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ABSTRACT Areas of computational mechanics such as uncertainty quantification and optimization usually
involve repeated evaluation of numerical models that represent the behavior of engineering systems. In the
case of complex non-linear systems however, these models tend to be expensive to evaluate, making surrogate
models quite valuable. Artificial neural networks approximate systems very well by taking advantage of the
inherent information of its given training data. In this context, this paper investigates the improvement of the
training process by including sensitivity information, which are partial derivatives w.r.t. inputs, as outlined by
Sobolev training. In computational mechanics, sensitivities can be applied to neural networks by expanding
the training loss function with additional loss terms, thereby improving training convergence resulting in
lower generalisation error. This improvement is shown in two examples of linear and non-linear material
behavior. More specifically, the Sobolev designed loss function is expanded with residual weights adjusting
the effect of each loss on the training step. Residual weighting is the given scaling to the different training
data, which in this case are response and sensitivities. These residual weights are optimized by an adaptive
scheme, whereby varying objective functions are explored, with some showing improvements in accuracy
and precision of the general training convergence.

INDEX TERMS Machine learning, Sobolev training, residual weighting, finite element modelling, linear
and non-linear mechanics, neural networks, optimization, surrogate model.

I. INTRODUCTION

In multiple disciplines of engineering, various system
analysis methods exist to predict their functional behavior.
Especially numerical techniques, such as finite element
method (FEM) models, are a fundamental tool for various
engineering tasks. In particular, when quantifying uncer-
tainty and performing optimization, repeated evaluations of
these models are necessary [1]. Such repeated evaluations,
however, scale poorly with system size and complexity.
Artificial neural networks (ANN) present an opportunity to
replace time-intensive methods as a surrogate model [2],
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[3] and have been successfully applied to the field of
uncertainty quantification [4], [5], [6]. While the first version
of ANNSs, the Perceptron, dates far back [7], a surge of
research has allowed ANNSs to perform incredibly well on
tasks previously too complex to solve by clear and definite
methods with satisfactory results [8], [9], [10], [11]. In its
most basic form, ANNs are capable of classification and
regression, which in the case of the latter makes them
general approximators [12]. There has also been research on
intertwined processing between first principle models and
neural networks [13], [14]. In the recent paper [15], the
intrusive method of using the material and force tensor of
a system used during FEM approximations, and applying
these in the loss of a neural network is shown to evaluate
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the system better. In any case, training a neural network
can be a challenging process which has been approached in
regards to the training algorithm [16], [17], [18], training
data [19], [20] and loss function design [21], [22]. In this
work, specifically the adjustment of the loss function in
order to introduce sensitivities, is of interest, as sensitivities
bring additional information with them, which can be used
to improve the training of models [23], [24]. The use of
gradient data to improve the performance of neural networks
has been applied in a handful of papers and in the case
of available sensitivity data, gradient-enhancement is an
essential and simple step. Usually, these sensitivities can be
computed efficiently through adjoint methods, but these can
be evaluated directly as well [25]. The paper coining the
term Sobolev training [26], shows the use of gradient data
linked to Sobolev spaces, naming the models as Sobolev
artificial neural network, or SANN. The paper goes to prove
the usability of gradient information through Sobolev space
for a small, simple neural network. Similar in essence,
application of Lipschitz continuity during training can lead
to an increase in robustness of the model, coined as Sobolev
regularization [27], [28]. In another paper [29], the use
of gradient data of a partial differential equation (PDE)
when considering a physics informed neural network [30],
named gradient-enhanced PINN, or gPINN, improves the
accuracy and training performance of a PINN, applying it on
a few mathematical function examples. In any case, Sobolev
training is shown to produce better accuracy and training
convergence than basic training, where only the model
response is considered. In regards to correctly weighting
the Sobolev training losses, another paper expands on
SANN by introducing weighting of the individual losses
introduced by Sobolev training, by applying a fixed linear
increase of the weight attributed to sensitivities, thereby
improving performance, consequently naming it mSANN,
or modified Sobolev artificial neural network [31]. These
expansions of ANNs allow for greater accuracy and faster
training, taking ANNs a step further as surrogate models
replacing established numerical methods [32]. In this work,
the established Sobolev training is applied to approximate a
mechanical problem of linear and non-linear nature, whereby
a finite element model employing variational sensitivity
analysis is used to compute responses and sensitivities
needed for training of the ANN [33], [34]. More specifically,
this gradient-enhanced neural network focuses on surrogate
modelling the finite element model which uses variational
sensitivity analysis of a mechanical system of linear and
non-linear elasticity material behavior [35]. Because various
model designs are generally task specific, application to real
physical tasks is important for further insights. Additionally,
application of Sobolev training with larger neural networks
compared to e.g. the Sobolev training paper, but still small
compared to deep neural networks, will provide new insights.
In contrast to PINNs, we only base the training of the
Sobolev neural network on responses and their sensitivities
that are obtained by performing variational finite element
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simulations, which is non-intrusive to the general neural
network architecture. For this, the loss function of the
neural network is expanded with additional losses for each
sensitivity, by which the model parameters are optimized
in order for the backpropagated gradients to approximate
the given sensitivities. Lastly, in this work, this newly
designed loss function consisting of multiple losses, will
be improved by residual weights. The residual weights will
scale the individual loss terms which correspond to the
response and sensitivities of the training data. The goal of this
residual weighting is the optimization of the Sobolev training
convergence leading to faster training or lower approximation
error. This weighting task has been explored within mSANN,
but also in other papers, where different algorithms and
methods of optimization are applied [36], [37]. In the same
non-intrusive way as mSANN, the loss function will be
expanded through residual weights corresponding to each
individual loss. However in this work, an adaptive scheme
to optimize the residual weights is applied, which could
potentially improve Sobolev training further, in contrast to
general parameter tuning such as in mSANN. This adaptive
scheme optimizes the residual weights in a parallel process
during training of the neural network, for their own defined
objective function. A set of objective functions are chosen
based on prior beliefs of the system setup by the multiple
individual losses. The different methods are tested and then
compared and analysed. With this framework set, the paper
will be structured as entailed in the following. Section II will
give a brief theoretical overview of the fundamentals this
work is based on, such as the FEM and ANNSs. Section II1
of this work gives an overview of Sobolev training as it
has already been done and then links it to the developments
of residual weighting in detail. Section IV describes the
mechanical use case simulated by the FEM and the details on
the programming of the neural networks. Section V presents
the results of the residual weighting methods for further
analysis. The following section VI covers the analysis and
discussion of the results. Section VII concludes the work and
its results, giving a short outlook on potential areas of further
study.

Il. THEORY

A. GENERAL REMARKS

This section will setup a foundation of the basic applied
FEM and neural network. This is done by elaborating
the core formulation behind the variational finite element
simulation providing the training data and the basic neural
network calculations involved during training and prediction.
In regards to the neural network core terms are explained.

B. ANALYSIS MODEL

We make use of a finite element model which models a
physical problem of linear or non-linear material behavior.
The finite element method is a numerical tool for solving
underlying partial differential equations of engineering tasks.
In this work, the solution to the weak equilibrium equation
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for non-linear elasticity in the reference configuration By is
demanded

Ru,v) = / PX@) : vvav
By

— by -vdV
Bo

—/ to-vdA =0, (1)
Bo

where PX is the first Piola-Kirchhoff stress tensor, by and
typ denote body and traction forces, respectively. Further,
u denotes the vector of primary displacements and v is
the vector of test functions. Due to the non-linear system
response, a Newton-Raphson procedure is employed to
iteratively solve (1), which implies its linearization

R, v) + 8,R(u, v; Au) = 0. 2)

In the FEM a system is approximated through various
techniques. In a process called discretization, the observed
system geometry is subdivided into multiple simple sections
called finite elements, which make up the complete system
mesh. This allows to numerically solve the weak form of
equilibrium. The finite element system is set up through the
use of known shape functions - traditionally chosen as poly-
nomials - for the approximation of geometry, displacements
and test functions. Following the isoparametric concept, the
same shape functions are used for all approximations in each
finite element. With the discrete approximations

R, v) ~vIR and 8,R(u,v, Au) ~vIKAu, (3)

where R and K denote the discrete residual vector and
tangent stiffness matrix, respectively, and excluding the
trivial solution v = 0, the discrete version of (2) solved
for the unknown displacement increment vector Au in each
Newton-Raphson iteration reads

KAu = —R. 4

Further details on finite element analysis (FEA) can be
found e.g. in [38], [39], [40], [41], and [42] to name a few.
In design sensitivity analysis, generally, the change of a
response function f (u(x), x) w.r.t. a change in chosen design
or model parameters x defining the model design shall be
quantified. Utilising variational sensitivity analysis, cf. e.g.
[33] and [34], this change can be written in variational form

Sf = 8uf +8uf = [g—ﬂ Su + [%} 5x. 5)

Further, considering that a design change dx must not violate
the equilibrium of the system, i.e.

SR(u,v, éu, 6x) = 5,R(u, v, Su) + 6,R(u, v, 5x) = 0,
and approximate both variations using
8uR(, v, su) ~ v Ksu and 8,R(u, v, 8x) ~ vI Péx, (6)
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where P represents the tangent pseudoload matrix, the total
response sensitivity can be identified by rearranging the
discrete total variation of the weak equilibrium condition, viz.

Kéu = —Pox. @)

This procedure is commonly referred to as the direct
differentiation method and results in the computation of
the sensitivity matrix S by solving (7) for the unknown
displacement variations, i.e

Su=—K 'Psx = Séx. (8)
The response function of interest in this study is the so called

stress triaxiality defined as the ratio of the mean stress opjean
and equivalent von Mises stress opises

OMean tro
T = = ; 9)
OMises 3432 (

where J5 is the second deviatoric stress invariant and tr o is
the stress tensor. Therefore, it characterizes the current stress
state as follows. A high positive stress triaxiality corresponds
to a tensile stress state, while negative values indicate a
compression stress state. A low magnitude corresponds to a
shear dominated stress state.

Utilizing the above described variational method, the
discrete sensitivity relation of the stress triaxiality can be
derived to

0oMises

aT 80Mean + 3T
doMises 00

8T =
00Mean 00

}&7, (10)

where the determination of the partial derivatives are straight
forward and the total variation of the stress tensor can by
means of (5) and (8) be identified to

9 9
so = | 2285+ 2% | sx. (11)
ou x

Further details on derivation and implementation can be
found e.g. in the referenced literature. A non-linear compress-
ible Neo-Hookean strain energy function of the form

WH _ %Wc 3 2l0s)) + %)\(J “r (1)

is used for the computation of the stress response, where p
and A are the elastic Lamé parameters, I, = tr(C) = tr (F TF)
is the first invariant of the left Cauchy-Green deformation
tensor and J = det(F) denotes the determinant of the
deformation gradient F.

Remark: Note that within the work at hand the design
parameters are chosen as geometric control point coordinates
of a mesh controlling Bezier surface. However, within the
FEM the only geometric information available is the nodal
mesh coordinates. Therefore, a design velocity matrix is used
to connect the nodal mesh coordinates with the underlying
Bezier geometry description, cf. e.g. [43], [44], and [45].
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C. ARTIFICIAL NEURAL NETWORKS

The neural network models in this paper have a basic
structure and design of a regression feedforward model.
According to the Universal Approximation Theorem [12]
and its subsequent variations, neural networks are capable of
approximating any continuous functions. ANNs have been
proven to provide accurate results empirically. Following,
the design parameters are referred to as the inputs x and the
triaxiality T as true outputs y.

1) PREPROCESSING

In supervised training, each input x, is paired with a true
response y,; for a given training data size d, whereby input
and output usually contain multiple elements, denoted by
subscript e. In general, the training data is split into multiple
parts, which are called minibatches and each training iteration
uses a single minibatch in order to minimize overfitting.
The order of these minibatches is shuffled during training
which adds a stochastic effect to the training process. When
applying training data to a neural network, it is generally
recommended to preprocess the data to avoid general pitfalls,
such as exploding and vanishing gradients. In certain cases,
trimming the data of outliers for numerical instability and
normalization or standardization are important tools for
training neural networks. Input and response data x4, y,; can
be standardized by using the mean values X, y and dividing by
the corresponding standard deviations of each element oy, o
respectively per Hadamard division:

xd—i

Xds = 13)

Ox
a =y
Yas=—""" (14)
N oy
Generally, it is necessary to preprocess the data with the to
be approximated system in mind. The following sections will
leave out subscript d, e, s for the sake of simplicity.

2) FORWARD PASS

For all equations relating to neural networks in this section,
the number of neurons is defined as n. To provide a better
overview in equations, the current layer from which anything
is referenced is denoted as /, the following layer as / 4+ 1 and
the previous layer is denoted as / — 1. In addition, layers are
always denoted as superscripts in brackets, that is (-)l']. The
neurons are referenced with i, when referring to the current
layer, and with j when referring to the previous layer. This
numbering is denoted as subscripts, whereby in general j
follows after i in the subscript. The linear term or the weighted
sum, of a neuron, is called z, whereby w denotes a weight and
b denotes a bias. The non-linear output of a node is called o,
whereby the non-linear function applied in it, is notated as
a(-). The input training data is referenced as x, the response
training data or the true output as y and the neural network
model output as y. Every x is paired with a y, as supervised
training is applied to the neural network models. However
for the sake of overview, data size and minibatches will not
be considered in the following equations and they apply to
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a single data pair of x, y. Still, every equation is applicable
to multiple training data samples for a single iteration by
following the defined equations in this section for each
training data pair of the minibatch and simply taking the
average of the final result, the loss L. First, we define the

weight matrices W'l e Rl gor any layer [ as:
[ [
Wi e Waiong
wil=1 - : (15)
[7] [
Wiam e Won-n m

The bias vector o) € R™"¥! follows the following pattern
for any layer [:

1
bl,l

bl = (16)

[
bl,n[”

The output vectors o/ € R™" for any layer are defined as:

[7]
01

=1 : (17)
[
0,
The vectorszl!! € R"" containing the linear terms are defined
as:

A0 — Wl Gli=11 4 gl (18)

whereby the vectors 0!/~ contain the non-linear outputs of
. -1

the neurons for the respective layer / — 1. W € R >l
. . . 1 . . .
is the weight matrix, b € R is the corresponding bias
vector. Written-out for each element, the equation changes
to:

all=11

l -1 Noax
A= ol Wil plilwith i = (1, ..al) (19)

Jj=1

Each element of the output vector o/l is defined as a pre-

defined activation function a(-) applied to the corresponding
linear vectors z[l], element-wise:

ol = az!") (20)
Written-out, the expression for each element is:

ol = a@lM), with i = (1, .., nl") @21)
In the case of the input layer / = 0 and the output layer / = L
the output vector o is the input vector x and the output vector

y, respectively:

X1
x=| : | =0 withi=0 (22)
Xyl0]
1
j=| 1 | =0 withi=L (23)
Vil
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During the training process a neural network compares its
own produced response vector y with the true response vector
y with the help of a loss function L. Over the training process,
the neural network model ideally converges this loss towards
zero and its loss serves as a performance metric of the model’s
accuracy to approximate the training data. The loss function
L is defined as the sum of all losses, which is simply the
response 1oss ERresponse:

L= gResponse 24

The response loss EResponse is defined as the half-mean
squared error of the model’s response y to the true response
y, whereby ||-|| denotes the Euclidean vector norm:

nlLJ

r .
5Response = 5 y —)’” Z Qi — yl (25)

3) BACKPROPAGATION

For the training process, it is necessary to optimise the model
parameters, referred to as 6, consisting of the weights and
biases of the neural network. The neural network needs
to identify the gradlent of the loss with respect to each
model parameter },—0, for the minimization of the loss L.
To compute all gradients for the model parameter update
step, the backpropagation follows after the forward pass. The
forward pass populates each parameter of the neural network
model and gives the current model response y. 6 includes
both weights w or biases b of its respective layer. To compute
the gradients with respect to the model parameters of layer
| = p, automatic differentiation is used, which applies the
chain rule during backpropagation to evaluate each partial
derivative step by step. The general formulation for a neural
network with a single neuron in each of its layers defines the
backpropagation for the partial derivatives B%’J of the loss £

with respect to the model parameters o) per chain rule as:

L 9L 39 dol L dolPl 9P
301 — 39 oLl 9zIL1 golL—11 """ 3l glp]
with 1 <p <L (26)

Each partial derivative can then be evaluated following these
fundamental derivatives. For 2 il and

oL 3)7
and —— =1 27
oy — Y ryand 5l 27)
And the repeated partial derivatives through the layers:
dol!] azlll
— [7] [7]
PR =d (") and ol 11 — (28)
And for target layer [ = p we have:
971 _ olr—11 %f ol — ,,[P] 29)
o] 1 if oIl = plr]

whereas in the last equation the distinction occurs on
whether the model parameter 6 is a weight w or bias b.
When considering the order of operation in a feedforward
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neural network, each partial derivative with respect to model
parameters of layer p is preceded by the partial derivative with
respect to model parameters of its following layer p+ 1. Next,
we define the partial derivative with matrices and vectors,
since we are dealing with more than a single neuron in the
layers. With respect to layer [ we have the partial derivative
with respect to the non-linear output st

I+1
_ 8Z[+] [I+1] 80

iy © S (30)

The operator © denotes the Hadamard product, which is an
element-wise multiplication, whereas the operator ® denotes
basic matrix multiplication. The terms are defined as follows:

3z[l+1]

o = (WUHINT ¢ Rl 31)
2‘;—[[2 = d @M e R (32)

The 82! at the last layer L is defined as:
SIL1 — 9L 8y c pIx1 (33)

oy (L]

From here on, we can define the partial derivatives with
respect to model parameters in the following:

aﬁ — [l] 8z[l] nle’l[lil] (34)
owlil — awli
In this term, we have defined on] as
a7l _
Sym =@ (35)
For the biases, we have instead:
oL 1
_ el alllx 1

_8b[” =4§"€eR (36)

From here on we define gradient vectors VLU for each
layer containing all partial derivatives in a single column by
vectorization vec(-) of their partial derivative matrix, which
has the same dimensions as the respective weight matrix and
bias vector.

L\’
ec(m)) 37

We define a gradient vector for each weight matrix of layer /
as:

vec(A) = (Vec( E)LU])

vl = (vec(£

L \"'
BW[I]) Vec(m)) (38)

Then, we concatenate all gradient vectors for use in residual
weighting methods mentioned in later sections, which gives
us the total gradient vector:

T
v LI ) 39

ve= (vl vl
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lIl. DEVELOPMENTS

A. GENERAL REMARKS

The inclusion of sensitivities during training of neural
networks provides performance improvement in the form
of improved loss convergence, lower final loss and higher
accuracy on validation data. When having data provided by
a numerical simulation such as FEM, which is capable of
also providing sensitivities w.r.t. design parameters through
adjoint or direct methods, Sobolev training is a quick and
worthwhile adjustment. Further in this section, Sobolev
training will be expanded on, to provide an expansion of the
basic ANN theory in the earlier section. When considering
this Sobolev training, a weighting issue arises, as the neural
network training has to consider responses as well as
sensitivities in its algorithm. In regards to this issue, the
first step is to find the optimal weights of said objectives
for the optimal convergence performance. This however begs
the question of how to decide which of the responses and
sensitivities are in how far important for the convergence
performance and ultimately the accuracy of the final trained
model.

B. SOBOLEV TRAINING

Sobolev trained neural networks follow the general structure
of a basic ANN. Instead of adding additional outputs by
increasing the output layer size, the target loss function used
for the optimization through gradient descent methods is
adjusted to consider the additional sensitivities with respect
to the inputs. The equations will show the similarity of terms
of partial derivatives inside the neural network, explaining
why Sobolev training is computationally efficient, when these
sensitivities are available.

1) PREPROCESSING

For the preprocessing, to obtain the sensitivity of the first
standardised response to a standardised input, gi ij, the
corresponding standard deviations oy,, oy, are applied to the

sensmVlty

as follows:

ayl,s - a}’l ) Ox,
0Xe s 0xe oy,

(40)

This is done for each element e of x and for every element of y.
Going forward, we leave out subscripts d, e, s for simplicity.

2) SENSITIVITIES

When sensitivities of a system are available, especially when
their additional calculation is computationally cheap, the
implementation of sensitivities during training can effectively
be considered. The main goal of applying sensitivities
for model training is to compare the sensitivity of the
model response defined by its model parameters to the true
sensitivity of the true response. As a general chain rule
expression, again for a neural network with only a single
neuron in each of its layers, the sensitivity of the model gl
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is defined for input x and output y:
39 3y dolkl pzl dol2l 7121
dx  dolLl 9L golL—T1 """ 321

(41)

With multiple inputs and outputs, we have the Jacobian g—i €

Lol . o . .
R™ ™" which is defined as:

5 5
. 0x] o 0,01
ay
D : (42)
ox R . R
CA CAD
ax1 o 8xn[01

When considering multiple neurons, we again introduce
matrices and vectors per earlier definition. However, we rede-
fine 81, so as not to include the derivation of the loss
function:

sl 0y
dzlL!
We can now easily define the partial derivative with respect
to inputs as follows:
D Wiy g s (44)
0x
This contains all sensitivities of the neural network model.
All the partial derivatives for loss gradient calculations are
already evaluated during the forward pass and backpropa-
gation of the basic ANN. This allows efficient computation
of sensitivity related expressions without increasing training
time comparatively to the basic neural network, emphasising
the performance improvement through Sobolev training. The
new loss £ is now defined as the sum of the response losses
EResponse and the sensitivity losses Egensitivity :

L= 5Response + ESensitivity 45)

Similar to the response losses Eresponse the sensitivity losses
Esensitivity are expressed as the half-mean squared error of the
computed model’s sensitivity and the true sensitivities. For
each input, the respective sensitivity loss is computed with
the Euclidean vector norm of its vectors 7= 0 and

e RMx1 (43)

1

§~Zu8x] a—x]n
1R s a2
1 L
= . S OH 46
2 Zz(ax]' ax]') (46)

i=1 j=I

gSensitivity =

The model training occurs unchanged, by solving the mini-

mization of its defined loss L for its model
parameters 0:
6 = argmoinﬁ(O)
with @ = (W sy for 1 € 11, L] (47)

While the sensitivities are expanding the loss function, they
are not an output of additional neurons in the output layer. The
Sobolev training operates akin to a loss regularization term.
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3) BACKPROPAGATION

Unchanged to the basic ANN, the process of computing the
gradients with respect to the model parameters of layer / = p
is done by using automatic differentiation. The chain rule
is applied during backpropagation to evaluate each partial
derivative step by step ;gmerically. The general equation

for partial derivatives P of the loss £ with respect to

model parameters g follows, whereas an additional addend
expands the previous equation, that is the partial derivative of
ay
e es AL I3% .
the loss along the sensitivities, IRTIE

ox

L 9L 0y ol Bzl dolP1 pzr]
P a_j,aolLl 0zIL] dolL—11 """ g7Ir] gglp
oL a2

3 9oLp]
I a6

with 1<p<L (48)

For ;Tﬁﬁ, the evaluation is simply the difference between the
ax
neural networks sensitivity and the true sensitivity:

aL 9y 9
=2 3 (49)
¥ ox Ox

ox

As previously shown, the sensitivity of the model response
is also expressed per chain rule. Therefore, for layer [ = p,

it simply follows for ﬁ : (g—i :

9y R
0 (a) K 39 doltl a7l olll gglll
golrl  — gplpl ' dolL] 3zIL] §olL—11 """ 5711 Jx

(50)

For the partial derivative relating to the model sensitivity,
that is the partial derivative with respect to input, for layer p
this expression has to be differentiated for all layers [ > p.
This is because 67! is nested inside all layers after layer
p propagation-wise. Consider the last layer for our simple

expressions of depth 1 in all layers, with the previous defined
(W

state of all parts of 0 - | 55 )

for the case p = L, this
expression turns to:

gLl — 961L]

5 5 aplll gLl
0 (31) 9 (%%%) dolll gzl
x 30T 3211 3o ( ol 3z ) 51)

Since the goal is to compute the partial derivative with respect
to 6141, any terms propagated before this model parameter
are independent of it, allowing these independent terms to

be factored out of the partial derivative with respect to

(LM a1 )
6L, The partial derivatives of M are left for
differentiation, which were previously defined. Per product

and chain rule, it follows:

35 golll gglLl
0 (ﬁﬁﬁ) B (1 cd (7 . W[L]) .
9oL N Fr (52)
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and for 6 being a weight w and bias b, respectively:

(Y - o1 I g LTy

(L] _ L]
8 (1-a/Ly . wit) for % = w

591L1 =

&' (L) . L]
for oIE) = plt]
(53)

Through these general equations, all gradients for the
Sobolev trained neural network can be computed. In the
case of a simple activation function, such as the rectified
linear unit applied in this work, second-order derivatives
of the activation function are 0, simplifying the gradient
calculation. When considering multiple neurons, with the
previous definition of g—i and our newly defined loss function,
we also define the first partial derivative with respect to model
parameters for the sensitivities:

(&) _ o

=1"" g (54)

aw ]
With 1" being an Identity matrix with the same dimensions
as its respective weight matrix of the first layer. For all other
layers, we have:

o) _owen)
owll —  wl]

Following the chain rule, when reaching the respective layer
§U=11 we obtain:

agl1—11
awll
Since we use the ReLU activation function, all partial

L 9oll]
derivatives per product rule of ‘)"—[,J turn O and are left out
of this equation. The gradients of the Sobolev loss are now

defined as:
”
L _ L 0 oc (%)

Ty awll (g_i) awll

(55)

ao[l—l]

_gwi [
=I"" " ®3 Qaz[l—ll

(56)

(57)

Once all gradients have been computed, the applied training
algorithm adjusts each model parameter unchanged to the
basic ANN by an update step which now considers the
gradients w.r.t. model parameters for both responses as well
as sensitivities.

C. RESIDUAL WEIGHTS

When considering the different losses of response and
sensitivity, the optimization task has become more involved.
Each individual loss represents its own optimization target
for which convergence towards zero will improve accuracy
of the neural network model. But since the actual target
value of the model is to approximate the true output y only,
it is still considered a single-objective optimization problem.
Nevertheless, by introducing multiple new losses, which are
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indirectly approximated, a new space of loss optimization
can be considered. In this more involved optimization
problem, there is an optimal weighting of response and
sensitivity losses to obtain optimal training convergence.
When considering the optimal ratio of the loss addends, there
are a variety of approaches to consider. In this work, various
methods to optimise the residual weights are considered
and empirically evaluated. All optimization methods used
for the residual weights of the losses will apply the same
optimization algorithm, ADAM, which is applied to the
model parameters of the neural network. The general goal of
these approaches is, that during any training step, the defined
sum of response and sensitivity losses arrange a traversable
space by ratio of residual weights, where there should exist
a ratio for optimal performance or convergence during its
training.

FIGURE 1. Residual weight function.

The methods are employed to find this ratio and thereby
improve convergence. To make this possible, the previous
loss L is expanded by residual weights Az and Ag:

L= AR 5Response + As 5Sensitivity (58)

To limit the range of the residual weights A; and stabilise the
training process, they are evaluated by a function. This limits
the residual weights between the range [€p; 2 + €p] and €9 =
0.01 is added to avoid elimination of response and sensitivity
loss and numerical instability. Specifically, the initial residual
weight A; prey 1s applied to the error function erf(-), which
returns A;, which is then used for subsequent computation:

A=1—erf (12_—)‘”’”) + e (59)
V3

This is then repeated for during every training step to
reevaluate the residual weights. While previously, the loss
was minimized for model parameters #, now the model
training occurs by solving the defined loss £ twofold. First,
the loss £ is minimized for its model parameters , just like
with a regular neural network:

6 = argn}ginﬁ((), A)
with 8 = (W sy forie1, 1) (60)
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TABLE 1. Methods for optimising the residual weights X\

# Method

1 arg miny £
2 arg maxy L
3 arg miny |[VL|
4 arg maxy |VL|

5 arg miny Var(L)

: VL-NVL;
6 arg miny <1 ~NZIVE |V£1'|>
2
. VL-VL;
7 argminx | gz v z; |>

_ VLResponse' VL) )
TV LResponse| 1V L] \Vﬁ [

_ VLResponse" VL) )2

9 Jargminy (g SO

8 arg miny (1

Lastly, the various methods listed in Table. 1 are used to
update the residual weights A;. These methods cover a variety
of optimization targets during training. Certain methods only
differ in their application of said optimization target G(-):

A =arg m/\in ge, N

with A = [¢g; 2 + €] for ¢g = 0.01 (61)

Table. 1 covers all applied methods for the optimization of the
residual weights X inside the loss function. These methods
only apply to the residual weight optimization, in parallel
there is still the usual optimization of neural network weights
and biases @ per minimization of the MSE loss. In order
they are 1, minimization and 2, maximization of the total
loss function £. These are the most basic options of target
functions, whereby minimising the loss follows the same idea
as the optimization of model parameters as outlined with
mSANN. The maximization of loss w.r.t. residual weights
A in parallel to the general minimization of the loss w.r.t.
model parameters 6 should allow for the maximum possible
gradient step correction. Arguably, it is also expected that
minimization of the loss will simply converge the residual
weights to 0 and the maximization of the loss will lead to
increasing residual weights since losses are defined as > 0.
Then we have for 3, minimization and 4, maximization of
the magnitude of the total loss gradient |V L|. These target
functions directly optimise in regards to the convergence rate
[VL|. The idea and expected behaviors are similar to the
methods 1 and 2. Next, for method 5, minimization of the
variance Var (L) between each individual loss, which aims to
reduce the difference in performance between the individual
losses. This should lead to all individual losses working in
tandem, either all performing well or all performing bad.
Methods 6 to 9 are various methods targeting the angle
between different loss gradient vectors through the cosine
similarity. Cosine losses or methods of targeting cosine
similarity in neural networks are used in various works, most
notably in image recognition, where similar feature vectors
are compared [46], [47], [48]. In the case of 6 and 7, the target
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is to align the gradient vector of each individual loss V.£; to
the total loss gradient vector VL by minimising the cosine
distance and the squared cosine similarity, respectively.
Similarly, methods 8 and 9 apply the minimization of the
cosine distance and the squared cosine similarity. However,
in their case, the target is to align each individual loss
gradient vector V.L; with the gradient vector of the loss for
the response VL instead, since the response is the main
target of the model. The cosine distance minimization should
force equal angles between the respective gradient vectors.
Similarly, the squared cosine distance minimization should
force orthogonality between the respective gradient vectors.

TABLE 2. Methods with none or fixed residual weight optimization.

# Method AlnitialState
10 |SNN [1,1,1]
11 |Basic ANN [1,0,0]
12 SNN Exp. Decay [1,1,1]
13 SNN Exp. Increase [0,0,0]

For comparison, the results will include additional model
versions, see Table. 2, which omit an adaptive weighting
scheme and the error function in (59). The last column
shows the initialised residual weight values ApjtiaiState, the
first value weighting the response loss, the second value
weighting the sensitivity w.r.t. the first input variable and
the third value weighting the sensitivity w.r.t the second
input variable. Modes 10 and 11 are the Sobolev trained
model and a basic ANN respectively, with the basic ANN not
considering sensitivities and therefore setting the respective
weights to zero. In SNN the weights are fixed at one each,
in order to have a baseline Sobolev for comparison, which
we seek to improve. There is also modes 12 and 13, which
add exponential decay, see (62), and exponential increase,
see (63), of the residual weight value. For this two modes,
the residual weights \; are adjusted each epoch by the rate x,
the current number of epochs ig,ochs and the residual weight
of the previous epoch A; previous-

= Niprevious (62)
I+ (- lEpochs)
Ai = i previous - (1 + (1L - iEpochs)) (63)

IV. TOOLS AND APPLICATION

A. GENERAL REMARKS

For the realization of this work, a FEM simulation was used
to provide the necessary training data to train multiple neural
network models. In addition, the following section will go
into the details of each tool used.

B. FINITE ELEMENT MODEL

All neural network models approximate the data generated by
afinite element model. The FEM evaluates a two dimensional
mechanical system of linear and non linear elasticity. In this
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example a simple hook, see Fig. 2, is attached to a wall.
Further, a force is applied on top of the hook, to emulate an
object being attached to the hook. The shape of this hook is
then modified through two design parameters.

Material with linear and
nonlinear elasticity

Applied Force

Hook

Wall

~ Design parameters x = {x,x,}
“varied across the diagonal dotted
. line

FIGURE 2. Sketch of the hook system approximated by the finite element
model. The design parameters x7, x, in the range [-1, 1] adjust the blue
marked mesh nodes along the green axis.

Their values shift two controls points of an underlying
geometry description in the midsection of the hook orthogo-
nal to the hook radius, thereby reshaping the hook, see control
points 9 and 10 marked in Fig. 3. With these two design
variables, the FEM captures the geometric uncertainty of the
system, which is crucial in metal forming with for example
springback behavior. The finite element model evaluates this
mechanical system in terms of its stress state for an array of
design parameter pairs.

Stress Triaxiality

FIGURE 3. Visualization of the hook mesh deformation (a), the model’s
control points (b) and stress state undeformed (c) and deformed (d) for
design parameters x;, x, = (0, 0).

The design parameters are evaluated in the range [—1, 1]
to stay in the range of physically plausible deformation of
the hook geometry. These responses and sensitivities are then
used for training the neural network models. The focus of
this paper is the stress triaxiality of the material. The stress
triaxiality specifically is a desired final quantity as it serves
as a general indicator in regards to the material damage of
an object such as void fraction area. More precisely, the
stress triaxiality of a single specific node is chosen, where
the finite element model evaluation produces the most critical
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value. For the non linear elasticity evaluation, the material
is specified as St. Venant-Kirchoff material and the finite
element model evaluates the hook in the plane stress state.
For a general visualization of the use case, see Fig. 3.

C. NEURAL NETWORK MODELS

In this paper, all neural network models are trained in
the MATLAB R2023b software environment. To train the
models, the MATLAB Deep Learning Toolbox is utilised.
Since the goal is to compare different residual weighting
methods, the neural network design is simplified. For the
choice of model architecture, preliminary test runs were done
in order to gauge feasible options. The primary goal of these
preliminary test runs was to identify a model architecture that
allowed for fast training time as well as a small approximation
error without overfitting across the various methods applied
in this paper. To allow the models to learn more complex
patterns from the inputs, the hidden layers begin largest. All
the following hidden layers reduce in size up to the output
layer so that the learned features are reduced in dimensions
and thereby simplified for the final output. Thus, the models
are designed in small dimensions, with the hidden layers
being made up of a ““5-3-3"" neuron-layer structure, see Fig. 4.

TABLE 3. Neural network hyperparameters.

Hyperparameter Value
Minibatches 64
Learnrate 0.001
Grad Decay 0.9
Squared Grad Decay 0.999
Epsilon 108

O\
&

N7 4NN
3 g 3L

/L
N NN\
XK SEA

l' ~ \X
A

FIGURE 4. Neural network model layer and neuron structure
with 2 Inputs and 1 Output. Top: Basic layer structure 5-3-3, Bottom:
Additional layer structure 10-5-5-3.
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Each model has two input neurons and a single output
neuron. Each layer applies the rectified linear unit as
an activation function. A second model layer structure
is used later to analyse the effect of layer structure on
training convergence. The second structure will have an
additional hidden layer and contain more neurons, see Fig. 4.
Furthermore, the training occurs in minibatches using the
ADAM training algorithm. Each ANN model is trained on
the same dataset and each result is the average of 100 trained
models with random initialization of model parameters,
to reduce bias from various factors.

The model uses 320 training data points in addition to
305 validation data points, whereby 625 data points are
generated by the FEM. The 625 data points are evaluated in
a range of design parameters of constant step size. For the
validation data, data points of uniform step size are extracted.
For each iteration, the current model state is used to calculate
the relative I, error through use of the validation data.
Table. 3 covers the important hyperparameters used to train
the neural network models with the ADAM algorithm. The
first results are produced after only 500 epochs of training
to gauge the effectiveness of each method. Afterwards,
additional results of the two best converging methods as
well as the SNN are produced, which entails an expanded
training for 1000 epochs. There are also additional results for
2000 epochs.

V. RESULTS

The results consist of multiple instances of the aforemen-
tioned models with varying training parameters. While there
are multiple metrics that can be observed, the focus will be
on the [, error concerning the validation data. The reason
for this choice is multi-fold. First, the [/, error as a metric
allows validation of the trained model and an overview
of overfitting and underfitting. Secondly, since the goal of
this paper is to compare performance of various weighting
methods with each other, the [/ error is more indicative
of the models approximation accuracy than the total loss.
Since the models use Sobolev training and adjust the
magnitude of the individual loss addends, the loss value of
the different models does not provide meaningful information
for comparison. Consider that in this paper the total loss is
the sum of individual loss terms, which are scaled by their
respective weights that are adjusted during training. Because
of this the total loss is artificially scaled, making comparisons
difficult. Instead, as will be seen later in this section, the
individual losses without the weight scaling will be used for
comparison. The information is visualised through various
tables and graphs.

Furthermore, out of all the trained models for each mode,
the best performing models are compared via box plots, with
a secondary focus on the best performing residual weighting
methods. The box plots visualise the average value over
100 trained models with a red line, with the inner 50% of
values of the trained models inside of the blue box. The dotted
black lines represent the rest of the data of the trained models
with lower and upper ends. Finally, for the best performing
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FIGURE 5. L, error spread of all training runs for each mode.

residual weighting methods, the 1000 epoch training runs
are visualised with their loss and [, error curves over the
iterations. On top of this, the individual losses of responses
and sensitivities, as well as the residual weights, are plotted,
to analyse for possible patterns. There are additional results
for the purpose of analysing the effects of layers, epochs and
activation functions, etc. on the training convergence of the
models.

A. LINEAR CASE

For the linear elasticity case, training the models for
500 epochs results in the box plots in Fig. 5 for the I, error
values. For better analysis, the /> error box-plots of residual
weighting mode 2 and 6 are represented together with mode 9
for comparison in Fig. 6.

. Linear
0.24 T
0.2+
—_
|
0.16 - | | 4
5 1 —
Q I
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<012 | B
O |
= |
|
0.08 - } B
I
0.04 | : B
T |
A
0 L L L
Linax CDinin SNN

FIGURE 6. L, error spread of max £ and min CD. For comparison the
mode without residual weight optimization is included.

In addition, the averaged I, error and training time results
of the multiple training runs for each mode are listed in
Table. 4.
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Following these results, modes 2 and 6 are chosen to
be trained with 1000 epochs. While mode 8 also shows
promising results, the optimization method is similar to the
better performing mode 6 and is therefore not continued for
1000 epochs. In addition, the basic Sobolev model, mode 9,
is trained with 1000 epochs for comparison. This results in
the loss and [, error curves over the iterations are visualised
in Fig. 7.

For further patterns, the individual losses of response and
the two sensitivities are plotted in Fig. 8 and Fig. 9. It is to
note that these individual losses do not include the residual
weights, which is why the mode without residual weight
optimization still has the lowest loss in Fig. 7.

Lastly, the final residual weight values themselves are
plotted for comparison in Fig. 10.

TABLE 4. Average final /, error for each mode. The averaged training time
is included as well.

Mode Lo Error Training Time [s]
1 0.111 78
2 0.076 78
3 0.115 125
4 0.071 126
5 0.085 83
6 0.057 198
7 0.256 199
8 0.073 160
9 0.093 161
10 0.086 68
11 0.094 68
12 0.078 68
13 0.085 68

TABLE 5. Average final I, error for each mode. The averaged training time
is included as well.

Mode Lo Error Training Time [s]
1 0.115 78
2 0.088 78
3 0.134 124
4 0.093 123
5 0.09 80
6 0.087 191
7 0.213 197
8 0.091 144
9 0.092 144
10 0.089 67
11 0.112 68
12 0.103 67
13 0.105 67
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FIGURE 7. Top: Loss over the training iterations of max £ and min CD. For
comparison the mode without residual weight optimization is included;
Bottom: L, error over the training iterations of max £ and min CD. For
comparison the mode without residual weight optimization is included.

B. NON-LINEAR CASE

For the non-linear elasticity case, training the models for
500 epochs results in the box plots in Fig. 11 for the I, error
values.

For better analysis, the /, error box-plots of mode 2 and
6 are represented together with mode 9 for comparison, see
Fig. 12.

In addition the averaged I> error and training time results
for each method are listed in Table. 5.

Following these results, modes 2 and 6 are chosen to be
trained with 1000 epochs. In addition, the basic Sobolev
model, mode 9, is trained with 1000 epochs for comparison.
This results in loss and /, error curves over the iterations in
Fig. 13.

For further patterns, the individual losses of response and
the two sensitivities are plotted in Fig. 14 and Fig. 15. It is to
note that these individual losses do not include the residual
weights, which is why the mode without residual weight
optimization has the lowest loss in Fig. 13.

Lastly, the final residual weight values themselves are
plotted for comparison in Fig. 16.
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For closing, results for these same models, trained on
2000 epochs, are produced to observe the effects of the epoch
length on the training convergence.

The Table. 6 shows the wvalues for 500, 1000 and
2000 epochs. Furthermore, the effects of the model layer
size is observed with additional results for a layer structure
of 10-5-5-3 and compared to the original 5-3-3 model
in Fig. 17 and Fig. 18.

Lastly, Table. 7 illustrates the difference of the average and
minimum /; error for both layer structures.
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Response Loss
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FIGURE 8. Response loss over the training iterations of max £ and
min CD. For comparison the mode without residual weight optimization
is included.

TABLE 6. Average and lowest /, error for max £, min CD and SNN for
different number of epochs.

Mode Epochs Avg. Lo Error [s] | Smallest Lo Error
max L 500 0.088 0.027
min CD 500 0.087 0.028
SNN 500 0.089 0.025
max L 1000 0.039 0.015
min CD 1000 0.036 0.016
SNN 1000 0.045 0.016
max L 2000 0.026 0.014
min CD 2000 0.026 0.014
SNN 2000 0.025 0.013

VI. ANALYSIS AND DISCUSSION

While the analysis will be split into linear and non-linear case,
the non-linear case will have a slightly expanded analysis.
This is because when observing the first results in the non-
linear case, the differences between the best performing
modes is less pronounced, as will be discussed later. This
is not the case for the linear results. The non-linear case
discussion therefore also covers the 2000 epochs training
results. In addition the effect of the expansion of layers is only
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TABLE 7. Average and lowest /, error for max £ and min CD for the two
different layer sizes.

Mode Layers Avg. Lo Error Lowest Ly Error
max L 5—-3-3 0.035 0.016
min CD 5—-3-3 0.034 0.016
max L 10-5-5—-3 |0.022 0.011
min CD 10-5-5—-3 |0.020 0.009
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FIGURE 9. Top: First sensitivity loss over the training iterations of max £
and min CD. For comparison the mode without residual weight
optimization is included; Bottom: Second sensitivity loss over the training
iterations of max £ and min CD. For comparison the mode without
residual weight optimization is included.

analysed for the non-linear case. It should be noted that when
comparing FEM with any of the neural network models, in the
case of more complex systems, such as in the non-linear case,
the FEM is computationally more expensive with increasing
data sets being generated. For example on the same hardware,
when generating only a small set of 10* data points, the FEM
takes up to ~2200 seconds, where as the neural network
models can be trained on only 10% data points to then generate
the same 10* data points in under 1 second with satisfying
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accuracy. Especially when large amounts of data have to be
produced to be used in, for example, evaluation of failure
probabilities. This entails generating large datasets. Since the
FEMs data generation is fixed per data point, this effectively
linearly scales the required computation cost. In contrast, the
neural network surrogates only need a preliminary training
data set produced by either measurements or in this case
FEM generation as a solid base to be trained on. Once
the network is trained, large datasets can be generated at
negligible numerical cost. This highlights the advantages
of the proposed scheme in comparison to repeated FEM
analysis.
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FIGURE 10. Spread of the final residual weight values of all training runs
for max £ and min CD.
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FIGURE 11. L, error spread of all training runs for each mode.

A. LINEAR CASE

The linear case results show decisively, which modes
performs best. Fig. 5 shows the spread of the multiple runs
of the different applied modes of training. It can be observed
that mode 6 performs best. Following this, modes 2 and
4 perform second best. The other modes seem to perform
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FIGURE 12. L, error spread of max £ and min CD. For comparison the
mode without residual weight optimization is included.

somewhat equal, with modes 1, 3 and 7 performing the worst.
In Fig. 6, the difference in performance of mode 2 and 6,
as well as the base performance of the Sobolev trained model,
mode 10, becomes clearer. The gradient alignment applied in
mode 6 shifts the spread of the /; error slightly further down
but also increases the precision of the spread of values in
comparison to mode 2 and 10. This can also be observed in the
average being lower than the other two modes, as well as the
lowest obtained value being better. In Table. 4 the difference
of performance is visualised with the average scalar /; error
values. First, mode 6 is clearly the best performing mode,
followed by mode 4 and 2. However when considering the
average training time for the modes, mode 6 is second to
last. In comparison, mode 2 takes less than half the time and
mode 4 only takes ~60% to train. While the loss itself is no
longer a good metric for comparison of modes, the modes
2 and 6 have a bigger loss than the basic Sobolev training, see
Fig. 7. To actually judge the performance difference, Fig. 7
provides the /5 error, where both modes outperform the basic
Sobolev training mode, meaning it takes less time to train
a model for a certain accuracy. It can also be observed that
modes 2 and 6 perform relatively equal until iteration ~2000,
where mode 6 begins to outperform mode 2 by a slight
margin. Both of these figures are the results of 1000 epoch
training. Compared to the 500 epoch training, there is a
performance difference in magnitude. However, when it
comes to modes 2 and 6, which were performing the best, the
difference in performance is unchanged. Interestingly, when
observing the results in Fig. 8 and Fig. 9, mode 6 reduces the
losses of all individual loss addends the best. Mode 2 seems
to have difficulties approximating the first sensitivity and the
basic Sobolev training mode only keeps up the performance
for the second sensitivity. Still, for the total loss, the residual
weights are included in the calculation, which leads to the
basic Sobolev training mode having the lowest loss of all
three, as mentioned for Fig. 7. When analysing the values
the residual weights end up with, it can be seen in Fig. 10
that mode 2 generally converges the residual weights to lower
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ranges than mode 6. Additionally, while all three residual
weights of mode 6 range in similar regions, in the case of
mode 2, the residual weight of the response loss is generally
in a lower range than the residual weights of the sensitivity
losses. In both cases, the residual weight of the response loss
seems to have the highest precision.
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FIGURE 13. Top: Loss over the training iterations of max £ and min CD.
For comparison the mode without residual weight optimization is
included; Bottom: L, error over the training iterations of max £ and
min CD. For comparison the mode without residual weight optimization
is included.

B. NON-LINEAR CASE

The non-linear case results show how the performance
between modes is not as clear as the linear case. Fig. 11
shows the spread of the multiple runs of the different applied
modes of training. It can be observed that for the non-linear
case mode 6 performs best as well. Following this, modes
2 and 4 perform second best. The other modes seem to
perform somewhat equal, with modes 1, 3 and 7 performing
the worst. However the difference in performance is not
quite as big as it was in the linear case. Modes 2, 4 and
6 only outperform slightly. In Fig. 12, the difference in
performance of mode 2 and 6, as well as the base performance
of the Sobolev trained model, mode 10, becomes clearer. The
gradient alignment applied in mode 6 increases the precision
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FIGURE 15. Top: First sensitivity loss over the training iterations of

max L and min CD. For comparison the mode without residual weight
optimization is included; Bottom: Second sensitivity loss over the training
iterations of max £ and min CD. For comparison the mode without
residual weight optimization is included.

of the spread of values in comparison to mode 2 and 10.
However there is no strong performance improvement for the
average, as well as the lowest obtained I, error. In Table. 5
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the difference of performance is visualised with the average
scalar [, error values. First, mode 6 is slightly outperforming
the other modes, but not substantially. Surprisingly, mode 10,
which is the basic Sobolev training mode, performs equally
well, meaning unadjusted residual weights seem to perform
just as well as the various applied methods. This is quite
different compared to the linear results. The average training
time of the modes behaves similar to the linear case. Mode
6 is the second to last longest training mode, with mode 2 and
4 showing similar ratios to it as in the linear case. In addition,
mode 10 performing equally well, takes the lowest amount of
training time. This very different result compared to the linear
case is the reason for the additional analysis by expansion
of epochs and layer structure. While the loss itself is no
longer a good metric for comparison of modes, the modes
2 and 6 have a bigger loss than the basic Sobolev training,
see Fig. 13. To actually judge the performance difference,
Fig. 13 provides the /5 error, where both modes outperform
the basic Sobolev training mode, meaning again it takes less
time to train a model for a certain accuracy with these modes.
It can also be seen that with 1000 epochs the modes 2 and
6 outperform the basic Sobolev training mode. In addition,
mode 6 outperforms mode 2. Compared to the 500 epoch
training, there is again a performance difference, which
will be discussed later in this section, in comparison to the
2000 epoch results. Interestingly, when observing the results
in Fig. 14 and Fig. 15, mode 6 reduces the losses of all
individual loss addends the best again, just like the linear
case. Mode 2 seems to again have difficulties approximating
the first sensitivity. Furthermore, the basic Sobolev training
mode now seems to have difficulties keeping up performance
of these three metrics. Still again, for the total loss, the
residual weights are included in the calculation, which leads
to the basic Sobolev training mode having the lowest loss of
all three, as mentioned in Fig. 13. When analysing the values
the residual weights end up with for the non-linear case, it can
be seen in Fig. 16 that mode 2 again generally converges the
residual weights to lower ranges than mode 6. In general, the
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same behavior mentioned for the linear case is also found
here for the non-linear case. The residual weights also stay in
the same magnitude as the linear case. However the residual
weights for the sensitivities for mode 2 seems to have a
slightly bigger spread. Additionally, while mode 2 has the
highest precision for the first residual weight, mode 6 seems
to have similar behavior of precision for all three residual
weights. It can be observed in Table. 6 that the final accuracy
improves with epoch size. But the performance difference
between max L and min CD does not seem to change with
the epoch size. However, basic Sobolev training substantially
increases its performance with the epoch size relative to the
other two modes. Quite more interesting are the results for the
expanded model layer structure. When considering Fig. 17,
both mode 2 and 6 perform better. It can be noticed that
the average [, error has improved better for the second layer
structure ““10-5-5-3”’ in both cases, however the difference
between mode 2 and 6 seems to have expanded. Furthermore,
the lowest obtained /, error has also improved for mode 6 in
comparison to mode 2. The general superior performance of
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mode 6 compared to mode 2 over the training process can
also be observed in Fig. 18. Generally, mode 6 produces better
accuracy than mode 2 over the training iterations. Especially
of note is Table. 7, where the performance difference between
mode 2 and 6 can be seen to be expanding for a bigger
layer structure. This shows, that the small model dimensions
seem to bottleneck the performance of the gradient alignment
method. Therefore, if the model were to be sufficiently sized,
more than likely, the same behavior of results as the linear
case should be obtained for the non-linear case.

VII. CONCLUSION

In this paper we applied the generated data from a FEM
simulating the behavior of stress triaxiality response, as well
as its sensitivity w.r.t. chosen geometric parameters, of a
linear and non-linear material hook-shaped object under
a defined set of force onto a neural network, making
use of sensitivities. From here on various methods of
finding the optimal set of residual weights applied to the
individual losses of the gradient-enhanced neural network
were observed. During comparison it was concluded that
the method of minimising the cosine distance to align the
gradient vectors of each individual loss with the total loss
showed best convergence performance. Furthermore this
gradient alignment method showed further improvement with
expansion of layer width and depth. Specifically, the gradient
alignment reduced the spread with an increased accuracy of
the neural network training compared to Sobolev training.
This was the case for both the linear and non-linear material
data. Still, concerning the training time of the neural network,
the gradient alignment method performed the worst. While
the idea behind gradient alignment seems to work, there is
great room for improvement in regards to optimization of
the training algorithms computational efficiency. As a matter
of fact, a more optimized and faster training variation has
been tried and tested with similar accurate results. Another
point of interest is the expansion of the layer structure, which
could act as a bottleneck for the performance of the gradient
alignment method. Finally, with respect to the applied method
of minimising the cosine distance to optimise the residual
weights A, it is understood that the residual weight adjusts the
magnitude of the gradient vectors to affect the angle between
the individual losses and the total loss. From this, introducing
residual weights A for each element of the gradient vectors
would allow the algorithm to adjust not only magnitude
but also the direction of the gradient vector. Thereby, the
algorithm would ideally discard elements of gradient vectors
which oppose each other and amplify elements that go hand in
hand. However following that thought, the algorithm method
would need to be reconsidered, as potentially minimising
the cosine distance would have undesired effects of reducing
convergence performance. Additionally, depending on the
size of the neural network, having residual weights for
each element results in more computational effort needed
and should be considered carefully. In the early results, the
method of aligning gradient vectors only to the response
showed good results as well, which could be considered for
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mixing with other methods. Another important goal in future
research will be to apply the presented methods to expanded
neural network models with, for example, convolutional
architecture in order to capture the complete geometry of a
given system and object. This would allow for more design
variables and measured responses being evaluated in a single
model, while also allowing for more complex, larger systems
and neural network models to be tested with the proposed
weighting methods.
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