te(—s,a) in Q with initial velocity ¥ €
C2(;RY) to the Caccioppoli partition {F1,..., Ey} defining u = Zfil ViXE; €
BVy(Q), the resulting sets {fi(E1),..., fi(En)} are again a partition of { and in-
duce the piecewise constant function

N
ffu= Z ViX fo(E;)-
i—1

For ¢ € C(2; R%) we define the boundary divergence divgy : 0*E — R of 1 on a
set E of finite perimeter in Q according to (17.23) in [72] by

divpy(x) = divy(z) — ng(x) - Vi(x)ng(x),

where np denotes the generalized unit outer normal vector on the reduced boundary
of K.

The objective functions of the trust-region subproblems consist of a linear part
(9,u)12() and the exact total variation term aTV (u), see (TR). In order to estimate
the influence of the application of a local variation to the level sets of the input
function, we state the Taylor expansions for (g, ff u)r2(0) and TV( ft# u) with respect
to ¢t.

We denote the symmetric difference of two sets E1, Es C Q by E1AFEs.

Lemma 3.3 ([77, Lem. 3.3|, extension of [72, Thm. 17.5]). Let {E\,...,En} be a
Caccioppoli partition of 0 and u = Zf\il ViXE;- Let (fi)ie(—ee) be a local variation
in Q with initial velocity ¢ € C2°(Q;RY). Then there exists eg > 0 such that

N N
TV(ffu) =TV(u) +t> > |vi— vl divg,(z) dHI Y (z) + O(t?)
i=1 j=i+1 8*Eiﬁ8*Ej

for all t € (—ep,e0).
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Proof. We denote by J,f; the Jacobian determinant of the function f;. By (2.5),
there holds

N N
(32) TV(fFo) =3 3 = w0 ) 00" Ey)).
i=1 j=i+1

By (17.4) from Proposition 17.1 in [72|, there holds
HIHO (B AL (07 E;)) = 0
such that
HIHO* fo(B:) N 0" fi(Ey)) = HTHO" fu(Ei) N fi(0°Ey)).
It follows from (17.6) in [72] that
HIHO* fu(Bi) 0 fu(D°Ey))

— / T fi@) (V£ 0 £2) (@) s, () o AHE (2).
8% E;N0*E;

In the proof of Theorem 17.5 in [72], it was shown that there exists 0 < g9 < & such
that

Tofe @) (VF7 o fo)(@)) np, ()]l = 1+ tdive,y(z) + O(t)

for t € (—eo,€0) and = € 0*E;, which yields together with (2.5) that

N N
V(fuw) =YY" vi—vl (1 + tdive, o (x)) dH ) + O(t?)
i=1 j=i+1 B*Eiﬂa*E]’
N N
=TV(w) +tY Y |vi—yjl divg,(z) AR (z) + O(t?)
i=1 j=i+1 8* E;N0* E;
for t € (—¢p,¢€0), similarly to (17.22) in [72]. O

We can conclude from Lemma 3.3 that the functions

N
fu= ZVint(Ei)
=1

that are obtained by the application of a local variation (f:);c(—c ) With initial ve-
locity ¥ € C°(;R?) to the level sets of a function u = .~ | vixg, € BVy(Q) are
again functions in BVy () if we restrict ¢ to a small enough interval (—eg,¢eq) for
some 0 < gg < €.
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Corollary 3.4 ([77, Cor. 3.4]). Let {E1,...,En} be a Caccioppoli partition of §Q.
Let (ft)ie(—ce) be a local variation with initial velocity ¢ € CX(Q;RY). Then there
exists 0 < g9 < € such that the partition {fi(E1),..., fi(En)} of Q is a Caccioppoli
partition for all t € (—eo, o).

Proof. We define u € BVy(Q2) by u := Zfil v;XE,;- By Lemma 3.3 there exists eg > 0
such that TV(ft#u) < oo for all t € (—&g,ep). Since ZTV(ft#u) > Zf\;l P(f(E;),Q)
by (2.6), there holds that {f;(E1),...,fi(En)} is a Caccioppoli partition for all
t e (—80, 60). O

Lemma 3.5 (|77, Lem. 3.5], extension of |72, Prop. 17.8|). Let u = Zf\il ViXE; €
BVuy(Q) with a Caccioppoli partition {E1, ..., Ex} of Q. Let (fi)ic(—c,) be a local
variation with initial velocity 1 € C°(Q;R?). Let g € C(Q). Then it follows that

[ st@)suta) — u(w) az = tzvz /. U(a) -, (@) M (@) + o).

EQQ

Proof. We use Proposition 17.8 in 72| to obtain
N
[ s@) G ulo) ~ ue)do = Y / () ) = X, (2)

x)dr — /E g(x) d:c)

3

ng,(z)) AR (z) + o(t)

/
/ * (@) g, () AHE (&) + o(t),

EQQ

where the last equality is due to the compact support of 7 in €. O

Besides the estimation of the influence of the application of local variations to the
level sets on the objective value of the trust-region subproblem, we need to estimate
the L' norm in regards to feasibility for the trust-region subproblems. To this end,
we first prove Lipschitz continuity with respect to ¢ for the Lebesgue measure of the
intersection of a Caccioppoli set F' and a transformed Caccioppoli set f;(F), where
(ft)te(~e,e) is a local variation as in Proposition 3.2.

Lemma 3.6 ([77, Lem. 3.6]). Let ¢ € C°(Q;RY) and let (fi)ie(—c ) be the local
variation defined by fy = I + t fort € (—e,e). Then there exist 0 < g9 < € and
L > 0 such that for all s,t € (—eg,e0) and all Caccioppoli sets E, F in it holds
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that

| |f(E) N F| = |fs(E) N F|| < LIt — 5| P(E, ).

Proof. We adapt the strategy of the proof of Lemma 17.9 in [72] that shows the
bound

|f{(E)AE| < L|t|P(E, ).

We abbreviate g; == f; ! for t € (—¢,¢). Let s, t € (—¢,¢) be given. In order to
approximate y g with smooth functions, we define the functions {wy }reny € BV(£2) N
C*(Q) as in Theorem 5.3 in [50] so that

(3.3) wy — xp in L'(Q) as k — oo
and
(3.4) /Q |Vwi(z)|| dz = |Dwg|(Q2) — |Dxg|(R2) as k — oo.

Then (3.3) together with the reverse triangle inequality implies

1£:(E) N F| — |f(E) N F|| = \ /F N () d — /F Xsui)(@) da

/ e (@) da - / x5 (gs(@))] do
F F
< / e (@) — x5(gs(0))] d

F

- klggo/F [wi(g9:(2)) — wi(gs(w))| dz.

Before we continue to analyze the right hand side of this estimate, we need some
preparations.

We define G5 o(7) == agi(z) + (1 — a)gs(z) for a € [0,1] and = € R? For the
derivative of Gy ¢ o(x) with respect to a, we obtain

o Grpal®) = 1(x) — ()

and for the derivative of Gy s With respect to x, we obtain

VGisa(z) =aVg(z)+ (1 —a)Vgs(z).

We further define for fixed k,t, s, and 2 the functions G : [0,1] — R? by G(a) =
Gisal(x) and b : [0,1] — R? by h(a) = wp(G(a)). By the fundamental theorem of
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calculus, there holds

1
Wi (Gs,1(x)) — wr(Geso)(z) = h(1) — h(0) = / b (o) da.
0
The chain rule yields

W (a) = (Vug(G(@) - G'(@) = Vug(Grsa(2)) - (gi(x) = gs(2))-

This gives
1
i (ge(2)) — i (ga(2))] = / [ (Gros1 (2)) — w(Grao(a))| dar
1
- /0 Vuk(Gran(2)) - (91(x) — gs(2))] da
1
< [ 190k(Greala)) 2 dal1(2) — g.(a)
0
We deduce
dy = /F i (e(z)) — w95 ()] da
1
< /F / VR (G @)l e lg2(2) — g0(2)]]2 d

Let 0 < g9 < ¢ such that the statements from Lemma A.3 hold for g, with ¢ €
(—€0,¢€0). This yields for fixed x € R? that g;(z) is Lipschitz continuous with respect
to t € (—€o0,¢€0), that is, there exists Cy > 0 such that ||g:(x) — gs(x)|| < Ca|t —s| for
all s,t € (—ep,e0). We insert this inequality and apply Fubini’s theorem to obtain
the estimate

1
(3.6) d SCg]t—s]/ /HVwk(Gt,s,a(x))Hdeda.
0 F

Lemma A.3 gives Vg;(x) — I for t — 0 uniformly for all x € R%. For arbitrary but
fixed § € (0,1), we can reduce g¢ further if necessary such that for all ¢ € (—&g, o)
there holds

Il —Vgi(z)||2 <6 Vae R,
This yields

I = VGistal@)llz < alll = Vgs(@)ll2 + (1 = )llI = Vge(2)|2 <5 Yz eR?
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for all s,t € (—e0,£0) and all @ € [0,1]. By virtue of Lemma A.2 the function
Gsto: R — RY is invertible for all s, t € (—eg,e0) and all « € [0, 1].

Next, we observe
(3.7) Gts.a(Q2) =Q

To see this, we note that Gy 5 (R \supp ) = R?\supp ¢ and in particular Gy s (22
suppy) =  \ supp® because if x ¢ supp), then © = Gisq(x). Since Gigq -
RY — R? is invertible for all ¢, s € (—&g,0) and all a € [0, 1] there must hold that
G'ts,a(supp?) = supp ¢ such that Gy s4(2) = Q. For arbitrary but fixed a € [0, 1],
we compute the Jacobian determinant [J,G¢ s o of Gy 5, With respect to  and obtain

T2Gisalx) = \/det ((aVgi(z) + (1 — a)Vgs(x))(aVg(z) + (1 — a)Vgs(z))T).

Since Vg; — I for t — 0 uniformly for all z € R%, we obtain by possibly reducing &g
further for all s, t € (—g,20) and all x € R? that

(3.8) ToGhsalz) > 0.5.

We apply the change of variables formula and the inverse function theorem to obtain

IVwr(Graal(@)ll,
s.« = = T N -1
[ IVu(GesnlaNlyar = [ e 7,6 @) da
— / ”unk(zi)lHQ dy Area formula
Gt7570¢(F) JmGtvsza(Gt,S,OL(y))
(3.9) <9 /Q IVewn(y)]| dy. (3.8), (37)

We insert the estimate (3.9) into (3.6) and pass to the limit & — oo, which gives
di < 2C’2/ |Vwi(y) || dy|t — s (?:i) 2Cy|DxE|(Q)[t — s| = 2CP(E,Q)|t — s|.
(9] .

The claim follows by combining these considerations with the estimate } |ft(E)N F|—
|fs(E)NF| ’ < limg 00 di and the choice L := 2C}. O

Remark 3.7 ( [77, Rem. 3.7] ). From the proof of Lemma 3.6, it can also be derived
that
[fe(E)ASs(E)| < Lt — s|P(E, Q)

by using that |fi(E)Af(E)| = [qIxE(9:(x)) — xE(9s(x))|dz and continuing the
proof from (3.5) with the choice F' = Q.
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Lemma 3.6 implies the following estimation of the L' distance of a function
u € BVy(Q) to the functions that result from the application of a local variation
(ft)te(—c,e) to its level sets.

Lemma 3.8 (|77, Lem. 3.8|). Let {E1,...,En} be a Caccioppoli partition of 2 and
u = Zl]\il ViXE;- Let (fi)ie(—e,) e the local variation defined by f; = I + tp with
Y € CX(Q,RY). Then there exist g > 0 and C > 0 such that for all t € (—eg, o) it
holds that

£ u— ull 1oy < Clt.

Proof. Corollary 3.4 and Lemma 3.6 give the existence of a constant L > 0 and some
go > 0 such that {fi(E1),..., fi(Enx)} is a Caccioppoli partition for all ¢ € (—&g, o)
and

|fe(Ei) N E;| = || fe(B:) N E;| — | fo(Ei) N E;| | < LIt|P(E;, Q)

holds for all t € (—ep,e0) and all 4, j € {1,..., N} with ¢ # j, where we have used
that fo(E;) = E; is disjoint to Ej for i # j and hence |fo(E;) N Ej| = 0. Because
{E1,...,En} and {fi(E1),..., fi(EN)} are Caccioppoli partltlons of 2, we insert
the estimate above to obtain

0=l = | izuzxm ZVJXE o) da
N N
:ZZ/ lvi — vj| da
t(Ei)NE;

i=1 j=1 j

N N
= 33w il B N B

i=1 j=1
N N
<L PELQ)D |vi—v;
i=1 j=1

for all ¢ € (—gg,0). We note that P(E;,Q) = TV(xg,) = HTYO*E; N Q) =
E] 1ji HIL(0* E;n0*Ej) < TV (u) < oo because of Theorem 2.14 and |v;—v;| > 1
for ¢ # j and (2.5), which yields

N N
£ u = ull 110y < LTV (u Z > lvi — vl
=1 j=1
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3.2 Locally optimal solutions and first-order optimality
conditions

We define r-optimality of feasible solutions for (P), which means that a feasible
solution u € BVy(2) is optimal with respect to all feasible solutions within a closed
L! ball around u with radius r > 0.

Definition 3.9 (|77, Def. 4.1]). Let u € BVy(Q2) be feasible for (P). Then u is
r-optimal for some r > 0 if

F(u)+ aTV(u) < F(a) + oTV(a)
holds for all & € BVy(Q2) that are feasible for (P) and satisfy [lu — @||z1q) < 7.

It is clear that r-optimality is a necessary condition for global optimality. In
finite dimension, r-optimality corresponds to discrete local minimizers for mixed-
integer optimization problems as defined in [86]. It gives a sensible notion of local
optimality for finite-dimensional integer optimization problems, in which a small
enough neighborhood around a feasible solution u € Z% always contains no point
other than u itself such that by the usual definition of local optimality each feasible
point would be a local minimizer.

In the case of infinite-dimensional integer optimization problems, this is generally
not the case because we can change the level sets on sets of arbitrarily small Lebesgue

measure.

Example 3.10 (|77, Expl. 4.2]). Let N > 2, and u € BVy(Q) with U =
{v1,...,un} =[a,b] NZ, a < b— 1. We may consider a ball B C  and construct
4 € BVy(Q2) by setting

Vit1 if x € B and u(x) = v; for i < N,
w(x) = vy_1 ifx€ B andu(zr)= vy,
u(z) ifxzeQ\B.

Then ||u — 4|11 (o) = |B|, which tends to zero when driving the radius of B to zero.

In the one-dimensional case, a feasible solution u € BVy(2) has only finitely
many switching points. If we apply a small perturbation to any of the switching
points, that is, if we move its position slightly to the left or to the right, then the
total variation TV (u) does not change because the number of switching points and
the jump heights do not change. This yields in particular that for an optimal solution
@, the derivative VF () must be zero because otherwise we could attain a descent
by applying small perturbations to the switching points of @ that do not change the
total variation of u.
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In our multi-dimensional case with d > 2, the boundaries of the level sets of the
functions in BVy(Q2) are not single points. In contrast to shifting of a single point,
the perturbation of the boundary of a level set by means of a local variation generally
does change its H% !-measure and therefore the total variation of the corresponding
function as we can see in (2.5) and (3.2).

We prove a first-order optimality condition for (P) under the following assumption.

Assumption 3.11 ([77, Ass. 4.3]). Let F' : L?(2) — R be twice continuously Fréchet
differentiable. For some C' > 0 and all £ € L?(12), let the bilinear form induced by
the Hessian V2F(€) : L2(Q) x L?(Q2) — R satisfy

(3.10) [V2E(€)(u, w)| < Cllull1ayllwll 1o

for all u, w € L?(9).

As discussed in |70, 76|, this assumption requires an improvement of the reg-
ularity of the input function during the application of F', for example by func-
tion composition with a PDE solution operator. The first-order Taylor expansion
of F: L?(Q) — R at u € L*(Q) reads

Flw) = F(u) + VF(u)(w—u) + %v%(gw)(w —ww— )

for w € L%*Q) and some &, € L? in the line segment between wu and
w. Assumption 3.11 is required to be able to dominate the remainder term
$V2F (&) (w — u, w — u) with the linear part VF(u)(w—u), which can be estimated
by [|w —wul|g1(q)- This is necessary to obtain a sufficient decrease in case that the cur-
rent iterate is not stationary, see, for example, the proof of Lemma 3.21 and the proof
of outcome 3 (4) of Theorem 3.23. Since for discrete-valued functions u, w € BVy ()
there holds |lu — w(| ;1) € © <||u — w||%2(Q)>, it might not be sufficient if (3.10) is
only fulfilled with [|u|z2(q) and [[wl|p2(q). Similar assumptions are present in other
works on discrete-valued control functions, see for example (5) in Lemma 3 and (10)
in Theorem 2 in [60] and Assumption 3.1 3 in |74]. We will state examples that fulfill
Assumption 3.11 in Chapter 6.

We define the concept of L-stationarity in Definition 3.12 below.

Definition 3.12 ([77, Def. 4.4]). Let F satisfy Assumption 3.11. Let {E1,..., En}

be a Caccioppoli partition of Q, u = SN vixp, € BVy(Q), and VF(u) € C(Q).
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Then we say that u is L-stationary if the identity

holds for all ¢ € C2°(Q; RY).

Remark 3.13 (|77, Rem. 4.5]). Definition 3.12 means that on the intersection of
the reduced boundaries of F; and F;, the set E; has distributional mean curvature

of " (~VF(u)), see Remark 17.7 in [4].

alv—v4]

We prove that r-optimality implies L-stationarity, which yields that L-stationarity
is a necessary optimality condition, too.

Theorem 3.14 (|77, Thm. 4.6|). Let F' satisfy Assumption 3.11. Let {Ex,...,En}
be a Caccioppoli partition of 0, and u = Zfil vixe, € BVy(Q). Let VF(u) € C(9).
If w is r-optimal for (P) for some r > 0, then it is L-stationary. Moreover, for all
i,j €{1,..., N} with i # j we have

Gimv) [ (CVF@)@)W() (@) R 2)
(3.12) 9* E;N0* E;

= aly; — v} divg, v (z) dH (z).
B*Eiﬂa*Ej

for all ¢ € CX(E; U E;; RY).

Proof. Let (ft)ie(—c,) be the local variation defined by f; :== I + t3) for some fixed

Y € CX(;RY). We first prove that the function ¢ ~ F( ft# u) is differentiable at
t = 0. Since F : L?(2) — R is twice continuously Fréchet differentiable, we may
apply Taylor’s theorem to obtain

F(fu) = F(u) + VE)(ffu— )+ SV FE)(ffu—u, fffu )

for some ¢ € L%(Q) in the line segment between u and ft#u. We compute the
derivative of t — F(ft#u) at t = 0 by evaluating

o FUFw — Fo) o VE@)(ffu—u) = 5V FE) (S u —u, ffu— )
0 t t—0 t '
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In order to determine this limit, we recall from Lemma 3.8 that there exist g9 > 0
and C > 0 such that

£ 0 — ul| 1) < Clt|
holds for all t € (—&¢,&p). Combining this with Assumption 3.11 gives
PFEN(ffu—u, ffu—w)| < Cllfffu—ulffaq) < OC
for all t € (—eq,&0) with the constant C' > 0 from Assumption 3.11. This yields
F(w)(f{fu — fgfw) _ 4

#o)
fig LW = F) _ Y
t—0 t t—0 t dt

F(u), fffu) 2 @],

By Lemma 3.5, there holds

d N
GO ], =D | @@ ns @) V@)@ ant @),

*E;NQ

Next, we prove that ¢ — aTV( ft#u) is differentiable at ¢ = 0. This immediately
follows from Lemma 3.3 with

gTV ‘ Z Z Vi — vj| divg,(z) dHT (z).

i=1 j=i+1 8*Ei08*EJ

Consequently, the function t — F( ft#u) + aTV( ft#u) is differentiable at t = 0 and
we obtain the first-order optimality condition

% (F(ft#u) + aTV(ft#u)) ‘ =0

by virtue of Fermat’s theorem and the r-optimality of u.

Combining these equations yields the identity
N
Son [ CTR@E)06) @) R ) =
N N -
a?;; vi — v S divg,¢(z) dH (x)

for all ¢ € C°(Q;R?), which is L-stationarity of u. Restricting to ¢ € C®(E; U
Ej,IR{d) for i # j and using ng, = —ng; on 9" E; N 0" E; gives the second claim. [
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3.3 Sequential linear integer programming algorithm

In this section, we introduce the function space trust-region algorithm to solve (P).
The algorithm is adapted from [70] to the multi-dimensional case. We will start by
stating and analyzing the trust-region subproblem in Section 3.3.1. In particular,
we will prove I'-convergence results with respect to convergence of the linearization
point and L-stationarity of optimal solutions to the subproblems. In Section 3.3.2,
we will state the trust-region algorithm.

3.3.1 Trust-region subproblem

The trust-region subproblem is defined by

min (g, u — u)r2(q) + aTV(u) — aTV(1)
(TR)  TR(a,g,A) = ¢ "<
st |lu—1lpi <A and u(z) €U for a.a. z € €,

where A > 0 is the radius of the trust region and u € BVy(Q) is the linearization
point. For the trust-region subproblem corresponding to (P), we choose g = VF(u),
that is, the function F' is linearized and the total variation term TV is considered
exactly. The trust-region problem TR(u,g,A) admits a minimizer, which follows
similarly as for the superordinate problem (P) because both have the same structure
except for the additional constraint concerning the trust region.

Proposition 3.15 ([77, Prop. 5.1|). Let @ € BVy(Q), g € L*(Q), A > 0, and
TV(a) < co. Then TR(a,g,A) admits a minimizer.

Proof. The claim follows similarly to Theorem 2.21 with the choice F(u) = (g,u —
) r2(q) — TV (a) for u € L*(Q2) which fulfills Assumption 1.1. The feasible set with
the additional constraint ||u — /1) < A is still sequentially weakly-* closed in
BV(Q) because weak-* convergence in BV(£2) implies convergence in L(2). O

The trust-region algorithm that will be introduced in Section 3.3.2 produces a
sequence of iterates that has subsequences that converge strictly in BV(2) as we will
prove in Theorem 3.23. For that reason, we will prove the following I'-convergence
results for the trust-region subproblems with fixed trust-region radius A with respect
to strict convergence of the linearization points in BV ().

Additionally, we will allow for an approximation of the functional g in the objective
function of TR(w, g, A). This gives the possibility to approximate and regularize g
in order to improve the solution process of the trust-region subproblems.

Theorem 3.16 (|77, Thm. 5.2|). Let d > 2. Let u, — u strictly in BVy(Q2). Let
gn — g in L?(Q). Let A > 0. Then the functionals Ty, : (BVy(f2), weak-*) — R,
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defined as
Tn(w) = (gn, w — un)r2(q) + ¢TV(w) — TV (un) + dpp,a]([w — n|[1(0))
for w € BVy(Q), I'-converge to T : (BVy(Q2), weak-*) — R, defined as
T(w) = (9w — W2y + ATV (w) — TV (W) + 50,510 = ul 13(0y)

for w € BVy(Q2), where d)g a] is the {0, 00}-valued indicator function of [0, A].

Proof. We start with the liminf inequality. To this end, let a sequence {w,} C
BVy(Q) with w, = w in BV(Q) be given. We need to show

T(w) < liminf T, (wy,).

n—o0

By Lemma 2.19, there holds w,, — w in L*(Q) and also u, — u in L?(Q2), implying
(gns Wn — un)r2(q) — (9,w — u)r2(y- The strict convergence of {u}nen and the
weak-* convergence of {wy, }nen imply

aTV(w) — aTV(u) < lirginf aTV(wy) — aTV(uy)

because TV is lower semi-continuous with respect to weak-* convergence in BV(2).
We may assume that |w, — u,|| @ < A for all n € N by restricting to subse-
quences because the non-existence of such subsequences would imply the trivial case
lim inf 7}, (w,) = co. Applying the triangle inequality yields

|w—ullpiq) < lw —wnl @) + [wn — unllL1 @) + [[un — ullL1 (@)
Driving n — oo yields
|w—ullpio <A

because w, — w in L'(Q) and u, — u in L'().

Next, we need to show the lim sup inequality, that is, we need to prove that for
each w € BVy(Q) there exists a sequence {wy, }nen € BVy(Q) such that w, — w in
BV(2) and

T(w) > limsup ), (wy,).

n—o0

We distinguish three cases for the value of ||w — ul|11(q).

Case ||[w — ul|1(q) > A: Then T'(w) = oo and wy, == w for all n € N yields the
claim.
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Case |[w — ul11(q) < A: Let w, = w for all n € N. By the triangle inequality
and u, — u in L'(Q), there holds

lwn = unllzi@) = [w = unllzi) < [w—ullpi@) + v — unllpi@) <A

for all n € N large enough. Because u,, — u in L?(2) by Lemma 2.19, we obtain

(9n, wn — un)r2() + TV (wn) — aTV(un) + 0p,a)([[wn — unllL1(0))
= (9, w —u)p2(q) + aTV(w) — aTV(u) + o a)([[w —ullL1()),

that is, T, (w,) — T'(w).

Case ||w — u|;1(q) = A: The fact A > 0 implies that there exists a set
D={zecQlu(z)=vi #1r=w(x)}

with |D] > 0, where the specific control realizations v; and vy are without loss of
generality because we may reorder the indices of the elements of U if necessary.
Moreover, D is a set of finite perimeter because

P(D,Q) = P(u"" ({m}) Nw™ ({r2}), Q)
< Pu({m})),Q) + P(wt({n}),Q) (2§6) 2TV (u) + 2TV(w) < oo,

where the first inequality follows from Proposition 3.38 in [4]. Because |D| > 0, there
exists some point T € D of density 1, that is,

DnNB,.(z

lim PO B@)]
™0 | B (7))

This implies that the existence of a monotonically decreasing sequence {ry }ren such

that 0 < I, :== |DN By, (Z)| defines a monotonically decreasing sequence {lj, } reny with

I, \ 0 as k — oco. Since u, — u in L'(Q), we deduce that there exist Nj € N such
that

|u —unllp1q) < Ik for all n > Ny and
Ni < Npi1

hold for all k£ € N. Let n € N with n > Nj. Then n € [Ny, Niy1) for some k € N and
we define

_Ju(@) ifzeDn B, (z),
(@) {w(x) else
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for all z € Q. We deduce

[Jwn, — unHLl(Q) < lu— unHLl(Q) + flwn — UHLI(Q)
<l +A = v —welly <A,

where we have used that |v; —v»| > 1 due to v1, ve € Z with v1 # v,. The construction

gives {wy }neny with w, = w in BV(Q). It remains to show TV (w,) — TV(w).

To see this let E; .= w=({v;}), B == (w,)*({ws}) fori € {1,...,N} and n € N,
and D" := DNB,, (Z) for n € N and the corresponding k that depends on n as above.
There hold Ef = E; UD", E} = E; \ D", E' = E; for i > 3, and therefore also

O*E} C 9°Ey U 0°D"
and
0*FEy C 0°Ey U0O°D",
where the inclusions follow from Lemma 2.15. This yields
O*ETNO*Ey C (0°E1Ud°D™)N (0°EyUd°D™) = (0°Ey N O°Es) U J°D"
and, analogously,
O*EYNO*E] C (0°E1NO°E;) Uo°D"
and
O'Ey NO*E! C (0°E2NI°E;) Uo°D™
for 7 > 3. We deduce

HI"HO*EY N O*EY) < HYH((0°Fy N 9°Ey) U9°D™)
= HIY(8*Ey N O Ey) U D D) [4, Thm. 3.61]
< HIYO*Ey N O*Ey) + HI (6" D)

and, analogously,
HIHO*EY NO*ED) < HYH 0"y N O E;) + HI Y (9" D™)
and

HIZHO*EY NO*ED) < HIH O B, NO*E;) + HE L (9* D).

49



Then

N N

TV(w) = > > |vi —w|H" (0"E} N0 EY)
(2:5) i=1 f=i+1

N

< lvi — v (KO (0" B; 1 0* Ey) + HAH(9* D))

+1

e

Il
.

i=1 £

i — vg|HI (0 E; N 9" Ey)
1

n
M) =
WE

Il
w

=i

%

I
+

2 N
=TV(w)+ Y > |y —vH" (0" D")
i=1 {=i+1
< TV(w) + 2Nvpax HO1(0* D)
< TV(w) 4 2Nvimax (HHOB,, (2)) + HL L 0*D(B,, ()

with Vmax = max;geq,. Ny [ — vg| > 1 and where the last inequality follows
from (15.15) in [72]. Because the measure H?~1L 9*D is a finite Radon measure,
the term H?~1 L 9*D(B,, (z)) tends to zero as n and the corresponding k tend to
infinity. Moreover, H%1(0B,, (Z)) tends to zero as well. Together with the lower
semicontinuity of TV we obtain TV (w,) — TV (w). O

Corollary 3.17 ([77, Cor. 5.3|). Let F : L*(Q) — R be continuously Fréchet dif-
ferentiable and {up}nen C BVy(Q) such that u, — u strictly in BV(Q). Then the
claimed I'-convergence in Theorem 3.16 holds with the choice gn, = VF(up,).

Proof. Since {up}tnen € BVy(Q) and w, — wu strictly in BVy(£2), Lemma 2.19
implies that u, — u € L?*(Q), which in turn implies VF(u,) — VF(uy) in L?(€).
O

The proof of the liminf inequality of Theorem 3.16 applies for the case d = 1
as well. The proof of the limsup inequality uses that the perimeter P(B,, (z)) =
HYY(OB,, (z)) of a ball By, (z) converges to zero if its radius r;, > 0 is driven to
zero, that is, H 1 (OB, (z)) \( 0 as 7, \, 0. This requires d > 1 because in the one-
dimensional case, the boundary of a ball always consists of two points independent
of the radius, which yields P(B,, (z)) = H(0B,,(z)) = 2 for all radii r;, > 0. In
fact, the claim is not true for d = 1, as we demonstrate in the following example.

Example 3.18 ([77, Expl. 5.4]). Let Q := (—=2,2) CR. Let U := {0,1} and w =0 €
BVy(Q). Let u = x_11] € BVy(Q). Let A = 2. Let u,, = X[-1-1141] € BVy(Q).

Then w, — wu strictly in BV(Q) because [|u — un||p1(q) = 2 5 0asn — oo and

TV(up) =2 = TV(u) for all n € N. Let g, — g in L?*(Q2). Let T}, for n € N and T
be defined as in Theorem 3.16. There hold [[u — w||;1(q) = A and [Jup, — w|| 1) =
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2+ % > A. We need to approximate w by a sequence {wy, }neny C BVy(€) such that
[un — wnllL1@) < A. Since ||w — 1|z1q) = 4 and TV(v) > 1 for all v € BVy(Q)
that are not constant almost everywhere on €2, this yields that there must hold
TV(wy) > 1 for all n € N large enough. We obtain

limsup T, (wy,) > a > 0 =T(w)

n—o0

for any sequence {wy,}nen C BVy(Q) with w, = w in BV(Q) such that ||ju, —
w| 1) < A. Thus, the limsup inequality is violated.

Next, we apply Theorem 3.14 to TR(u,g,A). In particular, it follows that r-
optimality of @ for TR(@, VF(u),A) implies L-stationary for (P).

Proposition 3.19 ([77, Prop. 5.5|). Let g € C(Q2). Let A > 0. Let {E1,...,En}
be a Caccioppoli partition of Q, and @ = Ef\il vixg, with ||[U —a| 1) < A. If 4 is
r-optimal for TR(t, g, A) for some r > 0, then for all ¢ € C(S;RY) it holds that

N
v; —qg(x x) -ng(x d_la:
223/8 (—g(@))i(x) - np, (x) AHE (2)

*E;0Q

N N
= az Z lvi — v divg, ¥ (z) dH (z)

i=1 j=i+1 8*Ei08*Ej

In particular, it holds for all i,5 € {1,..., N} with i # j that

(i —v)) / (—g(@))d(x) - n, (2) dH (2)
0* E;N0* E;

= aly; — v divg, ¥ (z) dH (2)
a*Eiﬂa*Ej

for all € C(E; U E;,R?).

Proof. Let @ be r-optimal for TR(w, g, A) for some r > 0. Then 4 is rp-optimal for
0 < 7o < min{r, A — [|u — 1l[11(q)}, such the constraint |[u — @l gy < A from
TR(u, g, A) is already included in [|u — @1 gy < ro by

lu =l gy < llu—1allpq) + 1% —llp g

< min{r, A — ||@ — @l g1 o)} + & — 1) < A

for all u € BVy(Q) with [Ju — @ z1(q) < 7o. This gives that @ is rp-optimal for (P)
with the choice F(u) = (g,u)2(q) for u € L*(Q), which yields VF (i) = g and
V2F (@) = 0. In particular, Assumption 3.11 is satisfied. Then the claim follows from
Theorem 3.14 with rq for . O
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3.3.2 Algorithm statement

We will adapt the trust-region algorithm from |70] to the multi-dimensional case and
apply it to (P). In each iteration, the algorithm solves (TR) for a given trust-region
radius A > 0, u € BVy(Q), and with g = VF (@), that is,

min (VF(u), v — @)r2q) + oTV(u) — TV (@)
TR(a, VF (@), A) = { vl
st [lu—1l 1o <A and u(z) € U for a.a. z € Q.

We denote an optimal solution by @ € BVy(€2) and define the predicted reduction
by

pred(u, A) == (VF (1), — )20y + aTV(u) — aTV(1),

which corresponds to the negative optimal value of TR(@, VF(u),A). If the pre-
dicted reduction pred(w,A) is zero, then the algorithm terminates because @ is
an L-stationary point for (P). This follows from the fact that the predicted re-
duction is bounded from below by zero because u is always a feasible solution to
TR(u, VF(u),A). If the optimal value of TR(u, VF(u),A) is 0, then @ is an opti-
mal solution to TR(@, VF(u),A) and the L-stationarity of @ for (P) follows from
Proposition 3.19.

If the predicted reduction pred(u, A) is strictly positive, the algorithm checks the
following sufficient decrease condition from [74] that reads

(3.13) ared(u,u) > o pred(u, A),
where o € (0,1) is a fixed value and
ared(u,u) == F(u) + aTV(a) — F(a) — aTV(a)

is the actual reduction that is achieved by @. We highlight that the actual reduction
can be negative in contrast to the predicted reduction. If the sufficient decrease
condition (3.13) is fulfilled, we update @ < @ and reset the trust-region radius
A + Ag to the fixed reset-radius Ag > 0.

If the sufficient decrease condition (3.13) is not fulfilled, the trust-region radius A
is halved, that is, A <— £ and a new iteration is started by solving TR(a, VF (), A)

with the new trust-region radius A but with the same .

Similar reset strategies for the trust region radius are also used in [53,68|.
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Algorithm 1 Sequential linear integer programming method (SLIP)
Input: F sufficiently regular, Ag > 0, up € BVy(Q2), o € (0,1).
1: forn=1,...do

2: k<0

3: An,g AN

4: while not sufficient decrease according to (3.13) do

5: Up, ;< minimizer of (TR) with A = A, i, & = Up—1, and g = VF(tp—1).
6: pred(ﬂn_l, An,k) — (VF(an_l), Up—1 —amk)LQ —i—OéTV(ﬂn_l) —aTV(ﬂn’k)
7 ared(ﬂn_l, an,k) — F(ﬂn_l) + OéTV(ﬂn_l) — F(’l]mk) — OéTV(’l]nJ.C)

8: if pred(ﬂn_l, An,k) < 0 then

9: Terminate. The predicted reduction for @, _1 is zero.

10: else if not sufficient decrease according to (3.13) then

11: k< k+1

12: Apj %

13: else

14: Up < Uk

15: end if

16: end while

17: end for

3.4 Convergence of Algorithm 1

We analyze the convergence behavior of the function space Algorithm 1 under As-
sumption 3.11, which corresponds to Assumption 4.1 in [70]. The Hessian regularity
assumed in Assumption 3.11 is already required for Theorem 3.14. We analyze the
inner loop in Section 3.4.1 and the outer loop in Section 3.4.2, which gives that all
accumulation points produced by Algorithm 1 are L-stationary.

3.4.1 Analysis of the inner loop of Algorithm 1

First we will prove in Lemma 3.20 that for each local variation (f;)ie(—c), we can
restrict the parameter ¢ to a sufficiently small interval ¢ € (—eq1,e1) such that we may
apply the local variation to the level sets of u € BVy(2) while preserving feasibility
to the trust-region subproblem TR(a, g, A).

Lemma 3.20 ([77, Lem. 6.1]). Let g € C(2), and A > 0. Let {E1,...,EN} be a
Caccioppoli partition of Q, and 4 = Zf\il vixe; with TV(a) < oco. Let (ft)ie(—c,e)
be the local variation defined by f; = I + t for b € CP(;RY). Then there exist
g1 > 0 such that ft#a is feasible for TR(u, g, A) for allt € (—e1,€1).

Proof. Let €g > 0 and C' > 0 denote the constants that are asserted in Lemma 3.8.
We choose €1 := min{eg, 4/C}. Then there holds

I a - al e < Clif < A

93



for all t € (—e1,1), that is, ft#ﬂ is feasible for TR(w, g, A). O

The following lemma states that the inner loop always terminates after finitely
many iterations if the current iterate u,, 1 is not L-stationary. We use local variations
to obtain a sufficient decrease in the trust-region subproblem that eventually implies
acceptance of a step in case of violation of L-stationarity. Since the outer iteration
index n is fixed within the inner iteration, we leave it out for better clarity, that is
we abbreviate 4 = Up_1, U = Uy, and Ay = Ay, .

Lemma 3.21 ([77, Lem. 6.2]). Let Assumption 3.11 hold and o € (0,1) be given. Let
u = Zfil vixE, for a Caccioppoli partition {E1,..., Ex} of Q and VF(u) € C(Q).
Let a sequence {Ak}ren C R of trust region radii be given with Ay 0 as k — o0
and uy, minimize TR(u, VF (u),Ag) for k € N. Then at least one of the following

statements holds true.
1. The function u is L-stationary.
2. There exists ko € N such that the optimal value of TR(u, VF(u), Ay,) is zero.

3. There exists kg € N such that (3.13) holds, that is ared(uw,ty,) >
o pred(u, Ag,).

Proof. We first prove that Outcome 2 implies Outcome 1. To this end, we assume
that Outcome 2 holds true, that is, there exists ky € N such that the optimal ob-
jective of TR(u, VF(u),Ay,) is zero. Since @ has objective value zero, it is optimal
for TR(u, VF(a), Ag,) and therefore L-stationary by Proposition 3.19, which corre-
sponds to Outcome 1.

It remains to show that Outcome 3 holds true if Outcome 1 does not. That means,
we assume that Outcome 1 does not hold true, that is, we assume that « is not L-
stationary. We abbreviate

ay = ared(u, ) and pg = pred(u, Ag)

for £ € N. We prove that there exists kg € N such that the sufficient decrease condi-
tion ay, > opy, is fulfilled. Since @ is not L-stationary, there exists ¢ € C°(2; R%)
with supp # 0 and n > 0 such that

N
V; — u €T ) -ne (x d—1 .
z:: /aEQ< VEF(@)) (@) ($() - ng, () dH ()
N N
— Vi —Vj v (z d_lx |
ZZ;jzi;rl | a*Ema*Ejd Bb(x) dAHT(2) > 1
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Let (ft)te(—e,¢) denote the local variation defined by f; := I+t1. By Lemma 3.20 there
exists for each k € N some ¢, € (0,¢) such that £ is feasible for TR(i, VF (@), Ay)
for all t € [0, ).

Since the constants C' and € > 0 from Lemma 3.8 are fixed by the choice of ¥
and u, the construction of €1 in the proof of Lemma 3.20 gives that we may always
choose €5 > 0 so that ||fg#kﬂ — @1 (@) = Ay holds for all k sufficiently large because
min{eg, Ax/C} = Ax/C for k sufficiently large.

Assumption 3.11 allows us to apply Taylor’s theorem to F', which yields

F(ag) = F(a) + VF(a) (i — a) + %VZF(&)(@ — @, Gy — )
with some & in the line segment between 4y and @ for k € N. This gives

ak = pk — %VQF(&C)(% — U, U — U) > pg — %Hﬁk — )71
with the constant C' > 0 from Assumption 3.11. We deduce for ¢ € (0, &]

T
ak 2 pr — 5 llar = allz: g

=opr — (1 —0) (VF(a), ax — u)r2(q) +aTV(ig) - aTV (1))

C..
= 5l = all71(0
> opp — (1 0) (VF(0), [ — ) p20) + aTV(f£ 1) — aTV(@))
c

= 5l — all71(0
Ci.
2 opg + (L= 0) (exn +o(ex)) — 5 l[an = allzaq)

C
> opi+ (1 —0) (exn + o(ex)) — 55223%
for some k > 0. In particular, the second inequality follows from the optimality of
ay, for TR(u, VF(u), Ag), the third inequality follows from Lemmas 3.3 and 3.5, and
the fourth from

—llag = ulfr ) > —AF = =l ffa - |}y q) > —~k,

where the existence of k follows from Lemma 3.8. Because (1 — o)egn > 0 and
(1 — 0)egn eventually dominates the terms (1 — o)o(eg) and —%/ﬁzei, there exists

ko € N such that ay, > ops,, which corresponds to Outcome 2. O

We can now deduce that the inner loop of Algorithm 1 terminates after finitely
many iterations if the current iterate is not L-stationary.
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Corollary 3.22 (|77, Cor. 6.3]). Let Assumption 3.11 hold. Let u,—; € BVy(Q)

for some n € N be an iterate produced by Algorithm 1 and let VF (tu,—1) € C(2) be
fulfilled. Then iteration n satisfies one of the following outcomes.

1. The inner loop terminates after finitely many iterations and

(a) the sufficient decrease condition (3.13) is satisfied or

(b) the predicted reduction is zero and the iterate t,—1 is L-stationary.
2. The inner loop does not terminate, and the iterate u,_1 is L-stationary.

Proof. We apply Lemma 3.21 with the choices A, = A, 1, and 4 = Uy,—1. O

3.4.2 Analysis of the outer loop of Algorithm 1

To complete our convergence analysis for Algorithm 1, we need to consider the case
that Algorithm 1 does not terminate after finitely many iterations. For that case, we
prove that the accumulation points of the sequence of iterates {uy, }nen produced by
Algorithm 1 are L-stationary under Assumption 3.11.

Theorem 3.23 (|77, Thm. 6.4]). Let F' be bounded from below. Let Assumption 3.11
hold. Let the iterates i, for n € N be produced by Algorithm 1. Let VF (u,) € C(£2)
for all n € N. Then all iterates are feasible for (P) and the objective values J(uy,)
for n € N are monotonically decreasing. Moreover, one of the following mutually

exclusive outcomes holds:

1. The number of iterates 1, is finite. The final element up; solves the trust-region
subproblem TR(up, VF (upr), A) for some A > 0 and is L-stationary.

2. The number of iterates u, is finite and the inner loop does not terminate for

the final element uyy, which is L-stationary.

3. The sequence {tn}nen has a weak-x accumulation point in BV(Q) and every
weak-x accumulation point of {tn fnen is feasible and strict. If @ is a weak-*

accumulation point of {tn}nen that satisfies VF(u) € C(K2), then it is L-

stationary.
If the trust-region radii are bounded away from zero for a subsequence {tp, }oen,

that is, if

0 <A :=liminfmin Ay, ;1
b—oo k ’

and @ is a weak-+ accumulation point of {iin, }een with VF (i) € C(Q), then @
solves TR(u, VF(u),A/2).
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Proof. Parts of this proof are identical to the proof of Theorem 4.23 in [70] for the
case d = 1 without any change other than the definition of L-stationarity. For the
sake of completeness, we repeat and adapt them for the case d > 2.

The iterates {up}neny produced by Algorithm 1 are the minimizers to
(TR)(tp—1, VF(tn-1), Ap i), which exist due to Proposition 3.15. Since the feasible
set of TR(tp—1, VF(tn—1), Ay k) is included in the feasible set of (P), the minimizer
is also feasible for (P).

Moreover, a minimizer i, j is accepted as the next iterate @y, if pred(tn—1, Ap i) >
0 and if it fulfills the sufficient decrease condition (3.13), that is,

ared(ﬁn_l, fLmk) = F(ﬁn_l) + aTV(ﬂn_l) — F(ﬂn’k) — OzTV(ﬂn,k)
> o pred(tp—1,Ap k) >0,

which yields
J(tp—1) = F(tup—1) + aTV(tp_1) > F(u,) + aTV(ay,) = J(ay),

that is, the objective values J(u,) are monotonically decreasing for n € N.

As in the proof of Theorem 4.23 in |70], we may restrict to the case that Outcomes
1 and 2 do not hold true and prove Outcome 3 in this case. To this end, we substitute
Lemma 4.19 in 70| by Lemma 3.21 in the respective argument. We split the proof
that Outcome 3 holds into four parts.

Outcome 3 (1) existence and feasibility of weak-x accumulation points:
This follows exactly as in the proof of Theorem 4.23 [70]. We already proved that
the objective values are monotonically decreasing. Since F' is bounded from below by
Assumption 1.1, this yields that the sequence {TV(ay,)}nen is bounded. Moreover,
since {Uy, }neny C BVy(Q), the sequence {ay, nen is bounded in L*°(€2) and therefore
also in L'(Q). By Theorem 2.8, there exists a subsequence of {i, }nen that converges
weakly-* in BV(Q2). Using that BVy(2) is sequentially closed in the weak-* topol-
ogy of BV(Q) by Lemma 2.20 yields that each accumulation point is an element of
BVy(2) and therefore feasible for (P).

Outcome 3 (2) weak-x accumulation points are strict: We follow the idea
of a contradictory argument from the proof of Theorem 4.23 in 70| and assume that
there exists a weak-* accumulation point @ of {uy}neny With corresponding subse-
quence @, — @ in BV(Q) as £ — oo such that TV(a) < liminf, o TV (ay,,), that
is, the convergence is not strict. We define ¢ := 1 (liminf_,o TV (&y,) — TV(a)) but
cannot assume the inequality § > % as in the proof of Theorem 4.23 in [70] because
TV(ty,) — TV(a) € Z is generally not true for our case d > 2. By Assumption 3.11,
F and VF are continuous with respect to convergence in L?(Q2). Hence, they are
also continuous with respect to convergence in L'(Q) in the subset BV () because
Lemma 2.19 yields that convergence in L!(Q) implies convergence in L?(£2) due to

o7



the restriction to values in U. The fact that A, 41 — 0 for £ — oo independently
of ¢ gives that we obtain the existence of some £y € N and kg € N such that for all
14 Z EO and k > ko

-0 l1—-0

o 1 _
(3.14)  [(VF(tn,), un, — u)2(q)l < 5 Uaé and  |F(t4y,) — F(u)| < -

ad

hold for all u that are feasible for TR(ty,, VF (tn,), Ap,+1,x) due to the constraints
u(z) € U for almost all x € Q and [|u — Un, [|L1(0) < Anyt1k-

If @ is feasible for TR(@y,, VF(tn,), An,41,), the optimality of ty,,,14 for
TR(tn,, VF(Un,), An,41k), see line 5 in Algorithm 1, implies

pred(ﬁne, AneJrl,k) - (VF(EW),’L_LW - ﬂneJrl,k)Lz(Q) + aTV(ﬂnz) - O‘Tv(anfrl,k)
2 (VF(Z_LW),Q_LW - ﬂ)LQ(Q) + a(TV(ﬂw) —TV(a)).

By the definition of §, there exists £1 > {3y such that for all £ > /¢ there holds
TV (tp,) — TV(a) > §. This gives together with (3.14) and o € (0, 1) that

pred(tn, , Any41,k) = (VF(tUy,), Un, — ﬂ)Lz(Q) +ad

1—0
>
3

2 1—0
0 0> —ad > 2
a0 + « _3a > 3

ad

— 0 — 0

if @ is feasible for TR (@n,, VF (iUn,), Ap,11k). Because i, — @ in BV(Q) implies
Uy, — @ in LY(Q), there exists f2 > 1 such that ||u,, — ul i) < Anyrik, for

all £ > {5 such that the function u is feasible for TR(tn,, VF(tn,), Ap,+1.4,) for all
£ > £y for fixed ky.

By (3.14), there holds

ared(anevanwrl,ko) = F(ﬂnz) + OzTV(’EW) - F(ﬁnwrl,ko) - O‘TV(&M+1J€0)
= (VF(’L_LW), Uny — 22’Vl/z-f-lJfo)LQ(Q) + O‘Tv(ﬂw) - O‘Tv(ﬂw-ﬂ,ko)
+ F(ﬁw) - F(ﬁnﬂrl,ko) - (VF(ﬂw)v Uny — aanrl,ko)L?(Q)

l1-0
> pred(Un,, Ap,41.k) — 23 — O_aé.

Thus, if the inner loop reaches iteration kg for £ > {5, we obtain

ared(n,, Un,+1,k ) S pred(tn,, Ap,11,k0) — 211’):%055
pred(ﬂm, Anrf-l,ko) N pred(anev Anrl-l,ko)
ad — é:—gaé — 2%&5

l1—0c
a5 — 3770_045

l1—c
_ 1-35= B
IR E; =%
3—o
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where the second inequality is due to the fact that p — % is monotone (¢ = 2;;—5)
Consequently,

ared(ﬁw, ane-&-l,ko) >0 pred(ﬂnw Ane-ﬁ-l,ko)

for £ > /£ and the iterate is accepted not later than in iteration ky. Because the
predicted reduction decreases with shrinking trust-region radii, the actual reduction
in iteration ny is greater than or equal to o pred(ty,, Ap,41.%,) > %Jaé for all £ > /5.
Because the sequence of objective function values for the accepted iterates is mono-
tonically decreasing, we obtain J(ty,+1) = —o0 as £ — oo, which is a contradiction
to the boundedness of J. We conclude that ,, — @ strictly in BV(£2).

Outcome 3 (3) strict accumulation points are optimal for (TR) if the
trust-region radius is bounded away from zero: Next, we assume that u with
VFE(u) € C(Q) is a weak-+ and strict limit of a subsequence {iy, }sen. Moreover,
we assume that the trust-region radius upon acceptance of the iterates ty,41 is
bounded away from zero, that is 0 < A = infcyming Ay, 41 1. Because 0 < A and
Appy1k = Ao27F for all inner iterations k, we may restrict to an infinite subsequence
of {t@y, }een, which we denote by the same symbol for ease of notation, such that all
iterates uy,+1 are accepted in iteration ky with A = Ag2 k0 The I"-convergence
established in Theorem 3.16 gives that every cluster point of {41 }sen minimizes
TR(u, VF(u),A). Moreover, the optimal objective function values of the optimiza-
tion problems TR(uy,, VF (uy,),A), which are the predicted reductions pred(iy,,, A)
upon acceptance, converge to zero because otherwise we would obtain the contradic-
tion J(ty,+1) — —oo due to the fulfilled sufficient decrease condition (3.13) given by
ared (i, , Un,+1) > o pred(ty,, A). Thus the minimal objective of TR (u, VF (1), A) is
zero, implying that @ is optimal for TR(u, VF (u),A). In particular, @ is L-stationary
by virtue of Proposition 3.19.

Outcome 3 (4) strict accumulation points are L-stationary if the trust-
region radius vanishes: We close the proof by proving that if uy, X @in BV(Q) as
¢ — oo and the trust-region radii upon acceptance of the iterates uy,,+1 vanish, then
u is L-stationary. We argue by contraposition and assume that @ is not L-stationary.
We have to show that the trust-region radii upon acceptance of the iterates u,,+1 are
bounded away from zero. Let £ € N, let A, € {A¢277|j € N}, and let & minimize
TR(tn,, VF(tn,), As). Assumption 3.11 allows us to apply Taylor’s theorem to F,
which yields

F(ﬂ) = F(a”e) + VF(’L_””@)(& - ane) + %VQF(@('& - ﬂm,ﬂ - 'amz)
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with some £ in the line segment between @ and #,,,. Then

ared(tp,, @) = F(uy,) + TV (ay,) — F(a) — oTV ()
= VF(uy,)(tn, —u) + aTV(iy,,) — aTV(a)
1 - -
- §V2F(§)<an4 — U, Up, — )
_ C. _
> pred(unea A*) - 5”“7’% - UH%}(Q)
C

— ZA2
2 *

> o pred(tp,, Ax) + (1 — o) pred(tn,, A)
by virtue of the estimate from Assumption 3.11 and the feasibility of @ to
TR(tn,, VF(tin,), Ax), which gives |tn, — @l11) < A Thus it is sufficient to
show that (1 — o) pred(ay,, Ay) — %(A*)2 > 0 holds for some A, and ¢ € N that are
large enough.

Because @ is not L-stationary, there exist ¢ € C°(£; R?) and 7 > 0 such that

N
‘ N u Z xr) -ng. T d—1 P
;;@ﬂ&m<vn>xxw> () dH1(0)
N N
—« Vi —Vj e (e d*lx 7
Z‘Z;J'ZZ'-:I—J | B*Eima*Ejd Eﬂ/}( ) dH () >n

where {F1,...,En} is a Caccioppoli partition of 2 such that u = Efil viXE,- Let
(ft)te(—c,) be the local variation defined by f; := I + t1). We obtain that

(3.15) —(VF(@), fffa — @) 12y — «TV(ffa) + TV (a) > ty + g(t),

where g : [—¢,¢] — R is a function such that g(f) € o(t) by virtue of Lemmas 3.3
and 3.5. Lemma 3.8 implies that there exist k > 0 and &1 € (0, ¢) such that

73—l a < [tk

holds for all t € (—e1,e1).
We choose A, € {A¢277|j € N} small enough and corresponding j. € N large
enough such that A, = A¢27*, such that

(a) Ay <21k and

(b) (1—0)(ne:+g(52)) — (21 — o) +0.5C) A2 >0
hold true. The second inequality can be satisfied because g(t) € o(t) and k > 0 is
constant. Then we choose ¢y € N large enough such that for all £ > £y we obtain

Ay
5 -

() lltn, = ullLr) <
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Let t == %. Then (a) gives t < &1 and Hft#ﬁ — g < [tk < % gives
i = tng | o) < 10— @l o) + ln, — 110y < A,

which implies that ft#ﬂ is feasible for TR(ty,,, VF(ty,), Ay) for all £ > £.
The strict convergence of {uy,, }reny in BV(€Q) and Lemma 2.19 yield that there is
f1 > {y such that for all £ > /¢

(VF(@), fffa— )12y — (VF(tn,), [0 — tin,) 12(] < A and

(3'16) |OéTV(fL) - OZTV(ﬂne” < Az'

Then we can estimate

(1-— 0) pred( Ay)—0. 5C’A2
> (1-0) ( (VF(itn,), f7 — tin,) 1200 + TV (ff 1) — aTV(aW)> —0.5CA2
>—(1-0 ( ft U —U)r2(q) + aTV(ft u) — aTV(ﬂ)) — C1A2

v

(i en(2) -

where the first inequality follows from the feasibility of f/”u for
TR(tn,, VF(tn,), As), the second from (3.16) with the choice Cy = 2(1—0)+0.5C,
and the third from (3.15) with ¢ = g;.

Because A, has been chosen small enough such that (b) holds, we have shown
(1 — o) pred(iin,, Ay) — 0.5CAZ > 0 for all £ > ¢4, that is, each outer iteration ny,
¢ € N, is accepted not later than in inner iteration j, with radius A, such that the

trust-region radii do not vanish. O

We have proved that the iterates of trust-region Algorithm 1 have L-stationary
accumulation points. In order to solve (P) to global optimality, the knowledge of lower
bounds for the optimal value of (P) is crucial. Lower bounds for (P) can be obtained
from the optimal values of relaxations of (P). We will deal with such relaxations in
the next chapter.

For the numerical solution of (P) and the implementation of Algorithm 1, we will
need appropriate discretizations of (P). These are introduced in Chapter 5.
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Chapter 4

Relaxation

This chapter is dedicated to the following relaxation of the superordinate problem
(P) that reads

min — F(u) + oTV(u)
(PR) ueL?(Q)

st. v<u(x)<v foraa.ze,

where v = min{v : v € U} and 7 = max{v : v € U}. From this relaxation, we can de-
rive lower bounds for the optimal value of (P) which is crucial for the determination
of global optimal solutions to (P). This chapter uses similar concepts as [82], where an
optimal control problem with a restriction of the total variation in the constraints is
considered. For the solution of (Pg), we will use a function space outer-approximation
algorithm that is related to the outer-approximation algorithm from [82]. Outer-
approximation algorithms are a well-known solution technique for finite-dimensional
mixed-integer nonlinear programs [48,52,67,84,98| and also non-differentiable opti-
mization problems [81] in finite dimension. Recently, outer-approximation algorithms
have also been applied to integer optimal control problems [17,20]. In order to solve
(Pr) with the outer-approximation algorithm, we introduce a regularization of (Pg)
that includes a regularized total variation and a Tikhonov regularization. The regu-
larized total variation is the same as used in [82] and will be introduced in Section 4.2.
The Tikhonov regularization will be needed to prove the convergence of the iterates
of the outer-approximation algorithm in L?(Q2) which then yields the feasibility of the
limit. The regularized optimization problem and the outer-approximation algorithm
will be stated in Section 4.3. In Section 4.4, we derive necessary and sufficient opti-
mality conditions and use them for the construction an instance with known exact
solution for our numerical experiments.
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4.1 Existence of solutions

For some results within this chapter, we need to assume that F: L?(Q) — R fulfills
the following assumption additionally to Assumption 1.1.

Assumption 4.1. The function F : L?(Q2) — R is weakly lower semicontinuous and
fulfills Assumption 1.1.

For example, F' : L?(Q) — R is weakly lower semicontinuous if it is convex and
lower semicontinuous.

Theorem 4.2. Let F : L*(Q) — R fulfill Assumption 1.1. Then problem (PRr) admits
an optimal solution.

Proof. The feasible set Zr == {u € L*(Q) : v < u(z) < v for a.a. x € Q} is non-
empty. Consider a minimizing sequence {ux}reny C Zr of (Pr). Since F' is bounded
from below, the sequence {TV(ux)}ren is bounded. By Theorem 2.8, the sequence
{ug}ren admits a subsequence {ug,}ren that converges weakly-+ in BV(2). This
yields in particular that ug, — u in L(2) as £ — oo for some u € BV(f2) and since
there holds v < uy, () < ¥ for almost all x € Q and all £ € N, Lemma 2.19 yields
that u, — w in L?(2) as £ — oo and u € Zg. By the lower semicontinuity of F and
TV, there holds

F(u)+aTV(u) < lign inf F(ug,) + aTV(ug,) = klim F(ug) + aTV(ug)
—00 —0o0

such that u is an optimal solution to (Pg). O

We aim to solve problem (Pr) by means of an outer-approximation algorithm. To
clarify the idea of the algorithm, we rewrite (Pgr) as

min F(u)+aV
) (u,V)EL2(Q) xR
(Pr) s.t. TV(u) <V

The fact that V' is bounded from below by TV (u) together with the minimization
imply that @ € L?(Q) is an optimal solution to (PRr) if and only if (u, TV(a)) €
L?(Q) xR is an optimal solution to (Pg). Moreover, the optimal values are identical.

The constraint TV (u) < V can be rewritten by infinitely many linear inequalities
(4.1) / u(z) divg(z) dz <V V¢ € CHQRY) with 6] ez < 1.
Q
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The idea of the outer-approximation algorithm is to consider the relaxation

min F(u)+aV
(U,V)€L2(Q)XR20
s.t. u(zx)divo(z)de <V Voed
Q

v<u(zx) <v fora.a. zecq,

of (Pr) with a (possibly empty) subset ® C {¢ € CL(Q;R?) : 9] Loo (ray < 1} and
to iteratively add the inequalities from (4.1) as long as the current optimal solution
(u, V) is infeasible for (PRr). That is, if there holds TV (u) > V for (u, V), there exists
a violated inequality in (4.1) that we add to the above relaxation of (Pg). In order
to guarantee the convergence of the iterates of the outer-approximation algorithm
to an optimal solution to (Pg), we want to add the most violated inequality from
(4.1) that can be obtained for fixed u € L?(Q) by the computation of the maximizer
¢ € CH(Q;RY) of the dual formulation

TV (u) = sup {/Qu(x) divo(z)dr: ¢ € Cg(Q;Rd), HqﬁHLoo(Q;Rd) < 1}

but such a maximizer might not exist because the set {divg € L?(Q) : ¢ €
CH;RY), [l oo (@;rey < 1} is neither bounded nor closed in L?(9) and if a maxi-
mizer exists, it might be not unique. To solve this issue, we replace the total variation
TV by a regularized total variation whose dual formulation admits a unique maxi-
mizer for each u € L%(Q).

4.2 Regularized total variation

We will introduce the regularized total variation TV, in this section. The regulariza-
tion will be done by adding the negative of a bounded and coercive bilinear form to
the objective in the dual formulation (TV) multiplied with the regularization param-
eter € > 0. This gives the regularized total variation some desirable properties like
the representation by a unique maximizer that realizes the regularized total variation
for a given input function u € L?(£2). A similar regularization of the total variation
by adding an L? term to the dual formulation can be found in [32]. In order to define
the regularized total variation TV, we first replace the space C}(Q;R?) in (TV) by
a Hilbert space H with C1(€;R?) ¢ H C Hy(div; ) that embeds continuously into
Hy(div; §2), that is, there exists a constant C'y > 0 such that

191l (givi) < Cullolla Vo € H.

This does not change the supremum of (TV).
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Lemma 4.3. Let u € L*(Q2). There holds
(TVg) TV (u) = sup {/ u(z)dive(z)dr : ¢ € H, ||l oo (qraey < 1} :
Q

Proof. 1t follows from Theorem 1.1 in [103] or Theorem 1 and Corollary 3 in [62]
that for u € L?(Q), there holds

TV(u) = sup {/Qu(a?) divg(z)dz : ¢ € Ho(div; Q), [|9]| oo (ra) < 1} .

The claim follows since C(€;R?) ¢ H C Hy(div; ). O

Now we introduce the bounded and coercive bilinear form a : H x H — R, that
is, there exist constants 3,7 > 0 such that

ale, ] > Bllol%

for all ¢ € H and

a1, d2] < Vllo1llu 2l 1

for all ¢1, ¢2 € H. The dual regularization of TV is now obtained by adding —$a[¢, ¢]
to the objective in the maximization problem (TV ) with the regularization param-
eter € > 0, which yields

(TV.) TV, (u) = sup { Re(,6) : & € H, |6 ooy < 1}

where R : L?(2) x H — R is defined by

Re(,0) = =5 al6. 0]+ [ ula)divola) da.

This means that we have to solve the following optimization problem to compute
TV, (u) for a given function u € L?() that reads

sup  Rc(u, 9)
(Qe) oeH

st [l (@ray < 1.

Example 4.4. Two examples for suitable choices for H are H = HZ(Q;R?%) and
H = Hy(div; Q). In [82], the choices H = H(Q;R?) and

o[, do] = /Q (e(61))(x) : Ce()) () dz
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for ¢1, g2 € Hi (4 R?) with €(¢) = 3(Vo + (Vo)T) for ¢ € H}(Q;R?) and a linear

Rdxd

sym were used for the numerical experiments. This choice for

elasticity tensor C €
the bilinear form a gives an additional control over the L2 norm of ¢ € Hg(Q;R?),
similar to Friedrichs’ inequality in [104]. In this thesis, we will later make the choice
H = Hy(div; Q). With that choice for H, the space of Raviart—Thomas functions is
conforming. This is beneficial because the discretization introduced in Chapter 5 is

based on the discretization of ¢ by means of lowest-order Raviart—Thomas functions.

In contrast to TV (u), the regularized total variation TV (u) always admits a
unique maximizer for each u € L?(Q), that is, TV.(u) = R.(u, ¢) < oo for a unique
¢ € H with [|§]| oo (q;rey < 1 depending on u € L2(9).

Lemma 4.5. The optimization problem (Qg) admits a unique mazimizer for each

u € L*(Q).

Proof. The coercivity of the bilinear form a yields strict concavity of Re(u,-) : H — R
because for fixed u € L?(£2) and with the notation R(¢) = R.(u, ¢) for ¢ € H, there
holds for ¢1, o € H with ¢1 # ¢o that

R(¢1) = R(¢) — B (62)(61 — 62) = —=alr — 62,61 — 6] < =B |6 — 6all3y < 0.

The feasible set Zg = {¢ € H : ||¢[| L (qre) < 1} of (Qc) is non-empty and convex.
Moreover, it is closed in H because each sequence {¢y }ren C Zg that converges in H,
that is, ¢ — ¢ in H as k — oo with ¢ € H, also converges in L'(Q; R?) and therefore
admits a subsequence {¢g, }ren that converges pointwise almost everywhere to ¢ by
Lemma 3.22 in [3]. This yields that ||¢_)HLOQ(Q;Rd) < 1 because [|¢, || oo (ray < 1 for
all £ € N. Therefore, Zg sequentially weakly closed in H.

By the coercivity of a and the continuous embedding of H into Hy(div;{2), there
holds for v € L?(Q) and ¢ € H that

€ , € :
Re(u,¢) = —5al, 4] +/QU(96) div¢(w) dz < =B |6ll7 + [lullz2(o | div éll2(o)
e 9
< =B llol + llulle @) 9 naive) < =B5181% + Crllul 2@l

which implies R.(u,¢) — —o0 as ||¢||g — oo. Since R.(u,-) : H — R is continuous
and concave, the above radial unboundedness yields the existence of an optimal
solution to (Q¢), because maximizing sequences {¢y}reny C Zg are bounded in H
and therefore admit weakly convergent subsequences {¢x, }sen in H with ¢y, — ¢ in
H and ¢ € Zq, such that

RE (ua QE) > lim sup R€ (U, ¢k‘g) = kli{go R€ (U, ¢k)

{—00

The strict concavity of R.(u,-) gives the uniqueness of the optimal solution. [J
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The existence of a maximizer to (Q.) immediately gives the following corollary.
Corollary 4.6. For all u € L*(Q) and all € > 0 there holds TV (u) < co.

In contrast to TV.(u), the total variation TV (u) is not necessarily finite for all
u € L*(Q).

Lemma 4.7. Let u € L?(2) and € > 0. Then there holds TV.(u) < TV (u).

Proof. According to Lemma 4.5, the optimization problem (Q.) admits for each e > 0
a unique maximizer ¢. € H with ||¢¢|| o (qre) < 1. There holds

TV (u) Z/U(w)divgbs(w) dz

Q

for all € > 0 and hence

TV.(u) — TV(u) = —%a[qég, be] + / u(z) div ¢ () dz — TV (u)
Q
< _ga[¢€a¢e] < _%BHQSEH%{ <0
due to the coercivity of a. O

Lemma 4.8. Let u € L?(Q) be fired. The mapping TV, (u) : (0,00) — R, &
TV (u) is strictly monotonically decreasing.

Proof. Let €1,e9 > 0 with €1 < €9 be given. Denote the unique optimal solutions to
(Qes,) and (Qe,) by ¢1 € H and ¢2 € H, respectively. Since ¢y is feasible for (Qg,),
there holds

TV, (u) = —%a[qﬁl, o1+ [ u(z)divéi(x) de

> —talgz, o] + | ule) diva(a) do

> —%Qa[@, do] + | u(z) div éa(z) do = TV, (u).

S—S—5—

O

The regularized total variation TV, (u) of u € L?(£2) converges to its actual total
variation TV (u) as the regularization parameter ¢ is driven to zero.

Lemma 4.9. Let u € L?(Q) be fized. Then TV (u) — TV (u) as ¢ \, 0.
Proof. Denote by {¢r}reny C H a maximizing sequence of (TVy), that is, there

holds ¢y € H and ||¢ || poo(ray < 1 for all k € N and [, u(x) div ¢ (x) dz — TV (u)
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as k — oo. Since each ¢y, k € N, is also feasible for (TV,), there holds
€ .
TV.(u) 2 Relundn) = = Flonlfy + | ulo)div (o) da
for all € > 0 by the boundedness of a. Consider the monotonically decreasing null
sequence {ex}reny C Rs defined by

1

ok max;jen,j<k |95l

Ek *

Then there holds

TV(u) > limsup TV, (u) > lilfﬂ inf TV, (u)
—00

k—o0
> lim —-- + / u(z) div ¢ (z) de = TV (u).
By the monotonicity of the mapping TV, (u) : (0,00) = R, ¢ — TV, (u) for fixed
u € L?(2) by Lemma 4.8, there holds TV (u) — TV (u) for arbitrary & N\, 0. O

Since we pursue to replace the total variation in (Pgr) by its regularized version,
we want to ensure that we retain a weakly lower semicontinuous objective function.

Lemma 4.10. For each ¢ > 0, the mapping TV, : L*(Q) — R, u — TV.(u) is
convex and continuous.

Proof. Let € > 0 be arbitrary and A € [0, 1]. For each u, v € L*(Q), there holds

TV, (Nt (1= A)w) = sup { e+ (1= M), 0) : 6 € H, |[8]] o ey < 1}
= sup {AR.(u,0) + (1 = NRe(v,0) : 6 € H,||9l| ooty < 1}
< Asup { Re(u.0) : & € H, |6 oy < 1
+ (1= N sup { Re(0,0) - & € H, 9]l (arery < 1}

= ATV.(u) + (1 — N TV.(v)

due to the linearity of the integral and A, 1 — A > 0. Hence, the mapping is convex.

To prove the continuity, we employ the optimality conditions associated with
(Qe). For this purpose, let u1,us € L?(Q) be arbitrary and denote corresponding the
solutions to (Qg) by ¢1,¢2 € H. The necessary and sufficient optimality conditions
of (Qe) read

(albi, h — 6] + alh — 1, di]) > /Qui(aj) div(h — 6;)(x) dz

DN ™
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for all h € H with [[h]|fec(qray < 1 for i = 1,2. Inserting h = ¢2 in the inequality
for i =1 and h = ¢; for i = 2 and adding the arising inequalities give

a@@—¢%@—¢ﬂslymm—wxmmwwu—@xmdm

< [lur = ual|p2(o) [ div(g1 — ¢2)L2(q)
< lur = w2l z2(0) 191 — b2l Haiv:0)
< Cullur —u2|lr2(0) |01 — b2/l n-

The coercivity of a thus implies that

eBll¢1 — dallir < caldr — d2,¢1 — d2] < Crrllur — ualr20)llé1 — 2llu

and hence

C
n@—@msggmrmﬁmm

that is, the solution mapping of (Q.) is globally Lipschitz continuous with a Lipschitz
constant proportional to 1. The continuity of R : L2(Q) x H = R, (u, ¢) — Re(u, ¢)
then gives the claimed continuity of TV.. O

Corollary 4.11. For each ¢ > 0, the mapping TV. : L?>(Q) — R, u — TV_(u) is
weakly lower semicontinuous.

Proof. Follows directly from Lemma 4.10 because convexity and continuity imply
weak lower semicontinuity. O
4.3 Regularization and outer approximation

Associated with the regularized total variation, we consider the following regulariza-
tion of (P) with regularization parameters J > 0 for the L? regularization and & > 0
for the regularized total variation TV, that reads

) 4]
(Ps.) L F(u) + 5”“”%?(9) +aTVe(u)
b, u

st. v<u(x)<v foraa. xec.

We abbreviate the objective function by
2 0, 12
J&,E . L (Q) — R, J&E(U) = F(U) —+ §||U||L2(Q) —+ aTVs(U)

The above regularization of (Pgr) contains an additional L? regularization term
gHuH%Z () This regularization term is also known as Tikhonov regularization and is
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a common regularization technique, for example for inverse problems [49,55,65]. In
our case, we use the L? regularization to prove convergence of a subsequence of the
iterates produced by the outer-approximation algorithm in L?(£) which we need to
prove feasibility of its limit.

Theorem 4.12. Let F : L?(Q) — R fulfill Assumption 4.1. The optimization prob-
lem (Psc) admits an optimal solution. If F' is additionally convex, the optimal solu-
tion is unique.

Proof. The objective function Js. is weakly lower semicontinuous and bounded from
below and the feasible set of (P;.) is non-empty, bounded, convex, and closed in
L*(Q) by Lemma 2.19. Hence, there exists a minimizer of (Ps.). If F is addition-
ally convex, then Js. is strictly convex due to the term %HuH%Q () Which yields the
uniqueness of the optimal solution. O

We obtain lower bounds for (Pg) from the optimal value of the regularized prob-
lem (Ps.).

Theorem 4.13. Let us. € L*(Q) be an optimal solution to (Psc) and 4 € L*(Q)
be an optimal solution to (Pgr). Then there exists some constant M = M(U,Q) > 0
depending only on U and Q such that

0
'](ﬂ) > J&,a(ué,a) - §M7
that is, Jse(use) — gM is a lower bound for the optimal value of (Pr).

Proof. Tt holds that v < @(z) < ¥ for almost all z € € so that we can estimate
0< HEH%Q(Q) < V2,19 = M with vimax == max,ep |v|. Since 4 is feasible for (Ps.)
for all 9, > 0, there holds with Lemma 4.7 that

0
Jé,a(ué,a) < J&a(ﬂ) = F(U) + 5”1_‘”%2((2) + TVE('a)
< F(a) + gM +TV(a)
)

:J(a)+§M

for all 9, > 0, which yields the claim. O

4.3.1 Outer-approximation algorithm for the regularized problem

Within this subsection, the regularization parameters § > 0 and € > 0 are fixed.
To make the outer-approximation approach applicable to (P;.), we reformulate it

71



similarly to (PRr) as

| 5.
) i F(uw) + gllullfe) +aV
(Psc) s.t. TV.(u) <V

v<u(x)<v fora.a. zecl.

We denote the objective function of (Ps.) for fixed § > 0 and € > 0 by
7.2 7 O 12
J:L°(Q) xR =R, J(u,V):F(u)+§\\u||L2(Q)+aV

Since V' is bounded from below by TV, (u) and due to the minimization, there holds
that @ € L?(f2) is an optimal solution to (Ps.) if and only if (@, TV.(@)) € L*(Q) xR
is an optimal solution to (P575). Moreover, both optimization problems have the same
optimal value.

Analogously to (4.1), we equivalently reformulate the constraint TV, (u) < V with
infinitely many linear constraints, that is, by

(4.2) Re(u,¢) <V V¢ € H with ||@]| o (me) < 1.

The outer-approximation algorithm now works as follows. We consider a relaxation
of (Ps.) with k € Ny constraints from (4.2) that reads

min J(u, V)
(u,V)EL2(Q) xR
(Pr) 5.t Re(u,¢s) <V VieNwithi <k
v<u(x) <7 fora.a. z €,

and compute a minimizer (uy, V) € L2(Q) x R. Subsequently, we compute TV (uy)
by solving the maximization problem (Q.) for u = uy, that is, we solve

max R (ukv ¢)
(Qr) et

st [|@llperay <1

which admits a unique maximizer ¢p1 € H. If TV (ug) = Re(ug, ppr1) < Vi, the
solution wuy, is optimal for (Ps.). If TV (ug) = Re(ug, ¢prp+1) > Vi, we add the linear
constraint R.(u, ¢p1+1) < V from (4.2) corresponding to ¢11 to (Py) and denote the
resulting problem by (Py1). This completes the iteration and we start the next one
by solving (Pg1). We provide the complete algorithm in Algorithm 2.

We first prove that accumulation points of the sequence of iterates produced by
Algorithm 2 are feasible for (Ps.).
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Algorithm 2 Outer-approximation algorithm for (P;.)
Input: F sufficiently regular, o > 0, ¢ > 0, 6 > 0.

1: Set k=0
2: Solve
min F(u)%—éHuH2 +aV
(u,V)EL2(Q) xR 2 L2(@)
(Px) s.t. Ro(u,¢;) <V VieNwithi<k

v<u(zr)<v fora.a. xecl)

and denote an optimal solution by (ug, V).
3: Compute TV, (uy) by solving

max R (ug, d)
(Qw) et

st (@l Lo (ray <1

and denote the unique optimal solution by ¢p 1.
if Ra(uk, ¢k+1) < Vk then

return uy, as an optimal solution to (Ps.).
end if
Set k < k+ 1 and go to step 2.

Lemma 4.14. Let F : L*(Q) — R fulfill Assumption 4.1. Denote by {(u, Vi) }ken C
L2(Q) x R>q the sequence of optimal solutions to (Py,) produced by Algorithm 2. Each
weakly converging subsequence of {(ur, Vi) hren in L?(2) x R also converges strongly
in L2(Q) x R. For each accumulation point (i,V) € L?(2) x R of {(ux, Vi) }ren,
there holds TV (u) <V, that is, (i, V) is feasible for (Ps.).

Proof. We first prove that each weakly converging subsequence in L?(£2) x R of the
sequence {(ug, Vi) }ren actually converges strongly in L?(Q2) x R. To this end, we
consider a subsequence of {(uy,, Vk,)}een that converges weakly to some (i, V) €
L*(Q) x R, that is, uy, — 4 in L*(Q) and Vi, — V in R as £ — oo. Since {u €
L2(Q) : v < u(x) < ¥ for a.a. x € Q} is sequentially weakly closed in L?(), the
weak limit @ fulfills v < @(z) < 7 for almost all z €  and since Vi, > 0 for all k € N,
there holds V' > 0. The limit (@, V) is feasible for (P;) for all i € N because for each
fixed but arbitrary ¢ € N, there exists some ¢y € N large enough such that k;, > i for
all £ > £y, which implies

Relu,60) = ~5alon, 0] + [ (o) div i(a) do < i,
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for all ¢ > ¢y. By passing £ — oo, we obtain for each ¢ € N that

Re(i, ) = ~Salbu ]+ | (o) div o, (o) da

(4.3) = lim —afgr, 6 + / g, () div é5(x) da
— 00 9]
< i =V.
s fm Vi, =V

Since (uy, Vi) is optimal for (Py), there holds J(uy, Vi) < J(@, V) for all k € N.
Together with the weak lower semicontinuity of J, there holds

J(a, V) < liminf J(ug,, Vi,) < limsup J(ug,, Vi,) < J (@, V)

£—00 £—00
and hence J(u, V) = limy_,00 J (ug,, Vi,). Since F is weakly lower semicontinuous by
Assumption 4.1 and V = limy_, Vi,, there holds

—F(a) — aV > limsup —F (ug,) — aVj,.

{— 00

. 5 2 . . . .
Since §]| - [|72 @ 18 weakly lower semicontinuous, it follows

5 _112 . . 6 2
Sl < liminf oflug, |72

. 0 2
< limsup B g, ”L2(Q)
{—00

_ 5
= lim sup <2||uke‘|%2(9) + F(ug,) + aVy, — F(ug,) — OéVk;g>

l—00

: d :
< limsup <2Huk4H%2(Q) + F(ug,) + onke> + limsup (—F (ug,) — aVy,)

l—o0 {—o0

<J(u,V)—F(u)—aV
O
= 5”“”%2(9)7

that is, limyoo |lug, || 2(0) = (|4l 22(0)- Together with the weak convergence ug, — 4
in L2(Q2) as £ — oo, it follows that the subsequence {uy, }sen converges strongly to
@ in L?(§)), which proves the first claim.

Next, we prove that TV.(u) < V. To this end, we restrict the subsequence
{(un,, Vi,) been and the corresponding maximizers {¢p,+1}eeny further to subsub-
sequences {(ug, ,Vk, )tmen and {dg, +1}men, such that uy, ~— @ in L?(Q) as
m — 00, P, +1 — ¢ in L2(Q;RY) as m — oo, and div Py, +1 — div ¢ in L2(Q) as
m — 00. Such subsubsequences exist due to Lemma A.4. This yields in particular
Pk, — ¢ in H as m — co. Since the feasible set {¢ € H : 9l oo (ray < 1} of (Qe)
and (Qg) is non-empty, convex, and closed in H, it is sequentially weakly closed in
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H, which yields that the weak limit ¢ is feasible for (Q.) and (Qg). We denote the
unique optimal solution to (Q.) for u = % by ¢ € H, which exists due to Lemma, 4.5.
Since the mapping H 3> ¢ — a[¢, ¢] € R is convex and continuous, it is weakly lower
semicontinuous, which yields

_’“[9?) ¢] = limsup _ga[¢kzm+lv Phy,, +1)-

m—o0

By the strong convergence of the subsubsequence ug, ~— @ in L?(2) and the opti-
mality of ¢r, 11 for (Q), we obtain

Rs(a7 (Z)) Z RE(a> (Z))
= —Zald.d+ /Q<>dw¢<>

] +
> timsup (= al6e,, 11,65, ) + T /Q iy, () div gy, 41 (x) de

m—o0

> limsup R, (Ukem ) ¢k¢m +1)

m—o0
> lﬂlo%f Rg(uk’em ) ¢k’zm+1)
> lim inf R, (ug, aéf_’)
m—00 m
- RE (ﬂ7 ¢)
Hence, there holds

(4.4) lim Re(up, ¢, +1) = Re(i, ) = Re(t, 9).

m—o0

and since (Q.) is uniquely solvable by Lemma 4.5, it follows that é = ¢ because ¢ is
feasible and ¢ is optimal for (Q.) with u = @. Moreover, (4.4) implies

o a[&a gg] < liminf - a[¢kzm+17 ¢k£m+l}

m—0o0

< lim sup 3 a[¢k2m+1a Dry,, +1]
m—0o0

< limsup —Re(ug, Pk, +1) + lim sup/ ug, (z)div g, y1(z)de
m—00 m—r00 9]

~ _R.(,) + /Q () div o(x) do = = al6, 9

and therefore limp, oo alpr, 11,0k, +1] = a[p, ¢]. By (4.3), there holds with i =
ke +1 that

R (u, ¢kem+1) <V
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for all m € N. Together with the strong convergence of ug, — u in L?(Q) and the
weak convergence of div ¢y, 41 — div ¢ in L?()) as m — oo, this leads to

‘7 Z R&(a7 d)kgm-i-l)

=—ﬂmwwmmm+zyQMW%mﬂwm

as m — oo. This proves that each accumulation point of {(ug, Vi) }xen is feasible for
(Psc). O

Now we prove that the accumulation points of the sequence of iterates produced
by Algorithm 2 are optimal for (Ps.).

Theorem 4.15. Let F': L?(Q) — R fulfill Assumption 4.1. Assume that Algorithm 2
does not stop after a finite number of iterations. Denote the sequence of optimal solu-
tions to (Py) generated by Algorithm 2 by {(ug, Vi) }ren C L*(Q)xRxq. The sequence
{(ug, Vi) }ken admits a converging subsequence in L*(£)) x R and each accumulation
point (@, V') of {(u, Vi) }ren is an optimal solution to (Ps.) with TV (u) = V. If F
is additionally convex, the whole sequence {(ug, Vi) ren converges in L2(2) x R to
the unique minimizer (4, TV.()) of (Pse).

Proof. For each k € N, there holds v < ug(x) < 7 for almost all z € Q such that
the sequence {uy }ren is bounded in L>®(2). Define w € L?(Q2) by w = v. Because
(w,0) € L%(Q) x Rxq is a feasible solution to (Py) for all k¥ € N with finite objective
value, V; > 0, and F(ux) > B by (1.1), there holds

1 )
0<Vies L (Fw) =B+ Sl )

This yields that we can extract a weakly converging subsequence of {(ug,Vi)} C
L?(2) x R that actually converges strongly in L?(2) x R by Lemma 4.14.

The feasibility of an accumulation point (i, V) of {(ug, Vi)}ren for (Pse) is
proven in Lemma 4.14. Denote by {(us,, Vk,)}een a subsequence of {(uk, Vi)}ren
that converges to (u,V) in L?(f2). To show the optimality of (@, V), consider ar-
bitrary (u,V) € L?(2) x Rxo that is feasible for (Ps.). Then, by construction,
(u, V) is also feasible for (Py) for each k£ € N and the optimality of (ug, Vj) implies
J(ug, Vi) < J(u, V) for all k € N. The lower semicontinuity of .J thus gives

J(u,V) < liém inf J(ug,, Vi,) < limsup J(ug,, Vi,) < J(u,V)
—00

l—00
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and, since (u, V') was an arbitrary feasible solution to (Ps.), this yields the optimality
of (@, V) for (Ps.). Since V is bounded from below by TV (&), there holds TV (@) =
V due to the minimization.

Now let F be convex, then the optimal solution (,V) to (Ps.) is unique by
Theorem 4.12. It follows that each subsequence of {uy}ren has subsequence that
converges strongly in L?(Q) x R to the unique minimizer (i, V). The Urysohn sub-
sequence principle yields that the whole sequence {(ux, Vi)}ren converges strongly
in L?(2) x R to the unique minimizer (@, V). O

4.3.2 Convergence of the minimizers of the regularized problems

It remains to be shown that the optimal solutions to the regularized problems (Ps)
converge to an optimal solution to (Pr) as the regularization parameters ¢ > 0 and
6 > 0 are driven to zero.

Theorem 4.16. Let F : L?(Q2) — R fulfill Assumption 4.1. Assign to each ¢ > 0
a 6(e) > 0 such that 6(e) \y 0 as € \, 0 and denote an optimal solution to (Ps.)
with § = §(¢) by u. € L*(Q). There exists a weakly convergent subsequence in L*(Q)
of {uc}eso and each weak accumulation point in L?(Q) is a minimizer of (Pgr). If
F is strictly convex, the whole sequence converges weakly to the unique minimizer of

(PR).

Proof. Due to the boundedness v < u.(z) < ¥ for almost all x € Q for all ¢ > 0,
there exists a weakly converging subsequence of {us}.~o in L?(Q).

Now let {uc}.~o converge weakly in L%(Q) to some @ € L?(f2), that is, u. — @
in L2(Q) as ¢ \, 0. Since {u € L}(Q) : v < u(x) < vforaa z € Q} is weakly
sequentially closed in L?(Q), the limit @ is feasible for (Pgr). There holds for each
¢ € H with [|§|| e (qrey < 1 that

/ ue() div 6(z) da < TV. () + Sal6, 6]
Q
This yields that

/ u(x) div ¢(z) de = lim/ ue(z) div ¢(z) dz < liminf TV (u,)
Q eNo Jo e\
for all ¢ € H. Supremizing over all ¢ € H yields

TV(a) < liminf TV, (ue).
e\0
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Let u € L?(Q) be feasible for (Pr). Since F is weakly lower semicontinuous, there
holds

0
F(u) + aTV(a) < liminf F(u.) + ﬁ”uaﬂiz(m + aTV,(ue)
e\0 2
5(e)

< 1ig§§fF(u) + THUH;(Q) + aTV (u)

= F(u) + oTV(u)

by Lemma 4.9. Since @ is feasible for (Pg), this yields the optimality of @ for (Pg).

If F is strictly convex, then the minimizer @ of (Pgr) is unique. This yields that
each subsequence of {u.}.~¢ has a subsequence that converges weakly in L?(£2) to .
By the Urysohn subsequence principle, the whole sequence {u. }.~¢ converges weakly

in L2(Q) to @ as e \, 0. O

4.4 Optimality conditions and construction of an exact
solution

In this Section 4.4, we aim to construct instances of (Pr) and (P) with known exact
optimal solution for our numerical experiments in Chapter 6. To this end, we state
the optimality conditions to (Pgr) from [85] and the optimality conditions to the
unrestricted relaxation of (Pgr) from [25,40].

4.4.1 Optimality conditions

To meet all assumptions and to keep the notation simple, we restrict to the case
F(u) = [|S(u+ f) — de%z(Q) with f,yq € L*(Q) and where S : L?(Q) — H(Q),
w > y, is the linear and continuous solution operator that maps w € L%(Q) to the
unique solution y € Hg(9) to

(PDE) —kAy4+y=win Q, y=0on 0N

with fixed x > 0. We highlight that the solution operator S : L*(Q) — H} () is also
injective such that F': L?(2) — R is strictly convex. This yields the uniqueness of
the optimal solution to (Pgr). The optimality conditions corresponding to (Pgr) are
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stated in [85] and read

4.52) € BV(Q), g€ HNQ), peHNQ), I MELRY* XA, € LA(Q)
v<usv, —kAy+y=u+f, —KAP+DP=Y—ya

(
(
(4.5¢) —adivi—X 4+, =D
(
(

-

4.5d) —divA € 9TV(a)

i
ot

¢) Apdu >0, /ng(x)@ ~ a(z)) da = 0, /qu(x)(a(x) ) dz =0,
where the operator
—div : M(;RY)* — BV(Q)*
is the adjoint operator to
V : BV(Q) = M(;RY)
that is defined by

(46) <d1V ®5U>BV*,BV = *<(I),VU>M*7M

for ® € M(;RY)* and v € BV(Q). To construct an exact solution to (Pgr), we
restrict to the case d = 2, which yields that the embedding BV(Q) < L*(Q) is
continuous by Corollary 3.49 in [4]. To simplify the optimality conditions further, we
consider the following relaxation of (Pgr) that reads

min  F(u)+aTV(u
(Pry) L (u) (u)
and follow [25,40] to state the corresponding optimality conditions. In Section 4.4.2,
we use the optimality conditions to construct an optimal solution @ to (Pgry). If we
then choose v,7 € R such that v < @(z) < ¥ for almost all x € €2, this immediately

yields the optimality of 4 for (Pr). By [25], the necessary optimality conditions to
(PRry) read

(4.7a) w€BV(Q), g€ HI(Q), pcHIN), &cCy(%R?
(4.7b) —kAYy+yg=u+f, —KAP+DP=Y—yq
(4.7¢) a(Vo,®)pmco + [ Dl@)v(x)dz =0 VveBV(Q)
Q
(4.7d) (Va, @) pmco = TV(1), (Vo,®)rc, < TV(v) Yo eBV(Q)
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By the embedding Cp(Q; R%) < M(£2;R?)*, we may use (4.6) to reformulate (4.7c)
as adiv® = p. If we insert this into (4.7d) and use that

/Qﬁ(ff) dzr = Oz/ﬂdiv O(z)dz = a/aQ d(z) - n(z) dH (z) = 0

due to ® € Cy(Q; R?) and where n denotes the outer normal of Q, we arrive at

(4.8a) weBV(Q), g€ Hy(Q), peH;Q)
(4.8b) —kAy+y=u+f, —KAP+DP=Y—yd

(4.8¢) /Qﬁ(:zj) dz =0

(4.8d) —/Qp(x)u(:v) dz = aTV(a), —/Qp(x)v(x) dz <aTV(v) VveBV(Q)

which corresponds to the optimality conditions from [40]. Since the optimality con-
ditions from [40] are sufficient, this gives the equivalence of both optimality systems
(4.7) and (4.8).

4.4.2 Construction of an exact optimal solution

For our numerical experiments in Chapter 6, we construct an instance with known
unique optimal solution. To this end, let F(u) = 1|[S(u + f) — deL2 be defined
as above. We define Q = (0,2)? and B = Bys((1,1)T) C Q as the ball around
(1,1)T € R? with radius 0.5 and perimeter P(B) = 7. Moreover, we specify the
optimal solution to (Pr) by u € BV(Q) with

B 1 ifzeB
u(z) =
0 ifzeQ\B.

We then have Vi = —ngH!' L 0B, where np denotes the outer unit normal to B.
We aim to find functions 7,p € C3(Q), ® € C3(Q;RY), yy € L*(Q), and f € L*(Q)
such that the optimality system (4.7) is fulfilled.

We choose the function ® such that ®|yp = —np. To this end, we define ®(z) :=
Po(x — (1,1)T) with

else

o (z) = {(;\I’(H«T’b)”;b if |2]]2 € (p1, p2)

with 0 < p1 < 0.5 < p2 < land ¥ € C3((0,1)) such that supp ¥ C [p1, po], ¥(3) =1,

and |U(r)| < 1 for all » € (0,1). This can be done by using the ansatz ¥(r) =
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22:0 apr® and solving the linear equation system resulting from the constraints

U(p1) =¥(p2) =0, ¥(0.5) =1,

to determine the coefficients a € R for kK =0, ..., 8. This yields

(Vii, ®) pm.00 = /Q@(:r) dVa(z) = — /é?B d(z) - np(z) dH! (2)
_/ 1dHY(z) = P(B) = TV(a),
OB

where np denotes the outer unit normal vector of B. Moreover, since ® € C}(€; R%)
with H@HLm(Q;Rd) < 1, there holds with (4.6) that

(Vo, ®) agop = — /Q div (z)v() dz < TV(v),

for all v € BV(Q) which yields (4.7d). To fulfill (4.7c), we define p = a:div® € CZ ().
Moreover, we define § € C3(Q) by g(z) == —22%(2 —x1)%23(2 — x2)?%. To fulfill (4.7b),
we define yq .= § + kKAp — p and [ = —xkAy + ¢ — @. In particular, @ is an optimal
solution to (Pry).

If we now choose U = {0,1} for (P) and keep Q = (0,2)? and F as above, then
v =0and 7 = 1 for (PRr) such that @ is the unique optimal solution to (P) and (Pg).
We will use these instances in our numerical experiments in Section 6.3. With the
knowledge of the unique optimal solution, we can compute the errors between the
solutions that are obtained by the application of the algorithms to the regularized
and discretized problems corresponding to (P) and (Pgr). The discretizations of (P)
and (Pgr) will be introduced in the following chapter.
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Chapter 5

Discretization

This chapter is dedicated to the discretization of problem (P), which was given by

min  F(u) +aTV(u)
(P) ueL?(Q)

st. wu(x) e U CZfor a.a. x €9,

where U = {v1,...,vn} C Z is a finite set of integers and o > 0 and v = min{v :
v € U} and 7 = max{v : v € U}. The considerations in this chapter closely follow
the article [95].

Additional to Assumption 1.1, we assume the following regarding €2 and F :
L?(92) — R throughout this chapter.

Assumption 5.1. For the bounded Lipschitz domain 2 and the function F :
L?(92) — R, we assume the following:

(i) Q c R? with d € {1,2,3}.

(ii) € is a finite union of bounded intervals, axis-aligned squares, or axis-aligned
cubes.

(iii) F: LP(Q) — R fulfills Assumption 1.1 and is continuous for some 1 < p < oco.

We will discretize (P) such that we retain the integrality condition on the input
functions while being able to recover the total variation of solutions to (P). This is
challenging because the underlying mesh prescribes the geometry of the discretized
input functions. One approach, in particular for U = {0,1}, to handle the total
variation in combination with the integrality condition would be to use a Modica—
Mortola energy functional [83] and relax the integrality condition. Then, one drives a
parameter to zero that controls the non-binarity and may recover the total variation
in the limit. In this case, the difficulty of the integrality is replaced by the non-
convexity of the Modica—Mortola energy, however.
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Many discretizations of the total variation term can already be found in litera-
ture but focus rarely on restrictions to integers and we refer to [30] for an overview.
Approaches that rely on the primal formulation of the total variation are finite-
differences discretizations and variants [1,27,69,105|, P1 discretizations [8,9], and
non-conforming discretizations with Crouzeix—Raviart functions [29]. A discretiza-
tion of the dual formulation by discretizing the dual fields with Raviart—Thomas
functions is presented in [23]|. Related approaches based on discretized dual fields
are [31,38,63]. While a P1 or Crouzeix-Raviart input function ansatz does not
permit the integrality condition, the other approaches allow for piecewise constant
ansatz functions. However, if there are I'-convergence results for the discretized total
variation, the recovery sequences generally need to attain non-integer values to re-
cover the total variation of the limit functions, even if the limit functions themselves
are integer-valued, see the proofs of Theorem 4 in [32] and Theorem 1.2 in [23]. The
latter proves an error rate for the discretized optimization problems by means of
strong duality of the continuous problems which does not hold in our integer setting.

We will solve this issue by introducing two coupled discretizations with a fine
mesh for the input functions that is embedded into a coarser mesh for the total
variation term. A superlinear coupling of the fine mesh size to the coarser one allows
to consider integer-valued and piecewise constant discretized input functions and still
be able to recover the total variation of limit functions due to an averaging effect
on the coarser mesh. This makes it possible to prove convergence of the discretized
total variation in the sense of I'-convergence despite the restriction to integrality.
Moreover, we are able to prove an error bound for the discretized total variation of
the recovery sequence with respect to the total variation of its limit.

The discretization of the considered optimization problems is accompanied with
the loss of compactness of the sequence of minimizers, which is due to possible chat-
tering enabled by the enlarged null space of the discretized total variation caused
by the coupled meshes. We compensate for this lack by adding a constraint to the
discretized problems that enforces compactness on the sequence of minimizers and
vanishes in the limit. This constraint contains a degree of freedom whose admissible
range we determine. Even though its concrete choice is irrelevant when the mesh sizes
are driven to zero, it may impact on the solutions of the discretized problems in prac-
tice. Together with the approximation properties of the discretized total variation,
we prove the convergence of minimizers of the discretized problems to a minimizer of
the original problem. To solve the discretized problems, we will introduce an outer-
approximation algorithm.

In addition, we will derive a corresponding discretization for the relaxation (Pg)
and its regularization (Ps.). Since the integrality constraint is relaxed to box con-
straints, discretizations known from literature like [23| apply. In order to be able to
compute lower bounds from the discretizations of (Pr) and (Ps.), the focus lies on
the conformity of the discretizations with respect to the discretization of (P).
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) Mesh size h = ) Mesh size h = = ) Mesh size h = iﬁ ) Limit function w:

TV(uh) =1.5. TV(uh) = 1.75. TV(uh) = 1.875. TV(u) =2.

Figure 5.1: Approximation of a limit function u = xy(_11)r5>0) With integer-valued
functions uj, on quadrilateral meshes with mesh size h on the domain 2 = (0, 1) with
the corresponding values of the total variation.

This chapter is structured as follows. We start by introducing the discretized total
variation and analyzing its approximation properties in Section 5.1. Section 5.2 is
dedicated to the discretization of the considered optimization problems and the con-
vergence of their minimizers to a minimizer of the original problem. In Section 5.3,
we state and analyze an outer-approximation algorithm to solve the discretized prob-
lems. In Section 5.4, we introduce the discretization for (Pgr) and (Ps.).

5.1 Discretized total variation

In order to discretize (P) appropriately, it is generally not sufficient to only discretize
the input function u € BVy(Q2) while keeping the usual total variation TV in the
objective of (P) because it is generally not possible to recover the total variation of
a limit function with the total variation of integer-valued discretized functions on
prescribed cubic meshes. This can be seen by the following simple example which
addresses the same issue as Figure 2 in [35].

Example 5.2. Let d = 2, Q = (0,1)2, U = {0,1}, and u € BVy(f) be defined
by w = X{1,)Te>0y as in Figure 5.1d. We discretize {2 by means of quadratic
finite-element meshes {Q}, } >0, where h denotes the height of the squares in Qp,. We
approximate the function u by binary-valued functions uy that are piecewise constant
on the mesh cells of O, as exemplarily demonstrated in Figure 5.1 for the mesh sizes
h = zlp é, 16 Then there holds limy\ o TV (up) = 2 # V2 = TV (u), that is, we cannot
recover the total variation of the limit function w with the total variation of such
binary-valued discretized functions uy on the cubic meshes Q.

To solve this issue, we will introduce a discretized total variation and a discretiza-
tion of (P) that includes two coupled finite-element meshes, where the finer mesh
is used for the discretization of the input function w and the coarser mesh is used
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for the discretized total variation. To this end, we make the following assumptions
regarding the finite-element meshes on 2.

Assumption 5.3 (|95, Ass. 2.3]).

1. TV meshes: For h > 0, we consider a partition Qp of ) into intervals or axis-
aligned squares or cubes Q) € Qy, of height h > 0, that is, Q = UQth Q.

2. Input meshes: For each h > 0, we consider a mesh Q,, of Q of intervals or
axis-aligned squares or cubes @ € Q,, of height 7, € (0, k] that is embedded
into the TV mesh Qj. Specifically, for each Q € Q, there exists QQ C 9,

such that UQEQQ Q=0.

We introduce the discretized total variation in Section 5.1.1. We prove its ap-
proximation properties in a I'-convergence sense, where Section 5.1.2 is dedicated to
the liminf inequality and Section 5.1.3 provides the lim sup inequality and an error
estimate for the discretized total variation of the recovery sequence.

5.1.1 Discretization of the total variation

By Lemma 4.3, we may replace the test function space C}(2; R?) for the computation
of the total variation term by Hy(div;2), that is,

(TV pogaiey) TV () = sup { [ ) div o) a6 € o(aivs 0. [0l e < 1}

for u € L?(§2). For a mesh Qj with h > 0 fulfilling Assumption 5.3.1 and u € L!(£2),
we define the following discretization of the total variation term TV as in [23]| by
replacing the test functions for the computation of TV by lowest-order Raviart—
Thomas functions on the mesh Qy,, that is,

TV (u) == sup {/Qu(:z) div¢(x)dz : ¢ € RTO}, 91 Loo (,ray < 1},

where RTO0} := {¢ € RTO" : (¢ -n)|oq = 0} and n denotes the outer unit normal
of Q2. We refer to Section 2.5 for a complete definition of Raviart—Thomas functions.

Lemma 5.4 (|95, Lem. 2.4]). Let ¢ € RTO" for some h > 0 satisfy [l oo (urey < 1.
Then || div || oo () < 22

Proof. We use the notations from Section 2.5. Then for each Q € Qj there holds
dlg € Pi(Q) (for the case d = 1), ¢|lg € P10(Q) x Py1(Q) (for the case d = 2),
or dlg € P1oo(Q) X Po1,0(Q) x Poo,1(Q) (for the case d = 3). Consider ¢|y on
the element Q = £+ [0,h]? with ¢ € R Then ¢|g(z) = a + S ciela for x €
Q with a,¢c € R and ¢ € R% i € {1,...,d}, the canonical unit vector basis.
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Since ]| Loo(rey < 1, we have for each i € {1,...,d} that |a; + cz;| < 1 for all
x; € £; + [0, h], in particular |a; + ¢;¢; + ¢;h| < 1 and |a; + ¢;¢;] < 1. This yields

d

d
|divelgl <D el < Z
=1

:\r—‘
b\l\D

d
(la;i + cili + cih| + |a; + cily]) < Z

O

In contrast to TV, the discretized total variation TV always admits a maximizer
and is thus always finite. Moreover, TV is always an upper bound for TV",

Lemma 5.5 (|95, Lem. 2.5)). Let u € LQ(Q) Then there is some ¢ € RTO! with
6]l oo (uray < 1 such that TV (u) = [, u(z) div ¢(z) dz < oo and TV (u) < TV (u).

Proof. TV®(u) < TV (u) follows from (TV g, (i) since RT0j C Ho(div; Q). The
existence of a maximizer of TV" follows from the fact that the corresponding maxi-
mization problem can be rewritten as a finite-dimensional optimization problem with
linear objective function and compact feasible set. This is because RTO} is finite-
dimensional, div ¢ for ¢ € RTOZ]Z is constant on the grid cells @) € Qp, and the feasible
set of TV®(u) can be described by finitely many convex inequalities by bounding the
FEuclidean norm of the point evaluations of ¢ in each node of the mesh Qp by 1. [

In order to discretize (P), we replace the total variation term TV (u) by the dis-
cretized total variation term TV"(u) in the objective. As a result, we can no longer
guarantee the existence of minimizers, as stated in the following example, because
TV! has a greater null space than TV. We will fix this issue in Section 5.2.

Example 5.6 (cf. [95, Rem. 2.6]). If we replace TV by TV" in problem (P), we can
not guarantee the existence of minimizers anymore because TV" has a greater null
space than TV. This is due to the fact that for each u € L'(2), we have that

(5.1) /Q u(z) divg(z)dz = Y dQ/

QeQy Q

da:—/gﬁ(:c) div ¢(x) dx

for all ¢ € RTO" with dive|g =: dg € R for all Q € Qp, and all @ € L*(Q) with
Jot(z)dz = [,u(z)dz for all @ € Qj. This in particular yields TVh(u) = TVR(a).
Hence, there may ex1st a minimizing sequence {ug}reny C BVy(Q2) consisting of
chattering functions (for example with checkerboard structure) with TV"(uz) = 0
for all £ € N that converges weakly-* in L>°(€)) to some limit function that is not in
BVy(Q).

A concrete example can be constructed in the following way. Define  := (0, 1)?
and let h := % for some fixed m € N. We further define

Qp = {Q” = (z;ll’],;l> X (7:175n> :i,je{l,...,m}},
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U :={-1,1}, and F(u) := || K (u)|| 11 (), where K : L'(Q) = C*(Q), K(u) =1 *u,
and 7 denotes the standard mollifier. Note that K (u) # 0 for all v € BVy(Q) and
therefore F'(u) > 0 for all u € BVy(Q). Hence, we have F(u) + TV®(u) > 0 for
all u € BVy(2). We construct the minimizing sequence {ug}ren € BVy(2) such
F(uy) + TV (ug) — 0. To this end, we define for k € N

- (i1 -1 iP5\ L
= Vo= . 1 . 2 .
O {Q” <2km’ 2km> % <2km’ 2km> biedly km}}

and the sequence {ug}ren by the following checkerboard structure

1 ifze Q¥ withi+je2N
ug(z) =

~1 ifxeQf withi+j—1€2N.

Then for all ¢ € RT0", it holds that
/ ug(z)divg(r)de =0
Q

and therefore TV"(uy,) = 0 for all k& € N. Moreover, uy — 0 in L>(Q) as k — oo and
since K is a compact operator, this yields K(uy) — K(u) = 0 in L'(Q) as k — oo
and consequently, there holds

F(ug) + TVh(uk) —0
=0
as k — 0o. On the other hand, as mentioned above, we have that F(u)+TV?(u) > 0
for all u € BVy(Q) such that no minimizer exists in that case.

5.1.2 Lim inf inequality for TV"

Let a mesh Q, with 7 > 0 fulfill Assumption 5.3. As introduced in Section 2.5, we
define the space of functions that are piecewise constant on the mesh cells Q € Q.
by PO7. Let Ipgr : LY(Q) — P07 denote the projection onto P07.

Lemma 5.7 (|95, Lem. 2.7]). Letu € L>(Q). Then ||lu—Ilporul|p1(q) — 0 as 7 0.
Moreover, for all w € BV(Q) there holds ||u — Iporul|1(q) < VdTTV (u).

Proof. Let u € L*°(2). Lebesgue’s differentiation theorem [101, Chap. 3, Cor. 1.6
and 1.7] gives IIppru — u pointwise almost everywhere in Q as 7 N\, 0. Moreover,
ITporul| oo () < [|ullzoo(q) such that Lebesgue’s dominated convergence theorem
yields [lu — Iporul|pig) — 0 as 7\, 0.

For the second claim let u € BV(2). Since 2 is in particular of finite perimeter, the
proof of the second claim runs along the lines of the proof of Theorem 12.26 in [72].
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In step one they proved that for a continuously differentiable function w € C'(Q)
there holds for each ) € Q, that

/ () — Tpgrw(z)] de < ﬂT/ V()]s da.
Q Q

If we now insert w = ue == u*n. € C°(Q) for ¢ > 0 with 7. denoting the standard
mollifier, we obtain by following step two of the proof of Theorem 12.26 in [72] that

dT/ IVue(@) o dz > 3 / 1o () — Tpyrtie ()

QEQ,
such that driving € \, 0 yields
dTTV Z / ‘U Hpofu(a;)|da:: HU_HPOTUHLl(Q)
QEQr
A similar proof is given in Lemma 3.2 in [23]. O

Lemma 5.8 ([95, Lem. 2.8]). Let {up}nso C LY(Q) with up, — u in LY(Q) and
u € L2(Q). Let ¢ € CL(Q;RY) satisfy 9l Lo (ray < 1. Then

. P h
(5.2) /lev ¢(z)u(xr)dr < hgl\l{(r)lf TV (up).

Proof. Let € € (0,1) be arbitrary but fixed. Then we approximate ¢ with ¢ =
(1 —¢)p € CH(Q;RY) such that [l oo (urey = (1 — €)@l oo (ray < 1 — € and

/divqﬁ(:n)u(:z:) dx:/divqg(x)u(:n) dx—|—6/div¢(:ﬂ)u(:z:) dz
Q Q Q
< [ diviteyuta) do + | div ol o=(ollul o =

c1i=

By virtue of Proposition 2.26, we obtain that ||IRT0h¢3||Loo(Q;Rd) < 1 holds for all

h < %, where Ipron : WH(€; RY) — RT0" denotes the interpolation operator for

RT0" as defined in Section 2.5 and C' ((]3) > 0 is a constant depending on ¢. Moreover,
since QAS has compact support in €2, there holds gﬁ n = 0 on 0f), where n denotes the
outer unit normal of €, so that Ippgnd € RTOL. Since ¢ € C1(Q;RY), there exists
a constant M(QZA)) > 0 only depending on ¢ such that H div</3||Loo q) < M((;AS) This
implies that ||IIpgn div gf)HLoo )y < M ()

- C (<1>)
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there holds
/ div I ppond(z)u(z) de
Q

< [ div I b(o)une) do -+ 1| v Tigon bl ol — s
< TV™(up) + || div Ippond || oo (o) lun — ull p1(a)

= th(uh) + [ pgn div éHLoo(Q)Huh - UHLl(Q)
< TV (up) + M($)llun — ull 11(q),

where we used div RTthg = I pyn ding; by Lemma 2.24, yielding

/divqﬁ(:v)u(x) dacg/divgzg(x)u(m) dz + c1e
Q Q

= / div I prond(a)u(z) de + / div(¢ — Ippond)(@)u(z) dz + c1e
Q Q
< TV (up) + M($)llun — ull 1) + 1 div(é — Trrond)ll 2 lull 12() + c1e.

By (2.14), there holds || div(¢ — Ippond)llr2@) — 0 as h \, 0. Since u € L*(),
driving h N\, 0 implies that

/ div ¢(x)u(x) dz < c1e + liminf TV (uy,).
Q AN\0
The claim follows because € € (0,1) was chosen arbitrarily. O

Theorem 5.9 ([95, Thm. 2.9]). Let {up}nso C L*(Q) with up — u in LY(Q) as
h\(0 and u € L*(2). Then

TV(u) < liminf TV®(uy,).
(u) < im in (un)

Proof. We supremize over all ¢ € C1(Q;R?) with @[l Lo (ray < 1in (5.2). O

Up to this point the discretization of the input function u has not been relevant.
Indeed, the previous statements hold for arbitrary sequences with u; — u in L'(Q)
with u € L%(Q). Instead, the discretized total variation TV discretizes its inputs
u implicitly in the sense that TV®(u) = TVP(IIpgnu), see (5.1). That means if we
would waive the integrality constraint for the discretized problems, then we could
approximate the total variation of a given function u € BVy(€Q) with the discretized
total variation of the projections IIpynu. In particular, we refer to the results in [23].
Since we additionally—and in particular differing from [23]—require that the dis-
cretized input functions only attain values in the discrete set U, we can not work
with the projections I pgnu as in [23]. Due to the given geometry of the mesh, it is
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Figure 5.2: Example for the construction in Example 5.10 with £ = 1. The level
sets of the limit function u are separated by the solid line and the level sets of the
rounding of Il pynu are separated by the dotted line. Nonzero normal traces of ¢ are
indicated next to the corresponding edges of the grid cells.

generally not possible to approximate the term TV (u) for u € BVy(£2) with TV! of
functions in PO" N BVy(Q), as the following example shows.

Example 5.10 (|95, Expl. 2.10]). Consider 2 = (0,1) x (0,0.4) and the mesh Qy,
consisting of squares of size h = ﬁ for £k € N. Define v = X{(},~1)T2>0} and
consider uj, € P0" N BVy(Q) obtained by rounding the projection IIpgnu on each
square to the nearest value in u, see Figure 5.2 for an example for k = 1. Let
¢ € RT0" be the Raviart-Thomas function that is defined by the normal traces over
the edges of the grid cells as exemplarily illustrated in Figure 5.2. It is immediate
that |[¢[| Lo (orey < 1. Denote by &, the interior edges of the mesh Qj and let ng be
a unit normal vector to an edge E € &,. Let uf+ and u{f "~ denote the values of uy,
on the two cubes adjoining E. Then,

Vi) 2 [ divo(yuna) dnghwf* ol | [ o) np(a) a @)

1 2 1 1

=gz (000 (142 2+ 75) +2- )

1+\/5+\@—1—\/5_> 1++5
3 15k 3

~ 1.078 as k — oo.

On the other hand, TV (u) = @ ~ 1.054 such that TV"(uy) A TV(u) as h \, 0.
Instead, there holds TV (uy,) > TV (u) for k > 5.
5.1.3 Lim sup inequality for TV"

To achieve an averaging effect by other means than the projection Il pyn, we discretize
the functions u € BVy(£) on a finer mesh Q,, embedded into the mesh Qy, for TV®
such that Assumption 5.3 is fulfilled. This allows to recover TV (u) with TV®(u., )
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with functions u,, € P0™ NBVy () when the mesh sizes are superlinearly coupled,
that is, 7\, 0 as h N\, 0.

Definition 5.11 ([95, Def. 2.11]). We define the operator RY,. : BVy(Q2) —
BVy(©) N PO™ for 7 > 0 and a corresponding mesh Q; as follows. For u € BVy(Q)
and Q € 9, let

1
RY%-(u)|o Eargmin{’/ u(z)dr — v
Q[ Jo

:veU and ‘u!él(u)‘ > O}.

If the minimizer is not unique, we choose the smallest one.

Similar to Lemma 5.7, we obtain convergence results for the sequence
{R%- (u) }r>0 for 7\, 0 with a convergence rate depending on TV (u) if u € BVy(£).

Lemma 5.12 (|95, Lem. 2.12]). Let u € L{;(Q). Then
lu = Rpor (w)l| 1) < 2llu—porul| 1(q) = 0 as 7\, 0.
Moreover, for all u € BVy(Q) the following estimates hold:
e~ B (u)]l11(@) < 2VArTV(u) and Ry () ~ Mporu 1 gy < VarTV(u).
Proof. For the first claim, let u € L};(2). By Definition 5.11, there holds
T poru — Rpor (w)|| 210y < llu — Mporullr1 (o)
due to
|(Lporu)(2) — (Rpo- (w))(x)] < [(poru)(z) — u(z)|
for almost all x € €. Hence,

[Jw — RgOT(u)”Ll(Q) <ju— HPOTUHLl(Q) + [ poru — RgOT(U)HLl(Q)
< 2[ju — Iporul[ 1) — 0 as 7\, 0.
The second claim follows then by Lemma 5.7. O

With these preparations, we are now able to prove a result corresponding to
Lemma 3.1 in [23], where it is stated that TV®(Ipgnu) < TV (u) for u € L2(£2).

Proposition 5.13 ([95, Prop. 2.13|). Let u € BVy () and a tuple (h, 1) with h > 0
be given such that Assumption 5.8 is fulfilled. Then

(5.3) TVYHRY i, (1) < TVE(w) + e(h, hyu) < TV(u) + &(1h, b,y w)

with &(7p,, hyu) == VATV (u) 265:’1.

92



Proof. Let u € BVy(Q). We define u,, == R% ., (u) € BVy(Q) and @, = Hpyrau €
BV(Q). Let ¢ € RTOf with |||z (q.ray < 1. Then

/QuTh (x)div¢(x)dx = /QﬂTh (z) div ¢(z) dx + /Q(uTh () — g, (z)) div ¢(z) do

< TV (u) + / (try (€)= T, (2)) div $(2) dz
Q
< TV (W) + [[tr, — tir, || 1) | div @ oo (),
where we have used that the meshes Qp and Q;, fulfill Assumption 5.3 and that
div ¢ is constant on each @) € Qy, to deduce the inequality. By Lemma 5.4, it follows

that || div | fe() < 24 and Lemma 5.12 yields |lu,, — Ur, |1 () < Vdr, TV (u)
which implies [, ur, (z) div ¢(z) dz < TV (u) + (74, h, u). O

We are now able to prove the limsup inequality for TV,

Theorem 5.14 (|95, Thm. 2.14]). Let u € L};(Q) and tuples {(h,74)}n=0 be given
such that Assumption 5.3 is fulfilled and 7 0 as h 0. Then there holds

TV (u) > limsup TVH(RYr, (u)).
A0

Proof. The claim follows from Proposition 5.13 by applying lim supj, o to both sides
of (5.3) and using the assumption 7=\, 0. O

The embedding of the fine meshes Q;, into the coarse meshes Q) and the super-
linear coupling of their mesh sizes yield a lower bound estimate for the discretized
total variation of the recovery sequence from Theorem 5.14 using techniques from
Proposition 3.7 in [23].

Proposition 5.15 ([95, Prop. 2.15]). Let v € BVy(Q) such that TV(u) =
—fQ div ¢(z)u(x) dz with ¢ € W&’OO(Q;Rd) and H¢HLOO(Q;Rd) < 1. Let {(h,7)}n>0
be coupled such that Assumption 5.3 is fulfilled. Then

Th

Lo
TVE (R () = TV() = efu, ) (h+ ) = S divprond = 9)l2(q
holds with some constant c(u, @) > 0. If additionally div¢ € BV(Q), then
TV (R, (w) = TV (w) = &(u,8) (h+ 7
with some constant &(u, ¢) > 0. If additionally div$ € H*(Q), then
h pU A 2 Th
TVE (R () = TV () = é(u, 6) (B2 + b+ 2

with some constant ¢(u, ¢) > 0.
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Proof. Let ¢p = Ippond € RTO(}} for h > 0. By Proposition 2.26, there holds
|6l ey < 14 Ch with C = C(¢) > 0. We define oy = Hﬁ@l € RTO}
for h > 0, which fulfills [|¢p| fo(qrey < 1. Moreover, we define up = Ilpgnu for
7, > 0, which fulfills [(, u(z)uy(z) dz = Huh||%2(m due to the optimality condition of
the projection. By Lemma 2.24, there holds div Ippgn¢ = Il pgr div ¢ so that also

/Qdiv ¢(x) div ¢p(z) de = || div (;ShH%z(Q).
Hence, there holds
1, ) 1, 1
TV(u) = =51 dive +ulfai) + S lullze) + 5l div @l
1, .. 1 1, ..

< =5 ldiv o+ unl| Tz + Sllulizio) + Sl diveolia g

1 . . .
= 5 (I1div @l 720y — 1div onllF2(q) + [ulFai) = lunllZe() — [ divén(z)un(z) dz

2 Q

1. . 1 -
= Sl div(en = O)lIZz() + 5w = unllfzi) = (1+ Ch) /Q div ép (x)up(z) de

T2
1 . 2 1 h
< §|| div(én — @)ll72(0) + 5”“ —up|l gyl — unllLoo (@) + (1 4+ Ch) TV (up).
Lemma 5.7 gives [|u — up || p1(q) < VdhTV (u). Since u,u;, € BVy(Q), there holds
e = unllzoe (@) < max vy —vof = Unax.
There holds TV"(uy) = TVE(Ilpgmnu) due to Joun(z)dz = [, Mpomnu(x)dz for

all Q € Q; by Assumption 5.3. By Lemma 5.5, there exists ¢, € RTO} with
|6 oo () < 1 so that

TV (Il pgrnu) = / div ¢y, () pgra u(x) dz
Q

- /Q div () (M pgn () — Ry (u)(2)) da + / div () Ry () (@) da

Q

< (| div | oo (0 T pornw — RBgm, ()| £1 () + TV (RPgr, (u)
4d~/d

< {Th TV (u) + TV (Rpgr, (),

where the last inequality follows from Lemmas 5.4 and 5.12. In total, we obtain

TV (Rpgn, (u) = TV (u)
(Ch+ SUmaxVdh + (14 CR)A2) TV () + 3 div(én — 0)]122 g

>
- 1+Ch
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If additionally div ¢ € BV(Q2), we may apply Lemmas 2.24 and 5.7 to obtain

1 div(gn — @) 721y = Il div d — Lpgn div ¢][72 (0
<[ div ¢ — M pgn div @|| oo ()| div ¢ — T pgn div B|| 11
< [|div ¢ — Hpgn div || o () VATV (div ¢)

and define b := 2| div d)HLoo(Q)\/gTV(div ®) to arrive at

TV (Rpgr (1)) — TV (u)

(Ch+ SUnaxVdh + (1 4+ Ch) 458 ) TV () + 2

> _
- 1+ Ch

If additionally div¢ € H'(€2), then we may apply Lemma 2.25 to obtain
|| div(on — ¢)Hi2(9) < h?||V div ¢||%2(Q;Rd)
such that

TV*(Rpgr (1)) — TV (u)
(Ch + A UmaxVdh + (1 + Ch)%) TV (u) 4 22

>
- 1+Ch

with b == ¢?||V div ¢|12, (@R O
5.2 Discretization of problem (P)
We define the two optimization problems

P. i G(u) =F TV z

(P) Jin G(u) = F(u) + aTV(w) + T7(u)
and

(Ph) GMu, V) = F(u) + aV + Tyn(u, V).

min
(u,V)EL2(Q) xR

The feasible sets are respectively given by Z = {u € L{,(Q): TV(u) < ¢TV(u)}
and Z" = {(u,V) € (PO N L}(Q)) x R: TV (u) < ¢V, TVP(u) <V} with a con-
stant ¢ > 1 and with 7, > 0 coupled to h > 0 such that Assumption 5.3 is fulfilled.
The feasibility in (P.) and (P?) is ensured by the {0, co}-valued indicator function-
als Ty and Z . The purpose of the constraint TV(u) < ¢V in (P?) is to obtain
boundedness of the sequence of solutions to (P”) in BV () which yields weak-* se-
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quential compactness in BV(Q2). This also yields the existence of minimizers and will
be analyzed in Section 5.2.1. Compared to (P), the problem (P.) has the additional
constraint TV (u) < ¢TV(u), which does not change the feasible set.

Lemma 5.16 (|95, Lem. 3.1]). (P.) is equivalent to (P).

Proof. Because ¢ > 1 and TV(u) > 0 for all u € L'(Q), the constraint TV (u) <
¢TIV (u) is trivially fulfilled for all u € L(Q). O

Instead, the constraint TV (u) < ¢TV(u) is used to illustrate that (P.) is the limit
problem to the family of problems (PZ) when driving h ~\, 0 in a I'-convergence sense.
Specifically, we obtain the following results.

Theorem 5.17 (Lim inf inequality, [95, Thm. 3.2]). Let F : L?*(Q) — R fulfill
Assumption 5.1. Let G and G" be defined as above with ¢ > 1. Consider tuples
{(h,7h) }n=0 such that Assumption 5.3 is fulfilled. Let {(ur,,Vi)}nhso C L?(£2) x R be
a sequence with ur, — w in L*(Q) as h \ 0. Then there holds

G(u) < liin\'{(r)lf Gz, V).
Proof. Without loss of generality, we may assume (ur, , V3,) € Z" for all h > 0 because
(tr,, Vi) & Z" implies the trivial case G"(u,, , V) = co. That is, in particular there
holds u,, € L} (Q) and TV (uy,) <V, for all A > 0. By Lemma 2.19, there holds
Uy, — uin LP(Q) for all 1 < p < oo and u € L};(£2). Together with Theorem 5.9,
there holds TV (u) < liminfy o aTVh(uTh) < liminfy\ o V.

Again without loss of generality, we may assume that liminfy\ oV}, < oo, be-
cause that again would imply the trivial case liminfy,\ G"(ur,, Vi) = oo since
F is bounded from below by assumption. Hence TV (u) < oo and we obtain by
Lemma 2.19 that v € BVy(2) and therefore w € Z, which implies Zzn (ur,) = Zz(u)
for all h > 0. Because F' fulfills Assumption 5.1, there holds F'(u) = limp~\ o F'(ur, ).
In total, we obtain G(u) < liminfy~ 0 G (ur,, V3). O

Theorem 5.18 (Lim sup inequality, [95, Thm. 3.3]). Let d € {1,2,3} and F :
L*(Q) — R fulfill Assumption 5.1. Let ¢ > 1 in the case d = 1, ¢ > /2 in the
case d = 2, and ¢ > 13y/3 in the case d = 3. Let tuples {(h,7,)}n>0 be given such
that Assumption 5.3 is fulfilled and J= 0 as h 0. Let u € BVy(Q?). Then there
exists a sequence {(tur,, Vi) tnso C BVy(Q) x R such that (ur,, Vi) € Z", u,, = u
in BV(Q), and

G(u) > limsup G™(ur, , V).
hN\O

The proof of Theorem 5.18 is provided in Section 5.2.2. In combination with the
aforementioned compactness arguments, Theorems 5.17 and 5.18 yield that mini-
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mizers of (P") converge to a minimizer of (P.) when driving h \, 0, which is the
main result of this section.

Theorem 5.19 (|95, Thm. 3.4]). Letd € {1,2,3} and F : L*(Q) — R fulfill Assump-
tion 5.1. Let ¢ > 1 for the case d =1, ¢ > V2 for the case d =2, and ¢ > 13v3 for
the case d = 3. Let tuples {(h,Th) }n>0 be coupled such that Assumption 5.3 is fulfilled
and 7N\ 0 as h 0. Denote by {(ur,, Vi) }n>0 C BVy(Q) x R with u,, € P0™ a
sequence of optimal solutions to (P"). Then {u,, }n>o admits a subsequence that con-
verges weakly-+ in BV(Q2) and each accumulation point of {ur, }n>o is a minimizer

of (P.).

Next we provide the compactness arguments and the proof of Theorem 5.19.

5.2.1 Existence of minimizers and compactness

In order to guarantee the existence of a subsequence of the sequences of optimal
solutions to the problems (P") that converges in L} () as h N\, 0, we have imple-
mented compactness with the help of the constraint TVP(u) < ¢V in the sense of
Theorem 2.8. Before continuing with the statements and proofs, we illustrate the
effect of absence and presence of the constraints TV (u) < ¢V in (P?) as h \, 0 in an
extension of Example 5.6.

Example 5.20 (cf. [95, Rem. 3.6]). In Example 5.6, we showed that the replacement
of TV by TV! causes that the existence of minimizers is no longer guaranteed since
the null space of TV is greater than the null space of TV. If we consider the problem
- min  F(u) + o TV (u)
( Ph) u€PO™h
s.t. wu(x) €U for a.a. x € (),

we can now guarantee the existence of minimizers of (P") due to its finite dimen-
sion. However, we now have the issue that minimizers of (P") might not converge
to a minimizer of (P) if we couple 7, and h superlinearly as required for the recov-
ery sequence according to Theorem 5.14 and drive h to zero. This coupling allows
for chattering of the sequence of minimizers without affecting the discretized total
variation on the coarser mesh. To see this, we take up Example 5.6 with the choice
k =m. That is, we define F'(u) = ||n * ul|1(q) and for k € N,

On, = {Qij = <Z;1,J;1) X (;2) 11}]'6{1,---7]43}}

with h = %, and QThk = Qk with

s far (i—1 5-1 1 J 2
Qk.— {Q” .—<2k2, 2k2 > X (2k272k2> .@,]6{1,...,2k' }}
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There holds 75, = ﬁ and therefore Zl—: = 2 — 0 as k — co. Define the sequence

%
{ur}ren by

(@) 1 ifawe @k withitje2N
ug(x) = -
—1 ifzeQf withi+j—1¢€2N.

Then wuy, is feasible for (ph) with h = hy, and 7, = 73, . From Example 5.6, we already
know uy, — 0 in L*°(Q) and

F(ug) + a TV (uy) =0
T
as k — oo. Now consider the sequence {uy}ren, where @ denotes the minimizer
of (Ph) with h = hy and 73, = 73,,. Assume that the minimizers converge to some
u € L};(Q), that is 4, — u in LY() as k — oco. By Theorem 5.9, there holds
TV (a) < liminfy o TV (i) and together with the continuity of F' there holds

0 < F(a)+ TV(a) < liminf F(ag) + TV (ag) < lim F(ug) + TV (u;,) = 0.
k—o0 k—o0
In particular, this yields TV(u) = 0 and hence w = 1 or u = —1 in contradiction to
F(u) = 0 so that the sequence {ug}xen of minimizers of (P") can not converge to a
minimizer of (P) in L1(€).

If we now add the constraint TV(u) < ¢V to (P") to obtain (P”), the constraint
8k% —4 = TV(ug) < Vi would imply V4, — oo as k — oo and since F is bounded from
below by zero, this would imply for the corresponding objective values F'(ux)+aVj, —
oo as k — oo. Hence, the constraint TV (u) < ¢V bounds the total variation of the
minimizers since the function F' is bounded from below and therefore yields weak-x
convergence in BV (2) of a subsequence as stated in Theorem 2.8.

Theorem 5.21 (|95, Thm. 3.7]). Let F : L*(Q) — R fulfill Assumption 5.1 and
let a tuple (h, ) be given such that Assumption 5.3 is fulfilled. Then problem (P")
admits a solution.

Proof. Problem (P?) has the same optimal value as the optimization problem

1
h : - h
(P™) ueBV[IjI(lgl)I)lmPOTh F(u) + amax { CTV (u), TV (u)} .

Since the number of elements in BVy(Q) N PO™ is finite, problem (P") admits an
optimal solution which we denote by %. Define V := max {1TV(u), TV"(1)}, then
(a, V) is optimal for (P%). O
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Remark 5.22 ([95, Rem. 3.8]). We could also prove the existence of minimizers of
(P") without the discretization of u, that is, with

7" = {ue Lh(©) : TV(w) < oV, TV (u) <V}

because the constraint TV (u) < ¢V bounds minimizing sequences in BV(£2). This
yields the existence of a subsequence that converges weakly-* in BV (£2) by Theo-
rem 2.8.

Lemma 5.23 ([95, Lem. 3.9]). Let F : L*(Q) — R fulfill Assumption 5.1. Let
{(h, ) }h>0 be coupled such that Assumption 5.3 is fulfilled and let (ur,,Vs) denote
an optimal solution to (P"). Then {(un,, Vi) }n>o is bounded in BV(Q) x R.

Proof. The functional F is bounded from below by B such that F'(u) > B for all
u € LY(Q) with v < u(x) < 7 for almost all € €. Define @ = v for some v € U.
Then (@,0) is feasible for (P”) for all h > 0 with objective value G"(@,0) = F(i)
since TV®(@) = TV (i) = 0. Now let (ur,, Vi) be optimal for (P?) for h > 0. Then
F(ur,)+aVy, < F(a) and therefore V;, < 1 (F(@) — B) for all h > 0. This yields that
TV(uz,) < ¢V, < £(F(@) — B). The boundedness in L*(2) follows directly from the
boundedness in L>(€2), which is due to u,, (z) € U for almost all z € Q. O

Proof of Theorem 5.19. By Lemma 5.23 and Theorem 2.8, the sequence {ur, }n>0
admits a subsequence that converges weakly-+ in BV(€) to some v € BV(€) which
we denote by the same symbol, that is, u,, X win BV(€2). By Theorem 5.17,
there holds G(u) < liminfy~ 0 G"(ur,, V}). By Theorem 5.18, there exists for each
(v, W) € BVy(©Q) xR a sequence { (v, Wh) }n>0 C BVy(£2) x R such that v, € P0™,
vp — v in BV(2), and G(v) > lim SUppN o G"(vp,, Wp). Together we then have

G(u) < liminf Gh(uTh, V) < liminf Gh(vh, Wp,) < limsup Gh(vh, Wp) < G(v)
AN) h\O hN\O

for each v € BVy(Q). This yields the optimality of u for (P.). O

Remark 5.24 (|95, Rem. 3.10]). Theorem 5.19 implicitly yields the existence of a
minimizer for (P.) and therefore for (P).

5.2.2 Lim sup inequality

In this section, we prove the lim sup inequality for the functions G and G", which is
stated in Theorem 5.18. We need to find a constant ¢ so that the inequality in the
set Z" can be satisfied by a recovery sequence. The admissible range of the constant
¢ depends on the dimension d so that we provide different proofs depending on d.
As an intermediate step, we first prove the inequality TV(RY. (u)) < ¢TV(u) in
each case for a respective constant ¢ > 1 depending on d. For the case d = 1 it is
immediate that any constant ¢ > 1 is permissible.
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Lemma 5.25 (|95, Lem. 3.11|). Let d =1 and Q, be a partition of Q into intervals
of length T > 0. Let u € BVy(Q). There holds TV (RY. (u)) < TV(u).

Proof. Let Q = (a,a) with @, = {Q1,...,Qn} with Q; = (a;,a;41]fori=1,...,n—1
and Qn = (an,any1) With a = a1 < ag < -+ < ap < ap41 = a. Let R%OT\Qi =
with 7; € U for ¢ = 1,...,n. Definition 5.11 yields that ’u!éj(ﬂz) > 0 for each
i=1,...,n,so that TV(RYy. (u)) = >0 |7 — Uit1] < TV(u). O

For the cases d = 2 and d = 3, we provide a constant that is not sharp but
can be proven straightforwardly in Theorem 5.26. In Theorem 5.27, we will improve
upon this in the case d = 2 and prove that v/2 is a sharp lower bound on ¢ in that
case. Since the proof of Theorem 5.27 needs technical arguments, we only provide a
sketch of the proof and postpone the detailed proof and the preparatory results to
Section 5.2.3.

Theorem 5.26 (|95, Thm. 3.12|). Let d € {2,3} and Q;, be a partition of 2 into
azis-aligned squares or cubes Q € Q, of height T > 0. Let u € BVy(Q). There holds

TV(Rpgr () < caTV(u)

with cq = (4d + 1)V/d.

Proof. We construct a function ¢ € Ho(div;2) to realize the exact value of
TV(RY,- (u)) following the construction of Raviart-Thomas basis functions in [5].
Afterwards, we apply (TV g, (giv)) and use ¢ as a test function for TV (u) to estimate
TV(RY,. (u)) against TV (u). We denote the collection of facets in the interior of Q
by € and % == RY. (u). Consider a facet E € €. Then E = @ﬂ@ for QF QY € 9,
with QF # Q¥. Denote by ¢, ¢f € R? the respective centers of the cubes Q¥ and
QY and define TF := conv(E U {¢F}) for i € {1,2}. We define the function ¢ by

(=1)isp2(x —qF) forxzeTF ic{1,2}
$E () = T

0 elsewhere,

where sp = sgn(ﬂ|Q§ - E|Q{;) € {—1,0,1}. There holds that ¢p € Hp(div;)
because divgp = (—1)'dsp2 on TF, i € {1,2}, and divéy = 0 elsewhere as well
as ¢p-ng = sg on E, ¢g-npe = 0 on ITF \ E as in [5|, where npe denotes
the outer normal to TF, i € {f,2}, and ¢p-ng = 0on H € £\ E, ‘where ng
denotes the unit normal vector of F pointing from Q¥ to Q¥. Moreover, there holds
9Bl Lo (ray < Vd. Note that the supports of all ¢ only intersect on a set of
Lebesgue measure zero. We define ¢ = %ZEGS ¢p, then ¢ € Hy(div;Q) with

100



H¢||LOO(Q;Rd) < 1. There holds

/Q a(x) div ¢(z) WZ/ (g — Tlor) 6n(@) - np(x) A (2)

Eet

1
fZ/ ilgg — flgp| 44~ (2) = —=TV (@),

Eeg

where the last equality follows from Lemma 2.18, and therefore

f/a —u(x))div ¢(x dJi—Ff/ x)div ¢(z) dx
< Vi — ul| 1yl div ¢|| oo () + VATV (u) < (4d + 1)VdTV (u)

where we have used Lemma 5.12 for the second inequality. 0l

For the case d = 2, we improve the constant c.

Theorem 5.27 (|95, Thm. 3.13|). Let d = 2 and Assumption 5.1 be fulfilled. Con-
sider tuples {(h,Tn)}n>0 such that Assumption 5.3 is fulfilled and 7 0 as h 0.
Let uw € BVy(Q) be given. There is a sequence {up}p~o with up, € PO NBVy(Q) as
h N\, 0 such that up, = u in BV(Q),

limsup TV (up,) < V2TV (u), and limsup TV (uy) < TV(u).
R\ h\0
Sketch of proof. The proof is based on a diagonal sequence selection argument that
chains several approximations. First, we approximate u strictly by functions with
polygonal jump sets by means of Lemma 5.31. Then we apply the rounding operator
R%gm to the elements of the sequence to obtain functions in P0™ with values in U.
Next, we establish Theorem 5.32 to estimate the total variation of a rounding of
a function with polygonal jump sets against the total variation of its preimage for
vanishing grid size 75,, which yields the constant v/2. From this, a diagonal sequence
is selected by balancing the approximation by functions with polygonal jump sets
with the approximation of the rounding operator. O

The following example illustrates that the constant v/2 in Theorem 5.27 is sharp,
that is, there cannot exist ¢ < v/2 that satisfies lim SUpPp 0 TV(RYyr, (v)) < TV (u)
uniformly for all u € BVy(Q) if d = 2.

Example 5.28 (|95, Expl. 3.14]). We return to Example 5.2, that is, let d = 2,
Q = (0,1)2, U = {0,1}, and u € BVy(Q) be defined by u = X{(~1,1)Tz>0}- Then
TV(u) = /2. Consider the family of meshes {Q,, }ren With 7, = l for k € N.
Then TV(RY;-, (v)) = @ — 2 as k — oo. This yields that the Constant V2 in
Theorem 5.32 is sharp.
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Remark 5.29 ([95, Rem. 3.15]). The constant /2 in Theorem 5.27 is sharp for the
case d = 2 as we proved in Example 5.28. We are convinced that a similar result
holds for d = 3 that can be obtained with a similar proof strategy. The necessary
technical effort goes beyond the scope of this thesis, however.

With the help of the former statements, we can now prove Theorem 5.18, which
is stated in the beginning of the section.

Proof of Theorem 5.18. To prove the lim sup inequality, we may assume u € Z and
TV(u) < oo because otherwise the inequality follows immediately because in this
case there holds G(u) = co. We consider the components of the objective functions
G and G" separately and start by proving lim suppn Vi < aTV(u). For the case
d = 2, we consider the sequence {ur, }r~0 from Theorem 5.27 and for the cases d = 1
and d = 3 we choose u,, = RY-, (u) for h > 0. Then there holds

(5.4) limsup TV (ur,) < cTV(u)
AN\

for the respective ¢ > 1 in the case d = 1, ¢ > V2 in the case d = 2, and ¢ >
13v/3 in the case d = 3. We define T := lim suppn 0 TV(ur,) < ¢TV(u) < oo and
T = liminfy\ g TV"(ur,) > 0. Then we define the following two sequences 5 =
max{0, TV (u.,) — T} and 67 := max{0,T — TV"(u,,)}, which fulfill % + 07 = 0 as
h N\, 0. We define Vi, :i= TV?(uy, ) + % + 62. There holds

1 1

J J
lim sup TV (uy, ) + -2 + 67 < limsup TV (u,, ) + lim -2 + 62 < TV (u)
A\0 & h\0 AN\O C

by Proposition 5.13 and Theorem 5.27 and therefore limsup,\ gaVy < aTV(u).
Next, we consider the indicator functionals Z,» and Zz. Since TV (u) < ¢TV(u) is
trivially fulfilled due to ¢ > 1, there holds Zz(u) = 0. We prove that Z,» (ur,, V4) =0
for all b > 0, that is we need to prove that TV (u,, ) <V}, and TV (u,,) < ¢V}, for
all h > 0. The inequality TV®(u,,) < Vi, = TV (u,,) + %’ll + 62 is trivially fulfilled
due to %7 5}% > 0. For the second inequality, there holds

TV (u,,) — 65 <limsup TV(ur,) < ¢TV(u)
A0

< clim \jgf TV (ur,) < e(TV(ur,) + 62),

where the second inequality is due to (5.4) and the third follows from Theorem 5.9,
which yields TV (ur,) < cVj,.

Finally, since the function F fulfills Assumption 5.1, there holds F(u) =
limp\ 0 F(ur,) because u;, — u in LP(Q2) for all 1 < p < oo by Lemma 2.19. In
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total, we have

G(u) = F(u) + aTV(u) + Iz(u) > lim F(ur,) 4 limsup aVj, + lim Ty (ur,, Vz)
hN\0 RN\0 h\0

> limsup F(ur, ) + aVi, + Zzn (ur,, Vi) = limsup G (us, , V).
NG NG

5.2.3 Proof of Theorem 5.27

We present the arguments that are needed for the proof of Theorem 5.27 and eventu-
ally the detailed proof of Theorem 5.27. The first result is due to [13]| and states that
each function in BVy(Q2) can be approximated by a strictly converging sequence in
BVy(Q) of functions with polygonal level sets. The approximation argument in [13]
relies on the rectifiability of the reduced boundaries of the level sets of functions in
BVy (). We recall that the level sets of functions in BV (§2) are Caccioppoli parti-
tions of 2 by Lemma 2.18 whose reduced boundaries are rectifiable by the theorem of
De Giorgi, see Section 2.2. In line with [13|, we first define polygonal sets for d = 2.

Definition 5.30 (|95, Def. A.1]). Let d = 2. We say that a set ¥ C Q is polygonal
if there is a finite number of closed line segments S, ..., S, C R? of strictly positive
H'-measure such that ¥ coincides, up to H!-null sets, with U?Zl S; N We call a
point in which at least two line segments intersect or a line segment ends a vertez.

Lemma 5.31 ([95, Lem. A.2|). Let u € BVy(2). There is a sequence {uy}ren C
BVuy(Q) of functions with level sets with polygonal boundaries such that uy — w in
LY(Q) and TV (uy) — TV(u).

Proof. Follows from Theorem 2.1 and Corollary 2.5 in [13]. Note that €2 is bounded
in our setting and we do not need to work with L} () here. O

For u € BVy(Q2) with jump sets with polygonal boundary, we are able to bound
the limit of TV(RY,, (u)) for 7\, 0 from above by v2TV (u).

Theorem 5.32 ([95, Thm. A.3|). Let d = 2. Let {Q+}r>0 be partitions of Q fulfilling
Assumption 5.3 and u € BVy(Q) be given such that the level sets of u have polygonal
boundaries. Then there holds

lim sup TV (R%y- (1)) < V2TV (u).
7\0

Proof. Let u € BVy(Q) have level sets with polygonal boundaries consisting of n € N
line segments. We denote the set of these line segments by S and the associated set
of vertices by V. We may assume without loss of generality that the line segments in
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Figure 5.3: Example for a function u € BVy(€2) with level sets that have polygonal
boundaries with the notations from the proof of Theorem 5.32.

S do not contain vertices in their relative interior, that is, one line segment connects
exactly two adjacent vertices. This yields that the number of vertices is also bounded
by twice the number of line segments n. Moreover, a line segment S € S separates
exactly two level sets inside © and we may restrict the line segments to €.

We make the following preliminary considerations: consider a ball B(v) with
radius € > 0 centered at a vertex v € V. Denote by a € (0, 7] the angle between
two segments Si,52 € S with 1 # S5 meeting in v. The distance § > 0 between
the two points 0B:(v) N S; and 0B.(v) N Sz is then given by § = es, where we
define s = 2sin (%) Let the mesh size 7 > 0 be small enough such that there
hold dB:(v) NSy # 0 and 0B.(v) N S2 # O with € :== (1+ 1) 27, Then there
holds § > /27, that is dB.(v) N Sy and dB:(v) N Sz do not lie in the same cube
Q € Q,. The number of cube(s of)z; given mesh Q, that intersect the ball B.(v) can

d(e+T1

be bounded from above by =—;- so that we obtain for our choice of ¢ the upper

bound b =8 (% +1+ %)2 which is constant and independent of 7 and .

Now let a € (0,7 denote the minimum angle between two segments meeting
in a vertex v € V and define ¢ as above. We consider the line segments S§¢ =
{8\ UyeyB:(v) : S € 8} outside the balls B.(v). The number of segments in S is
then for 7 small enough equal to n. Moreover, by the choice of €, there is no cube
Q@ € Q, that contains more than one line segment from &°¢.

We make the following observations. The reduced boundary of the level sets of
RY,-(u) is by Definition 5.11 a subset of the boundaries of the cells of Q.. Because
the total variation of a U-valued function is the sum of the interface lengths weighted
by their respective jump heights, we can split TV(R%OT (u)) into a contribution along
segments from S° and a contribution inside the balls B.(v).
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We estimate the contribution inside the balls conservatively by multiplying the
number of cubes inside the balls with their perimeter, that is in total by 4bnrt.

Now let a segment S = conv{v,w} € S§° with v,w € Q be given. Then we can
bound the contribution to TV(RY,. (u)) along S from above by

(v = wlly + 47) |1 — 12| < (V2[lv = wllz + 47) |1 — 1],

where v, 9 € U denote the two values of v within the two level sets separated by S.
The estimate holds because the value of RY;,(u) on a cube along S is determined
solely by the value of u in the center point of the cube and by the monotonicity of the
line segment S. Since the total variation of u along S is given by |v1 — vsl||lv — w2,
we conclude

TV(RPy- (1)) < V2TV (1) + 4n(Unax + )7
with Unax = max,, y,ev [V1 — 12| so that

lim sup TV(R%y- (v)) < V2TV (u).
7\0

Finally, we provide the proof of Theorem 5.27.

Proof of Theorem 5.27. By Lemma 5.31, there is a sequence {v;};en C BVy(Q) of
functions with jump sets with polygonal boundaries such that v; — u in LY(2) and
TV(v;) = TV(u) as j — oo. We pick a subsequence {vj,, }men such that we have
[0j,, —ullz1(0) < 7 and

1

TV(vj,) < TV(u) + —.

m
By Lemma 5.12, there holds R%yr, (v5,.) — vj,. as h N\, 0 in L'(). Since the func-
tions {vj,, }men have jump sets with polygonal boundaries, we may apply Theo-
rem 5.32 such that there holds limsup,s o TV(R%m, (v),,)) < V2TV(vj,, ). This
yields that for each m € N there is some h,;, > 0 such that

1
1R Pom (Vi) = VimllLr) < —

m
and
1
TV(Rpgrn (v5,,)) < V2TV (v;,,) + -
for all h < h,,. We additionally choose the sequence {h,, }men such that it decreases

strictly monotonically. We define {ap}p>0 by @y = vj,, for h € (hmi1, hm] and
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up, = RY s, (@y) for b > 0. There holds for h € (A1, hin) that

llun — ull 1) = 1RPom (@n) — ull L1y = | RPomn (v),,) — ullp1(g)
2

U
< 1R pom (Vgm) = Vi |1 (@) + Vg — ull ) <

and

TV (up) = TV(RYgm (@) = TV(RSm (v5,,))
1

1 2
< VBTV(0;,) + L < VaTV() + LEY2.
m m
That is, for each m € N there hold [lup, — ul|1(q) < 2 and
1 2
TV (up) < V2TV (u) + tnf

for all h < hyy,, which yields u, — u in LY(Q) as h N\, 0 and

lim sup TV (up,) < V2TV (u).
hN\O

In particular, the sequence {up}n~o is bounded in BV(2), which together with the
convergence in L'(Q) yields that u; — u as h \, 0 in BV(Q).
Moreover, by Proposition 5.13, for each m € N there holds for all A € (hp41, hm)

TV (up) = TV (Rpgra (v5,,))
< <1 + 4\6771) TV(v;,) < (1 + 4\/57%) (TV(u) + 1) ;

m

such that limsup, g TV (up,) < TV(u) due to 2\, 0 as h \, 0. O

5.3 Outer approximation

In this section, we provide an outer-approximation algorithm for solving (P%). The
inequality TV (u) <V in (P?) is equivalent to

(5.5) / div p(x)u(x)dz <V ¥ € RTOE with 6 || (qme) < 1.
Q

The idea of the algorithm is to start by solving (P?) without the constraint
TVh(u) <V and iteratively add the inequalities in (5.5) to cut off infeasible so-
lutions until the remaining violation of (5.5) vanishes. The algorithm is stated in
Algorithm 3.
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Algorithm 3 Outer-approximation algorithm for (P”)
Input: F sufficiently regular, o > 0, 7 > 0, h > 0.
1: Set k = 0.

2: Compute an optimal solution (ug, V%) to

min F(u) +aV
(u,V)ePO™ xR

s.t. TV(u) < cV

(MIP)

/ div ¢j(x)u(x)de <V VieN;i<k
Q

u(z) € U for a.a. z € (.

3: Compute TV"(uz) by solving

@p) [ divoteyug(o)ds

st (@l ray <1

with optimal solution ¢g41.

if [ div ¢py1(2)ug(z) dz — V4 < 0 then
return u; as optimal solution

end if

Set k + k4 1 and go to step 2.

Theorem 5.33 (|95, Thm. 4.2]). Algorithm 3 is well-defined, stops after finitely
many iterations, and returns an optimal solution to (P?)

Proof. Algorithm 3 is well-defined because problem (MIP) admits an optimal solution
due to its finite and non-empty feasible set and the boundedness of the objective
function from below and problem (QP) admits an optimal solution by Lemma 5.5.
Assume that the algorithm finds (u;, V) in step 2 in iteration i and (uj,V;)
in step 2 of iteration j with i < j and uw; = u;. Since TV®(u;) = TVh(u;) =
Jo div ¢iy1(z)ui(x) de < Vj and TV(u;) = TV (u;) < c¢Vj, the algorithm terminates
and u; = wu; is the optimal solution to (P”). This yields that the algorithm always
stops after finitely many iterations since the number of functions in BVy(2) N P0O™
is finite. O

5.4 Discretization of the relaxation

We will now introduce discretizations of the relaxation (Pr) and the regularized
relaxation (P;.) of (P). In order to discretize those problems and to prove I'-
convergence results, we require that Assumptions 4.1 and 5.1 hold within this section.
As already discussed in Section 5.1.2, we are able to recover the total variation of a
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limit function u € L*(Q) with the total variation of the projections onto the finite-
element space PO™ if we are not restricted to values in U. This can be used for the
discretization of the relaxation (Pr) of (P) since we are not restricted to values in
U but only have box constraints v < u(z) < 7 for almost all € Q. This was also
elaborated in 23], so that we can deduce the following lemma.

Lemma 5.34. Let tuples {(h, ) }}n>0 be given such that Assumption 5.3 is fulfilled
and h 0. Let u € L>(Q) be given. Then there holds

TV (IIpgrau) — TV(u) as h\,0.

Proof. By Assumption 5.3, there holds TV (Ilpgr,u) = TV (I pgru) because the
divergence div ¢ of a lowest-order Raviart-Thomas function ¢ € RT0" is constant
on the mesh cells Q. According to Lemma 3.1 in [23], there holds TV (IT pgnu) =
TV (u) < TV(u). Since h N\, 0 also implies 7, N\, 0 due to Assumption 5.3, there
holds I pgru — w in LY(Q) as h \, 0 by Lemma 5.7. We then obtain by Theorem 5.9
that

TV(u) < lizn\i‘(rjlf TV (I pgrnu) < limsup TV (ITpgr u)

AN0
< lim sup TV (IT pgru) < TV (u),
A\
which yields TV (u) = limp\ o TVE(I pgrs ). O

We highlight that tuples {(h, 73,)}n>0 with 7, = h are valid for Lemma 5.34.

The feasible set of the relaxation (Pg) is sequentially weakly closed in L?(£). We
therefore do not need to add an additional constraint that bounds the total varia-
tion as in (P?) to guarantee the convergence of optimal solutions to the discretized
problems to a feasible solution to (Pg) if we replace the total variation TV by the
discretized total variation TVP. However, in that case we can only prove the exis-
tence of weakly convergent subsequences in L?(2) due to the box constraints. We
therefore need to prove the statements regarding the liminf inequalities with re-
spect to weak convergence in L?(Q). The following lemma is a variant of Lemma 5.8
and Theorem 5.9 for weakly convergent sequences in L?(£2).

Lemma 5.35 (Variant of [95, Lem. 2.8]). Let {up}tnso C L?() with up — u in
L2(2) as h \, 0. There holds TV (u) < liminf, o TV (up).

Proof. The proof closely follows the proofs of Lemma 5.8 and Theorem 5.9. Let
¢ € CL(;R?) satisfy [l oo (;ray < 1. Let p € (0,1) be arbitrary but fixed. Then
we approximate ¢ with ¢ := (1 — p)¢ € CL(Q; RY) such that

|8ll ety = (1 = p)|8ll e (may < 1 — p
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and
/Qdiv o(z)u(x)de = /Qdiv o(z)u(zr) de + p/ﬂdiv o(z)u(z) dx

< [ divétyuta)do + | divdl~(ollullso o

cl:=

By virtue of Proposition 2.26, we obtain that ”IRToh(Z;HLoo(Q;Rd) <1 holds for all 0 <

h < ﬁ, where Ipron @ WH(Q; RY) — RT0" denotes the interpolation operator

for RTO" as defined in Section 2.5 and C(QZ;) > 0 is a constant depending on qu
Moreover, since qAS has compact support in €2, there holds quS -n = 0 on Jf), where n
denotes the outer unit normal of €, so that Irgn¢ € RTO}.

Moreover, there holds for all 0 < h < % that

/ div ¢(z)up(z) dz = / div I ppon () up () dz + / div(¢ — Tppond)(x)up(z) de
Q Q Q
< TV (up) + || div(é — Trpor®)ll 2o llunll 2(0)-
Since HuhHL2(Q) is bounded and || div(qg — IRTOh(ZB)HLQ(Q) — 0 by (2.14), this yields
/Qdiv d(z)u(z) de = %i{%/ﬂdivgg(x)uh(a:) dz < lizn\il(r)lf TV (up).
Together, we obtain
/ div ¢(x)u(x) dz < liminf TV (uy) + pey.
Q hN\O
Since p € (0,1) was arbitrary, this gives
/Qdiv ¢(z)u(xr)dr < hin\i{gf TV (up).
Supremizing over all ¢ € C}(Q;RY) with || oo (rey < 1 then yields
TV (u) < liminf TV (uy,).
V(u) < 1211\1{(1)1 V* (up)
O

In order to discretize (Pgr), we propose the following discretization with mesh
sizes (h,p,) that fulfill Assumption 5.3 that reads

. H}Diglrh F(u) + a TV (u)
(PR) ue
st. v<u(x)<v foraa. zec.
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We define the two functions Gg : L?(€2) — R and G’ : L2(Q2) — R by
Gr(u) = F(u) + aTV(u) + Iz, (u)
and
Gl(u) = F(u) + TV (u) + I (u)

for u € L?(Q) and where Zz,, and T zn denote the {0, co}-valued indicator functionals
to the sets

Zp={uc L*(Q):v<u(z) <7 foraa rc}
and
Zh = {u e PO™ :v < u(z) <7 for a.a z € Q}.

Since Z% is finite-dimensional, the existence of a minimizer to (P%) follows immedi-
ately.

Theorem 5.36. Let F : L?(Q) — R fulfill Assumption 4.1. Let Gr and G’}% be
defined as above. Consider tuples {(h,Th)}n>0 such that Assumption 5.3 is fulfilled.
Let {ur, }n=0 C L*(Q) be a sequence with u,, — u in L*(2) as h \, 0. Then there
holds

< liminf G .
Gr(u) < hl}}l\l‘glf Gr(ur,)

Proof. Without loss of generality, we may assume that u,, € Z ]}é for all A > 0 because
uy, ¢ Z% implies the trivial case G%(ur,) = oo. That is, in particular there holds
ur, € PO™ and v < u,, (x) < ¥ for almost all z € Q for all A > 0. Since the set
Zp is convex and closed in L?(€) and therefore sequentially weakly closed in L%(£2),
there hold v < u(x) <7 for almost all z € Q which gives Zz, (u) = 0. Together with
Lemma 5.35, there holds

T < liminf o TV" (uy, ).
OZV(U)_IEH\%IOZ Vi (us,)

Because F fulfills Assumption 4.1, there holds F'(u) < liminfp~ o F(ur,). In total,
we obtain

Gr(u) < li}ln\iélf G (ur,).
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Theorem 5.37. Let F : L?(2) — R fulfill Assumption 5.1 and tuples {(h,7h)}n>0
be given such that Assumption 5.3 is fulfilled. Let u € LY(Q) be given. Let Gg and
G}é be defined as above. Then there holds

Gr(u) > limsup G% (I pgrau).
A0

Proof. If uw ¢ Zp, then Gr(u) = oo, which implies the trivial case. Therefore, we
may assume u € Zpg, that is, v < u(z) < 7 for almost all z € Q. This yields that also
v < I pgru(z) < 7 for almost all z € Q for all h > 0 such that IZ%(HPOT,L u) = 0 for
all h > 0. By Lemma 5.34, it follows that

aTV(u) = %i{% a TV (M porsu).

As in the proof of Lemma 5.34, there holds IIpgnu — u in LY(Q) as h N\, 0 by
Assumption 5.3 and Lemma 5.7. Hence, Lemma 2.19 yields IIpgm,u — w in LP(Q) as
h ™\, 0 for all 1 < p < co. Since F' fulfills Assumption 5.1, this yields

F(u) = %1{{% F(Hp()fhu).

In total, we obtain

Gr(u) = K% G (T pgrn ).

Theorem 5.38. Let F : L?(Q) — R fulfill Assumptions 4.1 and 5.1. Let tuples
{(h,mh) }n>0 be coupled such that Assumption 5.3 is fulfilled. Denote for h > 0 by
Up,, € PO™ a minimizer of (P%). The sequence {ur, }n>0 admits a weakly converging
subsequence in L?(Q) and each weak accumulation point is optimal for (PR). If F
is strictly convez, then the whole sequence {ur, }n>o converges weakly to the unique

minimizer of (PRr).

Proof. The sequence {ur, } >0 is bounded due to v < u,, (x) < ¥ for almost all z € Q
and all A > 0. This yields the existence of a subsequence of {u,, },~0 that converges
weakly in L2(€2).

Now let u,, — uin L?(2) as h \, 0 and % be an optimal solution to (Pg), which
exists due to Theorem 4.2. By Theorems 5.36 and 5.37, u is feasible for (Pr) and
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there holds

F(a)+ aTV(a) < F(u) + oTV(u)

.. h
< hin\{gf F(us,) +aTV(ur,)

< limsup F(u,, ) + a TV (u,,)
hN\O

< limsup F(HpoTh a) +aTVh (T pom, ﬂ)
A\O

< F(u) + aTV(a).
Hence, v is optimal for (Pr) with

F(u)+aTV(u) = %1{‘]% F(up,) +aTV(u,,).

If F is strictly convex, then the minimizer of (Pr) is unique by Theorem 4.2 such that
each subsequence of {u, }r~0 has a subsequence that converges weakly in L?(2) to
the unique minimizer. The Urysohn subsequence principle then yields that the whole

sequence {ur, }n>o converges weakly in L?(€2) to the unique minimizer of (Pr). O

We discretize the regularized problems (Ps.) with fixed d,& > 0 for mesh sizes
(h, ) that fulfill Assumption 5.3 analogously with the following discretized problem
that reads

. ) 9 .

st. v<u(x)<v foraa.ze.

We define the discretized and regularized total variation TV" : L1(Q) — R by

TVhw) = sup { = Salon] + [ u(o)divo(e)do: 6 € RTO) [0l < 1]

with a bounded and coercive bilinear form a : Ho(div; Q) x Hp(div;§2) — R as in
(TV,.). For the regularized total variation TV, we assume H = Hy(div;{2) such
that RT 08 C H. Moreover, we choose the same bounded and coercive bilinear form
a : Ho(div; Q) x Ho(div; ) — R for TV, as for TV". Again, the existence of a
minimizer for (Pf{ .) follows immediately because the feasible set is finite-dimensional.
Under these assumptions, the following lemma similar to Lemma 5.8 and Theorem 5.9

holds.
Lemma 5.39. Let {up}n>0 C L2(Q) with up, — u in L*(Q) as h \ 0. Then

TVe(u) < lim \jgf TV (up).
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Proof. The proof closely follows the proofs of Lemma 5.8 and Theorem 5.9. By
Theorem 1 in [62], we can approximate ¢ € H(div;Q) by a sequence {¢y}ren C
C2(Q;RY) with k|l oo (ray < 1 for all k € N with respect to the norm || - || g(aiv;)
that is, ||¢ — ¢kl gaivio) — 0, such that

TV.(u) =

sup {_;a[w,d}] + /Qu(fC) divep(z) da = ¢ € CZ(GRY), (|9 oo (upay < 1} '

Let 1 € C(Q;RY) satisfy [l oo (urey < 1 and let p € (0,1) arbitrary but fixed.
We approximate 1) with ¢ := (1 — p)ih € C>°(€; R%) such that

||7[}||L°°(Q;Rd) <A =p)Yllpeeray <1 —p
and
/ divy(z)u(z) de — %a[ip,lb]
0
= / div p(z)u(x) dz — ga[zﬁ,iﬁ] —|—p/Qdivw(a:)u(x) dz
— o (al. ¥] + aly, ] + pal, v])
= [ diviau(e)de = Safb i)+ p [ divo@u(e)de = 5p(2 - plalu, ]

. € 5 - .
< /Q div i (@)u(z) dr — Sald, 9] + p ) div ol ooyl 2 )

~
c1i=

By virtue of Proposition 2.26, we obtain that ||1ppent)|| (;ré) < 1 holds for all

0<h< £ - (w) Moreover, since 1/} has compact support in €2, there holds w n =0 on

99, where n denotes the outer unit normal of €2, so that Ippgnt) € RTO}. Moreover,

_pP_
there holds for all 0 < h < o) that

/ div @(w)uh(a}) dz — Ea[zﬁ,lﬁ]
Q 2
= /S)diVIRToh¢($)Uh(fU) dz — %a[IRTOh@&IRTO“]}]

+ [ div(s = Tugor ) aun ) do + SalTrront. Inond] = Sali.
< TV (up) + 1| div(é — Trpond)ll 2 lunll 20

+ %G[IRTOHAIRTOMZJ] - %a[@@ﬂ[}]
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Since [|upl[z2(q) is bounded, [ — IRTO;L@HH(diV;Q) — 0 by (2.14) and Lemma 2.23,
and H(div; Q) 3 ¢ — a[¢, ¢] € R is continuous, this yields

/ div 1[}($)u(3:) dz — an, 1/3] = lim / div @(zc)uh(x) dx — Ea[@@,z/;]
0 2 N0 Jo 2
< lim \i(r)lf TV (up).
Together, we obtain
/ div ¢ (z)u(z) dz — an, Y] < liminf TV (up,) + pey.
Q 2 R\0
Since p € (0,1) was arbitrary, this gives
/Qdiv Y(z)u(x)dr — %a[w, Y] < Iizn\'{(r)lf TV (uy).
Supremizing over all ¢ € C°(£; RY) with 19|l oo (0sray < 1 then yields

TV:(u) < ligl\j(t)lf TV (up).

Moreover, the following lemma similar to Lemma 5.34 holds.

Lemma 5.40. Let tuples {(h, ) }n>0 be given such that Assumption 5.3 is fulfilled.
Let uw € L*(Q) be given. Then there holds

TViIIpgru) = TV.(u) as h\0.

Proof. The proof is analogous to the proof of Lemma 5.34. By Assumption 5.3,
there holds TV"(IIpgrau) = TVA( pgru) = TV(u) because the divergence div ¢
of a lowest-order Raviart-Thomas function ¢ € RT0" is constant on the mesh cells
Qp,. Because RTO} C Hy(div; Q), there holds TV%(u) < TV (u). Since h N\, 0 also
implies 7, \, 0 due to Assumption 5.3, there holds I pgru — u in L'(2) as h N\, 0
by Lemma 5.7 and therefore Ipgr,u — u in L?(£2) as h \, 0 by Lemma 2.19 due to
u € L*™(2). We then obtain by Lemma 5.39 that

TVe(u) < lim vinf TV (M pgmu) < limsup TV (T pgm, u)

R\0
< limsup TV (u) < TV.(u),
A\
which yields TV, (u) = limp\ o TV (T pgr, w). O
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We define the two functions G, : L?(2) — R and G? : L?(Q) — R by
0, 12
Ge(u) = F(u) + §Hu”L2(§2) + aTVe(u) + Iz, (u)
and
h 0 12 h
Ge(u) = F(u) + 5 l[ulzai) + aTVe (u) + Lz (u)

for u € L*(Q) and where Zz, and IZ% are defined as above. We obtain the same
I'-convergence results as for (Pg).

Theorem 5.41. Let F : L*(Q) — R fulfill Assumption 4.1. Let G. and G" be
defined as above. Consider tuples {(h,Th)}n>0 such that Assumption 5.3 is fulfilled.
Let {us, }hso0 C L*(Q) be a sequence with u;, — u in L?(2) as h \, 0. Then there
holds

Ge(u) < hiﬂ\i‘(l)lf G (uy,).

Proof. Without loss of generality, we may assume that u,, € Z g for all A > 0 because
ur, ¢ Z% implies the trivial case G"(u,,) = oo. That is, in particular there holds
ur, € PO™ and v < u,, (x) < ¥ for almost all z € € for all h > 0. Since the set
ZpR is convex and closed in L?(f2) and therefore sequentially weakly closed, there
holds ¥ < u(z) < ¥ for almost all z € Q which gives Z,(u) = 0. Together with
Lemma 5.39, there holds

aTV,(u) < hin\i{gf aTVi(u,,).

Because F' fulfills Assumption 4.1, there holds F(u) < liminfy~ o F'(ur, ). Moreover,
there holds %HUH%Q(Q) < liminfp %Hum||%2(m. In total, we obtain

Ge(u) < liin\%(l)lf G (ur,).
O

Theorem 5.42. Let F : L?(2) — R fulfill Assumption 5.1 and tuples {(h,7h)}ns0
be given such that Assumption 5.3 is fulfilled and h \, 0. Let G- and G? be defined
as above. Let u € L*(Q) be given. Then there holds

G (u) > limsup GM(ITpgrsu).
AN\

Proof. It u ¢ Zg, then G.(u

) = oo, which implies the trivial case. Therefore, we may
assume u € Zg, that is, v < u(z) < 7 for almost all x € Q. This yields that also

115



v < I pgrnu(z) < 7 for almost all 2 €  for all h > 0 such that IZE (I pgrnu) = 0 for
all h > 0. By Lemma 5.40, it follows that

aTV.(u) = }1&% TV pgruu).

As in the proof of Lemma 5.40, there holds Ipgnu — u in LY(Q) as h N\, 0 by
Assumption 5.3 and Lemma 5.7. Hence, IIpgrnu — w in LP(Q2) as h N\, 0 for all
1 < p < oo by Lemma 2.19. Since F fulfills Assumption 5.1, this yields

F(u) = }LI{‘I[I) F(Hp()fhu).

Moreover, there holds

5oy S ,
g lulze() = Jim S Tpomn w12 q)-

In total, we obtain

Ge(u) = }1&% G (M pgrau).

The following theorem is analogous to Theorem 5.38. Due to the Tikhonov term,
we obtain strong convergence in L?(f2) instead of just weak convergence.

Theorem 5.43. Let F : L?(Q) — R fulfill Assumptions 4.1 and 5.1. Let tuples
{(h,Th) }n>0 be coupled such that Assumption 5.3 is fulfilled. Denote for fized €, > 0
by ur, € PO™ a minimizer of (Pf{a) for h > 0. The sequence {ur, }n>o admits a
converging subsequence in L?(S) and each accumulation point is optimal for (Ps.).
If F is convez, then the whole sequence {ur, }n>o converges in L*(Q) to the unique
minimizer of (Pse).

Proof. The sequence {ur, } >0 is bounded due to v < u,, (x) < 7 for almost all z € Q
and all A > 0. This yields the existence of a subsequence of {u,, }1~0 that converges
weakly in L?(€2).

Now let ur, — uin L*(Q2) as h \, 0 and @ be an optimal solution to (Ps.), which
exists due to Theorem 4.12. By Theorems 5.41 and 5.42, u is feasible for (Ps.) and
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there holds
0,9 _
F(@) + 51320 + TV (@)
1)
< F(w) + Slull2a(q) + aTV-(w)
. o
< hl}}l\l‘[r)lfF(uTh) + 5”“‘%“%2(9) + aTV?(UTh)

. 1)
< hmsupF(uTh) + 5”“%”%2(9) + O‘TV?(uTh)
A\

. d _
< limsup F(Ilpgm, u) + §||HP()T}LQ_LH%2(Q) + TV (IIpgr. )
ANO

0
< F(u) + §Hm|i2(9) +aTV,(a).

Since F is weakly lower semicontinuous by Assumption 4.1 and TV.(u) <
lim infpN o TV?(uTh), there holds

—F(u) — aTV.(u) > limsup —F(u,) — TV (u,,).
hN\O

Since $| - [ () 1 weakly lower semicontinuous, it follows

é
2 s 2
lullzz i) < h}ln\lg)lfiﬂumﬂm(m
. 1)
< limsup 5”“%”%2(9)
AN\0
. )
= timsup (Gl [0y + (i) + 0TVE 1) = Fluy) = 0TVEur)

. J
< timsup (3 [ + Flin) + aTVA(ur) )
O \2
+ lim sup (—F(uTh) - OzTV?(uTh))
N
5
< F(u) + 5”“”%2(9) +aTV(u) — F(u) — aTV.(u)

1)
= Sluls )

that is, limp\ o (U, |22(0) = llullz2(q). Together with the weak convergence u,, — u
in L2(Q2) as h \, 0, it follows that u,, — u in L*(Q) as h \, 0.

If F' is convex, then the minimizer of (Ps.) is unique by Theorem 4.12 such that
each subsequence of {ur, }n~o has a subsequence that converges in L%(f2) to the
unique minimizer. The Urysohn subsequence principle then yields that the whole
sequence {ur, }n>0 converges in L*(Q) to the unique minimizer of (Ps.). O
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Chapter 6

Numerical examples

In this chapter, we provide numerical examples that combine the findings from this
thesis. In the course of this, we will check the algorithms for practicability, examine
the approximation properties of the discretized total variation TV" and the corre-
sponding discretized optimization problems (P”) in practice, compare the discretiza-
tion (P?) to an anisotropic discretization of (P), and evaluate the lower bounds
obtained by the relaxation (Pg).

Sections 6.1 and 6.2 are based on the numerical experiments from [95] and closely
follow the observations made therein.

In Section 6.1, we compare the approximation behavior of the discretized total
variation TVP with and without coupled meshes for the input function using Ex-
ample 5.10 and compute the errors with respect to the total variation of the limit
function.

In Section 6.2, we examine the influence of the constant ¢ on the discretization
(P from Chapter 5. To this end, we will consider an instance from imaging with an
L! fidelity term and use outer-approximation Algorithm 3 to solve the corresponding
discretizations (P?) with different choices for the constant c.

In Section 6.3, we take up the instance from Section 4.4.2, which was designed so
that we know its exact optimal solution in function space. We discretize the instance
in two different ways. The first one is the discretization (P?) that was introduced
in Chapter 5 in which both the input function and the total variation term are dis-
cretized. In the second discretization, we only discretize the input function and keep
the total variation term TV. We apply trust-region Algorithm 1 to both variants
of discretized problems and compare the results. To solve the trust-region subprob-
lems that arise from the discretization (PQ), we use outer-approximation Algorithm 3
which was introduced in Section 5.3. The trust-region subproblems that arise from
the discretization with the usual total variation term TV can be reformulated as in-
teger linear programs and solved by standard off-the-shelf solvers. We also compute
the errors to the known optimal solution in function space. Moreover, we consider

119



the relaxation (Pgr) as introduced in Chapter 4, discretize it following Section 5.4,
and solve it with Algorithm 2 to compute lower bounds for (P%).

In Section 6.4, we examine an instance from imaging that contains an L? fidelity
term and a PDE constraint. Here we also apply the discretization (P?) and the
anisotropic discretization that only discretizes the input function and keeps the to-
tal variation term TV. Again, we solve the discretized problems with trust-region
Algorithm 1. We use outer-approximation Algorithm 3 to solve the trust-region sub-
problems that arise from (P?) and reformulate the trust-region subproblems that
arise from the discretization with the usual total variation term TV as integer lin-
ear programs to solve them with a standard off-the-shelf solver. Subsequently, we
compare the results that arise from the differing discretizations.

All numerical experiments were run on a single node of the Linux HPC605 cluster
LiDO3 with two AMD EPYC 7542 32-Core CPUs and 64 GB RAM (computations
were restricted to one CPU). We have used DOLFINx 0.7.2 [7] for the finite-element
discretization and Gurobi 10.0.3 [59] to solve the occurring optimization problems.

6.1 Approximation of TV with TV"

The first numerical experiment is concerned with the approximation of TV with TV,
Example 5.10 demonstrated that there are functions u € BVy(€) such that TV (u)
cannot be approximated with TV™(RY. (u)). We solved this issue by discretizing u
on a finer mesh than the mesh for the total variation and proved in Theorems 5.9
and 5.14 that we can approximate TV (u) with TVH(RY . (u)) when the meshes Q,
and Q; are coupled such that 7 0 as h 0 and Assumption 5.3 is fulfilled.

6.1.1 Experiment description

We take up Example 5.10 and consider the function u = X{(L —1)Tz>0} € BVy(Q)
37 -

with Q = (0,1)% and U = {0,1}. We discretize 2 into meshes Q) and Q, of axis-

aligned squares for decreasing h and 7 fulfilling Assumption 5.3 and compute the

values TV (u,) and TV (u,) with u, = RgOT (u).

Practical implementation

For each tuple (h, ), we first compute u, = R%, (u). We formulate the optimiza-
tion problem for the computation of TV?(u,) as a maximization problem with linear
objective function and quadratic constraints. For the linear formulation of the ob-
jective function, we use that TV"(u,) = TV®(II pgru,) by Assumption 5.3 and that
the divergence div ¢ of a lowest-order Raviart-Thomas function ¢ € RT0" is con-
stant on the mesh cells Qp. For the formulation of the constraint [|¢|| e qre) < 1
for ¢ € RTOQ as quadratic constraints, we use that lowest-order Raviart—Thomas
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Table 6.1: Values of h=t, 771, TV (u,), TV®(u,), TV(u), and TV (u,) with u, =
R%m (w).

BTt TVT() TVM(ur) TV(n)  TV() gyl (TV() = TV (ur)t

TVh(u,)
2 2.9 0.97748  0.36456  1.22222 1.05409 3.35259 8.513 x 1073
4 4-10 1.03118  0.67116 1.27500 1.05409 1.89970 2.292 x 1073
8 8-11 1.05709  0.86291 1.30682 1.05409 1.51443 2.727 x 1074
16 16-12 1.0692 0.95678  1.32292 1.05409 1.38268 1.259 x 1073
32 32-13 1.07393  1.00593 1.32692 1.05409 1.31910 1.526 x 1073
64 64-14 1.07648  1.02999 1.33036 1.05409 1.29162 1.599 x 1073
128 128 -15 1.07774  1.04208 1.33229 1.05409 1.27849 1.577 x 1073
256 256-16 1.07822  1.04805 1.33276 1.05409 1.27166 1.508 x 1073

functions are linear on the mesh cells Qp and the convexity of the Euclidean norm
such that

11l oo (@) = sup [o(x)l|2 = e lo(qi)l2,

where ¢;, i = 1,...,4, denote the four vertices of a square Q) € Qp,, such that
¢l Lo @rey <1
is equivalent to
lo(g)|2 <1 Vie{l,...,4}.

We solve the quadratic problems for the computation of TV (u,) and TV (u,) with
Gurobi [59].

6.1.2 Results

We obtained the following results from the experiments described above.

Table and figure description

In Table 6.1, we list all considered mesh sizes (h, 7), the computed values TV7 (u),
TV (u,), and TV(u,), the total variation TV (u) of the limit function w, the ra-

tio E\Yh(gj), and the rate (TV(u) — TV®(u,)) 2. We plotted the errors |TV(u) —

TV™ (u,)| and [TV (u) — TV"(u,)| for the tuples (h,7) from Table 6.1 in Figure 6.1.
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Figure 6.1: Errors [TV (u) — TV (u,)| and [TV (u) — TV®(u,)| for the tuples (h,7)
listed in Table 6.1 with u, = RY, (u).

Result description

In Table 6.1, we perceive that TV (u,) — 1+T‘/5 ~ 1.07869 > TV(u) as 7 N\, 0
and TV (u,) — TV(u) = @ ~ 1.05409 as h \, 0. Moreover, we observe an
experimental error TV(u) — TV (u,) < r J with r ~ 8.513-1073.

In Figure 6.1, we can observe that the error |TV(u) — TV7 (u,)| is not vanishing

while the error [TV (u) — TV"(u;)] is vanishing for 7 N\, 0, b\, 0.

Interpretation

The results in Table 6.1 and Figure 6.1 confirm our theoretical results as the values
TV"(u,) approximate the total variation TV (u) of the limit function u as % \, 0
and h N\, 0. As predicted, the discretization without coupled meshes by TV (u;) or
without a discretization of the total variation by TV (u,) are not appropriate for the
discretization of TV because they do not approximate TV (u).

In accordance with our theoretical error estimates in Propositions 5.13 and 5.15,
we can observe in Table 6.1 and Figure 6.1 that an error rate with respect to 7
applies to our numerically computed errors [TV (u) — TV (u,)].

Another advantage of using two superlinearly coupled meshes for the input func-
tion and the total variation besides the approximation is that the computation of
TV (u,) is faster than the computation of TV™ (u,) for the same 7 > 0, which is due
to the smaller size of the optimization problem that needs to be solved to compute
TV"(u,) compared to the size of the optimization problem for the computation of
TV7(u,). For b=t = 256 and 7! = 256 - 16, the runtimes have been 831.16 seconds
to compute TV (u,) and 30933.33 seconds to compute TV (u,).
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In Example 5.28, we have provided an example in which the constant ¢ = v/2 is
sharp for the case d = 2. Nevertheless, there are instances in which the constant ¢
could be chosen within the interval [1,+/2). For example, if the limit function is a
square whose sides lie on the grid lines of the mesh, then even the choice ¢ = 1 is
valid. In Table 6.1, we can estimate the asymptotically valid constant experimentally
by considering the limit lim%\o E\Xq(g;)) ~ 1.27. In general, the choice ¢ € [1,1/2)
can only be validated if the solution to the limit problem is known while the choice
¢ > /2 is always valid by Theorem 5.27. Due to this certainty, we believe that ¢ > /2

is generally the preferred choice in optimization contexts, where the solution to the

limit problem is unknown.

6.2 Influence of the constant c in (P?)

In our second numerical experiment, we will examine the influence of the choice of
the constant ¢ for the discretization (P?) of (P) on the numerical results. To this
end, we consider (P) with the choices F(u) = [Ju — uq4l[11() and o =5 - 1073 , that
is, we consider the imaging optimization problem

min ||u — ugql|r1q) + 0.005TV (u
. Jmin = vl (w)

s.t. wu(z) €U CZ for aa. x € Q,

where ug € L'(Q) represents a noisy image. The original picture is shown in Fig-
ure 6.2a and the noisy version is shown in Figure 6.2b. To obtain ug4, we have added
Gaussian noise with standard deviation o = 5% to the original picture and scaled
the gray scale values to the interval [0,5]. We set U = {0, ..., 5} which represents six
evenly distributed gray scale values. In order to keep the focus on the influence of the
constant ¢ and to keep the problem computationally manageable, we have measured
the distance between v and ug in the L' norm instead of the more common L? norm
and refer to [33] for a discussion regarding this choice. A similar example with an L?
tracking term is provided in Section 6.4.

6.2.1 Discretized optimization problems

For the meshes 9, and Q,, we assume that Assumption 5.3 holds. The discretization
of (P;) according to (P”) reads

i — 0.005V
L |u — gl L1 () +
. TV <cV
®h) o VW
TVh(u) <V

u(z) € U for a.a. z € Q.
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6.2.2 Experiment description

As discussed in Chapter 5, the constant c in the discretization (P?) influences the
level of chattering that is permitted by the averaging effect of the discretized total
variation TV" for fixed meshes. We examine the influence of the choice of the constant
c on the numerical results by applying outer-approximation Algorithm 3 to (P?) with
the mesh sizes (h,7) = (35, 135) and (h,7) = (g1, 513) and the constants ¢ = 3'/2
with 7 =0,...,4. We have applied Algorithm 3 with an iteration limit of 25 iterations
%. We have set the time limit for Gurobi
[59] to solve the mixed-integer linear programs (MIP) to 48 hours and the acceptable

and a tolerance of 10~ for the gap

optimality gap to the default value 104,

Practical implementation

We reformulate the optimization problems of the form (MIP) that occur during the
application of Algorithm 3 to (P}}) as mixed-integer linear programs. To this end, we
need to reformulate the L' norm in the objective and the constraint TV (u) < ¢V
as linear terms. To this end, let us denote Q. = {Q1,...,Qm} for some m € N. By
Lemma 2.18, the total variation of a function v € P0" can be rewritten as

m—1 m
TV (u) = D g —uelHjy,
j=1 t=j+1
where u; denotes the the value of u on square Q;, j € {1,...,m}, and where we

denote Hj, == HI=L(0*Q; N 9*Qy) for §,€ € {1,...,m}. We introduce the variables
yj¢ € R that represent the jump heights between the squares Q;,Q, for j, £ €
{1,...,m}. We model this with the following constraints

uj —ug < Yo

Up — Uj < Yjp

with j,¢ € {1,...,m}. We replace TV (u) by

m
Z yjeHj e

j=1 t=j+1

m—1

Similarly, we reformulate the L' norm in the objective by adding the constraints

u; — (uq)j < 2j

(ua)j —uj < z;

for j € {1,...,m} and where (uq); denotes the value of ug on the square Qj,
j € {1,...,m}. We replace |[u — ugl/z1(q) in the objective by Z;nzl z;j. In total,
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we reformulate (MIP) for (P%) with k € Ny as

m
min >z +0.005V
(U:MZ,y)ERmXRXRmeme ‘771
m—1 m
s.t. yj,ZHj,e <V
J=1t=j+1

NE

diju; <V VieNji<k
(MIP;) <

<.
Il

uj—ug <y;p Vjle{l,...,m}
ug—u; <yje Vi Le{l,...,m}
uj—(ug)j <zj Vjied{l,...,m}
(ug)j —uj <z Vje{l,...,m}
ujelU Vjied{l,...,m},

where we may denote d;; = (div¢;)|g; € Rfori € N, i < k, and j € {1,...,m}
because the divergence div ¢ of a lowest-order Raviart-Thomas function ¢ € RT0"
is constant on the squares of @, due to Assumption 5.3.

Moreover, we have reformulated (QP) as an optimization problem with linear
objective and quadratic constraints following Section 6.1.1. Within the application of
outer-approximation Algorithm 2, we have solved the reformulated problems (MIP)
and (QP) with Gurobi [59].

6.2.3 Results

We obtained the following results from the experiments described above.

Table and figure description

We present the results for the case (h,7) = (35, 135) in Table 6.2 and for the case
(h,7) = (g1, z13) in Table 6.3. If we denote the solution that is returned by Algo-
rithm 3 by (u*, V*), then c represents the value of the constant ¢ for the discretiza-
tion (P"), Term. gives the information why the algorithm terminated, It. represents
the number of iterations until termination, Obj. val. represents the objective value

F(u*)+0.005V*, TV represents TV (u*), TV® represents TV (u*), V represents V*,
TV (u*)-V*
TVh(u*)
column 2 of Tables 6.2 and 6.3, the abbreviations indicate the reason for the termi-

Gap represents , and Time (s) represents the running time in seconds. In

nation of the algorithm, where Opt means that we have found an optimal solution,

Tol means that % < 1073, Maxlter means that Algorithm 3 reached the

iteration maximum, and GrbTime means that Gurobi reached the time limit while

solving (MIP). The resulting images for the case (h,7) = (6%1, 5%) for the different
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Table 6.2: Results from the application of Algorithm 3 to (P) resulting from (Pj)

with (h, 7) = (35, 155)-

c Term. It. Obj. val. TV TVh v Gap Time (s)

V2 Opt 1 0.453581 34.546875 19.985456 24.428330 —2.223 x 107! 28
3v2 Tol 24 0.328303 89.679688  21.143576 21.137705  2.777 x 10~* 7613
9v2 Maxlter 25 0.297379 135.218750 18.054645 17.843617 1.169 x 102 2154
27v2 MaxIter 25 0.297393 135.132813 17.967840 17.798740  9.411 x 1073 1502
81v2 MaxlIter 25 0.297377 135.140625 17.973196 17.782075 1.063 x 102 1786

Table 6.3: Results from the application of Algorithm 3 to (P?) resulting from (Pj)

with (h,7) = (é, =)

c Term.  It. Obj. val. vV TVh 14 Gap Time (s)

V2  GrbTime 9 0.498596 29.820312 21.295309 21.086300 9.815 x 1073 343893
3v2 GrbTime 13 0.437718 97.527344 24.093675 22.987415 4.591 x 1072 384429
9v/2  MaxIter 25 0.343889 301.912109 24.076626 23.721174 1.476 x 1072 539392
272 MaxIter 25 0.307785 464.355469 21.445615 20.954688 2.289 x 1072 515671
812 Tol 5 0.312697 491.566406 22.357736 22.357736 0.000 35436

(d) e :‘3\-/% | | (f) c =272

Figure 6.2: Original image, noisy image, and resulting images obtained by applying
Algorithm 3 to the discretization of (P;) with (h,7) = (g, z13) and different values
for the constant c.
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choices for the constant ¢ as well as the original and the noisy image are shown in
Figure 6.2.

Result description

In Figure 6.2, we can observe that the chattering in the resulting images increases as
the value of ¢ increases. This can also be observed in Tables 6.2 and 6.3, where the
total variation generally increases for increasing c. In Table 6.2 we can moreover see
that this effect flatters for ¢ > 9v/2. In our numerical experiments, we can observe
that Algorithm 3 was mostly able to close the gap between V and TV"(u) within the
first few iterations to an accuracy of order 102 but it was not able to close the gap
to the desired accuracy of 1072 within the prescribed iteration limit of 25 iterations.
Further experiments suggest that a moderate increase of the iteration limit is not
sufficient to achieve an accuracy of 1073 in this example.

Interpretation

We highlight the impact of the choice of the constant ¢ in Figure 6.2 on the results
obtained by the application of outer-approximation Algorithm 3 to the discretized
problems (P”), even if the specific choice of ¢ > v/2 does not make a difference in
the limit from a theoretical point of view. The constant ¢ = /2 from Theorem 5.27
in Figure 6.2c and the constant ¢ = 9v/2 from Theorem 5.26 in Figure 6.2¢ lead to
significantly different results. This underlines the importance of the knowing of the
sharp bound for the constant c. Since in general the purpose of the total variation
regularization is the avoidance of chattering, we believe that the choice of the smallest
possible constant c is favorable.

Numerical difficulties

The solution of mixed-integer linear programs is in general computationally expen-
sive. Since in each iteration of outer-approximation Algorithm 3 the mixed-integer
linear program (MIP;) has to be solved, this leads to very long runtimes of Algo-
rithm 3. In order to reduce the runtime of Algorithm 3, it is sensible to search for
efficient algorithms for a faster solution of (MIP;) and further cutting planes that
can be added to (MIPy) for a faster convergence of outer-approximation Algorithm 3.

6.3 Numerical example with known optimal solution
For our third numerical example, we consider (P) with the choice F : L?(Q) — R

defined by F(u) = 3||S(u + f) — yd]\%2(9) with f € L?(Q) and y4 € L%*(Q) as
introduced in Section 4.4, where S : L*(Q) — HZ(Q) is the solution operator that

127



maps w € L?(£2) to the unique solution y € H}(Q2) to
(PDE) —kAy+y=win Q, y =0 on 0

with fixed k > 0. We highlight that S : L*(Q) — HZ(Q) is injective such that

F : L?(Q) — R is strictly convex. We define Q = (0,2)?, p1 = %, p2 = %,

yq € L*(Q), and f € L?(2) as in Section 4.4.2 such that @ € BVy(Q) defined by

B 1 ifzeB
u(x) =
{0 ifzreQ\B

with B = Bys((1,1)T) € © is the unique optimal solution to
n sl = vl + aTV(W)
min  —|ly—
wer2(Q) 2 Y—Yd L2(9) (e U
s.t. —kAy+y=u+ fin 2, y =0 on 0N
u(z) € U ={0,1} for a.a. z € Q

(6.1)

with o > 0.

Since F : L*(Q) — R is continuous, convex, and bounded from below by 0,
Assumptions 1.1, 4.1 and 5.1 are fulfilled. We use the same arguments as in Section 5.1
in [76] to prove that F : L2(Q) — R fulfills Assumption 3.11. By Lemma A.3 in [36],
the bounded Lipschitz domain © = (0, 2)? is a regular set in the sense of Groger [58].
By Theorems 1 and 3 in [58], there exist ¢’ > 2 and some constant ¢y > 0 such
that [[Sullyaq) < collully-14q) for u € W14 (Q). By analyzing the adjoint,
we obtain for some constant c; > 0 that [[Sully1.e@) < eillully-1.4(q) holds for

u € W=H4(Q), where ¢ < 2 is the Hélder conjugate of ¢’. The continuous embeddings
Whi(Q) < L2(Q), Wh' (Q) < C(Q) — L®(Q), and L'(Q) < W~19(Q), see §7.1
in [104], yield the existence of two constants ¢z, c3 > 0 such that

yllz2() < e2llyllwrao)
for y € W4(Q) and

[ullw-1.00) < esllullpre)
for u € L'(Q). Hence, there holds for u,v,w € L?*(Q) that

WQF(U)(%’LU)’ = (SU7Sw)L2(Q) < HSUHL2(Q)HSWHL2(Q)

< C%HSUHWW(Q)HSWHWM(Q) < C%C%HU”W*LQ(Q)HwHW*L‘Z(Q)

< Gescil|vll oy llwllpr g)-
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Moreover, since also VF(u) = S(S(u + f) — yq) € Wh4(Q) for u € L*(Q), the
continuous embedding W' (Q) < C() yields that VF(u) € C(Q) for v € L*(Q)
as required for Theorems 3.14 and 3.23, Lemma 3.21, and Corollary 3.22.

6.3.1 Discretized optimization problems

In order to discretize (6.1), we discretize the control u € L?(€2) in (6.1) by piecewise
constant functions P0™ on the cubic mesh Q. . We denote the space of continu-
ous Lagrange elements of order 1 on the mesh Q,, by CG1™ C H!(Q) and denote
CG1y = CG1™ N HE(Q). In order to discretize (PDE), we consider the weak for-
mulation of (PDE), which reads: find y € H}(Q2) that fulfills

/Q/QVy(:r)~Vv(x) dw—i—/ﬁy(m)v(m) dxz/w(w)v(w) dz Vv e H}(Q).

Q

The corresponding discretized PDE then reads: find y € CG1{" that fulfills

(PDE,,) n/QVy(a:) -Vo(z) dx—i—/ﬂy(x)v(x) dz = /ﬂw(a:)v(a:) dz Vve CG1}.

We denote the corresponding discretized solution operator that maps w € L?(Q)
to the unique solution y € CG1{" to (PDE,,) by S™ : L*(Q2) — CG1{". Accord-
ingly, we define F™ : L%(Q2) — R by F™(u) := [|S™ (u+ Ipoms f) — ICGlrhde%Q(Qy
where Ipgm : L2(€2) — P0™ denotes the interpolation operator for P0™ and
Iccim = L?(2) — CG1™ denotes the interpolation operator for CG1™. We consider
two discretizations of (6.1). The first one implements the discretization (P”) intro-
duced in Chapter 5 and reads
min ~ F™(u) +aV
(u,V)EPO™h xR
TVE(u) <V
u(z) € U ={0,1} for a.a. z € Q

with ¢ > v/2. The second discretization is without the application of the discretized
total variation TV" and discretizes only the control u, that is,

min F™(u) + oTV(u)

(63) ueP0"h
s.t. u(z) e U={0,1} for a.a. z € €.
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We aim to apply trust-region Algorithm 1 to (6.1) or rather to its discretizations
(6.2) and (6.3). The corresponding trust-region subproblem to (6.1) reads
ueng;{lﬂ) (Pn—1,u — tn-1)2(q) + TV (u) — TV (tp-1)
(6.4) s.t. Hu — an_l”Ll(Q) <A
u(x) € U ={0,1} for a.a. x € Q,

where @,—1 € BVy(Q) is the solution most recently accepted by trust-region Algo-
rithm 1, §p—1 = S(tn—1 + f) € H} () is the corresponding state, and VF (ii,—1) =
Pr-1 = S(Un-1 — va) € HI(Q) is the adjoint state. The discretized trust-region
subproblem corresponding to (6.2) reads

i 7n— y W 771— V_ Vn—
(u,V)renl%lTh xR (p LU 1)L2(Q) ta @ !
s.t. TV(u) <cV

[ = tn—1llp1o) <A
u(z) € U ={0,1} for a.a. z € Q,

where (1,1, Vo—1) € PO™ x R is the solution most recently accepted by trust-region
Algorithm 1, g1 = S™ (Gp—1 + Ipow f) € CG1y" is the corresponding state, and
VE™(tp—1) = Pn—1 = S™(Jn—1 — locinya) € CGL{" is the adjoint state. Similarly,
the discretized trust-region subproblem corresponding to (6.3) reads
uglpi(%h (Pn—1,u — Un-1)2(q) + TV (u) — TV (ty-1)
(6.6) st Jlu—Gpo1lpig) <A
u(z) € U ={0,1} for a.a. z € ,

where again 4,1 € P0™ is the solution most recently accepted by trust-region
Algorithm 1, gp—1 = S™(Gn—1 + Ipow f) € CG1y" is the corresponding state, and
VE™(tp—1) = Ppn-1 = S™(Jn-1 — Icc1myq) € CG1y" is the adjoint state.

Additionally, we consider the relaxation (Pr) of (6.1) according to Chapter 4 that
reads
min  F(u) +aTV(u)
(6.7) u€L2(9)
st. 0<u(r)<l1foraa ze€.

According to Section 4.4, the function u as defined above is also the unique optimal
solution to (6.7). In order to apply outer-approximation Algorithm 2, we introduce
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the regularization (Ps.) of (6.7) that reads

. 5
68 S Flu)+ SllullZa o) + @TVe(u)

st. 0<wu(z)<1foraa zef

with e > 0 and § > 0. For the numerical solution of (6.8), we apply the finite-element
discretizations from Section 5.4 that read

. i 5
69 min P (w)+ ol + aTVE (W)

st.  0<wu(z)<1foraa zecq,

corresponding to discretized problem (6.2) and

. . 5 T
6.10) min () + Sl + aTVE ()

st.  0<wu(z)<1foraa. zecq,

corresponding to discretized problem (6.3), where we define for fixed u € L?(Q) the
discretized and regularized total variation TV? : L?(Q) — R by

TVA(w) = sup { ~Sal6 0]+ [ ute)div (o) e 6 € RTO [0l oz < 1.

We choose H = Hp(div;€) and the bounded bilinear form a : Hy(div;Q) X
Hy(div, ) — R defined by

al, 8] = /Q div ¢(z) div 6(z) da.

Even if this specific choice for a is not coercive with respect to || - || g(div;0), all results
from Chapter 4 and Section 5.4 still hold except for the uniqueness of the maximizer
of (Q). In particular, (Q.) still admits a maximizer, TV, : L?(Q) — R is still convex
and continuous, and the convergence proof for Algorithm 2 in Lemma 4.14 still holds,
because we can just continue after (4.4) with <Z~> instead of ¢. We highlight that there
holds TV"(u) < TV®(u) due to a[¢, ] > 0 and TV (u) < TV (u) < TV (u) due to
RTO} C Hy(div; Q). Similar to Theorem 4.13, we obtain a lower bound for (6.2) and
(6.3) from the optimal values of (6.9) and (6.10). To see this, let 4; € P0™ denote
the optimal solution to (6.9), ae € P0™ denote the optimal solution to (6.10),
(w1,V1) € PO™ x R denote the optimal solution to (6.2), and @y € P0™ denote
the optimal solution to (6.3). We denote M = v2__ || and vyax = max,cp |v] as in
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Theorem 4.13. By the feasibility of 4y for (6.9), there holds
ey 1 O 2 h( g
F™ () + §HU1HL2(Q) + TV (i) — oM

0 )
< F™ (1) + 5\\131”%2(9) +aTVE (i) - oM
< F™ (1) + aVj

and analogously by the feasibility of uy for (6.10), there holds

T I
F™ (tg) + §||U2H%2(Q) +aTVI(ag) — oM

0 1)
< F™(ug) + §|W2||%2(Q) +aTVE (ug) — oM

< Fh (fbg) + (XTV(Q_LQ).
Additionally, we also consider the variant

: 7 0 _
(6.11) weboth F™ (u) + 5”“ - IPO"'hUH%2(Q) + TV (u)

s.t. 0 <wu(z)<1foraa. xe,

of (6.9) and the variant

. ) ~
(6.12) wePh F™ (u) + 5”“ - IPOThUH%Q(Q) + aTVI"(u)

st.  0<u(x)<1foraa. xeQ,

of (6.10). The optimization problems (6.11) and (6.12) are the discretizations of the

regularization
n - F(w)+ 5 ) + 0TV(w)
min u) + =||lu—17u e u
ueL?(Q) 2 L2() ‘

st.  0<u(zr)<1foraa zeQ
of (6.1). We highlight that the regularization with the alternative Tikhonov term
gHu — BH%Q @) does neither change the limit of the minimizers nor the limit of the
optimal objective values for vanishing regularization parameters £, N\, 0. It might

even accelerate the convergence because it vanishes for the optimal control @ of the
limit problem (6.1).

6.3.2 Experiment description

We have proved in Chapter 5 that the optimal solutions to (6.2) recover the optimal
value of (6.1) when the coupled mesh sizes (h, 75,) are driven to zero such that 7=~ 0.
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Moreover, we have proved that it is generally not possible recover the optimal value
with the anisotropic discretization (6.3). We apply trust-region Algorithm 1 to solve
the discretized optimization problems (6.2) and (6.3) to examine the influence of the
both discretizations on the numerical results.

As introduced in Chapter 4, we obtain lower bounds for the discretized optimiza-
tion problems (6.2) and (6.3) from the optimal values of the discretized and regular-
ized problems (6.9) and (6.10). We apply Algorithm 2 to solve (6.9) and (6.10) to
compute the lower bounds for (6.2) and (6.3). Additionally, we apply Algorithm 2 to
the optimization problems (6.11) and (6.12) with the alternative Tikhonov term to
obtain approximate lower bounds for (6.2) and (6.3).

Since we know the optimal solution to the limit problems (6.1) and (6.7), we addi-
tionally compute the relative errors of the solutions to the discretized and regularized
problems to the optimal solution in function space in order to evaluate the conver-
gence behavior when the mesh sizes and the regularization parameters are driven to
zZero.

We list all instances including the corresponding parameters, limits, and settings
for the application of Algorithms 1 to 3 in Tables 6.4 to 6.6.

Table 6.4 lists the experiments in which Algorithm 1 is applied to the discretiza-
tions (6.2) and (6.3). Therein, Ay denotes the reset radius for trust-region Algo-
rithm 1, o denotes the parameter o for the sufficient decrease condition (3.13), Mazlt
OA denotes the iteration maximum for outer-approximation Algorithm 3, TOL OA
denotes the chosen tolerance for outer-approximation Algorithm 3, TOL GRB de-
notes the chosen tolerance for Gurobi, and Time GRB denotes the time limit for
Gurobi.

Table 6.5 lists the experiments in which Algorithm 2 is applied to the discretiza-
tions (6.9) and (6.10) and Table 6.6 lists the experiments in which Algorithm 2 is
applied to the discretizations (6.11) and (6.12). Therein, TOL denotes the chosen
tolerance for outer-approximation Algorithm 2, Mazxlt denotes the iteration max-
imum for outer-approximation Algorithm 2, and Time limit denotes the time for
Algorithm 2.

Practical implementation

When we apply Algorithm 1 to discretization (6.2), we use outer-approximation
Algorithm 3 to solve the occurring subproblems of type (6.5). We reformulate (MIP)
as a mixed-integer linear optimization problem following Section 6.2.2 and (QP) as a
quadratic optimization problem following Section 6.1.1. For the solution of (MIP) and
(QP), we use Gurobi [59]. For outer-approximation Algorithm 3, we use a tolerance
TOL for the gap between TV"(uy) and V}, that is, Algorithm 3 terminates if

(6.13) /Qdiv Gpr1(2)ug(z)de — Vi, < TOL /Q div g1 () ug(z) de.
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Table 6.4: Instances, parameters, and settings for the application of trust-region
Algorithm 1 to (6.2) and (6.3).

No. (4, %) Discr. a K ¢ Ao o MaxIt OA TOL OA TOL GRB Time GRB
El  (16,64) (6.2) 1x107% 1x1072 V2 1z 1x107* 25 1x1072  1x1073 48 h
E2  (16,64) (6.2) 1x107% 1x1072 3v2 15 1x107* 25 1x1072  1x107% 48 h
E3  (64,64) (6.3) 1x107® 1x1072 - /s 1x1074 - - 1x1074 48 h
E4 (32,128) (6.2) 1x1073 1x1072 2 s 1x107* 10 1x1072  1x1073 48 h
E5 (128,128) (6.3) 1x107% 1x107%2 - s 1x107* - - 1x 1074 48 h
E6  (64,512) (6.2) 1x107% 1x1072 2 112 1x107* 10 1x1072  1x107% 4h
E7 (512,512) (6.3) 1x107% 1x1072 - /512 1x 1074 - - 1x 1073 4h

Table 6.5: Instances, parameters, and settings for the application of outer-
approximation Algorithm 2 to (6.9) and (6.10).

No.  (j,=) Discr. « K £ ) TOL  MaxIt Time limit
Rl (16,64) (6.9) 1x107% 1x1072 1x10™* 1x107* 1x1072 1001 168 h
R2  (64,64) (6.10) 1x1073 1x1072 1x10™* 1x107* 1x1072 1001 168 h
R3  (32,128) (6.9) 1x1073 1x1072 1x10™* 1x107* 1x1072 1001 168 h
R4 (128,128) (6.10) 1x107% 1x1072 1x10™* 1x107* 1x1072 1001 168 h

R5  (16,64) (690 1x107% 1x1072 1x10™* 1x107® 1x1072 1001 168 h
R6  (64,64) (6.10) 1x1073 1x1072 1x107% 1x107° 1x10"2 1001 168 h
R7 (32,128) (6.9) 1x107% 1x1072 1x10™* 1x107® 1x1072 1001 168 h
R8 (128,128) (6.10) 1x1073 1x1072 1x10™* 1x107® 1x1072 1001 168 h

Table 6.6: Instances, parameters, and settings for the application of outer-
approximation Algorithm 2 to (6.11) and (6.12).

No. (%, %) Discr. et K € 0 TOL MaxIt Time limit

h
RV1  (16,64) (6.11) 1x1072 1x1072 1x107® 1x1072 1x10"%2 1001 168 h
RV2  (64,64) (6.12) 1x107% 1x1072 1x103 1x1072 1x1072 1001 168 h
RV3 (32,128) (6.11) 1x107% 1x1072 1x107® 1x1072 1x10~2 1001 168 h
1x107% 1x1072 1x107% 1x1072 1x1072 1001 168 h

RV4 (128,128) (6.12

RV5  (16,64) (6.11) 1x10™® 1x1072 5x107% 5x107% 1x1072 1001 168 h

RV6  (64,64) (6.12) 1x1073 1x1072 5x107*% 5x1073 1x1072 1001 168 h
1x1073 1x1072 5x107* 5x1073 1x1072 1001 168 h

RV7 (32,128) (6.11
RV8 (128,128) (6.12) 1x1073 1x1072 5x107* 5x1073 1x10°2 1001 168 h
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In order to limit the runtime of Algorithm 1, we specify an iteration maximum
for Algorithm 3. If Algorithm 3 is not able to close this gap up to the tolerance
TOL with the current iterate (ug,Vy) within the iteration maximum, we return
(o Vi) = (ug, max{1TV(uz), TVP(uy)}) as the solution to (6.5) and continue
with trust-region Algorithm 1. If the suboptimal solution results in a non-positive
predicted reduction, we do not let the algorithm terminate and reduce the trust-
region radius A in spite of this.

We highlight that a negative predicted reduction can occur in our numerical exper-
iments due to the acceptance tolerances. This can be explained by the gap between
Vi—1 and TV (4,,_1) due to the outer approximation which leads to an underestima-
tion of the optimal value of (6.5). In particular, the solution (#,_1,V,_1) obtained
by the application of outer-approximation Algorithm 3 with a tolerance might not
be feasible for (6.5) but only (tin—1, max{TV"(&,_1), TV (i,—1)}) which generally
has not objective value 0 but a max{TV"(a,_1), %TV(an,l)} —aV,_1.

When we apply Algorithm 1 to discretization (6.3), we reformulate the occurring
subproblems of type (6.6) as mixed-integer linear optimization problems similar as
in Section 6.2.2 and solve them with Gurobi [59].

When we apply Algorithm 2 to the discretized and regularized problems (6.9),
(6.11), (6.10), and (6.12), we choose a tolerance TOL for the termination criterion
of Algorithm 2, that is, Algorithm 2 terminates if

R.(ug, ¢g+1) — Vi < TOL - R (uk, Pry1)

for the current iterate w; and the corresponding ¢p.; € RTO0" that realizes
TVh:(up) = Re(ug, dpr1). We formulate (Pj) as an optimization problem with
quadratic objective function and linear constraints and (Qy) as an optimization prob-
lem with linear objective function and quadratic constraints following Section 6.1.1.
For the solution of both, we again use Gurobi [59].

6.3.3 Results

We obtained the following results from the experiments described above.

Table and figure description

In Table 6.7, we list the results that are obtained by the application of trust-region
Algorithm 1 to the both discretizations (6.2) and (6.3). If we denote the solution
returned by trust-region Algorithm 1 applied to (6.2) and (6.3) by (u*, V*) and u*,
respectively, the corresponding state by y*, and the corresponding adjoint state by
p*, then Obj. represents the objective value F™ (u*) + aV* or F™ (u*) + aTV(u*),
Tracking term represents the tracking term F7r(u*), TV term represents the total
variation term aV* or aTV(u*), V represents the value of V*, TV represents TV (u*),
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Table 6.7: Results obtained by the application of trust-region Algorithm 1 to (6.2) and (6.3) with «

1x10%and k=1 x 1072

No. AW % TV c Obj. Tracking term TV term % V. TVP TV ex. Err. u Err. y Err. p Err. TV It. Term. Time (h)
El  (16,64) TV® 2 3.055x107% 7.791x107° 2977 x 1073 2977 4.188 3.005 3.142 1.72x107' 566 x 1072 8.01 x 107! 4.34x 1072 13  pred 87.03
E2  (16,64) TV 3v2 3.043x 1073 7.789x 107> 2.966 x 1073 2.966 4.875 2.989 3.142 2.08x 107! 5.34x 1072 7.00x 107! 4.84x 1072 14 A 6.19
E3  (64,64) TV - 4.042x107% 4223 x 107 4.000 x 107 - 4.000 3.218 3.142 1.22x 107" 3.08x 1072 3.97x 107! 2.73x 107! 19 A 0.97
E4  (32,128) TVR 2 3.124x 1073 6.749 x 107  3.056 x 1073 3.056 4.313 3.086 3.142 1.98x 107! 4.88x 1072 6.63x 10~ 1.77x 1072 9  pred 34.21
E5 (128,128) TV - 3994 %1077 1.195x 107*  3.875 x 1073 - 3.875 3.209 3.142 1.71x 107! 5.91 x 1072 1.40 233 x 1071 47 pred 13.33
E6  (64,512) TV® 2 3405x 1073 2862x 107 3.118 x 1073 3.118 4.398 3.149 3.142 2.12x 107" 6.77 x 1072 1.85 2.30x 1073 137 pred  334.66
E7 (512,512) TV - 3967 x107%  6.103x107°  3.906 x 103 - 3.906 3.210 3.142 1.43x 107! 3.96x1072 7.76 x 10~! 243 x10~' 156 pred 132.37
Table 6.8: Results obtained by the application of outer-approximation Algorithm 2 to (6.9) and (6.10) with o = 1 x 1073,
k=1x10"2e=1x10"% and § =1 x 107 (R1-R4) or 6 = 1 x 10~® (R5-R8).
No. \\_t W: Bound Obj. Tracking term  Tikhonov term \' H<w TVE TV TV ex Err. u Err. y Err. p Err. TV It.  Term. Time (h)
RI  (16,64) 2.848x 1072 3.048 x 1073  4.839 x 107  3.913x 107> 2961 2.990 3.011 4.686 3.142 9.25x 1072 1.81x1072 2.92x 107! 4.82x1072 44 TOL 0.47
R2  (64,64) 2.952x107% 3.152x 1073 5449 x 107>  3.844x 107 3.059 3.208 3.253 4.230 3.142 1.05x 107} 243x 1072 3.54x 107! 211x 1072 1001 MaxIt  53.66
R3  (32,128) 2.925x 1072 3.125x 1073 4.166 x 107 3.907 x 107> 3.045 3.072 3.130 5.413 3.142 1.04x 107! 1.41x1072 1.64x 107" 2.22x1072 370 TOL 33.35
R4 (128,128) 2.796 x 10™% 2.996 x 1073 7.009 x 107>  3.792x 107>  2.888 3.740 3.888 5.322 3.142 1.74x 107! 3.57x1072 535x 107! 1.90x 10! 781  Time 168
R5  (16,64) 2993 x 1073 3.013x 1073  4.850 x 107>  3.914x 1076 2961 2.991 3.001 4.732 3.142 8.69x 1072 1.72x1072 287x10~' 480x10"2 61  TOL 0.67
R6  (64,64) 3.044 x 1072 3.064 x 1072 6.098 x 107°  3.830 x 1075 2.999 3.259 3.298 4.368 3.142 1.34x 107! 298 x 1072 433 x 107! 3.73x 1072 1001 MaxIt  56.00
R7 (32,128) 3.070 x 107% 3.090 x 1073 4.140 x 107 3.911 x 1076 3.045 3.075 3.134 5523 3.142 1.03x 107! 1.38x 1072 1.59x 107! 2.13x 1072 451 TOL 49.52
R8 (128,128) 2.955x 1072 2975 x 1073 1.499 x 10™*  3.783 x 1076 2.821 3.873 3.971 5478 3.142 1.83x 107! 3.92x 1072 1.24 2.33x 1071 748  Time 168
Table 6.9: Results obtained by the application of outer-approximation Algorithm 2 to (6.11) and (6.12) with o = 1 x 1073,

k=1x10"2e=1x10"3 (RVI-RV4) or ¢ =5 x 1074 (RV5-RV8), and § = 1 x 102 (RV1-RV4) or 6 = 5 x 1073 (RV5-RV8).

No. Aw %v Obj. Tracking term  Tikhonov term \% H<m TVE TV TV ex. Err. u Err. y Err. p Err. TV It. Term. Time (h)
RV1  (16,64) 3.004 x 1072  4.451 x 107> 3.865 x 1075 2956 2.980 3.051 4.625 3.142 3.12x 1072 1.03x1072 3.31x107! 515x1072 4  TOL 0.03
RV2  (64,64) 3.148x1073 4.070x 107>  9.865 x 1070  3.097 3.128 3.378 4.369 3.142 4.99x 1072 1.11x1072 214x 107" 431x 1073 43 TOL 0.94
RV3 (32,128) 3.085x 1073 4.334 x 107>  3.606 x 1075  3.038 3.063 3.186 5.188 3.142 3.03x 1072 1.02x1072 290x10"! 249x1072 5 TOL 0.17
RV4  (128,128) 3.150 x 1072 3.688 x 107>  6.952x 1075  3.107 3.129 3.565 4.621 3.142 4.20x 1072 6.39 x 1073 1.58 x 107! 3.96 x 10™® 59 TOL 5.89
RV5  (16,64) 3.009 x 1073  4.696 x 107>  3.018 x 1070  2.959 2.984 3.036 4.729 3.142 3.90x 1072 1.22x1072 3.52x 107! 502x102 5 TOL 0.04
RV6  (64,64) 3.147x 1073 4.069 x 107> 8.887 x 1076 3.097 3.128 3.299 4.265 3.142 6.70x 1072 1.37x 1072 1.84x 107! 4.18x 10™% 193 TOL 4.52
RV7 (32,128) 3.088x 1073  4.179x 107>  2.712x 1075  3.044 3.071 3.153 5.194 3.142 3.71x 1072 1.01x1072 2.32x107! 226x 1072 13 TOL 0.49
RVS (128,128) 3.147x 1073 3.682x 107  6.973x 1070 3.103 3.134 3485 4.520 3.142 595x1072 827x107® 1.30x 107! 240x 1073 240 TOL  26.92
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(a) Optimal control @ (b) Exp. E4: (6.2), c = /2 (c) Exp. E5: (6.3)

Figure 6.3: Control u returned by Algorithm 1 applied to (6.2) and (6.3) with mesh

size (h,1p,) = (%7 1_§8)

(a) Optimal state g (b) Exp. E4: (6.2), c = /2 (c) Exp. E5: (6.3)

Figure 6.4: State y returned by Algorithm 1 applied to (6.2) and (6.3) with mesh
size (b, 74) = (35, 135)-

(a) Optimal adjoint state p  (b) Exp. E4: (6.2), ¢ = v/2 (c) Exp. E5: (6.3)

Figure 6.5: Adjoint state p returned by Algorithm 1 applied to (6.2) and (6.3) with
mesh size (h,71) = (35, 133)-
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(a) Exp. R3: (6.9) with ¢ = 1x107% (b) Exp. R4: (6.10) with ¢ = 1x 1074,
§=1x10"* §=1x10"*

() Exp. R7: (6.9) with ¢ = 1x107%, (d) Exp. R8 (6.10) with ¢ = 1x 1074
§=1x10""° §=1x10""°

Figure 6.6: Resulting u obtained by the application of Algorithm 2 to (6.9) and (6.10)
with the mesh sizes (h,7,) = (35, 155)-
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TV represents TV"(u*), TV er. represents the total variation TV (@) of the optimal
HE_U*HL2(Q)

_ Err.
H“HL2(Q) ’

solution @ in function space, Err. u represents the relative error

”Vg—Vy* HLQ(Q;Rd)
”VQIILQ(Q;Rd)

y represents the relative error , Err. p represents the relative error

IVP=Vp*ll 20 . ITV(@)—TVh(u*)| _ |TV(@)—TV(u*)]
B\ Py Err. TV represents the relative error V@) or V) ,

It. represents the number of outer iterations that trust-region Algorithm 1 carried out

until termination, Term. represents the reason for the termination of Algorithm 1,
and Time (h) represents the runtime of trust-region Algorithm 1 measured in hours.
In column Term., pred means that the predicted reduction was non-positive and A
means that the trust-region radius contracted.

We plotted the returned control u, the corresponding state y, and the correspond-
ing adjoint state p returned by trust-region Algorithm 1 applied to (6.2) with constant
¢ = v/2 and mesh size (h, 7;,) = (35, 135) and (6.3) with mesh size (h,7,) = (135, 155)
as well as the optimal solution # in function space, the corresponding state g, and

the corresponding adjoint state p in Figures 6.3 to 6.5.

We list the results obtained by the application of outer-approximation Algorithm 2
to (6.9) and (6.10) in Table 6.8 and the results obtained by the application of outer-
approximation Algorithm 2 to (6.11) and (6.12) in Table 6.9. If we denote the so-
lution returned by outer-approximation Algorithm 2 applied to (6.11) or (6.12) by
(u*, V*), then Bound represents the lower bound F™ (u*) + %Hu*Hiz(Q) +aV*—SM
for (6.2) and (6.3), Obj. represents the objective value F™ (u*) + g||u*||%2(m +aV*
or Fn(u*)+ 3§ lu* — Ipofh@\|%2(m +aV*, Tracking term represents the value F™ (u*),
Tikhonov term represents the value %HU*H%Q(Q) or J|ju* — IporhﬁH%Q(Q), V' rep-
resents the value of V*, TV? represents the value TV?(u*), TV! represents the
value TV®(u*), TV represents the value TV (u*), TV ex. represents TV (@), Err.

llu—u* ||L2(Q)

_ , Err. y represents the relative error
||u||L2(Q)

u represents the relative error

”v?j_Vy* ||L2(Q;Rd)
HVQHLQ(Q;Rd)

”vﬁ_vp* ||L2(Q;]Rd)
”VﬁIIL2(Q;Rd)

, Err. p represents the relative error , Err. TV de-

[TV(2)~TVE(u*)|
TV (u)
that outer-approximation Algorithm 2 carried out until termination, Term. repre-

notes the relative error , It. represents the number of outer iterations

sents the reason why Algorithm 2 terminated, where TOL means that the termi-
nation criterion (6.13) is fulfilled, Mazlt means that the iteration maximum was
reached, and Time means that the time limit was reached, and Time (h) presents
the runtime of outer-approximation Algorithm 2 measured in hours.

The solutions u € L?(2) returned by Algorithm 2 applied to (6.9) and (6.10) with
mesh sizes (h, 1) = (31—2, %) are plotted in Figure 6.6.
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Result description

We can observe that the discretization (6.3) generally leads to slightly smaller relative
errors with respect to the optimal control 4 in function space, the corresponding state
9, and the corresponding adjoint state p in our experiments. In contrast to that, the
relative error with respect to the total variation TV (@) of the optimal control @ is
significantly smaller with the discretization (6.2) from Chapter 5. Both constants
c € {v/2,3v/2} for the discretization (6.2) lead for the mesh sizes (h,7,) = (3, &)
to similar results with a moderately smaller relative error for the total variation term
and a significantly larger running time for the constant ¢ = /2.

The influence of the total variation term can also be observed visually in Fig-
ure 6.3, where we can see that the usual total variation TV leads to level sets with
axis-aligned interfaces whereas the discretized total variation TV leads to solutions
with more chattering along the interfaces of the level sets.

From Tables 6.7 to 6.9, we can observe that the gap between the lower bound
obtained by Algorithm 2 and the optimal value returned by Algorithm 1 is signifi-
cantly smaller for the cases in which we have coupled mesh sizes with h > 75, than
for the cases h = 75,. Moreover, the runtime of Algorithm 2 is much shorter in the
case h > 73 than in the case h = 7, while it was the opposite case for Algorithm 1.

Interpretation

As expected from the theory in Chapter 5, the discretized total variation TV of the
solutions to the discretized problems (6.2) indeed converges to the total variation of
the optimal solution @ in function space as the superlinearly coupled mesh sizes (h, 13,)
are driven to zero, while the total variation TV of the solutions to the discretized
problems (6.3) does not recover the total variation of the optimal solution «.

As exemplified in Figure 6.3, the total variation TV prefers axis-aligned interfaces
of the level sets which differ from the round interfaces of the limit function @w. The
total variation TV in contrast tolerates a certain degree of chattering depending on
the constant ¢ due to its averaging effect on the coarse mesh cells Q;,. This chattering
can be reduced by choosing finer mesh sizes (h, 13).

We were able to close the gap between the lower bound obtained by the relaxation
(6.9) and the objective value of the superordinate mixed-integer problem (6.2) up to
1.73 %. We highlight that the gap between the lower bounds obtained by (6.10) and
the optimal value for (6.3) cannot be closed because (6.3) approximates a different
problem than (6.1) when the mesh size is driven to zero. Also in terms of running
time, the computation of lower bounds for (6.2) is much more sensible than the
computation of lower bounds for (6.3).

In Figure 6.6, we can observe that the discretizations with coupled mesh sizes with
h > 71 lead to results Figure 6.6a and Figure 6.6¢c with sharper jumps between the
level sets than the results Figure 6.6b and Figure 6.6d that arise from discretizations
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with h = 73. This is due to the fact that the approximation property of the discretized
total variation with superlinearly coupled meshes is not reliant on the approximation
by means of averaging. This shows that the use of coupled meshes can be beneficial
also for cases in which averages are feasible like in (PR).

Numerical difficulties

We point out that the constructed optimal solution is numerically difficult to handle,
which is mainly due to the steepness of the optimal adjoint state p, which causes
large values in Ap that influence the desired state yg = ¥ + kAp — p. We have taken
measures to reduce the influence by enlarging the domain €2 and by choosing small
values for k.

Our experiments were mainly restricted by the runtime that was consumed for
the solution of the mixed-integer problems. One option to reduce the runtime is the
choice of a small reset radius Ay which reduces the number of elements in the discrete
set

{u e PO™ : u(z) € {0,1} for a.a. z € Q, ||lu — ﬂniluLl(Q) < A}

We have used such a small reset radius Ag in Experiments E6 and E7 from Table 6.4,
which has caused that the trust-region radius A has not been reduced in almost
any iteration, which indicates that the reset-radius was chosen too small to exhaust
the maximum descent. Although the small reset-radius results in a large number of
iterations, see Table 6.7, it was necessary to solve the subproblems with an acceptable
runtime.

Since a larger choice of the constant ¢ > /2 for the discretization (6.2) generally
leads the outer-approximation Algorithm 3 to need more iterations to solve the sub-
problems (6.5), see also the results in Section 6.2, we refrained from testing other
choices than /2 for the instances on finer meshes in order to keep the running time
of Algorithm 1 within reasonable limits.

We point out that several mixed-integer linear programs must be solved during
the application of trust-region Algorithm 1 to the discretizations of (P). The solution
of mixed-integer linear optimization problems is generally computationally expensive
such that this has been mostly the limiting factor in our experiments. This shows
the importance of the research on the fast solution of the arising mixed-integer linear
optimization problems. Works that deal with the complexity and the fast solution of
the discretized subproblems that arise from the application of trust-region algorithms
to optimization problems like (P) are for example [78,79,97].

In order to obtain meaningful lower bounds, we need to choose the regularization
parameters 6 > 0 and € > 0 small enough. In our numerical experiments it has
turned out that the choice of small parameters  and € caused that Algorithm 2
needs significantly more iterations to fulfill the termination criterion. A benefit of the
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regularization with the Tikhonov term 2|ju — I Poh |72 () is that already moderate
choices for the values of the regularization parameters § > 0 and € > 0 lead to
optimal objective values of the relaxation that are close to the optimal values of
the corresponding mixed-integer problems and to relatively small errors while also
keeping the number of iterations small. Since the optimal solution @ is generally not
known in practice, this variant is generally no realistic setting but there may also be
other choices g||u — ugl%, () With some appropriate uq € L?(9) that could improve
the convergence.

The experiments have shown that the runtime of Algorithm 2 needs to be im-
proved. One promising approach might be to adjust the regularization parameters
6 and e during the application of Algorithm 2. Initial improvements have already
been achieved in [82], where the regularization parameter ¢ was halved in each itera-
tion of a similar outer approximation algorithm to Algorithm 2 until a desired value
was reached. The search for more sophisticated strategies for the adjustment of the
regularization parameters gives rise to future research.

6.4 Numerical example from imaging

As a fourth numerical example, we consider the optimization problem from imaging
with L? fidelity term that reads

. 1 2
LA 31y = vallze () + aTV(u)

s.t. —kAy+y=wuin Q, J,y =0 on 9N
u(z) €U ={0,...,5} CZ for a.a. x € Q = (0,1)*

(6.14)

with Q = (0,1)?, a > 0, and x > 0, and where 0,y denotes the normal derivative of
y and n is the outer unit normal of Q. The contained PDE is related to (PDE) from
Section 6.3 but has homogeneous Neumann boundary conditions instead of Dirichlet
boundary conditions. We denote by Sy : L%(Q2) — H'(€2) the linear solution operator
that maps u € L%() onto the unique solution y € H(Q2) to

(PDE-N) —kAy+y=uinQ, J,y =0 on ON.

We highlight that (PDE-N) has a unique solution and that Sy : L?(Q) — H(Q) is
injective so that F' : L?(2) — R defined by F'(u) = %HSNu—de%Q(Q) foru € L*(Q) is
strictly convex. Since F : L?(€) — R is continuous, convex, and bounded from below
by 0, Assumptions 1.1, 4.1 and 5.1 are fulfilled. Also, F' fulfills Assumption 3.11 and
VF(u) € C(Q) for u € L*(Q) because the arguments in Section 6.3 still hold for the
case of homogeneous Neumann boundary conditions instead of Dirichlet boundary
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conditions because Theorems 1 and 3 in [58] also apply for homogeneous Neumann
boundary conditions.

In (6.14), yg = Sn(uq) € H'(Q) represents a blurred picture that is obtained as
the solution to (PDE-N) for ug € L?(92), which contains the gray scale values of the

original picture rescaled to the interval [0,5]. The corresponding weak formulation
to (PDE-N) reads: find y € H!(Q2) that fulfills

fi/QVy(af)-Vv(x) da;+/ﬂy(x)v(x) dw:/u(aﬁ)v(m) dzr Yove HY(Q).

Q

6.4.1 Discretized optimization problems

Similar to Section 6.3, we will discretize the input function v € L?(Q) by piecewise
constant functions PO™ on the cubic mesh Q;,. The corresponding discretized PDE
now reads: find y € P17 that fulfills

(PDE-N,,) K/ Vy(z)-Vo(z) d:c—i—/ y(x)v(z)der = / u(z)v(z)dz Yo € CG1™.
Q Q Q

We denote the solution operator that maps u € L?(Q) to the unique solution y €

CG1™ to (PDE-N,,) by Sy : L?(Q) — CG1™. We define F™ : P0™ — R by

Fmn(u) == %HS]T\?U — I(;Grhyd”%z(m, where Icc1m : L*(Q) — CG1™ denotes the

interpolation operator for CG17™. Again, we consider two discretizations of (6.14).

The first is again the discretization that was introduced in Chapter 5 and reads

min F™(u) +aV
(u,V)EPOTh xR
s.t. TV(u) < cV

(6.15)
TVh(u) <V

u(z) e U ={0,...,5} for a.a. x €

with ¢ > /2. The second discretization uses again the original total variation TV
and reads

min  F™(u) +aTV(u)

(616) u€P0h
st.  wu(zx)eU=H{0,...,5} for a.a. x € Q.

As in Section 6.3, we aim to apply trust-region Algorithm 1 to (6.14) or rather
to its discretizations (6.15) and (6.15). The corresponding trust-region subproblems
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(TR) to (6.14) reads

uengér(lm (Pn—1,u — Un-1)r2(q) + TV (u) — aTV (1)
(6.17) st u =il o) < A

u(z) e U =A0,...,5} for a.a. z € Q,

where @,—1 € BVy(Q) is the solution most recently accepted by trust-region Algo-
rithm 1, 3,1 = Sn(tn_1) € H'(Q) is the corresponding state, and VF (i, 1) =
Prn1 = SN(Fn-1 — ya) € HY(Q) is the adjoint state. The discretized trust-region
subproblem corresponding to (6.15) reads

B G ) e —af
s.t. TV(u) <cV
(6.18) TVE(u) <V

lu = Un-1lz10) <A
u(z) e U =A0,...,5} for a.a. z € Q,

where (tp—1,Vp—1) € P0™ x R is the solution most recently accepted by trust-
region Algorithm 1, gp—1 = S\ (@n—1) € CG1™ is the corresponding state, and
VE™(tp—1) = Ppn—1 = SN (Jn—1 — Loginya) € CG1™ is the adjoint state. Similarly,
the discretized trust-region subproblem corresponding to (6.16) reads
uénpl(?m (ﬁn—h U — ﬂn—l)L%Q) + aTV(u) — OéTV(’ELn_l)
(6.19) st Jlu—Gpo1lpig) <A
u(z) €e U =A0,...,5} for a.a. z € Q,

where again %,—1 € P0™ is the solution most recently accepted by trust-region Algo-
rithm 1, §p—1 = Sy (tin—1) € CG1™ is the corresponding state, and VF™ (i,_1) =

Th

Pn—1 = SN (Un—1 — Icaimnya) € CG1™ is the adjoint state.

6.4.2 Experiment description

We have proved in Chapter 5 that the optimal solutions to (6.15) approximate the
optimal solution to (6.14) for vanishing coupled mesh sizes (h, 75,) such that 7= 0,
while the optimal solutions to (6.16) generally do not. We examine the influence of
the two different discretizations in the context of imaging by applying trust-region
Algorithm 1 to them.

Table 6.10 lists the experiments in which Algorithm 1 is applied to the discretiza-
tions (6.15) and (6.16). Therein, A denotes the reset radius for trust-region Algo-
rithm 1, o denotes the parameter o for the sufficient decrease condition (3.13), Mazlt
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Table 6.10: Parameters and settings for the application of trust-region Algorithm 1
to (6.15) and (6.16).

No.  (j, %)  Discretization a K c A I MaxIt OA TOL OA TOL GRB time GRB  Result
I (32,128) (6.15) 5x107% 1x107° V2 & 1x107* 15 1x1072  1x1073 300 s Figure 6.7
12 (128,128) (6.16) 5x107% 1x1073 5 1x107* - - 1x 1073 300 s Figure 6.8

OA denotes the iteration maximum for outer-approximation Algorithm 3, TOL OA
denotes the chosen tolerance for outer-approximation Algorithm 3, TOL GRB de-
notes the chosen tolerance for Gurobi, and Time GRB denotes the time limit for
Gurobi.

Practical implementation

We implemented trust-region Algorithm 1 as described in Section 6.3.2.

6.4.3 Results

We obtained the following results from the experiments described above.

Table and figure description

In Table 6.11, we list the results that are obtained by the application of trust-
region Algorithm 1 to the both discretizations (6.15) and (6.16). If we denote the
solution returned by trust-region Algorithm 1 applied to (6.15) and (6.16) by (u*, V*)
and u*, respectively, the corresponding state by y*, and the corresponding adjoint
state by p*, then Obj. represents the objective value F™ (u*) + aV* or F™r(u*) +
aTV(u*), Tracking term represents the tracking term F™ (u*), TV term represents
the total variation term aV* or o TV (u*), V represents the value of V*, TV represents
TV(u*), TVP represents TV?(u*), It. represents the number of outer iterations that
trust-region Algorithm 1 carried out until termination, Term. represents the reason
why Algorithm 1 terminated, where pred means that the predicted reduction was
non-positive and A means that the trust-region radius contracted, and Time (h)
represents the runtime of trust region Algorithm 1 measured in hours.

In Table 6.12, we exemplarily present all intermediate values that were produced
by Algorithm 1 applied to (6.15). If we denote the solution obtained by the appli-
cation of Algorithm 3 to (6.18) with A = A, by (amk,f/mk), then n represents
the number of the outer iteration, k£ represents the number of the inner iteration
within outer iteration n, A represents the trust-region radius A, ; of subproblem
(6.18), [[tn—1 — Tn k|11 represents the value ||t,—1 — @y kl|L1(q), ared represents the
actual reduction F™(tp—1) + aVp—1 — F™(ty ;) — &V, pred represents the pre-
dicted reduction (VF™ (tp_1),tUp—1 — ﬂ/n,]{;)L2(Q) +aV,_1 — af/n,k, Obj. represents
the objective value F™ (i, ) + aV,, k5, Tracking term represents the tracking term
F™ (1), TV term represents the total variation term af/nyk, V represents the value

145



Table 6.11: Results obtained by the application of trust-region Algorithm 1 to (6.15)
and (6.16).

No. (%, %) ™V ¢ Obj. Tracking term TV term v vV TVh It. Term. Time (h)
11 (32,128) TVE V2 8.208x1072 2617x 1072 5.680 x 1072 1.136 x 101  1.605 x 10! 1.147 x 10' 7  pred 16.7
12 (128,128) TV - 9.423x1072 2564 x 1072  6.859 x 1072 1.372 x 101 1.372 x 101 1.247 x 10! 64  pred 34.2

of f/n’k, TV represents TV (4, 1), TV" represents TVh(ﬂn’k), It. Sub. represents the
number of outer iterations that outer-approximation Algorithm 3 carried out until
termination, Term. represents the reason why Algorithm 3 terminates, where TOL
means that the termination criterion (6.13) is fulfilled and MaxzIt means that the
iteration maximum is reached, and Time (s) represents the runtime of trust region
Algorithm 1 measured in seconds.

In Figures 6.7 and 6.8, we plotted the original image, the blurred image, and the
results obtained by the application of trust-region Algorithm 1 to the both discretiza-
tions (6.15) and (6.16).

Result description

In Table 6.11, we can observe that trust-region Algorithm 1 performed less iterations
for the discretization (6.15) than for the discretization (6.16). Also the running time
for the application of Algorithm 1 to (6.15) is shorter than the running time for the
application to (6.16), even though the average running time per outer iteration is
shorter for (6.16).

In Figures 6.7a and 6.8a, we can observe that the results obtained by the appli-
cation of trust-region Algorithm 1 to (6.15) and (6.16) both have large one-colored
level sets. The interfaces of the result that is obtained by the application of Algo-
rithm 1 to (6.15) in Figure 6.7a are mostly round, whereas the interfaces of the result
in Figure 6.8a that is obtained by the application of Algorithm 1 to (6.16) has level
sets that are mostly axis-aligned.

In Table 6.12, we can observe that the trust-region radii of the subproblems which
could not be solved by Algorithm 3 within the iteration maximum up to the given
tolerance have the values Ag or %. In addition, the number of iterations that Al-
gorithm 3 has performed until termination generally reduces when the trust-region
radius A is reduced. Algorithm 1 terminates in outer iteration n = 7 and inner
iteration k = 6 because the predicted reduction is non-positive.

Interpretation

The result in Figure 6.7a that arises from the discretization (6.15) confirms our
theoretical results in Chapter 5 in the sense that it recovers the interfaces of the
original picture in Figure 6.7c while being able to restore the level sets from the
blurred picture Figure 6.7b. In contrast to that, the interfaces of the level sets of
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¢

(a) Result (b) Blurred (¢) Original

Figure 6.7: Results experiment I1 with TV® and (h,7) = (35, 135)-

A

(b)

(a) Result Blurred (c) Original

Figure 6.8: Results experiment 12 with exact TV term and 75, = ﬁ.

the result Figure 6.8a that is obtained from the anisotropic discretization (6.16) do
not match the interfaces of the level sets of the original picture Figure 6.8c. This
underlines the importance of the introduced discretization (P?) in Chapter 5 in the
context of imaging in order to recover the shapes of the original images correctly.

The course of Algorithm 1 presented in Table 6.12 is representative for the appli-
cation of Algorithm 1 to the problems that are discretized following Chapter 5. We
want to justify the negative predicted reduction that can occur due to our numerical
implementation of trust-region Algorithm 1. For example, in outer iteration n = 7
and inner iteration & = 6, we have the predicted reduction pred = —5.586 x 1075,
In the mentioned iteration, we have that

1 _ _
o max {th(an_l), ETV(an_l)} —aVyu1 = a(TVt,_1) = V1) = 5.5 x 1074

is an upper bound for the optimal value of (6.19) such that —5.5 x 107* is a lower
bound for the predicted reduction which is consistent with the theory because
—5.5x 107* < pred = —5.586 x 107°.
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Numerical difficulties

The numerical experiments were mainly restricted by the runtime that was con-
sumed to solve the mixed-integer subproblems so that we were limited to the rather
coarse mesh size (h, 7;,) = (35, 13g)- Even though we were able to reduce the runtime
slightly by choosing a relatively small reset radius Ay, this strengthens the need for
proceeding research on the efficient solution of the subproblems that arise from the
application of Algorithm 1 as already mentioned in Section 6.3.3.

Within our numerical experiments we made the observation that already a mod-
erate increase in the constant ¢, for example ¢ = 3v/2, leads to strong chattering of
the iterates. Since a larger constant ¢ also generally increases the number of itera-
tions that Algorithm 3 needs to solve the subproblems (6.18), see also the results in
Section 6.2, we have decided to restrict ourselves to the constant ¢ = v/2.
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Chapter 7

Conclusion and outlook

We have introduced solution techniques for integer optimization problems with total
variation regularization (P) and their relaxations (Pgr) in function space and demon-
strated their practicability. For the numerical solution of (P), we have introduced
a novel discretization scheme (P) with superlinearly coupled meshes. Due to the
restriction of the input function to integer values, the known discretizations from
literature act anisotropic and are therefore not suitable for the discretization of (P)
as we have demonstrated theoretically and numerically. With the novel discretization
(P, however, we are able to recover the objective values and the total variation of
optimal solutions to (P) with optimal solutions to (P?). The constant ¢ in the con-
straints of (P") has a significant impact on the results for fixed mesh sizes as we have
pointed out in our numerical experiments. We have determined the exact admissible
range for ¢ in the two-dimensional case. We believe that it is worthwhile to extend
the corresponding proof of the two-dimensional case to the three-dimensional case.

As the trust-region Algorithm 1 and the outer-approximation Algorithm 3 need
to solve several integer optimization problems exactly, long runtimes can hardly be
avoided. Nevertheless, it is an important research field to accelerate the solution of
the occurring subproblems as it is done in current research like [78,79,97]. But also
improvements of the underlying trust-region Algorithm 1 for example by domain
decomposition are subject to current research [6].

The outer-approximation Algorithm 2 is applied to the regularization (Ps.) of the
relaxation (Pr). We have proven convergence of the optimal solutions to (P5.) to an
optimal solution to (Pgr). As future research, one can determine a convergence rate
for this convergence as it is done in [82] for a related problem with total variation re-
strictions in the constraints. In order to improve the runtime of outer-approximation
Algorithm 2, the adjustment of the regularization parameters § and ¢ during the
execution of Algorithm 2 is a promising improvement as even simple strategies as
in [82] lead to a reduction of the number of iterations required.
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Appendix A

Auxiliary results

For a matrix M € R?*? we define the matrix norm

|M||2 == max ||Mzx||2.
lzll2=1

We denote the identity matrix by I € R4*¢,
Lemma A.1. Let M € R fulfill ||M — I||s < 1. Then M is invertible.

Proof. Assume that M is not invertible, that is, there exist z,y € R? with = # y
such that Ma = My. We define z € R? by

1

z = —( —y).
Iz = yll2

Then Mz =0 and ||z]]2 = 1 and hence

1M =Tz = ax Mz — Izlls > [| Mz = z]|2 = [|z[l2 = 1

x ‘2:1
in contradiction to ||M — I||2 < 1. Therefore, M must be invertible. O
The following two lemmas closely follow the considerations in [77].

Lemma A.2 ([77, Lem. A.1]). Let g : R? — R? be differentiable and § € (0,1). If
there holds

IVg(z) —I|l2 <6 VaeR?,
then the function g is a diffeomorphism.
Proof. For y € R, we define the function G, : R? — R? by G, (z) =y + (z — g(z))

with VGy(z) = I — Vg(x). By the mean value theorem [34, Thm. 7.2.1], there holds
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for all 1,z € R< that
[Gy(z1) = Gy(2)|l2 < dllz1 — 222

and since € (0,1), we obtain the existence of a unique fixed point by virtue of
Banach’s fixed point theorem. This yields in particular, + = Gy(x) if and only if
y = g(x). By the uniqueness of the fixed point and since y € R? was arbitrary, this
yields that g : R? — R? is invertible. Moreover, by Lemma A.1, Vg(z) is invertible

1

for all x € R? and thus the inverse function theorem gives that ¢! is continuously

differentiable. Hence g is a diffeomorphism. O

Lemma A.3 ([77, Lem. A.2]). Let f; == I 4+t for ¢p € OX(QR?Y). Then there
is € > 0 such that g; = ftfl =1—tpog fort € (—e,e). Moreover, the mapping
(—¢e,¢) >t gi(y) € R? is Lipschitz continuous for each y € R and Vg (y) — I as
t — 0 uniformly for y € RY.

Proof. Let ¢ € C(£; R%). We denote the Lipschitz constant of 1 by Ly. Lete < i
Define T, : R? — R4, T, (z) :== y — ty(=), for fixed t € (—¢,¢) and y € R% Then T,
is a contraction mapping since for arbitrary z, z € R? it holds that

1Ty (x) = Ty (2)ll2 = [tl[[¢(x) = ¥ (2)]l2 < [t Lyllz — 2|2

By Banach’s fixed point theorem, there exists a unique fixed point z, € R? with
T,(z,) = &,. We define ¢;(y) := &, and prove that g, = fi 1. Tt holds that g;(y) =
Ty(Z,) =y — t(3y) =y — ti(g:(y)) for y € R and therefore

lg:(fe(y) — yll2 = [ fe(y) — to(g:(fe(y))) — vll2
= |t (y) — t(ge(fe(v))ll2 < [t Lypllge(fe(v)) — yll2-

Since |t|Ly < 1, it must hold that ||g;(fi(y)) — yll2 = 0 such that g, = f; *.

We now prove the Lipschitz continuity of g;(y) in t € (—¢,¢) for fixed y € R%. To
this end, let ¢, s € (—¢,¢). Then

lg¢(y) — gs(W)ll2 = lls¥(gs(2)) =t (g:(y))ll2
= [[(s = )Y (gs(z)) + t(¥(gs(y)) — ¥ (gt(y)))ll2
< Is = t|[v(gs()ll2 + [t Ly llgs(y) — ge(y) 2

and therefore

P(gs(y))l2

o) ss(w)l < ¢ = s 700D MLICAOIE

< |t —
‘ €L¢

<|t—s|C
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with

<
= T e vl < oo

only depending on 1 but not on y.

In order to prove the convergence of Vg;(y), we want to apply Lemma A.2 to f;.
There holds

IVfi(w) = Ill2 = [T + V() = Ill2 = [V ()2 < [H1M

with M = max,cg [|[VY(z)]l2 < oo with S = supp [|[VY(z)]|2 C Q because ¢ €
C®(;R?Y) and therefore Vi € C°(Q;R¥*?). Now we choose arbitrary ¢ € (0,1)
and reduce ¢ further if necessary to obtain 0 < ¢ < % such that

IV fe(x) = I||2 < [tH{M <eM <4

for all t € (—&,¢). Hence Lemma A.2 yields that f; is a diffeomorphism for all
t € (—¢,¢). In particular, there exists (Vf;(x))~! for all z € Q, which we write as
its Neumann series (V fi(2))~! = I + 372, (=1)*t*Vi)(z)k. By the inverse function
theorem we have

Vauly) = (Vilorly fj et gu(1))
Since |[tM| < § < 1, we obtain
1 = V)l = i (g (y)*
k= 2
< kfjm V(o ki eart = L o
as |t| — 0 uniformly for all y € R%. O

Let C1(Q;RY) € H C Hy(div; Q) be defined as in Section 4.2.

Lemma A.4. Let {¢p11}tren C H be a sequence of mazimizers of (Qg) produced by
Algorithm 2. There exists ¢ € H and a subsequence {Pk,+1}een such that g1 — o
and div ¢p, 41 — dive as £ — oo.

Proof. By the optimality of ¢11 for (Qg) and the feasibility of ¢ = 0 for (Qy), there
holds

—ga[¢k+1, Prt1] +/ ug(x) div dpq1(z) dr >0
0

155



for all k € N. This gives

ga[¢k+la¢k+l] S/uk(x)div¢k+1(:):) dx
Q

< luklzz@ll div dr+1l L2 (o)
< ugll 2@ Prt1ll H(aivio)

< Cullugl|z2) | @r+1

for all k£ € N. Together with the coercivity of a, there holds

3 3
ﬁg”qkaH%{ < §G[¢k+1a¢k+l]

< CullugllL2)l|Pr+1llm,

which gives

2C
Iwstlle < =5 Nuelzzco)-

Together, we obtain

2

| div dr41llz2(0) < |Pk+1ll(divie) < Crllor+ille < TgHHukHLQ(Q)-

Because uy, is optimal for (Py), there holds v < ug(z) <7 for almost all x € Q such
that [ug|[z2(q) is bounded. This yields the boundedness of || div ¢x11|z2(q). Since
¢r+1 is feasible for (Qy), there holds |[@gi1[| Lo (qray < 1 for all & € N. Since both
sequences {@p11 tren and {div ¢r41 }ren are bounded in L2(Q), we can restrict them
to subsequences {¢g,+1}reny and {div ¢y, 41 }ren such that both converge weakly in
L%(Q), that is, ¢g,+1 — ¢ and div ¢g,1 — d for some functions ¢ € L?(Q; R?) and
d € L?(Q). We need to prove div ¢ = d. To this end, let w € H(Q;R?Y). There holds

(d — div é, w) 1), mi () = (d:w)r2(0) + (6, Vw) £2(0
= Hm (div dp41, W) L2(0) + (Dke1, V) L2(0)

= Jim (div ¢p, 1, w)L2() — (div Prp+1, w)L2() = 0.

Hence, there holds div ¢ = d. In total, we have Okpr1 — ¢ and div Plyr1 — div ¢ in
L?(2) as £ — co. O
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