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Numerically robust algorithmic formulations suitable for rate-independent crystal plasticity are presented. They
cover classic local models as well as gradient-enhanced theories in which the gradients of the plastic slips
are incorporated by means of the micromorphic approach. The elaborated algorithmic formulations rely on
the underlying variational structure of (associative) crystal plasticity. To be more precise and in line with so-
called variational constitutive updates or incremental energy minimization principles, an incrementally defined
energy derived from the underlying time-continuous constitutive model represents the starting point of the
novel numerically robust algorithmic formulations. This incrementally defined potential allows to compute
all variables jointly as minimizers of this energy. While such discrete variational constitutive updates are not
new in general, they are considered here in order to employ powerful techniques from non-linear constrained
optimization theory in order to compute robustly the aforementioned minimizers. The analyzed prototype
models are based on (1) nonlinear complementarity problem (NCP) functions as well as on (2) the augmented
Lagrangian formulation. Numerical experiments show the numerical robustness of the resulting algorithmic
formulations. Furthermore, it is shown that the novel algorithmic ideas can also be integrated into classic,
non-variational, return-mapping schemes.

1. Introduction than the number of possibly active slip systems (e.g., 12 for an FCC

crystal). Clearly, one might argue that real crystals also show a certain

Although crystal plasticity theory dates back to the early pioneering
works (Taylor, 1938; Bishop and Hill, 1951b,a) and thus, it was already
proposed more than eighty years ago, it still represents a sound and
powerful framework for understanding the mechanical response of
(single) crystals. Furthermore, despite its simple structure and despite
the relatively simple underlying assumptions, crystal plasticity theory
allows to capture very complex phenomena such as texture evolution in
polycrystals, Miehe et al. (2002), Homayonifar and Mosler (2012). For
this reason, crystal plasticity theory is still frequently and successfully
applied to simulate crystal behavior, see Ma et al. (2006), Siska et al.
(2009), Cuitino and Ortiz (1993), Homayonifar and Mosler (2011),
Hollenweger and Kochmann (2022), Daroju et al. (2022).

While the structure of crystal plasticity is indeed relatively simple
(but still physically sound), the algorithmic formulation is very chal-
lenging. To be more precise and as far as rate-independent local crystal
plasticity is concerned, the computation of the active slip systems is
not unique and results in severe numerical problems. The well-known
reason for this non-uniqueness is that the space of stress deviators (5
for a symmetric stress tensor, see e.g. Hill and Rice (1972), Bassani
and Wu (1991), Havner (1992), Fohrmeister et al. (2018b)) is smaller
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viscosity which can regularize the aforementioned non-uniqueness.
However, this beneficial effect is not present for very slow processes
and furthermore, combining or mixing a physics-motivated viscosity
with a numerically-motivated one is problematic, since both effects
cannot be separated in general and hence, they interfere, Langenfeld
et al. (2018). For this reason, focus is on a rate-independent setting.
In order to control the non-uniqueness of crystal plasticity theory
and in order to also identify the active slip systems within the al-
gorithmic treatment, several ideas have been proposed. The probably
most prominent ones are the application of a pseudo inverse (see,
e.g. Anand and Kothari (1996), Schroder and Miehe (1997), Manik
and Holmedal (2014)), the introduction of a numerical viscosity (see,
e.g. Miehe and Schroder (2001), Manik et al. (2022), Rys et al. (2022))
or the active set method (see, e.g. Simo (1998), Simo and Hughes
(1998), Miehe and Schroder (2001)). Other algorithms are based on the
postulate of maximum dissipation. Focusing on associative evolution
equations, crystal plasticity theory can, for instance, be re-written
as such an optimization problem. This opens up the possibility of
applying powerful methods from non-linear (constraint) optimization.
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This line of thought was followed in Schmidt-Baldassari (2003), in
which two algorithms were proposed. The first of those falls into the
range of Nonlinear complementarity problem (NCP) functions, while
the second one adopts the Augmented Lagrangian framework. More
recently, the interior point method — another non-linear (constraint)
optimization algorithm — has also been applied to crystal plasticity
theory, Scheunemann et al. (2020, 2021), Niehiiser and Mosler (2023).

Within the present paper, two non-linear (constraint) optimization
algorithms are proposed in order to (1) identify the active slip systems
and (2) in order to compute the unknown plastic slips: A method
based on nonlinear complementarity problem (NCP) functions, and an
algorithm relying on the Augmented Lagrangian framework. However
and in contrast to the papers cited before such as Schmidt-Baldassari
(2003) where the postulate of maximum dissipation is considered, a
global variational principle represents the starting point here. To be
more precise and in line with Ortiz and Stainier (1999), Ortiz and
Repetto (1999), Carstensen et al. (2002), Miehe (2002), Mosler and
Bruhns (2010), Stainier and Ortiz (2010), Fohrmeister et al. (2018a), an
incrementally defined energy is introduced whose minimizers define all
involved variables jointly. These minimizers also encompass the respec-
tive balance laws. By adding gradient terms of the plastic slips to the
Helmholtz energy, non-local gradient-enhanced models are naturally
included in the aforementioned variational setting, Fohrmeister et al.
(2018a). This allows to extend algorithms originally designed for classic
local models also to gradient-enhanced theories. This train of thoughts
is also taken here. The main contributions presented in this paper are:

» Numerically robust algorithmic formulations suitable for local
rate-independent crystal plasticity theory based on incremental
energy minimization/variational constitutive updates.

— The first algorithm falls into the range of nonlinear com-
plementarity problem (NCP) functions. In order to improve
the numerical performance, a new scaling of the NCP-
function is proposed. Furthermore, it is shown that a reg-
ularized Fischer-Burmeister NCP function also eliminates
the aforementioned (local) non-uniqueness of classic rate-
indendendent crystal plasticity theory by implicitly modify-
ing the underlying model.

— The new scaling of the regularized Fischer-Burmeister NCP
function is also integrated into a classic, non-variational
return-mapping scheme resulting in a robust algorithm.

— If the Fischer-Burmeister NCP function is replaced by the
Min-NCP function, this algorithm is shown to be identical
to a numerical formulation based on an active-set strategy.

— The second algorithm falls into the range of the augmented
Lagrangian framework. The advantages and drawbacks of
different constraints are discussed and the numerically most
beneficial one is identified.

+ Unifying micromorphic extension of the local crystal plasticity
models in order to capture non-local gradient effect. This exten-
sion is again based on incremental energy minimization and the
resulting constrained optimization problems are solved by means
of the algorithms already used for the local models

The paper is organized as follows: Section 2 covers the fundamentals
of crystal plasticity theory. It includes the kinematics, constitutive
assumptions as well as a variational reformulation of this theory. While
Section 2.2 deals with the standard local theory, the incorporation of
gradients effects through a micromorphic approach is discussed in Sec-
tion 2.3. Throughout Section 2, a time-continuous setting is adopted.
The time-discrete approximation of crystal plasticity is presented in
Section 3 — again in a variational setting based on incremental en-
ergy minimization. Two numerically robust solution schemes for the
resulting time-discrete non-linear constraint optimization problems are
subsequently elaborated in Section 4 — the main part of the paper.
Numerical examples provided in Section 5 highlight the properties of
both novel algorithms.
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2. Gradient-enhanced crystal plasticity theory in a nutshell

The fundamentals of gradient-enhanced crystal plasticity theory are
concisely presented here. While Section 2.2 deals with the classic local
theory, the incorporation of the plastic slips’ gradients is discussed in
Section 2.3. Section 2.2 and Section 2.3 are structured in the same
manner. The constitutive models are presented first (Sections 2.2.1 and
2.3.1) and subsequently, a variational reformulation of the models is
given (Sections 2.2.2 and 2.3.2). Since all models are based on the same
kinematic assumptions, these are presented in Section 2.1 first.

2.1. Kinematics

In what follows, the deformation of reference configuration 3, to
current configuration 3, is measured by non-linear deformation map
@. It maps point X € B, to its counterpart x € /3,. Within a local
neighborhood, ¢ can be approximated by deformation gradient

0x
F :=GRADg := == )
which is subjected to the local invertability constraint det F > 0.
In line with standard multiplicative plasticity theory (see, e.g. Lee
(1969), Simo (1998)), deformation gradient F is decomposed in an

incompatible manner according to
F = F® . FP | with det (F®) > 0 and det (FP) > 0. 2)

Here, FP is associated with plastic deformations, while the elastic
distortion of the underlying atomic lattice is captured by F°. Decom-
position (2) allows to introduce the material frame indifferent elastic
measure

ce :=[F] . F¢ 3)

representing the elastic right Cauchy-Green tensor. While F¢ (or C*¢
respectively) thus governs the elastic response of the considered mate-
rial, plastic deformations are defined by means of a flow rule, i.e., an
evolution equation. Denoting the normal vector of slip plane (i) as N@
and the respective slip direction as M®, the aforementioned evolution
equation can be written as
nsys
LP := FP. [FP]—1 — Zy(i) MO g NO . 4)
i=1
Here, the superposed dot represents the material time derivative, y is
the plastic slip at slip plane (i) and LP is the plastic part of the velocity
gradient with respect to the intermediate configuration induced by
multiplicative split (2). Accordingly, the flow rule is also defined with
respect to this intermediate configuration. Finally, it is noted that this
intermediate configuration is isoclinic in the sense that vectors M and
NO are identical to their counterparts in the reference configuration.

2.2. Local crystal plasticity theory

Throughout this paper, only models with associative evolution equa-
tions are considered. They can be defined by means of only two po-
tentials: Helmholtz energy ¥ as well as yield function ¢. Alternatively
and referring to variational settings such as those in Ortiz and Stainier
(1999), Ortiz and Repetto (1999), Carstensen et al. (2002), Miehe
(2002), Mosler and Bruhns (2010), Stainier and Ortiz (2010), Fohrmeis-
ter et al. (2018a), these models can also be derived by postulating
Helmbholtz energy ¥ and dissipation potential D,.

2.2.1. Constitutive model

Within plasticity theory, the elastic properties are not affected by
inelastic deformations. This corresponds to an additive decomposition
of the Helmholtz energy. Accordingly, ¥ is assumed of type

Y(F¢ ) =¥P(C® + PP (). 5)
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While ¥¢ defines the elastic response of the material, work due to
hardening is accounted for by ¥P. The latter energy depends on strain-
like internal variables a. Based on Eq. (5), the dissipation of the local
plasticity model is given by
Dim=P:F—li'=P:F—aa—¥::F—‘Z—fuzO, (6)
where P denotes the first Piola-Kirchhoff stress tensor. The scalar
product occurring in the last term of Eq. (6) apparently depends on the
properties of a. Application of the by now classic Coleman and Noll
procedure (see Coleman and Noll (1963)) yields

(& € € €
p=C _ 0 OF e OV ppeT @
JoF o0F¢  OF aCe
which, in combination with notations
oyP ove
=-Z r=2cC°- 8
o Ja aCe ®
leads to reduced dissipation inequality
D=3 :I[P+0 -a>0. ©

nt

In Egs. (8) and (9), ¥ are the Mandel stresses (with respect to the
intermediate configuration) and Q are internal stress-like variables dual
to their strain-like counterparts a.

The constitutive assumptions summarized before are not restricted
to crystal plasticity theory, but hold for a more general broad class of
plasticity models. Focusing on crystal plasticity theory next, internal
variable a is chosen as a = {a1), ..., a"s)} where «® is a strain-like
internal variable capturing hardening at slip plane (i). The stress-like
internal variables dual to a'”) are denoted as 0% := —d,,¥. With these
notations and by introducing Schmid stresses

20 = g0 3. NO (10)
yield functions of type
¢, 00 = [0 - (@ + 0" <0 an

are defined. In Eq. (11), Q, is the initial yield limit of slip system (i).
The intersection of all constraints (11) results in the space of admissible
stresses

E = { (2,0) € R | ¢O(2,0) <OVi € {1,....ny) } . (12)

¥ and E (respectively, ¢@(z®, Q1)) define the constitutive model
completely, if associative evolution equations are chosen. More specifi-
cally, application of the postulate of maximum dissipation leads to the
well-known evolution equations
q® = O an ¢(i) =_® ,
fgys Ngys (13)
LP = z P ()Z¢(i) — Z 20 sign (T(i)) MD e NO
i=1 i=1
depending on plastic multipliers 4. According to Eq. (13), these
multipliers are identical to the negative rates of a”) for the considered
constitutive model. Within the variational framework of the postulate

of maximum dissipation, loading and unloading follow from the classic
Karush-Kuhn-Tucker conditions

eV <0, a9>0, 00 =0. a4

Although the structure of crystal plasticity theory is relatively simple,
the computation of the set of active slip systems

Di={iel....ny A" >0} . @15)

and the computation of A" are very challenging for rate-independent
models such as those discussed here.
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2.2.2. Variational structure of the model — time-continuous setting

The variational structure of the model summmarized before (pos-
tulate of maximum dissipation) can be even further highlighted — as
for instance shown in Ortiz and Stainier (1999), Ortiz and Repetto
(1999), Carstensen et al. (2002), Miehe (2002), Berdichevsky (2006),
Mosler and Bruhns (2010), Stainier and Ortiz (2010), Fohrmeister et al.
(2018a). For that purpose, rate potential

T i= / [# + Dy ] dV - P, (16)
By

is defined. It depends on the stress power (since P : F =¥ + D;,) and
on power P, due to externally applied forces (i.e. volume or traction
forces). It bears emphasis that functional (16) is considered to be a
functional in rates ¢ and A?). To be more explicit, the state itself (¢,
FP and o) is not varied in Eq. (16), i.e., Tiy. = Lipe(@, A0, ..., A0s)),
The key role of potential (16) becomes evident, if the Euler-Lagrange
equations of variational principle

stat (Tine 1(Z.Q) €E) . a7
are computed. These result in balance of linear momentum

S¢pLine = / P:5FdV -5P,=0 Vép. (18)

By
and
8,00 Line = — / oV 52D dy =0 vsaD. (19)
By
Here, 6(,)I'inc is the variation of I;,, with respect to (s) — not the

variational derivative. Eq. (19) covers elastic unloading as well as
elastoplastic loading. Within the first case, the respective plastic multi-
plier is constant resulting in §A”) = 0, while the necessary condition
for elastoplastic loading yields ¢” = 0. Consequently, ¢ 61D = 0
always holds, i.e., Eq. (19). In contrast to the postulate of maximum
dissipation, variational principle (17), however, does not only define
the constitutive model, but also encompass the underlying balance
equation, cf. Eq. (18).

It bears emphasis that evolution equation (13), was already inserted
into Eq. (16) for the derivation of Eq. (19). However and as shown
in Ortiz and Stainier (1999), Carstensen et al. (2002), one can also de-
rive the complete set of evolution equations from variational principle
stat 7,

mc*
2.3. Gradient enhanced crystal plasticity theory — Micromorphic approach

Next, the local crystal plasticity model presented before is extended
in order to account for gradient effects. This is implemented by means
of the so-called micromorphic approach, Forest (2009), Rys et al.
(2020).

2.3.1. Constitutive model

Gradient effects are often modeled by incorporating VFP := 0FP/0X
(or curl FP) or Va'” into Helmholtz energy. In what follows, Va(® is
chosen. However, instead of inserting Va(® directly, the gradient model
is approximated by means of the micromorphic approach, (see Forest
(2009), Fohrmeister et al. (2018a)). For this reason, a) is replaced by
slack variable s(). Deviations between a” and s are penalized by term

Nsys

ok
YPen(g ) = %Cl Z (am _ S(i))2. 20)
i=1

Clearly, other penalty functions are admissible as well. Here, ¢, plays
the role of a penalty parameter and thus, it has to be chosen sufficiently
large. With Eq. (20), gradient-enhanced Helmholtz energy

P(FS, a, Va) = PE(CS) + PP(a) + PP (V) . (21)
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is approximated by micromorphic model
Y(F®, a,s,Vs)=P°(C® +¥PP(a) + PP (a, 5) + 'Pp’mnl(Vs) . (22)

where ¥Po1! captures gradient-hardening.

The main advantage of micromorphic approximation (22) is its
relatively simple numerical implementation. To be more precise, al-
though additional fields s’ have to be discretized, e.g., by means
of finite elements, the inequalities characteristic of plasticity theory
(such as ¢ < 0) can still be checked point-wise and do not have
to be considered at the global structural level as it is required for
original model (21). Furthermore, the extension of the local model to its
gradient-enhanced version is straightforward for approximation (22).

2.3.2. Variational structure of the model — time-continuous setting

By replacing Helmholtz energy (5) by its gradient-enhanced ver-
sion (22), and having in mind that additional fields s*) have been
introduced, variational principle (17) reads now

itf,ts (Tine 1(Z,Q) €E) . 23)

Due to the additive structure of Eq. (22), stationarity with respect to
deformation rate ¢ still results in balance of linear momentum, while
a variation with respect to @® (or A?)) leads to the slightly extended
version of Eq. (19)

S0lpe=—1 [V —c; (a?—sD)] 620V =0 v5iD. (24)
By
Finally, a variation with respect to § yields
A 9 v 9| 50 qy = )
8 Line = /B 0 [M) pIV =5 | 630 dv =0 v (25)

where homogeneous Neumann boundary conditions have been as-
sumed for s¢). Eq. (25) is often also denoted as balance of microforces,
Gurtin (1996). By inserting derivative 0¥ /ds® = —c,(a® — 5¥) into
Eq. (25) and by applying the localization theorem, one obtains the local
counterpart of Eq. (25)

o
Vs
In order to interpret the model better, Eq. (26) and yield function (11)
are inserted into Eq. (24) and an elasto-plastic loading step is consid-
ered (i.e., §A7) # 0). In this case, application of the localization theorem
results in

(26)

—c;(@? = 5Oy - DIV

@monl ._ 40 _pry Y _ ;0] _ [ 0.0 4 o A
& = ¢ DIV £ ‘T <Q0 +07+DIV =5 ) <0
——
:Q(i),nonl

27)

which clearly highlights the gradient-enhancement of the yield function
(last term in Eq. (27)). Accordingly, the model shows an additional
non-local hardening part in the yield function.

3. Variational constitutive updates/incremental energy minimiza-
tion — time-discrete setting

So far, a time-continuous setting has been adopted. Next, focus is
on the numerical implementation in which the fields are approximated
in space by means of a finite elements and in time by means of a
suitable time integration. As a consequence, a (time) discrete setting
is considered in this section.

3.1. Discretization

In order to obtain a numerical solution for time-continuous prob-
lems (17) and (23), a suitable discretization in time is required. Here,
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a fully implicit scheme is applied to time interval [¢,_;;,]. Indices
denoting objects of the current time step 7, are omitted for better
readability, i.e., 7 :=1,.

With the integrated plastic multipliers 419 := f[:H A0 dt, evolution
equations (13) result in

i _ i @ i _ i) o i O}
a® =429 4 a’ . y = 44D sign (z10) +7l s
S —
:Ay(i) (28)
ALP = Z AyOMO @ NO
i€o
The deviatoric structure of the flow rule (trLP = 0) can be preserved in
the time discrete setting by employing an implicit time discretization
by means of the exponential map, i.e.,

FP =EXP (AL?) - F*_ . (29

Alternatively, a classic backward-Euler integration without an addi-
tional projection step has also been implemented. With these time dis-
cretizations, time-continuous potential (16) (and its gradient-enhanced
counterpart (23)) leads to time-dependent incremental potential

Ty = / 7 -, + 4Dy, |dV - €&,, (30)
By

where &, denotes the work done by externally applied forces.

Having discussed the time discretization, focus is on the spacial
discretization next. In line with a standard isoparametric finite element
scheme, both reference coordinates X as well as placement field ¢ and
micromorphic field s are spanned by means of a Cy-continuous ansatz,
i.e., finite element approximations

ne ne ne
0 o
Xp=D NowXw  @n=2 Noow 5 =2 Nosy, G
k=1 k=1 k=1

are made. Here, n,_ is the number nodes per element, N is the shape
function associated with node (k) and X ), @, and s&) denote nodal
coordinates of the reference configuration, the placement field and
slack variable 5@, respectively. Clearly, other approximation schemes
are also possible. For the sake of completeness, the variations and the
gradients of ¢, and sg) are also given. They result in

ne ne

Vor= Y ®w®VNy =F,  Vép, =Y 69 ® VN, =6F, (32)
k=1 k=1

and
Tle e

@) _ (@) ) _ @)

Vs, = D s VNw, Vs, = 3 8sy) VNG, (33)

k=1 k=1

3.2. Discrete minimization problem

By inserting the spatial as well as the temporal discretizations into
Eq. (30), the incremental energy’s contribution of finite element e reads

I, = I (@p s s 440, L 400, (34)
The system’s total energy can then be computed by a summation over
all elements. Furthermore, continuity of fields ¢, and S(}:) is enforced
in standard manner by means of an assembly step. Clearly energy 17
depends on the state at time 7,_; as well as on state at time 7,. However,
only the latter is unknown and thus the dependency on the known
state at time 7,_; is not highlighted explicitly. Energy (34) depends on
globally defined fields ¢, and S(if)’ while plastic multipliers 4A®) have to
be defined only at the integrations points, since they do not enter the
energy through gradients. For this reason, the plastic multipliers can
be conveniently computed first from a local optimization problem. The
respective optimization problem reads

A0 = in I . 35
argA%rzlo nc (35)
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This, in turn, defines reduced potential

g, sV, ) = min T,

s Viel, ..., ng. (36)
inc h h 44D>0 sys

Consistency of condition (35) (and thus, of potential (36)) can be shown
by computing the necessary extremum condition. A straightforward
calculation yields

0T, . . .

- . ) -1
T;(; ==X 050 F - [FP17! + Qp + 0 + ¢, (@? = sy > 0. (37)
Obviously, this derivative is not equivalent to non-local yield func-
tion (27), since d,,i F? - [FP]~! # M® ® N sign(z() (see also the
Appendix). However, consistency has to be checked for Ar =1, —1,_; —
0. In this case, a linearization of exponential maps gives

dOFP | OEXP(ALP) 0 @Y o (@) P
300 = | —oarr— | (MO ®NT)signz)| - F,,
— —
=1 (4t —=0)
Ar—=0 i i i
410 sign(z®) (MO @ N©) . FP (38)

and consequently, Eq. (37) indeed converges to

;AZ,‘{:) 4=0 12 (MO @ NO) |40y +0% +¢, (@ — ) =~ > 0. (39)
Accordingly, a minimization of energy I with respect to the plas-
tic multipliers enforces the stresses to be admissible, i.e., constraint
g@nonl < () associated with yield function (i) is automatically fulfilled.
However, It bears emphasis that 0Z,./d44? # —@®nonl for a finite
time step such as that considered in numerical simulations. Thus, the
presented variational algorithm is not equivalent to a standard return
mapping algorithm in which ¢®"°! < 0 is always explicitly enforced.
Nevertheless, the variational update indeed approximates the yield
function consistently, see also Bleier and Mosler (2012) and all schemes
are first-order accurate.

Finally, the remaining stationary conditions of potential (34) are
derived. A variation of Eq. (34) with respect to placement ¢, yields

oY o0&
0y, Line = — (S6F,dV - — 1 6¢,dV =0 Vé 40
@pinc o th h L 0¢h Ph Ph (40)

=P,

which is the weak for of equilibrium (i.e., balance of linear momentum,
cf. Eq. (18)), while a variation with respect to slack variable s:) results
in

5S;;)Iinc=/ L 5s5j>dv+/ P avsPdv =0 el (41)

Q2 0s b Q2 0Vs n

Eq. (41) is the weak form of balance of microforces, cf. Eq. (25).
In summary, variational principle minZ;,. enforces canonically: (1)
balance of linear momentum, (2) balance of micro forces and (3)
admissibility of the stresses, i.e., the yield functions.

4. Incremental energy minimization as constrained optimization
problem

According to the previous section, the discretized local as well as the
gradient-enhanced plasticity model are characterized by a minimization
problem of type

min min Lipe. (42)
Xn 24042059

While the local model is defined by set
X = {on} 43)
the gradient-enhanced model is obtained by

(5ys)
K= {ono sy 44
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The minimization problem is sufficiently smooth and unconstrained
in X, and thus, it can be conveniently solved by means of Newton’s
method. For that purpose, weak form (40) is considered for the local
model, while weak forms (40) and (41) are solved monolithically by
finite elements as far as the gradient-enhanced model is concerned.

According to the previous paragraph, a minimization of Z;,. with
respect to X, is relatively straightforward. By way of contrast, although
minimization problem

min . (45)
450, 42"s)
is local (and consequently, it can be solved at the integration points), it
is non-smooth and constrained and thus, numerically indeed challeng-
ing.

4.1. Nonlinear complementarity problem (NCP) functions

4.1.1. Fundamentals
The conventional, non-variational, setting of (local) crystal plastic-
ity theory is characterized by the set of (in)equalities

¢ <o, 229 >0, @D 42D = 0. (46)

By setting a = —¢® and b = 449 this set falls into the range
of Nonlinear Complementarity Problems (NCP). That was observed
in Schmidt-Baldassari (2003) first. For this reason, one can replace
set (46) by NCP function G. To be more precise,

a>0, b>0, ab=0 o G(a,b)=0 47)

see, e.g., Geiger and Kanzow (1999) for further information. Ac-
cordingly, the inequalities are replaced by one equality. In Schmidt-
Baldassari (2003), a Fischer-Burmeister NCP function was chosen for
G. An implementation, together with some discussions concerning the
numerical robustness was presented in Fohrmeister et al. (2018b).

Two examples for NCP functions are the aforementioned Fischer—
Burmeister function

Gpg :=Va2+b2—a—b (48)
and the Min-NCP function
Gin = min(a, b). (49)

Clearly, both functions are continuous but not differentiable at the
origin. Hence, if Newton’s method is applied in order to solve Eq. (48)
or Eq. (49), one deals essentially with a non-smooth Newton iteration.
Interestingly the resulting algorithm shares thus some similarities with
an active set strategy. As a matter of fact, one can show that the Min-
NCP function and a certain active set algorithm are equivalent. This is
shown explicitly in Section 4.1.3.

The non-smoothness of NCP functions can be eliminated by a suit-
able regularization, Geiger and Kanzow (1999). For this reason, the
regularized Fischer-Burmeister function

Gpg =Va2+b2+25—a—b (50)

will be considered within the next paragraph. In Eq. (50), § is a
smoothing parameter which has to be chosen sufficiently small.

4.1.2. Variational formulation for gradient-enhanced crystal plasticity the-
ory

Implementation based on Fischer—-Burmeister function. While in Schmidt-
Baldassari (2003), Fohrmeister et al. (2018b) NCP functions were used
in order to solve classic (non-variational) local plasticity theory, the
gradient-enhanced variational framework elaborated in the previous
sections is considered here. The respective optimization problem (45)
can be solved by means of Karush-Kuhn-Tucker conditions

01, 7}

>0, 449 >0 hM(“:o. (51)
04AD T 7 T 0440
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Hence, by inserting a = 9Z;,./d44? and b = AA? into Eq. (50), one
obtains

2
Gg};=\/<m>z+(%) +25—M“)—%=0. (52)
It bears emphasis that although the original model is based on energy
minimization and thus, its Hessian is guaranteed to be symmetric,
the Fischer-Burmeister function does not inherit this property. Accord-
ingly, if Eq. (52) are to be solved, e.g., by means of Newton’s method,
a solver for unsymmetrical matrices is required.

Implementation based on scaled Fischer—-Burmeister function. NCP func-
tions are purely mathematically motivated. This can be seen, for in-
stance, by observing that the physical units do not fit. To be more
precise, while 449 is strain-like, derivative 07;,./d44" is energy-like.
In order to eliminate the dimensions of the structure, 7;,. is replaced
by its volume-specific counterpart

fine = [l[, v Dim] > Iy = A fine dv - S,p 5 (53)
0

and Eq. (52) is replaced by

; Oige \ 2 L 0i

0 _ ()2 Zlinc_ _ gl Pine
G \/(M 2+ <0M(i)> +26- 440 - —EE =0, (54)
Now, term di;,./dAAY is stress-like (to be more precise, a material stiff-
ness like the shear modulus). In order to eliminate the aforementioned
physical inconsistency, parameter w is introduced and Eq. (54) becomes

. 2 .
Ggg:\/(wAMi>)2+<%> +26—wAA(i)—%:O. (55)
The interesting point about the inconsistency of the original Fischer—
Burmeister function and modified function (55) is that it offers a scaling
which affects the condition number of the resulting Newton matrix.
Therefore, one could search for an optimal scaling parameter w. This
idea is precisely elaborated in what follows.

(Local)-uniqueness of Fischer-Burmeister-based algorithms — geometrically
linearized, local model without hardening. In order to analyze Fischer-
Burmeister-based algorithms, a geometrically linearized setting with-
out hardening is adopted (implying a local model without harden-
ing), Fohrmeister et al. (2018b). Within this setting, a straightforward
calculation shows

0AAD
and thus, the variational update is equivalent to the classic return-
mapping algorithm. Accordingly, the optimal scaling parameter to be
derived is also valid for the classic return-mapping algorithm combined
with the Fischer—Burmeister function. Due to identity (56), Eq. (55) can
be replaced by

=—¢®>0 (56)

Gl = \/(w 30N + (D) 425 — 1w AAD + ¢ =0 (57)

where the yield functions depending on Cauchy-stresses ¢ are of type
(Iocal model without hardening)

PP = \a S (MY ® N<f>)) -0¥ <o. (58)

Furthermore, the multiplicative decomposition of the deformation gra-
dient is replaced by an additive decomposition of the engineering
strains, i.e., € = €° + P and the stresses follows from Hooke’s model
o = C : & For linear isotropic elasticity, the elastic moduli take
the form C = 2ul+ A1 ® 1 where A and yu are the Lamé constants.
Combining these assumption with a backward-Euler time integration
for the evolution equations results in
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6=C: <£ - = Asign[o: (MY @ N?)| (M ® N‘“)"ym) .
i
(59

By inserting Eq. (59) into Eq. (58), the plastic multipliers can be
computed. More explicitly, introducing trial Schmid stresses

= (MO@ND) : C: (g, € _)) (60)

and inserting Eq. (59) into InEq. (58) yields

¢r1 = T;&U) _ (M(!) ® N(i)) - C

[2 429sign [0, : (MP @ NV)| (M® ®N(i))sym] _ Qg) <0. (61)

In order to avoid different cases, ¢, : (M ® N®) > 0 is assumed for
the sake of simplicity. Then, InEq. (61) can be re-written as

b i . W
¢S)_T;r(1)_yZFijAA(/)_QOI <0 (62)
J

with
F, = {(MO-M©D) (NO. ND) + (MO . NO) (NO. MP)} . (63)

The structure of F;; is a direct consequence of the elastic moduli. As
shown in Fohrmeister et al. (2018b), purely geometry-related matrix
F;; has a rank of five and thus, the problem is ill-posed in general
(depending on the number of active slip systems), cf. Zuo (2011).

In what follows, Fischer-Burmeister function (57) is solved by

means of Newton’s method. Hence, the derivatives of Ggl)g with respect
to 449 are required. Inserting (62) into Eq. (57) results in

0]
Gy
AN
1

= [w? 429 6, — u " F,| —ws,; — uF,
\/(w 30 + (¢0)* +25

W ALD )

=] —wl b, —
\/(w A0 + (p0) +26 \/(w AP + (D) +25

i + 1| ulF;

@ )
(G2

where derivative d¢”/04AY) = —uF;; and Kronecker symbol ;; have
been used. Eq. (64) already identifies the different terms related to (lo-
cal) well-posedness and ill-posedness of the problem. Since the matrix
representation of IF;; is singular, regularity of ()G(F’; /0429 is controlled
by factor (D, which scales the identity matrix (5;)).

One often starts with predictor 4A”) = 0 within the first iteration.
In this case, M= —w and assuming a sufficiently small regularization
parameter (<;5("))2 +26 ~ (<1>("))2 and thus, @~ sign(¢?”) + 1. As a
consequence, derivatives (64) take the form

oG .
B [sign(qbfl’)) + 1] uF; —ws

= if 420 =
3420 if A4 0. (65)

ij>

According to Eq. (65)’ parameter w indeed allows to control the regu-
larity of matrix ()G(F’])} /04AY) and it has to be chosen in the order of the
shear modulus. By doing so, the first Newton iteration is well-posed.

Having discussed the first iteration, the final converged iteration
is analyzed next. It is characterized by 44”7 > 0 and by Eq. (57).

By rewriting Eq. (57) as \/ (w0 430 + (¢®)* +25 = 1w A1 — ¢ and
inserting this equation into Eq. (64) one obtains for the final converged
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iteration step

(i)
Iy _ D6, - @ uF,,
EYY i TR
oD w
@ = W if converged and Eq. (57)
w _
o0 17!
@ = [1 - wA/W)] if converged and Egq. (57)

(66)

If smoothing parameter é is relatively small, @ ~ 1. However, factor
@ is less interesting, since it scales singular matrix IF;;. By way of
contrast, regularity of tangent ()Gg])3 /0429 is mainly governed by factor
@. Clearly, the unregularized Fischer-Burmeister function (§ = 0)
corresponds to ¢ = 0 (for the active yield functions) and hence, (D
= 0. As a consequence, the (unregularized) Fischer-Burmeister function
yields

0Ggl)3 B P a¢(i>
o M T g0

unregularized FB-function for converged step
67)

and does not eliminate the (local) non-uniqueness of rate-independent
crystal plasticity theory — although that is sometimes claimed. More
explicitly, the (unregularized) Fischer-Burmeister function shows the
same tangent as the original underlying crystal plasticity model for a
converged step.

In contrast to its unregularized version, the regularized Fischer—
Burmeister function can regularize rate-independent crystal plasticity
theory with respect to regularity of aG;’g /0429) even at the converged
step. This can be seen by analyzing factor (1) in Eq. (66). While the
unregularized function is characterized by ¢ = 0, the regularized
version is defined by Eq. (57). For this reason, ¢ # 0 at the converged
step and likewise, M# 0. This can also be shown by squaring Eq. (57)
which, in turn, results in

5 =—wdAr?D p®. (68)

Eq. (68), allows a direct mechanical interpretation of the regular-
ized Fischer-Burmeister function. Since 44" ¢) = 0 is the discrete
persistency (or consistency) condition, Eq. (68) being equivalent to

420 g0 = _ 8 (69)
w

is an approximation of this condition. Such an approximation can be

found in many optimization algorithms — for instance, in the interior

point method, Scheunemann et al. (2020, 2021), Niehiiser and Mosler

(2023). By inserting Eq. (68) into the numerator ¢ w of factor @) in

Eq. (66), one obtains

D=9
Y w = 0 (70)
According to Eq. (70), 6 has to be chosen as sufficiently large in order to
obtain a regular matrix 00;’])3 /0429, see factor @ in Eq. (66). However,
6 must also not be chosen as too large, since otherwise the error
between the regularized Fischer-Burmeister function and the original

crystal plasticity model is not acceptable, see Eq. (70).

(Non)-uniqueness of Fischer-Burmeister-based algorithms — geometrically
exact crystal plasticity theory with hardening. For the more general case
being gradient-enhanced, geometrically exact crystal plasticity theory
with hardening, the derivative of the Fischer-Burmeister function reads

(i)
aGFB 1

040 N
(wAx02 4 Zine ) o5
0440

. 2.
alinc J linc ] _

5 aziinc
RCARFYYOFY Y

(71)

2 400 5.
[w ARy + 04D 9AADIALD)
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By using redefinitions uF;; := 0%i;,./044004AY) and ¢ := 0iy,. /044D,
Eq. (71) is equivalent to Eq. (64) and thus, all properties derived for the
previously considered geometrically linearized setting without harden-
ing also hold in the more general setting discussed here. Clearly, matrix
IF;; might show a slightly different structure in the case of geometrically
exact theory. However, the elaborated regularization properties depend
only on pre-factor @) in Eq. (64) and this factor is equivalent for both
settings. This equivalence leads to the following conclusion for the
geometrically exact crystal plasticity theory with hardening: (1) by
choosing a proper scaling parameter w, the first Newton iteration is
well-posed and (2) by choosing a proper regularization parameter §
also the final converged Newton iteration step is well-posed (matrix
()G(F"])3 /0429 is regular).

On the choice of the numerical parameters. As shown in the previous
paragraphs, a sufficiently large parameter w guarantees a well-posed
Newton iteration for states sufficiently far away from the converged
solution. Furthermore, w couples (additively) strains and material stiff-
nesses like shear and bulk moduli. Since crystal plasticity is isochoric,
the shear modulus is precisely a good and physically sound parameter
for w, see also Eq. (65). Numerical experiments reported in Section 5
will confirm the good properties of choice w = pu.

The second parameter involved in the regularized Fischer-Burmeister
function is 5. According to Egs. (66) and (67), if § is sufficiently
small, tangent aGgl)3 /04,9 corresponding to the converged solution is
equivalent to that of the underlying crystal plasticity model which has
a rank deficiency and thus, the resulting set of equation becomes ill-
posed. For this reason, § has to be chosen as sufficiently large. However,
6 must also not be chosen as too large, since otherwise the error
between the regularized Fischer-Burmeister function and the original
crystal plasticity model is not acceptable. Within the computations,
regularization parameter & has been set to § = 1 x 10~ or /6 = 10-5.
Obviously, this cannot be a general recommendation, since the choice
of 6 depends on parameter w as well as on the unit system defining
the stresses, cf. Eq. (70). As shown in the numerical experiments in
Section 5, the aforementioned choices lead to matrices with sufficiently
small condition numbers. In particular, the matrices are regular. For
this reason, no numerically expensive pseudo inverse is required within
the implementation — in contrast to Priiger and Kiefer (2020) where
the Moore-Penrose inverse is applied. This leads to a numerically more
efficient and robust algorithm.

4.1.3. Minimum nonlinear complementarity problem interpreted vs. classic
active set strategy

In addition to the Fischer-Burmeister function, an also frequently
applied NCP function is the so-called Min-NCP function, Geiger and
Kanzow (1999). Considering the Karush-Kuhn-Tucker conditions

a? = i“‘? >0, b =419 >0, Li"? 449 = 0. (72)
0AAD 0ALD
the Min-NCP function reads
@) s (i) p@) —
G :=min (a?,6®) = 0. (73)

If these equations are solved by means of Newton’s method, the lin-
earization of G:,)in is required. A straightforward calculation yields

9a®

(i) (i)
. . EYyIO) ,a < b
04400 G[(':l)in = HO = 04 74)
8 , else.
By setting a := 9I;,./0AA") the variational constitutive update is

obtained, while choice a® := —¢® corresponds to a classic return-
mapping scheme.
Without loss of generality, the integrated plastic multipliers are

ordered such that 447 > 0Vi € {1,...,n,} and 42D = 0 Vi > n,,. With
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this ordering, the update of 4A?”) within Newton iteration & is given by

U — AW
Al(k) = Al(k_l)

(V)
Al(k) =0

Consequently, only the active slip systems evolve. For the non-variational
algorithm o := —¢®, the active slip systems evolve in the standard
manner as predicted by Newton’s method. In summary, the Min-NCP
function is hence equivalent to a classic active set strategy in which
the set of active slip systems is updated in every Newton iteration. As
a result, it corresponds to non-smooth Newton methods. If other active
set updates are considered such as updating after a converged Newton
iteration, the aforementioned equivalence is lost.

- [H(/’,i)]_l G:l)in Vjie(l, ... ne)

(75)
Vi > nye.

4.2. Augmented Lagrangian approach — Multiplier-penalty-methods

Another powerful algorithm for solving constrained minimization
problems is based on the augmented Lagrangian approach also known
as Multiplier-Penalty-Method, Geiger and Kanzow (1999).

4.2.1. Fundamentals
Focusing on (local) crystal plasticity theory, Schmidt-Baldassari
(2003) seems to be the first work in which an algorithm based on
the augmented Lagrangian method was proposed. The minimization
problem considered in Schmidt-Baldassari (2003) is the postulate of
maximum dissipation, i.e.,
nsys
max D;,, = max [z S LP ) oY a@] subject to  ¢® <0. (76)
i=1
If constraints ¢ < 0 are implemented by means of the augmented
Lagrangian approach, textbooks such as Geiger and Kanzow (1999)
yield functional

L,=L,(2,00,..., 0", 40, . 20wy =Dy,

Ny
+ i ; [max? (0,29 +a ) - [20]°] . 77)
According to Schmidt-Baldassari (2003), a — not to be confused with
the strain-like internal variables a') — is a penalty parameter and 1/«
can be interpreted as a (plastic) viscosity. However and in line with the
augmented Lagrangian approach, if « is sufficiently large, it does not
affect the solution. The stationary conditions associated with Eq. (77)
are

dxL, =0 LP =Y, max [0, AV + a @] sign(z®) MY @ N
00 L, =0 & = —max [0, 20 + a o]
05L, =0 A = max [0, A9 + a pD] .

(78)

In line with a standard implementation based on a classic return-
mapping algorithm, A?”) are thus the only unknowns. By inserting the
integrated flow rule and internal variables a” into Eq. (78); and by
applying a backward Euler integration to Eq. (78); one obtains the
update of 44" as (see Schmidt-Baldassari (2003))

. . . . . !
G = 429 — max (o, 419+ sta ¢<l>(A/1§;))) Z0. (79)

Eq. (79) naturally explains the regularization property of the algorithm:
The derivative of the first term ()A/IE,D /042 = d;; changes the spectrum
of matrix dp"/d44Y and the linearized system of equations becomes
well-posed (for a sufficiently large penalty parameter a).

4.2.2. Variational formulation for gradient-enhanced crystal plasticity the-
ory

Next, the augmented Lagrangian approach is to be adopted for
the gradient-enhanced crystal plasticity theory presented before. In
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this case, the variational principle is not the postulate of maximum
dissipation, but
min mi T with

n (80)
X a4, aAMsys)

inc

o ) (nsys)

For this reason, a naive application of the augmented Lagrangian
approach discussed in the previous paragraph reads

Rgys
1 . . 12

L= Tt 5= 3 [max2 (0, 49 + a g nonl) _ [30] ] . 81)

i=1
where condition ¢®1°nl < () is enforced by penalty parameter 1/« and
Lagrange multiplier . Alternatively, one could enforce 0Z;,. /044" >
0 representing a variational approximation of ¢®-2°" < (. This would
lead to

Ngys

1 | o
EI = et 3 [max® (0,59 — oL, f0210) ~ [1OT]

i=

(82)

However, both such augmented Lagrangians would not work, since con-
dition 0Z;,, /044D ~ —¢DPonl >  is already included in unconstrained
minimization problem (80). For this reason, ¢®"°"! is simply replaced
in Eq. (79) by —0T;,./04A7. As a result, the augmented Lagrangian of
the variational crystal plasticity model is characterized by update

!
)=o.
tn

Within the implementation used for the numerical examples (83) is
solved by a Newton-type iteration scheme showing quadratic conver-
gence. Subsequently, parameter « is updated until the solution does not
change anymore within a prescribed tolerance.

(83)

GY = 449 — max <0, 230~ Ata 0T, /0417

5. Numerical examples

The efficiency and the robustness of the two algorithms elaborated
in the previous section are highlighted here by means of numerical
examples. While a strain-driven local problem is investigated in Sec-
tion 5.1 (single material point problem), a boundary value problem
governed by gradient-enhanced crystal plasticity theory is numerically
analyzed in Section 5.2.

Within all computations, a Neo-Hooke-like, isotropic elastic energy
of type
with

we = % K [log (J9))* + % u tr (€)= 3] e = [JTE 0

(84)

is chosen. Hardening of the local plastic model is governed by an
exponential functional defined by Helmholtz energy

W= [0y - 0] [A+ H e (-2 ) - H] 85)
where
3 (86)

A=Y |al
i=0

is the accumulated plastic slip of all slip systems. Furthermore, a
face centered cubic crystal structure is considered. The respective slip
directions and slip plane normal vectors are summarized in Table 1.
In the case of the micromorphic crystal plasticity model, hardening
caused by plastic gradients is taken into account through energies

ppen — % ) [a(i) - s(i)]z and p.nonl % ¢ [GRAD sO. M(i)]2 .

(87)

As already described in Section 2.3, ¥P¢" is a penalty function in order
to approximate s ~ «®, while ¥Pm°"l corresponds to the gradient
hardening model. According to Eq. (87), hardening is assumed to be
governed only by the component of gradient @@ in slip direction.
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Table 1
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Normal vector N and slip direction M of slip system i defining the structure of an FCC crystal. It bears
emphasis that 24 slip systems are considered, i.e., for each slip system both directions +M® are modeled
by means of an individual yield function. The yield functions thus read ¢®(z®,0")=7® — (0, + Q") < 0.

i MO N® i MO N®
1 [-1,1,01" /v2 L1107 /3 13 [1,-1,01" /v2 L1107 /3
2 [1,0,-11" /v/2 L1107 /3 14 10,117 /v2 L1107 /3
3 [0,-1, 11" /v/2 L1107 /3 15 [0,-1, 11" /v/2 L1107 /3
4 [-1,-1.01" /v2 [L,-1,-11" /3 16 [, 1,0 /v2 [L,-1,-11" /3
5 [0,11" /v2 [,-1,-11" /3 17 [-1,0,-11" /v2 [L,-1,-11" /3
6 [0,1,-11" /v/2 [L,-1,-11" /3 18 [0,-1, 11" /v/2 [L,-1,-11" /3
7 [.1.01" /v2 -LL-11" /v/3 19 [-1.-1,00" /v2 -LL-11" /v/3
8 [-1.0,17 /v2 -LL-1" /v/3 20 [1.0.-11" /v2 -LL-11" /v/3
9 [0.-1,-1]" /v2 -LL-1" /V/3 21 0.1.11" /v2 11,117 /3
10 [1,-1,01" /v/2 -1,-1,11" /v/3 22 [-1,1,01" /v/2 [-1,-1,11" /v/3
11 (-1.0.-1" /v2 (=1,-1,11" /v/3 23 11,0117 /v2 (-L-L1" /3
12 0,111 /2 [-L-1,11" /v/3 24 [0,-1,-11" /v2 [-L,-1,11" /v/3
0.15 0.15
= 0.1F 0.1F
A,
o
S
=
0.05 | — AF3 =2x 1072 0.05 — AF3=2x1072 [
"'AF12:2><10_3 "'AF12:2><10_3
""" AF12:2><1074 ""'AF12:2><1074
O | I I 0 | I I
0 1 2 3 0 1 2 3 4
Fip Fiq
(a) {a,b,c} = {0,0,0}; Backward-Euler. (b) {a,b,c} ={0,0,0}; Exponential Map.
0.12 \ \ \ 0.12 I T I
0.1 0.1 B
s
A,
O
2 005k 0.05 3
— AFj5 =2 x 1072 — AFj5 =2 x 1072
== AFj3 =2x1073 == AFj5 =2x1073
----- AFjp =2 x 1074 ---AFp =2x 1074
0 | I I O | I I
0 1 2 3 0 1 2 3 4

o

(c) {a,b,c} = {n/6,7/4,0}; Backward-Euler.

(d) {a,b,c} = {n/6,7/4,0}; Exponential Map.

Fig. 1. FCC crystal subjected to simple shear. Computations based on the return-mapping scheme combined with the Fischer-Burmeister NCP function, Fohrmeister et al. (2018b).
Computed stresses (coordinate 7,, of the Kirchhoff stress tensor) vs. shear strain F,. Upper row: {0,0,0} orientation of the FCC crystal. Lower row: {z/6,7/4,0} orientation of the
crystal. Left column: algorithm based on the backward-Euler integration. Right column: algorithm based on an exponential time integration.

This is an approximation of the dislocation density related to edge
dislocations, Gurtin (2006), Le and Giinther (2014). Clearly, other
hardening models can also be implemented, Frank (1951), Nye (1953),
Steinmann (2015).

5.1. Simple shear loading case

In line with Schmidt-Baldassari (2003), Priiger and Kiefer (2020),
an FCC crystal subjected to simple shear is numerically analyzed. The

respective deformation gradient is given by F = 1+ Fj,e; @ e,
where Fj, € [0, 4] is prescribed within the numerical simulations in
equidistant load steps and e; denote the cartesian basis vectors. In
order to investigate the convergence properties of the algorithms, three
different loading amplitudes with increments AF,, =2 x 1072, 2 x 1073
and 2 x 10™* are chosen. Since the prescribed deformation gradient
corresponds to an affine deformation, gradient hardening is not active
and thus, the computations can be restricted to the material point level.
The parameters of the model are summarized in Table 2.
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= 0.1
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c
005 B — AFlg =2 X 1072 u
--= AFj; =2x1073
""" AFlg =2 X 1074
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Fio
(a) {a,b,c} = {0,0,0}; Backward-Euler.
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& 005) |
— AFlg =2 X 1072
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(c) {a,b,c} = {n/6,7/4,0}; Backward-Euler.
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005 B — AFlg =2 X 1072 u
--= AFj; =2x1073
""" AFlg =2 X 1074
T T
00 1 2 3 4
Fio
(b) {a,b,c} ={0,0,0}; Exponential Map.
0.12 ‘ ‘ |
0.1 |
0.05 F |
_AFlg =2 X 1072
--- AFj; =2x1073
""" AFlg =2 X 1074
| T T
OO 1 2 3 4
Fio

(d) {a,b,c} = {w/6,7/4,0}; Exponential Map.

Fig. 2. FCC crystal subjected to simple shear. Computations utilizing the novel variational algorithm based on the nonlinear complementary problem, see Section 4.1. Computed
stresses (coordinate 7;, of the Kirchhoff stress tensor) vs. shear strain F,,. Upper row: {0,0,0} orientation of the FCC crystal. Lower row: {z/6,7/4,0} orientation of the crystal.
Left column: algorithm based on the backward-Euler integration. Right column: algorithm based on an exponential time integration.

Table 2
FCC crystal subjected to simple shear: model parameters. Perfect plasticity without
hardening.

K 49.98 GPa u 21.1GPa 0, 6% 1072 GPa

Further following Schmidt-Baldassari (2003), Priiger and Kiefer
(2020), different initial orientations of the crystal are numerically
analyzed. These orientations are prescribed in terms of an initial plastic

deformation gradient F ipnit = R, € SO(3) where rotation matrix
cos(c) sin(c) O 1 0 0
Ry =|-sin(c) cos(c) O|-[0 cos(b) sin(b)
0 0 1 0 —sin(b) cos(b)
cos(a) sin(a) O
-|=sin(a) cos(a) O (88)
0 0 1

is parametrized by means of the three Euler angles a, b, c. While the
first orientation is defined by {a,b,c} = {0,0,0} (i.e., Fﬁm = 1), the
second one corresponds to {a,b,c} = {x/6,7/4,0}.

5.1.1. Comparison of the different algorithms

The numerically predicted stress—strain response is summarized in
Fig. 1-Fig. 4. Within all diagrams, the 7|, coordinate of the Kirch-
hoff stress tensor is shown as a function in terms of the prescribed
shear strain F),. Fig. 1 corresponds to the return-mapping scheme

10

combined with the Fischer-Burmeister NCP function — including the
novel rescaling technique. According to Fig. 1 the predicted mechanical
response is almost independent with respect to the employed time
discretization. To be more precise, the results neither depend on the
time integration scheme (backward-Euler integration vs. exponential
mapping), nor on the size of the loading increment (4F;,). Even the
coarsest time discretization (4F;, = 2x 10~2) predicts the same response
as the finest time discretization (4F;, = 2x1074). Finally, it is noted that
the results associated with the different crystal orientations agree with
those reported in Schmidt-Baldassari (2003), Priiger and Kiefer (2020).

The results obtained from the novel variational algorithm based
on the Fischer-Burmeister NCP function (see Section 4.1) are given
in Fig. 2. It can be seen that the algorithm performs similar to the
return-mapping scheme combined with the NCP function for orienta-
tion {a,b,c} = {x/6,7/4,0}. By way of contrast and independent of the
employed time integration scheme, the predicted stress—strain response
depends on the size of the loading amplitude AF;, for orientation
{a,b,c} = {0,0,0}. Only if the time discretization is sufficiently fine
(4F), 2 x 107%), all algorithms lead to an identical mechanical
response, cf. Fig. 4. It bears emphasis though that this observation
cannot be explained only by means of a classic convergence behavior.
To be more precise and as already mentioned before, rate-independent
crystal plasticity theory often allows for several admissible solutions
and up to know it is an open question which of these admissible
solutions is chosen by a certain algorithm, Niehiiser and Mosler (2023).
This question shall be answered in a separate paper. Furthermore, it
also should be recalled that variational updates only approximate the
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Fig. 3. FCC crystal subjected to simple shear. Computations based on the variational augmented Lagrangian formulation, see Section 4.2. Computed stresses (coordinate z,, of the
Kirchhoff stress tensor) vs. shear strain F;,. Upper row: {0,0,0} orientation of the FCC crystal. Lower row: {z/6,z/4,0} orientation of the crystal. Left column: algorithm based on
the backward-Euler integration. Right column: algorithm based on an exponential time integration.

yield function, cf. Eq. (37). Only in the limiting case AF;, — 0, the
respective error vanishes.

Fig. 3 shows the results as predicted by the second novel varia-
tional update, i.e., the algorithm based on the augmented Lagrangian
formulation, cf. Section 4.2. By comparing Fig. 3 to Fig. 2 one can
see that both novel variational lead to similar results. Particularly,
the influence of the loading amplitude F), on the stress-strain dia-
gram can again be observed for orientation {a,b,c} = {0,0,0}. Only
in the limiting case 4F;, — 0, all algorithms lead to an identi-
cal mechanical response, cf. Fig. 4. For a better comparison of all
three algorithms, i.e., (1) the return-mapping scheme combined with
the Fischer-Burmeister NCP function, (2) the novel variational update
based on the Fischer-Burmeister NCP function and (3) the novel vari-
ational update relying on the augmented Lagrangian formulation, all
predicted stress-strain responses are summarized in Fig. 4.

The results correspond to the finest temporal time discretization
(4F,, = 2 x 10™). According to Fig. 4, all algorithms lead to the
same mechanical response, if the time discretization is sufficiently
small. It should be emphasized though that this finding cannot be
universally valid due to the non-uniqueness of crystal plasticity theory.
This point shall be analyzed in a forthcoming paper. Nevertheless, all
algorithms indeed turned out to be numerically robust and efficient.
Furthermore, due to the underlying variational structure, the novel
updates show additional advantages such as a canonical fundament
for error estimation and adaptivity. Finally it is noted that orientation
{a,b,c} = {0,0,0} represents an ideal benchmark for crystal plastic-
ity theory, since the number of active slip systems is high and the
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resulting mechanical response is very complex and non-monotonic in
time.

5.1.2. Effect of the scaling parameter within the Fischer-Burmeister NCP
approach

The influence of scaling parameter w within the Fischer-Burmeister
function (55) is shown in Fig. 5. The results correspond to simula-
tions performed by means of the variational algorithm based on a
Backward-Euler time integration. Orientation {a,b,c} = {z/6,7/4,0}
was considered. While the left diagram is associated with time step
Fj, = 4x 1072, the diagram on the right hand side is related to F, =
8 x 1072, Both snapshots have been extracted from the same simulation
where a temporal discretization with 4F,;, = 2 x 1072 was chosen. Fig. 5
displays the evolution of the condition number of matrix dG® /941
within the (undamped) Newton iteration.

It can be seen, that the condition number is small within the
first Newton iterations, if scaling parameter w is sufficiently large.
Subsequently, the condition number increases during the Newton it-
eration. This behavior is in line with the mathematical analysis in
Section 4.1.2. Equally important, the condition number does not tend
to infinity, if convergence is obtained (last iteration step within the
Newton iteration). For this reason, no numerically expensive pseudo
inverse is required. As explained in Section 4.1.2, this positive feature
is due to the regularization parameter which has been set to 6 =
1x 10719, Without this regularization (§ = 0), matrix dG" /941 would
be singular and thus, the condition number would be infinite.
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Fig. 4. FCC crystal subjected to simple shear. Comparison of the three different algorithms: return-mapping scheme combined with the Fischer-Burmeister NCP function (Return-Map,
NCP), variational algorithm based on the Fischer-Burmeister NCP function (Variational, NCP) and variational algorithm based on the augmented Lagrangian formulation. Computed
stresses (coordinate 7, of the Kirchhoff stress tensor) vs. shear strain F),. Left row: {0,0,0} orientation of the FCC crystal. Right row: {z/6,7/4,0} orientation of the FCC crystal.
Within all computations, the finest time discretization with 4F,, =2 x 10~ was chosen.
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Fig. 5. FCC crystal subjected to simple shear. Effect of scaling parameter w within the modified Fischer-Burmeister function on condition number K of tangent dG" /dAAY) during
a Newton iteration (condition number is based on the spectral norm). The results correspond to two different time steps (F, =4 x 1072 and F;, = 8 x 1072).

In addition to the aforementioned general trends, the dependence of
the condition number on parameter w is obvious. In this connection, w
has been varied within the range [1x10~! x, 1x10? y]. For smaller values
of w — again in line with the mathematical analysis in Section 4.1.2 — no
convergence was obtained. It bears emphasis that the classic Fischer—
Burmeister function corresponds to w 4.74 x 1072 4 which does
not fall into this range. Accordingly, numerical problems occurred for
this choice. Analogously, too large values of w also lead to numerical
problems. Within the chosen range w € [1 x 107! u, 1 x 10% u], value
w = p is the best choice at load step F, = 4x 1072, According to Fig. 5
(left), value w = u leads to the smallest condition number (already
after iteration step 2) and the smallest number of Newton iterations up
to convergence. As a consequence, w = u is numerically most robust
(smallest condition number) and numerically most efficient (smallest
number of Newton iterations). Interestingly, choice w = u was already
well motivated by analyzing the magnitudes of the terms defining the
Fischer-Burmeister function, cf. page 13 Subsection 4.1.2. Similar to
load step Fj, = 4 x 1072, the performance of the algorithm is also very
good at Fj, = 8 x 1072 for choice w = u. To be more precise, w = u
again results in the smallest condition number within the vicinity of
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the converged state. Furthermore, w = pu is also characterized by a
small number of Newton iterations up to convergence. However, choice
w = 1x 107! 4 requires two iterations less at F;, =8 x 1072.

In summary and in line with the mathematical analyses in Sec-
tion 4.1.2, the numerical experiments presented in this section support
the recommendation of choice w =~ u. This choice is motivated by the
resulting numerical robustness (smallest condition number) as well as
by the numerical efficiency (smallest number of Newton iterations). It
bears emphasis that due to the lower condition number and the smaller
number of Newton iterations, the rescaled version of the Fischer—
Burmeister function is significantly more efficient and robust than the
standard Fischer-Burmeister function with singular Hessian.

5.2. Tensile test of a single crystal

Next, a tensile test of a single crystal is numerically analyzed. The
geometry of the specimen represents a very downscaled version of a
standard macroscopic tensile specimen with a total length of 84 pm
and a width of 10 pm, see Fig. 6. Plane strain conditions are assumed.
Plasticity is triggered by a geometric imperfection in the middle of the
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Table 3
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Tensile test of a single crystal: Model parameters. Perfect plasticity with gradient-hardening.

K 49.98 GPa " 21.1GPa Q 6x 1072 GPa

c 0.1 GPa ¢ 0 (local), 1x107®MPam , 2MPam

_—
0 le]] 2.3

(a) Distribution of accumulated plastic slip

o ——
0 " 2

(b) Distribution of norm of micromorphic field

Fig. 6. Tensile test of a single crystal. The computations are based on the novel variational update combined with the Fischer-Burmeister-function: (left) accumulated plastic slip
(a® := Y, a®) and (right) norm of the micromorphic field (¢*® := Y, ) at the last time step at u =4.2pm for different model parameters c,. From top to bottom: ¢, = 0 (local

model), ¢, = 1 x 107°MPam, ¢, = 2MPam.

specimen: a tapered width to 6 pm. Due to this imperfection and due to
the shape of the specimen, the resulting stresses and strains are non-
constant. For this reason, gradient hardening is active. A summary of
the model parameters is given in Table 3 The crystal orientation is again
chosen as {a,b,c} = {x/6,7/4,0} and thus, the crystal is not parallel to
the axes of the specimen, such that geometrically asymmetric behavior
of the boundary value problem is provoked.

The specimen has been analyzed numerically by means of the finite
element method. For that purpose, a discretization with 160 8-noded
serendipity quadrilateral elements is employed. In order to highlight
the effect of gradient hardening, the simulations have been carried out
by using different model parameters c,.

Results obtained from computations based on the novel variational
update combined with the Fischer-Burmeister-function are shown in
Fig. 6. According to Fig. 6, the influence of gradient hardening parame-
ter ¢, is obvious. While localized plastic deformations are predicted by
the local model ¢, = 0, increasing ¢, leads to a smearing of the plastic
zone over a larger width. Furthermore, by comparing the snapshots on
the left hand side of Fig. 6 to their counterparts on the right hand side,
one can conclude that parameter ¢, is large enough to approximate
a® = ¢, i.e., the distributions of the accumulated plastic strains an
those corresponding to the micromorphic field agree well (In order
to distinguish both fields, a different color map has been used on
purpose.). Since the novel update based on the augmented Lagrangian
formulation leads to identical results as the novel variational update
combined with the Fischer-Burmeister-function, the respective results
are not explicitly shown here.

Alternatively to analyzing the width of the plastic zone, the influ-
ence of gradient hardening can also be investigated by the resulting
force displacement diagram, cf. Fig. 7. As expected, the local model
without hardening (¢, = 0) leads to geometric softening. By increasing
¢,, gradient hardening becomes active and consequently, the aforemen-
tioned softening is less pronounced. However, even choice ¢, = 2 MPam
is not enough, to eliminate the overall softening completely.

6. Conclusions
In this paper, two numerically robust algorithmic formulations suit-

able for rate-independent gradient-enhanced crystal plasticity were
presented. Both of them rely on the underlying variational structure.
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The key ingredient of this structure is an incremental potential whose
minimizers define every aspect of the model: the constitutive model
as well as the balance equation. From a mathematical point of view,
the computation of the unknowns follows from a constrained mini-
mization problem. For this reason, powerful techniques from non-linear
optimization can be applied. Two such techniques were elaborated and
analyzed in this paper.

The first algorithm is based on a nonlinear complementarity prob-
lem (NCP). To be more precise, a Fischer-Burmeister function was
considered. It was shown that by introducing a new scaling parameter
w within a smoothed Fischer-Burmeister function, the resulting set of
equations can be solved by a standard Newton method. Particularly,
the tangent matrix within the Newton iteration is regular. By way
of contrast it was also demonstrated that the non-smoothed Fischer—
Burmeister function (6 = 0) inherits the non-uniqueness of the original
crystal plasticity model. It bears emphasis that these findings are not
restricted to the considered framework of energy minimization, but
also hold for conventional algorithmic formulations of crystal plas-
ticity theory, e.g., for a return-mapping scheme combined with the
Fischer-Burmeister function. With respect to conventional algorithmic
formulations such as the return-mapping scheme coupled with an
active-set strategy, it was also shown that they can be interpreted as a
nonlinear complementarity problem (NCP) based on the Min-function.

The second algorithm is based on an augmented Lagrangian ap-
proach. Here, a direct incorporation of the admissibility condition of
the stresses was not possible within the variational framework. For
this reason, an alternative ansatz was proposed. Essentially, the yield
function within a return-mapping-based algorithm was replaced by the
necessary extremum condition of the incremental potential. Again, it
was shown that tangent matrix associated with the resulting scheme is
regular and thus, the solution of each Newton iteration is well-defined.

Both elaborated algorithmic formulations suitable for rate-
independent gradient-enhanced crystal plasticity are robust, efficient
and hence, indeed promising. Particularly, the tangent matrices corre-
sponding to both schemes are regular. In future work, the efficiency
of theses approaches is to be further improved by combining them —
also with sound active set methods. In addition, the solutions predicted
by means of different crystal plasticity algorithms are to be analyzed
in more detail in future work for more complex three-dimensional
boundary value problems.
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Fig. 7. Tensile test of a single crystal: Force-Displacement response for three different length scale parameters: ¢, = 0 (local model), ¢, = 1 x 10" MPam and ¢, = 2 MPam; see
Eq. (87),. Since plane strain conditions are considered, the force has been normalized by a thickness.
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Appendix A. Variational constitutive updates for orthogonal slip
systems

In general, variational constitutive updates such as those presented
in this paper are not equivalent to classic return-mapping-type algo-
rithms, Bleier and Mosler (2012). In what follows, it is shown that this
equivalence is fulfilled for orthogonal slip systems with property M® L
NOvVi, jand i # j. In this case, a straightforward calculation based on
a Taylor series representation of the exponential map combined with
initial condition FP(7,) = 1 gives

t, Msys
FP =EXP(AL?)- F’ =1+ z Z 29 MO @ NO

1=tg i=1

(A1)

The same equation is also fulfilled, if a backward-Euler integration is
applied. According to Eq. (A.1),

9, 0F"=M®O@N® (A.2)
In
and
1, TNsys .
-l Z z M?)M(i) ® ND (A3)

t=tg i=1
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and thus

d,0F - [FP]7' = MY @ NV (A4
n

By inserting Egs. (A.4) into (37), one finally obtains identity

o1 . S :
D = — 3 040 FP - [FP17!] 40 + QY +¢; (a? = s) = —g®nonl,
———

0440
MOQN®D
(A.5)

Consequently, a minimization of potential ;. enforces the yield func-
tion exactly in the case of M L NO Vi, j and i # j.
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