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Fermentation processes are difficult to describe using purely mechanistic relations as the underlying biochemical pheno-

mena are complex and often not fully understood. In order to cope with this challenge, we developed an approach to aug-

ment standard dynamic model equations by data-based components that are fitted to data using machine learning tech-

niques, which results in dynamic gray-box models. This methodology is applied here to the batch fermentation process of

the sporulating bacterium Bacillus subtilis, using experimental data from a lab-scale fermenter. The key step in developing

the model is the estimation of a training set for the machine learning submodels. The quality of the resulting model is ana-

lyzed, and the predictions are compared with real data.
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1 Introduction

Dynamic models of biochemical processes are needed to
optimize the execution of the fermentation batches, to
develop soft sensors, which estimate key variables that are
not directly accessible by measurements, and to improve
the control of the fermentations by advanced control. Diffe-
rent approaches to developing such models have long been
discussed in the scientific literature. Early work was based
on macroscopic balances of the main species (substrates,
biomass, products) and on using simple formal kinetics as
the Monod, Teissier, and Haldane kinetics as described in
[1]. More detailed models consider the concentrations of a
suitably chosen subset of the metabolites that are present
within the cells, e.g. [2] for the process considered in this
work. For the development of such models, knowledge of
the metabolic reaction network within the cell is necessary,
and the resulting models are of high dimension and may
contain a large number of parameters and be therefore diffi-
cult to fit to data.

Since on the one hand the traditional models with stan-
dard pseudo-kinetics are not accurate enough and on the
other hand to fit metabolic models is not feasible in a reali-
stic setting because of lack of knowledge and data, interest
emerged in combining the simple mechanistic approaches
and data-based approaches to formulate gray-box or hybrid
models of biological processes. Psichogios and Ungar pre-
sented an early application of combing mass balance equa-
tions with artificial neural networks (ANNs) for a fed-batch
bioreactor [3]. Thompson and Kramer gave an overview of
prior knowledge that can be combined with machine lear-
ning (ML) models and developed a gray-box model for the

production of penicillin [4]. A new algorithm for training
radial basis function (RBF) networks for describing the
dynamics of a mammalian cell culture using a gray-box mo-
del was applied by Graefe et al. [5]. Wang et al. developed a
gray-box model using a novel kind of support vector machi-
ne also for the penicillin production fermentation [6]. Other
authors refer to models of this kind as hybrid or hybrid se-
mi-parametric models [7].

More recently, the combination of information about the
metabolic network with a kinetic gray-box model was pro-
posed by Hebing et al. based upon the elementary modes
(EM) of the metabolic network [8, 9]. The evolution of the
EM was first parameterized over time along the batch and
then kinetic expressions were fitted to this evolution. In a
similar spirit, de Prada et al. [10] developed a gray-box mo-
del for the ABE process first estimating the temporal evolu-
tion of the growth rate and then fitting kinetic expressions
from a broad set of functions using global nonlinear optimi-
zation.

In this work, a general recipe to develop a dynamic gray-
box model is proposed, building upon the work in [11]. The
approach is illustrated by the application to the fermenta-
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tion process to produce spores of Bacillus subtilis. The paper
is structured as follows: Sect. 2 describes the process under
consideration, the available measurements and their uncer-
tainties. In Sect. 3, the choice of the structure of the dynam-
ic model is discussed. The modeling methodology is pre-
sented in Sect. 4. Subsequently in Sect. 5 and 6, the model
elements that describe the growth process and the sporula-
tion are detailed and results on the prediction of the course
of fermentation batches are shown. In Sect. 7, conclusions
and an outlook on further research work are presented.

2 Fermentation of the Sporulating Bacterium
B. subtilis

2.1 Sporulation

The term sporulation describes the process where a vegeta-
tive cell transitions into the form of an endospore, or spore
for short. B. subtilis undergoes sporulation when faced with
unfavorable conditions as, e.g., the depletion of nutrients
like glucose. The spore represents a viable way for the long-
term survival and storage of cells. Sporulation is a morpho-
logical change of the cells that takes place in several so-
called sporulation stages; 6 to 8 stages have been identified,
see [12].

2.2 Batch Process Procedure

In this section, the process of the fermentation of B. subtilis,
strain 168, is described. The goal of the optimization of the
operation of the process is to produce a maximum amount of
mature spores. To this end, the number of vegetative cells
first has to be maximized. Then, in order to make the cells
commence sporulation, stress has to be invoked by no longer
feeding additional substrate, causing substrate depletion.

The considered batch fermenter is a Sartorius system with
a volume of 2 L and 1 L working volume. The degrees of
freedom of this batch process are the initial concentrations
in the fermentation medium, the batch temperature, the pH
value and the oxygen concentration in the fermenter. If
more substrate is present initially, more vegetative cells will
be produced but the growth phase may take longer. The
temperature, the pH value and the oxygen concentration
can be controlled using a heating/cooling jacket, an acid/
base injection and by adjusting the stirrer speed. In this
case, the decision was taken to not control the pH value,
instead it was set to 7.5 initially and then auto-regulated by
the cells. The dissolved oxygen concentration is initially at
the saturation value. During the later stages of the batch, it
is reduced, controlling the partial pressure of oxygen to
30 % of the saturation pressure by adjusting the stirrer
speed and the aeration rate in a cascade control.

Multiple batches were run with varying values of the
degrees of freedom to provide a data base for model devel-

opment. The initial concentration of substrate was set to 5,
12.5, 20 and 25 g L–1. The temperature was varied from 25
to 45 �C. In some batches, the temperature was constant
over time, in others, steps in the temperature were realized.
In total 27 batches with different recipes were run that can
be used for developing the dynamic model.

2.3 Offline Measurements

To better understand the dynamics of this fermentation
process, several offline measurements were collected. The
glucose concentration, denoted as S, is measured either by a
HPLC or by a membrane measurement device. For quanti-
fying the concentration of the cells, samples from the fer-
menter are diluted and cultivated in a Petri dish. An auto-
matic counting device is used to count the number of
colonies that have formed. This procedure, also called CFU
determination, yields information on all cells that can form
a colony. This can include cells in all stages, vegetative cells
and mature spores as well as unstable spores. This measure-
ment of the total cell concentration is denoted as Xt.

The amount of mature spores Xs is quantified in a similar
way to Xt, with the difference that an autoclave step is per-
formed before the cultivation. The idea is that heating the
sample to 80 �C for 15 min eliminates all vegetative cells
and thus only the mature spores survive. However, there is
no measurement of the amount of intermediate spores
available. The quantification of Xt and Xs involves many
manual steps and has a limited resolution as only a discrete
number of colonies can be counted. Thus, these measure-
ments are prone to statistical errors. To reduce this error,
each analysis was conducted three times and the mean value
was taken as the measurement. From comparing repeated
measurements, the substrate measurement error ss is esti-
mated to have a constant value of 0.0449 g L–1. The error of
the total concentration of cells is assumed to be proportion-
al to the mean value and is estimated as 17.0 %. It is denoted
as ât . For the sporulated cells, the relative error âs is esti-
mated as 18.25 %.

A typical set of experimental data for one batch is shown
in Fig. 1. As can be seen, the batch was operated for 48 h,
which is the standard operating procedure for all batches.
Three phases can be identified. First, in the growth phase
the cells consume all the available glucose and grow more
or less exponentially. This phase ends when the substrate
concentration S tends to zero. Since the substrate concen-
tration is only measured a few times during the batch, it is
difficult to determine exactly when this phase is over.
Therefore, to define the end of the growth phase, the point
in time when the pH value attains a minimum is utilized, in
this case after 5.46 h. The pH value decreases during the
growth phase due to the production of CO2.

After the growth phase the sporulation phase follows.
Here the bacteria react to the stress resulting from substrate
depletion by beginning the sporulation process. This phase
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is characterized by a decrease in measurement of the total
concentration of cells Xt. After some time, mature spores Xs

emerge. When the concentration of the mature spores stabi-
lizes, this phase is over. For the batch shown in Fig. 1, this is
the case at approximately 30 h. In the last phase, the process
is in a steady state and will remain there as long as no fur-
ther substrate is fed.

The following sections describe the procedure that we fol-
lowed to develop a dynamic model of this process. One
intended use of the dynamic model is the optimization of
the operating conditions. Another possible application of
model is process monitoring. A state estimation routine can
be applied to combine noisy measurements with a dynamic
model to give an operator better feedback about the state of
the process at any point in time [11].

3 Structure of the Dynamic Model

The dynamic model is set up as a state-space model, i.e., it
consists of coupled ordinary differential equations of first
order. The state vector comprises the concentrations of ve-
getative cells, Xv, and of fully sporulated cells, Xs, and the
substrate concentration S. To model the different sporula-
tion stages that the cells undergo, additional states are intro-
duced that indicate the concentrations of unstable or inter-
mediate spores in stage i, Xu,i. In total nst stages are
considered with Xs being the stage of mature spores. For ea-
se of notation, we introduce nXu = nst–1 as the number of
unstable spore species considered. The only dynamic input
of the process is the temperature T. Thus, the dynamic state
vector x and the input vector u read as:

x ¼ Xv;Xs; S;Xu;1; . . . ;Xu;nXu

� �T ˛ RnXuþ3 (1)

u ¼ T½ �˛ R1 (2)

The biochemical reactions that determine the
dynamics of the fermentation system are the
growth rate rg, and the sporulation rate rs along
with the speeds of the transitions of the unstable
spores from one unstable stage to the next, ru,i.
The resulting dynamic system then is of the
form (3).

_x ¼

_Xv
_Xs
_S

_Xu;1

. . .
_Xu;nXu

2
6666664

3
7777775
¼ ff x; uð Þ

¼

rg � rs

ru;nXu

�rg Y�1
g

hrs � ru;1

. . .
ru;nXu�1 � ru;nXu

2
6666664

3
7777775

(3)

Here Ygis the substrate yield and h denotes the sporula-
tion efficiency, which is only considered for the first spore
transition with rate rs. One cannot be sure that the other
sporulation reactions ru,i have an efficiency of 100 %, but it
is not possible to determine at which stage the cells do not
survive the transition as no measurements of any of the var-
iables Xu,i are available. f denotes the vector of differential
equations, and f is used to refer to all quantities that deter-
mine the dynamics as, e.g., Yg and h. The main issue in
completing this model is to find suitable expressions for the
reaction rates rg, rs; ru;1; . . . ; ru;nXu

. This is discussed in the
next sections.

4 Methodology of Dynamic Gray-Box
Modeling

The identification of a dynamic gray-box model with
embedded data-based submodels is a challenging task. After
defining the model structure and selecting the variables that
are described by data-based models, a model structure for
these submodels has to be chosen. Not only is there a broad
variety of data-based model structures, also the correspon-
ding parameter estimation problem is difficult to solve if no
good initial values are available. Besides that, it is not a prio-
ri clear which states or input variables should be used as in-
puts for each of the data-based submodels.

In dynamic gray-box modeling, the estimation of suitable
training sets containing input and output values of the
data-based submodels in a first step has been acknowledged
as an effective and efficient way to tackle the issues of struc-
ture selection of the submodels and computational comple-
xity of the parameter estimation. This is because once there
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Figure 1. Experimental results of a fermentation batch. Top: evolution of the
offline measurements, crosses, circles, triangles indicate the concentrations of
total cells, sporulated cells and substrate. Bottom: evolution of the pH value,
with a circle marking the lowest observed pH value.
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is input-output-data for the submodels available, conven-
tional input selection and model structure selection meth-
ods and parameter estimation approaches can be applied
without having to consider the dynamics of the process. Us-
ing information about the metabolites of a cell, Hebing et
al. [9], estimate the values of the rates of cell internal reac-
tions to analyze the suitability of a chosen set of reaction
pathways for subsequent kinetic model development. This
is based on the methodology of Leighty and Antoniewicz
[13, 14] called dynamic metabolic flux analysis (DMFA).
Scheffold et al. [15] estimate the training sets using a state
observer and de Prada et al. [10] use an optimization-based
approach.

A related approach has been developed by Brendel et al.
[16], who propose to approach the modeling of reaction
rates in a chemical system with known stoichiometry and a
large number of noisy measurements in consecutive steps.
The first step is the estimation of the reaction fluxes. The
estimation of the reaction fluxes is conducted using
smoothing splines, such that the estimated fluxes can be
used to identify kinetic models.

In our previous work, we extended the optimization-
based approaches to nonlinear systems and analyzed the
effect of the type and of the extent of regularization in detail
and proposed methods for model structure selection
[17, 18]. An adapted variant of this methodology is applied
in this work and is visualized in Fig. 2.

The first step is the derivation of the first principles-based
model equations. The next step is to analyze these model
equations and to select the expressions that will be modeled
using data-based approaches, here also denoted as em-
bedded variables. Once these variables have been specified,
a training set is estimated. For variables that are changing
dynamically and where one expects to have rich enough
measurements to describe their values at each point in time,
the training set estimation is done dynamically. This means
that we try to determine a trajectory over time of the

embedded variable that leads to a good model fit to the
measured data. For variables for which sufficient data is not
available to estimate time-varying values, only one constant
value over the whole batch is identified.

In the fourth step, the estimated training data is used to
find a set of input variables that correlate with each of the
embedded variables. With this set of inputs and the esti-
mated values of the embedded variables as outputs, stan-
dard regression problems can be solved relatively easily for
multiple data-based model structures in a trial-and-error
fashion. Thus, the result of this step is a suitable data-based
model structure and a set of estimated parameters of the
data-based model. These parameters are then used as initial
values to solve a full dynamic parameter estimation prob-
lem where all degrees of freedom are varied to find the best
values of the parameters of the data-based submodels as
well as of the biological and physico-chemical parameters
as, e.g., the yield coefficient. The approach used here
exploits the presence of subsequent phases in the batch that
are handled independently. Additionally, it deals with the
situation that for some embedded variables there are not
sufficient measurements to explain the evolution of the vari-
able over time.

In the following sections, this methodology is applied to
the process at hand.

5 Identification of a Gray-Box Model for the
Growth Phase

5.1 Estimation of the Growth Rate

In the growth phase, only the growth reaction rate rg is of
interest, as sporulation does not occur. The only dynamic
states that depend on rg are Xv and S. Since the concentra-
tion of vegetative cells evolves over multiple orders of
magnitude, it is crucial to include a first-order dependency

Chem. Ing. Tech. 2023, 95, No. 7, 1154–1164 ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH www.cit-journal.com

Figure 2. Overview over the steps to identify a dynamic gray-box model.
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of rg on XV. Thus, the estimation will be conducted for m,
with rg = m � Xv. Assuming a continuous piece-wise linear
trajectory of m, denoted ~m tð Þ, as defined in Eq. (4), the
dynamic model can be integrated in closed form as shown
in Eqs. (5) and (6).

~m tð Þ ¼ t � ti;j
� � ~miþ1;j � ~mi;j

tiþ1;j � ti;j
þ ~mi;j; t ˛ tiþ1;j; ti;j

� �
(4)

Xv tiþ1;j
� �

¼ Xv ti;j
� �

exp tiþ1;j � ti;j
� � ~miþ1;j þ ~mi;j

2

� �
(5)

S tiþ1;j
� �

¼ S ti;j
� �

� Y�1
g Xv tiþ1;j

� �
� Xv ti;j

� �� �
(6)

With these values of the concentrations as functions of
the trajectory of m, an estimation problem for the yield
coefficient, the initial values and the parameters of the pie-
ce-wise linear evolution of m, denoted ~mi;j, can be solved. In
this optimization problem the measurements of S and Xt

are considered because the total cell concentration Xt in this
phase is equal to the concentration of vegetative cells Xv.
Besides the parameters of the model of the growth rate, the
yield coefficient Yg is also optimized. This is contrast to so-
me works based on DMFA, where these coefficients are
computed from a metabolic network [9, 13]. The parameter
estimation problem is formulated as

min
~mi;j; j ¼ 1 . . . nb; i ¼ 1 . . . ns;j

Yg

Xv t0;j
� �

; S t0;j
� �

; j ¼ 1 . . . nb

MSEexp þ lmREGm (7)

with

MSEexp ¼
1Pnb

j¼1
ns;j

Xnb

j¼1

Xns;j

i¼0

Xexp
t ti;j
� �

� Xv ti;j
� �

âtX
exp
t ti;j
� �

 !2

þ
Sexp ti;j
� �

� S ti;j
� �

sS

 !2

(8)

and

REGm ¼
1Pnb

j¼1
ns;j � 1
� � X

nb

j¼1

Xns;j�1

i¼0

miþ1;j � mi;j

tiþ1;j � ti;j

 !2

(9)

In Eq. (8) Xv(ti,j) and S(ti,j) are computed as shown in
Eqs. (5) and (6). ~mi;j denotes the value of the relative growth
rate at time ti,j. lm is a regularization parameter which was
determined using the L-curve criterion [19] to be 7. The
number of batches is referred to as nb, the number of sam-
ples in batch j as ns,j.

5.2 ML Model Fitting for Growth Phase

After the rate estimation step, a kinetic model mq that is pa-
rameterized in a vector q can be fitted to the estimated val-
ues of the growth rate. In this case it was found that an
ANN model with just three nodes in a single hidden layer
using a tanh activation function performs well. The training
was done using the Levenberg-Marquardt algorithm with
Bayesian regularization. Different sets of inputs were tested.
With the inputs [S,T] an MSE of 0.070 h–2 was observed.
The error decreased significantly when adding the concent-
ration of the vegetative cells to the set of inputs; for the in-
puts [S,Xv,T] the resulting MSE was 0.041 h–2. When remo-
ving S from this set, the MSE only increased to 0.044 h–2.
Because this increase is minor, the finally chosen set of
inputs is [Xv,T]. Since the growth stops when the substrate
has been depleted, the ANN model mANN,q(Xv,T) is multi-
plied by a standard Monod term, giving rise to the final
submodel shown in Eq. (10).

mq Xv; S;Tð Þ ¼ mANN ;q Xv;Tð Þ S
Ks þ S

(10)

Here Ks denotes the substrate inhibition constant, which
was fixed to 0.1 g L–1.

The vector of parameters of the ANN after this step is
denoted as q0. After this model was fitted to the estimated
values of the rates, a full dynamic parameter estimation
problem was solved for the growth phase, formulated as
shown in Eqs. (13)–(16). The MSEexp is defined as in
Eq. (8), but the values of Xv(ti,j) and S(ti,j) now cannot be
computed explicitly anymore. Instead, they were found by
integrating the system using the IDAS solver from the SUN-
DIALS suite [20]. Constraints based on biological insight
were enforced as soft constraints with the penalty term
shown in Eqs. (11) and (12), which is enforced on nunlab =
100 different combinations of Xv,T distributed in a 10 ·10
grid. Eq. (12) expresses that the growth rate is not expected
to increase with the cell concentration Xv. To ensure that
model behaves as can be expected from biological insight,
lPC was chosen to have a high value of 1 �106.

MSEPC ¼
1

nunlab

Xnb

j¼1

JPC Xv;unlab;j;Tunlab;j
� �

(11)

JPC Xv;unlab;j;Tunlab;j
� �

¼
0 if

¶mANN;q

¶Xv
Xv;unlab;j;Tunlab;j
� �

< 0

¶mANN;q

¶Xv
Xv;unlab;j;Tunlab;j
� �� �2

else

8>><
>>:

(12)

The optimization was also solved using the Levenberg-
Marquardt algorithm, computing the Jacobians using ad-
joint sensitivities from IDAS and automatic differentiation
from CasADi [21]. As the initial values of the ANN param-
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eters, the vector q0from the previous step is used. As a sim-
plification, the Monod term is assumed to be 1 because in
the growth phase the substrate is not depleted leading to

S
Ks þ S

» 1 for the observed values of S. The parameter esti-

mation problem was formulated as

min
q;Yg ;Xv t0;j

� �
S t0;j
� �

; j ¼ 1 . . . nb

MSEexp þ lqREGq þ lPCMSEPC (13)

s.t.

_Xv ¼ mq Xv;Tð ÞXv (14)

_S ¼ �mq Xv;Tð ÞXvY�1
g (15)

Here, REGq is used to penalize drastic changes in the
ANN parameters.

REGq ¼
1

nq

Xnq

k¼1

q0;k � qk
� �2

(16)

The results of the ANN predictions after the training on
the estimated values of the growth rate and after the full dy-
namic parameter estimation are shown in Fig. 3 for lq = 25.
The optimized value of the yield coefficient Yg is 3.15 � 1011

CFU g–1
Glucose while it was 3.796 � 1011 CFU g–1

Glucose after
the rate estimation step.

As can be seen from the Fig. 3, the estimated values of m
show a dependency on the temperature and on the concen-
tration of vegetative cells. While a temperature dependency
could be expected, it is surprising that the number of cells
has such a strong effect. Similar effects were observed by
other researchers [22], but it is not entirely clear whether
the inhibition is caused by the cell density or just statisti-
cally correlated to it. One possible explanation is that the
decrease of the pH value (see Fig. 1), which is clearly corre-
lated to the cell concentration, is the true cause of the inhi-
bition. This parameter estimation was also conducted
without the biologically motivated constraints, which lead
to a minor increase in growth rate at high cell concentra-
tions and low temperatures, where there is no data
available. This unwanted phenomenon is prevented by the
constraints, however the effect on the model predictions in
the relevant part of the input space is negligible.

6 Identification of the Model for the
Sporulation Phase

6.1 Dynamic Model for the Sporulation Phase

There has been some previous work on modeling the
dynamics of the sporulation of bacteria. Atehortúa et al. [23]
developed a dynamic model for the sporulation that de-
scribes the sporulation rate using an empirical exponential
kinetics approach that depends on the current and the initial
substrate concentrations. They did not consider the delay in
the sporulation. This is also neglected in the work of Park et
al. [24], who developed a more detailed dynamic model that
considers different species in the sporulation cycle explicitly.
Das and Sen [25] modeled the sporulation kinetics by ap-
proximating the pure delay by a first order Taylor expansion.
A different approach to model the delay of the sporulation

Chem. Ing. Tech. 2023, 95, No. 7, 1154–1164 ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH www.cit-journal.com

Figure 3. Results of fitting the specific growth rate m as a func-
tion of the temperature and the concentration of vegetative
cells Xv. a) Estimated values of the growth rates shown as
crosses, ANN approximation after fitting only the estimated
rates shown as a surface, b) ANN prediction of the growth rate
after the full dynamic parameter estimation with biologically
motivated constraints.
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was proposed by Gauvry et al. [26] who define a probability
of sporulation over time that is used to determine the fraction
of cells that have committed to sporulation.

Here, we investigate whether it is possible to model the
sporulation process without choosing a kinetic model struc-
ture a priori and using a data-based approach to model the
effects that are visible in the data. This model takes the form
of a finite set of ordinary differential equations. It is similar
to an nth-order linear dynamic system but additionally the-
re are inhibition terms added to make the response of the
have steeper slopes. The reaction rates ru,i are modeled in
the following way:

rs ¼
nXu

t
hXvKs

Ks þ S
(17)

ru;1 ¼
nXu

t
Xu;1

hXv

Ky

 !g

þ 1

(18)

ru;i ¼
nXu

t

Xu;i

Xu;i�1

Ky

 !g

þ1

; i ¼ 2 . . . nXu
(19)

Here, t is the time constant of each stage, Ky and g are
parameters that determine the shape of the delayed
response. A drawback of this formulation is the fact that the
dependency of the reaction rate ru,i on the intermediate spe-
cies Xu,i–1 can lead to unwanted side effects, when modeling
fed-batch systems. This can happen because a high value of
one intermediate cell concentration Xu,i–1 decreases the
reaction rate ru,i. In a batch system this makes sense because
the reaction rate ru,i will be low as long as the reaction ru,i–1

is not completed assuming that both occur subsequently.
But in a fed-batch system, the reactions do not occur strictly
subsequently. In this case a population model could be used
to generate the desired delay effect. In a batch experiment
this cannot be the case as the intermediate species react suc-
cessively since the trajectory of the vegetative cells Xvis
monotonously decreasing because no additional substrate is
fed after the end of the growth phase.

Responses of the concentrations of (intermediate) sporu-
lated cells for a sudden increase in the number of vegetative
cells at complete substrate depletion are shown in Fig. 4, for
nXu = 6. As can be seen, the vegetative cells react quickly to
the depletion of the substrate giving rise to a cascade of
intermediate spores Xu,i. Each species of Xu,i follows a simi-
lar pattern of rise and decline as one would expect in such a
system. Towards the end, the mature spores Xs emerge.

6.2 Estimation of the Time Constant of the
Sporulation Process

The dynamic model put forward in Sect. 6.1 is characterized
by the parameters g, Ky t and h. It is not clear a priori on

what quantities these parameters depend, thus before fin-
ding functional relations with e.g. the temperature, first a
training set ~gj;~tj; ~hj is estimated similar to the approach in
Sect. 5, with the difference that here only a single value for
each batch is estimated to avoid overfitting. As both g and
Ky describe the sharpness of the response, Ky was fixed to
1 �108 CFU mL–1. The values of the other parameters were
optimized for each batch separately by solving following
optimization problems:

min
~gj; ~tj; ~hj

Xns;j

i¼is0

Xexp
s ti;j
� �

� Xs ti;j
� �� �2

(20)

s.t.

_x ¼ ffj
x; uð Þ (21)

fj ¼ mq Xv;Tð Þ;Yg ;~gj;~tj; ~hj

h iT
(22)

Xv tis0;j
� �

¼ Xv t0;j
� �

þ
Ztis0 ;j

0

mq Xv;Tð ÞXv dt (23)

S tis0;j
� �

¼ Xu;1 tis0;j
� �

¼ . . . ¼ Xu;nXu
tis0;j
� �

¼ Xs tis0;j
� �

¼ 0

(24)

with j ¼ 1 . . . nb:
In the objective functions, the deviations between the

simulated and the experimental spore concentrations are
minimized in the sporulation and in the stable phase. This
optimization is subject to the dynamic model, paramete-
rized by the growth model that was estimated before and
the decision variables. The initial values for the states are 0
except for the vegetative cell concentration Xv. Here, the ini-
tial value is computed by integrating the dynamic system
up until the end of the growth phase, i.e., to the point where
the substrate is depleted, denoted as tis0;j. The yield coeffici-

www.cit-journal.com ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH Chem. Ing. Tech. 2023, 95, No. 7, 1154–1164

Figure 4. Exemplary step response of the dynamic sporulation
model.
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ent Yg and the parameters of the growth rate mq are taken
from the solution of the optimization problem Eqs. (13)–
(16). The results of this optimization are shown in Fig. 5. It
should be noted that batches in which the sporulation was
not finished after 48 h were not considered for these plots
as the resulting parameters are only very rough guesses. The
prediction intervals depict the range of values in which a
future observation will fall with a probability of 95 %.

In Fig. 5a and 5b it can be seen that both the sporulation
delay time t and the sporulation efficiency h show a tempera-
ture dependency that can be described sufficiently accurately
using a quadratic model. The minimum delay is predicted to
be at around 40 �C, and the maximum efficiency at around
35 �C. Note that the value of the temperature is the average
temperature over the sporulation phase. For the exponent g
no clear dependency could be found, even when considering
the initial amount of substrate as a degree of freedom, thus it
has to be considered as a constant here, to avoid assuming a
wrong dependency, which could lead to an unreliable gener-
alization and unreliable optimization results.

Overall, there is a large variation from batch to batch,
even under identical conditions. Thus, there seems to be a
significant statistical fluctuation that cannot be captured by
a deterministic model. This is visualized by the prediction
intervals PI. These are computed at a sample input x0 as
shown in Eqs. (25)–(27), which are taken from [27].

PI ¼ xT
0 b̂� PIHW; xT

0 b̂þ PIHW
h i

(25)

PIHW ¼ tndata�npara
1� a

2

� 	
ŝ 1þ xT

0 XT X
� ��1

x0

� 	0:5
(26)

The vector of parameters of the assumed linear model is
represented by b̂. It contains the npara parameters that were
fit to the ndata data points. The data matrix is referred to as

X. tndata�npara
1� a

2

� 	
is the critical value of the Student’s t

distribution with (ndata – npara) degrees of freedom and a
significance level of 1–a/2.

ŝ denotes the variance in the data, which is estimated
from the deviation to the model prediction as shown in
Eq. (27).

ŝ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

rT r
ndata � npara

s
(27)

Here, the vector of residuals is denoted as r.
Finally, the submodels for t(T) and h(T) were fine-tuned

by solving the optimization problem in Eqs. (20)–(24) again
but accumulating the cost function for all batches and
varying the parameters of the submodels t(T) and h(T)
together with g and Ky.

6.3 Contribution of the Intermediate Cells to the
Concentration of Total Cells

The developed dynamic model describes the growth and
the sporulation dynamics sufficiently accurately for applica-
tions like batch trajectory optimization and soft sensing.
But one phenomenon is not taken into account in the
model: the fact that the measurements of the total cell con-
centration Xt decrease before the rise of the spore concen-
tration. This can be seen in Fig. 1 for the measurements at
17 and 20 h. Biologically it is not clear why this occurs,
especially given that other researchers did not observe this
effect in similar studies [23–26, 28, 29]. One hypothesis is
that a part of the cells die after the depletion of the substrate
and a part of the cells can establish another phase of growth
with stored glucose or cell cannibalism. This explanation is
not in line with the fact that the total cell concentration Xt

increases simultaneously with the mature spore concentra-
tion Xs. One would expect another sporulation delay and
thus a two-step increase of the spore concentration. There-
fore, another hypothesis is formulated: the intermediate
cells contribute only in a reduced manner to the total num-
ber of cells, for example due to agglutination, which leads to

Chem. Ing. Tech. 2023, 95, No. 7, 1154–1164 ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH www.cit-journal.com

Figure 5. Results of the estimation of the parameters of the sporulation model for each batch separately. Estimated
values are shown as crosses and the resulting model as a line. The 95 % prediction intervals are shown as shaded
areas for a) delay time, b) sporulation efficiency. In c), the sporulation exponent is shown, the surface in the middle
shows the mean value, the upper and lower surfaces indicate the 95 % prediction interval.
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less colonies forming in the analytics. This can be modeled
as

Xt ¼ Xv þ Xs þ z
XnXu

i¼1

Xu;i (28)

Here the factor z ˛ 0; 1½ � represents the fraction with
which the intermediate cells contribute to Xt. In the case
considered here it is regressed to a value of 0.41.

6.4 Accuracy of the Full Model

The full model consists of the differential equations shown
in Eq. (3) with the reaction rates as depicted in Eqs. (17)–
(19) and rg = mq � Xv. The outputs are Xv, S and Xt as
described in Eq. (28). To analyze the prediction accuracy of
the model, the model predictions for the batch used in Fig. 1
and an additional batch are shown in Fig. 6.

As can be seen, the model represents the measurements
well for the considered batches. The temperature in the
batch shown at the top of Fig. 6 is initially 35 �C and is
changed to 40 �C after 6 h. For the batch in the bottom the
temperature is 30 �C throughout the batch. Additionally, the

initial substrate concentrations are different as can be seen
in the figure. As the interest is mostly on predicting the
concentration of the sporulated cells from the perspective of
the intended production of spores, only the prediction
interval for the sporulated cells is visualized. This is done by
evaluating the extreme cases of the prediction interval
shown in Fig. 5. The broad prediction interval is a result of
the fact that the process varies statistically, indeed the same
operating conditions of a batch did not result in the same
measurements. This is also visible in results shown in
related work [28].

Despite the broad prediction interval, which is mainly a
consequence of the variability of the process itself, the mo-
del describes the dynamics sufficiently well and can be used
to investigate the expected influence of process parameters
on the batch operation. The tradeoff in determining an
optimal temperature is visible for example in the submodels
of t and h, which show different optima with respect to
temperature. The dynamic model provides a basis for opti-
mizing the batch recipe while considering the broad range
in which the measurements can lie. Due to the amount of
noise present in this process it is difficult to reliably deter-
mine the process conditions that have the highest expected
value of some optimization objective. Therefore, one can

use a deterministic dynamic model to represent
this expected value and optimize over it. Addi-
tionally, it can be used during the operation of
the plant to monitor the process.

7 Conclusion

In this work, a hybrid dynamic model for the
growth and sporulation of B. subtilis cells was
developed on the basis of experiments over a
range of values of the temperature over the
batch and of the initial substrate concentration.
Since this process is difficult to describe based
on first principles only, a gray-box model struc-
ture was identified. This was done by first esti-
mating values of the specific growth rate over
time, which then provide the data for fitting a
ML model of the growth rate as a function of
the process states. A similar approach was used
for the sporulation delay time and for the sporu-
lation efficiency, which were both modeled as
functions of temperature. What could be ob-
served is that the sporulation is a statistical pro-
cess that varies strongly even for identical pro-
cess conditions. Nonetheless the model provides
a reliable estimate of the expected trajectory giv-
en a recipe, which provides the basis for an opti-
mization of the batch recipe. Future work will
deal with the question of how an online state
and parameter estimator can be used to address
the problem of the statistical variation of the

www.cit-journal.com ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH Chem. Ing. Tech. 2023, 95, No. 7, 1154–1164

Figure 6. Comparison of model predictions with actual measurements for two
batches. Crosses, circles and triangles show measurements of the concentration
of all cells, sporulated cells and substrate. Dashed, full, and dash-dotted lines
represent the model predictions of these concentrations. The shaded area is an
estimate of the 95 % prediction interval of the model of the sporulation pro-
cess.
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behavior of the cells in the growth and sporulation phases
so that the prediction of the end-time of the batch can be
improved and the operation can be stopped at an earlier
point in time to improve the productivity of the process.
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Symbols used

f [various] Differential equations
K [CFU mL–1, g L–1] Inhibition constant
nb [–] Number of batches
ns,j [–] Number of samples in batch j
r [CFU mL–1h–1] Reaction rate
r [various] Residual vector
S [g L–1] Substrate concentration
t [h] Time
u [�C] Input variables
X [CFU mL–1] Cell concentration
X [various] Data matrix
x [various] State variables
x0 [various] Sample input
Y [CFU g–1] Yield coefficient

Greek letters

â [–] Relative measurement error
b̂ [various] Parameter vector of submodel
g [–] Exponent parameter
z [–] Factor for reduction in

measurement
h [–] Sporulation efficiency
q [various] Parameters
l [–] Regularization constant
m [h–1] Specific growth rate
~m [h–1] Specific growth rate as function

of time
s [g L–1] Absolute measurement error
t [h] Sporulation time constant
f [various] Parameters

Sub- and Superscripts

exp Experimental
g Growth

S Sporulated
t Total
u, I Unstable spore of stage i
v Vegetative

Abbreviations

MSE Mean squared error
PI Prediction interval
PIHW Prediction interval half width
REG Regularization
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