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“You fail.
You have to almost fail so many times.
That’s how you learn.
You know what you did wrong and then you do it again and you do it again and again
and finally you make it.
It’s pretty much the same with everything in life.”

Ali Boulala






Zusammenfassung

Die vorliegende Arbeit behandelt die Simulation und Modellierung von drei Interface-
beschreibungen anhand von verschiedenen Beispielen. Dabei werden unterschiedliche
Diskretisierungsverfahren verwendet, wie die Finite Differenzen, Finite Elemente und
[sogeometrische Analyse. Zunéchst wird der durch Rezeptordiffusion getriebene Endo-
zytosevorgang beschrieben. Als Basis fiir die Formulierung dient die Diffusionsgleichung.
Das resultierende Gleichungssystem wird mithilfe von finiten Differenzen gelost. Ziel ist
es, das Eindringen eines Virus in eine Zelle abzubilden.

Das zweite Beispiel untersucht die thermo-mechanischen Eigenschaften metallischer Hohl-
kugeln, nachdem diese durch den Sinterprozess zusammengefiigt wurden. Die diinn-
wandigen Kugeln werden als Schalenelemente mit Hilfe der isogeometrischen Analyse
modelliert. Der Fokus liegt dabei auf der thermo-mechanischen Kopplung des zugrun-
deliegenden Materialmodells sowie der geometrischen Beschreibung mittels NURBS-
Ansatzfunktionen. Die Simulationen untersuchen den Einfluss verschiedener Parameter
und Randbedingungen auf die Steifigkeit und Verformung der versinterten Strukturen.

Als drittes Beispiel wird die Schédigungsentwicklung unter Einwirkung einer geringen
Anzahl an Lastzyklen betrachtet (Low Cycle Fatigue). Dafiir wird ein Phasen-Feld-
Ansatz mit der Plastizitdt kombiniert.



Abstract

This thesis deals with the simulation and modeling of three interface descriptions by
using different examples. Different discretization methods are used, such as finite dif-
ferences, finite elements and isogeometric analysis. First, the endocytosis process driven
by receptor diffusion is described. The diffusion equation serves as the basis for the
formulation. The resulting system of equations is solved by using finite differences. The
aim is to depict the penetration of a virus into a cell.

The second example investigates the thermo-mechanical properties of metallic hollow
spheres after they have been joined together by the sintering process. The thin-walled
spheres are modeled as shell elements by using isogeometric analysis. The focus lies
on the thermo-mechanical coupling of the underlying material model and the geomet-
ric description via NURBS shape functions. The simulations investigate the influence
of various parameters and boundary conditions on the stiffness and deformation of the
sintered structures.

As a third example, the development of damage under the influence of a small number
of load cycles is considered (low cycle fatigue). For this purpose, a phase-field approach
is combined with plasticity.









Publications

Key parts of this thesis are based on peer-reviewed journal articles, which were either
published or submitted during the progress of this thesis.

1. T. Wiegold, P. Kurzeja, S. Klinge, J. Mosler: Non-linear thermo-mechanical modeling
of hollow sphere shells using isogeometric analysis, submitted for publication, 2025.

2. T. Wiegold, S. Klinge, R. P. Gilbert, G. A. Holzapfel: Numerical simulation of the
viral entry into a cell driven by the receptor diffusion, Computers and Mathematics
with Applications, 84:224-243, 2021.

For the journal articles, the author of this thesis contributed essential aspects with
regard to the outline of the theory, carried out all of the numerical implementations and
simulations, and prepared the articles. The text used in this dissertation represents either
the published or currently submitted version of the corresponding paper respectively.

3. S. Aygiin, T. Wiegold and S. Klinge: Coupling of the phase field approach to the
Armstrong-Frederick model for the simulation of ductile damage under cyclic load,
Int. J. Plast., 143:103021, 2021.

For the publication mentioned above, all authors confirm, that the author of this the-
sis contributed essential aspects with regard to preparing algorithmic formulations and
derivatives, carrying out numerical implementations, evaluating the simulations, and
preparing the article.

In this thesis, the publications mentioned above are cited directly. However, changes
to notations, citation numbering, chapter numbering, figure placement and others are
made to increase the readability of the thesis. At the submission of this thesis, publica-
tion ” Non-linear thermo-mechanical modeling of hollow sphere shells using isogeometric
analysis” was not yet published but submitted. Thus, citations from this publication
refer to a preliminary version. Between this preliminary version and the final publication
only minor differences are present, which are not relevant to the content.



In addition, the following contributions were published during and alongside the prepa-
ration of this thesis.

1.

10.

S. Siddique, M. Awd, T. Wiegold, S. Klinge, F. Walther: Simulation of cyclic de-
formation behavior of selective laser melted and hybrid-manufactured aluminum al-
loys using the phase-field method, Applied Sciences 8(10), 1948 (2018) 1-18, DOI:
10.3390/app8101948.

. S. Klinge, T. Wiegold, S. Aygiin, R. P. Gilbert and G. A. Holzapfel: Numerical

modeling of the receptor driven endocytosis, PAMM, 21, 1, 202100142, 2021, DOI:
10.1002/pamm.202100142.

T. Wiegold, S. Aygiin, S. Klinge: Numerical simulation of low cycle fatigue behavior,
combining the phase-field method and the Armstrong-Frederick model, PAMM, 21, 1,
€202100111, 2021, DOI: 10.1002/pamm.202100111.

S. Klinge, T. Wiegold, S. Aygiin, R. P. Gilbert and G. A. Holzapfel: On the mechan-
ical modeling of cell components, PAMM, 20, 1, e202000129, 2021, DOI:
10.1002/pamm.202000129.

. T. Wiegold and S. Klinge: Numerical simulation of cyclic deformation behavior of

SLM-manufactured aluminum alloys, PAMM, 20, 1, e202000181, 2021, DOI:
10.1002/pamm.202000181.

T. Wiegold, S. Klinge, R. P. Gilbert and G. A. Holzapfel: Computational modeling of
adhesive contact between a virus and a cellduring receptor driven endocytosis, PAMM,
19, 1, €201900161, 2019, DOI: 10.1002/pamm.201900161.

T. Wiegold, S. Klinge, R. P. Gilbert and G. A. Holzapfel: Numerical simulation of the
viral entry into a cell by receptor driven endocytosis, Proceedings of 8th GACM Collo-
quium on Computational Mechanics, 401-404, 2019, DOI: 10.1016/j.camwa.2020.12.012.

T. Wiegold, S. Klinge, S. Aygiin, R. P. Gilbert, G. A. Holzapfel: Viscoelasticity of
Cross-Linked Actin Network Embedded in Cytosol, PAMM, 18, 1, e201800151, 2018,
DOI: 10.1002/pamm.201800151.

M. Awd, S. Siddique, J. Johannsen, T. Wiegold, S. Klinge, C. Emmelmann, F.
Walther: Quality assurance of additively manufactured alloys for aerospace industry
by non-destructive testing and numerical modeling, Proceedings of the 10th Interna-
tional Conference on Non-destructive Testing in Aero-space (2018) 1-10, 2018.

S. Klinge, T. Wiegold, G. A. Holzapfel and R. P. Gilbert: The influence of binder
mobility on the viral entry into a cell, PAMM, 17.1, 197-198, 2018, DOI:
10.1002/pamm.201710068.






viil



Contents

1

Introduction

1.1 Overview on mechanical interfaces and their applications . . . . . . . ..
1.2 Objective of this work . . . . . . .. .. ... ...

Numerical simulation of the viral entry into a cell driven by receptor diffusion

2.1 Introduction . . . . . . ...
2.2 Description of the uptake process . . . . . . .. ... ... ... ...
2.3 Process characterization . . . . .. .. ... o0
2.4 Boundary and supplementary conditions . . . . ... ... ... ... ..
24.1 Flux balance . . . . . . .. ...
2.4.2 Energy balance . . . .. .. .o oo
2.5 Numerical implementation and results for 1D case and helical viruses
2.5.1 TImplementation . . . . . . ... ... o
252 Results. . . . ..
2.6 Nondimensionalization . . . . . . . .. ... .. ... ... ...
2.6.1 Derivation of the non-dimensional formulation . . . . . . ... ..
2.6.2 Analysisand results . . .. ... ... Lo
2.7 Rotationally symmetric case - Spherical virus . . . . ... .. ... ...
2.8 Cooperativity . . . . . . ..
2.9 Discussion . . . . ...
2.9.1 Front position and velocity . . . . . ... ...
2.9.2 Virusradius . . . . . ..
2.9.3 Entry duration . . . .. ... Lo
2.9.4 Cooperativity . . . . .. ...
2.9.5 Interaction of selected parameters . . . . . . .. .. ... ... ..
2.10 Conclusion and outlook . . . . . . . .. ... ...

Shell element embedded into an IGA framework

3.1 Introduction . . . . . . . . . ...

3.2 Kinematics and balance laws . . . . . . . . . ... L.
3.2.1 Kinematics . . . . . . . . o
3.2.2 Balance laws for shells and second-order continua . . . . ... ..

3.3 Constitutive model . . . . . . . ..

3.4  Numerical implementation . . . . . .. . ... ... L.
3.4.1 Bubnov-Galerkin method and isoparametric approach . . . . . . .

=

45
45
48
48
ol
95
o8
o8

X



Contents

3.4.2 Time discretization . . . . . . . .. ..o 59
3.4.3 IGA . . . 60
3.4.4 Sintering process and contact formulation . . . .. ... ... .. 60
3.4.5 Benchmarking and mesh convergence . . . . .. .. ... .. ... 63
3.5 Numerical examples of thermo-mechanically loaded hollow spheres . . . . 65
3.5.1 Single hollow spheres in various confinements . . . . . . ... .. 65
3.5.2  Thermo-elastic behavior of two sintered hollow spheres . . . . . . 69
3.6 Conclusion . . . . . . . ... 72
4 Coupling of the phase field approach to the Armstrong-Frederick model
for the simulation of ductile damage under cyclic load &4
4.1 Introduction . . . . . . . .. L 78
4.2 Diffusive crack topology . . . . .. ..o 79
4.3 The Armstrong-Frederick kinematic hardening model . . . . . . . . . .. 81
4.4 Derivation of the evolution equations based on the minimum principle for
the dissipation potential in terms of driving forces . . . . . . . . . . . .. 83
4.5 Derivation of the evolution equations based on the minimum principle for
the dissipation potential in terms of rates of internal variables . . . . . . 84
4.6 Coupling of the Armstrong-Frederick model to the phase-field approach . 87
4.7 Determination of the plastic multiplier . . . . . .. ... ... ... ... 89
4.8 Numerical implementation . . . . . . .. . ... L0 90
4.8.1 General approach . . . . . .. ..o 90
4.8.2 Global solution part . . . . . .. ... 91
4.8.3 Material point solution part . . . . . .. ... ... 92
4.9 Representative numerical examples . . . . . .. ... 93
4.9.1 Elasto-plastic behavior of the carbon steel and of the stainless steel 93
4.9.2 Crack propagation on a notched sample . . . . . . ... ... ... 94
4.9.3 Life time of the cold steel and of the stainless steel in the LCF-mode 98
4.10 Conclusions and outlook . . . . . . .. . ... ... 100
5 Conclusions & Outlook 105
Bibliography 109



1 Introduction

1.1 Overview on mechanical interfaces and their
applications

The description of interfaces is a specific research area in mechanics. A current overview
on the physics and chemistry of interfaces is presented in [35]. An extensive overview is
provided in [2, 77], covering fundamental physical and mathematical approaches. As a
more specific example of classification in mechanics, interfaces can either be modeled as
sharp interfaces or diffuse interfaces (with a finite thickness). Regarding the latter and
as introduced in [36] and [4], sharp interfaces were described by phase field theory. In
addition, interface models can be classified into perfect interface models, not allowing
a displacement jump or a traction jump across the interface and into general imperfect
interface models, where either a displacement jump (elastic interface model), a traction
jump (cohesive interface model) or both (general interface model) are present.

In order to highlight the broad range of applications of interface modeling, some promi-
nent interface examples in engineering applications are presented next. A visualization
of these examples is summarized in Fig. 1.1. A well-known case for interfaces is the
Stefan problem [123], formulating a classic problem in heat transfer and phase change.
It describes the melting or freezing process in a system containing a solid and a liquid
phase. Classic applications are the solidification of molten metal or the melting of ice.
The system is described by an initial binary temperature distribution, separated by a
distinct boundary. Throughout the melting process, both the location of the boundary
and its width can be subject to change. Figure 1.1 a) visualizes a system with two
initially separated phases and a possible evolution of the interface in space and time.
The problem is characterized by the heat equation in combination with a moving or free
boundary condition. One of the main aspects is a coupling of the boundary velocity to
the heat flux.

Another well-known problem is the description of charged solid surfaces in liquids [69],
characterized as electric double layers. This can be experienced on various surfaces, such
as metals, oxides and biomembranes. Electric double layers form at surfaces submerged
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into a solution and affect the electric potential in its vicinity. A corresponding visual-
ization is given in Fig. 1.1 b). The first layer is the so called Stern layer, characterized
by the ions which are bound tightly to the solid surface. The second layer, the diffuse
layer, is the region in which the ions mix with the liquid and no longer represent a tight
formation. The process is characterized by electrostatic attraction between the surface
charge and counterions in the liquid which are balanced by thermal motion. Mathemati-
cally, the Poisson-Boltzmann equation is applied for the potential distribution across the
double layer, while the Debye length describes the thickness of the diffuse layer, which
depends on the ionic strength of the solution.

Still present to this day, interfaces are an elemental part in biology, especially in the hu-
man body. They can be found from the nano meter regime up to the centimeter regime.
A joint is an example for the larger scale [163]. Joints present a system of constant
friction, causing wear to the bone surface. A schematic presentation of the degradation
process is presented in fig 1.1 ¢). The underlying problem is characterized by damage
mechanics in combination with contact modeling for a high amount of load steps.

The fourth example resembles a mechanical problem of damage and crack evolution [31].
It has been shown that by introducing a phase-field parameter, the damage evolution can
be depicted independent of the underlying discretization of the problem [97]. Figure 1.1
d) shows the typical evolution of a crack in a plate with initial defect, highlighted by the
distinct red line. Modeling cracks by means of standard finite element methods often
leads to mesh dependency. This pathological effect can be eliminated by regularization
methods, e.g., [50, 55, 89].

Independent of the considered problem, different spatial discretization schemes can be
used. Some examples include the finite difference method (FDM) [67], finite element
methods (FEM) [122] and isogeometric analysis (IGA) [76]. Each presenting unique
benefits to approach a given problem, providing customized solutions.
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Figure 1.1: Schematic representation of different interface applications. a) Stefan problem, illustrating

the temperature evolution in space and time [131]. b) Electric double layer at a metal surface submerged

into a solution [150]. ¢
Visualization of a crack evolution in a plate with initial defect, as well as its boundary conditions. The

coloration indicates the value of the damage variable. The visualization of the mesh does not correspond
to the real discretization and is used here to emphasize the principal of local refinement in the crack

path [16].

) Simplified representation of a joint, visualizing structural degradation [134]. d)
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1.2 Objective of this work

The broad range of applications of interface mechanics and versatility of numerical so-
lutions presents a broad spectrum of possible approaches. This work covers two unique
applications and their different modeling approaches. Specific benefits are highlighted
and discussed.

The first application describes the viral entry into a cell by means of endocytosis [157].
Different pathways exist for a virus to enter the cell. This work highlights the uptake by
receptor-driven endocytosis. The process is characterized in Fig. 1.2. While interfaces
appear in various sizes, processes such as the viral uptake into a cell happen in the nano
meter regime. While the bodies involved in this process are already of small size, the
difference between the virus and cell size is still significant. Therefore, the virus can be
modeled as a spherical body, while the cell can be represented by an initially flat surface,
in the area relevant to the process. Once the virus is close enough to the cell’s surface its
receptors start to connect to the cell receptors, creating a distinct contact area. In order
to enter the cell the virus requires a local increase in receptor density. The receptors on
the cells are free to move within its surface, forming an envelope around the virus until
it has entered the cell. This process, similar to the Stefan problem, combines a diffusion
process of the cell receptors with a moving boundary problem at the front of the contact
area between virus and cell. Furthermore, it combines a biological system with a similar
characterization to a Stern-Layer, where the interaction between virus and cell happens
at a distinct interface affecting its embedded surroundings.

S

Figure 1.2: Visualization of the viral uptake into a cell by receptor driven endocytosis.

The interface depicts a moving boundary problem at the front of the contact between
virus and cell. For this application, a framework based on finite differences is established.
The diffusion of receptors on the cell, in combination with two additional conditions
describing the conservation of receptors as well as the conservation of energy, describe
the underlying process as a nonlinear system of equations. Key points of this work are:

e Moving boundary problem for the simulation of the viral entry
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e Heat equation followed by nonlinear boundary conditions

The second application focuses on the sintering of thin walled hollow spheres [156].
Contrary to the viral uptake, sintering can be performed both on large bodies extending
several centimeters as well as on small bodies extending just a few micro meters. A
variety of phenomena are involved in describing the underlying mechanisms. It is a
thermo-mechanically coupled problem, including contact between multiple bodies and
often large deformation and different diffusion mechanisms. Figure 1.3 visualizes the
different diffusion paths during the sintering process, on the example of two hollow
spheres.

——  Surface diffusion
=== Volume diffusion
-------- Vapor diffusion
—— Grain boundary diffusion
- == Volume diffusion
- == Volume diffusion
m  Origin: Surface
m  Origin: Grain boundary
m  Origin: Volume

Figure 1.3: Visualization of possible diffusion paths during the sintering process.

The thin walled nature of the spheres motivate their description as shells. Here, a
two dimensional shell element, embedded in a three dimensional space, is established on
the basis of isogeometric analysis. Key points of this work are:

e Thermo-mechanically coupled problem
e Implementation of a shell element into an IGA framework

The third and final application in this thesis investigates the phase field approach for
modeling low-cycle fatigue. For low-cycle fatigue plasticity plays an essential role. There-
fore, the phase field approach is coupled to the Armstrong-Frederick (AF) model in-
corporating kinematic hardening effects. It is especially well suited for describing the
ratcheting and Bauschinger effect.
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Figure 1.4: Example for the simulation of a classic tensile test specimen under low-cycle fatigue.

Figure 1.4 visualizes the damage evolution in a classic tensile test specimen under
cyclic loading. The strain amplitude is kept constant throughout the simulation, high-
lighting the effect of the plastic model. Key points of this work are:

e Influence of plasticity to low-cycle fatigue

e Legendre transformation to create a coupled formulation
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2 Numerical simulation of the viral
entry into a cell driven by receptor
diffusion

This chapter cites the paper ”Numerical simulation of the viral entry into a cell driven
by the receptor diffusion” by T. Wiegold, S. Klinge, R. P. Gilbert, G. A. Holzapfel.

Abstract

The present study focuses on the receptor driven endocytosis typical of viral entry into
a cell. A locally increased density of receptors at the time of contact between the cell
and the virus is necessary in this case. The virus is considered as a substrate with
fixed receptors on its surface, whereas the receptors of the host cell are free to move
over its membrane, allowing a local change in their concentration. In the contact zone
the membrane inflects and forms an envelope around the virus. The created vesicle
imports its cargo into the cell. This paper assumes the diffusion equation accompanied
by boundary conditions requiring the conservation of binders to describe the process.
Moreover, it introduces a condition defining the energy balance at the front of the
adhesion zone. The latter yields the upper limit for the for the size of virus which can
be engulfed by the cell membrane. The described moving boundary problem in terms of
the binder density and the velocity of the adhesion front is well posed and numerically
solved by using the finite difference method. The illustrative examples have been chosen
to show the influence of the process parameters on the initiation and the duration of the
process.

2.1 Introduction

The intense study of cell mechanisms has provided an important insight into the uptake
of various substances into a cell including viruses. Diagnosis and therapy of diseases has
reached a state in which nanomedicine concerned with devices of nanoscale size is ap-
plied. With these, they can deliver low molecular mass compounds, proteins and recom-
binant DNAs to focal areas of disease. Some examples are polymeric micelles, quantum
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dots, liposomes, polymer-drug conjugates, dendrimers, biodegradable nanoparticles, sil-
ica nanoparticles, etc. researched in laboratories, undergoing preclinical development,
or already used in hospitals [44, 142]. In addition, numerical methods in biomechan-
ics and biomathematics become more relevant. A variety of numerical methods ranging
from multiscale finite elemente [78] and isogeometric shell formulations [51] to relaxation
dynamics [13] find their application in biomechanics.

The cell is surrounded by a plasma membrane which acts as the interface between
the cell and its surrounding environment. However, the membrane is not absolutely
impermeable and a transport of particles through the membrane is still possible. Among
many different mechanisms, the most common process for this purpose is the so-called
endocytosis [65]. The main focus of the investigation of endocytosis has so far been on
clathrin-mediated endocytosis (CME). During the CME, proteins create clathrin-coated
pits which eventually build whole vesicles [129, 135].

Various aspects of the endocytosis process are investigated in different chemical and
biochemical contexts. Amongst others, the total internal reflection illumination with
fluorescence correlation spectroscopy is used to measure ligand-receptor kinetic dissoci-
ation rate constants [99]. Trafficking phenomena are studied based on internalization
experiments utilizing multiscreen assay systems [54]. Furthermore, biomimetic systems
of lipid vesicles or supported bilayers with a variety of binder molecules deal with soft
adhesion mediated by mobile binders as shown in [56, 111]. The behavior and stability
of adhesion complexes are also addressed by using cell doublet [53, 143] and vesicles
adhered to supported bilayers [133].

The experimental progress has parallely led to multiple theoretical models. A math-
ematical framework, based on probabilities for binding rates, introducing a random and
a sequential driving mechanism for the receptors is provided in [66]. Discrete stochas-
tic models for specific receptor-ligand adhesion as well as non-equilibrium continuum
models for the competition between different modes of junction remodeling under force
are developed in [86], whereas a statistical thermodynamic model of viral budding is
presented in [146]. Several analytical models for the endocytosis process utilize the de-
scription of the Stefan problem, [61, 62] and propose a solution relying on the error and
complementary error functions. These methods are particularly applied to the HIV-
Virus [139] and Semliki Forest virus [62] but also for the uptake of nanoparticles [164].
Alternatively, Tseng and Huang [144] use the immersed boundary method to simulate
the endocytosis and to investigate the resistance of the water film in the contact area.

The current contribution uses the model presented in [61, 62] as a basis, however, it
proposes an alternative form of the Stefan supplementary condition where the focus is
only set on the energetic aspects of the front itself, and a consideration of the dissipation
associated with the receptor transport along the cell membrane is not needed. Different
from the previous models, the new formulation yields the upper limit for the size of
virus able to enter the cell. Another focus of the paper is the purely numerical solution
of the moving boundary problem where no additional assumptions typical of analytical
solutions such as the speed factor [61, 62] are necessary. The chosen interpretation of

10
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the problem is advantageous for the fast simulation of various scenarios regarding the
process parameters and their influence on the initiation and duration of the process.
As a final objective, the paper also introduces the notion of cooperativity [94, 154] into
the numerical model and performs a more sophisticated study of the effective receptor
distribution on a virus and of its influence on the viral entry into a cell.

This contribution is structured as follows: A general overview of the uptake process
is summarized in Sect. 2.2, whereas Sect. 2.3 recapitulates the main aspects of the
free energy characteristic for the endocytosis process. After this introductory part, Sect.
2.4 focuses on the definition of boundary and supplementary conditions accompanying
the driving diffusion differential equation. The boundary conditions define the flux
balance, and supplementary condition represents the energy balance at the adhesion
front. Subsequently, Sect. 2.5 discusses the numerical implementation for the 1D case
and helical viruses, which is followed by a non-dimensional description of the problem in
Sect. 2.6. The paper also deals with a common case of a spherical virus (Sect. 2.7) and
extends the basic model by introducing the notion of cooperativity (Sect. 2.8). Finally,
Sect. 2.9 gives a comprehensive overview of results and provides a comparison with the
experimental observations and numerical results from the literature. The paper finishes
with a conclusion and an outlook.

2.2 Description of the uptake process

In a basic view of mechanical adhesive contact between elastic surfaces, two phenomena
which have a considerable influence on the underlying process counteract each other. A
reduction in the free energy when surfaces with bonding potential come into contact ben-
efits the process, whereas an increase in free energy due to elastic deformation required to
fit their shapes counteract the process. In the classic Hertzian theory of elastic deforma-
tion [82], two bodies coming into contact deform in the contact area in such a way that
they perfectly fit. According to this approach any surface interactions such as Van der
Waals forces, which are induced by charge polarization in electrically neutral molecules
in close proximity, are excluded. However, these 'non-material’ effects have a significant
influence on the direct contact interaction [22]. This is illustrated by considering small
elastic objects consisting of crystalline materials processed in a controlled environment.
Such crystals show the appearance of unfulfilled or dangling chemical bonds distributed
over a free surface. Bringing such objects into contact reduces the free energy of the
system by forming bonds between the two surfaces. The objects joined in this way will
not separate without additional work. Hence, not only compressive traction due to bulk
elasticity but also an adhesive or tensile traction contributes to the contact [61]. General
investigations of the mechanisms on adhesive contact are presented in [47, 83, 90, 103].

The same effects, both attractive and resisting interactions, appear in the adhesive
contact of biological cells. However, due to their characteristic properties compared to
engineering materials, significant differences occur in this case. Having a remarkably

11
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lower elastic modulus than engineering materials weakens the influence of the effect of
elastic energy variations during contact [61]. Furthermore, cells are characterized by a
fluid-like in-plane behavior[124]. This enables the receptors of the cell to move within its
membrane, enabling new methods of incorporating free energy variations in the modeling
of adhesive contact.

For a long time, electron microscopy has been used to provide valuable insight into
the architecture of viruses [43]. Furthermore, fluorescent-labeling of viruses and cellular
structures combined with fluorescence microscopy yield more dynamic information for
the tracking of a single virus in live cells [34]. In order to obtain 3D geometrical and
distributional information, electron tomography has also shown to be a powerful tool [19].
Thus, a large amount of information on the architecture of viruses is already available.
For example, a spike protein density of approximately 2800 pm~2 is identified for Sars-
Cov [24] and the value of approximately 5200 pm~2 for an Alphavirus [146]. With regard
to the geometry, the investigations have shown that the helical and spherical virus forms
are predominant [41].

In order to depict the process of viral entry into a cell, the situation presented in
Fig. 2.1 is considered. This 1D situation is suitable to simulate the endocytosis of
helical virus into a cell. However, an extension to the rotationally symmetric case and
to the simulation of a spherical virus is straightforward (Sect. 2.7). In the initial state,
the virus has not yet reached the cell surface (Fig. 2.1a). Upon first contact, the virus
gradually connects to the cell (Fig. 2.1b). In order to establish a connection between
the virus and the cell, a generic repulsion between their surfaces needs to be overcome.

(a) (b)

R O

Figure 2.1: a) Initial configuration of the cell surface and the virus in a 2D setup; b) state during the
uptake where the virus is partially connected to the cell.

The connection by binding receptors of the virus to receptors of the cell reduces
the internal energy of the system. Upon completing a single receptor-ligand bond, the
internal energy is reduced by kT C},, where k is the Boltzmann constant, 7" the absolute
temperature and Cj, the binding energy coefficient.

The quantity driving the uptake process is receptor density &. Initially, the density
of receptors on the cell surface amount to & and the corresponding counterpart, the
receptor density on the virus surface, amounts to &.,. In general, it holds that the
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2.2 Description of the uptake process

density of receptors on the virus is larger than the one on the cell surface and that the
virus receptors are fixed, whereas the receptors of the cell are free to move across the
membrane. Upon contact, receptors of the cell diffuse over the surface, connect to the
receptors of the virus and build an envelope around the virus. At the end of the process
the envelope is closed over the virus which has fully entered the cell.

As opposed to metallic or covalent bonds, the bonds created during biological adhesion
are relatively weak. Since the cell receptor density is the lower one, in general, it dictates
the amount of reduction in the internal energy. Typically, the resisting potential due
to generic repulsion exceeds the reduction in internal energy of the initial configuration
of the system for a unit area of the membrane at &,. Therefore, additional influences
facilitate the creation or dissolving of chemical bonds. Possible influences are catalytic
agents, small temperature changes and small mechanical forces. It appears that a local
change in receptor density is necessary in order to create an adhesion zone between the
virus and the cell. An increasing local receptor density results in a greater reduction
in the free energy by completion of each additional bond. When the cell receptors and
the virus receptors are close to each other, a permanent interaction is present due to
thermal stimulation.

In the framework of chemical rate theory two distinct cases are differentiated [46].
In the area where § < & holds, the rate of bond breaking exceeds the rate of bond
forming, so that no adhesive contact is established. In the area where { > £ holds, the
rate of bond forming exceeds the rate of bond breaking, and a strong adhesive contact is
established. Condition £ = & defines the chemical equilibrium of the bonding reaction
as well as the lower limit for the adhesion to start. Whereas it is known that q > &
in the case of cell-virus contact, different assumptions can be made for the exact value
of {q. In a limiting case, the chemical equilibrium requires all receptors of the virus to
be bonded to the cell membrane such that ., = &.. It is more likely to expect that the
equilibrium density &, is in the range [£o, &+ and that it might vary during the process.
Some of these aspects are considered in Sect. 2.8 on cooperativity, an effect significantly
influencing the exact value of {,. However, the initial study is performed for the most
restrictive case o = v, Which does not influence the generality of the model.

As an illustration, a schematic distribution of receptors over the cell and the virus is
depicted in Fig. 2.2a, whereas the corresponding density profile is shown in Fig. 2.2b.
In the adhesive zone, the receptor density is constant and amounts to &4. The density
starts to grow outside the adhesive zone and, only when far away from it, moves towards
the initial density value of the cell &. Since the size of the cell is magnitudes larger
than the virus, we assume the receptor density far away from the adhesion front to stay
constant xh_)rrolo &(x,t) = &. Consequently, the flux j of the receptors vanishes so that

lim j(z,t) =0.
T—r 00
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2 Numerical simulation of the viral entry into a cell driven by receptor diffusion

(a) (b)

A ¢ [nm~2

Eeq

&+ x [pm]
—

Figure 2.2: a) Schematic diagram for the receptor distribution over the cell and virus surface; b) typical
density profile.

One more peculiarity of diagram 2.2b is the front of the adhesion zone where a jump
of the receptor density occurs. The position of the front is denoted by a time dependent
function a(t). The discontinuous profile is expected since the equilibrium density is high
and certainly larger than &y, whereas the receptor density ahead of the front must be
lower than &, in order to stipulate the receptor diffusion. The values typical of the
adhesion front play an essential role in the model to be described, and are denoted by
the subscript + in the subsequent text. For example, £, denotes the receptor density at
the front.

The previous explanation shows that the whole process is regulated by the diffusion
of receptors over the cell surface and their gathering in the adhesion zone. Accordingly,
the motion of the receptors will be described by the diffusion differential equation

o€ _ 9

= — 2.1
ot o0x (2.1)

which states that the change of receptor density in time has to be equal to the negative
spatial change in the flux. Furthermore, following Fick’s first law, the receptor flux j is
proportional to the gradient of density, i.e.

%
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2.3 Process characterization

such that the implementation of Eq. (2.2) into Eq. (2.1) leads to the alternative expres-
sion of the diffusion equation

o _ | 0%

This equation defines the relation between the temporal and the spatial changes of the
receptor density weighted by the mobility parameter m. Its evaluation gives insight
into the evolution of receptor density for every point in front of the adhesion zone
a(t) < x < oo. Equation (2.3) is a partial differential equation of second order and
requires additional boundary conditions in order to determine the complete particular
solution. These two conditions will be defined in the upcoming sections.

2.3 Process characterization

In order to define the free energy characteristic of the simulated process, the system
including a large number of receptors is treated analogously to the case of an ideal gas
with a large number of non-interacting particles N. In such a case, the entropy of a
single particle, belonging to a system in equilibrium, is expressed by k In[(A/A?) (¢/N)]
[61]. Here, A is the considered surface, N/A is the areal density &, ¢ is a numerical
factor and A a molecule length scale [49]. However, the latter two quantities (¢ and A)
do not play any role for the description of our process since it does not depend on the
absolute entropy but on its change. This change is described with respect to the initial
state of the cell with uniform density &, which is chosen to be the reference state. The
relative entropy of a single receptor at density & is then described by its difference to
the reference state and is calculated according to [61] by

k In (5—16\2) —kn (50‘;\2) — kln <é) . (2.4)

With the expression for one receptor at hand, and assuming that the gradient in the
distribution is small and that the local distribution is indistinguishable from an equilib-
rium distribution at local density, the free energy E, per unit area of membrane surface
associated to the receptor distribution at absolute temperature 7' turns into

E.=kTE&In (é) : (2.5)
€o
Moreover, the chemical potential y is defined as the local change in the free energy per
receptor,

X(z,) = aaEg — kT {m (é) + 1} . (2.6)

15



2 Numerical simulation of the viral entry into a cell driven by receptor diffusion

Finally, the mean receptor speed is assumed to be proportional to the spatial gradient
of the chemical potential, i.e.
m oy  moE

YT TRToe T o 27)

where the motion of the receptors is controlled by the mobility parameter m.

2.4 Boundary and supplementary conditions

The full description of the adhesion front motion relies on a problem formulation includ-
ing the differential equation (2.3) along with two boundary conditions describing the
flux at the ends of the domain and along with a supplementary condition.

2.4.1 Flux balance

The boundary conditions on the unbound area are concerned with the quantitative
description of the flux of receptors through the adhesive front. Following the Leibniz
integration rule of the global form, this condition is derived from Eq. (2.1) as

(€eq — &4) vy + 74 =0, (2.8)
or by using Fick’s first law as
0
—5} =0. (2.9)

(feq —&+) vy —m [Gx . =
Here, the first term denotes the amount of receptors required for the advancement of
the front, and the second term denotes the amount of receptors provided by the flux.
Both previous formulations depend on the front velocity defined in terms of the front
position vy = 9%. Equation (2.9) is consistent with the assumption (2.7), which can
easily be shown as follows. First, the flux is assumed to be proportional to the receptor

distribution ¢ and the mean receptor velocity v,:
j=&u,. (2.10)

By incorporating Eq. (2.7) into Eq. (2.10), the flux turns into
J=—Tml = —m5= (2.11)

as predicted by Fick’s first law.
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2.4.2 Energy balance

The supplementary condition is provided by considering the energetic aspects of the
front motion. The change of the receptor distribution as well as of the membrane shape
leads to several contributions to the free energy of the system. However, the crucial
observation is that the difference in the energy ahead of and behind the front results in
the front motion, which is expressed as follows,

E~ — E* = By (2.12)

Here, E~ denotes the energy behind the adhesion front, ET is the energy ahead of the
front and Fy;, is the kinetic energy of the front itself.

The term related to the energy behind the front is built of three contributions, all
denoted by superscript —,

E-=E +E  +E,. (2.13)

These terms have the following physical meaning: F, is the energy related to the binding
of receptors, E; the energy related to the entropy and E_ the energy related to the
bending of the membrane. The reduction in the free energy due to the binding of
receptors of the cell to receptors of the virus is defined as follows

By = —kTCpéey (2.14)

This term is proportional to the reduction of energy caused by a single bond between
two receptors —k 1" C},, and to the total amount of created bonds &, dictated by the
virus. As stated in [61], the binding energy coefficient C}, typically takes values in the
range b < C}, < 35. The second term describes the energy associated with the entropy
of receptors

E; =kTE&qyln <€—q) : (2.15)
€o

which is required to bring the density from its reference value &, to the density of the

virus &eq. This term will result in an increase in the free energy since it holds §y < &eq-

The third term of (2.13) is concerned with the bending of the membrane caused by the

geometry of the virus

1
E. = 5k;TB/-@Q. (2.16)

Here, a simplified case is considered corresponding to the theory of the bending of a
plate. Factor B represents the non-dimensional numerical parameter for the bending
stiffness, which is in the range of 10 to 30 and k = 1/R represents the curvature, which
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2 Numerical simulation of the viral entry into a cell driven by receptor diffusion

is constant for a spherical virus and which depends on the radius of the virus R. Thus,
the whole energy behind the front is then defined by the expression

E~ = kT Cplog+ kT Eeqln <§§q) +=kTB#. (2.17)
0

In the second step we consider the energy ahead of the front, denoted by superscript +.
Binding between the cell and the virus exclusively takes place in the area behind the
front and thus does not have any influence on the energy ahead of the front. However,
corresponding parts E, the energy related to the entropy and F, the energy related
to the curvature of the membrane remain available. Moreover, a term E}, the energy
related to the motion of receptors also has to be taken into consideration. In summary,
the following terms can be counted ahead of the front:

Et=Er+E!+E}. (2.18)

In the present contribution, we assume that the curvature behind the front is much
smaller than the one caused by the contact with the virus. This justifies the assumption
of a vanishing influence to the energy associated to the bending of the membrane

Ef =0. (2.19)

The energy ahead of the front related to the entropy is expressed in the same way as
the energy behind the front as

EX =kT¢In (5+) (2.20)
€o

It describes the energy needed in order to bring the initial receptor density &, to the
value &,. Contrary to the contribution behind the front, this term results in a reduction
of the free energy since &, > £,. The contribution due to the motion of the receptors
reads

1 1 0
Ej:§mrg+vf— e ( f*) : (2.21)

It represents the kinetic energy of all receptors ahead of the front moving towards the
front with their corresponding velocity v, and the cell receptor mass m,. With Egs.
(2.19) - (2.21), the total energy ahead of the front is defined by

Et =kTE&In (Z)+% Z <a§+) : (2.22)
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2.5 Numerical implementation and results for 1D case and helical viruses

Finally, the difference between the energies of the two sides of the front acts as driving
force for the front motion. The kinetic energy of the front is then characterized by the
mass of the front m,, {, and the front velocity v

1
Eyin = 5 My geq U.2|_~ (223)

Here, m,, represents the mass of a receptor pair including the cell receptor and the virus
receptor which are bonded to each other. Combining Eq. (2.17), (2.22) and (2.23) leads

to the expression
1 2 21 .
e (&) fimemt (O8N L, s
& 2 T &\ Ox 2°7kT

which is the final form of the supplementary condition and closes the formulation of the
moving boundary problem.

—fequ—l—geth (ggq)—i_ Bk 2
0

2.5 Numerical implementation and results for 1D case
and helical viruses

2.5.1 Implementation

In summary, the change of the receptor distribution is described by a system of differen-
tial equations consisting of (2.3), (2.9) and (2.24). The finite difference method has been
chosen for the solution of the underlying system of differential equations. According to
this approach, all derivatives are replaced by expressions dependent on discrete values
of the function for the nodes of a chosen lattice. Thus the differential equations are
transformed into a system of algebraic equations. An implicit scheme is used, with the
following approximations for the derivatives

o g -¢ oc g gl o -+l

1

o At or Az ox2 Ax?

(2.25)
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2 Numerical simulation of the viral entry into a cell driven by receptor diffusion

Here, subscript ¢ denotes the spatial position and superscript j denotes the time. The
implementation of relationships (2.25) into the system (2.3), (2.9) and (2.24) leads to
the following discretized formulation of the problem:

g -¢g _ dh -2+ gl

oM A2 , 1=1,...,p, j7=1,...,n, (2.26a)
‘ ‘ L gL
[ — EF] W +m 2t n L —, (2.26b)
x
. . . 2

[E7] = & £ +1& mQ S - lf Mo 12| g
+ & 2kT ¢t Az 2T Tt '
(2.26¢)

In Eq. (2.26a), variable p refers to the total number of points ahead of the front, except
the last point where the influence of the flux vanishes and where the receptor density
is kept at the initial value &,. Variable n refers to the total number of time steps.
Furthermore, the conditions given in Egs. (2.26b)-(2.26¢) are valid at the front. In Eq.
(2.26¢), E~ is an abbreviation for the contribution defined in (2.17). This term does not
depend on the density &; and quantities at the front £, and v, and thus represents a
constant during the process.

The solution of system (2.26) yields values for receptor densities ﬂ“ and ff o=
1,...,p, and front velocity vfl. The latter is, in postprocessing, used to evaluate the
front position in the incremental form: a/*!' = a7 + v/ At, where j + 1 and j are two
subsequent time steps.

2.5.2 Results

The numerical examples chosen simulate the process of virus uptake into the cell. In the
simulations, it is assumed that a helical virus of size D = 0.05 pm, comes into contact
with a much larger cell such that the cell curvature is negligible (Fig. 2.1). Due to
the axial symmetry of the virus, the problem is treated in a 1D representation which
assumes the unit width of the active domain. The initial density of cell receptors is set to
& = 1000 pm—2, whereas the initial density of virus receptors is set to &, = 4800 pm 2.
Time increment At = le~? s and space increment Az = le™® pm are used for the
numerical simulations. An overview of the chosen process parameters is given in Table
2.1. These values belong to the corresponding admissible ranges and are also used in
[61]. The convergence of results has been checked by varying the time and the space
increment. Time increment At has been decreased in the interval At = le™® — 1e75 s
which has caused a change of results in &, for maximally 0.3%. The variation of the
space increment Az in range le 2 — le™* pm caused the changes in &, up to 2.5%.
For both parameters, decreasing the increment by a constant factor reduces the error
successively.
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2.5 Numerical implementation and results for 1D case and helical viruses

Material parameters

Receptor density on cell surface &o 1000  pm~2
Receptor density on virus §eq 4800 pm 2
Receptor mass m, 400 kDa
Mass of a receptor pair myr 800 kDa
Cy-Parameter Gy, 5 —
Numerical bending stiffness parameter B 30 —
Curvature of the virus K 40 pm !
Mobility parameter m 0.5-1 pum?/s
Virus diameter D 0.05 pm

Table 2.1: Process parameters used in simulations.

The first group of simulations studies the change of the cell receptor density during
the process and the front motion for the mobility parameter set to m = 1 ym?/s. The
density profiles for different time steps during the simulation are presented in Fig. 2.3.
The diagrams show a fast decrease in receptor density, particularely at the beginning of
the process. After 300 time steps, the density at the front only amounts to &~ 50% of its
initial value. This rapid decline in density at the front slows down in the course of the
further process.

Time step 240 Time step 480 Time step 720 Time step 860 Time step 1200

5 5000 5000 5000¢ 5000, 5000,

é 4000 4000 4000 4000 4000

E: 3000 3000 3000 3000 3000

é 2000 2000 2000 2000 2000

S 1000 1000 1000 1000 1000

$ 0 0 0 0 0

e~ 0 05 1 0 05 1 0 05 1 0 05 1 0 05 1
a-distance [pm] x-distance [pm] a-distance [pm] x-distance [pm] a-distance [pm]

Figure 2.3: Receptor density £ over the cell surface = for the first 1200 time steps, corresponding to a
simulated time of 0.12 s.

Figure 2.4 monitors the advancement of the front and the position of the virus during
its entry into the cell in 1D representation.
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Time step 146 Time step 385 Time step 743 Time step 1228
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Figure 2.4: Visualization of the front motion and of the formation of the envelope around the virus
with diameter D = 0.05 pm.

The position of the virus is related to the position of the front through length a,
determining the size of contact area. For a helical virus, a 3D visualization is also
possible due to the axial symmetry, as shown in Fig. 2.6 which compares the endocytosis
of a virus into cells with different receptor mobilities.
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t=214e*s t=609¢*s t=1227¢ %5
a = 0.0262 pm a = 0.0524 pm a = 0.0786 pm

a = 0.0160 pm a = 0.0284 pm a = 0.0409 pm

Figure 2.6: Endocytosis of a helical virus. Comparison of the process state at the same time for two
different mobilities. The upper row shows results corresponding to a higher mobility m = 11m?/s.
Results presented in the bottom row are related to lower mobility m = 0.5 pm?/s.

In the top row, the mobility is set to m = 1pum?/s, whereas half of this value m =
0.511m? /s is used in simulations in the lower row. Naturally, the first process is faster and
the viral entry is accomplished earlier than in the second case. The increasing number of
time steps between the three states indicates the gradual decrease and final stagnation of
the velocity of the process, an issue also studied in the following example. The governing
equation (2.3) of the process depends on a single process parameter, namely on mobility
m. The parameter represents a measure for the capability of receptors to move over the
cell surface, and thus is in a direct correlation with the amount of receptors provided for
the adhesion with the virus. The influence of the mobility on the velocity of the front
and on the receptor density has been studied on the basis of a set of simulations, as
shown in Fig. 2.7.
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Figure 2.7: a) Velocity of the adhesion front vs. time. b) Evolution of the receptor density at the
adhesion front. Mobility is varied in the range 0.5 pm?/s — 1 pm?/s.

Here, mobility parameter m has been varied in the range [0.5 pm?/s-1 pm?/s]. Figure
2.7a shows the dependence of velocity v, on the mobility and clearly confirms the rapid
decrease in velocity at the beginning followed by a stagnation, as already observed in
the previous test (Fig. 2.4). The value of the mobility does not affect the form of the
velocity diagrams. However, a higher velocity corresponds to a higher mobility. This
observation is in agreement with the physical character of the mobility describing the
ability of receptors to move towards the adhesion zone. For lower values of m, fewer
receptors are provided to connect the cell with the virus. Therefore, the evolution of
the adhesion zone and the velocity of the front are slowed down. An analogous trend is
observed for the dependency of the receptor density at the front on the mobility shown
in Fig. 2.7b.

An important influence on the process is also imposed by the fixed receptor density
€eq Of the virus, initially chosen to dictate the amount of receptors required for the virus-
cell connection. The velocity of the adhesion front vy for different values of & is shown
in Fig. 2.8a. Here, the receptor density of the cell is set to & = 1000 pm~2 and the
mobility is set to m = 1 pm?/s. The form of the velocity diagrams does not change,
although the different constellations are taken into consideration. The velocity of the
adhesion front v, decreases with increasing density ., which is to be expected since a
larger number of receptors is necessary in order to achieve a front advancement.
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Figure 2.8: a) Evolution of the velocity of the adhesion front for different densities {q. Density & is
set to 1000 pm~2. b) Evolution of the velocity at the adhesion front front for different initial densities
&o. Density & is set to 4800 pm 2.

Similar simulations are conducted for different values of the initial receptor density &,
while the receptor density of the virus is set to &, = 4800 pm~2 (Fig. 2.8b). Again, the
initial configuration does not affect the form of the diagrams, whereas a larger density
&o corresponds to higher velocities. The required amount of connected receptors has
been fixed at a constant value in all the simulations. However, only the initiation of the
process requires a higher amount of bonds. Once contact between the cell and the virus
has been established, the number of necessary receptors decreases. The amount of bonds
required for the contact between the cell and the virus cannot fall below a minimum
value. The evolution of the required cell receptor density can be easily implemented
in the developed code by assuming & to be a function of time. The simulations in
this case (results not shown here) indicate an accelerated viral entry into the cell as a
consequence of the decrease of the required receptor density.

2.6 Nondimensionalization

2.6.1 Derivation of the non-dimensional formulation

In some physical systems, non-dimensionalization is applied to suggest that it is more
convenient to measure certain quantities relative to an appropriate unit. These units
refer to quantities intrinsic to the system. The non-dimensionalization procedure relies
on replacing dimensional quantities by the non-dimensional ones within the differential
equation and within the corresponding boundary and supplementary conditions. An
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2 Numerical simulation of the viral entry into a cell driven by receptor diffusion

important advantage of the non-dimensional analysis is that it reduces the number of
relevant process parameters and thus facilitates the parameter study as performed in
the previous section.

The present model for the viral entry includes following dimensional quantities which
can be expressed in terms of their non-dimensional counterparts

x =7, t=rt, E=¢&¢. (2.27)

Here, I, 75, & are properly chosen scaling parameters for space, time and density, and the
prime symbol denotes the dimensionless quantities. The introduction of transformation
(2.27) in differential equation (2.3) yields its non-dimensional form

o' mr, 0%¢
ot 12 0x'?

(2.28)

The same procedure can now be applied to the flux-boundary condition (2.9) and the
supplementary energy condition (2.24) which, amongst others, depend on front velocity
vy. The latter intrinsically includes the derivative with respect to time, which yields

0o () I,
Vg = a = 8(7‘5 t’) = ?SUJF. (229)

Bearing in mind transformations (2.27) and intermediate result (2.29), the flux boundary
condition and the energetic supplementary condition have the non-dimensional form

, L, mT [0
_ _ = | = 2.
(geq §+),U+ lg [ax/:|+ 07 ( 30)
Tm, m2 1 (0E.\* 1my [2
0 Y AL L (S R L R W 2.31
GrahemrE g (ax’) 2 BT 72 (231)

where the following abbreviations apply

/ g—l— / geq
_ b 1 Sea 2.32
€+ gs 5 q gs ( )
/ ! ! ! 1 "iQ
Cf =~ Ch+ & Ing +-B—. (2.33)

27 &
Previous formulation (2.30)-(2.31) calls upon the introduction of additional non-dimensional
process parameters

m Ty 1 m, m? Tmy, 12,
m="T gl g Il e 2.34
e Tk T M = 9% T 72 Sea (234)
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where m represents the dimensionless mobility, m, is the non-dimensional cell receptor
mass and m,, the non-dimensional mass of a receptor couple. This short notation yields
the final form of the non-dimensional moving boundary problem

85/ o 825/
% =m 8[1;‘/2’ (235)
/ !/ / — 86/
(geq - §+) 'U+ —m [8$’:| . - 07 (236)
! / / — 1 a ! ? — /
Cy =& Ing, —m, A [ai;] = T v (2.37)
+

2.6.2 Analysis and results

After deriving the non-dimensional formulation of the problem, a further important step
is choosing characteristic scaling parameters. Typically, these are adapted to the system
properties. In the present case, half of the arclength of the virus is assumed as the
characteristic length, namely Iy = wR. On the other hand, the characteristic time is
chosen as the time necessary to complete the virus uptake at a constant unit velocity
vg = 15*. Accordingly, the time scaling parameter reads 7, = Is/vg. The initial cell
receptor density is chosen as the last scaling parameter, such that it holds & = &.

The results for a non-dimensional analysis are presented by examples investigating the
influence of non-dimensional parameters m, m,, m,,, C] and &, on the front velocity and
front receptor density. To this end, first, the reference values for the scaling parameters
are set as follows: Iy = 7R = 0.0785 pm and 7, = l;/vg = 0.0785 s. Here, radius
R = 0.025 pym is assumed as the reference virus size. The density scaling parameter
takes the value & = & = 1000 pm 2.

The results of the analysis parameter analysis are presented in Fig. 2.9. They show
that the dimensionless mobility m has an important influence on the front velocity
(Fig. 2.9a), whereas the dimensionless mass 7, mainly influences the front receptor
density (Fig. 2.9b). The variation of the dimensionless equilibrium density ¢/, has an
important influence on both quantities (Fig. 2.9¢). The effect of C7 is similar to the
one of &, whereas the variation of the dimensionless couple mass m,, hardly affects the
results (results not shown here). Amongst others, a higher mobility corresponds to the
higher front velocity, whereas higher mass m, and equilibrium density &, cause a higher
front density.
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Figure 2.9: The non-dimensional analysis of the front velocity and the front density. (a) The influence
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2.7 Rotationally symmetric case - Spherical virus

2.7 Rotationally symmetric case - Spherical virus

Whereas the previous analysis focuses on the 1D formulation applicable for the sim-
ulation of helical viruses, the real situation is commonly concerned with the rotation-
ally symmetric geometry and spherical viruses. The problem formulation in this case
is slightly different and requires an adaptation of the diffusion equation, whereas the
boundary and supplementary conditions remain unchanged. The extension of the diffu-
sion equation implies the introduction of an additional term compensating for the radial
dependency. Thus, the differential equation turns into

o€ 0%¢ 10§

m——m

ot or? z0r 0, (2.38)

where the last term on the left-hand side is the new contribution. The discretized
counterpart of Eq. (2.38) is

gr-¢ gn-ataedll g g (2.39)
Al A2 T 2 Ax ’ '

where ¢ = 1, ..., p is the counter related to the spacial discretization and where j = 1,...,n
is the counter corresponding to the time discretization. Variable x in the last term in
(2.39) represents the distance from the first contact point and also can be written in a
discretized form as x = iA x, which leads to a condensed discretization formulation

JHL _ ¢d
& & m 2 — 1) &8 469 L9 1) =0 2.40
Al BN [(2_ )& — 4T+ (20 + )£i+1}_ . (2.40)

Finally, the procedure explained in Sect. 2.6.1 provides the non-dimensinonal form of

Eq. (2.38):

ag/ _625/ _ia—gl _O
ot m@x’ 2 mx’ ox

(2.41)

The simulation of the virus uptake for a rotationally symmetric case is demonstrated by
the example of the Alphavirus and by the process parameters summarized in Tab. 2.1.
The achieved results are summarized in Fig. 2.10.
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2 Numerical simulation of the viral entry into a cell driven by receptor diffusion

Figure 2.10: The 3D visualization of the endocytosis of a spherical virus with diameter D = 0.05 pm.

They show the 3D vesicle that is built during the process of the viral entry. Different
to the endocytosis of a helical virus, the process advances at a rather constant rate
throughout the simulation. This change in behavior can be explained by providing
additional receptors due to the radial dependence. The same argumentation explains
the higher velocity of the uptake process by a spherical virus compared to the helical
one. For the chosen parameters, the simulations predict a required time in the range
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for ultra-fast-endocytosis [152]. This fast behavior is expected, since the mobility has a
rather high value. Viruses often connect to receptors with a lower mobility. By reducing
mobility to m = 0.2 pm?/s the time increases and matches values for kiss-and-run-
endocytosis [166]. The model predicts a shorter duration of the process than it is typical
of the clathrin-mediated-endocytosis (15-20 s) [17].

2.8 Cooperativity

Amongst others, cell adhesion deals with cooperativity, an effect which is explained by
considering a patch of unit length depicted in Fig. 2.11.

rr 11 1

Figure 2.11: Schematic representation of cooperativity during endocytosis (the free receptors are not
shown).

As soon as receptors create bonds, they smoothen out the surrounding membrane
which makes it easier for additional receptors to create a bond and strengthens the
adhesion between the virus and the cell membrane [94, 154]. This effect is known as
cooperativity. It has extensively been investigated experimentally and theoretically.
Different experiments are performed depending on the state of the adhesion process.
The fluorescence recovery experiments are performed in order to analyze the equilibrated
contact zone during the process, whereas the micropipette experiments are performed
in order to analyze the initial contact. Lipid vesicles with anchored receptor molecules
are often used in order to resemble important aspects of cell adhesion.

In order to study the binding cooperativity, two classes of numerical models are con-
sidered. The first class describes the membranes as continuous in space with continuous
concentration profiles on the membrane [162]. The second class describes the membranes
as discrete and the receptors as single molecules [93]. Numerical solutions of the dynamic
properties are studied by reaction-diffusion equations in the first class [132] of models
and by Monte Carlo simulations in the second class [145]. The information obtained in
such a way is complementary to the model presented in this contribution.

The cooperativity changes the amount of receptor bonds that will create an equilib-
rium state upon connection between the virus and the cell given in [94] according to

K
§eqreq = Cﬁlgvnglgegqgg‘ (2.42)
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Here, &oqreq is the required amount of receptors that need to bind in order to create
adhesion between the virus and the cell. Symbol ¢ denotes a dimensionless prefactor
acquired from Monte Carlo simulations, usually ranging between 10 - 15. Furthermore,
the effective rigidity ki, can be calculated from the bending rigidities of two apposing
membranes as Ky, = K1 k2/(k1+k2). For the simulations here, it is set to 40 k£ T'. Quantity
lwe is the binding range depending on the interaction range of the two binding sites, of the
flexibility of their molecules and of the membrane anchoring. It describes the difference
between the smallest and the largest local membrane separation at which the receptors
can bind. Quantity K, is the two-dimensional equilibrium constant in the case of two
opposing planar, supported membranes within binding separation of the receptor-ligand
bonds.

Two illustrative examples are performed in order to analyze the influence of coop-
erativity for different binding ranges. As in the previous example the initial receptor
density of the cell is set to & = 1000 pm~2 and the receptor density of the virus is set
t0 Eoq = 4800 pm~2. The first group of simulations considers a virus with its lower half
covered by receptors with a smaller binding range and its upper half by receptors with
a larger binding range. The lower half is characterized by a binding range of [, = 1 nm
resulting in the required receptor density Eeqreq = 2265 pm~2, while the upper half is
characterized by a binding range of [, = 1.2 nm resulting in the required receptor den-
Sity eqreq = 3262 pm~2. An opposite situation is considered in the second group of
simulations presented in Fig. 2.12.

(a) (b)

- Small initial binding range

B gl initial binding range

Figure 2.12: (a) Contact with the virus with two kinds of receptors. (b) Spatial distribution of different
types of receptors on the virus membrane for two chosen configurations.

Numerical results for the described examples are shown in Fig. 2.13.
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Figure 2.13: (a) Influence of the cooperativity for a smaller binding range in the lower half {cq req = 2265
pm~2 and a larger one in the upper half eq req = 3262 pm~2. (b) Influence of the cooperativity for
a larger binding range in the lower half &g req = 3262 pm~2 and a smaller one in the upper half
eqreq = 2265 nm~2. Top row: Receptor density over the cell surface for different time steps. Bottom
row: Velocity of the front, position of the front and receptor density at the front over time. Chosen
process parameters are K, = 0.55¢7% and ¢ = 13.
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The transition between the areas with different receptor types manifests itself by
either a jump or a kink in the corresponding diagrams. The velocity is affected mostly
by the change of the required density. In the area with a smaller binding range less
receptors are required, significantly increasing the velocity of the process. The diagrams
for the second setup show similar results to the first setup, however, the change from the
lower to the upper half is significantly delayed. Here, the initial velocity is much higher
in the first case such that the virus is almost enclosed at the time step 400. Contrary to
this, the velocity at the end of the process is higher in the second case. Consequently,
both viruses need approximately 600 time steps for their entry into the cell. Exact values
are 611 and 622 time steps for the first and second example respectively. The values do
not exactly match due to the different velocities at the beginning of the process and due
to the transition between regions with different receptors.

2.9 Discussion

The model developed gives insight into some specific features of the process and enables
its profound analysis in the context of impeding and hindering the viral entry. Amongst
others, it enables a study of the position of the front and its velocity during the process,
an analysis of the admissible values for the radius and of the duration of the process
depending on different process parameters. The study presented uses the parameters
listed in Tab. 2.1, if not stated otherwise.

2.9.1 Front position and velocity

The position of the front and its velocity are two characteristic indicators of the viral
entry, giving insight into the current state of the process and enabling the estimation of
its total duration. The evolution of these indicators (Fig. 2.14) shows that the front ad-
vances continuously during the process, whereas its velocity decreases with the strongest
decline in the beginning, and an almost constant value at the end of the simulation. Sim-
ilar behavior is shown in the work by Freund und Lin [61].
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Figure 2.14: Normalized front position (a) and normalized front velocity (b) versus scaled time.

However, while the overall trends in both works are the same, some interesting phe-
nomena can be identified with regard to the limiting behavior. The current model
experiences a weaker decline in the velocity resulting in an almost constant velocity to-
wards the end of the simulation, which yields a linear advancing of the front. However,
the velocity in [61] moves towards zero which causes the process to experience almost
no progress towards the end.

2.9.2 Virus radius

Apart from the front position and velocity, the virus radius also gives important infor-
mation on the process, especially with regard to its initiation. This part of the analysis
relies on the consequences of the energy balance (2.24). Since the right-hand side of this
equation represents the kinetic energy, it directly follows that the difference between the
energy behind and ahead of the front on the left-hand side has to be non-negative. In
the beginning of the process, when the density distribution is uniform and the front has
not yet been established, the energy ahead of the front does not contribute to the total
amount. Therefore, the part of the energy behind the front can be seen as an initial
barrier that must be overcome in order to start the process. A study of the limiting
case, where the front velocity approaches to zero, yields the expression for the maximal
radius

Riax = \/g / \/ eq Ob — &egln (%) (2.43)
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under the condition that

Cb —In (%) > 0. (244)

0

By assuming the short notation for the receptor density ratio & = f—“, the value for the
eq

critical density ratio results in
Earit = €. (2.45)

It is important to mention that the receptor density ratio is limited from both sides. On
one hand, it holds & = f—o < 1 since &y < &q. On the other hand, it holds & > & due
eq

to the condition (2.44). The expressions (2.43) and (2.45) are now used to study the
values of maximum radius. These results are shown in Fig. 2.15a, where the receptor
density ratio is varied in the admissible semi-open range (&uit, 1]-
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Figure 2.15: (a) Maximum _virus radius versus receptor density ratio «f The vertical dashed line
represents the critical value &.i¢. (b) The maximum virus radius versus the binding energy coefficient
Cy, for different receptor density ratios &.

Here, the red dashed line indicates the critical value écm according to Eq. (2.45).
The correlation between the radius and the density ratio has also been studied in the
works by Gao et al. [62]. They derive similar expressions for the limiting radius and
the critical density ratio, however, their model provides the expression for the minimal
radius. In the present study as well as in [62], the maximum radius increases rapidly as
¢ approaches its critical value. This quantity (2.43) also depends on the binding energy
coefficient C}, which is studied in Fig. 2.15b for three different values of the receptor
density ratio. Here, the lower line corresponds to the higher ratio (5 = 1), and the
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upper line to the lower ratio (£ = 0.01). Whereas a noticeable difference of the radius is
to be seen for smaller values of C',, which becomes less pronounced as its value increases.

2.9.3 Entry duration

A significant aspect of the virus entry is the duration of the complete process as well
as its dependence on different process parameters. The viral uptake via endocytosis
ranges through different time scales. Ultra-fast-endocytosis takes 50-300 ms [152], while
kiss-and-run-endocytosis takes approximately 1 s [166]. In the presented model, several
parameters have a significant influence on the required time for the process. Three major
parameters are the radius of the virus, the receptor density ratio and the mobility of
the receptors. Figure 2.16 shows the influence which each of these parameters has on
the required time. The influence of the radius (Fig. 2.16a) is analyzed for three different
density ratios.
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Figure 2.16: (a) Duration of the process depending on the virus radius for different receptor density
ratios 5 . Vertical dashed lines indicate the maximum radii for particular critical receptor density ratios.
(b) Duration of the process dependent on the receptor density ratio «f for different virus size R. (c)
Process duration versus mobility parameter m for different receptor density ratios §~ (d) Process
duration versus mobility m for different virus size R.

The red dashed lines correspond to the maximum radius determined according to Eq.
(2.43). All curves show an increasing trend with the highest value for the maximum
radius. The curve with a smaller value for é indicates an increase in time, due to the
higher difference in the receptor density available and required. In Fig. 2.16b, the time
depending on the density ratio for different radii is shown. A longer process time is
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required for larger radii. The difference between the curves is small for larger ratios and
becomes more significant as the ratio becomes smaller.

Finally, Fig. 2.16c and 2.16d both show the influence of the mobility on the required
time. The curves in Fig. 2.16¢ corresponds to different density ratios and indicate that
lower density ratios are related to the higher time requirements. The difference between
the curves for the different densities is more pronounced as the mobility takes smaller
values. A similar behavior is presented in Fig. 2.16d, where the curves correspond to
different radii. In both cases a decrease in the mobility causes an increase in the required
time, which can be expected since a larger m enables the receptors to move more rapidly
to the adhesion zone. An analysis of the influence of the radius and of the density ratio
to the required time is also presented in the works by Gao et al. [62]. This research
group also shows a strong increase in the required time for an increasing radius but
proposes a minimum value for the radius. Furthermore, contribution [62] shows a rapid
increase in the required time when the radius comes close to the minimum value, whereas
the current model does not predict such a behavior. Similar to the results which are
shown in Fig. 2.16b, Gao et al. [62] observe a strong decrease in the required time for
decreasing density ratios with an upper limit at £ = 1.

2.9.4 Cooperativity

A more comprehensive study of the uptake process also requires the data on cooperativity
(Sec. 2.8) to be included in the model. The influence of this factor is demonstrated on
the basis of two examples dealing with the effects of the binding range [y.. The required
receptor density Eq. (2.42) in combination with the equation for the radius Eq. (2.43)
provides a relation between the binding range and the limiting radius. The corresponding
results are presented in Fig. 2.17a where the single curves are related to different receptor
densities of the virus.
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Figure 2.17: (a) Maximal virus radius depending on the binding range ly. for given required receptor
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As already shown in Fig. 2.8b, a smaller receptor density of the virus benefits the
process, resulting in a larger possible radius.

Furthermore, the influence of the binding range ly. on the required density (2.42)
and indirectly on the duration of the process is presented in Fig. 2.17b. Again, the
three curves correspond to different receptor densities of the virus. For the upper curve,
corresponding to &, = 7200 pm™~2, a large binding range hinders the begin of the process,
since the required density &eqreq becomes to be too high. On the contrary, the lower
curve corresponding to &, = 3600 pm 2, shows a lower threshold for the process to take
place. Here, the duration of the process strongly depends on the binding range itself and
prefers lower values in order to complete the process quickly. However, for an extremely
small [, the number of virus and cell receptors coming into contact is not sufficient
and the process cannot start.

2.9.5 Interaction of selected parameters

The discussion of results closes by presenting the interaction of selected process parame-
ters and their influence on the initiation and duration of the process. Figure 2.18a shows
the combination of the initial receptor density &, and mobility m, and shows a strong
increase in the required time for the parameters chosen.
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Figure 2.18: (a) Process duration depending on mobility m and the initial receptor density &. (b)
Process duration depending on mobility m and the binding range ly,.. Plots also show the admissibility
ranges for chosen parameter sets.

If both parameters take small values, the process does not start, but once this thresh-
old is surpassed the required time drops rapidly regardless of which parameter is changed.
Especially the area with small values for the mobility is interesting, since it is not uncom-
mon for viruses to attach to cell receptors with small mobilities. Some typical examples
are the HIV-virus connecting to a receptor with mobility m = 0.05 pm?/s [64] or the
Semliki Forest virus connecting to a receptor with m = 0.01 pm?/s [62].

Finally, Fig. 2.18b shows a range of combinations for mobility m and binding range
lwe in which the process takes place. The influence of the binding range on the required
time is weak, compared to the influence of the mobility, and becomes more noticeable
for smaller values of the mobility.

2.10 Conclusion and outlook

The present study focuses on the investigation of the viral entry driven by the receptor
diffusion using the finite difference method as simulation technique. An approach based
on the consideration of the energetic aspects yields a formulation providing a well-posed
description of the endocytosis process. The motion of the receptors is described by the
diffusion differential equation accompanied by two boundary conditions dealing with the
flux balance at the ends of the considered area. In addition, a supplementary condition
is introduced to define the energy balance at the adhesion front.

The model developed shows several important features: the definition of the sup-
plementary condition only depends on the quantities at the front, and the numerical
simulation of the problem bypasses the introduction of assumptions typical of an an-
alytical solution. The approach is highly efficient with regard to time and computer
capacity, such that a fast simulation of different scenarios and a profound study of
process parameters are possible. Here, the influences and the interaction of mobility,
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receptor densities, virus size and receptor cooperativity play a central role. Their anal-
ysis, for example, yields data on the admissible regions, the upper limit of the size of
the virus able to enter the cell and the estimation of the process duration. Amongst
others, the analysis shows that the process duration strongly increases when a virus size
approaches a critical value and that extremly high and low values of binding range have
an impeding influence on the process initiation.

The results presented in this work pertain to a helical and a spherical virus penetrating
a flat cell surface, which enables the taking of advantage of the axial and rotational
symmetry and perform simulations in a two dimensional setup. However, an extension
to a three dimensional setup has to be taken into account in order to analyze the receptor
distribution for a non-spherical virus or a non-homogeneous receptor density of the cell.
Furthermore, additional contributions, for example, caused by bending of the cell ahead
of the front, can be considered in the energetic supplementary condition. Alternative
expressions for bending lipid bilayers can also be introduced in order to carry out more
realistic simulations.
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3 Shell element embedded into an IGA
framework

This chapter cites the paper ”"Non-linear thermo-mechanical modeling of hollow sphere
shells using isogeometric analysis” by T. Wiegold, P. Kurzeja, S. Klinge, J. Mosler.

Abstract

[sogeometric analysis is employed in a finite-element framework to analyze the thermo-
mechanical response of curved shells. A mathematical formulation is first derived from
the generalized viewpoint of deformational mechanics with higher gradients and then
linked to classic shell theory. This formulation extends classic shell theory, since it also
covers additional deformation modes such as those related to in-plane gradient-elasticity.
The finite element formulation of this model is based on the isogeometric analysis in
combination with NURBS and especially allows an accurate representation of curved
geometries. The first numerical example is a single hollow thermo-elastic sphere. Various
transient thermal and mechanical boundary conditions trigger deformation modes that
range from kinks to oblate shapes and wrinkles. Two sintered hollow spheroids are then
used as a representative minimal system for hollow-sphere structures that are known
for their opportunities in light-weight design and thermal insulation. Sinter radius and
spheroid (aspect) radius can distinctively tune density, stiffness and thermal conduction,
which mainly depends on whether wall stretching or bending dominates. While the
isogeometric analysis remains beneficial to accurately capture the curved features, the
spheroids’ two principal curvatures and the curvature of the sinter area yield competing
requirements for the resolution of the isogeometric discretization.

3.1 Introduction

The present work aims at utilizing isogeometric analysis for the thermo-mechanical,
nonlinear description of shells by the example of sintered hollow spheres. The numerical
modeling of shells is a key challenge in engineering that covers, amongst others, light-
weight design, composite strength and instability problems [5, 38]. Shell structures are
moreover ubiquitous in engineered and biological systems, e.g., involving solid and fluid
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mechanics [125], the human blood cell [37], lipid bilayers [72] or gas bubble acoustics [73].
The present focus will be on nonlinear solid elasticity coupled to temperature as an extra
field. It motivates the example of sintered hollow spheres, as their high porosity allows
light weight and their large interfacial areas — sintered and free ones — determine their
elastic and thermal performance [96]. They can be produced from metals and alloys by
powder metallurgical processes [87], can be embedded in a host matrix [11] or appear in
jetting of microspheres [141]. The thin walls of hollow sphere structures moreover allow
for a higher range of elastic deformation than their bulk counterparts.

The mathematical description of shells yielded well-established models that are now
also found as derivations in a new context, for instance, shells of Kirchhoff-Love type
in a Cosserat framework [138] or Koiter-type shells from the viewpoint of nonlinear
elasticity [136]. Accordingly, the present treatise also aims at connecting two research
streams with typically different notations, i.e., the deformation measures of stretching
and bending in classic shell theory as well as more general higher-gradient deformational
mechanics. This connection shall support the understanding of the different formalisms
and their own contributions to the scope of shell modeling [63, 79, 80, 124, 126]. Further-
more, the analogies between the different frameworks — shell theory vs. higher-gradient
continuum models — highlight the intrinsic assumptions of classic shell theories and also
show consistent extensions of them.

Several possibilities emerged for the numerical modeling of mechanical interfaces and
shells in particular. Most notably are special shell elements in nonlinear finite ele-
ment simulations [23, 39, 75] that complement the scope of applications covered by
diffuse interface models [20, 158], level-set descriptions [165], fracture evolution [57] and
general /imperfect interfaces [71, 81]. A very promising variant for shells has been es-
tablished in the form of isogeometric analysis (IGA). It mostly uses shape functions of
Non-Uniform Rational B-Splines (NURBS) that can provide a very accurate description
of curved shapes and enables C'-continuity across element boundaries. This is particu-
larly usefull for shells with prominent curvature features. While NURBS were already
established [118] and commonly used in computer aided design for some time, IGA was
first introduced in [76]. A comprehensive overview can be found in [114]. IGA has al-
ready been analyzed and applied for a variety of applications involving spheres, such as
large deformation contact problems [45], non-linear anisotropy [127], phase-field models
[21] with damage [120], inflation [126] and lipid bilayers [124], to name a few.

With the promising IGA approach at hand, the present goal is the extension towards
a consistent nonlinear, thermo-mechanically coupled framework. Adding the tempera-
ture field to the mechanical behavior shall explore new possibilities for the numerically
efficient description of systems with complex curvature and temperature evolution. This
is tested for the example of sintered hollow sphere structures that combine the challenges
of thin walled, curved geometries with applications in light-weight, high-strength design
and thermal insulation. The novel aspects particularly include:

e a thermo-mechanically coupled framework embedded into an IGA environment
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e derivation of the shell formulation from higher-order deformational mechanics

e analysis of the non-linear response of single hollow spheres to various thermo-
mechanical boundary conditions

e evolution of a generalized sinter process considering early-stage necking
e thermo-elastic parameter study of two sintered spheroids

The kinematics as well as the balance laws for the underlying problem are derived first
from higher-order deformational mechanics in Chapter 3.2. The prototype material
model and its constitutive relations are then presented in Chapter 3.3. Chapter 3.4
highlights the framework for the finite element method (FEM) as well as the calculation
of the shape functions and their derivatives in context of IGA. Numerical examples of
a single and two sintered, hollow spheroids are presented in Chapter 3.5 with respect
to their thermo-elastic response to different transient loads. Chapter 3.6 concludes with
implications for the IGA modeling technique and the sintered system.
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3 Shell element embedded into an IGA framework

3.2 Kinematics and balance laws

This section summarizes the kinematics as well as the balance laws suitable for the
modeling of thin hollow spheres. While a geometrically exact description for shells un-
dergoing finite stretching and bending is presented in Subsection 3.2.1, the balance laws
associated with a thermomechanically coupled setting are provided in Subsection 3.2.2.
Particular attention is paid to the differences and similarities between classical shell
theory and higher-order constitutive models [81], where the second gradient of the de-
formation mapping is also included in the (Helmholtz) energy.

3.2.1 Kinematics
3.2.1.1 Geometry of a shell

In the following, the hollow spheres to be analyzed are geometrically approximated as
two-dimensional manifolds embedded in the three-dimensional Euclidean surrounding
space, i.e., as shells. Accordingly, they can be described by curvilinear coordinates £
with a = 1, 2, see Fig. 3.1. For instance, points belonging to the undeformed configura-
tion Sy are parameterized as

X =X (&) e, (3.1)
while their counterparts in the deformed configuration S are

x=x (") eS. (3.2)
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X = X(¢%) ¢! x = x(£7)
P

Figure 3.1: a) Mapping between the reference configuration Sy and current configuration S. The
curvilinear coordinates describing the shell are defined in the parameter space P. b) Representation of
the curvilinear coordinates projected onto the 3D euclidean space.

48



3.2 Kinematics and balance laws

As a consequence, a specific material point can be uniquely identified by its coordi-
nates £*. Based on Eqgs. (3.1) and (3.2) co-variant tangent vectors

ox _ a,: Oz =x (3.3)

A, el
« aga NeY

— 8—504 —. X7om
can be introduced. Their dual contra-variant counterparts A® and a® are defined in
standard manner, i.e., by

A% AB = 5%, a® - apg = 53 (34)

where 5 is the Kronecker-delta. Finally, the normal vectors N on &y and n on § are
computed as
A1 X A2 a; X as

N=—— and

n—= ———. 3.5
T4 = Al oz x aa] (3:5)

Since shells — and the hollow spheres to be analyzed in this paper — can be subjected
to either stretching or bending, measures for the curvature are also introduced. One such
measure is the second-order curvature tensor. Depending on the configuration under
consideration, this tensor reads either

B=[N-A,3;] A“®A” or b=[n-a,z a*®ad’. (3.6)
———— N—_———
= Bag = bag

Again, (e) , denotes the partial derivative of () with respect to coordinate £*. Accord-
ingly,

0A, da, B
Aa75 = a—é_ﬁ = X,Clﬁ = Aﬁ’a and a,a#g = a—é_ﬁ = .’,C7a5 = aﬁ’a. (37)
3.2.1.2 Deformation of a shell

The deformation map ¢ connects material point £ from the undeformed reference
configuration X (€7) to its deformed counterpart x,(&]). Based on Eqs. (3.1) and (3.2),
one thus may write

p=x0X! (3.8)

where X ! is the inverse function of Eq. (3.1) and o denotes the composition of functions.
Line elements are mapped between both configurations by the deformation gradient

e o
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3 Shell element embedded into an IGA framework

F' is a rank-2-tensor that maps only tangent vectors. Evidently, F' is the surface gradient
of . In order to capture bending effects, the gradient of the deformation gradient

F=F;A" = a,30A°®A° + a,® A2 A’ = GRADs,GRADs,z
= F(l)(m,a,/a) + 15*(2)(:,37&)
(3.10)

is also introduced. While the first term F(Y) depends on the second derivative of the
deformed configuration, the second term F® depends only on the first derivative. Due
to identities

F-A,=a, F 7T -A“=a" mn=n(a,) and bys=n-F:[A,® Ag (3.11)

together with Eq. (3.5)2, it can be seen that curvature tensor (3.6)s associated with the
deformed configuration can also be written in terms of the deformation gradient and the
gradient of the deformation gradient, i.e.,

b= b(F,F). (3.12)

3.2.1.3 Observer-invariant deformation measures

According to the previous section, deformation gradient F' (Eq. (3.9)) and its gradient
F (Eq. (3.10)) allow to capture stretching as well as bending effects of thin hollow
spheres. However, since such variables are not invariant with respect to an observer
transformation, they are not well-suited for defining Helmholtz energies. For instance
and focusing on a first-order theory (only the first derivative of the deformation map is
considered), the deformation gradient usually enters the Helmholtz energy through the
right Cauchy-Green tensor

C=F"' F=uq,A"® A" (3.13)
In the same line of thought, a fourth-order Cauchy-Green-like tensor

C:=F'.F (3.14)
and a third-order Cauchy-Green-like tensor

C.=F".F (3.15)
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3.2 Kinematics and balance laws

are also defined. Instead of C = FT . F, C = F~'.F is also often considered, cf.
[26]. Tensors (3.13)—(3.15) represent a basis for deriving frame-indifferent (Helmholtz)
energies. To be more precise,

U = U (F,F) is frame-indifferent, if and only if, ¥ = ¥ (C,C, C). (3.16)
A less general, but frequently employed, family of frame-indifferent energies reads
U = U (ans, bap)- (3.17)

This function is to be understood in such a way that only the deformation-dependent
variables are its arguments (vectors A” are deformation-independent). It can be seen
from Eq. (3.13) and Eq. (3.11) that parametrization (3.17) implies an energy of the
type (3.16). The opposite implication, however, is not true. For instance, terms like
a.p - a5 capturing in-plane gradient-elasticity are not included in the family of ener-
gies (3.17).

3.2.2 Balance laws for shells and second-order continua
3.2.2.1 Balance of linear momentum

If the temperature is fixed, as a starting point, the hyperelastic hollow spheres to be
analyzed represent a conservative system. For this reason, balance of linear momentum
can be naturally derived from the Euler-Lagrange equations of the underlying energy.

Description in terms of a,3 and b, Based on description (3.17) — which is the most
common description for shell theory — the total energy of a hollow sphere can be written
for a fixed temperature field as

I(@) = / V(s bus, 0)],_.. . dA - / F-udA. (3.18)

So SO

Here, 6 is the (constant) temperature field, ¥ is the Helmholtz energy and f are pre-
scribed area-specific dead loads. It bears emphasis that forces could also be applied at
the boundary 9S,. Furthermore, the theory would also account for prescribed bending
moments. However, since such loads will not be considered within the numerical exam-
ples, the respective terms have been removed from the energy for the sake of brevity.
Finally, it is noted that according to Eq. (3.18), ¥ is assumed to be area-specific with
regard to the undeformed configuration.
In line with [125], the stationary condition associated with energy (3.18) reads

/ %5aaﬁ7aﬂdA+ / SbasM*PdA — / dx - fdA=0 Yoz (3.19)
So So So
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3 Shell element embedded into an IGA framework

where §(e) denotes the variation of (e) with respect to x, 7% = 20¥/0a,s are the
coefficients of the Kirchhoff stress tensor 7 = 7% a,, ® as (likewise of the second Piola-
Kirchhoff stress tensor 8§ = 7% A, ® Ap and the first Piola-Kirchhoff stress tensor
P =1%a,® Ag) and M*? are the coordinates of the momentum tensor m = 9V /0b =
M*a, ® ag. According to Eq. (3.19), both in-plane deformations (a,g) as well as
bending-induced deformations (b,g) contribute to the energy.

Description in terms of F' and F  Energies depending on a,s and b,s are most natural
from a structural engineering point of view, cf. [40]. By way of contrast, if shells are
interpreted as higher-gradient continua, a description in terms of F' and F represents
the most frequent choice, cf. [80]. Furthermore, such a description is also more general,
since it also covers in-plane gradient-elasticity, see Section 3.2.1.3. For this reason, it
is discussed here. In this case, the total energy of a hollow sphere can be written for a
fixed temperature field as (compare to Eq. (3.18))

I(x) ::/Q/(F,F,G)\szmt dA—/f-wdA. (3.20)

So SO

Clearly, ¥ has to be frame-indifferent, cf. Section 3.2.1.3.
Denoting the generalized stresses energetically dual to F' and FF, respectively, as

_ o and P:= or (3.21)

P=5F oF’

the stationary condition of energy (3.20) reads

/[P:5F+]P.'.5F] dA—/f~5:r:dA:O Vo (3.22)

S() SO

Again, 6(e) denotes the variation of (e) with respect to @ and .". is the triple contraction.
Applying the (surface) divergence-theorem (with [0x - P], - A® =: DIVg,[dx - P] = P :
O0F +6x-DIVg, P), together with the Gauss-theorem to the first term in Eq. (3.22) once
and to the second term in Eq. (3.22) twice and localizing the resulting equation, yields
the strong form

DIVs,DIVs,P —DIVs,P— f =0 VX €S, (3.23)
—[DIVs,P]- N —DIVg[P-N]+P-N=0 VX €9S,. (3.24)

It has been used within the derivations that F' and F as well as their energetically dual
counterparts P and P are superficial in the sense of [70]. The vector N denotes the
superficial unit normal at the surface boundary 08, pointing outwards. Further details
can also be found in [80] where identity S(e) = DIV, (e) holds for superficial tensors.
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3.2 Kinematics and balance laws

According to Eq. (3.23), it can indeed be seen that the balance laws are associated with
a higher-order continuum model.

Since a description in terms of F' and F is more general than a description depending
on aep and bag, the first will be considered in the following.

Relation between both descriptions The coefficients a,g of the metric tensor can
evidently be computed from variables F' and FF as

Gap = [Aqa ® Ag] : C = [A, ® Ag] : [F" - F], (3.25)

while the coefficients b,z of the curvature tensor are given by Eq. (3.11),. Both variables
are invariant with respect to an observer transformation and thus, energies based on these
variable are automatically frame-indifferent. By computing the variations of a,3 and b,g,
inserting the result into weak form (3.19) and finally, by comparing this equation to weak
form (3.22), one can derive expressions for generalized stresses P and P in terms of 7%
and M?. For instance, the first term in Eq. (3.19) yields

1
B 7% 8005 = 7% 4y @ Ag] : 0F = PW.=1%a,® A;. (3.26)

Likewise, the second term in Eq. (3.19) leads to

M 6byg = M [n® A* @ A°] - 6F + M [As @ A, : FT - 6n (3.27)

-~

—P PY . §F

where dn is the variation of the normal vector with respect to the deformed configuration
and the transposed F? is defined by reversing the order of the involved basis vectors.
According to Eq. (B.1) in [117],

on

om_ sen 3.2
9a; a”®n (3.28)

As a consequence, the variation of the normal vector can be written as (see also [81]

(B.33))

n=—-—"6ag=—[a"®@n® Ag] : 6F (3.29)
aaﬁ

and the first Piola-Kirchhoff-type stress tensor P in Eq. (3.27) results in

P® = —M* [A;© A F'-[a @ n® A,]. (3.30)
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3 Shell element embedded into an IGA framework

In summary, a description of the mechanical problem in terms of shell-like quantities
aq3 and byp is equivalent to a description in terms of F' and F by choosing

P = pL 4 p®

P(l) — 7-045 a, @ Aﬁ

P — o8 [As® A FT - [a" 9n® A, (3.31)
_ _Maﬁ [aa,ﬁ'av‘i‘Aa'A:Yﬁ} n®A“f

P = M [ne A2 A7

for given shell-like generalized stresses 7% and M*P.

3.2.2.2 Balance of angular momentum

Since both energies (3.16) and (3.17) are frame-indifferent, they are invariant with re-
spect to a superposed rigid body motion. As shown, e.g., in [117], this property auto-
matically ensures balance of angular momentum — point-wise.

3.2.2.3 Energy balance

Considering the more general description in terms of F' and F, the first law of ther-
modynamics applied to the presented modeling framework of thin hollow spheres reads

/pOTdA—/ J-NdS+ P:F+IP’.'.IF‘dA—/ awdA = 0. (3.32)
So 8So So " So

Here, 7 is the mass-specific heat source, J is the heat flux, P is the (generalized) stress
power, u is the volume-specific internal energy and the superposed dot represents the
material time derivative. Since heat conduction is only considered within the tangent
plane of Sy, J = J* A, holds. Accordingly, the heat flux vector is superficial (J-N = 0)
and thus, application of Gauss-theorem yields

/ J-NdS:/ DIV, J dA. (3.33)
880 SO

Alternatively, one may write DIVs,J = (J* A,) 5 A° = Jo + T (Aas - A”) showing
that the surface divergence is the covariant derivative of the heat flux.

The Helmholtz energy is related to internal energy u and entropy N (being energeti-
cally dual to the temperature 6) as

U=u—0N. (3.34)
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3.3 Constitutive model

Inserting this relation and Eq. (3.33) into Eq. (3.32), yields the strong form

0P . [V oa\}
poT—DIVSOJ—FWe@—F —8981:' F09—|— 900F
While the third term in Eq. (3.35) is related to the heat capacity, the fourth as well
as the fifth term correspond to structural heating. The fifth term is neglected in the
following. Multiplying the strong form (3.35) by test function 6, integration over the
body and applying the surface divergence theorem as well as the Gauss-theorem finally
yields the weak form

Fo=o0. (3.35)

0:/ poraedA—/ J-N50d5+/ J - GRADg,00 dA
So 0S80 So

0V . v .
: F A .
+/SO{892 99+0«98F «9} 06 d Voo

(3.36)

3.3 Constitutive model

The modeling framework is completed by choosing a suitable constitutive model on the
basis of a proper Helmholtz energy W = W(F,F,0). As far as the Helmholtz energy is
concerned, the family of energies

U(F,F,0) = V™ (F,F)+ VU’ (0) + v (F,0) (3.37)

is considered. Here, U™ is a purely mechanical part, ¥ is a purely thermal part and W¢
is related to the coupling of both fields.
Mechanical part U™ (F',F) is further decomposed into membrane (®),e, and bending
contributions (®)pep, i.e.,
Um — wm, (F) + U, (F,F). (3.38)

Frame-indifference of energy (3.38) is guaranteed and the comparison with classical shell
theory is made possible by choosing generalized strain-like variables

1 1
E =E(F) :§(FT-F—1) = §(aaﬁ—Aa@)Aa®A5 (3.30)
K =K(F,F) =F 7. b-F'-B = (bagp— Bap) A" A"
i.e., the surface Green-Lagrange strain tensor E and the relative curvature tensor K.

Both variables are defined with respect to the undeformed configuration. Due to the
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3 Shell element embedded into an IGA framework

definition of the relative curvature tensor (see Eq. (3.39)3), relation 6 K - M = 6b,z M
holds true and coordinates

on on
Maﬁ _ ben __ ben 3.40
0Kng  Obag (340)

are indeed dual to the coordinates of curvature tensor b. Coordinates M, in turn, allow
to compute generalized stresses P® and P, c¢f. Egs. (3.31). The specific mechanical
energy contribution considered for the present analysis is based on the classic (plane-
stress) Saint-Venant-Kirchhoff model as presented in [40, 52, 136] and reads

1 1
\I/m:\llﬁeer\I/gzn:§E:C:E+§K:]D):K. (3.41)
The fourth order tensors can be defined via the familiar structure based on Lamé con-
stants
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C=MeI+2u(I®I)° and ]D):E(C, (3.42)
with s denoting the shell thickness and (I ® I)°: V = sym(V'), with arbitrary second
order tensor V. By taking into account plane-stress conditions [40, 52, 137], the incor-
porated Lamé constants, A and p, relate to the ones of 3D bulk materials, A and ji, as

2\
A=s—2H and U= Ssf. (3.43)
A+20
Next, coupling energy W° is introduced. It is motivated by the three-dimensional
ansatz in [25], where it reads V¢ = -3« [0 —6,] Ktr (E) s. For the present plane-
stress situation, the coupling energy becomes
1
U = —c,(0 — 0)tr(E) — 5c2(0 —0,)? (3.44)
with
2 i <2 2 o2\
g =S= a 3a<)\+—ﬁ) and 02:s~9& ()\+—ﬁ) . (3.45)
A+20 3 A+20 3

Here, a denotes the thermal expansion coefficient. The coupling energy (3.44) gives rise
to the additional contribution of the stress tensor
A%

pr .= o = 0 —0)F (3.46)
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3.3 Constitutive model

as well as to the structural heating term

P
OF00

—o,F. (3.47)

Finally, the purely thermal part of the Helmholtz energy is chosen as

W(0) = cq[f — 0] — cafln <eﬁ) : (3.48)

It enters the first law of thermodynamics through the derivative

i
oz~ “g

(3.49)

The constitutive framework is completed by assuming a Fourier-type model for heat
conduction, i.e.,

J = —k GRADg,0 = —k 6, A (3.50)

where k is the (constant) thermal conductivity.
A summary of the complete model is finally given. While the weak form of equilibrium
is computed as

0 = /[P:5F+]P.‘.5IF]dA—/f~(5wdA Vox
So SO

P = POmy plcy pO _FRq (3.54) + Eq. (3.46) + Eq. (3.31),  (3:51)

P = Eq.(331),

M = Eq. (3.55),

the first law of thermodynamics takes the format

0 = /pomedA—/ J-N50d5+/ J - GRADg, 660 dA
: - F A

+/SO l8«92 00+ 9} S0dA V80
J — Eq. (3.50) (3.52)
2
887\59 = «¢q (see Eq. (3.49))
e
~oop = Ed- (347).
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3 Shell element embedded into an IGA framework

The complete prototype energy and generalized stress tensors of the present analysis
write

1 1
\II(E,K,Q)zaE:C:E+§K:]D):K

1
—c1(0 — 0.)tr(E) — 502('9 —0,)? (3.53)
+cCq [9 — ‘93] — Cdeln (eﬁ) ,
v
P::a—F =Mr(E)F+2uF -E—c(0—6,)F
= [NEY AP + 2 B — /(0 — 0.) A @ ® A (3.54)
:7_046
and
M= 2L _ 5 Mr(K)1+2u K] _ 5 [NKT AP 42 K] A, ® Ag. (3.55)
“orx 127 PEIZ 1 M a o &£ A9

J/

-~

= M

3.4 Numerical implementation

The finite-element implementation of the model, as summarized in Egs. (3.51) and (3.52),
is discussed in this section.

3.4.1 Bubnov-Galerkin method and isoparametric approach

In line with the Bubnov-Galerkin method, primary field  and its test function dx are
interpolated by means of the same shape functions. Accordingly, ansatz

z=» Nzl =Nz  dsox=) Nizl)=N sz, (3.56)
=1 =1

is made for each finite element (or patch). Here, N is the shape function of node i
(vector IN contains all shape functions) and 2 is the coordinate of node i with respect
to the deformed configuration (vector . contains the coordinates of all nodes). The
same notation also applies to field dx. Identical shape functions are also applied for
interpolating the temperature field as well as its test functions, i.e.,

6=> N =NO. d0=> N6 = Ns6.. (3.57)
=1

i=1
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3.4 Numerical implementation

Following an isoparametric approach, the undeformed reference configuration is also
interpolated by shape functions N®.

Based on ansatz (3.56) and (3.57), the gradients within weak form (3.51) and (3.52)
are approximated in standard fashion. For instance,

F =Y ) © GRADs,N", GRADs,0 =Y 60 GRADg,N",
— = (3.58)
F=> af) @ GRADZ N,

i=1

where GRAD, (¢) = GRADgs,GRADg, (o) is the second surface gradient. The same
procedure is also applied to the virtual fields, e.g.,

0F =) 6l @ GRADg, N,  GRADg,060 = ) _661) GRADg,N®. (3.59)

i=1 i=1

Clearly, shape functions N® are usually not defined with respect to physical coordinate
X. In order to derive gradients such as GRADg, N, one has to apply the chain rule
in combination with the isoparametric concept.

3.4.2 Time discretization

The derivation of the problem at hand has been carried out in a time-continuous manner.
Its implementation is performed in a time-discrete manner, where the rates of variables
e are approximated by first-order differences in time as

. .n—l—l — o,

° = R (3.60)
Here, index n + 1 refers to the unknown time step and n to the last known one. No
artificial damping or stabilization has been used for the present parameter settings of
the thermal diffusion-dominated thermo-elastic problems.

The formation of sintering contacts and necking has been determined by a pseudo-
time evolution parametrized in terms of the evolving sinter radius. The sinter contact
radius r is assumed to grow strictly monotonic in time ¢ (not necessarily linear) and hence
uniquely determines the updated contact conditions. The detailed implementation of
the contact formulation is provided below along with the description of the sintering
process.
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3 Shell element embedded into an IGA framework

3.4.3 IGA

Due to the consideration of curvature effects, the second derivative of the spacial co-
ordinates is required. There are multiple ways to achieve this, such as mixed-element
formulations, each presenting their own set of advantages and disadvantages. This paper
follows the approach using NURBS as shape functions. This concept was first introduced
by Hughes et al. [76] and fosters the goal of bridging the interface between Finite Element
Analysis (FEA) and Computer Aided Design (CAD). Some of the benefits of NURBS are
a geometrically accurate representation of curved geometries, various mesh refinement
strategies without CAD regeneration, and an inherent fulfillment of C''-continuity across
element boundaries. NURBS R;; ({,7) are defined in the parameter space of shells as

) B Wi N; (5) Mj (77)
Ri; (§,m) = > Wi Ny (€) My (1)

The B-Splines N and M are defined recursively here, for instance for NV, as

Nig (§) = {1 G <€ < i, (3.61)

0 otherwise

§-6& ivpr1 — &
Nip(§) = =7 Nip-1(§) + = Niz1-1 () - (3.62)
Sitp = &i Civpr1 — Civ1
Their polynomial degree p and the multiplicity of m entries at each node dictate the
CP~™-continuity. The range of possible geometries covered by conventional B-Splines
can be increased by introducing further control points with weights w; ;.

3.4.4 Sintering process and contact formulation

As motivated before, the thermomechanical framework will be studied by the example
of sintered hollow spheres. The impact of the sintered geometry on the thermoelastic
properties is of primary interest. Yet the sintering process itself must be captured be-
forehand. Given the generally vast amount of possible materials, the present simulation
uses a generalized description until the early stage of necking. Particular attention is
also given to the numerical realization in the proposed framework.

Sintering involves multiple transport paths of matter, for instance, surface diffusion,
grain-boundary diffusion, volume diffusion or vapor transport [14, 84, 119], see Fig.
3.2 a). Surface tension and curvature are among the driving processes that lead to
the classical Frenkel’s model [148] for sintering and various extensions. The time scale
determining the growth of the sintered interface, however, depends on the dominating
paths and mechanisms. Polymer powders, for example, show three resulting stages
of sintering kinetics [6]. The initial stationary contact is a balance between surface
tension and repulsion by elasticity. Subsequently, the contact area grows due to inter-
surface adhesion and visco-elastic deformation. Finally, the classical Frenkel theory is
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3.4 Numerical implementation

approached for larger contact areas with surface tension as a driving process of dissipative
viscous flow.

——  Surface diffusion
= == Volume diffusion
-------- Vapor diffusion
——  Grain boundary diffusion
= = = Volume diffusion
= == Volume diffusion
m  Origin: Surface
m  Origin: Grain boundary
m  Origin: Volume

a)

Figure 3.2: a) Visualization of possible diffusion paths during the sintering process.
b) Visualization of the sintering process. Identification of contact elements, establishing contact between
these elements and relaxation of the system.

The present focus is characterized by early-stage sintering of hollow spheres that yields
to necking. This implies three notable assumptions in agreement with the fabrication
of light-weight structures [11, 87] and the relative motion of particles [149]. Firstly,
the mass reduction due to diffusive transport is negligible such that the thickness and
material parameters can be assumed to remain constant. Secondly, the characteristic
diffusion length differs from solid particles and is assumed to be less dominated by volume
diffusion. Thirdly, this early stage of sintering can be captured by a single characteristic
time scale. We thus assume that the sintering evolution of the contact radius r(t) can
be captured by the generalized form of [119]

(%) — BR;™. (3.63)

Ry is the initial radius of the spheres, and B, n and m are constants as provided in
[119] for various sintering mechanisms. They can depend on material, temperature and
thickness, amongst others and are yet rarely available for sintering processes of thin or
slender bodies.
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3 Shell element embedded into an IGA framework

Numerically, the sintering process is first employed artificially before mechanical and
thermal loading is applied to the sintered system, see Figure 3.2 b). For this reason, the
contact radius is explicitly dictated by numerical stability until the desired sinter radius
1o is reached (with an implicit pseudo time and implicit scaling via B, m and n according
to (3.63)). Once reaching the end radius g, the artificial sintering process stops. The
system relaxes into its new reference configuration for the subsequent thermo-mechanical
analysis.

To be more precise in terms of the numerical implementation, the radius r(¢) of
the contact area is first calculated for a new pseudo time step and all elements lying
inside this radius are identified. Subsequently, all control points belonging to these inner
elements are moved into the sinter plane by the IGA framework. The sinter surface is
defined by three control points @1, s and x3. The displacement of all other points x,
in the sinter area is then linked to the motion of three reference points using two scaling
factors f; and fs as

(e — @1, X3 — 1] Ul} txi=x,, (I-fi—fo)zi1+fixo+ foxs—x, =0. (3.64)

It preserves the relative motion inside the once established sinter surface. The newly
added points are then constrained to only relax within the established plane (mimicking
diffusion with negligible pre-stresses), while a new mechanical equilibrium state is com-
puted. As the sinter surface can however move as a whole, e.g. during thermal expansion
or stretching, its orientation is first determined by connecting the spheroid’s centers. A
translation in this direction n, (i.e. the sinter surface normal direction) is described by
an offset vector Az g.;. For any control point @, the normal translation is dictated by
an offset with respect to the initial point of sphere contact x. as

Awoﬂfset = [nc : (wc - wn)] n.. (365)

The established set of linear constrains is imposed on the system by eliminating depen-
dent variables, following [153]. Here, all constraints are generated consecutively, e.g.
C'-continuity and sintering constraints, and linear dependencies are finally resolved by
Gauss-Jordan elimination. The sinter surface effectively couples the elastic resistance of
the two adjacent walls. Further assuming a relatively small distance within and across
the sinter area (thin-wall assumption and early-stage necking), the temperature of two
adjacent points is equilibrated instantly within the pseudo time step. It shall moreover
be noted that the initial problems start with symmetric spheroids and matching control
points on either side of a potential sinter surface. Symmetry conditions are used wher-
ever possible in the following problems. They are not used, though, when they become
unsuitable to study buckling modes or shrinking and growing of adjacent spheres. The
handling of mismatching discretizations is straightforward by interpolating the temper-
ature based on the primary control points presented before.
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3.4.5 Benchmarking and mesh convergence

Two mechanical problems are used to benchmark and to assess the mesh convergence
of the proposed framework, respectively. First, a square plate with side lengths a = b =
12 [mm] and flexural rigidity D = E s*/12 (1 — v?) &~ 2465.58 [N mm] under sinusoidal
pressure shall serve as a well-established benchmark problem [52], see Fig. 3.3. The
pressure is applied in the z-y plane of the reference configuration as

p(x,y) = posin (H) sin (M> : (3.66)
a b
and yields a maximum deflection (cf. the analytical solution in [147]) of

w = Po 5 sin (7?_:1:) sin (Ly) (3.67)
gy )

as the main reference value. The simulations show converge towards the same maxi-
mum deflection for tested polynomial degrees of degree two and three even for coarse
discretizations. Numerically, the relative error is ~ 3% for a coarse 3 x 3 discretization
and polynomial degree of two, dropping to less than 1% for a 6 x 6 discretization. For
a polynomial degree of three, the coarse 3 x 3 discretization already archieves a rela-
tive error of less than 1%. For a more suitable 10 x 10 NURBS discretization that is
comparable with the later simulations, the relative error between the numerical and the
analytical solution is below 0.12%.

In anticipation of the later examples, mesh convergence is also studied for two already
sintered spheres under tension. It is less common but particularly serves as a character-
istic basis for the subsequent investigations. The spheres have a radius of R = 2.5 mm
and the contact radius between them is r = 0.55 mm, see Fig. 3.4 a). A homogeneous
mesh is employed with discretizations between 10 x 10 and 40 x 40, increased by incre-
ments of 5 x 5. The force-displacement curves and the final force values (Fig. 3.4 b) and
¢)) tend to converge but not monotonically. The alternating behaviour can be explained
by the initially coarse discretization of the sinter area. The sinter area is discretized
by only one element for the coarsest case and does not refine by the same steps as the
spheres. Focusing hence only on more accurate approximations of the sinter area, the
deviation between the finer discretizations (30 x 30 to 40 x 40) remains in the range of
a few percent. The subsequent examples are therefore set up with discretizations of at
least that range or finer.
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Figure 3.3: Square plate under sinusoidal pressure. a) Homogeneous 10 x 10 discretization, presented
in parameter space. b) Deformed configuration in Cartesian coordinates.
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Figure 3.4: a) Schematic setup of a tensile test on two hollow spheres after sintering. b) Force-
displacement curves normalized by the force of the 10 x 10 discretization, c) forces at final displacement
for different discretizations normalized by the force of the 10 x 10 discretization.
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3.5 Numerical examples of thermo-mechanically loaded
hollow spheres

The presented framework is applied to hollow spheres as an illustrative example for the
thermo-mechanical interactions with large strains. A first group of examples analyzes a
single hollow sphere under various boundary conditions in Section 3.5.1. A second group
of examples investigates the response of hollow sphere pairs after sintering in Section
3.5.2, with a focus on particular opportunities and limitations of the IGA description.
While the problem is clearly motivated by metallic hollow sphere structures, the anal-
ysis spans a wider range of dimensionless parameter variations to better highlight the
individual, competing thermo-elastic influences and to generally assess the capabilities
and limitations of the numerical framework.

3.5.1 Single hollow spheres in various confinements
3.5.1.1 Boundary value problems and numerical setup of the single hollow sphere

The basic setting consists of a single hollow sphere to investigate its thermal expansion
in various confinements, see Fig. 3.5 for a visualization. In all cases, the boundary
conditions are chosen such that rigid body motions are suppressed. The translation at
the lowest point of the sphere is fixed in all directions. The highest point of the sphere is
constrained in x and y direction, still allowing the sphere to increase and decrease in size.
Finally, a third point in the z-z-plane is constrained in its y translation, prohibiting the
rotation of the sphere. Combinations of point and line loads mimic adjacent spheres or
other bodies that may constrain the sphere thermally or mechanically. The temperature
of the equinoctial line (0.(t)) is first raised while other regions are subsequently cooled
(0.(t)) and optionally fixed. More specifically, the load steps are over time t

thermal boundary conditions

e {y — t;: initial heating at its equinoctial line until equilibrium

e 11 — t9: temperature constant at equinoctial line, but cooling at specified regions
— at four points

— or at two rings

® 1y — tona: all temperatures kept constant until thermo-mechanical equilibrium is
reached

mechanical boundary conditions
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® ty — tenq: variations of mechanical boundary conditions at cooled regions for entire
duration

— no additionally prescribed displacement
— additional fixation in vertical z-direction

— additional fixation in all x,y,z-directions

The variations of the cooling positions (four points vs. two rings) and three displacement
conditions (none vs. z-direction vs. x,y,z-direction) yield six different combinations. All
prescribed temperature changes moreover occur linearly in time.

The thickness-to-radius ratio is so/Ry = 1/100. Symmetry is employed for the sim-
ulations by considering eighths of the total sphere, also cf. Fig. 3.1 b). C'-continuity
is ensured for the symmetry boundary conditions. All elements are quadratic and the
eighth batch of the sphere is discretized by 34 x 34 elements with a time stepping of
At = 1/10 seconds. It shall be emphasized that the £2-parametrization collapses in the
uppermost point, which is why singularities are captured numerically, e.g., by evaluating
terms of stresses or their orientations only close to the singular apex. With a focus on
the capabilities of the IGA-based modeling approach, the set of parameters is chosen to
trigger the different mechanical and thermal responses with equal sensitivity. Detailed
numerical values of the material parameters are provided in Tab. 3.1.

Parameter Symbol Value Unit
Young’s Modulus (bulk) E 1.2¢6  [kgm™!s77]
Poisson’s ratio (bulk) v 0.3 ]
Wall thickness s 0.1 [mm]
First 2D Lamé parameter A 39.6 kg s72]
Second 2D Lamé parameter 1 46.2 kg s~
Thermal conductivity K 1 kg m K~ s79]
Heat capacity cd 0.01 [J K1
Thermal expansion o) 6e-3 K]
Coupling parameter c1 1.03 kg s72 K]
Coupling Parameter Ca 0.01 kg s72 K2

Table 3.1: Material parameters used for the simulations of the hollow spheres.

The JF invariant of strains E will be chosen for illustration in Fig. 3.5, because of
its distinguishable appearance in the resulting deformation fields and its relevance for
locating regions prone to plastic yielding in later applications (in line with J; von Mises
plasticity). It is moreover evaluated at three points in thickness direction, the inner
sphere surface, the middle and the outer surface. The strain distribution in thickness
direction &3 € [—s/2;s/2] is approximated for that reason by following [91] as

Eap = Efs + & E5 + () EL (3.68)
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with
El = %(aa cag— A, Ap), (3.69)
E% = %(aa ‘ngtag - n,— A, Ng+Asz-N,), (3.70)
B = %(nva ng— N, -Njg). (3.71)

For the current settings, the last term in (3.68) is negligibly small due to the thin-walled
geometry.

3.5.1.2 Resulting deformation of thermo-mechanically loaded single hollow
spheres

The sphere first expands during the initial heating at the equinoctial line and then
adapts to the various boundary conditions in the quasi-static setting without inertial
effects, see Fig. 3.5 for the boundary conditions and final temperature and strain fields.
A subsequent cooling at four points results in local stress concentrations that flatten the
initially spherical shape (first row in Fig. 3.5). Adding displacement boundary condi-
tions to the four points results in slight kinks (second and third row in Fig. 3.5), because
the fixation counteracts the contraction induced by the decreased temperature. The JF
values accordingly show concentrations around these points.

A cooling of the top and bottom poles and an overall oblate shape emerges if the cool-
ing is distributed along circumferential lines (fourth row in Fig. 3.5). When fixed in
z-direction, the top and bottom poles are even allowed to contract into practically flat
ends. It results in a ton-like shape, for which the cooled lines seperate the distinctive
thermal fields of cool caps and a warmer mantle. The J¥ values increase particularly at
the regions of largest curvature, the equator and the kinked transition to the flat top and
bottom. Buckling is even observed for cooled circumferential lines in case their displace-
ments are fixed in all directions. It becomes noticable in the form of wrinkles [151] and
alternating inner and outer strain fields that match the employed symmetry conditions
of the present setup. Such severe deformations are unique for thin shells when compared
to bulk spheres. It can make them candidates for scenarios where large deformations
are needed, for instance, as parts of soft actuators [68]. These predictions benefit from
the geometric accuracy of the IGA method within a geometrically non-linear framework
to capture a single hollow sphere in different thermo-mechanical environments.
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Figure 3.5: Single hollow spheres in various confinements: boundary conditions, temperature and strain
fields, and temperature with reaction forces at prescribed boundaries. The last column shows the
temperature evolution at the equinoctal line (solid red), the additional boundary condition (dashed red
line) and for the reaction forces at one control point of the boundary conditions in z, y, z direction
(dotted, dashed, solid black line), if applicable.
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3.5.2 Thermo-elastic behavior of two sintered hollow spheres

3.5.2.1 Boundary value problem and numerical setup of two sintered hollow
spheres

Following well-known benchmark studies of two sintered particles, we continue by the
investigation of the thermo-mechanical response of two sintered hollow spheres. This
scenario allows to assess the capabilities of an IGA formulation even better due to the
more complex geometric combination of a flat sintered surface with the curved spheres.
The sinter process is first simulated to obtain the starting system, before the mechanical
and then the thermal response is analyzed. The implementation details and discussions
follow in the next subsections. The starting point are two spheres with a thickness-to-
radius ratio of sg/ Ry = 1/50. Compared to the single hollow sphere above, this ratio is
doubled to better distinguish the individual thermo-mechanical responses. Otherwise,
the material parameters are the same as in the previous simulations, see Tab. 3.1.

Special emphasis is put on two new geometric variations, namely, the sintered contact
area and the aspect ratio of the former spheres. In terms of dimensionless numbers, we
will vary the ratio of sinter radius to sphere radius ro/ Ry and the aspect ratio of sphere
radius to elongated radius Ry/Lg, see Fig. 3.6 a). Ly changes the initial spheres into
spheroids.

3.5.2.2 Mechanical response of two sintered hollow spheres

The stiffness of two sintered hollow spheres is first analyzed from tensile tests loaded
along their sinter axis. It connects to the benchmark problem already depicted in Fig. 3.4
a) and can serve as a representative volume element (RVE) of a perfectly periodic pack-
ing. Hollow spheres can be candidates for light-weight design, which is why the relation-
ship between the effective density and the tensile stiffness shall be the mechanical values
of interest, here. For this reason, we vary the sphere radius Ry € {2.5, 5.0, 7.5} [mm]|
and the sinter radius by the ratio of ro/Ry € {0.10, 0.15, 0.20}. Both radii can be con-
trolled parameters during fabrication for the resulting density and the stiffness. The
density is defined as the mass of the hollow spheres in relation to the bounding box in
the sintered configuration and normalized with respect to the material’s density. The
effective tensile stiffness of the sintered system is defined as the starting derivative of
the force-displacement curve. These variables are made dimensionless by combinations
of Young’s modulus F, radius Ry and elongated radius Ly, see Fig 3.6.

Two main characteristics can be recovered for the present settings, when comparing
the impact of initial sphere radius (R, is constant along dotted lines in Fig 3.6 ¢)) and
that of the sinter radius (ratio ro/ Ry is constant along dashed lines). On the one hand,
the sinter radius has a stronger impact on the initial stiffness than the sphere radius
(slope of dotted lines significantly larger than the dashed lines). On the other hand,
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Figure 3.6: Two sintered hollow spheres: a) Visualization of different aspect ratios of the spheroids.
b) Force-displacement curves for different ratios of sinter radius to sphere radius. ¢) Linearized stiffness
over density for different sphere and contact radii.

the sphere radius mainly dictates the density of the structure. It is thus advised to
use larger ratios of sinter radius to sphere radius (ro/Rg) to achieve light-weight, high-
stiffness structures. The distinct sensitivities moreover indicate that sinter radius and
sphere radius are candidates for specifically tuning the stiffness and density, respectively.
These findings also do not change qualitatively when taking into account the non-linear
response of the present prototype model.

Altering the aspect ratio Ry/Lg of the spheres shows that longer spheres increase
the stiffness, when keeping the reference radius Ry constant, see Fig. 3.7. This can be
explained by a higher resistance against stretching for the elongated spheroids based on
in-plane elasticity, while shorter ones tend to yield by a bending motion. This interface-
related competition of deformation mechanisms is unique to hollow spheres and matches
the decomposition into membrane and bending contribution in the theoretical deriva-
tion in (3.38). The largest sensitivity in terms of stiffness occurs for the spherical shape.
This region coincides with the greatest changes in curvature and thus marks the tran-
sition from bending to stretching in the mechanically loaded regions. A saturation is
reached for strongly elongated spheroids, though, that are expected to be dominated
by the in-plane stretching resistance of the two longest sides. Very similar trends are
observed for all three variations of the sinter radius and of the reference sphere radius in
Fig. 3.7. A linear log-log relationship between stiffness and aspect ratio can even be well
approximated for aspect ratios 1/4 < Ry/Ly < 2/1. The coefficients of determination
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for the linear regression lie above 95 % for all settings, see Tab. 3.2. These results thus
show that an anisotropic design can be favorable along a wider design space if the load
direction is known.

From a numerical perspective, it is worth noting that the IGA shows great potential
for exploiting the geometric approximation capabilities. The NURBS-based shape func-
tions with C'-continuity allow an efficient geometry study with few elements. Three
geometric features govern the present system: the left/right curvature of the spheroids
(=~ 1/Ry), their top/bottom curvature (= 1/Ly) and the size of the sinter area (curvature
~ 1/rg). The shorter spheroids Ly > Ry benefited the most from the present discretiza-
tion that is equally distributed in all circumferential directions, because the changing
top/bottom curvature still remained well approximated with the chosen polynomial de-
grees. The elongated spheroids (Lo > Ry) were approximated by more elements per side
than necessary (and hence less efficiently), because a finer overall resolution was already
dictated by the sinter radius. The curvature of the sinter area dominated the resolution
requirement of the sphere curvature due to ro/Ly < 1. Future extensions may be based
on these observations to locally adapt to the different requirements of the sinter area
and the curvature of the spheroids.
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Figure 3.7: Two sintered hollow spheres: Initial stiffness over aspect ratio Ryg/Lg on a log-log-scale.

To/Ro = 0.10 To/RQ = 0.15 To/RQ = 0.20

Ry = 2.5mm | 2.4202¢-5 (0.9935)  3.0640 e-5 (0.9895)  4.0859 e-5 (0.9856

)
Ry = 5.0mm | 1.8197¢-5 (0.9776) 2.4479¢-5(0.9712)  3.4573 -5 (0.9677)
Ry = 7.5mm | 1.6061¢-5 (0.9671) 2.2256 ¢-5(0.9611)  3.2017 e-5 (0.9607)

Table 3.2: Two sintered hollow spheres: Slope and coefficient of determination (in brackets) for linear
regression of the log-log domain of aspect ratio and stiffness between 1/4 < Ry/Lo < 2/1 in Fig. 3.7.

3.5.2.3 Thermal response of two sintered hollow spheres

The system of two sintered hollow spheres is eventually investigated for changing tem-
peratures. The ratio of sinter radius to sphere radius is 0.5/5 and the ratio of thickness
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to sphere radius is so/Ry = 0.1/5. Further geometric variations are omitted, because
they do not change the qualitative results and in order to focus on the thermally in-
duced response. Instead, we employ three different boundary conditions to examine:
freely expanding spheres, constrained spheres and spheres with a tensile pre-deformation,
cf. Fig. 3.8. The boundary conditions are applied to the bisectors of the spheres. This
allows to better illustrate the temperature and stress fields around the sinter contact.
Moreover, the top and bottom are subject to C' symmetry conditions (or a horizon-
tal tangent of the geometry) as they would be imposed by contact in a confinement or
packing. The temperature is fixed on the circumferential right boundary and raised by
5K on the left one. The key values of interest are the temperature distribution and the
J§ stress invariant as a complementary alternative to the previously monitored strain
values (again, in line with von Mises yield stress).

The freely deforming setting shows an anticipated expansion of the heated side and
thus an increase of the radius (top of Fig. 3.8). A small portion of this expansion is
mechanically transferred to the right sphere via the sintering contact, even though no
thermal changes would induce an expansion at the right boundary. In agreement with
the single sphere response in Fig. 3.5, the stresses are just weakly effected at the free area
of the spheres, while the strongest influence is observed at curved features. The latter
occur at the sinter area and the left boundary condition, which mimics contact with a
confinement by C'-continuity and competes with the thermally induced expansion.

When restricting the horizontal displacement, the temperature-induced inflation causes
a much stronger evolution of the sintered area (middle of Fig. 3.8). This also induces
large curvature changes and thus bending effects with significantly larger stress values.
A denser packing due to mechanical constraints hence induces larger pre-stresses in con-
tact zones and the sintered regions, which can impose a potential risk for production
and operation of hollow-sphere sructures.

When applying a longitudinal displacement prior to heating, the spheres contract
laterally (bottom of Fig. 3.8). The induced stress fields are hence comparably larger
due to pre-stretching than due to temperature changes, which makes a quantitative
comparison more difficult. The stretching yields a stress localization at the initially
sintered area. Despite the mechanically higher stress impact, however, the subsequent
heating still causes the left sphere to exceed its initial radius at the left edge. Also still
in agreement with the previous findings, the pre-stretched conditions again affect the
stress evolution especially at the contact and sintered regions, which are most prone to
plastic yield or potential structural failure.

3.6 Conclusion

Motivated by the capabilities of the emerging IGA approach, a thermo-mechanically
coupled finite element framework was developed for finite deformations of shells. Its
derivation connected the more general higher-gradient deformational mechanics to clas-
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Figure 3.8: Two sintered hollow spheres: Temperature fields and stress invariant .J5 normalized by E?
subject to a temperature raise under different constraints.

sic shell theory and subsequently allowed for an efficient IGA description of thermo-
elastic shells. The simulation of a single sphere under transient mechanical and thermal
boundary conditions showed that even a moderate number of patches predicts the com-
plex deformation patterns of kinking or wrinkling well within the IGA framework. The
sintered stage of two spheroids with varying aspect ratios has been simulated by mimick-
ing the contact evolution of a generalized pseudo-sinter process. The sintered spheroid
pair shows an elastic resistance that ranges between wall stretching (stiffer) and bending
(softer), depending on aspect ratio and load orientation. Stresses especially concentrate
at confinement zones and the sintered regions, where bending perturbations are often
induced by the coupled thermal and mechanical stimuli.

It should be noted that the IGA not only allows to easily vary material coefficients,
but also variations of curvature features without the need of relevant remeshing. Such
efficient geometric variations can hence strongly support future design studies of hollow
sphere structures in terms of stiffness, density and stress peaks during thermal expan-
sion. From the viewpoint of thermomechanical modeling, future work shall focus on
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inelastic material behavior and adaptive mesh refinement of regions with largest cur-
vature. Experimental benchmarks will be moreover required to account for the unique
diffusion times in practical thin-sphere sintering. The present work aims at providing a
numerical basis for an efficient further exploration of hollow curved structures.
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4 Coupling of the phase field approach
to the Armstrong-Frederick model
for the simulation of ductile damage
under cyclic load

This chapter cites the paper ”Coupling of the phase field approach to the Armstrong-
Frederick model for the simulation of ductile damage under cyclic load” by S. Aygiin,
T. Wiegold and S. Klinge.

Abstract

The present contribution proposes a thermodynamically consistent model for the simu-
lation of the ductile damage. The model couples the phase field method of fracture to
the Armstrong-Frederick plasticity model with kinematic hardening. The latter is par-
ticularly suitable for simulating the material behavior under a cyclic load. The model
relies on the minimum principle of the dissipation potential. However, the application of
this approach is challenging since potentials of coupled methods are defined in different
spaces: The dissipation potential of the phase field model is expressed in terms of rates
of internal variables, whereas the Armstrong-Frederick model proposes a formulation
depending on thermodynamic forces. For this reason, a unique formulation requires
the Legendre transformation of one of the potentials. The present work performs the
transformation of the Armstrong-Frederick potential, such that final formulation is only
expressed in the space of rates of internal variables. With the assumption for the free
energy and the joint dissipation potential at hand, the derivation of evolution equations
is straightforward. The application of the model is illustrated by selected numerical
examples studying the material response for different load constellations and sample
geometries. The paper provides a comparison with the experimental results as well.
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4 Coupling of the phase field approach to the Armstrong-Frederick model for the
simulation of ductile damage under cyclic load

4.1 Introduction

Fatigue failure significantly influences the safety measures during the service life of en-
gineering structures. It particularly holds for structures subjected to alternate loading
with high amplitudes, which is an often situation when speaking of transportation ve-
hicles. Dependent on the number of cycles and load amplitude, the interplay of the
brittle and ductile failure takes place.However, the present contribution focuses on the
low cycle fatigue where the role of plasticity is essential. The high complexity of the
ductile damage under the cyclic load strongly motivates the virtual testing of materials
on the basis of the computer simulations. The present work envisages a coupling of the
phase field method of fracture to the Armstrong-Frederick model of plasticity with the
kinematic hardening to this end.

The base for the phase field model of fracture has been set in the work by Francfort and
Marigo [58] proposing the formulation of brittle fracture based solely on Griffith’s idea
of competition between elastic and fracture energy. This work initiated a large group of
further contributions related to the numerical implementation of the concept proposed
(Bourdin and Chambolle, [29]; Negri and Paolini, [113]; Fraternali, [59]; Schmidt et
al., [130]). Amongst others, Ambrosio-Tortorelli regularizations have become ubiquitous
(Ambrosio and Tortorelli, [10], [9]; Bourdin et al., [30]). These approaches are nowadays
known as phase-field models of fracture and share several common features with the
approaches resulting from Ginzburg-Landau models for phase transition (Karma et al.,
[85]). These regularizations have been applied to a wide variety of fracture problems
including fracture of thermal and drying cracks (Maurini et al., [104]; Bourdin et al.,
[33]), ferro-magnetic and piezo-electric materials (Abdollahi and Arias, [1]; Wilson et
al., [160]) and hydraulic fracturing (Bourdin et al., [32]; Wheeler et al., [155]; Wilson
and Landis, [159]). These models also been enhanced to account for cohesive effects
(Crismale and Lazzaroni, [42]; Freddi and Turlano, [60]), ductile behavior (Alessi et al.,
[3]; Miehe et al., [107]; Ambati et al., [7]), large deformations (Ambati et al., [8]; Miehe
et al., [108]; Borden et al., [28]), quasi-brittle damage (Narayan and Anand, [112]) and
anisotropy (Li et al., [98]).

Some of previous works have also considered coupling of plasticity to the phase field
method (Alessi et al., [3]; Ambati et al., [7],[8]; Borden et al., [28]; Miehe et al., [108],
[107]). However, the current contribution will focus more precisely on the plasticity un-
der the cyclic load where the Armstrong- Frederick model is a widely accepted concept
(Bari and Hassan, [18]; Khan and Jackson, [88]; Kobayashi and Ohno, [92]; Puzrin and
Houlsby, [121]). Some of the works in this field deal with so-called generalized repre-
sentations, where either the classical Armstrong-Frederick model is extended to include
several Armstrong-Frederick terms (Bari and Hassan, [18]), or where the application
of multiple yield surfaces is envisaged (Puzrin and Houlsby, [121]). Another frequently
used variant of the Armstrong-Frederick model has been presented by Ohno and Wang
([116]) and by Kobayashi and Ohno ([92]). The effects of the kinematic hardening are
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nowadays also investigated within the framework of large deformations (Liihrs et al.,
[102]; Svendsen et al., [140]; Lion, [100]; Mollica et al., [109]).

The Armstrong-Frederick model coupled to the phase field method is a promising
approach inheriting the advantages of both incorporated techniques. However, the nu-
merical implementation of this coupled approach brings with it several challenges such
as the definition of a unique framework for both setups, the derivation of coupled evolu-
tion equations, the distinction between the tension and compression mode and certainly
the development of the computationally efficient algorithm. Some of these issues are
discussed in the present contribution which is structured as follows. An overview on the
phase field method of fracture is presented in Sect. 4.2, whereas Sect. 4.3 introduces the
Armstrong-Frederick model of plasticity. Furthermore, the Armstrong-Frederick evolu-
tion equations are derived by using two versions of the minimum principle of dissipation
potential (Sects. 4.4 and 4.5). The concept for the coupling of two methods is presented
in Sect. 4.6 and complemented by explaining the scheme for the calculation of the plas-
ticity multiplier on the basis of the consistency condition (Sect. 4.7). Details on the
numerical implementation including the global part and the material point part are pre-
sented in Sect. 4.8. Eventually, the paper also includes numerical examples simulating
the tests with the uniformly increasing and the cyclic load. The contribution finishes
with conclusions and an outlook.

4.2 Diffusive crack topology

The derivation of the coupled method requires a short recapitulation of separate ap-
proaches, which is done in two subsequent sections. Sect. 4.2 provides an overview of
the phase field method, whereas Sect. 4.3 focuses on the Armstrong- Frederick model.
The present work uses the phase field framework proposed by Miehe and coworkers
(Miehe et al., [108],[107]) as a basis. This approach supposes the diffusive (regularized)
crack topology instead of the sharp crack topology leading to serious difficulties in the
numerical implementation due to the lack of the continuity and differentiability. It relies
on the evaluation of the damage variable d, which continuously changes in the range [0;
1], where zero-value corresponds to the intact material and the unity-value to the fully
broken state, following a small strain setting. The approach starts by postulating an
expression for the crack surface density function depending on the damage variable d

1 l
v(d, Vd) = ng - §|Vd|2, (4.1)

which is furthermore used to define the total crack surface A for the entire body B

A(d) = /B +(d, Vd) dV. (4.2)
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An assumption that the crack propagation is a fully dissipative process yields to the
conclusion that the constitutive dissipation potential has to be proportional to the rate
of crack surface density

® = g.4(d, Vd, d, Vd), (4.3)

where parameter g. is related to the critical Griffith-type fracture energy and can be
seen as a constitutive threshold value. However, this potential still does not guarantee
that the damage is an increasing function. For this reason, the potential is extended by
introducing the penalty term

(4.4)

Here, the negative Macaulay brackets (o) = (e — | ® |)/2 assure that the penalty term
only activates for a negative damage evolution and the constant k, has to be chosen as
high as possible in order to stipulate the condition d>0. Along with the penalty term
(4.4), the damage potential turns into

o = & + P(d) = g.5(d, Vd,d,Vd) + %<d’>2. (4.5)

In a further step, the model focuses on the definition of the free energy and its reduction
on the basis of function w = ((1 — d)? + kq). Here, the positive constant kq prevents
the energy to become identical to zero at a fully broken state. Moreover, the reduction
function only affects the tension part of the energy which corresponds to the concept of
the anisotropic degradation of energy

Ve, d) = w(d)V,(e) + T_(e). (4.6)

The additive split of the energy into a tension part ¥, (€) and a compression part V_(e),
is of the special interest for simulating the cyclic behavior where the crack closure in
the compression mode has to be considered. The definitions of the positive and negative
energy parts of the free energy are based on the spectral decomposition of the small
strain tensor

€1 = Z<€i>:|:ni ® Ny, (4.7)

i

where €; are the principal strains, m; are the principal strain directions and ¢ is the
summation index. Equation (4.7) uses positive and negative Macaulay brackets. Positive
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4.3 The Armstrong-Frederick kinematic hardening model

ones are defined as (o), = (e + | ®|)/2, whereas the negative ones have already been
used in Eq. (4.4). The stresses corresponding to (4.7) are then defined as

owd
= — =w(d _ 4.8
o= =wdeost+eo (4.8)
such that it holds o4 = %IJ—:. For a case of an isotropic material characterized by Lamé

constants A and p, the energy spit turns into

1
V(€)= ;A (tr(€)+)” + ptr ((€)2) (4.9)
with the corresponding equilibrium equation and stresses

Div [w(d)oy +o_] =0, (4.10)

Since the free energy and the dissipation potential are known, the minimum principle of
dissipation potential is used to derive the evolution equation for the internal parameter,
namely

min (EMDP — §d(e, d) + d(d, d)) = 97 [d — PAd] + [wm +kp(d)_| = 0. (4.12)
d

The equilibrium equation (4.10) together with the evolution equation (4.12)b defines the
strong problem of brittle fracture.

4.3 The Armstrong-Frederick kinematic hardening
model

The Armstrong-Frederick kinematic hardening model (Armstrong and Frederick, [12])
is widely accepted to simulate the characteristic phenomena of the hardening behavior
of metals, namely the Bauschinger and the ratcheting effect. Within the framework
of the small strain plasticity, the formulation of the Armstrong-Frederick model starts
with the typical assumption for the additive decomposition of strain tensor € into an
elastic part €® and a plastic part €, namely € = €® 4+ €. However, the description
of the hardening effects requires the introduction of an additional strain-like internal
variable &. According to Lion (Lion, [100]), & relates to local viscoelastic deformations
induced by dislocations. In rheological models, it is simulated as a damping element
connected in series to an elastic spring. These are additionally coupled to a friction
element in parallel (Dettmer and Reese, [48]). This internal variable is responsible for
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the change of material stiffness depending on the loading history and is incorporated in
the Helmholtz free energy, which now includes two parts: the elastic energy ¢ (e®) and
free energy due to the hardening Whard(¢), both in the quadratic form

TAF = P (€°) 4 TP d(g) = — (e —€?): C: (e — €P) + %cﬁ €. (4.13)

N | —

Here, C is the fourth order elasticity tensor and c represents the kinematic hardening
modulus. The Helmholtz free energy serves furthermore as a basis for the formulation
of dissipation which, in the case of an isothermal process, only depends on the elastic
power (o : €) and free energy rate (UAF)

D=o:ée— U >0, (4.14)
In the concrete case of the Armstrong-Frederick model, the dissipation turns into:

8\I/AF ) a\I,AF ) a\I/AF .
(0’— 8e>:€_ﬁ:€p_ 0€ :€>0, (4.15)

which yields two groups of consequences. The first consequence is the constitutive law

o= ‘9(‘15%, whereas the second consequence defines the driving forces of internal variables:
OWAF
g =——5 =Cile—€] =0, (4.16)
8\I’AF
=— =—c€=x. 4.17
qe o c€=x (4.17)

The later definition corresponds to the back stress and gives insight into the physical
meaning of material parameter c. It is a proportionality constant relating the back stress
X to the strain-like quantity &. In analogy to the constitutive law of elastic materials,
¢ represents the kinematic hardening modulus. A shorter notation for internal variables
v = €P € and for corresponding driving forces g = o, x, together with the constitutive
law for stresses, yields the result for the so-called reduced dissipation

DY=qg:v=0:"+x:£>0. (4.18)

The Armstrong-Frederick model is eventually completed by introducing the yield locus
formula

O =|lo — x| —ov =0, oy =+/2/30y, (4.19)
where symbol || e || = y/e : @ denotes the Frobenius norm, & and x are deviatoric parts

of stresses o and back stresses € and oy is the yield limit. Condition (4.19) defines the
admissible set of driving forces yielding inelastic deformations.
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4.4 Derivation of the evolution equations based on the
minimum principle for the dissipation potential in
terms of driving forces

The completion of the Armstrong-Frederick model previously described also requires the
derivation of evolution equations which can be accomplished by using different concepts.
One possibility is to follow the minimum principle of dissipation potential (MDP) as
proposed in works by Dettmer and Reese ([48]) and by Aygiin and Klinge ([15])

min (LMY = —q : v + ¢ (v, q)), (4.20)
q
* _ _ 1 _
M (v, q) = allo — x| + 5 Ix* (4.21)

The dissipation potential (4.21) is inspired by the expression for the yield locus (4.19)
but additionally includes a term depending on the norm of driving force x. Symbols
a and b denote material parameters. However, the subsequent derivations will show
that parameter a does not influence the evolution equations, whereas parameter b plays
an important role and represents pseudo-viscoelasticty. Superscript * indicates that a
formulation in terms of driving forces is chosen. The Lagrangian corresponding to the
minimization problem (4.20) and (4.21) has the form

LMPP" — 5P — i €+ A (v, q), (4.22)

which yields the following stationary conditions

§MDP* QLMDP” _eb 4 02AT
oo oo
= (ot ) = (D ) =0 (423
ox ox

The first equation in (4.23) determines the evolution of plastic strains and shows that the
rate € is equal to the derivative of dissipation potential with respect to corresponding
driving force: € = wf* = HZ:%I' However, the received derivative is not uniquely
defined and only contains the information on the direction of the ow of the plastic strains,
not on the magnitude. For that reason, the right-hand side expression is scaled by the

plastic multiplier A which yields the standard solution

OPAF” o —X
—= :)\ — —.
do e — x|l

eP

(4.24)
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The second equation in (4.23) determines the evolution of the internal variable &. Here,
the same argumentation as in Eq. (4.24) is used for the first term, whereas the second
term is uniquely determined and does not need to be scaled with the multiplier A

. (I)AF* = _ X
526 = A Xy
Ox lo = x|

1 1 .

X= @ rix = X:b<§+ép>. (4.25)
Equations (4.24) and (4.25)a show the deviatoric character of internal variables €” and
&€. Moreover, Eq. (4.25)b represents a constitutive law typical of a viscous material
with the viscosity b. Finally, Eq. (4.17) along with Eq. (4.25)a provides the evolution
equation for back stress x which can also be identified as a deviatoric quantity:

X = —ck =& — X =X. (4.26)

The MDP-approach differs from the common approach treating the yield locus equation
as a subsidiary condition within the Lagrange formalism of the constrained optimization.
The main difference manifests itself in the evolution equations taking the form nu = )\%
with A as the Lagrange multiplier. An important advantage of the MDP-approach com-
pared to the constrained optimization method is that it allows a standardized variable
transformation, which is often a useful tool in coupling strategies.

4.5 Derivation of the evolution equations based on the
minimum principle for the dissipation potential in
terms of rates of internal variables

Both models summarized in Sects. 4.2 and 4.4 apply the minimum principle of dissi-
pation potential. However, the phase field model uses a formulation in terms of the
rate of internal variables, whereas the Armstrong-Frederick model minimizes the dissi-
pation potential in terms of driving forces. Naturally, the coupling procedure requires a
unique formulation in a single space. The present contribution deals with the approach
in terms of velocities, such that the transformation of the potential ¥AF" (v, q) into the
space of rates is necessary. This type of exchange is conducted on the basis of Legendre
transformation (LT) defining the new potential as follows

A (v D) = max (LT =q:v -2 (v,q)}, (4.27)

: ’ o 1
L =0 +x:E—dlo—xIl - 5lxI* (4.28)
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The maximization procedure relies on two stationary conditions, the first of which gives
a relationship for rates of plastic deformations
ocrt o—X

=€ — A\———
0o lo — xll

=0. (4.29)

Bearing in mind that the multiplier A is a scalar, Eq. (4. 29) shows that rate €” and
difference & — x are coaxial. In other words, it holds that IE pH = H‘;:’;H Moreover,
the plastic flow only occurs if the stress state fulfills the yield locus equation (4.19) such
that the norm ||6 — Xx|| can be replaced by the yield limit oy. Equation (4.29) is then

rewritten as follows

eP eP
O — X =0y = O =0y
€]l 1€l

+X. (4.30)

On the other hand, the second stationary condition

oLt x 1 :
TIX %0 = x—bE b (4.31)
together with (4.30)b leads to the final expression for deviatoric stresses
p
o =0y + b€ + beP. (4.32)

TRl

Driving forces (4.31)b and (4.32) are now inserted into (4.28), which reads the desired
dissipation potential in terms of the internal variables and their rates

oA (v, V)—ayHEPH—l— 1€°)" + = H£|]2+bep'€ (4.33)

More details on derivation are presented in Appendix A. Result (4.33) now enables the
formulation of the new minimization problem

min (LMDP \I/AF+(I>AF(1/,1'/)>, LMP — g é—0: P —x: E+DA (v, D). (4.34)

v

Bearing in mind the deviatoric character of quantities € and &, the problem can also be
written as:

min (LMDP TAF L @AY (), 1/)) , LMPP — g e—a éP—x £+ DA (v, D). (4.35)

17
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Equation (4.35) is the counterpart of the MDP-problem (4.20) in terms of velocities and
a@AF'

provides expressions for driving forces according to relationship q =

o -
OPAT €? .
—e= _5; + bé® + bE, 4.36
qer o 8ép 0y Hep H € E ( )
8<I>AF .
=X = —— = b€ + béP. 4.37
Te=X=— : 13 (4.37)

A transformation of the system (4.36) and (4.37) yields the evolution equations identical
to the ones from Sect. 4.4 (Egs. (4.24) and (4.25)):

. 1
£= &+ x. (4.38)

Note that the insertion of (4.37) into (4.36) yields the intermediate result

e’ e’

HéPHjo = O-—X=0vi (4.39)

lé
which is only valid for ||€P|| # 0. By taking the norm of (4.39)b, it follows that || —X|| =
ay. This consequence indicates that dissipation potential (4.33) intrinsically includes the
yield locus condition. Accordingly, it can be summed up that the dissipation potential
(4.33) describes the same problem as the dissipation potential (4.21) along with the yield
locus function (4.19). Finally, the strong form corresponding to the Armstrong-Frederick
problem can be recapitulated as follows:

O =0y

Div o = 0, (4.40)
oc=C:(e—¢€"), (4.41)
=\ X (4.42)

lo = x|l

: S
X =C (ep - EX> : (4.43)
O =le - x| - ov (4.44)
A >0, QA <0, \QAF = 0. (4.45)

The previous system includes the equilibrium equation, the constitutive law, two evo-
lution equations and the Karush-Kuhn-Tucker conditions defining the plastic domain.
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Equation (4.43) is derived by using the time derivative of definition (4.17) and rate
(4.38)b. The body forces in the equilibrium equation are neglected. Evolution equa-
tion (4.42) and Karush-Kuhn-tucker conditions depend on plastic multiplier A which is
typically determined from the consistency condition.

4.6 Coupling of the Armstrong-Frederick model to the
phase-field approach

The coupling of the two methods starts by writing the Armstrong-Frederick energy in a
form splitting the tension and compression part of elastic energy in order to introduce
the damage influence as was done in Sect. 4.2

T (€°,€) = W (€°) + WHrI(€) = W (€°) + UL (€°) + W™ (€). (4.46)

However, damage also influences the hardening energy in the case where the tension
mode is active. For this reason, the present model introduces a function distinguishing
the pure compression mode from the pure tension and from the mixed modes

w(d) if maxq(€),_93,0¢ >0,

0 = (4.47)
1 if maxq(€);_;93,0p <O0.
By using this new notation, the coupled free energy is written as
W (€,d,€) = Wl (€9) + W () + wu e (g) (1.48)
and corresponding constitutive laws take the form
ove o o
o= 5 =u (’3; + 9~ W+ +o_, (4.49)
o
g.=—"=C:€,=C:(e—¢€), (4.50)
€
ove
X= 3¢ = —wcg, (4.51)

where the spectral decomposition of elastic strains has the standard form

€ =(e—€), = Z (€))L n; ®@mn; = Z (e —€"),) . ni ®@mn,. (4.52)

% 1
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Bearing in mind stress definition (4.49), the equilibrium equation turns into
Div|w(d)oy +o_] = 0. (4.53)

The damage influence on the dissipation functional related to the plastic deformations
follows the same argumentation as in the case of the hardening energy, such that the
coupled dissipation potential ®° consists of two terms where the second term is weighted
by the function w

¢ = @9 4 MY, (4.54)

With the definitions (4.48) and (4.54), the minimization of the corresponding Lagrange
function

LMPP — e 4 ¢ = §¢ 4 4 4 AT (4.55)

yields the following system of equations which, together with equilibrium equation (4.53),
defines the strong form of the coupled problem

oc=w(do,+o_, (4.56)
¢ =)\N, N="X_ (4.57)

le — x|
f=oix-e (4.55)

= — — € .
b ’

: . . I _

X = —wc€ + cw (ep — b—_x) , (4.59)
W

Q= [lo — x| - wov, (4.60)
A>0,0°<0,A0° =0, (4.61)
% [d— PAd] + [w/\pi + gt kp<d>—] — 0. (4.62)
Here, a shorter notation N = Z=X_ is introduced to denote the so-called direction

llo—xl
tensor. Details on the derivation of evolution equations and of the yield criterion are

provided in Appendix B.
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4.7 Determination of the plastic multiplier

Evolution equation (4.57) and the Karush-Kuhn-Tucker conditions (4.61) depend on
plastic multiplier A which is commonly determined from the consistency condition Q¢ =
0. An appropriate form of this condition is obtained by taking the time derivative of
the yield locus formula

lo-XIF =& = (6-%):(E-%) =0 (4.63)
Since difference (& — x) is deviatoric, the condition above also can be written as follows:
(6 —x):(6—x)=0. (4.64)
In a further step, the stress rate

ocd=uwo,+wdC:(e—€), +C:(e—¢&")_ (4.65)
along with Eqgs. (4.57) and (4.59) is introduced in (4.64) which yields

(F—%) : [w’0'+ 4 wC:[e— AN, + C:[6 — AN]_ +Gct — coAN + gx — 0. (4.66)

However, the split of the elastic strain rate into a positive and a negative part cannot be
performed as a superposition of positive/negative parts of the total and plastic strains.
For this reason, the previous equation can only be solved numerically by using an itera-
tive procedure. For this purpose, the initial guess \g is obtained by neglecting the terms
including the stress rates

(6 —X): [w’0'+ + wc€ — cwlgN + IE))Z} =0. (4.67)

Thereafter, all subsequent steps follow the iteration rule for the calculation of the up-
dated value \;

(6—x): [w’our +wC: [ =N N], +C: [ =N N]_ +wc€ —co\N + 92] =0.

(4.68)

SO

The iterative process stops if the prescribed accuracy is achieved.
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4.8 Numerical implementation

4.8.1 General approach

The minimum principle of dissipation potential along with the time-incremental vari-
ational principles represents an important tool for the numerical solution of boundary
value problems. Within this concept, the Lagrange function £MPY corresponding to
the body is integrated over a single time increment [¢,;¢,.1]. In its original form, this
integral depends on external variables (u), internal variables (v) and on the rates of
internal variables, so-called velocities . However, the velocities can be replaced by the
Euler-forward approximation v = (v,41 — v,,)/At, where At = t,,1 — t, is the time
increment. As a consequence, the result only depends on discrete values of external and
internal variables such that the time integration is performed as follows

tnt1
/ / LMPP v dt ~
tn Q

/ {U (€11, Vns1) — V(€ ) + At (Vyi1, (Vi1 — Vngr) JAL) } AV, (4.69)
Q

Here, displacement w is the only external variable since an isothermal process is consid-
ered. In a further step, the minimization with respect to the displacements and internal
variables in the current time step n + 1 yields the sought solution. Within this proce-
dure, term V(e,v,) can be neglected since it only depends on values in the previous
time step n. By adding the potential of external forces I(t, 11, un41) in (4.69), the new,
combined Lagrangian is constructed

Lcomb — / {\I/ (€2+1, Vn+1) + Atq) (Vn+1, (Vn+1 — I/n+1) /At)} dV + l (tn+1, un+1) .
Q
(4.70)

Within the present work, the minimization of (4.70) is performed by an approach con-
sisting of two parts: the global level solution part and the material point solution part.
The former calculates deformation and damage, whereas the latter evaluates the internal
variables €, and £ by using the predictor-corrector scheme. In the continuation, each
solution part is explained separately. The indexes related to step n 4+ 1 are omitted in
order to achieve a concise representation.
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4.8.2 Global solution part

The definition of the global solution part (gl) starts with the reduced formulation of the
Lagrangian by only including the reduced elastic energy and damage potential

/ﬁdv / (d) e (€°) + ¥ (ee)dv+/Ath>d (dp, Vd,,d,Vd)dV +1(t,w).
Q
(4.71)

By using the expression for the crack surface density (4.1) and definition (4.5) the in-
crement A®? can be reconstructed as shown in Miehe et al. (4.2010a,b)

%l (IVd]* = |Vd,| )+k—(d d)? . (4.72)

e (2 1
(d* —d7)+ Az

Atd? (d,, Vd,,d,Vd) = 5

The FE-implementation now requires the derivatives of the Lagrangian £. The first
derivatives are required in order to form the residual

0L =wC:e +C:€, (4.73)
el k
8d£ =W \I’ + ] d + Kt <d d > s anL = gclVd, (474)

whereas the second derivatives are needed for the definition of the stiffness matrix

RL=wC IS +C: I, I3 L=uwC: €, (4.75)
// el k d 2

These relationships use the following indicator functions

o O€S
Ij_ = 8661_ = Z If+mi Xm;, m;=mn;n,, (477)
e =9 Y (1-I)miem; (4.78)
- Oe® - o ’
. 1 if >0, 4 [ 1 if d<d,,
[H-_{O if € <0, [_{0 it d>d,. (4.79)

The remaining part of the numerical procedure at this level encompasses the standard
steps typical of an FE-model. To this end, the bilinear shape functions corresponding
to a quadrilateral element and staggered solution scheme are applied in the present
work. This approach staggers between the displacement and the phase-field and is
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advantageous compared to the monolithic solution type due to its higher robustness.
However, both approaches are well established nowadays as shown in works applying
monolithic schemes (Miehe et al., [106]; Kuhn and Miiller, [95]; Schlueter et al., [128];
Msekh et al., [110]) or using its counterpart (Miehe et al., [105]; Borden et al., [27];
Hofacker and Miehe, [74]). The standard Newton-Raphson procedure is applied for the
solution of nonlinear systems of equations.

4.8.3 Material point solution part

The material point solution part evaluates internal variables €? and &€ by using a predictor-
corrector scheme if damage and deformations (d, u) as well as rate & = w’ % are known
from the global level solution. The predictor step calculates the trial stress by assuming

that plastic deformations do not change in comparison with the previous time step n
o =w(d)C:(e—€), +C:(e—¢€b)_. (4.80)

The trial stress is furthermore introduced in the yield locus function to check whether
the prediction is true

O = ||lo*™ — x,,|| — woy- (4.81)

If the control value ®“" is negative, the prediction (4.80) is correct and the plastic
deformations do not evolve in the present step. Otherwise, a corrector step is needed
to update the plastic deformations. The corrector step firstly calculates the plastic
multiplier according to the scheme shown in Sect. 4.7. The initial value )\ is determined
by solving the simplified problem (4.67)

(&tr - Xn) : [w’&‘jf + @Cfn + an}

Ay = = 4.82
0 cw (o —x,) : N¥ ’ (482)
whereas the later iterations follow the rule
=tr _ © . R
Ai = _(U, X,") —, (4.83)
cw (6" —x,) : Nt
R=|wor+oc: €25 0 N o [ o Ne| see, + Sy
+ A A P RN e n T pXe]
(4.84)

The previous expressions use the approximation € = <5 and notation N" = %
Note that index i is related to the iterative solution for )\;, whereas index n denotes the

time step. Quantities without any index are related to the step n + 1 or are constant.
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Table 4.1: Elastic and plastic material parameters for CS and SS.

Parameter Value CS Value SS  Unit Name
E 212910 197960 [MPa] Young’s modulus
v 0.3 0.3 ] Poisson’s ratio
oy 451 552 [MPa] yield stress
5 6 [Ns/mm?] pseudo-viscosity
c 30000 70000 [N/mm|] kinematic hardening parameter

Finally, the solution of the iterative procedure (4.83)-(84) is denoted A — A; and used to
update plastic deformations €, driving forces x and stress response o

€P — €P _ _
€ = AL L= AN" = € =AtN"+€, (4.85)
. t—¢ 1 At o

= n— oy — = —xX, — AtAN 4.86
'_;_X_Xn__L —‘_g
X=X= At - wcén + Cwep bXn

B . B o CAL _
=  x =X = —Atwc, + cwAtAN" — 5 Xt X (4.87)

o=w(dC:(e—€), +C:(e—€")_. (4.88)

4.9 Representative numerical examples

The model developed inherits the advantages of both methods that it incorporates. That
makes its application field large, as demonstrated in the subsequent sections studying
the behavior of the cold-formed carbon steel (CS) and of the cold-formed stainless steel
(SS). Among others, selected numerical examples deal with the purely elasto-plastic
material behavior (Sect. 4.9.1), with the simulation of crack propagation on a notched
sample (Sect. 4.9.2) and with the study of the life time in the LCF-mode (Sect. 4.9.3).

4.9.1 Elasto-plastic behavior of the carbon steel and of the
stainless steel

The first group of examples illustrating the application of the model studies a purely

elasto-plastic material behavior under a cyclic load by neglecting the damage effects. To

this end, simulations at a single material point are performed for parameter sets shown
in Tab. 1. The prescribed strains gradually change from zero to 1 % and thereafter
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decrease to -1 %. The cycle again closes at zero load level. Two cycles with identical
load paths are carried out. Each cycle takes 2 s to complete, whereas a single time step
is At = 0.01 s.

Simulations are carried out for two kinds of steel, namely for the cold-formed carbon
steel (CS) and the cold-formed stainless steel (SS). The results are furthermore compared
to the experimental findings by Nip et al. ([115]). This comparison is presented in
Fig. 4.1 and approves an excellent agreement. The stainless steel hardens stronger
than the carbon steel, such that parameter c¢ is higher in this case. More details on
the parameter identification in the context of the Armstrong-Frederick model are for
example provided in Wolff et al. ([161]); Lubarda and Benson ([101]).

4.9.2 Crack propagation on a notched sample

The geometry of the sample for the second group of simulations is shown in Fig. 4.2. The
chosen square plate has dimensions 1 mm x 1 mm and a thickness of 1 mm and represents
a cutout of a 3D body with the large thickness, which substantiates the assumption of
plane strains (Fig. 4.2a). The model does not include any material length scale, such
that sample size and prescribed displacements can be scaled in a straightforward manner.
The left edge of the sample is fixed in horizontal direction. The vertical displacement
at the bottom left corner is additionally suppressed. Horizontal displacements u, are
prescribed at the right edge. The plate has a vertical initial crack from the middle
of the bottom edge to the midpoint of the sample. It is discretized by a mesh with
approximately 22500 quadrilateral elements such that a fine discretization is performed
in the areas where crack propagation is expected (Fig. 4.2b). In this area, the effective
element size h fulfills the condition h ~ 0.001 mm < [/2 and is significantly less than
the minimum size required to achieve reasonable accuracy in the crack zone (Miehe
et al., [106]). Here, [ denotes the characteristic crack width typical of the phase field
method.  The section simulates the crack propagation on the notched example and
investigates the influence of material parameters on this process. The carbon steel
is assumed as the representative material this time. Apart from elastic and plastic
material parameters (Tab. 1), simulations require damage parameters. The values
chosen to this end are listed in Tab. 2. Here, the values proposed by Miehe et al.
([106]) are used for the critical energy g. and characteristic crack width /. Constant
k, of the penalty function (Eq. (4.4)) is chosen to be 1 x 10, which is sufficiently
large to suppress the negative damage rate. Constant kq has the value of 1 x 1078
and prevents the energy from becoming identical to zero in the case of full material
damage. In all examples of this group, the load increment and damage parameters g.
and [ are assumed such that the crack formation and propagation can be simulated
within a fairly small number of time steps in order to reduce the computational effort
and to provide a qualitative analysis of relevant phenomena according to the results from
Miehe et al. ([106]). The behavior of the notched sample (Fig. 4.2) is investigated for
three load constellations: uniformly increasing tension, cyclic load with a tension and
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Figure 4.1: Comparison of experimental and numerical results at a material point. (a) Stress-strain
hysteresis for carbon steel (CS). (b) Stress-strain hysteresis for stainless steel (SS). Plotted are the
11-components of the stress tensor and the strain tensor. Experimental results are taken from Nip et
al. (4.2010).
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Figure 4.2: (a) Geometry of the notched plate with prescribed horizontal displacements @,. (b) Dis-
cretization of the plate with approximately 22500 elements.

compression phase and cyclic load with an increasing amplitude in the tension regime.
In the first case, the prescribed displacement linearly increases up to the maximum value
of 4, = 0.005 mm. The constant time increment is At = 0.005 s and the total loading
time amounts to 1 s. The results at a quadrature point of an element directly located
at the end of the initial crack are monitored for the illustration in Fig. 4.3. This figure
shows the change of damage and stress state during tension tests for different pairs of
parameters b and c. Here, rapidly hardening materials with a high hardening modulus ¢
lead to a faster increase of damage, whereas the higher pseudo-viscosity slows down the
damage evolution and postpones softening. Damage increases from moderate values to
the maximum, such that the material loses its strength and stress falls to the nearly zero
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Table 4.2: Material parameters of the damage model.

Parameter Value Unit Name

Je 0.27 [N/mm?] critical energy release rate
l 0.0375 [mm] characteristic crack width
ky 1x108 [ penalty constant

kq 1x107% [ numerical constant

value. The stress drop takes place in approximately 0.05 s. Simulations are performed
for different time increments in order to check the accuracy of the solution. For a time
increment At = 0.005 s and less, identical results are achieved. The same setup (Fig. 4.2)
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Figure 4.3: Results of tensile tests for different parameter pairs b and c. Prescribed displacements
uniformly change up to the value of 0.005 mm. (a) Applied load as a function of time and damage
evolution over time. (b) The 11-component of the stress tensor over the time. Hardening modulus c is
expressed in N/mm and pseudo-viscosity b is expressed in Ns/mm?.

is used to investigate influences of a cyclic load as shown in Fig. 4.4. Here, two load
cycles are performed with the total duration of 4 s. The time increment is At = 0.005 s.
The horizontal displacement 4, changes in the range [0.0025 mm, -0.0025 mm)], implying
that a cycle includes both: the tension and the compression mode. The load amplitudes
are constant in both cycles. Figure 4.4a shows the load path and the damage evolution.
The damage variable evolves during the tension phase, whereas the unloading and the
compression mode do not affect it. This behavior goes back to the split of the energy
into a tension and a compression part (Eq. (4.6)). Even though the same displacement
is applied in every cycle, an increase in damage is observed during each loading cycle.
Figure 4.4b shows the strong influence of damage on the corresponding stress-strain
hysteresis. Here, the Baushinger effect is hardly noticeable, although a displacement
controlled test with constant amplitudes is simulated. Fig. 4.4b depicts the ratcheting
rather than the Bauschinger effect. The last load constellation applied to the setup from
Fig. 4.2 deals with the cyclic load in the tension regime with the increasing amplitude
(Fig. 4.5). The amplitude increment amounts to 2 x 10~ mm per cycle. Time increment
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Figure 4.4: (a) Applied load as a function of time and the damage evolution for two load cycles. (b)
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At = 0.005 s is assumed. Three damage contour plots are chosen presenting states of
the crack during propagation for parameters ¢ = 15000 N/mm (Fig. 4.6a) and ¢ = 30000
N/mm (Fig. 4.6b). The first snapshot indicates the state at which damage variable d
reaches a value of one at the already existing crack tip. The second plot is taken when the
crack has propagated roughly half the way through the plate, and the last plot is taken
when the plate is fully torn in half. For the first parameter value (¢ = 15000 N/mm),
the crack opening starts in the 19th load cycle and is fully propagated throughout the
plate in the 23rd load cycle (Fig. 4.6a). For the second parameter value (¢ = 30000
N/mm), damage evolves earlier and faster: here, the complete crack propagation takes
place within three load cycles (Fig. 4.6b).
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Figure 4.5: Increasing load amplitudes as a function of time.
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Figure 4.6: (a) Crack propagation takes place in five cycles (¢ = 15000 N/mm, b = 2 Ns/mm?). (b)
Crack propagation takes place in three cycles (¢ = 30000 N/mm, b = 2 Ns/mm?).

4.9.3 Life time of the cold steel and of the stainless steel in the
LCF-mode

Amongst others, the model proposed enables the estimation of the life time in the LCF-
mode. To this end, the number of cycles up to the total failure is evaluated dependent
on the amplitude of the cyclic load applied. The latter is kept constant during the test.
The material failure is caused by the material defects such as production process induced
pores at a small length scale. In most cases, surface porosity is the critical factor for the
fatigue phenomenon. However, the present paper assumes that different methods of the
surface treatment can resolve this type of imperfection and that a defect in the bulk of
material causes the crack initiation.

This part of the analysis assumes the sample geometry (Fig. 4.7a) proposed by Nip
et al. ([115]). The horizontal displacements are constrained at the left boundary and
the cyclic horizontal displacements are prescribed at the right boundary. In addition,
the vertical displacement at the lower left corner is constrained to suppress the rigid
body motion. For the chosen boundary condition, the largest deformations are expected
in the center of the sample, which is discretized by a fine mesh. The effective element
size in this area is h =~ 0.25 mm, such that the crack width length [ = 0.6 is chosen.
The critical energy is set to g. = 100 N/mm? which corresponds to a ductile material
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behavior, whereas the remaining material parameters are kept as in Sects. 9.1 and 9.2.
Simulations are additionally performed for higher values of the hardening modulus ¢ in
order to study the influence of this parameter. A defect is created in an element in
the center of the specimen, which initiates crack growth in the otherwise homogeneous
material. In this element, the values of the Young’s modulus and the yield stress are set
to 75% of the actual material parameters.

The very first step of the analysis applies a strain of 3%. The assumed time increment
is At = 4.28 x 10~* s and 2000 time steps simulate a single cycle. As expected, a vertical
crack propagates through the middle of the sample, which is shown in Fig. 4.7b. Here,
an early stage of the crack is already noticeable in the 47th cycle, whereas the total
failure occurs in cycle number 96. Figure 4.7b corresponds to the carbon steel with the
hardening modulus ¢ = 30000 N/mm. Furthermore, the tests are repeated by increasing
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Figure 4.7: (a) Geometry of the simulated sample and prescribed boundary conditions. (b) Different
stages of the crack propagation under the cyclic load. Simulations are performed for the carbon steel
with the hardening modulus ¢ = 30000 N/mm.

the load amplitude to the strain of 4%, 5%, 6% and 7%. The same setup (Fig. 4.7a) is
applied to this end. The number of time steps within a cycle is kept constant (4.2000),
however, the time increment varies in the range from At = 4.28 x 107 s to At = 1x 1073
s. Accordingly, the duration of one cycle takes the values between 0.856 s and 2 s.

The results of simulations together with the experimental results by Nip et al. ([115])
are presented in Fig. 4.8. First, the behavior of carbon steel is studied and compared
to the Coffin-Manson curve relating the applied strains to the number of cycles, both
in logarithmic scales (Fig. 4.8a). Numerical results show an excellent agreement with
the experimental findings, in particular for higher strains. The dependence between the
applied strains and the number of cycles is linear, however, the number of cycles is min-
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imally overestimated. The discrepancy between the experimental and numerical results
slightly increases with the decreasing strains. The same kind of simulations is repeated
for a higher value of the hardening parameter, which leads to a significant decrease of
the number of cycles up to the failure. This tendency goes back to the fact that a higher
hardening modulus is related to the faster damage evolution and consequently causes a
reduction of the number of cycles. Simulations for a higher hardening modulus approves
the linear dependency between data, however, they indicate that a change of the strain
amplitude has a higher influence on the change of number of cycles in this case.

The observations mentioned previously have also been approved by repeating the
same kind of tests for the stainless steel as shown in Fig. 4.8b. Here, the Manson-Coffin
curve has a slightly higher slope, but numerical results compared to the experimental
ones show the same tendencies as for the carbon steel.
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Figure 4.8: Comparison of the experimental Coffin-Manson curve (Nip et al., 2010) to the numerical
results. (a) Results for carbon steel with two different hardening parameters ¢ = 30000 N/mm and ¢ =
300000 N/mm. (b) Results for the stainless steel with the hardening parameters ¢ = 70000 N/mm and
¢ = 700000 N /mm.

4.10 Conclusions and outlook

The present work couples the phase field method of fracture to the Armstrong- Freder-
ick model of plasticity with the kinematic hardening. The chosen concept inherits the
advantages of both techniques and is aimed at the study of LCF effects in ductile mate-
rials. However, the numerical implementation of this promising approach faces several
challenges, such as the definition of a unique framework for both setups, the derivation
of coupled evolution equations, the distinction between tension and compression mode
and the development of a computationally efficient algorithm. The basis for the phase
field fracture model are the Griffith’s theory and the dissipation potential relying on
the assumption of a crack surface function. The derivation of evolution equations uses
the minimum principle of the dissipation potential, which requires to express the dis-
sipation potential of the classical Armstrong-Frederick model in terms of the internal
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variable rates by using the Legendre transformation. The model developed also takes
into account that the unloading and the compression mode have no effect on the damage
evolution. The approach is eventually implemented in the FE-program FEAP where the
displacements and damage are calculated at the global level by using a staggered scheme,
whereas inelastic internal variables are updated locally, at each Gauss point.

The application of the model is illustrated by three groups of examples related to the
cold-formed carbon steel and the cold-formed stainless steel. The first group of tests
investigates the purely elasto-plastic material behavior without the influence of damage
and focuses on the numerical reconstruction of the stress-strain hysteresis due to a cyclic
load. The second group of tests simulates the crack propagation on a notched sample
and particularly analyses the influence of plastic parameters on the damage evolution.
The simulations show that the rapidly hardening materials are prone to a faster damage
evolution. The ability of the model to constrain the damage evolution in the unloading
and compression stages of a loading cycle is demonstrated as well. The last group of tests
studies the life time of the carbon steel in the LCF-mode and compares the numerical
results to the experimental findings by Nip et al. ([115]). The results show an excellent
qualitative and quantitative agreement, and the linear dependency between the data in
a logarithmic scale is approved.

The model proposed is a promising tool with regard to the simulation of fatigue
effects, giving rise to many new issues. Among others, it can be extended to capture
"hidden” aspects of the fatigue process such as the microcrack initiation based on the
theory of persistent slip bands and the microcrack propagation along the crystallographic
planes. Moreover, the additional effects typical of high and very high cycle fatigue, as
well as the threshold for the damage initiation have to be incorporated. A comprehensive
validation of the model with respect to the experimental results as well as its application
and calibration for further materials are also envisaged.

A Legendre transformation

The formulation of the MDP in terms of rates of internal variables is based on Legendre
transformation:

M (v, ) = max (LT =q:0v -0 (v,q)}, (4.89)

. ; _ I
L =0 &+ x:E—dlo—xIl - ZlIxI* (4.90)

The corresponding stationary conditions have already been derived in Sect.5 (Eqs.(30)b
and(31)b)
P

€]

G =aoy + b€ + beP, X = bE + beP. (4.91)
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Their implementation in (4.90) now yields
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(4.92)

The last term is a constant and thus can be neglected, since the evolution equations are
obtained by its minimization of the potential. Accordingly, the sought potential turns
into

A (w,5) = oy [[eF + 5 |€F[ + SR+ bé : € (1.93)

B Evolution equations of the coupled problem
The potential of the coupled problem has the form
LMPP — §¢ 4 §° = §° 4 @  pdpAY, (4.94)

where W is defined in Eq. (4.48), ®? is defined by Eq. (4.5) and ®AF by Eq. (4.33).
Driving forces corresponding to € and & are then calculated as following derivatives

09 | € b | b

q61>—0'—aéP —w[UYHéPHere + b€, (4.95)
09 .p

Qe =X = o —w[b£+be ], (4.96)

such that a transformation of the system (4.95) and (4.96) yields the evolution equations

: 1
— P+ —x 4,
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whereas the insertion of (4.96) into (4.95) provides the yield locus equation

(3 €’ L o
O =Woyrpr+X = O—-X=Woyrpr = |o—x|=woy. (4.98)
l€°]] €]

Finally, constitutive law (4.51) is used to derive the evolution equation for the back

stress:

X = —wck — wck = —wck + cw (ép — %X) ) (4.99)
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Interfaces are omnipresent in every aspect of our life, even in areas we are not particu-
larly aware of. Besides their abundance, each interface comes with unique characteristics
and is suited for the specific task it fulfills. They are present on all scales and contribute
significantly to our understanding of the involved processes. In the scope of this work,
three specific interfaces have been analyzed in detail, namely, the viral uptake into a cell
via receptor driven endocytosis, the sintering of hollow spheres and the fatigue behavior
under cyclic loading. Three different modeling approaches were chosen, based on the
specific challenges and selected aspects of interest for the interfaces at hand.
Receptor driven endocytosis emphasizes that interfaces cannot only occur in the
nano meter regime, but also represent a primary mechanic characterizing the viral up-
take. Modeling the process aids in identifying and adapting design parameters, in order
to archive a greater control on the uptake. The process has been modeled by using the
finite difference method. The established framework provides an intuitive way to model
the discontinuous distribution of receptors on the free surface of the cell and the contact
area with the virus. It is possible to obtain information on the progress of the uptake
and the geometric evolution of the cell surface without the need to create a geometric
model.

Sintering of hollow spheres has been chosen as the second example, highlighting its
application to artificially created interfaces. Its modeling provides valuable insight into
preliminary design choices affecting the final properties of the material. In the context
of this example, a shell element has been implemented into an IGA framework. Even
though IGA is a relatively new approach, its ability to model complex geometries and
bridge the gap between CAD and FEA has already led to remarkable results. Here, the
focus was set on the fundamental mechanics, creating a base framework. Thus, the con-
figuration was kept to two bodies. However, the framework already establishes a solid
foundation to various extensions such as multiple bodies. In addition, the implemented
shell element, covering thermo-mechanical effects, shows great potential to adapt, ex-
tend and vary the underlying material model.

Coupling the phase field approach, describing the material damage, to the Armstrong-
Frederick model provides a thermodynamically consistent framework for the underlying
formulation. The Legendre transformation has been used to formulate the model in
terms of the rates of internal variables and a load-dependent evolution for low cycle
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fatigue. They are designed specifically to recapture the stress-strain hysteresis, isolate
the influence of the plastic parameters and were able to be compared to experimental
data, showing excellent qualitative and quantitative agreement.

Future developments can greatly improve the work presented here. Each framework
provides a strong base for further applications.

Endocytosis presents great potential to be extended regarding geometric aspects, such as
different virus shapes. Extending the formulation to a fully three dimensional framework
would allow the incorporation of arbitrary virus shapes. Furthermore, the deformation
of the cell surface that is not in contact to the virus is of great interest. To this end,
considering additional numerical frameworks, such as the IGA, could be a suitable ap-
proach to the modeling of organic shapes created in the endocytosis process. The general
formulation also provides an interface to incorporate additional mechanisms regarding
the movement of receptors on the cell surface, for example by considering different types
of receptors.

The established IGA framework in the second example presents a base framework which
still offers a great potential for numerical optimization and design parameters to be in-
vestigated. This is already highlighted by the initial meshing of the model. Being able
to tune the coordinates of control points and their respective weights, various configura-
tions can be applied to a given geometry, without proper understanding of the impact on
the numerical performance. Various refinement strategies, such as h-refinement, subdi-
viding the mesh into finer elements or p-refinement, increasing the polynomial degree of
basis functions, are already well established but represent only a small subset of available
methods. The examples presented were chosen in a way to exploit specific symmetry
characteristics. Here, different approaches can be considered to extend the model for
multiple bodies with irregular configurations.

The coupled model for low cycle fatigue also has great potential for further development.
The formulation presented covers a specific set of mechanisms involved in the fatigue
process. In addition to low cycle fatigue, the effects of high and very high cycle fatigue
are of interest, where plasticity no longer plays a significant role.
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