U N I V E R S I T Y OF D O R T M U N D

REIHE COMPUTATIONAL INTELLIGENCE

COLLABORATIVE RESEARCH CENTER 531

Design and Management of Complex Technical Processes and Systems by means of Computational Intelligence Methods

Investigating the Logical Structure of FUZZY IF-THEN Rule Bases using Concepts of Mathematical Logic and of Functional Analysis

Helmut Thiele

No. CI-33/98

Technical Report ISSN 1433-3325 April 1998

Secretary of the SFB 531 ⋅ University of Dortmund ⋅ Dept. of Computer Science/XI 44221 Dortmund ⋅ Germany

This work is a product of the Collaborative Research Center 531, ŞComputational IntelligenceŤ, at the University of Dortmund and was printed with ^nancial support of the Deutsche Forschungsgemeinschaft.

Investigating the Logical Structure of FUZZY IF-THEN Rule Bases using Concepts of Mathematical Logic and of Functional Analysis^∗

Helmut Thiele

Abstract In developing a semantics for a Fuzzy If-Then Rule Base we in principle distinguish the following two approaches. Firstly, a Fuzzy If-Then Rule Base is considered as a Fuzzy Knowledge Base describing (time independent) situations by means of fuzzy logic. Secondly, a Fuzzy If-Then Rule Base describes the łinner partž of a fuzzy controller, therefore the conclusions of If-Then rules must be interpreted as assignments. In the paper presented we discuss only the őrst approach. To this end following TARSKI we deőne a suitable concept of model and semantic entailment for Fuzzy If-Then Rule Bases. Furthermore, we adopt the concept of fact from logic programming.

1 Introduction

By 〈0,1〉 we denote the set of all real numbers r with 0 ≦ r ≦ 1. If U is an arbitrary set by a fuzzy set F on U we understand a mapping F: U → 〈0,1〉, i. e. we do not distinguish between a fuzzy set F and its membership function μ_F . The set of all fuzzy sets on U is denoted by FP(U), furthermore, P(U) denotes the classical power set of U. Generally, Λ terms the empty set.

Let m and n be integers with m, n ≧ 1. Furthermore we are given non-empty sets U_1, … , U_n, V called universe.

Now we assume that X_1, … , X_n, and Y are variables for fuzzy sets on U_1, … ,U_n and V, respectively, also called linguistic variables on the concerning universe.

Using the terminology of the (usual classical) Logic Programming we call constructs of the form

X_ν = F_ν and Y = G

FACTS on U_ν and FACTS on V, respectively, where ν = 1, … , n, F_ν is a fuzzy set on U_ν, and G is a fuzzy set on V. By FAC(U_ν) and FAC(Y) we denote the set of all facts on U_ν and V, respectively.

Constructs of the form

IF X_1 = F_1, … , and X_n = F_n THEN Y = G

are termed as RULES on [U_1, … ,U_n;V ]. The set of all rules on [U_1, … ,U_n;V] is denoted by RUL(U_1, … ,U_n;V).

Now we assume that

F_{1ν}, … , F_{mν} are fuzzy sets on U_ν where ν = 1, … , n and G_1, … , G_m are fuzzy sets on Y .

∗Long version of a paper originally published in World Automation Congress 1998 (WAC ’98), Anchorage, Alaska, USA, May 10ś14, 1998

A scheme R of the form

IF X_1 = F_{11}, … , and X_n = F_{1n} THEN Y = G_1 R: . . IF X_1 = F_{m1}, … , and X_n = F_{mn} THEN Y = G_m

is called FUZZY IF-THEN RULE BASE on [U_1, … ,U_n;V ].

With respect to the semantic interpretation, R will be considered as a łLOGICALž FUZZY KNOWLEDGE BASE in contrast to the interpretation of R as an IMPERATIVE ASSIGN- MENT PROGRAMM in the area of fuzzy control.

This distinction between the łlogical approachž and the łimperative approachž is decisive and fundamental for all considerations in the paper presented and in forthcoming papers dealing with fuzzy IF-THEN rule bases.

In the following of this paper we will consider only the logical approach.

2 The Concept of Model and of Semantic Entailment for logical Fuzzy IF-THEN Rule Bases

In developing the concepts of model and of semantic entailment we go back to the classical deőnition of the concept of semantic entailment in logical calculi.

Assume that E is an expression and E is a set of expressions. Furthermore assume that we are given a set J of interpretations and there is deőned for an interpretation I ∈ J the relation łI is a model of Ež holds.

Now, we remember that in mathematical logic one deőnes łE semantically entails E with respect to Jž to be if and only if for every I ∈ J, if I is a model of E then I is a model of kEp.

Remark In some publications the word łsemanticallyž is replaced by łmodel basedž and for the complete formulation łE semantically (model based) entails E with respect to Jž is replaced by łE is a semantic (model based) consequence of E with respect to Jž.

Now, we are going to formulate these fundamental deőnitions in the case of a given logical Fuzzy IF-THEN Rule Base R as speciőed in the previous section.

De�nition 1 Φ is said to be an interpretation on [U_1, … ,U_n;V ] =_{def} Φ:FP(U_1) × ⋅⋅⋅× FP(U_n) → FP(V).

Obviously, this deőnition means that Φ is a functional operator which generates a image function G = Φ(F_1, … ,F_n) from the given n-tuple [F_1, … ,F_n] argument functions F_1, … ,F_n where for every ν ∈ k1, … , np, F_ν:U_ν → 〈0,1〉 and G:V → 〈0,1〉.

The set of all interpretations on [U_1, … ,U_n;V] is denoted by INT(U_1, … ,U_n;V ).

De�nition 2 Φ is said to be a model of R =_{def} 1. Φ is an interpretation on [U_1, … ,U_n;V ] and

2. Φ(F_{11}, … , F_{1n}) = G_1 . . Φ(F_{m1}, … , F_{mn}) = G_m

This deőnition says that for every rule R_μ: IFX_1 = F_{μ1}, … , and X_n = F_{μn} THENY = G_μ (μ = 1, … ,m) the functional operator Φ the n-tuple [F_{μ1}, … ,F_{μn}] of premises converts into the conclusion G_μ, i. e. that the equation Φ(F_{μ1}, … , F_{μn}) = G_μ holds.

In order to deőne an entailment relation we őx a set J of interpretations of R. Expressions E are fuzzy if-then rules of the form E = R where R: IFX_1 = F_1, … , and X_n = F_n THENY = G

Thus, Fuzzy IF-THEN Rule Base are sets E of łexpressionsž E. Remark With respect to the conception of model state that the łorderž of the rules in R does not play any role, thus, we can consider R as a usual (unordered) set. De�nition 3 R semantically entails R with respect to J (shortly denoted by R ⊩_J R) =_{def} For every Φ ∈ J, if Φ is a model of R then Φ is a model of kRp.

Obviously, in deőnitions 2 and 3 the fact that R is a őnite set does not play any role, therefore we admit that R is an arbitrary set, i. e. R can be őnite, or inőnite, or even empty. Finally, we deőne the following entailment operator ENT De�nition 4 ENT(R,J) =_{def} mR R ⊩_J Rr

3 Investigating and Applying the Entailment Operator

Adopting the łphilosophyž of mathematical logic we are faced with the problem to investigate the behavior of the operator ENT depending on R and J, in particular, to characterize ENT(R,J) by deduction rules if possible or to show that this is not possible, respectively. We start the investigation of ENT(R,J) with the following two simple theorems. Theorem 1 For every R,R′ � RUL(U_1, … ,U_n;V ) and for every J � INT(U_1, … ,U_n;V ), 1. R � ENT(R,J) 2. ENT(ENT(R,J),J) � ENT(R,J) 3. if R � R′ then ENT(R,J) � ENT(R′,J). 4. ENT(Λ,J) = Λ

Obviously, this theorem means that for every őxed J the operator ENT′_J deőned by

ENT′_J(R) =_{def} ENT(R,J)

with R � RUL(U_1, … ,U_m;V ) is a closure operator in the sense of classical algebra with the sealing condition ENT′(Λ) = Λ.

Theorem 2 For every R � RUL(U_1, … ,U_n;V) and every J, J′ � INT(U_1, … ,U_n;V),

1. if J � J′ then ENT(R,J′) � ENT(R,J)

2. ENT(R,Λ) = RUL(U_1, … ,U_n;V)

If we deőne for every őxed R � RUL(U_1, … ,U_n;V ) the operator ENT′′_R by

ENT′′_R(J) = ENT(R,J),

where J � INT(R,J), then ENT′′_R(J) is comonotone with the scaling condition ENT(Λ) = RUL(U_1, … ,U_n;V ).

From mathematical logic we adopt the following fundamental deőnition.

De�nition 5

1. ENT is said to be compact in the őrst argument with respect to the őxed set J of interpretations =_{def} For every R � RUL(U_1,… ,U_n;V ) and for every R ∈ RUL(U_1,… ,U_n;V), if R ∈ ENT(R,J) then there exists an R_{f in} � R such that R_{f in} is a őnite set and R ∈ ENT(R_{f in},J).

2. ENT is said to be cocompact in the second argument with respect to the őxed set R of rules =_{def} For every J � INT(U_1,… ,U_n;V) and for every R ∈ RUL(U_1,… ,U_n;V), if R ∈ ENT(R,J) then there exists an J_{co f in} � J such that INT(U_1,… ,U_n;V ) ∖ J_{co f in} is őnite and R ∈ ENT(R,J_{co f in}).

In mathematical logic the compactness of operators like ENT′_J plays a decisive role in investigating and solving the problem whether the set ENT′_J(R) can be characterized by (recursive) deduction rules.

Now, in the present case to this problem one could counter that in practise inőnite fuzzy IF−THEN rule bases R do not occur. But we are of the opinion that this point of view is to narrow because one could use łparameterizedž rule sets with an inőnite parameter set and this fact could mean that the rule base considered is inőnite.

The co-compactness deőned for the operator ENT′′_R seems to be strange, but as we have shown in [4] this modiőcation of the łclassicalž compactness must be used for comonotonic operators.

Open problem Up to now it is still an open problem in which cases for R and J the operators ENT′_J and ENT′_R are compact and cocompact, respectively. This problem will be investigated in a forthcoming paper.

Remark As we have shown in [5, 6] the entailment operators deőned can be applied in order to deőne concepts like consistency (inconsistency), completeness (incompleteness), dependency (independency) and equivalence of rule bases R.

4 Methods for generating interpretations and restricting models

The concepts of interpretation, model, and semantic entailment are very general and also very ŕexible such that in special situations or for special applications by łőne tuningž the deőnitions can be adapted to the problematic nature considered.

We offer two methods of adapting, őrstly, the restriction of the concept of interpretation, and secondly, the restriction of the concept of model.

We begin with considering the őrst approach. Referring to deőnition 3 one could think that by őxing a subset J of interpretations from INT(U_1,… ,U_n;V) and using this set in order to deőne the entailment relation R ⊩_J R the claim for restricting the concept of interpretation is sufőciently satisőed. But that this is not the case will be shown further down by applications. Strictly speaking, the applications require that the set J of interpretation used depends on the given rule base R.

Thus, we formulate the following deőnition. De�nition 6 J is said to be an interpretation-selecting operator on RUL(U_1,… ,U_n;V) and INT(U_1,… ,U_n;V) =_{def} J : P(RUL(U_1,… ,U_n;V )) → P(INT(U_1,… ,U_n;V)).

If R � RUL(U_1,… ,U_n;V ) is a rule base then J = J(R) is to interpret as the set of interpretations which will be used in deőnition of R ⊩_J R and ENT(R,J). According to this approach we deőne De�nition 7

1. R ⊩^∗_J R =_{def} R ⊩_{J(R)} R 2. ENT^∗(R,J) = ENT(R,J(R))

With respect to this more general approach, theorem 1 must be modiőed as follows. Theorem 3 For every R,R′ � RUL(U_1,… ,U_n;V ) and every interpretation-selecting operator J on RUL(U_1,… ,U_n;V) and INT(U_1,… ,U_n;V),

1. R � ENT^∗(R,J) 2. if J(R) � J(ENT^∗(R,J)) then ENT^∗(ENT^∗(R,J),J) � ENT^∗(R,J) 3. if R � R′ and J(R′ � J(R) then ENT^∗(R,J) � ENT^∗(R′,J) 4. ENT^∗(Λ,J) = Λ

After theorem 1 we deőned the entailment operator ENT′_J and stated that ENT′_J is a closure operator satisfying the scaling condition ENT′_J(Λ) = Λ. Analogously for a őxed interpretation-selecting operator J we deőne ENT^1_J (R) =_{def} ENT^?(R,J).

where R ∈ RUL(U_1, … ,U_n;V ).

Trivially, we get the scaling condition ENT^1_J (Λ) = Λ but with respect to theorem 3 we can not conclude that ENT^1_J is a closure operator for an arbitrary (őxed) J. Furthermore, theorem 2 must be modiőed as follows.

Theorem 4 For every R � RUL(U_1,… ,U_n;V ) and every interpretation-selecting operator J and J′ on RUL(U_1,… ,U_n;V) and INT(U_1,… ,U_n;V),

1. if J(R) � J′(R) then ENT^∗(R,J) � ENT^∗(R,J′)

2. if J(R) = Λ then ENT^∗(R,J) = RUL(U_1,… ,U_n;V).

After theorem 2 we deőned the operator ENT′′_R and stated that ENT′′_R and is comonotone and satisőes the scaling condition ENT′′_R(Λ) = RUL(U_1,… ,U_n;V).

Now, for arbitrary interpretation-selecting operators J and J′ on RUL(U_1,… ,U_n;V ) and INT(U_1,… ,U_n;V) we deőne

J � J′ =_{def} For every R � RUL(U_1,… ,U_n;V), J(R) � J′(R).

Furthermore, for a őxed rule base R � RUL(U_1,… ,U_n;V ) and arbitrary interpretationselecting operator J we deőne

ENT^2_R(J) =_{def} ENT^?(R,J).

Then we can state that ENT^2_R is comonotone and satisőes the scaling condition ENT^2_R(Λ) = RUL(U_1,… ,U_n;V).

Remark The deőnition of compactness of ENT^∗ with respect to the őrst argument can be adopted from deőnition 5 for ENT. It remains as a problem how the cocompactness of ENT^∗ with respect to the second argument can be deőned.

In the following of this section we deőne and investigate several methods for generating special sets of interpretations for a given rule set R, i. e. methods for constructing special interpretation-selecting operators J. The methods will be based on concept of continuity of the functional operators considered, on the principles FATI and FITA, and on fuzzy relations interpreted as solution of systems of fuzzy relational equations.

4.1 The concept of continuity

We assume that FP(U_1),… ,FP(U_n), and FP(V) are topological spaces. Assume R � RUL(U_1,… ,U_n;V ).

De�nition 8 J_{gc}(R) =_{def} lΦ Φ ∈ INT(U_1,… ,U_n;V ) and Φ is continuous q

Obviously, J_{gc} does not depend on R because we have supposed the continuity of Φ in its whole domain. According to this, we have used the index gc for J (as łglobally continuousž).

Because J_{gc} is constant we can state that this operator satisőes the conditions (see theorem 3) J_{gc}(R) � J_{gc}(ENT^?(R,J_{gc}))

and if R � R′ then J_{gc}(R′) � J_{gc}(R), hence we have

Proposition 5 ENT^1_{Jgc} is a closure operator.

Furthermore, we have to remark that J_{gc}, of course, depends on the topologies given in

FP(U1),… ,FP(Un), and FP(V) and even on the concept of continuity deőned for Φ.

For instance, the topologies considered can be generated by suitable metrics, maybe by the well-known CHEBYSHEV distance d_{CH} , on FP(U) for arbitrary F,G : U → 〈0,1〉 deőned by d_{CH} (F,G) =_{def} Supl|F(x) − G(x)| x ∈ Uq .

One can be of the opinion that to suppose the continuity of Φ in its whole domain is too strong, hence the class of admitted interpretations would be too small, hence the class of entailed rules would be too large.

Therefore we can claim that for a given rule base R an operator Φ is continuous only at łpointsž of the form [F_1,… ,F_n], where F_1 ∈ FP(U_1),… ,F_n ∈ FP(U_n) and there is a rule R ∈ R of the form R = IF X_1 = F_1,… ,X_n = F_n THEN G. Accordingly, we formulate where the index lc means łlocally continuousž.

De�nition 9

J_{lc}(R) =_{def} R| S| T Φ Φ ∈ INT(U_1,… ,U_n;V) and for every rule R ∈ R, if R has the form R = IF X_1 = F_1,… , and X_n = F_n THEN Y = G then Φ is continuous at the point [F_1,… ,F_n] U| V| W Obviously, J_{lc} satisőes the following proposition (see theorem 3).

Proposition 6 For every R,R′ � RUL(U_1,… ,U_n;V), if R � R′ then J_{lc}(R′) � J_{lc}(R).

Using theorem 3 from proposition 6 we get that ENT^1_{Jlc} is monotonic. We underline that J_{lc}(R) � J_{lc}(ENT^?(R,J_{lc})) does not hold, in general, hence ENT^1_{Jlc} does not satisfy ENT^1_{Jlc} (ENT^1_{Jlc} (R)) � ENT^1_{Jlc} (R), in general.

4.2 The principle FATI

We are given a rule base of the form

IF X_1 = F_{11}, … , and X_n = F_{1n} THEN Y = G_1 R: . . IF X_1 = F_{m1}, … , and X_n = F_{mn} THEN Y = G_m

We deőne FATI(R) =_{def} The set of all FAT where FAT has the form FAT = [S_1, … , S_m,α,κ,Q] and satisőes

1. for every μ ∈ k1, … , mp, S_μ : U_1 × ⋅⋅⋅ ×U_n ×V → 〈0,1〉 2. α : 〈0,1〉^m → 〈0,1〉 3. κ : 〈0,1〉^{n+1} → 〈0,1〉 4. Q : P〈0,1〉 → 〈0,1〉 Starting with a FAT = [S_1, … ,S_m,α,κ,Q] we deőne a functional operator Φ_{FAT} as follows:

• for every μ ∈ k1, … , mp, the (n + 1)-ary relation S_μ is considered as an interpretation of the fuzzy if-then rule

R_μ : IFX_1 = F_{μ1}, … , and X_n = F_{μn} THENY = G_μ,

• by using the function α we deőne the superrelation S where for x_1 ∈ U_1, … , x_n ∈ U_n, and y ∈ V

S(x_1, … , x_n,y) =_{def} α(S_1(x_1, … , x_n,y), … , S_n(x_1, … , x_n,y))

• by using κ and Q we deőne for arbitrary arguments F_1 ∈ FP(U_n), … , F_n ∈ FP(U_n) the value Φ(F_1, … , F_n) of the operator Φ_{FAT} as follows where y ∈ V :

Φ_{FAT} (F_1, … , F_n)(y) =_{def} Q R| S| T κ(F_1(x_1), … , F_n(x_n),S(x_1, … , x_n,y)) x_1 ∈ U_1 . . x_n ∈ U_n U| V| W Finally, we deőne the set J_{FATI}(R) of all interpretations Φ ∈ INT(U_1, … ,U_n;V) which are selected by the principle FATI as follows

J_{FATI}(R) =_{def} lΦ_{FAT} FAT ∈ FATI(R)q

4.3 The principle FITA

We start with the same rule base R as speciőed in section 4.2. We deőne FITA(R) =_{def} the set of all FIT where FIT has the form

FIT = [S_1, … , S_m,κ_1, … , κ_m,Q_1, … , Q_m,β] and 1. for every μ ∈ k1, … , mp, S_μ : U_1 × … ×U_n ×V → 〈0,1〉

2. for every μ ∈ k1, … , mp, κ_μ : 〈0,1〉^{n+1} → 〈0,1〉

3. for every μ ∈ k1, … , mp, Q_μ : P〈0,1〉 → 〈0,1〉

4. β : 〈0,1〉^m → 〈0,1〉

Starting with

FIT = [S_1, … , S_m,κ_1, … , κ_m,Q_1, … , Q_m,β]

we deőne a functional operator Φ_{FIT} with

Φ_{FIT} : FP(U_1) × ⋅⋅⋅× FP(U_n) → FP(V)

as follows:

• as in section 4.2 for every μ ∈ k1, … , mp, the (n + 1)-ary relation S_μ is considered as an interpretation of the fuzzy if-then rule

R_μ : IFX_1 = F_{μ1}, … , and X_n = F_{μn} THENY = G_μ,

• using κ_μ and Q_μ we deőne the logical operator

Φ_μ(F_1, … , F_n)(y) =_{def} Q_μ R| S| T κ_μ(F_1(x_1), … , F_n(x_n),S_μ(x_1, … , x_n,y)) x_1 ∈ U_1 . . x_n ∈ U_n U| V| W

• using the aggregation function β we deőne the őnal result

Φ_{FIT} (F_1, … , F_n)(y) =_{def} β(Φ_1(F_1, … , F_n)(y), … , Φ_m(F_1, … , F_n)(y))

Finaly, we deőne the set J_{FITA}(R) of all interpretations selected by the principle FITA as follows

J_{FITA}(R) =_{def} lΦ_{FIT} FIT ∈ FITA(R)q

We have to mention that the conditions formulated in theorem 3, point 2 and 3, for J are not satisőed by J_{FATI} and J_{FITA}, in general. If we deőne

J^?_{FATI}(R) =_{def} ∪ γjR J_{FATI}(γ)

and J^?_{FITA}(R) =_{def} ∪ γjR J_{FITA}(γ)

then J^?_{FATI} and J^?_{FITA} fulőll the comonotonicity (see point 3 of theorem 3 and proposition 6).

4.4 Extensional (truth functional) generation of fuzzy relations

We obtain a further restriction of the generating procedures described in section 4.2 for FATI and in section 4.3 for FITA if for each őxed rule base R (like in section 4.2 speciőed) there exists a vector [π_1, … , π_m] of real functions

π_μ : 〈0,1〉^{n+1} → 〈0,1〉

(μ ∈ k1, … ,mp) and if we deőne the relations S_1, … ,S_n used in the deőnitions of FATI and FITA as follows, where x_1 ∈ U_1, … , x_n ∈ U_n,y ∈ V

De�nition 10 S_μ(x_1, … , x_n) =_{def} π_μ(F_{μ1}(x_1), … , F_{μn}(x_n),G_μ(y))

This deőnition means that the membership value S_μ(x_1, … ,x_n,y) of the vector [x_1, … ,x_n,y] only depends on the membership values F_{μ1}(x_1), … , F_{μn}(x_n),G_μ(y) of the elements x_1, … , x_n,y, but it is independent of these elements themselves. This fact is often denoted by the word łtruth functionalž or łextensionelž.

4.5 Methods for restricting models

The methods for restricting interpretations can be partly used for restricting models, of course. Therefore we do not discuss this approach.

In the following we introduce two methods for restricting models which are strictly łmodel basedž, i. e. which can only be applied to restrict models but not to restrict interpretations.

These methods are adopted from nonmonotonic logic, especially from the theory of circumscription, and therefore they are based on the concept of minimal (and maximal, respectively) model.

For formulating the concept of minimal and maximal model we deőne where F,F′ are fuzzy sets on U and Φ,Φ′ are interpretations on [U_1, … ,U_n;V].

De�nition 11

1. F � F′ =_{def} ∀x(x ∈ U → F(x) ≦ F′(x)

2. Φ � Φ′ =_{def} ∀F_1, … , F_n(F_1 : U_1 → 〈0,1〉 ∧ ⋅⋅⋅ ∧ F_n : U_n → 〈0,1〉 → Φ(F_1, … , F_n) � Φ′(F_1, … , F_n))

De�nition 12 Φ is said to be a minimal (maximal) model of R =_{def} 1. Φ is a model of R and

2. for every interpretation Φ′ on [U_1, … ,U_n;V], if Φ′ is a model of R and Φ′ � Φ (Φ � Φ′) then Φ = Φ′.

Now, referring to deőnition 6 let J be an interpretation-selecting operator on RUL(U_1, … ,U_n;V) and INT(U_1, … ,U_n;V).

De�nition 13

1. R semantically entails R with respect to J based on minimal (maximal) models (shortly denoted by R ⊩^{min}_J R and R ⊩^{max}_J R, respectively) =_{def} For every Φ ∈ J(R), if Φ is a minimal (maximal) model of R then Φ is a model

of kRp.

2. ENTMIN(R,J) =_{def} nR R ⊩^{min}_J Rs

3. ENTMAX(R,J) =_{def} mR R ⊩^{max}_J Rr

Proposition 7

1. If Φ is an minimal (maximal) model of R and R′ � R then Φ is a model of R′, but Φ is not a minimal (maximal) model of R′, in general.

2. The operators ENTMIN and ENTMAX are not monotone, in general.

Let ET be an arbitrary mapping

ET : P(RUL(U_1, … ,U_n;V)) → P(RUL(U_1, … ,U_n;V))

De�nition 14 ET is said to be the cumulatively monotone =_{def} ∀R∀R′(R � RUL(U_1, … ,U_n;V) ∧ R′ � ET(R) → ET(R) = ET(R ∪ R′))

Problem Which conditions are sufőcient that ET is cumulatively monotone?

5 Incorporating Facts

In this section we solve the question how facts can be incorporated into the concepts developed above.

We choose sets of facts FACTS_1 � FAC(U_1), … , and FACTS_n � FAC(U_n) and deőne

FACTS =_{def} FACTS_1 ∪ ⋅⋅⋅ ∪ FACTS_n.

Then we enlarge the given fuzzy If-Then Rule Base R to S as follows

S =_{def} R ∪ FACTS

The following deőnition is inspired by the concepts of logic programming and it is fundamental for the further developement of the theory.

Let Y = G be an arbitrary fact from FAC(Y).

De�nition 15 S semantically entails Y = G with respect to J =_{def} There exist facts X_1 = F_1 ∈ FACTS_1, … , X_n = F_n ∈ FACTS_n such that R semantically entails the rule IFX_1 = F_1, … , X_n = F_n THENY = G with respect to J.

Remark All further deőnitions of entailment formulated in the sections 2, 3 and 4 can be enlarged corresponding to deőnition 15.

6 Concluding remark

The considerations made above have predominate conceptional character. In forthcoming papers a theory will be worked out which consists of more extensive investigations of the logical structure of If-Then Rule Bases using the concepts in the paper presented.

Acknowledgement The author wishes to thank Stephan Lehmke for fruitful discussions on the subject and Oliver Rudolph for his help in preparing the manuscript.

References

[1] K. SCHR ÈOTER. Theorie des logischen Schlieûens Ð Teil I. Zeitschrift fÈur mathematische Logik und Grundlagen der Mathematik 1, 37ś86, 1955.

[2] K. SCHR ÈOTER. Theorie des logischen Schlieûens Ð Teil II. Zeitschrift fÈur mathematische Logik und Grundlagen der Mathematik 4, 10ś65, 1958.

[3] ALFRED TARSKI. ÈUber den Begriff der logischen Folgerung. In: Actes Congr. Int.

Philos. Sci. Sorbonne 1935, volume VII, ActualitÂes Scientiőques et Industrielles 394, pages 1ś11, Paris, 1936.

[4] HELMUT THIELE. On Cumulative Logics (On generation of cumulative inferenz operators by default deduction rules). In: Lecture Notes in Computer Science 543, 1991.

[5] HELMUT THIELE. Zur strukturellen Analyse von IF-THEN-Regelbasen mit Methoden der Mathematischen Logik. In: BERND REUSCH (editor), Fuzzy Logic Ð Theorie und Praxis. 4. Dortmunder Fuzzy-Tage, pages 41ś49, Dortmund, 6.ś8. June 1994. Springer- Verlag.

[6] HELMUT THIELE. Investigation of IF-THEN Rule Bases by Methods of Mathematical Logic. In: FUZZ-IEEE ’95 Ð Fourth IEEE International Conference on Fuzzy Systems, volume III, pages 1391ś1399, Yokohama, Japan, March 20ś24, 1995.

[7] LOTFI A. ZADEH. The Calculus of Fuzzy If-Then Rules. In: Fuzzy Engineering toward Human Friendly Systems Ð Proceedings of the International Fuzzy Engineering Symposium ’91, volume 1, pages 11ś12, Yokohama, Japan, November 13ś15, 1991.

[8] LOTFI A. ZADEH. The Calculus of Fuzzy If/Then Rules. In: BERND REUSCH (editor), Fuzzy Logic Ð Theorie und Praxis. 2. Dortmunder Fuzzy-Tage, pages 84ś94, Dortmund, 9./10. June 1992. Springer-Verlag, 1993.