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Abstract

We consider a variational problem modeling transition between flat and wrinkled
region in a thin elastic sheet and identify the I'-limit as the sheet thickness goes
to 0, thus extending the previous work of the first author (Bella et al. in Arch Ration
Mech Anal 218(1):163-217, 2015). The limiting problem is scalar and convex, but
constrained and posed for measures. For the I' — lim inf inequality, we first pass to
quadratic variables so that the constraint becomes linear, and then obtain the lower
bound using Reshetnyak’s theorem. The construction of the recovery sequence for the
I' — lim sup inequality relies on mollification of quadratic variables and careful choice
of multiple construction parameters. Eventually for the limiting problem, we show
existence of a minimizer and equipartition of the energy for each frequency.

Keywords Microstructure - Wrinkling of elastic sheets - Nonconvex variation
problem - I'-convergence - Constrained minimization

Mathematics Subject Classification 74N15 - 49N

1 Introduction

This paper is about fine analysis of minimizers of a non-convex variational problem
which describes wrinkling of thin elastic sheets.

Motivated by physical experiments with thin elastic sheets (Davidovitch et al. 2012,
2011; Géminard et al. 2004), the first author, in his PhD thesis (Bella 2012) (see also
Bella and Kohn 2014), considered a specific variational problem describing defor-
mations of a thin elastic sheet of thickness # and cross section of annular shape
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Q={x e RZ: Ry < |x] < Rout}. If dead loads are applied on the inner and outer
boundary of €2 in the radial direction with magnitude Tj, pointing inwards and Ty
pointing outwards, the membrane will stretch mainly in the radial direction. Moreover,
if the inner loads T;, are much larger than the outer 7y, the material close to the inner
boundary will move inwards and will occupy much less space than favored. To relieve
the compression in the angular direction, the sheet becomes unstable and wrinkles
out-of-plane (Fig. 1 left). Analysis of this wrinkled region is the main object of the
present study.

In the reduced two-dimensional Kirchhoff-Love setting, the elastic energy, corre-
sponding to a deformation of the cross section v: & — R?, consists of a membrane
term, measuring stretching and compression of the sheet, a bending term, which penal-
izes curvature, and a boundary term representing the boundary loads. As a proxy for
the energy, one can think of

E,(v) =/ W(Vv)dx +h2/ A(Vv)dx + B(v), (1.1
Q Q

where v is the normal to the deformed surface v(£2), W is a nonlinear energy density,
Q a quadratic function, and

X X
B(v):Tin/ v-—dS—Tout/ v - ds
lx|=Riw  Rin IX|=Rour  Rout

describing the dead loads applied in the radial direction on the inner and outer bound-
ary. The membrane part is non-convex, possibly giving rise to oscillations. In contrast,
the bending part is convex and of higher order, thus regularizing the problem. Since the
bending resistance is related to the sheet thickness %, the magnitude of this contribution
asymptotically vanishes in the limit z N\ 0.

The physics approach to tackle these problems consists of a specific choice of an
ansatz (guess) for the form of a minimizer. In other words, one restricts the analysis
to a class of competitors having specific characteristics and looks for a minimizer of
the energy within that class. On the other hand, the rigorous analytical approach does
not make any assumptions on the form of a minimizer, i.e., the energy is minimized
over all possible deformations. The problem in (1.1) being non-convex, hence possibly
possessing many (local) minimizers or critical point, the first step is to understand the
minimal value of the energy, with possibly learning some clues by which deformation
is this minimal value, at least approximately, achieved.

Hence, we first try to identify the minimal value of the energy. Precisely, in the
present situation, the goal is to understand its dependence on the (small) sheets thick-
ness A. It turns out that the minimal value min,, Ej, (v) consists of aleading zeroth-order
term &y (coming from the stretching of the sheet) plus a linear correction in 4, which
corresponds to the cost of wrinkling of the sheet (Bella 2012; Bella and Kohn 2014).
More precisely, there exist two constants 0 < Co < C; < oo such that for any
thickness 0 < i < 1 there holds

& + Coh < min Ej,(v) < & + C1h. (1.2)
v
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Fig. 1 Left: Elastic annular membrane stretched in the radial direction. The blue dotted curve represents
the free boundary that separates the outer stretched region from the inner wrinkled one. Right: Rectangular
piece of the membrane intersecting the free boundary curve (Color figure online)

The wrinkling serves as a mechanism to relieve compressive stresses in the inner
region of the annulus (see Fig. 1), which are caused by specific geometrical effects.
An alternative to wrinkling would be simply compression, which contributes to the
membrane part at the order O(1). Hence, in the case of small thickness (present
situation) compression is much less energetically favorable (O (1) vs O (h?)) and thus
not expected.

The identified linear scaling law (1.2) in & for the minimal value of the energy raised
a lot of discussion among the physics community, having improved their ansatz-based
prediction by a factor of log# (i.e., & in Bella and Kohn (2014) vs h(]logh| + 1)
in Davidovitch et al. (2012)). It turns out that this discrepancy is related to a sub-
optimal choice of the ansatz close to the interface between the wrinkled and the flat
region. Moreover, the upper bound in (1.2) is achieved through a complex construction
involving branching effects at the transition between the wrinkled and the flat region,
a pattern which was not observed experimentally.

There might be several reasons for the discrepancy between the upper bound con-
struction in Bella and Kohn (2014) and the experiments. Maybe the experimental
sheet is not thin enough for the additional log 4 factor to lose the battle against (pos-
sibly large) prefactor C; in (1.2)? Maybe there are some additional effects which are
neglected in the mathematical study? Or this discrepancy is related to dynamics leading
to the deformation, i.e., one it can be trapped in a local minima of the energy. Finally,
due to non-convexity of the energy there is no reason for the construction achieving
the upper bound (1.2) being unique. Actually, inspired by the study of wrinkling in
twisted ribbons (Kohn and O’Brien 2018), in Bella and Kohn (https://math.nyu.edu/
~kohn/pcmi/annulus-problem-notes-for-pcmi.pdf) a different fold-like construction
achieving the optimal scaling without branching is sketched.

To understand which of possibly many different constructions is energetically opti-
mal as well as which of the terms neglected in the force balance approach Davidovitch
etal. (2012) should not be ignored, the first author considered a variational toy problem
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modeling the transition region (Bella 2015) with the aim of better understanding the
behavior of the minimizer in that region. Precisely, in Bella (2015) the author restricts
the analysis to a rectangular piece of the elastic annulus (see Fig. 1), thus neglecting
some terms due to circular geometry. In fact, wrinkles are caused by the compression
in the angular direction, which is related to movement of the inner circles toward the
center. To avoid the need to work in radial coordinates, for example to avoid the need
to include that the circles with different radii have different lengths, in Bella (2015)
the first author instead decided to phrase the problem in rectangular domain while
prescribing a non-Euclidean metric together with periodic boundary conditions in the
y-variable. Let us point out that the metric we prescribe is not coming from the change
from radial to rectangular setting, but rather from the fact that the circles move inwards
and are therefore compressed. In particular, already the rectangular model includes
essential features of the problem, while being less technical to be analyzed compared
to the original radial geometry. We believe that the present arguments can be used with
minor modifications also in the original circular setting.

Then, working at the level of the energy, one considers the quantity
(where now Ej, is a simplified version of (1.2) coming from Foppl-von Kdrman theory,
and v is the displacement, see formula (2.1)), which is not only bounded away from
0 and oo (see (1.2)), but as 7 N\ 0 it actually converges to some value o (as proven
in Bella (2015)). Even though the value o is characterized as a limit of minima of
simpler scalar and convex variational problems, it does not provide any information
on the form of sequence of minimizers.

In that respect, the goal of this paper is to overcome this shortcoming by identifying
the I' — lim of E”;&) as h N\ 0 combined with a compactness result. As usual, as
a consequence we obtain convergence of minimizers u;, of Ej; to a minimizer of
the limiting problem, hence providing information on uy, at least for 0 < h < 1.
Denoting by F, the I'-limit functional (see (2.9) below), it turns out that as expected
from Bella (2015), F is scalar and convex, thus possibly much easier to analyze than
the original Ej. Nevertheless, the study of minimizers of Fo is still far from trivial
and we postpone it to a future work—except for some preliminary results collected in
Sect. 6. As actually mentioned above, by learning the form of (the) minimizer of Fo,
hence also asymptotic form of minimizers of Ej, we hope to understand how is the
transition between the planar and the wrinkled region precisely achieved, and which
terms in the force balance cannot be neglected.

While analysis of the form of minimizer(s) of F~, will be pursued elsewhere, in
the present article we directly show existence of a minimizer (which alternatively also
follow from compactness of minimizing sequence and I"-convergence) and equiparti-
tion between membrane and bending energies. While equipartition of the energy had
been observed in several problems on energy-driven pattern formation with compet-
ing energetic parts, here we show much stronger statement: it actually holds for every
frequency separately. This observation should later be important for the analysis of
the form of minimizer (e.g., its asymptotic self-similarity), since it is usually easier to
control one part of the energy than the other: here the bending part should be easier
to handle since it depends on the values of the coefficients and not its derivative. As a

min, Ej(v)—E&p
h
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first implication of this fact, we show that any minimizer of F, will not possess any
long frequencies.

There are many areas of material science, most of them falling within a class of
energy-driven pattern formation (Kohn 2007), where the idea to study energy scaling
laws for variational problems turned out to be very fruitful. The common feature of
these problems is the presence of a non-convex term in the energy, which is regularized
by a higher-order term with a small prefactor. This small parameter (for now denoted
¢) has different meanings: thickness in the case of elastic films, inverse Ginzburg—
Landau parameter in the theory of superconductors, strength of the interfacial energy
for models of shape memory alloys or micromagnetics, to name just few. As & N\ 0,
the oscillations caused by the non-convexity are less penalized, giving the energy more
freedom to form patterns/microstructure.

The first paper in this direction, in the context of shape memory alloys, is a sem-
inal work of Kohn and Miiller (1994), where they studied a toy problem to model
the interface in the austenite—martensite phase transformation. They showed that the
energy minimum scales like £%/3, which was in contrast with the scaling &'/, widely
accepted in the physics community. More precisely, the physics arguments were based
on an ansatz of “one-dimensional” structure of minimizers, whereas Kohn and Miiller
used a branching construction to achieve lower energy. While they did not show the
form of minimizers, they provided localized (in one direction) estimates on the energy
distribution for the minimizer—thus providing hints on scales used for branching. Sub-
sequently, Conti (2000) used an intricate upper bound construction to show localized
energy bounds (in both directions), which in particular implies asymptotical self-
similarity of the minimizer close to the interface. The analysis of the toy model was
later generalized in several directions, for example analysis based on energy scalings
laws for the cubic-to-tetragonal phase transformation—e.g., rigidity of the microstruc-
ture (Capella and Otto 2009, 2012) or study of the energy barrier for the nucleation
in the bulk (Kniipfer et al. 2013) and at the boundary (Bella and Goldman 2015). In
that respect it is worth to also mention recent works of Riiland and Tribuzio (2023b,
2023a), where a novel use of Fourier Analysis allows to obtain sharp lower bounds on
the energy on a more advanced model.

The work of Kohn and Miiller initiated many developments in other areas of mate-
rial science to study pattern formation driven by the energy minimization, for example
in micromagnetics (Otto 2002; Brietzke and Kniipfer 2023; Ried and Roman 2024),
island growth on epitaxially strained films (Bella et al. 2015), diblock copolymers
(Choksi 2001), optimal design (Kohn and Wirth 2016, 2014), superconductors (Ser-
faty 2015), dislocations in crystals (see, e.g., Conti et al. 2023; Garroni et al. 2021),
fractures in solids (see, e.g., Bach et al. 2023, 2022, 2023; Marziani and Solombrino
2024) and phase separation (Marziani 2023). Picking one of them as an example, the
Ginzburg-Landau model describes behavior of superconductors in different regimes
of the applied magnetics field. While for extreme values of the magnetic field (very
small or very large) there is only one (normal or superconducting) phase, for inter-
mediate values of the field the mixed states consisting of many vortices are observed.
There the leading order energy characterizes the number of vortices, and the next
order in the energy describes interaction between them (see Serfaty 2015 for a survey,
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Romadn et al. 2023 for analysis in three spatial dimensions, and Petrache and Serfaty
2017 for a similar work in the context of 2d Coulomb gases).

The models for wrinkling of thin elastic films have similar feature, with the leading
order term in the energy expansion encoding the wrinkled regions while the next term
in the energy expansion being related to the form (e.g., length scale) of wrinkling.
The relevant physical object being a two-dimensional (thickened) surface in R, the
local energy expense of a deformation v is encoded using two principal values of a
3 x 2 matrix Vv—heuristically, singular value greater or smaller than 1 corresponds
to a tension or a compression, respectively. Wrinkling being an energetically efficient
alternative to a compression, we expect it to appear in the case of (at least) one singular
value being less than one.

A compressed elastic sheet can feel the compression in one (“tensile wrinkling”)
or both directions (“compressive wrinkling”). A class of problems falling into the
latter category for which the energy scaling laws were identified include, for instance,
blistering/delamination problem (with Kohn and Nguyen 2013; Bedrossian and Kohn
2015; Bourne et al. 2016; Padilla-Garza 2020 or without Jin and Sternberg 2001;
Ben Belgacem et al. 2002, 2000 substrate effects), crumpling of elastic sheets (Conti
and Maggi 2008; Venkataramani 2004), or analysis of conical singularities in elastic
sheets (Olbermann 2019, 2018). A common feature of this problem is degeneracy
of the relaxed energy: the minimum of the relaxed energy & equals zero, and more
importantly, it is achieved by many different minimizers, making the analysis of the
next order expansion of the energy often difficult.

In contrast, tensile wrinkling problems usually have relaxed problem with unique
minimizer, making the analysis of the next order term (which describes wrinkling)
more accessible. The need for compression usually comes from the prescribed bound-
ary conditions (as, for example, in the raft problem Brandman et al. 2013; Huang et al.
2010, twisted ribbon Kohn and O’Brien 2018, hanging drapes Vandeparre et al. 2011;
Bella and Kohn 2017, or compressed cylinder Tobasco 2018), through prescribed
incompatible strain (Bella and Kohn 2014; Maor and Shachar 2019) or curvature
effects (Bella and Kohn 2017; Bella and Roman 2023; Tobasco 2021).

The model we consider here is a mixture of the first and the second case, i.e., it is
driven by both the boundary conditions and prescribed nontrivial metric (prestrain).
The latter should mimic the need to “waste the length” in one direction, this need
coming from geometric effects in our original motivation (Bella and Kohn 2014).
More precisely, in Bella and Kohn (2014) an elastic annulus is stretched radially with
stronger inner loads, forcing some of the concentric circles of material to move closer
to the center. Pushing some circles into less space naturally forces compression or
wrinkling out of plane, while the circles toward the outer boundary stay planar, and
are actually stretched in the azimuthal direction. Phrased differently, the excess length
of circles (i.e., the amount of material which needs to be “wasted”) is positive close
to the inner boundary (compression) and negative on the outer edge (tension). As a
continuous (smooth) function, it passes through 0, which is exactly the region which
we analyze in this paper (blue dotted circle in Fig. 1 left). The excess length can be
obtained as a minimizer of a one-dimensional variational problem (Bella and Kohn
2014), in particular is non-degenerate close to its 0—for simplicity we approximate it
with a linear function (its first-order Taylor polynomial).
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As we will see, it is crucial that the amount of arclength grows linearly in the
distance from the free boundary (between the wrinkled and planar region) and not
slower (e.g., quadratically)—the latter case is expected to be quite boring with the
minimizer using only one frequency. In contrast, the present problem requires infinitely
many frequencies, in particular near the transition higher and higher frequencies are
needed.

The rest of this section will provide an overview of our results and organization of the
paper. As in Bella (2015), we consider a specific thickness-dependent energy Ej, (see
(2.1) for its precise definition), a model problem describing transition between planar
and wrinkled region in thin elastic sheet and are interested to understand structure of
minimizers of the energies as 2 N\ 0. We consider a thin elastic sheet of thickness
h and cross section of rectangular shape [—1, 1] x [—1, 1] C R2, which represents
a piece of the elastic annulus depicted in Fig. 1 by a green region, and assume the
sheet is 1) stretched in the x-direction, and ii) stretched/compressed in the y-direction
proportional to x (i.e., it is unstrained for x = 0, stretched in the y-direction in the
left half and compressed in the right half of the domain). The stretching/compression
in the y-direction is modeled via prescribed metric together with periodic boundary
conditions at the top and bottom boundary.

To relax the compression in the region {x > 0}, we expect the sheet to wrinkle,
with the length scale of wrinkles of order h'/? (Bella and Kohn 2014). In order to
analyze the limit of EhT_SO as h \ 0, we rescale the y-variable by 47!/ so that the
wrinkles length scales stay of order 1, and the out-of-plane displacement has chance
to converge to some limiting shape. A consequence of the rescaling is a change of the
reference domain to the domain [—1, 1] x [—L, L] which is getting larger and larger
as L := h™1/2 — 00, and so it is not clear how to perform the I'-convergence analysis
of the corresponding functionals. In order to avoid these complications we pass to the
Fourier space. More precisely, we rewrite the energy using Fourier expansion in y,
with L appearing through the summation set ”L—Z. Heuristically, as L — 0 the Fourier
sum will turn into an integral; hence, there is a hope for a limiting functional to make
sense.

An alternative to the rescaling in the y-variable would be to keep the domain fixed,
and after passing to the Fourier space to perform a blow-up of the coefficients in
the k-variable—this being necessary since we know that the wrinkles live on length
scale 1!/2 i.e., in the limit & — O the Fourier coefficients will concentrates on higher
and higher frequencies. Naturally, this would be nothing else than what we actually do
here—we will only commute the passage to Fourier and rescaling in the y(k)-variable.

Another natural question is whether it would possible, after rescaling in y and
sending L — o0, to avoid the need to work on changing (growing) domains. The moti-
vation for this is an expectation guided by our intuition that minimizers (low-energy
configurations) should be relatively homogeneous in the sense that the wrinkles are
spread evenly in the y-variable. This homogeneity being plausible, since the constraint
measures the deformation along the whole interval, it would be very difficult, if not
impossible, to relate the global behavior (constraint) with a local one (form of wrinkles
on a fixed interval).
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The rescaling was successfully pursued by the first author in Bella (2015), by
observing i) the out-of-plane displacement u# being the only relevant quantity to be
monitored in this limit, and ii) for fixed (large) L = h~!/? the minimum of the excess
energy E”T_&) is well approximated by minimum of a scalar, convex, and constrained
variational problem for u of the form

1 L
S (u) ::/7[ u?x+u?yydxdy subject to
0 —L
L
][ u?,(x,y)dy =2x +o(1) forae.x € (0,1) (1.3)
L

Denoting by ay (x) the Fourier coefficients in y of u(x, -), we can rewrite

1 L
SL(M)=/ § (@} (x) 4 af (x)k*) dx, and ][ w? (x, y)dy = § at (x)k?,
0 —L
keZZ keZZ

(1.4)

where “dot” denotes the derivative. The main achievement of Bella (2015) was to
show that minima of &7, converges, and then to construct a recovery sequence for
the original energy Ej, including construction of the in-plane displacement. Since the
elastic energy Ej, includes all second derivatives of u, and not only u ,, which appears
in S, regularity statement for the minimizers of Si’s played a crucial role for the
construction of the recovery sequence.

The analysis of minima of Sz from Bella (2015) completely avoided the notion
of convergence of minimizers, which needs to be an integral part of a I'-convergence
which we study here. To avoid the issue of nonlinear constraint, we use quadratic
variables (i.e., monitoring by := a,% instead of ay), which turns the constraint into a
linear one. The second term in the energy Sy, becomes also linear, while the first term
can be rewritten as %. One disadvantage of this approach is the L!-framework,
which naturally leads the limit functional to be defined on the space of measures.
However, the constraint provides a good pointwise control in x, in particular the
limiting measure can be written as a product of dx and x-dependent measures in k.
The lower bound argument (Proposition 4.2) is obtain using Reshetnyak Theorem.

The upper bound (construction of a recovery sequence) is much more tricky since it
needs to be done for any “limiting” measure with finite energy, in contrast with Bella
(2015), where it was done just for one (more regular) minimizer. The proof of the
upper bound (Proposition 5.1) consists of several steps:

1. Given a limiting measure, to obtain a;’s we will “discretize” the measure in the
k-variable (Lemma 5.3). Moreover, using smoothing of a;’s (more precisely of a,%),
for which we need to extend the coefficients a; from [0, 1] via dilation into larger
interval [0, 1+], we get a good starting point for the construction.

2. Careful choice of the smoothing scale £(L) together with few other parameters
allows for definition of the out-of-plane displacement (see Lemma 5.4), which is
then basis for the construction of the in-plane displacement as well as estimates on
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the excess energy (Proposition 5.1). While relatively complicated, the idea behind
the definition of the in-plane displacement and the corresponding estimates are
very similar to the one used in Bella (2015).

The paper is organized as follows: in the next chapter we provide a derivation of
the energy, including the functional-analytical framework in form of measures with
well-behaved distributional derivatives in x, as well as rewriting the energy to a form
compatible also with this framework.

Afterward, we state the main result (Theorem 2.5), which consists of two, somehow
independent, parts. The first is compactness result, coupling notion of convergence
(Definition 2.3) and coercivity of the functionals. Said differently, it shows that the
notion of convergence is a good one in the sense that any sequence (wy, uy) with
equibounded “energies” F will possess a subsequence which converges with respect
to that convergence. In particular, the notion of convergence is weak enough to follow
from the boundedness of energies. The second part of the result (I"-convergence)
shows that at the same time the choice of convergence is strong enough to allow the
passage to the limiting functional F, including preservation the constraint in the
limit L — oo.

After stating the main result, in the subsequent Chapter 3 we show how to disinte-
grate the limiting measures, and then continue with the arguments for the compactness
(Proposition 4.1). With the help of Reshetnyak’s Theorem, we then show the lower
bound (Proposition 4.2). The upper bound construction is content of Chapter 5. Even-
tually, in the last chapter we state and prove existence of minimizer (as a measure)
for the limiting energy as well as pointwise (in k) equipartition of the energy for this
minimizer (see Theorem 6.2). A finer analysis of this minimizer will be pursued in a
future work of the authors.

2 Setting of the Problem and Main Results

We start by collecting some notation we will use throughout the paper.
Notation.

(a) a < b denotes a < Cb for some constant C > 0;

(b) x4 denotes the characteristic function of the set A;

(c) L' denotes the one-dimensional Lebesgue measure;

(d) &k denotes the Dirac measure on k € R;

(e) Mp(A) denotes the space of bounded Radon measures on A with A C R? Borel
measurable;

) M,J;(A) denotes the subspace of M, (A) of positive bounded Radon measures;

(g) For a function f: A C R — R we denote by f (x) and f (x) the first and the
second derivative, respectively;

(h) For a function u: A C R? — R we denote by u, XoXyoy its partial derivative

itimes i times
J o dt

D u(x,y) = —
u(x,y) dy7 dx
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Fig.2 Domain with the boundary conditions

(i) For a measure © € My(A) we denote by u , its distributional derivative with
respect to the first variable;

(j) For a measure © € Mj(A) we denote by |u| € ./\/ll',|r (A) its total variation;

(k) For i = (i1, u2) € (Mp(A))? we analogously denote by |ji| € MZ(A) its total
variation;

() For w1 € Mp(A), us € M,‘f (A) we write (1 < uo if u1 is absolute continuous
with respect to 1o and we indicate by SLM; € L'(A, uy) the associated density
(Radon—Nikodym derivative);

(m) f = g(x) denotes the convolution between two functions f and g.

The Model. Let us now describe the model (energy) for the transition between the flat
and wrinkled region, which the first author started analyzing in Bella (2015). Instead
of considering the annular elastic sheet as in Bella and Kohn (2014), we consider only
a rectangular piece (cut off from the sheet) near the transition region, represented by
the domain [—1, 1] x [—1, 1] € R?, in particular simplifying the problem by avoiding
the need to work in the radial geometry. The annular sheet in Bella and Kohn (2014) is
stretched in the radial direction and the concentric circles close to the transition region
are stretched/compressed proportional to the distance from the free boundary. We
will model the radial stretching by dead tension loads in the horizontal direction with
magnitude 7 = 1, while the stretching/compression in the vertical direction will be
modeled by prescribing a non-Euclidean metric of the form dx + (14 6x) dy for some
8 > 0.! Moreover, for the rectangle modeling part of the annulus, we prescribe periodic
boundary conditions in the vertical direction (see Fig.2). The choice of rectangular
domain and the metric should prevent the arguments becoming too technical, but such
that this simplified setting already includes the essential features of the problem. In
particular, we believe that our arguments could be extended also to the original setting
of an annular domain and metric with linear growth near the transition.

It is physically natural (Davidovitch et al. 2012) and mathematically convenient to
use “small-slope” geometrically linear Foppl-von Kdrmén theory. In the membrane

I The parameter § is exactly value of the derivative of the excess length at the transition.
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part of the energy the in-plane displacement is represented via the linear strain, while
the out-of-plane displacement is kept nonlinear (quadratic). The bending part is mod-
eled by simply L? norm of the Hessian of the out-of-plane displacement instead of L>
norm of the second fundamental form. Denoting by w = (w;, w») and u the in-plane
and out-of-plane displacement, respectively, the elastic energy Ej (normalized per
unit thickness) has the form

1 bt 1
En(w, u) ::5 / / le(w) + EVM ® Vu —dxer ® ezlzdx dy
—1J-1
2.1

1 1 1 1
+§/ / h2|v2u|2dxdy—/ (wi(1,y) —wi(=1,y))dy.
—1J-1 —1

Here e(w) := (Vw + VTw)/Z denotes the symmetric gradient of w and dxer ® e is
the deviation of the prescribed metric from the Euclidean one. To simplify the notation,
we will w.l.o.g. assume § = 1. Indeed, as will be seen from the subsequent arguments
for both the lower and upper bounds, the limiting problem depends linearly on the
value of § > 0,2 and hence, this value can be simply scaled out. The third integral
models the applied tensile dead loads in the horizontal direction. The factor 1/2 in
front of the elastic energy is chosen for convenience and can be changed to any factor
using simple rescaling of w and u, at the expense of changing the metric prefactor as
well. Finally, we assume the displacement (w, u) is 2-periodic in the second variable.

The behavior of Ej, ash — 0 atthe leading order is well understood using relaxation
techniques (Pipkin 1994) (also called tension-field theory in the mechanics commu-
nity). Applied to Ej, from (2.1), in the limit 2 — 0 the bending term simply disappears,
and the integrand in the membrane term gets relaxed to

(e(w) — xez ® e2)3 1= min [e(w) — xe2 @ e2 + AP,

where “A > 0" stays for positive semi-definite 2 x 2 matrix. Hence, one can explicitly
compute the (unique) minimizer of the relaxed energy (w, = 0 and w; = x) and its
minimum —2 + % = —% =: &).

From Bella and Kohn (2014) we know that the next term in the energy Ej scales
linearly in /; hence, the right quantity to look at is the rescaled excess energy EhT_&’
For x > 0 one expects that the sheet wrinkles out-of-plane in the y-direction, in

order to offset —xey; ® er with u?y. The linear scaling in & predicts 22|V2u|> ~ h, in
particular u yy (its largest component) to be of order h~1/2. As a consequence, the scale
of wrinkles in the bulk should be reciprocal of this value, i.e., 2!/2. Not surprisingly,
this is also the scale used in the upper bound construction in Bella and Kohn (2014).

In order to analyze the limiting form of the wrinkles as & — 0, we rescale the
y-variable by a factor L := h~!/2 so that the characteristic length scale of wrinkles
becomes 1. Precisely, after performing the change of variables

Wi (x, ) i=wi(x, L7hy), da(x, y) = Lwa(x, L7Yy), di(x,y) := Lu(x, L™'y),

2 In the definition (2.8) the constraint simply becomes 25x.
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the energy Ej becomes (see Bella 2015, page 630) for a straightforward algebraic
manipulation)

L 1 MZX 2
Er(w,u) = — —1) —1)dxd
o=, [ (s 1) =)o

L rl w2 2

+][ / <w2,y+;}—x> dx dy

—LJ 2
1 L 1 2
—2][ / L2w1,y + wyx + u,xu,y) dx dy

) dx dy (2.2)

+ o ][L /1 (2u?xy + ﬁu?m) dxdy. 2.3)

Thus, the functional is defined as &y : .AiLn X ,A‘i“t — [0, +00], where the function
spaces describing admissible deformations have the form

in . {w_(wl wy) € WhA((~1,1) x R; R?):

w(x, -) is 2L — periodic Vx € (—1, 1) ] 2.4)

AO‘" {u € W10C ((=1,1) x R): u(x, -) is2L-periodic Vx € (—1, 1)} 2.5)

Furthermore, £k ;‘90 turns into Fp : AiL“ X A(L’“t — R defined as

Fr(w,u) = L*EL(w, u) — &), (2.6)

where & = —_% is as above the minimum of the relaxed energy, so that

5 L 1 uzx 2 L2
Frw,u) =1L — —1) dxdy — —
=2 f [ (o gy -1) aear -
L 1 Mz, 2
+L2][ / (wz,y+;‘—x> dx dy
—LJ-1 2
L 1 2
+][ / szl,y+w2’x+u’xu’y) dx dy
][ / dxdy
—2][ / (2u2xy + %”2“) dxdy.
—LJ=1 ’ L >
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Before we rigorously proceed further, let us discuss heuristically the form of func-
tional F, and its implications. Most of the terms in the energy are of quadratic nature,
and since in addition we are dealing with oscillatory objects defined on longer and
longer intervals, it is natural to look at the problem in the Fourier space.

Expecting the limit of F to exist (in particular having the minimizing sequence
bounded as L — o0), both integrals on the first line need to (quickly) converge to O.
The first integral can easily achieve that by simply choosing w; ~ x 4+ o(L™!) and
u x not too big, the smallness of the second integral (after integration in y and using
periodicity of w) implies the constraint f_LL u?y dy =2x +o(L™h).

In order to have continuity of the constraint in the limit L — oo, and also for other
reasons which will be apparent later, we will work with squares of the Fourier coeffi-
cients and suitably defined measures as primary objects of studies. In the following we
denote by k € R the variable corresponding to the Fourier transform in the y-variable.
Moreover, we use the same notation to denote the second variable when working with
measures.

Definition 2.1 (Measures u’ and ph) Let u € A". We denote by u*(u) €
MZ((—I, 1) x R) the measure given by

by ==Y ax. HE'L(=1.1) x &,
ke%
with
a(x, k) := k*a}(x),

anday € W22(—1,1) being the k-th Fourier coefficient of u(x, -) forall x € (—1, 1),
that is

L Z
. b
ﬁ][ u(x, y)sintky)dy ke T,k > 0,
7LL 7
ag(x) := ﬁ][_L u(x, yycos(tky)dy ke 7 k<0, 2.7)

L
][ u(x, y)ydy k=0.
—L

Moreover, we denote by p’; () the distributional x-derivative of s* (u).

Remark 2.2 (i) The distributional x-derivative of a measure pu € MZ((—l, 1) x R)
is defined as follows: for all ¢ € C2°((—1, 1) x R) we have

(Hors @) = — / o di.
(—1,DxR
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Moreover, by a density argument /., can be extended to functions ¢(x, k) =
¢ (x)xa(k) with ¢ € C2°(—1, 1) and A C R bounded and measurable as

(o, @) xa(k)) = — / B (x)dp;

(=1,1)x A

(ii) Let w € M ((—1, 1) x R) be of the form

= alx,k)L'L(=1,1) x &,
keK

with K C R countable and a(-, k) € W1 (=1, 1) for all k € K. Then

Py = Za,x(x, KNL'L(=1,1) x &.
keK

Moreover, as a (-, k) = O ae.in {x € (=1,1): a(x, k) = 0} it follows u , €
M((—1,1) x R) and p , < L.

Definition 2.3 (Convergence) For L > 0 let (w’,ul) e .AiLn x A We say
a sequence (w’,ul) converges as L — oo to u € M;((—l, 1) x R), if
(uh ), k(™)) weakly-* converge to (1, 1)

We introduce the class of measures
Moo :={M € MG (=1, 1) x R): p((—1,0] x B) = 0, ., € My((—1. 1) x R),

1
e < u/ ¢ () du(x, k) =/ 2xp(x)dx Vo € C2(0, 1)},
0,1)xR 0

2.8)
and the functional Foo: My — [0, +00]
I /dp 2
£ _ R4 — (220 dp, b, 2.9
() /(o,an[ + o ( 0 ))} wix, k) 2.9)

Remark 2.4 (i) Above dflf denotes the Radon—-Nikodym derivative, existence of
which follows from absolute continuity of w  w.r.t. u. Moreover, if p; from
Definition 2.1 is supported in (0, 1] x R, then

1
Foolttr) =y /0 (@7 (x) + af (0)k*) dx,

nZ
ke

i.e., via Plancherel equality (see equation (3.3)) it is equal to Sy from (1.3).
We farther observe that (1.4) combined with the above heuristic expectation
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f_LL u?y dy = 2x + o(L™") imply in the limit L — oo the integral constraint
in (2.8).
(ii) When convenient we will identify the class M, with the class of measures

{u EMF (0. 1) x R): .y € Mp((0. 1) x R), 1y < 1,

| (2.10)

/ ¢ () d(x, k) = / 2up()dx Vo € C2(0, 1)};
0,1 xR 0

(iii) For later convenience we observe that F, can be rewritten as follows

1/ du dp x
F (u)z/ k2du+/ 1w difil, @11
> 0,1)xR ©.1)xR 4k> ( d|M|) ( dli )

where i = (u, ;t.x) and |ft| denote its total variation. Indeed, since u , K pu <K
|t], we have

dux  dpy dup

digl — du dial’

from which we deduce

oo wae Gy = (G i
©.1)xR 4k? xR 4 k2 du /7 d|pl
1 du “2rdpx\2 du o
) ()
©0,1)xR 4k=\d|i| dli| /7 dlpl

e a) () om
©0,1)xR 4=\ d|f] dli|

We are now ready to state our main result.

Theorem 2.5 Let Fy and Fo be as in (2.6) and (2.9) respectively. Then the following
holds:

a) (Compactness). For L > 0 let (wt, ul) e AiL“ x AN be such that
sup; FrL, (wl, ut) < 400. Then there exists a subsequence (not relabeled) and
W € Moo such that (w™, ul) converges as L — +oc in the sense of Definition 2.3
to .

b) ( I'-convergence). As L — +o0 the functionals Fy I'-converge, with respect to
the convergence in Definition 2.3, to the functional F.
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3 Preliminaries

Letu € A‘}f“ and let ay (x) be defined as in (2.7). Then we have

u(@,y) =ao(0)+ Y a()V2sinky) + Y7 ax(n)v2cos(ky)

ke®Z k>0 ke®Z k<0

=a)+ Y slgnwk(x))v R /2 sin(ky)

(3.1
keZZ k>0

+ Z sign(ay (x)) ———— \/_cos(ky)

ke™Z k<0
Then Plancherel equality yields

Loy 2 2 2 a(x, k)
u-dy = ag(x) + Z a;(x) = aj(x) + Z 7z 3.2)
-* keZZ k0 keZZ k#0

The same holds for partial derivatives of u, that is

o]

][L (D*w)?dy = (D°ap(x)> + Y ( @ (x)k“2)2
—L 0 dx"‘l k

keZE k#0
o , (3
= D a@)’+ Y (s (Vat o)
keZZ k#0

with ¢ = (o1, @2) multi-index with || < 2. In case u has higher regularity, i.e.,
u e WkI((=1,1) x R) with k > 2, then the same applies for the higher derivatives,
i.e., for |a| < k. For later convenience we also note that

el _ax(x, k) 32 _ axx(x, k) (ax(x,k))?
a5 (Va.0) = 2a ) oz (Ve b)) = 2/ b) 4D k)

3.4)
We now recall the definition of disintegration of measures only in a specific case that
we will be used throughout the paper, and we refer to Ambrosio et al. (2000) for a

complete treatment of the subject.

Definition 3.1 [Disintegration of measures in the x-variable] Let / C R be an interval
and let u € Mj(I x R). We say that the family

(vx, 8(x))xer € Mp(R) x R
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is a disintegration of u (in the x-variable) if x +— v, is Lebesgue measurable,
[ve|(R) = 1 forevery x € I, g € L'(I), and

Fe by du = /I /]R £ b dug (R)g(x) dx, (3.5)

IxR
forevery f € L'(I x R; |u)).
Formally it simply means du(x, k) = dv,(k)g(x) dx.

Lemma3.2 Let I C R be an interval and let i € MIJ;(I X R). Then
R¢(X)du = /g(X)cb(X)dx Vo € C°(1), (3.6)
Ix 1

for some nonnegative g € L'(I), if and only if there exists x — v, € MZ(]R)
Lebesgue measurable such that (vy, g(x))xey is a disintegration of |1.

Proof Let (vy, g(x))xer C M;‘ (R) x R be a disintegration of . Then (3.5) holds
with f(x,k) = ¢(x) € C°(I) and since |[vx[(R) = vy (R) = 1 we readily deduce
(3.6).

Assume instead that (3.6) holds true. Let 71: I x R — I be the canonical pro-
jection and let (my)zu € ./\/l;“(l) be the push-forward of u with respect to m1. By
the Disintegration Theorem (cf. Ambrosio et al. 2000, Theorem 2.28) there exists
X vy € M;(R) measurable with v, (R) = 1 such that

£l dulx, k) = / / £ b dvg (0) dGr)g e (x),
I xR I JR

forall f € L'(I xR; uu). Onthe other hand (3.6) implies that (T (x) = g(OELT
and therefore (vy, g(x)).ey is a disintegration of w.

m}
Corollary 3.3 (Disintegration of © € M in the x-variable) Let i € M. Then there
exists X > vy € MZ(R) measurable such that (vy, 2x)xe(0,1) is a disintegration of

.

Proof The proof follows by Lemma 3.2 and from the fact that

1
/ ¢ (x)dp =/ 2x¢(x)dx V¢ € C2(0, 1). (3.7)
0,1)xR 0

O
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4 Compactness and Lower Bound

In this section we prove compactness and the I' — lim inf inequality.

Proposition 4.1 (Compactness) Let for L > 0 be (w’, ul) € AiL“ x AN such that
sup; FL (wL, uL) < +00. Then there exist a, not relabeled, subsequence and | €
Mo such that (wr, u®) converges to i1, as L — +o0, in the sense of Definition 2.3.

Proof Let (wX, ul) be as in the statement. Let pLL = ,uL(uL) and u,Lx = M,Lx(uL)
be defined accordingly to Definition 2.1, i.e., there exist aL(x, k) such that a(-, k) €
whl(—1,1) and

ph =" at e R L (=1L D) x &, ph= )" ah@ OE'L(=1.1) x &.

nZ nZ
ke’ ke’

Step 1: we show that there exists u € M;“((—l, 1) xR) withu , € Mp((—1,1) xR)

and such that (,uL, M,I}) A (u, p x). To this aim, we observe that by taking 0 < Cp :=
sup;, Fr(wh, ul) < 400 we have

Frwh, ul) < Co,

so that in particular
Lot @h?  \? L2
COEfL(wL,uL)Esz[ / (wiy—l— 2y —x) dxdy—?
-LJ-1
L pl
+ ][ /](u,]})2 + (u{},y)z dx dy.
—LJ=

By Fubini’s theorem, Jensen’s inequality and the fact that w” (x, -) is 2L-periodic we

get
L 1 (uL )2 2
L2][ / <w2L’y+ 2 —x) dxdy
—-L

y

.1)

2
( —x)dy) dx
2 2
( (u ) dy—x> dx
L 2 2
(e

L (ML )2

4.2)

dy—x) dx + L?

LA,
sy ari o
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where the last inequality follows by using that (a + b)> > a? + b? provided that
ab > Qwitha = %ffL(u?x) dy and b = —x for x € (—1, 0). Combining (4.1) with

(4.2) and using that [°, x>dx = 1, we find

1 L (yL)H2 2
Co > Fr(wh, ub) zLZ/ (7[ ( ) dy—x> dx
0 L 2

0 L L2 2
+L2/ (7[ ("’zy) dy> dx (4.3)
1 —L

L 1
L\2 L \2
+f [ ah?+ad e

Thus, from (3.3) it follows

C 1 L (ul)? 2 1/ 2
G (50 e [ (T o)

ke”L—Z
o , 1 (4.4)
> C</O <§ Z aL(x,k)> dx — 3),
ke%

and

CO 0 L (M’L)Z 2 0 1 2
ﬁz/_l(f_L 2y dy) dx:/_1 (5 ZaL(x,k)) dx. 4.5)

nZ
ke’

Hence, we obtain

1
(=1 D) x R) = uP (=1, ) x R) = /1 Y atkx)dx<C,
ok

7
€T

from which we deduce the existence of a (not relabeled) subsequence and u €

MZ'((—I, 1) x R) such that ut A . In addition, (4.3) together with (3.3) and
(3.4) yield

1 L
C> /_1 ][_L(u%x)2 + (uh,)? dydx
1 (@f(x.k)?

1
L 2 R LA
2/_1(2 LD DR R ey )dx 4.6)

keZE ke™Z k0

1
z/l 3 lah G b)ldx = b 1((=1, 1) x B,
- kenZ
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where the last inequality follows by Young’s inequality. Hence, up to subsequence, we

may deduce that there exists ;1 € M (x(—1, 1) x R) such that ,u’Lx A L. Moreover,
given any ¢ € C°((—1, 1) x R), it holds

/ ¢dii = lim pdut = — lim @ dut
(-1,HxR L—+00 J(—1,1)xR ’ L—+00 J(—1,1)xR

= _/ W,x dM»
(=1,1)xR

which in turn implies ft = @ .
Step 2: we show that ., < . By Remark 2.2 (i) we have that % < ul. Now let

N € N be fixed and let /’LZLV = pull(=1,1) x (=N, N) and puy := pL(—1,1) x
(=N, N). Then the following properties hold:

Wi = HELEL D X (SNON), vy = e L(=1 1) x (=N, N),

*
wh << uk k) = . v, “.7)
and
duk d
MN"‘( k) = “"(x KL(=1,1) x (=N, N).

Moreover, recalling the definition of /LL and (4.6) we have

1 du . L
f(fl,l)x(fN,N)m( s k)) duy

d,ux
< Jermxenm 4k2( rx, k))

(al (x.0))?
< Yherz kﬂ%—%’k) dx < C. (4.8)

From (4.7), (4.8) and (Ambrosio et al. 2000), Example 2.36 pg. 67, and discussion at
pg. 66) we deduce that un , < un forevery N € N and hence u , < .

Step 3: we show that o € M ((0, 1) x R), that is, u((—1, 0] x R) = 0, and that

1
/ ¢ (x) du:/ 2x¢(x) dx, “4.9)
0,HxR 0

@ Springer



Journal of Nonlinear Science (2025) 35:23 Page210of67 23

for all ¢ € C2°((0, 1)). To this purpose for fixed § € (0, 1) by (4.3), we have

)
uL((—l,(S)xR):/ > a(x k) dx
1

ke%
0 2
§C/ <Z aL(x,k)) dx
- ke%
§ 2 §
+C/ (ZaL(x,k)—x) dx+C/ x2dx
0 — 0
kET
C 3
SE+C8

This together with the lower semi-continuity with respect to the weak* convergence
gives

w((=1,0] x R) < u((=1,8) x R) < liLminprL((—l, §) x R) < C8°.

By sending § — 0 we deduce pu((—1, 0] x R) = 0. It remains to show (4.9). Given
¢ € C°(0, 1) it holds

1 1
/ ¢(X)dl,LL =/ qb(x)( Z aL(x,k)—2x> dx+/ 2x¢(x) dx.
0,HxR 0 kel 0
L
From (4.4) it follows that
1 L 2 172
| 6@ ¥ attri —2xax < C||¢||oo</0 (5 X attk) —x) dx)
keTZ keZZ

= _>0’

=~1a

as L — 400, so that

1
lim d(x)dut = / 2x¢ (x) dx. (4.10)
0

L—+00 J(0,1)xR

Next we fix R > 1 and take Yy € C°(R) such that 0 < Yg < 1, Yr(k) 1 if

k| < R and yg(k) = 0if |k| > R + 1. We have

/(0 1 sz(x)dML - /(0 b R¢’(x)1/fR(k) du* +/ ¢ () (1 — Yr(k))dut.

0,1)xR
@.11)
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The weak* convergence yields

lim SR dut = / ¢ VR due,

L—+00 J(0,1)xR 0,HxR

whereas for the second term on the right-hand side of (4.11) we get

1
L L
/(.0’])XR|¢(X)(1_¢R(k))|dM s/o el Y aten)d

keTZ |k|>R
_ Il ! Liv i
<= Z a®(x, k)k*) dx
0 ke™Z |k|>R

Il [ [F 2 C
< A _L(u,yy) dydxfﬁ,

where the last to inequalities follow from (3.3) and (4.3). Thus, passing to the limit as
L — +o00in (4.11), we obtain

A

C
/ d)Yrk)dpu — lim ¢ (x)dut
0,1)xR

R2 L—+40oc0 0,1)xR

C
k)d —.
/<O‘l)xR¢(x>x/fR<) ot 2

IA

Eventually by letting R — +o00 we deduce

lim st = [ peau,
L—+00 J(0,1)xR 0, 1)xR
which together with (4.10) yield (4.9). O

Proposition 4.2 (Lower bound) Let Fr and Foo be as in (2.6) and (2.9) respectively.
Let for L > 0 be (w’, ul) A x A‘z”t a sequence converging to i € Mo in the
sense of Definition2.3. Then there holds

aninf]-‘L(wL, ut) > Foo(p). (4.12)
— 00

Proof Let (w, u”) be as in the statement and let u* := p*(ub) and p% = ph uh)
be defined accordingly to Definition 2.1, that is,

pwk = Z aF (O (=L D) x 8, ph o= Z ab(x, LT (=1, 1) x §.

nZ nZ
ke ke
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Recalling (4.3), (3.3) and (3.4), we have that

1 L
fL(wL,uL)z/ ][ Wh)? + (uh,)? dy dx
—-1J—-L :
! 1 (a5 (x, k))?

Z/0( 2 42 al(x k) +2d (x’k)kz)dx

ke™Z k#0 keZZ

1 dul 2 (4.13)
. 2, b x L .
_/m,m (k e (G >)d’“‘

1 dut -
= k> dut +/ (x, k)
/(o xR 0,1)xR 4k2(d|,u Ly )

(d|”;‘|(x v) dit,

where 1" := (ut, uk), and the last equality follows from Remark 2.4 (iii). By Reshet-
nyak Theorem (cf. Ambrosio et al. 2000, Theorem 2.38) there hold

lim inf / K>dul > / K du, (4.14)
L—+00 J(0,1)xR 0,HxR

and

1 dM d/’Lx ~L
lim inf k ) d
Llilféo/(o DR 4k2<d|u A )) ( A )) |7

| - (4.15)
> (x, k) (k) dlal,
/(O,I)XR 4k2(d|u| ) ( dlal )
with [t := (u, @ x). Gathering together (4.13), (4.14) and (4.15), we find
lim inf Fy (w®, u®) z/ K du
L—oo 0,1)xR
1 -1,/du
4 / (x, k) (.0 dlif
0,1)xR 4kz(dlltl ) <d| | )
= Foolp).
O

5 Upper Bound

In this section we prove the I' — lim sup inequality.
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Proposition 5.1 (Upper bound) Let it € M. Then for L > O there exists a sequence
(wk, ul) e AP x AQ™ that converges to 1 € Mo in the sense of Definition2.3 and
such that

lim sup Fr (w®, ul) < Foo (),

L—o0
with F1, and F« defined as in (2.6) and (2.9) respectively.

The proof of Proposition 5.1 is quite long and technical; for this reason we divide it
into a number of intermediate steps. Let us now summarize the main steps of the upper
bound construction. Let . € M, be given. We first construct a sequence of out-of-
plane displacements (#); - by defining the corresponding Fourier coefficients a kL,

with k € %. The latter have to satisfy at the same time:

e be regular enough in order to ensure u” € A
e the constraint should be (at least approximately) satisfied

L
245 (x) = ][L(ufy(x, Ndy = Z (aF (x))*k* ~ 2x for ae. x € (0, 1);

nZ
ke’

e be such that we have good control of partial derivatives of u” needed to estimate
the energy functional F .

In order to do that, we proceed as follows. We first dilate the measure p in the x-
variable by a factor of A > 1 and get a new measure u;,, defined on a larger interval
[—1, A] instead of [—1, 1] while keeping the constraint intact. This operation is useful
to have enough space near x = 1 to mollify in the sequel (Lemma 5.2). As a second
step, we discretize ju;, in the k-variable to obtain a sequence of measures ()7 -¢ of
the form Zke”L—Z b (x, k)L'L(0, 1) x 8 (Lemma 5.3). In the third step we regularize

each bL (x, k) by convolution with a mollification kernel p. (x) at scalee = ¢(L) — 0.

Then we set a,’; (x) = %\/ L, k) = 0¢)(x) and define u” accordingly (cf. Lemma
5.4). The mollification procedure possibly produces small error in the constraint, i.e.,
AL (x) = x 4 o(1); hence, in the construction of the recovery sequence we rescale uk
by a factor f Lx) = /x /AL (x) to recover back the constraint. Once we construct
the out-of-plane displacement, we follow the ideas from Bella (2015) to construct the
in-plane displacement (see proof of Proposition 5.1).

For any A > 1 we define the following class of measures

M = {u EMF((0.2) X R): g € My((0,0) X B), fix < i,

A 5.1

| 2oear= [ swdutn voeczo, A)},
0 0,0) xR
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and the functional 772 : M2, — [0, +00]

1 /dux\2
* () = K+ — 2 | du. 5.2
Few) /(O,WR[ + () [ 5.2)

Then we have Moo = ML and Foo = FL.

Lemma 5.2 (Dilation of w) Let © € Mqo. Then for each A € (1,2) there exists
i € Ml such that

(o ) L0, 1) X R) = (i, juy) as A\ 1, (5.3)

and

/ K> du;, :AZ/ k> du,
0,0 xR 0,1)xR

1 /,d 2 1 ,d 2
/ —2< ’“”‘) dmz/ _2( “’X) du (5.4)
OxR 4K\ du, ©.1)xR 4k=\ du

so that, in particular

: A
}l\ml Fho(mr) = Foolp). (5.5)
Moreover, (v§, 2x)xe(0,5) is a disintegration of ) where vy € M;’(R)forx e 0,1
is the measure given by Corollary 3.3.

Proof Let u; € M;((O, X) x R) be defined via duality as follows

/«) ., va(x,k)dm =A2/ YO, k) dp, (5.6)

0,1)xR

for every ¢ € C((0, 1) x R). Notice that p, € Mp((0, 1) x R) and is given by

/ Ve k) sy = A / ¥ G, k) dpe . (5.7)
0,0) xR

0,DHxR

Hence, p) x < u; and

d 1d
M, x (x, k) = — M, x (f’ k)
duy A odp \A

Moreover, (5.6) together with the change of variable x = Ax implies

Py
/ 2x¢(x)dx = / d(x)du, Yo € CXX(0, 1).
0 0,0) xR
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It follows that ) € Méo Moreover, from (5.6) and (5.7) we deduce that

(o ) LR x (0, 1) = (i, py) ash— 1,

and (5.4) which implies (5.5). The fact that (v§, 2x)xe(0,%) 1s a disintegration of fi
follows again by a change of variable. O

Lemma 5.3 (Discretisation of w) Let i € Mo with Foo(t) < +00 and let A =
ML) N\, 1 as L — oo. Then there exists (u*) C Méo with the following properties:

(i) ub =Yy cx b (6, ETL (0, 2) X 8 with

BYC0 e W0, and Y B (k) =2x, Vxe (0.1, (58)

ke%
A
fgo(m)=/ 3 K" (k) da
0 ke
A 7L 2
1B (x, k)

+/0 Z 4k2 EL()C, k)

keZZ k0

dx; 5.9)

(ﬁ)(uﬁ,uﬁ)LKO,D><R)31(u,qu
(iii) limsup; _, o Fh(uh) < Foo(n).

Proof For each L > 1 let u; € ./\/léO be the measure given by Lemma 5.2
and let (v%, 2x)xe(0,n) be the corresponding disintegration. We then define ul e

M ((0,2) x R) as

phi= 3" B L0, 2) x & (5.10)

nZ
ke’

where for (x, k) € (0, 1) x ’TL—Z we set

. 0 ifk=0, (k—F, k] ifk >0,
7 L
b (x,k) = and [ :=

2xv§(1,§) ifk £0, [k, k+F) ifk <O0.

(5.11)
Now, for each k € %, l_JL(-, k) e w10, 1) with

0 if k=0,

—L

b (x, k)= d R A

. Zx/ Hrx e Bydvs k) if k # 0.
i dua *
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Indeed, if k = O there is nothing to prove. If instead k # 0, for ¢ € CZ°(0, A) from
the definition of v and recalling Remark 2.2 we get

A A
/ b (x, ) (x) dx = / / X0 () (x) dvx (k) 2x dx
0 0 R k A
= / X2 (D)) dus
(0,2) xR
=- / X2 (00 (x) .«
(0,A) xR

=- / x4 ()
(0,0)xR

A
d ~ ~
=_/ / S By dvs (B) 2x6 (x) dix:
o Jir dua 2

d N
M, x (x, k) d//«k
du;,

furthermore by Young’s inequality and (5.5)

A
_ d
/ |be(x,k)|dx5/ Shrx) g
0o 1Ex©2 |

1/ , 1 (dmx>2
<— K+ — : duy < C.
2 Jitx0.0) ( K2\ dus.

Thus, in particular

A
3 1B (el de < Fl(uy) < C.

0 z
ke i

As a consequence we have that ,LL‘LX e Myp((0, ) x R), and

uho= 3" Bl ETL(0, ) x &,

LA
ke >

and by Remark 2.2 (ii) [L)I;C <« ik, Moreover, as v is a probability measure, there
holds

Ybrrwbh=2( Y vi(IkL))=2x, Vx € (0, 1).

Z Z
ke L keTZ k#0
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Note in particular that u” e Méo Moreover, (5.9) readily follows and (i) is proved.
We next show (ii). Take ¢ € C2°((0, 1) x R), so that from (5.11) we obtain

1
d L:/ x, k)vs (IF) 2x dx
/(0,1)wa n Z o, kv (1))
ke™Z k#0
1

- ) /(w(ka)_w(X,]G))dvi(IG)Zxdx (5.12)
Ik X

0
keZL k0" K

+ / (pd[ld)\.
0, HxR

Since ¢ is uniformly continuous for every ¢ > 0, there is Ly > 1 such that for all
L> Ly

~ A ~
lo(x, k) — p(x, B)| <& ¥x e (0,2), Vk e ”T vk e 1t

from which we readily deduce that

Z /IL |<P(X,k)—<p(x,l€)|dv§(12)2xdx

keZZ k0" K
< 1 ((0,2) x R)e = 2A2u((0, 1) x Re. (5.13)

0

From (5.12), (5.13),(5.3) and the arbitrariness of &, we infer /LL L((0,1) xR) A L as
L — +o0. By analogous arguments we get ,ufx L((0,1) x R) A W.xas L — +oo.

It remains to prove (iii). We start by observing that for all § > 0 and all kel kL we
have

~  TT\2 ~ _ 72
K2 < <k+z) < U+OF + 1+ 75,
so that
A L ) )
/ > kb (x,k)dx:/ > / k2 dvx (k) 2x dx
0 7 0 7 IkL .
ke™> ke ™= k#0
= ) / K d, (x. k)
keZZ zo” OPXIE
L> (5.14)
2
< ¥ / ((1 +5)k2+(1+5—1)”—2> s (x, )
s O x I} L
keTZ k#0
) 1 2
=(1+96) k2 s, + a0, x RY(A + 67 H—.
0,0) xR L
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Moreover, there holds

2 1 (E,i(x,k» B" (x. k)
/ Y e / 3 4k2( ) (x. k) dx.

0 kE”TZ,k#O b (xsk) JTZ k;éO b ( k)
(5.15)
Since 1/|k| < 1/k| for k € I} the following inequality follows
1 b.(x,k 1 d 1 d
# S, k)dw(k)<][ . ““(x by dvs ().
2\k| pt (x, k) 20kl i dus 1t 2|k|
(5.16)
Now combining (5.15) with (5.16), we obtain
x 1B )2
2 gEar
O kerZ iz0 b (x, k)
1 d . ~\2
/ 3 ( — M'\’X(x,k)dw(k)> ve (IF) 2x dx
z 1k 21k dpa x 2
keZZ k40
d ~\? .
/ 3 / ( ““( ,k)) dvr (k) 2x dx
1k 4k2 *
ke™Z k#0
1 /d ~\?
:/ T( Mk’x(x,k)) du;,
©0.0xR 4,2\ du;,
1 /d
=/ 7( LN k)) a, (5.17)
0,1)xR 4k2

where the inequality follows by Jensen’s inequality. Finally, gathering together (5.14)
and (5.17) and recalling (5.5), we infer

lim sup Fio (™) < (14 8) limsup Fo (115) < (1 + 8) Foo (10).

L—oo L—o0
By arbitrariness of §, (iii) follows by letting § — 0. O

In the next lemma we continue our quest toward definition of the in-plane displace-
ment. Picking up the construction of Fourier coefficients from Lemma 5.3, to conclude
we require its higher regularity (in particular in the x-variable). A natural idea would
be to mollify the coefficients, but since we want to preserve the constraint (or at least
not to change it much), we will mollify squares of the coefficients—in the end the con-
straint is sum (integral) of these squares, so it behaves well w.r.t to their mollification.
Unfortunately, we could not use simple compactly supported smoothing kernel, since
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for our kernel we require that its derivative can be controlled by the kernel itself—this
satisfies, e.g., an exponentially decaying kernel, but not compactly supported kernel.
Using e~ ™! as kernel works well provided one can reasonably extend the coefficients
(precisely their squares) to the whole R. This is trivial for x < —1 (zero extension) and
also for x > X (extension by a suitable constant). Even though obviously anywhere in
x < 0 and x > A the constraint is not equal x, which would be enough to show using
symmetry of the kernel that the constraint after mollification stays intact, as long as x
stays away from these two sets the violation from the constraint being x, denoted by
fL,is exponentially small. Since we need to focus on the interval [0, 1], we definitely
stay away from the set x > A (at least measured at the e-scale). Near x = 0O the
situation is completely different (the constraint violation £’ is far from 1 there), but
this critical region is relatively small (which helps to get the estimates). We therefore
use multiplication by fL to completely recover the constraint, but also cut-off near
x = 0 on scale even smaller than the convolution scale (see proof of Proposition 5.1
below).

Though it might look strange to first mollify the coefficients which destroys the
constraint, and then multiply by the error to recover the constraint back, it is very
natural: for the error we have basically explicit formula, since it is expressed in terms
of mollification of the constraint and not of single coefficients, and we can therefore
control it very well—including its higher derivatives, so that we can still control the
regularity.

Lemma 5.4 (Construction of u) Let u € Mo be such that Foo(t) < +00. Let
e=¢(L) >0andn = n(L) € N be such that

lim &(L)=0, Ilim n(L)= Ilim =400
L—+o00

L—+o00 L—+oo n(L)

Then there exists " € A N AR with Lo := L/n(L) that satisfies the following
properties: let

1 L . X
AL(x) = 5 ]{L(u’l‘y(x, N?dy and fr(x):= ,AL—(x)'

Then for all x € (0, 1) and N € N there holds

max{x, ¢} < AF(x) < max{x, ¢}; (5.18)
FEE? S ——— . (FLa)? < 1+ o) (5.19)
max{x, &}
(fEe)? = 1+on(1) ifx € (Ne, 1); (5.20)
x _ L
(Froop g male fe T gy < %; (5.21)

@ Springer



Journal of Nonlinear Science (2025) 35:23 Page310of67 23

there exists a continuous increasing function w: [0, +00) — [0, 400) with w(0) =
0 such that

][L Gl ) dy < max{x, e}(w(2Ne) + Ne ™) ifx € (0, Ne) 5.22)
Rl ifxe(Ne 1)
][ @ (x, )*dy < Li(max{e, x})%; (5.23)
1
(@02 + @ ?) ar s L (524)
Moreover,
(uE @by, ph@hy) = (o) in Mp((=1,1) x R)%; (5.25)
L 1
limsup][ / (@)% + @%,)%) dx dy < Foo(1);: (5.26)
L—o0 :
][ / (ﬁ D2+ @5 )2 +(uyyx))dxdyN 12, (5.27)

2
][ /(u )*dx dy 5—3. (5.28)

Finally, since 2™ and all its derivatives are 2Lq-periodic in the y-variable, the
above estimates still hold true if we replace the average integral on [—L, L] with the
average integral on [—Lg, Lo].

Proof Let u € Moo, e = e(L),n = n(L) and L be as in the statement. We set
A=AL):=(14+/e)\ 1 as L — +oo,

hence in particular A \( 1 as Ly — +o0.
We construct 4L e A‘z‘(‘)t and then we extend it periodically in [—1, 1] x [-L, L],

without relabeling it. In this way, since L = n(L)Lo with n(L) € N, we have i’ e

A9". The main idea is that of discretizing the measure y in the variable k to get a

722 where the weight on each line

AL

measure concentrated on lines R x {k} with k €
is a coefficient bLo (x, k). Afterward, we define u" as in such a way that its Fourier
coefficients a,’; (x) are as close as possible to /bL0(x, k) /k but at the same time have
better regularity to ensure #i” € A9™. In order to do that, we first dilate x with a factor
A in the x-variable as in Lemma 5.2, then we discretize using Lemma 5.3, and finally
we mollify bLo(., k) at scale ¢ after a suitable extension in R.

To this purpose we let (120) M be the sequence of Lemma 5.3 for the parameter
Lo, which is of the form

uho = 3" B L' L (0, 2) x &

nZ
kEm
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By the mean value theorem, for each A, we can find e ()‘zil, A) such that

A
Y PG R < ][ 3 " e, bk dx. (5.29)
2l
ke% 2 ke%
By truncating b0 at x = A we can define b10: R x % — Ras
0 if x <0,
bt (x, k) := {blo(x, k) if0 <x <A, (5.30)

bLon, k) ifx > A.

—lxl

Let p.(x) := 21—56 ¢ and note that in particular

) 1
|0e (X)] = gpa(X)- (5.31)
Finally we let a”: R x % — R be defined as

al(x, k) := (bR, k) * pe) (x),

and 4l e AQ™ be the function

L L
oy = Y —M]Ex’k)ﬁsin(ky)—i— 3 —'alix’k)\/icos(ky).

ke%,k>0 ke%,k<0

Eventually we extend al, without relabeling it, periodically in [—1, 1] x [—L, L].

Step 1: in this step we show (5.18)—(5.21). By (3.3) and (5.8) we have that
L Lo
2080 = f @2y =F @7y
—L —Lo

= Z at(x, k) = ( Z bLO(-,k)) * e (X) (5.32)

ke% ke%
. el x-k
= 2(xx0.5) T M (Ftoo)) * Pe(X) =2xX{sz}+8(€ e —e¢ )

for all x € [—1, 1]. Then for ¢ small enough we have

2i <24L(x) <3¢ ifx € (0,¢),
e

-1 1-1

x<2x+e(er —es ) <2Ab(x) <3x ifxe (e ),
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so that

1 L
% max{x, ¢} < 2AL(x) = ][ (ﬁ,y)2 dy < 3max{x, ¢}.
e —L

We have that

L2 _ %
(f7(x) = AL’
and by estimates above

(fL(X))2 S m < g if x € (0, ¢).

x—2

Observing that (efT)C —e ¢ ) >0ifand onlyif x € (0, X /2) we have

X

(ff@)* = S <1 in(0.4/2),
x4 5 —eF)
and
(fre? < s
x4 5% —ew)
—1 1—
Eles —e &
=14- 2! — IL
5+ %(eT —e ¢ )
—1 +§ forx € ()2, 1).
Moreover, we have that
e —N e —N
L 2 . X —1— Ee -1 Ee
(7= x4+ SeN x+5e N T Ne

1+on(1) forx e [Ne, 1).

A direct computation shows that

(AL (x) — xAL(x))?

fL 2 _
(P = LT

x 1—1
< (max{x, £})> max{e "¢, e ¢ }

~

x(max{x, g})3

1 e
max{e_§, evel < max{e_g, evel

)

~Y
x max{x, &} xe
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where the second inequality follows from

=3 f Furthermore we have
s, 2 o X(AM@))?
P S iy
(AF(x))?
x(AL(x))3
xe’ze_%

1

x3AL(x)
x(AF(x))*
(AL (x))3

(5.33)
< + 1
~ (max{x, e})3  x3max{x, ¢}
1

x
x(max{x, g})3

(max{x, e})5°

Hence,

(f (x)>2<i+i+

3 if x € (0, ¢)
e xe X3
and

m\«

(Fre* < S

1 1
+—4§T if x € (e, 1).
X x’e
Step 2: in this step we show (5.22). By (3.2) it holds

][ @*(x, ) dy—][ @ G, )*dy =y
keLZk;éO

blo(- k
=< > o )>*pg<x)

k
keZZ ”Z k#£0

_/+OO( Z bLO(Z’k)
B 0

2 ),og(x —z)dz. (5.34)
ke%,k;éo

Moreover, by the fundamental theorem of calculus and Holder’s inequality we have

z Lo, ~ 2
bL0<z,k>=(m)2_</ Md) -
0

aL(x, k)
k2

CRG )2

= v4 ~
2/bLo (2, k) o 4bLo(z, k)

Combining (5.34) with (5.35) we find

L +oo z (pLocs 2
f (ﬁL(X, ))2 dy E / ( Z (b,x (Z9 k))
—L 0 0

R R T —2)d
. 4B (2, K) Z)” P2 dz
ke k40

(5.35)
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By definition of 5% it follows that

5 CORER? /* GG
= Jo 4k*bLo(z, k) = Jo  4kbLoz, k)
keFE k40 keF2 k#0

Lo\ 2
: / (L) 4t = o).
= Jo.zaiyxr 4k \ dpto

where the last inequality can be obtained by arguing exactly as in (5.17). Therefore,
we deduce that

(5.36)

Lo 400
f @ (x, ))*dy < / w(2)z0e(x — 7)dz.
—Lg 0

Note that w(z) — 0asz — 0and w(z) < w(A) < (A3)Fao(u) < C.Let N >2bea
natural number. Assume x € (0, Ne]. Since w is increasing, we have

+00 2Ne
/ w(z)zpe(x —z)dz < w(2Na)/ 7pe(x — 2)dz
0
_ +00
+ o (2) Zpe(x —2)dz (5.37)
2Ne

< w(@Ne)max{x, e} + CNe Ve
< max{x, e}(w(2Ne) + Ne V).

If instead x € (Ne, 1), we get

+00
/ ©@)2pe(x — 2)dz < o) / 2pelx — 2)dz < x. (5.38)
0

Step 3: in this step we show (5.23). By the mean value theorem and the fact that
ul(x, ) is 2 Ly-periodic, for fixed x, we can find yp = yo(x) € [—Lo, Lo] such that

Lo
aL(x,yo>=f il (x, $)d5 = 0,

_LO

where the second equality follows by the definition of i” and the fact that

Lo k
][ sin(ky)dy = 2—(— cos(kLg) + cos(kLg)) =0,
Lo Lo

Lo k
][ cos(ky)dy = T (sin(kLg) — sin(kLg)) = 0,
—Log 0

@ Springer



23 Page 36 of 67 Journal of Nonlinear Science (2025) 35:23

forallk e 72—2. Thus, by the fundamental theorem of calculus, Holder’s inequality and

Plancherel itoholds
y Lo %
/ il ") dy’ 2Lo (/ (ﬁfv)2dy/>
Yo —Lo

=2v2Lov AL (x).
This together with steps 1 and 2 yields

][ @by = ][ / @y dy

< L%AL(x)][ @h)? dy < Li(max{x, e})?.

2" (x, y)| =

Step 4: in this step we show (5.24). By (3.3) the definition of a’ and (5.29)

L
f (@) dy = ][LO @)y = 3 Kak (k) = 3 KM, ) # po(x)

keZL keZL
Lo Lo

x
=Y <k2 / br(z, k) pe (x — 2) dz)
0

an
Lo

+o0
Z bLo(x, k)k? / pe(x — 2)dz

IA

12 loo / 3 B e bk dx (5.39)

Since the function (z1, z2) > z% /72 is convex, by Jensen’s inequality we have

(@O k)? (bR R) #pe@)” bR K)?
bl T PR pe() T BRCK)

* Pg(X).
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This together with (3.3) and (3.4) implies

L Lo 1 (ak(x, k))?
L2 _ L2 _ X
]{L(u,x) dy = ][LO(M,x) dy = Z 42 al(x, k)

B ke’%,k;&o

L (bR k)
< Z mw*ﬂs(x)

ke%,k;ﬁo
s (5.40)
. LR h)? G — 2 dz
B z 4k? 0 bLO(Z,k) pe
kef—o,k;to
2 1 (b5 (x, k))? 1 1
=< llpelloo Z @m dx < gféo(lLLo) S .

ke%,k;éo

Thus, combining (5.39) with (5.40) we infer (5.24).

Step 5: in this step we show (5.25). By recalling Definition 2.1 we have

pti=pt@h = ) at G L =11 x 8,

nZ
kely
and

il = ph@hy = > ah e L L(=1,1) x &,

nZ
keq

Let ¢ € C°((—1, 1) x R). Then

/ pdpt =/ pdpt —/ @ dulo +/ pdulo.
(-1, xR (—1,DxR 0,1)xR 0,)xR

By Lemma 5.3 we have that

lim pdutt = / pdu;
L—o0 J(0,1)xR 0,1)xR

hence, it suffices to show that

lim (/ pdpt —/ god,uLO) =0.
L—>+0o\ J(—1,)xR O, xR

@ Springer



23 Page38of67 Journal of Nonlinear Science (2025) 35:23

Indeed, by (5.32) and (5.8) we have

‘/ wd/lL—/ @ dul®| < l¢lleo ‘/ da* —/ dpto
(—1,1)xR 0,1)xR (=1.)xR 0.1)xR

||<p||oo’/ > at, k)dx—/ Y b kdx

7krrZ an

= ¢l '/ o)

§C82—>0 as L — +o0.

Moreover, we have

/ pdpl = —/ prdpt — — Pxdp = / pdp 5.
(—1,1H)xR (—1,1)xR (—1,1)xR (-1,HxR

Step 6: in this step we show (5.26). By (3.3), (5.30) we have

][ /(uv )zdxdy—/ Z a®(x, k)k?* dx
Lo —

kJTZ

/ Z B, k) % pe (x)k? dx

keT= Lo

/ > <k2 / b"0(z, k) pe (x — 2) dz) dx
- 0

nZ
ke To

+00
+ 3 bR k)kz/ | o

keLO

(5.41)

Fubini’s theorem yields

/ Z <k2 / bz, k) pe(x — 2) dz) dx < / Z Lo (x, bk dx. (5.42)
0

ke T[Z
Lo Lo

while from (5.29) we deduce
+00
Z bro(x, k)kz/ / Pe(x —z)dzdx
keT= L o

=<

ﬂ 71 A —L
(e : ][M > B (x, bk dx. (5.43)

B keLO
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Analogously from (3.3), (3.4) and Jensen’s inequality, it holds

1 (ak(x, k)2
][ /(u ) dxdy—/_ Z ) aL(x 0 dx

ke ’zf k0
[ y (B¢, k)?
—J 4k bLo(- k)
ke”Z k0
[ 3 1 (bR, k)?
- T A2 bho(x k)
ke o k0

Gathering together (5.41)—(5.44), we obtain

*pe(x)dx (5 44

L 'F;X—e%_i
Fo[ @k s, pyavay < (14 S ) gt a9
—LJ—-1

11—

and hence, by letting L — +o0 and recalling Lemma 5.3 (iii) we deduce (5.26).

Step 7: in this step we show (5.27). By (3.3), (3.4)

L 1 5 Lo 1 5
][ / (ﬁ,ny) dxdy :][ / (I:i’ny) dxdy
—LJ-1 —LgJ—1

! 1(a§(x,k))2d
B Z 4 al(x, k) *

e % k0
Next we observe that (5.31) yields

(@ (e, k) = (" (L k) * pe(x))® < (BF (LK) * | fe| ()
= %(b% k) s pe () < lz(aL(x, K))?,
& &

so that combining (5.46) with (5.47) and recalling (5.32) we obtain

L 1
][ /( )zdxdy<—/ Z(aL(x k)2 dx iz
—L J—-1
ELO

(5.46)

(5.47)

(5.48)
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In a similar way (3.3) and (3.4) give

Lot L \2 Lot L \2
][L/l(u,xx) dxdy=][ / (u’y,)"dxdy

-/ ¥ A(amn) T

keLZ k0
! 1 (ak (x,k))?
< _*—
NL 2 @ann &
ke 72 k40
/ )3 NCECM (5.49)
_ z k2 (al(x, k))3
keZZ k#£0
1 (ak(x,k))?
< _ e 7
~ /_ Z W kol &
k;&o

<= /7[ (@%)* dy dx
Lo

Ao, L
5 _F ( 0) ~ 82 k]
where the second inequality follows from

(@l (x, 0)* = (@ (e, k)2 BE ¢ h) % pe (1)) < giz(a,ﬁ(x, k)2 (ak (x, k)2,

and
@k (e k)Y = (0 K) % e () < 8i2<a,§<x, 2.

Moreover, appealing again to (5.47) we find

][ / (%) dx dy = ][ / (@h,)? dx dy

<[, T #l(mn) Jo

" ke LZ k0
! Z k2 (ak (x, k))?

_ 4 al(x, k)
e k;&o

< = Z k2a (x, k) dx

T keZL ”Z k0

dx
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S 1/1][“)(* P dydx S - Fh ub) < -
-y u-,., X -y - .

(5.50)
Eventually gathering together (5.48)—(5.50), we deduce (5.27).

Step 8: in this step we show (5.28). Analogously to step 3 we can find yg € [—Lg, Lo]
such that

Lo
i (x. o) = ][ ik (x. $)d5 = O,
—Lo

so that by the fundamental theorem of calculus, Holder’s inequality it holds

1
Lo 2
ik (e, )| = <+/Lo ( / (ﬁﬁyﬂdy’)

—Lo
1 (ak(x, )2\ ?
zﬁL"( 2 4 aL(x,k)> (5.51)

keZZ k#0

y
/ ﬁ,xy(xs y/) dy/
hl

0

1

1 L 2 Ly
5Lo(@ Y a (x,k)> S

keTZ k#0

where the last two inequalities follow from (5.47) and (5.32). Therefore, (5.51) gives

Lo 1 L2 Lo 1 L2
][ / @h)*dxdy < —S][ / @h)?dxdy < —3
—Lo J—1 &5 J-LyJ-1 &

and the proof is concluded.

We are now in a position to prove Proposition 5.1.

Proof of Proposition 5.1 Let . € M, be as in the statement. Let ¢ = ¢(L) > 0 and
n = n(L) € N be such that

lim &L)=0, lim n(L)= lim = 400, (5.52)
L—+00

L—+o00 L—+oo n(L)

to be chosen later. Let 4% € A% N A‘i‘(’f with Lo := L/n(L) be the function given by
Lemma 5.4. Recall that

1 L
Al(x) = 5][ @)% dy and f*(x) = for x > 0.
—L

_r
AL (x)
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Furthermore we let M = M(L) € N, M > 2 to be chosen later such that setting

§=68(L) = AS/I((LL)) < (L) we have

lim M(L) =400, and Ilim &(L) = LliT M2(L)5(L) =0. (5.53)
—+00

L—+o0 L—+o00

We consider ¥s € C*°(R) such that
¥s =0 in(—00,8], ¥5=1in[28, +00), |¥s(x)| <C8~", [¥s(x)| <572

Note that 1% = 1])5 = 01in (8, 28)¢. We next define (w’, ul) = ((wlL, wZL), uL) as
follows:

ub (e, y) i= s () R0k (x, ),

1 y
wy (x, y) = Y (0xy + B — - /0 wh)?dy',

s

1 y
wi(x,y) =x — ﬁ/o (wy, + MLxu,Ly)dy’,

where

L 1 ko y L2 ’ Lo * L L l
B*(x) := 3 o (u,y) dy dy — A ULUS, dx"dy.
Lo —Lo

Clearly ut e A N .A‘i‘(‘)t. We show that wl e .AiL“ N .AiL“O. Precisely to see that

wk (x, -) is 2L¢ periodic we use the following fact:
A differentiable function h is T-periodic if h' is T-periodic and h(t) = h(t + T)
for some t.

The function wk y(x, ) is 2Lo-periodic, since uk,

3 is, and from (3.3) satisfies

Lo

wj (x, Lo) — w5 (x, —Lo) = 2Lo¥; (x)x — / (u’)* dy
0

= 2Ly (x)(x — (fL(x))?AF(x) =0,

from which we deduce sz (x, -) is 2Lp-periodic. Using this periodicity, and in partic-
ular also of w% .» We see that wf y (x, ) is 2Lg-periodic. Moreover, we have

Lo
L L L
17 (wy  +ujusy) dy
_LO

1 . Lo ry Lo
=1 <2LOBL(x) - / / uLyuva dy’ dy +/ uLquy dy) =0,
—Lyp JO —Lo

wi(x, Lo) — wi (x, —Lg) = —
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where the second and the third equalities follow from
L 2 L YL
wh, = W@y + B - /0 ub b, dy,

and
5L Lo L L Lo L L
2LoB™(x) =2Lg (][Lo it sy dy — ][Lo U Uy d)’) .

Thus, we deduce that wf y is 2Lg-periodic. For the reader convenience we divide the
rest of the proofinto several steps. We will repeatedly use that the averaged integral over
(=L, L) of a 2Ly-periodic function is equal to the averaged integral over (—Lg, Lo)
of the same function.

Step 1: we show that (w’, ul) converges to 1 in the sense of Definition 2.3. We have
that

atoyy= Y afsinky)+ Y af(x)cos(ky),

ke%,k>0 ke%,k<0
so that

Wby = ) s fEaf (x) sin(ky)

ke’%,k>0

+ ) s e (x) cos(ky).

ke o k<0
Therefore, we get

uh o= pt @t = Yiegz Ui ) (FE) (af () RELN(=1, 1) x &
= ke Y ()2 (@ (0))*hALN(S, 1) x 8.

We show ,uL A w. We fix ¢ € C°((—1, 1) x R) and we write

/ pdut = (/ pdut —/ wduL(ﬁL)>
(=1,1)xR (=1, xR (=1,1)xR

- / pdut@").
(-=1,1)xR

By Lemma 5.4 it holds

lim edut@ly = / pdu.
L—400 J(—1,1)xR (=LDxR
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Therefore, it is sufficient to show that

lim </ pdut —/ §0dﬂL(flL)> =0.
L—+00 \J(~1,)xR (=1L, DHxR

Recalling that s = 0in (—1, ), ¥s = 1in (26, 1) and Me = M52 > 28, we have

‘/ wduL—/ pdut@")
(=1, HxR 0,HxR

1
= ‘/O > el R @R (V@ () - 1) de

keZZ

OMs
< ||¢||oo‘ | (eoet@r - 1) 3 @k o
0 ke%
1
+ ||§0||oo‘/M ((fL(x))Q— 1) > (af )’k dx|.
‘ ke%

Since

1 L
> a0k = Al = 5 f JCRTE )7 dy,

ke’[—f
by (5.18) and (5.19) we have

(VL =1) 3 @k

nZ
kem

= (V3@ +0r(1) = 1) max(x, e}

which together with (5.53) implies

Me
||go||oo' /0 > (@ )W ) (FF(x))* = 1) dx

nZ
kem

<CMe=CM?5 -0 asL — +oo.
Whereas (5.19), (5.20) with N = M and the fact that M = M (L) — +oo imply
(FF)? =1+oL(l) in [Me, 1),
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so that

<or(l) >0 asL — +oo.

1
||<o||oo‘/M S aF @R — 1 d

nZ
keL—O

Eventually by duality we have

/ pdut, = —/ g dut — — gxdu = / @dpx,
Rx(—1,1) Rx(—1,1) Rx(—1,1) Rx(—1,1)

which in turn implies ,uﬁ A Wox
Step 2: we show that

L 1
lim sup][ / (Wh)? + @h )M dxdy < Foo(w) + € lim o(2M?8)log M.
-LJ-1 ~ o L—~+00

L—+00

(5.54)

To this purpose we note that

ub (e, y) = Ys(0) fE Al (e, ) + P 0 FE " (L y) + s o) fE Rk (x, y).
(5.55)

Therefore, by Young’s inequality

L 1 L 1
][ / (ug)zdxdy5<1+a)f / (fE)*@h)* dx dy
—LJ-1 —LJS

L 28
+2(1+ a—l)aiz ][ (FEen?@™)?dxdy (5.56)
—LJé

L pl
+2(1+a™h f / (ffe*@")? dx dy,
-LJs
for any @ > 0. In this way by recalling (5.19) (5.22) and (5.21) we have

L 1 L 1
][ /(f%x))%ﬁﬁ)zdxdys(1+oL<1>)][ /(ﬁfxﬂdxdy, (5.57)
—LJ-1 —L J-1

1 L 26 1 268
—2][ / (ff @) dedy S < 8(w@Me) + Me—M)/ dx
82 ) Js 8 B

< (w@2Me) + Me™), (5.58)
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and

L 1 &
][ /(f'L(x))z(ﬁL)zdxdyg/ L e w@Me) + MeM) dx
—LJ$§ s X€

\/E 87%
+ / — x(w@2Me) + Me M) dx
. xe

1

1,7

+/ € " dx (5.59)
ﬁ X&

< (log 5 + D(@@Me) + Me™)

_ L
e Ve
P

+

Gathering together (5.56)—(5.59) and recalling that § = ¢/M, we deduce

L 1 L 1
f [ ahragyzaraf [ @t
L)oo -LJ-1 '

+C(log M + 1)(w(2M?*8) + Me™) + 01.(1),
(5.60)

with @ := a + aor (1) 4+ or (1). Moreover, as u’Lyy = wg(x)fL(x)ﬁf},y we get

L 1 L 1 L 1
][ / Wk )? dr dy < f / (FEyNR@E ) dxdy < ][ / (k) dx dy.
-LJ-1 ' —LJ-1 - -LJ-1 "~
(5.61)

By (5.60), (5.61), (5.26) and the fact that M2 — O we finally deduce

Ll
lim sup][ / ((u’Lx)2 + (us,y)z) dxdy < (1 + @) Foo(pt)
—LJ-1

L—+o00

+C lim w(2M?8)log M.
L—+00

Eventually by the arbitrariness of « we infer the desired estimate.
Step 3: we show that

Lot (uh)? 2 L4114
L? Lo ) dedy< 02— <0 5.62
][L/1<w]’x MY ) TR Y 25 (5.62)
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By Young’s inequality we have

L pl ul )2 2 L4
LZ][ /(wfor(Zzi —1) dxdy < ][ / (w ) dxdy
—LJA (5.63)
+ LZ][ / wl . *dx dy.
We estimate the first term on the right-hand side of (5.63). By (5.55) it follows
L rl L rl
][ / Why*dxdy < ][ / (FE o (ak)* de dy
—LJ—-1 —LJ—-1 (5 64)

1 L 28
+5—4][L/(s (frent@ah) dxdy+][ /(f )*@k)y* dx dy.

By (5.19) and (5.28) we have

L 1 L2
][ ) / (et dsdy 2, (5.65)

whereas from (5.19), (5.23), and the fact that x € (§, 25) we get

2 26

1 L 26 ) L
][ (Frent@h*dedy < - s 2L0 (max{x, e)?dx < =2, (5.66)
—L JS

54
Finally, by (5.21) and (5.23)
Sl AT ARV » (11 2 2 (1 1
][_L/8 (fEan*@™) d)cdygLO/(S m(max{x,s}) dx S Lj <5+§)
(5.67)

Thus, gathering together (5.64)—(5.67) we infer

L 1 (ul;c)4 L2 1 1
S dxdy S 2 (<-+= ). 5.68
][—L/—l L xyNL2<5+g2> (5.68)
We now pass to estimate the second term on the right-hand side of (5.63). To this aim
we observe that integrating by parts it holds

y
wh, +ubul, = y2)'y + BLGo) — /O ubul, dy' + ukut (x, v)
. y
=(x¢§(x))/y+BL(x)+/0 Uyt dy' +ubub] o (5.69)

y
= (Y () y + /O U yytt ¢ dy’ + CE(x),
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where

)7
Cclx):=— ][ /uyvu dy' dy = — ][ /uy)u dy’dy,

and the last equality is a consequence of the following identity

. Loy
BL(x)+u{;ufv|y=0=][L(/o Ly dy —u u +u u |y ())dy_CL(x).

Using (5.69) and the definition of w, we get

1 1Yy Y .
wh —1= _ﬁ/o (wg(x)y/y/ +/0 hyub, +uly ul)dy” + CL(x)> dy’

oo .
((xwg( ' /0 /0 (u,ﬁ,yu%xx+u5yxu5)dy”dy/+cL(x)y>.

This together with Young’s inequality gives

L2][ / wlx— dxdy
_L][
<

~

wl . dx dy
((xyF (x))")?y* dx dy (5.70)

2
/ </ / (uﬁ,yu’lj{x +u{‘yyxu{}) dy” dy/> dxdy

Lo
+ﬁ / (CE(x))?y? dx dy.

1
L"/

As (x% ()" = dYs()s(x) + 2xPs(x)Ps(x) + 2x(Ys(x))? in (8,26) and
(XI[/S (x))” = 0; otherwise, we have

L4

Lo 1 5 2 4 0 268 5 5 Lgl
i 11((XW5 () Y dxdy S 2/, (s ()7 dx S 23 (5.71)

We now estimate the second term on the right-hand side of (5.70). We first observe
thatif a, b, ¢, d are 2 Ly-periodic then by applying in order Holder, Young and Jensen
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inequalities we have

y oy 2
|:/ / (ab + cd)dy” dy/:|
0o JO

y 2
= |:/ lall 20,y 1101 220, yy + llcll 20,y 141220, 47y dy/}
y 2
[ lallz20,y) 101220,y dy} + |:/ el 220,09 1l 220,y dy/]

Lo
L][ 14122041 1612,q 1, Y +L0][ 20, 112 0., Y

) Lo Lo LO Lo
Lé |:<][ az dy”)(][ b2 dy//) + <][ 02 dy//) (][ d2 dy//>:| )
—Lo —Lo —Lo —Lg

Therefore, it follows that

y oy 5

AL [ st
y y L ., ) 5
N ][ / (/ /0 (uayyu,xx + “,yyxu,x) dy” dy') dx dy
L
( )2 dy” 0 ( L )2 dy// dx
L2 5 Ly e
i (][ G ydy”)(f C dy/) d (5.72)
L? 8 —Lo YyX Lo X

Next we show separately that:

A

2/\

Lo 1 Lo 1
f (uh )Zdy”g -, ][ @h)?dy” £ — max{x, e}, (5.73)
£ _ XE
Lordy”dx < 1 LO )2 dy” dx < 1 (5.74)
XX y X 827 yyx y X 88. .

Since u = Ys (x)fL(x)ﬁ by (5.19) and (5.24), we have

fLO Lo ]
(@5, dy < —.
—Lo Al &
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By (5.55), (5.19), (5.24), (5.22) and (5.21), we have

Lo L2 Lo L 2,~L\2 1 Lo L 2, ~LN\2
][ (u)"dy 5][ (S~ () d)’+8—2 X285 (ST ()7 (@) dy
—Lo —Lg —Lo

Lo |

+f (FE @@t dy

—Lg

1 16 1

S =+ 5 - max{x, e} x@s,25) + — max{x, &}
e 6°¢ xe

1

1 1
S =+ < x6.25) + — max{x, e} < — max{x, €}.
e 4 Xe Xe

—_

From (5.55) it follows

uh (e y) = s () fE ok (e, y) 4 w0 f@at (x. )
+ s () fE A" (e, y) + 24 (x) fE 0% (. y)
+ 2455 () SR 0" (x, y) + 295 () fE0a% (x, y).

Hence, by (5.19), (5.27), (5.21), (5.22) and (5.26) we have

1 Lo 1 Lo
/ ][ wh ) dydx < / 7[ (fE)*@%)* dy dx
) —Lg § J—Lg
1 Lo .
+ / ][ (FEen*@t)* dy dx
8 —Lo
1 Lo .
4 / ][ (FL 2@k dy dx
) —Lo
1 25 Lo
v [ twrahayas
*Js Jor,
1 25 rLo
+ = f (FE)*@h)* dy dx
= Js J-rL,

1 2% Lo L 2, ~L\2
t o / ][ (L) @h) dy dx
§ —Lg
1

(5.75)

o1 ! 1
N€—2+ : Emax{x,s}dx+g

1 [*x
+ —/ — max{x, ¢} dx
s €

54
+ L {x,e}dx + :
— — max{x, e} dx + —
82 s xe 52
1 1 1 1
Sotgt—So
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Analogously by (5.55) it follows

iy Oey) = Y () fRO0RY, (e, y) + s (0 fH @)%, (r, )
+s () fE ik, (x, ),

from which together with (5.27), (5.19), (5.24) and (5.21)

1 Lo 1
/ ][ (MLVyX)Z dy dx 5/ ][ (f (.X)) (12 yyx)Z dy dx
§ —Lg -
28 rLo
-7 ][ (FEGDA@L,) dy de

/][ (FEen*a@h,)* dy dx

168

1 s 11
S 2ce 88

Now (5.73) and (5.74) yield

L?) ! Lo L \2 Lo L \2 Lg 1
4 4
2 ), ( ]{ Low,yy) dy )( ]{ LO(u,xQ dy )dxs—L2 o 679

and

(5.77)

Gathering together (5.72), (5.76) and (5.77), we find
Lo 1 y v 2 L4 1
0
. /_1 (/0 /0 @l +ub, b dy” dy’> dxdy < 5 G679
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It remains to estimate the third term on the right-hand side of (5.70). In a similar way,
see in particular (5.76) and (5.77), we have

Lo
= / (CL ()22 dx dy

L2 ) 5
= L_g 1<][L /o (u’Lyyu’L"x_"”sLy}'xu,LJc)dy/dy) d
- —Lo
Lg e to L N2 3.7 Lo L \2 4./ 5.79
E/IJ[ 7[ (u’yy) dy ][ (u,xx) dy” | dydx (5.79)
- —Lo —Lo Lo
Lg 1 rLg Lo oo
_2/ ][ ][ (u5y,)"dy ][ w')*dy” ) dydx
—-1J-Lo —Lg Lo

Ly 1
L2 82’

A

S
Gathering together (5.70), (5.71), (5.78) and (5.79), we infer
Ly 1
2
L][ / dxdy<L282,
which together with (5.68) and (5.63) implies
Lot wh)? 2 L2/1 1 Ly 1 _ L1
L? Lop 2 1) dxdy < 22 (-+=5 )+ 2
][_L/_l<w1’x+ 202 ) S E 5t 2) o S D
Step 4: we show that

2 (L)2 2 2 1 3
L ][ / —x) dxdy <L (§+C8>. (5.80)

L2
Recalling the definition of wZL it holds wi y + (u’j” L x = 1//82 (x)x — x, so that

L 1 L2 2 1
][ / <w§y+(u’2y) —x) dxdy:/ W2 (x0)x — x)2dx
—LJ-1 —1

25
8 1
5/ xldx = -8 + —.
—1 3 3

Step 5: we show that

L 1 2
][ / (L2wfy +wh, + ugu%y) dxdy =0. (5.81)
—LJ-1
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This is a trivial consequence of the following identity

1
L _ L L L
Wiy = _ﬁ(wlx +uuy),

which follows from the definitions of wlL and wZL.
Step 6: we show that

L L \2 Lo < 1 1 1
ﬁ ) Z(MQxy) + ﬁ(u’xx) dx dy S ﬁ + ﬁ 8_2 (582)
We have

uh Geoy) = Ys () fE @)% (e, y) 4 s (o) 1 0% (e, y) + P () fE ik (x, ).

Thus, by (5.18), (5.19), (5.27), (5.26) and (5.21)

L 1 L 1
]l / (uﬂxyﬂdxdyg][ / (FLeNR@L, ) dx dy
—LJ-1 "~ —LJs '

1 L 2 L 2,~L~\2
+5 ]{ ) /5 (fE )2 @h)? dx dy
1 1

L pl
. 1
+f [ Grwra e s e e S5
1 Js 4 g2 g &7 8¢
This together with (5.75) implies (5.82).
Conclusions. By Step 1 we have that (o, u’) converges to 1 in the sense of Definition

2.3. Moreover, by collecting the estimates showed in Steps 26, i.e., (5.54), (5.62),
(5.80), (5.81) and (5.82) we find

lim sup L>(Ex (wh, ut) — &) < Fool) + C lim w(2M?8)log M
L—+o00 L—+o00
A | (5:83)
2 3+

+C + L=6

1i (—0— ).
Lo \ L2 530 1252

We now proceed with the choice of the parameters. We start by noticing that for every
-— . —1/2
M € N there exists Ly; > M / such that

wQM L™ <M ' VL > Ly (5.84)

Since Ly; = L7 we set
M=M(L):=M ifLe[Ly Ly, )
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Next we define
§im = LM ey o= LM,

and we choose
L X L L
_ L /8 1/8 [ —
Ly = < [M77°,2M"°) <= ne€ [2M1/8’ M1/8>'

These choices ensure the validity of (5.52) and (5.53). Indeed, we have

1 1
= = <
L2/3M77/8 L2/3M—7/8 M3M—7/8

& if L e [LM’ LM-H)’

where the last inequality follows from the fact that L > L3; > Ml/ 2. Hence, ¢ — 0
and § — 0 as L — —oo0. In a similar way we have M?§ — 0 and Lo, n — +00 as
L — +o0.

Recalling that @ is monotone, we find

w2M?*8) = w2M*L72BPM~18) < w@M?L72/3)
= w@M L) L e [Ly, Ly, ),

which together with (5.84) implies
log Mo (2M?8) <log(M)M ' if L € [Ly;, Ly; 1) (5.85)

Moreover, if L € [L3z, L3z, ) it holds

1283 = 2L 238 =, (5.86)
A0 LA UL TSNS’ Sa—yE 5.5
1282 12 T 23 T k= (M1/2)2/3 - ’ :
and
L 1 16M1/2 — 18
0o - P —1/8 _ /
251 < Y 16M =16M , (5.88)
Eventually collecting (5.83)—(5.88) we infer
lim sup F7 (w”, u®) = lim sup L2(EL (w”, u") — &) < Faolp).
L— 400 L—+o00
O
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6 Existence and Regularity of Minimizers of 7,

In this section we address the existence of minimizers of the limiting functional F, and
we discuss some properties such as equipartition of the energy. In order to do that, we
need to introduce the definition of disintegration of measures in the k-variable, which
is slightly different from the disintegration in the x-variable introduced in Sect. 3.

In the following for a given interval I C R, we denote by L?(I) the space of functions
g: I — Rthat are Lebesgue measurable. Moreover, the map r2: I x R — R denotes
the canonical projection, and for any . € M), (I xR) weindicate by (7m2)s 1t € M; (R)
its push-forward with respect to the map m,.

Definition 6.1 (Disintegration of measures in the k-variable) Let I C R be an interval
and let © € Mp(I x R). We say that the family

(, (g)ker) with 1€ Mp(R) and gr e L°(J) Vk eR,

is a disintegration of w (in the k-variable) if k +— gi is A-measurable, fol grdx =1
for A-a.e. k € R and

f(x,k)dltZ/R/If(x,k)gk(X)dxd)»(k), (6.1)

IxR
forevery f € L'(I x R; |u)).
With this definition at hand, we can state the main result of this section.

Theorem 6.2 (Minimizers of Foo) Let Moo and Foo be as in (2.8) and (2.9), respec-
tively. Then there exists I € Mo such that

Foolfl) = uéianoo Foo(p).

Moreover, every minimizer [i satisfies the following properties: there exist a constant
C > 0 and a (m2)gf1-measurable map k +— g with gx € BV (0, 1) for (m2)s11 a.e.
k € R, such that

((nz)uﬂ, (gk)keR) is a disintegration of [,

! L1 fdag)\?
/ kzgk(x) dx =/ — MA’X gr(x)dx for (]Tz)ﬁ,ll ae. keR, (6.2)
0 0 4k2\ di

and

(ﬂz)ﬁﬁ({|k| < c}) —0. (6.3)
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As a direct consequence, minimizers of F satisfy equipartition of the energy.

Corollary 6.3 (Equipartition of the energy) Let i € Mo be a minimizer of Fxo. Then

it holds
1 /di,\2
/ kzd;l:/ () ap,
0.1H)xR ©.1)xR 4k=\ dp

Proof By Theorem 6.2 it holds

1
/ k*dp = / / k? g (x) dx d(m2)s 1
0,1 xR RJO

//l 1 dA,x 2 (%) dx d(mm2)z /1
rJo 4k2 dia Ekix) X 2ut

1 /diac\2 .
= s ) a
O, xR 4k=\ di

m}

We divide the proof of Theorem 6.2 into several steps. Precisely, we need to show that
the functional F is convex and lower semi-continuous and that the class of measures
M o admits a disintegration in the k-variable of the form ((72)s/2, (gk)ker). First of
all we recall that by Remark 2.4 (ii) we have

1 d/,L -1 de 2 ~
F (u)=/ ksz+/ L 23’ 414,
> 0.1)xR ©.1)xR 4k? ( d|M|) ( d|,u|)

with i = (i, 0 x) and |fi] its total variation. This alternative formulation turns out to
be more convenient, in particular the term

o e
©.1)xR 4k> \ d|fi] d| il

is reminiscent of the Benamou-Brenier functional used in optimal transport which
enjoys nice properties such as lower semi-continuity and convexity. Here we consider
a specific case and we refer to Santambrogio (2015, Section 5.3.1) for a general
treatment of this topic.

For any p, E € M((0, 1) x R) the Benamou—Brenier functional is defined as

PBor(p, E) := sup {/ a(x,k)dp
(0.1)xR

~|—/ b(x,k)dE: (a,b) € Cp((0,1) x R; Kz)} , (6.4)
0,1)xR
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where

1
Ky = {(ZI»Z2) eR*: 71 + EZ% < 0}.

We next recall some properties of %, which follow from Santambrogio (2015, Propo-
sition 5.18). Then we state and prove two intermediate Lemmas (cf. Lemma 6.5 and
Lemma 6.6) which will be used to show the validity of Theorem 6.2.

Proposition 6.4 [Properties of %,] The functional %, is convex and lower semi-
continuous on the space (My,((0, 1) x R))2. Moreover, the following property hold: if
both p and E are absolutely continuous w.r.t. a same positive measure X on (0, 1) x R,

then
PBr(p, E) = /(O,I)XR %(%)71 (%)zdk.

Lemma 6.5 (Properties of F,) The functional Fo is 1-homogeneous, convex and
lower semi-continuous on the space Mp((0, 1) x R). Moreover, let (j1;) C Moo be
a minimizing sequence, i.e.,

foo(ﬂj) - MGI%DC Foo(pt).

Then (1) is pre-compact in Mo, i.e., there exists I € Moo such that, up to subse-

* ~ . .
quence, juj — [i. Thus, in particular,

Foo(t) = inf F, .
oo (1) MEmMoo oo (1)

Proof 1-homogeneity. Let « > 0 and let © € M. Then a direct computation shows
that

dlop )  dux
d(ap) du

’

from which we readily deduce Foo(at) = aFoo ().
Convexity. Let 1, uy € Moo, t € (0, 1). Assume that Foo (1), Foo(it1) < +00,
otherwise there is nothing to prove. Clearly u3z =ty + (1 — t)uo € Mo and

I/ dps \~l/dusx\2 | .
F (u3)=/ k2du3+/ L EERRNT A
oo (0,1)xR 0. 1)xR 4k? ( dlml) ( dlMsl)
We have
/ k> dus =z/ K duy + (1 —1) k> dus. (6.5)
0,1)xR 0,1)xR 0,1)xR
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Nextfori = 1,2set p; := u;, E; := ﬁm,x,ki = |iti|, and note that they belong to

Mp((0, 1) xR). Indeed p;, A; are bounded by definition, whereas by Young inequality,
it holds

1 1 dui x
E-((O,l)xR):/ — :/ L (tixy g,
l onxr 2k 5 Joxr «/Ek( du ) l

1 du; +\2 1
S/ —2< Ml’x> dui-i-—/ dpi
©,1)xR 4=\ dp; 2 J©0,1)xR

= Foo(ui) + pi((0, 1) x R) < +o0.

Thus, we can invoke Proposition 6.4 and get
1 ( dus )—1(du3x)2 - 1
— (= =) dlas| = B | u3, —=- 13,
/(0,1)><R4k2 d| 3] d|fas| a2kt

1 1
<t% (,U«h ﬁﬂl,x) +(1-0% (Mz, EM'X)

<t/ L( duy )71<d'“1*")2d|/11| (6.6)
= Jo.xr 4k2 N d| ] dlfi]
1/ duo N1/ dpa N2 .
+(1—1) () (52) dial.
0,1 xR 4k=\ d|j1z] dlfz]

Finally combining (6.5) with (6.6) we get
Foo(u3) < tFoo(1) + (1 — 1) Foo(1r2)-

Lower semi-continuity. Let (1 ;) C Moo be such that A u for some p € M.
Let ¢ € C°((0, 1) x R), then by duality we have

lim pdujx =— lim pxduj = —/ Pxdp
j=+ Jo,1)xR J=+00 J(0,1)xR (0.HxR

= —/ pdu x,
0,1)xR

so that i A i .x. Then by applying Reshetnyak Theorem (Ambrosio et al. 2000,
Theorem 2.38) exactly as in (4.14) and (4.15) we deduce

liminf Foo (i) = Foo(pt).
Jj—>+00

Compactness. Let (11 j) C Mo be aminimizing sequence for F,. Then by Corollary
3.3 for every j there exists x — v; , with v; , probability measure on R such that

1 1
15100, 1)><R>=/ du,:/ /duj,xzxdp/ drdy = 1.
0,1 xR 0 R 0
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Thus, up to subsequence, u ; A 1. Moreover, by Young’s inequality and (Ambrosio
et al. 2000, Proposition 1.23) we have

d:uj,x
d,uj

CZfoo(Mj) Z/

0,HxR

duj = |pjxl((0,1) x R).

Thus, up to subsequence and arguing as in the proof of Proposition 4.1, we can deduce

* A A
that o — 1y and i € M.
Minimality of 1. By lower semi-continuity and compactness, we have

l?\fl Fooll) = jETOO Foolij) = Foolit) = uemeoo Foo(l),

neMeoo

so that

Foo(ft) = ian Foo(1t).

neMe
O
Lemma 6.6 (Disintegration of © € My in the k-variable) Let © € My
with Foo() < —oo. Then there exists k +— gr (m2)zu-measurable such that

((nz);/l, (gk)keR) is a disintegration of i (in the k-variable). Moreover, for (72)4 14
ae. keR

d
g e WHNO, 1) with g = dL:(~,k)gk£1.

Proof By the Disintegration Theorem (cf. Ambrosio et al. 2000, Theorem?2.28)) there
exists k — v € M;‘(O, 1) (m2)zpu-measurable with v (0, 1) = 1 such that

1
/ £ k) dulx, k) = / / Fe B A o), (6.7)
0,1)xR R JO

for all f € LY((0,1) x R; w). Let o(x, k) = ¢(x)xak) ‘With ¢ € C°(0,1) and
A C R bounded and measurable. Then, being ¢ . (x, k) = ¢(x) x4 (k), from Remark
2.2 (i) we have

1
/ pduy = —/ pxdu = —/ / @.x dvg(x) d(m)g (k).
0,1)xR 0, xR RJO

Moreover, since u , < U,

dp x !
wdu,=/ ® ’du=//<p
/(o,l)xR ! onHxr du R Jo

du x
a dvg (x) d(m2) (k).
m
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Therefore, we deduce

1 1
—// ¢(X)dvk(X)d(JT2)aM(k)=// ¢(x)
aJo aJo

By the arbitrariness of A this implies

du x
dp

dvg (x) d(m2) (k).

1 1
. d
- [ o = [ o0 KL ) () for (rae ek €,
0 0
from which, in turn, it follows that (vx) x < vk and

du x
1 (k) v  for (m)sp ae. k eR. (6.8)
m

(Vk),x =

We next claim that (6.8) implies that vy < £'L(0, 1) and there exists gy € W1(0, 1)
such that v, = g £'L(0, 1) for (m2)1p a.e. k € R. This is enough to conclude the
proof since (6.7) becomes

1
/ Fa k) dute k) = / / £, R)gr(x) dx d(m)z k).
0,1)xR RJO

It remains to show the claim. Let § > 0 and let ps(x) = % p(%) be a smooth mollifier
at scale §. From (6.8) we have

d
(Vi * p5) 3 = (dLM( Kyve) s ps for (m)sp ace kR,

where here is implicitly assumed v to be extended to 0 in (0, 1)¢. Thus

Y d I g
|vk*pa(x)|=‘/ (S5 ok ui) s 5/ \ “”‘(-,k)]dvk<+oo,
—co  du o | du

d

so that, in particular v; * ps € L®(0, 1). This together with vg *x p;s A v implies
v = g L1L(0, 1) for some gx € L>(0, 1). In addition, given ¥ € CX(0,1),

- - U odp,
/wgkdx=/ wdvk=—/ vk au,
0 0 0 1%a
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from which we infer g, = ddL;(-, kv = d(’flf (-, k)gxL'. Eventually by Young’s

inequality

1 1
/0 |4e()] dx = N8O 5 Ser) da

0 V2k/gr(x)
! I (ge(e)?
2
5/0 [kg()+4k2 2k () }dx

1 1 /du
5/0 [k2+m( P, k))}gk(x)dx<+oo

for (mm2):z 0 a.e. k € R, and thus in particular g € w1, 1).

We are now ready to prove the main result of this section.

Proof of Theorem 6.2 By Lemma 6.5 we know there exists i € M, minimizer of Feo.
Moreover, by Lemma 6.6 there exists k — gj (7r2) /L measurable with g € wh1lo, 1)
for (m2)zft a.e. k € R, such that ((ﬂz)ﬁ,&, (gk)keR) is a disintegration of [i. Therefore,
in particular we can rewrite

, ! L (ditsy? ,
Foollt) = /]R /0 |:k2+m(d—ﬁ>:|gk(x)dXd(7T2)ﬁM-

Step 1: we show (6.2). Assume by contradiction that (6.2) does not hold true. Then

the set

is such that (72)z L (E) > 0. Assume, without loss of generality, that the subset

1 | da,
+ . +. 2 X
E = {k eR™: /0 k“gr(x)dx </0 Ik2< 1 ) gk(x)dx}

satisfies (nz)ﬁﬁ,(Ef“) > 0 (the other cases can be treated in a similar way). Since

fol gr(x)dx = 1, we can rewrite

1 [V daen2
+ _ +. X
El—{keR.l<m (dﬁ)gk(x)dx}.
Then there exists o > 0 such that
dit

+ 1 :
Eo-::{keR 1+O’Sm 0(

x\? +
i ) gk(x)dx} CE|
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with (m2):/1(Es) > 0. Next fix § > 0 such that (1 +6)> < 1 + o and let i €
Mp((0, 1) x R) be defined as follows

= a0, 1) x (R\Ey) + ps, (6.9)
where ps = (15)3L((0, 1) x Ey) is the push-forward of uL ((0, 1) x E,) with
respect to the map t5: (0, 1) x R — (0, 1) x R, t5(x, k) := (x, k(1 4+ 8)). Note that

[ 1s a positive measure. Setting Eg := (1 4 6) E,, then the support of 15 is contained
in (0,1) x ES, and

/ £k dpss =/ £ k(1 +8) did
0,1)xES (0,1)xE,

for every f summable with respect to 5. Hence, by duality and using that i , < [
we have

/( g OO = / 026 1) it
)X EG

(0,1)><Eg
=—/ @x(x, k(1 +8))di
0,)xXEys
=/ P(x, k(1 +8))di x
0,1)xEs

dj A
=/ o k(1 + 8) = (x, k) dja
(0.1)x E, di

=/ p(x, k)
(0,1)xES

forall ¢ € C2°((0, 1) x Ef,). As a consequence we readily deduce that (us) » << s
with

d;l’x( k )d

’ = S B 1
a, U= (x’ 1+5>’ (6.10)

so that, in particular, i y < [i. Moreover, for every ¢ € C2°(0, 1) we have

1
/ 2x¢<x)dx=/ ¢>(x)d/3c=/ ¢>(x)dﬂ+/ 6(x)dd
0 0,1)xR (O,I)XE(‘.} 0, xE4
_ / () di
(0,1)x ES

+/ ¢(0) dus =/ (0 d,
(0,1)xE$ (0,HxR
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and thus 1 € M. We next show that

Foolit) < Foo(fL),

which contradicts the fact that [t is a minimizer. To this purpose, it is convenient to
define the localized functional

1 rdpx\2
Foolp, A) := K+ —(—==) | du.
ol A /(0,1)xA|: " 4k2( du ) ] a

for any bounded measure 1 with u y < p and any A C R measurable. Observing
that ft = i on (0, 1) x (R\(E, U E%)) and ji = 15 on (0, 1) x (ES N E,) we have

Foolft) = Foolft, R\(Eq U E2)) + Foo(jt, ES\E) + Fooits, ES N Ey).
6.11)

By Lemma 6.5 we know that F, is convex and 1-homogeneous, which together with

_ 2+ 2us
=—75— on (0, 1) x (E2\E,),

yield

Foolfts EXNEy) = Foo (RL((0, 1) x E3\Ey))
< Foo(AL((0,1) X ES\E,)) 4+ FoolpasL((0, 1) x ES\E,))
= Foo(fts (ES\E4)) 4 Foo(its, (ES\Ey)).

Combining this together with (6.11), we get

Foolft) < Foolit, R\Eg) + Foo(us, ES)
= Foolft) + Foo (s, E3) — Foo (it Eg).

Therefore, we would conclude the proof if we show that
Foo(its, E5) = Foo(ts Eg) < 0. (6.12)

By the change of variable k = k(14 8) and recalling (6.10), it holds

1 rd(ps) )2
Foolis, EY) = Bt —(——=) |d
OO(M(S o') /(O’I)XE3|: + 4k2< d/,LB ) } /"L(S

1 diz o \2] .
= (1 +8)” + - }d ,
/(o‘an” [ ¢ ) 4k (1 +6)2< di ) *
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from which it follows

Foolts, ES) — Foo(ft, Eq)
1— (148 di\2] .
= (148> -1+ 2 ] d
/(0,1)an |: ( ) ) 4k2(1 + 8)2 ( di ) #
1+68)>—1 1 /di \2
(I+8 Jonxe, 4k2\ dfi

Being § > 0 we have that ((1 + 8)2 —1)/(1 + 8)* > 0. Moreover, by disintegration
we can rewrite the integral as

1 /dax\2] .
K (14687 - — : d
/(O,I)XEJ[ (1+9) 4k2( dA>:| #

dji o .
/ / [k2(1+6>2 (= A)}gk(x)dXd(ﬂz)nIL

The above quantity is strictly negative if

1 A
1 /di,\2
/O [k2(1 +5)2 - W(dL[j) ]gk(x)dx <0 for (m)sfi ae. k € E,.

From fol gr(x)dx = 1, this is equivalent to

(1+68)? <

1t rdiase2 .
o ( i ) g()dx  for (m):ft ae. k € Eo,
which holds thanks to the choice of § and the definition of E,,, and thus, we infer (6.12).

Step 2: we show (6.3). By Lemma 6.6 we have g = % (-, k)gr L1, so that from (6.2)
we have

1 o )
kz/ (\/M)zdxzkz/ () dx = — (gk(x)) 4
0 0

4k gr(x)

1 [/ d
-5 /O (a,ﬁgkm) dx. (6.13)

Since (i € Mo, then in particular ({0} x R) = 0 from which it follows gz (0) = 0
for (m2)4/L a.e. k € R. Thus, we apply Poincare’s inequality to get

1 1 d 2
/ (\/gk(x))zdx = C/ (d—\/gk(x)) dx
0 0 X
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for some constant C > 0. Now combining the above inequality with (6.13) we find
that

1 1
/ Ver(x))*dx < Ck* / Ver(0)? = k*>ch
0 0

Hence, (6.2) holds true if k* > C~! which in turn implies (7)1 (|k| < C~'/4) = 0.
O
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