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Abstract

Block stacking storage systems are a very simple and widely used type
of warehouse, where unit loads like pallets, boxes, containers, or movable
shelves are placed on the ground and may be stacked atop one another. The
advantages of block storage are that it is highly flexible, easily scalable, and
mobile, without requiring large investments in infrastructure. Autonomous
mobile robots (AMRs) are increasingly used to automate operations in such
storage systems. However, even though automated block stacking ware-
houses can be very efficient, they still lack characteristics such as the adapt-
ability and creativity of human operators.

This thesis introduces a vision of autonomously organized block stack-
ing storage systems that integrate the advantageous characteristics of both
automated and manually operated warehouses. We describe the related ma-
jor operational decision problems, but because it would exceed the scope
of this paper to consider all such decision problems, we select one of the
most interesting, namely the unit-load pre-marshalling problem (UPMP),
and study it in depth. The UPMP deals with sorting such a system in off-
peak hours to prepare for future orders and hence allows making use of the
constant availability of AMRs. The goal is to sequence all stored unit loads
in ascending order based on the retrieval priority group of each unit load.
A similar problem is the container pre-marshalling problem in maritime
transportation, where each stack is accessible from the top via a crane. In
the case of the UPMP, a bay (storage area consisting of multiple columns
and rows of stacks) is accessed by AMRs from the side, from as many as
four access directions. We present a novel two-step solution approach that is
able to consider multiple access directions. In the first step we determine the
access direction to each stack based on a network flow model, which allows
us in the second step to adapt an existing optimal tree-search procedure and
lower bound heuristics from container pre-marshalling.
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iv Abstract

Our solution approach is first tested on different sizes of single-bay ex-
periments. In a second step, we extend and improve our approach and
demonstrate its practicality on larger multi-bay block stacking warehouses
containing multiple columns and rows of bays. Both experiments on ran-
domly generated problem instances show that multiple access directions
greatly improve the access times to storage locations and the overall sorting
effort. We outline the need for a future long-term research program related to
pre-marshalling and other interrelated decision problems to deal with the
associated challenges in block stacking storage systems.
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Chapter 1
Introduction

1.1 Motivation

In our constantly evolving world, a decisive competitive factor of factories,
organizations and entire value chains is the capability to adapt to a variety of
influencing factors, such as changes in markets and technologies. Companies
must react to shifting material flows in their supply chain networks caused
by evolving markets on both the demand and supply sides. Supply chains
that move agilely and can adapt quickly to new circumstances, while aligning
all interests, will have the advantage over their competition [Lee+04].

Storage systems are an important element of a supply chain and can
usually be found at many points of a network because they enable a time
offset for the in- and outbound flow of goods. Thus, efficient and adaptable
warehouses, in which goods can be stored until they are needed, are vital.

Examples abound for the benefits of goods storage, such as quantity balanc-
ing to decouple production processes, safety stock to bridge any disruptions,
speculation to exploit market price differences, and acquisition to ensure de-
livery capability (see [GFO08, pp. 142] [TSD18, pp. 52], [FK19, pp. 161], [Tem05,
pp- 1, pp- 48]).

An ever-present challenge of storage systems is matching required and
available storage capacity. No matter how accurately the required capacity
was estimated at the time a storage space was established, odds are high that
after a certain time it will no longer be appropriate. For instance, demand
growth or technological investments in production machines lead to the
requirement of additional storage space. Shrinking demand, on the other
hand, would lead to spare capacity and unused empty storage space that
could be reallocated to fulfill other purposes.

Many forms of technical warehouse infrastructure, like automated high-
bay warehouses, require large investments and long setup times. Therefore,
the logistic space is ideally empty [TH14]. Block stacking storage systems
are highly flexible storage systems capable of instantly scaling warehouse
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capacity. As the simplest form of storage system, unit loads (e.g., pallets,
containers, boxes) are placed on the floor and may be stacked on top of one
another. They require no infrastructure besides transportation vehicles (e.g.,
forklifts). Due to their simplicity, flexibility, easy setup, and low investment
costs, block stacking storage systems are particularly relevant in practice
and are used in a wide range of applications, including buffer storage for
the material supply of production systems, finished goods warehouses, and
cross-docking.

Today, most block stacking storage systems are organized manually by
human operators (e.g., forklift drivers), which is labor-intensive and accounts
for 75% of their operating costs [Mar16, p. 285]. Even though the spontane-
ity and problem-solving skills of humans (e.g., layout adjustments when
storage is full) are hard to replicate via automated solutions (see [Bov+19],
nonautomated systems bring a variety of problems and challenges. Firstly,
warehouse employees expose themselves to great risks. The U.S. Bureau
of Labor Statistics collects data on reported fatal and nonfatal occupational
injuries involving forklifts in the United States. The statistics from 2011 to
2020 show that each year, approximately 71 people die and 7242 are injured,
leading to an average of 16 days away from work [US 23]. Secondly, logistics
personnel are hard to find (see, e.g., shortage of skilled workers in Germany
[[FO22]). The main reasons for this, according to a survey by the German
Logistics Association (Bundesvereinigung Logistik), are poor working condi-
tions and low pay [Bun18].

Thirdly, human operators typically organize a block stacking warehouse
by grouping goods into lanes and blocks, whereby floor space is divided into
storage areas (so-called bays) and pathways for traveling (so-called aisles and
orthogonal cross-aisles) to allow fast access and travel times. Humans require
simple, well-defined structures such as fixed warehouse layouts with zones,
or the ABC classification of products, to make storage location assignment
decisions. However, not all human workers adhere to the rules and keep the
warehouse clean. Such irregularities lead to search times and require daily
stocktaking. High-performance work depends not only on the skillset but
also on other factors such as motivation or mood.

On the other, hand, automated block stacking storage systems based on
robotic forklifts require huge investments and long setup times. For those
reasons, such systems have been implemented mainly by larger corpora-
tions in scenarios with multiple work shifts. The interrelated operational
decision problems are solved separately in a decision pipeline of hierarchi-
cally connected systems (e.g., Warehouse Management System (WMS) and
fleet management), which leads to sub-optimal decisions. In addition, the
potential flexibility of block stacking warehouses is not fully utilized. Storage
strategies and optimization objectives are often not adapted, even though
the material flows are changing over time, leading to varying warehouse
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and forklift utilization rates. Furthermore, the internal layouts are not au-
tomatically adjusted, and off-peak hours are rarely used for rearrangement
operations. Today’s automated systems are simply not as flexible, adaptable,
or easy to set up and operate as they could be. Hence, a new generation of
automated systems—so-called autonomous block stacking storage systems—
is needed that incorporates key advantage characteristics of humans like
creativity, adaptability, learning ability, self-governance, and curiosity.

1.2 Research objectives and scientific contribution

The overall scope and contribution of this thesis is threefold. We aim to
(1) provide a vision for autonomous block stacking storage systems, (2)
determine and investigate the major related operational decision problems,
and (3) focus in depth on one of the most interesting problems, given that
the topic is far too broad to cover here in full.

The initial goal is to provide a vision of autonomous block stacking ware-
houses and the associated desired storage system characteristics. Before
defining a target state, it is first necessary to understand exemplary areas
of application together with companies’ respective practical requirements.
Thus, we aim to grasp the differences between various block stacking storage
application scenarios. Furthermore, it is necessary to elaborate on areas where
human operators excel over automated systems. This is, on the one hand, a
fundamental step toward identifying needs and fields of action; on the other
hand, it is also an important cornerstone to gain a better understanding of
desirable properties when elaborating a vision for autonomously organized
block stacking storage systems. Therefore, the first contribution is:

Contribution 1 — Vision:

* A vision for autonomously organized block stacking storage sys-
tems.

In storage systems, a large number of decision problems must be solved,
and an autonomous system requires identifying and modeling these deci-
sions. Consequently, the second research goal is to determine the decision
problems within the scope of a block stacking warehouse. Based on these
findings, the perimeters of this work are set and the considered decisions are
described and mapped to existing decision problems in research. Moreover,
we introduce the autonomous block stacking warehouse problem (ABSWP)
and discuss major challenges. The highlights of the second contribution are:
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Contribution 2 — Decision problems (based on Pfrommer and Meyer
[PM20]):

® The description of the major operational decision problems in au-
tonomously organized block stacking warehouses.

* A review of related literature for each decision problem.

® The introduction of the overarching ABSWP.

* An overview of key challenges.

In reference to the first two contributions, the next research goal is to
increase the level of detail by selecting one of the decision problems and
developing sophisticated approaches to resolving it.

We identify relocation and pre-marshalling as one of the most interesting
research topics, because sorting and rearrangement of items in off-peak hours
is a special feature of autonomous systems.

autonomous mobile robots (AMRs) are not only constantly available but
also allow the use of a more complex and fully shared storage strategy' that
enables highly dense block storage systems improving the space utilization
in warehouses. Therefore, we build on a solution procedure from the CPMP
and transfer it to the UPMP. An additional desired property in block stacking
storage systems is that the solution approach be suitable for handling up to
four access directions to a storage bay and several tiers of stacking.

Furthermore, the developed solutions should allow the possibility to
quickly evaluate the state of a storage system (e.g., in terms of blockage). This
can be directly used to tackle other decision problems, such as the assignment
of items to storage locations. The third contribution itself entails two sets of
sub-contributions, of which the first are:

Contribution Part 3.1 — Sorting block stacking storage systems in off-
peak hours (based on Pfrommer, Meyer, and Tierney [PMT22] (submit-
ted)):

* The formal definition of the novel UPMP for sorting a block stacking
storage system with multiple access directions.

® The introduction of a novel two-step solution approach based on a
network flow model and MIP formulation to calculate the minimum
number of moves to sort a storage system with up to four access
directions.

* A publicly available benchmark dataset.

* The evaluation and detailed analysis of the proposed solution ap-
proach in computational experiments.

L A fully shared storage strategy means that every storage location is available for any
item. Thus, no storage space is reserved for only certain products.
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We then extend the scope of the UPMP to larger warehouses consisting
of multiple bays. Increasing the warehouse size greatly extends the possible
scope of application, but it also leads to additional challenges, like an enor-
mous solution space. Hence, the goal is to conduct several adaptions and
improvements to our solution approach for the UPMP so that we are able
to solve large multibay warehouse instances. Additionally, an overview of
related sorting problems and solution approaches in multibay warehouse
setups should be provided. Finally, the capabilities and utility of the devel-
oped solution approach must be validated and supported. The second set of
sub-contributions for our third contribution are:

Contribution Part 3.2 — Sorting multibay warehouses:

* A formal definition of the multibay UPMP for sorting multibay
block stacking storage systems with multiple access directions.

* An adapted and improved version of our two-step solution approach
that is able to solve large multibay UPMP instances with more than
1000 storage locations.

* A large, publicly available benchmark dataset.

* Computational experiments for the detailed analysis of the extended
solution approach and a comparison of different warehouse setups.

Finally, we also contribute with our outlook and future research program
that identifies ample opportunities for future research.
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1.3 Outline

In this section, we present the structure and main research activities of the
dissertation project that are shown in Fig. 1.1. This work is divided into six
main chapters based on the previously defined research contribution clusters,
complemented by an introduction and conclusion. Although we generally
recommend that this thesis be read in chronological order, the third chapter,
as well as the fourth and fifth chapters together, are self-contained tracks
based essentially on two publications: [PM20]; [PMT22]

Chapter 1
Introduction
Chapter 2
Autonomously Organized
Block Stacking Warehouses
Chapter 3 Chapter 4
i Major Operational Unit-load
ﬂ Decision Problems B sadhal Pre-Marshalling
Chapter 5
Multibay Unit-load
,@ﬁ.@. Pre-Marshalling

! }

Chapter 6
©)
e’aﬁ Conclusion

Fig. 1.1 General approach and structure of the thesis.



1.3. OUTLINE 7

After the introduction here in Chapter 1, Chapter 2 commences with the
fundamentals of block stacking storage systems, including a description
of the main components and the basic process flow. We also provide an
overview of areas of application and, by way of examples, introduce four
real use cases and the associated practical requirements. This is followed
by a brief introduction to the terminology of autonomous systems in the
industrial and engineering contexts. Finally, we describe the characteris-
tics of automated and nonautomated systems and present our vision for
autonomously organized block stacking warehouses.

In Chapter 3, which is based on [PM20], we give an overview and provide
a classification of decision problems in autonomous block stacking storage
systems. Starting with Section 3.2, we formally define the considered opera-
tional decisions and provide a literature review for each problem, mapping
them onto existing decision problems in the research literature. Based on
the defined decision problems, we introduce the overarching ABSWP and
discuss the major challenges and needs of future research.

In Chapter 4 and Chapter 5, we tackle one of these challenges—namely
the UPMP to sort block stacking storage systems during off-peak hours—
and solve it in single and multibay setups. Chapter 4, based on [PMT22]
(submitted, under review), is about the UPMP for sorting a single-bay storage
system during off-peak hours under a shared storage strategy based on
the retrieval sequence of items. We first formally introduce the UPMP and
provide an extended literature review of related research. In a first step,
we transfer solution approaches based on exact tree search methods from
container pre-marshalling to the UPMP. We show that a direct transfer is
possible for the simplest case with one access direction. For the cases with
multiple access directions, we present a novel two-step approach based on
a network flow model and a MIP formulation. Subsequently, our solution
approach is validated in computational experiments on a large dataset of
randomly generated UPMP instances. Finally, we indicate further areas of
applications and potential avenues for future research.

Chapter 5 deals with the multibay UPMP. Similarly to the previous chapter,
here we formally introduce the problem and present related work. In the
next step, the adaptions and additions of our two-step solution approach
are presented before we carry out extensive computational experiments. The
experiments are based on several datasets consisting of randomly generated
instances. A detailed analysis is followed by a description of the main insights
and the delivery of final remarks.

In our overall conclusion and outlook in Chapter 6, we provide a summary
of the work and discuss the implication of autonomous block stacking storage
systems for supply chain networks. To complete the thesis, we offer some
ideas of new concepts and propose potential pathways for future research to
build upon this work.






Chapter 2

Autonomously organized block stacking
warehouses

This chapter starts by presenting the most important elements of a block
stacking storage system, providing an explanation of the basic process flow,
and enumerating exemplary areas of applications as well as real use cases.
Subsequently, we introduce definitions of autonomous systems, advanta-
geous characteristics of automated and nonautomoated systems, followed
by our vision of autonomous block stacking warehouses.

2.1 Fundamentals of block stacking warehouses

Block stacking storage systems are the simplest type of warehouse used in a
wide field of applications such as buffering, cross-docking, or finished goods
storage. Generally, any type of unit load—such as pallets, boxes, containers
or pods (movable racks)—can be stored by simply placing them on the floor,
and possibly stacking them on top of one another.

In order to use the available space as efficiently as possible, stackable
and standardized units of handling are most suitable. The length and width
of a single stack are defined by the geometry of the stored goods, whereas
the height of a stack (i.e., number of tiers) depends on the specific material
statics (weight limit), the height restrictions of a warehouse building, and
the operating technology (e.g., possible lifting height). The stored goods
can generally be arranged in any pattern; this pattern immediately affects
the system performance in terms of space utilization, travel distances, and
accessibility of goods.

Fig. 2.1 illustrates the basic structure of a pallet-based block stacking
storage system with a single storage bay and indicated aisles for traveling. A
defined standardized rectangular footprint allows the arrangement of these
units as a grid-based storage. Each lane of the bay contains a sequence of
stacks, where only the outermost stacks can be accessed by transport vehicles.
Because we consider only side access from a free direction, blockages may
have to be resolved in order to reach a desired unit load.
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Unit-load Lane

Aisle C /

Fig. 2.1 Example of a pallet-based block stacking storage system with a robotic forklift.

2.1.1 Types of transport vehicles

Block stacking storage systems can generally be operated by different kinds
of systems, including cranes and vehicles [TH14, pp. 63]. We consider only
ground-based transport vehicles that require no additional infrastructure. The
eligible types of transport vehicles very much depend on the characteristics
of the specific stock keeping units (SKUs) that must be stored. There are many
different types, of which two well-known examples are forklifts and pallet
jacks.

In terms of automated transport vehicles, automated guided vehicles
(AGVs) and AMRs are able to take over operational tasks. To our understand-
ing, AGV is a more general definition including vehicles that can only follow
physical guidelines on the floor, such as magnetic strips, whereas AMR is a
newer, and increasingly common term for a transport vehicle capable of some
autonomous functions (see [Fra+21]; [Hor+21]). Such autonomous functions
may be as simple as automatic collision avoidance, but they also include
more sophisticated functions, like the capability to move and navigate freely
via simultaneous localization and mapping (SLAM) by recognizing and con-
tinuously updating the environment using, e.g., light imaging, detection and
ranging (LIDAR) sensors or cameras. Because AMRs do not need to follow a
predetermined path, this independence of movement opens up new possibil-
ities in warehouse operations (e.g., in terms of additional routing options and
enhanced collision avoidance) and makes setup easier and quicker [Ull+15];
[Fra+21, pp. 25, pp. 98].

In Fig. 2.1 and throughout this work, we consider AMRs that belong to
the category of robotic forklifts with the capability to move freely within a
warehouse.
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2.1.2 Types of unit loads

Table 2.1 shows examples of different types of unit loads (see [TH14, pp.
23]). Unit loads can be based on load carriers or loading equipment that can
function as a standardized base for handling, and which may enclose the
goods to provide extra protection (see [TSD18, pp. 23]). Most load carriers
are rectangular and may allow access from one to four cardinal directions
(typically at least two opposite access directions).

With approximately five billion pallets in global circulation, the pallet
is one of the most important load carriers in logistics [Pla22]. Although
usually wooden, pallets may also be made of other materials like plas-
tic (more durable and hygienic) or cardboard (cheap and lightweight, but
disposable/one-way). Pallet sizes and dimensions vary across regions such
as North America, Europe, Australia, and Asia (see [BH19, pp. 37]). Other
types of unit loads include pallet cages, movable shelves, containers, and
any type of stackable boxes or materials that can be moved by the transport
vehicles described in Section 2.1.1.

2.1.3 Process flow

Fig. 2.2 shows the general process flow of a unit load through a block stacking
storage system. Goods arrive at an inbound dock (In), where they wait until
they are picked up. In the following step, goods can be either stored in the
warehouse or retrieved directly and delivered to an outbound dock (Out), if
a retrieval order for this good—a so-called SKU—already exists at the time of
arrival. If a good is placed at a storage location in the warehouse, it waits until
it is requested by a retrieval order. The optional relocation process allows
the position of a stored unit load to be changed, which may be helpful in
sorting and re-organizing a warehouse or in reaching an item that is blocked
by others.

Order for
this SKU

exists?
a Storing

Relocation
necessary?

Waiting in
Storage

Fig. 2.2 General process flow of a block stacking warehouse.




12 CHAPTER 2. AUTONOMOUSLY ORGANIZED BLOCK STACKING WAREHOUSES

Name Sketch Description

¢ Load carrier: Standardized pallet

* Load examples: Beverage crates, cartons, boxes, sec-
Pallet-based ondary packaging
unit load e Stackable: Depends on the load characteristics and

palletizing scheme

A * Load carrier: Standardized pallet cage

* Load examples: Any kind that fits into the pallet
cage
Stackable: Generally yes

Pallet cage

¢ Load carrier: Material-handling trolley or under-
Vi runable rack that can be lifted /moved by robots or
' ' forklifts
Load examples: Customizable heights of shelves
allow to fit in many types of items.
O % . stackable: Generally no

Movable shelf ' .

¢ Load carrier: standardized 20 or 40 feet container
Container ¢ Load examples: Any item that fits into it.
¢ Stackable: Generally yes

¢ Load carrier: Cartons, Crates or small load carriers
K ﬂ * Load examples: Any kind of small parts

* Stackable: Generally yes

Boxes

N

¢ Load carrier: Non. Requires gripping device.

Materials * Load examples: Paper reels, steel coils, steel plates.
¢ Stackable: Typically yes

Table 2.1 Examples of different types of unit loads.

2.1.4 Areas of application and examples of real use cases

Due to the system’s simplicity, the areas of application for block stacking
storage are countless, ranging from small, temporary buffer storage to vast
warehouses with thousands of unit loads. Thus, we cannot hope to offer a
complete picture that can be generalized to every case; instead, we aim to
highlight specific areas of application and key differences. Industries where
block stacking storage systems are used extensively include fast-moving
consumer goods (FMCG), building materials production, steel production,
agricultural production, online and offline commerce, logistics and warehous-
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ing service providers, maritime transportation, event logistics, and military
production and logistics.

In the following, we provide a description of four application scenarios
for block stacking storage systems. Throughout the dissertation project, we
gained practical insights from various corporations with industrial partners
in the beverage industry, the hygienic paper industry, a manufacturer of
technical equipment, and an industrial coating producer. These are only
a few of many examples where block stacking storage systems are in use.
Dependent on the industry, as well as the usage of block storage within the
value stream, storage systems fulfill various purposes: The requirements of
each warehouse and their prioritization is use-case-specific.

Beverage industry: In the beverage industry, pallet-based block stacking
warehouses are used at various points in the supply chain. Beverage crates
on pallets allow stable stacking of multiple tiers for finished goods or empties.
In the case of a deposit system, a block storage for crates of empties is often
located outdoors, as shown in Fig. 2.3. The block storage for full loads is
usually located indoors to avoid any soiling of sales products.

Fig. 2.3 Pallets with crates of empties outside a brewery.

For beverage storage and retrieval, rules based on production batches
and best before dates (BBD) are important. If more than one batch is stored
in a single lane, sorting and rearrangement to reach and retrieve the right
products may be necessary.

Operational rules in the beverage industry are usually not strict (so-called
weak storage rules). Usually a weak first-in first-out (FIFO) or FIFO based
on production batches is applied for selecting a storage block or lane. Within
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a storage lane, pallets are retrieved according to the last-in first-out (LIFO)
principle to avoid the relocation of unit loads.

Hygienic paper industry: In the hygienic paper industry as well, block
stacking storage systems are used for a variety of purposes. Examples include
the storage of raw materials like pulp and waste paper, half-finished goods
(so-called jumbo reels) and pallet-based finished goods storage. Whereas raw
materials are sometimes stored outdoors, half-finished and finished goods
are usually stored indoors to avoid exposure to the elements and to prevent
soiled products and quality issues.

The hygienic paper industry and the beverage industry follow the same
storage rules, albeit with the difference that hygienic paper has no BBD. How-
ever, rules based on production batches are also relevant, because product
design and specifications change over time.

&7/

Fig. 2.4 Loading zone of a block stacking warehouse for finished goods at a hygienic paper
manufacturer.

Stacking hygienic paper products can be trickier because there is usually
no crate, box, or other stable packaging. Stability and weight depend on
the varying product characteristics. Elastic or overhanging goods on pallets,
as well as uneven top surfaces, require individual assessment for storage
decisions. Sometimes, when stacking pallets directly atop one another is not
stable, a pyramidal stacking pattern, as shown in Fig. 2.5, works very well.

Supermarket for material supply in manufacturing: At the manufacturer
of technical equipment, we encountered a buffer storage for the material
supply of their production, which allowed them to change the setup and
layout of the production and storage system flexibly over time. Fig. 2.6
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Fig. 2.5 Pyramidal stacking pattern of pallet-based unit loads.

shows a part of the block storage. Because it was necessary to quickly reach
stored products, all storage locations were directly accessible. Most of the
storage locations were fixed and marked with barcodes so that workers
could find the desired products. It is worth remarking on the number of
storage locations with empty pallets: Fixed storage locations with empty
spots and directly accessible items lead to a large space requirement of the
block stacking storage system. Therefore, an obvious requirement is that
block stacking storage systems, when used as buffer storage for the material
supply of production systems, should use costly available space as efficiently
as possible. At the same time, access times must remain acceptable to ensure
responsiveness and timely delivery of materials.

Fig. 2.6 Top view on a buffer storage for the material supply of a production system at a
manufacturer of technical equipment.

Buffer storage of material-handling trolleys at an industrial coating
company: We encountered another example of single-tier block storage at
a coating and painting company for automotive parts. They use a huge
number of heavy material-handling trolleys to carry the frames, as shown
in Fig. 2.7, which the parts are attached to. The trolleys are buffered before
going to production and then circulate back with new parts that need to
be coated/painted. While in buffer storage, the trolleys are placed in multi-
deep storage bays under a shared storage policy, meaning that every storage
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location is available for any material-handling trolley. However, this makes
organizing the storage quite complicated because each trolley’s retrieval
time must be considered to avoid blockage. To reach a desired trolley in the
back, human operators may need to search for the target trolley or relocate
blocking trolleys—a physically demanding task due to the heavy weight of
the trolleys. Also, ongoing traffic of different forklifts, movement of people
and narrow aisles/bottlenecks must be handled.

Fig. 2.7 Buffer storage with material-handling trolleys at a coating company.

In all industries, we encountered creative and inventive ideas from hu-
man operators. Aisle space was used temporarily to speed up a loading or
relocation process, or to increase the warehouse capacity in peak times. In
another case, special forks were developed to increase efficiency by lifting
and carrying more items—an innovative technique that required the forklift
operators to drive in reverse.

2.2 Autonomous block stacking warehouses

Based on autonomously controlled decentralized structures, a supply chain
can be divided into fractals that lead to a high degree of modularity, com-
patibility, mobility, scalability, and universality. In a probabilistic world, the
main goal is to increase the response speed and flexibility of logistics sys-
tems. [TH14] In the following, we present our vision of autonomous block
stacking warehouses, which could be one of the key elements to increase the
adaptability of future supply networks. Before introducing the vision, we
first briefly introduce the concepts of autonomy and autonomous systems.
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2.2.1 Definitions of autonomous systems

Overall, the concept of autonomy is complex and multifaceted. The origins
of the term "autonomy" go back to an Ancient Greek word that translates
into "living by one’s own laws" and is a combination of auto (self) and nomos
(law). Today, there exist a variety of definitions depending on the discipline,
be it engineering, biology, medicine, politics, or philosophy. [Swa16]; [VTF16]
Here we try to give an overview of the most widely accepted definitions
of autonomous systems in the industrial and engineering contexts. Further
overviews regarding definitions of autonomy can be found in [Che+21];
[HMA15].

Vagia, Transeth, and Fjerdingen [VTF16] review the evolution of tax-
onomies dealing with the levels of autonomy and/or automation in engineer-
ing. In their understanding, the autonomy of a system denotes independence
from an outside supervisor (human operator or exogenous system) being
able to decide and change the way of action as far as appointed a priori by
the system designer. Automation, on the other hand, means that the system
is acting in a predefined way, precisely as it is programmed to do, without
the possibility to adapt and change its actions in the future. The authors
show that most of the taxonomies are based on similar boundary levels. The
lowest level of maturity is usually fully manual, whereas the highest level of
maturity constitutes a fully autonomous state.

Miiller et al. [Miil+21] study different definitions, characteristics, and re-
lated abilities of autonomy with regard to industrial autonomous systems.
Based on the investigated literature, they define an industrial autonomous
system as a delimited technical system that achieves its objectives systemati-
cally and without external intervention despite an uncertain environment.
Their definition of an autonomous system comprises four criteria: (1) system-
atic process execution, (2) adaptability to uncertain environmental conditions,
(3) self-governance, and (4) self-containedness. The authors also provide a
number of related abilities derived from the literature, as well as a detailed
example of a flexible manufacturing system that includes a mobile robot to
represent an industrial autonomous system.

In the context of assembly systems, Scholz-Reiter and Freitag [SF07] define
autonomy based on two criteria, whereby a system must exhibit (1) indepen-
dence from other systems and its environment, as well as (2) the means to
act and control itself. The authors state that the first criterion can be met by
clustering a system into subsystems with standardized interfaces; the second
requires that the decision-making be decentralized, thereby empowering the
respective subsystems. A degree of autonomy can then be derived by the
freedom of action and the respective subsystems’ ability to use this freedom
for independent action.
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In the case of robotics, Pfeifer and Scheier [PS01] define autonomy as inde-
pendence of control, which is more specifically a property of the relationship
between two agents (i.e., a system designer and an autonomous robot). They
also posit that autonomy is not an all-or-nothing issue; instead, there are dif-
ferent degrees of autonomy and no agent is totally autonomous. Within their
definition, there are always external factors, such as dependence on the envi-
ronment or other agents, that cannot be controlled by an agent. (Although an
environment is not usually presumed to possess the capacity for intent, other
agents may be.) According to the authors, the degree of autonomy depends
on self-sufficiency, evolution, and learning/development.

Fottner et al. [Fot+21] present a definition of autonomous intralogistics
systems, a classification matrix, and state-of-the-art for enabling technologies
and methods as well as application examples. The definition characterizes
autonomous intralogistics systems as self-contained with material and infor-
mation flows that are planned, executed, controlled, and optimized decen-
trally. Such systems cooperate and interact with other systems and humans.
The classification matrix consists of two dimensions: automation stage and
task level. Each task level, from system execution and real-time control to
overall system planning, can achieve six different stages of automation. The
stages span from the lowest (no automation) to the highest (full autonomy).

In the context of mobile robots in intralogistics, members of the VDI?
Technical Committee FA 309 "Automated Guided Vehicle Systems" pub-
lished an autonomy guide [Alb+22], in which they explain various terms
and differentiate between automatic and autonomous functions of mobile
robots for driving, safety, and load handling. According to the authors, au-
tonomous functions imply situative reactions to changing external conditions
and system states. Furthermore, they introduce an autonomy and fulfillment
index with a scoring system based on the previously defined autonomous
functions, which also captures the necessity for the use case. They state that
autonomous functions are not fundamentally good or bad; rather, they must
fit the requirements of the application.

Summarizing the definitions of autonomous systems, autonomy generally
refers to the ability to self-govern and make decisions independently with
minimum or zero external influence or control. Because few systems are
fully independent from external factors, most are not totally autonomous but
nonetheless achieve a certain degree of autonomy.

2.2.2 Characteristics of automated and manually operated
systems

Fig. 2.8 shows exemplary key advantageous characteristics of automated
and manually operated warehouses. Autonomous warehouses essentially

2 Association of German Engineers (German: Verein Deutscher Ingenieure - VDI)
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combine the advantages of both. In the following paragraphs, we describe
these characteristics before introducing our vision of an autonomous block
stacking warehouse.

Automated Manually operated

.
( Reliablity Y Adaptability W
- Learning
=2

Efficiency

)
Availability Creativity
- Self-
. J
~——

Autonomous warehouse

Fig. 2.8 Exemplary key advantageous characteristics of automated and manually operated
warehouses.

Automated block stacking warehouses: The first characteristic where au-
tomated warehouses excel is efficiency because sophisticated storage strate-
gies and algorithms can be applied (e.g., for path planning, storage location
assignment, and sorting). The second advantageous characteristic is safety
(i.e., avoiding injury to people or damage to goods). Automated systems
can be designed to minimize incidents and take no risks. The third advan-
tageous characteristic, reliability, is linked to safety but instead focuses on
process execution—meaning that robust processes ensure a high degree of
predictability. Stable predictable processes help to reduce fluctuations of up-
and downstream processes and facilitate planning. Redundancies of core
functions reduce the risk of system breakdowns. The fourth advantageous
characteristic is availability, which can be ensured around the clock as long
as it is sufficiently maintained. The availability of automated systems during
off-peak hours can be used for rearrangement operations. Finally, the fifth
advantageous characteristic of automated block stacking warehouses is trans-
parency. All required information of the current system state is available at
the respective entities and can be used for decision-making. This is also a
key benefit compared to manually operated warehouses, where warehouse
managers usually need to conduct frequent stocktaking.

Manually operated block stacking warehouses: The advantageous char-
acteristics of manually operated warehouses are linked mainly to human
intelligence. The first such characteristic is adaptability. Humans can assess
and change storage strategies and objectives according to the situation while
simultaneously planning ahead of time. For example, humans may deviate
temporarily from a defined strategy to be more efficient when the warehouse
is at full capacity: Instead of bringing unit loads to their designated storage
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locations, only the closest available can be selected. The unit loads can be
relocated to the correct storage locations later on when there is less activity
in the warehouse. Adaptability is often linked to the second characteristic,
creativity. Humans are capable of coming up with clever ideas and applying
problem-solving skills. Especially in exceptional situations, humans are often
able to find creative ways to deal with problems. For example, humans may
temporarily use aisle space as storage locations or spontaneously change the
internal layout. The third characteristic is curiosity, such as when humans are
able to sense and investigate acoustic or visual anomalies in the warehouse,
follow their instincts, and eagerly test new ideas. The fourth characteristic
is learning ability, whereby Humans are able to acquire and improve their
knowledge and skillsets based on experience and feedback. The fifth charac-
teristic is self-governance, which means that humans can control their own
behavior and make decisions without external influence. This involves self-
assessment (i.e., being able to monitor one’s own performance in detecting
and responding to errors or malfunctions).

Moreover, the combination of these advantageous characteristics imbues
humans with great versatility. Versatile, flexible human operators can switch
spontaneously between different tasks and areas (e.g., floaters) dependent
on warehouse utilization.

2.2.3 Vision of autonomous block stacking warehouses

This vision aims to describe desired target capabilities of an autonomous
block stacking warehouse operated by AMRs. The intent of autonomous
block stacking warehouses is to bring together the advantageous characteris-
tics of both automated and manually operated warehouses (see Fig. 2.8). The
goal is a self-regulating system capable of adapting to changes in a dynamic
environment with a minimum of dependencies on the outside world or ex-
ternal systems. As explained by Pfeifer and Scheier[PS01] (see Section 2.2.1),
there are no fully autonomous systems—only different degrees of autonomy.

In the following, we present the three core benefits of autonomous block
stacking warehouses and propose how they could be achieved:

1. Adaptive fully autonomous warehouse operation by solving all short- to
long-term decision problems involved.

2. Extremely low setup time and costs.

3. Efficiency increases with respect to configurable optimization targets.

(1) Adaptive fully autonomous warehouse operation by solving all short-
to long-term decision problems involved: Automated block stacking storage
systems are operated by AMRs, which are able to navigate freely and do
not need any changes in the infrastructure of a warehouse (see Section 2.1.1).
Even though such robots are an essential part of an adaptive system, we
consider autonomous block stacking warehouses to have a much broader
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scope, including all subordinate decision-makers that control operations in
the warehouse. Such decision-makers include fleet management software
or a guidance control system, an order management system, the function-
ality of a WMS/Enterprise Resource Planning (ERP) system, or a human
operator /warehouse manager. Combinations of these systems are already
able to fully automate a block stacking warehouse. However, they usually
require human input to define/change storage rules or internal layouts.
Future autonomous systems should be able to self-adapt, which could be
achieved by simulation and learning-based approaches. Also, as discussed in
the following section, the integration of the different systems is complex.

(2) Extremely low setup time and costs: Because block stacking ware-
houses need no infrastructure besides transport vehicles (including charging
stations), the initial setup effort consists mainly of configuring, modifying,
and integrating the system to fit into the respective conditions (e.g., pro-
cesses, system landscape). We believe that this setup effort can, and should,
be minimized with the goal of enabling plug-and-produce. However, a plug-
and-produce solution comes with several prerequisites. First of all, any mod-
ification of the hardware or software to meet the requirements of a use case
must be avoided. (Hence, a flexible and customizable system is required.)
Second, intensive training of personnel should not be necessary, meaning the
system is intuitive and easy to use. Third, plug-and-produce will be possible
only if interfaces to surrounding systems are fully standardized or if these
interfaces are generally optional /not mandatory. With regard to the multiple
systems that are today involved as decision-makers, a future autonomous
block stacking warehouse should integrate all core functionalities related to
warehouse operations with a minimum of standardized interfaces.

In theory, an autonomous block stacking warehouse can be set up with
only two basic steps, as shown in Fig. 2.9. First, the available warehouse
space must be known. One of the easiest ways to get information about the
warehouse environment is to scan the warehouse by exploring it with AMRs.
Second, the system boundaries, along with the inputs and outputs, must
be defined, where the AMRs should pick up and deliver in- and outgoing
orders. In a simple scenario, these are the only steps required. However,
further analysis of the necessary warehouse space and the required number of
vehicles to operate the warehouse may be advisable. A necessary adjustment
of the warehouse perimeter or the number of vehicles can be requested by
the autonomous system, although this would require external intervention.

Operations in block stacking warehouses generally require interaction
with the outside world only at the input and output system boundaries for
incoming deliveries or outgoing retrieval orders. A lean way to handle this is
shown in Fig. 2.10. AMRs can simply identify incoming goods via a barcode
like the global trade item number (GTIN) standard or a radio-frequency iden-
tification (RFID) chip. Outbound orders can be requested from the respective
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Fig. 2.9 Exemplary setup process of an autonomous block stacking warehouse: (1) AMRs
scan the environment, (2) Definition of in- and outputs based on the warehouse layout
(top view with black AMRs).

output-point (O-point) via a web application or an external system (e.g.,
WMS or ERP system) that is connected via a standard application program-
ming interface (API). Even though interfaces to other external systems are
not mandatory (in case a web application is provided), they may be useful
and recommendable nonetheless. If incoming deliveries or retrieval orders
are known ahead of time (e.g., production schedule or transport manage-
ment system), the warehouse can prepare by rearranging goods and ensuring
system availability. Also, stock levels may need to be known in a subordinate
system, such as an ERP system, to check availability when planning retrieval
orders (e.g., selling goods).

Identify goods Retrieval orders via
via barcode Web-App/ API
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Fig. 2.10 Exemplary interfaces of autonomous block stacking warehouses with the outside
world.

(3) Efficiency increases with respect to configurable optimization targets:
Besides a simple setup process and minimal dependencies on other systems
and the outside world, the main advantages of autonomous block stacking
warehouses are enabled by a control system that integrates the capabilities
of automated systems and human intelligence to tackle all relevant decision
problems. Whereas current automated solutions often apply simple rules in a
hierarchical decision pipeline, we believe that more sophisticated algorithms,
as well as the consideration of interrelated problems (e.g., in a simulation),
will enable further improvements of operational efficiency.
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A key feature that distinguishes autonomous systems from automated
systems is adaptability, which encompasses the abilities of self-perception,
self-optimization, and learning. By such means, the control system can dy-
namically adjust its objectives and solution strategies in response to the
current situation. If the input-points (I-points) are the bottleneck, allocation
to the available storage locations closest to the I-points may be a viable
solution—the objective being to service the inbound deliveries as quickly as
possible. However, this could potentially produce chaos in the warehouse
and ultimately delay future retrieval orders. To mitigate the risk of such
potential complications while improving future warehouse operations, unit
loads may be relocated during off-peak hours. The unit loads might simply be
moved to new storage locations (slotting) or, alternatively, the actual internal
layout could be changed.

We will discuss the decision problems as well as major challenges for
autonomous block stacking storage systems in Chapter 3.

2.3 Conclusion

In this chapter we introduced block stacking warehouses by explaining the
basic concept, the most relevant types of transport vehicles and unit loads
involved, as well as the process flow. This was accompanied by a concise
overview of areas of application as well as more detailed descriptions of
several real use cases—together with their practical requirements—in the
beverage industry, the hygienic paper industry, and in production supply
scenarios. In sum, the great practical relevance and utility of block stacking
storage systems was made abundantly clear. Furthermore, we discussed the
concept of autonomy and its origins, providing several definitions related
to engineering and industrial contexts. For the purposes of this research,
autonomy refers to the ability to self-regulate and decide independently
without external influence or control. Finally, we present a vision of au-
tonomous block stacking warehouses that combines the key strengths of both
automated and manually operated systems: Whereas automated systems
provide superior safety, efficiency, reliability, availability, and transparency,
nonautomated systems benefit from human operators’ superior adaptability,
creativity, curiosity, learning ability, and self-governance.






Chapter 3
Operational decision problems

In autonomously organized block stacking warehouses, AMRs control ma-
terial handling without requiring any technical integration or WMS. In this
chapter, we present related decision problems and provide a short literature
overview for each one. We found that many existing approaches do not
exploit the full potential of available flexibility. By focusing on operational
decisions, we introduce the ABSWP and discuss major challenges which
future solution approaches must tackle.

The adaptability of production and storage capacities in supply networks
is a decisive competitive factor. Frequent changes on the supply and demand
side of companies lead to dynamically shifting material flows and require
continuous adaptation and relocation of storage capacities. Many forms of
technical warehouse infrastructure cannot meet these requirements. A type
of warehouse, which is highly flexible, easily expandable, and movable is a
block stacking warehouse. In block stacking warehouses, unit loads (usually
pallet-based) are placed side by side on the floor and stacked on top of each
other. This requires no infrastructure and is therefore associated with low
investment costs. In today’s block stacking warehouses, the efficiency of ma-
terial handling still depends on the skills of human operators. In this work,
we consider autonomously organized block stacking warehouses, where
AMRs carry out material handling and take over human decision-making
without an additional WMS. This autonomous system should be able to
adapt to dynamically changing variables like stochastic in- and outbound
flow of unit loads as well as varying warehouse setups. Compared to other
infrastructure-based warehouses with racks, lifts, or cranes, the unique fea-
ture of block stacking warehouses is that it is generally not mandatory to
define any configurations or layout designs. Decisions can be made solely
operational, where agents are able to evaluate each new situation and decide
accordingly. That is exactly what human operators are skilled at. They are
extremely flexible and often act subconsciously. An example is truck loading,
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where a human operator might place pallets in the middle of a path to speed
up an upcoming loading process. Improvising an increased temporary stor-
age capacity by placing pallets against the storage rule in front of rarely used
items is another example. This behavior cannot be easily reproduced by any
existing automated systems. We commence this work by giving an overview
and classifying related decision problems. We then describe the considered
system decisions and present the state of research on related systems. Based
on these findings, we introduce the ABSWP. Afterwards, we discuss major
challenges and future research needs in the context of the ABSWP and then
provide a conclusion to our findings.

3.1 Overview of decision problems

In the past years, several general frameworks on warehouse design and
operations with associated decision problems have been presented (see, e.g.,
[Rou+00], [GGMO07] and [GGM10])). In the following, we present major
decision problems related to block stacking warehouses. Before introducing
these decision problems, we present the warehouse setup. As shown in
Fig. 3.1, the setup determines the environment and the available resources,
and for the ABSWP we assume that both aspects are given. The system
environment is defined by the following aspects:

* Storage space dimensions: The dimensions of the storage space are usu-
ally based on the required storage capacities and estimation of additional
free space for vehicle movement, safety areas, and spare capacity.

* Building characteristics: This includes characteristics such as the surface
condition, the load-bearing capacity of the floor, the illumination level,
and the electrical connections for energy supply.

¢ Number and position of load transfer areas (I/O-points or In- and
Outbound docks): input/output-points (I/O-points) are the interfaces
of the storage system to the outside world. They can be, for example,
loading docks for trucks or intralogistics connections to other areas like
production.

For operations in autonomous block stacking warehouses, additional
resources as shown in Fig. 3.1 are necessary. These resources substantially
define the operational performance of the system. In the case of block stacking
warehouses, the subsequent resources have to be determined:

* Number and type of vehicles: The vehicle type (e.g., AMRs, robotic
forklift, or pallet truck) depends on the characteristics of the transport
structures and units. The number of vehicles depends on warehouse size
and performance requirements.

* Number and Position of charging stations: An adequate capacity of
charging stations must be available to recharge vehicles.
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Fig. 3.1 Warehouse setup with specified system environment and resources similar to
[PM20].

A variable number of vehicles is especially important in order to react
to changing material flows. In the following, we assume that we have just
one type of vehicle and that the number of vehicles and charging stations
are fixed. Furthermore, we assume that a suitable information technology
(IT) infrastructure is available. In some cases, such as in cross-docking, a
flexible assignment of goods to I/O-points might have a positive impact
on the system’s performance. However, for the ABSWP we assume that the
assignment is given and known in advance.

The ABSWP comprises the system decisions within the boundaries of
a predefined warehouse setup shown in Fig. 3.2. We start by introducing
each of the related decision problems briefly before providing more detailed
introductions as well as literature reviews:

¢ Internal layout design problem: The internal layout design problem
deals with the partitioning of a warehouse into aisle and storage space.

* Storage location assignment problem: The storage location assignment
problem (SLAP) determines the storage location when placing a unit load
in the warehouse.
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Fig. 3.2 Overview of related operational decision problems similar to [PM20].

Unit-load relocation problem: The unit-load relocation problem deals
with rearrangement operations that may be necessary to reach a unit load
or can be helpful to improve the allocation of unit loads.

Vehicle dispatching problem: The vehicle dispatching problem involves
three sub-problems: Assigning tasks to AMRs, defining the sequence for
executing the tasks, and determining a conflict-free path.

Unit-load selection problem: The unit-load selection problem is about
selecting a unit load for retrieval. This decision is only necessary when
several unit loads of the same SKU are available in the warehouse.
Vehicle positioning problem: The vehicle positioning problem concerns
itself with the question of where an AMRs will be located when it is idle.
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In the following, we introduce each of the decision problems related to
the ABSWP and provide short literature reviews. Solving these decision
problems requires pursuing one or multiple objectives that may be adapted
over time. Objectives for storage systems are often based on cost or time,
but can also be other target figures such as environmental metrics. Examples
are the minimization of travel time, travel distance, makespan, tardiness,
task completion times, cost of movement, expected waiting times, energy
consumption, emissions output (e.g., carbon emissions), or maximization
of space utilization and throughput. The metrics can be absolute numbers
or averages. If several objectives are defined, they may be in conflict. A
classic trade-off in storage systems is an objective related to fast traveling and
the objective to maximize space utilization. Dense storage layouts usually
increase travel times and the necessity of relocation due to blockages. The
choice of objectives has a significant impact on decision-making.

3.2 Internal layout

In this section, we describe the internal layout problem followed by a brief
review of related literature.

3.2.1 Problem setting

Layout design problems can be classified into external and internal layouts.
External layouts define spatial boundaries as well as the number and posi-
tions of I/O-points and are assumed to be given as described in Section 3.1.
Internal layouts define the positions and dimensions of aisles for vehicle
movement and bays (also referred to as storage areas). Hence, the internal
layout problem is also known as the aisle configuration problem. Especially
for infrastructure-based systems, these layout problems are typically long-
term decisions and not operational (see [GGM10]; [GGMO07]; [Rou+00]). In
internal layouts, four types of locations can be differentiated:

¢ Inbound dock (I-point; also known as strip door): New unit loads arrive
at inbound docks. The exact position and orientation of inbound docks
are given by the external layout.

¢ Outbound dock (O-point, also known as stack door): The retrieval of
unit loads ends up at an outbound dock, where the unit load is removed
from the system. Specifications of outbound docks are also given by the
external layout. Generally, in- and outbound docks are inter-changeable
(e.g., open doors). However, defined in- or outbound docks are often
used to simplify processes and achieve a directed material flow.

* Aisle: Aisles are permanently unoccupied cells, which serve as cleared
space for fast movement of vehicles. Aisles are usually oriented length-
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and crosswise towards cardinal directions (orthogonal aisles are cross-
aisles). Nevertheless, any diagonal orientation and shape are possible.

* Bay: A bay is a storage area for unit loads consisting of one or multiple
cells of the grid. Depending on the size and shape of a bay, it may not be
possible to directly access all unit loads. It may be necessary to relocate
blocking unit loads on top and in front of the target storage location.

Fig. 3.3 shows the introduced main location elements of a block stacking
warehouse. The position of I/O-points is defined in the external layout. Often,
a receiving or shipping area is located next to the I/O-points. A dedicated
receiving area is for example important for the fast unloading of trucks and
quality checks of incoming products. A shipping area allows to provide the
requested goods in a required loading sequence and decouples the storage
from the loading process. I/O-points are generally interchangeable. However,
defined I/O-points can help to achieve a simple and directed material flow.
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Fig. 3.3 Example of the main location elements in a grid-based block stacking storage
system.

To assess different layout variants, the types of command cycles and
storage policies (see Section 3.3) are defined. In single command (5C) cycles,
the vehicles always return to the starting point after executing a storage
(replenishment) or retrieval task. Hence, vehicles travel one way without
carrying a load. dual command (DC) cycles combine storage and retrieval
tasks to avoid empty runs, but also require traveling back to the starting point.
Thus, it requires alternating receiving and shipping tasks, which is difficult to
establish. In continuous multi command (MC) operations, traveling between
any location in the warehouse is possible. This means that the travel time
and travel distance depend on the assignment and sequence of transport
tasks to the vehicles (see Section 3.5). In infrastructure-based warehouses, all
I/O-points are connected via aisles and cross-aisles to guarantee direct access
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to and from the warehouse. These aisles and cross-aisles can be uni- and
bidirectional allowing directional or two-way traffic. High traffic volumes
and two-way traffic may also require aisles with multiple lanes. Additionally,
space for safety stock and honeycombing (see Section 3.3) must be considered
as well.

However, with regard to the ABSWP, we are not convinced that it is
necessary to determine internal layouts as it is the case for infrastructure-
based systems. It must be ensured, that vehicles can move sufficiently within
a warehouse. This requires unoccupied areas like permanently free cells in
aisles (besides traffic) or temporarily empty cells of bays. Thus, it is possible
that a block stacking warehouse consists of only a single bay and temporarily
empty cells. On the other hand, internal layouts with aisles could be beneficial
to reduce complexity and speed up processes in a way humans are already
approaching it today. Internal layout designs in block stacking ware-houses
can be adjusted more frequently than in infra-structure-based warehouses. In
order to assess internal layouts in block stacking warehouses with multiple
I/O-points properly, MC operations are necessary. Vehicles should be able to
perform tasks continuously and travel between any location in the warehouse.
Moreover, human drivers would not always run SC or DC cycles and return
to a parking or starting position, unless they have to charge batteries or want
to avoid congestion.

3.2.2 Prior work

There have been publications on the internal layout design problem since the
1960s. Berry [Ber68] developed a cost function, where occupation costs (for
space utilization) and traveling costs (based on average distance) are consid-
ered for horizontally, vertically, and diagonally oriented aisles in rectangular
prisms. He found that a layout, which minimizes traveled distance differs
from a layout where space utilization is maximized. Later Goetschalckx and
Donald Ratldff [GD91] calculated the optimal amount of lanes and the lane
depth for single and multiple products to minimize the required warehouse
area but did not consider material handling costs concerning the number,
length, and orientation of aisles. More research dealing with the determina-
tion of the optimal lane depth in block stacking warehouses can be found
in Accorsi, Baruffaldi, and Manzini [ABM17]. An approach to dynamically
change the lane depth periodically requiring the relocation of unit loads was
introduced by Lee [Leel9]. They define the so-called dynamic block stacking
problem as a markov decision process (MDP) and apply a stationary optimal
policy. By incorporating the storage and material handling costs in the reward
function, they intend to find a good balance of aisle space and loss due to
honeycombing.
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Larson, March, and Kusiak [LMK97] divided a heuristic approach in three
phases. In the first phase, the shortest travel time path from an input point
to an output point is determined by minimizing the number of turns and
maximizing the length of the longest arc. In phase two, the optimal row
depth and the required number of storage locations are calculated. Finally,
in phase three, a ranking of items is developed based on throughput and
storage requirements. Most desirable storage areas in terms of travel dis-
tance are assigned to items with the highest ranks. Whereas Larson, March,
and Kusiak assumed rectangular travel in a class-based (CB) storage, Gue
and Meller [GMO09], Gue, Ivanovi¢, and Meller [GIM12], and Oztiirkoglu,
Gue, and Meller examined diagonal travel for cross-aisles of any shape
under a random storage policy. These unconventional cross-aisle designs
have been able to significantly reduce expected travel distances compared to
traditional designs with orthogonal cross-aisles. Derhami, Smith, and Gue
recently published several papers on layout design in block stacking ware-
houses ([DSG16]; [Derl7]; [DSG17]; [DSG19]; [DSG20]). They developed a
model for wasted storage space and used a simulation-based approach to
simultaneously optimize conflicting objectives; space utilization (maximize)
and material handling costs (minimize).

3.3 Storage location assignment

In this section, we describe the SLAP followed by a brief review of related
literature.

3.3.1 Problem setting

The SLAP belongs to the category of assignment problems, where at least
two or more elements have to be matched. In the case of SLAP, incoming
products (here: unit loads) are assigned to storage locations while considering
a certain objective. Gu, Goetschalckx, and McGinnis [GGMO07] divided SLAP
into three categories based on the amount of available information regarding
the arrival and departure times of unit loads.

¢ Item information (SLAP-item information (II)): All information about
the arrival and departure times of each unit load are available. Hence,
storage locations can be determined based on known due times of unit
loads.

* Product information (SLAP-product information (PI)): Items (e.g., unit
loads) are instances of products. Thus, information is available on the
product-level (as an average) and not for each individual item. Products
can be combined to classes. In class-based storage, these classes are
assigned to storage locations. If each product builds its own class, this
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is called dedicated storage. Another possibility is that all products are
assigned to only one class. This is called random storage.

* No information (SLAP-no information (NI)): In this category no infor-
mation is available. This can be, for example, the case for new product
arrivals without historical demand information.

We assume the transport capacity of vehicles to be one unit load. If the
transport capacity is greater than one (picking multiple items), probabilities
of items occurring in the same order can be examined as part of the correlated
storage location assignment problem. In all strategies, a trade-off between
objectives like storage space utilization and efficient material handling has to
be found. Wasted storage space, which cannot be used, should be prevented.
Some storage policies dedicate storage space (e.g., lanes) temporarily to a
SKUs. This prevents that unit loads of another SKU are obstructing the direct
access and require unit-load relocations. However, if the dedicated storage
space is not fully occupied and cannot be filled with unit loads of another
SKU, it is a waste of storage space called honeycombing. Honeycombing can
only be eliminated by fully emptying or occupying the dedicated storage
space. In the ABSWP the SLAP is a major subject. Solutions (e.g., storage
policies) have a substantial impact on warehouse performance (e.g., retrieval
time and space utilization) and internal layout decisions. Assessing storage
policies especially depends on the type of command cycles shown in Fig. 3.4.
In a block stacking warehouse, there are situations where a new inbound load
arrives and a vehicle solely runs SC cycles from an I/O-point to the target
storage locations. Especially in warehouses with only one I/O-point, SC, and
DC cycles are relevant. However, if there are many storage and retrieval tasks
for multiple I/O-points simultaneously, it might be beneficial to distribute
and sequence these tasks flexibly being able to execute any kind of operation.
In manually organized block stacking warehouses, human operators also
do not follow a strict operation mode and combine transport tasks in a
smart way. This flexible sequencing and execution of operations is called MC
operations. Moving strategies play a crucial role as often SC or DC cycles are
assumed to be executed as a simplification in analytical models. However, if
the travel distance depends on the execution sequence for stochastic storage
and retrieval tasks, an accurate estimation is very difficult. Simulation-based
approaches can deal with this problem, but are computationally expensive.

3.3.2 Prior work

The application of an appropriate storage policy depends on the availability
of data. If the item or product history is available, it is possible to analyze
these items or product activities systematically beforehand. This is called
profiling. Frazelle [Fral6, pp. 56] describes item activity profiles and possible
approaches to warehouse slotting. A very basic principle of pattern recogni-
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tion is Pareto’s law (also referred to as ABC analysis) where, for example, a
minority of SKUs may represent the highest total number of picks, indicating
their popularity. Based on this, SKUs with highly ranked popularity could
be assigned to the best storage locations in terms of the shortest travel time.
Over many decades, a large number of storage policies and rules have been
developed. Reyes, Solano-Charris, and Montoya-Torres [RSM19] provide
an overview of recent publications and applied policies and rules regard-
ing the SLAP. They show that CB and random-based (RB) policies are the
most widely used. In the following, a short introduction of the most popular
storage policies and rules is given.

Besides a random choice of a storage location, the closest open location
(COL) or the furthest open location from the pickup location (I-point) based
on the distance can be chosen. A possibility is also to chose a location that
has been empty for the longest time period, a so called longest open location.
[GGMO7] In case of DC cycles, rules like nearest-neighbor (NN) or shortest
leg (SL) may be applied [Han+87]. Both rules do a small look-ahead and
consider also the travel distance to the pick location of the next retrieval task
following a storage task. NN selects a storage location that minimizes the
distance from the storage location to the following retrieval location. SL adds
additionally the distance from the pickup location to the storage location. The
rules for SC and DC cycles can also be combined by switching to a rule like
COL, when a storage task is not followed by a retrieval task (e.g., [VG00]).

In the 1960s, Heskett [Hes63] proposed the storage policy cube order per
index (COI). The COl rule is a turnover-based policy, where unit loads are
ranked based on the ratio of inventory volume to demand rate. Afterwards,
unit loads are sequentially assigned to the most desirable locations. Kallina
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and Lynn [KL76] showed that COl is indeed an optimal solution. This is true
in the case of single command order picking. However, for MC operations
COI can be a bad choice [Sch14].

Hausman, Schwarz, and Graves [HSG76] compare CB, RB and fully
turnover-based (TOB) policies. They introduced a CB storage policy based on
COI, where locations are assigned randomly within classes. Their approach
also considers SC operations. It could be shown that their approach poten-
tially leads to a significant reduction in travel time. In 1990 Goetschalckx and
Ratliff [GR90] developed a shared storage policy based on the duration-of-
stay (DOS) of unit loads. Instead of using the average turnover rate, which
is a product characteristic (one turn-over rate for all unit loads of the same
product), they use the expected duration-of-stay for each unit load (time in
storage for each unit load of the same product can be different from each
other), which is a single unit characteristic (SLAP-II). They distinguished
between static and adaptive storage policies and developed solutions for
both cases based on DOS.

The more recent research by Rimélé et al. focuses on adaptive storage
strategies. They published three papers ([Rim+21a]; [Rim+21b]; [Rim+21c])
proposing dynamic storage policies and learning-based approaches in an
robotic mobile fulfillment system (RMFS). Regarding cycle time a novel su-
pervised tree search strategy performs best, with an improvement of approx.
20% compared with random allocation.

3.4 Unit-load relocation and pre-marshalling

In this section, we describe the unit-load relocation and pre-marshalling
problem followed by a brief review of related literature.

3.4.1 Problem setting

We categorize relocations of unit loads into two types: relocation for unit-load
retrieval and relocation to improve future operations. In order to retrieve
a unit load, it might be necessary to relocate obstructing unit loads stored
on top or in front of it. This can, for example, be the case, if lanes contain
a mix of SKUs or storage retrieval rules like due dates, limited duration
of stay, FIFO, or LIFO must be considered. This type of relocations cannot
be avoided and should be realized immediately. Relocation to improve the
future warehouse performance deals with the question, of whether existing
internal layouts should be rearranged or when stored unit loads should
be repositioned. Thereby, efforts for relocation and expected benefits must
be continuously investigated. If future benefits in operations surpass the
required efforts, the relocation process could be triggered. This decision gets
more difficult if benefits and efforts cannot be compared directly due to
different measurement units. An example is an improved average retrieval
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time as a benefit and additional travel distance as a repositioning effort.
Finally, also the extent of rearrangement or repositioning actions must be
defined. The case of small incremental actions is called healing (see [Kof+11]).
The rearrangement of the whole or parts of a storage system (also known
as re-warehousing or re-slotting) typically involves the relocation of goods
on a larger scale. Pre-marshalling is a special case of such a rearrangement
process, where unit loads are sorted in off-peak hours according to their
retrieval times (see Chapter 4 and Chapter 5).

Both, relocation for retrieval and relocation to improve future operating
efficiency can be combined. A relocation move might be necessary for the
retrieval of another unit load and at the same time improve the future effi-
ciency of warehouse operations. Also in the ABSWP relocations to access
blocked unit loads for retrieval cannot be avoided. This kind of relocation
decisions need to be made when solving the SLAP. Relocation to improve the
future warehouse performance on the other hand is optional. It can reduce
access times during busy hours.

3.4.2 Prior work

In this brief literature review, we give an overview of related problems.
Regarding the mandatory relocation for unit-load retrieval there are related
problems in maritime transportation. The problem of how to retrieve a batch
of containers in a predefined order with a minimum number of moves is
known as the blocks relocation problem (see e.g., [CSV12]) or container
relocation problem (CRP)) (see, e.g., [ZBM19]; [MGM19]).

In terms of relocation to improve future operations, pre-marshalling prob-
lems are heavily studied for container terminals (see, e.g., [CSV11]; [LK14]
and e.g., [TV16] for the stochastic problem). Although most literature consid-
ers containers to be carried by cranes, the problems are similar to the ones in
block stacking warehouses. A detailed literature review on pre-marshalling
problems is provided in Section 4.2 and Section 5.2.

Re-slotting /Re-warehousing is studied for many warehousing setups un-
der varying terms. Christofides and Colloff [CC73] published one of the first
approaches on warehouse rearrangement which rearranges items from an ini-
tial to a desired new location during idle time. Their solution finds a sequence
minimizing total costs of operations in a dedicated storage scenario. Linn
and Wysk [LW90b] proposed several control policies including a restoring
policy in an automated storage and retrieval system (AS/RS). Thereby stored
items are rearranged by alternating the two rules; clear-the-highest-turnover-
zone-first and restore-the-highest-turnover-item-first. Muralidharan, Linn,
and Pandit{MLP95] introduced heuristics for (re-)shuffling in idle time. Their
approach is able to considerably increase operating efficiency and reduce
waiting as well as service time in an AS/RS. Kofler et al. [Kof+11] compared
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strategies for re-warehousing and healing. In the case of re-warehousing a
warehouse is completely re-slotted. Afterwards, warehouse efficiency de-
creases over time. Healing on the other side improves existing solutions
continuously. In their opinion, healing strategies are generally more appropri-
ate for volatile environments and can be helpful as a supplementary measure
to maintain operating efficiency after re-warehousing. Another publication,
when relocation is performed during the runtime is from Carlo and Giraldo
[CG12]. They are aiming in a similar direction with perpetually organized
unit-load warehouses. Their strategy, rearrange-while-working, reorganizes
an AS/RS during operations with the objective to minimize total travel
distance.

3.5 Vehicle Dispatching

In this section, we describe the vehicle dispatching problem followed by a
brief review of related literature.

3.5.1 Problem setting

In warehouse operations, storage and retrieval tasks are usually not known
for a longer planning period (e.g., a day) but become known dynamically
over the course of the day. Whenever more than one vehicle is available, each
task needs to be assigned to a vehicle. If more than one task is allowed to be
assigned to a vehicle, it needs to be decided in which sequence the assigned
tasks are executed. Therefore, typical objective functions are the minimization
of travel distances, travel times, task completion times, or tardiness. In order
to calculate the distance and the time a vehicle needs for traveling from
one point to another, the shortest (or fastest) path must be determined (also
referred to as pathfinding methods). In a block stacking warehouse, the
graph, which is used to determine the shortest paths, is variable over time. It
depends on the current layout, or more precisely, on currently empty bays.
In practice, often relatively simple dispatching rules are applied to assign
tasks to AMRs as soon as the tasks become known and an idle vehicle is able
to take over the task. A dispatching rule can for example be assigning tasks
to the AMRSs closest to the starting point of a task. Especially in cases with
many AMRs, congestion, live- and deadlocks of AMRs can lead to conflicts.
In these scenarios, techniques for conflict-free routing (e.g., route segment
reservation or designated zones) become necessary. In addition, constraints
like priorities, time windows, and battery levels must be considered.
Another possibility for assigning tasks to AMRs and defining a sequence in
an integrated way is to solve a vehicle routing problem (VRP). This involves
the consideration of a longer planning horizon and increases the complexity.
In the research of the last decades, many variations of VRP (e.g., vehicle
routing problem with time windows and pick-up and delivery problem with
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time windows) have been investigated. According to Pillac et al. [Pil+13] the
problems can be classified into static or dynamic as well as deterministic or
stochastic problems. In static and deterministic problems all required infor-
mation (e.g., travel distance and time) is known prior to the planning period
and the data does not change during task execution. Dynamic problems con-
sider the evolution of information, which can be available very late, during
the planning period, or even during task execution. Stochastic problems take
into account the uncertainty of information, which may be expressed as a
probability distribution.

Decentralized decision-making is enabled by market-based solutions: In
market-based solutions, local entities, for example the AMRs, are bidders,
which place a bid to an auctioneer (e.g., also a vehicle or a central entity). The
auctioneer evaluates all bids and decides on the best allocation. Depending
on the auction principle, a sequential single task auction or combined task
bundles are auctioned [DVD20]. Vehicle dispatching is interrelated with all
other decisions of the ABSWP and is required to evaluate actions. Important
objective figures like travel time and distance are based on dispatching
decisions.

3.5.2 Prior work

A common approach in practice of AAGV control is to apply a dispatching
rule combined with a path-finding method. Le-Anh and De Koster [LD06]
divide dispatching systems into decentralized and centralized dispatch-ing
methods. An example for a decentralized dispatching method is the first-
encountered-first-served rule, where AMRs continuously circulate and pick
up the first load encountered as soon as they have available capacity. For
central dispatching methods, continuous communication with all AMRs is
required. A central control system guides AMRs based on real-time infor-
mation like their positions and status. Central dispatching approaches are
usually myopic and suitable for large instances. Egbelu and Tanchoco [ET84]
classified dispatching rules as workstation-initiated (tasks at workstations
claim vehicles) and vehicle-initiated (vehicles claim tasks) dispatching rules.
Le-Anh and De Koster [LD06] furthermore divide dispatching rules into
single-attribute (e.g., distance or workload-based), multi-attribute (e.g., short-
est travel time and remaining queue space), hierarchical (based on added
value), look-ahead (short forecast period) and preemption dispatching rules
(allow re-assignment). Sequencing of the jobs follows often simple rules based
on arrival time like the first-come first-serve (FCFS) strategy (see [FK19, pp.
178]). Van Den Berg and Gademann [VGO00] studies the request selection
rules longest waiting retrieval (LWR), nearest retrieval (NR), and nearest stor-
age/retrieval (NSR) for finding a clever sequence. The LWR rule leads to fast
response times, NR and especially NSR improve throughput but may lead
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to longer waiting times. To cope with these long waiting times, the authors
propose urgency rules for requests with long waiting times and analyzed the
effect on mean and maximum response time as well as the number of late
requests. The results show, that FCFS performs better than the priority rules.
However, the authors note that a sophisticated approach that allows small
changes in the sequence while still respecting due dates could perform better.

For the avoidance of conflicts there are a variety of solutions. Conflicts
can for example be avoided by limiting the movement of robots to defined
zones. However, this strategy is often not ideal since the work is usually not
distributed evenly between the different zones. Some robots might be fully
utilized while other are idle and cannot leave their zone. Another option is
to integrate the avoidance of conflicts into path planning and motion control.
Whereas path planning problems in static environments have been widely
studied, problems with dynamically moving obstacles are more challeng-
ing since they also have to consider the time dimension [PL11]. To solve
the problem centralized and decentralized solutions have been presented.
Well-known centralized approaches are safe-interval path planning [PL11],
conflict-based search [Sha+15] and post-processing of a plan using a temporal
graph [Hon+16]. Decentralized solutions include among others velocity ob-
stacles [Sna+11] and model-predictive control [Kam+17]. For more literature
see e.g., [Fra+21].

In research, also combined dispatch and conflict-free routing problems
have been addressed (e.g., [Des+03]). Dispatching rules are generally rather
easy to implement and especially helpful in highly dynamic and stochas-
tic environments where schedules would have to be updated frequently.
However, Meersmans [Mee(02] and Yang, Jaillet, and Mahmassani [YJMO04]
show that dynamic scheduling is able to outperform dispatching rules, but
is only applicable for rather small instances. In order to make a dispatching
decision (based on path information), path planning is required. A common
approach for path planning is using graph search algorithms. They can also
be applied to find a shortest path from a starting point to a destination after a
dispatching decision is made. Well-known heuristic examples are the Dijkstra
algorithm [Dij+59], the A* algorithm [HNR68], and the D* Lite algorithm
[KLO02].

Research on vehicle routing and scheduling problems, especially in trans-
port logistics, is quite extensive. Since operations in block stacking ware-
houses are often confronted with a highly dynamic environment and stochas-
tic variables like uncertainty in customer demand, this review is focused on
dynamic solutions considering uncertainty. Thereby, Ritzinger, Puchinger,
and Hartl [RPH16] distinguishes between preprocessed and online decision-
making. Preprocessed decisions are based on information known prior to task
execution. Based on this, general policies and rules (e.g., dispatching rules)
or preprocessed rewards for actions and corresponding state representations
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can be determined. Online decision-making is able to dynamically process a
continuous information flow. Therefore, usually, a trade-off between decision
quality and responsiveness must be found. Look-ahead strategies or rolling
horizon procedures typically follow an action plan until a new event occurs.
Then, a single decision for the current state or a revised action plan must be
calculated. The selection of a suitable solution method depends in particular
on the degree of dynamism and the desired reaction time. In order to make
state-dependent decisions with respect to available stochastic information
(referred to as policy), problems can be modeled as MDP or multi-stage
stochastic models [RPH16].

Pillac et al. [Pil+13] divide solution methods for dynamic and stochastic
problems in stochastic modeling, sampling, and other strategies. A stochastic
modeling approach is approximate dynamic programming, where approx-
imation techniques can be used to overcome the curse of dimensionality
(see [UIm17]). In sampling-based approaches, several scenarios are gener-
ated based on random distributions. Afterwards, each scenario is evaluated.
Well-known is the multiple scenario approach, introduced by Bent and Van
Hentenryck [BV04], which continuously updates a scenario pool by using
the time between decisions.

3.6 Unit-load selection

In this section, we describe the unit-load selection problem followed by a
brief review of related literature.

3.6.1 Problem setting

In many cases for the retrieval of unit loads, not a dedicated unit load needs to
be picked, but a product/SKU needs to be provided for a customer. Therefore,
usually storage rules or item retrieval policies like FIFO or LIFO are applied.
If no item-related rules apply or a rule offers a certain degree of freedom, the
unit-load selection is necessary. In this case, it is possible to select one out of
many unit loads optimizing a given objective function such as minimization
of travel distance or travel time. However, there are also use cases where, for
example, a batch of unit loads is queued up in front of an inbound dock. This
represents a waiting queue where all unit loads have an associated task. The
tasks must be assigned to AMRs and sequenced as part of vehicle dispatching
(see Section 3.5). In the ABSWP, item retrieval policies have a significant effect
on other decisions like the internal layout. Some of the item retrieval policies
are rarely found in block stacking warehouses. Often, unit loads are stored
in lanes dedicated to an SKU. In this case, LIFO works well because the unit
load, which has been stored last, can be easily accessed. A strict FIFO, on the
other hand, would require relocation of all unit loads which are stored in
front and on top. Item retrieval policies can only be applied correctly, if all
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information like storage locations and arrival times of unit loads are available.
In block stacking warehouses without additional WMS this is not always the
case. An autonomous system can easily collect all required information and
correctly apply item retrieval policies. In the presented application scenarios
in Section 2.1.4, we observed that in practice these retrieval policies are rarely
implemented strictly.

3.6.2 Prior work

Retrieval strategies can be based on time like FIFO and LIFO, based on
emptying remaining quantities, based on travel time or travel distance, RB
or other strategies (e.g., based on energy consumption).

The batch first-in, first-out (BFIFO) strategy is a softened FIFO strategy that
can be used if products should be removed from storage over time. However,
it provides more flexibility in terms of which exact unit load is going to be
picked and offers hence, additional room for optimization, e.g., LIFO can still
be applied within lanes. Also, other combinations of item retrieval policies
like always emptying residual quantities first and otherwise applying a strat-
egy based on travel distance are possible. Sometimes also BBD/expiry dates
are used for first-expiry, first-out (FEFO) in order to prevent the perishing of
the goods.

As mentioned in the introduction of the problem, these rules are not always
applied strictly in practice. Often, certain deviations are tolerated (e.g., BFIFO
or arrival times within a time window). If goods are non-perishable it is even
possible, that no time-based rules are applied. This degree of freedom allows
to select one out of many unit loads that optimizes the defined objectives.
Unit loads can for example be selected based on travel distance or travel
time.

Strategies for unit-load selection have mainly been investigated in larger
scenarios as part of simulation studies. For instance Seidmann [Sei88] de-
veloped a dynamic control approach for AS/RS that adapts to seasonal
fluctuations, where he relaxes the strict FIFO policy.

3.7 Vehicle Positioning

In this section, we describe the vehicle positioning problem followed by a
brief review of related literature.

3.7.1 Problem setting

If a block stacking storage system does not have any tasks that need to be
fulfilled, AMRs are idle. Idle AMRs have to be parked somewhere until a
new task is received. This parking position (also referred to as dwell point)
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can be a charging station, the current position, a specific home position or a
position that allows fast reaction times without blocking any other AMRs.

If an AMR stays at the current position the travel distance and energy
consumption is minimized. Driving to a charging station would increase
the availability later on since the battery levels will be higher. A clever
distribution (e.g., in central positions) can improve the response time to any
kind of incoming tasks. These waiting, battery charging and repositioning
decisions are subproblems of vehicle dispatching. However, we want to
highlight vehicle positioning with its own section in this overview as it
differentiates autonomous from manual systems.

Decision-making for vehicle positioning requires information of the whole
system state which is often not available in manual system. Especially in
lengthy waiting times, humans are not always attentive and might follow
other interests. Some may head to charging stations or parking positions,
others drive for a break to the common rooms or visit colleagues at other
workstations. For newly incoming tasks, human operators may be distracted
for a while and not be immediately available.

We believe that autonomous block stacking storage systems are able to
make better decisions for vehicle positioning as they are able to calculate
probabilities for the occurrence of the next incoming tasks.

3.7.2 Prior work

Solution approaches for vehicle positioning can be classified into static and
dynamic as well as central and distributed methods. A good overview of the
most important rules for selecting a waiting position is provided by Le-Anh
and De Koster [LDO06] (see also Egbelu and Wu [EW93] for AS/RS and Meer
[Mee00] for guided vehicles.

Rules for static vehicle positioning are the point of release positioning
(similar to drop-off point positioning), central zone positioning, circulatory
loop positioning, and distributed positioning. For point-of-release positioning
a vehicle simply waits at the target position of the last transport task. The
central zone positioning rule sends the idle vehicles to designated areas,
where they do not block any other vehicles or might charge their batteries.
Vehicle positioning is often investigated under the assumption of guideways
composed of one or several loops (so-called loop layouts). In this case, the
circulatory loop rule may be applied, where idle vehicles travel in one of
these loops until they receive a new task. In distributed positioning a vehicle
can be directed to one of multiple available parking positions. [LD06]

In block stacking storage systems generally, any position in aisle space
and any unoccupied position may be a possible temporary parking position.
Since the system state and therefore also the possible parking positions are
changing over time, it is necessary to investigate dynamic vehicle positioning.



3.8. THE AUTONOMOUS BLOCK STACKING WAREHOUSE PROBLEM 43

Hu and Egbelu [HEOO] studied conventional layouts with unidirectional
travel and changing pick-up demands. Many publications on vehicle posi-
tioning can be found in the context of larger factory setups, for instance in
cell manufacturing systems [Vah14] or in large semiconductor fabrications
[Lee+21]. Related research can also be found in connection with the VRP or
taxi dispatching, where waiting strategies and vehicle positioning strategies
are important as well ([Pil+13], [Li+11]). Waiting and positioning strategies
are essentially based on the probability of new incoming tasks (e.g., in a
certain region or at a target point). It may for example be sometimes better
to not take and process immediately the first incoming task, but to wait for
a short time and be able to build an improved sequence or get a closer task.
Another possibility is the active relocation of vehicles to a position with a
high likelihood for the appearance of the next task. Bent and Van Hentenryck
[BV07] present waiting and re-positioning strategies in online and stochastic
vehicle routing.

3.8 The autonomous block stacking warehouse
problem

After presenting all necessary decisions and solution approaches of related
systems, we introduce the ABSWP. The ABSWP is influenced by its envi-
ronment and by its resources, which we assume as given from the outside.
Part of the predefined system environment is the storage space, multiple
I/O-points and adequate building characteristics with restrictions such as
the load bearing capacity. As resources, the number of each vehicle type,
and the number and the position of the charging stations are given. In the
context of a block stacking warehouse, we consider vehicles, which are able
to carry only one unit load at a time. The vehicles are not restricted to SC
or DC cycles and able to process tasks continuously (MC cycles). As usual
for warehousing, the ABSWP must cope with highly dynamic and stochastic
input variables as well as heterogeneous available information (e.g., a mix of
item and product information). Storage and retrieval tasks associated to in-
and outbound flow of unit loads are not known for longer planning periods.
They enter the system dynamically from outside throughout the day. Future
exact arrival or departure times from production scheduling or notification
of logistics service providers are valuable pieces of information. However,
usually only product information based on historical data is available for the
prediction of in- and outbound loads. In certain cases, no information might
be available. For storage and retrieval tasks, we assume that the assignment
and sequence of in- or outgoing unit loads to I/O-points is given.

The ABSWP contains the following decisions. Some of the decisions are
optional and not necessarily required for warehouse operations.



44

CHAPTER 3. OPERATIONAL DECISION PROBLEMS

* Storage location assignment: Incoming unit loads must be assigned

to storage locations if they are not directly forwarded to an O-point.
A typical objective is the minimization of travel time. Therefore, it is
beneficial to consider future storage, relocation, and retrieval tasks within
the warehouse. Especially relocations for unit-load retrievals are often
time-consuming and should be avoided. To achieve this, the number
of required relocations for unit-load retrievals must be minimized. In
order to fully utilize the flexibility of an autonomous block stacking
warehouse, the assignment decisions should be adapted to the current in-
and out-bound flow, as well as, to changing product portfolios.

Internal layout design (optional): Internal layout design decisions define
the spatial distribution of storage space and aisles for vehicle movement.
In contrast to infrastructure-based systems, in block stacking warehouses,
temporarily free cells can be used for vehicle movement. Hence, no layout
must be defined, it only needs to be assured that enough space is available
to maintain the operability of the system and to avoid a deadlock situa-
tion. However, even if aisles reduce the amount of available storage space,
they are beneficial to increase the material handling efficiency. Thus, also
in block stacking warehouses there exists a trade-off between material
handling efficiency and storage space utilization. Hence, defining an
internal layout is probably beneficial. Nevertheless, it also is implicitly a
part of each storage location assignment decision and an internal layout
design can be incrementally updated to new requirements.

Vehicle dispatching: Indispensable is the consideration of vehicle dis-
patching. It determines the assignment of tasks to vehicles and the defini-
tion of a sequence. Tasks for vehicles are transport tasks, but also battery
charging, waiting or repositioning. Vehicle repositioning decisions are
not mandatory for operations, but could improve the efficiency. In the
context of larger systems with many vehicles, also conflict free routes
need to be ensured. Objective functions for vehicle dispatching are for
example the minimization of travel distances, travel times, makespan or
tardiness.

Unit-load selection: The selection of a unit load for retrieval is necessary,
if the unit load is not determined by item retrieval rules. Then, a unit
load can be selected minimizing material handling effort, for example to
achieve DC cycles with pickup and deliveries.

Unit-load relocation and pre-marshalling (optional): Another optional
decision is to change the internal layout or storage location of unit loads
over the course of time to improve the future system performance. The
question is when and to which extent improvement relocations are initi-
ated. Improvement relocations are an additional effort but can be realized
in off-peak times. For example, the rearrangement of unit loads during
the night based on orders of the next day is reducing the access times.
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3.8.1 Major Challenges

Considering the decision problems in section 4.1, solving the ABSWP is chal-
lenging. A high computational complexity of the tightly coupled decision
problems is already proven. Due to its magnitude, already the formulation
of the ABSWP as an integrated mathematical model is difficult. Different
planning horizons and planning hierarchies make the ABSWP more difficult.
Some decisions like unit-load selection, storage location assignment or ve-
hicle positioning usually consider shorter planning horizons than finding
an internal layout. Today, internal layouts are determined on a tactical level
while SLAPs are solved instantly for each storage or relocation task within
the boundaries of a fixed internal layout. This classical hierarchical approach
could be disrupted: Layouts must not be determined in advance but can
evolve incrementally as part of solving SLAPs over time. This requires the
extension of the planning horizon of the SLAP while keeping the planning
frequency.

Solutions for the SLAP (e.g., storage policies) depend on many variables
like the internal layout variant with its I/O-points, defined operation cycles,
the product portfolio, arrival and departure times of goods, the degree of
available information and the set objectives. Human operators often structure
storage locations and form product classes. A known structure helps them to
find unit loads and storage locations easier (especially in case of changing
personnel). Hence, they stick to established rules and storage policies. In
an autonomous system, a fixed structure would not be necessary anymore,
because all the vehicles know about the current state and storage locations
of the system. This allows using shared storage policies, which can utilize
storage space more flexibly (better utilization of attractive locations leads to
reduced travel time) and require less maximum space. Besides, the influenc-
ing variables to find a suitable storage policy are not constant. Storage policies
should be adjusted continuously over time. Thereby, a challenge is delayed
rewards. A storage decision is often made with goals like minimizing order
retrieval time, tardiness, or total travel distance. The reward function for these
goals includes elements of the future process steps (unit-load relocations and
retrieval tasks) until the unit load has left the system.

After a certain period of time, it could be helpful to change a storage
location or internal layout. In automated storage systems, concepts to repo-
sition unit loads in off-peak times are already available and proven to be
helpful (e.g., to prepare for known upcoming orders of the next day). In
block stacking warehouses, however, the internal layout can also be changed.
Human operators do not change these internal layouts frequently. It requires
additional planning and material handling effort. As a result, while product
portfolios evolve, the internal layout often stays the same. The possibility
of incrementally adapting the internal layout could be a huge benefit of au-
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tonomously organized block stacking warehouses. Vehicle dispatching plays
a key role and major impact in the ABSWP, because all other decisions are
strongly interrelated. Today, often simple dispatching rules are applied in
AGV systems. They are able to cope with large systems in a dynamic and
stochastic environment. However, online solution approaches to solve a VRP
with look-aheads could possibly lead to better results. Human drivers are
often good at looking ahead. An example of this is the anticipation of peak
periods and the preparation by charging vehicles beforehand.

Finally, we see a large number of practical requirements, which have to be
met. Some requirements like exception rules or the consideration of due dates
are relatively easy to consider. Other requirements significantly increase the
complexity of the problem. One example is the variety of sizes and shapes
of load carriers. This has an impact on internal layout designs and increases
the number of feasible configurations. A product-specific requirement is the
stacking capability (height clearance), which depends on the specific material
statics and height restrictions of a warehouse. For some products stacking
on top of one another is not stable. In this case, a different kind of stacking
pattern like a pyramidal structure shown in Fig. 2.5, can be highly beneficial.
This implies that the consideration of weight and height restrictions would
not be enough for SKU-mixed block stacking.

3.8.2 Conclusion

In this chapter, we formally introduced the operational decision problems
including related literature for autonomous block stacking storage systems.
Based on the strongly related decision problems, we defined the aggregated
ABSWP. It integrates the most relevant operational decision problems of
block stacking warehouses. Given the complexity of the sub-problems and
the wide range of research, developing solution approaches for the ABSWP
is a challenging. Yet, we believe that these solution approaches have a high
practical relevance and will enable more efficient operations in block stacking
storage systems.

Even though human operators are outstanding in terms of creativity and
flexibility, AMRs allow the use of more sophisticated algorithms instead of
simple rules for decision-making in a fixed warehouse structure. Reliable
and permanently available information eliminate long search procedures
and daily stocktaking. Further potential advantages are among others the
continuous adaption of objectives, strategies, and configurations (e.g., layout)
while the system environment and resources (e.g., the number of AMRs) can
be easily and seamlessly adjusted. The use of AMRs may also lead to a higher
degree of visibility, reliability and accident prevention.

As a major feature of AMRs, we identified the constant availability. Almost
every storage system is subject to a fluctuating utilization. Our simulation
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study in [Pfr+22] demonstrates based on a real use case that AMRs are only
utilized for approximately 25% of the time. A reason is that storage systems
are usually specified and dimensioned to withstand maximum peak times.
Whereas human operators take a break or leave the warehouse in off-peak
hours, AMRs are still there. The consistently available AMRs allow to sort and
rearrange a storage system in off-peak hours (e.g., night shift) and prepare
the storage system for future orders.

Thus, the subsequent chapters in this thesis are dedicated to solve the
UPMP in block stacking warehouses. Further next steps to tackle the ABSWP
are described in our outlook in Chapter 6.






Chapter 4

Solving the unit-load pre-marshalling
problem

Block stacking storage systems are highly adaptable warehouse systems with
low investment costs. With multiple, deep lanes they can achieve high storage
densities, but accessing some unit loads can be time-consuming. The UPMP
sorts the unit loads in a block stacking storage system in off-peak time periods
to prepare for upcoming orders. The goal is to find a minimum number of
unit-load moves needed to sequence a storage bay in ascending order based
on the retrieval priority group of each unit load. In this paper, we present
two solution approaches for determining the minimum number of unit-load
moves. We show that for storage bays with one access direction, it is possible
to adapt existing, exact tree search procedures and lower-bound heuristics
from the CPMP. For multiple access directions, we develop a novel, two-step
solution approach based on a network flow model and an A* algorithm with
an adapted lower bound that is applicable for all possible access direction
combinations. We further analyze the performance of the presented solutions
in computational experiments for randomly generated problem instances
and show that multiple access directions greatly reduce both the total access
time of unit loads and the required sorting effort. The chapter is based on our
publication [PMT22].

Warehouse systems are constantly adapted to dynamic material flows due
to changing customer demand or evolving production capacities. Block stack-
ing storage systems are especially capable of dealing with these challenges
thanks to their flexibility, expandability, and ease of setup/breakdown. In
block stacking storage systems, unit loads (e.g., pallets or boxes) are placed
on the floor and stacked on top of each other in a grid-based layout. Block
storage does not require the installation of technical infrastructure. This keeps
investment costs low and allows companies to quickly react to changing busi-
ness conditions. Types of block storage systems consisting of movable units
on the floor include, for example, pallet-based block storage, RMFS, container
yards, or buffer storage with material transport trolleys.

49
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Fig. 2.1 in Chapter 2 shows the basic structure of a block stacking storage
system. Each lane of a storage bay is filled with a sequence of stacks. Only the
outermost stacks can be accessed by transport vehicles like robotic forklifts.
In this type of storage system, unit loads can be accessed from multiple
directions, i.e., from an adjacent aisle or cross-aisle. This provides immense
flexibility compared to systems that can only be accessed from the front.
However, unit loads can still be blocked from being retrieved if other unit
loads are (i) stored on top of them or (ii) stored between the unit load and the
direction of access (aisle/cross-aisle), and the blocking unit load has a later
retrieval time than the one being removed.

AMRs (more specifically in this work, robotic forklifts) are being increas-
ingly used to control material handling and storage systems [Fra+21]. How-
ever, most block stacking warehouses are currently still organized manually.
Human operators generally compose warehouses with a fixed layout and
storage zone structure, in which SKUs that represent product variants are
always placed at defined storage locations (e.g., a single SKU is always
assigned the same lane).

In autonomously organized block stacking warehouses, the advantage
of robots is that they have exact knowledge of the system state, including
the storage location of each unit load. Thus, they naturally support storage
policies without a fixed allocation of SKUSs to storage locations (shared stor-
age policy) as well as extensive rearrangement operations. This increases
the storage density by better utilizing the available storage space. Another
advantage of AMRs is that they are operational around the clock. Hence,
off-peak hours can be utilized to sort the system, improving future access
and retrieval times. For example, the storage system could prepare for an
expected demand sequence like the loading times of trucks or the produc-
tion schedule over the next few days. We introduce this problem for block
stacking storage systems as the UPMP. An overview of operational decision
problems in autonomously organized block stacking warehouse is provided
in Pfrommer and Meyer.

The pre-marshalling problem is a well-known problem in the container
stacking [LK14]; [CSV11] and steel slab and coil shuffling literature [TZL12];
[Ge+20]. In the CPMP, all stacks are accessible from the top via a crane.
Fig. 4.1 a) illustrates an example with two stacks containing four unit loads.
The UPMP with side access from only one direction in Fig. 4.1 b) is similar to
the CPMP. In a sequence of stacks per lane, the unit loads at the outermost
stacks can be accessed directly. The only difference is that the sequence of
the unit loads is derived from multiple stacks instead of a single stack. Both
examples Fig. 4.1 a) and Fig. 4.1 b) allow direct access to only two of the eight
unit loads (dark-gray). To reach all other unit loads, relocation of the blocking
unit loads on top or in front is necessary. A common setup in warehouses is
the use of pallets and forklift trucks, which allow access from at least two
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opposite directions, in many cases even from four directions. Fig. 4.1 c) shows
an example of the UPMP, where three access directions are available and
only the back is blocked by a wall. This leads to direct access to every stack,
which speeds up access times and reduces the number of reshuffling moves
necessary to sort the warehouse. To our knowledge, a stacking problem with
side access to bays from up to four access directions has not been studied yet.
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Fig. 4.1 Example storage bays with eight unit loads in the CPMP via crane in a) as well as
side access in the UPMP via one direction in b) and three directions in c). The directly
accessible unit loads are dark-gray.

As the main contributions in this chapter, we (1) formally introduce the
UPMP and propose solution approaches for finding a minimum number of
unit-load moves to sort a block stacking storage system. We (2) show that for
the UPMP with one access direction, it is possible to transfer existing solution
approaches from the CPMP. For cases with multiple access directions, we (3)
develop a novel two-step solution approach based on a network flow model
and an adapted search procedure that is applicable in all scenarios with up to
four access directions. The proposed tree search methods and lower-bound
heuristics based on algorithms from the CPMP [see TPV17] solve the UPMP
to optimality. Finally, our contribution is complemented by (4) a publicly
available benchmark set and experimental evaluation of the proposed tree
search methods.

This chapter is organized as follows. We first introduce the UPMP in
Section 4.1. This is followed by a literature overview in Section 4.2. Section 4.3
and Section 4.4 describe our solution approaches for one and up to four access
directions, respectively. In Section 4.5, we present our UPMP benchmark
dataset and provide the results of our computational experiments. The impact
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of multiple access directions are discussed in Section 4.6. Finally, we conclude
and point out future research directions in Section 4.7.

4.1 The unit-load pre-marshalling problem

The UPMP involves sorting a bay of a block stacking storage warehouse until
all blockage is resolved. We assume that the current warehouse configuration
with the position and retrieval priority group for each unit load is given and
that no unit loads enter or leave the warehouse during planning/rearranging.
The allocation of unit loads to a corresponding retrieval priority group is
based on a known or predicted future retrieval time (see also the duration-
of-stay storage strategy in Goetschalckx and Ratliff). Unit loads can only be
accessed by AMRs at the outermost stacks if a free path from at least one
of the four cardinal directions is available. Direct access may be blocked by
further unit loads, walls or other obstacles, as well as due to limitations of
the load carriers. Blockage occurs if unit loads of a higher retrieval group
are placed in front of a unit load of a lower retrieval group (lower retrieval
groups have to be removed earlier). We define such unit loads as blocking.
The goal is to find a minimum number of unit-load moves to sort a storage
bay such that all unit loads can be retrieved according to their retrieval group
without any blockage. The resulting sequence of moves can be executed by
one or multiple vehicles.

For the UPMP, we make the following assumptions with respect to the
technical features of the block stacking warehouse. Since we only consider a
single storage bay, the minimization of the number of moves is reasonable
as an approximation of the sorting effort. We assume that process times
for positioning and handling of AMRs dominate driving times. For larger
warehouse setups with multiple bays, it would also be necessary to take into
account travel times. Furthermore, we assume that robots can only carry a
single unit load at a time and cannot reach over the top of a stack in front.
If a stack has multiple tiers, only the top unit load can be accessed directly.
This corresponds to the capabilities of standard industrial forklift trucks.
Increasing the transport capacity to multiple items is a possible modification.

As shown in Fig. 4.2, a storage bay in the UPMP consists of a three-
dimensional grid of storage locations with columns I, rows | and tiers T.
Unit loads can only be placed above tier one if unit loads are stored under-
neath. Also, bays are filled up and sorted dependent on the access direction,
preventing empty space or gaps in between. Whereas in the CPMP literature,
a bay is usually considered as a single line of adjacent stacks [CSV11], the
UPMP defines a bay as a configuration of I - | stacks.

The defined access directions have a major impact on the UPMP that will
be discussed in this paper. Fig. 4.3 gives an overview of the possible access
variants. For all access variants with more than one access direction, storage
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Fig. 4.2 State representation of the UPMP.

locations can theoretically be accessed from any available direction. Hence, it
must be decided from which direction a unit load is picked and also from
which direction it is placed on a storage location.

Single Corner Opposite Three Four

ity )

Fig. 4.3 Overview of the different access variants (excluding symmetrically similar
combinations). The directly accessible unit loads are dark-gray.

Fig. 4.4 shows a simple example of a configuration with [ =3, | =2 and
T =2 along with a possible solution of the UPMP with one access direction.
Retrieval groups g;js € {1,...,G} from one to five are assigned to each unit
load in the storage bay at their respective position (i € {1,...,I},j € {1,..., ]},
t € {1,...,T}). The initial configuration in Fig. 4.4 a) is sorted according to
the retrieval groups by a sequence of two consecutive moves. The unit load
of group 3 cannot be moved in front of the groups 1 and 2 of the other two
lanes. So in a first move, we need to free up a storage location for the blocking
unit load of group 3 and reach the new configuration in Fig. 4.4 b). A second
move leads to Fig. 4.4 c). This is the final, sorted configuration of the bay.

The main idea of unit-load pre-marshalling is to resolve blockages in idle
time so that time-consuming relocation moves can be avoided later on in
peak hours. Hence, the available space of block stacking storage systems can
be used more efficiently. The UPMP is an operational problem, which may
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9)

Fig. 4.4 Example configuration and solution of the UPMP.

arise several times throughout the day, overnight or less frequently (e.g., on
the weekend). Given the proven complexity of the CPMP, which is NP-hard
[see CSV11], the similar UPMP with one access direction is also NP-hard.
The cases with more than one access direction are a generalization of the
problem. Further investigation on the complexity of these problem variants
is required.

4.2 Related work

Relocation problems in many types of storage systems have been widely stud-
ied. Well-known are container handling problems in maritime transportation
and stacking problems in the steel industry. Besides relocation problems in
maritime transportation and the steel industry, a variety of further problems
have been addressed for many different storage systems. We give an overview
of most relevant research related to our problem in AS/RS, RMFS, block
stacking warehouses, general warehousing, puzzle-based storage systems
and other problems. Caserta, Schwarze, and Vofs [CSV11] specify the three
types of post-stacking problems: the remarshalling problem (intra-block with
moves between bays), the premarshalling problem (intra-bay), as well as the
relocation problem (for retrieval). Lehnfeld and Knust [LK14] classify stack-
ing problems into storage loading, unloading, pre-marshalling, combined
and further problems. Most studied relocation problems are mainly related
to storage unloading (retrieval) and pre-marshalling. However, an increas-
ing amount of publications consider further problems like re-marshalling,
integrated problems as well as online shuffling problems at runtime. In Sec-
tion 3.4 we give an overview of the most relevant studied relocation problems
in associated domains and classify them into storage loading problems, pre-
and re-marshalling problems, (integrated) shuffling-at-runtime problems
as well as storage retrieval problems. Storage loading in terms of storage
location assignment is not necessarily a relocation problem. However, it is
related since a storage system can already be sorted at the loading stage and
it directly affects other relocation problems for marshalling and retrieval.
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4.2.1 Maritime transportation

Most relevant for this work, also because of the similarity of the problem,
is research related to container pre-marshalling problems. The CPMP is a
very well studied problem concerning the reshuffling of a set of containers
in a single storage bay during idle time. An overview and categorization of
optimal pre-marshalling algorithms in this domain is presented by Tierney,
Pacino, and Vof8 [TPV17] and Tanaka and Tierney [TT18]. Methods include
integer programming, dynamic programming, constraint programming and
several tree search methods. Lee and Hsu [LHO7] present an integer pro-
gramming model for solving the CPMP to optimality based on a formulation
of a multi-commodity network flow problem. The size of the model and
the unknown number of time periods, which must be specified in advance
are problematic. Parrefio-Torres, Alvarez-Valdes, and Ruiz [PAR19] develop
several integer programming models that outperform previously presented
mathematical models. Prandtstetter [Pral3] uses a branch and bound al-
gorithm based on dynamic programming utilizing state memoization to
avoid revisiting already explored nodes. More recently, Jiménez-Piqueras
et al. [Jim+23] present several constraint programming models based on an
iterative algorithm. Rendl and Prandtstetter [RP13] formulate a constraint
programming model for the CPMP as well as the robust CPMP and introduce
a search heuristic, where they try to identify the most promising moves.
Expésito-Izquierdo, Melidn-Batista, and Moreno-Vega [EMM12] introduce
the application of an A* tree search algorithm for solving the CPMP using a
simple lower bound that only counts misplaced items. Bortfeldt and Forster
[BF12] present a heuristic tree search procedure that uses a novel lower
bound for the number of moves. This bound also considers the available
storage locations (supply) and required storage locations (demand) for each
retrieval priority group. Tierney, Pacino, and Vofs [TPV17], Tanaka and Tier-
ney [TT18] and Tanaka et al. [Tan+19] build on this bound and extend it for
many different situations. Tierney, Pacino, and Vof8 [TPV17] propose several
branching and symmetry breaking rules combined with A* and IDA* algo-
rithms. Tanaka and Tierney [TT18] developed an iterative deepening branch
and bound algorithm, which is extended by Tanaka et al. [Tan+19] with an
improved lower bound, new dominance rules as well as memoization and
tie breaking algorithms. The number of optimally solved instances of the
CPMP for known datasets increases significantly with each of their publi-
cations. Apart from optimal algorithms, a vast amount of heuristic solution
procedures including deep-learning assisted tree search (Hottung, Tanaka,
and Tierney[HTT20]) have been developed.

Besides the CPMP, the CRP or blocks relocation problem is also an impor-
tant relocation problem in maritime transportation. In the CRP the objective
is to find a minimum number of reshuffling moves for the retrieval of items.
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The problem does not consider incoming goods and has a decreasing branch-
ing factor due to containers leaving the warehouse. For the CRP similar
solution methods like IDA* algorithms (e.g., Zhang et al. [Zha+10], Zhu
et al. [Zhu+12]) or branch and bound search with some shared properties
(e.g., Tanaka and Takii [TT16]) are used. In comparison, research regard-
ing the re-marshalling and stack loading problem is scarce. For intra-block
re-marshalling (moving containers between multiple bays), we refer to the
review of Caserta, Schwarze, and Vofs [CSV11] and the publication of Covic
[Cov17], who compares different features of existing re-marshalling algo-
rithms with his own contribution. Lehnfeld and Knust [LK14] provide an
overview of few publications regarding stack loading problems. Boysen and
Emde [BE16] introduce the parallel stack loading problem, where incoming
items need to be moved into parallel stacks minimizing misplaced items
based on retrieval priorities.

4.2.2 Steel industry

Also in the steel industry shuffling problems need to be solved in warehouse
operations. Several authors have analyzed different kinds of problems, which
Tang, Zhao, and Liu [TZL12] categorize into plate shuffling problems and
coil shuffling problems (CSP). Plate shuffling includes the slab stack shuffling
problem, where requested slabs are selected out of a feasible set of slabs
with the goal of minimizing shuffling moves (Tang et al. [Tan+02]). Konig
et al. [Kon+07] describes a steel slab stacking problem, where incoming
items have to be processed within a time window and moved to buffer
stacks or target stacks, which represent the exact retrieval order sequence.
If items cannot be directly placed in the correct position of a target stack,
two additional types of moves are possible. Items can be moved between
buffer stacks or from a buffer stack to a target stack. The goal is to find
the minimum number of moves to build all target stacks given an initial
configuration. The CSP (see [ZW06]; [TZL12]; [Tan+15]) deals with piled up
steel coils in cylindrical form, which structurally support each other. Thus,
one steel coil is placed on top of two coils in the row underneath. Ge et al.
[Ge+20] introduce the slab pre-marshalling problem. In contrast to CPMP,
the goal is to sort items and generate stacks of the same item group. This
way fast access times can be guaranteed without considering the duration of
stay. However, stacks containing only one item group are only possible, if
the amount of item groups is smaller then the number of stacks. Therefore,
final configurations may contain stacks with badly placed items of another
item group. Ge et al. [Ge+21] integrate slab pre-marshalling and storage
moves to find configurations with a minimum number of badly placed items
requiring the least amount of stacks. The problem is defined as the integrated
optimisation of storage and pre-marshalling moves.
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4.2.3 Automated storage / retrieval systems

Shuttle-, Crane-, Vehicle- or Robot-based AS/RS are widely used in corporate
practice and the associated decision problems have been investigated for
many years. Linn and Wysk ([LW90a]; [LW90b]) introduce a system frame-
work considering the most relevant decision problems. Among other control
policies, a restoring policy for repositioning of loads in idle time is proposed.
Thereby, items are removed and restored according to turnover-based rules.
Muralidharan, Linn, and Pandit [MLP95] represent the shuffling problem
in an AS/RS, where pallets are relocated in idle time, as a network model.
They formulate the problem as a selective travelling salesman problem and
present the two heuristics: shuffling with nearest neighbor and shuffling with
insertion, where a tour route is calculated to maximize profit in terms of
saved travel time until a time limit for shuffling is reached. Carlo and Giraldo
[CG12] consider the problem of how an optimal storage assignment can be
reached based on the current storage positions by incrementally updating the
storage position when loads have been requested by a picker and are going to
be restored in the AS/RS running dual command cycles. Since it would take
a long time until all loads are requested by a picker and it is unlikely that the
orders are in the right sequence to obtain an optimal storage assignment, they
also present a scenario with one empty location where the storage/retrieval
machine is idle and can perform any move. Reshuffling of items is even more
important for AS/RS with multi-deep storage or for robot-based compact
storage and retrieval systems with stacks like AutoStore, where each robot
has also lifting capabilities (see [ZKX16]).

4.2.4 Robotic mobile fulfillment systems

Since the concept of RMFS has been introduced by Wurman, D’ Andrea, and
Mountz [WDMO08] with Kiva systems, it has become standard in many e-
commerce fulfillment centers. RMFS are automated parts-to-picker systems,
where mobile racks (pods) are moved by robots and brought to the picking
stations. The unique feature of RMFS is that the robots are able to drive
under the racks. Merschformann [Mer18] classifies relocation problems in
RMEFS into active and passive repositioning. Passive repositioning is about
updating a storage location when pods are returned to storage after picking.
Under this strategy pods which are not requested will not be relocated and
might block attractive storage locations. Hence, active repositioning allows
to move pods from one to another storage location without visiting a picking
station. Merschformann [Mer18] determines the attractiveness of storage
location based on their shortest path to a picking station and calculates the
difference between actual and desired storage location. Two scenarios are
analyzed: Utilizing idle time at night or performing active repositioning in
parallel to a running system. The results show that active repositioning in
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idle time is especially helpful, if the system is not already performing passive
repositioning. Not using passive repositioning allows the system to achieve a
better performance by using a storage policy like nearest open location, when
pods are brought back from a picking station. Passive repositioning shows
negative effects for most cases in a scenario where the storage system is con-
tinuously well utilized. Krenzler, Xie, and Li [KXL18] define the deterministic
Pod Repositioning Problem for passive repositioning and propose several
algorithms. Relocation of pods in RMFS becomes especially important for
layouts with multi-deep storage bays, where blockages are possible (see e.g.,
[JYD20]; [Y]D21]). Yang, Jin, and Duan [Y]JD21] indicate that in multi-deep
RMES the time of moving obstructing shelves consumes a large amount of
the total working time.

4.2.5 Block stacking warehouses

In terms of block stacking warehouses there are some recent publications
about relocation problems. Lee et al. [Lee+06] introduces the dynamic block
stacking problem with random demand where the optimal row depth is
determined and changed over time by using a discrete-time infinite-horizon
Markov decision process model. Thereby, unit loads are relocated, if the
benefits like reduced retrieval time and improved space utilization exceed the
relocation costs. One of the intentions is to reduce the honeycomb loss, which
occurs when a storage lane is dedicated to a product and not completely full.
The applied reward function considers floor space costs as well as travel costs
for replenishment, retrieval and relocation. Maniezzo, Boschetti, and Gutjahr
[MBG21] investigate the stochastic pre-marshalling problem in block stacking
warehouses, where all stacks are directly accessed (e.g., via crane or shallow
storage bays). Their research addresses the stochastic case, where the retrieval
orders are not known in advance. Based on historical data the expected cost
of the recourse action is calculated for any given configuration. The recourse
costs are all costs for processing the orders of the previously unknown picking
list. The authors develop a dynamic programming model and combine it
with a corridor heuristic as well as a multiheuristic approach to solve larger
instances. The results show that a small amount of pre-marshalling effort
significantly reduces the number of relocation moves for retrieval operations.

4.2.6 General warehousing

Some publications address relocation problems for many types of warehouses
and storage systems. Kofler et al. [Kof+11] differentiate between construc-
tion and improvement approaches to rearrange a warehouse. Construction
approaches (called re-warehousing), determine the best storage location as-
signment from scratch and are used to rearrange the whole warehouse. They
require a large amount of time and resources. However, over time seasonal
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factors and an altering product mix may change the demand profile and
affect warehouse efficiency. Improvement approaches (called healing) contin-
uously improve and cleanup existing warehouse configurations to achieve a
better total storage assignment.

One of the first publications concerning warehouse rearrangement by
Christofides and Colloff [CC73] assumes a given and final arrangement of
the warehouse as known and propose a two-stage algorithm based on mov-
ing cost to minimize relocation cost. The warehouse rearrangement process
is performed in cycles for at least two items, that exchange positions and are
sequentially moved. Pazour and Carlo [PC15] consider the same problem
(called the warehouse reshuffling problem) and relax the assumptions regard-
ing the handling of cycles. This reduces the reshuffling costs and allows open
locations to be different in the final warehouse arrangement. Chabot, Coelho,
and Renaud [CCR18] also investigate a similar problem as Christofides and
Colloff [CC73] (called the warehouse reassignment problem) with the main
difference, that unit loads can also be directly relocated to currently occupied
locations. Unit loads are switched by dropping a new unit load on the floor
next to the target storage location, removing the other unit load, moving
the new unit load into the storage location and picking again the other unit
load. Since this increases handling effort, a penalty is added. This way, unit
loads are always moved directly from a current position to a target location
without any intermediate moves. The goal is to minimize the total working
time of the operators. As a solution technique, they present three different
exact mathematical formulation methods. Kofler et al. [Kof+11] present both,
construction and improvement approaches and compare them for picker-to-
part scenarios. The authors propose local search and simulated annealing
algorithms based on the pick frequency/part affinity score (item affinity mea-
sures whether items are often ordered together) as improvement approach
for randomly generated warehouse instances.

4.2.7 Puzzle-based storage systems

Finding the minimum number of reshulffles for a given set of items to reach
a goal state is a well known problem in artificial intelligence (e.g., blocks
world planning, Tower of Hanoi puzzle or 8 and 15 puzzle problem). In
blocks world, an initial state and final state of blocks on a table is given.
The goal is to find the minimum number of moves to reach the final state.
The problem is NP-hard (Gupta and Nau [GN92]). The Tower of Hanoi is a
disk-based puzzle with disks of various diameters, which can be moved onto
three different pegs. It starts with one pyramidal stack from which disks are
moved to the other pegs with the goal of rebuilding the initial stack. Disks
are never allowed to be placed on a disk with a smaller diameter (see e.g.,
Ball [Bal93]). Puzzle-based storage systems are inspired by the well-known 8



60 CHAPTER 4. SOLVING THE UNIT-LOAD PRE-MARSHALLING PROBLEM

and 15 (slide) puzzle problem, where only one location within a grid-based
storage system is empty. Items are moved to the currently empty location
creating a new open location until a target configuration is found or an item
can be retrieved. Gue and Kim [GK07] compare aisle-based and puzzle-based
storage systems in different configurations. While the slide-puzzle concept
achieves very dense storage configurations, the expected retrieval time as
well as the moving costs are generally high, even for systems with multiple
escorts (empty locations).

4.2.8 Other related problems

Furthermore, related problems in areas like sequencing and reshuffling of
train wagons (mentioned by Caserta, Schwarze, and Vofs [CSV11]), resequenc-
ing of assembly lines (mentioned by Boysen and Emde [BE16]) or sorting of
vectors and disk fragmentation (mentioned by Carlo and Giraldo [CG12])
have been identified.

4.3 Solving the UPMP with a single access direction

We present a search procedure based on the A* algorithm to solve the UPMP
with one allowed access direction to optimality, analogous to the approaches
presented by Expésito-lzquierdo, Melidn-Batista, and Moreno-Vega [EMM12]
and Tierney, Pacino, and Vof8 [TPV17] for the CPMP. These tree-based solu-
tion approaches are known for their well performance for the similar CPMP.
We first describe the A* algorithm implemented branching rules, followed by
the adapted lower bound.

In the case of a single access direction, the columns represent lanes, rows
refer to the depth of the bay (number of stacks per lane) and tiers refer to
the height of the bay. The number of columns, rows, and tiers is given by
I, ], and T respectively. Fig. 4.5 a) shows a small configuration with I =4,
J =2 and T = 2. Each column i can be translated into an access sequence
of unit loads in Fig. 4.5 b). The tiles represent a storage position with the
assigned group g;j; € {1,...,G} of each unit load. All empty positions are
set to gjjr = 0. All tiles of blocking unit loads that block other unit loads are
colored in dark-gray.

For one access direction, a column with a length of two stacks | = 2 and
two tiers T = 2 results in a sequence of four storage locations that can be
retrieved one after the other. In the first column at i = 1 of Fig. 4.5 b), the unit
load at position (i = 1, j = 2, t = 2) is blocking, since it has a higher priority
group than the unit load on the storage location below (i=1,j=2,t=1)
with g112 > g1,1,1- All unit loads that are placed at a storage location before
a blocking unit load are also blocking, because they need to be moved for
resolving all blockage. Hence, the unit loads at the positions (i =2, j =1,
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Fig. 4.5 A simple example of a configuration for one access direction with a
three-dimensional view on the left a), and translated into an access sequence at column i
on the right, b). Dark gray colored tiles represent blocking unit loads.

t=2),(=2,j=1t=1),(1=2,j=2,t=2),(i=3,j=1,t=1)and (i =4,
j =1, t=1) are blocking as well.

4.3.1 A* for the unit-load pre-marshalling problem

The A* algorithm uses a best first search guided by a heuristic to solve plan-
ning problems. Starting from an initial bay configuration all possible moves
(branches) of each movable unit load are examined. Iteratively the most
promising move that minimizes costs is extended. The cost estimation heuris-
tic for branch selection is given by f(n) = g(n) + h(n), where n represents a
search node, g(n) is the number of performed moves at node 7, and h(n) is a
lower bound on the number of moves needed to reach a configuration from
node n without any blocked unit loads.

Fig. 4.6 illustrates the search procedure with an example based on counting
blocking items as a simple lower bound. Starting from an initial configuration
with three blocking items, there are four possible moves, leading to four
nodes all with a search depth of one. These newly generated nodes are called
open nodes, and we calculate f(n) for each one. We explore the node with the
lowest value of f(n), which in this example is the configuration with f(n) = 3.
We apply tie breaking rules and symmetry breaking that is described in more
detail later.

Algorithm 1 shows the A* algorithm for the UPMP. It starts with the
initialization of an empty open list where all unexplored nodes are stored,
an open_lookup dictionary mapping the unexplored nodes to f-values and
a closed set collecting all previously visited nodes. Whereas all unexplored
nodes are stored in the open list, the closed set stores all previously visited
nodes. The open_lookup dictionary is used to improve the lookup of mini-
mum f-values of already visited configurations. Initially, the open_lookup
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Fig. 4.6 Example of the tree search procedure with the cost function f(n) (simple lower
bound as blocking items in dark gray) similar to the illustration in Tierney, Pacino, and
Vo83 [TPV17].

dictionary contains only the starting configuration (root node) of the storage
bay. Unlike the root node, each node object contains an attribute that allows
a link to its parent node object.

After initialization, the algorithm starts to search for a solution within the
main loop and stops when an optimal solution without any blocking unit
loads has been found or when the open list becomes empty, meaning no
solution exists. While nodes are in the open list and the time limit has not
been reached, a node n with the minimum cost estimation f(n) is popped
off the priority queue. If n has already been visited and is in the closed set,
then the node is skipped, as we already know the shortest path to get to it.
Otherwise, the node is added to the closed set and the successor nodes for
every possible move of a unit load are calculated, as long as they are not
pruned due to branching rules (see Section 4.3.2). Successor nodes are added
to the priority queue and open_lookup dictionary if there is not already
a node with the same configuration and a smaller cost in the closed set
or open_lookup dictionary. This search procedure guarantees an optimal
solution as long as the heuristic used in the cost estimation is an admissible
lower bound on the true cost of the configuration.



4.3. SOLVING THE UPMP WITH A SINGLE ACCESS DIRECTION 63

Algorithm 1: A* algorithm for the UPMP adapted from Tierney, Pa-
cino, and Vo83 [TPV17].

Function astar (ro0f):
open < PRIORITY_QUEUE();
open_lookup < DICT();
closed < ©;
PUSH(open, root);
open_lookup|root] + f(root);
while |open| > 0 and time < timeout do
n < POP(open);
if n in closed then

‘ continue;
end
closed < closed |J {n};
if blocking(n) = 0 then

‘ return n;
end
successors <— BRANCHING(n);
for s € successors do

if s ¢ closed and (s ¢ open_lookup or open_lookup[s] > f(s)) then
PUSH(open, s);
open_lookup(s] < f(s);
end

end

end

4.3.2 Branching

For each iteration of the search, our algorithm calculates all feasible successors
of the current node, i.e., configurations that can be reached by a single move
of a unit load from the current configuration. Thereby only moves to the
furthest location per lane are allowed in order to prevent any holes even
though placing a unit load on other locations is technically possible. Holes are
detrimental as they lead to less free storage locations in front of the items and,
therefore, to infeasible configurations. Still some of these configurations make
no sense to examine, for example given node n, we should not reverse the
move that brought us to node n. Besides the avoidance of move reversals, we
further use memoization to remember all seen configurations so that we do not
explore the same configuration multiple times unless we find a cheaper way
of reaching a configuration. Therefore, we use a dictionary for look-ups of the
total costs f-value of already encountered configurations. Tierney, Pacino,
and Vofs [TPV17] and Tanaka and Tierney [TT18] present further symmetry
breaking rules (e.g., transitive move avoidance or empty stack symmetries)
and heuristics for branching (e.g., only perform moves that place containers
in non-blocking positions). They may also be beneficial here, as there are
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usually many nodes that have the same f value, thus one needs a way to
differentiate between them.

4.3.3 Lower bound on the number of moves

In this section, we give an overview of the adapted lower bound from the
CPMP and provide an example. The notation is summarized in Table 4.1. For
mathematical proofs of correctness, we refer to the respective publications.

Table 4.1 Adopted notation for the lower-bound heuristics from Bortfeldt and Forster
[BF12].

n’()  Number of blocking (badly placed) unit loads of the lane at column i

d(g)  Number of blocking unit loads represents demand of priority group g, i.e., no. of
blocking unit loads of group g

D(g) Cumulative demand of a priority group g (d(g) +d(g + 1) + --- 4+ d(G))

s(g)  Number of supply slots for priority group g, i.e., no. of empty storage locations
for group g

S(g)  Cumulative supply of a priority group g (s(¢) +s(g+ 1)+ ---+s(G)+ T -
1] empty; 11,empty NUmMber of empty lanes)

DS(g) Cumulative demand surplus of priority group g (D(g) — S(g))

We adopt the classification of possible moves introduced by Bortfeldt
and Forster [BF12] into bad-good (BG), bad-bad (BB), good-good (GG) and
good-bad (GB) moves. The notation indicates whether a unit load is blocking
(bad) or well-placed (good) before and after a move. bad-good and bad-bad
(BX) moves consist of BG and BB moves, whereas good-good and good-bad
(GX) moves correspond to GG and GB moves.

Simple lower bound

The first valid lower bound for the minimum number of item moves in
(4.1) simply counts the number of blocking unit loads of the current bay
configuration (see [LC09]; [EMM12]). Since the unit load of higher priority
will be retrieved first, at least all unit loads in front of it must be relocated.
In the best case, all unit loads are relocated as BG moves from badly to well
placed. In Fig. 4.5 b), the total count of blocking unit loads is 1;, = 6.

ny = Y (i) (41)

icl
Extension by Bortfeldt and Forster [BF12]:

The lower bound for the number of moves from Bortfeldt and Forster [BF12]
is defined as the sum of the number of BX and GX moves in (4.2) necessary
to reach a final bay configuration without any blockages.
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N = npx +nNgx (4.2)

The first extension to the simple lower bound is that to carry out a BG
move, it is necessary to have at least one lane without any badly placed unit
loads. Otherwise, at least the lane with the smallest number of badly placed
items has to be moved as a BB move (see (4.3)).

Nypin = min{nb(i)} (4.3)

Therefore as shown in (4.4), the number of BX moves is the sum of the
blocking unit loads (simple lower bound #;) and the minimum number of
blocking unit loads of all stacks ny,.

npx = Ny + Ny, (4.4)

In Fig. 4.5 b), all lanes contain badly placed items. Three lanes contain
only one badly placed item. Therefore, 11, = 1 and a single additional move
is necessary.

The second extension refers to the number of GX moves, which involve
moving well-placed unit loads. By calculating the required slots for badly
placed unit loads (demand) as well as the available slots (potential supply)
for each priority group, we derive a cumulative demand surplus. A slot
is a storage location defined by the coordinates 7, j and ¢. The required
demand d(g) is computed by counting the number of badly placed items
for each priority group. Table 4.2 shows d(g) for the example in Fig. 4.5. The
cumulative demand D(g) is calculated from the lowest to highest priority
groups.

Once D(g) has been determined, the supply slots s(g) must be computed.
The supply slots of a lane at column i consist of the slots before the last
well-placed item that do not need to be moved. The available slots for the
priority group g of the last well-placed item of each lane are added to the
potential supply slots. For the example in Fig. 4.5 b) and Table 4.2, there are
five potential supply slots, respectively, above ¢ =4 (lanes 1 and 3) and g =1
(lanes 2 and 4). Again, the cumulative values S(g) are calculated.

Finally, the resulting cumulative demand surplus is the difference of cu-
mulative demand subtracted by the cumulative supply, since the unit loads
with higher priority can always be stored on slots with lower priority. A posi-
tive cumulative demand surplus means that there are not enough available
slots by just moving badly placed items. In this case, additional GX moves
are necessary. The necessary GX moves are calculated by first deriving the
maximum demand surplus for all priority groups DS(g*) via (4.5) and (4.6).
In our example in Table 4.2 the maximum demand surplus DS(g*) is 2.
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DS(g*) = max{DS(g)} (4.5)
¢ =argmax{DS(Q)} (4.6)
C lati Cumulative
Cumulative  Potential UMUatVe - 4emand
Item group g Demand d(g) potential
demand D(g) supply s(g) supply S(g) surplus
pply o\g DS(g)
5 2 2 0 0 2
4 1 3 5 5 -2
3 2 5 0 5 0
2 0 5 0 5 0
1 1 6 5 10 -4

Table 4.2 Calculating demand surplus based on the example in Fig. 4.5 b).

We use the cumulative demand surplus DS(g*) to calculate the potential
GX lanes néo)ti, where additional slots for unit loads of priority groups g > g*
can be created. Slots for these priority groups can be created by relocating
correctly placed unit loads of a priority group g < ¢*. This means a potential
GX lane must contain correctly placed unit loads of a smaller priority group.
The correctly placed unit load of the smallest priority group of each lane
corresponds to the outermost correctly placed item. Empty lanes are not
potential GX lanes, since their supply is already fully taken into account
with the highest priority group and no additional slots can be created. The
necessary number of GX lanes must be at least n’; according to (4.7) with a
maximum of | - T available slots per lane, if a whole lane has to be cleared.
This is a slight modification compared to the approach for the CPMP with
only T slots per stack.

1% = max(0,[DS(g")/(J - T)) 47)

The number of potential GX lanes néo)i must be greater or equal than the
necessary number of GX lanes n{y to find a feasible solution. If this is the
case, the lanes are sorted by né "(i) in ascending order. n8 "(i) is the number
of correctly placed unit loads with priority group ¢ < g* of a lane at column
i. In our example of Fig. 4.5b), lanes 1, 2 and 3 contain one correctly placed
item and lane 4 contains two correctly placed items smaller than ¢* = 5. This

leads to the number of potential GX lanes nf;o;( = 4 and we get the sorted list
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of correctly placed items that have to be moved [1,1,1,2]. The lower bound
for the number of GX moves ngx is calculated in (4.8).

nec
nGx

nex =y, n8 (i) (4.8)

j=1

For the example in Fig. 4.5 b), we round the result of max(0,[2/(2 * 2)] up
to ny =1 and derive ngx = E}:l n8 (i) = 1.

Further improvements for cases in which the lower bound can be increased
have been proposed in [TT18] and [Tan+19]. These improvements can be
transferred analogously, but due to their complexity, we omit them from this

study.

4.4 Solving the UPMP with multiple access
directions

In storage bays with multiple access directions, each stack can generally
be accessed from any allowed access direction. Multiple access directions
are beneficial and challenging at the same time. An advantage of multiple
access directions is that potentially fewer relocation moves are required to
sort the storage bay until each unit load can be accessed from one access
direction without blockage. However, difficulties are a tremendous increase
in the branching factor as well as the size of the solution space and a higher
complexity for configuration assessment.

To overcome these challenges, we propose a solution approach in which
we initially determine the access direction for each stack and fix this direction
until the pre-marshalling process is finished (access direction fixing). This
allows us to benefit from a significantly reduced number of required moves
and, at the same time, achieve fast runtimes. Access direction fixing makes
also sense from a practical point of view. We will discuss this together with
the implications of our assumption at the end of the section.

For solving the UPMP with multiple access directions, we present a novel
two-stage algorithm shown in Fig. 4.7. First, a network flow model is used to
initially determine the access direction fixing for each stack that minimizes
the number of blocking items. This configuration is transformed into a repre-
sentation of virtual lanes similar to the single access direction case and is used
throughout the search. A virtual lane consists of 1 to max(I, J) successive
stacks in a row/column with a defined access direction. Since the length of
each virtual lane can be different, we introduce an adapted lower bound with
a MIP formulation to determine the minimum number of required reshuffling
moves.
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Input Access
directions

Network flow model .
Conversion of
to determine the
the state to

access direction for .
cach stack virtual lanes

Output /
Input

Tree search with adapted lower
bound (based on a MIP
formulation) for the calculation
of necessary moves
RESHIM Sequence of moves to sort the storage

Fig. 4.7 Tllustration of the main components of our solution approach with the respective
input and output.

Virtual lane representation

North
access
S1 S4 S7
-1 1,5 --
S2 S5 S8
West 32 42 25 East
access access
S3 S6 S9
-1 -2 4,1
1 2 3 Column i
South
access
a) b)

Fig. 4.8 Example of a bay configuration with four access directions in a). Translated into a
top view in b), each tile in the grid represents a stack with a tuple of multiple tiers.
Hyphens indicate empty storage locations.

4.4.1 Step 1: Access Direction Fixing

We first describe the components of the mathematical model for calculating
the access direction for each stack and then provide an example based on
Fig. 4.8. Our model captures the grid-based layout of a block stacking storage
system and considers simple rules of feasible AMR movements. Table 4.3
shows the sets, parameters, and decision variables that we use throughout
this section. Fig. 4.8 a) shows a simple example of the configuration with I =3
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columns, | = 3 rows and two tiers T = 2. Fig. 4.8 b) translates the example
into the associated top view. Each tile of the grid represents a stack S1 to S9
with a tuple of stacked unit loads (tier 2, tier 1).

Table 4.3 Notation of the network flow model.

Sets and Indices

s, t Indices of network vertices

d Index of the neighbor vertex for an access direction
({north,south,east, west})

n Index of an orthogonal neighbor vertex of x 5

E Set of all edges

EX Set of edges excluding edges from the origin o

%4 Set of vertices excluding the origin o

ECrigin Set of edges from origin o

yinner Set of inner vertices representing inner stacks that can-

not be directly accessed by one of the access direction

vertices

Parameters

Cs b Cost of visiting vertex t from adjacent vertex s

bs € N Demand at vertex s (1 for each stack that has to be
visited)

PelN Supply provided at origin o (equal to the number of
stacks)

Variables

fsitr fts Flow from source s to destination t and vice versa

x5t € {0,1} Equals 1, if a stack is accessed via source s to destina-
tion ¢

xqs € {0,1} Equals 1, if stack s is accessed via the edge of access
direction d

xsn € {0,1} Equals 1, if the outgoing edge from stacks s to an or-

thogonal neighbor 7 of s is used

In our model, each stack is represented by a vertex with a directed edge
from and to the adjacent stack vertices for any allowed access direction. For
each of the allowed access directions (up to four) a vertex is added with
edges pointing to the vertices of stacks that are placed at the edge of the bay.
Finally, a vertex representing the origin o is connected to vertices for each
access direction. The capacity of edges is unlimited and the assigned costs
represent the incremental difference of blocking items between accessing the
previous and the current stack in a lane. To avoid holes, i.e., items in front of
empty locations, we add penalty costs to edges that may create holes and set
these costs off on the edge to the last empty position.

Supply is provided at origin o for all of the stacks’ vertices. Each vertex
representing a stack must be visited once, and thus has a demand of one.
The intermediate vertices for the access directions have zero demand. Edges
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between vertices that are directly accessible by an access direction are not
necessary, since the minimum costs in terms of blocking items are guaranteed
through access from the respective direction. The flow represents the number
of accesses via the respective edges by AMRs. The optimization objective is
to minimize the costs of accessing all stack vertices (demand) from supply
vertex o via intermediate vertices for the available access directions. The
result is a defined access configuration with a minimum number of blocking
unit loads.
The mathematical formulation of our network flow model is:

min Y cs sy 4.9)
(s,t)€E

fst <Pxst V(s,t)€E (4.10)
Y. ft— Y frs=bs VseV* (4.11)

(s,t)eE* (t,s)eE*
Y., fu=P (4.12)

(S,t)e Eurigin
Yo oxas+ Y xou <1 Vsevimer (4.13)

(d,s)eE (s,n)eE

Xgt € {0,1}, fs,t >0 V(s,t)eE (4.14)

The objective in term (4.9) is to minimize the movement costs for accessing
all stacks. We use the binary variable x;; to indicate whether an edge is
used or not. The idea is that we want to count the number of blocking items
only once, even if the stacks behind are accessed through the same stack.
Constraints (4.10) ensure no edge flow exceeds the total amount of supply
P. Constraints (4.11) and (4.12) ensure flow conservation for all vertices
with a demand of zero and above, as well as flow conservation for supply
in the origin 0. We require Constraints (4.13) to avoid the AMRs turning
within the grid. The constraints say that flow on orthogonal neighbor edges
is not allowed for all inner vertices. Inner stacks are all stacks that cannot
be directly accessed by one of the access direction vertices. We note that the
number of constraints to avoid turning increases with the grid size (up to
eight per inner stack). If the AMRs are able to move around corners in the
grid, these constraints can be neglected. Our mathematical model is similar
to a min-cost flow formulation, however, we use binary variables instead
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of flow variables in our objective function because the costs should only be
considered once and add additional constraints in (4.13) for AMR movements.
Finally, constraints (4.14) restrict the variables x; to be binary and ensure
that the flow f is positive.

Example: We now consider the example given in Fig. 4.8 and derive a
representation for the network flow model. All stacks represented by tiles are
translated into vertices S1 to S9 in the network flow representation in Fig. 4.9
a). For each access direction a vertex N, S, W and E is added, as well as a
vertex for the origin o. Edges between the outermost stacks of the bay for
any allowed access direction are not necessary. These stacks can be directly
accessed from the respective direction. Each edge is assigned costs that are
equal to the incremental cost of accessing the corresponding vertex. In our
example, accessing stack S2 from W costs one due to one blocking item. Now
accessing stack S5 from stack 52 would add another two blocking items, as
both items of stack two would have to be moved plus the top item of stack S5.
Supply is provided at origin o for all stacks (in our example: 9 vertices). Each
stack must be visited once and therefore has a demand of 1. The intermediate
vertices for the access directions have zero demand. Fig. 4.9 b) illustrates a
solution for a lower bound of blocking unit loads showing only used edges.

: : ®
o ® @ 7 6 e

@@L =000 L9L0 6 6L
2

® ©® © ® ©® O
oA ) WA
® . ®
0
a) b)
Fig. 4.9 Network flow scheme for the example with four access directions (each access

direction vertex has a different color) of Fig. 4.8 in a) and a possible solution with four
blocking items in b). Each arc is labeled with its cost.

After the access direction for each stack is determined, the configuration
is represented as virtual lanes and fixed for the search procedure. Fig. 4.10 a)
shows the grid representation with thick black lines to illustrate the virtual
lanes. In Fig. 4.10 b) these lanes are transformed into a representation of
the access direction for each lane. The corresponding access directions are
specified underneath the stacks.
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Fig. 4.10 Example from Fig. 4.8. Thick black lines illustrate the virtual lanes in a). In b)
these lanes are transformed into a representation of one access direction.

4.4.2 Step 2 - Tree search in virtual lanes

In the second step of the algorithm with multiple access directions a tree
search based on the former generated virtual lanes is performed which is
similar to the tree search with a single access direction (see Section 4.3). For
the lower-bound heuristics, we build on the adapted lower bound for one
access direction:

We use the same procedure as for one direction to calculate the BX moves
as well as to derive the demand, supply and the demand surplus DS(g*) and
g*. After the demand surplus DS(g*) has been calculated, the next step is to
determine the necessary number of GX lanes n%. This cannot be calculated
in the UPMP via n{y = max(0,[DS(g*)/(J - T)]), since the length of each vir-

tual lane can be different (e.g., 11 compared to 15 in Fig. 4.10). Also calculating

the number of GX moves via ngx = 75% n8 (i) is problematic, since the
potential GX lanes cannot be just sorted by the number of GX moves. It could
make sense to select a lane that is more costly in terms of GX moves than
another lane, but at the same time free up more space (e.g., moving two unit
loads and getting six slots for the desired priority group compared to moving
one unit load and getting only two slots). In fact, we need to select the lanes
where a minimum number of GX moves is necessary to free up enough space
for DS(g*). Therefore, we use a MIP formulation that minimizes the number
of moves. The notation is shown in Table 4.4.
The MIP model to calculate the number of necessary GX moves is:

min'y_kyy (4.15)
leL
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Table 4.4 Notation of the MIP model.

Set and Index
L Number of virtual lanes (I € {1,..,L}) with well-
placed items of a priority group g < g*)
Parameters
k; Cost of moving all well-placed items with a priority
group ¢ < g* of lane [
pi Potentially freed space of lane [ calculated via the
length of each lane I minus the well-placed items with
8§28
Decision variable
v €{0,1} Binary decision variable, if virtual lane [ is selected to
be emptied
Y yip1 > DS(g*) (4.16)
IeL
y€40,1} Viel (4.17)

The objective function in term (4.15) minimizes the sum of costs of the
selected lanes. Constraint (4.16) ensures that the space requirement is fulfilled,
which means that the sum of freed up storage slots must be equal or higher
than the demand surplus DS(g*).

Applying the proposed lower bound on the example of Fig. 4.10, we get
four BX moves. For the demand surplus, DS(g*) =1 and g* = 3. Next, we
calculate the costs k; to empty each lane, as well as the potentially freed up
space p; of each lane I. Table 4.5 shows the results of k; and p; for each lane
of our example. The lanes [ with no well-placed items of a priority group
g < g are not considered because no additional space for ¢* can be created.
Therefore, lane I3 can be neglected.

Parameter 2 14 15 16 17 18
type

k 1 1 1 1 1 1 1

pi 2 1 2 4 2 2 1

Table 4.5 k; and p; for each lane [ of the example.

In this simple example, any lane besides I3 would free up the required
one storage location for items with g > g*. Since the costs for all lanes are
the same, one of them can be chosen at random. We add one GX move to the
lower bound and get an estimation of overall five moves to sort the storage.
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4.4.3 Impact of access direction fixing

As indicated at the beginning of the section, in our problem definition we
fix the access directions for each stack over the course of the search. Re-
stricting the solution space might increase the required number of moves in
certain situations. We show this effect based on two examples in Fig. 4.11 and
Fig. 4.12.

The example in Fig. 4.11 a) shows the result of the network flow model
for corner access from south and west. The unit load of priority group 2
at stack 57 is blocked by two unit loads in the stacks S8 and 5S9. However,
this blockage could be resolved by a single move if the access directions are
not fixed. Fig. 4.11 b) shows possible places to relocate the load in stack S8
(light-gray crosshatch) when accessing it from the west. This allows access
to the load in stack S7 from the south without any blockage by passing over
the empty stack S8. Thus, stack S8 is accessed from two different access
directions over the course of the pre-marshalling operation. Placing an item
at S2 or S5 is, however, problematic, as this leads to a hole as the empty stack
58 cannot be directly accessed anymore. Additional rules to prevent holes
are necessary, but this limits the use of available storage locations.

S1 S |57 S1 54 |57
5 5 2 5 5 2
West » S2 S5 S8 5 West IS2 % S5 % S8
access - - access ‘ \ B
S3 S6 1S9 S3 S6 59
- - 1 3 Q 1
South South
access access
a) b)

Fig. 4.11 The example in a) shows a configuration with access direction fixing illustrating
two blocking unit loads in bold red. In b) all blockage is resolved by moving the unit load
of stack S8 (box with thick purple lines) to a possible location indicated with crosshatched
tiles and a light gray number.

Fig. 4.12 a) is another example with three access directions, where the
items at stack S12 and at stack S18 are blocked. The network flow model
would propose to relocate two blocking items in front (e.g., S7 and 519), but
again, as shown in Fig. 4.12 b), a solution is possible via a single move in case
there is no access direction fixing. The item from stack 513 can be moved via
west or south access to the light-gray crosshatched locations. Stacks S12 and
518 can be accessed via stack 513 from the south and west. The difficulty is
to maintain this access over time: When placing a unit load at stack S13, it
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must be ensured that it does not block any other unit loads in both access
directions.

S1 S6 S11  |S16  |S21 S1 S6 lS11  [S16  [S21
- 2 8 4 1 - 2 3 4 1
S2 S7 S12 |S17  |s22 52 S7 S12 [S17  [S22
- 2 1 3 - S 2 1 3 -
West S3 S8 s13  |s18 |s23 East West S3 S8 513 |S18  [S23 East
access » : : 5 3 4 « access access = = . 3 4 access

IS4 S9 S14  |S19 [S24 IS4 S9 S14  [S19 [S24
_ - - 5 1 5 S - 5 1
S5 10 |S15 |S20 |S25 S5 810 |S15 |S20  (S25
- - - - o 5 5 o 5 5

South South

access access

a) b)

Fig. 4.12 Example in a) shows a configuration with access direction fixing illustrating two
blocking unit loads in bold red. In b) all blockage is resolved by moving the unit load of
stack S13 (box with thick purple lines) to a possible location indicated with a crosshatched
tile and a light gray number.

These two examples show that fixing the access directions may require
additional moves compared to solutions where a stack can be visited from
several access directions over time. This means that the network flow model
is not a valid lower bound without access direction fixing. However, real-life
use-cases benefit from access direction fixing due to easier traffic management
and a more stable and coherent configuration, especially for changes of
priorities and incoming unit loads. To assess the share of instances, where
additional moves are required compared to the network flow model further
investigation is required.

4.5 Computational experiments

The goal of our analysis is to evaluate the effects of different access directions
and assess the performance of the proposed solution approaches for the
UPMP. Therefore, we introduce a publicly available extended dataset https:
//doi.org/10281/zenodo.7215494. and present the results in terms of the
number of solved instances, runtime, and total moves. We further provide
a root node analysis to investigate the gap of our lower bound as well as
managerial insights.

We conduct our computational experiments on AMD EPYC 7401P Central
Processing Unit (CPU)s at 2.45 GHz. Our algorithms are implemented in
Python applying Gurobi 9.5 with the default parameters for the network flow
model and the MIP. The execution time for each instance is limited to one
hour of CPU time.
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4.5.1 Instance generator and dataset

We develop an instance generator for the UPMP that places unit loads in
a storage bay depending on the defined access directions. In addition to
allowing up to four access directions (north, south, east and west), we vary
the number of columns, rows and tiers of the storage bay as well as the
fill percentage. We model five priority groups that can occur with uniform
probability. We place unit loads in the storage bay successively at random
and generate a new instance for each possible combination. During this
procedure, it is necessary to consider the defined access directions to pro-
vide free storage locations that are directly accessible and avoid gaps. The
generated instances may be infeasible, especially for high fill percentages.
We generate an extended dataset with 3300 instances in which there are
twenty instances (twice as many compared to our dataset in [PMT22]) for
each possible combination of the parameters shown in Table 4.6.
The access variants (combinations of possible access directions) are:

¢ north (referred to as single)

* north and west (referred to as corner)

* north and south (referred to as opposite)

¢ north, south and west (referred to as three)
e all directions (referred to as four)

Parameter Value
Access directions {single, corner, opposite, three, four}
Size (Ix]xT) {3x3x1, 4x4x1, 5x5x1, 6x6x1, 7x7x1, 8x8x1,
9x9x1, 10x10x1, 3x3x2, 4x4x2 5x5x2}
Fill percentage {40%, 60%, 80%)

Table 4.6 Varied parameters of the generated benchmark dataset.

Besides the sizes with a quadratic footprint shown in Table 4.6 other rectan-
gular footprints are possible but omitted from this study due to limited space.
The dimensions start at a 3x3x1 footprint (Ix] x T) up to a size where we reach
the limit of solvability due to timeouts for all access variants. A maximum
10x10x1 footprint for a single tier (overall 2400 instances: 20 instances for
5 access variants, 8 sizes and 3 fill levels) and a maximum 5x5x2 footprint
for two tiers (overall 900 instances: 20 instances for 5 access variants, 3 sizes
and 3 fill levels) results in up to 100 or respectively 50 storage locations for
a single storage bay. This covers a large amount of real scenarios of small
storage systems with a single bay.
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4.5.2 Computational results

We start our analysis by presenting an overview of the solved instances and
runtimes. This is followed by an analysis of the lower-bound heuristics’ root
node gap and a detailed comparison of the number of moves for all possible
access variants for one and two tiers.

Runtime and number of instances solved

Table 4.7 provides an aggregated summary of the number of instances solved
over all sizes and fill levels for a single tier. The detailed results are provided
in Table A.1. The access variants are ranked in ascending order according
to the number of solved instances, which represent all feasible solutions.
Unsolved instances occur for the two reasons infeasibility or timeouts. In
terms of infeasible instances, we are only able to verify infeasibility when
the search runs completely through for instances of a single access direction
and very small sizes at a fill level of 80%. We anticipate that there are some
infeasible instances for other access variants as well, but we are unable to
prove this within the timeout. Timeouts occur when we reach the limits
of solvability for each access direction. With the access variants ordered
according to the number of solved instances also the mean moves, mean
visited nodes, and mean runtime improve. Exceptions only occur if not the
same number of instances could be solved.

Access No. solved No. No.
variant ’ infeasible  timeout
single 326 20 134
corner 403 0 77
opposite 434 0 46
three 463 0 17
four 476 0 4

Table 4.7 Results summary for a single tier showing the number of instances solved,
proved infeasible and unsolved (in total 480 instances each: 20 instances for 8 sizes and 3
fill levels).

Fig. 4.13 shows a barplot with the amount of up to twenty solved instances
and provides the results for all access variants (legend) for each bay size of the
dataset (y-axis). The amount of solved instances goes down with increasing
size and fill levels. Whereas single access could already not solve all instances
at a fill level of 40% (infeasible and timeout), four access directions solve all
instances up to a fill level of 80% and size 10x10x1.

A detailed overview for 80% fill level is shown in Fig. 4.14. The fill levels
of 40% and 60% are provided in Fig. A.1 and Fig. A.2 respectively.

Fig. 4.15 presents box plots (without outliers) illustrating the runtime in
seconds. The peaks in runtime are especially observed in situations, where the
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Solved instances for each access direction and bay size
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Fig. 4.13 Overview of solved instances for a single tier over all fill levels.
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Fig. 4.14 Overview of solved instances for a single tier at a fill level of 80%.

limits of solvability are reached (e.g., single access at 8x8x1). At a certain point
only a few instances are solved relatively fast, but the number of timeouts
increases. Compared to single access the runtimes for the access variants with
multiple access directions stay at a very low level. The overall mean runtime
decreases from 120.17 seconds for single access, to 49.09 seconds for corner,
to 19.89 seconds for three, to 16.58 seconds for opposite and 8.39 seconds for
four access directions (Note that the number of solved instances including
larger sizes increases for multiple access directions). The maximum runtime
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for four access directions up to a size of 9x9x1 is 30.43 seconds. Even for
10x10x1 where not all instances could be solved anymore, we do not exceed
306.45 seconds.

Runtime for each access direction and bay size
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Fig. 4.15 Box plots (without outliers) of the runtimes for a single tier over all fill levels.

Only for a size and fill level, where single access could not solve any
instances an significant increase in runtime (for instance corner access at
size 7x7x1) is noticed. In general, we see an increase in runtime mainly right
before or when we encounter the first unsolved instances. If not all instances
have been solved, a longer runtime or infeasible instances (especially at 80%
fill level) can be expected. We also come across a few unsolved instances for
access variants, where the mean runtime is generally at a very low level (for
example corner access at size 9x9x1 and 10x10x1). Reason can be an outlier
that is exceptionally difficult or an infeasible instance.

As shown in Fig. 4.16, at 80% fill level finding a solution gets more difficult
(A detailed analysis for 40% and 60% fill level is provided in Fig. A.3 and
Fig. A.4): More infeasible configurations appear due to a limited amount of
empty storage locations and on average more required moves are necessary
to sort the block storage. For a single access direction we encounter four
infeasible instances at size 3x3x1 and 4x4x1 (see also Table A.1). The size
5x5x1 is the only size, where every possible access variant is able to solve all
instances. The reason for this is that 80% of 25 storage locations are exactly 20
unit loads (no rounding of unit loads necessary) leaving five empty storage
locations for pre-marshalling. Five empty storage locations allow to clear a
full lane for size 5x5x1, enabling to find feasible solutions.

At size 10x10x1 three access directions are still able to solve six instances
and four access directions do not solve all instances for the first time. This
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Fig. 4.16 Box plots (without outliers) of the runtimes for a single tier at a fill level of 80%.

overview shows particularly that multiple access directions solve much more
instances than single access and at the same time achieve comparatively very
low runtimes. Obvious is also the advantage of being able to solve instances
with a high fill level of 80%. Interesting would be to increase the fill level
even further.

Access No. solved No. No.
variant ’ infeasible  timeout
single 109 20 51
corner 129 0 51
opposite 168 0 12
three 170 0 10
four 175 0 5

Table 4.8 Results summary for two tiers showing the number of solved, infeasible and
unsolved instances (in total 180 instances each: 20 instances for 3 sizes and 3 fill levels).

Table 4.8 presents a short summary of the results for two tiers. Detailed
results are again appended at the end of the paper in Table A.2. Our exper-
iments show that adding additional tiers in a scenario with a fully shared
storage strategy is very demanding. Already at a size limit of 5x5x2, we are
not able to solve all instances with any access variant. Nevertheless, multiple
access directions perform much better. The number of solved instances in-
creases from 109 for a single access direction to 175 out of 180 for four access
directions.

Fig. 4.17 shows the barplots for solved instances.
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Solved instances for each access direction and bay size
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Fig. 4.17 Overview of solved instances with two tiers over all fill levels.

For two tiers, we are able to solve all instances up to size 4x4x2 and 80%
fill level with two opposite, three and four access directions. Corner access
is already struggling for very small instances, since an unsorted stack in the
back corner may lead to an infeasible instance that cannot be solved if not
enough empty storage slots are available. Even though we are only able to
solve rather small instances the improvement of multiple to a single access
direction is evident as a single direction fails to solve any instance with 80%
fill level (see Fig. 4.18).

Solved instances at 80% fill level
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Fig. 4.18 Overview of solved instances with two tiers at a fill level of 80%

Details for 40% and 60% fill level are provided in Fig. A.5 and Fig. A.6.

Fig. 4.19 shows the plots for solved instances and their runtime for two
tiers. The overall mean runtimes improve from 106.12 seconds for opposite
access, to 64.53 seconds for single access, to 62.39 seconds for corner, to 57.64
seconds for three to 12.23 seconds for four access directions. The high mean
runtime for opposite directions compared to single and corner access can be
explained by much more solved instances at higher fill levels. For a fill level
of 40% all instances are solved with overall very low runtimes. The runtimes
are even slightly increasing with the amount of access directions due to an
increased branching factor (more virtual lanes).

Fig. 4.20 shows that for higher fill levels the runtime is decreasing with an
increasing amount of access directions due to fewer moves that are required.
Again a detailed analysis for 40% and 60% fill level are provided in Fig. A.7
and Fig. A.8.
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Fig. 4.19 Box plots (without outliers) of the runtimes with two tiers over all fill levels.
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Fig. 4.20 Box plots (without outliers) of the runtimes with two tiers at a fill level of 80%.

Root node analysis

In the root node analysis shown in Table 4.9, we compare the lower-bound
heuristics for the root node with the exact result of required moves for all
solved instances. Interestingly, the results differ when considering additional
access directions. For a single tier the root node gap decreases from 7.89%
for a single access direction to 0.00% for three and four access directions. In
case of two tiers, the root node gap decreases from 20.95% down to 0.07%
for four access directions. The reduction of the root node gap from a single
to multiple access directions is remarkable. We believe that generally fewer
required moves, a larger action and solution space as well as shallow virtual
lanes lead to a huge improvement of the lower-bound root node gap. In case
of two access directions, the lower bound for opposite directions is slightly
more accurate than for the corner case. Reason are generally less moves and
also more shallow virtual lanes for opposite directions.

Access Directions Mean Root Node Gap Mean Root Node Gap

1-tier in % 2-tier in %
single 8.31 20.20
corner 0.79 3.38
opposite 0.19 3.32
three 0.00 1.20
four 0.00 0.15

Table 4.9 Root node analysis for all access directions.
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Required number of moves

Fig. 4.21 shows box plots for the number of required moves for each combi-
nation of access directions and all considered sizes over all fill levels with
a single tier. The box plots clearly illustrate the big advantage of multiple
access directions compared to a single access direction. Logically, the number
of required moves goes down for each additional access direction that is
available. As an example the mean moves for size 5x5x1 are 9.47 for single,
4.03 for corner, 2.20 for opposite, 1.43 for three and 0.68 for four access direc-
tions. Corner access is a big improvement, but not as much as opposite, three
and four access directions. Reason is that reaching the back corner always
requires a deep lane.
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Fig. 4.21 Box plots (without outliers) for a single tier showing the number of moves for
each access variant and each bay size. This is based on the solved instances shown in
Fig. 4.15.

High fill levels are especially challenging as they require more moves while
fewer free storage locations are available to sort the storage bay. Primarily
at 80% fill level shown in Fig. 4.22, some access variants do not solve all
instances as presented in the previous paragraph. Thus, even though opposite
directions seems to perform better than three access directions for bay size
10x10x1, it did just not solve as many instances. The detailed graphs for 40%
and 60% fill levels are shown in Fig. A.9 and Fig. A.10.

The box plots for two tiers in Fig. 4.23, and for each fill level respectively
in Fig. A.11, Fig. A.12, and Fig. A.13, show in general a similar picture as a
single tier. However, for all sizes a much higher number of moves is necessary
compared to a single tier (at least twice as high mean for all sizes). The main
problem for several tiers is that the probability of an unsorted stack increases
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Fig. 4.22 Box plots (without outliers) for a single tier showing the number of moves for

each access variant and each bay size at the fill level of 80%.

with the number of tiers and requires to relocate all items that are placed on
top and in front. Therefore, generally a high number of items is blocking and
must be relocated.
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Fig. 4.23 Box plots (without outliers) for two tiers showing the number of moves for each
access variant and each bay size. This is based on the solved instances shown in Fig. 4.19.
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4.6 Insights for operations management

The main advantage of block stacking storage systems under a fully shared

storage policy is to achieve high storage densities. Howhttps:/ /keep.google.com/ever,
high storage density comes at the cost of decreased accessibility due to block-

age. Our results clearly show that this disadvantage can be significantly
mitigated if up to four access directions are supported both technically by

the load carriers and algorithmically in the control system. As discussed in

the following, the number of access directions immensely impacts the system

in three dimensions of (1) efficiency and feasibility, (2) layout decisions, and

(3) traffic management.

Efficiency and feasibility

Our results show that the required number of moves to sort a storage bay
drop considerably with an increasing number of access directions. This be-
comes especially visible at high fill levels. The main reasons are (1) an in-
creased number of directly accessible unit loads, (2) a decrease in average
lane depth (less blocking unit loads and better free slots), and (3) variable
determination of lane depth and configuration (increased flexibility to access
unit loads).

Our experiments show clearly that only using a single access leads to a
large number of infeasible instances at high fill rates. Thus, single access
is more suitable for scenarios where no sorting is necessary. Increasing the
number of tiers also leads to a much higher number of moves, as well as
many infeasible instances. Hence, we recommend to allow mixing of SKUs
in lanes but not within a stack (pure stacks).

Layout decisions

Access directions have a direct impact on layout decisions. Indeed, our study
results clearly suggest that when planning an aisle configuration, planners
should consider the use of multiple access directions. Of course, this results
in a trade-off between aisle and storage space (fast access and travel times
versus a high space utilization). Further access directions might require
additional aisle space but can enable deeper bays without suffering bad
access times. Another aspect to be considered during layout decisions are the
different results for two sided access: If possible, an access from two opposite
directions is preferable to corner access as the pre-marshalling results in less
moves. Reason is that in the opposite setup lanes are always divided in two
parts and, hence, are shorter on average. Furthermore, in an opposite access
direction setup for vehicle operations no access from crossing directions
needs to be considered and most standard load carriers support opposite
access (e.g., pallets).
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Operational control

Arrival and retrieval times of unit loads can be stochastic. For scenarios with
high uncertainty for the in- and outbound flow sequence, the higher number
of directly accessible unit loads and the higher number of access direction
options in a multiple access scenario is advantageous as less sorting effort
results.

Furthermore, the concept of virtual lanes is beneficial for the vehicle
management. As we build only contiguous virtual lanes, no crossing paths
of vehicles as illustrated in the examples of Section 4.4.3 can occur. Hence,
vehicle management does not need to consider collision avoidance within
the bay. Also, additional access directions lead to a potentially better spatial
distribution of transport tasks/ AMRs. Many existing setups could benefit by
not simply splitting a storage bay in the middle into two halves and utilizing
the already available additional access directions.

An overview of the key aspects is provided in Table 4.10. Single access
performs worst in all categories and requires a higher sorting effort expressed
by far more moves than the other access variants. Also the share of infeasible
and unsolved instances is problematic. No high fill levels are possible without
additional space. Therefore, we do not recommend a shared storage policy for
single access. It is more suitable for scenarios where no sorting is necessary
like dedicated lanes for each SKU and a LIFO retrieval strategy.

Corner access is already a big improvement compared to single access.
However, the other variants with multiple access directions perform better.
Compared to two opposite access directions we observed a higher number of
required moves and more unsolved instances. Also, we observed that corner
access is prone to produce holes of empty storage locations that cannot be
accessed anymore during operations. When placing an item via one access
direction, it must be checked that no empty location or item is blocked via the
other direction. This requires additional rules. Another downside is that load
carriers are required that can be accessed from two orthogonal directions
(assuming virtual lanes are not fixed forever). We recommend to use corner
access only for specific situations (e.g., due to walls) where no other variant
with multiple access directions is possible.

Opposite access brings an additional significant reduction of required
moves and solved instances. For a single tier all instances up to 7x7x1 can be
solved instead of 5x5x1 for corner access. Compared to corner access the lanes
are more shallow as they are always divided in two parts. Opposite access is
particularly relevant for practitioners and is the most simple to implement as
many standardized load carriers like pallets allow already access from two
opposite directions. Also traffic management and deadlock prevention are
easier without any crossing directions. With an increasing size and fill level
further access directions become more and more helpful.
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Three access directions are a further slight improvement in terms of re-
quired moves as well as solved instances. However, the sizes that could be
fully solved are the same as for opposite access. The required load carriers
with three access directions are most likely also accessible from four direc-
tions. Therefore, it is rather something for situations where only three access
directions are possible, because otherwise all four access directions could be
used right away.

Four access directions perform best with the smallest number of mean
moves for all sizes of instances and the most instance that could be solved.
Even though load carriers need to be accessible from four directions, this can
already be realized in many storage systems (e.g., pods in RMFS or material
transport trolleys). Four access directions are also most flexible to adapt to
any changes due to uncertainty (changing retrieval groups) or the storage of
incoming items.

In general, our results indicate that multiple access directions can greatly
increase sorting efficiency for high-density systems, and we suspect that
this will hold true also when for storage and retrieval operations. However,
further investigations are needed to confirm the value of multiple access
directions in a more general intralogistics setting.



88

CHAPTER 4. SOLVING THE UNIT-LOAD PRE-MARSHALLING PROBLEM
Access Observation Recommendation

Single e Largest number of re- ® We recommend it for sce-
quired moves. narios where sorting is
Z— e Highest share of un- not necessary: Lanes ded-
[:::5 solved and infeasible in- icated to SKUs and a

stances. LIFO retrieval strategy.

-

¢ Not as good as other vari- Shm:}lld Onlt}.] be L.ltshed’ 11f
Corner ants with multiple access 1o other option with mut-

directions.

Requires rules to prevent
holes due to crossing di-
rections.

tiple access directions is
possible.

Loads carriers need to be
accessible from two or-
thogonal directions.

Big improvement of re-
quired moves compared
to single and corner ac-
cess.

Also less unsolved in-
stances.

Easy to operate due to
no crossing access direc-
tions.

Instantly realizable for
many types of storage
systems and load carriers
(e.g., pallets).

Slight improvement com-
pared to opposite access
directions.

However, same size lim-
its for fully solved in-
stances.

Loads carriers need to
be accessible from mini-
mum three directions.
We recommend to use it
only, if all four directions
are not possible.

Four

Smallest number of mean
moves for all sizes of
instances and most in-
stances solved.

Best accessibility of items
and most adaptable to
any upcoming changes.
Recommended if access
from four directions is
feasible.

Table 4.10 Overview of the main observations for the different access variants.
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4.7 Conclusion

We introduce the UPMP for sorting block stacking storage systems in idle
time. Solving the UPMP allows organizations to increase the storage density
of their block stacking storage, while still ensuring fast access times. This
enables new kinds of compact layouts for many types of storage systems
that consist of movable floor units, like pallet-based block storage, RMFS,
container yards, material transport trolleys and many more.

Our solution approach sorts storage bays with any combination of up to
four access directions to minimize the number of moves. In the case of the
UPMP with a single access direction, we show that the solution approach
from the CPMP can be directly applied. For any combination of multiple
access directions, we present a novel two-step approach that fixes the access
directions for each stack throughout the pre-marshalling process and allows
for solving real-world sized instances with up to 81 storage locations without
any timeouts within a limit of one hour.

The experiments show that multiple access directions significantly reduce
the required number of moves and allow solving much more instances with
faster runtimes, especially for high fill levels. Our detailed comparison of
access directions and tiers provides valuable insights for the development
and layout design of highly dense block storage systems. In a next step,
several future research directions are possible. Our search procedure and
adapted lower-bound heuristic proves to be strong with a very low root
node gap for multiple access directions. However, further improvements to
accelerate the search are possible (see e.g., [TPV17]; [TT18]; [Tan+19]).

Furthermore, future work is required to increase the applicability of our
approach to a variety of use cases. Extending the scope to large, multi-bay
warehouses would require adjusting the objective of minimizing the number
of moves to also consider travel time or distance (e.g., [Par+20]). Finally,
heuristic approaches have had significant success for the CPMP, and could
be also useful for solving large instances of the UPMP.






Chapter 5
Sorting multibay block stacking storage
systems

In Chapter 4 we considered the UPMP for a single bay. Besides the small
storage capacity, one of the main limitations was that the fill level could be
raised only as much as empty storage locations are needed to be able to sort
the bay. Increasing the number of bays resolves both. The storage capacity
can be increased by setting up a warehouse layout with multiple bays. Here
the capacity can be scaled independently of the size of the bays. Also, the
necessary number of empty storage locations to find a feasible solution can
be distributed cross all bays, which allows much higher fill levels.

In this chapter, we introduce a solution approach for the MUPMP that
extends pre-marshalling from a single bay to larger setups with multiple
bays, thereby minimizing the sorting time. We use our introduced two-step
solution approach based on a network flow model and an A* algorithm from
Chapter 4, extending it with an upper bound and additional tie-breaking
rules. Unlike the small single-bay storage systems in the UPMP, larger layouts
in the MUPMP require considering not only the number of moves but also
the move time/distance of the AMRs. At this point, we consider only the
move distances/time (loaded travel) and not the whole travel distance/time
(incorporating unloaded travel). Including the travel distance from a delivery
point to the next pick location (empty travel) would require knowledge of
the exact position of the AMRs as well as dispatching decisions (e.g., solving
a VRP or traveling salesperson problem (TSP)). Even though we expect the
total move distance/time to be a good approximation of the total travel
distance/time, there is certainly room for improvement.

Extending the scope to multiple bays also requires a highly efficient solu-
tion approach. We further improve our implementation with an incremental
lower-bound calculation and present an algorithm that splits the resulting
move sequence into independent sequences for multi-agent scenarios. The
results show that multiple access directions are able to significantly improve

91
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the access times of unit loads as well as the sorting effort for block stacking
warehouses with multiple bays.

Fig. 5.1 shows an example of a multibay block stacking warehouse with
four bays separated by aisles for traveling. Similar to the example of a single
bay in Chapter 2 (see Fig. 2.1), each bay contains unit loads that are placed
in lanes. Dependent on the available access directions and the properties of
the unit load, the outermost stacks are accessible from up to four cardinal
directions. The use of AMRs for material handling allows increased storage
density by utilizing a shared storage policy and rearrangement operations
that are difficult for human operators to implement due to the high avail-
ability of AMRs, also during off-peak hours. AMRs can use the idle time to
rearrange the storage and prepare it for a future demand sequence that may
be derived from a production schedule or truck-loading time slots.

S | % Bay
A4 Pallet A 4 —
Stack
L] -
7
|
L. — .V
................. v = ;
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Fig. 5.1 Example of a multibay block stacking warehouse with a robotic forklift.

We commence this chapter with an introduction of the MUPMP followed
by the description of the multibay unit-load pre-marshalling problem Sec-
tion 5.1 and a brief literature review in Section 5.2. Subsequently, we introduce
the extended solution approach in Section 5.3 and conduct a series of experi-
ments presented in Section 5.4. This is complemented with a summary and
outlook in Section 5.6.
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5.1 The multibay unit-load pre-marshalling problem

The MUPMP is about sorting a block stacking warehouse that may contain
multiple bays until the resolution of all blockage based on the future retrieval
time of each unit load. Similar to the UPMP for a single bay, we assume that
the AMRs are idle and that no unit loads are going in or out of the storage
system. The warehouse consists of N given bays that are interconnected via
aisle space for traveling. Each bay n € {1,..., N} can be accessed from one or
up to four access directions and is filled with a set of unit loads with a known
position and retrieval priority group. Because a fully shared storage policy is
applied, SKUs can be placed anywhere and mixed in lanes as well as stacks.
The retrieval priority group is derived based on a known (e.g., planned truck
arrivals or production schedule) or predicted (e.g., based on material supply
precedence graph or demand forecast) future retrieval time. We define unit
loads as blocking when they have a higher retrieval group compared to the
unit loads that are placed underneath or behind. These unit loads with a lower
retrieval group will be retrieved before the unit load with a higher retrieval
group. Whereas in case of the UPMP, the goal was solely to find a minimum
number of unit-load moves to sort a bay such that there is no blockage, in case
of the MUPMP, the move time or distance must also be considered due to
the much greater time/distance differences between the moves. Minimizing
the total move time allows pre-marshalling to be conducted in short time
intervals, thereby ensuring long operational availability. Hence, our goal for
solving the MUPMP is to minimize the move time for the pre-marshalling
process that consists of the moves as well as the handling times (e.g., pick-up
and fine-positioning), but not the unloaded travel time. Because multibay
block stacking warehouses are usually operated by multiple vehicles, it is
necessary to assign and sequence the resulting moves to the AMRs. In terms
of AMR specifications, we assume that they cannot reach over a stack in front
and can carry only a single unit load.

Fig. 5.2 shows the state representation of a block stacking warehouse
with four bays arranged as a square. Within a bay, the storage locations are
represented as a three-dimensional grid with columns i € {1,..., I}, rows
j€A{1,..,J}, and tiers t € {1,..., T} that is filled with unit loads of priority
groups g;j; € {1,...,G}. Assuming rectangular warehouse footprints with
length L and width W, we also use a two-dimensional global x-i coordination
system to determine the position of bays, storage locations, and access points
in the warehouse. Access points p € {1,...,P} are located in the aisle space
in front of the bays and specify the stacks that can be directly accessed. The
multibay UPMP is fully defined by a list of bays, where each bay contains
(I],T,G,gijt € G, P).

The example in Fig. 5.3 (a) shows a warehouse configuration containing
two square bays of the same size with I =3, ] =3 and T = 1 that can both
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Fig. 5.2 State representation with four bays of the multibay block stacking warehouse.

be accessed from all four directions. It is filled with unit loads of retrieval
groups g;j; from one to five that are as depicted at each unit load. Fig. 5.3
(b) switches the perspective to top view with white tiles for empty/aisle
space and dark gray tiles for unit loads. The bold red digits are the unit loads
that are blocking the center unit load of the bottom bay. A red-dotted arrow
indicates a possible move to resolve all blockage. Relocating one of the other
blocking unit loads would also be possible, but requires a longer transport
distance. Fig. 5.3 (c) shows the resulting sorted configuration of the MUPMP.
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Fig. 5.3 Example configuration in (a), top view of the grid-based layout and red arrow for
a possible move in (b) and solution of the MUPMP in (c).
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5.2 Related work

Our literature review presents related publications focusing on rearrange-
ment activities for multibay setups as well as the minimization of move
time. For an overview of single-bay pre-marshalling literature, we refer to
Section 4.2. A literature review of more general rearrangement problems is
provided in Section 3.4.

5.2.1 Multiple bays

In maritime transportation, the rearrangement of containers within mul-
tiple bays is known as the remarshalling problem (RMP). Similar to pre-
marshalling, the goal is to sort the scattered containers based on their re-
trieval priority with a minimum number of moves until all blockings are
resolved [CSV11]. Different problem definitions exist for RMP, which the
following literature review shows.

An early publication by Kim and Bae [KB98] deals with the RMP and
converting the configuration of a current bay into a target configuration. In-
stead of the exact position of each container, the bay configuration is defined
simply as the number of containers per group that are located within each
bay. The group is a collection of containers going to the same destination
on the same vessel. The problem is divided into two sub-problems: (1) bay
matching and move planning and (2) sequencing the moving tasks. In the
first step, dynamic programming and an approach referred to as "transporta-
tion algorithm" are used to determine the flow and movement between bays
to reach the target configuration. Second, the task sequencing problem is
modeled as a TSP with precedence constraints to consider space availability
at the destination bay, with the goal of minimizing travel time. Because the
exact positions of the containers are neglected in the bay configuration, the
rehandling of containers within a bay is not addressed in this work.

Later publications take exact container positions into account and investi-
gate the intra-block RMP where containers are sorted based on categories and
retrieval priorities. In successive publications, Kang et al. [Kan+06] and Choe
et al. [Cho+11] investigate the RMP where, starting from a source, bay con-
tainers are relocated to an empty target bay so that no rehandling is necessary
either during the rearrangement process or later in the ship loading process.
Interference between multiple cranes is taken into account. Both publications
present a similar two-phase solution approach that couples a simulated an-
nealing algorithm for finding a target configuration and partial order graph
with crane scheduling to determine a minimum-time re-marshalling plan.
Park, Park, and Ryu [PPR09] study the RMP in a container terminal with two
cranes. Whereas one crane is used for loading containers from the storage
yard on the vessel (seaside), the second crane is used to carry in containers
from external trucks (landside). The goal of their solution is to bring con-
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tainers from the landside of the storage yard to the seaside where the ship
loading happens and, at the same time, sort the containers based on their
retrieval priority. Therefore, the authors propose a two-stage algorithm: First,
potential stacks where the containers will be moved are selected heuristically.
Second, an algorithm is used to conduct an alternating search to solve the two
sub-problems of determining target slots that are assigned to each container
as well as the order of container movements.

Further approaches deal with rearrangement activities to improve the
location of containers whenever one of the cranes is temporarily idle (called
"housekeeping" [Kem12, p 148] or "iterative rescheduling"), where the re-
marshalling jobs that most reduce future loading times are selected with the
objective of minimizing current delay times as well as the overall makespan
[Cho+15]. Besides re-marshalling before a ship is loaded (export terminal), re-
marshalling activities may also be performed after unloading a ship (import
terminal) before containers are retrieved (e.g., to external trucks). Asperen,
Borgman, and Dekker [ABD13] and Covic [Cov17] investigate this type of
re-marshalling problem where container departure times are reported by a
truck announcement system.

The presented research for multiple bays deals with a variety of use-case-
specific problems (e.g., moving containers to an empty target bay) using
relaxing assumptions to simplify the problems. We could not find an exten-
sion of the CPMP to the RMP, possibly because cranes are typically installed
permanently for a single block (here: bay) and cannot move between them.

5.2.2 Minimization of crane times

Besides publications that specifically address rearrangement operations be-
tween multiple bays, there are also solution approaches of the CPMP con-
sidering crane times. Instead of minimizing moves, Parrefio-Torres et al.
[Par+20] address the minimization of crane times for the pre-marshalling of
containers. The authors propose an integer linear model that builds upon
[PAR19] as well as a branch and bound algorithm, which is set up as an
iterative deepening search. Besides the lower bound from [Tan+19], a novel
lower bound incorporating the travel time, as well as a heuristic algorithm for
an upper bound for the number of moves, are also introduced. The heuristic
algorithm is executed at each iteration of the search, and the algorithm stops
when the depth level reaches the upper bound. The novel time-based lower
bound extends the lower bound for the number of moves. Each move is
multiplied by a minimum time that consists of the travel time unloaded and
loaded, crane lowering and lifting times, and twistlock time. Further variants
of the time-based lower bound also consider the position of the blocking
container and the highest positions they can be moved to. The time-based
lower bound is used as a secondary tie-breaking criterion. Overall, the branch
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and bound algorithm outperforms the integer programming models in terms
of solved instances and runtime. In a recent publication, Parrefio-Torres,
Alvarez-Valdes, and Parrefio [PAP22] propose a beam search algorithm that
is able to find all previously found optimal and more improved solutions (not
necessarily optimal). For the tree search procedure, the authors use several
tie-breaking criteria based on the move type (BB, BG, GB and GG,; see Sec-
tion 4.3.3), develop a global evaluation heuristic to obtain the most promising
nodes, and present new dominance rules for eliminating nodes that cannot
result in a better solution.

The research on the minimization of crane times by Parrefio-Torres,
Alvarez-Valdes, and Parrefio [PAP22] uses a lower bound based on minimum
travel times multiplied by the number of moves. In single-bay scenarios,
this is a feasible approach. However, in larger multibay warehouses, using
a similar lower bound based on the minimum move time would not be an
effective approach.

5.3 Adapted solution approach for the MUPMP

We adapt the approach proposed in Chapter 4 for the multibay scenario.
Besides a pre-processing step for a new warehouse representation with mul-
tiple bays and access points, the main extensions are several tie-breaking
rules that include the total move distance, an optional additional upper
bound, the improved incremental calculation of the lower bound, as well as
a post-processing step to split the resulting move sequence into independent
sequences to enable the execution of pre-marshalling in setups with more
than one AMR.

We start this section by giving an overview and briefly describing the steps
of our solution approach based on a network flow model and a tree search
procedure that are directly transferred from Chapter 4. The process flow of
our two-step approach is shown in Fig. 5.4. Beforehand, a pre-processing
step converts the warehouse representation into a list of bays with access
points that indicate from which aisle locations stacks are accessible. Based on
a graph that is placed in the grid-based layout, we calculate a static distance
matrix with the distances between all access points.

In the first step, we use the network flow model to determine the access
directions for each stack. The objective is to minimize the blocking unit loads.
Based on the access directions, we are able to transform the configuration
into a state representation of virtual lanes. Each virtual lane consists of a
sequence of 1 to max(l, J) stacks in a row/column that can be accessed one
after the other. The access direction for each virtual lane is defined by an
access point, and the length of the lane may be different.

In the second step, our tree search procedure uses the virtual lane represen-
tation to find a solution for sorting the warehouse with a minimum number
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Fig. 5.4 Tllustration of the main components of our extended solution approach based on
Chapter 4.

of moves. The centerpiece is our adapted lower-bound heuristics with a MIP
formulation (see Section 4.4). The resulting sequence of moves is then split
into as many independent moves sequences as possible. Independent move
sequences allow us to easily assign relocation tasks to multiple AMRs.

In the following subsections, we explain our solution approach in detail.
We focus on the newly added adaptions as well as the additional pre- and
post-processing steps.

5.3.1 Input

In the beginning, we add the required inputs. A grid-based warehouse is
represented as a list of bays including the access points and directions to
the respective bay, as shown in Fig. 5.5. The purple dots indicate possible
access points from aisle space to the bay. This example allows access from all
four cardinal directions. Next, we lay a graph onto the aisle space tiles and
calculate all distances between the access points of all bays via breadth-first
search. A downside of using such a static distance matrix between all access
points is that possible shortcuts through storage space in case of low fill levels
are not considered.

5.3.2 Step 1: Access direction fixing

In this step, we want to define the access direction for each stack. This is
necessary to make the application of our lower bound valid and also because
we want to avoid crossing AMRs when accessing a bay. Fixing the access
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Fig. 5.5 Example of a warehouse configuration with two bays and possible access points.

directions at the beginning of our approach may lead to additional moves,
as discussed in Section 4.4.3. To calculate the access direction for each stack
that minimizes the number of misplaced unit loads, we use the network flow
model introduced in Section 4.4.1 (Equations (4.9) to (4.14)). The result is
used to determine a virtual lane representation that defines how each stack is
accessed via a defined access point. In our previous version in Section 4.4, we
obtained a single optimal solution in case many symmetrical solutions were
available. Now, we want to utilize situations in which many symmetrical
solutions are available by returning up to 10 optimal solutions for each bay
via the solution pool feature of the Gurobi MIP solver. We then compare the
solutions with our more advanced lower-bound heuristic that also considers
the priority groups of blocking unit loads and open locations. The details of
the lower-bound heuristics based on the demand /supply-concept to estimate
the number of moves with the MIP extension are explained in Section 4.3.3
and Section 4.4.2 (Equations (4.15) to (4.17)).

Fig. 5.6 gives a short example with two bays that produce a list of virtual
lanes. The two bays on top of the figure show an exemplary result of the
network flow model for the example from Fig. 5.5. Thick black lines and
the colors illustrate the virtual lanes with the respective access direction and
access point. On the bottom of the figure, we show the final virtual lane
representation that is used throughout the following procedure to determine
the pre-marshalling moves.

5.3.3 Step 2: Tree search

The new implementation of the A* algorithm differs in some details from our
previous work in Section 4.3.1. We introduce tie-breaking rules that consider
the travel distance for popping nodes out of our priority queue, an optional
upper bound to reduce memory consumption, and a faster incremental cal-
culation of the lower-bound heuristics (which is not visible in the algorithm).
Algorithm 2 shows the modified algorithm. We initialize the search proce-
dure with a root node and optional upper bound. The main search loop
runs until a solution with no blocking unit loads is found, until the open
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Fig. 5.6 Resulting virtual lanes for the example from Fig. 5.5. Thick black lines in bay 1 and
bay 2 illustrate the virtual lanes. These lanes are transformed into a representation of one
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list is empty and no solution exists, or until the time limit has been reached.
In each iteration of the loop, a node n that minimizes the cost estimation
f(n) = g(n) + h(n) is popped off the open list, where g(n) is the number of
moves already performed at node n and (1) the lower bound estimating the
number of moves until a blockage-free configuration is reached. If there are
many nodes with the same cost estimation f(11), we use several tie-breaking
rules for node selection that are explained in the subsequent paragraphs.
The selected node # is skipped if it has already been visited, and if not, it is
added to the closed set. As long as we have not reached the final state, the
successor nodes are calculated. The only difference for calculating successor
nodes is that we incrementally update a total move distance. We use the same
branching rules as in Section 4.3.2. Each successor node with a cost estimation
f(n) higher than the upper bound is skipped. A successor node is pushed to
the open list and added to an {- and distance-dictionary, if there is not already
a node with the same configuration in the f-dictionary that has a smaller cost
estimation, or the same cost estimation but a smaller total move distance.
Our procedure guarantees an exact solution for the minimization of moves.
Because the travel distance is considered only for tie breaking, the resulting
total move distance is not necessarily optimal. As long as the processing time
for handling exceeds the travel time for each move, we expect good results
for the total move processing time as well.
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Algorithm 2: Modified A* algorithm from Chapter 4, Algorithm 1.

Function astar (root, upper_bound):

open < PRIORITY_QUEUE(); > new tie-breaking rules
f_lookup < DICT();

distance_lookup < DICT(); > new distance lookup
closed + ©;

PUSH(open, root);
f_lookup[root] < f(root);
distance_lookup[root] < 0;
while open > 0 and time < timeout do
n < POP(open);
closed < closed | {n};
if blocking(n) = 0 then
| returnn;
end
successors <— BRANCHING(n); > extended branching over all bays
for s € successors do
if f(s) > upper_bound then
skip; > new upped bound
end
if s ¢ closed and (s ¢ f_lookup or f_lookupl[s] > f(s) or (f_lookup[s] = f(s)
and distance_lookup[s] > total_distance(s))) then
PUSH(open, s);
f_lookup[s] < f(s);
distance_lookupl[s] < total_distance(s);
end

end

end

tie-breaking rules with travel distance: When selecting the next move,
our A* algorithm in Algorithm 2 compares the different rules in a lexico-
graphic order. The applied rules for tie breaking are the f-value (total cost
estimation), h-value (lower-bound heuristics), and the total move distance
dist (aggregated from the root to this node). The distance between two virtual
lanes is defined as the length of the shortest path between their respective
access points. The travel time within each virtual lane is neglected (it can be
added by counting the empty tiles). We build different combinations based
on these rules. In our approach, we always select the possible moves with
the lowest f-value first. Because in many cases (especially large warehouses)
there are still plenty of options with the same minimum f-value, we use the
h-value and/or the total move distance dist as the first or second tie breaker.
The variants include the following combinations: f_h_dist, f_h, f_dist, and
f_dist_h.

Upper bound: Before running our main A* algorithm for determining the
sequence of moves, we try to find an upper bound. To find an upper bound for
the number of moves, we use a greedy depth-first search algorithm shown in
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Algorithm 3. This step is optional. Although it entails additional computing
time and effort, the main benefit is that it allows significant reduction of
memory consumption when a solution is found, because all variants with a
lower bound that is higher than the upper bound can be pruned. This may
be helpful due to a large number of possible moves in bigger warehouses.

Starting from a root node based on an initial configuration of the ware-
house, the algorithm generates all possible successor moves and picks one
that minimizes the lower bound for the number of required moves. It then
repeats the procedure until there are no blocking unit loads in the warehouse.
The number of moves taken by this algorithm is always more than or equal
to the optimal (minimum) number of moves. Therefore, it can be considered
as an upper bound for our A* algorithm. The upper bound allows us to
prune away unnecessary moves and avoid storing warehouse configurations
resulting from these moves.

Algorithm 3: Greedy depth-first-search for finding an upper bound.

Function greedy (ro0t):
visited < @;
n < root;
visited < root;
while blocking(n)> 0 and time < timeout do
successors <— BRANCHING(n);
candidates < successors \ visited;
if |candidates| = 0 then
‘ return —1;
end
n < min(candidates);
visited < visited | {n};

end
return f(n);

Incremental lower bound calculation: The A* search is further optimized
by incremental lower-bound calculation, which is not visible in the algorithm.
If the configuration and lower bound of a given node are known, calculating
the lower bound of its successor can be simplified. The estimated number of
required moves based on the BX and the GX moves can be computed faster
if information about its predecessor is known. The number of misplaced
unit loads can be changed only in the lanes impacted by a move. Therefore,
the difference in misplaced unit loads within these lanes is also the total
difference in misplaced unit loads in the entire warehouse. The BX moves
based on the minimum number of misplaced unit loads per virtual lane can
also be updated simply by comparing it to the number of misplaced unit
loads in the virtual lanes affected by the most recent move. The calculation
of additional GX moves uses a supply-and-demand model. The change of
supply and demand is dependent only on the change in the virtual lanes



5.3. ADAPTED SOLUTION APPROACH FOR THE MUPMP 103

affected by the most recent move. To calculate the difference, the supply and
demand of the two virtual lanes affected by the move must be determined for
the parent node and for the successor. The difference in supply and demand
is calculated by subtracting the parent’s supply and demand from the suc-
cessor’s supply and demand. Based on the supply and demand differences,
we calculate the cumulative incremental supply and demand, deriving the
demand surplus difference. We then add the demand surplus difference to
demand surplus of the parent node to obtain the new demand surplus of
the successor. The following steps to derive the GX moves are the same as in
Section 4.4.

5.3.4 Post-processing: Move sequence split algorithm

Block stacking warehouses with multiple bays may use multiple AMRs for
pre-marshalling. Therefore, it is beneficial to split the moves into several
sequences without dependencies that can be executed simultaneously. Such a
partition requires information about which moves must be done sequentially.

We propose a solution that represents the move dependencies as a prece-
dence graph. The nodes represent moves and the edges represent dependen-
cies. The connected components of a resulting graph represent independent
move sequences.

The moves are considered dependent if any of the following conditions
are satisfied, as shown in Fig. 5.7:

a An earlier move places an item into the lane, while a latter move takes
this item.

b An earlier move takes an item from the lane, while a latter move places a
new item into the same lane.

¢ An earlier move takes an item from the lane, while a latter move takes
the next item with a different priority group from the same lane.

d An earlier move places an item into the lane, while a latter move places
the next item with a different priority group into the same lane.

Note that the chosen approach may create dependencies between the
moves that are, in fact, independent. For example, under condition 4, the
lane might already contain a unit load of the same priority group, so the
moves can be made in any order. Thus, we provide only a first set of rules
that can be used to calculate an upper bound of independent sequences
based on the precedence graph. There are surely further rules that would be
able to split the precedence graph into more sequences. Also, dependencies
should be updated over time. There may, for example, be a dependency
in the very beginning that later splits up into several independent move
sequences. Fig. 5.8 shows a simple example with four moves and the resulting
configuration, as well as the move sequence. The first move must also be
executed at first because the second and third moves go into the same virtual
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lane. The sequence of the second and third moves is not relevant because
both have the same priority group and both must be executed in order to
perform the final, fourth move. In this simple example, only one independent
move sequence is generated.
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5.4 Computational experiments

In our experiment, we aim to investigate the performance of the proposed
solution approach for the MUPMP in a large set of instances. We investigate
the following three experiments based on separate datasets:

¢ Experiment and dataset A:

— Description: Instances with a single tier and four access directions.

— Goal: Investigation of different layout sizes, number of priority
groups, fill levels as well as tie-breaking configurations for the search
procedure.

* Experiment and dataset B:

— Description: Instances with a variation of the defined access directions
(single, opposite, and four access directions).

— Goal: Investigation of different access directions based on two ware-
house sizes and different fill levels.

¢ Experiment and dataset C:

— Description: Instances with two tiers and four access directions.
— Goal: Investigation of different layout sizes and fill levels.

Our analysis of the solved instances comprises runtime, total moves, total
move distance and total move processing time. The total move processing
time of the pre-marshalling procedure is calculated by a fixed handling time
for each move and the average speed. In the interest of simplicity, we do
not consider detailed movement times such as turnings and acceleration.
Furthermore, we analyze the gap of our lower and upper bounds at the root
node. The presented datasets are publicly available at https://doi.org/10.
5281/zenodo.7272060. We execute our computational experiments on AMD
EPYC 7401P CPUs at 2.45 GHz with 64 gigabytes of random-access memory
(RAM) running Ubuntu 21.04. The algorithms are implemented in Python
applying Gurobi 9.5 with the default parameters for both the network flow
model and the MIP.

5.4.1 Instance generator

We develop a new instance generator for the MUPMP that places unit loads
in a storage bay depending on the defined access directions. In addition
to allowing up to four access directions (north, south, east, and west), we
vary the number of columns, rows, and tiers of the storage bay, as well as
the fill level. The instance sizes are inspired by real-world block stacking
storage systems in production and logistics (e.g., buffer storage presented
in Section 2.1.4). We model five priority groups that can occur with uniform
probability. We place unit loads in the storage bay successively at random
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and generate a new instance for each possible combination. During this
procedure, it is necessary to consider the defined access directions to provide
free storage locations that are directly accessible and to avoid gaps. The
generated instances may be infeasible, especially for high fill levels.

The instance generator creates random stacks in a given warehouse; the
resulting bays should have no holes. A hole is defined as an empty storage
location that is inaccessible from the outside. The resulting number of unit
loads should be as close as possible to the given fill level. The fill level is a
ratio of generated unit loads to the total number of storage locations within a
warehouse.

Step 1: To avoid holes, each bay is first split into random lanes. Each lane
starts from an access point and ends at some stack within the bay. Thus,
there will be no holes in the resulting unit load assignment if it is done lane
by lane. The splitting process is iterative: In each iteration, the generator
creates a random permutation of lanes and adds stacks to lanes in the order
of permutation. If a lane reaches another lane or bay edge, it is skipped.

Step 2: After the lanes are fixed, the generator uses binomial distribution
to obtain the number of unit loads in each lane. The parameters of the dis-
tribution are the number of storage locations in each lane and the given fill
level.

Step 3: Once the number of unit loads is assigned to each lane, the gener-
ator randomly assigns priority groups to all unit loads based on a uniform
distribution.

Because the resulting number of unit loads is random, post-processing
is necessary to get as close as possible to the required fill level. The desired
number of unit loads is calculated as a product of total storage space and fill
level rounded to the nearest integer. Then, while the generated number of
unit loads is higher or lower than desired, unit loads are removed or added
respectively from randomly chosen lanes.

5.4.2 Datasets

We generate corresponding datasets for our three experiments. The first
dataset A contains only warehouse layouts with bays that are accessible from
all four access direction. The second dataset B provides instances to com-
pare different access direction variants. Finally, the third dataset C includes
instances with two tiers. Again, all four access directions are available for
different bay and layout sizes. Due to the huge amount of possible sizes
and shapes of rectangular bays and layouts, in our experiments we consider
only quadratic footprints with a tile width and length of 1.4m. Whereas we
investigate various numbers of priority groups in dataset A, we keep five
priority groups in dataset B and C.
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Dataset A: In dataset A, the dimensions start at a 3x3x1 (Ix] x T) footprint
for bays and a 2x2 layout of the warehouse (L x W). We scale the sizes until we
reach timeouts for all variants. Besides the bay and layout size, we also vary
the fill level and the number of priority groups. Table 5.1 shows all varied
parameters that can be combined into different configurations. Each of the
configurations is used to generate 10 instances based on distinct randomness
seed values. Overall, dataset A contains 3.120 different instances based on
four bay sizes with up to 12 layout sizes, four fill level percentages, three
priority group amounts and 10 seed values.

Parameter Bay 3x3x1 Bay 4x4x1 Bay 5x5x1 Bay 6x6x1
Access directions {four}
{52;52 ' 63:((63 ' ;:((;L | A2X2, 33, A4, ) ) oy, axa
Layout Size (Lx W) 8x8, 9x9, 10x10, 5x5, §)>(<86}, 7X7, 5x5, 6x6) {2x2, 3x3, 4x4}
11x11, 12x12}
Fill level {40%, 60%, 80% 90%!}
Priority groups {5, 10, 20}

Table 5.1 Varied parameters of the generated benchmark dataset A per bay size (IxJxT).

Dataset B: We generate a second dataset B to compare the three different
access direction variants shown in Fig. 5.9 for a 4x4x1 bay: single access,
opposite access, and four access directions. For single access shown in Fig. 5.9
(a), which is commonly used in warehouses, the lane is simply split in the
middle. Hence, lane depth and access direction for each stack are fixed
without the need to apply the first step of our solution approach shown in
Fig. 5.4 (in Fig. 5.9 (a): two stacks per lane in yellow and blue color for each
access direction). In case of opposite (b) or multiple (c) access directions,
access direction fixing for each stack via the network flow model must be
applied (in Fig. 5.9 (b) and (c): resulting lane depth between one and three
stacks per lane).

We generate random instances based on the parameters shown in Table 5.2.
Dataset B contains 240 instances based on three access directions, two bay
sizes, one layout size, four fill levels, one priority group, and 10 seed values.
We use only even bay sizes (to obtain symmetrical lane depths) and the layout
size for this experiment is small, being able to obtain a sufficient amount of
solved instances for each access direction variant.

Parameter Bay 4x4x1 Bay 4x4x2
Access directions {single, opposite, four}
Layout Size (Lx W) {2x2}
Fill level {40%, 60%, 80% 90%}
Priority groups {5}

Table 5.2 Varied parameters of the generated benchmark dataset B.



5.4. COMPUTATIONAL EXPERIMENTS 109

l:‘ Empty storage space |:| Aisle == Lane outline

a) b) <)

Fig. 5.9 Access direction variants (a) single, (b) opposite, and (c) four, of our second
experiment based on dataset B.

Dataset C: The third dataset C contains instances with two tiers. Table 5.3
shows the parameters of dataset C. The instances are based on three bay sizes
and all layout sizes until we reach the limits of solvability. The total number
of instances comes down to 280 based on: Seven layout-bay combinations,
four fill levels, a single priority group, and 10 seed values.

Parameter Bay 3x3x2 Bay 4x4x2 Bay 5x5x2
Access directions {four}
Layout Size (Lx W) {2x2, 3x3, 4x4, 5x5} {2x2, 3x3} {2x2}
Fill level {40%, 60%, 80% 90%}
Priority groups {5}

Table 5.3 Varied parameters of the generated benchmark dataset C per bay size (IxJxT).

5.4.3 Results for experiment A

In this experiment, we use the 3,120 instances from dataset A and run each
instance four times based on different tie-breaking rules for our A*-search. In
all four variants, a successor node is picked by first minimizing the f-value.
As a primary and secondary tie-breaking rule, we use variants based on the
minimization of our lower-bound heuristics / and the minimization of the
total move distance dist, which results in the four rules: f_h, f_h_dist, f_dist,
and f_dist_h. The tie-breaking rule f_h is our baseline from Chapter 4. The
time limit of the search procedure for all 12,480 runs is set to 10 minutes.
In the following, we analyze the results, starting with an analysis of the tie-
breaking rules (A1l). We then present detailed results of the best-performing
tie-breaking rule and give an overview for the number of solved instances
and the runtime (A2), followed by an evaluation of the number of moves as
well as total move distance and total move processing time (A3). Finally, we
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also investigate the performance of our lower and upper bound (A4) and the
resulting move sequence based on our post-processing algorithm (A5).

Al: Tie-breaking rules

Table 5.4 provides an aggregated summary and Fig. 5.10 an overview with
respect to bay size for the number of solved instances for each tie-breaking
rule. Both show that the number of solved instances with total move distance
as the first tie-breaking rule f_dist and f_dist_h are outperformed by the
other variants using the lower-bound heuristics /. With the minimization
of h as a first tie-breaking rule in f_h and f_h_dist, almost twice as many
instances could be solved within the time limit. Regarding the second tie-
breaking rule, adding & has only a small positive effect for f_dist_h versus
f_dist. However, adding the distance as a second tie-breaking rule has no
effect on the number of solved instances (with the exception of one instance).

A detailed overview of the results for all variants is provided in the Ap-
pendix Table A.3.

tie- No. No.
breaking  No. solved infeasible  timeout
rule
f_dist 1711 0 1409
f_dist_h 1723 0 1397
fh 3005 0 115
f_h_dist 3006 0 114

Table 5.4 Results summary for a single tier showing the number of solved, infeasible, and
unsolved instances (in 12,480 total runs with 3,120 instances for each tie-breaking rule).

Amount of solved instances for a single tier

3x3x1

4x4x1

Bay size

5x5x1

6x6x1

0% 20% 40% 60% 80% 100%
Solved instances in %

Fig. 5.10 Solved instances per bay size for each tie-breaking rule.
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Fig. 5.11 and Fig. 5.12 show the results in terms of runtime and travel
distance for the instances that have been solved by all tie-breaking rules. In
accordance with the presented number of timeouts f_dist shortly followed by
f _dist_h have much higher runtimes than f_h and f h_dist. Between f h and
f_h_dist the difference in runtime is marginal (<0.01 seconds in mean). In
terms of distance f_h performs worst, since distance is not taken into account.
The other three variants are on the same level with the exception of f h_dist
being marginally higher (mean value difference of approx. 0.1m; 5.0542m
versus 5.1557m).

Runtime comparison

f dist
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TTII

dist h

fh

Tie breaking variant

s

h dist
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Fig. 5.11 Box plots (without outliers) of the runtime for each tie-breaking rule based on
instances that have been solved by all.
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Fig. 5.12 Box plots (without outliers) of the total move distance for each tie-breaking rule
based on instances that have been solved by all.

Based on the analysis of the tie-breaking rules, we conclude that f_h_dist
is most suitable for multibay pre-marshalling because although we solve as
many instances as the f_h variant, we are able to cut the total move distance
by a factor of more than five in mean. The tie-breaking rules with distance
as the first tie breaker f_dist and f_dist_h fail to solve a sufficient number of
instances. Hence, the detailed results in the following sections are based on
tie-breaking rule f_h_dist.
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A2: Runtime and number of instances solved

Table 5.5 gives an overview of the number of solved, infeasible, and unsolved
(timeout) instances for all fill levels and numbers of priority groups. High fill
levels are especially challenging, which show 73 out of 114 timeouts for a fill
level of 90%. The other fill levels with timeouts are 60% with eight timeouts
and 80% with 33 timeouts. Infeasible instances could not be verified because
even for 90% fill levels, a sufficient number of empty slots are available to
resolve any situation in all considered multibay scenarios. Increasing the
number of priority groups may be necessary for larger warehouse setups.
Our experiment shows that a greater number of priority groups leads to
more unsolved instances. An increase from five, 10, and up to 20 priority
groups leads to an increase in timeouts of 14, 44, and up to 56. Increasing
the priority groups leads to more misplaced unit loads in our randomly
generated instances.

. Priorit No. No.
Fill level groupz No. solved infeasible  timeout
40% 5 260 0 0
40% 10 260 0 0
40% 20 260 0 0
60% 5 260 0 0
60% 10 258 0 2
60% 20 254 0 6
80% 5 255 0 5
80% 10 248 0 12
80% 20 244 0 16
90% 5 251 0 9
90% 10 230 0 30
90% 20 226 0 34

Table 5.5 Results summary for a single tier showing the number of solved, infeasible, and
unsolved instances for tie-breaking rule f_h_dist (in total 3,000).

Fig. 5.13 provides an overview of the solved instances per bay size for each
layout size. Naturally, the maximum layout size that we are able to solve
diminishes with increasing bay size. In terms of the total warehouse capacity,
we are able to solve larger warehouses as the bay size becomes smaller (e.g.,
bay size 3x3x1 up to a layout size of 11x11: 1,089 storage locations; bay size
4x4x1 up to a layout size of 7x7: 784 storage locations). This is because smaller
bay sizes provide better accessibility to storage locations. However, we note
that even though the warehouse capacity is the same, the footprint is different,
because for a higher number of small bays, more aisle space is required for
traveling. Figures with the solved instances per bay and warehouse size for
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each fill level are provided in Appendix A.1: Fig. A.15, Fig. A.16, Fig. A.17,
and Fig. A.18.

Solved instances for each bay and warehouse layout size

Warehouse layout
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Fig. 5.13 Solved instances per bay size for each layout size.

Fig. 5.14 presents the results of the runtime of the solved instances in
seconds per bay and layout size. Because we set a runtime limit of 10 minutes
for the search loop, the limit is surpassed in only a few cases before the loop
reaches the time constraint. For the largest warehouse layout sizes that we
were able to solve for each bay size, we see a much wider range of runtimes.
Bay sizes 3x3x1 and 4x4x1 yield the shortest runtimes, remaining close to
zero. The runtimes increase with the instance size.

Fig. 5.15 and Fig. 5.16 show the box plots for the runtimes of each fill level
and each number of priority groups, respectively. Unsurprisingly, a higher fill
level leads to longer runtimes. The lower third quartile and maximum value
of 90% fill level, compared to 80% fill level, can be explained by a smaller
number of solved instances due to timeouts for the most difficult instances.
A larger number of priority groups leads to a relatively moderate increase in
runtimes.

A3: Number of moves, total move distance and total move processing time

The 3,006 solved instances for tie-breaking rule f_h_dist require a mean of
6.81 moves for the whole pre-marshalling operation. Fig. 5.17 shows the
number of moves for each bay and layout size. We were surprised by the
relatively low amount of sorting effort in terms of required moves even
for large warehouses. Within our time limit of 10 minutes, we are able to
solve instances with up to 58 moves. It is clear that the number of moves is
increasing more slowly for small bay sizes than for larger ones, which also
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Runtime for all bay and warehouse layout sizes
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Fig. 5.14 Box plots (without outliers) for the runtime of solved instances in seconds per
bay size for each layout size.
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Fig. 5.15 Box plots (without outliers) for the runtimes of solved instances for each fill level.

makes sense when looking at the proportionally higher growth in warehouse
capacity.

In Fig. 5.18, we compare different combinations of bay and layout sizes
that result in the same warehouse capacity. The graph shows that a small
bay size helps to reduce the sorting effort. The greater the difference in the
bay sizes, the greater the increase in the number of moves (trade-off between
aisle space and sorting effort).

Fig. 5.19 shows the box plots for the number of moves for each fill level.
The mean number of moves increase with each fill level from 1.07 for 40% fill
level, to 4.16 for 60% to 10.06 for 80% up to 12.61 moves for 90%. The increase
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Fig. 5.16 Box plots (without outliers) for the runtimes of solved instances for each amount
of priority groups.
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Fig. 5.17 Box plots (without outliers) of the number of moves per bay size for each layout
size.

is clearly visible, but still moderate even from 80% to 90%. We expect a more
pronounced increase when only few open storage locations are available for
rearrangement operations. It appears that 90% fill level is not the limit for
our multibay instances.

Another observation concerns the number of priority groups. In Fig. 5.20,
we draw the curve progressions for the mean number of moves for each
amount of considered priority groups five, 10 and 20. We only consider
instances that have been solved by all three priority group variants. The
increases of all three curves over the bay sizes are quite linear, with the
exception of a small bend of the curves at bay sizes 5x5x1 to 6x6x1, which is
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Number of moves for all bay-warehouse-size comibinations per warehouse capacity
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Fig. 5.18 Box plots (without outliers) of the number of moves for all warehouse capacities
with several combinations of bay and layout sizes.
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Fig. 5.19 Box plots (without outliers) for the number of moves for each fill level.

likely caused by a smaller amount of solved instances at bay size 6x6x1 with
a high fill level. The differences between the curves are the starting points
and the slopes. The gap between curves is growing with each enlargement of
bay size. It appears logical to conclude that larger/deeper bays suffer more
in sorting effort when handling a larger number of priority groups compared
to only few priority groups. Doubling up the the amount of priority groups
two times, from five to 10 and from 10 to 20, also has a different impact on
the number of moves. Doubling the priority groups from 5 to 10 increases the
mean moves from 5.31 to 6.50. A quadrupling to 20 priority groups leads to a
mean of 7.12 moves. Hence, the impact/difference in mean number of moves
decreases as the number of priority groups increases: The difference in mean
number of moves is much lower when going up from 10 to 20 compared to
from 5 to 10. As a supplement, the box plots of the number of moves for each
priority group is shown in Fig. A.20.

The total move distance for the pre-marshalling moves ranges from zero
to 765.80m with an overall mean of 41.01m. Fig. 5.21 shows box plots and a
linear regression model for the total move distance over the number of moves.
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Fig. 5.20 Mean number of moves for each number of priority groups per bay size
(tie-breaking rule f_h_dist). Only instances that are solved by all three variants are
included.

The variance in distance increases alongside an increasing number of moves.
The increased distances and increased number of moves are caused mainly
by the larger bay sizes but, of course, also by the larger warehouse layout and
overall instance sizes. Fig. A.19 in Appendix A.1 shows the detailed results
as box plots of the total move distance for each bay and warehouse layout

size.
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Fig. 5.21 Box plots (without outliers) and a linear regression model of the total move
distance (in meters) over each number of moves.
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When again comparing the bay-warehouse layout size combinations with
the same warehouse capacity for the total move distance in Fig. 5.22, we can
see a similar effect as for the number of moves. Warehouses with smaller bays
achieve shorter travel distances. The effect is slightly less pronounced than
for the number of moves because it is partially cannibalized by the larger
footprint necessary for the additional aisle space in warehouses with smaller
bays.

Total travel distance for all warehouse capacities with multiple bay-warehouse-size comibinations
50

400

300 Bay size
3x3x1
200 I 4xdx1
Il 5x5x1
mm 6x6x1
10
0
144 225 324 400 576

Warehouse capacity

Distance in [m]

=]

Fig. 5.22 Box plots (without outliers) of the total move distance (in meters) for all
warehouse capacities with several combinations of bay and layout sizes.

Looking at the box plots of the different fill levels in Fig. 5.23, the mean and
variance of the total move distance increase strongly with each fill level. The
mean total move distance increases from 1.82m for 40% fill level, to 10.63m
for 60%, to 46.76m for 80%, and up to 111.36m for 90%. Whereas the mean
moves increase from 80% to 90% fill levels by just 25.35%, the total move
distance increases by 138.15%. This means that with a higher fill level, the
effort in terms of required travel distance increases much more than in terms
of mean moves. Also, for higher numbers of priority groups, the total move
distance increases slightly. Fig. A.21 and Fig. A.22 shows the box plots and
curve progressions of the total move distance for each number of priority
groups.

The sum of handling and traveling time resulting in the total move pro-
cessing time is shown in Fig. 5.24. We assume an average speed of 1.4m per
second and pick-up/drop-off times, including fine positioning, adding up to
a constant of 60 seconds per move. The required total move processing time
to conduct the moves does not exceed 65 minutes. The mean processing time
over all instances is 437.96 seconds. Even when considering additional times
for empty travels that are not yet included, we do not expect an unreasonable
time span for the pre-marshalling of all instances.

The evaluation of the fill levels, the priority groups, and bay-layout com-
binations of the same warehouse capacities lead to similar conclusions as
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Fig. 5.23 Box plots (without outliers) of the travel distances (in meters) for each fill level.
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Fig. 5.24 Box plots (without outliers) of the total move processing time in seconds per bay
size for each layout size.

previously discussed for the travel distance and number of moves. We refer to
the respective sections and provide the figures in Appendix A.1; see Fig. A.23,
Fig. A.24, Fig. A.25, and Fig. A.26.

A4: Lower and upper bound

The lower bound proves to be very accurate. The gap between the lower
bound in the root node and the resulting final moves is 0%, which means
that the lower bound is 100% accurate in all 3,006 solved instances. The main
reason for this extremely strong lower bound may be that the large number
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of possible moves for multibay scenarios leads to fewer BB and GX moves.
BB and GX are harder to predict for our lower-bound heuristics. Ultimately,
this theory requires further investigation.

The greedy search with a time limit of 2 minutes found a valid upper
bound for 2,467 instances (see for each bay and warehouse layout size
Fig. A.27 and for the different number of priority groups and bay sizes in
Fig. A.28). However, in the case of challenging instances with a high number
of required moves (> 35), it was not able to find a solution in the given time.
Whereas the upper bound was very strong compared to the final required
number of moves for fill levels up to 80% (0% gap), for the 90% fill level we
encountered a few differences of up to six moves (see Fig. A.29). Fig. 5.25
shows two histograms of the instances with and without an upper bound,
plotted over the required number of moves. It can be seen already that for
instances we solved with a very low amount of moves, an upper bound
could not always be found. (Box plots for the distribution for each bay and
warehouse layout size are provided in Fig. A.30.) Although a relaxation of
the time limit would most likely help us find more solutions, we doubt that a
reliable output can be achieved for all instances. Because the greedy-search
approach for finding an upper bound helps us to save memory only in some
instances, we do not think that spending the extra time calculating the upper
bound is worthwhile. It may be worth considering other methods to save
memory, such as IDA*-search [TPV17].
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Fig. 5.25 Histogram of the instances with and without upper bounds that could be found,
over the number of moves.
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A5: Move sequences

Our proposed algorithm for post-processing splits the generated move se-
quence into as many as 49 independent move sequences. Overall, the mean
number of independent move sequences is 6.27. The number of move se-
quences increases with bay and layout size (see Fig. A.31). Of the independent
move sequences, the longest sequence contains 19 moves and the mean is
0.98, due to a number of instances with zero moves that are already sorted.
Fig. 5.26 gives an overview of the longest move sequence with box plots
for all bay and layout sizes. For a bay size of 3x3x1 and 4x4x1, the longest
sequence length is predominantly one move. Hence, a parallelization of pre-
marshalling can be achieved. For deeper bays, the longest sequence increases
further as more dependencies between moves are existent.

Longest sequence per instance for all bay and warehouse sizes
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Fig. 5.26 Box plots (without outliers) of the longest sequence per instance for all bay and
layout sizes.

5.4.4 Results for experiment B

Experiment B is based on a smaller dataset with 240 instances with layout
size 2x2, because a fair comparison requires as many solved instances as
possible for all of the access directions. Similar to the results of experiment A,
we give an overview for solved instances and runtime Bl and analyze the
results for the number of moves, total move distance, as well as total move



122 CHAPTER 5. SORTING MULTIBAY BLOCK STACKING STORAGE SYSTEMS

processing time B2. All runs are based on a search configuration utilizing
tie-breaking rule f_h_dist.

B1: Runtime and number of instances solved

Table 5.6 shows the number of solved, infeasible, and timeout instances.
All instances with four access directions could be solved, followed by the
instances with opposite directions (11 timeouts) and the instances with a
single access direction (17 timeouts). Again, infeasibility could not be proven.

Access No. solved No. No.
direction ’ infeasible  timeout
Single 63 0 17
Opposite 69 0 11
Four 80 0 0

Table 5.6 Results summary showing the number of solved, infeasible, and unsolved
instances (80 per access direction; 240 in total).

In Fig. 5.27 we see a detailed breakdown of the percentage of solved
instances per access direction for each bay size. At a bay size of 4x4x1, all
instances could be solved. Increasing the bay size to 6x6x1 leads to multiple
timeouts for single and opposite access, especially at higher fill levels.

The mean runtimes at bay size 4x4x1, where all instances got solved, are
0.03 seconds for four access directions, 0.34 seconds for two opposite access
directions, and 0.64 seconds for a single access direction. Looking at the
instances with bay size 6x6x1, the picture is changing as we achieve higher
mean and maximum values for two opposite access directions compared to
a single direction. This is also visible in Fig. 5.28, showing the runtime box
plots for each access directions per bay size. This is because for two opposite
directions, we simply found more feasible solutions for instances with higher
fill levels that require longer computation times.

B2: Number of moves, total move distance and total move processing time

Fig. 5.29 shows the required number of moves for each access direction and
both bay sizes. More access directions lead to fewer required moves and a
smaller variance of the distribution to sort the multibay warehouse. At bay
size 4x4x1, the mean number of moves increases from 0.88 for four access
directions, to 3.90 for two opposite access directions, up to 6.95 for a single
access direction. Whereas in case of four access directions, all instances could
be solved with a maximum of four moves, the maximum increases to 10 for
opposite access directions and to 20 for a single access direction.

The results for the total move distance in Fig. 5.30 also show an increase
in the total move distance as well as a growing variance for fewer access
directions. At bay size 6x6x1, the differences between the access directions
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Fig. 5.27 Overview of solved instances for the multibay scenario with single, two opposite,
and four access directions for each fill level over the bay sizes at a layout size of 2x2.

are less distinct due to the greater number of unsolved instances. For a bay
size of 4x4x1, the mean total move distance is reduced from 42.95m (single
access direction) to 24.19m (opposite access directions) and 4.94m (four access
directions), and the maximum travel distance is cut by 78% from 177.8m to
89.6m and 39.2m.

The results for total move processing time are similar to the number of
moves and the total move distance (see Fig. A.32). The maximum process-
ing times are 50.88min (single access direction), 35.02min (opposite access
directions), and 21.65min (four access directions): a reduction of 57%.
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Fig. 5.28 Box plots (without outliers) of the runtime in seconds per bay size for each access
direction.
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Fig. 5.29 Box plots (without outliers) of the number of moves per bay size for each access
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Fig. 5.30 Box plots (without outliers) of the total move distance in meters per bay size for
each access direction.

B3: Lower and upper bound

The lower-bound heuristics are tight for any of the three access directions,
achieving a gap of 0% in the root node compared to the final result. This comes
as a bit of a surprise, because we encountered significant differences between
the access directions for a single bay. As already discussed in experiment A,
the greater number of possible moves may be beneficial. Perhaps some of
the instances that could not be solved also lack tightness of the lower-bound
heuristics. However, this needs further investigation with long runtimes.
The greedy search for an upper bound was able to find a feasible solution
for all 112 solved instances. A difference between upper bound and required
number of moves could be found most often for the instances with two
opposite directions at high fill levels of 80% and 90% (see Fig. A.33).
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B4: Move sequences

The number of independent move sequences increases with each additional
access direction. Starting with a mean of 3.08 for four access directions, it
goes up to 5.07 for opposite directions and to 6.74 for a single access direction.
Fig. 5.31 shows box plots for the number of independent move sequences
over all bay sizes and access directions.
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Fig. 5.31 Box plots (without outliers) of the number of independent sequences for all bay
sizes and access directions.

Although the number of independent move sequences increases for fewer
access directions, the length of theses sequences also increases, as illustrated
in Fig. 5.32. This is mainly due to a much higher number of moves that
are necessary to solve these instances, caused by deeper average lanes. The
longest sequence per instance increases from an overall maximum of nine
(for four access directions), to 17 (for opposite access directions) and to 27 for
a single access direction (maximums are not shown in Fig. 5.32).
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Fig. 5.32 Box plots (without outliers) of the longest sequence per instance for all bay sizes
and access directions.
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5.4.5 Results for experiment C

In the third experiment, we analyze the results for instances with two tiers.
The dataset contains 280 instances based on several bay and warehouse
layout sizes. We increase the sizes until the limits and no sufficient amount
of solutions can be found. Our analysis follows the known structure of the
previous sections, and it is split into the overview for solved instances and
runtime C1 and the investigation of number of moves, total move distance,
as well as total move processing time C2. We briefly summarize the results
for the lower and upper bound C3 as well as the move sequence analysis
C4. All runs are utilizing tie-breaking rule f_h_dist. In the case of a single
bay Section 4.5.2, we have already seen that two tiers make it much more
complicated to find feasible solutions. The chance of an unsorted stack at the
very beginning is already high, and all unit loads that are placed in front of
this stack within the same lane must be relocated. Our results for multibay
warehouses correspond to the previous findings.

C1: Runtime and number of instances solved

For the instances with two tiers, we are able to solve 194 instances; we find no
infeasible instances and obtain 86 instances with timeouts. In Table 5.7, the
numbers of solved, infeasible, and timeout instances are listed based on the
four fill levels. For fill levels of 40% and 60%, all instances could be solved. At
a fill level of 80%, we obtain 31 timeouts. This increases further to 55 timeouts
at 90% fill level, which represents 78.6% of the instances.

. No. No.
Fill level No. solved infeasible  timeout
40% 70 0 0
60% 70 0 0
80% 39 0 31
90% 15 0 55

Table 5.7 Results summary showing the number of solved, infeasible, and unsolved
instances (70 per access direction; 280 in total).

Taking a closer look at the different bay and layout sizes in Fig. 5.33 reveals
that only bay size 3x3x2 at layout size 2x2 could be solved at all fill levels. Bay
size 4x4x2 was barely solved at 90% fill level, and we were unable to solve
any instances within the time limit for 5x5x2. When we look at the warehouse
capacities, the decline compared to a single tier is substantial. For a bay size
of 3x3x1 with a single tier, we solve all instances with warehouse layout sizes
up to 11x11, resulting in a warehouse capacity of 1,089 storage locations. For
two tiers, we solve a warehouse with only 72 storage locations. Already at



5.4. COMPUTATIONAL EXPERIMENTS

—_

27

warehouse capacities of 128 (4x4x2, layout size 2x2) and 162 (3x3x2, layout
size 3x3), not all instances could be solved.
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Fig. 5.33 Overview of solved instances for the multibay scenario with two tiers for each fill
level over the bay and layout sizes.
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Even though only a few solutions could be found for bay sizes 4x4x2 and
5x5x2, the runtimes presented in Fig. 5.34 are rather low. Also, the warehouse
layout sizes of 3x3x2 that were solved have low runtimes in comparison
to the results of experiment A, where all instances have been solved (see
Fig. 5.14). An explanation may be that the runtime for two tiers has a higher
number of outliers. However, another possibility is that in some of these
cases, the lower-bound heuristic is not as strong. A definite answer needs
further investigation with longer runtimes in order to ensure that potential
instances with weaker lower bounds are solved.

Runtime for all bay and layout sizes
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Fig. 5.34 Box plots (without outliers) of the runtime in seconds per bay size for each layout
size.

C2: Number of moves, total move distance and total move processing time

When looking at the number of moves in Fig. 5.35, it becomes clear why there
are rather many unsolved instances. The overall mean number of moves is
19.54, which is almost three times higher than for a single tier, where we
solve warehouses with much larger capacities. Similar to a single tier, the
number of moves increases with bay and warehouse layout size. We were
able to solve instances with a maximum number of up to 70 moves.

Number of moves for all bay and layout sizes
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Fig. 5.35 Box plots (without outliers) of the number of moves per bay size for each layout
size.
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Also, the total move distance increases over bay and layout size (see
Fig. 5.36). Even though the layout sizes are quite small, the travel distance
increases to 611.8m and has a mean of 104.11m, which is more than twice
as high as the mean for a single tier (which also contains instances with
larger warehouse perimeter). Due to the high number of moves and the
accompanying long total move distances, the total move processing times
increase to a maximum of 77.28min and a mean of 20.78min, compared to
7.04min for a single tier (more details in Fig. A.34).

Total distance for all bay and layout sizes
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Fig. 5.36 Box plots (without outliers) of the total move distance in meters per number of
moves.

C3: Lower and upper bound

The results for the lower and upper bounds lead to similar findings as in the
case of a single tier. The gap between the lower bound in the root node and
the resulting final moves is again 0% for all 194 solved instances. An upper
bound was found for 176 instances. The detailed number of upper bounds
found for each bay and warehouse layout size is provided in Fig. A.35. Only
for bay size 3x3x2 at a warehouse size of 2x2 was an upper bound determined
for all instances. The distribution of the final number of moves for instances
with and without upper bound in Fig. 5.37 shows that an upper bound was
not found for instances with more than 30 moves.

C4: Move sequences

For the experiments with two tiers, the derived numbers of independent
move sequences are between one and 47. Whereas the minimum and maxi-
mum are quite similar to those of a single tier, the mean number of sequences
is more than twice as high, at 13.55. The box plots for the number of indepen-
dent sequences for all bay sizes and access directions is shown in Fig. 5.38.
The number of independent move sequences increases much faster with each
bay and warehouse layout size than for a single tier.
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Fig. 5.37 Histogram of instances where upper bounds could and could not be found, over
the number of moves for experiment B.
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Fig. 5.38 Box plots (without outliers) of the number of independent sequences for all bay
and warehouse layout sizes.

The overall longest sequence contains 26 dependent moves, compared
to 19 moves for a single tier. The mean longest move sequence for all in-
stances increases from 0.98 to 3.79. A reason could be that the additional tier
increases the average depth of the virtual lanes. Deeper lanes most likely also
cause more dependent move sequences. An overview with box plots of the
longest move sequence for each bay and warehouse layout size is provided
in Fig. A.36.
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5.5 Business Insights

In this section, we discuss the main insights from our computational experi-
ments on the pre-marshalling of multibay warehouses with up to four access
directions. We already presented the benefits of the different access directions
for a single bay in Section 4.5.2. These findings can also be confirmed for
multibay warehouses: Practitioners should make use of additional access di-
rections whenever possible. The sorting effort can be tremendously reduced
when additional access directions are available. Similar to the previous result
section, we split the discussion into three: dimensions (1) Efficiency and
feasibility, (2) Layout decisions, and (3) Operational control.

Efficiency and feasibility: A great advantage of multibay warehouses is
that they allow warehouse capacity to be scaled by changing the number
of bays while keeping the same bay size. This way, we gain the benefit of
fast access times for smaller sized bays and are able to increase the layout
as much as desired. Increasing the layout size had a smaller impact on the
additional sorting effort, compared to increasing the bay size. Overall, the
amount of sorting effort in terms of required moves, travel distance, and
processing time was surprisingly low for all randomly generated instances
with four access directions—even for large warehouses and high fill levels.

Another benefit of multibay warehouses is that the fill level can be in-
creased much more—to 90%, and potentially more—compared to a single bay,
without having any infeasible instances. Infeasible instances occur mainly in
situations where we do not have enough space to clear the space in front and
then to subsequently move a unit load. The number of free storage locations
required to solve a single bay is not increasing for a multitude of these bays.
Thus, the fill level can be raised with an increasing number of bays. However,
the distances may increase due to the limited number of move options.

Finally, similar to the experiments for the single bay UPMP, two tiers are
not working very well. The biggest issue is the extremely high sorting effort
compared to a single tier with the same warehouse capacity. In our randomly
generated instances, there is a high probability of unsorted stacks. All unit
loads in front of the same lane need to be moved. A potential solution to still
enable stacking capability may be to use only shallow lanes with directly
accessible stacks or to keep the stacks pure by not mixing SKUs within them.

Layout decisions: Determining the right aisle configuration in terms of
number, shape, and size of bays, as well as the available access directions and
appropriate aisle space, must be addressed in layout decisions. Although
layout decisions are not part of this work, our findings may nonetheless
prove interesting and useful for planners and in future research.

Our results confirm that the access directions of the bays play a key role in
both improving access times and reducing sorting effort. In many warehouse
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setups, storage bays are limited to a single access direction, even though two
or more access directions could be instantly realized.

Furthermore, our experiments show that increasing warehouse capacity by
increasing layout size does not increase sorting effort by as much as increasing
the bay size does (e.g., bay size 3x3x1 with a 6x6 layout has a much lower
sorting effort than a bay size of 6x6x1 in a 3x3 layout). However, there is a
trade-off in terms of space utilization and access times/sorting effort: A large
number of small bays also requires more aisle space for traveling, compared
to larger bay sizes. Due to the additional aisle space needed for smaller-sized
bays, the footprint of a warehouse with smaller bays is greater than that of a
warehouse with larger bays. Ultimately, finding the right compromise of fast
access times and a good space utilization must be individually assessed for
each use case.

In these use cases, several factors—such as the external layout or the
product mix, but also the respective performance and capacity requirements
(e.g., fast access times versus high storage density)—play a key role in finding
the right configuration. In setups where a high number of priority groups
are required, smaller-sized bays can handle this high variety better than
larger ones. More specifically, when comparing different numbers of priority
groups, the gap in the number of moves widens with each bay size increment.

Operational control: In terms of operational control for robot fleets, we see
some notable differences related to the size of the bays. In dense warehouse
configurations, conflict-free routing is a necessity. The shortest path to the
next target location may be blocked by another AMR. In layouts with many
small bays, there are more alternative options for path-finding than in a
warehouse with large bays. Increasing aisle width would also solve the
problem; however, more aisle space does not improve unit load accessibility
and does not shorten travel distances.

A positive effect of small bays is that the number of dependent move
sequences is very low. This means that a parallelization to perform pre-
marshalling is easily possible. For an increase in bay size, dependent move
sequences become longer and longer.

5.6 Conclusion

After introducing our novel two-step approach for the single bay UPMP in
Chapter 4, we show that the solution approach is also applicable to multibay
warehouses with a much larger action and solutions space, which extends
the scope to a greater number of real use cases. Our adapted and improved
implementation of the algorithm solves the multibay UPMP with four access
directions in real-world-sized warehouses containing up to 1,089 storage loca-
tions, with no timeouts within a limit of 10 minutes. In addition to minimizing
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the number of moves needed to sort a warehouse, we also incorporate—and
tremendously reduce—the total move distance.

The extensive experiments provide valuable insights for the configura-
tion of dense, multibay block stacking warehouses. We show that multiple
access directions are highly beneficial in multibay warehouses because they
significantly reduce sorting effort in terms of the number of moves, travel
distance, and processing time. The lower-bound heuristics proved highly
accurate throughout our experiments, with an overall root node gap of 0%.
Scaling warehouse capacity by adapting the layout size has a much smaller
impact on the sorting effort than adapting the bay size. Retaining a bay size
also preserves benefits such as access times or the number of independent
move sequences. Although for the single bay UPMP, a fill level of 80% can
lead to infeasible instances, we do not encounter any infeasible instances
at a 90% fill level for the MUPMP. The fill level can be raised further with
increasing warehouse size.

Thus far, in our artificially generated instances, unit loads are placed in
the warehouse completely at random. Data from real use cases should be
obtained to validate our solution approach and to gain further insights. An in-
teresting route of future research would be to use the lower-bound heuristics
for other decision problems (e.g., storage location assignment decisions). A
AMR control system would require the investigation of all decision problems
presented in Chapter 3. If the warehouse is continuously maintained in a
better-sorted state, the required number of moves will be even lower. An-
other feature we have not yet addressed is the mix of different bay sizes and
bay shapes within the same warehouse. This may offer possibilities such as
fitting bay shape and size to a certain product mix, or more complex external
layouts.

Furthermore, it would be interesting to benchmark our search procedure
with other exact-solution approaches in terms of the total move distance.
Currently, we find optimal results for the minimization of the number of
moves, and distance is used only as a tie-breaking criterion. Hence, we cannot
guarantee optimal results for the total move distance. Also, regarding the
strong interaction with vehicle dispatching, which is not considered, and the
total travel distance (including empty travel), further research is necessary.
Finally, the application of efficient heuristic approaches (e.g., [HTT20]) and
robust solution approaches for the stochastic MUPMP (e.g., [TV16]) can also
increase the applicability in a wide variety of use cases.






Chapter 6
Conclusion

The concluding chapter is divided into three parts. First, we provide an
extended summary of this work and recap the main contributions. Second,
we discuss the implications for practice and supply chain networks. Third,
we describe our study’s limitations and offer an outlook on future research
topics.

6.1 Summary

A key element of agile supply-chain networks is the ability to adapt storage
space. The most flexible type of warehouses with the least infrastructure are
block stacking storage systems. Block storage can be found in a large number
of industries, such as in the production of FMCG, logistics services, maritime
transport, and commerce.

Although large quantities of AMRs are already used to transport goods
in factories, this is scarcely the case for the organization of block stacking
warehouses: The problem-solving skills and flexibility of human operators
in large, complex environments are hard to match. This thesis contributes to
enabling autonomous block stacking storage systems by:

* presenting a vision for autonomous block stacking warehouses.

¢ introducing the most important decision problems that need to be con-
sidered as the aggregated ABSWP.

¢ formally defining the UPMP and MUPMP to sort a block stacking storage
system during off-peak hours.

* developing a novel two-step solution approach based on a network flow
model and an adapted tree search procedure.

* extending the solution approach to multibay block stacking storage sys-
tems.

* provisioning extensive experiments, including publicly available bench-
mark datasets.

135
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In Chapter 2, we start by describing the fundamentals of block stacking
warehouses, including the types of vehicles and unit loads, as well as the
process flow and exemplary areas of application, including four examples of
real use cases in the beverage, hygienic paper, and manufacturing industries.
The four use cases show that the practical requirements for each industry and
business are highly individualized. One example is product characteristics:
Some goods, like beverage crates, are quite standardized and easily stackable.
Others, like soft hygienic paper products, require a careful assessment: Does
a pallet have overhanging products or a large gap? Is the top surface flat? How much
is the load-bearing capacity?

In addition to individual requirements, there may also be differences in the
prioritization of optimization objectives. In urban areas with limited space
and high real estate prices, storage space utilization may be more important
than in rural areas outside of big cities.

This is followed by an overview of different definitions of autonomous
systems in the engineering and industrial contexts, wherein we present
exemplary advantageous characteristics of automated and nonautomated
systems. Today’s automated systems are especially hampered by their lack
of such advantageous characteristics of human operators as adaptability,
creativity, curiosity, self-governance, and learning ability. In our vision of
autonomous block stacking warehouses, the advantageous characteristics of
both automated and manually operated warehouses are brought together
to better meet the desired properties of storage systems. To illustrate such a
warehouse, we describe key benefits and how they can be achieved (e.g., a
lean setup process and minimum interfaces to the outside world).

Chapter 3 dealt with the specification of the operational decision prob-
lems and the elaboration of associated literature. Based on our findings, we
described the major challenges that must be solved to achieve autonomously
organized block stacking storage systems as well as the opportunities that
arise from them.

Because the decision problems considered are highly interrelated, we in-
troduced the integrated ABSWP, which includes the most relevant problems.
Given the broad field of research and the complexity of all decision problems,
developing solutions for the ABSWP is an ambitious goal. With the introduc-
tion of our novel pre-marshalling solution approaches in this thesis, as well
as the development of our open-source simulation framework SLAPstack
[Pfr+22], we contribute the first important components to long-term research
endeavors in that direction. One of the greatest opportunities in autonomous
storage systems is that a storage system is rarely utilized continuously over
the course of a day. Thus, there is usually some idle time of the AMRs (e.g.,
off-peak hours during the night or on weekends) during which they could
rearrange the unit loads and prepare the storage system for a future demand
sequence. In our simulation study based on three months of data from a real
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use case, the AMRs are in use approximately 25% of the time and idle for the
remaining 75% [Pfr+22].

The problem of sorting block stacking storage systems based on their
retrieval priority group in idle time (i.e., the UPMP) is the main subject in
the following. The main advantage of these sorting operations is that they
allow us to apply fully shared storage policies in highly dense storage setups
without the downside of accessibility problems due to blockage that prevents
reaching requested goods.

In Chapter 4, we formally introduced the single-bay UPMP for sorting a
block stacking storage system with a minimum number of relocation moves
until all blockage is resolved. The special feature for bay access in block
stacking storage systems is that bays can be accessed from any combination
of up to four directions. The available access directions depend on the sur-
rounding environment (i.e., aisle space or walls). For the simplest case with
only one access direction, we showed that a search-based algorithm from the
CPMP can be directly transferred to the UPMP. For any other combination of
multiple access directions, we presented a novel two-step solution approach.
First, a network flow model was solved to determine the access direction for
each stack and fix these directions throughout the pre-marshalling operation.
Second, we extended lower-bound heuristics with a MIP model to estimate
the required number of moves and ran an adapted tree search procedure.
In computational experiments based on randomly generated instances, we
solved large bay sizes with up to 81 storage locations (bay size 9x9x1) and
demonstrated the usefulness of different combinations of multiple access
directions. Our results show that a higher number of access directions leads
to a significant reduction of the required number of moves, far more solved
instances and, ultimately, faster runtimes as well.

Chapter 5 is a continuation of the single-bay UPMP extending the scope
to a multibay setup. The MUPMP requires also taking into account the move
distance, because warehouses with multiple bays have much larger foot-
prints. The main extensions are as follows: (1) an additional pre-processing
step with a new representation of the warehouse that includes multiple bays
and designated access points from the available access directions, as well
as the calculation of all distances between these access points; (2) improved
selection of one result from the network flow model via the more advanced
lower bound heuristics; (3) incremental calculation of the lower-bound heuris-
tics to speed up the search procedure; (4) new tie-breaking rules that also
incorporate the move distance to pick a node from the heap queue; (5) an
additional upper bound based on greedy search that may reduce memory
consumption; and (7) an algorithm to partition the resulting move sequence
in as many independent sequences as possible to simplify the handling of
pre-marshalling operations with multiple AMRs. The adapted and improved
implementation of our solution approach solves real-world-sized random in-
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stances with up to 1,089 storage locations and 90% fill level with no timeouts.
Although we determined solutions with the minimum number of moves,
we were also able to reduce the move distance by 81.65% (compared to the
solution approach that minimizes only the number of moves). Our extensive
experiments showed that multiple bays allow fill levels to be increased while
still being able to solve all instances. A detailed analysis and comparison of
the access direction combinations, tiers, priority groups, as well as bay and
layout sizes, provided insights for planners and practitioners. Overall, we
hope that this work lays the foundation and will drive real applications as
well as further research related to block stacking storage systems.

6.2 Implications for supply-chain networks

Pre-marshalling and rearrangement operations allow highly dense block
stacking warehouses to operate under a fully shared storage policy. Because
the preparation of the warehouse requires future retrieval times of the unit
loads, information sharing within a supply network is crucial. However,
even if the information is available, there may be endogenous and exogenous
uncertainty such as market volatility, technological changes, daily traffic jams
or events like the recent COVID-19 pandemic and the war in Ukraine. The
following example describes how companies are affected by the dynamic
environment.

Fig. 6.1 shows an exemplary supply network in the retail industry. A
producer of FMCG at locations A, B, and C delivers to the distribution
centers of a retailer. From the distribution centers, the products are delivered
to different shops where consumers can purchase them. Periods of strong
sales (e.g., at Shop C) can spur the need for additional warehouse space
in the short term. In these situations, goods are often transported to other
locations or external warehouses. Likewise, it may be necessary to respond
to geographical shifts in the logistics network over time (e.g., new supplier)
and relocate warehouses to more geographically suitable locations. Volatile
production and trading environments ensure that ideal locations exist only
briefly.

Block stacking storage systems offer clear advantages in adapting to any
upcoming influences. They allow warehouse capacity to be scaled at short
notice and today are particularly relevant in practice for meeting temporary
needs of additional storage capacity. We believe that autonomous block stack-
ing storage systems, which are simple to set up and operate, can significantly
improve factories” and supply-chain networks’ adaptability to any kind of
uncertainty. Autonomously organized block storage bases its decisions on
data and real-time information, which will lead to further improvements of
efficiency, reliability, and visibility. Moreover, autonomous block stacking
systems are less labor-intensive, but still require logistics personnel for ar-
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Fig. 6.1 Example of a supply network in the retail industry.

eas such as maintenance, exception and failure handling, reception, ramp
management, and security. We believe that an autonomous system based on
AMRs will help to scale, shift, and build up storage space precisely where it is
needed in a dynamic supply network. Ultimately this will reduce waste, such
as by avoiding unnecessary detours and establishing more resource-efficient
routes.

We also want to highlight the concept of shared warehouses, where sev-
eral companies operate a storage space together. Autonomous systems pro-
vide the transparency as well as billing and accounting possibilities that are
needed to realize such a concept. Autonomous block stacking warehouses
appear especially suitable for shared warehouse concepts, because compa-
nies would not need to commit large investments into dependencies with
other companies.

6.3 Limitations and future research

Although we were able to solve quite large real-world-sized instances, there
very well may be bigger warehouse scenarios that also usually involve
stochastic events. A logical next step would be to test further heuristics
and robust approaches that are still able to find good solutions. We may
also question whether real scenarios are as difficult to solve as the randomly
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generated instances. Real-world warehouses do not often become so messy;,
because blockage is already prevented when making storage location as-
signment decisions. To determine the sorting effort in realistic warehouse
scenarios, two things are required: (1) a real-world dataset where retrieval
times of the unit loads are available or can be derived and (2) a simulation
model that integrates the decision problems and permits analysis of the dif-
ferent solution strategies” dynamics. We already introduced an open-source
simulation framework for block stacking warehouses in [Pfr+22] as well as a
large-scale benchmark dataset. However, the simulation model was initially
tailored to solve the SLAP, and further work is needed to extend the simula-
tion model with rearrangement and pre-marshalling decisions. Furthermore,
the use case in [Pfr+22] does not fit, due to the huge warehouse size, the
small variety of products, and the limited amount of reliable retrieval in-
formation. A fully shared storage strategy makes little sense because there
is only a small amount of SKUs in a very large warehouse, and thus SKUs
are stored in dedicated lanes. An interesting area of research would be to
create feasible variants of simulation models that fit the requirements of each
specific use case by employing automatic simulation model generation via
component-based synthesis as shown by our work in [Kal+21].

In addition to the endeavors of providing a capable simulation framework,
we also deployed our pre-marshalling algorithm at a buffer storage for the
material supply of a matrix assembly system ("cyber-physical production
system") at the Innovation Center of the Chair for Material Handling Systems
and Warehousing (FLW) at TU Dortmund. The buffer storage (see purple laser
in the bottom image of Fig. 6.2) applies our lower-bound heuristics for storage
location assignment decisions as well, and demonstrates functionality at a
small scale. Bringing a similar concept into a real application would require
solving a raft of additional problems, such as other shapes and restrictions of
external layouts (e.g., pillars), different types of unit loads, weight and height
restrictions, and handling of dangerous goods or allergens.

Our approach for the MUPMP finds solutions with a minimum number of
moves, while the move distance is minimized through tie-breaking decisions.
It would be interesting to compare the results with an exact-solution approach
for the total travel distance. Also for the total processing time, more accurate
kinematic modeling of the acceleration and speed of AMRs, with and without
carrying a load, may be taken into account. The total move distance in our
implementation considers only the loaded travel distance for each move. A
more precise approach would be to also include the unloaded travel times
and the exact positions of AMRs.

Using the network flow model to determine the access directions and fix
them throughout the pre-marshalling process works very well and simplifies
traffic management within a storage bay. Nevertheless, fixing the access
directions may lead to solutions that require more moves than a solution



6.3. LIMITATIONS AND FUTURE RESEARCH 141

Fig. 6.2 Images of the cyber-physical production system with grid-based block storage at
the Innovation Center of the Chair of Material Handling Systems and Warehousing (FLW),
TU Dortmund University.

where the access directions are able to cross over a stack and change over
time (see Section 4.4.3).

Another interesting direction of research concerns the internal layout. Our
results show that multiple access directions are beneficial because they re-
duce the number of moves needed to sort a storage system and improve the
accessibility of unit loads. However, additional aisle space may be required
to permit accessing a bay from multiple directions. A second factor related to
this trade-off between storage space utilization and accessibility is bay size.
Warehouses with fewer large bays have an improved overall space utilization
compared to warehouses with more small bays because they require less
aisle space. Yet again, there is the drawback of increased sorting effort and
blockage due to deeper lanes. The design of good layout configurations,
considering a mix of bay shapes and sizes together with access directions,
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needs still to be investigated. As shown in Section 3.2, most research over-
simplifies warehouse operations (e.g., considering SC cycles) and does not
address different access directions. At the same time, we also ask ourselves
whether an aisle configuration is really necessary, or whether a layout should
evolve incrementally with each storage location assignment decision. Our
lower-bound heuristics may be an essential ingredient in assessing possible
storage locations in regard to blockage.

Finally, it also remains to be determined when a relocation or pre-
marshalling process is executed. In most cases, there are obvious off-peak
hours throughout a day that can be utilized for pre-marshalling. However,
they may also be situations where only a limited amount of time, or only
a part of the AMRs, is available. It must be decided at what point in time,
and to which extent, a rearrangement process is triggered and eventually
stopped.
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A.1 Figures

Solved instances at 40% fill level
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Fig. A.1 Overview of solved instances for a single tier at a fill level of 40%.
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Solved instances at 60% fill level
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Fig. A.2 Overview of solved instances for a single tier at a fill level of 60%.
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Fig. A.3 Box plots (without outliers) of the runtimes for a single tier at a fill level of 40%.
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Runtime at 60% fill level
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Fig. A.4 Box plots (without outliers) of the runtimes for a single tier at a fill level of 60%.
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Fig. A.5 Overview of solved instances with two tiers at a fill level of 40%.
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Fig. A.6 Overview of solved instances with two tiers at a fill level of 60%.
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Runtime at 40% fill level
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Fig. A.7 Box plots (without outliers) of the runtimes with two tiers at a fill level of 40%.
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Fig. A.8 Box plots (without outliers) of the runtimes with two tiers at a fill level of 60%.
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Fig. A.9 Box plots (without outliers) for a single tier showing the number of moves for
each access variant and each bay size at the fill level of 40%.
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Moves at 60% fill level

3x3x1 F Access direction

Hl single
axax1 #—‘ Il corner
| I opposite
_ 5%5%1 ?Z — I three
i =3 four
L
% 6x6xl :'fE
- =]
(] —
5 7x7x1 f
&
-
—
O
9x9x1 f—_‘
—m—
—— ———
10x10x1 . —
—_— T
0 5 10 15 20 25 30 35 40

Number of moves

Fig. A.10 Box plots (without outliers) for a single tier showing the number of moves for
each access variant and each bay size at the fill level of 60%.
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Fig. A.11 Box plots (without outliers) for two tiers showing the number of moves for each
access variant and each bay size at the fill level of 40%.
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Fig. A.12 Box plots (without outliers) for two tiers showing the number of moves for each
access variant and each bay size at the fill level of 60%.
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Moves at 80% fill level
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Fig. A.13 Box plots (without outliers) for two tiers showing the number of moves for each
access variant and each bay size at the fill level of 80%.
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Fig. A.14 Box plots (without outliers) of the runtime in seconds for all warehouse
capacities with several combinations of bay and layout sizes.
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Fig. A.15 Solved instances per bay size for each layout size at a fill level of 40%.



Appendix 159
Solved instances for a single tier at 60% fill level
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Fig. A.16 Solved instances per bay size for each layout size at a fill level of 60%.
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Fig. A.17 Solved instances per bay size for each layout size at a fill level of 80%.
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Solved instances for a single tier at 90% fill level
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Fig. A.18 Solved instances per bay size for each layout size at a fill level of 90%.
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Fig. A.19 Box plots (without outliers) of the total move distance per bay size for each
layout size.
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Number of moves for each number of priority groups
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Fig. A.20 Box plots (without outliers) of the number of moves for each number of priority
groups per bay size.
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Fig. A.21 Box plots (without outliers) of the total move distance in meter for each number
of priority groups per bay size.
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Fig. A.22 Mean total move distance for each number of priority groups per bay size. Only
instances that are solved by all three variants are included.
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Total processing time for each fill level
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Fig. A.23 Box plots (without outliers) of the total move processing times in meter for each
fill level.
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Fig. A.24 Box plots (without outliers) of the total move processing time for each number of
priority groups per bay size.
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Fig. A.25 Mean total move processing time in seconds for each number of priority groups
per bay size.



Appendix 163

4T(%£gl processing time for all warehouse capacities with multiple bay-warehouse-size comibinations
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Fig. A.26 Box plots (without outliers) of the total move processing time in seconds for all
warehouse capacities with several combinations of bay and layout sizes.
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Fig. A.27 Amount of found upper bounds for all bay and layout sizes.
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Found upper bounds for each number of priority groups
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Fig. A.29 Box plots (without outliers) of the difference of the upper bound compared to
the final number of moves for all fill levels.
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Number of moves of the found upper bound for all bay and warehouse sizes
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Fig. A.30 Box plots (without outliers) of the number of moves of the found upper bounds
for all bay and layout sizes.
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Fig. A.31 Box plots (without outliers) of the number of independent move sequences for
all bay and layout sizes.
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e Total processing time for all bay sizes
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Fig. A.32 Box plots (without outliers) of the total move processing time in seconds per bay
size for each access direction.
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Fig. A.33 Box plots (without outliers) of the number of moves for the upper bound over
the fill level for each access direction.
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Fig. A.34 Box plots (without outliers) of the total move processing time in seconds per bay
size for each layout size.



Appendix 167

Amount of found upper bounds for each bay and warehouse size
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Fig. A.35 Amount of found upper bounds for all bay and layout sizes.
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Fig. A.36 Box plots (without outliers) of the longest sequence per instance for all bay and
warehouse layout sizes.
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A.2 Tables
. . Mean
Bay size  Access Fill level No. No.infea- No. Mean sited Mean
. ill leve . . visite .
(IxJxT) variant solved sible timeout moves nodes runtime

3x3x1 corner 40 20 0 0 1.0 2.0 0.02
3x3x1 corner 60 20 0 0 1.0 2.0 0.01
3x3x1 corner 80 20 0 0 5.0 18.0 0.11
3x3x1 four 40 20 0 0 0.0 1.0 0.00
3x3x1 four 60 20 0 0 0.0 1.0 0.00
3x3x1 four 80 20 0 0 1.0 2.0 0.01
3x3x1  opposite 40 20 0 0 0.0 1.0 0.00
3x3x1  opposite 60 20 0 0 1.0 2.0 0.02
3x3x1  opposite 80 20 0 0 2.0 3.0 0.03
3x3x1 single 40 20 0 0 3.0 5.0 0.02
3x3x1 single 60 20 0 0 4.0 6.0 0.02
3x3x1 single 80 11 9 0 7.0 31.0 0.06
3x3x1 three 40 20 0 0 0.0 1.0 0.00
3x3x1 three 60 20 0 0 0.0 1.0 0.00
3x3x1 three 80 20 0 0 1.0 2.0 0.02
4x4x1 corner 40 20 0 0 1.0 2.0 0.03
4x4x1 corner 60 20 0 0 4.0 5.0 0.09
4x4x1 corner 80 20 0 0 7.0 248.0 4.54
4x4x1 four 40 20 0 0 0.0 1.0 0.00
4x4x1 four 60 20 0 0 1.0 2.0 0.05
4x4x1 four 80 20 0 0 1.0 2.0 0.04
4x4x1  opposite 40 20 0 0 1.0 2.0 0.04
4x4x1  opposite 60 20 0 0 2.0 3.0 0.06
4x4x1  opposite 80 20 0 0 4.0 5.0 0.07
4x4x1 single 40 20 0 0 4.0 6.0 0.04
4x4x1 single 60 20 0 0 9.0 91.0 0.43
4x4x1 single 80 9 11 0 13.0 2011.0 5.91
4x4x1 three 40 20 0 0 1.0 2.0 0.04
4x4x1 three 60 20 0 0 2.0 3.0 0.06
4x4x1 three 80 20 0 0 2.0 3.0 0.05
5x5x1 corner 40 20 0 0 3.0 4.0 0.20
5x5x1 corner 60 20 0 0 6.0 13.0 0.59
5x5x1 corner 80 20 0 0 11.0 1073.0 55.66
5x5x1 four 40 20 0 0 1.0 2.0 0.15
5x5x1 four 60 20 0 0 2.0 3.0 0.25
5x5x1 four 80 20 0 0 3.0 4.0 0.29
5x5x1  opposite 40 20 0 0 2.0 3.0 0.17
5x6x1  opposite 60 20 0 0 4.0 5.0 0.36
5x5x1  opposite 80 20 0 0 7.0 8.0 0.35
5x5x1 single 40 20 0 0 6.0 7.0 0.09
5x5x1 single 60 20 0 0 13.0 186.0 1.95
5x5x1 single 80 20 0 0 23.0 62279.0 423.43
5x5x1 three 40 20 0 0 2.0 3.0 0.19
5x5x1 three 60 20 0 0 3.0 4.0 0.30
5x5x1 three 80 20 0 0 5.0 6.0 0.37
6x6x1 corner 40 20 0 0 6.0 7.0 0.67
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165.0
18116.0
47054.0
6.0
10.0
58.0
14.0
91.0
145.0
6.0
8.0
13.0
9.0
1704.0
8684.0
12397.0
38486.0
9.0
11.0
149.0
19.0
28.0
3515.0
7.0
12.0
21.0
13.0
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1.41
3231.90
0.70
0.84
1.36
0.50
0.84
52.08
1.77
105.03
2300.22
0.57
1.39
1.25
2.28
3.68
2444.61
2.45
3.32
4.33
1.23
13.20
331.86
6.76
723.35
1400.01
2.63
4.19
33.10
477
40.65
37.47
7.26
9.52
10.67
451
993.64
2635.02
884.72
2680.28

6.00

9.23
78.08
12.33
20.72

1529.92

14.23
30.43
27.57
10.33
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9x9x1  opposite 60 20 0 0 19.0 53.0 55.47
9x9x1  opposite 80 4 0 16 27.0 939.0 663.01
9Ix9x1 single 40 18 0 2 21.0 15643.0 1781.60
9Ix9x1 single 60 7 0 13 40.0 33546.0 3189.55
9x9x1 single 80 0 0 20 - - -
9x9x1 three 40 20 0 0 9.0 10.0 14.30
9x9x1 three 60 20 0 0 15.0 16.0 30.43
9x9x1 three 80 14 0 6 23.0 347.0 581.62
10x10x1  corner 40 20 0 0 22.0 23.0 23.04
10x10x1  corner 60 15 0 5 34.0 1313.0  1395.86
10x10x1  corner 80 0 0 20 - - -
10x10x1 four 40 20 0 0 10.0 11.0 32.84
10x10x1 four 60 20 0 0 20.0 21.0 61.24
10x10x1 four 80 16 0 4 24.0 162.0 306.45
10x10x1  opposite 40 20 0 0 14.0 15.0 20.18
10x10x1  opposite 60 17 0 3 23.0 86.0 109.63
10x10x1  opposite 80 0 0 20 - - -
10x10x1  single 40 15 0 5 28.0 18106.0  3021.48
10x10x1 single 60 0 0 20 - - -
10x10x1 single 80 0 0 20 - - -
10x10x1 three 40 20 0 0 11.0 12.0 25.31
10x10x1 three 60 20 0 0 25.0 26.0 54.72
10x10x1 three 80 11 0 9 33.0 942.0  1821.09
Table A.1 Results for the single bay UPMP with a single tier rounded to the second
decimal

Tie Ware-
break- Bay size house NO' 9f Fill No. . No. . No. Mean Mgan Mean

. . priority infeasi- time- visited .

ing (IxJxT) Size level solved ) runtime

variant (LxW) groups ble out nodes

f dist 3x3x1  2x2 5 0.4 10 0 0 0.00 1.00 0.00
f dist 3x3x1  2x2 5 0.6 10 0 0 0.10 1.10 0.00
f dist 3x3x1  2x2 5 0.8 10 0 0 0.10 1.10 0.00
f dist 3x3x1  2x2 5 0.9 10 0 0 0.60 1.80 0.01
f dist 3x3x1  2x2 10 0.4 10 0 0 0.00 1.00 0.00
f dist 3x3x1  2x2 10 0.6 10 0 0 0.10 1.10 0.00
f dist 3x3x1  2x2 10 0.8 10 0 0 0.20 1.20 0.00
f_dist 3x3x1  2x2 10 0.9 10 0 0 0.50 1.70 0.01
f dist 3x3x1  2x2 20 0.4 10 0 0 0.00 1.00 0.00
f dist  3x3x1 2x2 20 0.6 10 0 0 0.10 1.10 0.00
f dist 3x3x1  2x2 20 0.8 10 0 0 0.20 1.20 0.00
f dist 3x3x1  2x2 20 0.9 10 0 0 0.60 1.80 0.01
f dist 3x3x1  3x3 5 0.4 10 0 0 0.00 1.00 0.00
f dist 3x3x1  3x3 5 0.6 10 0 0 0.30 1.30 0.03
f dist 3x3x1  3x3 5 0.8 10 0 0 0.30 1.90 0.06
f_dist 3x3x1  3x3 5 0.9 10 0 0 1.30 8.90 0.26
f dist 3x3x1  3x3 10 0.4 10 0 0 0.00 1.00 0.00
f dist 3x3x1  3x3 10 0.6 10 0 0 0.30 1.30 0.04
f_dist 3x3x1  3x3 10 0.8 10 0 0 0.40 2.00 0.08
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217
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4.90
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1.00
1.20
23.10
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1.00
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154.50
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1.00
1.20
15.30
113.00
1.00
1.30
23.11
202.50
1.00
1.40
59.50
302.00
1.00
3.90
41.30
225.50
1.00
3.80
31.00
101.75
1.00
3.80
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0.29
0.00
0.04
0.08
0.20
0.00
0.08
0.59
3.21
0.00
0.12
1.09
3.53
0.00
0.13
1.14
3.91
0.00
0.21
2.67
18.24
0.00
0.22
11.71
41.77
0.00
0.24
63.18
62.41
0.00
0.49
18.78
55.27
0.00
0.76
28.45
103.06
0.00
1.10
70.80
157.55
0.00
15.22
97.72
238.29
0.00
15.22
78.18
126.11
0.00
16.29
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3.00
0.00
0.40
1.83
2.00
0.00
0.60
1.75
3.00
0.00
0.90
1.67

0.00
0.70
2.33
3.00
0.00
0.75
2.00

0.00
1.11
1.00
0.00
1.10
2.00
0.00
1.12

0.10
1.43

0.00
0.90

0.00
1.00

0.10
1.29

0.00
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52.62
178.50
1.00
2.00
24.67
15.33
1.00
8.00
26.00
92.50
1.00
9.10
17.00

1.00
4.00
36.00
82.00
1.00
3.12
23.00
1.00
7.67
2.00
1.00
3.80
8.00

1.00
3.62

1.10
5.14

1.00
2.60

1.00
225

1.10
3.57

1.00

128.32
218.33
0.00
10.18
117.10
46.57
0.00
56.87
125.18
229.78
0.00
72.38
91.76

0.00
55.03
310.57
357.98
0.00
39.64
209.17

0.00
109.59
13.37

0.00
88.91
151.18

0.00
86.94

3.34
142.94

0.00
93.03

0.00
74.11

6.03
161.90

0.00
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f dist 3x3x1 12x12 5 0.6 8 0 2 1.00 212 97.37
f dist 3x3x1 12x12 5 0.8 0 0 10 - - -

f dist 3x3x1 12x12 5 0.9 0 0 10 - - -

f dist 3x3x1 12x12 10 0.4 10 0 0 0.00 1.00 0.00
f dist 3x3x1 12x12 10 0.6 4 0 6 1.00 2.00 87.46
f dist 3x3x1 12x12 10 0.8 0 0 10 - - -

f dist 3x3x1 12x12 10 0.9 0 0 10 - - -

f dist 3x3x1 12x12 20 0.4 10 0 0 0.10 1.10 8.76
f dist 3x3x1 12x12 20 0.6 2 0 8 1.00 2.00 92.12
f dist 3x3x1  12x12 20 0.8 0 0 10 - - -

f dist 3x3x1 12x12 20 0.9 0 0 10 - - -

f dist  4x4x1 2x2 5 0.4 10 0 0 0.20 1.20 0.01

f dist  4x4x1 2x2 5 0.6 10 0 0 0.10 1.10 0.01
f dist  4x4x1 2x2 5 0.8 10 0 0 1.50 80.20 1.71

f dist  4x4x1 2x2 5 0.9 10 0 0 1.70 35.00 047
f dist  4x4x1 2x2 10 0.4 10 0 0 0.20 1.20 0.01

f dist  4x4dx1 2x2 10 0.6 10 0 0 0.30 1.30 0.02

f dist  4x4x1 2x2 10 0.8 10 0 0 220 109.10 261
f dist  4x4x1 2x2 10 0.9 10 0 0 2.20 36.80 0.57
f dist  4x4x1 2x2 20 0.4 10 0 0 0.20 1.20 0.01

f dist  4x4x1 2x2 20 0.6 10 0 0 0.40 1.40 0.03

f dist  4x4x1 2x2 20 0.8 10 0 0 220 105.10 272
f dist  4x4dx1 2x2 20 0.9 10 0 0 2.30 65.30 1.02

f dist  4x4x1 3x3 5 0.4 10 0 0 0.40 1.40 0.14
f dist  4x4x1 3x3 5 0.6 10 0 0 0.90 2.70 0.59

f dist  4x4x1 3x3 5 0.8 9 0 1 2.67 29922 33.17
f dist  4x4x1 3x3 5 0.9 8 0 2 3.62 1561.38 72.88
f dist  4x4x1 3x3 10 0.4 10 0 0 0.40 1.40 0.14
f dist  4x4x1 3x3 10 0.6 10 0 0 1.20 8.00 1.86
f dist  4x4x1 3x3 10 0.8 7 0 3 357 25271 31.46
f dist  4x4x1 3x3 10 0.9 6 0 4 450 2956.50 152.53
f dist  4x4x1 3x3 20 0.4 10 0 0 0.40 1.40 0.16
f dist  4x4x1 3x3 20 0.6 10 0 0 1.20 8.10 2.08
f dist  4x4x1 3x3 20 0.8 7 0 3 357 48729 61.76
f dist  4x4x1 3x3 20 0.9 6 0 4 450 3326.00 180.63
f dist  4x4x1 4x4 5 0.4 10 0 0 0.50 2.90 1.74
f dist  4x4x1 4x4 5 0.6 10 0 0 2.10 31.20 24.59
f dist  4x4x1 4x4 5 0.8 5 0 5 2.60 266.20 108.79
f dist  4x4x1 4x4 5 0.9 1 0 9 3.00 34.00 11.58
f dist  4x4x1 4x4 10 0.4 10 0 0 0.60 2.90 1.96
f dist  4x4x1 4x4 10 0.6 10 0 0 250 18990 118.78
f dist  4x4x1 4x4 10 0.8 3 0 7 3.00 63.00 34.86
f dist  4x4x1 4x4 10 0.9 1 0 9 5.00 971.00 221.85
f dist  4x4x1 4x4 20 0.4 10 0 0 0.60 3.30 2.55
f dist  4x4x1 4x4 20 0.6 9 0 1 244 11144 89.28
f dist  4x4x1 4x4 20 0.8 3 0 7 3.00 56.00 32.11
f dist  4x4x1 4x4 20 0.9 0 0 10 - - -

f dist  4x4x1 5x5 5 0.4 10 0 0 0.80 3.30 6.53
f dist  4x4x1 5x5 5 0.6 7 0 3 2.29 35.14 90.81
f dist  4x4x1 5x5 5 0.8 2 0 8 250 169.00 226.05
f dist  4x4x1 5x5 5 0.9 0 0 10 - - -
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3.60
26.00
24.00

3.90
40.20
19.00

1.56
36.60

1.20
4.70
986.71
7204.11
1.10
7.70

8.82
64.33
46.94
10.57
110.97
39.57

5.01
209.89

0.03
0.44
37.88
192.49
0.01
0.77

1923.00 71.48
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8907.86 196.41
1.20 0.03
19.90 2.10
5220.00 187.59
7253.17 230.45
2.40 1.19
180.33  78.45
599.00 179.79
2.90 1.69
387.60 150.94
8.20 5.30
49320 210.03
13.50  29.01
220.67 403.79
14.00 3241
30.10  65.50
10.75  75.57
1514 109.19
2025 14346
8.00  207.83
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10.20
820.40
1370.00
11.00
464.22

9.60
450.29

60.33

1.95
95.38
102.03
2.33
64.21
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0.06
0.25
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0.03
0.07
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0.04
0.07
0.17
0.00
0.08
0.51
3.10
0.00
0.12
0.95
3.34
0.00
0.13
1.04
3.69
0.00
0.21
2.67
16.13
0.00
0.22
10.06
38.11
0.00
0.24
59.93
57.33
0.00
0.49
17.13
51.43
0.00
0.76
26.66
94.77
0.00
1.10
61.04
150.60
0.00
12.56
89.45
254.09
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28.88
91.75
1.00
3.40
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173.50
1.00
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2425
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6.89
2.00
1.00
3.60
8.00

1.00
3.12

1.10
414

1.00
2.40

1.00
225

0.00
12.49
71.14
112.59
0.00
13.91
108.54
208.91
0.00
9.13
94.74
180.22
0.00
52.85
113.00
205.34
0.00
71.34
84.23

0.00
44.18
272.22
297.09
0.00
37.36
196.50

0.00
94.12
13.41

0.00
82.76
151.40

0.00
70.18

3.35
108.27

0.00
81.78

0.00
73.92



Appendix

f dist_h
f dist_h
f_dist_h
f dist_h
f dist_h
f_dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f_dist_h
f dist_h
f_dist_h
f_dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f dist_h
f_dist_h
f dist_h
f_dist_h
f dist_h

3x3x1
3x3x1
3x3x1
3x3x1
3x3x1
3x3x1
3x3x1
3x3x1
3x3x1
3x3x1
3x3x1
3x3x1
3x3x1
3x3x1
3x3x1
3x3x1
3x3x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1
4x4x1

11x11
11x11
11x11
11x11
11x11
12x12
12x12
12x12
12x12
12x12
12x12
12x12
12x12
12x12
12x12
12x12
12x12
2x2
2x2
2x2
2x2
2x2
2x2
2x2
2x2
2x2
2x2
2x2
2x2
3x3
3x3
3x3
3x3
3x3
3x3
3x3
3x3
3x3
3x3
3x3
3x3
4x4
4x4
4x4
4x4
4x4
4x4
4x4
4x4
4x4
4x4

0.9
0.4
0.6
0.8
0.9
0.4
0.6
0.8
0.9
04
0.6
0.8
0.9
0.4
0.6
0.8
0.9
0.4
0.6
0.8
0.9
0.4
0.6
0.8
0.9
0.4
0.6
0.8
0.9
0.4
0.6
0.8
0.9
0.4
0.6
0.8
0.9
0.4
0.6
0.8
0.9
0.4
0.6
0.8
0.9
0.4
0.6
0.8
0.9
0.4
0.6

—_
o ©

— —_ —_
ONOOO»POOOOOOOOQ

O OO OO OO DODODODODODODODODOCDODODODODODODODODODODODODOCDODODODODODODODODOODOCDODOCDODODODOODOOOO

—_ —_ = — = — = —
PO oo N O N oo WO o

OO@\‘lOO@U’IOO»-POJOO»PUJOOND—\OOOOOOOOOOOOOOE

0.10
1.29

0.00
1.00

0.00
1.00

0.10
1.00

0.20
0.10
1.50
1.70
0.20
0.30
220
2.20
0.20
0.40
2.20
2.30
0.40
0.90
2.67
3.62
0.40
1.20
3.57
4.50
0.40
1.20
3.57
4.50
0.50
2.10
2.60
3.00
0.60
2.50
3.00
5.00
0.60
2.70

179
1.10 6.03
329  144.03
1.00 0.00
2.12 97.50
1.00 0.00
2.00 87.74
1.10 8.77
2.00 92.04
1.20 0.01
1.10 0.01
77.80 1.60
31.30 0.41
1.20 0.01
1.30 0.02
98.60 2.23
34.50 0.52
1.20 0.01
1.40 0.03
98.10 243
62.20 0.95
1.40 0.14
2.60 0.56
274.67  29.36
1515.25 67.87
1.40 0.15
7.60 1.72
229.57  27.03
2902.83 145.67
1.40 0.16
7.60 1.87
467.57  57.20
3293.67 176.80
2.60 1.49
29.20  22.07
254.80 100.46
33.00 11.11
2.70 1.71
182.70  109.47
59.00  31.59
919.00 196.90
2.70 1.84
199.80 133.35
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f dist_h 4x4x1 4x4 20 0.8 3 0 7 3.00 52.00 2893
f dist_h 4x4x1 4x4 20 0.9 1 0 9 6.00 2933.00 586.04
f dist_h 4x4x1 5x5 5 0.4 10 0 0 0.80 2.80 5.44
f dist_h 4x4x1 5x5 5 0.6 8 0 2 2.50 58.50 123.62
f dist_h 4x4x1 5x5 5 0.8 2 0 8 250 138.00 165.49
f dist_h 4x4x1 5x5 5 0.9 0 0 10 - - -

f dist_h 4x4x1 5x5 10 0.4 10 0 0 1.00 3.40 8.06
f dist h  4x4x1 5x5 10 0.6 7 0 3 2.86 58.57 116.89
f dist_h 4x4x1 5x5 10 0.8 1 0 9 3.00 16.00  29.63
f dist_h 4x4x1 5x5 10 0.9 0 0 10 - - -

f dist h  4x4x1 5x5 20 0.4 10 0 0 1.00 3.50 9.00
f dist_h 4x4x1 5x5 20 0.6 6 0 4 2.83 69.50 149.55
f dist_h 4x4x1 5x5 20 0.8 1 0 9 3.00 16.00 31.61
f dist h  4x4x1 5x5 20 0.9 0 0 10 - - -

f dist_h 4x4x1 6x6 5 0.4 9 0 1 0.56 1.56 5.00
f dist_h 4x4x1 6x6 5 0.6 5 0 5 2.20 30.00 165.75
f dist_h 4x4x1 6x6 5 0.8 0 0 10 - - -

f dist_ h 4x4x1 6x6 5 0.9 0 0 10 - - -

f dist_h 4x4x1 6x6 10 04 9 0 1 0.78 3.33 21.93
f dist_h 4x4x1 6x6 10 0.6 2 0 8 1.50 3.50 22.40
f dist_h 4x4x1 6x6 10 0.8 0 0 10 - - -

f dist_h 4x4x1 6x6 10 0.9 0 0 10 - - -

f dist_h 4x4x1 6x6 20 0.4 9 0 1 0.78 3.33 23.15
f dist h  4x4x1 6x6 20 0.6 1 0 9 1.00 2.00 9.59

f dist_h 4x4x1 6x6 20 0.8 0 0 10 - - -

f dist_h 4x4x1 6x6 20 0.9 0 0 10 - - -

f dist h  4x4x1 7xX7 5 0.4 9 0 1 1.00 2.78 36.00
f dist_h 4x4x1 7x7 5 0.6 2 0 8 2.00 1350 184.63
f dist_h 4x4x1 7x7 5 0.8 0 0 10 - - -

f dist_h 4x4x1 7x7 5 0.9 0 0 10 - - -

f dist_h 4x4x1 7x7 10 0.4 9 0 1 1.33 5.11 67.76
f dist_h 4x4x1 7x7 10 0.6 1 0 9 2.00 4.00 60.85
f dist_h 4x4x1 7x7 10 0.8 0 0 10 - - -

f dist h 4x4x1 7xX7 10 0.9 0 0 10 - - -

f dist_h 4x4x1 7x7 20 0.4 9 0 1 1.33 5.00 69.03
f dist_h 4x4x1 7x7 20 0.6 1 0 9 2.00 5.00 86.16
f dist_h  4x4x1 7x7 20 0.8 0 0 10 - - -

f dist_h 4x4x1 7x7 20 0.9 0 0 10 - - -

f dist_h 4x4x1 8x8 5 0.4 9 0 1 1.11 5.22 126.94
f dist_ h 4x4x1 8x8 5 0.6 0 0] 10 - - -

f dist_h 4x4x1 8x8 5 0.8 0 0 10 - - -

f dist_h 4x4x1 8x8 5 0.9 0 0 10 - - -

f dist_h 4x4x1 8x8 10 0.4 9 0 1 1.22 5.44 143.37
f dist_h 4x4x1 8x8 10 0.6 0 0 10 - - -

f dist_h 4x4x1 8x8 10 0.8 0 0 10 - - -

f dist_h 4x4x1 8x8 10 0.9 0 0 10 - - -

f dist_h 4x4x1 8x8 20 0.4 8 0 2 1.12 3.88 108.49
f dist_h 4x4x1 8x8 20 0.6 0 0 10 - - -

f dist_h 4x4x1 8x8 20 0.8 0 0 10 - - -

f dist_h  4x4x1 8x8 20 0.9 0 0 10 - - -

f dist_h 5x5x1 2x2 5 0.4 10 0 0 0.20 1.20 0.03
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4.60 0.42
92629 33.72
7179.78 190.98
1.10 0.01
6.80 0.68
3681.12 133.68
8861.57 193.68
1.20 0.03
17.20 1.73
5102.00 177.37
7161.83 224.12
2.30 1.11
160.33  64.35
591.00 175.26
2.70 1.51
351.20 125.68
6.60 3.85
44720 176.84
1250  25.75
192.33 323.61
1230  27.72
2730  55.73
9.25 61.75
13.14  91.89
16.00 114.16
11.50  258.68
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6.90 7.90 53.70
2240 2340 183.63
4620 4720 255.39

Table A.3 Results for experiment A for the MUPMP with a single tier rounded to the

second decimal

Ware-

Access Baysize house  Fill No. . No. . No. Mean I\./[?an Mean
variant (IxJxT) Size level solved infeasi- time- moves visited runtime
ble out nodes
(LxW)
four 4x4x1 2x2 04 10 0 0 0.20 1.20 0.01
four 4x4x1 2x2 0.6 10 0 0 0.10 1.10 0.01
four 4x4x1 2x2 0.8 10 0 0 1.50 2.50 0.06
four 4x4x1 2x2 0.9 10 0 0 1.70 2.70 0.04
four 6x6x1 2x2 04 10 0 0 1.20 2.20 0.35
four 6x6x1 2x2 0.6 10 0 0 3.30 4.30 0.93
four 6x6x1 2x2 0.8 10 0 0 9.00 10.00 1.73
four 6x6x1 2x2 0.9 10 0 0 15.00 16.80 9.80
opposite  4x4x1 2x2 0.4 10 0 0 1.00 2.00 0.05
opposite 4x4x1 2x2 0.6 10 0 0 2.00 3.00 0.11
opposite 4x4x1 2x2 0.8 10 0 0 4.70 5.70 0.18
opposite  4x4x1 2x2 0.9 10 0 0 790  10.00 1.00
opposite  6x6x1 2x2 0.4 10 0 0 4.80 5.80 0.92
opposite 6x6x1 2x2 0.6 10 0 0 11.80  12.80 2.54
opposite 6x6x1 2x2 0.8 8 0 2 26.62 5212 73.15
opposite  6x6x1 2x2 0.9 1 0 9 31.00 47.00 30.95
single  4x4x1 2x2 0.4 10 0 0 2.40 3.40 0.13
single  4x4x1 2x2 0.6 10 0 0 4.30 5.30 0.25
single  4x4x1 2x2 0.8 10 0 0 8.30 9.30 0.59
single  4x4x1 2x2 0.9 10 0 0 12.80 13.80 1.60
single  6x6x1 2x2 04 10 0 0 9.60 10.60 2.06
single  6x6x1 2x2 0.6 9 0 1 19.33  20.33 5.27
single  6x6x1 2x2 0.8 3 0 7 40.00 41.00 39.33
single  6x6x1 2x2 0.9 1 0 9 47.00  48.00 37.53

Table A.4 Results for experiment B for the MUPMP with a single tier rounded to the
second decimal. The tie breaking variant is f_h_dist and the number of priority groups is

set to 5.
Ware-
Bay size house  Fill No. . No. .. M(.ean Mean
. infeasi- time- visited .
(IxJxT) Size level solved ble nodes runtime
(LxW)
3x3x2 2x2 04 2.90 3.90 0.18
3x3x2 2x2 0.6 5.60 6.60 0.34
3x3x2 2x2 0.8 1190 13.00 1.43
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3x3x2 2x2 0.9 10 0 0 1550 178.90 39.40
3x3x2 3x3 0.4 10 0 0 7.00 8.00 2.44
3x3x2 3x3 0.6 10 0 0 1350 14.50 495
3x3x2 3x3 0.8 9 0 1 26.89 38.89  90.28
3x3x2 3x3 0.9 4 0 6 33.00 6350 121.84
3x3x2 4x4 04 10 0 0 11.60 12.60 15.54
3x3x2 4x4 0.6 10 0 0 2460 25.60 33.25
3x3x2 4x4 0.8 7 0 3 46.00 47.00 248.74
3x3x2 4x4 0.9 0 0 10 - - -
3x3x2 5x5 0.4 10 0 0 1750 1850 68.83
3x3x2 5x5 0.6 10 0 0 37.10 38.10 148.77
3x3x2 5x5 0.8 3 0 7 67.33  68.33 479.21
3x3x2 5x5 0.9 0 0 10 - - -
4x4x2 2x2 0.4 10 0 0 6.70 7.70 1.15
4x4x2 2x2 0.6 10 0 0 1560 16.60 2.77
4x4x2 2x2 0.8 8 0 2 23.75 2475 18.47
4x4x2 2x2 0.9 1 0 9 34.00 750.00 515.11
4x4x2 3x3 0.4 10 0 0 1530 16.30 16.71
4x4x2 3x3 0.6 10 0 0 3290 3390 33.87
4x4x2 3x3 0.8 1 0 9 47.00 48.00 509.57
4x4x2 3x3 0.9 0 0 10 - - -
5x5x2 2x2 04 10 0 0 1290 13.90 5.12
5x5x2 2x2 0.6 10 0 0 27.10 49.80 28.46
5x5x2 2x2 0.8 1 0 9 45.00 46.00 90.27
5x5x2 2x2 0.9 0 0 10 - - -

Table A.5 Results for experiment C for the MUPMP with two tiers rounded to the second
decimal. The tie breaking variant is f_h_dist and the number of priority groups is set to 5.
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Bay size  Access Fi No. No.infea- No. Mean Mgan Mean
. ill level . . visited .

(IxJxT) variant solved sible timeout moves nodes runtime
3x3x2 corner 40 20 0 0 1.70 2.70 0.02
3x3x2 corner 60 20 0 0 5.50 19.90 0.20
3x3x2 corner 80 11 0 9 6.82 494.55 4.61
3x3x2 four 40 20 0 0 0.90 1.90 0.02
3x3x2 four 60 20 0 0 1.95 2.95 0.05
3x3x2 four 80 20 0 0 3.15 415 0.07
3x3x2  opposite 40 20 0 0 1.25 225 0.02
3x3x2  opposite 60 20 0 0 3.00 4.20 0.06
3x3x2  opposite 80 20 0 0 5.75 86.20 1.16
3x3x2 single 40 20 0 0 4.40 9.75 0.03
3x3x2 single 60 20 0 0 10.30 311.05 0.68
3x3x2 single 80 0 20 0 - - -
3x3x2 three 40 20 0 0 1.50 2.50 0.03
3x3x2 three 60 20 0 0 2.30 3.30 0.05
3x3x2 three 80 20 0 0 4.75 32.85 0.53
4x4x2 corner 40 20 0 0 5.35 6.45 0.17
4x4x2 corner 60 20 0 0 8.95 141.20 5.49
4x4x2 corner 80 6 0 14 13.17 14034.83 461.68
4x4x2 four 40 20 0 0 2.55 3.55 0.22
4x4x2 four 60 20 0 0 4.80 5.80 0.43
4x4x2 four 80 20 0 0 6.90 61.50 413
4x4x2  opposite 40 20 0 0 3.45 4.45 0.17
4x4x2 opposite 60 20 0 0 6.85 8.10 0.36
4x4x2  opposite 80 20 0 0 13.35 932325 353.96
4x4x2 single 40 20 0 0 8.70 106.05 0.73
4x4x2 single 60 20 0 0 1695 22859.35 134.39
4x4x2 single 80 0 0 20 - - -
4x4x2 three 40 20 0 0 2.85 3.85 0.19
4x4x2 three 60 20 0 0 4.90 5.90 0.32
4x4x2 three 80 20 0 0 8.90 2047.85 104.70
5x5x2 corner 40 20 0 0 8.95 13.55 1.02
5x5x2 corner 60 12 0 8 15.25 3573.83  424.12
5x5x2 corner 80 0 0 20 - - -
5x5x2 four 40 20 0 0 4.85 5.85 1.20
5x5x2 four 60 20 0 0 7.65 8.65 2.67
5x5x2 four 80 15 0 5 12.93 701.00 130.92
5x5x2  opposite 40 20 0 0 6.45 7.45 0.75
5x5x2 opposite 60 20 0 0 11.15 454.05 64.23
5x5x2  opposite 80 8 0 12 18.25  12231.12 1176.80
5x5x2 single 40 20 0 0 13.25 1661.10 25.24
5x5x2 single 60 9 0 11 23.00 30404.56 423.61
5x5x2 single 80 0 0 20 - - -
5x5x2 three 40 20 0 0 5.75 6.75 0.96
5x5x2 three 60 20 0 0 10.10 69.00 16.11
5x5x2 three 80 10 0 10 15.60 5840.40 734.11

Table A.2 Results for the single bay UPMP with two tiers rounded to the second decimal
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