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Abstract We present a fast, robust and scalable solution approach for implicitly cap-
tured domains in the context of extrusion dies for highly viscous fluids, applicable for
automated simulation pipelines for industrial relevant 3D problems. We also show the
applicability and the challenges for the transition to multi-node GPU systems.

1 Overview

HPC simulations are an important part for the efficient development and design process
of tools and machinery in a wide range of industrial applications. On one hand the
complexity of real world problems combined with short development cycles warrant
large computational requirements, on the other hand HPC simulation tools and systems
typically require expert knowledge to facilitate a time and money efficient use. This
discrepancy even grows in light of the HPC development in the past years, increas-
ing compute power through higher number of compute cores as well as accelerator
hardware, requiring scalable parallelized approaches. The idea to enable non-experts
in HPC simulations to use these systems is behind the Stromungsraum® cloudservice
from TANUS Simulation !, providing an easy to use web interface, dispatching HPC
simulations to suitable compute centers and providing a congested report of useful
results back. We worked as part of the ”StroemungsRaum” project on improving the
time to solution of this interface.
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The essential part for the automation is the abstraction of the input layer and the
simulation layer by allowing the user to define the problem in his design space and
providing an automated and robust way to extract the actual simulation space from
this. While this abstraction is problem dependent, for the case of tool construction, like
extrusion dies which are the example case for this article, the design space relies on a
surface parametrization (for example in form of CAD files) describing the actual fluid
domain only implicitly, as well as material parameters and typical operating points.
For the simulation layer, this has to be transformed into the governing equations and
typically some form of volume mesh or parametrization of sufficient quality to resolute
the fluid domain while keeping the compute cost to a feasible level. To provide a useful
automation pipeline, this gap has to be overcome in such a reliable manner, that human
intervention is the exception.

Besides (semi-)automated meshing tools [1], [2], which have the disadvantage of
typically generating very large base meshes for complex geometries due to mesh quality
constraints while also relying on precise definitions of geometric features, there is a
wide range of fictitious domain approaches that enable simulations on simpler or even
carthesian meshes. In the context of finite elements, these are mainly based on cut cell
methods [3], unfitted Nietsche methods [4] as well as Lagrange multiplier based methods
[5], which balance ease of implementation, order of convergence and stability of the
underlying solvers against each other. These methods typically introduce some form
of additional stabilization terms often leading to issues for fast iterative solvers, which
are required for large case simulations of stiff problems considered here. Additionally,
due to complexity of the domain, a reduced regularity of the solution is to be expected,
making higher degree polynomial approaches undesirable and warranting at least some
form of local mesh adaptivity.

For these reason, our approach is based on a fictitious boundary method [6], [7], [8] in
combination with automatically generated roughly adapted coarse grid meshes, allowing
us to facilitate fast and scalable solvers in the form of a hierarchical geometric multigrid
approach. Due to the lower convergence order, this approach leads to generally larger
volume meshes, which is compensated by the improved solver efficiency, generality of
the method and the very low requirement on the quality of the surface description.

To further improve the time to solution we facilitate hardware resources in form
of multinode GPU clusters which constitute a steadily increasing share of compute
resources in recent HPC systems. While adapting to these systems requires extra care
on the numerical methods and their implementation, it also provides a huge opportunity
to speed up simulation times due to the increased computational resources.

The presented method is implemented in the open source Finite Element Analysis
Toolkit 3 (FEAT3) 2 developed at TU Dortmund University.

The article begins with a brief description of the simulation pipeline and defining the
problem to be solved. After this, we describe our numerical method and show in section
4 test results for a test problem as well as scaling results on a GPU cluster. Finally we
end the article with a short conclusion.

2 https://github.com/tudo-math-1s3/feat3
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2 Simulation Pipeline for Extrusion Die Flows

Given adomain Q c R4, d = 3 described by a surface parametrization I" = 0Q, we want
to find the solutionu : @ — R?, p : Q — R to the steady incompressible Navier-Stokes
equations with a shear-rate dependent consecutive law [9]

(a-Vyu-V-o(up)=f in Q, @)
V.ou=0 in Q, )

u=uj onlj, u=0onTy,y, 3)
(D(u)—pD)-n=0 on Loy, )

o (u,p) =2v(y)D(u) - pl, &)

with D(u) = %(Vu + Vu’) the symmetric deformation tensor, ¥ = +/2D(u) : D(u)
the shear-rate, v(y) the shear-rate dependent viscosity, f a right hand side and T,
Tout, Twan € T respectively the inflow boundary with a fixed inflow wy,, the wall
boundary with no-slip condition and outflow boundary with a force free outflow in
normal direction. For the scope of this article, assume v € Cl,v>0and /R V2 < o0
for a well posed problem, but in praxis it might be necessary to clamp the shear-
rates for particular materials or have more restrictions on the growth of the viscosity
[10]. Furthermore, to simplify the scope of this work, assume v >> 1, which is a
sound assumption for laminar extrusion die flows. Since the rheology is dominated by
the shear-rate depending viscosity, we can safely drop the convective term. Note it is
straightforward to reincorporate the convection back into our approach.

Let Qp 2 € be the minimal fitting bounding box of the fluid domain. For the
simulation pipeline to work, assume the outflow to be axis aligned as well as the
inflow and outflow boundaries lying on the faces of Qp, i.e. [y, Toue € Q4. This is
generally not a restriction for extrusion dies, since for physical setups inflow and outflow
parametrizations can easily be extended such that above condition holds. For multiple
or curved outflow planes additional care for the outflow condition has to be considered,
which we will ignore for the scope of this article.

By providing a parametrization for the inflow condition u;, and an extruded surface
parametrization [, such that inflow and outflow are shifted outside of €2, in normal
direction, only the no-slip condition has to be implicitly prescribed on the background
domain Q.

The actual pipeline then consists of three phases.

1. Preprocessing. Through a REST API we load all necessary input and generate
an triangulation of the extruded surface I'ex. For the given boundingbox €, we
also construct a simple hexahedral background coarse mesh Ty, compare figure 1
based on conformal refinement templates [11], [12]. The choice of starting mesh
as well as refinement prediction is based on a combination of the required min gap
resolution and the amount of surface sy inside of the mesh elements. The mesh
Ty is constructed in such a way, that £ > 0 additional uniform refinements lead to
the desired resolution of the smallest flow channels of Q, &, H > 0 denoting the
fine, resp. coarse, grid resolution of our mesh. This construction also provides the
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Fig. 1 Illustration of Scalexa benchmark geometry. Left: Large coarse grid with 69.000 elements.
Middle: Level 2 refinement with 2 million elements. Right: Example velocity distribution.

hierarchy for a geometric multigrid solver with k + 1 levels. The number of levels
is essential for the stability of the method: Too small generally leads to large coarse
grid problems and therefore an inefficient solver, while too many levels lead to under
resolved coarse-grids and a degradation in the stability of the linear solver. In our
experience k = 2 works reliably for most problems. Note that all of this work is
not computationally demanding and should be done in a separate step on a reduced
amount of nodes compared to the following simulation step.

2. Simulation. Solve (1) as described in section 3 and write out the solution as vertex
data on Tj,.

3. Postprocessing. Use the generated solution to calculate and visualize flow distribu-
tions, shear stresses and so on, which is finally sent back to the Stromunsgraum®
interface. Again, since this part is not computationally demanding, this step is done
afterwards as a separated generalized task.

While this pipeline is able to generate results in about a day with a currently deployed
pressure projection based solver [13], from an industry perspective the reduction of the
overall time required for the pipeline to under one hour is the next large stepping stone.
Accomplishing this speed-up was one of the main tasks of the ”StroemungsRaum”
project in which a large part of the developments we present here was done.

3 A filtering based fictitious boundary method

In accordance to a phase-field description of the Stokes-flow, also widely used in the
context of topology optimization of fluid domains [14], [15], we split our domain into
inside and outside regime, deriving a weak form of (1) on the extended domain Qp:
Findu € H}(Q)9, p € L?(Q) such that

/Q Lao(u.p) : Vo + (1 - Ig)u- = /Q lof-o  VeeH\Q)Y (6
b b

/ YyV-u=0Vy e Lz(Qb), u=ujonli, u=00n9dQ\ (I'iny UTow). (7)
Qp
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Here Hé (Qp)? is the vector-valued Sobolev space with zero trace on the Dirichlet
boundary 69, \ I'oy and 1 the indicator function marking Q. Since our interface
conditions are still exact, u|q is a weak solution to (1).

While there are numerous approaches to capture the interface condition within a
finite element approach, order preserving methods generally require either additional
degrees of freedom for the interface problem or some form of jump-stabilization terms
(or even both). In the view of automation, methods that rely on a good choice for the
stabilization parameters are less preferable and in the context of multigrid solvers, large
local modifications of the discretized system can lead to problems for cheap smoothers
like Block-Jacobi type preconditioners.

By relaxing the constraint of exactly matching the no-slip boundary, we propose
a fictitious boundary method which works with a standard finite element approach
suitable for fast multigrid solvers based on [8]. While the base idea relies on the implicit
distinction between the two domains through the fluid parameter, as shown in [6] it is
preferable to implement the interface condition (7) in an explicit manner through an
iterative filtering technique described in the following section.

3.1 Fictitious Boundary Finite Element Discretization

Let Ty, = {Tn,1,....Tn N, }> Ni € N the hexahedral elements of the background mesh
with ; Tj,.; = Qp. Define the set T) =A{T € To|TNQ # 0} of all mesh cells intersecting
the actual domain, prescribing the culled domain Q, := (U 77)°. Foru, w, z € H' ()¢
and g € L*(Qy,) define the (non-linear) operators

An(o,w,2) = /Q 2(7()DW) : V2, By(z.q) = / aVoz (= [ foz

Qp Qp
®)

Additionally denote F}’ as the set of all inner and outer faces of 7}/
The fictitious boundary is then defined as the union of all outer boundary facets of
F}) having zero measure intersections with the inflow or outflow boundary

Thiec = |_J{F € Fg|F 00Q4 # 0 A |F 0 (Tip UTou) | = 0}. 9)
Additionally we define the extended inflow and outflow boundaries as
Thin = U{F € FO|IF N O] > 0}, Thyou := U{F € F|IF N ol > 0}. (10)

To discretize our system with a standard mixed formulation, we use the well-known
inf-sup stable finite element pair Q?/ P(]jiSC on 7 of continuos piecewise tri-quadratic
polynomials for the velocity resp. discontinuos piecewise linear polynomials for the
pressure space, [16]. Further let N¥, N}[: € N the number of basis functions of the
velocity resp. pressure space.
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By using a zero extension iy, of ug to I', i, we can now modify the boundary
condition (7) and arrive at the approximate discrete problem on j,:
Find u, € Q*(T7), pp € P}, (T?) with

disc
Ap(an, un, on) — Br(pns ¢n) = (£, on) Ven € QX(T?),  (11)
—Bj, (Y, un) =0 Vyn € PL (TP), (12
up = Gjp on [y up = 0 on I, ey (13)

By simply extending up, and pj, with zero we can recover the approximation of (7) on the
whole background mesh 7},. Note, since we only approximate our actual boundary with
linear elements, we can only expect an approximation error of |[u — un||;2(q) ~ O(h).

While this approach already leads to sufficient resolution for laminar flows [6], we
can further improve on it since we only capture Q in the Q' degrees of freedom. Naively
enforcing the no-slip condition on inner DoFs leads to an underdetermined pressure
solution, so instead we enforce a divergence-free L2-projection to zero on all DoFs
outside of € by substituting the respective row in the system matrix, mirroring the
phase separation in (6). For this, let ¢; € 0%(Tp), J = 1,..., N, the Lagrange-basis of
the velocity space and x;l € R4 the corresponding set of Lagrange-basis nodes. We
explicitly substitute our system by modifying A, and right hand side f;, depending on
which discrete test function ¢; is used:

(14)

- An(v,w, @) ifxl eQ f.0,) ifxlecQ
Ah(v,w,{p]’) ::{ J h , fh(‘p]) = < .]> h .

/Qh w-e; else 0 else

The rows to be substituted can easily be preprocessed and do not change the overall
structure of our system matrix. The Dirichlet boundary condition are always assumed
to be incorporated into the system, which can for example be realized with an iterative
filtering technique or by explicitly substituting the rows with unit rows and modifying
the right hand side, which will be omitted in the following sections.

Finally by representing the solution vector as the sum of the FE basis functions
up = 2 chipi, with ¢y € RNi*4 the vector-valued velocity coefficients as well as
Ph = 21 qni¥n, with ¢; the basis functions of Péisc and g, € RVi the pressure
coeflicients, we are able to define the fully discretized system. In the following the
(velocity depended) discrete system matrices are defined as

A(v) € RENIXENI A, (v) := Ap(v, 05 i), B e RENINT B, = B(y), ).

3.2 Monolithic Newton Method

To linearize (11) we directly apply Newton method to our continuos problem. While
there are also a wide range of explicit and semi-implicit methods that rely on a pseudo
time stepping approach and work well for highly viscous fluids [17], as long as the
initial guess (up”, pg)T is sufficient, we can expect a Newton type method to have a



FBM for Extrusion Die Flows 7

superior super-linear convergence rate. To formulate the Newton iteration, we need the
Jacobian of the operator Ay, which is in our case the sum of A, and the operator

v (y(v
Ln(v,w,7) = / YOO b0 ve. (15)
Q, 7(v)
Analogous to (14) we define the modified operator Lj, (v, w, z) by substituting a zero
row instead for outside test functions as well as the finite element matrix L; ;(v) =
Li(v, ®j» ¢i) and now are able to define a general fixpoint iteration for k = 0,1, ...:

-1
G- G (5 ()2 ) o
gt q% B 0 0 B” 0)\qf

The iteration is repeated until a sufficiently small non linear defect is reached. With the

damping parameter w € R we can switch between a Picard fix point iteration (w = 0)

and a Newton-Raphson method (w = 1). In any case we are now required to assemble

and then solve a large linear sparse system of the form

v 8)02)- ) w

multiple times. For this we employ a scalable geometric multigrid solver we describe
in the next section. A few things to note

* By alternating between w = 0 and w = 1 we are able to vastly stabilize the fixpoint
iteration even for bad initial values [18], which will be denoted as Alternating-
Picard-Newton (AlPiNe) method. There is also a vast range of other stabilization
and acceleration approaches, which in the end all require to efficiently solve systems
of type (17). For extrusion die problems the AIPiNe method works sufficiently well,
so that more expensive approaches like actual line searches are likely not worth it,
even though more research should be invested here.

e The Picard iteration can be interpreted as the limit of an infinitely large time step
size of a monolithic IMEX schema of a pseudo unsteady formulation of (1), which
is unconditionally stable for shear-rate dependent viscosity flow problems, see [17].
For this reason, we can expect at least the Picard iteration to converge, even if very
slowly, if a steady solution exists at all.

3.2.1 FBM Multigrid Solver

For the solution of the linear system we use a hierarchical V-cycle geometric multigrid
method as preconditioner for a Krylov-subspace solver, for details refer to [19], which
requires three main components: A prolongation operator, a smoother and a coarse grid
solver. For a fine grid refinement # > 0 define the two level hierarchy with the discrete
background mesh 75, Tj, as well as the culled representation T3, , T and their respective
finite element spaces. The necessary system matrices can be directly assembled as long
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as the restricted solution vector uy, usy, ... is available which we recover by sequentially
applying the restriction operator R, defined below onto the fine grid solution u,.
Since Q*(T§,) ¢ Q*(T7) nor Py (T5,) & PL. (T?) due to the culling of the mesh
elements, we can not use standard transfer operators. Luckily, we can instead use the
zero extension to the background domain to construct these. By extending the coefficient
vectors with zeros we can define trivial extension operators £ : 0*(T p) = Q*(T,) and
E;; : Péisc (1)) — Péisc (Ty). Since Qi(TZh) c Q*(Ty) (and analog?us for P(lhsc) we can
use standard prolongation operators P, , : 0% (T»y) — Q*(Ty), Pé’h nt Pcl‘iSC (Ton) —
P}, .(Ty) defined by a local L2-projection for Q% and P, respectively. By composition

we can thus construct prolongation operators on the culled spaces

. pl 1
Pon Q2(T20h) - QZ(T}?) Pgh,h : Piise(T3)) = Pise(T}) (18)
uy > EjT o PY, ) o B (2n) Pan EfT o P, o E} (pan)

Further we use the canonical restriction operator, i.e. RZJ n = Pﬁ‘h’ hT.

Since we use a discontinuous pressure space, a Vanka-type additive element-wise
overlapping Schwarz domain-decomposition [20], [21] is well defined. Let N = d -
N, +N fl’ the number of velocity and pressure DoFs for the refinement level 4 and
N € N the number of DoFs on a single cell T € 7. For the system matrix S € RV*N
define an element-wise restriction matrix Ry € RM*N extracting the local submatrix
RNi*Nt 5 S|y := Ry - S - RY. of only the entries which corresponding basis function
having support on element 7 € Tj,. Additionally define for each DoF an averaging
weight k;,i = 1, ..., N counting the inverse of the number of elements in 7;, on which
again the corresponding basis function is not zero and define the diagonal weight matrix
K € RN*N K; i = k;6; ;. For a given damping parameter ay > 0 we can define the
application of the smoother on a sequence of solution vectors #; € RN k=0,1,...
and right-hand side g € RN as

ter = te+av | > KRL(SID) ™Ry | (g = Ste). (19)
TeTy

Importantly, by factorizing the local inverses beforehand, the application of the lo-
cal block smoothers can be preprocessed into a single matrix V € RV*V | reducing
the application of the Schwarz smoother to two consecutive global sparse matrix vec-
tor products and vector additions, which is cheap, scalable and well suited for GPU
acceleration.

Finally, for the coarse grid solver we either use a direct sparse solver, if the coarse
grid mesh size permits this, or we use above additive Schwarz as a preconditioner for
a GMRES-Krylov subspace solver [22]. While practical, both options are suboptimal
since on one hand it is a hard problem to construct coarse meshes, which are small
enough for a direct solver while also capturing the geometry well enough without too
anisotropic elements in an automation friendly way. On the other hand the convergence
rate of the GMRES degenerates linearly with the coarse mesh size, leading to issues in
the stability and efficiency of the overall multigrid solver.
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For this reason, in the course of the ”StroemungsRaum” project, we added an inter-
face to a monolithic FastAndRobustSchwarz (FROSch) solver in coorperation with TU
Freiberg [23], [24], which remedy the scalability issues of the coarse-grid problem and
appears to be a promising approach. We will further elaborate on this in an upcoming
article.

With the components in place, the multigrid solver can be applied to the non-
conformal FBM mesh hierarchy. Note that all components can be expressed as simple
matrix vector multiplications as well as dot-products and vector additions, only relying
on scalable neighbour to neighbour communication and global reductions. Additionally
it is straightforward to dispatch these as GPU-native kernels, allowing us to execute the
linear solver completely in device memory.

4 Benchmark results

To evaluate the improvements of our new approach, we compare the solution time
(i.e. only phase 2 of the pipeline) for the large Scalexa benchmark problem from the
”StroemungsRaum” project, describing a typical case of a polymer melt flow through a
fairly complicated thin-walled outflow geometry.

In figure 1 are the culled coarse and fine grid meshes generated from the Scalexa
benchmark geometry represented. The problem size of the coarse grid is about 2 million
DoFs, while the fine grid has about 105 million DoFs. For the GPU runs, we also used a
more aggressive refinement strategy to generate a coarse mesh with only 20.000 DoFs,
on which a direct solver can be deployed on a single GPU, which is then refined four
times to reach the required resolution.

For our test hardware, we use four AMD EPYC 9354 each with 720 GB of DDRS5-
4800 memory for the CPU tests and for the GPU tests, we used the Helma cluster of
NHR FAU, each node consisting of two AMD EPYC 9554 which support four NVIDIA
H100 with 94 GB HBM?2e on board memory. The Helma cluster provides up to 96
nodes, on which we were able to ran scaling tests.

In figure 2 we see the speedup of our developed method in comparison to the original
pseudo-unsteady pressure projection splitting approach. On the generic CPU resources
and same background mesh, we are able to reach a speedup of factor 10.7 by combining
our steady non-linear solver in combination with the FROSch coarse grid solver.

For the GPU clusters we are only able to reach a relative speedup of factor 3 for our
large coarse grid GMRES AlPiNe variant, which is underwhelming for the resources
expended. This is mainly due to scaling issues of the coarse grid GMRES due to the
dispatch mechanism.

A fix to this issue is employing a smaller coarse grid, for which an efficient direct
sparse solver can be applied. With this we can generate an additional factor 54 speedup
to the original solver approach.

While the fine mesh is a bit smaller with about 70 million DoFs in comparison to
the large coarse grid case, due to larger element anisotropies and destabilization due
to the poor capturing of the geometry on the coarse grids, an increase in the required
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Fig. 2 Runtimes for the
Large Scalexa Benchmark Runtime Improvements Large Scalexa Benchmark
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multigrid iteration of factor ~ 3 makes this approach unfeasible on CPUs. Fixing these
stability issues is still ongoing work but there is still room for additional improvements.

In figure 3 we see the scaling behavior of the small coarse grid AIPiNe solver for up
to 16 nodes of the Helma cluster for 3 different target refinement levels. For a moderate
amount of nodes (for level 4 up to 8 nodes) we reach a parallel efficiency larger 50%,
while we reach nearly 100% parallel efficiency for even larger problem sizes. While
the weak scalability from level 4 to 5, which matches a factor 8 in the increase of the
problem size, is acceptable, the tests clearly show issues in form of a overhead per
additional system level, which is visible in the difference in runtime between level 3 and
level 4 as well as the stagnation in the strong scaling across all levels. The problems here
are similar to the ones for the large coarse grid GMRES solver, albeit not as dominant,
which can be traced back to the overhead of small kernel launches.
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This issue will always inhibit the strong scaling on multi node GPU systems to a
certain degree, but the effect is mitigable by fusing kernels and using graph executions.
This will require some restructuring of our solver backends, but we are working on this
at the moment and first tests show promising results.

5 Conclusion

We presented an efficient and robust solution approach for highly viscous fluids through
implicitly captured domains within an automatic simulation pipeline for industrial
relevant problems and showed the potential for recent HPC hardware.

There are still a lot of optimizations available for the GPU transition of our codebase,
but we already see a significant speedup for our approach for conventional CPU systems
as well as hybrid systems. We also want to test our approach on AMD-GPU systems
in the near future. For traditional CPU-only systems especially the use of the FROSch
solver is very promising and in this regard we are putting effort into improving the
solver interface even further.

While the FBM approach is very robust and simplifies interfacing since it only relies
on inside out information of the geometry, the reduced approximation order and non
optimal resolution of the boundary could be improved on. Recent developments in the
automatic aligned volume meshing [2] is very promising and can be easily adapted to
by our method.

Furthermore, improving the convergence order and resolution of the implicit bound-
ary, see [25], [26], seems promising but the stability in context of industrial relevant
problems has to be evaluated.
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