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ABSTRACT Computations on encrypted data can, in principle, be performed using homomorphic
encryption. However, due to certain limitations, only algorithms based on polynomial functions can
be efficiently implemented in an encrypted setting. Consequently, polynomial approximations of
non-polynomial functions are essential for efficient encrypted computations. In particular, low- to
moderate-degree polynomial approximations of activation functions in neural networks are of special
interest. We show that the accuracy of encryption-friendly approximations can be improved through a simple
yet effective extension of state-of-the-art methods. Specifically, we show that enforcing a leading integer
coefficient enables the use of polynomials of one degree higher than all existing approaches. Incorporating
this novel integer constraint into classical regression problems initially leads to mixed-integer programs
(MIPs). However, we develop tailored solution schemes that avoid MIP solving. Using these schemes,
we compute new polynomial approximations for various test cases and demonstrate the effectiveness of
our method compared to existing approaches.

INDEX TERMS Polynomial regression, optimization, homomorphic encryption, Chebyshev regression,
privacy-preserved machine learning.

I. INTRODUCTION AND PROBLEM STATEMENT
Homomorphic encryption (HE) enables computations on
encrypted data (see [1] for an overview). The unique capa-
bility of encrypted computations has unlocked a wide range
of fascinating real-world applications across various fields
such as privacy-preserving machine learning (ML) [2], [3],
secure cloud computing [4], encrypted database queries [5],
[6], encrypted financial services [7], [8], secure energy
grid management [9], [10], secure voting systems [11],
and encrypted control of networked systems [12]. In all
these applications, HE enables new exciting features such as
learning on encrypted data, encrypted regression, encrypted
classification, or encrypted decision making.
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Yet, while the number and performance of homomor-
phically encrypted applications is increasing, encrypted
computations are still challenging. In fact, the set of
available operations offered by HE schemes is typically quite
limited and mainly includes encrypted multiplications and
additions. Moreover, the number of consecutive encrypted
multiplications (or, more precisely, the multiplicative depth)
is usually restrictive [13]. These limitations hinder the
encrypted evaluation of many functions or algorithms. Nev-
ertheless, polynomials of moderate degree can be evaluated
efficiently on encrypted data. As a consequence, accurate
polynomial approximations of non-polynomial functions are
currently intensively investigated in the context of encrypted
implementations [14], [15]. In particular, due to their heavy
usage in ML, popular activation functions in artificial neural
networks such as rectified linear units (ReLU) [3], [16],
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sigmoid functions [17], or hyperbolic tangent are of special
interest. The recent ReLLU approximation challenge [18]
underlines the significance of this research field even for
commercial applications. In addition, polynomial approxima-
tions are relevant for further methods in encrypted ML, like
logistic regression [19], [20] and are also utilized in other
fields such as encrypted control [21].

Given the demand for effective polynomial approximations
in the context of HE, our problem of interest can be
formalized as follows. We aim for encryption-friendly
polynomials of the form

p&x) ==co+ecix + - +cpx” 1)

approximating functions f (x) on closed, non-empty intervals
[a, b]. Now, for implementing (1) in an encrypted fashion
using an HE scheme allowing for a multiplicative depth d €
N, a tree-based realization — also known as exponentiation by
squaring — is the current standard. It allows for implementing
monomials of degree up to n = 2¢ — 1 with generic
coefficients ¢; € R [22], as illustrated in Figure 1.a for the
example of c3x3 and d = 2. In this paper, we propose a new
method for increasing the degree of polynomials that can be
implemented in an encrypted fashion under a multiplicative
depth d from 2¢ — 1 to 2¢. For moderate multiplicative
depths such as d € {1, 2, ..., 5}, this additional degree can
make a significant difference as we illustrate with various
numerical examples in Section I'V. To the best of the authors’
knowledge, such an approach has not been considered in the
existing literature.

Technically, our method builds on restricting the polyno-
mial’s leading coefficient c, to the set of integers Z. In fact,
as illustrated in Figure 1.b and detailed in Section II-A, c,x"
can then be evaluated via x"+- - - +x" with no additional mul-
tiplication. Now, as specified in Section II-B, searching for
optimal ¢, € Z in the context of regression problems initially
leads to mixed-integer programs (MIPs). However, we show
that the resulting MIPs can be solved efficiently by solving
only continuous (i.e., non-integer) optimization problems
(OP). Remarkably, as presented in Section III, our method can
also be adapted to Chebyshev regression, which significantly
extends its applicability. In summary, our main contributions
are (i) a novel approach for encryption-friendly polynomial
approximations building on leading integer coefficients, (ii)
an efficient procedure for identifying optimal ¢, € Z, and
(iii) an illustration of the effectiveness of our method with
various numerical examples. Before detailing our approach
in the following sections, we briefly specify relevant
notation.

Notation. We denote natural numbers, the set of integers,
and real numbers by N, Z, and R, respectively. Furthermore,
with [ -], [-], and | -1, we refer to rounding down, rounding up,
and rounding to the nearest integer (with rounding towards
zero in case of tie).
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FIGURE 1. Computational circuits with multiplicative depth d = 2 for
(a) a monomial of degree 3 = 29 _ 1 witha generic coefficient and (b) a
monomial of degree 4 = 29 with an integer coefficient.

Il. OPTIMAL POLYNOMIAL APPROXIMATIONS WITH
LEADING INTEGER COEFFICIENTS

As summarized in the introduction, we are aiming for
effective polynomial function approximations of the form (1)
in the context of encrypted implementations. We briefly
motivated that, given this special context, leading integer
coefficients are beneficial. We specify this benefit in
Section II-A before discussing the resulting regression
problem and our proposed solution in Section II-B.

A. BENEFIT OF LEADING INTEGER COEFFICIENT
In HE schemes, the multiplicative depth d € N is typically
limited. It refers to the maximum number of consecutive
encrypted multiplications supported by the given scheme.
More precisely, assuming the desired computations are
specified by a computational circuit as in Figure 1, then d is
an upper limit for the number of multiplications (i.e., nodes
“x” in Fig. 1) along any directed branch from an input node
to an output node. If this limit is exceeded, computations
usually lead to (highly) erroneous results. As a consequence,
sticking to the limit is mandatory in encrypted computations.
Unsurprisingly, a limited multiplicative depth implies
a limit on implementable monomials c¢,x". For instance,
naively computing c¢,x" via ¢, X x X --- X x requires
n consecutive multiplications. The number of consecutive
multiplications required to evaluate a monomial c¢,x" can
be easily reduced in optimized implementations. It is well-
known that, for generic coefficients ¢, € R, a tree-
based realization requires the fewest possible number of
consecutive multiplications and allows evaluating monomials
of degree up to n = 2¢ — 1 given a multiplicative depth
d. For instance, given d = 2, we can evaluate C3x3 via
(c3 X x) X (x x x) as illustrated in Figure 1.a. Analogously,
given d = 3 and defining r := (x X x), we can evaluate

c7x” via [(c7 x x) x t] x [t x t], where terms in round
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brackets are evaluated at depth 1 and terms in square brackets
at depth 2 (cf. Fig. 1). Up to now, this approach has built
the basis for polynomial approximations in homomorphically
encrypted computations. However, an improved realization
of polynomials of degree up to n = 27 is possible when
the leading coefficient ¢, is an integer, as proposed by our
approach and detailed below.

In fact, if ¢, € Z, then one of the consecutive multi-
plications for computing c,x" can be avoided and replaced
by additions (which are not limited by the multiplicative
depth). For instance, after having computed x" using the
classical tree-based approach, c,x can be evaluated via
x" + -+ 4+ x". Remarkably, tree-based approaches can also
be utilized to compute this summation more efficiently.
For example, 4x2 can be calculated via s + s with 5 :=
x% 4+ x? (being computed as in Fig. 1.b) using only two
consecutive additions instead of three as for the naive
approach. In general, for integer c,, c,x" can be evaluated
using [log,(c,,)] additions, which is important if larger ¢, € Z
are considered. In summary, integer ¢, are beneficial for
encrypted implementations of polynomials as they allow
to increase the implementable degree by one. However,
as discussed next, efficiently designing polynomials with
¢n € Z for approximating non-polynomial functions is non-
trivial.

B. EFFICIENT POLYNOMIAL REGRESSION WITH LEADING
INTEGER COEFFICIENT

In order to leverage the increased polynomial degree in poly-
nomial regression, we have to ensure ¢, € Z. In principle,
including this novel constraint is straightforward. In fact,
assume N sampling points x; are given and consider any
standard regression problem of the form

min J(cg, ..
€0s--+5Cn

s Cny X1y ooy XN @

Then, adding the integer constraint ¢, € Z results in the
desired restriction. For standard performance measures such
as the mean squared error (MSE)

1 N
N R DS IR CONC)
i=1

the resulting optimization problem is a mixed-integer
quadratic program (MIQP), which can be solved using
standard software such as MOSEK [23] or Gurobi [24]. Yet,
as we show next, the optimal solution can be derived more
efficiently without relying on mixed-integer optimization.
In fact, by exploiting that only one decision variable is
restricted to integers, an optimal solution can be found by
solving at most three continuous OP. An appropriate approach
can be derived from the following theorem, whose proof is
provided in the appendix.

Theorem 1: Assume the cost function J in (2) is convex
in the coefficients ¢; and assume ¢* = (cj,...,c}) is an
optimizer for (2) (without constraints). Then, there exists an
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optimizer ¢* := (&, ..., &}) for the constrained problem
min J(Co,...,Cpn, X1, ..., XN) St Cpe€Z.  (4)
CQseeey Cn

with ¢ = | ] or ¢ = [c}].

From Theorem 1, we infer the following procedure for
solving the MIP (4). Initially, we solve the unconstrained
(and continuous) OP (2). If the resulting optimizer ¢* is
such that ¢ € Z, we immediately found a solution to (4).
Otherwise, we solve two variants of the OP (2), where we
fix ¢, to || or [c}], respectively. The solution with the
smaller cost function value then reflects a solution to (4).
Hence, the MIP (4) can indeed be solved by (at most) three
continuous OPs. As we show next, the procedure can even be
shortened if J is symmetric with respect to the unconstrained
optimizer ¢*. Among others, this is the case for the MSE (3)
and the mean absolute error (MAE) considered further below
in (13). A formal proof for the following theorem is (again)
provided in the appendix.

Theorem 2: LetJ and c* be as in Theorem 1. Additionally,
let J possess the point symmetry J(c¢* + ¢) = J(c* — c) for
every ¢ € R"T!. Then, there exists an optimizer ¢* for (4)
with ¢ = |c}].

Clearly, given the symmetry in Theorem 2, we can find
a solution to (4) by solving at most two continuous OPs.
In fact, assuming the solution to the unconstrained OP (2)
is such that ¢ ¢ Z, we only need to solve one additional
variant of (2), where we fix ¢, := [c}]. We conclude this
section by formalizing that solving (4) for a certain degree
n can only lead to an improvement (or tie) compared to the
optimal solution of the unconstrained OP (2) for a smaller

degree.
Corollary 1: Consider any positive 7 € N and let ¢* be
an optimizer for (4) and n := n. Furthermore, let ¢* be an

optimizer for (2) and an degree n € N smaller than 7. Then,
J(&*) < J(c*), where J refers to the same cost function
instantiated for the two different degrees (but same number
of sampling points N).

Proof: Let An > 0 be the difference of the degrees
considered for the OPs (4) respectively (2). Then, the
statement trivially follows from the fact that the opti-
mizer ¢* augmented by An zeros is feasible for (4) and
n:i=n. ]

While Corollary 1 relates the two optimal cost function
values through a non-strict inequality, in practice, we often
observe that including the leading integer coefficient results
in a significant improvement compared to unconstrained
solutions of smaller degree. In such cases, we call the leading
coefficient beneficial according to the following definition.

Definition 1: A leading integer coefficient is beneficial,
if there exists an optimizer ¢* for (4) with ¢} # 0 but none
with ¢ =0.

We will illustrate and discuss the existence of beneficial
leading integer coefficients with numerical examples in
Section IV. Prior to this, we extend our results to Chebyshev
regression in the following section.
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lIl. EXTENSION TO CHEBYSHEV REGRESSION

From a numerical perspective, not only the integer constraint
in (4) is challenging but also the relatively high polynomial
degree n of (up to) 2¢. A standard approach addressing the
latter issue is to consider more suitable polynomial families
rather than the canonical power basis in (1). In particular,
fitting Chebyshev polynomials of the form

p):=co+c1T1(R) + -+ + caTu(2) &)

with T;(z) referring to the i-th Chebyshev polynomial (of the
first kind) typically works well for high polynomial degrees.
This is mainly because Chebyshev regression avoids the large
growth of higher-order coefficients as often observed in the
canonical power basis. Still, using this approach requires to
map the interval [a, b] onto [—1, 1] using, e.g., the mapping

function
a+b 2
= — . 6
g(x) ( 5 ) p— ©)
Formally, (2) is then substituted by
“min J @, ..., % g1, ... 8(N)) ©)
CQy---rCn

and, for MSE-based cost, (3) is replaced by

N
. ~ 1 . N2
T Bz i= 5 3 (Fe™ @n - p)
with
b—a a+b

7 ‘T

being the inverse mapping to (6). Now, solving (7) leads to an
optimizer ¢*. For the implementation of the corresponding
polynomial approximation of f, two scenarios are possible:
First, given a sample x, one can compute z := g(x) via (6) and,
subsequently, evaluate (5). Second, one can expand p(g(x)) in
x and, subsequently, evaluate the resulting polynomial for the
given x.

For the encrypted implementation considered here, the first
approach is unsuitable. In fact, mapping x via g would require
a multiplication and, hence, would consume one level of the
available multiplicative depth. Thus, we here focus on the
second approach. Regarding the expansion, it is well known
that only the polynomial 7,(z) involves a monomial of the
highest degree n. More specifically, this monomial reads
2"~177 Taking the mapping z = g(x) into account, we find
that the leading coefficient of the expanded polynomial (of
the form (1)) is given by

2\ & 4\
=, 2! == : 8
Cn = n (b—a) 2(b—a) ®

Combining this observation with our integer constraint
cn € Z from above, leads to the adapted constraint

Cn 4 \"
S

¢ @)=
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for the OP (7). Clearly, this constraint is trivially fulfilled for
¢, = 0. However, in this case, we also obtain ¢, = 0, i.e.,
a polynomial of degree n — 1. Satisfying the constraint (9)
for ¢, # 0 is slightly delicate. In fact, for moderate to high
degrees n, the unconstrained OP (7) typically leads to ¢}
with an absolute value (significantly) smaller than 1. This can
be problematic due to relations between ¢, and ¢, implied
by Theorems 1 and 2. In fact, assuming Theorem 2 applies,
a beneficial leading integer coefficient ¢} € Z \ {0} can only
exist if

&4\
3 (b_a) ¢ [-0.5,0.5] (10)

since, otherwise, applying |-] to the left-hand side of (10),
results in ¢§ = 0. Theorem 1 allows to derive a
similar condition! for the existence of an optimizer ¢* with
¢ € Z\ {0}, which even applies to asymmetric J. Now, for
small ¢} € (—1, 1), condition (10) can only be satisfied for
large factors 4" /(b — a)" > 1, which requires

b—a<A4. (11)

Remarkably, it turns out that (11) is indeed necessary for a
beneficial leading integer coefficient for all test cases in the
following section.

IV. NUMERICAL CASE STUDIES

As previously discussed, Corollary 1 implies that our method
cannot be outperformed by any existing approach, as they
are all limited to polynomial approximations of at least
one degree lower. Yet, there are cases (specified below)
where our method performs equally well as an existing
approach. Consequently, the relation in Corollary 1 is tight
and admits no further improvement. Thus, we need numerical
experiments to demonstrate the practical benefit of our
method. To this end, we evaluate our method on various test
cases involving different functions, domains, performance
measures, and multiplicative depths. With regard to functions
to be approximated, we consider

fi1(x) := max{x, 0}, (12a)

Sa(x) = tanh(5x), (12b)
1

B0 = (12¢)

inspired by activation functions commonly used in artificial
neural networks. In fact, (12a) refers to a ReLLU, while (12b)
and (12¢) reflect scaled” versions of the hyperbolic tangent
and sigmoid functions, respectively. Regarding function
domains, we consider different intervals [a, b] witha < 0 <
b (due to the link to activation functions) and b — a < 4 due
to (11). More specifically, we investigate the intervals Z; :=
[—2,2], I := [—1,1], Z3 := [-0.5,0.5], Z4 := [-2,1],

1According to Thm. 1, the left-hand side of (10) being not contained in
(=1, 1) is sufficient for the existence of an optimizer &* with ¢* € Z \ {0}.

2The scaling is required since the unscaled hyperbolic tangent and sigmoid
functions are almost linear on the domains considered for the test cases,
which renders the approximation task rather trivial.
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TABLE 1. Performance improvement (in %) for f; (x) and MSE.

d T, I I3 Iy Is Ts Ir
1 - - 92.63 — - - -
2 - - 75.39 - - - —
3 — 4703 5139 -— — 48.09 48.09
4 - 3083 3083 — — 18.36 18.36
5 — 17.03 17.03 - - - -

TABLE 2. Performance improvement (in %) for f; (x) and MAE.

d I, Iy I3 Iy Zs Zs 7
1 - - 73.68 — - 1.09 1.09
2 — - 52.53 — - —
3  — 3460 3467 — - 33.16 33.16
4  — 2021 2021 — - 14.89  14.89
5 — 11.15 11.15 2.58 2.58 2.67  2.67
Is = [-1,2], Z¢ := [—1,0.5], and Z7 := [-0.5,1],

where we note that the first three are symmetric (i.e, a =
—b) whereas the others are not. As performance measures,
we consider the MSE (3) and the MAE

1 N
J(eo, - em X1, o) = 0 D) = peal - (13)
i=1

or, more precisely, their counterparts for Chebyshev
regression. Regarding the multiplicative depth, we take
d € {1, 2,3,4,5} and the corresponding maximum polyno-
mial degrees n := 2¢ into account. Finally, regarding the
number of sampling points, we consider N := 10n points
on a regular grid in each case. In summary, we consider
3x7x2x5 = 210 different test cases (reflecting the different
combinations of functions, domains, performance measures,
and multiplicative depths).

For each test case, we perform a Chebyshev regression
and solve (7) subject to (i) the integer constraint (9) and
(ii) the restriction ¢, = 0. For the former, given the
symmetry of the performance measures, we use Theorem 2
for an efficient solution. Regarding the latter, we note that
it reflects the solution to the unconstrained OP of degree
n— 1. Having solved both OPs, we compare the two resulting
performances (i.e., optimal function values) and compute the
relative performance improvement resulting from the leading
integer coefficient. The corresponding results are presented
in Tables 1 to 6, where each individual table contains data for
one function and one performance measure (but all depths d
and intervals Z;). In each table, when there is no improvement
for a specific test case, we write “—”" instead of ““0.0” in order
to highlight the cases, where significant improvements are
achieved.

Now, the data in the tables offers numerous insights. First,
the results confirm that existing methods never outperform
our method, although ties do occur. Second, we do not
observe an improvement for the interval Z; in any test case.
This result is in line with our analysis in Section III since
condition (11) is violated for Z; (due to b — a = 4)
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TABLE 3. Performance improvement (in %) for f,(x) and MSE.

d 71 TIo Ig Ty Zs 16 I7
1 - - — - 59.08  59.08
2 - — — 0.41 0.41 81.86 81.86
3 - — — — — 28.25 28.25
4 - - 2763 2763 70.72 70.72
5 - - — 57.84 57.84 56.27 56.27
TABLE 4. Performance improvement (in %) for f,(x) and MAE.
d I Iy I3 Za Zs Ts I
1 - — — - - 45.84 45.84
2 - — — 2.58 2.58  58.30 58.30
3 - - - - - 3.41 3.41
4 - — — 1.48 1.48 3991 3991
5 - — 0.07 35.69 35.69 42.48 42.48
TABLE 5. Performance improvement (in %) for f5(x) and MSE.
d T In Is Ia Ts Ts Iz
1 - - - - - 55.00 55.00
2 - — — — — 49.98  49.98
3 - — — — 5.01 5.01
4 - - - - - 0.07 0.07
5 - — — 52,65 52.65 — —
TABLE 6. Performance improvement (in %) for f3(x) and MAE.
d T Io I3 I, Ts Ts I
1 - — - — — 45.84 45.84
2 - - - - - 56.48  56.48
3 - — — — — 3.41 3.41
4 - - — — — 3991 3991
5 - — 034 3569 35.69 42.48 42.48

and since we indeed find small ¢ € (—1,1) in every
test case. For all other intervals Z;, there exist multiple test
cases, where the leading integer coefficient is beneficial.
In general, improvements are more frequent for smaller
intervals (i.e., smaller b — a) and for higher multiplicative
depths d implying higher degrees n. Both are reasonable
with regard to condition (10). Another trend is that, although
improvements are more likely for larger values of d, the
extent of these improvements tends to decrease as d increases.
This makes sense since the positive effect of an additional
degree diminishes with increasing degrees. To underline
the significance of the improvements, we visualized the
comparison between our solution and the current state of
the art for the MSE regression task of the ReLU function
in Figure 2 for d = 3 on Z3. The improvement of 51.39%
in Table 1 due to the higher polynomial degree is visually
detectable.

Apart from the general trends discussed above, we can
observe some more specific trends for the individual
functions and intervals. First, note that the performance
measures for the intervals Z4 and 75 respectively the intervals
Te¢ and 77 are identical within each row of every table.
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State of the art
Our approach *
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FIGURE 2. Exemplary comparison of our solution with the current state of
the art for the MSE polynomial regression problem of the ReLU function
with a multiplicative depth of d = 3 on Z3.

This observation can be explained as follows. Clearly,
the matching intervals can be transformed into each other
by reflecting them across the origin. Now, the three test
functions offer similar symmetries. In fact, it is easy to see
that

Jix) = fi(=x) +x, (14a)
fo(x) = —fa(=x), (14b)
S0 =—f(=x)+1 (14¢)

for every x € R. As a consequence, whenever we found
a polynomial of degree n > 1 approximating one of the
test functions f; on a certain interval [a, b] with a certain
performance measure based on N data points on a regular
grid, using the relations (14), we can derive a polynomial of
the same degree which approximates f; on [—b, —a] with the
same performance. In fact, for degrees n > 1, we can com-
pensate for the “asymmetric offsets” x in (14a) respectively
1 in (14c). Hence, it is no surprise that the optimization-based
results in all tables are equivalent for the matching intervals.
The relations (14b) and (14c) further reveal that f> and
Sf3(x) — 0.5 are odd functions (whereas f;(x) —x/2 = |x|/2 is
even). Now, polynomial approximations of odd functions
on symmetric intervals tend to yield odd polynomials. As a
consequence, we here find ¢ =~ 0 for almost every test
case involving f> or f3 and any of the intervals 77, 75, or Z3.
This explains the blocks of “-~” in the Tables 3-6 (with
only few exceptions for d = 5 potentially resulting from
numerical limitations?). In summary, a beneficial leading
integer coefficient was found in 86 of the 210 test cases.
In 70 of the test cases (i.e., one third) the improvement
exceeded 3%.

3Note that, for d = 5, we have n = 29 = 32. Hence, computing cp
from ¢, according to (8) involves the factor 9.22 - 1018, Asa consequence,

=X A

depending on the machine precision, we may find |c};] # 0 also for ¢ ~ 0.
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V. CONCLUSION AND OUTLOOK

We proposed a simple but effective method for more powerful
polynomial function approximations in the context of HE.
More precisely, we showed how to increase the supported
polynomial degree (with respect to a limited multiplicative
depth of the HE scheme) by one compared to state-of-the-art
approaches. As illustrated with a comprehensive numerical
case study involving popular activation functions for (deep)
neural network-based machine learning, this additional
degree can lead to significant improvements in approximation
accuracy for low to moderate degree polynomials.

Technically, our approach builds on the consideration of
polynomial approximations with leading integer coefficients
¢,,, where n is of the form 24 with d € N. In fact, this feature
enables the evaluation of monomials c,x" in an encrypted
fashion using a HE scheme supporting a multiplicative
depth d (which was impossible before for more general
¢cn € R\ Z). Performing a regression with the restriction
¢y € Z can be formulated as an MIP and, in principle,
be solved using standard software. Yet, we showed that the
solution to the MIP can also be obtained by solving at most
two (for symmetric cost functions J) or three (for asymmetric
J) continuous OP (see Thms. 1 and 2).

Future work aims for studying the beneficial effect of the
novel polynomial approximations when used in compositions
as it is the case, e.g., for privacy-preserving evaluations of
deep neural networks or iterative optimization solvers.

APPENDIX

FORMAL PROOFS OF KEY RESULTS

Proof of Theorem 1: The statement of the theorem is trivially
satisfied for the special case ¢ = [c;] = [c}] € Z. In all
other cases, we have [c}| < ¢} < [c}]. For these cases,
we consider a relaxed version of the OP (4), where the
constraint ¢, € Z is replaced by

thnefceR|c<[}U{ceR]|c> [c)]). (15)

Clearly, this OP can be solved by independently solving

min J(cy, ..., CpX1s...,Xn) St ¢, < |cp]  (16)
CosensCp
and
min J@o. ...\ T Xl ay) SE Ta > [ (17)
€05--+5sCn

and then selecting the solution with the smaller cost function
value. Now, let ¢* and ¢* be optimizers for (16) and (17),
respectively, and assume J(c*) < J(¢*), where J(c) is
short for J(co,...,cu,x1,...,xn). Then, existence of an
optimizer ¢* for (4) satisfying ¢f = |[c}] can be shown
as follows. First, convexity and feasibility of (16) implies
that the Karush-Kuhn-Tucker (KKT) conditions are not only
sufficient but also necessary for optimality. Hence, any
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optimizer ¢* satisfies

0

Ved (c*) + 0 —o, (18a)
)\*

o — eyl <0, (18b)

A >0, (18¢)

N~ i) =0 (18d)

with A* € R reflecting the (optimal) Lagrange multiplier.
Next, taking (18c¢) into account, we distinguish the two cases
(1) A* > 0 and (ii)) A* = 0. In the first case, we immediately
find ¢ = |[c}] € Z. Hence, ¢* is also feasible for (4).
Moreover, since the set on the right-hand side in (15) is
a superset of Z, J(c¢*) < J(c*) excludes the existence of
an ¢* satisfying J(¢*) < J(c*). Hence, ¢ := c¢* is an
optimizer for (4) with the desired property (i.e., ¢ = [c}]).
It remains to consider the case A* = 0. In this case, (18a)
implies V¢ J(c*) = 0. Clearly, we also V¢ J(c*) = 0 for
the unconstrained OP (2). Hence, due to convexity of J,
we deduce J(c*) = J(c*). Furthermore, convexity implies

J(1 —a)c” +ac®) < (1 —a)J(c®) +alc) =J(c")
(19)

for every o € [0, 1]. Due to global optimality of ¢*, J(c*) is
also a lower bound for the left-hand side in (19) implying

J((1 — a)c* + ac*) = J(c*).

Now, taking ¢ < [c;] < ¢} into account, it becomes clear
that there exist an a € (0, 1] such that

¢ =1 —a)* +ac*

satisfies ¢ = |c¥] € Z and J(¢*) = J(c*). Hence, ¢" is an
optimizer for (4) with the desired property. Finally, the case
J(c*) > J(c*) leading to an optimizer for (4) with ¢ = [c}]
can be handled analogously. |

Proof of Theorem 2: We already know from Theorem 1
that there exists an optimizer &* for (4) with ¢& = |[c}]
or ¢ = [c}]. Hence, it remains to show that, given the
specified symmetry, out of the two options, the nearest integer
Lci1 reflects a solution. To this end, we define the two (non-
negative) quantities Ac, := ¢ — |c;] and Ac, := [c}]—c},
and first consider Ac, < AC,. Then, |c}] = [c};]. In order
to prove the claim, we next show that there does not exist
a ¢ with ¢, = [c}] such that J(¢) < J(c¢) for every ¢ with
¢, = lci]. To do so, we assume such a ¢ exists and derive
a contradiction. Since 0 < Ac, < Agc,, there exists an
a € [0, 1] such that «Ac, = Ac,. Due to convexity of J,
we further have

J((1 —a)c* +ac) < (1 —a)J (™) + aJ(©).

Taking J(c¢*) < J(c¢) due to optimality into account,
we additionally obtain J((1 — a)c* + ac) < J(c). Now,
we define Ac := ¢ — ¢* and note that (1 — «)c* + ac = ¢* +

VOLUME 13, 2025

aAc. Thus, due to the symmetry of J, we find J(c*+a Ac) =
J(c* —aAc). Itis easy to see that the (n+ 1)-th component of
Ac equals Ac,. Thus, the (n + 1)-th component of ¢* — ¢ Ac
isch—aAc, = c;—Ac, = [c;]. Insummary, ¢ := ¢* —aAc
is such that ¢, = [c}] and

J©)=J(c* +anc)=J((1—a)* +ac) < J(©),

which contradicts the assumption on ¢. The remaining case
Ac, > Ac, can be handled analogously. ]
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