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1. Introduction

Hadronsare,beyondreasonabledoubt,boundstatesof quarks.It is far from clearhoweverhow to
generatethe observedspectrumand its properties,evenif one acceptsthe idea of confinement.The
reasonfor the complexity of the problemand the ensuingfrustrationis that asymptoticfreedomand
confinementimply that the theorymust havea very complexinfrared structure.It is thereforea great
challengeto extractinfonnationon the spectrumfrom the rathersimple Lagrangianof QCD.

Thepurposeof thisreport is to presenta methodwhichis basedon thesimplicity of thetheory in the
ultraviolet regimeto extractinformationon the boundstatesof the system.In this methodonecannot
prove that the only possiblestatesare colour singletsbut oncethis assumptionis madethe wealth of
predictionsis rewarding.Use can bemadeof the phenomenologythat hasled to our presentknowledge
of hadrons(a) chiral symmetryandits spontaneousbreakdownwhich gives a vacuumexpectationvalue
to ~q and (b) duality which led to the string model. This embodiesthe conceptof string tension or
universalReggeslope andthe rapid convergencein the saturationof the imaginary part of amplitudes
by afew resonances.The combinationof thepropertiesof spontaneoussymmetrybreaking,duality and
asymptoticfreedomarethe basisfor the QCD sum rule method.

Following the original paper of Shifman, Vainshtein andZakharov[1] a considerableamountof
work hasbeendonein extractingpropertiesof hadronsusingthesemethods.In this reportwe will give
an extensivereviewof developmentssincethe reportof Novikov et al. [2]. We will restrictourselvesto
the calculationof massesandcouplingsof resonances,thoughwe will mention other subjectsas well.
Themany papersusingthe QCD sum rule formalismto determinethe massesof the light quarkshave
beenreviewedrecentlyby GasserandLeutwyler [3] andwill not be consideredhereunlessparticularly
relevant. Other topics not includedin this review are deep inelastic scatteringand large transverse
momentumscattering.

The ideaof the QCD sumrule formalism is to approachthe boundstateproblemin QCD from the
asymptoticfreedomside,i.e., to startat short distancesandmoveto largerdistanceswhereconfinement
effects become important, asymptotic freedom starts to break down and resonancesemerge as a
reflection of the fact that quarksandgluonsarepermanentlyconfinedwithin hadrons.The breakdown
of asymptotic freedom is signalled by the emergenceof power correctionsdue to nonperturbative
effectsin the QCD vacuum.Theseareintroducedvia nonvanishingvacuumexpectationvaluesof quark
and gluoncondensateoperatorssuchas

(0Ic~qI0), (0IG~PG~V!0), (1.1)

whereq(x) is the quark field andG~,(x)is the gluon field tensor.In standardperturbationtheory these
matrix elementsvanishafter normal ordering.

A nonvanishingquark condensatehas been known for a long time [4] and its significance for
resonancephysicscan be seenfrom the following argument.Considerthevacuumpolarizationsinduced
by the vector (4y,~q)and axial vector(t7y,~y5q)currents.For masslessquarkswhich should be a good
approximationfor u andd quarksthereis no differencebetweenthe two in everyorderof perturbation
theory.Howeverthe physicalstatesfor the two currentsarecompletelydifferent(p mesonin thevector
channeland ir andA1 in the axial vectorchannel)which is dueto the spontaneousbreakingof chiral
symmetry signalledby a nonvanishingvacuumexpectationvalue of c7q. On dimensionalgroundsit is
clear that this has to lead to power correctionscomparedto the logarithmic behaviour of the
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perturbativecontributions.It has been shown [1] that to producethe spectrumthesecorrectionsare
moreimportantthan higher order a~corrections.

The starting point of the approachis to write down the Wilson operatorexpansion[5] for the
T-ordered product of two or more currents. The gluon and quark condensatesappear as higher
dimensionaloperatorsin this expansion.The coefficientsof theseoperatorscontain the short distance
part and can be calculatedin terms of the Lagrangianparametersof the theory (cx. and the quark
masses)in perturbationtheory.Since the operatorproductexpansion(OPE) hasonly beenproven in
perturbationtheory its validity is by no meansobvious when nonperturbativeeffects are included.
Indeedthereis a critical dimension,as shown by SVZ [1], at which nonperturbativeeffectscausethe
OPEto break down. A generaldiscussionhas beengiven by Novikov et al. in [6], and we will come
back to this in the next section.Using dispersionrelationswe relate the n-point function to physical
statesandwe will discussmethods(moments,Borel transforms)which ensuredominanceof the lowest
lying resonance.At this point one obtains an equationwhich relates the parametersof the QCD
Lagrangianwith hadronicmassesand couplings.On the asymptoticfreedomsideof this equationthe
bareloop givesthe main contributionandthe nonperturbativetermsgive small but vital corrections.As
we will discussin detail later thesemethodshavebeen appliedwith considerablesuccessto two-point
functionsfor equalmassquarks(charmonium,upsilonium)and light quark systems(mesonsas well as
baryons). In equalmass heavy quark systemsit is only the gluon condensateoperatorwhich gives a
contribution. Its vacuum expectationvalue which is a universalquantity will be treatedphenomeno-
logically anddeterminedfrom the charmoniumspectrum.Lattice determinationsof this quantity agree
and will be discussedas well. For pure light quark systemsoperatorsup to dimensionsix haveto be
takeninto account.For the vacuumexpectationvalues of operatorsinvolving light quark fields we will
usethe currentalgebravalueof (0It~q~0~.

For systemsinvolving heavyand light quarkssuccessfulapplicationshaveonly beenmadeto open
beauty systems.Contrary to pure light quark mesonswhere the quark condensateoperatoralways
appearsmultiplied by a light quark mass,in systemswith oneheavyandonelight quark this operatoris
multiplied by the heavy quark mass andthe correctionsdue to this operatorbecomeespeciallylarge.
This haspreventedus so far to performreliable calculationsfor the massesof open charmstates,but
someapplicationsto openbeautystateshavebeenmade.The centreof massof the orbitalexcitationsis
predictedto be higher than in potentialmodelswherethe abovementionedterm is absent.

For baryonsthe situationis again different. On dimensionalgroundsit can be shown that the 4q
operatornow appearswithout a small quark mass and that this operatordrives the baryon mass
dynamics.A similar situationalso exists in various three-point functionsinvolving baryonsas well as
mesons.Since the Wilson coefficient of the ~q operatorinvolves less loop integrationsthan the bare
ioop or the coefficient of G~~ it is comparativelyeasyto derive sum rules which involve only the
chiral condensate.We will exploit this featureto study hadroncouplings.

Although the total body of resultson massesandcouplingsis very impressivethe methodsusedso
far arelimited to the lowest lying level in eachpartial wave.The determinationof radial excitationsis
most probably relatedto calculationswith higher dimensionalcurrentswhich includegluons. Even so
the method of enhancingthe lowest lying statesby moments or Borel transformsis not always
successful.In upsilonium, for examplewherethe relative spacingis muchsmallerthanin charmonium
the methodmust be modified. In light quark andheavy—lightquark systemsthe modificationis simply
to includea continuumcontributionbesidesthe resonanceunderconsideration.This extraparameters0
is quite naturally determinedby the criteriaof stability andthe spacingof levelsas determinedby the
string tension.
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The secondapproachto determinethespectrumof QCD is via MonteCarlosimulationson a lattice.
This method,originallyproposedby Wilson [7] hasbeenput into practicalcalculationsby a numberof
authors.Besidesthe original paperby Creutz [8] which showedthat pure Yang—Mills theory hasonly
one phasetherehasbeena largeamountof work in order to includefermions(for a recentreviewsee
[9]). It is probably the most promising method in the long run but at the presenttime its accuracyis
limited by technicalfactorslike the latticesize.

A completelydifferentapproachto spectroscopyis the nonrelativisticpotentialmodel approach.As
pointed out by Appelquist and Politzer there is reasonto believe that heavy quark systemsbecome
Coulombic. Indeedthis method at the qualitative level hasproducedgood results in a variety of
problems.In the caseof spectroscopya naive potentialmodel in which all elementsof QCD known
from one gluon exchangehave been incorporatedhas been proposedby de Rujula, Georgi and
Glashow[10], anddevelopedfurther by Isgur and Karl [11] andothers.For baryonscomposedof light
quarks the agreementis surprisingly good though some termshave to be dropped arbitrarily. For
mesons,light as well as heavy,the situationis not too encouraging.It doesnot appearto bepossibleto
explain in a rathersimple way theJ/cu — ~ splitting.Neverthelessthe conceptof quarkswith constituent
masseswhich are about 300MeV larger than the current quark massesseemsa good approximation.

Though the potentialmodel is useful as a zeroth-orderapproximationit cannotcontain the whole
story. More important,someof the parametersarenot easilyexpressedas functionsof the Lagrangian
parameters.There is somework of Politzer along theselines [12], but it is not easyto see how, for
instance,chiral symmetry breaking effects have been includedin the one gluon exchangepotential
models.Thenonperturbativeeffectswhich weinclude in the QCD sum rule formalismarenonlocaland
it is thereforein principle not possibleto describetheseeffectsby alocal potential.

The report is organizedin the following way. In chapter2 we discussthe generalprocedure,chapter
3 is devoted to the calculation of the Wilson coefficients of the perturbativeand nonperturbative
operatorsand contains all relevant technical details. In chapter4 the applications for two-point
functionsof heavyandlight quarks,including baryonsarereviewedin detail. We alsogive a discussion
of mesons and baryonswith glue and glueballs. Chapter 5 treats the applications to three-point
functions.Finally, wegive ourconclusions,outlook andsummaryof the resultsin chapter6.

2. General procedure

2.1. Introduction

In this chapterwe reviewthe generalprocedure.Correlation functionsaredefinedandtheir relation
with resonanceparametersis established.We discuss the operator product expansionapplied to
two-andthree-pointfunctionsin QCD, which operatorsappearin generalandwhich haveto be taken
into accountfor the various quark systems.We close this chapterwith a discussionof the moment
methodandits limit, the Borel transform,which can be usedto enhancethe dominanceof the lowest
lying resonancein the sumrule.

2.2. Correlationfunctions

Considera current of the generalform j~(x)= q,Fq1 wherethe indices i and j on the quark fields
denoteits flavour andr the tensorstructure.Eachcurrenthasdefinite .1, P andC quantumnumbers.
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To get a current with definite isospin,one hasto takethe appropriatecombinationof quark flavours.
The vacuumpolarizationinducedby such a currentis given by the two-point function

~ . i1’(q2) = if dx e1~(OIT(jr(x)jr(O))IO), (2.1)

andis representedby the diagram in fig. 1, wherethe vertex F dependson the current, andthe blob
representsall possiblediagramswhich endin a quark—antiquarkpair at the vertices.H’(q2) is a scalar
function, TMV... a tensordependingon the currentin question,andT on theright-handsidedenotesthe
T-orderedproduct.

In the literatureso far [1, 13—15] all possiblecurrentswith jPc = ~ ~, 1——, 0~~, 1~~, 1~,2~+ and
2 + that couple to the observedphysical mesonstateshave been studied, i.e. the following set of
currents:

— -

jsqiqj, -‘ —~

j~=iq,ySqJ, JPC =

jvqiy,Lqj,

— — TPC_i±+
JA—m.I~qIy~y5qJ, J —1

jN—q~r9~y5qi, J=1,

1T ~ + ~ +~~~J)q
1, jPc = 2~,

~ JPC~2_±,

where ~ = q~q~/q
2— g,~.The last threecurrentshavenot yet beenstudiedfor the flavour changing

case.The J~’C= 2~current hasbeen constructedin [15]. The various currentsdiffer by the current
quarkvertexF.

On groundsof analyticity H’(q2) is relatedto its imaginary part by a dispersionrelation, with a
numberof subtractionsdependingon the current

( 2)n Imll’(s) n—I

H~(q2)= ~ J fl( — 2) ds+ ~ ak(q). (2.3)

The unknownsubtractionconstantsa, can beremovedby taking the appropriatenumberof derivatives
of H’(q~).In turn the Im H’(s) is relatedto a crosssection.In particularfor the vectorcurrentjv(x) we
have

Im Hv(s) = ~2 2 so(e~e—* hadrons). (2.4)
64ir a

Fig. 1. Graphicalrepresentationof thetwo-point function (2.1). The dashedline indicatesthecurrent,andtheblob standsfor all possiblediagrams
which end in a quark—antiquarkpair at thevertices.
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By selectinga particularflavour, e.g. charm for jv(x) = ëy,~conly mesonswith open andhidden_charm
andJ~= 1~appearin Im H”, i.e. J/tfr, ~/,cii”,..., andcontinuumstatesabovethreshold(DD etc.).
Similarly one can pick out stateswith other quantumnumbersand/or quark contentby choosing
anothercurrent from (2.2). The reasonwhy currentsdiagonalin flavour can be chosenwill be given
below. At this point, feedinghadronicstatesplus a continuuminto Im Hi(s) oneobtainsa represen-
tation of H’(q2) in termsof the parametersof the hadronsthat correspondto the currentj(x).

Throughoutwe will usea narrow resonanceapproximationand write the imaginary part as a sum
over ô functions,e.g. for the vectorcurrentof flavour q with chargeeq we have

Im 1F”(s) = ~ ~8(s — m~)+—~--(i +~)O(s_ So). (2.5)
eqresgR 47T IT

In this caseg~is related to the electronic width of the resonancebut for most other currentsthe
coupling hasno direct physicalsignificance.

The procedurefor studying baryon resonancesis completely identical. The currents are now
constructedof threequark fields. For instance,for the nucleonandzi (1232) (JP = ~) one can choose

~ (2.6)

~~(x)= Eabc(U(X)CY~U(X))U(X), (2.7)

C is the chargeconjugationoperator,anda, b andc arecolour indices.The choice(2.6) for the nucleon
currentis not unique.It hasbeenargued[16]that the couplingof the nucleonto otherchoiceswith the
samequantumnumbersshould be small. We will comeback to this point in section (4.6), wherethe
baryonsum ruleswill be consideredin detail.

Also the generalizationto three-point functions is straightforward.In chapter5 we will discuss
applications to hadron couplingsof Goldstonebosons,in particular trilinear meson couplingsand
baryoncouplingsto pions andkaons. In this casewe considercorrelationfunctionsof threecurrents.
For instancefor the pion—nucleoninteractionwe have

A(p’, p, q)= J dx dy e1~’OIT(~N(x)jp(y)~N(0))JO). (2.8)

In all thesecaseswewill follow the sameprocedureas for two-point functionsof mesoniccurrentsand
saturateeachchannelby resonancesanda continuumcontribution.

2.3. Theoperatorproductexpansion

Following SVZ [1] we start at short distances,i.e. Q2 = —q2 large, and assumethat in QCD the
operatorproduct expansionis valid for the T-orderedproductof currentsin (2.1) and (2.8). We will
illustrate the procedurefor the mesoncase(2.1):

i f dx e’~T(j~(x)j~(0)) = C~l+ ~ C~(q)O~, (2.9)
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whereI is the identity operator,Cf, C~are the Wilson coefficients, and the 0,, are local gauge
invariant operatorsconstructedfrom the quark and gluon fields. The c-numbercoefficients C~obey
renormalizationgroupequations,dependon the parametersof the theory,andon the Lorentz indices
andquantumnumbersof j~(x)and 0,~.The operatorsOn in (2.9) are orderedby increasingdimension
and the C~(q)fall off by correspondingpowers of q2. In the three-pointfunction casethe C~are
functionsof thethreeexternalmomentap, p’ and q. andfall off by appropriatepowersof the squaresof
thesemomenta.Therefore,at short distancesthe operatorswith the lowest dimensionsdominate,and
give powercorrectionsto the perturbativecontributionsstemmingfrom the unit operator.Sincewe are
interestedin the vacuumexpectationvalueswe only haveto considerspin zerooperators.The complete
set of operatorswith spin zeroanddimensionequalor lessthansix is [1]

I (unit operator) d = 0,

0,,,mqq, d=4,

OG=G~VG~Y, d=4,

= ~F
1q4F2q, d = 6, (2.10)

O,,.=tñ—-qG~, d=6,

Off,,bcG~,,G~’~5G~,d=6,

wherem andth arematricesin flavour spacewhoseelementsareproportionalto quark masses,)t~ are
the usualGell—Mann SU(3)matrices,Tr(A~A”)= 2oab o~= ~i[y~,y~]and G~.,.is the gluon field tensor.
Otheroperatorscan be reducedto thosegiven in (2.10)by usingthe equationsof motion.

The operatorsof dimensiond > 0 give rise to lIq” powercorrections.For most applicationswhich
havebeenconsideredso far higher dimensionaloperatorsareassumedto givenegligible contributions.
Explicit calculationsof operatorswith dimensiond = 6 and d = 8 in charmoniumwill be discussedin
the nextchapters.

In QED and other renormalizablequantumfield theoriesone can give good arguments(within
perturbationtheory)for the validity of an expansionlike (2.9). Its physical meaningis well known: the
Wilson coefficientsdeterminethe short distancebehaviourand the large distancepart is containedin
thematrix elementsof theoperators0,,. Onemustcheckthat thisseparationis still meaningfulin QCD.

It is important to note that the expansion(2.9) is an operatorexpansion.Therefore, the Wilson
coefficientsare independentof the processbeing discussedand can be calculatedby sandwiching(2.9)
betweenstatesthat pick out a definite operatoron the right-handside.

For the polarization operators(2.1) and (2.8) we have to consider vacuum expectationmatrix
elementsof O~,which are per definition zero in perturbationtheory, but in QCD nonperturbative
effects (e.g. instantons)changethe natureof the vacuumand inducenonvanishingvacuumexpectation
values for theseoperators.These matrix elementsexpressthe fact that at large distancesthe free
particlepropagatorsof quarksandgluonsaremodified by nonperturbativeeffects.This is by no means
anewphenomenon.Asmentionedin theIntroduction,in theframeworkof currentalgebratheexpectation
value(0~qq~0)is known to beunequalto zeroandresponsiblefor the breakdownof chiral invariance,and
the IT—p—A1 massdifference. These matrix elementscontain all nonperturbativecontributions, and
consequentlyFeynmandiagrammatictechniquescan be usedto calculatetheir Wilson coefficients.In the
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nextsectionwe will considerin detailwhich operatorscontributefor the variousdifferentquark systems
anddiscussthecalculationof theWilson coefficients.Thevacuumvaluesof theoperatorsin (2.10)will be
treatedphenomenologically.It is reassuringthatthevaluesfoundbyothermethods(currentalgebra,lattice
calculations)agree.

Becausenonperturbativeeffects areincludedthe validity of the OPEin QCD mustbe checked.As
remarked earlier the standardderivationsare all in the context of perturbationtheory [17]. The
extensionof the OPE to QCD hasbeen discussedby SVZ in [1] and [18] and by Novikov et al. [6].
Physically the problemis the following. Given the currentsor compositeoperatorswe constructthe
correlation function (2.1) or (2.8). In a theory with a trivial vacuum one obtains to all orders in
perturbationtheory that only the identity operatorin (2.9) surviveswhen x —~0. More precisely,the
higher dimensionaloperatorsdo not contributeto the connectedGreenfunctionsafter normalordering.
When the vacuum is more complicated, e.g. in the presenceof condensates,how does the theory
generalize?

A simple exampleto illustrate the problemis A.~/4theory [19,20]. In this caseoneallows themassto
becomenegative;the theory developsa(~2) condensateandthe naiveperturbativevacuumis no longer
the groundstate.Renormalization,however,can bedonein the symmetricor in the brokenphase[21].
The Greenfunctionsmaybe computedin anyof thetwo vacua.

In the brokenphase,becauseof the condensate(02) extra terms will appearin the short distance
expansion:

(UoJ~(p)~(—p)Jl’2o)= C
1(p

2)+ C~2(p2)(~2), (2.11)

wheref2~standsfor the perturbativevacuum.The Wilson coefficientsarecalculatedin the perturbative
vacuumandnonperturbativeeffectsaresimply takeninto accountby allowing (q~2)to bedifferent from
zero. This is the methodproposedby SVZ [1].For largep2 it yields the sameanswerascalculating in
the physicalvacuumwith the shifted Lagrangianandno condensate.The Lagrangianis

(2.12)

We areinterestedin m2<0 in whichcasethe vacuumis usually shifted.The new Lagrangianin termsof
the shiftedfield p = — u reads

Au2 Au A
.s~,=:~(ô~~p)2_~(m2+ ___)p2___p3_~p4, (2.13)

where u2 = (02) = —6m2/A.Asymptotically (p2—* cc) oneobtainsfor the two-point function

Au2 Au2 1p2\
(2.14)

2 32IT \mI

It can now be verified [20] that calculatingthe Wilson coefficients C
1(,p

2) and C~2(p2) in (2.11), i.e. in
the perturbativevacuum,the result (2.14)is reproduced.
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This exampleof coursehasnone of the complexitiesof QCD. Another theorystudiedalongthese
lines is the non-Abelian,nonlinearsigma model [22]. In the largeN limit and to leading order this
model reproducesthe SVZ expansion.David [22], claimsthat the gluoncondensateis ill definedin the
nextorder in i/N This assertionis not correctsincethe intermediaterenormalizationis not takeninto
accountin [22],and it can beshown [23]that by doing so thereis no contradiction.However,a proofof
the expansionis still not complete,evenin this model, since one must prove that additive renor-
malizationdoesnot occur in any of the Greenfunctions.In QCD itself, thereonly exists a calculation
[24] in an externalinstantonfield. Thereall termsarrangethemselveswith the appropriatecoefficients.
In particular all powercorrectionsQ_2n with n > 2 mustvanish.This non-trivial cancellationhasbeen
provenfor n = 3 by explicit calculation.Thepotentialproblemsstemmingfrom renormalizationare not
testedin this case.

Thereare two effects due to nonperturbativeterms: first they inducenonvanishingvacuummatrix
elementsfor the higher dimensionaloperatorsO~andsecondlythey causethe breakdownof the OPE
at some critical dimensiondcr. The Wilson expansionis valid as long as there is a clear distinction
betweenshort distances(cc 1/Q) which determinethe Wilson coefficientsand large distances(cc1/p)
which govern the matrix elements.Nonperturbativefluctuationsof the quark and gluon fields which
have a size independentof Q can be absorbedinto the vacuumexpectationvalues of the operators
(2.10). Smallsize fluctuations(cc1/0) go beyondthe operatorproductexpansionbut the centralpoint is
that they only showup at somerelativelyhigh order in Q2~

The leadingnonperturbativecontributionat short distancesis dueto the one-instantonsolution [25].
To get a roughestimateof the validity of theseriesonecan usethe dilute instantongasapproximation.
In this approximationthe expectationvalueof an operatorlike ~ can be estimatedas

(01 ~ G~.,,G~PI0)16 ~ d(p), (2.15)

where d(p) cc exp{—2IT/a~}is the instantondensity function (for smallpd(p) cc p’
1) andPc is a cutoff.

The importantpoint is that (2.15) doesnot divergefor small p. The first ultraviolet divergenceappears
(in a pure Yang—Mills SU(3) theory) when one attemptsto calculate (OJG6jO), i.e. an operatorof
dimension12. So beyondd = 12 the OPEbecomesinvalid.

We will not useestimateslike (2.15) to find the matrix elements.The one-instantonsolution in the
dilute gasapproximationcan only help to find the critical dimensionfrom the convergenceof the
integralsat largeandsmall p.

Having calculatedthe Wilson coefficients Cf and C~(q)we have an expressionfor the vacuum
polarizationH’(q2) or the three-pointfunction in the deepEuclideanregion in termsof thefundamental
parametersof QCD and the matrix elementsof 0,, in the physical nonperturbativevacuumof QCD.
Equatingthis expressionwith the physicalrepresentationdiscussedin (2.2),we havea relationbetween
the parametersof the theory andhadronparameters.In oneof the nextsectionswe discussmethodsto
determinethe propertiesof the lowest lying resonancein a particularchannel.

2.4. Further analysisof the operatorproductexpansion

Our main task will be to calculate the Wilson coefficientsof the operators(2.10) for two- and
three-pointfunctionsconstructedof the mesoncurrents(2.2) and/orbaryoncurrents.Which operators
play the main role dependson the typeof quarksystemoneconsiders.
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Let usfirst considerheavyquarkmesonicsystems(charmonium,upsilonsystem)andassumeonecan
neglectoperatorswith dimensiond> 4. We will seein chapter4 underwhich conditionsthat is correct.
Therefore,apartfrom the pureperturbativecontributionscontainedin C~we will only havethe gluon
condensateoperator~ andthe two fermionoperatorm4q. For heavyquarkslike a c quark the
latter will involve (OIëcIO) which can be put equal to zero. Considerthe first-order a~perturbative
diagramsof fig. 2 for heavyquarksat Q2 = 0 for the externalmomentum.The integralswhich describe
thesediagramsaredominatedby p2, k2 oc —m2 for the quarkandgluon momenta,i.e., the quarksand
gluonswill be far off shell,andpropagateonly a short distance.Their propagatorswill not be affected
by vacuumfluctuationsandcan be describedby free particlepropagators.The point Q2 = 0 belongsto
the asymptoticfreedomregion andstandardperturbationtheorycan be applied.

To probe largerdistanceswehaveto movecloser to the quark thresholdq2 = Q2= 4m2.This can
alsobe done [1] by computinghigher derivativesat q2 = 0. Thesewill involve integralsof the type

f d~p g d4pd4k 216
J (p2+m~’ J [(p+k)2+m2]~’ ( . )

--a--
-~--

Fig. 2. Contributionsto thevacuumpolarizationto first orderin a,. Curly lines depictgluons,continuouslines quarks,anddashedlines currents.
Graphswith four-point verticesareonly presentfor caseswith derivativecouplings.
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whereall momentaareEuclidean.They are dominatedby Minkovskianmomentap2, k2 cc —m2In and
for high n both p2 and k2 tend to zero. Even at p2 = 0 the heavy quark is highly virtual and its
propagationis describedby standardperturbationtheory.Thus, for heavy quarksthere_will be no
modificationof the free particlepropagatordueto nonperturbativeforcesand (OIeclO) (OIbbjO) 0.

A more preciseargumentcan be given in the framework of the heavyquark massexpansion[26]
which enablesoneto write

(OJm4qJO) —~(0~~ G~PG~I0), (2.17)

andthe quarkcondensatecontributioncan be absorbedin the gluoncondensate.Due to mixing of the
quark and gluon condensateoperatorsthereis an extra contribution to the gluon condensatethat
exactlycancels(2.17)leavinguswith a zerocontributionto this order from a heavyquarkcondensate.
We will seelater that this mixing is specially importantfor systemswith oneheavyandonelight quark
sinceit cancelsunwantedmasssingularities.

On theotherhandfor k2 tendingto zerothe gluonapproachesits massshell andmodificationsto the
gluon propagatordueto nonperturbativeeffectshaveto betakeninto account.Soto first orderin a

5 we
can write for the vacuumpolarizationof heavy quarks:

-- + ~ + ~ - - +

+ + (2.18)

+ [—-~-- + + ~

wherethe first set of diagramson the right-handside are the normalperturbativeones(contributeto
Cc) andthe secondset forms theWilson coefficient Cf.~.The blob indicatesthatthe gluon propagatoris
modifiedby long distanceeffects, i.e.,

= ---~-~- + (2.19)
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andin the OPEthe last diagramfactorizesinto a short-andlong-distancepiece

- - - - = - - - - pp~p = - - . (2.20)

So,this proceduretells us immediatelywhich diagramsto calculatefor the Wilson coefficient CG. To see
what form this extracontributiondueto the modificationof the gluonpropagatorat smallk2 takes,let
uswrite down the loop integralof the diagramsin (2.18) which areof orderg2,

H(q2) — —~----~ g2 Jd4kD(k2)C(q,k). (2.21)
(2IT)

Here,D(k2) standsfor the full gluon propagatorincluding nonperturbativepiecesandin the Feynman
gaugeis given by

(0JT(A~(x)A~(0))j0)= — th J d~ke~D(k2)g~, (2.22)
(2IT)

while C(q, k) representsthe subdiagramsfrom which the gluon propagatoris removed

C(q,k) ~_~__+_~Q__•__Q__ (2.23)

The spirit of the operatorproductexpansionis basedon the observationthat evenat smallk2 C(q,k)
can be calculatedin perturbationtheoryprovidedthe externalmomentumq2 is kept far enough from
the threshold4m2. Puttingthe perturbativeform for all quarkpropagatorsinto C(q,k) and expanding
in the smallmomentumk weget for H(q2) the factorizedexpression

H(q2) = ± g2f d4kD(k2){C(q,0)+ k,,8~C(q,k)1k
0+k,,k~-~- a~o~C(q,

(2ir) 2! pert

(2.24)

The first two terms vanish becauseof gaugeand Lorentz invariance,and we end up with the desired
form in which long andshort distanceeffects havebeenseparated

H(q
2) = lim g2 ~ , (T(G~(x)Da

1D,,2... Da2,G (O)))[0~1a~2...8~2*(a~C(q,k))Jko]pert.
x—.O ~.~o(2n+2).

(2.25)
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To include only the long-distancepart into the matrix elementsin (2.25) we have to subtractthe
perturbativecontributionto the gluonpropagator

— ~ J d~k[D(k2)— D(k2)pert]k2. (2.26)

(2ir)

With this definition of the gluon condensatewe get for (2.18)

H(q2) = H(q2)pert+ ~ k)Iko+~~~, (2.27)

and the expressionfor the diagramsin front of G~G~is given by ak,,a~C(q,k)Ik_o.
For systemscontaining light quarksthe quarkpropagatorwill also be modified by nonperturbative

vacuum fluctuations and quark condensatecontributions have to be taken into account in the
calculation of the vacuum polarization functions. Of course Q2 cannot be taken zero in this case.
Moreover, since thesesystemsare governedby largerdistancesalso the dimensiond = 6 operatorsin
(2.10), in particular the four fermion operatorO~,play an important role. Diagrammaticallywe can
presentthe vacuumpolarizationfor light quarksin the form

= ——-EI~-—_+ ~ +

(OfG~ G~vIo).. + (O~m~q~O)~ (2.28)

+ — — ~~/‘)~-— — o~riq~rzq~o+ etc.

Here Q2 is largeand all propagatorsin the diagramswhich representthe Wilson coefficientscarry large
momentawhile the momentaof the quarkandgluon legswhich disappearinto the vacuumgo to zero.
For light—heavy systemslike open charm and beautydimension d = 6 operatorsstill give negligible
contributions.For two-point functionsof baryoniccurrentsaswell asfor three-pointfunctionsthe same
argumentshold. Similar diagrammaticequationslike (2.18) and(2.28)can be written down. In baryonic
currentstherewill bean extraline originating in the F vertexandfor three-pointfunctionstherewill be
threeF vertices.

In various applicationsto baryon two-point functionsand in particular to three-pointfunctionswe
will usedimensionalargumentsto arguedominanceof certainoperators.For anyof the currents(2.2)
the polarizationoperator(2.1) hasan evennumberof dimensionsandall operatorswill contribute.For
certain systemshowever the invariant function can havean odd number of dimensions.Since the
Wilson coefficientscan only be functionsof Q2, this implies that the operatori~qwill not be multiplied
by a quark mass andwill be greatly enhancedin the light quark casecomparedto evendimensional
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operatorslike G~VG~which will be multiplied by a smallquark massto matchdimensions.Forcertain
cases,for instancethe pion—nucleoncoupling constantwhich we will treat in detail later, this will
significantly simplify the calculations.

In the next chapterwe will discuss in detail the calculation of the Wilson coefficients for the
two-point functionsof mesonand baryoncurrents.They will be functionsof the externalmomentum
Q2, the quark massesandthe couplingconstanta

5, but contain no otherfree parameters.The vacuum
expectationvalues of the operators0,, are also free parameters.They will be determinedby various
methods(phenomenologically,by PCAC,by instantonmodels,or by the vacuumsaturationhypothesis)
as we will discussin detail in chapter4.

To concludethis chapterwewill now discussthe methodswhich havebeendevelopedto ensurethat
the lowest lying resonancedominatesin a particularchannel.

2.5. Momentsand the Borel transform

So far, we havetwo expressionsfor the vacuum polarization operator:one in terms of physical
resonanceparametersas discussedin section (2.2) and the other a theoreticalexpressionwhich is a
function of q

2, a
5, the quark massesand the vacuum expectationvalues of the operators0,,. The

theoreticalexpressionhasbeencalculatedfor largenegativeq
2 whereasymptoticfreedomprevailsand

perturbationtheory can beused,andshouldbe a good approximationto the physical H(q2).
To be able to pick out the lowest lying resonancein a particular channelwe define momentsby

taking derivativesof H(q2), i.e. in the dispersionrepresentation(2.3) we get

M~(Q~)=—~-- (__~)~Jp(Q2)j

0s.0~, (Q
2 ~q2)

n! dO

1 f ImH(s)

= IT J (s+ Q2)12+l ds. (2.29)
4m1

Inserting the representation(2.5) for the imaginarypart into (2.29) we can write

1
1t,fJ(fl2\ — ___~ _____________F~j ~jjç~2

11 fl~~.iO)— 2 2 1 2 ~ ç~2\n+1t’ unY..1o
eq gR !,mR-u ‘./0)

where mR and g~are the parametersof the lowest lying resonanceand ô~,(Q~)contains the
contributionsfrom higher resonancesandthe continuum.For high n, 8~,(Q~)will go to zerobecauseof
the factors [(m~+ Q~)/(m~. + Q~)]”~it containsandbecausemR.>mR. So, from a certainn onwards
M~,(Q~)will be practically equalto the contributionof the first resonance.This will be evenmore the
caseif we considerratiosof thesemoments

M~,,(Q~)= 1 1 +
~ ~ A,fi (~j\ 2 ~2 1 ~j (~2\ ( . )

I n—1~.’.EO) m
1~ ~ ~

which immediately gives the mass mR of the lowest resonanceif we are at sufficiently high n where
~i 1r2\ ..... ~j (()2(Jn~,~.1O)—

tJn—lk’./0
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For instance,for the charmedvectorsectora largenumberof resonancesis known andM~’(Qo~)can
be calculatedto high accuracy.One caneasily verify that thef/i/i alonegives about50% of M~’(QO2= 0)
andalready90% of M~(Q

0
2= 0). For Q~� 0, 6~,(Q~)will converge lessfast to zero andfor very large

Q~it will be difficult to extract the parametersof the lowest lying resonancesfrom (2.30) or (2.31).
Large(spacelike)Q~meansmoving away from the resonanceregion in the Q2 planeup to apoint from
whereit will beimpossibleto distinguishindividual resonances.In principle thiscan be compensatedby
taking large n. Indeed, taking higher derivativesof H(q2) meanstesting larger distances,i.e. moving
towardsthe resonanceregion.The observationof SVZ is that for heavy quarksthereis a region of Qo2

startingat aboutzero for which asymptoticfreedomholds.In fact, all calculationsfor heavyquarksby
SVZ [1, 27], havebeenperformedat Q~= 0. As we havearguedbefore in section(2.4) the high quark
mass,comparedto the QCD scale,ensuresthat evenat Q~= 0 we are in the asymptoticfreedom
region.

Taking derivativesof the theoreticalexpressionswe can write for the momentsfor heavyquarks(in
which caseonly the gluon condensategives a nonperturbativecontribution)

M~,(~)= A’(n)[l + a,,(j; ~)a~+ b~(j;~)0], (2.32)

where~ = Q~/4m2and

4IT2(°~~ G~G~PI0)
0 = (4m2)2 (2.33)

is the matrix elementof the gluon condensate.A~(n)is the nth derivativeof the bareloop contribution
and the dimensionlesscoefficientsa,,(j; ~)and b~(j;~)are the momentsof the a, contributionof the
Wilson coefficients Cf and of C~respectively,normalized with respect to the bare loop. Their
calculationwill be discussedin the next chapter.For ~= 0 theyare tabulatedin [28] andfor ~� 0 in
[13]. The coefficientsa,, and b,, grow with n (b,, like n3) but decreasewith ~ (or Q~)which hasto be
chosensuchthat for a largerangeof n a,,a,, b,,0 4 1 for first-orderperturbationtheory to makesense.
We will seelater in applicationsto the charmoniumspectrumthat for the calculationsto bereliableand
to minimize the contributionsof higher dimensionaloperatorsonemust chooseQ~different from zero.
For a certainvalueof ~ therewill bea rangeof n valuesfor which theexperimentalsideof themoment
eq. (2.30) (or the ratio (2.31)) is dominatedby a single resonance,while the asymptoticfreedomside
(2.32) is still valid. For small n thereoccursa breakdownas the effectsof higherstatesin (2.30)should
becomenoticeable,and at high n the expansion(2.32) does not hold when b,,0 becomestoo large
comparedto 1. The stability region in n will changewith ~ and one should study the stability of the
momentsfor growing ~. Furtheron wewill apply thismethodto the charmoniumandupsilonsystemsto
extractthe parametersof the lowest lying resonancein eachchannel.

A secondmethod is a variation of the first in which ratiosof momentslike (2.31) for two different
currentsareconsidered.Sinceit is reasonableto believethat theparameters5~and8~arevery similar,
in particularin the samepartial wave,the correctionsfrom higher resonancestendto canceleachother
andwe have

r~/r~~(m~.+Q~)/(m~+Qo2). (2.34)



L.i ReindersetaL, Hadronpropertiesfrom QCDsumrules 17

This methodis, unlike the first, incapableof giving the absolutenormalizationof the levelsbut should
give the ratiosof thelevelswith high accuracy.Fromdimensionalconsiderationsit is clear that A~(n)
must be proportionalto (1/rn2)”; thereforeri,, is proportionalto 1/rn2 andvery sensitiveto the quark
mass,while the ratio (2.34) is independentof m.

Equation(2.32)is only true for equalmassheavyquarksystems.For light-heavysystemsthe quark
condensatewill also give a contribution to (2.32) which again must be small comparedto 1 for the
expansionto bevalid. For light quarksystemsmorehigher dimensionaloperatorscomein. The moment
methodcan in principle alsobe used in this caseusing a largemassscaleQ2 whereall correctionsare
smalland takingderivativeswith respectto Q2~If Q2 tendsto infinity the numberof derivativeswhich
arecalculablein a reliableway is also arbitrarily largeandonecan considerthe limit [1]

Q2_t.cc n-+cc, Q2/nseM2fixed. (2.35)

In this way a new variable .TVP is introducedinstead of Q2~It correspondsto introducingthe Borel
transformof H~(Q2):

1 / dx”
LMH~(Q2)= lim (Q2)” (— —i) H’(Q2), (2.36)

,,-.= (n — 1)! dO
Q2/n=M2

whichresultsin a Borel improvementof the series(2.9), as an operatorof dimensiond is suppressedby
afactor 1/(~d— 1)!. Applying LM to (2.3) we get

LMH1(Q2)= —~ f exp(—s/M2)Im H’(s) ds, (2.37)

where all subtractionconstantshavedisappearedand the weight function in the integral has been
replacedby an exponentialone. We notethat the suppressionof higher resonancesis much less (for
M2 M~)than for the moment method and (2.37) can only be used when the spacing between
resonancesis relatively large. For detailsof the propertiesof the Borel transformwe refer to [1]. In
chapter4 we will apply this methodto L = 0 and L = 1 light quarksystems.

3. Calculationof the Wilson coefficients

3.1. Introduction

In this chapterwe describethe calculationof the Wilson coefficientsof the variousoperatorsin the
OPE (2.9). Section (3.2) is devotedto the perturbativepart of the polarizationfunction H(q2) for
mesoniccurrents,i.e., to the Wilson coefficient of the identityoperatorin the OPE(to first orderin a,).
The calculationwill be describedin somedetail for the vector current (JPC = 1 ) with unequalmass
quarks.This is aparticularconvenientexamplesincethe axial vector,scalar,andpseudoscalarcasescan
be obtainedby a simple replacement.The descriptionfollows closely [13] wherethe equalmassresults
for all currents(2.2) (exceptthe JPC = 2 + current)wereobtained.Someof thesewerealreadyobtained
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by SVZ in [1] and [27].The unequalmasscasesfor currentswithout derivativescan be found in [29]
and[30]. Othercalculationsof spectralfunctionsfor hadroniccurrentswerereportedin [31—33].

In [13] a number of checkshave been performedfor the equal mass cases,in particular the
low-energylimit which confrontsthe resultswith thosefrom nonrelativisticonegluon exchange,andthe
high-energylimit wherea comparisonis madewith the solutionsof the renormalizationgroupequation
for the current correlationfunctions at high energy.The resultsreportedhere agreewith thesetests.

Section (3.3) is devoted to the Wilson coefficients of the higher dimensional (nonperturbative)
operators.First we discussthe coefficient functionsof gluonic operators,with specialemphasison the
fixed-point gauge technique.We will derive rules for treating the quark propagatorin an external
backgroundgaugefield. A detailedapplicationto the Wilson coefficient of ~ for massivemesonic
currentsis made. Subsequentlywe discussrecentcalculationsof six- and eight-dimensionalgluonic
operators.

As explainedin chapter2 massivequark systemsonly get contributionsfrom gluonic operators.
Systemswhich contain light quarks have not only explicit quark condensatecontributions,but the
Wilson coefficient of the gluon condensategets also a contributionfrom the light quark condensate.
This is especiallyimportantin light—heavysystemsto cancelmassdivergences.Thesequestionswill be
discussedin the secondpart of section(3.3).

Finally we will turn to pure light quark systems,including baryons.For calculationswith baryonic
currents (in general for masslessquark systems)it is most convenientto work in the coordinate
representation.The differencebetweenmesonicandbaryoniccurrentsis dueto the different physics of
the two systems.As a consequenceof chiral symmetry breaking, operatorswith quark fields appear
without a quark mass in baryonic polarization functions. This makes it possible to calculate the
coefficientsstarting with masslessquarks whosepropagatorsare simple in x-space.Throughoutthe
calculationswe will usethe sameconventionsas Björken and Drell. In the Appendixwehavecollected
all formulae for the gluonic contributions to equal mass heavy quark systems,as well as the full
expressionsfor the polarization functions of light quark mesons and baryons, including mass cor-
rections.

3.2. Calculation of the perturbative part of H(q2)

The diagramswhich contribute to the perturbativepart of the polarization function H(q2) (to
first-order in a,) are given in fig. 2. The diagramswith contactfour-point verticesareonly presentfor
currentswith derivatives(like f~’C= 1’ - andJ~’~= 2~~).We havecalculatedthe imaginarypartof each
diagramfollowing Schwingersmethod[34] of on-mass-shell-renormalization.

To demonstratethe calculation in some detail, we take the flavour changing vector current
j~= Q

1y~q2as an example,whereq1 and q2 havemassesrn1 and m2 respectively.From the result the
expressionsfor the axial vector, scalar and pseudoscalarcan then be obtainedby the replacement
rn1 —~—rn1. The imaginary part of the polarizationfunction for this current can be written in the form

Im H,~(q
2)= (q~,q~— g,~.,.q2)Im H~°(q2)+ ~ Im H~°~(q2), (3.1)

whereIm H”~(q2)is pureveCtorandIm H~°~(q2)is relatedto the scalarcurrentpolarizationfunction. In
lowestorder,i.e., for the bareloop diagramin fig. 2 the invariant functionsTm H~°(q2)and Tm H~°~(q2)
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aregiven by

Im H”~(q2)= ~ {U~ — u2)+ (m
1 —rn2)

2
8IT3q q

Im H~°~(q2)= ~ (m
1—rn2)

2u~, (3.2)

8ir q q

where

u2= 1— 4rn
1rn2J4

2 and 02 = q2— (m
1— rn2)

2. (3.3)

The calculationof the first-ordera, correctionto theimaginarypart of the polarizationfunction can be
separatedinto two parts dependingon the way of cutting the diagramsof fig. 2, namely the vertex
correction (virtual gluon) and the real gluon emission part. The mass and wave function renor-
malizationsare q2 independent,and can be includedin the redefinition of the quark massandin the
vertex correctionas a normalizationfactor.

(1) Thevertex correction
The flavour changingvectorvertex is correctedas

-~t7
2[yj~(q~)+ o~,~q’f2(q

2)+ q,~f
3(q

2)]q
1, (3.4)

wherethe form factorsf1(q
2) aregiven by

fi(q2) = ~ C~(F){—2+ 1 2ui ln ~ + 2u i~-1,2In ~ In ~+ -~-F(u)], (3.5)

f
2(q

2)= -~-jC
2(F){(mt+m2)_~ln~ ~ (rn~—rn2) ln~ (3.6)

q 2u 1—u 4 q m2

and

f3(q
2)= _(rn

1_-rn2)fl~C2(F){4+ 1 ~
4u2

1~~j~ + 3{1 (m1+ rn2)1~rn1 iJ

q 8ir 2u 1—u 4 m~—rn2 rn2

1(,n~—rn~)m~ (rn1—rn2)
2 1+u

—— ln—+ uln— . (3.7)
2 q2 rn~ q2 1—u

where

F(u)= (1 + u2){~~+~~ (~(1+14i) — ~(1~i4~) — 4l(u~)+l(u~)

1+u
1 1—u1\1 A

2
—~1n2 +~ln2 IJ —uln . (3.8)

2 2 ii m
1rn2
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with u2 and ~2 definedin (3.3),

u
1= U, U2= U,

q
2+rn~—rn~ q2—rn~+rn~

and the Spencefunction l(x)= —j~dtr’ ln(1 — t). In the form factor f~(q2)we have included the
contributionsfrom the wave function renormalizationto 42 and q

1

—~42y~qiVZ~VZ~= 42y~q1(l+ ~ + ~~Z~2). (3.9)

The renormalizationconstantsZF, arecalculatedatthe quark mass = rn and given by

~ZFI = __~C2(F)[~ln-
4-+~+ln-~--]. (3.10)

4ir rn rn

The ultraviolet divergence ln(A2/m
1rn2) cancels in the vector vertex. The infrared divergence

ln(A
2/rn

1rn2) (which will disappearwhenthe real gluonemissionis added)still remainsat this stage.
In terms of the form factors (3.5), (3.6) and (3.7) the virtual gluon correctionsto the invariant

functionsIm H~
1~andIm 1F°~canbe written as

Im ~H~°(q2)=? (~j)u[fi(1 _~ u2) — (m
1 + rn2)!2], (3.11)

and

Im ~H~°’(q
2)= 1~(~)2u3(rn

1 —rn2)
2 [f~— q 13] . (3.12)

41T q q rn
1—rn2

(2) Thereal gluon emission
The relevantdiagramsfor onegluonemissionaredepictedin fig. 3. The amplitudefor this processis

F 1 1 1
M~.,,=u(p2)[gt”y~ y,5+yi. gt’

2yvjP(pi). (3.13)
~

2+Xrn2 —/i—X—rni

The contribution from one gluon emission to the imaginary part of the polarization function is
expressedby

Im ~H,,,.= ~(—g”°)(~ M,SPM~~~)~ (3.14)
spins

~ --~ --~

Fig. 3. Contributionsto theone-gluonemissionpart of Im H,,,,,.They are obtainedby cutting therelevantdiagramsin fig. 2 in all possibleways.
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where(...) standsfor the three-bodyphasespaceintegral

() 11J2v(2ir)~2E1(21T)
32E

2(21T)
3(2IT)4~4~(q— k—Pt P2). (3.15)

After separatingIm &H~,,,.into the vectorandscalarinvariantswe get

Im &H~1~= ((_~l)q_. (i — 1 42 u2) +j~~ (i + (rni q2) — (3.16a)

and

Im ~ = (rn
1 - rn2)2/(q2)2((P

2)42u2+ 2 (3.16b)

Herewe haveusedthe short-handnotationP for

Pi P2

— ~prk p
2~k

The three-bodyphasespaceintegralcan beperformedalongthe samelines as in Schwinger’sbook [34],
by putting a ficticious gluon mass (A) in the infrared sensitiveintegralto get a consistenttreatmentof
the infraredsingularity with the onein the virtual gluon correction.Taking also the colour factor into
accountwe obtainthe following expressionfor the integrals:

(P
2) = ~ -~--~C

2(F)q-4(1+ u2){!~ + In ~—~--~ in ~ + 21(.~~—~~f)+

q 6 1—u 2 1+u 2

— l(~_’_~)+~~(_~i(ua)+l(u~)+~(1+Ui) l(1~ui))}

1—u
2 1 1+u, q

+ uf4 + 3 ln 4u — In u + ~ — In 1 — u + 2ln _-J’ — F(u)], (3.17)

(2 ~1 + P2) k)) = ~ C
2(F)q2(

9j)2{ + u2)+ ~[u2+ ~(1— u2)2] in ~ (3.18)
(prk)(p

2~k)
4IT81T q 1—u

and

(4) = —~--~C
2(F)q2{() (u 3_ u2— ~(1— U2)(3+ u2) in

4ir8ir q 4 lu

+ (m1 —2m2)
2(u ~ (i +~(1— u2)) i~.~_iL~)+rn~_

2m~lna + u], (3.19)

q q q 1—u q a—u

wherea = (m1 + m2)/(rn1 — rn2).
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Summingthevertexcorrections(3.11) and(3.12)with the resultingexpressions(3.16a)and(3.16b)for
real gluon emission,we havefor the first-ordera, perturbativecorrectionsto the imaginarypart of the
polarizationfunction

Im &H°~= ~—~--~ C2(F)()[(1 — ~u2)(~(u, u1, u2)— ln ~_iL~)4IT8IT q 1 u

+~u_~u3+W+~*u2_~u4)ln~u+~~(mi
2{~(~(~, u1, u2)

1—u 3 q

1+U\ 1+11
—ln—-——)—~u+~u

3+(~+~u2—~u4)ln—-——
1—ui 1—u

+ 1 (rn
1 2 {_2u ~—~—2u

3+ (_2U2(1— u2)+ (1— u2)+2()) ln
3 q q q q 1—u

1rn~—rn~~3rn~ fq2\2 a+U\]
2 (—uIn-—~—2(—~)ln H~ (3.20)3 q \4 m

2 ~qi a—u/i

andfor the scalarcomponent

Im ~H’°~= (rn1 —rn2)
2~~C

2(F)() [u2(~(u, u1, u2)— In ~ — ~u+ ~u
3

q 4ii-8ir q 1—u

~
2m2)

2 ~ u3(~rn
1 + rn21rn1 3)

1—u q 1—u 4rn1—m2 rn2
(rn~_rn~)3lrn~] (3.21)

2q m2

wherethefunction ~(u, u1, u2) is commonto all currentsandgiven by

IT
2 1+u 1+u 1—u 1+u 1—u

~(u, u
1, u2)= (1+ u2){~~~+lnj-_-__ln—~__+2/(j—-_)+i(-_~—-)_l(__~—_)

+~ [(1+u~) l(l~~Ui)4l(u)+ l(u~)]}+3uin1—u
2 uln u+2uln~

u 1+u• 1+u2 1+u u
+~~—ln ‘— ~ln ‘In—. (3.22)

u 1—u
1 2 1—u, u,

As mentionedabove,the expressionsfor the axial vectorandthe pseudoscaiarunequalmasscasescan
be obtainedby replacing rn1 —~—rn1 (or rn2—~—m2) in eqs. (3.20) and (3.21), respectively.Under this
replacement(rn1—~—rn1) the variableschangeas u—* 1/u, ui—* Ui, u2-~u2, and ~ 4

2u2, while the
function ~ obeysthe relation

u2~(1/u,u
1, u2) = ~(u, u1, u2).
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The leading behaviourat large q2 of the axial current obtainedin this way coincideswith the vector
current. In otherwords we haverenormalizedthe axial form factor with respectto the vector one,
namely,

FA(q2) = Fv(q2)+ ~ f dss—q2 [TmFA(s)— Im Fv(s)]. (3.23)

As for the pseudoscalarcase,the currentis definedby the divergenceof the axial current t9’~j5~,.These
renormalizationproceduresdiffer from the onesusedin [13] and [28] by a finite constant.There we
haverenormalizedall form factorsindependentlyby putting F~(q2= 0) = 1. For massivequarks(like rn~
and rnb which are far from the chirai limit) thereis no preferredrenormalizationprocedurebut to
recoverthe correctmasslesslimit the renormalizationprocedureadoptedhereis moreconvenient.Our
resultsarein agreementwith othercalculations[33].

For the sakeof completenesswe list the resultsof the perturbativecorrectionsin the equalmasscase
(m

1 = rn2 = rn) for all S- and P- wavecurrents,including the jPc = 1~- andJPC = 2~+ currents.The last
two contain derivativecouplingsandcannotbe obtainedfrom the expressionsof the flavour changing
current.We notethat theredo not exist expressionsin the literaturefor the unequalmasscasesof these
currents.All expressionsarethesameasin [13], exceptfor the polynomial termsin the axial vectorcase
(u

3 term) and in the pseudoscalarcase (u term) becauseof the changein the renormalizationof the
form factorsat q2 = 0.

In the limit rn
1 = rn2 = m, u1 = u2 = u and

~(u, ii,
1—u

whereA(u) is definedas

A(u)= (1 + u2)[~~+ in ~ in ~ + 2l(~__~)+ 2l(~-~-~)— 2l(~—~-~)— 41(u)+ l(u2)]

1—u
2

+3uln 4u —ulnu. (3.24)

For the pseudoscalarcurrentwe obtain

ImbH°’~=ImH~Pg2C
2(F)[A(u)+P~(u)ln~_t-~+ Q~’)(u)],

Im H~’~= ~- q
2u, P~(u)=4~+i~eu2+ ~u4, Q~(u)= ~u — ~gu3. (3.25)
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For the vectorcurrent,

Im 61-P”~= Tm Hg” — ~u2)A(u)+ P~(u)ln + Q~(u)J,______ g2 C2(F)E(1 1 1+u 1
1—u j

(3.26)
22 2 7 4Im H~”~= —~—u(3 — u2), P~’°(u)= ~*+~u — ~u , Q~(u)= ~u— ~

8IT

And for the P-wavecurrents(J~~C= 1~0~i+~\, ,1 )‘

Im ~ = Im ~ ~ C
2(F)[u2A(u) + p(F 1+ U fl(u)] (3.27)~(u)ln + Q(u

3 4ir 1—u

F= (A’; ~ 1~)

Im11~=—~--q~u~,p(A~)(u)
16+16u +~u—~u, Q(A’)(u)_ —~u+~u

3+~u5, (3.28)~ 2 17 4 2 6
8ir

F=(S; 1,0~)

3 34 2 13 4Im ~ = —~-- q~u3, P~(u)= ~ +
1gu — ~gu Q(s)(u) — ~gu+ ~u

3, (3.29)
8IT

F= (A; ~ 1~)

Im H~A)= —~—-q2u3, p(A)(u) = ~ + ~u +
32u — ~u , — — ~u + 16u + ?~u

5. (3.30)21 59 2 i~ 4 3 6 Q(A)(u) — 21 ~Q 3
41T

Finally, the correctionto the tensorcurrent(J” = 2~~)takesthe form:

1+u
Tm 6H”~= 3 Im H

0~~g
2_______— C

2(F)1~u2(1— ~u
2)A(u)+ Pm(~)in + Qm(u)], (3.31)

u3(1 — ~u2) 41i.2 L 1 —

ImH~=—~—q~u~(1—
5u),~ 2’

2ir

Pm(u)— 1 313 2 23 4 ~Q2.. 6 ~k. 8 1 10— ~+ ~u + ~u — 1~0u+ ij,,~ijU — ~ijt~ , (3.32)

——~u—~u +j~u —~u+~u
9.Q~(u) — 2 47 3 229 5 1 7

In phenomenologicalapplicationswe have to calculate the momentsof the polarization function
accordingto (2.29), i.e. at Q~= 0,

M~= (4m2)” -~-J du2(1— u2)”~ Im H~(u). (3.33)
IT

0
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To caiculatetheseintegralsit is convenientto introducethe interpolationformula for the commonpart
of the perturbativecorrectionin eachcurrent,derivedby Schwinger[34].For the S-wavecurrents(0 +

and1),

(1— ~u2)A(u)+ P~”~(u)In ~ + Q~’.’~(u)= iru(1 — ~ — ~(3+ u)(~_-~—)), (3.34)
1—u 2u 2 4ir

with A(u),P~”~(u),andQ~’°(u)given by (3.24) and(3.26). For the P-wavecurrents(1~,0~,1~,and
2~~)

1+u IT l+141T 3
u2A(u)+P(u)lnj—+ Q(u)= ITu3(~_—~-—(———))~ (3.35)

whereP(u)and 0(u) aredefinedas

P(u)= ~(1+ u2)2 — 2 and 0(u) = ~u2(1+ u2). (3.35a)

For example,the interpolationformula for the scalarcurrentbecomes

~ Q~(u) = 1Tu3(~—__-~_-(~—-~-))

+ (P~(u)— .P(u))In ~ + Q~(u)— 0(u). (3.36)
1—u

From (3.29)we obtainfor the last two terms

p(s)(u)— P(u) = — ~u2 — ~u4, Q~(u)— 0(u) — ~u + ~ (3.37)

and (3.36)is now easyto handlein the integrals(3.33) (no Spencefunction left).
We wiil not repeatthe checkson the equalmassresultsperformedin [13]. The direct calculationof

the flavour changingcurrentmakesit possibleto obtainthe expressionsfor othercurrentsby changing
the sign of oneof the masses:

[JA(q2, rn
1, rn2)= H”(q

2, ~m
1,±rn2), H”(q

2, m
1, m2)= HS(q

2,~rn
1,±m2), (3.38)

and the result can be comparedwith the direct calculation starting from the currentswith opposite
chirality. The scalar(pseudoscaiar)resultscan alsobe obtainedfrom the divergenceof the vector (axial
vector)current~ A similarcheckis possiblefor the tensorcurrent(y,~8~)by projectingwith g”
which gives the scalarpolarizationfunction. Finally, the expressionsfor anycurrentshould be an even
function of (rn1 — rn2) becauseof chargeconjugation.



26 L.i Reinderset a!., Hadronpropertiesfrom QCDsum rules

3.3. Thecalculationof the Wilsoncoefficientsof higherdimensionaloperators

3.3.1. Theplanewavemethod
First we will discussthe so-calledplane wave methodfor calculatingWilson coefficients. As an

example we consider the calculation of the coefficient CG of the gluon field strength operator
= G~VG”~P.The original calculations[1] and [13]haveall beendonewith this method,andit is still

the most convenientway for calculatingWilson coefficientsof operatorswhich containquark fields.
Let usgo back to the startingpoint of the operatorproductidentity, which hasin generalthe form

(2.9). Becauseof gaugeand Lorentzinvarianceone can constructtwo independentoperatorsfrom G~,.
in the OPE

i Jd~xe~T(j~(x)j~(0))= C1(q)I+ ~Q(q)G~ G~+ DG(q){G~5qAG~~q~— ~q
2G~G~~}+....

(3.39)

Therelevantterm for the vacuumpolarizationis the operator~ sincethe secondtermvanishes
whensandwichedby vacuumstates.

Since theoperatorproductexpansionis an operatoridentity, onecan single out aparticularoperator
by sandwiching by appropriatelychosen states.The coefficient function reflects the short-distance
behaviourof the productof currentsandis independentof the statewe sandwichwith. For the present
purpose,it is mostconvenientto take the matrix elementbetweenonegluon states(k, a)and(k, /3) on
both sides of (3.39). On the left-handsidewe havethe forward gluonscatteringamplitude on acolour
singlet currentwhich can be decomposedinto two invariant amplitudes

T,,~(q,k) = i Jd~xebox(k ajT(jr(x)jr(0))Ik, /3) = L
1,,~C(q,k)+ L2~~D(q,k), (3.40)

wherethe Lorentz tensorsL1,,~have the form

L1~~= 4(k
2g~~— k~k~)= = (k, ajG~~(0)G~~(0)Ik,/3), (3.41a)

and

L
2,,~ = 2(k

2q~q~— k . qq~k
0— k . qq0k,, + (k . q)

2g,,~)—q2(k2g,,,.~— kakp)

= (k, a~{G~(0)G~~(0)qcqA—~q2G~..,(0)G~(0)}~k, /3). (3.41b)

Comparing (3.40) with the right-handside of (3.39) we find that the coefficient CG(q2) is equalto the
invariantamplitudeC(q,k) at k,.. = 0,

CG(q2)= C(q, k)jk,~o. (3.42)

Thus,the procedureto extractC(q,0) from the scatteringamplitude T,,
0 (q, k) amountsto the following:

(i) write down the diagramswith two externalgluonscarryinga momentumk (i.e., the diagramsin front
of ~ in (2.18)), (ii) expandthe propagatorsin the gluon momentak and keepterms that are
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bilinear in k, (iii) apply the projectiong”~3and substitute~g°”’k2for k
0k,7. Thefirst stepsgeneratea iot

of termsand makethe calculationscumbersome.Moreover, if we want to go to higher dimensional
gluonic operatorswe are facedwith complicatedprojections(step (iii)) to extractaparticularoperator
from all possibleoperatorswith the samedimension.

3.3.2. Fixed-pointgaugetechnique
Especially for higher dimensionalgluonic operatorsthe planewave method is too complicated.

Recentlyconsiderableprogresshasbeenmadeby working in the so-calledfixed-pointgauge,originally
discoveredby Fock [35] and Schwinger[36] andrediscoveredby a numberof people[24,37]. In this
methodoneputsan externalgaugefield A~(x)into the Lagrangianwith the gaugecondition

(x — xo)”AZ(x) = 0, (3.43)

wherex0 is an arbitrarypoint in spacewhich can be chosento be the origin. Then,the externalgauge

field A~(x)can be expresseddirectly in termsof gaugecovariantquantities

A~(x)=/ ada G,,~(ax)x~

= ~ (0)+~x”x~D~G~ (0)+ ~ (0) +..., (3.44)

where G~,.,.= I9~,A~— 8~A~+ gfabcA~,Ac, Gb,,.= ~ Da = — igt”A”~, and [t”, t’] =

if~tc(t~~= IAa)

Gluonic powercorrectionscan be calculatedby consideringthe polarizationfunction in this external
backgroundfield. Tocalculatethe~ correctiononly thefirst termin theexpansion(3.44)for A,~has
to be takeninto account,for the d 6 correctionalsothe next two, etc. The gauge-invariantstructures
~G

2, G3, etc.emergeautomaticallyanddo nothavetobeconstructedbyhandasin theplanewavemethod.
Becauseof thechoiceof thefixed pointx

0 in (3.43)thefixed-pointgaugeviolatestranslationinvariance.In
the final result for anygauge-invariantquantityhoweverall translationnoninvarianttermscancel.

Simplerules can now be formulatedfor the calculationof the coefficients[38] by calculatingfirst the
quarkpropagatorin an externalfield A,,(x) in the gauge(3.43).For the massivequarkpropagatorone
obtains(in the p-representation)expandingin the numberof gluon legsattachedto the quark line:

-x the free propagator; (3.45a)
/-rn

_!gt(2G:A(o) 2 2 2~~(P’+rn)+ (~çf+rn)r,,A} (3.45b)
_______ 4 (p—rn)

for onegluon line attached(u,,A = ~i[y,,,yA]);

- g
2t”t6G~~(0)G~(0)(~+n ~ ~ +f,,_)(/+ rn) (3.45c)
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with two gluon lines attached.Heref,,,~,.= y,,(p’+ rn)y~(,~I+rn)y1,,(/+ rn)y~(46+rn).

ig3fabcG~G~G~~ 2 1 (/+rn){~(p
2-3m2)+2rn(2p2—rn2)}(~+m)

______ 48 (p-rn)
(3.45d)

Herewe havealreadyaveragedover the indices of the threegluon legs.It is quite straightforwardbut
cumbersometo write down the generalexpression(i.e., beforeaveraging)for any numberof gluon legs
in termsof faa. . . ~ definedin analogyto the~ in (3.45c).Eachleg addstwo indicesto thef symbols
andthe numberof indicesis equalto the dimensionof the operator.

Therulesgiven sofar only involve the first term in the expansion(3.44).To be able to calculatethe
coefficientsof all possiblegluonic operatorswith dimensionup to 6 wealsoneedthetermswith oneand
two derivativesin (3.44).For instance,

( ~igtaD~G~(0) ~ (f~+f~)(~+m) (3.45e)
K (p—rn)

wheref,~= y~(/+rn)y~(p’+rn)y~.

_~gta(D,,Ds+ D~D,,)G~(0)(2

2)5(f~+f~ +f,~)(p’+rn) (3.45f)

with ~ as definedabove.We will demonstratetheuseof theserules later in an explicit calculationof
the Wilson coefficientsof ~ for massivequarksystems.

For masslessquarks(to bediscussedat the endof this section)it is more convenientto work in the
x-representation.The externalfield methodcan formally be extendedto include fermion fields by
addingthe appropriatetermsto the original Lagrangian

= 4(x)(iJ— m)~(x)+ k(x)(i,~— rn)q(x)+ g4(x)y”t”q(x)A~.(x), (3.46)

where x and,~are anticommutingexternalspinorfields andA~(x)is the externalgaugefield which

satisfies(3.43) and(3.44).The quarkpropagatorin the externalfields can thenbe written as
SF(x;x~,~, G)”~’= 3abso(x)x y1~ + x0(x),~Tl5(0)— ig(tk)~Gk,,A(0)sl(x)[x,~y15o,A+ o~,,Ax,,y’~]+...,

(3.47)

where a, b refer to the colour indices.The first term is the free propagatorwith so(x)= (i/2IT
2)(1/x4).

The secondtermcomesfrom the externalquark fields andis responsiblefor the4q condensate.The last
term standsfor the propagatorwith one gluon line attached((3.45b)) with s

1(x)= (1/32IT
2)(1/x2). The

remarkablefeature in this gaugeis that (averagedover the indices of the gluon fields) there is no
contribution from (G~~)2to the masslessquark propagatoras can be checkedfrom (3.45c). Higher
termsin the expansion(3.47)can be found in [39] (or derivedfrom the rulesgiven above),but theywill
not play a role in the calculationsdescribedin this report. For a beautiful review of the procedureof
calculatingin an externalfield in QCD see [110].
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3.3.3. Thecoefficientsofgluonic operatorsin heavyquark systems
We apply the fixed-pointgaugetechniqueto calculatethe coefficient of ~ in the caseof the

flavour changing vector current j(x)= 41(x)y,~q2(x).Up to termsnecessaryfor our calculation the
massivepropagatortakesthe form

S~’(p,rn)=~’ ~ (p2rn2)2{~KA(~+rn)+(p~+m)~,,A}

p
2+rnp’

+_g2S~a’G~Ga rn . (3.48)
12 ~ a$ ~ 2—rn2)4

Putting the propagatorS
0 into the vectorpolarizationandpicking up all termsproportionalto G

2 we
find

rn
1, rn2) = {—~-—Jd~pTr( y,LSQ(p,m1)y~S0(p— q, m2))]

(
2IT) G2

1 Ja,
2\1C 1/3 x(1—x) 2” 2x(1—x)

~4c\ )~j dxx(1—x)R~+ ~ q )g~+ ~ q~q~

21/ 3m1m2 2m~rn2m~/ 2 ~ 4rn~

~X R— ~ + ~ +~x~1+~x(1—x)q~

+ (1— X)2{(_ 3rn1m2+ 2m1rn~+ ~2 (1— x) (i +-~x(1— x)q2))g~,.

4rn~ (1 \2x~ x,q~q~

where C= xm~+ (1 — x)m~— x(1— x)q
2. The three terms in the Feynmanparameterintegral (3.49)

correspondto the diagrams (a), (b) and (c) in fig. 4. To obtain the first term we haveused the
substitution

(G~G~~)= ~,5ab(g,~~g — g,LUg,~,)(G2) (3.50)

where(G2) standsfor (0IG~,,G~,,l0).After the Feynmanintegralweget the following analyticform for

-~ 2
Fig. 4. Contributionsto theWilson coefficient of ~
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the coefficient function,

rn1, rn2) = (~G2){(q~,q~- q
2g~)(C~(u)- ~ -rn~)2C~(u))

+ q~q~(rn
1 q

2 C~(u)}. (3.51)

Here C~°(u)andC~(u)aredefinedas

1 1 3(1 + u2)(1— u2)2 1 + u 3u4— 2u2+ 3
C~(u)=——~[ 2u5 ln—— ~ ], (3.52)

and

1 1 3(3+ u2)(1— u2) 1 + u 3u4+ 4u2+ 9
Cg~(u)= — ~ [ 2u3 In 1—u — u2(1 — u2) ]‘ (3.53)

with the variablesu = (1 — 4rn
1rn2/4

2)”2 and~2 = q2 — (rn
1 — rn2)

2.
In the sameway as for the perturbativecalculationof section (3.2) the coefficientsof the axial vector

and the pseudoscalarcurrentcan be obtainedby the replacementrn
1—~—rn1 (u —~ 1/u and42~44

2u2) in
(3.52) and (3.53)respectively.

In the Appendix we havelisted the coefficient functionsof the G2 operatorfor all S- and P-wave
currentsin the equalmasscase.We will comebackto the masslesslimit of theseexpressionswhenwe
discusslight quarkmesonsystems.We notethat the 1~and2~currentscontainderivativecouplings.
Therulesgiven abovearenot sufficient for thesecases.No calculationsusingthe fixed point gaugeare
known in the literature. The resultsquotedin the Appendix are from [13], where the planewave
methodis used.An independentcheckof theseresultswould be useful.

3.3.4. Higher dimensionaloperators
Recently the calculationof the coefficient functionsof dimensionsix [40] anddimensioneight [41]

gluonic operatorshasbeen reported.As follows from the expansion(3.44) one can construct three
differentoperatorswith dimensionsix

G~VG~AG~, (3.54a)

(D~G~y’(D$G,,Ay’, (3.54b)

(D \a b 354c
a $ ~ ~

Using the equationof motion

= g ~ i/J.,~,,trhl/J = gj~, (3.55)

the Bianchi identitiesand commutationrelations,the operatorsin (3.54) which contain derivativescan
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be expressedin (3.54a)andin j~j~(j~definedin (3.55)).As aresult therearetwo independentvacuum
matrix elements:

= ~ G”AG~I0), (3 56a)

= (0Ig4j~j~J0), (3.56b)

wherewe haveusedthe contraction

~ = ~ + ~ + ~ + gppg~,ag,~,,.

— g,.,~gaugpp— ~ — ~ — g~pg~ag,,~). (3.57)

Thenumberof operatorsgrowsrapidly with dimension.For d = 8 onefinally endsup with the following
set of sevenindependentmatrix elements[41]:

= ~ + ~(0Jg4(G~.,,G~)2J0), O~= ~

= (0Jg4(dal3cG~~G~.,)2l0)+ ~(0Ig4(G~aG~,,)2I0), Q84 = ~ G~)2I0), (3.58)

= ~ O~= ~ O~= (0~g4j~DaDaj~j0).

In the Appendixwe havelistedthe coefficient functionsof the operators(3.56) and(3.58) as calculated
by NikolaevandRadyushkinin the equalmasscasefor the scalar,pseudoscalar,vectorandaxial vector
currents.No expressionsexist as yet for the JPC = 2~+ and 1’ — currents.

3.3.5. Thecoefficientof the G2 operatorin mesonsystemswith light quarks
We will now apply theresultsobtainedfor massivequarksto systemswhich containlight quarksby

takingthe smallquarkmasslimit. We discussthe coefficient for purelight quark systems,its connection
with the operatorm4q andthe analyticpropertiesof the coefficient in the masslesslimit, althoughfor
thesesystemsthe resultcan be mosteasilyobtainedin the coordinaterepresentationstartingfrom pure
masslessquarks,as we will seelater.

Let us take the scalarcurrent asan example.Startingwith the currentj(x) = 4
1(x)q2(x)applying the

fixed-pointgaugetechniqueas in the caseof the vectorcurrentwe arrive at

2 a, ~ 1 q
2 i3(~+ u2)(1— u2) 1 + u 3(3— u2)~ 1 1 (rn

1 —C01(q ,rn1,m2)=—i———-~i In—— 2 ~. (3.59)
IT ~. 48q i 2u 1—u u i l2q m1m2 i

This form agreeswith the scalarcomponentof H~(q,rn1, rn2) ((3.51) and(3.53))exceptfor the constant
(a,/IT)(1/12rn1m2)(which of coursedoesnot play a role in the moments(2.32)).To apply this result to
light quarksystemsby taking the smallquark masslimit (m1,m2—*0), we haveto takethe contributions
from the operatorm4qinto account.To understandthe origin of this extracontribution,we haveto go
backto the startingpoint of the OPE (2.9). In order to single out the operatorG

2 we sandwichwith one
gluon states.On the currentproductside (left-handside)of the OPE,we get the matrixelement

if d4xe~(kIT(j(x)j(O))Ik)= C
01(q

2,m
1, rn2)(kJG

2Ik), (3.60)
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with C01 given by (3.59). On the operatorproductsidewe have

~ Cn(kIO~Jk) Cm1(q
2)(kJrni4iqi~k)+Cm

2(k1rn242q21k)+C0(q
2)(k~G2~k)+” (3.61)

wherethe coefficientsCmj and Cm
2 can be obtainedfrom the Born diagrams(the bareloop diagramin

fig. 2 with one quark line cut). Their explicit form will be given later when we study the analytic
propertiesof thesecoefficientsfor vanishingquarkmasses.

Calculatingthe matrix element(k~m4qJk),

~ (3.62)
12 IT

we seethat it is of the sameorder in a, as C0(q
2),sincein lowest order the coefficient Cm(q2) is of

zerothorder in a,. Equatingboth sidesof the OPE ((3.60) and (3.61))we get the following expression
for C

0(q
2)

CG(q2)= C
01(q

2,m
1, rn2)+ C02(q

2,rn
1, rn2), (3.63)

where C0~is given by (3.59)and

CG2(q
2, rn

1, m2)= j~_(Cm,(q2)+ Cm2(q
2)). (3.64)

The physical interpretationof this mixing is the following [1]. At large q2 two momentumregions
contributeto the gluon condensatediagramsof fig. 4, p2 q~andp2 rn2. For smallquark massesthe
latterregion cannotbe includedin the coefficient CG sincesomeof the quark propagatorsgo soft.This
piecehasto be subtractedandabsorbedinto the matrix element(m4q).

Let ussummarizethe nonperturbativecorrectionsfrom (rn4q) and(G2) to the varioussystems.
(1) For purelight quarkssystemsthe correctionscan bewritten as

Cmi(rniOiqi) + Cm
2(rn202q2)+ C0(G

2). (3.65)

(2) For systemswhich contain onelight andoneheavyquark (m
2 ~‘ m1) we have

Cm~(rni4iqi)+ (CGI + ~ Cmi)(G2)+ Cm2{(m242q2)+ ~ (G2)}. (3.66)

The last term in this expressionvanisheswhenwe apply the heavyquarkmassexpansionfor the heavy
quark condensate

(ch)= _I~~~(G2)+.... (3.67)
m~,l

2IT

Furthertermsin the expansion(3.67) can be found in [42].
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(3) For pureheavyquark systemsthe relevantexpressionis

C01(G
2)+ Cmi{(miOiqi)+ ~ (G~)}+ Cm

2{(rn202q2)+ ~ (G2)} = CG1(G
2), (3.68)

whereagain(3.67)hasbeenused.This resultis identicalwith the one calculatedwithout taking account
of m4q terms. Therefore, the heavy quark condensatehaspractically no effect on the polarization
functions.

In order to studythe smallquark masslimit of the G2 coefficient for purelight quark systems(both
quarksmassless)andfor light—heavy quark systems(onequark massless),wehaveto derive the explicit
form of Cm

1 and Cm2. Cm, of m14q canbe obtainedby calculatingthe matrix elementof the productof
currentsbetweenonequarkstatesq1(p) with p

2= rn ~. For the scalarcurrentj(x) = 4
1(x)q2(x),

if d
4xe~(pIT(j(x)j~(0))Ip)= - I ; tm1m2miü~P)u~p) (3.69)

After averagingover the four-dimensionalEuclideanangle,the coefficient Cm,(q2) takesthe form

Cm
1(q

2)= 2rn~q2[~-~u~~i— u)4— (m
1 + rn2)2], (3.70)

with u and~2 as before.Thecoefficient Cm2(q
2)can be obtainedby interchangingrn

1 and m2.
We are now readyto study the analytic propertiesof CG of (3.63). In the limit of vanishingquark

massesC0, of (3.59) becomes

~ (3.71)
l
2IT q rn

1rn2 2q

which is not analytic in m1 and rn2. However, C02 of (3.64) containsa piecethat preciselycancelsthe
singularity

(3.72)
1

2IT q m
1rn2 q

Therefore,the coefficient CG(q
2)is free from singularitiesat m

1 = rn2 = 0 and is equalto

lim ~ (3.73)
m~.m~-.0 8ir q

This resultcan be obtaineddirectly (andvery easily) in the coordinaterepresentationin the fixed-point
gaugestartingwith masslessquarks.In this casewe do not haveto takecareof the operatorm4qsince
it is absentin the OPE.
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For light-heavy quark systems,the G2 coefficient (the secondterm in (3.66)) is

C
0,+~Cm, (3.74)

In the limit rn1-+0 with rn2 finite C01 behavesas

C0~ 2 2 — 2 2 — m~2 2]’ (3.75)
l2ir m1 (q — rn2) 2(q — m2) 2(q — rn2)

while in the samelimit the secondterm behavesas

~ £~S~~2 1 — 1 + rn2 1 (3.76)
l2ir m~ 12ITL m1(q

2—rn~)2(q2—rn~)2(q2—rn~)2f

Therefore,the coefficient of the G2 operatorfor the productof two scalarcurrentswith m
1 = 0, m2� 0

is given by

a, 1
CG = 11~,.q

2_rn~ (3.77)

Finally, we close this section with the following remark. For purely masslesstwo-quark systems
Dubovikov andSmilga [24]haveproventhat the coefficient of the G3 operatoris equalto zero.This has
beenconfirmed by HubschmidandMallik [39] by explicit calculationfor all quarkbilinears.

3.3.6. Thecoefficientsof operatorswith quarkfields in mesoncurrents

Theoperator4q
The calculation of the coefficient of rn4q hasalready beenpresentedin the previous subsection.

Here, we will discussrn4q in the context of chiral symmetry breaking.Indeed,in the QCD sum rules
the role of rn4q is ratherspecialfor the pseudoscalarcurrent.To understandits role, let us considerthe
correlation function of the axial vector current A,~(x)= u(x)-y,~y

5d(x)and the pseudoscalarcurrent
P(x)= d(x) iy5u(x). The coefficient of ü(0)u(0) calculated from the Born diagram (the bare loop
diagramof fig. 2 with onequark line cut, in onevertexF = y~y~andthe otherF=

if d
4x e~(p~T(A~(x)~(0))jp)= —uy~y~~+ ~— rn iy

5u(p)

= i ~ (pju(O)u(O)~p). (3.78)

Herewe haveusedthe equationof motion andneglectedhigherordersin the quark mass.Thereforein
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the vacuumto vacuumcorrelationfunctionincluding alsothe perturbativepart we get

-iq~(m~+ rnd)-~j ln -~-~ + i ((ü(0)u(0))+ (d(0)d(0)))= i Jd4xe~(0JT(A~(x)P(0))I0). (3.79)
8IT —q q

Oneseesthat in the chiral limit (mq—~O)the 4q condensatedominates,and balancesin the sum rule
with the pion poleterm

f2 2 1
—iq~~ 2 2’ (3.80)

rnu+mdq —m,~

which resultsin the well-known PCACrelation.
In chapter5 we will exploit this relationshipbetween(4q) in the pseudoscalarcurrent andthe pion

pole (Goldstoneboson)to calculatecouplingsinvolving Goldstonebosons,e.g. g,~,g,
0~,,..

Theoperatorsrn4r’~t”qG~~and ~
For conveniencewe will consider the pseudoscalarpolarizationfunction .P(x) = ü(x)iysd(x). To

single out the operatorsof interesta statewith oneu quarkandonegluon is chosenas the initial state
andwith oneu quark as the final one.The currentproductsidegives (the tree diagramof fig. 5a)

if d
4xe’~(p’~T(P(x)P(0))~p,k) = u(p’)iy

5 ~ +4’+ rn gy~ta~ ~+ rn iy5u(p)A~(k)
(p+q)—rn (p+q)—rn

= — ~ gu(pP)y~tau(p)A~(k)+ ~ mgu(p’)[y’~,X]tau(p)A~(k)

+ ~gu(pl)y~tau(p)(k2g~ — k~k”)A~(k), (3.81)

where A(k) = (0IA~(0)Ik).To obtain this result we have used (ii— m)u(p)= 0, expanded the
propagatorsin 2p q and2p’ q andprojectedon the Lorentz scalarby replacing

qaq~—~~ga~q
2 (3.82a)

and

qaq~q,’qo—~~(ga~gyo+ gayg~o+ gaog~y)q4. (3.82b)

\!/~~
Fig. 5. Contributions to ~ (a) andto thefour-fermionoperator(b).
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The first term in (3.81) gives the coefficient of the two-quark operator ü(0) iøu(0)=

u(0)(iJ+gtc2A~~3)u(0).Thisoperatordoesnot appearin (2.10) sinceit reducesto mfl(0)u(0)by usingthe
equationof motion iøçli = mt/I. Fromthe secondand thethird term we get the following contributionto
the polarizationoperatorinvolving the two operatorsin question:

- —~-~(g(m~fi (0)~tau(0)+ rnd~(0) tad(0))G~~)+ —~ (g(fl(0)y~.tau(0)+ d(0)y~tad(0))D~G~~)
2q 3q

(3.83)

where o~= ~i[y~,~ Using the equation of motion D~G~P= g ~ 4y,~taqthe vacuum expectation
valueof the secondoperator(3.83)can be replacedby the four-quarkoperatorg2(fiy~”t”u~

Four-quark operators
To obtain the coefficientsof four-quark operatorswe take the matrix elementbetweentwo-quark

states.For the exampleof the pseudoscalarcurrent we choosethe two quark statesu(p
1)d(p2) and

d(p,)u(p2.)which amountsto calculatingdiagramswith gluon exchange,like the onein fig. 5b:

if d
4xe’~(pi.p

2,IT(P(x)~(O))Jp1p2)= ~ d(p~)[y~’,~] ystau(pi)u(p2,)[y~,4~Iystad(p2)

= — ~ (pi.p2’!~(O)u~ystau(0)u(O)~~tad(0)lpip2). (3.84)

The vacuumexpectationvalueof the resulting four-quark operatorscan be estimatedin termsof (4q)
by the vacuumsaturationhypothesis,to be discussedin section(4.3).

In this last sectionwe havecalculatedexamplesof all operatorswhich haveso far beentakeninto
accountin mesoniccorrelationfunctions.Higher dimensionaloperatorscan be calculatedin the same
fashion by sandwichingwith the appropriatestates.

In the Appendix we list the full expressionsof all polarizationfunctions of light quark mesonic
currents,including masscorrectionsfor currentswith strangequarks.

3.3.7. Thecoefficientfunctionsin masslessquark systems
In the puremasslesscaseit is mostconvenientto work in the x-representation,especiallyfor the G

2
coefficient and for gluonic coefficientsin general.At the beginningof section (3.3) we havegiven the
expressionfor the quarkpropagator((3.47)) in externalquark andgluon backgroundfields. We will use
this expressionto calculatethe G2 coefficient of the masslessscalarmesoncurrent and the nucleon
currentpolarizationfunctionsas examples.The rulesfor calculatingthe variouscoefficientsare:

(1) to substitutethe quark propagatorof (3.47) into all the quark lines in the Feynmandiagrams,
(2) to expandthe polarizationfunction in productsof the externalfields andfinally,
(3) to take the vacuum averageof the productsof the externalfields such that theseproductshave

the samequantumnumbersas the vacuum.For instance,the productx~k’~shouldbe replacedby

6ab irn

y~(x),~(0))=_.L~

5ab(ô _~(x’5’p~)as)(0q)_3x 26 (&~~~X”y~)a~)

x x2(4r~~- gG~q)+..., (3.85)
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with m the quarkmass.Somehigher dimensionaltermsin (3.85)can be found in [43]. For the product
G~VG~O.oneshoulduse (3.50),etc.

If we want to calculatemasscorrectionsand/orthe contributionof m4q to the polarizationoperator
we haveto include the first-ordermasscorrectionto the free propagator

i x”y m 1
(3.86)2ir x 4irx

Let us nowapply our rules to the calculationof the scalarcurrentpolarizationfunction. In lowestorder
the polarizationfunction can be expandedas

I1(x; ,~‘, ,~, G) = (T(j(x)j(0)))= —Tr(SF(x;,y, ,~,G)SF(—x;x~,~,G))

= — —~j-~ Tr(x~’y~xvy~)— —~j (4q)+ s0(X)&bTr(~”(x)7 (O)x~y,~)
4irx 2ITx

— 50(X)t5ab Tr(x”y~,~”(—x),~”(0))
+ g

2Tr(tmt~)G~(0)G~(0)Tr([x~y~o.~~A+ ~ + u’x”y~]). (3.87)

After the vacuumaveragewehavefor H(x; x, ,~,G) the compactform

H(x;~ G)= ~ G2)+.~. (3.88)

Onecan easilyverify that the coefficient of G2 agreeswith the small quark masslimit of the massive
coefficient C

0 = CG, + C02.
In order to getthe expressionin the momentumrepresentationonecan usethe formula [44]

d
4xf 2 e = F(n — 1)F(n) ~ In(—q2), n � 2, (3.89a)

wherepolynomialsin q2 with divergentcoefficientshavebeenomitted.For n = 1 we have

d4x . 4IT2

= —i-—i-. (3.89b)

3.3.8. Thecoefficientsin baiyoniccurrents
Here we take the nucleon(proton) currentas an example

37N(X)~eabc(u”(x)TCy~u~’(x))yp~ysd”(x). (3.90)

In lowestorder the polarizationfunction can be written as

HN(x; X~,~,G) = —2ea6cr
0.b.c.y4uy5SF(x; x’ ,~,G)~’y,,y5Tr(SF(x;x,k~G)~~’TCy~SF(x;x~,~, G)”~’~y~C).

(3.91)
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Applying the rules given aboveweget the result

- . 24x”y~,. i x~’y1.ja, 2\ x’~y1. - 2 2 1 -HN(x;x,x,G)=1—~——j~---+---—~——-~—,—Gj——----~—----~—(qq)——-~—~(qq)+~”. (3.92)
IT x 8ir x \IT i

3i~ X ITX

This can be easily transformedinto the momentumspacerepresentationby meansof the formulas
(3.89). The importantdifference betweenmesonicand baryonic currentsis that the chiral symmetry
breakingterm (c7q) appearsto set the scaleof the baryonicpolarization,whereasin the mesoniccaseits
effect is softenedby the associatedquark massin (rn4q).

In the Appendix we have given the complete expressions(including mass corrections)for the
polarizationfunctionsof all L = 0 octetand decupletbaryons.

We notethat recently two calculationsof the first-ordera, correctionto the bareloop diagramand
to the 4q condensatefor baryonic currentshavebeenreported[45,46]. The two calculationsdo not
agree,but in both casesthe correctionsare ratherlarge. Finally we notethat for three-pointfunctions
the calculationscan beperformedin a similar way. We will discussthe relevantdetailsin chapter5.

4. Phenomenologyof two-point functions

4.1. Introduction

The machinerydescribedin the previouschapterscan now be applied to physical systems.In this
chapterwe will systematicallystudy mesonand baryon systems.For eachpartial wave we choosea
compositeoperator(current) with the properquantumnumbers(like the ones listed in (2.2), and (2.6)
and (2.7)) andstudy the polarizationfunction by oneof the methodsdescribedin section2.5.

In general,the two-point functionswill havea well-definedflavour. Flavour mixing is suppressed;it
occursas a higher order correctionin a,. As a consequenceI = 0 and I = 1 statesare degenerate,in
agreementwith experiment(S* — ~ A

2 — f, etc.); the U(1) problemin the pseudoscalarchannelmustbe
dealtwith separately.We first considermesons.Our analysiscoversthe following mesonicsystems:

(1) heavyquarksystems(cë, bb),
(2) light quark mesonswith L = 0 andL = 1 without strangequarks(e.g. p, A1),
(3) light quark mesonswith strangequarks(~,K*),
(4) systemswhich contain light andheavy quarks(D, B),
(5) systemswith gluonsor q~pairs.

We thendiscussbaryonsystems:
(1) the L = 0 octet anddecupletbaryonsof light quarks,
(2) heavybaryonsandbaryonswith gluons.
For all thesesystemssum rules areconstructedto calculatethe groundstateandits coupling to the

currentwheneverit hasa physical meaning.Three-pointfunctionsareleft for chapter5. The physical
assumptionsoriginallyproposedby SVZ [1] aresimple.Basedon the dual stringlikenatureof hadrons
one computesthe polarization function in a region where asymptotic freedomholds. This represen-
tation is then analytically continuedto largerdistancesby a moment or Borel transformmethod.The
nonperturbativevacuumfluctuationsforce the quarksto bind. At this stagethe expressionis matched
with a phenomenologicalform containingthe resonancesanda parametrizationof the continuumstates
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abovethreshold.Resonanceparameterscan then be extractedas a function of a few universalQCD
parametersandthe quark masses.

It is the dual string nature of the theory that provides for the fast convergenceof the dispersion
integral and the saturationby the lowest lying resonance.For light quark systemsthe location of the
higher resonancescan also be found from the slope of the linearly rising trajectories.We will assume
that the spacingis given by 1/a’2, wherea’ is the slope of the Reggetrajectory.For heavyquarksthe
situationis more complicated(Coulombicgluon exchangesarenot negligible), but fortunately thereis
only a weakdependenceon the thresholdposition so.

The parametersthat characterizethe QCD side of the sum rule arethe quark masses,a, or AQCD,
andthe condensates.The latterarethe vacuumexpectationvaluesof the higher dimensionaloperators
in the operatorproductexpansion.Theyaregaugeinvariant,Lorentz invariant,andcolour singlets,and
the expectationvaluesare universalparameters,i.e., independentof the quark or gluon systemin
question.It is reassuringthat the number of parametersis rathersmall, since the operatorproduct
expansionseries can be cut off at a low dimension. We will for instancesee that under certain
conditionsand assumptionsthe contributionto heavyquark systemsfrom the dimensionsix andeight
operatorsin section(3.3d) can be neglected.All baryonandmesonmassesandtheir couplingsdepend
thereforeon a handfulof parameters,and before analyzingthe sum rules we discussthe value or at
leastthe rangeof values of theseparameters.

4.2. Theoperatormatrix elementsand the QCD parameters

1. Thegluon condensate(0I(J3(g)/g)G~~G~.,,I0)
This quantity drives resonanceformation in heavy quark systemsand is relatedto the traceof the

energymomentumtensor[47]

O~.= ~ ~ + ~ m4q. (4.1)
g

Here /3(g) is the Callan Symanzik/3 function. Since0,.,,., is renormalizationgroupinvariant,the sameis
true for (J3(g)Ig)G~~G~’,.or to first order in a, for ~ A vacuum expectationvalue of this
quantity reflects the breakdownof conformal invariance.However, the absenceof a quasi-conserved
quantumnumber or an identifiable physicalquantity related to this vacuum expectationvalue [22]
createsa problemconcerningits definition. Thereis neithera global symmetry(like chiral symmetryfor
the quark condensatet~qor CP symmetryfor the topologicalchargedensityrelatedto ~ to make
its definitionunambiguous.As we will seebelow,thepriceto pay is that onemustdefineaperturbative
as well as a physical vacuum. We will discussthree ways for determining the value of the gluon
condensate:

(a) as a parameterto be fitted in the various systemsof heavy and light quarks, in particular in
charmonium,

(b) by sometheoreticalmodelof the vacuumlike the dilute instantongas,
(c) by latticesimulations.
The first methodassumesthat the perturbationtheory contributionsaregiven by ordinaryseriesof

Feynmandiagramsand that thesearenot affectedby the renormalizedvacuummatrix elementsof the
true theory, in otherwordsthat a strict separationof largeand short distancesis possible.The matrix
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elementsare then treatedas phenomenologicalparametersand fitted to reproducethe resonance
spectrum. As we will see in the next section the charmonium spectrum is optimally suited for
determiningthe universalvalueof the gluon condensate:

(01 ~ GLPG~I0)= (360±20MeV)4. (4.2)

The second method attemptsto calculate the matrix elementfrom first principles. As a first ap-
proximation one can calculate its value induced by a classical instanton field, in the dilute gas
approximation.Oneobtains

(0J ~ G~VG~RIO) =16 d(p), (4.3)

where d(p) is the instanton density. Unfortunately the large size instantonsmake the integration
diverge,andone hasto introducea cutt-off Pc. The value of Pc is a key parameterfor all instanton
calculationsand shouldbe very well known to give areliable estimatefor matrix elementslike (4.3).

The use of the free instanton gas approximation has been criticized in [48], where a more
sophisticatedmodel for the vacuumis proposed.Using (4.2) one can estimatethe critical parameterp,,
andcalculatehigher dimensionalgluonic operators.The dilute gasapproximationand Shuryak’smodel
[48]differ by aboutafactor of two in the valueof Pc, which leadsto very largedifferencesfor thematrix
elementsof higher dimensionaloperators.We will comeback to this later in this section when we
discussthe matrix elementsof d = 6 and d = 8 gluonic operators.

Finally we discussthe latticecalculationsof the gluon condensate.The vacuumexpectationvalueof
G~PG~’J.Pis infinite as a vacuumfluctuation aswell as in perturbationtheory.SVZ [1] suggestthat the
appropriatedefinition of the operatoris to normalorder it in the perturbativevacuum,andrenormalize
the perturbativeseries in the usual way. No further additive renormalizationsare then needed.If
present,theywould spoil the relativeweight of the differentoperatorsin the OPEand underminethe
assumptionthat the Wilson coefficientsboth for the perturbativeandnonperturbativeoperatorscan be
calculatedby seriesof Feynmandiagrams.Thereareseveralexamples(seechapter2) which show that
this prescriptionworks, andso far no contradictionwith thisconjecturehasbeenfound. On the lattice
the proceduregoesas follows. Using the standarddefinition of the plaquetteelementwith the Wilson
action onedefines[49,50]

= (/3B(go) [(G~) — (G~)~]). (4.4)

The subscriptB meansthat barequantitiesareconsidered.(G~)and(G~)~are the vacuumexpectation
values of G~PG~Pin the true vacuum and in the perturbativevacuum respectively.Nonperturbative
contributionsto qS arethen supposedto be finite.

For the gauge group SU(N) (without any quarks)the connectionbetweenthe Wilson plaquette
energyW andG~is given by

W= ~ (4.5)
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whereN is thedimensionof the gaugegroup,g0 is thebarecouplingconstant,anda the latticespacing.
Combining(4.4) and(4.5) we get in the continuumlimit

13B(go)48N
/= lim —~—[W~—W]. (4.6)

a.go-.0 g0 a

The SVZ conjectureimplies that 4 is finite in the continuumlimit. Wp is the perturbativepart of W,
which can be evaluatedas a seriesin a, (or /3 ~ 1/g

2).The termsin this expansioncan be calculatedby
weak couplingperturbationtheory on a finite lattice or determinedfrom fits to Monte Carlo data at
large/3. To separatethe perturbativeandnonperturbativeeffectsone hasto go to small /3, but not too
small in order to havea reliableapproximationin the continuumlimit. At theseintermediatevalues of
/3 thevaluefor t~can be foundby comparingthe MonteCarlo datawith the behaviourfor Wpredicted
by the renormalizationgroup

W= ~ A/32bl/~e_$~2bO. (4.7)

The sum on the right-handside of (4.7) is Wp. The first few termsin the seriesareknown,andthe fit to
the Monte Carlo datashould be insensitiveto the addition of further terms. In (4.7) b

0 and b1 arethe
first two coefficientsin the expansionof the Callan—Symanzik/3 function

b0 = ~N/16ir
2 and b

1 = ~(N/16ir
2)2. (4.8)

Combining the formulaegiven above,onefinds

(0~~ G~PG~PIO)= — _____ = Af3Th~~~ (4.9)
IT 4ir2b

0 ira

In the fit to the Monte Carlo data an exponentialwith the right slope (see (4.7)) is found after
subtractionof the perturbativeterms, andthe gluon condensatecan be measured.The resulting value
for SU(3)agreesremarkablywell with the phenomenologicalvalue (4.2), but given the uncertaintiesof
Monte Carlo calculationstheseresultshaveto be takenwith somecare. For more detailssee [49,50].

2. Higher dimensionalgluonic operators
The higher the dimensionof the operator,the lessknownthe valueof its matrix element.For light

quark 4q mesonsthe Wilson coefficient of the six-dimensionaloperator(0lg
3fabcG~pG~pG~~O)vanishes

for all quark bilinears [24,39], and this operatordoesnot haveto be considered.For heavy quark
systemsthe contributions are suppressedby extra mass factorsfor dimensionalreasons,but it is
important to have an orderof magnitudeestimatefor thesematrix elementsin order to check the
convergenceof the OPEseries.

Latticedeterminationsof (gfG3) haveonly beenmadefor the gaugegroup SU(2).They yield [51]

‘a ~3/2
(g3fGGG) +26 (~—~G22 . (4.10)

IT
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In a similar way as ((a,/ir)G2) this quantity can also be estimatedin instantonmodels. The dilute
instantongasapproximationgives [1]

P~

(g3fGGG)=3x ~ ~ d(p) (p~2X~G2). (4.11)5 P 5 IT0

More sophisticatedinstantonmodels[52] give an orderof magnitudelargerthan (4.10).
For dimension d = 8 the sevenindependentmatrix elementshavebeenlisted in (3.58). A rough

approximationfor the first five canbe obtainedusingthe hypothesisof vacuumsaturation[1]. Although
thereare argumentsbasedon the largeN limit [53]that this approximationis lessreliable for gluonic
operatorsthanfor quarkoperators(seebelow), it shouldbe a good orderof magnitudeestimate.

O~=5IT4((~G2)), O~=~~4((~G2)),

(4.12a)

O~=ir~((~G~)), O~=_~g4(qq)(g~,.Lp4j- G~vq).

The last two operatorsin (3.58) which contain derivativescan be reducedto other operatorsassuming
scalingbehaviour

= M2(g3fGGG), (4.12b)

= g~j~j~),

where.M~is a parameterwhich characterizesthe averagevirtual momentumof the vacuumgluons and
quarks.In [40] M2 hasbeenestimatedto be 0.3 GeV2. For arecentanddifferentestimateof the matrix
elementsO~—O~see [54]. It involves an extensionof the heavy quark mass expansionto higher
dimensionaloperators,andleadsto valuesof the sameorderof magnitude.

3. Matrix elementsof operatorsinvolvingquarks

(a) ~

This matrixelementwhich appearsin O~in (4.12a)can be expressedin termsof (qq) by the scaling
hypothesisusedfor O~andO~in (4.12b) [40]. Using the fact that G,.,,. ce [D,.,,D~]andthe equationof
motion for masslessquarksonefinds

(OIg~,.~~— G~~qlO)= 2(0Jc7D,.~D~hqJO)= 2M2(O~qlO)= rn~(O~4qJO). (4.13)

Here,M2 is the averagevirtual momentumof vacuumquarkswhich shouldbe approximatelyequalto
the averagevirtual momentumof gluons,M2 0.3 GeV2which roughlyagreeswith estimatesfrom sum
rulesfor baryons[43,55] andfrom opencharm states[56].
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(b) Thequarkcondensatesand light quark masses
The light-quark condensatemultiplied by the quark mass is a renormalizationgroup invariant

quantity.Its valueis fixed by PCAC (f,,. = 133MeV):

(rn~+ md)(Oluu+ 1d10)= —m~ (4.14)

anda similar relationforf~m~ involving (mjs).Sincern~andmd arenot very well knownthe valuesof
(ñu) and(dd) aredifficult to establish.From [3] we take (at a scaleof 1 GeV)

(OJuuJO)= (OlJdJO) (O~t~q~O)= —(225±25MeV)3, (4.15)

andfrom (4.14) with m = ~(rn~+md)

(0Im4q~0)= —(100 MeV)4. (4.16)

In QCD sumrule applicationsthe massesof the u andthe d quark are mostly set equalto zero. The
differencebetweenthe u andd condensatescan be calculatedfrom chiral perturbationtheory.

Theparametersof thestrangequarkcan actuallybe determinedfrom theQCD sumrules for mesons
containingstrangequarks,in particularK* and4~(seesection(4.4) and[57]):

m~(1GeV)=110±10MeV,
(4.17)

(0Im~~sIO)= —(210±5MeV)4,

which is a considerableimprovementcomparedto the valuesquotedin [3]. The sumrulesfor baryons
[16,55] give a valuefor (is)at 1 GeV:

(~s)= (0.8±0.1)(flu). (4.18)

This valueis of interestsinceit goesagainstthe trendsuggestedby chiral perturbationtheory (heavier
quarkshavelargercondensates).Thevalues(4.17)and (4.18)are all compatiblewith the PCACrelation
for the K meson.The quark condensatesof the heavy quarksdo not play an importantrole in QCD
sumrule calculations,as explainedin detailin section(3.3e).

Finally we discusslattice determinationsof quark condensates.Thesecalculationsrequire Monte
Carlosimulationswith fermions [58,59]. The physicscomesdown to the following. Since thereis little
tracein the spectrumof extra4q pairs in the wave functions(i.e., ordinarymesonsare mainly t~q)the
quenchedapproximationshouldbe adequate.In Euclideanform the actionreads

SF=Jd”xcfr(.ø+m)~b, (4.19)

where D,. is the covariantderivative. One then definesthe fermionic Greenfunction in an external

backgroundfield A,.,, with a probability distributiond,..[A]. Then

= Jd~a[A]Tr[G(0, OIA)] = -~Jd4x(xI ,.ø-~m jx). (4.20)
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Introducingthe spectraldensityp(iA) for the operator0 onehas

= -~-JdAp(iA) 1 (4.21)
V rn-iA

Taking m —*0 andrecalling that in avectorliketheory p(A) = —p(—A) (both A and —A are eigenvalues)
oneobtains

lirn (~(O)V’(0))A= ~p(0). (4.22)

Thereforethe signal for chiral symmetry breaking is p(O)~ 0. Lattice simulationsof this quantity are
possible[58]. The final result is a function of /3 = hg2 andthe QCD parameterA:

(t/itfr)m.o = 3.4(3aB)_4mA ~nom, (4.23)

whereaB = ~— (6/3 — 2.75) and

r 4ir2 1
Amom= ——[(6/3 — 2.75)151/121expj— — (6/3—2.75)I~

a33 L 33 i

a is the lattice spacing.For /3 about 1 this gives a value of about (300MeV)3 for the condensatein
reasonableagreementwith PCAC.

(c) Four-fermionoperators
The matrix elements of theseoperatorsare reducedto the squareof (qq), using Fierz trans-

formations, saturatingby the vacuumintermediatestateand neglectingthe contributionof all other
states[1]. Argumentsbasedon the largeN~expansionsuggestthat this approximationis good to within
10%,sincecorrectionsgo like 1/N~[53].In thesum rules thesetermsarein generalof theorderof 10%
of the leadingcontribution.The generalformulacan befoundin [1].For thevariousoperatorsonefinds

~ = —~(O!t~ql0)2,

~ —~(O~c~qjO)2, (4.24)

(O~4y
5A~2q4y5Aaq~O)= —~(Oj4qIO)

2.

Similar combinationswith o.,.~.y
5and y,.,y~give the oppositesign.

4. Theheavyquark masses
The analysis of the moments for the charmonium and upsilon systems (using the abundant

experimentalinformation in the vector channel)gives a powerfulmeansfor determiningthe c and b
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quarkmasses.Oneobtains

mc(p2= —m~)= 1.26±0.02GeV, (4.25)

mb(p= —m~)=4.23±0.05GeV. (4.26)

Thedetailsof thesedeterminationscan be found in section(4.3).

5. Thestrong couplingconstanta
3

Light quark physics is very insensitive to the precise value of a,. This is not surprising since the
Coulombicforcesaresmallandthe spectrumis generatedby nonperturbativeeffects.As a consequence
the particles lie on straighttrajectories.In theBorel transformedsum rules this is reflectedin the fact
thatin the equationsfor the resonancemass(seesection(4.5)) the perturbativea, correction(provided
it is much smaller than 1) can be divided out and absorbedin the matrix elementsof the non-
perturbativeoperators.As wewill seein section(4.3) charmoniumis muchbettersuitedfor determining
a5 andyields

a,(4rn~)= 0.20±0.05, (4.27)

whichimplies AQCD= 140±40MeV to be interpretedasA e~e, the schemein which thesecondordera,
correctionfor the vectorchannel(e~e—* J/tfi, t/r’, . . .) is equalto zero.From(4.27) thevalueof a, at any
otherscalecan be calculatedby the familiar renormalizationgroupequation.

4.3. Charmonium

We discusscharmoniumin detail for threereasons:
(1) It is simple theoretically:only gluonic powercorrectionscontributeandundercertainconditions

only ~ hasto betakeninto account.
(2) Thereis detailedexperimentalinformationon the system.
(3) All relevantcorrectionshavebeencalculated(upto dimensioneight operators).
For the timebeingwewill assumethat thecorrectionsfrom dimensionsix andeight operatorscanbe

neglected.Laterin this sectionwe will discusstheir contributionin moredetail.We alsoassumethat the
level spacingsin all channelsareapproximatelyequal.

The calculationproceedsby the momentmethoddescribedin section(2.5); the momentsaredefined
by (2.28). The coefficientsa~and b~can be found in the literature [1, 13, 28] or calculatedfrom the
expressionsin the Appendix.The charmedquark massm~providesa naturallargescale (m~~‘ AOCD).
The original calculation of SVZ [1] used the momentsat ~ = 0 where~ = Q~/4m~. This was donefor
convenienceandwasenoughto predictthe ~ at around3.0 GeV (long before thisparticlewascorrectly
identified)andto rule out the X(2.83)as the pseudoscalarstate[27].Howeverat Q2 = 0 the calculation
is marginal, due to the large contribution of higher dimensionaloperatorsas we will see later. We
emphasizethat~ = 0 is not a reliablepoint for accuratemassandparameterdetermination.Therefore,
asemphasizedearlier [13], this parameteris very important. More precisely:though~ is an unphysical

parameter,it plays an important role in determining the validity region of the method. For the
calculationsto be valid the following conditionshaveto be satisfied: (a) asymptoticfreedommust be
valid; (b) the resonancechosenmust dominatethe sum rule; (c) the Wilson coefficients, which are
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functionsof ~,must alwaysbe small in the sensethat the nextordercorrectioncan be neglected.Figure
6 showsthe role playedby ~. At ~= 0 (i.e. Q~= 0) thereis essentiallyno plateauwhereon the onehand
the QCD expressionis reliable (n = 6 is alreadyoutsidethe fiducial region) andwhere on the other
handthe lowest lying resonancesaturatesthe sum rule. If ~ is very largen hasto be very largefor the
lowest lying resonanceto dominatein which casehigher order perturbativecorrectionscannot be
neglected[2]. An examplewhereconditions (b) and (c) are incompatibleis open charm.The power
correctionproportionalto mc(qq)(with (qq) the light quark condensate)is so large thatsingle resonance
saturationbecomesimpossiblewhen ~ is chosenlargeenoughto makethe correctionsmall. The same
figure showsthat for ~ = I (S waves)thereis a largeplateaufor determiningthe resonancemass.For P
waves~ hasto bechosenlarger: ~ = 2.5, in view of the fact that the coefficientsb~areroughly a factor
threelargerthan for S waves.

The breakdownof the plateauat large and small n is understood.At large n perturbationtheory
breaksdown: also the nonperturbativecoefficientsbecomeof order 1 and thereforethe calculation
becomesinvalid. In fact the coefficientsgrow as a power of n, a reflection of the fact that larger n
implies larger distances.At small n higher resonancesare relatively less suppressed.Becauseof the
detailedexperimentalinformationavailablein the vectorchannelonecan usetheselow momentsto fix
rn~[1]. On the theoreticalside the nonperturbativecontributionsare unimportantfor thesemoments.

Fortunately,for n between6 and10, wherethe plateaudevelops,the contributionof the continuum
(given by the thetafunction in (2.5)) is less than 3%. This happycircumstanceshouldbe comparedto
the situation of light quark Borel transformedsum rules where the continuumcontribution in the
relevantregion of M2 is �30%(seesection(4.5)). This is the reasonwhy parameterdeterminationwith
light quarksis sometimeslessreliable.

The parametersa, andm~are~ dependent.The runningof a, can be calculatedfrom the asymptotic
freedomformula:

/1 33—2n Q~+4rn~i
a,(Q~+4m~)=a,(4m~)/11+ a,(4rn~)ln 2 J (4.28)

/ L l2ir 4m~

with n the numberof flavours. The runningof m~can be absorbedin the choiceof the renormalization
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Fig. 6. Stability regionsin n for thepseudoscalarS stateof charmonium.The plot is for variousvaluesof ~. Figuretaken from [13].
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point. In the calculationspresentedin the previouschapterthe on-massshell renormalizationprescrip-
tion of Schwingerhasbeenused,i.e., the renormalizationpoint is p2 = m~. Novikov et al. [2] already
noticedthat in order to minimize higher ordercorrectionsoneshouldchoosethe renormalizationpoint
p2 = —m~(in the Landaugauge at Q~= 0). When ~� 0 one can either renormalizeat p2= —m~or
p2= —(~+1)m~.The two schemesgive equivalentresults.We prefer to work with the latter. In the
Landaugaugernc(p2= —(~+ 1)m~)can be expressedin rnc(p2= —m~)by the following formula:

___ a 2+~
m~ 1——{j-—~ln(2+~—2ln2~, (4.29)

where rn~= rn~(p2= —rn~).As a consequencethe effectivequark massandcoupling constantevolve to
different values for S and P waves, which can be calculatedfrom (4.28) and (4.29) in terms of

= —m~)anda,(4m~).
We arenow in the positionto analyzethe charmoniumspectrumand to fit massesandparameters.

As notedbefore,in the vectorchannelthe low moments(or better the ratios(2.31)) can be usedfor a
very accuratedeterminationof m~.This analysisof the ratios can be extendedto ~� 0. For a recent
compilation of the data see [60]. The ratios are very sensitive to m~(they behaveas 1/m~)and the
lowestonesareinsensitiveto changesin a

5 and thegluon condensate.While at ~ = 0 essentiallyonly r3
and r4 can be used,the numberof suitablemomentsrapidly growswith ~. We analyzedthe ratiosat

= 0, 1, and 2.5. Renormalizingthe massat p
2 = —rn~we find

m~(p2= —m~)= 1.26±0.02GeV. (4.30)

Using the massrenormalizationat p2= —(~+ 1)m~ confirms the validity of (4.29). In particular we
obtain

11.24±0.02at ~=1
m~(p2= —(~+ 1)m~)= (4.31)

11.22±0.02at ~=2.5.

We can now proceedto extractthe parametersof the lowest lying resonancein eachpartialwave.To
accountmoreaccuratelyfor the continuumcontributionswe includethe behaviourof the bareloop of
eachpartial wave

Im Il’(s)~
0~,= (i + Im i1’o(s)O(s— So). (4.32)

The Im H/,(s) are listed in chapter3. This replacesthe rathercrude0 function behaviourof [13]. As
usualwe transferthe continuumcontributionto the theoreticalsideof the sumrule.

Sincethe quarkmassis now fixed, our parametersarea,, q~,ands0 (ç~is definedin (2.33)). We have
allowedthe continuumthresholdSo to be different for S and P wavesalthoughit could be arguedthat
with the bareloop behaviourtakeninto accountin (4.32) they areequal.Small variationsin So can be
compensatedby variationsin rn~within the errorsgiven in (4.31) andvice versa.We find

= 4.0±0.2GeV for P waves,
— (4.33)

\/so=3.8±O.2GeVfor Swaves.



48 L.J. ReindersetaL, Hadronpropertiesfrom QCDsumrules

Thesevaluesarelower thanin [13] sincewe havetakenaccountof the kinematicaltail in a properway
by including the bareloop behaviourin (4.32). We furtherobservethat in order to obtaina f/i/i —

splitting of at least 90 MeV (experimentally the splitting is 115 MeV) 4 cannot be lower than
0.14x 102, but for 4’ largerthan 0.20x 102 it is difficult to accommodatethe P waves.We find good
P-wavesolutionsfor 0.14x 102 � 4’ � 0.20x 102 and0.13� a,(~= 2.5)~0.20, but the valuesof a, and
4’ arecorrelated:high 4’ demandslow a, andvice versa.A good solutionfor both S andP wavesis for
instance

S waves(~= 1) P waves(~= 2.5)

m~=1.23GeV rn~=1.21GeV

4’ = O.18x 102 4’ = O.18x 10-2 (4.34)

a,0.21 a,O.l7

Vs
0=3.8GeV \/s0=3.8GeV

but solutionscan be found for the parametervalues

4’ = (0.17±0.03)102, a,(4m~)= 0.20±0.05. (4.35)

The first number implies ((a,/ir)G~~G~~)= (360±20 MeV)
4 and the second AQCD = 140±40 MeV

whereAQCD hasbeencalculatedusingthe second-orderexpressionfor a,

Q2 16ir2 /3, ‘16IT2+/3
1//30g

2\ 2
= ~— (—~ ln~ ); a, = g /4ir.

\A21 /3
0g

2 \f3~J

The ratios r~,for the parameterset (4.34) are plotted in figs. 7 and 8. These give the following mass
valuesfor the levels:

iSo: 3.00±0.02GeV, ~S~:3.09±0.02 GeV, 3P
0: 3.40±0.01 GeV

(4.36)1P,: 3.51±0.01GeV, 3P
1: 3.50±0.02GeV,

3P
2: 3.57±0.02GeV.

For the vectorcurrentthe momentscan be useddirectly to calculatethee~ewidth of the f/i/i. We find

= 4.9±0.4keV (4.37)

to be comparedwith the experimentalvalue of 4.7±0.6keV [61]. This is an improvementover the
original result of [13]. The agreementwith the data is excellent.To resolvethe remainingdifferences
electromagneticcorrectionshaveto be included.It hasbeensuggested[62]that the tendencyof the ~
to be systematicallyabout20 MeV too high might be dueto mixing with a nearby(glueball?)state.The
predictionfor the

1P
1 agreeswith preliminaryISR results[63].

Before closing this sectionwe haveto discussthe contributionfrom higher dimensionaloperators,
calculatedin [40,41]. Including six andeight dimensionaloperatorsthe expressionfor the nth moment



L.J. Reinderset aL, Hadronpropertiesfrom QCDsumrules 49

m 3.0 - 2.98

2.9 -

2.8 —

3.3 —

3.2 — x /
m

3.1 — ~ ,,__1~__X 3.1

3.0 —

I I
3 5 7 9 11 13 15

n

Fig. 7. Resultsfor vector and pseudoscalarstatesof charmonium from the moments(2.31). All parametersas in (4.34). For comparison the
experimentalmassvalueshavealsobeen indicated.

at Q2 = 0(~= 0) can nowbe written as

M~(Q2=0)= A~(Q2=0)[1+ a~(Q2—0)a,+ b~(Q2=0)4’121+ c~(Q2=0)4”~~~+d~(Q2=0)4’~~~],
(4.38)

where4’(2) 4’ and4’(3) and 4’(4) aresimilar dimensionlessquantitiescontainingthe matrix elementsof
six andeight dimensionaloperators.Evenat Q2 = 0 the termsc~4”3~give negligible contributionsfor
n � 10 andwewill not considerthemfurtherhere.

The dimensioneight termsareof the form (in the vectorchannel)

d~’(Q2= 0)4’~~~= (2n+5)(2n+7)(2n+9)~(±AI~J)nJ)4’(4) (4.39)

where4’S~= a4r(O~)/(4m2)4.The operatorsO~aregiven in (3.58)andthe matrix A(I, J) in table 1. The
matrix elementsof the operatorsO~havebeendiscussedin section (4.2). With thesematrix elements
Nikolaev and Radyushkinfoundthat at Q2 = 0 the contributions(4.39) to the moments(4.38) arelarge
and grow rapidly with n. At n = 6 they are already so large (about 50% of the gluon condensate
contribution)that they invalidatethe original SVZ calculation[1]. This confirmsthat ~ mustbe chosen
different from 0, in particularwe haveseen that for the vectorchannel ~= 1. Shifting the expression
(4.39)to ~� 0 gives [64]

d~)4’~4>= n(n + 1)(n + 2)(n +3) (1+ ~)~4 ~ (~A(I, J) ~ n) )4’~4), (4.40a)
(2n+5)(2n+7)(2n+9) ~, ~ F(n,~,n+~p)
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Fig. 8. Resultsfor theP statesof charmoniumfrom themoments(2.31). All parametersas in (4.34). For comparisontheexperimentalmassvalues
havealsobeen indicated.

where

(n+1+J’~!
G(J, n)= ,‘~F(n+4,~—J,n+~p)—~ a~(k)G(k,n), (4.40b)

(n+1). k=o

where a
1(0)= (.1+ 1)!, a1(J—1)= (J+ 1)+a’~(J—2) (J�2), and a1(k)= (J+ 1)a1’~(k)

+a1~(k—1)(k<f—1).
In fig. 9 wehaveplottedthe d = 4 andd = 8 contributionsto the momentsM~(~)at ~= 0 and~= 1.

As can be seen, at ~= 0 the d = 8 contribution is not small comparedto the d = 4 contribution.
Already at n = 6 it exceedsthe uncertainty in the d = 4 contribution which is about 20% in the
determinationof 4’(2) At ~ = 1 the situationhaschangeddrastically.Both contributionsaresuppressed
but the d = 8 contributionby a much largerfactor than the d = 4 one. At n = 6 the d = 8 terms are
essentiallyzeroandup to the momentn = 11 their contributionis lessthanabout20% of the d = 4 one.
This confirms the correctnessof the procedurefollowed in the beginning of this section for analyzing
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Table 1
Thevaluesof thecoefficientsA(I, J) in (4.39).

I\\ 0 1 2 3 4 5 6

—396 —1075/4 —81 1/24 38/3 29/8 1/4 0
2 —42 —257/56 3011/105 7891/480 2203/672 671/3360 —1/224
3 1638 15703/10 35209/60 1643/15 217/20 1/2 0
4 —510 6541/140 46569/140 12229/80 46519/1680 3443/1680 23/560
5 —2232 —161939/70 —35121/35 —27883/120 —8157/280 —1367/840 —3/280
6 0 —6344/35 —6686/35 —1171/15 —533/35 —289/210 —3/70
7 1080 14709/14 8797/21 10801/120 1937/168 247/280 9/280
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Fig.9. Contributionsof d = 4 andd = 8 operators to M~’(~)for ~= 0 and ~= 1. The contributions arerelativeto thebareloop. The absolutevalue
of thed = 4 contributionhasbeen plotted.Figuretakenfrom [64].
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the charmoniumsystem.Including dimensioneight operatorscan only extendthe stability to higher n.
For a consistenttreatmentperturbativecorrectionsof O(a~)and first-ordera, correctionsto the gluon
condensateshould alsobe takeninto accountsincetheyarelikely of the sameorderof magnitude.

4.4. Theupsilonand higher quark systems

The transitiontowardshigherquark massesrendersthe physicsmorecomplicated.The reasonis that
the system is governedby shorter distancesand knowledge of higher order gluonic exchangesis
necessary.The influenceof the powercorrectionsis much smaller.This is reflectedin the fact that for
the upsilonsystem the parameter4’ definedby (2.33) will be a factor (mb/mC)

4 100 smaller. Naively
one could say that it is sufficient to go to n largeenoughto feel the presenceof the nonperturbative
forces in our sum rules. This improves the saturationby the lowest lying resonance,but since the
perturbativecorrectionsalso grow with n (roughly like (Vna,)’~for the kth order at Q2 = 0) higher
order correctionshaveto be included. A methodto implement this programmeexists [65] and we
discussit below.

Like in charmoniumwe can use the existing experimentalinformation in the vector channel to
determinethe beauty quark mass m

1, [66]. With a,(4m~)given by (4.35), (4.29) can be used to
determinea,(4m~):

a,(4rn~)’0.lS±O.O
3. (4.41)

Comparingthe experimentalandtheoreticalmomentsfor n = 2 to 9 at Q2 = 0 we find

mb(p = —rn ~)= 4.23±0.05GeV, (4.42a)

which agreeswith the valueobtainedin [13]. Using (4.29)we find for the on-shell mass

mb(p = + rn~)= 4.5±0.1 GeV. (4.42b)

This rulesout the on-shellvalue mb(p2= +m~)= 4.80 GeV obtainedby Voloshin [65].
In spiteof the difficulties mentionedabovethemomentmethodcanstill beusedat intermediaten to

obtain an estimateof the splittings. For S wavesthe plateausfor the pseudoscalarandvectorchannels
partly overlapat ~ = 1, and althoughthe plateaulevels arestill going down with growing ~,a reliable
value for the ratio of the pseudoscalarand vector masscan be obtainedfrom the ratios (2.34). The
resultsareplotted in fig. 10 andgive

my — mflb 60MeV. (4.43)

Thisestimateis independentof themassof the quark.We noticethat about40 MeV of this splitting has
a relativistic kinematicorigin.

In the P-wavecaseno i-independentplateaucan be achievedfor low enoughn to justify first-order
perturbationtheory,but alsothe stability regionsfor differentJ valuesoccurat widely different values
of n, which makesit impossibleto usethe ratios (2.34) and no reliablemasspredictioncan be made.
Voloshin [65] hasexploitedan alternativemethodto study the upsilon system.As statedbefore,the
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Fig. 10. Results for the pseudoscalar upsilon state from the ratios (2.34). The figure demonstratesthat a stable i-independentplateauhasbeen
reached.Figuretakenfrom [131.

nonperturbativecontributionsdecreasewith growing spacelikeQ2, and the powercorrectionsare too
small to driveresonanceformation. Oneis forced to move to largerdistances(closerto threshold)by
taking Q2 negative(timelike). However,this alsoincreasesthe perturbativecontributionsand it is not
sufficient anymoreto takeonly first-ordera, correctionsinto account.This is expectedsincethesystem
is much more “Coulombic” than charmonium.The leading contributionsin terms of n (the moment)
are the ladder typegluon exchangesand the kth order for Q2 = 0 growslike (Vna,)” while the other
contributionsdecreasewith n. Thesegraphscan be summedto all orders. Voloshin useda multipole
expansiontechnique of the nonrelativistic Green function [67]. He also includes the first non-
perturbativecorrectiondueto the gluon condensateandsucceedsin summingall ladderexchangeswith
one gluon line cut. After Borel transformingthe sum rule resultsin a splitting betweenthe S and P
levelsin disagreementwith experiment[68]. The calculation is unfortunatelynot accurateenough.As
pointed out above the values of the parametersare not correct and this calculation cannot be
consideredas a test of QCD sum rules. In particular m,, is too high, the valueof a, is doubtful, the
gluoncondensateis not accurateandrelativistic effectscould be important.

Borel transformedsum rules have also beenusedin [69] for analyzingcharmoniumand upsilon
systems,howeverwithout including higher orderperturbativecorrections.

The recentdiscoveryof the top quark [70],if confirmed,offers the first possibilityof studyingheavy
quarksin the dominantCoulombicregime.Volosbin and Leutwyler [71,72] noticed that even in this
Coulombic regime for large enough n (principal quantumnumber) the system is at large enough
distancesthat the vacuumcondensatesbecomeimportantagain.Since theseeffectsgrow as n6 different
levels would have rapidly varying effects and a determinationof the gluon condensatewould be
possible.The problemwith thismethodis that the gluon condensatehasonly ameaningas a Euclidean
operator.When used in the Schrödingerequation it is not Hermitian and althoughonly used as a
first-order perturbationthe calculation is not rigorous.
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4.5. Light quark mesonsystems

Since thereis no heavyquark massto set the scaleas in the charmoniumandupsilon systems,it is
naturaland convenient(althoughnot compulsory)to useBorel transformedsum rules for light quark
systems.Most L = 0 andL = 1 stateshavebeenstudied[1, 14, 15]. All currentsand the corresponding
expressionsfor theWilson coefficientshavebeencollectedin the Appendix. Herewe discussthe results
with emphasison the physical aspects.For the technicaldetails we refer the readerto the original
papers.

1. L=Ostates

p meson.To describethe method we discussthe p meson in detail. Using the polarization function
given in (A.16) we obtainafter Borel transformingandusingthe vacuumsaturationhypothesisfor the
four-fermionoperators:

2 1 a,(.M’) 8ir2 ~2 a,Je”M Im H(s)ds = — M2[1 + + — (0~m~q~0)+ — (0J — G~,,G~PI0)
8~ ir M 3M ir

~ (4.44)

We now saturateIm H(s) by oneresonance(the p meson),plus a continuumwith threshold5o in the
form of a 0 function (see(2.5)). The continuumcontributionwill be transferredto the right-handsideof
(4.44). Taking the ratio of the resulting equationandits first derivativewith respectto 1/M2 yields an
equationfor m~. With the valuesfor the matrixelementsgiven in section(4.2), we get

m~= M2[(1 + 1— (1 + ~)e~0~~M2]— + ~—~]/[(i + — es0/M2]+ —

(4.45)

Evenat M2 = m~= 0.6 GeV2the powercorrectionsin (4.45)arerelativelysmall (but not negligible).
The value of 5o 1.5 GeV2 follows from the spacing in dual models. In this caseit can also be

inferredfrom the datain e’~e”annihilation.For thisvalueof 5o a stablemasspredictionis obtainedfor a
rangeof M2. In fact the stability criterion itself alsogives a good determinationof S~,but contraryto
the charmoniumsituationthe continuumcontributionin (4.45) is not small.

To considerthe situationin moredetail we write for the predictionof the mass[1]:

2 — Ag21 (AK2\/ IA.q2\

m p — ~ Jcontt~i” )J th corr~1~”)

wherefth ~
0~(M

2)is given by (4.45)without the continuumcontributions(so = co) andf~,,is the ratio of
(4.45) andfth~Ø

1-~.Thesefunctionsare plotted in fig. 11. Without powercorrectionsfthcoi’r = 1 and for
s0= co, f~0’~~= 1. The deviationsfrom thesevalues give a measureof the importanceof the power
correctionsandthe continuum.The arrowsA andB in fig. 11 indicatetheregion in M

2 which is reliable
from a theoreticalpoint of view (higher order correctionsare negligible) and where the resonance
contribution is large.Curve3 in fig. 11 showsthat without powercorrectionsthereis no stability while
curve 2 is the actualmassprediction.
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Without taking the ratio the sumrules canalso be usedto determinethep mesoncoupling.The final
resultsfor thep mesonparametersare

g~/4rr 2.42 (expg~/4n-= 2.36±0.18), m
0 770MeV (expm~= 769±3 MeV). (4.47)

cv meson. To lowest order in a, mesonswith I = 0 and I = 1 in the samechannel are degenerate.
Thereforewe havem~= m~.Fromstudyingpw interference[73],one finds md— m~about3MeV and
in particular a solutionwith vanishingu quark massandm~unequalzero seemsto be ruled out.

4’ meson. Here, mass correctionsdue to the strangequark masshaveto be added.The main power
correctionis now given by the term (m54q) which comparedto the p mesonresultsin a changeof sign
of the 1/M

4 powercorrection.This is a pure octet term and the dynamicalsourceof the Gell—Mann—
Okubo formula for mesons.In addition thereis the correction6m ~/M2 to the bareloop which goes
beyondoctet. It amountsto about10% of the dominantGell—Mann—Okuboterm but gives a significant
contributionto the massandcoupling. It appearsthat for thissumrule to give theobservedmassandits
couplingrequiresthe stringentvaluesgiven by (4.17) for the strangemassandcondensate[57].For the
resonanceparameterswe obtain

m
4, = 1010±10 (exp1019.6±0.1), g~/4ir=13.0±0.2(expll.7±0.9). (4.48)

Higherquark massestendto give an unacceptablyhigh value for the coupling.Both the massandthe
coupling dependon

5o, but both the stability of the sum rule and the spacingdeducedfrom the string
tensionrequires~ 2 Ge\12.
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K* meson.The K* mesoncan be analyzedin the samefashion.Themasscorrectionto the bareloop is
about a factor four smaller than for the 4’ mesonand the quark condensatea factor of two. The
resulting value for the massis in excellent agreementwith experiment.Although the K* is not very
sensitiveto m5, the dependenceon the condensateis very steep.For this casehigher values of the
condensatearefavoured while the 4’ mesonrequireslow values.The region of overlapdeterminesthe
narrowrangefor (m5~s)givenby (4.17).For moredetails see[57].

Pseudoscalar(J~~C= 0 ~)mesons.Thepseudoscalarmesons(ir, K) aretoo low in massto becalculable
by this method,but rough estimatesof the couplingscan be made[1]. As we will seebelow, the A1 sum
rules give indirect evidencefor the existenceof a masslessor almost masslesspseudoscalarstate.

2. L = 1 mesons
P-wavestatesarein generala little moredelicate.Severalof thecurrentscontainderivativesand the

dispersionrelationsfor the resulting polarizationfunctions needmore subtractions.Consequentlythe
sum rules aremoresensitiveto the continuumcontribution.

Scalar (JPc = 0÷~) states.Let us consider the sum rule generatedby the I = 1 scalarcurrent j(x) =

~(üu— dd). Using the expressiongiven in the Appendixwe obtainafter Borel transforming

Je”~ Im H(s)ds = -j-~—M4[1 + ~ 87T
2 (OIm4q0)+ 3M4 (0~~ G~G~I0)

_~P.~7T3as(M)(
01qq10)2] (4.49)

The sum rule is now proportionalto M
4, due to the extra subtraction.It would be tempting to divide

H(02) by Q2 and considerthe resulting expression.In that casehoweverthe subtractionconstantin
(2.3) doesnot disappearunderBorelization andwould introducean unknown1/M2 powercorrection.
The consequenceis that in thesecondsumrule obtainedby differentiating(4.49)with respectto 1/Al’2 the
1/M4 powercorrectionsdisappear.In principle onecan takean arbitrary numberof derivativesandthe
resulting sum rules are equivalent. However, in higher transformsthe lower part of the spectral
functionsgetslessenhancedandit will be increasinglydifficult to extractthe parametersof the lowest
lying resonance.In fig. 12 wehaveplottedthe resonancemassfrom the ratio of (4.49) andits derivative
with respectto 1/M’2 for somevalues of So. The resultsare fairly sensitiveto the actual choiceof 5o,

which can be determinedfrom the stability criterion of the sum rule. The result doesnot quite agree
with the equal spacingargument.Not surprisingly the continuumcontribution is larger than in the
p-mesoncase.We find

ma = 1.00±0.03GeV (5o 1.5GeV2). (4.50)

The analysisfor the I = 0 currentj(x) = ~(üu+ dd) correspondingto the S*(980) leadsto the samesum
rule (I = 0 and I = 1 degeneracy).

To analyzethe (gs) statecorrespondingto the e(1300)mesonmass correctionsdue to the strange
quark masshaveto be addedto the polarizationfunction (seeAppendix). We find

m.e,~1350MeV (s
0~3GeV

2). (4.51)
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Fig. 12. Thetheoreticalprediction for the massof theS mesonfrom (4.49). The valueof thecontinuum thresholds0 for the variouscurvesis: (+)
so= 1.75Gev

2(O)so= 1.5GeV2(x) so= 1.25GeV2.Figure taken from [141.

The scalarstatesS* and .5 are a little controversialfor severalreasons:
(a) Phenomenologicallytheyhaveunusualdecaymodes.This hasled to speculationthat thesestates

might be four-quarkstates[74].
(b) Theoreticallytheymight havelargeinstantoncontributions.However, sincewe know that the ~q

statesexist andwe observethat the sumrulespredictdegenerateI = 0 andI = 1 statesat about 1 GeV,
we conjecturethat the S* andthe .5 arethe expected~q states.

Axial vector (J” = 1÷~)States. For the A, meson,correspondingto the axial vector current j~,.(x) =

~(üy,~y
5u— dy,Lysd),we can write down two sum rules,oneconnectedwith the axial vectorcurrentand

one with its divergence.In the latter casethe pion also gives a contributionto the sum rule:

Im H2(s)= ~f~ô(s) + irm ~ — m~,)+ ~— (i + ~)O(s — so), (4.52a)

while in the first sum rule we have

Im Hi(S)= irm~ — m~) + ~— (i + ~)s0(s — So). (4.52b)

Here the constantsfA, andf,,. aredefinedin the usualway

(0luy,~ysdIir)”ip,~f,,., (0Juy~ysdlAi)= ~ (4.53)

From(4.52)andfrom the actual expressionsfor the polarizationfunctionsit follows that up to the order
we work one hasIm 11,(s)= s Im H2(s) which implies that the continuumthresholdSo is the samein
(4.52a)and (4.52b). The behaviourof the two sumrulesas a function of So is differentand it turns out
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that theyonly result in the sameresonancemassfor So 1.75Ge\72,as can be seenin fig. 13a. This is
about the position of the first radial recurrenceof the pion, as expected.The experimentalvalue
f~.= 133MeV is usedasinput. For moredetailssee [14].We find for the mass(fig. 13a)andthe coupling
(fig. 13b):

mA,= 1.15±0.04GeV(so~1.75GeV2), 4ir/f~,~0.15—0.18, (4.54)

which agreeswith oneof themassvaluesusuallyquoted[61].It doesnot appearto be possibleto have
the A, at around 1300MeV as suggestednowadays.The valuefor the coupling is in good agreement
with the experimentalvalue quotedin [75].

The I = 0 partnersof the A
1 arethe D(1285)andthe E(1420)mesons.Naively speakingthe D meson

shouldbe degeneratewith the A,, but
(a) for this mesonwe haveonly one sum rule sincethe U(1) problempreventsusfrom treatingthe

divergenceof the I = 0 currentin the sameway,

a
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Fig. 13. Themass (a) andthecoupling (b) from thetwo sum rules for the A
1 meson.The Continuumthreshold5~=1.75GeV

2. Figuretaken from
[141.
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(b) after chiral breakingthe thresholdS~is very differentsincethereis no pir modein this channel.
We find

mD 1300MeV (So 2.6GeV2), (4.55)

but this is rathersensitiveto the choiceof So. The stability criterion of the sumrule alonewould imply
mI~= 1200±100MeV. For the E mesonwe haveto includethe first-order (logarithmic)masscorrection
to the bareloop which is the sameas in the scalarcase.With the valuesof m

5 and (mjs) determined
from the K* and4’ mesons,we find a valuefor m~which is about50 MeV higherthan the experimental
value[57]

m~= 1470t~MeV (So = 3.3GeV
2). (4.56)

The strange1~statesQ,(1280)and 02(1400)havenot beenanalyzedin the QCD sum rule approach.

TheJPC = 1’~— states.Becauseof the derivativecoupling (j,. (x) = i4-y
5D,,q) we needa further subtrac-

tion in this case.The polarizationfunction H(Q
2) is proportionalto Q4 (seeAppendix).Consequently

the powercorrectiondueto the gluoncondensateis in first approximationindependentof Q2. We note
that the quarkcondensatecontributionsfor currentswith derivativecouplingsare multiplied by an extra
factor m2/Q2 and can safely be neglectedfor nonstrangequarks.In general,currentswith derivative
couplingshavea In Q2 term in the coefficient of the gluon condensate(even in lowest order)but this
happensto havea coefficient zero in this case.As aconsequenceno power correctionsof dimension
four operatorssurvive in the final Borel transformedsum rule. And the secondsum rule obtainedby
differentiatingwith respectto 1/M~doesnot contain any power correctionsat all. It is thereforenot
surprising that it is not possible to determinethe B mesonmass in this way. The remaining power
correctionsaretoo small, andthe continuumcontributiondominatesthe sum rule completely.

The tensor (JPC= 2~~) states.The analysis of these statesgoes along the same lines, using the
polarizationfunctionsgiven in the Appendix.We notethat in this casethe gluoncondensatecoefficient
proportionalto ln Q2 doesnot vanish.The sum ruAes for the2~+ (j,~(x)= ic~y,~D~,q)currenthavebeen
analyzedin [14] and for the 2”~(j,,~(x)= iqy

5y~D~q)in [15]. The M
6 power correctionsfor the 2”

havethe oppositesign comparedto ~ which tendsto makethe2~state(A
3(1680) meson)heavier

than the 2’~+ states(f(1270) and A2(1320)). Becauseof the sign of the power correctionsthe stability
criterion does not work for the f/A2 mesonto determinethe thresholdpositions,which makesthe
predictivepowerrathersmall in this case.The resultsare

m~= mA2 1300MeV (So 2.65 GeV
2), mA

3 1630 MeV (So 3.5GeV
2). (4.57)

Assumingf-meson dominancein the matrix element(irI0,,.~,Jir)(0,,~is the energymomentumtensor),
similar top mesondominancein (7rIj~mIir) the coupling g

1 of the f mesonto its currentcan beexpressed
in termsof gi,~.The resulting “experimental” valueagreesremarkablywell with the value g1~O.O4O
determinedfrom the sum rules.

For the f’(1520), assumingit to be a pure gs state,strangequark mass correctionshave to be
included,including the quark condensatetermswhich althoughsuppressedby an extra(m,/Q)

2factor
are not negligible here.The resulting sumrule is rathercomplicatedandgives

mt.= 1540i’i~MeV (So 3.8 GeV2). (4.58)
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The analysisof the K*(1430) andL(1770) awaitsthe calculationof the unequalmassJ 2 polarizatior

functions.
4.6. Systemswith one light and one heavy quark

Light—heavyquark systemshavebeenstudiedemployingvariousQCD sumrule versions[56,76—78]
In chapter3 we havecalculatedin detail the two-point function for the unequalmassvectorcasefroff
which the scalar,pseudoscalar,and axial vector polarizationfunctionscan be obtained.The result foi
the bareloop is given by (3.2) andthe first-order a, correctionby (3.20) and(3.21).The nonperturbativc
correctionshavebeenlisted in the Appendix.

In a momenttypesum rule we will havethe following expressionfor themomentM~(~),insteadol
(2.32):

= A~(n)[1+ a,’, + a~a,+ b~4’+ c~4’,], (4.59

wherea,’, is the first-ordermasscorrectionto the bareloop, 4’ is definedin (2.33)and

4ir2 (OJ~q~0)
3 , (4.60)

3 m2

where m2 is the heavy quark massand (0Ic~qI0)the light quarkcondensate.Contributionsfrom highei
dimensionaloperatorshavealso beencalculated[56,78], but can be neglected.The role of the quark
condensate(4.60) is very important in thesesystemsdue to the fact that the light quark condensate
appearswithout being multiplied by the light quark mass.This inducesa very large splitting between
oppositeparity states.

For open charm statesm2 = m~ 1.27 GeV and 4’~ 0.1. It can easily be verified that c~4’1 n
34’,

and evenfor low n much too large for the approximationto makesense.The method of moving to
largespacelikeQ2 employedin the charmoniumsystemdoesnot decreasethe coefficientsfastenough
(comparedto the increaseof the contributionsof higher states)to makereliablecalculationspossible.

Borel transformedsum rules seemto be better suited for the open charm system.A very crude
version, in the limit of the heavy quark massgoing to infinity, hasbeenemployedby Shuryak[77].A
more careful analysishasbeen performedby Aliev and Eletsky [78]. It still does not appearto be
possibleto calculatethe massesof the open charmstatesbecauseof the largecontinuumcontributions,
but using the experimentalvalue for m~as input, the leptonic decayconstantfD can be determined.
Using the definition (4.53) this gives

fD=200MeV, (4.61)

which agreeswell with the valuefound by Shuryak.
The difficulty with the momentmethodmentionedaboveis not presentin the openbeautycase[76].

Here we havem
2 = mb 4.26 GeV

2 (normalizedat p2 = —m~)andtherefore4’~ 3 x i0~.Choosingan
appropriatespacelikeQ2 (Q2 = 3mg) a good window of momentscan beobtained,whereall corrections
are not too largefor the approximationsto makesense.All parametersare now fixed, mb and 4’ are
knownfrom the analysisof the upsilonandcharmoniumsystemsand4’~from currentalgebra.The only
free parameteris the continuumthresholdSo. For the nonstrangepseudoscalarchannel5o is chosento
reproducethe open beauty state [61]. The values of So for the other channels follow then quite
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naturally.Theresultsarepresentedin table6. Themassvaluesareuncertainby 50—100MeV dueto the
dependenceon the continuumthreshold.Therefore,we cannotgive reliable values for the vector-
pseudoscalarand axial-scalarmass differences.We predict about 700 MeV splitting between the
nonstrangeS- and P-wave levels. Without a quark condensateterm this splitting would go down to
about350MeV. We notethat the potentialmodelgives 500 MeV for the open charmsystem[79].

The result for the couplingfB in [76] differs by a factor two from the valueobtainedin [78]. There
aretwo reasonsfor this discrepancy:

(1) the rough 0-functionmodeladoptedfor the continuumin [76] overestimatesthe coupling, and
(2) the too largevaluefor the quark mass~ usedin [78] leadsto an underestimate.

We haveredonethe analysisof [78] with the propervalue (4.42b) for the on-shellbeautyquark mass.
This gives the value

fB = 190±30MeV. (4.62)

We expectthat the values of the other couplingsin [76] also haveto be reducedby about30%. The
resultingcouplingshavealsobeenlisted in table6.

4.7. Baryons

To study these systemsone constructsa compositeoperator made of three quarks with the
appropriatequantumnumberscorrespondingto the baryonin question.Equation(2.6) gives a possible
choicefor the nucleon(JP = 1+)

h/N(X) = Eabc(u(x)Cy~u(x))ysy,~d(x), (4.63)

where C is the chargeconjugationmatrix, C2 = —1, and the latin indices refer to colour. Since two
quarks are always in an antisymmetricrepresentationof SU(3) colour, they must be in a symmetric
isospin statewhich apartfrom (4.63) can alsobe achievedby au~coupling

~~x) = eabC(ua(x)Cr,,,Vub(x))yso~.d~~(x). (4.64)

Restricting ourselvesto currentswithout derivatives,(4.63) and (4.64) are the only possiblenucleon
currents.

Both thesecurrentsor any linear combinationshouldcoupleto the nucleon.We will follow loffe [16]
andwork with (4.63). The reasonfor this choiceis that the two-point function of (4.64) doesnot get any
contributionfrom the lowestdimensionalchiral symmetrybreakingoperators.Therefore,the resonance
is expectedto coupleweakly to this current.This hasbeenconfirmedby the analysisof [80]. Using an
arbitrary linear combination of (4.63) and (4.64), it is found that the contribution of (4.64) is small
(about 2%).

A completeset of currentsfor the L = 0 octetanddecupletbaryonsis given by
— I a.’ \ç’ b( \\ .4c( \

i7N~rtabc~U ~ ~x))y
5y~,u~x1,

= eabc(u(x)Cy~~u(x))ysy,,s(x), (46S)
T1A = VSEabc{(U (x)Cy,~s(x))y

5y,~d(x)— (da(x)Cy~sb(x))ysy~uc(x)}, . -

17~= Sabc(5(X)Cy~,~S(X))ysy,~u(X),
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for the octetand

p...... 1 a.. \c~’ b.. \\ ci \
fl4eabct,u ~X)~~p.U ~x))u IX),

= V~sabc{2(u(x)c’yp.s(x))u(x)+ (W2(x)C~yp.uI)(x))sc(x)},

~1E~= V’3 Eabc{2(S (x)Cyp.u!~(x))s~~(x) + (5a(x)Cy,.~b(X))u’~(x)}, (4.66)
p. — / a/ \f’ b( \\ ci~7n— Cabct.S ~,XJt./)~p.S !~X))S i,X

for the decuplet.
To illustrate the baryon casewe will considerthe nucleon casein somedetail. It was observedby

loffe [16] and Chung et al. [81] that the dominant power correctionscome from chiral symmetry
breakingoperators.The two-point function for the current (4.63) hastwo invariant functions

i Jd~xe~’(0lT(~N(x)~N(0))lO)=H,(q
2)+4’H

2(q
2). (4.67)

Countingdimensionsoneeasilyfinds that H~(q2)hasan odd numberof dimensionswhile H
2(q

2) is even
becauseof the factor 4’. This implies that in performing the operatorproductexpansionthe Wilson
coefficientsof the evendimensionaloperators(I, G~VG,’~V,~I’q4~I’q)in H

1(q
2)will be proportionalto the

smallquarkmassmq while the operator4q will appearwithout mq andgives thedominantcontribution
to H

1(q
2), the more so since the contributionof the five-dimensionaloperator rp.,,Gp.~qturns out to

vanish for the baryonoctet [38]. All operatorscontributeto H
2(q

2) but in the limit of masslessquarks
therewill be no contributionfrom the quark condensate.

Thereforethe diagramsof fig. 14acontributeto H
2(q

2) and thoseof fig. 14b to H
1(q

2). In chapter3
we haveexplained that thesediagramscan most easily be calculatedin coordinatespace, and the
expressionfor eachof the diagramsin fig. 14 can be readoff from (3.92).Transformingto momentum
spaceby meansof formula (3.89) we find

Hi(q2) = — (4q)q2ln(—q2)+...,

IT (4.68)

11
2(q

2)= + 64IT2 q4 ln(—q2)+ 31~2 (~G~)ln(—q2)+ 2(c7q)2

i-p-- --~ < >~-
~-p--- -c:~--

Fig. 14. Diagramsto be calculatedfor the Wilson coefficientsof baryonicCurrents.Thefigures (a) give thecontributionsto H
2(q

2) and (b) to H
1(q

2)
asdefinedby (4.67).
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Thegluon condensatecontributionhasfirst beencalculatedin [38]usingthe fixed-pointgauge.The dots
in (4.68)standfor contributionsfrom higher dimensionaloperators,someof whichhavebeencalculated
in [43], anda, corrections[45,46].

In the Appendix we havelisted the expressionsfor the polarizationfunctionsof all L = 0 octet and
decuplet baryons, including operators up to dimension d = 6 and mass corrections. On the
phenomenologicalsideof the sumrule we take the nucleonstateinto accountwith coupling AN to the

current,therefore

H(q) = A~~ MN + continuum, (4.69)
q-M~

wherethe coefficient of 4’ gives H2(q
2) andthe MN pieceH

1(q
2). Taking the Borel transformof (4.68)

and(4.69),we arriveat two independentsum rules (no continuumcontributionhasyet beenintroduced)

M6 + bM2+ ~a2= 2(2n-)4A~exp(—M~/M2), (4.70a)

2aM4= 2(2IT)4MNA~exp(—M~,/M2), (4.70b)

whereb = ir2((a,/ir)G2) 0.17GeV4 and a = —(2ir)2(4q) 0.5 GeV3. In first approximationwe neglect
thepowercorrectionsin (4.70a)andtakethe ratio with (4.70b). At M2 M~thisresultsin [16]

MN = {—2(2IT)2(0J4q~0)}”3 1 GeV, (4.71a)

= M~e/2(2IT)4 10~GeV6. (4.71b)

This rough calculation contains interestingphysics. Not only is the estimate(4.71a) astonishingly
accurate, it also shows the dependenceof the baryon mass on the quark condensate(MN -40 for
(4q)—*0). The couplingA~b,of (4.71b)measuresthe probabilityfor thethreequarksin theprotonto be at
the samepoint, and appearsas a factor in the proton decay amplitude.The results (4.71) can be
improvedby consideringthe full expressionsand by including the (unfortunatelyvery large)continuum
contributions.Solving for the nucleonmassone obtains

2aM4[1 — exp(—s
0/M~)(s0/M

2+ 1)]
MN(M2) = M6[1 — exp(—s

0/M
2)(s~/2M4+ so/M2+ 1)] + ~a2+ bM2~ (4.72a)

The resulting expressionsfor the othermembersof the octet are (the continuumexpressionsare not
explicitly given)

— —2mM6+2a(3—y)M4+~a2m(2—y)
MA ( — 3M6+ 2am(1— 3y)M2+ 3bM2+ ~a2(3+ 4y)’ (4.72b)

— 2mM6+2a(1+ y)M4+~a2m
M

5(M~)— (4.72c
M

6—2am(1+ y)M2+ bW+~a2

2aM4+ 4a2m(1+ y)
Mfl(M2) = M6 + bM2 + ~a2(1+ ~)2~ (4.72d)
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where y = (0IcsjO)/(OIuulO)— 1 and m m,. A check of theseformulae is given by keeping the octet
piecesof the symmetrybreakingandverifying that thesesatisfy the Gell—Mann Okubo formula.

For the decupletstatesthe tensorstructureis morecomplicatedsincewe deal with J= ~states.The
two invariant functionsproportional to gp.,. and4’gp.~.will receivecontributionsfrom J= ~statesonly (at
least for the zi). On the phenomenologicalside we use the Rarita—Schwingerformalism for the
propagator.The resultingformulaeare

~aM4(1— ~m~/M2)
M

4 = M
6+~a2—~jbM2 (4.73a)

2 — ~aM4(1+ ~y)(1— ~m~/M2)+ ~mM6+ ~a2mM~.(M) - M6+Sam(1—~y)M2-~bM2+~a2(1+~y)’ (4.73b)

M M2 — ~aM4(1+~y)(1—~m~/M2)+5mM6+~a2m(1+ y)3*( ~— M6 + 10am(1+~y)M2 — ~bM2 + ~a2(1+ y)(l + 1~ (4.73c)

M M2 — ~aM4(1+ y)(l — ~m~/M2)+~mM6+ lOa2m(1+ y)2
‘~ — M6+ lSam(1+ y)M2—~bM2+ ~a2(1 + ~,)2 . (4.73d)

Thesimplicity of the structureof theseformulaereflectsthe fact that for the decupletall quark pairsare
in a spin onestate.The parameterm~is connectedwith the operator4op.~Gp.~qanddefinedby (4.13),
m 0.5—1.0GeV2.

Even more sophisticatedformulaeincluding higher dimensionaloperators,anomalousdimensions,
anddifferent thresholdsfor the continuumcontributionsto the bareloop and quark condensateare
given in [43]. Reference[80] containssecond-ordercorrectionsin the strangequark mass.Recent
calculations[45,46] of the first order a, correctionsto the bareloop and quark condensatefor the
nucleon and delta suggest that these are far greater than contributions from higher dimensional
operators,anomalousdimensions,etc.,andit doesnot seemto be sensibleto include the latterbefore
the a, corrections.We notehoweverthat this cannotbedonebefore the discrepanciesbetween[45]and
[46] havebeenresolved.

A reasonablefit to the experimentalmassesfor acceptablevaluesof the parameterscan be obtained
from formulae(4.72) and (4.73). However, the continuumthresholdthat should fix the stability of the
sumrule comesout higher than expectedfrom the data.The five dimensionaloperator~o-p.~Gp.~q(i.e.,
the parameterm~) is essentialin order to obtain the correct splitting betweenthe octet and the
decuplet.An independentdetermination(for instanceon a lattice) of thisparameter,whichresemblesa
colour magneticmoment,is of interest.

In the more sophisticatedapproachof [43] better agreementwith the datacan be obtainedat the
expenseof introducingfurtherparameters.In this work information on the negativeparity baryonsin
the 70 multiplet is alsoobtainedin qualitativeagreementwith experiment.

As a final point we notethat irrespectiveof thedetailsthe formulae(4.72)show a striking behaviour
as a function of y. As can be seenfrom fig. 15 the properorderingof the octetmassesrequires

(0I~sI0)
1017005 (4.74)

(OIuulO)
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1.6
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Fig. 15. Plot of theoctetmassesasa function of y. Figure takenfrom [551.

This result is insensitiveto largechangesin otherparameters.The valueagreeswith [43] andwith the
resultobtainedfrom mesons[57].An independentdeterminationwould be useful.

The resultsfor baryonsarequite significant.Therearehoweversomelimitations:
(1) dueto the density-of-statessingle baryonsaturationis hard to achieve,andan accuracyof better

than 10% in the valuesfor the massesseemsbeyondreach;
(2) higher dimensionaloperatorsareimportant,which introducesnew parameters;
(3) perturbativecontributionsmaybe large.

4.8. Glueballs, hybrids, heavybaryons,and radial excitations

In this sectionwe describesome work on more controversialstates.Paradoxically,theseare of
utmostimportancesincetheychecknovel andspecific aspectsof QCD.

1. Glueballs
The problemof glueballsis centralto QCD.Unfortunatelythereis no guiding experimentalevidence

on thesestates.The more completepaperson this question are by Novikov et al. [82,83]. In these
papersseveralgeneraltheoreticalissuesarestudied.In particularit is establishedthat:

(a) Following Landau—Yang’stheoremtwo gluon vector statesdo not exist. As a consequenceit is
speculatedthat thesestatesare composedof at least three gluons and thereforeshould be heavier.
Although this argumentis appealingit does not rule out collective statesto which thesecomposite
operatorsmight not couple.

(b) In [83] the following low energytheoremsareproven:

i Jdx(0lT{~G2(x),~ G2(0)}l0) ~ (~G2)+ O(mq), (4.75)

i Jdx(OIT{ ~ mq4(x)q(x),~ G2(0)}l0) ~ ~ (m~4q)+ O(m~), (4.76)
u,d,s IT b u,d,s



66 L.i Reinderset a!., Hadronpropertiesfrom QCDsumrules

where b = ~(11N~— 2N~)and G2 standsfor G~VGap.~.The first theorem can be used to calculatethe
leadingpowercorrectionsto the scalarglueball two-point function generatedby the current

j,(x) = G~(x)G~(x). (4.77)

Using standardBorel transformmethodsand saturatingwith one resonanceo- with mass m,,. plus a
continuumoneobtainsthefollowing sum rule

2/0 G2 ~ 1 ~-
IT ‘~ ~

4°~’exp(_m~/M2)+__~j exp(—s/M
2)sa~(s)ds

2m~,M M

= a~(M2)[1+ ~ (~G~)( a
1(M

2)+ ba~(M2))+ O(M6)], (4.78)

wherethe secondpieceof the powercorrectionis a reflectionof the low energytheorem(4.75). It can
be seen(usinga, = 0.3 at 1 GeV andthe standardvaluefor thegluon condensate)that for M2 <4 GeV2
the bareloop doesnot dominatein (4.78) andthereforethe usual duality whichwe saw for instancein
the caseof thep meson,doesnot hold.This is a problemthat consistentlyplaguesthestatesbeyondthe
standardquark model, andis essentiallydue to the fact that the leadingpowercorrectionscomefrom
diagramswhich haveone loop integrationless than the bareloop. This is not the casefor two-point
functionsof currentswhich consistonly of quark fields.

Although a sum rule like (4.78) points to a high mass for the scalar glueball, it can be argued
qualitatively [82—84]that the massvaluefor scalargluonium should be about 1.4GeV, while pseudo-
scalargluonium is expectedat about 2.2GeV. The shift of the latter is due to the fact that the r~’
occupiesthe duality interval in that channel.Tensorgluonium comesout at about 2 GeV, which is
relatively low for this high spin state.Unfortunatelythesepredictionsarerelatively soft andtherefore
theydo not constituteserioustestsof the theory.

2. Hybrids
Thesestatesstand a betterchanceto be discoveredsince, someof them at least cannot mix with

conventionalstates.Typical examplesare JPC = 1 + and 0--. These statesfor any type of quarks
requireat least oneadditionalgluon to form a 4qGstate.

Severalcalculationsexist for light quarks[85—87]andalthoughthesediffer somewhat,the prediction
for the I = 1 JPC = 1 + stateis at about 1.5GeV, while the0-- comesout muchhigher.Unfortunately,
the resultsare not free of problems: dueto the sign of the gluon condensatecontributionthereis no
stability in M2 for the 1 state,which may indicatethat this system does not bind. There is no
experimentalevidencefor any of thesestates.

3. Heavybaryons
Shuryak[77]hasmadean effort to calculatethesestatesin the limit of theheavyquark massgoing to

infinity. Although his resultsare qualitatively interesting,due to the aforementionedproblemswith
baryonsthey are not very reliable. In particularthe densityof statesandthereforethe importanceof
the continuumis a difficult problem.
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4. Radialexcitations
The methodsdescribedin this report arevery poor in determiningradial excitations.Themoments

as well as the Borel transformaredevisedto ensurethe dominanceof the lowestlying state.For heavy
quarksall higher resonancesare consequentlypushedinto the first few momentsand the resolution is
very poor. We believethat the recurrencesshould couple strongly to operatorsof higher dimensions
(with gluons).Somequalitativecalculationsfor baryonswith ~qGcurrentsindeedreproducethe Roper
resonancebut systematiccalculationsalongtheselines do not exist.

5. Three-point functions

5.1. Introduction

Although in principle thereis relatively little new in going from two- to three-point functions, in
practice there are many interestingproblems.The types of questionswhich we will discussin this
chapterare:

(1) decaysof hadronsinto two y (e.g. flc~
2Y)

(2) couplingsof two hadronsto an on-shelly (e.g.J/t/i-+ r~y)
(3) couplingsof threehadrons.As we will seebelowthisis particularlysimple andinstructivewhen

oneof thehadronsis a Goldstonebosonandthe othertwo havesimilar masses(e.g. ~ g~NN);

(4) form factors.
In generalthe procedureis similar to thetwo-point function caseand ofteninformationon the latter

is requiredto cancelthe couplingsto the current. Considerfor instancethe transitionf/i/i—s. ~ The
phenomenologicalside of the sum rule for this transition contains,apart from the three particle
coupling, the couplingsof the J/i/r and ~ to their respectivecurrents.A doublemoment analysisis
performedin the vector and the pseudoscalarchannels.From the two-point function analysis it is
known at which momentsthe f/i,!’ and i~ are dominantand theseresultscan be used to cancel the
couplingsto the currents.

Analysesalongtheselines werealreadyperformedby Novikov et al. [2] whorealizedthat the decay
of heavy quarkoniuminto gluons and/or photonsis dominatedby the bare loop diagram.Radiative
transitionsin charmoniumbut alwayswithin the bareloop approximationhavebeendiscussedin [88].
In the next sectionswe discussthese decaysin detail including perturbativeand nonperturbative
corrections. As a second application we will discuss couplings of Goldstonebosons to baryons
(g~NN, g~~)and mesons(g.,.,,,,,) [89] basedon the observationthat the 4q condensatecontributions
dominatein the chiral limit andbalancewith the pion contributionon the phenomenologicalsideof the
sum rule (seechapter(3.3f)). Finally we will discussconventionalsum rule approachesto form factors
andcouplings.

5.2. Decaysof heavyquark Systems:~ -+ 2y and other radiative decays

We considerthe three-pointfunction

Ap.~(q,q
1,q2)= e2Q~Jd

4x d4y exp[—i(qx + q
2y)](0IT(jp.(0)j5(x)j~(y))~0)

~Q2 ~$AI
2 2 2\ —a cep.va$qi q

2 ~q , q,, q2), q — q1 q2.
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The currentsin (5.1) arethe heavyquarkvector (ëyp.c)andpseudoscalar(iëy5c)currents,andQ~is the
chargeof the quark.First we will considerthe casewhenthe externalmomentaq~andq~of thevector
currentsare equalto zero. In this way, (5.1) describesthe decayof heavyquarkpseudoscalarmesons
into two (real)photons,e.g.~-+

2y. This caseis the simplestfor severalreasons:
(1) the heavy quark mass ensuresasymptotic freedom for the quark even at q2 = 0 for the

pseudoscalarcurrent;
(2) masslessnessof the physical photonssimplifies the calculationsconsiderably;
(3) the dominantnonperturbativeeffectswill be dueto the gluon condensatefor the samereasonsas

in the caseof the two-point functionsof heavyquarkcurrents.
Thediagramsto becalculatedaregiven in fig. 16.Diagram(a) is thebareloopcontributionwhichcanbe

easilycalculatedandgives [2,88] in termsof a dispersionintegral

1 1 2m 1+u
Ao(q2)= — J ds 2 In ~, (5.2)

IT
2 s(s—q) 1—u

whereu
2 = 1 — 4m2/s with m the quark mass.The other six diagramsin fig. 16 give the first-order a,

correctionto the amplitude.The calculationof thesediagramsis complicatedand can be done most
easilyby consideringthe imaginary part in the q2 channel.The dominantcontributionis the Coulombic
piece(~1/u)(diagram(b)). Wehaveonly takenthe Coulombiccontributionplus the nextorder (~u°)
into accountandneglectedall higher ordercorrectionsin u. In this casewe get

Im A,(s)= ~-(2u)[~__ 2+ 2C], (5.3)
53IT 2u

where C —0.3 is the sum of all contributionsof zeroth order in u not containedin the Coulombic
piece.

a)

.--~ ---~I~--~I

--~ ---~I---~
Fig. 16. Contributionsto the three-pointfunction to first order in a,. Wavy lines depictvector currents,dashedlines pseudoscalarcurrents,solid
lines quarks,andcurly lines gluons.
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The nonperturbativegluon condensatecontributions in the operatorproduct expansionof the
T-orderedproduct in (5.1) are obtainedfrom the diagramsin fig. 16 by cutting the gluon line as
explainedin chapter2. Sinceonly oneloop integrationis involvedthe calculationsalthoughcomplicated
can be performedanalytically. We get for the Wilson coefficient

CG(q2)= (u2 — 1) [33u6— 13u4— u2 ~ ln ~ — 33u4+ 2u2+ 3], (5.4)
8ITu 2u 1—u

where u2 = 1 — 4m2/q2. This expressioncalculated in [90] has been confirmed by various authors
[91—93].The contributionto A(q2) is given by

= CG(q2)~-~- (0~~ G~~G~l0)/(4m2)2. (5.5)

The valuesof 4’ andm~aregiven in chapter4.
To apply theseformulaeto the decay i~-+2y we follow the sameprocedureas in the two-point

function caseanddefinemomentsby differentiatingA(Q2)at Q2 = —q2= 0. This leadsto the following
momentequation

= ITm2~~+1(2n+2)! [1+ a~(P)a,+ b~,3~(P)4’], (5.6)

with

a~(P)=~[IT(2~~2~,+±~+ ~ (_l+C)_3(2~l~)l~12], (5.7)
n!n!2 IT2n+3

and

b~(P)=_~n(n2+n+2). (5.8)

The last term in a~resultsfrom the massrenormalizationat the point p2= —m2,consequentlym in
(5.6) is m(p2= —m2). It can be seenfrom (5.8) that the nonperturbativecontributionsb~grow very fast
with n. As in the two-pointfunction case,increasingn meansmoving closerto the resonanceregion in
the q2 (pseudoscalar)channel.

To constructthe phenomenologicalsideof the sum rule weadopta narrowresonanceapproximation
in this channelandincludetwo resonances

Im A(q2)= n-ghM,,~e5(s— M~~)+ ITg’h’M,,~5(s— M~), (5.9)

whereg(g’) arethe couplingsof the ~ to the pseudoscalarcurrents((OIiey5cIP)= M2pg) and h(h’)
determinesthe ‘7c27(’7~~2Y) Width (seefig. 17)

f(~~-+2y)=(3Q~a)2h2M~~/64IT. (5.10)
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Fig. 17. Graphicalrepresentationof thesum rule for ,~—..2y. g is thecoupling of the mesonto thepseudoscalarcurrent andh thecoupling to the
photons.

From (5.9) we can calculatephenomenologicalexpressionsfor the momentsM~.Equatingwith (5.6)
expressesthe productof the couplingsas a function of a,, 4’, andthe quark massm.

‘M \2~~+t 2 ‘M~\2n+i ntn~
gh + g’h’(\—~) — — (__2C) [1+ a~(P)a,+ b~(P)4’]. (5.11)

M,,’ IT m (2n+2)!

To eliminate the couplingsg we return to the two-point function case(2.32), which gave a similar
momentequationfor the couplingsg2. Saturatingthe imaginary part with two resonanceswe get at
Qo2 = 0

M 2k 3 M 2kk,(kl)!
g2+ gP2(~2~~) = 81r2 (m) (2k + 1)! [1+ ara, + b~4’], (5.12)

with a~andb~given in table 1 of [28].
Experimentallyboth ~ andM,, are known [94] andonecan easilyestimatethe contaminationof

the ~ resonancein the sum rules (5.11) and (5.12) as a function of n. In analogyto the vectormeson
casewherethe couplingto the currentis directlyrelatedto thee~ewidth we expectthat g’2 ~g2,and
it can be easilyverified that for n � 4 the contaminationof the ~ in (5.11) and(5.12) is lessthan10%.
From the discussionin chapter4 we know that at Q2 = 0 momentsfour and five are suitable for
determiningthecouplingand/ormassof theresonance.Thecontaminationby higherresonancesis small
at thesemomentswhile at the sametime the perturbativeand nonperturbativecontributionsaresmall
comparedto the bareloop. If wewant to usehigher momentswe haveto evaluatethe moments(5.8) at
spacelikeQ2� 0. Neglectingthe higher resonancesand after somealgebrawe obtain

h2 = ~ (M)2~(2n +2)! 2n+3[1 + (2a~(P)— a~+,)a,+ (2b~(P)— b~+
1)4’]. (5.13)

We havechosenk= n + 1 in (5.12)sinceas can be seenin table2 the coefficientsa~andb~are similar
in the two cases.Substitutingn = 4, 5 in (5.13)we find (a,= 0.2)

h
2 = 3.3±0.3,

and for the ~ width using (5.10)

—s. 2y) = (4.6±0.4)keV, (5.14)
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Table2
Values of the coefficients a~, b~, ai~~(P),and bi”(P)

for thedecay,~-+2y

n a~ aii’(P) b~(P)

1 0.28 2.4 0.94 —1.6
2 0.74 3.4 0.79 —6.9
3 0.75 0.0 0.52 —18.7
4 0.57 —10.9 0.19 —40.0
5 0.28 —32.3 —0.19 —73.8
6 —0.07 —67.2 —0.61 —123.2
7 —0.47 —118.6 —1.06 —191.1
8 —0.90 —189.5 —1.55 —280.4

whichis lessthanonewould naivelyexpectfrom the ratio

_________ 4

-+ e4e)—

In this ratio the wave functionsof the i~and f/i/i at the origin havebeenassumedto be equalanda,
correctionshavebeenneglected.It is known[95]thatfor someof thesedecayslargecorrectionsshould
exist in view of the fact that the experimentalvaluefor f/i/i—s. ‘~yis muchlessthanonewould expect
from thesesimple considerations.We will comebackto f/i/i—s. ~7cY later. Our result (5.14)for i~—~

indicatesthatthe wavefunctionsat theorigin for thef/i/i andflc maydiffer by 40%.We find from (5.14)

IR,s(0)12 = 0.33GeV3, (5.15a)

while from f/i,!’ —s. e~eonehas

IR3s(0)12 = 0.55GeV3. (5.15b)

The value(5.14) is about 10% higher than in our original paper[90], dueto the new valuesof m~and
a,. Due to the high powerof m in (5.13) the result is very sensitiveto the quark mass.The ifl-. 2y
widths given in [91—93]are higher than (5.14). In thesepapersthe perturbativecorrectionsare not
included.

Two photondecaysof the P andD statesof charmoniumcan be studied in a similar way. The
pseudoscalarcurrent in (5.1) hasto be replacedby the appropriateP or D wave current.In [2] these
decayshavebeenstudiedin the bareloop approximation.

We haveobtainedthe following expressionfor the Wilson coefficient C~for the decay0~±

u2—1r9—5u2—9u4+21u6 1+u 1
Co(0~-+2y)= 2 ln——9+2u2—21u4I. (5.16)

8rru I 2u 1—u i

The amplitudefor this decayis

Ap.~(q,q
1, q2)= 3aQ~[q2p.q1~— (q1 . q2)gp.~]A(q

2). (5.17)
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For the perturbativepart of A(q2) we have(taking only the Coulombicpieceinto accountin the first
order a, correction)

2m I 1+u 4a, fIT2 \]
ImA(q2)=—u2lln——-——+———-(2u)I——2JI, (5.18)

S I 1—u 3IT \2u /i

which leadsto the following momentequation:

M~= ()2n±1 (2n ~ (3n + 4)[l + a~(S)a,+ b~(S)4’], (5.19)

with

(3) 4 1 (2n + 3)!22t~2 4 (n + 1)(n + 2) 3(2n + 1) In 21~ 2IT (5.19a)

9n3+43n2+64n+24
b~(S)= —(n+ 1)(n + 2) (2n+ 5)(3n+ 4) (5.19b)

As in the two-point function casewe find that the nonperturbativecontributionfor the P stateshasan
extrafactor of 3 comparedto the S states.Fromthe numericalvaluesin table3 it can be seenthat we
can usemoments2, 3 and4. SaturatingIm A(s) by a single resonance

Im A(s)= rrgh+M~.
0ö(s— M~0), (5.20)

andusing the two-point function results([28] andchapter2) to eliminatethe couplingg we find

h
2 — 64 (M\4~22’~[ n!n! ~ + -~2 (2k + 3)!± — 9 ~ m) ~(2n + 4)! ~ n )j (k - 1)!(k + 1)!

x [1+ (2a~(S)—a~)a.+ (2b~(S)—b~)4’]. (5.21)

Table3
Values of the coefficients al, bl, a~(S),andbi~>(S)

for thedecayXo—~27

n a,S a~(S) b~’>(S)

1 0.52 —8.6 1.13 —17.1
2 0.92 —34.7 0.77 —52.8
3 0.79 —87.3 0.32 —118.3
4 0.46 —175.4 —0.18 —222.7
5 0.04 —308.0 —0.72 —374.9
6 —0.43 —494.1 —1.29 —584.0
7 —0.96 —742.7 —1.89 —858.8
8 —1.51 —1062.9 —2.50 —1208.6
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The numericalvaluesof the coefficientsa~andb~are given in table3. Forn = 3 andk= 4 we find

h2+ = 2.30±0.3, (5.22)

andconsequently

F(~’
0—s.2y) = (3Q~a)

2h~M~/64IT= 3.7±0.5keV. (5.23)

Experimentallyno value has beengiven so far for this decay.No attemptshaveyet been madeto
calculateothertwo photondecaysby this method.

For q~or q~unequalzero (5.1) can be usedto describethe decayJ/i/i-+ ‘icY, andsimilarly radiative
decaysof the charmoniumP statesinto f/ifry. In this casethe sum rules are applied simultaneouslyin
the pseudoscalar(‘i..~)channeland the massivevector (f/i/i) channel.In the bareloop approximation
thesedecayshavebeen studied in [88]. A refinement of theseresultsis greatly hamperedby the
complexity of the perturbativecalculations.The diagramsof fig. 16 have to be calculatedfor the
momentaof two of the externallegs unequalzero. No expressionshaveso far been given in the
literature.The generalizationof the nonperturbativecalculationsis relativelyeasy,andin the following
we will only take theseinto account,assumingthat the perturbativecorrectionsarenot too large.The
magnitude of the nonperturbativecorrectionsthen determineswhich moments can be used for
determiningthe width. Analysesalongtheselines areperformedin [96] and[97].

The width of the decay f/i/i—s. ‘icY, is given by

r(f/ç1i+ ‘icy) = I~4(.1/i/’ ~cy)~ .~ (i — ~~c)3 (5.24)
24 m~ m~,

The amplitudefor the three-pointfunction (5.1) with two heavyquarkcurrentsandoneelectromagnetic
currentnow reads

2 2 2

Ap..,(q,q
1,q2) = 3 ~p.vasqiq~A(q, q1,q2). (5.25)

4IT

Calculatingdoublemomentsby differentiatingA(q
2,q~,q~)with respectto q2 andq~we find

2 1 F(k+1)F(k+1)

r(2k+3) [1+b..
14’]. (5.26)

wherek= i + j, 4’ is definedby (2.33), andthe coefficient b11 reads

k+1
b~= — 2k + 3 [k(k

2+ 3k + 4)+ 2(i —j)(k + 1)+ 4ij]. (5.27)

The subscriptj refers to the Jth moment in the pseudoscalarchanneland i to the ith moment in the
vectorchannel.For i = 0 (5.27) reducesto (5.8). From (5.27)oneeasilyfinds that the powercorrections
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in (5.26) grow rapidly with i and j, and are less thanabout 30% of the bareloop contributionfor
k= (i + J) � 6. On the phenomenologicalsidewe havefor A(q2,q~,q~)

A 2 AIr/I

A/ 2 2 2\_ -rIT in~ m,~-~j,~,-+’i~yzit~q ,q
1,q2~——--—g2 2 2 2 +

3Q~ (q —m,~)g~1, (q1—m~)

whereg is the usualpseudoscalardecayconstantdefinedasin (5.9) andg,,, is directly relatedto thee~e
width of f/i/i,

F(J/i/i—s.e~e)= (4ITa
2/3g~,)m~. (5.29)

Taking momentsof (5.28) andcombiningwith (5.26) we find

( \2j+1
g~~ 2i

A(J/i/i—s.’i~y)=— (m~
1,)M~. (5.30)

LIT g

The two-point function resultscan now be used to cancel the couplingsg and g~,,.Substitutingthe

numericalvaluesfor the variousparametersfor i, j = 2, 3, we find

A(J/i/i+ ‘i~y)~4.

The error in this numberdue to contaminationby higher resonancecontributionsis estimatedto be
about50%.From (5.24)we thenfinally obtain

F(J/i/’—~n~y)2.7keV±50%, (5.31)

which is a factor 2—3 higher thanthe experimentalvalue [98].Thevalue(5.31)is an upperlimit because

of the higher resonancecontributionsin (5.28).*

5.3. Thepion nucleoncouplingconstantgITNN

In this andthe following two sectionswe will considerhadroncouplingsto Goldstonebosons[89] (in
particular pions). These couplingscan be calculatedin two ways: via two-point functions and via
three-pointfunctions.In both casesthe specialnatureof Goldstonebosonsis exploitedto selectcertain
operatorsin the operatorproductexpansionfor the productof currents,similar to the derivationof the
PCAC relation in chapter3. It may be worthwhile to emphasizeat this point that when q

2 (i.e., the
momentumflowing through the Goldstoneboson current)is large, like in the form factor casethe
situationis completelydifferent.

Considerthe three-pointfunction constructedof two baryoncurrents ‘i
8(x) and.the pseudoscalar

mesoncurrentj5(x)

A(p,p’, q) = Jdx J dy(0IT(’iB(x)jS(y)i~B(0))I0)exp(ip’x — iqy). (5.32)

* In a recentpaper[1111Beilin andRadyushkinhavealso calculatedthefirst ordera, correction to J/,/,—~~y. This doesnotchangethevalue

(5.31), but reducestheerror to about20%.Therefore,thetheoreticalpredictionfor 1(J/~’—’~,y) seemsto be definitely largerthan2keV, in clear
disagreementwith thepresentexperimentaldata.
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For the IT°we choosethe current

J5(X)— ü(x)iy5u(x)—d(x)iy5d(x). (5.33)

Phenomenologicallythe pion—baryoncouplingcan be representedby the diagramin fig. 18, AB is the
coupling of the baryonto its currentandgp is the couplingof the mesonto its current.For the neutral
pion we have

gp=-~~-, (5.34)
\/2mq

with f,. = 133MeV the pion decayconstantand mq the quark mass.We assumeas usual that each
channelis saturatedby asingleresonance.For thetransitionB—s. ITB with B af = ~baryonwethengetfor
the phenomenologicalsideof A(p,p’, q) (with p

2 = p’2)

1 f 2
2 B . ,A(p,p , q)= AB 2 2

2(4’lyS)g,TBB 2 2 (5.35)(p—MB) q—m,rv2mq

which is just the product of the two fermion propagators,the pion propagatorand the various
couplings. Equation (5.35) results from the effective Lagrangean..9~’(ITBB)= g,,.BBB iy5(r- IT)B. For
baryonswith higher spin, e.g.,the A (1232)a similar structureis obtainedmultiplied by the appropriate
projection operator (see section (5.4)). Due to the pion there will always be a 1/q

2 pole on the
phenomenologicalside (neglectingthe pion mass).

Since the operatorproductexpansionis only valid in the deep Euclideanregion we haveto take
p2 = —Q2with Q2 large and spacelikein (5.35). To get rid of all possible subtractionconstantsand
improvethe saturationby the lowest lying baryonresonancewe will applythe Borel transform(2.36)to
A(p,p’, q) with respectto Q2~This gives for (5.35)

I AA’2/~I2\ 1 2
2 exp~—iviBuy1 ) ~, , ~,. ., i i,,. m.,~1VI~~J‘y5)g,rBB 2 2M q —m,rV2mq

whereM2 is the new massscaleconnectedwith Q2 via the Borel transform.

lip

gp

fl

8.

~ XB 9nBB~ X~. ~

Fig. 18. Diagrammaticrepresentationof thesum rule for vertexfunctions. ~B and ‘lB arebaryoncurrents,Jp is thepseudoscalarmesoncurrent.AB

andAB’ arethecouplingsof the lowest-lying baryonsto thecurrents,gp is thecoupling of thepseudoscalarmesonto thecurrent,andg,,BB is the
three-pointcoupling.
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To determinethe pion—baryon coupling constanttheoreticallywe will follow our observationin
deriving the PCAC relation in section (3.3) and identify the leading terms in the operatorproduct
expansionwhich havea 1/q2 term with (5.35), i.e., wewill determinethe Wilson coefficientswhichhave
a 1/q2 term for the lowestdimensionaloperatorsin the OPE.Perturbativediagramslike the onesgiven
in fig. 19 behavelogarithmically.Next we havethe diagramscorrespondingto theWilson coefficientsof
the three-dimensionaloperator4q (with q the light quark field) which (in lowest order in a,) can be
obtainedby cutting one quark line of fig. 19a.This gives diagramslike in fig. 20. It can easilybe seen
that only the diagramsof fig. 20a and20b havea 1/q2 term.

The Wilson coefficient of the four-dimensionaloperatorG~G~Pis obtainedfrom all first-order
perturbativediagramsin fig. 19b by cutting the gluon line. Someof thesediagramswill havea 1/q2 term
but all diagramsbelongingto this operatorcan be neglectedfor the following reason.Equation (5.35)
and(5.36)areproportionalto ,4~so the theoreticalexpressionfor A(p,p’, q) will alsobeproportionalto
4’. From(5.32)it can beseenthat the total numberof dimensionsof A(p,p’, q) is even;thereforetaking
into account the overall 4’ factor the Wilson coefficientsof all even dimensionaloperatorswill be
proportionalto thesmallmassmq, while the operator4q doesnot havethismq andits contributionwill
be greatlyenhancedcomparedto the otheroperators.This is similar to the ijq dominancein the baryon
two-point function case.This implies that up to dimensionfour we only haveto takeinto accountquark
condensatecontributionsand that we can neglectall perturbativeand gluon condensatecontributions.

~rTT

~ ~

Fig. 19. Thecorrelationfunction of two baryon currentsandonemesoncurrent.Figure (a) is thebareloop contributionand fig. (b) a first-ordera,
correctiondiagram.

_____ $1’

sE~III)Br
fit

Fig. 20. Diagramsthat contribute to the Wilson coefficient of the operatorqq. Only diagrams(a) and (b) have a 1/q2 term with q the pion
momentum.
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To actuallycalculatethe diagramsof figs. 20a and20bwe againmakeuseof the fact that the Wilson
coefficientsin the OPE are independentof the stateand we can sandwichthe productof currentsby
two single quark statesto select the quark condensateWilson coefficients.Let us apply this to the
calculationof the pion—nucleoncouplingconstantgITNN

A(p,p’, q) = Cd(OIddlO)+ C~(0~üu~0)+”~. (5.37)

To selectthe coefficient Cd we sandwichby single d-quarkstateswith momentump3 andcolour c, c’:

Cq8c’cd(p3)d(p3)= J Jdx dy exp(ip’x — iqy)(p~j’iN(x)Jp(y)i~N(0)Jp~’), (5.38)

where the nucleon current ‘iN(X) is given by (2.6). The calculation of the right-handside of this
expressionis cumbersomebut straightforwardand amountsto calculatingthe diagramsof fig. 20 by
ordinary Feynmandiagrammatictechniques.We find (in the limit p3-4O)

111 A
2 A2

Cd = —-~ — {{(p12_p2_ q2)~’+q24’}ln—~+{p’24’+(p’2—p2+ q2)4”}ln _—~](iy
5).

3 (2IT) q —p (5.39)

The logarithmicfactorsresult from the loop integrationwith A the ultraviolet cutoff. Taking the limit
p’

2—s.p2andcollectingonly the 1/q2termswe get

Cd= ~ (5.40)
3(2IT) q —p

Similarly we find for C~in the samelimit

10 1 4’ A2
C~—--————~—~(iy

5)p
2ln--—~. (5.41)

3(2IT)q —p

And the total resultwith (OIuuJO) = (OJddIO) = (0Jc~qI0)is

C~(0IuuI0)+ Cd(OfddIO) = — -~ ~ (iy

5)(p2 ln -~-)(ol~qIo). (5.42)

To be able to comparewith the phenomenologicalside given by (5.36) with B = N we take~2 = —

and apply the Borel transform with respectto Q2 Notice that we have assumedthat the Borel
singularitiesin the limit of equalbaryonmomentaaregiven by (5.40) and(5.41). Equatingwith (5.36)
we find

exp(—M~/W) f 1
A ~ M

4 MNgITNN m = (~.)2 M2(—4mq(0Jt~q~0)). (5.43)
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Using the PCAC relation f~m~= —4mq(0It~ql0)and rearrangingthe terms we obtain for the pion—
nucleoncouplingconstant

\/2 M61
g~NN= —Jr ~—~- exp(M~/M2). (5.44)

(2IT) MNAN

The only unknownon the right-handside of this relationis the couplingof the nucleonto the current,
which we can take from the baryon analysisin section (4.6). Using (4.70a)we get the final result for
g~NN

g,rNN = 2(2IT)2V2~(i +~~+~)‘, (5.45)

where a = —(2IT)2(0Ic~q~0),and b = IT2(0l(a,/IT)G~..,G~.,I0).In first approximation,i.e., neglectingthe
powercorrections(a = b = 0), (5.45)is completelyindependentof M Evenwith thepowercorrections
the dependencein the region M MN is ratherweak.For M2 very small thepowercorrectionsblow up
and relation (5.45) is no longer valid. For M2 very largethe nucleonwill not dominatethe dispersion
integralandhigher excitationsandcontinuumcontributionswould haveto be takeninto account.For

M~the power correctionsare still manageable(~30%)and the nucleon gives the dominant
contributionto the dispersionintegral. Using the canonicalvalues for the parametersa and b and
substitutingM = 1 GeV into (5.45)we get the prediction

g~NN=l2.S, (5.46)

which comparesvery favourablywith the experimentalresultgITNN = 13.5 [99].In fact the uncertainties
in the quark and gluon condensatevalues are such (seesection 4.6) that the prediction (5.46) has an
error of about20%.

We notethat the relation (5.45) hasa completelydifferentstructure(even in zerothorder)than the
Goldberger—Treimanrelation:

g~NN = V2MNIf,~, (5.47)

which yields a high value for g~NNbecauseMN is relatively large comparedto f,. while in (5.45) the
large numerical coefficient ensuresthat g~,.NN is large. We also note that the Goldberger—Treiman
relation is derivedby soft pion techniques,i.e., q2 is very small(~m~)while in our caseq2 is largeto
ensurethat the operatorproductexpansioncan be applied.

Insteadof (4.70a)we can also use (4.70b) to eliminatethe coupling AN in (5.43). Combining the
resultingequation

g,~NN= 4mqM2V2/f.,,.m~ (5.48)

with (5.45)we find an estimatefor the light quark massmq= ~(m~+ md),

mq(M2)= (2ii~f~m~.7MeV at M2 1 GeV, (5.49)

which is the sameas found from QCD sumrulesfor the axial divergence[3].
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Let usnow considerthe calculationof the pion—nucleoncouplingconstantvia the two-point function.
In thiscasewe usethe fact that (OJ4y5qJn-)� 0 while for all otheroperatorsthismatrix elementvanishes.
Therefore,sandwichingthe two-point function of the two baryon currentsby the vacuum and a
one-pionstatewill selectthe operator4y5q. For completenesswe give herethe total expressionfor the
quark condensatepart (to zerothorder in a,) of the operatorproductexpansionfor the correlation
function of two nucleoncurrents

i Jd~xei~~xT(’iN(x),~N(0))= —~-~ ln [~(4’y”p’+ 8p
2y”)ü(O)yau(O)

(2IT) —p

+ ~(/y”y~i’— 4p2y”y
5)ü(0)yaysu(0) + p2c?(0)d(0)+ p2(iys)d(0) iy5d(0)

+ ~(p’y”/+ 2p
2ya)d(0)y~d(0)+ ~(4’y’~y~/— 2p2yay

5)d(0)yay5d(0)

— r~p’d(0)o~d(0)], (5.50)

andwe get

(01 i Jd~xe~T(’iN(x)~N(0))IIT°(q 0)) = - ~ In (iys)(OJJ(0)iy5d(0)JIT°). (5.51)
(2IT) —p

We note that the Wilson coefficient in this caseis identical to the p-dependentpart of the Wilson
coefficient for the three-pointfunction case((5.42)). This justifies a posterioriour procedureof taking
pP

2 = p2= .Q2 (i.e., taking the soft pion limit in the residueof the pionpole)in thethree-pointfunction

case.Using

2

1-• —.

11~m,~(0

~[uiy5u—diy5d]=----.~ (5.52)
m~+ md

for theright-handsideof (5.51), theeffectivepion—nucleoncoupling ..9.~’= g~NNNiy5(r~IT)N andsatura-
tion by the nucleonfor the left-handside,weobtain afterBorel transformingwith respectto Q2 =

g~NN—exp(—M~jM
2)=———M2—-= f,,.m~. (5.53)

M2 (2IT)2 V2mU+md

Eliminatingthe nucleon-currentcouplingby (4.70b)we arrive at the Goldberger—Treimanrelation(5.47)
(independentof M2).

5.4. The IT~p-4 A ± ± transition

As a secondexamplewe considerthe IT~p~ ~-~-+ transition. In this casewe are interestedin the

three-pointfunction

A~,(p,p’, q) = f dx dy exp(ip’x — iqy)T(’i~(x)f,r(y)i~N(0)), (5.54)
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wherethez~+ current is given by (2.7) andthe proton currentby (2.6). For the IT~currentwe have

J,~+(x)= ü(x) iy5d(x). (5.55)

Again we can sandwich(5.54) by single quarkstatesto find the Wilson coefficientsC~andC~.of the
quark condensateoperatorsüu anddd. The resultsare

C~= ~ i[g~~/—gy~y~’+ ~(y~p~ — y~p~) — ~(y~p~ + y~p~)]/ In ~, (5.56)
q (2IT) —p

andthe samefor C~.with p replacedby p’.
On the phenomenologicalside of the sum rule we againhavea diagram like fig. 18. One of the

baryonsis the nucleon,the otheronethe i~.The AITN coupling is usuallytakento be

= g~1TNN(x)A~(x)aIT(x), (5.57)

andusing the Rarita—Schwingerexpressionfor a spin~ projectionoperatorwefind

f,,m~,. 1 1 1 [ 2p,~p~y~p~y~p~
~ 3M~+ 3M~

X (p” + M~)q”(~çi’+MN). (5.58)

On the theoreticalside we havethe sum of C~and C~multiplied by (0I~qI0).We now proceedas
before by taking the Borel transform with respect to Q

2 (p2 = pP2 = — Q2) and identify the ~
coefficientson both sides which leadsto the equation(with MB = ~(MN+ Ma))

f,,.m~. M2—2M~ 8 1
AAAN 2mq ~ M4 exp(—M~/M2)= ~~—~M2(0k~qI0). (5.59)

Using the PCACrelationand rearrangingthe termswe get

4 1 M6 f
g~~TN= 3(2IT)2AA 2M~—M2 exp(M~/M2). (5.60)

Using (4.70a)andthe analogousequationfor A~[16]

M6 + ~a2 — ~jbM2 = 5(2IT)4A~exp(—M~/M2), (5.61)

we finally get

— f 20 a2 25 b -1/2 4 a2 b -1/2

g~N = ~V10(2IT)
2M2 M

2 (i ~ (i+~+~) , (5.62)
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or in first approximationusing (5.40)andM2

gb.,~N = ~V5~g,~NN 15 GeV~. (5.63)

The formulafor the decaywidth

r(A~-s.IT+P) ~(m~+ mN)2—m~~
3 (5.64)64IT m,~

gives for g4~N

g~N/4IT 20 GeV2, (5.65)

in excellentagreementwith (5.63).
We can also derive formula (5.62) by consideringthe correlationfunction of a nucleon and a

current,and selectingthe dy,~y
5upiecein the OPE. We find

if d
4x e1 T(’i~(x)i~N(0))=—~-~ln-~--~[g,,~/+ ~ — y~p,~)—~ + ~

(2IT) —p 3

(5.66)

We usethe effectiveLagrangian(5.57)in the left-handsideof (5.66) which gives

A~ANg~N 2 p2 1M2 [g~~— ~ + ~](4’+ M~)q~(/+ MN). (5.67)

For the right-handside we use

d(0)y,,y
5u(0)= —f,,.9,,IT~, (5.68)

and obtain

~ (5.69)
(2ir) —p

aftersandwichingbetweenthe vacuumand a ir~ state.Taking theBorel transformandequatingthe g
pieceson both sides we get the sameresultas (5.62). The examplesgiven herecan be generalizedto
includethe couplingsto Goldstonebosonsof all baryonsin the L = 0 octetand decuplet,in particular
the F/D ratio a= D/(F + D) can be estimated.In the SU(3) limit thisgives [89]

a=~, (5.70)

in good agreementwith the value a 0.6 from the ratio of the experimentalvalues for the A.~ITand
NNir couplings[99].
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5.5. The~ coupling

Finally we give an exampleinvolving only mesons.As before it can easilybe seenfrom dimensional
considerationsthat quark condensatecontributions dominate the trilinear meson couplings. The
possiblediagramsarethe sameas fig. 20 with onequark line less.The calculationof thesediagramsis
extremelysimple as they do not contain any loop integrations.Only figs. 20a and 20b contain a 1/q2
poledueto the pion. The result for the invariant amplitude is

(0jqq~0)(-~~—~)~ (5.71)

On the phenomenologicalside we have

gw,~ \/2f,,.m~ m~m~ (5 72)
(q2— m~)(p2—m~)(p’2—m~) 2mq g~g~

Identifying the 1/q2polein (5.71)and(5.72), takingp2 = p’2 = —Q2andapplyingtheBorel transformon
both sides with respectto Q2 we get (with m~= m~)

exp(_m~/M2)V2f,,.m~. m~m~ (0Ic~qI0)
g = —2 . (5.73)

M’~ 2mq g~g
0 M

2

In the sameway as the couplingsof the baryonsto the currentswe can use the two-point function
resultsof chapter4 to eliminateg,., andg~.

121T2m~exp(~m~/M2)= ~M2[1+ a,/ir + higher corrections]. (5.74)

Explicit expressionsof the higher correctionsare given by (4.44). At M2 m~the sum of all corrections
amountsto 10%.

Substituting(5.74)into (5.73), usingPCACandrearrangingthe termswe get

g~ = V2(2IT)2f,,./m~, (5.75)

which is numericallyvery closeto the currentalgebraresult

~ = 2g~/m~= 2/f,,.. (5.76)

The relation betweenour result and (5.76) can be seen more clearly if we use (5.73) directly at
M2 m~.Using f,,. = m~/g~= m~Ig,,,andPCACwe get

g~ = (2g~/m~)(e/2V2), (5.77)

which comparesvery well with (5.76).
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Other trilinear couplingscan, at leastin principle,be treatedin the sameway. However,the method
only workswell whenthe two mesonswhich coupleto the pion haveapproximatelyequalmasses,since
that providesa natural scalefor the Borel variableM2.

5.6. Formfactors

Another interestingapplicationof the QCD sum rule methodis the studyof the high q2 behaviourof
three-pointfunctions.Herethe presenceof nonperturbativeeffectscan be felt up to the highestknown
momentumtransfer.In particular,calculationsthat includeonly perturbativecontributions[100]fail by
oneorderof magnitudeto explain the size of the experimentaldata.

We considerthe pion form factor in detail. We use the standarddefinition of thethree-pointfunction

A,,~(p
1,P2) = — J exp(—ip1x + ip2y)(0IT{j~s(x)j,~(0)j~5(y)}~0)d

4xd4y. (5.78)

Here, the electromagneticcurrentj,~(x)is sandwichedbetweenthe two axial currentsjas(x) andj~
5(x)

which projectnontrivially on a onepion state P) with a well definedstrengthgiven by the well-known
formula

(01ja5(0)IP)= if,.,.Po,. (5.79)

To avoid instantoncontributionsit is convenientto usethe axial andnot thepseudoscalarcurrent[101].
The amplitudecan be expandedinto a numberof invariant amplitudeswhich obey (with subtrac-

tions) dispersionrelations.We can calculate the invariant amplitude in the deepEudideanregion
becauseof asymptoticfreedom.Using a doubledispersionrelation,the function under scrutiny reads,
after Borel transformingwith respectto the pion variablesp~andp~

A(M~,M~,q
2)= -~-~ s

2, q
2) exp{_~ M~

2} (5.80)

wherethe dynamicsis in the function p(si, 52, q
2). Onethen isolatesthe Lorentzstructurecorrespond-

ing to the pion form factor

(0Iis5Ip2)(p2li~IPt)(P1li5IO) ~ +p~). (5.81)

We know the generalprocedureto calculatethe perturbativeand nonperturbative(gluon andchiral
condensate)contributionsto the function in the limit when the quark massesare takento vanish.
Isolating thepion poleandtaking theexpressionfor M~= M~= M2, the form factoraftersomealgebra
reads[101,102]

S~
2 1 1. 1 2 ~ _____

f~F,,~(Q) = —~ j ds
1 ds2p(s1,s2,Q ) exp(,,— ~

+ a,(G
2)+ 208ITa,(~q)2~i + + o(—~-— 5 82

l2irM2 81M4 ~ 13 M2) \~g .
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It is easyto convinceoneselfthat in the relevantregion thepower terms areby far moreimportantthan
the perturbativecorrections[101,102,103]. In first approximationp(si, s2, Q2) is given by the free
quark spectralfunction andreads

2 3Q4ç~d \2 Q
2

1i d \3~ 1s2,0 ) = —i-— ~ + J + 5~+Q2)2~4s~s~]”
2~ (5.83)

In [101]the authorsproducean approximateformula thatis accuratetheoreticallyto about10% andfits
the datavery well, as can be seenfrom fig. 21. As usualthe formulacan only be usedwhenthe power
correctionsaresmallerthanabout30%,otherwisethe expansionbreaksdown. The limit hereis about
6 GeV2. In the limit Q2 very largeonerecuperatesthe simple 1/02behaviouras demandedby general
argumentsof compositeness[104,105]. It is interestingthat the dynamicalaspectsof QCD determine
the form factor behaviourin the intermediateregion mainly through power corrections. loffe and
Smilgahaveconsideredseveralothertransitionmomentsand the static limit of the nucleon andoctet
magneticmoments[106].The agreementis qualitatively good but whetherit solvesthe presumed10%
discrepancyof the nonrelativistic quark model is still an open question.Applications to axial form
factorsand GV/GA arealso available[107].
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Fig. 21. Plot of thepion form factor F,,(02). The form factor is plotted as afunction of Q2, and comparedto the experimentaldata. Figure taken

from [101).
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6. Conclusions

In thisreportwe havereviewedthe methodof Shifman,VainshteinandZacharov[1] for studyinga
variety of problemsin QCD. We havetried to give a clear andcoherentview of the matterwhich we
hopewill be as convincingto you as it is to us.

The main subjectswe dealt with include (a) an analysisof the statusof the theoreticalbasis,(b) a
discussionof all calculationswe think are well established,(c) a discussionof recentdevelopments.
Inevitably our bias has put emphasison some subjects and neglectedothers. Many papershave
appearedin the five yearsof existenceof the subject,andnot all could be given propertreatment.For
more specific information on certainsubjectssee also the reviews [108,109] and various conference
reports.

QCD sum rulesprovide a systematicway for studyingstronginteractionpropertiesin aframework
that only usesQCD parameters.In this it differs from many QCD like theorieslike bag and potential
modelsthat oftenintroducead hocquantitiesthat cannotbe relatedto the QCD Lagrangian.However,
it is not a fundamentaltheory either since it does not allow to study questionslike confinement.
Neverthelessit hasvery good predictivepowerin termsof the quark masses,a few condensates(one to
three dependingon the problem), and £~ocD.All mesonsand baryonsbelonging to the 35 and 56
multiplets of SU(6)with L = 0 and 1 can becalculated.This is true for most light, heavyandlight—heavy
systems.In somecasesthe couplingscan be calculatedas well. Onegainsunderstandingon symmetry
breakingandon parameterslike the quarkmasses,andcondensates.

All thesepredictionsrequire substantialtechnicaleffort. In the relevantsectionswe havediscussed
the presentstatus of thesecalculationsand in particular technicalinnovations like the calculational
schemein the fixed-pointgauge.Thesecalculationaldevelopmentsmayhaveapplicationselsewhere.

In chapter4 we discussedthe predictionsfor the bestknown mesonand baryon systemsand took
advantageof the feedback provided by the data to check on parametersand procedureslike the
subtractionof the continuum, the influence of neglectedstatesand other issues.We find that the
conventionalstatesareindeedvery well understoodby the method.Applicationsto stronginteraction
couplings of Goldstone bosons and radiative decaysof quarkonium are also discussed.Although
approximationsare needednonperturbativeeffects are definitely presentin agreementwith the data.
Therearealso interestingresultson wave functionsanddecayconstantslike fB.

Evenso, thereis somefrustrationin thefact that the methodis unableto yield the simplepatternof
rising Reggetrajectoriesof the dual modelsthat is seenexperimentally.The Reggebehaviourthat so
neatlyputs togetherall positive andnegativeangularmomentacannotyet beretrievedby this method.
This is onemajor challengeleft open.

There are also technical difficulties concerningopen charm states.No window is availablein the
parameterspaceto determinethe massesof theseobjects.Open beautystatesare accessiblebut the
small splittings and the high densityof statesmakesit impossibleto makevery detailedpredictions.
Therearealso technicaldifficulties in the calculationsof someelectromagnetictransitions.

Heavierquarkslike beauty are also not completelyunderstood.Upsilonium is on the boundaryof
the Coulombicand power correctionsregime. Moreover the splittings are so small that a relativistic
treatmentis required.These calculationsare not yet complete.Early claims about level spacingsin
thesesystemsshouldnot be takenseriously.

To completeour summaryof the conventionalstateswe haveto emphasizethe baryonmassformula
of Ioffe. However,a detailedunderstandingof baryonsis still lacking. In particular,the perturbative
correctionsarestill underdiscussion.The first resultsof thesedifficult calculationsdo not agreewith
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Table 4
Resultsfor light quark mesonswith L = 0

Mass Coupling

State I~ Exp Theor Exp Theor Remarks

ir 140 — f,, = 133 125 Massestoo low; direct
K 495 — fK—f,, instantons;f,,,fKwell

0~ computed.
‘7 550 —

920 —

g2/4ir Massesandcouplings
780 770 2.4 2.4 calculated with wlO%

p 770 770 2.4 2.4 ace.p—w interference
1~ hasalsobeenobtained.

KS 890 890 1.39 1.46 Relevantparametersare
4* 1020 1010 12.0 13.0 (G2), (t~q),a,, 5~,

0, I = 0, 1 degeneracy,
5U(3) breakingo.k., m,
not well fixed.

each other. It seemsprobablethat an accuratedeterminationof the baryonpropertieswill still take
sometime. In total thereis a largenumberof predictions,many verified, that support the theory. In
light—heavy systemsthereare novel contributionsfrom chiral symmetry breaking termswhich await
confirmation.

Wehavesummarizeda sampleof theresultsin tables4, 5, 6, and7. Baryonshavenot beenincluded

Table 5
Resultsfor light quark mesonswith L = 1

Mass Coupling
J~ State Exp Theor Exp Theor Remarks

2~ A
2 1320 1300 Couplingsnot directly I = 1, 0 degeneracy

1270 1300 useful; gf= 0.04 cal- m, low ml2OMeV
K** 1430 — culatedwith further Large l/M

4 termgivesbound
V 1520 1540 assumption,agrees on (G2)

with exp.

1~ A~ 1200 1150 41T/f~=0.15 0.16 Two sum rules for A
1

D 1285 1300 m,(1GeV)= 110±10MeV
E 1420 1470 (m,ls)= —(0.20±0.01)10

2GeV4
1270 — for D only one sum rule, since

02 1414 — divergenceof axial current
hasU(1) problemin this
channel

8 980 1000 8, S~assumedto bepure *~q,
980 1000 no instantoncontributionsin-

e 1300 1350 eluded

I + - B 1240 7 No calculationpossible;power
correctionsvanishat one-loop
level

2 A
3 1680 1630
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Table6
Resultsfor heavyquarkmesonswith L= 0 and L = 1

Charmonium

Mass(GeV)
J~ State Exp Theor Coupling Remarks

l 11*/i 3.10 3.09±0.02 Only for 11*/i m,(p
2=—m~)=1.26GeV

~ i~, 2.98 3.00±0.02 exp: T,+,_ ‘~4.7±0.6keVvery accurateindep.of ~o.
0~+ Xi 3.42 3.40±0.01 theor:r,+,- 4.9 keV Gluon condensatesameas
~ ~, 3.51 3.50±0.02 in light quark case

~ X2 3.56 3.57±0.02 (~f-G2~~(360±20MeV)4.

3.51 3.51 ±0.01 Sameparametersfit P
waves

Bottonium

m
5(p

2=—mi)~4.23GeV

l~ Y 9.46 my—m~
5ss60MeV moment method fails, no single

0 ‘lB ? resonancesaturation

Open bottom

+ (ül’) 5.27 5.31 f~, 190±30MeV Continuumvery important;
l~ 5.38 g~,/4irm16 splittingscannotbe resolved.
0~+ 6.13 Is 270 MeV S—Psplitting large because
l~ 6.17 g3~/4ir~10 of mo(~q)

0~ (Ib) 5.42 fpw2lOMeV
5.46 g~,/4sr~12

0~+ 6.29 Is 270 MeV
6.34 gi/4rr=9

since we feel that the calculationsneedimprovement.Somemissing statescannotbe calculated(B
meson,for example)or havenot yet beencomputed(K**).

The readerwill have noticed that we haverefrained from comparing the theory with potential
models. We believethat potential models give a qualitative understandingand are useful in many
instances.However, they are QCD-like theoriesandat different stagesrequire assumptionsbeyond
QCD. Spin forcesare an example.There is no easyway, if any, which relatesthe two approaches.

Table7
Couplingsg

2/4ir of Goldstonebosonsto hadrons

Exp Theory

,~NN 14.5 12.5 all within 20% of exp value
13±2 10

I
78NN m4.5 6.4 (comparea(SU(6))= 1)
K~N wI 1
,rN~ ml5GeV

2 I8GeV2
wpir wl6GeV’ l3GeV2
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The theory hasalso been used for calculatingglueballshybrid statesand for compositemodelsof
quarksandleptons.Theseareinterestingsubjectsbut not yet settled.In fact it is quite remarkablethat
the QCD degreesof freedomdueto gluonsare sodifficult to pin down. Thedetectionof a few of these
stateswill be very important to seehow our stringlikesaturationassumptionswork in thesecases.It is
not impossiblethat the method fails if it is usednaively since the duality betweenphysicalstatesand
quarksandgluons maybe different.

Therearemanyquestionsbeingstudiedandthe methodmight alsoprove usefulfor otherproblems.
In spiteof the achievementssofar, therearestill importantproblemslike establishingthe values of the
parameters(condensates)from first principlesand fully understandingthe theoreticalbasis.Neverthe-
less the QCD sum rule methodremainsone of the most powerful methodsfor extractinginformation
from the deceivingly simpleLagrangianof QCD.
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Appendix

In this Appendix we list the following expressions:
(1) Thecoefficientsof ~ in theequalmasscaseof mesonswithJ~= 0 ~, 1, 1~~, 0~‘, 1~,and

2~
(2) The coefficients of the 6 and 8 dimensional gluonic operators as given in [40]and [41]for the equal

masscaseof mesonswith J~’~= 0~, 1~, 1~, and ~
(3) The quarkcondensateandgluon condensatecontributionsto mesonsconsistingof unequalmass

quarks.
(4) The expressionsto the polarizationfunctionsof light quarkmesons.
(5) The expressionsfor the polarizationfunctionsof all octet anddecupletL = 0 baryons.

Theexpressionsfor the currentswith the variousJ~’Cquantumnumbersaregiven by (2.2).
(1) The coefficients C~of the operator(a,/IT)G~,.G~for mesonswith equalmassquarks of mass

m.

1 3(1+u2)(1—u2)2 l+u 3u4—2u2+3
= 1 : C~(u)= ~ [ 2u5 In i— — u4 ]~ (A.la)

—1 3(3u2+1)(1—u2) 1+u 9u4+4u2+3J~= 0~: C~(u)= ~ II 2u5 ln 1—u u4(1 — u2) ]~ (A.lb)

J”—0~~ Cs _..J........r3(3+u2)(1—u2)
11-I-u 9+4u

2+3u4] Al

— . G(u) — 4802 L 2u3 1—u u2(1 — u2) ~ ( . c)

= 1~ : C~’(u)= ~C~(u), (A.ld)
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1 [(1_u2)2 1+u 1+u2
ln—+ 2 (A.le)JPC=

1++: C~(u)=—~-~-.~2u
3 1—u u

1 [1 1+uJPC_
2++: C~(u)=—-——— (9 36u

2+123u4 160u6)ln—18Q~4u3 — — 1—u

+ 6u2(1— u2) (—27—290u2+ 689u4— 480u6)]. (A.lf)

As usual u2 = 1 — 4m2/q2.
For calculating the momentsat Q2 = 0 [28] or ~ 0 [13] it is more convenient to express the

coefficientsin termsof the integrals [40]

JN(Q/m)= J [1+ x(1 — x)Q2/m2]~ dx. (A.2)
0

Thevery simpleexpressionsread

1 1
C~=~~ö~(_1+3J

2_2J3),C~=~-4-~(5+6J1—15J24-J3),

C~=~(—1—2J1+3J2), C~’=~C~, C~—~-~(1--J2). (A.3)

(2) The coefficientsof the 6 and 8 dimensionaloperators(3.56) and (3.58) (from [41]) in terms of the
integrals(A.2); ~ = Q

2/m2

J~=1~:

1
0~:~ (A.4)

1
_______ 26r 80~:~

1
(~+15J ~ 301 8710~: — ~

432IT2Q8

1Q8. ‘13 19 ~ 427 575j
3+ 13553 ~ 13669 1391 45

3~j + 3~ 9 2’
2~ ~TJl+~J

2~ 4’7J4~fiJ5+~J6J7—~ —
432IT2Q8

108. 661
3. i~—-~-—60J1+ 294.12—~-~J3+~

3J~—~J
5+ 60J~+2~J1—432ir

208

1
___________ 13027 12591 131___________ 27 2’0~: ~ (A.5)
432IT2Q8
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1____________ 102 2’0~: (—~+22J1— 269J2+722J3—~J4+~
2J

5—~4~J6—~J7+3~J1~432IT208

1_________ 216r

23d~0~: (s~+ 8J
1— 88J2+ 234J3 — ~J4 + ~j5 + ~j6 — — y~+ ~2)432ir208

1____________ 1377 4666 555_________ 128~. 54 2’0~: ~ —~+).432IT208

JPC = 0

1
0~: (~+9J1—48J2+62J3—PJ4+~J5+~),

144IT
2Q4

1 ~ (A.6)
0~:722Q4(—

1
0~: (~+~J

1 — ~J~+ 782.13—~J4+ 246J5— 30J6+~4J1+ ~+ ~2)
432ir2Q6

1___________ 3621 450~: (~+15J1—---g—J2+403J3 ~ +~+~2),
432IT2Q6

1
~ 21 2’0~: (~—24J1 +237J2—40lJ3+~fJ4+PJ5— 60J6—3~J1—~ ~432IT2Q6

1
27 —2’___________ 4407 999 2070~: (1~5+ ~

432IT
2Q6

(A.7)

1
_________ 15~. 144_____________ 259740~: (~+ 18J~+ ~J

2 — 11 12J3 + ~
3J~ — -

5~—J5+ ~
5J

6+ ~J7— ~1~.J1— ~ + 51~2)
432IT

2Q6

1
__________ ~ 1~~6j

6+
2iôj 45 6 -2’0~: (—~—33J

1+237J2—WJ3+~fJ4+—,--J5—-,--— 728~~35~),

432IT
2Q6

1
____________ 27—2’0~: ~432IT206

J~= 0~~:

1
0~:144ir204( 4~—9J

1 + 42J2 — 44J3+ ~J4— ~), (A.8)

1
0~:72 204(f~—2J1+9J2+~J3—V4—s~J1—u),

1
08. ‘ 133 135s~432IT

2Q6 — yJ
1+ J2— 577J3+ ~J4 — 45.15+ ~j1 — — ~2)
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1
____________ 675_________ 27.,. 27 ~208. 2903 45 1233 565 184532~ (—-—~Ji+--~—J2—-~--J3+-m--J4—~

3Js+~J
6+~J1—~—~),432ir

2Q6

1
___________ 63 2’0~: (~+~4321T2Q6

1
Q8. 2773___________ 36543 r 3888 3105 r + 3~J 237 814. ~ - i_~~_~2), (A.9)432ir206

1
___________ 14841__________ 192,- i53,-2\Q8. 15359

5. ~-j~~-+60Ji~
432~2Q6

1
___________ 12636 rQ8. 312(-~-+ 45J

1— 243.12+ ~j3 + ~
9j~ — —~--j

5+ ~ + ~ + ~2)43277206

1
__________ 81 2’

08. ‘ 2469__________ 3261 +
6684j 1215~—T~—12J

1—~J2+96J3—~J4—432ir
2Q6

= 1~:

1
01:

72206(—~—5J2+~J3—~J4+i~), (A.1o)

1
06. ‘ 132~

10817206

I0~. ‘ ~ ~432172Q8~2

1
__________ 5639 1903 , 225 3

08. ‘1649~2• ~
432ir208

1
_____________ 2509_________ 7,- 21,~20~: ~
432ir2Q8

1
__________ 27 ~2’

08. ‘ 8339 26J ~ 922 5293 1654
4. ~ ~ (A.11)4327T2Q8

I___________ 102 2__________ 1116o
8. ‘

~— -~- — 28J
1 + 207J2 — 500J3+ ~‘J4 — -~—J5— ~4~J6+ 3~J1+ ~ +432ir2Q8

1
__________ 6184 540___________ 12 2’08. 33~ 16J1+ 118J2 162J3—PJ4+~J5—~J6+~),432ir2Q8

1
__________ 219 908___________ 54 2’08. ‘ 85~
43277208

(3) The coefficients Cm1 of m1q1q1and CG of (a,,/77)G~.,.G~.,.in the polarizationfunctionsof mesons
consisting of quarks with masses m1 and m2 [29,30] (apart from q

2-independent terms); m
1 is



92 LI. Reinderset aL, Hadronpropertiesfrom (lCD sum rules

considered to be light and m2 heavy, so for (m242q2)we can use the heavy quark mass expansion (see

chapter3).
J~=1~:

42 u
2 q4 (rn

1 — rn2)
2 (rn

1 + rn2)

~ (1_~~)(8m~q4(1_u2)_2m~q
4)~3m

1q~ (A.12)

1 1 r3(1 — u
2)2(1+ u2) 1 1 + u 3u4 — 2u2+ 3

____________— ln — _________CG=~-~[ u4 2u 1—u u4

(m
1—rn2)

2 (3(l_ u2)(3+ u2) 1 1+ u 3u4+4u2+9)] 1
—In———— + C+ q2 u2 2u 1 — u u2(1 — u2) mi~ (A.13)

42 andu2 aredefinedby (3.3). The axial vector case JPC = 1~can be obtained from (A.12) and(A.13)

by changingrn
1—~—rn1i.e. u—i 1/u and 4

2—~42u2.

JPC = 0 ~:

Cm
1= (8m~q

2)1(42)2(1— u)2— (2rn~q2)’(rn
1— rn2)

2, (A.14)

a~ 1 q2 [3(3u2 + 1)(1 — u2)2 1 1 + u 9u4+ 4u2 + 3
ln — ] +

1~Cm~. (A.l5)~ = 48774rn1rn24
2 u4 2u 1—u u

The coefficientsfor the scalarcasecan be found from (A.14) and (A.15) by replacingm
1 —~ —rn1.

(4) The expressions for the polarization functions of light quark mesons [1,14, 15] (including mass
corrections)for the currentsJr = 4I’q of (2.2)

jPC= 1~:

— —— 1+—~ln—+~+(q,.5q,. q

2g~ ){ a~ Q2 6m2 2 + G’ Ga4772( ~ ~2 Q2 ~m4q 1277Q~ ~

2ira
5 4rn

— ~ ~ aq) — (4y~5A aq)(47,,Aaq)} (A. 16)

~ = 0 ~:

ira~
3 ( lla~ Q2 1

~ 1+__~Q2ln~_~__~jm4q+ ~a ~a
#~~‘ 1.LP317! ,a Q

2i~a~
~ ~ 4)~A”~. (A.17)

q u. d.

JPC = o±±

__ rng,,3 ( ha,, Q
2 3

~ ~ G” ~5”, /Z’

377! /J. 0
ira,, 2ira,,

+ ~ + (4y
5’A

2q) ~ 4y,.,A”q. (A.18)
q=u, d, s,
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= 1~~:

(q5’q’, — q2g~,’,)1__L(i + ~-‘) In Q2 2 a,, 2ira,, (4yAaq)(4yAaq)
~ 4~7.2~ 77/

4ira,,
—-~-~-(4y5’A”q) ~ 4y~A”q}. (A.19)

q = u,

J~~=1~:

(q5’qv_q2g5’v){_.~_~(1+~i)02lQ2 a,,____ (3a
8ir ~- 11/~2 241702 5’~.J5’~

4ira,, 4ira,,
~ 4o.5’,.A”qJ. (A.20)

q= a,

JPC = 2~~:

1 ~ (1 aS)Q4 Q
2 8cr,, Q2 4

—— ln—+constant+—ln— ~ a ira,, (4yAaq)(4yAaq)17~ /22 977 /22

-~ 3Q2 (4u
5”,Aaq)G~p},

P5’~.= ~(?1b,~. + ~ — ~ i~5’,.= q5’q’,/q
2— g

5”,. (A.21)

The polarization function for the JPC = 2 ± current is identical to (A.21) exceptfor the four fermion
operatorwhich should bereplacedby

4ircr,,
—~- (4ysy5’A~*q)(4ysy5’Aaq).

For studyingstateswith oneor two strangequarksone has to add masscorrectionsto (A.16)—(A.21).
For most currentsit is sufficient to considermass correctionsto the bareloop only. In addition, of
course,the termsin (A.16)—(A.21)which contain a masshaveto be changedaccordinglyas well as the
quarkcondensates.The masscorrectionsto the bareloop for the invariant functionsare

JPc=I--:

3rn~
~s: z~H(q)= (A.16a)

-~,

3 rn~ 2
gu: ~H(q)= —~-—~~jInQ . (A.16b)

For the following caseswe just give the equalmassresults

JPc=0-±: AH(q)=_~~~rn~lnQ2, (A.17a)
417
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JPC = 0~: z~H(q)= —~-~ rn~ln Q2, (A.18a)
477

JPC 1~: ~H(q)=~rn,,2lnQ2. (A.19a)

In the2~± casewe haveto add to the invariant function in the .~scase

~H(q)= —~-~-~ rn~Q2ln~+~~s+(~ln2~—W)~~G~.’,G~’,. (A.21a)

(5) The polarizationfunctionsof all octet anddecupletL = 0 baryons up to operators of dimension
d = 6 and to first order in the strange quark mass m; (4q)= (üu) = (dd). For the octetstateswe have

11(q)= i Jd~xe~(0IT(~(x), ~(0))I0)= H~(q2)+ ifH
2(q

2), (A.22)

with H~(2)andH
2(q

2) as follows:

N: Hi(q2) = — —~-~(4q)q~ln(—q2), (A.23)477.

H
2(q

2)= —~-- q~ ln(—q2)+ —~—~(~-G~)ln(—q2)+ 2(4q)2
64ir 32ir ii- 3q

A: H
1(q

2) = -----~-~ (4(4q) - (~s))q2ln(-q2)- —~-~ q4 ln(-q2)+ ~- (3(4q)2 - (~sXqq)), (A.24)
12ir 96ir 9q

H
2(q

2) = 64~q4 ln(—q2) — (4(4q~ — 3(~s))ln(—q2)+ 32iT2(~G~)ln(—q2)

9q

.1: 11
1(q

2)= — ~-~—~j(~s)q2In(—q2) + 3~~2q4 ln(—q2) + 3q2(qq),

11
2(q

2)= ~ q4 ln(—q2)+ (.~s)ln(—q2) + 3~~2(~G2) ln(—q2)+ 2(t7q)2 (A.25)

E: [1
1(q

2)= — —~-~ (4q)q2ln(—q2)+ ~ (4qX~s), (A.26)
417. q

H
2(q

2)= —~--~ q4 ln(-q2)+ (~G2) ln(—q2) + 2(~s)2
64ir 32ir ir 3q
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For the decupletstatesthe tensorstructureis more complicated,but we are only interestedin the
invariant functionsproportionalto g5”, andg5”,4’,

H5”,(q) = if d
4xe~(0jT(,~

5’(x), ~‘,(0))I0)= g5’5J11(q
2)+ g

5”,,q’H2(q
2) +..., (A.27)

with H
1(q

2) andH~(q)as follows:

1 1’~~ A~
i~: 11

1(q
2)= — —i (4q)q2ln(—q2)+ —~ (gqu

5”, -~- G~’,q)ln(—q
2), (A.28)

3ir 6ir’

1 1 5 1 /~ G2”~ln(—q2) 4~4q)2
H

2(q
2)= q4 ln(—q2)— ~ ~. / + 3q2

A”~*: H~(q2)= — —~--- (2(4q)+ (~s))q2ln(—q2)+ —~-- (g4o-
5’~.-~- G~’,q)ln(—q

2)+ —~— q~ln(—q2)
9~2 6ir2

64~~
2m

+ —j (4q)2, (A.29)
3q

11
2(q

2)= _!__~~__ ~—~—— (‘~G2) ln(_q2)__~~_(4(4q)—(is)) ln(—q2)q4 ln(—q2)
10(2ir)~ 932ir2 ~. 12ir2

~ (4q)2+ 2(~sXc7q)
9 q2

A” m
Z’*: H~(q2)= — —~-~ ((4q)+ 2(~s))q2In(—q2) + —~-- (g4u

5’~. -~- G~’,q)ln(—q
2)+—i q~ln(—q2)

9ir 6ir2 32ir
4m

+ ~ (4qXss), (A.30)

1 1 5 1 ~

H
2(q

2)~ 932
1T2K1T I

4 (~s)~+ 2(~s)*~4q)
+-9 q

2

3m 2m
1 1’_ A”

11: Hi(q2) = — —j(~s)q2ln(—q2)+—i (gqo
5”, —i-- G~’,q)ln(_q2)+~ q

4 ln(—q2)+—i-
3ir 6ir~

(A.31)

3m 41 1 5 1 /~~G2\ln(_q2)___~~2(gs)ln(_q2+H
2(q

2) =j—
5-4q

4ln(—q2)—~~-—~\/ 4~. ~ q2

Correctionsof orderm2 to the octet as well as the decupletformulascan be found in [76], while [43]
containscontributionsfrom higher dimensionaloperators.
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