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Abstract

Large-scale data sets comprising millions of variables p, as is typical in the field of
genetics, offer a wealth of information. However, it is a considerable challenge to
extract this information from the data. From a biological perspective, it is desirable
that this will lead to a better understanding of the development of diseases. Moreover,
it is imperative to consider the interactions of genetic factors with each other and with
the environment. Taking into account interactions further exacerbates the problem
of the high dimensionality of the data. In addition to the computational challenges
of processing the data at all, most statistical models are inapplicable or difficult to
interpret in these scenarios. To address this research gap, a variable selection method
was developed in this thesis that accounts for a multivariate structure and can be
applied to arbitrarily large amounts of data. The selection of variables is executed
through the utilization of cross-leverage scores (CLS). Due to their construction
the CLS correspond to the variables individual leverage on the correlation with
the multidimensional subspace spanned by the data with the outcome variable.
Thus, they are directly linked to the importance of a variable also in the sense
of an interaction effect. Further, under mild assumptions, each CLS equals its
corresponding parameter in the least squares solution up to a small bounded additive
error. In addition, in this thesis, methods have been developed and improved for the
approximation of the CLS in large data. A notable advantage of these methods is their
ability to be calculated streamwise, thereby overcoming the problem of processing
on standard computers. Overall, a two-step procedure is recommended. In the first
step, variables are selected using CLS. In the subsequent step, an established method
is to be applied to the reduced data, which is appropriate for the research question,
but limited in the number of input variables. The primary article of this dissertation
introduces the methodology of these approaches and validates them by simulations
as well as mathematically. In two additional articles, this method is employed to two
large scale datasets, in order to answer biological questions. Once, in the framework
of a two-step approach to identify SNP-environment interactions in COPD. In the
second step, the recently developed logicDT model is applied to the reduced data. In
the other paper, the CLS are directly incorporated into the calculation of so-called
profile scores to estimate the risk of Alzheimer’s disease based on DNA methylation
and metabolomics data.
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1 Introduction & Motivation

Recent advancements of technological capacity to store, communicate, and compute
information have enabled the accumulation of an expanding volume of data, cf. [47].
The term Big Data is used to refer to massive data sets with large, varied, and
complex structures that are difficult to store, analyze, and visualize [99]. In this
thesis, the focus is on a large amount of variables, which is referred to here as large
scale data. For example, in genomics, the amount of data has increased substantially,
so biologists also encounter challenges regarding Big Data [74]. However, this also
offers new opportunities to gain insight into how a disease is influenced by the
genome. In addition to genomics, the growth of data in other omics fields such
as proteomics and metabolomics over the past decade has provided an essential
knowledge base, cf. [100].
Extracting information from large scale data poses a challenge from a computational
perspective, but also from a statistical-methodological perspective, cf. [33]. Conven-
tional methods mostly encounter limitations in terms of the number of variables
they can process effectively. This challenge is further compounded when the number
of variables, denoted by p, typically exceeds the number of observations, denoted
by n, resulting in n << p problems. Thus, statistical analyses become infeasible or
even impossible for data sets of considerable size.
Modern machine learning (ML) methods are designed to handle millions of variables
and provide good predictions in big data problems. Nevertheless, the interpretation
of these models is often exceedingly difficult. Indeed, they are described as ’black
box’ models [69].
In this work, our primary focus is on identifying important factors rather than on
achieving optimal prediction accuracy. Consequently, it is essential that a model is
highly interpretable. Therefore, this thesis is based on the development of a variable
selection method for regression models that is applicable to large scaled data, that
is, data sets with millions of variables. In this thesis, this method is applied to
regression models for binary, continuous, and ordinal outcomes.
This approach can then be used to identify significant genetic and environmental
risk factors associated with health outcomes. Genetic factors are, for instance, single
variations in the DNA, called Single Nucleotide Polymorphisms (SNPs).

It has been shown that it is crucial to consider interactions of genetic factors [71]
as well as interactions of genetic variations with the environment for a better
understanding of complex diseases [89]. As the consideration of the interactions is
of particular interest, the issue of dimensionality poses an even more substantial
challenge. In a scenario with p variables, the amount of possible 2-way combinations
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2 CHAPTER 1. INTRODUCTION & MOTIVATION

is already quadratic Θ(p2) and the number of choices grows exponentially in the
order of interactions k. Finally the number of all possible combinations of any degree
sum up to 2p.
Existing methods either mostly do not account for interactions, or if they do, they
are limited in the maximum number of variables. ML methods such as Random
Forests [9] can account for interactions for prediction, but they are difficult to
interpret. Moreover, Random Forests have difficulties to detect interactions when
the respective variables have negligible marginal effects [131], which is often the case
in genetic analyses [67]. To overcome this research gap, it is imperative that the
developed variable selection method also takes interactions into account.

The challenge is therefore twofold. From a biological perspective, it is necessary
to ascertain the influence of genetic, environmental, and other factors on the devel-
opment of diseases. This understanding can then provide the basis for risk reduction
strategies. From a statistical perspective, the interpretation of methods is essential
to cope with the specific challenges of genetic data, such as the large number of
variables. It is imperative to deliberate on the requisites from both domains and
thereby bridge the gap between theory and application. However, the statistical
methods can be applied to other genetic questions, but also to completely different
research fields.

In the main article of this dissertation Detecting interactions in high-dimensional
data using cross leverage scores, a variable selection method based on so-called
cross leverage scores (CLS)1 is developed [112]. These scores serve as a metric
for assessing the importance of a variable independently of whether it is a main
effect or a participant in an important interaction effect. This is determined by the
mathematical construction of the scores. The application of a QR-decomposition of
the transposed common matrix of variables and outcome enables the identification
of each variable’s leverage on the correlations they have with the multidimensional
space spanned by the data with the outcome variable. A mathematical justification
of the CLS is given in the paper. So, the primary benefit of this approach is that
the CLS of each variable directly contains information about the importance of a
possible interaction, without having to consider every possible combination.
As this score merely indicates which variables are important yet does not show
which variables interact with each other, a two-step procedure is proposed. After
selecting these variables with the q << p most extreme CLS in a subsequent analysis,
methods such as logic regression [98] or logic decision trees (logicDT) [65], which
are particularly suitable for identifying interactions but limited in the number of
variables they can process, are employed to the selected data.
Furthermore, this article proposes approximation approaches for the CLS. This in-
cludes two heuristic stream wise calculations, Sliding Window and Random Window,
as well as a sketching approach based on subspace embeddings. The latter is a
transfer of dimension reduction methods that are based on sampling and random
projections from reducing observations to selecting variables. With these approx-
imation approaches it is possible to apply the variable selection based on CLS to
arbitrarily large data. In the article, SNP data is considered with binary outcomes.

1CLS is used for single cross-leverage score and for several scores to simplify readability. The
abbreviation ’CLSs’ is only used when the context is clear and the distinction is important.
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The performance of the approaches is tested in complex simulation studies and on
a well-studied standard data set, with the goals of determining the ability to find
important variables and of understanding how variable selection affects subsequent
analyses such as logicDT or Random Forests.

In the second article, Using Cross Leverage Scores for Detecting SNP-Environment
Interactions Effects on COPD [113], the aforementioned methods are applied to
the practical question of how genetic (SNPs) and environmental factors affect lung
function, namely Chronic Obstructive Pulmonary Disease (COPD). This is highly
relevant, as early detection of risk factors can generally prevent diseases or allow to
save on expensive treatment, as this is the case with COPD [41]. For this task, the
data of the SALIA cohort study [102] is considered. One objective of this study is
to identify important factors associated with the risk of lung diseases. This includes
data on clinical and personal data, such as smoking or the body mass index (BMI),
SNP data from the whole genome, as well as environmental data on air pollution. In
total there are more than 7.5 million variables for above 500 observations. The novel
two-step procedure proposed in [112], with a variable selection based on CLS in the
first step, facilitates the simultaneous consideration of all these data, thereby enabling
the incorporation of interaction effects. Secondly, the explicit important factors
and their interactions are obtained by applying the recently developed (bagged)
logicDT model [65] to the reduced data. This novel procedure is intended to gain
new insights into the interaction of the various factors. A comprehensive literature
review was conducted for both the selected variables CLS and the factors identified
by logicDT. This is done, on the one hand, to evaluate the practical applicability
of the developed method, and, on the other hand, to prove the plausibility of the
identified factors, in order to give a suggestion for further examinations in biological
experiments.

In the third article, Development and Application of Brain Tissue Based Multi-
Omics Profile Scores for Alzheimer’s Disease, which was written in collaboration with
Timur Tug et al. [118], the CLS was applied in a different way, namely to calculate
so-called (multi-omics) profile scores, which are a variant of risk scores. Moreover,
this method is applied here for the first time to epigenomic and metabolomic data.
Even if they are often only evaluated individually, it is recommended to consider
omics data of different types jointly [73]. The analysis of these multi-omics data
is expected to provide new insights into the biological mechanisms underlying
Alzheimer’s disease. In a study on genome wide DNA methylation and metabolomics
from brain tissues, various approaches for the calculation of the Profile Scores are
compared. The property that the CLS in the theory approximates the solution in
an ordinary least square (LS) problem [112] is utilized for the calculation of the
profile scores. The CLS are used as the weights for the weighted sum needed for the
calculation of profile scores. The variable selection step is directly included, since
only the variables with the most extreme scores are included in the weighted sum.

In conclusion, the three papers propose the CLS for variable selection in various
large scale data settings. The property of the CLS to preserve the multivariate
structure of data is used to answer different biological questions. This shows that
the CLS can be utilized in a flexible manner across various data types and objectives
even beyond the field of biology.
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The research is embedded in the Research Training Group (RTG) 2624 Biostatis-
tical Methods for High-Dimensional Data in Toxicology at TU Dortmund University.
The RTG is a collaboration with HHU Düsseldorf, the University of Cologne, and
the two Leibnitz Institutes, IUF in Düsseldorf and IfADo in Dortmund. The aims
of the research in the RTG are the development and application of biostatistical
methods for the analysis of high-dimensional data for modeling and risk assessment
in toxicology. This thesis is based on the project ’R1: High-dimensional regression
for screening of important genetic and environmental factors’ in cooperation of TU
Dortmund University and the IUF.

The remainder of the thesis is structured as follows. Chapter 2 provides the
biological background and describes the data. Section 2.1 gives an overview of
the biological terms and the motivation for the research work with regard to the
biological questions. Section 2.2 describes the data of the SALIA cohort study
(considered in [113]) and of the Alzheimer study (considered in [118]). Chapter 3
introduces the methods. The present state of the art of statistics in Genetics is
delineated in section 3.1 where the strengths and weaknesses of existing methods
are discussed. Section 3.2-3.4 describe the central and novel methods that are used
in the (articles of this) thesis. A summary of each of the three chapters is given in
chapter 4. Finally, chapter 5 presents a conclusion and an outlook. The articles are
contained in Appendix A.



2 Biological Background and Data

2.1 Omics Data & Diseases

From a biological perspective, this dissertation explores the impact of genetic
variations in human DNA on health. In the following the most salient genetic terms
are introduced. However, the focus is less on the exact biological processes than on
investigating the statistical associations. For detailed descriptions, please refer to
appropriate specialized literature, e.g. [44].

The essential components of the DNA (Deoxyribonucleic acid) are four differ-
ent nucleotide bases, namely cytosine (C), thymine (T), adenine (A) and guanine
(G).The spatial structure of the bases is expressed in the form of a double helix.
This insight was postulated in 1953 by J.D. Watson and F.H.C. Crick in their article
A Structure for Deoxyribose Nucleic Acid [124], for which they were awarded the
Nobel Prize in 1962. However, it should be noted that this publication is largely
based on the research of Rosalind Franklin and her PhD student Raymon Gosling
and the famous “photo 51” which was published in the article Molecular Configura-
tion in Sodium Thymonucleate [36]. Based on this X-ray photo and the associated
calculations, Watson and Crick succeeded in proving the double helix structure.
Nonetheless, they hid the fact that they knew Franklin’s results and the photo, and
that they could not finish their work without her research. Franklin died four years
before Watson and Crick were awarded the Nobel Prize for their work. Throughout
her life, however, she never experienced the fame she deserved and even in the Nobel
Prize speech neither she nor her doctoral student Gosling were mentioned, see [125].
One of many examples of scientific research being credited to men when it deserves
at least equal credit to women.
Two nucleotide chains linked by hydrogen bonds form the aforementioned double
helix. Due to their structure it is only possible that guanine is linked to cytosine and
adenine to thymine. In living organisms a long DNA chain with genetic information
is called a chromosome. Humans have diploid set of 23 chromosomes, in total 46
individual chromosomes, inheriting one chromosome from the mother and one from
the father. The 23 chromosomes are composed of a total of over 3 billion base pairs.
Genes are sections of DNA that contain e.g. the code for a specific protein. The
totality of all genetic information, including protein-coding genes and non-coding
genes is called genome. The occurrence of a variation of a single base is denoted
as a single-nucleotide polymorphisms (SNP), when it occurs in more than 1% of
the population. Otherwise, i.e. rare variations are called mutations. A variation of

5



6 CHAPTER 2. BIOLOGICAL BACKGROUND AND DATA

a gene sequence is called allele. The frequency of the second most common allele
in a population is called minor allele frequency (MAF). In the absence of a single
variation with respect to the reference, the term homozygous reference is employed.
In the event of the variation is present on a single chromosome, the term heterozygous
variant is utilized, and if the variation is observed on both chromosomes, the term
homozygous variant is used. Mathematically, a SNP is coded as SNP ∈ {0, 1, 2}.
Such a SNP occurs about every 500th to 1000th position in the genome.
It took until the beginning of the 21st century to map the entire genome. After
completing a working draft of the human genome sequence in 2000, the International
Human Genome Sequencing Consortium announced the successful completion of the
Human Genome Project on April 14, 2003, exactly 50 years after the Watson-Crick
paper. Then, on October 20, 2004, the International Human Genome Sequencing
Consortium publishes its scientific description of the completed human genome
sequence covering ∼ 99% of the genome with error rate of 1 in 100000 [54]. Another
finding is, that the human genome seems to encode only 20000−25000 protein-coding
genes.
The Human Genome Project has initiated and enabled several large and count-
less smaller projects in human biology. For example, the international HapMap
project [115], parts of which are incorporated into this dissertation, see [112]. More-
over, it is the basis for genome-wide association studies (GWAS), which attempt to
identify SNPs located on or near genes involved in the development of diseases. To
analyze these studies and identify important SNPs or differences in the population,
sophisticated statistical methods are required. A detailed overview of the history
of achievements in genetic research is provided by [61]. It was called the ’SNP
revolution’ back in 1999, but research in this area is still ongoing [11]. Due to
cheaper and better sequencing methods, research on statistical methods that provide
reliable results in high-dimensional data is required to make meaningful use of the
mass of information.
SNPs have been demonstrated to be associated with (complex) diseases [105] e.g.
Crohn’s disease [75] or neurofibromatosis type 1 [91]. However, not only individual
SNPs, but also their interaction is causal for many diseases [19]. Disease variation in
phenotypes is based on highly dynamic, interconnected and non-linear biochemical
networks, which in turn are based on genetic variants. When the effect of a variant
on a complex trait depends on the genotype of a second variant, it is called epistasis.
It is important to distinguish this from the so-called linkage disequilibrium (LD),
which is the dependent association of two alleles in a population, which of course
occur together and do not necessarily have an important influence. It is crucial to
investigate how naturally occurring genetic variants jointly act, instead of summing
up the effects of individual variants independently, to understand and predict com-
plex diseases [71]. Diseases that can be traced back to interactions between SNPs
are e.g. breast cancer [15] and venous thrombosis [45]. Further, it is also common
that individual SNP has no effect on the phenotype, but their interaction has a
strong effect [67].

On the other hand, the effects of alleles are often highly sensitive to the environ-
ment to which individuals are exposed. Therefore, to gain a deeper understanding of
the influence of single nucleotide polymorphisms (SNPs) on disease, it is imperative
to include the interactions of genes and environmental factors in the analysis [68].
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Gene-Environment interactions can be defined as ’a different effect of an environmen-
tal exposure on disease risk in humans with different genotypes’ [89]. For instance,
the development of chronic obstructive pulmonary disease (COPD) has been demon-
strated to be influenced by both genetic and environmental factors [93], as well as
their interaction [1]. For respiratory outcomes, it is recommend to include known
harmful environmental exposures to identify interacting genetic loci [136].

The focus of this work is on COPD (ICD10 Code: J.44.-), but the methods
developed in this work are of course generally applicable and can be used to analyze
other diseases. In the following, we discuss the most important aspects of the
aetiology of COPD. In 2020, COPD was the third most common cause of death
worldwide [86]. It is forecasted that by 2060 there will be much more annual deaths
from COPD and related conditions due to the increasing prevalence of smoking
in low- and middle-income countries and the ageing population in high-income
countries [40]. COPD is a common, preventable, and treatable disease, but extensive
under-diagnosis and misdiagnosis leads to patients receiving no treatment or incorrect
treatment. Appropriate and earlier diagnosis of COPD can have a very significant
public-health impact [41]. So if someone is found to have genetic variations that
increase the risk of COPD, countermeasures can be taken at an early stage.
COPD is a heterogeneous disease and includes a variety of phenotypes such as airflow
obstruction, emphysema or exacerbation [21]. A reliable classifier for COPD is the
Tiffeneau Index, defined by the quotient of forced expiratory volume in one second
(FEV1) and the forced vital capacity (FVC) [93]. However, it is not enough to just
consider the FEV1, because a patient can have a small lung (small FEV1) and still
have no obstruction [21]. According to the Global Initiative for Chronic Obstructive
Lung Disease, COPD can be divided into four levels of severity, cf. [41].
Risk factors for developing COPD are, for example the social status [59], the age [83]
and the body mass index (BMI) [108]. For BMI the relationship to COPD is not
trivial and necessitates further research [25]. Alongside the association between
increased BMI and COPD, a BMI that is too low favors a more severe course of
the disease [80]. The leading cause for COPD is smoking [62], [70], but also years
of smoking [107] as well as passive smoking and air pollution is important [133].
In particular PM2.5 (particular matter(PM) of diameter less than 2.5µm) exposure
likely increases the risk of COPD [123], [23]. The specific mechanisms of this factor
still need to be investigated further and in this work this value is primarily concerned
as measure of air pollution. As illustrated in fig. 2.1, the dimensions of these particles
are tiny, thus enabling facile insertion into the pulmonary system and subsequent
dissemination into the bloodstream, with the potential for significant physiological
impairment as a consequence [132].

Specific COPD phenotypes and outcomes are associated with different transcrip-
tomes and metabolomes indicating distinct mechanisms for different phenotypes [21].
Further, variants and genes found with GWAS do not necessarily reflect a direct
biological relevance for the disease [109]. For certain traits, GWAS of common SNPs
are approaching signal saturation. This indicates the need to explore also other
types of genetic variations [46]. Although the developed methods in this thesis
were motivated by dealing with SNP and environmental data. Nevertheless, from
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Figure 2.1: This figure illustrates the size comparisons for PM (particular matter) particles. PM2.5 are particles
with diameter of 2.5 micrometers and smaller. [119]

a statistical point of view, these methods are universally valid, and therefore also
applicable to other omics data.

In the project Development and Application of Brain Tissue Based Multi-Omics
Risk Scores for Alzheimer’s Disease [118] the CLS are applied to multi-omics data.
The aim is to decipher how DNA methylation (DNAm) and metabolomics interact
and jointly effect Alzheimer’s disease (AD) neuropathology. This pertains to the
domain of epigenetics. Epigenetics encompasses changes in the regulation of gene
expression without altering the DNA sequence [55]. It has been shown that genetic
predisposition does not necessarily lead to the development of diseases and that
epigenetic factors can contribute to phenotypic outcomes [58]. This is the reason
why one twin may suffer from a disease while the other does not, even though they
carry the same genetic material [24]. One important epigenetic variation is the
DNA methylation. This is a chemical modification attached to individual DNA
nucleotides influencing the transcription of genes. In short, we are interested in
the case when a methyl group is attached to a cytosine base instead of a hydrogen
atom, which usually occurs when a cytosine base is followed by a guanine base in a
DNA sequence. The latter is defined as a CpG site, whereas p stands for the linking
phosphate. If methylation modifies clusters of CpG sites, this is known as CpG
islands which can significantly reduce or even silence the expression of the respective
gene [106]. DNAm plays an important role in cell development, gene regulation and
disease processes such as cancer, cf. [49]. Further, specific methylation signatures
are biomarkers for diseases like rheumatoid arthritis [79], multiple sclerosis [87]
and in particular Alzheimer disease [22]. DNA methylation is a remarkable field of
research that can uncover the hidden mechanisms of various diseases, introduce new
diagnostic and prognostic biomarkers, and propose new patient-specific therapeutic
approaches for diseases [135].

Besides genomics, epigenomics, transcriptomics and proteomics there also metabol-
omics. The metabolome describes the totality of metabolites in a cell at a specific
time. The metabolites are products of metabolic processes in organisms and the
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individual metabolic signatures are unique, cf. [97]. An individual’s metabolome
reflects alterations in genetic, transcript, and protein profiles and is affected by the
environment. Therefore, metabolomics offers a great potential for the diagnosis and
prognosis of e.g. neurodegenerative diseases such as Alzheimer’s diseases [128]. The
interaction of metabolomics and DNAm also appears to play a role, but little is
known about how these interact and jointly influence the development of Alzheimer’s
disease [118].

Dementia including its clinical subtypes such as Alzheimer’s disease was the
seventh leading cause of death among all diseases from 2000 to 2019 [126]. Alzheimer
disease is the most common form of dementia (60–70% of cases) [3]. In 2019 55.2
million people worldwide are living with dementia and the annual global societal
cost was estimated at US$ 1313.4 billion [129]. As age is a major risk factor, the
change in demographics, along with the increasing prevalence of other risk factors
such as diabetes and obesity, will lead to a massive increase in Alzheimer’s dementia
in the coming years [126]. Further risk factors for AD are vascular factors such as
hypertension and hypercholesterolemia [20] or head injury [43].

2.2 Data

SALIA Cohort Study

As delineated in the preceding section, the interest is in what factors favor or influence
the development of COPD. The investigation encompasses both environmental and
genetic factors and their interactions. For a better reading, we include variables
such as smoking or social status under environmental influences, even though these
are not really environmental factors, as opposed to exposure to air pollution.

In the real data application in [113] the SALIA cohort study [102] is considered.
An overview of the available data as well as a descriptive analysis of the data is
provided here. For study design, detailed findings and results, see [113].
In total the SALIA data consists of pgen = 7643653 SNPs and penv = 7 clinical
respective environmental data. With regard to the initial sample of 510 women,
seven subjects were excluded due to partially missing values. Consequently, the total
number of women under consideration is n = 503. For these women the medical
diagnosis of COPD has been documented (’yes’, ’no’ or ’unknown’). The majority
of subjects were not diagnosed with COPD, see table 2.1. Of the seven women who
were removed from the study, none had COPD. However, given the imbalanced

n = 503 yes no unknown

COPD 19 (3.78%) 483 (96.02%) 1 (0.20%)

Table 2.1: The table shows a clinical diagnosis of chronic obstructive pulmonary disease for the 503 women in the
SALIA cohort study.
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distribution of cases and non-cases, the target variable in the subsequent analyses is
the Global Lung Initiative (GLI) z-score of the Tiffeneau-Index (FEV1/FVC) [94].
Furthermore, tobacco related characteristics were captured, including whether the
participant is a current smoker at the time of the study (yes/no), whether they had
been a smoker in the past (yes/no), whether they are currently exposed to passive
smoking (yes/no), see table 2.2. In addition the variable "packyears", defined by

n = 503 yes no

smoking 11 (2.19%) 492 (97.81%)

ex-smoking 83 (16.50%) 420 (83.50%)

passive smoking 193 (38.37%) 310 (61.63%)

Table 2.2: Variables related to smoking included in the SALIA cohort study.

the smoking duration in years and the current daily packs of cigarettes. For the
majority of observations, namely 409 women (81.31%) it is packyears = 0. The
distribution of the variable packyears is therefor characterized by the presence of
mainly small values, accompanied by some outliers with large values. For better
illustration the distribution of packyears > 0 is shown in fig. 2.2.
The variable ’status’ measures the social status of the participants according to
the maximum number of school years of them or the husband, divided into three
categories: less then 10, exact 10 and more than 10 school years. About half, fall
into the middle category, followed by the category with higher education (about a
third), see table 2.3. The degree of influence of the environment to which the body

n = 503 1 (< 10yr) 2(= 10yr) 3 (> 10yr)

social status 87 (17.30%) 244 (48.51%) 172 (34.20%)

Table 2.3: The table shows the social status of the 503 women from the SALIA cohort study. The three categories
are: Less then 10, exact 10 and more than 10 school years.

is exposed is, to a certain extent, dependent on the place of residence. The ratio of
participants residing in urban area (Ruhr Area, ca. 51%) and those residing in rural
areas (Münsterland, ca. 49%) is relatively balanced. At the time of the study, the
youngest participant was 66 years old and the oldest was 79 years old. The majority
of women were between 71 and 74 years old. fig. 2.3 shows the distribution of age.
Furthermore, the body mass index (BMI) of women was measured. The BMI is

defined as the weight in kilograms divided by the square of the height in meters.
According to the World Health Organization (WHO), an individual is categorically
designated as overweight with a BMI at or above 25, and obese if their BMI
exceeds 30, as well as underweight with a BMI under 18.5 [127]. The majority
of the participants were classified as at least overweight according to the WHO
classification criteria (65.41%). A study conducted by the RKI between 2014 and
2015 revealed that, on a national average, the majority of women over 65 in Germany
belong to the overweight category. However, the percentage in this group was just
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Figure 2.2: This boxplot shows the distribution of the
variable packyears. However, only those variables for
which packyears is greater than 0 are considered here.
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Figure 2.3: Histogram of the variable age over the 503
women in the SALIA cohort study.

58.9% with a confidence interval of [56.5%− 61.3%] [101]. In fig. 2.4 a boxplot of
the variable BMI illustrates its distribution. The median is 26.81, and there are a
number of outliers with large BMI values. For air pollution the annual mean level of
PM2.5 of the year 2006 is considered. The distribution of PM2.5 is right-skewed as
can be seen in fig. 2.5.
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Figure 2.4: Boxplot of the variable body mass index
(BMI) for the 503 women in the SALIA cohort study.
With the WHO classification boundaries marked by the
red lines.
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Figure 2.5: Boxplot of the variable PM2.5 (Particular
Matter with diameter less than 2.5µm for the 503 women
in the SALIA cohort study.

Emory Goizueta Alzheimer’s Disease Research Center Data

Genome-wide DNAm and high-resolution metabolomics data were obtained from 157
prefrontal cortex tissue samples from donor brains. The brains belong to individuals
who died at different stages of AD pathology. The Emory Goizueta Alzheimer’s
Disease Research Center (ADRC) provided the donor brains.
The DNA methylation assessment was performed on batches of 167 prefrontal cortex
samples with six replicates. For each of the CpG sites, their value is given by the
ratio of the methylated signal to the total signal, yielding a continuous measure in
[0, 1]. Preprocessing analysis and quality controls result in total to pDNAm = 789 286
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variables (CpG sites). They were normalized for subsequent analysis. For more
details on assessment and preprocessing, see [118].
For high-resolution metabolomic profiling, each sample was repeatedly analyzed
using two complementary chromatographic methods (hydrophilic interaction liquid
for polar metabolites and reverse-phase chromatography for less polar compounds).
Then the detected signals were characterized by accurate mass-to-charge ratio (m/z),
retention time (RT), and ion intensity, for details refer to [118] and [96]. This results
in a total of 35348 features, averaged and log2 transformed.
Further, the following covariates were also included to adjust the model. Demographic
and socioeconomic factors, personal data such as sex, race, educational attainment,
socioeconomic status and age at death as well as the time between death and the
removal of the biological samples, cf. [118].

The neuropathology of Alzheimer’s disease can be assessed by a variety of mea-
sures that evaluate different aspects of disease progression. In [118] Braak staging [7],
CERAD score [85] and ABC score [82] was considered. They can be described as
follows. Higher Braak stages reflect more extensive disease progression [7]. The
CERAD is divided into four levels, with higher scores indicating more advanced
amyloid pathology, which is a primary indicator of Alzheimer’s disease [85]. The
ABC score provides a comprehensive assessment of the severity of Alzheimer’s disease
and helps to indicate the overall stage of the disease, categorizing it into the four
levels none, low, intermediate, and high [82]. It is a combination of Braak and
CERAD scores with the Thal phase. The Thal phase describes the spread of amyloid
plaques in the brain in 5 phases [114]. For more details see [118] or the respective
papers.



3 Statistical Methods in Genetics

3.1 Statistical Methods for GWAS

Statistics in genetics is a wide field. Its focus is on the application and development of
statistical methods to derive conclusions from genetic data. Statistical methods can
be utilized to quantify the risk of disease as well as identify statistically important
risk factors [121]. Depending on the specific questions, various methods from different
areas of statistics are available, such as Bayesian, frequentist, or machine learning
methods. Further, there are methods that have been developed specifically for the
analysis of genetic data, but which are of course also generally valid.
In general, when aiming to identify genetic variants that are statistically associated
with a particular disease or phenotype, it is advantageous to consider the entire
genome. From a statistical perspective, this presents a substantial challenge as well
as an enormous potential for research into the optimal use of the information of
millions upon millions of data points.
In classic genome-wide association studies (GWAS), tons of individual statistical tests
are performed on all variables (e.g., SNPs) to identify those that are significantly
associated with some outcome. In addition, the results of GWAS can be used
for various applications, such as using the obtained effect sizes as weights for the
calculation of (polygenic) risk scores, which will be discussed in more detail later in
this section, cf. [28]. GWAS have revolutionized the field of complex disease genetics,
providing many convincing associations for complex human traits and diseases.
However, it is important to note that GWAS associations may detect variants
and genes as significant that do not necessarily have direct biological relevance to
disease [109]. Variants in linkage disequilibrium (LD) are often correlated, but do
not have causal significance. It is therefore advisable to perform LD pruning before
screening for significant variants [95].
From a statistical perspective, a further problem in GWAS is multiple testing. There
exist methods for correcting the error in multiple testing, such as the Bonferroni [6]
or the Benjamini-Hochberg correction [5]. However, the issue of ’p-hacking’ cannot
be disregarded, cf. [26].
In GWAS, e.g. linear or logistic regression models can be used to test for associations,
depending on the outcome. In each of these models, clinical and external covariates
are usually included in order to avoid stratification errors. Typically, these covariates
are age, sex or BMI. However, for diseases with low prevalence, the inclusion of
covariates known to affect the disease may increase the difficulty of identifying

13
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associated genetic variants [92]. According to [120] the (linear) regression model for
GWAS is given by

Y = Xjβj + Cγ + r + e.

There Y ∈ Rn is the outcome vector, Xj ∈ Rn is the vector of SNP j ∈ {1, . . . , p}
for all individuals and βj the corresponding parameter vector of SNP j. Then
C ∈ Rn×(ρ+1) is the matrix of ρ covariates (including an intercept term) and γ the
corresponding parameter vector. r is the random effect that captures the polygenic
effect of other SNPs and e a random effect of the residual errors. In the linear
regression case it holds that

e ∼ N (0, σ2
eI) and r ∼ N (0, σ2

Aφ),

with identity matrix I and the residual variance, measured by σ2
e . The additive

variation of the phenotype is reflected by σ2
A and φ is the standard genetic relationship

matrix, which allows the regression of the level of phenotypic similarity on the level
of genotypic similarity [120]. By using special link functions, the model can be
adapted to other scenarios. The output of a GWAS analysis comprises a list of
p-values and effect sizes for every variant that was tested. A common visualization
is a so-called Manhattan plot. In a Manhattan plot, the strength of the association
(e.g. − log10 transformed p-value) of each variant is represented as a dot on the y
axis. The variants (SNPs) are arranged on the x axis according to their genomic
position. In addition, a horizontal line marks a threshold of genome-wide significance
level. Each dot above that line implies that the represented SNP is significant.
Although classical GWAS analyses have disadvantages as described above, it is also a
well justified method that has already produced many important findings in research
on various diseases such as Parkinson [35], type 2 diabetes [122], breast cancer [34]
or blood pressure [32]. For a nice overview of the experimental workflow of GWAS
we refer to [120].

In fact, there are many approaches that address the challenges of genetic analysis,
such as high dimensionality and the imbalance between the number of features and
the number of samples. In particular, the rapidly expanding field of machine learning
(ML) methods has the potential to contribute to GWAS studies. For instance, a
two-step algorithm that performs a SNP selection step based on a support vector
machine (SVM) model, followed by statistical tests of the selected SNPs [78]. Also,
ensemble methods such as Random Forests [9] have been shown to be well suited to
identify the genetic variants that have relatively large effects in complex diseases [88,
12]. In [30] an overview of machine learning approaches to GWAS is given. However,
a significant limitation of machine learning approaches in GWAS is that they are
based on ’black box’ models that make it difficult to interpret the underlying genetic
effects, despite the existence of divergent methodologies for interpreting ML models,
cf. [81].

The presence of interaction and non-linear effects in genetic data is a common
occurrence, posing a further substantial challenge to statistical analysis. The
incorporation of interactions (GWAIS) is also possible, however, in such a scenario,
these would also have to be included in the model as input variables. Even for two-way
interactions the number of potential combinations is already quadratic

(︂
p
2

)︂
= Θ(p2).
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This problem grows exponentially in the order of interactions and theoretically
sums up to 2p. Although common tree-based statistical learning methods, such as
Random Forests, can be applied to different data structures and can account for
interactions for prediction and in the tree fitting, they are still difficult to interpret.
Furthermore, in the case where the interacting variables have negligible marginal
effects, which very common in genetics [67], decision trees and Random Forests
have difficulties in the detection of interaction effects [131]. A variety of approaches
and modifications have been developed for tree-based models and Random Forests
to enhance their capacity to effectively deal with interactions. Permutation based
Random Forests [66] and iterative Random Forests [4] still use univariable splitting,
while SNPInterForest [134] allows a combination of multiple variables as well as single
variables for splitting. Interaction forests [50] additionally target interpretability and
differentiate between quantitative and qualitative interaction effects. In [50] also an
overview of alternative approaches is given, which takes interactions into account.
A method developed specifically for analyzing SNP data is logic regression [98].
The purpose of logic regression is to identify the Boolean combinations of binary
predictors that explain the variation in the outcome. It is widely used for the
identification of gene-gene interaction effects, cf. [104]. However, logic regression is
limited in number of variables and cannot include interactions between the binary
predictors and quantitative predictors. Furthermore, if the signal is weak or if many
predictors are actually predictive, single logic regression models tend to be unstable.
Bagging logical regression models is one approach to address this problem [103],
but similar to Random Forests, these models are no longer easily interpretable. A
procedure for identifying response-associated interactions between binary predictors
are logic decision trees (logicDT) [65], where also the possibility of including gene–
environment interaction is given, while maintaining interpretability. A efficient test
for gene–environment interaction is proposed in [64]. Since logicDT is limited in the
number of variables it can handle, it requires a preselection of variables.

The application of many conventional variable selection methods is not feasible
due to the high dimension. For instance, forward selection would miss variants
with smaller effects that have larger effect sizes when interacting with other SNPs.
One idea is to select the variables based on their cross leverage score (CLS) with
the outcome [90]. The CLS measures the importance of the variable and contains
information about a potential participation in an interaction effect, by its construc-
tion. Since all the information is contained in the score for each variable, it is
not necessary to consider every possible combination. Further the CLS equals the
solution of a LS problem with an error of ϵ > 0. In the first paper of this thesis, this
concept has been explored and enhanced [112]. A procedure was developed to make
the CLS applicable to data of any size using methods of dimension reduction, such
as sketching [27] as well as stream wise calculations. Subsequent to the variable
selection step, methods such as logicDT can be applied to the reduced data set to
identify the true interactions and main effects. The CLS are explained in more detail
in the next section 3.2. This approach allows to consider genome wide data at once
and its multivariate structure.

As previously indicated, rather than focusing on finding significant associations
and interpreting features, the primary focus can be on risk assessment. The results of
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a GWAS can be used for the calculation of risk to suffer a disease in a target cohort.
Summary statistics named Polygenic Risk Scores (PRSs), defined as weighted sum
of scores of the risk alleles, while the weights are given by the effect sizes of the
variants, c.f. [14],

PRS =
K∑︂

k=1
βkmk

Alternative external weights from meta-analyses are used, cf. [13], but when no
appropriate external weights are available it is recommended to use internal weights
from the study population itself [52]. Due to overfitting it is important, that there are
no shared individuals in calculation the weights and calculation the Polygenic Risk
Scores, thus splitting the data in test and training data [28]. Common approaches
to calculate the summary statistic are ’pruning and thresholding’ where just a
subset of SNPs, selected based on their p-values, is included [28] as well as methods
based on shrinkage cf. [72], [53]. Latter could be classic regularization techniques
like LASSO [116], ridge regression as well their combination Elastic Net [137].
Furthermore, it can also be viewed from a Bayesian perspective by shrinkage
with prior distribution specification [37] or other ML models like Random Forests.
To improve the prediction performance, it is recommended to incorporate the
multivariate structure of the data in the calculation of the PRS, rather than use
weights which result from univariate GWAS. Thus, in [60] an algorithm based on
component-wise L2-boosting is proposed that is also applicable to large scale data.
As previously indicated, the multivariate structure is preserved in the case of variable
selection by CLS. Further, the CLS correspond with the effect estimates of an LS
problem to an error of the ϵ > 0. Consequently, the CLS can be utilized directly for
the calculation of risk scores.
To assess the PRS, we measure the phenotypic variance explained by the PRS.
Therefore, we will consider two models: The full model, which includes the PRS and
L covariates Z ∈ Rn×L

Yfull = γ0 +
H∑︂

h=1
γhPRSh + νZ

and the reduced model

Yreduced = γ0 + νZ

which includes only the covariates. The partial McFadden’s R2
partial [76] is then

defined as

R2
partial = 1− ln Lfull

ln Lreduced

with ln L(·) the log- Likelihood of the full or reduced model. The larger R2 is, the
better the PRS is in predicting the risk.

In the following sections, the central methods that were used, extended, and
developed in the course of this thesis are explained. Although the methods are also
described in the articles of this dissertation, these are examined and explained in
more detail in this section. Thus, it should be noted that this section will partly
overlap with the theory parts in the articles.
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The central focus of this dissertation is the development and expansion of the use
of cross leverage scores (CLS) for the screening of potential main and interaction
effects in large-scale data. The following sections will also address the methods of
logic decision trees (logicDT) [65] and Random Forests [9] in greater detail, as these
methods were applied in the subsequent analysis to the reduced data.

3.2 Cross Leverage Scores

The following approach was developed to overcome the challenge of handling the
huge amount of data that occurs in genetics as well as including interaction effects
in the analysis [112]. The fundamental objective is to implement a variable selection
procedure, followed by the execution of more precise analyses on the reduced dataset.
This is necessary because the entire dataset is too large to apply more specialized
analytical methods. Using cross leverage scores (CLS) for variable selection was
proposed in a manuscript from Parry et al. [90]. In the initial paper [112] (cf.
Appendix A) of this dissertation, this idea was elaborated and extended, thus it can
be applied to arbitrarily large amounts of data, where most statistical methods fail
due to computational and theoretical reasons. Additionally, stream-wise calculations
have been proposed to ensure that the calculation should not lead to memory
problems even on standard computers. In addition, a theoretical justification for
the CLS is provided.
The approach is motivated by dimension reduction methods which refer to the
number of observations n. These were transferred to the dimension reduction of
variables p, since in the context of genetics n ≪ p problems are typical. To be
consistent with the notation of previous literature, where the case n≫ p was treated
in the following the transposed matrix is considered. The initial key point is to
consider the common matrix of variables and outcome:

X̃ = [X, y]T ∈ Rp̃×n, (3.1)

where p̃ = p + 1 and p the number of variables and n the number of observations.
X ∈ Rn×p is the data matrix and y ∈ Rn denotes the response.
Then the CLS are given by the off-diagonal entries of the hat matrix H of X̃.
The hat matrix H is given by H = QQT [48], which can be obtained by the QR-
decomposition X̃ = QR [42] and Q = XR−1.
Since the focus is exclusively on the CLS cip̃ of variable i ∈ {1, . . . , p} to the response
y, the dot product of the rows Qi· (according to variable i) and row Qp̃· (according
to the response) has to be calculated:

cip̃ = ⟨Qi·, Qp̃·⟩, i ∈ {1, . . . , p}. (3.2)

Since Q forms an orthonormal basis for the column space of X̃ the CLS correspond
to the leverage of individual variables on the correlation of the multidimensional
subspace spanned by the data with the outcome variable. The argument is that a
subselection based on CLS preserves information about the multivariate structure
and is thus able to retain interaction effects [112]. So a CLS indicates the leverage of
a variable on the outcome variable and in particular its participation in an interaction
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effect rather than classic correlation. Then the q variables with the largest (absolute)
CLS are selected. It is recommended to select q = ⌈n · log n⌉ variables in [90] which
is confirmed in experimental findings [112]. In theory, this is justified by the coupon
collector’s problem [31], which necessitates oversampling by a log n factor to ensure
that the submatrix preserves the full rank n of the original matrix [117].
In [112] it is also proved that, under mild assumptions, each CLS equals its corre-
sponding parameter in the least squares solution up to a small bounded additive
error.

The obvious bottleneck is the QR-decomposition with running time Θ(pn2) [42],
which is prohibitively slow to compute for very large p. To overcome this problem
in [112] several approximation approaches are proposed. First two stream wise
calculations were introduced. In lieu of a single QR-decomposition for a large
matrix including all p variables, a multitude of QR-decompositions are employed
for a multitude of small matrices including w << p variables until every single
variable is included at least once or a maximum number of replicates is reached.
The Sliding Window approach simply slides a window of fixed size w through the
matrix and calculates the CLS for each window. In each step the outcome vector is
attached to the actual considered variables. The fundamental procedure is described
in algorithm 1. The representation of algorithm 1 assumes that p is divisible by

Algorithm 1 Sliding Window approach
1: function SW(X, y)
2: b← 1
3: f ← w with w the predefined window size
4: while p ≤ f do
5: Xw ← X[b:f ]
6: X w̃ ← cbind(Xw, y)T

7: CLS ← calculate CLS and store them
8: b← f + 1
9: f ← f + w

10: end while
11: return all CLS
12: end function

w, which can lead to difficulties in practice. The algorithm is thus implemented
in a manner that enables the interception of this issue. At this juncture, however,
it is sufficient to point out the basic functionality. The primary benefit of this
approach is that it necessitates the reading of only the part of the matrix that is
currently part of the window into the computer program. The Random Window
approach is predicated on a similar notion. However, in contrast to fixed windows,
the variables are drawn randomly in each step. Thereby, the variables are drawn
without replacement within the steps, yet over the steps with replacement. Their
results are merged in a suitable way, akin to the Merge & Reduce technique [39].
In addition to these two heuristic approaches, theoretical dimension reduction
methods are employed. These methods were originally developed for the reduction of
observations and were adapted in the context of this work for n << p problems. The
objective is to construct a substantially smaller ’random sketch’ of the input matrix
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X. This reduction in size of p to r << p facilitates the calculation of complex matrix
operations. The columns of X are projected to a lower r-dimensional subspace by
multiplying a sketching matrix Π ∈ Rr×p̃ with X̃ ∈ Rp̃×n,

ΠX̃ = X̃⋆ ∈ Rr×n. (3.3)

Subsequently, the QR calculation is performed for X̃⋆, thereby overcoming the
problem of high dimensionality. For a detailed exposition of the single steps of the
approximation of CLS, see algorithm 2. This procedure allows us to approximate

Algorithm 2 Approximation of the CLS of X̃

Require: X̃ ∈ Rp̃×n (p̃ = p + 1)
Ensure: ĉip̃, i ∈ {1 . . . , p}

1: Project X̃ to a lower r-dimensional subspace to obtain X̃⋆ = ΠX̃ ∈ Rr×n using,
e.g., r = n·log n

ϵ2 [18]
2: Compute the QR-decomposition X̃⋆ = Q⋆R⋆

3: Compute Ω = X̃R−1
⋆ where Ω ∈ Rp̃×n

4: Compute the CLS: ĉip̃ = ⟨Ωi·, Ωp̃·⟩

the CLS of arbitrarily large data within an arbitrary precision parameterized by
ϵ > 0 [27]. The sketching matrix that is used in the following step is based on a
further development of a Clarkson-Woodruff embedding [17]. The sketching matrix
according to Clarkson-Woodruff is a sparse matrix, where the fixed number of nonzero
elements ({−1, 1}) depends on the target dimension r of the embedding. The choice
of r is a trade off between the sparsity of the target dimension and approximation
error ϵ. Here r = n·log n

ϵ2 proposed by [18] is used. For a more detailed explanation of
the functionality of the CLS, refer to the first article in this thesis [112] in Appendix
A. However, it should be noted that alternative sketching methods such as ε-JLT [57],
the Rademacher sketch [16], and the Subsampled Randomized Hadamard Transform
[2] are possible alternatives, which allow for different parameterizations in the trade-
off between the time needed to multiply the sketch and the required number of rows.
An overview of pssible sketching approaches as well as experimental comparisons is
given in [38]. However, other approaches neither achieve a better accuracy nor a
lower target dimension nor faster running time than the sparse Cohen-Sketch thus
we focus on in the following.

3.3 Random Forests

Despite the disadvantages associated with Random Forests [9], as mentioned above,
it is still a widely used method that can be applied to high-dimensional data due to
its great flexibility. Thus, it is also utilized in two articles [112, 118] of this thesis,
see Appendix A for comparisons and validation, and is therefore described in the
following.

Random Forests is an ensemble method that consists of multiple classification or
regression trees. The concept of a regression or decision tree is to divide the feature
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space appropriately and adapt simple models in the respective areas. A decision
tree (or regression tree) T is generally defined as a function

fT : X → Y ,

given some data D = {(x(i), yi)}n
i=1 with input variables x(i) = (x(i)

1 , . . . , x(i)
p ) ∈ X

and an outcome y ∈ Y . For Y ⊆ R the regression case is given and for Y = {0, 1}
the classification case.
The CART algorithm [10] is widely used to construct such a tree. Starting from a
so-called root node containing all variables, the dataset is split into two child nodes
using an appropriate (optimal) variable (splitvariable) and point (splitpoint) with
the aim of reducing the prediction error. In the CART algorithm randomly m ≤ p
potential splitvariables and their respective possible splitpoints are considered. The
hyperparameter m is called mtry. This procedure is then repeated in the child nodes,
until a predefined stopping criterion is reached, e.g. that the prediction performance
cannot be improved by further splitting, or that a minimum node size is reached.
Nodes that are not split further are called end nodes. The procedure is a greedy
search, where locally optimal solutions emerge that converge to a globally optimal
solution in a reasonable time. The larger the tree, i.e. the finer the subdivision of
the feature space, the better the fit to the data. However, the greater the complexity,
the greater the tendency of such a tree to overfit.
Using this tree for prediction, for a new observation y⋆

i , an assignment to one of the
end nodes is made based on the input variables and the rules in the nodes of the tree.
In the regression case the prediction for y⋆

i is then usually made by averaging of the
observations of the training data in that node. And, in the case of classification, the
prediction is based on the class that predominates in that particular node.

In lieu of one single tree, Random Forests consider multiple trees with the
incorporation of Bagging [8]. In the regression case, a prediction is then derived
from the mean prediction of all trees in the ensemble. And, in the classification case,
a new observation is assigned to the class to which it was assigned by the majority of
the trees (majority vote). The idea of Bagging is that the trees in Random Forests
are fitted based on Bootstrap Samples, i.e. on a sample of size n that is drawn with
replacement from the data [29], to increase the tree independence. Furthermore, the
trees are less correlated with each other the smaller the number of candidate split
variables m is. A small m means that not all trees will be too similar if one or more
features have a very large influence on the prediction. In the ensemble, the variance
of the predictions is thus reduced. This can be proven as follows.
Let Y iˆ the prediction of observation i resulting from the average of the predictions
of the B individual trees of the ensemble:

Y iˆ = 1
B

B∑︂
b=1

Y i
b̂ . (3.4)

Then, according to standard variance rules, the variance of the prediction is given
by:

Var(Ŷ i) = Var
(︄

1
B

B∑︂
b=1

Ŷ
i

b

)︄
= 1

B2 Var
(︄

B∑︂
b=1

Ŷ
i

b

)︄
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With Var(X1 + · · · + XL) = ∑︁L
l=1 Var(Xl) + 2∑︁1≤r<s≤L Cov(Xr, Xs) and Xl for

l = 1, . . . , L dependent random variables it follows:

Var(Ŷ i) = 1
B2

B∑︂
b=1
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Ŷ
i

b
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+ 2
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, Ŷ
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)︃

Assuming that the variances of the individual trees are equal with a value of σ, it
follows

Var(Ŷ i) = 1
B2

B∑︂
b=1

σ + 2
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It is trivial that the first term of the sum decreases for increasing B. Further, the
fundamental principle of the ensemble is that the trees are constructed in such a
way that they are uncorrelated, i.e. we assume that the covariance of the estimates
of two trees is (almost) zero. So also the second term decreases for a large number
of trees B. Therefore, for B →∞ the variance would even tend to 0, but only if the
trees are actually uncorrelated. In reality, of course, the trees are never completely
uncorrelated, but this property is retained even if the trees are weakly correlated.
For calculations the R package ranger is used [130].

For a tree, the observations that were not used for fitting are called Out of
Bag Observations (OOB). These can be used to assess the prediction performance.
Therefore, the OOB error results from the prediction for an observation i only being
calculated on the basis of the trees of the ensemble for which this observation i
was not used for construction, because it was not included in the bootstrap sample
for this tree, i.e. ’was OOB’. It can be shown that with a sufficiently large number
of trees, i.e. a large number of bootstrap samples, the OOB error is practically
equivalent to the leave-one-out cross-validation error [56], but much more efficient
to determine. Further, the OOB observations can be used to calculate variable
importance measures.

3.4 Logic Decision Trees

To detect the explicit important factors and interactions in the reduced data set,
Logic decision trees (logicDT) [65] is well suitable. It is a consistent tree-based
method which is aimed to identify response-associated interaction and combines
the strengths of other tree based methods while maintaining interpretability. It is
possible to identify important influencing factors and their interactions between
binary as well as taking continuous predictors into account.
LogicDT overcome the in section 3.1 described difficulties of other tree based
methods. The direct inclusion of conjunctions as input variables and specially
developed variable importance measures provide an intuitive interpretation of the
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model. Thus, the important factors and their influences can be obtained directly
from the model. The aim is to estimate E(X,Y )[Y |X = ·] by a function

φ : X → Y

with X = (X1, . . . , Xp) ∈ Rp the vector of binary input variables with X ⊂ X ,
X = {0, 1}p, Y ⊂ Y the outcome variable and D a trainings data set defined as
D = {(x1, y1), . . . , (xn, yn)} with independent and identically distributed observations
from the joint probability distribution of (X, Y ). The basic procedure of logicDT
can be described as follows, for details refer to the original article [65].

Both, single input variables as well as interactions of variables are named terms
and a set of terms is called state s. Then, only the terms of the state s are used as
input variables for fitting a conventional decision tree. For this the training data
set D has to be transformed in a tree training data set Ds consisting of the terms
of state s and the outcome. The best local node splits identified with conventional
node impurity splitting criterion and the performance of the tree is then evaluated
according to the state s by calculating a score (e.g. the MSE for regression tasks),
that measures the training data error. The ideal state is identified by simulated
annealing over all appropriate states. This is done by evaluating the tree for a
state s, construct a modified state s′ (called neighbor) and fit a new tree based on
s′ which is then also evaluated. This is repeated until the optimal state is found.
The modification of a state are slight modifications (’Exchanging or negating’ and
’Adding or removing’ single variables or ’Adding or removing logic terms’) of the
current state, avoiding tautologies and uninformative terms. The state modification
is randomly drawn from a uniform distribution over all possible state modifications
of the current state. If a new score Scorenew for a modified state is smaller than
the current smallest score Scoremin the current state is updated with the acceptance
probability defined by the simulated annealing process. The initial state consists of
a single input variable that minimizes the score function, or alternatively can be
chosen randomly or empty and a while loop is carried out until the optimal states
is obtained (or a stopping criteria becomes true). The procedure is summarized in
algorithm 3 and it is proven that the search with simulated annealing asymptotically
leads with probability 1 to a globally optimal state [65].

In logicDT, continuous relationships are not included in the decision tree fitting
process by including continuous variables as split variables, however they can be
included by fitting regression models in the leaves of the tree. By fitting these
exclusively using the binary terms that previously resulted from the splits, it is
possible to uncover interactions between the binary predictors and a quantitative
covariate [65].
So given the presence of continuous covariables, a likelihood-ratio test with the
following test statistic is used as split criterion for fitting the tree.

−2 log(∆) := −2 log(Lreduced

Lfull
) (3.5)

This test statistic is asymptotically χ2 -distributed with 2 degrees of freedom under
H0, cf. [65]. Under H0 we assume that a further splitting of the node due to a
binary variable Xs leads to no different prediction models in the current tree branch.
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Algorithm 3 logicDT Fitting
1: function logicDT(D (Training data))
2: s← Initialize state/set of terms
3: Ds ← Apply s to D
4: T ← fitDecisionTree(Ds), see Algorithm 1 in [65]
5: Scoremin ← Score(T )
6: while Global search is not finished do
7: s′ ← Modify current state s
8: Ds′ ← Apply s′ to D
9: T ′ ← fitDecisionTree(Ds′)

10: Scorenew ← Score(T ′)
11: if State s′ is accepted based on Scoremin and Scorenew then
12: s← s′

13: T ← T ′

14: Scoremin ← Scorenew
15: end if
16: end while
17: return (s, T )
18: end function

Lreduced and Lfull denotes the maximized likelihood of the reduced and full model.
For a given node, this test is performed on all possible splits, thus enabling the splits
to be ranked according to their p-values. The split with the smallest p-value below
a predefined threshold is selected. This threshold can be seen as a stop criterion
in algorithm 3. If there is no split below this threshold, no further splitting is
performed.

LogicDT can be enhanced to an ensemble by using Bagging, called Bagged
logicDT [65]1. Since the combination of Bagging and simulated annealing in the
respective models is very computationally intensive, it is recommended to use a
greedy search. Because the main problem of greedy search approaches of getting
stuck in a local optimum could be compensated by looking at different subsets of
the training data set and the associated stabilization of the model. In the greedy
search the same state modification used as with simulated annealing but the best
modified state is chosen deterministically.
The out-of-bag observations (oob-observations) can be used for a unbiased and
stabilized estimation of the generalization error and variable importance measures
(VIMs). A VIM typically result from the difference between the prediction error of
the full model and the prediction error of the model without the input variable of
interest. Various versions of VIMs can be considered in logicDT. The permutation
VIM [9], where the values of the input variable of interest is permuted, the removal
VIM [77], where the respective variable is removed and LogicVIM [65] for binary
predictors, where each possible predictor setting of the input variable of interest is
considered equally to generate a prediction without knowledge about the variable of
interest. In classical procedures only the importance of individual input variables is
taken into account. In LogicDT, all terms, including conjunctions of variables, are

1In the following, logicDT is written instead of bagged logicDT to improve readability.
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treated as individual input variables, so the importance of terms can be determined.
If a variable itself has a strong effect only the main effect it is included in the logicDT
model, regardless the variable is also involved in an interaction with a strong effect.
To overcome this issue adjustments to the VIM methods are required. Interaction
VIM [65] estimates the interaction importance by reducing the full model by multiple
variables that contained in the regarded interaction at once resulting in a joint VIM.
Therefore it is possible to measure the importance of specific conjunctions which are
identified by logicDT. All three VIM approaches mentioned above can be used in
conjunction with these adjustment for interaction effects.
For details on the methodology of logicDT and hyperparameter tuning to control
the complexity or avoid overfitting refer to [65]. The method is implemented in the
R package logicDT [63].



4 Summaries of the Articles

4.1 Article 1: Detecting Interactions in
High-Dimensional Data Using Cross
Leverage Scores

The manuscript Detecting Interactions in High-Dimensional Data Using Cross
Leverage Scores was published in the Biometrical Journal in 2024 [112].

One aim of this dissertation is the development of methods to derive insights from
high-dimensional data. Thereby, the focus is on the detection of important variables,
in particular interaction effects, rather than on the optimization of the prediction.
Due to that conventional statistical methods are either difficult to interpret or limited
in the number of possible input variables, the goal of the first article is to overcome
this research gap and to develop a variable selection method that also takes accounts
for interactions, uses the entire data, and maintains interpretability.

The method was motivated by investigating the influence of single-nucleotide
polymorphisms (SNPs) and their interactions on health outcomes, which is a p≫ n
problem. However, this approach can also be applied to other data and research
questions, as can be seen in the other two papers in this thesis [113, 118].
The idea is to use Cross Leverage Scores (CLS) for variable selection, based on an
article by Parry et al. [90]. The article gives a mathematical justification of the new
methodology and verifies the functionality in simulation studies as well as in a small
real data example.
The CLS measure each variable’s leverage on the correlations with the multidimen-
sional space spanned by the data with the outcome variable rather then ordinary
correlations of single variables. Therefore, the CLS of each variable directly contains
information about its importance, as well as the importance of a possible interaction
involving that variable, without the need to consider every possible combination.
This is true even if there is an interaction that consists only of main effects that are
themselves negligibly small.
In order to extend this method to the context of high-dimensional data, it is nec-
essary to employ approximation approaches, due to the computational complexity
of the QR decomposition, see [112] or section 3.2 for details. The following three
approaches are proposed for approximating the CLS: The Sliding Window and
Random Window based on a window wise calculation and the Sketching approach
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based on subspace embeddings. The utilization of these approximation approaches
enables the implementation of variable selection based on CLS for arbitrarily large
data sets.

The fact that important variables which are part of interaction effects can be
detected by CLS has been demonstrated in several simulation studies in this article,
e.g. one important 2-way interaction and nearly 2 · 106 ’noisy’ variables and an
binary outcome. In addition, it is shown that the selection by CLS has a positive
effect on the prediction with Random Forests [9] as well as the detection of important
factors with logicDT in the second step. The well-known HapMap dataset [115],
[84] was considered for the first aspect, and simulated data was considered for the
latter. In addition, the CLS is demonstrated to be more meaningful than ordinary
correlations in a toy example. Moreover, a theorem demonstrates that each CLS
is equal to its corresponding parameter in a least-squares solution up to a small
bounded additive error.

The paper proposes a two-step procedure, as the CLS merely indicates which
variables are significant, but does not specify which variables interact with each
other. Subsequent to the selection of these variables according to their CLS, further
analysis should be applied to the reduced data. In this context, logic decision trees,
as outlined in [65], are particularly well-suited for identifying interactions but are
constrained in their capacity to process a large number of variables.
The corresponding R-code is available on a GitHub repository [111] and the simulated
data sets on the Zenodo platform [110].

4.2 Article 2: Using Cross Leverage Scores for
Detecting SNP-Environment Interactions
Effects on COPD

The manuscript Using Cross Leverage Scores for Detecting SNP-Environment Inter-
actions Effects on COPD [113] was submitted to the Genetic Epidemiology Journal
in the beginning of April 2025.

After the development of the variable selection method based in the first pa-
per [112], these methods are applied to the practical question of how genetic (SNPs)
and environmental factors and their interactions affect lung function, namely chronic
obstructive pulmonary disease (COPD). For this task the data of the SALIA cohort
study [102] is considered, which involves the examination of older women residing in
the Ruhr area and adjacent Münsterland. Since COPD was the third leading cause
of death worldwide in 2020 [86], a better understanding of the effects of risk factors
for COPD is highly relevant. In addition, early detection of risk factors can generally
prevent suffering or save on expensive treatment, as is the case with COPD [41].
COPD has been demonstrated to be influenced by both genetic and environmental
factors [93], as well as their interaction [1]. In general, it is recommend to include
known harmful environmental exposures to identify interacting genetic loci [136].
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From the SALIA study, a total of 7643653 SNPs and 7 clinical/environmental factors
such as smoking status, BMI and particulate matter (PM2.5) are available for n = 503
women.
As mentioned above, it is very difficult to detect interaction effects in such large
data sets. Therefore, it is recommended that the proposed two-step procedure [112]
be utilized, which comprises the following steps:
Initially, a variable selection by CLS is applied using sketching to exploit the entire
dataset. Subsequently, the application of bagged logicDT [65] to the reduced data
is applied after some further processing steps. The important factors and their
interactions are then identified by variable importance measures obtained from the
logicDT model.

A comprehensive literature review is conducted in the paper itself to assess the
plausibility of the identified effects. The list of important effects is intended as a
starting point for biologists. In order to achieve a comprehensive understanding of
the actual relationship between these factors and COPD, it is necessary to conduct
a series of biological experiments. Furthermore, a comprehensive literature review
was conducted on the factors selected by variable selection with CLS to evaluate the
practical applicability of the developed method.

On the one hand, the literature review in the article shows that the proposed
procedure, based on a variable selection step, works on real large data sets and
is well suited for gene-environment analysis. On the one hand, this manuscript
provides candidate genetic and environmental factors and their interactions that
influence the risk of COPD, based on a whole-genome view that is only possible
using the new methods. The utilization of the innovative methods is intended to
provide new insights into the aetiology of COPD, which could result in significant
biological benefits.

4.3 Article 3: Development and Application of
Brain Tissue Based Multi-Omics Profile
Scores for Alzheimer Disease

The third paper Development and Application of Brain Tissue Based Multi-Omics
Profile Scores for Alzheimer Disease [118], was co-authored with Timur Tug, who
was the first author. This paper has been submitted to Alzheimer’s & Dementia:
The Journal of the Alzheimer’s Association end of March 2025.

After the application of CLS to the analysis of SNP data [112] and SNP-
environment data in relation to COPD [113], it is applied to other omics data (DNA
methylation and metabolomics) in relation to the neuropathology of Alzheimer’s
disease (AD) in this paper. By analyzing genome-wide DNA methylation and
metabolomics data from brain tissue jointly, it is expected to provide new insights
into the biological mechanisms and risk of Alzheimer’s disease. Although it is
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recommended to consider omics data of different types together [73], this is usually
done only individually.

For this purpose novel single and multi-omics profile scores (PS) are developed.
(In contrast to the standard literature, the term profile score is used here instead of
risk score because the analysis is based on tissue from dead patients. However, the
interpretation is equivalent.) The profile score is defined as weighted sum of selected
features mk

PS =
K∑︂

k=1
βkmk, (4.1)

while the weights βk for k = 1, . . . , K correspond the parameters of a regression
model. The cross leverage scores were used for the calculation of the weights among
various methods. This exploits the property of the CLS that they equal to its
corresponding parameter in a least-squares solution up to a small bounded additive
error [112]. Therefore, in this paper, the CLS is employed not only on a different
type of data, but also for a different purpose. However, also the variable selection
step is directly included, since only the variables with the most extreme score are
included in the weighted sum. Given the high dimensionality of multi-omics data
analysis, the application of CLS is particularly appropriate, since they retain the
multivariate structure of the data, which is strongly recommended, cf. [60]. In the
present paper, the approximation of the CLS using the sliding window approach was
chosen, due to its straightforward application. For further analysis, it may be better
to use sketching because there are theoretical guarantees for it.

Then, based on the profile scores, different models are considered. First, models
that are based on single-omics PS of DNAm and metabolome data separately with
some covariates Z:

Y ∼ PSDNAm + Z

Y ∼ PSmetabolome + Z

Based on multi-omics PS of the common data:

Y ∼ PSDNAm+metabolome + Z

Based on jointly PS of both with and without interaction:

Y ∼ PSDNAm + PSmetabolome + Z

Y ∼ PSDNAm + PSmetabolome + PSDNAm ∗ PSmetabolome + Z

The paper validates the various calculations as well as the different models of the
profile scores with partial McFadden’s R2 [76] underlying the recommendation of
considering the Profile Scores jointly. In addition, a series of pathway analyses were
conducted for a better understanding of the biological relations.
In this way, new insights into the development of Alzheimer’s disease have been
gained. We see that in general PSDNAm shows better predictive performance than
PSMetabolome but it is always better to consider multi omics PS to improve prediction
performance.



5 Conclusion & Outlook

The objective of this dissertation was to develop variable selection methods for
regression models that are capable of detecting interaction effects, are applicable to
very large data sets as well as maintain interpretability. From a practical perspective,
these approaches can then be applied to genome-wide analyses where several million
variables occur. For example, to identify important genetic and environmental
factors and their interactions associated with health outcomes. This understanding
can then provide the basis for risk reduction strategies. Of course, the statistical
methods can be applied to other genetic questions, but also to completely different
research fields. Nevertheless, it is imperative to deliberate on the requisites from
both domains and thereby bridge the gap between theory and application. This
thesis results in a selection of variables on the basis of so-called Cross Leverage
Scores (CLS). These scores can be estimated in various ways and applied to different
research questions.

In the first article of this dissertation, Detecting Interactions in High-Dimensional
Data Using Cross Leverage Scores, the methodology of the cross leverage scores is
introduced. The article developed a variable selection method for interactions. This
method was intended for investigating the influence of single-nucleotide polymor-
phisms (SNPs) and their interactions on health outcomes. This is a typical n << p
problem with p being the number of variables and n the number of observations.
Most available statistical methods fail due to dimensionality or are difficult to
interpret in this setting. The issue is exacerbated further by the consideration of
interactions. The total number of all possible combinations sums to 2p. Given that
p in genetic analyses is measured in the millions, the sheer volume of data alone is
beyond the processing capacity of most computers. The CLS overcome these issues.
Using these scores, it is not necessary to consider every possible interaction between
variables individually. Due to their construction, the CLS are directly linked to
the importance of a variable also in the sense of an interaction effect. The CLS of
each variable correspond to the leverage of the individual variable on the correlation
with the multidimensional subspace spanned by the data with the outcome variable.
Thus, a subselection by the CLS carries the information on the multivariate structure
in the data, and is capable of retaining interaction effects. However, the calculation
of the scores using a QR-decomposition is still time-consuming for large scale data.
Thus, three approximation are proposed. For the Sliding Window and Random
Window, the data is divided into consecutive windows respectively random batches
of variables. The calculation is then done window wise respectively batch wise. For
these two approaches there are no theoretical guarantees, but the simulation studies
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in the first paper show appropriation for performing the calculations efficiently.
Further, the Sketching Approach, based on random projections and subsampling
approximates, the CLS within an arbitrary precision parameterized by ϵ > 0. Using
the approximation methods the CLS can be applied to arbitrarily large data. In
simulation studies and on a small real data example, it is shown that the CLS are ap-
propriate to distinguish between important and unimportant SNPs and the variables
that are involved in important interactions can be detected. However, the CLS only
indicate which variables are important and may be involved in an interaction rather
than show the explicit interactions. Therefore, a two step procedure is proposed.
A more sophisticated method, such as logic regression [98] or logicDT [65], which
are not readily applicable for high-dimensional data but good in finding interaction
effects in scenarios with less variables p, should be applied to the reduced data.
It is, of course, also possible to apply alternative methods to the reduced data.
For instance, the method Block Forest [51] (a variant of Random Forest), was not
included in any of the three papers, yet it has demonstrated strong performance in
ancillary analyses. In the context of gene-environment interactions, there is typically
an abundance of single-nucleotide polymorphisms (SNPs), yet a paucity of clinical
and environmental analyses. Nevertheless, it is advisable to incorporate clinical data
into the fitting process. Since classic Random Forests does not take any existing
block structure in the data into account, it is very likely that variables from a small
block will not be used to build the tree, if the block sizes are very different. Block
Forests modify the split point selection to incorporate such a block structure in
the data by a randomized block choice in the split point selection incorporating
block-specific weights. In multi-omics experiments, where such a block structure is
plausible, this method ensures that important environment or clinical factors are
not misplaced among the extensive genetic data. The incorporation of such block
modifications into logicDT could be an interesting area for future research.

In the second article [113], the two-step procedure was conducted for this purpose
of investigating the effects of gene-environment interactions on COPD within the
SALIA cohort study [102]. Given the large number of genome-wide SNPs (more than
7.5 million) in this study, the variable selection step is required. In order to take into
account the information of the entire genome and its multivariate structure as well as
possible interaction effects, the CLS are used for selection. These are approximated by
sketching. As is the case for other diseases, it is imperative to study the interactions
of SNPs as well as the interactions of SNPs with environmental factors in COPD [71,
1]. However, due to the large amount of data, most methods fail due to the large
number of variables. It is hypothesized that the selection with CLS will provide
the information needed to identify important interactions in the second step. Of
particular interest in this work are interactions between SNPs and environmental
factors. Since logicDT is capable of identifying these [65], this method will be used
in the second step. The procedure itself as well as its constituent elements represent
a novel approach that has not yet been utilized in this particular manner on genome-
wide datasets. Therefore, the resulting candidate set of important factors and their
interactions could help biologists better understand the development of COPD or
even uncover novel risk factors. A comprehensive review of the extant literature
was conducted to ascertain the plausibility of the associations that were identified.
For the majority of the identified associations, plausible explanations were found
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in the literature. However, genes were identified in connection with environmental
factors for which no evidence was found in the literature. Consequently, these novel
associations may represent previously uncovered risk factors for COPD. However, to
fully comprehend the implications of these findings, further investigation through
biological experimentation are necessary.
The fact that so many of the identified associations have plausible explanations
in the literature indicates that the novel approach and its steps are meaningful.
Moreover, the implementation of this method is both fast and efficient, and, unlike
traditional GWAS analyses, it utilizes the entire dataset simultaneously.
A further literature search for the 50 factors with the most extreme CLS also showed
that plausible reasons could be found for most of them. This finding supports
the appropriateness of the variable selection by CLS. The present article thus
provides a justification for the statistical methods, as well as promising results
for the application in biology. However, the results can probably be improved by
optimizing the hyperparameters of each method. Further research is necessary to
determine the impact of such to an optimization of the results.

In a further article [118], CLS was applied for the first time to metabolomic and
DNA methylation data. In this study, the CLS were employed to calculate various
(multi-omics) profile scores to assess the risk for Alzheimer disease. Given the high
dimensionality of the data, the CLS had to be approximated in this instance as
well. In this article, the Sliding Window approach has been used for approximation.
For this purpose, the CLS itself are of interest as these are used directly as weights
for the calculation of the profile scores. Since the Sliding Window approach has
no theoretical guarantees, it may be preferable to employ an approximation with
sketching. However, if the Sliding Window approach is used exclusively for variable
selection, it provides similar results as the true scores, since only the order of the
variables is of interest. As it is plausible that discrepancies from the true CLS
will cancel each other out, since the weights are relative to each other, the window
approach is also appropriate here.
The paper compares different profile scores based on different ways to calculate
them. It has been shown that Pruning and Thresholding and respectively Random
Forests are best suited for the individual scores. A joint consideration results in
a slight improvement of the model. The results of CLS are compatible to widely
used methods such as elastic net. However, the calculation using CLS is by far the
fastest of all the methods employed and accounts for a multivariate structure in
the data. Since the latter is recommended, other methods with this property, such
as component-wise L2-boosting [60], could be considered for comparison in future
analyses.

In large scale scenarios, statistical methods are usually limited by the number of
variables they can effectively process or are difficult to interpret. In order to overcome
the research gap, a variable selection method was developed that takes into account
interactions and preserves multivariate structures in the data. The methodology
can be applied to data of any size due to the approximation methods for the CLS,
which were also developed in the course of this dissertation. The development of
these methods was driven by the aim to provide answers to a variety of questions
related to genetics, with the goal of improving the understanding of the underlying
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relationships between genetics and disease. The underlying functionality of this
novel approach is mathematically justified and has been demonstrated through its
application in three articles. The method is flexible and can be applied to different
types of data as well as to different outcomes, making it suitable for answering
different questions. Table 5.1 shows which method was used for which type of data
and for which purpose. It also shows the article in which the analysis was carried
out. It is obvious that the application of these approaches goes beyond the field of
biology.

Data Y What? How? Aim Source Where?

SNP binary

CLS exact, SW,
RW, sketch

Can we detect the
factors involved in
key interactions?

simulated Article 1 [112]

CLS + logicDT exact Can we detect the
factors involved in
key interactions?

simulated Article 1 [112]

CLS + RF exact Can we improve pre-
diction performance?

HapMap [115] Article 1 [112]

SNP+E+C continuous CLS + logicDT sketch Detect important fac-
tors and interactions
for COPD

SALIA [102] Article 2 [113]

DNAm+
metab. + C

ordinal CLS SW Calculation of Profile
Scores for AD

Alzheimer [118] Article 3 [118]

Table 5.1: Overview. abbreviations: SNP (Single Nucleotide Polymorphism), CLS (Cross Leverage Score), SW
(Sliding Window), RW (Random Window), logicDT (logic decision trees), RF (Random Forests), E (environmental
factors), C (other covariates), COPD (chronic obstructive pulmonary disease), DNAm (DNA methylation), metab.
(metabolomic data), AD (Alzheimer Disease)

However, there are still open aspects that require further research. It is imper-
ative that further investigation be dedicated to the mathematical justification of
CLS and the underlying mechanisms that explain their efficacy. It must be proven
that the CLS of each variable indeed correspond to the leverage of the individual
variable on the correlation with the multidimensional space spanned by the data
with the outcome variable. This proposition is still quite heuristic as the meaning of
the rows of the Q matrix from the QR-decomposition not yet fully proven.
So far, the focus has been on scenarios with a small number of observations n. A
large n does not alter the interpretation of the CLS; nevertheless, it complicates the
calculation, akin to the effect of large p. The extant literature provides solutions
for the scenario in which the number of observations n is (also) large. In order to
accomplish this, it is necessary to incorporate an additional sketching step into the
sketching algorithm, cf. [27].
Furthermore, it is reasonable to dedicate research efforts to the newly developed
approximation methods Sliding Window and Random Window approach. These
have demonstrated efficacy in both simulation studies and practical applications.
However, there remains a lack of mathematical validation regarding the accuracy of
the approximation of the CLS. Moreover, it is crucial to determine which approxi-
mation method is most appropriate in which cases. While sketching is justified by
mathematical proofs, the Sliding Window approach is characterized by an intuitive
functionality.
In order to achieve a comprehensive impact within the application, it is necessary to
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ensure that the methodology is both straightforward and readily available. Currently,
the R-Code is freely available on GitHub. However, it is advantageous to make it
accessible in a R-Package or Shiny App and to implement it in other programming
languages, such as Python.
In addition, the effect of the variable effects on the models in the second step
should be further investigated. More precisely, the question of whether certain
approximation methods are particularly suitable for certain analyses, or how the
choice of parameters can be optimized, remains to be investigated. Furthermore, as
previously stated, there are still issues with analyzing genetic data sets. that require
investigation for subsequent analysis. These require further investigation. Thus,
there is an imbalance between genetic and environmental factors. Block Forest, for
instance, has been demonstrated to be an effective solution to this imbalance. One
potential strategy could be to adopt the idea of Block Forest, which has recently
been developed specifically for the analysis of genetic and environmental variables.
Finally, it is necessary to examine how the concepts developed in this work function
in other contexts. It is advantageous to utilize the ability of being able to consider
arbitrarily large amounts of data while still taking interactions into account. In
the field of genetics, in particular, it is expected that this approach will yield novel
insights if multiple omics layers are incorporated into the analysis.
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goú’et, D.-A. “A genome-wide search for common SNP x SNP interactions
on the risk of venous thrombosis”. In: BMC Medical Genetics 14.36 (2013).
doi: 10.1186/1471-2350-14-36.

[46] Harris, L., McDonagh, E. M., Zhang, X., Fawcett, K., Foreman, A., Daneck, P.,
Sergouniotis, P. I., Parkinson, H., Mazzarotto, F., Inouye, M., et al. “Genome-
wide association testing beyond SNPs”. In: Nature Reviews Genetics (2024),
pp. 1–15.

[47] Hilbert, M. and López, P. “The World’s Technological Capacity to Store, Com-
municate, and Compute Information”. In: Science 332.6025 (2011), pp. 60–65.
doi: 10.1126/science.1200970.

https://doi.org/10.1001/jamaneurol.2020.0428
https://doi.org/10.1007/s11222-015-9608-z
https://doi.org/10.1007/s41060-020-00226-0
https://doi.org/10.1007/978-3-662-44817-5
https://doi.org/10.1186/1471-2350-14-36
https://doi.org/10.1126/science.1200970


BIBLIOGRAPHY 39

[48] Hoaglin, D. C. and Welsch, R. E. “The Hat Matrix in Regression and ANOVA”.
In: The American Statistician 32.1 (1978), pp. 17–22. issn: 00031305.

[49] Hoang, P. H. and Landi, M. T. “DNA Methylation in Lung Cancer: Mecha-
nisms and Associations with Histological Subtypes, Molecular Alterations,
and Major Epidemiological Factors”. In: Cancers 14.4 (2022), p. 961. doi:
10.3390/cancers14040961.

[50] Hornung, R. and Boulesteix, A.-L. “Interaction forests: Identifying and ex-
ploiting interpretable quantitative and qualitative interaction effects”. In:
Computational Statistics & Data Analysis 171 (2022), p. 107460. issn: 0167-
9473. doi: 10.1016/j.csda.2022.107460.

[51] Hornung, R. and Wright, M. N. “Block Forests: Random Forests for blocks
of clinical and omics covariate data”. In: BMC Bioinformatics 20.1 (2019),
p. 358.

[52] Hüls, A., Krämer, U., Carlsten, C., Schikowski, T., Ickstadt, K., and Schwen-
der, H. “Comparison of weighting approaches for genetic risk scores in gene-
environment interaction studies”. In: BMC Genetics 18.1 (2017), p. 115. doi:
10.1186/s12863-017-0586-3.

[53] Hüls, A., Ickstadt, K., Schikowski, T., and Krämer, U. “Detection of gene-
environment interactions in the presence of linkage disequilibrium and noise
by using genetic risk scores with internal weights from elastic net regression”.
In: BMC Genetics 18.1 (2017), p. 55. doi: 10.1186/s12863-017-0519-1.

[54] International Human Genome Sequencing Consortium. “Finishing the euchro-
matic sequence of the human genome”. In: Nature 431.7011 (2004), pp. 931–
945.

[55] Jaenisch, R. and Bird, A. “Epigenetic regulation of gene expression: how the
genome integrates intrinsic and environmental signals”. In: Nature Genetics
33.Suppl 3 (2003), pp. 245–254. doi: 10.1038/ng1089.

[56] James, G., Witten, D., Hastie, T., and Tibshirani, R.
An Introduction to Statistical Learning: With Applications in R. New
York: Springer, 2013.

[57] Johnson, W. and Lindenstrauss, J. “Extensions of Lipschitz maps into a
Hilbert space”. In: Contemporary Mathematics 26 (Jan. 1984), pp. 189–206.
doi: 10.1090/conm/026/737400.

[58] Kaminsky, Z. A., Tang, T., Wang, S. C., Ptak, C., Oh, G. H., Wong, A. H. C.,
Feldcamp, L. A., Virtanen, C., Halfvarson, J., Tysk, C., McRae, A. F.,
Visscher, P. M., Montgomery, G. W., Gottesman, I. I., Martin, N. G., and
Petronis, A. “DNA methylation profiles in monozygotic and dizygotic twins”.
In: Nature Genetics 41.2 (2009), pp. 240–245. doi: 10.1038/ng.286.

[59] Kanervisto, M., Vasankari, T., Laitinen, T., Heliövaara, M., Jousilahti, P.,
and Saarelainen, S. “Low socioeconomic status is associated with chronic
obstructive airway diseases”. In: Respiratory Medicine 105.8 (2011), pp. 1140–
1146. issn: 0954-6111. doi: 10.1016/j.rmed.2011.03.008.

https://doi.org/10.3390/cancers14040961
https://doi.org/10.1016/j.csda.2022.107460
https://doi.org/10.1186/s12863-017-0586-3
https://doi.org/10.1186/s12863-017-0519-1
https://doi.org/10.1038/ng1089
https://doi.org/10.1090/conm/026/737400
https://doi.org/10.1038/ng.286
https://doi.org/10.1016/j.rmed.2011.03.008


40 BIBLIOGRAPHY

[60] Klinkhammer, H., Staerk, C., Maj, C., Krawitz, P. M., and Mayr, A. “A
Statistical Boosting Framework for Polygenic Risk Scores Based on Large-
Scale Genotype Data”. In: Frontiers in Genetics 13 (2023), p. 1076440. doi:
10.3389/fgene.2022.1076440.

[61] Knippers, R. Eine kurze Geschichte der Genetik. Springer, 2012.
[62] Laniado-Laborín, R. “Smoking and chronic obstructive pulmonary

disease (COPD): Parallel epidemics of the 21st century”. In:
International Journal of Environmental Research and Public Health 6.1
(2009), pp. 209–224. doi: 10.3390/ijerph6010209.

[63] Lau, M. logicDT: Identifying Interactions Between Binary Predictors. R
package version 1.0.3. 2023.

[64] Lau, M., Kress, S., Schikowski, T., and Schwender, H. “Efficient gene–
environment interaction testing through bootstrap aggregating”. In:
Scientific Reports 13.1 (2023), p. 937.

[65] Lau, M., Schikowski, T., and Schwender, H. “logicDT: A procedure for
identifying response-associated interactions between binary predictors”. In:
Machine Learning 113.2 (2024), pp. 933–992. doi: 10.1007/s10994-023-
06488-6.

[66] Li, J., Malley, J. D., Andrew, A. S., and al., et. “Detecting gene-gene interac-
tions using a permutation-based Random Forest method”. In: BioData Mining
9 (2016), p. 14. doi: 10.1186/s13040-016-0093-5.

[67] Li, P., Guo, M., Wang, C., Liu, X., and Zou, Q. “An overview
of SNP interactions in genome-wide association studies”. In:
Briefings in Functional Genomics 14.2 (Sept. 2014), pp. 143–155. doi:
10.1093/bfgp/elu036.

[68] Lin, H.-Y., Huang, P.-Y., Tseng, T.-S., and Park, J. Y. “SNPxE: SNP-
environment interaction pattern identifier”. In: BMC Bioinformatics 22.1
(2021), p. 425. doi: 10.1186/s12859-021-04326-x.

[69] Lipton, Z. C. “The mythos of model interpretability: In Machine Learning,
the concept of interpretability is both important and slippery.” In: Queue
16.3 (2018), pp. 31–57.

[70] Lugg, S. T., Scott, A., Parekh, D., Naidu, B., and Thickett, D. R. “Cigarette
smoke exposure and alveolar macrophages: mechanisms for lung disease”. In:
Thorax 77.1 (2022), pp. 94–101. doi: 10.1136/thoraxjnl-2020-216296.

[71] Mackay, T. F. and Moore, J. H. “Why epistasis is important for tackling
complex human disease genetics”. In: Genome Medicine 6.6 (2014), p. 42.

[72] Mak, T. S. H., Porsch, R. M., Choi, S. W., Zhou, X., and Sham, P. C.
“Polygenic scores via penalized regression on summary statistics”. In:
Genetic Epidemiology 41.6 (2017), pp. 469–480.

[73] Manzoni, C., Kia, D. A., Vandrovcova, J., Hardy, J., Wood, N. W.,
Lewis, P. A., and Ferrari, R. “Genome, Transcriptome and Proteome: The
Rise of Omics Data and Their Integration in Biomedical Sciences”. In:
Briefings in Bioinformatics 19.2 (2018), pp. 286–302. doi: 10.1093/bib/
bbw114.

https://doi.org/10.3389/fgene.2022.1076440
https://doi.org/10.3390/ijerph6010209
https://doi.org/10.1007/s10994-023-06488-6
https://doi.org/10.1007/s10994-023-06488-6
https://doi.org/10.1186/s13040-016-0093-5
https://doi.org/10.1093/bfgp/elu036
https://doi.org/10.1186/s12859-021-04326-x
https://doi.org/10.1136/thoraxjnl-2020-216296
https://doi.org/10.1093/bib/bbw114
https://doi.org/10.1093/bib/bbw114


BIBLIOGRAPHY 41

[74] Marx, V. “The Big Challenges of Big Data”. In: Nature 498 (2013), pp. 255–
260. doi: 10.1038/498255a.

[75] Matthews, S. M., Eshelman, M. A., Berg, A. S., Koltun, W. A., and Yochum,
G. S. “The Crohn’s disease associated SNP rs6651252 impacts MYC gene
expression in human colonic epithelial cells”. In: PLOS ONE 14.2 (2019),
e0212850. doi: 10.1371/journal.pone.0212850.

[76] McFadden, D. “Conditional Logit Analysis of Qualitative Choice Behavior”.
In: Frontiers in Econometrics (1974), pp. 105–142.

[77] Mentch, L. and Hooker, G. “Quantifying uncertainty in Random Forests
via confidence intervals and hypothesis tests”. In: J. Mach. Learn. Res. 17
(2016), Paper No. 26, 41. issn: 1532-4435,1533-7928.

[78] Mieth, B., Kloft, M., Rodríguez, J. A., Sonnenburg, S., Vobruba, R., Morcillo-
Suárez, C., Farré, X., Marigorta, U. M., Fehr, E., Dickhaus, T., et al. “Combin-
ing multiple hypothesis testing with machine learning increases the statistical
power of genome-wide association studies”. In: Scientific Reports 6.1 (2016),
p. 36671.

[79] Mok, A., Rhead, B., Holingue, C., Shao, X., Quach, H. L., Quach, D., Sinclair,
E., Graf, J., Imboden, J., Link, T., Harrison, R., Chernitskiy, V., Barcellos,
L. F., and Criswell, L. A. “Hypomethylation of CYP2E1 and DUSP22 Promot-
ers Associated With Disease Activity and Erosive Disease Among Rheuma-
toid Arthritis Patients”. In: Arthritis & Rheumatology (Hoboken, N.J.) 70.4
(2018), pp. 528–536. doi: 10.1002/art.40408.

[80] Mokaddem Mohsen, S., Chakroun, S., Chaker, A., Ayed, K., and
Jameleddine, S. “Body mass index in COPD: what relationship?” In:
European Respiratory Journal 56.suppl 64 (2020). doi: 10.1183/13993003.
congress-2020.2439.

[81] Molnar, C. “Interpretable machine learning: A guide for making black box
models explainable”. In: Leanpub (2020).

[82] Montine, T. J., Phelps, C. H., Beach, T. G., Bigio, E. H., Cairns, N. J.,
Dickson, D. W., Duyckaerts, C., Frosch, M. P., Masliah, E., Mirra, S. S.,
et al. “National Institute on Aging–Alzheimer’s Association guidelines for
the neuropathologic assessment of Alzheimer’s disease: a practical approach”.
In: Acta Neuropathologica 123 (2012), pp. 1–11. doi: 10.1007/s00401-011-
0910-3.

[83] Morena, D., Izquierdo, J. L., Rodríguez, J., Cuesta, J., Benavent, M., Perralejo,
A., and Rodríguez, J. M. “The Clinical Profile of Patients with COPD Is
Conditioned by Age”. In: Journal of Clinical Medicine 12.24 (2023), p. 7595.
doi: 10.3390/jcm12247595.

[84] Moreno, V., Gonzalez, J. R., and Pelegri, D.
SNPassoc: SNPs-Based Whole Genome Association Studies. R package
version 2.1-0. 2022.

https://doi.org/10.1038/498255a
https://doi.org/10.1371/journal.pone.0212850
https://doi.org/10.1002/art.40408
https://doi.org/10.1183/13993003.congress-2020.2439
https://doi.org/10.1183/13993003.congress-2020.2439
https://doi.org/10.1007/s00401-011-0910-3
https://doi.org/10.1007/s00401-011-0910-3
https://doi.org/10.3390/jcm12247595


42 BIBLIOGRAPHY

[85] Morris, J. C., Heyman, A., Mohs, R. C., Hughes, J. P., Belle, G. van, Fil-
lenbaum, G., Mellits, E. D., and Clark, C. “The Consortium to Establish a
Registry for Alzheimer’s Disease (CERAD). Part I. Clinical and neuropsy-
chological assessment of Alzheimer’s disease”. In: Neurology 39.9 (1989),
pp. 1159–1165. doi: 10.1212/wnl.39.9.1159.

[86] Murray, C. J. and Lopez, A. D. “Alternative projections of mortality and dis-
ability by cause 1990–2020: Global Burden of Disease Study”. In: The Lancet
349.9064 (1997), pp. 1498–1504. issn: 0140-6736. doi: 10.1016/S0140-
6736(96)07492-2.

[87] Neven, K. Y., Piola, M., Angelici, L., Bollati, V., Allegri, M., Basilico, P., Rus-
coni, F., Motta, T., Lunt, M., Naccarati, A., Baccarelli, A. A., Bergamaschi,
R., Murgia, N., Bonavita, S., Clerico, M., Martinelli Boneschi, F., Sorokin, S.,
Ottaviani, S., Galli, E., Fumagalli, M., Esposito, F., Pappalardo, S., Bovis, F.,
Bagnardi, V., Neri, M., Barizzone, N., Leone, M., D’Alfonso, S., Harbo, H. F.,
Myhr, K.-M., Celius, E. G., Lie, B. A., Sospedra, M., Martin, R., Hemmer, B.,
Zipp, F., Kümpfel, T., Uccelli, A., D’Alessandro, R., Comi, G., Facheris, M.,
Hiltunen, M., Kieseppä, T., Lönnqvist, J., Färkkilä, M., Palotie, A., Peltonen,
L., Heikinheimo, P., Saarela, J., Hinttala, R., Auvinen, J., Veijola, J., Jokela,
M., Pudas, R., Pirttilä, T., Elovaara, I., Lehtimäki, T., Tienari, P., Pitkänen,
K., Dastidar, P., Koivisto, K., Reunanen, M., Seitsonen, S., Kovanen, P.,
Lauerma, A., Kallela, M., Hovatta, I., Jylhä, P., Perola, M., Kristiansson, K.,
Kähönen, M., Nieminen, M. S., Salomaa, V., Terwilliger, J. D., Gaspari, G.,
Macciardi, F., Montomoli, C., Padoan, R., Rocchi, M., Amoroso, A., Matullo,
G., Rosati, G., Eoli, M., Broggi, G., La Mantia, L., Radaelli, M., Martinelli,
V., Martinelli Boneschi, F., Comi, G., D’Alfonso, S., Barizzone, N., and Leone,
M. “Repetitive element hypermethylation in multiple sclerosis patients”. In:
BMC Genetics 17 (2016), p. 84. doi: 10.1186/s12863-016-0395-0.

[88] Nguyen, T.-T., Huang, J. Z., Wu, Q., Nguyen, T. T., and Li, M. J. “Genome-
wide association data classification and SNPs selection using two-stage quality-
based Random Forests”. In: BMC genomics. Vol. 16. Springer. 2015, pp. 1–
11.

[89] Ottman, R. “Gene-environment interaction: Definitions and study designs”.
In: Preventive Medicine 25.6 (1996), pp. 764–770. doi: 10.1006/pmed.1996.
0117.

[90] Parry, K., Geppert, L., Munteanu, A., and Ickstadt, K. “Cross-Leverage
Scores for Selecting Subsets of Explanatory Variables”. In: arXiv (Sept. 2021).
doi: 10.48550/arXiv.2109.08399.

[91] Pemov, A., Sung, H., Hyland, P. L., Sloan, J. L., Ruppert, S. L., Baldwin,
A. M., Boland, J. F., Bass, S. E., Lee, H. J., Jones, K. M., Zhang, X., Program,
N. C. S., Mullikin, J. C., Widemann, B. C., Wilson, A. F., and Stewart, D. R.
“Genetic modifiers of neurofibromatosis type 1-associated café-au-lait macule
count identified using multi-platform analysis”. In: PLOS Genetics 10.10
(2014), e1004575. doi: 10.1371/journal.pgen.1004575.

[92] Pirinen, M., Donnelly, P., and Spencer, C. C. “Including known covari-
ates can reduce power to detect genetic effects in case-control studies”. In:
Nature genetics 44.8 (2012), pp. 848–851.

https://doi.org/10.1212/wnl.39.9.1159
https://doi.org/10.1016/S0140-6736(96)07492-2
https://doi.org/10.1016/S0140-6736(96)07492-2
https://doi.org/10.1186/s12863-016-0395-0
https://doi.org/10.1006/pmed.1996.0117
https://doi.org/10.1006/pmed.1996.0117
https://doi.org/10.48550/arXiv.2109.08399
https://doi.org/10.1371/journal.pgen.1004575


BIBLIOGRAPHY 43

[93] Polkey, M. I. “Chronic obstructive pulmonary disease: aetiology, pathology,
physiology and outcome”. In: Medicine 36.4 (2008). Respiratory disorders Part
2 of 4, pp. 213–217. issn: 1357-3039. doi: 10.1016/j.mpmed.2008.01.002.

[94] Quanjer, P. H., Stanojevic, S., Cole, T. J., Baur, X., Hall, G. L., Cul-
ver, B. H., Enright, P. L., Hankinson, J. L., Ip, M. S., Zheng, J., Stocks,
J., and Initiative, E. G. L. F. “Multi-ethnic reference values for spirom-
etry for the 3-95-yr age range: the global lung function 2012 equations”.
In: The European Respiratory Journal 40.6 (2012), pp. 1324–1343. doi: 10.
1183/09031936.00080312.

[95] Reed, E., Nunez, S., Kulp, D., Qian, J., Reilly, M. P., and Foulkes, A. S. “A
guide to genome-wide association analysis and post-analytic interrogation”. In:
Statistics in Medicine 34.28 (2015), pp. 3769–3792. doi: 10.1002/sim.6605.

[96] Ribbenstedt, A., Ziarrusta, H., and Benskin, J. P. “Development, character-
ization and comparisons of targeted and non-targeted metabolomics meth-
ods”. In: PLOS ONE 13.11 (2018), e0207082. doi: 10.1371/journal.pone.
0207082.

[97] Roessner, U. Metabolomics. Rijeka: IntechOpen, 2012. doi: 10.5772/1237.
[98] Ruczinski, I., Kooperberg, C., and LeBlanc, M. “Logic Regression”. In:

Journal of Computational and Graphical Statistics 12.3 (2003), pp. 475–511.
doi: 10.1198/1061860032238. eprint: 10.1198/1061860032238.

[99] Sagiroglu, S. and Sinanc, D. “Big data: A review”. In:
2013 Internat. Conference on Collaboration Technologies and Systems (CTS).
2013, pp. 42–47. doi: 10.1109/CTS.2013.6567202.

[100] Sanches, P. H. G., Melo, N. C. de, Porcari, A. M., and Carvalho, L. M. de.
“Integrating Molecular Perspectives: Strategies for Comprehensive Multi-
Omics Integrative Data Analysis and Machine Learning Applications in
Transcriptomics, Proteomics, and Metabolomics”. In: Biology 13.11 (2024).
doi: 10.3390/biology13110848.

[101] Schienkiewitz, A., Mensink, G., Kuhnert, R., and Lange, C.
“Übergewicht und Adipositas bei Erwachsenen in Deutschland”. In:
Journal of Health Monitoring. 2. Robert Koch-Institut, Epidemiologie und
Gesundheitsberichterstattung, 2017. doi: 10.17886/RKI-GBE-2017-025.

[102] Schikowski, T., Sugiri, D., Ranft, U., Gehring, U., Heinrich, J., Wichmann,
H.-E., and Krämer, U. “Long-term air pollution exposure and living close to
busy roads are associated with COPD in women”. In: Respiratory Research
6 (2005), pp. 1–10. doi: 10.1186/1465-9921-6-152.

[103] Schwender, H. and Ickstadt, K. “Identification of SNP interactions using logic
regression”. In: Biostatistics 9.1 (June 2007), pp. 187–198. doi: 10.1093/
biostatistics/kxm024.

[104] Schwender, H., Selinski, S., Blaszkewicz, M., Marchan, R., Ickstadt, K., Golka,
K., and Hengstler, J. G. “Distinct SNP Combinations Confer Susceptibility
to Urinary Bladder Cancer in Smokers and Non-Smokers”. In: PLOS ONE 7
(Dec. 2012), pp. 1–12. doi: 10.1371/journal.pone.0051880.

[105] Shastry, B. S. “SNPs in disease gene mapping, medicinal drug development
and evolution”. In: Journal of human genetics 52.11 (2007), pp. 871–880.

https://doi.org/10.1016/j.mpmed.2008.01.002
https://doi.org/10.1183/09031936.00080312
https://doi.org/10.1183/09031936.00080312
https://doi.org/10.1002/sim.6605
https://doi.org/10.1371/journal.pone.0207082
https://doi.org/10.1371/journal.pone.0207082
https://doi.org/10.5772/1237
https://doi.org/10.1198/1061860032238
10.1198/1061860032238
https://doi.org/10.1109/CTS.2013.6567202
https://doi.org/10.3390/biology13110848
https://doi.org/10.17886/RKI-GBE-2017-025
https://doi.org/10.1186/1465-9921-6-152
https://doi.org/10.1093/biostatistics/kxm024
https://doi.org/10.1093/biostatistics/kxm024
https://doi.org/10.1371/journal.pone.0051880


44 BIBLIOGRAPHY

[106] Spencer, H. “Epigenetic Inheritance”. In:
Encyclopedia of Evolutionary Biology. Ed. by Kliman, R. M. Oxford:
Academic Press, 2016, pp. 1–5. isbn: 978-0-12-800426-5. doi: 10.1016/B978-
0-12-800049-6.00050-0.

[107] Straus, S. E., McAlister, F. A., Sackett, D. L., and Deeks, J. J. “The accuracy
of patient history, wheezing, and laryngeal measurements in diagnosing
obstructive airway disease”. In: JAMA 283.14 (2000), pp. 1853–1857. doi:
10.1001/jama.283.14.1853.

[108] Sun, Y., Zhang, Y., Liu, X., Liu, Y., Wu, F., and Liu, X. “Association between
body mass index and respiratory symptoms in US adults: A national cross-
sectional study”. In: Scientific Reports 14.1 (2024), p. 940. doi: 10.1038/
s41598-024-51637-z.

[109] Tam, V., Patel, N., Turcotte, M., Bossé, Y., Paré, G., and Meyre,
D. “Benefits and limitations of genome-wide association studies”. In:
Nature Reviews Genetics 20.8 (2019), pp. 467–484.

[110] Teschke, S. “(simulated Data:) Detecting interactions in high-dim. data using
CLS”. In: Zenodo (2024). doi: 10.5281/zenodo.12742957.

[111] Teschke, S. “special_issue_CEN”. In: Github (2024). https://github.com/
SvenTeschke/special_issue_CEN.

[112] Teschke, S., Ickstadt, K., and Munteanu, A. “Detecting Interactions in High-
Dimensional Data Using Cross Leverage Scores”. In: Biometrical Journal 66.8
(2024), e70014. doi: 10.1002/bimj.70014.

[113] Teschke, S., Ickstadt, K., Schikowski, T., and Wigman, C. “Using Cross
Leverage Scores for Detecting SNP-Environment Interactions Effects on
COPD”. In: Genetic Epidemiology (submitted) (2025).

[114] Thal, D. R., Rüb, U., Orantes, M., and Braak, H. “Phases of Aβ-deposition in
the human brain and its relevance for the development of AD”. In: Neurology
58.12 (2002), pp. 1791–1800. doi: 10.1212/WNL.58.12.1791.

[115] The International HapMap Consortium. “The international HapMap project”.
In: Nature 426 (2003), pp. 789–796. doi: 10.1038/nature02168.

[116] Tibshirani, R. “Regression shrinkage and selection via the lasso”. In:
Journal of the Royal Statistical Society Series B: Statistical Methodology
58.1 (1996), pp. 267–288.

[117] Tropp, J. A. “Improved Analysis of the subsampled Randomized Hadamard
Transform”. In: Advances in Adaptive Data Analysis 3.1-2 (2011), pp. 115–
126. doi: 10.1142/S1793536911000787.

[118] Tug, T., Liang, D., Teschke, S., Tan, Y., Gearing, M., Levey,
A. I., Lah, J. J., Wingo, A. P., Wingo, T. S., Lau, M., Ickstadt,
K., and Hüls, A. “Development and Application of Brain Tis-
sue Based Multi-Omics Profile Scores for Alzheimer’s Disease”. In:
Alzheimer’s & Dementia: The Journ. of the Alzheimer’s Assoc. (submitted)
(2025).

https://doi.org/10.1016/B978-0-12-800049-6.00050-0
https://doi.org/10.1016/B978-0-12-800049-6.00050-0
https://doi.org/10.1001/jama.283.14.1853
https://doi.org/10.1038/s41598-024-51637-z
https://doi.org/10.1038/s41598-024-51637-z
https://doi.org/10.5281/zenodo.12742957
https://github.com/SvenTeschke/special_issue_CEN
https://github.com/SvenTeschke/special_issue_CEN
https://doi.org/10.1002/bimj.70014
https://doi.org/10.1212/WNL.58.12.1791
https://doi.org/10.1038/nature02168
https://doi.org/10.1142/S1793536911000787


BIBLIOGRAPHY 45

[119] U.S. Environmental Protection Agency. Particulate matter (PM) basics.
https://www.epa.gov/pm-pollution/particulate-matter-pm-basics.
Accessed: 2025-02-27. 2025.

[120] Uffelmann, E., Huang, Q. Q., Munung, N. S., De Vries, J., Okada, Y., Martin,
A. R., Martin, H. C., Lappalainen, T., and Posthuma, D. “Genome-wide
association studies”. In: Nature Reviews Methods Primers 1.1 (2021), p. 59.

[121] Van Hout, C. V. “Chapter 10 - Statistical approaches to rare disease analyses”.
In: Genomics of Rare Diseases. Ed. by Gonzaga-Jauregui, C. and Lupski, J. R.
Translational and Applied Genomics. Academic Press, 2021, pp. 205–213.
isbn: 978-0-12-820140-4. doi: 10.1016/B978-0-12-820140-4.00011-9.

[122] Vujkovic, M., Keaton, J. M., Lynch, J. A., and al., et. “Discovery of 318
new risk loci for type 2 diabetes and related vascular outcomes among 1.4
million participants in a multi-ancestry meta-analysis”. In: Nature Genetics
52 (2020), pp. 680–691. doi: 10.1038/s41588-020-0637-y.

[123] Wang, Q. and Liu, S. “The Effects and Pathogenesis of PM2.5
and Its Components on Chronic Obstructive Pulmonary Disease”. In:
International Journal of Chronic Obstructive Pulmonary Disease 18 (2023),
pp. 493–506. doi: 10.2147/COPD.S402122.

[124] Watson, J. D. and Crick, F. H. “Molecular structure of nucleic acids: a
structure for deoxyribose nucleic acid”. In: Nature 171.4356 (1953), pp. 737–
738.

[125] Watson, J. D. “Involvement of RNA in the synthesis of proteins”. In: Science
140.3562 (1963), pp. 17–26. doi: 10.1126/science.140.3562.17.

[126] WHO. Global status report on the public health response to dementia.
Geneva: World Health Organization, 2021.

[127] WHO Consultation on Obesity and WHO.
Obesity: Preventing and managing the global epidemic. Geneva, Switzer-
land: World Health Organization, 2000.

[128] Wilkins, J. M. and Trushina, E. “Application of metabolomics in Alzheimer’s
disease”. In: Frontiers in Neurology 8 (2018), p. 719. doi: 10.3389/fneur.
2017.00719.

[129] Wimo, A., Seeher, K., Cataldi, R., Cyhlarova, E., Dielemann, J. L., Frisell, O.,
Guerchet, M., Jönsson, L., Malaha, A. K., Nichols, E., Pedroza, P., Prince,
M., Knapp, M., and Dua, T. “The worldwide costs of dementia in 2019”. In:
Alzheimer’s & Dementia: The Journal of the Alzheimer’s Association 19.7
(2023), pp. 2865–2873. doi: 10.1002/alz.12901.

[130] Wright, M. N. and Ziegler, A. “ranger: A Fast Implementation of
Random Forests for High Dimensional Data in C++ and R”. In:
Journal of Statistical Software 77.1 (2017), pp. 1–17. doi: 10.18637/jss.
v077.i01.

[131] Wright, M. N., Ziegler, A., and König, I. R. “Do little interactions get lost
in dark Random Forests?” In: BMC Bioinformatics 17.1 (2016), p. 145. doi:
10.1186/s12859-016-0995-8.

https://www.epa.gov/pm-pollution/particulate-matter-pm-basics
https://doi.org/10.1016/B978-0-12-820140-4.00011-9
https://doi.org/10.1038/s41588-020-0637-y
https://doi.org/10.2147/COPD.S402122
https://doi.org/10.1126/science.140.3562.17
https://doi.org/10.3389/fneur.2017.00719
https://doi.org/10.3389/fneur.2017.00719
https://doi.org/10.1002/alz.12901
https://doi.org/10.18637/jss.v077.i01
https://doi.org/10.18637/jss.v077.i01
https://doi.org/10.1186/s12859-016-0995-8


46 BIBLIOGRAPHY

[132] Xing, Y. F., Xu, Y. H., Shi, M. H., and Lian, Y. X. “The impact of PM2.5 on
the human respiratory system”. In: Journal of Thoracic Disease 8.1 (2016),
E69–E74. doi: 10.3978/j.issn.2072-1439.2016.01.19.

[133] Yang, I. A., Jenkins, C. R., and Salvi, S. S. “Chronic obstructive pulmonary
disease in never-smokers: Risk factors, pathogenesis, and implications for
prevention and treatment”. In: The Lancet Respiratory Medicine 10.5 (2022),
pp. 497–511. doi: 10.1016/S2213-2600(21)00506-3.

[134] Yoshida, M. and Koike, A. “SNPInterForest: A new method for detecting
epistatic interactions”. In: BMC Bioinformatics 12 (2011), p. 469. doi: 10.
1186/1471-2105-12-469.

[135] Younesian, S., Mohammadi, M. H., Younesian, O., Momeny, M., Ghaffari,
S. H., and Bashash, D. “DNA methylation in human diseases”. In: Heliyon
10.11 (2024), e32366. issn: 2405-8440. doi: 10.1016/j.heliyon.2024.
e32366.

[136] Zeng, X., Vonk, J. M., Jong, K. de, Xu, X., Huo, X., and Boezen, H. M. “No
convincing association between genetic markers and respiratory symptoms:
results of a GWA study”. In: Respiratory Research 18.1 (2017), p. 11. doi:
10.1186/s12931-016-0495-4.

[137] Zou, H. and Hastie, T. “Regularization and
variable selection via the elastic net”. In:
Journal of the Royal Statistical Society Series B: Statistical Methodology
67.2 (2005), pp. 301–320.

https://doi.org/10.3978/j.issn.2072-1439.2016.01.19
https://doi.org/10.1016/S2213-2600(21)00506-3
https://doi.org/10.1186/1471-2105-12-469
https://doi.org/10.1186/1471-2105-12-469
https://doi.org/10.1016/j.heliyon.2024.e32366
https://doi.org/10.1016/j.heliyon.2024.e32366
https://doi.org/10.1186/s12931-016-0495-4


A Articles

• A1: Detecting Interactions in High-Dimensional Data Using Cross Leverage
Scores

• A2: Using Cross Leverage Scores for Detecting SNP-Environment Interactions
Effects on COPD

• A3: Development and Application of Brain Tissue Based Multi-Omics Profile
Scores for Alzheimer Disease

47



48 APPENDIX A. ARTICLES



A.0. ARTICLE 1 49

Detecting Interactions in
High-Dimensional Data Using Cross

Leverage Scores



50 APPENDIX A. ARTICLES



Biometrical Journal

RESEARCH ARTICLE

Detecting Interactions in High-Dimensional Data Using
Cross Leverage Scores
Sven Teschke1 Katja Ickstadt1,2 Alexander Munteanu1

1Faculty of Statistics, TU Dortmund University, Dortmund, Germany 2Lamarr-Institute for Machine Learning and Artificial Intelligence, Dortmund, Germany

Correspondence: Sven Teschke (teschke@statistik.tu-dortmund.de)

Received: 13 December 2023 Revised: 23 July 2024 Accepted: 16 October 2024

Funding: Sven Teschke and Katja Icksatdt were supported by the Research Training Group “Biostatistical Methods for High-Dimensional Data in Toxicology”
(RTG 2624, project R1) funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation - Project Number 427806116). Katja Ickstadt
acknowledges the support of BMBF and MKW.NRW within the Lamarr-Institute for Machine Learning and Artificial Intelligence. Alexander Munteanu was
supported by the TU Dortmund - Center for Data Science and Simulation (DoDaS) and by the German Research Foundation (DFG), grant MU 4662/2-1
(535889065).

Keywords: cross leverage scores | genetics | high-dimensional data | interaction effects | sketching | variable selection

ABSTRACT
We develop a variable selection method for interactions in regression models on large data in the context of genetics. The method
is intended for investigating the influence of single-nucleotide polymorphisms (SNPs) and their interactions on health outcomes,
which is a 𝑝 ≫ 𝑛 problem. We introduce cross leverage scores (CLSs) to detect interactions of variables while maintaining
interpretability. Using this method, it is not necessary to consider every possible interaction between variables individually, which
would be very time-consuming even formoderate amounts of variables. Instead,we calculate theCLS for each variable and obtain a
measure of importance for this variable. Calculating the scores remains time-consuming for large data sets. The key idea for scaling
to large data is to divide the data into smaller random batches or consecutive windows of variables. This avoids complex and time-
consuming computations on high-dimensional matrices by performing the computations only for small subsets of the data, which
is less costly. We compare these methods to provable approximations of CLS based on sketching, which aims at summarizing data
succinctly. In a simulation study, we show that the CLSs are directly linked to the importance of a variable in the sense of an
interaction effect. We further show that the approximation approaches are appropriate for performing the calculations efficiently
on arbitrarily large data while preserving the interaction detection effect of the CLS. This underlines their scalability to genome
wide data. In addition, we evaluate the methods on real data from the HapMap project.

1 Introduction

In this paper, we present a method to quickly and efficiently
detect and select interaction effects in large data sets. In addition
to themain effects, interaction effects are often of great relevance,
for instance, when detecting associations of interacting genetic
variations with certain diseases or physical conditions (Li et al.
2014). We consider single-nucleotide polymorphisms (SNPs),
which are individual variations of nucleotides in the (human)

DNA with a prevalence of more than 1% (in contrast, when
the prevalence is less than 1%, it is called a mutation). Not
only individual SNPs, but also interactions between SNPs can be
associated with a certain disease such as breast cancer (Chuang
et al. 2014) or venous thrombosis (Greliche et al. 2013). In general,
it is difficult to search for important interaction effects, because
all possible combinations of 𝑝 variables have to be considered
individually and have to be included in the model. In a model
with 𝑝 variables, the amount of possible two-way combinations is

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the original work is properly
cited.
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already quadratic
(𝑝2) = Θ(𝑝2) and the number of choices grows

exponentially in the order of interactions 𝑘, as ( 𝑝𝑘)𝑘 ≤ (𝑝𝑘) ≤( 𝑒𝑝𝑘 )𝑘 . Finally, the number of all possible combinations of any
degree sum up to 2𝑝. This poses a crucial limitation, as it is com-
mon in genetics to consider higher order interactions (Schwender
et al. 2012). Even for relatively small 𝑝, it is prohibitive to
consider all possible interactions and it becomes increasingly
difficult in higher dimensional data sets, for instance, in genetics
where data sets with several millions of variables but com-
parably small numbers of observations 𝑛 ≪ 𝑝 are common.
Nevertheless, research on this topic is very difficult because
most available statistical methods fail in these extremely high-
dimensional settings. Prominent examples include logic regres-
sion (Ruczinski, Kooperberg, and LeBlanc 2003) or the maxi-
mum entropy conditional probability model (MECPM) approach
(Miller et al. 2009), which are limited to a small number of
variables.

In this paper, we introduce a method for calculating the so-
called cross leverage scores (CLSs) that indicate for each variable
their leverage on the outcome variable and in particular their
participation in an interaction effect. In particular, we avoid con-
sidering every possible combination of variables. By considering
the original matrix of variables as a whole, we only need to
calculate 𝑝 individual scores in total. These indicate whether a
variable is important or not in terms of an interaction effect. The
method is therefore characterized by the fact that we consider
the full multivariate model instead of 𝑝 univariate models in
which ones checks whether a single variable has an effect or
not, which has so far been common (Uffelmann et al. 2021) but
is neither desirable nor sustainable from a statistical point of
view.

Indeed, any multivariate information on interaction effects is
lost in single-variable analyses. In particular, it can occur that
the variables participating in important SNP interaction effects
have only moderate or no influence at all if their individual
main effect is considered (Li et al. 2014). Another issue is that
several works claim genome-wide studies but consider only a
few thousand variables (e.g., Terada et al. 2016; Yang et al. 2008).
Such methods often do not scale to arbitrarily large data without
further computational improvements.

Methods that perform a hierarchical search for interactions are
common, for example, the genome-wide association analysis
using LASSO-penalized logistic regression (Wu et al. 2009). An
example for a two-step hierarchical search first selects only a
small subset of variables with large main effects and in a second
step searches for interacting variables only within this subset. A
variable that interacts with others, but is missing an individual
main effect would thus be removed from the consideration
before the actual interaction analysis. Here, we propose a new
hierarchical approach: in a first step, a quick variable selection is
performed to reduce the number of variables based on CLS, such
that variables participating in an interaction are retained. This
enables in a second step to apply a more sophisticated method
such as logic regression (Ruczinski, Kooperberg, and LeBlanc
2003), which is not readily applicable for high-dimensional data

FIGURE 1 Kernel density estimates of the cross leverage scores of
the important (green) and unimportant (black) variables.

sets, but good in finding interaction effects in scenarios with
smaller 𝑝.
The idea of using CLS for this purpose was first mentioned in
previous work of our group (Ding, Ickstadt, and Munteanu 2022;
Parry et al. 2021). We build on this idea and further develop the
approach of usingCLS as a tool for detecting variable interactions.
Here, we make this approach available for genome-wide studies
by developing scalable approximations with small bounded error
guarantees, and applicable to arbitrarily large data sets. The
approximation methods can also be extended to a pure data
stream algorithm that reads the data successively while using
only very limited memory of the computing environment such
as R (for example, in the context of genetics, chromosome by
chromosome).

Our paper is structured as follows. First, we will motivate the
use of CLS for detecting interactions and selecting the partici-
pating variables. Then, we will show how they can be suitably
approximated so that the method becomes applicable to very
large data sets. In a simulation study, we will analyze how well
the method is able to detect important variables participating in
interactions of different order, and due to certain similarities,
we compare their performance with correlations and uniform
sampling as a baseline method. In particular, we will also give an
example, where it is impossible to detect important interactions
using correlations, but ourCLSs reveal the participating variables.
In addition, we will evaluate the effect of variable preselection
by our and other methods in a simulated and a real data
scenario.

2 Motivation

To show that the CLSs are a useful measure for distinguishing
between important and unimportant variables, we consider a
scenario inwhichwe simulate 𝑛 = 120 observations with one sin-
gle important two-way interaction and 1998 noisy variables. Note
that 𝑛 ≪ 𝑝. In total, we simulate 1000 data sets independently
in the same manner. The simulations are described in detail in
Section 4.1.We calculate theCLS between the individual variables
and the binary target variable 𝑦 as formally described in Section 3.
In Figure 1, we plot the kernel density estimates of the calculated
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FIGURE 2 Kernel density estimates of the cross leverage scores of
the important (green) and unimportant (black) variables. On the left, we
consider two main effects with marginal influence, and in the right plot,
we add a high interaction effect while the main effects persist to be low.

scores over all data sets, distinguishing between unimportant and
important variables by color.

We see that the kernel density estimates for the unimportant and
important variables differ strongly. The CLSs of the unimportant
noise variables are concentrated around zero, while the CLSs of
the important variables are larger. This suggests that we can use
the CLS as a measure for distinguishing between unimportant
and important variables and that we should select the variables
with the largest CLS.

We will see later in Proposition 3.1 that each CLS equals
their corresponding parameter in a least squares solution up
to a small bounded additive error. This might suggest that
it is just a different way of detecting main effects. We thus
show that we actually measured the interaction effect and
not solely main effects. To this end, we simulate a sce-
nario in which the main effects of the first two variables
are chosen to be negligibly small and no interaction effect is
present. For a direct comparison, we consider the same scenario
but with an added high interaction effect for the same two
variables.

In the left plot in Figure 2, we see that the CLS of the
first two variables cannot be distinguished from the other
noise variables due to the absence of main or interaction
effects. In contrast, we see in the right plot that we can
distinguish between the important and unimportant variables
using CLS because they indicate that the two variables partic-
ipate in the added interaction. Although main effects are not
increased in the generating model, they show up in the fitted
model.

Using a toy example (Parry et al. 2021), we show that a variable
selectionwithCLS outperforms the selectionwith correlation.We
construct a data setwith𝑛 = 16 observations and𝑝 = 60 variables
with 𝑥𝑖𝑗 ∈ {0, 1} for 𝑖 ∈ {1, … , 𝑛} and 𝑗 ∈ {1, … , 𝑝}, and a binary
response 𝑦. We construct the data set in such a way that the
response takes the value 𝑦 = 1whenever 𝑥1 = 𝑥2 = 1 or 𝑥3 = 𝑥4 =1, and 𝑦 = 0 otherwise. By construction, there are two two-way
interactions. The remaining values for 𝑥5 to 𝑥60 are chosen from

{0, 1} uniformly at random:

𝑋 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 0 1 𝑥1,5 ⋯ 𝑥1,601 1 1 0 𝑥2,5 ⋯ 𝑥2,600 0 1 1 𝑥3,5 ⋯ 𝑥3,600 0 1 1 𝑥4,5 ⋯ 𝑥4,601 0 0 1 𝑥5,5 ⋯ 𝑥5,601 0 1 0 𝑥6,5 ⋯ 𝑥6,600 1 0 1 𝑥7,5 ⋯ 𝑥7,600 1 1 0 𝑥8,5 ⋯ 𝑥8,601 1 0 1 𝑥9,5 ⋯ 𝑥9,601 1 1 0 𝑥10,5 ⋯ 𝑥10,600 0 1 1 𝑥11,5 ⋯ 𝑥11,600 0 1 1 𝑥12,5 ⋯ 𝑥12,601 0 0 1 𝑥13,5 ⋯ 𝑥13,601 0 1 0 𝑥14,5 ⋯ 𝑥14,600 1 0 1 𝑥15,5 ⋯ 𝑥15,600 1 1 0 𝑥16,5 ⋯ 𝑥16,60

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, 𝑦 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1111000011110000

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (1)

The data, especially the first two variables, are constructed in
such a way that cor(𝑥1, 𝑦) = cor(𝑥2, 𝑦) = 0. So, when selecting
the variables according to their correlation with the response, we
would never select the first two variables 𝑥1 and 𝑥2. In contrast,
the CLSs of the first two variables are nonzero. It is therefore
conceivable that we detect them being part of the two-way
interaction by selection via CLS. Of course, this is no guarantee,
since the CLS may also depend on the other (noisy) variables.

We thus conduct a small simulation study in which we simulate
1000 data sets according to the scheme described above in
Equation (1). We count how often how many of the first two
important variables are detected when selecting the variables
with the 𝑞 = ⌈𝑛 log 𝑛⌉ = 45 largest CLS or correlation. In the
case of CLS, we find two out of two important variables in the
median average, and zero out of two in the case of correlation.
Consider Figure A1 in Appendix A.2 to see that even for small𝑞 where the selection with CLS deteriorates, it still outperforms
the selection using correlations. This example shows that in
some cases, we can detect interaction effects with CLS, where
correlations necessarily miss the relevant information and thus
miss the important variables.

3 Methods

As mentioned before, the idea to consider the CLSs is based on a
paper of Parry et al. (2021). Since we deal with a 𝑝 ≫ 𝑛 problem,
we exchange the role of observations and variables: to make our
notation consistent with previous literature, where the case 𝑛 ≫𝑝 was treated (Drineas et al. 2012), we consider the matrix𝑋̃ = [𝑋, 𝑦]𝑇 ∈ ℝ𝑝̃×𝑛 (2)

with 𝑝̃ = 𝑝 + 1 and 𝑝 the number of variables and 𝑛 the number
of observations. 𝑋 ∈ ℝ𝑛×𝑝 is the data matrix and 𝑦 ∈ ℝ𝑛 denotes
the response. We obtain the CLS from the off-diagonal entries of
the hat matrix 𝐻 of 𝑋̃. The hat matrix 𝐻 is given by 𝐻 = 𝑄𝑄𝑇
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(Hoaglin and Welsch 1978) where 𝑄 forms an orthonormal basis
for the column space of 𝑋̃, which can be obtained by its 𝑄𝑅-
decomposition 𝑋̃ = 𝑄𝑅 (Golub and Van Loan 1996). Since we are
only interested in the CLS 𝑐𝑖𝑝̃ between the variables 𝑖 ∈ {1, … , 𝑝}
and the response 𝑦, we can avoid the time-consuming matrix
multiplication of 𝑄 ∈ ℝ𝑝̃×𝑛 and 𝑄𝑇 ∈ ℝ𝑛×𝑝̃ by instead calculating
only the dot products of rows 𝑄𝑖⋅ with row 𝑄𝑝̃⋅:𝑐𝑗𝑝̃ = ⟨𝑄𝑖⋅, 𝑄𝑝̃⋅⟩, 𝑖 ∈ {1, … , 𝑝}. (3)

Equation (3) is computed from the orthogonal basis 𝑄. This
means that the CLSs correspond to the leverage of individual
variables on the correlation of the multidimensional subspace
spanned by the data with the outcome variable, rather than
correlations of single variables. Our intuition is that an according
subselection thus carries more information on the multivariate
structure, and is capable of retaining interaction effects as shown
in our previous example in Figure 2.

Under the mild assumption that the subspace is well aligned
with the response vector, we show next that each CLS 𝑐𝑖,𝑝+1 for𝑖 ∈ [𝑝] equals their corresponding parameter in the least squares
solution up to a small additive error. We note that variables with
large parameters are thus recovered by CLS, and are more likely
to participate in an interaction, since parameters near zero would
cancel a possible interaction effect.

Proposition 3.1. Let 𝑋̃ = [𝑋, 𝑦] ∈ ℝ𝑛×(𝑝+1), for 𝑝 ≫ 𝑛, where𝑋 and thus also 𝑋̃ have full rank 𝑛. Let 𝑋̃ = 𝑈Σ𝑉𝑇 be its
SVD. Consider the smallest norm solution to the 𝓁2 regression
problem: 𝛽𝑂𝐿𝑆 ∈ argmin𝛽∈ℝ𝑝 ‖𝑋𝛽 − 𝑦‖22 . Assume for 12 > 𝜂 > 0
that∑𝑝𝑖=1 ⟨𝑉𝑖⋅, 𝑉𝑦⋅⟩2 ≥ 1𝜂‖𝑉𝑦‖42. Then, it holds that

max𝑖∈[𝑝] |𝛽𝑂𝐿𝑆𝑖 − 𝑐𝑖,𝑝+1| < 3𝜂2 .
Proof. See Appendix A.1. □
3.1 CLS Calculation

The obvious bottleneck of the approach described above is
the 𝑄𝑅-decomposition with running time Θ(𝑝𝑛2) (Golub and
Van Loan 1996), which is prohibitively slow to compute for 𝑝 as
large as several millions. The data might not even fit into main
memory, which aggravates the situation. However, without the 𝑄
matrix, we are not able to calculate the CLS. Massively parallel𝑄𝑅-decomposition algorithms are applicable in such cases but
this requires a large compute cluster,which is not always available
and this is no remedy for the total workload that remains Θ(𝑝𝑛2)
(Demmel et al. 2012).

In this paper, we describe and compare three possible solutions
to the problem that easily run on standard commodity hardware:
specifically, we introduce two new heuristics, the SlidingWindow
approach and the Random Window approach. In both cases,
instead of one 𝑄𝑅-decomposition for a large matrix, a lot of 𝑄𝑅-
decompositions for many small submatrices are performed and
their results are merged in a suitable way, akin to the Merge
& Reduce technique (Geppert et al. 2020). The third solution
is the Sketching approach based on the ideas of Drineas et al.

(2012). The 𝑄𝑅-decomposition is calculated after reducing the
large dimension 𝑝̃ by sketching 𝑋̃ ∈ ℝ𝑝̃×𝑛 to obtain 𝑋̃⋆ ∈ ℝ𝑟×𝑛
with significantly smaller dimension 𝑟 ≪ 𝑝̃.
In what follows, the main goal is to approximate the CLS in an
efficient way, based on which we make a preselection retaining
the important variables. This enables more refined methods that
are not suitable for large data sets—such as logic regression
(Ruczinski, Kooperberg, and LeBlanc 2003)—to operate on the
reduced data subsequently. We select the variables that have the
most extreme CLS. It was recommended to select 𝑞 = ⌈𝑛 log 𝑛⌉
variables in (Parry et al. 2021), which is confirmed in our
experimental findings. Theoretically, this is supported by the
coupon collector’s problem (Erdős and Rényi 1961) that requires
oversampling by a log 𝑛 factor so that the selection contains at
least as many variables to ensure that the submatrix preserves the
full rank 𝑛 of the original matrix (Tropp 2011).
3.2 NewWindow-Based Approaches

We first introduce two new approaches, which share the concept
of a moving window. For both, we consider the matrix 𝑋 consist-
ing of all variables (e.g., SNPs). In the Sliding Window approach,
as illustrated in Figure 3, we iterate through this matrix with a
window consisting of 𝑤 consecutive variables at a time and add
the response 𝑦, respectively. We consider the submatrix starting
at some index 𝑗 for each window 𝑋̃𝑗,𝑗+𝑤−1 = [𝑋⋅,𝑗∶(𝑗+𝑤−1), 𝑦]𝑇 . If
the window size is small enough, we can efficiently calculate the𝑄𝑅-decomposition and determine the CLS in the standard way
described above. We start with the first window 𝑋1,𝑤 comprising
the variables 1 up to 𝑤 plus the response 𝑦 and store their
corresponding scores. Then, we move the window 𝑤 variables
forward and repeat this until we reach the end of the matrix 𝑋,
wherewe calculate the final set of scores. Thewindow size should
be kept as constant as possible as is common in other data stream
algorithms (e.g., Geppert et al. 2020; Vitter 1985). Therefore, 𝑤
should be (roughly) a divisor of 𝑝. In a simulation study, we
found that the size of 𝑤 does not have a large impact on the
result (see Figure A7 in Appendix A.2). The results indicate that𝑤 should be at least of order Ω(𝑛 log 𝑛) to avoid rank-deficient
submatrices, which is in line with our previous discussion. Above
this value, the gain of using larger 𝑤 declines and becomes
negligible. It should thus be chosen as large as possible but
small enough to ensure that we can perform the calculations
on submatrices efficiently. However, we found a more critical
trade-off in computation time between computing many small
matrices or few large matrices, which will be discussed in detail
in Section 7.

In the Random Window approach, the selection of variables in
each window is chosen uniformly at random. For each window,
we sample 𝑤 out of 𝑝 variables and add the response 𝑦, respec-
tively. We repeat this a number of 𝑅 times, but the algorithm also
stops when every variable was chosen at least once before 𝑅 steps.
To ensure that every variable is chosen at least once, 𝑅 should
chose sufficiently large. If only one variable is chosen in each step,
this can be quantified as 𝑅 = Θ(𝑝 log 𝑝) by the coupon collector’s
theorem (Erdős andRényi 1961). If thewindow size𝑤 is increased,
we take a sample of 𝑤 variables without replacement at a time
that only increases the inclusion probability of each variable.
Therefore, if this is repeated independently 𝑅 = 𝑂( 𝑝𝑤 log 𝑝) times,
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FIGURE 3 The SlidingWindow approach for 𝑋 ∈ ℝ𝑛×𝑝 . For one window, we consider a submatrix comprising𝑤 variables out of 𝑝 and attach the
response 𝑦 to it. We slide through the whole matrix and calculate the cross leverage scores, respectively. At the end, we have a final set of cross leverage
scores for all variables.

the resulting sample includes all variables with good probability.
This will be discussed in more detail in Section 7. Analogously
to previous considerations, 𝑤 should be at least in Ω(𝑛 log 𝑛) to
avoid rank-deficient submatrices. In Section 7, we discuss the
parameter choice for the different approaches.

Each individual window is sampled from the set of variables
without replacement, but variables can be sampled repeatedly
in different windows. We always store the corresponding scores
to the variables for every window. When one variable is chosen
repeatedly, we compare the new score to the previous and store
only the largest. Hereby, we try to avoid a possibly bad influence
of the Random Window selection on the estimates of the CLS.
The Random Window approach is illustrated in Figure A2 in
Appendix A.2.

The advantage of these approaches is that they enable calculating
CLS in scenarios where the direct calculations fail because there
are too many variables to compute the 𝑄𝑅-decomposition as a
whole. In genetic application, our data are often so large that
we cannot even read it into the main memory of the computing
environment such as R. Since our two approaches consider only
small windows of the data at once, we only need to store and
process the subset of data that we need for the current window.
So, we mainly save a lot of memory by calculating the scores in
that way, but indirectly also running time, since the two window
approaches avoid swapping between the fast internal and slow
external memory. However, one limitation of both approaches is
that there are no theoretical guarantees available on the quality of
the estimates they yield for the CLS. Therefore, we additionally
consider a third approximation approach that provides rigorous
theoretical guarantees.

3.3 Sketching Approach

We would like to calculate the CLS as in Equation (3), but we
need to avoid the costly 𝑄𝑅-decomposition of the huge matrix

𝑋̃, which might even become intractable beyond some amount
of data. The idea is to construct a significantly smaller “random
sketch” of the input matrix of which we can calculate the 𝑄𝑅-
decomposition. We therefore project the columns of 𝑋̃ to a lower
dimensional subspace bymultiplying a properly chosen sketching
matrix Π ∈ ℝ𝑟×𝑝̃ with 𝑋̃ ∈ ℝ𝑝̃×𝑛:

𝑋̃⋆ = Π𝑋̃ ∈ ℝ𝑟×𝑛. (4)

The Sketching approach is a method to approximate the CLS by
means of sketching (Drineas et al. 2012), which is a common
data reduction tool for the design of algorithms for large data,
distributed data, and data streams (Munteanu 2023). This tech-
nique allows us to approximate the CLS of arbitrarily large data
within an arbitrary precision parameterized by 𝜀 > 0. Our idea is
transferring the idea of data reduction based on random projec-
tions and subsampling from reducing observations to selecting
variables. To this end, we consider the transposed data matrix𝑋̃ = [𝑋, 𝑦]𝑇 ∈ ℝ𝑝̃×𝑛 again with 𝑝 ≫ 𝑛 and 𝑝̃ = 𝑝 + 1. We use a
sketching matrix Π that is a further development of a Clarkson–
Woodruff embedding (Clarkson andWoodruff 2017).Π is a sparse
matrix, whose nonzero entries are {−1, 1}. The number of nonzero
entries per column is fixed, but depends on the target dimension
of the embedding. The original Clarkson–Woodruff embedding
attains the sparsest possible structure, involving only one single
nonzero entry per column. We give a simple example of such
an embedding in Equation (5) for reducing from five to three
dimensions.1

⎛⎜⎜⎝

0 0 1 −1 0
−1 0 0 0 00 1 0 0 1⎞⎟⎟⎠ ⋅

⎛⎜⎜⎜⎜⎜⎝

𝑥1𝑥2𝑥3𝑥4𝑥5
⎞⎟⎟⎟⎟⎟⎠

=
⎛⎜⎜⎝

𝑥3 − 𝑥4
−𝑥1𝑥2 + 𝑥5

⎞⎟⎟⎠
. (5)

1 The example is taken from Nayebi, Munteanu, and Poloczek (2019).
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ALGORITHM 1 Approximation of the CLS of 𝑋̃.
Input: 𝑋̃ ∈ ℝ𝑝̃×𝑛 (𝑝̃ = 𝑝 + 1)
Output: 𝑐𝑖𝑝̃, 𝑖 ∈ {1… , 𝑝}
1: Project 𝑋̃ to a lower 𝑟-dimensional subspace to obtain𝑋̃⋆ = Π𝑋̃ ∈ ℝ𝑟×𝑛 using, e.g., 𝑟 = 𝑛⋅log 𝑛𝜀2 (Cohen 2016)
2: Compute the 𝑄𝑅-decomposition 𝑋̃⋆ = 𝑄⋆𝑅⋆
3: Compute Ω = 𝑋̃𝑅−1⋆ where Ω ∈ ℝ𝑝̃×𝑛
4: Compute the CLS: 𝑐𝑖𝑝̃ = ⟨Ω𝑖⋅, Ω𝑝̃⋅⟩

In general, there is a trade-off between the sparsity and the
target dimension. The target dimension (𝑟 in Equation (4)) of
the original Clarkson–Woodruff embedding is 𝑟 = Θ(𝑛2). In our
experiments, using oblivious subspace embeddings by Cohen
(2016), we can sketch 𝑋̃ from 𝑝̃ down to only 𝑟 = 𝑂(𝑛 log 𝑛𝜀2 )
dimensions at the cost of a less sparse embedding with 𝑂(log 𝑛)
nonzeros per column. We note that the most recent variant by
Chenakkod et al. (2024) achieves even optimal size 𝑟 = 𝑂( 𝑛𝜀2 )
with slightly worse sparsity of 𝑂(log4 𝑛) nonzeros per column.
Despite these differences between sketching techniques, themain
property, we are interested in the scope of this paper, is the
approximation error bound depending on 𝜀, which remains the
same for all variants. We thus refer the interested reader to
the following related literature for further comparison between
different sketching techniques.

Other dense sketching approaches such as 𝜀-JLT (Johnson
and Lindenstrauss 1984), the Rademacher sketch Clarkson and
Woodruff (2009), and the Subsampled Randomized Hadamard
Transform (Ailon and Liberty 2009) are possible alternatives,
which allow for different parameterizations in the trade-off
between the time needed to multiply the sketch and the required
number of rows.We refer to Geppert et al. (2017) for experimental
comparisons and overview. However, as pointed out previously,
these approaches neither achieve a better accuracy nor a lower
target dimension nor faster running time than the sparse Cohen–
Sketch. We thus focus on the Cohen–Sketch (Cohen 2016) in our
presentation and experiments.

From 𝑋̃⋆ ∈ ℝ𝑟×𝑛 in Equation (4), we can easily determine the𝑄𝑅-
decomposition 𝑋̃⋆ = 𝑄⋆𝑅⋆ and calculate 𝑅−1⋆ in time and space
independent of 𝑝̃. Nowwe can determine amatrixΩ as an approx-
imation of the matrix𝑄 from the original 𝑄𝑅-decomposition 𝑋̃ =𝑄𝑅: Ω = 𝑋̃𝑅−1⋆ ∈ ℝ𝑝̃×𝑛.
Finally, we can compute the approximation of the CLS of every
single variable with the 𝑝̃th variable (the attached response) by
calculating the dot product of the respective rows of Ω:𝑐𝑖𝑝̃ = ⟨Ω𝑖⋅, Ω𝑝̃⋅⟩, 𝑖 ∈ {1, … , 𝑝}.
The whole procedure is summarized in Algorithm 1. The output
of the algorithm satisfies the following guarantee (cf. Drineas
et al. 2012, Lemma 5) with respect to the original CLS 𝑐𝑖𝑝̃:∀𝑖 ∈ {1, … , 𝑝} ∶ |𝑐𝑖𝑝̃ − 𝑐𝑖𝑝̃| ≤ 𝜀‖𝑄𝑖⋅‖2‖𝑄𝑝̃⋅‖2 ≤ 𝜀. (6)

See Drineas et al. (2012) for details. In particular, the guarantee
given by Equation (6) implies that the large CLSs are well
preserved. We remark that the largest entries of the CLS vector
can be approximated within strictly lower dimensions than the
original least squares problem Mai et al. (2023), which implies
further computational benefits.

4 Data

4.1 Simulated Data

We simulate two different scenarios of SNP data, where we distin-
guish between three different genotypes: homozygous referent,
homozygous variant, and heterozygous variant. These are usually
encoded using the values {0, 1, 2} and the last two indicate the
presence of an SNP. In the first scenario 𝑆1, we consider one
two-way interaction and 𝑝 − 2 noisy variables.𝑆1 = (SNP1 ∧ SNP2).
For the number of variables, we choose 𝑝 ∈{2 000, 20 000, 200 000, 2 000 000}. We always fix 𝑛 = 120
observations and a binary outcome 𝑦 ∈ {0, 1}. We simulate
1000 independent data sets for 𝑝 ∈ {2 000, 20 000} and 100
data sets for 𝑝 ∈ {200000, 2000000}. We use the function
simulateSNPglm from the R package scrime (Schwender 2018)
to simulate the SNP data. All data are generated from the model𝑌 ∼ Bernoulli(pred)

pred = 11 + exp(−lin.pred) ,
where lin.pred = 𝛽0 + 𝛽1𝑀1, and 𝑀1 = (SNP1 ∧ SNP2). Fur-
ther, we choose 𝛽0 = log( 0.31−0.3 ) and 𝛽1 = log(50). These values for𝛽 are chosen such that the specified interactions have a relatively
large effect on the target variable. So, the probability that 𝑦 = 1 is0.3 if𝑀1 is FALSE and roughly 0.95 if𝑀1 is TRUE. For all SNPs, we
draw the minor allele frequency from a uniform distribution on
the interval [0.15, 0.45]. To validate how the approaches can deal
with more complex interactions, we design a second scenario𝑆2 = (SNP1 ∧ SNP2) ∨ (SNP3 ∧ SNP4).
For 𝑆2, we choose lin.pred = 𝛽0 + 𝛽1𝑀1 + 𝛽2𝑀2 with 𝑀1 =(SNP1 ∧ SNP2), 𝑀2 = (SNP3 ∧ SNP4), and 𝛽0 = log( 0.31−0.3 ) and𝛽1 = 𝛽2 = log(50).
All simulated data are available at Zenodo (Teschke 2024).2 The
code is available on GitHub.3

4.2 Real Data

We also consider a small real data application, for which we
use the HapMap data set taken from the R package SNPassoc
(Moreno, Gonzalez, and Pelegri 2022). This data set consists of

2 https://doi.org/10.5281/zenodo.12742957
3 https://github.com/SvenTeschke/special_issue_CEN
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TABLE 1 This table shows the values we have chosen for the
parameters of the different methods. The choice of values is discussed in
Section 7. Unsuitable parameters are highlighted in bold.

Random
window

Sliding
window Sketching

p w R w 𝜺
2 000 200 200 200 𝜀 ∈ {𝟎.𝟓, 𝟎.𝟐, 𝟎.𝟏}
20 000 2 000 500 2 000 𝜀 ∈ {𝟎.𝟓, 𝟎.𝟐, 𝟎.𝟏}
200 000 2 000 1 000 2 000 𝜀 ∈ {0.5, 0.2, 0.1}
2 000 000 2 000 2 000 2 000 𝜀 ∈ {0.5, 0.2, 0.1}

9307 SNPs that belong to 22 chromosomes from the HapMap
project (Thorisson et al. 2005) of the National Human Genome
Research Institute. Additionally, the data contain information on
the individuals’ origin. We distinguish between European (CEU)
and Yoruba (YRI) to encode the binary response. We note that
the HapMap data set is rather small. Nevertheless, we decided
to use it because we are primarily interested in a comparison
between the approximation and the original, nonapproximated
CLS method. For conducting the latter analysis, the data must
necessarily have a small and tractable dimension 𝑝. Furthermore,
our choice of the well-researched HapMap data set is a baseline
reference and thus allows comparisons to other related work.

5 Results of Simulation Study

All calculations were performed using R version R 4.3.0 (R Core
Team 2023). In the following, we focus on the two simulated
scenarios comprising a single two-way interaction and two two-
way interactions, respectively. Hereby, we address the problem
that arises when there is so much data to process, that the
computations become too expensive and we can no longer
calculate the CLS in the conventional way. To evaluate how well
the approaches work, we count how many of the important
variables we find on average when we choose the 𝑞 variables
with the largest CLS out of different dimensions 𝑝. As discussed
above, we set 𝑞 = ⌈𝑛 log 𝑛⌉ = 575 with 𝑛 = 120. For the different
approaches, we choose the parameter settings summarized in
Table 1. The specific choices are evaluated and discussed later in
Section 7.

In the sketching approach, we reduce the dimension from 𝑝 to𝑟 = ⌈ 𝑛 log 𝑛𝜀2 ⌉. It holds that 𝑟 ∈ {2 300, 14375, 57500} for𝑛 = 120 and𝜀 ∈ {𝟎.𝟓, 𝟎.𝟐, 𝟎.𝟏}, respectively. Note that some combinations of𝜀 and 𝑝 are not meaningful, since for very small 𝜀 and small
values of 𝑝, we would increase the dimension 𝑝, in which case
it is advisable to preserve the initial dimension. Nevertheless,
we will use all 𝜀 for all 𝑝 in our evaluation. For saving running
time in the RandomWindow approach, we use optimized values𝑅 ≲ 𝑝𝑤 log 𝑝, that is, lower than discussed in Sections 3.2 and
7. For comparing the performance of our new approaches to
standard methods, we calculate the correlations of each variable
with the response and select the 𝑞 variables attaining the largest
correlations. Additionally, we compare to uniform sampling as a
standard baseline.

In Scenario 1 (see Table A1 in Appendix A.2), all methods find
on median average both important variables for 𝑝 = 2 000 and𝑝 = 20 000. For 𝑝 = 200 000 and 𝑝 = 2 000 000, we still find one
out of two important variables onmedian average for allmethods,
whereby the CLS can only be calculated with approximation
methods for𝑝 = 2 000 000. The choice of themedian is reasonable
because the median is a robust measure of location and the
number of variables found is dependent on the data set. To get a
better comparison of themethods, we also consider the nonrobust
mean. In Figure 4, we plot the mean number of important
variables (out of two) found for different values of 𝑞 and 𝑝 across
the various approaches.

We see that also for smaller values of 𝑞, we find on average
almost two out of two important variables for all approaches for𝑝 = 2 000 and 𝑝 = 20 000. For an increasing 𝑞, the number of
variables found on average increases rapidly in the beginning
and flattens out later, but we see that a smaller value of 𝑞 would
also suffice in practice. All methods are working well and the
approximations differ only slightly. The gray line shows what we
would expect if we select 𝑞 variables uniformly at random. We
see that this is consistently outperformed. For higher dimensions𝑝 = 200 000 and 𝑝 = 2 000 000, we see a similar pattern, but
it should be noted that the plot includes considerably larger
values of 𝑞 on the horizontal axis here. Again, all approaches
perform similarly well. However, on average, we do not find both
important variables this time for the recommended 𝑞, but again,
we clearly outperform the expected value of variables chosen
uniformly at random (gray line). It seems that correlations work
best in this case, but as we have seen in the toy example in
Section 2, it cannot be relied upon in general. The plot indicates
that we should choose a larger 𝑞 for very large 𝑝.
In themore complex Scenario 2,we first investigate howmany out
of the four important variables we find on median average (see
Table A2 in Appendix A.2). We still find all important variables
when selecting the variables with the largest CLS. This holds for
both, the regular calculation of the CLS, and for the sketching
methods, but also for the baseline using correlations. For larger𝑝, we do not find all important variables any more, but still 3/4
for 𝑝 = 20 000, and at least 1/4 for 𝑝 = 200 000 and 𝑝 = 2 000 000
for all methods. In this case, it becomes interesting how often we
find the respective complete interactions. Note that if we find only
two important variables in total, it makes a difference whether we
find a complete interaction or whether we find only one variable
out of each interaction. For this purpose, we show how many
variables we find on average for different values of 𝑞 and different
approaches for each of the two interactions separately. In Figure 5,
we plot the curves for 𝑝 = 2 000.
The case 𝑝 = 20 000 can be found in Figure A3 in Appendix A.2.
As can be seen from Table A2 in Appendix A.2, both interactions
for 𝑝 = 2 000 are very likely to be found for 𝑞 = 575. However, it
is remarkable how well the first interaction is found even for a
smaller 𝑞. Even for 𝑝 = 20 000, we found on average nearly all
the important variables from the first interaction. For 𝑝 = 2 000
as well as for 𝑝 = 20 000, the first interaction is detected slightly
more often for smaller values of 𝑞. The plots for larger values of𝑝 can be found in Figure A4 and Figure A5 in Appendix A.2.
Also for 𝑝 = 200 000, we see that the first interaction was found
in more cases. For 𝑝 = 2 000 000, the two interactions are found
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FIGURE 4 Important variables out of two important interacting variables (horizontal dotted line) found on average if we select the variables with
the 𝑞 largest CLS. At 𝑞 = 575, there is a vertical dotted line. We distinguish between the approaches by color. The gray line shows what we would expect
if we select 𝑞 variables uniformly at random.

FIGURE 5 Important variables out of two (horizontal dotted line) found on average if we select the variables with the 𝑞 largest CLS for the single
two-way interactions in the second scenario with 𝑝 = 2 000. At 𝑞 = 575, there is a vertical dotted line. We distinguish between the approaches by color.
Left: results for the first interaction. Right: results for the second interaction.

roughly equally often. Again, it should be noted that the plot
includes considerably larger values of 𝑞 on the horizontal axis.
It can be seen, however, that for smaller 𝑞, significantly fewer of
the important variables are found here. For increasing𝑝, 𝑞 should
also be increased, if necessary. Nevertheless, a selection with CLS
outperforms a uniform random selection. Again, it can be stated
that all methods, including the approximation methods, achieve
similar results.

6 Real Data Application and Predictive
Performance

In this section, we investigate how the variable selection using
CLS affects predictive performance. To this end, we consider
Random Forests (Breiman 2001) for the HapMap data, and
logic regression (Ruczinski, Kooperberg, and LeBlanc 2003) for
another simulated data set. The simulated data set is generated
analogously to scenario 𝑆1 from the previous section, but we
consider only small values of 𝑝, so that we can apply logic
regression to the full data for the sake of comparison.Our aim is to
investigate whether we can improve the predictive performance

by applying the variable selectionmethods instead of considering
the whole data set.

6.1 Random Forests on HapMap Data

The data consists of 𝑝 = 7 648 SNPs with a binary response and𝑛 = 120 observations in total. We use Random Forests here to
handle the full data with such a “large” value of 𝑝, which would
not be possible using logic regression. We use the R-package
ranger (Wright and Ziegler 2017), with default parameter set-
tings. To ensure that the measured effect on the performance
comes from the specific choice of variable selectionmethods, and
is not only a consequence of the mere variable reduction, we also
consider the performance gain using a uniform random sample
of variables as a baseline we would like to improve upon.

We perform the variable selection on a training data set on which
we also train the Random Forest (using only the selected vari-
ables) and then test the predictive performance on the remaining
test data. The fraction of training data is chosen to be 2∕3, while
the remaining 1∕3 fraction represents the test data. Since we have

8 of 15 Biometrical Journal, 2024

 15214036, 2024, 8, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/bim

j.70014 by Sven T
eschke - T

echnische U
niversitaet D

ortm
und , W

iley O
nline L

ibrary on [20/12/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



𝑛 = 120 observations, thismeans that 80 observations are used for
training and 40 for testing.
Note that for the whole data set without preselection, we already
have a prediction error of 0%. Thus, we choose a small value
of 𝑞 = 10. We want to see what happens when we select 𝑞 = 10
random variables compared to a selection of 𝑞 = 10 variables by
the largest CLS or correlations, respectively. We see (Table A3
in Appendix A.2) that using a uniform random sample, the
prediction error increases to a nonzero error rate of 12.5%. On the
other hand, the prediction error after variable selection according
to the CLS remains at 0%, This supports thatmeaningful variables
were selected by CLS (and correlations).

6.2 Logic Regression on Simulated Data

To consider the predictive performance with logic regression, we
need a data set with considerably smaller 𝑝. We simulate again
1000 independent data sets with one two-way interaction in the
same way as for simulation scenario 𝑆1, but only for 𝑝 = 500.
Analogously to the HapMap data, we consider the predictive
performance comparing no variable selection, variable selection
with CLS or correlations, and a uniform random sample of
variables. We split the data into test and training set and select𝑞 = 25 variables based on the training data. For the calculations,
we use the R-package logicDT (Lau 2023). In Table A4 in
Appendix A.2, we summarize the median prediction errors for
all methods.

We see that the variable selection with CLS and correlations yield
a prediction error of 35%. According to the 𝑡-test, both outperform
the model without variable selection significantly, which have a
prediction error of 37.5%. Again, a selection by uniform sample
has a much worse prediction error of 47.5%. In all cases, the
prediction quality with logic regression is quite low,4 but we have
shown that it improves significantly by using variable selection
withCLS.And even in better performing settings such as Random
Forests on theHapMap data, variable selectionwithCLS is useful.

Finally, we are interested in the variable importance measures
(VIMs) of the logic terms identified by the logic regression
model (Schwender and Ickstadt 2008). We obtain VIMs from
the model for various main effects as well as for interaction
effects of different orders. In the logicDT package, we use the
parameter setting vim_type = “logic” and ave = “before”,
which compares the average performance over fixing oneBoolean
variable to {0, 1}, respectively. We refer to Lau (2023) for details on
available parameter settings.Wewould like to investigatewhether
we can obtain better results for the VIMs after performing a
variable selection using CLS. To this end, we select the 𝑞 = 25
variables with the largest CLS on the training data, and calculate
the VIMs on the test data. We also consider the VIMs using
a uniform random sample of 𝑞 = 25 variables for the sake of
comparison. Additionally, we calculate the VIMs in the same
way without any preselection. We count how often the important
interaction between𝑋1 and𝑋2 is among the top 𝑣most important
variables, respectively, logic terms over 1000 data sets in terms
of the calculated VIM. In Figure 6, it is shown that applying a

4 Note that its main purpose is detecting interacting variables rather than making preditions.

FIGURE 6 Presence of interaction between 𝑋1 and 𝑋2 in the top𝑣 important variables in the logic regression model: without variable
selection (blue line), selection by the 𝑞 largest CLS (red line), and uniform
random selection of 𝑞 variables (gray line).

FIGURE 7 Kernel density estimates of the CLS of the important
(green) and unimportant (black) variables in the scenario where an
existing two-way interaction has an negative influence on the response
(𝑝 = 2 000).
variable selection method beforehand results in a considerable
improvement, and we find the relevant interaction more often in
the top 𝑣 of logical terms measured by the variable importance.
7 Discussion and Conclusion

When we consider more complex scenarios, such as, for
instancethree- or four-way interactions, identifying all variables
of the respective interaction becomes more difficult. However, if𝑝 is not too large, our methods still work. In case of 𝑝 = 2 000,
we still find all important variables for the three-way interaction
and at least two out four important variables for the four-way
interaction on median average, when selecting these variables
with the 𝑞 = 575 largest CLS. For larger 𝑝, this becomes more
difficult and the results deteriorate. Known findings in high-
dimensional statistics suggest that a log(𝑝) dependence might be
necessary (Amini and Wainwright 2009; Mai et al. 2023).

So far, we have only considered scenarios where an interaction
of SNPs has a positive effect on the response. In this case, it
makes sense to select the variables attaining the largest CLS.
However, if we consider scenarios in which the absence of an
SNP interaction favors a disease (𝑦 = 1), then the corresponding
important variables have a largely negativeCLS. This is illustrated
in Figure 7 (in contrast to Figure 1).
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TABLE 2 This table shows values for 𝑅 ≈ 𝑝𝑤 log 𝑝 in the Random
Window approach.

p w R

2 000 200 76
20 000 2 000 99
200 000 2 000 1221
2 000 000 2 000 14,509

So, if we do not know anything about the data, it is recommended
to select the variables attaining the largest absolute values of their
CLS. Nevertheless, also in scenario 𝑆1, the absolute scores could
still be used to distinguish the important from the unimportant
variables, see Figure A6 in Appendix A.2.

In our paper, we select exactly the 𝑞 variables with the largest
(absolute) CLS. But, in the presence of outliers and to preserve the
whole space spanned by the data, it was recommended to sample𝑞 variables weighted by their CLS including a small fraction of
standard leverage scores (Parry et al. 2021) instead of greedily
selecting the largest scores. However, in this paper, we used the
CLS as a measure of importance of individual variables that
justifies selecting the variables without sampling.

Another point to discuss is the choice of parameters for the
two window-based approaches. For the following analyses, we
considered the scenario 𝑆1 with one two-way interaction and 𝑝 =20 000. How should we choose the windowwidth𝑤 in the Sliding
Window and Random Window approaches? First, the smaller
we choose the window size 𝑤, the faster we can calculate the𝑄𝑅-decomposition, but this also increases the number of 𝑄𝑅-
decompositions to be computed. Our analyses have shown that𝑤 should not be chosen too small, in particular, 𝑤 ≳ 𝑛 log 𝑛, but
beyond some threshold, its choice does not make a big impact
on the performance. Figure A7 in Appendix A.2 illustrates this.
However, the intuitive reasoning holds that the larger 𝑤 is, the
better interactions can be detected on average. This applies to both
window-based approaches. In the Random Window approach, a
larger value of 𝑤 implies that it takes less iterations until each
variable is drawn at least once, but the individual computations
for the 𝑄𝑅-decompositions in each iteration take longer. Similar
considerations apply to the parameter 𝑅, which determines how
many windows we consider in the Random Window approach.
A large number provides an increased running time, but no
performance improvement, as long as𝑅 is chosen large enough so
that each variable is selected at least once (with high probability),
which is the case for 𝑅 ≈ 𝑝𝑤 log 𝑝. In Table 2, we show the
respective values for𝑅. Nevertheless, for the specification of𝑅 and𝑤, it is recommended to consider the trade-off between how fast
wewant to calculate the scores and how large we (have to) choose
the individual submatrices. In the sketching approach, we can
vary the parameter 𝜀, which determines the accuracy guarantee
of the approximation of the CLS and provides a trade-off to the
size of the sketched matrix that again has a crucial impact on the
time and space required to perform the 𝑄𝑅-decomposition.
In conclusion, we showed that the CLSs are appropriate for
distinguishing important from unimportant variables, even if

they only have an indirect influence on the response through
variable interactions. The advantage of CLS is that they can
be calculated directly from the data matrix and that it is not
necessary to consider the vast space of every possible variable
interaction. Especially for higher order interactions and more
complex scenarios, this brings massive advantages compared to
standard methods. Our approximations to CLS work reliably and
interaction effects can be identified even for very large 𝑝 in
the order of millions, where previous methods face severe com-
putational limitations. With the selected variables via the CLS,
conventional downstream regression and classification analyses
can be applied,whichwould fail on the original high-dimensional
input. The previous selection using CLS has a positive influence
on their predictive performance and calculation of VIMs. Not
to mention that many methods would simply not be applicable
without a prior variable selection respectively reduction in the
presence of massive amounts of data commonly considered in
genome-wide analyses. Even though we have limited this paper
to SNP data and binary response, themethods presented here can
also be applied to arbitrary real-valued data types.
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Appendix A
A.1 Poof of Proposition 3.1

Proof. Let 𝑋̃ = [𝑋, 𝑦] ∈ ℝ𝑛×𝑝+1, for 𝑝 ≫ 𝑛, where𝑋 and thus also 𝑋̃ have
full rank 𝑛. Consider the 𝓁2 regression problem

min𝛽∈ℝ𝑝 ‖𝑋𝛽 − 𝑦‖22 . (A1)

Since 𝑝 ≫ 𝑛 the problem is underconstrained and therefore there exists a
subspace 𝐿 ⊂ ℝ𝑝 such that any 𝛽 ∈ 𝐿 satisfies𝑋𝛽 = 𝑦. Consequently, any𝛽 ∈ 𝐿 constitutes an optimal solution where Equation (A1) equals 0.
Now, consider the (thin) singular value decomposition (Golub and
Van Loan 1996) 𝑋̃ = 𝑈Σ𝑉𝑇 , where 𝑈 ∈ ℝ𝑛×𝑛 is orthonormal, Σ ∈ ℝ𝑛×𝑛
is diagonal whose entries are the singular values 𝜎𝑖(𝑋̃) > 0, for 𝑖 ∈ [𝑛],
and 𝑉𝑇 ∈ ℝ𝑛×𝑝+1 has orthonormal rows. We further let 𝑉𝑇 = [𝑉𝑇𝑋, 𝑉𝑇𝑦 ],
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where 𝑉𝑇𝑋 carries the first 𝑝 columns corresponding to the columns
of 𝑋, while 𝑉𝑇𝑦 is the (𝑝 + 1)st column that corresponds to 𝑦. With
these decompositions in place, Equation (A1) can be rewritten as the
minimization of

‖𝑋𝛽 − 𝑦‖22 = ‖𝑈Σ (𝑉𝑇𝑋𝛽 − 𝑉𝑇𝑦 )‖22 .
In particular, note that it implies

‖𝑋𝛽 − 𝑦‖22 = 0 ⟺ ‖𝑉𝑇𝑋𝛽 − 𝑉𝑇𝑦 ‖22 = 0 .
Next, we make use of the fact that a zero error solution can be obtained
in closed form bymeans of theMoore–Penrose pseudoinverse (Ben-Israel
and Greville 2003), which for the RHS yields the (unique) least 𝓁2-norm
solution

𝛽𝑂𝐿𝑆 = 𝑉𝑋(𝑉𝑇𝑋𝑉𝑋)−1𝑉𝑇𝑦 .
If 𝑉𝑇𝑋 were orthonormal, this would simplify even further to the vector
comprising the CLS as its coordinates, since in that case (𝑉𝑇𝑋𝑉𝑋)−1 =𝐼−1 = 𝐼 andwehave 𝑐⋅,𝑝+1 = 𝑉𝑋𝑉𝑇𝑦 by definition.However,𝑉𝑋 is not quite
orthonormal since it was obtained by removing one row vector 𝑉𝑦 from
the orthonormal basis 𝑉. But since we removed only one row of small,
bounded norm, we can argue that it is close to being orthonormal in what
follows. Interpreting the matrix inner product as a sum of rank-1 tensors,
we have that

‖𝑉𝑇𝑉 − 𝑉𝑇𝑋𝑉𝑋‖2 = ‖‖‖‖‖‖
𝑝+1∑
𝑖=1 𝑉𝑇𝑖 𝑉𝑖 − 𝑝∑

𝑖=1 𝑉𝑇𝑖 𝑉𝑖‖‖‖‖‖‖2
= ‖𝑉𝑇𝑦 𝑉𝑦‖2 = ‖𝑉𝑦‖22. (A2)

We now assume that after normalization of the space, the columns are
well alignedwith the normalized response vector. Note that this is natural
to assume since otherwise the regressors would be (almost) orthogonal
to the response, in which case a regression model would not make any
sense at all. Formally, we require that for some data dependent constant𝜂 ∈ (0, 1∕2] the following holds

𝑝∑
𝑖=1
(𝑉𝑖 𝑉𝑇𝑦

‖𝑉𝑦‖2
)2

≥ 1𝜂 ‖𝑉𝑦‖22 . (A3)

Note that the threshold is independent of the data dimensions and is not
required to grow with the numbers of observations or variables. We only
require some constant amount of the projected information to be aligned
with the column that belongs to the response variable.
Now consider the standard leverage score of the response variable, which
we define and bound from above as

𝓁𝑦 = sup𝑢∈ℝ𝑛⧵{0} |𝑉𝑇𝑦 𝑢|2
‖𝑉𝑢‖22 𝐶𝑆𝐼≤ ‖𝑉𝑇𝑦 ‖22‖𝑢‖22

‖𝑉𝑢‖22 = ‖𝑉𝑦‖22,
where we used the Cauchy–Schwarz inequality (CSI). We further note
that strict equality holds for the unit vector𝑢 = 𝑉𝑇𝑦 ∕‖𝑉𝑇𝑦 ‖2. Consequently,
it follows that

‖𝑉𝑦‖22 = ‖𝑉𝑇𝑦 ‖22‖‖‖‖‖
𝑉𝑇𝑦
‖𝑉𝑇𝑦 ‖2

‖‖‖‖‖

2
2
/ ‖‖‖‖‖

𝑉 𝑉𝑇𝑦
‖𝑉𝑇𝑦 ‖2

‖‖‖‖‖

2
2

=
‖𝑉𝑇𝑦 ‖22(𝑉𝑦 𝑉𝑇𝑦

‖𝑉𝑇𝑦 ‖2
)2

+
𝑝∑𝑖=1
(𝑉𝑖 𝑉𝑇𝑦

‖𝑉𝑇𝑦 ‖2
)2

(𝐴3)≤ ‖𝑉𝑦‖22
‖𝑉𝑦‖22(1 + 1𝜂) ≤ 𝜂 .

FIGURE A1 Toy example: On the y-axis, we plot how many of the
first two important variables we found on average when we choose the
variables with the 𝑞 largest cross leverage scores (green), respectively,
largest correlation (yellow).

Combining the previous calculations (A2) with our assumption (A3) thus
implies that

‖𝐼 − 𝑉𝑇𝑋𝑉𝑋‖2 ≤ 𝜂 . (A4)

To get a bound on the 𝛽𝑂𝐿𝑆 estimator above, we need a similar bound for
the inverse (𝑉𝑇𝑋𝑉𝑋)−1 quantifying the amount by which it deviates from
the identity (𝑉𝑇𝑉)−1 = 𝐼.
To this end, consider the eigenvalue decomposition 𝑉𝑇𝑋𝑉𝑋 = 𝑄Λ𝑄𝑇 ,
where 𝑄 ∈ ℝ𝑛×𝑛 is an orthonormal basis satisfying 𝑄 = 𝑄𝑇 = 𝑄−1 and
thus 𝑄𝑄𝑇 = 𝑄𝑇𝑄 = 𝐼, and Λ ∈ ℝ𝑛×𝑛 is a diagonal matrix whose entries
are the eigenvalues 𝜆𝑖 = 𝜎2𝑖 (𝑉𝑋) > 0, for 𝑖 ∈ [𝑛].
We have

‖(𝑉𝑇𝑉)−1 − (𝑉𝑇𝑋𝑉𝑋)−1‖2 = ‖𝐼 − (𝑉𝑇𝑋𝑉𝑋)−1‖2
= ‖𝑄𝑄𝑇 − (𝑄Λ𝑄𝑇)−1‖2
= ‖𝑄𝑄𝑇 − 𝑄Λ−1𝑄𝑇‖2
= ‖𝐼 − Λ−1‖2
= max𝑖∈[𝑛] ||||1 − 1𝜆𝑖 |||| = max𝑖∈[𝑛] |||| 1 − 𝜆𝑖𝜆𝑖 ||||

≤ max𝑖∈[𝑛] |||1 − 𝜎2𝑖 (𝑉𝑋)|||min𝑖∈[𝑛] 𝜎2𝑖 (𝑉𝑋) (𝐴4)≤ 𝜂1 − 𝜂 ≤ 2𝜂.
Then, it follows that

max𝑖∈[𝑝] |𝛽𝑂𝐿𝑆𝑖 − 𝑐𝑖,𝑝+1| = ‖𝑉𝑋(𝑉𝑇𝑋𝑉𝑋)−1𝑉𝑇𝑦 − 𝑉𝑋𝑉𝑇𝑦 ‖∞
= ‖𝑉𝑋(𝑉𝑇𝑋𝑉𝑋)−1𝑉𝑇𝑦 − 𝑉𝑋(𝑉𝑇𝑉)−1𝑉𝑇𝑦 ‖∞
≤ ‖𝑉𝑋((𝑉𝑇𝑋𝑉𝑋)−1 − (𝑉𝑇𝑉)−1)𝑉𝑇𝑦 ‖2
≤ ‖𝑉𝑋‖2‖(𝑉𝑇𝑋𝑉𝑋)−1 − (𝑉𝑇𝑉)−1‖2‖𝑉𝑇𝑦 ‖2
≤ 1 ⋅ 2𝜂 ⋅√𝜂 <

3𝜂2 ,
which implies that each CLS𝑐𝑖,𝑝+1 for 𝑖 ∈ [𝑝] equals their corresponding
parameter in the least 𝓁2-norm solution up to a small additive error
bounded in terms of 𝜂. □
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A.2 Additional Figures and Tables

FIGURE A2 The Random Window approach for 𝑋 ∈ ℝ𝑛×𝑝 . For each window, we consider a random submatrix comprising 𝑤 out of 𝑝 variables
and attach the response 𝑦. We then calculate the cross leverage scores for the submatrix. We repeat this 𝑅 times to get a final set cross leverage score to
the sampled variables.

FIGURE A3 Important variables out of two (horizontal dotted line) found on average if we choose the variables with the 𝑞 largest CLS for the
single two-way interactions in the second scenario with 𝑝 = 20 000. At 𝑞 = 575, there is a vertical dotted line. We distinguish between the approaches
by color. On the left side, we plotted the results for the first interaction and on the right side for the second.

13 of 15

 15214036, 2024, 8, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/bim

j.70014 by Sven T
eschke - T

echnische U
niversitaet D

ortm
und , W

iley O
nline L

ibrary on [20/12/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



FIGURE A4 Important variables out of two (horizontal dotted line) found on average if we choose the variables with the 𝑞 largest CLS for the
single two-way interactions in the second scenario with 𝑝 = 200 000. At 𝑞 = 575, there is a vertical dotted line. We distinguish between the approaches
by color. Left: results for the first interaction. Right: results for the second interaction.

FIGURE A5 Important variables out of two (the vertical dotted line) found on average if we choose the variableswith the 𝑞 largest CLS for the single
two-way interactions in the second scenario with 𝑝 = 2 000 000. At 𝑞 = 575, there is a horizontal dotted line. We distinguish between the approaches by
color. On the left side, we plotted the results for the first interaction and on the right side for the second.

FIGURE A6 Kernel density estimates of the absolute CLS of the
important (green) and unimportant (black) variables in the scenario 𝑆1
and 𝑝 = 2000.

FIGURE A7 Number of important variables of two found on aver-
age if we choose the variables with the 𝑞 = 𝑛 log(𝑛) largest CLS for
the single two-way interactions in the second scenario with 𝑝 = 20 000
and 𝑝 = 200 000 for different window sizes 𝑤. Different approaches are
indicated by color.
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TABLE A1 This table shows how many important variables out of
two we find with the different methods in median average in scenario 1
(one two-way interaction) if 𝑞 = 575. “CLS” means to calculate the CLS
for the whole matrix, and RW and SW stand for the Random Window or
SlidingWindowApproach.We consider different values for 𝜀 (0.5, 0.2, 0.1)
in the Sketching approach and the correlation as baseline method. Note
that the case𝑝 = 2 000 000 is only feasible for the approximationmethods,
not for the exact CLS calculations, indicated by 𝖷.
Median Window Sketching 𝜺 =
p CLS RW SW 𝟎.𝟓 𝟎.𝟐 𝟎.𝟏 correlation2 000 2 2 2 2 2 2 220 000 2 2 2 2 2 2 2200 000 1 1 1 1 1 1 12 000 000 𝖷 1 1 1 1 1 1

TABLE A2 This table shows how many important variables out of
two we find with the different methods in median average in scenario
2 (two 2-way interactions) if 𝑞 = 575. “CLS” means to calculate the CLS
for the whole matrix, and RW and SW stand for the Random Window or
SlidingWindowApproach.We consider different values for 𝜀 (0.5, 0.2, 0.1)
in the sketching approach and the correlation as baseline method.
Note that the case 𝑝 = 2, 000, 000 is only feasible for the approximation
methods, not for the exact CLS calculations, indicated by 𝖷.
median Window Sketching 𝜺 =
p CLS RW SW 𝟎.𝟓 𝟎.𝟐 𝟎.𝟏 correlation2 000 4 4 4 4 4 4 420 000 3 3 3 3 3 3 3200 000 1 1 1 1 1 1 12 000 000 𝖷 1 1 1 1 1 1

TABLE A3 Prediction error on HapMap data with and without
variable and random selection beforehand.

Method: Without Random CLS corr

Prediction error: 0% 12.5% 0% 0%
TABLE A4 Prediction error on scenario 𝑆1 with 𝑝 = 500 with and
without variable and random selection beforehand.

method: Without Random CLS corr

Prediction error: 37.5% 47.5% 35.0% 35.0%
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ABSTRACT

Like other diseases, chronic obstructive pulmonary disease (COPD) has a multifactorial aetiology,
meaning that it is caused by both genetic and environmental factors, as well as the interaction
between these factors. In this paper, we use the SALIA cohort study to investigate which factors,
and which interactions of factors, are particularly important for the risk of COPD. Due to millions
of genetic factors, this is a highly dimensional problem. Opposed to genome-wide association
(interaction) studies, which model each factor or interaction individually, we aim to use all information
simultaneously. We propose a two-step procedure: First we use novel cross leverage scores (CLS) to
select a subset of important factors. Second we apply recently proposed logic decision trees (logicDT)
to find the explicit interactions. LogicDT is specifically designed to account for interactions but
is limited in the number of possible input variables. However, using sketching methods for the
calculation of the CLS in the variable selection step allows us to use information from the entire
genome at once including all possible combinations. With this sequence of novel methods we gain
new insights into the development of COPD and thus contribute to the early initiation of measures to
prevent severe disease progression.

Keywords Gene-Gene and Gene-Environment Interaction · COPD · Cross Leverage Scores · logic decision trees

1 Introduction

Chronic obstructive pulmonary disease (COPD) is widespread in the population, has major negative effects on daily
living of affected patients and is one of the leading causes of death worldwide [12], [92]. COPD is caused by both genetic
and environmental factors [103]. Numerous studies have investigated the causes of COPD individually. However, the
interaction of genetic and environmental factors is important in assessing the risk of disease in general [77] and of COPD
in particular [2]. The precise consideration of possible interactions is important, as they otherwise obscure significant
genetic or environmental effects [95]. For genetic factors, we look specifically at single nucleotide polymorphisms
(SNPs), which are variations in individual base pairs in DNA. However, it is very difficult to detect these interaction
effects from a statistical point of view, due to the huge amount of SNPs identified throughout the genome. Typically,
millions of variables p are present, yet the number of observations n is often (just) in the hundreds, which leads to a
n≪ p problem. This issue poses a considerable challenge for Genome Wide Association Studies (GWAS). In GWAS
every single variant is tested against the outcome individually. The incorporation of interactions (GWAIS) is also
possible, however, in such a scenario, these would also have to be included in the model as input variables. Even for
two-way interactions the number of potential combinations is already quadratic

(
p
2

)
= Θ(p2). This problem grows

exponentially in the order of interactions and theoretically sums up to 2p. Besides the fact that standard computers are
incapable of handling this amount of data, most statistical methods also fail due to the large dimensionality. Additionally,
GWAS frequently encounter challenges in identifying minor yet significant effects. This limitation also makes GWAS



inappropriate for searching for interactions. Further, there is still need to optimize approaches for multiple testing
correction while screening the whole genome [111].
Popular tree-based statistical learning methods such as Random Forests [15] which can deal with a huge amount of
data are applicable to different data structures and mainly characterized by a good prediction performance, rather than
by their interpretability. Yet interpretability is crucial in this work in order to detect important associations. Random
Forests can also include interactions in the fitting process. However, when the interacting variables have negligible
marginal effects, Random Forests have difficulties to detect these interaction effects [151]. There are also various
solutions for interaction-focused modifications for Random Forests such as interaction forests [52], but they are again
limited in the number of variables.
Another tree based method developed specifically for analyzing SNP data is logic regression [113]. Logic regression tries
to identify Boolean combinations of binary predictors that explain the variation in the outcome. This method is widely
used for the identification of SNP-SNP interaction effects, cf. [123]. To address that single logic regression models
tend to be unstable, if the signal is weak or if many predictors are actually predictive, bagging can be included [122].
However, similar to Random Forests, these models are no longer easily interpretable. Furthermore, logic regression is
limited in the number of variables and cannot include interactions between binary predictors and quantitative predictors,
yet interactions between binary (genetic) factors and quantitative (environmental) factors are crucial. A methodology
that addresses the aforementioned issues while maintaining interpretability is bagged logic regression trees (bagged
logicDT) [70]. In the following, we will use the just term logicDT instead of bagged logicDT for better readability.
However, since this method is limited in the number of variables it can handle, it requires a preselection of variables.
To address this issue, we have developed a variable selection method that takes interactions into account by providing
an interpretable score for each variable [136]. The so-called Cross Leverage Score (CLS) of a variable indicates how
important a variable is, also in the sense of a possible interaction effect. This method works in arbitrarily large amounts
of data due to a calculation with sketching. Sketching means that we cleverly reduce the dimension of the data matrix
in order to make the CLS calculation possible, while obtaining approximately the same result as for the whole data
matrix with theoretical guarantee. The distinguishing feature of this approach is its capacity to exploit the entirety of a
genomic sequence, including potential interactions, without the necessity of examining every possible combination
separately. In this work we transfer this method to the detection of gene-environment interactions. However, the score
does not indicate which interactions are explicitly present. Therefore, we propose a two-step procedure, where variable
selection with CLS should be followed by a more in-depth analysis with e.g. logicDT.

The aim of this work is twofold. For the first time, we apply this two-step procedure in the context of gene-environment
interaction analysis to gain new insights into the relationship between COPD and genetic and environmental factors.
Second, we evaluate the recently developed methods on a real data set.
If we can identify gene-environment interactions associated with COPD, preventive measures can be taken at an early
stage. Early detection of genetic risk factors and identification of harmful environmental exposures should improve the
course of the disease and, in the best case, reduce mortality. We look at the well characterized SALIA cohort study
(Study on the influence of Air pollution on Lung function, Inflammation and Aging) [120]. Starting in the 1980s, this
study recruited women from the formerly highly polluted Ruhr area and adjacent rural areas.

In section 2, an overview of the data is provided, along with an explanation of the basic vocabulary. This is followed
by a detailed description of the statistical methodology in section 3. In section 4, a descriptive analysis of the SALIA
cohort study is presented, followed by an application of the variable selection based on the Cross Leverage Scores. This
selection is then evaluated through extensive literature research to assess its association with COPD. The subsequent
analysis is performed with logicDT to identify the explicit important factors and their interactions. We conclude with a
discussion of the results in section 5 and summarize the main points as well as provide an outlook (section 6).

2 Background & Data

One of the leading external causes for COPD is smoking [68], [80]. Nevertheless, COPD also is also associated to
other environmental exposures like air pollution or passive smoking [155]. In particular PM2.5 (particular matter(PM))
of diameter less than 2.5µm) exposure increases the risk of COPD, although specific mechanisms still need to be
investigated further [142], [25]. In addition, there are many other clinical or personal factors that are related to COPD
such as the social status [60], the age [89], years of smoking [134] and the body mass index (BMI) [135]. Nevertheless,
the relationship between BMI and COPD is not trivial and necessitates further research [30]. But it also shows that
COPD cannot be explained by external factors alone and that a substantial proportion of the risk of developing COPD is
caused by genetic variations [21].
Single nucleotide polymorphisms are a well known variation of single base pairs in the human DNA and are related to
complex and common diseases [126]. For example, a variation in the C1orf87 gene is associated with COPD among
many other genes [115]. Further, not only individual SNPs, but also interactions between SNPs can be associated with
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diseases, e.g. breast cancer [22] or venous thrombosis [45]. In addition, it is also imperative to consider the interaction
between single SNPs and environmental factors, as this interaction is of great importance [2].

This paper analyzes data from SALIA cohort study [120], which involves the examination of older women residing
in the Ruhr area and adjacent Münsterland. This study is of particular interest, since it pertains on the one hand the
Ruhr area as a region that has historically experienced substantial environmental impact from its coal and steel industry.
And even in the 21st century, the region continues to experience high levels of pollution, a consequence of its dense
population. And on the other hand women from rural areas of Southern Münsterland are included.
In 1985-1994 4874 middle aged women in industrialized and adjacent rural areas in North-Rhine Westphalia, Germany,
were recruited and took part in the baseline examination. After a follow-up questionnaire in 2006 [65] a second
follow-up including clinical examinations was performed in 2007–2010 in a randomly selected subgroup who had a
lung function measurement at baseline [119]. Genetic data, more precisely SNP data of the whole genome, for n = 510
women was gathered, cf. [58]. In total various investigations have been carried out on the women, for a detailed
description of the study design, the questionnaires and the assessment of environmental factors and other confounders,
see [119] or [139].
To investigate the influence of air pollution we consider PM2.5. The PM2.5 levels were estimated by the method of
optimal interpolation at a spatial resolution of 2× 2 km and provided by the German Environment Agency (Umwelt
Bundesamt, UBA) [39]. The daily mean levels were rescaled to a spatial resolution of 1× 1 km and assigned to the
participants’ home addresses. For the current analysis we calculated the annual mean levels of the year 2006 measured
in µg per m3. Further, we consider data on the living area (urban/rural), the smoking status, packyears and if the
participant was exposed to passive smoking at the time of second follow-up. In addition, we include age and BMI as
well as data on the social status. COPD was determined using pre-bronchodilator lung function measurements from
the second follow-up. The quotient of the lung function parameters forced expiratory volume in 1 second (FEV1)
and forced vital capacity (FVC), Tiffeneau index, was used as outcome instead of a binary COPD variable (yes/no).
The Tiffeneau index was z-standardized using the Global Lung Initiative reference values [106]. An overview of the
available data can be found in table 1.
The study was conducted in accordance with the Declaration of Helsinki, and approved by the Medical Ethics Committee
of the University of Bochum (approval number 2732, date of approval: 4 April 2006) and all participants provided
written informal consent.

The following fig. 1 outlines the basic procedure in this analysis, the individual work steps are then discussed in more
detail in the individual chapters. We start with the full data D and screen it for missing values, obvious measurement
errors etc. We then make adjustments to the data for further processing, which we describe in more detail in section 4.
In order to apply methods such as logic regression to the data, a variable selection is carried out using CLS in the
next step. We then perform LD pruning (cf. [110]) on the reduced data and prepare the remaining variables for the
application of logic decision trees. In the last step we identify the set of important factors and their interactions with
variable importance measures obtained from the logicDT model.

3 Statistical Methods

Cross Leverage Scores

This following approach was specifically developed to overcome the challenge of handling the huge amount of data that
occurs in Genetics. The fact that interaction effects are of particular interest complicates the challenge substantially. We
further developed the idea of using cross leverage scores (CLS) for variable selection [96] and made it applicable to
any amount of data where most statistical methods fail due to computational and theoretical reasons or are difficult to
interpret [136]. The CLS indicate for each variable their leverage on the outcome including all possible interaction
effects. Using sketching approaches the CLS can be approximated with small bounded error guarantees so that they
can be applied to arbitrary large data sets. Moreover, also a stream-wise calculation is possible [136]. Since n≪ p
problems are typical in the context of genetics, the aim is to reduce the number of variables p by a variable selection
based on the CLS. In general the CLS are defined as follows. Let

X̃ = [X, y]
T ∈ Rp̃×n (1)

with p̃ = p + 1 and p the number of variables and n the number of observations. X ∈ Rn×p is the data matrix and
y ∈ Rn denotes the outcome. Then the CLS are given by the off-diagonal entries of the hat matrix H of X̃ . The hat
matrix H is given by H = QQT [51] where Q forms an orthonormal basis for the column space of X̃ , which can be
obtained by its QR-decomposition X̃ = QR [43]. Since we are only interested in the CLS cip̃ between the variables
i ∈ {1, . . . , p} and the response y, the CLS are given by the dot products of the respective rows:

cjp̃ = ⟨Qi·, Qp̃·⟩, i ∈ {1, . . . , p}. (2)
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D = {y;SNPs, E, C}
SNP Data, environmental data (E), clinical data (C)

D = {y;SNPs, E, C,PCs}

D′ = {y;SNPs′, E, C,PCs}

final set of important factors

1. Screening for NAs etc
2. Calculate PCs [110]
3. z-standardization of y,E,C

1. CLS calculations [136]
2. Select important SNPs
3. LD Pruning on selected SNP
4. Dichotomize E,C and SNPs

1. logicDT [69]
2. calculate VIMs

Figure 1: This pipeline describes the individual (intermediate) steps of the two-step procedure consisting of variable
selection and subsequent analysis. Beginning with the full data setD consisting of the Single Nucleotide Polymorphisms
(SNPs), Exposure data E and clinical data C, resulting in the final set of important factors and their interactions.
Abbreviations: PCs: Prinicipal Components, LD: Linkage Disequilibrium logicDT: logic decision trees, VIMs: variable
importance measures

The obvious bottleneck is the QR-decomposition with running time Θ(pn2) [43], which is prohibitively slow to
compute for p as large as several millions. The sketching algorithm is based on [32] using a further development of
Clarkson-Woodruff embedding [23] as sketching matrix. This technique allows us to approximate the CLS of arbitrarily
large data within an arbitrary precision parameterized by ϵ > 0. We then select the variables that have the most extreme
CLS. It was recommended to select q = ⌈n · log n⌉ variables in [96] which has been validated in experimental findings
[136].

Logic decision trees

Logic decision trees (logicDT) have been developed for the explicit identification of important factors and response-
associated interactions and can be extended to an ensemble method with bagging [70]. LogicDT is a consistent
tree-based method based on the idea of logic regression [113]. It combines the strengths of other tree based methods
such as Random Forests [15] or logic bagging [122] while maintaining interpretability. Although, logicDT is specifically
tailored to finding interactions between binary predictors, it is able to take continuous covariables into account by
fitting regression models in the decision tree branches. The main idea is to use sets of Boolean conjunctions as
input variables for fitting decision trees and searching for the best performing model. Using bagging, the out-of-bag
observations (oob-observations) can be used for unbiased and stabilized estimation of the generalization error and
variable importance measures (VIMs). By directly including conjunctions as input variables and the integrated variable
importance measures, the important factors and their effects can be obtained directly from the model. The algorithm
for fitting a logicDT model is given in algorithm 1 in addition to further explanations, cf. section D. The code for
this method is available in the R-package logicDT [69]. We can therefore use this method to find interactions in the
gene-environment analysis. For this, we consider the Tiffeneau Index as outcome and the SNPs and environmental
factors as input variables. However, since this method is limited in the number of input variables, we must first perform
a variable selection, for which we use the CLS described above.
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4 Results

4.1 Descriptive Analyses

After cleaning the data according missing values we have in total data on pgen = 7643653 SNPs and penv = 7 clinical
and environmental variables for 503 women. The data is summarized in table 1. Based on self-report, only 3.78% of the

outcome Categories (%) mean, [min,max]

COPD yes (3.78%)
no (96.02%)
unknown (0.20%)

Tiffeneau Index (FEV1/FVC) −0.223 [−4.02, 2.75]
variables

social status low (17.30%)
medium (34.20%)
high (48.51%)

living area rural (49.10%)
urban (50.90%)

age 73.52 [66, 79]

BMI 27.29 [17.07, 45.67]

smoking status no (97.81%)
yes (2.19%)

passive smoking no (61.63%)
yes (38.37%)

ex-smoking no (83.50%)
yes (16.50%)

packyears 3.79 [0, 122.5]

PM2.5, µg/m3 17.33 [14.95, 22.06]

SNPs {0, 1, 2}
Table 1: Overview of available variables. For the categorical variables the categories and respective frequencies are
shown. For the remaining variables the mean, maximum and minimum are shown.
Abbreviations: COPD: chronic obstructive pulmonary disease, FEV1: Forced expiratory volume in 1 second, FVC:
Forced vital capacity, BMI: body mass index, PM2.5: particular matter with diameter smaller than 2.5µm, SNP: single
nucleotide polymorphism.

women have a clinical diagnosis of COPD. Given the imbalanced distribution of cases and non-cases, the target variable
in the subsequent analyses will be the Global Lung Initiative (GLI) z-score of the Tiffeneau-Index (FEV1/FVC) [106]
as an important continuous parameter regarding the diagnosis of COPD. The variable ’status’ measuring the social
status of the participant according to the maximum number of school years attended by her or her husband (low = less,
medium = exact and high = more than 10 years). In addition, the BMI of the women was measured, see fig. 2. The BMI
is defined as the weight in kilograms divided by the square of the height in meters. With BMI, an individual can be
categorized in underweight, normalweight and overweight or obese according to the World Health Organization (WHO).
The median BMI is 26.81 and the majority of the participants were classified as at least overweight according to the
WHO classification criteria (65.41%). Similar frequencies have been found for women over 65 in whole Germany,
as demonstrated by an RKI study conducted between 2014 and 2015, however the percentage in this group was just
58.9% (95%-CI:[56.5%− 61.3%]) [118]. Besides the association of large BMI and COPD, it is postulated that a BMI
below 18.5 is associated with a more severe course of COPD [88]. In order to reflect the environmental influences in
the form of particulate matter, we consider the annual mean level of PM2.5 of the year 2006. The distribution of PM2.5

is right-tailed, therefore the majority is less exposed than the rest, see fig. 3. However the median exposure is very large
and even the minimum exposure (14.95µg/m3) is substantially larger than the air quality guideline level of 10µg/m3

given by the WHO for the year 2005. This level even has been lowered to 5µg/m3 for 2021 due to new evidence of
effects on mortality occurring at concentrations below 10µg/m3 [150].
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4.2 Detecting important variables

First, we’ll apply variable selection with CLS to the full dataset, incorporating SNPs and environmental/clinical variables.
Migration can lead to genetic diversity within homogeneous populations, known as ’substructure’. We can capture
this substructure by calculating principal components of the genotype data and including these as additional variables
[110]. In order to ensure that the influence of continuous variables with evidently larger values is not overestimated in
comparison to the categorical variables, it is recommended that they are standardized [31]. Thus, we z-standardize the
continuous variables, which is common practice in gene-environment analyses, cf. [133].
Given the possibility to access all data at once on a high-performance computer, the sketching approach was used
instead of streamwise calculation. The hyperparameter epsilon determines how much the dimension of the original
analysis is reduced. The smaller ϵ, the smaller the approximation error, but the less we reduce the matrix and thus the
less we reduce the computational time. Here we set ϵ = 0.2. We then select the q = n · log n ≈ 3129 variables with the
absolute largest CLS for further analysis. Before proceeding with the subsequent analysis, we perform pruning of the
selected SNPs with regard to high Linkage Disequilibrium (LD), as correlated variables cause problems with logicDT
[70]. LD pruning is a common practice in genome-wide analyses, see [110].

To evaluate the novel method of variable selection we conduct a literature research to determine if SNPs or the respective
genes were associated with COPD / Tiffeneau index or related diseases before. Thereby, we focus on the genes according
to the 50 SNPs with largest CLS scores, listed in table 4. The objective is not to ascertain the precise correlations
between the SNPs and COPD, but rather to ascertain that the SNPs selected are reasonably plausible and not arbitrary.
Consequently, there is no claim of completeness in the search for associations between the genes and COPD. The
detailed analysis of the associations is shown in the appendix section A. For the majority of the top 50 SNPs, we find
associations of the respective genes with COPD.

4.3 Subsequent Analysis

To identify the explicitly important factors and their interactions, we use logicDT and the reduced data set selected by
CLS. Although logicDT can theoretically consider interactions between binary and continuous variables for the fitting
process, we first have to dichotomize the continuous variables to calculate importance values for their interactions. We
set variables to 0 for values smaller than the mean and 1 for larger than the mean. We divided the BMI into three classes:
overweight, normalweight and underweight. Then, the ordinal variables and the SNPs have to be converted into binary
dummy variables using the R-package logicFS [124]. For example for an arbitrary SNP Si ∈ {0, 1, 2} we obtain

S = 0→ S1 = 0 ∧ S2 = 0

S = 1→ S1 = 1 ∧ S2 = 0

S = 2→ S1 = 1 ∧ S2 = 1

In the following, however, we are solely interested in whether a variable has been identified as important or is involved
in an important interaction, rather than the specific expression.
Since we are specifically interested in the interactions of SNPs and environmental variables (in a wider sense: also
comprising social status, exposure to tobacco smoke etc.), we first consider separately those variable combinations
in which at least one environmental variable is involved, this also includes main effects (table 2). It should be noted
that the importance of an individual variable also contains the importance of the interactions in which this variable is
involved. Therefore, no statement can be made about the order if variable A has a higher importance value than, for
example, the combination B ∧ C. If we are interested in the ranking of importance, we therefore have to considered the
variables separately for each order of interaction [70].

The three important environmental variables are the smoking status, packyears and PM2.5. The smoking status has the
largest variable importance score among the environmental variables, but also second largest score of all variables (see
table 3), followed by packyears. This is plausible due to numerous studies that have shown a relationship between COPD
and smoking, cf. [80]. Also, PM2.5 has been reported to be a very important risk factor for COPD, e.g. [142],[25].

For the two-way interactions we obtain the following top combinations according to their variable importance score. In
appendix section A, we have already described the connection between the EDEM1 gene and COPD [42]. In another
context, investigating the pathophysiological effects of particulate matter pollution on the development of metabolic
disorders such as type II diabetes, up-regulation of EDEM1 in PM2.5 exposed mice and PM2.5 induced stress in the
endoplasmic reticulum were demonstrated [86]. An interaction of PM2.5 and EDEM1 in other disease pathways is
therefore conceivable.
For variations in or next to TMEM174 we didn’t find any direct association to COPD. However, the area next to that
gene was identified as top significant restored differentially methylated region associated with wheeze in smokers [128].

6



factors respective gene literature source
smoking status [80]
packyears [80]
PM2.5 [142], [25]
rs1836577 ∧ PM2.5 EDEM1 ∧ PM2.5 [42], [86]
packyears ∧ rs4560527 packyears ∧ TMEM174
social status ∧ rs1335625 social status ∧ NRG3 [74], [75]
packyears ∧ rs16850204 packyears ∧ SYT2 [13], [66], [85]
smoking ∧ rs3892395 smoking ∧ CPNE4 [29]
packyears ∧ rs736020 packyears ∧ DHRS9 [7]
packyears ∧ rs10446705 packyears ∧ PDHA2 [20]
smoking ∧ rs2211907 smoking ∧ TMPRSS15 [94]
rs7478081 ∧ social status ∧ rs1335625 MPP7 ∧ social status ∧ NRG3 [59], [75], [74]
packyears ∧ rs4752656 ∧ rs7074695 packyears ∧ TACC2 ∧ PLXDC2 [81], [130]
(packyears ∧ rs16850204) ∧ rs6909929 (packyears ∧ SYT2) ∧ DTNBP1 [137], [13], [66]
rs13253753 ∧ status ∧ rs1335625) NSMAF ∧ social status ∧ NRG3 [131], [75], [74]
PM2.5 ∧ rs1388261 ∧ rs3917932 PM2.5 ∧ LINC00923 ∧ CSF3R [19], [62], [105]
smoking ∧ rs10036629 ∧ rs3892395 smoking ∧ HEXB ∧ CPNE4 [156] [29]
packyears ∧ rs16850204 ∧ rs56814306 packyears ∧ SYT2 ∧ AMZ1 [115], [13], [66], [85]
smoking ∧ rs34159233 ∧ rs2467458 smoking ∧ PEBP4 ∧ ETNK1 [24]
packyears ∧ rs4853546 ∧ rs7074695 packyears ∧ STAT4 ∧ PLXDC2 [27], [130]
smoking ∧ rs3892395 ∧ rs56038426 smoking ∧ CPNE4 ∧ CTLA4 [55],[29]
(rs1455767 ∧ rs736020) ∧ packyears (MCTP2 ∧ DHRS9) ∧ packyears [7]
smoking ∧ rs12895105 ∧ rs4853546 smoking ∧ EGLN3 ∧ STAT4 [38],[27]
smoking ∧ rs7074695 ∧ rs944254 smoking ∧ PLXDC2 ∧ CDH4 [130]

Table 2: The most important gene-environment interactions as well as the most important environmental factors
identified by variable importance measures in a logicDT model. Although ∧ is usually used for conjunction of Boolean
expressions, in this context we use it to denote any interaction between variables or genes.

Next, NRG3 is related to the susceptibility towards schizophrenia, but it also may be closely associated with cognitive
deficit, especially attention performance in chronic schizophrenia [74]. It could therefore also have an effect on the
school education which is used to measure the social status variable in the SALIA study. Further NRG3 was shown to
be associated with Tiffeneau index [75].
The expression of SYT2 protein encoded by SYT2 is related to Nicotine-derived nitrosamine ketone and tobacco-specific
nitrosamines derived from smoking [13]. Further, recent research has shown that SYT2 protein can be used to combat
mucus hypersecretion, which is a major cause of airway obstruction in the pathophysiology of COPD [66]. Latter gives
hope for a drug which targets SYT2 as an effective therapy for COPD, as the MD Anderson Cancer Center announced
2022 in a press release [85]. It is therefore very plausible that an interaction between a locus that influences SYT2
expression together with a smoking variable is related to COPD.
In a study on chronic mucus hypersecretion, a variation close to the CPNE4 gene was identified in heavy smoking
males [29], which makes the detected interaction with smoking reasonable.
In the study showing the already described association between COPD and DHRS9 (see appendix section A), only
patients diagnosed with COPD and with more than 10 packyears of smoking were enrolled, cf. [7]. This suggests an
actual interaction of packyears and change in the DHRS9 gene.
Further, PDHA2 expression was down-regulated by cigarette smoke exposure, however just in a study on male infertility
in smoking persons [20].
Lastly, TMPRSS15 was found as important gene for prediction of inhaled corticosteroids response in patients with
asthma [94]. Because inhaled corticosteroids are also used in the treatment of COPD, the interaction with smoking
might be interesting.

For the most important three-way interactions, the following findings can be derived from the literature. Some of these
overlap with the two-way interactions in that a third variable is added to the interaction. The relationship between
NRG3 and social status in relation to COPD has already been described in the previous section. In addition, the factors
appear to be related to the MPP7 gene, which has already been associated with asthma [59]. Similar has been observed
for the interaction of NRG3 and social status. The third factor, NSMAF, is part of the biochemical pathway of the
interaction of the endothelial nitric oxide synthase and angiotensin converting enzyme genes and cigarette smoking
in COPD [131]. With logicDT we identify an interaction of the variable packyears with SNPs on the genes TACC2
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and PLXDC2. An association between TACC2 and smoking-induced COPD has already been shown above, cf. [81].
Further, there is an association between PLXDC2 and pulmonary hypertension [130] which is a common complication
of COPD [17]. Packyears and PLXDC2 are also part of a threefold interaction with STAT4. And a STAT4 activation in
smokers and patients with chronic obstructive pulmonary disease has been reported [27]. Another important threefold
interaction where STAT4 and smoking participate is with EGLN3. Studies have shown that variation in the EGLN3 gene
increased the risk for COPD. and in a study within Chinese participants, it was also shown that this risk for COPD is
significantly increased when adjusting for smoking status [38]. Next, in addition to the already described interaction
of smoking (in terms of packyears) and SYT2, an interaction of these two factors with DTNBP1 is also plausible, as
DTNBP1 was identified as a candidate gene underlying the causal link between cigarette smoke exposure and the
observed increased risk for interstitial lung abnormalities and idiopathic pulmonary fibrosis [137]. The same holds
for AMZ1 which has been shown to be an associated locus for COPD and lung function [115] and may interact with
packyears and SYT2. The next identified interaction is (PM2.5 ∧ LINC00923 ∧ CSF3R). CSF3R on the one hand was
found to be significantly up-regulated in transcriptome-wide analyses of the effects of ambient PM2.5 [19] and on the
other hand differentially regulated in the blood of COPD patients [62]. To what extent gene LINC00923 is related to
particular matter and CSF3R in the context of COPD requires further analysis. At least both genes were listed as two
of several downregulated genes in the context of type 1 diabetes [105], so that an interaction also in COPD may be
possible. For the interaction (smoking ∧ HEXB ∧ CPNE4) the according protein to HEXB was found to be decreased
in female COPD patients compared to female smokers [156] and the possible relation of smoking and CPNE4 was
shown above. The next three-way interaction involves ETNK1 whose association to COPD (cf. section A) was shown
in a cohort comprised of current and former smokers [24]. An interaction with smoking is therefore not surprising.
The biological role of PEBP4, which is also involved in that interaction, is unclear. For all factors of the combination
(smoking ∧ CPNE4 ∧ CTLA4) we showed associations to COPD as well as for the association between CPNE4 and
smoking. Moreover, for CLTA4 there also exists a significant interaction with exposure to tobacco smoke in the context
of activated tumor-resident regulatory T cells in non-small cell lung cancer [55]. We have already shown for DHRS9
both the direct association with COPD and the association in interaction with packyears with COPD. But the role of
MCTP2 in that interaction is unclear. Last but not least, for the combination of smoking and PLXDC2 with CDH4 we
already explained the relation of the first two, but did not find a common relation to CDH4 yet.

Next we consider the important gene-gene interactions according their VIMs from the logicDT model. As aforetime,
the VIMs are considered separately according to the number of variables involved in the interaction (table 3).

The SNP with the largest VIM is located on the DYTN gene. DYTN is associated with Chronic Hypersensitivity
Pneumonitis [40]. The smoking status is the second most important variable across all variables. The relation of
smoking and COPD has already been described several times in the work, cf. [80]. Next, PPM1A encodes the PPM1A
protein whose activation seems promising as a therapeutic strategy for pulmonary fibrosis [164]. The next gene
DNAJC15 encodes the MCJ protein whose levels rise in human lungs affected by COPD [117]. For RGS7, TRPS1 as
well as PDHA2 we did not find a direct relation to COPD. However PDHA2 is related to smoking [20]. In research on
the molecular interactions between SARS-CoV-2 and lung cells in patients with COPD, the gene FAM98A showed
to be differentially expressed in patients with COPD compared with non-smoking control subjects [1]. CACNA2D1
was reported as candidate biomarker when comparing frequent exacerbation to infrequent exacerbation COPD patients
[153] and TMEM151A is a biomarker for asthma [18].

The two-way interaction of SNPs from the loci SORCS2 ∧ DYTN have the second largest variable importance across
all two fold interactions. While we described the possible association of DYTN above, it is reported that SORCS2 is
interacting with MMP-12 [35], which in turn is associated to the development of COPD in smokers [26]. DYTN is
involved in four of the five most important two-way interactions. This explains why the main effect also has a large
VIM. For the interacting features of DYTN: CRACDL, LHX2 as well as TRPS1 we did not find a relation to COPD.
The first interaction without that gene is (KIF26B ∧ TMEM151A). The number of mutations in theKIF26B gene was
increased in COPD patients with myocardial infarction [37]. The interacting gene TMEM151A is not just a biomarker
for asthma, but was also highly expressed in brain tissues in studies among metabolic syndrome, which represents a
collection of cardiovascular risk factors associated with e.g. myocardial infarction [76]. This could be the possible
biological relationship between these two genes. A direct link to COPD can be established for both genes involved
in the interaction of (TRPV4 ∧ EPAH5), cf. [109] and [159]. Analyzing the RNA-binding protein AU-rich-element
factor-1, SETX was identified as one of the target genes that is differentially expressed in COPD patients compared
to smoking controls [116]. But for the interacting TRAM2 we again could not find an association to COPD in the
literature. It was reported that RAB28 may regulate NRF2 proteolysis. The transcription factor NRF2 is a critical player
in the battle against oxidative stress, mostly caused by smoking, which is major driving force of COPD [121]. This
gene interacts with the above described DNAJC15. SNPs in the GABRB2 have so far mainly been associated with
schizophrenia [158] as well as neurological disorders like epilepsy [84]. Also GNA14 is associated with epilepsy [5]. It
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factors respective gene literature source
rs16838595 DYTN [40]
raucher − [80]
rs3014557 RGS7†

rs7154604 PPM1A† [164]
rs35272958 DNAJC15† [117]
rs1180626 TRPS1
rs10446705 PDHA2†

rs112455680 FAM98A† [1]
rs4335074 CACNA2D1† [153]
rs4930351 TMEM151A† [18]
rs2048949 ∧ rs16838595 CRACDL ∧ DYTN [40]
rs4689067 ∧ rs16838595 SORCS2 ∧ DYTN [35], [26], [40]
rs16838595 ∧ rs7049157 DYTN ∧ LHX2 [40]
rs1093959 ∧ rs4930351 KIF26B ∧ TMEM151A [37], [18], [76]
rs16838595 ∧ rs1180626 DYTN ∧ TRPS1 [40]
rs2338568 ∧ rs13109328 TRPV4 ∧ EPHA5 [109] [159]
rs3014557 ∧ rs35272958 RGS7 ∧ DNAJC15 [117]
rs4962060 ∧ rs761441 SETX ∧ TRAM2 [116]
rs2673423 ∧ rs35272958 RAB28 ∧ DNAJC15 [121], [117]
rs7019154 ∧ rs1899928 GNA14 ∧ GABRB2 [5],[158]
rs16838595 ∧ rs2131464 ∧ rs773832 DYTN ∧ RP11-180C1.1 ∧ FAM98A [40], [1]
(rs2479047 ∧ rs4762523) ∧ rs16838595 (TCF7L2 ∧ ANKS1B) ∧ DYTN [46], [157], [34]
rs247527 ∧ rs7019154 ∧ rs1899928 STARD4 ∧ GNA14 ∧ GABRB2 [104], [5], [158]
(rs6470471 ∧ rs9401874) ∧ rs7154604 (FAM84B ∧ CENPW) ∧ PPM1A [154], [129], [164]
rs12480562 ∧ rs3014557 ∧ rs35272958 PTPRT ∧ RGS7 ∧ DNAJC15) [28], [112], [117]
(rs12117683 ∧ rs12132738) ∧ rs16838595 (H3F3A ∧ GBP5) ∧ DYTN [9], [127], [40]
rs35272958 ∧ rs2673423 ∧ rs952503 DNAJC15 ∧ RAB28 ∧ PCSK5 [117], [121], [61]
rs1180626 ∧ rs2496322 ∧ rs8051080 TRPS1 ∧ EFHD2 ∧ RBFOX1 [41], [67]
(rs2515793 ∧ rs7478081) ∧ rs7153483 (TMPRSS13 ∧MPP7) ∧ SPTLC2 [11], [59], [63]
(rs17381675 ∧ rs7049157) ∧ rs16838595 (MN1 ∧ LHX2) ∧ DYTN [4], [40]

Table 3: The most important gene-gene interactions as well as the most important main effects identified by variable
importance measures in a logicDT model. Although ∧ is usually used for conjunction of Boolean expressions, in this
context we use it to denote any interaction between variables or genes.

is unclear to what extent the two genes, or variations in these genes, interact biologically. It is also unclear how they
affect COPD.

For the first three-way interaction (DYTN ∧ RP11-180C1.1 ∧ FAM98A) we have already shown the association of
DYTN and FAM98A with COPD, but we could not find anything comparable for RP11-180C1.1 in the literature. The as
transcription factor acting protein TCF4 encoded by TCF7L2 is associated with COPD and showed to be correlated
with packyears in a study of smokers with or without COPD [46]. And ANKS1B is related to asthma [157] and
smoking-related clear cell renal cell carcinoma [34]. So the respective association with the smoking could be the reason
for the interaction. The tree-fold interaction is completed by DYTN, which we explained in relation to COPD above.
In addition to the two-way interaction of (GNA14 ∧ GABRB2) described above, there also seems to be a three-way
interaction with STARD4. Like the other two, STARD4 is also being linked to epilepsy [104]. FAM84B is related to
asthma [154] and CENPW implicated by protein quantitative trait loci signal to be associated with forced vital capacity
(FVC) [129]. The interaction of these two genes interacts with PPM1A, for which we showed above a link to pulmonary
fibrosis. The next three fold interaction is (PTPRT∧RGS7∧DNAJC15). PTPRT is related to COPD [28], [112] as well
as that is the case for DNAJC15. As for the twofold interaction with DNAJC15 above we did not find any relation to
COPD for RGS7. An increase in H3F3A mRNA patients with advanced COPD compared to a control group composed
of ex-smokers who had normal lung function is reported [9]. In appendix section A we show the potential contribution
of GBP5 to COPD [127]. So for all genes of (H3F3A ∧ GBP5) ∧ DYTN there is somehow an association to COPD.
The interaction (DNAJC15 ∧ RAB28) is described above, however they also interact together with PCSK5. For PCSK5
a significant correlation with FEV1 changes after long-acting β-2 agonist treatment was found in patients with stable
COPD [61]. The next three-way interaction is (TRPS1 ∧ EFHD2 ∧ RBFOX1). EFHD2 encodes the EFHD2 protein
which was found as one of 90 markers for the study of the molecular pathogenesis of COPD combined with type II
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respiratory failure [41], for RBFOX1 see appendix section A. For TRPS1 we could not find a published association. For
((TMPRSS13 ∧MPP7) ∧ SPTLC2) we found that TMPRSS13 is associated with SARS-CoV-2 [11], MPP7 associated
with asthma and SPTLC2 with chronic inflammatory lung diseases like COPD [63]. DYTN is also included in the last
interaction, again in conjunction with LHX2. The third gene in this combination, MN1, is associated with COPD [4].

5 Discussion

The aim of this study was to apply a newly designed analysis pipeline for variable selection and subsequent modelling
of genetic and environmental factors and their interactions in the context of COPD. The genetic data consisted of very
high dimensional genome-wide SNP data.
In the initial step, we performed a variable selection using cross leverage scores. Employing a sketching method
facilitated the incorporation of all available variables into the selection step simultaneously. We selected the variables
with the largest absolute CLS. Then, in an intermediate step, we applied LD pruning to these variables to avoid problems
with multicollinearity for the subsequent analysis. This process yielded a total of 514 variables. For the top 50 of these,
an extensive literature search was conducted to investigate whether the genes in which the SNPs are located have been
associated with COPD in the past. For the majority of these genes, an association with COPD, COPD phenotypes, or
at least similar lung diseases was identified. This finding serves to substantiate the efficacy of the recently developed
method of variable selection with CLS [136], affirming its ability to fulfill its intended function.
For the subsequent analysis we applied the logicDT model, where we included all environmental and clinical data
regardless of whether they were selected in the variable selection or not. For the fitting process logicDT is able to
include interactions between binary and continuous features. But since we are interested in calculating VIMs, we had to
dichotomize the clinical and environmental variables. Although this means that information is being lost, we believe
the dichotomized variables are sufficient as this is screening approach to identify possible biomarkers and interactions
between biomarkers.
For both the most important gene-environment and the most important gene-gene interactions, as well as main effects,
we then again conducted a literature search to explain possible relationships. For most interactions, studies and results
can be found from which relationships can be derived. In some cases these are clear from direct associations with
COPD. In other cases the factors occur together with regard to different diseases. However, it is important to note
that these are statistical associations and even though the literature search seems to provide a proof of concept for the
applied analysis pipeline, biological and mechanistic insights into the relationships with COPD are still lacking for the
possible biomarkers. In order to obtain a biological proof, experiments and pathway analyses have to be carried out.
Our results provide a basis for focusing on specific genes and environmental variables. Many of the literature sources
are from this year or last year. Therefore, it is quite possible that the candidate interactions include genes or SNPs that
have been little studied and may provide new insights.
It is also pleasing to note that with the consistent logicDT method, the most important variables also include those that
were among the top variables in terms of their CLS. This confirms that our newly developed selection method also
works in practice.
In the variable selection step we use sketching for the calculation of CLS. As mentioned above, the approximation to
the CLS can be improved by adjusting the hyperparameters or the calculations can be simplified. In addition, there are
other methods to approximate the CLS or compute it streamwise. We have developed two window-wise approaches.
The sliding window approach and the random window approach. For more details, see [136].
The main focus of this work was the identification of candidate biomarkers and the evaluation of the methodology based
on literature review. However, we can also perform prediction calculations on the reduced data. Again, logicDT is well
suited for this, but other methods such as Block forests [53], Interaction forests [52] or any other method are possible.
Furthermore, we have seen that the calculation of risk scores based on the variables selected by the CLS is also a useful
tool for estimating the risk of diseases.

6 Conclusion & Outlook

We have transferred the novel variable selection technique based on Cross Leverage Scores and sketching to a genome-
wide dataset from the SALIA cohort study. Using the CLS allows us to use the information from the entire genome
at once. Further, the CLS also exploit possible interaction effects of variables that have only small main effects. An
extensive literature search shows that this selection is indeed a reasonable one, as published associations with COPD
can be found for most genes. We obtain a reduced dataset on which novel as well as state of the art statistical methods
can be subsequently applied. In the subsequent analysis, we apply the logicDT model to the reduced data and are
able to identify the truly important main and interaction effects by using variable importance measures. Again, a
literature review shows that the effects found are plausible. However, the obtained list of statistical important genetic
and environmental candidate factors should be validated by biological experiments e.g. pathway analysis in a next step.
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Our results can therefore be taken as an indication to take a closer look at these genes in further biological experiments
and risk analysis. All in all we introduced a new two-step procedure, including recently developed methods, which is
applicable to arbitrary large data as well as data from other fields. Concurrently, this method does not pose a significant
challenge to conventional computers.
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Appendix A Plausibility check of variable selection

After LD pruning of the selected SNPs the SNP with the largest absolute CLS score, thus the largest importance, is
rs736020. This SNP is located next to the protein coding gene DHRS9. The eponymous protein encoded by this gene
can be used as phenotype-specific proteomic signature in patients with COPD emphysematous phenotype [7].
Below we discuss the associations with COPD or similar lung outcomes found in the literature for the top 50 selected
SNPs and the related genes. For better readability, only the genes that contain or lie close to the selected SNPs are
mentioned. See table 4 for the corresponding SNPs. The mapping of SNPs and genes is achieved through the utilization
of diverse platforms [132], [99] and [57].
The HEXB protein encoded by the HEXB gene is reported as a key protein that is decreased in female COPD
patients compared to female smokers [156]. Moreover, the HEXB gene has been linked to hypercapnia, a condition
that increases the risk of developing COPD [100]. Within the next important gene, COG2, a significant exon was
identified corresponding to emphysema, an important COPD phenotype [79]. One treatment method for COPD
patients with chronic hypercapnic respiratory failure is long-term non-invasive ventilation [16]. However, this type
of ventilation leads to ventilator-induced lung injury, which is a significant problem in COPD patients [56]. Recent
studies have suggested a possible link between DRD1, encoded by the DRD1 gene, and ventilator-induced lung injury.
Specifically, the findings indicate a negative correlation between pulmonary DRD1 expression levels and the duration
of mechanical ventilation[144]. Another association with COPD can be derived from the microRNA miR-223. miR-223
has been identified as one of the most impacted in subjects with COPD compared to smokers without obstruction [36].
Furthermore, studies have demonstrated that miR-223 directly targets PKNOX1, thereby inhibiting its expression [44].
Consequently, a plausible mechanism underlying the development of COPD involves a genetic variation in the PKNOX1
gene. One study showed that a variation in RYR3 can affect ryanodine receptor function, which regulates calcium
balance in smooth muscle cells of the airways and it can lead to impaired regulation and increased bronchoconstriction,
potentially causing respiratory diseases such as asthma or COPD [33]. The next gene, GBP5, is a target gene of the
AZGP1 protein, which regulates alternative splicing events in COPD, so GBP5 may play a role in contributing to COPD
[127]. Then, ETS1 encodes the protein of the same name, which is part of a highly interconnected protein network
forming the COPD proteome [8]. The chromobox protein CBX4, encoded by CBX4, has been reported to be upregulated
in lung adenocarcinoma, which shares similar molecular mechanisms in the pathogenesis of COPD [161]. In addition,
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the inhibition of ZEB2 transcription involves CBX4 [163] and a Bayes factor colocalization analysis, restricted to
loci meeting genomewide significant criteria, found support for shared variants at ZEB2 loci for spirometry-defined
COPD and heavy smoking [10]. Furthermore, mutations in EPHA5 were reported in patients (of European descent)
with non-small cell lung cancer coexisting COPD compared to patients without COPD [159]. In addition, there is
an association auf EPHA5 and asthma [162]. Next, KIFC3 was identified as a gene downregulated in both COPD
and idiopathic pulmonary fibrosis patients compared to controls [108] and COL21A1 in COPD and atrial fibrillation
[152]. The SNP rs7738312 is located next to the SLC22A23 gene and another variant in this gene has been shown
to be associated with bronchodilator responsiveness in COPD [47]. Similarly, a variant in the RBFOX1 gene was
found to be associated with weight loss in non-Hispanic white COPD participants in the COPDGene study [67]. In
addition, RBFOX1 is one of two genes for which SNPs were found to be genome-wide significantly associated with
both COVID-19 and Alzheimer’s disease [67], [83]. PAPLN was detected to be down-regulated expression in patients
with acute exacerbation of COPD compared to healthy control participants [72]. Next it is reported that the inhibition
of the JAK2/STAT3 pathway has been shown to alleviate COPD [73]. So, a variation in the JAK2 gene may be a
risk factor for COPD or influence its progression. In a GWAS of subclinical interstitial lung disease, defined as high
attenuation areas on CT, variants in UBE2U showed significant [82]. The matrisome protein corresponding to EFEMP1
shows an altered abundance in COPD scaffolds compared to normal scaffolds. Since EFEMP1 is known to weakly
bind tropoelastin and is directly involved in the regulation of elastic fiber integrity, its increased abundance may be
a result of dysregulated elastic fiber homeostasis in COPD lungs [48]. Additionally, BLOC1S4 encoded protein is a
subunit of BLOC-1, where mutations may be a risk for pulmonary fibrosis [54]. Other genes, according to the top 50
SNPs, which are some how directly associated with COPD are CTLA4 [149], ETNK1 [24], PPARGC1A [71], GLT1D1
[90], EDEM1 [42], TRPV4 [109], HAPLN1 [101], OLFM3 [78] and ARHGAP28 [114]. Genes associated with the
Tiffeneau Index (FEV1/FVC), which we use as parameter for COPD, are MX1 [50] and RARB [3]. Other genes are
associated with the pathophysiological mechanisms of COPD, such as TRAT1 [141] and KLF10 [64] or pulmonary
function like FEV1: COBL [91], TAFA5 [143] and ARHGAP31 [140]. A number of genes have not yet been directly
linked to COPD, but there is an association with asthma (ADAM12 [93], POLR1C [160], FRMD6 [138], and FAM84B
[154]) or Pulmonary arterial hypertension (SIK1 [125]). So far we have not found any associations for the remaining
genes (PEX2, CAPN15, CHD6, TMEM171, HCN4, RIN2, C14orf180, BLID and TRPS1) but this does not mean that
they do not exist. Conducting such an analysis for the remaining selected SNPs would exceed the scope of the present
work, due to the fact that the primary objective of this section is just to validate the selection based on the CLS. In
the main part of this study, we will apply logicDT to all selected variables, including the environmental and clinical
variables. For the important variables found there that do not overlap with those described in this section, we then
perform another literature search.
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Appendix B Figures & Tables
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Figure 2: Boxplot of the variable body mass index (BMI) across 503 women in the SALIA cohort study
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SNP CLS (nearest) protein coding gene Literature source
rs736020 −2.039× 10−7 DHRS9† [7]
rs10036629 1.993× 10−7 HEXB† [156],[100]
rs1752178 1.970× 10−7 COG2† [79]
rs11750933 −1.928× 10−7 DRD1† [144]
rs9637290 1.918× 10−7 PKNOX1 [36], [44]
rs729411 1.884× 10−7 ARHGAP31 [140]
rs4236857 1.866× 10−7 PEX2†

rs7182398 −1.864× 10−7 RYR3 [33]
rs12132738 −1.851× 10−7 GBP5† [127]
rs462903 −1.827× 10−7 MX1 [50]
rs7110282 −1.818× 10−7 ETS1† [8]
rs894862 1.818× 10−7 CBX4† [161], [163], [10]
rs1674907 −1.812× 10−7 ADAM12 [93]
rs56038426 1.789× 10−7 CTLA4† [149]
rs6550930 1.784× 10−7 RARB [3]
rs2467458 1.770× 10−7 ETNK1† [24]
rs34161784 −1.765× 10−7 TRAT1 [141]
rs13236400 1.761× 10−7 COBL† [91]
rs1858113 1.759× 10−7 PPARGC1A† [71]
rs2066432 1.746× 10−7 POLR1C [160]
rs60924083 1.742× 10−7 GLT1D1 [90]
rs13109328 −1.742× 10−7 EPHA5 [162], [159]
rs2436863 −1.736× 10−7 KLF10† [64]
rs2967169 1.733× 10−7 KIFC3 [108]
rs6470471 1.731× 10−7 FAM84B† [154]
rs1836577 −1.72× 10−7 EDEM1† [42]
rs8050046 1.723× 10−7 CAPN15, MIR3176+

rs6065392 −1.722× 10−7 CHD6†

rs682798 1.720× 10−7 TMEM171, LOC124901001
rs4776632 1.718× 10−7 HCN4
rs133663 −1.715× 10−7 TAFA5 [143]
rs2841001 −1.709× 10−7 COL21A1† [152]
rs2424251 −1.706× 10−7 RIN2
rs7738312 1.706× 10−7 SLC22A23† [47]
rs3923816 −1.704× 10−7 FRMD6† [138]
rs9671900 −1.702× 10−7 C14orf180†

rs177391 1.700× 10−7 PAPLN [72]
rs13288137 −1.699× 10−7 JAK2† [73]
rs7520865 1.694× 10−7 UBE2U† [82]
rs2338568 1.689× 10−7 TRPV4 [109]
rs1237355 −1.683× 10−7 BLID
rs6452548 −1.679× 10−7 HAPLN1 [101]
rs4786833 −1.675× 10−7 RBFOX1 [67], [83]
rs17488808 1.673× 10−7 OLFM3 [78]
rs4560527 −1.672× 10−7 TMEM174†

rs3791676 −1.672× 10−7 EFEMP1 [48]
rs4818726 1.671× 10−7 SIK1† [125]
rs12954151 1.670× 10−7 ARHGAP28 [114]
rs7681156 −1.700× 10−7 BLOC1S4 [54]
rs1180626 1.666× 10−7 TRPS1

Table 4: The 50 SNPs (single nucleotide polymorphisms) with the largest Cross Leverage Scores (CLS) and the
respective protein coding genes where the SNPs are located. + characterizes RNA genes and † when the SNP is not in
but next to the gene.
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Appendix C Software

All calculations are carried out in the R 4.3.2 software [107]. Different R packages were used for the different steps of
the analysis. We use packages terra [49], ncdf4 [102], sf [98], [97] and haven [148] for the preprocessing of the
data. Packages stringr [146] and SNPRelate [165] were used for LD pruning. The Code we need for the variable
selection is required at Github1 and for the subsequent analysis with logicDT we need logicFS [124] and logicDT
[69]. Other packages used are ggplot2 [145] for graphics and dplyr [147] and magrittr [6] for certain coding
passages.

Appendix D Theory

LogicDT

Let X = (X1, . . . , Xp) ∈ Rp the vector of input variables and Y the random outcome variable. A training data set D
is defined as D = {(x1, y1), . . . , (xn, yn)} with independent and identically distributed observations from the joint
probability distribution of (X,Y ). terms are the possible single input variables and their interactions and a set of
terms is called state. Then, the terms of a state s are exclusively used as input variables for building a decision tree by
transforming the training data set D into a tree training data set Ds consisting exclusively of the terms of state s as
well as the outcome. To find the ideal state s a global search with simulated annealing over all appropriate state is
performed. The procedure is to evaluate the tree for a state s with a Score function, construct a slightly modified state
s′ called neighbor and fit a new tree based on s′ which is then also evaluated with the Score function. If this new score
Scorenew for the modified state s′ is smaller than the current smallest score Scoremin, the current state is updated with a
predefined acceptance probability. This while loop is carried out until a stopping criteria becomes true or the optimal
states is obtained. The initial state can consist of a single input variable that minimizes the score function, a random
input variable, or it can be empty. For details according hyperparameter tuning to control the complexity of logicDT
models see [70].
To cover interactions between binary predictors and a quantitative covariable, regression models are fitted in the leaves
resulting from splits using only the binary terms. In this case, a likelihood-ratio test is used as split criterion for fitting
the tree. It is tested if a further splitting of the node due to a binary variable Xs does not lead to different prediction
models in the current tree branch.

It is also possible to consider logicDT in a ensembles model using bagging [14], called bagged logicDT. Since the
combination of bagging and simulated annealing in the respective models is very computationally intensive, it is
recommended to use a greedy search, where the best modified state is chosen deterministically. The respective algorithm
given in the following, see algorithm 1.
The out-of-bag observations (oob-observations) can be used for unbiased and stabilized estimation of the generalization
error and variable importance measures (VIMs). The VIMs typically result from the difference between the prediction
error of the full model and the model without the input variable of interest. Various versions of the VIM can be
considered. The permutation VIM [15], the removal VIM [87] and Logic VIM [70] for binary predictors. To measure
the importance of interactions the Interaction VIM is proposed which uses a joint VIM and can be combined with the
three mentioned VIM procedures [70]. To measure the importance of specific conjunctions which are identified by
logicDT, each possible conjunction of the identified interaction is considered and the conjunction that leads to the most
severe deviation in the outcome is selected. For more details refer to [70].

1https://github.com/SvenTeschke/special_issue_CEN
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Algorithm 1 logicDT fitting
1: function LOGICDT(D (Training data))
2: s← Initialize state/set of terms
3: Ds ← Apply s to D
4: T ← FITDECISIONTREE(Ds), see Algorithm 1 in [70]
5: Scoremin ← Score(T )
6: while Global search is not finished do
7: s′ ←Modify current state s
8: Ds′ ← Apply s′ to D
9: T ′ ← FITDECISIONTREE(Ds′ )

10: Scorenew ← Score(T ′)
11: if State s′ is accepted based on Scoremin and Scorenew then
12: s← s′

13: T ← T ′

14: Scoremin ← Scorenew
15: end if
16: end while
17: return (s, T )
18: end function
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Abstract (148/150 words) 

 

INTRODUCTION 

Advances in omics technologies, such as epigenomics and metabolomics, provide 
novel insights into the biological mechanisms underlying Alzheimer's disease (AD). 
However, little is known how different omics layers interact and jointly relate to AD 
neuropathology. 

METHODS 

We performed a comprehensive single- and multi-omics analysis integrating genome-
wide DNA methylation and high-resolution metabolomics data from 157 frontal cortex 
samples. We developed novel single and multi-omics profile scores (PS) for AD 
pathology, using a combination of machine learning, regression, and pathway 
analysis. 

RESULTS 

The best multi-omics PS showed an R2 of 0.15 for the ABC score (Amyloid, Braak, 
CERAD), independent of age, sex, race and socioeconomic factors. The pathway 
analyses identified lipid metabolism and signal transduction as key biological 
pathways among the included metabolites and CpG sites. 

DISCUSSION 

The integration of DNA methylation and metabolomics provides deeper insights into 
AD pathophysiology and identifies promising molecular targets for potential disease-
modifying approaches. 
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Research in Context  

1. Systematic Review: Alzheimer’s disease (AD) is a multifactorial disorder with 
complex molecular underpinnings. Advances in omics technologies, particularly DNA 
methylation (DNAm) and metabolomics, have provided insights into AD 
pathophysiology. Prior studies identified associations between DNAm and AD-related 
neuropathology, while metabolomics studies highlighted alterations in lipid 
metabolism and oxidative stress. However, most research examines these omics 
layers separately, limiting insights into their interplay. 

 

2. Interpretation: Our study integrates DNAm and metabolomics data using novel 
PS approaches to improve AD prediction. The best DNAm-based profile score (PS) 
achieved R² = 0.11, outperforming metabolomics-based PS (R² = 0.04). Combining 
both omics layers improved predictive accuracy (R² = 0.15). Key pathways enriched 
in both layers include lipid metabolism and signal transduction, reinforcing their role 
in AD pathology. 

 

3. Future Direction: Future studies should expand multi-omics approaches, conduct 
longitudinal analyses, validate findings in diverse cohorts, and explore translational 
applications for early diagnosis and therapy. 
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BACKGROUND 

Alzheimer's disease (AD) is a progressive neurological disorder that affects millions 
of Americans, with approximately 6.7 million people aged 65 and older currently living 
with the condition [1]. AD is the fifth-leading cause of death among older adults in the 
United States and poses a major public health challenge [2]. The financial burden is 
equally staggering, with the annual cost of care for AD patients projected to reach 
$580 billion in 2025, a figure expected to rise substantially in the coming decades 
[1,3]. As the prevalence of AD continues to rise globally due to aging populations, 
developing effective strategies to reduce its burden has become a critical priority. 
Substantial efforts are underway to create disease-modifying therapies targeting the 
molecular mechanisms of AD [4,5], but the complex and multifactorial nature of the 
disease has posed significant challenges. 

Advances in high-throughput omics technologies, such as genomics, epigenomics, 
proteomics, and metabolomics, have provided new insights into the biological 
pathways and signatures underlying AD, offering promising avenues for innovative 
therapeutic strategies [6,7]. Among these, DNA methylation (DNAm) and 
metabolomics analyses have emerged as powerful tools for exploring AD etiology. 
These approaches offer complementary insights into AD’s complex pathophysiology 
by capturing information on epigenetic changes and metabolic dysfunction—both 
recognized as core features of the disease [8]. DNAm, a key epigenetic mechanism, 
is closely linked to AD, with global hypomethylation, gene-specific methylation 
changes, and interactions with neuroinflammation, aging, oxidative stress, and 
environmental factors contributing to disease risk and progression. As the 
downstream product of the gene transcription and gene-environment interaction, 
metabolomics involves studying small molecules (metabolites) in biological systems, 
which can reveal changes in metabolic pathways associated with AD. Metabolic 
pathways that have been reported in association with AD include dysregulation in 
energy metabolism, lipid profiles, amino acid pathways, oxidative stress, and gut-
brain axis interactions [9–12]. However, little is known how differences in DNAm and 
metabolomics interact and jointly influence the development of AD. Integrating DNAm 
and metabolomics through a multi-omics approach could illuminate shared biological 
pathways that may be particularly important for understanding AD etiology. 

To address this knowledge gap, we conducted a comprehensive multi-omics analysis 
integrating genome-wide DNAm and high-resolution metabolomics data from 157 
prefrontal cortex tissue samples of brain donors with varying stages of AD pathology, 
assessed with Braak staging, CERAD (Consortium to Establish a Registry for 
Alzheimer’s Disease) scoring, and the comprehensive ABC score (Amyloid, Braak, 
CERAD)  [13,14]. Specifically, we calculated multi-omics profile scores (PS) 
integrating DNAm and metabolomic data, providing a holistic understanding of AD 
neuropathology by capturing both epigenetic and metabolic contributions. Our 
analysis framework not only identifies CpG sites and/or metabolomic features 
predictive of AD neuropathology levels but also elucidates mechanistic underpinnings 
by evaluating and comparing biological pathways enriched among the selected CpG 
sites and/or metabolomic features. The multi-omics framework developed in this 
study highlights the potential of combining epigenetic and metabolomic data to 
deepen our understanding of AD pathophysiology. This study extends the current 
state of research through several innovative approaches.  We proposed novel brain 
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tissue-based multi-omics profile scores for AD, which integrate DNA methylation and 
metabolomics to better predict the neuropathological changes of the disease. 
Methodologically, advanced machine learning techniques such as Random Forest, 
Elastic Net and Boosting are used to efficiently analyze high-dimensional data and 
generate robust profile scores. These novel analysis strategies and methods and a 
comprehensive pathway analysis allow a more precise identification of relevant 
biological mechanisms. 

 

METHODS  

Study design  

The Emory Goizueta Alzheimer’s Disease Research Center (ADRC) established a 
brain bank to support Alzheimer’s research, primarily enrolling research participants 
and patients clinically diagnosed with AD by Emory physicians. By the third quarter of 
2020, the brain bank included 1,011 donors. Genome-wide DNAm and metabolomics 
profiling were conducted on 161 samples from donors deceased after 2007, with 159 
samples passing quality control. All 161 donors had complete data for key covariates 
(e.g., age of death, race, sex and educational attainment) and outcome variables 
(e.g., ABC score, Braak Stage, CERAD). Informed consent and Institutional Review 
Board-approved protocols governed the research. 

 

Assessment of AD neuropathology  

The ADRC conducted comprehensive neuropathologic evaluations on all donor 
brains using established research protocols and diagnostic criteria [13]. These 
assessments, performed by experienced neuropathologists, involved a variety of 
stains and immunohistochemical techniques, along with semi-quantitative scoring to 
evaluate AD and related neuropathologies in various brain regions [15]. AD 
neuropathology in this project was measured using the Braak staging, CERAD score, 
and ABC score - each assessing different aspects of disease progression. Braak 
Stage classifies the spread of neurofibrillary tangles (NFTs) tau-containing protein 
deposits, a hallmark of AD - in the brain across six stages [16]. Early stages (I and II) 
indicate NFTs in transentorhinal regions, while intermediate stages (III and IV) 
involve limbic regions, and later stages (V and VI) show NFTs spread throughout 
cortical areas. Higher stages reflect more extensive disease progression and broader 
NFT distribution in the brain [16]. The CERAD score evaluates the density of neuritic 
plaques, mainly composed of beta-amyloid, and categorizes them into four levels: 
none, sparse, moderate, and frequent [17]. These plaques are a primary indicator of 
AD, with higher CERAD scores signifying a greater accumulation of plaques, 
reflecting more advanced amyloid pathology [17]. The ABC score combines data 
from the Braak and CERAD scores with the Thal phase, which describes the spread 
of amyloid plaques in the brain. Thal staging ranges from phase 1 (amyloid in 
subcortical areas) to phase 5 (widespread distribution across the brain) [18]. The 
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ABC score synthesizes information on NFT spread and amyloid plaque density into a 
single assessment of AD pathology, categorizing it into four levels: none, low, 
intermediate, or high [14]. This score provides a more comprehensive evaluation of 
AD severity and helps to indicate the overall stage of the disease. 

 

Genome-wide DNA methylation 

DNA was extracted from fresh-frozen prefrontal cortex tissues in 161 samples using 
the QIAGEN GenePure kit. DNAm was assessed using the Illumina Infinium 
MethylationEPIC BeadChips, processed in batches of 167 prefrontal cortex samples, 
which included six replicates. The raw intensity files were converted into a dataset 
containing beta values for each CpG site. These beta values were calculated as the 
ratio of the methylated signal to the total signal (methylated plus unmethylated), 
ranging from 0 to 1 on a continuous scale. 

Preprocessing and quality control were conducted in R (v4.2.0) [19] using a validated 
quality control and normalization pipeline as previously described [20]. Out of the 
initial samples, 159 passed the quality control checks. After excluding single 
nucleotide polymorphism (SNP) probes, XY chromosome probes, and other low-
quality probes, 789,286 CpG sites were retained for further analysis. 

The final DNAm beta values were normalized to minimize probe-type differences and 
adjusted using ComBat to account for batch effects prior to downstream analyses 
[21]. Cell-type proportions (neuronal vs. non-neuronal cells) for each sample were 
estimated using the latest prefrontal cortex reference database and the R package 
minfi [22–29]. 

 

 

High-resolution metabolomics 

High-resolution metabolomic profiling of prefrontal cortex tissue was conducted using 
liquid chromatography coupled with high-resolution mass spectrometry (LC-HRMS) 
following established protocols [30–33]. Each sample was analyzed in triplicate with 
two complimentary chromatographic methods: hydrophilic interaction liquid 
chromatography (HILIC) for polar metabolites and reverse-phase chromatography 
(C18) for less polar compounds to enhance the coverage of feature extraction. 
Detected signals were characterized by accurate mass-to-charge ratio (m/z), 
retention time (RT), and ion intensity [34]. 

Raw data were converted to .mzML format and processed with apLCMS and 
xMSanalyzer for peak detection, alignment, feature quantification, batch correction, 
and quality filtering [35,36]. Metabolic features were further screened before being 
included in the final analysis based on strict criteria: detected in >15% of samples, 
median CV <30%, and Pearson correlation ρ > 0.7 among technical replicates. Data 
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were averaged across replicates with non-zero intensities and log2-transformed for 
statistical analyses. Finally, we included 20,051 features at the HILIC and 15,297 
features at the C18, a total of 35,348 features. 

 

 

Covariates assessment 

All models were adjusted for a priori selected covariates based on the literature, 
which include demographic and socioeconomic factors. Individual-level 
characteristics included sex, race (Black vs. White), educational attainment (high 
school degree or less, college degree, graduate degree) and age at death. The Area 
Deprivation Index (ADI) served as a proxy for neighborhood socioeconomic status, 
based on the 2015 Census Block Group data [37], indicating socioeconomic 
disadvantages in income, education, employment, and housing. The postmortem 
interval (PMI) refers to the time elapsed between a person’s death and the collection 
of biological samples, such as tissue or blood. PMI is crucial in research involving 
post-mortem samples because it can impact on the quality and stability of molecular 
markers, including DNAm and metabolomics.  

 

Statistical analysis 

Following a similar analysis pipeline as established for polygenic risk scores [38]), we 
developed single- and multi-omics PS based on metabolomics (PSMetabolome) and 
DNAm (PSDNAm) data, to predict AD neuropathology. A PS represents a weighted sum 
of selected variables:   

𝑃𝑃𝑃𝑃 = �𝛽𝛽𝑘𝑘𝑚𝑚𝑘𝑘

𝐾𝐾

𝑘𝑘=1

, 
 

(1) 

 

where 𝐾𝐾 is the number of selected variables (e.g., metabolites and/or CpG sites), 𝛽𝛽𝑘𝑘 
the weight assigned to the 𝑘𝑘-th feature and 𝑚𝑚𝑘𝑘 is the actual value of the 𝑘𝑘-th feature.  

The analytic pipeline is outlined in Figure 1 and includes the following steps that are 
described in the following section: Stage 0 – DNAm and/or Metabolomic dataset 
linking and cleaning; Stage 1 – Split data randomly into training and test datasets; 
Stage 2 – Estimate the weights in the training dataset using different regression and 
machine learning methods (PT: Pruning & Thresholding, EN: Elastic Net, BO: 
Boosting, RF: Random Forest, WA: Windows Approach); Stage 3 - Calculate the PS 
in the data dataset; Stage 4 - Validate the single- and multi-omics PS in the test data; 
Stage 5 - Conduct pathway analyses on identified CpG sites and/or metabolites. 
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Stages 0 and 1 – Data preparation and splitting into training and test data 

Once the data sets are cleaned and merged (Stage 0), they are randomly split into 
training and test sets to prevent overfitting by ensuring that the models are tested on 
independent data. The training set is used for model building and feature selection, 
while the test set is reserved for evaluating model performance. In our analysis we 
split the data evenly into training and test data. However, with larger sample sizes, 
allocating a greater proportion to the training set can enhance the model's predictive 
accuracy (see [38] for related recommendations for polygenic scores). We repeated 
this process 10 times with 10 different seeds (10 iterations) to provide a robust 
evaluation of our model performance. Since some of the methods described in Step 2 
do not allow for missing values, we used Random Forest as implemented in the R 
package missRanger to impute missing values in the metabolome data set [39]. For 
the multi-omics PS, the DNAm and metabolites beta values were transformed into z-
scores to ensure that both omics datasets are on the same scale before calculating 
one PS for the combined dataset.  

Stage 2 - Feature selection and weight calculation in the training data 

In the training data, variable selection and weight calculation are performed using five 
different regression and machine learning approaches: Pruning & Thresholding (PT), 
Elastic Net (EN), Boosting (BO), Random Forest (RF) and Windows Approach (WA) 
using cross leverage scores. This step identifies the most informative CpG sites 
and/or metabolites related to neuropathological outcomes. A detailed description of 
the methods can be found in the Supplementary Materials. 

Pruning and thresholding (PT) are complementary techniques to simplify high-
dimensional datasets by reducing redundancy and focusing on the most relevant 
variables. Pruning removes highly correlated or redundant variables, decreasing 
multicollinearity and computational demands while retaining predictive accuracy. For 
the pruning step, we applied the agglomerative (bottom-up) clustering approach [40] 
using the R packages ClassDiscovery [41], flashClust [42] and cluster [43]. 
Complete-linkage clustering was used to define the distance between two clusters as 
the maximum distance between any pair of points, and the Pearson correlation was 
used as the distance metric. The analyses generate different numbers of clusters 
with different numbers of CpG sites/metabolomic variables. A single representative is 
then drawn from each cluster and used for pruning. Thresholding applies to a 
predefined cutoff (e.g., p-value threshold) to filter out weak associations and retain 
only significant variables. We used ordinal logistics regression models (adjusted for 
covariates) to estimate associations between each and the neuropathology markers. 
Only CpG site and/or variables with a p-value < 0.05 were included in the PS.  
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Elastic Net (EN) is a regularized regression technique that combines the 
penalties of Lasso (L1) and Ridge (L2) to select variables and assign weights. To 
perform the analysis, we used the R package ordinalNet [44]. 

Boosting (BO) combines several weakly predictive models to improve the 
prediction accuracy [45]. We used an extended version of the Boosting method 
proposed by [46] to allow for ordinal outcomes. The approach considers the response 
variable as an ordered factor and computes thresholds to distinguish between 
categories. The boosting process iteratively updates coefficients, computes 
gradients, and adjusts predictions, resulting in a final model with optimized 
parameters and scaling corrections.     

The Random Forest (RF) algorithm operates by creating multiple decision 
trees using bootstrap sampling and feature subset selection. The final prediction is 
then aggregated across all trees, using majority voting for classification or averaging 
for regression, ensuring robust and accurate predictions. We obtained [47]variable 
importance measures (VIMs) within the RF fitting process using the R package 
ranger [47] [48]. This method performs an automatic selection of variables and the 
VIMs were used as weights to calculate the PS.  

The sliding windows approach (WA) involves analyzing variables within 
specific "windows" or genomic regions. For each window, cross leverage scores are 
calculated for each variable based on matrix decomposition techniques. These 
scores quantify the association of the variables, their interactions and the outcome. 
We select those q variables with the absolute highest cross leverage score. This 
method is described in more detail in [49] with an R code in the corresponding in 
Supplementary Materials. 

Stage 3 - Profile score calculation and prediction of AD neuropathology in the test 
data  

With the selected variables from Stage 2, PS are calculated in the test dataset.  

Three different PS were calculated (after equation (1)): Single-omics PS (PSDNAm; 
PSMetabolome) that only contain information from one omics layer (either DNAm or 
metabolomics), multi-omics PS that contain both the DNAm and metabolomics data 
(PSDNAm+Metabolome), and joint PS models that contain the individual single-omics PS 
(PSDNAm; PSMetabolome) in the same prediction model with and without an interaction 
term between the single-omics PS (PSDNAm * PSMetabolome). In our analysis, the 
outcome is ordinal, and all three models are ordinal logistic regression models [50,51] 
with the following equations: 

Single-omics PS: 
 

𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁.  𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 ~ 𝑃𝑃𝑃𝑃𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 (𝑜𝑜𝑜𝑜 𝑃𝑃𝑃𝑃𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀)   
+ 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶  

(2) 

Multi-omics PS: 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁.  𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 ~ 𝑃𝑃𝑃𝑃𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷+𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀   
+ 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶  

(3) 
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Joint PS model: 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁.  𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 ~ 𝑃𝑃𝑃𝑃𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷
+ 𝑃𝑃𝑃𝑃𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 (+𝑃𝑃𝑃𝑃𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷
∗ 𝑃𝑃𝑃𝑃𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀) + 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶  

(4) 

 

 

Stage 4 - Validation of PS models in the test data  

The performance of the single-, multi-omics and joint PS models was evaluated in the 
test data based on a partial McFadden’s R2, also known as the partial pseudo-R2, 
which is a measure of goodness of fit for logistic regression models, including ordinal 
logistic regression (can be found in the Supplementary Materials). Calculating partial 
R2 allowed us to demonstrate the prediction R2 for the PS, independent of the 
influence of the other covariates (sex, race, educational attainment, age at death, 
ADI, PMI). We further evaluated whether the PS was significantly associated with the 
neuropathology outcomes in the independent test data using a likelihood ratio test (p-
value<0.05) in the ordinal logistic regression models from Step 3.   

 

Stage 5 - Pathway analysis of selected metabolites and/or CpG sites 

The final step involves a pathway analysis of the identified omics variables (CpG site 
and/or metabolomics features). Pathway analysis maps selected CpG sites and/or 
metabolomics features to known biological pathways, elucidating the biological 
mechanisms potentially underlying observed associations with neuropathology. Only 
the best performing PS were used for the pathway analyses. 

For the DNAm PS, we conducted gene set enrichment analyses using the R package 
missMethyl [24,52–54] and the KEGG database [55–57].  

We included the features/CpG sites that were selected in at least one, two, or three 
of the 10 iterations in the pathway enrichment analysis. 

For the metabolomics PS, datasets for positive and negative ion modes were merged 
with experimental results to match mass-to-charge ratios (m/z) and retention times. 
Next, we used the R package metapone [58] to identify pathways from the KEGG 
database associated with the detected metabolites by leveraging adduct information 
and permutation-based statistical thresholds.  

The top pathways were ranked based on p-values, and their significance was 
visualized with scatter plots showing the strength and size of CpG sites or 
metabolomic features contributing to each pathway.  

 

Sensitivity Analyses 

While the main analyses were conducted for the largest sample possible (N=154 for 
PSDNAm, N=141 for PSMetabolome, N=138 for the multi-omics PS and the joint PS 
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model), we conducted a sensitivity analysis, in which we restricted the PSDNAm and 
PSMetabolome to the donors with data on DNAm and metabolomics (N=138), to validate 
that differences between the different PS models are not due to differences in sample 
size. 

 

Results 

Study population 

After excluding 4 brain donors with missing covariate information, a total of 157 
samples were included in the current analysis (Table 1). 154 of them had DNAm data 
available, 141 of them had metabolomics data available and 138 of them had both 
DNAm and metabolomics data available.  

The mean age at death was 76.4 years (standard deviation [SD]: 10.0). Most 
participants were White (89.2%) and 10.8% self-identified as Black or African 
American. The study population consisted of 54.8% males and 45.2% females. The 
study population was predominantly well-educated with 49.7% holding a college 
degree, and 28.0% a graduate degree. The mean ADI score was 36.1, with a 
standard deviation of 24.0, indicating a wide range in socioeconomic deprivation 
among the participants. The prevalence of the APOE ε4 allele (56.1% with at least 
one APOE ε4 allele) was much higher than that in the general population in the 
United States, which is estimated to be around 25-30% (Huang et al., 2017). Most 
donors (59.2%) had high levels of AD neuropathologic changes (ABC score of 
“high”), 47.1% of donors were classified as Braak Stage 6 and 70.1% of donors had 
frequent neuritic plaques on the CERAD score, indicating a high prevalence of AD 
neuropathology in this study population. 

Single-omics PS  

First, we calculated single-omics PS (equation (1)) based on DNAm and 
metabolomics data (Figure 1). PSDNAm and PSMetabolome were calculated for each of 
the three neuropathological outcomes (ABC score, Braak stage and CERAD score) 
using six different approaches (PT: Pruning & Thresholding, EN: Elastic Net, BO: 
Boosting, RF: Random Forest, WA: Windows Approach). The results for the ABC 
score are shown in Figure 2 and the results for the other two outcomes are included 
in the appendix (Figures S1 and S2). The results from all three outcomes were 
similar. 

For the PSDNAm (Figure 2A), PT reaches the highest median R2 (0.11) over all other 
methods and found a significant association between the DNAm PS and the ABC 
score in all 10 iterations. Compared to the PT approach, the RF approach performed 
worse in terms of both the median R2 value of 0.02 and the number of significant 
associations (4 out of 10). Other noteworthy approaches for the DNAm PS are 
PT+EN and BO. The median R2 was similar to the RF approach (PT+EN: 0.04; BO: 
0.01) and PT+EN identified a significant association between DNAm PS and ABC 



12 
 

score in 6 out of 10 iterations and the BO approach in 3 out of 10 iterations. WA and 
WA+EN resulted in a smaller median R2 and no significant associations with the ABC 
score.  

For the PSMetabolome (Figure 2B), the RF approach performed best, leading to a 
median R2 value of 0.04 across the 10 iterations, identifying a significant association 
between the metabolomics PS and the ABC score in 8 out of 10 iterations. While the 
PT approach detected a significant association in 7 out of 10 iterations, its median R2 
value was similar to the RF approach (R2=0.04). The other approaches resulted in 
fewer significant associations and lower R2 values.  

The results were similar in a sensitivity analysis, in which we restricted the PSDNAm 
and PSMetabolome to the donors with data on DNAm and metabolomics (N=138; 
Supplementary Figure S6). 

Multi-omics PS  

When combining the DNAm and metabolomics data in one dataset to derive a multi-
omics PS (PSDNAm+Metabolome; equation (3)), the PT approach (R2=0.15, 10 out of 10 
significant associations) and the RF approach (R2=0.01, 2 out of 10 significant 
associations) performed the best (Figure 2C). The R2 values were greater than in the 
single-omics PS (PT for the DNAm PS (Figure 2A)).  

Joint PS models 

Next, we included the individual DNAm PS and metabolomics PS in the joint PS 
model (with and without an interaction term between the two PS; equation (4)) to 
evaluate whether this results in a higher model prediction performance (Figure 3). 

In general, there was only a small improvement in R2 when combining both PS in 
comparison to the single-omics scores. The models with an interaction term between 
the two PS always performed a little better than the models without the interaction 
term. The best model R2 (0.15) was reached when combining the DNAm PS based 
on the PT approach with the metabolomics PS based on the RF approach, which 
were also identified as the best PS in the individual omics data (Figure 1). R2 for the 
model with the interaction term (R2=0.15) was slightly higher than R2 for the model 
without the interaction term between the two PS (R2=0.13). For most methods 
(including RF and PT), the multi-omics PS R2 were higher than the joint PS R2.  

Secondary analyses of the best-performing PS 

The two best-performing single-omics PS (PT for DNAm and RF for metabolomics) 
showed a Pearson correlation of 𝜌𝜌 = 0.25) (Figure 4). Of note, absolute correlations 
between the other single-omics PS were lower ranging from 0.00 to 0.19.  

For the two best-performing single-omics PS, 100 iterations were carried out to 
receive a more precise estimate for the prediction R2 (R²=0.13 PT for DNAm and R² 
= 0.01 RF for metabolomics) (Supplementary Figure S7). The results reflect the 
previous results (R²=0.11 PT for DNAm and R² = 0.04 RF for metabolomics) and 



13 
 

most important statements with a relatively large variability. A similar behavior is also 
observed for the captured variables: the values found from the 10 iterations are in the 
range of the 100 iterations found (e.g. 1061 (10 iterations) to 1032 (100 iterations) 
captured variables with RF for metabolomics). 

To map CpG sites and/or metabolites that were selected by the best-performing PS 
(PT for DNAm and RF for metabolomics) to known biological pathways, we 
conducted a KEGG pathway enrichment analysis for all CpG sites/metabolites that 
were selected in one, two or three of the ten iterations (Figure 5). The results for all 
significantly enriched pathways (p-value < 0.05) in at least one of the ten iterations 
are summarized in Figure S5 and Figure 5 presents the enriched pathway classes 
which had at least one pathway with significant p-values in more than one iteration. 
For PSDNAm, 20 KEGG pathways that can be summarized in 13 classes, were 
significantly enriched (p-value < 0.05) in at least one of the ten iterations (Figure 5A, 
Figure S5A). Among these, the most prevalent pathway classes were lipid 
metabolism and digestive system. For PSMetabolome, 21 KEGG pathways that can be 
summarized in 9 classes, were significantly enriched (p-value < 0.05) in at least one 
of the ten iterations (Figure 5B, Figure S5B). Among these, the most prevalent 
pathway classes were lipid metabolism and signal transduction. Of note, both of 
these pathway classes were also identified in the PSDNAm analyses. 

 

Discussion 

We performed a comprehensive single- and multi-omics analysis integrating genome-
wide DNAm and high-resolution metabolomics data derived from 157 frontal cortex 
samples, aiming to gain a better understanding of AD neuropathology. We developed 
single- and multi-omics PS based on DNAm and metabolomics data to predict the 
neuropathological features of AD independent of age, sex, race and socioeconomic 
factors, using various machine learning and regression-based approaches. The best-
performing PSDNAm, which was calculated using the PT approach, predicted AD 
neuropathology levels with a median partial R2 of 0.11 and the best-performing 
PSMetabolome, which was calculated using RF, reached a median R2 of 0.04. Combining 
the DNAm and metabolomics data in the same PS model only led to a small 
improvement in the prediction accuracy (R² = 0.15 for the best-performing joint PS 
model). Interestingly, PSDNAm and PSMetabolome were moderately correlated with a 
Pearson correlation of 0.25 and the biological pathways lipid metabolism and signal 
transduction were enriched among the identified CpG sites as well as the identified 
metabolites, emphasizing the importance of these two AD-related pathways across 
various omics layers.  

Our analysis showed that DNAm-based PS had a better predictive performance for 
AD neuropathology than metabolomics-based PS. The DNAm PS achieved a median 
R² value of 0.11, while the best metabolomics PS only achieved a median R² value of 
0.04. These results suggest that DNAm may be a stronger indicator of 
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neuropathologic changes in AD than metabolomics. Current evidence highlights the 
distinct yet complementary roles of brain DNAm and metabolomics in understanding 
neuropathology markers associated with AD. Alterations in DNAm patterns are 
closely linked to neuroinflammation, oxidative stress, and other pathological 
processes in AD. For instance, global hypomethylation and gene-specific methylation 
changes have been identified as significant contributors to disease progression, 
impacting genes involved in synaptic function and neurodegeneration [8]. On the 
other hand, brain metabolomics has recently emerged as a powerful tool for 
identifying metabolic dysfunctions associated with AD. Research indicates that 
specific metabolic pathways—such as those involving lipid metabolism, energy 
production, and amino acid metabolism—are significantly altered in the brains of 
individuals with AD [10,11].  

We identified two overlapping KEGG pathway classes between the CpGs identified in 
the PSDNAm and the metabolites identified in the PSMetabolome that are related to AD. 
Notably, both analyses identified key pathway classes such as "lipid metabolism" and 
"signal transduction," which play significant roles in AD pathology. For instance, the 
alpha linolenic acid and metabolism and linoleic acid metabolism have been 
previously linked with AD [59–61]. Alpha-linolenic acid is an essential omega-3 fatty 
acid known for its anti-inflammatory properties and its role in maintaining neuronal 
health. Studies have shown that an imbalance in fatty acid metabolism, including 
alpha-linolenic acid, is linked to neurodegenerative diseases such as AD [59,60]. 
Linoleic acid, on the other hand, is an essential omega-6 fatty acid whose 
dysregulation has also been associated with AD. It influences inflammatory 
processes and can lead to the formation of bioactive lipids that are important for 
neuronal health [61].  

In addition to the two shared pathways, CpG sites selected by the PSDNAm were 
mapped to eight  AD-related pathways that were unique for the DNAm data, including 
the pentose phosphate pathway [62], glycerophospholipid metabolism [63], ether 
lipids [64], arachidonic acid [65], linoleic acid [66], Ras signaling [67], the complement 
system [68] and impaired thermogenesis [69]. For the metabolomics data, ten unique 
pathways were identified with a known link to AD, including arginine metabolism and 
proline [70], sphingolipids [61], steroid hormones [71], cholesterol [72], C21 steroids 
[73], insulin signaling [74], adenosine A2A receptors [75], drug metabolism [76] and 
cytochrome P450 enzymes [77]. These unique pathways emphasize that different 
biological signatures of AD are detected by different omics layers. 

Among the statistical methods used, there were clear differences in the performance 
for different omics data. For the DNAm data, PT was the best-performing method 
based on the R2. For the metabolomics data, RF produced the highest R2. While 
extensive simulation studies are needed to explain the observed differences in 
performance for different omics data, it could be due to the different number of 
variables in DNAm (789,286 CpG sites) versus metabolomics (35,348 variables) data 
or differences in the distribution, correlation structures, or underlying interactions 
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between variables. In comparison, EN and WA led to a substantially lower R2 for both 
omics layers and EN also clearly underperformed in terms of computational time. BO 
showed a similar performance as EN, but future studies need to determine whether 
an improved hyperparameter optimization could increase the performance of this 
method.  

In our study, we developed novel brain tissue–based multi-omics profile scores for 
AD neuropathology that integrate genome-wide DNAm and high-resolution 
metabolomics data, revealing that combining these omics layers modestly improves 
predictive accuracy compared to using either layer alone. This finding aligns with a 
growing body of literature exploring multi-modal prediction models for AD-related 
outcomes. Wang et al. [78] used unsupervised machine learning to develop an AD 
risk score that integrates cerebrospinal fluid, MRI, while Cary et al. [79]further 
advanced the field by integrating genetic, transcriptomic, and proteomic data to map 
AD risk onto core biological domains such as synapse function, immune response, 
and lipid metabolism. In a study by Liu et al. [80], comprehensive genetic prediction 
models were developed to compute risk scores for blood metabolites, which were 
subsequently employed in association analyses with Alzheimer’s disease risk. 
Together, these studies emphasize that several omics layers are associated with AD-
related outcomes, and they provide a valuable context for our results which show that 
the integration of these omics layers can offer deeper insights into the molecular 
underpinnings of AD. 

There are several strengths of our study to be noted. The unique dataset includes 
both well-characterized DNAm and metabolomics data from 138 brain donors, 
allowing a detailed examination of brain-based multi-omics profiles related to AD 
neuropathology. Our study is characterized by methodological advances that enable 
a comprehensive analysis of DNAm and metabolomics. While previous studies often 
analyzed isolated omics data (e.g., only DNA methylation or only metabolomics), this 
analysis combines both types of data to obtain a holistic picture of biological 
processes. This opens new perspectives for understanding the interactions between 
epigenetic changes and metabolic dysfunctions. The calculation of PS from both 
datasets enables a differentiated view of the influence of various factors on AD 
neuropathology. Our PS are based on sophisticated machine learning techniques, 
such as RF, EN, and BO methods, which allow for robust feature selection even in 
high-dimensional datasets. By employing these innovative methodologies, our 
analysis not only identified CpG sites and/or metabolomic features predictive of AD 
neuropathology levels but also elucidated mechanistic underpinnings by evaluating 
enriched biological pathways among selected variables. Overall, these 
methodological improvements facilitate a deeper understanding of the intricate 
relationships between epigenetic modifications and metabolic changes in AD 
pathology. 

In addition to its strengths, our study has some limitations that should be considered. 
One notable aspect is that the ADRC brain bank is enriched with AD patients and 
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other dementias, which makes the brain bank a convenience sample rather than a 
population-based one. This concentration of AD cases may reduce variability in 
neuropathology markers within the sample. Another consideration is the relatively 
small sample size when splitting our data into training and test sets to prevent 
overfitting. However, it is important to highlight that few studies have access to such a 
large autopsy sample, which is crucial for accurately measuring neuropathology 
markers as well as brain tissue-based DNAm and metabolomics data—this 
represents a significant strength of our work. While integrating DNAm and 
metabolomics has improved predictive power, further exploration is needed to 
understand how these epigenetic and metabolic changes interact and jointly 
influence AD pathology. The use of postmortem tissue samples also introduces some 
limitations; they may not fully capture dynamic metabolic and epigenetic changes 
throughout disease progression, potentially overlooking important temporal variations 
in biomarkers. Additionally, applying machine learning methods such as Pruning & 
Thresholding, Random Forests, Elastic Net, Boosting, and Sliding Windows can 
present challenges related to hyperparameter selection and optimization. While a 
general optimization of the hyperparameter was performed and used in each model, 
future work should evaluate whether these factors can be further optimized to 
improve the model performance and the robustness of analyses.  

Future research directions should focus on expanding the sample size and diversity 
to validate the results and ensure their generalizability. Integrating additional levels of 
omics such as genomics, proteomics, transcriptomics, lipidomics, and microbiomics 
could provide a more comprehensive view of the pathophysiology of AD. Exploring 
interactions between these different layers could help to identify novel biomarkers 
and signaling pathways. In addition, functional studies are needed to confirm the 
biological relevance of the identified signaling pathways.  

Conclusion 

The present research highlights the potential of integrating DNAm and metabolomics 
data to deepen our understanding of the pathophysiology of AD. Future research 
should focus on expanding and diversifying study populations and longitudinal 
designs to translate the multi-omics insights gained into clinical applications.  
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Table 1.  Characteristics of the study population. 
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  Total  
(N=157) 

DNAm  
(N=154) 

Metabolomics    
(N=141) 

Multi-
omics 

analyses  
(N=138) 

Age at Death      
Mean (SD)  76.4 (10.0) 76.4 (10.0) 76.7 (10.2) 76.7 (10.2) 

Range  57.0 - 
105.0 

57.0 - 
105.0 

57.0 - 105.0 57.0 - 105.0 

Race      
White  140 

(89.2%) 
137 

(89.0%) 
124 (87.9%) 121 

(87.7%) 
Black  17 (10.8%) 17 (11.0%) 17 (12.1%) 17 (12.3%) 
Sex      

Female  71 (45.2%) 70 (45.5%) 61 (43.3%) 60 (43.5%) 
Male  86 (54.8%) 84 (54.5%) 80 (56.7%) 78 (56.5%) 

Post Mortal 
Index (PMI) 
(in hours) 

     

Mean (SD)  11.6 (9.6) 11.6 (9.6) 11.5 (9.7) 11.5 (9.7) 
Range  1.5 - 64.0 1.5 - 64.0 1.5 - 64.0 1.5 - 64.0 

Education 
(cat.) 

     

High school 
or less 

 35 (22.3%) 35 (22.7%) 29 (20.6%) 29 (21.0%) 

College 
degree 

 78 (49.7%) 76 (49.4%) 70 (49.6%) 68 (49.3%) 

Graduate 
degree 

 44 (28.0%) 43 (27.9%) 42 (29.8%) 41 (29.7%) 

Area 
Deprivation 
Index (ADI) 

     

Mean (SD)  36.1 (24.0) 36.3 (24.1) 34.4 (23.7) 34.6 (23.9) 
Range  1.0 - 94.0 1.0 - 94.0 1.0 - 94.0 1.0 - 94.0 
APOE 

(yes/no) 
     

E4 absent  69 (43.9%) 69 (44.8%) 60 (42.6%) 60 (43.5%) 
E4 present  88 (56.1%) 85 (55.2%) 81 (57.4%) 78 (56.5%) 
ABC score      

Not  15 (9.6%) 15 (9.7%) 13 (9.2%) 13 (9.4%) 
Low  28 (17.8%) 28 (18.2%) 24 (17.0%) 24 (17.4%)  
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Intermediate  21 (13.4%) 20 (13.0%) 20 (14.2%) 19 (13.8%) 
High  93 (59.2%) 91 (59.1%) 84 (59.6%) 82 (59.4%) 

Braak Stage      
Stage 0  0 (0.0%) 0 (0.0%) 0 (0.0%) 0 (0.0%) 
Stage 1  16 (10.2%) 16 (10.4%) 15 (10.6%) 15 (10.9%) 
Stage 2  11 (7.0%) 11 (7.1%) 10 (7.1%) 10 (7.2%) 
Stage 3  17 (10.8%) 17 (11.0%) 13 (9.2%) 13 (9.4%) 
Stage 4  18 (11.5%) 17 (11.0%) 17 (12.1%) 16 (11.6%) 
Stage 5  21 (13.4%) 21 (13.6%) 19 (13.5%) 19 (13.8%) 
Stage 6  74 (47.1%) 72 (46.8%) 67 (47.5%) 65 (47.1%) 
CERAD 
score 

     

No  34 (21.7%) 34 (22.1%) 30 (21.3%) 30 (21.7%) 
Sparse  3 (1.9%) 3 (1.9%) 3 (2.1%) 3 (2.2%) 

Moderate  10 (6.4%) 10 (6.5%) 9 (6.4%) 9 (6.5%) 
Frequent  110 

(70.1%) 
107 

(69.5%) 
99 (70.2%) 96 (69.6%) 

 

Donors included in the column “total” had information on all covariates, neuropathology outcomes 
and either DNAm or metabolomics data available. Of these, 154 donors (listed in the column 
“DNAm” had DNAm available and 141 donors (listed in the column “metabolomics”) had 
metabolomics data available. Donors included in the column “multi-omics analyses” had data on 
DNAm and metabolomics and were included in the multi-omics analyses.  
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Figure 1. Overview of the statistical procedure for determining the weights and for 
calculating and validating the individual PS. First, the respective data are prepared and 
linked to relevant demographic covariates (age at death, race, gender, Post Mortal Index, 
Education and Area Deprivation Index) and outcomes (neuropathologic scores such as 
ABC score, Braak Stage and CERAD score). Then the data is split into training and test 
data. Various methods are used to determine the required internal weights based on the 
training data set. The following methods are used here: PT: Pruning & Thresholding, EN: 
Elastic Net, BO: Boosting, RF: Random Forest, WA: Windows Approach and 
combinations of these methods. The PS is now determined on the test data by means of 
the specific weighting of the respective PS. We validated the PS by regression against 
the outcomes for the single-omics PS (for each data set) and the multi-omics PS (for 
both data sets in one model optional with an interaction term). Finally, an optional 
metabolic pathway analysis using the cpg-sites (DNAm) or features (metabolomics) 
identified by the respective PS can be performed to evaluate relevant biological 
pathways. 
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Figure 4. Pearson Correlation structure between the different methods and PS of each 
data set. On the x-axis are the PS of the different methods based on DNAm data set and 
on the y-axis the PS of the different methods based on the metabolome data set. The 
methods are PT: Pruning & Thresholding, EN: Elastic Net, BO: Boosting, RF: Random 
Forest, WA: Windows Approach and WA+EN. The color intensity and the size of the dots 
indicate the respective correlation coefficient according to Bravais-Pearson. 
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B) Additional tables  

Table ST1. Comparison of R2 values using Median (Q1: 1st, Q3: 3rd quartile and IQR: 
interquartile range) for the combination of both data sets (DNAm and metabolome data 
set) in the joint model with and without interaction term (equation (4)). 

 additive with interaction (N:10) additive without interaction (N:10) 
DNA_BO vs. MET_BO   
   Median (Q1, Q3) 0.008 (0.004, 0.033) 0.004 (0.001, 0.012) 
   IQR 0.029 0.011 
DNA_PT vs. MET_BO   
   Median (Q1, Q3) 0.017 (0.007, 0.024) 0.006 (0.001, 0.021) 
   IQR 0.017 0.019 
DNA_PTEN vs. MET_BO   
   Median (Q1, Q3) 0.022 (0.015, 0.023) 0.015 (0.014, 0.016) 
   IQR 0.008 0.002 
DNA_RF vs. MET_BO   
   Median (Q1, Q3) 0.020 (0.016, 0.028) 0.011 (0.003, 0.017) 
   IQR 0.012 0.015 
DNA_WA vs. MET_BO   
   Median (Q1, Q3) 0.019 (0.008, 0.025) 0.006 (0.002, 0.008) 
   IQR 0.017 0.006 
DNA_WAEN vs. MET_BO   
   Median (Q1, Q3) 0.009 (0.003, 0.018) 0.003 (0.002, 0.004) 
   IQR 0.014 0.003 
DNA_BO vs. MET_EN   
   Median (Q1, Q3) 0.009 (0.004, 0.035) 0.004 (0.001, 0.012) 
   IQR 0.031 0.011 
DNA_PT vs. MET_EN   
   Median (Q1, Q3) 0.016 (0.008, 0.025) 0.007 (0.001, 0.018) 
   IQR 0.017 0.016 
DNA_PTEN vs. MET_EN   
   Median (Q1, Q3) 0.020 (0.014, 0.025) 0.016 (0.011, 0.017) 
   IQR 0.011 0.006 
DNA_RF vs. MET_EN   
   Median (Q1, Q3) 0.021 (0.017, 0.028) 0.011 (0.004, 0.016) 
   IQR 0.011 0.012 
DNA_WA vs. MET_EN   
   Median (Q1, Q3) 0.019 (0.008, 0.024) 0.006 (0.002, 0.009) 
   IQR 0.016 0.006 
DNA_WAEN vs. MET_EN   
   Median (Q1, Q3) 0.008 (0.003, 0.016) 0.003 (0.001, 0.004) 
   IQR 0.013 0.003 
DNA_BO vs. MET_PT   
   Median (Q1, Q3) 0.019 (0.006, 0.020) 0.005 (0.001, 0.013) 



 additive with interaction (N:10) additive without interaction (N:10) 
   IQR 0.014 0.012 
DNA_PT vs. MET_PT   
   Median (Q1, Q3) 0.027 (0.005, 0.058) 0.005 (0.001, 0.024) 
   IQR 0.053 0.023 
DNA_PTEN vs. MET_PT   
   Median (Q1, Q3) 0.043 (0.012, 0.055) 0.032 (0.010, 0.043) 
   IQR 0.044 0.033 
DNA_RF vs. MET_PT   
   Median (Q1, Q3) 0.019 (0.015, 0.026) 0.008 (0.006, 0.012) 
   IQR 0.012 0.006 
DNA_WA vs. MET_PT   
   Median (Q1, Q3) 0.014 (0.004, 0.026) 0.003 (0.002, 0.004) 
   IQR 0.023 0.002 
DNA_WAEN vs. MET_PT   
   Median (Q1, Q3) 0.004 (0.003, 0.006) 0.003 (0.002, 0.004) 
   IQR 0.003 0.003 
DNA_BO vs. MET_RF   
   Median (Q1, Q3) 0.017 (0.008, 0.027) 0.006 (0.002, 0.013) 
   IQR 0.020 0.010 
DNA_PT vs. MET_RF   
   Median (Q1, Q3) 0.029 (0.024, 0.032) 0.016 (0.009, 0.030) 
   IQR 0.009 0.021 
DNA_PTEN vs. MET_RF   
   Median (Q1, Q3) 0.025 (0.019, 0.030) 0.019 (0.012, 0.025) 
   IQR 0.011 0.013 
DNA_RF vs. MET_RF   
   Median (Q1, Q3) 0.022 (0.015, 0.023) 0.010 (0.006, 0.012) 
   IQR 0.008 0.006 
DNA_WA vs. MET_RF   
   Median (Q1, Q3) 0.013 (0.008, 0.015) 0.005 (0.001, 0.010) 
   IQR 0.008 0.010 
DNA_WAEN vs. MET_RF   
   Median (Q1, Q3) 0.005 (0.002, 0.005) 0.003 (0.001, 0.004) 
   IQR 0.003 0.004 
DNA_BO vs. MET_WA   
   Median (Q1, Q3) 0.008 (0.005, 0.014) 0.004 (0.002, 0.011) 
   IQR 0.009 0.010 
DNA_PT vs. MET_WA   
   Median (Q1, Q3) 0.015 (0.009, 0.025) 0.009 (0.007, 0.022) 
   IQR 0.016 0.015 
DNA_PTEN vs. MET_WA   
   Median (Q1, Q3) 0.010 (0.009, 0.015) 0.006 (0.002, 0.010) 
   IQR 0.006 0.007 
DNA_RF vs. MET_WA   



 additive with interaction (N:10) additive without interaction (N:10) 
   Median (Q1, Q3) 0.008 (0.007, 0.021) 0.007 (0.005, 0.016) 
   IQR 0.014 0.011 
DNA_WA vs. MET_WA   
   Median (Q1, Q3) 0.010 (0.007, 0.018) 0.003 (0.001, 0.005) 
   IQR 0.010 0.004 
DNA_WAEN vs. MET_WA   
   Median (Q1, Q3) 0.015 (0.010, 0.020) 0.003 (0.001, 0.005) 
   IQR 0.010 0.004 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

C) Further statistical description  

i) Stage 4  

Stage 4a (Single-Omics PS): Here, each omics type (e.g., DNAm or metabolomic PS) is 
associated independently with the outcome variable. Models are adjusted for relevant 
covariates, such as sex, race, age at death, educational attainment, PMI and ADI, to 
accurately assess the association. For an ordinal outcome 𝑌𝑌 with 𝐿𝐿 ordered categories 
(𝑌𝑌 ∈ {1,2, … , 𝐿𝐿}), the cumulative probability is modeled as: 

𝑃𝑃(𝑌𝑌𝑖𝑖 ≤ 𝑘𝑘) = 𝛷𝛷(𝜃𝜃𝑘𝑘 − 𝜂𝜂𝑖𝑖),𝑘𝑘 = 1, … , 𝐿𝐿 − 1, 

where 𝑃𝑃(𝑌𝑌𝑖𝑖 ≤ 𝑘𝑘)  is the cumulative probability that  𝑌𝑌 falls in category 𝑘𝑘 or below,    
𝛷𝛷 cumulative distribution function (e.g., logistic or normal), 𝜃𝜃𝑘𝑘 are thresholds separating 
the categories and 𝜂𝜂𝑖𝑖  are linear combination of predictors  𝜂𝜂𝑖𝑖 = 𝛽𝛽0 + 𝛽𝛽1 ⋅ 𝑃𝑃𝑃𝑃𝑖𝑖 +
∑ 𝛾𝛾𝑗𝑗 ∗ 𝑋𝑋𝑖𝑖𝑖𝑖
𝑝𝑝
𝑗𝑗=1  [1]. The most widely used model for ordinal outcomes is the ordinal logistic 

regression model, which assumes proportional odds: 

log �𝑃𝑃(𝑦𝑦𝑖𝑖≤𝑘𝑘 |𝑋𝑋𝑖𝑖)
𝑃𝑃(𝑦𝑦𝑖𝑖>𝑘𝑘 |𝑋𝑋𝑖𝑖)

� =  𝜃𝜃𝑘𝑘 − 𝜂𝜂𝑖𝑖, (1) 

where 𝑃𝑃(𝑌𝑌𝑌𝑌>𝑘𝑘)
𝑃𝑃(𝑌𝑌𝑌𝑌≤𝑘𝑘)

 are the cumulative odds of being in category 𝑘𝑘 or below, 𝜃𝜃𝑘𝑘category-

specific threshold 𝜂𝜂𝑖𝑖 = 𝛽𝛽0 + 𝛽𝛽1 ⋅ 𝑃𝑃𝑃𝑃𝑖𝑖 + ∑ 𝛾𝛾𝑗𝑗 ∗ 𝑋𝑋𝑖𝑖𝑖𝑖
𝑝𝑝
𝑗𝑗=1   [2].  

McFadden’s R2, also known as the pseudo-R2, is a measure of goodness of fit for logistic 
regression models, including ordinal and multinomial logistic regression. For a given 
model, McFadden’s R2 is calculated as: 

𝑅𝑅2 = 1 − 𝑙𝑙𝑙𝑙 𝐿𝐿(𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚)
𝑙𝑙𝑙𝑙 𝐿𝐿(𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚)

 , 

where 𝑙𝑙𝑙𝑙 𝐿𝐿(𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) is the log-likelihood of the fitted model, including all predictors 
and 𝑙𝑙𝑙𝑙  𝐿𝐿(𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) is the log-likelihood of the null model, which includes only the 
intercept. McFadden's R2 is typically lower than traditional R2 because it is based on the 
improvement in log-likelihood rather than the explained variance, reflecting the model's 
predictive power for ordinal outcomes rather than continuous variance. A value between 
0.2 and 0.4 indicates a meaningful improvement over the null model and is considered a 
good fit in this context. Unlike traditional R2, which explains the proportion of variance, 
McFadden’s R2 should be interpreted as a relative measure of model fit rather than a 
direct percentage [3].  While the standard McFadden R² provides an overall measure of 
model fit, it does not indicate the unique contribution of specific predictors. This is 
where the partial McFadden R² becomes valuable. 

The partial McFadden R² quantifies the contribution of a set of predictors by comparing 
two models: Restricted model that includes all covariates except for the predictors 
whose effect is being isolated and the full model that includes all covariates, including 



the predictors of interest. By evaluating the improvement in log-likelihood when the 
predictors of interest are added, the partial McFadden R² provides insight into their 
explanatory power. The formula for the partial McFadden R² is given by: 𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝2 =
𝑙𝑙𝑙𝑙𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟−𝑙𝑙𝑙𝑙𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓

𝑙𝑙𝑙𝑙𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
= 1 − ln𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓

ln 𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
 , where  ln 𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 is the log-likelihood of the model 

that excludes the predictors of interest and ln 𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓   is the log-likelihood of the model 
that includes the predictors of interest. 

The partial McFadden R² can be viewed as analogous to a partial R² in linear regression, 
quantifying the incremental improvement provided by the additional predictors. Since 
this value is derived from a ratio of log-likelihoods, it reflects the relative explanatory 
power of the added predictors compared to the restricted model. In practice, 
researchers and practitioners often use this measure to decide whether the inclusion of 
extra predictors justifies the added model complexity.  

 Stage 4b (Joint-Omics PS): This step involves integrating multiple omics Risk Scores into 
a joint model to test if they collectively improve predictive power Assuming that we have 
two PS from different omics data the regression equation (see (1)) is extended to 𝜂𝜂𝑖𝑖 = 𝛽𝛽0
+ 𝛽𝛽1 ⋅ 𝑃𝑃𝑃𝑃1,𝑖𝑖 + 𝛽𝛽2 ⋅ 𝑃𝑃𝑃𝑃2,𝑖𝑖 + ∑ 𝛾𝛾𝑗𝑗 ∗ 𝑋𝑋𝑖𝑖𝑖𝑖

𝑝𝑝
𝑗𝑗=1 .  This is the combined integrated model for both 

omics data sets.  In ordinal outcome models, interaction terms are used to assess 
whether the effect of one predictor depends on the level of another predictor, resulting 
in the following equation:  𝜂𝜂𝑖𝑖 = 𝛽𝛽0 + 𝛽𝛽1 ⋅ 𝑃𝑃𝑃𝑃1,𝑖𝑖 + 𝛽𝛽2 ⋅ 𝑃𝑃𝑃𝑃2,𝑖𝑖 + 𝛽𝛽3 ⋅ (𝑃𝑃𝑃𝑃1,𝑖𝑖 ∗ 𝑃𝑃𝑃𝑃2,𝑖𝑖) +
∑ 𝛾𝛾𝑗𝑗 ∗ 𝑋𝑋𝑖𝑖𝑖𝑖
𝑝𝑝
𝑗𝑗=1 . 

Incorporating an interaction term between the two single-omics PS allows for a more 
nuanced understanding of relationships between predictors and ordinal outcomes. For 
the goodness of fit for logistic regression models we use like in the single-omics PS the 
partial McFadden’s R2 [3]. 

Stage 4c (Multi-Omics PS): 

As mentioned above here we combine both data sets (DNAm and metabolome) with 
some preprocessing steps like z-score transform. With this combined new data set the 
calculation stages are the same as in Stage 4a for the single-omics PS was described. 

 

 ii) Methods 

Statistical and machine learning methods for variable selection & estimation of 
weights 

 

1. Pruning & Thresholding (PT) 

Pruning involves systematically reducing the number of features, or CpG-sites in a 
model by removing those that are highly correlated or redundant. By eliminating these 



correlated markers, pruning simplifies the model, reduces multicollinearity, and 
decreases computational demands without significantly compromising prediction 
accuracy [4]. Pruning generally involves iteratively removing variants/variables based on 
their correlations without relying on association significance, focusing primarily on 
reducing multicollinearity across the entire set of variants. In the present analysis, 
pruning was integrated into hierarchical clustering. Hierarchical clustering with pruning 
is a technique that applies pruning principles to hierarchical clustering to reduce 
redundancy in high-dimensional data. By combining clustering with pruning, it is 
possible to create a streamlined clustering result that retains the most informative 
clusters and minimizes noise or redundancies, particularly useful in DNAm, 
metabolomic, and other “omics” datasets. Hierarchical clustering organizes data points 
into a tree-like structure (dendrogram) based on their pairwise distances. It begins with 
each data point as its own cluster and iteratively merges the two closest clusters until a 
single cluster encompassing all data points is formed. We use one of two main types of 
hierarchical clustering: the Agglomerative (bottom-up) clustering: Start with each data 
point as a separate cluster and merge them iteratively.  Complete-linkage clustering is a 
corresponding method for agglomerative clustering where the distance between two 
clusters is defined as the maximum distance between any pair of points in the two 
clusters. For the distance metric in hierarchical clustering, we use the Pearson 
correlation to calculate the distance between the clusters. When applying pruning to 
hierarchical clustering, the goal is to simplify the dendrogram by removing clusters or 
data points that add little new information, thus focusing on clusters with distinct, 
meaningful information. In high-dimensional data, each data point (e.g., CpG sites, 
metabolites features) has an associated importance score (e.g., association strength, p-
value). During hierarchical clustering, prune variables within each cluster that fall below 
a set importance threshold, reducing redundancy by keeping only the top variables 
within each cluster.  

Thresholding is a technique commonly used in high-dimensional data analysis, 
particularly in the context of genetic, epigenetic, and metabolomic studies, to filter out 
weak associations and focus on the most relevant variables. By applying a statistical or 
p-value-based cutoff, thresholding helps to reduce noise, improve interpretability, and 
enhance the predictive power of models by including only those variables that meet a 
predefined level of importance or association [4]. 

Thresholding can be formally described as follows: 

1. Define a Threshold 𝑡𝑡: The first step is to define a threshold 𝑡𝑡, which could be a p-
value, a correlation coefficient, or any other measure of association or 
importance. 

2. Apply the Threshold: For each feature 𝑥𝑥𝑖𝑖  (e.g., CpG site, metabolite) with an 
associated score 𝑠𝑠(𝑥𝑥𝑖𝑖), retain 𝑥𝑥𝑖𝑖  if and only if 𝑠𝑠(𝑥𝑥𝑖𝑖) ≥ 𝑡𝑡. This score 𝑠𝑠(𝑥𝑥𝑖𝑖) could 
represent statistical significance (e.g., p-value), effect size, correlation 



coefficient, or another measure relevant to the context. Mathematically: 𝑥𝑥𝑖𝑖  is 
retained if 𝑠𝑠(𝑥𝑥𝑖𝑖) ≥ 𝑡𝑡. 

3. Binary Masking: Thresholding can be represented by a binary indicator function, 
where each feature is assigned a value of 1 (included) or 0 (excluded) based on 
whether it meets the threshold: 

4. 𝐼𝐼(𝑥𝑥𝑖𝑖) = �
1   𝑖𝑖𝑖𝑖 𝑠𝑠(𝑥𝑥𝑖𝑖)  ≥ 𝑡𝑡
0    𝑖𝑖𝑖𝑖 𝑠𝑠(𝑥𝑥𝑖𝑖) < 𝑡𝑡 

    This binary masking function 𝐼𝐼(𝑥𝑥𝑖𝑖) can then be used to filter variables in downstream 
analyses, retaining only those that meet the threshold. 

Together, pruning and thresholding provide complementary techniques to manage the 
vast number of variables, leading to more streamlined and interpretable prediction 
models [5]. 

 

2. Elastic Net (EN) 

Elastic Net (regression) is a regularization technique that linearly combines the 
penalties of Lasso (L1) and Ridge (L2) regression to address some of the limitations of 
each approach individually. It is particularly useful when dealing with datasets with 
many predictors or when predictors are highly correlated. Elastic Net aims to retain the 
feature selection ability of Lasso and the stability provided by Ridge in a single model [6]. 

 

The Elastic Net objective function is defined as: 

min
𝛽𝛽

� 1
2𝑁𝑁
∑ (𝑦𝑦𝑖𝑖 − 𝑋𝑋𝑖𝑖𝛽𝛽)2𝑁𝑁
𝑖𝑖=1 + 𝜆𝜆 �𝛼𝛼 ∑ �𝛽𝛽𝑗𝑗� + 1−𝛼𝛼

2
∑ 𝛽𝛽𝑗𝑗2
𝑝𝑝
𝑗𝑗=1

𝑝𝑝
𝑗𝑗=1 ��, 

where  𝑁𝑁 is the number of observations,  𝑝𝑝 is the number of variables, 𝑦𝑦𝑖𝑖 is the target 
outcome, 𝑋𝑋𝑖𝑖 is the vector of variables for the 𝑖𝑖-th observation, 𝛽𝛽 is the vector of 
coefficients to be estimated,  𝜆𝜆 is the regularization parameter controlling the overall 
strength of the penalty and  𝛼𝛼 is the mixing parameter that balances the L1 (Lasso) and 
L2 (Ridge) penalties. 

The Elastic Net penalty term consists of two components: 1. L1 Penalty (Lasso): 
𝛼𝛼 ∑ �𝛽𝛽𝑗𝑗�

𝑝𝑝
𝑗𝑗=1 , which encourages sparsity by driving some coefficients to zero. 2. L2 Penalty 

(Ridge): 1−𝛼𝛼
2
∑ 𝛽𝛽𝑗𝑗2
𝑝𝑝
𝑗𝑗=1 , which helps handle multicollinearity by shrinking coefficients 

without necessarily setting them to zero. Both key parameters can be explained in the 
following manner: The regularization parameter 𝜆𝜆  controls the extent of regularization. 
Higher values of 𝜆𝜆 increase the penalty on the coefficients, reducing model complexity. 
Mixing Parameter 𝛼𝛼 determines the balance between Lasso and Ridge penalties: For 𝛼𝛼 =
1 the model behaves like Lasso, focusing on feature selection. For 𝛼𝛼 = 0 the model 



behaves like Ridge, focusing on coefficient shrinkage without setting them to zero. And 
between  0 < 𝛼𝛼 < 1 the model applies a combination of both L1 and L2 penalties, 
achieving a trade-off between sparsity and stability. 

Elastic Net is advantageous for datasets where predictors are highly correlated because 
it can select groups of correlated variables together [6]. In contrast, Lasso tends to 
select only one feature from a group of correlated variables, while Elastic Net 
encourages joint selection. 

When applying Elastic Net regression to an ordinal outcome (i.e., a dependent variable 
with ordered categories, such as rating scales from "low" to "high"), additional 
considerations are necessary to account for the ordered nature of the outcome. 
Standard Elastic Net regression is designed for continuous outcomes, but with ordinal 
outcomes, ordinal regression models (e.g., ordinal logistic regression) can be adapted 
with Elastic Net regularization. This approach ensures that the model respects the 
ordinal structure while applying regularization to manage multicollinearity and improve 
prediction accuracy. 

The Elastic Net regularized ordinal regression objective function becomes: 

min
𝛽𝛽

�−∑ log𝑃𝑃(𝑦𝑦𝑖𝑖 |𝑋𝑋𝑖𝑖𝛽𝛽)𝑁𝑁
𝑖𝑖=1 + 𝜆𝜆 �𝛼𝛼 ∑ �𝛽𝛽𝑗𝑗� + 1−𝛼𝛼

2
∑ 𝛽𝛽𝑗𝑗2
𝑝𝑝
𝑗𝑗=1

𝑝𝑝
𝑗𝑗=1 ��, 

where 𝑃𝑃(𝑦𝑦𝑖𝑖 |𝑋𝑋𝑖𝑖𝛽𝛽) is the probability of observing the ordinal outcome 𝑦𝑦𝑖𝑖 for the 𝑖𝑖 -th 
observation, given the predictors 𝑋𝑋𝑖𝑖 and coefficients 𝛽𝛽. The probability 𝑃𝑃(𝑦𝑦𝑖𝑖 |𝑋𝑋𝑖𝑖𝛽𝛽) is 
often modeled using an ordinal logistic (proportional odds) or probit function, respecting 
the ordinal structure by assuming that outcomes fall within specific ranges of a latent 
continuous variable. 

Example: Proportional Odds Model with Elastic Net Regularization 

For ordinal logistic regression, the proportional odds assumption assumes a common 
slope for each category of the ordinal outcome but different intercepts, defined as: 

log �𝑃𝑃(𝑦𝑦𝑖𝑖≤𝑘𝑘 |𝑋𝑋𝑖𝑖)
𝑃𝑃(𝑦𝑦𝑖𝑖>𝑘𝑘 |𝑋𝑋𝑖𝑖)

� =  𝜃𝜃𝑘𝑘 − 𝜂𝜂𝑖𝑖, 

where 𝑘𝑘 indexes the thresholds between ordinal categories,  𝜃𝜃𝑘𝑘   are the threshold 
parameters that separate the ordinal categories and 𝑋𝑋𝑖𝑖𝛽𝛽 is the linear predictor with the 
Elastic Net penalty applied to 𝛽𝛽 as in the Elastic Net objective function. 

This formulation, incorporating Elastic Net regularization, encourages a sparse or 
grouped solution depending on the values of α and 𝜆𝜆 and is advantageous when 
predictors are numerous or correlated [2]. 

 

3. Boosting (BO) 



Gradient boosting [7]is a state-of-the-art ensemble method for constructing predictive 
models in an iterative fashion. The idea behind gradient boosting is performing 
functional gradient descent in the linear span of simple models (such as simple linear 
regression models or shallow decision trees). More precisely, in each iteration, 

1. the gradient of the current loss (between the outcome and the current model 
predictions) is computed, 

2. a simple model is fit to the gradient, and 

3. the ensemble model is updated by adding the new model. 

Thus, the resulting model 𝑓𝑓(𝑿𝑿) =  𝜌𝜌0 + ∑ 𝑓𝑓𝑏𝑏𝜌𝜌𝑏𝑏(𝑿𝑿)𝐵𝐵
𝑏𝑏=1   is a sum of B simple models 𝑓𝑓𝑏𝑏  

weighted by boosting coefficients 𝜌𝜌𝑏𝑏. 

In high-dimensional applications in which only a fraction of predictors influence the 
outcome, gradient boosting can be particularly efficient for constructing multiple linear 
regression models, as the computational complexity is given by Ο(𝐵𝐵𝐵𝐵𝐵𝐵) (see, e.g.,  [8]), 
where B is the (pre-specified) number of boosting iterations/maximum number of terms, 
compared to ordinary linear regression or regularized procedures such as elastic net 
that exhibit a complexity of Ο(𝑝𝑝2𝑛𝑛) [9]. 

Gradient boosting can be also employed for other outcome types that belong to the 
exponential family [10]. In this paper, an ordinal outcome 𝑌𝑌𝑌𝑌 {1, … ,𝐾𝐾} is studied. Hence, 
an ordinal boosting algorithm is used that models the outcome with the commonly used 
proportional odds assumption  

 

𝑃𝑃(𝑌𝑌 ≤ 𝑘𝑘) =  
1

1 + exp(𝑓𝑓(𝑋𝑋) − 𝜃𝜃𝑘𝑘)
 , 𝑘𝑘 = 1, … ,𝐾𝐾, 

 

 

for category thresholds 𝜃𝜃1, … ,𝜃𝜃𝐾𝐾  . Schmid et al. [11] derived the necessary negative log- 
likelihood loss function with corresponding gradient for applying gradient boosting to 
ordinal outcomes and proposed optimizing the thresholds in every boosting iteration 
with respect to the current model. More details can be found in [11]. We implemented 
the algorithm in R and did not use standard boosting libraries, as their application 
crashed when attempting to fit models to our high-dimensional data set (p = 789,286). 

 

 

4. Random Forest (RF)  



Random Forest is an ensemble learning method that combines multiple decision trees 
to improve predictive performance and robustness, making it effective for both 
classification and regression tasks [12]. The model builds a "forest" of trees, where each 
tree is grown on a random subset of the data, helping to reduce overfitting and improve 
generalizability. 

The Random Forest algorithm follows these main steps: 

1. Bootstrap Sampling: From the original dataset of size 𝑁𝑁, multiple samples are 
drawn with replacement to create bootstrap samples. Each sample will serve as 
the training set for a single decision tree. 

2. Feature Subset Selection: At each node within each tree, a random subset of 
variables (of size 𝑚𝑚, where 𝑚𝑚 < 𝑝𝑝, with 𝑝𝑝 as the total number of variables) is 
selected. The best split among these variables is chosen, a process that helps 
reduce the correlation between trees and thus improves ensemble diversity. 

3. Tree Growth: Each decision tree is grown without pruning, allowing it to reach its 
maximum depth until a stopping criterion (e.g., minimum node size) is met. This 
ensures high variance among individual trees. 

4. Aggregation (Voting or Averaging): For a classification problem, the Random 
Forest prediction is given by:  𝑦𝑦� = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚({𝑇𝑇𝑏𝑏(𝑥𝑥)}𝑏𝑏=1𝐵𝐵 ), where: 𝑦𝑦� is the predicted 
class label, 𝑇𝑇𝑏𝑏(𝑥𝑥) is the prediction from the 𝑏𝑏 -th tree in the ensemble, given input 
𝑥𝑥 and 𝐵𝐵 is the total number of trees. 

For regression, the Random Forest prediction is the mean of the predictions from each 

tree:𝑦𝑦� = 1
𝐵𝐵
∑ 𝑇𝑇𝑏𝑏(𝑥𝑥)𝐵𝐵
𝑏𝑏=1 ,where: 𝑦𝑦� is the predicted class label, 𝑇𝑇𝑏𝑏(𝑥𝑥) is the prediction from 

the 𝑏𝑏 -th tree in the ensemble, given input 𝑥𝑥 and 𝐵𝐵 is the total number of trees. 

Since each tree in RF is trained on a bootstrap sample, roughly one-third of the original 
samples are left out (not included in the training sample). These are known as Out-of-
Bag (OOB) samples and can be used to estimate the model's error without requiring a 
separate test set [12]. Random Forest provides a measure of feature importance based 
on how much each feature improves the split criterion (e.g., Gini impurity or mean 
squared error) when used in nodes across all trees. By combining multiple trees and 
using random feature selection at each split, Random Forest reduces the risk of 
overfitting compared to individual decision trees [13].  

To identify statistically significant variables in a Random Forest model, a variable 
importance test was developed. The work from Janitza et al. [14],introduces a 
computationally efficient approach designed for high-dimensional data, where 
traditional permutation-based tests are often too resource-intensive. The proposed 
method leverages a modified version of the permutation Variable Importance Measures 
(VIMs), inspired by cross-validation, to estimate an empirical null distribution based on 
non-positive importance scores. Compared to standard permutation-based tests, it 



maintains Type I error control while achieving similar or even higher power at a 
significantly lower computational cost. The function var.sel.vita() implements the Vita 
approach for variable selection, ensuring that feature importance is statistically 
validated rather than merely relying on raw importance scores. By constructing an 
empirical null distribution from non-positive VIMs, as described by Janitza et al. [14], 
and utilizing the importance_pvalues function from the ranger package [15], it assigns p-
values to each variable. This process enables the identification of statistically significant 
predictors, retaining only truly relevant features and enhancing model interpretability 
while mitigating overfitting risks. 

 

5. (Sliding) Windows approach (WA) 

Another method, particularly suitable for large amounts of data, is the so-called cross 
leverage score (CLS) [16]. These were originally developed for variable selection in 
genome-wide studies but can also be applied to other types of data, such as omics 
data. We will use these scores for a pre-selection of variables with which we will later 
calculate the risk scores. The CLS indicate for each variable its leverage on the outcome 
variable. Theoretically, each CLS is equal to its corresponding parameter in a least 
squares solution up to a small bounded additive error. At the same time, the score also 
contains information on whether the corresponding variable is part of a significant 
interaction effect, even if there is no significant main effect of the variable. The great 
advantage of the CLS is that these scores can also be calculated streamwise. The data 
stream algorithm allows data to be read in sequentially, resulting in a very fast and 
effective calculation that uses only a fraction of the computer’s memory. 

The approach is motivated by dimension reduction methods, whereby a 𝑛𝑛 ≪ 𝑝𝑝  problem 
has to be addressed here. Therefore, we consider the transposed matrix 

𝑋𝑋� = [𝑋𝑋,𝑦𝑦]𝑇𝑇  ∈  ℝ𝑝𝑝� 𝑥𝑥 𝑛𝑛 

with 𝑝𝑝� = 𝑝𝑝 + 1 and 𝑝𝑝 the number of variables and n the number of observations.  
𝑋𝑋 ∈  ℝ𝑛𝑛 𝑥𝑥 𝑝𝑝 is the data matrix and 𝑦𝑦 ∈  ℝ𝑛𝑛  denotes the response. The CLS are given by 
the off-diagonal entries of the hat matrix 𝐻𝐻 = 𝑄𝑄𝑄𝑄𝑇𝑇  of 𝑋𝑋�. So, we need to calculate the 
QR-decomposition 𝑋𝑋� = 𝑄𝑄𝑄𝑄. Since we are only interested in the CLS between the 
variables 𝑗𝑗 ∈ {1, … ,𝑝𝑝} and the response 𝑦𝑦, we have to calculate the dot products of rows 
𝑄𝑄𝑗𝑗. with row 𝑄𝑄𝑝𝑝�. : 

𝑐𝑐𝑗𝑗𝑝𝑝� = 〈𝑄𝑄𝑗𝑗.,𝑄𝑄𝑝𝑝�.〉, 𝑗𝑗 ∈  {1, … ,𝑝𝑝} . 

This score provides information on the mutual influence of 𝑥𝑥𝑗𝑗  and 𝑦𝑦 [16]. To avoid 
computing the QR decomposition with running time Ο(𝑛𝑛2𝑝𝑝) [17], which is prohibitively 
slow for p very large (e.g. millions of omics variables), we consider a streamwise 
computation, here the sliding window approach [16]. We calculate the QR-
decomposition for many small matrices instead of one QR-decomposition for a very 



large matrix and merge the results a suitable way. We the select the q = ⌈𝑛𝑛 log𝑛𝑛⌉ 
variables that have the most extreme CLS for subsequent analyses. Theoretically, this is 
motivated by the coupon collector’s problem [18] , which requires oversampling by a 
log𝑛𝑛 factor so that the selection contains at least as many variables to ensure that the 
submatrix preserves the full rank n of the original matrix [19]. 
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