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Spectator model decay rates are predicted for inclusive semileptonic decays of the Ab batyon 

and the B meson, in the limit of a very heavy b quark, in lowest order of perturbative QCD. For 

charmless final states the result is only achieved in a short distance limit, sharing similarities with 

the deep inelastic scattering situation, and allowing for a parton model interpretation. In all 

cases these results are expressed in terms of sum rules derived with the help of equal-time, local 

current algebra. 

1. Introduction 

Processes involving particles containing heavy quarks, like the b quark, are at 
present of great interest from both the theoretical and the experimental point of 
view. Experimentally, there are prospects for detailed study of such processes [l]. 
And theoretically, Isgur and Wise [2] have recently shown that the analysis of these 
processes greatly simplifies in the formal limit of M, + cc. This occurs because in 
this limit the heavy quark and the heavy hadron containing it become cannon-balls: 
once set into motion, their velocity is difficult to change. Only perturbative 
processes such as hard gluon emission or an electroweak interaction can effectively 
modify the velocity. Therefore the velocity becomes a good quantum number as far 
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as nonperturbative aspects of QCD are concerned [3]. The physics of a semilep- 

tonic process in such a scenario is quite simple: the heavy quark acts as a static 

source of colour, quite analogous to the way the charged nucleus, heavy compared 

to the electron mass, acts as a source of static electric field in atomic physics. If, by 

the action of an electroweak current, the heavy quark turns into another heavy 

quark of a different flavour without change of velocity, it will not make a 

difference for the light degrees of freedom because the strong interactions are 

blind to flavour labels: the new heavy quark simply replaces its predecessor. Also, 

the spin of the heavy quark decouples from the dynamics: the hyperfine, magnetic 

interaction scales as M-l. The hyperfine splitting thus vanishes in this limit, and 

the pseudoscalar B and the vector B* mesons become degenerate in mass. Thus in 

the M,, M, + 00 limit, the heavy-quark velocities become good quantum numbers, 

and there is a new spin-flavour symmetry as well. 

The original applications of the Isgur-Wise method were for “elastic” form 

factors, such as occur in exclusive decays like B -+ D e5. The emphasis in this 

paper, however, is to apply these techniques to inclusive decay processes. The goal 

is to find sum rules for the structure functions that describe the inclusive decay 

properties, in particular the rates differential only in the dilepton mass and the 

total mass of the final hadronic state. 

It turns out that baryon semileptonic decays to charm are the simplest to 

discuss. This occurs because the dynamics of the spectator diquark system, which is 

spinless in this case, is especially simple. Since in the infinite-mass limit the 

dynamics of the heavy-quark system becomes trivial (that of free fields), and 

decouples from the spectator-system dynamics, there are no complications of spin 

which enter the picture. As discussed in more detail in sect. 2, for any final state, 

no matter how complicated, the spin correlations between Ab and A, are expected 

to be the same as for the underlying quarks b and c; the spectator system is 

uncorrelated with these spin degrees of freedom. Since the structure of each 

matrix element is simple and known, this is also true for the inclusive sum. 

Therefore, the basic structure of the differential inclusive width is 

(1.1) 

where dr,Jdq2 is the parton-level differential width, q is the mass of the 

final-state dilepton, and W is the mass of the final hadron system: 

w= = (M, + E)‘. 

The structure of eq. (1.1) strongly suggests a sum rule, which indeed exists 

/ 
md E W(E, U.U’) = 1 

0 
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Fig. 1. The inclusive semileptonic decay of the Ab baryon into charm. 

and which establishes the validity of the spectator picture of semileptonic decays: 
the total inclusive sum is the same as the total inclusive sum at the quark level. 

We derive this sum rule in sect. 2 using old-fashioned current algebra tech- 
niques [4]. However, before doing this we discuss the underlying physical ideas, 
which are analogous to the old quantum-mechanics problem of the fate of an atom 
when its nucleus is suddenly accelerated and moves off with some velocity. Our 
sum rule just expresses unitarity: the probabilities of finding the atom in ground 
plus excited states have to sum to unity. 

Important in any sum rule is the estimate of when it converges. In this case we 
start with A,,, say, at rest, and end with A, (and the c-quark residing therein) 
moving off with velocity U, which may or may not be relativistic. The spectator 
diquark system must respond. If the velocity u is very low, the probability of 
excitation of the diquark system will be very small and the elastic channel will 
dominate. For large U, the fastest emitted particle will have on average its velocity 
u (better, its Lorentz y) comparable to that of the c quark. In practice, such as 
B + D, D * + X + e + 5, the maximum value of y = u . u’ allowed kinematically is 
about 1.6, so that excitations of about half a GeV can be expected, along with a 
corresponding depletion of the elastic contribution. 

For charmless semileptonic decays, there are significant modifications to this 
picture. First of all the b quark imparts its spin to the light quark, so there are 
more complications of spin in the inclusive sums. In particular for the baryon 
decays there are now two structure functions and for meson decays six. In addition, 
we only find sum rules in the “deep inelastic” limit, when the energy release (in 
the parent rest frame) W. u is large compared to the natural QCD mass scale of a 
few hundred MeV. (Of course, we must still limit our consideration to these 
variables small compared to the heavy-quark masses, at least formally.) At the 
parton level what is happening is that the b quark decays into a low mass quark of 
large momentum k. The scale of the invariants is then 

w2 = (k +~s,ow)~ = 2k .pslowt 
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with ~~~~~~ the four-momentum of the spectator system, expected to be not large in 
the rest frame of the parent. We also see that the scaling variable x 

W2 
xA=-= 

2k . pslow 

2w.v 2k. v = cE -‘,I )s,ow 

has the interpretation of the value of the light cone variable (E -p ,,)s,Ow of the 
spectator system as measured relative to the direction of the outgoing fast quark of 
momentum k. We shall find a parton model interpretation for what the sum rules 
express. First of all, in the scaling limit, the differential width takes the form 

dT 
dTO (W’, W.v), dq2 dW2 = dq2(pr 

where for free fields 

‘p,(W2, W-v) =6(W2). 

The sum rule is 

/ 
dW2 cp,(W2, W-v) = 1 

which reveals the structure function in the scaling limit as just the probability of 
the spectator system to have a given value of x: 

2(W4Acp,(W2, W.v) +fr(x). 

Again there is a question of convergence of the sum rule, which is easily 
answered, given the scaling picture: all the dependence on W* and W. v comes 
through the combination X, and the sum rule converges for x of order unity. This 
is quite consistent with the expectation that large values of (E -p ,, IslOw are rare. 

Only one form factor appears to survive in the scaling limit (for baryon decays); 
this appears to be analogous to the vanishing of the longitudinal/ transverse ratio 
in conventional deep inelastic phenomena, although there is considerable room for 
more study of this point. 

Similar results hold for meson semileptonic decays. The analysis, though, is 
somewhat more involved because the spin of the meson is no longer carried by the 
b quark, and there are spin correlations that need to be taken into account: these 
are naturally incorporated with the help of the trace formalism introduced in sect. 
5. 

The semileptonic decay of the B meson to charm is again the simplest to discuss 
in the framework of the Isgur-Wise method, since the final state contains a c 
quark which we consider also heavy. The differential inclusive width looks like eq. 
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(1.11, and there is a sum rule for o which ensures the validity of the spectator 
picture of the semileptonic decays also in this case. 

For charmless decays, the spectator picture is, as before, only achieved in the 
limit when W. u is large compared to A. Here, the scalar form factors are six in 
number: two of them are reminiscent of the two baryonic form factors and have a 
similar parton-model interpretation; the rest are shown not to contribute to the 
total sum. 

Since the b quark is heavy, we expect corrections calculable in perturbative 
QCD. As mentioned before, the velocity of the b quark is a good quantum number 
as far as nonperturbative low-energy aspects of QCD are concerned and only hard 
gluon emissions of momentum k2 N Mb” can effectively modify it: the QCD 
perturbative expansion in a&k’) can be thus viewed as an expansion in the 
number of velocity changes of the b quark. Because QCD is asymptotically free, 
a,(k2> +x 1, it makes sense to use the perturbative expansion to compute the 
corrections. The issue of how these perturbative QCD corrections would affect the 
sum rules is beyond the scope of the present analysis. 

In what follows we first consider the simple baryon decays, and then the meson 
decays. In sect. 2 we give the kinematics and formalism for A, decays into charmed 
and then to charmless final states. In sect. 3 we discuss the sum rules for At, 
semileptonic decay into charmed final states, while sect. 4 is devoted to sum rules 
for charmless semileptonic Ar, decays. Sects. 5-7 repeat all this for B-meson 
decays. Sect. 5 contains the kinematics and formalism for both charmed and 
uncharmed final states, sects. 6 and 7 the sum rules for semileptonic decays into 
charmed and uncharmed final states respectively. Sect. 8 is devoted to concluding 
comments. 

2. The formalism for baryon decays 

The Isgur-Wise results take an especially simple form for the semileptonic 
decays of the Ah. The “elastic” process has the following amplitude [5,61: 

M’M 
(A, I J, I A,> = J 4E’E Q’)lyp(l -Ys)4u)F,,(u*fJ’), (2.1) 

where M, u, P and M’, u’, p’ are masses, four-velocities and momenta of A, and 
A,, respectively; F,,(u * u’) is the universal form factor of Isgur and Wise, which 
does not depend on the masses of the heavy quarks, and for which F,,(l) = 1. One 
sees that the spin structure is identical to what exists in the free quark limit. This 
occurs essentially because the spectator light quark system is a spinless diquark; 
hence all spin correlations remain within the heavy-quark system. It is evident that 
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the same feature holds for general final states: 

The simplicity of this result leads to simplicity for the inclusive properties of these 
decays as well. Let us construct the differential decay width for 

4+(4+wW+(~+% (2.3) 

where q and W are the four-momenta of the dilepton system and the hadron 
system, respectively. We find 

dw;;q2 = #&, L”; x)126(w2-(Px+P1)2)> (2.4) 

where 

drcl G;I1/,, I2 d3Z d3v 
-= 
dq2 2 / (2%-)321, (2rr)32V” 

6(q2- (e+ v)‘) 

X6[(p-q-PX)2-M’2]2.M’ 
(1 +ti’) 

2 

x [Tr /r”( 1 - Y5)Jk’“(l - rS)l’ (2.5) 

In the “free-field” limit of no form factors and no excitations of inelastic final 
states we would simply have 

dT d T” 
-+ -6(W2-M’2). 

dW2 dq2 dq2 
(2.6) 

implying that drt,/dq2 is essentially just the spectator-model differential width. 
In the infinite-mass limit there is additional simplification. We expect for finite 

u and U’ that the excitation energy of hadrons remains finite, i.e. 

w2 = (M’ + E)’ (2.7) 

with E bounded. Then 

(2.8) 
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with this time drO/ds2 really just the spectator-model expression in the limit. This 
occurs because the dependence on the final state X in eq. (2.5) only appears in the 
delta-function and in u’ = (W - P,)/M’ = W/M’. Px can be safely dropped 
relative to the other momenta P and q which tend to infinity. 

We therefore are led to define the invariant structure function 

W(E, v.v’) = CIF(v, v’; x)126(E-c”.Px). (2.9) 
X 

It is clear that were there a sum rule for it 

/ 
mde W(E, u-u’) = 1 =lF,,(u*u’)12+~m de W&E, u.u’) (2.10) 

0 

the spectator picture of semileptonic decays would emerge. This is the subject of 
sect. 3; it indeed turns out to be true once the contribution of the channel 
At, + CD + Yjw + (e + C>, is also included. We may note here that this class of 
final states is separately described by a structure function of spectator form, as in 
eqs. (2.8) and (2.9). 

However, the main thrust of this paper has to do with charmless final states. In 
this case the matrix elements are not quite as simple. Their form in the infinite 
mass limit is as follows: 

(2.11) 

The information on the final state is in the spinor variable ~4, because the final 
light quark system now has spin l/2. 

We may again try to construct a structure function for inclusive processes 
analogous to that in eq. (2.9). However this time it transforms as a Dirac matrix: 

qw, v) = &/J(X, u>7(X, 4(2%-)3~4(px- W), (2.12) 
X 

where W = P - q. We have included for later convenience the energy-momentum 
conserving delta function (but note that there is one factor 27 missing). Upon 
summation over all final states X, this matrix must be expressible only in terms of 
W and u. There is additional simplification coming from the presence of the V-A 
(1 - yJ factors. The relevant general structure depends upon only two invariant 
form factors, whose arguments we can take to be W2 and W. u. 

@ = 4,w + 4+ . W$ + noncontributing terms. (2.13) 
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Note that for a free massless particle in the final state we would have 

@ free = Jw~‘vw”). (2.14) 

But in any case, in general the differential decay width may be written as (the 

details are in the appendix, in particular see eq. (AS)) 

and 

G”F I Vu, I 2 
/ 

d3Z d3v 
fl^ = 

2 (2?i-)321” (257)32v” 
s(qz-(I+v)2)6[W2-(P-q)2] 

(2.15) 

x i Tr r”r,(l - YS) %(I - Ys) 1 [Tr WY1 - r$h”(l - Y~)]GW. 

(2.16) 

In analogy to the previous case, we may neglect W2 in the delta function, thereby 

allowing explicit evaluation of the remaining expression. After appropriately aver- 

aging, the lepton trace must reduce to a multiple of (qwq” - gG”“q2) allowing the 

remaining trace to be readily evaluated. The net result has the form 

n* =O(P, q)(2q*uq* +qV). (2.17) 

Knowing the free-field expression, eq. (2.13, allows us to infer the “spectator” 

width dr,/dq*: 

dT0 
- =2WARA=2R[2qwq*W+q2u~W]. 
dq2 

(2.18) 

Consequently 

Tr(2q.u6+q2d)(1-y5)@ 

4[2q.uq. w+q2u. w] . 
(2.19) 

This form will be useful in the interpretation of the sum rules found in sect. 4. 

Before continuing however, we mention that it is in principle possible to 

separate the two form factors +i and & with help of lepton angular correlation 

measurements. Explicitly, in the center of mass frame of eF where the z^ axis 
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points along (- W), the direction of the charged lepton defines the polar angle 0. 
The rate is proportional to 

I i W2 
q2x 4, F sin2f3+W.u+1)JwIIco-~) cosS) 

i 

W2 
+&(u.W) - sin20+1 M2 )I . (2.20) 

The above equation neglects the charged lepton mass. For /-U(L’+V) the quantity 
n=l(-l).Th f e orm factors 4i and 42 are thus separated. 

3. Sum roles for semileptonic baryon decay into charm 

In sect. 2 we have already conjectured the existence of a sum rule for the 
inclusive structure function w defined in eq. (2.10). It is now time to derive it [6]. 
To do this we revert to ancient techniques of current algebra. We consider 
currents of the form 

J=iTTb, J+ = id=c, (3.1) 

where r is any Dirac matrix and r = yoTtyo. The indices on the V-A currents 
are dropped for notational convenience. The equal-time commutators are then 
given by the expression 

[ J+(O, x), J(O)] = (hFy,Tb - CTy,Tc)~‘( 1) 

= J3(0)cS3(x), (3.2) 

where possible QCD corrections (present only for the commutator of space 
components) are ignored. We take matrix elements of these commutation relations 
between Ai, states of equal, arbitrary but finite velocity u. Upon expansion into 
intermediate states and Fourier transformation into momentum space, standard 
manipulation leads to the following expression 

F I (n I J(0) I A,> I ‘(‘W3S3( P -P, - 4) 

-~~(nIJ+(0)lA~>(2(2~)3~3(~-~n+q) 
n 

= (A,[ J3(0) I A,) = &)~~o~u(/l). (3.3) 
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In addition to A,X, the first term also picks up a contribution from the inclusive 
DY channel; in the limit of Isgur and Wise its amplitude has the following 
structure 

(D(v’)Y IJ(o)ln,(v))= ggy(v, v’; Y).G;ru(v), (3.4) 

where r+Qr(u, v’; Y) is a spinor (analog to F(L), c’; X) of eq. (2.2)), and g is the 
wave function of the D meson, as defined in eq. (5.2) of sect. 5. 

The first term in eq. (3.3) will clearly involve the quantity w of interest. This can 
be accomplished by introducing an extra delta function of energy conservation, 
which is then integrated over qO at fixed q 

c I(n I J(0) I A,> I 2(24363( zJ -Pn - 4) 
n 

=/_:, dqo@$ ; I (4X I J(0) I A,> I 2(27r)364(P - (p’ + Px) - 9) 

=Irn dqo 
--m 

u, u’; X)~26[(P-Px-q)2-MM’Z]E(u)~(1+d’)Tu(u) 

The contributions from the D as well as from the three polarization states of the 
D* are denoted by C,,=n,n*. 

Identifying P - q = W =p’ + Px, and expanding out the argument of the delta 
function to leading order in IV-’ gives 

(p-p,-+M% W2-2w~Px-M’2~2M’(E-v’~Px) (3.6) 
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and similarly for P,. Thus 

c I(n I J(0) I A,> I 2(24363(p -P, - 4) 
n 

(3.7) 

The invariant function w now includes the contribution from both the A,X and 
the DY channels; w reads 

W(E, U.U’) = CIF(U, u’; x)12s(E-u’.Px) + C~‘yA+(u’)~C,y~(E-U’.Py). 
X Y 

(3.8) 

It is appropriate now to make explicit the relation between the variable q. and the 
invariant variables of intrinsic interest. It is useful to introduce here the variables 
IV. u and W2, which will evidently become of central importance when dealing 
with the charmless final states. We have 

W.u=P.u-q.u=M-y(q,-q-u), 

w2=-w+2MW*u+q* 

= 442+2MWY,l+y-2[(M- W*u) +yY.q]2- 1qf. (3.9) 

This elimination of q. gives a parabola in W. u - W* space. We simplify by 
choosing q such that 

W*v=(P-q).u=O (3.10) 

and obtain 

Jp=y)L JWIL (w*42 _ lw12 

Y2 
(3.11) 

This parabola is shown in fig. 2. 
The important part of the sum will occur for W* 2 Mf2. In particular the 

qualitative estimates made in sect. 1 imply, for A some reasonable multiple of 
A QCD and v.v’= y large 

W2=(M’+~)2= ($+ Cki)‘5S2+2p’. ~ki-4V2+2M’yA. 
i i 

Consequently, 
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Fig. 2. Parabolas of fixed q: each one is labeled by / W 1’ and y (we consider v.W= 0). The shaded 

region is the important physical one, where the sum rule converges. 

E < (u.u’- l)A, (3.12) 

where the subtraction expresses the vanishing of E as c’. c’ -+ 1. This in turn 

implies that the shaded region in fig. 2 is the important one for the sum. Therefore 

the change in IV* c as one crosses the important 

negligible, because 

qw.u) gM’G(u’.u) = y2 
2(W*u) 

6W2= 

which is O(l), in contrast to W. u which is OCM’). 

y2M’e 

m=y2; (3.13) 

This in turn implies that the 

change in u . L?’ across the important region is O(M’-‘1 in the Isgur-Wise limit. 

We find the simple result 

region of the sum becomes 

dW2 = 2M’ de = 2W, dW,, = -2W, dq, = -2E’ dq, (3.14) 

or 

dq,= -; de. (3.15) 

So everything in the first term of the commutator except the spinor product has 

essentially the necessary form for the desired sum rule. Since the spinor product 

has the same structure as for free fields, and the sum rule is true for the free fields, 

we can already anticipate that things will work out satisfactorily. But for free fields 

the second term in the commutator does contribute. 

The second term has to do with z-graph contributions, as illustrated in fig. 3. 

They are also described by a structure function (I, although the physical signifi- 
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Fig. 3. (a) Direct graph. (b) z-graph. (c) Vacuum polarization. 

cance of & is more obscure, because it is not a cross section for anything. We may 

write, with 

M’C’= (gFqjC7. -(P-f?)), 

C((nIJ+(o)/Ah)12(2~)363(P-Pn+4) 
II 

= [:m d%/$ l$ I( A,4J,xI J+(o) lbb)12W3 

xti"(P+q-(2P+p'+P,)) 

4f/_” =- dq, &(E, wV’)U(v)l’(j’- l)ru(u). (3.16) 
Cc 
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(Other intermediate states with the same quantum numbers, such as A,A,BX, 

A,BDX, A,BA,&, BBx,X, BBDX, have been omitted, but it can be shown that 

they contribute additively to &,, as in (3.7).) 

Important here is the fact that the spinor structure is just that of free fields, 

while the remainder again is fixed by invariance considerations. We should also 

emphasize that, unlike the free-field case, the matrix element can be connected 

due to gluon exchanges; nothing in what follows in sensitive to that feature. 

We also mention that we are neglecting the “vacuum polarization” contribu- 

tions (fig. 3), (which also may be connected) because they appear to produce 

self-cancelling contributions. However, there may be more to learn from a careful 

study of these contributions. 

The z-graph contributions can again be expected to contribute for W2 1 M’2, 
near the free field locale. And again qualitative arguments as given in sect. 1 easily 

show that the reflection of the shaded region around the horizontal axis is where 

the z-graph sum should saturate. With this inference, we are ready to combine the 

two pieces, obtaining 

= ~i+)~y”ru(u). (3.17) 

Here we carefully display the spinor-product factors, insensitive to the value of E 

and observe there are, for general v, two independent kinematical structures. 

Therefore the coefficient of each satisfies a sum rule, leading to 

dq, w( E, u . u’) + / dq, G( E, u . E’) = 1, 

dq, W(E, u.u’) - / dq, O(E, u.U’) 

and, finally, using eq. (3.15), 

(3.18) 

/ 

cc 

de w( E, u * u’) = 1, 
/ 
am dF O(E, ~.a’) = 1. (3.19) 

0 
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This is the desired result. 

4. Sum rules for the baryonic charmless semileptonic decays 

The problem of deriving sum rules for the main case of interest, the decays of 
A,, into noncharmed, ordinary hadrons, is both similar and different from what was 
encountered in sect. 3. The similarity lies in the use of equal-time commutation 
relations in a way completely analogous to what was done there. The main 
difference can be seen in fig. 2, considered in the limit of small M’. Under those 
circumstances, the simplifications encountered in the previous case no longer 
occur. The important regions of parameter space for the sum no longer occur for 
fixed u . u’. And for small u . u ’ (which in fig. 2 corresponds to small values of W’), 
there is not the clean separation of t-graph contributions from the direct contribu- 
tions of interest. 

These obstacles seem possible to overcome only by a limitation of goals, namely 
looking for sum rules for the situation when the invariant parameter W. u is large 
compared to the natural scale A (with A some reasonable multiple of Aa&, but 
of course small compared to the heavy-quark mass M. This is a short-distance, 
parton-model limit, and we shall find similarities with the corresponding situation 
in the classical case of deep-inelastic scattering. 

We begin as in sect. 3 with the expression for the equal-time commutator of 
currents, with the c-quark replaced, for simplicity here, with an s-quark *. The 
procedure is then completely analogous to the previous case, until we reach eq. 
(3.31, at which point we write down, for the direct term 

F I (n I J(0) I A,> I *@~)~6~( P -P,, - q) 

= / dq,C I~~IJ(0)I~,>12(~~)3~4(~-~~-q) 
X 

= $1 dq, U( u)f’@( W, u)Tu( u), 

where again W= P - q = Px, and @ is defined in eq. (2.12). 

(4.1) 

l Were we to choose the case of interest iiy,,(l- ys)b we would have to consider the action of the 

currents on the spectator diquark. This point, which appears superficially not to create any real 

problems, is currently under study. 
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The kinematic analysis for the z-graph term again follows similar lines, so that 

the expression for the sum rules becomes, in hopefully self-evident notation, 

= ~E(v)~y,,l.u(v), (4.4 

with w = P - q = -Px; therefore w, < 0. It is useful to check that for free fields, 

the sum rule works. Recalling the free-field limit for @, eq. (2.14), we have 

/ dq, @(W, v) = / dlI’,(I#+M’)S(W*-M’*) = ; 
y.(P-q) -M’ 

Yo- 
j(P’ I 

/ dq, 6( w, U) = ; 
y.(P-q) -M’ 

/(C&P’ 1 (4.3) 

which gives us the correct sum of eq. (4.2). To consider the general case, we first of 

all apply the reasoning given in sect. 1, that argues that the important values of IV* 

and W. u in this case are for 

W252AW.v. (4.4) 

Also, in the limit of large W2 and W. v we see that again W. v may be taken as 

essentially constant while summing over W*. From 

w.v - = 
Y 

w,-v+V=~~-YIV= lw]*+2Ax(w~v) -v.w 

= w(1+ f$)(l- CJ (4.5) 

we see that the variation in W. v is indeed small as x varies, say, from zero to one. 

This approximation is further supported by the expectation that in this limit we 

may have scaling behavior of the structure functions ‘pi. This follows from general 

dimensional arguments as well as the more detailed reasoning presented in sect. 1. 

When r= -y,Cl - ys) we write 

with 

CD = wq, + dW. vcp, + noncontributing terms 

2AW. vcp, =fi( x) 

(4.6) 

(4.7) 
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and the scaling variable 

W2 

x= E’ (4.8) 

We are now ready to insert these expressions into the sum rule, eq. (4.2). We need 
to change integration variables from 4” to W*; the connection is 

dW2 
dq,= -dW,= - 2,w,, . (4.9) 

We then have 

= U( u)TyJu( u). (4.10) 

The extraction of the sum rules is analogous to the previous case in sect. 3. As the 
y, are linearly independent, it follows that 

@j dW’+-$,q - 45) ++vy2 392-G2)] =o, 

(4.11) 

v and W are arbitrary vectors. The only way the previous identities can hold in any 
generic frame is by demanding that 

;/ dW*( ‘p,+f1) =I, 

;/ dW2( (P2 + $2) = 07 (4.12) 

Combining these equations one finds 
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and similar combinations involving cpi, $i and (p2, &. If we assume that cpi and Gi 
tend to zero fast enough as W2 gets large, in the regime where I W I 2 XC=- A2 we 

find 

jdW2q,= jdW2,&=1, jdW*(p,= jdW’C,=O. 

This is the main result of this section. 
Let us now show that ‘p2 vanishes in the limit, and that cpi is positive 

This follows from the structure of @ as defined in eq. (2.12). For any nk 
with n” > 0, 

(4.14) 

definite. 
timelike 

(4.15) 

Indeed, 

the eigenvalues of rod are I no I k I n I, both positive, thus leading to (4.15). Taking 
nP = Wp, u@, (4.15) leads to, respectively, 

w2qo, + (u . Hq2q, a 0, ‘PI + (P2 a 0. (4.16) 

Since (U . W)2 B- W 2 the first equation implies that ‘p2 > 0, which combined with 
the vanishing sum rule for (p2 tells us that q2 = 0. The second one then allows us to 
conclude that cpi is positive. The only assumption is that fi(x) = 2AW* ucpi is a 
smooth function of order unity. 

These are the expected results from the parton-model point of view. The main 
result is for CJY~. In the convergence region, dW2/2AW. u 2: dx. Therefore, in 
scaling language, the sum rule is 

/ 
m dxf,(x) = 1 

0 
(4.17) 

and can be anticipated to converge for x of order unity. 
The inclusive differential decay rate for the semileptonic Ai, decay into un- 

charmed final states now read 

dT 
dTo ds2 dW2 = dq2(pi (W’, U’W) (4.18) 

and the spectator form for dr/ds2 is apparent. 



J.D. Bjorken et al. / Inclusive semileptonic decays 129 

It is worth mentioning that in the scaling limit, W- u s A, the form factor cpi is 
expected to be negligible for small W2, W2 < A2, because only a few exclusive 
channels are available. This is also the case for all form factors of sect. 7, which 
describe semileptonic B decay into uncharmed final states. 

5. The formalism for the meson decays 

The original Isgur-Wise development was applied to relate “elastic” form 
factors of decays such as B + DL’~ and B + D*eC. Here the analysis becomes 
slightly more cumbersome because, unlike for the baryons, the spin of the meson is 
no longer carried by the heavy quark and spin correlations enter the game. The 
new flavour-spin symmetry that arises when b and c quarks are heavy can be 
implemented in a 4 X 4 Dirac matrix formalism [7] which proves very convenient in 
coping with the inclusive decays. The amplitude reads as follows 

(5.1) 

where M, E CM’, E’) are the mass and the energy of the B (D) meson and the 
trace is on the Dirac matrices, 

9=A+(u’) for O- D 

B = r,aA+(u’) for l- D* (5.2) 

and similarly for 9. (For antiparticles write A_ instead of A +.I E,, is the 
polarization vector of the D*, for which u’ . E = 0 and l 2 = - 1. The nontrivial 
dynamics of the light spectators is contained in the matrix p(u, u’; X), which only 
depends on the heavy meson kinematics through their velocities. 3, is the Dirac 
matrix of the current, while A.(u) = (1 + &/2 and 9 = yOatyO. 

The form of p is especially simple in the case of “elastic” semileptonic 
transitions of B to D or D*. It can depend upon initial and final velocities in the 
allowed invariant combinations d, $‘, (&‘), but these can be eliminated with the 
use of the Dirac projection operators A+(u), A+(u’) residing on 9 and L%. Its 
form is, therefore, restricted to be proportional to the Dirac unit matrix 

p(u*u’) =pe,(u.u’)Z, (5.3) 

pe,(u. u’) being the universal function of Isgur and Wise for the meson decays, 
which also satisfies p,,(l) = 1. 
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The inclusive B decay has also a simple form, after summing over the contribu- 

tions of the D and the three polarizations of the D* 

B -+ (D or D* +X),+ (/+ V)4. (5.4) 

To see this use the following identity [see (A.2)] 

D$* Tr(By,(l -y,)~Sp(u, u’; X)) Tr(F(u, 0’~ x)g?‘p(l -r5)g) 

= 2 Tr(y,(l - ~~)A+(u’)x,(l - r,)A+(u>pA+(u’>pA+(u)>. (5.5) 

The structure of p is dictated by the strong interactions which are parity conserv- 

ing. After appropriate averaging over the final states X, as in (3.81, one has 

-l+W( &A+WP+ -+px))A+W 
X 

=A+(u)(+, u.u’) +B(E, uw’)d’)A+(u) 

=A+(u)(A +u.u’B) =A+(u)w(c, u.u’), (5.6) 

where o can be written as 

O(E, u.u’) = $z Tr(A+(u)pA+(u’)P)G(E-C”.Px). (5.7) 
X 

The structure of the differential decay rate is the same as for the Ab decay 

dT dT, 
~ = TU(E, U’U’). 
dq2 de dq 

(5.8) 

There is also a sum rule for O(E, u. u’), and the “free” spectator decay rate 

emerges again for the inclusive process. Sect. 6 is devoted to this subject. 

The last case to consider is the semileptonic Do decay with charmless final 

states. The symmetry of Isgur and Wise is not as useful in reducing the number of 

invariant form factors as in the previous examples: their number is six (only four 

actually contribute to the decay rate). Nevertheless, we shall still keep the trace 

formalism introduced at the beginning of this section since it provides an easy way 

to compare the results to those for the Ab and the “free” spectator model. We 

thus write for the hadronic matrix element, as before, 

(XIJ, I&) = Tr(Y,sv(U; X>). (5.9) 
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The structure function for the inclusive process 

W&(U, W) = ~(27r)364(Px-W)(BdIJJ IXXXIJ, IQ (5.10) 
X 

can be written as [see (A.611 . 

wPy = g Tr(y*y,(l - ys)A+(u)yF(l - y5)) Tr( ynq@(U. W)) 

a 

y”y,(l-y,)+y,(l-YS) 

with 

@(U, W) = 3c(27T)364(Px- W)cp(u; X)A+(u)q(u; X), 
X 

va(u, w) = ;C(~~T)~S”(P~- W)cp(u; X)A+(~)y~yJ+(u)cp(u; X). (5.12) 
X 

The general structure of @ and Va is as follows 

@( U, W) = +,I#’ + ( u . W) d& + noncontributing terms, 

FJu, w> = [(~.W$I(ya-%4 + (WW&+ ht”+,)(W,- (~~vL)lY5 

+ *4%m7pY g W”vp + noncontributing terms. (5.13) 

The number of form factors is still six, and no reduction has occurred. Each form 
factor is a real function of W 2 and c’ * W. 

The differential decay rate may be written as 

dT 

dq2 dW2 
q@(,, W)) +R”” Tr(y,T?PU(u, W)) (5.14) 

with 

oAa = G8L I2 d3z d3v 
2 / (2Tr)321, (27r)32v, 

6(q2- (I+v)2)t3[W2- (P-q)2] 

x i[Tr yhyp( 1 - y5) 2 yV( 1 - y,)] [Tr f~“(l - r5)+%“(1 - ‘Y5)1 (2T) 

(5.15) 
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and 

LP = Pv, (5.16) 

(0, is the same as defined in eq. (2.16)). The projector (q,q,, - q*g,,) coming 
from the lepton pair integration allows us again to write 

flhol = fl(P? 4)(24*4, +4*g,&y). (5.17) 

Finally, 

dT dr, Tr((2q~v4+q2~)(1-~,)~+(269”+q2y”)(I-y,)lV,) 

dW= dq= = dq2 i 1 4[2qvJq.w+q*u.w] 

(5.18) 

The term !Pa is not present in the baryon structure function. We will see, however, 
that it will not contribute to dr/dq2 after integrating over W2 in the kinematic 
region where v * W B A. 

6. Sum rules for semileptonic meson decay into charm 

The derivation of a sum rule for the inclusive structure function w of the B 
meson charmed decay [S] (as defined in eq. (5.8)) can now be carried through. It 
follows closely the derivation of sect. 3 for the baryons and we refer to that section 
for the details. An analogous expression to (3.3) is obtained in this case: 

IB)12(27r)383(P-Pn+q c I (n I J(0) I B) I 2(27f)3s3( P -Pn - 4) - c I (n I J+(o) 
n n 

=(BIJ,(O)IB)= & Tr(FyJA+(u)). (6.1) 

The current matrix element is given by the trace formula (5.1). The by now familiar 
manipulations give, for the direct graph 

CI(nIJ(0)IB)12(2~)363(P-pn-q) 
n 

; .=g,* I(DXlJ(0)lB)12(2~)364(P- (~‘+px) -4) 
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A4 m 
c!z- 

/ 2E --m 
dq, W(E, ZI.U’) Tr(TA+(u’)rA+(u)). (6.2) 

For the z-graph one finds 

Cl(nI~+(o)IB)12(2a)363(P-p,+q) 
n 

XP(P- (2P_tp’+P,) +q) 

z- 25/_a,dqo O(E, u-3’) Tr(FA_(fi’)TA+(u)). (6.3) 

(States like A,Y which also have the same quantum numbers can contribute as 
intermediate states, and should in principle be taken into account. It is not difficult 
to realize that upon summing over Y and the polarizations of the A, they give a 
contribution which adds up to W(E, u . u’)). Combining the two pieces, the direct 
and the z-graph contributions, yields 

-/ dq, O(E, ueu’) Tr(TiA+(c)TIM’+yo~~-y’(p-q)]) 
4M’E 

-A/ dq, &(E, u.t;‘) Tr(~A+(~)~[M’-yo/~-y.(P-q)]) 

= g Tr(TA+(u)Ty,) 

which leads to 

dq, w( E, u . u’) + / dq, G( E, u * E’) = 1, 

(6.4) 

(6.5) 
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and finally, 

/ 
md E W(E, u*u’) = 1, 
0 / 

m 

d? W(E, u-ii’) = 1. (6.6) 
0 

This is again the desired result. 

Splitting up the sum rule into elastic and inelastic contributions, it reads 

1= +<1 +UW’)I&( U.U’)l*+ ~~ do Oinel(E, u’u’). (6.7) 

Note the presence of the kinematic factor +(l + U. u’) multiplying the elastic 

contribution, not present for the baryons. 

7. Sum rules for the charmless semileptonic decays of the heavy mesons 

This section is devoted to the derivation of the sum rules for the decay of the B” 

meson into noncharmed hadrons. The analysis is once again verbatim to that of 

sect. 4 for the baryons, the only technical complication being the appearance of a 

larger number of form factors. Let us in this section specialize to V-A currents 

[see eqs. (3.1) and (3.2)], i.e. 

where r’, = ~~(1 - y.J. The starting point is again an expression which follows from 

the equal-time commutator of these currents: 

- C (B I J”(O) I n>(n I J,t(O) I B>(2~-)~6~( P -p, + 4) 
n 

(7.1) 

Inserting the hadronic matrix element given in eq. 6.9), yields (see (A.3), and 

(5.12) for the definition of @ and ?Pa) 

c (B I J;(O) I n>(n I J,(O) I B>(243~3(f’ -P, - 4) 
n 

= j-:yho$& Tr(cp&%“) Tr( I"9~)(2~)364(P-Px-q) 
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= jm dd$ Tr(&4+(u)T,) Tr(r,A+(u)(p)(2~)3s4(P-P,-q) 
--m 

The analysis of the z-graph term can be done along similar lines; the expression 

for the sum rules becomes 

-gj [( dq, Tr rvA+(u)Tp6(w, u)) +Tr(T,A-(c)yaA+(u)T,Ika(w, u))] 

= & Tr(r,A+(u)r,y,). (7.3) 

The different tensor structure of the various terms involved again implies the 

splitting of the sum rule into two, with the following identifications 

= Tr(T,A+(U>T,Yo), 

-j dq, Tr(~VA_(u)r”A+(v)~P@~(~, u)) =O. (7.4) 

The first one is the same expression as the baryonic sum rule of sect. 4, and we are 

thus immediately led to conclude 

jdW24,= jdW2&=l, jdW*4,= jdW2&,=0 (75) 

in the situation where U. W is large compared to A. Furthermore, since the 

inequality Tr(d@(l + yS)/2) > 0 still holds, we recover in this limit 42 = 0 and 

41 2 0, in accordance with the parton-model predictions. 

The second sum rule of eq. (7.4) is a new feature of the charmless meson 

decays. Let us now show that the integral over dW2 of the new invariant form 

factors $, also vanishes. For this purpose rewrite it as 

(7.6) 
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Tap=v+‘(gap- vavp)i)~ + (v . WV& + Qb,)( w, - v . WV,> + 44QhJpw)1vP. 

(7.7) 

Eq. (7.6) implies 

(7.8) 

As in sect. 4, to derive the sum rules W is held fixed, I W I x=- A; in the region 

W2_<2Av*Wwehave IWl/lW,I-1. 

The coefficients of gap, capTP and of the spatial components vi? and Wivj must 
vanish identically since they cannot cancel against anything. This yields 

jdwz((v~W)ILI(v,W)-~v~~~~~(v,W))=O forZ=1,2,3 
IW0l 

ldW 0 ; 
0 

wpuq - W~vP)$b,( v, W) - (WPV~ - W”v”)&( v, W)) = 0. (7.9) 

From the first one, 

$,+I&)- s I ; =O. (* -* )) 

The component 7 = 0, p = i of the second one gives 

JI,+&,- jj$ 4 -4 =O. (* -* )) 

Since v and W are independent, we conclude in both cases that 

/ dW2(&+&)=j- dW2(IL,-&)=0. 

The desired result follows 

/dW2t,b,=/dW2$,=0, Z=l,2,3,4. 

(7.10) 

(7.11) 

(7.12) 
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Similarly, from the coefficients of WaWP, it follows 

/ 
dW2( v . W)& = 0. 

The decay rate of eq. (5.18) in the kinematical region A 4 v . W -=sc M reads 

dT 
= dr”(& + IJ* - f(v * W)&). 

dW2 dq2 dq2 
(7.13) 

The sum rules derived in this section ensure once again that upon integration over 
W2 the differential decay rate is that of the spectator model. 

8. Conclusions 

In all the cases considered, we find a sum rule which expresses the content of 
the spectator picture of semileptonic decays. The main result is essentially 

/ 
dW2 

dl- d rfl 
dq* dW2 = dq2 

as expressed more precisely in eqs. (l.l), (4.18), (7.13). 
For the case of charmless final states, this result only holds in a “scaling” limit 

when W* v, the energy release to hadrons in the parent rest frame is large. 
Even in the Isgur-Wise limit, most of the uncharmed processes we have 

considered involve in general more than one structure function +(W’, W * v>. The 
Ai, and the B semileptonic decays into charmed final states have a unique structure 
function each. For Ai, into uncharmed final states there are two structure func- 
tions, while for B into uncharmed final states there are six. Nevertheless, in all 
cases there is a “principal structure function” which carries the sum, analogous to 
F2 for classical deep-inelastic processes. Thus the results seem to be essentially 
universal despite the differences in the technology. 

This is also the case with another complication, namely the presence of, say, 
charmed baryons in B-meson decay final states or charmed mesons in Ab decay 
final states. The formalism has been extended to handle this, yet the result retains 
its simple form. 

For charmed final states, the contribution of inelastic final states to the sum 
rule is moderate. At the no-recoil value of momentum transfer q2 = (MB -M,)‘, 
where the “elastic” Isgur-Wise function is normalized to unity, the inelastic 
contributions vanish. At the maximum recoil, when q2 = 0, we may expect the 
elastic contribution to have decreased by about a factor two, so that inelastic final 
states B + D *r! Y, D * *(v, etc. must make up the difference. Some evidence that 
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this is the case comes from observation of B + D * *n-, D*z-~, etc. which, 
assuming factorization, provides some measure of the importance of these contri- 
butions when q2 = rnz. 

However, the main thrust of this paper has been the consideration of the sum 
rules for final states containing no charm. In this case, we found the generic result 
for u.Wx=-A 

with the sum rule for the principal structure function 

/ 
dW2 q5( W2, c’. W) = 1. 

The kinematics of the process, along with an estimate of the range of W2 required 
for convergence, strongly suggests a scaling behaviour for 4 

2Av. Wc$(W”, v * W) +f g& 
i i 

with 

/ 
m dx f(x) = 1. 

0 

The variable x was interpreted as the value of (E -p ,,I of the spectator-quark 
system in the rest frame of the parent, with the z axis chosen along the direction of 
the dilepton recoil. An important issue is the determination not only of the area 
under the curve f(x) (this is given by the sum rule), but also the shape. Were the 
shape under control, reasonable estimates of exclusive decays, e.g. the experimen- 
tally important ones B -+ rev or pe V, would be within reach using the idea of 
semilocal duality. However, such considerations lie outside the scope of this paper. 

Another important issue beyond the scope of this paper is the role of perturba- 
tive-QCD corrections. Unlike the previous problem, this one appears to be 
accessible theoretically. 

We also mention that there exist other applications of this sum rule approach. 
A notable one, now under consideration [9], is the class of penguin-induced decays 
which are controlled by the subprocesses b -+ sy and/or b -+ s e+e-. 

We wish to thank J. Bijnens, E. de Rafael, J. Ellis, H. Georgi, M. Neubert, Y. 
Nir, S. Nussinov, A. Pith, D. Soper, B. Stech and M.B. Wise for helpful discus- 
sions. J.T. acknowledges a Fulbright grant form the Ministerio de Education y 
Ciencia (Spain), and thanks SLAC for the hospitality extended to him. 
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Appendix A 

This appendix is devoted to some expressions that have been used to deal with 
products of traces of Dirac matrices and to re-shuffle the matrices inside the 
traces. The following expression has been used as the basis for them all: 

Tr(XA+W) Tr(YA+W) 

= iTr(XA+(u)YA+(u)) 

(A.11 

where X, Y are 4 X 4 matrices. 
Using (A.l), the definition of B in eq. (5.12), and 

it follows that 

c Tr(gX) Tr(9Y) = 2 Tr(A+(u)XA+(u)Y), 
B,B* 

(A.2) 

Tr(W+Wcp) Tr(cpA+Wr,) 

-~Tr(T,A+(u)y,y”A+(u)T,cpA+(u)y,y,A+(u)cp). (A-3) 

We also have 

(1 - r,)i = i(l - Y~)Y* Tr (A-4) 

In expressions like Tr(r,A+(u)T,4), the surviving contribution is the part of 4 
proportional to (1 - -ys)y,. Therefore 

Tr(T,A+(u)T,$) = $Tr(r”LA+(u)r,) Tr YA ( 9,~). (A.5) 

Using 
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it follows from (A.31 and (A.3 that 

Tr(CA+(u>cp) Tr(cpA+Wr,) 

( l-y,_ 
= ~Tr(yA~uA+(u)~p) Tr ~~~cpA+(o)cp 
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