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Abstract

This dissertation presents a unified framework for modelling interexceedance times of
temporally clustered extreme events. Building on two established models, we introduce
a generalised model, which combines underlying stationary event magnitudes with
random, heavy-tailed waiting times. When a sufficiently high threshold is used to
define exceedances, the resulting interexceedance times can be approximated by a
mixture of a Dirac measure at zero and a Mittag-Leffler distribution.

The generalised mixed distribution is characterised by three parameters: the tail
parameter, the extremal index, and a scale parameter. To estimate them from data, we
propose two minimum distance estimators, CMmod1 and CMmod2, based on modified
Cramér-von Mises distances. Their weak consistency is shown theoretically, and their
finite sample performance is assessed through extensive simulations. Results highlight
CMmod2’s robustness to threshold selection and various parameter constellations.
The estimators are also evaluated against existing methods in the special cases of
the compound Poisson process and the fractional Poisson process. Despite requiring
the estimation of an additional parameter, CMmod1 and CMmod2 show competitive
accuracy, suggesting that explicit model selection may be avoidable.

A case study on North Atlantic cyclone data illustrates the practical value of the FCPP,
revealing spatial differences in clustering behaviour and confirming the real-world
applicability of the proposed methodology.
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List of symbols

The following tables list the key notations used throughout this thesis. The list is not
intended to be exhaustive and is organised thematically rather than alphabetically.

General notations

symbol meaning
d
ÝÑ convergence in distribution
d
“ equality in distribution
t¨u floor function: txu “ maxtn P N | n ď xu

r¨s ceiling function: rxs “ mintn P N | n ě xu

1t¨u indicator function
fpxq „ gpxq two functions f, g : p0, 8q Ñ p0, 8q such that lim

xÑ8

fpxq

gpxq
“ 1

Γp¨q Gamma function

1



2 List of symbols

Model notations

symbol meaning

pXn, TnqnPN marked point process with
Xn magnitude: value of the n-th event
Tn arrival time: time of the n-th event
Wn waiting time: time between the n ´ 1 and n-th event

Wn “ Tn ´ Tn´1.
u P R threshold
ppuq excess probability ppuq “ PpX1 ą uq

ηpuq stopping time: position of the first exceedance
ηpuq “ mintk ě 1 | Xk ą uu

T puq time of the first exceedance T puq “
ηpuq
ř

i“1
Wi (given X0 ą u)

pXkpuq, TkpuqqkPN continuous time random exceedances (CTRE) with
Xkpuq exceedance: value of the k-th exceedance
Tkpuq interexceedance time (IET): time between the k ´ 1 and

k-th exceedances; distributed as T puq

bp¨q regularly varying funcion with index 1{β, β P p0, 1s,
bpnq “ n1{βLpnq with Lp¨q slowly varying

σu σu “ bp1{ppuqq “ ppuq´1{βLp1{ppuqq

lu lu “ ppuq1{βσu

Exppλq exponential distribution with rate λ ą 0
δ0 Dirac measure at point zero
MLpβ, ςq Mittag-Leffler distribution with tail parameter β P p0, 1s

and scale parameter ς ą 0
Ppβ,θ,σq mixture distribution: Ppβ,θ,σq “ p1 ´ θq δ0 ` θ MLpβ, θ´1{βσq

F pβ,θ,σq cumulative distribution function of Ppβ,θ,σq,
F pβ,θ,σqptq “ p1 ´ θq ` θ F

pβ,θ,σq
˚ (t) for t ą 0

F
pβ,θ,σq
˚ , f

pβ,θ,σq
˚ distribution function and density of MLpβ, θ´1{βσq

Tpβ,θ,σq random variable following the mixture distribution Ppβ,θ,σq
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Notations of Section 5.2 and Section 5.4

symbol meaning

ϕ P Φ parameter vector ϕ and compact set Φ Ă Rm

µϕ positive valued continuous distribution with parameter vec-
tor ϕ; continuous regarding ϕ

F
pϕq
˚ , f

pϕq
˚ cumulative distribution function and density of µϕ

Ppϕ,θq mixture distribution: Pϕ,θ “ p1 ´ θq δ0 ` θ µϕ with θ P ra, 1s,
a ą 0

F pϕ,θq cumulative distribution function of Ppϕ,θq,
F pϕ,θqptq “ p1 ´ θq ` θ F

pϕq
˚ ptq for t ą 0

Tpϕ,θq random variable following the mixture distibution Ppϕ,θq

T pnq random variable on the positive real numbers with
T pnq

σn

d
ÝÑ Tpϕ,θq, σn ą 0

F pnq cumulative distribution function of T pnq

T1,n, . . . , Tkn,n kn i.i.d. copies of T pnq

Fkn empirical cumulative distribution function of T1,n, . . . , Tkn,n





1 Introduction

Extreme weather events, such as heatwaves, heavy rainfall, or storms, pose significant
challenges for risk assessment and decision-making in fields such as climate science,
meteorology, finance, and insurance. Accurate modelling of such phenomena is crucial
yet inherently difficult, as, by definition, extreme events are rarely observed.

In extreme value theory, two classical approaches are used to model such events:
annual maxima are modelled using the generalised extreme value distribution (block
maxima approach), while exceedances over a high threshold are modelled using
the generalised Pareto distribution (peak-over-threshold approach). These models
can be used to estimate key risk measures, such as return periods or return levels.
However, these metrics do not capture any temporal structure, such as the clustering
of extremes in time. For instance, if extreme events always occurred in immediate
pairs every two years, the return period would be approximately one year, which
would not reflect the actual recurrence behaviour due to its high variance. Empirical
observations show that extreme events often do not occur isolated but tend to appear
in temporal clusters. Accounting for such clustering in modelling can be of crucial
importance, as extreme events, which occur close together, often cause more severe
damage than temporally isolated ones.

This dissertation addresses this phenomenon by focusing on the interarrival times
of extremes, where an extreme event is identified by threshold exceedance. The
time between two such exceedances is referred to as the interexceedance time. In
the literature, two primary models are used to explain clustering in the peak-over-
threshold framework. These models are based on fundamentally different mechanisms:
Dependency between magnitudes leads to interexceedance times that follow a mixture
distribution with a point mass at zero and an exponential component, while heavy-
tailed waiting times between independent magnitudes yield interexceedance times
that follow a Mittag-Leffler distribution in the limit.

The goal of this work is to introduce a generalised model that captures both mecha-
nisms simultaneously, thus offering greater modelling flexibility while encompassing
both established models as special cases. This unified framework may eliminate the
need for a prior model choice. To estimate the parameters of the proposed model,
novel minimum distance estimators are developed and evaluated. These estimators
are based on the Cramér–von Mises distance.
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6 1 Introduction

The dissertation is structured as follows: Since the models and methods developed
build on concepts from extreme value theory, point processes, and heavy-tailed
distributions, the necessary theoretical background is presented in Chapter 2. Chapter
3 is dedicated to models for interexceedance times. This includes a discussion of
existing models, where the asymptotic distributions of the IETs are introduced, along
with the corresponding point process representations. The new generalised model is
then presented and discussed in detail. Chapter 4 focuses on the development of an
appropriate estimation method. Existing estimation methods for the submodels are
reviewed, and the challenges in fitting the generalised model to data are highlighted
before introducing the newly developed estimators. Chapters 5 and 6 evaluate the
performance of the two estimators: First, weak consistency under certain conditions
is established, and then their behaviour in finite samples is investigated through
a simulation study. A further chapter demonstrates the practical relevance of the
work by applying it to a dataset of mid-latitude cyclones. With the exception of the
background chapter, each chapter concludes with a summary and a critical discussion
of the findings. The final chapter summarises the results of the dissertation as a
whole and provides an outlook on potential future research directions arising from
this work. Additional results, derivations, and figures, excluded from the main text
for the sake of clarity and to avoid repetition, can be found in the Appendix.

Parts of this thesis, specifically the development of the generalised model, the
estimation method based on a modification of the Cramér–von Mises distance, as
well as parts of the simulation study and the data analysis, have been published as
a working paper entitled “Models for temporal clustering of extreme events with
applications to mid-latitude winter cyclones” on arXiv (Mathieu et al., 2025).



2 Basics

In this chapter, we present the theoretical foundations necessary for understanding
the subsequent chapters. We begin with the mathematical concept of heavy-tailed
distributions. In this context, we discuss regularly varying functions, which are a key
tool for describing the tail behaviour of heavy-tailed distributions, and we introduce
the class of stable distributions as well as the Mittag-Leffler distribution, both of which
exhibit heavy-tailed behaviour. In the second section, we provide a brief introduction
to the fundamentals of extreme value theory. We first present the main theorems
and concepts in the context of independent sequences and then extend the discussion
to stationary time series. The third section gives a concise overview of renewal
processes, which form the theoretical basis for the study of interexceedance times
(IET), the main subjects of interest in this dissertation. The results presented in this
chapter are well-established in the literature. For each section, relevant references are
provided to guide the reader to more detailed treatments of the respective topics.

2.1 Heavy-tailed distributions on the positive real
numbers

The term heavy-tailed is used variably across different applications. Basically, it refers
to probability distributions in which a large amount of probability mass lies in one or
both tails, particularly when compared to the normal or exponential distribution.

Foss et al. (2013) define a heavy-tailed distribution as one whose exponential moments
do not exist, meaning

ż 8

´8

exppλxq dF pxq “ 8 for all λ ą 0. (2.1)

This property is always true for distributions whose k-th moment does not exist for
some k P N, e.g., distributions without variance or without expected value. However,
there are also distributions that fulfill (2.1) and yet all moments exist. A well-known
example would be the Weibull distribution with a shape parameter less than one.

In this thesis, unless stated otherwise, we use the term heavy-tailed to refer specifically
to distributions without a finite expected value.

7



8 2 Basics

In Chapter 3, we will present several convergence theorems concerning the limiting
distribution of IETs. Especially in the case of heavy-tailed waiting times, the concepts
of regularly varying functions, the class of stable distributions and the Mittag-Leffler
distribution play a central role. We therefore provide a concise overview of these
topics and highlight the properties most relevant to our context in the following
subsections.

For all three concepts, there exists a wide range of introductory textbooks. We
recommend Bingham et al. (1987), Resnick (1987) and Seneta (1976) for regular
variation, Samorodnitsky and Taqqu (1994) for stable distributions, and Haubold
et al. (2011) and Pillai (1990) for the Mittag-Leffler distribution.

2.1.1 Regularly varying functions

For two functions f, g : p0, 8q Ñ p0, 8q, we write fpxq „ gpxq if lim
xÑ8

fpxq

gpxq
“ 1.

A function h : p0, 8q Ñ p0, 8q is regularly varying at 8 with index α P R if, for all
λ ą 0,

lim
xÑ8

hpλxq

hpxq
“ λα. (2.2)

For α “ 0, the function h is referred to as slowly varying.

Every regularly varying function h with index α admits a representation of the form
hpxq “ xαLpxq, where L is a slowly varying function. Conversely, any function of
the form hpxq “ xαLpxq, with L slowly varying, is regularly varying with index α.

For indices α ă 0, it follows that lim
xÑ8

hpxq “ 0. Therefore, regularly varying functions
can be used to describe the tail behaviour of probability distributions. A random
variable X with tail function

F̄ pxq “ 1 ´ F pxq „ x´αLpxq, as x Ñ 8, (2.3)

for some α ą 0 and slowly varying function L is said to follow a power-law distribution.
In this case, the moments of X satisfy Ep|X|pq ă 8 for p ă α and Ep|X|pq “ 8 for
p ą α.

2.1.2 Stable distributions and the generalised central limit
theorem

Let X, X1, . . . , Xn be a sequence of stochastically independent and identically dis-
tributed (i.i.d.) normal random variables with EpXq “ µ and VarpXq “ σ2 and
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Sn “ X1 ` ¨ ¨ ¨ ` Xn. Then, for each n P N,

Sn ´ pn ´
?

nqµ
?

n
d
“ X, (2.4)

where d
“ denotes equality in distribution. This shows that the family of normal

distributions is closed under convolution (up to affine transformations), and therefore
belongs to the class of stable distributions.

A non-degenerate random variable X, or its distribution, is said to be stable if there
exist sequences panqnPN, with an ą 0, and pbnqnPN such that

Sn ´ bn

an

d
“ X, (2.5)

where X1, . . . , Xn are i.i.d. copies of X. If bn “ 0 for all n, the distribution is called
strictly stable.

A stable distributed random variable X is fully characterised by its characteristic
function, which takes the form

E pexpp´i s Xqq “ exp piµs ` ςα
p´|s|

α
` i s ωps, α, δqqq , (2.6)

where

ωps, α, δq “

#

δ|s|α´1 tanpπα
2 q, α ‰ 1,

´δ 2
π

ln |s|, α “ 1,
(2.7)

and the four distribution parameters are defined as follows:

• stability parameter (or index) α P p0, 2s,
• scale parameter ς ą 0,
• skewness parameter δ P r´1, 1s,
• location parameter µ P R.

Note that there are various parametrisations in the literature. We refer to the
parametrisation of Samorodnitsky and Taqqu (1994).

We write X „ Sαpς, δ, µq, and say that X is α-stable. The index α determines the
tail behaviour of the distribution and is of particular importance. It holds that

Ep|X|
p
q ă 8 if p ă α and Ep|X|

p
q “ 8 if p ą α for α ă 2.

For α “ 2, the characteristic function reduces to that of a normal distribution with
mean µ and variance 2ς, and the skewness parameter vanishes since ωps, 2, δq “ 0
for all s and δ. Therefore, the normal distribution is the only α-stable distribution
with finite variance.
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When α ă 1 and δ “ 1 (respectively, δ “ ´1), the distribution is supported on the
positive (respectively, negative) real numbers, and we refer to X as being one-sided
stable. For α ‰ 1, X is strictly stable if and only if µ “ 0. A strictly one-sided stable
variable X „ Sαpς, 1, 0q has the Laplace transform

Epexpp´tXqq “ exp
ˆ

´
ςα

cospπα{2q
tα

˙

, for t ą 0, (2.8)

see Proposition 1.2.12 in Samorodnitsky and Taqqu (1994). Figure 2.1 charac-
terises density and cumulative distribution function (c.d.f.) of the one-sided stable
distribution with Laplace transform expp´tαq and different stability parameters.

f(x)

0 1 2 3 4 5

0.0

0.5

1.0

1.5

2.0

x

F(x)

0 1 2 3 4 5

0.00

0.25

0.50

0.75

1.00

x

Sα=0.5(ς = cos(πα 2)1 α, δ = 1, µ = 0)

Sα=0.7(ς = cos(πα 2)1 α, δ = 1, µ = 0)

Sα=0.9(ς = cos(πα 2)1 α, δ = 1, µ = 0)

Figure 2.1: Density (left) and cumulative distribution function (right) of a one-sided
stable distribution with Laplace transform expp´tαq.

Now let Y, Y1, Y2, . . . be an abitrary sequence of independent and identically dis-
tributed random variables, and define Sn “ Y1 ` ¨ ¨ ¨ ` Yn. Suppose there exist se-
quences panqnPN, with an ą 0, and pbnqnPN such that

Sn ´ bn

an

d
Ñ X, (2.9)

for some non-degenerate random variable X, where d
ÝÑ denotes convergence in

distribution. Then X is stable and we say that the distribution of Y belongs to the
domain of attraction of X. In this sense, the classical Central Limit Theorem is a
special case of this generalised convergence result, corresponding to the case α “ 2.
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2.1.3 Mittag-Leffler distribution

At the beginning of the 20th century, the mathematician M. G. Mittag-Leffler
introduced the function now known as the Mittag-Leffler function (see Mittag-Leffler,
1903a, Mittag-Leffler, 1903b). It is defined by

Eβpzq “

8
ÿ

k“0

zk

Γpβk ` 1q
, for β, z P C and Repβq ą 0, (2.10)

where Γ denotes the Gamma function. For β P p0, 1s and real value z, the Mittag-
Leffler function is continuous, strictly increasing, satisfying lim

xÑ´8
Eβpxq “ 0 and

Eβp0q “ 1. This allows the definition of a probability distribution via the c.d.f.

Fβpxq “

#

1 ´ Eβp´xβq, x ą 0,

0, x ď 0,
(2.11)

known as the Mittag-Leffler distribution, characterised by the tail parameter β P p0, 1s.

The Laplace transform of a Mittag-Leffler distributed random variable X is given
by

Epexpp´sXqq “
1

1 ` sβ
, s ą 0. (2.12)

For a scale parameter ς ą 0, we write ςX „ MLpβ, ςq. The distribution is continuous
regarding its parameters, heavy-tailed for β ă 1 in the sense that Ep|X|q “ 8, and
in the special case β “ 1, it reduces to the exponential distribution with rate λ “ 1{ς .
Figure 2.2 shows the density and c.d.f. for different tail parameters.

f(x)

0 1 2 3 4 5

0.0

0.5

1.0

1.5

x

F(x)

0 1 2 3 4 5

0.00

0.25

0.50

0.75

1.00

x

ML(β = 0.5, ς = 1) ML(β = 0.85, ς = 1) ML(β = 1, ς = 1)

Figure 2.2: Density (left) and cumulative distribution function (right) of the Mittag-
Leffler distribution.



12 2 Basics

Using the Laplace transform, we can show that the Mittag-Leffler distribution lies
in the domain of attraction of a strictly stable distribution Sβpcospπβ{2q1{β, 1, 0q,
whose Laplace transform is given by expp´sβq:

Let X1, . . . , Xn be a sequence of independent and identically MLpβ, ςq-distributed
random variables, and let Dβ „ Sβpcospπβ{2q1{β, 1, 0q. We consider the Laplace

transform of the normalised sum
řn

i“1 Xi

ςn1{β
:

E

¨

˚

˚

˝

exp

¨

˚

˚

˝

´s

n
ř

i“1
Xi

ςn1{β

˛

‹

‹

‚

˛

‹

‹

‚

“ E

ˆ

n
ś

i“1
exp

ˆ

´sn´1{β Xi

ς

˙˙

i.i.d.
“ E

ˆ

exp
ˆ

´sn´1{β X1

ς

˙˙n

“

˜

1
1 ` psn´1{βq

β

¸n

“

ˆ

1 `
sβ

n

˙´n
nÑ8
ÝÝÝÑ exp

`

´sβ
˘

.

(2.13)

This implies that the normalised sum converges in distribution,
n
ÿ

i“1

Xi

pςn1{βq

d
ÝÑ Dβ, (2.14)

and the claim is thus proven (Pillai, 1990, Theorem 4.1).

Haubold et al. (2011, Theorem 19.1.1) state that for two stochastically independent
random variables E, exponential distributed with rate one, and Dβ, β-stable with
Laplace transform as in (2.12), it holds

E1{β Dβ
d
“ MLpβ, 1q. (2.15)

As the Mittag-Leffler distribution, unlike the exponential distribution, is not mem-
oryless, the conditional probability of a value x depends on the value x0 that has
already been exceeded, more precisely:

ppx | x0q “ fpx ` x0 | X ą x0q “
fpx ` x0q

PpX ą x0q
‰ fpxq, (2.16)

where f is the density of the Mittag-Leffler distribution. Figure 2.3 illustrates the
conditional distribution for three values of x0. The higher the value of x0 is, the
greater is the probability of observing larger values of x.



2.2 Statistical modelling of extreme events 13

ML(β = 0.8, ς = 1)

0 1 10 25 50 100

0.00
0.01

0.10

0.20

0.40

0.80
1.00

x

D
en

si
ty

  f
(x

 +
 x

0 |
X

>
 x

0)
x0 = 0

x0 = 1

x0 = 10

Figure 2.3: Conditional distribution that X exceeds x ` x0 given that it already
exceeded x0, for X Mittag-Leffler distributed with tail parameter β “ 0.9
and scale parameter ς “ 1.

2.2 Statistical modelling of extreme events

Extreme value theory (EVT) deals with the analysis of the behaviour and frequency
of rare, extreme events, i.e. events that occur with very low probability. In the case
of a unimodal distribution, we are particularly interested in describing the behaviour
of the distribution’s tails, where such rare events lie.

The following subsections introduce the two fundamental results of EVT, the Fisher-
Tippett-Gnedenko and Pickands-Balkema-de Haan theorems, which form the math-
ematical basis for the most widely used methods to identify extreme events in
univariate samples. These theorems assume that the sample consists of i.i.d. ob-
servations. In the final subsection, we relax this assumption by considering strictly
stationary sequences. We then extend the discussed approaches by introducing
the extremal index θ P p0, 1s, which plays a central role in modelling the temporal
clustering of interexceedance times.

This section only gives a concise overview of the topic. For more details, we refer to
Beirlant et al. (2004), Coles (2001), de Haan and Ferreira (2006) or Embrechts et al.
(1997).

2.2.1 Fisher-Tippett-Gnedenko theorem and block maximum

Let X, X1, . . . , Xn be i.i.d. random variables with c.d.f. F . We begin by considering
the maximum Mn “ maxtX1, . . . , Xnu. It is well known that

PpMn ď xq “ PpX1 ď x, . . . , Xn ď xq
i.i.d.
“ PpX1 ď xq

n
“ F n

pxq.

Thus, in principle, we could use F to compute the probability that none of n
consecutive events exceed a high value x, or conversely, the probability that at
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least one of them does. However, since the true distribution function F is typically
unknown, we must estimate the distribution of Mn directly. The empirical distribution
function is often not suitable in this context, because only very few observations may
exceed x, making tail estimation highly unreliable. Instead, we analyse the limiting
behaviour of Mn. For fixed x, since F pxq P r0, 1s, F npxq converges either to zero or
one as n Ñ 8. To obtain a non-degenerate limit, we normalise Mn appropriately.
According to the theorem of Fisher-Tippett-Gnedenko (Fisher and Tippett, 1928;
Gnedenko, 1943), if there are real valued sequences panqnPN, with an ą 0, and pbnqnPN
such that

Mn ´ bn

an

d
ÝÑ G, (2.17)

with G being a non-degenerate distribution, then G belongs to the family of gener-
alised extreme value distributions (GEV). In this case, we say that X, or equivalently
its distribution F , belongs to the max-domain of attraction of G (Leadbetter et al.,
1983, Theorem 1.4.2). The GEV family is defined by its c.d.f.

Gξpxq “

#

exp
`

´p1 ` ξxq´1{ξ
˘

, für 1 ` ξx ą 0, ξ ‰ 0,

exp p´ expp´xqq , für x P R, ξ “ 0,
(2.18)

where ξ P R is the shape parameter. By incorporating a location parameter µ P R
and a scale parameter σ ą 0, we obtain the generalised form

Gξ,µ,σpxq “ Gξ

´x ´ µ

σ

¯

, (2.19)

with the domain adjusted accordingly. The shape parameter ξ P R determines the
distribution tails and divides the GEV into three subfamilies:

• Weibull distribution for ξ ă 0,
• Gumbel distribution for ξ “ 0,
• Fréchet distribution for ξ ą 0.

While the Gumbel distribution has unbounded support in both directions, the
Weibull distribution has a bounded upper endpoint, and the Fréchet distribution has
a heavy upper tail and finite support from below. Figure 2.4 shows the density and
distribution function for illustrations.

As a consequence of the theorem, for sufficiently large n P N,

PpMn ď xq « Gξ,bn,anpxq. (2.20)

To apply the GEV model to data, we must estimate the three parameters ξ, µ,
and σ, e.g., using the maximum likelihood method. This requires a sample of i.i.d.
maxima.
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Figure 2.4: Density (left) and cumulative distribution function (right) of the GEV
distribution for the three subclasses: Weibull (ξ ă 0), Gumbel (ξ “ 0)
and Fréchet (ξ ą 0).

Block maximum approach

The block maximum method partitions the original sample X1, . . . , Xn in k non-
overlapping blocks of size r, such that n ě k ¨ r. Assuming independency of the Xi,
the maximum within each block, denoted by MpJ1q, . . . , MpJkq, follows the same
distribution as Mr “ maxtX1, . . . , Xru. If we assume n “ k ¨ r for simplicity, then

PpMn ď xq “ PpMpJ1q ď x, . . . , MpJkq ď xq “ PpMr ď xq
k

“ PpMr ď xq
n
r .

Thus, once we fit the GEV distribution to the sample of block maxima, we can
approximate PpMn ď xq by Gξ̂,µ̂,σ̂pxqn{r for all n ě r. The choice of block size r and
the resulting block number k is critical. On one hand, r must be large enough for
the asymptotic approximation in the Fisher-Tippett-Gnedenko theorem to hold. On
the other hand, k must be large enough to ensure a sufficient number of maxima for
reliable parameter estimation. Figure 2.6 (left) shows a scheme of the block maxima
approach.

2.2.2 Pickands-Balkema-de Haan theorem and
peak-over-threshold

An alternative approach for modelling extreme events is the peak-over-threshold
(POT) method, which focuses on the behaviour of values exceeding a certain
threshold u. Unlike the block maxima approach, which considers the maximum
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within fixed blocks of data, the POT method directly models the exceedances of the
threshold, potentially using all available data.

Let X, X1, . . . , Xn be a sequence of i.i.d. random variables with c.d.f. F . Given a
threshold u, we define the excess as the random variables

Yi “

#

Xi ´ u, if Xi ą u,

0, if Xi ď u.
(2.21)

The excess distribution function of X is then

Fupxq “ PpX ´ u ď x | X ą uq “ PpX ď x ` u | X ą uq “
F px ` uq ´ F puq

1 ´ F puq
.

The main idea behind the POT method is that, for sufficiently high thresholds, the
distribution of excesses, after proper rescaling, can be approximated by a generalised
Pareto distribution (GPD) with c.d.f.:

Hξ,σpxq “

#

1 ´
`

1 ` ξ
`

x
σ

˘˘´1{ξ
, for ξ ‰ 0,

1 ´ exp
`

´ x
σ

˘

, for ξ “ 0,
(2.22)

with x ą 0 for ξ ě 0 and 0 ă x ď ´σ{ξ for ξ ă 0, where ξ P R is the shape parameter
and σ ą 0 is the scale parameter. Figure 2.5 illustrates the density and c.d.f. for
different shape parameters.
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Figure 2.5: Density (left) and cumulative distribution function (right) of the GPD.

According to the Pickands-Balkema-de Haan theorem (Balkema and De Haan, 1974;
Pickands, 1975), if X is in the max-domain of attraction of a GEV Gξ,µ,σ, then for a
sufficiently high threshold u, the distribution of the excesses (scaled appropriately)
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converges in distribution to a GPD:

Fupxq Ñ Hξ,σupxq, as u Ñ xR, (2.23)

where xR “ suptx | F pxq ă 1u is the right endpoint of F . In other words, as the
threshold u increases, the distribution of exceedances above u converges to the GPD
with parameters ξ and σu. The GPD is closely related to the GEV distribution and
shares the same shape parameter ξ and it holds σu “ σ ` ξpu ´ µq.

Thus, we can approximate the excess distribution for a sufficiently large threshold u
by the GPD:

Hξ,σupxq « Fupxq “
F px ` uq ´ F puq

1 ´ F puq
, x ą 0 (2.24)

and therefore we can approximate the distribution tail of X by

F px ` uq « p1 ´ F puqq ¨ Hξ,σupxq ` F puq, x ą 0. (2.25)

F puq may be approximated by the empirical distribution function and the parameters
ξ and σu can be estimated using the exceedances of a sample, typically by maximum
likelihood estimation.

Peak-over-threshold approach

The POT method uses the events that exceed a threshold u of the original i.i.d.
sample X1, . . . , Xn for a sample of excesses. The GPD can then be fitted to that
sample. The number of exceedances K “

n
ř

i“1
1tXi ą uu is a random number and

follows a binomial distribution with parameters n and ppuq “ PpX ą uq “ 1 ´ F puq.
Thus, the expected number of exceedances is

νnpuq “ n ppuq (2.26)

and it is monotone decreasing as u Ñ xR. If there is a sequence of thresholds punqnPN
such that

νnpunq Ñ ν P p0, 8q, (2.27)

K is asymptotically Poisson distributed with parameter ν and it holds

PpMn ď unq “ F punq
n

“

ˆ

1 ´
n ppuq

n

˙n

Ñ expp´νq, as n Ñ 8. (2.28)

The choice of the threshold u is crucial for estimation. On one hand, u should be
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high enough for the asymptotic approximation in the Pickands-Balkema-de Haan
theorem to hold and on the other hand, u should not be too high, so that there are
enough exceedances to analyse. In practice, instead of choosing a threshold u, the
sample size k is specified to ensure enough exceedances in the sample. Figure 2.6
(right) shows a scheme of the POT approach.
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Figure 2.6: Comparison of the block maxima and POT approach on simulated data
using the Gumbel distribution.

2.2.3 Extension for stationary data

In the previous two subsections, we assumed i.i.d. random variables X, X1, . . . , Xn.
But since in many applications the events are somehow dependent, we relax the
requirement to a strictly stationary sequence pXnqnPN , i.e.,

@h P N, @k P N : pXh`1, . . . , Xh`kq
d
“ pX1, . . . , Xkq. (2.29)

In addition we consider a mixing condition that limits the long-range dependence.
Therefore we define MpIq “ maxtXi | i P I Ă Nu.

Condition 1. Let be Ij,kpunq “ ttMpIq ď unu | I Ď tj, . . . , kuu. For all A1 P

I1,lpunq, A2 P Il`s,npunq and 1 ď l ď n ´ s,

|P pA1 X A2q ´ P pA1qP pA2q| ď αpn, sq

and αpn, snq Ñ 0 as n Ñ 8 for some positive integer sequence sn such that sn “ opnq,
i.e., sn

n
Ñ 0. This mixing condition is called Dpunq condition.

The Dpunq condition says two events tMpI1q ď unu and tMpI2q ď unu are asymptot-
ically independent, when the index sets are separated by a relatively short distance
sn.
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We can now generalise the Fisher-Tippett-Gnedenko theorem for strictly stationary
sequences pXnqnPN.

According to Leadbetter et al. (1983), if there are sequences panqnPN, with an ą 0, and
pbnqnPN such that X is in the max-domain of attraction of a GEV with c.d.f. Gξ,µ,σ,
if the Dpunq condition holds with un “ anx ` bn for each x such that Gξ,µ,σpxq ą 0,
and if PppMn ´ anq{bn ď xq converges, then

P
ˆ

Mn ´ an

bn

ď x

˙

d
ÝÑ Gθ

ξ,µ,σpxq, (2.30)

as n Ñ 8, for some constant θ P r0, 1s. θ is called the extremal index. For θ ą 0,
Gθ

ξ,µ,σ is a GEV with parameters ξ̃ “ ξ, µ̃ “ µ ´ σ 1´θξ

ξ
and σ̃ “ σθξ, or for ξ “ 0,

µ̃ “ µ ` σ logpθq and σ̃ “ σ, respectively. For θ “ 0, Gθ
ξ,µ,σ is a degenerative

distribution and θ “ 1 holds for stochastically independent sequences pXnqnPN.

In the following, we always assume θ P p0, 1s. Then, for every value ν P p0, 8q, there
is a sequence of thresholds punqnPN such that

nppunq Ñ ν and
PpMn ď unq Ñ exp p´νθq .

(2.31)

Max-autoregressive process

One example for a stationary process with extremal index θ P p0, 1s is the max-
autoregressive process (MAR) (see, e.g., Ferro and Segers, 2003):

Let pYnqnPN be a sequence of i.i.d. Fréchet random variables with c.d.f.

ϕ1pxq “ G1,1,1pxq “ expp´x´1
q, x ą 0, (2.32)

with Gξ,µ,σ the c.d.f. of the GEV distribution introduced in (2.18) and (2.19).

We define the max-autoregressive process pXnqnPN inductively by

X1 “ Y1

Xn “ maxtp1 ´ θq Xn´1, θ Ynu.
(2.33)

It holds

lim
nÑ8

P
ˆ

Mn ´ n

n
ď x

˙

“ Gθ
1pxq “ G1,´p1´θq,θpxq. (2.34)
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2.3 Renewal processes for modelling
interexceedance times

In the previous Section 2.2, we introduced the foundation of extreme value theory
which deals with the precise description of distribution tails. In this work, however,
we focus on the recurrence time of extreme events, i.e. the times that elapse between
two successive extreme events. Since we identify extremes with the POT method,
we call this time interexceedance time (IET).

We introduce IETs in the next chapter in depth using the framework of renewal
processes. To this end, we provide a concise overview tailored to the context of
our study and introduce four specific types of renewal processes that we utilise.
Further details can be found in numerous introductory textbooks on the subject,
e.g., Borovkov (1987) and Reiss (2012). For the fractional Poisson and the fractional
compound Poisson process we recommend, e.g., Laskin (2003).

2.3.1 Renewal processes

Let pWnqnPN be a sequence of positive i.i.d. random variables. We can interpret
those as waiting times between two successive events. Then, the sum of the first n
waiting times

Tn “

n
ÿ

i“1
Wi (2.35)

denotes the occurrence time of the n-th event and the process pNtqtą0 with

Nt “

8
ÿ

n“1
1tTn ď tu, (2.36)

which counts the number of events until time t ą 0, is called renewal process. Since
tNt ě nu “ tTn ď tu, also the waiting times pWnqnPN identify the renewal process
uniquely. If the increments Nt`s ´ Nt, t, s ą 0, are stationary, meaning that their
distribution depends only on the length s and not on the time point t, the process is
called homogeneous, otherwise, it is referred to as inhomogeneous. However, since
this work focuses solely on homogeneous renewal processes, we will disregard the
inhomogeneous case for the remainder of this dissertation. Thus, any mention of a
renewal process henceforth will implicitly refer to a homogeneous renewal process.
The most famous renewal process is the Poisson process.
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Poisson process

A renewal process pNtqtą0 is called Poisson process (PP) with intensity λ ą 0 if and
only if the waiting times Wn are exponential distributed with rate λ for all n ě 1.
For the counting process pNtqtą0 it follows that

• Nt is Poisson distributed with rate λt for all t ą 0,
• the increments Nt`s ´ Nt are Poisson distributed with rate λs for all s, t ą 0,
• for any time points 0 ă t1 ă t2 ă ¨ ¨ ¨ ă tn ă 8 the increments Nt1 , Nt2 ´

Nt1 , . . . , Ntn ´ Ntn´1 are stochastically independent.

This means that for any time interval of length s ą 0 the number of events within
this interval is identically distributed regardless of the considered time point and the
number of past events has no stochastical influence on the number of future events.

Fractional Poisson process

A fractional Poisson process (FPP) is a renewal process with Mittag-Leffler distributed
waiting times pWnqnPN with tail parameter β P p0, 1s and scale parameter ς ą 0,
i.e., W1 „ MLpβ, ςq. For β “ 1 we have exponential distributed waiting times with
rate λ “ 1{ς and thus a standard Poisson process. The distribution of the counting
process pNtqtą0 of a FPP is given by

PpNt “ kq “

ˆ

t

ς

˙β k

k!

8
ÿ

j“0

pj ` kq!
j!

˜

´

ˆ

t

ς

˙β
¸j

Γ pβpj ` kq ` 1q
, for all k P N0. (2.37)

The mean and variance of the counting process Nt are:

EpNtq “

ˆ

t

ς

˙β

Γp1 ` βq
,

VarpNtq “

¨

˚

˚

˚

˝

ˆ

t

ς

˙β

Γp1 ` βq

˛

‹

‹

‹

‚

2

ˆ

βΓpβq2

Γp2βq
´ 1

˙

`

ˆ

t

ς

˙β

Γp1 ` βq
.

(2.38)

Since the Mittag-Leffler distribution is not memoryless, see (2.16), disjoint increments
of the FPP are no longer stochastically independent.
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2.3.2 Compound renewal processes

By adding so-called marks Yn to each occurrence time Tn of a classical renewal
process, we receive a marked renewal process. In case of i.i.d. marks, we also call it a
compound renewal process. More precisely, let pYnqnPN be a sequence of i.i.d. random
variables with distribution π. Then the process pZtqtą0 with

Zt “

8
ÿ

n“1
Yn ¨ 1tTn ď tu “

Nt
ÿ

n“1
Yn (2.39)

is called compound renewal process, i.e. Zt sums until time t occurred marks. If the
processes pYnqnPN and pWnqnPN are also stochastically independent, the compound
renewal process is called uncoupled.

In the uncoupled case, the mean and variance can be calculated using Wald’s theorem
and the law of total variance:

EpZtq “ EpNtqEpY1q

VarpZtq “ EpNtq VarpY1q ` VarpNtqEpY1q2
(2.40)

In this work, we will use compound renewal processes to describe temporal clustered
extreme events. Then Wn describes the time between the n ´ 1 and n-th cluster
and Yn is the number of extremes within the n-th cluster. In this case Zt counts the
number of extremes until time t. The process pYn, WnqnPN is the governing sequence
of the compound renewal process.

Two examples of compound renewal processes are the compound Poisson process
(CPP) and the fractional compound Poisson process (FCPP), where the underlying
waiting times pWnqnPN correspond to a PP or FPP, respectively. If pZtqtą0 is a CPP, we
can write shortly Zt „ CPP pλ, πq, where λ ą 0 is the intensity of the corresponding
PP. Analogously, we write Zt „ FCPP ppβ, ςq, πq if pZtqtą0 is a FCPP.

2.4 Software and computations

All implementations, simulations, and most figures in this dissertation were produced
using the statistical software R (R Core Team, 2024). To model and analyse heavy-
tailed phenomena, several specialised R packages were employed. We used the
package stabledist (Wuertz et al., 2016) for working with stable distributions.
Functions for the density, cumulative distribution function, quantiles and random
number generation of the Mittag-Leffler distribution as well as several estimation
procedures are provided in MittagLeffleR (Gill and Straka, 2017). Additionally, to
work with regularly varying distributions such as the Pareto distribution, we utilised
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the package ReIns (Reynkens and Verbelen, 2020), a toolbox tailored to extreme
value theory and the analysis of heavy tails. The package exdex (Northrop and
Christodoulides, 2023) provides several estimation methods for the extremal index.

For graphical visualisations, we relied on ggplot2 (Wickham, 2016).

Source code written specifically for the analyses in this dissertation, such as the
estimation procedures introduced in Chapter 4, is implemented in the package FCPP
(Mathieu, 2025), which is publicly available on the open-source platform GitHub.





3 Asymptotic models for
interexceedance times

In Section 2.2, we introduced the foundation of extreme value theory, which deals
with the precise description of distribution tails. However, in this work, we focus
on the return time of extreme events. Our goal is thereby to describe temporally
clustered extremes.

This chapter is structured as follows: After first introducing the framework condi-
tions of our models, we describe the concepts of interexceedance times (IETs) and
temporal clustering in the first section. Thereby we introduce the dispersion statistic,
which is an indicator for clustering behaviour. In the second section, we introduce
three asymptotic models for the IETs. While the first of them corresponds to a
Poisson process and cannot describe clustering, the other two are based on different
mechanisms that lead to a compound Poisson process and a fractional compound
process, respectively. Both can describe temporal clustering. For each model we
describe the clustering behaviour and calculate the dispersion statistic. The main
section is the third section. Here we present our contribution to the topic: We
provide a generalised model that captures the previous three models and is more
flexible. We show that this model corresponds to a fractional compound Poisson
process. We conclude the chapter with a summary and discussion.

3.1 Introduction of interexceedance times and
temporal clustering

From now on, we identify extreme events with the POT method, i.e. extremes are
events that exceed a chosen threshold. Therefore, we also call them exceedances. The
waiting time between two successive exceedances is then called interexceedance time.
Let pXnqnPN be a sequence of identically distributed random variables belonging
to the max-domain of attraction of a GEV. We call them magnitudes or event
magnitudes since they indicate certain values of occurring events. In addition, we
introduce a temporal component by joining each magnitude Xn with a (random)
occurrence time Tn ą 0, such that Tn´1 ă Tn for all n. The time between the n ´ 1
and n-th event is then the waiting time Wn “ Tn ´ Tn´1. We require the sequence
pWnqnPN to be stochastically independent and also independent of pXnqnPN. Thus,

25
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pXn, WnqnPN is an uncoupled marked renewal process, with possibly stochastically
dependent marks pXnqnPN.

3.1.1 Interexceedance times

Without loss of generality, we set X0 ą u and T0 “ 0 for a chosen threshold u,
otherwise we skip the first elements of the sequence until the first excess.

Then the interexceedance time is defined as

T puq “

ηpuq
ÿ

i“1
Wi, (3.1)

with stopping time ηpuq “ mintk ě 1 | Xk ą uu, see Figure 3.1 for illustration. By
using the POT method and restarting the process after every excess, we receive
the process pXkpuq, TkpuqqkPN, called continuous time random exceedances (CTRE),
where Xkpuq is the k-th exceedance and Tkpuq is the IET between the k ´ 1 and k-th
exceedances. For all k P N, Tkpuq

d
“ T puq applies.
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Figure 3.1: Illustration of the interexceedance time between two extreme events.

3.1.2 Temporal clustering

Temporally clustered extreme events refer to the occurrence of multiple extremes
within a relatively short time interval. Those extremes form one cluster, see Figure
3.2 for illustration. In mathematical sense, we talk about clustering behaviour if it
cannot be explained by the random behaviour of a PP. It is well known and we will
roughly explain it again in the next section that in the simplest case, when pXnq

is a sequence of i.i.d. random variables separated equidistantly, i.e. Wn ” 1 for all
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n P N, the IETs asymptotically form a PP. That means that the IETs are exponential
distributed with rate λ ą 0 and, for a fixed time interval s, Nspuq, the number of
exceedances within this interval, is Poisson distributed with rate sλ.

A deviation from that behaviour indicates that the number of exceedances within
time intervals of that length is either overdispersive (if VarpNspuqq ą EpNspuqq) or
underdispersive (if VarpNspuqq ă EpNspuqq). In case of overdispersion, we observe
a stronger clustering behaviour than for PPs and in case of underdispersion the
extremes occur more regularly than expected for a PP.

The dispersion statistic

Ψs “
VarpNspuqq

EpNspuqq
´ 1 (3.2)

equals zero in case of a PP and can be used for measuring the dispersion and therefore
the clustering behaviour (see Dacre and Pinto, 2020; Mailier et al., 2006).
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Figure 3.2: Comparison of simulated time series with isolated exceedances (left) and
clustered exceedances (right).

3.2 Established models for IETs

In the following three subsections, we introduce three models for describing interex-
ceedance times (IETs). We establish a connection to renewal process theory, which
we use to explain clustering behaviour.

In classical EVT, time series are typically considered in which events occur at
deterministic, equidistant time points. In the first model, we additionally assume
i.i.d. event magnitudes. This leads, in the limit, to exponentially distributed IETs,
and the model corresponds to a Poisson process. As such, it does not capture
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clustering and serves primarily as a benchmark, as many practitioners adopt this
naive approach for modelling waiting times, and hence IETs. The second model
assumes that the event magnitudes form a stationary sequence. This setting is
well known in classical EVT and leads to dependent extremes, which may exhibit
clustering. In the third model, the i.i.d. event magnitudes are combined with random
and heavy-tailed waiting times. This model goes beyond the classical framework and
is described in detail by Hees et al. (2021). It allows for a different type of clustering
behaviour. Both of these models describe time series with clustered extreme events.

3.2.1 Independent event magnitudes

Firstly, we consider the simple case of a sequence pXnqnPN of i.i.d. event mag-
nitudes with c.d.f. F and equidistant waiting times Wn ” 1. Let punqnPN be
a sequence of thresholds such that un Ñ xR and n ppunq Ñ ν P p0, 8q, with
xR “ suptx | F pxq ă 8u being the right endpoint. It holds that F punqn Ñ expp´νq

(see Equation (2.28)). For the stopping time ηpunq, we then receive for all t ą 0

Ppppunqηpunq ą tq “ P
´

ηpunq ą t
ppunq

¯

“ PpMt t
ppunq u

ď unq

“ F punqt t
ppunq u „ F punq

t
ppunq “ pF punqnq

t
n ppunq

Ñ expp´νq
t
ν “ expp´tq as n Ñ 8.

(3.3)

Note, that the convergence is independent of ν and thus of the chosen threshold
sequence. In total, we get

ppuqηpuq
d
ÝÑ Tp1q as u Ñ xR, (3.4)

where Tpλq is exponential distributed with rate λ.

Since T puq “
ηpuq
ř

i“1
Wi “

ηpuq
ř

i“1
1 “ ηpuq, we receive

ppuqT puq
d
ÝÑ Tp1q as u Ñ xR. (3.5)

It follows that the CTRE pXkpuq, TkpuqqkPN leads asymptotically to a Poisson pro-
cess.

3.2.2 Stationary event magnitudes

Let pXnqnPN be a strictly stationary sequence with extremal index θ P p0, 1s, i.e., there
are sequences punqnPN that the Dpunq condition holds, and waiting times Wn ” 1 for
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all n P N. Ferro and Segers (2003) state that then, for all t ą 0,

ppuqT puq
d
ÝÑ Tpθ,1q as u Ñ xR, (3.6)

where Tpθ,λq is a random variable with mixture distribution p1 ´ θq δ0 ` θ Exppλθq, δ0
the Dirac measure at zero and Exppλθq the exponential distribution with rate λθ.
The c.d.f. is then

F pθ,λq
ptq “ 1 ´ θ expp´λθtq for t ě 0. (3.7)

A proof using a stricter mixing condition is given in Ferro and Segers (2003), the
result remains for the Dpunq condition (see Beirlant et al., 2004; Segers, 2002). The
author of this dissertation has presented a more detailed version of the proof in her
Master’s thesis to make it accessible to undergraduate students (Meschede, 2018).
This proof has been translated into English, adapted to the notation of this work,
and is included in the Appendix.

Hsing et al. (1988) stated that under a slightly stricter mixing condition the CTRE
pXkpuq, TkpuqqkPN leads to a compound Poisson process with cluster sizes as marks.
Since it illustrates that in this model the exceedances occur in clusters and since
with help of the CPP we can calculate the dispersion statistic, we will give a brief
derivation based on Beirlant et al. (2004, Chapter 10).

Derivation of the compound Poisson process

Let pXnqnPN be a sequence of stationary random variables with extremal index
θ P p0, 1s and waiting times Wn ” 1 for all n P N. Let punqnPN be a sequence of
thresholds and psnqnPN a sequence of integers such that the following mixing condition
∆punq holds:

Condition 2. Let Fj,kpunq “ σptXi ą unu | j ď i ď kq be a σ-algebra generated by
tXi ą unu, i “ j, . . . , k, with integers j ă k. For all A1 P F1,lpunq, A2 P Fl`s,npunq

and 1 ď l ď n ´ s,

|PpA1 X A2q ´ PpA1qPpA2q| ď αpn, sq,

and αpn, snq Ñ 0 as n Ñ 8 for some positive integer sn with sn “ opnq. This mixing
condition is called ∆punq.

Further, we choose the sequence of thresholds punqnPN such that nppunq Ñ ν P p0, 8q

and PpMn ď unq Ñ expp´νθq as n Ñ 8, and another sequence of integers prnqnPN
such that sn “ oprnq and rn “ opnq, e.g., rn “ tmaxt

?
n sn, n

a

αpn, snquu.
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We part the sequence in consecutive blocks of length rn and consider the first kn “
Y

n
rn

]

blocks, J1, . . . , Jkn . Each block maximum MpJ1q, . . . , MpJknq is distributed as
Mrn “ maxtX1, . . . , Xrnu.

From this assumption it follows:

1. The probability that none of the next rn events after one magnitude exceeded
the threshold converges towards θ (O’Brien, 1987), i.e.,

PpMrn ď un | X0 ą unq Ñ θ. (3.8)

2. The expected number of exceedances of a block with length rn with at least
one excess converges towards 1{θ (Hsing et al., 1988), i.e.,

E

˜

rn
ÿ

i“1
1tXi ą unu | Mrn ą un

¸

“
rn ppunq

PpMrn ą unq
Ñ

1
θ

. (3.9)

3. 1tMpJ1q ď unu, . . . ,1tMpJknq ď unu are asymptotially independent.

4. Pp
kn
Ť

i“1
tMpJi,snq ě unuq Ñ 0 as n Ñ 8, where MpJi,snq is the maximum of the

last sn events of the i-th block, i.e. MpJi,snq “ maxtXi¨rn´sn`1, . . . , Xi¨rnu. It
means that, in the limit, the exceedances of different blocks are almost surely
seperated by at least sn events that do not exceed the threshold.

For n ă 8, we now identify a cluster as the exceedances of one block of length rn.
Point 1 states that in case of θ “ 1, all exceedances are almost surely separated by
at least rn events which do not exceed the threshold, i.e., in one block of size rn an
excess is almost surely isolated, while for θ ă 1 the probability that there are more
exceedances within the next rn events is 1 ´ θ. Point 4 says that the clusters are at
least separated by length sn.

Due to point 3 and the Poisson approximation the number of clusters

kn
ÿ

i“1
1tMpJiq ą unu (3.10)

is asymptotically Poisson distributed with rate νθ “ lim
nÑ8

kn PpMrn ą unq. Note,
that the expected number of cluster within n event magnitudes therefore converges
towards νθ.

By scaling the time by ppunq, we obtain Ti “ i ppunq, such that the first n events
occur asymptotically in the interval r0, νs, since lim

nÑ8
nppunq “ ν. The scaling has the

advantage that the time interval does not increase to infinity for raising n. Therefore,
the number of clusters until time ν is Poisson distributed with rate θν and in general
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the number of clusters until time t is Poisson distributed with rate θt. Since the
scaled block size rnppunq converges towards zero, in limit every point on the interval
r0, 8q is the relative position of one block and thus the time between two clusters,
i.e., the time between two blocks which both exceed the threshold, is asymptotically
exponential distributed with rate θ.

We can define the distribution of the cluster size as

πnpjq “ P

˜

rn
ÿ

i“1
1tXi ą unu “ j | Mrn ą un

¸

, j P N. (3.11)

Point 2 says that the expected cluster size is asymptotically 1{θ, more precisely
lim

nÑ8

8
ř

j“1
j πnpjq “ 1

θ
. Note that even if πn Ñ π, in general

8
ř

j“1
πpjq ‰ 1

θ
, but Hsing

et al. (1988) gave some extra assumption under which
8
ř

j“1
πpjq “ 1

θ
is true.

We consider for all n P N the process pZn,tqtą0 with

Zn,t “

8
ÿ

i“1
1 tXi ą unu1 tippunq ď tu . (3.12)

Zn,t counts the exceedances until time t.

Let pZtqtą0 be the limiting process of pZn,tqtą0, such that Zn,t Ñ Zt for every t ą 0.
Thus, if there is a distribution π, such that πnpjq Ñ πpjq for every j P N, the process
pZtqtą0 is a compound Poisson process as defined in Section 2.3.2 with the cluster
sizes pYnqnPN as marks, i.e.,

Zt „ CPP pθ, πq. (3.13)

Cluster interpretation

With this mathematical results, we can interpret that for θ “ 1 the exceedances
occur isolated, while for θ ă 1 the exceedances appear in clusters. The mean cluster
size is asymptotically 1{θ, i.e., the smaller θ, the larger the average cluster. The
time between two consecutive clusters, also called intercluster time, is asymptotically
exponential distributed, while the time between two consecutive exceedances within
the same cluster, named intracluster time, is asymptotically zero. This fits to our
asymptotically IET distribution introduced in (3.7).

Lastly, we have a look at the dispersion statistic introduced in (3.2). Applied on the
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CPP pθ, πq we are interested in

Ψs “
VarpZsq

EpZsq
´ 1, (3.14)

with Zs “
Ns
ř

n“1
Yn, Ns Poisson distributed with rate sνθ and Yn has distribution π for

all i P N. Using (2.40), we receive

EpZsq “ EpNsqEpY1q “ s θEpY1q,

VarpZsq “ EpNsq VarpY1q ` VarpNsq EpY1q2 “ s θEpY 2
1 q

(3.15)

and thus

Ψs “
EpY 2

1 q

EpY1q
´ 1. (3.16)

The dispersion statistic only depends on the cluster size distribution π. Since each
cluster includes at least one excess, it holds EpY1q ě 1. Therefore Ψs “ 0 if and
only if EpY1q “ 1 and VarpY1q “ 0, i.e., when the exceedances are almost surely
isolated (θ “ 1). Otherwise Ψs ą 0 since EpY1q ą 1 for θ ă 1 and therefore
EpY 2

1 q ě EpY1q2 ą EpY1q. Thus, Zs is overdispersed.

3.2.3 Heavy-tailed waiting times

Let the event magnitudes pXnqnPN be a sequence of i.i.d. random variables as
introduced in Subsection 3.2.1.

Another mechanism that leads to temporal clustering behaviour is heavy-tailed
distributed waiting times pWnqnPN, such that the distribution tails are regular varying
with index ´α, 0 ă α ă 1. More precisely,

PpW ą tq “ t´α Lptq, (3.17)

where L is slowly varying, and it follows that EpW1q “ 8. A prominent example
of a heavy-tailed distribution is the Pareto distribution and another example is the
Mittag-Leffler distribution, we introduced in Subsection 2.1.3.

While the result in Equation (3.4), that

ppuqηpuq Ñ Tp1q, (3.18)
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still applies, Hees et al. (2021) showed that

T puq

bp1{ppuqq

d
ÝÑ Tpβ,1q as u Ñ xR, (3.19)

with β “ α and b regularly varying with index 1{α, where Tpβ,ςq „ MLpβ, ςq. It
follows that the CTRE pXkpuq, TkpuqqkPN leads to a fractional Poisson process.

Cluster interpretation

The Mittag-Leffler distribution possesses heavy tails on both ends, i.e. very low and
high values occur more frequently than the exponential distribution would suggest.
This leads to the clustering of extremes when they are seperated by Mittag-leffler
distributed IETs. The lower the tail parameter is, the stronger is the clustering.
Since the mechanism differs from the one in the previous Subsection 3.2.2, Hees et al.
(2021) say that the extreme events occur in bursts.

Again we have a look at the dispersion statistic:

Ψs “
VarpNsq

EpNsq
´ 1 p2.38q

“ EpNsq

ˆ

β Γpβq2

Γp2βq
´ 1

˙

“
sβ

Γp1 ` βq

ˆ

β Γpβq2

Γp2βq
´ 1

˙ (3.20)

For β “ 1 we are in the special case of exponential distributed IETs and Ψs “ 0. For
β ă 1, Ψs ą 0. In contrary to the CPP dispersion, Ψs actually depends on the time
interval s. Figure 3.3 illustrates the behaviour of the dispersion statistic dependent
on s. It is noteworthy that the dispersion statistic decreases rather than increases
for smaller tail parameters above a certain s.

Dispersion statistic Ψs
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0

2

4

6

s

β = 0.5

β = 0.85

β = 1

Figure 3.3: Dispersion statistic Ψs of an FPP for various tail parameters β.
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3.3 A generalised asymptotic model

After introducing existing models for temporal clustered extreme events in the
previous section, in this section we present our contribution to the topic. We
provide a generalised model for IETs of temporal clustered extreme events that
takes both mechanisms, stationary event magnitudes and heavy-tailed waiting times,
simultaniously into account and includes the three models of the previous section.
Additionally, we show that the result of the Subsection 3.2.2 remains true for random
waiting times with finite mean. We show that then the CTRE leads to a fractional
compound Poisson process.

3.3.1 Theorem and proof

Theorem 1. Let Tpβ,θ,σq be a random variable with mixture distribution

Ppβ,θ,σq “ p1 ´ θq δ0 ` θ MLpβ, θ´1{β σq, (3.21)

where δ0 is the Dirac measure at point zero, MLpβ, ςq is the Mittag-Leffler distribution
with tail parameter β and scale parameter ς, and β P p0, 1s, θ P p0, 1s and σ ą 0.

Let pXnqnPN be a strictly stationary process of magnitudes in the max-domain of
attraction of a GEV distribution with extremal index θ P p0, 1s, xR is the right
endpoint of the distribution of X1, and ppuq “ PpX1 ą uq is the excess probability.

Let pTnqnPN be corresponding arrival times such that the sequence of waiting times
pWnqnPN, with Wn “ Tn ´ Tn´1, are i.i.d. and stochastically independent of the
magnitudes pXnqnPN.

Without loss of generality, we set X0 ą u and T0 “ 0. The interexceedance time
regarding the process pXn, WnqnPN and a threshold u is defined as

T puq “

ηpuq
ÿ

i“1
Wi, with stopping time ηpuq “ mintk ě 1 | Xk ą uu.

(i) If EpWnq “ 1
λ

ă 8 for all n P N,

T puq

bp1{ppuqq

d
ÝÑ Tpβ,θ,1q as u Ñ xR, (3.22)

with tail parameter β “ 1 and bpnq “ n 1
λ

regularly varying with index 1.
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(ii) If EpWnq “ 8, for all n P N, and PpWn ą tq regularly varying with index ´α,
0 ă α ă 1,

T puq

bp1{ppuqq

d
ÝÑ Tpβ,θ,1q as u Ñ xR, (3.23)

with tail parameter β “ α and b regularly varying with index 1{α.

Proof.

(i) The proof is analogous to that of Theorem 1 in Gut and Hüsler (1999), who
consider the case of pXnqnPN being stochastically independent. Using (3.4) we
have

ppuqT puq “ ppuqηpuq
1

ηpuq

ηpuq
ř

i“1
Wi

d
ÝÑ Tp1,θ,1q ¨ 1

λ
“ Tp1,θ,1{λq as u Ñ xR,

(3.24)

since we can deduce from Theorem 2 of Richter (1965) together with Kol-

mogorov’s SLLN that 1
ηpuq

ηpuq
ř

i“1
Wi Ñ EpW1q “

1
λ

in probability if ηpuq Ñ 8 in

probability as u Ñ xR. The stopping time fulfills ηpuq Ñ 8 since for all m P N

Ppηpuq ą mq “ PpX1 ď u, . . . , Xm ď uq “ 1 ´ P p
Ťm

i“1tXi ą uuq

ě 1 ´
m
ř

i“1
P pXi ą uq “ 1 ´ m ¨ PpX1 ą uq Ñ 1.

(3.25)

(ii) Consider an abitrary sequence of thresholds punqnPN such that the Dpunq

condition is fulfilled and n ppunq Ñ ν as n Ñ 8 with 0 ă ν ă 8. Obviously,
we have un Ñ xR as n Ñ 8. It follows from (3.4) that

ηpunq

n
“

ppunqηpunq

n ¨ ppunq

d
ÝÑ E, (3.26)

where E
d
“ Tp1,θ,1{νq „ p1´θq¨δ0`θ¨Exppνθq with Exppνθq being the exponential

distribution with rate νθ. For 0 ă α ă 1 the waiting time distribution is in the
strict domain of attraction of a positively skewed sum-stable distribution with
stability parameter α and Laplace transform

LDαpsq :“ Epexpp´sDαqq “ expp´sα
q. (3.27)
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More precisely, there is a regularly varying function b with index 1{α such that

W1 ` ¨ ¨ ¨ ` Wn

bpnq

d
ÝÑ Dα, n Ñ 8, (3.28)

(see Meerschaert and Sikorskii, 2012, Theorem 4.5 and Propositions 4.15 &
4.16). Using (3.27) and Gnedenko’s transfer theorem (see Gnedenko, 1983), it
follows

ηpunq
ÿ

i“1

Wi

bpnq

d
ÝÑ Z, as n Ñ 8, (3.29)

where the distribution of Z has the Laplace transform

LZpsq “
ş8

0 pLDαpsqqy dPEpyq

“ p1 ´ θq
ş8

0 pLDαpsqqy dδ0pyq ` θ
ş8

0 pLDαpsqqy dµνθpyq

“ p1 ´ θq ` θ 1
1´logpLDα psqq{pνθq

“ p1 ´ θq ` θ 1
1`pspνθq´1{αqαq

(3.30)

which is the Laplace transform of the mixture distribution

p1 ´ θq ¨ δ0 ` θ ¨ MLpα, pνθq
´1{α

q. (3.31)

The Laplace transform LDα of Dα is the same as in (3.27) and µνθ denotes the
exponential measure with rate νθ.
Since b is a regularly varying function, we have

bpnq

bp1{ppunqq
“

bpnq

bpn{pn ¨ ppunqqq
„ pn ¨ ppunqq

1{α
Ñ ν1{α as n Ñ 8, (3.32)

where fpxq „ gpxq for real valued functions f and g means lim
xÑ8

fpxq

gpxq
“ 1. We

finally get

1
bp1{ppunqq

ηpunq
ÿ

i“1
Wi “

bpnq

bp1{ppunqq

1
bpnq

ηpunq
ÿ

i“1
Wi

d
ÝÑ ν1{αZ (3.33)

with ν1{αZ „ p1 ´ θq ¨ δ0 ` θ ¨ MLpα, θ´1{αq. Since un Ñ xR has been arbitrary,
the assertion of the Theorem follows with u :“ un and ppuq :“ ppunq.
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3.3.2 (Fractional) Compound Poisson process

In Subsection 3.2.2, we derived that for equidistant waiting times Wn ” 1 and the
fulfillment of the mixing condition ∆punq, the CTRE pXkpuq, TkpuqqkPN leads to a
compound Poisson process with the cluster size as marks.

As far as we know, there is no literature that deals with the more general case of
i.i.d. random waiting times pWnqnPN with EpW1q “ 1{λ ă 8. Therefore, we show
that the result

Zt „ CPP pθ, πq (3.34)

remains true for β “ 1, and in addition, we show that for 0 ă β ă 1 the CTRE
pXkpuq, TkpuqqkPN leads to a fractional compound Poisson process.

Derivation of the compound Poisson process for β “ 1

Taking random waiting times into account, we have to distinguish between the block
size rn, i.e., the number of events within each block, and the block time length which
is random and distributed as Trn “

rn
ř

i“1
Wi. The by λ ppunq scaled process pZn,tqtą0 is

then defined as

Zn,t “

8
ÿ

i“1
1 tXi ą unu1 tλ ppunq Ti ď tu .

Due to the SLLN

ppunq λ Tn “ n ppunq λ
1
n

Tn Ñ ν λ
1
λ

“ ν almost surely, (3.35)

and

ppunq λTrn “
rn

n
n ppunq λ

1
rn

Trn „
rn

n
ν λ

1
λ

“
rn

n
ν Ñ 0 almost surely. (3.36)

Thus, when the time is scaled by ppunq λ, the first n events occur asymptotically in
the interval r0, νs and the scaled block time length converges towards zero. Therefore,
the result remains true.

Derivation of the fractional compound Poisson process for β ă 1

For the second case with 0 ă β ă 1, the results from Subsection 3.2.2 still remain
since the event magnitudes and waiting times are stochastically independent. Thus,
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for a sample X1, . . . , Xkn¨rn , with kn “ t n
rn

u, the number of clusters

kn
ÿ

i“1
1tMpJiq ą unu with MpJiq “ maxtXpi´1q rn`1, . . . , Xi rnu

is asymptotically Poisson distributed with rate νθ due to the Poisson approxima-
tion.

Since W1 ą 0 is in the domain of attraction of the β-stable distribution Dβ ą 0, we
receive

Tn

bp1{ppunqq
“

bpnq

bp1{ppunqq

Tn

bpnq
“

bpnq

bpn{pn ppunqq

Tn

bpnq

„
bpnq

bp 1
ν

nq

Tn

bpnq

d
ÝÑ ν1{βDβ.

(3.37)

Furthermore, we receive

Trn

bp1{ppunqq
“

bprnq

bpnq

bpnq

bp1{ppunqq

Trn

bprnq
„

´rn

n

¯1{β

ν1{βDβ Ñ 0 (3.38)

weakly, using the Uniform Convergence Theorem for regularly varying functions (see
Bingham et al., 1987, Theorem 1.5.2). Thus, the scaled block time length converges in
probability to zero, so that in the limit, every point on the inteval r0, 8q corresponds
to the position of one block.

Let τpunq “ mintk ě 1 | MpJkq ą unu be the number of blocks until the first block
that exceeds the threshold. It holds that τpunq

kn
converges towards an exponential

distribution with rate νθ. Now, the time until the first block that exceeds the
threshold can be defined as

Spunq “

τpunq
ÿ

i“1
Ti,rn , (3.39)

where Ti,rn is the time length of the i-th block and thus, all Ti,rn , i P N, are
stochastically independent and distributed as Trn . Using Gnedenko’s transfer theorem
analogously as in the proof of Theorem 1, we receive

Spunq

bp1{ppunqq

d
ÝÑ MLpβ, θ´1{β

q. (3.40)

In total, with the same requirements for the event magnitudes pXnqnPN and if πn

converges towards π as in Subsection 3.2.2, the CTRE pXkpuq, WkpuqqkPN leads to
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a fractional compound Process, Zt „ FCPP ppβ, θ´1{βq, πq with the cluster size as
marks.

3.3.3 Cluster interpretation

From the perspective of the FCPP, exceedances for θ ă 1 occur in clusters, in the
sense that the intra-cluster times are asymptotically zero, while for β ă 1 the times
between two consecutive clusters asymptotically follow a Mittag-Leffler distribution.
Hence, while in Subsection 3.2.3 the extremes appeared in bursts, we now observe
that the clusters themselves occur in bursts. Due to the heavy-tailed nature of
the Mittag-Leffler distribution, both very short and very long inter-cluster times
are more frequent. As a result, in finite CTREs, short inter-cluster times may be
indistinguishable from intra-cluster times. In other words, due to the strong variability
induced by the Mittag-Leffler distribution, multiple clusters may subjectively appear
as a single large cluster. For β “ 1, we have MLpβ, θq “ Expp1{σq, placing us
in the classical Poissonian setting discussed in Subsection 3.2.2. Conversely, when
θ “ 1, the Dirac component of the distribution vanishes, corresponding to the case
described in Subsection 3.2.3. As illustrated in Figure 3.4, both parameters influence
the distribution of the IETs T puq and, consequently, the clustering behavior. While β
affects both tails of the distribution, smaller values of θ lead to stronger zero-inflation
and primarily affect the lower tail.
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Figure 3.4: Comparison of CTREs with tail parameter and extremal index equal to
one and smaller than one using simulated data.
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Using the formulas of (2.38) and (2.40), the dispersion statistic is given by

Ψs “
VarpZsq

EpZsq
´ 1 “

EpNsqVarpY1q ` VarpNsqEpY1q2

EpNsqEpY1q
´ 1

“
VarpY1q

EpY1q
`

VarpNsqEpY1q

EpNsq
´ 1

“
VarpY1q

EpY1q
`

ˆ

EpNsq

ˆ

βΓpβq2

Γp2βq
´ 1

˙

` 1
˙

EpY1q ´ 1

“
VarpY1q

EpY1q
`

ˆ

θsβ βΓpβq2 ´ Γp2βq

βΓpβqΓp2βq
` 1

˙

EpY1q ´ 1.

(3.41)

If β ă 1 or θ ă 1, Ψs ą 0 holds and therefore Zs is overdispersed for all s ą 0. As for
the FPP, the dispersion statistic depends not only on the distribution of the cluster
sizes Y1 and the parameter β and θ, but also on the time length s (see Figure 3.5).

Dispersion statistic Ψs :    θ = 0.6 Dispersion statistic Ψs :    θ = 0.8
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Figure 3.5: Dispersion statistic Ψs of an FCPP for various tail parameters β, extremal
index θ “ 0.6 (left) and θ “ 0.8 (right), and EpY1q “ 1{θ and VarpY1q “

1{θ2.

3.4 Conclusions and discussion

In this chapter, we presented models that describe clustering behaviour of ex-
treme events. These models are based on the assumption of an underlying process
pXn, WnqnPN, where the magnitudes and waiting times are stochastically independent.
A well-established clustering model in EVT assumes stationary magnitudes and
equidistant waiting times. In this case, the IETs asymptotically follow a mixture
distribution, consisting of a Dirac measure at zero and an exponential distribution.
The extremal index θ P p0, 1s determines the mixture weights and thereby governs
the clustering strength. We extended this model by introducing i.i.d. random waiting
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times with finite means, and showed that this generalisation leads to the same
asymptotic results. Subsequently, we investigated a further extension in which the
i.i.d. waiting times follow a heavy-tailed distribution with infinite mean. Under
the assumption of i.i.d. magnitudes, it is known that the IETs are asymptotically
Mittag-Leffler distributed. We showed that, in the stationary case, the IETs again
follow a mixture distribution with the Mittag-Leffler distribution replacing the expo-
nential component. This shift yields a FCPP in place of the CPP. In summary, we
have developed a generalised model that includes the previously discussed models
as special cases and offers greater flexibility in terms of clustering behaviour. With
accurate parameter estimation, this model may eliminate the need for explicit model
selection.

Beyond the models presented in this chapter, there are other models that describe
clustering behaviour, but they do not belong to the same class of models using the
POT approach and thus are not described here. These include so-called self-exciting
processes, such as Hawkes processes. In a Hawkes process, each event increases
the likelihood of further events occurring in the near future, an effect referred to
as excitation. In other words, the occurrence of an event temporarily raises the
probability of subsequent events. This mechanism is mathematically described by an
intensity function that adapts the rate of future events based on past occurrences. For
further details, see, e.g., Laub et al. (2021). Another relevant class of models are log-
Gaussian Cox processes (see, e.g., Møller et al., 1998). These models describe spatially
and temporally inhomogeneous and clustered events by modelling the event rate not
as a constant or deterministic function, as in Poisson processes, but stochastically.
More precisely, the intensity function is given by the exponential transformation of a
Gaussian process. In this case, clustering arises from an underlying, time-varying
latent influence.

Moreover, one may question whether the assumption of independence in the un-
derlying process pXn, WnqnPN is too restrictive for applications to real-world data,
such as the climate data discussed in Chapter 7. On the one hand, we require the
independence between magnitudes and waiting times for our asymptotic arguments.
On the other hand, it is arguably plausible in various settings that the length of
the preceding waiting time (or even of several past waiting times) may influence the
magnitude of the next event. Relaxing the independence assumption, however, is
a non-trivial task and would require considerable theoretical and methodological
effort in future research. Another potential relaxation for future work concerns the
assumption of independence or stationarity among the magnitudes themselves. In
many practical applications, e.g., climate date, it is realistic to expect the presence
of trends or seasonality. Such features inherently introduce dependence structures
that violate the assumption of stationary magnitudes. Incorporating non-stationarity
or serial dependence in the extremes would therefore constitute a meaningful and
relevant extension of the current modelling framework.





4 Construction of an estimation
method

In Chapter 3, we derived that under certain assumptions the IETs, which are
identically distributed as T puq, of a CTRE are asymptotically mixture distributed
as described in Theorem 1. This result implies that for u near to the right endpoint
xR the distribution of T puq can be approximated by

T puq
d
« p1 ´ θq δ0 ` θ MLpβ, θ´1{β σuq, (4.1)

where σu “ bp1{ppuqq “ ppuq´1{β Lp1{ppuqq with L denoting a slowly varying function
and ppuq “ PpX1 ą uq.

So, if we can estimate the parameters β, θ and σu, we are able to fit the model to
empirical data and take advantage of its flexibility, thereby avoiding the need for
prior model selection. This chapter is dedicated to this objective.

We assume we have a finite marked point process pXi, Wiqi“1,...,n as sample with n
events, and a chosen threshold u such that X0 ą u. By applying the POT approach,
we receive the CTRE pXipuq, Tipuqqi“1,...,k with k exceedances (not counting X0) and
k IETs. Note that k “

n
ř

i“1
1tXi ą uu is actually a random variable and dependent on

n and u. Since in this chapter we do not focus on asymptotic behaviour, we neglect
this aspect for now.

This chapter is structured as follows: In the first section, we describe the estimation
methods used to fit PP, CPP and FPP submodels. On the one hand, this is done to
explain why these methods have not simply been transferred to the generalised model,
the FCPP. On the other hand, some of these methods will later on be used in the
simulation study for comparison purposes. Afterwards, we discuss the challenges and
difficulties of finding a suitable and well performing method for the FCPP model. We
then propose a minimum distance estimator with a modification of the Cramér-von
Mises criterion. We conclude the chapter with a summary and discussion.
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4.1 Established estimation methods for submodels

For all three submodels, various estimation methods exist. We focus on procedures
based on the interexceedance times. Table 4.1 summarises the parameters of each
model including the FCPP.

Table 4.1: Summary of the model parameters for all four (sub)models.
PP CPP FPP FCPP

tail parameter β ˆ ˆ ✓ ✓
extremal index θ ˆ ✓ ˆ ✓
scale parameter σu ✓ ✓ ✓ ✓

The scale parameter σu “ ppuq´1{β Lp1{ppuqq can be decomposed into two compo-
nents: ppuq and lu “ Lp1{ppuqq, which can be estimated separately. For all models,
the exceedance probability ppuq can be estimated by the empirical exceedance fre-
quency

p̂npuq “
1
n

n
ÿ

i“1
1tXi ą uu “

k

n
(4.2)

or by more advanced methods as discussed in Section 2.2.

4.1.1 Poisson process

If the CTRE leads to a PP, the IETs follow asymptotically an exponential distribution
with rate σ´1

u “
ppuq

EpW1q
. Thus, σu can be estimated by estimating ppuq and EpW1q

separately using p̂npuq “
k

n
and the sample mean of the waiting times W1, . . . , Wn.

Alternatively, we can estimate σu by the sample mean of the IETs T1puq, . . . , Tkpuq.
For a suitable threshold sequence punqnPN, both approaches yield asymptotically
equivalent estimators, as

n

k

1
n

n
ÿ

i“1
Wi “

1
k

n
ÿ

i“1
Wi “

1
k

k
ÿ

i“1
Tipunq `

1
k

n
ÿ

i“νk`1
Wi “

1
k

k
ÿ

i“1
Tipunq ` op1q, (4.3)

where Xνk
is the k-th exceedance. The main advantage of the alternative estimator is

that it does not require information about the underlying process pXi, Wiqi“1,...,n.
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4.1.2 Compound Poisson process

If the CTRE leads to a CPP, the IETs follow asymptotically a mixture distribution
with the Dirac measure at point zero and the exponential distribution as components.
The scale parameter σu can be estimated as in Subsection 4.1.1.

As described in Subsection 3.2.2, in EVT typically deterministic, equidistant waiting
times Wn ” 1, n P N, are considered. In this setting, a wide range of estimators
for the extremal index θ have been proposed (see, e.g., Ferreira, 2024). Most of
them need auxility parameters that must be chosen by the statistican additionally
to the threshold. According to Beirlant et al. (2004, Subsection 10.3.4) and Ferreira
(2018), estimators can be grouped into three classes: block estimators based on (3.9),
runs estimators based on (3.8), or interexceedance times estimators based on (3.7).
We focus on the third category, which are initially introduced by Ferro and Segers
(2003).

Interval estimator

The interval estimator proposed by Ferro and Segers (2003) is defined as

θ̂pIq
n “

$
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(4.4)

This estimator relies on the first and second moments of Tp1,θ,1q, since EpT 2
p1,θ,1q

q

EpTp1,θ,1qq2 “ 2
θ
,

and includes a bias correction. A key advantage is that, apart from the choice of the
threshold u, no auxiliary parameters are required. Furthermore, it does not depend
on a prior or simultaneous estimation of ppuq.

(K-)gaps, censored and truncated estimators

More recently, several maximum likelihood based estimators have been proposed
which also rely on IETs. They share the challenge of handeling the discrepancy
between the positive IETs and the positive probability mass at zero of the mixture
distribution. The gaps and K-gaps estimator introduced by Süveges (2007) and
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Süveges and Davidson (2010), respectively, treats very short IETs as zero in order
to better distinguish intra- and inter-cluster times. The censored and truncated
estimators proposed by Holešovský and Fusek (2020) and Holešovský and Fusek
(2022) apply censoring or truncation techniques to the IET sample to make maximum
likelihood estimation feasible. All three approaches require the local dependence
condition Dpkqpunq to hold and involve an auxiliary parameter choice by the statistican.
As stated in Holešovský and Fusek (2020), the Dpkqpunq condition says, that within a
cluster an exceedance is almost always followed by another exceedance within k ´ 1
consecutive observations.

4.1.3 Fractional Poisson process

If the CTRE leads to a FPP, the IETs asymptotically follow a Mittag-Leffler dis-
tribution with tail parameter β and scale parameter σu. There are at least three
methods for jointly estimating these parameters: The fractional moment estimator
proposed by Kozubowski (2001), the log-moment estimator proposed by Cahoy et al.
(2010) and the maximum likelihood estimator described in Gill and Straka (2017).
The first two are based on the method of moments. However, since the Mittag-Leffler
distribution has no finite moments, the fractional moment estimator uses moments
of order p ă β. Consequently, a constant p must be selected in advance and chosen
to be sufficiently small. The log-moment estimator, in contrast, uses log-transformed
data and does not require an auxiliary parameter. Additionally, in simulation studies
Cahoy (2013) showed that the log-moment estimator outperforms the fractional
moment estimator. Conversely, the maximum likelihood estimator does not rely on
moment-based techniques but requires numerical optimisation, as the probability
density function of the Mittag-Leffler distribution is not available in closed form.
As a result, this method slightly outperforms the log-moment estimator, but is
computationally more expensive (Hees et al., 2021).

4.2 Challenges

As seen in the previous section, even within the submodels, standard methods cannot
be directly applied to estimate the parameters β, θ and σu, respectively. Although the
extremal index has been investigated for many years, recently still more approaches
have been proposed to improve estimation techniques.

Two properties of the distribution Ppβ,θ,σuq, and of the IET sample T1puq, . . . , Tkpuq

make the search for suitable estimators particularly challenging:

1. The sample is only asymptotically distributed like Tpβ,θ,σuq. In particular, the
discrepancy at zero poses difficulties since Tipuq ą 0 almost surely for all
i “ 1, . . . , k, whereas PpTpβ,θ,σuq “ 0q “ 1 ´ θ.
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2. For β ă 1, the distribution of Tpβ,θ,σuq does not have finite moments.

In a first attempt to find a suitable estimation method, we adapted the interval
estimator by Ferro and Segers (2003) by incorporating fractional moments. For
q ă β, it holds that

mq “ E
``

b p1{ppuqq Tpβ,θ,1q

˘q˘
“ θ

qπ

β

`

θ´1{βbp1{ppuqq
˘q

Γp1 ´ qq sin
´

qπ
β

¯ for q ă β, (4.5)

and for 2q ă β we obtain

m2
q

m2q

“ θ
qπ

2β

Γp1 ´ 2qq sin
´

2qπ
β

¯

Γp1 ´ qq2 sin
´

qπ
β

¯2 ÝÑ θ as q Ñ 0. (4.6)

Unfortunately, both theoretical calculations and simulations indicated that

m̂2
q

m̂2q

ÝÑ 1 as q Ñ 0, (4.7)

where m̂q “ 1
k

k
ř

i“1
Tipuqq denotes the empirical fractional moment of order q. This

implies that the fractional moments of the sample do not converge to the fractional
moments of the asymptotic distribution.

Conversely, if we want to apply maximum likelihood methods, similar to the gaps,
K-gaps, censored and truncated estimators of the CPP, the data must first be
pre-processed. This prevents all IETs, including the small ones, from being solely
attributed to the Mittag-Leffler component. As a result, at least one auxiliary
parameter is required, along with additional constraints like the Dpkqpunq condition.

However, rather than relying on variants of the method of moments or maximum
likelihood estimation, we introduce a minimum distance approach in the following
section.

4.3 Minimum distance estimation with
Cramér-von Mises criterion

The minimum distance approach has been introduced by Wolfowitz (1957) and
explored in many further works, see, e.g., Drossos and Philippou (1980) or Parr
(1981). The main idea is to measure the “similarity” of the sample data with a
parametric model, minimising a distance measure between the probability density
function or the cumulative distribution function of the parametric model and a
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non-parametric density estimate or the empirical distribution function of the sample
data. Here, we use distances based on distribution functions.

Definition 1. Let Z1, . . . , Zn be random variables and Z another random variable
with c.d.f. Fϑ, ϑ P Θ Ă Rp, p ě 1, Fn the empirical c.d.f. corresponding to
Z1, . . . , Zn, and ∆p¨, ¨q ě 0 a function quantifying the distance between two c.d.f.s.
If there is a ϑ̂ P Θ such that

∆pFn, Fϑ̂q “ inf
ϑPΘ

∆pFn, Fϑq, (4.8)

then ϑ̂ is called a minimum distance estimate of ϑ. ∆p¨, ¨q is called criterion function.

Thus, out of the distribution family tFϑ | ϑ P Θ Ă Rpu, the distribution Fϑ̂ is the
best distribution that fits to the empirical cumulative distribution function (e.c.d.f.)
Fn regarding the criterion function ∆.

The Cramér-von-Mises distance, first proposed by Cramér (1928) and von Mises
(1931), between two c.d.f.s G and H is defined as

∆rCMs
pG, Hq “

ż 8

´8

pGpxq ´ Hpxqq
2 dHpxq “ E

`

pGpXq ´ HpXqq
2˘ , (4.9)

where X is a random variable with distribution function H. Therefore ∆rCMspG, Hq P

r0, 1s. If H is absolutely continuous and G “ Fn an empirical c.d.f. of observations
zp1q ď . . . ď zpnq, then

∆rCMs
pFn, Hq “

1
n

n
ÿ

i“1

ˆ

i ´ 1
2

n
´ Hpzpiqq

˙2

`
1

12n2 . (4.10)

4.3.1 Applying the original Crámer-von Mises estimator

Let F pβ,θ,σuq be the c.d.f. of the mixture distribution p1 ´ θq δ0 ` θ MLpβ, θ´1{βσuq,
F

pβ,θ,σuq
˚ is the c.d.f. and f

pβ,θ,σuq
˚ is the density of MLpβ, θ´1{βσuq, then

F pβ,θ,σuq
pxq “ p1 ´ θq ` θ ¨ F pβ,θ,σuq

˚ pxq, for x ě 0. (4.11)

The Cramér-von Mises distance between F pβ,θ,σuq and the empirical c.d.f. Fk of IETs
T1puq, . . . , Tkpuq is

∆rCMspFk, F pβ,θ,σuqq “ p1 ´ θq3 ` θ
8
ş

0
pFkpxq ´ F pβ,θ,σuqpxqq2 dF

pβ,θ,σuq
˚ pxq

“ p1 ´ θq3 ` θ
8
ş

0
pFkpxq ´ F pβ,θ,σuqpxqq2f

pβ,θ,σuq
˚ pxq dx.

(4.12)
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The smaller the value of θ, the less influence the data have on the distance ∆rCMs. Irre-
spective of the underlying true parameter values, it holds that ∆rCMspFk, Fβ,θ,σppuq

q ą

p1 ´ θq3 and lim
θÑ0

∆rCMspFk, Fβ,θ,σppuq
q “ 1. This leads to a high bias, esspecially if θ is

low, which is illustrated by the heatmaps in Figure 4.1.

Figure 4.1: CM distances between a sample with true parameter values β, θ and
σu “ ppuq´1{β and Tpβguess,θguess,σuq. The black dots show where the distance
should be minimal.

4.3.2 Modifications of the Crámer-von Mises criterion

We consider two modifications of the criterion function to improve the estimation
procedure.

CMmod1 distance

The first modification is quite intuitive, since we simply use the continuous part of
the integrator of the original distance (4.12):

∆rCMmod1s
pFk, F pβ,θ,σuq

q “

8
ż

0

pFkpxq ´ F pβ,θ,σuq
pxqq

2f pβ,θ,σuq
˚ pxq dx. (4.13)
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With some cumbersome but straightfoward calculations (see Appendix B.1), we
obtain the sum representation

∆rCMmod1spFk, F pβ,θ,σuqq “
1
θk

k
ř

i“1

ˆ

i ´ 1
2

k
´ F pβ,θ,σuqpTpiqpuqq

˙2

`
1

12θk2 ´
1
3

p1 ´ θq3

θ
,

(4.14)

where Tp1qpuq ď . . . ď Tpkqpuq are the ordered IETs. The sum representation is
particularly advantageous for calculations and optimisation. It holds for all k P N
that

lim
θÑ0

∆rCMmod1s
pFk, F pβ,θ,σuq

q “ 0, (4.15)

see Appendix B.2 for calculations. Therefore, it is essential that we restrict the
parameter space of θ to a compact set ra, 1s, a ą 0. The heatmaps in Figure 4.2 show
that the CMmod1 distance performs much better than the original CM distance but
also confirms (4.15).

Figure 4.2: CMmod1 distances between a sample with true parameter values β, θ

and σu “ ppuq´1{β and Tpβguess,θguess,σuq. The black dots show where the
distance should be minimal.
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CMmod2 distance

The second modified criterion function is

∆rCMmod2spFk, F pβ,θ,σuqq

“
1
θ2

8
ş

0
pmaxtFkpxq, 1 ´ θu ´ F pβ,θ,σuqpxqq2f

pβ,θ,σuq
˚ pxq dx

“
8
ş

0

ˆ

max
"

Fkpxq ´ p1 ´ θq

θ
, 0
*

´ F
pβ,θ,σuq
˚ pxq

˙2

f
pβ,θ,σuq
˚ pxq dx

“ ∆rCMspF max
k,θ , F

pβ,θ,σuq
˚ q,

(4.16)

and adresses the discrepancy of the two distribution functions at zero:

|Fkp0q ´ F pβ,θ,σuq
p0q| “ 1 ´ θ. (4.17)

Therefore, we consider maxtFkpxq, 1 ´ θu instead of Fkpxq, such that

• | maxtFkp0q, 1 ´ θu ´ F pβ,θ,σuqp0q| “ 0,
• | maxtFkpxq, 1 ´ θu ´ F pβ,θ,σuqpxq| ď |Fkpxq ´ F pβ,θ,σuqpxq| for all x ě 0,
• | maxtFkpxq, 1 ´ θu ´ F pβ,θ,σuqpxq| ď θ for all x ě 0.

Because of the last inequality, we add the scaling 1{θ2 such that ∆rCMmod2spFk, F pβ,θ,σuqq P

r0, 1s. Note that the ∆rCMmod2spFk, F pβ,θ,σuqq corresponds to the standard Cramér-von
Mises distance between the distribution functions F max

k,θ p¨q “ max
!

Fkp¨q´p1´θq

θ
, 0
)

and
F

pβ,θ,σuq
˚ .

As before, with some cumbersome but straightfoward calculations (see Appendix
B.1), we receive

∆rCMmod2spFk, F pβ,θ,σuqq “
1

θ3k

k
ř

i“l`1

ˆ

i ´ 1
2

k
´ F pβ,θ,σuqpTpiqpuqq

˙2

`
k ´ l

12θ3k3 ´
pkp1 ´ θqq3 ´ l3

3k3θ3

`
pkp1 ´ θqq2 ´ l2

k2θ3 F pβ,θ,σuqpTplqpuqq

´
pkp1 ´ θqq ´ l

kθ3 F pβ,θ,σuqpTplqpuqq2,

(4.18)

where Tp1qpuq ď . . . ď Tpkqpuq are the ordered IETs and l :“ rkp1 ´ θqs, with r¨s being
the ceiling function.

In the case of l “ k, which is the case if θ ă 1
k
, the distance function can be

abbreviated in the following form (see Appendix B.2 for calculations). It then only
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depends on the largest IET Tpkqpuq:

∆rCMmod2spFk, F pβ,θ,σuqq
θă 1

k
“

1
3 ´ F

pβ,θ,σuq
˚

`

Tpkqpuq
˘

` F
pβ,θ,σuq
˚

`

Tpkqpuq
˘2

Ñ
1
3 as θ Ñ 0.

(4.19)

This illustrates that, esspecially for small θ, the sample size, i.e., the number
of exceedances k, must be large enough, meaning for θ P ra, 1s, a ą 0, k ą 1

a
.

The heatmaps of the CMmod2 distance in Figure 4.3 show the usefulness of this
modification.

Figure 4.3: CMmod2 distances between a sample with true parameter values β, θ

and σu “ ppuq´1{β and Tpβguess,θguess,σuq. The black dots show where the
distance should be minimal.

CMmod1 and CMmod2 estimator

Finally, we define the CMmod1 and CMmod2 estimators: For Fk, the e.c.d.f. of
T1puq, . . . , Tkpuq, the CMmod1 estimator is defined as

{pβ, θ, σuqpFkq “ arg inf
pβ,θ,σuqPra,1s2ˆp0,8q

∆rCMmod1s
pFk, F pβ,θ,σuq

q (4.20)
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and the CMmod2 estimator is

­pβ, θ, σuqpFkq “ arg inf
pβ,θ,σuqPra,1s2ˆp0,8q

∆rCMmod2s
pFk, F pβ,θ,σuq

q, (4.21)

respectively. If we seperate σu “ ppuq´1{βLp1{ppuqq in two parts and estimate ppuq

in advance as described at the beginning of this section, we can refer to

{pβ, θ, luqpFkq “ arg inf
pβ,θ,luqPra,1s2ˆp0,8q

∆rCMmod1s
pFk, F pβ,θ,p̂npuq´1{β luq

q (4.22)

and

­pβ, θ, luqpFkq “ arg inf
pβ,θ,luqPra,1s2ˆp0,8q

∆rCMmod2s
pFk, F pβ,θ,p̂npuq´1{β luq

q (4.23)

as CMmod1 and CMmod2 estimators, respectively.

4.4 Conclusions and discussion

In this chapter, we addressed the challenge of estimating the parameters β, θ and
σu of the asymptotic mixture distribution of IETs under the CTRE model. After
reviewing established estimation methods for the PP, CPP and FPP submodels, and
identifying the main difficulties in extending these approaches to the general FCPP
model, we developed two modifications of the Cramér-von Mises estimator to fit the
model parameters. In the following two chapters, we will analyse these methods
both theoretically, in terms of weak consistency, and empirically, through simulation
studies.

Alternative estimators, e.g., minimum distance estimators with a different criterion
function than Cramér-von Mises oder estimators based on quantiles, on the (K-)gaps
or on the censored and truncated estimators, have not yet been considered. These
approaches represent promising directions for future research and comparison.

One important aspect not addressed in this chapter is the choice of the threshold
u. Throughout this chapter and the thesis as a whole, u has been treated as fixed.
However, the selection of an appropriate threshold is a central and challenging issue
in extreme value theory. On the one hand, the threshold must be sufficiently high
for the asymptotic approximation to be valid; on the other hand, it must not be so
high that too few exceedances remain for reliable estimation. The literature offers a
variety of methods for threshold selection, which could be incorporated and assessed
in future work.





5 Theoretical results

This chapter presents the theoretical properties of the modified minimum distance
estimator CMmod1. Similar results also apply to CMmod2 and are presented in
the Appendix to avoid repetitions and overlaps. The main results are the weak
consistency of our estimation procedures under the simplification that the sample
consists of stochastically independent IETs.

The chapter is organised as follows: In the first section, we summarise the well-known
theoretical properties of the classical minimum distance method and briefly discuss
why these cannot be easily transferred to our case. In the second and third sections,
we work out the weak consistency of our estimation method step by step. For better
readability, the corresponding proofs are provided in a fourth section. The chapter
ends with a summary and discussion of the findings obtained and the implications of
the restrictions made.

5.1 Known properties of the Cramér-von Mises
estimators

Wolfowitz studied the minimum distance approach in various articles in the 1950s,
e.g., Wolfowitz (1954) and Wolfowitz (1957). He established its strong consistency
for several distance functions under the assumption of identifiable parameter values.
From Wolfowitz (1957), we can derive that the classical Crámer-von Mises estimator
is strongly consistent under general regularity conditions (see also Parr and Schucany,
1980; van der Vaart, 1998, Chapter 5). In the last decades, different modifications of
the original Cramér-von Mises distance were investigated, for example the weighted
Cramér-von Mises distance

∆Ψϕ
pG, Fϕq “

ż

pGpxq ´ Fϕpxqq
2ΨϕpxqdFϕpxq, (5.1)

where Ψϕ is a non-negative weighting function (Parr and De Wet, 1981). Under
fairly general conditions, the derived estimators are asymptotically normal and for
appropriate weights also efficient.

55
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Ötztürk and Hettmansperger (1997) investigated an even more general class of
weighted Cramér-von Mises distance estimator by minimising

∆Ψϕ,H,δpG, Fϕq “

ż

Hpδpx; G, FϕqqΨϕpxqdFϕpxq, (5.2)

where the function δpx; G, Fϕq “ Gpxq ´ Fϕpxq quantifies the discrepancy between
G and the distribution family Γ “ tFϕ | ϕ P Φu. The function H is nonnegative
and continuous, satisying Hp0q “ 0, H 1p0q “ 0 and H2p0q ą 0. They showed that,
for suitable choices of H and Ψϕ, the corresponding estimator is Fisher consistent,
asymptotically normal and nearly efficient with desirable robustness properties.
Choosing Hpxq “ x2 gives the weighted Cramér-von Mises distance of (5.1).

Unfortunately, the consistency results from the literature cannot be directly trans-
ferred to our estimation setting, as they assume a fixed underlying distribution
Gpnq “ G that does not change with increasing n. In these classical scenarios, either
G belongs to the model class Γ “ tFϕ | ϕ P Φu, in which case consistency holds under
regularity conditions, or G is not in Γ, implying a model misspecification. In the
latter case, under the similar conditions, the estimator converges to the parameter
value ϕ that best approximates G. In our setting, however, we face a triangular
array structure where Gpnq converges to Fϕ, which is not covered by either of the
classical cases. In particular, the standard Cramér-von Mises estimator seems not to
be consistent in our situation (see Subsection 4.3.1).

5.2 Weak consistency of CMmod1 for a mixture
distribution

In this and the next section, we work out the weak consistency for our estimation
method. To do so, we first generalise our mixture distribution by allowing an arbitrary
positive valued continuous distribution with parameters in a compact space that
is continuous with respect to its parameters. The other distribution remains the
Dirac measure at point zero. More precisely, let Tpϕ,θq be a random variable on the
non-negative real numbers with the mixture distribution

Ppϕ,θq “ p1 ´ θq ¨ δ0 ` θ ¨ µϕ, (5.3)

with weighting parameter θ P ra, 1s, a ą 0, µϕ a positive valued continuous distribu-
tion with parameter vector ϕ P Φ Ă Rm, Φ compact, and δ0 the Dirac measure at
point zero. It is allowed that the weighting parameter θ is also part of the parameter
vector ϕ. F pϕ,θq denotes the c.d.f. of Ppϕ,θq. F

pϕq
˚ and f

pϕq
˚ denote the c.d.f. and density

function of µϕ, respectively, that are continous with respect to their parameters.
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The modified Cramér-von Mises distance between F pϕ,θq and another c.d.f. G of a
positive valued distribution is now defined by

∆pG, F pϕ,θq
q “

ż 8

0

`

Gpxq ´ F pϕ,θq
pxq

˘2
¨ f pϕq

˚ pxq dx (5.4)

The minimum distance approximation of a c.d.f. G is then defined as

zpϕ, θqpGq “ arg min
pϕ,θqPΦˆra,1s

∆pG, F pϕ,θq
q (5.5)

and the CMmod1 estimator is pϕ̂k, θ̂kq :“ zpϕ, θqpGkq, where Gk is the e.c.d.f. of G.

5.2.1 Known scale parameter

Let T pnq be a random variable on the positive real numbers with c.d.f. F pnq and

T pnq

σn

d
ÝÑ Tpϕ,θq, (5.6)

where σn ą 0 is a known scale parameter. Without loss of generality, we set σn “ 1
for all n P N. Let T1,n, . . . , Tkn,n be kn i.i.d. copies of T pnq where kn Ñ 8, and Fkn

is the e.c.d.f., respectively. In addition, we require the following condition for the
sequence pknqnPN:

Condition 3. Let pknqnPN be a sequence of positive integers with kn Ñ 8 such that

for all ε ą 0 :
8
ÿ

n“1
2 ¨ expp´2knε2

q ă 8. (5.7)

The condition prevents the sample size kn from growing too slowly. For example,
this condition is fulfilled by kn “ n or kn “ n1{α, α ą 1. The latter fulfills kn “ opnq.
In contrast, the condition is not met by kn “ logpnq.

The objective of this subsection is to prove that CMmod1 for the parameter vector
pϕ, θq is weakly consistent. For this we show two other results first. The first is similar
to the Glivenko-Cantelli theorem and is essential for justifying the utilisation of the
e.c.d.f. of the sample to describe the c.d.f. of the asymptotic mixture distribution.
It states that the e.c.d.f. Fkn converges towards the asymptotic c.d.f. F pϕ,θq. The
second result shows that the distance between the fitted c.d.f. F pϕ̂kn ,θ̂kn q and the
theoretical c.d.f. F pnq, as well as the distance between the fitted c.d.f. F pϕ̂kn ,θ̂kn q

and the asymptotic c.d.f. F pϕ,θq converge to zero when measured using the modified
Cramér-von Mises distance (5.4).



58 5 Theoretical results

Theorem 2. Let Condition 3 be fulfilled for pknqnPN. Then

}Fkn ´ F pnq
}8 “ sup

x
|Fknpxq ´ F pnq

pxq| Ñ 0 almost surely. (5.8)

For all continuity points x of F pϕ,θq, i.e. @x ą 0, it applies

Fknpxq ÝÑ
nÑ8

F pϕ,θq
pxq almost surely. (5.9)

If Condition 3 is not fulfilled, the above expressions converge, but possibly only in
probability.

It follows that, under Condition 3,

∆pFkn , F pϕ,θq
q Ñ 0 almost surely. (5.10)

The condition in Theorem 2 that x must be a continuity point of F pϕ,θq is necessary:
For θ ă 1, the only discontinuity point of F pϕ,θq is zero and there (5.30) does not
apply:

ˇ

ˇFknp0q ´ F pϕ,θq
p0q

ˇ

ˇ “
ˇ

ˇ0 ´ p1 ´ θq
ˇ

ˇ “ 1 ´ θ @n P N. (5.11)

Theorem 3. Let F pnqpxq ÝÑ
nÑ8

F pϕ,θqpxq, pϕ, θq P Φ ˆ ra, 1s, for all x ą 0 and let
pϕ̂kn , θ̂knq “ zpϕ, θqpFknq, where the sequence pknqnPN fulfills Condition 3.

a)

∆
´

F pnq, F pϕ̂kn ,θ̂kn q
¯

ÝÑ
nÑ8

0 almost surely. (5.12)

b)

∆
´

F pϕ,θq, F pϕ̂kn ,θ̂kn q
¯

ÝÑ
nÑ8

0 in probability. (5.13)

Using these results, we can show that the CMmod1 estimator for pϕ, θq is weakly
consistent.

Theorem 4. Under the same conditions as in Theorem 3, the weak consistency
applies, i.e.

zpϕ, θqpFknq Ñ pϕ, θq in probability. (5.14)
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5.2.2 Unknown scale parameter

We are now looking at the same situation as in (5.6), such that

T pnq

σn

d
ÝÑ Tpϕ,θq, (5.15)

but assume that the scale parameter σn ą 0 is unknown.

If the sequence pσnqnPN converges towards a constant σ ą 0, σ can be seen as part of
the parameter vector ϕ, since then

T pnq
“ σn

T pnq

σn

d
ÝÑ σ Tpϕ,θq, (5.16)

which corresponds to the situation from the subsection above.

If instead σn Ñ 8, we cannot apply the above theorems since the parameter space
of σn cannot be restricted to a compact set.

Instead, we assume that there is another weakly consistent estimator σ̂n for σn, more
precisely

lim
nÑ8

|σn ´ σ̂n| “ 0 in probability.

Then, we get

σ̂n

σn

ÝÑ 1 in probability,

since
"ˇ

ˇ

ˇ

ˇ

σ̂n

σn

´ 1
ˇ

ˇ

ˇ

ˇ

ą ε

*

Ď

"ˇ

ˇ

ˇ

ˇ

σ̂n

σn

´ 1
ˇ

ˇ

ˇ

ˇ

ą
ε

σn

*

“ t|σn ´ σ̂n| ą εu for a large enough n.
Using Slutskys Theorem, we get

T pnq

σ̂n

“
σn

σ̂n

¨
T pnq

σn

d
ÝÑ Tpϕ,θq. (5.17)

Note that T1,n{σ̂n, . . . , Tkn,n{σ̂n may be dependent if σ̂n uses the same sample, but
the estimator zpϕ, θqpF̂knq remains weakly consistent, where F̂kn is the e.c.d.f. of
T1,n{σ̂n, . . . , Tkn,n{σ̂n if we can ensure that F̂knpxq “ Fknpxσ̂nq Ñ F pϕ,θqpxq in proba-
bility for all continuity points x of F pϕ,θq.

A sufficient but possibly not necessary condition would be that T1,n, . . . , Tkn,n are
stochastically independent of σ̂n. We can accomplish this by estimating σ̂n with a
different, stochastically independent sample.
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5.3 Application to IETs

We are now back in the situation from Chapter 3 and apply the results of the previous
section to show that the introduced estimation method of Chapter 4 is in many
situations weakly consistent regarding our model

T puq

bp1{ppuqq

d
ÝÑ Tpβ,θ,1q. (5.18)

For this, we restrict the parameter space of pβ, θq to a compact space Φ “ ra, 1s2

with a ą 0. If the scale parameter σu “ bp1{ppuqq is known, we apply Theorem 4
directly. In general, however, we do not know the scale parameter, but we have
further information about its structure:

σu “ bp1{ppuqq “ ppuq
´1{β

¨ Lp1{ppuqq. (5.19)

Therefore, we first search for a consistent estimator for ppuq “ PpX1 ą uq and
afterwards we consider the slowly varying function L.

5.3.1 Estimation of ppuq

With the mixing condition ∆punq introduced in Chapter 3 (see Condition 2), we can
show that for the relative number of exceedances

p̂npuq “
1
n

n
ÿ

i“1
1tXi ą uu (5.20)

it holds

ppurnq

p̂npurnq
Ñ 1 in probability,

where rn is a sequence of positive integers with rn “ opnq.

Note that if a sequence punq fulfills the ∆punq condition, it also fulfills the Dpunq

condition.

Theorem 5. Let pXnqnPN be stationary with extremal index θ P p0, 1s. Let there be a
sequence of thresholds punqnPN for which ∆punq holds with nppunq Ñ ν P p0, 8q. Let
prnqnPN be a sequence of positive integers with rn “ opnq. Then it holds

ppurnq

p̂npurnq
Ñ 1 in probability, (5.21)
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where ppuq “ PpX1 ą uq and p̂npuq “ 1
n

řn
i“1 1tXi ą uu is the relative frequency of

exceedances.

Theorem 5 requires on the one hand that u must grow at a sufficiently fast rate so
that p̂npuq Ñ 0. On the other hand, u must grow at a sufficiently slow rate so that
the expected number of exceedances grows towards infinity, since

Epn p̂npurnqq “
n

rn

rnppurnq „
n

rn

ν Ñ 8. (5.22)

This means that the expected number of exceedances kn “ E p
řn

i“1 1tXi ą uuq must
not grow too quickly on the one hand, more precisely kn “ opnq, and on the other
hand it must not grow too slowly due to Condition 3, so that the results described
above apply.

5.3.2 Convergence of L towards l ą 0

Now, we take care of the slowly varying function L, the second part of the unknown
scale parameter σu “ ppuq´1{β ¨ Lp1{ppuqq. It is well known and easy to show that
every function that converges towards a positive value is slowly varying, but there
are also slowly varying functions that do not converge, e.g., the logarithm function.
In this subsection we require that Lpxq Ñ l, 0 ă l ă 8, as x Ñ 8. Then,

T puq

p̂npuq´1{β
“

σu

p̂npuq´1{β

T puq

σu

“

ˆ

ppuq

p̂npuq

˙´1{β

Lp1{ppuqq
T puq

σu

d
ÝÑ Tpβ,θ,lq (5.23)

applies where the distribution of Tpβ,θ,lq is p1 ´ θq δ0 ` θ MLpβ, θ´1{βlq so that

T puq
d
« p1 ´ θq δ0 ` θ MLpβ, θ´1{βl p̂npuq

´1{β
q. (5.24)

By restricting the parameter space of µ to a compact space, we can now again apply
Theorem 4, such that {pβ, θ, lqpFknq is a consistent estimator for pβ, θ, lq.

5.3.3 Tail parameter β “ 1

In Chapter 3, we proved that if the waiting times Wn have finite mean, i.e. β “ 1,
the interexceedance time T puq is approximately mixture distributed with the Dirac
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measure at point zero as one part and the exponential distribution as second part.
More precisely,

T puq

σu

d
ÝÑ Tp1,θ,1q, (5.25)

with σu “ ppuq´1
EpW1q, i.e., refering to (5.19), Lp1{ppuqq “ EpW1q “: l is con-

stant.

Using all the results of the previous subsections and assuming β “ 1 is known,
zpθ, lqpFknq is a weakly consistent estimator of pθ, lq.

Alternatively, we can estimate EpW1q consistently in advance by W̄ “ 1
n

řn
i“1 Wi.

Under the same condition as in Theorem 5, σ̂urn
“ W̄ {p̂npurnq is a consistent

estimator for σurn
“ EpW1q{ppurnq.

In this case, pθpFknq is a consistent estimator for the extremal index θ.

5.3.4 Tail parameter β ă 1

If the tail parameter β is unknown, we lack specific information about the slowly
varying function L. In the following, however, we consider three heavy-tailed
distributions for the waiting times pWnqnPN in the domain of attraction of Dβ, a
β-stable distribution with Laplace transform E pexpp´sDβqq “ expp´sβq, i.e.

W1 ` ¨ ¨ ¨ ` Wn

bpnq

d
ÝÑ Dβ. (5.26)

For these three examples, the slowly varying function L is constant, i.e. convergent
in particular, so we can apply the results of Subsection 5.3.2.

Waiting times with a stable distribution

Let Wi{ς
d
“ Dβ be i.i.d. for i “ 1, . . . , n with ς ą 0. Using the parameterisation

of Samorodnitsky and Taqqu (1994), Dβ is Sβpcospπβ{2q1{β, 1, 0q distributed (see
Subsection 2.1.2). Since

W1 ` ¨ ¨ ¨ ` Wn

n1{β ς
d
“ Dβ

(Samorodnitsky and Taqqu, 1994), bpnq “ n1{β ς and thus Lpnq “ ς applies.
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Waiting times with a Mittag-Leffler distribution

Let Wi
d
“ MLpβ, ςq be i.i.d. for i “ 1, . . . , n. Then, W1{ς

d
“ MLpβ, 1q with Laplace

transform E pexpp´s W1{ςqq “ exp
` 1

1`sβ

˘

. As stated in Subsection 2.1.3, the Laplace
transform of W1`¨¨¨`Wn

ςn1{β converges towards the Laplace transform of Dβ and therefore

W1 ` ¨ ¨ ¨ ` Wn

n1{β ς
d
ÝÑ Dβ, (5.27)

with bpnq “ n1{β ς and thus Lpnq “ ς.

Waiting times with a Pareto distribution

Let W1, . . . , Wn be i.i.d. with PpWi ą tq “ Ct´β where C “
`

ςβΓp1 ´ βq
˘´1 and

t ě
`

ςΓp1 ´ βq1{β
˘´1. With Meerschaert and Sikorskii (2012, Prop. 3.10 & Theorem

3.37) we can show that

W1 ` ¨ ¨ ¨ ` Wn

n1{β ς
d

Ñ Dβ. (5.28)

Therefore, bpnq “ n1{β ς and thus Lpnq “ ς applies.

5.4 Proofs

Proof of Theorem 2:

Theorem 2. Let Condition 3 be fulfilled for pknqnPN. Then

}Fkn ´ F pnq
}8 “ sup

x
|Fknpxq ´ F pnq

pxq| Ñ 0 almost surely. (5.29)

For all continuity points x of F pϕ,θq, i.e. @x ą 0, it applies

Fknpxq ÝÑ
nÑ8

F pϕ,θq
pxq almost surely. (5.30)

If Condition 3 is not fulfilled, the above expressions converge, but possibly only in
probability.

Proof. We use the Dvoretzky-Kiefer-Wolfowitz inequality saying that

@n P N, @ε ą 0 : P

ˆ

sup
x

|Gnpxq ´ Gpxq| ą ε

˙

ď 2 ¨ expp´2nε2
q (5.31)
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where Gn denotes the empirical c.d.f. for a sample of n i.i.d. random variables with
c.d.f. G (Massart, 1990).

Then, for all x ą 0,

@ε ą 0 Dnx P N : @n ě nx, |F pnq
pxq ´ F pϕ,θq

pxq| ă ε (5.32)

applies since T pnq d
Ñ Tpϕ,θq.

Let ε ą 0 and x ą 0 be fixed and δn,x :“ ε ´ |F pnqpxq ´ F pϕ,θqpxq|. Then, δn,x Ñ ε
for n Ñ 8 and δn,x ą 0 for all n ě nx. Finally, since kn Ñ 8 and δ2

n,x Ñ ε2 we get

@ε ą 0 @n ą n0 : P p|F pnq

kn
pxq ´ F pϕ,θqpxq| ą εq

ď P p|F pnq

kn
pxq ´ F pnqpxq| ` |F pnqpxq ´ F pϕ,θqpxq| ą εq

“ P p|F pnq

kn
pxq ´ F pnqpxq| ą δn,xq

ď P psup
y

|F pnq

kn
pyq ´ F pnqpyq| ą δn,xq

ď 2 ¨ expp´2knδ2
n,xq

nÑ8
ÝÑ 0 .

(5.33)

If we restrict the sequence pknqnPN such that

@ε ą 0 :
8
ÿ

n“1
2 ¨ expp´2knε2

q ă 8, (5.34)

we get complete convergence and thus the convergence even holds almost surely.
This is achieved e.g. by kn “ n1{α, α ě 1: The condition kn “ opnq is obvious for
α ą 1 and for all z ě 0 and m ě 0 we have exppzq ě p1 ` z

m
qm ě

`

z
m

˘m, ergo
expp´zq ď

`

m
z

˘m. Choosing m “ 2 ¨ α, we get

8
ÿ

n“1
2 ¨ expp´2n1{αε2

q ď 2 ¨

8
ÿ

n“1

ˆ

2α

2n1{αε2

˙2α

“ 2 ¨

´ α

ε2

¯2α 8
ÿ

n“1
n´2

ă 8. (5.35)

For the proof of Theorem 3, we introduce two minor results in Corollary 1. They
follow from the theorem of dominated convergence and Theorem 2:

Corollary 1. If the sequence pknqnPN fulfills Condition 3, then
ż 8

0

ˇ

ˇFknpxq ´ F pϕ,θq
pxq

ˇ

ˇ ¨ f pϕ̃q
˚ pxq dx ÝÑ

nÑ8
0 (5.36)
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and thus also
ż 8

0

`

Fknpxq ´ F pϕ,θq
pxq

˘2
¨ f pϕ̃q

˚ pxq dx ÝÑ
nÑ8

0 (5.37)

almost surely for abitrary ϕ̃ P Φ.

Proof of Theorem 3:

Theorem 3. Let F pnqpxq ÝÑ
nÑ8

F pϕ,θqpxq, pϕ, θq P Φ ˆ ra, 1s, for all x ą 0 and let
pϕ̂kn , θ̂knq “ zpϕ, θqpFknq, where the sequence pknqnPN fulfills Condition 3.

a)

∆
´

F pnq, F pϕ̂kn ,θ̂kn q
¯

ÝÑ
nÑ8

0 almost surely. (5.38)

b)

∆
´

F pϕ,θq, F pϕ̂kn ,θ̂kn q
¯

ÝÑ
nÑ8

0 in probability. (5.39)

Proof. For simplicity we denote k “ kn, Fk “ Fkn .

Part a)

∆
´

F pnq, F pϕ̂k,θ̂kq

¯

“
ş8

0

´

F pnqpxq ´ F pϕ̂k,θ̂kqpxq

¯2
¨ f

pϕ̂kq
˚ pxq dx

“ ∆
´

Fk, F pϕ̂k,θ̂kq

¯

`
ş8

0

`

F pnqpxq ´ Fkpxq
˘2

¨ f
pϕ̂kq
˚ pxq dx

`2 ¨
ş8

0

´

Fkpxq ´ F pϕ̂k,θ̂kqpxq

¯´

F pnqpxq ´ Fkpxq

¯

¨ f
pϕ̂kq
˚ pxqdx

p‹q

ď ∆
`

Fk, F pϕ,θq
˘

` 3 ¨ }F pnq ´ Fk}8 ÝÑ 0,

(5.40)

where }g}8 :“ sup
x

|gpxq|.

p‹q Interim steps:

Since pϕ̂k, θ̂kq “ arg min
pϕ,θq

∆pFk, F pϕ,θqq, it holds

∆pFk, F pϕ̂k,θ̂kq
q ď ∆pFk, F pϕ,θq

q, (5.41)
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ş8

0

`

F pnqpxq ´ Fkpxq
˘2

¨ f
pϕ̂kq
˚ pxq dx

ď
ş8

0

ˇ

ˇF pnqpxq ´ Fkpxq
ˇ

ˇ ¨ f
pϕ̂kq
˚ pxq dx

ď }F pnq ´ Fk}8 ¨
ş8

0 f
pϕ̂kq
˚ pxq dx “ }F pnq ´ Fk}8,

(5.42)

and

ş8

0

´

Fkpxq ´ F pϕ̂k,θ̂kqpxq

¯´

F pnqpxq ´ Fkpxq

¯

¨ f
pϕ̂kq
˚ pxqdx

ď
ş8

0

ˇ

ˇ

ˇ
Fkpxq ´ F pϕ̂k,θ̂kqpxq

ˇ

ˇ

ˇ
¨

ˇ

ˇ

ˇ
F pnqpxq ´ Fkpxq

ˇ

ˇ

ˇ
¨ f

pϕ̂kq
˚ pxqdx

ď
ş8

0 1 ¨ }F pnq ´ Fk}8 ¨ f
pϕ̂kq
˚ pxqdx “ }F pnq ´ Fk}8.

(5.43)

Then, the convergence follows from Corollary 1.

Part b) We cannot use the same reasoning for the second part, since
›

›

›
F pnq

pxq ´ F pϕ,θq
pxq

›

›

›

8
ě

ˇ

ˇ

ˇ
F pnq

p0q ´ F pϕ,θq
p0q

ˇ

ˇ

ˇ
“ 1 ´ θ ‰ 0. (5.44)

The same applies if we replace F pnq by Fk:
›

›

›
Fkpxq ´ F pϕ,θq

pxq

›

›

›

8
“ 1 ´ θ ‰ 0. (5.45)

Instead, by using

0 ă ∆
´

Fk, F pϕ̂k,θ̂kq

¯

ď ∆
`

Fk, F pϕ,θq
˘

ùñ ∆
´

Fk, F pϕ̂k,θ̂kq

¯

´ ∆
`

Fk, F pϕ,θq
˘

ď 0
(5.46)

and
ˇ

ˇ

ˇ
∆
´

F pϕ,θq, F pϕ̃,θ̃q

¯

´ ∆
´

Fk, F pϕ̃,θ̃q

¯
ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

8
ş

0

`

F pϕ,θqpxq ´ Fkpxq
˘

´

F pϕ,θqpxq ` Fkpxq ´ 2F pϕ̃,θ̃qpxq

¯

f
pϕ̃q
˚ pxqdx

ˇ

ˇ

ˇ

ď 2 ¨
8
ş

0

ˇ

ˇ

ˇ
Fkpxq ´ F pϕ,θqpxq

ˇ

ˇ

ˇ
f

pϕ̃q
˚ pxq dx,

(5.47)
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we obtain

∆
´

F pϕ,θq, F pϕ̂k,θ̂kq

¯

ď ∆
´

F pϕ,θq, F pϕ̂k,θ̂kq

¯

´ ∆
´

Fk, F pϕ̂k,θ̂kq

¯

` ∆
`

Fk, F pϕ,θq
˘

ď 2 ¨
ş8

0

ˇ

ˇ

ˇ
Fkpxq ´ F pϕ,θqpxq

ˇ

ˇ

ˇ
¨ f

pϕ̂kq
˚ pxqdx ` ∆

`

Fk, F pϕ,θq
˘

ď 2 ¨ sup
ϕ̃PΦ

Lkpϕ̃q ` ∆
`

Fk, F pϕ,θq
˘

.

(5.48)

By showing that

sup
ϕ̃PΦ

Lkpϕ̃q ÝÑ
nÑ8

0 in probability, (5.49)

where

Lkpϕ̃q “

ż 8

0

ˇ

ˇ

ˇ
Fkpxq ´ F pϕ,θq

pxq

ˇ

ˇ

ˇ
¨ f pϕ̃q

˚ pxqdx, (5.50)

we receive the desired result.

Since due to Corollary 1, Lkpϕ̃q Ñ 0 for all ϕ P Φ and Φ compact, (5.49) is true
if Lkpϕ̃q is continuous in ϕ̃. As stated in Zorich (2016, p. 422), the mapping
ϕ̃ ÞÑ

ş8

0 Φkpx, ϕ̃q dx “ Lkpϕ̃q is continuous if the following two assumptions are
fulfilled:

(i) The integrand Φkpx, ϕ̃q is continuous regarding ϕ̃.

(ii) The integral Lkpϕ̃q converges uniformly on Φ, i.e., @ ε ą 0 D d0 ą 0 @ d ě d0 :
∣∣∣Lpdq

k pϕ̃q
∣∣∣ :“

∣∣∣∣
ż 8

d

Φkpx, ϕ̃q dx
∣∣∣∣ ă ε, @ ϕ̃ P Φ. (5.51)

Assumption (i) is clearly fulfilled as Φkpx, ϕ̃q is a composition of continuous functions
regarding ϕ̃. For assumption (ii), we bound the function from above as follows:

L
pdq

k pϕ̃q “
ş8

d

ˇ

ˇ

ˇ
Fkpxq ´ F pϕ,θqpxq

ˇ

ˇ

ˇ
¨ f

pϕ̃q
˚ pxq dx

ď sup
xPrd,8q

ˇ

ˇ

ˇ
Fkpxq ´ F pϕ,θqpxq

ˇ

ˇ

ˇ
¨
ş8

d
f

pϕ̃q
˚ pxq dx

ď sup
xPrd0,8q

ˇ

ˇ

ˇ
Fkpxq ´ F pϕ,θqpxq

ˇ

ˇ

ˇ

(5.52)

By choosing d0 such that sup
xPrd0,8q

ˇ

ˇ

ˇ
Fkpxq ´ F pϕ,θqpxq

ˇ

ˇ

ˇ
ă ε, the validity of assumption

(ii) is established.
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Proof of Theorem 4:

Theorem 4. Under the same conditions as in Theorem 3, the weak consistency
applies, i.e.

zpϕ, θqpFknq Ñ pϕ, θq in probability. (5.53)

Proof. This proof is based on Theorem 5.9 of van der Vaart (1998). For simplicity,
we denote k “ kn and pϕ̂k, θ̂kq instead of zpϕ, θqpFkq. We define Mpϕ̃, θ̃q as

Mpϕ̃, θ̃q :“ ∆pF pϕ,θq, F pϕ̃,θ̃q
q. (5.54)

We will show that

@ε ą 0 : inf
pϕ̃,θ̃qPΘε

Mpϕ̃, θ̃q ą Mpϕ, θq “ 0, (5.55)

where Θε :“ tpϕ̃, θ̃q P Φ ˆ ra, 1s | }pϕ̃ ´ ϕ, θ̃ ´ θq} ě εu. This implies (5.53), since due
to (5.55)

@ε ą 0 Dδ ą 0 : pϕ̃, θ̃q P Θε ñ Mpϕ̃, θ̃q ą δ (5.56)

holds, i.e., @ε ą 0 t}pϕ̂k ´ ϕ, θ̂k ´ θq} ě εu Ď tMpϕ̂k, θ̂kq ą δu. In Theorem 3 b), we
have already shown that Mpϕ̂k, θ̂kq Ñ 0 in probability. Therefore, the set on the
right hand side converges to zero in probability and so does the set on the left hand
side.

To prove (5.55), we firstly show the following two conditions:

1. Mpϕ̃, θ̃q ą 0 @ pϕ̃, θ̃q ‰ pϕ, θq

2. Mp¨, ¨q is continuous.

1. Let pϕ̃, θ̃q ‰ pϕ, θq. Since the parameters of the family tPpϕ,θq | pϕ, θq P Φ ˆ

ra, 1su are identifiable, there exists b ą 0 such that sup
xą0

|F pϕ,θqpxq ´ F pϕ̃,θ̃qpxq| ą b.

Furthermore, F pϕ,θq and F pϕ̃,θ̃q are continuous for all x ą 0 and therefore

@ 0 ă c ă b D Bc P Br0,8q with µϕ̃pBcq ą 0 : inf
xPBc

|F pϕ,θq
pxq ´ F pϕ̃,θ̃q

pxq| “ c, (5.57)

where Br0,8q is the system of all Borel sets. This leads to

Mpϕ̃, θ̃q “
ş8

0 pF pϕ,θqpxq ´ F pϕ̃,θ̃qpxqq2 f
pϕ̃q
˚ pxq dx

ě
ş

Bc
pF pϕ,θqpxq ´ F pϕ̃,θ̃qpxqq2 f

pϕ̃q
˚ pxq dx

ě c2 ¨ µϕ̃pBcq ą 0.

(5.58)



5.4 Proofs 69

2. Analogously to the previous proof of Theorem 3, we use Zorich (2016, p. 422),
who states that the mapping pϕ̃, θ̃q ÞÑ

ş8

0 Φpx, ϕ̃, θ̃q dx “ Mpϕ̃, θ̃q is continuous if the
following two assumptions are fulfilled:

(i) The integrand Φpx, ϕ̃, θ̃q is continuous regarding ϕ̃ and θ̃.

(ii) The integral Mpϕ̃, θ̃q converges uniformly on Φ ˆ ra, 1s, i.e. @ ε ą 0 D d0 ą

0 @ d ě d0 :
∣∣∣M pdq

pϕ̃, θ̃q
∣∣∣ :“

∣∣∣∣
ż 8

d

Φpx, ϕ̃, θ̃q dx

∣∣∣∣ ă ε, @pϕ̃, θ̃q P Φ ˆ ra, 1s. (5.59)

Assumption (i) is clearly fulfilled as Φpx, ϕ̃, θ̃q is a composition of continuous functions.
For assumption (ii), we bound the function M pdq from above as follows:

ş8

d
Φpx, ϕ̃, θ̃q dx ď

ş8

d
f

pϕ̃q
˚ pxq dx “ 1 ´ F

pϕ̃q
˚ pdq ď 1 ´ F

pϕ̃q
˚ pd0q

ď 1 ´ inf
ϕPΦ

F
pϕq
˚ pd0q.

(5.60)

By choosing d0 such that 1 ´ inf
ϕPΦ

F
pϕq
˚ pd0q ă ε, the validity of assumption (ii) is

established. Note that for each ε, there is a d0, since Φ is compact, F
pϕq
˚ pxq is

continuous in ϕ, and continous in x, monotone increasing as x rises and converges to
1, and therefore, inf

ϕPΦ
F

pϕq
˚ is also monotone increasing, continuous and converges to 1.

Lastly, we can show that (5.55) is true. Since Θε is a compact set and M is continuous,
the image MpΘεq is also compact. Therefore, there is a pϕ˚, θ˚q P Θε such that

inf
pϕ̃,θ̃qPΘε

Mpϕ̃, θ̃q “ Mpϕ˚, θ˚q ą 0. (5.61)

Proof of Theorem 5:

Theorem 5. Let pXnqnPN be stationary with extremal index θ P p0, 1s. Let there be a
sequence of thresholds punqnPN for which ∆punq holds with nppunq Ñ ν P p0, 8q. Let
prnqnPN be a sequence of positive integers with rn “ opnq. Then it holds

ppurnq

p̂npurnq
Ñ 1 in probability, (5.62)

where ppuq “ PpX1 ą uq and p̂npuq “ 1
n

řn
i“1 1tXi ą uu is the relative frequency of

exceedances.
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Proof.
Set νn “ rn ppurnq. It holds νn Ñ ν. Further, let ν̂n “ 1

qn

rn¨qn
ř

i“1
1tXi ą urnu with

qn “ tn{rnu.

This can be interpreted as the sequence X1, . . . , Xn being divided into qn blocks of
length rn. Consequently, ν̂n is the mean of the number of exceedances in each block.
It holds that ν̂n Ñ ν in probability, see Robert (2009, Lemma 6.4).

Since rnp̂npurnq „ ν̂n, we lastly get

p̂npurnq

ppurnq
“

rn p̂npurnq

rn ppurnq
„

ν̂n

νn

Ñ 1 in probability as n Ñ 8.

5.5 Conclusions and discussion

The aim of this chapter was to demonstrate the weak consistency of our estima-
tion method CMmod1. To this end, we first generalised the modelling framework
introduced in Chapter 3 to make the results applicable to a wide range of scenarios.

In Subsection 5.2.1, we initially assumed that the scale parameter is known. In
Subsection 5.2.2, we then considered the situation where the scale parameter σn ą 0
is unknown and diverges to infinity. We proved the weak consistency of the estimator
for the distributional parameters, if a weakly consistent estimator of σn itself is
available. Later on, we shifted our focus back to the specific estimation setting of
interest. The results from the earlier sections can be transferred, if the parameter
space of the parameter vector pβ, θq is restricted to a compact set. In a detailed
analysis of the scale parameter σu “ ppuq´1{βLp1{ppuqq, we were able to show that
p̂npuq “ 1

n

řn
i“1 1 tXi ď uu is a weakly consistent estimator for ppuq. Moreover, we

showed that the slowly varying component lu “ Lp1{ppuqq converges to a constant µ

in certain cases. In such cases, the triplet {pβ, θ, luqpFkq constitutes a weakly consistent
estimator for pβ, θ, luq.

In addition to assuming a compact parameter space, the proof relies on further
assumptions, which we will discuss again in the following.

Since the estimator is based on minimising the distance between the empirical and
the asymptotic distribution function, it is crucial that the empirical distribution
function accurately reflects the theoretical one. To ensure this, we assume that the
sample T1,n, . . . , Tkn,n consists of i.i.d. random variables. However, this assumption
is generally not fulfilled in our application setting as described in Chapter 3, where
we consider a stationary process pXnqnPN. Although the original waiting times
pWnqnPN are independent and also independent of the magnitudes pXnqnPN, this
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independence transfers to the IETs pTkpuqqkPN only if the sequence pXnqnPN consists
of independent random variables. However, a small simulation study, see Appendix
C.2, indicates that dependent IETs provide results in a similar good approximation
of the true distribution function as artificially generated independent IETs. In the
special case where the magnitudes are independent, the IETs are asymptotically
Mittag-Leffler distributed and the sample T1puq, . . . , Tknpuq consists of independent
random variables. This implies θ “ 1.

In Subsection 5.2.2, we assumed that σn is unknown and can be estimated weakly
consistently by σ̂n in advance. To ensure that zpϕ, θqpF̂knq remains weakly consistent,
F̂knpxq “ Fknpxσ̂nq Ñ F pϕ,θqpxq must hold for all continuity points x of F pϕ,θq. This
requirement may be violated, when we estimate σn with the same sample that we use
for the e.c.d.f. Fkn since in general then T1,n{σ̂n, . . . , T1,kn{σn are dependent. However,
we would like to point out that in our application (see Section 5.3) we estimate
ppunq consistently by p̂npunq “ 1

n

řn
i“1 1tXi ą unu in advance using the magnitudes

X1, . . . , Xn, while for the estimation of pβ, θ, luq the CMmod1 estimator uses the
IETs T1punq, . . . , Tknpunq, i.e. different samples X1, . . . , Xn and T1punq, . . . , Tknpunq,
respectively. Nevertheless, X1, . . . , Xn and T1punq, . . . , Tknpunq are not stochastically
independent since we use the exceedances of X1, . . . , Xn to calculate the IETs
T1punq, . . . , Tknpunq. To guarantee the weak consistency, different samples for p̂npunq

and Fkn should be used.

A particular challenge in the proof was the assumption that the sample T1,n, . . . , Tkn,n

originates from a continuous distribution on the positive real line and converges only
asymptotically to the mixture distribution Ppϕ,θq “ p1 ´ θq δ0 ` θ µϕ. This raises the
question of whether the estimation method remains consistent if we instead observe
samples that already follow a mixture distribution of the form p1 ´ θq δ0 ` θ µϕ.
In this case, the original Cramér-von Mises estimator is weakly consistent, as the
sample-independent discrepancy

|Fkp0q ´ p1 ´ θq| “ |0 ´ 1 ` θ| “ 1 ´ θ (5.63)

would vanish. Our modified estimator CMmod1 also remains a weakly consistent
estimator in this setting. In contrast, we would not recommend using the modification
CMmod2 without further investigation in this scenario, as the truncation was
specifically added to deal with equation (5.63).





6 Simulation study

This chapter is dedicated to present the simulation results analysing the perfor-
mance of the minimum distance estimators CMmod1 and CMmod2. All statistical
computations are done with R (R Core Team, 2024).

This chapter is organised as follows: We begin by outlining the general approach
and describing the simulation settings under consideration. In the second section, we
conduct an empirical evaluation of the two minimum distance estimators, CMmod1
and CMmod2. We investigate not only various parameter settings for β and θ, but
also examine the impact of the sample size n, the choice of the number of exceedances
k, and different data-generating processes, all of which are constructed to satisfy
the model assumptions. In the following section, we compare our estimators with
established methods in situations where the data-generating process corresponds to
one of the special cases: CPP or FPP. Additionally, we analyse the behaviour of the
estimators as β approaches one. A subsequent section is devoted to the evaluation
of bootstrap procedures, which are applied to real data in the following chapter.
Here, we assess their reliability and suitability for practical inference. The chapter
concludes with a summary of the key findings and a discussion.

6.1 Simulation setup

To assess the estimation performance, a wide range of settings can be varied. In
the following sections, we focus on one aspect at a time while keeping the other
parameters fixed or varying them only slightly. This approach helps to limit the
overall number of scenarios under consideration.

Unless stated otherwise in the subsequent sections, the simulation data are generated
as follows: We simulate sequences pXi, Wiq

n
i“1 of length n “ 10 000, where the

magnitudes Xi follow an MAR process as defined in Subsection 2.2.3. For β ă 1,
the waiting times Wi are i.i.d. one-sided stable, as specified in Subsection 5.3.4, and
for β “ 1 the waiting times are equidistant equal to one. This setup ensures that
the distributional parameters β, θ and lu “ Lp1{ppuqq are known exactly. We vary
the tail parameter β and the extremal index θ across the values 0.2, 0.5, 0.8 and
1, while keeping lu “ 1 fixed. The threshold u is selected for each sequence such
that there are exactly k “ 200 exceedances. This leads to a constant estimate of the
exceedance probability p̂npuq “ k{n “ 0.02. In the context of extreme value theory,

73
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it is standard practice to fix the number of exceedances k rather than the threshold
u directly.

For each setting we generate N “ 1000 simulation runs and report the empirical bias
and the empirical root of the mean-square error (RMSE):

bias “
1
N

N
ÿ

i“1

´

ϑ̂i ´ ϑ
¯

RMSE “

g

f

f

e

1
N

N
ÿ

i“1

´

ϑ̂i ´ ϑ
¯2

,

where ϑ̂i is the i-th estimate of a real parameter ϑ.

To minimise the CMmod1 and CMmod2 distances, we use the standard optimisation
algorithm L-BFGS-B based on quasi-Newton with several starting points (Byrd
et al., 1995). The search space for the parameter vector pβ, θ, luq is restricted
to the compact set r0.05, 1s ˆ r0.05, 1s ˆ r0.05, 10s. As starting points, we use
t0.25, 0.55, 0.85u ˆ t0.25, 0.55, 0.85u ˆ ttlu, where tl is chosen as follows: If the
log-moment estimator of the Mittag-Leffler distribution, introduced in Subsection
3.2.3, lies within r0.05, 10s, it is used as tl; otherwise, tl is set to 1. Since there is
a risk that a local minimum exists near the true parameter values, but a smaller
(possibly global) minimum may be located at the lower boundary of the search space,
we apply the optimisation procedure for all 9 combinations of starting points. From
these, we select the result corresponding to the smallest objective function value,
provided that the optimum is not located at the boundary of the search space. If all
optimisation runs converge to a parameter vector located at the lower boundary of
the search space, we select the one with the smallest objective function value and
retain it. In this case, however, the result should be interpreted with caution.

6.2 Performance of CMmod1 and CMmod2

First, we examine the general behaviour of CMmod1 and CMmod2, and compare
their performances. In this subsection, the sample size is fixed at n “ 10 000, and
the number of exceedances is set to k “ 200.

As previously described, we optimise the three parameters β, θ, and lu over a compact
search space. In Chapter 4, we have already shown through calculations and heatmaps
that CMmod1 in particular can struggle with the lower bound of the search space
regarding the parameter θ. This is likely due to the existence of a global minimum
at the boundary, which may prevent the optimisation algorithm from identifying a
local minimum closer to the true parameter values. These observations are confirmed
by our simulation results: Figure 6.1 displays, for parameters β and θ, the relative
frequency of simulation runs in which the estimated optimum lies at the lower
boundary of the search space, i.e. at 0.05. For parameter lu, the figure shows the
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relative frequency of runs in which the estimate lies at either boundary of the search
space, 0.05 or 10. In the latter case, the global minimum mostly corresponds to the
upper bound. We observe that both estimators handle the parameter β reasonably
well regarding the lower boundary. This also applies for CMmod2 regarding the
parameter θ, while CMmod1 in some scenarios, when the true parameter value for θ
is 0.2, struggles. However, estimating lu appears to be challenging for both methods,
with CMmod1 performing worse than CMmod2 in this regard. It is worth noting
that CMmod1 might also perform better in terms of θ if we were to restrict the
search range further, e.g. to r0.1, 1s.
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Figure 6.1: Relative frequency of simulation runs in which the estimate lies at the
(lower) boundary of the search space for different parameter values with
sample size n “ 10 000 and number of exceedances k “ 200. For β and θ,
the lower boundary is 0.05. For the scale parameter lu, the boundaries
are 0.05 and 10.

Next, we turn to the RMSE and bias of the two minimum distance estimators.
Figure 6.2 shows RMSE values of CMmod2 plotted against those of CMmod1. Each
point corresponds to one simulation scenario. If a point lies below the grey diagonal,
CMmod2 outperforms CMmod1. Conversely, points above the diagonal indicate
superior performance by CMmod1. We find that CMmod2 outperforms CMmod1
in the majority of scenarios. Nonetheless, there are scenarios in which CMmod1
achieves better results for at least one parameter. However, these points tend to lie
close to the diagonal, meaning that CMmod1’s RMSE is only marginally better or
occur when both RMSE values are low. In contrast, in some cases, CMmod1’s RMSE
is more than twice as large as that of CMmod2. In addition, for both parameters β
and θ, CMmod2’s RMSE is alway lower than 0.1.

We now additionally examine Figure 6.3 to analyse the behaviour of the two estimators
with respect to the true parameter values of β and θ. It becomes evident that CMmod2
is less sensitive to changes in parameter settings. In many cases, both RMSE and
bias decrease with increasing values of β and θ. However, there are instances where
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Figure 6.2: Scatter plot comparing the RMSEs of CMmod1 (x-axis) and CMmod2
(y-axis). Each point represents one simulation scenario with sample
size n “ 10 000 and number of exceedances k “ 200. Points below the
diagonal indicate superior performance of CMmod2.

RMSE and bias are small for both low values (0.2) and high values (1), but higher
for intermediate values (e.g., 0.5 or 0.8). For β “ 0.8 and small values of θ, the bias
with respect to parameter β is around 0.2. This implies that when β is close to 1
and θ is low, β tends to be overestimated reaching the upper limit of 1. However,
CMmod2 also exhibits a notable positive bias, particularly for the parameter θ, as
well as for the scale parameter lu when β takes small values.
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Figure 6.3: Comparison of the RMSE (left) and bias (right) of the CMmod1 and
CMmod2 estimators for the parameters β, θ and lu for different parameter
values with sample size n “ 10 000 and number of exceedances k “ 200.
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In summary, we observe a clear advantage of the estimator CMmod2. In the following
section, we will further investigate this by considering additional sample sizes n and
numbers of exceedances k.

6.2.1 Sample size n and number of exceedances k

In the previous section, we fixed the sample size at n “ 10 000 and used the same
number of exceedances, k “ 200, across all scenarios. Assuming, on average, hourly
observations, this would correspond to a data series spanning approximately 14
months. If extreme events, defined as the 200 largest values, occurred at regular
intervals over time, this would imply one extreme event every 50 hours. If instead we
had daily observations, the dataset would cover a period of roughly 28 years, with
an extreme event occurring approximately every 50 days under the same assumption
of regular temporal occurrence.

Thus, although a sample size of 10 000 may initially appear large, it is in fact a
realistic choice. Moreover, such a large sample is necessary because we subsequently
thin the data using the POT method. The proportion of exceedances must remain
sufficiently low to ensure the validity of the asymptotic results. At the same time,
however, we require a sufficiently large number of exceedances to reliably estimate
the empirical distribution function.

In this section, our focus is on the sample size and the number of exceedances. To
this end, we vary both parameters as follows:

• n P t5 000, 10 000, 20 000, 40 000u,
• k P t50, 100, 200, 400, 800, 1600u.

Note that changing k also implicitly alters the threshold u. For a fixed sample size
n, a smaller k corresponds to a higher threshold u.

First of all, we can report that the results of the previous section remain true for
other sample sizes n and number of exceedances k: CMmod1 struggles more with
finding the local minimum (see Figure 6.4) especially in case of low true parameter
values for β and θ. Moreover, CMmod2 outperforms CMmod1 in most scenarios (see
Figure 6.5).

Figure 6.4 displays the relative frequencey of simulation runs in which the estimated
optimum lies at the (lower) boundary of the search space across all parameter settings
corresponding to Figure 6.1 of the previous section. For the CMmod2 estimator, we
observe a clear improvement with increasing sample size n and a suitable choice of k,
the number of exceedances. In contrast, for CMmod1, the sample size appears to have
a smaller effect; however, the relative frequency of boundary estimates decreases as
the number of exceedances increases. For both estimation approaches and across all
sample sizes, the simulation results demonstrate that the choice of k has a substantial
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Figure 6.4: Relative frequency of simulation runs in which the estimate lies at the
(lower) boundary of the search space dependent of the sample size n and
number of exceedances k, and across all parameter settings. For β, θ
and lu the lower boundary is 0.05. For the scale parameter lu, the upper
boundary is 10.

influence on the likelihood of boundary estimates. A high relative proportion of
boundary estimates indicates that, in these cases, the optimisation procedure fails to
find a local minimum near the true parameter values, resulting instead in estimates at
the boundary of the search space. Based on these findings, for real-data applications,
it is advisable to apply multiple choices of k when fitting the model, particularly if
an initial estimate lies at the boundary of the search space. Such boundary estimates
may indicate that the search space has been chosen too restrictively or that the
optimisation procedure has failed to locate the local optimum.

We now turn to Figure 6.5, which presents the RMSE and bias across all parameter
settings, with a particular focus on the influence of the sample size n and the number
of exceedances k. The results clearly show that CMmod2 outperforms CMmod1.
For both estimation approaches, we generally observe a reduction in both RMSE
and bias as the sample size increases. However, the choice of k also has a decisive
impact on the performance. In fact, for smaller sample sizes, a favourable choice
of k can result in noticeably lower RMSE compared to larger sample sizes with
an unfavourable choice of k. This effect is particularly pronounced for CMmod1,
suggesting that CMmod2 is more robust with respect to the choice of the number of
exceedances k.

In the following, we summarise several noteworthy and, in some cases, on first sight
surprising findings from the analysis:

• Across all parameter settings, the bias for all three parameters is predominantly
positive. This indicates a general tendency towards overestimation rather than
underestimation. However, it is important to note that Figure 6.5 shows RMSE
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Figure 6.5: Comparison of the RMSE (left) and bias (right) of the CMmod1 and
CMmod2 estimators for the parameters β, θ and lu dependent of the
sample size n and number of exceedances k, and across all parameter
settings.

values averaged over different parameter settings, and for individual settings,
the empirical bias can indeed be negative. One such example is the bias for
parameter β in the case β “ 1.

• For CMmod1, the RMSE does not behave consistently across the three param-
eters considered. While the RMSE for β and θ increases with larger k, the
RMSE for the scale parameter lu decreases with increasing k. A similar pattern
is observed for the bias. This highlights the inherent difficulty in selecting an
appropriate number of exceedances, or equivalently, a suitable threshold.

• Also for CMmod1, the RMSE and bias for the scale parameter lu do not decrease
with increasing sample size n, as would generally be expected. Comparing
the curves in Figure 6.5 with the corresponding curves in Figure 6.4, a clear
relationship becomes apparent: the RMSE appears to be strongly influenced
by simulation runs where the estimated optimum for lu lies at the upper
boundary of the search space, i.e., at 10. A similar relationship can be observed
for the CMmod2 estimator; however, the proportion of boundary estimates
is considerably lower in this case. This circumstance may also explain the
contrasting behaviour described earlier.

Thus far, we have either examined the influence of the true parameter values under
fixed sample size n and number of exceedances k, or the influence of n and k
averaged across all true parameter values. However, as shown in Section 5, the true
parameter values themselves have a substantial impact on the performance metrics
under consideration (see Figures 6.1 to 6.3). We therefore compare the RMSE and
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bias again, this time for two specific scenarios: a smaller sample size of n “ 10 000
with k “ 200 exceedances, and a larger sample size of n “ 40 000 with k “ 400
exceedances. These scenarios are chosen such that the number of exceedances k
increases with n, while the relative proportion k{n decreases. This comparison,
illustrated in Figure 6.6, reveals that for the CMmod2 estimator, the RMSE and
bias decrease with increasing sample size, or at least are already close to zero for
both sample sizes, which is in line with the theoretical findings in Section 5. For the
CMmod1 estimator, a similar trend is observed, with the exception of a few scenarios
where θ “ 0.2 or θ “ 0.5.

In conclusion, the analysis confirms the robustness and superior performance of
CMmod2 while also emphasising the critical, yet challenging, task of choosing an
appropriate number of exceedances k. Moreover, these findings are consistent with
the theoretical results presented in Chapter 5.
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Figure 6.6: Comparison of the RMSE (left) and the bias (right) of the CMmod1
and CMmod2 estimators for the parameters β, θ and lu, for different
parameter values, and as dependent on the sample size n and the number
of exceedances k. Considered are n “ 10 000, k “ 200 (solid line) and
n “ 40 000, k “ 400 (dashed line).

6.2.2 Magnitude processes and waiting time distributions

In the previous subsections, we consistently generated our data using the same
data-generating process. In this section, we aim to introduce and compare different
stationary processes for the magnitudes pXnqnPN and various distributions for the
waiting times pWnqnPN. When selecting these processes and distributions, we are
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constrained by the requirement that the true parameter values for β, θ and lu must
be known.

Stationary processes with extremal index θ

Up to this point, we have used the MAR process with a Fréchet marginal distribution
for the magnitudes, as introduced in Subsection 2.2.3. We now extend our analysis
to include the class of moving maxima processes (MM).

Let Z´m, Z´m`1, . . . , Z0, Z1, . . . be i.i.d. Fréchet random variables, and let αj ě 0
for j “ 0, . . . , m be coefficients satisfying

m
ř

i“0
αj “ 1.

The MM process pXnqnPN is then defined as

Xi “ max
0ďjďm

αjZi´j for all i P N. (6.1)

The extremal index of this process is given by θ “ max
0ďjďm

αj (see, e.g., Holešovský
and Fusek, 2022).

We choose the coefficients αj to be monotonically decreasing, as this ensures that
the process satisfies the local dependence condition Dp2qpunq . As described in
Subsection 4.1.2, the Dpkqpunq condition says, that within a cluster an exceedance is
almost always followed by another exceedance within k ´ 1 consecutive observations.
This condition is not further discussed in this work, as it is not required for our
estimators CMmod1 and CMmod2. However, it is relevant for certain other estimators
of the extremal index in the special case β “ 1, as explained in Subsection 4.1.2. The
MAR process also satisfies this condition. Note that for θ “ 1, the MAR and MM
process are identical, since the the random variables pXnqnPN are then stochastically
independent, standard Fréchet distributed.

The specific choice of coefficients is provided in Table 6.1.

Table 6.1: Specification of the coefficients αj for the MM process dependent on the
extremal index θ.

m coefficients α0, . . . , αm

θ “ 1 0 α0 “ 1
θ “ 0.8 1 α0 “ 0.8, α1 “ 0.2
θ “ 0.5 3 α0 “ 0.5, α1 “ α2 “ 0.2, α3 “ 0.1
θ “ 0.2 6 α0 “ α1 “ α2 “ 0.2, α3 “ α4 “ α5 “ α6 “ 0.1
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Positive valued distributions with tail parameter β

For the waiting times, we previously used a degenerate distribution at 1 for β “ 1, i.e.,
Wn ” 1 for all n P N, and for β ă 1 we employed the one-sided stable distribution,
as described in Subsection 5.3.4. We now extend the set of distributions as follows:

For β “ 1, we consider the following distributions, all with an expected value of 1:

• The Dirac measure at point one,
• the exponential distribution,
• the Pareto distribution with shape parameter α “ 1.5, where only the first

moment exists,
• the Pareto distribution with shape parameter α “ 2.5, where both the first

and second moments exist.

For β ă 1, we additionally consider the Mittag-Leffler distribution and the Pareto
distribution as described in Subsection 5.3.4, with ς “ 1. Figure 6.7 illustrates
the probability density functions or probability mass functions of the respective
distributions.
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Figure 6.7: Density of the continuous waiting time distributions with tail parameter
β “ 0.8 (left) or tail parameter β “ 1 (right). In case of the Dirac
measure, it is the probability mass function.

The results of the analysis indicate that the choice of the stationary process for the
magnitudes and the distribution for the waiting times does not have a structural
influence on the estimation results. Across all considered settings, the overall
behaviour of the estimators remains qualitatively unchanged, regardless of the
specific distribution chosen, see Figures D.1 and D.2 in the Appendix. This suggests
that the proposed estimation procedures are robust with respect to the distributional
assumptions for the waiting times.
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6.3 Comparison with established estimators

This section investigates the performance of our estimators in situations where the
data-generating process corresponds exactly to one of the two submodels: the CPP
or the FPP. In these settings, we compare CMmod1 and CMmod2 with established
estimators for θ and β, respectively, as introduced in Section 4.1. If our estimators
yield comparable results in these special cases, this would suggest that explicit model
selection may not be necessary in practice. Instead, one could rely on the generalised
FCPP model and estimate both parameters jointly using our proposed methods.

It is important to emphasise that the benchmark estimators used for comparison
assume knowledge of the underlying submodel and therefore estimate only a one of
both parameters β and θ together with the scale parameter. In contrast, CMmod1 and
CMmod2 jointly estimate both θ and β without requiring prior model specification.
However, if it is known in advance that the data follow one of the submodels, our
estimation procedures can be adapted accordingly by restricting the optimisation
to the unknown parameter only. This simplification may yield even more accurate
estimates, as it reduces the dimensionality of the estimation problem and avoids
potential identifiability issues.

Throughout this section, we use a fixed sample size of n “ 10 000 and a number
of exceedances k “ 200. We again consider the MAR and MM processes for the
magnitudes, along with the different waiting time distributions discussed previously.
Since the magnitude-generating processes (MAR vs. MM) showed no structural
effect on estimation performance, we focus here exclusively on results based on the
MAR process. In the CPP model with θ ă 1, corresponding results for the MM
process are shown in additional figures in Appendix D. For the FPP model, where
θ “ 1, the MAR and MM process are identical. In the CPP model, we vary the
extremal index θ P t0.2, 0.3, . . . , 0.9, 1u. In contrast, under the FPP model, we vary
the tail parameter β P t0.2, 0.3, . . . , 0.9, 0.95, 0.99u. We deliberately exclude the case
β “ 1 from the FPP model, as some of the heavy-tailed distributions used are only
defined for β ă 1. Instead, we examine the limiting behaviour as β Ñ 1.

6.3.1 Submodel CPP

In the CPP submodel with β “ 1, we compare our estimators CMmod1 and CMmod2
with three established estimators of the extremal index θ, all based on interexceedance
times:

• the interval estimator of Ferro and Segers (2003),
• the K-gaps estimator of Süveges and Davidson (2010) with auxility parameter

K “ 2, and
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• the censored estimator of Holešovský and Fusek (2020) with auxility parameter
D “ 2.

For the implementation of the K-gaps and censored estimators, adapted versions of the
functions kgaps and dgaps from the R-package exdex (Northrop and Christodoulides,
2023) were used. The interval estimator was implemented independently. To
accommodate the setting with non-equidistant waiting times, the terms Tipuq ´1 and
Tipuq´2 in the original formula, see Equation (4.4), were replaced by maxtTipuq´1, 0u

and maxtTipuq ´ 2, 0u, respectively.

Since for β “ 1 it holds that σu “
EpW1q

ppuq
, we have lu “ EpW1q. This allows for

a separate estimation of lu, as described in Subsection 4.1.1, via the following
expression:

plu “
k

n

1
k

k
ÿ

i“1
Tipuq. (6.2)

where T1puq, . . . , Tkpuq denote the sample of IETs.

The results of this comparison are presented in Figure 6.8. In addition to the findings
from the previous section, we observe that our estimators, CMmod1 and CMmod2,
produce RMSE and bias values that are comparable to, and sometimes even superior
to, those of the established methods for the extremal index θ. The RMSE of the
interval estimator is consistently higher than that of CMmod2 across all settings.
The same is true for CMmod1, with a few exceptions in scenarios where θ ă 0.4.
These exceptions likely coincide with an increased RMSE for the scale parameter lu,
which may negatively influence the joint estimation. The interval estimator performs
particularly poorly when the waiting times follow a Pareto distribution with shape
parameter α “ 1.5. A likely explanation is that, as discussed in Subsection 4.1.2, the
interval estimator relies on the existence of the first two moments of the underlying
mixture distribution. However, the Pareto distribution used in this setting only
possesses a finite first moment.

The K-gaps and censored estimators behave quite similarly overall. However, while
the RMSE of the K-gaps estimator increases for θ ą 0.8, the RMSE of the censored
estimator continues to decrease. Both estimators perform particularly well in the
case of equidistant waiting times (i.e., the Dirac measure). In contrast, they face
greater challenges when the waiting times are random (i.e., exponentially or Pareto
distributed), especially for small values of θ, where the bias increases as θ Ñ 0.
It is worth noting that both estimators require the specification of an auxiliary
parameter K or D, respectively. In our setup, both were fixed at K “ D “ 2. This
choice is reasonable in the absence of prior information, as the dependence condition
Dpk0“2qpunq is satisfied and the condition K “ D ě 1 “ k0 ´ 1 therefore holds.
Nevertheless, alternative choices for these parameters could potentially improve
estimation accuracy. This highlights a general limitation of both methods: the
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Figure 6.8: Comparison of the RMSE (top) and bias (bottom) of CMmod1 and
CMmod2 with different established estimators for the parameters (β,) θ
and lu for β “ 1 and different parameter values of θ, and for the MAR
process and a variety of waiting time distributions using sample size
n “ 10 000 and number of exceedances k “ 200.

necessity of choosing an auxiliary parameter that directly influences estimation
accuracy, while the corresponding dependence condition Dpkqpunq is often difficult to
verify in practice.

When comparing RMSE and bias values for the scale parameter lu, we find that the



86 6 Simulation study

separate estimator plu performs better than both CMmod1 and CMmod2. However,
this is not surprising, as lu exploits the prior knowledge that β “ 1. Still, our joint
estimators also achieve sufficiently good performance in estimating lu.

Overall, the analysis demonstrates that CMmod2, and CMmod1 for θ ě 0.4, can
effectively compete with specialised estimators of the extremal index, even though
they simultaneously estimate an additional parameter.

6.3.2 Submodel FPP

In the FPP submodel with θ “ 1, we compare our estimators CMmod1 and CMmod2
with the two commonly used estimators for the Mittag-Leffler distribution:

• the log-moment estimator of Cahoy et al. (2010), and
• the maximum likelihood estimator.

Both are implemented in the R-package MittagLeffleR (Gill and Straka, 2017). As
the implementation permits values of β greater than one, we impose an upper bound
of one to ensure interpretability and consistency with the model assumptions.

Since all four estimation methods behave particularly differently for Pareto distributed
waiting times as β Ñ 1, we begin by discussing the results for the remaining scenarios
and address the Pareto case separately in more detail afterwards.

Figure 6.9 presents the results for scenarios with Mittag-Leffler and stable distributed
waiting times. The maximum likelihood estimator (mle) achieves the best perfor-
mance in almost all settings considered. This finding supports the results of Hees
et al. (2021), who showed that the maximum likelihood estimator often outperforms
the log-moment estimator. Both estimators perform better under Mittag-Leffler
distributed waiting times, whereas stable distributions lead to increased bias and,
consequently, higher RMSE values.

Our estimators CMmod1 and CMmod2 show little sensitivity to the type of waiting
time distribution. Between the two, CMmod1 generally yields slightly lower RMSE
and bias values and thus outperforms CMmod2 in most scenarios. Overall, both
estimators perform similarly well to the log-moment estimator, and in some settings
even slightly better, despite the additional task of estimating the parameter θ
simultaneously.

We now turn our attention to the case of Pareto-distributed waiting times. To set the
context, we first examine how all three considered waiting time distributions behave
as the tail parameter β approaches 1. Figure 6.10 shows the probability densities of
the Mittag-Leffler, stable, and Pareto distributions for t0.9, 0.95, 0.99u. It is evident
from the figure that the Mittag-Leffler distribution, as described in Subsection 2.1.3,
converges to the exponential distribution. Similarly, the stable distribution increas-
ingly concentrates mass around 1 as β increases, implying convergence to a Dirac
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measure at 1. Both of these limiting distributions have a positive expectation and
are consistent with the model assumptions. In fact, we have already analysed them
in the case β “ 1.

In contrast, the Pareto distribution behaves fundamentally differently: as β Ñ 1,
it concentrates more and more probability mass near zero, converging to a Dirac
measure at 0. This limit has expectation zero and therefore violates the model
assumptions. This likely explains the increase in RMSE and the emergence of
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negative bias for all four estimators of β as β ě 0.8, as shown in Figure 6.11 (left).
At the same time, the scale parameter lu is increasingly underestimated and tends
towards values close to zero. Both effects increase the probability of small IETs
under the FCPP model.

The RMSE and bias of CMmod1 further show that, in the extreme case β “ 0.99,
the extremal index θ is underestimated and often hits the lower boundary of the
search space. This implies that the Dirac component in the mixture distribution
receives high weight, even though its true weight in this setting is zero. Interestingly,
in the same scenario, the estimate of β improves in accuracy, while lu is estimated at
the upper boundary of the search space. CMmod2 exhibits a similar, though less
pronounced, behaviour for β “ 0.99: the estimate for θ is slightly biased downward,
while the RMSE for β decreases. The scale parameter lu, however, continues to be
underestimated.
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Figure 6.11: Comparison of the RMSE and bias of CMmod1 and CMmod2 with the
maximum likelihood and log-moment estimators for the parameters β(,
θ) and lu for θ “ 1 and different parameter values of β, and for Pareto
waiting times using sample size n “ 10 000 and number of exceedances
k “ 200. On the left, the original IET sample T1puq, . . . Tkpuq, and on
the right side, the modified sample T1puq ` 1, . . . Tkpuq ` 1 is used.

To improve the estimation in this problematic setting, we propose using a modi-
fied sample of interexceedance times S1puq, . . . , Skpuq, defined by adding 1 to each
observation in the original sample: Sipuq “ Tipuq ` 1 for all i “ 1, . . . , k. This
modification is theoretically justified: if Theorem 1 holds for T puq, then it also holds



6.3 Comparison with established estimators 89

for Spuq “ T puq ` 1, since

Spuq

bp1{ppuqq
“

T puq ` 1
bp1{ppuqq

“
T puq

bp1{ppuqq
` op1q

d
ÝÑ Tpβ,θ,1q. (6.3)

Figure 6.11 (right) shows the results obtained using the modified sample. For β ă 0.8,
the effect of the modification is negligible. However, for β ě 0.8, the RMSE for all
estimators is substantially reduced, demonstrating the practical benefit of this simple
adjustment.

These findings confirm that CMmod1 and CMmod2 remain competitive even when
the model reduces to a submodel, making them suitable in settings where the model
structure is unknown.

6.3.3 Computing time

Overall, CMmod1 and CMmod2 show quite satisfactory performance even in both
special cases, despite needing to estimate one parameter more than the competi-
tors which are designed for these scenarios. A drawback is their relatively high
computational costs. Numerical optimisation is needed to determine the triplet
pβ̂, θ̂, l̂uq that minimises the distance function. Because of a possible global minimum
at the search boundary or multiple local minima, we used several initialisations
t0.25, 0.55, 0.85u2 ˆ ttlu which further increased computation time. The computing
time seems to be linear in the number of exceedances k, as illustrated in Figure 6.12.
For comparison, Figure 6.12 also includes the runtime of the maximum likelihood
method in the special case θ “ 1, for which the computing time is also much higher
than that of the other estimators.
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Figure 6.12: Computing time of CMmod1, CMmod2 and the Mittag-Leffler max-
imum likelihood estimator for an increasing number of exceedances
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are log-transformed.
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6.4 Parametric bootstrap

In the data analysis in Chapter 7, we use parametric bootstrap methods for statistical
inference. We now examine these in a small simulation study to demonstrate their
reliability. In the following, we focus on CMmod2, since we use this method in the
data analysis. Due to the high computation time required, we choose N “ 100
simulation runs and for each simulation run with parameter estimates pθ̂, β̂, l̂uq, we
then generate B “ 100 bootstrap samples of the same size from the FCPP with
these parameter values and compare the estimates for the original data with those
obtained.

For a significance test of the null hypothesis β “ 1 (θ “ 1) at a given significance level
such as α “ 0.05, we reject this hypothesis if less than 100 ¨ α% of the B bootstrap
estimates for this parameter equal one.

Figure 6.13 displays the estimated rejection rates of the bootstrap tests for the two
null hypotheses H0 : β “ 1 and H0 : θ “ 1. In case of the test for the hypothesis
β “ 1, the empirical rejection rates are below 9% under the null hypothesis in all
scenarios considered here. The rejection rate increases quickly as β decreases. In
case of the test for the hypothesis θ “ 1, a more stringent significance level of 3% is
maintained in the scenarios considered here. The rejection rate increases moderately
at first, but for θ ď 0.8, the test rejects the null hypothesis reliably.

These results highlight the trustworthiness of the classification obtained in the next
chapter for the real data (see Figure 7.3). In a similar manner, approximate two-sided
confidence intervals could be calculated by using the α{2 and the 1 ´ α{2 quantile of
the estimates obtained for the bootstrap samples as boundaries for each parameter.
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Figure 6.13: Rejection rates of the bootstrap-tests for the hypothesis β “ 1 (left)
and θ “ 1 (right) with n “ 10 000 and k “ 200.

Since we do not know the true standard errors of our estimators, we estimate
them in the data analysis from bootstrap samples. Figure 6.14 shows, for three
selected parameter combinations, similar to those for the three locations in the
data analysis, that the bootstrap procedure yields reasonable estimates, with the
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boxplots representing the distribution of the bootstrap standard errors. The blue dot
representing the standard error estimated from N “ 100 simulation runs performed
with the true parameter values.
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Figure 6.14: Comparison of the bootstrap standard errors (boxplot) with standard
errors estimated by simulations (blue points) for three scenarios.

6.5 Conclusions and discussion

Following the previous chapter, in which the theoretical result of weak consistency
was established for CMmod1, with minor modifications also applicable to CMmod2
(see Appendix C.1), this chapter has investigated the practical properties of both
estimators through an extensive simulation study.

The study provides a comprehensive assessment of the proposed estimators CMmod1
and CMmod2 across a wide range of scenarios. The results show that both estimators
perform well under varying sample sizes, thresholds, parameter configurations, and
data-generating mechanisms. In particular, CMmod2 demonstrates consistently
strong performance and relatively low sensitivity to the choice of the number of
exceedances k, making it a robust candidate for practical applications.

However, the study highlights that the number of exceedances k plays a critical role
in estimation quality. While estimation accuracy generally improves with increasing
sample size, a poor choice of k can still result in boundary estimates or increased
RMSE, even in large samples. This underlines the practical importance of carefully
selecting the threshold or the number of exceedances, respectively, or performing
sensitivity analyses across multiple values of k.

In the analysis of different magnitude processes and waiting time distributions, no
clear influence on estimation accuracy was initially observed. However, a more
detailed investigation of heavy-tailed Pareto-distributed waiting times revealed that
all estimators, including maximum likelihood and log-moment methods in the special
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case θ “ 1, struggle when the tail parameter β is large. This behaviour is likely due
to violations of model assumptions in the limiting distribution as β Ñ 1. To address
this issue, a simple data transformation of the interexceedance times was proposed,
which substantially improved estimation accuracy for β ě 0.8.

The comparison with established estimators in the CPP and FPP submodels shows
that CMmod1 and CMmod2 yield largely comparable, and in some cases even
competitive results, despite the added complexity of jointly estimating θ and β. This
supports the use of the generalised FCPP model and suggests that, in applications
where the underlying extremal structure is unknown, explicit model selection may not
be necessary. Only the large computing time might be a noticeable disadvantage.

Finally, a supplementary simulation study demonstrated the practical reliability of
parametric bootstrap procedures. The accuracy of bootstrap-based significance tests
and standard error estimates was evaluated and found to be satisfactory, supporting
their use in the real-data analysis presented in the next chapter.



7 Case study: mid-latitude winter
cyclones

In this chapter, we apply the FCPP model proposed in Chapter 3 with the estimation
method introduced in Chapter 4 to a real-world dataset.

The case study is motivated by Blender et al. (2015), who presume that due to
their cluster behaviour the IETs of extreme mid-latitude cyclones are heavy-tailed.
Therefore, they suggest the Mittag-Leffler distribution for fitting. Since they do not
consider other explanations for the temporal clustering, we fit our generalised model
to the data and compare the results with the Mittag-Leffler distribution and the
other submodels.

7.1 Introduction

In meteorology and climate research, the modelling and prediction of extreme events
is of great interest. For instance, identifying regions with elevated risk can support
civil protection measures. Accurate modelling is also essential for the insurance
sector, as extreme weather events may result in significantly more frequent and
costly damages. For instance, the damage caused by winter storm Kyrill in January
2007 was estimated to be between 4.7 and 7 billion euros and could have been as
high as 40 billion euros if the wind speed had been higher (Alert Air Worldwide,
2007). In the recent past, winter storms Dudley and Eunice (in Germany also known
as Ylenia and Zeynep) occurred in quick succession in February 2022 and caused
damage of between 3 billion and 5 billion euros (Alert Air Worldwide, 2022). In many
applications, such as storms or heavy rainfall, a temporally clustered occurrence of
events has been observed. Capturing this clustering within models is crucial, as the
impacts and damages are often considerably greater when extreme events occur in
close succession.

In this study, we consider mid-latitude cyclones, which strongly affect weather
conditions, e.g., temperature, wind, precipitation and cloud cover, and are therefore
of great meteorological interest (Dacre and Pinto, 2020).

Mailier et al. (2006) analysed the temporal clustering of mid-latitude cyclones by
calculating the dispersion statistic as introduced in (3.2), since it measures the degree
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94 7 Case study: mid-latitude winter cyclones

of deviation from a PP. Their results indicate temporal clustering at the west coast of
Europe, where the exit region of storm tracks on the North Atlantic is located, while
they occur more regularly in the entry region on the east coast of North America.
This pattern has been reproduced in our data (see Figure E.1) as well as in other
studies (Dacre and Pinto, 2020).

Blender et al. (2015) suggest the application of FPPs to model the clustering
behaviour, with IETs following a Mittag-Leffler instead of an exponential distribution.
However, since software such as the Mittag-LeffleR R-package (Gill and Straka, 2017)
was not available at that time, they instead used the simpler Weibull distribution and
identified the shape parameter k of the Weibull distribution for k ď 1 with the tail
parameter β of the Mittag-Leffler distribution. For k ă 1 the Weibull distribution is
heavy-tailed in the sense that the distribution tails decrease slower than those of the
exponential distribution, but for every k the expected value and variance exist. The
CPP model, i.e. mixture distributed IETs with the Dirac measure at point zero and
the exponential distribution as parts, was not considered as another explanation of
the serial clustering.

Given these findings, we apply our generalised model to the occurrences of mid-
latitude cyclones in Europe and compare it with its special cases PP, FPP and
CPP. This allows us to determine whether the IETs can be better described by the
exponential, by the Mittag-Leffler distribution, by a mixture distribution with an
exponential component, or by a combination of both.

7.2 Data and Method

To ensure comparability with the results of Blender et al. (2015), we use the same
data source and method for identifying extreme cyclones. However, there are some
differences: While Blender et al. (2015) used the ERA-Interim reanalysis dataset,
which includes meteorological data from 1979 onwards, we use its successor, ERA5,
which begins in 1940 and offers a higher horizontal resolution. Further differences
are described in the following sections.

7.2.1 ERA5 reanalysis data

The ERA5 reanalysis data (Hersbach et al., 2023) are provided by the European
Centre for Medium-Range Weather Forecast (ECMWF). Reanalysis means that
model data are combined with observations from across the world in a complete
and consistent dataset (Copernicus Climate Change Service, Climate Data Store,
2023). They have the great advantage that we do not have to handle missing or
wrong data.
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The position of cyclones in the northern hemisphere are typically identified by the
maxima of the relative vorticity or the minima of mean sea-level pressure in a given
area at a certain time (see, e.g., Neu et al., 2013). As Blender et al. (2015), we use
the variable relative vorticity at 850 hPa pressure level. The pressure level indicates
the altitude of the measurement.

7.2.2 Analysis procedure

In this analysis we included data from Winter 1940/41 to 2022/23 in 6-hourly time
steps with a horizontal resolution of 1˝ on the North Atlantic Area (30°N - 60°N,
20°E - 80°W). The extreme cyclones are determined by the peak-over-threshold
method as all cyclones exceeding the 99% quantile of the relative vorticity calculated
separately at each grid point (Figure E.2 in the Appendix illustrates the corresponding
thresholds). We only analyse winter data from December, January and February
(DJF) due to the different climate and weather dynamics in the other seasons of the
year. This is a standard approach in meteorological studies (see, e.g., Blender et al.,
2015; Neu et al., 2013) and also justifies the assumption of (approximately) stationary
magnitudes. A disadvantage is that we can only consider IETs within the same
winter, which cannot get larger than 90 days. Therefore, we retain the last IET even
if the associated extreme event no longer falls within the winter period. Otherwise,
it would be very difficult to argue that all IETs follow the same distribution.

First, we compare the results across the entire region regarding the generalised model
and the submodels. We use our CMmod2 estimator to fit the FCPP parameters since
the estimates were more stable and reliable than those of the CMmod1 estimator in
the simulation study in Chapter 6. For better comparability we use the CMmod2
estimator for the submodels as well. Note that the CMmod2 estimator for fixed
θ “ 1 corresponds to the original CM estimator. In order to quantify the uncertainty
associated with our estimates, we apply a bootstrap procedure to our data. Therefore,
for each grid point we generate 100 new data samples of a data generating process
with the estimates as parameter values. With these bootstrap samples we estimate
the standard error. In addition, we use the bootstrap for classification: If the tail
parameter β is estimated to be smaller than one in 95% or more of the bootstrap
samples, then we assume β ă 1 to be true for that location. Similarly, we assume
θ ă 1 to be true if 95% or more of the sample estimates θ̂ are smaller than one.

In a second step, we examine three specific grid points on the exit region of the North
Atlantic storm track with different parameter estimations to analyse the differences
in depth. These locations are chosen such that regarding the CMmod2 estimation
method Location A (in the interior of France) belongs to the CPP model, Location
B (west coast of U.K.) belongs to the FCPP model, and Location C (west coast
of the Netherlands) belongs to the FPP model. Figure 7.1 plots the magnitudes
of the relative vorticities observed at these three locations for the last five winters.
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Figure 7.1: Time series of the last five winters for three locations.

The extreme events crossing the 99% quantile as threshold value show clustering
behaviour at all three locations.

7.3 Results

Our results focus on the two parameters β and θ since they capture the clustering
behaviour. All three models (see Figure 7.2) fit well to the general pattern that
temporal clustering occurs at the exit region of storm tracks to the west of Europe,
while they occur more regularly at the American east coast (Dacre and Pinto, 2020).
Moreover, the mountains in southern Europe seem to have a large influence on
the IET distribution, as we find the strongest clustering behaviour regarding both
parameters β and θ there. Comparing the results for the FCPP and the FPP model
(see Figure 7.2, middle and right column), we see that the tail parameter β is generally
estimated larger in the FCPP. Except for the storm track exit region over the north
Atlantic and European mountain areas the tail parameter β is estimated mostly close
to one, while the FPP model suggests lower values of β. The reason for the difference
between the results for the FCPP and FPP model is that the FCPP is more flexible
and explains the temporal clustering via both effects, the mixture component and
heavy tails, so that a larger value of β is compensated in the FCPP model by an
extremal index θ less than 1 in these regions. When comparing the results of the
FCPP model to the CPP model (see Figure 7.2, middle and left column), we observe
fewer differences concerning the extremal index θ. This is due to the tail parameter β
being estimated to be close to one at most locations, which puts us in the special case
of the CPP. In regions where β is estimated to be clearly less than one, the estimate
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of θ is higher than in the CPP model. The results of the bootstrap classification (see
Figure 7.3) underline these results.

Now we have a closer look at the three specific locations. Figure 7.4 shows histograms
and QQ plots of the IETs with densities and theoretical quantiles, respectively, fitted
using the exponential distribution. We observe that all three locations are poorly
described by an exponential distribution. Furthermore, the locations differ from each
other. Compared to the exponential distribution, all three locations have a higher
probability mass on very small values, although this mass is spread over a larger
range at Location C than at Locations A and B. Additionally, the figure suggests
that the right tail of the distributions for Locations B and C is heavier than what
the exponential distribution would suggest.
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Figure 7.4: Histogram with bar width of one day (top) and QQ plots (bottom) of
the IETs of location A, B and C with densities and theoretical quantiles,
respectively, fitted using the exponential distribution.

The three illustrative examples have been selected in such a manner that Location A
corresponds to the CPP submodel, Location C to the FPP submodel, and Location
B to the general FCPP model according to CMmod2. Table 7.1 shows the parameter
estimations of the FCPP model for Locations A, B and C along with estimated
standard errors by a parametric bootstrap procedure. The top row of Figure 7.5
shows the histograms of the three locations with a bar width of one day. The fitted
densities of the three models CPP, FCPP and FPP are included for comparison. We
can see the differences between the locations concerning the parameter estimation
of β and θ. At Locations B and C, β is estimated to be less than one. The right
tail of the distribution is apparently heavier there than at Location A, where β is
estimated to be equal to one. At Locations A and B, θ is estimated to be less than
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Table 7.1: Parameter estimations for the three Locations A, B and C using CMmod2.
Marked in grey are the submodels that are equal to the estimation values of
FCPP. Second rows report the estimated standard errors by a parametric
bootstrap procedure.

Location A Location B Location C
β θ lu β θ lu β θ lu

FCPP 1.00 0.83 0.96 0.88 0.84 0.49 0.77 1.00 0.23
(.020) (.031) (.106) (.035) (.030) (.115) (.025) (.010) (.062)

CPP 1.00 0.83 0.96 1.00 0.76 1.00 1.00 0.74 1.23
(.033) (.026) (.034) (.030) (.032) (.042)

FPP 0.81 1.00 0.26 0.72 1.00 0.12 0.77 1.00 0.23
(.027) (.062) (.028) (.040) (.026) (.060)

one. This is due to the high number of very small IETs that do not exceed one day.
In the middle row of Figure 7.5, QQ plots are shown. Especially the upper quantiles
of Location C, adjusted for the FCPP, seem to fit worse than those of the CPP. To
answer the question of why the FCPP did not estimate β “ 1 and θ ă 1 in this case,
we examine the same QQ plots and focus on the small IETs (see Figure 7.5, bottom
row). Here, we can see that the FCPP best describes the empirical quantiles at all
three locations. It is noteworthy that over 90% of the IETs at all three locations are
shorter than 100 days. Thus, the CMmod estimation method gives more weight to
smaller observations in the estimation.

We now examine the impact of the various models on the probabilities associated
with the IETs using Location B as illustrative example. Table 7.2 presents the
probabilities of the IETs not exceeding 1, 2, 7, 30, 100, and 365 days, respectively.

Table 7.2: Estimated probabilities (in percentage) of IETs not exceeding 1, 2, 7, 30,
100, and 365 days at Location B for the four (sub)models.

t (days) 1 2 7 30 100 365
FCPP 17.67 18.80 23.60 39.48 65.86 91.94

CPP 24.58 25.15 27.96 39.58 64.62 95.34
FPP 4.86 7.85 17.96 41.32 67.38 87.78

PP 1.23 2.45 8.32 31.08 71.08 98.92
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Since we do not know the truth, we cannot conclusively determine which model is
the best. However, we observe great differences between the estimates, particularly
for the very short times. For intermediate IETs (100 days), the estimates from the
four models are more similar, but they diverge again for even longer times. The
compound models, CPP and FCPP, in particular predict a high probability, around
19% and 25% respectively, of another extreme event under two days. In contrast,
the FPP model estimates this probability to be below 8%. Only at less than 7 days
does the probability increase clearly to 18%, even with the FPP.
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Figure 7.5: Histogram (top) and QQ plots (middle, bottom) of the IETs of Locations
A, B and C with densities and theoretical quantiles, respectively, fitted
using the CPP, the FCPP and FPP model. At the bottom row the QQ
plot focuses on small IETs up to 100 days.
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Lastly, we consider the conditional probability of the time until the next exceedance,
given that t0 time has already elapsed since the last exceedance:

PpT puq ą x ` t0 | T puq ą t0q “
PpT puq ą x ` t0q

PpT puq ą t0q
. (7.1)

While the distributions in the PP and CPP are independent of the time t0, in the
FPP and FCPP models, the probability of short remaining IETs decreases as t0
increases, because the Mittag-Leffler distribution is not memoryless. Figure 7.6
illustrates this behaviour for Location B.
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Figure 7.6: Conditional probability for all four (sub)models regarding three starting
points t0 “ 0, 5, 30 for Location B.

7.4 Conclusions and discussion

In this chapter, we applied the FCPP model and its three submodels, PP, CPP,
and FPP, to the real-world dataset of extreme mid-latitude cyclones. Our aim
was to investigate the hypothesis proposed by Blender et al. (2015), who suggest
that the temporal clustering of cyclones can be explained by heavy-tailed IET
distributions, specifically proposing the Mittag-Leffler distribution. We selected three
specific locations, each showing different temporal clustering, for further analysis.
By doing so, we aimed to gain a deeper understanding of varying cluster behaviours.
Additionally, it revealed further properties of our estimator, CMmod2.

In general, our results support the hypothesis of Blender et al. (2015) that the
deviation of the dispersion from zero in the exit region of the North Atlantic
storm track can, at least partially, be described by the Mittag-Leffler distribution.
Furthermore, our findings suggest that the use of the generalised mixture distribution
model could provide even better fits in some regions. For the area under study, we
identified regions for all four models using a bootstrap-based classification method.
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A detailed examination of the three specific locations, chosen for their estimated
parameter values, allowed us to visually observe, via histograms and QQ plots, that
the distributions differed from one another. For Location B, both the tail parameter
β and the extremal index θ were estimated to be smaller than one, meaning it did
not belong to either the CPP or FPP submodel. We used this location to compare
the different model fits. The calculation of various probabilities revealed that these
strongly depend on the chosen model. Therefore, it is not irrelevant which model is
used to describe cluster behaviour. This underscores the utility of our generalised
FCPP model.

However, the examination of the QQ plots also revealed that, although the FCPP
model fitted with our estimation method accurately described the small IETs, the
right tail of the distribution was occasionally too heavy. This could be due to the
fact that the CMmod2 approach places more weight on small IETs. This makes sense
to some extent, as high quantiles, due to their heavy tails, exhibit high volatility.
Alternatively, the Mittag-Leffler distribution, which has no finite moments for β ă 1,
might be too heavy-tailed for this data. The Weibull distribution, which Blender
et al. (2015) used to replace the Mittag-Leffler distribution due to its unavailability,
is also heavy-tailed when compared to the exponential distribution, but its moments
are always finite. Therefore, the Weibull distribution, as a continuous component of
a mixture model, could potentially provide better fits for long IETs as well. However,
there is no underlying asymptotic theory for this model.

In summary, the application of the FCPP model and its submodels to extreme
mid-latitude cyclones has provided valuable insights into the temporal clustering of
these events and has demonstrated the utility of the generalised mixture model for
describing such clustering behaviour. However, the potential for model improvement,
particularly with respect to long IETs, warrants further investigation in future
studies.



8 Summary

This dissertation addresses the modelling of interarrival times of temporally clustered
extreme events. Thereby, an event is classified as extreme if it exceeds a chosen
threshold u, according to the peaks-over-threshold approach. Accordingly, the time
intervals between two extremes are termed interexceedance times.

The starting point of this work is the consideration of two competing models within the
framework of uncoupled marked point processes, both capable of explaining temporal
clustering of extremes. The first model assumes stationary magnitudes occurring
at deterministic, equidistant time points. The second model, in contrast, involves
independent magnitudes separated by random, heavy-tailed waiting times. This thesis
proposes a generalisation of these models by combining stationary magnitudes with
random, positive waiting times. This leads to a setting in which the interexceedance
times, when the threshold is sufficiently high, are approximately governed by a
mixture distribution consisting of a Dirac measure at zero and a Mittag-Leffler
distribution. Under additional assumptions, the resulting model corresponds to a
fractional compound Poisson process (FCPP) with the cluster size as marks. The
two initial models, namely the compound Poisson process (CPP) and the fractional
Poisson process (FPP), emerging as special cases within this general framework.
Interexceedance times that asymptotivally follow such a mixture distribution can be
interpreted in the following way: intracluster times, i.e., intervals between extremes
within the same cluster, are very small and converge to zero, while intercluster
times, i.e., intervals between extremes in different clusters, follow the Mittag-Leffler
distribution. The derivation of this generalised model is presented in the first main
chapter of this thesis.

The mixture distribution of the FCPP model is characterised by three parameters:
the tail parameter β P p0, 1s, the extremal index θ P p0, 1s and a scale parameter
σu ą 0. To fit this distribution to observed data, a suitable estimation method is
required. This challenge is addressed in Chapters 4, 5, and 6 of this thesis: At the
heart of the problem lies the difficulty of finding an appropriate estimator. On the
one hand, the Mittag-Leffler distribution exhibits heavy tails; on the other hand, the
theoretical mixture distribution places positive probability mass at zero, whereas
the observed interexceedance times are strictly positive and serve as the empirical
basis for estimation. As a solution, in Chapter 4 two variants of minimum distance
estimators based on modified Cramér–von Mises distances are proposed: CMmod1
and CMmod2. The following two chapters develop and analyse the theoretical and
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practical properties of these estimators. Under the additional assumptions of a com-
pact parameter space and a stochastically independent sample, both estimators are
shown to be weakly consistent. A large-scale simulation study further evaluates their
finite-sample performance. The results indicate that CMmod2 performs particularly
robustly with respect to the threshold choice, i.e., the number of exceedances, and
across various parameter constellations. CMmod1 performs similarly well in many
settings and even slightly better in some cases. However, it shows greater sensitivity
to the number of exceedances and exhibits noticeably poorer performance for small
values of β and θ. Moreover, both estimators were evaluated in the two submodels
(CPP and FPP) and compared to established methods specific to those frameworks.
Encouragingly, CMmod1 and CMmod2 produce comparable, and in some scenarios
even competitive results, despite the added complexity of estimating an additional
parameter. This advantage, however, comes at the cost of significantly higher com-
putational time. Overall, the analysis suggests that applying the FCPP model to
temporally clustered data may eliminate the need for prior model selection.

Although the main focus of this dissertation lies on the mathematical and statisti-
cal theory of models with any temporal clustered extreme events, the underlying
motivation stems from a specific practical application in meteorology and climate
science: Mid-latitude cyclones along the North Atlantic storm track tend to occur in
temporal clusters along the west coast of Europe, while their occurrence along the
east coast of North America appears more regular. Blender et al. (2015) hypothesise
that this behaviour is driven by heavy-tailed interexceedance times and propose
the use of the Mittag-Leffler distribution for modelling purposes. However, the
CPP, which is commonly used in extreme value theory to model clustering, was not
considered in their approach. The FCPP model developed in this thesis provides
a framework that unifies both perspectives, allowing for a joint consideration of
heavy-tailed waiting times and temporal clustering. The final substantive chapter of
this dissertation is therefore devoted to analysing these meteorological data using
the proposed FCPP model. The results indicate that, in certain regions, clustering
behaviour can indeed be at least partially explained by the Mittag-Leffler component.
However, for all considered (sub)models, distinct spatial patterns were observed,
and suitable models could be identified for each region. Moreover, the data analysis
demonstrated the practical relevance of model choice by illustrating how estimated
quantities, such as particularly short IETs, can differ considerably depending on the
selected (sub)model.

In summary, this dissertation contributes to the more accurate and flexible modelling
of temporally clustered extreme events in the peak-over-threshold framework by
introducing a generalised model and presenting suitable estimation methodology.

This dissertation addresses only certain aspects of the analysis of clustered extreme
events and therefore offers substantial potential for further research.

Let us first consider modelling within our CTRE framework: A key assumption of
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our model is that the underlying data follow an uncoupled marked point process,
i.e. magnitudes and waiting times are assumed to be independent. This assumption
appears implausible in many real-world applications. Thus, studying and deriving
limit theorems for a coupled marked point process would constitute an interesting
continuation of this work. In particular, within the context of meteorology and
climate science, the assumption of stationary magnitudes deserves critical discus-
sion. Future work should examine how our model could be applied or extended to
incorporate seasonality and trends. Another line of research could address spatial ex-
tensions. In the data analysis about mid-latitude cyclones, we treated each grid point
independently. Incorporating spatial structure or jointly analysing homogeneous or
neighbouring locations could improve estimation precision and reduce variance. Here,
the inclusion of covariates would again play a role. Beyond our framework, there
are additional stochastic processes capable of describing temporal clustering, such
as Hawkes processes or log-Gaussian Cox processes. A comparison with our model
would be highly insightful.

Within the developed model, further investigation of the estimation method is
also of interest. In this work, we considered two variants of a minimum distance
estimator based on the Cramér–von-Mises criterion. The data analysis revealed that
this method places relatively high weight on the fit to short interexceedance times.
Depending on the application, this may not always be desirable. Therefore, future
studies could explore replacing the Cramér–von-Mises distance with alternative
criterion functions. Moreover, the construction of other estimation methods, such as
those based on maximum likelihood or quantiles, would be a promising direction.
This would also allow for a fair comparison of different approaches.
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A Appendix to Chapter 3

This chapter presents the proof of the following theorem from Subsection 3.2.2. The
proof was originally provided by the author of this dissertation as part of her Master’s
thesis (Meschede, 2018). It is based on the proof by Ferro and Segers (2003) and
has been expanded with additional details to improve accessibility for undergraduate
students. For the present work, the proof has been translated into English and
adapted to the notation used throughout this thesis.

Theorem A.1. Let Tpβ,λq be a random variable with mixture distribution

p1 ´ θq δ0 ` θ Exppθλq, (A.1)

where δ0 is the Dirac measure at point zero, Exppθλq is the exponential distribution
with rate θλ, and θ P p0, 1s and λ ą 0.

Let pXnqnPN be a strictly stationary process of magnitudes in the max-domain of
attraction of a GEV distribution with extremal index θ P p0, 1s, xR is the right
endpoint of the distribution of X1, and ppuq “ PpX1 ą uq is the excess probability.

Let pWnqnPN be corresponding waiting times such that Wn ” 1 for all n P N, i.e. the
events occur equidistant every time unit.

Without loss of generality, we set X0 ą u. The interexceedance time regarding the
processes pXnqnPN and a threshold u is defined as

T puq “ mintk ě 1 | Xk ą uu.

it holds

ppuqT puq
d
ÝÑ Tpθ,1q as u Ñ xR. (A.2)

From the definition of T puq we can derive

PpT puq ą nq “ PpMn ď u | X0 ą uq. (A.3)

The theorem implies that X1 is in the max-domain of attraction of a GEV and there
is a sequence of thresholds punqnPN such that the Dpunq condition holds as well as
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lim
nÑ8

n ppunq “ ν and lim
nÑ8

PpMn ě unq “ expp´νθq with ν P p0, 8q. The following
proof uses a slightly stronger mixing condition than the Dpunq condition:

Condition 4. Let Fj,kpunq “ σptXi ą unu | j ď i ď kq be a σ-algebra generated by
tXi ą unu, i “ j, . . . , k, with integers j ă k. For all A1 P F1,lpunq, with PpAq ą 0
and A2 P Fl`s,npunq and 1 ď l ď n ´ s,

|PpA2 | A1q ´ PpA2q| ď αpn, sq,

and αpn, snq Ñ 0 as n Ñ 8 for some positive integer sn with sn “ opnq.

Proof. In the following, we aim to show that lim
nÑ8

PpppunqT punq ą tq “ θ expp´θ tq

holds for all t ą 0.

Let Mn “ maxtX1, . . . , Xnu and Mk,l “ maxtXk`1, . . . , Xlu for n, k, l P N with k ă l.
We assume that the threshold sequence punqnPN and the sequence of positive integers
psnqnPN are chosen such that Condition 4 holds, i.e., sn “ opnq and αpn, snq Ñ 0.
We can then find a sequence of positive integers prnqnPN satisfying sn “ oprnq and
n ¨ αpn, snq “ oprnq. Such a sequence could, for example, be defined as rn “
X

maxt
?

n ¨ sn , n ¨
a

αpn, snqu
\

. According to O’Brien (1987, Corollary 2.3), for any
sequence pknqnPN of positive integers with kn Ñ 8, it holds that

P pMkn ď unq „ p1 ´ ppunqq
kn¨θR

n punq, (A.4)

where for two sequences panqnPN and pbnqnPN, the notation an „ bn means lim
nÑ8

an

bn
“ 1,

and where θR
n punq :“ PpMrn ď un | X0 ą unq “ PpT punq ą rnq. Additionally, we can

derive from O’Brien (1987) that θR
n punq Ñ θ as n Ñ 8 (see Beirlant et al., 2004,

Chapter 10).

Since by assumption sn “ oprnq, there exists a positive integer n0 P N such that
sn ă rn for all n ą n0.Thus, using Condition 4 and stationarity, we obtain

P pMrn,rn`sn ą un | X0 ą unq „ P pMrn,rn`sn ą unq

“ P pMsn ą unq ď sn ppunq ÝÝÝÑ
nÑ8

0. (A.5)

Here, we use that

P pMsn ą unq “ P

˜

sn
ď

i“1
tXi ą unu

¸

ď

sn
ÿ

i“1
P pXi ą unq .

It follows that

P pMrn,rn`sn ď un | X0 ą unq Ñ 1 as n Ñ 8.
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This means that the probability that the maximum of a sequence of random variables
exceeds the threshold, conditional on a random variable rn positions earlier exceeding
the threshold, becomes negligible for large n.

Next, we define ln “ tt{ppunqu. We observe that ln “ ttpn ppunqq´1nu „ tν´1n. There
exists a positive integer m0 P N with m0 ě n0 and ln ą rn ` sn for all n ě m0, as
rn “ opnq, sn “ opnq, and lim

nÑ8
ln{n “ tν´1 as n Ñ 8. Thus, using Condition 4, we

obtain

P pMrn`sn,ln ď un | Mrn ď un, X0 ą unq

„ P pMrn`sn,ln ď unq “ P
`

Mln´prn`snq ď un

˘

.
(A.6)

We now set kn “ ln ´ prn ` snq. It follows that kn „ tν´1n and thus kn Ñ 8 as
n Ñ 8. Applying the results from above, namely equations (A.4) to (A.6), and
using p1 ´ ppunqqn Ñ expp´νq, we obtain

P pppunq T punq ą tq “ P pT punq ą lnq “ P pMln ď un | X0 ą unq

“ P pMrn ď un, Mrn,rn`sn ď un, Mrn`sn,ln ď un | X0 ą unq

pA.5q
“ P pMrn ď un, Mrn`sn,ln ď un | X0 ą unq ` op1q

“ P pMrn`sn,ln ď un | Mrn ď un, X0 ą unqP pMrn ď un | X0 ą unq ` op1q

pA.6q
„ P pMkn ď unq ¨ θR

n punq ` op1q

pA.4q
„ p1 ´ ppunqq

knθR
n punqθR

n punq ` op1q

„ pp1 ´ ppunqq
n
q

θR
n punq tν´1

θR
n punq ` op1q

ÝÝÝÑ
nÑ8

expp´νq
θtν´1

θ “ θ expp´θtq.

Overall, we conclude that P pppunq T punq ď tq ÝÝÝÑ
nÑ8

1 ´ θ expp´θtq.





B Appendix to Chapter 4

This chapter presents some calculations of Chapter 4.

B.1 Sum representation of the CMmod1 and
CMmod2 distances

First, we show that

∆rCMmod1s
pFk, F pβ,θ,σuq

q “

ż 8

0

`

Fkpxq ´ F pβ,θ,σuq
pxq

˘2
f pβ,θ,σuq

˚ pxq dx

“
1
θk

k
ÿ

i“1

ˆ

i ´ 1
2

k
´ F pβ,θ,σuq

pTpiqpuqq

˙2

`
1

12θk2 ´
1
3

p1 ´ θq3

θ
,

and

∆rCMmod2s
pFk, F pβ,θ,σuq

q “
1
θ2

ż 8

0

`

maxtFkpxq, 1 ´ θu ´ F pβ,θ,σuq
pxq

˘2
f pβ,θ,σuq

˚ pxq dx

“
1

θ3k

k
ÿ

i“l`1

ˆ

i ´ 1
2

k
´ F pβ,θ,σuq

pTpiqpuqq

˙2

`
k ´ l

12θ3k3 ´
pkp1 ´ θqq3 ´ l3

3k3θ3

`
pkp1 ´ θqq2 ´ l2

k2θ3 F pβ,θ,σuq
pTplqpuqq

´
pkp1 ´ θqq ´ l

kθ3 F pβ,θ,σuq
pTplqpuqq

2,

where Fk is the empirical c.d.f. of the ordered observations Tp1qpuq ă ¨ ¨ ¨ ă Tpkqpuq

and l :“ rkp1 ´ θqs with r¨s being the ceiling function.

Since for this cumbersome but straight forward calculations only the weighting
parameter θ matters, we write F θ for F pβ,θ,σuq and F for the F

pβ,θ,σuq
˚ .
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We begin with some partial calculations (I) - (IX) where X and Xθ are random
variables with c.d.f.s F and F θ, respectively :

pIq 1 ´ F ptq “
1 ´ 1 ` θ ´ θF ptq

θ
“

1 ´ F θptq

θ

pIIq E pF pXq1tX ě tuq “ E pF pXq | X ě tqP pX ě tq

“
1 ` F ptq

2 p1 ´ F ptqq “
1 ´ F ptq2

2

pIIIq

ż

Fkpxq
2 dF pxq “ EpFkpXq

2
q

“
1
k2

k
ÿ

i“1

k
ÿ

j“1
Ep1tTipuq ď Xu1tTjpuq ď Xuq

“
1
k2

k
ÿ

i“1
Ep1tTipuq ď Xuq `

2
k2

ÿ

jăi

Ep1tTipuq ď Xu1tTjpuq ď Xuq

“
1
k2

k
ÿ

i“1
p1 ´ F pTipuqqq `

2
k2

ÿ

jăi

Ep1tTpiqpuq ď Xuq

pIq
“

1
θ

1
k2

k
ÿ

i“1
p1 ´ F θ

pTipuqqq `
2
k2

k
ÿ

i“1
pi ´ 1q ¨ p1 ´ F pTpiqpuqqq

pIq
“

1
θ

1
k2

k
ÿ

i“1
p1 ´ F θ

pTipuqqq `
1
θ

2
k2

k
ÿ

i“1
pi ´ 1q ¨ p1 ´ F θ

pTpiqpuqqq

“
1
θ

2
k2

k
ÿ

i“1

ˆ

i ´
1
2

˙

¨ p1 ´ F θ
pTpiqpuqqq

“
1
θ

2
k2

k
ÿ

i“1

ˆ

i ´
1
2

˙

´
2
k

k
ÿ

i“1

i ´ 1
2

k
¨ F θ

pTpiqpuqq

“
1
θ

´
1
θ

2
k

k
ÿ

i“1

i ´ 1
2

k
¨ F θ

pTpiqpuqq
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pIV q 2
ż

Fkpxq ¨ F θ
pxq dF pxq

“ 2 ¨EpFkpXqF θ
pXqq

“ 21
k

k
ÿ

i“1
Ep1tTipuq ď XuF θ

pXq | 1tTipuq ď XuqPpTipuq ď Xq

“ 21
k

k
ÿ

i“1
EpF θ

pXq | 1tTipuq ď Xuqp1 ´ F pTipuqqq

pIq
“ 21

θ

1
k

k
ÿ

i“1
p1 ´ θ ` θ ¨EpF pXq | 1tTipuq ď Xuqq p1 ´ F θ

pTipuqqq

“ 21
θ

1
k

k
ÿ

i“1

ˆ

1 ´ θ ` θ ¨
1 ` F pTipuqq

2

˙

p1 ´ F θ
pTipuqqq

“
1
θ

1
k

k
ÿ

i“1

`

1 ` F θ
pTipuqq

˘

p1 ´ F θ
pTipuqqq

“
1
θ

1
k

k
ÿ

i“1

`

1 ´ F θ
pTipuqq

2˘
“

1
θ

´
1
θ

1
k

k
ÿ

i“1
F θ

pTipuqq
2

pV q

ż

F θ
pxq

2 dF pxq “ EpF θ
pXq

2
q

“ p1 ´ θq
2

` 2 ¨ θp1 ´ θq ¨EpF pXqq ` θ2
¨EpF pXq

2
q

“ p1 ´ θq
2

` 2 ¨ θp1 ´ θq ¨
1
2 ` θ2

¨
1
3 “

1
3θ2

` p1 ´ θq

pV Iq t1 ´ θ ą FkpXqu ô

#

kp1 ´ θq ą

n
ÿ

i“1
1tTpiqpuq ď Xu

+

ô

#

l ą

n
ÿ

i“1
1tTpiqpuq ď Xu

+

ô
␣

Tplqpuq ą X
(

ñ t1 ´ θ ď FkpXqu ô
␣

Tplqpuq ď X
(
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pV IIq E
`

FkpXq
2
1tX ě Tplqpuqu

˘

“
1
k2

n
ÿ

i“1

n
ÿ

j“1
E
`

1tTpiqpuq ď Xu1tTpjqpuq ď Xu1tTplqpuq ď Xu
˘

“
1
k2

n
ÿ

i“1
E
`

1tTpiqpuq ď Xu1tTplqpuq ď Xu
˘

`
2
k2

n
ÿ

iąj

E
`

1tTpiqpuq ď Xu1tTplqpuq ď Xu
˘

“
2
k2

n
ÿ

i“1

ˆ

i ´
1
2

˙

E
`

1tTpiqpuq ď Xu ¨ 1tTplqpuq ď Xu
˘

“
2
k2

l
ÿ

i“1

ˆ

i ´
1
2

˙

E
`

1tTplqpuq ď Xu
˘

`
2
k2

k
ÿ

i“l`1

ˆ

i ´
1
2

˙

E
`

1tTpiqpuq ď Xu
˘

“
2
k2

l
ÿ

i“1

ˆ

i ´
1
2

˙

`

1 ´ F
`

Tplqpuq
˘˘

`
2
k2

k
ÿ

i“l`1

ˆ

i ´
1
2

˙

`

1 ´ F pTpiqpuqq
˘

pIq
“

2
k2

1
θ

l
ÿ

i“1

ˆ

i ´
1
2

˙

`

1 ´ F θ
`

Tplqpuq
˘˘

`
2
k2

1
θ

k
ÿ

i“l`1

ˆ

i ´
1
2

˙

`

1 ´ F θ
pTpiqpuqq

˘

“
2
k2

1
θ

k
ÿ

i“1

ˆ

i ´
1
2

˙

´
2
k2

1
θ

l
ÿ

i“1

ˆ

i ´
1
2

˙

F θ
`

Tplqpuq
˘

´
2
k2

1
θ

k
ÿ

i“l`1

ˆ

i ´
1
2

˙

F θ
`

Tpiqpuq
˘

“
1
θ

´
l2

k2θ
F θ

`

Tplqpuq
˘

´
2
k2

1
θ

k
ÿ

i“l`1

ˆ

i ´
1
2

˙

F θ
`

Tpiqpuq
˘
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pV IIIq 2E
`

FkpXqF θ
pXq1tTplqpuq ď Xu

˘

“
2
k

n
ÿ

i“1
E
`

F θ
pXq1tTipuq ď Xu1tTplqpuq ď Xu

˘

“
2
k

l
ÿ

i“1
E
`

F θ
pXq1tTplqpuq ď Xu

˘

`
2
k

k
ÿ

i“l`1
E
`

F θ
pXq1tTpiqpuq ď Xu

˘

“
2p1 ´ θq

k
l
`

1 ´ F
`

Tplqpuq
˘˘

`
2p1 ´ θq

k

k
ÿ

i“l`1

`

1 ´ F
`

Tpiqpuq
˘˘

`
2θ

k
lE

`

F pXq1tTplqpuq ď Xu
˘

`
2θ

k

k
ÿ

i“l`1
E
`

F pXq1tTpiqpuq ď Xu
˘

pIq&pIIq
“

2p1 ´ θq

kθ
l
`

1 ´ F θ
`

Tplqpuq
˘˘

`
2p1 ´ θq

kθ

k
ÿ

i“l`1

`

1 ´ F θ
`

Tpiqpuq
˘˘

`
θ

k
l
´

1 ´ F
`

Tplqpuq
˘2
¯

`
θ

k

k
ÿ

i“l`1

´

1 ´ F
`

Tpiqpuq
˘2
¯

“
2p1 ´ θq

θ
´

2p1 ´ θq

kθ
lF θ

`

Tplqpuq
˘

´
2p1 ´ θq

kθ

k
ÿ

i“l`1
F θ

`

Tpiqpuq
˘

`
1
kθ

l
´

2θ ´ 1 ` 2p1 ´ θqF θ
pTplqpuqq ´ F θ

`

Tplqpuq
˘2
¯

`
1
kθ

k
ÿ

i“l`1

´

2θ ´ 1 ` 2p1 ´ θqF θ
pTpiqpuqq ´ F θ

`

Tpiqpuq
˘2
¯

“
2p1 ´ θq

θ
`

2θ ´ 1
θ

´
1
kθ

lF θ
`

Tplqpuq
˘2

´
1
kθ

k
ÿ

i“l`1
F θ

`

Tpiqpuq
˘2

“
1
θ

´
1
kθ

lF θ
`

Tplqpuq
˘2

´
1
kθ

k
ÿ

i“l`1
F θ

`

Tpiqpuq
˘2
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pIXq E
`

F θ
pXq

2
1tX ě Tplqpuqu

˘

“ p1 ´ θq
2
E
`

1tX ě Tplqpuqu
˘

` 2θp1 ´ θqE
`

F pXq1tX ě Tplqpuqu
˘

` θ2
E
`

F pXq
2
1tX ě Tplqpuqu

˘

pIq&pIIq
“

p1 ´ θq2

θ

`

1 ´ F θ
`

Tplqpuq
˘˘

` θp1 ´ θq

´

1 ´ F
`

Tplqpuq
˘2
¯

`
1
3θ2

´

1 ´ F
`

Tplqpuq
˘3
¯

“
p1 ´ θq2

θ

`

1 ´ F θ
`

Tplqpuq
˘˘

`
1 ´ θ

θ

´

2θ ´ 1 ` 2p1 ´ θqF θ
`

Tplqpuq
˘

´ F θ
`

Tplqpuq
˘2
¯

`
1
3θ2

´

1 ´ F
`

Tplqpuq
˘3
¯

“ 1 ´ θ `
p1 ´ θq2

θ
F θ

`

Tplqpuq
˘

´
1 ´ θ

θ
F θ

`

Tplqpuq
˘2

´
1
3θ2F

`

Tplqpuq
˘3

`
1
3θ2

This gives us the following for the first distance function:

∆rCMmod1s
pFk, F θ

q “ pIIIq ´ pIV q ` pV q

“
1
θ

´
2
k

1
θ

k
ÿ

i“1

i ´ 1
2

k
¨ F θ

pTpiqpuqq ´
1
θ

`
1
θ

1
k

n
ÿ

i“1
F θ

pTipuqq
2

`
1
3θ2

` p1 ´ θq

“
1
3θ2

´ θ ` 1 `
1
θ

1
k

k
ÿ

i“1

˜

F θ
pTpiqpuqq

2
´ 2 ¨

i ´ 1
2

k
¨ F θ

pTpiqpuqq `

ˆ

i ´ 1
2

k

˙2¸

´
1
θ

1
k

k
ÿ

i“1

ˆ

i ´ 1
2

k

˙2

“
1
3θ2

´ θ ` 1 `
1
3θ

`
1
θ

1
k

k
ÿ

i“1

ˆ

F θ
pTpiqpuqq ´

i ´ 1
2

k

˙2

`
1
12

1
θ

1
k2

“ ´
1
3

1
θ

p1 ´ θq
3

`
1
θ

1
k

k
ÿ

i“1

ˆ

F θ
pTpiqpuqq ´

i ´ 1
2

k

˙2

`
1
12

1
θ

1
k2
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∆rCMmod2s
pFk, F θ

q

“
1
θ2E

´

`

maxtFkpXq, 1 ´ θu ´ F θ
pXq

˘2
¯

“
1
θ2E

´

`

1 ´ θ ´ F θ
pXq

˘2
1t1 ´ θ ą FkpXqu

¯

`
1
θ2E

´

`

FkpXq ´ F θ
pXq

˘2
1t1 ´ θ ď FkpXqu

¯

pV Iq
“ E

`

F pXq
2

| X ă Tplqpuq
˘

¨ F pTplqpuqq

`
1
θ2 E

´

`

FkpXq ´ F θ
pXq

˘2
1tX ě Tplqpuqu

¯

“
1
3 ¨ F pTplqpuqq

3
`

1
θ2 ppV IIq ´ pV IIIq ` pIXqq

“
1
θ3 ´

l2

k2θ3 F θ
`

Tplqpuq
˘

´
2
k2

1
θ3

k
ÿ

i“l`1

ˆ

i ´
1
2

˙

F θ
`

Tpiqpuq
˘

´
1
θ3 `

l

kθ3 F θ
`

Tplqpuq
˘2

`
1

kθ3

k
ÿ

i“l`1
F θ

`

Tpiqpuq
˘2

`
1 ´ θ

θ2 `
p1 ´ θq2

θ3 F θ
`

Tplqpuq
˘

´
1 ´ θ

θ3 F θ
`

Tplqpuq
˘2

`
1
3

“
1
3 `

1 ´ θ

θ2

´
l2 ´ pkp1 ´ θqq2

k2θ3 F θ
`

Tplqpuq
˘

`
l ´ kp1 ´ θq

kθ3 F θ
`

Tplqpuq
˘2

`
1

kθ3

k
ÿ

i“l`1

ˆ

F θ
pTpiqpuqq ´

i ´ 1
2

k

˙2

´
1

k3θ3

k
ÿ

i“l`1

ˆ

i ´
1
2

˙2

“
1

kθ3

k
ÿ

i“l`1

ˆ

F θ
pTpiqpuqq ´

i ´ 1
2

k

˙2

`
1
3 `

1 ´ θ

θ2

´
l2 ´ pkp1 ´ θqq2

k2θ3 F θ
`

Tplqpuq
˘

`
l ´ kp1 ´ θq

kθ3 F θ
`

Tplqpuq
˘2

`
1
12

1
k3θ3 pk ´ lq ´

1
3

1
k3θ3

`

k3
´ l3˘

“
1

kθ3

k
ÿ

i“l`1

ˆ

F θ
pTpiqpuqq ´

i ´ 1
2

k

˙2

`
1
12

k ´ l

k3θ3 `
1
3

l3 ´ pkp1 ´ θqq
3

k3θ3

´
l2 ´ pkp1 ´ θqq2

k2θ3 F θ
`

Tplqpuq
˘

`
l ´ kp1 ´ θq

kθ3 F θ
`

Tplqpuq
˘2
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B.2 Additional calculations

Now, we show that

lim
θÑ0

∆rCMmod1s
pFk, F pβ,θ,σuq

q “ 0.

and that for θ such that rkp1 ´ θqs “ k holds:

∆rCMmod2s
pFk, F pβ,θ,σuq

q “
1
3 ´ F pβ,θ,σuq

˚

`

Tpkqpuq
˘

` F pβ,θ,σuq
˚

`

Tpkqpuq
˘2

.

Let Xβ „ MLpβ, 1q. Then,

Xβ,θ,σu :“ θ´1{βσuXβ „ MLpβ, θ´1{βσuq

and
F pβ,θ,σuq

˚ pxq “ F pβ,1,1q
˚ pθ1{βσ´1

u xq.

Remember that F pβ,θ,σuq is the c.d.f. of the mixture distribution and F
pβ,θ,σuq
˚

the c.d.f. of the continuous part, the Mittag-Leffler distribution. It holds that
F

pβ,θ,σuq
˚ pXβ,θ,σuq

d
“ U is standard uniformly distributed.

For all k P N, it holds

lim
θÑ0

∆rCMmod1s
pFk, F pβ,θ,σuq

q

“ lim
θÑ0

E
´

`

FkpXβ,θ,σuq ´ F pβ,θ,σuq
pXβ,θ,σuq

˘2
¯

“ lim
θÑ0

E
´

`

Fkpθ´1{βσuXβq ´ p1 ´ θq ´ θF pβ,θ,σuq
˚ pXβ,θ,σuq

˘2
¯

“ E
ˆ

´

Fkplim
θÑ0

θ´1{βσuXβq ´ lim
θÑ0

pp1 ´ θq ` θ Uq

¯2
˙

“ 0.

Hereby, we can interchange the limit and the expected value because of dominated
convergence.

In the case of l “ rkp1 ´ θqs “ k, which is the case if θ ă 1
k
, the distance function

can be abbreviated in the following form. It is then only dependent on the largest
IET Tpkqpuq.
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∆rCMmod2s
pFk, F pβ,θ,σuq

q

“
1
3

k3 ´ pkp1 ´ θqq
3

k3θ3 ´
k2 ´ pkp1 ´ θqq2

k2θ3 F pβ,θ,σuq
`

Tpkqpuq
˘

`
k ´ kp1 ´ θq

kθ3 F pβ,θ,σuq
`

Tpkqpuq
˘2

“
1
3

θ3 ´ 3θ2 ` 3θ

θ3 `
θ2 ´ 2θ

θ3

`

1 ´ θ ` θF pβ,θ,σuq
˚

`

Tpkqpuq
˘˘

`
θ

θ3

`

1 ´ θ ` θF pβ,θ,σuq
˚

`

Tpkqpuq
˘˘2

“
1
3 `

´θ2 ` θ ` θ2 ´ 2θ ´ θ3 ` 2θ2 ` θ ´ 2θ2 ` θ3

θ3

`
θ3 ´ 2θ2

θ3 F pβ,θ,σuq
˚

`

Tpkqpuq
˘

`
θ3

θ3 F pβ,θ,σuq
˚

`

Tpkqpuq
˘2

`
2θ2 ´ 2θ3

θ3 F pβ,θ,σuq
˚

`

Tpkqpuq
˘

“
1
3 `

´θ2 ` θ ` θ2 ´ 2θ ´ θ3 ` 2θ2 ` θ ´ 2θ2 ` θ3

θ3

´
θ3

θ3 F pβ,θ,σuq
˚

`

Tpkqpuq
˘

`
θ3

θ3 F pβ,θ,σuq
˚

`

Tpkqpuq
˘2

“
1
3 ´ F pβ,θ,σuq

˚

`

Tpkqpuq
˘

` F pβ,θ,σuq
˚

`

Tpkqpuq
˘2





C Appendix to Chapter 5

C.1 Weakly consistency of CMmod2

In Chapter 5 we only considered the CMmod1 estimator. Similar results and theorems
also hold for the CMmod2 estimator and would have been repetitiv for the reader
therefore for completeness the results for CMmod2 are shown here in the appendix.

The second modified Cramér-von Mises distance between F pϕ,θq and another c.d.f. G
of a positive valued distribution is defined as

∆̌pG, F pϕ,θq
q “

1
θ2

ż 8

0

`

maxtGpxq, 1 ´ θu ´ F pϕ,θq
pxq

˘2
¨ f pϕq

˚ pxq dx (C.1)

The CMmod2 estimator is then defined as

~pϕ, θqpFknq “ arg min
pϕ,θqPΦˆra,1s

∆̌pFkn , F pϕ,θq
q (C.2)

“ arg min
pϕ,θqPΦˆra,1s

1
θ2 ∆pmaxtFkn , 1 ´ θu, F pϕ,θq

q. (C.3)

The reasoning is very similar to the reasoning in Section 5.4. Additionally we use
the following facts:

Lemma C.1.

• For all θ P ra, 1s:

1
θ

ď
1
a

. (C.4)

• For two monotone increasing functions G : R Ñ R and H : R Ñ R

| maxtGpxq, bu ´ maxtHpxq, bu| ď |Gpxq ´ Hpxq| for all x, (C.5)

i.e.,
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– |F̌
pθq

kn
pxq ´ F̌ pn,θqpxq| ď |Fknpxq ´ F pnqpxq|,

– |F̌
pθq

kn
pxq ´ F pϕ,θqpxq| ď |Fknpxq ´ F pϕ,θqpxq|,

– |F̌ pn,θqpxq ´ F pϕ,θqpxq| ď |F pnqpxq ´ F pϕ,θqpxq| and

– |F̌ pϕ̃,θ̃,θqpxq ´ F pϕ,θqpxq| ď |F pϕ̃,θ̃qpxq ´ F pϕ,θqpxq|,

where F̌
pθq

kn
pxq “ maxtFknpxq, 1 ´ θu ¨ 1r0,8qpxq, F̌ pn,θqpxq “ maxtF pnqpxq, 1 ´

θu ¨ 1r0,8qpxq and F̌ pϕ̃,θ̃,θqpxq “ maxtF pϕ̃,θ̃qpxq, 1 ´ θu ¨ 1r0,8qpxq.

Theorem C.1. Let F pnqpxq ÝÑ
nÑ8

F pϕ,θqpxq, pϕ, θq P Φ ˆ ra, 1s, for all x ą 0 and let
pϕ̌kn , θ̌knq “ ~pϕ, θqpFknq.

a) Then,

∆̌
´

F pnq, F pϕ̌kn ,θ̌kn q
¯

ÝÑ
nÑ8

0, in probability. (C.6)

The distance converges almost surely if the Condition 3 for the sequence pknqnPN
is fulfilled.

b) The distance between the asymptotic and the fitted distribution converges to 0.
More precisely,

∆̌
´

F pϕ,θq, F pϕ̌kn , θ̌kn q
¯

ÝÑ
nÑ8

0, in probability. (C.7)

Proof. For simplicity we denote k “ kn, Fk “ Fkn .

Part a) The proof is analogously to the proof of Theorem 3 using that

0 ă ∆̌
`

Fk, F pϕ,θq
˘

“
1
θ2

ż 8

0

`

maxtFkpxq, 1 ´ θu ´ F pϕ,θq
˘2

f pϕq
˚ pxq dx

ď
1
θ2

ż 8

0

`

Fkpxq ´ F pϕ,θq
˘2

f pϕq
˚ pxq dx

“
1
θ2 ∆

`

Fk, F pϕ,θq
˘

Ñ 0.
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∆̌
´

F pnq, F pϕ̌k,θ̌kq
¯

“
1
θ̌2

k

ż 8

0

´

F̌ pn,θ̌kq
pxq ´ F pϕ̌k,θ̌kq

pxq

¯2
¨ f pϕ̌kq

˚ pxq dx

“ ∆̌
´

Fk, F pϕ̌k,θ̌kq
¯

`
1
θ̌2

k

ż 8

0

´

F̌ pn,θ̌kq
pxq ´ F̌

pθ̌kq

k pxq

¯2
¨ f pϕ̌kq

˚ pxq dx

`
2
θ̌2

k

¨

ż 8

0

´

F̌
pθ̌kq

k pxq ´ F pϕ̌k,θ̌kq
pxq

¯´

F̌ pn,θ̌kq
pxq ´ F̌

pθ̌kq

k pxq

¯

¨ f pϕ̌kq
˚ pxqdx

ď ∆̌
`

Fk, F pϕ,θq
˘

`
1
a2

ż 8

0

`

F pnq
pxq ´ Fkpxq

˘2
¨ f pϕ̌kq

˚ pxq dx

`
2
a2 ¨

ż 8

0

ˇ

ˇ

ˇ
F pnq

pxq ´ Fkpxq

ˇ

ˇ

ˇ
¨ f pϕ̌kq

˚ pxqdx

ď ∆̌
`

Fk, F pϕ,θq
˘

`
1
a3 ¨ }F pnq

´ Fk}8

ÝÑ 0,

where }g}8 :“ sup
x

|gpxq|.

Part b) This part can also be done analogously as for Theorem 3.

Theorem C.2. Under the same conditions as in Theorem C.1 b), it holds

~pϕ, θqpFknq Ñ pϕ, θq in probability. (C.8)

Proof of Theorem C.2

Proof. This proof can be analogously done as for Theorem 4. We define M̌pϕ̃, θ̃q as

M̌pϕ̃, θ̃q :“ ∆̌pF pϕ,θq, F pϕ̃,θ̃q
q. (C.9)

We will show that

@ε ą 0 : inf
pϕ̃,θ̃qPΘε

M̌pϕ̃, θ̃q ą M̌pϕ, θq “ 0, (C.10)

where Θε :“ tpϕ̃, θ̃q P Φ ˆ ra, 1s | }pϕ̃ ´ ϕ, θ̃ ´ θq} ě εu. From there the consistency
follows as in Theorem 4.

To prove (C.10), we again show the following two conditions are fulfilled:

1. M̌pϕ̃, θ̃q ą 0 @ pϕ̃, θ̃q ‰ pϕ, θq

2. M̌p¨, ¨q is continuous.
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The second condition can be shown analogously as in the proof for Theorem 4. For
the first condition we consider two cases. Let be pϕ̃, θ̃q ‰ pϕ, θq. If θ̃ ď θ, then
M̌pϕ̃, θ̃q “ Mpϕ̃, θ̃q (Mp¨, ¨q defined as in the proof of Theorem 4) for which we have
already shown the desired result. For θ̃ ą θ it holds that xb ą 0 and b ą 0 exist such
that F̌ pϕ,θ,θ̃qpxbq “ 1´θ̃ and F pϕ̃,θ̃qpxbq “ 1´θ̃`b, i.e. |F̌ pϕ,θ,θ̃qpxbq´F pϕ̃,θ̃qpxbq| “ b ą 0,
since F pϕ,θq and F pϕ̃,θ̃q are continuous and strictly monotone increasing for all x ě 0.
Therefore Dc P p0, bs, DB P Br0,8q with xb P B and µϕ̃pBq ą 0 :

inf
xPB

|F̌ pϕ,θ,θ̃q
pxq ´ F pϕ̃,θ̃q

pxq| “ c (C.11)

This leads to

M̌pϕ̃, θ̃q ě c2
¨ µϕ̃pBq ą 0. (C.12)

C.2 Comparison of the e.c.d.f. computed by
independent or dependent interexceedance
times

In Chapter 5, we proved several consistency theorems under a simplifying assumption
of independent interexceedance times. Therefore we now illustrate briefly that this
has no strong impact since the e.c.d.f. of dependent interexceedance times seems
to approximate the theoretical c.d.f. similarly well as the e.c.d.f. of independent
interexceedance times.

We did a small simulation study with the following scenarios. The magnitudes were
generated from a max-autoregressive process and the waiting times are Mittag-Leffler
distributed. We varied the parameters pβ, θq P t0.2, 0.5, 0.8, 1u2 and in addition we
set the threshold u P tq0.9, q0.95, q0.99, q0.999u, where qα is the α-quantile of the unit
Fréchet distribution.

Since we do not know the true distribution of the interexceedance times T puq, we ap-
proximated it using the e.c.d.f. of 1 000 000 independently generated interexceedance
times and compared it with the e.c.d.f.s of 500 independently and dependently gener-
ated interexceedance times. We measured the distance with the original Cramér-von
Mises distance. We repeated the procedure 500 times.

Figure C.1 (a) shows the mean distance of the dependently and independently
generated e.c.d.f.s, where each point symbolises one of the 64 scenarios. If a point
lies above the diagonal, the mean distance of the dependently generated e.c.d.f.s is
smaller than the mean distance of the independently generated e.c.d.f.s., otherwise the
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mean distance is larger. It can be seen that the points lie symmetrically around the
diagonal. Thus, the distance of the e.c.d.f. generated by dependent observations does
not appear to be systematically larger than the distance of the e.c.d.f. generated by
independent observations. This finding also applies to each of the different scenarios
summarised here. To confirm the result, we performed a one-sided two-sample t-test
with α “ 0.05 for each scenario and used the Bonferroni-Holm adjustment to avoid
the problem of multiple testing. No significant differences were found with the t-tests,
too. In Figure C.1 (b) we see that the p-values lie relatively uniformly on the interval
r0, 1s. Under the null hypothesis we would expect 64 ¨ 0.05 “ 3.2 p-value smaller
than 0.05. In our sample there is only 1 unadjusted p-values lower than the α-level.
Thus, the tests also did not reveal any evidence of large differences.
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Figure C.1: (a) Comparison of the distance of the e.c.d.f. generated by 1 000 000
independent observations and the e.c.d.f. generated by 500 independent
or dependent observations, respectively. Each point symbolises the mean
of one scenario. (b) QQ-plot of the unadjusted t-test p-values against
the quantiles of the standard uniform distribution. The red line marks
α “ 0.05.
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Figures related to Subsection 6.2.2

β = 0.2 β = 0.5 β = 0.8 β = 1

P
aram

eter β    P
aram

eter θ    P
aram

eter lu

0.2 0.5 0.8 1.0 0.2 0.5 0.8 1.0 0.2 0.5 0.8 1.0 0.2 0.5 0.8 1.0

0.0

0.5

1.0

0.0

0.5

1.0

0.0

0.5

1.0

Parameter value of θ

re
l. 

pr
op

or
tio

n

Relative Proportion of CMmod1 on the boundary of the search space

β = 0.2 β = 0.5 β = 0.8 β = 1

P
aram

eter β    P
aram

eter θ    P
aram

eter lu

0.2 0.5 0.8 1.0 0.2 0.5 0.8 1.0 0.2 0.5 0.8 1.0 0.2 0.5 0.8 1.0

0.0

0.5

1.0

0.0

0.5

1.0

0.0

0.5

1.0

Parameter value of θ

re
l. 

pr
op

or
tio

n

Relative Proportion of CMmod2 on the boundary of the search space

magnitude process

MAR MM

waiting time distribution

Mittag−Leffler stable Pareto (α < 1)    

exponential Dirac Pareto (α = 1.5) Pareto (α = 2.5)

Figure D.1: Relative frequency of simulation runs in which the estimate lies at the
(lower) boundary of the search space for CMmod1 (top) and CMmod2
(bottom) for different parameter values, for the MAR and MM process
and a varity of waiting time distributions using sample size n “ 10 000
and number of exceedances k “ 200.
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Figure D.2: Comparison of the RMSE (left) and bias (right) of the CMmod1 (top)
and CMmod2 (bottom) estimators for the parameters β, θ and lu for
different parameter values, for the MAR and MM process and a varity
of waiting time distributions using sample size n “ 10 000 and number
of exceedances k “ 200.
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Figures related to Subsection 6.3.1
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Figure D.3: Comparison of the RMSE (top) and bias (bottom) of CMmod1 and
CMmod2 with different established estimators for the parameters (β,)
θ and lu for β “ 1 and different parameter values of θ, and for the
MM process and a varity of waiting time distributions using sample size
n “ 10 000 and number of exceedances k “ 200.
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Here are given some extra visualisations regarding the case study in Chapter 7.
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Figure E.1: Empirical dispersion statistics calculated with the number of exceedances
within one winter.
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Figure E.2: Heatmap (left) and boxplot (right) of the used thresholds regarding the
99% quantile.
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Figure E.3: Boxplots of the tail parameter β (left), extremal index θ (middle) and
scale parameter lu (right) in case of the CPP (top), the FCPP (middle)
and FPP (bottom). The tail parameter is equal to 1 in the CPP, while
this applies to θ in the FPP.
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