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A recently developed dynamic mean-field theory for disordered spins (spinDMFT) is shown to capture the spin
dynamics of nuclear spins very well. The key quantities are the spin autocorrelations. In order to compute the

free induction decay (FID), pair correlations are needed in addition. They can be computed on spin clusters of
moderate size which are coupled to the dynamic mean fields determined in a first step by spinDMFT. We dub this
versatile approach non-local spinDMFT (nl-spinDMFT). It is a particular asset of nl-spinDMFT that one knows
from where the contributions to the FID stem. We illustrate the strengths of nl-spinDMFT in comparison to
experimental data for CaFy. Furthermore, spinDMFT provides the dynamic mean fields explaining the FID of the
nuclear spins of 3C in adamantane up to some static noise. The spin Hahn echo in adamantane is free from
effects of static noise and agrees excellently with the spinDMFT results without further fitting.

1. Introduction

Nuclear magnetic resonance (NMR) has been successfully employed
for decades to obtain microscopic information about matter [1].
Experimental measurements of free-induction decays (FIDs), spin echoes
and more allow conclusions to be drawn about chemical compounds and
molecular distances in a sample. At the same time, a fully theoretical
description of the measured quantities is rarely possible, since it requires
the simulation of large numbers of nuclear spins. Conventional methods
such as exact diagonalization and Chebyshev polynomial expansion are
restricted to a couple of tens of spins [2,3]. To capture realistic system
sizes, fundamental approximations have to be considered. For the
computation of FIDs, many different approximation schemes have been
considered in the past [4-9](see also the references cited in Ref. [8]).
Although some of them are quite accurate for the considered example,
they are mostly difficult to generalize and, thus, rarely used at present.
Recently proposed strategies include replacing all or many of the spins
by classical ones [8-10], which is particularly successful in systems
where each spin has a large number of neighbors. The predictive power
of such approaches can be questioned if quantum effects are more
important, for instance, due to strong local quantum bonds or quad-
rupolar interactions [11]. Turning to non-equilibrium NMR measure-
ments makes the situation even more complicated. A non-Markovian
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simulation of spin echoes, for example, is rarely even attempted
[12-14].

The concept of a “mean field” has been well established in physics
and chemistry for many decades. Static mean-field theories are not
known for their accuracy, but they often provide us with a first quali-
tative picture of a complex many-body problem. Making the mean fields
dynamic immensely increases the accuracy, see the fermionic DMFT
developed in the nineties [15] and its various extensions, for example
cellular or extended DMFT [16,17]. The recently developed dynamic
mean-field theory for spins (spinDMFT) [18] can be seen as an analogue
for spin systems. Yet, spinDMFT is derived only for disordered spin
systems. This makes it less general, but perfectly tailored to NMR.

The main purpose of this article is to establish spinDMFT and its
extensions in the NMR community as simulation tools. In doing so, we
present an extension of spinDMFT which we call non-local spinDMFT
(nl-spinDMFT). The idea is to include the mean-field moments computed
by spinDMFT in the simulation of a local quantum cluster coupled to
stochastic mean fields. This approach allows for an efficient computa-
tion of non-local quantities and is related to the cluster-extension of
spinDMFT (CspinDMFT) [19].

We emphasize two advantages of these approaches. The first one is
that the effective mean-field model maintains a microscopic picture of
the considered system. Quantities such as spin-spin correlations are
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directly accessible which gives us a deeper insight into how the global
NMR measurement is connected to microscopic spin physics. We will
demonstrate this for the example of calcium fluoride, which is a common
test substance for benchmarking approximation schemes due to a rela-
tively noise-free FID in experiment [20]. The second advantage of
spinDMFT is its high versatility. Treating several spins on the quantum
level as it is done in CspinDMFT can be very helpful in inhomogeneous
systems [19]. For spins with § > 1/2, a quadrupolar interaction can be
directly included in the effective mean-field model. Moreover, external
time-dependent fields and noises are easily included in spinDMFT and its
extensions without increasing the numerical effort much. Therefore,
dynamical decoupling [21-27] can also be simulated within these ap-
proaches. We will demonstrate this in the second part of the article for
the example of polycrystalline adamantane, which is another common
test substance in NMR [1,23-27].

Sec. 2 is devoted to a short overview of the considered substances
and a brief derivation of spinDMFT. Subsequently, we introduce nl-
spinDMFT and use it to estimate the FID of calcium fluoride in Sec. 3.
In Sec. 4, we consider the microscopic proton-spin dynamics in ada-
mantane using spinDMFT. The spin dynamics are used in Sec. 5 to
compute the carbon FID and spin echo in adamantane.

2. Models and spinDMFT
2.1. Calcium fluoride

Calcium fluoride, CaFs, is a crystal with calcium ions on a fcc-lattice
and fluoride ions ordered in an sc-lattice intertwined with the former.
For NMR purposes, the calcium ions can be neglected, since the abun-
dance of nuclei with nonzero spin is very small, ~ 0.13%. A well-
measurable NMR signal results from fluoride '°F which has an abun-
dance of 100 % and carries a nuclear spin of S = 1/2.

The basis for an NMR experiment is a strong magnetic field f, which

polarizes the spin ensemble into the field direction 7p : = ﬁ/ \§|. The
secular Hamiltonian for the homonuclear dipole-dipole interaction is
given by

1 X
Hiom = 52%—( — SIS - SIS) + 2s§s;). ¢))
ij
Here and henceforth, we set d;; = 0. The factor 1/2 in front of the sum

accounts for double counting of the couplings. If i # j, the secular cou-
plings read

1-3(y- 1) gy vy
di :=d— (T3) = y Fo 7l 2
1= d () 2 an 7y @2)

with 7'; and 7'; being the nuclear spin positions fixed by the lattice and y;
and y; being the gyromagnetic ratios. The latter are equal in the homo-
nuclear case. Note that we shifted the #’s into the couplings, that is, the
spin vectors do not have a unit anymore.

2.2. Adamantane

The adamantane molecule consists of 10 carbon and 16 hydrogen
atoms located on approximate spheres. Four of the carbon atoms (CA)
are each bound to one hydrogen atom (HA) and six carbons (CB) are
each bound to two hydrogen atoms (HB). The molecule is displayed in
the left panel of Fig. 1. We set all bond angles to the tetrahedral angle a
~ 109.5° and use the bond lengths [28].

re-c = 1.540(2) A, ren = 1.112(4) A. 3)
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Fig. 1. Sketch of the adamantane molecule. The hydrogen atoms are shown in
dark blue (HA) and light blue (HB) and the carbon atoms in black (CA) and gray
(CB). We use circles with the corresponding colors to represent the radii of the
atoms with respect to the center of mass of the molecule, see Egs. (4a) and (4b).
The circles for the two types of hydrogen are nearly indistinguishable.

The distances between the four types of atoms with respect to the center
of mass of the molecule are then given by

Tea ~ 1.54A, reg ~ 1.78A, (4a)

Tua ~ 2.65A, ryp ~ 2.58A. (4b)

Considering these values and Fig. 1, we note that the two classes of
hydrogen and the two classes of carbon are each located nearly on the
same shell. Hence, we consider only a single type of hydrogen and a
single type of carbon at the averaged radii

L 12ryp + 41ip

ry = 16 =2.60(3)A, (5a)

6rea + 4rcp
EERT)

henceforth. As we will see later, this simplifies the application of
spinDMFT, since only a single kind of mean field needs to be considered.

In line with the experiment in Ref. [23], we consider polycrystalline
adamantane at room temperature. The adamantane molecules form a
fce-lattice with age = 9.426(8) A and four molecules per unit cell [29].
While their centers of mass are fixed, the molecules are constantly
changing their orientations. These molecular rotations are isotropic and
happen on a much shorter time scale than the spin dynamics so that
motional narrowing has to be considered for the couplings.

Aside from the proton spins, only the carbon isotopes 13C are of in-
terest for NMR, since they carry a spin of I = 1/2 in contrast to the
spinless nuclei of 12C. Generally, we denote the 'H nuclear spins by S and
the 13C nuclear spins by I. The natural abundance of '>C is about 1.1 %.
Since the carbon spins are so rare, we neglect any carbon-hydrogen
interaction for the hydrogen dynamics and any carbon-carbon interac-
tion in general. The homonuclear secular Hamiltonian is given by

=1.68(12)A (5b)

1 —
Hyon = 5 > a4 (- sisr - s)s) + 287, 6)
]

This is equivalent to Eq. (1), but with the couplings J;; replaced by their

. — ma .
motional average d; , see below. For the dynamics of 13¢, we also use
the heteronuclear Hamiltonian

Hi =) dy 2I'S}, @)
)

where, again, the averaged couplings have to be considered. The indices
i€ {1, 2, 3, ...} label the proton spins and the carbon index is 0. As
justified above, we consider the '3C spins to be isolated from one
another.
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The motional averaging causes any intramolecular couplings to
average out completely, i.e., motional narrowing takes place. The
averaged intermolecular couplings depend on (i) the distances of the
considered nuclei to the center of mass and (ii) the lattice vector be-
tween the molecules to which the nuclei belong. For this reason, it is
helpful to introduce double indices (mX): = i, where m € {1, 2, 3, ...}
denotes the molecule and X € H, C is the nucleus type. The averaged
couplings can be computed from

Ema(ﬁB) = d(lel),(mzxz)ma(ﬁ)B) (82a)
dQ] dgg —
- / (47[)2 d?ml my +Tx, (@ )=Txy (@) ( n B)‘ (8b)

Here, 7m1 m, is the lattice vector from center to center of the mole-
cules and

sin 9cos ¢
sin 9sin ¢ |. (9
cos §

nQ) =T7(0,¢):=

The radii rx,,rx, are the distances from the nucleus to the center of its
molecule, see Egs. (5a) and (5b).

An exact many-body treatment of adamantane is even further
beyond reach than for calcium fluoride. Due to the motional averaging
the intermolecular couplings are the dominant ones. Note that a single
molecule already carries 16 proton spins, so the number of couplings is
immense, so that brute-force calculations are out of question. On the
other hand, this situation is ideal for a mean-field approach. Due to the
large number of interaction partners, the mean-field average is domi-
nant over fluctuations. In the following, we present a brief summary of
spinDMFT and show the generic results.

2.3. Simulation of homonuclear dynamics by spinDMFT

Applying spinDMFT to a system containing only a single kind of spins
is straight-forward [18]. As an example, we consider the homonuclear
Hamiltonian in Eq. (1). Defining the operators of the local environment,

_ - -1 0 O

Vi=)dDS;, D=|0 -1 0], (10)
j 0o o0 2

it can be rewritten according to
1 - =

Hiom = Ezijsrvi. an

Note that the easy-axis anisotropy is entirely hidden in the operators \_fi.
The first step of spinDMFT is to replace these operators by classical time-

dependent mean fields 7i(t). Each mean field summarizes the interac-
tion of a large number of spins. Therefore, according to the central limit
theorem, the mean fields follow a Gaussian distribution. Replacing the
local-environment operators, we arrive at an effective single-site model

- —

HY(t) = Si- Vi(t). 12)

The quantum degrees of freedom of each spin are decoupled from those
of the rest of the ensemble; hence, the spin index can be omitted
henceforth. The mean fields can vary from site to site, even on average.
However, for the fluoride ions in CaF; as well as for the protons in
adamantane, translational invariance is a well justified assumption.
Therefore, the distribution of each mean field is independent of the site i
so that this index can be omitted as well. We consider a single site, i.e., a
single spin and a single mean field henceforth.

Since the mean field is Gaussian, only the first and the second
moment are required to fully determine it. In the high-temperature
regime of completely disordered spins, expectation values are evalu-
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ated with respect to the disordered state p, « 1. The first moment is thus
zero,

Vi)™ = (V4(1)) = 0, 13)

where a € {x, y, z} and the line with upper index “mf” denotes the mean-
field averaging. The second moments can be related to quantum corre-
lations of the original field according to

VE@VE(0)" = (V(6)V*(0)) (14a)
= (D™)J3(S"(1)$(0)), (14b)
VOVI(0)" =0, a#p. (140)

where D* is a diagonal matrix element of D, see Eq. (10), and we
defined the quadratic coupling constant

Ty =D _dj. (15)
J

Note that although the sum runs only over j, the total expression does
not depend on i due to translational invariance. We stress that correla-
tions between mean fields at different sites are not relevant in spinDMFT
due to the large coordination number [18]. For the derivation of Eq.
(14b) we used that pair correlations are subdominant and can be
neglected relative to the autocorrelations, that is,

> " dyda (S} (£)S;(0)) < Zd?j(S}’(t)Sf(O))A (16)
ik J
Jj#k

This is also justified by the large coordination number z. Note that z is
typically defined by the number of nearest neighbors in the spin lattice.
However, since the dipolar interaction is long-range, the effective
number of interaction partners of each spin can be a lot higher than z.
Therefore, we consider the effective coordination number'

J4

._"Q
Zeff 1= J__‘P7

J=> dg, a7
J

to be more relevant for the justification of the mean-field approach. For
the sake of brevity, we sometimes use z instead of z. in our
argumentation.

Egs. (12), (14b) and (14c) form a closed self-consistency problem
which can be solved numerically. A comprehensive justification of
spinDMFT and details on the numerical implementation can be found in
the original article [18]. In essence, one has to discretize the time
equidistantly and simulate a single spin in a Gaussian noise, which can
be done by Monte-Carlo simulation. The resulting spin autocorrelations
are transformed to mean-field moments using the self-consistency con-
ditions in Egs. (14b) and (14c), which are then fed into the next simu-
lation of a single spin in a Gaussian noise. This process is repeated until
the spin autocorrelations have converged which takes only about 5 it-
erations. We emphasize that the numerical errors from the Monte-Carlo
simulation and the time discretization should always be tracked. The
statistical error scales like 1/ VM, where M is the sample size, and the
discretization error typically like A%, where At is the time-step width.

Henceforth, we will occasionally use the short-hands

&' (t) == (S{(1)S7(0)), (18a)

Gy (t) == 4g;(t). (18b)

! In Ref. [18], we used the symbol 2, for z.g, because we discussed also z; =
J?/J%, where Jy, is the linear coupling sum.
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The site indices are omitted if i = j. One should note that the only
remaining parameter in the self-consistency problem is the quadratic
coupling constant Jqg. This constant sets the time scale. We present the
generic autocorrelation results of spinDMFT for Hamiltonians of type (1)
in Fig. 2. The difference in the time scale between the transverse (G*)
and longitudinal (G*) autocorrelation is expected due to the anisotropy
factor of 2 in the couplings. We find, that the decays are very well
captured by the fits

i 1 /t\2
PX(t) = exp( ) (E) ) (19a)
F=(t) :exp(—p(\/terK2 —‘KD) (19b)
with
0 =0.8891(4) hJy', (20a)
p = 0.4326(6) A 'Jo, (20b)
Kk =0.647(4) hJy'. (20¢)

We emphasize the qualitative difference in the temporal dependence
of F* and F¥ for t - o, Gaussian versus exponential. The spin auto-
correlations yield a good estimate for the time scale of the spin dy-
namics. The key quantity is the quadratic coupling constant.

3. Simulating FIDs with nl-spinDMFT

We stress that computing the FID with spinDMFT represents a
challenging task, since the approach accesses the spin dynamics from a
microscopic point of view, while the FID is a macroscopic quantity. Our
strategy for computing the FID is to relate it to microscopic spin-spin
correlations. This is explained in the first part of this section. Then, we
present an extension of spinDMFT, called nl-spinDMFT, and use it to
evaluate the FID of calcium fluoride.

3.1. FID and microscopic correlations
The FID corresponds to a measurement of the transverse magneti-

zation over time considering a slightly polarized initial state with the
statistical operator [30]

N OO A N UL S B e e B
G(E(E

0.8 — G¥

0.6

GO(O(

0.4

0.2

0.0

0.0 2.5 5.0 7.5 10.0 125 15.0
t (units of hJél)

Fig. 2. Generic spin autocorrelations computed by spinDMFT for dipolar spins
in the rotating frame according to Eq. (1). The quadratic coupling constant is
defined in Eq. (15) and depends on the geometry of the spin system. The
dashed-dotted black lines correspond to the fit functions in Egs. (19a) and
(19b). The sample size for the simulation is M = 10° and the step width is At =

102 hJy! yielding an error of ¢ < 2 x 107>,
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> .
o ::Ze j zz ﬂ+h¥sj , 21)

where h:= fhyB, f is the inverse temperature, Z is the partition sum and y
is the gyromagnetic ratio. The transverse magnetization can be
expressed by infinite temperature spin correlations according to

(MX(1)),. = Ao (SF(D)S]), (22)
ij

where A is a time-independent prefactor, which is not relevant to us.
The double sum can be divided into a sum over autocorrelations and a
sum over pair correlations according to

(S (6)S7) + (S (OS] (23)
T s 3 3 eos)

~~— o« NAN~ <xl/z

N <N gz

We recall that a key aspect of spinDMFT is that pair correlations are
suppressed by at least a factor 1/z, where z is the coordination number
[18,31]. Often, this allows us to neglect them for the dynamics, e.g., in
Eq. (16). We stress that for this argument to work the presence of the
couplings as factors in Eq. (16) is crucial. They assist in suppressing any
contribution from pair correlations. In Eq. (23), however, the double
sum for the pair correlations contains no couplings. If we consider only
nearest-neighbor pair correlations, the double sum contains « zN terms,
where N is the particle number. As a consequence, the whole expression
scales like N which is the same as the scaling of the autocorrelation sum.
It is the additional factor z which has the pair correlations play a role in
the FID although they are unimportant for the microscopic spin dy-
namics. This is the key observation in this section.

Intuitively, one would expect the relevance of pair correlations to
decrease as the direct couplings of the two involved spins decreases. We
stress, however, that indirect couplings, for example via a third spin, can
also matter. It is not a priori clear, if or how much pair correlations
become irrelevant if we increase the distance of the two involved spins.
However, we will see that the more indirect a coupling is, the more time
a correlation needs to build up between the corresponding spins. To

Table 1

List of correlations considered for the FID of calcium fluoride in the [100]-
direction (2). The first entry (c = 0) is the autocorrelation and the other en-
tries correspond to pair correlations. 7. is an exemplary distance vector be-
tween the two spins involved in the pair correlation and |d.|/d, is the absolute of
their direct couplings with do : = poy2h?/(4ra3,). By m. we denote the multi-
plicity of the correlation, i.e., the number how often this correlation occurs per
spin.

c T Jase [7el/ase |de|/do me
0 1
1 (¥ 0 -1) 1.0 2.0 2
2 (-1 0 0) 1.0 1.0 4
3 (-1 -1 0) 1.4142 0.3535 4
4 (-1 0 -1) 1.4142 0.1768 8
5 (-1 -1 -1) 1.732 0.0 8
6 (@) 0 -2) 2.0 0.25 2
7 (-2 0 0) 2.0 0.125 4
8 (-1 0 -2) 2.2361 0.1252 8
9 -2 -1 0) 2.2361 0.0894 8
10 (-2 0 -1) 2.2361 0.0358 8
11 (-1 -1 -2) 2.4495 0.068 8
12 -2 -1 -1) 2.4495 0.034 16
13 -2 -2 0) 2.8284 0.0442 4
14 (-2 0 -2) 2.8284 0.0221 8
15 (@) 0 -3) 3.0 0.0741 2
16 -3 0 0) 3.0 0.037 4
17 -2 -2 -1) 3.0 0.0247 8
18 -2 -1 -2) 3.0 0.0124 16
19 (-1 0 -3) 3.1623 0.0538 8
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capture the FID at short and moderate times, it is a promising strategy to
start with the pair correlations of close spins. In Table 1, we list and
number pair correlations, sorted first by the distance between the pair of
spins, and second, if the distances are equal, by the coupling between the
spins.

Note that it is not possible to compute pair correlations in spinDMFT,
since they are excluded from the approach by construction. The exten-
sion, CspinDMFT, exactly simulates a small number of spins, the so-
called cluster, and regards the remainder of the lattice by mean fields
[19]. CspinDMFT can access these pair correlations, but each pair cor-
relation would require an adapted cluster which would make the
calculation numerically very expensive. In addition, the self-consistency
in each cluster would yield autocorrelations which differ from cluster to
cluster. This is not systematic. Thus we adopt the following two-step
strategy instead.

3.2. Overview of nl-spinDMFT

In step (1), we estimate the autocorrelations by a single self-
consistent computation with spinDMFT. This is well justified for large
Zeff. In step (2), we perform simulations of a quantum cluster in a mean-
field background to determine each pair correlation listed in Table 1.
Thereby, we use the previously obtained autocorrelations as building
blocks to determine the required mean-field moments. The simulations
of step (2) are similar to CspinDMFT, but we do not require the self-
consistency anymore because the mean-field moments are already
well known from the upstream self-consistency in step (1). At the same
time, we are flexible to choose the quantum cluster individually for each
simulation in step (2). Hence, the choice of the cluster can be optimized
with respect to the pair correlation of interest. Finally, the FID is ob-
tained by superposing all correlations obtained in the second step. Since
the pair correlations and the FID are non-local quantities, we refer to the
procedure in second step as non-local spinDMFT (nl-spinDMFT). The
whole strategy is summarized in Fig. 3. We provide more details in the
following.

The self-consistent calculation required for the first step is discussed

1 2nd mean-field
) feld
self-consistency loments
(spinDMFT)
spin
autocorrelations
» 4 |
2nd mean-field moments

(2)

nl-spinDMFT c=0 c=1 e=2

spin auto- and pair correlations

\/

Free induction decay

Fig. 3. Strategy to compute spin correlations and finally the FID using dynamic
mean-field theory. The dashed arrows correspond to simple, numerically cheap
superpositions. The solid arrows correspond to numerically more demanding
Monte-Carlo simulations which are required to compute expectation values.
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in Sec. 2.3 (spinDMFT). If the coordination number is high, spinDMFT is
sufficient, but for example in dimerized systems, one should simulate at
least a single dimer of spins using CspinDMFT. For calcium fluoride with
magnetic field in the [100]-direction, we have zEf?O] = 4.9, which is
sufficiently large for using only spinDMFT.

In the second step, we perform several simulations of a quantum
cluster in a mean-field background. The cluster is henceforth denoted by
I, where [ is the number of spins. The spins in the cluster interact
quantum-mechanically with one another and we regard the remainder
of the lattice by coupling each of the spins to a dynamic Gaussian mean

field Vi. This is summarized by the Hamiltonian

HY(0) = z;du (-sisy 815y +28787)
ijer;

24
+> S Vi),

i€l

As mentioned before, the second moments of the mean fields are
determined from the autocorrelations obtained in the first step. Gener-
ally, the second moments read

mf

UAGIAC e

i J

Z dzkdjm<sk( )Sa (0» (25)

k.mgT,

Using translational invariance and the sorting scheme from Table 1, this
can be rewritten as

VIOVI(0)" = (D")* Y2 Gt (262)
c=0
‘](zc),ij = Z dikde7 (26b)

k.mgIy

- = =
= r'me{ ¢}

where G¢* is a pair correlation of type c and G§* = G* is an auto-
correlation. By {7 .} we denote the set of distance vectors 7. that
correspond to the correlation with index c. The number of these distance
vectors per site corresponds to the multiplicity m. which is also provided
in Table 1. For example, the set for ¢ = 1 contains 7. = (0 0 —1)'
and 7, = (0 0 1) T, which entails m, = 2. Of course, we can only
insert those correlations that have been computed in the first step, i.e.,
the autocorrelations, so that the summation in Eq. (3.2) reduces to

VEVI(0)™ ~ (D)

J(ZO).ij<Sa (£)87(0)). 27)

Note that this approximation is also justified by the coordination num-
ber. For example, for i = j, the approximation in Eq. (27) follows directly
from Eq. (16).

The expression in Eq. (27) can be straightforwardly computed after
obtaining the autocorrelations in step (1). The resulting second mean-
field moments are then fed into the simulations of a spin cluster I in
a mean-field background using the Hamiltonian in Eq. (24). Note that
expectation values are again evaluated with respect to the disordered
state p, « 1. For calcium fluoride, we consider cluster sizes of up tol =9
spins and access all pair correlations listed in Table 1. Next, we discuss
how one can optimize the choice of clusters for the computation of the
pair correlations.

3.3. Choice of the clusters

Clearly, for a pair correlation the two directly involved spins must be
included in I'.. For a reasonable choice of the other spins, one has to
consider that two spins can become correlated indirectly, for example,
via their coupling to a third spin. Such processes can be only accounted
for, if the third spin is included in I';, since backactions from the cluster
onto the mean fields are excluded by construction. For an optimal choice
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of the cluster, the most important indirect couplings have to be
identified.

A selection criterion for the spins to be put into the cluster can be
developed, for example, on the basis of the fourth moment of the
coupling constants

(i k)

= J3Jy (28)

Here, i and j denote the pair of spins of the pair correlation in question
and k is some arbitrary third spin. The coupling constant connects spin i
and j via two links, which captures an indirect process correlating the
two spins with each other. We stress, however, that indirect processes
involving three or more links can also be important. Respecting several
degrees of indirect correlations simultaneously in a criterion forms a
challenging task.

Formally, we define an order as the number of links between site i and
j. We propose a strategy that adds the presumably most important spins
order by order to the cluster and start with the lowest relevant order, n
= 2. The first order, n = 1, is automatically accounted for, since we al-
ways include the spins i and j in the cluster. Dipolar couplings are long-
range so that, in principle, there is an infinite number of processes for n
> 2. To develop an appropriate criterion, we consider only the L
strongest absolute couplings of a spin in the lattice. For example, for
calium fluoride with magnetic field in the [100]-direction a plausible
choice would be L = 6, which includes only the nearest-neighbor cou-
plings. We suggest the following procedure for the n-th order.

1. Determine all paths from site i to site j with n links. Only those links
are allowed, that correspond to one of the L strongest couplings.

2. Collect the sites of all paths in a set K. Add all spins in K to the cluster,
if this does not exceed the desired cluster size [, and proceed with the
next order. If adding all spins would exceed [, consider the next step
instead.

3. Let f be the number of spins that are yet missing in the cluster. Find
all possibilities to distribute f spins on the sites in K. For each pos-
sibility, compute

(29)

Uis )" )= Y

K1k, kn_1€1

2 32 2
dikl dkl ky 't 'dknflj'

Here, k; can be any spin in the cluster with the f spins added (total
size is [) and we consider only the most important couplings. Accept
the cluster I'; with the highest value for (J,-,Zn,j)zn and stop the
procedure.

We consider this strategy to be a good compromise between lower
and higher orders. Aside from the cluster size [ which is set by the
available numerical resources, the only free parameter is the number L
of considered couplings.

Carrying this procedure out for L = 6, we arrive at the 20 clusters
shown in Fig. 4. Note that the procedure has also been used for deter-
mining the optimal cluster for the autocorrelation ¢ = 0 (spin i = j).

3.4. Results for calcium fluoride

To obtain the actual contribution of a pair correlation to the FID
7 (t), one has to multiply it with its multiplicity m. in the lattice so that

F(t) = f: m.G*(t). (30)
c=0

In practice, the sum needs to be truncated. We denote the corresponding
truncation value by cyax. The results of the simulated FID for ascending
Cmax are plotted in Fig. 5 in comparison with experimental data from
Ref. [20]. In addition to the FID, we plot
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Fig. 4. Considered clusters in the simple cubic lattice for CaF, for magnetic
field in the [100]-direction (z) according to the presented strategy in the text.
The numbering is adapted from Table 1. The orange lines represent the pair
correlations accessed by the corresponding cluster.

Cmax

M, () =) mG=(t), (31)
c=0

which is exactly constant in the absence of any approximations for cyax
= oo, since the longitudinal magnetization M” is a conserved quantity.
Hence, the deviation of M*(¢) from 1 is an excellent measure for the good
accuracy of the approximation in Fig. 5 (e).

As we increase the truncation cpay, the agreement between nl-
spinDMFT and experiment improves as expected. Adding the contribu-
tions from 19 pair correlations leads to a remarkable agreement up to
about t = 40 ps. Beyond this time, the amplitude of the oscillation is
slightly overestimated by nl-spinDMFT. We can rule out the statistical
error of the Monte-Carlo simulation as well as the error induced by time
discretization as the origin of the deviation, since they are about one
order of magnitude smaller. A probable reason for the deviation is that
the considered quantum clusters are not large enough to capture long-
range pair correlations reliably. The latter result from indirect pro-
cesses involving many spins and therefore become important at later
times.

To illustrate this, we present the individual transverse and longitu-
dinal pair correlations in Figs. 6 and 7. Some of them are very close to
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Fig. 5. Comparison of the FID in the [100]-direction simulated with nl-spinDMFT with the experimental one measured in Ref. [20]. The clusters considered for the
simulation are depicted in Fig. 4; they comprise [ = 9 sites and were chosen considering the L = 6 strongest couplings. The different panels show the improved
agreement as Cmay is increased, see Eq. (30) for clarity. In addition to the FID, we plot the longitudinal magnetization from nl-spinDMFT, see Eq. (31). This quantity is
rigorously conserved in the absence of any approximations. The individual correlations GI* were simulated considering a sample size of M = 10°% and a step width of
At = 0.35 pis yielding an error of € < 4 x 10>, The experimental data were measured at 4.2 K. The lattice constant for the fluorine ions at this temperature is about

Qs = 2.724 A.
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Fig. 6. Contributions of the transverse pair correlations computed by nl-
spinDMFT. The numbering corresponds to the one in Table 1 and Fig. 4.
Some pair correlations are not shown as they are very close to zero (absolute
value smaller than 0.002 on the whole interval). The orange bars correspond to
the approximate peak positions which are briefly discussed in the main text.
The dashed lines result from Eq. (32a).

zero and, hence, are not shown. The transverse correlations are mostly
characterized by a single peak, which can be positive or negative.
Depending on the peak position and its sign we can group them
phenomenologically into four classes on the considered time interval.
The longitudinal pair correlations on the other hand are all positive.
Most of them increase monotonically over the considered time interval.
No. 1 and 2 rise the fastest and slowly decay after their maximum value
at about t = 40 ps, see panel (a) in Fig. 7. Note that we applied the same
classification scheme as for the transverse pair correlations. The speed of
the increase of the longitudinal pair correlations decreases with c, i.e.,
with the pair distance.

Henceforth, we focus on the transverse pair correlations as they
matter for the FID. The first peak is due to 1st-order processes, i.e., due
to the direct coupling between the pair of spins of the corresponding pair
correlation. We can verify this by analytically computing the exact pair
correlations, while setting all couplings except the direct coupling d to
zero, yielding

10.02
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L L L L 1 L L L 1 L L L L L 1 L
0 50 0 50
t (units of ps) t (units of ps)

Fig. 7. Same as Fig. 6, but for the longitudinal pair correlations.

x L ftd\ . [t

Glimer(t) = —sin (%> sin (ﬂ) , (32a)
- . o td

Gdimer(t) = SlI'l2 <ﬁ) ’ (32]))

which is depicted by the dashed lines in Figs. 6 and 7 in panel (a),
respectively. The agreement of these formulas with the pair correlations
of nl-spinDMFT is excellent at short times which indicates that the direct
coupling is the origin of the first peak in the transverse correlations. The
other peaks are likely to result from indirect couplings. One can presume
that the peak of the nth class results from processes of nth order ac-
cording to the definition in Sec. 3.3, that is, from processes with n links.
This also explains the alternating signs of the peaks: If the direct
coupling between two spins leads to anti-correlation (—) at short times,
the indirect coupling via two links leads to correlation (+), the indirect
coupling via three links again to anti-correlation and so on. Note that,
generally, we expect all orders to be relevant for all pair correlations to
some extent. This can be seen well in pair correlation No. 5 in panel (c),
in which both the second and third peak are clearly visible. However,
the obtained tendency is that the larger the distance between a pair of
spins, the higher is the order of the processes inducing the relevant peak
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in the pair correlation. This entails that more-distant pair correlations
tend to involve more links and, thus, tend to pop up at later times. In
Appendix A, we discuss the convergence of the correlations upon
increasing the cluster size . We find that short-range pair correlations
converge much quicker than long-range pair correlations. This is plau-
sible considering the fact that the order of the involved processes in-
creases with the pair distance.

Fig. 5 could give the impression that the mean-field approach cor-
responds to a short-time approximation, but this is not a valid view. In
fact, nl-spinDMFT is a short-range approximation and range and time
correspond to each other in the FID. We emphasize that short-ranged
quantities such as the autocorrelations are well captured by the
approach even at long times. This is underlined by the consideration in
Appendix A.

There are several ways to improve the accuracy of the simulated FID
at later times. An obvious step is to increase the cluster size further; one
or two more spins are realistic. Besides this, one has to consider that the
prime reason for inaccuracies in long-range pair correlations is the lack
of back actions in the mean-field approach. In classical or hybrid
quantum-classical approaches, such back actions are treated at least on a
classical level [8-10]. The advantage of the expansion in Eq. (30) is that
the summed up quantities can all be computed separately. A promising
strategy for very accurate FIDs could be to estimate any correlations
below a properly chosen cpax by nl-spinDMFT and to compute correla-
tions for ¢ > cpax by a fully classical or by a hybrid approach. We leave
these ideas for future research.

In Appendix B, we also compare nl-spinDMFT with the experimental
data for the FIDs in the [110]- and [111]-directions. The observations
are qualitatively the same as above. The nl-spinDMFT is precise at short
times and performs less well at later times, since long-range effects are
not accounted for accurately. In fact, the deviations at later times are
considerably higher than for the [100]-direction. We assign this to the

fact, that the effective coordination number is much larger for the [110]-

and [111]-directions, z[elf}O] = 9.2 and zEf; 1 — 225, This may sound

counter intuitive, because the mean-field approximation is justified by a
1/z-expansion. However, accessing pair correlations requires to simu-
late compact clusters, in which the most important intermediate spins
inducing indirect correlations are included. The larger the coordination
number z, the larger is the number of important intermediate spins
which complicates the choice of compact clusters enormously. If z is
lower, the mean-field approximation is, in principle, less well justified.
However, the agreement of the results with the experimental FID in the

[100]-direction together with the convergence plots in Appendix A

suggest that even for a smaller effective coordination number, ng?o] =

4.9, the local dynamics is captured accurately by the mean-field
approach. Therefore, we believe that nl-spinDMFT can be a very
powerful tool for the computation of FIDs in systems with moderate
coordination numbers, for example, in dimerized systems such as crys-
talline silicon [9] or in two-dimensional systems, see for example
Ref. [19]. To access systems with very high coordination numbers, one
may combine it with approaches that capture back actions more
effectively.

4. Microscopic proton-spin dynamics in adamantane

In the previous section, we demonstrated how spinDMFT and its
extensions can be employed to simulate the FID. To this end, we
computed individual microscopic pair correlations by simulating clus-
ters of 9 spins in a mean-field background. An important ingredient was
the choice of compact clusters on the lattice. Such a choice is not
possible for adamantane, where the motional averaging leads to
exceptionally high coordination numbers in the leading non-vanishing
couplings to adjacent molecules and beyond. In this scenario, at least
two or three molecules would need to be included for a reliable choice of
clusters. This would entail simulating more than 30 proton spins which
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is numerically not feasible. We conclude on the one hand that the proton
FID of adamantane cannot be simulated by the described procedure. On
the other hand, the mean-field approximation itself is excellently justi-
fied for the nuclear spins in adamantane, even more so than for CaF;
because of the large number of interaction partners, i.e., large values of
z. For this reason, we expect the autocorrelations of the proton spins to
be captured very well by spinDMFT. Computing them requires powder
averaging, which is discussed in the following.

To apply spinDMFT, we require the quadratic coupling constant for
the proton spins. For a given direction 7’5 of the magnetic field, it can be
computed by

— o - ma 2
Jou(M) = N lz<d(1H).(mH) (nB)> ) (33)

m>1

with the motion-averaged couplings provided in Eq. (8b) and N{f,“’l =16
being the number of hydrogen nuclei per molecule. To compute Jo i
numerically, we rewrite the molecule sum as a double sum and define a
cutoff spax,

Smax

Tou(Ms) ~NF'> - (d(lH).(mH)ma(ﬁB))z- €D
s=1 m

—
a1m

=rs

The first sum runs over all “shells” of molecules around the considered
central molecule in the fcc lattice. The shells are defined by their dis-
tance to the central molecule. Here, sy.x is the index of the last shell that
is included in the numerical calculation. The second sum runs over all
molecules within the same shell, that means, with the same distance r; to
the central molecule. The lattice distances ry and the number of mole-
cules per shell in the fcc lattice are extracted from Ref. [32]. For an
analytical estimate of the contributions from shells with s > spay, We
assume for simplicity each nucleus to be at the center of its molecule and
introduce the continuum limit to render the molecule sum tractable.
Both approximations become more accurate as spax is increased. We
obtain

J(22.H.rest ~ N[l-rlwlno / da a2 /dQ d2 (aﬁ(g)v H>B) (353)
Tsmax+1
162N (puorph’ ’ -3
=7"c.3 ) 35b
15a2, < 4 (Psmart1) s (35b)

where 7(Q) = (6, ¢) := (sin 9cos ¢, sin Isin ¢, cos9)' and
ny := 4/a;, is the density of molecules. Note that due to the continuum
limit the lattice becomes completely isotropic so that the result is in-
dependent of 7p.

The coupling d(lH)_(mH)ma has to be evaluated for each molecule m in
each shell s for different orientations 7 of the magnetic field. We
compute the four-dimensional angular integrals in Eq. (8b) by Monte
Carlo integration. In total, we consider the first eight shells around the
central molecule, i.e. spx = 8, and approximate contributions from
higher shells using Eq. (35b). In spinDMFT, the orientation of the
magnetic field itself is not important, but the resulting quadratic
coupling Jg is the key parameter. Therefore, we are not interested in the
distribution of Jou depending of T'g, but rather in the distribution
p(Jon), which is displayed in Fig. 8. The powder-averaged value from

our simulation is Jou"" = 17.519(3)kHz x # which agrees very well

with the experimentally obtained value, mp ? ~ 17kHz x  [33]
(Ref. [33] provides the second moment M, which differs from the
quadratic coupling constant according to JzQ = M,h%y%4/9). However,
as p(Jou) is not strongly peaked, but spreads over an interval of about 4
kHz x h, this average value is not completely representative. Applying
the powder average directly to the quadratic coupling constant, that is,
before the spinDMFT simulation is not fully justified. Instead, we should
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Fig. 8. Distribution of the quadratic coupling constant (yu/y:)Jo, for i € {H, C}.
The two dashed vertical lines correspond to the powder-average Jo ;' (they are
barely distinguishable). p is determined by organizing the resulting values for
Jo,; for different field directions T'p into bins. The horizontal error bars
correspond to the bin widths. The vertical error bars are determined from the
error bars of Jo; which result from the Monte Carlo sampling.

produce spinDMFT results for different values of Jg i and superpose the
results according to the distribution p(Jou). Note that this does not
require additional effort, since the simulation results from spinDMFT,
see Fig. 2, can simply be rescaled in order to correspond to a different Jg,
y- The powder-averaged autocorrelations of spinDMFT obtained in this
way are plotted in Fig. 9 together with the experimentally measured FID.
It turns out that the powder average does not affect the shapes of the
autocorrelations much.

In contrast to the FID, the transverse autocorrelation does not
contain any oscillations. This is the same phenomenon as in calcium
fluoride. The pure autocorrelation, see panel (a) of Fig. 5, does not
oscillate, but after adding pair correlations the estimated FID contains
minima and maxima, see panel (e). As explained above, we cannot ac-
cess the pair correlations in adamantane reliably, since the required
cluster sizes would be too large. Hence, there is no direct comparison
between spinDMFT and experiment concerning the proton-spin dy-
namics. But the situation is much more favorable for the dynamics of the
nuclear spins of 3C, which will be considered in the next section.

5. Simulating carbon NMR signals in adamantane

Since the '3C-spins are rare, their dynamics are completely domi-
nated by the interaction with the proton spins. The latter occur in much
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Fig. 9. Powder-averaged proton autocorrelations for adamantane computed by
spinDMFT in comparison with the proton FID measured in Ref. [23]. The
agreement is only approximate because the pair correlations are missing.
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higher numbers and their gyromagnetic ratio is larger so that we can
safely neglect any back action from the carbon spins onto the proton
spins. In this case, a substitution of the proton field in Eq. (7) by a
Gaussian mean field is very justified. This leads to a simple spin-noise
model according to the Hamiltonian

He(t) = FVE(D). (36)
The mean field has zero average and its second moments are given by
— o —mf

Ve(OVE(0) " = 4J5c(S°(1)5°(0)), (37)

with the longitudinal spin autocorrelation provided in Fig. 2. Similar to
Eq. (33), the quadratic coupling constant is given by

e, A2
Jé,c(ﬁB) :N:Olz<d(lc).(mH) (TIB)> . (38)

m>1

Note that we do not consider the powder average in Eq. (37). Within
each crystal, the carbon spins couple to an individual spin environment
with fixed Jg ¢ and fixed proton autocorrelation. Therefore, one has to
compute any signals of the carbon spins individually for each crystal or,
equivalently, for each Jo and the corresponding proton autocorrela-
tion. Averaging these signals leads to the appropriate powder-average
measured in experiment.

Using the same procedure as in the previous section, we can estimate
Jo,c by Monte-Carlo integration. In our calculations it turns out that,
although the carbon spins sit on a much smaller radius in the ada-
mantane molecule, their quadratic coupling constant is always exactly
the same as for the proton spins except for a factor r, : =y /ry ~ 0.251,
due to the different gyromagnetic ratios. This is true for any considered
field direction 7p. To underline this observation, we included the
density p(rJo,c) in Fig. 8, which is remarkably close to p(Jo,x). Moti-
vated by this, we also computed the distributions using a more crude
model, wherein the nuclei are positioned at the centers of the molecules.
Indeed, this changes the distributions only very slightly.

We compute the transverse autocorrelation generated by the
Hamiltonian in Eq. (36) for different values of Jg ¢ and superpose the

results according to p(Joc) ~ p(r; lJQ,H> to obtain the powder

average. The resulting signal is shown in Fig. 10 together with the
experimental result for the FID. Note that since the 3C-atoms have a low
abundance, two individual carbon spins see a totally different environ-
ment. Hence, pair correlations are not relevant for the corresponding
FID and the transverse autocorrelation of carbon should, in principle, be
equivalent to the FID. However, as it turns out, the result from the noise
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Fig. 10. Powder-averaged transverse autocorrelation for *C in adamantane
from the spin-noise model in Eq. (36). Results with and without an additional
static noise source are shown. The carbon FID measured in Ref. [23] is plotted
with black circles.
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model deviates a bit from the experiment at moderate and large times.
For a better understanding of this observation, we consider the spin echo
signal in the following.

To simulate a spin Hahn echo [34] within the spin noise model, we
include an instantaneous pulse according to

Hpye = 7h5(t — 7/2)F (39)
and measure the result of the transverse autocorrelation at t = 7. The
result of this is plotted versus 7 in Fig. 11. Here, the agreement between
theory and experiment is very good. We conclude that the dynamic noise
resulting from the proton spins as captured by spinDMFT is perfectly
accurate. Since a spin echo eliminates static noise we attribute the
discrepancy in the FID to some small additional static noise.

To underline this interpretation, we redo the computation of the FID
and include a weak static Gaussian noise. This is done by adding a
constant term W2 to the second mean-field moment in Eq. (37), where W
is the standard deviation of the noise. The best fit to the experimental
data is obtained for W = 0.29(6) kHz x # and plotted in orange in
Fig. 10. The agreement for the adapted model is remarkable and sup-
ports our assumption. We stress that the spin echo exactly reverts the
effect of the noise in the considered model so that the result in Fig. 11
does not change at all.

In addition, we analyzed how such an additional noise source would
affect the proton-spin dynamics. To this end, we added the noise,
amplified by the factor 1/r,, in the spinDMFT simulation finding no
visible difference in the resulting autocorrelations relative to the ones
shown in Fig. 9. The coupled proton spins are much more robust against
disturbing fields, due to the homonuclear nature of the coupling. A
candidate for the origin of the inhomogeneous broadening is the
chemical shift anisotropy. It is anisotropic in solids and broadens the
NMR spectra of powders [1].

6. Conclusion

We applied a recently developed dynamic mean-field theory for spins
(spinDMFT) [18] to NMR experiments in order to establish it as a ver-
satile and accurate simulation tool enabling quantitative understanding
of microscopic spin physics.

In the first part, we extended spinDMFT to access free-induction
decays in homonuclear spin systems. This approach is called non-local
spinDMFT (nl-spinDMFT) because it involves calculating non-local
quantities that are not directly accessible in spinDMFT. The nl-
spinDMFT uses a priori computed mean fields to efficiently simulate a
quantum cluster of about 10 spins in a mean-field background. The
simulation allows us to compute pair correlations, which contribute to
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Fig. 11. Powder-averaged spin echo for '*C in adamantane from the spin-noise

model in Eq. (36). The experimental spin echo measured in Ref. [23] is plotted
with black circles.
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the FID. This gives us an understanding of how the macroscopic FID
results from microscopic spin dynamics. The extrema in the FID can be
traced back order by order to processes involving n spin-spin couplings.

The agreement of the method with the experimental FID in CaF; [20]
is excellent for the [100]-direction at short and moderate times. Small
deviations at later times are found to be due to less well captured
long-range pair correlations, which become relevant at later times.
These deviations are larger for the [110]- and [111]-directions because
selecting compact clusters with at maximum 9 spins becomes more
difficult for higher coordination numbers. In these cases, it may be
promising to combine the approach with purely classical or hybrid
quantum-classical simulations [8-10]. Our simulations suggest that the
choice of the cluster is of great importance. Different pair correlations
are accessed by different clusters in nl-spinDMFT. For this reason, we
propose to improve the hybrid approach presented in Refs. [8,9] by
computing pair correlations separately considering individual adapted
clusters.

In spin systems with moderate coordination numbers, for example in
two-dimensional systems, we expect an excellent performance of nl-
spinDMFT. Apart from pair correlations, nl-spinDMFT easily allows
one to compute arbitrary quantities on the quantum cluster, which are of
interest, for example, for experiments measuring multi-spin correlations
[30].

In the second part, we demonstrated the versatility of the mean-field
framework by considering the spin dynamics in polycrystalline ada-
mantane [23], where motional and powder averaging has to be taken
into account. Using spinDMFT, we estimated the proton-spin autocor-
relations and used them to calculate the FID and the spin echo of the rare
13C nuclear spins. While there is some deviation between the numerical
and experimental carbon FID, the carbon spin echo is captured very well
by the simulation. This suggests the presence of inhomogeneous
broadening in the experiment. We account for this in an additional
simulation by adding a weak static noise, which leads to an excellent
agreement with the experimental FID.

We consider the mean-field framework described by spinDMFT and
nl-spinDMFT to be very versatile due to the microscopic nature of the
effective mean-field models. For example, spins with S > 1/2 including
quadrupolar interactions can be easily considered in the simulations.
Explicit time dependencies can be included in spinDMFT and its ex-
tensions without increasing the numerical effort much. This has been
demonstrated for the spin echo in adamantane, but more complicated
pulse sequences and even pulse imperfections can be considered as well.

Furthermore, we point out that the nl-spinDMFT can be enhanced by
using CspinDMFT [19] in the first step instead of spinDMFT. The second
step remains essentially the same. This straightfoward extension is rec-
ommended if there are strong dominating spin interactions which
cannot be treated as noise, for instance if dimers of spins with strong
intradimer, but weaker interdimer coupling need to be dealt with. Also
larger clusters are conceivable as an extension.

In conclusion, we strongly advocate the use of spinDMFT and its
extensions for the prediction and understanding of NMR signals.
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Appendix A. Convergence of pair correlations in calcium fluoride

With the help of the algorithm presented in Sec. 3.3, we add the most important intermediate spins inducing indirect couplings order by order to
the cluster. Comparing the simulation results for different cluster sizes [ allows us to track the convergence. We perform this comparison for the
autocorrelation and some selected relevant pair correlations. The result is shown in Fig. A.12. As can be seen in panel (e), the autocorrelation changes
only very slightly as lis increased. The result for l = 9 is barely distinguishable from [ = 1 (spinDMFT), except for a tiny maximum at about 60 ps. This is
a perfect a posteriori justification for the applicability of spinDMFT. Such a quick convergence is also obtained for the nearest-neighbor pair correlation
¢ = 1, see panel (a). However, as the pair distance is increased, the convergence becomes slower and slower.

. . 10.15 1.0 .
1 [ — i=1]]
J0.10 : t=2
1 0.8 1=34
10.05 I l=4]
1 — 1=5]
10.00 06] — =61
1 — =7
20.03 i — 1=
17 04 =9 -
40.02
3 0.2 ]
10.01 L
1000 g

1 " " " " N " " " " 21 L " " " 1 " " " 1 " " " 1 " " " ]

0 20 40 60 80

50 0 0
t (units of ps) t (units of ps) t (units of ps)
Fig. A.12. Convergence of the pair correlations from nl-spinDMFT in the [100]-direction with ascending cluster size l. Panels (a)-(d) show selected pair correlations
with index c according to Table 1 and panel (e) shows the autocorrelation. Pair correlations do not exist for I = 1 which is why the orange line can only be found in
panel (e).

Often, we obtain considerable leaps upon adding a single spin, because this spin allows the pair correlation to build up along an additional
important path on the lattice. For ¢ = 4, see panel (b), the third and fourth spin are very important. As can be seen in Fig. A13, these are the common
neighbors of the two spins directly involved in the pair correlation. The two indirect couplings via spin No. 3 and 4 are the main contributions to this
pair correlation. The same behavior can be observed in pair correlation No. 19, see panel (d) and Fig. A15 for the clusters. Adding the sixth spin enables
the first path with four nearest-neighbor links between the two spins of the pair correlation. Each spin that is added until [ = 8 enables another fourth-
order path and, thus, increases the fourth-order peak in the pair correlation. Remarkably, the increase is always nearly the same indicating that the
effects from different paths roughly adds up linearly in the pair correlation. Studying such effects in detail leads to a much better understanding of the
microscopic correlations. Note that with a cluster size of | = 8 spins, any paths with four nearest-neighbor links are included. Hence, the effect of
adding spin No. 9 is significantly smaller. These observations are in perfect accordance with our arguments in Secs. 3.3 and 3.4.
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Fig. A.13. Obtained clusters for the pair correlation with index ¢ = 4, depicted in orange, for different cluster sizes L.
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Fig. A.14. Obtained clusters for the pair correlation with index ¢ = 19, depicted in orange, for different cluster sizes L.

The direct understanding of the leaps in the convergence plots allows us to draw conclusions about the accuracy of the computed pair correlations.
We consider, for instance, pair correlation No. 19, see Fig. A12 (d), to be fairly well captured for [ > 8, because all paths with four nearest-neighbor
links are included. Hence, the lowest, most important order is completely accounted for. The clusters for I = 8 and [ = 9 may be referred to as compact.
For several other pair correlations with comparably large pair distances this is not the case, see for example c =11, 12,17, 18 in Fig. 4. Here, the lowest
orders are only included partly for [ = 9 which makes the results less reliable. We conclude that the larger the pair distance, the less compact are the
clusters at given cluster size and, hence, the less accurate are the resulting pair correlations. Note that the absolute magnitude of the pair correlations
decreases as the pair distance increases so that it is justified to truncate at a certain range.

Finally, we also present the convergence of the FID with the cluster size in Fig. 5. The nl-spinDMFT asymptotically approaches the experimental
result and we expect an even better agreement for [ > 9.
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Fig. A.15. Convergence of the FID from nl-spinDMFT in the [100]-direction with ascending cluster size L. The black dotted line corrsponds to the experimental data.

Appendix B. FID of CaF; in different directions

The results for external magnetic field in the [110]- and [111]-directions are shown in Figs. B16 and B. Note that the number of most important
couplings L is chosen larger than for the [100]-direction. This is because there are more couplings of similar strength. The time at which nl-spinDMFT
becomes inaccurate is about the same as for the [100]-direction (about 40 ps). In particular, for the [111]-direction the rather late minimum is not
captured completely quantitatively. Also, the sum rule of the z-direction (blue line) is not well fulfilled for the discussed reasons. The choice of
compact clusters requires more and more spins as the coordination number is increased. Since we are limited to 9 spins, the FIDs in [110]- and [111]-
direction are less well captured.
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Fig. B.16. Same as Fig. 5, but in the [110]-direction and with L = 8.
1.0 A B S 3 R BN SR LA B R B L N AL RN AL AL N LA B R B
i (b) 1 1.0 .
i ] ; ©)
W05 1 osp \ :
00F ] 0.6 F ]
[ Cmax = 0 Cmax = 1 —— FID, experiment
N T S FID, nl-spinDMFT
Lo () T™ @7 041 —— M, nkspinDMFT ]
L ] \
'_ ull ] 02 - \ .
&0.5 : :
i \ 1 oof —
00F - N
[ Cmax = 3 Criax = 9 ] Cmax = 19
U SR SR S [N SN SN N T [N ST S S S | U SR S T [N TN SR U T [N SR S S S | 70.2 1 1 1 1 1 1 1
0 50 100 150 50 100 150 0 20 40 60 80 100 120 140

t (units of ps) t (units of ps)

t (units of ps)

Fig. B.17. Same as Fig. 5, but in the [111]-direction and with L = 14.
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