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Abstract
In this thesis, we explore two hypothetical extensions of the Standard Model of particle
physics. First, we discuss implications of the Majoron model for neutrino mass generation
with regard to the appearance of cosmic domain walls before performing an in-depth study
of leptogenesis in a Majoron model that is extended by an additional right-handed SU(2)L
triplet. We find that successful leptogenesis in this scenario is in principle possible and
that the results partially apply also to the generic Majoron model. Second, we disuss
an extension of the Standard Model containing vector-like leptons and new scalars as
a solution to the discrepancy between the observed and predicted anomalous magnetic
moment of the muon. We find that the model permits contributions to the anomalous
magnetic moment that are compatible with experimental data, while simultaneously being
in agreement with other experimental bounds on the model parameters.

Kurzfassung
In dieser Arbeit werden Erweiterungen des Standard Modells untersucht. Zunächst wer-
den die Implikationen des Majoron-Modells für die Erzeugung von Neutrinomassen im
Hinblick auf das Auftreten von Domänenwänden untersucht. Im Anschluss wird Lep-
togenese in einem Majoron-Modell diskutiert, welches um ein zusätzliches rechtshändi-
ges SU(2)L-Triplet erweitert wird. Es zeigt sich, dass Leptogenese in diesem Szenario
möglich ist und die Ergebnisse teilweilse auf generische Majoron-Modelle übertragbar
sind. Außerdem wird eine Erweiterung des Standardmodells um vektorartige Leptonen
und zusätzliche Skalare als Lösung für die Diskrepanz zwischen dem gemessenem und dem
vorhergesagtem anomalen magnetischen Moment des Muon untersucht. Das Modell er-
laubt Beiträge zum anomalen magnetischen Moment des Muons, die mit experimentellen
Daten kompatibel sind und gleichzeitig mit anderen experimentellen Beschränkungen der
Modellparameter vereinbar sind.
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CHAPTER 1

Introduction

Over the past decades, the Standard Model (SM) of particle physics has emerged as a
theoretical description of the fundamental constituents of matter and their interactions.
In particular, the prediction [4, 5] and subsequent discovery [6, 7] of the Higgs boson
has been the most groundbreaking success of the SM that manifests its role as the most
precise description of nature to date. Together with the theory of General Relativity
(GR), the SM is an essential foundation for the Standard Model of cosmology which
plays a crucial role in furthering our understanding of the evolution of the Universe. The
latter is based on some of the most notable triumphs of cosmology, such as the discovery
that the Universe expands according to Hubble’s law [8, 9] as well as the prediction of
the Cosmic Microwave Background (CMB) [10–12], and successfully predicted e.g. the
primordial abundances of light particles [12–16].

In spite of the SM’s success, our theoretical understanding of the Universe remains
incomplete. Many of its limitations impact both particle physics and cosmology,
suggesting the need for solutions that connect both frameworks. For example, the
Universe we observe today is maximally baryon asymmetric [17, 18]. It is theorized
that rather than being an initial condition, this asymmetry arises at some stage during
the evolution of the Universe, requiring that the SM is extended by new particles [19].
Moreover, neutrino oscillations indicate that neutrinos are massive [20–22], yet they
are massless in the SM. The most economic model of neutrino mass generation is the
Seesaw mechanism [23] that postulates the existence of additional heavy neutrinos.
Such models are of particular interest for cosmology as the dynamical generation of
a baryon asymmetry is an inherent feature of most generic Seesaw models and can
therefore elegantly address both shortcomings simultaneously [24]. Further evidence for
the existence of beyond the Standard Model (BSM) physics stems from the observation
that the Universe contains significantly more matter than the visible, luminous matter,
hence establishing the existence of a non-luminous matter component, called dark matter
(DM) [18, 25, 26]. It is widely (though not unanimously) believed that the DM of the
Universe consists of a yet unknown, weakly interacting, massive particle, thus implying
the existence of BSM physics. Moreover, given the success of the SM in the realm of
the unification of the electromagnetic and the weak force at high energies, many BSM
models are embedded in the framework of grand unified theories (GUTs) which strive
for the unification of all forces at even higher energies [27]. Since GUT models predict
new particles, it seems obvious to exploit these particles to tackle shortcomings of the SM.
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Chapter 1. Introduction

In this thesis, we explore two classes of models in order to address shortcomings in the
SM and cosmology from different perspectives. Our main focus is on the singlet Majoron
model [28–30] and extensions thereof. In the Majoron model, the global U(1)B′−L′

symmetry of the SM is spontaneously broken, hence inducing the dynamical generation
of neutrino masses and giving rise to a Goldstone boson, the Majoron. Although the
main motivation behind the Majoron model is to address the absence of neutrino masses
in the SM, Majoron models have also been widely studied with regard to the Majoron as
a DM candidate [31–35]. In many aspects, Majoron models are similar to Axion models
which are proposed as a solution to the strong CP problem [36–38]. However, while Axion
models generally suffer from the appearance of topological defects in the form of domain
walls (DWs), we explore why DWs are absent in Majoron models. Since the Majoron
model inherently entails Majorana neutrinos, the majority of this thesis will be concerned
with the possibility to create the baryon asymmetry of the Universe (BAU) in (extended)
Majoron models [3, 39–42]. Additionally, we discuss an extension of the SM that aims
to address the observed anomalous magnetic moment (AMM) of the muon [43–64] by
introducing vector-like leptons (VLLs) and new scalars, motivated by the appearance of
VLLs in GUT models.

This thesis is structured as follows. In Chapter 2, we briefly discuss the relevance of
spontaneously broken symmetries in the realm of particle physics before providing a short
introduction to the SM. In Chapter 3, we give an introduction to cosmology. We begin
with an overview of the cosmological Standard Model and the concept of equilibrium
thermodynamics which we then utilize in the framework of Boltzmann equations. Next,
we discuss the relevance of phase transitions throughout the evolution of the Universe.
We finish this chapter by briefly outlining the history of the Universe. In Chapter 4, we
discuss the evidence for BSM physics in greater detail, focussing on the aspects relevant
for this thesis. We also present generic models and frameworks that are often the basis for
more evolved BSM models. In Chapter 5, we finally investigate the Majoron model. We
begin with a brief review of the generic singlet Majoron model and the implications of a
non-vanishing Majoron mass. Next, we discuss the issue of DWs in Majoron models and
how the claim that they arise after spontaneous symmetry breaking (SSB) has motivated
the study of extended Majoron models. In Chapter 6, we present an in-depth analysis
of leptogenesis in a Majoron model that is extended by an additional triplet fermion,
also addressing the prospects of DM in this model. In Chapter 7, we proceed with the
discussion of a model that contains VLLs coupling to muons, a new scalar SU(2) singlet
and a scalar SU(2) doublet. We explore the model as an explaination of the discrepancy
between the observed and predicted values of the AMM of the muon and study constraints
that arise e.g. due to Higgs decays. In Chapter 8, we conclude.

– 2 –



CHAPTER 2

Spontaneous Symmetry Breaking in the
Standard Model of Particle Physics and
Beyond

SSB is one of the most important concepts in modern particle physics and cosmology.
One example is the electroweak symmetry breaking (EWSB) where the gauge group of the
SM is spontaneously broken from SU(3)C × SU(2)L × U(1)Y to SU(3)C × U(1)QEM [65–
67]. Moreover, it is believed that symmetries which are spontaneously broken at a low
temperature are restored at higher temperatures, similarly to condensed matter systems,
and that the Universe underwent a series of phase transitions were different types of
symmetries were broken. Broadly speaking, SSB has two implications for particle physics
and cosmology: It dynamically generates masses for some particles in the theory, and in
the context of cosmology, it gives rise to topological defects. In Secs. 2.1 and 2.2, we
focus on the relation between the symmetry that is spontaneously broken and the masses
that arise in the model1 and the application of SSB in the SM, respectively, loosely
following [68–75]. Finally, we briefly discuss a more evolved application of SSB in form
of the two-Higgs doublet model in Sec. 2.3.

2.1 Spontaneous Symmetry Breaking
2.1.1 Discrete Symmetries
Let us begin with the Lagrangian for a real scalar field φ,

L =
1

2
(∂µφ) (∂

µφ)− V (φ) , (2.1.1)

where V (φ) is the potential given by

V (φ) =
λ

4

(
φ2 − v2

)2
, v =

√
µ2

λ
. (2.1.2)

It is apparent that the Lagrangian is invariant under discrete Z2 transformations φ→ −φ.
The shape of the potential depends essentially on the signs of µ2 and λ. First, in order
for a stable ground state to exist, we demand that λ > 0. Next, if µ2 < 0, the potential

1Symmetry restoration and topological defects in the form of domain walls are shortly reviewed in Sec. 3.4 and 3.4.2,
respectively.

3



Chapter 2. Spontaneous Symmetry Breaking in the Standard Model of Particle Physics and Beyond

has a single stable minimum at φ = 0. The more interesting case is µ2 > 0 which yields
a potential with two equivalent vacuum expectation values (VEVs) at

〈φ〉 = ±v , (2.1.3)
and choosing either one of them spontaneously breaks the symmetry. For example, if we
take 〈φ〉 = v, we can expand φ around the minimum as

φ(x) = v + φ̃(x) , (2.1.4)

where φ̃ has a vanishing VEV, 〈φ̃〉 = 0. We can now plug (2.1.4) into the Lagrangian
(2.1.1), yielding

L =
1

2

(
∂µφ̃
)(

∂µφ̃
)
− µ2φ̃2 − λ

4

(
φ̃4 + 4vφ̃3

)
, (2.1.5)

and we find that φ̃ obtains a mass
√
2µ. It is apparent that (2.1.5) is not invariant under

φ̃ → −φ̃, i.e. the ground state does not obey the symmetry of the Lagrangian. This is
called SSB. Note however that the Z2 symmetry did not completely disappear. Instead,
the symmetry is now realized as a shift symmetry, φ̃ → −φ̃ − 2v, and the original Z2

symmetry is hidden.

2.1.2 Continous Global Symmetries
A simple model that illustrates SSB of a continuous global symmetry is the U(1) model
where the Lagrangian for a complex scalar field φ,

L = (∂µφ)
† (∂µφ)− V (φ) , V (φ) = −µ2φ†φ+ λ(φ†φ)2 , (2.1.6)

is invariant under a global U(1) transformation,
φ(x) → eiαφ(x) . (2.1.7)

As in the case of a discrete symmetry, we demand λ > 0 for vacuum stability and find
that the potential has a minimum at φ = 0 if µ2 < 0. If on the other hand µ2 > 0, the
potential has the shape of a mexican hat as shown in Fig. 2.1 and we find an infinite
amount of equivalent minima,

〈φ〉 = v√
2
eiθ , v =

√
µ2

λ
, (2.1.8)

where θ is an arbitrary phase. It is convenient to choose the vacuum with θ = 0 and
expand φ around two real fields φ1 and φ2 with vanishing VEVs,

φ(x) =
1√
2
(v + φ1(x) + iφ2(x)) , (2.1.9)

– 4 –



Chapter 2. Spontaneous Symmetry Breaking in the Standard Model of Particle Physics and Beyond

so that (2.1.6) becomes

L =
1

2
(∂µφ1) (∂

µφ1) +
1

2
(∂µφ2) (∂

µφ2)− λv2φ2
1 − λvφ1

(
φ2
1 + φ2

2

)
− λ

4

(
φ2
1 + φ2

2

)2
.

(2.1.10)
It is apparent that the choice of the ground state once again spontaneously breaks the
symmetry. Moreover, we find that φ1 obtains a mass

√
2λv2 while φ2 remains massless.

The massless particle is called a Goldstone boson, and their appearance is a general feature
of spontaneously broken global symmetries.
Aside from the linear representation given in (2.1.9), we can also parametrize φ in the
polar representation as

φ(x) =
1√
2

(
v + φ̃1(x)

)
ei

φ̃2(x)
v (2.1.11)

and rewrite (2.1.6) as

L =
1

2
(∂µφ̃1)(∂

µφ̃1) +
1

2

(
1 +

φ̃1

v

)2

(∂µφ̃2)(∂
µφ̃2) +

1

2
µ2
(
v + φ̃2

1

)2
− λ

4

(
v + φ̃1

)4
.

(2.1.12)
In the polar representation, φ1 corresponds to radial excitations of the potenial while
φ2 corresponds to tangential excitations, see Fig. 2.1. In the polar representation, it is
therefore intuitively clear that φ1 obtains a mass while φ2 remains massless. Moreover,
the polar representation is illuminating since it reveals how the symmetry is hidden.
While the vacuum 〈φ〉 = v/

√
2 does indeed spontaneously break the U(1) symmetry, the

symmetry is still realized in terms of a shift symmetry φ̃2(x) → φ̃2(x) + vθ.

2.1.3 Continous Local Symmetries
In the SM, local (or gauge) symmetries are of particular interest. The simplest model is
described by the Lagrangian

L = (Dµφ)
† (Dµφ)− 1

4
FµνF

µν − V (φ) , (2.1.13)

V (φ) = −µ2φ†φ+ λ(φ†φ)2 , (2.1.14)
where Fµν and Dµ are the field-strength tensor and the covariant derivative, respectively,

Fµν = ∂µAν − ∂νAµ , Dµ = ∂µ + ieAµ , (2.1.15)
while Aµ is a gauge field. In contrast to the previous section, the Lagrangian is invariant
under local U(1) gauge transformations given by

φ(x) → eiα(x)φ(x) , Aµ(x) → Aµ(x)− e−1∂µα(x) . (2.1.16)

– 5 –



Chapter 2. Spontaneous Symmetry Breaking in the Standard Model of Particle Physics and Beyond

Re(φ)

Im(φ)

V (φ)

m
2
=
0m2>0

Figure 2.1: Schematical representation of the mexican hat potenial after a continu-
ous symmetry is spontaneously broken. The blue curve corresponds to the radial mode
with zero mass, i.e. the Goldstone mode, while the red curve corresponds to the radial
mode with mass m2 > 0.

The potential is the same as in (2.1.6), hence the possible ground states are also given by
(2.1.8). Thus, inserting (2.1.9) into (2.1.13), we find

L =
1

2
(∂µφ1) (∂

µφ1) +
1

2
(∂µφ2) (∂

µφ2)− v2λφ2
1 +

1

2
e2v2AµA

µ − evAµ∂
µφ2

− 1

4
FµνF

µν + interaction terms
(2.1.17)

and φ1 and Aµ obtain masses,

mφ1 =
√
2λv2 , mA = ev , (2.1.18)

while φ2 remains massless. However, there appear two problems: The Lagrangian in
(2.1.17) contains a kinetic mixing term Aµ∂

µφ2 and additionally, the degrees of freedom
seem to be wrong. Massless gauge bosons have two degrees of freedom while massive
gauge bosons have three. Thus, with two degrees of freedom for the complex scalar field,
it appears as if we raised the degrees of freedom from four in (2.1.13) to five in (2.1.17).
These problems imply that there is one unphysical field in the broken Lagrangian (2.1.17).
This is easy so see by switching to the polar representation of φ given in (2.1.11). Under
a local U(1) transformation, φ transforms as

φ(x) → φ(x)′ =
1√
2

(
v + φ̃1(x)

)
eiα(x)ei

φ̃2(x)
v , (2.1.19)

and it is apparent that φ̃2 disappears from the Lagrangian if we choose the unitary gauge
α(x) = −φ̃2(x)/v,

L =
1

2

(
∂µφ̃1

)(
∂µφ̃1

)
− v2λφ̃2

1 +
1

2
e2v2AµA

µ − 1

4
FµνF

µν + interaction terms . (2.1.20)

Hence, the massive gauge boson is said to have eaten the Goldstone boson to acquire the
additional degree of freedom. This is called the Higgs mechanism.
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2.2 The Standard Model of Particle Physics
There are four fundamental forces known to exist in natue: gravity, the weak force, the
electromagnetic force and the strong force. While gravity is described by Einstein’s theory
of GR, the weak, electromagnetic and strong forces are embedded in the SM in the
framework of quantum field theory (QFT). More precisely, the SM is a gauge theory that
explains the interactions of the elementary particles on the basis of their charges under
the SM gauge group,

GSM = SU(3)C × SU(2)L × U(1)Y , (2.2.1)
where C denotes color, L denotes left and Y denotes the weak hypercharge. The hy-
percharge Y and the weak isospin charge T3 of a particle can be combined into the
corresponding electric charge QEM as

QEM = T3 + Y . (2.2.2)
The strong force is described in the context of SU(3)C and is mediated via eight massless
gauge bosons called gluons. At high temperatures, the electromagnetic and weak forces
are united in the electroweak gauge group SU(2)L ×U(1)Y , mediated via the gauge bosons
Bµ and W a

µ , a ∈ {1, 2, 3}.
Besides the gauge bosons which carry integer spin, the SM contains fermions carrying half
integer spin. Fermions are chiral, i.e. they transform as left-handed (LH) or right-handed
(RH) representations of the Poincaré group. That is, the LH and RH fermions can be
obtained from a Dirac fermion by using the projection operators

PR =
1

2
(1 + γ5) , PL =

1

2
(1− γ5) , (2.2.3)

so that
PRψ = ψR , PLψ = ψL , (2.2.4)

where γ5 is the fifth Dirac gamma matrix, see App. A. The SM fermions come in three
generations with are indistinguishable based on their charges under GSM and can be
further divided into quarks and leptons. In the SM, the LH particles are the up-type
quarks (u, c, t)L with QEM = 2/3, the down type quarks (d, s, b)L with QEM = −1/3, the
charged leptons (e, µ, τ)L with QEM = −1 and the neutral leptons (neutrinos) (νe, νµ, ντ )L
with QEM = 0. They can be combined into SU(2)L quark and leptons doublets Q,L as(

u
d

)
L
,

(
c
s

)
L
,

(
t
b

)
L︸ ︷︷ ︸

Q

,

(
νe
e

)
L
,

(
νµ
µ

)
L
,

(
ντ
τ

)
L︸ ︷︷ ︸

L

. (2.2.5)

The RH particles are the SU(2)L up-and down-type quark singlets U ∈ (u, c, t)R and
D ∈ (d, s, b)R, respectively, and the SU(2)L charged lepton singlets, E ∈ (e, µ, τ)R, which
carry the same electric charge QEM as their LH partners. RH neutrinos are uncharged
under the SM gauge group and therefore not included in the SM. The leptons carry an

– 7 –



Chapter 2. Spontaneous Symmetry Breaking in the Standard Model of Particle Physics and Beyond

Table 2.1: Particle content of the SM, along with their transformation properties un-
der the SM gauge group and their charges.

Field SU(3)C SU(2)L Y B′ L′ QEM T 3

Q

u

d


L

,

c

s


L

,

t

b


L

3 2 1/6 1/3 0
2/3 1/2

−1/3 −1/2

L

νe

e


L

,

νµ

µ


L

,

ντ

τ


L

1 2 −1/2 0 1
0 1/2

−1 −1/2

H

φ+

φ0

 1 2 1/2 0 0
1 1/2

0 −1/2

U uR, cR, tR 3 1 2/3 1/3 0 2/3 0

D dR, dR, bR 3 1 −1/3 1/3 0 −1/3 0

E eR, µR, τR 1 1 −1 0 1 −1 0

additional charge called lepton number L′ and are not charged under SU(3)C , i.e. they
interact only via the electroweak interaction. Quarks interact via both the strong and
electroweak interactions and similarly to leptons, they carry an additional charge called
baryon number B′. Finally, the SM contains the SU(2)L scalar doublet H,

H =

(
φ+

φ0

)
(2.2.6)

which carries a hypercharge of Y = 1/2. The particle content of the SM is summarized
in Tab. 2.1.

2.2.1 Electroweak Symmetry Breaking
The SM is a gauge theory, hence we require that the Lagrangian of the SM is invariant
under local SU(3)C × SU(2)L × U(1)Y transformations of the form

ψ → exp (iρY (x)Y ) exp (iρaL(x)T
a) exp

(
iρbC(x)t

b
)
ψ , a ∈ {1, 2, 3} , b ∈ {1− 8} ,

(2.2.7)

where Y, T a = σa/2, tb = λb/2 are the generators of U(1)Y , SU(2)L, SU(3)C , respectively
and σa(λa) are the Pauli (Gell-Mann) matrices, see App. A.
The dynamics of the gauge bosons are embedded in the term

Lgauge = −1

4
Gb
µνG

bµν − 1

4
W a
µνW

aµν − 1

4
BµνB

µν , (2.2.8)
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where the field strength tensors are given by
Bµν = ∂µBµ − ∂νBµ , (2.2.9)
W a
µν = ∂µW

a
µ − ∂νW

a
µ + gεabcW b

µW
c
ν , a = 1, 2, 3 , (2.2.10)

Ga
µν = ∂µG

a
µ − ∂νG

a
µ + gsf

abcGb
µG

c
ν , a = 1− 8 . (2.2.11)

The structure constants fabc of SU(3) are defined via
[ta, tb] = ifabctc , (2.2.12)

while εabc is the totally antisymmetric tensor with ε123 = 1.
The gauge interactions of the fermions are contained in the kinetic terms,

Lkin = iQ /DQ+ iU /DU + iD /DD + iL /DL+ iE /DE , (2.2.13)
where Dµ is the covariant derivative,

Dµ = ∂µ − ig′Bµ − igW a
µT

a − igsG
a
µt
a . (2.2.14)

We note that so far, all particles are massless, contrary to observations. However, adding
a fermion mass term of the form

L ∼ mψψ = m
(
ψRψL + ψLψR

)
(2.2.15)

by hand violates SU(2)L gauge invariance due to the chiral nature of the fermions and is
therefore forbidden. Thus, we need to employ a mechanism that dynamically generates
not only the fermion masses but also the masses of the gauge bosons. From the previous
section, we know that this can be achieved by means of SSB and the Higgs mechanism.
First, we can write down Yukawa interactions between the Higgs doublet and the fermions,

Lyuk = −QiY
d
ijHDj −QiY

u
ij H̃Uj − LiY

e
ijHEj + h.c. , (2.2.16)

where H̃ = iσ2H
∗ = (φ0, − φ−)

T and Y k, k = u, d, e are 3× 3 Yukawa matrices in flavor
space, while the indices i and j denote the generations. We note that the Yukawa inter-
actions resemble the chiral nature of (2.2.15) but do not violate gauge invariance due to
the non-trivial SU(2)L × U(1)Y charge of H. Moreover, the kinetic term and the scalar
potential for the Higgs are given by

LHiggs = (DµH)† (DµH) , V (H) = −µ2H†H + λ
(
H†H

)2
, (2.2.17)

respectively. Similarly to the discussion in Sec. 2, we demand λ > 0 so that the potential
is bounded from below and −µ2 < 0 so that the minima of the potential are given by

|H|2 = v2SM
2

, vSM =

√
µ2

λ
, (2.2.18)

where vSM = 246GeV is the VEV of the Higgs. Analogously to (2.1.8), this corresponds
to an infinite number of minima connected via gauge transformations, and choosing one
of them spontaneously breaks the symmetry. We can write H in terms of four real scalar
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fields φ1, φ2, φ3, φ4 as

H =
1√
2

(
φ1 + iφ2

φ3 + iφ4

)
, (2.2.19)

and choose the VEVs of the fields φ1, φ2, φ3, φ4 so that
〈φ3〉 = v , 〈φ1〉 = 〈φ2〉 = 〈φ4〉 = 0 . (2.2.20)

Additionally, we introduce a real scalar field h with vanishing VEV, 〈h〉 = 0, so that
φ3 = vSM + h , (2.2.21)

where h represents small fluctuations around the VEV vSM. Hence, we can write H as

H =
1√
2

(
φ1 + iφ2

vSM + h+ iφ4

)
(2.2.22)

and rewrite (2.2.17) as

V (H) ⊃ 1

2

(
v2SMλ− µ2

)︸ ︷︷ ︸
=0

(
φ2
1 + φ2

2 + φ2
4

)
+ λv2SMh

2 , (2.2.23)

which indicates that φ1, φ2 and φ4 are massless while h obtains a mass mh =
√

2λv2SM.
Moreover, it is illuminating to express H in the polar representation,

H =
1√
2

exp
(
iηaσa

vSM

)(
0

vSM + h

)
, (2.2.24)

where ηa and h are real fields and a = 1, 2, 3. Considering SU(2)L gauge transformations
of the form

H → exp
(
iρaL(x)

σa

2

)
H (2.2.25)

and choosing unitary gauge ρaL(x) = −2ηa/vSM, we can write H as

H =
1√
2

(
0

vSM + h

)
, (2.2.26)

i.e. we removed the three massless Goldstone bosons ηa (or equivalently φ1, φ2, φ4) by
fixing the gauge. Moreover, note that the symmetry is not completely broken as H is
electrically neutral and therefore invariant under a U(1)QEM gauge transformation

H → ei(Y+T 3)ρ(x)H = eiQEMρ(x)H . (2.2.27)
Thus, three of the four SU(2)L × U(1)Y generators T a, Y break the symmetry while the
combination corresponding to QEM annihilates the vacuum and we find the breaking
pattern of EWSB as

SU(3)C × SU(2)L × U(1)Y → SU(3)C × U(1)QEM . (2.2.28)
Consequently, we expect nine massless gauge bosons, corresponding to the nine generators
of the unbroken symmetry group SU(3)C×U(1)QEM , λa and QEM, and three massive gauge
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bosons, corresponding to the generators that break SU(2)L × U(1)Y .
The masses of the gauge bosons arise from the kinetic term (2.2.17) which we can rewrite
in unitary gauge (2.2.26) as

(DµH)† (DµH) ⊃ g2v2SM
8

(
W 1
µ − iW 2

µ

) (
W 1µ + iW 2µ

)
+
v2SM
8

√
g2 + g′2

(
gW 3

µ − g′Bµ√
g2 + g′2

)2

.

(2.2.29)
From (2.2.29), we can identify the charged W bosons, Zµ and the photon Aµ as the linear
combinations

W±
µ =

1√
2

(
W 1
µ ∓ iW 2

µ

)
, (2.2.30)

Zµ =
1√

g2 + g′2

(
gW 3

µ − g′Bµ

)
= cWW

3
µ − sWBµ , (2.2.31)

Aµ =
1√

g2 + g′2

(
gW 3

µ + g′Bµ

)
= sWW

3
µ + cWBµ , (2.2.32)

where we defined the Weinberg angle θW via

cW ≡ cos θW =
g√

g2 + g′2
, sW ≡ sin θW =

g′√
g2 + g′2

. (2.2.33)

The masses of the gauge bosons W±
µ , Zµ can then be infered from (2.2.29) as

m2
W =

g2v2

4
, m2

Z =
(g2 + g′2)v2

4
, (2.2.34)

while the photon Aµ and the eigth gluons Ga
µ remain massless. The fermion masses are

induced by the Yukawa term (2.2.16) which becomes

Lyuk ⊃ −uiL
vSMY

u
ij√

2
ujR − diL

vSMY
d
ij√

2
djR − eiL

vSMY
e
ij√

2
ejR + h.c. , (2.2.35)

= −uiLm̃ij
u u

j
R − diLm̃

ij
d d

j
R − eiLm̃

ij
e e

j
R + h.c. , (2.2.36)

where we used the shorthand notation ui = {u, c, t}, di = {d, s, t} and ei = {e, µ, τ}
and m̃ij

ψ , ψ ∈ fermions are the fermion mass matrices. Note that due to the absence of
RH neutrinos in the SM, neutrinos do not obtain a mass via the Higgs meachnism and
remain massless. In general, the Yukawa and mass matrices, Y ψ and mψ, are not diagonal,
i.e. the mass eigenstates do not necessarily correspond to the flavor eigenstates. The mass
matrices can be diagonalized via a bi-unitary transformation,

mψ = VψLm̃ψV
†
ψR , (2.2.37)
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resulting in

L ⊃ − uiLV
†
uL︸ ︷︷ ︸

u′L

VuLm̃
ij
u V
†
uR︸ ︷︷ ︸

mu

VuRu
j
R︸ ︷︷ ︸

u′R

− diLV
†
dL︸ ︷︷ ︸

d′L

VdLm̃
ij
u V
†
dR︸ ︷︷ ︸

md

VdRd
j
R︸ ︷︷ ︸

d′R

− eiLV
†
eL︸ ︷︷ ︸

e′L

VeLm̃
ij
u V
†
eR︸ ︷︷ ︸

me

VeRe
j
R︸ ︷︷ ︸

e′R

+h.c. ,

(2.2.38)
where the corresponding mass eigenstates are given by

ψ′L = VψLψL , ψ′R = VψRψR . (2.2.39)
Next, we can rewrite the covariant derivative in terms of the gauge bosons as

Dµ = ∂µ − igsG
a
µt
a − ig√

2

(
W+
µ σ

+ +W−
µ σ
−)− ie

sW cW
Zµ
(
T 3 − s2WQEM

)
− ieAµQEM ,

(2.2.40)
where the electromagnetic coupling e is defined as

e =
gg′√
g2 + g′2

= gsW = g′cW , (2.2.41)

and 2σ± = σ1 ± iσ2. The charged-current interactions of quarks can then be rewritten as

LqCC =
ig√
2

[
ui′L (VuLV

†
dL)

ijγµdj′LW
+
µ

]
+ h.c. , (2.2.42)

where we introduced the Cabibbo-Kobayashi-Masukawa (CKM) matrix [76, 77]

V = VuLV
†
dL =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

 . (2.2.43)

The CKM matrix is not diagonal and consequently, the quark mass eigenstates are not
flavor eigenstates and the charged-current interactions of the quarks induce flavor changing
transitions. The CKM matrix is unitary and can be parametrized in terms of three mixing
angles θ′12, θ′13, θ′23 and one CP violating phase δ′ as

V =

 c12c13 s12c13 s13e
−iδ′

−s12c23 − c12s23s13e
iδ′ c12c23 − s12s23s13e

iδ′ s23c13
s12s23 − c12c23s13e

iδ′ −c12s23 − s12c23s13e
iδ′ c23c12

 (2.2.44)

where cij ≡ cos θ′ij, sij ≡ sin θ′ij. Note that δ′ is the only source of CP violation in the SM.
A convenient measure of CP violation is the Jarlskog invariant J [78] which is defined
via

Im
[
VijVklV

∗
ilV
∗
kj

]
= J

∑
m,n

εikmεjln . (2.2.45)

The crucial point is that J vanishes only if there is no CP violation in the quark sector.
In the standard parametrization (2.2.44), J can be written as

J = s13s23s31c12c23c
2
31 sin δ′ , (2.2.46)
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and with the SM parameters given in Tab. C.1, we find J ∼ O (10−5).
Next, the charged current interactions of leptons are given by

L`CC =
ig√
2

[
νiL(V

†
eL)

ijγµej′LW
+
µ

]
+ h.c. , (2.2.47)

and since the neutrinos are massless in the SM, we can reabsorb the matrix VeL in the
definition of the neutrino fields,

νiL → V ij
eLν

j
L . (2.2.48)

Thus, we can work in the basis where charged lepton mass eigenstates correspond to the
flavor eigenstates,

L`CC = νL
iγµei′LW

+
µ + h.c. . (2.2.49)

Note that the redefinition (2.2.48) is only possible as long as neutrinos are massless and
consequently, introducing neutrino masses results in the appearance of a mixing matrix
in the lepton sector called the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix, which
we will discuss in greater detail in Sec. 4.2.
Finally, the can write the neutral current interactions of a generic LH or RH SM fermion
ψ as

LNC =
3

sW
cWZµψ

(
T 3 (ψ)− s2WQEM (ψ)

)
ψ + eAµψQEM (ψ)ψ , (2.2.50)

with T 3 (ψ) and QEM (ψ) according to Tab. 2.1. Thus, the neutral-current interactions are
not affected by the mixing between the mass and flavor eigenstates and flavor changing
neutral currents (FCNCs) on tree level are forbidden in the SM.
To conclude this section, let us count the parameters of the SM that are not predicted by
the theory and need to be measued by experiment. They are e.g.

• 2 parameters for the scalar potential, vSM and mh,

• 3 couplings that describe the strength of gauge interactions, g, g′, gs,

• 6 quark masses mu,md,mc,ms,mt,mb (or 6 Yukawa couplings),

• 3 charged lepton masses me,mµ,mτ (or 3 Yukawa couplings),

• 3 CKM angles θ′12, θ
′
13, θ

′
23,

• 1 phase δ′,

i.e. in total 18 parameters.2 Numerical values for the SM parameters are summarized in
App. C.

2An additional paramters, θQCD, arises due to Instanton effects, see App. E.
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2.3 Two-Higgs Doublet Models
In the previous section, we discussed how the masses of the SM particles arise via SSB
with a minimal scalar sector, i.e. one Higgs doublet. Although a minimal Higgs sector is
appealing due to its simplicity, it remains plausible that more than one SU(2)L scalar ex-
ists, and models with extended scalar sectors are easy to envisage. One extension that has
been extensively studied is the two-Higgs doublet model (2HDM) where a second SU(2)L
doublet is introduced. 2HDMs have interesting theoretical implications, e.g. with regard
to vaccum stability, and have a rich phenomenology. While a detailed phenomenological
discussion is beyond the scope of this work, in the following, we will give a brief overview
how the scalar mass spectrum and Higgs couplings to gauge bosons and fermions in the
2HDM are affected compared to the SM and discuss the vacuum structure of the model,
following [69, 79–84].
The most general scalar potential of 2HDMs is given by

V (Φ1,Φ2) = m2
11

(
Φ†1Φ1

)
+m2

22

(
Φ†2Φ2

)
−
[
m2

12Φ
†
1Φ2 + h.c.

]
+
λ1
2

(
Φ†1Φ1

)2
+
λ2
2

(
Φ†2Φ2

)2
+ λ3

(
Φ†1Φ1

)(
Φ†2Φ2

)
+ λ4

(
Φ†1Φ2

)(
Φ†2Φ1

)
+

[
λ5
2

(
Φ†1Φ2

)2
+ λ6

(
Φ†1Φ1

)(
Φ†1Φ2

)
+ λ7

(
Φ†2Φ2

)(
Φ†1Φ2

)
+ h.c.

] (2.3.1)

where Φ1 and Φ2 are the complex Higgs doublets,

Φ1 =

(
φ+
1

1√
2
(v1 + φ1 + iρ1)

)
, Φ2 =

(
φ+
2

2√
2
(v2 + φ2 + iρ2)

)
, (2.3.2)

and v1,2 are the VEVs of Φ1,2. We have assumed that the vacuum is charge and CP
conserving (see Sec. 2.3.1) and all parameters are real. In this most simple realization
of the 2HDM, the SM fermions couple both to Φ1 and Φ2, which induces problematic
tree-level FCNCs. However, several modifications of 2HDMs exist that eliminate the
dangerous FCNCs. For example, imposing a discrete Z2 symmetry under which Φ2 is odd
and all other fields are even, the SM fermions couple only to Φ1 and no FCNCs exist.
Moreover, the Z2 symmetry implies that λ6 = λ7 = 0 while the soft breaking parameter
m12 can be non-zero. Defining

tβ ≡ tan β =
v2
v1
, v2 ≡ v21 + v22 , λ345 = λ3 + λ4 + λ5 , (2.3.3)

we can write the conditions that minimize the potential as

m11 = m2
12tβ −

v2

2

(
λ1c

2
β + λ345s

2
β

)
, m22 = m2

12t
−1
β − v2

2

(
λ2s

2
β + λ345c

2
β

)
, (2.3.4)
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where sβ ≡ sin β and cβ ≡ cos β. SSB gives rise to non-diagonal mass terms in the Higgs
sector as

V =
(
φ1 φ2

)
Mφ

(
φ1

φ2

)
+
(
ρ1 ρ2

)
Mρ

(
ρ1
ρ2

)
+
(
φ+
1 φ+

2

)
Mφ±

(
φ−1
φ−2

)
, (2.3.5)

with mass matrices given by

Mφ =

(
m2

12tβ + λ1v
2c2β −m2

12 +
λ345
2
v2s2β

−m2
12 +

λ345
2
v2s2β m2

12t
−1
β + λ2v

2s2β

)
≡
(
M11 M12

M12 M22

)
, (2.3.6)

mρ =

[
m2

12 −
λ5
2
v2s2β

](
tβ −1
−1 t−1β

)
, (2.3.7)

MΦ± =

[
m2

12 −
λ4 + λ5

4
v2s2β

](
tβ −1
−1 t−1β

)
. (2.3.8)

Thus, we find the mass eigenstates of the CP even Higgs fields by performing a rotation
by an angle α, (

h̃

H̃

)
=

(
cα sα
−sα cα

)
︸ ︷︷ ︸

≡Uα

(
φ1

φ2

)
, (2.3.9)

while the corresponding mass eigenstates are

m2
h̃
=
M11 +M22

2
+

1

2

√
(M11 −M22)

2 +M2
12 , (2.3.10)

m2
H̃
=
M11 +M22

2
− 1

2

√
(M11 −M22)

2 +M2
12 . (2.3.11)

Moreover, the mass eigenstates of the CP odd and charged Higgs fields are read(
G0

A

)
=

(
cβ sβ
−sβ cβ

)(
ρ1
ρ2

)
,

(
G±

H±

)
=

(
cβ sβ
−sβ cβ

)(
φ±1
φ±2

)
, (2.3.12)

where G0 and G± are the massless Goldstone bosons, while A and H± acquire masses
given by

m2
A =

m2
12

sβcβ
− λ5v

2 , m2
H± =

m2
12

sβcβ
− 1

2
(λ4 + λ5) v

2 . (2.3.13)

We can now express the couplings of the gauge and fermions fields to the mass eigenstates
h̃, H̃ in a convenient form. The kinetic term of the Higgs fields,

LΦ
kin = (DµΦ1)

† (DµΦ1) + (DµΦ2)
† (DµΦ2) , (2.3.14)

gives to rise trilinear gauge couplings,

L ⊃ g2

2
(v1φ1 + v2φ2)W

+
µ W

−µ +
g2 + g′2

4
(v1φ1 + v2φ2)ZµZ

µ . (2.3.15)
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Using
v1 = v cos β , v2 = v sin β , (2.3.16)

we can reexpress the gauge couplings in a similar form to the SM,

L ⊃ g2v

2
cos (α− β) h̃W+

µ W
−µ +

(g2 + g′2) v

4
cos (α− β) h̃ZµZ

µ

+
g2v

2
sin(β − α)H̃W+

µ W
−µ +

(g2 + g′2) v

4
sin(β − α)H̃ZµZ

µ .

(2.3.17)

Moreover, a generic fermion f in its mass eigenstate with a Yukawa coupling yf interacts
with φ1 via

Lf = −yffφ1f (2.3.18)
and obtains a mass

mf =
yfv1√

2
=
yfv cos β√

2
. (2.3.19)

Thus, we can rewrite (2.3.18) as

Lf = −mf

v
[cos (α− β) + tβ sin (α− β)] h̃+

mf

v
[sin (α− β) + tβ cos (α− β)] H̃ .

(2.3.20)

It is now evident that the decay widths of h̃ and H̃ to a pair of gauge bosons or fermions
depend on α and β. Moreover, note that we can recover a CP even scalar mass eigenstate
with the same tree-level couplings as the SM Higgs if we impose the alignment limit where
either

cos (α− β) = 1 , sin(β − α) = 0 , (2.3.21)

so that h̃ is SM-like or
cos (α− β) = 0 , sin(β − α) = 1 , (2.3.22)

where H̃ is SM-like. This is even more striking if we rotate the Higgs fields to the Higgs
basis where only one of the doublet obtaines a VEV,

Φ1cβ + Φ2sβ =

(
G+

1√
2
(v + φ1cβ + φ2sβ + iG0)

)
≡

(
G+

1√
2

(
v + ĥ+ iG0

))
, (2.3.23)

−Φ1sβ + Φ2cβ =

(
H+

1√
2
(−φ1sβ + φ2cβ + iA)

)
≡

(
G+

1√
2

(
Ĥ + iA

))
, (2.3.24)

so that (
ĥ

Ĥ

)
=

(
cβ sβ
−sα cβ

)
︸ ︷︷ ︸

≡Uβ

(
φ1

φ2

)
= UβU

T
α

(
h̃

H̃

)
. (2.3.25)
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Thus, we find a relation between the scalars in the Higgs basis, i.e. ĥ and Ĥ, and the
mass eigenstates, i.e. h̃ and H̃, given by

ĥ = cos (α− β) h̃− sin (α− β) H̃ , Ĥ = sin (α− β) h̃+ cos (α− β) H̃ . (2.3.26)

2.3.1 Vacuum Stability
In the discussion above, we assumed that the potential (2.3.1) has a global minimum.
However, the existence of a global minimum is non-trivial since it requires that the po-
tential is bounded from below, i.e. the quartic terms in (2.3.1) have to be positive for
arbitrarly large values of Φ1,2. This requirement induces conditions on the parameters of
the scalar potential, given by

λ1,2 ≥ 0 , λ3 ≥ −
√
λ1λ2 , λ3 + λ4 − |λ5| ≥ −

√
λ1λ2 . (2.3.27)

Moreover, the vaccum structure in 2HDMs is much richer compared to SM where only
two types of vacua are possible, the trivial one with 〈φ〉 = 0 and the non-trivial one which
breaks SU(2)L, 〈φ〉 ∼ v. In 2HDMs on the other hand, several types of vacua can occur.
We can have the “normal” charge- and CP conserving vacuum,

〈Φ1〉N =

(
0
v1√
2

)
, 〈Φ2〉N =

(
0
v2√
2

)
, (2.3.28)

the CP violating vacuum,

〈Φ1〉CP =

(
0

v̄1√
2
eiθ

)
, 〈Φ2〉CP =

(
0
v̄2√
2

)
, (2.3.29)

where θ is a phase, or the charge breaking vacuum,

〈Φ1〉C =

(
α√
2

ṽ1√
2

)
, 〈Φ2〉C =

(
0
ṽ2√
2

)
, (2.3.30)

where ṽ1,2 and α are real numbers. It is evident that the coexistence of different types
of minima would be a recipe for disaster. However, it can be shown that minima of
different types cannot coexist and consequently, tunneling from e.g. a normal vauum to an
energetically lower charge breaking vacuum is impossible [82]. Nevertheless, two normal
minima can coexist, resulting in a potential scenario where besides the minimum with
v =

√
v21 + v22 = 246GeV, another minimum with v̂ =

√
v̂21 + v̂22 6= 246GeV could exist.

The mass spectrum in the second minimum evidently differs from the mass spectrum of
the first minimum and it is therefore desirable to impose a condition to ensure that the
first minumum is the global minimum, which can be written as [79]

m2
12

(
m2

11 −
√
λ1
λ2
m2

22

)(
tβ − 4

√
λ1
λ2

)
> 0 . (2.3.31)
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CHAPTER 3

Cosmology

So far, we have only discussed the fundamental forces in particle physics that can be
described in the formalism of QFT. However, in order to understand the evolution of the
Universe, we need to take the fourth fundamental force, gravity, into account. Therefore,
modern cosmology is not only build on the SM but also on Einstein’s theory of GR. The
expansion of the Universe is determined by Einstein’s field equations,

Rµν −
1

2
gµνR− Λgµν = 8πGT̃µν , (3.0.1)

which relate the geometry of the spacetime (LHS) to the matter content of the Universe
(RHS). Here, Rµν is the Ricci Tensor, R is the Ricci scalar (see App. A), G(Λ) is the
gravitational(cosmological) constant and the matter content is described by means of the
stress-energy tensor T̃µν . In the next section, we will give a short introduction to the Hot
Big Bang model, which can be considered as the Standard Model of cosmology, followed
by an an overview of the most relevant theoretical tools necessary to dicuss the evolution
of the Universe in Secs. 3.3, 3.4 and 3.4.2. In Sec. 3.5, we provide a short summary of the
history of the Universe alongside a discussion of constraints on cosmological parameters
from Big Bang Nucleosynthesis (BBN) and the CMB. For details, we refer the reader to
Refs. [72, 87–93].

3.1 Cosmological Standard Model
In the Standard Model of cosmology, the Einstein equations are solved under the as-
sumption that the Cosmological Principle holds. It states the Universe is homogenous
and isotropic on large scales and therefore looks the same in every direction from every
point in space. In this case, the geometry of the Universe is described by the Friedmann-
Robertson-Walker (FRW) metric, which can be written in the form

ds2 = dt2 − a2(t)

{
dr2

1− kr2
+ r2dϑ2 + r2 sin2 ϑdφ2

}
. (3.1.1)
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Here, a(t) is the scale factor and k = −1, 0, 1 is the curvature parameter which determines
the geometry of spacetime,

k = −1 ⇒ hyperbolical ,
k = 0 ⇒ flat ,
k = 1 ⇒ spherical .

Note that the coordinates in (3.1.1) are comoving coordinates, i.e. if two objects are
separated by a coordinate distance lcoord, the corresponding physical distance is given by

lphys = a(t)lcoord . (3.1.2)
Thus, objects recede from each other with a velocity

v =
ȧ(t)

a(t)
lphys ≡ Hlphys , (3.1.3)

where H is the Hubble parameter and overdots denote time derivatives. The equation
above is known as the Hubble law after Edwin Hubble who observed that distant galaxies
move away from us, establishing that the Universe indeed expands [8, 9]. The Hubble
parameter is often expressed as

h ≡ H0

100 km s−1 Mpc−1
, (3.1.4)

where H0 is the Hubble parameter today with current limits on h from Planck [18] given
by

h = 0.674± 0.0005 . (3.1.5)
Moreover, due to the expansion of the Universe, light that is emitted at a time te with a
wavelength λe is redshifted according to the relation

1 + z ≡ a(t0)

a(te)
=
λ0
λe
, (3.1.6)

where λ0 is the wavelength observed today and z is the redshift.
Concerning the RHS of (3.0.1), it is commonly assumed that the energy content of the
Universe behaves like a perfect fluid with an energy density ρ̃ = ρM + ρR and a pressure
p̃ = pM + pR, where the indices M and R denote matter and radiation, respectively,
yielding the stress-energy tensor1

T̃ µν = diag [ρ̃(t),−p̃(t),−p̃(t),−p̃(t)] . (3.1.7)
Analogously, the Λ-term on the LHS of (3.0.1) is equivalent to including a stress-energy
tensor of the form

T̂ µν = diag [ρΛ,−ρΛ,−ρΛ,−ρΛ] , ρΛ =
Λ

8πG
(3.1.8)

1For simplicity, we restrict ourselves here to contributions to the stress-energy tensor from matter and radiation and
neglect contributions from e.g. cosmic strings and DWs as their energy densities are believed to be small.
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on the RHS of (3.0.1). In this form, it is transparent that the cosmological constant Λ
can be interpreted as a vacuum energy. Hence, we can rewrite (3.0.1) as

Rµν −
1

2
gµνR = 8πG

(
T̃µν + T̂µν

)
≡ 8πGTµν , (3.1.9)

and define the total energy density and pressure of the Universe as
ρ ≡ ρM + ρR + ρΛ , p ≡ pM + pR + pΛ . (3.1.10)

The law of energy conservation,
∆µT

0µ = 0 , (3.1.11)
where ∆µ is the covariant derivative (A.0.11), then yields the equation

ρ̇(t) + 3
ȧ(t)

a(t)
(p(t) + ρ(t)) = 0 . (3.1.12)

Moreover, combining (3.1.1), (3.1.7) and (3.1.9) we find the Friedmann equations 2

H(t)2 =
8πG

3
ρ(t)− k

a(t)2
, (3.1.13)

ä(t)

a(t)
= −4πG

3
(ρ(t) + 3p(t)) . (3.1.14)

They describe the expansion of the Universe on the basis of the cosmological principle
and are therefore a crucial ingredient in modern cosmology. In order to study the effect
of different curvature parameters, it is convenient to rewrite (3.1.13) in another form,

k2

H2a2
=

ρ

ρc
≡ Ω− 1 , (3.1.15)

where Ω is the density parameter and the critical energy density ρc,

ρc ≡
3H2

8πG
, (3.1.16)

is precisely the energy density of a flat Universe. Moreover, from (3.1.12), it is easy to
deduce how the respective energy densities evolve with a. With the equation of state

p = ωρ (3.1.17)
where ω is a constant that depends on the type of energy that is considered and (3.1.12),
we find

ρ(t) ∼ a(t)−3(1+ω) . (3.1.18)
2Note that (3.1.12), (3.1.13) and (3.1.14) are not independent as they are related by Bianchi identities.
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Consequently, the energy densities of matter, radiation and vacuum energy evolve as
matter: ωM = 0 , ρM ∼ a−3 ,

radiation: ωR =
1

3
, ρR ∼ a−4 ,

vacuum energy: ωΛ = −1 , ρΛ ∼ const .
This behavior can easily be understood: A given density of non-relativistic matter is
diluted proportionally to the volume factor a3 while the radiation density is diluted pro-
portionally to a4 as the photon energy is additionally redshifted due to the expansion of
the Universe. We can further express (3.1.13) in terms of Ωi = ρi/ρc as

H2 = H2
0

[
Ω0
R

(a0
a

)4
+ Ω0

M

(a0
a

)3
+ Ω0

k

(a0
a

)2
+ Ω0

Λ

]
, (3.1.19)

where ρk ≡ −3k/8πGa2 and the index 0 denotes the value of the quantity today. From the
time scale dependence of ρi (or equivalently Ωi) we can draw the conclusion that different
forms of energy dominated throughout the history of the Universe. Current experimental
bounds on ΩR,M,Λ,k, to be discussed in Sec. 3.5.2, indicate that the Universe is currently
dominated by the vacuum energy. However, going back in time, i.e. to smaller scale factors
a, the vacuum energy density stays constant while the radiation and matter densities
increase. Thus, in the very early Universe, radiation dominated the energy density, until
an era was reached where matter was dominant, which was eventually superseded by the
vacuum energy.
Moreover, another important concept in cosmology is causality. That is, if two objects
are separated by more than twice the particle horizon,

dH(t) = a(t)

∫ t

0

dt′

a(t′)
, (3.1.20)

they can never have been in contact and are causally disconnected. From (3.1.13) we can
deduce the time dependence of the scale factor a(t) as

ω 6= −1 : a(t) ∼ t
2

3(1+ω) , ω = −1 : a(t) ∼ e

√
Λ
3
t , (3.1.21)

which yields the particle horizons in a matter or radiation dominated Universe as
dMH = 3t , dRH = 2t , (3.1.22)

respectively.
Finally, note that for a = t = 0, a spacetime singularity is reached, known as the Big
Bang. In the Big Bang model, the time dependence of the scale factor is used to estimate
the age of the Universe to be around tU ∼ 14Gyr. However, this is to be treated with
caution: At temperatures higher than the Planck mass MPl, quantum corrections to GR
become important and a theory of quantum gravity is necessary. Since gravity is non-
renormalizable and non-pertrubative, it is not trivial to quantize and consequently, an
accepted theory of quantum gravity does not yet exist.
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3.2 Equilibrium Thermodynamics
Throughout its early evolution, it is commonly assumed that the Universe evolved through
sequences of states where at each stage, the constituents are described by equilibrium
distributions. This assumption greatly simplifies the theoretical description of the thermal
history of the Universe as it reduces the parameters that describe the state of matter to
the temperature and the chemical potentials of the particles. In the following, we will give
a short overview of equilibrium thermodynamics before discussing how to treat deviations
from equilibrium in the next section.
The kinetic equilibrium distribution of a species i at a temperature T is given by

fi(~pi) =
1

e
Ei−µi

T ± 1
, (3.2.1)

where the plus sign is for fermions and the minus for bosons, Ei =
√

|~pi2|+m2
i is the

energy of i while mi and µi are the mass and the chemical potential, respectively. Using
(3.2.1), we can determine the number density ni, energy density ρi and pressure pi for a
species i with gi internal degrees of freedom as

ni =
gi

(2π)3

∫
d3pfi(~pi) , (3.2.2)

ρi =
gi

(2π)3

∫
d3pEi(~pi)fi(~pi) , (3.2.3)

pi =
gi

(2π)3

∫
d3p

|~pi|2

3Ei
fi(~pi) . (3.2.4)

Although the chemical potentials play an important role in the evolution of the Universe,
their numerical values appearing in (3.2.1) are generally assumed to be small enough to
neglect them. In this case, (3.2.2)-(3.2.4) can be written as

ni =

{
ζ(3)
π2 giT3 , bosons ,
3ζ(3)
4π2 giT3 , fermions ,

ρi =

{
π2

30
giT4 , bosons ,

7
8
π2

30
giT4 , fermions ,

pi =
ρ

3
. (3.2.5)

in the relativistic limit T � mi and as

ni = gi

(
mT
2π

) 3
2

e−
mi
T , ρi = mini , pi = niT . (3.2.6)

in the non-relativistic limit T � mi. Here, ζ(x) is the Riemann zeta function with
ζ (3) ≈ 1.20206. From (3.2.6), it is apparent that the number and energy densities of a
non-relativistic species are exponentially suppressed compared to a relativistic species, see
(3.2.5). This is called Boltzmann suppression. Hence, when calculating the total energy
density ρ and pressure p of all particles in equilibrium, it is generally a good approximation
to include only the contributions from relativistic species. Introducing the total number
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of effectively massless degrees of freedom,

g∗ =
∑

i∈bosons

gi

(
Ti

T

)4

+
7

8

∑
i∈fermions

gi

(
Ti

T

)4

, (3.2.7)

we find the total energy density and pressure of all relativistic species as

ρrel =
π2

30
g∗T4 , prel =

π2

90
g∗T4 , (3.2.8)

respectively. The number of effectively massless degrees of freedom g∗ is a function of
temperature as only the degrees of freedom of particles that are relativistic contribute,
i.e. it changes when a species falls out of equilibrium. At high temperatures T & 300GeV,
all SM species are relativistic and we find

g∗ = 106.75 . (3.2.9)
Another useful quantity is the entropy density,

s(T) ≡ ρ(T) + p(T)
T ≈ ρrel(T) + prel(T)

T =
2π2

45
g∗sT3 , (3.2.10)

where

g∗s =
∑

i∈bosons

gi

(
Ti

T

)3

+
7

8

∑
i∈fermions

gi

(
Ti

T

)3

, (3.2.11)

which is numerically equivalent to (3.2.7) at high temperatures. From the conservation
of the entropy,

S = V s = a3s , (3.2.12)
we can deduce that s ∼ a−3, which prompts us to define the abundance Yi as

Yi =
ni
s

∼ nia
3 . (3.2.13)

The abundance Yi is useful since in the absence of particle-number changing interactions
of a species i, it is constant. Using (3.2.13), we can further define a charge asymmery as

Y∆q ≡
nq − nq

s
, (3.2.14)

which can be related to chemical potentials by taking the concept of chemical equilibrium
into account. If a reaction i+j ↔ k+ l is in chemical equilibrium, the chemical potentials
of the species i, j, k and l are related via

µi + µj = µk + µl , (3.2.15)
which implies that the chemical potential of a species whose particle number is not con-
served, e.g. photons, has to vanish. Considering a particle i with an corresponding an-
tiparticle ī and i+ ī↔ γ in chemical equilibrium, this further implies that

µi + µī = 0 (3.2.16)
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and hence
µi ≡ µi = −µī , (3.2.17)

i.e. the chemical potenials of particles and antiparticles differ only by the sign. In the
relativistic limit T � mi, we can use (3.2.2) and (3.2.17) to find a simple expression for
the difference between the particle and antiparticle number densities,

ni − nī ≈

{
giT2

6
µi , i ∈ fermions ,

giT2

3
µi , i ∈ bosons .

(3.2.18)

The charge asymmetry Y∆q can then be written in terms of the chemical potentials as

Y∆q ≈
T2

6s

[ ∑
k∈fermions

qkgkµk + 2
∑

k∈bosons

qkgkµk

]
, (3.2.19)

where qk is the charge of a species i. The charge asymmery is a useful quantity since e.g.
the conservation of the QEM implies that Y∆QEM = 0, which imposes relations between
the chemical potentials of the particles that contribute to Y∆QEM .

3.3 Boltzmann Equations
Although the assumption that the Universe evolves through sequences of states close to
thermal equilibrium proves reasonable, it is the intermedient departures of the particle
content from equilibrium that invoke interesting effects. Thus, in order to study those
deviations from equilibrium, we need a formalism that describes the evolution of the
different particles species, taking both the expansion of the Universe and the interactions
in the plasma into account. This is achieved by means of Boltzmann equations.3 It greatly
simplifies the Boltzmann equations to assume that kinetic equilibrium holds and that the
phase space densities of the relevant particles can be approximated as Maxwell-Boltzmann
distributions,

fi ≈ e
µi
T e−

Ei
T ≡ e

µi
T f eq

i , (3.3.1)
yielding the number density of a species l as

ni = e
µi
T neq

i . (3.3.2)
Here, the chemical equilibrium number density is given by

neq
i = gi

∫
d3pi

(2π)3
f eq
i =

gimiT
2π2

K2

(mi

T

)
≈

{
gi

T3

π2 , T � mi ,

gi
(
miT
2π

)
3
2
e−

mi
T , T � mi ,

(3.3.3)

and Kn(x) is the modified Bessel function of the second kind. Further defining

zX ≡ mX

T , (3.3.4)

3See App. F for details.
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the Boltzmann equation for a particle X can be written as [94]

sHzX
dYX
dzX

= −
∑

processes

[Xa...↔ ij...] , (3.3.5)

where the sum runs over all processes that change the number density of X. For example,
for the 2 → 2 scattering Xa↔ ij, we have

[Xa↔ ij] ≡ [δXδaγ
eq (Xa→ ij)− δiδjγ

eq (ij → Xa)] , δl ≡
nl
neq
l

, (3.3.6)

where γeq (Xa→ ij) is the thermal rate that depends on the matrix elements of Xa→ ij
scatterings and the equilibrium distributions of X and a, see (F.1.17). If the process
Xa↔ ij is CP invariant,

γeq (Xa→ ij)
CP
= γeq (ij → Xa) , (3.3.7)

we can simplify (3.3.6) further, yielding
[Xa↔ ij] = [δXδa − δiδj] γ

eq (ij ↔ Xa) . (3.3.8)
From (3.3.5), we can derive a qualitative estimate when a species is in equilibrium. For
simplicity, we assume that X only interacts via a CP conserving scattering process with
Xa↔ ij with a, i and j in equilibrium, yielding the Boltzmann equation for the evolution
of X as

sHzX
dYX
dz

= − (δX − 1) γeq (Xa↔ ij) . (3.3.9)

Clearly, the LHS of (3.3.9) is of order nXH and thus, if the reaction rate

ΓXa↔ij ≡
γeq (Xa↔ ij)

nX
(3.3.10)

is much larger than the expansion rate H, the only way to maintain equality in (3.3.9) is
that δX = 1, i.e. the species X is in equilibrium. Hence, a useful rule of thumb is that a
process P is effective at keeping a species X in equilibrium if

ΓP � H (3.3.11)
holds. On the other hand, if

ΓP � H , (3.3.12)
the process P is ineffective at establishing equilibrium.
In this work, we restrict ourselves to Boltzmann equations including decays and 2 → 2
scatterings. For brevity, we will use the notation

γab,ij ≡ γeq (ab↔ ij) (3.3.13)
if ab↔ ij conserves CP and

γab→ij ≡ γeq (ab→ ij) , γij→ab ≡ γeq (ij → ab) (3.3.14)
if ab↔ ij violates CP .
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3.4 Phase Transitions
In Sec. 2, we have discussed SSB at zero temperature. However, as discussed in this
Chapter, we have excellent reason to believe that the Universe was initially very hot
and subsequently cooled down to lower temperatures. Thus, we expect that similarly
to condensed matter systems, spontaneously broken symmetries are restored at higher
temperatures. Moreover, in the context of cosmology, SSB has implications beyond the
generation of particle masses. Depending on the symmetry that is spontaneously broken,
different types of topological defects arise that can have crucial effects on the evolution of
the Universe and constrain particle physics models based on the (un-)observed signatures.
After reviewing the mechanism of symmetry restoration, we will briefly discuss topological
defects, in particular focussing on DWs, following Refs. [75, 89, 92, 95–98].

3.4.1 Symmetry Restoration
At zero temperature, the equilibrium value of a field φ is determined by minimizing
the tree-level potenial V (φ) or, more precisely the effective potenial Veff, which includes
higher-order corrections,

Veff(φ) = V (φ) + V1(φ) + V2(φ) + ... , (3.4.1)
where Vn(φ) are the n-loop contributions to the potenial. On the other hand, at non-zero
temperature, the equilibrium value of a scalar φ is determined by minimizing the free
energy,

F (φ,T) = E(φ)− S(φ)T , (3.4.2)
or the finite-temperature effective potential,

Veff(φ,T) =
F (φ,T)

V
= V (φ) + V1(φ) +

∑
i

Fi(φ,T) , (3.4.3)

Fi(φ,T) = ±giT
4

2π2

∫
dxx2 ln

[
1∓ exp

(
−
√
x2 +

mi(φ)2

T2

)]
, (3.4.4)

where V is the volume, Fi and gi are the free energy density and the spin degrees of
freedom of a particle i, respectively, mi(φ) is the φ-dependent mass of i and the upper
(lower) sign is for bosons(fermions). At high temperatures T � mi(φ), the free energy
can be simplified to

Fi =

{
−π2T4

90
+ mi(φ)

2T2

24
, i ∈ bosons ,

−7π2T4

720
+ mi(φ)

2T2

48
, i ∈ fermions .

(3.4.5)
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Figure 3.1: Temperature dependence of the finite-
temperature effective potential Veff (T, φ) for a second or-
der phase transition (left) and a first order phase transi-
tion (right).
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Figure 3.2: The DW so-
lution φDW(z) and energy
density ρDW(z) for a DW
with characteristic width ∆.

Considering for example the simple case of the Z2 symmetric Lagrangian discussed in
Sec. 2.1.1, the effective potential is given by

Veff(φ,T) = V (φ) + V1(φ)−
π2T4

90
+
M(φ)2T2

24
(3.4.6)

= −1

2
µ2(T)φ2 +

λ

4
φ4 − π2T4

90
− µ2T2

24
+
λv4

4
+ ... (3.4.7)

where

µ2(T) ≡ µ2 − λ

4
T2 , M(φ) =

∂2V

∂φ2
= −µ2 + 3λφ2 . (3.4.8)

It is apparent that µ2(T) is negative as long as T2 > 4µ2

λ
and changes sign at the critical

temperature, TC ≡ 2µ/
√
λ. This implies that for T > TC , 〈φ〉 = 0 is a stable minimum

and the Z2 symmetry is manifest. On the other hand, for T ≤ TC , 〈φ〉 = 0 becomes
a local maximum and the symmetry is spontaneously broken, with the two equivalent
ground states being given by (2.1.3). This behavior is characteristic for a second order
phase transition where 〈φ〉 is continuous at the critical temperature, as illustrated in
Fig. 3.1. The other possibility are first order phase transitions, also shown in Fig. 3.1. At
high temperatures, 〈φ〉 = 0 is the only minimum but as the temperature decreases, two
additional minima develop at |〈φ〉| 6= 0. At T = TC , the minima become degenerate and
as the temperature decreases further, the non-symmetric minima become smaller than the
symmetric minimum. Depending on the theory, the minimum at 〈φ〉 = 0 either vanishes
at some temperature T∗ or persists, as is the case here, until T = 0.

3.4.2 Domain Walls and other Topological Defects
DWs [99] are topological defects that are associated with the SSB of discrete symmetries.
A simple example for a theory where a DW arises is the Z2 invariant model discussed in
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Sec. 2.1.1 with a Lagrangian given by

L =
1

2
(∂µφ) (∂

µφ)− V (φ) , V (φ) =
λ

4

(
φ2 − v2

)2
. (3.4.9)

So far, we assumed that φ acquires the same VEV, either 〈φ〉 = v or 〈φ〉 = −v, everywhere
in space when a symmetry is spontaneously broken. However, let us now consider the
possibility that φ takes on different values at distinct regions in space, for example

φ(z = ∞) = v , φ(z = −∞) = −v , (3.4.10)
where we assumed that φ does not depend on y and z. By solving the static equation of
motion for φ,

−∂φ
2

∂z2
+ λφ(φ2 − v2) = 0 , (3.4.11)

we find that there is indeed a solution that interpolates between φ(z = ∞) = v and
φ(z = −∞) = −v, given by

φDW(z) = v tanh

(
v
√
λz

2

)
. (3.4.12)

It is apparent that a smooth transition from φ(x = ∞) = v to φ(x = −∞) = −v implies
that we have φ(x = 0) = 0 and V (φ(x = 0)) 6= 0, i.e. the field configuration (3.4.12) has
non-zero energy. The transition region between the minima with a characteristic width
∆ ≡

√
2/λv2 is called the DW in the x− y plane, see Fig. 3.2. The stress-energy tensor

for the DW is given by

Tµν =
λ

v4
2

1

cosh4
(
x
∆

)diag (1,−1,−1, 0) , (3.4.13)

and we can identify the T00 component, which is centered around z = 0, as the energy
density ρ(z), see Fig. 3.2. Moreover, note that the pressures in the x- and y-directions
are negative, i.e. the DW repells test particles. From (3.4.13), we find the surface energy
density of the DW as

σDW ≡
∫
dz T00 =

2
√
2

3

√
λv3 . (3.4.14)

One important property of the configuration (3.4.12) is the existence of a conserved cur-
rent,

jµ =
1

2v
εµν∂νφ , (3.4.15)

which implies the presence of a conserved topological charge,

Q =

∫
dz j0 = φ(z = ∞)− φ(z = −∞). (3.4.16)

It is easy to see that the trivial vacua φ = ±v have Q = 0 while the DW has Q = 1.
Thus, the DW configuration lies in a different topological sector than the trivial vacua,
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ensuring its stability.4
Let us now discuss the implications of DWs in the context of cosmology. In cosmology,
DWs are produced via the Kibble mechanism [100, 101] in phase transitions if the vacuum
state has disconnected components, as discussed above. In contrast to the simplified
discussion though, the Kibble mechanism takes into account that the correlation length ζ
of the Higgs field during the phase transitions is finite, leading to a system of domains with
arbitrary vacua. The correlation length depends on the details of the phase transition,
but a simple estimate based on causality exists. As regions that are separated by more
than the particle horizon dH , given in (3.1.20), are causally disconnected, we can apply
the particle horizon as the upper bound on the correlation length,

ζ . dH(TC) , (3.4.17)
where TC is the critical temperature where the phase transition takes place.5 In fact, this
argument implies that at any time after the phase transition, the characteristic domain
size has to be smaller than the particle horizon and we expect at least one DW per horizon.
Thus, we can give a lower limit on the energy densities of the DWs at a time t as

ρDW &
σ

dH(t)
∼ σH . (3.4.18)

which we can compare to the critical energy density,

ΩDW ≡ ρDW

ρc
&
Gσ

H
∼ Gσt . (3.4.19)

Using σ ∼ v3 and requiring that the energy density of the network of DWs does not exceed
the critical energy density today, we can find an upper bound on the VEV v,

v ∼
(

MPl
2

t0

)1
3

∼ 100MeV , (3.4.20)

where t0 ≈ 1017 s. Thus, if DWs exist today, the associated energy scale needs to be very
low.

Another model that implies the appearance of DWs is the sine-Gordon model, where the
potential in the Lagrangian (3.4.9) is given by

V (φ) =
m4

λ

(
1− cos

(√
λ

m
φ

))
. (3.4.21)

The potential (3.4.23) is periodic and therefore has an infinite number of degenerate vacua
with 〈φ〉 = 2πmNλ−1/2, where N is an integer. Similarly to the Z2-model, DWs arise if
the field settles into distinct vacua at different locations in space. For example, if φ settles

4In principle, DWs can be rendered unstable, for example if a subsequent symmetry breaking sufficiently alters the
vacuum structure of the theory. However, this possibility is not relevant here.

5More precisely, TC should be replaced with the Ginzburg temperature T̃C which is slightly smaller than TC .
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into neighboring vacua at z = ±∞, a domain wall with a surface energy density

σSG =
8m3

λ
(3.4.22)

arises. A special case of the sine-Gordon model appears e.g. in Axion models [36–38]6
where the field φ ≡ a is the Goldstone boson of a spontaneously broken U(1) symmetry.
In such models, the Axion obtains a potential,

V (a) =
m2

af
2
a

N2
DW

(
1− cos

(
NDW

fa
a
))

, (3.4.23)

due to QCD Instanton effects. Here, the integer NDW is the DW number which is related
to the chiral anomaly, while ma is the Axion mass and fa is the VEV that breaks U(1).
Interpreting a as a 2π periodic phase (see Sec. 2.1.2), we find that the potential posseses
a discrete ZNDW symmetry with NDW discrete minima [110] and consequently, DWs with
a surface energy density of order

σa ∼ maf
2
a . (3.4.24)

appear in generic Axion models [110–112].

There exist a variety of other topological defects that can potentially arise throughout
the evolution of the Universe, depending on the symmetry that is broken. Two notable
examples are strings and magnetic monopoles.
Strings arise if the vacuum manifold7 has non-contractible, one-dimensional closed paths.
An example for this scenario is a model where a U(1) is completely broken so that the
corresponding vacuum manifold is a circle.
Magnetic monopoles appear when the vacuum manifold has non contractible two spheres
or, in other words, when the unbroken subgroup has non contractible paths. This situation
occurs e.g. whenever the unbroken subgroup contains an explicit factor of U(1). This
implies that any GUT8 that breaks to the electroweak gauge group SU(2)L×U(1)Y predicts
the existence of magnetic monopoles.9 These monopoles are highly problematic as they
would contribute sizably to the energy density of the Universe, contrary to observations.

6See e.g. [102–110] for detailed reviews on Axion physics.
7If a theory that is invariant under transformations by elements of a group G is broken due to the VEV of a scalar field,

a subgroup H of G remains unbroken. The vacuum manifold, i.e. the space of non-trivial transformations, is denoted as
G/H and can be considered as the space of distinct ground states.

8See App. D for details on GUTs.
9EWSB does not predict magnetic monopoles since the SM gauge group is not simply connected[75].
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3.5 A Brief History of the Universe
After having discussed the basic theoretical concepts relevant for cosmology, we now
provide a very brief overview of the thermal history of the Universe, focussing on stages
relevant for this thesis.

• T & 1019 GeV:
At temperatures above the Planck scale, gravity is strong and hence the theory of
GR invalid. Thus, a theory of quantum gravity is necessary which does not yet exist.

• 1019 GeV & T > 102 GeV:
The energy scales in this era are far above experimental access and consequently, we
can only speculate how the Universe evolved at this stage. There are, however, some
well-motivated theories. For example, one assumption is that around T ∼ 1016 GeV,
the gauge interactions of the SM combine to form a GUT. Moreover, it is possible
that the origin of the baryon asymmetry of the Universe lies in this era. This will be
discussed in greater detail in Sec. 4.3. It is also widely believed that Inflation took
place in this era. The yet hypothetical Inflation mechanism postulates a period of
rapid expansion in the very early Universe, thereby addressing several problems of
the Big Bang model, such as the absence of magnetic monopoles predicted by GUTs,
the flatness problem10 and the horizon problem11.

• T ∼ 174GeV: EWSB
At a temperature around TEWSB ≈ 174GeV, EWSB takes place. Before EWSB, the
particles in the plasma only have thermal masses while after EWSB, they obtain
masses via the Higgs mechanism, as discussed in Sec. 2.2.1.

• T ∼ 200MeV: QCD phase transition
After EWSB, the temperature is still too high for bound states to form and quarks
form a quark gluon plasma. Once confinement sets in around TQCD ∼ 200MeV,
quarks are bound into baryons and mesons.

• T ∼ 1MeV: Neutrino decoupling
Neutrinos fall out of equilibrium as the weak interaction rate becomes slower than
the expansion of the Universe. After decoupling, neutrinos free-stream the Universe
with a temperature that is related to the photon temperature Tγ as

Tν =

(
4

11

)1
3

Tγ .

Today, these neutrinos are predicted to form the cosmic neutrino background, yet
direct detection remains elusive.

10Today, we have an almost perfectly flat Univere with Ω ≈ 1. This requires that Ω is fine-tuned even close to 1 in the
Planck epoch, |Ω− 1| . 10−60.

11The Universe is very homogenous, even over distances that can never have been in thermal contact according to the
Hot Big Bang model.
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• 1MeV & T & 0.05MeV: BBN
At about 1MeV, the temperature of the plasma is low enough to allow protons
and neutrons to form the first light primordial nuclei, 2He, 3 He, 4 He and 7 Li. BBN
corresponds to the earliest stage of the Universe which has accesible observational
signatures.

• T ∼ 1 eV: Matter-radiation equality
Matter begins to dominate the energy density of the Universe over radiation, allowing
structure formation to start.

• T ∼ 0.3 eV: Recombination and photon decoupling
At T & 0.3 eV, photons are coupled to the plasma via elastic Thomson scattering off
free electrons. Around T ∼ 0.3 eV, electrons and protons combine to form hydrogen,
thus significantly decreasing the electron density and resulting in the decoupling of
photons from the plasma. After decoupling, the photons freely propagate in the
Universe and form the CMB.

Observations of the CMB and the light elements formed during BBN are valuable tools to
constrain cosmological parameters. In the following, we will shortly discuss these stages
in more detail.

3.5.1 Big Bang Nucleosynthesis
At high temperatures, neutrons are coupled to the plasma via weak interactions such as

n+ νe ↔ p+ e− (3.5.1)
and kinetic equilibrium implies that the neutron-proton ratio follows

nn
np

∼ e−
mn−mp

T , (3.5.2)

where we assume that the chemical potentials can be neglected. Eventually, at
Tdec
n ∼ 1MeV, the rate of the weak interactions in Eq. (3.5.1) drops below the expan-

sion of the Universe and neutrons decouple, freezing the neutron abundance in at a ratio
nn/np ∼ 0.2. As the temperature decreases further, the synthesis of a light element i with
nucleon (proton) number Ai(Zi) and nuclear mass mAi

becomes favored over free protons
and neutrons. Consequently, the first light elements 2He, 3 He, 4 He and 7 Li are formed
through chains like

p+ n↔ 2He + γ
2He + 2He ↔ 3 He + n
3 He + 2He ↔ 4He + p . (3.5.3)

The temperature where the production of an element i can start is not only determined
by the corresponding nuclear binding energy,

Bi = Zimp + (Ai − Zi)mn −mAi
, (3.5.4)
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but also depends on the baryon-to-photon ratio

ηB′ ≡ nB′ − nB′

nγ
, (3.5.5)

and is given by

Ti ≈
Bi

Ai − 1

1

ln
(
η−1B′ + 3

2
ln
(mp

T
)) . (3.5.6)

However, since the synthesis of the heavier elements 3 He, 4 He and 7 Li requires a sufficent
abundance of 2 He, see (3.5.3), primordial nucleosynthesis starts only for T < T2 He, even
though T2 He < T3 He,4 He,7 Li. This is often called the deuterium bottleneck. The abundances
of the light elements that are subsequently produced essentially depend only on one single
parameter, the baryon-to-photon ratio ηB′ . From observations, the primordial abundances
of the light elements can be infered which allows to predict a range for ηB′ that is consistent
with all four abundances, [17]

ηBBNB′ = (6.04± 0.12)× 10−10 . (3.5.7)

3.5.2 Cosmic Microwave Background
The CMB radiation reaching us today corresponds to the surface where photons last
scattered and has a nearly perfect black body spectrum with a temperature of [113]

T0 ≈ (2.7255± 0.0006)K . (3.5.8)
It is remarkably uniform with anisotropies of order 10−5, yielding evidence for the large-
scale isotropy and homogeneity of the Universe. However, precisely these anisotropies
are imprints of the conditions at recombination and can be used to constrain various
cosmological parameters. Notably, the general shape of the anisotropy spectrum, shown
in Fig. 3.3, can be almost entirely explained by considering the acoustic oscillations of the
photon-baryon fluid before recombination.12 Roughly, the perturbations of the photon
temperature θ obey a differential equation of the form [88, 114]

θ̈ + k2c2sθ = F , (3.5.9)
where k is the wave number, F is a driving force that takes gravity effects into account,
cs is the speed of sound in the photon-baryon fluid,

cs =
1√

3
(
1 +

3ρB′
4ργ

) , (3.5.10)

12In a detailed analysis, other effects need to be taken into account, such as the Sachs-Wolfe effect (CMB photons are
gravitationally redshifted) and the Sunyaev-Zeldovich effect (distortion of the CMB spectrum due to photons beung scatterd
by hot gas when passing through clusters).
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Figure 3.3: Left: The acoustic temperature spectrum for different values of ΩB′h2.
It is evident that the disparity of even and odd peaks is enhanced for larger values of
ΩB′h2. Figure taken from Ref. [114]. Right: CMB temperature power spectrum from
measurements by Planck [18].

and derivatives are with respect to conformal time,

η ≡
∫ t

0

dt′

a(t′)
. (3.5.11)

Clearly, this is the differential equation for a forced harmonic oscillator, and the corre-
sponding squared solutions θ2(η) have a characteristic spectrum with even and odd peaks
of different height. The disparity between even and odd peaks depends on cs, and hence
on the baryon number. For larger ρB′ , the speed of sound decreases and the effect of the
external force, i.e. gravity, becomes more relevant. In other words, baryons provide an
additional source of gravity that enhances the disparity between even and odd peaks, cor-
responding to variations in temperature. An additional effect that needs to be accounted
for is that during the era of recombination, the mean free path of photons, and therefore
also the mean distance traveled by photons in a Hubble time, is finite, λD ∼ 1/

√
ne.

Consequently, oscillations on scales smaller than the mean distance, or equivalently at
large k, are damped. Moreover, during recombination, the electron number density is
proportional to the baryon number density, and consequently, a larger baryon number
implies a smaller mean distance and thus the dampings sets in at larger k.
Taking these two effects into account, we can predict a spectrum of inhomogenities on

scales k at recombination, which is then projected onto the anisotropies on angular scales
l we can observe today, roughly following the relation [88, 114]

l ≈ k (η0 − η∗) , (3.5.12)
where (η0 − η∗) is the comoving distance between us and the surface of last scattering.
In Fig. 3.3 (left), we show the predicted anisotropy spectrum for different baryon energy
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Table 3.1: Cosmological parameters from CMB measurements.

Parameter Value Reference Parameter Value Reference

h 0.674± 0.005 [18] Ωk 0.0007± 0.0019 [18]

ΩR (5.38± 0.15)× 10−5 [113] ΩB′h2 0.0224± 0.0001 [18]

ΩM 0.315± 0.007 [18] ΩDMh2 0.1200± 0.0012 [18]

ΩΛ 0.685± 0.007 [18]
∑

mν < 0.12 eV [18]

densities while in Fig. 3.3 (right), we show the results from Planck [18]. Note that today,
we obseve the baryonic acoustic observations at angular scales 100 ≤ l ≤ 1000 while the
effects of diffusion damping appear at l ≥ 1000. Since the disparity of even and odd
peaks and the damping tail are very sensitive to the baryon energy density, comparisons
between the predicted spectrum and the observed spectrum can be used to place tight
constraints on its value, with the most stringent bounds being provided by the Planck
collaboration [18],

ΩCMB
B′ h2 = 0.0224± 0.0001 . (3.5.13)

Besides the energy density of the baryons, the anisotropy spectrum of the CMB is very
sensitive to a number of other parameters such as the curvature Ωk, the matter density
ΩM , and the energy density of the cosmological constant ΩΛ. In Tab. 3.1, we present
bounds on several parameters relevant for this thesis.
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Evidence and Frameworks for BSM physics

Despite the success of the SM and the cosmological Standard Model, there is ample
evidence that both models are not yet complete. In the following, we will outline several
shortcomings of the SM and the cosmological Standard Model with a focus on the topics
relevant for this thesis.

4.1 Dark Matter
Based on observations of the velocities of galaxies in the Coma cluster, Fritz Zwicky [25]
postulated in 1933 the existence of a non-luminous matter component, called DM. Many
years later, in the 1970s, the measurements of the rotation curves of galaxies further
increased the evidence for the existence of non-luminous matter [115]. Kepler’s third law
implies that the orbital velocities of gas clouds and stars around the core of the galaxies
should decrease with the radial distance r,

v(r) =

√
GNM(r)

r
, (4.1.1)

where M(r) is the mass contained in a sphere of radius r. If the mass of a galaxy is mainly
given by visible objects such as stars, the mass far away from the visible galaxy becomes
constant, implying v(r) ∼ r−1/2 at large r. However, according to observations, the ve-
locity at large r becomes constant, indicating that M(r) ∼ r, i.e. there is non-luminous
matter far beyond the visible disc.
Further evidence for the existence of DM comes from observations of the Bullet clus-
ter [26], which is composed of two clusters that passed through each other. Gravitational
lensing studies of the cluster indicate that a sizable mass component stems from dark
objects that are weakly interacting and hence were not significantly affected by the colli-
sion, in contrast to the strongly interacting baryonic matter that was significantly slowed
down in the collision. This observation strongly supports the existence of DM, while other
theories that attempt to explain e.g. the flattening of the rotation curves of galaxies as
consequences of a modified theory of gravity generally fail to explain the displacement of
the matter components in the Bullet cluster.
Moreover, DM plays an important role for the formation of structures in the early uni-
verse. Before recombination, baryons are coupled to photons in a baryon-photon plasma,
preventing density perturbations from growing. Only once baryons and photons decouple,
density perturbations can start to grow as overdense regions attract surrounding matter.
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The density contrast δ is defined as

δ ≡ δρ

ρ
=
ρ′ − ρ

ρ
, (4.1.2)

where ρ is the mean energy density and ρ′ is the overdensity. The density contrast evolves
as δ(t) ∼ a(t), allowing us to give an estimate of the density contrast today,

δ0 ∼
a(t0)

a(trec)
δrec ∼ 10−2, (4.1.3)

where we used δrec ∼ 10−5 and a(t0)/a(trec) ∼ 103 [18]. This is in stark contrast to ob-
servations, as the existence of structures such as galaxies implies a density contrast many
orders of magnitudes larger. As DM particles can decouple from the plasma significantly
earlier than baryons (or never were coupled to the plasma in the first place), the associ-
ated density perturbations can start to grow significantly earlier as well. Once baryons
eventually decouple, they fall in the gravitational wells formed by DM, allowing struc-
tures like galaxies to form. The way structure formation proceeds depends significantly
on the mass of the DM particle. If it is relativistic when structure formation starts, a
large free-streaming length implies that structure forms top-down, i.e. large structures are
formed before small structures. However, observations indicate a hierarchical structure
formation, where smaller structures are formed first, requiring DM to be non-relativistic
at the onset of structure formation.1
Finally, as discussed in Sec. 3.5.2, CMB measurements are very sensitive to the matter
density ΩM and the baryon density ΩB′ , which indicate that ΩM � ΩB′ (see Tab. 3.1),
impliying that DM is non-baryonic. Moreover, CMB measurements are also sensitive to
the DM relic density itself, with the most current bound being provided by the Planck
collaboration, [18]

ΩDMh
2 = 0.1200± 0.0012 . (4.1.4)

To summarize, observations indicate the need for at least one DM particle that is elec-
trically neutral, weakly interacting, non-relativistic at the onset of structure formation,
non-baryonic and sufficiently stable.2 These observations have motivated intense efforts
to build a wide range of models that can account for the DM relic density. Moreover, DM
candidates appear naturally in many models and hence provide constraints on the model
parameters as to avoid e.g. overproduction of DM or a sizable hot DM contribution to the
relic density. In many models, be it decicated DM models or models with “accidentally”
appearing DM candidates, the relic density arises either via the freeze-in [34] and or the
freeze-out mechanism [116–118], both of which we will shortly discuss below.

1Strictly speaking, these bounds only hold if the DM particle has established kinetic equilibrium at some point. If it is
never in kinetic equilibrium, it can lead to a hierarchical structure formation even if it has a very small mass. An example
for this scenario is the Axion.

2While it is often assumed that DM is stable based on the absence of decay channels, it is in principle viable that a DM
particle has decay channels, provided that the lifetime is at least of order of the age of the Universe.
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4.1.1 Freeze-In and Freeze-Out
In order to illustrate the freeze-in and the freeze-out mechanisms, let us consider the
Boltzmann equation for a species X with a mass mX that interacts with a single other
massless species A. For simplicity, we assume that X is stable and interacts with A only
via CP conserving scatterings XX ↔ AA while A has interactions with other particles in
the plasma, keeping it in equilibrium. The Boltzmann equation for this scenario is given
by

sHzX
dYX
dzX

= −2
(
δ2X − 1

)
γXX,AA , (4.1.5)

where the factor of 2 appears since the scattering processes change the abundance of X
by two units. The thermal rate γXX,AA is determined using (G.1.1) and we assume that
the cross section scales as σ ∼ g2/s, where g is the corresponding coupling constant.
In the freeze-out mechanism, interactions between X and A are initially fast, i.e. γXX,AA >
HnX , hence X is coupled to the plasma and in equilibrium. However, as the temperature
drops and zX & 1, the number density neq

X ∼ e−zX becomes Boltzmann suppressed and
the thermal rate γXX,AA ∼ (neq

X )
2 drops rapidly (see Fig. 4.1). At some zfo

X , the rate
γXX,AA/n

eq
X drops below H and the X particles cease to find partners to annihilate with.

Thus, the abundance YX becomes constant and freezes out. One characteristic feature
of the freeze out mechanism is the dependence on the coupling g. As shown in Fig. 4.1,
a larger g corresponds to a larger thermal rate and a larger zfo

X , keeping X longer in
equilibrium. Due to the exponential drop of Y eq

X , this implies that the frozen abundance
decreases as g increases.
In contrast, the interactions of X with A in the freeze-in scenario are so weak that it
never reaches equilibrium. Moreover, as YX � Y eq

X , we can simplify the Boltzmann
equation (4.1.5) to

sHzX
dYX
dzX

≈ 2γXX,AA . (4.1.6)

Thus, for small zX . 1, annihilations of A produce a small number density of X. However,
as soon as the temperature drops below the mass of X, i.e. zX & 1, the production of X
becomes ineffective and the abundance of X becomes constant, i.e. it freezes in. Contrary
to the freeze-out mechanism, the frozen abundance in the freeze-in mechanism increases
with the coupling g since a larger thermal rate implies a faster production of X, see
Fig. 4.1.
Defining the frozen abundance produced either via freeze-in or freeze-out as Y f

X , the
corresponding relic density today can be calculated as

ΩRD =
Y f
XmXs0
ρc

, (4.1.7)

where s0 is the entropy density today.
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Figure 4.1: Thermal rates of XX ↔ AA scatterings (left) and the evolution of the
abundance YX(zX) (right) for g1 > g2 > g3 � g4 > g5 > g6 where g1,2,3(g4,5,6)
correspond to the freeze-out (freeze-in) scenario. In the left figure, the solid black line
denotes γXX,AA/n

eq
XH = 1 while in the right figure, the solid black line denotes Y eq

X .

4.2 Neutrino Masses
The observation of neutrino oscillations [20–22] has been a groundbreaking discovery, and
since oscillations imply that the corresponding particle is massive, it remains to this day
one of the clearest hints that the SM is not complete. However, neutrino masses are
not part of the SM as the RH neutrino required for the Higgs mechanism to work is
not part of the SM. Besides the bare existence of neutrino masses, the current bounds
on the values of the masses are well below the masses of the other SM fermions, see
Fig. 4.2, raising additional questions. Below, we will briefly review neutrino oscillations
and present current bounds on the neutrino masses and the mixing angles, followed by a
discussion of possible mass generating mechanisms in the next section.
The relation between the flavor- and mass-eigenstates of the neutrinos can be written as

|να〉 = Uαi |νi〉 , |νi〉 = U∗αi |να〉 , (4.2.1)
where U is the unitary PMNS matrix, α = e, µ, τ denote the flavor eigenstates while
i = 1, 2, 3 denote the mass eigenstates. Similarly to the CKM matrix, (2.2.44), the PMNS
matrix [124, 125] can be parametrized as

U =

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c12

 diag
(
eiρ, eiσ

)
(4.2.2)

where cij ≡ cos θij, sij ≡ sin θij, θij are the mixing angles, δ is the Dirac phase while ρ
and σ are Majorana phases.
The probabilty that a neutrino να is observed with flavor νβ after having traveled a
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Figure 4.2: Schematical representation of the fermion mass scales in the SM, com-
pared to the neutrino masses in the cases of NH and IH, respectively, with the lightest
neutrino mass set to zero, and the upper limit on the sum of the neutrino masses by
Planck [18] (see (4.2.8)).

distance L is given by

Pα→β = | 〈νβ|να(t)〉 |2 = UαiU
∗
βiUαjU

∗
βje
−i

∆m2
ijL

2E , (4.2.3)
where we defined the mass-squared difference

∆m2
ij ≡ m2

i −m2
j (4.2.4)

and used Ei,j ≈ E +
m2

i,j

2E
. From (4.2.3), it is apparent that neutrino oscillations can only

occur if neutrinos are massive. Moreover, it is striking that the transition probabilty
depends only on the mass-squared differences ∆m2

ij and not on the absolute neutrino
mass scale. Neutrino oscillation measurements can therefore only probe the mass squared
differences ∆m2

21 and |∆m2
32|. As the sign of ∆m2

32 is unkown, the neutrino mass spectrum
can either follow a normal hierarchy (NH) or an inverse hierarchy (IH),

normal hierarchy: m3 � m2 > m1 , (4.2.5)
inverse hierarchy: m2 > m1 � m3 . (4.2.6)

Current bounds on the mass-squared differences and the mixing parameters are given in
Tab. 4.1. Further constraints on the neutrino masses are provided by the KATRIN
experiment which measures the endpoint of the tritium beta decay kinematic spectrum.
It places a model-independent upper bound on the effective electron neutrino mass [127],

meff
νe ≡

√∑
i

m2
i |Uei|2 . 0.8 eV , 90%CL . (4.2.7)
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Table 4.1: Neutrino oscillation data at 1σ [126] for NH (left) with ∆m2
3` = ∆m2

31 and
IH (right) with ∆m2

3` = ∆m2
32.

Parameter Value (NH) Value (IH)

sin2 θ12 0.307+0.012
−0.011 0.308+0.012

−0.011

sin2 θ23 0.561+0.012
−0.015 0.561+0.012

−0.015

sin2 θ13 0.02195+0.00054
−0.00058 0.02224+0.00056

−0.00057

δ/◦ 177+19
−20 285+25

−28

∆m2
21

10−5 eV2 7.49± 0.19 7.49± 0.19

∆m2
3`

10−3 eV2 2.534+0.025
−0.023 −2.510+0.024

−0.025

Observations based on the cosmological Standard Model place an additional upper limit
on the neutrino mass. The currently strongest bound comes from the Planck collabora-
tion [18] with3 ∑

mν . 0.12 eV . (4.2.8)

In contrast to bounds placed by e.g. KATRIN, this bound is not model-independent and
depends on the framework of the Standard Model of cosmology.
In the following, we will review the Seesaw mechanism which is an elegant framework that
manages to account for the existence of the neutrino masses and their smallness with a
minimal extension of the SM.

4.2.1 Seesaw Mechanism
Compared to the other fermions, neutrinos have a special role in the SM since they carry
no charge that is conserved under the SM gauge group. This allows neutrinos to be
their own antiparticles, i.e. Majorana particles, in contrast to the charged SM fermions
which are Dirac particles (see App. B for details). A clear indication that neutrinos are
of the Majorana type would be the observation of neutrinoless double beta decay (0νββ).
Although it is searched for by several experiments, the half-lifes of 0νββ significantly
exceed the age of the Universe, e.g. T0νββ > 1.8 × 1026 yr for 0νββ of 76Ge [128]. To
date, it has not been observed, leaving the nature of neutrinos ambigous. Nevertheless,
neutrinos being Majorana fermions would have several significant implications both for
the SM and for cosmology.
A popular mechanism that allows for the generation of naturally light neutrinos, the
Seesaw mechanism, is build on the hypothetical Majorana nature of neutrinos. It is

3As briefly touched upon in Sec. 3.5, neutrinos decouple when they are still relativistic at around 1MeV. Nowadays,
they are non-relativistic and consequently, their energy density is given by ρν = mνnν . Since the neutrino temperature is
related to the photon temperature, the former can be precisely determined from CMB data. In order to avoid overclosing
the Universe, the total neutrino energy density has to be smaller than the critical energy density, or Ων < Ω ≈ 1, yielding
the bound

∑
mν . 93.12 eVh2Ων .
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Figure 4.3: Feynman diagrams corresponding to the type I (left), type II (middle)
and type III (right) Seesaw mechanisms.

related to the dimension-5 Weinberg operator [129],

Leff =
cd=5

Λ

(
LCH̃∗

)(
H̃†L

)
+ h.c. , (4.2.9)

which violates lepton number by two units. Here, Λ is the scale of new physics. After
EWSB, the operator induces a Majorana mass term,

Leff =
cd=5v2

2

(
(νL)

C + νL

) (
νL + νCL

)
≡ cd=5v2

2
νν , (4.2.10)

which generates naturally small neutrino masses mν ∼ Λ−1 if Λ is large. On tree level,
there exist three basic ways to generate this operator, shown in Fig. 4.3, and its realiza-
tions correspond to the type I [23], type II [130–134] and type III [135] Seesaw mecha-
nism, respectively. In the following, we provide brief reviews these mechanisms, based on
Refs. [136–141].

4.2.1.1 Type I Seesaw
In the type I Seesaw mechanism, the SM is extended by n ≥ 2 RH SM singlet neutrinosNR.
For simplicity, we assume that n = 3, although two RH neutrinos are already sufficient
to explain neutrino masses. The relevant terms for the neutrino sector in the Lagrangian
are therefore given by

LNyuk = −LiY ν
ij H̃NRj −

1

2
M ij

R (NRi)
CNRj + h.c. , (4.2.11)

LNkin = iL /DL+ iNR/∂NR , (4.2.12)

where Y ν
ij is a non-diagonal 3 × 3 Yukawa matrix while M ij

R is the mass matrix for the
RH neutrinos. It is convenient to choose the basis where M ij

R is both real and diagonal,
allowing us to write

LNyuk = −LiY ν
ij H̃Nj −

1

2
M i

R(Ni)
CNi + h.c. , (4.2.13)

LNkin = iL /DL+
i

2
N /∂N , (4.2.14)

where we defined the Majorana neutrinos as
Ni ≡ NRi + (NRi)

C = (Ni)
C , (4.2.15)
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and C is defined in App B. After EWSB, the mixing between the LH and RH neutrinos
induces a Dirac mass mD,

mij
D =

Y ν
ijv√
2
, (4.2.16)

and we can write the mass terms in the Lagrangian as

Lνmass = −1

2

(
νL (NR)

C
)(

0 mD

mT
D MR

)
︸ ︷︷ ︸

M

(
(νL)

C

NR

)
+ h.c. . (4.2.17)

The (3 + n)× (3 + n) mass matrix M can be diagonalized with a unitary matrix Ũ as
M̃ ≡ diag (m1,m2, ...,m3+n) = ŨTMŨ . (4.2.18)

Thus, defining (
(ν ′L)

C

N ′R

)
= Ũ †

(
(νL)

C

NR

)
, (4.2.19)

we can rewrite the Lagrangian (4.2.17) as

Lνmass = −1

2

(
ν ′L (N ′R)

C
)
M̃
(
(ν ′L)

C

N ′R

)
− 1

2

(
(ν ′L)

C N ′R

)
M̃
(

ν ′L
(N ′R)

C

)
(4.2.20)

= −1

2

3∑
i=1

ν̂imiν̂i −
1

2

n∑
i=4

N̂imiN̂i . (4.2.21)

Here, the physical mass eigenstates with masses mi are the Majorana fields,

N̂i ≡ N ′Ri +
(
N ′Ri
)C

, ν̂i ≡ ν ′Li
+
(
ν ′Li

)C
. (4.2.22)

Let us now return to the matrix M. In the Seesaw limit MR � mD, we can blockdiago-
nalize M so that

ÛTMÛ = diag (m̂l, m̂h) , (4.2.23)
where

Û ≈

(
1 mD

MR

−mT
D

MT
R

1

)
, m̂l ≈ −m

T
DmD

MR
, m̂h ≈MR . (4.2.24)

Thus, in the Seesaw limit, we find light neutrinos with masses suppressed by MR and heavy
neutrinos with masses of order MR. Moreover, the light and heavy states approximately
decouple, (

(ν̃L)
C

ÑR

)
≡ Û †

(
(νL)

C

NR

)
≈

(
(νL)

C − mD

MR
NR

mD

MR
(νL)

C +NR

)
≈
(
(νL)

C

NR

)
, (4.2.25)
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resulting in
N̂i ≈ Ni , ν̂i ≈ νi , (4.2.26)

and
diag (m1,m2,m3) ≈ UT m̂lU , (4.2.27)

where U is the PMNS matrix.

4.2.1.2 Type II Seesaw
In the type II Seesaw mechanism, the SM is augmented by a scalar SU(2)L triplet ∆ [139,
141–145],

∆ =

(
∆+
√
2

∆++

∆0 − ∆√
2

)
, (4.2.28)

which carries a lepton number L′ = −2. The relevant terms in the Lagrangian coupling
∆ to L and H are given by

L ⊃ µ∆H̃
T iσ2∆− LCY ∆iσ2∆L+ h.c. , (4.2.29)

and once ∆ and H acquire non-vanishing VEVs,

v∆ =
√
2 〈∆〉 µ∆v

2
0√

2M2
∆

, v0 =
√
2 〈H〉 , v20 + 2v2∆ = v2 ≈ (246GeV)2 , (4.2.30)

small neutrino masses are generated,
m∆
ν =

√
2Y νv∆ . (4.2.31)

Both VEVs contribute to the masses of the W± and Z bosons and since their ratio is
tightly constrained by the ρ parameter,

ρ ≡ m2
W

m2
Z cos θ

= 1− 2v2∆
v20 + 4v2∆

, (4.2.32)

the VEV of the scalar triplet is bounded from above, v∆ . 4.8GeV.

4.2.1.3 Type III Seesaw
In the type III Seesaw mechanism, the SM is extended by n ≥ 2 SU(2)L triplet
fermions [139, 141, 146–150],

Σi =

(
Σ0

i/
√
2 Σ+

i

Σ−i −Σ0
i/
√
2

)
, (4.2.33)

which induce additional terms in the Lagrangian given by

L ⊃ iTr
[
Σ /DΣ

]
− LY †ΣΣH̃ − 1

2
Tr
[
ΣCMΣΣ

]
+ h.c. . (4.2.34)
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After EWSB, light neutrino masses are generated via the neutral component Yukawa
term,

mΣ
ν = −v

2

2
Y T
Σ M

−1
Σ YΣ . (4.2.35)

In terms of neutrino mass generation, the type III Seesaw is very similar to the type I
Seesaw. Beyond neutrino masses though, the type III seesaw entails several features that
are absent in the type I seesaw. For instance, the triplet Σ has direct interactions with
gauge bosons and additionally, the charged components Σ± mix with the SM leptons.

4.3 Baryon Asymmetry
To the best of out knowledge, the observable Universe consists (almost) completely of
matter and no notable amounts of anti-matter exist, suggesting a baryon asymmetric
Universe. As discussed in Sec. 3.5, the BAU can be inferred from two independent obser-
vations. From the BBN measurements, the baryon-to-photon ratio is [17]

ηBBNB′ =
nB′ − nB′

nγ

∣∣∣∣
0

(6.04± 0.12)× 10−10 , (4.3.1)

while CMB data [18] gives consistent limits,
ΩCMB
B′ h2 = 0.0224± 0.0001 . (4.3.2)

In terms of a baryon asymmetry Y∆B′ , these limits can be expressed as4

Y BBN
∆B′ ≈ 8.580× 10−11 , Y CMB

∆B′ ≈ 8.718× 10−11 . (4.3.3)
In principle, it is possible that this asymmetry is indeed a (fine-tuned) initial condition.
Nevertheless, we have strong reason to believe that Inflation took place in the early
Universe, see Sec. 3.5, which would erase any initial baryon asymmetry. This suggests
that the observed BAU has to be dynamically generated throughout the evolution of the
Universe after the hypothetical Inflation epoch. This scenario is called baryogenesis. In
the next section, we discuss the conditions necessary for succesfull baryogenesis before
reviewing how baryon number is violated in the SM in Sec. 4.3.2. In Secs. 4.3.3 and
4.3.4, we discuss how one subclass of the baryogenesis mechanism, called leptogenesis, is
realized in the type I and III seesaw mechanisms, respectively. For more extensive reviews

4Here, we used

s

nγ

∣∣∣∣g∗s= 43
11

0

≈ 7.04

and

Y∆B′ |0 =
ηnγ

s

∣∣∣
0
≈

nB′

nγ

nγ

s

∣∣∣∣
0

=
ΩB′ρc

nγmp

nγ

s

∣∣∣∣
0

≈ 3.892 36× 10−9ΩB′h2

with [153]

ρc = (1.053 72± 0.000 24)× 10−3 h GeV , nγ |0 = 410.73± 0.27 .
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on baryogenesis and leptogenesis, we refer the reader to [72, 154–158].

4.3.1 Sakharov Conditions
In order to dynamically generate a baryon asymmetry, three conditions need to be fulfilled,
know as the Sakharov conditions [19]:

1. baryon number violation

2. C and CP violation

3. departure from equilibrium

Let us discussion the conditions and their status in the SM in greater detail.

Baryon Number Violation
This condition is rather intuitive. If we start from a state with a given baryon number, it
will never change unless some process violates it. In the SM, processes violating baryon
number B′ and lepton number L′ take place due to Instanton and Sphaleron transitions
which violate B′ and L′ by three units, respectively, and hence conserve B′ − L′. While
Instanton transitions at zero temperature are exponentially suppressed with a tunneling
factor ∼ exp (−8π2/g2), Sphaleron transitions at high temperature, T & 100GeV, are
fast, resulting in the sizable violation of B′ and L′. We will discuss Instantons and
Sphalerons in greater detail in Sec. 4.3.2.

C and CP Violation
If C and CP are conserved, processes involving baryons and the C/CP conjugate processes
involving antibaryons proceed at exactly the same rate, resulting in a vanishing baryon
asymmetry. For example, let us consider a particle X = XL +XR which carries a baryon
number B′(X) = 1 and decays to a final state Y with B′(Y ) = 0. Thus, decays XL,R → Y
produce one unit of baryon number while decays

(
X
)
L,R

destroy one unit of baryon
number, resulting in a total baryon asymmetry

∆B′ ∼ Γ (XL → Y ) + Γ (XR → Y )− Γ
((
X
)

L → Y
)
− Γ

((
X
)

R → Y
)
. (4.3.4)

However, if C is conserved, we have
C : Γ (XL → Y ) = Γ

((
X
)

L → Y
)
, Γ (XR → Y ) = Γ

((
X
)

R → Y
)
, (4.3.5)

and ∆B′ = 0 while CP conservation implies
CP : Γ (XL → Y ) = Γ

((
X
)

R → Y
)
, Γ (XR → Y ) = Γ

((
X
)

L → Y
)
, (4.3.6)

also yielding ∆B′ = 0.
While C is violated maximally by the weak interaction, the only source of CP violation
in the SM in the form CKM phase is many orders of magnitude too small to generate the
observed baryon asymmetry.
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Departure from Equilibrium
Let us now consider a species X which violates baryon number via the processes
X → Y,X → Y . Moreover, we assume that both X and X are in kinetic equilibrium
with

nX,X =

∫
d3p

(2π)3
f eq
X,X

, f eq
X,X

=
1

e
E
X,X

−µ
X,X

T ± 1
, (4.3.7)

where µX , µX are the chemical potentials. If X is the only species violating baryon
number, the baryon asymmetry will depend only on the difference between the number
densities nX and nX , or equivalently the particle numbers NX , NX , i.e.

∆B′ ∼ nX − nX ∼ a−3 (NX −NX) . (4.3.8)
Thus, if we start from a state with ∆B′ = 0, a non-vanishing asymmetry at a later time
requires that the particle numbers NX , NX are not conserved. However, if X and X
are also in chemical equilibrium, non-conservation of particle number5 implies that the
corresponding chemical potentials vanish, µX = µX = 0, and together with the CPT
theorem we find

nX = nX (4.3.9)
and consequently

∆B′ = 0 . (4.3.10)
Thus, in order to generate a non-vanishing baryon asymmetry, a departure from equi-
librium is necessary. In the SM, the electroweak phase transition was long believed to
be a potential source for the out-of-equilibrium condition, provided it is strictly first
order. However, the experimentally confirmed value of the Higgs mass implies that the
phase transition is second order and hence does not provide suitable out-of-equilibrium
dynamics.

To summarize, succesfull baryogenesis requires that the SM is extended in a way that
accounts for additional sources of CP violation and departure from equilibrium. More-
over, the existence of Sphalerons suggests that baryogenesis could also proceed through
leptogenesis. That is, rather than introducing a new source of baryon number violation
and creating the BAU directly, it is also viable that new lepton number violating inter-
actions induce a lepton asymmetry first, which is subsequently transferred to a baryon
asymmetry via Sphaleron transitions. Before we discuss leptogenesis in greater detail in
Secs. 4.3.3 and 4.3.4, we provide a short overview of Instanton and Sphaleron processes
in the SM and their relation to the violation of lepton- and baryon number below.

5which follows from the first Sakharov condition
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4.3.2 Baryon Number Violation in the SM
In this Section, we give a brief overview over the relation between Instantons, anomalies
and the non-conservation of baryon- and lepton number in the SM, restricting ourselves to
the basic results, following Refs. [157, 159–164]. A more detailed discussion on Instantons
can be found in App. E and the references therein.

4.3.2.1 Instantons
It can be shown that Yang-Mills (YM) theories with gauge groups SU(N) have a topo-
logically non-trivial vacuum structure and that as a result, the true ground state of the
theory, called the θ vacuum, is a superposition of different topological sectors labeled by
an integer n = 0,±1,±2, ..., so that

|θ〉 =
∑
n

einθ |n〉 . (4.3.11)

Here, θ is the vacuum angle with θ ∈ [0, 2π) and the integer n is commonly referred to
as the winding number. The Instanton mediates tunneling processes between vacua with
different winding numbers n 6= m and is associated with a topological charge ν,

ν[A] =
g2

32π2

∫
d4xFµν

a[A]F̃ a
µν [A] = n−m, (4.3.12)

where Fµν is the field strength corresponding to the gauge group SU(N) and Aµ is the
gauge field. These tunneling processes give rise to an additional C- and CP-violating term
in the Lagrangian of the theory,

δL =
g2νθ

32π2
Fµν

a[A]F̃ a
µν [A] . (4.3.13)

Although the term is gauge invariant and therefore a viable contribution to the La-
grangian, it can be written as a total derivative. Since variations were assumed to vanish
at the boundary, it was usually discarded. It became clear only once Instanton solutions
were found that the surface term does in fact not vanish, provided that tunneling be-
tween different winding sectors takes place. What is more, theories with different θ are
generally not equivalent and transitions between distinct θ vacua are forbidden. Thus,
this term can have physical consequences and should be considered as an additional term
of the Lagrangian. In QCD, the new parameter θ is called the strong vacuum angle and
gives rise to strong CP violation. However, experimentally, the CP violation is very small
which is referred to as the strong CP problem[165]. In this work, we are concerned with
electroweak Instantons. Their effects are closely related to the B′ and L′ anomalies in the
SM, as we will shortly review in the following.
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4.3.2.2 Nonconservation of Baryon and Lepton Number
The SM, discussed in Sec. 2.2, is invariant under the transformations

ψ → eiB
′αB′ψ , ψ → eiL

′αL′ψ , (4.3.14)
where B′, L′ are the baryon- and lepton numbers of ψ. Consequently, the SM posesses
two accidental global symmetries related to these transformations, baryon number U(1)B′

and lepton number U(1)L′ . Although classically conserved to all orders of perturbation
theory, the interplay of electroweak Instantons with chiral anomalies results in the non-
perturbative violation of B′ and L′. In the following, we neglect the effect of the U(1)Y
gauge group of the SM since it greatly simplifies the discussion while not affecting the
results. Thus, the contribution of the electroweak θ term to the Lagrangian of the SM is
given by

LθEW
=
g2θEW
32π2

W a
µνW̃

a,µν (4.3.15)

where W a
µν is given by (2.2.10). Next, we can define the charges B′ and L′ in terms of the

currents

JµB′ =
1

3

∑
i

[
Qi,aγ

µQi,a + U i,aγ
µUi,a +Di,aγ

µDi,a

]
, (4.3.16)

JµL′ =
∑
i

[
Liγ

µLi + Eiγ
µEi
]
, (4.3.17)

where the sum is over generations and a = 1, 2, 3 is the color index, yielding

B′ =

∫
d3xJ0

B′ , L′ =

∫
d3xJ0

L′ . (4.3.18)

Classically, B′ and L′ are conserved and therefore

∂µJ
µ
B′ = ∂µJ

µ
L′

class
= 0 . (4.3.19)

On one-loop level however, the triangle anomalies of both U(1)B′ and U(1)L′ with respect
to SU(2)L (see Fig. 4.4) result in [166, 167]

∂µJ
µ
B′ =

g2AB′

32π2
W a
µνW̃

a,µν , ∂µJ
µ
L′ =

g2AL′

32π2
W a
µνW̃

a,µν , (4.3.20)

where AB′,L′ are the anomaly factors of [SU(2)L]
2 × U(1)B′,L′ . For a [SU(2)L]

2 × U(1)q
anomaly with a U(1)q charge q, the anomaly factor is given by

Aq =
∑
R

[∑
L

2qLTL(R)−
∑

R

2qRTR(R)

]
, (4.3.21)
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Figure 4.4: Triangle diagrams inducing the anomalous violation of B′ (left) and L′

(right).

where T (R) is the index of the representation R under which a LH (L) or RH (R) field
transforms. The index for singlets, doublets and triplets is given by

T (1) = 0 , T (2) = 1

2
, T (3) = 2 , (4.3.22)

respectively. In the SM, only LH particles have a non-zero index and therefore the anomaly
factors AB′,L′ are given by

AL′ = NL × L′ × 2TL(1) = 3× 1× 2
1

2
= 3 , (4.3.23)

AB′ = NL × CL ×B′ × 2TL(1) = 3× 3× 1

3
× 2

1

2
= 3 , (4.3.24)

where NL = 3 is the number of generations of LH particles and CL is the color multiplicity.
It is striking that since AL′ = AB′ = 3, we have

∂µJ
µ
B′ − ∂µJ

µ
L′ = 0 , (4.3.25)

implying that the combination U(1)B′−L′ is anomaly-free.
With regard to Instantons, the anomalies have two effects. First, note that the path-
integral measure DψDψ is not invariant under the L′ and B′ transformations given in
(4.3.14). Instead, it transforms as [168]

DψDψ → exp
∫
d4x

(AB′αB′ +AL′αL′) g2

32π2
W a
µνW̃

a,µνDψDψ , (4.3.26)

which amounts to adding a term

δL =
(AB′αB′ +AL′αL′) g2

32π2
W a
µνW̃

a,µν (4.3.27)

to the Lagrangian. Comparing to (4.3.15), we note that this is equivalent to a shift of the
vacuum angle θEW ,

θEW → θEW +AB′αB′ +AL′αL′ , (4.3.28)
i.e. θEW can always be removed by an appropriate choice of αL′ and αB′ . Thus, the
electroweak vacuum angle does not have a physical effect [108, 169, 170]. Instead, t’Hooft
showed that the relevance of electroweak Instantons is only revealed when vacuum-to-
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vacuum transition amplitudes with different numbers of leptons and baryons in the initial
and final states are considered [171]. This can be seen by taking a closer look at the
divergences of the currents given in (4.3.20). By integrating over them, we find that the
LHS is given by ∫

d4x∂µJ
µ
B′ = B′(∞)−B′(−∞) ≡ ∆B′ , (4.3.29)∫

d4x∂µJ
µ
L′ = L′(∞)− L′(−∞) ≡ ∆L′ , (4.3.30)

while the RHS yields ∫
d4x

g2AB′

32π2
W a
µνW̃

a,µν = AB′ν , (4.3.31)∫
d4x

g2AL′

32π2
W a
µνW̃

a,µν = AL′ν , (4.3.32)

where ν is the topological charge (4.3.12). We can therefore conclude that tunneling of
Instantons between adjacent winding sectors, i.e. ν = 1, violates B′ and L′ in the SM by
three units,

∆B′ = ∆L′ = 3 , (4.3.33)
while conserving the difference, ∆B′ − ∆L′ = 0. Thus, a non-vanishing amplitude in
the Instanton background requires that the initial and final states differ by three units
of lepton and baryon number each, which corresponds to calculating an amplitude of the
form

ΓI ∼ 〈0| (QQQL)3 |0〉 . (4.3.34)
At zero temperature, the tunneling amplitude of Instantons depends only on the Instanton
action S1. It is given by

ΓI ∼ e−S1 ∼ e
− 8π2

g2 (4.3.35)
and clearly is unobservably small. Consequently, electroweak Instantons have no measur-
able effect.

4.3.2.3 Sphalerons and L′ to B′ Conversion
While Instanton solutions correspond to tunneling processes and are therefore exponen-
tially suppressed, transitions via thermal jumps over the barrier seperating different wind-
ing sectors are possible at non-zero temperature, see Fig. 4.5. These transitions are called
Sphaleron processes. The temperature-dependent transition amplitude is given by

ΓSph ∼ e−
ESph

T , (4.3.36)
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Figure 4.5: Schematical illustration of Instanton and Sphaleron transitions between
different winding sectors n.

where ESph ∼ O (TeV) is the energy of the Sphaleron. At high temperatures in the early
Universe,

102 GeV . T . 1012 GeV , (4.3.37)
Sphaleron transitions are fast and induce processes of the form

|0〉 → |dLdLuLνe,L + sLsLcLνµ,L + bLbLtLντ,L〉 , (4.3.38)
resulting in a sizable violation of B′ and L′.
In the context of leptogenesis, Sphalerons are particularly interesting since they can, if in
equilibrium, convert an existing Y∆B′ − Y∆L′ asymmetry to a baryon asymmetry via the
relation

Y∆B′ = CSph (Y∆B′ − Y∆L′) . (4.3.39)

The conversion facor CSph can be calculated by analyzing relations between chemical
potentials in the early Universe [72, 173–175]. For simplicity, we derive the relations at a
fixed temperature with T � TEWSB where electroweak and Yukawa interactions are fast
enough to establish chemical equilibrium. This condition can be expressed in terms of
chemical potentials as [72, 155, 173, 176, 177]

µW− = µφ0 + µφ− = µdL − µuL = µeL − µνL ,

µφ0 = µuR − µuL = µdL − µdR = µeL − µeR , (4.3.40)
where we restricted ourselves to the first generation of fermions. From (4.3.38), we con-
clude that fast Sphaleron processes induce the additional condition

3
(
2µdL + µuL + µνeL

)
= 0 . (4.3.41)
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Before EWSB, charge QEM and weak isospin T3 are conserved and we can use (3.2.19) to
write

Y SM
∆QEM

∼ NGNC

[
2

3
(µuL + µuR)−

1

3
(µdL + µdR)

]
−NG (µeL + µeR) + 2µφ+ − 2× 2µW−

(4.3.42)

Y SM
∆T3

∼ NGNC × 1

2
(µuL − µdL) +

NG

2
(µνe − µeL) + 2× 1

2
(µφ+ − µφ0)− 2× 2µW−

(4.3.43)
where NG = NC = 3 are for generations and color, respectively. Moreover, the asymme-
tries in B′ and L′ are related to the chemical potentials via

Y SM
∆B′ ∼ NGNC × 1

3
(µuL + µuR + µdL + µdR) , (4.3.44)

Y SM
∆L′ ∼ NG (µeL + µeR + µνe) . (4.3.45)

Putting everything together, we find that Sphalerons convert an existing (Y∆B′ − Y∆L′)
asymmetry into a final baryon asymmetry according to

Y∆B′ =
28

79
(Y∆B′ − Y∆L′) . (4.3.46)

4.3.3 Vanilla Leptogenesis
A remarkable feature of the type I Seesaw, see Sec. 4.2.1.1, is that in principle, it con-
tains all ingredients necessary for baryogenesis via leptogenesis: Decays of the Majorana
neutrinos Ni to lepton-Higgs pairs LH,LH† violate both lepton number and CP and if
the decay rate is small enough, the decays are also out of equilibrium, hence creating
a lepton asymmetry. In this section, we discuss the simplest realization of this version
of leptogenesis, often called vanilla leptogenesis (VL), as a warm-up for the subsequent
discussion of leptogenesis in the context of the Majoron model. The following discussion
is based on the extensive reviews on VL that can be found in Refs. [72, 137, 154–156, 158,
178–180].
The relevant terms for leptogenesis in the Seesaw Lagrangian are given by

L ⊂ −
(
Y ν
αiLαH̃Ni + h.c.

)
− 1

2
MNi

NiNi , (4.3.47)

where i = 1, 2, 3 and α = e, µ, τ . The Yukawa coupling Y ν induces lepton number
violating neutrino decays Ni → LαH,LαH

† and on tree-level, the decay rate is given by

ΓDi
≡ Γ(Ni → LαH) = Γ(Ni → LαH

†) =

(
Y ν†Y ν

)
ii
MNi

8π
. (4.3.48)

Conveniently introducing the effective neutrino mass m̃i [180],

m̃i =

(
Y ν†Y ν

)
ii
v2

MNi

, (4.3.49)
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the decay rate (4.3.48) can be rewritten as

ΓDi
=
M2

Ni
m̃i

8πv2
. (4.3.50)

4.3.3.1 CP Violation
Neglecting thermal effects, the CP violation in neutrino decays can be expressed in terms
of matrix elements M

(
Ni → LαH,LαH

†),
εiα =

|M (Ni → LαH)|2 −
∣∣M (

Ni → LαH
†)∣∣2∑

α

{
|M (Ni → LαH)|2 +

∣∣M (
Ni → LαH†

)∣∣2} . (4.3.51)

In this form, it is immediatly apparent that the CP asymmetry vanishes on tree-level.
Instead, it arises on one-loop level when the interference of tree-level and one-loop ampli-
tudes as shown in Fig. 4.6 is taken into account, yielding [181]

εiα =
1

8π (Y ν†Y ν)ii

∑
j 6=i

[
Im
[(
Y ν†Y ν

)
ji
Y ν
αiY

ν∗
αj

]
f

(
MNj

MNi

)

+Im
[(
Y ν†Y ν

)
ij
Y ν
αiY

ν∗
αj

] M2
Ni

M2
Ni

−M2
Nj

]
,

(4.3.52)

where

f(x) =
√
x

[
x− 2

x− 1
− (1 + x) log

(
1 + x

x

)]
(4.3.53)

is a loop function. Summing over the lepton flavors α, the contributions from the second
line in (4.3.52) vanish and we find

εi =
∑
α

εiα =
1

8π (Y ν†Y ν)ii

∑
j 6=i

Im
[(
Y ν†Y ν

)2
ji

]
f

(
MNj

MNi

)
. (4.3.54)

In this thesis, we will focus on leptogenesis in the one flavor approximation in the limit
where MN1 �MN2,3 so that (4.3.53) becomes

f

(
MN2,3

MN1

� 1

)
≈ −3

2

√
MN1

MN2,3

, (4.3.55)

yielding the CP violation from N1 decays as

εi = − 3

16π (Y ν†Y ν)11

∑
j 6=1

Im
[(
Y ν†Y ν

)2
j1

]MN1

MNj

. (4.3.56)

An upper bound on ε1 can be placed in terms of the Davidson-Ibarra (DI) bound [182],

|εDI | ≤ 3

16π

MN

v2
(m3 −m1) . (4.3.57)
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Figure 4.6: Feynman diagrams contributing to the CP violating N1 decay.
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Figure 4.7: Feynman diagrams relevant for the evolution of the neutrino abundance
and the lepton asymmetry in VL. The diagrams in the first row violate lepton number
by one unit and change the neutrino abundance while the diagrams in the second row
violate lepton number by two units and conserve the neutrino number.

If we further assume that the light neutrinos follow a NH with m1 � m2 � m3, the DI
bound (4.3.57) can be written as∣∣εDI (MN)

∣∣ ≤ 3

16π

MN

v2

√
∆m2

atm . (4.3.58)

4.3.3.2 Boltzmann Equations
In the following, we briefly discuss the Boltzmann equations for VL. A more detailed
derivation is given in App. F.2. For brevity, we will generally omit the index 1 so that
{N,MN , m̃, ε} ≡ {N1,MN1 , m̃1, ε1}. In our discussion, we neglect thermal effects and
scattering processes involving gauge bosons. Thus, the only processes relevant for the
neutrino evolution are decays and quark scatterings, see first row in Fig. 4.7. The Boltz-
mann equation then reads

sHzN
dYN
dzN

= − (δN − 1) γD − 2γQ (δN − 1) , (4.3.59)
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In the equation above, the decay rate γD is given by

γD = neq
N

K1(zN)

K2(zN)
ΓD , (4.3.60)

while the cross section for γQ ≡ 2γNU3,LQ3
+ γNL,Q3U3 follows from (G.2.1) and (G.2.2).

Concerning the Boltzmann equation for the lepton asymmetry ∆L′, it is essential to
include also ∆L′ = 2 scatterings as shown in the second row in Fig. 4.7 and substract the
on-shell contribution of LH ↔ LH† scatterings, (see App. F.2), yielding

sHzN
dY∆L′

dzN
=εγD (δN − 1)− δ∆L′

[γD
2

+ 2γNU3,LQ3
+ δNγLN↔Q3U3

]
. (4.3.61)

However, instead of solving the Boltzmann equation for the lepton asymmetry directly, it
is convenient to define an efficiency η(zN) via

Y∆L′(zN) = εY 0
Nη(zN) , (4.3.62)

where Y 0
N ≡ YN(zN → 0), yielding a Boltzmann equation for the efficiency that is inde-

pendent from ε as

sHzN
dη

dzN
=

1

Y 0
N

(δN − 1) γD − η

Y eq
L

[γD
2

+ 2γNU3,LQ3
+ δNγLN↔Q3U3

]
. (4.3.63)

The relevant quantity for leptogenesis is the final lepton asymmetry which we obtain after
solving (4.3.84) via

Y∆L′(zN → ∞) = εY 0
Nη , η ≡ η(zN → ∞) , (4.3.64)

where η is the final efficiency with |η| ≤ 1. The thermal rates appearing in the Boltzmann
equations (4.3.59) and (4.3.84) can all be expressed in terms of the single parameter
m̃. Consequently, (4.3.59) and (4.3.84) depend only on three parameters: The initial
efficiency η(zN → 0), the initial neutrino abundance YN(zN → 0), and m̃. As we are
interested in generating a lepton asymmetry, we set η(zN → 0) = 0, leaving us with
two free parameters, YN(zN → 0) and m̃. Unfortunately, only model-dependent bounds
on m̃ exits. For example, in case of a NH and provided that no cancellations occur,
m1 . m̃ . m3 ∼ 0.05 eV [158].

4.3.3.3 Evolution of the Efficiency
Let us now discuss the solutions of the Boltzmann equations for leptogenesis. In the
following, we additionally neglect the contributions from quark scatterings so that the
Boltzmann equations (4.3.59) and (4.3.84) become

sHzN
dYN
dzN

= − (δN − 1) γD , (4.3.65)

sHzN
dη

dzN
=

1

Y 0
N

(δN − 1) γD − η

2Y eq
L

γD . (4.3.66)
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This greatly simplifies the discussion and does not significantly affect the relevant qual-
itative effects. We stress however that the solutions we present in Figs. 4.8a, 4.8b and
4.10 were obtained including quark scatterings. We solve the Boltzmann equations in the
range m̃ ∈ [0.5× 10−4, 0.1] eV and distinguish between two initial conditions: Either the
initial neutrino abundance vanishes, which we will denote by an index z,

YN(zN → 0) = 0 → {YN(zN), η(zN)} ≡ {Y z
N(zN), η

z(zN)} , (4.3.67)
or the neutrinos are initially in equilibrium, which we will denote by an index t,

YN(zN → 0) = Y eq
N (0) → {YN(zN), η(zN)} ≡

{
Y t
N(zN), η

t(zN)
}
. (4.3.68)

Let us first focus on the evolution of the neutrino abundance. To do so, recall from the
discussion in Sec. 3.3 that the rate γD/neq

NH determines if neutrinos are coupled to the
plasma. Thus, in Fig. 4.9 (left), we show γD/n

eq
NH(zN) for different values of m̃ and note

two striking features: First, γD/neq
N is not Boltzmann suppressed,
γD
neq
N

=
K1(zN)

K2(zN)
ΓD , (4.3.69)

hence the decay rate inevitably becomes fast at some zN and secondly, neutrinos are ther-
malized more efficiently the larger m̃ is.
With these considerations in mind, the behavior of Y t

N(zN) as shown in Fig. 4.8a for
m̃ = [5× 10−5, 10−3, 10−1] eV is intuitively clear: For small zN < 1, Y t

N(zN) closely fol-
lows the equilibrium distribution Y eq

N (zN) until at zN ∼ 1, the equilibrium distribution
becomes Boltzmann suppressed. If m̃ is small at zN ∼ 1, e.g. m̃ = 5× 10−5 eV (Fig. 4.8a,
panel 1), we can deduce from Fig. 4.9 (left) that the decay and scatter rates are slow,
prompting the neutrino abundance Y t

N(zN & 1) to significantly deviate from equilibrium.
Eventually, γD/neq

NH(zN) > 0 is reached and neutrino decays become fast, forcing Y t
N(zN)

to approach its equilibrium abundance, which therefore becomes Boltzmann suppressed.
As m̃ increases (see e.g. Fig. 4.8a, panel 2), neutrino decays become fast already shortly
after the equilibrium abundance becomes Boltzmann suppressed. Consequently, the neu-
trino abundance deviates from equilibrium significantly less. If m̃ is so large that neutrino
decays are already fast at zN ∼ 1 when the Boltzmann suppression sets in, Y t

N(zN) never
sizably deviates from equilibrium.
For Y z

N(zN), the situation is slightly more evolved. As long as Y z
N(zN) � Y eq

N (zN) holds,
we have δzN � 1 and (4.3.59) can be simplified to

sHzN
dYN
dzN

= γD , (4.3.70)

i.e. inverse decays populate the plasma with neutrinos. This lasts roughly until the neu-
trino abundance becomes equal to the equilibrium abundance at zN ∼ zNeq, i.e.

δzN(z
N
eq) = 1 . (4.3.71)

It is apparent that the neutrino production is faster for larger m̃ and therefore equality is
reached for smaller zN , i.e. zNeq ∼ m̃−1. For zN > zNeq, the evolution of Y z

N(zN) is similar to
Y t
N(zN): If decays are slow when both zN & zNeq and zN & 1 hold, decays and scatterings
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(a) Evolution of the neutrino abundance in the VL scenario for different values of m̃ with vanishing
(dashed) or thermal (dash-dotted) initial neutrino abundances.
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(b) Evolution of the efficiency η in the VL scenario for different values of m̃ with vanishing (dashed) or
thermal (dash-dotted) initial neutrino abundances.

fail to establish equilibrium, resulting in Y z
N(zN) > Y eq

N (zN) (see panel 1 in Fig. 4.8a). On
the other hand, if neutrino interactions are fast for zN & {zNeq, 1}, neutrinos closely follow
the equilibrium distribution (see panel 3 in Fig. 4.8a).
Next, let us discuss the evolution of the efficiency. The first term in (4.3.84) is called the

source term as it creates a lepton asymmetry, while the second term proportional to η is
called the washout (WO) term which reduces the efficiency. The relevant quantity that
determines if washout is effective is given by γD/neq

L H(zN), shown in Fig. 4.9 (right). In
contrast to the thermal rates normalized by neq

N , note that γD/neq
L is Boltzmann suppressed

and in particular, if m̃ . 10−3 eV, it is always slower than the expansion of the Universe,
γD/n

eq
L . H. In the following, we will therefore distinguish between the weak washout

regime for m̃� 10−3 eV and the strong washout regime for m̃� 10−3 eV.
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Figure 4.9: Left: Rates γD,Q/n
eq
NH that govern the evolution of the neutrino abun-

dance in VL. For zN � 1, neutrino decays dominate the neutrino evolution. Quark
scatterings are only dominant around zN ∼ 1 if m̃ → 10−1 eV. Right: Rates γD/neq

L H
that determine when inverse decays are fast, resulting in sizable WO of the efficiency
η. It is evident that WO effects are only relevant for m̃ & 10−3 eV.

Weak Washout Regime
In the weak washout regime, the WO term is very small and neglecting it in (4.3.66)
hence yields

sHzN
dη

dzN
≈ 1

Y 0
N

(δN − 1) γD . (4.3.72)

With (4.3.65), we then find
dη

dzN
≈− 1

Y 0
N

dYN
dzN

, (4.3.73)

and integrating both sides yields

η(∞)− η(0)︸︷︷︸
=0

= η =
1

Y 0
N

−YN(∞)︸ ︷︷ ︸
=0

+YN(0)︸ ︷︷ ︸
Y eq
N (0)

 =
YN(0)

Y 0
N

. (4.3.74)

Thus, provided that WO can be neglected, the efficiency is determined by the initial
neutrino abundance. However, if the initial neutrino abundance vanishes, this would
imply η = 0, as is also intuitively clear: For zN < zNeq, we have δN − 1 < 0, i.e. inverse
decays create a negative efficiency until zN = zNeq where

η− ≡ η(zNeq) < 0. (4.3.75)
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On the other hand, for zN > zNeq, neutrino decays produce a positive efficiency since
δN − 1 > 0, i.e.

η+ ≡
∫ ∞
zNeq

dzN
1

Y 0
N

(δN − 1) γD > 0. (4.3.76)

Thus, every neutrino that decays at zN > zNeq contributing to η+ was produced via an
inverse decay that contributed the same amount but with opposite sign to η−, resulting
in a vanishing final asymmetry,

η = η+ + η− = 0 . (4.3.77)
In order to obtain a non-vanishing asymmetry, it is crucial to take the WO term into
account. Including it slightly diminishes |η−|, resulting in a positive final efficiency [179],

ηz ∼
(

ΓD
H(MN)

)2

∼
(

m̃

2× 10−3 eV

)2

. (4.3.78)

We conclude that in the weak WO regime, the efficiency in the case of a vanishing neutrino
abundance increases with m̃, as can be seen in Fig. 4.10. On the other hand, if neutrinos
are initially in equilibrium and m̃ sufficiently small, (4.3.74) is a reasonable approximation
with

lim
m̃→0

ηt = 1 . (4.3.79)

However, WO processes quickly diminish ηt below its maximal value, resulting in ηt . 1
in the weak WO regime, as shown in Fig. 4.10. In Fig. 4.8b (panel 1), we show ηt(zN)
and |ηz(zN)| for m̃ = 5× 10−5 eV, hence corresponding to the weak WO regime. Clearly,
ηt(zN) initially increases until YN(zN) becomes strongly Boltzmann suppressed, resulting
in ηt(zN) approaching ηt. As for |ηz(zN)|, note that η− is initially negative until it changes
sign at zN ≈ 10 and also approaches a constant value ηz � ηt.

Strong Washout Regime
In the strong washout regime, inverse decays are fast in an interval z1N . zN . z2N , see
Fig. 4.9, and in that interval, the efficiency produced by neutrino decays is efficiently
washed out by inverse decays, see Fig. 4.8b (right). A fraction of the efficiency can
only survive once inverse decays become Boltzmann suppressed for zN & z2N . Moreover,
note that even if neutrinos have a vanishing initial abundance, they reach equilibrium
before Boltzmann suppression sets in at zN ∼ 1 and consequently, the initial conditions
are irrelevant in the strong WO regime. This implies that the efficiency in this regime
depends only on m̃. Moreover, since WO is more efficient for larger m̃, it is evident that
ηt,z decrease with m̃, see Fig. 4.10.

Intermediate Regime
Finally, let us briefly discuss on the intermediate regime where m̃ ∼ 10−3 eV. While the
transition of ηt(m̃) from the weak to the strong WO regime is only characterized by a
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Figure 4.10: Left: Efficiency as a function of m̃ for a vanishing initial neutrino abun-
dance (ηzVL) or a thermal initial neutrino abundance (ηtVL). In the weak WO regime,
m̃ . 10−3 eV, we find that ηtVL slowly decreases due to WO effects while ηzVL in-
creases due to neutrino production becoming more efficient. In the strong WO regime,
m̃ & 10−3 eV, both ηtVL and ηzVL decrease fast with m̃ and the initial neutrino abun-
dance becomes irrelevant. Right: Lower limit on the neutrino mass that reproduces
the observed baryon asymmetry in the VL scenario as a function of m̃, using the DI
bound (4.3.58) and normally ordered light neutrino masses.

steeper slope, see Fig. 4.10, the behavior of ηz(m̃) changes in the intermediate regime
and it peaks roughly at m̃ ∼ 2 × 10−3 eV. From the previous discussion, we know that
this is due to the interplay of two related effects: In the weak washout regime, the final
efficiency that survives the cancellation between η+ and η− arises due to washout effects
in the regime zN . zNeq which increase with m̃, thus ηz ∼ m̃. As long as m̃ is small this
has no further effect. However, as soon as m̃ & 10−3 eV, washout effects in the zN & zNeq
regime are so fast they diminish η+, resulting in η ∼ m̃−1.

Before we proceed, let us shortly comment on the relevance of quark scatterings for lepto-
genesis. As can be seen from Fig. 4.9 (left), quark scatterings are generally only dominant
compared to decays in zN - range where γD/neq

NH . 1. This implies e.g. that including
quark scatterings results in a faster population of the plasma with neutrinos if the initial
neutrino abundance vanishes. Additionally, once decays and quark scatterings are fast,
γD,Q/n

eq
NH & 1, the neutrino abundance is forced to approach the equilibrium abundance

slightly faster, irrespective of the initial neutrino abundance. In Fig. 4.9 (right), which is
relevant for the WO regime, we do not explicitly show γNU3,LQ3

and γLN,Q3U3 , but since
the only difference between Fig. 4.9 (left) and Fig. 4.9 (right) is the normalization, we
can conclude that quark scatterings with regard to WO are also subdominant to decays.
Thus, they slightly enhance the WO effects but do not alter the qualitative behavior
significantly.
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Figure 4.11: Gauge interactions of the triplet for type III leptogenesis. Here,
A = {B,W1,2,3} corresponds to the gauge bosons.

4.3.3.4 Baryon Asymmetry
Combining the results from the previous sections, we can now derive a limit on the baryon
asymmetry that can be generated in VL. Using the conversion rate (4.3.46) and the DI
bound in the case of a normal neutrino hierarchy (4.3.58), we find∣∣Y t,z

∆B′

∣∣ . 28

79
Y 0
N

∣∣εDI (MN) η
t,z(m̃)

∣∣ . (4.3.80)

Requiring that the observed value of the baryon asymmetry, given in (4.3.3), is reproduced,
we can derive a lower limit on the neutrino mass MN as a function of m̃,

M t,z
N (m̃) =

316v2π

32
√

∆m2
atmY

0
N

Y exp
∆B′

ηt,z
, (4.3.81)

which is shown in Fig. 4.10 (right). However, we do stress that this bounds holds only if
the light neutrino masses follow a NH and if MN �MN2,3 . If two of the heavy neutrinos
are almost degenerate in mass instead, MN1 .MN2 , the CP asymmetry given in (4.3.52)
is resonantly enhanced, resulting in [183, 184]

εres ≈ 1

2

Im
[(
Y †Y

)2
12

]
(Y †Y )11 (Y

†Y )22
, (4.3.82)

which can be of order one. This scenario is referred to as resonant leptogenesis and leads to
different Boltzmann equations since the evolutions of bothN1 andN2 need to be taken into
account. Moreover, we neglected flavor effects in the discussion above. They are generally
relevant since processes that are induced by different charged lepton Yukawa couplings
become fast at different temperatures due to the different sizes of these Yukawas. This
clearly affects the flavor composition and therefore a dedicated analysis of leptogenesis
should incorporate these effects in the Boltzmann equations and CP violation.

4.3.4 Type III Leptogenesis
Besides leptogenesis in a type I Seesaw scenario, another interesting scenario is lepto-
genesis in the framework of the type III Seesaw mechanism [148, 187, 188]. The major
qualitative difference between both scenarios is that the triplet interacts via gauge scat-
terings, see Fig. 4.11 , which gives rise to an additional term in the Boltzmann equation
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Figure 4.12: Left: Rate γT
D,A/n

eq
T H, relevant for the evolution of the triplet abun-

dance YT . At small zN , gauge scatterings γT
A/n

eq
T H are fast, forcing Y T

N into equilib-
rium and rendering the initial triplet abundances irrelevant. Right: Efficiency ηT as a
function of m̃ for different triplet masses MT . For small m̃, the efficiency is suppressed
due to fast gauge scatterings while for large m̃, the efficiency is diminished via WO
processes.

for the triplet abundance,

sHzT
dYT
dzN

= −γTD (δT − 1)− 2γA
(
δ2T − 1

)
. (4.3.83)

The thermal rate γA accounts for the gauge interactions6 of the triplet while the decay
rate γTD contains an additional factor of three compared to the type I scenario due to
the three components of the triplet. The Boltzmann equation for the efficiency remains
unchanged and is given by

sHzN
dηT
dzN

=
1

Y 0
N

(δT − 1) γTD − ηT
Y eq
L

[
γTD
2

+ 2γNU3,LQ3
+ δTγLN↔Q3U3

]
. (4.3.84)

In contrast to the decay rate γD, the scattering rate γA is already fast at small zN , see
Fig. 4.12 (left), and efficiently thermalizes the triplet. Naively, one would expect that
this renders type III leptogenesis ineffective. However, note that γA is doubly Boltzmann
suppressed and therefore drops faster than the (inverse) decay rates. Thus, provided
that MT is large and m̃ is small, a sizable efficiency can be created in a short interval
where gauge scatterings become slow and decays are not yet fast, see Fig. 4.12 (right).
Moreover, in contrast to type I leptogenesis, the fast gauge scatterings render the final
efficiency independent from the initial abundance of the triplet. Finally, note that the
CP violation εT arises from similar diagrams as in Fig. 4.6. It is a factor of three smaller
which is however cancelled by an additional factor of three for the efficiency due to the
three triplet components.

6The corresponding cross section is given in App. G.2.2.
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Figure 4.13: Representative Feynman diagrams of SM contributions to aµ.

4.4 Muon Anomalous Magnetic Moment
The magnetic moment of a lepton ` is given by

~µ` = g`
e`Q`

2m`

~S , (4.4.1)

where the coupling g` is the g factor and ~S = ~σ/2 is the spin. While the non-relativistic
limit of the Dirac equation predicts g` = 2, quantum corrections of the photon coupling
to the lepton ` induce corrections to g`,

= (−ie`) ū(q2)
[
γµFE (p2) + iσ

µνpν
2m`

FM (p2)
]
u(q1) ,

q1 q2

p

(4.4.2)
where the Fi are form factors and σµν = i

2
[γµ, γν ], see e.g. [73, 189–191]. At tree level,

we have FE(0) = 1 and FM(0) = 0 and hence g` = 2. At one-loop level, a non-zero
contribution to g` arises,

FM(0) =
1

2
(g` − 2) = a` , (4.4.3)

which is called the AMM. It corresponds to an effective interaction term

La`eff = −e`a`
4m`

`σµν`Fµν . (4.4.4)

By decomposing ` into its LH and RH parts,

La`eff = −e`a`
4m`

(
`Lσ

µν`R + `Rσ
µν`L

)
Fµν , (4.4.5)

it is apparent that a` connects LH and RH fields and therefore, non-zero contributions to
a` require chirality flips.

In the SM, the contributions to the AMM of the muon, aµ, can be conveniently divided
into QED, electroweak and hadronic contributions, see Fig. 4.13,

aSM
µ = aQEDµ + aEWµ + aHADµ , (4.4.6)
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Figure 4.14: Generic contributions to aµ where F is a fermion, Φ a scalar and V a
boson.

with the main uncertainty coming from the hadronic contributions, yielding the SM pre-
diction [45–64, 192]

aSM
µ = (116 591 810± 22)× 10−11 . (4.4.7)

The most stringent experimental bounds to date are provided by the Fermilab Muon g−2
experiment [44],

aFNAL
µ = (116 592 055± 24)× 10−11 (4.4.8)

at 0.20 ppm, which improved upon the previous bound from BNL [43],
aBNL
µ =

(
116 592 089± 54stat ± 33syst

)
× 10−11 , (4.4.9)

leading to a combined world average of [44]
aexp
µ = (116 592 059± 22)× 10−11 . (4.4.10)

This indicates a 5.0σ discrepancy and has lead to significant efforts to build models that
give rise to new contributions to the magnetic moment of the muon.7

In Fig. 4.14, we show generic one-loop diagrams that contribute to aµ, arising due to
different fields running in the loop. The size of the individual contributions significantly
depends on the coupling structure of the model. In order to illustrate this, let us consider

7For completeness, note that shortly after submission of this thesis, a new result for the measurement of the AMM
of the muon has been announced, aFNAL,new

µ = (1 165 920 710 ± 162) × 10−12, yielding a new experiment world average
of aexp,new

µ = (116 592 071.5± 14.5)× 10−11 [193]. Moreover, there has been significant development regarding the theory
predictions of the AMM of the muon [194]. Lattice QCD calculations of the hadronic vacuum polarization contribution to the
AMM of the muon have reached a remarkable precision, yielding the new SM prediction aSM,new

µ = (116 592 033±62)×10−11,
which is in good agreement with experiment. Thus, based on lattice calculations, there is no longer a discrepancy between
the predicted and observed values of the AMM of the muon. In contrast, data-driven methods face unresolved inconsistencies
which prevent a reliable combination of the results. Thus, future measurements and improved calculations are essential
in order to resolve these tensions. Note that in this work we use the theory prediction and experimental result quoted
in the main text, hence operating under the assumption that there is tension between the theoretically predicted and the
measured value of the AMM of the muon.
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Figure 4.15: Loop diagrams that contribute to aµ with a fermion F and a scalar φ
propagating in the loop. The left diagram flips the chirality at the external muon line
while the right diagram flips the chirality in the loop, leading to chiral enhancement.

a generic model with one additional scalar Φ and an additional fermion F with masses
MΦ and MF , respectively, which couple to the muon via [195–197]

L = F̄ (cLPL + cRPR)µΦ + h.c. . (4.4.11)
In the limit mµ �MF ,MΦ, the corresponding one-loop contribution to aµ reads

aFFSµ (cL, cR,MF ,MΦ) =
m2
µ

32π2M2
Φ

(c2L + c2R)I1

(
M2

F

M2
Φ

)
︸ ︷︷ ︸

≡aFFS
µ,1

+
mµMF

16π2M2
Φ

cLcRI2

(
M2

F

M2
Φ

)
︸ ︷︷ ︸

≡aFFS
µ,2

, (4.4.12)

where the loop functions I1,2 are given by

I1(t) =
t3 − 6t2 + 3t+ 6t ln t+ 2

3(t− 1)4
, I2(t) =

t2 − 4t+ 2 ln t+ 3

(t− 1)3
. (4.4.13)

The contribution aFFSµ,1 in (4.4.12) corresponds to a chirality flip at the external muon
line, see Fig. 4.15, and does not require an additional source of chiral symmetry breaking
beyond the SM muon Yukawa. Moreover, a contribution to aµ requires only cL or cR to
be non-zero. On the other hand, aFFSµ,2 flips the chirality in the loop, see Fig. 4.15, and
hence provides a new source of chiral symmetry breaking. Clearly, it requires that both
cL and cR are non-zero. It is illuminating to consider the limit MF → ∞ in which aFFSµ,1,2

become

aFFSµ,1

∣∣
M2

F
M2

Φ

→∞
=

(c2L + c2R)

96π2

m2
µ

M2
F

, aFFSµ,2

∣∣
M2

F
M2

Φ

→∞
=

cLcR

16π2

Mµ

MF

, (4.4.14)

where we used

I1

(
M2

F

M2
Φ

)∣∣∣∣M2
F

M2
Φ

→∞
=

M2
Φ

3M2
F

, I2

(
M2

F

M2
Φ

)∣∣∣∣M2
F

M2
Φ

→∞
=
M2

Φ

M2
F

. (4.4.15)

The contribution aFFSµ,2 is chirally enhanced since it is only suppressed by one power
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of mµ/MF . Additionally, note that aFFSµ,1 is always positive, provided that cL and cR

are real, while aFFSµ,2 can have either sign, depeding on the sign of cLcR. Thus, in order
to close the gap to aSM

µ , models with cLcR ≥ 0 are desirable while in models without
chiral enhancement, i.e. where either cL or cR vanishes, it is usually difficult to generate
sufficiently sizable contributions to aµ. Consequently, many BSM models that aim to
explain the AMM of the muon involve new sources of chiral symmetry breaking that
induce chirally enhanced contributions.
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CHAPTER 5

The Majoron Model and Beyond

In the previous Chapters, we discussed how the SM fails to account for the existence of
the observed neutrino masses. In light of the success of SSB with regard to the mass
generation of the other SM particles, it seems intuitive to adopt a similar approach
in the neutrino sector and use the concept of SSB to dynamically generate neutrino
masses. Morever, we studied how the lightness of the neutrinos can be explained
via the Seesaw mechanism, provided that they are Majorana particles and heavy
RH neutrinos exist. Since the Seesaw mechanism breaks the anomaly free accidental
global SM symmetry U(1)B′−L′ , it is therefore straightforward to envisage a scenario
where U(1)B′−L′ is spontaneously broken. This can be achieved by introducing a new
scalar singlet which obtains a VEV at the Seesaw scale and hence breaks U(1)B′−L′

spontaneously. Recalling the discussion in Sec. 2.1.2, this implies the existence of a
massless Goldstone boson, called Majoron [28–30].1 In many Majoron models, it is
further assumed that the Majoron obtains a small mass, for example due to explicit
U(1)B′−L′ breaking terms, and since it interacts with the SM particles only beyond
tree level, it is straigthforward to consider the Majoron as a candidate for DM [31–35,
42]. Moreover, as in the generic Seesaw mechanism, the Majoron model naturally
contains the ingredients necessary for baryogenesis via leptogenesis [39–41], with the
main difference that the neutrino evolution is affected by the additional interactions
with the Majoron. Thus, it is evident that the Majoron model can address several
shortcomings of the SM and cosmology at once while requiring only few new particles.
However, in Ref. [199], it was claimed that Majoron models suffer from the appearance
of DWs which would likely dominate the energy density of the Universe, contrary to
observations, and hence rule out generic singlet Majoron models. In this Chapter, we
outline why this claim is severely flawed and why Majoron models do not generally
suffer from the appearance of DWs. Nevertheless, the proposed solutions to the stated
DW problem suggested in Ref. [199] serve as a motivation to study the implications of
extended Majoron models. In particular, we discuss how the conversion rate of a lepton-
to a baryon asymmetry is altered in Majoron models that contain additional RH fermions.

This Chapter, which is largely based on the findings of Ref. [2], is structured as follows.
In Sec. 5.1.1, we briefly review the singlet Majoron model, focussing on neutrino masses,

1In the literature, the symmetry which is spontaneously broken is often stated as U(1)L′ rather than U(1)B′−L′ . While
it is indeed irrelevant for most applications such as neutrino masses if U(1)L′ or U(1)B′−L′ is spontaneously broken, we
note that the Goldstone couplings to gauge bosons arise from non-anomalous fermion loops and thus strictly speaking, the
Majoron is the Goldstone boson of U(1)B′−L′ [108, 198].
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couplings to SM particles and the implications of massive Majorons. In Sec. 5.2, we review
the claim that DWs arise in Majoron models and outline why this statement is flawed. In
Sec. 5.3, we present several extensions of Majoron models, originally motivated to avoid
the appearance of DWs, and discuss how these extensions affect the Sphaleron rate of L′
to B′ conversion. In Sec. 5.4, we summarize our results.

5.1 Majoron Model
5.1.1 Model Setup
In the singlet Majoron model, the SM is extended by three SM singlet RH neutrinos NR,
carrying a lepton number of L′ = 1, and a SM singlet complex scalar σ̂ with a lepton
number of L′ = −2. This gives rise to new U(1)L′ invariant terms in the Lagrangian L,
with the relevant kinetic and Yukawa terms for the lepton sector reading

LL′

Y uk = −LiY ν
ijHEj − LiY

ν
ij H̃NRj −

1

2
gNij

NC
RiNRj σ̂ + h.c. , (5.1.1)

LL′

kin = iL /DL+ iE /DE + iNR/∂NR + (∂µσ̂)
† (∂µσ̂) . (5.1.2)

Moreover, the new scalar potential is given by
V (σ̂, H) = −µ2

σ̂|σ̂|2 + λσ|σ̂|4 − µ2
H |H|2 + λH |H|4 + 2λmix|σ|2|H2| , (5.1.3)

where
λσ̂,H > 0 , λmix > −

√
λσλH , (5.1.4)

so that the potenial is bounded from below. At the Seesaw scale f , typically taken to
be of order O (109 GeV), the U(1)L′ symmetry is spontaneously broken as σ̂ develops its
VEV f . In the linear representation, we can write

σ̂ =
1√
2
(f + σ + iJ) , (5.1.5)

where σ is the massive, CP even Higgs field while J is the massless, CP odd Goldstone
boson, the Majoron. We can then write (5.1.1) as

LnewY uk = −LiY ν
ij H̃Nj −

1

2
√
2
gNij

NC
RiNRjf − 1

2
√
2
gNij

NC
RiNRjσ − i

2
√
2
gNij

NC
RiNRjJ + h.c. .

(5.1.6)
Analogously to Sec. 4.2.1.1, we can define heavy Majorana neutrinos in the basis where
gNij

is diagonal as

Ni = NRi + (NRi)
C = NC

i , (5.1.7)
with masses given by

MNi
=
gNi

f√
2
. (5.1.8)
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Thus, we can rewrite the Majorana mass term and the interactions of N with σ and J in
(5.1.6) as

LnewY uk = −
(
LiY

ν
ij H̃NRj + h.c.

)
− 1

2
MNi

NiNi −
1

2
√
2
gNi

NiNiσ − i

2
√
2
JNγ5N . (5.1.9)

Next, EWSB takes place once the Higgs doublet H develops its VEV v,

H =
1√
2

(
φ+

v + h+ iφ4

)
. (5.1.10)

In contrast to the SM though, h is not the physical mass eigenstate of the SM Higgs since
it mixes with σ according to(

h
σ

)
=

(
cos θ − sin θ
sin θ cos θ

)(
h̃
σ̃

)
, (5.1.11)

where the mixing angle is given by

θ =
1

2
arctan

(
v

f

λmix

λσ − λH
v2

f2

)
. (5.1.12)

In the following, we assume that the mixing between h and σ is small, i.e. cos θ ≈ 1, so
that we can approximately identify them with the correspnding mass eigenstates,

h ≈ h̃ , σ ≈ σ̃ , (5.1.13)
and v = vSM. After EWSB, we find that a Dirac mass term arises,

Lmass = −νLim
ij
DNRj −MNi

NC
RiNRi + h.c. , (5.1.14)

where mij
D is a Dirac mass with

mij
D =

Y ν
ijv√
2
. (5.1.15)

Comparing (5.1.14) with (4.2.17), we immediatly rediscover the Seesaw mass-Lagrangian.
Defining the physical Majorana mass eigenstates according to (4.2.19) and (4.2.22) as

n ≡
(
N̂
ν̂

)
, (5.1.16)

we can further write the neutrino couplings to J, Z and W− as [41, 201, 202]

LJ = −iJ
f

6∑
i,j=1

ni [Cij (miPR −mjPR) + Cji (mjPL −miPR) + δijγ5mi]nj , (5.1.17)

LZ =
g

4 cos θW

6∑
i,j=1

ni /Z [CijPL − CjiPR ]nj , (5.1.18)
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LW =
g√
2

6∑
j=1

3∑
α=1

(
`αBαj /W

−
PLnj + njB

∗
αj

/W
+
PL`α

)
, (5.1.19)

LH = − h

2vSM

6∑
i,j=1

ni [Cij (miPL +mjPR) + Cji (mjPL +miPR)]nj , (5.1.20)

where

Cij =
3∑

k=1

ŨkiŨ
∗
kj , Bαj = Ũ∗αj , (5.1.21)

and we assumed that the charged lepton mass matrix is diagonal. In the Seesaw limit
MR � mD, we then find, as usual, light neutrino masses of order −mT

DmD

MN
and heavy

neutrino masses of order MN . In the Casas-Ibarra parametrization [203], the Dirac masses
mD are expressed in terms of a complex orthogonal 3× 3 matrix R as

mD = iU
√
dlR

T
√
dh , (5.1.22)

where U is the PMNS matrix and
dl = diag (m1,m2,m3) , (5.1.23)
dh = diag (m4,m5,m6) ≡ diag (MN1 ,MN2 ,MN3) , (5.1.24)

are the light and heavy neutrino masses, respectively, allowing the mixing matrix Ũ to be
reexpressed as

Ũ ∼

 U∗ −iU∗
√
dlR

†
√
d−1h

−i
√
d−1h R

√
dl 1

 . (5.1.25)

5.1.2 Massive Majorons
It is often assumed that the Majoron obtains a small mass mJ , for example due to explicit
breaking terms in the Lagrangian or gravity effects. If m1,2,3 � mJ � MN1,2,3 , the
Majoron can decay on tree level to light neutrinos with a decay rate given by

Γ (J → νν) ≈ mJ

16πf 2

3∑
i=1

m2
i . (5.1.26)

Assuming that mJ ∼ O (1MeV), f ∼ O (109 GeV) and taking 10−3 eV2 as an upper limit
on the sum of neutrino masses, as suggested by neutrino oscillations, we find a Majoron
lifetime τJ of order 1019 s. Comparing to the age of the Universe, τU ∼ 1017 s, we note that
the Majoron is sufficiently stable to be a viable DM candidate. Moreover, note that Ma-
jorons couple to neutrino mass eigenstates rather than flavor eigenstates. Thus, neutrinos
produced via Majoron decay do not oscillate and the flavor ratios between source and
detector are fixed, potentially leading to striking signatures in neutrino detectors [201].
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Figure 5.1: Constraints on the Majoron-neutrino coupling from SN data. The col-
ored regions are excluded, for simplicity assuming that only one coupling constant is
non-zero with α = µ, τ and T is the core temperature. The regions above the lines lead
to Majoron trapping in the SN core. Figure taken from Ref. [32].

Bounds on the coupling of a massive Majoron to neutrinos can be derived e.g. from super-
nova (SN) data [32, 204] and neutrinoless double beta decay with Majoron emission [32,
205], which we will shortly review in the following.

5.1.2.1 Supernova Constraints
Although the mechanism behind the core collapse during a SN is not yet fully understood,
it is generally believed that the energy released during the explosion is carried away by
neutrinos. To date, the only observed SN is SN1987A [206–210] with a measured neu-
trino signal that is compatible with the prediction that the cooling proceeds via neutrino
emission. In the context of the Majoron model, inverse Majoron decays νν → J that
take place in the SN core can severely diminish the neutrino signal, hence placing bounds
on the Majoron-neutrino coupling. This is commonly called the luminosity constraint.
However, it should be taken into account that Majorons can also decay back to neutrinos
in the core or become trapped via neutrino-Majoron scattering, which would prevent the
neutrino signal from being altered. Thus, the luminosity constraint excludes a region in
the parameter space and is not an upper limit on the neutrino-Majoron coupling. More-
over, the bounce shock that triggers the explosion depends crucially on the abundance of
leptons that is trapped in the SN core during the infall stage. If inverse Majoron decays
νeνα → J with α = e, µ, τ are fast, the deleptonization of the core could prevent a suc-
cesfull explosion. This is called the deleptonization constraint. In Fig. 5.1, we show the
SN constraints as a function of the Majoron-neutrino couplings.
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Figure 5.2: From left to right: Feynman diagrams for double beta decay (2νββ),
neutrinoless double beta decay (0νββ) and neutrinoless double beta decay with Ma-
joron emission (0νββJ).
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Figure 5.3: Left: Normalized spectrum of 100Mo with Q = 3.03MeV [211] for 2νββ
and 0νββJ for different values of mJ . Right: Bounds on the gee from 0νββJ for dif-
ferent nuclei. The regions above the bands are excluded while the width of the band
corresponds to the uncertainties of gee(mJ = 0) placed by the collaborations. Figures
taken from Ref. [32].

5.1.2.2 Neutrinoless Double Beta Decay with Majoron Emis-
sion

As briefly discussed in Sec. 4.2, the observation of 0νββ would be a smoking gun, es-
tablishing neutrinos as Majorana particles. In the Majoron model, an additional decay
channel where a Majoron is emitted exists, 0νββJ , see Fig. 5.2, provided that the Q-value
of the nucleus exceeds the Majoron mass. The overlap of the spectrum of 0νββJ with
the irreducible background of double beta decay with neutrino emission, 2νββ, increases
with the Majoron mass mJ , see Fig. 5.3 (left). Based on the non-observation of 0νββ,
upper bounds on the effective electron neutrino-Majoron coupling gee can be derived, see
Fig. 5.3 (right), depending on the nucleus that decays.

In principle, one could also envisage a scenario where instead of being emitted during
the decay of the nucleus, a Majoron is captured. This scenario is motivated on the basis
of the Majoron being DM with the earth moving through the DM halo, which would yield
a clear signal with peaks in the spectrum at the Majoron mass. In the following, we will
give a rough estimate on the viability of this scenario. The Majoron capture rate is given
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Figure 5.4: Half life of Majoron capture on Germanium with AGe = 76, ZGe = 34
and Mmol,Ge = 75.919 gmol−1.

by
ΓJ = σJρJNnucv , (5.1.27)

where σJ is the cross section of Majoron capture, ρJ = ρDM = 0.3GeV is the Majoron
density, Nnuc = mdetectorM

−1
mol,nuc is the number of nuclei in a sample of mass mdetector

and v = 220 km s−1 is the velocity. The cross section σJ depends on the nuclear matrix
element M0J and is given by

σJ =
1

2mJv
GJ (Q+mJ , Z) |M0J |2 |gee(mJ)|2 , (5.1.28)

where [212]

GJ =
G4
Fg

4
A

128π7R2m2
e

∫ Ei+mJ−Ef−me

me

dε1F (Z, ε1)p1ε1

∫ Ei+mJ−Ef−ε1

me

dε2F (Z, ε2)p2ε2

× δ (Ei +mJ − Ef − ε1 − ε2)
(5.1.29)

is the phase space, R ≈ 1.2A
1
3 is the nuclear radius and gA ∼ 1.26 is an effective coupling

constant. Moreover, F is the Primakoff-Rosen approximation of the Fermi function,

F (Z, εi) =
εi
pi

2παZ

1− exp (−2παZ)
. (5.1.30)

Determining the nuclear matrix element is highly non-trivial. However, in order to ob-
tain a rough limit on the experimental viability of Majoron capture, we take the matrix
element M0J to be of order 1 and further assume gee = 10−5. With a hypothetical 76Ge
detector with a mass mdetector = 103 kg and Q = 2.04MeV [213], we determine the half
life T1/2 = ln 2/ΓJ as a function of mJ , shown in Fig. 5.4. We find that for a Majoron
mass of order MeV, the half life is of order 1072 yr. Thus, although it is an interesting
possibility to consider, it does not seem feasbile to detect capture of Majoron DM .
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5.2 Domain Walls in Majoron Models
Let us begin the discussion of DWs in Majoron models by briefly reviewing the argument
presented in Ref. [199]. Electroweak Instanton processes break the accidental global
U(1)L′ symmetry of the SM to a Z3 symmetry while SSB at the Seesaw scale breaks
U(1)L′ to a Z2 symmetry. The authors of [199] argue that this mismatch results in the
appearance of DWs with an energy density ρDW ∼ 3f 2mW/2t, where f is the VEV which
breaks U(1)L′ spontaneously. This energy density would exceed the radiation energy ρR
unless fDW . 1010 GeV. Since no observational evidence for the existence of DWs with
a sizable energy density exists, the authors of [199] conclude that unless f � fDW, the
singlet Majoron model is ruled out. As a solution, they propose to change the anomaly
factor AL′ since its value determines the residual symmetry from Instanton transitions
(see Sec. 4.3.2). Thus, if AL′ can be changed so that |AL′| = 1, 2, the mismatch between
Z2 and ZAL′ is absent and allegedly no DWs appear. This can be easily achieved by
extending the Majoron model by additional RH leptons with non-trivial SU(2)L charges.
In the following, we will outline why the proposed solution to the DW problem is incorrect
and that irrespective of the value of AL′ , DWs in the Instanton background are absent in
the singlet Majoron model.
For the following discussion, it is convenient to use the polar representation of the complex
scalar σ̂,

σ̂ =
1√
2
(f + σ(x)) e

iJ(x)
f , (5.2.1)

instead of the linear representation used in the previous section.2 Inserting (5.2.1) into
the relevant terms of the Lagrangian given in (5.1.1) and (5.1.2) and additionally rotating
the lepton fields as

(NRi , L, E) → e−
iJ(x)
2f (NRi , L, E) , (5.2.2)

we find

LL′

Y uk ⊃ −LiY ν
ijHEj − LiY

ν
ij H̃NRj −

1

2
√
2
gNij

(f + σ)NC
RiNRj + h.c. , (5.2.3)

LL′

kin ⊃ ∂µJ

2f

(
LRγ

µLR + EγµE +NRγ
µNR

)
+

1

2

[
(∂µσ) (∂

µσ) +

(
1 +

σ

f

)2

(∂µJ) (∂
µJ)

]
,

(5.2.4)
while the potential transforms trivially. Moreover, the Jacobian from the path integral
measure induces the term3,4

δLJac = −AL′
g2

32π2

J

f
W a
µνW̃

a,µν , (5.2.5)

2Note that even though we use the same notation for the fields σ and J , they do not correspond to the fields in the linear
representation (5.1.5).

3As in Sec. 4.3.2, we neglect the effects of U(1)Y .
4It has been shown in Ref. [198] that Majoron couplings to the electroweak gauge bosons indeed arise on one-loop level.
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while the electroweak θ term is given by

LθEW =
g2

32π2
θEWW

a
µνW̃

a,µν . (5.2.6)

Thus, we have an additional term in the Lagrangian,

LI =
(
θEW −AL′

J

f

)
g2

32π2
W a
µνW̃

a,µν , (5.2.7)

which we will call the Instanton term. First considering only the terms in (5.2.3) and
(5.2.4), we find that the Majoron disappears from (5.2.3) and has only derivative cou-
plings in (5.2.4). Thus, as discussed in Sec. 2.1.2, the Lagrangian (5.2.4) is invariant
under constant shifts of J . In contrast to Sec. 2.1.2 though, we also need to take the
transformation properties of NR in (5.2.3) into account which reveals that the U(1)L′ is
no longer manifest in terms of continous shifts of J and instead broken to a Z2,

J → J − 2πkf , (NRi , L, E) → eikπ (NRi , L, E) , k = 0, 1 . (5.2.8)
However, for simplicity, let us first assme that gN = 0 so that the last term in (5.2.3)
disappears. In this case, the shift symmetry in (5.2.3) and (5.2.4) under J → J−2fc as a
remnant of the spontaneously broken U(1)L′ is manifest, where c is an arbitrary constant.
Thus, we can remove θEW from (5.2.7) by performing the shift J → J + fθEW/AL′ , while
the interplay between Instantons and anomalies generates an effective potential,5

V (J) ∼ 1− cos
(
AL′

J

f

)
. (5.2.9)

In this form, it is apparent that the U(1)L′ symmetry is broken by Instantons to a discrete
ZAL′ and that AL′ degenerate vacua exist. Thus, the Lagrangian of the model is no longer
invariant under continous shifts of J but only under discrete shifts,

J → J − 2πfn

AL′
, n = 0, ...,AL′ − 1 . (5.2.10)

Comparing this to the discussion in Sec. 3.4.2, the conclusion would indeed be that DWs
appear. Note that in contrast to the claims in Ref. [199], we reached this conslusion
without the Z3 6= Z2 argument.
Next, let us discuss what happens in the case of gN 6= 0. The classical Lagrangian,
see (5.2.3) and (5.2.4), is invariant under the transformations given in (5.2.8) while the
term induced by Instanton transitions and anomalies is invariant under (5.2.10). As in
the SM, we have AL′ = 3 in generic Majoron models and consequently, there exists no
transformation under which the full Lagrangian is invariant, i.e. we have n = k = 0 and
the symmetry is completely broken. This implies two things. First, we can no longer
remove θEW from the Lagrangian (5.2.7) which would imply that θEW is a physical C and
CP violating parameter. Second, since the Lagrangian is no longer invariant under shifts

5Note that this is basically the mechanism which is used to removed the strong vacuum angle θQCD in Axion models.
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of the Majoron, there exitsts only one ground state,

V (J) ∼ 1− cos
(
θEW − 3

J

f

)
, (5.2.11)

which implies that no DWs appear. Thus, in contrast to the claim in Ref. [199], the
mismatch Z3 6= Z2 does prevent the appearance of DWs in Majoron models. In fact, the
solutions to the DW problem proposed in Ref. [199] tend to have the contrary effect. If
e.g. the anomaly factor AL′ is changed so that AL′ = 2, it is easy to conclude from the
previous discussion that in this case, the potential V (J) remains invariant under shifts
J → J − πfn with n = 0, 1, i.e. two degenerate minima exist and DWs appear.
That the mismatch of Z3 and Z2 does not results in the appearance of DWs can be made
transparent using another simple argument. DWs appear when a discrete symmetry is
spontaneously broken but since Z2 is not a subgroup of Z3, it is impossible to break Z3

spontaneously to Z2.
The arguments above seem to imply that in Majoron models, either θEW is a physical
parameter (if AL′ = 3), or DWs appear (if e.g. AL′ = 2). However, actually neither is the
case. In order to see this, note that we neglected the invariance of the Lagrangian under
baryon number rotations,

ψ → eiB
′αB′ψ . (5.2.12)

Taking this into account, we can write (5.2.7) as

LB′

I =

(
θEW −AL′

J

f
+ αB′AB′

)
g2

32π2
W a
µνW̃

a,µν = LI + αB′AB′
g2

32π2
W a
µνW̃

a,µν ,

(5.2.13)
and find that it is always possible to remove LI with an appropriate choice of αB′ , no
matter what the value of AL′ is [102, 108, 169, 170, 198, 214, 215].
Finally, let us comment on the estimate given in Ref. [199] regarding the energy density
of DWs in generic Majoron models. For the sake of the argument, let us assume that a
Majoron potential in the Instanton background of the form (5.2.9) with n > 1 degenerate
vacua indeed exists and cannot be rotated away. In this case, electroweak Instantons
are not only responsible for the appearance of DWs but also induce a Majoron mass mI

J .
Similarly to Axion models, see Sec. 3.4.2, the surface energy density is proportional to
the Majoron mass,

σDW,J ∼ mI
Jf

2 , (5.2.14)
yielding a lower limit on the DW energy density according to (3.4.18),

ρDW,J ∼ mI
Jf

2H . (5.2.15)
If we demand that the DW energy density ρDW,J does not exceed the radiation energy
density ρR at temperatures T & 200MeV, we find an upper limit on the VEV f in terms
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of the Majoron mass in the Instanton background, mI
J , according to

f(mI
J) .

1√
8πt(T)GmI

J

∣∣∣∣∣
T∼200GeV

∼ 5.7× 1010 GeV3/2 1√
mI
J

, (5.2.16)

where we used the relation

t(T) =
(

90

32π3Gg∗

) 1
2 1

T2
(5.2.17)

which holds in the radiation dominated epoch. Calculating the Majoron mass mI
J is highly

non-trivial and requires a dedicated analysis of the potential (5.2.9). In Axion models,
the Axion mass in the Instanton background is usually very small, ma � 1 eV, and we
assume that it is reasonble to invoke a similar bound for the Majoron mass. Taking a
rather conservative value, mI

J ∼ 1 eV, the upper limit on f becomes
f . 1.8× 1015 GeV , (5.2.18)

which is significantly larger than the “common” Seesaw scale f ∼ O (109 GeV). Thus, we
conclude that DWs would only dominate the energy density of the Universe if the Seesaw
scale is unusually high or the approximation of one DW per horizon grossly underesti-
mates the number of DWs.
In Ref. [199], the energy densitiy is estimated using the W mass instead of the Majoron
mass, i.e. ρ ∼ mWf

2H, presumably falsly assuming that the thickness of the DWs corre-
sponds to the thickness of the barrier seperating the n-vacua through which Instantons
tunnel. This yields a much more stringent bound on the VEV, f . 8.6×1010 GeV, which
would indeed be alarmingly close to the Seesaw scale. Nevertheless, this bound is way too
restrictive due to using the mass of the W boson rather than the Majoron mass, which
we reasonably expect to be significantly smaller.
To summarize, we find that the arguments made in Ref. [199] claiming the appearance of
DWs in Majoron models are several flawed in several aspects and that in fact, generic sin-
glet Majoron models do not suffer from the DW problem as long as U(1)B′ is not broken
on the Lagrangian level.6

5.3 Extended Majoron Models
In the following, we discuss several extensions of the singlet Majoron model that change
the anomaly factor AL′ so that |AL′| = 1, 2. Although the main motivation behind these
extensions was preventing of the appearance of DWs according to Ref. [199], these models
have features that are interesting in the context of the Sphaleron rate and leptogenesis,
as will be discussed in the following.
In principle, there exists an endless number of models that change the anomaly factor so
that |AL′ | = 1, 2. From the definition of Aq in (4.3.21), it is apparent that this change

6Moreover, it has recently been shown in Ref. [216] that even if U(1)B′ is also broken on the Lagrangian level, the
resulting domain walls do not necessarily dominate the energy density of the Universe.
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can be easily achieved by including additional RH particles with non-zero lepton number
and non-trivial SU(2)L quantum numbers. For simplicity, we restrict ourselves to NT RH
triplets,

TRi =

(
T 0

Ri/
√
2 T+

Ri
T−Ri −T 0

Ri/
√
2

)
∼ (1, 3, 0)1 , (5.3.1)

and Nξ doublets,

ξRi =

(
ξ0Ri
ξ−Ri

)
∼ (1, 2,−1

2
)1 , (5.3.2)

carrying one unit of lepton number each. Note that in addition to each RH doublet ξRi ,
we include one additional LH field ξLi ,

ξLi =

(
ξ0Li
ξ−Li

)
∼ (1, 2,−1

2
)0 , (5.3.3)

with vanishing lepton number in order to cancel gauge anomalies. In order to avoid the
appearance of Landau poles due to the running of the SU(2)L and U(1)Y gauge couplings,
we further assume that the doublets acquire a mass at a higher mass scale.
Including these fields, the relevant terms in the U(1)L′ invariant Lagrangian are now given
by

LL′

Y uk = −LiY ν
ijHEj − LiY

ν
ij H̃NRj − LiY

ij
T TRjH̃ − 1

2
gNij

NC
RiNRj σ̂

− 1

2
gTijTr

[
TCRiTRj σ̂

]
+ h.c. ,

(5.3.4)

LL′

kin = iLR /DLR + iE /DE + iNR/∂NR + iξRi /DξRi + iξLi /DξLi + iTr
[
T Ri /DTRi

]
+ (∂µσ̂)

† (∂µσ̂) ,
(5.3.5)

and we stress that the Yukawa coupling YT induces an additional channel for lepton
number violation alongside Y ν . Moreover, we assume that bare mass terms with the
leptons in the models involving the new RH doublets are absent.
This field content results in six different models that lead to |AL′| = 1, 2: Either the model
is extended by one triplet only, i.e. NT = 1 and Nξ = 0, or by Nξ = 1, 2, 4, 5 doublets
and no triplets, or by one doublet and one triplet, NT = Nξ = 1. The anomaly factors
corresponding to these cases are given by

AL′(NT = 1, Nξ = 0) = −1 , AL′(NT = 0, Nξ = 1) = 2 ,

AL′(NT = 0, Nξ = 2) = 1 , AL′(NT = 0, Nξ = 4) = −1 ,

AL′(NT = 0, Nξ = 5) = −2 , AL′(NT = 1, Nξ = 1) = −2 . (5.3.6)
Note that Nξ = 3 would result in AL′ = 0 and is therefore undesireable in the context of
leptogenesis. Moreover, with regard to leptogenesis, changing the anomaly factor has the
effect that since |AL′ | 6= 3 = AB′ , Sphaleron transitions no longer conserve Y∆B′ − Y∆L′ .
The conserved combination depends on NT and Nξ and will from now on be refered to as
Y
NT ,Nξ

∆(B′,L′). A further consequence is that the conversion factor from the Y NT ,Nξ

∆(B′,L′) asymmetry
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to the baryon asymmetry Y∆B′ changes. Thus, in the extended Majoron models, (4.3.39)
becomes

Y∆B′ = C
NT ,Nξ

Sph × Y
NT ,Nξ

∆(B′,L′) . (5.3.7)

The conserved combinations Y NT ,Nξ

∆(B′,L′) can be directly deduced from (5.3.6) and are given
in Tab. 5.1. On the other hand, determining the conversion factor CNT ,Nξ

Sph is more evolved.
If we assume that the only lepton number violating interactions are induced by Yν and
YT , it is apparent that a lepton asymmetry can only be created after SSB at the Seesaw
scale. Using (5.1.5), we therefore write the Yukawa terms (5.3.4) as

LY uk =
(
−LiY ν

ij H̃Nj − LY T
ij TH̃ + h.c.

)
− 1

2
MNNN − 1

2
√
2
gNNNσ

− 1

2
√
2
gNNγ5NJ − 1

2
MTTr

[
TT
]
− 1

2
√
2
gTTr

[
TTσ

]
− 1

2
√
2
gTTr

[
Tγ5TJ

]
,

(5.3.8)
while the interactions with gauge bosons from (5.3.5) are given by

LTgauge =
i

2
Tr
[
T /DT

]
=
g

2

(
T 0 /W

+
T− + T 0 /W

−
T+
)
+ eT+ /AT+ +

g

cW
(1− s2W )T+ /ZT+ ,

LξR,L
gauge =

g√
2

(
ξ0R,L /W

+
ξ−R,L + ξ−R,L /W

−
ξ0R,L

)
+
e

2
ξ−R,L /Aξ

−
R,L

+
g

cW

[
1

2
ξ0R,L /Zξ

0
R,L − (

1

2
+ s2W )ξ−R,L /Zξ

−
R,L

]
,

(5.3.9)
where we neglected generation indices. Moreover, we defined

T ≡
(
T 0/
√
2 T+

T− −T 0/
√
2

)
= TR + (TR)

c = TC , (5.3.10)

with MT = gTf/
√
2 so that T 0 = T 0

R + (T 0
R )
c is a Majorana fermion while the charged

components are combined into a Dirac spinor as
T+ = T+

R + (T−R )C = (T−)C . (5.3.11)
Analogously to Sec. 4.3.2.3, we can now use relations between the chemical potentials of
the particles to determine CNT ,Nξ

Sph . While a precise calculation of CNT ,Nξ

Sph requires detailed
knowledge of the interaction rates between the particles in different temperature ranges so
that CNT ,Nξ

Sph is a function of temperature, we adopt the commonly used simplified approach
to calculate the conversion rate under specific assumptions. That is, in addition to all SM
electroweak and Yukawa interactions being fast (see Sec. 4.3.2.3), we also assume that
the gauge interactions of T and ξR,L are in equilibrium so that

µW− = µT− − µT 0 = µξ−R − µξ0R = µξ−L − µξ0L , (5.3.12)
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and
µT+ = µT− = −µT− , µξ0,−R,L

= −µ
ξ0,−R,L

. (5.3.13)

Moreover, fast (inverse) decays σ, J ↔ T 0T 0 result in
µT 0 = µσ = µJ = 0 . (5.3.14)

In addition, fast Sphaleron transitions induce another relation between the chemical po-
tentials. In the SM with AL′ = 3, the relation is given by (4.3.41). However, since
AL′ 6= 3, we need to formulate model dependent relations that reflect that fast Sphaleron
transitions violate lepton number by AL′ units, see Tab. 5.1. Moreover, before EWSB,
conservation of T 3 and Q implies (see (4.3.42) and (4.3.43))

Y∆T 3 ∼ Y SM
∆T 3 +

Nξ

2

(
ξ0R − ξ−R

)
+
Nξ

2

(
ξ0L − ξ−L

)
− 2NTµT− , (5.3.15)

Y∆QEM ∼ Y SM
∆QEM

−Nξµξ−R −Nξµξ−L − 2NTµT− , (5.3.16)

while the baryon and lepton asymmetries can be expressed as

Y∆B′ ∼ Y SM
∆B′ ∼ NGNC × 1

3
(µuL + µuR + µdL + µdR) , (5.3.17)

Y∆L′ ∼ NG (µeL + µeR + µνe) +Nξ

(
µξ0R + µξ−R

)
, (5.3.18)

respectively. Combining everything, we obtain model dependent conversion factors CNT ,Nξ

Sph
which can be found in Tab. 5.1. Note that including the doublets ξR adds more parameters
than conditions and consequently, CNξ 6=0

Sph still depens on the chemical potentials.
To summarize, we find that extensions of Majoron models with RH SU(2)L fermions
carrying lepton number change the anomaly factor AL′ as well as the conversion factor
between the L′ and B′ asymmetries. In particular, note that the lepton asymmetries in
Y∆ (B′, L′) receive a factor of three compared to the SM, i.e. if we assume that no initial
baryon asymmetry exists, we have∣∣∣Y NT ,Nξ 6=0

∆B′

∣∣∣ = 3
∣∣∣CNT ,Nξ 6=0

Sph YL′

∣∣∣ , ∣∣∣Y NT ,Nξ=0

∆B′

∣∣∣ = 29

78
|YL′| , (5.3.19)

which seems to suggest that a given lepton asymmetry can produce a larger baryon
asymmetry if NT , Nξ 6= 0. Nevertheless, if we e.g. consider the triplet model, we find
numerically,∣∣Y NT=1

∆B′

∣∣ ≈ 0.35443 |YL′ | ,
∣∣∣Y NT ,Nξ=0

∆B′

∣∣∣ ≈ 0.335788 |YL′| , (5.3.20)

and the smaller conversion factor in the triplet model diminishes the conversion rate,
rendering it only slightly larger than the value in VL.7 Thus, the question of whether
leptogenesis in the Majoron model extended by the triplet T is viable essentially depends
on the lepton asymmetry that can be generated by L′ violating decays and scatterings

7However, we stress that we used simplifying assumptions when calculating the conversion factors CNT ,Nξ 6=0

Sph and de-
pending on the masses and couplings of T and ξ, the conversion factor may drastically change.
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Table 5.1: Overview of the combinations of Y∆(B′,L′) that are conserved by
Sphaleron transitions in the models with different numbers of triplets T and doublets
ξ, alongside the relations induced between the chemical potentials if Sphaleron tran-
sitions are in equilibrium and the corresponding conversion factor CSph. Note that
the value for CSph is only valid if the relations given in (4.3.40), (5.3.12), (5.3.13) and
(5.3.14) hold.

NT Nξ Y∆(B′,L′) Sphaleron CSph

0 0 Y∆B′ − Y∆L′ 2µdL
+ µuL

+ µνeL
= 0 28

79

1 0 Y∆B′ + 3Y∆L′ µdL + 8µdR + 11µeR − 6µeL − 6µνL = 0 76
679

0 1 2Y∆B′ − 3Y∆L′ µdL + 8µdR + 8µeR − 3µeL − 6µνL = 0 −
4(−22µνL

+µ
ξ0R

+µ
ξ0L

)

1166µνL
+229µ

ξ0R
−35µ

ξ0L

0 2 Y∆B′ − 3Y∆L′ µdL + 8µdR + 9µeR − 4µeL − 6µνL = 0
4(µνL

−2(µ
ξ0R

+µ
ξ0L

))

535µνL
+241µ

ξ0R
−35µ

ξ0L

0 4 Y∆B′ + 3Y∆L′ µdL + 8µdR + 11µeR − 6µeL − 6µνL = 0
76µνL

+32(µ
ξ0R

+µ
ξ0L

)

679µνL
+578µ

ξ0R
−22µ

ξ0L

0 5 2Y∆B′ + 3Y∆L′ µdL + 8µdR + 12µeR − 7µeL − 6µνL = 0
4(58µνL

+25(µ
ξ0R

+µ
ξ0L

))

1742µνL
+65(25µ

ξ0R
+µ

ξ0L
)

1 1 2Y∆B′ + 3Y∆L′ µdL + 8µdR + 12µeR − 7µeL − 6µνL = 0
4(58µνL

+5(µ
ξ0R

+µ
ξ0L

))

13(134µνL
+25µ

ξ0R
+µ

ξ0L
)

and requires a detailed analysis of the dynamical of the model.

5.4 Summary
In this chapter, we have reviewed the singlet Majoron model and discussed possible ex-
tensions thereof by right-handed SU(2)L particles. The Majoron is the Goldstone boson
of the spontaneously broken global U(1)B′−L′ of the SM model which we have assumed to
obtain a small mass by some unspecified mechanism. We have outlined why the generic
singlet Majoron model does not suffer from the domain wall problem, in contrast to the
claims in Ref. [199]. This renders the proposed solution to extend the Majoron model
with additional right-handed SU(2)L particles futile with regard to domain walls. Nev-
ertheless, we have shown that introducing additional right-handed SU(2)L particles does
have interesting effects as it changes the anomaly factor of the [SU(2)L]

2×U(1)L′ anomaly
of the SM and hence also the conversion rate with which Sphaleron processes transfer a
lepton asymmetry to a baryon asymmetry.
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CHAPTER 6

Leptogenesis in the Majoron + Triplet
Model

In the previous Chapter, we have introduced the Majoron model as a compelling
solution to the neutrino mass problem in the SM and discussed possible extensions by
RH fermions. These extensions change the anomaly factor of the [SU(2)L]

2 × U(1)L′

anomaly and consequently also the conversion rate with which Sphalerons convert a
lepton asymmetry to a baryon asymmetry. Moreover, as we will analyze in this Chapter,
the additional particles change the dynamics of leptogensis due to their interactions with
particles in the plasma and hence affect the lepton asymmetry that can be generated
in such models. For simplicity, we will focus on leptogenesis in one particular exten-
sion of the Majoron model, the Majoron+Triplet model (MTM), where an additional
RH SU(2)L triplet fermion is introduced.1 This Chapter is based on the findings of Ref. [3].

In order to reduce the complexity of the MTM, we make two adjustments compared to
the model introduced in Sec. 5.3. First, we assume that λmix is sufficiently small so that
the scalar mixing term ∼ |σ̂|2|H|2 in (5.1.3) can be neglected and σ̂ and H decouple,
yielding the σ-dependent scalar potential after SSB at the Seesaw scale as

Vσ =
m2
σ

2
σ2 + kσJ

2σ + kσσ
3 + λσJ

2σ2 +
λσ
4
J4 +

λσ
4
σ4 + const . (6.0.1)

Here, we have

f =
µσ√
λσ

, kσ = λσf , mσ =
√
λσf , (6.0.2)

where mσ is the mass of σ. Moreover, we introduce an additional Z2 symmetry under
which TR is odd while all other particles are even. Consequently, the Yukawa term (5.3.8)

1We chose to focus on the MTM rather than one of the models containing additional doublets, as discussed in the
previous Chapter, for several reasons. First, the conversion factor is independent from chemical potentials, and hence the
qualitative discussion significantly more simple. Second, the models containing doublets may suffer from Landau poles,
further complicating the doublet models. Third, the MTM entails several features not only from type I Seesaw, but also
type III Seesaw. Fourth, although not part of the following discussion, the generic MTM introduces additional sources of
lepton number violation which we expect to have interesting phenomenological effects.
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becomes after SSB

LY uk =
(
−LiY ν

ij H̃Nj + h.c.
)
− 1

2
MNNN − 1

2
√
2
gNNNσ

− 1

2
√
2
gNNγ5NJ − 1

2
MTTr

[
TT
]
− 1

2
√
2
gTTr

[
TTσ

]
− 1

2
√
2
gTTr

[
Tγ5TJ

]
,

(6.0.3)
i.e. the Yukawa coupling between T , H and L is absent and no mixing between the triplet
and the charged SM leptons occurs. Note that the only source of lepton number violation
in (6.0.3) is the neutrino Yukawa coupling Y ν .
Compared to VL, see Sec. 4.3.3, we can anticipate that the dynamics of leptogenesis in
the MTM are altered due to the presence of new interactions between the additional
particles. Although no new source of lepton number violation exists, leaving the form
of the Boltzmann equation for the efficiency unchanged, several of the new interactions
affect the neutrino abundance which enters the Boltzmann equation for the efficiency (see
Fig. 6.1). The corresponding scattering rates can be combined into a summed scattering
rate γS as

γS ≡γNN,TT + γNN,JJ + γNN,σσ + γNN,σJ + Brσ,NNγσ,NN , (6.0.4)

where Brσ,NN ≡ Γσ→NN∑
i=N,T,J Γσ→ii

is the branching ratio of σ → NN . If the scattering rate
γS is fast,

γS > neq
NH , (6.0.5)

we expect that the neutrino population is kept close to equilibrium and consequently, a
lepton asymmetry can only be generated once γS becomes slow compared to the Hubble
parameter. This closely resembles the dynamics in the type III leptogenesis discussed in
Sec. 4.3.4. The main difference between both scenarios is that the fermion that generates
the lepton asymmetry in type III leptogenesis is thermalized via gauge interactions while
in the MTM, the neutrinos are thermalized via interactions with T , σ and J , which
are induced by the free parameters gN , gT and λσ. Consequently, we can analyze how
different values of these couplings affect the leptogenesis mechanism. One drawback of
leptogenesis in the MTM is that the neutrino evolution is governed by the same couplings
that determine the evolution of T , σ and J , see Fig. 6.2. which suggests that a more
careful treatment of their respective abundances is necessary. More precisely, it appears
reasonable to solve not only the Boltzmann equations for the neutrino abundance and the
efficiency but also for T , σ and J , i.e. we need to solve five Boltzmann equations instead
of two. Nevertheless, as we will explore in detail later, it is also convenient to discuss a
simplified scenario where we indeed only solve the Boltzmann equations for the neutrino
abundance and the efficiency while assuming that T , σ and J are in equilibrium. Our aim
is to obtain an understanding of the effects that these parameters have on the leptogenesis
mechanism. Therefore, we study several different combinations of parameters which we
anticipate to yield valuable insights and for the most part consider the MTM as a toy
model rather than a fully developed model. Nevertheless, as we will see, straightforward
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Figure 6.1: Feynman diagrams for interactions that change the neutrino abundance
in the MTM, in addition to the VL diagrams given in Fig. 4.7.

constraints on the model arise from DM considerations.
This Chapter is structured as follows. In Sec. 6.1, we present the Boltzmann equations for
leptogenesis in the MTM while in Sec. 6.2, we state the parameters we used to solve them.
We present an overview of the results in Sec. 6.3.1 before providing detailed discussions
of leptogenesis for different paramters in Secs. 6.3.2 to 6.3.5. In Sec. 6.4, we explore the
implications on the model with regard to DM while in Sec. 6.5, we discuss limits on the
baryon asymmetry that can be generated in the MTM. Finally, in Sec. 6.6, we provide a
summary of the results presented in this Chapter.

6.1 Boltzmann Equations
In this section, we only present the Boltzmann equations that govern leptogenesis in the
MTM while their detailed derivation is given in App. F.3. Defining

δsub = δσ − δ2JBrσ,JJ − δ2NBrσ,NN − δ2TBrσ,TT , (6.1.1)
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Figure 6.2: Feynman diagrams for interactions that change the abundances of T, σ
and J in the MTM. Here, A = {B,W1,2,3} corresponds to the gauge bosons.

ρ ≡
(
1− δ2J

)
(γNNJJ − Brσ,JJγσ,NN) +

(
1− δ2T

)
(γNNTT − Brσ,TTγσ,NN)

+
(
1− δ2σ

)
γNNσσ + (1− δσδJ) γNNσJ + (1− δσ) γσ,NN

=
(
1− δ2J

)
γNNJJ +

(
1− δ2T

)
γNNTT +

(
1− δ2σ

)
γNNσσ + (1− δσδJ) γNNσJ

+
[
(1− δσ)−

(
1− δ2J

)
Brσ,JJ −

(
1− δ2T

)
Brσ,TT

]
γσ,NN ,

(6.1.2)

and writing the Boltzmann equation for the triplet as the sum of its components,
YT = Y 0

T + Y +
T + Y −T , the full set of coupled Boltzmann equations for N, T, σ and J is
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given by

sHzN
dYN
dzN

=− (δN − 1) γD − 2 (δN − 1) γQ − 2
(
δ2N − δ2T

)
γNNTT

− 2
(
δ2N − δ2J

)
γNNJJ − 2

(
δ2N − δ2σ

)
γNNσσ − 2

(
δ2N − δJδσ

)
γNNσJ

+ 2δsubγσ,NN

≡sHzN
dY VL

N

dzN
− 2(δ2N − 1)γS − 2ρ ,

(6.1.3)

sHzN
dY VL

N

dzN
≡− (δN − 1) γD − 2 (δN − 1) γQ , (6.1.4)

where dY VL
N

dzN
is the Boltzmann equation for the neutrino abundance in the VL scenario and

sHzN
dYT
dzN

= −2
(
δ2T − δ2N

)
γTTNN − 2

(
δ2T − δ2J

)
γTTJJ − 2

(
δ2T − δ2σ

)
γTTσσ

− 2
(
δ2T − δσδJ

)
γTTσJ − 2

(
δ2T − 1

)
γT,gauge + 2δsubγσ,TT ,

(6.1.5)

sHzN
dYσ
dzN

= −2
(
δ2σ − δ2N

)
γσσNN − 2

(
δ2σ − δ2T

)
γσσTT − 2

(
δ2σ − δ2J

)
γσσJJ

−
(
δσδJ − δ2T

)
γσJTT −

(
δσδJ − δ2N

)
γσJNN − (δNδσ − δNδJ) γNσNJ

− (δT δσ − δT δJ) γTσTJ −
(
δσ − δ2N

)
γσ,NN −

(
δσ − δ2T

)
γσ,TT

−
(
δσ − δ2J

)
γσ,JJ ,

(6.1.6)

sHzN
dYJ
dzN

= −2
(
δ2J − δ2N

)
γJJNN − 2

(
δ2J − δ2σ

)
γJJσσ − 2

(
δ2J − δ2T

)
γJJTT

−
(
δJδσ − δ2N

)
γJσNN −

(
δJδσ − δ2T

)
γJσTT − (δJδN − δσδN) γJNσN

− (δJδT − δσδT ) γJTσT + 2δsubγσ,JJ .

(6.1.7)

Note that in the simplified scenario where σ, J and T are in equilibrium, i.e. δT,σ,J = 1,
only the Boltzmann equation for the neutrino evolution is relevant and (6.1.3) reduces to

sHzN
dYN
dzN

= − (δN − 1) γD − 2 (δN − 1) γQ − 2
(
δ2N − 1

)
γS . (6.1.8)

If additionally γS → 0 holds, we recover the Boltzmann equation for VL, (6.1.4). Finally,
the Boltzmann equation for the efficiency is the same as in VL and therefore given by
(4.3.59),

sHzN
dη

dzN
=

1

Y 0
N

(δN − 1) γD − η

Y eq
L

[γD
2

+ 2γNU3,LQ3
+ δNγLN↔Q3U3

]
. (6.1.9)

6.2 Parameters
In the MTM, several new parameters appear by virtue of the new interactions. While the
thermal rates that appear in VL, i.e. γD and γQ, depend only on the effective neutrino
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mass m̃, the additional thermal rates that are relevant in the MTM are independent
from m̃ and instead depend on the VEV f and the couplings gN , gT and λσ. Moreover,
the Boltzmann equations for the particle abundances depend on the initial abundances,
similarly to VL. In order to gain an understanding of the impact the respective parameters
have on the evolution of the abundances, we adopt the approach to vary m̃ and one of the
three couplings, gN , gT , λσ, while keeping the other two fixed. Since we anticipate that
the value of gN is more relevant for the dynamics of leptogenesis than the values of gT
and λσ, our main focus is on the effect of variations of gN in the range gN ∈ [0.1, 1], and
the interplay with the value of m̃ in the range m̃ ∈ [0.5× 10−4, 0.1] eV. Concerning gT
and λσ, we then distinguish between two cases,

CaseA : gN ∈ [0.1, 1] , gT = 1 , λσ = 1 , (6.2.1)
CaseB : gN ∈ [0.1, 1] , gT = 10−7 , λσ = 1 . (6.2.2)

Moreover, in order to discuss the effect of changes of gT and λσ, we briefly consider two
additional cases,

CaseC : gN = 1 , gT ∈
[
10−7, 1

]
, λσ = 1 , (6.2.3)

CaseD : gN = 1 , gT = 10−7 , λσ ∈
[
10−2, 1

]
. (6.2.4)

For the cases A and B, we also study the simplified scenario mentioned in the previous
section where T , σ and J are assumed to be in equilibrium,

Case Â : gN ∈ [0.1, 1] , gT = 1 , λσ = 1 , δT,σ,J(zN) = 1 ∀zN , (6.2.5)
Case B̂ : gN ∈ [0.1, 1] , gT = 10−7 , λσ = 1 , δT,σ,J(zN) = 1 ∀zN . (6.2.6)

Note that the lepton asymmetry in the MTM is produced only after SSB at the Seesaw
scale. We will therefore direct our focus at temperatures smaller than f and solve the
Boltzmann equations for zN ≥ zI ≡ gN/

√
2. Concerning the initial abundances, we

restrict ourselves to the two limiting cases: Either all particles are in equilibrium at zI
which we denote by an index t,

{Ât, B̂t} : YN(zN) = Y eq
N (zN) , (6.2.7)

{At, Bt, Ct, Dt} : YN,T,σ,J(zN) = Y eq
N,T,σ,J(zN) , (6.2.8)

or all particles have a vanishing initial abundance, denoted by an index z,
{Az, Bz, Cz, Dz} : YN,T,σ,J(zN) = 0 , (6.2.9)

{Âz, B̂z} : YN(zN) = 0 . (6.2.10)
For the most part, we will fix the VEV at f = 1010 GeV, although a short discussion
of the relevance of the value of the VEV is given in Sec. 6.5. Since the objective in the
leptogenesis mechanism is to generate a lepton asymmetry, we assume that the efficiency
vanishes at zI . Moreover, as Majoron models where J obtains a small mass are highly
interesting with regard to DM, we include a small but non-vanishing Majoron mass in
our calculations. For concreteness, we use mJ ∼ 10−3 GeV, although the exact numerical
value is irrelevant as long as it is sufficiently small. We compare our results to VL,
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Table 6.1: Parameters and initial condtions used to solve to Boltzmann equa-
tions given in Sec. 6.1. Cases Â, B̂ correspond to the simplified scenario where
δT,σ,J(zN ) = 1∀zN while in cases A,B,C,D, the full set of Boltzmann equations for
N,T, σ, J is considered. The index t(z) denotes that the corresponding Boltzmann
equations are solved with thermal (vanishing) initial particle abundances. Note that
MN does not have an effect on ηVL.

Case gN gT λσ f/GeV m̃/eV YN (zI) Yσ,J,T (zI)

Âz [0.1, 1] 1 1 1010 [5× 10−5, 10−1] 0
Ât [0.1, 1] 1 1 1010 [5× 10−5, 10−1] Y eq

N (zI)

B̂z [0.1, 1] 10−7 1 1010 [5× 10−5, 10−1] 0
B̂t [0.1, 1] 10−7 1 1010 [5× 10−5, 10−1] Y eq

N (zI)

Az [0.1, 1] 1 1 1010 [5× 10−5, 10−1] 0 0
At [0.1, 1] 1 1 1010 [5× 10−5, 10−1] Y eq

N (zI) Y eq
σ,J,T (zI)

Bz [0.1, 1] 10−7 1 1010 [5× 10−5, 10−1] 0 0
Bt [0.1, 1] 10−7 1 1010 [5× 10−5, 10−1] Y eq

N (zI) Y eq
σ,J,T (zI)

Cz 1 [10−7, 1] 1 1010 [5× 10−5, 10−1] 0 0
Ct 1 [10−7, 1] 1 1010 [5× 10−5, 10−1] Y eq

N (zI) Y eq
σ,J,T (zI)

Dz 1 1 [10−2, 1] 1010 [5× 10−5, 10−1] 0 0
Dt 1 1 [10−2, 1] 1010 [5× 10−5, 10−1] Y eq

N (zI) Y eq
σ,J,T (zI)

VLz [5× 10−5, 10−1] 0
VLt [5× 10−5, 10−1] Y eq

N (zI)

discussed in Sec. 4.3.3, where the efficiency depends only on the value of m̃ and the initial
neutrino abundance. An overview of the parameter assignments of the various cases is
given in Tab. 6.1. Before we proceed with the discussion of leptogenesis, let us shortly
discuss the decay channels of σ to pairs of N , σ and T , respectively, with decay rates
given by

Γσ→NN =
g2N
8π

√
m2
σ

4
−M2

N , Γσ→TT =
3g2T
8π

√
m2
σ

4
−M2

T , Γσ→JJ =
k2σ

16πm2
σ

√
m2
σ

4
−m2

J .

(6.2.11)
Note that σ → NN and σ → TT are kinematically only allowed when gN ≤ 0.7 and
gT ≤ 0.7, respectively, and are therefore forbidden for certain parameter ranges of the
different cases, see Fig. 6.3. Moreover, note that in case D, both Brσ→NN and Brσ→TT
are kinematically forbidden for all values of λσ ∈ [0.01, 1].

6.3 Results for the Efficiency
6.3.1 Comparison of the Results
In this section, we give a brief overview of the results for the efficiency in the various
cases introduced in the previous section before individually discussing the dynamics of
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Figure 6.3: Left: Branching ratios of σ → NN and σ → JJ as functions of gN , rele-
vant for cases A,B, Â, B̂. We stress that in cases A, Â the decay σ → TT is kinemati-
cally forbidden while in cases B, B̂, the branching ratio Brσ→TT is of order 10−13 and
can therefore be neglected. We find that σ-decays to a pair of Majorons are clearly the
dominant decay channel over the full gN range. Above gN = 0.7, σ-decays to a pair
of neutrinos are kinematically forbidden, resulting in Brσ→JJ = 1. Right: Branch-
ing ratios of σ → TT and σ → JJ as functions of gT , relevant for case C. Note that
σ → NN is kinematically forbidden. We find that Brσ→TT is only sizable compared to
Brσ→JJ around gT . 0.7. For gT > 0.7, it is kinematically forbidden.

leptogenesis in greater detail. We calculate the relevant thermal rates using (G.1.1) and
(G.1.7), using the cross sections given in App. G.2. Note that the thermal rates depend
only on gT if T appears in either the initial or final state. Afterwards, we numerically
solve the Boltzmann equations given in (6.1.4)-(6.1.8) for the parameter choices given in
Tab. 6.1.
First, we find that the final efficiencies only depend on the initial abundances of the
particles in case B while the final efficiencies for the remaining parameter ranges are
independent from the initial abundances. In these cases, we therefore omit the indices
t, z so that

ηÂ ≡ ηt,z
Â
, ηB̂ ≡ ηt,z

B̂
, ηA ≡ ηt,zA , ηC ≡ ηt,zC , ηD ≡ ηt,zD . (6.3.1)

Next, let us focus on the efficiencies in the cases Â, B̂, A and B. The results are presented
in Figs. 6.4 and 6.5 in terms of density plots of η(gN , m̃) (left panel) while the middle and
right panels show η(m̃) and η(gN) for exemplary values of gN and m̃, respectively. It is
evident that the final efficiencies in the cases Â, B̂, A and Bt display similar features:

• The efficiencies initially increase with m̃, reach a maximum at some m̃max, and
subsequently decline.

• For m̃ → 0.1, the efficiencies eventually assume the same value as in the WO
regime in VL and subsequently evolve in the same way. For brevity, we will re-
fer to this as ηWO(m̃). There are, nevertheless, two exceptions: In case B̂ with
gN ∼ 0.7, we find ηB̂(m̃)|m̃→0.1 < ηWO(m̃) while in case A with gN ∼ 1, we have
ηA(m̃)|m̃→0.1 > ηWO(m̃). Otherwise, ηWO is independent from gN .
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• For m̃ . 10−2 eV, we find that the efficiencies in the MTM never reach the almost
maximal efficiency of VLt. Moreover, it is evident that η strongly depends on gN in
this range. In particular, η decreases with gN until it reaches a minimum at gN ∼ 0.7
and increases again. Notably, this behavior is much more pronounced in cases Â and
B̂.

In order to compare the final efficiencies numerically, we show ηÂ,B̂/ηA,B and ηÂ,A/ηB̂,B
in the upper and lower panels of Fig. 6.6, respectively. It is striking that at gN ∼ 0.7,
we have ηÂ/ηA � 1 and ηB̂/ηB � 1 while for gN � 0.7, the differences between the
respective efficiencies become much less pronounced. Moreover, we find that ηÂ/ηB̂ and
ηA/ηB deviate from 1 only for gN → 1.
Next, let us discuss case Bz. Unlike the previous cases, we find that ηzB is negative in
a triangular region defined by 0.1 ≤ gN . 0.24 and 5 × 10−5 eV ≤ m̃ . 2.5 × 10−3 eV
and therefore differs from ηtB. Thus, the intial abundances are relevant in this region.
Outside of this region, ηzB is positive and we have ηzB ∼ ηtB, i.e. the initial abundances are
irrelevant. This is also highlighted in Fig. 6.7 (left) where we show |ηzB|/ηtB. Consequently,
we can divide the gN − m̃ plane in an initial abundance (IA) regime where the initial
abundances are relevant and an IA regime where the initial abundances are irrelevant,
as is schematically shown in Fig. 6.7 (right), with the boundary between both regimes
given by (gN , m̃) ≡ (gIAN , m̃IA).

Finally, in Fig. 6.8, we show the efficiencies in cases C and D in terms of density
plots of η(x, m̃)(left panel) while the middle and right panels show η(m̃) and η(x) with
x = gT , λσ. It is evident that the efficiencies do not significantly depend on gT or λσ
and in particular, note that ηC(gT ) becomes constant for gT . 10−3. This suggests
that both ηC(gT . 10−3) and ηB are independent from gT . We explicitly confirmed this
by calculating ηB(gT = 0) which agrees with ηB. This implies that the results for the
efficiency from case B are applicable not only in the MTM but instead are valid also in
generic Majoron models.

To summarize, we find that the efficiencies that can be generated in the MTM are overall
smaller than the efficiencies in VL unless WO is strong. Nevertheless, it is still possible
to obtain a sizable final efficiency if gN is sufficiently small. Additionally, we find that the
initial abundances are rendered irrelevant apart from case B where gN and gT are both
small. Moreover, we stress that the final efficiencies in the simplified scenario can be up
to a factor of one hundred smaller than the efficiencies in cases A,B, indicating that the
full set of Boltzmann equations should be considered. Finally, if gT is sufficiently small,
gT . 10−3, the existence of the triplet is irrelevant for the dynamics of leptogenesis in the
MTM. Similarly, changing the value of λσ has only a negligible effect on the efficiency. In
the following section, we will therefore direct our focus to the cases Â, B̂, A and B and
discuss the evolution of the efficiency and the particle abundances in greater detail.
Note that similarly to VL, the effect of the quark scatterings on the qualitative results,
which we will discuss in the following, is negligible. For simplicity, we will therefore omit
the quark scatterings while disussing the overall behavior of the evolution of the particle
abundances and the efficiency, unless otherwise mentioned. Nevertheless, we stress that
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Figure 6.4: Left: Density plots of ηÂ (upper figure) and ηB̂ (lower figure) in the
gN − m̃ plane. The black lines indicates at which m̃ the efficiency reaches its maxi-
mum. Middle: ηÂ (upper figure) and ηB̂ (lower figure) as functions of gN . Right: ηÂ
(upper figure) and ηB̂ (lower figure) as functions of m̃. See text for discussion.

we did include the quark scatterings when solving the Boltzmann equations.

6.3.2 Cases Â, B̂
In this section, we provide a more detailed discussion of cases Â and B̂, starting with an
analysis of how the thermal rate γS depends on gN . Afterwards, we focus on the evolution
of the neutrino abundance and the efficiency. For brevity, we refer to generic quantities in
the simplified scenario with a hat and only distinguish between case Â and case B̂ when
necessary.

6.3.2.1 Discussion of γS
The summed scattering rate γS, as defined in (6.0.4), receives contributions from several
scattering processes and inverse σ-decays that are affected differently by changes of gN .
This is highlighted in Fig. 6.10 where we show γS as well as the individual thermal rates
for gN = [0.1, 0.7, 1]. Focussing on the total rate γS first, we note that γS is fast for small
zN , i.e.

γS
neq
NH

(zN) > 1 , (6.3.2)
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Figure 6.5: Left: Density plots of ηA (top row), ηtB (middle row) and ηzB (bottom
row) in the gN − m̃ plane. The black lines indicates at which m̃ the efficiency reaches
its maximum. Middle: ηA (top row), ηtB (middle row) ηzB (bottom row) as functions
of gN . Right: ηA (top row), ηtB (middle row) ηzB (bottom row) as functions of m̃. See
text for discussion.

before eventually becoming Boltzmann suppressed. Consequently, at zN = zeq
S , equality

is reached in (6.3.2) so that
γS
neq
NH

(zeq
S ) = 1 , (6.3.3)

and hence γS becomes ineffective for zN > zeq
S . In Fig. 6.9, we show zeq

S for cases Â and B̂
as functions of gN . It is apparent that zeq,Â

S and zeq,B̂
S are identical for gN . 0.7, indicating

that γS does not significantly depend on gT . Moreover, we find that zeq
S increases until

gN ∼ 0.7. At gN ∼ 0.7, both zeq,Â
S and zeq,B̂

S drop, eventually reach a minimum and
increase again. In order to make the behavior of zeq

S more transparent, let us now discuss
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the individual rates that appear in γS.
From Fig. 6.10, it is clear that for gN ≤ 0.7, γS is dominated by γσ,NN and γNN,JJ . They
are both independent of gT and therefore identical for cases Â and B̂. As gN increases
from gN = 0.1 to gN = 0.7, the overall magnitude of the thermal rates increases, hence
they are fast longer, i.e. zeq

S increases. This is especially striking for γσ,NN/nN where
Γσ→NN |gN≤0.7 ∼ g3N , (see Fig. 6.3). Additionally, the Boltzmann suppresion of γσ,NN/nN
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Figure 6.8: Left: Density plots of ηtC (upper figure) and ηtD (lower figure) in the
gT − m̃- and λσ − m̃ plane, respectively. The black lines indicates at which m̃ the
efficiency reaches its maximum. Middle: ηtC (upper figure) and ηtD (lower figure) as
functions of gT and λσ, respectively. Right: ηtC (upper figure) and ηtD (lower figure) as
functions of m̃. See text for discussion.

depends on gN . Using

zσ =
mσ

MN

zN =

√
2

gN
zN , (6.3.4)

we find

γσ,NN
neq
N

∝ Γσ→NN
neq
σ

neq
N

∼ Γσ→NN


(√

2
gN

) 3
2 e−

√
2

gN
zN , zN < 1 ,

mσ

MN
e−

(√
2

gN
−1

)
zN , zN > 1 ,

. (6.3.5)

Thus, the Boltzmann suppression of γσ,NN/nN decreases with gN .
For gN > 0.7, σ-decays to a pair of neutrinos are kinematically forbidden. Hence, in
case Â, γÂS is dominated by neutrino scatterings to a pair of triplets, NN ↔ TT , which
roughly scales as

γNN,TT
neq
N

∼ neq
2

T

neq
N

∼ e
−
(

2gT
gN
−1

)
zN zN > 1 , (6.3.6)

and again the Boltzmann suppression decreases with gN , translating to an increasing
zeq,Â
S (gN)|gN>0.7. In case B̂ on the other hand, NN ↔ TT scatterings are strongly sup-
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Figure 6.9: zeq
S (gN ) as defined in (6.3.3) with the blue solid line corresponding

to case Â und the orange dashed line corresponding to case B̂. For gN � 0.7 and
gN > 0.7, both zeq,Â

S and zeq,B̂
S increase with gN as the decay rate increases with gN ,

see Fig. 6.3. Additionally, the Boltzmann suppression of γσ,NN/neq
N decreases with

gN , see (6.3.5). Moreover, zeq
S is determined by interactions involving only N, σ and

J , i.e. independent from gT and hence equal for cases Â and B̂. At gN ∼ 0.7, both
zeq,Â
S and zeq,B̂

S rapidly drop as γσ,NN becomes kinematically forbidden. Consequently
the overall magnitudes of γÂ

S and γB̂
S decrease (see Fig. 6.10). For gN > 0.7, we have

zeq,Â
S > zeq,B̂

S , i.e. the summed scattering rate γS in case B̂ decouples faster than in
case Â. This can be traced back to the decreasing Boltzmann suppression as gN → 1
in case Â, see (6.3.6).

pressed by the smallness of gT . Thus, γB̂S is dominated by neutrinos scatterings with σ

and J in the final states (which are subdominant in case Â), resulting in an only slightly
increasing zeq,B̂

S (gN)|gN>0.7.

Neutrino Abundance
Having discussed γS individually, let us now compare the new scattering rates in the
MTM to the rates γD and γQ that also appear in VL. This will allow us to give qualitative
estimates on the neutrino evolution.
Recalling that γS,D,Q/neq

NH are the relevant rates for the neutrino evolution, we show
them as functions of zN for several values of gN and m̃ in Fig. 6.10 (left). For small
zN , γS is the dominant thermal rate while both γD and γQ are slow compared to the
expansion of the Universe. However, γS/neq

N is Boltzmann suppressed while γD/neq
N and

γQ/n
eq
N are not and thus eventually, γD becomes dominant. Quark scatterings on the other

hand are always subdominant to either γS or γD. We can therefore broadly distinguish
between two regimes. In the scatter regime, the neutrino evolution is driven by fast
neutrino scatterings to T, σ and J , thereby suppressing neutrino decays. In the decay
regime, neutrino scatterings become inefficient and consequently, the neutrino evolution is
dominated by lepton number violating neutrino decays. Neglecting the quark scatterings
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Figure 6.10: Thermal rates of scattering processes that are relevant for the neutrino
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Note that γσσNN , γNNσJ , γNNJJ and γσ,NN are identical for cases Â and B̂. More-
over, γB̂

NN,TT is strongly suppressed compared to γA
NN,TT = γÂ

NN,TT and not shown
here. For gN = 0.1, the summed scattering rate γS is dominated by γNN,JJ while
γÂ
NN,TT is significantly smaller and hence γÂ

S ≈ γB̂
S . As gN increases, the overall mag-

nitude of the thermal rates increases. Moreover, as gN increases, the contribution of
γÂ
NN,TT to γÂ

S grows so that eventually γÂ
S > γB̂

S . Note that for gN > 0.7, σ ↔ NN

becomes kinematically forbidden and at gN = 1, γÂ
S is dominated by γÂ

NN,TT . In case
B̂, neutrino-triplet scatterings γNN,TT are not sizable and instead, γB̂

S is dominated
by scatterings involving σ. We further stress that we used zI as the lower limit for the
zN -range presented and consequently, the respective plot range changes with gN .

10−2 10−1 100 101

𝑧𝑁

10−3

10−1

101

103

105

𝛾
𝑛eq 𝑁

ℋ

𝑔𝑁 = 0.7

𝑔𝑁 = 0.1

𝑔𝑁 = 0.5
𝑔𝑁 = 1

𝑚̃ = 5 × 10−
5 𝑒𝑉

𝑚̃ = 1 × 10−
3 𝑒𝑉

𝑚̃ = 1 × 10−
2 𝑒𝑉

𝑚̃ = 1 × 10−
1 𝑒𝑉

Case ̂𝐴𝛾𝑆

𝛾𝐷

𝛾𝑄

10−2 10−1 100 101

𝑧𝑁

𝑔𝑁 = 0.7

𝑔𝑁 = 0.1

𝑔𝑁 = 0.5

𝑔𝑁 = 1

𝑚̃ = 5 × 10−
5 𝑒𝑉

𝑚̃ = 1 × 10−
3 𝑒𝑉

𝑚̃ = 1 × 10−
2 𝑒𝑉

𝑚̃ = 1 × 10−
1 𝑒𝑉

Case 𝐵̂𝛾𝑆

𝛾𝐷

𝛾𝑄

Figure 6.11: Thermal rates relevant for the evolution of YN (see (6.1.8)) for
gN = [0.1, 0.5, 0.7, 1] and m̃ = [5× 10−5, 10−3, 10−2, 10−1]eV for case Â (left) and case
B̂ (right). For small zN , γS/neq

NH exceeds γD/neq
NH until it drops due to Boltzmann

suppression and subsequently, γD/neq
NH becomes dominant. γQ is always subdominant

to either γS or γD. Note that γÂ
S and γB̂

S are equal for gN < 0.7 while for gN > 0.7, we
find that γB̂

S drops slightly faster.
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and with a Taylor expansion of (6.1.8), we can write

sHzN
dYN
dzN

= − (δN − 1) γD − 4 (δN − 1) γS , (6.3.7)

and express the neutrino evolution in the scatter and decay regime as

sHzN
d

dzN
ŶN ≈

sHzN
d

dzN
Ŷ scatter
N = −

(
δ̂N − 1

)
4γS , zN . zS ,

sHzN d
dzN

Ŷ decay
N = −

(
δ̂N − 1

)
γD , zN & zS .

(6.3.8)

From (6.3.7), we find that the transition from the scatter to the decay regime occurs at
zS(m̃, gN) defined via

4γS(zN = zS, m̃) = γD(zN = zS, gN) . (6.3.9)

In Fig. 6.12 (upper panels), we show a density plot of zÂS in the gN−m̃ plane (left) as well
as zÂS (m̃) (middle) and zÂS (gN) (right) for exemplary values of gN and m̃, respectively. We
find that zS decreases with m̃, as is also apparent from Fig. 6.11: For larger m̃, γD exceeds
4γS at smaller zN and hence zS(m̃) ∼ 1/γD(m̃) ∼ 1/m̃. On the other hand, we find that
zS(gN) behaves similarly to zeq

S (gN). The transition from the scatter to the decay regime
occurs when γS is Boltzmann suppressed and therefore drops rapidly, i.e. it essentially de-
pends on when the Boltzmann suppression sets in. As discussed above, zeq

S is also largely
determined by the Boltzmann suppression, and therefore zS(gN) ∼ zeq

S (gN). Moreover, if
m̃ is small, zS is shifted to slightly larger zN compared to zeq

S due to the smallness of γD
and vice versa. Additionally, note that zB̂S differs from zÂS only for gN & 0.7.
Next, note that zS > zeq

S implies that neutrino scatterings dominate the neutrino evo-
lution while not being fast enough to keep them in equilibrium. This is highlighted in
Fig. 6.13 where we show Y t

NÂ
(zN) and Y t,z

NVL
for gN = 0.1 (left) and gN = 1 (right) with

m̃ = 5 × 10−5 eV. Comparing YNÂ
and YNVL , we find that for zN < zeq

S , the neutrino
abundance in the MTM closely follows the equilibrium abundance while YNVL signifi-
cantly deviates from equilibrium. However, since zeq,Â

S < zÂS for the parameters used in
Fig. 6.13, the neutrino abundance at zÂS exceeds the equilibrium abundance. In the decay
regime with zN > zÂS , we find that Y t

NÂ
approaches YNz

VL
, indicating that the evolution of

both abundances is driven by γD.
Finally, γS is so effective at establishing equilibrium that even in the case of a vanish-
ing initial neutrino abundance, the neutrinos reach their equilibrium abundance almost
instantly, irrespective of the values of gN and m̃, respectively. We will therefore not
distinguish between Ŷ t

N(zN) and Ŷ z
N(zN) in the following.

Efficiency
Although we established above that in the case of a vanishing initial neutrino abundance,
neutrinos reach equilibrium so quickly that the initial abundance is irrelevant, it is in-
structive to briefly discuss the evolution of the efficiency in this scenario in comparison
with VL. Recall that in VL, neutrinos are produced via lepton number violating inverse
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Figure 6.12: Upper figures: Left: Density plot of zÂS in the gN − m̃ plane. Mid-
dle: zÂS (solid) and zB̂S (dashed) as functions of m̃. Right: zÂS (solid), zB̂S (dashed)
and zeq,Â

S (dash-dotted) as functions of gN . Note that for gN ≤ 0.7, we have zÂS ∼ zB̂S .
It is evident that depending on tha value of m̃, zS is shifted to either slightly larger or
slightly smaller values compared to zeq

S , but qualitatively behaves roughly the same.
Lower figures: Left: Density plot of zAρ in the gN −m̃ plane. Middle: zAρ (solid) and
zBρ (dashed) as functions of m̃. Right: zAρ (solid) and zBρ (dashed) as functions of gN .

decays and quark scatterings, giving rise to a negative efficiency η−VL, while neutrino decays
create a positive efficiency η+VL at a later stage, yielding a total positive efficiency. In the
MTM on the other hand, the neutrino population is mostly generated by lepton number
conserving interactions and almost instantly reaches equilibrium at zNeq & zI , prompting
dη̂z/dzN to change sign. Hence, the negative efficiency η̂− created in the MTM is much less
sizable compared to η−VL and consequently, η̂z changes sign and subsequently approaches
η̂t for significantly smaller zN . This is highlighted in Fig. 6.14 where we show ηt,z

Â
(zN)

and ηt,zVL(zN) for gN = [0.1, 0.7, 1] and m̃ = [5× 10−5, 10−3, 10−1]eV.2 From Fig. 6.14, it is
also apparent that the negative efficiency η− increases with m̃, as is intuitively clear.3
In the following, we will discuss the evolution of the efficiency for different values of gN
and m̃ in greater detail and for simplicity, we will restrict ourselves to η̂t. In analogy to
the discussion of VL, let us first focus on the regime where WO effects are small. Hence,

2Panels 8 and 9 in Fig. indicate that ηzVL changes sign for smaller zN compared to η̂z . We note however that the
Boltzmann equations for VL are solved starting from zN = 0 while the Boltzmann equations in the MTM are solved
starting from zN = zI > 0. Thus, when discussing how fast η̂z and ηzVL change sign, it should be kept in mind that in the
latter case, the leptogenesis era starts significantly earlier.

3In Fig. 6.14, we only show ηÂ. From the discussion of the neutrino evolution in the previous section, it should be clear
that the same reasoning applies for ηB̂ .
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Figure 6.13: Evolution of Y t
NÂ

(zN ) and Y t,z
NVL

(zN ) compared to Y eq
N (zN ), with

gN = 0.1 (left) and gN = 1 (right). The red region denotes the scatter regime where
the neutrino evolution in the MTM is dominated by scattering processes, while the
blue region denotes the decay regime where (inverse) neutrino decays are dominant.
The vertical line corresponds to zeq

S where the scattering processes decouple. Note that
the lower limits of the zN -range are given by zI and hence depend on gN .

the Boltzmann equation for the efficiency can be written as

sHzN
d

dzN
η̂ =

1

Y 0
N

(
δ̂N − 1

)
γD . (6.3.10)

In the scatter and decay regimes introduced in (6.3.8), we can then write (6.3.10) as

d
dzN

η̂ ≈

{
− 1
Y 0
N

γD
4γS

d
dzN

ŶN , zN . zS ,

− 1
Y 0
N

d
dzN

ŶN , zN & zS ,
(6.3.11)

yielding the final efficiency as

η̂(zN → ∞) =
1

Y 0
N

(
ŶN(zS)−

∫ zS

zI

dz′ γD
4γS

d
dzN

ŶN

)
. (6.3.12)

In the scatter regime, neutrinos scatter rather than decay and consequently, the efficiency
is suppressed by 4γS. In the decay regime, neutrino scatterings become irrelevant and
the suppression disappears, leaving neutrinos to freely decay. Thus, the efficiency is
mainly determined by the neutrino abundance at zS and consequently, the larger zS, the
larger the Boltzmann suppression at ŶN(zS) and the smaller number of neutrinos that
can create an efficiency via lepton number violating decays. Consequently, in light of
the discussion in the previous section, we can deduce that η̂(m̃) ∼ 1/zS(m̃) ∼ m̃ and
η̂(gN) ∼ 1/zS(gN) ∼ 1/zeq

S , which is also apparent when comparing Fig. 6.4 and Fig. 6.12.
This is especially striking at gN ∼ 0.7, where the suppression is maximal and hence the
efficiency minimal.
For larger m̃, WO effects eventually become relevant and need to be taken into account,
see Fig. 4.9. Let us assume that WO effects are in equilibrium in a range z1N . zN . z2N . In
VL, the efficiency is then diminished by WO processes for zN & z1N and hence decreases

– 102 –



Chapter 6. Leptogenesis in the Majoron + Triplet Model

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

𝑧𝑆𝑧eq
𝑆

Panel 1 , 𝑔𝑁 = 0.1 , 𝑚̃ = 5 × 10−5𝑒𝑉

𝑧𝑆𝑧eq
𝑆

Panel 2 , 𝑔𝑁 = 0.7 , 𝑚̃ = 5 × 10−5𝑒𝑉

𝑧𝑆𝑧eq
𝑆

Panel 3 , 𝑔𝑁 = 1 , 𝑚̃ = 5 × 10−5𝑒𝑉

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

𝑧𝑆

𝑧eq
𝑆

Panel 4 , 𝑔𝑁 = 0.1 , 𝑚̃ = 1 × 10−3𝑒𝑉

𝑧𝑆𝑧eq
𝑆

Panel 5 , 𝑔𝑁 = 0.7 , 𝑚̃ = 1 × 10−3𝑒𝑉

𝑧𝑆

𝑧eq
𝑆

Panel 6 , 𝑔𝑁 = 1 , 𝑚̃ = 1 × 10−3𝑒𝑉

10−1 100 101

𝑧𝑁

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

𝑧𝑆 𝑧eq
𝑆

Panel 7 , 𝑔𝑁 = 0.1 , 𝑚̃ = 1 × 10−1𝑒𝑉

𝑧𝑆 𝑧eq
𝑆

𝑧𝑆 𝑧eq
𝑆

100 101

𝑧𝑁

𝑧𝑆

𝑧eq
𝑆

Panel 8 , 𝑔𝑁 = 0.7 , 𝑚̃ = 1 × 10−1𝑒𝑉

𝑧𝑆

𝑧eq
𝑆

𝑧𝑆

𝑧eq
𝑆

100 101

𝑧𝑁

𝑧𝑆

𝑧eq
𝑆

Panel 9 , 𝑔𝑁 = 1 , 𝑚̃ = 1 × 10−1𝑒𝑉

𝑧𝑆

𝑧eq
𝑆

𝑧𝑆

𝑧eq
𝑆

𝜂𝑡
VL ∣𝜂𝑧

VL∣ 𝜂𝑡
̂𝐴

∣𝜂𝑧
̂𝐴
∣ 𝛾𝐷 > 𝑛eq

𝐿 ℋ

Figure 6.14: Evolution of the efficiencies ηt,zVL and ηt,z
Â

for gN = [0.1, 0.7, 1] and
m̃ = [5× 10−5, 10−3, 10−1]eV. The blue region in panels 7–9 indicates where inverse
neutrino decays are in equilibrium, the solid vertical line denotes zeq

S and the dashed
vertical line denotes zS . Note that the lower limits of the zN -range are given by zI
and hence depend on gN . As the efficiency in VL does not depend on gN , ηtVL and ηzVL
are the same in each column. Note that in panels 1–7, the initially negative efficiency
ηz
Â
(zN ) changes sign significantly faster than ηzVL(zN ) due to a larger number of neu-

trinos in the MTM being created via lepton number conserving interactions with σ, J
and T . Comparing ηt

Â
and ηtVL, the suppression of ηt

Â
while zN < zS holds is evident.

In particular, even if inverse decays are in equilibrium (panels 7–9), they are not very
effective at diminishing ηt

Â
until the suppression is lifted at zS and ηt

Â
becomes sizable.
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with m̃. In contrast, the situation in the MTM is more evolved. The WO term is
proportional to the efficiency, and hence efficient WO requires not only that inverse decays
are fast but also that a sufficiently sizable efficiency already exists. Since the main portion
of the efficiency in the MTM is created around zS, we can roughly estimate that WO effects
are only relevant for zN & Max [z1N , zS]. This tends to reduce the zN -range where WO
has sizable effects on the efficiency, see panels 7-9 in Fig. 6.14. Consequently, we can
determine a rough estimate on the minimal value m̃ =: m̃S where WO effects become
relevant for a given gN as

γD
neq
L H

(m̃S, zS) = 1 . (6.3.13)

Thus, for m̃ < m̃S, WO effects are irrelevant, η̂ ∼ m̃ (“WO regime”), and the evolution
of the efficiency is determined by neutrino scatterings while for m̃ > m̃S, WO results in
η̂ ∼ 1/m̃ (“WO regime”) and leptogenesis proceeds similarly to VL.4 We therefore expect
that η̂(m̃) reaches a maximum around m̃ & m̃S.5 In Fig. 6.15, we compare m̃S(gN) to the
value where the maximum is actually reached, which we will denote by ˆ̃mmax(gN), and
find indeed ˆ̃mmax & m̃S ∼ zS. Therefore, the suppression caused by the scattering pro-
cesses greatly reduces the efficiency, which in turn severely limits the m̃ range where WO
processes influence the efficiency compared to VL. In particular, the maximal suppression
around gN ∼ 0.7 results in η̂ < ηWO and WO processes are ineffective even for m̃→ 0.1 eV.

To summarize, we find that the scattering processes induced by the new interactions
in the MTM render the model similar to type III leptogenesis in the sense that the
scattering processes rapidly thermalize the neutrinos, resulting in a final efficiency that
is independent from the initial neutrino abundance. Moreover, over a significant part of
the parameter space, fast scattering processes prevent neutrinos from decaying, resulting
in a sizable suppression of the efficiency. Once WO processes take over, the evolution of
the efficiency is similar to VL.

6.3.3 Case A

Having discussed the dynamics of leptogenesis in the simplified scenario of the MTM,
we will now proceed to discuss the more evolved scenarios when T , σ and J can have
non-equilibrium abundances. This has a major impact on the evolution of the neutrino
abundance. In the simplified scenario and in VL, the neutrino abundance is compared
to the equilibrium abundance, i.e. how much δN deviates from one. However, as is clear
from the structure of the Boltzmann equations in (6.1.3), (6.1.5), (6.1.6) and (6.1.7),
we now need to compare δN to δT,σ,J . More precisely, if for instance δT > δN , the
neutrino abundance is enhanced by TT ↔ NN scatterings while δT < δN implies that the
neutrino abundance is diminished. Since we are now dealing with four coupled Boltzmann

4This discussion is similar to the discussions of type III leptogenesis in Ref. [148, 187].
5We expect that that maximum is reached for m̃ & m̃S rather than m̃ ∼ m̃S since γD/neq

L H(m̃S , zN ) is Boltzmann
suppressed around zS and thus effective WO, i.e. γD/neq

L H(m̃, zN > zS) > 1 requires m̃ & m̃S .
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Figure 6.15: Comparison of m̃S and ˆ̃mmax for case Â (solid) and case B̂ (dashed).
In the red region, the final efficiency is governed by scattering processes and thus
ηÂ,B̂ ∼ m̃. In the blue region, the final efficiency is independent from the effects of
scattering processes and dictated by WO processes, analogously to the strong WO
regime in VL and thus ηÂ,B̂ ∼ 1/m̃. The hatched region corresponds to the WO
regime in case Â and to the WO regime in case B̂. Moreover, it is apparent that m̃S

and ˆ̃mmax essentially depend on the final efficiency, and hence also on zS , and there-
fore m̃S , ˆ̃mmax ∼ zS ∼ zeq

S .

equations that determine the evolution of the particle abundances, it is evident that the
details are highly non-trivial and a qualitative discussion as in the simplified scenario is
not feasible. Instead, we will focus our following discussion on some fundamental features.

6.3.3.1 Thermal Rates
The Boltzmann equations given in (6.1.3), (6.1.5), (6.1.6) and (6.1.7) depend on several
thermal rates. In order to keep the discussion simple, we restrict ourselves to the ones
that have significant effects on the evolution of the particle abundances. These rates
are shown in Fig. 6.16, normalized to the respective equilibrium number density. If we
consider e.g. the thermal rates that govern the evolution of T , we find that the dominant
processes are the gauge scatterings TT ↔ AA with

γATT,AA
neq
T

∼
(
gN
zN

) 3
2

exp−
zN
gN . (6.3.14)

Thus, the Boltzmann suppresion of γATT,AA/n
eq
T depends on gN and we can anticipate that

the triplet freezes out at zT,foN = zfoT gN ∼ 10gN .
The evolution of J is governed by (inverse) decays, σ ↔ JJ , and scatterings, NN ↔ JJ ,
which are also subject to gN -dependent Boltzmann suppression,

γσ,JJ
neq
J

∼ neq
σ

neq
J

∼
(
mσzN
MN

) 3
2

exp−
√
2

gN
zN , (6.3.15)
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γNNJJ
neq
J

∼ neq
N

2

neq
J

∼


(
MN

zN

)3
, zN < 1 ,

M3
N exp−2zN , zN > 1 .

(6.3.16)

The evolution of σ is governed by (inverse) σ-decays, either a pair of Majorons or neutri-
nos, which are not Boltzmann suppressed,

γσ,JJ
neq
σ

=
K1(zN)

K2(zN)
Γσ→JJ ,

γσ,NN
neq
σ

=
K1(zN)

K2(zN)
Γσ→NN . (6.3.17)

Finally, the thermal rates that govern the neutrino evolution have already been discussed
in the previous section.

Abundances
Similarly to the previously discussed scenario, we find that N, T, σ and J almost imme-
diatly reach thermal equilibrium at zN ∼ zI if the initial abundances vanish. We will
therefore omit the t, z indices for YN,T,σ,JA

in the following. Moreover, in light of our
discussion of the simplified scenario, we attempt to approach the neutrino evolution in a
similar manner to (6.3.8). That is, we distinguish between a scatter regime where we an-
ticipate that the neutrino evolution is governed by neutrino scatterings involving T, σ and
J , and a decay regime where lepton number violating decays are presumably dominant6

so that

sHzN
d

dzN
YNA

≈ sHzN

{
d

dzN
Y scatter
NA

= −2(δ2NA
− 1)γS − 2ρA , zN < zAρ ,

d
dzN

Y decay
NA

= −(δNA
− 1)γD , zN > zAρ ,

(6.3.18)

where the transition from the scatter to the decay regime occurs at zAρ . Concerning the
scatter regime, it is evident that the first term proportional to γS diminishes the neutrino
abundance. Even though the sign of ρA is not trivial, see (6.1.2), we note that −ρA is
always positive and if it is sufficiently sizable, we can conclude that the ρA-term enhances
the neutrino abundance. Overall, we find for the most part that

[
(δ2NA

− 1)γS
]
(zN) >

|ρA(zN)| holds and hence the neutrino abundance decreases with zN . In the decay regime,
it is evident that the Boltzmann equation that governs in the neutrino evolution is the
same as in the simplified scenario. Consequently, we expect that the only difference
between the neutrino evolution in cases Â and A is due to the neutrino abundances
present at zÂS and zAρ , respectively.
In Fig. 6.12 (lower panels), we show density plots of zAρ (m̃, gN) (left), zAρ (m̃) (middle)
and zAρ (gN) (right) for gN = [0.1, 0.7, 1] and m̃ = [5 × 10−5, 10−3, 10−1]eV, respectively.
Moreover, since the relevant quantity that governs the evolution of the efficiency is the
deviation of the neutrino abundance from equilibrium ∆N defined as

∆i ≡ δi − 1 , (6.3.19)
6Note that we again neglect quark scatterings throughout the discussion.
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Figure 6.16: Thermal rates relevant for the evolution of N (panels 1–3), T (panels
4–6), σ (panels 7–9) and J (panels 7–9) for gN = 0.1 (left), gN = 0.7 (middle) and
gN = 1 (right). The thermal rates without T in the initial or final state are indenti-
cal for cases A and B. Note that the lower limits of the zN -range are given by zI and
hence depend on gN . See text for details.

it is convenient to disucss the evolution of ∆NA,Â
(zN), as shown in Fig. 6.17, rather than

dYNA,Â
/dzN(zN).

In the scatter regime, the thermal rates that govern the neutrino evolution are indepen-
dent from m̃ and hence ∆NA

(zN)|zN<zAρ and ∆NÂ
(zN)|zN<zÂS do not depend on m̃, as is

also evident from Fig. 6.17. The effects of gN on the evolution of the neutrino abundance
in the scatter regime are highly non-trivial. From panels 1 and 2 in Fig. 6.17 we can
infer that ∆NA

(zN)|zN<zAρ � ∆NÂ
(zN)|zN<zÂS , i.e. the neutrino abundance in the simpli-

fied scenario deviates significantly less from equilibrium compared to case A. This can
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Figure 6.17: Evolution of ∆NA
(solid lines) and ∆NÂ

(dashed lines) for
m̃ = [5× 10−5, 10−1]eV and gN = 0.1 (panel 1), gN = 0.7 (panel 2), gN = 1 (panel 3).
The vertical solid lines indicate zAρ while the vertical dashed lines denote zÂS . Note
that the lower limits of the zN -range are given by zI and hence depend on gN . In
the scatter regimes, i.e. zN < zAρ and zN < zS for case A and Â, respectively,
the neutrino evolution is determined by scatterings involving T, σ and J and conse-
quently, ∆NA

(zN )|zN<zA
ρ
and ∆NÂ

(zN )|
zN<zÂ

S
are independent from m̃. We find that

for zN � {zAρ , zS}, the neutrino abundance in case A deviates from equilibrium no-
tably stronger than in case Â. In the decay regime, zN > {zAρ , zS}, and for gN = 0.1
(panel 1), the neutrino evolution is entirely driven by inverse neutrino decays and
apart from the different conditions at zN = zAρ and zN = zS , respectively, indepen-
dent from the scattering processes. Thus, we find that in the decay regime ∆NA

(zN )
approaches ∆NÂ

(zN ). For gN ≥ 0.7 (panels 2 and 3) on the other hand, ∆NA
(zN ) ini-

tially approaches ∆NÂ
(zN ) in the decay regime but eventually increases again when T

freezes out and enhances the neutrino abundance.

be explained by considering the Boltzmann equations given in (6.1.3) and (6.1.8). In the
simplified scenario, neutrinos interact by definition only with particles that are in perfect
equilibrium, i.e. the term

Â :
(
δNÂ

− 1
)
γS (6.3.20)

always forces neutrinos into equilibrium, provided that γS is fast. On the other hand, if
T, σ and J can deviate from equilibrium, the individual terms are e.g. of the form

A :
(
δ2N − δ2X

)
γNN,XX . (6.3.21)

Thus, if a process γNN,XX is fast, the abundances strive towards δN ∼ δX and not towards
δN → 1. Moreover, the only particle that directly interacts with a species that we assume
to be in perfect equilibrium is T via the gauge scatterings TT ↔ AA. Since the gauge
scatterings are fast, we indeed have δT → 1. If N, σ and J would have very fast interac-
tions with T , this would also result in δT ∼ δN,σ,J ∼ 1. However, the only fast interaction
involving T is NN ↔ TT , which is not as fast at changing the neutrino abundance for
as σ ↔ NN and NN ↔ JJ (at least for gN ≤ 0.7), see Fig. 6.16. In other words, the
neutrino abundance strives towards the same abundance as the particles it dominantly
interacts with, and given that σ and J are not perfectly in equilibrium either, this clearly
implies ∆NA

(zN)|zN<zAρ � ∆NÂ
(zN)|zN<zÂS for gN ≤ 0.7. Moreover, recall that the evo-
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lution of σ is governed by interactions that are not Boltzmann suppressed, while the
corresponding interactions that determine the evolution of N and J are Boltzmann sup-
pressed. Thus, if m̃ and gN are so small that neutrinos are not thermalized via N ↔ LH
when the Boltzmann suppression sets in, fast σ-decays produce an overabundance of N
and J , i.e. δNA

> 1, for zN < zAρ , see e.g. Fig. 6.18.
In contrast, for gN > 0.7, neutrino interactions with T are sufficiently fast, forcing neutri-
nos more efficiently into equilibrium and hence ∆NA

(zN)|zN<zAρ & ∆NÂ
(zN)|zN<zÂS . More-

over, σ ↔ NN is kinematically forbidden and γσ,JJ/n
eq
J H is fast up to large zN , hence σ

decays do not create notable overabundances of N or J .
Next, let us consider the transition from the scatter to the decay regime. From (6.3.18),
it is evident that when the transition from the scatter to the decay regime takes place in
case A depends strongly on the abundances of N, σ, J and T . This is in contrast to case
Â, where we could predict zS based on the thermal rates alone. From Fig. 6.12, we find
that overall, zAρ behaves similarly to zS as m̃ and gN change, i.e. zAρ decreases with m̃ and
increases with gN . Yet, we find two striking qualitative differences. First, zAρ drops faster
with m̃ compared to zS and secondly, the peak at gN ∼ 0.7 present in zS washes out in
zAρ once m̃ & 10−3 eV. In order to roughly quantify this effect, recall that the transition
from the scatter to the decay regime in case A occurs at∣∣∣∣ d

dzN
Y scatter
NA

(zN = zAρ )

∣∣∣∣ = ∣∣∣∣ d
dzN

Y decay
NA

(zN = zAρ )

∣∣∣∣ . (6.3.22)

If neutrinos are close to equilibrium at zAρ , we can use

δNA
= 1 + ε , ε� 1 , (6.3.23)

and rewrite (6.3.22) as

γD ≈ 4γS +
2ρA
ε
. (6.3.24)

Thus, we can interpret 2ρA/ε as a modification of the summed scattering rate γS which
arises due to δT,σ,J 6= 1. Since 2ρA/ε < 0, we conclude that the transition from the scatter
to the decay regime roughly takes place at

γD . 4γS , (6.3.25)

and hence zAρ . zS. To put it differently, δT,σ,J 6= 1 in case A effectively slows down
the scattering rates involving N, σ, J and T and therefore allows lepton number violating
neutrino decays to take over for smaller zN .
Let us now discuss the decay regime. For gN < 0.7 we find, as expected, that ∆NA

→ ∆NÂ

for zN � zAρ , z
Â
S , i.e. the neutrino evolution both in cases A and Â is determined by γD

while the scattering processes are irrelevant. For gN ≥ 0.7 on the other hand, ∆NA
starts

to deviate from ∆NÂ
for zN → 20. This behavior is especially prominent for m̃ = 10−1 eV

and can be traced back to effects from the evolution of T . At zN ∼ 10gN , T begins
to freeze out, resulting in δTA > δNA

, hence enhancing the neutrino abundance. Thus,
although neutrino decays dominate the neutrino evolution, scattering processes involving
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T are not completely negligible.
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Figure 6.18: Evolution of the abundances of N, σ, T and J for gN = [0.1, 0.7, 1] and
m̃ = [5× 10−5, 10−2]eV. In the right figure, we have gN = gT and therefore Y eq

N = Y eq
T .

Note that the lower limits of the zN -range are given by zI and hence depend on gN .
For small zN , scattering proccesses and (inverse) σ-decays keep N,T, σ and J close
to equilibrium. At zT = zN/gN ∼ 10, the gauge interactions of T decouple and
consequently, T begins to freeze out, independently from m̃. On the other hand, σ
never sizably deviates from equilibrium, irrespective of gN and m̃. In contrast, the
evolutions of N and J are severely affected by the values of gN and m̃. If gN and m̃
are small, see for example panel 1, their abundances overshoot the equilibrium abun-
dances. Moreover, while the neutrino abundance drops due to lepton number violating
neutrino decays, the Majoron abundance freezes out once the interactions with N and
σ decouple. For larger gN and m̃, see e.g. panel 6, neither the neutrino- nor the Ma-
joron abundance significantly deviates from equilibrium.

Efficiency
In Fig. 6.20, we show ηA,Â,V L(zN) for gN = [0.1, 0.7, 1] and m̃ = [5 × 10−5, 10−2]eV. If
the initial abundances of YN,T,σ,J vanish, we find analogously to the simplified scenario
that neutrinos are mainly produced via scattering processes involving T, σ and J while
only a fraction of neutrinos stems from lepton number violating inverse decays and quark
scatterings. In comparison with the simplified scenario though, the portion of neutrinos
produced from lepton number violating interactions is slightly larger since T, σ and J
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initially vanish as well. Hence, the for zN & zI , the efficiency ηzA(zN) is negative and
changes sign slightly later than ηz

Â
(zN), but sill faster than ηzVL. For simplicity, we there-

fore restrict the following discussion to ηtA.
To begin, let us first consider the regime where m̃ is sufficiently small to render WO
effects insignificant. Hence, we can write the Boltzmann equations for the efficiency in
the scatter and decay regime, respectively, as

d
dzN

ηA =
1

sHzN
(δNA

− 1)γD
1

Y 0
N

≈

− 1
Y 0
N

γD
4γS

(
d

dzN
YNA

+ 2ρA
sHzN

)
, zN < zAρ ,

− 1
Y 0
N

d
dzN

YNA
, zN > zAρ ,

(6.3.26)

yielding the final efficiency as

ηA(∞) = ηA(z
A
ρ ) +

1

Y 0
N

YNA
(zAρ ) . (6.3.27)

From (6.3.26), it is apparent that the same suppresion factor, γD/4γS, as in the simpli-
fied scenario reappears. However, as discussed previously, neutrinos deviate more from
equilibrium than in the simplified scenario, i.e.∣∣∣∣dYNA

dzN
+

2ρA
sHzN

∣∣∣∣� ∣∣∣∣dYNÂ

dzN

∣∣∣∣ , (6.3.28)

which counteracts the suppression. Consequently, ηA(zN) can become comparably sizable
already in the scatter regime, unlike the efficiency in the simplified scenario which is
created mainly around zÂS . This is prominent in Fig. 6.20 (panels 1–3) where we find
ηA
(
zAρ
)
� ηÂ

(
zÂS

)
with zAρ ∼ zÂS . Recalling that we had zAρ . zÂS for the most part of

the parameter space, we note that the efficiency ηA is additionally enhanced compared
to ηÂ due to YNA

(
zAρ
)
> YNÂ

(
zAρ
)
. In other words, in the simplified scenario, fewer

neutrinos that are capable of lepton number violating decays exist at zÂS than to zAρ .
Nevertheless, note that even though the suppression of the efficiency in the scatter regime
is less pronounced in case A compared to the simplified scenario Â, the largest portion
of the efficiency ηA(zN) is produced when the transition to the scatter regime takes place
around zAρ .
Considering the final efficiencies, see Fig. 6.5, we find that apart from the quantitative
differences, ηA behaves similarly to ηÂ and increases with m̃ until a maximum is reached
at m̃A

max. Afterwards, WO effects become relevant and hence ηA(m̃) ∼ 1/m̃. Moreover,
since the efficiency ηA is most effectively created around zAρ , we find ηA ∼ 1/zAρ . Note
that even though ηA is less suppressed in the scatter regime than ηÂ, we find similarly to
the simplified scenario that the suppression is sufficient to render WO effects irrelevant
until the decay regime is reached at zAρ , see Fig. 6.19 (panels 7-9), and thus m̃A

max ∼ zAρ ,
see Fig. 6.19.
Before we proceed, let us shortly discuss the efficiency in the limiting case where gN → 1
and m̃ → 10−1 eV. As discussed in Sec. 6.3.1, the final efficiency ηA slightly exceeds
the efficiency ηWO that is usually obtained when WO effects are strong. This can be
traced back to two effects. The suppression of ηA(zN) in the scatter regime is maximal

– 111 –



Chapter 6. Leptogenesis in the Majoron + Triplet Model

0.1 0.2 0.3 0.4 0.6 0.8 1.0
𝑔𝑁

10−4

10−3

10−2

10−1

̂𝑚̃max

𝑚̃max

WO: 𝜂 ∼ 1
𝑚̃

WO: 𝜂 ∼ 𝑚̃

𝐴
𝐵

̂𝐴
𝐵̂

Figure 6.19: Comparison of m̃max and ˆ̃mmax for cases Â, A (solid) and B̂, B
(dashed). The red shading indicates the region where the final efficiency in cases A,B
is determined by scattering processes and neutrino decays and hence proportional to
m̃. The final efficiency in the blue region is determined by WO processes, resulting in
ηA,B ∼ 1/m̃. The hatched region corresponds to the WO regime in case A and to the
WO regime in case B. While the strong suppression of the efficiency in the simplified
scenario results in a peak around gN ∼ 0.7 in ˆ̃mmax, we can easily see that due to the
weaker suppression in cases A,B, this peak is absent in m̃A,B

max. Nevertheless, similarly
to ˆ̃mmax ∼ zS , we find m̃max ∼ zρ which indicates that even though the suppression
of the efficiencies in cases A,B is weaker compared to the simplified scenario, the effi-
ciency is still mainly created around zρ and hence WO is only effective for zN > zAρ .
Next, note that the absence of interactions with T in case B renders the scattering
processes less efficient at thermalizing the neutrinos compared to case A, resulting in
m̃B

max < m̃A
max.

for gN ∼ 1 and WO is only effective for m̃ & 10−2 eV, see Fig. 6.19, and even in the limit
m̃ → 10−1 eV, WO effects actually diminish the efficiency only for zN & 6 (see Fig. 6.20,
panel 9). However, at zN ∼ 10, T starts to freeze out and as discussed previously, this
slightly enhances the neutrino abundance and therefore counteracts WO effects. Thus,
even when WO effects are strong, the evolution of the efficiency is not entirely driven by
VL interactions.

To summarize this discussion, we find that the efficiency in case A is enhanced compared to
case Â where δT,σ,J = 1. Accounting for δT,σ,J 6= 1 has the effect that neutrinos can deviate
more from equilibrium, enhancing the efficiency in the scatter regime. Additionally, the
transition from the scatter to the decay regime tends to occur at smaller zN compared
to the simplified scenario, and hence before the neutrino abundance is diminished due to
Boltzmann suppression.
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Figure 6.20: Efficiencies ηt,zA , ηt
Â
and ηt,zVL as functions of zN . The blue region indi-

cates where inverse decays are in equilibrium, the solid vertical line denotes zρ and the
dashed vertical line denotes zS . Note that the lower limits of the zN -range are given
by zI and hence depend on gN . As the efficiency in VL does not depend on gN , ηtVL
and ηzVL are the same in each column. It is evident that the efficiency ηtA is less sup-
pressed in the scatter regime compared to the efficiency in the simplified scenatio ηt

Â
.

Moreover, in panels 7–9, it is apparent that WO processes diminish ηA notably only
once the transition to the scatter regime takes place, i.e. once zN & zAρ . Considering
ηzA, the neutrino production occurs mainly via lepton number violating inverse decays
and quark scatterings, in contrast to e.g. case Â.
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Figure 6.21: Evolution of ∆NA
(solid lines) and ∆NB

(dashed lines) for different
values of m̃ = [5 × 10−5, 10−1]eV and gN = 0.1 (panel 1), gN = 0.7 (panel 2),
gN = 1 (panel 3). The vertical solid lines indicate zAρ while the vertical dashed lines
belong to zBρ . Note that the lower limits of the zN -range are given by zI and hence de-
pend on gN . Due to the absence of interactions with T in case B, the neutrino abun-
dance in the scatter regime deviates more from the equilibrium abundance compared
to case A where NN ↔ TT scatterings are fast.

6.3.4 Case B

6.3.4.1 Thermal Rates
In Fig. 6.16, we show the most relevant thermal rates for the evolution of the abundances
of N, σ, T and J . In contrast to case A, the gauge interactions of T are fast throughout the
whole leptogenesis era and in particular, T does not freeze out and remains in equilibrium.
Moreover, the thermal rate γBNN,TT is negligibly small while the remaining thermal rates
are independent from gT and thus identical to case A. Hence, we can conclude that the
evolutions of N, σ and J are decoupled from the evolution of T .

6.3.4.2 Discussion of case Bt

With the results from the previous section in mind, the discussion of leptogenesis in case
Bt is straightforward. It is evident that the main difference between case A and case Bt is
the absence of sizable interactions of N, σ, J with the thermalized triplet in the latter case.
Thus, as can also be seen in Fig. 6.21, the neutrino abundance in case Bt in the scatter
regime deviates more from equilibrium than in case A. Moreover, the overall magnitude
of neutrino scatterings is smaller in case Bt, translating to zBρ . zAρ . It is then clear that
ηtB should slightly exceed ηA, in agreement with Fig. 6.6. Note that in contrast to case
A, T does not begin to freeze out around zN ∼ 10, and hence the enhancement of the
efficiency for gN ≥ 0.7 and zN → 20 is absent in case B. Finally, since ηtB(zN) & ηtA(zN),
WO effects become relevant for smaller m̃ compared to case A, hence m̃B

max < m̃A
max, see

Fig. 6.19.
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6.3.4.3 Discussion of case Bz

Abundances
Recall that in the previously discussed scenarios, the initial abundances of N, T, σ and J
are irrelevant as fast scatterings almost immediatly thermalize them, even if the initial
abundances vanish. In case Bz, the situation is different. The triplet T has fast gauge
interactions and is therefore always near equilibrium, δT ∼ 1. However, N, σ and J do
not have sizable interactions with T and consequently, triplet scatterings do not populate
the plasma with N, σ and J , in contrast to case A. Instead, the Boltzmann equation for
the neutrino evolution at zN ∼ zI is the same as in VL, see the discussion in Sec. 4.3.3.3,
i.e.

sHzN
d

dzN
Y z
NB,V L

≈ γD , δzNB
� 1 , (6.3.29)

and inverse decays populate the plasma with neutrinos. These neutrinos have fast in-
teractions with σ and J , i.e. once a non-vanishing neutrino abundance exists, neutrino
scatterings populate the plasma with σ and J and the Boltzmann equation in case Bz

now becomes

sHzN
d

dzN
Y z
NB

≈γD + κ , δzNB
� 1 . (6.3.30)

Here, we defined

κ ≡− 2(δN
2 − δJ

2
)γNNJJ − 2(δN

2 − δσ
2
)γNNσσ − 2(δN

2 − δJδσ)γNNσJ + 2δsubγσ,NN ,
(6.3.31)

with δi ≡ δziB . The sign of κ is crucial for the neutrino evolution. Initially, when
δσ ∼ δJ ∼ 0, κ is clearly negative and hence diminishes the neutrino abundance. If κ
stays negative, this implies that it takes the neutrinos longer to reach an equilibrium
abundance compared to VL. On the other hand, if κ changes sign at some point, the
plasma is populated with neutrinos via σ- and J-scatterings, hence neutrinos reach equi-
librium faster. In order to make this more transparent, let us first define that a species i
reaches its equilibrium abundance at zieq, i.e. when

Y z
iB
(zieq) = Y eq

i (zieq) (6.3.32)
with

Y z
iB
(zN)

{
< Y eq

i (zN) , zN < zieq ,

> Y eq
i (zN) , zN > zieq ,

(6.3.33)

holds. Moreover, let us define (gIAN , m̃IA) so that
zNeq(m̃

IA, gIAN ) = 1 , (6.3.34)
with

zNeq(m̃ < m̃IA, gN < gIAN ) > 1 , (6.3.35)
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zNeq(m̃ > m̃IA, gN > gIAN ) < 1 . (6.3.36)

In Fig. 6.22, we show z
(N,σ,J)
eq in terms of density plots in the gN − m̃ plane where the

white line corresponds to m̃IA(gN). In the green region, the respective particle reaches
equilibrium faster than zN = 1. This is sufficiently fast in the context of leptogenesis
to consider it as instant. The grey regions indicate that the respective particle has not
reached equilibrium until zN = 10.7 It is evident that m̃IA(gN) not only separates the
parameter space into two region where neutrinos reach either equilibrium slowly or fast
but that the same separation holds for the thermalization of σ and J . Recalling Fig. 6.7,
is is also clear that the region where the particles do not reach equilibrium until zN = 1
coincides with the IA region.
Let us now discuss how different values of m̃ and gN affect the dynamics with which the
plasma is populated with N, σ and J in greater detail. For convenience, we show zNeq(gN)

and zNeq(m̃) in Fig. 6.23 for gN = [0.1, 0.2, 0.24] and m̃ = [5×10−5, 5×10−4, 2.5×10−3]eV,
respectively, while in Fig. 6.24, we show Y z

(N,σ,J)B
(zN). First, let us focus on gN = 0.1 and

m̃ = 5 × 10−5 eV. From Fig. 6.24 (panel 1), it is evident that the plasma is populated
with neutrinos very slowly, owing to the smallness of γD. Consequently, the scatterings in
κ populate the plasma with σ and J slowly as well, hence diminishing the neutrino abun-
dance. Clearly, it takes neutrinos longer to reach equilibrium than in to VL, i.e. zNeq > zVL

eq ,
and additionally, the scattering processes in κ become Boltzmann suppressed before σ and
J reach their respective neutrino abundances. As m̃ increases, inverse decays become more
efficient at populating the plasma with neutrinos and consequently, the abundances of σ
and J that are produced by neutrino scatterings before κ becomes Boltzmann suppressed
increase as well (see e.g. panel 4 with m̃ = 5× 10−4 eV in Fig. 6.24). Thus, it still takes
neutrinos longer to reach equilibrium than in VL. Compared to zNeq(m̃ = 5 × 10−5 eV)

though, note that neutrinos reach equilibrium faster, hence zNeq ∼ 1/m̃. This lasts until
m̃ ∼ m̃IA ∼ 2.5 × 10−3 eV (panel 7 in Fig. 6.24), where the plasma is populated with
neutrinos sufficiently fast so that sizable abundances of σ and J arise before Boltzmann
suppression sets in. This prompts κ to change sign and hence σ and J scatterings en-
hance the neutrino abundance. As is apparent from Fig. 6.23, this results in a rapid drop
of zNeq(m̃) around m̃IA while zVL

eq (m̃) continues to drop steadily. Moreover, note that for
m̃ & m̃IA, zNeq continues to appraoch zI .
On the other hand, as gN changes while m̃ < m̃IA, neutrinos scatter away to populate
the plasma with σ and J more efficiently, but not yet fast enough to reach sizable σ and
J abundances, hence it takes neutrinos longer to reach equilibrium and zNeq ∼ gN , see
Fig. 6.23. In comparison, zVL

eq does not depend on gN and thus zNeq < zVL
eq . Eventually,

at gN ∼ gIAN , neutrino scatterings are so fast at producing σ and J populations that κ
changes sign. Thus, zNeq drops rapidly at gN ∼ gIAN and neutrinos reach equilibrium faster
than in VL.
Thus, we find that the dynamics with which the plasma is populated with N, σ and J

7We use this cut-off for visual purposes and stress that the exact numerical value is irrelevant. Note that since Boltzmann
suppression effects are strong around zN ∼ 10, it is reasonable to assume that the evolutions of σ and J do not significantly
affect the neutrino evolution if zN > 10.
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Figure 6.22: Density plots of z(N,σ,J)
eq in the gN − m̃ plane. The green regions indi-

cate where thermalization proceeds rapidly so that zieq � 1. In the grey region, the
respective particle is not thermalized until zN = 10. The white lines indicate zieq = 1.
Note that we show only a subset of the full gN − m̃ plane. See text for details.

0.1 0.2 0.4 0.6 0.8 1.0
𝑔𝑁

10−1

100

101

𝑧𝐼

𝑧VL
eq , 𝑚̃ = 5 × 10−5𝑒𝑉

𝑚̃ = 5 × 10−5𝑒𝑉

𝑔𝐼𝐴
𝑁

𝑧VL
eq , 𝑚̃ = 5 × 10−4𝑒𝑉

𝑚̃ = 5 × 10−4𝑒𝑉

𝑔𝐼𝐴
𝑁

𝑧𝑁
eq

𝑧𝐼

𝑧VL
eq

10−4 10−3 10−2 10−1

𝑚̃/eV

𝑧VL
eq

𝑧𝐼 , 𝑔𝑁 = 0.1

𝑔𝑁 = 0.1

𝑚̃𝐼𝐴

𝑧𝐼 , 𝑔𝑁 = 0.2

𝑔𝑁 = 0.2

𝑚̃𝐼𝐴

𝑧𝑁
eq

𝑧𝐼

𝑧VL
eq

Figure 6.23: Left: zNeq as a function of gN for m̃ = [5 × 10−5, 5 × 10−4]eV, compared
to zVL

eq and zI . Right: zNeq as a function of m̃ for gN = [0.1, 0.2], compared to zVL
eq and

zI . We note that zVL
eq (zI) is constant in the left (right) panel as it does not depend

on gN (m̃). The dash-dotted line denotes gIAN (left) and m̃IA (right), respectively. See
text for details.

is very sensitive to the interplay between gN and m̃. If (gN , m̃) < (gIAN , m̃IA), the scat-
terings involving σ and J slowly diminish the neutrino abundance. On the other hand,
if (gN , m̃) > (gIAN , m̃IA), sizable populations of σ and J arise that in turn enhance the
neutrino abundance.
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Figure 6.24: Evolution of YN,σ,J(zN ), compared to the respective equilibrium abun-
dances, for gN = [0.1, 0.2, 0.24] and m̃ = [5×10−5, 5×10−4, 2.5×10−3]eV. The vertical
solid line indicates zNeq while the vertical dashed line indicates zVL

eq . We do not show
YT as it is always close to equilibrium. Note that in panels 1, 2 and 4, Yσ does not ap-
pear since no sizable abundances of σ are produced. The Majoron never reaches equi-
librium and hence freezes in once the interactions with N and σ decouple. Comparing
e.g. panels 1 and 2, it becomes apparent how slightly increasing gN slows the neutrino
thermalization down due to an enhanced scattering rate of neutrinos to Majorons. In
panel 3, gN is sufficiently sizable to render the interactions between N, σ and J strong
enough to briefly thermalize them before these interactions decouple. Similarly, in-
creasing m̃ enhances the neutrino production and therefore indirectly also enhances
the production of σ and J , thus thermalizing them faster (see panels 2, 4 and 8).

– 118 –



Chapter 6. Leptogenesis in the Majoron + Triplet Model

100 101

𝑧𝑁

10−5

10−4

10−3

10−2

10−1

100

𝑧𝑁
eq

𝑧VL
eq

𝑚̃ = 5 × 10−5𝑒𝑉∣𝜂𝑧
VL∣

∣𝜂𝑧
𝐵∣ , 𝑔𝑁 = 0.1

∣𝜂𝑧
𝐵∣ , 𝑔𝑁 = 0.15

∣𝜂𝑧
𝐵∣ , 𝑔𝑁 = 0.2

10−1 100 101

𝑧𝑁

𝑚̃
= 5 × 10

−5 𝑒𝑉𝑚̃
= 5 × 10

−4 𝑒𝑉

𝑧VL
eq𝑧VL

eq 𝑧𝑁
eq𝑧𝑁

eq 𝑔𝑁 = 0.1∣𝜂𝑧
𝐵∣

∣𝜂𝑧
VL∣

Figure 6.25: Left: Evolution of |ηzB | for gN = [0.1, 0.15, 0.2] (dashed, dash-dotted,
dotted) and m̃ = 5× 10−5 eV, compared to |ηzVL| (solid). For zI � zN � {zNeq, z

VL
eq },

the evolution of the efficiency is dominated by (inverse) neutrino decays and
therefore independent of gN . The efficiencies |ηzB | (zN ) and |ηzVL| (zN ) increase
with zN until they peak at zNeq and zVL

eq , respectively. In VL, ηzVL(zN ) eventu-
ally changes sign while ηzB(zN ) stays negative. As zNeq increases with gN , we have
ηzB(z

N
eq)|gN=0.1 < ηzB(z

N
eq)|gN=0.15 < ηzB(z

N
eq)|gN=0.2. Right: Evolution of |ηzB | (solid)

for gN = 0.1 and m̃ = [5 × 10−5, 5 × 10−4]eV, compared to |ηzVL| (dashed). For
zN � {zNeq, z

VL
eq }, the evolution of the efficiency is determined by γD ∼ m̃, i.e. a larger

m̃ enhances the negative part of ηzB and ηzVL produced in zN � zNeq and zN � zVL
eq ,

respectively. As neutrinos are thermalized faster, zNeq and zVL
eq decrease with m̃.

Efficiency
From the discussion in Sec. 4.3.3.3, recall that in the scenario of an initially vanishing
neutrino abundance, the final efficiency ηzVL can be divided into a negative efficiency that is
produced until zVL

eq and a positive efficiency produced afterwards. Thus, we can anticpate
that the value of zNeq in leptogenesis in the MTM will affect the evolution of the efficiency.
In the IA regime (gN , m̃) > (gIAN , m̃IA), it is clear that the evolution of the efficiency is
similar to case Bt and therefore, the relevant scenario to consider is (gN , m̃) < (gIAN , m̃IA).
In this regime, m̃ is small, allowing us to neglect WO effects in the Boltzmann equation
for the efficiency,

sHzN
d

dzN
ηzB ≈ 1

Y 0
N

(δN − 1)γD . (6.3.37)

As in VL, see Sec. 4.3.3.3, the inverse decays that populate the plasma with neutrinos
also generate a negative efficiency,

sHzN
d

dzN
ηzB

zN�zNeq
≈ − 1

Y 0
N

γD (6.3.38)

so that
η−B ≡ η(zNeq) < 0 . (6.3.39)
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Thus, while zN � {zNeq, z
VL
eq }, the efficiency ηzB(zN) evolves in the same way as ηzVL(zN)

and is independent from gN , as is also highlighted in Fig. 6.25. Eventually, neutrinos
reach equilibrium and for zN > zNeq, a positive efficiency is produced with

η+B ≡
∫ ∞
zNeq

dzN
1

Y 0
N

(δN − 1)γD
1

sHzN
> 0 . (6.3.40)

If we further assume that for zN > zNeq, neutrino scatterings to σ and J are already
irrelevant due to Boltzmann suppression, (inverse) decays N ↔ LH are the only relevant
processes and we find

η+B h
1

Y 0
N

Y z
NB

(zNeq) , (6.3.41)

and can express the final efficiency as
ηzB(z

N
eq(m̃, gN), m̃, gN) = η+B(z

N
eq(m̃, gN), m̃, gN) + η−B(z

N
eq(m̃, gN), m̃, gN) . (6.3.42)

Moreover, recall from Fig. 6.7 that ηzB is negative for certain parts of the parameter space
which implies |η−| > η+. For the following discussion, it is convenient to define that ηzB
changes sign at (m̃ =: m̃±, gN =: g±N), i.e.

η+B(m̃
±, g±N) = |η−B(m̃

±, g±N)| (6.3.43)
so that

ηzB(m̃, gN) <0 , (m̃, gN) < (m̃±, g±N) , (6.3.44)
ηzB(m̃, gN) >0 , (m̃, gN) > (m̃±, g±N) . (6.3.45)

In order to discuss how ηzB depends on zNeq, m̃ and gN in greater detail, we show |η−B |, η
+
B

and ηzB as functions of gN (left) and m̃ (right) with m̃ = 5 × 10−5 eV and gN = 0.1,
respectively, in Fig 6.26. Note that in the blue regions, the initial conditions are relevant
for the final efficiency, while in the red regions, the initial conditions are irrelevant for the
final efficiency.
In the left panel, it is evident that |ηzB| changes sign at g±N ∼ gIAN , hence the blue region
corresponds not only to the IA regime but also to a negative final efficiency, ηzB < 0.
Moreover, from (6.3.38), it is clear that |η−B(gN)| ∼ zNeq(gN) and hence |η−B | ∼ gN . On
the other hand, the Boltzmann suppression of the neutrino abundance for zN > 1 implies
that

Y z
NB

(zNeq) ∼ e−zNeq , (6.3.46)

and thus η+B ∼ 1/zNeq(gN) ∼ 1/gN . Thus, as gN increases, the absolute value of the neg-
ative efficiency increases while the positive contribution decreases. Overall, this implies
that ηzB decreases with gN or, since ηzB is negative, |ηzB| ∼ gN . Once gN ∼ gIAN ∼ g±N is
reached, neutrinos reach equilibrium so quickly that the initial abundances are rendered
irrelevant and the contribution from η−B becomes insignificant. Hence, ηzB changes sign,
resulting in ηzB ∼ η+B > 0.
Concerning the right panel of Fig. 6.26, we find that m̃± < m̃IA, i.e. ηzB changes sign
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Figure 6.26: Left: |ηzB |, |η
−
B |, η

+
B and zNeq as functions of gN with m̃ = 5 × 10−5 eV.

In the blue region, the final efficiency depends on the initial abundances while in the
red region, the final efficiency is independent from the initial abundances. The vertical
line denotes g±N . Right: |ηzB |, |η

−
B |, η

+
B and zNeq as functions of m̃ with gN = 0.1. In

the blue region, the final efficiency depends on the initial abundances while in the red
region, the final efficiency is independent from the initial abundances. The vertical line
denotes m̃±. Note that |η−B | begins to increase again once m̃ & 10−2 eV holds. This is
due to washout processes reducing the efficiency and independent from the scattering
processes in the MTM.

while the initial conditions are still relevant. Moreover, from (6.3.38), it is evident that
the neutrino production via inverse decays proceeds faster for larger m̃ and therefore
|η−B | ∼ 1/zNeq(m̃) ∼ m̃. This implies in turn that the Boltzmann suppression of the
neutrino abundance at zNeq(m̃) increases with m̃ and hence η+B ∼ zNeq(m̃) ∼ 1/m̃. Thus,
both |η−B | and η+B increase with m̃. However, η+B(m̃) eventually increases faster and
approaches |η−B | before taking over. Thus, the transition from ηzB < 0 to ηzB > 0 is not as
rapid as in the left panel of Fig. 6.26 and results in a sizable m̃ range around m̃± where
the final efficiency almost vanishes. The final efficiency becomes only sizable once |η−B |
drops around m̃IA when neutrino thermalization becomes fast, resulting in ηzB ∼ η+B > 0.
Thus, the region around m̃± where ηzB almost vanishes depends crucially on the difference
between m̃IA and m̃± which in turn depends on gN . Since η+B decreases with gN faster
than |η−B | increases, a slight increase of gN compared to gN = 0.1 diminishes η+B compared
to |η−B | and hence moves m̃± closer to m̃IA. Note that the gap closes roughly at gN ∼ 0.15
so that m̃±(0.15 & gIAN ) ≈ m̃IA(0.15 & gIAN ).

To summarize, we find that the interactions of neutrinos with σ and J can either sig-
nificantly slow down how fast neutrinos reach equilibrium or enhance it, depending on
the values of m̃ and gN . If zNeq is comparably large, the amount of neutrinos that can
produce a positive efficiency for zN & zNeq is severely diminished, so that either the final
efficiency remains negative or is even approximately cancelled. Thus, the final efficiency
in the parameter space where both m̃ and gN are small depends significantly on the initial
abundances and the interplay between N, σ and J .
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6.3.5 Cases C,D
From the comparison of cases A and B, it is easy to understand of the behavior of the
efficiency in case C where gN = λσ = 1 and gT ∈ [10−7, 1]. As gT decreases, the magnitude
of the thermal rate γNN,TT decreases as well, and hence the neutrino abundance deviates
more from equilibrium. Thus, as can be seen in Fig. 6.8, the efficiency ηC initially increases
with gT . However, at gT . 10−3, γNN,TT becomes ineffective, prompting the evolution
of T to decouple from the evolutions of N, σ and J and hence ηC (gT . 10−3) becomes
constant. Moreover, note that since gN = 1, the efficiency is strongly suppressed compared
to VL unless m̃→ 0.1.
In case D, we vary λσ in the range [10−2, 1] and find that ηD slightly decreases with
λσ. However, since most of the thermal rates appearing in the Boltzmann equations for
leptogenesis depend non-trivially on λσ, it is not feasible to make qualitative statements
on the λσ-dependence of the efficiency ηD.

6.4 Dark Matter
In the previous section, we have exclusively focussed on the implications different values of
the parameters gN , gT , λσ and m̃ have on the evolution of the particle abundances and the
efficiency. However, in the discussions of cases A and B, we saw that the interactions that
govern the evolutions of J and T eventually decouple. Consequently, their abundances
either freeze in or -out, and it is therefore reasonable to discuss the implications of the
models with regard to DM .

6.4.1 Majoron
As discussed in Sec. 5.1.1, the Majoron can be a valid DM candidate in the generic singlet
Majoron model, provided that it acquires a suitable mass and decays to light neutrinos
are sufficiently slow. In this work, we do not specify a mechanism that generates the
required Majoron mass mJ and merely focus on the implications of Majoron DM in the
context of the MTM, assuming that the decay width to neutrinos is sufficiently small to
render the Majoron stable on cosmological time scales.
In the leptogenesis era, the Majoron interacts via scatterings and (inverse) decays with
N, σ and T . These interactions eventually become Boltzmann suppressed and decouple
around zdN ∼ 10, yielding a constant Majoron abundance YJ(zdN) that depends on the
values of gN , m̃ and gT as well as on the initial abundances. In case A and Bt, the
Majoron freezes out with an abundance YJ(zdN) ≥ Y eq

J (zdN), see Fig. 6.18, while in case
Bz with (m̃, gN) . (m̃IA, gIAN ), the Majoron does not necessarily reach equilibrium and
thus freezes in with YJ(z

d
N) ≤ Y eq

J (zdN), see Fig. 6.24. Using (4.1.7) and (4.1.4) and
demanding ΩJ(m

DM
J )

!
= ΩDM, we can determine the Majoron mass that is necessary in

order to obtain DM that only consists of Majorons. Note that this implies an upper limit
on the Majoron mass: A smaller Majoron mass than mDM

J would merely indicate that
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contributions to the DM relic density from other species are necessary, while mJ > mDM
J

would overproduce DM . In Fig. 6.27, we show density plots of mDM
J in the gN − m̃ plane

for case Bt (left) and case Bz (middle). We stress that the constraints from case A and Bt

result in almost identical constraints hence we present only the results for case Bt. It is
apparent that the Majoron contribution to the DM relic density places tight constraints
on the Majoron mass. In case Bt, the Majoron has to be lighter than ∼ O (102 eV)
while in the IA region in case Bz, the limit is slightly weaker with mJ . O (103 eV).
However, such a light Majoron would constitute hot DM and therefore be problematic in
the context of structure formation. Thus, the Majoron in the MTM is not a good DM
candidate.8 Moreover, in order for the model to remain valid and unless the mechanism
that generates the Majoron mass affects the production of the relic Majoron density, the
Majoron either needs to be significantly lighter than mDM

J so that the contribution to DM
becomes insignificant, or Majoron decays to neutrinos need to be sufficiently fast so that
no Majoron relic density survives.

6.4.2 Triplet
As discussed above, the triplet dominantly interacts with and is thermalized by gauge
interactions, while the interactions with N, σ and J are subdominant or even irrelevant,
depending on the size of gT . This implies that the triplet freezes out once gauge interac-
tions decouple at zT ∼ 10 and the abundance becomes constant. In order to determine
the relic density of T , we therefore solve a simplified Boltzmann equation for the evolution
of the triplet abundance, only including gauge scatterings,

sHzN
dYT
dzN

= −2
(
δ2T − 1

)
γT,gauge . (6.4.1)

For gT � 1, this is an excellent approximation since the triplet decouples at
zN = gNg

−1
T zT ∼ gNg

−1
T 10 and therefore long after the interactions with N, σ and J have

decoupled. We solve (6.4.1) for gT in the range 10−7 ≤ gT ≤ 1 and determine the relic
density ΩT using (4.1.7) and YT (zT → ∞). In Fig. 6.27 (right panel), we show ΩT (gT ),
restricted to the range 10−7 ≤ gT ≤ 10−5. It is apparent that ΩT (gT ) scales linearly and
already exceeds the DM relic density ΩDM for gT & 2.9×10−7 or equivalently MT & 2TeV.
Moreover, the collaborations Atlas [217] and CMS [218] place lower bounds on the triplet
mass in the context of the type III Seesaw,

MAtlas
T ≈ 910GeV , MCMS

T ≈ 840GeV , (6.4.2)
corresponding to

gAtlasT ≈ 1.19× 10−7 , gCMS
T ≈ 1.29× 10−7 . (6.4.3)

Recalling that the efficiency in the MTM is independent from gT for gT . 10−3, see
Fig. 6.8, this implies that case B is tightly constrained but viable while case A is excluded.

8In principle, the Majoron could still be a good DM if it is not in kinetic equilibrium when the relic density freezes out.
However, since the Boltzmann equations in Sec. 6.24 and the associated results are only valid under the assumption that
kinetic equilibrium holds and therefore we will not entertain this possibility further.
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Figure 6.27: Left, middle: Upper limits on the Majoron mass that do not overpro-
duce DM for case Bt (left) and Bz (middle) in the gN − m̃ plane. Note that these con-
straints are only valid if Majoron decays to light neutrinos are sufficiently slow.
Right: Triplet relic density ΩTh

2 as a function of gT , compared to the DM relic den-
sity ΩDMh2. In the green region, the triplet relic density does not exceed the DM relic
density and is in agreement with bounds from Atlas and CMS placed on the triplet
mass. In the red region, DM is overproduced while in the yellow region, bounds from
Atlas are violated.

We stress that the relic density of the triplet arises since we assumed that the mixing term
with the SM lepton and Higgs doublet is absent. If this term were present, the triplet
could decay to a lepton-Higgs pair and the DM constraints would be lifted. However,
introducing this term would also significantly alter the dynamics of leptogenesis and the
evolution of the particle abundances and would require solving a different set of Boltzmann
equations. Although this scenario appears highly interesting, it is beyond the scope of
this work.

6.5 Baryon Asymmetry
As discussed in Sec. 5.3, the conversion rate of an exisiting asymmetry in Y∆(∆B′,∆L′) to
a baryon asymmetry changes in the MTM compared to VL since Sphaleron transitions
conserve ∆B′ + 3∆L′ rather than ∆B′ − ∆L′. With case A being ruled out by DM
constraints, let us restrict the following discussion to case B. With gT ∼ 10−7, it is
reasonable to assume that the triplet is in equilibrium when Sphaleron processes are
active. If the SM Yukawa and gauge interactions are in equilibrium as well, the relation
between Y(∆B′+3∆L′) and Y∆B′ derived in Sec. 5.3 applies,

Y∆B′ =
76

679
Y(∆B′+3∆L′) . (6.5.1)

Moreover, recall that the equivalent relation in VL is given by

Y∆B′ =
28

79
Y(∆B′−∆L′) (6.5.2)
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and if no other sources of baryon number violation are present we find

|Y∆B′| =

{
3× 76

679
Y B
∆L′ ≈ 0.35443|Y B

∆L′| ,
28
79
Y VL
∆L′ ≈ 0.335788|Y VL

∆L′| ,
(6.5.3)

i.e. the baryon asymmetry that can be generated from a given lepton asymmetry in the
MTM is numerically almost identical to VL. Using (4.3.64) and (6.5.1), we can determine
the amount of CP violation that is necessary to reproduce the experimentally observed
baryon asymmetry Y exp

∆B′ , see (4.3.3), as

ε(m̃, gN) =
679

76× 3

Y exp
∆B′

Y 0
Nη(m̃, gN)

. (6.5.4)

If no additional sources of CP violation other than neutrino decays are present, the heavy
neutrinos are strongly hierarchical, MN2,3/MN1 → ∞, and the light neutrinos follow a NH,
the DI bound on the CP violation, |ε| ≤ |εDI |, given in (4.3.57), applies. In Fig. 6.28,
we show density plots of ε in the gN − m̃ plane (left), ε(m̃) (middle) and ε(gN) (right)
for gN = [0.1, 0.7, 1] and m̃ = [5 × 10−5, 10−3, 10−1]eV, respectively. Additionally, we
show the DI bound, εDI(m̃) and εDI(gN). It is evident that the CP violation that is
required to reproduce the experimentally observed baryon asymmetry in the MTM is at
least about one order of magnitude larger than the maximal CP violation that can be
obtained according to the DI bound. Moreover, note that the efficiency in VL does not
depend on the neutrino mass MN and therefore, it is (at least in principle) possible to
fulfill the DI bound for a given efficiency by simply increasing MN . In the MTM, this does
not work since the efficiency depends on gN . Even worse, we have ε ∼ 1/ηB ∼ gN as well
as εDI ∼ gN , i.e. if we increase gN to enhance the DI bound, the required CP vioalation
increases as well. This does, however, not imply that leptogenesis in the MTM is not
feasible. The DI bound is only valid in the limit MN2,3/MN1 → ∞ and a weaker hierarchy
can resonantly enhance the efficiency beyond the DI bound [183]. Depending on the size
of gN , a weak hierarchy is in fact difficult to avoid since the masses MN2,3 arise due to the
same VEV as MN1 and perturbativity of gN2,3 prevents them from becoming arbitrarily
large. Moreover, we have neglected flavor effects in the Boltzmann equations. It has been
shown in Ref. [148] that flavor effects in type III leptogenesis enhance the efficiency in the
regime where WO effects are dominant. We expect that a similar enhancement appears
in the WO regime of the MTM. In the WO regime on the other hand, leptogenesis is
driven by flavor independent scattering processes and consequently, only negligible flavor
effects are expected. Additionally, note that although commonly used in the literature, the
constant conversion rate from the lepton to the baryon asymmetry via Sphaleron processes
is a gross oversimplification and precise results would require to determine a conversion
rate that not only depends on the flavors which are equilibrium at a given epoch but also
takes the temperature dependence of Sphaleron transitions into account [172].
Lastly, recall that we have obtained the results for the fixed VEV f = 1010 GeV. Before
we conclude, let us therefore briefly explore the impact the value of the VEV has onr the
efficiency. For simplicity, we determine ηB(f) at gN = 0.1 and m̃ = 10−3 eV in the range
106 GeV ≤ f ≤ 1012 GeV, as shown in Fig. 6.29. For comparison, we also translate the
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Figure 6.28: Left: Density plots of the CP violation |εtB | (top) and |εzB | (bot-
tom), required to explain the experimentally observed baryon asymmetry in case B
in the MTM. Middle: |εtB | (top) and |εzB | (bottom) as functions of m̃ (solid lines)
for gN = [0.1, 0.7, 1]. The dashed lines corresponds to εDI . Right: |εtB | (top) and
|εzB | (bottom) as functions of gN (solid lines) for m̃ = [5 × 10−5, 10−3, 10−1]eV. The
dashed line corresponds to εDI .

DI bound into a lower bound on the efficiency required to produce experimental data,

ηDI(MN(f)) ≡
679

3× 76

Y exp
B

Y 0
Nε

DI(MN(f))
∼ 1

f
. (6.5.5)

We find that the efficiency increases with the VEV and closes the gap between ηB and
ηDI . Thus, if the DI bound is valid, the MTM could still reproduce the observed baryon
asymmetry provided that the VEV is sufficiently large.

6.6 Summary
In this Chapter, we have studied the leptogenesis mechanism in the Majoron+Triplet
model in great detail. In order to reduce the complexity of the model, we have neglected
the mixing between the SM Higgs doublet and the new singlet scalar. Moreover, we have
invoked a Z2 symmetry in order to avoid the appearance of a Yukawa term that mixes
the triplet and the SM leptons. Although this term is highly interesting as it induces an
additional channel for lepton number violation, including it is beyond the scope of this
work.
We have derived the Boltzmann equations for leptogenesis and considered two different
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Figure 6.29: Efficiency ηtB for gN = 0.1 and m̃ = 10−3 eV as a function of the VEV
f , compared to ηDI as defined in (6.5.5). In the green region, ηtB is sizable enough to
reproduce the experimentally observed baryon asymmetry with a CP violation ε that
fulfills the DI bound.

scenarios: In the simplified scenario, we have assumed that neutrinos can deviate from
equilibrium while the remaining new particles are in equilibrium, leaving us to solve two
Boltzmann equations, one for the neutrino abundance and one for the efficiency that
parametrizes the out-of-equilibrium conditions relevant for leptogenesis. Afterwards, we
have considered scenarios where all additional particles can deviate from equilibrium, in
total resulting in five coupled Boltzmann equations. We have solved the Boltzmann equa-
tions for various different assignments of the model parameters in order to determine the
final efficiency. Notably, we find that the results for the final efficiency are up to two
orders of magnitude larger if the full set of Boltzmann equations is solved rather than
only the Boltzmann equations for the neutrino abundance and the efficiency. Moreover,
we find that in the limit where the triplet-Majoron coupling is small, the results for the
efficiency are independent from the model parameter associated with the triplet and hence
are also valid in the generic singlet Majoron model. Thus, we conclude that the common
approach to assume that the new scalars appearing in the Majoron model follow their
equilibrium abundances [39] can drastically underestimate the final efficiency.
We find that the final efficiency significantly depends on the Majoron-neutrino coupling
gN and the effective neutrino mass m̃. The coupling gN drives the lepton number con-
serving scatterings between the neutrinos and the new particles which prevent neutrinos
from creating a lepton asymmetry via decays, thereby suppressing the final efficiency. On
the other hand, for large effective neutrino masses, i.e. m̃ → 0.1 eV, leptogenesis essen-
tially proceeds analogously to the standard type I Seesaw scenario and the new scattering
processes are rendered irrelevant. Moreover, we find that for most of the parameter as-
signments we have considered, the final efficiency is independent from the initial particle
abundances, either due to fast inverse neutrino decays or fast scatterings between neutri-
nos and the new particles.
The new scatterings also serve to create relic abundances of the Majoron and the triplet
which can be used to constrain the paramters of the model. For the parameter sets we
have considered, the Majoron is no longer a valid DM candidate since the masses that are
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in agreement with DM being cold yield a Majoron relic density that exceeds the DM relic
density. Concerning the triplet, we find that a small triplet mass, or equivalently a small
Majoron-triplet coupling, is required to avoid overproduction of DM, placing constraints
on the parameters we have considered in our analysis.
We also have studied the CP violation that is necessary to reproduce the observed baryon
asymmetry and find that it exceeds the Davidson-Ibarra bound on the CP violation
unless the vacuum expectation value f that breaks lepton number is sufficiently large,
f & 1011 GeV. However, this bound can easily be evaded by taking resonance effects
into account. Moreover, we have performed our analysis in the one-flavor approximation.
Taking flavor effects into account can significantly enhance the efficiency in the high-m̃
limit, while we expect that the efficiency is not significantly altered in the region of the
parameter space where scatterings between the new particles are dominant [148].
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CHAPTER 7

Muon Anomalous Magnetic Moment from
Vectorlike Leptons in a 2HDM + S Model

In Sec. 4.4, we discussed that the AMM of the muon provides a striking hint at the
need for BSM physics. In particular, models that introduce new sources of chirality flips
in the muon sector are of importance due to the chiral enhancement of the one-loop
contribution. Although new contributions to aµ can already arise in one-field extensions
of the SM, most models extend the SM by at least two fields, one being a fermion and
the other being either a scalar or a vector boson. Since many GUT models predict new
fermions, it seems natural to explore if they can induce the desired contribution to the
muon AMM. In particular, E6 unification and trinification models, see App. D, contain a
conjugate pair of SU(2)L doublets that describe a VLL. In principle, sizable contributions
to aµ can already arise in a model that contains only one additional scalar singlet besides
the VLL [219]. However, the most simple realization of this model is excluded due to
the large mixing angles required in the scalar sector. Instead, we consider a model that
contains one additional Higgs doublet mixing with the SM Higgs and the BSM scalar
singlet.
As we will discuss in the following, including both the VLL and two new scalars in
the model has interesting phenomenological implications due to the mixing it induces
in the extended muon- and scalar sectors. Although one can envisage several distinct
implementations of such a model, we pick a specific model that yields chirally enhanced
contributions to the AMM of the muon.
This Chapter is based on [1] and structured as follows. In Sec. 7.1, we present the
field content of the model and the relevant terms of the Lagrangian. In Sec. 7.2, we
study the mass spectrum and vacuum structure of the scalar sector where several features
discussed in Sec. 2.3 reappear. In Sec. 7.3, we focus on the mixing in the muon sector
and discuss how the one-loop contributions to the AMM of the muon arise. In Sec. 7.4,
we study constraints on the model parameters from Higgs decays and discuss potential
new sources of lepton flavor violation (LFV) as well as present current collider limits. In
Sec. 7.5, we present data sets that are compatible with the aforementioned constraints
and simultaneously explain the AMM of the muon before we summarize our results in
Sec. 7.6.
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7.1 Model Overview
We consider a model with a scalar sector that consists of two Higgs doublets H1,2 with
VEVs v1,2 and a scalar singlet S with VEV vS,

H1,2 =

(
h+1,2

1√
2
(v1,2 + h1,2 + iρ1,2)

)
, S =

1√
2
(vS + S ′) , (7.1.1)

while the lepton sector is extended by two muon-type SU(2)L doublets LM,M ′ ,

LM =

(
νM
M

)
L

, L′M =

(
νM
M

)
R

. (7.1.2)

In order to generate a non-vanishing contribution to the muon AMM, the new fields need
to couple to the SM muons on tree level. Moreover, we aim to construct a scalar sector
that does not induce FCNCs, as discussed in Sec. 2.3 . In order to achieve this, we impose
a Z4 symmetry with charge assignments as given in Tab. 7.1, yielding the scalar potential

V =− µ2
1|H1|2 − µ2

2|H2|2 − µ2
SS

2 + λ1|H1|4 + λ2|H2|4 + λSS
4

+ 2λ3|H1|2|H2|2 + 2λ4(H
†
1H2)(H

†
2H1) + λ5

[
(H†1H2)

2 + (H†2H1)
2
]

+ 2η1|H1|2S2 + 2η2|H2|2S2 ,

(7.1.3)

and the muonic Lagrangian
L = −gLµH1µR − yLMH2µR − y′LµL

′
MS −mMLML

′
M + h.c. , (7.1.4)

where Lµ =
(
νµ µ

)T
L

is the SU(2)L muon doublet and µR is the corresponding SU(2)L
singlet. Note that in contrast to the SM fermions, the VLLs can have bare mass terms
and thus do not rely on SSB to become massive.
Let us briefly motivate the charge assignments given in Tab. 7.1. First, we aim to construct
a model that does not induce FCNCs as is common in generic 2HDMs. As discussed in
Sec. 2.3, it is in principle sufficient to impose a Z2 symmetry, rather than a Z4, under
which H1 and H2 have opposite charges. In this case, odd powers of S would appear in
the scalar potential which are forbidden under Z4. Thus, imposing a Z4 symmetry rather
than a Z2 significantly simplifies the scalar sector. Next, note that the coupling structure
of the Yukawa sector severely depends on the charge assignments under Z4. Although
contributions to the AMM of the muon already arise if either y or y′ are non-zero, we
have chosen the charge assignments so that both terms are non-zero.1 For simplicity, we
also set η1 = 0 so that the mixing between the two doublets and the singlet arises only
via η2.

1As we will see later, if the alignment limit in the scalar sector is exact and the mixing in the muon sector vanishes,
chirally enhanced contributions arise only if both y and y′ are nonzero.
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H1 H2 Lµ µR LM L′
M S

(SU(3)C ,SU(2)L)U(1)Y
(1, 2)1/2 (1, 2)1/2 (1, 2)−1/2 (1, 1)−1 (1, 2)−1/2 (1, 2)−1/2 (1, 1)0

Z4 1 −1 −i −i +i +i −1

Table 7.1: Field content and charge assignments relevant for the discussed model.

7.2 Scalar Sector
7.2.1 Mass Spectrum and Alignment Limit
The scalar sector of the model exhibits several similarities to the 2HDM discussed in
Sec. 2.3, albeit being more complex due to the additional scalar singlet. With

tan β =
v2
v1
, v2SM = v11 + v22 , (7.2.1)

we note that the mass eigenstates and masses of the charged and CP odd fields H±, A are
still given by (2.3.7) and (2.3.8), respectively. The mass matrix for the CP even scalars
h1, h2, S

′ on the other hand is given by

M2 =

M2
h1h1

M2
h1h2

M2
h1S

M2
h1h2

M2
h2h2

M2
h2S

M2
h1S

M2
h2S

M2
SS,

 , (7.2.2)

where the matrix elements are given by

M2
h1h1

=
2λ1 (v

2η̃2 + κ)

σ
, (7.2.3)

M2
h1h2

= 2λ345

√
v2η̃2 + κ

σ

√
λ345v2λS − κ

σ
, (7.2.4)

M2
h1S

= 0 , (7.2.5)

M2
h2h2

= −2λ2 (κ− λ345v
2λS)

σ
, (7.2.6)

M2
h2S

= 2η2

√
λ345v2λS − κ

σ

√
δ345η2 − Λ2µ2

S

σ
, (7.2.7)

M2
SS = −2λS (Λ2µ

2
S + η2 (λ345v

2 − µ2
2))

σ
, (7.2.8)

and we introduced the shorthand notations
λ345 = λ3 + λ4 + λ5 , Λi = λi − λ345 , σ = η22 − Λ2λS ,

κ = λSµ
2
2 − η2µ

2
S , δi = µ2

2 − λiv
2 , η̃2 = η22 − λ2λS . (7.2.9)
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As usual, we find the mass eigenstates h0, H0, S0 viah0

H0

S0

 = U

h1h2
S ′

 , M2
diag := diag(m2

h0 ,m
2
H0 ,m2

S0) = UTM2U , (7.2.10)

where

U =

 c12c13 s12c13 s13
−s12c23 − c12s23s13 c12c23 − s12s23s13 s23c13
s12s23 − c12c23s13 −c12s23 − s12c23s13 c23c12

 ≡

U11 U12 U13

U21 U22 U23

U31 U32 U33

 , (7.2.11)

with cij = cos θij , sij = sin θij. By rotating to the Higgs basis,h0SMĤ
Ŝ

 = UβU
T

h0

H0

S0

 Uβ =

 cos β sin β 0
− sin β cos β 0

0 0 1

 , (7.2.12)

we obtain a relation between ĥ and the mass eigenstates h0, H0, S0,
h0SM = cos θ13 cos(β − θ12)h

0 − cos θ13 sin(β − θ12)H
0 + sin θ13S0 , (7.2.13)

and hence can impose an alignment limit where either h0 or H0 are aligned with the SM
Higgs h0SM . We will restrict ourselves to the scenario where

θ13 ≈ 2πn , θ12 ≈ β + 2πn , n = 0, 1, 2, ... , (7.2.14)
so that h0 is aligned with the SM Higgs, i.e. m0

h ≈ 125GeV. Note that compared to the
2HDM, the additional mixing with the scalar singlet induces an additional condition for
the alignment limit.
Finally, the scalar kinetic term,

Lscalarkin = (DµH1)
† (DµH1) + (DµH2)

† (DµH2) +
1

2
(∂µS) (∂

µS) , (7.2.15)

induces couplings of the scalars to the gauge bosons. In the mass basis, we have
LscalarV V ∼

(
gh0V V h

0 + gH0V VH
0 +GS0V V

)
(7.2.16)

where
gh0V V ∼ c13 cos (β − θ12) , (7.2.17)
gH0V V ∼ c23 sin (β − θ12)− s23s13 cos (β − θ12) , (7.2.18)
gS0V V ∼ s23 sin (θ12 − β)− c23s13 cos (θ12 − β) , (7.2.19)

and V V = WW,ZZ. In this form, it is evident that h0 has SM-like couplings to the
gauge bosons in the alignment limit (7.2.14).

7.2.2 Vacuum Stability
As in the generic 2HDM, vacuum stability requires that the potential (7.1.3) is bounded
from below. The couplings of the singlet scalar S modify the conditions given in (2.3.27)
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which now read [86]

λ1,2,S > 0 ,
√
λSλ1 + η1 > 0 ,√

λSλ2 + η2 > 0 ,
√
λSλ1 + λ345 > 0 ,

√
λ1
λ2
η2 + η1 ≥ 0 ,

(7.2.20)

if λ4 ≥ |λ5| and

λ1,2,S > 0 ,
√
λSλ1 + η1 ≥ 0 ,

√
λSλ2 + η2 > 0 ,

√
λSλ2 − η2 ≥ 0 ,

−η2
√
λ1
λ2

− η1 ≥ 0 , λSλ345 − η1η2 +
√

(η21 − λSλ1)η22 − λSλ2) ≥ 0 , (7.2.21)

if λ4 < |λ5|.
Moreover, we consider only “normal”, i.e. charge and CP conserving, vacua,

〈H1,2〉 =
(

0
1√
2
v1,2

)
, 〈S〉 = 1√

2
vS , (7.2.22)

and minimizing (7.1.3),
∂V

∂φ

∣∣∣
φ=
〈
φ
〉 = 0 , φ = {h1, h2, S} , (7.2.23)

we find 8 distinct extrema with energies Ei , i ∈ [1, 8]. They are given in Tab. 7.2 where
we used the abbreviations

Λ12 = λ1λ2 − λ2345 , (7.2.24)
ε = λ345µ

2
2 − λ1λ2v

2 , (7.2.25)
α = µ2

S + η22
(
2λS

(
µ4
2

(
λ2345 + Λ12

)
+ Λ12v

4
(
λ2345 + Λ12

)
−µ2

2

(
δ345λ

2
345 + λ1v

2 (λ345 (λ345 + Λ2) + Λ12)
))

− λ2Λ
2
1µ

4
S

)
,

(7.2.26)

β = −2δ1η
3
2µ

2
S + λS

(
λS
(
2δ345λ345µ

2
2 − δ22λ1 + λ2

(
λ2345v

4 − µ4
2

))
− Λ2

2µ
4
S

)
+ 2η2λSµ

2
S

(
δ2λ1 − 2λ345µ

2
2 + λ2µ

2
2 + λ2345v

2
)
+ η22

(
(λ2 − λ1)µ

4
S

+λS
(
µ4
2 + v4

(
λ2345 + 2Λ12

)
− 2λ1µ

2
2v

2
))

− η42λ1v
4 .

(7.2.27)

In this work, we focus on the scenario where all scalars develop a VEV, v1,2,S 6= 0, and
hence demand that E4 < E1,2,3,5,6,7,8 so that E4 is the stable ground state.
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i v21 v22 v2S Ei

1 0 − κ
η̃2

η2µ
2
2−λ2µ

2
S

η̃2

−2η2µ
2
2µ

2
S+µ4

2λS+λ2µ
4
S

4η2
2−4λ2λS

2 0
µ2
2

λ2
0 − µ4

2

4λ2

3
δ2λS−

η2

(
λ2Λ1µ2

S+η2ε
)

Λ12

σ

δ345
(
η2
2λ1−Λ12λS

)
+η2λ345Λ1µ

2
S

Λ12σ
0 α

4Λ12σ2

4 v2η̃2+κ
σ

λ345v
2λS−κ
σ

δ345η2−Λ2µ
2
S

σ
β

4σ2

5 0 0
µ2
S

λS
− µ4

S

4λS

6
v2

(
λ1η̃2+λ2

345λS

)
+κΛ1

λ1σ
0

µ2
S

λS
−λS

(
v2

(
λ1η̃2+λ2

345λS

)
+κΛ1

)
2+λ1σ

2µ4
S

4λ1σ2λS

7
v2

(
λ1η̃2+λ2

345λS

)
+κΛ1

λ1σ
0 0 −

(
v2

(
λ1η̃2+λ2

345λS

)
+κΛ1

)
2

4λ1σ2

8 0 0 0 0

Table 7.2: Extrema energies Ei and the corresponding VEVs for the potential (7.1.3)
in the case η1 = 0.

7.3 Muon Sector
The Lagrangian (7.1.4) induces mixing between the muon-type leptons, yielding a non-
diagonal muon mass matrix given by

Lmass ∝
(
(µR)C (µL) (MR)C (ML)

)
0 gv1 0 yv2
gv1 0 y′vS 0
0 y′vS 0 mM

yv2 0 mM 0


︸ ︷︷ ︸

=:K


µR

(µL)
C

MR

(ML)
C

 . (7.3.1)

Defining the 2× 2 matrices

m̃µ ≡
(

0 gv1
gv1 0

)
, m̃mix ≡

(
0 yv2
y′ vS

)
, m̃M ≡

(
0 mM

mM 0

)
, (7.3.2)

where
m̃µ ∼ mµ12×2 , m̃M ∼ mM12×2 , m̃mix ∼

√
yy′v2vS12×2 , (7.3.3)

we can write the mass matrix K in terms of 2× 2 blocks,

K :=

(
m̃µ m̃mix

m̃T
mix m̃M

)
. (7.3.4)

Blockdiagonalization of K in the limit m̃M � m̃mix then yields the mass eigenstates and
masses,2 (

µ̂

M̂

)
= V T

(
µf

M f

)
, K1 ∼ m̃µ , K2 ∼ m̃M , (7.3.5)

2We assume that the mass matrix of the charged leptons in the SM is diagonal.
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where V is an orthogonal mixing matrix that diagonalizes K,

diag (K1, K2) = V TKV , V :=

(
Vµµ −VµM
VµM VMM

)
=

(
cosα − sinα
sinα cosα

)
, (7.3.6)

and

µf ≡
(

µR
(µL)

C

)
, M f ≡

(
MR

(ML)
C

)
. (7.3.7)

Thus, the mixing angle α is given by

tanα ≈ −m
T
mix

mM

≈ − mµ

mmix

. (7.3.8)

and
mT
mixmmix ≈ mµmM ≈ yv2y

′vS . (7.3.9)
Taking both the mixing in the scalar as well as in the muon sector into account, the
couplings of the scalars h0, H0, S0 to the muon-type mass eigenstates read

L =− h0gµµh0 µ̂Lµ̂R − h0gMM
h0 M̂LM̂R − h0gh0Lµ̂LMR − h0gh0RM̂Lµ̂R

−H0gµµH0µ̂Lµ̂R −H0gMM
H0 M̂LM̂R −H0gH0Lµ̂LMR −H0gH0RM̂Lµ̂R

− S0gµµS0 µ̂Lµ̂R − S0gMM
S0 M̂LM̂R − S0gµMS0Lµ̂LMR − S0gµMS0RM̂Lµ̂R ,

(7.3.10)

where we denoted the mass eigenstates with a hat and the couplings are given in App. H.

7.3.1 Muon Anamolous Magnetic Moment
The model induces contributions to the AMM of the muon where M and one of the new
scalars, h0, H0, S0, run in the loop, see Fig. 7.1 , yielding the total BSM contribution

aBSMµ =aFFSµ (gh0,L, gh0,R,mM ,mh0) + aFFSµ (gH0,L, gH0,R,mM ,mH0)

+ aFFSµ (gS0,L, gS0,R,mM ,mS0) ,
(7.3.11)

where aFFSµ is given by (4.4.12). It is evident that each individual term depends non-
trivially on the mixing parameters in the scalar and muon sector, respectively, and on
the values of the couplings y, y′. Thus, for simplicity, it is instructive to consider the
exact alignment limit, β = θ12, and assume that the mixing in the muon sector vanishes,
Vµµ = 1, VµM = 0. In this case, the relevant couplings read

gµMh0,L = y′s12s23 , gµMh0,R = − ys12c23 , (7.3.12)

gµMH0,L = −y′c12s23 , gµMH0,R =yc12c23 , (7.3.13)

gµMS0,L = y′c23c12 , gµMS0,R = ys23 , (7.3.14)
and we find that the chirally enhanced contributions to aµ are present for all three loop
diagrams unless s23 = 0 or c23 = 0. Nevertheless, note that slight deviations from
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gµMΦ,L gµMΦ,L

µR µL

γ

ML ML

Φ
gµM
Φ,R gµMΦ,R

µL µR

γ

MR MR

Φ
gµMΦ,R gµMΦ,L

µR µL

γ

MR ML

Φ

Figure 7.1: Feynman diagrams contributing to aµ in the model with the new muon
type charged fermions with Φ = {h0,H0, S0}.

β = θ12, Vµµ = 1, VµM = 0 can result in delicate cancellations between the terms that
contribute to the couplings, see App. H, and may result in significantly different coupling
structures.

7.4 Constraints
7.4.1 Higgs Decays
In this section, we discuss how the branching ratios of Higgs decays are altered due to
the mixing in the scalar and muon sectors, respectively, compared to the SM branching
ratios. For convenience, we define

∆Γ
(
h0 → ab

)
:=

Γ (h0 → ab)
M

Γ (h0 → ab)SM
. (7.4.1)

7.4.1.1 Leptonic Higgs Decays
In the SM, the tree level decay rate of h0 to a pair of muons is given by

Γ(h0 → µµ)SM ∼ mµ

vSM
, (7.4.2)

while in the model discussed here, the decay rate follows from
L = gµµh0 h

0µ̂µ̂ , (7.4.3)

where gµµh0 is given in App H. Thus, we have Γ(h0 → µµ)M ∼ gµµh0 and

∆Γ(h0 → µµ) :=
Γ(h0 → µµ)M

Γ(h0 → µµ)SM
=

∣∣∣∣vSM

mµ

gµµh0

∣∣∣∣2 . (7.4.4)
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Recent results from CMS [225] on Higgs to muon decays at 99.7% CL are given by
(σB(h0 → µµ))obs
(σB(h0 → µµ))SM

= 1.19+1.28
−1.24 . (7.4.5)

7.4.1.2 h0 → γγ

The dominant SM contribution to Higgs diphoton decays comes from one-loop diagrams
with either top-quarks or W-bosons propagating in the loop, see Fig. 7.2, corresponding
to a SM decay rate

Γ(h0 → γγ)SM ∝
∣∣∣∣2vA1(τW ) +

2

v
NCQ

2
tA1/2(τt)

∣∣∣∣2 , (7.4.6)

where A1 and A1/2 are loop functions, given in App. I, NC = 3 is the color multiplicity,
Qt = 2/3 is the top quark charge and τi := 4m2

i /m
2
h. The decay rate in our model is

altered due to the modified h0 couplings to W bosons,
L ∼ gh0WWh

0W+
µ W

−µ , (7.4.7)
where gh0WW is given in (7.2.17). The previously discussed constraints on the tree-level
leptonic Higgs decays imply that gh0µµ can not significantly deviate from the tree-level
Yukawa couplings, thus the contribution from muons running in the loop is strongly
suppressed compared to the top quark loop, similarly to the SM. On the other hand, the
new muon type fermions M have Yukawa couplings to h0 on tree level,

L = gMM
h0 MMh0 , (7.4.8)

where gMM
h0 is given H in. This term induces an additional one-loop contribution and

modifies the decay rate,

Γ(h0 → γγ)M ∝
∣∣∣∣2vgh0WWA1(τW ) +

2

v1
NCQ

2
tA1/2(τt) +

2gMM
h0

mM

Q2
MA1/2(τM)

∣∣∣∣2 . (7.4.9)

Stringent constraints on Higgs diphoton decays are provided by CMS [226] where
(σB(h0 → γγ))obs
(σB(h0 → γγ))SM

= 1.12+0.27
−0.27 (7.4.10)

at 99.7% CL.

7.4.1.3 h0 → γZ

Similarly to the diphoton decay, the Higgs boson can also decay to a photon and a Z boson.
The leading SM contribution is again induced by top-quarks and W-bosons running in
the loop, resulting in a decay width given by

Γ(h0 → γZ)SM =

∣∣∣∣2v cotϑWA1(τW , λW ) +
2

v

2NCQt

sinϑW cosϑW
(T

(t)
3 − 2Qt sinϑ2

W )A1/2(τt, λt)

∣∣∣∣2 .
(7.4.11)
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h0

γ/Z

γ

t/M

t/M

t/M

h0

γ/Z

γ

W

W

W

Figure 7.2: Feynman diagrams for h0 → γγ(Z) at 1-loop order.

Process Limit Reference Process Limit Reference
µ → eγ 4.2× 10−13 [228] µAu → eAu 7.0× 10−13 [229]
τ → eγ 3.3× 10−8 [230] µTi → eTi 6.1× 10−13 [231]
τ → µγ 4.4× 10−8 [230]
µ → 3e 1.0× 10−12 [232]
τ → 3e 2.7× 10−8 [233]
τ → 3µ 2.1× 10−8 [233]

Table 7.3: Overview of current limits on LFV decays (left) and capture rates (right).
A more extensive list of LFV violating processes can be found in Ref. [153].

The contributions in the model considered here arise from the same terms in the La-
grangian as in the case of diphoton decays, see (7.4.7) and (7.4.8). Hence, the modified
decay rate is given by

Γ(h0 → γZ)M =
∣∣∣2
v

cotϑWgh0WWA1(τW , λW )

+
2

v1

2NCQt

sinϑW cosϑW
(T

(t)
3 − 2Qt sinϑ2

W )A1/2(τt, λt)

+
2gMM

h0

mM

2QM

sinϑW cosϑW
(2T

(M)
3 − 2QM sinϑ2

W )A1/2(τM , λM)
∣∣∣2 . (7.4.12)

Stringent constraints on the h0 → γZ come from CMS [227],
(σ(pp→ h0)B(h0 → γZ))obs
(σ(pp→ h0)B(h0 → γZ))SM

= 2.4+2.7
−2.7 , (7.4.13)

at 99.7% CL.

7.4.2 Lepton Flavor Violation
In this section, we explore the possibility that the model involving the new muon type
leptons induces new contributes to LFV violating processes, such as charged LFV decays
` → `′γ, charged three body decays ` → `1¯̀2`3 and µ → e conversion via nuclei, with
current experimental bounds summarized in Tab. 7.3. Non-zero contributions to LFV
arise due to mixing between neutrino mass- and flavor eigenstates and therefore strongly
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depend on the BSM mechanism that accounts for the observed neutrino masses. In the
following, we restrict ourselves to a qualitative discussion of LFV, assuming that some
unspecified mechanism generates the neutrino masses. However, note that depending on
the details underlying the neutrino mass generation, the conclusions may not be valid. We
further assume that lepton flavor violating processes arise only due to neutrino mixing,

|να〉 =
∑
k

Uαk |νk〉 , (7.4.14)

where in the SM extended by neutrino masses (νSM), U is the 3× 3 PMNS matrix and
α = e, µ, τ , k = 1, 2, 3 while in the model with an extended muon sector, U is a 5 × 5
mixing matrix and α = e, µ, τ,ML,MR, k = 1, 2, 3, 4, 5.
Let us begin with the discussion of radiative lepton decays, see Fig. 7.3. Note that there
is no additional contribution from a loop similar to Fig. 7.1 since e and τ do not mix with
M . For simplicity, we restrict the following discussion to µ → eγ. The branching ratio
can be expressed in terms of elements of the mixing matrices U and V as [23, 234, 235]

Br(µ→ eγ) ∝ |Gµe|2 , Gµe =
∑
i

µ,M∑
β

UeiU
∗
βiVµβGγ(xi) , (7.4.15)

where xi = m2
i /m

2
W , mi are the neutrino masses and Gγ(xi) is a loop function,

Gγ(xi) = −x(2x
2 + 5x− 1)

4(1− x)3
− 3x3

2(1− x)4
lnx . (7.4.16)

In the νSM, the sum over β in (7.4.15) is redundant and in the limit m2
i /m

2
W → 0, we

find that Br(µ→ eγ)νSM is strongly suppressed via the GIM mechanism,

Br(µ→ eγ)νSM ∝

∣∣∣∣∣
3∑
i=2

UeiU
∗
µi∆m

2
i1

m2
W

∣∣∣∣∣ ∼ 10−54 , (7.4.17)

where ∆m2
i1 ≡ m2

i −m2
1 are the mass squared differences of the neutrino masses and we

used

Gγ(x) ≈

{
x
4
, x� 1 ,

1
2
, x� 1 .

(7.4.18)

On the other hand, the extended muon sector renders the analysis of the branching ratio
significantly more evolved, since it now also depends on m4,5 and V ,

GM
µe =

3∑
i=2

∆m2
i1

4m2
W

Uei
(
VµµU

∗
µi + VµMU

∗
Mi

)
+

5∑
i=4

Uei

[
G(xi)−

m2
1

4m2
W

] (
VµµU

∗
µi + VµMU

∗
Mi

)
︸ ︷︷ ︸

≡G4,5
µe

.

(7.4.19)
The first term in (7.4.19) is dominated by the GIM suppression and as in the SM, it is of
order O(∆m2

i1/m
2
W ) and hence does not give a sizable new contribution to Br(µ → eγ).
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` `′

γ

W W

νi

` `′

`2

`1

νi

W W

νj

Figure 7.3: Left: Feynman diagram for ` → γ`′ at 1-loop-order where `, `′
are charged SM leptons with one of them being a muon and νi is a neutrino in its
mass eigenstate. Right: Exemplary contribution to charged LFV three body decays
` → `′`1`2.

The second term depends on the mass scale of m4,5. If the new neutrinos are light, hence
m2

4,5/m
2
W → 0, we find

G4,5
µe ∼

5∑
i=4

Uei
∆m2

i1

4m2
W

(
VµµU

∗
µi + VµMU

∗
Mi

)
. (7.4.20)

Thus, irrespective of the values of the mixing matrix elements, the GIM mechanism
suppresses the decay rate, similarly to the SM. In contrast, if the neutrinos are heavy,
m2

4,5/m
2
W → ∞, we have

G4,5
µe ∼

5∑
i=4

Uei

[
1

2
− m2

1

4m2
W

] (
VµµU

∗
µi + VµMU

∗
Mi

)
∼ 1

2

5∑
i=4

Uei
(
VµµU

∗
µi + VµMU

∗
Mi

)
(7.4.21)

and the GIM mechanism is unoperative. Nevertheless, the rate of LFV still depends on
the mixing between the SM sector and the new muon type neutrinos which we expect to
be very small. Thus, even if the masses of the new neutrinos are large, we anticipate that
the small mixing between the neutrino sectors renders radiative LFV decays negligibly
small, similarly to LFV in the type I Seesaw mechanism (see e.g. [235, 236]).

Besides radiative decays, it is also possible that LFV occurs due to µ→ e conversion in
nuclei. As can be seen in Fig. 7.4, µ → e conversion does not require that a real photon
is radiated, hence more diagrams contribute to the conversion rate compared to radiative
decays. Moreover, the conversion rate also depends significantly on the nucleus involved
and its atomic mass and number, A and Z, overall rendering the theoretical description
of µ→ e conversion significantly more evolved. While a detailed discussion is beyond the
scope of this work, we note that the µ → e rate depends on the same combinations of
the mixing matrices U and V as radiative decays. Thus, we draw the same conclusion
that the anticipated small mixing between both neutrinos sectors severely suppresses new
contributions to the conversion rate.

– 140 –



Chapter 7. Muon Anomalous Magnetic Moment from Vectorlike Leptons in a 2HDM+ S Model

µ e

u/d u/d

νi

W
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u/d u/d

W
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µ e
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νi

d

W W

µ e

d d

νi

u

W W

Figure 7.4: Feynman diagrams for the µ → e conversion where νi is a neutrino in its
mass eigenstate.

Finally, let us briefly consider the case of three-body decays `→ `1¯̀2`3. In Fig. 7.3 (right),
we show a representative feynman diagram that contributes to the amplitude. Neverthe-
less, we stress that various other diagrams can appear as well, see Ref. [235] for details,
and hence the amplitude is highly non-trivial. As a naive guess, we expect that each
vertex involving a muon adds a factor Vµβ while each vertex involving a neutrino yields a
factor Uαi and as in the previously discussed processes, the rate depends on the sum over
products of elements of U and V and we assume that similar arguments regarding the
suppression via the mixing between both neutrino sectors hold. However, we stress that
this analysis is highly superficial and more precise statements would require a detailed
study of the neutrino sector.

7.4.3 Collider Signals
At pp colliders, several channels for VLL production exist. For example, VLLs can be
produced via exchange of electroweak gauge bosons and decay to Wν, see Fig. 7.5. More
detailed studies of collider signatures can be found e.g. in Ref. [237]. So far, collider
searches are focused on the search for VLLs that couple to the τ lepton [238–241], with
the most stringent bounds provided by CMS excluding tauphillic VLLs up to masses
of 1040GeV[242]. While VLLs coupling to electrons and muons, respectively, have not
yet been probed, CMS used results from LHC Run-2 to project the sensitivity to the
HL-LHC for models including VLLs that couple to electrons and muons [243]. With a
total integrated luminosity of 3000 fb−1 at

√
s = 14TeV, they expect to exclude vectorlike

doublets that couple to muons at 95% CL up to a mass of 1630GeV. The only directly
applicable bounds for the model discussed here are searches for additional heavy leptons at
LEP which place a significantly weaker lower limit on the mass at around 100GeV [244].
Thus, future dedicated searches at colliders are necessary to provide stringent constraints
on the muonphillic VLLs considered in the model discussed in this work.
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Figure 7.5: Examples of signal channel feynman diagrams with ` + Emiss (left) and
2`+ Emiss (right) signatures.

7.5 Results
In the previous sections, we discussed various constraints on the model containing VLLs
and BSM scalars. In order to explore if parameter sets exist that are compatible with
these constraints while also yielding a suitable contribution to the AMM of the muon, we
have performed random scans over the free parameters of the model. Before we present
our results, let us briefly outline the procedure used to find valid parameter sets.
In the scalar sector, bounds on the couplings arise from vacuum stability, see (7.2.20) and
(7.2.21) and Tab. 7.2 with E4 < E1,2,3,5,6,7,7. In order to find viable sets of couplings, we
perform random scans over the ranges

0 ≤ λ1,2,S ≤ 1 , −1 ≤ λ3,4,5 ≤ 1 , −1 ≤ η2 ≤ 1 , η1 = 0 . (7.5.1)
These couplings are used to determine the scalar mass spectrum, see Sec. 7.2, where we
impose the additional bounds

v2SM
1 + 502

≤ v21 ≤ v2SM
2

, 0.9 ≤ cos θ13 ≤ 1 , (7.5.2)

0 ≤ µS ≤ 100GeV , cos β − 0.1 ≤ cos θ12 ≤ cos β + 0.1 , (7.5.3)
and explicitly verify that the resulting scalar masses are positive. In Fig. 7.6, we show
scatter plots of the identified parameter sets in the scalar sector consistent with the
aforementioned constraints. It is apparent that a wide range of parameters yield viable
scalar sectors. Notably, we find that smaller values of tan β . 20 and vS . 300GeV are
favored, although outliers exist where 20 . tan β . 50 and 300 . vS . 1400GeV.

Next, we use these parameters to determine a muon sector that is consistent with the
constraints discussed in Sec. 7.43 while simultaneously reproducing the observed value
of the muon AMM. That is, we scan for values of the vectorlike fermion mass mM and

3Note that for ∆Γ
(
h0 → µµ

)
and ∆Γ

(
h0 → γZ

)
we impose ∆Γ

(
h0 → γZ, µµ

)
= 0 as a lower bound.
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Figure 7.6: Data sets allowed by the constraints from Sec. 7.4 with an alignment
limit according to (7.5.3).

couplings y, y′ in the range
100GeV ≤ mM ≤ 10 000GeV , −3 . y, y′ . 3 , (7.5.4)

that are in agreement with (4.4.10) while also being compatible with the experimental
constraints from Higgs decays discussed in Sec. 7.4.1.1-7.4.1.3. In Fig. 7.7, we show amodelµ

and ∆Γ (h0 → µµ, γγ, γZ) for 9 exemplary chosen data sets as functions of the VLL mass
mM that agree with all bounds over a non-vanishing range of mM

4 We stress that the
respective constraints depend not only on mM but are also on the specific combination of
parameters from Sec. 7.4 that enter equations (7.4.4), (7.4.9) and (7.4.12), respectively.
Nevertheless, we conclude that the model discussed here can give contributions to the
AMM of the muon that are compatible with constraints from Higgs decays. Finally, if
future searches for VLLs coupling to muons at CMS [243] exclude VLL masses up to
mM ∼ 1.6TeV, the viable parameter space of the model would be restricted as e.g. set 4
in Fig. 7.7 would be excluded.

4The corresponding data sets are given in Tab. J.1.
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Figure 7.7: Muon AMM aµ as a function of the vectorlike lepton mass mM for
nine exemplary data sets, see Tab. J.1. In the purple region, aµ is in agreement with
(4.4.10) and constraints from Higgs decays are met. The blue region corresponds to
the uncertainty of ∆aµ = aexpµ − aSM

µ . The orange region corresponds to the limits on
h0 → γγ. The red (green) dashed line indicates the upper limit on h0 → γZ(h0 → µµ).

7.6 Summary
In this Chapter, we have considered an extension of the SM by a scalar singlet, an addi-
tional Higgs doublet and a VLL coupling to muons with a mass of order O (1 − 10TeV)
as an explanation of discrepancy between the observed and the predicted values of the
AMM of the muon. We have derived constraints on the scalar sector in a setup that yields
chirally enhanced contributions to the AMM of the muon, taking constraints from vac-
uum stability and the alignment limit into account. The couplings of the BSM scalars and
VLLs induce mixing in both the scalar and the muon sector of the model and hence invoke
bounds on the model parameters from Higgs decays. We find that the contribution to the
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AMM of the muon and the modification of the Higgs decay rates depend significantly on
the free parameters of the model. Overall, various parameter sets are in agreement with
experimental constraints. More stringent constraints on the model could be supplied by
future searches for VLLs. Lastly, the model does not induce sizable contributions to LFV
processes.
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CHAPTER 8

Conclusion

In this thesis, we have discussed evidence for the existence of new physics on the basis of
the SM of particle physics and cosmology. To do so, we have focussed on two different
SM extensions: Majorons and vector-like leptons.

The Majoron is the Goldstone boson which arises when the global U(1)B′−L′ of the SM
is spontaneously broken. In Chapter 5, we have reviewed the generic Singlet Majoron
model and outlined the relevance of massive Majorons as a DM candidate. Despite its
success, the Majoron model has been subject to criticism as the symmetry breaking
mechanism associated with the Majoron has been considered to be a potential origin
of domain walls, similarly to Axion models. As cosmic domain walls are usually highly
problematic in the context of cosmology, their existence would essentially rule out the
simplest realizations of the Majoron model. However, as we have outlined in this thesis,
Majoron models do not suffer from the appearance of domain walls and therefore remain
highly relevant as an explanation of the origin of neutrino masses.
Moreover, we have discussed the implications of extensions of the Majoron model by
RH fermions. Originally motivated as a solution to the disputed domain wall problem,
these extensions remain interesing due to the impact of the new particles on the way
leptogenesis proceeds in these models. Besides changing the anomaly factor of the
[SU(2)L] × U(1)L′ anomaly of the SM, and therefore also the conversion rate with
which Sphaleron processes transfer a lepton asymmetry into a baryon asymmetry, the
additional particles also affect the dynamics that create the lepton asymmetry. In
Chapter 6, we have focussed on the extension of the Majoron model by a RH SU(2)L
triplet fermion and explored if the model can provide suitable conditions for succesfull
leptogenesis. For simplicity, we have focussed on a model where the triplet does not
couple directly to the lepton- and scalar sectors of the SM, hence restricting the source
of lepton number violation to the neutrino Yukawa coupling. Despite participating in
various scattering processes with the new particles, we find that the efficiency with
which neutrino interactions violate lepton number is still sizable and, depending on the
parameters of the model, can reproduce the observed BAU. Notably, this result does
also apply to the generic singlet Majoron model and not only to the extension including
the triplet. Moreover, we find that it is essential to include the out-of-equilibrium
dynamics of all BSM particles of the model when solving the Boltzmann equations
that govern leptogenesis, rather than taking only the out-of-equilibrium dynamics of
the heavy neutrinos into account. The commonly employed latter approach drastically

147



Chapter 8. Conclusion

underestimates the efficiency and results in a lepton asymmetry that is up to a factor of
one hundred smaller compared to the more detailed treatment of the out-of-equilibrium
dynamics. Finally, we have deduced constraints on the parameters of the model from
the relic abundances of both the Majoron and the triplet. We find that the Majoron is
ruled out as a DM candidate as it would either overproduce DM or constitute hot DM,
rather than the cold DM required for structure formation. In order to evade this bound,
the Majoron has to be significantly lighter than 100 eV. The relic density of the triplet
is dictated by its mass, and hence its coupling to the new singlet scalar. If the triplet is
sufficiently light, MT ∼ 1TeV, we find that triplet DM - that is also in agreement with
bounds on the triplet mass from Atlas and CMS - is viable.
We conclude that leptogenesis in (extended) Majoron models is a feasible scenario.
Given that we focussed on the necessity of a careful treatment of the out-of-equilibrium
dynamics of the BSM sector, future works that include other intricate effects neglected
here are in order. For example, the impact of flavor in the Boltzmann equations or the
resonant enhancement of the CP violation appear worthwhile to examine, just as the
possibility of lepton number violating triplet decays.

In Chapter 7, we have discussed a model that aims to address the discrepancy between
the observed and the predicted values of the anomalous magnetic moment of the muon,
inspired by vector-like leptons appearing in grand unified theories based on the breaking
of E6. We have explored an extension of the SM that contains vector-like leptons cou-
pling to muons alongside a new singlet scalar and a second Higgs doublet. This induces
mixing both in the scalar sector as well as in the extended muon sector and has a rich
phenomenology. We have deduced constraints on the paramters of the model based on
the stability of the scalar potential and the alignment limit, similar to two-Higgs doublet
models, as well as bounds from Higgs decays. Moreover, we have briefly investigated the
prospect of lepton flavor violation arising in the model, finding no clear indication for
new contributions that significantly exceed the lepton flavor violation in the SM. We have
performed random scans over the parameters of the model and find that the model can
easily fulfill the considered bounds while providing a desirable contribution to the anoma-
lous magnetic moment of the muon. For future works, dedicated searches for vector-like
leptons coupling to muons at the LHC could serve to derive more stringent constraints
on the parameter space.
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APPENDIX A

Notation and Conventions

Unless otherwise mentioned, we work in natural units,
h̄ = c = kB = 1 , (A.0.1)

so that
[length] = [time] = [mass]−1 = [temperature]−1 = [energy]−1 . (A.0.2)

In these units, the Planck mass, -length and -time only depend on the gravitational
constant G,

MPl =
1√
G
, lPl = tPl =

√
G . (A.0.3)

The metric tensor is given by
ηµν = ηµν = diag (1,−1,−1,−1) (A.0.4)

with
ηµνη

µν = 4 . (A.0.5)
The contra- and covariant coordinates are given by

xµ = (t, x, y, z) = (t, ~x) , xµ = (t,−x,−y,−z) = (t,−~x) , (A.0.6)
while the corresponding derivatives read

∂µ =
∂

∂xµ
=

(
∂

∂t
, ~∇
)
, ∂µ =

∂

∂xµ
=

(
∂

∂t
,−~∇

)
. (A.0.7)

The Christoffel symbols in terms of a metric gµν are given by

Γρνµ =
1

2
gρη (∂νgµη + ∂µgνη − ∂ηgνµ) , (A.0.8)

while the Ricci tensor Rµν and the Ricci scalar R are defined as
Rµν = ∂αΓ

α
µν − ∂νΓ

α
αµ + ΓααβΓ

β
µν − ΓαµβΓ

β
αν (A.0.9)

R = gµνRµν . (A.0.10)
Moreover, the covariant derivative reads

∆νV
µλ = ∂νV

µλ + ΓµνρV
ρλ + ΓλνρV

µρ . (A.0.11)
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The Pauli matrices are given by

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
(A.0.12)

and satisfy the identities
[σi, σj] = 2iεijkσk , {σi, σj} = 2δij , Tr [σiσj] = 2δij , (A.0.13)

where εijk is the totally antisymmetrik tensor with ε123 = 1, while [ , ] and { , } are the
commutator and anti-commutator, respectively. Moreover, the linear combinations σ±
are defined as

σ+ =
1

2

(
σ1 + iσ2

)
, σ− =

1

2

(
σ1 − iσ2

)
. (A.0.14)

The gamma matrices γµ, µ = 0, 1, 2, 3 satisfy the Clifford-Algebra,
{γµ, γν} = 2ηµν14 , (A.0.15)

while the fifth gamma matrix γ5 is defined as
γ5 = iγ0γ1γ2γ3 . (A.0.16)

Useful identities that follow from the Clifford-Algebra are
γ0γµγ0 = (γµ)† (A.0.17)

γ5 =
(
γ5
)† (A.0.18)(

γ5
)2

= 14 (A.0.19)
{γ5, γµ} = 0 . (A.0.20)

The chiral projection operators are defined as

PR =
1

2
(1 + γ5) , PL =

1

2
(1− γ5) , (A.0.21)

and satisfy
PR + PL = 1 , P 2

R = PR , P 2
L = PL . (A.0.22)
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Dirac and Majorana Fermions

In this section, we briefly review the properties of Dirac- and Majorana fermions, fol-
lowing [246]. Massive fermion fields can be either Dirac or Majorana fields. Majorana
fermions are their own antiparticles, hence they need to fulfill the reality condition

ψC = ψ , (B.0.1)

where ψC is the antiparticle,

ψC ≡ Cψ
T (B.0.2)

and C has the properties
C† = CT = C−1 = −C , CγµC

−1 = −γTµ . (B.0.3)
In the Dirac representation of the gamma matrices, C can be expressed as

C = iγ2γ0 . (B.0.4)
Both Dirac and Majorana fermions can be expressed in terms of two-component, massless
Weyl fields. Weyl fields are either LH or RH, i.e. a LH Weyl field χ satisfies

PLχ = χ , PRχ = 0 . (B.0.5)
Using (B.0.2), we find the antiparticle

χC = (PLχ)
C = PRχ

C , (B.0.6)

i.e. χC is RH.1 It is now easy to see that we can define a Majorana field ψM with a single
Weyl field χ as

ψM = χ+ χC = (ψM)C . (B.0.9)
Recalling that mass terms in the SM couple LH and RH fields, it is evident that arranging
the fields in this way enables us to write down a non-vanishing Majorana mass term,

ψMψM = χχC + (χC)χ . (B.0.10)
1Note that C should not be confused with the operation of charge conjugation C given by

CψC−1 = αCψ , (B.0.7)

where αC is a phase. While C brings a LH particle to a RH antiparticle, C acts on a chiral field according to

CψLC−1 = αC

(
ψC

)
L
, (B.0.8)

i.e. it does not affect chirality.
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On the other hand, massive Dirac fermions ψD require two independent Weyl fields χ1, χ2

which have opposite handness, i.e.
ψD = χ1 + χ2 = PLχ1 + PRχ2 , (B.0.11)

which yields the mass term
ψDψD = χ1χ2 + χ2χ1 . (B.0.12)

From the definition (B.0.1), it is apparent that Majorana fermions can not carry charges.
Consequently, the charged fermions in the SM are Dirac fields. Neutrinos on the other
hand do not carry conserved charges and can therefore be Majorana fields.
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Numerical Values

Table C.1: Numerical values for the SM parameters used in this thesis [153] where
α ≡ e2

4π is the fine structure constant, GF ≡
√
2g

8m2
W

is the Fermi coupling constant and

αs ≡ g2
s

4π .

Parameter Value

me (0.510 998 950 00± 0.000 000 000 15)MeV

mµ (105.658 375 5± 0.000 002 3)MeV

mτ (1776.93± 0.09)MeV

mu (2.16± 0.07)MeV

md (4.70± 0.07)MeV

mc (1.2730± 0.0046)MeV

ms (93.5± 0.8)MeV

mt (172.57± 0.29)GeV

mb (4.183± 0.007)GeV

mh (125.20± 0.11)GeV

α (7.297 352 569 3± 0.000 000 001 1)× 10−3

GF (1.166 378 8± 0.000 000 6)× 10−5 GeV−2

αs 0.1180± 0.0009

sin θ′12 0.225 01± 0.000 68

sin θ′13 0.003 732+0.000090
−0.000085

sin θ′23 0.041 83+0.00079
−0.00069

δ′ 1.147± 0.026

sin2 θW 0.231 29± 0.000 04

mW (80.3692± 0.0133)GeV

mZ (91.1880± 0.0020)GeV
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Grand Unified Theories

We know that despite its success in e.g. the prediction of the Higgs mass, the SM is not
complete. Moreover, given that the electromagnetic and the weak force are unified at
high energies to the electroweak force, it does not seem too far fetched to assume that
at even higher energies, all three SM gauge interactions are unified into a larger gauge
group G. Such a theory is called a grand unified theory (GUT). At this point, the task is
mainly a group theoretic one: Find a gauge group G that can be broken to GSM. Popular
examples of larger groups that have GSM as a subgroup are SU(5), SO(10) and E6[153,
247]. For example, SU(5) is the smallest group that has GSM as a subgroup. It has 24
generators and hence contains 12 new gauge bosons. The SM fermions transform under
the 5 or 10 representations of SU(5) and branch according to [27]

5 = (1, 2)− 1
2︸ ︷︷ ︸

L

+(3, 1) 1
3︸ ︷︷ ︸

(dR)
C

, 10 = (1, 1)1︸ ︷︷ ︸
(eR)

C

+(3, 2) 1
6︸ ︷︷ ︸

Q

+(3, 3)− 2
3︸ ︷︷ ︸

(uR)
C

, (D.0.1)

where we used the notation (SU(3)X , SU(2)L)U(1)Y . In SO(10) models with a breaking
pattern

SO(10) → SU(5)× U(1)X , (D.0.2)
the SM fermions can be accomodated in a single 16 dimensional representation which
branches as

16 = 10 + 5 + 1 = (1, 2) + (3, 1) + (1, 1) + (3, 2) + (3, 3)︸ ︷︷ ︸
SM fermions

+(1, 1) , (D.0.3)

where we have omitted the U(1)X charges for readability. As in SU(5), the SM fermions
transform under either 5 or 10 while an additional singlet fermion which transforms as
(1, 1) is predicted. Next, E6 has several maximal subgroups that can break to GSM.
One possible breaking pattern is E6 → SO(10)× U(1) [248–250] where the fundamental
representation 27 branches as

27 = 16 + 11 + 10−2 + 14 . (D.0.4)
Again neglecting the U(1) parts for brevity, the full E6 → SO(10) → SU(5) → GSM
branching rule is given by

27 = 16 + 10 + 1 = (10 + 5 + 1) + (5 + 5) + 1 (D.0.5)
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= (1, 2) + (3, 1) + (1, 1) + (3, 2) + (3, 3)︸ ︷︷ ︸
SM fermions

+(1, 1) + (1, 2) + (1, 2)

+ (3, 1) + (3, 1) + (1, 1) .
(D.0.6)

Another breaking pattern of E6 is E6 → SU(3)C×SU(3)L ×SU(3)R → GSM which is often
called trinification [251–267]. It has a branching rule

27 = (3, 3, 1) + (3, 1, 3) + (1, 3, 3) (D.0.7)
= (1, 2) + (3, 1) + (1, 1) + (3, 2) + (3, 3)︸ ︷︷ ︸

SM fermions

+(1, 1) + (1, 2) + (1, 2)

+ (3, 1) + (3, 1) + (1, 1) ,
(D.0.8)

where we again omitted U(1) indices for brevity. Thus, besides the SM fermions, we find
that in E6 GUTs, two additional singlets and a conjugate pair of SU(2)L doublets and
triplets, respectively, appear.
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Instantons

In a nutshell, YM theories have a non-trivial vacuum structure and Instantons are the
classical solutions to the euclidian equations of motion with finite action that tunnel
between the different degenerate zero-energy states. Despite being very precise, this
statement often raises more questions than it answers. In order to make sense of this
statement, we will divide the matter into several steps. In order to set the notation
in euclidian spacetime and motivate why it is indeed interesting to search for classical
solutions in euclidian spacetime, we discuss a simple example from quantum mechanics,
the double well potential. Next, since the degenerate vacua between which Instantons
tunnel are classified by a topological invariant, the winding number, we will provide a
brief introduction to homotopy theory. With this machinery at hand, we are finally
be able to discuss the vacuum structure of YM theories and Instantons as tunneling
solutions. Last but not least, we discuss the phenomenolgical relevance of Instantons and
their relation to the chiral anomaliy. For details, we refer the reader to the standard
literature on Instantons in Refs. [96, 161, 163]. More recent reviews are e.g. presented in
Refs. [75, 164, 268–270]

E.1 Instantons in Quantum Mechanics
Let us consider the Lagrangian of a particle with unit mass in a potential V (x),

L =
1

2

(
dx

dt

)2

− V (x) . (E.1.1)

In the path integral formalism, the amplitude of a transition from xi at the intial time
− t0

2
to xf at final time t0

2
is given by1

Z(xf , xi) = 〈xf | e−
iHt0
h̄ |xi〉 = N

∫
D[x]ei

S[x]
h̄ , (E.1.2)

where S is the action,

S =

∫ t0
2

− t0
2

dtL(x, ẋ) , (E.1.3)

1In this section, we will keep h̄.
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H is the Hamiltonian and D[x] integrates over all paths with boundary conditions
x(− t0

2
) = xi, x( t02 ) = xf . Moreover, inserting a full set of eigenstates of the Hamilto-

nian,
H |n〉 = En |n〉 , (E.1.4)

the LHS of (E.1.2) becomes a sum of oscillating exponential functions,

Z(xf , xi) = 〈xf | e−
iHt0
h̄ |xi〉 =

∑
n

e−
iEnt0

h̄ 〈xf |n〉 〈n|xi〉 . (E.1.5)

In order to find the ground state energy, it is convenient to substitute
t→ −iτ , (E.1.6)

where τ is now a spatial coordinate, despite often being referred to as imaginary time.
Thus, the substitution transforms Minkowski space into euclidian space. With this sub-
stitution, (E.1.5) becomes a sum of decreasing exponentials,

Z(xf , xi) = 〈xf | e−
Hτ0
h̄ |xi〉 =

∑
n

e−
Enτ0

h̄ 〈xf |n〉 〈n|xi〉 , (E.1.7)

and in the limit τ0 → ∞, we find that the ground state dominates,

lim
τ0→∞

Z(xf , xi) = e−
E0τ0

h̄ 〈xf |0〉 〈0|xi〉 , (E.1.8)

and thus

E0 = −h̄ lim
τ→∞

1

τ0
lnZ(xf , xi) . (E.1.9)

Moreover, the RHS of (E.1.2) can now be written in terms of the euclidian action,

SE =

∫ τ0
2

− τ0
2

dτLE , (E.1.10)

LE =
1

2

(
dx

dτ
+ V (x)

)
, (E.1.11)

where LE is the euclidian Lagrangian, as

Z(xf , xi) = N
∫
D[x]e−

SE [x]

h̄ . (E.1.12)

In the semiclassical limit, h̄→ 0, the matrix element (E.1.12) will be dominated by path
for which the action SE is minimal (i.e. stationary).
In order to gain a visual understanding, let us assume that the potential has the form

V (x) = (x2 − x20)
2 (E.1.13)

which has two minima, at x0 and at −x0. We know of course that in this scenario,
tunneling between the two zero-energy states takes place and that the true ground state
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Figure E.1: The potential (E.1.13) (left) and the euclidian version (right).

is a superposition,

|vac〉 = 1√
2
(|x0〉+ |−x0〉) . (E.1.14)

Instead of taking the usual path, let us know try to calculate the tunneling amplitude
in the semiclassical limit, h̄ → 0. It is easy to see that in Minkowski space, there are
no classical path leading from −x0 to x0. However, note from LE that the rotation
to euclidian space corresponds to turning the potential upside down, i.e. we are now
considering a particle in a potential −V (x), see Fig. E.1. Clearly, there exists now a
classical path from −x0 to x0, i.e. a solution to the equation of motion

−δSE[x]
δτ

=
d2x

dτ 2
− dV (x)

dx
= 0 (E.1.15)

with the boundary conditions xi = −x0, xf = x0, given by

xcl(τ) ≡ x0 tanh
(√

2x0τ
)
. (E.1.16)

By definition, the action corresponding to the solution (E.1.16) is stationary and as dis-
cussed above, in the semiclassical limit h̄ → 0, it gives the dominant contribution to the
path integral (E.1.12). Thus, we can approximate the tunneling amplitude as

Z(xf , xi) ≈ e−
SE [xcl]

h̄ (E.1.17)
where

SE[xcl] =
4
√
2

3
x30 . (E.1.18)
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(a) n = 0 (b) n = 0 (c) n = 1 (d) n = 1 (e) n = 2 (f) n = −1

Figure E.2: Visualization of the winding number for mappings S1 → S1.

E.2 Homotopy classes
In order to understand the Instanton solutions, we need some basic understanding of
topology, more precisely of homotopy classes. In the following, we will give a short
overview on the relevant notions without mathematical rigor.
First, consider two functions f(x), g(x) that define a map from one topological space X to
another topological space Y . If f(x) and g(x) can be continously transformed into each
other, they are homotopic. In that manner, the full set of functions from X to Y can
then be divided into homotopy classes so that all functions that are homotopic to each
other are in the same homotopy class.
As we will see later, the relevant maps with regard to Instantons are maps from the
three-sphere S3 into a gauge group SU(2). Topologically, SU(2) is equivalent to S3,
i.e. we actually need to consider maps from S3 to S3. However, maps from three-spheres
onto three-spheres are difficult to visualize. Thus, in order to gain a visual understanding
of homotopy classes (which will prove sufficient to discuss the Instanton solutions), we
discuss a simplified example using circles. That is, consider maps from the circle S1,
parameterized by an angle θ ∈ [0, 2π), into the gauge group U(1). As U(1) is topologically
equivalent to S1 we are therefore considering maps from a circle onto another circle,

f(θ) : S1 → S1 . (E.2.1)
In this case, the homotopy classes are the elements of a group, the so called first homotopy
group,

π1(S
1) = Z . (E.2.2)

Thus, the different homotopy classes are characterized by the set of integers
n = 0,±1,±2, ... . The integer n, called the winding number, is a topological invari-
ant and counts how many times the domain space wraps around the target space.
Moreover, it can be shown that every map f(θ) from S1 to S1 is homotopic to one the
standard maps

f (0)(θ) = 1 , (E.2.3)
f (1)(θ) = eiθ , (E.2.4)
f (n)(θ) = einθ . (E.2.5)
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This scenario is visualized in Fig. E.2 where the target space is represented by the dotted
circle an and the domain space is shown as a solid line. A useful analogy is to imagine
the domain space as a rubber band which is wrapped around the target circle. Smooth
deformations allow us to deform the rubber band as long as we do not leave the plane of
the rubber band. Thus, we can e.g. smoothly transform the map shown in Fig. E.2b into
the trivial map shown in Fig. E.2a, i.e. both maps have winding number n = 0. However,
there exists no smooth transformation that continously deforms any of the other maps
into the trivial map. For example, the maps shown in Fig. E.2c and E.2d both wrap
once around the circle, i.e. they have winding number n = 1 while the map shown in
Fig. E.2e wraps twice around the circle, corresponding to winding number n = 2. On the
other hand, the map shown in Fig. E.2f wraps once around the circle counterclockwise,
corresponding to n = −1. Given any map f(θ), the corresponding winding number can
be expressed as an integral formula,

n =

∫ 2π

0

dθ

2π

[
−i
f(θ)

df(θ)

dθ

]
. (E.2.6)

Similar consideraions apply for maps from S3 to S3. In this case, the homotopy classes
form the third homotopy group,

π3(S
3) = Z , (E.2.7)

and again we find that the homotopy classes are characterized by an integer n ∈ Z.

E.3 Yang-Mills Theory
Before we proceed with the discussion of the vacuum structure of YM theories and Instan-
ton solutions, let us shortly set the notation which differs from the one used previously.
For simplicity, we will restrict ourselves to pure YM theory with SU(2) as the gauge group.
In the following, we will work with anti-hermitian generators of the Lie-Algebra,[

ta, tb
]
= εabctc , (E.3.1)

ta = −iσ
a

2
. (E.3.2)

with the Cartan inner product given by(
ta, tb

)
= −2Tr

[
tatb
]
= δab . (E.3.3)

Next, we define the gauge fields Aµ(x) and the field strength tensor Fµν(x) as
Aµ = gAaµt

a , (E.3.4)
Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] . (E.3.5)

In euclidian space with x2 = x20 + ~x2, the Lagrangian LE and the action SE are therefore
given by

LE =
1

4g2
Fµν

aFµν
a , (E.3.6)
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SE =

∫
d4x

1

4g2
Fµν

aFµν
a ∼

∫
d4xTr [EiEi +BiBi] > 0 , (E.3.7)

where we did not distinguish between lower and upper indices since we are in euclidian
space. Under a gauge transformation U(x) = exp (λa(x)ta), they transform as

Aµ → A′µ = U−1AµU + U−1∂µU (E.3.8)
Fµν → Fµν

′ = U−1FµνU . (E.3.9)
Moreover, if Fµν vanishes Aµ, is pure gauge, i.e. a gauge-transform of zero with

APGµ = U−1∂µU . (E.3.10)
Finally, the euclidian equations of motion are given by

δSE
δAν

= DµFµν = 0 , (E.3.11)

where the covariant derivative is defined via
DλFµν + [Aλ, Fµν ] . (E.3.12)

Although we focus on SU(2) in the following discussion, the results for SU(N) are exactly
the same and require only the replacement of the Pauli matrices in (E.3.2) with the
appropriate generators.

E.4 Vacuum Structure of Yang Mills Theories
In this section, our goal is to find the zero-energy states in YM theory. They are given
by the minima of the euclidian action and therefore

Fµν = 0 . (E.4.1)
We will employ the gauge-fixing condition

A0(x) = 0 . (E.4.2)
Under a gauge transformation U , we find that A0 transforms as

A0(x) → A′0(x) = U−1(x)A0(x)U(x)︸ ︷︷ ︸
=0

+U−1(x)∂0(x)U(x) , (E.4.3)

i.e. the condition (E.4.2) fixes the gauge only partially as we are still left with the freedom
of time-independent gauge transformations,

A0(x) → A′0(x) = U−1(~x)∂0(x)U(~x) = 0 . (E.4.4)
Thus, the vacuum configurations we are seeking are time-independent pure gauge poten-
tials,

Ai(x) = APGi (~x) = U−1(~x)∂i(x)U(~x) , (E.4.5)
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and the gauge transformations U(~x) are now mappings R3 → SU(2). Next, we use the
remaining gauge freedom to define a boundary condition at spatial infinity,

U(~x) = 1 as |~x| → ∞ , (E.4.6)
so that

APGi (~x) = 0 as |~x| → ∞ . (E.4.7)
This boundary condition compactifies R3 to the three-sphere S3, i.e. the gauge transfor-
mations U(~x) are mappings from S3 into the gauge group SU(2) which is topologically
equivalent to S3. Recalling our discussion in Sec. E.2, this implies that the gauge trans-
formations U(~x) fall into different homotopy classes, characterized by an integer n,

U (n)(~x) = exp

(
iπ~x~σn√
|x|2 + ρ2

)
, (E.4.8)

where ρ is an arbitrary parameter. In analogy to the previous discussion, we will refer to
n as the winding number. In terms of pure gauge fields (E.4.5), the winding number n
can be expressed as

n = − 1

24π2

∫
d3xεijkTr

[
APGi APGj APGk

]
. (E.4.9)

Consequently, the gauge fields that minimize the euclidian action that are constructed
from (E.4.5) and (E.4.8) are classified by the winding number n as well,

A
(n)
i = U (n)−1(~x)∂i(x)U

(n)(~x) . (E.4.10)
We can further distinguish between small gauge transformations and large gauge trans-
formations. Small gauge transformations do not change the winding number and are
homotopic to the identity while large gauge transformations change the winding number
and cannot be continously transformed into the identity. Thus, the gauge transformations
in (E.4.8) with n = 0 are small gauge transformations while the gauge transformations
with n 6= 0 are large gauge transformations. Considering e.g. a field with Ai = 0, under
a small gauge transformation we have

Ai → A′i = 0 , (E.4.11)
while a large gauge transformation with n = 1 results in

Ai → A′i = A
(1)
i = U (1)−1(~x)∂i(x)U

(1)(~x) . (E.4.12)

Thus, given two fields A(k)
i , A

(m)
i of the form (E.4.10) in different homotopy classes, i.e. k 6=

m, we can not continously deform A
(k)
i into A(m)

i unless we leave pure gauge. If we leave
pure gauge, we have Fµν 6= 0 and therefore a non-minimal euclidian action SE > 0. In
other words, we find that the vacuum of YM theories consists not of a single vacuum but
of an infinite number of vacuum states, each classified by the winding number n, which
are seperated by finite action barriers.
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E.5 Instantons
In the previous section, we found the surprising result that the YM vacuum is degenerate.
Thus, the natural question to ask next is if there occurs tunneling between these vacua.
Recalling the discussion in (E.1), we know that the tunneling amplitude between classical
vacua in the semiclassical approximation is dominated by stationary points of the action,
i.e. solutions of the YM equation (E.3.11) . Moreover, we require that the action is finite
since field configurations with infinite action are irrelevant in the semiclassical approxi-
mation, see (E.1.17). Finiteness of the action (E.3.7) implies that Fµν goes to zero faster
than 1/|x|2 as |x| → ∞. Restricting ourselves to integer powers of |x|, we therefore have

Fµν ∼ O
(

1

|x|3
,

)
(E.5.1)

Fµν ||x|→∞ = 0 . (E.5.2)
Thus, in the limit |x| → ∞, the gauge field Aµ has to be a gauge transform of zero,
i.e. pure gauge,

Aµ||x|→∞ = A∞µ = V −1∂µV , (E.5.3)
where V is a function of angular variables only and we stress that we are not in A0 = 0
gauge. Thus, V is a map from the boundary S3 of euclidian space into the gauge group
SU(2) ∼ S3. Consequently, the maps V and the corresponding finite action field con-
figurations fall into different homotopy classes characterized by an integer which we will
denote by ν,

V (ν) =

(
x0 + i~x~τ

|x|

)ν
, (E.5.4)

A(ν)
µ = V (ν)−1∂µV

(ν) . (E.5.5)
For reasons that will become clear later on, we will refer to ν as the topological charge.
Note that the topological arguments made here and in the previous section are related,
but not identical. The maps U (n) given in (E.4.8) that are classified by the winding
number n are time-independent maps from compactified S3 into SU(2) and the gauge
fields constructed from these maps are static pure gauge fields. On the other hand, the
maps V are only defined in the limit |x| → ∞ and therefore the corresponding gauge
fields are only required to approach pure gauge at |x| → ∞.
The topological charge ν can be expressed in terms of gauge fields as a gauge-invariant
quantity,

ν[A] =
1

21π2

∫
d4xFµν

a[A]F̃ a
µν [A] , (E.5.6)
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where Fµν [A] fulfills (E.5.2) and (E.5.3). Defining the Chern-Simmons current Kµ as

Kµ = 2εµνλρ

(
Aaν∂λA

a
ρ +

1

3
εabcAaνA

b
λA

c
ρ

)
= εµνλρ

(
Aν , Fλρ −

2

3
AνAλAρ

)
,

(E.5.7)

we can write FµνaF̃ a
µν as a total derivative,

∂µKµ = Fµν
aF̃ a

µν , (E.5.8)

and transform (E.5.6) into an integral over the surface S3 at infinity,

ν[A] =
1

32π2

∫
d4x∂µKµ[A] =

1

32π2

∫
S

dσµKµ[A] . (E.5.9)

However, at infinity, Fµν vanishes and Aµ → A∞µ is purge gauge, see (E.5.3) and (E.5.2),
and we find

ν = − 1

24π2

∫
S

dσµεµνλρTr
[
A∞ν A

∞
λ A

∞
ρ

]
= − 1

24π2

∫
S

dσµεµνλρTr
[(
V −1∂νV

) (
V −1∂λV

) (
V −1∂ρV

)]
.

(E.5.10)

We can now calculate the action of the Instanton in terms of the topological charge. With(
Fµν ± F̃µν

)2
= 2

(
FµµFµν ± FµµF̃µν

)
(E.5.11)

we find

SE =

∫
d4x

1

4g2
Tr [FµνaFµνa] = ∓ 1

4g2

∫
d4xFµν

aF̃ a
µν +

1

8g2

∫
d4x

(
Fµν

a ± F̃ a
µν

)2
(E.5.12)

= ∓8π2ν

g2
+

1

8g2

∫
d4x

(
Fµν

a ± F̃ a
µν

)2
. (E.5.13)

Since ∫
d4x

(
Fµν

a ± F̃ a
µν

)2
≥ 0 (E.5.14)

we find

SE ≥ 8π2|ν|
g2

. (E.5.15)

and it is easy to see that (E.5.15) is minimized if

Fµν = ±F̃µν (E.5.16)
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holds. Clearly, configurations which satisfy (E.5.15) are finite-action solutions of the
euclidian equations of motivation and have an action given by

Sν =
8π2|ν|
g2

. (E.5.17)

A non-trivial solution for ν = 1 is given by

Aµ(x) =

(
|x|2

|x|2 + ρ2

)
V (0)−1∂µV

(0) ,

A0(x) =
−i~τ~x

|x|2 + ρ2
, Ai(x) =

−i (~τx0 + ~τ × ~x)

|x|2 + ρ2
,

(E.5.18)

and is called the BPST Instanton with the Instanton size ρ and V (0) given by (E.5.4).
In order to make the interpretation of Instantons as the tunneling solution between the
vacua we found in the previous section transparent we need to transform the Instanton
into the A0 gauge. In this case, the only component of the Chern-Simmons current which
contributes to the topological charge ν is K0 and we can relate ν to the winding number
n, (E.4.9), as

ν =

∫
d3x [K0(x0 = ∞)−K0(x0 = −∞)] = n(x0 = ∞)− n(x0 = −∞) . (E.5.19)

Thus, an Instanton with a topological charge ν > 0 interpolates between two topologically
distinct vacua n(∞) 6= n(−∞). Let us consider this more explicitly for the Instanton with
ν = 1. In order to express the solution given in (E.5.18) in A0 = 0 gauge, i.e. we need to
find a gauge transformation U(x) so that

A′0(x) = U−1(x)A0(x)U(x) + U−1∂0U(x) = 0 . (E.5.20)
A gauge transformation that fulfulls this condition is given by

U(x) = exp
(

i~x~σ√
~x2 + λ

[
arctan

(
x0√
~x2 + λ

)
+

(
n+

1

2

)
π

])
. (E.5.21)

In the limit x0 → ±∞ we find

U(x0 → −∞) = U (n)(~x) = exp
(

i~x~σ√
~x2 + λ

n

)
, (E.5.22)

U(x0 → ∞) = U (n+1)(~x) = exp
(

i~x~σ√
~x2 + λ

(n+ 1)

)
(E.5.23)

and thus
A′i(x0 → −∞, ~x) = U (n)−1(~x)∂iU

(n)(~x) = A
(n)
i , (E.5.24)

A′i(x0 → ∞, ~x) = U (n+1)−1(~x)∂iU
(n+1)(~x) = A

(n+1)
i . (E.5.25)

In this form, it is evident that the Instanton is the desired tunneling solution that inter-
polates between the different winding sectors with ν = (n+ 1)− n.
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E.6 Theta Vacua
The existence of degenerate vacua with tunneling solutions implies that the true ground
state of the theory is given by a superposition of the |n〉 vacua. We can write the true
vacuum, called θ vacuum, in terms of an angle θ ∈ [0, 2π) and the |n〉 vacua as

|θ〉 =
∑
n

einθ |n〉 . (E.6.1)

The transition amplitude between different θ vacua is then given by

〈θ′|e−Hτ |θ〉 =
∑
n,m

eimθ
′
e−inθ 〈m|e−Hτ |n〉 (E.6.2)

=
∑
n,m

eim(θ′−θ)e−i(n−m)θ 〈m|e−Hτ |n〉 (E.6.3)

=
∑
ν,m

eim(θ′−θ)e−i(ν)θ
∫

[dAµ]νe
−SE (E.6.4)

= δ(θ′ − θ)

∫
[dAµ]νe

−SE− iθ
32π2

∫
d4xFµν

aF̃a
µν (E.6.5)

and we note that the existence of tunneling solutions between different winding sectors
n 6= m amounts to adding a term

LE,θ = − iθ

32π2
Fµν

aF̃ a
µν (E.6.6)

to the Lagrangian in euclidian space. In order to discuss the physical relevance of this
term, let us go back to Minkowski space and rescale the gauge fields according to the
conventions used in 2.2, yielding

Lθ =
g2θ

32π2
Fµν

aF̃ a,µν , (E.6.7)

where g is the gauge coupling of SU(N). Although it is gauge invariant and therefore
a viable contribution to the Lagrangian, it can be written as a total derivative. Since
variations were assumed to vanish at the boundary, it was usually discarded. It became
clear only once Instanton solutions were found that the surface term does not vanish if
tunneling between different winding sectors takes place. Thus, this term can have physical
consequences and should be considered as an additional term of the Lagrangian.
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Boltzmann Equations

F.1 General Equations
Although the assumption that the Universe evolves through sequences of states close to
thermal equilibrium proves reasonable, it is the intermedient departures of the particle
content from equilibrium that invoke interesting effetcts. Thus, in order to study those
deviations from equilibrium, we need a formalism that describes the evolution of the
different particles species, taking both the expansion of the Universe and the interactions
in the plasma into account. This is achieved by means of Boltzmann equations. For a
particle species X it is of the form

dnX
dt

+ 3HnX = −
∑

processes

[Xa↔ ij] . (F.1.1)

Focusing on the LHS first, note that the term proportional to H takes the dilution of the
number density due to the expansion of the Universe into account. Using (3.2.13), we can
rewrite the LHS of (F.1.1) as

dnX
dt

+ 3HnX = s
dYX
dt

. (F.1.2)

Moreover, it is convenient to introduce a new variable

zX ≡ mX

T (F.1.3)

and express the Boltzmann equations in terms of zX rather than t. Thus, we need to
derive a relation between the temperature T and time t. To that end, note that (3.1.21)
in a radiation dominant Universe implies

H =
1

2t
, (F.1.4)

and further imposing that the Universe is flat, we find

ρc =
3H2

8πG
=

3

32πGt2
h ρrel =

π2

30
g∗T4 , (F.1.5)

where we used (3.2.8). This yields the desired relation between T and t as

t =

(
90

32π3Gg∗

) 1
2 1

T2
, (F.1.6)
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and consequently (F.1.2) becomes

s
dYX
dt

= sHzX
dYX
dzX

. (F.1.7)

The RHS of (F.1.1) is the so called collision term where the sum runs over all interactions
involving X. For simplicity, let us consider the collision term for a species X interacting
only via Xa↔ ij which in the most general form is given by

[Xa↔ ij] =

∫
dΠXdΠadΠidΠj (2π)

4 δ(4) (pi + pj − pX + pa)

×
[
|M |2X+a→i+jfXfa (1± fi) (1± fj)− |M |2i+j→X+afifj (1± fX) (1± fa)

]
,

(F.1.8)
where

dΠl ≡
gl

(2π)2
d3pl
2El

, (F.1.9)

fl are the phase space densities of a particle l and |M |2 are the squared matrix elements
averaged over intial and final state spins and include symmetry factors for identical par-
ticles in the intial or final states. The (1± fl) terms correspond to Bose enhancement
(”+”) and Pauli blocking (”−”). If elastic scatterings are fast, kinetic equilibrium holds
and the phase space distributions are given by (3.2.1). Moreover, since the average energy
per particle is given by 〈E〉 ≈ 3T, we can approximate the Bose-Einstein and Fermi-Dirac
distributions as Maxwell-Boltzmann distributions,

fi ≈ e
µi
T e−

Ei
T = e

µi
T f eq

i , (F.1.10)
and since fi � 1, the Pauli blocking and Bose enhancement factors in (3.2.1) can be
neglected, 1± fi ≈ 1. Further defining

|M→|2 ≡ |M |2X+a→i+j , |M←|2 ≡ |M |2i+j→X+a , (F.1.11)
these assumptions greatly simplify the collison term, resulting in

[Xa↔ ij] =

∫
dΠXdΠadΠidΠj (2π)

4

× δ(4) (pi + pj − pX + pa)
[
|M→|2fXfa − |M←|2fifj

]
.

(F.1.12)

Moreover, note that energy conservation EX + Ea = Ei + Ej implies

|M→|2fXfa − |M←|2fifj = e−
EX+Ea

T

(
|M→|2e

µX+µa
T − |M←|2e

µi+µj
T

)
. (F.1.13)

Since the chemical potential does not depend on p, we can write the number density of a
species l as

nl = e
µl
T neq

l , (F.1.14)
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where the equilibrium number density is given by

neq
l = gl

∫
d3pl

(2π)3
f eq
l =

glmlT
2π2

K2

(ml

T

)
≈

{
gl

T3

π2 , T � ml ,

gl
(
mlT
2π

)
3
2
e−

ml
T , T � ml ,

(F.1.15)

and Kn(x) is the modified Bessel function of the second kind. Rewriting (F.1.13) as

|M→|2fXfa − |M←|2fifj = e−
EX+Ea

T

(
|M→|2

nXna
neq
Xn

eq
a

− |M←|2
ninj
neq
i n

eq
j

)
, (F.1.16)

and defining the thermal rate as

γeq (Xa→ ij) ≡
∫
dΠXdΠadΠidΠj (2π)

4 δ(4) (pi + pj − pX + pa) |M |2→f
eq
X f

eq
a , (F.1.17)

the collision term can be written as

[Xa↔ ij] =

(
nXna
neq
Xn

eq
a
γeq (Xa→ ij)− ninj

neq
i n

eq
j

γeq (ij → Xa)

)
. (F.1.18)

Thus, putting everything together and using
nl
neq
l

=
Yl
Y eq
l

≡ δi , (F.1.19)

the Boltzmann equation for the evolution of a particle X which interacts via Xa ↔ ij
reads

sHzX
dYX
dzX

= − (δXδaγ
eq (Xa→ ij)− δiδjγ

eq (ij → Xa)) . (F.1.20)

Moreover, if the process Xa↔ ij is CP invariant,

γeq (Xa→ ij)
CP
= γeq (ij → Xa) , (F.1.21)

we can simplify (F.1.20) further, yielding

sHzX
dYX
dzX

= − (δXδa − δiδj) γ
eq (ij ↔ Xa) . (F.1.22)

Note that the Boltzmann equation as given in (F.1.20) tracks the changes in particle
abundances and is only valid when kinetic equilibrium holds.

F.2 Vanilla Leptogenesis
In this section, wederive the Boltzmann equations for VL, i.e. the Boltzmann equations
that govern the evolution of the neutrino abundance and the lepton asymmetry, respec-
tively, following [94]. For brevity, we will generally omit the index 1 in the following so
that {N,MN , m̃, ε} ≡ {N1,MN1 , m̃1, ε1}. In our discussion, we neglect thermal effects
and scattering processes involving gauge bosons. Thus, the only processes relevant for
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the neutrino evolution are decays and quark scatterings1, see first row in Fig. 4.7, yielding
the Boltzmann equation

sHzN
dYN
dzN

=− [N ↔ LH]−
[
N ↔ LH†

]
− [NL↔ Q3U3]−

[
NL↔ Q3U3

]
−
[
NQ3 ↔ LU3

]
−
[
NU3 ↔ LQ3

]
−
[
NQ3 ↔ LU3

]
−
[
NU3 ↔ LQ3

]
.

(F.2.1)
As discussed in 4.3.3.1, the N decays violate CP which can be parametrized as

γN→LH
CP
= γLH†→N =

γD
2

(1 + ε) , γN→LH†
CP
= γLH→N =

γD
2

(1 + ε) , (F.2.2)

where the decay rate γD is given by

γD = neq
N

K1(zN)

K2(zN)
ΓD . (F.2.3)

Further assuming that N,L, L can be out of equilibrium while the remaining fields follow
equilibrium distributions with YX = Y eq

X , we find

[N ↔ LH] = γN→LHδN − γLH→NδL =
γD
2

[(1 + ε) δN − (1− ε) δL] , (F.2.4)[
N ↔ LH†

]
= γN→LH†δN − γLH†→NδL =

γD
2

[(1− ε) δN − (1 + ε) δL] , (F.2.5)

and [
NU3 ↔ LQ3

]
=
[
NQ3 ↔ LU3

]
= (δN − δL) γNU3,LQ3

, (F.2.6)[
NU3 ↔ LQ3

]
=
[
NQ3 ↔ LU3

]
= (δN − δL) γNU3,LQ3

, (F.2.7)
[NL↔ Q3U3] = (δNδL − 1) γNL,Q3U3 , (F.2.8)[
NL↔ Q3U3

]
= (δNδL − 1) γNL,Q3U3

, (F.2.9)
where we used γNU3,LQ3

= γNQ3,LU3
. Moreover, CP invariance results in

γNU3,LQ3
= γNU3,LQ3

, γNL,Q3U3 = γNL,Q3U3
, (F.2.10)

and we can define a total quark scattering rate as
γQ ≡ 2γNU3,LQ3

+ γNL,Q3U3 . (F.2.11)
Putting everything together and using the approximation YL+YL ≈ 2Y eq

L , the Boltzmann
equation for the neutrino evolution (F.2.1) finally becomes

sHzN
dYN
dzN

= − (δN − 1) γD − 2γQ (δN − 1) . (F.2.12)

The Boltzmann equation for the evolution of the lepton asymmetry ∆L′ is conveniently
derived from the evolutions of YL and YL. Besides the ∆L′ = 1 decays and quark scat-
terings, it is essential to also take ∆L′ = 2 scattering proccesses into account (see second

1The relevant cross sections are given in App. G.2.1.
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row in Fig. 4.7), yielding the Boltzmann equations

sHzN
dYL
dzN

=− [LH ↔ N ]−
[
LH ↔ LH†

]
− 2 [LL↔ HH]

− [LN ↔ Q3U3]−
[
LQ3 ↔ NU3

]
−
[
LU3 ↔ NQ3

]
,

(F.2.13)

sHzN
dYL
dzN

=−
[
LH ↔ N

]
−
[
LH† ↔ LH

]
− 2

[
LL↔ H†H†

]
−
[
LN ↔ Q3U3

]
−
[
LQ3 ↔ NU3

]
−
[
LU3 ↔ NQ3

]
.

(F.2.14)

Naively, the evolution of the lepton asymmetry is obtained by simply substracting (F.2.14)
from (F.2.13). However, in this case the asymmetry would evolve as

sHzN
dY∆L′

dzN
= εγD (δN + 1)︸ ︷︷ ︸
≡f(δN )=−[LH↔N ]+

[
LH↔N

]−
{[
LH ↔ LH†

]
−
[
LH† ↔ LH

]
+ ...

}
(F.2.15)

where the term in curly brackets is proportional to δ∆L′ and describes how the lepton
asymmetry is washed out. Right now, its explicit form is irrelevant. The first term on
the other hand is problematic: All quantities appearing in f(δN) are positive and even
if neutrinos are in equilibrium, i.e. δN = 1, we have f(1) > 0 and consequently, a lepton
asymmetry would be generated. This clearly violates the Sakharov conditions. The reason
for this is simple: The scattering rate for LH ↔ LH† contains both on-shell and off-shell
contributions for s-channel N exchange, see Fig. 4.7. However, the on-shell contribution
is already accounted for by successive (inverse) decays LH ↔ N ↔ LH† and therefore
counted twice. In order to correct this, we need to substract the on-shell contribution from
γLH,LH† and replace γLH,LH† with the off-shell contribution γoff

LH,LH† . Since the neutrino
decays violate CP , we need to consider both directions individually, i.e.

γoff
LH→LH† = γLH→LH† − γon

LH→LH† , γoff
LH†→LH = γLH†→LH − γon

LH†→LH , (F.2.16)
where the on-shell contributions are given by

γon
LH→LH† = γLH→NBrN→LH† =

γD
4

(1− ε)2 , (F.2.17)

γon
LH†→LH = γLH†→NBrN→LH =

γD
4

(1 + ε)2 , (F.2.18)

and BrN→LH† ,BrN→LH are the branching ratios,

BrN→LH =
1

2
(1 + ε) , BrN→LH† =

1

2
(1− ε) . (F.2.19)

Consequently, we need to replace
[
LH ↔ LH†

]
and

[
LH† ↔ LH

]
in (F.2.15) with the

correspnding off-shell contributions, given by[
LH ↔ LH†

]off
= δLγ

off

LH→LH† − δLγ
off

LH†→LH = δ∆L′

(
γLH,LH† −

γD
4

)
+ εγD , (F.2.20)[

LH† ↔ LH
]off

= δLγ
off

LH†→LH − δLγ
off

LH→LH† = −δ∆L′

(
γLH,LH† −

γD
4

)
− εγD . (F.2.21)
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It is evident that the additional contributions from the second terms in (F.2.20) and
(F.2.21), respectively, to f(δN) result in

f(δN)− 2εγD = εγD (δN − 1) (F.2.22)
which indeed vanishes when neutrinos are in equilibrium. The remaining scattering terms
can be written as

[LL↔ HH] =
(
δ2L − 1

)
γLL,HH ,

[
LL↔ H†H†

]
=
(
δ2
L
− 1
)
γLL,H†,H† ,

[LN ↔ Q3U3] = (δLδN − 1) γLN,Q3U3 ,
[
LN ↔ Q3U3

]
= (δLδN − 1) γLN,Q3U3

,[
NU3 ↔ LQ3

]
= (δN − δL) γNU3,LQ3

,
[
NU3 ↔ LQ3

]
= (δN − δL) γNU3,LQ3

,[
NQ3 ↔ LU3

]
= (δN − δL) γNQ3,LU3

,
[
NQ3 ↔ LU3

]
= (δN − δL) γNQ3,LU3

, (F.2.23)
yielding the Boltzmann equation for the lepton asymmetry as

sHzN
dY∆L′

dzN
=εγD (δN − 1)− 2δ∆L′

[
γ∆L′=2 + γNU3,LQ3

+
δN
2
γLN,Q3U3

]
. (F.2.24)

Here we combined the thermal rates for the ∆L′ = 2 interactions,
γ∆L′=2 ≡ γLH,LH† + 2γLL,HH . Moreover, we can write γ∆L′=2 in terms of on- and
off-shell contributions as

γ∆L′=2 = γoff∆L′=2 + γon∆L′=2 ≈ γoff∆L′=2 +
γD
4

≈ γD
4
, (F.2.25)

where in the last step, we used that the on-shell contribution γon
LH↔LH† = γD/4 provides

the dominant contribution to γ∆L′=2, finally yielding the Boltzmann equation for the
lepton asymmetry as

sHzN
dY∆L′

dzN
=εγD (δN − 1)− δ∆L′

[γD
2

+ 2γNU3,LQ3
+ δNγLN↔Q3U3

]
. (F.2.26)

F.3 Majoron+Triplet Model
In this section, we derive the Boltzmann equations relevant for leptogenesis in the MTM.
Besides the lepton number violating neutrino decays and quark scatterings that already
appear in VL, the Boltzmann equation for the neutrino evolution in the MTM receives
contributions from interactions involving T , σ and J , see Fig. 6.1, yielding

sHzN
dYN
dzN

= sHzN
dY VL

N

dzN
+ 2[NN ↔ σ] + 2 [NN ↔ TT ] + 2 [NN ↔ σσ]

+ 2 [NN ↔ JJ ] + 2 [NN ↔ σJ ] ,

(F.3.1)

where

sHzN
dY VL

N

dzN
= − (δN − 1) γD − 2γQ (δN − 1) , (F.3.2)

as given in (4.3.59) and we assumed that N,L, T, σ and J can deviate from equilibrium.
Similarly to the discussion in Sec. G.2.1, we need to substract the on-shell contributions
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from 2 → 2 scattering processes if the on-shell process can take place, i.e.
[NN ↔ TT ] =

(
δ2N − δ2T

)
γoffNN,TT , [NN ↔ JJ ] =

(
δ2N − δ2J

)
γoffNN,JJ , (F.3.3)

where the off-shell contributions are given by
γoffNN,TT = γoffTT,NN = γNN,TT − Brσ,TTγσ,NN , (F.3.4)
γoffNN,JJ = γoffJJ,NN = γNN,JJ − Brσ,JJγσ,NN . (F.3.5)

The remaining terms in (F.3.1) are given by
[NN ↔ σσ] =

(
δ2N − δ2σ

)
γNN,σσ , [NN ↔ σ] =

(
δ2N − δσ

)
γNN,σ , (F.3.6)

[NN ↔ σJ ] =
(
δ2N − δσδJ

)
γNN,σJ . (F.3.7)

Similarly, the Boltzmann equations for T , σ and J can be written as

sHzN
dYT
dzN

= 2 [TT ↔ σ] + 2 [TT ↔ NN ] + 2 [TT ↔ σσ] + 2 [TT ↔ JJ ]

+ 2 [TT ↔ σJ ] + 2 [TT ↔ AA] ,

(F.3.8)

sHzN
dYσ
dzN

= [σ ↔ JJ ] + [σ ↔ NN ] + [σ ↔ TT ] + 2 [σσ ↔ JJ ]

+ 2 [σσ ↔ NN ] + 2 [σσ ↔ TT ] + [σJ ↔ NN ] + [σJ ↔ TT ]

+ [σN ↔ JN ] + [σT ↔ JT ] ,

(F.3.9)

sHzN
dYJ
dzN

= [JJ ↔ σ] + 2 [JJ ↔ σσ] + 2 [JJ ↔ TT ] + 2 [JJ ↔ NN ]

+ [σJ ↔ NN ] + [σJ ↔ TT ] + [JN ↔ σN ] + [JT ↔ σT ] .

(F.3.10)

where
[TT ↔ σ] =

(
δ2T − δσ

)
γσ,TT , [TT ↔ NN ] =

(
δ2T − δ2T

)
γoffTT,NN , (F.3.11)

[TT ↔ σσ] =
(
δ2T − δ2σ

)
γTT,σσ , [TT ↔ JJ ] =

(
δ2T − δ2J

)
γoffTT,JJ , (F.3.12)

[TT ↔ σJ ] =
(
δ2T − δσδJ

)
γTT,σJ , [TT ↔ AA] =

(
δ2T − δAA

2
)
γTT,AA (F.3.13)

for the evolution of T ,
[σ ↔ JJ ] =

(
δσ − δ2J

)
γσ,JJ , [σ ↔ NN ] =

(
δσ − δ2N

)
γσ,NN , (F.3.14)

[σ ↔ TT ] =
(
δσ − δ2T

)
γσ,TT , [σσ ↔ JJ ] =

(
δ2σ − δ2J

)
γσσ,JJ , (F.3.15)

[σσ ↔ NN ] =
(
δ2σ − δ2N

)
γσσ,NN , [σσ ↔ TT ] =

(
δ2σ − δ2T

)
γσσ,TT , (F.3.16)

[σJ ↔ NN ] =
(
δσδJ − δ2N

)
γσJ,NN , [σJ ↔ TT ] =

(
δσδJ − δ2T

)
γσJ,TT , (F.3.17)

[σN ↔ JN ] = (δσδN − δJδN) γσN,JN , [σT ↔ JT ] = (δσδT − δJδT ) γσT,JT . (F.3.18)
for the evolution of σ and

[JJ ↔ σσ] =
(
δ2J − δ2σ

)
γJJ,σσ , [JJ ↔ TT ] =

(
δ2J − δσ

)
γσ,JJ , (F.3.19)

[JJ ↔ NN ] =
(
δ2J − δ2N

)
γoffJJ,NN , [JJ ↔ TT ] =

(
δ2J − δ2T

)
γoffJJ,TT , (F.3.20)

[σJ ↔ NN ] =
(
δJδσ − δ2N

)
γσJ,NN , [σJ ↔ TT ] =

(
δJδσ − δ2T

)
γσJ,TT , (F.3.21)
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[JN ↔ σN ] = (δJδN − δσδN) γJN,σN , [JT ↔ σT ] = (δJδT − δσδT ) γJT,σT (F.3.22)
for the evolution of J . Moreover,

γoffTTJJ = γoffJJ,TT = γTT,JJ − Brσ,JJγσ,TT , (F.3.23)
is the off-shell rate of TT ↔ JJ and the Boltzmann equation for the triplet (F.3.8) is
given for the sum of the components as YT = Y 0

T + Y +
T + Y −T .

Defining
δsub = δσ − δ2JBrσ,JJ − δ2NBrσ,NN − δ2TBrσ,TT (F.3.24)

and
ρ ≡

(
1− δ2J

)
(γNNJJ − Brσ,JJγσ,NN) +

(
1− δ2T

)
(γNNTT − Brσ,TTγσ,NN)

+
(
1− δ2σ

)
γNNσσ + (1− δσδJ) γNNσJ + (1− δσ) γσ,NN

=
(
1− δ2J

)
γNNJJ +

(
1− δ2T

)
γNNTT +

(
1− δ2σ

)
γNNσσ + (1− δσδJ) γNNσJ

+
[
(1− δσ)−

(
1− δ2J

)
Brσ,JJ −

(
1− δ2T

)
Brσ,TT

]
γσ,NN ,

(F.3.25)

we can write the full set of coupled Boltzmann equations for N, T, σ and J in the form

sHzN
dYN
dzN

=
dY VL

N

dzN
− 2

(
δ2N − δ2T

)
γNNTT − 2

(
δ2N − δ2J

)
γNNJJ − 2

(
δ2N − δ2σ

)
γNNσσ

− 2
(
δ2N − δJδσ

)
γNNσJ + 2δsubγσ,NN

≡ − (δN − 1) γD − 2 (δN − 1) γQ − 2(δ2N − 1)γS − 2ρ ,

(F.3.26)

sHzN
dYT
dzN

= −2
(
δ2T − δ2N

)
γTTNN − 2

(
δ2T − δ2J

)
γTTJJ − 2

(
δ2T − δ2σ

)
γTTσσ

− 2
(
δ2T − δσδJ

)
γTTσJ − 2

(
δ2T − 1

)
γT,gauge + 2δsubγσ,TT ,

(F.3.27)

sHzN
dYσ
dzN

= −2
(
δ2σ − δ2N

)
γσσNN − 2

(
δ2σ − δ2T

)
γσσTT − 2

(
δ2σ − δ2J

)
γσσJJ

−
(
δσδJ − δ2T

)
γσJTT −

(
δσδJ − δ2N

)
γσJNN − (δNδσ − δNδJ) γNσNJ

− (δT δσ − δT δJ) γTσTJ −
(
δσ − δ2N

)
γσ,NN −

(
δσ − δ2T

)
γσ,TT

−
(
δσ − δ2J

)
γσ,JJ ,

(F.3.28)

sHzN
dYJ
dzN

= −2
(
δ2J − δ2N

)
γJJNN − 2

(
δ2J − δ2σ

)
γJJσσ − 2

(
δ2J − δ2T

)
γJJTT

−
(
δJδσ − δ2N

)
γJσNN −

(
δJδσ − δ2T

)
γJσTT − (δJδN − δσδN) γJNσN

− (δJδT − δσδT ) γJTσT + 2δsubγσ,JJ .

(F.3.29)
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APPENDIX G

Thermal Rates

G.1 General Expressions
For CP conserving scattering processes ab↔ ij, the thermal rate (F.1.17) can be simplified
to

γab,ij =
T

64π4

∫ ∞
smin

ds
√
s σ̂(s)K1

(√
s

T

)
=
MXM

3
Y

64π4

∫ ∞
xmin

dxY
√
xY
zX

σ̂(xY )K1

(
MY

MX

√
xY zX

)
,

(G.1.1)

where

zX =
MX

T , xY =
s

M2
Y

, (G.1.2)

smin = max
[
(Ma +Mb)

2, (Mi +Mj)
2
]
, (G.1.3)

xmin = max

[(
Ma +Mb

MY

)2

,

(
Mi +Mj

MY

)2
]
. (G.1.4)

Moreover, σ̂(s) is the reduced crossection defined as

σ̂(s) = 2sλ(1,
M2

a

s
,
M2

b

s
)σ(s) , σ(s) =

∫ 1

−1
d cos θ 1

32πs
|M |2 , (G.1.5)

where σ is the total cross section summed over initial and final spins and
λ(a, b, c) = (a− b− c)2 . (G.1.6)

For CP conserving decays a↔ ij, we can write the thermal rate as

γa,ij = neq
a

K1(z)

K2(z)
Γa , (G.1.7)

where Γa is the decay rate.
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G.2 Cross Sections and Matrix Elements for
Leptogenesis

G.2.1 Vanilla Leptogenesis
The reduced cross sections for neutrino interactions involvolving third generation quarks
can e.g. be found in Ref. [179] and are given by

σQ3U3NL =
3y2t
4π

m̃1MN

v2

(
xN − 1

xN

)2

(G.2.1)

σLQ3NU3
= σLU3NQ3

=
3yt2

4π

MNm̃1

v2
x− 1

x

(
x− 2 + 2ar
x− 1 + ar

+
1− 2ar
x− 1

log
(
xN − 1 + ar

ar

))
,

(G.2.2)
where ar ≡ mh

MN
.

G.2.2 Triplet Gauge Scatterings
The reduced cross section for scatterings of the triplet T involvolving gauge bosons, TT ↔
AA,LL,QQ,HH, is given by [183, 187, 274, 275]

σ̂T,gauge =
6g42
72π

(
45

2
β − 27

2
β3 −

(
9
(
β2 − 2

)2
+ 18

(
β2 − 1

)2) log
[
1 + β

1− β

])
, (G.2.3)

where β =
√

1− 4
xT

.

G.2.3 Majoron+Triplet Model
Next, we present the cross sections and matrix elements that appear in the MTM. For
convenience, we introduce the following abbreviations:
x = x− 1 , x̂ = x+ 1 , x̃ =

(
x2 − 1

)
, (G.2.4)

A =

√
(M2

Nx+m2
σ)

2

M2
Nx

, B = 4m2
J −M2

Nx , (G.2.5)

C = 4m2
σ −M2

Nx , D = 4M2
T −M2

Nx , (G.2.6)
E = m2

J −M2
Nx , F = m2

σ −M2
Nx , (G.2.7)

G =M2
T −M2

Nx , H =

√
M4

Nx
2 − 2M2

Nm
2
σx̂+m4

σ

M2
Nx

,

(G.2.8)
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O =

√
m4
J − 2m2

JM
2
N x̂+M4

Nx
2

M2
Nx

, Q =
(
−m2

J +M2
Nx+m2

σ

)2
, (G.2.9)

R =M2
N(x− 4) , S =

(
M2

Nx+m2
σ

)
, (G.2.10)

T =
(
x− c2ϑ(x− 4)

)
, U =

(
F 2 + Γ2

σm
2
σ

)
. (G.2.11)

The reduced cross sections for NN → TT can then be written as

σ̂(NN ↔ TT ) =
3
√
−Dg2Tg2N

√
R
(
M4

Nx
2

E2 − DR
F 2+Γ2

σm
2
σ

)
8πM2

Nx
. (G.2.12)

For brevity, we only present the squared matrix elements (summed over initial and final
spins) for the remaining interactions,

|M(NN ↔ JJ)|2 = g2NR

2
×MJJ

NN , (G.2.13)

|M(NTT ↔ JJ)|2 = 3|M(NN ↔ JJ)|2
∣∣
gN→gT ,MN→MT

(G.2.14)

|M(NN ↔ σJ)|2 = g2N

E2M2
Nx
(
cϑ
√
R
√

F 2+m4
J−2m

2
JS

M2
Nx

+
√
Q− 2m2

σ

)2 ×MσJ
NN , (G.2.15)

|M(TT ↔ σJ)|2 = 3|M(NN ↔ σJ)|2
∣∣
gN→gT ,MN→MT

, (G.2.16)

|M(σN ↔ JN)|2 =
g4Nx (M

2
Nx)

−7/2 × (AxM2
NM

JN
σN,1 +

√
M2

NxM
JN
σN,2)(

A(M2
N x̂−m2

J) + (cϑHO − 2m2
σ)
√
M2

Nx
)2

(x2M2
N + Γ2

N)
,

(G.2.17)
|M(σT ↔ JT )|2 = 3|M(σN ↔ JN)|2|gN→gT ,MN→MT

, (G.2.18)

|M(NN ↔ σσ)|2 = g2NR

2U
(
Cc2ϑR + (M2

Nx− 2m2
σ)

2
)2 ×Mσσ

NN , (G.2.19)

|M(TT ↔ σσ)|2 = 3|M(NN ↔ σσ)|2
∣∣
gN→gT ,MN→MT

, (G.2.20)

|M(σσ ↔ JJ)|2 = k4σ

m4
σU
(
(M2

Nx− 2m2
σ)

2 −BCc2ϑ

)2 ×MJJ
σσ , (G.2.21)
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where

MJJ
NN ≡ k2σ

U
+

4Bc2ϑgNMN

(
BgNMNT +

2Fkσ
(
4m2

JM
2
NT−M

4
NxT−4m

4
J

)
U

)
(−4m2

JM
2
NT +M4

NxT + 4m4
J)

2 ,

MσJ
NN ≡ −c2ϑR

(
E2g2N − k2σM

2
Nx
) (
F 2 +m4

J − 2m2
JS
)

− 2cϑkσM
3
N

√
Rx

√
F 2 +m4

J − 2m2
JS

M2
Nx

(
2EgN

(√
Q− 2M2

Nx
)
+ kσMNx
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APPENDIX H

VLL-Scalar-SM Mixing Yukawa Terms

Here we give the Yukawa couplings relevant for (7.3.10):

gµµh0 =
mµ

v cos β
U11V

2
µµ + yU21VµMVµµ + y′U31VµMVµµ , (H.0.1)

gMM
h0 =

mµ

v cos β
U11V

2
µM − yU21VµMVµµ − y′U31VµMVµµ , (H.0.2)

gµMh0,L = − mµ

v cos β
U11VµMVµµ − yU21V

2
µM + y′U31VMMVµµ , (H.0.3)

gµMh0,R = − mµ

v cos β
U11VµMVµµ + yU21VµµVµµ − y′U31V

2
µM , (H.0.4)

gµµH0 =
mµ

v cos β
U12V

2
µµ + yU22VµMVµµ + y′U32VµMVµµ , (H.0.5)

gMM
H0 =

mµ

v cos β
U12V

2
µM − yU22VµMVµµ − y′U32VµMVµµ , (H.0.6)

gµMH0,L = − mµ

v cos β
U12VµMVµµ − yU22V

2
µM + y′U32VMMVµµ , (H.0.7)

gµMH0,R = − mµ

v cos β
U12VµMVµµ + yU22V

2
µµ − y′U33V

2
µM , (H.0.8)

gµµS0 =
mµ

v cos β
U13V

2
µµ + yU23VµMVµµ + y′U33VµMVµµ , (H.0.9)

gMM
S0 =

mµ

v cos β
U13V

2
µM − yU23VµMVµµ − y′U33VµMVµµ , (H.0.10)

gµMS0,L = − mµ

v cos β
U13VµMVµµ − yU23V

2
µM + y′U33VMMVµµ , (H.0.11)

gµMS0,R = − mµ

v cos β
U13VµMVµµ + yU23V

2
µµ − y′U33V

2
µM . (H.0.12)
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APPENDIX I

Higgs Decay Rates

Defining τi = 4m2
i /m

2
h, i = V, f , the diphoton decay width for a general model including

spin−1 particles V and fermions f with electric charge Qi coupling to the Higgs is given
by [277]

Γ(h0 → γγ) ∝
∣∣∣∣ghV Vm2

V

Q2
VA1(τV ) +

2ghff̄
mf

Nc,fQ
2
fA1/2(τf )

∣∣∣∣2 . (I.0.1)

The h0 → γZ decay width for a general model including spin−1 particles V and fermions
f coupling to the Higgs is given by [278]

Γ(h0 → γZ) =

∣∣∣∣ghV Vm2
V

gZV VA1(τV , λV ) +Nc,f

2ghff̄
mf

(2Qf )(g
f
Zll + gfZrr)A1/2(τf , λf )

∣∣∣∣2 ,
(I.0.2)

where λi = 4
m2

i

m2
Z

and

gfZkk =
1

sinϑW cosϑW
(T

(k,f)
3 −Qf sinϑ2

W ) , k = l, r (I.0.3)

are the couplings of the Z to LH and RH particles with weak isospin T k,f3 , respectively.
The corresponding loop functions used in section 7.4.1 are given by [277]

A1(x) = −x2
(
2x−2 + 3x−1 + 3(2x−1 − 1)f(x−1)

)
, (I.0.4)

A 1
2
(x) = 2x2

(
x−1 +

(
x−1 − 1

)
f(x−1)

)
, (I.0.5)

A1(x, y) = 4(3− tan2 ϑW )I2(x, y) + [(1− 2

x
) tan2 ϑW − (5 +

2

x
]I1(x, y) , (I.0.6)

A1/2(x, y) = I1(x, y)− I2(x, y) , (I.0.7)

I1(x, y) =
xy

2(x− y)
+

x2y2

2(x− y)2
[f(x−1)− f(y−1)] +

x2y

(x− y)2
[g(x−1)− g(y−1)] ,

(I.0.8)

I2(x, y) = − xy

2(x− y)
[f(x−1)− f(y−1)] , (I.0.9)

f(x) = arcsin2
√
x , (I.0.10)

g(x) =
√
x−1 − 1 arcsin

√
x . (I.0.11)
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APPENDIX J

Exemplary Data Sets for the AMM

In Tab. J.1, we present data sets that yield viable contributions to the AMM, see Chap-
ter 7.5, displayed in Fig. 7.7.

Parameter 1 2 3 4 5 6 7 8 9

y′ -2.880 -1.783 -0.876 -0.491 -0.844 -1.019 -0.922 -1.318 -0.386
λ1 0.559 0.387 0.311 0.456 0.616 0.456 0.616 0.559 0.311
λ2 0.116 0.123 0.141 0.204 0.099 0.204 0.099 0.116 0.141
λ3 0.093 0.945 0.731 0.828 0.665 0.828 0.665 0.093 0.731
λ4 -0.101 -0.141 -0.702 0.168 -0.365 0.168 -0.365 -0.101 -0.702
λ5 -0.074 -0.884 -0.099 -0.968 -0.402 -0.968 -0.402 -0.074 -0.099
λS 0.924 0.867 0.910 0.352 0.600 0.352 0.600 0.924 0.910
η2 0.182 0.158 0.156 0.226 0.173 0.226 0.173 0.182 0.156

µ1/GeV 41.982 42.672 46.821 102.293 22.346 102.293 22.346 41.982 46.821
µ2/GeV 71.135 69.551 72.458 94.039 66.776 94.039 66.776 71.135 72.458
µS/GeV 98.904 94.206 91.722 95.987 99.757 95.987 99.757 98.904 91.722
v1/GeV 102.562 119.174 129.687 142.845 96.180 142.845 96.180 102.562 129.687
v2/GeV 223.600 215.206 209.039 200.278 226.419 200.278 226.419 223.600 209.039
vS/GeV 26.778 42.620 41.949 19.861 42.840 19.861 42.840 26.778 41.949
mH0/GeV 90.749 88.633 89.541 139.698 86.112 139.698 86.112 90.749 89.541
mS0/GeV 28.652 45.074 47.940 8.761 26.970 8.761 26.970 28.652 47.940

c23 0.977 0.934 0.954 0.999 0.916 0.999 0.916 0.977 0.954
c13 0.994 0.985 0.985 0.995 0.985 0.995 0.985 0.994 0.985
c12 0.700 0.661 0.588 0.484 0.723 0.484 0.723 0.700 0.588

Table J.1: Exemplary parameter sets used in Fig. 7.7.
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Acronyms

2HDM two-Higgs doublet model

AMM anomalous magnetic moment

BAU baryon asymmetry of the Universe
BBN Big Bang Nucleosynthesis
BSM beyond the Standard Model

CKM Cabibbo-Kobayashi-Masukawa
CMB Cosmic Microwave Background

DI Davidson-Ibarra
DM dark matter
DW domain wall

EWSB electroweak symmetry breaking

FCNC flavor changing neutral current
FRW Friedmann-Robertson-Walker

GR General Relativity
GUT grand unified theory,

IA initial abundance
IH inverse hierarchy

LFV lepton flavor violation
LH left-handed

MTM Majoron+Triplet model

NH normal hierarchy

PMNS Pontecorvo-Maki-Nakagawa-
Sakata

QFT quantum field theory

RH right-handed

SM Standard Model
SN supernova
SSB spontaneous symmetry breaking

TE thermal equilibrium

VEV vacuum expectation value
VL vanilla leptogenesis
VLL vector-like lepton

WO washout

YM Yang-Mills
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Glossary

G gravitational constant
H Higgs doublet
YX abundance of X
Y eq
X equilibrium abundance of X
Y∆B′ baryon asymmetry
Y∆L′ lepton asymmetry
ηB′ baryon-to-photon ratio
B′ baryon number
δi relative deviation of Yi from Y eq

i

η efficiency
H Hubble parameter
L′ lepton number
A anomaly factor
m̃ effective neutrino mass
µX chemical potential of X

Y 0
N normalization factor
ρ energy density
ρc critical energy density
T temperature
a scale factor
dH particle horizon
g SU(2)L gauge coupling
g′ U(1)Y gauge coupling
g∗ effective number of degrees of freedom
gs SU(3)C gauge coupling
k curvature parameter
nX number density of X
s entropy density
vSM SM VEV
zX = mX

T

201


	Introduction
	Spontaneous Symmetry Breaking in the Standard Model of Particle Physics and Beyond
	Spontaneous Symmetry Breaking
	Discrete Symmetries
	Continous Global Symmetries
	Continous Local Symmetries

	The Standard Model of Particle Physics
	Electroweak Symmetry Breaking

	Two-Higgs Doublet Models
	Vacuum Stability


	Cosmology
	Cosmological Standard Model
	Equilibrium Thermodynamics
	Boltzmann Equations
	Phase Transitions
	Symmetry Restoration
	Domain Walls and other Topological Defects

	A Brief History of the Universe
	Big Bang Nucleosynthesis
	Cosmic Microwave Background


	Evidence and Frameworks for BSM physics
	Dark Matter
	Freeze-In and Freeze-Out

	Neutrino Masses
	Seesaw Mechanism

	Baryon Asymmetry
	Sakharov Conditions
	Baryon Number Violation in the SM
	Vanilla Leptogenesis
	Type III Leptogenesis

	Muon Anomalous Magnetic Moment

	The Majoron Model and Beyond
	Majoron Model
	Model Setup
	Massive Majorons

	Domain Walls in Majoron Models
	Extended Majoron Models
	Summary

	Leptogenesis in the Majoron + Triplet Model
	Boltzmann Equations
	Parameters
	Results for the Efficiency
	Comparison of the Results
	Cases , 
	Case A
	Case B
	Cases C, D

	Dark Matter
	Majoron
	Triplet

	Baryon Asymmetry
	Summary

	Muon Anomalous Magnetic Moment from Vectorlike Leptons in a 2HDM + S Model
	Model Overview
	Scalar Sector
	Mass Spectrum and Alignment Limit
	Vacuum Stability

	Muon Sector
	Muon Anamolous Magnetic Moment

	Constraints
	Higgs Decays
	Lepton Flavor Violation
	Collider Signals

	Results
	Summary

	Conclusion
	Notation and Conventions
	Dirac and Majorana Fermions
	Numerical Values
	Grand Unified Theories
	Instantons
	Instantons in Quantum Mechanics
	Homotopy classes
	Yang-Mills Theory
	Vacuum Structure of Yang Mills Theories
	Instantons
	Theta Vacua

	Boltzmann Equations
	General Equations
	Vanilla Leptogenesis
	Majoron+Triplet Model

	Thermal Rates
	General Expressions
	Cross Sections and Matrix Elements for Leptogenesis
	Vanilla Leptogenesis
	Triplet Gauge Scatterings
	Majoron+Triplet Model


	VLL-Scalar-SM Mixing Yukawa Terms
	Higgs Decay Rates 
	Exemplary Data Sets for the AMM
	Bibliography
	Acronyms
	Glossary

